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Abstract

The theory of fluctuating hydrodynamics aims to describe density fluctuations of
interacting particle systems as so-called Dean—Kawasaki stochastic partial differen-
tial equations (SPDEs). However, those Dean—Kawasaki equations are ill-posed
and recent focus has shifted towards finding well-posed approximations that retain
the statistical properties of the particle system. In this thesis we consider the fluc-
tuating hydrodynamics of a system in which particles interact with one another
through the potential gradient induced by the Green function of the Laplacian
(Keller—Segel dynamics).

We propose an additive-noise approximation, which is given by a non-linear,
non-local, parabolic-elliptic SPDE with a heterogeneous space-time noise, and show
that it retains the same law of large numbers and central limit theorem as (con-
jectured for) the particle system. We further consider the large deviation principle
and show that the approximation error lies in the skeleton equation that drives
the rate function.

The results above depend on the relative scaling between two parameters that
appear in our equation: the noise intensity, which governs the amplitude of our
fluctuations, and the correlation length, which describes their spatial correlations.
To loosen the required relationship between the noise intensity and the correlation
length, one needs to assume that the approximation lies in a space of lower regularity.

Consequently, we consider three different scenarios:

e The reqular setting, in which the approximation converges in a Bessel potential
space of regularity greater than —1/2, at the expense of a restrictive relative

scaling.

e The rough setting, in which the approximation converges in a Holder—Besov
space of regularity less than —1, under a general relative scaling.

o The renormalised setting, in which one can make sense of the approximation
even for zero correlation lengths, if one is willing to subtract a formally infinite

counterterm.

Depending on the specific setting, we use different tools to analyse the approxim-

ation. For example, to deduce a large deviation principle in the regular setting



we rely on the weak-convergence approach, whereas in the rough setting we use
the paracontrolled decomposition and a generalisation of Freidlin and Wentzell’s
theory due to Hairer and Weber.

In comparing these different approaches we demonstrate how the range of suit-
able scaling relations, and the regularity of the approximation, are determined by the
asymptotic behaviour of certain stochastic objects for vanishing correlation lengths.
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1.1 Motivation and Main Results
1.1.1 Motivation

Non-trivial macroscopic structures commonly emerge in biological systems through
a process known as chemotazis where individuals respond with directed movement
to an external chemical gradient. Examples of chemotaxis include the formation
of pseudoplasmodia in the life cycle of Dictyostelium discoideum [BS47], the emer-
gence of aggregates of Escherichia coli [BLB98|, the onset of amoebic dysentery
caused by Entamoeba histolytica [ZAI06], the collectiveness of neural crest groups
during embryo development [SM16] and the immune evasion, invasion, angiogenesis
and dissemination of tumours [CS93; RCP11]. An excellent survey on models of

chemotaxis in biology is given in [Pail9].
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Consider a chemotactic population in which immortal, non-reproducing particles
attract one another. To model such a system it is common to consider

{ (0r —A)p=—V-(pVe),
(

1.1.1
70, — A)e = p, ( )

where individuals, given by their density p, disperse a chemical ¢ and move towards
higher chemical concentrations through advection. The parameter 7 € [0, 00) cap-
tures the separation of time scales between p and ¢, and upon rescaling, is given by
the inverse diffusivity of the chemical. This model was introduced by Keller and
Segel in [KS70] and is known as the parabolic—parabolic Keller-Segel model.
Assuming in (1.1.1) that the chemical diffuses much faster than the particles, we
may set 7 = 0 so that ¢ solves the Poisson equation —Ac = p, whose solution is, up
to harmonic functions, explicitly given by ¢ = K % p, where K denotes the Green

function of the Laplacian on the full space R,

1
— —lz|, d=1,
i (d/2 +1)
_ L(d/2+1) a
K(x) = { — 5~ loglzl, d=2, VK@) = -— "5 et (1.1.2)
L(d/2+1) 1
d>3
d(d — 2)w/? |g]=2" =

It is further customary to parametrize the strength of the interaction by the

chemotactic sensitivity x € R, which results in the PDE
(0r = A)p ==XV - (p(VK * p)) (1.1.3)

known as the parabolic—elliptic (Patlak—) Keller—Segel model, named after Keller
and Segel [KS70] and Patlak [Pat53], who considered a similar equation in the con-
text of random walks with persistence of direction and external bias. The population
is auto-attractive (gravitational) for y > 0, non-interactive (diffusive) for y = 0 and
auto-repulsive (Coulombian) for y < 0.

Acting on the population is a competition between the dispersal of mass and the
formation of aggregates. In one space-dimension, the diffusion will always domin-

ate aggregation so that solutions to (1.1.3) exist globally in time [BT96]. However,
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in higher dimensions, one observes the following dichotomy. Assume that the ini-
tial condition is non-negative and of total mass 1. In the two-dimensional model,
the equation (1.1.3) is globally well-posed if the chemotactic sensitivity satisfies
X < 8, see [JL92; BDP06; Nagll]. On the other hand if xy > 8, all solutions
with initial data of finite variance blow up in finite time (i.e. they leave the space
of measures with L'(R?)-density, see [BDP06, Sec. 2.1].) The critical case y = 87
is more subtle and has been studied in [BCMO08; LNY13; NS13]. Similar (although
less simple) thresholds also exist in higher dimensions, see [CPZ04]. For results
on the parabolic-parabolic model (1.1.1), we refer to [OY01; HP04] (one dimen-
sion), [CCO8; Miz13| (two dimensions, x < 8x), [HV97; BCD11b| (two dimensions,
X > 8m), and [CPO8] (higher dimensions). For an overview of the mathematical lit-
erature dedicated to the analysis of Keller-Segel models, we refer to [Hor03; Hor04],
[Per04], [HP09] and [Bill8].

The Keller-Segel equation (1.1.3) is a specific member of the general family

of McKean—Vlasov equations
(0 — A)u= =V - (u(b*u)) (1.1.4)

where b: RY — R? denotes the interaction. To each McKean—Vlasov equation (1.1.4)
we can associate a stochastic particle approximation given by weakly interacting,
mean-field, overdamped Langevin diffusions: Let N € N be the finite population
size, we define an individual-based model through the system
, 1 X , ,
A/ = V2dB{+ + 3 Y -¥i)dt, i=1...N. (1.1.5)
J=1,j#i

where (B")Y, denotes a sequence of independent, d € N-dimensional Brownian
motions. In particular, for appropriate initial data and interactions b that are
assumed to be bounded and Lipschitz continuous, one can show propagation of
chaos [Mél96; Szn91], that is, the phenomenon in which the empirical measures
t v =1 3N dy: converge in distribution as N — oo to a solution of (1.1.4).
Individual-based models as in (1.1.5) are ubiquitous in modelling and applications,

see [FHM14; Ste00; Hel+21] for further examples.
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To find a particle approximation to the Keller—Segel dynamics (1.1.3), we com-

pare (1.1.3) with (1.1.4), choose for b the potential gradient xVK and consider
N
de:x/éng'Jr% S VK(Xi-X))dt, i=1,...,N, (1.1.6)
J=1,j#i

for appropriate initial data. The mathematical challenge is then due to the singular-
ity of VK combined with its non-incompressibility. This combination places (1.1.6)
outside the classical mean-field theory as presented in [Szn91] as well as recent
extensions due to [FHM14]. In the one-dimensional case, where VK is bounded
but discontinuous, propagation of chaos was derived in [BT96]. In two dimensions,
Fournier, Jourdain and Tardy [FJ17; Tar22] show the tightness of the empirical meas-
ures t — pfY =+ YN, dx: for x < 87 and Bresch-Jabin-Wang [BJW19b; BJW19a;
BJW23] establish propagation of chaos for y < 87. For parabolic-parabolic models,
interacting particle systems were introduced in [JTT18; FT23b].

The influence of finite-number fluctuations on chemotactic populations is non-
triviall, yet we ought to consider fluctuations since in biological systems population
sizes are far from infinite. For example, in Dictyostelium discoideum, each aggreg-
ation centre consists of 10*-10° individuals [Bon09, p. 12 & pp. 61-62] and has a
volume of 0.01-0.05 mm? [BKP53]. In contrast, the same volume of water contains
10'7-10'® molecules; hence to understand biological phenomena, as opposed to many
physical ones, one needs to consider finite-number fluctuations.

One approach to non-equilibrium diffusive systems is macroscopic fluctuation
theory [Ber+15], a physical theory whose starting point is the large deviations rate
function for the particle system as N — oo, which it applies to predict phenomena
such as non-equilibrium phase transitions and long-range correlations.

The large deviation principle (LDP) for (1.1.6) is, to our knowledge, still largely
open, owing to the singularity of VK. In the one-dimensional, repulsive case (x < 0),
Fontbona [Fon04] established an LDP for (1.1.6) by using hydrodynamics techniques.

On the other hand, in the case of smooth interactions b, Dawson and Géartner [DG87]

'For instance in two dimensions and x > 8, Fournier and Tardy [FT21] showed that (1.1.6)
exhibits a sequence of particle collisions before the solution ceases to exist.
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proved an LDP for (1.1.5) in arbitrary dimensions by using a projective limit ap-
proach. Let us also mention the recent paper [Hoe+24] in which Hoeksema, Holding,
Maurelli and Tse established an LDP for (1.1.5) with interactions b € LP(R?) of in-
tegrability p > d by extending the Varadhan integral lemma.

Let P(R%) be the space of probability measures equipped with the weak topology
and Py (R?) be the space of probability measures of finite first moment. Assume that
the initial data (X§)Y, are i.i.d. with common, non-atomic law X} ~ py € P;(R?)
and let T' be smaller than the blow-up time of (1.1.3) with initial data p, and
chemotactic sensitivity x € R. The above-mentioned results [DG87; Fon04; Hoe+24]
lead us to seek an LDP for the empirical measure u of (1.1.6) in C([0, T]; P(R%))
with rate N/2 and good rate function o, which after additional (formal) refor-

mulations takes the form
) 1
 (p) = int{ Sl 1y cmame

(1.1.7)
(O = B)p = =XV - ((VE 5p)) = V- (/ph), plico = o}

Another approach to predict the LDP of (1.1.6) builds on a formal physical
theory known as fluctuating hydrodynamics, whose starting point is not the particle

system but rather the associated Dean-Kawasaki equation [Dea96; Kaw94],

(0= D)p = =XV - (p(VE % p)) = \2/NV - (/5), (1.1.8)

where £ is a vector-valued space-time white noise (see Section C.1). To motiv-
ate (1.1.8) and the Dean-Kawasaki noise V - (,/p§) appearing therein, see Sub-
section A.1.1 for a derivation of (1.1.8) from the particle system (1.1.6) and Sub-
section A.1.2 for a derivation of (1.1.8) as a fluctuating gradient flow in Wasser-
stein space. The idea of fluctuating hydrodynamics is then to apply Freidlin and
Wentzell’s theory [FW12] to (1.1.8) in order to predict the LDP of the particle
system (1.1.6) and the particular form (1.1.7) of its rate function <.

A different motivation for (1.1.8) is given by the problem of simulating the
particle system (1.1.6). A naive simulation of (1.1.6) would require us to compute

N? interactions for every time step due to the mean-field term, which is expensive
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for population sizes N > 1. On the other hand in the case of effectively infin-
ite populations, fluctuations are negligible and one may consider the deterministic
mean-field limit (1.1.3). This leaves open the case of large but finite populations
1 < N < oo. Here, (1.1.8) provides a mesoscopic model that is efficient to simulate
but still retains finite-number fluctuations.

The principal issue with fluctuating hydrodynamics is that the stochastic PDE
(0 — A)yu=—V - (u(bxu)) —/2/NV - (V/uf), (1.1.9)

associated to (1.1.5) is ill-posed. Not only is it supercritical in the sense of [Hail4]
(see Subsection A.2.2), it was also shown by Konarovskyi, Lehmann and von Re-
nesse [KLvR19; KLvR20] that the only martingale solution to (1.1.9) with smooth
interaction b is given by the particle system (1.1.5). They further showed that (1.1.9)
is unstable: If we replace the noise intensity 2/N by an arbitrary ¢ > 0 or if we
replace the initial condition by a measure that is not of the form % SN 6, with
y' € R? for every i € {1,..., N}, then the martingale problem no longer admits a
solution. Even though there exist singular interactions b for which the above dicho-
tomy breaks down (see e.g. the references in [KLvR20]), we do not expect (1.1.8)
to be well-posed either.

Hence, instead of exactly solving equations that are subject to Dean—Kawasaki
noise, recent focus has shifted towards finding good approximations. In the con-
text of non-linear diffusions (e.g. the porous medium equation), Fehrman, Gess
and Dirr studied the fluctuating hydrodynamics associated to the zero range pro-
cess [FG23] and the symmetric simple exclusion process [DFG20] by using their
theory of stochastic kinetic solutions and established the same LDP as for the
respective particle system. This was extended by Wang, Wu and Zhang [WWZ22;
WZ22] to the Dean—Kawasaki equation (1.1.9) with interactions b satisfying a
Ladyzhenskaya—Prodi-Serrin condition along with an integrability condition on
V - b. All of the above works [FG23; DFG20; WWZ22; WZ22] assume Stratonovich
(Dean-Kawasaki) noise instead of It6 (Dean—Kawasaki) noise. Cornalba, Fischer,

Ingmanns, Raithel and Shardlow [CF23b; CS23; Cor+23; CF23a] considered (1.1.9)
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with smooth interactions b and It6 noise; and established weak-error estimates
between numerical (finite difference, finite element, multilevel Monte Carlo) dis-
cretizations of the Dean—Kawasaki equation and the particle system. Djurdjevac,
Kremp and Perkowski [DKP24] considered (1.1.9) without interactions (b = 0)
and with It6 noise; and used a duality argument to establish weak-error estimates
for an SPDE approximation.

