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Abstract

High-dimensional adaptive optics techniques and applications
By Yifei Ma

Adaptive optics (AO) has traditionally been associated with feedback correction
of phase aberrations. However, in practical imaging systems, performance is also
significantly limited by coupled vectorial errors, including retardance and
diattenuation. This thesis advances AO toward a high-dimensional framework that
treats these error channels jointly. As a first step, this work develops and validates
the vectorial extension of AO — pushing correction beyond scalar phase error —
and establishes methods, metrics, and devices that pave the way to unified, high-

dimensional AO toolkit.

First, a vectorial adaptive optics (V-AO) correction module was implemented in
a wide-field Stokes polarimetric microscope. Using a pupil-intensity feedback
strategy, the system successfully compensated for spatially varying polarisation
aberrations, improving the vectorial uniformity across the field of view from 77.1%

to 91.2% and achieving a vectorial precision of over 95% across various samples.

Then the vectorial aberration correction concept is subsequently realised from the
object’s perspective, hence termed as object-wise adaptive optics (O-AO). In this

approach, a tunable arbitrary retarder array, realised by cascading polarisation



modulators, is configured to form an inverse object for directly compensating

retardance aberrations from the object’s perspective.

Following the investigation of retardance correction, the capability of V-AO to
correct diattenuation aberrations in non-depolarising media is investigated. The
correction performance is quantitatively assessed using advanced optical

skyrmionic beams as indicators.

Finally, I study the correctability limit of V-AO in the presence of diattenuation
in non-depolarising media. The correction performance is assessed using optical
skyrmion beams as sensitive indicators, and the role of intensity loss and detector
noise is made explicit. For example, when the diattenuation is strong (extinction
ratio E=3.36), some states fall below the detection threshold and become
unrecoverable, whereas for a weaker diattenuation (E=1.65) the Stokes field can

be effectively restored.

A summary of this thesis and an outlook on future research directions is provided,
focusing on further advancing high-dimensional AO methodology and expanding

its applications to a broader range of practical optical systems.
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Chapter 1 Overview

1.1 Introduction

This thesis investigates the principles, implementation strategies, and applications
of high-dimensional adaptive optics — a next-generation aberration correction
technique that extends conventional adaptive optics (AO) beyond scalar phase
manipulation. In practice, optical systems also suffer from polarisation errors
(retardance, diattenuation, etc.) and intensity errors. These errors often act

together and set the true limit of image quality and information fidelity.

The work presented here develops methods and tools that move AO toward this
broader, higher-dimensional view. In particular, the thesis begins with the
vectorial part of high-dimensional AO framework — vectorial adaptive optics (V-
AO) — and demonstrates correction effect and correction capacity for polarisation
aberration in non-depolarising media. The results provide a pathway to a unified
high-dimensional AO toolbox that can be configured for different architectures

and applications.

1.2 Research motivation

Optical imaging techniques such as microscopy have long been an essential tool

for biomedical research. It has the ability to reveal multidimensional structural



information of a specimen in a non-invasive and non-contact manner!'~>. Although
the resolution of conventional optical systems is fundamentally limited by
diffraction, the actual imaging performance is further degraded by optical
aberrations, which always exist in optical imaging systems. These aberrations
often arise when light propagates through complex media with spatially varying
refractive indices, thereby preventing diffraction-limited imaging®*. The impact of
such aberrations becomes more severe when imaging deeper into tissues, where

both resolution and image quality are significantly compromised.

To address these limitations, AO has been introduced as a powerful technique for
compensating wavefront distortions. The AO technique was first proposed by
Horace W. Babcock in 1953° and further developed by Linnick in 1957° to
improve the quality of astronomical images through closed-loop correction of
wavefront aberration. Traditional AO systems primarily focus on correcting scalar
phase aberrations of the optical wavefront. However, subsequent research has
shown that other dimensions of aberration — notably retardance and diattenuation
(polarisation errors) and intensity errors — may have a more significant effect on
the performance of optical system. Such aberrations perturb the state of
polarisation (SoP), introduce extra (dynamic and geometric) phase distortions’?,
cause spatial intensity error!’, and may reduce the degree of polarisation (DoP)!!,

all of which lead to a reduced performance of the system!2. These effects become



particularly pronounced in high-NA imaging, deep tissue observations'?, and
polarisation-sensitive imaging techniques, such as Stokes and Mueller

microscopes!+ 1.

Taken together, these points indicate that practical imaging architectures will
benefit from high-dimensional AO framework that senses and corrects multiple
aberration dimensions. This thesis advances that direction by first establishing the
vectorial foundation of this framework in non-depolarising media and then

analysing its correction limits. Three complementary studies are undertaken:

1) V-AO in wide-field polarimetric imaging — a polarisation and phase correction
module driven by intensity-based feedback based on a microscope is implemented.
New metrics for evaluating vectorial precision and uniformity across the field of

view are also introduced.

2) Object-wise AO (O-AO) with an arbitrary retarder array (another type of V-
AO) —The key idea is to treat the object (or a part of the optical system) as a
spatially varying vectorial element that distorts the polarisation state across the
field of view. Instead of correcting these distortions only in the pupil plane, O-AO
aims to build a programmable “inverse object” whose local Jones/Mueller

response cancels the measured vectorial aberration. In practice, this inverse object



is realised using a pixel-addressable retarder array, so that different retardance and
fast-axis orientation can be applied at different field points. The aims of O-AO
are: (1) to measure or estimate the spatially varying vectorial aberration in a full-
field manner, (ii) to map this aberration to the settings of the retarder array, and
(iii) to restore a spatially uniform state of polarisation (SoP) and improve the

accuracy of downstream vectorial imaging.

3) Probing limits of the correction ability of V-AO system towards complex
aberration — a combined theoretical and experimental analysis investigates the

fundamental limits of V-AO performance when correcting complex aberrations.

Together, these studies establish the vectorial core of high-dimensional AO that
can be further extended to intensity control and, ultimately, depolarisation

manipulation.

1.3 Thesis outline

Chapter 2 begins with a brief introduction to the fundamental polarisation
properties of light and objects. It then details the two main techniques used in the
research projects: AO technique and polarisation measurement methodologies.

For the AO section, the basic working principle, correction device and



implementation of conventional phase AO, and advanced V-AO are introduced.
In the polarisation measurement section, both Stokes polarimetry and Mueller
matrix polarimetry are detailed. This comprehensive background provides the

necessary context for understanding the subsequent chapters.

Chapter 3 focuses on the advanced V-AO technique and how V-AO can enhance
polarimetric imaging systems by correcting complex polarisation aberrations and
improving the quality of vectorial information. This chapter begins with an
introduction to V-AO and its correction strategies. It highlights the limitations of
conventional AO, which primarily addresses phase aberrations, and explains how
V-AO extends these capabilities to correct polarisation aberrations. The key
concepts and importance of V-AO in improving the performance of optical
systems, particularly in maintaining the precision and uniformity of vectorial

information is also introduced.

Chapter 4 explores the development and implementation of O-AQO optics by using
a tunable arbitrary retarder array. This innovative approach aims to address the
limitations of traditional V-AO by providing dynamic control over both
polarisation and phase aberrations from object aspect. This chapter highlights the
ability of O-AO to achieve precise control over vectorial aberrations, making it a

powerful tool for various optical applications.



Chapter 5 investigates the limits of V-AO by utilising optical skyrmions to probe
and characterise the correction ability of V-AO systems towards complex
aberration for non-depolarising media. While V-AO has successfully corrected
retardance aberrations, this project focuses on the complex diattenuation
aberration. The chapter begins by explaining the fundamental properties of
diattenuation aberrations, highlighting the inherent difficulties in correcting
diattenuation aberrations due to the reduction in intensity and alteration of
polarisation state. To evaluate the correction abilities of V-AO, the topological
property of optical skyrmions serves as a criterion. It also highlights the potential
application of optical skyrmion to evaluate the performance of Stokes vector

polarimetry under diattenuation.

Chapter 6 summarises the thesis and outlines the potential future work towards
advanced high-dimensional AO methodologies, such as control of depolarisation
and multi-dimensional sensing and correction. It also proposes their potential
application in practical scenarios, from laser/nano-fabrication to optical

communication areas.



Chapter 2 Background

2.1 Introduction to polarisation

Light, as an electromagnetic wave, consists of mutually perpendicular electric and
magnetic fields?*?2. Polarisation describes the orientation of the electric field
vector in the plane perpendicular to the direction of propagation. For a
monochromatic beam traveling along the z-axis, the electric field at any instant
can be decomposed into two orthogonal components in the x- and y-directions,
each with its own amplitude and phase. Unless otherwise stated, the analysis in
this thesis assumes the use of monochromatic light; wavelength dependence and
broadband (chromatic) effects are not considered. Here the plane wave can be
expressed as:

E =E,cos(t + 6,) (2.1)
where E denote the electric-field vector, E,, is the vector amplitude and & is the
initial phase. The variable T = wt — kz is the travelling-wave phase, with w is the
angular frequency and k is the wavenumber (in a medium of refractive index n at

wavelength A, k = 2mn/A). Writing the field in Cartesian components gives:

E, = Ej.cos(t + 4;)
E, = Ej,cos(t + 63) (2.2)
E,=0

where Ey, and Ey, are the amplitude of x- and y- components, and &; and &, are

their respective initial phase. The field is transverse (E, = 0) as the electric and



magnetic fields are orthogonal to the direction of propagation. Then the state of
polarisation (SoP) is determined by the amplitude ratio and relative phase

differencea= §, — §;.

When the relative phase difference between these two orthogonal components is
zero or 7 radians, the beam is linearly polarised. If the phase difference is +n/2
radians and the amplitudes are equal, the resulting beam is circularly polarised,
with the electric field vector following a circular trajectory in the transverse plane.
More generally, any arbitrary combination of phase and amplitude yields elliptical
polarisation, which includes both linear and circular polarisation as special cases.
In contrast, if the electric field components fluctuate randomly and become

uncorrelated, the beam is considered unpolarised.

Because SoP is fully determined by the relative amplitudes and phase of two
transverse components, it is naturally represented by vectors. Two concise vector
formalisms are used throughout this thesis?3~2’:

1) Jones vector — a complex 2-element column vector that represents both
amplitude and phase, ideal for describing fully polarised light.

2) Stokes vector — a real 4-element vector derived from intensity measurements,

applicable to fully, partially, or unpolarised light.



2.1.1 Vectorial properties of light
2.1.1.1 Jones vector
A fully polarised monochromatic beam can be described by two orthogonal
electric field components E, and E),. Their amplitudes A and B and their phase
difference § = ¢, - ¢, completely determine the SoP. By collecting the two
complex amplitudes into a column, we obtain the Jones vector:

= [E] 2]
As both magnitude and phase are retained, the Jones formalism can predict any
coherent effect such as interference, retardance, or diattenuation introduced by
an optical element. Such elements act through a 2 x 2 complex Jones matrix:

J'= Mjones « J 2.4)

The method is compact and powerful, while it applies only when the beam keeps

a fixed phase relation between its field components; it breaks down once

depolarisation or randomness presents.

2.1.1.2 Stokes vector

When the beam is partially polarised or even unpolarised, its electric field
fluctuates so that a single, fixed phase relation no longer exists. In such cases, we
adopt the Stokes vector, a real, four-element column vector constructed from
28-30.

straightforward intensity measurements

1) S, is the total intensity.



2) S, measures the degree of horizontal or vertical polarisation
3) S, measures the degree of +45° or -45° linear polarisation

4) S; measures the degree of right circular or left circular polarisation.

So I
Sl Ix - Iy

S = = 2.5
S2 I450 - I_45o ( )
S3 Ir—-1Ip

The values of these four parameters range from -1 to 1 and satisfy:

S >S,°+5,%+8S,° (2.6)
Together these four parameters describe any statistical mixture of polarisation
states. Several scalar quantities derived from the Stokes vector are particularly
useful:
1) Degree of polarisation: quantifies how much of the beam is polarised (1 = fully,

0 = unpolarised).
2 2 2
Dop = V51 #5245 (2.7)
So
2) Degree of linear polarisation (DoLP): measures the linear polarised component.

2 2
DoLp = Y3 *%2 (2.8)

So

3) Degree of circular polarisation (DoCP): captures the circular polarised

component.
S3
DoCP == (2.9)
So
Polarisation transformations — including retardance, diattenuation and

depolarisation — are described by a 4 x 4 Mueller matrix:

S" = Mpmuelter * S (2.10)

10



Because both S and M rely only on measured intensities, the Stokes—Mueller
formalism links naturally to real instruments and remains valid regardless of

coherence.

2.1.2 Vectorial properties of objects

In the previous subsection, we described the SoP of light using either a Jones or
Stokes vector, depending on whether the light is fully or partially polarised. In the
following section we illustrate how these vectors change after the beam passes
through or interacts with an object, such as a lens, a waveplate, a piece of glass,

or even a biological sample.

2.1.2.1 Jones matrix

For a fully polarised beam, the input electric field is represented by a Jones vector
Jin- The effect of the object is described by a 2 x 2 complex Jones matrix Mj,,es,
which transforms the input into the output field:

Ju
Jout = Myones * Jin = <JH le) «J; (2.11)
21 22

Since the Jones formalism preserves amplitude and absolute phase, it captures all

coherent and non-depolarising interactions in a simple and efficient form.

2.1.2.2 Mueller matrix

11



If the object introduces depolarisation, the Jones formalism is no longer adequate.
Instead, we use the Stokes—Mueller approach, where the input Stokes vector S;,,

is transformed by a 4 x 4 real Mueller matrix M, o1er:

mpy My Mz Mgy

my My Mys My,
S, = MS;, = S; 2.12
out in My My, Myy My in ( )

My Myy Myz My,

Each matrix element corresponds to a measurable intensity ratio, meaning the
Mueller-formalism is valid for any object — whether it is a birefringent crystal,
thin-film coating, or scattering biological tissue — and valid for any input light,

from coherent to unpolarised.

2.2 Polarimetry

Polarimetry is a widely used technique to measure the SoP of light and, by
extension, how that state is altered by an object or medium. A polarimetric
instrument deliberately modulates the beam’s polarisation, records a set of
intensities with a detector, and then reconstructs the Stokes vector of the light or
Mueller matrix of the object. Accordingly, polarimetric techniques fall into two
main categories:

1) Stokes polarimetry — determines the SoP emerging from a scene or object.

2) Mueller matrix polarimetry — determines the polarisation transforming ability

of the object.
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2.2.1 Stokes polarimeter
A Stokes polarimeter treats the unknown beam as a four-component vector:

S =[S0, 81,55, 851" (2.13)
where S, is the total intensity and (S;, S,, S3) encode the SoP. Since each Stokes
parameter is defined through intensity differences, a Stokes instrument operates

purely on intensity measurements.

