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Abstract

Two new types of electro-optic effect that are linear in the applied electric field strength are
theoretically predicted to exist in transparent dielectric crystals due to high order spatial dispersion.
The first effect, which is quadratic in the wave vector of light, is possible in materials belonging to
the noncentrosymmetric crystal classes. The second, which is cubic in the wave vector, is possible
in all crystals. In the O(432) and Op(m3m) crystal classes, for which the primary and secondary
linear electro-optic effects and linear electrogyration are simultaneously absent, these effects lead,
respectively, to qualitatively new behavior and constitute the dominant bulk electro-optic effect in
the limit of small fields. Thus, bulk linear electro-optic effects are predicted to exist in a wide range
of materials—including many of considerable technological importance, such as silicon—where they

were previously considered impossible.

PACS numbers: 78.20.Jq, 78.20.Ci, 77.22.Ch, 78.20.Ek



It is well known that the optical properties of a material may be modified by the ap-
plication of an electric field. The discovery of, and fundamental research concerning, such
phenomena has enabled the flow of light to be precisely manipulated, and ultimately led
to many important technologies. For example, electro-optic effects in polar liquids and
solid crystals have been exploited in modulators for laser applications, and the electro-optic
properties of liquid crystals are exploited in the majority of today’s flat panel displays [1-4].
Therefore, aside from any contribution to basic knowledge, the discovery of new electro-optic
phenomena is of potential interest from an applied perspective.

Herein, electro-optic effects are considered in the conventional, but restricted, sense: as
effects whereby an externally applied electric field which is static or varies slowly with respect
to the frequency of light affects the refractive index of the material. The refractive index is
defined with respect to light propagation in the bulk of the homogeneous material, hence
surface effects are not considered. The analysis is further limited to nonmagnetic materials
that are transparent within a given range of frequencies, which is the most important case
in the theory of crystal optics [5].

Within this domain, a general account of electro-optic effects is provided by expanding
the material’s dielectric tensor €, or inverse dielectric tensor €', in powers of the applied

electric field E [5-7]

e (W, B, k) = 0 (w, k) + 0\ (@, K) By + 0 (@, K) B By + .. (1)
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where w is the frequency of the light and k is its wave vector in the material. Terms in the
expansion that are linear in F are of particular interest in the respect that they formally
dominate all effects of higher order in E in the limit £ — 0. The condition of small F,
which is required in any case for expansion (1) to be useful, is physically relevant in many
circumstances. As a result, for example, electro-optic modulators that exploit effects linear
in F can operate at lower voltages than those that exploit effects quadratic in £, contributing
to the replacement of quadratic ‘Kerr cells’” by linear ‘Pockels cells” in most laser applications
2].

A considerable limitation, however, is that electro-optic effects linear in E are generally
thought to be present only in certain materials with suitable macroscopic symmetries. (For
example, the lack of a linear electro-optic effect in silicon—which is a limitation in the context

of silicon optoelectronics—was highlighted and reportedly redressed in [8] by straining the
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silicon to break the Oy, symmetry.) Pockels investigated the primary and secondary linear
electro-optic effects and argued that they are possible in materials belonging to 20 of the 32
crystal classes; they are forbidden in the 11 centrosymmetric crystal classes and the O crystal
class [5, 6, 9]. However, Pockels’s analysis ignores the effects of spatial dispersion [5, 7], i.e

it ignores the dependence of € or e}

on k at fixed w, which has already been indicated
in expansion (1). It has previously been established, both theoretically and experimentally,
that spatial dispersion leads to an electro-optic effect, known as electrogyration, that is
linear in E but is distinct from the primary or secondary linear electro-optic effects [10, 11].
Linear electrogyration is forbidden in only three of the 32 crystal classes: O, Ty, and Op,
[10, 11]. This leaves two crystal classes, O and Oy, in which the primary and secondary
linear electro-optic effects and linear electrogyration are simultaneously absent. Herein I
address the question: are all bulk electro-optic effects linear in F rigorously forbidden in
transparent dielectrics belonging to the O and Oy, crystal classes, or are new effects possible
on account of higher order spatial dispersion?