The works mentioned above have made great progress in the rigorous in-
terpretation of several Dean—Kawasaki equations. However, a major limitation
is that none of these works address interactions that are singular beyond the
Ladyzhenskaya—Prodi-Serrin condition and non-incompressible as in (1.1.2). Tak-
ing a first step in this direction, we introduce in the present thesis an additive-noise

approximation to the Keller—Segel-Dean—Kawasaki dynamics (1.1.8).

1.1.2 Main Results

In this work we restrict? our attention to the two-dimensional torus T? = R?/Z?
on which the Keller-Segel-Dean-Kawasaki equation (1.1.8) with initial data py and
chemotactic sensitivity y € R takes the form
(8, A)p = —XV - (pV,) = 2NV - (), in (0,T) x T2,
—A®, = p— (p,1) 1212, in (0,7] x T?, (1.1.10)
pli=0 = po, on T?,
where T > 0 is a time horizon and & a vector-valued space-time white noise on

[0,T] x T? (see (C.1.1) and Definition C.1.1). We consider an additive-noise ap-

proximation to (1.1.10) given by
(0 — A)p=—XV - (pV®,) — £'°V - (\/pawk’), in (0,T] x T?,
—AD, = p—(p,1)2(12), in (0,7] x T, (1.1.11)
pli=o = po, on T2,
where ¢ > 0 is the noise intensity, 6 > 0 the correlation length, (¢s)s>0 a sequence

of mollifiers at scale § (cf. (1.2.7)), &€ = 15 * € and pge; the solution (cf. Section 3.2)

2In the theory of singular SPDEs it is common to consider bounded domains to exclude the
possibility of infrared divergences. Here, tori are especially convenient due to the availability of the
Fourier transform. Subsection A.2.1 demonstrates that our approximation (1.1.11) is subcritical
in dimensions 1, 2 and 3.
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to the deterministic, periodic Keller-Segel equation

(0 — A)paet = =XV * (paet V®py,), in (0,T] x T,
—AD, = paet — (paet, L) z2(r2), in (0,7] x T?, (1.1.12)
Pdetlt=0 = po, on TZ.
The approximation (1.1.11) can be derived from the periodic Keller-Segel-Dean—
Kawasaki equation (1.1.10) by replacing 2/N by &, mollifying the noise, Taylor-

expanding the square root,

1
2\/ Pdet

and noting that the fluctuations p — pget should be of order £1/2 so that the term
e2V - (/paw€?) is of leading order in (1.1.13).

V2V - (p€) = Y2V - (\/pam€®) + €7V - ( (p— pdet)£6> +..., (1.1.13)

Comparing (1.1.11) and (1.1.10), it is clear that the noise intensity ¢ should be
related to the population size N by ¢(N) = 2/N. To identify the correlation length §
in terms of N, we consider the local neighbourhood size in two dimensions® and set
§(N) = N~'/2. Consequently, we obtain the natural relative scaling

lim e(N) =0, lim 6(N)=0, lim ¢(N)V25(N)"! =2 (1.1.14)

N—oo N—oo N—oo

In the following, we consider the correlation length as a function of the noise
intensity and establish small-noise results for solutions p((f()s) to (1.1.11) under vari-
ous relative scalings.

Our first result concerns an analogue of the law of large numbers (LLN) in
the regular setting, that is, in the periodic Sobolev space HY(T?) of regularity
v € (=1/2,0]. We further denote by (H(T?))5' the space of continuous func-
tions f: [0,7] — H(T?) that may blow up in H7(T?) before or at time T > 0 (cf.
Section B.8). The following result paraphrases Theorem 3.3.3, which, along with
its full proof, can be found in Chapter 3.

3To ascertain the local neighbourhood size, one can imagine placing N particles uniformly in
the unit square [0, 1]? such that all particles have maximum displacement from one another. Each
particle will then need to sit at the centre of a sub-square of side length N~!/2, which yields the
local neighbourhood size. By setting 6(N) = N —1/2 we ensure that well-distributed particles are
uncorrelated. It is not clear, however, if this is a good choice for systems that model aggregation,
as is the case here (cf. (1.1.16) & (1.1.10)).
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Theorem 1.1.1. Let py € C(T?) be such that py > 0 and {py,1)r2 = 1, paes be the
weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence. Assume 6(c) — 0 and €/26(¢)™7"2 = 0 as
e — 0 for some v € (—1/2,0]. Then for all T < T*, it follows that p((f(l) = Pdet 1N
(H(T?))5! in probability as € — 0.

Sketch of Proof. We first pass to the mild formulation,
P\ = Ppy— XV - Z[pf;)vq)pg@] — el/2196), (1.1.15)

where P, = e'® denotes the heat semigroup, Z[f]; = fg P,_,fsds the resolution
of the heat equation and 1° := V - [, /paer€’] the noise, which enters into (1.1.15)
additively. Using the relative scaling of (¢,8(¢)), we can deduce that £!/21%¢) — 0
in C7HY(T?) N LEH T (T?) in probability as € — 0 (Lemma 3.3.2). The claim then
follows by the continuous mapping theorem. For the full proof see Theorem 3.3.3.

]

Consider the periodic version of the Keller-Segel particle system (1.1.6)

defined as
— . — . X N — . — .
dX; = V2dB; + Y X VOX-X)dt,  i=1...N, (1.1.16)
=1, j#i
where the diffusion is driven by B! := B! — |B!], i.e. Brownian motions whose

generator is the Laplace operator on T?, and the interaction is induced by the

Green function ¢ of the mean-free Laplacian on T2, that is,

: 1
%(x) _ e27r1(w,3:> )
we;%{o} |27rw]?
In particular, it follows that
@G x f = CI)f

for every distribution f € S'(T?) and

4 (r) = K(z) + Ko(x), (1.1.17)
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where K is the Green function of the Laplacian on the full space (cf. (1.1.2)) and
Ky a smooth correction to periodize K. Theorem 1.1.1 is then consistent with the
propagation of chaos for (1.1.16) which was shown to converge to the mean-field
limit (1.1.12) for appropriate initial data, see [BJW19b; BJW19a; BJW23]. Hence,
we refer to Theorem 1.1.1 as the regular LLN.

Next we show an LDP for our approximation. The following result para-

phrases Theorem 3.3.5.

Theorem 1.1.2. Let py € C(T?) be such that py > 0 and {py,1)r2 = 1, paes be the
weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence. Assume 6(c) — 0 and €'/26(¢)™7"2 — 0 as
e — 0 for some v € (—=1/2,0). Then for all T < T*, it follows that the sequence

(p((ii)a)>5>0 satisfies an LDP in (HY(T?))5" with rate € and good rate function

(1
I(p) = 1nf{2||h||%2([07T]XT2;R2) p= Ppy—xV -I[pV®,] -V -I[,/—pdcth]}. (1.1.18)

Sketch of Proof. An application of the weak-convergence approach to large devi-
ations, the Boué-Dupuis formula [BDMO8] and the relative scaling yields an LDP
for (£1/219¢)) oy, which we can then transfer to (p((f(i))oo via the contraction prin-

ciple. For the full proof see Theorem 3.3.5. O

In formal analogy to the (conjectured) rate function (1.1.7) of (1.1.6), we expect
that the periodic particle system (1.1.16) satisfies an LDP in C([0,T7]; P(T?)) with

rate N/2 and good rate function given by

_ ' 1
i (p) i= wb{ Sz om0 = Poo = XV - T[pV,] = V- Tyt . (1.1.19)

Comparing (1.1.18) with (1.1.19), we find that the approximation error lies in the

so-called skeleton equation of (1.1.18),

p=Ppy—xV - -I[pVP,| =V - I[\/pacthl,

which is additive and thereby differs from the skeleton equation that appears
in (1.1.19).
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Neither Theorem 1.1.1 nor 1.1.2 allows us to assume the natural relative scal-
ing (1.1.14). Further, it is not possible to establish a central limit theorem (CLT) in
H"(T?) for v > —1/2 since the leading-order fluctuation ¢~/2 (pf;e(i) — Pdet) are driven
by 1% which does not converge in H?(T?) as ¢ — 0. Hence, to establish that our
approximation (1.1.11) is precise up to first order in the noise intensity ¢!/, we need
to pass to a space of lower regularity. Denote by C~'~(T?) the space of Holder-Besov
distributions of regularity —1 — o for some arbitrarily small but fixed ¢ > 0 (for a
definition, see Section B.2). It then follows that 1°) converges in C~'~(T?) in prob-
ability as € — 0 (see Lemma 2.2.7). Consequently, if we can make sense of (1.1.11) in
C~17(T?), we can hope to establish a CLT and analogues of Theorems 1.1.1 & 1.1.2
under a more general relative scaling.

A formal argument (see Subsection A.2.1) shows that (1.1.11) is subcritical in
the sense of [Hail4], so that we can use the techniques of singular SPDEs [Hail4;
GIP15; Kup16; Duc21] to solve (1.1.11) in C~'~(T?), which is what we refer to as the
rough setting. Specifically, we apply the paracontrolled decomposition® of [GIP15]
to derive the next four results (Theorems 1.1.3-1.1.6). The following analogue of

the LLN paraphrases Theorem 3.4.4.

Theorem 1.1.3. Let py € H?*(T?) be such that py > 0 and {(pg, 1)z = 1, paes be
the weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R,
and T* be its mazimal time of existence. Assume §(e) — 0 and £log(d(e)™') = 0
as € — 0. Then for all T < T* and o € (—=9/4,—2), it follows that P((si)a) — Pdet N

(CoTH(T?))5e! in probability as € — 0.

4Let us address why we chose paracontrolled calculus rather than the theory of regularity
structures [Hail4]. Our approximation (1.1.11) involves parabolic and elliptic operators, and while
there are works that study such anisotropic equations and associated regularity structures [BK16;
BK19; HM18] the analysis requires a significant amount of bespoke machinery to be developed.
Furthermore, (1.1.11) involves a noise that is inhomogeneous in space time, hence needs to be
renormalised by a sequence of diverging fields rather than constants (cf. Theorem 1.1.6). Again,
while there are similar works in regularity structures [GH19], it seemed more straightforward to
rely on the paracontrolled decomposition.

The reason why we did not use the theory of flow equations [Kupl16; Duc21] is simply because
it wasn’t as well developed when we started this project. It would be interesting to see how well
flow equations can deal with situations involving anisotropic regularities or heterogeneous noises.
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Sketch of Proof. Passing to the paracontrolled decomposition, we can show that the
solution map is locally Lipschitz continuous in a vector of stochastic objects ng)
known as the noise enhancement. Using the relative scaling, we can deduce that

ng(i) — 0 in probability as € — 0. The claim then follows by the continuous

mapping theorem. For the full proof see Theorem 3.4.4. O

The same continuities of the solution map also allow us to establish a CLT. The

following result paraphrases Theorem 3.4.6.

Theorem 1.1.4. Let py € H*(T?) be such that py > 0 and {py,1)12 = 1, pae; be the
weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence. Assume () — 0 and €/?1log(6(e)™!) — 0 as
e — 0. Then for allT <T* and a € (—9/4,—2), it follows that 6*1/2(p((;2) — Pdet) —
v in (COTH(T2))5 in probability as e — 0, where v € CrCT(T?) is the unique mild

solution to

{(at - A)U = _Xv ' (Uvq)pdet) - XV ' (pdetv(bv) -V (\/ pdet&)’ (1 1 20)
Ult:O = 0. o

We refer to this v as the generalized Ornstein—Uhlenbeck process.

Proof. For a proof see Theorem 3.4.6. [

While the CLT for the particle system (1.1.16) is to our knowledge still open,
there are related systems for which a CLT is known. For example, replacing V¥
in (1.1.16) by the Biot-Savart law V1%, one obtains the point-vortex approxima-
tion to the two-dimensional incompressible Navier—Stokes equation, which was con-
sidered in [WZZ23] and therein shown to satisfy a CLT with leading-order fluctu-
ations converging to a generalized Ornstein—Uhlenbeck process (driven by V+®).
Similarly if the particle system (1.1.16) allows a CLT (possibly for a certain range
of small x), we would expect the leading-order fluctuations to converge to the gen-
eralized Ornstein—Uhlenbeck process (1.1.20). Consequently, the combination of
Theorems 1.1.3 & 1.1.4 leads us to expect that our additive-noise approximation

is precise up to first order.
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Finally, we can also show an LDP in the rough setting by adapting the tech-
niques of [HW15] to our noise enhancement (Xg?s))g>o, combined with the contrac-
tion principle and the local Lipschitz continuity of the solution map. The following

result paraphrases Theorem 3.4.8.