PSA

-

L P QWP S Qwp P D

Figure 2.1: General setup of Stokes polarimeter. L: light source; P: fixed polariser;

QWP: quarter-wave plate; S: sample; PSA: polarisation state analyser; D: detector.

The core of a Stokes polarimeter is the polarisation-state analyser (PSA) followed
by a detector, as shown in Fig. 2.1. A widely adopted PSA configuration consists
of a fixed linear polariser and a rotatable quarter-wave plate*' 3¢, By rotating the
wave plate to at least four linearly independent angles, the PSA projects the beam
onto four known analyser states and records the corresponding intensities. For the
gth measurement, assuming the incident Stokes vector maintain the same, the
output light field can be described as:

Sq

out

= MpM{yypSin (2.14)
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where S;,, represents the input Stokes vector, Mp and MgWP are the Mueller
matrix of the polariser and quarter-wave plate, respectively. The overall
measurement process can then be expressed as:

P=W-S;, (2.15)
where the instrument matrix W is defined as a q X 4 matrix that can be derived

from MpM_

owp- P 1s a q X 1 intensity vector formed by the measured signals.

With four independent analyser settings, the instrument matrix W becomes a
unique and non-singular 4 X 4 matrix, thus the incident Stokes vector can be
retrieved directly:

S, =W-leP (2.16)

Calibration proceeds by measuring a small set of reference states (e.g. horizontal,
vertical, +45° linear and circular polarisations) to determine the actual W
including non-idealities such as finite extinction ratio and slight retardance errors.
It is also good practice to normalise the recovered vector by S, to obtain the
normalised Stokes vector, and to report the DoP which quantifies partial
depolarisation in the measurement. For imaging polarimeters, the same analysis
is performed pixelwise; the trade-offs then lie between temporal modulation speed,

per-pixel signal-to-noise ratio (SNR), and the number of analyser states.
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2.2.2 Mueller matrix polarimeter

While Stokes polarimetry provides information about the output polarisation state,
Mueller matrix polarimetry offers a more complete picture by characterising how
the object transforms all possible input SoPs. Specifically, it reconstructs the full
4x4 Mueller matrix of the sample, where each of the 16 real-valued elements
encodes a particular polarisation response — such as retardance, diattenuation, and

37-42

depolarisation’’~**. As a result, Mueller matrix measurements provide much richer

information than Stokes measurements.

o, ( PSG o, ( PSG

i

L P QWP S Qwp P D

Figure 2.2: General setup of Mueller matrix polarimeter. L: light source; P: fixed
polariser; QWP: rotating quarter-wave plate; PSG: polarisation state generator; S: sample;

PSA: polarisation state analyser; D: detector.

Fig. 2.2 illustrates one of the most commonly used Mueller matrix polarimeter
configuration firstly proposed by Azzam*, where both the polarisation state
generator (PSG) and PSA employ a fixed polariser and a rotating quarter-wave

plate. The key idea is to rotate the two quarter-wave plates at different angular
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velocities, typically with an angular ratio 6, = 56,, enabling Fourier-based

demodulation of the signal.

The main principle of this dual-rotating quarter-wave plate method can be
expressed as:
Loy = (1 00 O)MPZMQWZMsampleMQWlMPlSin (2.17)
This measurement can be compactly written as:
4

Tous =A e Msample P = Zi,j:l U;jm;

(2.18)
where S;,, is the incident Stokes vector, Mp, and Mp, are the Mueller matrices of
linear polarisers, Mgy, and Mgy, represent the those of quarter-wave plates;
Mjample Tepresents the Mueller matrix of the sample and I,,; is the intensity
received by the detector. The terms A =(1000)Mp,Mgy, and P =

Moy 1Mp,S;;, combine the analyser and generator effects respectively, and their

product gives rise to weight coefficients u;;***:

1 cos?26, sin26, cos26, sin26,

1| cos?26, cos?26,cos?26, sin26, cos26, cos?20, sin26, cos?26, (2.19)
4| sin20,c0826, cos?20;sin26,c0820, sin26;sin26,c0s26,c0820, sin26;sin26,c0s26, ’
—sin26, —c0s%26,sin206, —sin26,5in26,c0s26; —sin26,sin26,

where 6, and 6, are the rotation angles of the quarter waveplates R, and R,
respectively. By rotating the waveplates continuously, the output intensity
becomes a periodic function that can be expanded into a Fourier series:

I, =ay+ Zil(an cos 2n6; + b, sin 2nb,) (2.20)
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where a,, and b,, are Fourier coefficients, 8, is the rotation angle of the first

quarter waveplate. Then the Mueller matrix can be obtained as follows**,

ay—a,+ag—a,+a, 2a,—2ag—2a, 2b,—2bg—2b;, b;—by—by

M _ —2a3 + 2(110 - 2(112 4a8 + 4a12 4b12 - 4b8 —2b9 + 2b11 (2 2 1)
sample = | _2b 4 2b,, — 2by, 4ay +4b,, day—4da, 20— 2ay '
by —bs + b, —2b; — 2b, —2as + 2a, —ay + ag

and the Mueller elements are recovered algebraically from the 25 Fourier
coefficients via (2.21). In practice, as few as 30 intensity images per period suffice

to estimate all coefficients with good accuracy.

As with Stokes instruments, calibration is essential. Retardance offsets, angle
zero-points, and polariser extinction ratios can be identified by measuring a set of
well-characterised reference samples (air, linear polarisers at several angles,
known retarders). The physical-realisability constraints on Mgy, provide
additional sanity checks during reconstruction. For Mueller polarimetry, the
modulation can be performed either temporally (sequential frames!*!8:46-48) or

spatially (division-of-wavefront/focal-plane designs*>%), trading off acquisition

speed against signal-to-noise ratio (SNR) and calibration complexity*®.

For both Stokes and Mueller matrix polarimeter, rotating elements introduce
mechanical error and slow acquisition speed. In practice, fast-modulation devices
such as liquid-crystal variable retarders*’>7% or SLMs can replace the rotating

element. These alternatives offer improved temporal resolution and enhance
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mechanical stability, making them more suitable for dynamic or real-time

measurements.

2.3 Adaptive optics

Aberrations widely exist in optical imaging systems. They may arise from
imperfect optical components, sample-induced refractive index variations, or
misalignment within the system. Such errors span multiple dimensions — scalar
phase, polarisation (retardance, diattenuation, etc.) and intensity errors — and
together they degrade the system performance. These effects are especially critical
in high-resolution microscopy, polarisation-sensitive imaging, and deep-tissue
imaging. High-dimensional AO framework addresses these challenges by
combining aberration sensing (or estimation) with real-time correction to recover

image quality and information fidelity.

This chapter focuses on the two pillars used throughout the thesis: (1) phase AO,
which corrects scalar phase distortions; and (2) vectorial AO (V-AO), which
extends correction to the vectorial domain (phase and polarisation) in non-
depolarising media. Intensity-uniformity control and depolarisation-handling

strategies are noted here for context but are outside the scope of this section.

2.3.1 AO correction elements
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AO correction is achieved by setting the conjugate aberration onto the wavefront
with a reconfigurable element. In practice, two types of devices are used most
widely (as shown in Fig. 2.3): DMs, which reshape a reflective surface to change
the optical path in reflection, and SLMs, typically liquid-crystal devices that

modulate phase via voltage-controlled birefringence.

A DM is a wavefront-correction device operating in reflection mode, consisting

of areflective surface that can be either continuous or segmented®-%2. By applying
mechanical forces through actuators, the DM surface shape is actively adjusted,

altering the optical path length and thereby correcting wavefront distortions.

Continuous surface is the most widely used form of DM. In these mirrors, each
actuator pushes or pulls the reflective surface to form a smooth, local deformation
called an influence function. The overall mirror shape results from the sum of
these influence functions. In contrast, segmented DMs consist of independently
controlled mirror facets, allowing each segment to adjust in piston mode (forward

or backward motion) and potentially tip and tilt.

The capability of wavefront correction depends significantly on the number and
arrangement of actuators. Generally, higher actuator counts provide finer

correction control. An advantage of DM is their insensitivity to wavelength and
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incident polarisation state, making them particularly suitable for applications such
as fluorescence microscopy, where multiple illumination and detection

wavelengths are common.

a b
/ B / M M
/ /
| |
\ \
\ \
| I
/ /
Distorted DM Corrected Distorted SLM Corrected
wavefront wavefront wavefront wavefront

Figure 2.3: General schematic of AO correction elements. (a) DM: consists of a
reflective surface. (b) SLM: consists of liquid-crystal molecules whose effective

refractive index changes with applied electric field.

Generally, a SLM is a liquid-crystal based device capable of modulating the
optical path length through changes in refractive index, thus providing wavefront

correction® 93,

In liquid crystal SLMs, an external voltage adjusts the
birefringence by reorienting liquid crystal molecules. This, in turn, changes the

refractive index experienced by linearly polarised incident light, leading to a

precise phase modulation.

20



Compared to DMs, SLMs typically offer greater spatial resolution due to their
higher pixel count. They can generate more complex and precise wavefront
profiles, which makes them particularly suitable for correcting aberrations in laser
illumination paths, for example in multiphoton microscopy. However, careful
consideration is necessary when using SLMs, as they generally require linearly
polarised monochromatic incident light. The modulation effect varies with
wavelength, potentially causing chromatic issues. For applications involving
broadband or multiple wavelengths, DMs may be more suitable due to their

achromatic nature.

In summary, while SLMs provide higher spatial resolution and flexible
modulation patterns, their wavelength and polarisation dependence contrasts with
the wavelength- and polarisation-insensitive characteristics of DMs. Beyond these,
platforms — including digital micromirror devices®® and metasurface based
modulators®” — offer promising routes to faster, more efficient, and more highly

integrated AO correctors.

2.3.2 Phase adaptive optics

Traditionally, AO has focused on correcting aberrations in the phase of the optical
wavefront. A wavefront represents the surface of constant phase in a propagating

electromagnetic field. Any deviation in the wavefront is represented by spatial
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distortions in this phase profile, often arising from imperfections in optical
components or refractive index inhomogeneities in the sample. Such aberrations
lead to degraded image quality, including blurring, loss of contrast, and reduced

spatial resolution!>63-71,

2.3.2.1 Phase AO correction module

Phase AO employs a single pupil-conjugate corrector — either a DM or an SLM —
to impose a conjugate phase @.orrection(X>Y) = —Paberration(X> V). The choice
follows the trade-offs outlined in section 2.3.1: DMs for achromatic, polarisation-
insensitive correction; SLMs when higher spatial degrees of freedom or specific
phase patterns are required. Closed-loop operation updates the element until the

residual phase is minimised by a chosen metric.

2.3.2.2 Phase AO implementation
Phase AO implementation depends critically on how the aberration is sensed or

estimated. There are two main approaches: sensor-based and sensor-less methods:

1) Sensor-based method

Sensor-based AO systems directly measure the wavefront distortion with a

dedicated sensor and then drives the corrector accordingly (as illustrated in Fig.
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2.4). The most widely used device is the Shack—Hartmann wavefront sensor,
which samples the pupil with a lenslet array and converts local tilts into spot
displacements on a camera, from which the full phase map is reconstructed.
However, in microscopy, direct wavefront sensing is challenging due to the
complex and three-dimensional nature of the specimens. Multiple scattering
points or fluorophores create overlapping wavefronts that complicate the
measurements. Techniques such as confocal pinholes, coherence gating, or the
use of fluorescent beads as "guide stars" have been introduced to isolate the
wavefront from the focal region and improve the reliability of sensor-based AO

methods in microscopy’®#2.

1 Objective Corrector
Sample ¢ [ & \
p Beam splitter

Controller |:|

Detector Sensor ﬂ

Figure 2.4: General schematic of sensor-based AO system. This configuration consists

of a wavefront corrector, a wavefront sensor, and a feedback control system for closed-

loop control.
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2) Sensor-less methods

Indirect sensing approach avoids a separate sensor but rather estimates the
aberration from a sequence of images instead. Such method is also known as
“modal wavefront sensing”, as in this method, aberration can be expressed as a
weighted sum of orthogonal modes (such as Zernike polynomials)®%°. By
sequentially applying known modal aberrations, a series of images is recorded and
image quality metrics such as sharpness guide an optimisation that converges in
as few as 2n + [ frames for n modes®!. Another sensor-less approach, the
"zonal" (or pupil-segmentation) method, divides the pupil into segments,
recording images through each segment individually. Local shifts of these images
reveal the wavefront tilts in each segment, allowing the reconstruction of the
overall aberration. Sensor-less methods simplify the optics and operate effectively
even at low signal levels, but they demand careful algorithm design and accurate

in-situ calibration of the corrector.

Objective Corrector
Sample € =[]
Detector

Figure 2.5: General schematic of sensor-less AO system. This configuration consists

of a wavefront corrector and a detector only.
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2.3.3 Vectorial adaptive optics

Phase AO mainly restores image quality by flattening the scalar phase of the
wavefront, however, it leaves polarisation errors uncorrected. Polarisation
aberrations — including retardance, diattenuation and depolarisation — can alter the
SoPs and also introduce additional phase shifts?*-?%2°, Recent work on polarisation
adaptive optics has shown effective correction of polarisation aberration through
an adaptive polarisation control system’?, forming the basis for correction of
spatially variant polarisation errors. Here, to address both polarisation and phase
errors in a unified framework, we extend conventional AO techniques from the
phase domain to the vectorial domain, giving rise to V-AO. In V-AO systems, the
sensing module measures (or estimates) the combined phase-and-polarisation
error, while the correction module applies the appropriate conjugate compensation
so that the output field recovers both its intended phase profile and its intended
SoP. By jointly compensating phase error and polarisation error together, V-AO
delivers a more complete correction than phase AO alone and is therefore essential

for high-precision vectorial imaging and beam-engineering applications.

2.3.3.1 V-AO correction module

25



The V-AO correction module is divided into two parts as illustrated in Fig. 2.6: 1)
polarisation correction module that corrects SoP distortions; 2) phase

compensation module that compensate any residual scalar phase aberrations.

V-AO
+ or =
module
Polaristaion correction Phase correction
module module

Figure 2.6: Configuration of a V-AO correction module. Generally, a V-AO module

consists of a polarisation correction module and a phase correction module.