For small k the components of the tensor n°)(w, k), which describe the optical properties

of the material in the absence of an electric field, may be expanded in powers of k [5, 7]

1 (w,k) = 00 (w) + i D W)k + 10 @)k + 110D (W) hakpky + (2)
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The tensor n(®(w) describes the basic optical properties of the material in the absence of
spatial dispersion (cubic, uniaxial, or biaxial) [5], certain components of the tensor n®1(w)
describe natural optical activity [5, 7], the tensor n®?(w) describes, in particular, the
intrinsic optical anisotropy of cubic crystals [5, 7], and certain components of the tensor
13 (w) describe higher-order (oc k%) natural optical activity [7, 12, 13].

Similarly, the tensor ™ (w, k), which describes electro-optic effects linear in E, may be

expanded [7]

(@, %) = 7’02 (W) + it Wk, + 002 (@kaky + 00 (W) kakpky + . (3)
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The tensor ™ (w) describes the primary and secondary linear electro-optic effects [6, 9],
and certain components of the tensor n"Y)(w) describe linear electrogyration [7].

Lin k and E—was presented by Agranovich

A general expansion of this type—i.e., of €~
and Ginzburg in Ref. [7], p. 194; the higher-order electro-optic terms included in expan-

sion (3) that are o< k% and o k® are implicit in Agranovich and Ginzburg’s theory, but were
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not included explicitly or discussed in [7]. Nor, perhaps surprisingly, have they been in-
cluded or discussed elsewhere in the literature. One may naively assume that such terms are
relatively unimportant in the respect that they will be largely masked by lower order, more
dominant, effects. Indeed, in most materials this will be the case. However, what I argue
is that, in the O and Oy, crystal classes, these terms lead to qualitatively and substantially
new behavior: the appearance of electro-optic effects linear in £ where otherwise there are
none. In the limit £ — 0, these will always formally constitute the dominant electro-optic
effect.

The condition of no absorption imposes the relation Ej_ll(w, E k) = [q_jl(w, E, k)|*, where
* denotes complex conjugation, and the generalized principle of the symmetry of the kinetic
coefficients imposes the relation Ej_ll(w,E,k) = El;l(w,E, —k) [5, 7). It follows that all
tensor components on the right hand side of expansions (2) and (3) are real (factors of i
were inserted to ensure certain terms are real rather than purely imaginary) and the relations

between the components of these tensors may be denoted

(0,0) (0,1) (0,2) (0,3)
MG @) Mg (@) G0 ) (@) M) npg) (W)

(1,0) (1,1) (1,2) (1,3)
Ny (@) Mg (@)s Nty @)> B Mgy (W) (4)
where rounded brackets in the subscripts denote symmetry with respect to permutation of

the contained indices, e.g., 7]8,’?,)%
(1,1)

antisymmetry, e.g., 7;,,,,(w) implies n](.lii(w) = —nl(jl?;}bi(w).

(w) implies 77](.1;2) (w) = 771(;7}?) (w), and square brackets denote

The macroscopic symmetries of a particular material may impose additional relations
between the components of a given tensor which further restrict the number of independent
components it contains. In some instances the symmetry relations are so restrictive that all
components of a given tensor must be simultaneously zero, in which case we may say that
the physical effect associated with the tensor is forbidden by symmetry. This constitutes
a powerful technique by which one may ascertain if a given physical effect is possible in a
given material, based only on the macroscopic symmetry of the material and without regard
to its microscopic composition [6].

In the O crystal class all the components of n("%(w) are simultaneously zero, thus no
primary or secondary linear electro-optic effect is possible [5, 6, 9]. 7" (w) contains one
independent component which, however, does not enter the relevant wave equation [Eq. (6)

below| and does not affect the refractive index. Thus, it does not constitute an electro-optic
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effect in the sense considered herein (though it may be observed via reflection [14] and may,
in that regard, be considered a surface effect). This is consistent with the known lack [10, 11]
of electrogyration in O. The tensor n(""?(w) contains three independent components (herein
such results are arrived at using Tenyar software [15]), indicating that an electro-optic effect
that is linear in F is possible in O.

In general, the components of 7 (w) may be grouped with the intrinsic oc k? terms
- 0.2 1.2

and their effect may be thus interpreted as an electrically-induced modulation in the oc k2
optical properties of the crystal (in particular, as an electrically-induced modulation in the
oc k2 optical anisotropy of cubic crystals). The tensor 7?)(w) contains nonzero components
in the 21 noncentrosymmetric crystal classes, while all components are simultaneously zero
in the 11 centrosymmetric ones. The O crystal class is of singular interest because it is
the only noncentrosymmetric class for which the primary and secondary linear electro-optic
effects are forbidden. Thus, because electrogyration is also absent in O, the oc Fk? effect,
governed by the tensor 72 (w), becomes the lowest-order electro-optic effect.