Theorem 1.1.5. Let py € H?*(T?) be such that py > 0 and {po, )12 = 1, pae; be
the weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R,
and T* be its maximal time of existence. Assume 6(¢) — 0 and €log(d(e)™!) — 0 as
e — 0. Then for all T < T* and o € (—9/4,—2), it follows that (pga(i))DO satisfies
an LDP in (CoH(T?))5" with rate € and good rate function 7.

Sketch of Proof. An adaptation of [HW15] combined with the relative scaling al-
lows us to deduce an LDP for the noise enhancement (X((f(i))gw, which we can
then transfer to (p((f(i))oo via the contraction principle. For the full proof see The-

orem 3.4.8. O

Another first-order approximation to (1.1.10) is given by the linear fluctuating
hydrodynamics p' = paey + €/?v. Our additive-noise approximation p((fi) is more
accurate than ), which one may observe by considering higher-order effects: for ex-
ample, if we choose uniform initial data py = 1, it follows that ) solves the equation

O = A)p=x(p— (p,1)12) — 'V -,
{ pli=o = 1,
which is linear and hence unable to model aggregation. In contrast, the additive-
noise approximation started from uniform initial data still aggregates due to its
non-linear advection, see Section 5.2 for a discussion. For a numerical comparison
between the weak error induced by the linear fluctuating hydrodynamics and the
one induced by the Dean-Kawasaki equation, see [CF23b].
Using the paracontrolled approach, we can also make sense of a suitably renorm-

alised version of (1.1.11) even for zero correlation lengths. The following result

paraphrases Theorem 4.0.2.
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Theorem 1.1.6 (Renormalised Solution). Let py € H?*(T?) be such that py > 0
and {po, 1)z = 1, paes be the weak solution to (1.1.12) with initial data py and
chemotactic sensitivity x € R, and T™ be its mazximal time of existence. Then for
all T < T* there exists a sequence of deterministic functions $°:[0,T] x T? — R

indezed by the correlation length § and given by the expectation
R =E[V - Z[1°Vdys]],
such that the solutions (p°)sso to
P’ =Ppo—xV -I[p’VO,] +x?° - 1°

converge in probability as 6 — 0 to a non-trivial limit p € (CT1(T?))5' for all

a€ (—9/4,-2).

Proof. The claim follows by combining Theorem 2.3.18 of Chapter 2 with
Lemma 3.2.5 of Chapter 3. For the full proof see Theorem 4.0.2 of Chapter 4. [

The sequence (99)s-¢ is called the remormalisation. Informal power count-
ing suggests that it diverges as 6! for &6 — 0; however by using symmetries in
the fundamental solution of the elliptic problem and non-trivial cancellations,

we can show that

192l ereo- S (1V10g(6™ ) lv/paecllZpre

and by the same symmetries also obtain $° = 0 if py = 1 (see Lemma 2.2.19 &
Remark 2.2.21). The divergence of the renormalisation informs the relative scal-
ing of the rough LLN (Theorem 1.1.3), CLT (Theorem 1.1.4) and rough LDP
(Theorem 1.1.5)

While our additive-noise approximation p((f(l) preserves the mean of the initial

data pg, it does not necessarily preserve its sign, which is problematic since ,0((;()8)
is supposed to approximate the density of a population. We aim to show that the

probability of ‘pg?a) becoming negative before it blows up’ is exponentially small in

1/e. Keeping in mind that our model populations are of size N = 10° and that



1. Introduction 15

e = 2/N, we can expect this probability to be small. While we leave that part
of the analysis to future work (see Subsection 5.1.2), we have included a similar
argument based on [HW15, Rem. 4.6] which controls the possible blow-up time
of p((f(i) (Theorem 5.1.2).

1.2 Notations and Conventions

For a glossary of the function and distribution spaces used in this work, see
Section J.1.

We write N for the natural numbers excluding zero, Ny := NU {0} and N_; :=
No U {—1}. We define the two-dimensional torus by T? := R?/Z?. Throughout,
| -| will indicate the norm |x| = (2?21’%‘2)1/2 on T? or R% For r > 0 we use
the notation B(0,r) = {z € R? : |z| < r}. From now on we will write (a,b)
to denote the inner product on each Hilbert space which we either specify or leave
clear from the context. For k,n € N we denote by C*(T?; R™) (resp. C>(T?; R")) the
space of k-times continuously differentiable (resp. smooth) functions on the torus
with values in R". We write S'(T% R) for the dual of C*(T? R) and S'(T?%*R")
for vectors of elements in S'(T% R). Denote by S}..(R*R") the space of periodic
distributions, &/, (R x R?;R") the space of tempered distributions that are periodic
in the space variable (with an abuse of notation), and &'(R x T?;R") the space
of tempered distributions on R x T2,

For f € C*(T?%R) (resp. complex sequences (C(w))yeze with ((—w) = ¢(w) that
decay faster than each polynomial) we define its Fourier transform (resp. inverse
Fourier transform) by the expression,

Fiw) = [ e @dn, T ) = T )
T2 weZ?
This is extended componentwise to vector-valued functions, by density to f €
LP(T?%R"™) for p € [1,00) and by duality to f € S&'(T?R"). Where convenient

~

we use the shorthand f(w) = Z f(w).
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We define the Bessel potential space H(T?; R™) of regularity o € R as the space
of distributions u € &'(T? R") such that

1/2
uflpge = <Z (1+ |27rw|2)“|ﬁ(w)|2> < . (1.2.1)

weZ?
We denote the mean @ = (u, 1) 2(12) for each u € L*(T* R) = H°(T* R).
We often work in the scale of Besov and Holder—Besov spaces whose definitions
we summarize, for their basic properties see Section B.2. We let:

0_1,00 € C*(R?;[0,1]) be radially symmetric and such that

supp(o-1) C B(0,1/2), supp(0o) C {r € R*:9/32 < |z| < 1}, (1.2.2)

> o(x)=1 forallz € R® where g(z) == 0o(27"z) for each k € N.
k=—1

This defines a dyadic partition of unity. Given k > —1 we write Ayu = .F ' (0p.F u)
for the associated Littlewood—Paley block and given a € R, p, ¢ € [1, 00], we define
the Besov-norm ||ul|ga (r2:rn) = | (25| Al zor2n) Jken_, |ea for u € S'(T%*R™).
We use By (T%R") to denote the completion of C*°(T?* R") under [|-||sa, (r2mn)
and use the shorthand C*(T?*; R") := B%  (T* R"). The space BS,(T?; R") coincides
with #*(T?* R"). For a € R and p,q € [1,00] we use the notation By, (T*R") =
ﬂa,<aBg;(T2;]R"). When the context is clear we will remove the target space so
as to lighten notation.

For u,v € C*°(T? R) we define the paraproduct € and resonant product ® by

k—2
QU= > > ANulw, uOUv= >  Aulw (1.2.3)
k>—11=-1 kleN_;
lk—1<1
and extend them to the scale of Besov distributions by Bony’s lemma [BCDl1l1a,
Thm. 2.82 & Thm. 2.85] and generalizations thereof (see Section B.4).

We define the action of the heat semigroup on f € L*(T? R) by the flow,
0,00) 3t Pf = F e TP f()) = % f
where the convolution against the heat kernel 4 on T? is defined by

v = [ AC—prwa= [ A dy

']1‘2
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with fP°: R? — R the periodization of f: T? — R and S given by

er |z—n] mi{w,x) ,—t|27w
%p = 47Tt Z e 4t — Z ez < ) >e t|2 |2 for t > 07
nez? weZ?
AT = 0y, and P (x) =0  fort <O0.
nez?

For f:[0,7] x T? — R, we define the resolution of the heat equation as
Zif]: = /t P_,fsds= /t%S x fyds.
0 0
We define the solution to the elliptic equation —A®; = f — f by
O, =9 f, where f € §'(T*R) and
G (x) = Z e2mi(w.) !

weZ2\{0} 27w

We denote for w = (w',w?) € Z? t € R and j = 1,2 the Fourier multipliers

1
|27mw|?

2 (@ f)lz)= 3 e fw).

w€Z2\{0}

H} (w) = 2miw’ exp(—t]27w|*) 150 and G7(w) = 2miw? |27w] 1z
Given a Banach space £ and an interval I C [0,00) we write C1E = C(I; E)
for the space of continuous maps f: [ — E. For compact I we equip C;F with

the norm ||f|lc,g = sup,e/||felle- For k € (0,1), we define C}E = C*(I; E) as
lfe—fsllE

[t—s|®

the completion of C*°(I; E') under the norm || flloxe = ||f|lc;z + SUPsser

where C°(I; E') denotes the space of smooth functions in the interior of I, which,
along with all of their derivatives, can be continuously extended to functions in C; E
For T' > 0, we use the shorthand CrE = CipnFE, CFE = C£7T]E and understand
COE = CrE. Given n > 0, we denote f, yi(t) = (1 At)"f, for each f: (0,7] — E
and t € (0,7]. We define the Banach space

CorE = {£5 0.T) > B fpaa(0) =ity fyu(8) € B, fya € Com B}
equipped with the norm
Ifllc,e = sup (LAD)"|fille
te (0,7

and refer to 7 as the weight at 0. For x € (0, 1] we let CF . E == CF((0, T]; E') denote

the Banach space of functions f: (0,7] — E which are finite under the norm

fe — 1
[flle = I fleyes + sup (1AsAH) B P ez Lol
s#t€(0,T |t — s
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We also make use of the notation .£5-C*(T?) = CppC**%(T?) N C,.rC*(T?) to

denote a weighted interpolation space, on which we define

||u\|$$Tca = max{||u| Cr o2 |ullc, pea}

We set ZFCH(T?) = CfC***(T?) N CrC*(T?) and understand .£))-C*(T?) =
C,rC*(T?).

Let C2((0,T] x T?) be the space of functions f € C((0,T] x T?) such that
Of, Op, f and 0,,0,, f exist in C((0,T) x T?) and can be extended to functions in
C((0,T] x T?) for all 4,5 € {1,2}.

We do not distinguish between the spaces L*([0,7]" x T?" x {1,2}";R),
L3([0,T]" x T2 R*) and L*([0,T]"; L*(T?*";R?*")), which are identical up to
isometric isomorphisms.

We further denote L2H*(T2) = L2([0,T); H*(T?%R)) and W H Y(T?) =
Wh2([0, T]); H~1(T?)) the space of functions in LZH'(T?) with weak deriv-
ative (in time) belonging to LZH!(T?), cf. [Eva98, Subsec. 5.9.2]. On the
intersection CrH*(T?) N L7H ! (T?) we define the norm |- [lo,penr2pest =
max{| - lopne || - l2z300+1}-

We write < to indicate that an inequality holds up to a constant depending on
quantities that we do not keep track of or are fixed throughout. When we do wish
to emphasise the dependence on certain quantities a, p, d, we either write S, .4
or define C' = C(a,p,d) > 0 and write < C.

Let (2, F,P) be a probability space that is large enough to support two independ-
ent space-time white noises £',£? on [0, 7] x T? as specified in Section C.1. Given
&€ = (', ¢£%), we can define a family of complex Brownian motions by W7 (t,w) =
E(Lpy(-)®e 21 ®4; ) where t > 0, w € Z* and j = 1,2, see Lemma C.3.1. This
probability space will be fixed, so that whenever a property holds almost surely, it
will do so with respect to P.

For two vectors wy,wy € Z2, we use (w; L wsy) to denote the formula (w;,ws) =0

and —(w; L ws) to denote its logical negation.
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Recall the dyadic partition of unity (gx)ren_, introduced in (1.2.2). Let u,v €

§'(T?), we define the truncated sums

o U(w)i(we) = Y a(w)o(wa) Y. or(wr)or(ws) (1.2.4)

w1,wa €Z2 w1,w2EZ2 k,leN_y
w1~w2 [k—1]<1
and
o k-2
S U(w)t(we) = Y. a(wi)o(wa) D> a(wr)or(ws), (1.2.5)
w1,wa €72 w1,w2 €Z2 k=11=-1
w1 Zwa

where we implicitly assume that those sums converge absolutely. This is a discrete
analogue of the usual paraproducts (1.2.3). If wy,ws € Z*\ {0}, then w; ~ wsy
implies 9/64|w;| < |weo| < 64/9|wi| and w; T wy implies |wi| < 8/9|ws|. The
constants 9/64 and 8/9 are invariant under dilations of the chosen partition of unity
(0k))ken_,, see e.g. [MWX17, (64)].

We define the cut-off

¢ € C*°(R?) to be of compact support,
(1.2.6)
supp(p) C B(0,1), even and such that ¢(0) = 1.

Given ¢ satisfying (1.2.6), we define a sequence of mollifiers (1)5)s=o on T? by
vs(x) = Y ererlp(sw). (1.2.7)
wEeZ2
For a glossary of more specialized notions introduced throughout Chapter 2,

see Section J.2.
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2.1 Introduction

In this chapter we are concerned with the local well-posedness of singular stochastic

partial differential equations of the kind
(0, —A)p=V-(pV®,) + V- (c€), in (0,T] x T?,
—AD, =p—(p,1)e, in (0,T] x T?, (2.1.1)
pli=o = po, on T?,

where € = (€1, £?) is a two-dimensional vector of i.i.d. space-time white noises (see

Section C.1), T? = R?/Z? is the two-dimensional torus, 7" € (0,00) is a time ho-

20
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rizon, o € C([0,T]; H*(T?)) is a space-time heterogeneity and pg is some suitable
initial data which we specify later. Motivated by the theory of fluctuating hydro-
dynamics, our main example is given by the choice 0 = |/paet Where pget solves
the deterministic PDE (1.1.12). This choice will be applied in Chapter 3 to the
additive-noise approximation (1.1.11) of the Dean—Kawasaki equation associated
to the Keller-Segel model.