1) Polarisation correction module

For non-depolarising media, the output field after passing through the specimen
can be described by a Jones vector. Any undesired change of SoP can therefore
be reversed by applying the inverse Jones transformation. A practical approach
uses three phase-only liquid-crystal SLMs — or an equivalent set of polarisation
modulators — to realise an arbitrary SU(2) transformation, i.e., they can map any
input SoP to any desired output SoP with unit amplitude, achieving full vectorial

field manipulation!?.
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Prior to use, a calibration routine is required to characterise the response of each
modulator and stores the drive voltages that realise the required elementary
polarisation rotations. During operation, the controller computes the composite
inverse Jones matrix based on the measured or estimated polarisation aberration
and programmes the three SLMs dynamically, thereby restoring the correct SoP

across the pupil, ensuring spatially resolved and accurate vectorial correction.

2) Phase correction module

Before V-AO correction, a preliminary phase-flattening step is applied to remove
system aberrations (from relay optics, and the modulators themselves) and to
establish a stable reference for the subsequent polarisation correction. This pre-
correction is usually performed by using a DM or phase SLM driven by a standard

sensor-based or metric-optimised loop.

After the polarisation errors have been compensated, small residual scalar phase
errors may still remain. These typically arise from two sources: 1) classical
optical-path aberrations introduced by the modulators or relay optics; 2) the
position-dependent Pancharatnam—Berry (PB) phase introduced during SoP
compensation by the V-AO module’*%. Both contributions can be addressed by

introducing traditional phase AO methods.
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In summary, the overall V-AO correction module performs aberration
compensation in two sequential stages — first correcting vectorial (polarisation-
dependent) distortions, then addressing residual scalar phase errors — thereby
providing complete correction of joint vectorial aberrations in non-depolarising

samples.

2.3.3.2 V-AO implementation: traditional V-AO and O-AQO

As in conventional AO, V-AO can be implemented using either with a sensor-
based approach, which employs Mueller matrix measurements to capture the
properties of the vectorial aberration, or with a sensor-less approach which infers

the correction by optimising metrics through modal control.

V-AO can be framed in two perspectives — traditional V-AO (from aspect of light),
and O-AO (from aspect of object). In a traditional V-AO configuration, the
modulators manipulate directly on the aberrated light field, programming the
inverse Jones/phase transformation to restore the target SoP and phase. Rather, O-
AO realises the same compensation from the object’s perspective: a
reconfigurable object is configured to synthesise an “complementary” object
whose Jones/Mueller matrices cancel the sample-induced aberration, thereby

achieving direct object-wise compensation.
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For traditional V-AO approach, there are three implementations:

1) Sensor-based method

This approach employs a full-field Mueller matrix polarimeter (as discussed in
Section 2.2.2) as the aberration sensor to characterise the full vectorial properties
of the aberration in a pixel-by-pixel manner, as shown in Fig. 2.7. The inverse of
this aberration map is then decomposed into three elemental SU(2) rotations and
written onto a stack of three phase-only SLMs, producing a spatially uniform
output SoP across the field. The residual scalar phase is then removed by a fourth
modulator, completing the vectorial and phase compensation in a single closed

loop.

Mueller matrix
polarimeter

V-AO Correction Corrected
module pattern phase and SoP field

Figure 2.7: General schematic of sensor-based V-AO system. A Mueller matrix
polarimeter characterises the vectorial aberration and provides feedback to V-AO module
to generate pre-correction pattern. After compensation, a spatially uniform phase and SoP

field is achieved.
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2) Quasi-sensorless method

In this hybrid approach the vectorial aberration is not measured. Instead, a
polariser is placed in a pupil-conjugate plane with its transmission axis aligned to
the target SoP (take right-hand circular state for example), and the transmitted
intensity is used as the sole feedback signal — hence the term quasi-sensorless'?.
A general schematic of quasi-sensorless implementation is illustrated in Fig. 2.8.
For any pupil point, the intensity is maximised if and only if the corrected SoP is
parallel to the analyser’s eigenvector; the intensity therefore acts as an effective
metric for the residual SoP error. Operationally, starting from an initial guess, a
sequence of trial retardance patterns is written to the two SLMs, an intensity image
is recorded after each update, and per-pixel interpolation locates the pattern that
yields the local maximum. The resulting SLM maps are then applied as the SoP
pre-compensation, after which a conventional phase-only loop on the DM

removes the residual scalar phase.
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Output
intensity

“ Polariser
V-AO Correction Corrected
module pattern phase and SoP field

Figure 2.8: General implementation of quasi-sensorless V-AQ system. A polariser
with its principal axis aligned with the target SoP was placed after the aberration. The
transmitted intensity is recorded as feedback to iteratively update the correction pattern

applied to the V-AO module.

3) Sensorless method

In the fully sensorless variant no analyser or pupil measurement is used. Instead,
the system jointly modulates the SLMs and DM with a small set of vectorial
modes'? (e.g., Zernike-based retardance/phase modes) and optimises a focus-
quality metric measured at the image plane. Prior knowledge of the aberration
symmetry (e.g., axis geometry) constrains the modal search, and the optimisation
over mode coefficients maximises the metric, thereby recovering both the SoP
and phase without explicit measurement of the aberration. While the sensor-less
approach reduces hardware complexity, it typically requires additional image

acquisitions and greater computational effort to converge.
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Focus
intensity

V-AO Correction Corrected
module pattern phase and SoP field

Figure 2.9: General implementation of sensorless V-AO system. The focal intensity

is used as feedback for optimising the output phase and SoP field.

4) O-AO method

For O-AO approach, two implementations parallel those above. 1) In sensor-based
method, a Mueller polarimeter (or equivalent) measures the sample’s spatially
varying vectorial properties; the controller then programs the reconfigurable
object to apply the per-pixel inverse Mueller matrix and thus cancel the aberration
directly. 2) In sensorless method, no explicit measurement is conducted; instead,
the object is driven with a small set of object modes (e.g., axis-geometry,
retardance magnitude, etc.) whose coefficients are optimised against a metric to
synthesise the compensating object. The realisation of O-AO architecture, and

experimental validation are described in Chapter 4.

2.4 Summary
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This chapter establishes the theoretical and methodological foundation for the
work presented in the subsequent chapters. First, the vectorial description of light
and matter using Jones and Stokes vectors, as well as their corresponding matrix
representations is introduced. Section 2.2 then links the theory to practical
measurement, outlining Stokes and Mueller polarimeters and explaining how to
reconstruct the beams or the objects’ vectorial profile through intensity-based
measurement. Then a brief overview of AO strategies is presented. Conventional
phase AO is considered as a powerful solution for scalar wavefront errors, after
which the concept is extended to V-AO, capable of compensating retardance,
diattenuation and residual phase aberration. Sensor-based, quasi-sensorless and
sensorless implementations of traditional V-AO are discussed, highlighting how
polarisation sensing or metric-based optimisation can drive the correction
architecture. In addition, O-AO is briefly introduced as an advanced V-AO
viewpoint that achieves vectorial correction by synthesising an explementary
object to cancel the sample-induced aberration, with its architecture and
experimental validation developed in Chapter 4. Together these sections provide
a coherent basis for the experimental and methodological developments presented

in the following chapters.

33



Chapter 3 V-AO for advanced
polarimetric imaging system

Chapter statement:
This chapter is based on the following publication: Vectorial adaptive optics for
advanced imaging systems. Journal of Optics 26, 065402 (2024). The content has

been adapted and extended for the purpose of this thesis.

3.1 V-AO implementation in imaging system
Building on the framework established in Chapter 2, this chapter describes the
implementation of vectorial adaptive optics (V-AO) in a wide-field Stokes

polarimetric microscope and evaluates its performance in the imaging domain.

3.1.1 Vectorial aberration

As outlined in Chapter 2, optical aberrations are not limited to phase errors. As
we focus on wide-field imaging here for proof-of-concept demonstration, residual
phase aberrations in such systems are relatively small. Consequently, the
emphasis is placed on polarisation aberrations and their correction strategies. As
sketched in Fig. 3.1, phase, polarisation, and intensity components (throughout
this thesis, intensity errors such as non-uniform distribution and energy loss are

29,94,95

referred to intensity aberrations) can jointly degrade performance . In
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particular, polarisation aberrations — arising, for example, from oblique incidence
on birefringent elements, Fresnel effects at interfaces, or interactions with
complex biological/media materials®®7 — distort the state of polarisation (SoP).
The resulting SoP errors impair interference at the focus and thus reduce
resolution, and they also bias polarisation-sensitive measurements such as

Stokes/Mueller microscopy.

Optical
aberration
Phase Polarisation Intensity

V-AO correction

Figure 3.1: Optical aberrations. Generally, optical aberrations can be broadly
categorised into three types: phase, polarisation, and intensity aberration. These

components often degrade the performance of an optical system jointly.

3.1.2 Vectorial aberration correction strategy
As described in Chapter 2, V-AO can operate in either sensor-based or sensor-less
configurations. In this chapter, a sensor-less correction strategy is adopted, using

the pupil intensity as a feedback signal to guide aberration compensation. A fixed
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polariser is placed after the V-AO module, with its transmission axis aligned to
the desired output SoP. In this arrangement, vectorial aberrations are converted

into an intensity signal, allowing intensity to serve as a metric for optimisation.

Fig. 3.2 depicts a V-AO correction system where the V-AO module consists of
SLMs to achieve pixelated control of the SoPs and a DM to compensate for initial
system phase aberrations, which will remain unchanged throughout the rest of the
experiments. Intensity measured after the polariser serves as the feedback signal:
when the corrected SoP matches the desired target SoP, the transmitted intensity
reaches its maximum. By optimising the SLM patterns to maximise this metric,

the system converges toward a spatially uniform output SoP field.

Aberration Polariser

111@ N @ d

V-AO module Output Detector
Pupil
\ field
intensity
Feedback

Figure 3.2: V-AO correction strategy. A fixed polariser with its transmissive axis aligns

well with the desired SoP filters the pupil intensity and provides feedback to the V-AO

module for aberration compensation.
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In this chapter, the cutting-edge V-AO demonstration for wide-field imaging is
presented. First, polarisation aberration correction for Stokes polarimetric
imaging is conducted, and two important criteria — vectorial information precision
and vectorial uniformity — are introduced to evaluate the correction ability of V-
AO system. A high-quality, spatially uniform vectorial field is then achieved and
analysed based on these criteria. The V-AO correction is performed on three
different samples associated with polarisation aberration: 1) air; 2) a polarisation
calibration sample; 3) a birefringent crystal sample. A set of results before and
after V-AO correction is presented for each sample to demonstrate the
effectiveness of our V-AO method in correcting for aberrations in wide-field

imaging systems.

3.1.3 V-AO correction experimental setup

The V-AO strategy was implemented in a wide-field Stokes polarimeter, with the
optical layout is shown in Fig. 3.3. A He-Ne laser (Melles Griot, 05-LHP-171,
632.8 nm) served as the light source. After beam expansion, the illumination beam
was reflected by the first SLM (SLM1; Hamamatsu, X10468-01), passed through
a half-wave plate (Thorlabs, WPH10M-633), and reflected by the second SLM
(SLM2; Hamamatsu, X10468-01) and then directed onto a DM (Boston
Micromachines Corporation, Multi-3.5). A 50:50 non-polarising beam splitter

(Thorlabs BS010) divided the beam into two paths.
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Figure 3.3: A schematic of the experimental setup. M: mirror, BE: beam expander,
SLM: liquid-crystal-on-silicon spatial light modulators (Hamamatsu X10468-01,
800x 600 pixels), WP: half-wave plate, QWP: quarter-wave plate, DM: deformable
mirror (Boston Micromachines Multi-3.5, 140 actuators), BS: 50:50 non-polarising beam
splitter (Thorlabs BS016), CP: circular polariser, P: linear polariser. Objective: Olympus
PLN 4x objective, NA=0.1 (FOV=1.488 mm X 1.190 mm), Cam: camera (Thorlabs

DCC3240N). The majority of 4F systems are omitted for clarity.
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In the reflection arm, the beam traversed a circular polariser composed of a
horizontal linear polariser (Thorlabs GL10-A) and a quarter-wave plate set at 45°
(Thorlabs WPQ10M-633). A camera (Thorlabs, DCC3240N) was placed after the
equivalent circular polariser to capture intensity images to furnish feedback for
V-AO optimisation. The transmission path acts as the illumination source for the
sample, the movement of which is controlled by a three-axis translation stage
(Thorlabs, RBL13D). A PSA is adopted to measure the output Stokes vector,
which consists of a quarter-waveplate (Thorlabs, WPQ10M-633) mounted into a
motorised rotation stage (Thorlabs, PRM1/MZ8) and a linear polariser (Thorlabs,
GL10-A) with its transmissive axis oriented in the horizontal direction. The

resulting images are recorded by a second camera (Thorlabs, DCC3240N).

3.1.4 Theoretical framework of V-AQO correction
The V-AO SoP corrector consists of two SLMs (the first oriented at 0° and the
second at 45°), enabling pixelwise generation of arbitrary, spatially varying

SoPs?%%%%° The Jones vectors j,,; after SOP corrector can be represented as:

0146,

Jout = ez - SU2(H,n)SU2(H, 6,) - SU2(W, ) - SU2(H, m)SU2(H, 6,) - ji,, (3.1)
where j;, represents the incident light with its corresponding SoP represented by

normalised Stokes vectors as S;, = [Sin 5 Siny; Sin, |5 Jour represents the outcome

light with its corresponding Stokes vectors Soue = [Sout,s Souty Souts]
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SU2 denotes the special unitary group of degree 2; H =[1;0;0] and W =
[1;-1; O]/\/E represent rotation axes in the Poincaré sphere (PS); and 6, and 6,
denote the retardances applied on two SLMs. The transformation from S;, to S,,,,

can be achieved when:

0, = arccos S,,;, — arccos S;,,
{ (3.2)

6, = arctan2(—S,,,» Sour,) — arctan2(—S;, , Si,,)
As aresult, the corrector is able to transform incident SoP into desired output SoP,
by applying corresponding pixel values p;, p, onto two SLMs, resulting in

desired retardance 6, = f(p,) and 6, = g(p,).

Traditionally, each SLM pixel should be calibrated to obtain the precise relation
(f and g) between retardance value and applied voltage®>. The present strategy
circumvents this calibration by directly optimising the pixel values that maximise
the pupil intensity. At the heart of this correction method is to find the best pixel
values p;, p, for every point in the pupil, where p;, p, represent values applied

to each of the two SLMs, respectively, resulting in the desired retardance 8, and

6.

Consider an arbitrary point at the pupil plane of the analysing channel (note in
principle, any type of analysing component can be inserted in this channel with
careful design to guide the V-AO corrector in displaying the optimal pre-

compensation SoP), when the pixel values p;, p, change on the SLMs, the
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resulting intensity will change as a function of p;, p, and reach the highest value
once the generated SoP matches the targeted SoP determined by the circular
polariser before the camera. Now the problem of correcting the SoP has been
converted from finding the correct SLM retardance values to directly finding the
best pixel values p;, p, on the SLMs which result in the maximum intensity after
the analyser placed at the pupil plane. The following procedures are adopted to

find the best pixel values p;, p, for every point in the pupil.