The specific nature of the oc Ek? electro-optic effect may be investigated in more detail

(1,2

by looking at the effect of n™?) in the wave equation. It is convenient to consider a Cartesian

coordinate system which has one axis, X3 say, along k, for which the wave equation may be

written [5]

1 _

— a5 = £05(w, B, k)| Dy =0, (6)
where n = ck/w is the refractive index (c is the speed of light in vacuum and k = |k|),

dap is Kronecker’s delta, Dg are the components of the electric induction, and the Greek
suffixes take the values 1 or 2 corresponding to the axes X; and X3. Note that D refers
here to the light wave whereas E refers to the external electric field, and the analysis is
restricted to nonlongitudinal waves. To create a simple but nontrivial example we may
consider the scenario where E is parallel to k and both are along a 2-fold rotation axis of
the O structure. Let X; and X, lie along 4-fold and 2-fold rotation axes respectively. For
clarity, we may artificially let 9®V(w) = 0 and thus ignore the effects of natural optical

activity. In this case the wave equation may be written (see Appendix A)

B 00w Pk D RE oY) @
ODWIRE & =)~ w)k | \ D, 0)



where 7709 () is the only independent component of the tensor ©9(w), 5'\*?(

0,2
s

this configuration, and 7/?(w) is the one independent component of " (w) that enters

w) and

w) are the two independent components of 7®?(w) that enter the wave equation in

the wave equation in this configuration. The one independent component of V) (w) has not
entered the wave equation, consistent with the discussion above. While it is clear that E can
affect the refractive indices via solution of the characteristic equation associated with Eq. (7),
it is more pertinent to consider the effect of £ on the polarization of the eigenwaves. In the
absence of the electric field, Eq. (7) reduces to the scenario considered in [7] where 77;50’2) (w)
and 77%(;02) (w) introduce anisotropy in the cubic structure, assuming they are unequal. In this
field-free case the two eigenwaves are linearly polarized: one along X; and the other along
Xs. The effect of the electric field may be elucidated by noting that in the limit of small E|
Eq. (7) may be written

2w = 100 (w) = 0" (w)k 0 DY (0) .
0 & =700 w) =)k | \ Dy 0/
where
D] cosf sinf D, 2 (WkE
= ) 5 9 — 1(0,2) 1(0,2) ) (9)
D) —sinf cosf D, ny o (w) —ng 7 (w)

and we have assumed that 772502) (w) # ngw) (w). We see that the equation takes the same

form as the field-free case except that D is rotated. That is, in the limit of small F,
upon application of an electric field the refractive index is approximately unchanged and
the eigenwaves remain linearly polarized; the pertinent effect is that the orientation of the
linear polarization of the eigenwaves is rotated about the x3 axis. The angle of rotation 6 is

proportional to Fk.

In the Oy, crystal class all the components of "% (w) are simultaneously zero [5, 6, 9],
and "V (w) contains one independent component which, as before, does not enter the wave
equation or affect the refractive index. The components of n(*?(w) are all simultaneously
zero. 713 (w) contains three independent components; since n(**)(w), like 'V (w), pertains
to the antisymmetric part of e !(w, E, k), care must be taken in determining whether it can
affect the wave equation. To ascertain this, the general arguments given in Ref. [5], p. 365,

Ref. [7], p. 127, and Ref. [13] are here extended: Consider the pseudovector f(w, E, k) that
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is defined from the antisymmetric part of e~(w, E, k) according to

. 1. _
iepi fr(w, B k) = 3 [5' "w,E, k) — 5lj1(w,E,k)} , (10)

gl

where e is the completely antisymmetric unit pseudotensor of rank three. In the general

case this gives

fr(w, By k) = [A%D (W) + ALD (W) B, kn+[A£0’3))(w)+A(1’3) (W) B | knkpkg+ ..., (11)

rn rnm (npq r(npg)m

where the As are pseudotensors dual to the n-tensors

0.1 0.1 1,1 1,1
e[jlr}Ag’n )(w) — n[(]l]n) (w)7 6[]'”]./\5*71772 (w) = n[(jl]n)"m(w)u (12)
0.3) . 03) (1,3) _ . (13)
€tr A rnpe) (@) = Mjmpy @)y and e Ay (@) = M apg) (W)-