Due to the singularity of the noise, defining a suitable notion of solution to (2.1.1)
is non-trivial and we will implement a paracontrolled approach [GIP15] to obtain
local well-posedness (Theorem 2.1.1). To see why such an approach is necessary we
consider the terms of (2.1.1) under a formal power counting argument. The proper
definition of all function spaces used below can be found in Appendix B.

The white noise almost surely takes values in C;27([0,7] x T? R?) (see The-
orem C.1.2), where C¥([0,T] x T?; R?) denotes the set of space-time Hélder-regular
distributions of parameter o € R equipped with the parabolic scaling s = (2,1, 1),
i.e. regularity in time counts twice as much as regularity in space (see Section B.9),
and the shorthand a= is used to denote o + ¢ for some £ > 0 arbitrarily small but
fixed. Let us assume for now that we can define the product ¢§ intrinsically and that
it is no more regular than the white noise itself. Due to the regularising effect of the
heat equation (Lemma B.5.2), it follows that the solution 1 to the linear equation,

{(@ —~ A1 =V -(c¢), in(0,7] x T?

Mo =0, on T?,
may be no more regular than C7C~!~(T?) and certainly we cannot, in general, expect
p to be any more regular than this. Consequently, upon applying the regularising
effect of the elliptic equation (Lemma B.5.5), we would have V®, € C7C° (T?; R?).
However, by Bony’s estimate the product fg is only a priori well-defined for f €
C*(T?) and g € CP(T?) with a + 8 > 0, which does not hold for any coordinate
of the vector pV®,.

The theories of regularity structures, paracontrolled distributions, flow equations

and various recent extensions and adaptations thereof have revolutionised the study

of singular SPDEs [Hail4; GIP15; Kupl6; Ott+21; Lin+24; Duc21]. The com-
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mon thread throughout these theories is to notice that the factors of the ill-defined
products are not generic distributions but inherit structure from the noise. This
inheritance allows one to define renormalised products, which excise the singular
part, allowing one to give meaning to a renormalised equation which is continuous
in a finite tuple of diagrams built from the noise. These diagrams are referred
to as an enhancement.

The theory of paracontrolled distributions was first developed by Gubinelli,
Imkeller and Perkowski in [GIP15]. The central idea is to use harmonic analysis
to construct regular commutators, which allow us to decompose the equation into
exogenous noise terms and terms that can be constructed as fixed points. One
can then mollify the noise and, using this decomposition, obtain estimates that
are uniform in the mollification parameter, whereupon limits in probability can
be taken. Paracontrolled distributions have been successfully applied to analyse a
range of singular SPDEs and operators including; the parabolic Anderson model
(PAM) [GIP15; KPvZ22], the Anderson Hamiltonian [AC15; GUZ20; CvZ21],
the ®3 model [MW17b; CC18|, the Kardar-Parisi-Zhang equation [GP17], the
stochastic Burgers and Navier—Stokes equations [ZZ15; GP17] and the stochastic
non-linear wave equation [GKO23].

Let (vs)s=0 be a sequence of symmetric spatial mollifiers. In our case we find

that there exists a family of deterministic fields (f?)s-o satisfying
e LFCT(MERY), [ fllsee S (1VIog( )]0l e for every § >0

such that the sequence of solutions (p°)s-o each solving,

(0= A)p=V-(pV®, — [°) + V- (o(¢5 %)), in (0,T] x T?
—AD, =p—(p, 1), in (0,7] x T?, (2.1.2)
pli=o = po, on T2,
converges in probability to a unique limit p, which we identify as the renormalised
solution to (2.1.1). For a definition of the renormalised solution, see Definition 2.3.17;

for its existence, see Theorem 2.3.18, Part 1; and for the convergence, see The-

orem 2.3.18, Part 2; see also Subsection 2.1.1 for a formal discussion of these results.
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We remark that the eventual application to fluctuating hydrodynamics motiv-
ates us to consider mollified noise terms of the form o€’ := o(¢5 * £), rather than
mollifying the whole product (c€)° = 15 * (0€), see [Cor+23, Sec. 3.2] and [FG23;
DFG20]. Further, we mollify the noise in space only so that the Markov property
of the underlying particle system (1.1.16) is retained.

Three points of interest arise from (2.1.2). Firstly, in the case where o is genuinely
heterogeneous the field f? is in general also heterogeneous. This has been observed
elsewhere, having been pointed out as a possibility in [Hail4] and seen explicitly
in the renormalisation of singular SPDEs on bounded domains, [GH19]. Secondly,
if o is a constant, so that our noise agrees with that of the stochastic Burgers’
equation, then f° is zero. In this case the renormalised equation agrees exactly
with the singular equation, i.e. the products are not explicitly renormalised when
d = 0. This phenomenon has also been observed in [DDT94; DD02; ZZ15; GP17].
Thirdly, using the informal power counting described above, one might expect the
singular product p5V<I>p5 to diverge at the order of 6!, since this is the gap in
regularity between the singular factors. However, (2.1.2) shows that this divergence
is at most logarithmic. This improvement arises from symmetries in the fundamental
solution of the elliptic problem, leading to non-trivial cancellations in our stochastic
estimates. In the case of constant ¢ it is exactly these cancellations which show
that no explicit renormalisation in (2.1.2) is necessary.

To demonstrate the underlying principle, let us consider a one-dimensional ex-

)

ample. We assume that v’ — w as 6 — 0 in a space of regularity —1/2—. The

product rule gives the identity,
1
W0,0 % = 2(@3(@;%3;%6) - ax(uéajué)), (2.1.3)

where we write 971 as a shorthand for integration in z, with the (arbitrary) norm-
alisation that the primitive is mean-free. While the product on the left-hand side,
between an object converging in —1/2— and an object converging in 1/2— looks
ill-posed, the right-hand side is in fact classically well-posed; the first term is the

second derivative of a product between objects in 1/2— and 3/2—, while the second
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is the derivative of a product between an object in —1/2— and one in 3/2—. Hence
the anticipated logarithmic divergence of the left-hand side is removed by expanding
as on the right-hand side. This basic observation extends to our higher-dimensional
case through the symmetry of the Green’s function for Poisson’s equation. We
see that the symmetry alleviates divergences by one order. Linear divergences of
d~1 are improved to logarithmic, and logarithmic divergences are improved to well-
posedness. The heterogeneity ¢ makes these improvements visible, as when o is
constant the same symmetries lead to perfect cancellations removing the need for
renormalising counterterms all together. Similar observations have also been made
in the context of the KPZ equation, [GP17, Lem. 9.5].

We observe that (2.1.1) is an example of a singular SPDE involving anisotropic
regularity since the regularising effect of the elliptic equation only takes place in
the spatial variable. It is for this reason that we choose to work with the theory
of paracontrolled distributions, since it naturally treats space and time separately.
This is in contrast to the theory of regularity structures which naturally treats space
and time simultaneously. While there are examples of works which study anisotropic
equations and associated regularity structures, [BK16; HM18; BK19], the analysis
is somewhat ad hoc. It is for this reason that we opt for a paracontrolled approach

which more natively applies to the anisotropic regularisation present in (2.1.1).

Structure of the Chapter: In the following Subsection 2.1.1 we present an out-
line of the general strategy and the main result of this chapter. Section 2.2 contains
a detailed proof of the existence and regularity of the various stochastic objects
which we are required to construct and constitute our enhanced noise. The care-
ful analysis of these stochastic objects and control over the diverging fields is the
main contribution of this chapter. In Section 2.3 we show the local well-posedness
of paracontrolled solutions given a suitable enhancement of the noise. Finally let
us point out three appendices relevant to the present chapter: Appendix B recalls

some useful and well-known results concerning Besov spaces and paraproducts; Ap-
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pendix D provides various estimates on the so-called shape coefficients which we
introduce in Section 2.2 and Appendix E contains a number of summation and

discrete convolution estimates that we make repeated use of throughout.

2.1.1 Strategy and Main Result

We first outline the paracontrolled approach to (2.1.1) in a relatively loose manner,
identifying the main steps of the method and the diagrams that we will need to give
meaning to. Recall that we wish to define a sufficiently robust notion of solution
to (2.1.1) which in particular is stable under regular approximations to the noise.

To do so we first write (2.1.1) in mild form, setting
p=Ppy+V -I[pVP,]+V Z[cg]. (2.1.4)

Note that p may blow up before time 7" due to the non-linearity on the right-hand
side of (2.1.4). For the purpose of this discussion, we will assume that p exists
until time T'; see Subsection 2.3.2 for results on the maximal time of existence.
In the remainder of this section we will assume that all terms on the right-hand
side of (2.1.4) are continuous in time while taking values in a Holder-Besov space
C%(T?), where « is possibly negative.

Working, for now, with smooth initial data, we may assume that the final term on
the right-hand side is the least regular component of p. Using the same stochastic
estimates alluded to in the introduction, along with the regularising effect of the
heat kernel and the effect of the derivative, we will work under the assumption
that 1 := V - Z[o¢] € CrC~'7(T?). Passing this regularity to p and applying
the regularising effect of the elliptic equation (Lemma B.5.5) we expect to have
V&, € CrC'(T?). Therefore, as discussed in the introduction, the product pV®,
is not a priori well-defined. Our first step is to employ the so called Da Prato—
Debussche trick, [DDO03], to remove the most singular term by defining u == p — 1

so that if p is a solution to (2.1.4),

u=Ppy+V -Z[uVP,| + V- Z[uVP] + V - Z[IVD,| + V - Z[1VD,4].
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We notice that the product 1V®y is not classically well-posed, however it can
be renormalised and replaced with the symbol ¥ =V - Z[1V®¢] — ?, where ¢ =
E[V - Z[1V®,]] denotes the singular part of this product. The term ¥ is well-
defined and will have the regularity that one would formally expect of V- Z[1V®y],
namely ¥ € C7C° (T?) (see Subsection 2.2.3). From now on we continue with our
expansion, replacing the singular product by its renormalised counterpart ¥ so that
we have in fact changed the equation solved by p.

We are now in better shape, as we may now work with u € C7C°~(T?), which
renders the first product on the right-hand side classically well-posed. However,
the second and third products remain ill-defined. We may repeat the same trick,

defining w := u — ¥, which should solve,
w= Ppy+V -ZwVPy|+V -Z[IVD, |+ V -I[VOy @ 1| + V- Z[% ]+ Q(w, 1, ¥Y),

where Q(w, 1, ¥ ) denotes a finite sum of classically well-posed terms involving w,
I and Y. The formal definition of Bony’s decomposition into para and resonant

products is given in Appendix B, however, for now we simply recall the rules that
for f € C*(T?), g € C°(T?), one has
fege (T foralla € R\ {0}, BER  and
fOgeC ™ (T?) if a+ B> 0.
The new symbol appearing on the right-hand side for w is a shorthand for % =
Y ©Vdy + Voy © 1. Although those resonant products are not classically well-
defined, further stochastic arguments show that they can in fact be defined as objects
finite in C7C%(T? R?) without the subtraction of any infinite counterterms. The
full definition of %, through stochastic calculus, is contained in Subsection 2.2.2
and we show in Subsections 2.2.3 and 2.2.4 that ¥ € CrC° (T? R?). So even
though it requires significant work to define, it is not the least regular term on
the right-hand side.
Instead this is given by the paraproduct term, V - Z[V®y © 1], which using

Bony’s estimate (Lemma B.4.1) is only finite in C7C°~(T?), and the formal product
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term V - Z[1V®,], which is not even a priori well-defined. Hence, as before we
can only expect to find w € CpC°(T?) which is not regular enough to define the
products wV®y and 1V®,, a priori.

One sees that further applications of the Da Prato—Debussche trick will not im-
prove the situation. Instead we employ the core idea that solutions should resemble
the noise at small scales. This is formalised through the paracontrolled Ansatz, that

is, we only look for solutions such that for every coordinate j = 1,2,

2 2
W= Y by @Ik, O, = 3 kb, y © T[] + (V0L
k=1

k=1
or in vector notation,

w=Vo, v VII+uw#  VI,=V0 .y VI®d]+ (V)" (2.15)

where the paracontrolled remainders w# and (V®,)# are terms to be fixed by the
equation which we stipulate to be finite in C7C%"(T?) and CrC'*(T?; R?) respect-
ively.! This ensures that the products w#V®y and 1(V®,)# are classically well-
defined. Rearranging, using the linearity of the map f +— V®; and applying Bony’s
decomposition to the products wV®y and 1V®,, we find the identity
w# = Ppy+V - Zlw®@ VP + V- Z[1 © VD,
+V-I[VD,, vy ©1] -V, . vy @VI[1]+Qw, 1, ¥, %),

where Q(w, 1, ¥, %) is a new polynomial of its arguments and can be expected to
be of strictly positive regularity. Hence, the regularity of w# is governed by that of
the commutator and that of the resonant products V-Z[w@V®y] and V- Z[1OV,].

The commutator can be controlled by Lemmas B.7.1 and B.7.2, which show that
V-IV®,. vy @1 -V, v ©VI[l]eCrC" (T?.

