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A b s t r a c t  

The following thesis presents a computational framework that can capture inherently 

non-linear and emergent biocomplex phenomena. The main motivation behind the 

investigations undertaken was the absence of a suitable platform that can simulate, both the 

continuous features as well as the discrete, interaction-based dynamics of a given biological 

system, or in short, dynamic reciprocity. In order to determine the most powerful approach 

to achieve this, the efficacy of two modelling paradigms, transport phenomena as well as 

agent-based, was evaluated and eventually combined. Computational Fluid Dynamics 

(CFD) was utilised to investigate optimal boundary conditions, in terms of meeting cellular 

glucose consumption requirements and exposure to physiologically relevant shear fields, 

that would support mesenchymal stem cell growth in a 3-dimensional culture maintained in 

a commercially available bioreactor. In addition to validating the default bioreactor 

configuration and operational parameter ranges as suitable towards sustaining stem cell 

growth, the investigation underscored the effectiveness of CFD as a design tool. However, 

due to the homogeneity assumption, an untenable assumption for most biological systems, 

CFD often encounters difficulties in simulating the interaction-reliant evolution of cellular 

systems. Therefore, the efficacy of the agent-based approach was evaluated by simulating a 

morphogenetic event: development of in vitro osteogenic nodule. The novel model 

replicated most aspects observed in vitro, which included: spatial arrangement of relevant 

players inside the nodule, interaction-based development of the osteogenic nodules, and the 

dependence of nodule growth on its size. The model was subsequently applied to interrogate 

the various competing hypotheses on this process and identify the one that best captures 

transformation of osteoblasts into osteocytes, a subject of great conjecture. The results from 

this investigation annulled one of the competing hypotheses, which purported the slow-

down in the rate of matrix deposition by certain osteoblasts, and also suggested the 

acquisition of polarity to be a non-random event. The agent-based model, however, due to 

being inherently computationally expensive, cannot be recommended to model bulk 

phenomena. Therefore, the two approaches were integrated to create a modelling platform 

that was utilised to capture dynamic reciprocity in a bioreactor. As a part of this 

investigation, an amended definition of dynamic reciprocity and its computational analogue, 

dynamic assimilation, were proposed. The multi-paradigm platform was validated by 

conducting melanoma chemotaxis under foetal bovine serum gradient. Due to its CFD and 

agent-based modalities, the platform can be employed as both a design optimisation as well 

as hypothesis testing tool. 



 

iv 
 

 

 

 

 

 

 

 

 

 

 

S t a t e m e n t  o f  O r i g i n a l i t y  

 
I hereby declare that this submission is my own work and to the best of 

my knowledge it contains no materials previously published or written 

by another person, or substantial proportions of material which have 

been accepted for the award of any other degree or diploma at the 

University of Oxford or any other educational institution, except where 

due acknowledgment is made in the thesis. 

 

Any contribution made to the research by others, with whom I have 

worked at the University of Oxford or elsewhere, is explicitly 

acknowledged in the thesis. 

 

I also declare that the intellectual content of this thesis is the product of 

my own work, except to the extent that assistant from others in the 

project’s design and conception in style, presentation and linguistic 

expression is acknowledged. 

 

 

 

 

 

 

  Himanshu Kaul 

  8th November, 2013



 

v 
 

Acknowledgments 
I hope the reader, and those to whom this section is dedicated alike, will forgive 

me in my attempt to impose the gist of this thesis and the underlying philosophical 

thought on a section where the focus of my words should be anything but. 

However, the Fractalian links between the subject of my investigation and my 

attempt to produce this thesis, I am afraid, is too strong to ignore. 

Like an actor on stage, a cricketer on the pitch, a cell in its environment, my 

system, technique, and ‘expression’ were influenced by multiple, heterogeneous, 

and non-linear interactions, that were guided by other actors (on stage and off 

it); initial and boundary conditions; and, ultimately, the seemingly 

unquantifiable, stochasticity. To each I am eternally grateful! 

The universal random number generator worked in my favour on the occasions 

I needed it most. My admission and funding at Oxford were but two of a multitude 

of events beyond my control. When competing against the finest, a little 

something on your side can go a long way, and thank heavens for that! Oxford, 

with its rich traditions and unique structure, but more importantly its fearless, 

unfettered, and unreservedly ambitious students has been nothing short of 

inspiration to me. There are just too many people, places, and interactions that 

I am indebted to, to list here. However, they shall remain embedded in my 

consciousness, and in addition to being responsible for some lovely memories, 

they will continue to play a role in my on-going metamorphosis.  

Still on the topic of environment, my most heartfelt thanks to the Engineering 

Science Department and St Anne’s College for providing me the opportunity, as 

well as funding, to pursue the doctoral degree. I am especially indebted to Dr 

Anne Mullen and Principal Tim Gardam for their support, welfare and 

otherwise, during my stay at St Anne’s College. Furthermore, the investigations 

conducted in this thesis would not have been possible without assistance from 

Prof Rod Smallwood and his research group at the University of Sheffield (Dr 

Salem Adra, Dr Mariam Kiran, and Dr Simon Coakley); and the ESI Group 

(Paris, France), especially Dr Mustafa Megahed who is responsible for making 

CFD-ACE+ platform available to the Fluidics and Biocomplexity Group (FBG), 

Oxford.   

And, now to actors, with hope that our paths are forever intertwined!  

First are the ones onstage. I will forever be grateful to Mrs Christine Foard, Mrs 

Donna Harper, and Ms Sarah Pinder, for without their efforts I would have never 

been able to make it to Oxford. They were always a source of hope and 



 

vi 
 

encouragement at a time when I needed it most. I cannot thank them enough for 

their understanding, patience, and kindness.  

Even though my project was a one-man-act, my life was enriched by the support 

I received from my colleagues. In particular, I am grateful to Drs Nick Hawker, 

Chao Wang, and Emilie Holland for their guidance that helped me morph into a 

computationalist. My discussions with Drs Cathy Ye, Julian George, and Jangho 

Lee were instrumental in facilitating an in-depth exploration of ideas, and 

reinforcing my understanding of the underlying Tissue Engineering concepts. 

Both Phillipus Putter and Nikolas Weissemuller deserve a special mention for 

being the people I could always bounce my ideas off of, and so does Katja Gera 

for single-handedly organising the FBG lab meetings. A special thanks to 

Malebogo Ngoepe for always encouraging me to “stay in school and don’t do 

drugs”. This is a piece of advice I shall take to my grave! Also, included in the 

honourable mention are Dr Paul Watton, Dr Brett Tully, Dr Alisa Selimovic, 

Haoyu Chen, Maria Pikoula, Jesse Boamah, and Katia Mandaltsi for their 

countless chit-chats and general merriment. It is an understatement to assume I 

would have survived the meanders of a doctoral degree, let alone retained my 

sanity, without any of the aforementioned names. However, my association with 

John Vardakis – a fierce critic, eccentric colleague, and a close personal friend 

– has been the most stimulating. Thank you, Johnny boy, for the rich, passionate, 

entertaining, though eventually pointless discussions we have had. Abusing my 

freedom of expression with you has been a pleasure! 

I would also like to thank Dr Heiko Schiffter for agreeing to help me with the 

experimental side of my project, and being a selfless mentor. Acknowledgements 

are also due to Prof Brian Hall whom I only know through electronic 

correspondence on the subject of bone and cartilage condensations. Brian’s 

piercing insight and depth of knowledge on the subject has given a special 

character to the osteogenic condensation model presented in this thesis. Very 

special thanks to Prof Zhanfeng Cui, who in picking up a phone call on one 

fateful night (3AM MST) in March 2008, became the reason for my arrival at 

Oxford. In his capacity as my co-supervisor, he has guided me ably, with 

precision and panache; but since that night has never picked up any of my phone 

calls! 

Furthermore, I owe an enormous debt of gratitude to my supervisor Prof Yiannis 

Ventikos, who conducted himself more as a peer than a mentor. Any shred of 

confidence I have in my abilities as a researcher is a direct result of my 

interactions with him. Yiannis has been a kind, unassuming, and supportive 

supervisor – a man for all seasons – and I look forward to a more fruitful 

professional relationship with him in the future. I only hope that our agent-like 

interactions meant I was able to inspire him in some way, shape or form as well.  



 

vii 
 

And, now time to travel backstage. It was my great fortune to meet Munish Sikka, 

Rani Subassandran, Soufia Siddiqi, and Julia (Camille) Hartley in Oxford. Their 

creative personalities, artistic flair, and enriching friendships have influenced 

my work in profound ways. My most enthusiastic acknowledgments are due to 

Prof Vincent Pizziconi and Ms Katayoun Seyedmadani for being my mentors and, 

more importantly, friends. Dr P, you are nothing short of brilliance and a true 

inspiration to me. The way I think has been shaped by the stimulating 

conversations I had with you. I owe a lot to you. Kathy, your friendship is a 

privilege and your company, a true pleasure. I find deep solace in the knowledge 

that you will be there to “kick my butt”, if the need ever arose. Dr Guneet (Guga) 

Kalra and Abhinav (Gila) Saund, your friendship changed my life, and gave it 

the dimension I now find myself in. Every inch of my journey is a product of the 

time we shared, and I can never forget that. And, where will I be without my 

sister, Mansi Kaul, and cousins: Ranjana Jolly, Mayank Sharma, Kirty Jolly, and 

Ruchika Sharma? My childhood would have been monochromatic and stale had 

it not been for your company, allegiance, and love. I derive the meaning of my 

life from the moments we spent together. Acknowledgments are also due to my 

brother-in-law, Navdeep Minhas, for being a true gentleman. 

And, finally, I would like to extend my sincerest gratitude to those who are the 

fundamental reason I could even think of embarking on this journey. Anil Sus: 

your company was soothing, and your approach to life a mellifluous melody. This 

world is poorer in your absence! Rajni Sharma: thank you for your unconditional 

support. You are an example I live my life by. Guru Dutt Mehta: dearest Nana 

daddy, thank you for being a father-figure in my life. I sorely miss your presence, 

your wisdom, and your loving and protective embrace. Pardeep Jolly: I can 

never fathom why you ever decided to walk the extra mile with me. My life would 

be incomplete without your guidance and affection. There is nothing I can do 

that will pay back the support I have received from you. Dalip Kaul: dear father, 

I miss you every day. Hopefully, you are smiling, wherever you are. Laxmi 

Narayan Kaul: thank you, papa daddy, for patiently bearing the brunt of my 

puerile inquiries and nurturing my philosophical sensibility. This thesis, and 

anything I have ever attempted to do, is a toast to your life! And, Neelam: thank 

you for being there, and supporting me through everything. Thank you for your 

rebukes, your love, your encouragement, and, above all, your sacrifice. I have 

not met God, but I am sure (s)he must have been created in Your image. 

 

 

 



 

viii 
 

 

 

 

 

 

 

 

 

अहं अन्विषामी संकीर्णता संस्थानय ोः न्तन्मराल कय ोः 

ख्यापनशन्िय ोः समाियमोः 

 

 

 

 

 



 

ix 
 

TABLE OF CONTENT 

Abstract iii 

Statement of Originality iv 

Acknowledgments v 

List of Figures xiii 

List of Tables xv 

List of Boxes xvi 

Dissemination xvii 

 

INTRODUCTION 1 

1.1 Computational Tissue Engineering and Regenerative Medicine: Why? 1 

 

COMPUTATIONAL TISSUE ENGINEERING &REGENERATIVE MEDICINE 11 

2.1 Introduction 11 

2.1.1 TERM as a Clinical and Economic Player 13 

2.2 The “Translation” Situation 15 

2.3 The Computational toolkit 18 

2.3.1 Continuum models 21 

2.3.1.1 Dimensional analysis 22 

2.3.1.2 Computational Fluid Dynamics & Transport Phenomena 27 

2.3.1.2.1 Finite Volume Method 32 

2.3.1.2.2 Lattice-Boltzmann Approach 38 

2.3.1.2.3 Level-Set Method 40 

2.3.1.3 Mechanobiology 43 

2.3.2 Discrete approach 52 

2.3.2.1 Cellular Automata 52 

2.3.2.2 Cellular Potts Modelling 55 

2.3.2.3 Communicating Stream X-Machines 61 

2.3.3 Computational Platforms 69 

2.4 Discussion 73 

2.5 Dynamic Assimilation 82 

2.6 Summary 86 

 

 



 

x 
 

A CFD ANALYSIS OF THE IMPACT OF TRANSPORT AND SHEAR ON STEM CELL CULTURE IN 

A BIOREACTOR 87 

3.1 Introduction 87 

3.2 Materials and Methods 91 

3.2.1 Bioreactor Dimensions and Configuration 91 

3.2.2 Scaffold and Cells 92 

3.2.3 Nutrient Medium 95 

3.2.4 Modelling Framework and Governing Equations 96 

3.2.5 Grid Independence Analysis 99 

3.2.6 Dimensional Analysis 100 

3.3 Results 100 

3.3.1 Dimensional Analysis 100 

3.3.2 Impact of Alginate Morphologies 102 

3.3.3 Impact of Flow-rate 102 

3.3.4 Impact of Cell Density 104 

3.3.5 Impact of Bioreactor Configuration 104 

3.3.6 Impact of Nutrient Media 105 

3.3.7 Shear Distribution 107 

3.4 Discussion 108 

3.5 Summary 115 

 

AN AGENT-BASED MODEL OF IN VITRO INTRAMEMBRANOUS OSTEOGENESIS 116 

4.1 Introduction 116 

4.2 The Context 118 

4.2.1 The Computational Landscape 123 

4.3 Materials and Methods 137 

4.3.1 Computational Platform 137 

4.3.2 Agents 140 

4.3.3 Environment 141 

4.3.4 Rules 142 

4.3.4.1 Mechanical Properties 142 

4.3.4.2 Proliferation 146 

4.3.4.3 Migration 147 

4.3.4.4 Differentiation 148 

4.3.4.5 Apoptosis 149 



 

xi 
 

4.3.4.6 Osteoid deposition: The four Hypotheses 150 

4.3.5 Computational Iterations and Sensitivity Analyses 152 

4.3.6 Statistical Analysis 153 

4.4 Results 154 

4.4.1 3D Agent-based Model of In Vitro Osteogenesis 154 

4.4.2 Condensation Maturation depends upon Osteoid Synthesis and Osteoblast 

Recruitment 158 

4.4.3 Osteoblast Polarity Dictates the Arrangement of Osteocytes within Condensations 162 

4.4.4 Osteoblasts do not Switch-off Osteoid Deposition 165 

4.4.5 Abnormalities in Osteoblast Recruitment and Osteoid Deposition Rate are Linked to 

Bone-related Pathologies 168 

4.5 Discussion 170 

4.6 Summary 178 

 

A MULTI-PARADIGM MODELLING FRAMEWORK TO SIMULATING DYNAMIC 

RECIPROCITY 180 

5.1 Introduction 180 

5.1.1 On-lattice Hybrid Models 184 

5.1.2 Off-lattice Hybrid Models 190 

5.1.3 Objective 196 

5.2 Methods 199 

5.2.1 The Transport-Agent Framework 199 

5.2.2 Model Features 202 

5.2.2.1 Oxygen Transport and Consumption 202 

5.2.2.2 Cell Population Dynamics 205 

5.2.2.3 Cell Migration 207 

5.2.3 Experimental Validation 210 

5.3 Results 212 

5.4 Discussion 224 

5.5 Summary 236 

 

CONCLUSIONS 238 

6.1 Summary 238 

6.2 Conclusions and Implications 239 

6.2.1 Conclusions 239 

 



 

xii 
 

6.2.2 Implications 240 

6.2.2.1 Capturing Dynamic Reciprocity 240 

6.2.2.2 Dynamic Assimilation 241 

6.2.2.3 Dynamically assimilating Framework 243 

6.2.2.4 CFD & ABM models 243 

6.2.2.4.1 CFD 243 

6.2.2.4.2 ABM 244 

6.3 Limitations & Future 245 

6.3.1 Models 245 

6.3.1.1 CFD 245 

6.3.1.2 ABM 246 

6.3.2 Multi-Paradigm Framework 247 

6.4 Epilogue 249 

 

References 250 

Appendix 263 



 

xiii 
 

L i s t  o f  F i g u r e s  

CHAPTER 1  
Figure 1. 1: The TERM Pyramid. 2 
Figure 1. 2: Schematic highlighting the organisation of material in this thesis. 9 
  
CHAPTER 2  
Figure 2. 1: The Auriculosaurus. 12 
Figure 2. 2: Tissue Engineering and Regenerative Medicine in action. 13 
Figure 2. 3: TERM Venn Diagram. 14 
Figure 2. 4: Ear growth on the arm. 16 
Figure 2. 5: Bioreactors. 30 
Figure 2. 6: Computational Cell.   31 
Figure 2. 7: The D3Q19 model. 39 
Figure 2. 8: Mechanoregulation of tissue differentiation. 46 
Figure 2. 9: Chagasic cardiac tissue: in vivo vs in virtuo. 55 
Figure 2. 10: Lattice and cell representation in Cellular Potts Modelling.   56 
Figure 2. 11: Agents. 62 
Figure 2. 12: The dynamics of X-machine communication. 63 
Figure 2. 13: Culture growth simulated under physiological and low calcium 

concentrations. 
65 

Figure 2. 14: Computational TERM – The Landscape. 74 
Figure 2. 15: The stem cell niche.  78 
  
CHAPTER 3  
Figure 3. 1: TissueFlex® Microbioreactos. 90 
Figure 3. 2: Bioreactor and scaffold configurations employed in this 

investigation. 
92 

Figure 3. 3: Time evolution of glucose concentration at the bottom of the alginate 
slab. 

101 

Figure 3. 4: Time evolution of glucose concentration in bioreactors containing 
the spherical scaffold. 

103 

Figure 3. 5: Comparison of glucose concentration in the slab vs spherical 
scaffold. 

105 

Figure 3. 6: Comparison of shear stress observed in bioreactors with different 
configurations and flow regimes. 

106 

Figure 3. 7: Visualisation of shear stress in the three cases discussed in Figure 
3.6. 

107 

 

 

 

 

 

 

 

 



 

xiv 
 

 

CHAPTER 4  
Figure 4. 1: Osteoblast differentiation pathway, the underlying mechanisms, and 

the ontological relevance of ‘agents’ to cells. 
122 

Figure 4. 2: The FLAME Protocol. 138 
Figure 4. 3: Xparser in action. 139 
Figure 4. 4: The Transition function. 140 
Figure 4. 5: Confluence, migration, and aggregation. 155 
Figure 4. 6: In virtuo nodule. 156 
Figure 4. 7: Model sensitivity to parametric alterations. 159 
Figure 4. 8: Transformation of osteoblasts to osteocytes according to the 

proposed hypotheses. 
162 

Figure 4. 9: Osteoblastic transformation into osteocytes without Mesenchymal 
cells. 

164 

Figure 4. 10: Sensitivity analysis of hypothesis #4 as the mechanism governing 
condensation development. 

167 

Figure 4. 11: Nodule remodelling following the ‘resorption’ challenge. 169 
  
CHAPTER 5  
Figure 5. 1: Flow of Information in the modelling framework. 201 
Figure 5. 2: Bioreactor configurations utilised in this investigation. 203 
Figure 5. 3: Case 1 results. 213 
Figure 5. 4: Case 2 results. 216 
Figure 5. 5: Case 3 results. 217 
Figure 5. 6: Different boundary conditions lead to different output. 218 
Figure 5. 7: Comparison of the hybrid approach against the continuum approach. 219 
Figure 5. 8: Flow within the bioreactor. 220 
Figure 5. 9: Experimental validation of the platform. 221 
Figure 5. 10: Migratory paths acquired by the chemotaxing vs randomly 

migrating cells. 
222 

Figure 5. 11: Chemotaxis Comparison. 223 
 



 

xv 
 

L i s t  o f  T a b l e s  

CHAPTER 3  
Table 3. 1: Investigation related variables. 93 
Table 3. 2: Computational Boundary Conditions. 100 
Table 3. 3: Variations in glucose consumption by mesenchymal stem cells. 111 
  
CHAPTER 4  
Table 4. 1: Agents, rules, and fates. 143 
Table 4. 2: Pre-osteoblast migration speed and direction. 148 
Table 4. 3: Hypothesis testing approach. 149 
Table 4. 4: Sensitivity testing on hypothesis #3. 151 
Table 4. 5: Sensitivity testing on hypothesis #4. 152 
Table 4. 6: Remodelling following the ‘resorption’ challenge. 153 
Table 4. 7: A summary of the sensitivity analysis. 161 
Table 4. 8: Number of osteocyte clusters per hypothesis. 166 
  
CHAPTER 5  
Table 5. 1: Bioreactor Variables. 202 
Table 5. 2: Test Cases. 204 
Table 5. 3: Rules. 205 
Table 5. 4: Migration algorithms for persistent random walk and chemotaxis.  208 
Table 5. 5: Cellular Variables and Rules. 209 

 

 



 

xvi 
 

 

L i s t  o f  B o x e s  

CHAPTER 4  
Box 4. 1: Algorithm utilised by Christley and co-workers to integrate cell 
behaviour, molecular dynamics, and fibronectin production. 

127 

Box 4. 2: Algorithm capturing cell behaviour employed by Checa & Prendergast. 134 
  
CHAPTER 5  
Box 5. 1: Pseudocode employed to execute the continuum and discrete models. 210 

 

 

 

 

  



 

xvii 
 

Dissemination 
Peer-Reviewed Articles 

Published 

Kaul H, Ventikos Y, Cui ZF. A Computational Analysis of the Impact of Mass 

Transport and Shear on three-dimensional Stem Cell cultures in perfused 

Micro-bioreactors. Chinese Journal of Chemical Engineering (In press), 2015. 

Kaul H, Hall BK, Newby C, Ventikos Y. Synergistic activity of polarised 

osteoblasts inside condensations cause their differentiation. Scientific 

Reports, 2015, 5: 11838. 

Kaul H and Ventikos Y. Dynamic Reciprocity Revisited. Journal of Theoretical 

Biology, 2015,  370: 205-208. 

Kaul H and Ventikos Y. Investigating Biocomplexity through the Agent-based 

Paradigm. Briefings in Bioinformatics, 2015, 16(1): 137-152. 

Kaul H and Ventikos Y. On the genealogy of Tissue Engineering and 

Regenerative Medicine. Tissue Engineering Part B Reviews, 2015, 21(2): 203-

217. 

Kaul H, Cui ZF, Ventikos Y. A Multi-Paradigm Modeling Framework to simulate 

Dynamic Reciprocity in a Bioreactor. PLoS One, 2013, 8(3): e59671. 

Kaul H, Cui ZF, Ventikos Y. A Coupled Agents-Transport Modelling Framework 

as a Design Tool for Bioreactors. Histology and Histopathology, 2011, 26 

(Supplement 1), 131-132. 

 

Conferences 

Talks 

West Coast Developmental Biology Conference, Cambria, CA, Computational 

Techniques for Developmental Biology; 2013i   

PGBioMed, Glasgow, UK, A Multi-Paradigm Modelling Framework to capture 

Dynamic Reciprocity; 2011 

Tissue Engineering & Regenerative Medicine International Society (TERMIS) 

– EU, Granada, A Coupled Agents-Transport Modelling Framework as a design 

tool for Bioreactors; 2011  

UK-Biomedical Engineering Society, University of Nottingham, Computational 

Modelling of Cell Growth in a Virtual Environment: A combined Agents-PDEs 

Approach; 2010 

                                                           
i I was unable to attend 



 

xviii 
 

Posters 

12th Annual Meeting, International Society of Stem Cell Research, Vancouver, 

Canada, Osteocytes form due to concerted efforts of polarised osteoblasts in 

condensations; 2014.  

Biomedical Engineering Society Annual Meeting, Atlanta, GA, USA,  Capturing 

dynamic reciprocity using a multi-paradigm modeling framework; 2012ii 

Biomedical Engineering Society Annual Meeting, Austin, TX, USA,  A coupled 

Agents - Transport Modelling approach for bioreactor design; 2010

                                                           
ii I was unable to attend 



 

1 
 

             

 

 

 

 

“When you measure what you are speaking about, and express it in numbers, you know 
something about it; but when you cannot measure it, when you cannot express it in numbers, 
your knowledge is of a meagre and unsatisfactory kind: it may be the beginning of knowledge, 
but you have scarcely, in your thoughts, advanced to the stage of science.” 

 – Lord Kelvin  

1.1 COMPUTATIONAL TISSUE ENGINEERING AND 
REGENERATIVE MEDICINE: WHY? 

scenario of novel therapy delivery that we should strive to achieve in the 

future would be described along these lines: A patient in need of a new organ 

visits a hospital. The clinicians, after noting patient-relevant details and 

conducting appropriate biopsies to extract cells from the patient’s body, feed the customised 

data as well as the cells in an automated bioreactor, push the ‘start’ button, and in a matter 

of days retrieve the working organ. This synthetically devised organ being syngenic requires 

no immunosuppressants and is transplanted into the body of this patient without 

complications. An even more ambitious scenario would eliminate the need of surgery all 

together: the patient is given certain tissue-inducing substances and targeted cues that trigger 

regeneration of the failed organ (using nothing more than the molecules, proteins, cells, and 

genetic information already available) inside his/her body. The fact that we already possess 

the basic technological framework required to realise this concept (discussed in Chapter 2) 

should come as little surprise. However, upscaling laboratory conquests to allow mass 

production of products that can convert this platform technology into a viable therapeutic 

alternative will not occur until our understanding of the dynamics governing  development 

and regeneration, as Lord Kelvin pointed out, is “express(ed) it in numbers”, or, in other 
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words, quantified. This, in turn, will not be possible until relevant computational approaches 

based on accurate and fully descriptive ontologies of biological entities, such as the cell or 

the extra-cellular matrix, are advanced to the point where the three-dimensional 

development of a tissue, organ, or organism can be reproduced in virtuo and visualised. This 

thesis addresses some of the missing links by providing a modelling platform with suitable 

ontologies for both the cell as well as its microenvironment that has the capability to quantify 

the development of any cellular system and, thus, can help expedite the translation of 

experimental Tissue Engineering and Regenerative Medicine into a major clinical 

rehabilitator. 

Figure 1. 1: The TERM Pyramid. The figure represents the four dynamically feeding sectors 
of the Science and Technology of Tissue Engineering and Regenerative Medicine. From base 
to top, each component plays a vital role in ensuring mass availability of TERM products, 
which in turn help accelearate our understanding of the basic Science. However, with the 
basic Science associated with TERM not quantitatively understood, upscaling the production 
of TERM related products as well as ensuring their viability and efficacy has been a significant 
issue, affecting the translation of this field from bench t o bed-side.  
 

Despite the experimental techniques of TERM, based on harnessing the regenerative 

potential of cells, showing tremendous promise as potential therapeutic and rehabilitation 

healthcare alternatives; upscaling that potential to meet clinical demands has presented the 

Industry

Regulatory 
Bodies

IP

Science
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community with hitherto impregnable challenges. Although this problem concerns the entire 

TERM ecosystem – science, industry, IP, and relevant regulatory mechanisms – the problem 

rests at the base of that pyramid (refer to Figure 1.1): the science being the stumbling block. 

Biological systems, including cells that form the functional unit of TERM, due to their 

inherent complex nature are treated primarily as black-boxes, at least in the context of 

regenerative medicine. Even instances where the role of certain key players is quantitatively 

known – for example, critical concentration of growth factors, elastic modulus of polymeric 

scaffolds, or spatial location of cells with respect to other structures inside a scaffold –, the 

overall experimental methodology remains of the trial and error flavour.  

In the last 15 years, however, aided with the availability of increasingly powerful 

and sophisticated semi-conductor chips and customized way of packaging digital computing 

services,1 the TERM community has made significant efforts in addressing this issue. 

Computational TERM entails encoding the biophysicochemical mechanisms of 

development or regeneration into mathematical algorithms or equations with tightly 

controlled, quantitative variables. When simulated, these computational models trace the 

spatiotemporal evolution of the relevant processes resulting in patterns or output that can be 

quantitatively verified. In doing so, computational TERM offers the means, via the 

manipulation of tightly controlled variables to not only understand normal system behaviour 

(during regeneration, for example) but also pathological departure from normality, 

quantitatively. Computational TERM, thus, offers a new paradigm to contextualise tissue 

engineering, regenerative medicine, and developmental biology, thereby providing further 

momentum to enable the translation of TERM-based therapies to clinic. More precisely, 

computational TERM in making available, for example, (i) 3D flowfields over and through 

scaffolds inside a bioreactor or the growing mass of cells inside a womb; (ii) shear stresses 

experienced and mechanotransduced by endothelial cells due to blood flow in vascular 
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constructs; (iii) interactions between cells; and (iv) 3D growth of tissue – can vastly aid our 

understanding of the governing principles that regulate development and regeneration. New, 

because it is only in the last 20 years2 that interest has been generated in understanding the 

role of system hydrodynamics in influencing cellular behaviour. New also because most 

computational treatments generally abstract away cellular heterogeneity, system 

complexity, or the full array of cellular behaviours. It is worth reminding the reader that the 

interplay between local transport processes and the cell, as well as their impact on each other, 

still requires elucidation. Furthermore, as a research tool, computational TERM also 

provides a new perspective for looking at the evolution of biological systems that would not 

be possible by physical experimentation alone. Capturing flow-fields within a cell-seeded 

scaffold, which is under perfusion by a bioreactor with pulsating flow being a prime example 

of the novelty computational TERM has to offer. Moreover, aided by the highly detailed and 

insightful visual depictions that computer models offer, better designs (of devices such as 

the bioreactor or polymeric scaffold) can be proposed that provide optimal growing 

conditions for evolving biological structures (demonstrated in Chapter 3).  

Furthermore, computational TERM offers an alternative mode of experimentation: 

virtual numerical experimentation, which is an exercise in condensing a lab into a computer, 

and the experiment into a program, with associated convenience, mobility, and relevant cost 

and ethical implications. Computational approaches can, therefore, be employed to inform 

the design and development of novel therapeutics and devices. A prime example of this 

application is in the design of bioreactors – devices that are employed to carry out controlled 

expansion and differentiation of cells. Depending upon the desired outcome, i.e. expansion 

or differentiation or both, computational analyses can be carried out to optimise bioreactor 

design so that the resulting bioreactor hydrodynamics influence cell fate in the intended 

manner. Similarly, if the cellular response to shear and transport is quantitatively 
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understood, the bioreactor design can be further optimised to ensure production of 

homogeneous cell populations. Such approaches can also be utilised to predict the outcome 

of a treatment course (as in the case of catheters for aneurysms3), and whether or not a 

particular intervention should be pursued. Moreover, in constructing models of biological 

systems or processes, such as the bronchi or osteogenesis, model parameters can be varied 

to understand variables contributing to pathologies (as demonstrated later in Chapter 4). The 

models can, thus, be utilised to test, in silico, clinical approaches that in turn can help devise 

protocols and methodologies to develop new drugs.   

The challenge, however, is that biological systems being inherently complex and 

non-linear in nature and lacking a central organising structure evade the mechanistic 

undertones of most mathematical models, and, hence, are difficult to capture 

computationally. There are three aspects to this challenge. Firstly, the unavailability of a 

computational paradigm that can offer suitable representational formalisms, or ontologies, 

to map biological entities mathematically and handle the vast array of informational cues 

available to biological systems is the key reason quantifying them has been a challenge. 

Secondly, in order to simulate the complex behaviour of any biological system – whether it 

is a collection of proliferating cells in a Petri dish, polymeric scaffold, or uterus – the applied 

computational paradigm must be able to faithfully capture the dynamic interactions between 

cells and their microenvironment: encapsulated by the dynamic reciprocity principle. This 

requires a computational tool that can account for both the complexity of the 

microenvironment as well as the mutual dependence of cells on their microenvironment (and 

vice versa). While computational tools exist that can account for both environmental and 

cellular aspects of a biological system, these approaches tend to be limited, either due to the 

governing reductionist approach (continuum methods), significant computational costs 

(discrete methods), or lumped treatment of biological sub-components (statistical methods). 
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Thirdly, there are systems where reductionist principles struggle to provide the appropriate 

resolution required to quantify, explain, and predict global observable phenomena. These 

systems, called complex systems, are characterised by a multitude of parts that interact non-

linearly with each other, with the interactions playing a pivotal role in shaping the 

macroscopic observables exhibited by them. Biological systems, which integrate the 

inherent structural, morphological, and genetic information with that available from their 

(micro)environment, are a special class of complex systems.  

Computational tools utilised to model biological phenomena can be categorised, 

broadly, as continuum or discrete. Whereas the former describe the numerical changes of 

the variables that represent the system, the latter can indicate how and why the dynamics 

involving system components operate.4 Continuum approaches, such as those used to 

address traditionally the governing laws of fluid or solid dynamics, employ differential 

equation-based models that may have numerical or approximate solutions. The underlying 

assumption, while employing the continuum approach, is that a system can be divided into 

infinitesimally small, identical, numerous, constituents, which obey the identified equations 

similarly. However, the isolated use of mathematical equations representing either a 

collection of cells or organisms or their (micro)environment do not lend themselves as the 

most precise form of ontologies for biological systems. While the continuum approach has 

been applied successfully to predict macroscopic observables such as regional cell numbers, 

traction forces, wound morphometry, to name a few, classic continua are not dynamic – 

unlike biological systems they do not change their material properties over time1 (although 

of course numerous continuum computational methods that attempt to incorporate such 

variations have been proposed). Their shortcoming is even more pronounced when 

simulating emergent behaviour that “arises through ‘self-organisation’ and that could not 

have otherwise been characterised a priori”5 – an event that is probably beyond the remit 
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of the continuum approach. Discrete approaches, on the other hand,  represent and execute 

the models using operational descriptions in the form of computing programs.6 The approach 

assumes that system behaviour can be captured by a set of rules that combine qualitative as 

well as quantitative information, thereby allowing each modelled entity to respond to its 

environment.6 Discrete approaches, such as cellular automata7,8 (CA) – that employ 

interacting finite-state machines9 – or the cellular Potts modelling approach (CPM)10 – 

which simulates systems by mapping cells to domains on a lattice, can capture (i) the non-

homogeneous character of biological systems (which is also responsible for their 

complexity) and (ii) the emergence of global patterns from underlying rules, in a manner 

more faithful to cellular systems than their continuum counterparts. 

Biological systems in addition to possessing a “physical” aspect display a “logical”11 

aspect as well. The physical aspect is associated with the mechanical attributes of the 

constituents: such as, chemotaxis, secretion, polarity, chemical reactions occurring within 

the environment or mechanical features of the extra-cellular matrix, etc. The logical aspect, 

on the other hand, relates to the functionality of the constituents in the overall system and 

the manner in which the function is carried out. The two methodologies, continuum and 

discrete, cannot, on their own, fully account for both aspects, at least practically.iii As such, 

they have been combined to produce hybrid models that can account for both the physical 

as well as logical aspects of biological constituents.12-15 

The fundamental advantage offered by the hybrid paradigm is that it does not assume 

cellular homogeneity and, therefore, considers the contribution of each cell (or isolated cell 

                                                           
iii While the discrete approach allows for the incorporation of both, the equations that can account for 
physical aspect of system constituent as well as logical statements describing the constituent, the fact 
that it is a computationally expensive methodology makes its use impractical while modelling the 
biological microenvironment (especially cases that include diffusion of molecules, changes in 
permeability, reaction between chemical species, etc.)    
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populations) to the development of the overall system, as can be argued is the case 

physically. This feature enables the paradigm to not only capture environmental variables 

but also the emergent patterns observed at the macroscopic level due to the activity of each 

cell in relation to the cues offered by its microenvironment. While an array of hybrid 

computational platforms exist that can capture a host of cellular behaviours along with 

quantifying the environment, there is scope for novelty in what can be achieved (as explored 

in Chapter 5).  

In this thesis, the author presents a novel multi-paradigm modelling framework with 

the capability of providing biological systems with an appropriate ontology to model the 

environment as well as the cellular behaviour (and interactions between the two). The 

framework employs the finite volume discretisation of the general transport equation 

(including the Navier-Stokes equation for momentum transport)  to account for the 

environmental variables, and stream communicating X-machines16 to account for cellular 

behaviour and simulating interactions between the cells and their environment. The 

framework is quite modular and can account for a variety of physicochemical stimuli, such 

as: (turbulent) flow, shear, transport (convection and diffusion) and reaction of chemical 

species within the environment, electrical and magnetic fields, etc. Similarly, the modularity 

applies equally to capturing an array of biological behaviour such as migration (directed or 

random), cell death (necrotic or apoptotic), differentiation, proliferation, colony formation, 

matrix synthesis and degradation, etc. This range enables the framework to capture a wide 

permutation of interactions between the cells and their environment, such as: shear-

dependent differentiation, galvanotaxis, changes in permeability due to matrix formation or 

cell aggregation, amongst others. 

The framework can, therefore, be employed to quantify a biological system by 

capturing a diverse array of data structures, which can then be employed to create models 
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with strong predictive power. The platform, as such, offers data that is more amenable to 

analysis (as opposed to qualitative results) and can, therefore, yield insights into the 

principles of development and regeneration. The approach is itself a platform concept that 

can be adopted to capture, simulate, and predict the evolution of many biological systems, 

especially in the TERM context. The framework can be used as a concept selection tool, 

capable of rationalising and optimising specifications of devices employed to control cell 

proliferation and differentiation. It can, therefore, ensure qualitatively homogeneous 

autologous substitutes and make the process of directed development of tissue substitutes 

automated, standardised, traceable, cost-effective and amenable to the various regulatory 

requirements, thereby bringing regenerative medicine closer to bedside application. 

 
Figure 1. 2: Schematic highlighting the organisation of material in this thesis.  

  

In Chapter 2, the author introduces and discusses the continuous and discrete 

techniques employed to simulate the environment and cellular behaviour (also within the 
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TERM context). This includes a discussion on the existing platforms currently employed to 

model biological systems within the TERM context, as well as dimensionless numbers 

utilised while analysing the continuum aspects of the system. In Chapter 3, a continuum 

model capturing flow and transport of glucose within a commercially available bioreactor is 

presented. The model illustrates the predictive and design capabilities of computational fluid 

dynamics (CFD), thereby suggesting it to be a suitable approach in simulating the 

physicochemical features of any (commercial/non-commercial) biological system. In 

Chapter 4, a novel 3D agent-based model of in vitro intramembranous ossification is 

presented. The model illustrates the ability of the agent-based paradigm to capture emergent 

phenomena, and is utilised to provide insights into an important question in orthopaedic 

biology: How do osteoblasts transform into osteocytes?17 In Chapter 5, the coupling of 

methodologies presented in Chapters 3 and 4 is achieved towards the development of the 

multi-paradigm, hybrid framework. While the model presented in Chapter 5 is fairly basic, 

it highlights the capability of the framework to capture dynamic reciprocity18 within the 

TERM context. The chapter also features proof of concept in the form of a virtual 

chemotaxis assay and its comparison against a physical chemotaxis assay is also provided. 

The thesis concludes with Chapter 6, with a brief discussion on the future work in store for 

further development of the framework as well as the future of hybrid frameworks. 
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This chapter evaluates TERM’s contribution to healthcare as well as global economy, and 
discusses a few reasons why the technology has failed to translate its latent potential. Lack of 
a robust computational platform that can enable quantification of the complex relation 
between cells and their microenvironment is identified as a chief impediment. In keeping with 
the overarching aim of this chapter, various computational approaches employed to quantify 
biological systems are introduced and reviewed. The state-of-the-art in computational 
software is presented and critiqued, identifying the gap towards which this thesis aims to 
address. This is followed by a discussion on Dynamic Assimilation and existing computational 
platforms that can display this capability, hinting that hybrid approaches are best suited to the 
task. The objective of this chapter is to provide context for the rest of the thesis, set the 
landscape of the existing computational methodologies, and in doing so identify the gap 
amongst existing hybrid platforms, which this thesis aims to address.iv 

2.1 INTRODUCTION 

he ability to reactivate developmental processes, ex vivo, to form products that 

can help alleviate healthcare problems related to the diseases of cellular 

deficiency19 lie at the heart of the research fields of Tissue Engineering and 

Regenerative Medicine (TERM). This reactivation of developmental pathways, 

demonstrated so remarkably by lower invertebrates to restore homeostasis following 

injury20,21, is known as regeneration20. Where the objective of tissue engineering (TE) is to 

produce functional, preferably autologous, substitutes that can improve or replace a failing 

tissue22-25; regenerative medicine, as per Daar & Greenwood (2007)26 and Mason & Dunhill 

(2008)27, aims to ‘repair, replace or regenerate cells, tissues, or organs to restore impaired 

function’20,26,27. Non-clinical benefits of TERM products include usage as drug screening 

                                                           
iv Certain sections presented in this chapter have been published as follows:  

 Kaul H and Ventikos Y. On the genealogy of Tissue Engineering and Regenerative Medicine. 
Tissue Engineering Part B  Reviews, 2015, 21(2): 203-217. 

 Kaul H and Ventikos Y. Investigating biocomplexity through the agent-based paradigm. 
Briefings in Bioinformatics, 2015, 16(1): 137-152.   
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platforms (for toxicity as well as efficacy) and as in vitro models to investigate governing 

dynamics that regulate developmental processes as well as diseases28.  

 
Figure 2. 1: The Auriculosaurus. The ‘human-ear-bearing’ mouse developed by the Vacanti 
lab that went on to epitomise Tissue Engineering. License to reproduce the image was 
obtained from the © (2002) BBC Photo Library.   
 

 

TERM are interdisciplinary sectors of research and clinical application that 

encompass principles from disciplines such as stem cell biology; developmental biology; 

genetics; cell and molecular biology; cell, tissue and organ transplant; material science and 

drug delivery amongst others (refer to Figure 2.2). Already, despite the field being in its 

early stages of development, examples abound of successful clinical implementation29 of 

corneal surfaces30, replacement of a bronchus segment31, and reconstitution of bone32 and 

cartilage33 defects and diseased bladder34; as well as external support devices such as 

extracorporeal liver35 or engineered tissues that can serve as in vitro models to investigate 

pathogenesis, stem cell behaviour and developmental processes, and develop new molecular 

therapeutics28,36,37. 
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Figure 2. 2: Tissue Engineering and Regenerative Medicine in action.  The figure captures 
the protocol followed during regenerative therapy. Multipotent stem cells from a patient are 
harvested, expanded, and manipulated to be delivered to the damaged tissue (in this case, an 
infarcted heart). Expanded/differentiated cells can be delivered systemically (as shown in 
the figure) or via the use of polymeric scaffolds. Picture courtesy: Dr Nabil Dib and his 
(erstwhile) team at Arizona Heart Hospital. 

2.1.1 TERM AS A CLINICAL AND ECONOMIC PLAYER 

Treatment options that have emerged from TERM and are currently in operation 

include glybera (treatment of lipoprotein lipase deficiency by gene therapy)38 and 

ChondroCelect (the classical TERM approach, as highlighted in Figure 2.2, where cells 

obtained from a patient’s cartilage following biopsy are cultured and expanded in the 

laboratory to treat cartilage defects in knees).39 Both treatment options are approved by the 

European Union Marketing Authorisation.v Bone marrow transplantation, another example 

of the latter approach, involves transplanting healthy bone marrow stem cells of a person to 

another (allogenic substitute, as opposed to a patient’s own). 14,366 bone marrow 

transplants were performed in the UK in the five year period 2004-09.25 Furthermore, 

transplantation of islet cells, derived from pancreas of a deceased donor, into the liver of 

patients suffering from Type I diabetes resulted in a >95% reduction in severe 

hypoglycaemia in these patients. Not only was the overall insulin dependence halved, the 

treatment precluded the need for insulin in a significant number of patients, with associated 

reduction in costs.40 The treatment was developed by the Scottish National Blood 

                                                           
v More information can be found in: 
http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/002145/huma
n_med_001480.jsp&mid=WC0b01ac058001d124 
http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/000878/huma
n_med_000698.jsp 

http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/002145/human_med_001480.jsp&mid=WC0b01ac058001d124
http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/002145/human_med_001480.jsp&mid=WC0b01ac058001d124
http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/000878/human_med_000698.jsp
http://www.ema.europa.eu/ema/index.jsp?curl=pages/medicines/human/medicines/000878/human_med_000698.jsp
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Transfusion Service.25 Most eagerly anticipated TERM treatments in the UK include 

embryonic stem cell transplants for retinitis pigmentosa (inherited eye disorder), injection 

of neural stem cells for the elderly disabled due to an ischaemic stroke (blockage of blood 

flow to the brain), and mesenchymal stem cell transplants to treat Multiple Sclerosis (disease 

affecting the nerves in the brain and the spinal cord resulting in problems with balance, 

movement, and vision).25 

 
Figure 2. 3: TERM Venn Diagram. The figure shows a Venn diagram representing the 
contribution of various experimental and computational disciplines to the sector of Tissue 
Engineering and Regenerative Medicine.  
        

In addition to the unparalleled therapeutic and rehabilitation potential, the TERM 

industry has established itself as a significant player on the global economic landscape 

despite the unique commercial, regulatory, and IP challenges29,41-43 (owing to the 

unconventional nature of the innovation paradigm associated with the field) that have 

impeded the translation of the technology from gaining clinical ubiquity. Still, a global 

sector activity of $3.6 billion, with companies employing about 14,000 full-time employees 

and generating $3.5 billion in sales, bodes well for the future of the industry that is, for the 

first time in its recorded history, operating at breakeven.44 In the last four years, the TERM 
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industry created over 7,710 jobs44 with an estimated increase in the sale of commercial 

products by a factor of 2.5.45 The UK Regenerative Medicine Community estimates the 

contribution of the TERM industry to around £150 million of production and £80 million 

gross value added to the UK economy.25 The Scottish TERM sector, comprising of 4 

companies in 2004, has mushroomed by more than 500% in the following nine years.25 This 

astonishing success and rise of the TERM industry is better put into perspective when one 

considers that these heights were scaled against the backdrop of a global financial meltdown. 

2.2 THE “TRANSLATION” SITUATION  

Two decades have passed since Tissue Engineering was published in Science,23 and 

in these twenty years, TERM, aided by development in microfluidics, 3D printing, 

controlled release matrices, and other fabrication techniques, has established itself as a 

modern scientific discipline. Successful implementation of TERM principles has not only 

added, to an extent, to our understanding of developmental principles,46 but also contributed 

to the advancement of healthcare (refer to Figure 2.4).34,47 As technologies often do, TERM, 

in the wake of its advancements, has already established itself as a significant player on the 

economic landscape (refer to §2.1.1). Although, as per a report published by the House of 

Lords (London), TERM has the “potential to deliver new innovative therapies, or even 

cures, where conventional approaches do not provide adequate solutions”,25 regenerative 

medicine has thus far underperformed,48 with the industry in aggregate yet to make a profit. 

A multitude of non-quantifiable reasons have contributed to this modest performance of the 

TERM industry. These include extraneous factors such as misconceptions regarding the 

genuine achievements of the sector,49 lack of strong political leadership,49 the historical lack 

of an industry voice,50,51 amongst others.45,52 Regulatory challenges,29,43 such as lack of 

quality control biomarkers and potency markers, process and product variability, risk factors 
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associated with operator handling, have further stymied the marketability of TERM 

products.  Similarly, a complex IP situation, parallel to the biotech industry,41 owing to 

uncertain outcomes with poorly defined and overlapping patents constitutes another reason 

behind TERM’s impeded industrial and clinical translation. 

  
  

  
Figure 2. 4: Ear growth on the arm. TERM principles were employed by a team of surgeons 
to grow an external ear for this patient on her own arm. The set of images show the 
compromised organ, perfusion to meet the transport demands of the synthetically growing 
new organ, the fully developed organ, and, finally, its attachment to the patient. Cartilage for 
the new ear was derived from the patient’s ribs, matched with her right ear, and implanted 
under the arm for growth. The work was carried on by surgeons led by Dr. Patric Byrne at 
Johns Hopkins University in 2012. The photographs issued along a media release belong in the 
public domain.vi 
  

The greatest hindrance to TERM’s growth, however, remains a lack of quantitative 

understanding of the underlying developmental principles that influence the ex vivo 

synthesis of biologically functional autologous substitutes – a need widely appreciated 

within the community.53-60 As a result, systems that are used to synthesise these substitutes 

are treated as functional black-boxes, where trial and error eventually leads to the desirable 

outcome. While this approach might nourish scientific curiosity, an industry based on 

                                                           
vi The set of images was retrieved from an online article published by CBS Baltimore. The slideshow 
can be accessed here: http://baltimore.cbslocal.com/2012/09/26/hopkins-doctors-give-woman-a-
new-ear/ 
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probability does not attract many investors. Furthermore, with the four basic aspects of the 

regenerative medicine industry (scientific, regulatory, commercial, IP) closely intertwined 

(refer to Figure 1.1), the ecological impact of this apparent lack of understanding on the 

entire TERM ecosystem explains the unfulfilled promise. This lack of clarity which ails the 

basic science behind product development has a negative impact on the regulatory, IP and 

commercial aspects of the regenerative medicine industry ecosystem. 

The solution calls for a more accurate understanding of the biology behind 

regenerative medicine. Tackling this challenge requires synergistic efforts between 

experimentalists and their theoretical counterparts, as extrapolating cellular behaviour 

within an organism to ex vivo environments will require precise models with quantifiable 

predictions. Such models can only be developed via a robust computational framework that 

can offer (i) ontologies relevant to biological systems and (ii) an accurate and 

computationally economical way of capturing the physicochemical attributes of the 

environment to enable appropriate and relevant comparisons against physical data.   

It is worth reminding the reader that TERM based therapies involve either delivering 

isolated cells, or substances that induce tissue growth (such as morphogens or growth 

factors), or cells placed on or encapsulated within a biocompatible scaffold.23 The toolkit of 

a TERM investigator, therefore, includes, but is not limited to: (stem) cells, polymeric 

scaffolds or controlled release devices, tissue-inducing substances, and bioreactors. 

Advances in computational modelling, as well as computer power, have ensured that each 

component of the TERM toolkit can be captured by a computational equivalent: partial 

differential equations (like the Navier-Stokes equations, for example) for flow and transport, 

poroelastic formulations to investigate the role of scaffold porosity and mechanics, and 

cellular automaton grids as representations of cells. These tools have, by providing novel 
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insights into previously untested hypotheses and questions, provided a fertile base upon 

which more sophisticated, complete, and mature models can be built.  

The following section is meant to set the computational TERM landscape in terms 

of the various mathematical/computational approaches, formulations, and (proprietary or 

open-access) platforms that are in current use. As such, a selective and relevant, yet broad, 

review of computational tools covering the entire range of the aforementioned analogues is 

presented. The selectivity was motivated by the staggering breadth of literature that exists 

on the subject of computational TERM. However, efforts were made to ensure that the broad 

spectrum of computational tools was covered, even if their specific applications (e.g. dental, 

cardiovascular, pleural, etc.) were excluded from being reviewed here. 

2.3 THE COMPUTATIONAL TOOLKIT 

A computational paradigm, from a TERM standpoint, must be able to realistically 

quantify the various modalities of the native tissue; which includes the mechanical substrate, 

soluble bioactive factors, local mass transport, and homo- and heterogeneous cell-cell 

interactions; as well as dynamically assimilate each of the aforementioned cues to simulate 

the growth of the evolving structure. The computational approaches that are currently 

utilised to capture these governing phenomena can be broadly classified as statistical, 

continuum, and discrete. Each of these approaches utilise a wide array of formulations. For 

example, the continuum approach includes discretising the governing equations through the 

finite-element, finite-volume, finite-difference, level-set method etc. Similarly, the discrete 

approach can utilise the lattice-based cellular automata (CA) and cellular potts modelling 

(CPM) or the off-lattice based stream communicating X-machines. Furthermore, there exist 

a variety of platforms for each mathematical approach and formulation: (the following are 

mentioned as a very limited set of examples) CFD-ACE+ (ESI, Paris, France) – continuum 
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and finite-volume discretisation of the governing equations), CompuCell3D (CC3D) – grid 

based discrete approach, and Flexible Large-scale Agent-based Modelling Environment 

(FLAME) – off-lattice discrete approach.  

Continuum models are used to investigate time-varying quantities, such as 

concentration gradients, populations etc.1,61 Continuum approaches, such as fluid dynamics, 

employ classical differential equation based models that in most cases have only numerical, 

or approximate, solutions. A continuum approach entails identifying the set of partial 

differential equations and boundary conditions that best fit the system. This is followed by 

discretising the continuous model into discrete counterparts that represent the geometric 

domains on which the problem is solved. Finally, a solution method is applied and 

convergence criteria set.62 The methodology of Computational Fluid Dynamics (CFD), a 

continuum approach, is presented in detail in the following pages of this section. Continuum 

approaches are usually employed when large amounts of quantities (or continua, where 

population behaviour supersedes individual behaviour) are involved (to describe them with 

rate equations and average changes)61 and have also been used, with limited success, to 

predict system behaviour based on lower level activities.1 This limited success is a result of 

the underlying assumption, while employing the continuum approach, that a system can be 

divided into infinitesimally small, identical, numerous, constituents, which obey the 

identified equations similarly.   

The two assumptions (continua and infinitesimally small and identical constituents), 

however, fail when considering biological systems, especially the ones undergoing morpho-

, histo-, or organo-genesis, as heterogeneity in information is key to the spatiotemporal 

evolution of these systems. For such cases, discrete approaches are normally recommended. 

Discrete approaches (not synonymous with ‘discretisation’ as indicated above) on the other 

hand represent and execute the models using operational descriptions in the form of 
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computing programs.6 The approach assumes that system behaviour can be captured by a 

set of rules that combine qualitative as well quantitative information, thereby allowing each 

modelled entity to respond to its environment.6 More importantly, though, non-continuous, 

heterogeneous systems can be easily modelled via the discrete approach.6,8,53,63 The 

methodology, therefore, is a suitable approach to investigate cellular systems that show non-

linear, adaptive behaviour. The discrete approach is traditionally employed if the number of 

entities to be modelled are relatively small (less than a million64), spatial considerations 

important, and emergent phenomena the primary interest.64 As considering system 

heterogeneity is an essential feature of this approach, the size restriction is necessitated due 

to the computationally expensive nature of discrete models, whether cellular automata or 

agent-based modelling. Therefore, the fundamental unit of the system being modelled, 

where the governing equations/rules are implemented, need to be carefully chosen. For 

example, if investigating intercellular activity, choosing an intracellular protein molecule as 

the agent will make the model unnecessarily bulky. For the same reason, the discrete 

approach is not recommended for simulating continuous phenomena, where the number of 

entities to be modelled far-exceeds the limit specified for the discrete approach above.vii  

Molecular dynamics (MD) is another computer simulation technique, which models 

systems at the molecular level. A system is comprised by molecules, which interact with 

each other based either on the laws of classical mechanics (Classical MD) or quantum/first 

principles (Quantum MD).65 Molecules in the former approach are treated as classical 

objects, with atoms represented by ‘soft’ balls and bonds between the atoms by elastic sticks. 

Quantum MD, however, takes into account the quantum nature of the chemical bond, which 

is computed using quantum equations. Ions, in quantum MD, are treated classically.65 MD 

                                                           
vii For example, 1µL of water contains 1019 water molecules approximately. A discrete model of 
diffusion of a solute into volume of water as little as 1 mL will be too cumbersome, not to mention 
impractical, to yield any meaningful insights. 
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is considered practical for systems containing “many thousands of atoms over time scales of 

nanoseconds”.65 As computations occur at molecular level (or below), at time scales which 

are exceptionally minute,65 MD is computationally very expensive and is only employed to 

investigate mechanics of nucleic acids or proteins. The technique, although quite powerful 

and useful, was, therefore, not utilised in this thesis as it is not practical to simulate 

interactions at inter-cellular and cellular-environmental level. 

As Chavali et al. (2008)5 state, any modelling approach required to simulate cellular 

behaviour must be able to simulate non-linear and dynamic behaviour, synthesise cell-cell 

and cell-environment interactions, track various cells that are heterogeneous in nature, 

develop memory of various prior cellular interactions, adapt to the – or as directed by the – 

external environment, and permit visualisation of emergent phenomena that will result from 

the combined interactions of the stem cell system under the scanner. As this task is too 

complicated for either approach, hybrid models that contain discrete as well as continuous 

modalities are usually applied. 