Only the projection of f(w, E, k) along k, i.e., the scalar product k;f;(w, E, k), enters the
wave equation. Thus, only the ‘symmetric parts’ of the A-pseudotensors which may be
denoted

AP (), Al (), ADDS(w), and ALPE(w), (13)

(rn) (rnpgq rapq)m

enter the wave equation. The question of whether any of the nonzero components of the
tensor n1¥)(w) can enter the wave equation is now equivalent to asking whether the pseu-
dotensor A13)%(w) contains any nonzero components. In the Oy, crystal class the answer is
that the pseudotensor A(1’3)s(w) contains one independent component. Thus, of the three
independent components of 77(1’3) (w) in Op, one can enter the wave equation. On account
of this component, an electro-optic effect that is linear in F is indeed possible in the Oy,
crystal class.

In general, the tensor A0®)%(w) describes the creation or modulation of higher-order
natural optical activity of the type reported in [13]. The effect may be interpreted as
a < Ek3 analogue of electrogyration (electrogyration being o Ek). The components of
73 (w) that do not enter the wave equation do not constitute an electro-optic effect in
the sense considered herein but describe a ‘weak’ effect which is a higher-order analogue of
‘weak gyrotropy’ (Ref. [7], p. 128, and Ref. [16]) and the effect reported in Ref. [14]. Both
713 (w) and A13)%(w) contain nonzero components in all crystal classes. The Oy, crystal
class is of singular interest with respect to the oc Ek? effect because it is the only class that
does not admit effects oc £ that are of lower order in k. Thus the oc Ek? effect, governed

by the tensor %) (w), becomes the lowest-order electro-optic effect in Oy,.
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The wave equation in an Op material is now considered for a specific example configu-
ration. Let E be directed along a 4-fold symmetry axis of the cubic structure and let k be
perpendicular to E and at 7/8 to a 4-fold axis. Choosing x; along E, the wave equation,

Eq. (6), may be written (see Appendix B)

i = 000 (w) =0y (w)k i (w) ER PO (). e
i) (w) BE? =000 (w) =0 (w)k? ) \ Dy 0

Note that this explicitly confirms that a component of ™3 can enter the wave equation.
By comparison with standard analyses [5, 7], the purely imaginary nature of the oc Fk® term
and its position in the off-diagonal elements of the matrix associate its effect with optical
activity. For E = 0, the eigenwaves are linearly polarized [assuming 772502) (w) # ngw) (w)]
and nonzero E introduces ellipticity.

It may be noted in passing that effects oc E£k™ for n > 4 are also formally indicated by
expansion (3), but they appear relatively unimportant in the respect that they will typically
be accompanied, and largely masked, by lower order, more dominant, effects.

The line of reasoning developed herein was stimulated by the recent observation of an
electro-optic response linear in E in a liquid crystal blue phase [17] whose equilibrium
structure is known [18] to belong to the O crystal class. Given the known lack of primary and
secondary linear electro-optic effects and electrogyration in O, the possibility of new electro-
optic effects induced by spatial dispersion was initially considered among other working
hypotheses. In fact, further experiments revealed that the observations were consistent
with strain in the sample reducing the symmetry of the structure to a crystal class that
permits a primary linear electro-optic effect [17]. Nevertheless, the idea of new electro-
optic effects in ideal unstrained samples remained theoretically viable and the arguments
presented herein stand as general theoretical predictions which the experiments reported in
[17] were neither sensitive nor rigorous enough to detect. The cubic blue phases may yet
be a promising material in which to search for experimental evidence of the oc Ek? effect, if
suitably sensitive and rigorous experimental methods were employed.

A number of technologically important materials such as crystalline silicon belong to the
O, crystal class. Thus, the oc FE? effect may have significance, for example, in the field
of silicon optoelectronics. While the effect will always formally constitute the dominant

electro-optic effect for E' — 0, according to expansions (1) and (3), it must be pointed out
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that, loosely speaking, the magnitude of the effect will be small (which would explain why

it has not previously been observed).