To treat the resonant products we make use of the Ansatz again, writing for every

coordinate j = 1,2,

2
w O Py =Y (v ©KI[M]) O 00y +w™ © 9y,
k=1

'The remainder (V®,,)# can be expressed in terms of V®,,4+ and a more regular commutator,
cf. Lemma B.7.1. Hence, the paracontrolled Ansatz for w implies the Ansatz for V®,,. In fact in
Section 2.3 we make use of an equivalent Ansatz which makes certain technical steps easier but is
less clear to present—see Remark 2.3.5.
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and

2
1000, =Y 10 (P, y © 0 ,;Z[01]) +10(VD,)T;

k=1
or again in vector notation,

wO VP = (VO,, vy © VI[1]) © VO + w# 0 Voy,

and

1oVe, =10 (Ve vy @ VI[P]) + 10 (VP,)".

Under our stipulation that w# € CpC’T(T?) and (V®,)* € CrC'™(T?* R?), the

final two resonant products are classically well-defined and so it only remains to

check that the first term of each expansion is finite. To achieve this last step we

consider a commutator for the triple product,

(Vo, ¢y @VI[M)oOVE = (VP vy @VI[N])OVE -V, ¢ (VI[1]O VD)
+ Vo, ¢ (VI[N o Vo).

Lemma B.7.3 shows that the commutator lies in CpC'~(T?;R?). We apply a similar

trick to the resonant product 1 © V®,,, writing

10 (VO vy @V I[@]) =10 (VO vy @ VI[Py]) - VD, ¢ (VI[®1]OT)

+ VO, v (VZ[®1]01).

Again, the regularity of the commutator follows from Lemma B.7.3. Taken together

the last two exogenous terms produce the final diagram we are required to construct,
Vv = VI[N oV + VI[P ol.

Note that the first resonant product above should be read as a vector outer product
so that S is matrix valued. We would naively expect both summands of % to
diverge logarithmically if we replace &€ by &€ and let 6 — 0. However, the symmetry
of the Green’s function allows us to show that after summing both terms, v is
well-defined in a sufficiently strong topology even for 6 = 0.

Reversing all of the above steps we find the modified equation solved by our

paracontrolled object,

p=1+Y +V0, v VI +uw” 2.1.6
+
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with w# a solution to

w? = Ppyg+ V- Z[w* @ VO + V- Z[1 © (V,)¥]
) (2.1.7)
+V-I[VO, . v V] +Qw, 1, Y, %),

for Q(w, 1, ¥, %) a third polynomial of its arguments, their paraproducts and
commutators. We call this p a paracontrolled solution to (2.1.1) with enhancement
X. For a rigorous definition, see Definition 2.3.10.

In the paracontrolled decomposition (2.1.6) of p, the first three terms lie in
spaces of negative regularity. Hence, the singular parts of the product pV®, will be
determined by non-linear combinations of the first three terms. Since T and ¥ will
be supplied as data these terms can be handled directly. However, as w also carries
information from p, products involving V@, . ¢ © VZ[1] cannot be handled in the
same way. Instead we make use of the commutator estimates above. To see this in
practice and to identify the possibly diverging field f° alluded to in the introduction,
we recall our notion of a mollified noise by setting 1° := V-Z[o (5% &)], where )5 is a

standard mollifier. We use the notations Y?, ¥, \#? to denote the same diagrams

now constructed from 1°, and use p° to denote the solution of the mild equation
5 _ s 5, 16
p° = Ppy+ V- -Z[p’Vs] — 9+ 1° (2.1.8)

We further denote the second Da Prato-Debussche remainder by w’ := p? — 1° — ¥
and define Y2, = V- -Z[1°V®ys] = ¥ + 99

We have the identity,
PP, =1VPys+ ¥, 0VEs — 0 Vs

can

) ) ) (2.1.9)
+VPy; O —VOe; 01+ VD,ips Vv 4. ...

Here we have only kept track of terms that are either not classically well-defined
or contain stochastic diagrams which require construction. The final term involving
¢ arises from applying commutators to the paraproduct term in the expansion of
p? where the more regular parts have been left implicit above. Since we only expect
to have p° — pin C7C~1(T?) we do not expect (2.1.9) to converge directly. We have

already identified the possibly diverging field which renormalises the first term, since

V-Z[1°V®Oy;] — 90 = ¥ = ¥ € CrCO (T?).
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As discussed in the introduction, formal power counting would lead one to expect
?9 to diverge at order 5~ however, exploiting the symmetry of the elliptic Green’s
function we have that || 9°]|c,co- < (1V1og(67"))l|o[|Z, 2

The diverging diagram 9° is also contained in the terms $°©V®y; and VP, ®
19. However, since 97 is of regularity 0— and 1° of regularity —1—, it is not directly
clear how to make sense of those products. Note that if 9 were a diverging constant
rather than a field this would simply be scalar multiplication and we would have no
trouble. Nevertheless, using that ¢ is deterministic, one can define the products
?° O V®y; and Vde; © 1?2 directly as 1td objects and show that they diverge at a
rate no worse than 9°. We refer to Subsection 2.2.5 for this argument.

Since Y'?

can

= Y+ 9%, we may expand the product ¥2,, O V®y;4+VPy; O1°
to cancel the diverging terms 92 ® V®y; and Vdge, ® 1° in (2.1.9). Hence, we can
construct the renormalised product lims_,o(V-Z[p°V® 5] — ?°) without further modi-
fications. In particular, this identifies the renormalising sequence (f°)s=o of (2.1.2)
as f° = E[1°V®y;] and (2.1.8) as the corresponding mild formulation.

We have therefore identified both the solution p and the non-linear term in (2.1.4)
as trilinear functions of a suitable enhancement of the noise. To conclude this
section we paraphrase the main result of this chapter (Theorem 2.3.18). In the
following, (a,p,q, 3,8, 8%, By, k,n) denotes a tuple of exponents which determines
the regularity and integrability of each object in our paracontrolled decomposition.

We assume that those exponents satisfy assumption (2.3.1) in Section 2.3, see also

Examples 2.3.1-2.3.3 for various special cases of interest.

Theorem 2.1.1. Let (a,p,q,(,5, 5%, Bo,k,m) be a tuple of exponents satis-
fying (2.3.1), po € B (T?) be some initial data, T > 0 be a time horizon,
& = (£,€%) be a vector-valued space-time white noise on [0,T] x T? (see Sec-
tion C.1), o € CyH?*(T?) be a heterogeneity and (Vs)sso be a family of symmetric
mollifiers as in (1.2.7). Then there exist enhancements X = (1,¥,% ),
X% = (19, %9, %% N?) as described above (in particular X° is built from o&° with
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€ = 15 x &) and a random variable Thax € (0,T] (the mazimal time of existence)

with the following properties:

1. There exists a unique paracontrolled solution p to (2.1.1) on [0, Tyax) with
enhancement X and initial data py (in the sense of Definition 2.3.10), which

we call the renormalised solution. The maximal time of existence Thay Satisfies

Thax =T or l%m I(XAE)p(t)|lcarr = o0 almost surely.

tT max

2. For each A > 0,

00 27L _ 50 ‘ at1
limP(Z lp—p II?TLC N A) o
—0 I—1 L ]_ + ||p - p ||CU§TLC(¥+1

where p° is the solution to (2.1.8) and
T, = T/\LAinf{t € [0,T]: (LA p(D) e > L or [[(AA)"H () ]|er- > L}
for every L € N.

Furthermore 0 =V - Z[1°V®y;5] — ¥° = E[V - Z[1°V®ys]]. If o is a constant then
?° = 0 while in general one has the bound || 9°||cpc2ars S (1V10g(671))||o[|2, 22 (see

Remark 2.2.21 and Lemma 2.2.19).
Remark 2.1.2. In the case of constant o it also holds that E[1°V®ys] = 0. This is
due to the symmetry of the elliptic Green’s function, see the discussion of (2.1.3).

Remark 2.1.3. Since the submission of this thesis, it has been brought to our at-
tention that in the particular case of the Keller-Segel non-linearity pV®,, one may
in fact simplify the analysis of the equation (2.1.4) in the following manner: Using
that ® denotes the resolution of the mean-free Laplacian on T?, one may cast the

Keller—Segel non-linearity in the following form
pV®, = —A®, VO, + (p,1)2VD,,
where the first term can be written by the product rule as

1
AD, VD, =V (VD,)** - 5V Tr(VP,)*?,
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with
(Vq)p)?jf = (V(I)p ® V(I)p>17j = aiq)pajq)p, Z,j = 1, 2.

Hence, we may re-write (2.1.4) as

1
= Ppy =V -I[V - (V®,)**| + =V - I[V Tr(V®,)*?
P Po [V (VO,)™] 5 [ (V&,)™] (2.1.10)
Using the bilinearity of each operator on the right-hand side of (2.1.10), it follows

that the Da Prato—Debussche remainder u = p — 1 satisfies the equation
u=Ppy+ V- I[1V®y] + Q(u, 1),

where Q(u, 1) denotes a finite sum of classically well-posed terms involving
V&, and V& rather than v and 1. Consequently, it suffices to renormalise the
product V - Z[1V®4] by subtracting ?, without the need to perform a paracon-
trolled decomposition. Nevertheless our methods are still of independent interest,
as they demonstrate how one may construct a noise enhancement that involves
heterogeneities and anisotropic regularities. We thank M. Gubinelli and H. Weber

for these insights.

2.2 Noise Enhancement

In this section we construct the enhancements required in Theorem 2.1.1 and es-

tablish their regularities.

2.2.1 Outline and Regularities

Our enhancements will lie in the following space of enhanced rough noises, which

quantifies their regularities in interpolation spaces (see Section 1.2 and Section B.3).

Definition 2.2.1 (Enhanced rough noise). For all T > 0, a € (—=5/2,-2) and
k€ (0,1/2) let the map
O: (LFCM2(T% R) x Z5C* (T R))
— ZFCOTH (T R) x ZFC* (T R) x ZFC* (T R?) x ZLrC*H(T* R*?),

(v, f) = O(v, f),
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be given by

Y =V -Z[vVo,| — f,
Ov, f) = (v,Y,Y @ V&, + V&y © v, VI[v] ® VO, + V*I[®,] ©v)
and define the space X" to be the closure of the subset
{0(v, f) : (v, f) € LFCT2(T%R) x LFC* (T4 R), vo = fo = 0}
C LrCoTHT?% R) x LpC* (T R) x ZpEC*H0(T? R?) x ZpEC* (T2 R*?).
We shall denote a generic element of this closure by X = (1, ¥, %, N) € X" and

equip it with the metric induced by the norm
Xl = masc{]| L zcass, | ¥ [ zgcases | [l zgesecs, | | pcnass}.

The main result of this section is the following theorem reminiscent of [GP17,

Thm. 9.1].

Theorem 2.2.2. Let T > 0, o € CrH?(T?), £ be a two-dimensional vector of space-
time white noises on [0, T) x T? (see Section C.1), (15)s=0 be a sequence of mollifiers
as in (1.2.7), € = s+ & = (Y5 * 4,905 % £2) and X0 := (19, ¥, %2 %) be given

by

1=V -Z[o€], ¥° =V .ZI[1°Vd;] —E[V . -Z[1°Vd,,]],

N = YO OVD, +Vdys 01, N = VI[1] 0 Vdys 4+ VI[®4,] © 1°.
Then for all o € (—=5/2,—2) and k € (0,1/2) the following hold
1. Almost surely, X0 € X" and

Xé c gj}fcaJrZ (TQ; R) Xg;62a+5(r[[ﬂ2; R) ng/;ac3a+8 (TQ; R2) XD%;CQQHS (T2; RQXQ).

2. Almost surely, there exists some X = (1, ¥, No) € X", such that for all

p € [1,00) we have lim;s_,o E[||X — X°|%ax]? = 0 and E[||X||%ax]/? < c0.
T T
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3. Defining
9 =E[V-Z[1°Vd,]], Yo, =V -I[1'Vdy] = ¥+ 9,

can

Ol = Y0 OV + Voy; 1

can can

it holds that

19°]] zzczers S (1V1og(8~ ) [l l|E 52
and for all p € [1,00),
E[|Y ¢anlsczara VP S (1V 1og(8™ 1) |0 |82,

E[| N tanscsaso] /7 S (1V 10g(67)) 011,20

An explicit definition of the limit X = (1, ¥, %, %) can be found in Subsec-
D JI VL)

can?’

tion 2.2.2. We call X the renormalised enhancement and X2, = (19, ¥?_
the canonical enhancement.

The result will be shown in several parts, namely in Lemma 2.2.7 (1),
Lemma 2.2.9 (¥), Lemma 2.2.12 and Lemma 2.2.17 (%), Lemma 2.2.13 and
v

Lemma 2.2.18 (%) and Lemma 2.2.19 (99, ¥°, _, 2 ).

Remark 2.2.3. Different aspects of Theorem 2.2.2 require different assumptions
on the heterogeneity o. For example the regularity of 1 and ¥ only requires
o € OpL>®(T?) (Lemma 2.2.7 and Lemma 2.2.9) while the regularities of the
contractions contained in ¥, S require that uniformly over ¢ € [0,7T] one has
sup,ezz |0(t,w)|[(1 + |w[*) < oo. The assumption o € CrH?*(T?) implies both
of these conditions and provides a convenient norm and well-studied space that
controls the latter quantity; hence we choose to work with this simpler, if sub-

optimal restriction. Furthermore, with a view to setting o = /pqaes (cf. (1.1.11))

the condition o € CrH?(T?) is more straightforward to check.