2.3.1 CONTINUUM MODELS 

Whether it is the case of a zygote undergoing embryogenesis, stem cells trying to 

assemble and expand in a scaffold before the construct is implanted in the human body, or, 

quite simply, cell expansion in an in vitro culture, the computational aspect of TERM has 

traditionally dealt with the problems of transport phenomena and biomechanics, as well as 

the integration of the two together to explain morphogenesis. After all, providing optimal 

quantities of nutrients, signalling molecules, and physical cues is central to both regeneration 

as well as development. Cells are quite sensitive about their metabolic and mechanical 

needs, which, if unmet, will most certainly result in tissues that are not robust enough to 

perform their normal function. In the technology context, this means that a bioreactor with 
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sub-optimal mass transport and/or mechanical stimulation may produce a synthetic 

substitute that does not possess the properties to supplement or replace the host tissue. The 

continuum approach, entails representing biological behaviour with a set of partial or 

ordinary differential equations, derived from the basic physical laws,viii which can be solved 

via a variety of numerical approaches to account for transport and biomechanics. 

2.3.1.1 DIMENSIONAL ANALYSIS 

Dimensional analysis, which involves the fundamental unit of dimensions, is a useful 

tool to analyse and predict physical parameters that influence transient continuous processes 

(flow and transport, for example). Calculating the dimensionless Knudsen (Kn) number is 

usually a first step before employing the continuum approach, to ensure that the continuum 

hypothesis is indeed a suitable assumption for the system under consideration. Kn is the ratio 

of the mean free path length (λ) of the molecules of a fluid to a certain representative physical 

length scale (L), and is defined as: 

 𝐾𝑛 = 𝜆 𝐿⁄  (2.1) 

The length scale could be the radius of a body in the fluid, such as a cell. While this varies 

for various cells, one can safely assume a radius of 10 μm. Assuming water as the fluid in 

which a cell is immersed, the mean free path of water molecules – i.e. the average distance 

they can travel between collisions – at physiological temperatures is approximately 2.5 Å. 

The continuum approach is general applied for systems with Kn < 1, certainly the case for 

every system containing cells and water in the fluid phase. Similarly, when looking into the 

transport of glucose and growth factors into cells, the continuity assumption can be verified 

using Kn. For example, the mean free path of the molecules of glucose and a typical protein 

                                                           
viii The physical laws, amongst others, include: conservation of mass, momentum and energy 
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(albumin) can be approximated to 200 Å and 8 Å,ix respectively, which yield Kn < 1 when 

compared with the size of a cell. The continuum assumption and the conservation laws (and 

boundary conditions), which correspond to that assumption are, therefore, safely confirmed 

for most (in fact all) bioreactor models published in literature (and utilised towards the 

investigations conducted in this thesis). 

Fluid patterns (i.e. whether the flow is laminar or turbulent), can be determined by 

calculating the Reynolds number (Re). Re is the ratio of convective to viscous forces, and is 

defined in (2.2). 

  𝑅𝑒 =  
𝜌𝑉𝑑

𝜇⁄  (2.2) 

In (2.2), ρ is the fluid density, V the fluid velocity, d the characteristic length for the flow, 

and μ the fluid viscosity. Depending upon bioreactor characteristics, such as manner of 

achieving mixing and perfusion, the Re can vary significantly across the various bioreactor 

types. For example, spinner flask and wavy wall bioreactors, which employ a stirrer to 

achieve mixing of the culture medium, can result in Re > 1000,66,67 suggesting the presence 

of turbulent hydrodynamic regime per the critical impeller Re of 1000 determined by Nagata 

(1975).68 Hollow fibre membrane bioreactors, which consist of a network of hollow fibre 

membranes (through which the medium is fed into the bioreactor) running through scaffold 

material encapsulating cells,69 results in very low Re (<10),70 reflecting laminar or 

occasionally even creeping flow regime. Similarly, a rotating-wall bioreactors, designed to 

culture shear-sensitive cells in a microgravity environment also yields low Re (~100), 

though under microgravity conditions Re can drop to markedly low values (<1).71,72 Laminar 

flow, as discussed in Chapter 3, is considered optimal for cellular expansion. 

                                                           
ix 𝜆 = 𝑘𝑇

√2𝜋𝑑2𝑃
⁄  , where k = Boltzmann constant (1.38×10-23 J/k), T = temperature (310 K), P = 

pressure (1.013×105 Pa), and d = length scale of particles (7 Å for glucose and 35 Å for albumin).  
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In order, similarly, to capture the overall effectiveness of the combination of 

diffusive and convective transport of a chemical species other dimensionless numbers – such 

as the Schmidt number (Sc), Sherwood number (Sh), Peclet number (Pe) –  can be calculated, 

measured, or estimated.73 The transport of a chemical species to the cells within a bioreactor 

occurs via two ways: external transport, which involves the transport of the scalar from the 

medium to the outer layer of the clustered cells due to convection; and internal transport, 

which involves transfer from the exterior of the cellular cluster to the cells located within 

the cluster. The external transport mainly depends on the ratio, k, of the diffusion constant 

(Dm) to the boundary layer thickness (δ).  

 𝑘 =  
𝐷𝑚

𝛿⁄  (2.3) 

Obviously, the higher the ratio, the more effective the external transport. A boundary 

layer is established when a flowing fluid encounters a solid surface. A fundamental feature 

of fluids is that they obey the no-slip condition if in contact with a solid surface: i.e. their 

velocity relative to that of the solid surface is zero. There is, as such, a region close to the 

surface where the velocity of the fluid increases very sharply – this region is known as the 

boundary layer.74 One of the several ways of defining the thickness of a boundary layer is 

the distance from the solid surface at which the fluid reaches 99% of its initial value. The 

thickness of this boundary layer is dependent on flux characteristics that in turn regulate the 

external mass transfer of a given scalar from bulk to the inside of the scaffold.73 The latter 

is a fluid-zone in which scalar concentration ranges from that observed in bulk flow to that 

observed on the cell cluster surface (i.e. the exposed area of the cell cluster facing the 

bioreactor medium), and usually varies based on flux characteristics. The thickness is 

relevant, for it indicates the effectiveness of transfer of the scalar from the bulk to cell cluster 

surface. 
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Sc, the ratio of momentum diffusivity (kinematic viscosity) to mass diffusivity, is 

commonly employed to determine the effectiveness of the external transport.  

 𝑆𝑐 =  𝜈 𝐷𝑚
⁄  (2.4) 

In (2.4), ν represents the kinematic viscosity (i.e fluid viscosity/fluid density) and Dm the 

diffusion coefficient of the molecular species under consideration. Sc provides the 

importance of convection to the transport of the scalar within the bioreactor. Sh, the ratio of 

external diffusion to mass diffusivity, can be also employed towards this end by calculating 

k. Using the Frössling correlation for spherical particles,73 Sh can be calculated from Re and 

Sc: refer to (2.5). 

 𝑆ℎ =  𝑘𝑑 𝐷𝑚
⁄ = 𝑑

𝛿⁄ = 2 + 0.6𝑅𝑒
1

2⁄ 𝑆𝑐
1

3⁄  (2.5) 

The effectiveness of mass transport can also be evaluated by quantifying the 

difference between external transport of the relevant molecular species and its internal 

diffusion.75 This can be determined by calculating the Peclet number (Pe) – the ratio of the 

rate of advection of a physical quantity by the flow to the rate of diffusion of the same 

quantity, and is defined by: 

 𝑃𝑒 =  𝑑𝑉
𝐷𝑚

⁄  (2.6) 

In (2.6), d is the characteristic length and Dm the mass diffusion coefficient of the molecular 

species under consideration. Pe between 0 and 1 indicates presence of effects that hinder 

convection.73 

Limitations of the internal mass transport can be similarly determined by calculating 

the Biot Number (NBi) – the ratio of mass transfer of the molecular species of interest across 

the inside of the scaffolds to mass transport of the species across the boundary layer outside 

the scaffolds. The Biot number can be calculated as represented in (2.7): 



 

26 
 

 

𝑁𝐵𝑖 = 

𝐿
𝐷𝑒

𝛿
𝐷𝑓𝑙𝑢𝑖𝑑

⁄  (2.7) 

where L = diffusion length, De = effective glucose diffusivity inside the cellular medium, δ 

= thickness of the mass transfer boundary layer around the construct, and Dfluid = glucose 

diffusivity in the culture medium. The Biot number, when considered for cases involving 

mass transfer, is the ratio of resistance encountered by the internal transfer of scalar to the 

boundary layer scalar transfer resistance. 

For cases where the concentration profile of a secreted cytokine(s), which is 

transporting via diffusion, over the entire cellular domain within a perfusion bioreactor (i.e 

advection present) is of interest, the dimensionless Graetz number (Gz) can be employed. 

Gz is defined as ratio of diffusional time to transit time, as shown in (2.8). It measures the 

relative time of diffusion to convective transit time through the bioreactor.76 A lower Gz, 

which means lower diffusive time relative to transit time, implies that the releasing cytokine 

will have enough time to build up within the cellular structure and have an overall impact 

(example: differentiation, proliferation, etc.). Conversely, a higher Gz implies that the 

secreted cytokine will be swept out due to fluid flow, and local cytokine concentrations will 

be low. This may be essential, if the cytokine triggers apoptosis (or differentiation, etc.) 

within the growing cell population.  

 

𝐺𝑧 =  

𝐻2

𝐷𝑚
⁄

𝑣
𝑄⁄

 (2.8) 

In (2.8), H represents the depth over which the scalar is diffusing, v the volume of the 

bioreactor, and Q the media flow rate. 
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2.3.1.2 COMPUTATIONAL FLUID DYNAMICS & TRANSPORT PHENOMENA 

In terms of capturing transport, the following laws govern fluid flow: (1) 

conservation of mass; (2) conservation of momentum; and (3) conservation of energy. As 

transport within the TERM context occurs at constant temperature, the mathematical 

treatment of the law of conservation of energy is not considered in the thesis. The laws of 

conservation of mass and momentum, however, can be mathematically represented by the 

following equations: 

Equation (2.9) forms the continuity equation. In (2.9), ρ represents the density of the fluid 

and U the flow velocity vector (u1, u2, u3). The equation represents the balance of masses 

entering and exiting the control volume (CV) per unit time with the rate of change of ρ, 

assuming no change of volume. Similarly, the principle of conservation of momentum, 

Newton’s second law of motion, is represented by the momentum equation, as shown in 

(2.10). Equation (2.10) equates the sum of body forces, such as weight and electromagnetic 

forces, to the sum of surface forces, such as shear and normal stress, and pressure, acting on 

the CV. In (2.10), µ represents the dynamic viscosity of the fluid, P is the pressure acting on 

the fluid, and f represents other body forces. These two governing equations – a system of 

coupled partial differential equations (PDEs) – are known as the Navier-Stokes equations, 

as they were first derived, independently, by the French Engineer Louis Navier, and Sir 

George Stokes.74 

Tissues, colony of cells secreting extra-cellular matrix (ECM), or scaffolds 

encapsulating cells, all are usually modelled as porous structures. One way of treating such 

 
𝜕𝜌

𝜕𝑡
+ ∇. (𝜌𝑈) = 0 (2.9) 

 
𝜕

𝜕𝑡
(𝜌𝑈) + ∇. (𝜌𝑈𝑈) =  −∇𝑃 +  𝜇∇2𝑈 + 𝑓 (2.10) 
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cases is to consider them a fluid filled porous matrix with certain porosity (ε) and 

permeability (κ), which generally tend to vary anisotropically. While ε is the ratio of the 

volume occupied by the pores to the total volume occupied by the solid, κ is measure of the 

flow conductance of the matrix.77,78 The following modified continuity and momentum 

equations are used when handling such porous media: 

The Darcian porous resistance is also incorporated in (2.12).79 Mass transfer of 

nutrients, metabolites, wastes, gases constitutes a significant part of a biological system. The 

molecules of interest are henceforth referred to as scalars (given that mass is a scalar, 

specified completely by its magnitude). Scalar mass transfer can be described as the 

movement of scalar molecules relative to fixed references due to convective and diffusive 

flow75 with the addition of either generation or consumption of the scalar. The convection-

diffusion equation in two or more directions is derived from the continuity equation and can 

be mathematically represented as: 

In (2.13), C represents scalar concentration, S the sink or source term for the scalar, 

and J the flux of scalar quantity through the CV. The sink/source term accounts for changes 

in scalar concentration due to biological processes such as enzymatic reactions, secretion, 

consumption, injury etc. The molar flux can be further represented as: 

 𝐽 = 𝑑𝐶 + 𝑏𝐶 (2.14) 

 𝜕𝜀𝜌

𝜕𝑡
+ ∇. (𝜀𝜌𝑈) = 0 

(2.11) 

 𝜕

𝜕𝑡
(𝜀𝜌𝑈) + ∇. (𝜀𝜌𝑈𝑈) =  −𝜀∇𝑃 + 

𝜀2𝜇

𝜅
∇2𝑈 + 𝑓 

(2.12) 

 
𝜕𝐶

𝜕𝑡
+ ∇. 𝐽 = 𝑆 (2.13) 
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where dC represents diffusive flux that arises due to random motion of the scalar molecules, 

and bC represents convective flux or the flux that results from the bulk movement of the 

fluid. Equation (2.14) can be further expanded as follows: 

The expression UC on the right hand side of (2.15) indicates that the concentration 

of solute is a factor of flow velocity magnitude U. In (2.15), D represents the scalar diffusion 

coefficient in the fluid. Assuming constant diffusivity, substitution of (2.15) into (2.13) 

yields the following equation: 

The mass conservation equations for the fluid-phase species within a porous structure can 

be written as: 

where Φ represents the mass fraction of the diffusing species, J the diffusion flux, and S the 

production rate of this species. As biological systems operate under isothermal conditions, 

the diffusion flux in porous media can be specified as: 

Here, De represents effective mass diffusion coefficient within the porous medium and 

depends upon the porosity of the medium. The effective diffusion coefficient can be 

represented as: 

 𝐽 =  −𝐷. ∇𝐶 + 𝑈𝐶 (2.15) 

 
𝜕𝐶

𝜕𝑡
− 𝐷∇2𝐶 + 𝑈. ∇𝐶 = 𝑆 (2.16) 

 
𝜕(𝜀𝜌𝜙)

𝜕𝑡
+ ∇ ∙ (𝜀𝜌𝑈𝜙) =  ∇ ∙ 𝐽 + 𝑆 (2.17) 

 𝐽 =  𝜌𝐷𝑒∇𝜙 (2.18) 

 𝐷𝑒 = 𝜀𝜁𝐷 (2.19) 
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In (2.19), ζ represents tortuosity of the porous media, which is typically described as the 

difference between the actual distance travelled by fluid particles and the macroscopic travel 

distance, though the definition of the concept is not unique (as discussed elsewhere).80 

Usually, a (measurement based) value of 1.5 is recommended.77 

 
Figure 2. 5: Bioreactors.  The figure shows schematic representations of the various cell 
culture systems employed in Tissue Engineering. The culture systems presented here include 
both static as well as perfusion-based devices. Reproduced with kind permission from Ref. 42 
© (2006) Elsevier . 

These equations cannot be solved analytically but for the simplest cases. Thus, we 

have to employ, almost invariably, computational techniques to derive numerical solutions 

of practical use. Computational Fluid Dynamics (CFD) has been applied to characterise 

flow-fields in bioreactors of all configurations. Examples abound of the following types 

(refer to Figure 2.5): spinner flasks,66 roller-bottle, wavy-walled,67 RWV, perfusion, and 

pulsatile bioreactors. CFD involves transforming the equations described above into 

discretised algebraic forms to quantify flow-field values at discrete points in space and 

time.81  

CFD involves transforming the equations described above into discretised algebraic 

forms to quantify flow-field values at discrete points in space and time.81 Briefly, 

identification of the relevant mathematical equations (concomitantly with a suitable 
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coordinate system for expressing velocity vector and stress tensors) is followed by selecting 

a suitable discretising method. Discretisation involves approximating the differential 

equations by a system of algebraic equations for the variables at some set of discrete 

locations in space and time. 

 
Figure 2. 6: Computational Cell.   The figure depicts a two-dimensional Computational Cell 
(Control Volume)77 utilised to discretise the governing Navier-Stokes equations via the Finite 
Volume Approach. In this case, a mix of polyhedral el ements is used (triangles and 
quadrilaterals). The image was derived from CFD-ACE+ user manual.77 

A “mesh” or a “grid” defines these discrete locations at which the variables are 

calculated. A numerical grid is a discrete representation of the geometric domain on which 

the problem is to be solved. Grids divide the solution domain into a finite number of sub-

domains such as elements or CVs etc. (refer to Figure 2.6). Grids can be structured (or 

regular), block-structured, unstructured or any combination of the above. They can also be 

conforming (where a node has meaning for all adjoining elements or volumes, or non-

conforming, where nodes on a side/face may be relevant to one cell that shares that side/face 

but not the other(s).82 The choice of grid type is followed by selecting the approximation to 

be used in the discretisation process. The choice of approximation varies based on the nature 

of discretisation approach selected for the problem. Discretisation is followed by applying 

the appropriate solution method (usually iterative) and, finally, setting the convergence 

criteria for the solution method. 
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2.3.1.2.1 FINITE VOLUME METHOD 

The conservation of any quantity, ϕ, such as mass, momentum, concentration of an 

arbitrary nutrient, etc., can be more conveniently expressed via the more general transport 

equation83: 

 

In (2.20), ΓΦ represents the diffusivity coefficient of Φ, and SΦ represents the source or the 

sink term. Here, the continuity equation can be recovered by simply setting Φ = 1, ΓΦ = 0, 

and SΦ = 0; the convection-diffusion equation by setting Φ = C, ΓΦ = D, and SΦ = S; and the 

(x-)momentum equation by setting Φ = u, ΓΦ = μ, and treating forces due to pressure via the 

source term. 

In the Finite-Volume Method (FVM), the physical domain is divided into a finite 

number of sub-domains known as control volumes (CVs) where the integral form of the 

equations is solved. Integrating equation (2.20) over the CV yields: 

Applying the divergence theorem, (2.21) is converted into a surface integral, as shown in 

(2.22), which helps evaluate the net-flux through the entire CV. The surface integral form 

of the equation is thus employed to determine the convective and diffusive terms of the 

equation. 

 
𝜕

𝜕𝑡
(𝜌Φ) + ∇. (𝜌𝑈Φ) − ∇. (ΓΦ∇Φ) =  𝑆Φ (2.20) 

 ∫ [
𝜕

𝜕𝑡
(𝜌Φ) + ∇. (𝜌𝑈Φ) − ∇. (ΓΦ∇Φ)] 𝑑𝑉 =  ∫ 𝑆Φ𝑑𝑉

𝐶𝑉𝐶𝑉

 (2.21) 

 ∫
𝜕

𝜕𝑡𝐶𝑉

(𝜌Φ)𝑑𝑉 + ∑ ∫[∇. 𝜌𝑈Φ − ΓΦ∇Φ]. 𝑛⃗ 𝑆𝑑𝑆
𝑆

 

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝑓𝑎𝑐𝑒𝑠

= ∫ 𝑆Φ𝑑𝑉
𝐶𝑉

 (2.22) 

Transient Convection Diffusion Source 



 

33 
 

In (2.22), S represents any of the faces on the CV, whereas nS is the unit vector normal to 

that surface. The source term, which usually depends on the existing scalar concentration, is 

represented as follows: 

 SC represents a constant source/sink term and SPΦP shows the linear dependence of 

the source term on scalar concentration, if such exists. The source term needs to be linearised 

in cases where the relationship is non-linear.84 

 ϕS (S representing any of the faces on the CV) can be calculated by employing a 

variety of interpolation schemes, such as upwind schemes, central differencing scheme, etc. 

The first-order upwind scheme, one of the most stable convection schemes, has first-order 

accuracy and involves assigning Φs the value of Φ at the upstream grid point. As such, 

depending upon the direction of flow at the cell face s, Φ can be either ΦE (if U < 0) or ΦP 

(if U > 0). The central difference scheme, on the other hand, assumes linear variation of Φ 

between the two cell centres P and E and calculates Φs by weight-averaging the values at 

the cell centres. After the equation set for a variable has been assembled it is solved by using, 

preferably because they are economical in terms of memory, iterative equation solvers, such 

as the conjugate gradient squared (CGS) or algebraic multigrid (AMG) solvers.62 The AMG 

solver, for example, uses a hierarchy of grids, from fine to coarse, and back to fine, to solve 

the resulting set of pseudo-linear equations. After obtaining the residual field on the fine 

grid, iterations are performed on the coarse grid to obtain corrections (imposing fine-grid 

residuals as the source term). The AMG solver works by interpolating the corrections to the 

fine-grid and updating the fine grid solution, and repeating the entire procedure until the 

residual is reduced to the desired level.77 This results in reducing error of multiple 

wavelengths at once, with the significant advantage of faster convergence.77 

 ∫ 𝑆Φ𝑑𝑉
𝐶𝑉

= 𝑆𝐶 + 𝑆𝑃Φ𝑃 (2.23) 
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Sucosky et al. (2004)66 used the CFD approach discretised via the finite-volume 

method to model the dynamic environment inside a spinner flask, which uses a magnetic 

stirrer to achieve mixing, operating under conditions employed to produce cartilage. 

Particle-image Velocimetry (PIV) was employed as the experimental strategy to validate the 

model. This was achieved by determining velocity and shear-rate fields in the vicinity of the 

cell-scaffold construct closer to the magnetic stir-bar. The investigators utilised the 

commercially available package FLUENT (Fluent Incorporated, New York, USA) to 

perform the computations. The software employs the finite-volume approach to solve the 

governing equations (2.9) and (2.10). The relevant variables were determined at each cell 

node subsequent to which the flux through each cell face is obtained by interpolation. In this 

investigation, the k-ε model was used to model turbulence and solve the Reynolds-averaged 

Navier-Stokes equations. In the k-ε model, k is the turbulent kinetic energy and ε the 

dissipation. They are defined as: 

Scaffolds were modelled as both solid and porous structures. Flow generated by the stir bar 

was turbulent as well as unsteady in the mean. This posed challenges to both its measurement 

and numerical simulation. Reasonable agreement, however, was observed between the 

experimental and computational data (especially with respect to stress level within the 

bioreactor). Furthermore, the computations provided the first estimates of flow through 

porous constructs within the spinner flasks.  

Bilgen et al. (2006)67 characterised the hydrodynamic environment within a wavy-

walled bioreactor (WWB), a variant of the spinner flask, employing the finite-volume 

 𝑘(𝑥, 𝑡) =
1

2
𝑢𝑖(𝑥, 𝑡)𝑢𝑖(𝑥, 𝑡)̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅ (2.24) 

 𝜖(𝑥, 𝑡) = 2𝜈
𝜕𝑢𝑖

𝜕𝑥𝑗
(𝑥, 𝑡)

𝜕𝑢𝑖

𝜕𝑥𝑗
(𝑥, 𝑡)

̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅̅ ̅
 (2.25) 
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formulation. WWBs also rely on magnetic stirrers to achieve mixing, which can expose the 

tissue constructs encapsulated within the bioreactor (depending upon their positioning) to 

varying hydrodynamic environments. The investigators wished to characterise this variety 

to better understand the tissue growth process. Bioreactor conditions optimal to develop 

tissue-engineered cartilage were simulated. The investigators used the PIV technique, 

implemented by Suckosky et al. (2004)66 above, to validate their model. Flow in WWB was 

found to be turbulent and time-periodic much like the spinner flask, as flow is generated in 

both bioreactors by a magnetic stir bar. However, flow within WWB was different from 

spinner flask in having reduced tangential-velocity and increased axial-velocity 

components. The investigators also reported recirculating regions within the bioreactor, 

which they conjectured provide additional stimuli more conducive to cartilage growth. 

Placing cartilage constructs within the bioreactor led to a dramatic change in the flow 

patterns and turbulence characteristics compared with the absence of these constructs. The 

mean shear stress increased from 0.01 – 0.02 Pa for WWB without constructs to 0.04 – 0.06 

Pa for WWB with constructs. The flow was also found to be dependent on the position of 

the constructs within the bioreactor, as the position changes from centre towards the 

bioreactor walls. The investigators found that the mean-shear stress encountered by 

constructs within a WWB is less compared with the spinner flask, and concluded this to be 

the reason behind optimal performance of WWB in terms of achieving enhanced ECM 

deposition and cell proliferation compared with the spinner flask. 

Begley & Kleis71 employed a similar methodology to characterise a Rotating-Wall 

Perfused-Vessel (RWPV) bioreactor in terms of flow and shear stress environment and 

validated it via Laser Doppler Velocimeter (LDV) measurements. The RWPV bioreactor is 

based on a concentric cylinder arrangement. The inner cylinder is porous with a disc attached 

to one of its ends (referred to as the viscous pump), which enables the rotation of the inner 
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cylinder. The inner and outer cylinders can be, and are, independently rotated. The 

investigators, via the numerical model, intended to investigate the impact of changes in 

operating parameters (such as cylinder rotation rates and perfusion rates). The investigators 

assumed an axisymmetric flow field due to the symmetry of the bioreactor geometry and 

boundary conditions. They solved for the basic momentum and continuity equations: i.e 

(2.9) and (2.10), albeit in cylindrical coordinates. The geometry was gridded using a 

staggered mesh where the equations were solved under steady state conditions. The three 

shear components within the bioreactor were defined as follows: 

where u, v, and w represent the radial, azimuthal, and axial velocity; r the radial coordinate; 

θ the azimuthal coordinate; z the axial coordinate; and μ the fluid viscosity. The mean shear 

force per unit area was calculated using:  

  The investigators employed this model to compute flow-field under microgravity 

(i.e. rotation of the inner cylinder and disc higher than the outer cylinder) and ground-based 

(i.e. equal rotation rates for the inner and outer cylinders and the disc) operating conditions. 

Obviously, the flow profile differed for the microgravity and ground-based conditions. The 

model showed good agreement with the LDV measurements, and suggested that an increase 

in differential rotation rates enhances the radial-axial distribution of the inlet media, while 

maintaining low mean shear stress levels. The investigators found that for typical cell 

cultures changes in perfusion rates have little effect on mean shear environments in both 

 𝑆𝑟𝜃 = 𝜇 [𝑟
𝜕

𝜕𝑟
(
𝑣

𝑟
)] (2.26) 

 𝑆𝜃𝑧 = 𝜇 [
𝜕𝑣

𝜕𝑧
] (2.27) 

 𝑆𝑟𝑧 = 𝜇 [
𝜕𝑤

𝜕𝑟
+

𝜕𝑢

𝜕𝑧
] (2.28) 

 𝑆𝑚 =
1

3
(𝑆𝑟𝜃

2 + 𝑆𝜃𝑧
2 + 𝑆𝑟𝑧

2 )
1

2⁄  (2.29) 
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microgravity as well as ground-based conditions for mammalian cells. Finally, the Pe for 

oxygen mass transport within the bioreactor was calculated to be 34,400 for ground-based 

conditions and 76 for microgravity. The Sh number for oxygen transport within the 

bioreactor under ground-based conditions was calculated to be 22× the diffusion limit, but 

only 2x the diffusion limit under microgravity; implying that microgravity conditions could 

easily become mass transport limited.     

 In a bid to evaluate bioreactor scale-up, Williams et al. (2002)85 used CFD to 

calculate flow-fields, shear stresses, and oxygen profiles around cartilage constructs in a 

concentric cylinder bioreactor (which typically accommodate 16 constructs). They tested 

transport within the bioreactor for two cases: i) increased number of constructs (24 and 32), 

and ii) increased bioreactor volume. Their approach involved solving the Navier-Stokes 

equations and the transport equation for Oxygen (2.20). The investigators utilised two 

models to account for oxygen consumption: (i) fluid-phase O2 control model – cells 

immediately consume all oxygen reaching the construct surface; and (ii) zero-order oxygen 

consumption – oxygen consumption fixed at a maximal value. Constructs were modelled as 

non-porous solids with a no-slip boundary condition, which mimicked the physical 

condition where constructs have reached maximal cell density. The investigators concluded 

that approximately 80% of the construct surface experiences a shear stress between 0.15 – 

0.4 Pa, thereby validating the assumption that concentric cylinder bioreactors offer 

homogeneous hydrodynamic environment. However, their conclusion that changes in 

oxygen concentrations in the bioreactor “do not” affect chondrocyte growth was rather 

interesting and counter intuitive. This was based on the fact that the minimum pO2 values 

they observed were still higher than oxygen concentrations observed in a cartilage in vivo. 

Most importantly, the ‘scale-up’ computations revealed that incorporating additional rows 

of constructs reduced shear stress distribution across themselves, though it also led to an 
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overall decrease oxygen transport. Furthermore, increasing bioreactor volume increased 

both, albeit not substantially. This piece of data, which points to the application of CFD as 

an effective design optimisation and concept selection tool, was perhaps the most far-

reaching piece of conclusion reported within the article; one that motivated the investigation 

reported in Chapter 3. 

2.3.1.2.2 LATTICE-BOLTZMANN APPROACH  

  Instead of directly discretising the Navier-Stokes equations, the Lattice-Boltzmann 

(LB) method derived from the linearised Boltzmann equation86 has also been employed to 

model flow within complex geometries.86,87 In the LB method, the physical space is 

discretised into a large number of sites or nodes, which bear a set of mass probability 

distributions. The distributions translate, at each time step, from node to node along (any of 

18) fixed velocity vectors, and subsequently undergo collisions that conserve physical 

properties, such as momentum. In the LB method, the collision operator is designed so that 

particle velocity distributions obey the Navier-Stokes and advection-dispersion equations at 

each node.87,88  

The underlying algorithm of the LB approach involves streaming and collision steps, 

which are usually combined with no-slip boundary conditions. In the streaming step, all 

distribution functions are advected with their respective velocities. As the movement of an 

incompressible fluid is also governed by inter-particle collisions, in the collide step the 

distribution functions of a cell are weighted with the equilibrium distribution functions (fi
eq), 

which represent the state of the fluid where the amount of particles pushed out of each 

discrete direction due to collision equals the amount pushed into each direction.89  The 

particle distribution function fi evolves as follows: 



 

39 
 

where x is the node position in the lattice; t the time step, ei one of i allowed velocities and 

τ the BGK relaxation parameter, which determines the viscosity and diffusion coefficients. 

In the LB approach, particle movement is restricted to a limited number of directions. For 

example, D3Q19 is a commonly utilised 3D model with 19 velocities (though 3D models 

with 15 and 27 velocities also exist). The model and its velocity vectors e1…19 are illustrated 

in Figure 2.7. The streaming function performs the left side and collision function the right 

side of (2.30).  

 
Figure 2. 7: The D3Q19 model. The figure depicts the D3Q19 model with a description of 
the 19 velocity vectors. A “rest” particle can be observed in the middle (cyan coloured sphere 
from where arrows can be seen to diverge). The vectors with weight 1/18 th are along the 
Cartesian axes (coloured in black), and the vectors with weight 1/36 th are in the x-y, y-z, and 
x-z planes (coloured in blue). Reproduced with kind permission of the authors of Ref. 89. 

Porter et al. (2005)88 applied the Lattice-Boltzmann (LB) method to simulate flow 

within a cell-seeded 3D cylindrical scaffold perfused inside a parallel-plate (perfusion) 

bioreactor. The objective of the study was to understand the effect of perfusion on cell 

culture. Microcomputed Tomography Imaging was employed to create a 3D image of human 

trabecular bone, which was used to define the boundary conditions for the simulation of flow 

through the scaffold. Shear stress was calculated by multiplying the symmetric part of the 

gradient of the velocity field by the dynamic viscosity (ν) of the culture medium using the 

following equation: 

 𝑓𝑖(𝑥 + 𝑒𝑖, 𝑡 + 1) = 𝑓𝑖(𝑥, 𝑡) − (𝑓𝑖(𝑥, 𝑡) − 𝑓𝑖
𝑒𝑞(𝑥, 𝑡))/𝜏 (2.30) 
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where s is the shear stress tensor and U the 3D velocity vector. The investigators calculated 

the derivative of the velocity field by employing a finite-differences formula. Shear stress 

was validated against a model simulating flow between infinite parallel plates and 

comparing the calculate shear stress to the analytical solution. A mean surface shear stress 

of 5×10-5 Pa, concluded the investigators, correlates to increased proliferation, while higher 

stresses corresponded with upregulated bone marker genes.  

2.3.1.2.3 LEVEL-SET METHOD 

Ex vivo synthesised biological substitutes also present a ‘moving boundary’ problem, 

which poses significant challenges in its own right. Lappa90,91 tackled this problem by 

simplifying the growth of the developing substitute into two simultaneously occurring 

phenomena: (i) transport: by determining the concentration fields and surface shear stress 

due to bioreactor hydrodynamics, and (ii) organic tissue growth: by determining the 

interface of the developing tissue and the perfused medium. Lappa employed the level-set 

method (LSM) to characterise (ii).91  

The LSM is a numerical technique that can be used, amongst others, to solve moving 

boundary problems.92 It entails93 defining a smooth function φ(x, t) that represents an 

interface Γ – where φ(x, t) = 0 – and employing the function to compute the motion of the 

interface under a velocity field. φ has the following properties: 

 𝜑(𝑥, 𝑡) > 0, 𝑓𝑜𝑟 𝑥 ∈ Ω  

 𝜑(𝑥, 𝑡) < 0, 𝑓𝑜𝑟 𝑥 ∉ Ω (2.32) 

 𝜑(𝑥, 𝑡) = 0, 𝑓𝑜𝑟 𝑥 ∈ 𝜕Ω = Γ(t)  

 𝑠 = 𝜈 (
1

2
) (∇𝑈 + ∇𝑈𝑇) (2.31) 
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where Ω represents the region bounded by the interface. Therefore, the interface can be 

captured temporally by locating the set Γ(t) for which φ = 0. Interface motion is computed 

by convecting the φ values (or levels) with the velocity field as follows:  

 𝜕𝜑

𝜕𝑡
+ 𝑣 . ∇𝜑 = 0 

(2.33) 

In (2.33), 𝑣  represents the desired velocity on the interface, and as only the normal 

component of v is required, the equation becomes 

because 

The underlying equation, which Lappa90,91 employed to capture nutrient concentration at the 

tissue surface is given below. 

 𝜕𝐶

𝜕𝑛
|
𝑖
= 𝜆(𝑎𝜏)1 2⁄ 𝐶𝑖 

(2.36) 

In (2.36), Ci the concentration of the nutrient (for example, glucose) at the construct/liquid 

interface, D the diffusion coefficient of the nutrient within the medium, λ a ‘kinetic 

coefficient’ with the units of velocity (mm/s, for example), τ the fluid-dynamic shear stress 

on the surface of the interface, a is a constant having the reciprocal units of the shear stress, 

and n the direction perpendicular to the advancing front. The exponent for the shear stress, 

in this case, was based on a parametric investigation conducted by Obradovic et al. (2000).94 

In non-dimensional form, the equation can be represented as  

 
𝜕𝜑

𝜕𝑡
+ 𝑣𝑛|∇𝜑| = 0 (2.34) 

 𝑣𝑛 = 𝑣 .
∇𝜑

|∇𝜑|
 (2.35) 
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where  𝜆̃ = 𝜆𝐿/𝐷 (L being a reference distance = 1 cm) and  𝜏 = (
𝜕𝑢

𝜕𝑦
+

𝜕𝑣

𝜕𝑥
) with u and v 

being the velocity components along x and y, respectively.   

 In order to determine the velocity of the advancing front (vn) and C, Lappa discretised 

the Navier-Stokes (refer to equations 2.9 and 2.10) and species equations (2.16). These 

equations accounted for transport within the perfusing bioreactor. Again, at the construct 

surface (φ = 0) equation (2.36) must be satisfied. Now, as 

where 

is the unit vector perpendicular to the surface of the developing tissue. Therefore,  

 

𝛼 =
𝜕𝜑

𝜕𝑥
√(

𝜕𝜑

𝜕𝑥
)
2

+ (
𝜕𝜑

𝜕𝑦
)
2

⁄  

(2.40) 

 

𝛽 =
𝜕𝜑

𝜕𝑦
√(

𝜕𝜑

𝜕𝑥
)
2

+ (
𝜕𝜑

𝜕𝑦
)
2

⁄  

Equation (2.36) can, thus be written as: 

 
𝛼

𝜕𝜑

𝜕𝑥
+ 𝛽

𝜕𝜑

𝜕𝑦
= 𝜆̃(𝑎̃𝜏̃)1 2⁄ (𝐶𝑖) 

(2.41) 

 𝐷
𝜕𝐶

𝜕𝑛
|
𝑖
= 𝜆̃(𝑎̃𝜏̃)1 2⁄ (𝐶𝑖) (2.37) 

 
𝜕𝐶

𝜕𝑛
|
𝑖
= ∇𝐶𝑖. 𝑛̂ (2.38) 

 𝑛̂ =
∇φ

|∇φ|
= (𝛼, 𝛽) (2.39) 
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Here, 𝜆̃(𝑎̃𝜏̃)1 2⁄ (𝐶𝑖) represent the mass exchange flux between the tissue and perfusion 

medium, driven by the demands of the developing tissue. The interface advance velocity 

can, therefore, be computed as follows: 

 
𝑣𝑛 =

𝜆̃(𝑎̃𝜏̃)1 2⁄ (𝐶𝑖)

𝜌𝑆
 

(2.42) 

where ρs is the total density of the perfused media, with Ci satisfying (2.41). 

The domain was discretised with a uniform mesh with flow-field variables defined 

over a staggered grid. The solution algorithm entailed the following steps: (i) advancing rhe 

interface (2.34) and reinitialising the level-set function; (ii) solving for the concentration and 

velocity fields in the liquid; (iii) adjourning local values of C at the tissue-medium interface 

(2.41); and (iv) computing the surface growth rate distribution (2.37). Lappa concluded that 

LSM should be considered a robust approach to simulate problems concerning the growth 

of biological tissues and related slow surface kinetics. 

2.3.1.3 MECHANOBIOLOGY 

While the foregoing set of equations deal with transport phenomena, continuum 

equations are also employed to account for the problems of mechanobiology. 

Mechanobiology integrates the principles of traditional mechanics with molecular biology 

and genetics.95 At its core, though, lies the process of mechanotransduction, i.e. the sensing 

and response by cells to mechanical (or, in general, biophysical) stimuli. Mechanobiology 

can be employed to determine the solution of problems that concern deformation at cellular 

and sub-cellular level due to forces acting at organ or tissue level and adaptation of the 

tissue/organ construct to the mechanical stimuli. Computational TERM deals mostly with 

the latter. 
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 The finite element method (FEM) is a numerical technique that discretises the 

domain (such as a tissue or scaffold encapsulating cells) into sub-domains, known as 

elements. Each element contains a certain number of vertices referred to as nodes, where the 

field variable (i.e. the value of interest) is computed. Nodes and elements together constitute 

the finite element mesh. The solution is determined at the nodes and interpolation functions 

are employed to compute the solution everywhere else on the domain. Loads and constraints 

form the boundary conditions for the models. Whereas loads acting on a body are modelled 

as forces applied to the aforementioned nodes, constraints are simulated by preventing nodal 

displacements along the direction of each constraint. Forces and displacements at each node 

can, therefore, be calculated by 

 where K is the global stiffness matrix, F is the vector of applied force on the nodes or the 

load vector, and δ nodal displacements. Unless force has been applied to a node, it is zero 

for all nodes. Knowing stiffness and force for each node, (2.43) can be employed to 

determine the complete set of nodal displacements. This is followed by computing the partial 

derivatives of each displacement component and combining them to obtain deformations. 

Eventually, constitutive equations that relate stress and deformations are employed to 

compute stresses. 

 The impact of mechanical loading on cells can then be characterised by employing 

mechano-regulation algorithms, which have been defined as a finite set of rules that govern 

the effects of mechanical loading95 on cells and tissues. Essentially, these algorithms account 

for cellular processes such as cellular dispersal, proliferation, apoptosis, etc. Cellular 

dispersal, for example, can be accounted for by utilising the diffusion equation – the 

 𝐹 = 𝐾𝛿 (2.43) 
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underlying assumption being that cellular movement can be thought of as an assemblage of 

particles. 

In (2.44), c represents the concentration of stem cells in a given domain and D the diffusion 

coefficient. However, as cells do not necessarily attempt to achieve a homogeneous 

distribution within the domain under consideration, the equation calls for more realistic 

variables. Inclusion of proliferation and apoptosis into (2.44) provides a more accurate way 

to account for cell dispersal. The rate of change in cell concentration can, therefore, be 

represented as: 

 where, p describes rate of mitosis per cell and k accounts for cell death (or removal) as a 

function of a biophysical stimulus S.  

Kelly and Prendergast,96 in order to determine mechanical properties of a scaffold 

optimal for promoting the differentiation of mesenchymal cells towards the chondrogenic 

phenotype to assist osteochondral defect repair, applied a mechanoregulation algorithm for 

tissue differentiation on a finite element model of an osteochondral defect. The model 

considered an array of cellular behaviours, dispersion, proliferation, and apoptosis, refer to 

(2.45), including differentiation into cells of different phenotypes (from the mesenchymal 

phenotype to fibrogenic, osteogenic, or chondrogenic phenotypes) represented by i, which 

subsequently produced different connective tissue (fibrous tissue, bone, cartilage; 

respectively) represented by j. The net change in number of cells was represented by: 

 
𝑑𝑐

𝑑𝑡
= 𝐷∇2𝑐 (2.44) 

 
𝑑𝑐

𝑑𝑡
= 𝐷∇2𝑐 + 𝑝(𝑆)𝑐 − 𝑘(𝑆)𝑐 (2.45) 
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The investigators assumed a quadratic relationship between cell proliferation and cell death 

and the magnitude of the biophysical stimulus (S). This is shown in (2.47). 

where SO represents the octahedral shear strain. Depending upon the strength of the stimulus 

experienced by dispersing cells, they underwent differentiation into a particular phenotype, 

as demonstrated in Fig. 2.8. S itself was considered a function of the octahedral shear strain 

and interstitial fluid flow in the extracellular environment of cells. This relationship is shown 

in (2.48): 

where γ is the shear strain, v the fluid flow, and a (3.75%) and b (3 μm/s) are empirical 

constants.  

 
Figure 2. 8: Mechanoregulation of tissue differentiation.   The figure depicts the 
mechanoregulation algorithm proposed by Prendergast et al. (1997)97 and employed in the 
study to account for tissue differentiation. Reproduced with permission from Ref. © 97 (1997) 
Elsevier. 

S was determined via a linear, poroelastic, axisymmetric finite element model of an 

osteochondral defect. The investigators, via the model, studied the healing process of cell 

invasion within the defect (from the marrow), their differentiation, and synthesis of the 

extracellular matrix, which eventually altered the mechanical properties of the tissue. 

 
𝑑𝑐𝑖

𝑑𝑡
= 𝐷𝑖∇2𝑐𝑖 + 𝑝𝑖(𝑆)𝑐𝑖 − 𝑘𝑖(𝑆)𝑐𝑖 (2.46) 

 𝑝𝑖(𝑆)𝑐𝑖 − 𝑘𝑖(𝑆)𝑐𝑖 = 𝑎𝑖 + 𝑏𝑖𝑆𝑂 + 𝑐𝑖𝑆𝑂
2
 (2.47) 

 𝑆 =
𝛾

𝑎
+

𝑣

𝑏
 (2.48) 
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Equation (2.46) was used to account for distribution of cells. Material properties of every 

element were computed based on the number and phenotype of cells within each domain 

element. Subsequently, S, is computed based on the material properties, cell numbers, and 

phenotypes. 

The model relied on various idealisations that included describing cell movement via 

diffusion equation, not accounting for the inhomogeneous nature of soft tissues, and ignoring 

scaffold degradation with passage of time. The investigators included two different types of 

scaffolds in their study: homogeneous (modelled as a linear poroelastic model) and 

heterogeneous (modelled with two distinct phases: chondral and bone). They predicted that 

increasing scaffold stiffness (to a certain threshold) increases cartilage and reduces fibrous 

tissue formation and that reduction in scaffold permeability to a certain threshold value (1e-

15 m4/NS) leads to less fibrous tissue within the defect. The investigators then computed 

optimal (approximately 1% fibrous tissue in repair tissue) scaffold design that would yield 

cartilage tissue in the chondral phase and bone tissue in the bony region of an osteochondral 

defect. By parametrically varying scaffold mechanical properties through its depth, the 

investigators concluded that the Young’s modulus for such a scaffold to reduce (non-

linearly), from 60MPa in the superficial layer, to 10MPa in the base, with a non-linear 

increase in permeability from 1e-16 m4/NS (superficial layer) to 2e-15 m4/NS (base). They 

confirmed the need for a scaffold to mimic the mechanical properties of the native tissue it 

aims to replace. Despite capturing features observed during spontaneous osteochondral 

defect repair, conclusions from the model towards scaffold development are for in vivo 

chondrogenesis alone98. 

The algorithms employed in this study were further utilised, and expanded, by Byrne 

et al. (2007)99 to elucidate possible interactions between various design parameters; such as 

scaffold porosity, Young’s modulus, and dissolution; in controlling bone regeneration. The 
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investigators implemented a random walk algorithm to account for proliferation and 

migration. This was achieved by dividing each finite element of the granulated tissue into a 

‘lattice’, with each lattice point representing a region of space for both the cell and the ECM. 

Proliferation was modelled by assuming that cells moved stochastically into one of its 

surrounding lattice site, and one of the remaining neighbouring positions chosen for the 

daughter cell. This continues until the end of the simulation or confluence. Migration was 

also modelled by randomly selecting a neighbouring site. However, as migration occurs at 

a faster time scale than proliferation, new location for the migrating cells was chosen i times 

per iteration of the proliferation process. The investigators employed (2.48) to determine the 

biophysical stimulus for each lattice site, which in turn regulated differentiation for cells 

within those lattice sites. High stimulus level promoted the fibroblastic phenotype, 

intermediate the chondrogenic phenotype, low levels the osteoblastic phenotype, and very 

low levels resorption. 

The investigators considered a 3D finite-element model of a regular structured bone, 

which yielded geometry similar to printed scaffolds. The initiation of modelling was 

considered as the point where granulation tissue infiltrates the scaffold. Vertical 

displacement was applied on the surface model nodes. Additionally, the investigators 

considered scaffold dissolution, which led to an increase in the amount of granulation tissue, 

thereby allowing more lattice points in the finite-elements. A combination of rate law (2.49) 

and rule of mixtures (2.50) was used to account for material properties of each element. 

In (2.49), Ei serves as the Young’s modulus for tissue phenotype i, t as the time, and Ki and 

βi regulate the shape of the exponential curve (refer to the original article).  In (2.50), iter 

 𝐸𝑖 = 𝐾𝑖𝑒
𝛽𝑖𝑡 (2.49) 

 𝐸(𝑖𝑡𝑒𝑟 + 1) =
𝑛𝑖

𝑛𝑚𝑎𝑥
𝐸̅ +

(𝑛𝑚𝑎𝑥 − 𝑛𝑖)

𝑛𝑚𝑎𝑥
𝐸𝑔𝑟𝑎𝑛𝑢𝑙𝑎𝑡𝑖𝑜𝑛 (2.50) 
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represents iteration, 𝐸̅ the average Young’s modulus for a particular element over the last 

ten iterations, nmax the maximum concentration of mesenchymal stem cells, n the number of 

cells for phenotype i, and Egranulation the Young’s modulus of the granulation tissue. As there 

is no evidence to suggest that the bulk modulus, permeability, and Poisson’s ratio of the 

granulation elements increase exponentially with time, the rate law was not used to 

determine these mechanical properties for the granulation elements (only the rule of 

mixtures was employed). 

 The model was an advance on the previous model by Prendergast, which employed 

diffusion to account for migration, thereby offering more realistic simulations in bone tissue 

engineering. The model considered three vital design characteristics of a scaffold: porosity, 

Young’s modulus, and dissolution rate. The simulations predicted that the three design 

features can influence the amount of bone regeneration quite critically. Qualitatively 

speaking, in a low-load environment, the investigators suggest, that a higher porosity and 

higher stiffness along with a medium dissolution rate gives the greatest amount of bone. 

However, in a high-load environment a lower dissolution rate is preferred to prevent the 

scaffold from collapsing, once the scaffold has dissolved beyond its critical limit. The model 

made certain idealisations: such as it assumed that cells can permeate through the entire 

volume until all the available space is colonised, cell death was not considered, and 

degradation was linear. Still, the model, more realistic than many of its predecessors, 

illustrated the growing demand for computational methods in aiding design of TERM 

products and the crucial role continuum methods have played towards this end.     

Although various techniques have been employed to quantify biophysical cues as 

they develop inside a scaffold, maintained in either perfused or static states, the finite-

element method of approximating PDEs to achieve this has met with reasonable success. 

The fact that FEM can handle arbitrary geometries with non-homogeneous pores is an 
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additional advantage. In order to achieve this, the geometry of the scaffold is first 

reconstructed virtually. This can be achieve by using any CAD software or, if recreating the 

specific architectural aspects of scaffolds is of interest, employing computed-tomography 

(CT) or micro CT to characterise the scaffold and approximating the structure in 3D.100-102 

The configuration is then ready to be discretised for further analysis. 

 Towards this end, McMahon et al. (2008)103 employed the poroelastic FEM analysis 

of 3D collagen type I-glycosaminoglycan (GAG) to quantify the biophysical stimuli 

developed within the scaffold during loading. They validated their numerical model by 

perfusing the MSC-seeded scaffold by a custom designed 5-station uniaxial stretching 

bioreactor with the aim of applying cyclic tensile loading. The investigators concluded that 

biophysical stimuli, such as strain and fluid-flow, generated within the scaffold were the 

main contributors to the observed mechanoregulation of MSC differentiation. Similarly, 

Sandino et al. (2008)101, who employed FEM to investigate stress-strain distribution at 

microscopic levels inside a scaffold ended up confirming the impact of non-uniform scaffold 

architecture, which is responsible for creating areas of high fluid flow, strain and stress 

distribution, on cellular behaviour. 

Poroelastic formulations are employed when dealing with a porous matrix 

interconnected with a network of fluid-filled pores, where the solid matrix is undergoing 

deformation.104 In effect, the term poroelasticity captures interactions between solid 

deformation and fluid-flows within a (usually fully saturated) porous structure. Application 

of external load on the porous medium alters the volume fraction. As such, a change in 

pressure is observed by fluid filled pores under this mechanical stress, which leads to fluid 

motion (referred to as solid-to-fluid coupling). This flow and concomitant variations in 

pressure subsequently causes the solid material to deform elastically, producing a change in 

the volume of the porous material (referred to as fluid-to-solid coupling). Such formulations 
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can, therefore, be employed to study mechanics and transport within biomaterials (for 

example, the collagen scaffold investigated by McMahon and co-workers) and native 

tissue.98 While computationally elegant and essential in capturing the impact of the 

deformation of the porous medium on fluid flow (and vice versa) the topic is not considered 

within this thesis. This is because the thesis is a first step to enable a working, basic prototype 

of the framework, which would be subsequently advanced and expanded to incorporate the 

relevant constitutive equations.  

The finite element method, beyond capturing biomechanics, has also been employed 

to study bioreactor hydrodynamics and cell growth. Peng and Palsson105 assessed the impact 

of bioreactor geometry on cell growth and differentiation by solving the Navier-Stokes and 

convection-diffusion equations (describing the physicochemical environment) using the 

finite-element approach. The investigators used a unilineage model to simulate cellular 

behaviour. They concluded that the behaviour of the solution was governed by two 

dimensionless numbers: the Graetz number (that describes the relative rates of convection 

and diffusion) and, a ratio they introduced in this paper, P (that describes the interplay of 

growth factor production, diffusion and stimulation). The investigators observed that P 

determined the spatiotemporal development of tissues and the Graetz number the cell 

density inside the bioreactor. The optimal values for the two dimensionless numbers were 

reported as follows: 0.01< P <0.1 and 0.1< Graetz <1. Furthermore, out of the four 

geometries of parallel-plate bioreactors that were simulated (slab, gondola, diamond, and 

radial) they predicted the radial geometry to offer the most uniform environment for the 

growth and differentiation of parenchymal cells as a result of flow paths creating slow 

flowing regions.  
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Despite the utilisation of the computationally efficient and convenient continuum 

equations to account for cell dispersal, cells do not migrate by employing the diffusive 

mechanism. In fact, while continuum equations can be utilised to model cellular behaviour, 

including proliferation and apoptosis, the approach assumes component homogeneity to 

relate system observables using mathematical equations. Moreover, classic continua are not 

dynamic – unlike biological systems they do not change their material properties over time1 

(although of course numerous continuum computational methods that attempt to incorporate 

such variations have been proposed). Furthermore, the homogeneity condition struggles to 

offer detailed solutions when applied to systems with dynamically interacting heterogeneous 

components. As the functionality and architecture of most biological systems is a product of 

multi-faceted individual interactions at sub-system level, continuum models rarely offer 

much beyond qualitative similarity. In order to model cellular behaviour and interactions 

between cells and between cells and their microenvironment recourse to the discrete 

approach is recommended. 

2.3.2 DISCRETE APPROACH 

Discrete approaches, such as the cellular automata7,8 (CA) – that employ interacting 

finite-state machines9 – or the cellular Potts modelling approach (CPM)10 – which simulates 

systems by mapping cells to domains on a lattice, can capture (i) the non-homogeneous 

character of biological systems (which is also responsible for their complexity) and (ii) the 

emergence of global patterns from underlying rules, in a manner more faithful to cellular 

systems than their continuum counterparts. 

2.3.2.1 CELLULAR AUTOMATA 

Cellular automata (CA) belong to the class of lattice-based discrete approaches that 

utilise rules-based local interactions between system components (i.e. finite-state machines) 
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to map the spatiotemporal evolution of a system. Traditionally, CA consists of the cellular 

space and transition rules governing cell states.106,107 The cellular space is a lattice of N 

identical finite-state machines (FSM), each with identical pattern of local connections with 

other FSMs for input and output, along with relevant boundary conditions.106,107 The FSMs, 

or the CA grids, are formally defined as finite-state machines (FSM),108 which are 

represented as: 

 FSM = (S, σ, T, s0, F) (2.51) 

In (2.51), S is the finite set of states, σ is a finite alphabet of input symbols, T is the transition 

function (S × Σ → S), s0 ∈ S represents the initial state, and F⊂ S represents the set of final 

states. The FSMs derive their input from neighbouring FSMs, and based on the transition 

rule update their state. Traditionally, in CA, FSMs interact directly with their neighbours 

and, generally, do not display global interactions11 (although cases exist where such 

behaviour has been incorporated in the system). This makes CA quite appealing in terms of 

computational efficiency. CA possess linear computational complexity,11 commonly 

denoted as O(n), where n represents the number of elements in the system. This means that 

computational time is directly proportional to the number of elements in the system. 

Doubling the number of elements will only double (not quadruple) the computational time. 

A feature, however, that makes CA more attractive is that it is an intuitive way to represent 

the algorithmic decision-making displayed by cells, and that they require lesser time 

investment than its continuum counterparts.  

Galvao et al. (2008)109 used a rule-based model to investigate the role of stem cell 

therapy in tissue regeneration. They chose to model the chronic chagasic cardiomyopathy 

after bone marrow stem cell transplantation and, therefore, better understand the kinetics of 

cardiac tissue regeneration. The model employed a set of local rules governing the set of 
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states on a 2D rectangular lattice, and based on the observations that chronic chagasic 

cardiomyopathy is characterised by inflammation, presence of pro-inflammatory cytokines, 

and severe fibrosis. The agents occupying the lattice sites included: the inflammatory agent, 

fibrosis area/site(s), cardiomyocyte agent, tumour necrosis factor-α (TNF-α, a pro-

inflammatory cytokine), bone marrow stem cell, and Trypanosoma cruzi agent (a parasite 

implicated in the disease). The lattice possessed 250,000 sites and periodic boundary 

conditions. The total number of agents and initial fraction of fibrosis area, inflammatory 

cells, bone marrow stem cells, TNF-α, and T. cruzi formed the initial conditions of the 

simulations. The following transition rules were employed by the investigators: 

 If in the neighbourhood of an inflammatory cell the number of bone marrow stem cells 

> 0 (based on the Moore neighbourhood, i.e. each site had 8 neighbours: north, south, 

east, west, northeast, southeast, northwest, and southwest), the inflammatory agent 

undergoes apoptosis (site changes to an empty state), 

  If in the neighbourhood of a fibrosis site the number of bone marrow stem cells > 0, 

reduction in fibrosis site (or area) ensues (site changes to an empty state), 

 If in the neighbourhood of an empty site there is a cardiomyocyte and the number of 

bone marrow stem cells is greater than a set value, the empty site changes into a 

cardiomyocyte (i.e. the bone marrow stem cells undergo differentiation), 

  If in the neighbourhood of an empty site the number of the inflammatory cells and T. 

cruzi > 0, the empty site changes into an inflammatory cell, and, finally, 

 If in the neighbourhood of an empty site the number of TNF-α and fibrosis site/area > 

0, the empty site changes into a fibrosis site. 