It is natural to refer to all the above electro-optic effects that are linear in E as linear
electro-optic effects, of which the effects investigated by Pockels [9] are an archetypal subset.
Accordingly, we have arrived at the conclusion that linear electro-optic effects of one kind or
another are possible in all transparent crystalline dielectrics [19]. Since the theory concerns
only the macroscopic symmetries of the material, without regard to the microscopic origin
of the effects, the ‘optical’ properties of ‘crystalline’ materials may be interpreted in a broad
sense. That is, the analysis applies equally to all spatially periodic media—atomic and molec-
ular crystals, liquid crystals (cubic blue phases, for example), and dielectric superlattices
(photonic crystals or all-dielectric metamaterials)—and all wavelengths of electromagnetic
radiation, provided the wavelength is sufficiently large with respect to the periodicity of the

lattice that a macroscopic € or ! may be appropriately defined.

This work was funded by the Engineering and Physical Sciences Research Council UK
(grant EP/1034548/1).

Appendix A: Wave equation in the O crystal class

The general form of the wave equation given in Eq. (6) is derived, for example, in Ref. [5],
p- 337. Expanding 5;5 (w, E, k) to linear order in E and quadratic order in k according to
expansions (1), (2), and (3), and setting E parallel to k, Eq. (6) becomes

1 0,0 1,0 . 0,1 1,1
o = {100 B - i () + il B &

~ {0l + ik @E} ] D=0, (A

The nonzero components of the n-tensors were determined using Teny ar software [15], which

provides results for a reference frame in which the Cartesian axes lie along the 4-fold sym-
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metry axes of the cubic structure. In this frame the nonzero components are:

o) e =iy =2 (= y©0),
77((]11)0) : (all components zero),
77[(]'011173: s =it = zxy) (=),
sy = nd) =iy (: —n©®V)
it bty = b = ) = ) = el = 158 (= ),
S = nk2 = ikt = nit2) = nlll = ) (= —n00)
62 8 = g8 = 102 (=09),
nln = 2 = n = 2 = 022 = %) (=087
Ny = e = NSab = NS0 = Nyaay = Nytsr =
= i) = nyes) = n'ead = 02 = %) = ') (z ng]@)’ (A2)
n((;i)zr)rb(np) L NS = NEyke = Nty = e = Nssege = Nivady (— 'y 2)) :

(1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (_ (1,2))
- _nA )

nscscz:cy = nscsczyx = nyyxyz == nyy:czy == nzzy:cz == nzzyzx

1,2 1,2 1,2 1,2 1,2 1,2
:(Eym)vz = n;yx,)zx ng(vzzyzz = ng(vzz;y ng(pww)vz nggxx,)zx =

1,2 1,2 1,2 1,2 1,2 1,2) (_ (12
= z(/zy%y Uzgzyzzw = nngy}z = nng;y = Ugyy%y ngyyyzr (: 771(9 )) )

1,2 1,2 1,2 1,2 1,2 1,2
sgryyz)/z = nﬂ(cyygy = nsgrzx:)vy nﬂ(czxz)/x = nzsxyz)/z = nz(ﬁvygy =

1,2 1,2 1,2 1,2 1,2 1,2 1,2

1,2 1,2 1,2 1,2 1,2 1,2 1,2
n;yzg)vx = nézy;z némz%m = ngszm;;y n,gxyz)'z = ngym;y ( 77( )> )

(1,2) (1,2) (1,2) (1,2) (1,2) (1,2) (_ (1,2))
— —770 .

nxyzyy = nxzy:c:c nyxzyy nyz:czz nzxy:c:c nzyxzz

To consider the situation where k is along a 2-fold symmetry axis we may choose to keep
k fixed along x3 and transform the above components of the n-tensors via a rotation of 7/4

about the x; axis. For example, upon transformation:

1 0 0
1,2 (1,2 1,2 )
n((jl)r)n(np) — n(gl)nz,(np R]rRlsRmtRnuva 77((7,5 Z(uv) where [Rjr] = 0 cosf sinf

0 —sinf cosf
(A3)

Following this procedure and setting § = /4, the relevant nonzero terms in Eq. (A1) may
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be written

1(0,0) n/(O 0) _ 1(0,0) (E 77/(0’0) _ 77(0’0)) ’

Nap - =Ty
/(1,0) .
Nags :  (all components zero),
0,1 0,1 0,1) (_
77;553) : 771(23 )= _77;(1 ) (: 77/(0’1) = 77(0’1)) )
/(1,1) | (A4>
Nagss - (all components zero),
02) . 0,2) [ 10,2 0,2 02) [ 10,2 0,2 0,2 0,2
5533) : 771(133) < 77/§ )= 771(3 )> ) 77;(233) (Z ) = % [77( ) +771(9 )~ 277(0 )]) ,
1,2 1,2 1,2) (_ 1,2) 1,2)
77;5533)3 : 771(233?), = 77;(133?), ( 2 = [277( ( ])
The wave equation becomes
L — 00 w) — PP W)k =i @D (w)k — 1D (w) Ek? D) [0
O )k — 0 () B = 0w) — g @)k )\ Dy 0
(A5)

If the effects of natural optical activity are ignored by setting 1> (w) = 0, one arrives at

Eq. (7) in the main text.