Remark 2.2.4. As discussed in the introduction, we build our prelimiting enhance-
ment from 0&° = o(¢5 * €) instead of (0€)° = 95 * (¢€) and with only a spatial
convolution. Hence, for 1° to be more regular, we need to assume some regularity
on 0. We again make use of the condition sup;e( 7 Sup,ez2|7(t,w)[(1 + [w]?) < oo

(see the proof of Lemma 2.2.7), though other choices are possible (see Appendix I).
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Remark 2.2.5. Our methods also allow us to establish that ¥ € .23~ C°~(T?). How-

ever, since we do not make use of the additional time regularity, we omit the proof.

The following Kolmogorov criterion provides an efficient method for establishing
the regularity of stochastic processes in Holder—Besov spaces. The presentation of

this lemma is reminiscent of [Per20, Prop. 4.1].

Lemma 2.2.6. Let « € R, p € (1,00), v € (1/p,1], v € (0,7 — 1/p) and
X:[0,T] — S'(T?) be a stochastic process such that X(0) = 0. Assume there

exists some K > 0 such that

T T
/ / t— 5|27 3 2pqa/ AX(t,x) — Ay X (s,z)P]drdsdt < K < 0.
0 0 qeEN_1

(2.2.1)

Then there exists a modification of X (which we do not relabel) such that

E[IX0 osss] SE[IXI 5, | Spr K

T ~p,p
Assume that
M= swp [t—s7 3 zma/ E[|A, X () — A, X (s, 2)|"] dz < oo,
s£t€[0,T] 4eN T2

then for each ~" € (0,v — 1/p), (2.2.1) is satisfied with
T T /
K:M/ / [t — 5|20 dsdt < 0o
o Jo
and in particular X € C}.C*~/?(T2) almost surely.

Proof. The bound follows by the definition of B}, (T?) (Definition B.2.1), the Be-
sov—Hoélder embedding in time [FV10, Proof of Thm. A.10] and the Besov embed-
ding in space (B.2.1). To show X € C%/ng(']la) < CJCo~2/7(T?), it suffices to
apply Lemma B.3.3 and the Besov embedding (B.2.1). O

In the remainder of this subsection we outline the basic arguments involved
in proving Theorem 2.2.2 by motivating the definition of 1 and establishing its

existence via an application of Lemma 2.2.6.
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Let & be a two-dimensional vector of space-time white noises (see Section C.1),
then (see Lemma C.3.1) there exists a family (W7 (-, m))mez2 j=1.2 of complex-valued
Brownian motions on R starting from 0 that satisfy Wi(-,m) = WJ(-, —m) and
are otherwise independent. It is well-known that the Fourier frequencies of the
stochastic heat equation are given by Ornstein—Uhlenbeck processes and by a similar
argument we can find an expression for the Fourier transform of 1 = V-Z[o€]. For all
we Z?and t € R, let HY (w) == 2miw’ exp(—t|27w|?)1;50 be the multiplier appearing
in 0,Z. We define 1 by applying the inverse Fourier transform to the sequence

Z > dVV]1 (ur, m1)5 (ur, w — my) HiL,, (W) (2.2.2)
j1=1m,€z2 0
We also introduce the Fourier transform of 7 := V - Z[£] by
Z dWJl (w1, w)HiY,, (W) (2.2.3)
ji=1
Lemma 2.2.7. Let T > 0, a« < =2, k € (0,1/2) and 0 € CrL*>(T?). Then
for all p € [1,00) we have E[||! Hgfgcaﬂ]l/p S lollepre and in particular 1 €
LrECOTHT?) a.s. Assume in addition o € CrH*(T?) and & > 0, then it holds
that E[|| lﬂ@%caw}l/f’ S (1+62)Y2||lo|lopne and in particular 10 € LECO2(T?) a.s

What is more, lims_o E[||T — 15”133;0&“]1/;3 =0 for allp € [1,00).

Proof. Let v € (0,1], ¢ € (0,7/2) and max{1/e,2} < p < oco. To establish the
existence and regularity of 1 in a Besov space, we apply Kolmogorov’s continuity
criterion (Lemma 2.2.6), Nelson’s estimate (Lemma C.3.8) and the Besov embed-
ding (B.2.1). Therefore, in order to establish that 1 € CJ/* °C~1-7-¢-2/p(T2) —
C/*75C=1-7-3¢(T2) almost surely, it suffices to show that the quantity

sup |t—s|_m/2 Z 2”‘1(_1_7_5)/ ]E[|Aql(t,:v)—Aql(s,$)|2]p/2dx
'I[‘Q

s#t€[0,T] geN_;

is finite. Using that ¢ € C7L>(T?) is bounded, we can pass to real space with (C.3.1)
to deduce for 7 as in (2.2.3),

E[[A1(t 2) = AV (s, 2)]”] < [lo]1E, LBl A7 (t 2) — Agr(s, 2)[].
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Using that E[7(t,w)7(s,w’)] = 0 if w # W' € Z?, we obtain
EHAqT(t? $) o AQT(S’ 95)|2]
=3 Y Dt (W) g, (WE[(F(t,w) — 7(s,w)(F(t, W) = 7(s,0))]

wWEZ? w 622

= > o) E[7(t,w) — 7(s,w)[’]

weZ?

It follows by It6’s isometry and interpolation (B.5.1),

E[[7(t,w) = 7(s,w)[7] < Z dm\Hilm( ) = HIL @) S 1t = s |wf”

Jji=1J =00

and therefore uniformly in z € T?,
EHAqT(t,Q?) — AqT(S, SL’)|2] S ’t _ S|72q(2+27).

To summarize, we obtain by Lemma C.3.8, Lemma 2.2.6 and the arguments above
for each max{1/¢e,2} < p < o0,

[H ' ||g%/2—5C717773g]

< sup Jr—s| P2 Y i) / E[J At 2) — A1 (s, )22 da
TZ

s#te[0,T] geN_;
< sup [t =[P ol[g, e Yo 27T sup Bl|Agr(t @) — Agr(s, x) PP
s#t€[0,T] geN_; z€T?
Sllole e Do 277
qeN_;

S llolley re

(2.2.4)
which we can generalize to p € [1,00) by Holder’s inequality. In particular it follows
by Lemma 2.2.6 that 1 € C7/*>7°C~1-7-3¢(T2) almost surely, where ¢ € (0,v/2) can
be chosen arbitrarily small.

Next we show that the approximating sequence (1%)ss( is more regular if o €
CrH?(T?). In Fourier space,

Z > dI/V]1 (ur, M) (u, w — my)(6my ) Hi, (w). (2.2.5)

]1 1 M1€ZQ 0

We apply It6’s isometry, the triangle inequality and interpolation (B.5.1) to estimate
E[(19(t,w) = 15(s,w)) (10(t, ') — To(s5,0)) ]|

S = sl Mlolleme D0 (14 lw—mal*) 7 (1 + o' —ma[*) 71+ [dma]*) 7,

mi €72
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where we used that |7(u,w)] < (1 + |[w|*)"!o|lcpnz uniformly in u € [0,7] and
w € 7%, and that (1 + 22)Y2|p(z)| < |||z~ uniformly in 2 € R? (the latter of
which we leave implicit.) We may assume w,w’ € Z? \ {0}, since ﬁ(t, 0) =0. We
decompose the sum over m; € Z? into the domains m; = 0, m; = w, m; = w’ and

my € Z*\ {0,w,w'},

> (Mt fw—ma )L+ o’ = mal*) 7L+ |oma )

mq €Z2?

< Jwl w7740 (1w — ) T (w7 w7

"‘(572 Z |w—m1|*2|w’—m1]*2]m1|72.
m1 €22\ {0,w,w’}

We estimate the sum over m; € Z?\{0,w,w'}. Assume w =/, then by Lemma E.1.5
and (E.1.3),

Yoo w7 S w2
m1€Z2\{0,w,w’}

Assume w # W', we apply Lemma E.1.4 to estimate for ¢ < 1,
Z |w - ml‘—Q‘w/ . ml‘—2‘m1‘—2 5 ’w o w/|—2+5<‘w‘—2+25 + ’w/‘—2+2£)'
my €Z2\{0,w,w’}
Having established the decay of the Fourier coefficients, we can bound the
Littlewood-Paley blocks. Let ¢ € N_;, we obtain uniformly in € T?,
E[[A 1 (t, ) — A1 (s, 2)[’]
<> aw)eg@)|E[(19(tw) = 19(s,w)) (19t w) = 19(s,w))]|
w,w'€Z2\{0}
S (L4072 lol[E gt — s[720745),

Consequently, by Lemma C.3.8 and Lemma 2.2.6 for all p € [1,00) and € € (0,7/2),

E[ 17 77 S (14672 ollepe

C;/275677,45

and in particular, 19 € C3/>7°C~74¢(T?) almost surely, where ¢ € (0,7/2) can be
chosen arbitrarily small.
To deduce lims_,oE[||1 — '5||p$;6a+1]1/p =0 for all p € [1,00), @ < —2 and

k€ (0,1/2), et v € (0,1], € € (0,7/2), max{1/e,2} <p <ocand 0 < ¥ < ¥ < 1.
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We use Nelson’s estimate (Lemma C.3.8) and Kolmogorov’s continuity criterion

(Lemma 2.2.6) to bound

E[t -1 ]

C¥/2*5c—1777673a

T T
< / / [t — 5| 220279 3 gra-1-a-v=)
0 0

qeN_1

. / E[JA, (1 = 19)(t, 2) — Ay(1 = 19)(s, 2)[27/2 dz ds dt.

We then use Lemma C.3.6 to bound
E[|A (1= 1) (t, ) — Ag(1 = 1°)(s,2)*)

2 0o
SN = elEllolzpe Yo 0w >0 [ dun(l+ 20w | HL,, (w) — HIL, (@)

weZ? Ji=17J =00
Using the same estimates as in the derivation of (2.2.4), we obtain
E[|Ag(1 = 19)(t,2) — Ay (T = 1°)(s,2)

S8t — sl = elEallolZ e Do 0g(w)?(1+ [27w]?)’w]®

WEZ2
S0t — s |1 = @lEallo By an 229,

Therefore,

E[|t— 1|7 ]

C%/Q—Ec—l—w—ﬂ—Ba

T T
< 5p19’||1 — QDH%IHUHZ'THl / / [t — S|—2+pa dsdt Z 9—pge
0 0

qeN_;

S L = @lleallo e

p
C%/Q_chlf'yfﬁff}s

which implies lim;s_o E[||T — 1°]| ] = 0. An application of Hoélder’s
inequality allows us to deduce the convergence for all p € [1,00), where ¢ and 9 can

be chosen arbitrarily small. This yields the claim. ]

The convergence of the other approximations in X° is analogous. The only cru-
cial observation here is that we can choose ¢ and 1 arbitrarily small when applying
Lemma C.3.6, which ensures that the various applications of Lemma E.1.3 in the

proof of Theorem 2.2.2 carry over. Hence, we will only show the existence of X

and X¢

can’

the second part of Theorem 2.2.2, that is, the convergence X° — X,

then follows as above.
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2.2.2 Feynman Diagrams

As demonstrated by (2.2.2), we may construct objects derived from white noise
as (iterated) stochastic integrals. However, as we continue to multiply terms to
build the enhancements of Theorem 2.2.2, we need to apply [t6’s product rule to
increasingly complicated expressions. To implement this procedure efficiently, we use
an extension of a graphical representation that was developed by [MWX17; GP17],
which relates our stochastic objects to Feynman diagrams.

We make use of several types of vertices, which will be introduced throughout
this subsection. A root @ (t,w) represents the argument (¢,w). A circle o denotes an
instance of stochastic integration in time against a two-dimensional Brownian field
with heterogeneity o. Graphically this integrator is given by

(ul’m’mwl Z Z Z dI/VJ1 (ur, my)o(up,w; —my)...,
w1€Z2 j1=1m;€Z?
where the placeholder ... stands for an integrand in wuy, wy, my, j;, which is to be
determined from the remaining diagram.

Generally, circles are enumerated by k£ € N and equipped with tuples of dummy
variables (uy, wy, My, Ji), where ug € (0,00), wy, € Z?, my, € Z* and j = 1,2, which
we point out explicitly for the reader’s convenience. We refer to the w, w; as the
frequencies and the my, as the modes. We denote coordinates of those by superscripts.

Vertices are connected by different types of directed edges, i.e. arrows, that rep-
resent integrands. Black arrows (¢,w) == (uy,wr,ms,jx) are associated to the integrand
Hgﬁuk (wk), which is the Fourier multiplier appearing in V - Z. Highlighted arrows

(6.0 23 (ur o mi o) fOT § = 1,2, are associated to GY(wy) Hi*,, (wy), where
Gj(wk) = 27Ti¢di|27ﬂ,dk|_2]lwk7go

is the multiplier for 0;®. The direction of an arrow indicates the smaller time
variable uy in the integration. Furthermore, if a single arrow emerges from the root

e (t,w), we multiply the integrand by 1,—,,.
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For example by applying those rules, we can represent (2.2.2) as

(u1,w,m1, 1)

= T = % [ an o m)stuw — m)Hi, @),

(1) r=tmez2 70

and VPy as

(u1,w,m1,j1)

bt = S X AW m)a o m) G HE )

j1=1myez2 Y0

In particular if w = 0, then H}(w) = G9(w) = 0, hence we may assume w # 0
whenever it appears in either multiplier.