The model was able to capture, refer to Figure 2.9, apoptosis and differentiation, and 

implicated concentration patterns of fibrotic regions and inflammatory cells as the most 

important factors in the kinetics of chronic chagasic cardiomyopathy regeneration after 
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bone marrow stem cell transplantation. The results also attributed the reduction in fibrotic 

area to the initial fraction of bone marrow stem cells and TNF-α. 

 
Figure 2. 9: Chagasic cardiac tissue: in vivo  vs in virtuo. The figure shows comparison of 
the computational results (b, c, and d) against samples collected from chronic chagasic mice 
(a) treated with control (A and C) and bone marrow stem cells (B and D). Fibrotic region in 
the specimen obtained from mice and the computational lattice appears in white. Sub-images 
(b) –  (d) represent the computational model at different time points: t = 0 –  (b), t = 3 days – 
(c), and t = 6 days (d). Figure (a) was reproduced with kind permission from Ref. 110 © (2004) 
Elsevier. Figures (b) – (d) were reproduced with kind permission from Ref. 109 © (2008) 
Oxford University Press .    

2.3.2.2 CELLULAR POTTS MODELLING  

   Cellular Potts Modelling (CPM), like CA, is a discrete lattice-based framework. In 

CPM, cells are represented as a set of lattice sites, refer to Figure 2.10, which are assigned 

variables referred to as the spin (σ) and type (τ > 0).11 Each lattice site (i,j), therefore, forms 

part of a cell σ(i,j), which has a type τ(σ(i,j)). In addition to the cell types, the medium in 

which the cells exist is represented by another type (M).11 Like CA, CPM relies on rules that 

govern the transition of the state of a site depending upon the state of its neighbours. The 

framework operates by iteratively attempting to copy the spin of a randomly selected lattice 
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site into a randomly chosen adjacent neighbour site. The spin is accepted if it decreases the 

total energy of the lattice or with Boltzmann probability if it increases the total energy of 

the lattice.111,112 The total energy of the lattice is represented by the Hamiltonian (H) of the 

system. CPM employs the Metropolis algorithm, which belongs to the family of Monte 

Carlo stochastic algorithms. In CPM, random configuration of the lattice sites is generated 

based on Boltzmann distribution. As higher energy states are less favoured in Boltzmann 

distribution, applying the Metropolis algorithm successively moves the system towards 

states with less energy. 

 
Figure 2. 10: Lattice and cell  representation in Cellular Potts Modelling.   The figure 
depicts a two-dimensional CPM lattice with three cells with indices 1, 2, and 3, and types A 
and B. As evident, once cell can cover multiple lattice sites and interact with others at the cell 
surfaces. The strength of interaction, i.e. J, is proportional to the cell types. Furthermore, 
medium on this lattice is represented by grids with index 0. The im age was derived from 
Voss-Böhme (2012)112 and was reprinted under Creative Commons Attribution License . 

The Hamiltonian, as represented in (2.52), has two components: volume energy and 

bond energy.  

 H = Hvol + Hbond (2.52) 

Hvol assumes that cells are elastic and resist deformation. In 2D models, elastic areas are 

used instead. The volume component is shown in (2.53).  
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 𝐻𝑣𝑜𝑙 = 𝜆 ∑(𝑎(𝜎) − 𝐴𝜏(𝜎))
2

𝜎≠𝑀

 (2.53) 

In (2.53), λ represents the stiffness of the cell area, a(σ) the equilibrium area of the cell, and 

Aτ(σ) the current area of the cell. A cell makes no contribution to H if it is at its equilibrium 

size. However, if compressed or stretched, its energy increases quadratically. Bond energy 

emerges from the contact between two cells or between a cell and the medium. This 

component is proportional to the size of the interface between the two relevant constituents, 

and is represented by: 

 𝐻𝑏𝑜𝑛𝑑 = ∑ 𝐽{𝜏(𝜎(𝑖, 𝑗)), 𝜏(𝜎(𝑖′, 𝑗′))}{1 − 𝛿𝜎(𝑖,𝑗),𝜎(𝑖′,𝑗′)}

(𝑖,𝑗),(𝑖′,𝑗′)

𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟𝑠

 (2.54) 

In (2.54), J(τ1,τ2) captures the bond energy resulting from two neighbouring sites of cell 

types τ1 and τ2. The second component clears any contribution from neighbouring sites 

within the same cell. Incorporating (2.53) and (2.54) into (2.52) gives us (2.55): 

𝐻𝑏𝑜𝑛𝑑 = ∑ 𝐽{𝜏(𝜎(𝑖, 𝑗)), 𝜏(𝜎(𝑖′, 𝑗′))} {1 − 𝛿𝜎(𝑖,𝑗),𝜎(𝑖′,𝑗′)}

(𝑖,𝑗),(𝑖′,𝑗′)

𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟𝑠

 

+𝜆 ∑(𝑎(𝜎) − 𝐴𝜏(𝜎))
2

𝜎≠𝑀

 

(2.55) 

The simulation step consists of iteratively applying the following algorithm subsequent to 

the definition of the Hamiltonian: 

 Choose a lattice site (i, j) randomly; 

 Choose a neighbouring site (i', j') randomly, which is located within the next nearest 

neighbourhood of the initial site (i, j); 
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 Calculate ΔH caused by setting σ(i, j) → σ(i', j'); 

 If ΔH ≤ 0, then set  σ(i, j) → σ(i', j'); 

 If ΔH > 0, then σ(i, j) → σ(i', j') with probability P = exp(-ΔH/kT), where k is the 

Boltzmann constant and T > 0 is a simulation parameter known as the temperature. 

Key advantages of the CPM include the fact that they do not make the simplifying 

assumption that cells are shapeless points and that it provides a straightforward ‘module’, in 

the form of the Hamiltonian, to incorporate any new phenomena (as we shall see in the 

following examples and over the course of examples reviewed in this thesis). By adding a 

term to the energy function anything that can be quantified with a scalar can be accounted 

for. Processes that reduce the total energy cost of the system are preferred with the 

implication that the user does not need to specify exactly how the constraints need to be met. 

Furthermore, as discussed in some of the literature above, the paradigm can be easily 

integrated with modelling frameworks of different flavour to develop hybrid models, which 

allow for the development of more sophisticated and elegant models of biological 

phenomena.  

Using this approach, Merks et al. (2006)113 developed a model capturing the assembly 

of human umbilical vein endothelial cells (HUVEC) into a network of connected cells in a 

Matrigel environment. The investigators aimed to understand aspects of vascular 

development that result from self-organisation of endothelial cells and those that require 

additional cell types and guidance. The model was based on simple behaviours displayed by 

endothelial cells: secretion of morphogens that inactivate the ECM, preferential extension 

of filopodia up the morphogen gradient, and rapid elongation following contact with the 

ECM. The investigators further worked with the observation that shape change of cells in 

this context is driven by remodelling of the actin cytoskeleton.  
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The following assumptions were employed to build the model: endothelial cells (i) 

assumed an elongated shape driven by cytoskeleton remodelling, (ii) secrete a 

chemoattractant, and (iii) move up the chemoattractant; and the chemoattractant (iv) diffuses 

in the ECM, and (v) slowly decays producing a gradient around endothelial cell clusters. 

The virtual cells were seeded on a rectangular numerical grid. Active, random extension of 

filopodia and protrusions of the first cell displacing the surface of the second cell was 

modelled by repeatedly replacing the spin at the cell interface by a neighbouring grid point’s 

spin. Adhesion, target area deviations, and chemotaxis were expressed in terms of the 

effective energy H (refer to 2.55). By introducing an extra reduction of energy, refer to 

(2.56), in (2.55) whenever the cell protrudes into an area with higher chemoattractant 

concentration, the investigators implemented preferential extension of the filopodia.  

 ∆𝐻𝑐ℎ𝑒𝑚𝑜𝑡𝑎𝑥𝑖𝑠 = 𝜒[𝑐(𝑥) − 𝑐(𝑥′)] (2.56) 

In (2.56), c(x) refers to the local chemoattractant concentration, x’ the neighbour into which 

site x copies its value, and χ is the strength of the chemotactic response, which was set to 

1000. The chemoattractant concentration was determined by discretising (2.57) via the 

finite-difference approach. 

 𝜕𝑐

𝜕𝑡
= 𝛼(1 − 𝛿𝜎𝑥,0) − 𝛿𝜎𝑥,0. 𝜀. 𝑐 + 𝐷∇2𝑐 

(2.57) 

In (2.57), α is the rate of chemoattractant release, ε is the chemoattractant clearance 

rate, and D the diffusion coefficient, and δσx,0 = 1 inside the cells. The ECM was modelled 

as a generalised CPM cell without volume constraint and with σ=0. The investigators added 

a cell length constraint to the free energy to model cell elongation due to cytoskeletal 

remodelling: 
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 𝐻′ = 𝐻 + 𝜆𝐿 ∑(𝑙𝜎 − 𝐿𝜎)
2

𝜎

 (2.58) 

where σl was cell length (of the cell σ) along its longest axis, Lσ the target length, and λL the 

strength of the length constraint.  

 The model generated patterns, both qualitatively and quantitatively, in close 

agreement with those observed in vitro, suggesting primarily that the underlying behaviours 

considered in the model are indeed central for vasculogenesis in vitro. Secondly, the model 

suggests that the elongated cell shape is important in morphogenesis. Furthermore, the 

model was able to provide insights into the physicochemical properties of the diffusing 

chemoattractant. In order to observe in vitro vasculogenesis patterns, the model suggested, 

that the diffusing chemoattractant should be roughly two orders of magnitude slower than 

VEGF165, an isoform of VEGF identified as the main inter-endothelial signalling molecule. 

This model was further extended by Guidolin et al. (2009)114 to model in vitro 

angiogenesis under conditions that involve pro-angiogenic stimulation of cells. In particular, 

they used the model developed by Merks et al. (2006)113 to simulate the growth of human 

saphenous vein endothelial cell (HSVEC) cultured on Matrigel and stimulated with the 

peptide adrenomedullin. The investigators, however, extended the model to incorporate cell 

proliferation to test whether the presence of mitotic events can enable a more accurate 

representation of the morphology of the patterns formed by endothelial cells. The following 

algorithm was employed whenever during the simulation mitosis was to occur:  

 Pick a cell randomly, 

 Divide it into two children cells through its centre of mass along the axis of minimum 

length,  
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 The children cells inherit the same physical properties as the parent cell. 

Just as Merks et al. (2006), Guidolin et al. (2009) were able to accurately reproduce 

the self-assembly of cultured, unstimulated HSVEC. When stimulated with the peptide 

adrenomedullin, the investigators observed a capillary-tube like formation that subsequently 

led to a meshwork of increased extension and complexity. Most importantly, however, the 

extended model of Guidolin and coworkers predicted quantitatively the amount of mitoses 

that needs to occur to observe the best match against in vitro data. They predicted that while 

for unstimulated cells a very low (~0%) proliferation level allowed the formation of realistic 

capillary-like patterns, stimulated cells need at least 13% increase in cell numbers to achieve 

the same.  

What the two examples serve to demonstrate is the modularity of the CPM approach. 

With relative ease and simplicity any cellular behaviour can be incorporated into the CPM 

framework. Furthermore, like the CA approach, the CPM also has the capability to capture 

emergent patterns (also demonstrated by the two examples) and can be used as a hypothesis 

testing tool, as successfully employed by Merks et al. (2006)113 and several others.111,115-119 

Most importantly, the technique can be employed to shed novel insights into the 

biophysicochemical mechanisms underlying the behaviour of biological systems, as 

demonstrated by insights obtained from Merks and co-workers above (on the 

physicochemical nature of the diffusing chemoattractant) and Guidolin and coworkers 

(quantifying the proliferation levels needed to generate more accurate in vitro patterns). 

2.3.2.3 COMMUNICATING STREAM X-MACHINES      

Introduced by Laycock16, an agent (or a stream X-machine16) is a finite-state 

machine64  which contains a finite set of internal states, a set of transition functions operating 

between states, an internal memory set, and a language for interacting with other agents 
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(XMML in the implementation described herein).120 According to Jennings,121 agents are 

the new theoretical model of computation.  

 
Figure 2. 11: Agents. This figure highlights the parallels between an agent and a cell. Top: A 
communicating agent  (stream X-machine); adapted from Ref. 64. Bottom: Cell decision-
making; signalling cues derived from Ref. 19. Depending upon the multitude of input signals 
that a cell responds to, it transitions into a phenotype based on hitherto unknown biological 
rules. The input signals (represented on the arrows) can be spatial, chemical, or electrical 
and induce a response from the cell.  The cell in its new transition state seems to be quite 
aware of its latest phenotype, a feature that in the ABM is represented by  the update of agent-
memory. 

From a qualitative perspective, as defined by Wooldridge,122 “an agent is an 

encapsulated computer system that is situated in some environment and that is capable of 

flexible, autonomous action in that environment in order to meet its design objectives.” 

Therefore, by definition, an agent possesses well defined boundaries and interfaces, has the 

ability to sense its environment (and act on its environment), can control its internal state as 

well as behaviour, has particular goals to achieve, can act in the anticipation of future goals, 

and respond in timely fashion to changes that affect its environment.121 
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An agent X can be represented quantitatively8 as: 

 𝑋 = (𝜎, 𝛾, 𝑆,𝑀, 𝜙, 𝐹, 𝑠0, 𝑚0) (2.59) 

where σ are the set of input, γ are the set of output, S denotes the set of states, m denotes the 

variables in the memory, Φ denotes the set of partial functions φ that map an input and 

memory variable to an output and a change on the memory variable (φ: σ × M → γ × M), F 

is the next state transition function: F: S × φ, s0 is the initial state and m0 is the initial memory. 

A common message board to (and from) which messages are posted (and read) assists the 

agents in communicating with each other. Figure 2.11 shows an X-Machine agent and Figure 

2.12 represents communication between two X-machines. 

 
Figure 2. 12: The dynamics of X-machine communication.  The message board maintains a 
database of all the messages sent by the agents. The agents read, and send, messages from 
(and to) the message board. Adapted from the FLAME user manual available at 
http://www.flame.ac.uk/docs/ 

The state transition functions (φ) respond to events considering both the 

environmental input σ as well as the current internal state. For example, a communicating 

X-machine with an initial state i and an initial memory m upon receiving input σ, depending 

upon σ and m, will/may(/will not) change its state producing an output γ and updating the 

memory to m'. This modelling mechanism provides a sensible way of dealing with problems 

associated with state explosion, which afflict many efforts at modelling complex biological 

systems.5,64 Also, being inherently hierarchical, an X-machine is able to link different 

modelling paradigms.64 
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Walker et al. (2006, 2004)123,124 developed multiple models of epithelial tissue 

employing the agent-based approach. Their models were based on social behaviour of cells 

and employed global rules, in contrast to the local rules in the previous example. Walker et 

al.123,124 employed a continuous domain which gave the investigators the opportunity to 

model cells in a morphology other than a square or cube and simulate continuous cellular 

migration, which is more realistic than grid based ‘jumps’. In their initial proof-of-concept 

model,123 the investigators modelled cells that could interact with each other and the 

environment, which comprised a 2D square substrate and modifiable exogenous calcium ion 

concentrations. Intercellular communication was achieved by employing a global 

“communication matrix”, which, essentially, was a data structure N cells long by N cells 

wide. For example, if cell i formed a bond with cell j, a ‘stick’ message would be posted in 

row i, column j of the communication matrix; and cell j would receive the message so it can 

update its internal parameters as well. 

The investigators used rules explaining cellular behaviour such as cell cycle, 

bonding, spreading, migration, and apoptosis to simulate growth characteristics of epithelial 

cells in monolayer culture under low and physiologic Calcium ion concentration [Ca2+]. Cell 

cycle formed the central hinge of the model, which governed the transition of cells through 

the various cell phases:  

 G1: Growth phase – cells double their volume, 

 G0: Quiescence – halfway through G1 a checkpoint was added, which identifies 

contact-inhibited cells (with 4 or more bonded neighbours), 

 G2: Preparation for mitosis, 

 M: Post-mitosis, the cell returns to its original, rounded shape, and a new cell agent is 

added in the environment.  
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Figure 2. 13: Culture growth simulated under physiological (a-c) and low (d-f) calcium 
concentrations. Stem cells in the figure are represented in red, transit amplifying cells in 
blue, mitotic cells in pink, and quiescent cells in yellow. R eproduced with kind permission from 
Ref. 123 © (2004) Elsevier . 

As the model did not account for intracellular phenomena, phases beyond G0 were 

accounted for by simply incrementing the ‘cycle clocks’ – inherent to each agent – by a 

tick/iteration. The computations were conducted in a substrate of dimensions 1.2 mm × 1.2 

mm and exogenous [Ca2+] of 0.09 and 2.0 mM. An initial cell density of 7×103 cells/cm2 

was employed. Results were found to qualitatively replicate the trends observed in vitro. 

Cells in both computational and experimental models were observed to be fairly distributed 

over the substrate for exogenous [Ca2+] of 0.09 mM, and showed increased tendency to 

colonise when the [Ca2+] was increased to 2.0mM, refer to Figure 2.13. Furthermore, in 

agreement with the experimental data, it was observed that lower exogenous [Ca2+] led to 

greater cell density.  

An advanced version124 of this model was used to describe the impact of extra-

cellular calcium on the growth and differentiation of human keratinocytes, and test the 

hypothesis that increased proliferation of the transformed HaCat (epithelial) cell line 

(compared with keratinocytes) is due to their differentiation pathway being “turned off. The 
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computational study was supported and validated by an experimental study where the two 

cell types were grown in monolayer cultures with low and physiologic [Ca2+]. Similar to the 

last model, execution of rules was controlled by the internal state of the agents (reflected by 

position in the cell cycle, attachment to substrate, etc) and environmental conditions 

(reflected by nearest neighbours, [Ca2+], etc). However, two new rules governing 

differentiation and stratification were added: 

 Inclusion of calcium-dependent differentiation. This was regulated through increase in 

involucrin – a hypothetical substance analogous to the cytoplasmic protein involucrin 

known to be associated with differentiation. The amount of involucrin was linearly 

dependent on [Ca2+]. This allowed the cells to leave the cell cycle, i.e. differentiate, 

when an arbitrary involucrin threshold was reached. The algorithm, for the ith agent, 

worked as follows: 

Cell(i)_involucrin = Cell(i)_involucrin + ([Ca2+]/500) 

If (Cell(i) is proliferating and Cell(i)_involucrin > 0.5), then differentiate 

 Inclusion of calcium-dependent stratification. This rule allowed cells that experienced 

a compressive force by three of its neighbours to move upwards. The probability of a 

cell’s movement was, again, dependent upon [Ca2+]. As with the previous rule, the 

amount of involucrin played a central role. This was done because high involucrin was 

associated with differentiation, and differentiated cells were hypothesised to lose 

affinity to substrate. The movement was also dependent upon cell radius, as the cell 

under compression will first get ‘squashed’ and then stratify. The algorithm, for the ith 

agent, worked as follows: 

If (force_on_cell(i) > 0.1 and cell(i) is in contact with 3 others cells) 

 Radius_probability_index = minimum radius/cell(i)_radius 

 Differentiation_probability_index = cell(i)_involucrin 

 Calcium_probability_index = tanh(π × ([Ca2+] – 1.5)) + 1 
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If (product of probability indices > random number) 

  Then cell(i)_layer = cell(i)_layer + 1 

In order to model keratinocyte behaviour, 9 [Ca2+] between 0.05 mM and 2.5 mM 

were used on a rectangular substrate 1 mm × 1mm. HaCat cells were modelled differently 

from keratinocytes in that their differentiation pathway was disabled, which means HaCat 

cells either permanently left the cell cycle or did not express involucrin. HaCat cell 

behaviour was simulated similarly though under two slightly different scenarios: 0.5 mm × 

0.5 mm substrate with 100 seeded cells or 1 mm × 1mm substrate with 400 cells. Due to the 

inclusion of the two rules, higher [Ca2+] related to higher cells differentiating (or 

permanently leaving the cell cycle), which in turn decreased the growth rate; where 

stratification tends to increase growth rate as it increases the net space available for growth. 

The overarching observation was that growth in [Ca2+] rich environment was slower as 

differentiation effect dominated, which agreed rather well with the in vitro data. This, 

furthermore, raised the question whether impairing the differentiation pathway can cause 

increased proliferation in [Ca2+] rich environments. Comparing the proliferative behaviour 

of computational HaCat against their in vitro counterpart via the amount of involucrin 

produced and HaCat growth suggested that differentiation alone cannot explain the 

differences in population growth characteristics between normal keratinocytes and HaCat 

cell line. This was a perfect demonstration of the manner in which agent-based models can 

be employed as hypothesis testing tools in biological investigations. 

Comparatively, Artel et al. (2011)125 modelled sprouting angiogenesis in a porous 

scaffold using the agent-based approach. The objective of this investigation was to examine 

the impact of scaffold pore size on the rate of angiogenesis. Agents in this study represented 

capillary segments that were attributed behaviours such as elongation, branching, and 

anastomosis. These behaviours were either stochastic or influenced by microenvironmental 
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conditions. Based on, for example, the presence of soluble factors each blood vessel segment 

could be transformed into a tip cell, which would subsequently elongate/proliferate or 

branch. The extent to which a tip cell can elongate was limited to 16 μm in the study, 

following which a new tip cell is generated to continue elongation based on a growth factor 

concentration gradient. The investigators employed a search algorithm to enable tip cell 

pathfinding, which worked by avoiding collisions with the scaffold and selecting a location 

with the lowest cost among neighbouring locations – the cost is inversely proportion to the 

growth factor gradient. 

The probability of branching was also contingent upon the growth factor 

concentration – an experimentally observed phenomenon known as the ‘brush-border’ effect 

(Ref#20 from the paper). The scaffold geometry was constructed to have circular pores, 

which ranged in diameter from 40 μm to 270 μm, and was assumed to be non-deformable, 

which works well for polyanhydrides and polyesters. Vessel invasion was driven by growth 

factors, which were made available in all scaffold conditions. The growth factor 

concentration profile was determined by:    

 
𝐶𝐺𝐹(𝑦) = −(

𝛾𝑚𝑎𝑥

2
− 𝑦2) +

𝛾𝑚𝑎𝑥
2

4
⁄ + 𝜖 

(2.60) 

In (2.60), CGF represents growth factor concentration; γmax is the maximum concentration 

location, which for the purposes of the investigation was chosen to be the centre of the 

scaffold; and ε is a positive number which ensures that initial locations have concentration 

> 0 so that sprouting can be initiated. Rules employed by the investigators were along two 

strands: 

1. Action I 

a. Agent senses for the highest concentration gradient 

b. If the blood vessel section is not fixed 

i. Then elongate stochastically in the direction of two highest 

gradients 
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ii. Change direction if this leads intersection with a pore 

iii. Initiate proliferation, if maximum stretch limit reached 

c. Search for other vessel sections in the ‘stretch’ distance to connect 

2. Action II  

a. Agent senses for the highest concentration gradient 

b. Change the tip direction to highest growth factor gradient, if not connected 

to a blood vessel section. 

 

The investigators relied on in vivo results to define the speed of vessel sprouting. 

Results showed positive correlation between pore size and the rate of scaffold 

vascularisation. Specifically, pore size between 160-270 µm was observed to support “rapid 

and extensive angiogenesis throughout the scaffold”, as the network of larger pores behaved 

much like the control, which had no steric hindrance for the evolving vessel. In comparison, 

shorter pores offered higher steric hindrance to the evolving vessel and, therefore, led to 

delayed and slower angiogenesis as a result of slowed vessel invasion. The model, the 

investigators concluded, can be employed to understand how alterations in scaffold 

morphology as well as increased delivery of soluble growth factors can aid vascularisation. 

2.3.3 COMPUTATIONAL PLATFORMS 

For most of the continuum and discrete formulations discussed above (and more), a 

multitude of open source and proprietary computational software exists. Depending upon 

the underlying assumptions they can be broadly classified as continuum, discrete, and 

hybrid. The continuum tools include the classic partial-differential equation solvers such as 

COMSOL (COMSOL Ltd., Cambridge, UK), FLUENT (ANSYS, Canonsburg, USA), CFD-

ACE+ (ESI, Paris, France), ABAQUS (SIMULIA, Vélizy-Villacoublay, France), etc. While 

additional platforms, such as MATLAB, which can be employed to solve partial differential 

equations, do exist the aforementioned frameworks reflect the most mature, state-of-the-art 

in multiphysics software. Similarly, the state-of-the-art in discrete computational tools 

includes NetLogo (https://ccl.northwestern.edu/netlogo/), Flexible Large-scale Agent-based 

Modelling Environment (FLAME: www.flame.ac.uk), CellSys 
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(http://msysbio.com/software/cellsys), and the commercial Complex Systems Modeling 

(CoSMo: CoSMo, Lyon, France). Finally, CompuCell3D (CC3D: www.compucell3d.org/) 

and Cancer Heart And Soft Tissue Environment (CHASTE: www.cs.ox.ac.uk/chaste) 

constitute the most sophisticated hybrid platforms currently existing in the literature.  

The three continuum platforms mentioned above (FLUENT, COMSOL, and CFD-

ACE+) are proprietary multiphysics software, which offer the user the ability to generate 

CAD renditions of the physical domain, meshing software to discretise the physical domain, 

and a numerical solver to perform the computations. Whereas ABAQUS and COMSOL 

employ finite-element approximation, FLUENT and CFD-ACE+ utilise the finite-volume 

approach to solve the governing partial-differential equations. The platforms are generally 

utilised to quantify mechanical forces, flow, transport, and gradients within a physical 

domain. They are essentially of great utility, as the simulations can provide information that 

in many cases cannot be obtained empirically. For example, it is near impossible to 

determine flow profiles experimentally within a microscopic scaffold, let alone in that very 

same scaffold containing cells. However, the aforementioned software can be utilised to 

determine this computationally. Despite this significant advantage, their underlying 

assumption of system homogeneity (as discussed in the previous section) makes their use 

redundant in mapping the spatiotemporal evolution of a biological system based on inter-

cellular and cell-environmental interactions. This is where the discrete platforms are utilised.         

NetLogo is a programmable modelling environment utilised to simulate the 

behaviour of complex systems126. NetLogo is a free, open source software, which models a 

system as composed of mobile agents (referred to as turtles) that can move over a grid of 

stationary agents (referred to as patches). The software relies on certain pre-defined 

functions. The sequence of NetLogo commands is known as a procedure. The software 

allows the user the option to visualise and display a variety of simulation-relevant data, 
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though the visualisation library is rather limited. NetLogo, a lattice-based, cellular 

automaton environment, models the spatiotemporal evolution of system based on the 

specified interaction protocols (equivalent to the partial-differential equations in the 

continuum frameworks) between turtles, patches, and turtles and patches.126 

CellSys is a cell-level platform introduced by Hoehme & Drasdo (2010).127 It is 

written in ANSI C++ and uses the OpenGL API for visualisation. CellSys is an object-

oriented toolkit that implements modelling, simulation, and visualisation functionality for 

individual-cell based models. CellSys is an off-lattice simulation platform that allows for 

simulation of multicellular systems in both 2D and 3D (an outright advantage over 

NetLogo). The platform models cells as isotropic, elastic, and adhesive objects. It consists 

of basic classes formulating a major abstraction (such as model cells or finite grid elements), 

collection of algorithms to model cellular behaviour & the environment, and modules for 

visualisation.127  From a discrete-approach perspective, the model does not allow for 

simulation of ‘taxes-based movement and considers cellular interaction only from a ‘stress’ 

perspective (disadvantage compared with NetLogo), i.e. interacting cells exert force on each 

other, proliferating cells exert pressure on their neighbours, etc. 

FLAME is based on the logical communicating extended finite state machine (X-

machine) theory. It uses C (in order to specify the functions of the agents) and extensible 

mark-up language (XML), to describe the model: the agents, their structure, and the 

environment they exist in. The resulting XML syntax is known as the X-machine mark-up 

language, or XMML8. FLAME allows the user to simulate a system in both 2D and 3D. 

While the developers of FLAME also offer a visualisation toolkit, which is relatively mature 

and practically as informative as NetLogo, it does not offer the option to visualise agents in 

complex shapes. An advantage that FLAME has over NetLogo is the fact that FLAME 

allows modelling in continuous space, unlike the lattice-restricted behaviour in NetLogo. 
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Features that make FLAME of great utility include (i) the manner it is implemented (offering 

a realistic representational formalism to biological entities), (ii) the flexibility of introducing 

user defined data, and (iii) the option to analyse the phenomena in continuous three 

dimensions, which collectively enable the platform to capture complexity at a level higher 

than other platforms of similar flavour. Few additional agent-based platforms, such as 

Framsticks, SeSam, ECHO, LDS, and CoSMo exist, but are not as functional and mature as 

FLAME, NetLogo, and CellSys. A major drawback common to these platforms is their 

inability to simulate complex and 3D interactions, lack of options to incorporate user-

defined data, and simplistic visualisation toolkits.    

CC3D128 is based on the Glazier-Graner-Hogeweg (GGH) approach, which 

facilitates multi-scale simulations by defining spatially-extended generalised cells, thereby 

allowing tuning of the level of detail from intracellular to continuum without switching 

simulation framework. GGH utilises regular cell lattices and regular field lattices, with the 

simulations requiring a list of objects, description of their interactions and dynamics, and 

appropriate initial conditions. Objects can either be cells or continuous variable 

concentrations (each of which reside on its own lattice) in 2D or 3D. In terms of 

implementation, behaviours and interactions are embodied in the effective energy (refer to 

§2.3.2.2). While the biochemical behaviour can be represented through a variety of 

differential equations, the cell lattice evolves probabilistically. 

CHASTE, on the other hand, is perhaps the most mature hybrid platform currently 

available.x The features that CHASTE is composed of confer to it a wide range, in terms of 

the options for the users. CHASTE is an open-source C++ library for computational 

simulations of physiology with initial applications in cardiac electrophysiology and 

                                                           
x The current avatar of CHASTE and the multi-paradigm framework reported in this thesis were 
published in the same month by the PLoS group of journals. 
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cancer.129 The code includes (i) global component for basic mathematics; (ii) input-output 

code for reading, writing, and converting various files; (iii) the capability to generate 

meshes; (iv) code to conduct vector and matrix operations, (v) codes for defining and solving 

ODEs and PDEs, as well as (vi) the capacity to solve compressible and incompressible 

general non-elasticity problems.129 Like CellSys, CHASTE models cellular interactions via 

force laws, and allow the user to define various force laws (e.g. Johnson-Kendall-Roberts 

model, extended Hertz-model, etc.). 

2.4 DISCUSSION 

Here, the author aimed to present various continuous and discrete computational 

techniques that have been employed to capture biological phenomena, especially in the 

TERM context. The two overarching methodologies encompass a vast number of models 

and formulations, and although only a small selection of these approaches and models were 

presented in this chapter, they provide a high-level overview of the landscape, especially 

with respect to the tool-kit of the TERM investigator (refer to §2.2). 
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Figure 2. 14: Computational TERM – The Landscape. The figure displays the various 
computational techniques and formulations that are currently employed to capture 
biocomplexity. Amongst the standalone continuum and discrete methodologies exists the 
hybrid paradigm, which is ontologically better suited to handle the wide array of  data 
structures necessary to assimilate information dynamically. The figure also shows hybrid 
platform that are currently exist and display dynamic assimilation and, in doing so, 
contextualises the contribution of this thesis in developing a coupled trans port-agents based 
multi-paradigmatic modelling framework.  

It is clear from the review conducted above that the continuum approach (FVM, 

FEM, LSM, etc.) has enjoyed immense success in capturing a wide range of key biological 

processes associated with fluid flow, transport, and mechanotransduction. This success of 

the continuum approach rests on the continuum74 assumption,xi which allows the various 

formulations to achieve a balance between capturing physical complexity and computational 

efficiency. CFD, and in particular the finite-volume formulation, has been pervasively 

employed in simulating transport and flow within complex 3D geometries. There are several 

reasons why the finite-volume approach has been (almost) universally adopted towards this 

task. In the finite-volume approach, the governing equations are integrated over all the finite 

control volumes of the domain, which means that the resulting statements express 

conservation of the relevant properties for each control volume. This makes the approach 

ideal to handle discontinuities, as the integral conservation laws hold at discontinuities, and 

make the approach easily extended to unstructured meshes, which are crucial while handling 

3D geometries of arbitrary complexity. Furthermore, application of the divergence theorem, 

which converts volume integrals to surface integrals, yields fluxes. This is quite convenient 

as velocity and flux (rate of flow of a property per unit area; e.g. momentum, diffusion, 

volumetric, etc.)130 of a fluid are of interest while investigating mass transport of a given 

species. This clear, and more intuitively accessible, relationship between the numerical 

                                                           
xi Continuum is defined as a continuous distribution of matter with no empty space. Although that is of 
course not entirely true, for fluids possess a molecular structure where the molecules are far apart 
from each other, the continuum assumption, however, has served us well and helped immensely with 
analysis, as treating each individual molecule would be too cumbersome.   
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algorithm and the underlying physical principles forms one of the main attraction131 of the 

FVM, as the concepts are easier to follow. 

The LB approach, on the other hand, solves the kinetic equation (the LB equation), 

and offers a very simple algorithm due to the linear form of the differential term of the 

kinetic equation. This makes the approach quite efficient and attractive for simulating 

complex fluid flows.132 Furthermore, the LB approach requires no special treatment of the 

pressure equation, as is the case in the finite-volume method. The LB approach, moreover, 

offers advantages over the finite-volume method for cases where the continuity 

approximation in the Navier-Stokes equations does not hold, which include multi-

phase/component flows and non-Newtonian fluid (within complex and/or porous 

geometries).132,133 Finally, the approach is more amenable to parallel computation compared 

with conventional Navier-Stokes solvers. This is an important feature, for even the simpler 

cases, especially in the TERM context, usually call for high-performance computing.    

Besides transport and flow, growth of cells/tissue structures is another feature of 

biological systems. The growing specimen gives rise to a moving boundary problem, which 

can be addressed, amongst other techniques,90,91 by the LSM. LSM enables the user to 

compute geometric quantities easily, converts codes developed to address 2D geometries to 

3D rather quickly, and handle topological changes simply and efficiently.134 Furthermore, 

LSM can be easily implemented within a finite-volume code, thereby enabling the user to 

study the dynamic relation between tissue growth, transport, and fluid flow. The finite-

element approach, on the other, hand is usually employed to investigate the impact of 

biophysical cues on cell behaviour and vice versa. In this regard, FEM remains the flagship 

continuum approach to simulate mechanical features of 3D structures of arbitrary geometry. 

The approach can also be integrated with a finite-volume code to better appreciate the 

relation between biophysical & biochemical cues and cellular behaviour. Moreover, the 
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LSM and FEM can be employed to investigate scaffold degradation and simulate the 

mechanical impact of this loss on cell behaviour (proliferation, differentiation, etc.). 

However, scaffold degradation is intimately linked with the release profile of the eroding 

monomers, the ensuing autocatalysis, and the resulting gradients. These phenomena, in an 

integrated manner, play a crucial role in influencing cell behaviour, which are either 

encapsulated within the scaffolds or seeded around controlled-release matrices. While the 

finite-element or level set formulations can be utilised to quantify stresses and recession of 

scaffold, the finite-volume approach can be utilised to model the process of polymeric 

degradation by including constitutive equations that account for autocatalysis, transport of 

the released entities including degradation by-products and signalling and nutrient 

molecules, etc. Finite-volume is especially recommended here as achieving the 

aforementioned (sans mechanical impact) requires determining the mass flux associated 

with the processes of polymeric degradation and controlled release, as it deals with fluxes.  

A cell responds to the spatiotemporal gradients of a variety of cues that it receives 

from its environment, which basically consists of other cells embedded in the extra-cellular 

matrix (ECM) and capillaries. The ECM provides cells with mechanical, physical (in terms 

of regulating cell shape),135 and architectural information that it may need to express certain 

genes. Capillaries, on the other hand, ensure that the metabolic requirements of the 

developing tissues are met, and that regulatory molecules (such as hormones etc.) are 

delivered as required. Based on the foregoing discussion, it is evident that CFD, especially 

with the finite-volume approximation, can handle the environmental features of a biological 

system (flow, bioreactor hydrodynamics, mass transport, scaffold degradation, shear, 

morphogen synthesis and interactions, etc.) robustly and efficiently. The approach can 

handle discontinuities due to the integral form of the conservation laws and can handle 3D 

geometries of arbitrary complexity. However, cells, as we shall see, operate quite differently 
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than the rather passive bioreactors and degradable polymeric matrices; and therefore tend to 

escape the reductionist and averaged contours of the continuum approach.  

 
Figure 2. 15: The stem cell niche.  The figure is a schematic representation of the stem cell 
niche and shows the various elements in a cell’s microenvironment that can influence the 
expression of its genotype. The figure also shows the variety of regulatory signals a cell has 
to consider in the course of its lifetime. In order to capture the dynamism exhibited by the 
cellular system, a computational framework must be able to offer suitable ontologies to not 
only the dynamic structure that is the niche but also capture the broad array of regulatory 
cues (such as electrical, chemical, mechanical, architectural) that a cell relies on for growth 
as well as instructions. Reproduced with kind permission from Ref. 136 © (2006) Nature 
Publishing Group  

In developmental biology experiments conducted in the mid-twentieth century137,138, 

the corneal cells of a chick were placed over murine dermal cells. The ectodermal chick cells 

present on the mesodermal mouse cells resulted in feathers. This occurred due to the fact 

that ectodermal cells present on mammalian skin are instructed to form hair. However, the 

chick cells, although ectodermal, did not have the information to form hair. They could 

nevertheless form something analogous: feathers. Similarly, reptilian ectodermal cells 

would have led to the formation of scales139. This elegant experiment not only demonstrated 

the importance of cellular interactions to gene expression as well as histogenesis, but also 

gave us, what seems like, a biological rule: mesodermal cells instruct the expression of 

ectodermal cells. This rule was not violated when tested across species140 (refer to the 

recombinant experiments between Reptiles, Birds, and Mammals139). 
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The discrete paradigm is best suited to capture this algorithmic nature of biological 

entities as they assume the spatiotemporal evolution of a system based on a set of rules, like 

the mesenchymal-epithelial rule mentioned in the last paragraph. There are three basic 

formulations to capture the emergent behaviour displayed by cells: the lattice-based cellular 

automata (CA) and cellular-potts modelling (CPM), and the non-lattice based agent-based 

modelling (ABM). The techniques simulate a system by dividing it into discrete decision 

making entities (grids in case of cellular automata, and off-lattice agents in case of agent-

based modelling) and capturing their behaviour by specifying a set of rules that each of the 

discrete entities obey at each discrete time point. 

CA is perhaps the simplest to implement. They are (typically) not computationally 

intensive and do not require sophisticated algorithms or data-structures, which makes them 

user-friendly. Secondly, the presence of lattice sites precludes the need, on part of the user, 

to incorporate sub-models for collisions, motility, etc. Furthermore, the fact that the rule-

sets employed have, in most implementations, a local character makes them ideal for 

parallelisation on computer clusters composed of multiple networked computing nodes. This 

reduces computational complexity as well as “communication overhead of distributed 

implementations of the model program”.11 This reduction emanates from the fact that no 

particular piece of data is shared by all nodes and that no node needs to inspect arbitrary 

positions within the domain. Furthermore, models with local rules typically display linear 

computational complexity, which means that computing time needed to run a simulation is 

directly proportional to the number of grids. Compare that to an approach like ABM, which 

utilises global rules (in addition to local rules), the complexity of the model quadruples, 

represented as O(n2).xii The CA paradigm, however, has its own set of challenges: which 

                                                           
xii This is not strictly true for every case. Well-framed global rules can increase computational 
efficiency. 
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include immobile agents, lack of three-dimensionality (in classic CA), and local rules – the 

latter limiting the ability of the approach to capturing the impact of global processes, 

variables, and interactions. 

CPM, a form of lattice-based discrete approach, is an advance over the CA paradigm. 

The obvious advantage is that it offers a 3D environment to model cellular behaviour. 

However, its greatest strengths include the fact that it provides a reasonably straightforward 

way to incorporate new phenomena via the Hamiltonian and it is rather easy to implement. 

Furthermore, the paradigm can handle most types of cells (motile, non-motile, loose cells, 

aggregates) and cell behaviours. Moreover, as the paradigm operates by avoiding behaviour 

that comes with a high energy cost, the user does not need to necessarily specify how the 

constraints are to be met. As such, any phenomenon that can be captured by the energetic 

formalism can be incorporated within the framework. Additionally, its flexibility in handling 

a diverse array of biological phenomena is the chief reason why the approach has been 

utilised so extensively, as reviewed by Merks & Glazier (2005).119 Furthermore, CPM 

simulation length is measured in terms of Monte Carlo steps, which do not necessarily 

translate to a fixed unit of time. Finally, the dynamics observed are only realistic if long 

stretches of time steps are considered as, Tamulonis11 points out that, cells can briefly split 

and spontaneously appear within other cells; though this behaviour is penalised by the 

Hamiltonian and, therefore, corrected. 

Both the CA and CPM paradigms are lattice-based, which typically do not allow as 

much resolution as lattice-free models when simulating processes that involve migration, 

range of cell shapes, and geometries that change globally as the system evolves. The lattice-

free ABM can be utilised in such instances. Like the CA approach, ABM also relies on rule-

sets that are often derived from physical observations. Being lattice-free also affords the user 

the freedom to choose desired shape both for the individual agent as well as the global 
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structure. As such, in comparison to CPM, fewer sites/agents are required, generally 

speaking, to represent a single biological cell of arbitrary shape. Furthermore, an agent: (i) 

possesses well defined boundaries, (ii) has the ability to sense its environment and act on its 

environment, (iii) can control its internal state as well as behaviour, (iv) has particular goals 

to achieve, (v) can act in the anticipation of future goals, and (vi) respond in timely fashion 

to changes that affect its environment. Cells can be easily visualised as “agents” in the light 

of an agent’s aforementioned properties. After all, cells are in fact embedded in an 

environment; possess boundaries; maintain a dynamic bidirectional cross-talk with their 

environment,28,53,136,141-146 thus being acted by and acting on their environment; have the 

ability to control their behaviour through secretion of relevant autocrines; and act in 

anticipation of future goals as a result of metabolic sensing (when cells try to gauge the 

‘needs’ of a tissue, as suggested by Scadden136) or signalling (as occurs in a functional 

immune system147,148). This analogy can be easily extended to tissues, organs, organisms, 

and colonies, in equal measure.  

ABM, however, is not without its disadvantages. In most current implementations, 

it is shown to require advanced programming skills, so has a relatively steeper learning 

curve. Furthermore, although the paradigm can be employed to capture a wide range of 

biological phenomena, the implementation, unlike the CPM, is non-trivial. For example, 

while tackling the simplest case of cell proliferation (or migration), one needs to incorporate 

algorithms (such as collision detection and correction) to ensure two cells do not breach each 

other’s boundaries. Secondly, as the approach relies on local as well as global rules, the 

model complexity is quadrupled (compared with CA models) with addition of each new 

agent. As such, often the computing time required is higher.  Another limitation generally 

associated with ABM is the flexible and dynamic nature of agent interactions, which makes 

the patterns and outcomes of these interactions inherently unpredictable. This is a necessary 
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evil associated with the agent-oriented approach, for it is precisely these flexible and 

dynamic interactions that enable agent-based models to capture emergent phenomena. 

Problems associated with the unpredictability, however, can be mitigated by conducting 

sensitivity149 and parametric150 analyses, and optimisation procedures.5,151,152 Finally, a key 

disadvantage of employing ABM is that the models need to be constructed at the right level: 

after all, “you can’t model bulldozers with quarks”.153 ABM, however, yield more realistic 

representations of biological systems as they are not inhibited by restrictions imposed by the 

presence of an underlying lattice on the location and migration patterns of cells compared 

with its lattice-based counterparts where cells can only move through pre-defined points on 

the lattice.154 It is worth stressing that the complexity and sophistication of a model depends 

upon the question being explored, and that more complexity does not necessarily amount to 

a better model.         

2.5 DYNAMIC ASSIMILATION 

The main theme that reverberates through the experimental and computational 

annals of TERM is that of dynamic assimilation. By dynamic assimilation, is meant the non-

linear reliance of a system on information, both physical (spatial, mechanical, biological, or 

chemical) and noetic, generated by its constituent elements and its environment (including 

fellow individuals). Dynamic assimilation is the act of receiving diverse structures of data – 

which could be continuous, discrete, binary etcetera in nature – integrating them with an 

equally diverse sets of information from either sub-components or individuals existing in 

the same microcosm; processing the information to carry out a set of (design) objectives; 

and, finally, the iteration of this process as many times as desired. 

 Dynamic assimilation is as much a property of the individuals as much it is of the 

environment. For example, cells possess information, encoded as genes, to create an entire 
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organism, but the expression of these genes is dictated by the environment the cells grow in. 

In the absence of right environmental instructions, the same genes will either fail to express 

themselves, or may result in an unexpected phenotype.140 Similarly, the environment, in 

terms of its architecture or functionality, relies on the evolution of the cellular 

system,143,155,156 which in turn relies on the environment. Information, therefore, 

dynamically flows between cells and their environment.xiii  

It is quite difficult to fully grasp this phenomenon via currently existing physical 

experimentation means alone:xiv for important pieces of observation, such as flow-profiles 

and concentration gradients, remain inaccessible to direct observation even in devices that 

do not contain cells. Therefore, recourse to computational tools is helpful. However, there 

remains on the landscape, refer to Figure 2.14, a need for hybrid computational paradigms 

as well as frameworks that can capture, incorporate, and process (in other words, 

dynamically assimilate) the diversity of information (such as the pH of the 

microenvironment, the phenotype of the neighbouring cell(s), the 3D configuration of an 

enzyme and endless other factors) available to it. This is because the two flagship 

methodologies, i.e. continuum and discrete, cannot on their own capture the full array of 

data-structures observed in biological phenomena. Between the two, however, they can 

capture both, the microenvironmental details and the entire array of cellular response to the 

microenvironment and other cells, as well as the diverse array of information structures that 

are available to biological systems. Furthermore, a combination of both can cover the 

working principles from every discipline regenerative medicine feeds on (refer to Figure 

                                                           
xiii The interactions between cells and the environment are globally directed by the need to pass on the 
genetic information (refer to The Selfish Gene by Prof Richard Dawkins) 
xiv This is only to say that our ability to observe a given phenomenon is limited to the availability and 
resolution of a given apparatus and, therefore, in certain cases, such as the ones mentioned in the 
sentence, computational strategies may provide a better understanding of the phenomenon being 
investigated. This is what has been termed as the third approach. However, this approach is only 
meant to serve the experimental as an aide and not a substitute.      
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2.3). Fully coupled hybrid models, by integrating the two via a feedback loop, take this a 

step further and capture the true bi-directional relationship observed in biology: referred to 

as dynamic reciprocity,18 and display dynamic assimilation. But what form of hybrid 

formulation offer the most realistic representational formalism to simulate biological 

systems?  

Ideally, this requires, from cell-level up, an integrated approach to account for 

mechano-biophysicochemical features of a biological system. This entails a coupling of 

approaches and algorithms that can capture flow, transport, mechanical stimuli, and cellular 

behaviour. However, while this level of integration has been witnessed in hybrid models (of 

mechanobioregulatory nature157), a framework with in-built capability to account for all is 

still missing. For a variety of technological, logistical, and computational reasons this grand 

computational vision will take a while to be realised. This thesis is meant to be a stepping 

stone in this direction. CC3D and CHASTE, however, are the most mature hybrid paradigms 

that can display dynamic assimilation, but only to an extent: CC3D does not have an in built 

mechanical and flow solver and is lattice-based, whereas CHASTE can only simulate 

mechanical interactions between cells. This, for example, will provide technical challenges 

(1) CC3D in developing ex vivo environments (as in bioreactors and lab-on-a-chip-devices) 

where the complexity of the geometry plays a key role in influencing hydrodynamicsxv and, 

therefore, cell behaviour, and (2) CHASTE in capturing emergent patterns from basic 

cellular behaviour (though it is arguably the best technique to capture cellular mechanics 

especially for the cardiac system). However, being modular both possess the feature to 

incorporate the missing elements (e.g. through the Hamiltonian in CC3D and the off-lattice 

solver in CHASTE). Still, there remains, a gap between the two hybrid platforms, which this 

                                                           
xvCC3D primarily utilises the finite-difference approach for discretising reaction-diffusion equations, 
which do not handle discontinuities as well as the finite-volume approach 
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thesis addresses: a dynamically assimilating framework that allows the user to simulate 

biological behaviour based on the biophysicochemical features of natural and (commercial) 

artificial environments.    

In order to achieve this, CFD, and in particular, the finite-volume formulation, was 

coupled with the off-lattice agent-based approach. The finite volume method seems to 

capture most physicochemical processes of functional relevance (especially to a TERM 

investigator – refer to §2.4). In particular, the methodology handles discontinuities robustly, 

which makes it amenable to handling unstructured meshes: an advantage while simulating 

3D geometries of arbitrary geometry. Similarly, the off-lattice, rule-based agent-based 

modelling was deemed most suitable to be coupled with the continuum methodology. 

Despite its drawbacks, ABM offers the most realistic representation of biological behaviour 

(refer to §2.4) and, being hierarchical, is most amenable to coupling with continuum 

methodologies that utilise unstructured mesh. Of the computational platforms discussed in 

this chapter, CFD-ACE+ employs the finite-volume approach and FLAME the off-lattice 

agent-based approach. FLAME, additionally, allows the user to incorporate user-defined 

data-sets and simulate phenomena in 3D constituted the primary reason the agent-based 

formulation, as implemented in FLAME, was utilised towards framework development. 

In the following three chapters, the capability of CFD-ACE+ as a design tool and 

computational platform to simulate environmental dynamics, FLAME as a discrete 

framework to capture cellular behaviour and observe emergent growth patterns, and a novel 

transport-agents multi-paradigm computational framework developed by integrating the two 

for the purposes of simulating biological systems in capturing dynamic reciprocity within 

an artificial TERM-oriented environment (i.e. a bioreactor) is evaluated hinting that the 

novel platform may be general enough for application in a wide range of artificial and natural 

systems. 
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2.6 SUMMARY 

The principles underlying computational TERM, along with relevant examples, though quite 

broad in scope, have been explored in sufficient detail here, for it is impossible, given the 

staggering breadth of literature that exists on the subject of TERM, to cite all topics. Via this 

chapter, the author meant to introduce and identify suitable approaches that can be employed 

to quantify biocomplexity, and due to their strong predictive value used them to serve as 

design optimisation tools. The computational approaches were broadly classified as 

continuum and discrete. Although, a host of continuum (FEM, FVM, LBM) and discrete 

(CA, ABM, CPM) formulations are available for computational purposes, CFD – which 

employs the finite-volume method to approximate the Navier-Stokes equations – and ABM 

– a class of discrete mathematical approach that models systems as a collection of agents – 

were identified as the two approaches fit to design a hybrid platform for the purposes of 

simulating biocomplexity.         
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In Chapter 2, several mathematical approaches currently utilised to model biocomplex 
phenomena, especially within the TERM context, were introduced and discussed. A review of 
the application of these approaches was also carried out, which itself pointed to the advantages 
of using certain formulations to simulate the biophysicochemical features of a given system. 
The continuum approach, especially the finite-volume formulation, was identified to be the 
most appropriate to model the environmental (physicochemical) aspects of a system. This 
chapter aims to test the predictive and design capabilities of the continuous Computational 
Fluid Dynamics (CFD) by simulating flow and transport within a 3D geometry of arbitrary 
complexity. Given the TERM oriented nature of this thesis, a commercially available bioreactor 
was employed as the exemplar. In this chapter, therefore, a novel computational model 
evaluating the efficacy of the commercial TissueFlex® bioreactor in supporting the expansion 
of mesenchymal stem cells and the suitability of CFD as a robust design tool is presented.xvi 

 

3.1 INTRODUCTION 

omputational Fluid Dynamics (CFD) have proven to be a valuable 

computational tool for the characterisation of transport and flow fields, yielding 

detailed results that, after validation, form the cornerstone of design processes. 

Within the context of tissue engineering, CFD can be utilised as both a tool to 

investigate the fundamental developmental principles governing cellular behaviour in 

biological systems (in vitro as well as, given relevant boundary and initial conditions, in 

vivo) and as a design & optimisation tool. The application of CFD to characterise local fluid 

dynamics in a variety of bioreactor systems (concentric cylinder, direct-perfusion, rotating 

hollow-fibre, rotating-wall perfused, wavy-walled) can already be found in the 

literature.85,158-162 Some of these investigations, especially the ones with implications in 

TERM generally, were discussed in §2.3.1.2.1. 

                                                           
xvi The investigation reported herein has been accepted for publication, and is currently in press, as: 
Kaul H, Ventikos Y, Cui ZF. A Computational Analysis of the Impact of Mass Transport and Shear on three-
dimensional Stem Cell cultures in perfused Micro-bioreactors. Chinese Journal of Chemical 
Engineering (In press), 2015. 
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 Song et al. (2010)163 used CFD to predict 3D flow fields at the length scale of stem 

cells. They employed the Microscale Particle Image Velocimetry technique to 

experimentally measure flow values, and thereby validate the CFD model. Their 

investigation concluded that CFD predicts flow regimes within 12% of experimentally 

measured values in the absence of cells (i.e. 12% difference between computationally 

predicted and experimentally measured shear rate values). CFD was also used to model 

perfusion and the influence of perfusion generated shear stress on 3D cultures.164 Boschetti 

et al. (2006)165 investigated shear stress generation as a function of parameters, such as 

scaffold porosity and pore size, medium flow rate, and diameter of the perfused scaffold 

section. A 3D CFD model161 was created to investigate mass transfer interactions between 

the culture medium and micro-carrier attached aggregated hepatocytes seeded within a 

hollow-fibre bioreactor. In particular, distribution of oxygen within the cellular 

compartment and cellular consumption of oxygen as an index of cell metabolic activity were 

analysed. The overall performance of the numerical model in predicting optimal conditions 

for culturing viable microcarrier-attached aggregated hepatocytes, despite certain limitations 

that were a by-product of unavoidable simplifications, was reported to be satisfactory. 

Yu et al. (2007)166 created a numerical model to simulate fluid-flow and oxygen 

transport in a rotating magnetic bar mixer micro-bioreactor, aiming to determine the 

operating parameters for animal cell culture. A comparative analysis between a bi-axial 

bioreactor vessel and its uni-axial counterpart using CFD simulations revealed significant 

increase in velocity when the bi-axial configuration was used, thereby recommending bi-

axial rotation of the vessel as a solution to the problem of inadequate fluid and metabolite 

transport to and from the cells.167 CFD simulations were also used to test the hypothesis that 

geometrical design of micro-pillars in a microfluidic channel will affect fluid flow profiles 

and therefore cell immobilisation efficiency of the micro-pillar array.168 According to the 



 

89 
 

CFD analysis, parallelogram shaped micropillars were found to be superior compared with 

their semi-circular counterparts as the former delivered more optimal flow profiles that 

minimised the risk of clogging. The results were verified experimentally. Similarly, the 

trajectory of microcarrier beads within a rotating bioreactor vessel was investigated using 

CFD and verified using experiments.169 Based on this analysis, Pollack et al. theorised a 

basic relationship between fluid density, density of microcarrier beads, and the resulting 

trajectories of the beads. Ye et al. (2006)69 utilised the FEM formulation to determine mass 

transfer and nutrient distribution profile within a hollow-fibre membrane bioreactor. The 

investigation was sought to determine the impact of certain bioreactor operating parameters 

such as cell density, medium flow rate, and cellular matrix thickness on the distribution of 

nutrients within the bioreactor. The modelling framework utilised in the study was based on 

the Krogh cylinder assumption and considered zero-order overall cell consumption rate of 

the substrate. Another simplification of the study included considering lack of radial 

convection within the cellular region, due to the resistive impact of the scaffolding material 

across the fibre wall. Results from the model indicated that it was possible to maintain 

sufficiently high substrate concentrations to enable the growth of dense bone tissue. 