1) Coarse scan set-up. The initial information required to start the correction is
the pixel value boundary for each SLM, p; € [l;, h;] and p, € [L,, h,], where p;
represents the value to be applied to each pixel on the SLM, and [; and h; are the
lower and upper boundaries for each SLM. No explicit relationship between the
pixel value and SLM retardance is required at this stage. The procedure starts with
the derivation of a group of coarse scan values that take all possible ordered pairs
from two fixed length integer arrays, the first extracted from the pixel value
boundary of SLM1 and the second from that of SLM2, which is also the Cartesian
product of these two arrays [l;,a,b,---,h;] X [l,,d,e, -, h,]. Specifically, the
pupil was sampled on a coarse 11x11 grid and then reconstructed using cubic-
spline interpolation, which has been shown to capture low-spatial-frequency

aberrations accurately!2,
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2) Intensity acquisition. For each pair of coarse scan values (p;, p,), p; is
applied to all the pixels of SLM1 and p, to SLM2. Then the corresponding pupil
intensity image is captured. The above steps are then repeated until an intensity

image is captured for all coarse scan value pairs.

3) Interpolation and refinement. Next, the corresponding pupil intensity against
p: and p, is plotted for each pupil coordinate. By interpolating for remaining
pixel values within the boundaries, the optimal values p,, p, for each pupil pixel
can then be derived by locating the maximum value in the interpolation result. In
these experiments, the pixel arrays used for the coarse scan process are p; €
[8,28,48, ---,128,148] and p, € [44, 60,76, ---,140,156]. Both arrays take 8
steps to maintain a uniform interpolation region. It is noted that the SLM patterns
calculated from the captured image may not be directly applicable to the two
SLMs, as the number of pixels on the SLM may not be identical to that covered
by the light beam on the camera. However, this can be easily overcome by
performing another interpolation to map the calculated pattern back to the size of

the SLM.

3.2 Experimental results and analysis

3.2.1 Evaluation criteria
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Two important criteria, vectorial precision (P) and vectorial uniformity (U), were

introduced to evaluate the performance of the correction procedure.

3.2.1.1 Vectorial precision
The vector difference D on PS between the target SoP and the experimentally
obtained SoP is defined as:

D=%k—ﬂ‘ (3.3)
where the target SoP is defined as S = [S;, S,, S;] and actual SoP defined as S =
[S1,S,,5;], both of them are normalised and all parameters are within the range
of [-1,1]. HS - S H denotes the Euclidean norm here. ¢, is a constant
normalisation factor chosen to ensure that D falls within the range of [0, 1]. As
the norm of the SoP vector difference HS - S H is in the range of [0, 2], thus ¢ =

1.
. 1s used.

We then define the precision metric P:

P=1-D (34)
such that P = 1 signifies perfect matching between the target and actual SoP, while
P = 0 represents the maximum mismatch on the PS. Note that this evaluation

metric is valid over a line, a region of interest, or the whole pupil area.

3.2.1.2 Vectorial uniformity
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The uniformity difference Uy, is defined as the standard deviation of the actual

SoP (S) from the mean SoP (S) across the whole region of interest:

Up=c, Hs _ §H2 (3.5)
where ¢, is a constant normalisation factor set to 1 to ensure Up, falls within the
range of [0,1]. A smaller Up represents a more uniform distribution. Each
parameter S =[S, S,, S5] is defined as the mean of parameters S = [S,, S5, S;]
across the whole pupil, as expressed below:
5i=5, (3.6)
Therefore, the vectorial uniformity metric U is defined so that larger values of U
indicate more uniform SoP distribution.

U=1-Up (3.7)
Note that this evaluation metric is valid over the whole imaging pupil or sub-

regions. Hence, this metric can be used to evaluate global uniformity.

3.2.2 Polarisation aberration correction results

3.2.2.1 Systematic aberration correction

After the two evaluation metrics had been defined, the systematic aberration
correction procedure was carried out with V-AO. Fig. 3.4 illustrates the Stokes
vector field of the pupil along with their Stokes parameters before and after the
correction process. From the sub-figures, it can be observed that the uncorrected

pupil shows SoPs that are both inaccurate and non-uniform relative to the target,
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while the V-AO approach can provide an excellent correction resulting in a

uniform targeted SoP profile across the whole pupil area.

Stokes
Field S1 S2 S3
Before
Correction
After
Correction

Figure 3.4: Stokes vector field before and after V-AO correction. Stokes vector fields

and individual Stokes parameters before and after V-AO correction.

Then a quantitative assessment was performed along a randomly chosen cross-
section, as shown in Fig. 3.5. It can be found that, despite the significant distortion
in S, high-quality Stokes-vector restoration was achieved. A further evaluation
of the correction performance was carried out using the parameters P and U,
plotted in Fig. 3.5. As illustrated by the pink and red lines, the vectorial precision
increased dramatically from below 1% to over 95%, highlighting the effectiveness
of V-AO method in recovering accurate polarisation information. Meanwhile, the

uniformity of the Stokes vector field is also boosted from 77.1% to 91.2%. These
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results validate that V-AO correction process can effectively compensate for

spatially varying polarisation aberrations in the imaging domain.
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Figure 3.5: Stokes vector field analysis before and after V-AO correction. (a) The
variation of each Stokes parameter before and after correction along the red line in Fig.
3.4. (b) The values of P (vectorial precision) and U (vectorial uniformity) were

calculated along the same line before and after correction.

3.2.2.2 Practical polarisation aberration correction

46



The effectiveness of the proposed V-AO method is further demonstrated in
practical scenarios. Experiments were conducted on three representative samples:
a) air; b) a polarisation calibration sample; and ¢) a birefringent crystal sample, as
shown in Fig. 3.6. For the latter two samples, a standard quarter-wave plate was
used as the calibration target, and a thin film of uniaxial positive crystal sample
featuring different retardance and fast axis orientation distributions as the
birefringent sample. The columns represent the sample schematic (column 1), and
the Stokes vector (large pattern) and intensity (small pattern) fields corresponding
to the target SoP under the following conditions: ground truth (column 2),
aberrations present with V-AO off (column 3), and aberrations present with V-

AO on (column 4).

For the air sample, the ground truth suggests a uniform circular SoP and a bright
intensity distribution. A comparison between the V-AO off and on conditions
reveals enhanced vectorial precision, spatial uniformity, and pupil intensity

following correction.
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T

Calibration
target

Birefringent
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Figure 3.6: V-AO correction for aberrated imaging systems. Stokes vector field
images and intensity images of three different representative samples: (a) air, (b) a
calibration target sample, and (c) a birefringent sample. For each sample, three conditions
are illustrated: ground truth, aberration present with V-AO off, and aberration present
with V-AO on. In each panel, the large circles show the reconstructed Stokes-vector field
(SoP map), while the small circles show the corresponding intensity image under the

same analyser setting.

In (a), as the sample is air, the expected SoP and intensity distributions should
match the input beam. The results show that the uniform circular SoP and high

intensity level are successfully restored when V-AO is applied. In (b), the
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calibration target (QWP) introduces a linear polarisation transformation, and the
resulting Stokes vector field and intensity map (measured under the same analyser
condition) change accordingly. In (c), a birefringent sample with spatially varying
retardance and fast axis orientation is tested. With V-AO on, the spatially varying
SoP and intensity agree well with the ground truth. The global correction precision,
calculated by comparing the imaging errors between the corrected and ground
truth images, is quantified as follows: 1) for air, 95.84%; 2) for the calibration
target, 95.02%; 3) for the birefringent sample, 95.86%. These results confirm the
effectiveness of the V-AO method in compensating vectorial aberrations across a

range of sample conditions.

It should be noted that:
1) the ground truth was acquired using a conventional low-resolution Stokes
vector microscope, where system induced aberrations such as Fresnel’s effects —

typically introduced by high numerical aperture lenses 90101

can be neglected.
The experimental wide-field setup in this work employs an objective lens with a

low numerical aperture (NA = 0.1), ensuring that system-induced polarisation

aberrations remain negligible.
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2) the original intensity is not perfectly uniform, which happens in traditional
wide-field imaging. It can be compensated via beam shaping or further adaptive

correction techniques.

3) the displayed intensity images were captured using circular SoP illumination
and right-hand elliptical SoP analysis only, implemented by orienting the QWP at

128.3° and the polariser at 0°, respectively, as an example.

For the latter two cases, the corrected results closely resemble the ground truth,
validating the V-AO system’s correction capability. In particular, for the case of
the birefringent sample, structural features become more apparent in the corrected
vectorial and intensity images, further highlighting the potential of the V-AO

approach for revealing spatially varying vectorial contrast.

3.3 Summary and discussion

In this work, V-AO has been validated through a widely adopted polarisation-
sensitive Stokes vector microscope system. Two key criteria — vectorial precision
P and uniformity U have been introduced to quantitatively assess the correction
performance of the V-AO method. Using these metrics, a vectorial precision
exceeding 95% and a uniformity greater than 91% have been demonstrated,

confirming the effectiveness of the correction process.
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This method paves the way for various AO-targeted imaging scenarios including
super-resolution imaging and vectorial imaging. For wide-field super-resolution
imaging methods, not only both phase and polarisation perturbations in the
structured illumination light path can be corrected, but also new V-AO strategies
for the detection path has been competently designed. For traditional vectorial
imaging methods such as Stokes vector/Mueller matrix imaging suffering from
spatially varying aberrations, e.g., those induced by high numerical aperture
objective lenses or the specimens themselves, V-AO has now been taken a step
further to enable novel V-AO enhanced vectorial imaging methodologies, with
the expectation to benefit various fields such as biomedical and clinical

characterisation and astronomical observations.
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Chapter 4 Object-wise adaptive optics
adopting a tuneable arbitrary retarder
array

Chapter statement:
This chapter is based on the following publication: A reconfigurable arbitrary
retarder array as complex structured matter. Nat Commun 16, 4902 (2025). The

content has been adapted and extended for the purpose of this thesis.

4.1 Concept

4.1.1 Object-wise adaptive optics (O-AO)

Chapter 3 established a V-AO architecture for compensating retardance aberration
in polarimetric imaging, in which two SLMs restored a uniform state of
polarisation (SoP) using pupil-intensity feedback. While it is effective for pre-
compensating a fixed target SoP, the arrangement does not realise arbitrary-to-
arbitrary transformations of SoP or phase across the pupil, which is essential for
key applications such as aberration correction in the detection pathway!92-1%4,

Additionally, it is unable to eliminate the complex field conversion process

required for sensor-less correction procedures!®?,
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To address these limitations, an object-wise adaptive optics (O-AQ) corrector is
introduced. The core idea is to compensate vectorial error from the object’s
perspective by synthesising, at or near the object plane, a spatially varying
medium whose Jones matrix (or Mueller matrix) is the explement (i.e., inverse)
of the measured aberration. In other words, an explementary polarisation-
aberrated layer is formed so that the cascade “sample + corrector” becomes
polarisation-insensitive (for instance, a retarder with 2kn radians retardance value,

which has no impact on the SoP).

Practically, this is achieved with a tuneable arbitrary retarder array: four cascaded
modulators (e.g. SLMs) are encoded so that each virtual pixel behaves as an
elliptical retarder with independently adjustable axis geometry, retardance, and
induced phase. This enables true arbitrary SoP and phase conversion, allows the
corrector to be placed anywhere in the system—including the detection arm—and
removes the need for the external field-conversion step used by conventional
sensor-less schemes. The following sections present the experimental realisation

of this array and its use in both sensor-based and sensor-less O-AO.

4.1.2 Arbitrary retarder array
Tuneable linear retarder arrays, such as SLMs, have a long history, the earliest of

which can be traced back to Hamamatsu in the 1980s. There are many ways of
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realising beam modulators based on tuneable linear retarder arrays!'%>-!12, with the
dynamic control of metasurfaces'!? being a particularly promising one. While the
linear retarder-based devices offer tuneability for phase and polarisation control,
their use of linear retardation limits the controllable degrees of freedom for
manipulating light'%-112 elliptical retarder devices can do arbitrary retardation,
but suffer from lack of tuneability. A tuneable arbitrary retarder array could
address both challenges simultaneously and has been proposed

theoretically?®!14.115,

Here, for the first time, a tuneable arbitrary retarder array was achieved (see Fig.
4.1(a)) via virtual pixels with full control over all degrees of freedom by cascading
a series of low functionality devices (see Fig. 4.1(b)), implemented in this work
as three SLMs and a DM. It shows that cascade of elements with judicious
encoding can mimic a pixel-controllable arbitrary retarder of any axis geometry,
retardance value, and induced phase, simultaneously. This allows us to
demonstrate that by using the array’s direct polarisation aberration compensation
capability as a vectorial adaptive corrector, the spatially varying arbitrary
retardance aberrations can be dynamically corrected. This approach, employing
novel adaptive optics methods, is validated through focus correction in a complex

aberrated system.
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Figure 4.1: Tuneable arbitrary retarder array. (a) A schematic of a tuneable elliptical
(arbitrary) retarder array. The shape and colour of each pillar indicate different retarder
axis geometries, while the pillar height corresponds to its retardance value. A vector

representation (like the Stokes vector using Si, Sz, and Ss) is used to describe the axis

geometry. For visualisation, hue is used to represent the azimuthal angle tan© = z—j and
lightness to indicate the magnitude of S;, similar to Ref''®''7. (b) A tuneable arbitrary
retarder array-based device can be formed via reconfigurable pixels, allowing control
over axis geometry o (o; and a, denote the semi-major and semi-minor axes of the
ellipse), orientation [3, retardance value y, and induced phase &, allowing its functionality

to be switched on demand. Through this work, the construction of the device is achieved

by four cascading low-functionality devices such as SLMs and DM.

4.2 O-AQO aberration correction
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The configuration of the focusing system for proof-of-concept demonstration is
shown in Fig. 4.2, where the O-AO corrector enables validation of sensor-based
method through a Mueller matrix polarimeter and sensor-less method via focal

spot images.

O-AO 2 ‘c‘(t:'::\‘\
correction ; RSN
system \

Tuneable vectorial
object-wise
AO (0O-AO)
corrector

Figure. 4.2: O-AQO correction using the arbitrary retarder array. An optical focusing
system with induced aberrations, utilising the O-AO corrector to validate sensor-based
(through a Mueller matrix polarimeter) and sensor-less (through focal spot images)

methods.

4.2.1 Sensor-based method
This method contains two core parts. The first part is the initial calibration and

characterisation of the SLMs, whose dynamic range will need to be measured and
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used in the following experiments. A LUT will be generated after the calibration,
preparing for the correction process. The second part is to use the Mueller matrix
polarimeter to directly measure the polarisation aberration introduced by an
external target in a pixelated way. The phase patterns on the SLMs will be adjusted
based on the LUT to compensate for the measured polarisation aberration. The

residual phase aberration will then be corrected by the DM.