As a general rule, black objects in our diagrams are associated to scalars and
highlighted objects are associated to vectors. Our arrows have highlighted ar-
rowheads, indicating that they act on vector-valued objects. On the other hand,
the type of object they return is determined by the arrow shaft. Accordingly,
(t,w) = (ug, wi, mk, k) produces a scalar and (¢, w) = (ug, wx, my, jx) & vector.

The existence of V-Z[1V®4] is not guaranteed by Bony’s estimates (Lemma B.4.1)
since 1 € C7C~'7(T?) and hence V®y € C7C (T?;R?). In order to construct such

non-linear objects, we formally apply It6’s product rule to identify the candidate

Fourier transform. Let n € N and assume a4, ..., a, € N are distinct. We denote by
Y(ay, ..., a,) the permutation group of {ay,...,a,}. Let wi,w, € Z?%, we compute
FVe)(tw.j) = D Mt,w)0;Pq(t, ws)

wl,wQGZQ

w=w1+w2

- Ty oy [ [T ¥

w1,w2€Z2 J1,j2=1m1,mae22 Y0 c€X(1,2)
w=wi+w2

3(U<(1),w<<) mc(l)) (Us(2), We(2) — mc(z))Hf(uZ(l)( (1))Gj(w<(2))Hfg(Z)<2)(wc(z))

+ Z Z Z du10 (uy,w; —my)o (ul,wQ—i-ml)Ht ul(wl)GJ(wg)Htj uy (W2)

w1,w2€Z2 j1=1m€Z?
w=w1+w2

= R (t,w,j) + O (t,w, ).
(2.2.6)

The symmetrization of the first integrand is a direct consequence of the It6 product

rule. Note that in the second term, j; = jo, u; = us but m; = —msy, which is a
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consequence of the Hermitean structure of complex Brownian motion. Such a de-
composition of stochastic products into iterated (stochastic) integrals is often called
a Wiener chaos decomposition after [Wie38], see [Hail6; MWX17] for more details.

To represent X let us extend our graphical rules. Two arrows emerging from
a common vertex represent a convolution in Fourier space. Their integrands are
multiplied, but are related by the Kirchhoff rule [MWXI17]: each vertex v has a
frequency w or wy which is part of its variables. This frequency will be called
ingoing at the vertex v. An ingoing frequency at a vertex v is outgoing for the
vertex w, if there exists an arrow pointing from w to v. A vertex is called internal, if
there exists an arrow emerging from it. The rule states that at each internal vertex,
the ingoing frequency (e.g. w above) equals the sum of the outgoing frequencies (e.g.

w1, wy above). In graphical notation,

(u1,w1,m1,j1) (UQ,OJQ,TTLQ,]Q)

oV o
B = Lot Hi o, (w1) G (w2) HIZ,, (wo).

Those arrows will target the integrators o (ui,wi,mi,j1) and o (uz,ws2,m2,j2) which will
be multiplied and integrated over. The integral is then restricted to the simplex
u; < ug to ensure that the integrand is adapted. To obtain the integral over the
full domain, we symmetrize the integrand by permuting the indices that appear
in the simplex. For example,
(u1,w1,m1,j1) (u2, w2, m2, j2)
(o) o}
o/; = P (t,w,j)
(t,UJ) ) 7]
is the first object in the decomposition (2.2.6).
Next, let us discuss O. As can be seen in (2.2.6), instances of Lebesgue in-
tegration arise through It6 correction terms. Itd corrections will be denoted by

contractions, i.e. two arrows pointing at different vertices o and o are merged at a

common vertex . Graphically,

o O .
,\ /\ are contracted to ()
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Using the orthogonality of (W7(u,m))y>0mez2j-12, we can identify some of the
dummy variables of the two vertices that are being merged. Indeed as in (2.2.6) we
set j1 = Jjo, U3 = ug, my = —my, but leave wq, ws as they are. To make it easier for
the reader to discern the multipliers attached to each arrow, we give both tuples of
dummy variables, even after the contraction. Graphically,

(u1,w1,m1,j1) (u2,ws, ma, j2) (u1,w1,m1,51) (w1, w2, —m1, j1)

o o} o
,\ /\ are contracted to ()

This results in the diagram

(u1,w1,m1,j1) (u1,w2, —m1,j1)

J

—

).(
oo = O(tw.j),
which is the It6 correction in the decomposition (2.2.6) and coincides with the mean,
O = E[1V®d,]. Diagrams carrying contractions are often called Wick contractions
after [Wich0], see [GP17] for more details.

Depending on o, O may be infinite. Hence, we consider the renormalised en-

hancement, where we only keep the first term X of the decomposition (2.2.6) to

define ¥. Formally, this is equivalent to subtracting the mean as a counterterm,
P =1VDy —E[IVD,].

This identity can be made rigorous with suitable regularization and limiting proced-
ures, see the discussion of the canonical enhancement at the end of this section.

Another source of Lebesgue integrals is the concatenation of the Z operation. We
obtain arrows pointing at other arrows, connected through a vertex ». We multiply
their integrands and make sure to respect the Kirchhoff rule. The multiplier of the
incoming arrow will be determined by a tuple of dummy variables (ug,ws, ji) at the
connecting vertex. For example, V - Z[V®4] can be expressed as

(u2,w, j2)

F(V-IIVP])(t,w) = (t,w) @=—e—0 (u1,w,m1,j1)

2 t u ] ) ) )
= Z Z OduQ/O AWt (uy, my) o (ur, w — mq) H? ,, (w) G2 (W) H}, ), (w).

J1,j2=1m1€7Z2
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The renormalised stochastic object ¥ = V - Z[1V®y] — E[V - Z[TVP,4]] can then

be expressed as

(u1,w1,m1,51) (u2, w2, m2, j2)
o o

o (u3,w1 + wa,j3)

Y(tw) = !

(t;w)

2 t us ) ug )
= Z Z Z dU3 / dW7? (UQ, mg) / dWw (ul, ml) Z
0 0 0

w1,w2€Z2 J1,J2,J3=1 m1,mo€Z? c€X(1,2)
w=w1-+w2
G (1, w1 —m1)5 (ug, ws — ma) HEZ,, (w1 + wa) Hyg D ) (we(1)) G (W) HusZ, o) (woi2):

In fact, we will not construct X in itself. As we will see in Lemma 2.2.9, ¥ can
be constructed as a continuous function in time that takes values in a space of distri-
butions. On the other hand, we do not expect Y to admit pointwise-in-time values;
instead we expect it to exist as a proper space-time distribution, which resembles
the situation discussed in [MWX17, pp. 23-24 & pp. 32-33] and [CC18; HM18§].

A particular variant of the root @ is the vertex ® which arises through applications
of the resonant product. The vertex © relates the frequencies of the arrows that it
joins through the ~-relation defined in (1.2.4), see also [MWX17, (64)].

Let us consider more complicated objects. We have the Wiener chaos de-

composition
=+ ryv+v+9 %

The contractions %3 and Q@P that one might expect are absent in the renormalised
enhancement due to our definition of ¥ = V - Z[tV®;] — ?.
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We express the third-order Wiener chaos term Q@’ as follows. For j =1, 2,

(u1,w1,m1,j1) (u2,ws, m2, j2)
o o

o ,\/‘u,w,m )
q@’(t,u%j)i (us, w1 + wa, j3) ,\/4\ 4, M4, j4

2

=) 2 2

w1,w2,wi€Z2 J1,J2,33,J4=1 m1,ma,ms€Z?
w=w1+w2+w4q

4 u1
/dU3/ dWJ u4,m4)/ del(ul,ml)/ de2(u2,m2) Z
0 %(1,2
7w

4)

& (w1, wi — m1)G (g, W — Ma)& (g, wa — my) HE,, (weqry + we 2)) )G (we(2)
X Hfgq‘i)@)(W<(4))Hf¢3(i)ug<1> (Wc(l))HiZf uen We@) D ar(we) + W) a(We)).
k,leN_1
k—1|<1

The diagrams qg and % may not exist in themselves, but the summed object
% = (% + (% does. Its iterated integral representation is given by

(Ul,whml,jl) (ulawlvmlzjl)
o o

_— ( T nia) (u2, w2, m2, j2) ( o) (u2, w2, m2, j2)
. U3, w1 T w2,73) e 4 _ ; u3, w1 +wz,73) e d _ ;
(t w j) — I\ ;\ (u2,ws, —ma2, j2) + [\ (u2,ws, —ma2, j2)
J J

(t,w) (t,w)

2 t u3 u3
= Z Z Z dus / duy / AWt (uy, my)
0 0

w1 ,w2,wa€Z2 J1,J2,53=1 m1,ma€Z2 0
w=w1+w2+wq
(w14w2)~wy

& (u1,wy — myp)5(ug, wy — M) (g, wy + ma)(G? (wy) + G7(wy + ws))

X HJ,, (w1 + wo) H ,y (wa) G (1) HY oy (1) HI oy (w2).
We will show in Lemma E.1.1 that the resulting factor G’(wy) + G’ (w; + ws) has
better decay in w, than G’(w,). This is due to the symmetry of G7, which allows
us to write GV(wy + wo) + GZ(wy) = G/ (w — wy) — G/(—wy). The improved de-
cay leads to the well-posedness of (% and is a higher-dimensional analogue of the

product rule discussed in (2.1.3).

Remark 2.2.8. One could simplify the contraction by using the identity

Z 5(u2, Wy — mg)ﬁ(ug, Wy + TTLQ) = (;'E(UQ, Wy + w4). (227)

mo €72
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This idea would allow us to derive bounds in terms of ||0®|| ¢3¢ rather than |[o |2, ;-
However, (2.2.7) is no longer applicable in our prelimiting enhancement due to
the cut-off p(dms) (cf. (2.2.5)). Instead we use direct estimates that do not rely
on (2.2.7).

The remaining diagrams q@% % and c% are similar to the ones given above.
We extend our graphical rules to incorporate the operator 0,Z for [ = 1,2. An
indexed black arrow pointing at a scalar object (., s (u,,w,) is associated to the mul-
tiplier H]_, (w). On the other hand, a doubly-indexed, highlighted arrow pointing
. ) : . j !
at a scalar object PR ILEINSRS associated to G’(wg)H;_,, (Wi)-

The remaining object in the enhancement is vy ; for k,j7 = 1,2. We consider

the Wiener chaos decomposition

Vi = W k) + e (k) + (F (kj) + B (k, j)).

The first term is given by

(u1,w1,ma,351)
o

e (tw k. j) = (o 2 2T 2)
s W, v, &@/j\
(t,w)

S Sy [ v [

w1,w2€Z2 J1,j2=1 m1,ma€Z2 s€X(1,2)
W=w1+w2
w1 ~w

& (ur,wy — my)6 (ug, wy — ma)HY . (%(1))Hi2(i)u<(1) (we())G? (wg(2))Ht]i(§)§(2> (We(2))

and the second term (\f is again similar. We consider the contractions as a summed

object ¥ = ¥ + ¥. We obtain

. (ug,w1)  (u2,w1,—ma,j2) (ug,w1)  (u2,w1,—ma,j2)
F(twk, j)= '7’ (ug,w2,m2,j2) | '7’ (u2,w2,m2, j2)
( J) 2\@ ’ N

(t,w) (t,w)

2 t us3
= Z Z Z d“3/ dued (ug, wi + ma) (uz, wa — Mm2)
0 0

wi,w2€Z2 j2=1 mo€eZ?

Yot x (G7(wa) + GY (W) H,

(wl)Hj2

U3 —u2

(M)Htjiug (W2)~
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We can define approximate diagrams as in (2.2.5) by multiplying the cut-off
w(dmy) (cf. (1.2.6)) to each instance of the noise o(ux,wr,ms,jk). In general, we de-
note the regularization of a diagram by a superscript . The canonical enhancement

X0 = (1%, N9 is then built from regularized noise terms, but retains
the diverging sequences that are removed in the renormalised enhancement X. Re-

peating (2.2.6), we may consider the decomposition of the diagram with cut-off,
Yo, = V-Z[1°Vdy] = Y7 + 97,

where 99 = E[V - Z[1°V®y;]]. In addition to Y%, we also have to control the mean,

(u1,w1,m1,j1) (u1, w2, —m1, j1)

(5

(u3,w, js)
(t,w)

2 t us3
= X 3 % [ du [ dudtuen - mia(, e+ m)lem)?
0

wl,w2€Z2 J1,73=1 m €72 0

wW=w1+w2 X Htji ( )Hié ul(Wl)ng(w2>Hjl (wQ)’

u3z—ul

Including 9° in Y2, generates additional terms in the decomposition of “°

can_ wa—i_%) _'_%)

5
The diagram %O is given by

can?