The bulk of models cited in this section employed as governing equations the Navier-

Stokes equations for flow and transport of relevant nutrients (though Laplace’s equation of 

potential flow can also be utilised), which have been reviewed in §2.3.1.2. While the 

discretisation methods and iterative solvers applied by the investigators varied, the 

investigations, and many others of similar nature, have validated certain assumptions on the 

hydrodynamic environment of various bioreactors types (rotating-bar, hollow-fibre, 

concentric-cylinder, rotating wall vessel, etc.) and demonstrated the utility of CFD to design 

bioreactors for the growth of bioengineered tissues. These investigations also point to the 

pervasive application of CFD as a robust methodology to understand bioreactor 
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hydrodynamics, especially in the absence of experimental techniques and apparatuses that 

can allow measurement of shear and flow distributions within microstructures supporting 

cell growth inside bioreactors.165 Given, however, that an immense array of bioreactors 

(varying in type, geometry, and size), scaffolds (varying in porosity, permeability, 

degradation), and cell types (varying in genotype and phenotype) are currently in 

application, previously published results on a particular bioreactor type suffused with a 

particular variety of cells may not always find direct relevance for a novel scenario – an 

aspect of computational modelling that necessitated this investigation. This methodology 

too is not without its limitations, which have been addressed later in Discussion. 

 
Figure 3. 1: TissueFlex® Microbioreactos. The photograph and schematic diagram of 
TissueFlex® microbioreactors is shown. The schematic represents the microbioreactors 
being operated in a parallel set-up. In the figure, twelve bioreactors are being supplied with 
culture medium (employing a multi-channel peristaltic pump), and the effluent being 
collected individually. Permission to reprint to be sought from Ref. 170 (c) (2007) Elsevier . 
Photograph courtesy: Zyoxel Ltd.  

The aim of this chapter was to test the predictive and design capabilities of CFD by 

simulating flow and transport within a 3D geometry of arbitrary complexity. As such, CFD 

was used to investigate and compare the impact of bioreactor variables (such as its geometry, 

medium flow-rate, scaffold configuration, number of cells encapsulated in the scaffold) on 

the local transport phenomena and, hence, their impact on human mesenchymal stem cell 

(hMSC) growth and expansion. The geometric characteristics of the TissueFlex® (Zyoxel 
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Limitedxvii, Oxford, UK) microbioreactor (refer to Figure 3.1) were considered, to set up a 

virtual bioreactor containing alginate (in both slab and bead configuration) scaffolds. The 

bioreactor was developed to conduct cell and tissue culture under almost uniform (in terms 

of distribution of metabolite/non-metabolite concentrations and shear, as demonstrated in 

the results) and precisely controlled environment in a mid-throughput and parallel 

manner.170 The bioreactor and scaffolds were seeded with cells that were modelled as 

glucose consuming entities, i.e. localised glucose sinks. The widely used glucose medium, 

DMEM, supplied at two inlet rates of 25 and 100 µL/hr, was modelled as the fluid phase 

inside the bioreactors. Model variables included, refer to Table 3.1, bioreactor configuration, 

scaffold morphology, media inlet velocity, glucose concentration in culture media, 

mesenchymal stem cell metabolism (in terms of glucose consumption), cell density, and 

apoptotic threshold. The two bioreactor configurations tested are shown in Figure 3.2. 

3.2 MATERIALS AND METHODS 

3.2.1 BIOREACTOR DIMENSIONS AND CONFIGURATION 

In order to design the geometry of the model bioreactor, dimensions of TissueFlex® 

(Zyoxel Limited, Oxford, UK) microbioreactor were considered. The microbioreactor, 

constructed with polydimethylsiloxane (PDMS), has the format of a standard 96-well cell 

culture plate and is perfused using silicone tubing via a multi-channel peristaltic pump or 

multiple syringe pumps.170 The bioreactor geometry can be modified so that the silicone 

tubing serving as the inlet and outlet ports can be arranged in different styles – two of which 

are explored in this study. Figure 3.1 shows a schematic diagram, as well as a photograph, 

of TissueFlex® with 12 microbioreactors. Each microbioreactor has a dimension of 6.6 mm 

                                                           
xvii Disclosure:  Prof Zhanfeng Cui, the co-supervisor on this thesis, is the academic founder and a non-
executive director of Zyoxel Ltd, a spin-off company of the University of Oxford. Zyoxel commercialises 
TissueFlex® microbioreactors as part of its business.   
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× 11 mm. For the purposes of this study, fluid flow and mass transport in only one 

microbioreactor was considered. 

 
Figure 3. 2: Bioreactor and scaffold configurations employed in this investigation. The 
figure shows the two bioreactor as well as scaffold configurations used in this study. The 
geometry on the left is referred as top-inout whereas the one on the right as symmetrical. 
Bioreactor dimensions are also listed in the figure. Solid arrows (nea r the ports) indicate the 
direction of medium flow. The two scaffold morphologies, along with their dimensions, are 
also shown: slab (left) and bead (right). Each scaffold was assigned porosity of 85%.  

3.2.2 SCAFFOLD AND CELLS 

In this investigation, mass transport within two 3D cell culture constructs was 

simulated. The constructs were modelled as a 1 mm thick porous slab structure and as a 

porous bead of diameter 1 mm, both synthesised using alginate. Scaffold porosity and 

permeability are regulated by a multitude of factors, which include concentration of alginate 

and cross-linking solutions, method of synthesis, and, eventually, the pore size. As such, 

there is a whole array of case specific porosity and permeability values that can be introduced 

in the model. Given that scaffold porosity in excess of 90% can be easily achieved and 

glucose diffusivity in alginate, proportional to its porosity, can be as high as 90%,171 both 

slab and spherical scaffolds were assigned isotropic porosity of 85%. As permeability is 

rather difficult to characterise there was lack of reasonably consistent values. As such, the 

two scaffolds were assigned a suitable permeability of 10-10 m2. 
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Variable Value 

Bioreactor Geometry Symmetrical Side Inlets, Inlet/Outlet at the Top 

Construct Geometry Slab and spherical bead (3D) 

Media Inlet Velocity 25 µl/hr and 100 µl/hr 

Glucose Concentration 2.5×10-5 kM (4.5 g/L) and 5.56×10-6 kM (1 g/L) 

hMSC Glucose Consumption Rate 270 fM/hr/cell 

Cell Density 1 Million: corresponding 

to 400 cells in the bead and 

35,000 in the slab 

10 Million: corresponding 

to 4,000 cells in the bead 

and 350,000 in the slab 

Apoptotic Threshold 5% of 1g/L glucose and 20% of 4.5g/L glucose 

Deff,g  in Water at 37⁰C 9.3e-6 cm2/s 172  

Deff,g  in Alginate at 37⁰C (10g/L) 6.59e-6 cm2/s 173 

Table 3. 1: Investigation related variables.  The table lists variables utilised in the model. 
 

Alginate, in particular, was considered in this analysis due to its wide application174 

in synthesis of micro-carriers employed to immobilise cells due to its inertness, 

biocompatibility, high porosity, and amenability to various preparation methodologies171,174-

177. Furthermore, alginate ‘capsules’ have been used as micro-carriers in various companies 

developing therapeutics; prime examples include: CellMed AG (Alzenau, Germany), 

Encapsulife (Washington D.C., USA), FMC Biopolymer (Sandvika, Norway), and Zyoxel 

Ltd. (Oxford, UK). 

Slab and sphere morphologies were modelled due to their ease of preparation and, 

as such, pervasive application. Spherical scaffolds can be prepared by extruding alginate 

solution as droplets into a cross-linking solution176. While the simplicity of preparation and 

reproducibility make the two morphologies ideal for laboratory-based investigations, the 

shapes are especially amenable to mathematical analysis due to ease of implementation in 

almost all computational platforms and reduction in computational overhead due to their 
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elementary nature. Scaffold dimensions were also based on ease of synthesis. Transferring 

alginate solution through a syringe results in beads roughly equal to or greater than 1 mm, 

though greater control and reduced size can be achieved via mechanical means.177 As such, 

the diameter of the spherical scaffold was set to 1 mm. The height of the slab was limited to 

1 mm as the resulting volume provides optimum growing space enabling cell expansion 

without presenting, in itself, diffusional limitations. 

The metabolic behaviour of human mesenchymal stem cells (hMSCs) was simulated 

in this study, with glucose modelled as the metabolite being transported to the cells. Optimal 

partial pressure of oxygen was assumed to be present within the scaffolds. Oxygen transport 

was not considered in this model for a variety of reasons. Firstly, hMSCs are exposed to 

very low partial pressures of oxygen within their native environment178 and there is evidence 

for their survival under extremely hypoxic conditions (i.e. 0.2% O2).
179 Secondly, the 

diffusivity of oxygen in alginate being an order of magnitude higher than glucose (2.5×10-9 

m2/s 180 vs 6.59×10-10 m2/s, respectively) and both solutes being relatively small (32 Da and 

180 Da, respectively) with almost no interactions between them, the simulated results, in 

terms of trends, can safely assumed to be similar. Add to that the fact that the consumption 

rate of oxygen by human mesenchymal stem cells is an order of magnitude lower than 

glucose (1.22 - 3.20 × 10-8 vs 0.23 - 1.22 × 10-7 mg/h/cell, respectively). It was, therefore, 

concluded that glucose (and not oxygen) mass transport will form the limiting factor in our 

analysis, since oxygen diffuses faster, is consumed slower and these cells are very resilient 

to its absence. As such, oxygen distribution, even if lower than expected, would have 

informed us little about the impact of oxygen partial pressure on the differentiation, 

expansion, and survival of hMSCs encapsulated within the bioreactor. Secondly, co-

transport of glucose and oxygen was not considered as a 3D bioreactor system was modelled 

in its entirety, and not just scalar diffusion in 2D plane within the system, which necessitated 
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a very fine mesh structure. Adding oxygen, beyond the mere solution of an additional 

transport equation, would have introduced additional Courant-Friedrichs-Levy (CFL)-

related restrictions due to the enhanced diffusivity of Oxygen, which would have 

necessitated a decrease in the required time-step; an effect that cannot be remedied with 

parallelisation. As such, including oxygen would have vastly added to the computational 

costs without a substantial contribution to the question that was being explored.  

As the main aim of the study was to investigate the maximal load under which the 

bioreactor can deliver optimally, two static cell densities were considered in the model: 1 

million/mL and 10 million/mL of the cell suspension. The two cell densities represented the 

typical and extreme cell densities for cell therapy and tissue engineering applications. As 

such, cell growth was not considered in the model. Therefore, cells were assumed to have 

been encapsulated homogeneously throughout the two scaffolds. This is equivalent to the 

initial culture conditions and the nutrient transport would decide the survivability of the 

encapsulated cells. Each cell was assumed to consume glucose at a fixed rate of 270 

fM/hr/cell.178 Glucose diffusivity in alginate and water at 37°C were considered to be 

6.59×10-10 m2/s and 9.3×10-10 m2/s,172,173 respectively. hMSCs were modelled as sinks within 

the slab and the bead, consuming glucose at a set rate, based on the values of glucose 

consumption and volumetric cell count mentioned above. The variables investigated are 

listed in Table 3.1. The two bioreactor geometries and scaffold morphologies, along with 

boundary conditions, have been shown in Figure 3.2. 

3.2.3 NUTRIENT MEDIUM 

Glucose concentrations of 4.5 g/L and 1 g/L were considered for analysis. This was 

done for practical purposes as a nutrient medium most commonly used for cell culture, 

Dulbecco’s modified Eagle medium (DMEM), contains 4.5 g/L glucose (high 
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concentration). For practical reasons, as recommended by the manufacturer of TissueFlex®, 

Zyoxel Ltd, media inlet rate of 25 µL/hr was utilised. To compare its efficacy and efficiency, 

an inlet rate of 100 µL/hr was also investigated. A common practice while culturing cells is 

the use of Foetal Bovine Serum (FBS) as a supplement to aid cell survival, growth, and 

proliferation. While the addition of FBS in DMEM may result in the fluid behaving in a non-

Newtonian manner, the overall concentration of serum generally added is not concentrated 

enough to alter the flow characteristics of DMEM. Therefore, the fluid phase was assumed 

to be Newtonian. 

3.2.4 MODELLING FRAMEWORK AND GOVERNING EQUATIONS 

In silico bioreactor geometries were constructed using a CAD/meshing software 

platform, CFD-GEOM (ESI Group, Paris, France). The bioreactor geometry was then 

meshed to create finite volumes (or control volumes), where fluxes are calculated, along with 

discrete locations where the variables are defined. In this flavour of the finite volume 

method, all variables (velocities, pressure and concentrations) were defined on the same 

location on the grid (cell centre), resulting thus in a collocated mesh formulation. 

Unstructured tetrahedral meshes were used for this study, since they allow for great 

flexibility and automation in mesh generation, especially in complex geometries. 

Unstructured meshes introduce ease in mesh generation but imply a requirement for a larger 

number of elements, when compared to structured hexahedral meshes for example, to 

achieve the same level of accuracy. This requirement was indeed met by the resolutions 

examined and employed, as discussed in §3.2.5. 

CFD-ACE+ (ESI Group, Paris, France) was used to formulate the model 

representing the bioreactor system and to solve the discretised governing equations. CFD-

ACE+ primarily solves the general transport equation, (2.20), which captures the basic 
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conservation laws of interest. This equation can, furthermore, represent the transport of any 

substance when Φ equals the concentration of that substance. In that case, the source term 

can represent consumption of this quantity by cells in the domain, as is the case in our model. 

Additional parameters needed (diffusivities, viscosity, density) are all set to constants, as is 

the case with the common DMEM medium used in cell cultures (Newtonian incompressible 

fluid).  

This equation is integrated over the control volumes described above; subsequently 

the divergence theorem is applied, converting volume quantities to surface fluxes and 

ensuring a conservative formulation of the discretised equations, as shown in (3.1): 

In (3.1), S represents any of the faces of the control volume, whereas nS is the unit 

vector normal to that surface. 

As the evaluation of bioreactor performance while operating at full capacity, a zero-

order overall cell consumption rate was assumed, which can be expressed as s × d, where s 

is the consumption rate for a single cell and d is the cell density. As a result the cell growth 

rate, practically zero, did not depend upon glucose concentration. Furthermore, the model 

did not rely on any chemical reactions involving glucose or any other chemical substrate. 

The model, therefore, did not consider any additional kinetic model; the metabolic activity 

of the cells was accounted for by assigning appropriate spatially distributed sink terms in 

the transport equations, thus accounting for consumption, as quantified in the sequel.  

 
𝜕

𝜕𝑡
(𝜌Φ) + ∇. (𝜌𝑈Φ) − ∇. (ΓΦ∇Φ) =  𝑆Φ (2.20) 

 ∫
𝜕

𝜕𝑡𝐶𝑉

(𝜌Φ)𝑑𝑉 + ∑ ∫[∇. 𝜌𝑈Φ − ΓΦ∇Φ]. 𝑛⃗ 𝑆𝑑𝑆
𝑆

 

𝑠𝑢𝑟𝑓𝑎𝑐𝑒

𝑓𝑎𝑐𝑒𝑠

= ∫ 𝑆Φ𝑑𝑉
𝐶𝑉

 (3.1) 
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The values of relevant quantities (e.g. Φ) inside the CV were determined by 

employing a central, second order, differencing scheme. The transport equations were 

solved in their full transient form. A variant of the Crank-Nicolson scheme, again second 

order, was employed to march the discretised equations in time and ensure temporal 

accuracy (refer to Appendix for relevant details). The segregated solver employed (i.e. 

solving for the different variables one after the other and iterating to convergence) 

necessitates special handling of the continuity and pressure (the author reminds the reader 

that pressure does not appear in the conservation of mass equation). To achieve the 

simultaneous evaluation of the pressure field, we employed the inherently iterative Semi-

Implicit for Pressure-Linked Equations Consistent (SIMPLEC) scheme,181 an adaptation of 

the Semi-Implicit for Pressure-Linked Equations (SIMPLE) method,182  to couple the 

pressure and velocity fields by introducing a new variable, the pressure correction, and 

solving for that variable to improve upon an initial pressure field, till convergence (refer to 

Appendix). 

The aforementioned sets of equations result in pseudo-linear sparse systems of 

equations that have to be solved, at least to partial convergence, within each iteration. The 

Algebraic MultiGrid (AMG) scheme was employed for this, a method that offers rapid 

convergence by creating a succession of coarser and finer grids and injecting or interpolating 

solutions from one grid refinement level to the other, thus achieving the reduction of 

multiple wavelengths of error (proportional to average cell size) simultaneously.183  

Domains with different properties (like, for example, the porous cell-seeded regions) 

were accounted for by creating a multi-block mesh structure; each block with its own 

topology and connectivity. In the case of this study, two blocks were always used. A higher 

order interpolation arbitrary interface method was used on the common surface of the two 

blocks, ensuring continuity of the solution variables across this interface. Dirichlet (inflow 
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and walls) and Neumann boundary conditions were applied as required. The time step used 

in the simulations was 450s, but other, finer, time step values of 50s, 150s, 300s were used 

to confirm time step independence. Each time step required between 200 – 500 iterations to 

reach satisfactory convergence. In this set of simulations a drop of eight to ten orders of 

magnitude of residuals was shown to be adequate. Finally, the code was executed in parallel 

on 8 cores (Intel Xeon, clocked at 2.66GHz), using the MPI protocol and domain 

decomposition. 

3.2.5 GRID INDEPENDENCE ANALYSIS 

Grid independence analysis was conducted on one of the test cases to ensure 

convergence and insensitivity of the results obtained on numerical parameters. The test cases 

examined involved structured (50,000; 100,000; 200,000 and 400,000 elements) as well as 

unstructured (100,000 and 400,000 elements) meshes. The mesh independence study 

showed excellent convergence, with the finest grids (200,000 and 400,000 elements 

structured and 400,000 elements unstructured) yielding practically indistinguishable results. 

The author opted to use unstructured tetrahedral meshes with 400,000 elements. The 

geometry employed in this investigation consisted of multiple sub-components (the 

bioreactor, the port, and the scaffold), the interface of which required greater resolution and, 

thus, very fine grid structure. Unstructured meshes, whether 2D (triangles or quadrilaterals) 

or 3D (tetrahedral or hexahedral), treats individual cell as a block, which has the advantage 

that no implicit structure of co-ordinate lines is imposed by the grid. As such, the mesh can 

be easily concentrated where necessary without wasting computer storage. This constituted 

a key reason as to why unstructured mesh was preferred as it ensured smooth transition from 

one domain (e.g. alginate bead) to the other (e.g. bioreactor and its ports). Tetrahedral grid 

generation being more straightforward and the mesh structure computationally less 

expensive than its hexahedral counterpart constituted the main reasons tetrahedral grids were 
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employed. Therefore, unless otherwise noted, unstructured tetrahedral meshes with 400,000 

elements were used. The various test cases and relevant boundary conditions utilised in this 

investigation are listed in Table 3.2. 

Test Case 

Boundary Conditions 

Media 

Inlet-Outlet 

Media 

Flow Rate 

Cell 

Density/mL 

cell 

suspension 

Glucose 

Concentration 

Culture 

Case I Symmetrical 25 µL/hr 1 million 2.5×10-5 kM Slab 

Case II Symmetrical 100 µL/hr 1 million 2.5×10-5 kM Slab 

Case III Symmetrical 25 µL/hr 10 million 2.5×10-5 kM Slab 

Case IV Top-Inout 25 µL/hr 1 million 2.5×10-5 kM Slab 

Case V Symmetrical 25 µL/hr 1 million 5.56×10-6 kM Slab 

Case VI Symmetrical 25 µL/hr 1 million 2.5×10-5 kM Sphere 

Case VII Symmetrical 100 µL/hr 1 million 2.5×10-5 kM Sphere 

Case VIII Symmetrical 25 µL/hr 10 million 2.5×10-5 kM Sphere 

Case IX Top-Inout 25 µL/hr 1 million 2.5×10-5 kM Sphere 

Case X Symmetrical 25 µL/hr 1 million 5.56×10-6 kM Sphere 

Table 3. 2: Computational Boundary Conditions. The table lists various test cases and relevant 
boundary conditions utilised in this investigation. 

3.2.6 DIMENSIONAL ANALYSIS 

 The effectiveness of mass transport was evaluated by calculating the Peclet number 

(Pe). Limitations of the internal mass transport were determined by calculating the Biot 

Number (NBi): the ratio of glucose mass transfer across the inside of the scaffolds to glucose 

mass transport across the boundary layer outside the scaffolds. The nature of flow was 

determined by calculating the Reynolds Number (Re). 

3.3 RESULTS 

3.3.1 DIMENSIONAL ANALYSIS 

The culture media flow rate resulted in laminar flow inside the bioreactor with the 

Re (based on bulk flow velocity and the inlet port diameter) being 0.01 and 0.04 for the flow 

rates 25 µL/hr and 100 µL/hr, respectively. The default bioreactor specifications yielded Pe 

~13 for the recommended flow-rate (for both slab and sphere), indicating that in both cases 
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convection plays a dominant role in the external transfer of glucose. Furthermore, the NBi 

for each test case was >> 1 indicating that there were no major limitations to the transport 

of glucose across the fluid-cell or fluid-scaffold interface within the bioreactor.  

 
Figure 3. 3: Time evolution of glucose concentration at the bottom of the alginate slab.  
A comparison of glucose concentrations computed at a distance of 10 µm from the bottom in 
the slab configuration perfused under the different boundary conditions. The figure shows 
glucose concentration as measured on a transverse section of the scaffold made 10 µm from 
the bottom of the slab. The two bioreactor configurations shown on the right end of the f igure 
display the boundary conditions as well as the site of glucose measurement. Arrows indicate 
the direction of medium flow. All other cases, apart from III and (partially) V (for reasons 
discussed), meet the criteria required to ensure cell viability f or any duration of time. Glucose 
concentration, as shown in the legend, was measured in kM. 
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3.3.2 IMPACT OF ALGINATE MORPHOLOGIES 

Given that the slab configuration of thickness 1 mm contained (about two orders of 

magnitude) more cells compared with the spherical scaffold of diameter 1 mm, nutrient 

demand was higher in the former. This is evident from Figures 3.3 and 3.4 that show the 

glucose distribution at a distance of 10 µm from the bottom in the slab and in the middle of 

the alginate sphere, respectively. This is made particularly apparent if glucose concentration 

is compared after the system has achieved steady state. In Figure 3.5, notice the steady state 

glucose concentrations in the alginate slab and bead; while both are sufficiently high to 

ensure adequate nutrition, the drop in the alginate slab is higher. The default boundary 

conditions recommended for the microbioreactor, listed in Table 3.2 as case I, seem to be 

sufficient to carry out glucose transport to the innermost layer of cells seeded in both the 

slab, as well as the spherical scaffold. The data indicate that the system remains capable of 

supporting cell expansion and maintaining cell viability at steady state. This is achieved by 

ensuring that at least 10% of the initial glucose concentration (2.5×10-6 kM) is still available 

to the innermost regions of a cell culture. 

3.3.3 IMPACT OF FLOW-RATE 

As reported above, the default flow-rate of 25 µL/hr was found suitable to sustain 

hMSC cultures operating at full capacity by ensuring supply of adequate amount of glucose 

to the innermost scaffold regions in both morphologies. Cases II and VII represent 

computations where the nutrient media inlet velocity was increased by a factor of four, to 

100 µL/hr. Unsurprisingly, the increased flow-rate, as can be observed in Figures 3.3, 3.4, 

and 3.5, led to a far improved distribution and supply of glucose within the slab and bead 

morphologies. 
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Figure 3. 4: Time evolution of glucose concentration in bioreactors containing the 
spherical scaffold. A comparison of glucose concentrations computed at the centre of the 
alginate bead perfused under the various boundary conditions. The figure shows glucose 
concentration as measured on a frontal section made at the centre of the bioreactor. The two 
bioreactor configurations shown on the right end of the figure display the boundary 
conditions as well as the site of glucose measurement. Arrows indicate the direction of 
medium flow. All test cases seem to meet the criteria to ensure cell viability for any duration 
of time, as the glucose consumption requirements, compared to the slab, are quite low. 
Glucose concentration, as shown in the legend, was measured in kM. 
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3.3.4 IMPACT OF CELL DENSITY 

While the standard recommended flow-rate was found optimal for cell growth for 

the recommended 1 million/mL cell suspension density, it, however, fails if cell density of 

10 million cells/ml suspension (case III) is used, as evident by a rapid decline in glucose 

concentration within the slab. Here, glucose concentration plummeted well below the critical 

concentration (10% of the initial value) within the first 24 hours, indicating that necrosis 

will set in soon after, in case the flow rate is not altered. The drop in glucose concentration 

within the spherical scaffold encapsulating the higher cell density was observed to be the 

largest across cases involving the alginate bead. However, with the total cell count within 

the bead still quite low, transport across the bead was found adequate to sustain the 

expansion and viability of the encapsulated cells. 

3.3.5 IMPACT OF BIOREACTOR CONFIGURATION 

Similarly, data obtained for the alternative bioreactor configuration (top-inout, cases 

IV and IX) indicated that the boundary conditions are sufficient to ensure that even the 

innermost cells continue to receive at least the critical concentration of glucose at all times; 

refer to Figures 3.3 and 3.4. However, rather surprisingly, the performance of the top-inout 

configuration with media inlet velocity of 25 µL/hr, outperformed the default boundary 

conditions (cases I and VI) as well as cases III and VII where the symmetrically organised 

ports were perfused with media inlet velocity of 100 µL/hr. This is best evident in Figure 

3.5, especially for alginate bead, where the drop in glucose concentration within the top-

inout configuration was recorded to be the smallest. This observation underpins the 

importance of analysing transport phenomena and flow in such reactors rigorously and using 

detailed first-principles methodologies to quantify the bioreactor’s fluid mechanics. 
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Figure 3. 5: Comparison of glucose concentration in the slab vs spherical scaffold.  (Top) 
The figure compares glucose concentration at a distance of 10 µm (from the bottom) in the 
slab as the system achieves steady state. (Bottom) The figure compares glucose concentration 
at the centre of the alginate bead as the system achieves steady s tate. The figure at the bottom 
does not indicate the apoptotic threshold as all configurations with alginate bead performed 
substantially above that threshold.  

3.3.6 IMPACT OF NUTRIENT MEDIA 

When low concentration glucose media (1 g/L, case V) was utilised, although the 

overall glucose concentration in the bioreactor stayed above the critical concentration (as 

can be seen in Figure 3.5), the analysis suggests that the standard recommended flow rate 

may lead to sub-optimal distribution of glucose (at least in the physical scenario where 

proliferation of cells and the act of matrix deposition by them will alter the permeability of 
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their immediate microenvironment). Use of low concentration glucose medium had no 

negative impact on the spherical scaffold. 

 
Figure 3. 6: Comparison of shear stress observed in bioreactors with different 
configurations and flow regimes. A comparison of shear stress observed at a distance of 1 
mm from the bottom (the top of the cellular slab and the al ginate bead), in the symmetrical 
bioreactor for three different boundary conditions: inlet rate of 25 µl/hr, inlet rate of 100 
µl/hr, and the top-inout configuration. Figure at the top captures the shear stress observed 
at the top of the slab configuration. The horizontal axis represents the length/diameter of the 
slab/bead. Although shear stress for all three boundary conditions observed was 
physiologically ineffective, shear stress observed for the “ top-inout” configuration, achieved 
at a flow rate of 25 µl/hr, was the highest.  
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3.3.7 SHEAR DISTRIBUTION 

As shown in Figures 3.6 and 3.7, the resulting shear stresses in all the test cases were 

on the lower end of the scale and physiologically neutral, with the maximum stress being 

10-6 Pa (cases IV and IX) followed by 10-7 Pa (cases III and VIII). Shear stress was calculated 

at the top surface of both scaffolds, which is 1 mm from the bottom end of the bioreactor 

(refer to Figures 3.6 and 3.7), along an imaginary line/plane running across the two scaffolds.  

 
Figure 3. 7: Visualisation of shear stress in the three cases discussed in Figure 3. 6. Shear 
Stress observed on the top (approximately 1 mm from the bottom) of slab and alginate sphere 
for three cases. Shear, as displayed in the legend, was measured in Pa. 
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Shear stress for all the cases evaluated was found to be highest at the top where the 

alginate scaffold was fully exposed to the perfusion medium, with shear being almost the 

same in the middle and close to the bottom for the slab. This, however, was not true for cases 

with the spherical scaffold where the lowest stress was observed in the middle. For cases 

involving the slab construct, shear stress dropped by three orders of magnitude between the 

middle and top. Furthermore, as can be observed in Figure 3.7, shear stress in the top-inout 

configurations was observed to be higher than their symmetrical counterparts for the same 

media inlet velocity (25 µL/hr). 

3.4 DISCUSSION 

Carrier et al. (2002)184 observed that in a culture of cardiac cells the region beyond 

a layer of 100 µm thick cells could not be supported via diffusion under static conditions. In 

vivo, cells are generally located no more than approximately 100 µm from capillaries75 that 

supply them with oxygen and nutrients, such as glucose. A feature central to the functionality 

of bioreactors is their ability to carry out mass transport so as to maintain cell viability within 

3D cultures.75 Similarly, shear stress has been implicated in influencing mammalian cell 

differentiation, as well as pattern and quality of growth. For example, endothelial cells tend 

to orient themselves in the flow direction;185 shears of approximately 0.01 Pa have been 

found to be ideal for cell growth;186 and application of shear stress can influence MSC 

fate.187-189 Unlike unicellular organisms, animal cells tend to have low tolerance to fluid 

forces which rule out high nutrient flow rates that, despite achieving sufficient mass 

transport, may create fluid flow patterns leading to high shear stresses.57 With the exception 

of cells present in tissues that are exposed to significant haemodynamic loading, such as 

endothelial (direct loading) or smooth muscle cells (indirect loading), the majority of cells 

in the human body do not experience high shears.57,75 As a result, they react differently to 

shear stresses in vitro. Down-regulation of endothelial cell proliferation under laminar flow 
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(steady shear stress conditions) and up-regulation of survival factors, such as Kruppel-like 

factor-2, while the cells experience both pulsatile and reciprocating oscillating flow;190 

development of a fibrous capsule in chondrogenic cell-matrix constructs when exposed to 

turbulent flow conditions;191 and increased mineralised deposition in osteoblasts due to 

enforced differentiation as a result of long-term exposure to shear stress192-195 are but a few 

examples. Therefore, if designed properly, fluid dynamics inside a bioreactor can be 

exploited to either initiate desired cellular differentiation processes or enhance cell 

proliferation, expansion, and attachment.57,75,196,197 A bioreactor that utilises pulsatile flow 

to fabricate cardiovascular patch tissues is a perfect example where this concept was 

successfully utilised.198 

As indicated in §3.3.1, the media flow rates utilised in simulations yielded laminar 

flow inside the bioreactor. Furthermore, in bioreactors, mass transport to cells is achieved 

by maintaining a balance between the external transport of the relevant molecular species, 

i.e. transport of the species to the external surface of cells/scaffold, and internal diffusion, 

i.e. penetration of the species to the inner cells75. The former can be evaluated by calculating 

the Pe associated with the bioreactor, which for TissueFlex® was calculated to be roughly 

13, indicating that within TissueFlex® convection plays a dominant role in the external 

transfer of glucose. This seems to suggest that test cases where glucose concentration in the 

innermost regions of the slab dropped below the critical concentration could be salvaged by 

increasing the flow rate of the culture media as that would increase the molar flux of glucose 

reaching cells. Limitations of the internal mass transport can be similarly determined by 

calculating the NBi, which for each test case was found to be >> 1. This indicated lack of 

major limitations to the transport of glucose across the fluid-cell or fluid-scaffold interface 

within TissueFlex®. This most conclusively explains why even at a very low flow rate the 

standard boundary conditions recommended for the microbioreactor are adequate to sustain 



 

110 
 

cell growth and viability by providing metabolites to even the innermost regions of cell 

populations inside the bioreactor. Figure 3.5 contains plots detailing the change in glucose 

concentration for slab and spherical 3D culture as the bioreactor achieves steady state. 

In addition to efficient glucose transport, laminar flow within the bioreactor resulted 

in low, physiologically neutral, shear environment (10-7 Pa) for encapsulated cells. This 

constitutes a very useful piece of information, for low shear environments (typically less 

than 10-4 Pa as reported elsewhere199) can play an augmentative role in tissue formation by 

inducing and facilitating cell-cell contact and cell aggregation, as well as cell-matrix 

associations.200 High shear stresses, though, can disrupt the process of cell expansion 

creating micro-pockets that may result in gradients or gaps within the growing cell colonies 

compromising the homogeneity of resulting cell population. High shear also results in 

differentiation of the mesenchymal cells into the osteoblastic phenotype, which may be 

useful if osteoblasts are the desired output but not in case hMSC expansion while preserving 

their differentiation potential is of interest. This was not the case with the bioreactor 

geometry and recommended operational parameters tested here. The results obtained are, 

therefore, consistent with the expected behaviour of TissueFlex®, along with alginate, high-

glucose DMEM, as well as the media flow-rate in terms of supporting perfused expansion 

of hMSCs while maintaining their differentiation potential. 

The most interesting result to emerge from this investigation was the performance of 

the top-inout configuration in terms of both glucose transport as well as shear. Perfused with 

media inlet rate of 25 µL/hr, the top-inout configuration resulted in a more efficient transport 

of glucose, in comparison with the symmetrical configuration perfused with media inlet rate 

of 100 µL/hr. Additionally, an increase in shear stress by two orders of magnitude for the 

bioreactors containing the slab, and by an order of magnitude for the bioreactors containing 

the bead (for the same media inlet rate) was also observed. This piece of data has significant 
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design implications, for it suggests that shear dependent differentiation can be induced by 

modifying bioreactor design to generate physiologically relevant shear stress at a laminar 

media inlet rate. As such, a variety of designs can be tested using CFD prior to the 

construction. This reinforces the significance of CFD as an investigative tool in general, and 

is a testament to CFD’s strength as a concept selection and design optimisation tool. 

Factor Parameters Day Glucose 
Consumption 

Standardised 
(fmol/hr/cell) 

Time201 

Days<7 <7 12 - 14 pmol/day/cell 583.3 

Days>7 >7 13 - 15.8 
pmol/day/cell 

658.3 

Days<7 <7 14 - 17 pmol/day/cell 708.3 

Days>7 >7 14 - 15 pmol/day/cell 625.0 

Cell Number178 

2×105 Averaged 357.3 ± 45.2 
fmol/hr/cell 

357.3 

1.5×105 Averaged 327.6 ± 47.8 
fmol/hr/cell 

327.6 

1×105 Averaged 272.8 ± 43.3 
fmol/hr/cell 

272.8 

0.5×105 Averaged 378.2 ± 127.7 
fmol/hr/cell 

378.2 

Cell Density202 

100 cells/cm2 Averaged 0.609 ± 0.029 
pmol/hr/cell 

609 

1000 
cells/cm2 

Averaged 0.155 ± 0.023 
pmol/hr/cell 

155 

Differentiation203 

Osteogenic 7 150 fmol/hr/cell 150 

21 250 fmol/hr/cell 250 

Chondrogenic 7 380 fmol/hr/cell 380 

21 360 fmol/hr/cell 360 

Oxygen 
Concentration201 

Normoxia <7 12 - 14 pmol/day/cell 583.3 

Normoxia >7 13 - 15.8 
pmol/day/cell 

658.3 

Hypoxia <7 14 - 17 pmol/day/cell 708.3 

Hypoxia >7 14 - 15 pmol/day/cell 625.0 

Table 3. 3: Variations in glucose consumption by mesenchymal stem cells. The table lists 
glucose consumption rates by the mesenchymal cells under factors such as culture time, cell 
density and population size, the amount of available oxygen, and the phenotype towards 
which the cells are progressing. While the range of consumpt ion can vary by a factor of 4, it 
varies within the same order of magnitude.  

The boundary conditions utilised herein, however, cannot be used when employing 

the slab morphology to either seed the higher cell density (10 million cells/mL of cell 

suspension) or deliver low-glucose DMEM (1 g/L). In both cases, especially the former, a 

rapid decline in glucose concentration was observed that could potentially result in cell death 
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or differentiation due to glucose depletion. Glucose distribution in the spherical morphology, 

however, due to low transport requirements, was not affected by any of the tested 

parameters. 

While the computational model was able to demonstrate that the default 

recommended operational parameters for TissueFlex® can support growth of hMSCs and 

that the bioreactor design can be slightly altered to obtain better transport and higher shear 

(which formed the basis of a new bioreactor morphology that is currently being developed), 

the model was not without limitations. The model did not consider proliferation or cell 

apoptosis, and assumed the presence of a constant cell population. This may have worked 

for this particular investigation, which aimed to investigate the capacity of TissueFlex® in 

supporting cell expansion at maximum capacity, however the model will need to be modified 

if it is to be utilised for other purposes, for example, determining ideal media perfusion rate.  

Secondly, the model considers expansion of hMSCs consuming glucose at a zero-

order rate of 270 fM/hr/cell. This does not fully reflect hMSC expansion in vitro, where 

alterations in glucose consumption are observed based on factors such as seeding density, 

quantity of oxygen (normoxia vs hypoxia), extent of expansion, and cell fate (i.e. 

chondrogenic vs osteogenic), as displayed in Table 3.3. For example, glucose consumption 

is inhibited during osteogenesis,178,203 is higher for a lower cell-density,178,202 varies between 

normoxic and hypoxic cultures (initial 7 days),201 and slightly variable (higher initially) 

between the early (first 7 days) and late phases of cell culture.201 Furthermore, this range is 

further widened by the fact that the consumption rate reported in Table 3.3 is determined for 

a heterogeneous population of mesenchymal cells, which makes it particularly challenging 

to report individual cell-to-cell variability. The averaged glucose consumption rate utilised 

in the model, thus, accounts only for hMSC growth period, which limits the model to hMSC 

expansion under culture conditions (precisely what is being simulated via the model).178 



 

113 
 

However, given that various rates, listed in Table 3.3, are within the same order of 

magnitude, the model prediction of sub-optimal performance, when low glucose 

concentration medium and a cell density of 10 million cells/mL cell suspension are 

employed as operation parameters with TissueFlex®, still stands. 

Moreover, the model considers glucose consumption at zero-order, independent of 

glucose concentration and cell growth rate. This, again, is an idealisation, which served this 

study as the model was developed to investigate bioreactor performance at full capacity. 

These simplifications, although they further restrict the model to the particular conditions 

listed in Methods, do not impact the aforementioned conclusions reported in this chapter. 

Still, the model must be advanced with components such as a concentration dependent 

consumption, growth dependent consumption, variable consumption rates at the different 

expansion and differentiation stages, etc. to be able to make more generally applicable 

predictions. Furthermore, the investigation relied on media which are generally categorised 

as containing low glucose concentration (1g/L) and high glucose concentration (4.5 g/L). 

High glucose concentration is generally associated with induction of apoptosis within 

growing cells or impairment of function,204 especially the pancreatic β-cells.205 For example, 

in rats, high glucose induces cellular senescence, whereas reduction in glucose amounts to 

increased proliferation and increased number of colony forming units.206 However, high 

glucose concentrations, both short- (4 days) and long-term (4 weeks), tend to have no (short-

term) or little (long-term) impact on the proliferation of hMSCs.207 Even a putatively toxic 

glucose concentration – 7.2 g/L – has, overall, no impact on cell viability or proliferation 

(both in the short- and long-term). In fact, shot-term exposure was associated with inhibitory 

effect on apoptosis.207 In the absence of relevant experiments (where concentration >7.2 g/L 

were tried) it is difficult to put a cap on glucose concentration deleterious to viability and 
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proliferation of hMSCs. As such, the concentrations of glucose utilised in this investigation 

can be safely assumed to promote hMSC viability and proliferation.207 

Finally, through this investigation the performance of the bioreactor system 

operating at maximum capacity in providing optimal mass transport to sustain cell growth 

was being evaluated. This meant the model considered constant permeability, in a worst-

case-scenario approach (regarding resistance, supply to the cells and consumption). The 

assumption of fixed permeability and porosity, however, is another limitation of the model. 

This will not be the case physically as both will vary due to scaffold degradation and 

deposition of matrix by the growing cell population. This is a non-trivial set of processes to 

incorporate within any model, scaffold degradation and matrix deposition will have 

opposing impact on permeability, which needs to be experimentally evaluated. This, 

however, does not influence the results presented here with respect to transport of glucose, 

for the boundary conditions assumed the maximal loading state, and, thereby, minimal 

permeability, that the same system would eventually evolve to in vitro. 

The parameters considered in this analysis were based on their practical utility. For 

example: the shape and dimensions of the bioreactor were based on the wells of a 96-well 

cell culture plate, concentration of glucose based on a commonly available nutrient medium, 

the choice of scaffold material, morphology, and dimensions were based on ease of 

preparation, and cell phenotype on the more widely employed cell types because of their 

robustness, plasticity, and ease of availability. As such, the results can be applied as a guide 

while setting up culturing experiments for cells where cell expansion may be desired over 

shear-dependent differentiation. Furthermore, the evidence that low media inlet rates can 

lead to higher shear by varying bioreactor configuration proves how CFD can be employed 

to design bioreactors to expose cells to physiologically relevant shear at laminar flow rates. 
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3.5 SUMMARY 

Investigations presented in this chapter aimed to evaluate the efficacy of CFD as a 

robust analytic and design tool. CFD was, therefore, utilised to simulate flow and transport 

within the TissueFlex® microbioreactor to determine their impact on hMSC expansion. The 

default recommended configuration and operational parameter ranges of the TissueFlex® 

microbioreactor were found to be suitable for cell survival and expansion. Furthermore, the 

data revealed that if mechanical conditioning is of interest the top-inout configuration (after 

optimising the culture media delivery rate) can potentially be utilised to induce 

physiologically neutral shear stress at construct surfaces while at the same time maintaining 

laminar flow. This finding, accessible only via computational modelling further 

demonstrates the capability of CFD as a design optimisation tool. Despite the fact that the 

methodology captures the continuous phase of a given biological system with high fidelity, 

it, however, cannot be used to capture the interactions based evolution of a cellular system, 

due to reasons discussed previously, for which recourse to the discrete paradigm is 

suggested. This is due to the underlying assumption of component homogeneity. The model, 

and the approach, however, can still be employed to develop a framework that can simulate 

the dynamic relationship between cells, their environment, as well as mass transport 

(discussed in Chapter 5) – but only as the modality that accounts for the physicochemical 

aspects of a biological system. In the next chapter, the author presents and explores a 

computational paradigm that offers realistic representation formalism for modelling the 

entire array of biological behaviours.          
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In Chapter 3, a CFD methodology – solving Navier-Stokes equations via the Finite-Volume 
formulation – was utilised to model the impact of bioreactor hydrodynamics on the expansion 
of a mesenchymal stem cell population. The investigation, of commercial interest, also 
displayed the significance of CFD as a design optimisation tool. However, as discussed in 
Chapter 2, the formulation cannot be applied without assuming system homogeneity. As such, 
the methodology cannot be used to quantify cellular behaviour, its impact on 
microenvironment, and vice versa. The overarching aim of this chapter is to present the 
technique of agent-based modelling (ABM) as suited to the task of quantifying cellular 
behaviour. Here, the Flexible Large-scale Agent-based Modelling Environment, an agent based 
platform, is used to create a novel validated 3D model of in vitro osteogenesis to determine the 
mechanism of osteoblast differentiation within intramembranous condensations. Images and 
certain sections have been reused under the Open-Access License.xviii 

4.1 INTRODUCTION  

apturing the dynamism that pervades biological systems requires a 

computational approach that can accommodate both the continuous features of 

the system environment as well as the flexible and heterogeneous nature of 

component interactions. This presents a serious challenge for the more traditional 

mathematical approaches that assume component homogeneity to relate system observables 

using mathematical equations. While the homogeneity condition does not lead to loss of 

accuracy while simulating various continua, it fails to offer detailed solutions when applied 

to systems with dynamically interacting heterogeneous components. As the functionality 

and architecture of most biological systems is a product of multi-faceted individual 

interactions at sub-system level, continuum models are challenged to offer much beyond 

qualitative similarity. Agent-based modelling is a class of algorithmic computational 

                                                           
xviii The work presented in this chapter appeared as: Kaul H, Hall BK, Newby C, Ventikos Y. Synergistic 
activity of polarised osteoblasts inside condensations cause their differentiation. Scientific Reports, 
2015, 5: 11838. 
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approaches that relies on interactions between agents to simulate, from the bottom-up, 

macroscopic properties of a system. In recognising the heterogeneity condition, they offer 

suitable ontologies to the system components being modelled, thereby succeeding where 

their continuum counterparts tend to struggle. Furthermore, being inherently hierarchical, 

they are quite amenable to coupling with other computational paradigms. In this chapter an 

investigation into the dynamics of osteoblast differentiation within intramembranous 

condensations is presented, which is aimed to fulfil the objective of this chapter: to simulate 

a 3D morphogenetic phenomenon with implications in the TERM context. The 3D agent-

based model provides novel insights into a long standing question in bone morphogenesis: 

how do osteoblasts differentiate into osteocytes? The results presented herein open an 

alternative path for the development of novel approaches aimed to treat skeletal defects of 

development, repair, and remodelling. The model itself promises to play a key role towards 

the design, optimisation, and testing of ways to stimulate and/or enhance osteogenesis. 

As discussed in Chapter 2 and in the following section (§4.2.1), the discrete paradigm 

has been utilised to model pattern formation,116,208 osteogenesis,209 chondrogenesis,210,211 

angiogenesis,113 epithelial renewal in skin,212 ureteric bud branching in kidney,117 and limb 

formation.115 Osteogenesis was chosen as the subject of this investigation as it scored heavily 

on the following criteria: (i) ease of model development due to availability of biological and 

computational literature; (ii) rapid translation of model conclusions to bench, and (iii) 

experimental/commercial exploitability of the exemplar. On each account, especially 

considering the time constraints associated with the thesis, osteogenesis performed better. 

For example, although the feasibility of growing microvascular networks ex vivo, including 

models that generate features of the in vivo vascular microenvironment with fine resolution, 

has been demonstrated in a number of recent investigations,213-216 these models ideal are 

distant from the ideal scenario of employing the developing vasculature to construct a fully 
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functional multicellular tissue structure. Considerable advancement, however, has been 

made in developing osteogenic (as well as chondrogenic and epidermal) structures in vitro, 

relatively speaking. Furthermore, the amount of developmental and evolutionary literature 

published on osteogenesis, especially on the subject of osteoblast differentiation made it an 

obvious contender for this investigation. Chondrogenesis, as such, was not considered. 

However, given that the two processes share quite a few steps, the model presented can be 

easily altered and optimised to simulate chondrogenesis. Developing an epidermal model, 

as it did not score very heavily on criterion (iii) and the lack of expertise within the group 

on this topic, was, therefore, also disregarded. 

4.2 THE CONTEXT 

The last few years have witnessed a global surge in the number of patients receiving 

bone defect repairs with associated costs expected to exceed $5 billion by the year 2020.217 

The rapidly burgeoning field of bone tissue engineering is expected to reduce the bulk of 

this burden by developing constructs that will enhance bone repair and regeneration.218 Bone 

tissue engineering relies on exploiting the principles of bone development, which regulate 

the decision-making and executive events observed, initially, during embryogenesis and, 

later, in the form of regeneration. An essential feature of the template followed, observed as 

the decision-making event during osteogenesis as well as development of other 

mesenchymal structures, is the formation of condensations, which are considered as the 

fundamental unit of morphological change in organogenesis during vertebrate evolution.219 

Condensation is defined as cellular aggregates that result in the formation of more 

specialised tissues either during embryogenesis and/or regeneration, and is a product of 

epithelial-mesenchymal interactions. Hall and Miyake220 identify condensation as a multi-

step process involving initiation, establishment of boundary conditions, cell adhesion, 
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proliferation, growth, and cessation of growth. The foregoing series of events in turn 

facilitate regulation of genes220 for either chondrogenesis, which can be replaced by bone 

(as occurs during endochondral ossification where the initially formed cartilage is replaced 

by bone), or osteogenesis (as occurs during intramembranous ossification)221. Condensation 

maturation is, eventually, followed by the differentiation of precursor cells into an 

osteoblastic lineage, deposition and mineralisation of osteoid, and the terminal 

differentiation of osteoblasts into osteocytes – collectively, the executive event.    

In endochondral ossification the mesenchymal cells differentiate into cartilage, 

which is gradually replaced by bone. This process of osteogenesis initiates prenatally and 

forms compact bones.  Endochondral ossification is divided into five stages: (i) 

mesenchymal cells, instructed by paracrine factors released by nearby cells, commit to 

differentiating into cartilage cells; (ii) committed cells condense into compact nodules and 

differentiate into chondrocytes; (iii) chondrocytes proliferate rapidly, while also secreting 

cartilage-specific extracellular matrix, to form the model for the bone; (iv) chondrocytes 

terminate proliferation and increase their volume to turn into hypertrophic chondrocytes, 

which alter their matrix production to make it mineralised; and, finally, (v) the invasion of 

the cartilage by blood vessels, apoptosis of the hypertrophic chondrocytes (providing the 

space for bone marrow), differentiation of cells surrounding the cartilage model into 

osteoblasts that deposit bone matrix on the partially degraded cartilage, and the eventual 

replacement of cartilage  by bone.222 In intramembranous ossification, mesenchymal tissue 

is directly converted into bone forming flat bones of the skull, which are immature at birth 

with ossification continuing postnatally. During intramembranous ossification 

mesenchymal cells proliferate and condense into nodules. Some of these cells develop into 

capillaries and others transform into osteoblasts. Osteoblasts secrete a collagen-

proteoglycan matrix, referred to as osteoid, which can bind with calcium salts resulting in 
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mineralised matrix. The osteoblasts that get trapped within the calcified matrix differentiate 

into osteocytes, i.e. bone cells.222    

Whether endochondral or intramembranous, the mechanics of bone development – 

especially condensation, its impact on bone deposition, and the subsequent formation of 

osteocytes – are poorly understood.17 Thirty five years ago, Knese223 hypothesised osteoblast 

entrapment within osteoid (secreted either by the cell itself causing self-entrapment or by 

neighbouring cells) as responsible for triggering their differentiation into osteocytes. In the 

years that followed, Ham and Cormack224 suggested that (i) pre-osteoblasts located within 

condensations deposit osteoid in all directions; Bloom and Fawcett225 and Ferretti et al.226 

opined (ii) non-selective deposition of osteoid due to random orientation of polarised 

osteoblasts; Romer227 and Windle & Nonidez228 implicated (iii) synchronised activity of 

polarised osteoblasts; and Palumbo et al.229 and Nefussi et al.230 proposed (iv) termination 

of osteoid deposition as the potential mechanisms responsible for the differentiation of 

osteoblasts into osteocytes. The aforementioned viewpoints, building further on the 

entrapment hypothesis – (i), (ii) implicating self-entrapment whereas (iii), (iv) entrapment 

due to activity of neighbouring cells – are predicated on osteoblast polarity, which in 

influencing the direction of osteoid deposition regulates osteoblast entrapment. Franz-

Odendaal et al.17, in the most complete and detailed review on the subject, further elucidated 

the entrapment hypotheses and outlined, based on the work of the aforementioned 

investigators, four mechanisms (Figure 4.4), by which osteoblast entrapment can occur. 

They are as follows: 

1. Osteoblasts are apolar and deposit osteoid in all directions. They, therefore, become 

‘buried’ in their own osteoid;  
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2. Osteoblasts can be polarised, and polarity is a property of individual cells. As such, 

each polarised osteoblast secretes osteoid in one direction only, causing self-

entrapment; 

3. Multiple osteoblasts can be polarised in the same direction, and polarity is a property 

of a cellular layer. Therefore, new osteoblast generations (or layers) bury their 

preceding counterparts; and, finally, 

4. Multiple osteoblasts can be polarised in the same direction, but certain osteoblasts in 

each layer slow down their rate of, or stop, osteoid deposition, thereby undergoing 

entrapment due to activity of neighbouring osteoblasts. 

The manner in which the cells’ organisation,227,228, or lack thereof,225,226 contributes 

to their (self-) entrapment, and subsequent differentiation, remains unclear. Clarity on the 

mechanics of osteogenesis, especially from a quantitative perspective, is crucial to enable 

the design and development of more robust and optimal bone tissue engineering strategies. 

As an example, understanding the dynamics governing osteogenesis can help develop more 

precise culture methods and cellular therapeutics targeted to particular stages of bone 

development, fracture healing, and correction of segmental defects. Quantified 

understanding will also assist in determining the optimal number of relevant cells required 

in a tissue engineered graft to be employed to treat growth deficiencies and/or augment bone 

density around a foreign implant. Moreover, in quantitating the initiation of mineralisation 

and osteoblast recruitment, interventions to augment osteogenesis in osteoporosis can be 

further developed and/or optimised. Furthermore, clarity on the mechanics of osteogenesis 

is crucial also, as many skeletal abnormalities and syndromes have their origin in cellular 

condensations231 and deviation from the normal mechanism of osteoid deposition. Finally, 

a quantitative understanding of mesenchymal condensation, in addition to providing insights 
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into the foremost stage of bone development, will inevitably provide foray into the process 

of mesenchymal condensation and, thus, mesenchymal organogenesis. 

 
Figure 4. 1: Osteoblast differentiation pathway, the underlying mechanisms, and the 
ontological relevance of ‘agents’ to cells. (A)  represents the list of events and 
differentiation pathways that progenitor cells undergo before transitioning into osteoblasts 
and, eventually, osteocytes.  Of relevance to this investigation are events displayed in the 
centre, in which bone forms through intramembranous ossification. In endochondral 
ossification, the alternative pathway, hypertrophic chondrocytes have been indicated to 
differentiate into osteoblast-like cells. The figure was adapted from Ref. 232. In (B), the 
possible ways (hypotheses #1-4) of matrix deposition by osteoblasts, as presented in  Ref. 17 , 
are shown. The left column represent the situation before osteoblasts are trapped within the 
matrix. The arrows represent the direction of matrix deposition by osteoblasts. Black shaded 
cells represent the cells that will be entrapped within the matrix and the solid line represen ts 
the bone surface. The grey shaded cells in the right column indicate former osteoblasts that 
turn into osteocytes. (C)  Agents are computer programs that are capable of detecting local 
information and initiate decision making based on a set of rule -set attributed to them at 
discrete time steps. In that sense, they act very much like a biological cell. In this frame, a 
parallel between an agent and a cell is shown. Based on the incoming cue (signalling molecule, 
architectural constraint, mechanical conditioning, etc.) both the agent and the cell end up 
changing their ‘state’ (to chemotaxis or differentiation, etc.), producing an output signal 
(autocrine or paracrine), and updating their memory (i.e. the new differentiated state, etc.). 
(B) was reproduced with kind permission from Ref. 17 © (2005) John Wiley and Sons . 

In this chapter, using intramembranous osteogenesis as an exemplar, the author aims 

to shed light on the mechanics of bone formation. However, observing (one or all of) the 

hypothesised mechanisms in operation experimentally is almost impossible due to inherent 

logistical and technical issues. These include the dynamic nature of osteogenesis and the 
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developmental complexity of condensations, which provide the cellular resource from which 

individual skeletal elements arise. Furthermore, as these hypotheses represent a collage of 

periodic static snap-shots of osteogenesis, they provide little insight into the initial and 

boundary conditions required to initiate, observe, and assess the validity of each mechanism. 

A computational strategy is a useful investigative approach for cases such as this, where 

either suitable experimental techniques/apparatuses do not yet exist; or the level of 

complexity associated with the system under observation makes it difficult to design as well 

as conduct experimentation; or the enormity of experimental data necessitates algorithms to 

link data existing across a variety of hierarchical levels to assess the complexity of the 

system. The approach allows for comparison of alternative hypotheses continuously over 

long periods inexpensively, making them ideal for studying dynamics of biological 

organisation.212 As the process of condensation initiation and growth, matrix deposition, and 

osteoblast differentiation in general, especially as presented in the hypotheses, all have 

spatial and interactional context to them, agent-based modelling233 was employed to (i) 

simulate the process of condensation formation and osteoid mineralisation, (ii) evaluate the 

hypotheses in terms of their ability to capture the differentiation of osteoblasts into 

osteocytes, and (iii) investigate parameters related to osteoblast recruitment and osteoid 

synthesis that have been implicated in pathological eventualities, such as osteoporosis. 

4.2.1 THE COMPUTATIONAL LANDSCAPE 

Garfinkel et al. (2004)208 modelled the self-organisation of vascular mesenchymal 

cells (VMCs) by a 2D model of morphogen interaction in a reaction-diffusion process, first 

proposed by Turing.234 The reaction-diffusion partial differential equations capture pattern 

formation, such as condensation, by modelling the interactions of activators and their 

inhibitors. Garfinkel and co-workers hypothesised bone morphogenetic protein-2 (BMP-2) 

as the activator and matrixcarboxyglutamic acid protein (MGP) as the inhibitor for their in 
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vitro VMC culture. A system of partial differential equations were developed by the 

investigators to represent interactions between BMP-2, represented as U(x, y), and MGP, 

represented as V(x, y), which were informed by reaction kinetics as observed in vitro. 