4.2.1.1 Initial calibration of SLM

To generate the LUT for the SLMs modulation, the following steps are taken.
Initially, the source laser intensity is adjusted using a neutral-density (ND) filter,
and the exposure time of the CCD camera is carefully chosen to ensure the
calibration data will use the full dynamic range of the CCD camera. These
parameters are fixed throughout the experiment. Each SLM pixel has an 8-bit
modulation depth, with flat grayscale values F; ranging from 0 to 255 (F; €
[0,255],F; € Z), where “flat” denotes a spatially uniform frame used to
compensate pixel-wise phase offsets caused by liquid-crystal nonuniformity. Each
flat value F; is applied across the SLM so that the per-pixel phase offsets can later
be equalised into a zero phase (“flat map”), and the corresponding intensity
images are captured. Because the size of the captured image is larger than the
pattern that is loaded onto the SLM, the image will then be resized to fit the

number of pixels on the SLM using the bicubic method. Thus, the corresponding
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intensities with all N pixels assigned with the flat value F; will be derived and
converted back to the phase introduced as [P;q, P;3, -.., P;y], where P;y stands for
the corresponding phase value of nth pixel applied flat value F;. This process is
iterated for all grayscale values F;, resulting in a dynamic range of phase values
[Pon, Pin, -, P2ssyn] for each pixel. The result is then unwrapped based on the
minimum phase value S,, and the maximum phase value L,, at the corresponding
flat value Fg and F;. After these processes, the resulting linear mapping between
input flat values F;;,, and the output phase values P,,; is saved into the LUT for

each SLM for further utilisation.

4.2.1.2 Aberration correction process

The correction process is as follows:

1) All SLMs in the system are flattened (using the LUT generated before to have
a uniform phase profile), and images of the SLM surface and the focal intensity

distribution (FID) of the system are recorded as references.

2) Conventional DM-based sensor-less correction process (as mentioned in
section 2.3.2.2) is executed to compensate the system’s phase aberration. A
standard focal Airy disk shape will be recorded to indicate that the system has

been calibrated.
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3) An external vectorial aberration is introduced into the system. By utilising
Mueller matrix polarimetry, the polarisation aberration D introduced by the

external sample can be quantitatively obtained without any iterations.

4) The explementary value of the polarisation aberration valued as 2n — D will be

decomposed into three individual modes D,, D,, D;. These modes will be applied

to the three SLMs to form an “complementary elliptical retarder” to compensate

for the aberration.

5) After the O-AO sensor-based method, a conventional sensor-less phase

correction is followed to further improve the FID quality.

The related flow chart is shown in Fig. 4.3.
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Figure 4.3: Sensor-based O-AO correction flowchart. The left side outlines the initial

SLM calibration process for LUT generation, while the right side details the steps for

implementing the sensor-based O-AO correction.

The sensor-based O-AQO correction results are shown here. The measured Mueller

matrix for aberration, the compensation patterns on four devices (i.e., the

corrector), as well as a cross-section comparison of the focal spots (O-AO off vs.

on) are shown in Fig. 4.4 to validate the improvement.
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Figure 4.4: Sensor-based O-AO correction results. Measured Mueller matrix of the
aberration, phase patterns on all four devices after O-AO correction, foci profiles as well
as sampled focal spot cross-sections (white line on the focal spot image) before and after
correction are presented. The vectorial aberration is a tilted waveplate array'®. Y-axis in
the line chart represents the normalized intensity value and x-axis represents the distance

of the sampled curve on the focal spot.

The measured Mueller matrix confirms that the aberrating element produces a

spatially varying polarisation transformation across the field. The three SLM
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patterns are then used to synthesise the complementary retarder response, while
the DM removes the remaining scalar phase term. After applying the correction,
the focal spot becomes more symmetric and approaches the calibrated Airy
pattern. This improvement is also clear in the line profiles, where the central peak
increases and the main lobe becomes narrower, indicating that the dominant

vectorial error has been largely cancelled.

4.2.2 Sensor-less method

The core idea of this sensor-less method is to iteratively apply a group of designed
retardance patterns onto SLMs to compensate for the vectorial aberration. Here,
only the FID images will be captured and a selection of designed patterns for O-
AO correction will be scanned across a given pattern coefficient range to obtain
the optimal pattern for aberration correction. The SLMs are assumed to be

calibrated as described in the previous section.

4.2.2.1 Retardance mode

A newly defined set of object-specific modes (which are termed vectorial
retardance modes (see Fig. 4.5) are applied to estimate polarisation aberration.
The modes utilised in this method have controllable parameters similar to standard

Zernike modes, with the exception that the phase values are replaced by the
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retardance values. The real-valued retardance aberration function & (p, 0), which

is defined over the unit disk, is given by:
5(p.6) =3, anZ1 (. 6) (@.1)

where the definition of n and m follows the one given by Zernike and Noll. a]i! €

R are the coefficients of the real-valued Zernike polynomials Z};', which are

defined by:
ZM(p,0) = 'R ()81 (9) (4.2)

where

(4.3)

Cm_{\/n+1 m=20
" V2(n+1) m#0

er:nl(p) - N 2 (=1)" (n—s)! ph=2s (4.4)

cos(mb) m=>0

—sin(mb) m <0 (4.5)

7'(6) = |
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Figure 4.5: Vectorial retardance modes. The first 15 vectorial retardance Zernike
modes are designed within a range of [—=, m]. These patterns are arranged following

Noll’s indexing convention.

4.2.2.2 Aberration correction process

For the correction process:

1) All SLMs in the system were initially flattened and images of the system FID
are captured as reference. Then the same calibration process described in the

previous section was conducted.

2) Different retardance modes were applied to the arbitrary retarder array. These
modes were used to manipulate the retardance distribution on the array in a

pixelated manner with varying parameters, and focal spot images were recorded
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sequentially. The recorded images provided information that allowed for the

estimation of retardance aberrations.

3) The estimated aberrations were used to drive the array to correct the aberration.

The related flow chart is shown in Fig. 4.6.
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Figure 4.6: Sensor-less O-AO correction flowchart. The main sensor-less O-AO loop

utilizing the designed vectorial retardance modes is demonstrated.

The sensor-less O-AO correction results are shown here. Figure 4.7 presents phase

pattern and focal spot analyses akin to those described in the sensor-based section,

with the addition of a fitted curve for a retardance mode — piston, which is usually

neglected in traditional AO. Note in this case, the piston mode represents the
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object's retardance value, which alters the overall retarder performance and, in
turn, affects the focal spot. It is evident that the O-AO successfully recovered the
focal spot.
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Figure 4.7: Sensor-less O-AO correction results. Results for sensor-less O-AO off vs.
on for the same retardance aberration in sensor-based experiment. A fitted curve for
retardance piston mode is given as an example for aberration estimation. Phase patterns
on all four devices after O-AO correction, foci profiles as well as sampled focal spot

cross-sections before and after correction are also presented.
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The example fit in Fig. 4.7 shows that a retardance piston term can also be
retrieved. This is important because, although a piston term does not change the
wavefront phase, it changes the effective retarder response and can therefore
distort the focal spot. After correction, the intensity is re-concentrated into the
central lobe and the spot shape becomes closer to the calibrated reference,
demonstrating that O-AO can operate without a polarimetric sensor, at the cost of

additional measurements and a model-based estimation step.

It is worth noting that the correction accuracy may be reduced when the deviation
is complex or exceeds the available mode range, leading to slower convergence
and increased iterations. Additionally, the correction quality may degrade under
strong superposition of mode patterns due to the SLM pixel resolution,
particularly for large deviations or high-frequency aberrations. However, these
limitations are highly likely to be mitigated by refining the calibration process for
mode superposition with more modes using higher-resolution SLMs. Furthermore,
expanding the mode range with enhanced learning-based correction algorithms

could further enhance accuracy and efficiency.

4.3 Summary and discussion
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This chapter has presented the first experimental realisation of O-AO, a concept
that extends vectorial AO from pupil-plane correction to object-wise
compensation by means of a tunable arbitrary-retarder array. The approach
unlocks capabilities that were previously unattainable and promises significant
benefits in applications ranging from materials characterisation to clinical

diagnostics.

The work was driven by two limitations of existing vectorial adaptive optics (V-
AOQO) schemes. First, they cannot deliver truly arbitrary, pixel-resolved conversion
of phase and SoP, a prerequisite for comprehensive aberration correction
anywhere within an optical system. Second, current sensor-less V-AO
implementations still require cumbersome field-conversion steps. These
challenges were overcome by cascading three SLMs with a DM to create a virtual
pixel array that functions as a tunable elliptical retarder at every pixel. The
resulting device forms a universal vectorial corrector that can be placed directly
at the object plane and operated in either sensor-based or sensor-less mode,

thereby giving rise to the concept of O-AO.

Experimental results confirmed high correction quality for both operating modes
through focal-spot metrics. The main practical constraints arise from the finite

resolution and dynamic range of the SLMs, which limit performance when
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aberrations possess very high spatial frequency or large amplitude. These
constraints are expected to relax with the introduction of higher-resolution
modulators, improved superposition calibrations, and learning-based optimisation

algorithms.

The array (i.e., the new AO corrector) expands the modern vectorial AO toolbox,
enabling the correction of polarisation aberrations that previous devices could not
address. Future research could explore more advanced vectorial modes, such as
axis geometry manipulation. These implementations may benefit research areas
beyond those discussed in this chapter, including direct laser writing and

lithography technology.
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Chapter 5 Assessing V-AO correction for
complex aberrations

Chapter statement:

This chapter is based on the following publication: Using optical skyrmions to
assess vectorial adaptive optics capabilities in the presence of complex aberrations.
Science Advances 11, eadv7904 (2025). The content has been adapted and

extended for the purpose of this thesis.

5.1 Introduction V-AO and optical skyrmions

5.1.1 V-AO in non-depolarising media

This thesis considers V-AO implementation in non-depolarising media, where
phase, retardance and diattenuation aberration may exist (see Fig. 5.1)*"!!8, For
phase aberration, correction can in principle be achieved whenever the modulator
provides sufficient dynamic range, as outlined in phase AO section in Chapter 2.
Retardance aberrations have been shown to be correctable with the V-AO
architectures developed in Chapters 3 and 4, provided adequate degrees of
freedom for state of polarisation (SoP) conversion are available,!0:2:98.99,118-120
Since phase and retardance aberrations have been readily compensated by existing

strategies across various scenarios in prior works'?, this chapter focus here solely

on diattenuation.
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When it comes to diattenuation aberration, the decrease in intensity as light passes
through the system intrinsically limits its amenability to SoP correction. The
errors introduced by a perfect polariser, to take a trivial example, would be
impossible to correct, as the attenuated polarization has zero intensity. This
highlights the need to devise metrics that characterise diattenuating systems based
on their potential correctability. Doing so enables a better understanding of the
degree of correction that can be achieved, considering given important physical
parameters of the set-up such as camera sensitivity. One way such a metric can be
formulated is to consider the mapping that the system induces on the Poincaré
sphere (PS). This chapter introduces non-trivial structured light, in the form of an
optical skyrmion, which simultaneously possesses every possible SoP as a means

to probe and characterise a system.
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Intensity  Phase  Polarisation LCP WM RCP

Input fields Non-depolarising media Output fields

Figure 5.1: Non-depolarising media. [llustrations of how non-depolarising media affect
the spatial distributions of intensity, phase and polarisation fields. Retardance in non-
depolarising media affects phase and polarisation, while diattenuation impacts phase,
polarisation, and intensity'*'?'"'?*, The spatially varying distributions of intensity, phase,
and polarisation fields before and after passing through the non-depolarising media are

shown. Circular planes represent the beam's spatial profiles in each of the three domains.
p p p p

5.1.2 Optical skyrmion

The skyrmion!?* is a unified model to describe fundamental particles. Since its
conception, the topological nature of the magnetic skyrmion has driven
investigations into its use as potential information carriers, and such structures
have been touted for their potential to revolutionise ultra-dense data storage!212°,
Recently, optical skyrmions have been observed in evanescent waves, where their
topological properties are carried through a spatially varying polarisation field!3%-

132 Since then, the generation of optical skyrmions has been achieved in paraxial

vector beams through a variety of different techniques!!®!32-137_ The topological
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properties of the skyrmion along with associated applications still offer large

scopes to be explored.

Skyrmions are characterised by their topological number (skyrmion number; SN)
defined as
1 on  On
SN—Effcn-(a—xxa—y)dxdy (5.1)

where n(x,y) represents the vector field that describes the two-dimensional

skyrmion, and o represents the confined region.

In this chapter, the SN of a Néel-type skyrmionic beam!* is harnessed to serve as
a probe for characterising non-depolarising optical systems. Then a V-AO
correction methodology for optimising measurements in aberrated polarimetric
(Stokes/Mueller) microscopes was detailed. This work opens new avenues to the
advanced use of the optical skyrmion in the context of V-AO, with broad

implications for the future of sensing and imaging technologies.

5.2 V-AO for diattenuating optical systems
5.2.1 Mathematical descriptions of diattenuation

A diattenuator possesses two different absorption ratios for two eigen polarisation
states?8; it, in effect, attenuates the intensity of one eigenstate more than the other.