Apart from the consideration of the tensor (12, which leads to the new effect discussed
in the main text, all of this has essentially been treated previously in, for example, Ref. [7].
The analysis of previously known effects is repeated and included alongside that of the new

effect for context and consistency of notation.

Appendix B: Wave equation in the O crystal class

Expanding 5551 (w, E, k) to linear order in E and cubic order in k according to expansions

(1), (2), and (3), and setting E parallel to x;, the wave equation, Eq. (6), becomes

1 :
o= {07+ @B} s (8 ) + B b
—{ @) + D@ B} k2 — i { i )+n§23{§33(W)E}k3]D5=0- (B1)

11



In a reference frame in which the Cartesian axes lie along the 4-fold symmetry axes, the

nonzero components of the n-tensors are:

Uen)

(1,0) |
Mjtym -

(0,1)

Mjgn -

(1,1)

n[jl]mn :

(0,2)

NGt np) -

(1,2)

N(jtym(np) -

(0,3)

Mj(npa) *

(1,3)

Mjtim(npq) *

(0,0)

same as for O crystal class, above),
all components zero),

all components zero),

(
(
(
(same as for O crystal class, above),
(same as for O crystal class, above),
(all components zero),

(

all components zero),
(1,3) (1,3) (1,3) (1,3) (1,3) (1,3)

Nayezzy = Nayrays = Noyoyze = Nozvva: = Nozerezs = Nozvzze —

= 773(/;759)3313; = 773(/;5@)/9034 = 773(/;5@)/?;% = 773(;5@3?;2 = 773(/?5@32?; = Uéiﬁz)yy =

= nglmf)%zz = ngi’fim = ngi’fim = 772,5’322 = n,glyi)’gyz = ngif’z)zy (E 2’3)> ;
Ny = Nsgutay = Nogoyye = Tetorzs = Nosotes = Nysotsa =

ey = 1 = 15 = 7 = e = mhEL, —

— e = e = 0 = ngéf’ﬁyz = ngéjﬁzy = n,glyi’gyy = —?7511’3) ;
W0 = e = e = s = 082 = 13 (= 03)
ke = e = niitn = mbn = nihles = s (= —f¥),
ng(gégg),zz = ng(vb:g’;yz = nﬁ,’gizy = n:(vlzg’g);yz = n:(vlzg’g);zy = ng(glz’fiyy =

= Nysiyrzs = Nysigtes = Nysigiza = Motz = Nysyrza = Nysyiaa =

— 2y = 0y = e = 0y = e = e (E no ’3)> :
néi,g}”%zz = n&,j’im = néésgzm = n:(clz’,g’%yy = ng(vlzggzmy = n:(nlzfgym =

= ng(,}c’i’g),zz = néi’i’lyz = néi’i’lzy = ngglzfzz:vy = nélzf’%yx = ng(,lzf’ﬁm =

= ng}ngg)/yz = ngi’i’%zy = ngi’i’lyy = néi,;”%m = né;j%m = né},ﬁ’z’m <: —77(01 ’3)> .

(B2)

Upon rotation of /8 about X, the relevant nonzero terms in Eq. (B1) may be written
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0,0 0,0 0,0) /__
mg® P = (= 00 = p©0)

7752;’10) . (all components zero),
77;(2’31) . (all components zero),
M54+ (all components zero),
M v (=Y = a5 ¥ )L e (= =4 007 + 305 - 22Y]).
7725;12?33 . (all components zero),
nﬁfgfg’g . (all components zero),

n1,3) | 3 13 [ o 1,3 1,3
7705513)33 : 771(213253 = _772(113333 (: 77,(1’3) = i [771(9 ) — 377(0 )D :

(B3)
and the wave equation is
o =100 (w) — 1" (W) i) (w) ER? PO (7). sy
/0 (w) BE? =000 (w) =0 (w)k? ) \ Dy 0

Again, the inclusion of the oc Fk? and o< Ek? terms is the only novel aspect of this analysis.
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