 𝜕𝑈

𝜕𝑡
= 𝐷(∇2𝑈) + 𝛾 [

𝑈2

(1 + 𝑘𝑈2)𝑉
− 𝑐𝑈] 

(4.1) 

 𝜕𝑉

𝜕𝑡
= (∇2𝑉) + 𝛾(𝑈2 − 𝑒𝑉 + 𝑆) 

(4.2) 

 

In equations (4.1) and (4.2), the effective concentrations of the activator and inhibitor 

evolve based on dimensionless variables D = DU/DV – the ratio of the diffusion coefficients 

of the activator and inhibitor and γ – the factor that relates the chemical kinetics, spatial 

domain size, and the diffusion rates. The autocatalytic impact of the activator on its 

concentration can be observed in (4.1), which uses the sigmoidal form U2/(1+kU2)  to 

account for autocatalysis saturation. The presence of inhibitor in the denominator accounts 

for the inhibition. In (4.1), the (first-order) degradation of the activator is modelled with the 

decay rate of c. In (4.2), the presence of U2 accounts for the “greater than linear” impact of 

BMP-2 on MGP expression, eV accounts for first-order degradation of the inhibitor at rate 

e, and S accounts for an exogenous source of inhibitor. The model was able to robustly 

predict how changes in activator/inhibitor concentration and chemical intervention (the 

investigators treated their cell culture with Warfarin, which partially blocks the inhibitory 

action of MGP on BMP-2) will lead to changes in patterns. 

Kiskowski et al. (2004)210 utilised the lattice based approach to investigate 

chondrogenic condensations by integrating the rule-based approach with a reaction-

diffusion model. Their model allowed for cell movement, cell-matrix adhesion, and a very 

basic activator-inhibitor coupled reaction-diffusion. In the model, transforming growth 

factor-β (TGF-β) acted as the activator (represented as A) and a lateral inhibitor of 
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condensation acted as the inhibitor (represented as B). Just like the model proposed by 

Garfinkel and co-workers,208 A autocatalysed its own synthesis, stimulated production of B 

at low-levels, and diffused at a slower rate than B. B, on the other hand, inhibited A and 

underwent a decay following its inhibitory activity. These interactions are captured by the 

following equations: 

 𝛿𝐶𝐴

𝛿𝑡
= 𝜑𝐴(𝑛𝑐) − 𝛽𝐴𝐶𝐵 

(4.3) 

 𝛿𝐶𝐵

𝛿𝑡
= 𝜑𝐵(𝑛𝑐) −

∆𝐶𝐴
𝐶𝐵

⁄  
(4.4) 

where, nc represents the number of cells, C the concentration of A and B, and ΔCA the change 

in concentration of A due to inhibition. In (4.3) and (4.4), 𝜑 is a step-function that accounted 

for the concentration-dependent production of A and B (both on the concentration of A), 

which is shown below:  

 
𝜑𝐴 = {

(𝛼𝐴𝐶𝐴), 𝑖𝑓 (𝛼𝐴𝐶𝐴) < 𝐴𝑚𝑎𝑥

 𝐴𝑚𝑎𝑥,   𝑖𝑓 (𝛼𝐴𝐶𝐴) ≥ 𝐴𝑚𝑎𝑥
} 

(4.5) 

 
𝜑𝐵 = {

(𝛼𝐵𝐶𝐴), 𝑖𝑓 (𝛼𝐵𝐶𝐴) < 𝐵𝑚𝑎𝑥

 𝐵𝑚𝑎𝑥,   𝑖𝑓 (𝛼𝐵𝐶𝐴) ≥ 𝐵𝑚𝑎𝑥
} 

(4.6) 

 

where, αA is an arbitrary parameter > 0 that influences the autocatalytic synthesis of A; Amax 

and Bmax  the maximum concentrations of A and B that a cell can produce. Inhibition of A by 

B occurs in proportion to another arbitrary parameter βA > 0, which indicates the strength of 

inhibition. Following the update of morphogen concentrations, each cell created a substrate 

adhesion molecule (SAM), if the concentration of A exceeded a certain threshold At. 

Diffusion of SAM was also incorporated within the model though to neighbouring nodes. 

Increase on the amount of SAM had an inhibitory impact on cell movement, which could be 

trapped within a certain area. This was modelled as a probabilistic event. These set of 

equations was integrated with the CA model via the following developmental model: 
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 Cells migrate randomly with a constant diffusion rate unless their environment, with 

respect to SAM, alters 

 All cells produced A, which stimulated cells to produce more of it 

 Cells in incipient condensation produced B 

 A induces cells to produce SAM 

 Cell motility was impeded in domains with elevated SAM concentration 

 

In the model, uniformly distributed cells on the lattice produced activators, which 

stimulated cells to up-regulate activator and inhibitor production. Once a critical amount of 

activator was deposited, cells produced substrate adhesion molecule that impeded cell 

movement. Despite the simplifications the model was successful in reproducing the patterns 

and spacing of pre-cartilage condensations. The model also proved useful in studying the 

impact of relevant parameters on these patterns; for example, decreasing the initial cell 

density resulted in increased spaces within the condensations (also an empirical 

observation).  

The model, however, had certain limitations, which included lack of correspondence 

between experimental and temporal scales, omission of the combined impact of other cell 

adhesion molecules, and a single scale for both the cells as well as morphogen “units”.211 

The model was refined by Christley et al. (2007)235 who combined substrate adhesion with 

reaction-diffusion. Their advancement included modelling cells and the cells’ molecular 

products (i.e. the morphogens and the extracellular matrix molecules) at different scales (a 

more appropriate choice), attributing condensations to ‘rounding up’ (in shape) of cells 

rather than their movement, and adding the observation that cellular movement rate 

increases (despite their accumulation) in regions of cell-ECM adhesive interactions. The 

investigators achieved this by modelling a single cell as an extended object occupying 

multiple grids (7 for normal, and 5 for ‘rounded’ cells ready to condense) and increasing cell 

‘diffusion’ rate in response to fibronectin (the cell SAM). The basic structure of the reaction-
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diffusion equations was the same as described for Kiskowski and co-workers.210 Cell 

behaviour, molecular dynamics, and fibronectin production were integrated into a 

simulation code through the algorithm shown in Box 1. 

For each iteration 
    Generate a randomised list of agents 
    For each agent 
        Undergo migration (probabilistic) 
        Undergo shape change 
    End 
    Calculate the concentration of the activator and inhibitor 
    Determine if any cells have reached threshold for differentiation 
    Calculate fibronectin production 
End 

Box 4. 1: Algorithm utilised by Christley and co-workers to integrate cell behaviour, 
molecular dynamics, and fibronectin production. 

In addition to being biologically more relevant, the model identified two distinct 

parameter regimes of behaviour depending upon the rate of chemical reactions. Slow 

reaction rates led to stable morphogen peaks, whereas fast reaction rates led to oscillatory 

peaks. The latter proved more stable with respect to changes in parameters. Experimental 

data indicating oscillatory response to TGF-β was pointed as evidence for the existence of 

oscillatory regimes observed in the simulations. 

Employing a different methodology – that of cellular potts modelling (CPM) – Zeng 

et al. (2004)116 investigated whether substrate adhesion independently can account for 

chondrogenic patterning. They modelled cells, like Christley and co-workers, as extendable, 

multi-pixel objects and focused on the role of TGF-β as an up-regulator of fibronectin.  The 

investigators, based on observations that implicated cell attachment to the ECM as well as 

enhanced cell-cell adhesion as sufficient to promote condensation, devised the model to test 

if a simpler mechanism could account for biological, and in particular chondrogenic, 

patterning. The CPM Hamiltonian – modified from equation (2.55) – employed in the model 

is described in equation (4.7). 
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𝐻 = ∑ 𝐽𝜏,𝜏′(𝜎(𝑖, 𝑗), 𝜎(𝑖′, 𝑗′)){1 − 𝛿𝜎(𝑖,𝑗),𝜎(𝑖′,𝑗′)}

(𝑖,𝑗),(𝑖′,𝑗′)

+ ∑𝜆𝐴(𝜏)(𝐴(𝜎) − 𝐴𝑡(𝜏))
2

𝜎

+ ∑ 𝜇(𝜏)𝐶𝑓(𝑖, 𝑗)

(𝑖,𝑗)

 

(

(4.7) 

In equation (4.7), as in equation (2.55), the first two terms account for (i) surface 

adhesion energy between cells and between cells and their environment – the investigators 

employed 20 fourth nearest neighbours, and (ii) a cell’s resistance to compression. The third 

term, added by the investigators in this case, which reflects the flexibility and ease of 

implementation of CPM, captured the preferential attachment of cells to fibronectin. In (4.7), 

Cf(i, j) represents fibronectin concentration at the site (i, j), and μ(τ) the strength of 

fibronectin binding. Additionally, an assumption was made that all cells possess the same 

value of μ, and that the energy of a cell decreases by μCf(i, j) if it occupies a pixel previously 

occupied by medium (and increases by the same factor if the reverse is true).  

The model showed that pattern formation can indeed be obtained with a density-

related mechanism independent of the Turing approach. In their model, the instability arose 

from positive feedback in fibronectin production: cells stayed longer in regions with 

fibronectin, became more adhesive, and produced more fibronectin until cells stick closer 

and cluster could not coalesce any more. The model robustly reproduced certain 

experimental observations, such as the dependence of patterns on the initial cell density. 

Osteogenesis has been also investigated by a range of continuum methods, albeit in 

the context of fracture healing, which progresses due to activation of regenerative pathways 

that recapitulate aspects of pre- and post-natal bone growth.236 There exist a plethora of 

mechanoregulatory models that simulate osteogenesis in the form of regeneration, 

modelling, or remodelling.237 Lacroix and Prendergast238 discuss tissue differentiation 

patterns during fracture healing of long bones. The authors were working with the hypothesis 



 

129 
 

that fluid flows in combination with the shearing strain regulate tissue differentiation within 

the fracture callus. They developed a finite-element model where tissues were represented 

as biphasic materials with solid and fluid components, which worked with a regulation 

algorithm proposed previously by Prendergast et al. (1997).97 According to the algorithm, 

high levels of biophysical stimuli prompted differentiation into the fibroblastic phenotype, 

intermediate levels into chondrocytic phenotype, and low levels into osteoblastic phenotype. 

The model considered resorption to be dependent upon the decrease in strain and fluid flow, 

and also considered cellular proliferation and differentiation. Various gap sizes and loading 

magnitudes were simulated confirming the working hypothesis of the investigation. A 

shortcoming of these mechanoregulatory models is that they do not consider biological 

mechanisms or the impact of mechanical cues on biological mechanisms (and vice versa). 

A more complete picture emerges with bioregulatory157 models, which simulate bone 

regeneration as directed by biochemical cues (i.e. growth factors and precursor cells), and 

hybrid mechano-/bio-regulatory models.  

The model proposed by Bailon-Plaza & van der Meulen (2001)236 is a case in the 

point. It captures the impact of growth factor on intramembranous and endochondral 

ossification observed during bone healing. Their model relied on seven biochemical factors: 

(i-iii) density of cells (mesenchymal, chondrocytes, and osteoblasts); (iv-v) growth factors 

(chondrogenic and osteogenic); and (vi-vii) extracellular matrix (cartilaginous and bone). 

This diversity of variables allowed the investigators to capture a wide range of cellular 

behaviours: proliferation, migration, differentiation, growth factor production, as well as 

ECM synthesis and degradation. The densities of cells change due to migration 

(mesenchymal only), proliferation, differentiation, endochondral replacement 

(mesenchymal cells only), and apoptosis (osteoblasts only); whereas changes in matrix 

density occurs as a result of synthesis and degradation. Changes in growth factor 
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concentration occur due to a combination of diffusion, production, and decay. The model 

was mathematically captured by (the partial-differential) equations (4.8) – (4.13),xix which 

were solved using the finite-difference scheme. Intramembranous ossification was modelled 

as the direct differentiation of mesenchymal cells into osteoblasts due to presence of critical 

growth factor concentration, and endochondral ossification as localised degradation of 

cartilage and simultaneous formation of bone, occurring due to the replacement of 

chondrocytes by osteoblasts under the influence of TGF-β.   

 𝜕𝑐𝑚

𝜕𝑡
= ∇. [𝐷∇𝑐𝑚 − 𝐶𝑐𝑚∇𝑚] + 𝐴𝑚𝑐𝑚[1 − 𝛼𝑚𝑐𝑚] − 𝐹1𝑐𝑚 − 𝐹2𝑐𝑚 

(4.8) 

 𝜕𝑐𝑐

𝜕𝑡
= 𝐴𝑐𝑐𝑐[1 − 𝛼𝑐𝑐𝑐] − 𝐹2𝑐𝑚 − 𝐹3𝑐𝑐 

(4.9) 

 𝜕𝑐𝑏

𝜕𝑡
= 𝐴𝑏𝑐𝑏[1 − 𝛼𝑏𝑐𝑏] − 𝐹1𝑐𝑚 + 𝐹3𝑐𝑐 − 𝑑𝑏𝑐𝑏 

(4.10) 

 𝜕𝑚𝑐

𝜕𝑡
= 𝑃𝑐𝑠(1 − 𝜅𝑐𝑚𝑐) × (𝑐𝑚 + 𝑐𝑐) − 𝑄𝑐𝑑2𝑚𝑐𝑐𝑏 

(4.11) 

 𝜕𝑚𝑏

𝜕𝑡
= 𝑃𝑏𝑠(1 − 𝜅𝑏𝑚𝑏)𝑐𝑏 

(4.12) 

 𝜕𝑔

𝜕𝑡
= ∇. [𝐷∇g] + 𝐸𝑔𝑐 − 𝑑𝑔 

(4.13) 

 

This framework was later expanded by the same investigators239 by incorporating 

the stimulatory and inhibitory impact of mechanical stimulus on ossification. The rate of 

mesenchyme cell differentiation into osteoblasts, bone synthesis, and chondrocyte 

                                                           
xix In equations (4.8) – (4.13), variables labelled cx, mx, and gx represent the cell and matrix densities, and 
growth factor concentration respectively. The sub-scripts to these, i.e. m, c, and b, refer to mesenchymal 
cells, chondrocytes, and osteoblasts respectively. Equation (4.1) represents change in the density of 
mesenchymal cells due to migration, proliferation, and differentiation. D and C represent haptotactic 
and haptokinetic migration speeds, m matrix density, F1 and F2 relate cell differentiation to growth factor 
concentrations. Am, Ac, and Ab represent proliferation rates; and αm, αc, αb are non-dimensional 
parameters derived from limiting cell densities. F3 in (4.9), which captures change in density of 
chondrocytes due to proliferation, differentiation, and endochondral replacement, also relates 
differentiation to growth factor concentration. In (4.10), which captures change in concentration of 
osteobalsts due to proliferation, differentiation, and apoptosis, db captures rate of apoptosis. Equation 
(4.11) and (4.12) capture rate of change of cartilage and bone matrix density (respectively) due to 
synthesis and degradation. Here, Pcs and Pbs represent synthesis constants; Qcd1, Qcd2, Qbd represent 
degradation constants, and κb and κc are non-dimensional numbers capturing the ratio of synthesis and 
degradation constants. Finally, equation (4.13) represents change in growth factor concentration due to 
synthesis, diffusion, and decay. Here, D represents the diffusion coefficient of the growth factors, Eg 
relates growth factor synthesis to growth factor concentration, and d is the decay constant.   
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replacement and cartilage degradation during endochondral ossification was made 

dependent upon the local mechanical environment. The finite-element approach was used to 

determine the strains in the callus. The element’s Young’s modulus (Eelement) and Poisson’s 

ratio (υelement) were calculated based on the element’s bone and cartilage density fractions if 

the element’s bone or cartilage density exceeded a certain threshold, as represented by 

equations (4.14) and (4.15), (mixture’s law). 

 
𝐸𝑒𝑙𝑒𝑚𝑒𝑛𝑡 =

(𝐸𝑐 × 𝑚𝑐′) + (𝐸𝑏 × 𝑚𝑏)

(𝑚𝑐′ + 𝑚𝑏)
 

(4.14) 

 
𝜈𝑒𝑙𝑒𝑚𝑒𝑛𝑡 =

(𝜈𝑐 × 𝑚𝑐′) + (𝜈𝑏 × 𝑚𝑏)

(𝑚𝑐′ + 𝑚𝑏)
 

(4.15) 

 

Here, Ec, υc, Eb, υb represent the elastic constants for cartilage and bone, and mc’ the 

fraction of connective/cartilage density (mc) produced by chondrocytes (refer to (4.16)). The 

model was calibrated by employing well-defined in vivo experiments and demonstrated the 

dependence of successful healing on moderate mechanical loading and adverse effects of 

insufficient, delayed, or excessive mechanical loading. 

 
𝑚𝑐′ = (

𝑐𝑐

𝑐𝑐 + 𝑐𝑚
)𝑚𝑐 

(4.16) 

   

This mechanobioregulatory model, though extensive in terms of the number of 

agents considered towards ossification, had certain limitations, which included absence of 

angiogenesis, lack of distinction between cartilagenous and fibrous tissue components of the 

callus, and a very simplistic treatment of endochondral ossification. These limitations were 

specifically addressed by Geris et al. (2008),240 who advanced the bioregulatory model 

developed by Bailon-Plaza & van der Meulen (2001),236 i.e. equations (4.8) – (4.13), and 

proposed a more inclusive and complete model of osteogenesis. Geris and co-workers 

included a description of angiogenesis, separated the description of cartilage and fibrous 
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tissue, and incorporated chemotaxis as a migratory mechanism (in addition to haptotaxis). 

Angiogenic effects on ossification were incorporated by adding endothelial cells, vascular 

matrix, and a generic angiogenic growth factor (cv, mv, gv respectively). The fibroblastic 

component was incorporated by adding fibroblasts and fibrous tissue density (cf and mf 

resectively). In doing so, the investigators generated a PDE model of “taxis-reaction-

diffusion”. Migration of mesenchymal cells in the model was handled by haptokinetics and 

a chemotactic response to osteogenic and angiogenic growth factors, and stem cell 

proliferation was dependent upon the surrounding matrix density. Presence of fibroblasts 

was accounted for as a result of mesenchymal cell differentiation and migration (modelled 

by means of a constant diffusion rate). Endothelial cell invasion into the callus was 

accounted for by random and chemotactic (up the angiogenic growth factor concentration) 

migration. Matrix production, in the model, was assumed to decrease with increase in the 

surrounding matrix density. Growth factors were able to diffuse (with constant diffusivity) 

within the callus. Angiogenic growth factors were produced by osteoblasts and hypertrophic 

chondrocytes; the production rate being proportional to existing growth factor 

concentrations. 

Intramembranous ossification, in this model, was accounted for by differentiation of 

mesenchymal cells into osteoblasts in the presence of angiogenic and osteogenic growth 

factors, as shown in (4.17). Here, Fi is the function relating differentiation to growth factor 

concentration and which is fed into the modified forms of equations (4.8) and (4.10) in the 

model proposed by Geris et al. (2008)240; and Y1, Y2, H1, H2 are relevant constants.  

 
𝐹𝑖 =

𝑌1𝑔𝑏

(𝐻1 + 𝑔𝑏)
.

𝑌2𝑔𝑣

(𝐻2 + 𝑔𝑣)
 

(4.17) 

Endochondral ossification was modelled through an initial removal of fibroblasts 

from the callus and growth factor induced drop in proliferation and a concomitant maturation 
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of chondrocytes towards a hypertrophic phenotype (the latter modelled by attainment of a 

certain cartilage density and represented as the first factor in (4.18). Hypertrophic 

chondrocytes ceased production of chondrogenic growth factors (which drop to zero) but 

upregulate growth factors that recruit endothelial cells (second factor in (4.18) as well as 

osteoblasts (second factor in (4.18). The migration of osteoblasts, however, is chemotactic, 

dependent upon the concentration gradient of the osteogenic growth factor. Following 

invasion of the callus by osteoblasts, they start producing matrix and are deposited within 

the matrix and either apoptosed or differentiate into osteocytes (this “removal” was modelled 

using a constant decay term). In equation (4.18), Y3, Bec, Bv, and H3 act as relevant constants. 

For brevity, only the two most relevant equations were discussed, as the rest are, 

fundamentally, similar to the original model proposed by Bailon-Plaza & van der Meulen 

(2001).236 

 
𝐹𝑒 =

𝑚𝑐
6

(𝐵𝑒𝑐
6 + 𝑚𝑐

6)
.

𝑚𝑣
6

(𝐵𝑣
6 + 𝑚𝑣

6)
.

𝑌3𝑔𝑏

(𝐻3 + 𝑔𝑏)
 

(4.18) 

   

Due to the length scale involved, few approaches have been individual-/agent-level 

based. A simple, yet comprehensive, lattice-based discrete model was proposed by Checa 

and Prendergast (2009),209 which, much like the model proposed by Geris et al. (2008),240 

integrates mechanical, biochemical, and angiogenic cues to account for ossification. Their 

approach included coupling the mechanoregulation algorithm proposed by Prendergast et 

al. (1997)97 with a stochastic lattice-based model capturing cell activity (migration and 

proliferation based on random walk theory) to simulate tissue regeneration and capillary 

network formation. The algorithms capturing cell behaviour is shown in Box 2.  

Cell differentiation was based on shear strain and fluid/solid velocity, which were 

determined through a finite-element analysis97 of the physical domain on which the lattice 

with (potential) positions for the cells is imposed. The material properties of the elements, 
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within the finite-element model, are altered as cells undergo differentiation. A rule of 

mixtures was utilised if an element was occupied by cells of multiple phenotypes. Capillaries 

were modelled as a sequence of endothelial cells, which could move (depending on their 

location) randomly with directional persistence and bias. Chemotaxis, here, was modelled 

by assigning biased probabilities to relocate towards hypertrophic chondrocytes, which were 

basically mature chondrocytes under mechanical stimulus. Similarly, sprout formation was 

modelled as a stochastic process, with the probability for sprouting being proportional to 

segment length. Combination of high shear strain and fluid flow were considered detrimental 

to capillary formation. The model successfully captured the overall dentritic structures and 

pattern of capillary network as observe in vivo. 

Cell Proliferation 
     Following mitosis, select two positions on the lattice randomly 
     If the site is occupied, select another site; until both cells have a new site 
     Continue until both cells are placed or no more sites are available (simulating contact 

inhibition) 
Cell Migration 
     Randomly select a neighbouring site 
     If the site is occupied, select again 
     Continue until no more sites are available 
Cell Differentiation 
     Determine the mechanoregulatory stimulus as per (2.48) 
     If the stimulus is osteogenic AND oxygen concentration is low, then form cartilage  
     If the stimulus is osteogenic AND oxygen concentration is high, then form bone 
     Oxygen concentration is high, if the cell is within a certain distance (L) from the vessel 

Box 4. 2: Algorithm capturing cell behaviour employed by Checa & Prendergast.209 

Following condensation and ossification, other models and frameworks have been 

proposed that investigate limb formation, which is, in a way, a summation of the two 

processes with other morphogenetic phenomena. These include a framework115 created by 

integrating the discrete stochastic CPM for capturing cellular behaviour, the continuum 

reaction-diffusion equations to account for morphogen production and diffusion, and a type-

change map for genetic regulation. The framework was employed to model cartilage 

development as occurs during the embryonic growth of the early stage avian limb bud. 

Integration across the various modules was achieved by matching the spatial grid for the 
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reaction-diffusion equations and CPM and defining the relative number of iterations for the 

reaction-diffusion and CPM evolvers. Like the afore-discussed CPM and reaction-diffusion 

models, the framework determined activator concentrations, which informed the cells’ 

ability to secrete fibronectin, undergo fibronectin-based haptotaxis, and aggregate with each 

other. As such, the fibronectin concentration and cell condensation followed activator pre-

pattern. The framework was able to simulate both normal and abnormal limb bud 

development, providing insights into parameters that affect the location and periodicity of 

skeletal condensations. This integrated framework, and the model, served as the platform 

towards the development of CompuCell3D,241 which was discussed in §2.3.3. Boehm et al. 

(2010),242 on the other hand, utilised a 3D finite-element approach to model limb bud 

growth. They wished to investigate whether cellular activity crucial for outgrowth is 

directional or isotropic (the latter meaning lack of orientation). They utilised a modified 

version of the Navier-Stokes equations to capture movement of the mesenchyme and 

employed the artificial compressibility method to account for pressure coupling. The 

investigators altered the continuity equation to allow a distributed material source, which 

can vary spatiotemporally. The model, complemented with an experimental analogue, 

suggested that the spatial control of proliferation rate has little influence on morphogenesis 

and cannot account for distally directed limb bud outgrowth. The model predicted that shape 

generation must be driven by directional cellular activities (such as migration or 

intercalation) and that isotropic activity, such as cell proliferation and apoptosis, make little 

contribution to the major observed shape changes.  

The foregoing array of computational methodologies captured processes at the 

cellular, tissue, and organ levels. The current investigation adds to the list of discrete, agent-

based models that have been devoted to capturing the process of osteogenesis at the multi-

cellular level, and investigates a major question in bone formation: How do osteoblasts turn 
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into osteocytes?17 Bone formation, in the computational TERM context, has been modelled 

using the structural mechanics paradigm, employing the finite-element methodology, quite 

extensively. The following investigation, however, does not rely on the continuum 

paradigm, neither fluid mechanics nor solid mechanics, to simulate osteogenesis due to the 

underlying homogeneity assumption, which does not lend itself to capturing emergent 

growth patterns that emanate from the heterogeneity observed at the cellular level. Instead 

the agent-oriented approach is utilised as the process of condensation initiation and growth, 

matrix deposition, and osteoblast differentiation in general, especially as presented in the 

hypotheses, all have spatial and interactional context to them. Furthermore, the fact that in 

ABM a biological system is represented by introducing multiple loci of control121,243 makes 

it an intuitive way of capturing biological phenomena, as decision-making is limited to the 

agent’s local situation rather than some external entity’s perception of the situation121 

enabling the user to observe a variety of growth and developmental patterns that could not 

have been predicted a priori. ABM achieves this by decomposing the problem in terms of 

entities that engage in flexible, high-level interactions.5,121,243,244 A significant benefit of the 

flexible nature of agent interaction is that the agent decision-making regarding the nature 

and scope of its interactions can occur at run-time. This allows the user to bypass the need 

to specify every possible inter-agent link121 (an impossibility given the levels of the 

complexity involved).  

In this investigation, the model probes the mechanisms underlying matrix deposition 

by osteoblasts, their burial within this matrix, and their ensuing transformation into 

osteocytes. While it does not provide an alternative to the ossification models discussed 

above, which address the process existing at a higher level and scale, the model addresses 

the gap between the pattern-formation and ossification models, thereby complementing the 
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progress that has already been achieved by the aforementioned investigators on bone 

formation.  

4.3 MATERIALS AND METHODS 

4.3.1 COMPUTATIONAL PLATFORM 

The Flexible Large-scale Agent-based Modelling Environment (FLAME), as the 

name indicates, is an agent-based modelling framework, which allows simulation of large 

numbers of agents to be run on parallel computers.245,246 The FLAME framework, which 

enables creation of agent-based models that can be run on high-performance computers, is 

based on the logical communicating extended finite state machine (X-machine) theory. This 

grants more power to the agents and thereby enables the casting of complex models for large 

complex systems.246 Agents are modelled as communicating stream X-machines, an 

attribute that allows them to interact with each other at both the local and global level. 

FLAME uses C (in order to specify the functions of the agents) and extensible mark-

up language (XML), to describe the model: the agents involved, their structure, and the 

environment they exist in. The resulting XML syntax is known as the X-machine mark-up 

language, or XMML.8 A simplified mitosis model specified using a XMML model is 

represented in Figure 4.2. FLAME uses a simulation program known as Xparser, which 

parses a model XML definition into simulation program source code. For running any 

simulation, a simulation package is produced by compiling Xparser (which is a series of 

compilation files) with the modeller’s files. Model descriptions in XML allow easy human 

and computer readability. FLAME provides the programmer with the freedom to visualise 

the XML output, after a format conversion, through any visualisation engine. A block 

diagram of the FLAME files has been presented in Figure 4.3. Describing a system in 

FLAME involves identifying the agents and their functions, identifying the input and output 
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messages of each function, and identifying the set of variables (memory) that are accessed 

by functions. 

 
Figure 4. 2: THE FLAME PROTOCOL.  Bottom Right: The figure shows an XML mode file. The 
file contains the whole structure of the model which includes agent descriptions, memory 
variables, functions, and messages. Top Right: The figure shows a C file that contains the 
implementations of the functions specified in the xml file. Top Middle: FLAME output in the 
form of a XML file, which could be parsed to obtain the tagged information in any format for 
additional analysis. The output contains information such as agent coordinates, type, id, 
concentration, number of bonds formed etc. Left: Visual representation of a set of FLAME 
simulations (in this case mitosis).  

  

Finally, but perhaps most importantly, FLAME being an open platform, allows 

communication with a variety of pre-and post- processing tools, as well as with add-on 

modules that empower it with additional capabilities; these features, together with its 
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inherent three-dimensional manipulation capabilities make it an obvious choice for accurate 

biological representations of the types we are interested in.64,120,245,246  

 
Figure 4. 3: Xparser in action.  The figure shows a block diagram of the Xparser. Xparser is 
the simulation program employed by FLAME . Blocks (files) represented in blue are 
automatically generated, whereas blocks (files) represented in green are provided by the 
modeller.246 The figure was reprinted with kind permission from Prof Rod Smallwood. 
 

A model in FLAME consists of three parts: environment, agents, and messages. The 

environment contains information that may be required by the system but is not part of an 

agent or a system. This includes global constant variables, the path to the implementation of 

agent functions in C files, and data type definitions. FLAME allows the user to incorporate 

user defined data types as well (one of the attributes that made FLAME an obvious choice 

for this project). An agent type contains information regarding agents such as their names, 

description, memory, and functions. An agent’s memory is its identity. As such, it will 

contain information likes its coordinates, age etc. Agent functions are defined in a C file and 

contain information such as the name of the function, the (initial/current) state an agent has 

to be in for the function to be executed, the state after the function, conditions for function 

transition, and possible input and output messages. Figure 4.2 shows a XML file describing 
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a model outlining the three (aforementioned) parts of a FLAME model.120,246 Figure 4.4 

depicts an agent undergoing state transition.  

 
Figure 4. 4: The transition function.  Transition functions allow agents to change their 
current state and modify their behaviour accordingly. Depending on the current state (s1) 
and memory (m1), and arrival of a message (m1) (all serving as the inputs), an agent changes 
its state (s2), updates its memory (m2) and optionally sends out a message (t2) .120 The figure 
was reprinted with kind permission from Prof Rod Smallwood. 

4.3.2 AGENTS 

The model used the major actors observed in the process of in vitro ossification, 

which include: fibroblast-like, colony-forming, precursor mesenchymal cells; pre-

osteoblasts; osteoblasts; osteoid; mineralised osteoid; and osteocytes. To save computation 

time, other actors such as pre-osteoblastic osteoblasts or osteoid osteocytes were not 

considered without any effect on simulation outcome. All agents were modelled as non-

deformable spheres, 20 µm in diameter. Although the platforms allows for the application 

of more complex and arbitrary 3D morphologies, the relatively simpler shapes were utilised 

to keep computational costs of running the model on a single desktop low. 

While representing cells as agents was relatively straightforward – each cellular 

agent corresponded to one cell – computational representation of osteoid was slightly more 

challenging due to its heterogeneous nature. Osteoid is the unmineralised bone matrix 

synthesised by osteoblasts that consists of fibrous components (such as type I collagen) as 

well as ground substances (such as osteocalcin, bone sialoprotein, osteopontin, and 

chondroitin sulphate)247. However, as the set of behaviours explored in this investigation did 

not depend upon the heterogeneity of osteoid components, fibrous- and protein-based 
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variations within osteoid were not considered, and an osteoid agent represented an arbitrary 

amount of homogeneous bone matrix, until it mineralised and turned into a separate agent 

(mineralised osteoid), as is the case physically.   

4.3.3 ENVIRONMENT 

 Osteoid maturation and mineralisation in vitro is usually achieved by growing the 

cells to confluence in a culture dish followed by the addition of osteogenic factors.248 As 

such, the environment used as the backdrop to the aforementioned agents constitutes a 

culture dish capable of supporting proliferation. The culture dish is assumed to be a 

300×300×300 µm3. The size of the culture dish was limited to reduce computational costs. 

The nutrient media employed to support cell viability, proliferation, and growth, in order to 

induce osteogenic fate and mineralisation, are supplemented with adequate levels of either 

ascorbate, or phosphate esters (e.g. β-glycerol-phosphate), or glucocorticoids (such as 

dexamethasone), or all of them. The interested reader is directed to a review by Beresford et 

al. (1993)249 on this topic. The studies quoted in this manuscript relied on static in vitro 

cultures, where the media was exchanged periodically; instead of applying dynamic 

perfusion. However, as supplement concentrations proved optimal in these investigations, 

resulting in normal mineralised condensations250-252  the virtual culture dish was assumed to 

contain optimal concentration of signalling molecules, growth factors, and hormones 

promoting ossification. 

In the simulations presented here, the centre of this virtual culture dish served as the 

site of condensation in this model. It must be emphasised that any part of the culture dish 

can potentially serve as the site of condensation, but the author opted for the centre of the 

culture dish for visualisation purposes, to fully display the growth, maturation, and 

mineralisation of the condensation. 
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4.3.4 RULES 

 In this novel attempt to use rules, and the agent-based paradigm to capture 

(intramembranous) osteogenesis through cellular interactions, a very basic set of rules was 

derived by mining the literature on in vitro and in vivo osteogenesis manually. Rules 

assigned to the agents covered the entire spectrum of behaviours displayed by cells and, 

more specifically, pertained to proliferation, migration, differentiation, and apoptosis. 

Additionally, the four hypotheses of osteoblast transformation, explored in Introduction, 

were also converted into rules that governed bone deposition. The rules have been 

summarised in Table 4.1. 

4.3.4.1 MECHANICAL PROPERTIES 

Forces between the aforementioned agents were resolved by implementing the 

explicit overlap detection and correction scheme. The term explicit implies that cellular 

displacement was determined based on the previous time step, instead of considering more 

than one previous time steps. The scheme detected and corrected any cellular overlap that 

occurred during mitosis and osteoid deposition. Any inter-agent overlap was corrected by 

applying a repulsive force proportional to the extent of the overlap. The underlying idea was 

to inhibit cell-cell overlap and, therefore, be able to model confluence dynamically, 

irrespective of the dimensions of the culture plate (a pervasive observation in vitro). The 

scheme, adapted from the model employed by Adra et al. (2010),245 accounted for the 

contribution of mitosis and matrix apposition towards condensation growth, and has been 

mathematically described below. For each iteration, the code checked whether any two 

neighbouring agents, i and j, are overlapping, and, in case of overlap, applying a repulsive 

force Fc,ij, proportional to the overlap Oij, on the cell i by its neighbour j.  
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Activity Agent(s) Rule Agent Fate Visualisation 

Proliferation 

Precursor 

Initiates at the very beginning 

Agent divides 
to produce 
more 
daughter 
agents 

Blue Sphere 

The agent divides every 12 hours producing a 
daughter agent in a randomly chosen 
direction. 

The agent cannot divide in the third dimension 

Stops once confluence has been achieved 

Pre-
osteoblasts 

Initiates after confluence 

Agent division 
promote 
condensation 
development 

The agent divides every 12 hours producing a 
daughter agent in a randomly chosen 
direction. Time was varied while testing for 
sensitivity to 12±3, 12±1, and 8 hours. 

The agent can divide in the third dimension 

Proliferation continues until the condensation 
height reaches 90 μm 

 

Matrix 
Deposition 

Osteoblasts 

Initiates once the condensation height reaches 
70 μm 

Agent 
deposits 
matrix that 
further leads 
to 
condensation 
development. 
The agent is 
then 
entrapped in 
the calcified 
form of the 
matrix to 
undergo 
differentiation 
into an 
osteocyte 

Green Sphere 
produces Red 
Cubes 

H#1 
Agent deposits matrix randomly in any 
of the three-dimensions throughout the 
simulation 

H#2 

Agent, once formed, acquires polarity 
randomly and continues to deposit 
matrix in that direction for the entirety 
of the simulation 

H#3 

Polarity is treated as a property of an 
agent layer 
Agents within 20 μm of each other were 
treated as belonging to the same layer 
Agents acquired polarity once formed 
(with condensation height exceeding 50 
μm) 

H#4 

Same as H#3 

Within a certain duration, some 
randomly chosen agents, less than 2% 
of the entire population, turn off their 
genes to secrete matrix 

Matrix secretion ceases once the condensation 
height exceeds 110 μm 

Table 4. 1: Agents, rules, and fates. The table lists the agents utilised in this investigation 
as well as the rules that governed their behaviour. The table also features the agent fate 
eventuating from the agents following the rules as well as the manner in which this was 
visualised in the figures presented in this chapter.  
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Activity Agent(s) Rule Agent Fate Visualisation 

Differentiation 

Precursor 

Initiates after confluence 
Agents 
differentiate 
into pre-
osteoblasts 
that migrate 
to the 
skeletogenic 
site and 
initiate 
condensation 
development 

Blue Sphere 
remains Blue 
(except in 
Figure 4.8B 
where they 
were changed 
to orange to 
better 
visualise 
migration) 

Randomly chosen agents differentiate into pre-
osteoblasts 

Stops once a certain randomly chosen number 
of agents have differentiated 

Pre-
osteoblasts 

Initiates once the condensation height reaches 
50 μm Agent 

differentiates 
into an 
osteoblast 
that deposit 
osteoid to 
further 
develop the 
condensation 

Blue Sphere 
turns Green 

The agent must be within the condensation (as 
such this feature constantly evolves with the 
condensation), OR 
The agent  is in contact with more than four 
Osteoblasts 

Pre-osteoblasts turn into Osteoblasts 

Osteoblasts can turn back into pre-osteoblasts 
if they are at the periphery of the condensation 

Osteoblasts 

Initiates once the condensation height reaches 
100 μm 

Agent 
differentiates 
into an 
osteocyte 

Green Sphere 
turns Black 

The agent, if embedded within or surrounded 
by calcified matrix (6 matrix agents), 
differentiates into Osteocyte. In sensitivity 
analysis, the number of neighbours was 
decreased to 4.  
Continues until all osteoblasts have either 
differentiated or apoptosed 

Matrix 
Calcification 

Initiates once the condensation height reaches 
100 μm 

Calcified 
matrix buries 
osteoblasts 
that assist 
their 
differentiation 
into 
osteocytes 

Red Cube 
turns Grey 

All matrix agents calcify slowly 

Apoptosis Osteoblasts 

Initiates once the condensation height reaches 
110 μm 

Agent dies 
and plays no 
further role in 
the 
simulation. 
The space 
becomes 
available to 
other agents 

Green Sphere 
disappears 

The agent will enter apoptotic cycle if it has 
not differentiated into an osteocyte at the 
aforementioned stage 

Table 4. 1 contd.: Agents, rules, and fates.  The table lists the agents utilised in this 
investigation as well as the rules that governed their behaviour. The table also features the 
agent fate eventuating from the agents following the rules as well as the manner in which this 
was visualised in the figures presented in this chapter.  
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The sub-script ‘c’ stands for the relevant coordinate under consideration (x, y, or z). The 

repulsive force was calculated as follows: 

 𝐹𝑐,𝑖𝑗 = 𝑠𝑖𝑗𝑂𝑖𝑗𝑐𝑐,𝑖 (4.19) 

Considering the two agents have radii ri and rj (10 µm), and are centred at coordinates (xi, 

yi, zi) and (xj, yj, zj) respectively, the amount of overlap is shown in equation (4.20).  

 
𝑂𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗)

2
+ (𝑦𝑖 − 𝑦𝑗)

2
+ (𝑧𝑖 − 𝑧𝑗)

2
− (𝑟𝑖 + 𝑟𝑗) 

(4.20) 

In equation (4.19), sij serves as an arbitrary ‘stiffness’ constant equal to the inverse of the 

separation between the two agents, refer to equation (4.21), and cc,i represents the damping 

constant for each co-ordinate of agent i, refer to equation (4.22). 

 𝑠𝑖𝑗 = 1

√(𝑥𝑖 − 𝑥𝑗)
2
+ (𝑦𝑖 − 𝑦𝑗)

2
+ (𝑧𝑖 − 𝑧𝑗)

2⁄
  (4.21) 

 𝑐𝑥,𝑖 = (𝑥𝑗 − 𝑥𝑖)𝛼 (4.22.1) 

 𝑐𝑦,𝑖 = (𝑦𝑗 − 𝑦𝑖)𝛼 (4.22.2) 

 𝑐𝑧,𝑖 = (𝑧𝑗 − 𝑧𝑖)𝛼 (4.22.3) 

In equations (4.22.1) – (4.22.3), α represents the proportionality constant assigned based on 

the amount of agent overlap. In case there is no overlap (i.e. Oij > 0), α = 0.06; but in case 

of overlap (i.e. Oij > 0), α = 0.4. The new agent coordinates (xi,t, yi,t, zi,t) are determined by 

displacing the agent coordinates at the previous time step (xi,0, yi,0, zi,0) by (Fx,ij, Fy,ij, Fz,ij) as 

shown in equations (4.23.1) – (4.23.3). 

 𝑥𝑖,𝑡 = 𝑥𝑖,0 + 𝐹𝑥,𝑖𝑗 (4.23.1) 

 𝑦𝑖,𝑡 = 𝑦𝑖,0 + 𝐹𝑦,𝑖𝑗 (4.23.2) 

 𝑧𝑖,𝑡 = 𝑧𝑖,0 + 𝐹𝑧,𝑖𝑗 (4.23.3) 

   

The set of equations is based on the collision detection and correction scheme, which 

calculates the extent of (potential) overlap between spherical non-deformable spheres, and 
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exerts a repulsive force, proportional to the overlap, on the relevant agents to ensure 

separation between two agents. The scheme works by deriving location and size of each 

agent and determining, through (4.20), the amount of overlap between an agent and any of 

its neighbours. The force exerted on the linked pair of cells is based on this overlap and 

computed through (4.19). Following the calculation of this force as well as the new agent 

coordinates, calculated through equations (4.23.1) – (4.23.3), for each linked pair of cells. 

The solution is fed back into the individual agents. For more information please refer to the 

original articles from where the scheme was derived.123,245 

4.3.4.2 PROLIFERATION 

In vitro, and indeed in vivo, only the precursor colony-forming mesenchymal and 

pre-osteoblastic cells possess the capacity to proliferate. The remaining cells, i.e. osteoblasts 

and osteocytes, do not. As such, in the model, only the precursor mesenchymal and pre-

osteoblast agents were allowed to undergo mitosis. These agents divided roughly every 12 

hours,253 producing a daughter agent in a randomly chosen direction. The division of 

mesenchymal agents was limited to forming cells in the same two-dimensional plane; their 

pre-osteoblastic counterparts were allowed proliferation in the third dimension as well. The 

division of precursor mesenchymal cells, therefore, resulted in the formation of a monolayer 

of the initial colony-forming cells, whereas the proliferation of pre-osteoblastic agents led 

to condensation growth in the third dimension (in addition to growth in the same plane).  

Proliferation of these two agents was ‘decentralised’, which means that it was 

contingent on the environment as a whole. For example, the precursor agents could 

proliferate until confluence, but once the culture dish became confluent, proliferation 

discontinued. However, in the event the precursor monolayer lost confluence, due to 

apoptosis or necrosis, the remaining cells could proliferate to reclaim the available space. 
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This was achieved by adding the rule that each precursor agent could continue dividing until 

it achieves a maximum number of precursor neighbours. In computational terms, a non-

overlapping agent in the vicinity, i.e. Oij > 0 but ≤ 10 µm, constituted as a neighbour. Refer 

to equation (4.20) for the formula to determine Oij. The critical neighbour number was set 

to four for 2D proliferation (north, south, east, west) and six for 3D proliferation (top, 

bottom, north, south, east, west). The agents could establish neighbourhood with more than 

four neighbours, due to their vicinity, but they could not divide once the critical number of 

neighbours was achieved. Furthermore, pre-osteoblast proliferation in the third dimension, 

in addition to being limited by their neighbours, depended on spatial constraints as well.   

4.3.4.3 MIGRATION 

Migration is central to condensation formation and is only displayed by pre-

osteoblasts in vivo (or, to be precise, cells that are no longer the colony-forming precursors 

but that have not differentiated into osteoblasts). The pre-osteoblasts migrate towards certain 

focal points to initiate condensation that are pre-determined, due to architectural constraints 

imposed by the environment. Pre-osteoblast migration was, therefore, considered in the 

model. For visualisation purposes, the centre of the virtual culture dish served as the focal 

point towards which pre-osteoblasts migrated. In order to enable migration, each pre-

osteoblast agent was assigned speed and directionality relative to the focal point. This was 

achieved by dividing the culture dish into four quadrants, which determined whether the 

cellular movement relative to the x- or y-axis was positive or negative. Assuming the 

coordinates of the focal point was represented by ctrx and ctry, and those of the migrating 

(ith) agent by xi and yi (bear in mind that migration only occurred in the same plane), the 

velocity, with respect to the two axes, was calculated as shown in Table 4.2. Irrespective of 

their distance from the centre all mobile agents were assigned a constant speed of 0.2 µm/s. 
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ctrx – xi ctry – yi Velocity_x  

(µm/s) 

Velocity_y 

(µm/s) 

+ve +ve 0.2 0.2 

+ve –ve   0.2 -0.2 

–ve +ve -0.2 0.2 

–ve –ve -0.2 -0.2 

Table 4. 2: Pre-osteoblast migration speed and direction.  The table shows the manner in 
which pre-osteoblasts were assigned speed and direction. Only a selected number of 
precursor cells differentiated into pre-osteoblasts, which depending on their coordinates 
moved towards the focal point of the culture dish ch osen for condensation. Based on their 
direction from the condensation site, they were assigned a particular velocity. For example, 
if an agent was on top left of the centre of the culture dish, it was assigned a velocity of 0.2 
µm/s to move right and -0.2 µm/s to move down. 

Considering (xi,o, yi,o) represents agent coordinates for the ith agent at the previous 

time step and (xi,t, yi,t) at the next time step “t”, the new position of the migrating agent was 

calculated by: 

 𝑥𝑖,𝑡 = 𝑥𝑖,𝑜 + 𝑣𝑥Δ𝑡 (4.24.1) 

 𝑦𝑖,𝑡 = 𝑦𝑖,𝑜 + 𝑣𝑦Δ𝑡 (4.24.2) 

In equations (4.24.1) and (4.24.2), vx and vy represent the velocities in the x and y directions 

respectively (refer to Table 4.2), and Δt the advance in iteration (Δt = Δiteration = 1 for all 

computations). At each iteration, the calculations, shown in Table 4.2, equation (4.24.1), and 

equation (4.24.2), were repeated to determine agent velocity and displacement. 

Displacement was, thus, determined explicitly, which means that agent coordinates from 

only the previous time-step were considered in determining the coordinates for the new time 

step. 

4.3.4.4 DIFFERENTIATION 

A multitude of agents undergo differentiation within condensations. These include: 

precursor agents differentiating into pre-osteoblasts, pre-osteoblasts into osteoblasts, and 

osteoblasts, finally, terminally differentiating into osteocytes (refer to Table 4.1). The agents 

representing each of these cells possessed the capacity to differentiate. The precursor agents’ 

differentiation into pre-osteoblasts was stochastic. Only a limited number of precursor 
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agents differentiated into pre-osteoblasts following confluence. Following condensation 

growth in the third dimension, only those pre-osteoblasts positioned well inside the 

condensation (height less than 80 µm and 20 µm away from the periphery) differentiated 

into osteoblasts. This constraint was imposed to account for the fact that cells exposed at the 

top of the condensation tend to be pre-osteoblastic in nature and only the ones ensconced 

within adopt the osteoblastic phenotype.250 Furthermore, it is these pre-osteoblasts that are 

recruited following resorption to differentiate into osteoblasts and deposit bone. Finally, 

osteoblasts surrounded by mineralised osteoid (at least 6 mineralised neighbours covering 

the osteoblasts) terminally differentiate into osteocytes. Condensation height, which 

regulated the differentiation of pre-osteoblasts, was quantified by comparing the z-

coordinates of the pre-osteoblast agents.   

4.3.4.5 APOPTOSIS  

The osteoblasts within the condensation that that were unable to differentiate into 

osteocytes underwent programmed cell death, as has been reported elsewhere.17 This, 

however, occurred stochastically and only after the nodule had acquired its maximum 

reported height (110 µm). 

Case Osteoblast Polarity Osteoid Switch-off 
Runs 

(n) 
Computer # 

hypothesis #1 Apolar NA 11 1, 2, 3 

hypothesis #2 Stochastic NA 11 1, 2, 3 

hypothesis #3 Layered NA 11 1, 2, 3 

hypothesis #4 Layered Yes 11 1, 2, 3 

Table 4. 3: Hypothesis testing approach. The table lists the mechanisms investigated in this study and 
the manner in which each treated osteoblast polarity. Each hypothesis was simulated 11 times on three 
different workstations to ensure the code was insensitive to stochastic variables within the code as well 
as dissimilar random number generation between different workstations. 
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4.3.4.6 OSTEOID DEPOSITION: THE FOUR HYPOTHESES 

There are four hypotheses, as reported in §4.2, predicated on osteoblast polarity, 

which seek to explain the process of osteoid deposition and, thus, entrapment mechanism of 

osteoblasts. Osteoid could be deposited either in a random or a pre-determined direction. 

This feature is straightforward to incorporate into the model. The following rules for osteoid 

deposition were employed.  

Hypothesis #1: Osteoblasts deposited osteoid in all directions. The direction at any given 

iteration was determined randomly. The osteoblast agent could alter its direction at any time 

during its lifetime.  

Hypothesis #2: Each osteoblast, after its formation, randomly acquired a direction for 

osteoid deposition. However, unlike the mechanism represented in hypothesis #1, the 

osteoblast continued to deposit osteoid in that direction until its differentiation or apoptosis. 

Hypothesis #3: Osteoblasts with similar z-coordinate, ±10 µm apart, were considered part 

of the same layer, and deposited matrix in the same direction. These osteoblasts continued 

depositing matrix in the same direction until their differentiation or termination. In order to 

assign ‘layer’ based directionality, the space along condensation height was discretised into 

regions (10-30 µm, 30-50 µm, 50-70 µm, and 70-90 µm) each acquiring stochastically 

determined polarity. Therefore, the polarity eventually displayed by osteoblasts was 

acquired dynamically at run-time. This reflects the situation in vivo, where the osteogenic 

regions, by virtue of architectural constraints imposed by the environment, transmit to cells, 

localised within them, pre-determined polarities informed by the presence of nearby 

structures. This assumption is justified by the fact that cells show awareness of others 

belonging in the same plane/layer. In addition to cell adhesion molecules (or adhesins), gap 

junctions, which have been implicated in facilitating intercellular communication,254 are 
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responsible for this sensitivity. Cells tend to share more junctions with others on the same 

plane than with those on a different plane. Details, beyond the scope of this investigation, 

can be found here.254 

Hypothesis #4: In this case, osteoblast agents acquired polarity as in Hypothesis #3. Certain 

number (or population fraction) of osteoblasts, however, switched off their ability to produce 

matrix for a specific amount of time. A variety of switch-off periods from indefinite to twenty 

four hours was tested in this investigation. 

Case Parameter Classification Variation Original Runs 
(n) 

h3 Original h3 Original Original 3 

S1 Pre-osteoblast 
proliferation 

Osteoblast 
Recruitment 

12±3 hours 12 hours 3 

S2 Pre-osteoblast 
proliferation 

12±1 hours 12 hours 3 

S3 Pre-osteoblast 
proliferation 

8 hours 12 hours 3 

S4 Matrix surrounding 
Osteoblasts 

Differentiation 
4 neighbours 6 neighbours 3 

S5 Matrix deposition rate 

Osteoid Synthesis 

6 hours 18 hours 3 

S6 Matrix deposition rate 18±3 hours 18 hours 3 

S7 Matrix deposition rate 1 hour 18 hours 3 

S8 Matrix deposition 
rate/Pre-osteoblast 
proliferation 

Osteoblast 
Recruitment & 

Osteoid Synthesis 

1 hour/18 hours 18 hours/12 
hours 

3 

Table 4. 4: Sensitivity testing on hypothesis #3.  The table lists the various parameters 
altered as part of the sensitivity analysis to determine the features the model was sensitive 
to. Parameters varied could be divided into four categories listed in the table. Each new model 
(s1 – s8) was simulated three times. 

Osteoid was only deposited by osteoblasts in the model. Computationally, this was 

achieved by adding a new osteoid agent close to the osteoblast agent based on the 

coordinates determined by the mechanisms encoded in the aforementioned hypotheses. The 

manner of osteoid deposition is justified as osteoblasts secrete the osteoid across their 

membranes. The mechanisms involved in secretion are beyond the purview of both the 

investigation as well as the discussion reported here.  Furthermore, the model treated 

mineralisation stochastically – the ‘osteoid’ agent had to undergo two if loops before 
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mineralising. Each osteoid agent represented a collection of deposited bone matrix (fibres 

and proteins). Osteoid heterogeneity was not considered to minimise computational costs. 

Case 
Population 
Fraction 

Switch-off 
Period 

Switch-off Time 
(days p.c.) 

Computer # 
Runs 
(n) 

h4 2% indefinite 5.75 1 3 

t1 2% 2 days 5.75 1 3 

t2 10% 1 day 5.75 1 3 

t3 2% 1 day 5.75 1 3 

t4 30% 1 day 5.75 1 3 

t5 10% indefinite 5.75 1 3 

t6 2% indefinite 5.75 1 3 

t7 2% 1 day 4.375 1 3 

t8 2% 1 day 6.875 1 3 

t9 2% 1 day 7.5 1 3 

t10 10% 2 days 5.75 2 3 

t11 2% 2 days 5.75 2 3 

t12 10% 1 day 5.75 2 3 

t13 2% 1 day 5.75 2 3 

Table 4. 5: Sensitivity testing on hypothesis #4. The table lists the changes made to the 
model simulating osteoid deposition based on hypothesis #4. This sensitivity analysis was 
conducted to determine the parameters hypothesis #4 was most sensitive to. Three basic 
parameters were tested: ‘population fraction’ turning of osteoid deposition; the duration of 
time during which osteoid deposition was ‘switched -off’; and the time when this switch-off 
came into effect. In order to ensure code’s insensitivity to inter -computer and intra-code 
stochasticity, some of the models were simulated on another computer. Each model was 
simulated three times. 

4.3.5 COMPUTATIONAL ITERATIONS AND SENSITIVITY ANALYSES 

A total of four models, incorporating the four hypotheses, were simulated in series. 

Each model was run for 5000 iterations, with one iteration equivalent roughly to 20 physical 

minutes. Each model was simulated eleven times in total across three different workstations 

(to account for potentially different arithmetic of random number generations, significant 

digits, etc.). The workstations had the following operating systems and processors 32-bit 

Windows XP Professional: Xeon™ Processor, 2.8 GHz; 64-bit Windows 7: Intel® Core™ 

i7 CPU, 3.33 GHz; and 64-bit Windows 7: Intel® Core™ i5 CPU, 1.6 GHz.  
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Hypothesis #3, identified as the fittest model, was used to test for sensitivity. Several 

parameters, related to osteoblast recruitment, osteoblast differentiation, and osteoblast 

vigour, were varied, which resulted in eight new simulations. Each of these new simulations 

was conducted three times. Hypothesis #4 was also tested for sensitivity. Parameters that 

were varied included the population fraction terminating osteoid synthesis, termination 

period, and condensation age at which the termination period was applied. Overall, thirteen 

parameters were varied, and each new simulation was conducted three times. Finally, the 

ability of the virtual condensations to recover from a compromised state was tested. This 

was achieved by reducing the condensation to a height of 40 µm and observing remodelling 

governed by each of the four hypotheses (n=3). In order to further test the pathological nature 

of hypothesis #4, condensation remodelling by employing hypothesis #3 with abnormal 

osteoblast recruitment and osteoid deposition rate was observed (n=3). The various runs 

have been summarised in Tables 4.3 – 4.6. 