Consequently, not only will there be a power reduction when light passes through
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a diattenuator, but also a change of SoP. Unlike phase or retardance aberrations,
which can be fully compensated given a sufficient correction dynamic range or
degrees of freedom (as they did not change polarisation entropy and therefore
theoretically did not affect the correctability of AO devices), diattenuation can
reduce portions of the beam's intensity below the camera's detection threshold.
This intensity limitation fundamentally restricts correctability and does not occur
when only phase or retardance is involved. Diattenuation can be induced from
various common optical elements including through Fresnel’s effects due to
reflection and refraction and the intrinsic polarisation properties of biomedical

tissues or materials samples!2-2%:48:138-140,

Note an arbitrary diattenuator is characterised by three parameters: its extinction
ratio (E), transmissive axis shape (S) and axis orientation (6). The transmission
ratios of the two orthogonal axes are denoted by p, and p, then the orthogonal
components of the light field are related by:

E. =pE,0<p, <1 (5.2)

E, =pyE,0<p, <1 (5.3)
where p, and p,, are the attenuation coefficients and 0 < p,, p, < 1. p, (Or p,)
= 1 is for perfect transmission whereas p, (or py,) = 0 is for complete attenuation.
Normally, the normalised attenuation coefficients are defined in trigonometric

function form:
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Px =cosy (5.4)
py, =siny (5.5)
P’ +pyt =1 (5.6)
E is an intensity extinction ratio which is defined as the ratio between the
attenuation coefficients of transmissive axis and orthogonal axes (normally we

define p, > p, to represent the attenuation coefficient of the transmissive axis),

E=5— coty (5.7)
Py

S represents the shape of the transmissive axis of the diattenuator which can be

described with Jones vector as:

cos 6 ]

5= [sin 0 el

(5.8)
It has the exact same vectorial format as a light-wise Jones vector but represents
the object-wise property of the shape of the transmissive axis. Thus, the Jones

matrix of an arbitrary diattenuator can be expressed as:

= [ cos 6 —sin@e‘ia] cosy 0 ][ cos @ sin@e‘i5]
sinfe® cos6 0 sinyll—sinfe® cos®
B [ cosycos? 6 + sinysin®6 (cosy — siny)cosOsinf e

. 5.9
(cosy —siny)cos@sinfe® cosysin?6 + siny cos? O (59

The Mueller matrix of an arbitrary diattenuator can be converted from a Jones

matrix by:
M =AJRIMHA™
11 DT
=- 5.10
2D mD] ( )

where ) represents the Kronecker product, D is the diattenuation vector, mp,

represents the lower 3 X 3 sub-matrix, and 4
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1 0 0 1
A=t 0 0 -~ (5.11)
01 1 O
0 i —-i O
By replacing the eigenvector terms in J with Stokes vector notations:
So 1
S cos 26 1
S = = = 5.12
S, sin 26 cos & [S] ( )
Ss sin 20 sin &
we can get:
S1
D = cos 2y [Szl = Ccos 2yS (5.13)
S3
mp = sin2yl,,; + (1 — sin2y)S « ST (5.14)

5.2.2 V-AO placement strategy and correction limits

In previous work, the V-AO correction module was effectively realised by a
cascade of two SLMs and a DM. To achieve arbitrary-to-arbitrary phase and
arbitrary SoP to arbitrary SoP conversion (ATA), a new V-AO module comprising
four SLMs (or three SLMs and a DM) is also proposed®>?%°%14! (see Fig. 5.2a).
Phase, as a scalar quantity, can be arbitrarily modulated using a single device, thus
our experiments in this work mainly adopt the three-SLM configurations to
specifically target polarisation control. The versatility of ATA devices enables
their broad applications across many different scenarios, including the
illumination and detection arms of modern Stokes/Mueller microscopes* that

require specific uniform SoPs for effective sample illumination and analysis*®142,
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In V-AO, the matrix reciprocity issue is crucial, particularly the placement of AO
devices relative to aberrations influences system performance. With ATA ability,
assuming no intensity loss, an AO module placed after the aberration (see Fig. 5.2
(b); location 2) can always correct for the system, barring complete intensity
attenuation. However, positioning the AO device before the aberration (see Fig.
5.2(b); location 1), which is required by the pre-correction systems and associated
applications, will introduce complexity. This is because a diattenuator may
attenuate certain SoPs in the output field which cannot be recovered via pre-
correction, thus limiting the aberration correction ability of V-AO even with
perfect ATA. For instance, one can easily show that if the DoP of the incident
light is smaller than the diattenuation of the system, then the transformation of the
PS induced by the diattenuating element is not surjective!'®, and therefore there

exist SoPs that can never be present in the output.

7



Arbitrary Arbitrary
phase & phase &
polarisation polarisation
V-AO
module

Input Diattenuation Output
skyrmionic beam aberration skyrmionic beam

Figure 5.2: V-AO correction module, and schematic of V-AO correction strategy for
a diattenuation aberration. (a) The V-AO module, consisting of a cascade of four SLMs,
enables arbitrary phase and SoP conversion. This capability is essential for correcting
spatially varying vectorial aberrations, such as phase, polarisation, and intensity
aberrations, that commonly arise in non-depolarising media. (b) The V-AO pre-correction
strategy towards diattenuation aberration is illustrated, with the V-AO module positioned
before the aberration. It also illustrates the Stokes fields of a typical Néel-type skyrmion
as it passes through this diattenuation aberration. Colour is used to represent the azimuthal

angle on the PS, and saturation is used to represent height (similar to ref!).
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5.3 Optical skyrmions for assessing correctability
5.3.1 Theoretical model and polarimetric analysis

Using the SN as the evaluation metric enables direct assessment of V-AO
correction capability without requiring explicit reconstruction of diattenuation
parameters through matrix inversion or multiple measurements involving
complex setups. The number of SoPs that remain detectable after passing through
the diattenuation reflects the residual polarisation diversity, which is equivalent to
V-AO system’s remaining correction capability to enable effective aberration
compensation. This directly benefits applications such as maintaining optimised

SoPs required for imaging tasks in polarimetry.

The theoretical model presented in this section describes how an intensity
threshold level F, defined by detector sensitivity, intersects with the PS
representation of the SoP. When a skyrmionic beam passes through a diattenuator,
intensity of certain output SoPs may be attenuated below the threshold. This
results in a spherical cap being removed from the observable SoP domain. The
radius of this cap is jointly determined by the threshold level F and the extinction

ratio E, and its geometry is analytically described.

This framework enables the SN to serve as a global metric that quantitatively

reflects the polarisation diversity retained in the system, providing a direct and
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interpretable assessment of V-AO correctability, with potential applications in

fields such as biomedical imaging, astronomy, and communications.

5.3.1.1 General derivations

For an arbitrary incident light,

SinO 1
S; cos 20 1
s = |%m|_ _ [ ] 5.15
m Sina sin 26 cos & Sin (5.15)
Sin3 sin 20 sin &

therefore, the Stokes vector of the outgoing light can be expressed as:

1i[1 DTy 1 1[1+DT %S, I
S, =L Il ]=[ n]:[ | a6
out =, D mp Sin 21D + mp * Sin Sout ( )

The intensity can be expressed as:
I= SoutO
1 T

= i(l + cos 2yST % Sy,) (5.17)

And the polarisation vector can be expressed as:
1

Sout = E(D + mp * S;,) (5.18)

In Fig. 5.3, we represent the simulated output Stokes fields of a Neéel-type

skyrmionic beam that are modulated by different diattenuators.
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Transmission axis shape (S)

LCP mmm RCP 1:1 15 1:15 1:50 1:200 infinite

Extinction ratio (E)

Figure 5.3: The output Stokes fields as a result of Néel-type skyrmionic beams being
modulated by different diattenuators. The x axis of the figures represents different
diattenuation values (£) of the diattenuators, and the y axis represents different
transmissive axis shapes (S). The shaded region (dark grey region) represents the filtered-

out region when applying the intensity filter #=0.1.

5.3.1.2 The incident field

If we set a certain criterion to filter the output intensity, we can cut a certain region
on the PS, assuming that the diattenuator has a non-ideal extinction ratio. Given
that I < F and assuming that 0 < y < 45°, we can derive:

I<F
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%(1 +cos2y ST« S;,) < F

2F — 1
ST %S, <
cos2y
2F—1
S1°Sin1 + 820 Sin2 + 830 Sin3 < cos2y (5.19)

As S and S, are from the normalized Stokes vector, thus $,% + 5,2 + 532 = 1 and

2 2 2
Sinl +Sin2 +Sin3 = 1. So,

4F — 2
(s; + Sinl)z + (52 + Sinz)2 + (83 + Sin3)2 < cos 2y
4F -2
((=s1) — Sin1)2 + ((=s,) — Sinz)2 + ((—s3) — Sin3)2 < cos2y +2  (5.20)

It turns out that the incident light which will be filtered out after passing through
the arbitrary diattenuator will cover a spherical cap on the PS which is cut by a
plane perpendicular to the axis [—s;, —S,, —S3]. And the max distance between the
filtered Stokes vector and the axis vector is defined as:

4F -2
D=

+2 (5.21)
cos2y
Mathematically, this distance represents the FEuclidean separation in the

normalised Stokes space, serving as a quantitative metric to evaluate the

maximum deviation of the local polarisation states from the target SoP.

It implicitly defines:
Zz”?_-2+'22i0
cos2y
Is p > lzcosw (5.22)
2 2
So we can define the boundary condition for the filter as:
T 2F-1
ST kS =SS+ S Stz Sms=——=x (523)
cos2y
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Then according to the geometric relationship, the radius of the corresponding
latitude circle can be expressed as:

Rin=Dy[1- ) =T (5.24)
5.3.1.3 The output field
It can also be proved that, for a given intensity filter value F, the output light which
is filtered out will also cover a spherical cap on the PS which is cut by a plane
perpendicular to the axis [—s;,—S,,—S;]. This can also be demonstrated by
calculating the distance between the polarisation vector (normalized Stokes vector)

and eigen-vector —S, which is:

cos2y S + mp * Sy, 2

S
1+ cos2y ST % S, *

R 2
D2 = ‘Sout +SH = H

2

B H(l + cos2y) S + (mp + cos 2y SST) * S,
B 1+ cos2y ST % S;,

2

_ H(1+cos2y)S+mD’>kSin (5.25)
1+cos 2ySTxS;,
where S, is the normalized vector of S,,,, and we define mp,’':
mp' = mp + cos 2y SST

sin 2y + (1 — sin 2y + cos 2y)s;2 (1 —sin 2y + cos2y)s;s, (1 —sin2y + cos2y)s;s;
(1 — sin 2y + cos 2y)s; S, sin2y + (1 — sin2y + cos 2y)s,2 (1 — sin 2y + cos 2y)s,S3
(1 — sin 2y + cos 2y)s; S; (1 —sin2y + cos2y)s,s; sin2y + (1 — sin 2y + cos 2y)s;2

m'py M'p, Mps
= |[m'psy Mpyp Mpy (5.26)

! ! !
M p3; Mp3; Mpss

We know that:
X=81°Sim+8°Sin+83°Sin3
2 2 2
X2 =517 0 Sim” + 8% ¢ Sinp” + 537 ¢ Sipa” + 2518111528 im2 + 2851510153813 +

28,Sin253Sin3 (5.27)
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Then it can be calculated that,
(1 + cos2y x)°D? = 2(1 + cos 2y) + 2(1 + cos 2y)*x + 2 cos 2y (1 + cos 2y) x>

= 2(1 + cos2y)(1 + y)(1 + cos2y x)

Thus,

D2 _ 2(1+y)(1+cos2y) (5 28)
(1+4cos2yy) )

The radius of the corresponding latitude circle in the output field can be expressed

as:

2 .
Ryy=D\[1-() = 12 (5.29)

2 1+cos2yy

. —

Figure 5.4: Schematic of the output SoP distribution after diattenuation on the PS.
The grey region indicates the remaining (detectable) output states on the normalised PS,
while the white spherical-cap region represents incident states that are cut off by the

detection threshold after diattenuation.

It is intuitive that after modulation by a diattenuator, if the beam still serves as a

single unit skyrmionic beam (with SN=1), it implies the preservation of all SoPs
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in the output. Hence an AO device can do pre-correction to correct the errors
introduced by any such aberration. Conversely, a deviation from SN=1 signifies
that the output beam no longer contains all the SoPs, suggesting there exist certain
SoPs that cannot be pre-corrected by V-AO. Therefore, the output SoP field can
be used to quantitatively evaluate the correction ability of a V-AO system towards
such an aberration. In particular, the change in SN serves as a quantitative measure
for the loss of SoPs through the diattenuator. Beyond the correctability of V-AO,
such an evaluation is important for many applications, such as advanced dipole
orientation-based fluorescence super-resolution microscopes* or Stokes
vector/Mueller matrix microscopes*®, where the ability to generate arbitrary SoPs
is essential for effective illumination and analysis. It is noted that this approach
does not conflict with the topological protection properties of optical skyrmions
under diattenuation, as defining the integration region through intensity filtering
already breaks the field continuity, and thus the SN is expected to change!!s;
Therefore, the new integration region is defined by excluding the portion of the
beam that falls below the intensity threshold, in accordance with the criterion

described above.

To investigate the correction ability of V-AO for compensation of arbitrary
diattenuation, we used such a Néel-type optical skyrmionic beam as input field

and conducted simulations to evaluate the change in SN after passing through a
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diattenuator. The orientation 6 of the transmissive axis was fixed at 45°
throughout this work, as it does not affect the loss of SoPs. Fig. 5.5 illustrates the
output fields obtained from the input beam interacting with different diattenuators.
The x axis of Fig. 5.5 represents the different extinction ratios (E) of the
diattenuators, whereas the y axis represents different axis shape (S). The observed
trend shows an increasing homogeneity in the output fields with rising E values,
reaching completely homogeneous when E approaches infinity. A similar effect

can be observed along the y axis with the increasing ellipticity of S.
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Figure 5.5: The output skyrmionic fields after being modulated by different

diattenuators. Illustration of how different diattenuation values (represented on the x-

axis) and the transition of the transmissive axis shape from linear to right-hand circular



(depicted on the y-axis) influence the Neel-type skyrmionic beams. The orientation of
transmissive axis is consistently maintained at 45° throughout the work. The highlighted
shaded area (dark grey area) indicates regions excluded by applying an intensity filter
threshold of F = 0.1, illustrating the impact of diattenuation on the detectability of certain

field regions.

5.3.1.4 Characterisation of diattenuations

To provide a quantitative basis that supports our skyrmion-based correction
evaluation framework, the ground-truth parameters of the samples — extinction
ratio E, transmission-axis orientation 6, and axis-shape parameter S - are
measured from established polarimetric techniques. Two complementary studies
were conducted: (i) experimental Mueller- and Stokes-based measurements, and
(i1)) LUT-driven simulations that sweep the parameter space under noise-free

conditions

1) Experimental characterisation. The diattenuation properties were
characterised using conventional Mueller matrix and Stokes polarimetry. This
includes characterisation of the extinction ratio E, the shape of transmissive axis
S, and the axis orientation 6. As shown in Fig. 5.6, representative measurements
are presented for six diattenuation configurations (A-F), corresponding to

extinction ratios E = 1,1.65,2.76, 3.36,4.16, 724.79. Configurations A to E were
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equivalently obtained using either single or cascaded weak diattenuators (i.e.,
beam splitters here), while the configuration F employed commercial polarisers
to simulate strong diattenuators, theoretically approaching infinite values. As E
increases, the output SoPs converge towards the transmissive axis of the

diattenuator.

For each diattenuation configuration shown in Fig. 5.6, the corresponding Mueller
matrix of the sample was measured using a standard polarimetric setup; these
results are presented in the first row of the figure. To illustrate the effect of each
diattenuation, three representative input SoPs — horizontal linear, right-circular,
and +45¢ linear — were applied, and the resulting output fields were recorded using
Stokes polarimetry and displayed in the remaining three rows. The measured
results serve as a quantitative basis that supports the skyrmion-based method,
which achieves direct assessment of system correctability without requiring

multiple input SoPs or full Mueller matrix reconstruction.