Case 
Title Pre-osteoblast 

Proliferation 

Osteoid 

Deposition 

Runs 

(n) 

h1 Hypothesis #1 12 hours 18 hours 3 

h2 Hypothesis #2 12 hours 18 hours 3 

h3 Hypothesis #3 12 hours 18 hours 3 

h4 Hypothesis #4 12 hours 18 hours 3 

r1 Matrix Overproduction 12 hours 1 hour 3 

r2 Low Osteoblast Vigour 18 hours 27 hours 3 

Table 4. 6: Remodelling following the ‘resorption’ challenge.  The table lists the variables 
utilised to observe osteogenic remodelling following ‘resorption’ and necrosis of the 
mineralised osteoid and osteocytic/pre-osteoblastic cell populations, respectively. 
Remodelling was investigated using the original four hy potheses (h1 –  h4), as well as using 
(abnormal) hypothesis #3, which was modified to represent the pathological states of (r1) 
matrix overproduction and (r2) low osteoblast vigour (i.e. low osteoblast recruitment and 
delayed matrix deposition). Each model was simulated three times.  

4.3.6 STATISTICAL ANALYSIS 

Statistical analysis was carried out in SPSS (IBM, New York, USA). Osteocyte 

population count was tested using Kruskal-Wallis Test for non-normally distributed data 

and ANOVA for normally distributed data. The number of osteoblasts/osteocytes over each 
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day and for each category was statistical tested using a two-way ANOVA with time and case 

as discrete outcomes. For post hoc correction of multiple comparisons of groups, two 

methods were used: Dunns and Bonferroni. Dunns was used when comparing the control 

only with the other groups, and Bonferroni was used for comparing all groups with each 

other.  Cluster analysis was carried out using a mixture modelling statistical framework in 

SPSS.255 The two-step cluster analysis method was used to test the number of clusters 

present in each iteration across the three dimensional multivariate space. The cluster 

algorithm worked by finding the split of the data that would best fit the data for the number 

of clusters specified. The best fitting model and, thus, the number of clusters was determined 

by calculating the Bayesian Information Criterion. This form of test for model fitting uses 

both the fit of the model as well as the number of parameters used to determine the best 

fitting model. Overall, data from more than 125 computational iterations were analysed and 

are discussed in this chapter. xx 

4.4 RESULTS 

4.4.1 3D AGENT-BASED MODEL OF IN VITRO  OSTEOGENESIS 

Figures 4.5 and 4.6 display the proliferation and spatiotemporal transformation of 

the precursor (colony forming) mesenchymal cells into a condensation, followed by the 

deposition and mineralisation of osteoid (via hypothesis #3). These precursor cells 

proliferate in virtuo in a cuboidal Petri dish, the geometry and shape of which becomes 

apparent by the fifth frame in Figure 4.5A when cells have completely occupied the entire 

area. As the cells approach confluence, certain stochastically determined cells differentiate 

                                                           
xx The statistical tests and analyses reported in this chapter were conducted by the author and Dr 
Christopher Newby (University of Leicester). Statistical results were analysed and extended by the 
author in consultation with Prof Brian Hall, Dr Chris Newby, and Prof Yiannis Ventikos  
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into pre-osteoblasts (shown in orange, Figure 4.5B) and begin migrating in a bid to aggregate 

at the site of condensation formation. 

 
Figure 4. 5: Confluence, migration, and aggregation. The figure shows a series of frames 
capturing proliferation of the progenitor mesenchymal cells until confluence (A)  and the 
migration of pre-osteoblasts to the site of skeletogenesis (B). The largely vacant area begins 
with five cells that continue to proliferate and fill the entire space. Cells until this time only 
form a monolayer. They can neither migrate nor grow in the third dimension. The centre of 
the virtual Petri dish serves as the site of skeletogenesis. Only cells that have acquired a pre -
osteoblastic phenotype (orange), unlike the initial fibroblast -like cells (blue), migrate 
towards the centre. The direction of one of these pre-osteoblasts has been indicated using 
the red arrow-head. (C) displays progression in terms of cellular aggregation. Ag gregation 
can be easily visualised in the final two frames of (C), which show a ventral view of the 
monolayer after the pre-osteoblastic cells have triggered condensation initiation at the top. 
As the frames move towards right, time increases by 6.25 days in (A), 30 hours in (B), and 45 
hours in (C). 
 

Although clearly visible only after the third frame in Figure 4.5C, the tight 

aggregation of pre-osteoblasts in the centre of the presented region, the site of osteogenesis, 

can be observed, in contrast to their neighbouring progenitors. Finally, in Figure 4.6 (A, B), 

the emergence of a condensation from the site of cell aggregation at various time steps is 

shown (as observed from the top and as a cross-section). The condensation, initiated by 

migration, develops due to proliferation of pre-osteoblasts in the third dimension, which 

continues until the condensation reaches a height of 90 μm. The differentiation of pre-

osteoblasts, located in the middle of the condensation, into osteoblasts (green spheres) 

begins to occur once the condensation has reached a height of 50 μm.  
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Figure 4. 6: In virtuo nodule. The figure displays (A) dorsal and (B) cross-sectional view of 
condensation initiation, growth, and mineralisation in virtuo. Images in the same row were 
captured at the same time, also displayed in the figure. As the condensation increases in size, 
cells in the middle transform into osteoblasts (green) and start depositing matrix (red) 
instantly. The matrices gradually mineral ise (grey) encasing osteoblasts within them, which 
undergo terminal differentiation into osteocytes (black). (C, D) capture the similarities 
between an in vitro  developed nodule and its computational counterpart. The basal cells in 
both cases are fibroblastic and more mesenchymal in nature (blue in virtuo and arrows in 
vitro) – they do not participate in bone synthesis. Cells at the top of the nodule, on the other 
hand, are pre-osteoblastic. The nodules also contain osteoblastic and osteocytic (black in 
virtuo and arrow-heads in vitro) cells, the latter embedded within the mineralised matrix 
(grey in virtuo  and crossed-arrows in vitro). The two nodules differ in their population of 
osteoblastic cells (higher in virtuo), and indicate a difference in their ‘age’. (E) shows lack of 
statistical difference in the number of osteocytes produced by the model(s), when run on 
three different computers. This was done to ensure that the model was not sensitive to 
stochastic elements within the code. (C) reproduced with kind permission from Ref. 250 © 
(1988) Elsevier . 
 

Once condensation height increases to 70 μm the osteoblasts start depositing osteoid 

(red cubes) contributing to further condensation growth as a result of osteoid apposition, 

which continues until the condensation has reached a height of about 100 μm: commonly 

attributed as the maximum height achieved by in vitro condensations. This is when the 

deposited osteoid is mineralised (grey cubes). The osteoblasts trapped within the matrix, 

once the condensation height has reached 100 μm and the cells is in contact with at least 6 

mineralised matrix neighbours, eventually transform into osteocytes (black spheres). 

Condensation growth stops entirely if the condensation grows beyond 110 μm. 
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A parallel between the computationally generated in virtuo condensation and its in 

vitro counterpart is also presented (Figure 4.6C, D). The frame at the top is an electron 

micrograph montage illustrating the cross-sectional organisation of the mineralising 

condensation. In this frame, cells at the bottom represent the precursor mesenchymal cells, 

whereas the top consists of (pre-) osteoblast like cells. Osteocyte-like cells are present within 

the nodule and are completely surrounded by a dense matrix (arrowheads). The frame below 

features cross-section of the analogous computational, mineralising condensation possessing 

similar features. For example, cellular layer at the bottom consists of the precursor cells, 

while the top consists of pre-osteoblasts. It must be stressed that although both precursor 

cells and pre-osteoblasts are visualised as blue spheres, they are not treated the same in the 

model: the former can neither migrate nor proliferate in the third dimension. 

The exact moment when a condensation can be categorised as mature is not strictly 

defined, and could correspond either to the time when osteocytes are first observed within 

the condensation or, alternatively, when mineralisation is first detected inside the 

condensation. The author opted to work with the former qualification as it is relatively easier 

to characterise. The time taken for condensation development can vary even within the same 

organism. Investigators have reported condensation growth and maturation to take anywhere 

between 3 – 15 days post-confluence (pc henceforth).232,249-251 Condensation evolving out 

of hypothesis #1, #2, and #3 required approximately 9 days pc to achieve maturity, in 

agreement with empirical observations. Hypothesis #4, however, resulted in condensations 

that either did not mature at all or required significantly more time to achieve maturation 

(Kruskal-Wallis test, p<0.001). By the end of the simulations, osteocytes constituted the 

major proportion of cells within the virtual condensation, as has been observed 

experimentally.17,256 
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4.4.2 CONDENSATION MATURATION DEPENDS UPON OSTEOID SYNTHESIS 
AND OSTEOBLAST RECRUITMENT 

Variables pertaining to cellular interactions, which governed condensation 

development and osteoblast entrapment, were altered to observe how changes might affect 

the evolving structure. A total of 8 alterations (refer to Table 4.7) were made from the 

original model, employing Hypothesis #3 to deposit osteoid (Figure 4.7A-G). The 

alterations can be categorised as affecting osteoblast recruitment (S1, S2, S3), matrix 

neighbours required for differentiation (S4), osteoid synthesis (S5, S6, S7), and both 

osteoblast recruitment and osteoid synthesis (S8). The alterations were found significantly 

different (p<0.001) using a two-way ANOVA with time as covariate and the alterations as 

the group variable. When compared individually against the original model (hypothesis #3), 

employing Dunn’s post hoc test for multiple comparisons, only the following simulations 

showed significant difference from hypothesis #3: S3 (p<0.001), S6 (p=0.001), S7 

(p=0.001), and S8 (p<0.001) (Figure 4.7H-K). This indicated that the model was generally 

insensitive to minor stochastic alterations in parameters regulating the spatiotemporal 

evolution of condensations. For example, employing pre-osteoblast division frequency of 

12 (hypothesis #3); 12±3 (S1); and 12±1 (S2) hours resulted in statistically similar 

condensations, p>0.05 for S1 and S2 compared with the original. The post hoc comparison 

to the standard (hypothesis #3), however, suggested that the model is dependent upon 

osteoid deposition rate as well as osteoblast recruitment. 
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Figure 4. 7: Model sensitivity to parametric alterations. In order to test the basic model’s (A) 
sensitivity to parameters regulating the spatiotemporal development of condensations the following 
variables were varied: osteoid deposition (B), osteoblast recruitment (in terms of pre-osteoblast 
proliferation) (C), or both (indicated in the figure) (D, E, F). More robust boundary conditions pertaining 
to the spatial aspect of condensation development led to a very realistic condensation structure (A). 
Extreme increase in the matrix deposition rate of osteoblasts resulted in very few osteocytes being 
formed (B, E), whereas adding the switching-off gene resulted in stunted condensation growth as can 
be observed due to absence of osteocytes (D). The images correspond to condensation on day 12 pc. 
The analysis revealed the dependence of condensation development in the model on two features acting 
synchronously: osteoid deposition and osteoblast recruitment, which is empirically known. The data 
presented in tabulated and graphed form demonstrates this quantitatively. In (H, I), comparison of the 
altered parameters (i.e. matrix deposition rate = 6 hours, etc.) with the hypothesis #3 is presented, 
whereas (J, K) display the comparison of categories (i.e. osteoblast recruitment, etc.) with hypothesis 
#3. Notice the significant difference only when both osteoblast recruitment and osteoid deposition are 
co-varied. 
 

For example, increasing pre-osteoblast proliferation (index of osteoblast 

recruitment) frequency by 50% (i.e. division every 8 hours instead of 12 hours) led to early 

formation (p<0.001) of osteocytes, (day 7 post-confluence compared to day 9 post-

confluence from the original case). Similarly, increasing osteoid deposition rate by three 

times (every 6 hours instead of 18 hours) also increased osteocyte formation rate. Increasing 

matrix deposition rate by a factor of eighteen, however, even though it led to an increased 

rate of osteocyte formation (day 7 post-confluence), resulted in significantly few osteocytes 

in S7 (p=0.001). On a similar note, increasing osteoid deposition frequency to every one 

hour but decreasing proliferation rate by a half (18 hours), S8, resulted in delayed 

condensation maturation, along with the formation of fewer osteocytes. These results have 

been summarised in Table 4.7. However, comparison of simulation categories against the 

original model; e.g. osteoblast recruitment (S1, S2, S3) vs. original (instead of hypothesis #3 

vs. S2); only the case where both osteoid synthesis and osteoblast recruitment were altered 

simultaneously (S8) showed significant difference (p<0.001). The comparison was made 

using two-way ANOVA and Dunn’s post hoc test for multiple comparisons. This was an 

important finding, for it suggested that the development and maturation of the virtual 

condensation relied on both osteoid deposition rate and osteoblast recruitment acting 

synchronously. This is known to be the case in vitro and in vivo,17,232,249,251,256-261 where 
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abnormal alterations to either are known to cause pathological eventualities. This is better 

contextualised by data presented for hypothesis #4 where a minor alteration in osteoid 

depositing capacity of osteoblasts resulted in abnormal condensation development, even 

though the pre-osteoblast proliferation rate (or osteoblast recruitment) was the same as for 

other hypotheses. That the model captures certain governing principles of osteogenesis 

reasonably accurately is, therefore, quantitatively validated by this analysis. 

Case Parameter Variation Original Result Maturation Average 
Osteocyte

s 
h3 Hypothesis 

#3 
Original Original Osteocytes observed on day 9 pc; 

Osteocyte number roughly equal to 
86±5 

day 9 86±5 

S1 Pre-
osteoblast 
proliferation 

12±3 hours 12 hours Delay observed in condensation 
formation (day 10pc); number of 
osteocytes roughly the same 
(83±3) 

day 10 83±3 

S2 Pre-
osteoblast 
proliferation 

12±1 hours 12 hours Similar to the original in terms of 
condensation formation rate (day 
9pc) and number of osteocytes 
formed (84±5) 

day 9 84±5 

S3 Pre-
osteoblast 
proliferation 

8 hours  12 hours Earliest condensation and 
osteocyte formation observed (day 
7pc); number of osteocytes 
relatively unaffected (96±5) 

day 7 96±5 

S4 Matrix 
surrounding 
Osteoblasts 

4 
neighbours 

6 
neighbours 

Similar in terms of condensation 
formation (day 9pc); but relatively 
higher number of osteocytes 
observed (101±3) 

day 9 101±3 

S5 Matrix 
deposition 
rate 

6 hours 18 hours Early condensation formation 
observed (day 8pc); relatively 
similar number of osteocytes 
(76±1) 

day 8 76±1 

S6 Matrix 
deposition 
rate 

18±3 hours 18 hours Similar to the original in terms of 
condensation formation rate (day 
9pc) but fewer osteocytes (53±5) 

day 9 53±5 

S7 Matrix 
deposition 
rate 

1 hour 18 hours Condensation formation earliest 
(day 7pc); but very few osteocytes 
observed (30±0) 

day 7 30±0 

S8 Matrix 
deposition 
rate/Pre-
osteoblast 
proliferation 

1 hour/18 
hours  

18 hours/ 
12 hours 

Lack of enough osteoblasts (37±3) 
as well as extremely delayed 
condensation formation  (day 11 
pc) 

day 11 37±3 

Table 4. 7: A summary of the sensitivity analysis.  Simulations conducted to test model’s 
sensitivity to various parameters governing condensation development , as well as a summary 
of results from each test case (n=3) are provided. To contextualise the analysis, condensation 
maturation time and average osteocyte population on day 12 p.c. is also given.  
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4.4.3 OSTEOBLAST POLARITY DICTATES THE ARRANGEMENT OF 
OSTEOCYTES WITHIN CONDENSATIONS  

Following basic model development, the strong-inference approach262 was used to 

test the proposed mechanisms. Figure 4.8 (A-D) displays the process of bone deposition and 

the transformation of osteoblasts into osteocytes governed by the four hypotheses. 

Hypotheses #1 – 3 do not show significant differences between the structure and number of 

osteoblasts (Kruskal-Wallis, p=0.095) that form at a given time. Furthermore, the processes 

of condensation initiation and growth, differentiation of the initial progenitor-cells into 

osteoblasts, matrix deposition, mineralisation, and osteocyte formation occur approximately 

at the same time.  

 
Figure 4. 8: Transformation of osteoblasts to osteocytes according to the proposed 
hypotheses. The figure shows cross-sectional view of the nodules capturing the 
transformation of osteoblasts (green) to osteocytes (black). Hypotheses #1 -3, displayed by 
(A – C) respectively, roughly yield similar transformation patterns within similar time 
frames. Hypothesis #4 (D), however, underperforms substantially being unable to either 
allow the condensation to achieve the right size or osteocytic transformation. This 
observation is statistically represented in (E), which shows lack of osteocytes in nodules 
employing hypothesis #4 for condensation development and maturation 12 days post -
confluence and similar values of osteocytes produced by hypotheses #1-3.  
 

Hypothesis #4, however, substantially underperforms under this criterion producing, 

for the dominant majority of simulations, no osteocytes even after 30 days pc (Kruskal-
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Wallis, p<0.001). The results were consistent when gathered from simulations conducted 

across three different work stations (Kruskal-Wallis, p=0.788). This was done to ensure code 

insensitivity to random elements within the code, which were used to account for biological 

stochasticity, and achieved by employing random number generation, which tends to vary 

between different workstations. 

The sequence of events encountered in Figure 4.8 is shown without the 

precursor/pre-osteoblastic cell cover in Figure 4.9. The inadequacy of hypothesis #4 is 

further exposed here. However, a more noteworthy observation becomes apparent. The 

differentiated osteocytes emerging from hypothesis #3 seem well sequestered from each 

other by the matrix in which they are embedded and are more regularly arranged as 

compared to hypotheses #1 and #2. In order to quantify this visual observation, a cluster 

analysis was conducted on data collected for hypotheses #1, #2, and #3. Despite lack of 

significant structural differences between condensations formed using the three hypotheses, 

the analysis revealed hypothesis #3 formed the most consistent number of clusters across 

iterations, resulting in more ordered and consistent arrangement of osteocytes over 

iterations. Hypotheses #1 and #2, though, showed more variation in the number of clusters 

formed, and so resulted in cells that were irregularly arranged over iterations owing, perhaps, 

to the varying polarity exhibited by the osteoblasts. 

Non-selective osteoid deposition (#1 and #2) was, therefore, observed to cause 

irregular, non-homogeneous arrangement of osteocytes with certain condensation zones 

being heavily populated and certain others entirely devoid of osteocytes. This observation 

deserves a special mention, for not only does it have experimental basis; it also underscores 

the ability of ABM in capturing emergent behaviour. Ferretti et al. (2002)226 reported 

evidence for irregular arrangement of osteocytes with arbitrary polarities that form due to 

self-entrapment of osteoblasts.  
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Time, 

days 

p.c. 

Hypothesis #1       Hypothesis #2         Hypothesis #3         Hypothesis #4 

 

 

7th   

 

 

 

 

9th 

 

 

 

 

11th 

 

 

 

 

 

 

12th 

 

 

 

 

 

14th 

 

 

 

 

 

 

 

16th 

 

 
Figure 4. 9: Osteoblastic transformation into osteocytes without Mesenchymal cells. The 
figure captures the spatiotemporal development of the condensation in terms of matrix 
deposition, its mineralisation, and the terminal differentiation of osteoblasts into osteocytes. 
Frames presented in this figure were captured from various angles. A couple of conclusions 
can be easily drawn from the frames presented in this figure: condensation growing per 
hypothesis #4 fails to achieve the requisite condensation size and therefore osteoblast 
differentiation; and matrix deposition occurs in the most ordered manner governed by 
hypothesis #3. 
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In comparison, osteocytes formed due to entrapment from neighbouring cells showed 

more regular arrangement as well as collective polarity. The model captured both 

phenomena: self-entrapment represented by hypothesis #1 and #2 resulted in irregular 

osteocyte arrangement, whereas entrapment represented by hypothesis #3 formed regularly 

arranged osteocytes. It needs to be emphasised that the resulting observed osteocyte 

arrangement was neither coded for in the models, nor alluded to as part of initial and/or 

boundary conditions. It emerged from polarity acquired by osteoblasts dynamically during 

model run time. 

The cluster analysis, furthermore, revealed that hypothesis #2 showed more variation 

in the number of clusters formed (though it resulted in two clusters more consistently than 

hypothesis #1). Hypothesis #2 can, thus, be concluded to result in an irregular arrangement 

of osteocytes, in comparison with hypothesis #1, and hence the mechanism contributing to 

static bone formation. However, as little is known about the source of irregularity in static 

bone formation, disproving one of the two mechanisms represented by hypotheses #1 and 

#2 will require more detailed computational analyses. The best fitting number of clusters per 

iteration is displayed in Table 4.8 for each hypothesis. 

4.4.4 OSTEOBLASTS DO NOT SWITCH-OFF OSTEOID DEPOSITION  

Hypothesis #4, similar to hypothesis #3 in terms of osteoblast polarity, suggested 

that certain osteoblasts terminate or slow-down osteoid synthesis and end up getting buried 

by neighbouring osteoblasts. In the initial model, the population fraction that turned-off its 

‘genes’ was set to 30%. The period over which termination occurred was indefinite. This 

combination produced no osteocytes during the periods where other hypotheses resulted in 

normal condensations. This remained the case when the termination period was decreased 

to 2 days and 1 day. No differences were observed upon setting the population fraction to 
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10% (indefinite, 2 days, and 1 day switch-off periods) and 2% (indefinite and 2 days switch-

off periods). Only one case from the set of simulations conducted with the 2% and 2 days 

combination produced osteocytes (Figure 4.10) but the mechanism failed to capture other 

events in the same time frame as the other hypotheses; so much so that the differentiation of 

osteoblasts into osteocytes was not fully observed until the end of majority of the 

simulations. Two problems were identified with this hypothesis: (i) the condensation fails 

to develop normally in size, which in turn is the cause of many anatomical complications 

and malformations263, and (ii) ‘burial’ of osteoblasts cannot occur properly as there is not 

enough matrix to properly embed osteoblasts, which, therefore, fail to differentiate into 

osteocytes. If the deposition of osteoid can indeed be considered the most significant reason 

behind condensation maturation and the differentiation of osteoblasts into osteocytes, 

hypothesis #4 seems untenable. 

Number of clusters detected 

Iteration # Hypothesis  #1 Hypothesis #2 Hypothesis #3 

1 2 2 2 

2 2 3 2 

3 3 2 2 

4 2 1 2 

5 2 2 2 

6 3 2 3 

7 2 2 2 

8 3 3 2 

9 2 2 2 

10 3 2 2 

11 3 2 3 

Table 4. 8: Number of osteocyte clusters per hypothesis.  The table lists the number of 
osteocyte clusters observed for simulations conducted employing hypotheses #1 -3. Data 
from 11 simulations conducted on three different computers (5 -3-3) are shown. 
Inconsistency in cluster formation when employing hypothesis #2 can be observed by the 
variation in the number of clusters that can form (three as opposed to two for hypothesis #1). 
Osteocytes were not observed in simulations employing hypothesis #4 during normal time 
frame and, therefore, were not included in this analysis. 

Hypothesis #4 only produced osteocytes when, for the population fraction of 2%, the 

termination period was decreased to 1 day (1.5% of the simulation time). However, this 

behaviour was critically contingent on the moment when the termination period was applied. 
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If the ‘switch-off’ was imposed too early, a reasonable number of osteocytes resulted. 

Delayed application of this condition, though, led to inconsistent results. Kruskal-Wallis test 

conducted on simulations with population fraction and switch off period as 2% and 1 day 

respectively showed lack of significant difference (p=0.638) amongst each other (in terms 

of number of osteocytes observed). While this analysis points to inconsistent performance 

of hypothesis #4, even when mild limitations regarding population fraction and termination 

period are imposed, a pattern can be clearly identified. As hypothesis #4 approaches 

hypothesis #3, i.e. as the effect of population fraction and switch-off period are removed, it 

starts to produce condensations more consistently. This suggested that hypothesis #4, quite 

possibly, embodies a pathological departure from hypothesis #3 – a conjecture that required 

further probing.  

 
Figure 4. 10: Sensitivity analysis of hypothesis #4 as the mechanism governing 
condensation development.  The graph represents the number of osteocytes obtained when 
parameters regarding osteoid ‘switch-off’ were altered. Parameters altered included the 
percentage frequency of osteoblasts switching off their o steoid deposition genes (30%, 10%, 
2%), the amount of time during which this decision was made (indefinite, 2 days, 1 day), and 
the moment during simulation when this behaviour was allowed (early vs late). Osteocytes 
were only observed when the population switching-off osteoid deposition was reduced to 2%, 
the period to 1 day, and when this condition was imposed quite early during simulation. This 
indicated that normal osteocyte population can be observed as hypothesis #4 approaches 
hypothesis #3. Please refer to Materials and Methods  for details regarding the analysis.  
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4.4.5 ABNORMALITIES IN OSTEOBLAST RECRUITMENT AND OSTEOID 
DEPOSITION RATE ARE LINKED TO BONE-RELATED PATHOLOGIES 

Identification of a defect forms the first step towards its correction. Whether in vitro 

or in silico, a model of osteogenesis must be dynamic enough to identify a defect and initiate 

corrective measures. As such, the ability of the model to initiate remodelling and the 

effectiveness of various hypotheses to govern this remodelling were investigated. Normally 

developed condensations (via hypothesis #3) were compromised by ‘resorbing’ a significant 

amount of mineralised osteoid and necrosing a substantial number of osteocytic, 

osteoblastic, and pre-osteoblastic populations (Figure 4.11A). The author expected the 

model to initiate osteoblastic recruitment followed by osteoid synthesis to recreate the 

condensation. This is exactly what was observed, albeit with the difference that remaining 

pre-osteoblasts initiated proliferation (index of osteoblast recruitment for in vitro cases) and 

differentiated into osteoblasts, which subsequently produced matrix (index of osteoblast 

vigour) that mineralised and aided the differentiation of osteoblasts into osteocytes. 

In concurrence with the aforementioned results, hypotheses #1, #2, and #3 resulted 

in normal condensations, similar to each other (two-way ANOVA for n=3, p=0.102). 

Hypothesis #4, quite obviously, underperformed, resulting in subnormal condensations with 

sub-optimal amount of matrix and fewer osteocytes, especially in comparison to hypothesis 

#3 (two-way ANOVA, p<0.001 for n=3; Figure 4.11 B, C, F, G). This underperformance 

was attributed to low osteoblast vigour. In order to test this conjecture further, hypothesis 

#3 was modified to (r1) over produce matrix and (r2) suppress osteoblast recruitment and 

osteoid production (low osteoblast vigour) (n=3, for both cases), the latter affecting the 

condensation by depositing less osteoid than needed. Both modifications failed to result in 

normal condensations (Figure 4.11 D, E, H, I), two-way ANOVA (p<0.001), showing a 

significant deviation from hypothesis #3 (Bonferroni multiple comparison, p<0.001 for r1, 
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and p=0.001 for r2; Figure 4.11J) but similarity with results obtained using hypothesis #4 

(p>0.05 for both; Figure 4.11J).  

 
Figure 4. 11: Nodule remodelling following the ‘resorption’ challenge. The figure 
captures the spatiotemporal development of the condensation following a challenge in the 
form of bone resorption. As part of the challenge, mineralised matrix of a normal 
condensation was ‘resorbed’ and the osteocytes necrosed (A). The recovery of this nodule 
was observed by employing four mechanisms: hypothesis #3 (B, F), hypothesis #4 (C, G) , 
matrix overproduction (D, H), and low osteoblast vigour (E, I). The two frames were taken 
on days 3 and 7. Nodule remodelling under hypothesis #3 recovere d normally producing 
osteocyte population that was statistically similar to the original, mature condensation. 
Hypothesis #4 failed to produce a normal condensation in size, osteoid production, as well as 
osteocyte population. While matrix overproduction d id result in a remodelled condensation 
that resembled the original condensation in size, it had considerably less osteocyte 
population: a sign of skeletal abnormality. Finally, the condensation that recovered via low 
osteoblast vigour fared better than the previous two mechanisms, the amount of osteocytes 
observed were not statistically similar to the ones observed for the normal, mature 
condensation, indicating skeletal abnormality. In (J) , this information is represented 
statistically. ***p < 0.001. 
 

This indicated the mechanism encoded in hypothesis #4 was similar to that obtained 

using the modified (abnormal) hypothesis #3. It, therefore, seems quite likely that 

mechanisms represented as hypothesis #4 actually result in pathological bone structures and 

are, thus, less likely to play any role in normal differentiation of osteoblasts into osteocytes. 

Furthermore, the investigation also revealed the manner in which matrix overproduction, 

out of sync with available osteoblast numbers, results in fewer osteocytes due to accelerated 

condensation growth as a result of enhanced osteoid apposition, which fails to trap enough 
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osteoblasts. In animal models, while underproduction of osteoid is linked to osteoporosis, 

overproduction is usually associated with hyperparathyroidism and osteitis fibrosa. 

4.5 DISCUSSION 

In order to validate the model, the maturation time of the virtual condensations was 

compared with their in vitro counterparts. Hypotheses #1, #2, and #3 produced 

condensations that matured within the empirically observed range of 3 – 12 days pc. 

Moreover, all normal condensations (refer to the sensitivity analysis conducted on 

hypothesis #3) matured within this time frame as well. Secondly, the number of cells within 

a nodule was quantified by Bellows and Aubin264 (also discussed by Beresford et 

al.(1993)249) to be ~100. Moreover, it is also known that there are about 10 times as many 

osteocytes as osteoblasts.17 Considering these two empirical data points, one can conclude 

that the number of osteocytes within a mineralised nodule should be close to 90. This formed 

a crucial piece of validation for the model as well as the underlying rules and boundary 

conditions, for all normal condensations (i.e. hypotheses #1, #2, and #3) produced 

osteocytes – 87±11 (mean ± standard deviation) – in agreement with the known empirical 

figure (especially 90 osteocytes). Simulations that produced ~35 osteocytes were 

statistically different from the normal condensations (as pointed in the analyses). Hypothesis 

#4, though, failed on both accounts. Furthermore, in addition to these two explicit 

comparisons another explicit comparison was presented: in virtuo nodule structure in 

comparison with in vitro nodule structure. The spatial arrangement of cells and mineralised 

matrix, as well as nodule height, reproduced cleanly the in vitro observations, which further 

validates the model as well as the underlying rules. 

The model, relying purely on initial and boundary conditions (the latter in terms of 

spatial limits), presence or absence of neighbours (cells or matrix), instructional relationship 
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between the various agents (cells/matrix), and certain stochastic variables (refer to Methods), 

faithfully reproduced the template observed during nodule formation as first proposed by 

Hall and Miyake,263 as follows: epithelial-mesenchymal interactions → differentiation → 

condensation formation → deposition of extra-cellular matrix → terminal differentiation 

(including mineralisation). There were two chief reasons behind simulating the process in 

vitro: (i) the situation provides a realistic representation of what happens in vivo, (ii) 

uncomplicated by extraneous factors such as hormones, mechanical conditions, vascularity, 

and so forth. The first reason is justified as the in vitro mineralised nodules have been 

demonstrated to resemble true bone.250 Furthermore, agreement amongst several authors that 

“[…] mineralised nodules in vitro closely resemble the embryonic/woven bone that is 

formed in vivo”249,250,252,265-267 points to similarity between mechanisms that produce 

morphologically similar skeletogenic structures in vitro as well as in vivo.  

However, it was felt that these comparisons though useful were not sufficient and, 

as such, additional semi-explicit comparisons were made. These included comparing: (i) 

factors that regulate condensation development (in vitro and in vivo); (ii) arrangement of 

osteocytes within condensations; (iii) impact of osteoblast polarity on osteocyte 

arrangement; (iv) impact of osteoblast polarity on osteoblast entrapment; and (v) 

condensation recovery under pathological conditions. Analyses conducted herein reveal that 

(i) both221,249,250,256 osteoblast recruitment – captured in the in vitro model by pre-osteoblast 

proliferation – and osteoid deposition must act normally for normal condensation 

development: failure in even one can result in abnormal condensations (e.g. hypothesis #4 

and simulations r1 and r2); (ii) models produce both irregularly (hypothesis #2) and 

regularly (hypothesis #3) arranged osteocytes, which can be employed during osteogenesis; 

(iii) osteoblasts polarised as a layer produce regularly arranged osteocytes whereas 

osteoblasts with individual polarity give rise to irregularly arranged osteocytes (which 
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happens to be an empirical observation226); (iv) osteoblast that act as layers (hypothesis #3) 

bury neighbouring osteoblasts whereas those that are individually polarised undergo self-

burial (hypothesis #2)226: the cluster analysis revealed the latter to be producing irregularly 

organised osteocytes, but was additionally validated by the observation226 that those cells 

that acquire an orientation initially and deposit matrix in that direction throughout their life 

produce irregular arrangement of osteocytes (we computationally captured that conjecture); 

and, finally, (v) even normally developed condensations can display poor recovery in case 

pathological mechanisms (i.e. slow osteoblast vigour/recruitment and abnormal osteoid 

deposition) become operational during recuperation.256 

In the biological context, these results refute the view proposed by Palumbo et al.229 

and Nefussi et al.230 that those osteoblasts that switch off their osteoid deposition capacity 

are transformed into osteocytes. While termination of osteoid deposition will inevitably 

accompany osteoblast differentiation, a certain case of correlation, it cannot be attributed 

causality over the event. Furthermore, attributing to a cell this additional event of 

‘terminating’ a particular behaviour based on the amount of matrix in its immediate 

environment is tantamount to adding a layer of complication (rather than complexity) that 

might be difficult to justify and explain in terms of intra- and extra-cellular features that will 

additionally come into play if the cells are assumed to display such sensibility and control. 

The results presented here promote and reinforce Romer’s227 as well as Windle & 

Nonidez’s228 view that polarised osteoblasts act synchronously to deposit bone. Contrary to 

this is the view proposed by Ham & Cormack,224 Bloom & Fawcett,225 and Ferretti et al.226 

that treats acquisition of polarity to be self-regulated. This allows discrete and seemingly 

random distribution of polarity within a given osteoblast population and, thereby, non-

selective deposition of osteoid, which our results indicate lead to clustered and inconsistent 

osteocyte formation. The analysis also supports the evidence for this behaviour, reported by 
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Ferretti et al.226, suggesting that the direction of osteoid deposition does not alter 

significantly through an osteoblast lifetime, and rules out Ham & Cormack’s224 view that 

osteoblasts deposit osteoid randomly throughout their lives.  

The analyses, furthermore, provide computational evidence for the view that 

ossification can employ multiple osteogenic strategies, which Ferretti et al.226 refer to as 

static and dynamic bone formation. Whereas static bone formation employs self-burial, 

hypothesis #2; dynamic bone formation occurs by entrapment due to neighbouring cell 

activity, hypothesis #3. The implication is that osteoblasts acquire polarity influenced by 

their environment rather than by their genomic content alone. The environmental variables 

can include presence of biological structures or gradients of a chemokine or morphogen, 

amongst others. Whichever case it may be, the environmental impact will be continuous, 

and, therefore, it can be argued, most cells within a population would be influenced 

collectively, rather than individually. For example, if gradient of a particular solute is 

assumed to contribute to polarity, it is logical to conclude that a collection, or layer, of cells, 

rather than one cell, would be affected. This layer of cells will then act in alignment to carry 

out functions influenced by their polarity; such as, deposition of osteoid and, in turn, the 

burial of neighbouring (arguably, layer of) osteoblasts. This is perhaps the reason why the 

static mechanism (hypothesis #2) mainly contributes to the formation of the core of 

intramembranous bone structures, such as the primary trabeculae, which form around the 

vascular framework where gradients will be low owing to presence of high solute 

concentration (hence little impact on polarity); whereas the dynamic mechanism (hypothesis 

#3) seem to be mainly involved in bone compaction, at sites away from the vasculature 

where solute gradients will become more appreciable. 

A significant feature of this investigation remains the fact that the agent-based 

approach enabled the observation of the development of abnormal nodules (hypothesis #4), 
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and allowed the author to investigate parameters that are linked to bone pathology. 

Additionally, the model, being inherently dynamic in nature, provided a novel foray into the 

mechanics of bone remodelling (sans osteoid resorption), both normal and pathological. For 

example, the model suggested both under- and over-production of osteoid (index of 

osteoblast vigour) as well as low and high pre-osteoblast proliferation (index of osteoblast 

recruitment) to contribute towards abnormal condensation development. This has 

implications in studying bone defects such as osteoporosis, where the model, following the 

incorporation of osteoclasts as bone resorbing agents, can be employed to better understand 

the role of aforementioned parameters in causing low bone density, as well as cases where 

bone deposition seem to be amplified (e.g. osteitis fibrosa). Furthermore, by introducing 

into the model interactions between a drug molecule and the targeted ‘agent’, usually 

osteoblasts, the efficacy and impact of the given drug on osteoblast activity or recruitment 

can be evaluated. The model can, therefore, be used to optimise drug development. The fact 

that the author was able to analyse parameters that caused abnormality and, more 

importantly, optimise them to lead to normal condensation development constitutes the 

principal beauty of the agent-based paradigm. 

The model relied on cellular migration as the initiator of condensations. In vivo,  

mesenchyme close to the site of skeletogenesis helps furnish condensations with cells, which 

migrate to the relevant site, as indicated by Jabalee et al. (2013)221  The conclusions of our 

model, therefore, with respect to osteoblast differentiation, apply equally to in vivo cases, 

especially considering that osteoid deposition occurs after migration and differentiation of 

pre-osteoblasts (in addition to the fact that the orthopaedic community agrees that 

mineralised nodules resemble true bone). Furthermore, the model assumed optimal nutrient 

and morphogen concentrations, which are only justifiable for in vitro studies. Similarly, 

polarity, even though acquired dynamically by osteoblasts during development as well as 
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remodelling in this investigation, had a purely spatial character. In vivo, this will not be the 

case, for the chemical and mechanical environment of osteoblasts will also influence 

polarity. The two assumptions, however, will not alter these conclusions as the aim of this 

investigation was to compare the performance of the proposed differentiation mechanisms 

under normal circumstances. Moreover, the agent morphology employed in the model was 

idealised, though it would not upset the conclusions as agent morphology was not considered 

to play any role in influencing either osteoblast polarity or its differentiation. Finally, in this 

investigation, growth and maturation of only one condensation/nodule was considered, but, 

once again, the conclusions can be extended to in vitro cultures with multiple 

condensations/nodules without any loss of generality. 

Furthermore, while osteoblasts display directional sensitivity to mechanical 

stimuli,268,269 the impact external mechanical loading can have on osteoblast activity, as well 

as polarity, is undeniable. In hypotheses #3 and #4, a key factor is the synchronised 

acquisition of polarity by the osteoblast agents. In reality, this is a result of integration of 

environmental physical and chemical cues along with the genetic content of the osteoblasts. 

However, as the model did not consider physical or chemical cues, this was achieved 

simplistically. Space in the z-dimension was distributed into regions alternating in polarity. 

The regions were determined probabilistically in each simulation. While the cells acquire 

polarity dynamically within the model (a. cells were not assigned pre-determined polarity, 

and b. polarity itself was decided during run time), this remains a limitation of the model, as 

it does not consider the gradients that play the role in informing cell polarity. This aspect 

shall be advanced in the forthcoming version of the model.  Furthermore, this dynamic 

acquisition of polarity was achieved by introducing a global rule in the model, which led to 

an increase in the computing time (refer to §2.3.2 for a discussion on the impact of global 

on computational complexity). However, adding this global rule was, in the absence of 
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physicochemical cues, the only manner in which the osteoblasts could have acquired polarity 

dynamically during run time. 

The process of cell condensation emerges as a result of factors, which include: 

changes in cell proliferation,220 alteration in cell-cell and/or cell-ECM interactions that 

prevent movement of cells away from a centre,270 local deposition of ECM 

components,270,271 haptotaxis influenced by spatiotemporal patterns of ECM production,272 

and patterns of diffusible morphogens.273,274 However, the actual mechanism(s) informing 

mesenchymal cell condensation still remains unknown.275 Previously, this has been captured 

by employing reaction-diffusion equations where condensation patterns emerge as a result 

of interactions between two morphogens (an activator and inhibitor) and the cellular 

response to these interactions, which is a more complete and robust way of capturing the 

process. CPM oriented standalone models have achieved this by adding a term to the 

Hamiltonian to capture preferential attachment of cells to the matrix. In the presented model, 

cells, in the absence of chemical and mechanical stimuli, condense by migrating along an 

arbitrary gradient towards the centre of the field. While the model can support condensation 

anywhere within the virtual field, the only reason the centre of the field was chosen as the 

desired spot for condensation was to ensure full visibility of the resulting nodular structure 

as the field boundary was not periodic. This was permitted by the lack of underlying 

reaction-diffusion equations, but remains a limitation of the model. However, the modularity 

of the code, which allows easy incorporation of reaction-diffusion equations or indeed the 

transport equation, means that this limitation can be easily mitigated (to be addressed in the 

sequel to this model). 

Besides aiding our fundamental understanding of a significant biological event, 

results from this investigation display how computations can serve as efficacious 

supplements to experiments. As the philosophy behind the use of computational strategies 
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is to condense the lab into the computer, and the experiment into the code, the model’s 

sensitivity to stochastic variables within the code as well as result reproducibility across 

various computer systems was also tested. This was achieved by running models (employing 

the four hypotheses) on separate workstations. Simulations resulted in similar condensation 

structures with similar osteocyte populations within the same time frame. The fact that 

statistically similar results were reproduced on more than one machine means that our model 

(code available under Creative Commons Attribution License) as well as results can be 

reproduced and modified by anyone anywhere, and further used for hypothesis testing of 

any kind. In particular, this investigation underscores how the discrete mathematical 

approaches, specifically, agent-based modelling can be applied to recreate experiments that 

for a variety of reasons may be difficult to design and execute. It must be reiterated that these 

hypotheses could not have been tested experimentally, especially in the detail presented 

here. The mechanism(s) governing osteoblast differentiation being unknown, it is 

immensely challenging, if not outright impossible, to engineer a cellular population that can 

obey in vitro, and most certainly in vivo, mechanisms represented by the four hypotheses. 

Moreover, despite the availability of mutated osteoblasts, which display abnormal osteoid 

deposition, it must be kept in mind that the experiments evaluating these hypotheses require 

precursor cells to undergo two degrees of differentiation to form osteoblasts, which can 

subsequently display abnormal osteoid deposition or randomly acquired polarity. Currently, 

this can only be achieved in virtuo. However, mutated osteoblasts can be employed in vitro 

to quantify the contribution of hypothesis #4 in causing bone related pathologies – an 

investigation the author intends to undertake next.  

Furthermore, agent-based modelling, in offering a fresh perspective to investigators 

interested in exploring the impact of activity of a collection of entities (enzyme, cell, 

extracellular-matrix, etc.) on global observables, opens up previously inaccessible data. 
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Finally, the fact that the model was able to capture differences in condensation maturation 

that emerged due to the differences in the hypotheses tested as well structural features not 

explicitly included within the code, points to the robustness of the technique as a hypothesis 

testing tool. Given that agent-based modelling is the most intuitive way of simulating 

biological systems, the author hopes that results from this investigation shall encourage 

biologists to pick up this methodology to investigate questions that have proved challenging 

to explore due to lack of suitable apparatuses and/or techniques, or other logistical or ethical 

issues. 

4.6 SUMMARY 

A key conclusion to take away from the results presented in this chapter is that any 

modelling approach required to simulate biological complexity must possess certain 

features, which include: the ability of the approach to simulate non-linear and dynamic 

behaviour, synthesise relevant “constituent-constituent” and “constituent-environment” 

interactions, track the evolution of various constituents that are heterogeneous in nature, 

develop memory of various prior constituent interactions, adapt to the external environment, 

and permit visualisation of emergent phenomena that will result from the combined 

interactions of system constituents. Continuum models alone cannot fulfil all these criteria 

and hence a different methodology to model interaction-reliant progression and emergent 

character of most morphogenetic processes was presented in this chapter – that of ABM. 

The series of discussions undertaken in this chapter were motivated by this objective. 

ABM was used to simulate in vitro intramembranous osteogenesis. The model was 

based on spatial restrictions, instructional relationship between cells, and a cell’s ability to 

sense its environment, and reinforced by a range of sensitivity tests and evaluation of model 

output following a physiologically relevant challenge (bone resorption). The model, capable 
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of capturing empirically observed emergent behaviour during osteogenesis, revealed two 

aspects of osteogenic differentiation that were completely unknown, are counter-intuitive, 

but provide novel insights into this hitherto unexplained process: osteoblasts display 

polarised behaviour, and they do not, under normal development, switch off their matrix 

deposition genes. These findings effectively discount two major current hypotheses and 

illustrate the developmental relevance of this model. Moreover, Figures 4.6 and 4.8 serve as 

excellent exemplars for the power of abstraction and conceptualisation that this approach 

offers, illustrating in a visually compact manner the processes that were investigated and the 

message that, in osteogenesis, multiple mechanisms are at play; an empirically verified 

fact.226 The versatility of the agent-based approach makes it a particularly appealing 

modelling framework to analyse complex systems. However, the approach on its own cannot 

be employed to capture the continuous features of a biological system and, as such, cannot 

display the ability to assimilate information dynamically. A hybrid approach, as has been 

hinted thus far, is best suited to capturing biocomplexity with greater resolution and clarity 

– an argument that was explored in Chapter 2. In the next chapter, a multi-paradigm, 

transport-agent coupled, hybrid framework is presented, which enriches the existing 

landscape of hybrid computational approaches that are available to simulate biological 

phenomena. 
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In the preceding chapters we analysed the utility of Computational Fluid Dynamics as well as 
Agent-based Modelling as suitable mathematical approaches to simulating bulk and emergent 
behaviour, respectively. However, due to restrictions applicable to each, pointed out in previous 
chapters, neither obeys dynamic assimilation, as discussed in §2.7, in full. Therefore, there still 
remains an absence of a suitable modelling paradigm that can truly capture biocomplexity and 
the dynamism that exists in biological systems. This chapter addresses the overarching aim of 
this thesis: Develop a framework that can capture biocomplexity, especially in the TERM 
context, in 3D; and discusses the development and validation of a computational framework 
that can be used to simulate biological phenomena in most, if not all, TERM related systems. 
Results displaying the capability of the framework to capture dynamic reciprocity as well as 
dynamic assimilation, and its validation are presented. Images and certain sections have been 
reused under the Open-Access License.xxi 

 

5.1 INTRODUCTION 

 recurrent message in this thesis concerns the importance of synthetically 

generated autologous substitutes276,277 towards the treatment of the diseases 

of cellular deficiency;19 situations where populations of crucial cells are 

permanently lost. Given that certain adult human tissues lose their capacity to regenerate,21 

they rely exclusively, in case of a critical injury, on functionally similar substitutes.21,278-280 

As was suggested in previous chapters the principles of tissue engineering can be employed 

to develop such biological substitutes, with remarkably similar properties as those of the 

host tissues, in vitro.21,22,279-281 This, however, requires tight control over the artificial growth 

environment,28,277,280 which can be achieved by using bioreactors that in addition to 

providing an optimal growth environment for cells, are also used to ensure effective mass 

transport (as demonstrated in Chapter 3). Bioreactors have evolved significantly in both their 

                                                           
xxiThe work presented in this chapter appeared as: Kaul H, Cui ZF, Ventikos Y (2013). A Multi-Paradigm 
Modeling Framework to Simulate Dynamic Reciprocity in a Bioreactor. PLoS One 8(3):e59671.  
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complexity and functionality over the last two decades.28,276,277 Subsequent to their primary 

design objectives: regulating the cellular microenvironment to support cell viability, 

promoting their 3D organisation and providing the cells with spatiotemporally controlled 

signals; their design has been modified to offer the user the possibility to seed cells 

dynamically within 3D matrices, overcome the constraints inherent to static cultures, and 

stimulate the developing constructs physically.28,277  

Despite the technological advances that have been made in the sector of regenerative 

medicine and, in particular, bioreactor technology, there is still a pressing need for safe and 

clinically efficacious autologous substitutes.277 Furthermore, translating regenerative 

medicine from bench to bed-side would not only require a good product but also robust, 

controllable and cost-effective manufacturing bioprocesses that are compliant with the 

evolving regulatory frameworks.53,277 As automated devices, bioreactors serve ideally 

towards this end, for they are the key element in the development of standardised, traceable, 

cost-effective and safe manufacturing processes for engineered tissues for clinical 

applications.277 

However, they too, like most biological systems, are utilised primarily as black 

boxes, where trial and error eventually leads to the desirable cellular outcome.55,277 It should, 

therefore, come as little surprise that their yields remain qualitatively poor and the process 

of cell expansion almost non-reproducible.29,277 The problem, once again, stems from the 

fact that little is known about the impact of specific bioreactor mass transport characteristics 

and features on the expansion and growth of cells within the device.  Investigators in recent 

years have begun utilising computational tools (reviewed in Chapters 2 and 3, and 

elsewhere55,57) to study mass transport inside bioreactors (a critical feature of this thesis as 

well) and how that may influence cellular dynamics, but this extremely complex interplay 

has thus far proven elusive. 
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Analyses based on tackling directly the differential equations governing transport 

have in addition to being successful in quantifying mass transport and hydrodynamics inside 

bioreactors; have been extended to, given certain assumptions, studying cellular dynamics 

as well.55,282 Such models usually either assume absence of neo-tissue within the 

interconnected pore space in a scaffold or cell attachment only along the surfaces of the 

scaffold.55 The differential approach models the cell population, the surrounding extra-

cellular framework and nutrients as distributed continua.282 The matrix in which the cells 

grow can be treated as a porous medium282 and one can utilise a wide variety of available 

computational methods to quantify the distribution of any number of substances being 

transported and diffusing inside it. Whereas the continuum approach captures transport quite 

accurately, the fact that it investigates biological phenomena at cell population level, 

disregarding entirely the cellular heterogeneity – central to biological function13,282 – and the 

low-level system details,12 hinders accurate analyses of cellular dynamics, as the continuum 

approach captures averaged responses. The averaged response exhibits large variability 

between experimental models, especially when small number of cells are being utilised. This 

is usually mitigated by employing stochastic elements within population-based models, 

which makes them useful in explaining the modelled phenomenon, but not while making 

experimental predictions.53 Secondly, population-based models do not allow for tracking of 

individual cells and cell properties (as the microscopic details are abstracted away), which 

leads to a loss of realism.151 Similarly, continuum formulations do not consider the history 

of individual cells while simulating cell behaviour.283 Collectively, this makes quantification 

of cellular dynamics less precise and rather difficult. 

In order to understand the impact of cell level behaviour on the overall cell 

population, discrete models can be employed12,13,151,282 – a conclusion argued for in Chapter 

4. The cellular automata approach, one of the many discrete approaches, has been used 
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extensively to trace the microscopic details of cellular dynamics more directly and 

accurately by attributing a set of evolution/transition rules to the computational grids that 

can represent biological entities such as the cell or the physical microenvironment.5,282 The 

models that have been tried using this approach usually assume a constant supply of 

nutrients, which is not fully reflective of the actual conditions, even under carefully designed 

experiments.13,284 Furthermore, the discrete models available in the literature, despite 

capturing processes such as contact inhibition, persistent random walk and cell division with 

marked accuracy, do not consider the impact of chemotaxis and apoptosis on the overall 

growth dynamics of a cellular colony.13,284  

Both the continuum and discrete formulations have advantages as well as 

disadvantages, which were outlined in §2.4. More recently, hybrid models, which are a 

combination of the continuum and discrete approaches, have been utilised to study the 

evolution of biological systems through intercellular and cell-environmental 

interactions12,105,282,285-287 especially within bioreactors.14,15,288-290 This, arguably, is a better 

approach, compared with either continuum or discrete formulations, to quantify 

biocomplexity, as it provides sufficient resolution to analyse both the cellular and 

environmental heterogeneity.288 Furthermore, especially within the TERM context, this 

approach is particularly suited to investigate the impact of drug or non-drug based 

interventions on cellular activity, considering that the continuum module can be utilised to 

model distribution of the therapeutic agent and the discrete module to simulate the cellular 

interaction with it. Moreover, bioreactor functionality and design can be enhanced through 

this approach, where the continuous PDEs can be employed to capture transport, 

hydrodynamics, and mechanical stimulation and the discrete equations/rules to capture how 

these physical forces impact biological growth, and vice versa. 
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The hybrid approach, based on the formulation capturing cellular behaviours, can be 

broadly divided into two categories: on-lattice and off-lattice models. As the title suggests, 

on-lattice hybrid models employ a lattice-structure, which is utilised to represent the 

biological space, and where each cell is represented by a single point on the lattice11,291 

(though multiple sites can be employed to represent a complex cell shape). Off-lattice hybrid 

models, on the other hand, employ continuous space to encapsulate cells within. Each 

approach has advantages and limitations, which are briefly addressed along with a review 

of existing hybrid models in the following sections. 

5.1.1 ON-LATTICE HYBRID MODELS 

 Two of the most-commonly employed on-lattice approaches simulate cellular 

activity via either the cellular automata (CA) or the cellular potts modelling (CPM) 

paradigm. The reader came across some of these hybrid, on-lattice models in Chapter 4 

where formulations capturing mesenchymal condensation, osteogenesis, and even limb-bud 

formation were presented. These include the hybrid model of chondrogenic condensations 

proposed by Kiskowski et al. (2004)210 integrating reaction-diffusion equations, which 

captured interactions between an activator morphogen and its inhibitor, with a stochastic 

lattice-based model, which captured migration, morphogen secretion, and production of an 

adhesion molecule. An advance on this model was proposed by Christley et al. (2007)235 

who incorporated substrate adhesion within the model, ability of cells to change shape 

(during condensation), and simulated cellular behaviour and molecular dynamics of the 

morphogen at different spatial scales. The investigators identified two distinct regimes of 

reaction rates that impact cell behaviour: slow reaction rates leading to stable morphogen 

peaks and fast rates leading to oscillatory peaks. Checa & Prendergrast (2009)209 also 

integrated a stochastic-lattice with a previously developed mechanical algorithm.97 The 

investigators employed the finite-element model to capture mechanical stimuli and used the 
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discrete model to account for migration, proliferation, differentiation, apoptosis, and 

capillary network formation to generate a range of biomechanochemical cues to inform 

osteogenesis. Chaturvedi et al. (2005)115 coupled a discrete stochastic CPM with reaction-

diffusion equations to capture limb bud formation. The hybrid model was able to 

successfully capture normal and abnormal limb bud development.  

 On-lattice hybrid models have been also utilised to simulate tumourigenesis. Jiang 

et al. (2005)292 developed a multi-scale, hybrid model of tumour formation by integrating 

approaches that captured sub-cellular, cellular, and environmental dynamics. They utilised 

the Boolean network approach to regulate the expression of proteins that controlled cell 

cycle, and reaction-diffusion-consumption PDEs (i.e. reaction-diffusion equations with a 

sink term) to account for chemical dynamics at the extra-cellular level. CPM was utilised to 

capture cell proliferation, adhesion, and necrosis. The extracellular microenvironment 

included oxygen and glucose as nutrients, lactate as metabolic waste, and growth activators 

and inhibitors. The (sub-cellular) progression of cells through their cell-cycle was also 

governed by local concentrations of growth activators and inhibitors. The model replicated 

the development of avascular tumours both qualitatively (i.e. a necrotic core at the centre, 

and proliferating and quiescent cells at the surface and intermediate layer) and quantitatively 

(in terms of tumour volume, cell number growth, growth curves when nutrient 

concentrations were varied) rather well; and predicted that proliferation within the tumour 

is regulated by a combination of limited growth promoters and internally produced growth 

inhibitors, as has been observed experimentally. Gatenby et al. (2007)293 integrated a model 

capturing reaction-diffusion equations to account for gradients of oxygen, glucose, and H+ 

with a cellular automata model simulating cellular activity, which allowed the investigators 

to generate continuously varying local maps of the aforementioned molecules/ions. The 

investigators wished to probe the hypothesis that adaptation of hypoxia and acidosis are key 
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in the later phases of carcinogenesis, and developed an in vitro model of multi-cellular 

spheroids to test the conclusions drawn from the computational model. Starting from a 

normal cell population, the cells underwent random heritable changes due to mutation or 

epigenetic changes that resulted in proliferative (proliferation even under sub-optimal 

conditions, i.e. hypoxia, acidosis, lack of contact with the basement membrane), glycolytic 

(constitutive up-regulation of glycolysis even under normoxic conditions), and acid resistant 

(proliferation under apoptotic pH) cells. Simulations led to observation of multiple 

adaptations to hypoxia and acidosis, which converged to the final phenotype with 

constitutive upregulation of glycolysis and resistance to acid-induced toxicity. Such cells 

would invade into normoxic regions, lowering its pH due to upregulated glycolysis, which 

is toxic to normal cells. This, inevitably, assists in late stages of carcinogenesis as it confers 

a proliferative advantage enhancing invasiveness.  

Bailey et al. (2007)294 developed a hybrid model underpinned by a blood flow 

network simulation to dynamically track inflammatory cell navigation through 

microvasculature to a simulated skeletal muscle capillary bed via interactions with the 

endothelium. The microvascular network was derived from mouse spinotrapezius muscle, 

and combined with a network flow model designed to calculate haemodynamic parameters 

(such as fluid flow and wall shear stress) throughout the simulated microvascular network. 

The investigation yielded results consistent with literature data, including monocyte 

migration occurring primarily in the venules (even though differences in endothelial cell 

phenotype were not explicitly accounted for in the model) and low dependence of monocytes 

on selectins for firm adhesion (a non-intuitive result).294  

Cheng et al. (2009)12 utilised the continuum-discrete approach to model the complex 

interplay that exist between cell populations and mass transport dynamics. Cell interactions 

were modelled using the discrete CA approach whereas diffusion and consumption of 
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nutrients were based on a transient PDE approach. The dependence of cell division and cell 

migration on nutrient concentration, which is not to be confused with chemotaxis, was also 

accounted for. As migration speed was proportional to nutrient concentration, lower nutrient 

concentration meant lower migration speed. 

In order to simulate patterns observed during in vitro vasculogenesis, defined as the 

de novo formation of the primary vascular network from the initial endothelial cells, Merks 

et al. (2006)295 integrated a PDE model to account for diffusion and secretion of 

chemoattractant with a CPM simulating endothelial cell behaviour. The investigators aimed 

to study “how the phenomenology of endothelial cells drives tissue-level dynamics”. The 

model assumed endothelial cells to acquire an elongated shape due to cytoskeleton 

remodelling; secrete a chemoattractant, which diffuses into the ECM and slowly decays 

producing gradients; move up this chemoattractant gradient. In order to mimic cell 

elongation, a cell-length and connectivity constraint was added to the Hamiltonian, refer to 

(2.55). The connectivity constraint was added to eliminate artefacts introduced by the cell-

length constraint. The PDE capturing diffusion and secretion of the chemoattractant was 

discretised by employing the finite-difference method. The model demonstrated the 

importance of endothelial cell shape, i.e. elongation, to the formation of vascular-like 

morphologies, in conjunction with autocrine secretions. The model also predicted that 

Vascular Endothelial Growth Factor165 (VEGF) is less likely to be the signalling molecule 

essential for vasculogenesis, and that a less diffusive growth factor, such as one of the ECM-

bound VEGF189 or VEGF206 isoforms, is probably the key signalling molecule. 

The models proposed by Picioreanu and co-workers14,15,296-299 utilise a differential-

discrete approach to model biofilm growth as a result of substrate gradients. Biofilms are 

heterogeneous systems comprising microbial cells (distributed in a non-uniform manner) 

and polymers, creating a chemically distinct microenvironment.14,299 Understanding the 
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factors that influence biofilm development is essential to designing membrane systems more 

immune to biofouling.15 The computational approach entailed quantifying the role of soluble 

components (such as substrate concentrations, fluid flow, etc.) by the continuum approach 

and utilising the discrete approach to simulate solid components (i.e. the biomass: bacteria, 

matrix, etc.). The approach was motivated by the, proven and quantified, structural 

heterogeneity of biofilms, which informs its development.296 The underlying idea was to 

predict biofilm structure coupled with “correct time evolution of concentrations, fluxes, and 

conversion rates”.296   

A case in point is an earlier version14 of their approach where spatial distribution of 

the substrate is determined by applying relaxation methods to the reaction-diffusion mass 

balance (the latter approximated using the finite-difference method). Biomass growth was 

assumed to be a direct result of nutrient consumption (oxygen). Here, biomass spreading 

was modelled using a CA algorithm, whereby the CA grids were identified as either fluid 

(representing nutrient reservoir), land (the biofilm), and lakes (pores and voids within the 

biofilm). The biofilm front in the model was governed by the following rule: “each particle 

of the hull has at least one “fluid” (external) nearest or next-nearest neighbour”.14 Biomass 

growth was implemented in CA by a rule-set whereby a newly formed biomass “pushed” its 

neighbours to an adjacent, unoccupied site to make a place for itself.296 The model assumed 

microbial growth in static liquid and investigated the influence of substrate transport rate on 

biomass growth. The investigation, relying on a variety of statistical variables (biofilm 

surface shape, roughness coefficient, and fractal dimension) and dimensionless numbers 

proposed in the article, concluded that high substrate transfer rates resulted in compact and 

dense biofilms. In another version of the model, which simulated immobilised microbial 

growth,296 good qualitative and quantitative agreement was obtained when computed 
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oxygen uptake rates, oxygen concentration profiles, and biomass size were compared against 

empirical data.296 

In incorporating the impact of hydrodynamics on biofilm development these models 

were further extended by Picioreanu et al. (2009)15 to simulate biomass growth under 

perfused conditions. The extended model was developed to investigate biofouling, i.e. the 

process of biofilm growth, in membrane system (reverse osmosis, nanofiltration, etc.) 

modules. The investigators coupled fluid dynamics, solute transport, and biofilm formation. 

The model was developed to facilitate understanding of parameters that influence biomass 

development and, consequently, increase in pressure-drop inside membrane systems to 

design better membrane systems with higher immunity to biofouling. The feed channel of 

spiral-wound nanofiltration and reverse osmosis membrane devices containing feed spacers 

was modelled in this investigation. Feed spacers create an intricate flow pattern within the 

device, which is influenced by the heterogeneous biofilm growth in the feed channel. 

Membrane system hydrodynamics were modelled by the incompressible laminar Navier-

Stokes equations, which were discretised using the finite-element approach. Oxygen 

transport alone was considered the limiting nutrient. The spatial distribution of oxygen 

concentration was determined from the transport equation. The computational space was 

divided into 3D cubic elements, which were categorised based on the presence or absence 

of biomass. Biomass growth was solved in the CA representation. In addition to 

demonstrating the capacity of 3D models to more accurately capture the complexity of flow-

patterns in 3D arbitrary geometries, simulations showed formation of preferential flow 

channels and a heterogeneous flow pattern. The investigators concluded that biofouling in 

membrane systems leads to quasi-stagnant zones and an increase in the dispersion of the 

residence time distribution. 
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5.1.2 OFF-LATTICE HYBRID MODELS 

 The other set of hybrid approach include off-lattice models, which as the title 

indicates do not require an underlying, fixed grid. Off-lattice models, cells are assumed to 

exist in continuum space and possess a defined location and volume within this space. This 

allows the cells to exhibit uninhibited movement in three dimensions. Galbusera et al. 

(2008)286 adopted this strategy to create a software framework for computational modelling 

of tissue engineering experiments. Cell population in this framework is modelled using the 

‘discrete cells in a continuum space’  approach.286 The finite element approach was used to 

model the cell environment. The group presents a 3D microscopic model but only a 2D 

macroscopic model. Michaelis-Menten kinetics were used to calculate oxygen consumption 

by the cells (which makes oxygen consumption a population-level behaviour). Furthermore, 

the model considers necrosis, due to lack of oxygen, occurring when the oxygen 

concentration falls to less than 50% of the initial value. The model did not consider 

chemotaxis.  

Adra et al 245 integrated Flexible Large-scale Agent-based Modelling Environment 

(FLAME) with COmplex PAthway SImulator (COPASI) and a physical numerical solver 

123 to develop a 3D multi-scale model to grow a virtual piece of epidermis from a collection 

of stem cells and derive a set of biological rules for TGF-β1 (cytokine) during epidermal 

wound healing. In this investigation, the agent-based model was used to capture biological 

rules governing intercellular interactions in the human epidermis; COPASI was used to 

simulate the expression and signalling of TGF-β1 at the intracellular level; and the physical 

solver was used at the continual level to resolve forces exerted between cells. The model 

was able to successfully simulate many described keratinocyte behaviours and TGF-β1 

intracellular mechanisms. Sun et al 300 utilised the same approach to develop a 3D multi-

scale model of the formation of skin epithelium based on rule-sets involving TGF-β1 to test 
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the role TGF-β1 plays in wound healing. Wounds were introduced into the model, which 

was then used to observe keratinocyte behaviour during healing and explore various 

hypotheses concerning the role of TGF-β1 by manipulating the rule-set associated with the 

cytokine. The model supported the in vivo/in vitro observation that TGF-β1 maintains a 

balance between keratinocyte proliferation and differentiation during wound healing, and 

further indicated that disruption of TGF-β1 expression or signalling could impact the healing 

process. 

Solovyev et al 301 constructed a hybrid model of ischaemia-induced hyperemia 

(sudden increase in skin blood flow following ischaemia) and pressure ulcer formation by 

combining an ODE model of blood flow and reactive hyperemia, and ABM of skin injury, 

inflammation and ulcer formation. Their primary objective was to gain useful insights into 

post-spinal cord injury (SCI) pressure ulcers, which may result from prolonged tissue 

ischaemia. The agent-based aspect of the model simulated injury, inflammation and ulcer 

formation by capturing interactions between oxygen, pro-inflammatory elements, anti-

inflammatory elements and skin damage (agents used in the model). Experimental data from 

human subjects (six SCI patients and six non-injured subjects) was used to calibrate the 

ODEs used in the model. The model suggested a higher propensity for ulceration in the 

patients compared to the subjects. Despite certain limitations identified by the authors 

themselves, the model can be employed as a diagnostic platform for post-SCI ulcer 

formation. 

Off-lattice hybrid models, just like their on-lattice counterparts, have also been 

utilised to study tumourigenesis. Drasdo & Hohme (2005)302 compared growth of tumour 

monolayers and spheroids by integrating an individual cell-based model with reaction-

diffusion equations capturing local alterations in glucose concentration. Each cell in the 
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model was considered a sticky, elastic spherexxii of limited compressibility and 

deformability, which could migrate, grow, and proliferate. Cellular activity was modelled 

using the standard Metropolis algorithm (refer to §2.3.2.2). Mechanical interactions between 

cells (elastic, isotopic, adhesive spheres) were measured by employing the Johnson-Kendall-

Roberts (JKR) model of elastic contact, which assumes that spheres are able to deform as a 

result of adhesion. The simulations suggested that within monolayers with sufficient 

nutrients the shift from exponential to linear growth can be a result of cell-cell contact-

mediated growth inhibition and that growth of cells in the interior of monolayers is inhibited 

as they are sufficiently compressed. Rejniak (2005),303 in order to simulate the formation of 

tumour micro-regions, developed a hybrid 2D model where cells were described as a set of 

discrete points connected to each other by elastic springs, and the entire ensemble of points 

and springs immersed in a viscous, incompressible fluid that captured the material properties 

of the cells as well as the intercellular space. Oxygen was modelled as the limiting nutrient, 

and its concentration profile changed as a result of its diffusion within the fluid and 

consumption by cells for which the reaction-diffusion paradigm was utilised. The model 

showed biological adequacy and relevance in capturing the emergence of tumour cell sub-

populations, spatiotemporal evolution of tumour micro-regions and concentration-profile of 

oxygen, and tumour aggressiveness (in terms of invasiveness).  

Kim et al. (2007),304 similarly, integrated reaction-diffusion equations to account for 

the transport and consumption of oxygen and glucose with a pseudo-discrete representation 

of cellular behaviour to model growth of tumour spheroids. Cellular behaviour was pseudo-

discrete as the investigators utilised a discrete formulation to account for cell migration and 

proliferation for cells at the periphery of the tumour while a continuum formulation was 

utilised for the quiescent cellular zone, necrotic core of the tumour as well as the ECM. The 

                                                           
xxii Cells acquired a dumb-bell shaped during mitosis 
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investigators used this approach to model growth of tumour spheroids in suspension and 

agarose gel. The simulations showed the tumours to develop asymmetrically as a result of 

variable proliferative activity of cells and that tumour growth settles into a quasi-static 

regime, subsequent to which the thickness of the viable region (i.e. the proliferative region) 

remains constant. Finally, the simulations revealed that increase in gel stiffness and, 

therefore, stress exerted by the gel on the tumour, results in slower growth rates.     

Lapin et al. (2004, 2006, 2010) 288-290 modelled microorganism population behaviour 

in bioreactors by opting for an individual-based approach288-290 whereby the dynamic 

behaviour of the system as a whole can be traced to the behaviour of individual organisms. 

Their initial model288,290 focused on simulating temporal and spatial behaviour of a 

population of oscillating yeast cells based on glucose concentration fields in a bioreactor. In 

order to achieve this, computational fluid dynamics (CFD) – modelling the turbulent flow 

fields in the bioreactor – was coupled with an Eulerian-Lagrangian representation of the 

system, where the extracellular environment was based on the Eulerian approach and the 

distributed biophase was characterised by a discrete cell ensemble (Lagrangian) approach. 

The model considers cell migration by superimposing random movement due to turbulent 

dispersion on the convective flow. The cell in this instance, however, does not mean a ‘real’ 

living cell, rather a computational element that represents a large collective of real cells. In 

its advanced form289,290 the model was extended to simulate E. coli population dynamics in 

a stirred-tank bioreactor with non-ideal mixing. In particular, Lapin et al. (2006, 2010) 

modelled glucose uptake by the bacteria, which depends on a combination of the 

extracellular glucose as well as intracellular metabolite concentrations. The investigators 

observed distinct differences in cell viability at various scales of operation. The novelty of 

the model lies in its strategy to trace population behaviour by considering the individual cell 

response as a result of key reactions of the central metabolism, which the author feels is a 
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more mature way of approaching biological complexity. Certain assumptions of this model 

are worth highlighting here: firstly, the Lagrangian representation of the model is pseudo-

discrete. Each computational element represents a population of physical cells. It can be 

argued that this makes the simulation computationally economical but has the disadvantage 

of ignoring various individual-level details.  

Lapin and co-workers worked with the assumption that quantitative description of a 

biological phenomenon requires an understanding of the intracellular reaction rates and 

regulatory responses of intracellular networks to environmental changes as well as 

spatiotemporal variations in the structure of the extracellular abiotic phase. Furthermore, 

working with the no-slip assumption (between the fluid and corpuscular phase) and ignoring 

momentum transfer between the particles and fluid phase the investigators concluded that 

the Euler-Lagrange strategy delivers more accurate results (i.e. in agreement with 

experimental data) compared with the standalone Euler approach (i.e. both fluid and bio-

phase represented by Eulerian formulation) and that the Euler-Lagrange method permits 

analysis of the lifelines of individual cells in space and time (evidenced by the ability of the 

model to predict synchronisation of autonomous glycolytic oscillations in yeast cells at the 

population level and to account for activity of E. coli within a fed-batch culture). The 

investigators finally concluded, from this, that the approach is ideal to capture heterogeneity 

present in real reactors in both fluid and cellular phases and is a potent simulation strategy 

for the design and operation, particularly for cases where fate of individual cells is of interest. 

The environment and phenomenon (cells within a bioreactor) investigated by Lapin 

and co-workers (presented in the previous paragraph) were closest in the literature to the 

phenomenon presented in this chapter (despite differences in methodology). However, the 

computational approach utilised to develop the platform to be presented in this chapter finds, 

amongst parallels discussed above, models developed by Picioreanu and co-workers14,15,296-
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299 mirroring it closely. The models by Picioreanu and co-workers presented in §5.1.1, 

entitled biomass-based models (BBM), were pseudo-discrete, for each grid in the CA 

platform represented biomass (collection of microbes and polymers), instead of individual 

cells. These models were followed by a hybrid, individual-based model (IBM) of 

biofilms.299 This model simulated a nitrifying biofilm with multiple bacterial species. Unlike 

the BBM, this model was truly individual as each discrete particle accounted for individual 

bacterial cells, and more realistic. Each of these bacterial cells were assumed to be non-

deformable spherical shells occupying continuum space. The IBM constituted of two 

modules: one simulating substrate and product diffusion and reaction, whereas the other 

simulating bacterial dynamics. Substrate concentration was determined from a solution of 

their mass balance. The model, like the two BBMs, only considered diffusion, with the 

diffusion-reaction equation solved for the steady-state solution using the finite-difference 

scheme. However, unlike the BBM where biomass growth was simulated computationally 

(employing CA rules), bacterial dynamics in this case were numerically (employing 

differential equations) simulated. The model assumed dependence of biofilm growth on 

diffusion, reaction, growth (like the BBMs) and a stochastic element. Each bacterium could 

consume nitrogen, grow in size, and exert intercellular force on neighbouring bacteria. 

Biomass spread was simulated by maintaining a minimum distance between neighbouring 

cells. This was achieved by calculating the vector sum of all positive radii with neighbouring 

cells and shifting the cell in the direction opposite to the vector. In terms of the overall 

biofilm growth, results from the model were in agreement with those from the BBM as the 

same diffusion-reaction process was modelled similarly in both cases. However, the IBM 

resulted in a smoother, confluent, and compact biofilm shape due to the underlying 

‘spreading’ (deterministic overlap correction) mechanism used in this case. The two models, 

even though they produced results that macroscopically were in agreement, differed in the 
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details of biofilm shape and growth, which is expected due to the truly discrete, high spatial 

resolutionxxiii of the IBM. 

From a computational point of view also, the BBM reviewed above are pseudo-

discrete, which means that each discrete entity in the model represents a multiplicity of cells 

and biomass. The only model299 where a discrete entity corresponded to single cell simulated 

the dynamics numerically, i.e. by relying on mathematical equations, thus treating each cell 

homogeneously. However, the advantage of employing this individual-based computational 

model includes achieving greater spatial resolution and understanding the role of 

heterogeneity (concentration-, stress-, or cell-related) in system development, but only in 

comparison with classical continuum models. The models proposed by Picioreanu and co-

workers represent the first step towards capturing computationally the dynamic feedback 

observed in biological systems. This can be observed in their model where biofilm growth 

causes alteration in pressure drop, and flow-pattern is in turn influenced by it.                                     

5.1.3 OBJECTIVE 

 The hybrid approach of simulating biological behaviour, as evident through the 

review conducted above, is gaining popularity within the computational community. 

Whether achieved via an off-lattice or on-lattice discrete framework, the hybrid approach 

allows the user to account for most data-structures that can be exploited, in the form of cell 

behaviour regulating physical stimuli, during experimentation and offers better resolution 

towards the investigation of biological phenomena compared with either of the two parent 

approaches (continuum and discrete) by themselves. 

                                                           
xxiii IBM, as compared to the BBM, possessed higher resolution as the discrete entities representing the 
bacteria were all 1 μm in diameter, as oppose to the BBM, where the discrete entities represented an 
aggregation of microbes and other polymers.   
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 On-lattice hybrid models are simpler to learn, develop, and implement. The fact that 

they possess an underlying grid is especially conducive to developing hybrid models for two 

reasons. Firstly, the presence of the grid means that the cell neighbourhood relation is 

defined, which immensely simplifies the search for cell-neighbours (while determining 

adhesion, migration, proliferation, etc.) as no additional algorithms (such as collision 

detection and correction) need to be incorporated. Secondly, the presence of the grid also 

provides a template on which meshes/elements, which are needed to calculate continuous 

fields (flow, concentrations, etc.), can be based. This is especially amenable to integrating 

the two formulations. The on-lattice approach, furthermore, is less expensive 

computationally, as the presence of the underlying grid reduces sampling of the environment 

to sampling of the adjacent lattice sites. The common underlying grid between the 

continuum and discrete modules, however, implies that the chemical fields are determined 

at the cell scale. As such, the ‘jumps’ in the values may not fully reflect the smooth transition 

in chemical gradients.291 Furthermore, on-lattice models typically offer a limited number of 

directions in which cells can move. Similarly, the movement itself is restricted to the 

underlying pre-defined lattice-points. 

 Off-lattice formulations, which model cells as discrete entities within continuous 

space, allow for more realistic representation of cell spatial location and movement. The 

approach allows the user the freedom to incorporate a complex array of shapes into the 

model. This means that one agent of arbitrary shape in the model can correspond to one 

physical cell. On the contrary, in lattice-based models a complex shape is generally achieved 

by representing one cell as a collection of lattice sites. Secondly, the absence of an 

underlying grid also gives the user the freedom to customise the representation of the 

continuous fields (allowing for smoother transitions in relevant continuous gradients). These 

formulations can easily account for global behaviour and allow greater freedom for detail 
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and complexity – as such; they can potentially be fully mechanistic. However, off-lattice 

models require more time commitment from the user and are not very straightforward to 

implement. Modelling something as simple as cell placement (during mitosis or migration) 

require additional algorithms that can detect (and correct) spatial overlap between the 

discrete entities. Furthermore, their major advantage – allowing freedom of movement – can 

potentially be a risk, in case the discrete time step is not appropriately chosen, which may 

result in cell collisions, especially if the domain is densely packed.291 This can of course be 

mitigated by selecting a shorter time step, but leads to an increase in computing time. The 

approach, moreover, is more computationally expensive than its on-lattice counterpart. 

 Despite its disadvantages, the off-lattice approach allows the user to represent a 

biological system more completely, investigate the impact of both local and global variables 

on the spatiotemporal evolution of the system, customise the continuous mesh to ensure 

appropriate resolution (and not be constrained by the lattice that cannot be divorced from 

the discrete model), and, therefore, capture behaviour of arbitrary complexity. The aim of 

this chapter is to develop a hybrid, multi-paradigm, off-lattice ‘transport-agent’ framework, 

capable of predicting the impact of mass transport and hydrodynamics on the growth 

dynamics of cells and vice versa, and provide proof-of-principle that it can achieve the 

aforementioned, based on appropriate combinations of logical, algebraic, stochastic, and 

differential rules. As this thesis is directed towards TERM, evolution of cellular colonies 

inside a perfusion bioreactor was investigated. Furthermore, as an intention of this chapter, 

and thesis, is to illustrate the potential of the developed framework, the process selected for 

simulation was only tangentially relevant to the more practical bioprocess of cell expansion 

within a microbioreactor. However, the model presented here is meant to serve as a stepping 

stone to framework development and the more realistic case of capturing cellular activity as 

a function of flow within microfluidic devices (a desirable advancement of the model). This 
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framework is ideally positioned in the domain of off-lattice hybrid platforms and 

complements the research that is both ongoing and has been conducted towards the 

development of off-lattice hybrid models. Through the platform the hypothesis that 

bioreactor geometries, bioreactor variables and initial conditions are crucial to histogenesis 

and that the integrated framework could be used to capture that and optimise bioreactor 

design was tested. 

 

5.2 METHODS 

5.2.1 THE TRANSPORT-AGENT FRAMEWORK 

To achieve the objectives set out in this thesis, tight coupling of two mature 

modelling platforms was pursued; first, the Flexible Large-scale Agent Modelling 

Framework (FLAME),8,64,245,300,305 an agent-based system (introduced in Chapter 4), 

together with a computational multi-physics transport phenomena platform (CFD-ACE+, 

ESI Group, Paris, France), introduced in Chapter 3. As discussed, CFD-ACE+ is a multi-

physics computational tool that allows easy interfacing with external modules, thus 

incorporating additional physics (for example, the effect of electrical or magnetic fields, 

temperature or deformable substrates on cells). Whereas FLAME captured the rules 

governing cell growth and proliferation, CFD-ACE+ was employed to simulate bioreactor 

hydrodynamics, mass transport processes and other biomechanical effects (for example, 

shear or strain triggered cellular responses). The platform considers cellular behaviour in 

3D. The bioreactor models considered were relatively simple, although the platform has the 

capability to deal with geometries, perfusion/stimuli characteristics and cellular populations 

of arbitrary complexity. Conclusions from this analysis could be easily extended to living 

structures, for bioreactors are primarily designed to replicate the dynamic environment 

provided by these structures ex vivo. 
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This natural decoupling of environmental vs. cellular processes due to the application 

of two disparate continuum and discrete modules is actually beneficial, and justified, due to 

differences in time scales between processes such as convection, diffusion, chemical 

reaction (fast) and growth, proliferation, differentiation (slow) of the cellular colony. While 

the equations capturing the environmental processes were solved in their full transient form, 

they can be simulated assuming the cellular processes to be frozen. The continuum modality 

provides a 3D continuous space, which is discretised into finite-volumes (or control 

volumes, refer to Chapter 3) where the relevant variables are defined and fluxes calculated. 

The continuum modality computes the relevant concentrations, gradients, fields from a 

solution of mass balance of the relevant species, including transport and reaction terms. The 

agent-based modality allows the user to superimpose agents on the same 3D geometry, 

created by the continuum modality. These agents themselves can be 2- or 3-dimensional and 

of arbitrary shape. The agents are able to move throughout this 3D space. Agents interact 

with each other based on information protocols defined in the model and memory of their 

previous history. Communication between agents and their environment is achieved by 

apportioning the agent’s attributes (such as stimulus, consumption, secretion, detection, etc.) 

into the control volume that the agent is in, which act as sources or sinks as desired by the 

model. The location of each agent is stored and fed into the continuum model; similarly, the 

relevant quantities are derived from the continuum modality and fed to the agent-based 

modality, where the agents identify the control volume they are occupying and respond 

according to the local concentrations, gradients, fields, etc.  
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Figure 5. 1: Flow of Information in the modelling framework . The figure shows the 
communication between the transport-phenomena and agent-based modules that is at the 
heart of the modelling platform. Information relevant to bioreactor hydrodynamics and mass 
transport is communicated from the transport-phenomena module to the agent-based module 
where cells, modelled as agents, detect the local concentrations (and other continuum 
variables) and act based on the rules attributed to them. The cellular information is then 
relayed back to the transport-phenomena module to complete the circuit.  

The option of introducing user-defined sub-routines to the continuum modality as 

well as user-defined data-structures to the agent-based modality enables the framework to 

deal with biological systems of arbitrary complexity. As indicated earlier, the continuum 

modality solves the relevant equations assuming the cellular processes are frozen for a 

certain period of time, at the end of which results from the continuum modality is passed on 

to the agent-based modality to simulate the cellular process(es). The agent-based model is 

run for the same period as the continuum model, at the end of which data from the agent-

based modality is passed on to the continuum modality. This way the disparity of time scales 

is bridged in a simple multiscale modelling manner. Numeric details specific to the 

simulations conducted to demonstrate proof-of-principle are presented next. Figure 5.1 

shows the exchange of information between the agent-based and the transport modalities 

that is at the heart of this hybrid platform.  
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5.2.2 MODEL FEATURES 

5.2.2.1 OXYGEN TRANSPORT AND CONSUMPTION 

The cells were assumed to be seeded in a porous scaffold inside the bioreactors and 

were supported by the influx of oxygenated medium. Two virtual bioreactors of different 

geometries but same volume were constructed. The two bioreactor geometries can be seen 

in Figure 5.2. The dimensions of the bioreactors as well as bioreactor variables are listed in 

Table 5.1.  

Bioreactor Variables 

Geometries 2 

Scalar  Oxygen 

Initial Concentration14 0.21 mol m-3 

Scalar Diffusivity in the Media14 10-5 m2/h 

Scaffold Porosity 75% 

Scaffold Permeability 10-10 m2 

Medium Density 1000 kg/m3 

Medium Viscosity 0.001 kg/m-s 

Medium Inlet Velocity 0.001 m/s, 0.01 m/s 

Bioreactor Dimensions 

Length 1 mm 

Width 1 mm 

Depth 0.2 mm 
Table 5. 1: Bioreactor Variables. The table lists various volume, boundary, and initial conditions 
applied to compute mass transport inside the bioreactors. The dynamic relationship between cell 
proliferation and mass transport of oxygen was investigated in two bioreactors of same volume but 
different geometries (shown in Figure 5.2). Oxygenated medium was introduced at two different 
velocities: 0.001 m/s and 0.01 m/s.  
  

Bioreactor construction was followed by a grid independence analysis, which was 

conducted on one of the bioreactors (geometry A). The bioreactor was tested with structured 

(50,000; 100,000; 200,000 and 400,000 elements) as well as unstructured (100,000 and 

400,000 elements) grids. The results indicated no appreciable difference between a 

bioreactor with a 100,000 element structured grid and a bioreactor with a 400,000 element 

unstructured grid. As a result, to strike a balance between result accuracy and computational 

time, the bioreactors were solved using 100,000 elements structured grids. Furthermore, the 

scaffolds were assigned constant isotropic porosity and permeability (75% and 10-10 m2 
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respectively) and tested for medium inlet velocities of 0.01 m/s and 0.001 m/s. Please refer 

to Table 5.2 for a description of different test cases.  

 

 

Figure 5. 2: Bioreactor configurations utilised in this investigation.  The figure shows the 
two bioreactor configurations used in this study. Each bioreactor was 1mm×1mm×0.2mm in 
dimensions (irrespective of the ports, which were approximately 0.1mm in radius). The 
geometry on the top consists of two cylindrical ports situated at diagonally opposite ends of 
the bioreactor. The scaffold inside the bioreactor was assumed to cover most of its internal 
space. In the geometry shown at the bottom, the top right side of the bioreactor served as the 
inlet, whereas the left edge served as the outlet. The scaffold in this bioreactor was only 
assumed to extend to 0.9 mm of the bioreactor length leaving a volume of 
0.1mm×1mm×0.2mm with no porous-medium resistance to incoming flow. This space can be 
observed on the right side of the column marked as scaffold edge. Scaffolds in  both geometries 
were assigned a porosity of 75%. Solid arrows indicate the direction of medium flow, with 
the colour indicating concentration of dissolved oxygen (red: high; blue: low – refer to Table 
5 for relevant values).  
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 Concentration gradient of oxygen is known to affect tissue-growth rate in bio-

artificial scaffolds.12 Therefore, the model was designed to study cell growth in a continuous 

medium perfusion system with oxygen being the limiting nutrient. After the bioreactor-

scaffold complex was suffused with virtual cells, oxygenated medium was pumped in at the 

velocities (and corresponding flow rates) listed in Table 5.2. Oxygen transport inside the 

bioreactor occurred by convective as well as diffusive processes. The diffusivity of oxygen 

in the medium was taken as 10-5 m2/hr.282 The medium supplied to the bioreactors was 

assumed to be carrying oxygen at a concentration of 0.21 mol/m3.282 Oxygen consumption 

was modelled using cells as proliferating and migrating non-zero sinks consuming oxygen 

at 3.39 mol kg m-3 s-1.282 In the agent-based component this amounts to oxygen consumption 

by each cell at a rate of 12.2 mol m-3 hr-1.  

Case Bioreactor 

Geometry 

Initial Cell 

Density 

Medium Inlet 

Velocity (m/s) 

Flow Rate 

(μL/min) 

Relevant 

Figures 

Case 1 A 100 0.001 1.88 Fig 5.3 

Case 2 A 100 0.01 0.188 Fig 5.4/5.7/5.8 

Case 3 B 5 0.001 2.4 Fig 5.5/5.6 

Case 4 B 5 0.01 0.24 Fig 5.6 
Table 5. 2: Test Cases. The table lists various test cases simulated for the purposes of this 
investigation and relevant parameters, such as medium flow rate, and relevant figures and 
supplementary material.  

Oxygen (or any other substance) consumption (or secretion), modelled as an 

individual-level event, was accounted by the source term represented as SΦ in (2.20).  

The equation was implemented with migrating non-zero sinks (positioned where the cells 

are found). Oxygen concentration in this model is assumed to vary based on the bioreactor 

hydrodynamics, mass transport and cell proliferation. Dirichlet and Neumann boundary 

conditions were applied as needed. Oxygen transport and consumption, in sync with cellular 

proliferation and migration, was calculated for periods of four to six days depending on the 

case and the fate of the cells in the virtual bioreactors. In the current state of development, 

 
𝜕

𝜕𝑡
(𝜌Φ) + ∇. (𝜌𝑈Φ) − ∇. (ΓΦ∇Φ) =  𝑆Φ (2.20) 
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absence of neo-tissue within the interconnected pore space was assumed. To keep this initial 

attempt at framework development simple, co-transport of oxygen and glucose and 

momentum exchange between cells and the fluid phase were not considered. 

Behaviour Rule 

Proliferation Cell proliferation occurs until confluence as per assigned probabilities 

(Table 5.5) 

Migration 

Migration occurs either via persistent random walk (under normoxic 

conditions) or chemotaxis (under hypoxic conditions) 

If local oxygen concentration > 0.0672mol/m3, cells display persistent 

random walk 

Cell speed during persistent random walk = 10µm/hr 

If local oxygen concentration < 0.0672mol/m3, chemotaxis begins 

Chemotaxis speed = 20µm/hr 

Apoptosis 

If a cell experiences hypoxia for more than 15 hours, it dies of hypoxia-

induced apoptosis 

If, while performing chemotaxis, a cell ends up in a region rich in 

oxygen, it goes back to display persistent random walk 
Table 5. 3: Rules. The table summarises the rules used to simulate cellular dynamics. 

5.2.2.2 CELL POPULATION DYNAMICS 

The platform is designed to incorporate a variety of behaviours displayed by cells: 

migration, proliferation, differentiation, chemotaxis, apoptosis, necrosis and other processes 

as needed. Differentiation was not considered in the cases tested in this chapter. The 

biological rules governing the virtual cells, listed in Table 5.3, are controlled by constants, 

for example cell cycle, as well as variables – which in turn emerge from the transport 

phenomena component – such as oxygen concentration gradients.  

The cells were assumed to be non-deformable spheres of radius 10 µm each and 

capable of consuming oxygen at a rate of 12.2 mol m-3 hr-1 cell-1 when available. Initial cell 

placement inside the bioreactor-scaffold complex was random. Forces between the agents 

were resolved using the explicit overlap detection and correction scheme discussed in 

Chapter 4. While the equations are being presented here again, refer to §4.3.4.1 for the 

relevant explanation. 

 𝐹𝑐,𝑖𝑗 = 𝑠𝑖𝑗𝑂𝑖𝑗𝑐𝑐,𝑖 (4.19) 
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𝑂𝑖𝑗 = √(𝑥𝑖 − 𝑥𝑗)

2
+ (𝑦𝑖 − 𝑦𝑗)

2
+ (𝑧𝑖 − 𝑧𝑗)

2
− (𝑟𝑖 + 𝑟𝑗) 

(4.20) 

 𝑠𝑖𝑗 = 1

√(𝑥𝑖 − 𝑥𝑗)
2
+ (𝑦𝑖 − 𝑦𝑗)

2
+ (𝑧𝑖 − 𝑧𝑗)

2⁄
  (4.21) 

 𝑐𝑥,𝑖 = (𝑥𝑗 − 𝑥𝑖)𝛼 (4.22.1) 

 𝑐𝑦,𝑖 = (𝑦𝑗 − 𝑦𝑖)𝛼 (4.22.2) 

 𝑐𝑧,𝑖 = (𝑧𝑗 − 𝑧𝑖)𝛼 (4.22.3) 

 𝑥𝑖,𝑡 = 𝑥𝑖,0 + 𝐹𝑥,𝑖𝑗 (4.23.1) 

 𝑦𝑖,𝑡 = 𝑦𝑖,0 + 𝐹𝑦,𝑖𝑗 (4.23.2) 

 𝑧𝑖,𝑡 = 𝑧𝑖,0 + 𝐹𝑧,𝑖𝑗 (4.23.3) 

The cells could migrate by choosing either a persistent random walk or chemotaxis. 

The cells displayed persistent random walk12,13,284 if the local oxygen concentration > 0.0672 

mol/m3. If, however, the local oxygen concentration dropped below 0.0672 mol/m3, the cells 

began to display chemotaxis in a bid to move to an oxygen-rich region. This value is equal 

to 0.3% of the initial oxygen concentration, and was decided upon after reviewing the work 

of Liu et al. (2007)306 who reported induction of hypoxia at oxygen concentration of 0.3% 

in HCT 116 colon carcinoma cells. The cells were assumed to divide until confluence or 

until the point where there was not enough oxygen available to them. Confluence, or the 

point where the bioreactor is completely filled with cells, was achieved when each cell was 

bonded to at least four other cells. The cells divided based on a division probability assigned 

to them: 64% of the cells divided by eighteen hours, 32% by twenty four hours and the 

remaining 4% by thirty hours.307 The daughter cell is positioned at a random orientation 

relating to the coordinates of the parent cell, and in the immediate vicinity of the parent cell.  

Another feature this platform has to offer is that it takes into account cell apoptosis 

that may occur due to cells experiencing hypoxia in oxygen deficient areas created in the 

bioreactor due to cell growth or other factors such as low medium inlet rate or deficient 

mixing. If the local oxygen concentration dropped below 0.0672 mol/m3, the cells began to 
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express apoptotic proteins. If a cell stayed under the hypoxic condition for more than 15 

hours, it died of hypoxia-induced apoptosis. The cells were assumed to exert a repulsive 

force on each other in case of contact, which was taken from a model developed by Tao et 

al. (2007)305. Although the nature of mechanical forces that cells exert on each other is quite 

complex, the physical forces were resolved using constants instead of variables as the 

primary objective was to display the platform’s capability to handle such occurrences and 

to accommodate any such sub-model when available.  

5.2.2.3 CELL MIGRATION 

 The extracellular environment and cell type affect and dynamically modulate12 a 

cell’s speed and its persistent time,13 with prostate cancer cells displaying speeds of 8-15 

µm/hr in 3D collagen matrices and melanoma cells 20-40 µm/hr in 3D collagen matrices 

modified with RGD proteins.13,308,309 The scaffold in our case was assumed to have no 

restraining effect on cell migration. Therefore, despite their presence in a porous scaffold, 

the cells could move freely in all (three-dimensional) directions. 

 A migration speed was assigned to each cell. As long as the cell displayed persistent 

random walk, it could acquire a maximum speed of 10 µm/hr. The cell continued moving in 

a particular direction for two hours after which, based on the availability of space, the cell 

assumed a new randomly chosen direction, in agreement with existing 

literature.12,13,282,284,307 If, while migrating, a cell came in contact with another cell or the 

bioreactor boundary, it stopped for an hour, in agreement with existing 

literature,12,13,282,284,307 before changing its direction and continuing migrating in a randomly 

chosen direction. The cells stopped moving prior to dividing and, along with the daughter 

cell, remained at rest for about an hour after division.284 While displaying chemotaxis, the 

speed and direction attributed to the cells were based on the local concentration gradients. 

Under chemotaxis the cells were assumed to display a set migration speed of 20 µm/hr. If, 
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while performing chemotaxis, a cell ended up in a region rich in oxygen, it went back to 

displaying the persistent random walk; if not, then the cell moved under the influence of the 

concentration gradient until it either ended up in an oxygen rich area or it died. The 

algorithms for persistent random walk and chemotaxis have been summarised in Table 5.4.  

M
ig

ra
tio

n
 A

lg
o

rith
m

 

If Oxygen 
concentration 

≥ 0.0672 
mol/m3 

Then initiate 
Persistent 
Random 

Walk 

i.      (at t=0) acquire a random 
direction 

 

ii.      Traverse in that direction at 10 
μm/hr 

 

iii.      Continue moving in that 
direction for 2 hours 

 

iv.      After two hours: stop, and 
remain at rest for an hour 

 

v.      Repeat steps i-iv  

If in contact with another cell (due to 
cell-cell collision) or environment 

boundary, Then 

 

vi.      Stop, and remain at rest 
for an hour 

vii.      Acquire a random 
direction 

viii.      Repeat steps i-iv 

If about to divide, Then 

ix.      Stop 

 x.      Divide 

xi.      Remain at rest (along 
with the daughter cell) for 
an hour after division 

xii.      After one hour, repeat 
steps i-iv 

Else if Oxygen 
concentration 

< 0.0672 
mol/m3 

Then initiate 
Chemotaxis 

a.      Access oxygen concentration 
gradient obtain from the transport 
equation 

 

b.      Locate the closest computational 
‘cell’ 

 

c.      Align direction in terms of the 
gradient 

 

d.      Traverse in the direction of the 
gradient at a speed of 20 μm/hr 

 

e.      Continue chemotaxing until in a 
normoxic region (i.e. Oxygen 
concentration ≥ 0.0672 mol/m3) 

 

If in a normoxic region 

Then Initiate Persistent 
Random Walk 

Repeat steps i-xii 

Table 5. 4: Migration algorithms for persistent random walk and chemotaxis.  The table 
lists the oxygen requirements that influence the migratory pattern of cells, along with the set 
of steps that cells follow while displaying either kind of migration.  

Apoptotic trigger was initiated if the local oxygen concentration dropped below 

0.0672 mol/m3. If a cell remained in an oxygen-deficient region for more than 7 hours, it 

changed its state (and its colour in the visualisation platform used to analyse the results of 
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the simulations) indicating that the apoptotic mechanism, physically represented by 

formation of apoptotic proteins in the cells that lead to cell death, has been triggered. If the 

cell, in chemotaxis mode at this point, was successfully able to move to an oxygen rich 

region it survived; otherwise if it remained in a hypoxic environment for more than 15 hours 

since the start of the apoptotic mechanism, it died. 

Cellular Variables 

Persistence Time14-16, 20, 53 2 hours 

Post Collision, pre-Division Stationary Phase20 1 hour 

Cell Cycle & Division Probability of Cell 

Population53 

18 hours (64%) 

24 hours (32%) 

32 hours (4%) 

Maximum Random Speed 10 µm/hr 

Cell speed during Chemotaxis 20 µm/hr 

Oxygen Consumption Rate14 3.39 mol kg m-3 s-1 

Chemotaxis Ensues at Scalar Concentration52 0.0672 mol m-3 

Hypoxia-induced Apoptosis 15 hours 

Cell Density in Bioreactors 100, 5 

Table 5. 5: Cellular Variables and Rules.  The table lists parameters pertinent to the cells 
as well as rules the cells followed during the computation. For example, under normoxic 
condition cells displayed persistent random walk changing direction once every two hours. 
Cells would only stop if it  is in contact with another cell or about to undergo mitosis. 
Furthermore, chemotaxis ensues if a cell experiences local oxygen concentration of less than 
0.0672 mol m-3. Failure to move to a normoxic region within 15 hours since the inception of 
chemotaxis leads to hypoxia-induced apoptosis.  

The time advancement of the system was organised around computing cycles, 

usually referred to as iterations in agent-based modelling. Since this term has a different 

meaning in transport phenomena implicit solvers, the author shall refrain from using the 

term – it suffices to say that each computing cycle or iteration (in FLAME) was set to 15 

minutes and this value sufficiently  captured the fine features of the system, while leading 

to reasonable computational time requirements. Please refer to Table 5.5 for a summary of 

the cellular variables utilised in this investigation. Transport processes, however, occur at a 

much faster rate compared to the time scales observed for cellular dynamics. The solution 

of transport equation was, therefore, decoupled from the solution of cellular evolution. As 
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such, the two models were executed with different time-step characteristics, as explained in 

the pseudocode below. 

Set initial conditions for bioreactor hydrodynamics 

Set initial conditions for cellular behaviour 

Time-march continuum mechanics assuming cellular population is frozen 

I. Bioreactor Hydrodynamics 

          a.      Solutions for flow 

          b.      Solution for concentration 

          c.       Calculation of gradients 

Time-march cellular population 
II. Cellular Dynamics 

          d.      Sense Oxygen concentration 

          e.       Sense Oxygen gradient 

          f.        Intercellular Forces 

          g.      Migration (Persistent Random Walk Or Chemotaxis) 

          h.      Proliferation 

          i.        Apoptosis 

Time Step, t ← t + Δt 

repeat until desired time interval is simulated 

Box 5. 1: Pseudocode employed to execute the continuum and discrete models.  

5.2.3 EXPERIMENTAL VALIDATION 

In order to experimentally validate the platform cellular chemotaxis was simulated 

in a direct visualisation chamber. To achieve this a virtual analogue of the Insall Chamber310 

was created. The Insall chamber is a direct visualisation chamber developed by Muinonen-

Martin et al. (2010)310 to study chemotaxis using high numerical aperture (NA) oil 

immersion lenses, which was not possible with other visualisation chambers. The Insall 

chamber consists of an inside well containing the control and an outside well (enclosing the 

inner well) containing the chemoattractant. The investigators analysed chemotaxis of MV3 

melanoma cells based on linear concentration gradients of Foetal Bovine Serum (FBS). 

Details regarding the chamber and the experiment can be found here.310 

A virtual Insall chamber was constructed, based on the exact dimensions and 

specifications of the experimental setup, as obtained directly via private 

communication311,312 with the developers. To ensure consistency between the simulation and 
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experiment, diffusion of FBS was modelled in the half of chamber containing the 0.5 mm 

bridge as shown in Figure 5.9. The geometry was discretised using structured grids 

(approximately 150,000 cells ensured grid independence). The diffusivity of FBS 

considered in the model was derived from the Svedberg313 equation and calculated to be 

8.705×10-11 m2/s. Virtual MV3 melanoma cells were modelled as spheres chemotaxing at a 

speed of 8 µm/hr after sensing a critical FBS concentration (30% of the initial FBS 

concentration in the outer well). In the absence of the gradient, or in case the local gradient 

< 30% FBS, cells migrated by displaying the persistent random walk. Cellular migration 

coupled to FBS transport in the virtual Insall chamber was modelled for a period of 25 

physical hours. As a control, MV3 melanoma cell migration was modelled in the absence of 

FBS. Statisticalxxiv significance was determined by conducting two-way ANOVA with time 

and coordinates as discrete outcomes. p<0.05 was interpreted as significant. In order to 

conduct the analysis, the x and y coordinates of cells were averaged at each time step. 

Furthermore, conclusions from the virtual assay were compared against a separate 

(real) chemotaxis assay where the Insall chamber was used to observe migration of 

melanoma cells in the presence and absence of FBS.314 In this experiment, melanoma cells 

were seeded within the Insall chamber. They were spread homogeneously in order to avoid 

bias in migration due to contact inhibition. The cells were loaded inside the chamber in 

complete medium that had been conditioned previously for 48 hours by melanoma cells. 

One of the wells was subsequently replaced with medium containing 10% FBS (the 

concentration utilised in the virtual assay). The investigators recorded images capturing cell 

migration through an inverted time-lapse microscope, which (following processing) were 

used to track cell trajectories via MtrackJ 

                                                           
xxiv The author acknowledges technical support from Dr Chris Newby (University of Leicester) in 
conducting the Two-way ANOVA 
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(www.imagescience.org/meijering/software/mtrackj/). This data was employed to create 

spider plots (using the data processing toolbox in MATLAB referred to as Circstat315) and 

to calculate the chemotaxis index: cosine of the angle between a line that connects a cell’s 

start point to its end point and one that is directly up the gradient.316 The plots displaying 

chemotaxis index are presented as mean ± standard error of the mean.314 The chemotaxis 

index provided a direct way of comparing the virtual data against its empirical counterpart. 

For the computational case, obtaining cell coordinates for each cell at the end of each 

iteration was relatively straightforward, as this was part of model output. In summary, every 

effort was made to match experimental and virtual conditions and parameters as much as 

possible, within the limitations of model assumptions as well as available experimental/data-

processing details. For more details the interested reader is referred to the original article.314 

5.3 RESULTS 

Figure 5.3 shows the oxygen concentration contour plot as well as cell distribution 

inside one of the two different types of bioreactors, at different time instances. The 

bioreactor is a rectangular prism in shape with two ports: one serving as an inlet (top left) 

and the other as an outlet (bottom right). Initially, the bioreactor was seeded with one 

hundred cells. The figures capture the interplay between cell population dynamics and the 

overall mass transport at various time steps – the final step was recorded at 4 physical days. 

The migration of cells from the relatively deoxygenated region (bottom right) of the 

bioreactor to top left can be observed.  
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Figure 5. 3: Case 1 results. Temporal evolution of cell population and nutrient concentration inside a 
bioreactor (geometry A) with a medium inlet velocity of 0.01m/s. The final frame captures cell 
distribution at the end of 4 (physical) days – the time interval between snapshots (left to right) is 12.5 
hours. The initial cell density was 100. The concentration contours can be observed to change 
continuously throughout the simulation. This is in contrast with physical systems with no cells inside 
where such behaviour would not be possible after the flow becomes stationary beyond initial transients. 
This demonstrates the platform’s ability capture dynamic reciprocity. 
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The dynamic nature of the relationship is best evident by the change in oxygen 

concentration close to the inlet port – it decreases in intensity in the subsequent time frames, 

corresponding to a decrease in concentration due to cellular proliferation and resulting 

increased consumption. Cell division in the region close to the inlet port was initially higher 

as compared to the rest of the reactor. This propensity of cells to divide closer to the inlet 

port where Oxygen concentration is relatively high is behaviour one would normally expect 

in reality.  

It must be stressed that this feature was not explicitly coded in the model but, it 

seems, emerged from the integration of the rule-set with underlying transport phenomena. 

Widespread proliferation is observed towards the end of the simulation as oxygen 

concentration exceeds the threshold value throughout the bioreactor. An interesting 

observation remains the preference the cells show in aligning themselves to the contour 

curves; thus resulting in an emergent banded distribution pattern – most evident in the 

second, third and fourth time frames. 

Figure 5.4 shows the temporal evolution of cell population and nutrient 

concentration in a bioreactor (same as Figure 5.3) but with a medium inlet velocity (0.01 

m/s), an order of magnitude higher than Case 1. As was the case in Figure 5.3, the cells tend 

to migrate away from the oxygen deficient region: chemotaxis. The top left region remains 

an area of high cell division during the initial stages. An important observation is the 

constant translation of the oxygen concentration contours. It is of interest to note that the 

banding pattern is significantly less pronounced in this case, and of a different shape than 

that observed in the previous virtual experiment most probably due to higher oxygen 

concentration relative to Case I. This behaviour merits further investigation as it resonates, 

albeit modestly, with self-organisation observed in biological systems. In effect, the 

continuous supply of oxygen on one hand and the very random and unpredictable 
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consumption on the other led to a non-intuitive pattern formation, which spatially does not 

correspond to where the pure transport solution of the system would place the oxygen 

threshold iso-contour. Part of this emergent effect comes from the randomness inherent in 

cell (and agent) migration, but the most significant portion comes from the interplay of these 

two profoundly different mechanisms that such a hybrid methodology is well-positioned to 

capture.  

It must be noted that no matter which threshold is selected (within reasonable and 

biologically meaningful limits) the pattern formation is persistent in structure (of course 

varying slightly in exact position and formation) and thus clearly a feature of the coupled 

system. This very interesting and exciting emergent theme was observed in every simulation. 

Such behaviour can be exploited to create multiple mono-layers of defined thicknesses or 

bi-layers where cells towards the more deprived region of the bioreactor can act as an 

interface (as in a bone-cartilage hybrid structure). 

Figure 5.5 examines a different bioreactor setup. The top right end of the bioreactor 

serves as the inlet whereas the entire left as well as bottom ends of the bioreactor serve as 

the outlet. The medium inlet velocity in this case was 0.001 m/s. The bioreactor was 

randomly seeded with 5 cells. The simulation was run for a total of 6 physical days. By the 

second frame (17.5 hours), most of the cells in the deoxygenated region have died – a result 

of hypoxia-induced apoptosis. The cluster of cells formed by the final frame is a result of 

the single cell that was able to move and begin proliferating in the oxygen rich zone. When 

the medium inlet velocity was increased to 0.01 m/s, more cells survived which in turn aided 

in the colonisation of the bioreactor. 
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Figure 5. 4: Case 2 results. Temporal evolution of cell population and nutrient concentration inside a 
bioreactor (geometry A) with a medium inlet velocity of 0.01m/s. The final frame captures cell 
distribution at the end of 4 (physical) days – the time interval between snapshots (left to right) is 12.5 
hours. The initial cell density was 100. The concentration contours can be observed to change 
continuously throughout the simulation. This is in contrast with physical systems with no cells inside 
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where such behaviour would not be possible after the flow becomes stationary beyond initial transients. 
This demonstrates the platform’s ability capture dynamic reciprocity. 

 
Figure 5. 5: Case 3 results . The figure shows temporal evolution of cell population and 
nutrient concentration inside a bioreactor (geometry B) with a medium inlet velocity of 
0.001m/s. The top right end of the bioreactor serves as the in let whereas the entire left as 
well as bottom ends of the bioreactor serve as outlet. The initial cell density was 5. The time 
interval between snapshots (left to right) is 20 hours. The final frame captures cell 
distribution at the end of 6 (physical) days. 
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In comparison (Figure 5.6), the bioreactor with the higher inlet velocity by the final 

frame ends up with considerably higher number of cells and a distinct growth pattern 

(resembling the banding arrangement observed in the first case) – once again displaying not 

only the dynamic nature of the system but the dependence of the spatiotemporal evolution 

of the system on processes such as chemotaxis and apoptosis. It must be noted that, in some 

frames (in Figure 5.3), a few cells still appear ‘red’ despite the local oxygen concentration 

being higher than the threshold. This is not connected with the simulation itself, but it is 

rather a visualisation effect, utilised to highlight the hypoxic history of the relevant cells. 

The cells are no longer hypoxic and continue to grow as any other normoxic cell. 

 
Figure 5. 6: Different boundary conditions lead to different output . The figure shows 
temporal evolution of cell population and nutrient concentration in the same bioreactor set 
at different medium inlet velocities; 0.001m/s (top) and 0.01m/s (bottom). The bioreactor 
on the right ends up with considerably higher number of cells and a distinct growth pattern. 
This displays the dynamic nature of the system and the dependence of the spa tiotemporal 
evolution of the system on processes such as chemotaxis and apoptosis. The frames were 
recorded at 5.5 days. 
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Figure 5.7 provides a comparison in performance of the hybrid framework (with 

agents) against the (transport only, agent-less) continuum method (outlined in Chapter 3) 

within the context of evaluating oxygen concentration in the bioreactor with initial and 

boundary conditions utilised in Case II.  

 

 

 

 

 

 
Figure 5. 7: Comparison of the hybrid approach against the continuum approach 
(without agents). Major differences in oxygen concentration can be observed within the 
bioreactor. Clearly, in the absence of mobile agents, which can represent cellular behaviour, 
a standalone continuum methodology will not be most the most efficient tool in optimising 
bioreactor design. 
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In order to compare oxygen concentrations within the two cases, three (red coloured, 

refer to Figure 5.7) chords (~1 mm) were drawn within the bioreactor (two diagonal and one 

horizontal). The concentration was computed along the length of these chords. The data for 

the hybrid model represent the state of the bioreactor on the 5th day whereas data for the 

agent-less model represent conditions within the bioreactor at steady state. There is an 

appreciable difference in concentrations across the three cuts. The benefit of using the hybrid 

approach in bioreactor design becomes evident when one considers the fact that this 

difference surfaces with the hybrid bioreactor case (with agents) containing ~1800 agents 

only (at the end of day 5), which is nowhere near the realistic scenario of 1 million cells/mL 

of cell suspension (the figure utilised in Chapter 3). 

Furthermore, Figure 5.8 shows flow vectors and streamlines for the agent-rich as 

well as agent-less cases. Flow in both cases is almost identical due, again, to lack of explicit 

treatment of momentum exchange. The flow, with Re = 20, is laminar and fully developed. 

  
Figure 5. 8: Flow within the bioreactor.  Identical flow was observed in agent-rich and 
agent-less bioreactors. As can be observed, the flow is well developed and laminar.  

Figure 5.9 shows the evolution of FBS concentration gradient across the bridge and 

the cells’ migration response to the gradient over a period of 25 hours. Cell chemotaxis can 

be easily observed with the increase in FBS gradient towards the inner chamber. However, 

few cells that have not committed to chemotaxing can be observed at the end of the 

simulation on the left hand side of the bridge, but that is because these cells have not yet 
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sensed the critical FBS concentration (30% of the initial concentration in the outer well). 

This time-lag between the moment when cells supplied with FBS stop moving randomly (as 

they have not sensed the critical concentration yet) and start chemotaxing can be better 

observed in Figure 5.10, which plots the averaged x-coordinates of both randomly migrating 

and chemotaxing cells, as a factor of time. 