These experiments were conducted using spatially uniform samples to ensure
control and interpretability of the results (as mentioned before), thereby providing
a reliable basis for defining the correction boundary. Once the underlying
correction limits are known, the system’s pixelated control architecture can be

applied effectively to achieve aberration correction.
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Figure 5.6: Experimental diattenuation characterisation via Mueller and Stokes
polarimetry. Six representative diattenuation cases (i—vi) with increasing extinction
ratios (E = 1,1.65,2.76,3.36,4.16,724.79.) are shown. For each configuration, the first
row presents the measured Mueller matrix, then followed by the output Stokes fields for
three input states — (a) horizontal linear, (b) right-circular, and (¢) +45° linear. As E
increases, the output fields gradually converge towards the diattenuation’s transmissive

axis, revealing the stronger attenuation against the orthogonal component.

2) Simulation results. The simulation approach uses a look-up table (LUT),
constructed by simulating the Jones matrices of diattenuators across a range of the
key parameters, including extinction ratio, axis orientation, and shape. These

matrices are used to simulate the corresponding diattenuation effects under
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various configurations, and the results are recorded into the LUT. To find the
matched simulation results, the experimental diattenuation parameters for each
sample, measured using Mueller matrix polarimetry, are mapped to the closest

entries in the LUT.

The results shown in Fig. 5.7 demonstrate that the LUT-based simulation
framework can reveal physical characteristics of the samples and provide a solid
basis for exploring the potential of further skyrmion-based probing approaches as

a cost-effective method for diattenuation analysis.
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Figure 5.7: Experimental and simulated Stokes fields with corresponding
skyrmionic structures under varying diattenuations. Stokes fields measured
experimentally after propagation through diattenuators with extinction ratios (E) of (a)
E=1, (b)E=1.65, (c) E=2.67, (d) E=3.36, (¢) E=4.16, and (f) E = 724.79 are
displayed to the left. For each case, the corresponding simulated Stokes field and

skyrmionic structure are presented to the right.



5.3.2 Characterisation of output skyrmionic fields

A proof-of-concept experiment was conducted to validate that the SN can be used
to evaluate the V-AQO correction ability for diattenuation aberrations. An incident

unit skyrmionic beam was generated via a cascade of SLMs as shown in Fig. 5.8.

D K"
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/ M
SLM1 ’ ’

SLM3 M /
|

SLM2

Diattenuation

sample Qwp DM
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Camera |_E_|

Figure 5.8: Illustration of experimental setup. The skyrmionic beam generator and
Stokes polarimeter configuration. A He-Ne Laser (Melles Griot, 05-LHP171, 632.8 nm)
serves as the light source. The beam is modulated by a cascade of three SLMs
(Hamamatsu, X10468-01) to obtain the desired SoP field and a DM (Boston
Micromachines Corporation, Multi-3.5) to compensate the initial phase aberration. A
waveplate assembly (WP, Thorlabs, WPH10M-633) is used to set the axes of two SLMs
at 45° angle. The modulated beam then passes through the diattenuation sample and is
analysed by the Stokes polarimeter, comprising a quarter-waveplate (QWP, Thorlabs,

WPQ10M-633), a polariser (P, Thorlabs, GL10-A) and a camera (Thorlabs, DCC3240N).
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The calibration result of SLMs is shown in Fig. 5.9, demonstrating the precise

pixelated control of SLMs.

Output Stokes field

=
Before After i
calibration calibration

Azimuthal
angle

Figure 5.9: SLM calibration result. The output Stokes field before and after SLM

calibration is shown. Different ellipses and colours represent different Stokes vectors.

The experiment proceeded as follows. First, after initial SLM calibration, the
correct phase patterns were applied to each SLM to generate the target skyrmionic
beam. Second, the diattenuation sample was placed after the DM. Third, a Stokes
polarimeter was utilised to measure the output SoP field after the beam passed
through the diattenuation sample. This process was repeated for different

diattenuation samples. The output Stokes and skyrmionic fields are shown in Fig.
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5.10, the experimental and theoretical results of both Stokes fields and skyrmionic
fields (see Fig. 5.7) are well matched. Fig. 5.10 presents three simulated curves
based on different intensity thresholds, illustrating the changes in SN as E
increases. This demonstrated that the change of SN can quantitatively indicate the

diminishing correction ability of V-AO system within this framework.
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Figure 5.10: Characterisation of output skyrmionic fields and SN values under
different diattenuation aberration configurations. (a) Experimental skyrmionic fields
after passing through diattenuations with E = 1,1.65,2.76,3.36,4.16.724.79 . (b)
Simulated relationship between SN and E, evaluated under three intensity thresholds F =
0.1,0.3, 0.4, respectively. SN is calculated over the region with intensity greater than F.

A logarithmic scale (base 10) is used to encompass a broad range of diattenuation values.
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Figure 5.11: Intensity images after different diattenuation aberration. Simulated and
experimental output intensity images for each threshold F. Top and bottom rows show
simulated and experimental results, respectively. Red areas indicate regions excluded by

the threshold. Numerical SN values are annotated below each image.

Note that the sudden drop in the SN is primarily attributed to the implementation
of the intensity filter threshold. As the diattenuation value increases, the
attenuation of light intensity becomes more pronounced, resulting in certain SoPs

in the output field falling below this threshold, which are marked red in Fig. 5.11.
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These SoPs are consequently excluded from the analysis, leading to a sharp

decline in SN.

As the homogeneity of the Stokes vector field increases, the correction ability of
V-AO diminishes due to an augmented loss of SoPs. This shows that within any
V-AO framework employing pre-correction strategies for existing diattenuation,
there always exist SoPs that remain inherently uncorrectable via current V-AO
techniques. Consequently, the correction ability towards diverse diattenuations
can be in effect quantified via the SN, establishing a critical connection between

V-AO correction ability and given diattenuator through a single metric.

Such a relationship and quantitative descriptions are important as they potentially
provide a look-up-table, or a reference framework, to enhance the practical
application of V-AO system. For instance, the performance of advanced
polarisation sensing systems utilised in biomedical research is susceptible to
diattenuation aberration due to light propagation through the sample!*. The
correction ability can be derived by analysing the SN value, and the optical system
can be corrected accordingly (apply V-AO directly, or first use passive
compensation to precondition the system for possible V-AO operation),

enhancing the efficiency.
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5.4 V-AOQO assisted polarimetric measurement
Stokes vector and Mueller matrix microscopy are pivotal techniques for acquiring
vectorial information and are valuable for material characterisation and

48,138,140.144-155 The accuracy of vectorial information is one

pathological diagnosis
of the core aspects of Stokes-Mueller polarimetry, but can be significantly
affected by vectorial aberrations, including phase, retardance and diattenuation.
Phase and retardance can be effectively corrected by using existing AO toolboxes
since they do not intrinsically limit the correction ability of the AO system within
its dynamic range. However, diattenuation introduces unique challenges due to its
impact on intensity in addition to phase and SoP. Despite diattenuation being

common in optical components, such as beam splitters, conventional calibration

methods have not addressed this problem.

In this section, the effectiveness of V-AO was first demonstrated, as probed by
the optical skyrmionic field, in correcting diattenuation aberrations. Two spatially
varying samples of high practical significance were selected — specifically,
biomedical and archaeological samples. The biomedical sample is a bone marrow
trephine from a myelofibrosis case, where vectorial information captures fibrotic
structural changes that are critical for pathological analysis, clinical staging, and

precise treatment planning!'#!. The archaeological sample is red pigment extracted
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from cinnabar used in China during the Qin and Han dynasties, the vectorial

analysis of the cinnabar is essential for tracing the mineral’s provenance'#!.

5.4.1 V-AO correction for real-world samples

The procedure proceeded as follows: first, to obtain the ground truth of the
samples’ vectorial information, a circular SoP illumination was used and the
polarimetric images of the samples were recorded without any induced
diattenuation with the results shown in Fig. 5.12(a) and 5.13(a); second, to
validate the performance of V-AO system under non-recoverable aberration, a
diattenuation with E = 3.36 is introduced. The output Stokes fields before and
after V-AO correction are shown in Fig. 5.12(b) and 5.13(b). Under this severe
diattenuation, intensities of certain SoPs (masked in red) were attenuated below
the detection threshold, resulting in unrecoverable SoPs, thus revealing the
intrinsic correction limit of V-AO system; third, the aberrated and corrected
output Stokes field after passing through a diattenuation with E = 1.65 (within the
correction boundary) is recorded. As shown in Fig. 5.12(c) and 5.13(c), V-AO
effectively restored the Stokes fields; finally, to further quantify the correction
performance, the matching error between corrected output and the ground-truth

118,141,156

SoPs by calculating the Euclidean distance between them , with results

plotted in Fig. 5.12(d) and 5.13(d).
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Figure 5.12: Diattenuation correction in archaeological sample via V-AQ. Here (a)
presents the real world picture and ground truth reference field; (b) shows results under a
severe diattenuation (E = 3.36) before and after V-AO correction; (c) illustrates the
corresponding results for a moderate diattenuation (E = 1.65); and (d) quantifies the
correction performance by plotting the matching error between the corrected SoPs and
the ground truth (which is evaluated by their Euclidean distance) along a selected cross-
section of the field with a moderate diattenuation. Regions where SoPs fall below the

detection threshold are indicated by red-marked areas in the intensity image.
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Figure 5.13: Diattenuation correction in biomedical sample via V-AO. Panel layout,
definitions and analysis are identical to Fig. 5.11. Briefly, (a) photograph and ground-
truth Stokes field; (b) results before/after V-AO under severe diattenuation; (c) under

moderate diattenuation; (d) matching-error profile along the selected cross-section.

For moderate diattenuation, full SoP recovery was achieved through V-AO
correction, confirming the system’s effectiveness in complex, spatially varying
media. However, under severe diattenuation (condition 4), some SoPs were
attenuated below the detection threshold, resulting in signal loss and

unrecoverable polarisation states. This limitation is visible as dark regions in the

101



Stokes fields and red-shaded areas in the intensity images, indicating that the

correction capacity of the V-AO system was exceeded.
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Figure 5.14: Stokes parameter fields evaluation of V-AO correction performance in
archaeological sample. Stokes parameter fields and numerical analyses of
archaeological sample. The Stokes parameters for (a) ground truth, (b) before V-AO
correction under a moderate diattenuation (E = 1.65) and (c) after V-AO correction are
illustrated; (d) evaluates the V-AO correction performance by plotting the values of each

Stokes parameter along a selected cross-section.
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To further demonstrate the effectiveness of V-AO correction under diattenuation
aberrations, we present an additional quantitative comparison in Fig. 5.14 and
5.15. For both the archaeological and biomedical samples, the three Stokes vector
components S;, S,, S; are visualised under three conditions: 1) ground truth; 2)
before V-AO correction under a moderate diattenuation (E = 1.65); 3) after V-
AO correction. For each component, the value profile along the selected cross-
section is presented. The close match between the V-AO corrected and ground-
truth curves confirms the effectiveness of V-AO in restoring the polarisation field
in the presence of diattenuations aberrations, enabling robust measurements in

complex environments.
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biomedical sample (bone marrow). Stokes parameter fields and numerical analyses of
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biomedical sample. The layout, definitions and analysis are identical to Fig. 5.14.

These results illustrate that, once the correction boundary of V-AO is understood,
our pixelated V-AO architecture can effectively achieve aberration correction,
demonstrating potential to real-world imaging scenarios where SoP fidelity is

required — such as in complex or spatially varying samples affected by

diattenuation.

5.4.2 Stokes polarimetric imaging under diattenuation

aberration
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As an extension of V-AO beyond traditional correction, the SN is further
considered as an indicator of the performance of polarimetric imaging under
diattenuation, particularly by guiding the selection of optimal measurement
configurations, with V-AO implemented in the analysing arm to control the
detection states. For Stokes vector polarimetry, the configuration typically
involves a PSA, whereas Mueller matrix polarimetry setups incorporate a PSG
and a PSA. A minimum of N (N = 4 for Stokes vector, 16 for Mueller matrix)
independent SoPs is required to reconstruct the polarisation information. The
optimisation approaches for both PSG and PSA in measurement process are

2

analogous'4?. In the following section, the PSA is analysed as a representative
g g y Y

case study

To evaluate the performance of the PSA module, various metrics have been
introduced, including condition number (CN)!%7, equally weighted variance
(EWV)!138 and Poincaré sphere internal volume (PSIV)!**1¢0 Geometrically, the
independent analysing SoPs define a polyhedron within the PS. Azzam et al.!-160
proposed that the optimal set of analysing SoPs is achieved when this inscribed

polyhedron reaches its maximum volume.

The superiority of any particular optimisation method is not claimed here; the

PSIV approach is adopted here to demonstrate our analysis, but similar
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methodology can be applied using other metrics. For illustrative purposes, we
consider N=4. The four independent SoPs serve as the vertices to construct a
tetrahedron within the PS. The maximal volume is achieved when the
configuration forms a regular tetrahedron, as illustrated in Fig 5.15. Previous
demonstration shows that applying an intensity filter leads to an exclusion of
certain SoPs, visually represented by a spherical cap. According to the geometric
relationship, it is intuitive that the integrity of the regular tetrahedron
configuration is preserved as long as the spherical cap's cross-section does not

extend beyond the tetrahedron's base.

——. —

Cut-off region

Before diattenuation After diattenuation

Figure 5.16: Geometrical visualisation of maximum tolerance of diattenuation

aberration for optimal Stokes vector measurement. (a) Before diattenuation, an

inscribed regular tetrahedron in PS defined by four optimal SoPs at vertices A, B, C and

D. Point O represents the central point of the sphere, point H denotes the central point of

the tetrahedron’s base. (b) After diattenuation, the filtered output field covers a spherical

cap (the grey region) in the PS surface, the radius of its cross section is related to the

intensity filter value F.
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The maximum tolerance of diattenuation is mathematically determined here using
geometric arguments. Consider a sphere with radius r and an inscribed regular
tetrahedron with edge length a, where AO = r, AC = a. From the geometry, we
have r = ﬁa, OH = Ea,O—H =1

4 12 0C 3
The surface area enclosed by the cone with vertices O, B, C and D can be
calculated through surface integral:

S = f;:/o ea:omstinzqodqodO = 271R? (5.30)
where cos ¢’ = i, the maximal reduced superficial area can be quantified as gﬂRz.
We reach the boundary when R = ? r, then we have:

9sin?2y = 16 + 16(2F — 1) + tan?2y(2F — 1) (5.31)
where y represents the extinction ratio, F denotes the intensity threshold. Then for
a given intensity filter value F, we can deduce the boundary of diattenuation that
maintains the optimal SoPs. Furthermore, the SN corresponding to the boundary

diattenuation can also be calculated. Therefore, whenever the resulting SN

remains within this limit, the system can operate optimally.