Figure 5. 9: Experimental Validation of the platform. The figure shows migration response of MV3 
melanoma cells based on FBS concentration gradient inside the Insall chemotaxis chamber. The Insall 
chamber consists of two wells, one of which is filled with buffer solution (left) and the other with the 
chemoattractant (right). Cells are seeded in the middle of the two wells, which upon sensing the 
chemoattractant gradient resort to chemotaxis to move towards the well containing the 
chemoattractant. In this case, the MV3 melanoma cells, displaying persistent random walk in the 
absence of FBS gradient, move towards the right well on sensing FBS concentration. Notice the right-
bound migration of cells that have sensed the critical FBS concentration (roughly 1.218 ×10-8 kM). Only 
the cells (on the far left) not in contact with the critical amount are yet to display chemotactic movement 
towards the well containing FBS. These chemotaxis results, when compared to similarly acquired ones 
but in the absence of the chemoattractant (i.e. in the Insall chamber with both wells containing the buffer 
solution), confirm the capability of the simulation platform to capture such behaviours (refer to Figure 
5.10). The time interval between snapshots (left to right) is 5 hours. The final frame captures cell 
distribution at the end of 25 (physical) hours. 
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Two-way ANOVA revealed this deviation to be significantly different (p<0.05) 

from the migration of randomly moving cells. Furthermore, the analysis revealed significant 

difference (p<0.001) when the two data-sets were compared. The computational results  met 

expectations, both qualitatively and quantitatively, and were in statistical agreement with 

the experiment conducted by Muinonen-Martin et al. (2010)310, where the melanoma cells 

were observed to migrate towards the outer well in a comparable manner. 

 
Figure 5. 10: Migratory paths acquired by the chemotaxing vs randomly migrating cells.  

The plot shows averaged x-coordinates of both randomly migrating and chemotaxing cells 
within the Insall Chamber, as a factor of time. Notice the significant deviation (p<0.001) 
between the x-coordinates of the two systems (blue: under the influence of the 
chemoattractant FBS, and green: in the absence of a chemoattractant). Cells only migrate in 
the x-direction, as can be observed in Figure 5.9, due to the concentration gradient 
established in the x-coordinate (by virtue of device design). Deviation in the y -axis, though 
appreciable, was not significant (and, therefore, not shown). Each time step is eq ual to 5 
physical minutes.  

The practical applicability of these observations was further confirmed in Figure 

5.11, which compares spider plots tracking individual cell trajectories and the chemotaxis 
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indices in the absence and presence of the chemoattractant for the real (Figure 5.11 A) and 

virtual (Figure 5.11 B,C) cases. There seem to be slight differences in cell trajectories, which 

are inevitable given this comparison was conducted post-hoc and the fact that the two assays 

were not developed in conjunction. However, there are similarities too. The paths the cells 

followed in both experimental and computational setup displayed a strong bias for migration 

in the direction of the chemoattractant (towards the right). This directionality was not 

observed in either case in the absence of the chemoattractant. 

 
Figure 5. 11: Chemotaxis Comparison. The figure presents spider plots tracking paths of 
individual cells in the real (A) and virtual (B) assays, as well as the plots of chemotaxis index 
plotted for the real (A) and virtual (C) assays. Both experimental and computational data 
suggest non-directional migration in case of the assay conducted using buffer solution, and a 
strong bias in migration towards the chemoattract ant observed as the shift towards the right 
(in the real and virtual cases). The plot also shows chemotaxis indices calculated for 
migration of cells in the presence and absence of the chemoattractant (for the real and virtual 
cases). As indicated in the plot, cells migrating non-directionally produced a chemotaxis 
index of ~0.0, whereas migration under the influence of chemoattractant gradient displayed 
index of ~0.4 (in both the real and virtual cases). The author gratefully acknowledges the 
support of Andrew Muinonen-Martin in determining and plotting the chemotaxis index and 
creating the Spider plots for the virtual data. Experimental graphs ( A) have been printed 
under the Open-Access License  and first appeared in Ref. 314. 

 

One difference that is easily identifiable is that the trajectories observed in the 

computational data were a lot smoother than their experimental counterpart. This 

discrepancy can be addressed possibly by altering the step-to-step random component of the 
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cell migration rule. An additional difference is that in the experimental study, there are 

clearly a few cells that move against the chemotactic gradient. This cellular variability has 

not been incorporated as a rule in the agent model, since the mechanism governing it is not 

understood. Nevertheless, the overall similarity between the two sets of results was not 

compromised due to this – moreover an effort to provide quantitative comparison is reflected 

by the chemotaxis index.xxv Both the real and virtual assays revealed a chemotaxis index of 

~0.0 for the control and ~0.4 for the case with the chemoattractant. 

5.4 DISCUSSION 

The coupled platform presented in this manuscript was created keeping bioreactors 

in view where the concentration gradients, shear and flow profiles etc., influenced initially 

by the geometry of the bioreactor and, later, by cellular activity, play a pivotal role in the 

synthesis of the autologous substitutes required for regenerative medicine. The modelling 

platform is composed of two working elements: continuum – transport phenomena capturing 

– and discrete – cellular behaviour capturing. The greatest advantage of the platform, 

however, remains the fact that it can capture emergent phenomena – a benefit extending 

from the agent-based side of the platform (as demonstrated in Chapter 4). As such, the 

platform can not only help explain non-intuitive observations but has the potential to reveal 

processes and mechanisms not expected to emerge a priori, like the cell band formations 

shown in Results. 

Simulation results presented in this chapter are in agreement with those from other 

models that were discussed in previous pages. Cheng et al. (2009)12 suggested that the 

hydrodynamic conditions affect not only the rate, but the pattern, of tissue growth as well: 

                                                           
xxv The author is grateful to Andrew Muinonen-Martin (Beatson Institute for Cancer Research) for 
creating the spider plots and calculating the Chemotaxis Index for the validation case. 
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something demonstrated in the results. One can easily observe (in Figure 5.6) the way 

transport limitations affect spatial distribution of cells, also reported by Cheng and co-

workers.12 Furthermore, according to Cheng et al. (2006)13, by inducing a preferential 

migration direction oxygen concentration gradients influence cell migration. The platform 

captured that behaviour evident in any of the figures. Moreover, the impact of the altered 

boundary conditions on cell proliferation can be also observed, especially in Figure 5.6 

where Case IV results in a richer cell growth pattern compared with Case III, which had 

lower (by an order of magnitude) media flow rate. This mirrored the observations of Grayson 

et al. (2008), who developed a bioreactor with perfusion and imaging capability to 

bioengineer bone formation and reported that a higher flow rate supports higher cell 

densities within the constructs due to more efficient nutrient transport.  

The presented simulations also recapitulated numerical and experimental 

observations reported elsewhere. Lapin and co-workers289 had observed cellular activity to 

be higher in regions of high glucose concentration (i.e. close to the source). Similarly, 

Grayson et al. (2008)317 reported higher cell density near the inlet of their bioreactor. Auniņš 

et al. (2008),318 furthermore, who utilised a diamond shaped bioreactor referred to as 

CellCube, very close to the morphology of bioreactors utilised in this investigation – 

particularly Cases I and II, also observed higher cell density in the half of the bioreactor 

close to the inlet. Auniņš and co-workers followed this observation with a computational 

analysis of flow and transport within the bioreactor, and concluded this to be dependent on 

“good cell nutrition” in this area (amongst other factors). The same can be observed in 

Figures 5.3 – 5.6, where increased proliferative activity is observed closest to the media inlet 

port, resulting in the highest density of cell population in that region within the bioreactor.   

Furthermore, a comparison of results against those reported by Picioreanu et al. 

(2009)15 also reveal similar qualitative performance. Picioreanu and co-workers reported a 
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higher pressure-drop in reactors as a result of biofouling (against those without the biomass). 

Similarly, the simulations presented here reveal an increased drop in concentration in the 

bioreactors containing cells compared with the same bioreactor containing no cells (refer to 

Figure 5.7). Furthermore, the investigators also reported formation of quasi-stagnant zones, 

much like the bands observed in this investigation. Similarly, when Picioreanu and co-

workers14 modelled the impact of high substrate transport on microbial growth, they 

concluded that higher transport results in more dense biofilms. The results presented in this 

investigation show a similar trend. For example, the two bioreactors displayed in Figure 5.6 

differ in the boundary condition that the media flow rate in Case IV (bottom in the figure) 

is an order of magnitude higher than Case III (top). The higher density of cells within the 

bioreactor with richer transport can be easily appreciated. 

Picioreanu et al. (2009)15 reported pressure drop and altered flow in their 

investigation, which the current model could not, because they explicitly tied momentum 

exchange between the fluid phase and biomass accumulation. In this investigation, 

momentum exchange between cells and the fluid phase was not explicitly considered as was 

the case in investigations conducted by Lapin and co-workers.288-290 This worked for Lapin 

and co-workers and the model presented here because each agent represented a single cell 

whereas the biomass of Picioreanu and co-workers, represented a collection of cells as well 

as polymeric matrix secreted by those cells. This feature can be incorporated within the 

model by introducing cells as momentum sinks in the Navier-Stokes equations. The current 

framework can, therefore, handle momentum (and energy) exchange as well as its impact 

on the spatiotemporal evolution of cellular systems, for the continuum module solves the 

transport equation (2.20), which allows incorporation of momentum and energy 

sinks/sources. As the endeavour reported in this thesis marked the initial step in the 

development of the multi-paradigm framework, to keep things simple and generate efficient 
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and exploitable coupling between the continuum and discrete modules, momentum 

exchange between the cellular and fluid phase was not considered here.   

Moreover, cell alignment normal to the oxygen gradient was not a part of the rule-

set attributed to the cells but emerged from it. The formation of similar cell bands or patterns 

within bioreactors, as a result of the cellular interaction with nutrient gradients, qualitatively 

agrees with similar theoretical predictions105,287 and experimental observations318 reported 

previously. Auniņš and co-workers,318 utilising a similar bioreactor morphology to what was 

utilised in this investigation, implicated nutrient delivery as a factor responsible for cell 

patterns observed within their bioreactor. The current investigation certainly supports their 

view. Such patterns can be exploited within the bioreactor to develop tissue and organ 

structures that display zonal variation within their structure, such as articular cartilage.319 

The presented framework in enabling visualisation of such patterns, by quantifying location 

of cells that form the various zones/bands as well concentration profile of the nutrients in 

and around these zones/bands, is ideally suited to optimise this type of exploitation. A 

quantitative comparison between the bands formed in this investigation and others was not 

made due to differences in the model (i.e. nutrient utilised, media inlet velocity, cellular 

characteristics, etc.) and the comparison being outside the remit of the objective of the 

chapter. This, however, shall be pursued in the future. Moreover, in Figures 5.3 and 5.4 – 

especially in Figure 5.4 –, the concentration contours change continuously, proving the 

effectiveness of the platform in capturing dynamic reciprocity (as explored later). A physical 

system with either no cells or constant number of cells inside would not show such behaviour 

after the flow becomes stationary, beyond initial transients. The latter can be observed in 

Figures 3.5 and 5.7, which further puts into perspective the advance achieved by integrating 

the continuum and discrete approaches.  
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Finally, the virtual chemotaxis assay, where the virtual Insall chamber was seeded 

with melanoma cells that could migrate under a FBS gradient, conducted to provide 

validation, delivered a similar qualitative and quantitative performance as the actual 

experiments.310,314 The fact that the chemotaxis index, presented as a mean of the population, 

for both the buffered and chemoattractant simulation matched their experimental 

counterparts lends some confidence regarding the capacity of the framework to capture 

cellular behaviour for a population of cells within artificial devices. Despite this similarity, 

however, the statistical comparison between the trajectory of individual cells in the real and 

virtual cases must be pursued. This was not possible in the current investigation as the 

comparison against real data was conducted post-hoc. This also means that the ‘critical’ 

concentration assumed to trigger chemotaxis could not be tested, though the very similar 

chemotaxis indices support the values utilised herein. Still, this remains an indirect 

comparison and a more direct comparison against physical data needs to be pursued as part 

of developing the next version of the model/framework. 

The ‘cells inside the bioreactor’ model was chosen solely to illustrate the potential 

of the transport-agent approach in capturing biocomplexity (especially within the TERM 

paradigm) as well as to highlight the potential contribution the framework can make as a 

design optimisation tool towards bioreactor development. The author, however, is aware 

that the current model bears a tangential relevance to practical bioprocesses, and aims, as 

the next step, to apply the framework and the approach to simulate the closely related and 

practically more relevant case of cellular activity within microfluidic devices. Still, the 

model offered useful insights into how coupling cellular activity with transport resulted in 

the emergence of patterns that have been predicted and observed previously,76,287,318 and in 

illustrating how the continuum approach alone cannot robustly guide the development of 

bioreactors. The model, however, has certain limitations. For example, it did not consider 
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cell aggregation and matrix synthesis, unlike the model proposed by Picioreanu and co-

workers,15 which allowed the investigators to tie the growth of the ‘biomass’ to fluid 

mechanics. This segues into the second limitation of the model: it does not consider 

momentum exchange, which can be accounted for through (a decrease in) the permeability 

of the system (with increased deposition of the ECM) or the emergence of cell colonies (cells 

and the matrix) acting as sinks to momentum transport. Furthermore, the model, as well as 

the framework, does not deal with mechanical cues. As such, the mechanical impact of the 

scaffold on cells was not considered. This is a non-trivial task and will require coupling of 

the framework with the finite element paradigm. Moreover, the model, while it displayed 

‘differentiation’ of cells into an apoptotic phenotype, did not consider differentiation of the 

cells into either chondrocytes or osteocytes as a function of oxygen gradient. This was done 

to keep this first attempt towards the development of the transport-agent framework simple. 

Furthermore, at the moment, just as was the case with the model presented in Chapter 3, 

consumption of oxygen (glucose in Chapter 3) by cells occurred at a constant rate. A 

limitation of the chemotaxis assay was that cellular migration under chemotaxis had no 

stochastic element, though while displaying persistent random walk in the absence of the 

chemoattractant the cells could alter their direction randomly. This shall form part of the 

next step in framework development and optimisation.  

Additionally, the model as it currently stands is, computationally speaking, very 

expensive. As such, its performance against the Euler-Lagrange and continuum-CA 

approach approach, by Lapin & co-workers288,289 and Picioreanu & co-workers,14,15,296,298,299 

which can easily accommodate 100,000 cells, is rather limited. This can be mitigated by 

compartmentalising the geometry and running the compartments on a cluster set-up – both 

modules of the framework can be parallelised. However, this particular limitation is inherent 

to the framework, as the agent-based paradigm is computationally expensive. The user, 
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however, can potentially optimise the speed by conducting a grid independence analysis and 

opt for a balance between the mesh size and number of agents to be modelled. The 

framework can be currently run on Windows and Linux. The framework, for the purposes 

of this thesis, was run on a 32-bit Windows XP workstation fitted with 2.80 GHz Xeon™ 

processor and 3GB RAM. While simulation speed will vary between computations 

depending upon the number (and type) of meshes employed by the continuum module and 

number of agents in the discrete module, the framework running on the aforementioned 

system could easily handle any arbitrary geometry containing a collection of few hundred 

thousand structured mesh elements and thousands of agents.  

There is, finally, the question of the role of stochastic elements within the model. 

This was not attempted due to logistical reasons and the fact that this question was rigorously 

pursued in Chapter 4, where the model – following analysis of data gathered from over 125 

simulations – was found to be relatively insensitive to (reasonable) stochastic perturbations. 

That modules of the osteogenesis model formed the foundation of the agent-based model 

utilised in this chapter (which was coupled with the continuum model of Chapter 3). 

Furthermore, despite the aforementioned limitations, the reader may appreciate that the 

model consistently displayed certain features throughout the four test cases despite 

variations in boundary conditions, including the fact that two different bioreactor 

formulations were utilised. These include enhanced cellular activity near the source (also 

reported elsewhere289,317,318), formation of band patterns (predicted105,287 and reported15,318 

elsewhere), and a more accurate and dynamic relationship between transport and cell 

locations (as reported elsewhere12,14,15,289,317). Given the question that was being investigated 

through the model – whether the framework can capture difference/similarity in growth 

patterns as a result of varying boundary conditions – this, in effect, points to 4 different cases 

of numerical experiments (n=4). The author is aware that this remains a limitation of the 
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model. However, the model in its current state was only meant to illustrate the potential of 

the framework. The author aims to mitigate this in the next version of the model, which will 

target a more realistic set-up. 

In terms of capabilities, the off-lattice transport-agents framework presented herein 

complements the hybrid landscape that was elaborated in §5.1 and Figure 2.14. Based on 

the results, it can be concluded that the methodology is robust and more accurate compared 

with standalone continuum and discrete formulations in capturing system-relevant details 

and data structures. This is a result of the type of agent-based modality used in this thesis, 

which allows its user the option to incorporate user-defined data structures as well as the 

flexibility to work with cell shapes of arbitrary complexity (instead of just spheres, CA-

lattices, or polygons). The hybrid framework presented in this thesis, therefore, enables 

modelling of most observed cellular behaviours: proliferation, differentiation, migration, 

chemotaxis, aggregation, necrosis, and apoptosis; all in 3D, as have been simulated in the 

two models presented in Chapters 4 and 5. 

In comparison with standalone discrete, agent-based modelling platforms such as 

FLAME and NetLogo the current framework offers the ability to simulate 

microenvironmental variables for a multi-cellular structure. The two platforms, including 

other standalone discrete platforms, will simply not be able to simulate hydrodynamics and 

transport within in vitro environments, such as the bioreactors utilised in Chapters 3 and 5. 

Another advantage that the platform has over NetLogo is the fact that the platform models 

a system in continuous space, unlike NetLogo, which is lattice based and 2D. The same 

applies to the commercially available rule-based platform for complex system known as 

Complex Systems Modeling. Along similar lines, continuum methodologies such as CFD-

ACE+, FLUENT, etc., will not be able to capture dynamics at the cellular level, due to the 

homogeneity assumption. It would not be feasible to observe development of the emergent 
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patterns via the use of any of the standalone continuum methodologies. The same arguments 

can be extended while comparing the presented framework against any wholly continuum 

or discrete methodology. 

 Comparison, however, needs to be made against currently existing virtual, hybrid 

platforms such as CC3D and CHASTE, which, like the framework presented herein, by 

accounting for a variety of data structures, display the property of dynamic assimilation, as 

defined in §2.5. The two software platforms are relatively mature and offer the user the 

ability to code, simulate, and visualise – much like the presented framework. These two 

platforms have, in particular, achieved sufficient efficiency to allow simulation of a variety 

of biocomplex phenomena and represent the state-of-the-art in multi-scalar, multi-paradigm 

modelling software. 

CC3D, as discussed in §2.3.3, is based on the Glazier-Graner-Hogeweg (GGH) 

approach, which facilitates multi-scale simulations by defining spatially-extended 

generalised cells, thereby allowing tuning of the level of detail from intracellular to 

continuum without switching simulation framework. This is an architectural advantage that 

CC3D currently possesses over the presented framework. However, it is precisely the fact 

that the presented framework is composed of multiple simulation modalities that makes it 

more desirable, as discussed shortly. In terms of implementation, behaviours and 

interactions in CC3D are embodied in the effective energy, which determines cellular 

parameters (such as shape, motility, adhesion, etc.). While the biochemical behaviour can 

be represented through a variety of differential equations, the cell lattice evolves 

probabilistically. The current framework, in comparison, offers a more realistic ontology to 

represent both the cells as well as the evolving microenvironment, especially in terms of 

continuous space. Furthermore, the framework presented in this thesis, can capture physical 

phenomena such as flow, transport, and shear in addition to chemical processes such as 
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secretion, consumption, and reactions. Moreover, the platform allows the user, through a 

CAD program, to develop a physical domain of arbitrary geometry, which is especially 

beneficial towards the generation of in vitro environments such as Petri-dish, bioreactors, 

lab-on-a-chip devices, where the contribution of domain morphology is of utmost 

importance. Additionally, the presented platform relies on the finite-volume formulation, 

which is more intuitive to follow (as discussed in Chapter 2) over the finite-difference 

scheme typically employed to solve diffusive equations within CC3D. Finally, the fact that 

the continuum methodology can handle moving boundary problems, electric as well as 

magnetic effects, transfer of heat (to account for heat based interventions, such as bronchial 

thermoplasty) and the ability to generate geometries of arbitrary complexity are some of the 

advantages of the transport-agent framework. However, CC3D is simpler and more flexible 

to implement. Furthermore, as it is based on a lattice-grid, this really simplifies 

implementation of intercellular and cell-environmental interactions. Secondly, it requires a 

relatively short time commitment in terms of acquiring working knowledge of the platform. 

This is certainly not the case with the framework, for which a working knowledge of object-

oriented programming and FORTRAN is essential.  Thirdly, CC3D is especially suited to 

systems where differential adhesion is essential. Another advantage of CC3D is that it offers 

faster computations in comparison to the current framework, which can be a crucial 

component in the decision-making process to opt for a certain methodology. Finally, in 

practical terms, CC3D has a wealth of relevant models and documents available that provide 

guidance on getting started as well as model development, which gives it a clear edge over 

the presented framework. This, however, remains a “work in progress” for the author.  
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CHASTE, on the other hand, is perhaps the most mature hybrid platform currently 

available.xxvi The features that CHASTE carries certainly confer to it a lot more range, in 

terms of the options for the users, than the multi-paradigm framework presented here. The 

code includes (i) global component for basic mathematics; (ii) input-output code for reading, 

writing, and converting various files; (iii) the capability to generate meshes; (iv) code to 

conduct vector and matrix operations, (v) codes for defining and solving ODEs and PDEs, 

as well as (vi) the capacity to solve compressible and incompressible general non-elasticity 

problems129. The presented framework also includes features (i)-(v) and, thus, offers the user 

the same applications as CHASTE. However, the advantage CHASTE offers its users is the 

fact that it can currently deal with solid mechanics more robustly, which is a limitation of 

the presented framework. Furthermore, CHASTE’s range is put into perspective when one 

considers the fact that it offers the user the option to use both lattice-based and non-lattice-

based representation of cells. On-lattice models utilise the CA and/or CPM frameworks, 

whereas off-lattice models define cells spatially either by their centres (connectivity defined 

either by Voronoi tessellation or 'overlapping spheres') or vertices (cells assumed polygonal 

whose vertices move in response to forces). This is where the presented framework’s 

advantages become apparent. While the on-lattice representation of cells in CHASTE can 

be argued to be a better ontology than its off-lattice counterpart, the lattice-based approaches 

in CHASTE are not as realistic as the off-lattice approach offered by the presented platform. 

Secondly, the off-lattice modules in CHASTE do not capture the algorithmic behaviour of 

cells, as it is not based on a global/local interaction reliant protocol, which is precisely the 

sort of strategy needed to allow emergence of patterns from underlying rule-set. This is a 

key advantage that the presented framework possesses over CHASTE. In its sophistication 

                                                           
xxvi The current avatar of CHASTE and the multi-paradigm framework reported in this thesis were 
published in the same month by the PLoS group of journals. 
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and ability, however, CHASTE is perhaps the most complete and mature to simulate models 

with developmental, clinical, and commercial significance. However, a limitation of 

CHASTE is that currently it can only be run on Linux, while the presented framework can 

be run on Windows and Linux operating systems. Finally, the set of documentation available 

on CHASTE gives it an additional edge over the presented platform.  

Where CC3D lacks an in built mechanical and flow solver and is lattice-based, 

CHASTE only simulates mechanical interactions between cells. The presented framework 

complements the existing landscape by offering a coupled approach with a module that can 

solve for flow and a module that can capture the spatiotemporal evolution of cellular 

populations via an interaction-reliant strategy, which, arguably, is a more realistic 

representational formalism to capture the algorithmic nature of cell decision-making. Along 

with CHASTE and CC3D, the presented framework forms part of those computational 

methodologies that can capture the impact of the cellular microenvironment to tissue 

development. This bi-directional relationship was captured by the principle of dynamic 

reciprocity,18 which suggested that “the ECM affects the cell which in turn responds by 

synthetic and degradative processes causing the composition and the structure of ECM to 

change which in turn influences the cell and so forth”.18 This principle, however, limited 

the role of the microenvironment to the ‘material’ aspect of the systems, i.e. the ECM, and 

lacked an essential component: local transport phenomena. However, there has been, for a 

while now, increasing evidence implicating flow and transport on tissue development, in 

addition to the ECM. xxvii  The principle can, therefore, be more inclusively stated as follows: 

the cellular microenvironment – which includes the cells, ECM, and local transport 

processes – affects the cell which in turn responds by synthetic or degradative processes 

                                                           
xxvii These examples, in addition to the amendment to the definition of Dynamic Reciprocity, form the basis 
of a ‘Letter-to-the-Editor’ that was published as follows: Kaul H and Ventikos Y (2015). Dynamic 
Reciprocity Revisited. Journal of Theoretical Biology 370:205-208. 
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causing the composition and the structure of ECM, and therefore the local transport 

processes, to change which in (a coupled) turn influence the cell and so forth.    

One can understand the absence of transport from the original definition for it is easy 

to overlook, in the absence of suitable experimental methodologies, which can visualise flow 

fields, and thereby gradients, the vital role played by transport processes in the evolution of 

biological systems. However, whether it is the diffusion dependent transport within a tissue 

or convection-diffusion-reliant transport occurring within a perfusion bioreactor, the role of 

transport processes cannot be neglected.  After all, cellular proliferation, stimulated by 

optimal mass transport, begins to influence local concentration gradients as well as flow 

profiles, due to consumption/secretion of entities or secretion of matrix that alters the local 

permeability, thereby non-linearly affecting the overall cell growth. With the rapidly 

burgeoning state-of-the-art in hybrid models and platforms, which particularly focus on the 

impact of flow and transport on cell behaviour, and vice versa, including those reviewed in 

this chapter, we can finally begin to evaluate this relationship as well as the underlying 

mechanisms in a more quantitative manner.         

5.5 SUMMARY 

Through the investigations reported in this chapter the overarching aim of this thesis 

was successfully addressed. A novel multi-paradigm approach as well as a framework was 

presented that can capture biocomplexity in vitro and, given accurate boundary and initial 

conditions, even in vivo (subject of future investigation). The presented framework does not 

only capture the principle of dynamic reciprocity but in handling various data structures, 

dynamically integrating information from both environment and cellular structures, and 

offering the user the freedom to simulate processes in 3D also display dynamic assimilation. 

Simulation data are in agreement with those obtained using models of similar 
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purpose;12,13,285,286  in addition to showing behaviour that may be emergent as has been 

predicted and observed elsewhere. The platform was validated by simulating melanoma 

chemotaxis in the Insall chamber. Reasonable agreement was observed between the 

experimentally and computationally gathered data, further proving the utility of this 

modelling platform to artificial devices that are employed to grow, differentiate, or exploit 

the cellular potential. The chapter marks the end of the computational investigations 

conducted to meet the intended objectives of this thesis.  
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“In order to simulate the complex behaviour of any biological system – whether it is a collection 
of proliferating cells in a Petri dish, polymeric scaffold, or uterus – the applied computational 
paradigm must be able to faithfully capture the dynamic interactions between cells and their 
microenvironment: encapsulated by the dynamic reciprocity principle” 

… 
“The cellular microenvironment – which includes the cells, ECM, and local transport processes 
– affects the cell which in turn responds by synthetic or degradative processes causing the 
composition and the structure of ECM, and therefore the local transport processes, to change 
which in (a coupled)sense influence the cell and so forth” 

… 
“Dynamic assimilation is the act of receiving diverse structures of data, which could be 
continuous, discrete, binary etcetera in nature; integrating them with equally diverse sets of 
information from either sub-components or individuals existing in the same microcosm; 
processing the information to pursue a set of (design) objectives; and, finally, the iteration of 
this process as many times as desired” 

6.1 SUMMARY 

he first sentence listed in the box above was presented, in Chapter 1, as one of 

the reasons capturing biocomplexity has proven challenging. In the introductory 

chapters we find how computational approaches of the continuum variety 

struggle to provide adequate representational formalisms for biological entities, thereby 

offering little beyond qualitative similarity while simulating biocomplexity. We saw that 

discrete approaches, on the other hand, while closer to capturing the dynamic relationship 

between biological structures and their (micro)environment, being computationally 

expensive, cannot be employed to capture the bulk phenomena that are crucial, as suggested 

by the extended definition of dynamic reciprocity (presented in Chapter 5 and listed as the 

second statement in the box above), to the time evolution of biological structures. 

Furthermore, computational frameworks that cannot deal with a diversity of data structures 
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(whether continuous: concentration gradient of a morphogen, discrete: phenotype of a cell, 

binary: ‘on-off’ switch of a bioreactor, topological: 3D configuration of enzymes, for 

example) also find it difficult to capture the relevant details that may influence the 

spatiotemporal evolution of cellular systems. Finally, we realised that there is a gap within 

the existing landscape of computational frameworks, refer to Figure 2.14, which can address 

some of these issues and quantify the seemingly irreducible organisation of biological 

systems.  

In the chapters that followed, the reader was acquainted with the methodology, 

strengths, and weaknesses of two major computational approaches, evident from their 

pervasive use in bio-computational literature, before the two were integrated to create a 

coupled transport-agents multi-paradigm framework that can capture not only the relevant 

physicochemical environmental details but the individual-level cellular behaviour as well. 

Furthermore, being able to handle the three-dimensional aspect of cellular environments as 

well as a wide variety of data structures, the hybrid framework displays the concept of 

dynamic assimilation, as stated in Chapter 2 and listed at the beginning of this chapter. 

6.2 CONCLUSIONS AND IMPLICATIONS 

6.2.1 CONCLUSIONS 

The major conclusions, and the contributions, of the work presented within this thesis 

are as follows: 

 The extended definition of dynamic reciprocity suggests a modified perspective to 

the cellular microenvironment emphasising the collective roles that cells, material 

environment, and local transport processes play in the spatiotemporal evolution of 

cellular systems both in vitro and in vivo 
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 A novel computational framework capable of capturing the principle of dynamic 

reciprocity and displaying dynamic assimilation is presented 

 The framework can simulate a broad array of biocomplex phenomena in vitro. Its 

usage, furthermore, extends beyond the domain of TERM 

 The framework can capture emergent phenomena (discussed in Chapters 4 and 5) 

More specifically, 

 results presented in Chapter 3 validate the potential of Computational Fluid 

Dynamics as a design optimisation tool,  

 these results, furthermore, demonstrated the capability of the default operational 

parameters of the TissueFlex® in sustaining growth and expansion of hMSCs, 

 the ‘top-inout’ morphology tested in the investigation is being developed for 

commercial exploitation,  

 the 3D agent-based model of in vitro osteogenesis, in capturing the emergent 

behaviour of maturing osteogenic nodules, shed light on the mechanics of static and 

dynamic bone formation, and 

 the model suggested that osteoblasts do not ‘switch-off’ their matrix deposition 

capability during the process of osteoblast transformation into osteocytes, and that 

acquisition of polarity in osteoblasts does not seem to be a random event.  

The implications of the foregoing conclusions are discussed in the following section. 

6.2.2 IMPLICATIONS 

6.2.2.1 CAPTURING DYNAMIC RECIPROCITY 

 A distinct advantage of CFD is that it allows for intuitive evaluation of flow fields, 

especially in the microscopic recesses that may be harbouring the evolving tissue structure, 

as well as variations that these flow fields undergo with the development of these structures: 
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insight that is extremely difficult if not outright impossible to attain experimentally. Using 

a computational framework that makes use of CFD, therefore, allows the user to map the 

evolving transport needs of a system, which would previously not be possible. This is of 

marked commercial value, while designing bioreactors or scaffolds to support cell expansion 

and differentiation, for quantifying the transport demands of cells growing in an automated 

device will help in designing devices that can meet not only the initial but also the evolving 

demands of this system with relevant cost implications. However, CFD itself finds 

challenges in capturing the dynamically changing flow fields or concentration gradients of 

a system if employed to model the cellular phase as well. This becomes apparent when 

conclusions from chapters 3 and 5 are considered in tandem. In Chapter 3, the system: 

hMSCs consuming glucose, achieves steady state, as can be seen in Figure 3.5, and no 

change is observed in the concentration contours beyond those initial transients. Compare 

that to Figures 5.3 – 5.6 where the concentration gradients are constantly evolving, and are 

captured doing so by the presented framework. Refer also to Figure 5.7, where the boundary 

and initial conditions utilised in Case II (refer to Table 5.1) are employed to compare Case 

II with and without agents. There is an appreciable difference in oxygen concentration. This 

reflects the benefit of using the hybrid approach as a design tool, especially considering the 

fact the fact that this difference in concentration emerges in the hybrid bioreactor case (with 

agents) containing ~1800 agents only (at the end of day 5), which is nowhere near the 

realistic scenario of 1 million cells/mL of cell suspension (the figure utilised in Chapter 3). 

This, furthermore, offers proof-of-principle that the framework can simulate the extended 

definition of dynamic reciprocity. 

6.2.2.2 DYNAMIC ASSIMILATION 

At the end of Chapter 4, the following features were identified as being essential for 

a modelling approach to simulate biological complexity: the ability to simulate non-linear 
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and dynamic behaviour, synthesise relevant “constituent-constituent” and “constituent-

environment” interactions, track the evolution of various constituents that are heterogeneous 

in nature, develop memory of various prior constituent interactions, adapt to the external 

environment, and permit visualisation of emergent phenomena that will result from the 

combined interactions of system constituents. This is, however, not possible until the 

modelling approach considers the process in appropriate dimensions, possess the capability 

to handle a variety of data structures, and is able to consider information that may 

dynamically emerge during simulation. This forms the crux of dynamic assimilation. 

Comparison of the coupled CFD-transport model with the models presented in 

Chapters 3 and 4 will put this into perspective. Neither of the standalone models can lay 

claim to be dynamically assimilating methodologies. The CFD-based model presented in 

Chapter 3 deals neither with discrete data nor captures emergence. In comparison, the model 

presented in Chapter 4 assumes idealised conditions in terms of continuous system 

characteristics. However, an integration of the two approaches, presented in Chapter 5, 

displays most, if not all, features mentioned in the paragraph above, and in its ability to 

consider a variety of data structures, satisfies the dynamic assimilation condition. 

Figures 5.3 – 5.6 validate the aforementioned point. In terms of the concept presented 

above, the figures display the framework’s ability to: capture the evolution of a system based 

on component-component and component-environment interactions, which occurs due to 

the rule-based modality of the framework; track the evolution of various constituents that 

are heterogeneous and develop memory of previous interactions, proven by the fact that the 

history of any of the two kinds of agents (hypoxic and normoxic) can be reviewed easily; 

visualise emergent behaviour, as it occurs in the formation of a belt at the normoxic-hypoxic 

interface; deal with a variety of data structures – continuous (oxygen concentration), discrete 

(cellular phenotype), and binary (available or blocked active site of an enzyme); all in three-
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dimensions. This is a robust paradigm of simulating biocomplexity, with the principle itself 

serving as a rather systematic touchstone for computational frameworks. It must, however, 

be stated that the presented framework is not the only one to possess the ability to 

dynamically assimilate. CHASTE and CC3D, which were discussed in the previous chapter, 

for example, are other modelling frameworks that can dynamically assimilate information, 

which, the author feels, is the chief reason behind their versatility and wide-ranging 

application as computational platforms utilised to model biocomplexity. The presented 

modelling framework is, therefore, an addition to the list of software that can dynamically 

assimilate information.                         

6.2.2.3 DYNAMICALLY ASSIMILATING FRAMEWORK 

The investigations conducted as part of this thesis aimed to develop a computational 

framework that can capture biocomplexity as well as the emergent behaviour of biological 

systems. In essence, this was an exercise in creating a computational scheme that displays 

dynamic assimilation. Towards the end of this thesis, a dynamically assimilating, 

experimentally validated framework, created by integrating an agent-based platform with a 

transport phenomena solver, was presented. The framework can combine the various 

elements of a cellular microenvironment to simulate the spatiotemporal evolution of the 

entire system. The most promising aspect of the framework, however, is its capacity to 

capture emergent phenomena, presented and discussed in Chapter 5, which makes it possible 

for the framework to present not only counterfacts but also unknown unknowns.     

6.2.2.4 CFD & ABM MODELS 

6.2.2.4.1 CFD 

 The methodology presented in Chapter 3 was used to determine whether the default 

configuration and standard operating parameters for TissueFlex® were optimal to support 

the expansion of hMSCs seeded inside alginate scaffolds. The two significant aspects of this 
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investigation were the use of dimensional analysis and the evaluation of CFD as a design 

optimisation tool. While TissueFlex®’s default operating parameters were computationally 

validated to support hMSC expansion – a conclusion of high commercial worth; that the 

investigation, in showing how slight modification in bioreactor geometry can increase the 

shear experienced by the scaffold, validated CFD’s efficacy as a robust design optimisation 

tool is a conclusion of higher significance. The observation, in itself, also demonstrated how 

bioreactor initial and boundary conditions can be altered (by exposing cells to high/low shear 

levels or hypoxic/normoxic environments) to manipulate cellular phenotype. This also 

provides credence to the claim that the modelling platform presented in this thesis, as it 

comprises of the CFD modality, can be used as a design optimisation tool during the concept 

selection phase of biotechnology devices.xxviii Finally, the dimensional analysisxxix used in 

this thesis can be employed by other investigators in the community to determine the 

efficacy of a bioreactor, or any other perfusion device for that matter, in supporting cellular 

growth. 

6.2.2.4.2 ABM 

 Agent-based modelling was employed to model in vitro osteogenesis. The model, 

due to its interaction based approach, can accurately capture the processes observed during 

osteogenesis with high fidelity, as discussed in Chapter 4. The model suggested that the 

premise that osteoblasts ‘switching-off’ their capability to synthesise matrix is, from a 

spatial perspective, untenable; and that osteoblasts acquiring polarity seems to be a non-

random event. While the latter confirms what probably is common knowledge amongst 

biologists examining a cell’s ability to acquire polarity (though in itself slightly remarkable), 

the initial finding, at least, rules out one hypothesis (#4) considered to play a role in the 

                                                           
xxviii The ‘top-inout’ bioreactor geometry is currently under development for commercial exploitation. 
xxix The dimensionless numbers employed in this investigation were not developed by the author  
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transformation of osteoblasts into osteocytes. At most, it identifies two hypotheses (#2 and 

#3) as serious contenders of matrix deposition. In either case this is a helpful contribution, 

since experimental work can be focused to better analyse the process from the perspective 

of hypothesis #3. The results presented herein open the path for the development of novel 

therapeutics aimed to treat skeletal defects of development and remodelling. The model 

itself can play an important role towards the design, optimisation, and testing of novel/pre-

existing orthopaedic drugs. 

6.3 LIMITATIONS & FUTURE 

6.3.1 MODELS 

6.3.1.1 CFD 

While the continuum model presented in Chapter 3 was able to suggest why the 

default operational parameters of the commercial TissueFlex® micro-bioreactor is able to 

support cell growth and laid the foundation towards the design and development of a new 

commercial bioreactor morphology, it was not without limitations. Firstly, in the model only 

the transport of glucose was considered. The model can be made more accurate and relevant 

if the transport of oxygen is also considered in parallel with the transport of glucose, which 

was avoided here due to computational limitations (refer to §3.4). Furthermore, the 

consumption of glucose by cells was assumed to follow zero-order kinetics, with the 

consumption rate itself being a constant, which is not the case physically (refer to Table 3.3) 

as cells tend to show variability in consumption of nutrients (though this did not impact on 

the conclusions of the investigation). Secondly, the model assumed a confluent culture, and, 

hence, it did not account for proliferation, migration, differentiation, or necrosis. As such, 

the results are not fully reflective of the changes in concentration gradients of glucose, which 

will occur if the initial cell population was to undergo proliferation within the bioreactor, 
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and only represents the concentration profile when the cell population is fully confluent. The 

model can be made more realistic, and perhaps a true indicator of the bioreactor’s ability to 

sustain cell growth, if proliferation and necrosis are also considered. Finally, the assumption 

of fixed permeability and porosity in the model, which will not be the case physically as 

both will vary due to scaffold degradation and deposition of matrix by the growing cell 

population, is another limitation. This is, however, a non-trivial set of processes to 

incorporate within any model. Scaffold degradation and matrix deposition will have 

opposing impact on permeability, which needs to be experimentally evaluated before the 

relevant constitutive equations are added to the model. The forthcoming versions of the 

model will address these limitations. 

6.3.1.2 ABM 

The agent-based model presented in Chapter 4 provided novel insights into the 

mechanisms governing the transition of osteoblasts into osteocytes. However, the model, 

being standalone agent-based only, is highly idealised. Firstly, the model assumed presence 

of optimal nutrient as well as morphogen concentrations. As such, the model did not utilise 

reaction-diffusion equations to account for the formation of osteogenic condensation, which 

are more sophisticated than the algorithm utilised to model condensation in the current 

model. Similarly, a cell’s acquisition of polarity is modelled as a stochastic event, and 

independent of gradients of physicochemical signals. Secondly, as the role of apoptosis and 

migration in the formation of osteogenic condensations is poorly understood, and although 

the model has raised a few questions that may guide experimental efforts towards a better 

elucidation of these mechanisms, the model remains subject to revisions on those fronts. 

Thirdly, the model did not account for the presence of mechanical stimuli that influence 

osteogenesis, which have been utilised in previous models, especially the ones that employ 

the finite-element formulation. Fourthly, the agent morphology employed in the model was 
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idealised. For example, all agents were spherical. While this is not realistic, it would not 

upset the conclusions as agent morphology was not considered to play any role in 

influencing either osteoblast polarity or its differentiation. Furthermore, in this investigation, 

growth and maturation of only one condensation/nodule was considered, but, once again, 

the conclusions can be extended to in vitro cultures with multiple condensations/nodules 

without any loss of generality. Moreover, the model relied on global as well as local rules 

to capture the spatiotemporal evolution of the mineralising nodules and the transition of 

osteoblasts into osteocytes. The presence of global rules meant that the computing time was 

longer in comparison with a model relying solely on local rules. A simulation consisting of 

5000 iterations (~70 physical days) required about 48 hours to run, which was sufficiently 

low to conduct the entire array of sensitivity analyses without having to parallelise the 

model. However, if more than one nodule is to be considered, the model will need to be 

parallelised as the computational time will increase quadratically with the inclusion of each 

new agent. These advancements to the model will be dealt in the future version of the model, 

which will be extended to simulate osteogenesis in vivo. 

6.3.2 MULTI-PARADIGM FRAMEWORK 

Firstly, in order to demonstrate proof-of-principle and to keep this first attempt to 

framework development simple, the ‘cells in bioreactor’ model utilised bore only a 

tangential relevance to a real bioprocess. Momentum exchange between the cellular and 

fluid phase was, therefore, not explicitly considered (though the capability to do so exists). 

This would be tackled in the future version of the model where a more realistic, and 

computationally tractable, case of a few cells within a microfluidic device will be 

considered. Here, momentum exchange will also be considered, in addition to mass transport 

as well as the impact of shear on cell phenotype. Thirdly, the model did not consider cell 

colonisation (possible through the discrete module) and alterations in permeability as a result 



 

248 
 

of colony formation by cells (possible through the continuum module). The ‘cells in a 

microfluidic device’ will feature an initial attempt towards this as well. Furthermore, in 

comparison to other hybrid approaches, the presented framework, in the absence of a way 

to parallelise the model, can only tackle about tens of thousands of cells. While the user can 

strike a balance between the quality of mesh and number of agents, mitigating this limitation 

ideally requires a way to run the model in parallel, which is part of the greater plan to make 

the framework commercially exploitable. Furthermore, the framework currently lacks a 

formulation to treat solid mechanics as effectively as the finite-element approach. The 

incorporation of a similar formulation will probably involve developing a relevant algorithm 

that can be attached to the framework to simulate processes of solid mechanics. Most 

importantly, the evolution of this framework into fully capturing dynamic assimilation shall 

also continue. The introduction of a rule-mining or pattern recognition algorithm will 

strongly reinforce the ability of the presented framework to assimilate information 

dynamically. This, however, will require a more rigorous analysis of the underlying 

computational paradigms as well as the programming capabilities to integrate the two. This 

integration would entail multiple steps such as identification of a robust rule-mining 

platform (such as Weka: http://www.cs.waikato.ac.nz/ml/weka/); identification of data-

sets/-structures generated during computation that would be meaningful for this purpose (i.e. 

cellular orientation, differentiation patterns, guided migration as well as morphogen 

concentrations, shear, flow, etc.); generating code to gather and efficiently store this 

information; and enabling cross-talk between the rule-mining software and the framework. 

Finally, testing the framework capability to capture biocomplexity in vivo shall also be 

pursued in future.    

Additionally, in terms of observations regarding formation of band patterns in 

simulations presented in Chapter 5, questions such as: did lower oxygen availability in Case 
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1, refer to Figure 5.3, cause the stressed cells to organise themselves in that manner; if so, 

can this be extrapolated to other cells, does such behaviour lead to more efficient use of 

resources; what kind of structure would have evolved if cells were assigned more specific 

rules that govern colony formation, what would be the functionality of such structure; remain 

a matter of speculation until investigated more rigorously both computationally as well as 

empirically. This framework makes the computational investigation of such questions 

feasible.  

6.4 EPILOGUE 

The work presented within this thesis was motivated by the absence of a hybrid 

transport-agent framework that can capture the spatiotemporal evolution of biological 

systems based on interactions between off-lattice, rule-obeying, cellular components and 

their microenvironment. To achieve this, a hybrid, multi-paradigm modelling framework 

that can be applied to optimise design of devices employed to maintain or grow cellular 

products was created and conceptually validated. The framework, which can quantify the 

entire biological environment and capture the seemingly non-quantifiable cellular 

interactions with each other and their environment, offers a novel perspective of examining 

biological systems.  Novel, as the environment can be completely parameterised in terms of 

measurable quantities; even in terms of conformational/spatial cellular interactions. Novel 

also, for the framework makes available previously inaccessible observations, such as the 

impact of hydrodynamics on cellular interactions and vice versa. The platform, therefore, 

can find relevance in numerous investigations on biocomplex phenomena.  
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Appendix  

A.1 THE NUMERICAL SCHEME 

When working with a cell-centred variable arrangement, the averaged value of any 

quantity inside a CV is given by its value at the cell centre83. CFD-ACE+ achieves this by 

employing spatial differencing schemes that interpolate the values of the quantity of interest 

wherever they are needed; notably on the control volume (inter)faces. The central difference 

scheme (CDS) is an interpolation scheme offered by CFD-ACE+ to define the algebraic 

equations at the cell-centre. 

A.1.1 CENTRAL DIFFERENCING SCHEME    

The central differencing scheme assumes a linear variation of Φ between two cell 

centres P and E, as shown in Figure 2.5, and calculates ΦS by distance-weighted averaging the 

values at the cell centres. For the face e of the 2D Cartesian grid shown in Figure 3.1, the 

interpolation is captured mathematically by (A.1). 

The conserved quantity at e is calculated as follows: 

These expressions are then substituted back into the finite-volume expression, and the entire 

approach is applied to all surfaces of a control volume (in all dimensions). The resulting general 

expression is as follows: 

 ∫[𝜌𝑈Φ − ΓΦ∇Φ]. 𝑛𝑒⃗⃗⃗⃗ 𝑑𝑆 =  (𝜌𝑢1Φ −  Γ
∂Φ

𝜕𝑥1
)
𝑒𝑒

 𝐴𝑒 (A.1) 

 Φ𝑒 = 
Φ𝑃 + Φ𝐸

2
 (A.2) 

 (
∂Φ

𝜕𝑥1
) =  

Φ𝐸 − Φ𝑃

𝛿𝑥1
 (A.3) 
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In (A.4), the coefficients aP and aS are related to the summation of terms from equations (A.2) 

and (A.3) for all faces of CV, and SP represents the discretised source term. As U and ΦP are 

in these coefficients are usually unknown, equations are solved iteratively over the entire mesh. 

 Central differencing approximations are independent of the direction of the velocity 

vector. Unphysical oscillations may appear in the numerical solution when using CDS320 if the 

mesh is not sufficiently fine. Although CDS can be shown to be second order accurate, if the 

local strength of normalised convection exceeds the local strength of normalised diffusion (in 

a Peclet number sense), it may lead to unstable and unbounded solutions.83 Most iterative 

methods tend to be unstable when central difference scheme is used to evaluate convection 

terms, if the grid is not adequately fine. Stability can be achieved by introducing 

artificial/numerical viscosity or by reducing cell size (i.e. grid refinement).77 The former is 

computationally inexpensive but reduces the nominal level of accuracy of the methodology. 

The latter involves computing on finer grids; it is nevertheless the approach we followed in this 

study to ensure numerically stable and physically plausible solutions. 

A.1.2 TEMPORAL DISCRETISATION 

Temporal accuracy is quite essential when simulating problems of transient nature: both 

flow as well as transport. CFD-ACE+ allows for the use of both the first-order Euler and the 

implicit second-order Crank-Nicolson schemes. The transient simulations in this thesis were 

solved using a variant of the Crank-Nicolson scheme, which enables the user to enter a blending 

factor (γ).  The differencing, in 1D x-direction, is performed as follows:    

 𝑎𝑃Φ𝑃 = ∑ 𝑎𝑆Φ𝑆 + 𝑆𝑃

𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟 𝑛𝑜𝑑𝑒𝑠

𝑆

 (A.4) 
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In (A.5), Δt is the time step, n the current time, and j the current cell in which the computation 

is being performed for Φ. k represents the diffusion coefficient. The right-hand side of the 

equation provides both stability (first part) and accuracy (second part). The default blending 

factor of 0.6 was used for all transient computations in this thesis. The Crank-Nicholson 

scheme is a time discretisation scheme, which itself is a finite differencing – time, unlike space, 

is one-dimensional and has no volume. As such, despite the ‘finite differencing’, the scheme 

remains applicable for time discretisation in FVM.   

A.1.3 PRESSURE CORRECTION   

A notable absence in the variables that have been discussed heretofore is that of 

pressure. Despite the fact that pressure is an important part of the momentum equations, it does 

not appear in the continuity equation.77 On the other hand, all velocity components appear in 

each momentum equation and continuity equation.131 A method is, therefore, required to ensure 

that the computed velocity field satisfies the continuity equation. For incompressible flow, 

where density is constant and hence not linked to pressure, the continuity equation is used to 

formulate an equation for pressure.131 This pressure correction equation is solved concurrently 

with other discretised equations.83 The resulting pressure correction field is used to update the 

velocity and pressure field,131 and ensure that velocity field satisfies continuity at 

convergence.83 In CFD-ACE+, the inherently iterative Semi-Implicit for Pressure-Linked 

Equations Consistent (SIMPLEC) scheme,181 an adaptation of the SIMPLE method,182 is 

implemented to achieve pressure correction.  

 
Φ𝑗

𝑛+1 − Φ𝑗
𝑛

Δ𝑡
=  𝑘 (𝛾

Φ𝑗+1
𝑛+1 − 2Φ𝑗

𝑛+1 + Φ𝑗−1
𝑛+1

Δ𝑥2
+ (1 − 𝛾)

Φ𝑗+1
𝑛 − 2Φ𝑗

𝑛 + Φ𝑗−1
𝑛

Δ𝑥2
) (A.5) 
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The SIMPLEC algorithm starts by guessing a pressure field, p*. Discretised momentum 

equations are then solved using p* yielding velocity component U*. In (A.6), the u-momentum 

equation for an arbitrary control volume centred at e is given.  

 𝑎𝑒𝑢𝑒 = ∑𝑎𝑛𝑏𝑢𝑛𝑏 + (𝑝𝑃 − 𝑝𝐸)𝐴𝑒 + 𝑏𝑒 
(A.6) 

where, 
𝑎𝑒 = (∑𝑎𝑛𝑏 − 𝑆𝑒∆𝑉) (1 +

1

𝐸
) 

(A.7) 

  In (A.6) and (A.7), A represents the area of the face of P control volume at e, p the 

pressure, b the momentum source term, and Se the coefficient of ue in the linearised source 

term. The sub-script nb refers to summation taken over all the neighbouring nodes; P and E to 

grid points (refer to Figure A.1).  

 𝑎𝑒𝑢 ∗𝑒=  ∑𝑎𝑛𝑏𝑢 ∗𝑛𝑏 + (𝑝 ∗𝑃− 𝑝 ∗𝐸)𝐴𝑒 + 𝑏𝑒 
(A.8) 

 
Figure A. 1: Sections of a Cartesian grid showing the placement of control -volume 
boundaries.  Reprinted with kind permission (pending) from Ref. 181 © (1984) Taylor & Francis 
Online. 

Figure A.1 represents this notation system based on grid lines and cell faces. Assuming 

p to be the correct (but generally unknown) pressure, the difference between p and p* results 

in the correction, p′ (refer to A.9).  

 𝑝 = 𝑝 ∗ + 𝑝′ (A.9) 
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 𝑢 = 𝑢 ∗ + 𝑢′ (A.10) 

u* obtained using (A.8) in general violate continuity and, therefore, require correction, which 

is based on p′ (refer to A.10). Subtracting (A.6) and (A.8) yield the relation between p′ and u′, 

shown in (A.11). 

 𝑎𝑒(𝑢𝑒 −  𝑢 ∗𝑒) =  ∑𝑎𝑛𝑏(𝑢𝑛𝑏 − 𝑢 ∗𝑛𝑏) + [(𝑝𝑃 − 𝑝 ∗𝑃) − (𝑝𝐸 − 𝑝 ∗𝐸)]𝐴𝑒 
(A.11) 

 Using (A.10), (A.11) can be written as (A.12). 

 𝑎𝑒𝑢′𝑒 = ∑𝑎𝑛𝑏𝑢′𝑛𝑏 + (𝑝′𝑃 − 𝑝′𝐸)𝐴𝑒 
(A.12) 

Subtracting Σanbu′e from both sides of (A.12) yields 

 (𝑎𝑒 − ∑𝑎𝑛𝑏) 𝑢′𝑒 = ∑𝑎𝑛𝑏(𝑢
′
𝑛𝑏 − 𝑢′

𝑒) + (𝑝′𝑃 − 𝑝′𝐸)𝐴𝑒 
(A.13) 

This is followed by the main approximation in SIMPLEC, where the first element of the right 

hand side [Σanb (u′nb – u′e)] is neglected. Substituting (A.10) into (A.12) yields 

 𝑢𝑒 = 𝑢 ∗𝑒+ (𝑝′𝑃 − 𝑝′𝐸)𝑑𝑒 (A.14) 

where, 
𝑑𝑒 = 

𝐴𝑒

𝑎𝑒 − ∑𝑎𝑛𝑏
 

(A.15) 

Once the correct values of pressure and velocity fields are obtained, other discretised 

transport equations are solved. Figure A.2 depicts the SIMPLEC algorithm that CFD-ACE+ 

uses to evaluate pressure and velocity fields. 
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Figure A. 2: The Simplec.  The flowchart represents the Simplec algorithm employed to solve 
for pressure correction181 . The image was adapted from CFD-ACE+ User Manual.77 

A.1.4 ITERATIVE EQUATION SOLVERS – ALGEBRAIC MULTIGRID 

After the equation set for a variable has been assembled it can be solved by direct or 

iterative equation solvers. Iterative equation solvers are preferred as they tend to be economical 

in terms of memory usage. In CFD-ACE+, the conjugate gradient squared (CGS) solver and 

the algebraic multigrid (AMG) solver are employed as the iterative equation solvers. The 
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computational work conducted in this thesis utilised the latter exclusively. The AMG solver 

uses a hierarchy of grids, from fine to coarse, and back to fine, to solve the resulting set of 

pseudo-linear equations. After obtaining the residual field on the fine grid, iterations are 

performed on the coarse grid to obtain corrections (imposing fine-grid residuals as the source 

term). The AMG solver works by interpolating the corrections to the fine-grid and updating 

the fine grid solution, and repeating the entire procedure until the residual is reduced to the 

desired level.77 This results in reducing error of multiple wavelengths at once, with the 

significant advantage of faster convergence.77 

While discussion on the AMG solver is beyond the purview of this thesis, a brief 

description is provided for the benefit of the reader (details can be found elsewhere321). For a 

generic solution to an equation set, represented below, for the single-variable set x, this is 

achieved by generating a coarse-grid reduced equation set, shown below. 

 𝐴𝑥 = 𝑏 (A.16) 

 𝐴𝑐𝑥𝑐 = 𝑏𝑐 (A.17) 

 𝐴𝑐 = 𝐾𝐴𝐾𝑇  (A.18) 

A coarsening operator K is applied to obtain A.17. Deriving bc on the basis of the 

residual in (A.16), the solution of (A.17) provides a correction xc that can be employed to 

improve the solution 

 𝑥𝑛+1 = 𝑥𝑛 + 𝐾𝑇𝑥𝑐 (A.19) 

where xn represents the latest iterate and xn+1 the next iterate. The procedure is recursively 

applied to (A.17) and successively coarser grids. Coarsening occurs by seeking nodes with 

strongest coupling (largest off-diagonals in A) and adding their respective equations, thereby, 

forming a new coarse grid representative of a number of fine grid nodes. AMG requires no 
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special measures to treat unstructured, non-uniform computational meshes. As long as the 

boundary conditions are implicitly contained in the equation set, the required information is 

automatically transferred to the reduced equation sets/coarser grids by the K-operator. As such, 

the boundary conditions require no special treatment.321 

 

 

 

 