When E increases and exceeds this boundary, the optimal configuration is
compromised. However, it remains feasible to find four SoPs that maximise the

volume of inscribed tetrahedron within the deficient PS. The related output SN
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provides an indication of the optimal performance this system can achieve under

such a diattenuation.

5.4.3 SN assisted V-AO for Stokes polarimetric imaging

To demonstrate how SN serves as a practical indicator for guiding V-AO
correction for optimal Stokes polarimetric imaging, five representative cases are
illustrated in Fig. 5.17: two within the boundary (a and b), one on the boundary
(c), and two beyond it (d and e). For each case, both the residual region on the PS
and the largest inscribable tetrahedron (representing optimised measurement

states) are shown.
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SN=0.90 SN=0.80 SN=0.67
Diattenuation within Diattenuation within Diattenuation at
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Figure 5.17: Optimal analysing SoPs for Stokes vector measurement under different
diattenuation cases. (a)-(b): diattenuation values within the tolerance boundary, the
dashed orange outline shows rotated yet equivalent optimal tetrahedrons; (c):
diattenuation value at the tolerance boundary; (d)-(e): diattenuation values beyond the
tolerance boundary. Both the remaining portion of the sphere and the largest tetrahedron

that can be inscribed in each case are illustrated.

For diattenuation levels within the tolerance boundary (a-c), the accessible surface

on the PS is sufficiently large to accommodate a full regular tetrahedron. Under
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these conditions, the original four analysing SoPs — and therefore the existing
SLM phase settings — already support optimal measurement. For diattenuation
levels beyond the tolerance boundary (d and e), if we aim to optimise the
measurement states via V-AO in analysing arm (by controlling the SLM
parameters), then the four analysing SoP points of the SN-linked tetrahedron
(representing four optimised states) need to be realised by the SLMs’ retardance
settings. In this way, SN provides a clear and quantitative link with V-AO system,
offering a practical metric for system optimisation — through SLM parameter

control — even beyond ideal conditions.

It is also worth noting that in all cases a family of equivalent optimal SoPs exists,
because the tetrahedron can be freely rotated about the sphere (as shown in Fig.
5.17 (a)). This rotational freedom gives the control algorithm flexibility to choose

whichever set of four SoPs is most convenient for implementation.

While this section demonstrates the use of SN to guide V-AO correction towards
optimal Stokes polarimetric imaging, the underlying principle holds potential for
broader applications in more complex measurement scenarios. For instance,
extending the current methodology from uniform to spatially variant diattenuation
profiles could enable corrections in increasingly realistic environments.

Furthermore, systematically investigating how the spatial placement of vectorial
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aberrations impacts both polarisation generation and detection, as well as
exploring the potential of SN as a versatile indicator for system robustness,

calibration, or adaptive control, presents intriguing avenues for future research.

5.5 Summary and discussion

In this chapter, a vectorial structured light field — Neéel-type skyrmionic beam — is
used to evaluate quantitatively the correction ability of V-AO in the presence of
non-depolarising aberrations. The limit of AO system is not solely determined by
the dynamic range and configuration of the AO devices but is significantly
influenced by the inherent properties of the aberrations. Specifically, the intensity
loss and polarisation changes induced by diattenuation play a crucial role in
defining the correctability boundaries of the system, taking the camera’s

sensitivity into consideration.

Attention was focused on pre-correction of diattenuation aberration, where the
correction ability is related to the intrinsic properties of diattenuation itself. The
results led to an interesting observation that, for a determined diattenuation
aberration, certain pre-correction of the SoPs can still be beneficial — i.e., if the
desired SoP can be achieved in the output Stokes vector field, then this state can
be produced through correction modules. Hence for several important applications,

such as polarisation microscopy that suffers from diattenuation aberrations, V-AO
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may still take on a pre-correction geometry and provide the required performance.
Furthermore, by analysing the properties of vectorial aberration, the maximum
level of diattenuation aberration that can be corrected via AO to maintain the
optimal performance of a Stokes vector/Mueller matrix microscope was also

derived.

There are intriguing areas to be further explored:

1) In real-world applications, such analysis provides a standard for determining
appropriate correction strategies. For example, in scenarios where the aberration
is beyond the AO correction boundary, current optimal solutions of the system
may be unable to correct the aberrated field, and other compensation strategies,

such as passive or hybrid compensation methods, may be needed.

2) From the SN-assisted V-AO correction experiments, we found an interesting
“duality”: the V-AO module, while targeting compensation of vectorial errors
within its capacity, in effect also dynamically optimises polarimetric imaging
performance via optimal channels under existing conditions. There remains
intriguing scope for future exploration of such properties in both theoretical and

experimental analysis.
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3) Besides Néel-type skyrmionic beams, other types of complex skyrmionic
beams may also be used to optimally sense different diattenuation profiles. Hence,
future studies can thus extend our methodology by exploring various optical
skyrmion textures, investigating how each of them responds to distinct
diattenuation patterns and/or optimising the beam design accordingly. Such
expansions will not only enhance the versatility of our technique but also provide

more refined correction strategies for different aberrated scenarios.

Overall, this chapter introduce a new usage of complex skyrmionic beams, as well
as fundamental probing methodologies in next-generation V-AO. The potential
applications of this work span from AO-enhanced sensing/imaging techniques to
biomedical/material applications, and importantly, represent a first step towards
interdisciplinary research integrating optical skyrmions, AO, sample information

analysis/characterisation, as well as polarimetric measurements.
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Chapter 6 Conclusion and future work

6.1 Conclusion

This thesis has expanded AO from a phase-only technique to a higher-dimensional
framework and then realised its vectorial core in practice. The work firstly began
by integrating a V-AO correction module into a widefield Stokes polarimetric
microscope, where a pupil intensity metric guided the correction of spatially
varying retardance. Two evaluation criteria — precision and uniformity — were
introduced, and the substantial improvements achieved in both demonstrated the

effectiveness of V-AO correction (Chapter 3).

To circumvent the complex field conversion process required in vectorial
aberration correction operation, the concept of O-AO (another type of V-AO) was
introduced. By cascading four modulators (three SLMs and a DM in this thesis),
a pixel-tunable arbitrary-retarder array was realised. It can be programmed to
implement the inverse Jones/Mueller matrix of the aberration for direct
compensation. Both sensor-based and sensor-less optimisation restored the focus

spot under complex vectorial aberrations (Chapter 4).

Building on the demonstrated correction of phase and retardance aberrations, the

correction ability of V-AO to address diattenuation was explored. Unlike phase
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or retardance, diattenuation redistributes energy between different SoPs and
reduces the total intensity, effectively compressing the Stokes vector toward the
diattenuators’ transmission axis. In practice, the camera’s noise level and dynamic
range then impose a correctability limit: certain SoPs become indistinguishable or
even unreachable, so vectorial recovery cannot be guaranteed. This motivates a
quantitative assessment of when and how V-AO can still succeed under
diattenuation. Optical skyrmionic beams were used to probe diattenuation-
aberrated systems and provide metrics that characterise the performance of V-AO,
with both theoretical and experimental validations. Based on the probed results,
V-AO correction ability under real-world aberrated conditions for complex media
imaging was demonstrated and the correction strategies to optimise measurements
in aberrated polarimetric systems were also analysed (Chapter 5). Together these
contributions demonstrate that V-AO can be configured across diverse
architectures and applications, establishing the vectorial foundation of the unified

high-dimensional AO framework.

6.2 Future work

This section outlines future research directions that naturally follow from this
thesis. Looking beyond the vectorial emphasis demonstrated here, the goal is a
unified high-dimensional AO toolbox that addresses phase, polarisation

(retardance and diattenuation), intensity error, and further combined with
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depolarisation. Two complementary tracks are proposed: 1) high-dimensional AO
methodology — advancing devices and optimisation/control algorithms for joint
sensing and correction; 2) applications — deploying and validating high-

dimensional AO across representative practical applications.

6.2.1 Methodological advances towards high-dimensional
AO

6.2.1.1 Towards depolarisation adaptive optics (D-AQO)

This thesis has focused on non-depolarising media. A natural next step is to extend
the framework to depolarisation correction, completing the move toward high-
dimensional AO. Conceptually, D-AO is a specialised modality within the V-AO
framework: it retains an explicit DoP control channel. In many practical scenes —

e.g., thick tissues, fibrous or heterogeneous materials — multiple scattering!¢!-162,

sub-resolution anisotropy*®!63

, and temporal fluctuations scramble the field and
convert a portion of fully polarised light into an unpolarised component!!-!*, The

resulting drop in DoP degrades polarimetric contrast and biases Stokes/Mueller

retrievals, even when phase and retardance have been corrected.

A D-AO module would add active DoP control to the field. A practical route might
be achieved by synthesising a controllable depolariser with pixel-addressable

retarders: alternate two retardance states ¢4 and ¢y at a rate faster than the
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detector integration time (or interleave them spatially within the detector pixel),
so that the detector measures the averaged Mueller response. Because both states
are non-diattenuating, the effective matrix is depolarising without diattenuation.
In the Lu—Chipman decomposition method, this average is equivalent to a
depolariser cascaded with a pure retarder (for an isotropic depolariser the order
does not matter). Thus, by tuning the duty cycle between the two retardance states,

we in effect realise a tuneable depolariser without adding extra optics.

The correction operation might be then proceeded in two modes: 1) sensor-based
D-AO, where a Mueller polarimeter provides per-pixel DoP maps to drive the
modulators; 2) quasi-sensorless D-AO, where a PSA provides DoP proxies (e.g.,
analyser pairs or compact DoP meters) that guide metric-based optimisation.
Implementation could possibly be achieved via the cascade of SLMs or upgrade
to faster, compact devices, such as electro-optic or metasurface based devices, that
provided the modulation rate exceeds the detector’s temporal averaging.
Integrating this DoP channel with existing phase/retardance/diattenuation
correction may yield a unified high-dimensional AO toolbox capable of
maintaining image fidelity and polarimetric accuracy even in partially

depolarising scenes.

6.2.1.2 Towards joint sensing and correction in four dimensions
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Having established D-AO as another important part alongside phase, retardance
and diattenuation control, the next step is planned to achieve a unified high-
dimensional AO that treats intensity, phase, SoP, DoP as a coupled state to be

sensed and corrected jointly.

On the sensing side, a practical route might be a compact, multi-dimensional
sensor that multiplexes several analyser states onto a single camera exposure. One
snapshot could then illustrate a pupil-resolved estimate of intensity, scalar phase,
Stokes parameters (hence SoP and DoP), and simple diattenuation, providing

exactly the multi-channel state required by high-dimensional AO.

On the correction side, the goal could be obtaining a unified, pixel-addressable
field that phase, retardance, diattenuation and effective depolarisation can be
simultaneously manipulated. In the near term this can be realised by cascading
pixelated-controlled modulators such as SLMs'?; longer-term, integrated electro-

113

optic or metasurface devices''> should provide the same degrees of freedom with

higher efficiency and speed.

The correction implementation could be developed as follows: a sensor-based
mode that deliver the joint measurements directly to a multi-objective controller

(e.g. driving towards flat phase, uniform SoP, prescribed DoP and adequate
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intensity level under hardware constraints); while a quasi-sensorless mode
replaces explicit measurements with higher-dimensional metrics and employs
learning-based models to minimise the number of acquisitions!6>-1°, In parallel,
high-dimensional control bases — spanning coupled phase, retardance, intensity
and DoP modes — can be developed to improve conditioning and convergence.
Together, a multi-dimensional sensor and an integrated vectorial corrector would
complete the transition to four-dimensional AO, enabling snapshot estimation and
fast compensation in practical optical imaging systems. Looking ahead, the
hardware might follow two tracks: 1) open-path module that utilises pixelated
modulators for temporal mixing; and 2) compact/integrated unit. This may exploit
techniques such as patterned liquid-crystal optics, reconfigurable metasurfaces, or
thin-film electro-optic platforms to enable sensing and correction — and, ultimately,

migrate four-dimensional AO toward an on-chip form factor.

6.2.2 Application expansion of high-dimensional AQO
framework

Direct laser writing (DLW) — particularly two-photon polymerisation — forms 3D
micro/nanostructures by delivering a tightly focused, high-intensity spot whose
dose sets the voxel size and shape. Polarisation is frequently exploited to control
feature orientation, while prior AO assistance has mainly targeted scalar phase to

restore diffraction-limited focusing”’.
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In practice, however, DLW performance is limited by additional aberration
dimensions beyond phase. Multi-spot techniques suffer from intensity non-
uniformity across the focal array, and even single-spot systems inherit the
throughput variations across the field!’%"!72, At the same time, high-NA focusing,
and thick or weakly scattering substrates introduce vectorial distortions!”*. The
resulting mismatch between the intended and realised vectorial field perturbs the
focal point-spread function (PSF) — with depth-dependent asymmetry, broadened
cores and sidelobe growth — so the delivered dose may drift with depth, ultimately

lowering write fidelity.

High-dimensional AO approaches could possibly address these coupled
limitations by jointly sensing and correcting the relevant aberrations. The
correction operation may follow either the sensor-based workflow (using the joint
maps directly); or a quasi-sensorless workflow that replaces explicit
measurements with fabrication-relevant metrics accelerated by learning-based
optimisation. By stabilising dose and the vectorial field simultaneously, high-
dimensional AO could be expected to tighten voxel distributions, improve multi-
spot uniformity and stitching, thus extending DLW toward faster, larger-area, and

higher-fidelity fabrication.
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Beyond DLW techniques, the same high-dimensional AO framework could be
possibly extended to various research areas. For instance, 1) in correction
scenarios where system and sample-induced errors drift slowly over time, such as
confocal and multiphoton microscopes, saturated depletion optical microscopy
(SDOM)!™ and structured illumination microscopy (SIM)!”°, polarisation-
resolved nonlinear imaging!’® and high-NA lithography scanners!”’, joint sensing
and correction deliver the desired phase, intensity, SoP and DoP across the field,
tightening the PSF, improving contrast, and reducing stitching and quantitative
bias; 2) In dynamic settings, where aberrations vary rapidly due to, for example,
atmospheric turbulence in astronomy, motion and refractive-index fluctuations in
in-vivo/live-cell imaging, or scintillation and depolarisation in free-space optical
communications, passive calibration is insufficient. High-dimensional AO may

provide insight on real time joint correction.

Taken together, high-dimensional AO framework could contribute to push
systems or instruments closer to their physical limits, delivering more robust,
reproducible vectorial measurements and higher throughput across laboratory and

industry applications.
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