(u17w1,m17j1)(u1,w2, mlvjl)

— (U4,W4,M4,J4)
J . (usz, w1 +w27J3)('5

t’w7] =
QP (t,w, ) j

(t,w)

2 t t us3
= Z Z Z AW (uy, my) / dus / duy
0 0

wl,wz,w4€ZQ J1,J3,Ja=1 m1,m4€ZQ 0
w=w1tw2+w4
(w14w2)~wa

7 (u1, w1 —mq)o(ug,ws + mq)o(uy,wy — m4)\g0(5m1)|2g0(5m4)

x HE . (wi + wo) G (wy) HEY,, (wa) HIL . (w1)GP (wo) HIL ., (w2)

5
and Q@O is again similar. Here, we have implicitly changed our graphical rules

to include the cut-off.
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2.2.3 Diagrams of Order 2 and 3

In this section we construct the second-order diagrams ¥, (\P and (\@9 and the
third-order diagrams QQD and QQD

Lemma 2.2.9. Let T > 0, a < =2, k € (0,1/2) and 0 € CpL>(T?). Then
for all p € [1,00) we have E[”YHPX;CQQH]VP S llollgpre and in particular ¥ €

LEC?T(T?) a.s.

From now on we denote ¥ = ¥ to emphasize the separate roles of colour
and shape. We first derive a useful upper bound on the second moments of Y
in terms of an explicit, time-dependent function Ss,tY. We call this function the

shape coefficient.

Definition 2.2.10. Let s,t > 0 and wy,wy € 27Z* \ {0}. We define the shape

coeflicient

u;g/\u3 ug/\u3
StY (wy,w) = / dU3/ du3/ / duy (2.28)

—|t+s U3+u3)||w1+w2\2 —|ug,—|—u3—2u1||w1|2 —|uz+uf—2us||ws |?
)

and the increment shape coefficient

Ds,tY = St,tY + Ss,sY - Ss,tY - St,sY- (229)

Here, the letter S stands for shape and the letter D for difference. It will be clear
from the proof of Lemma 2.2.11 that Ds,tY > 0.

Shape coefficients play a central role in our bounds, as they capture the iter-
ated applications of V - Z; they fundamentally depend on the shape of the diagram,
as opposed to the additional colouring induced by V®. Using this notation, we

obtain the following bound.

Lemma 2.2.11. Let s,t € [0,T], x € T? and q € N_;. It holds that
E[AY(t,2) =AY (s, 2))

Sllole,re D0 o) 30 lwilPlwel *[{ws, w1 + w2 PDs Y (211, 27wn).

weZ? w1,w2€Z2\{0}
w=w1+w2

(2.2.10)
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We refer to the prefactor |wy|2|ws| 2| {ws, wi + ws)|? as the colouring of Y.

Before we give the proof of Lemma 2.2.11, let us comment on its general strategy.
In Y, C‘Q) and QQJ, it does not suffice to apply the triangle inequality to push the
absolute value past the integral sign. This is related to the appearance of the sub-
diagram S, which we do not expect to be pointwise evaluable. Instead, we rely on

bilinearity and expand the integrand according to the identity

which leads to the common equation for this type of shape coefficient,
Ds,t - St,t + Ss,s - Ss,t - St,s-

We refer to Lemmas 2.2.15-2.2.19 for instances where we can simplify our calcula-

tions by applying the triangle inequality.

Proof of Lemma 2.2.11. Let s,t € [0,T], x € T? and ¢ € N_;. An application
of (C.3.1) yields

ElIAY(t,2) =AY (s,2)] < llollg, ~ElAY (t2) = A Y (s, 2) ]

where Y is defined by

—

2 t us u2
Y(t,w) = > > dU3/ deQ(UQ,Wg)/ AW (uyg, wy)
0 0 0

w1,w2€Z2 J1,32,J3=1

w=w1+w2
X0 HP (s + wo@) Huy P ) (Wo) G (o) Huy o) (we2))-
ceX(1,2)
Using that
E[Y(t,w)Y(s,w’)}: 0 if w#uw e€Z?
we obtain

EIAY (o) - AY (5,20 = Y ow)E[[Y(t,0) - Ys,0)[ ]

weZ?
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It follows by an application of It6’s isometry and Jensen’s inequality,

< 2

E[[Y(t,w) — Y(s.0)|]
> zz/ZdUQ/Zdul/omdUS/O“dug

(1.)170-)2622 jl:j27j3?jé:1
w=w1+w2
(Hgiu3 (Wl + (JJ2) - Hgiu3 (Wl + w?))Hljilsfiu (wl)Gj3 (WQ)HZ;7UQ (Ldg)

-/

X (H[, (w1 +wn) = HE, (wi +wa) ) HI ., (w1) G (w2) HE ., (w),

3
where we used that the complex absolute value of z € C is given by |z|> = 2z.
Recalling the definition of Ds7tY from (2.2.9), we obtain
G G 2
E[[Y(tw) - Y0 ]S > fwnPlwal 2wz, wr + w2)[PDa s Y (2mwn, 2mw,).
wl,wQGZj\{O}
w=w1+w2

This yields the claim. [

To evaluate the integrals in Ss,tY, we use a case distinction over (w; L wq) and
—~(wy L wy). We can then find explicit expressions for D, Y via (2.2.9), which can
be used to derive the necessary bounds. This is the content of Lemma D.0.1. We

can now give the proof of Lemma 2.2.9.

Proof of Lemma 2.2.9. Let T > 0 and v € [0, 1]. To decompose the right-hand side

of (2.2.10), we introduce the orthogonal sum

E- H?(t’ w) = ?<S’w)ﬁ = Z ’W1’2‘W2|72|<w2, wy + w2>|2D37tY(27rw1, 27wy)

w1,w2 EZz\{O}
w=w1+w2
w1 lws

and the non-orthogonal sum

E H?<t’ w) — ?(S’ w)m = Z |wr ||| 72 (wa, wi + w2>|2Ds,tY(27rw1, 27Tws).

w1,w2€Z2\{0}
w=w1+w2
—(w1lws)

We obtain the decomposition
E[AY (1, 2) = A (s, )]
Slollbyie X a@?(EH[Ytw) - Yo ]+ B[ Yo - Yewf]),

weZ?\{0}
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where we used that Y'(¢,0) = 0. In the orthogonal sum E*, we obtain by
Lemma D.0.1,

Do Y (2mwr, 2mws) < [t — s[7|wi| 7 |wa|*wn + wa| 7,

so that

B[ Y(tw) - Yo ] st =sllel > ¥ 1,

w1,w2 EZZ\{O}
w=wi+w2

w1 lwso
where we used the orthogonality (w; L ws) to identify |{wy, wi +ws)|? = |we|*. Using
the orthogonality again, we obtain the bound |w;|* < |wi|* + |ws|*> = |w|®>. By

applying (E.1.1) to the finite sum over w; € Z? \ {0}, |w1| < |w|, we arrive at
G G 2
B[t w) = Yis,w)| | S It = s[7w| 2.

Next we consider the non-orthogonal sum E~. Lemma D.0.1 implies
D, Y (2mwy, 2mws) < |t — |7 |wi |72 |wa| 72wy 4 wo 2
|t = s e [ o P ler + w7,

and an application of Lemma E.1.3 yields for each v € (0,1) and € € (0, (2—2vA1)),

ap ap 2
E'[Ytw) - Yew|[]St=s 3 (w2 wa| 7 + wwr] Jwa|2)

w1,w2€Z2\{0}
w=w1+w2
—(w1lws)

< ‘t o 5’7’w’72+2v+25’

~Y

where we also used the Cauchy-Schwarz inequality to control [{ws,w; + wa)|* <

~

|wa|?|wi + wal?. Applying these results to the bound (2.2.10), we arrive at
ElAY (8, 2) =AY (s,2)F] S [t = s| o6, 1029772,

which is uniform in z € T2, Assume in addition € < /2. Using that Aq(Y) denotes an

iterated Itd integral, we obtain by Lemma C.3.8 and Lemma 2.2.6 for all p € [1, 00),

BV, e, 77 S N0l

and therefore Y’ € Z5CO(T2) a.s. for each € (0,1/2). O
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Next we consider the third-order diagrams QQJ and q@

Lemma 2.2.12. Let T >0, a < =2, k € (0,1/2) and 0 € CrL>®(T?). Then for all

p € [1,00) we have
Ypcsare] P+ E Hqﬁougﬁci’)aw Y2 S ol pe
E[| e I
and in particular qg) , qg) € LrC3T6(T% R?) a.s

Proof. The proof of this lemma is similar to the one for Lemma 2.2.9, so we only

provide a sketch. The key idea is to consider the shape coefficient
Ss,t\o (w1, wa, wy) = Ss,tY(wlaWQ)Ss,t'(w4>a $,t >0, wy,ws,wy €217\ {0},
where the factor SMY was already defined in (2.2.8), and S, ¢ is given by

SAt
Sett(ws) = / dugeTtvalloa? o —ls—ualloa® — 1’w4|_Qe_‘t_s”“’4‘2.
S, . 9
The factorization 587,5\0 = SS,tY S, 1 follows since there is no arrow pointing at
the common root between the vertices labelled by uz and uy.

We can then find explicit expressions for D57t\<), which we use to bound the
second moments of qgo and qu The claim then follows by (C.3.1), Lemma C.3.8

and Lemma 2.2.6. O
We can also show the existence of the diagrams c\f and N’

Lemma 2.2.13. Let T >0, a < =2, k € (0,1/2) and 0 € CrL>(T?). Then for all

p € [1,00) we have
B[P [yl ”? + BN NP pzans " S ol 1
and in particular(\ff\d) € LrC2H (T2 R22) q.s

We define a shape coefficient for (v and (\db Since those do not contain the
problematic sub-diagram S, it suffices to push the absolute value past the integral
sign. We denote this fact by the letter A for absolute value. In particular, we may

bound every integral over [0, 00) by (—o0, 00), which simplifies our calculations.
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Definition 2.2.14. Let s,t > 0, wi,w),wy € Z*>\ {0} and k, k' =1,2. We set

ASE N (wr, Wi, ws)
2 00 00 00
=3 [ dw [ du [ A ) B )~ HE ) )
j=1J —00 —00 —00
X | HE () H oy (w3) = HE (W) HI Ly (2)].
We can then bound the second moment of V in terms of this object.

Lemma 2.2.15. Let s,t € [0,T], x € T?, k,j = 1,2 and ¢ € N_y. It holds that

|Aq(vtxkj q(\f8$kﬂ

< ||U||4CTL0<> Z gq(w)2 Z |w2| 2Ast V(wl,wl,w2)

wEZ2 LUl,LUQEZZ\{O}
w=w1+w2
w1 ~w2

Proof. The claim follows by an application of (C.3.1), It6’s isometry (Lemma C.3.3),

the triangle inequality and direct computation. O

Proof of Lemma 2.2.13. We provide a sketch. The shape coefficient is controlled in
Lemma D.0.3, we can then use fairly direct estimates and apply Lemma C.3.8 and
Lemma 2.2.6 as before. We observe that (\@O differs from (\@O only in its colouring
of the w; and w, arrows, with the sum of the exponents preserved. Consequently by

the same arguments as for (\O, we can also construct (\@O ]
2.2.4 Wick Contractions

In this section we construct the contractions %, %, % = % + % and

T =V +9.

The diagrams %, % differ from %, % and ¥, ¥, despite their similarity
in structure. The first two are well-defined, since two applications of V& appear
inside the ¥ -shaped sub-diagram. This is not the case for %, % and ¥, ¥ as
one may tell by the distribution of highlighted arrows.

However, by adding the problematic diagrams, % = % +% and ¥ =V+9
we can make use of the symmetry G7(wy) = —G?(—wy), for all j = 1,2 and wy € Z2,
to establish the existence of the summed objects.

We define a shape coefficient for those diagrams.
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Definition 2.2.16. Let s,t > 0, wy,wq, w3 € Z>\ {0} and k = 1,2. We set

Ast v (wh Wa, w3)

=3 [ w7l ) ) = HE o) () )]

In Lemma 2.2.17 we establish the existence of %, %, % and in Lemma 2.2.18,

we establish the existence of ¥.

Lemma 2.2.17. Let T > 0, a < =2, k € (0,1/2) and 0 € CyH?*(T?). Then for all

€ [1,00) we have

E[I88 [%scsess]/? + BN Inesass] 7 + IR Wnesass] 7 S lollorrellollme
and in particular N, g, g € LFC*(T%R?) a.s

Lemma 2.2.18. Let T > 0, a < =2, k € (0,1/2) and 0 € CrH*(T?). Then it
holds that § € LrC?*T4(T?%;R?*?) and

1% || gczats S MlolEpae.

We first show Lemma 2.2.17. Let us focus on (%, the derivation for % and

% is similar, but easier.

Proof of Lemma 2.2.17. Let s,t € [0,T], x € T?, j = 1,2 and ¢ € N_;. An applica-
tion of (C.3.1) yields

E[Ag (t2,7) — Ag (5,2, )] < 0], 0Bl A (8,7, 5) — A, % (5,7, §)|7]

where g is defined by

—

B (t.w,j)
= > }2: 3 tdu3/OU3du2/0udej1(u1,w1)

w1,w2,w4€Z2 J1,92,J3=1 mo€Z2 0
w=w1tw2+twq
(w1+w2)~wa

?7(uz, Wy — mg)ﬁ(uQ, W4q + mg)(Gj(UJ4) + Gj(W1 + WQ))HgEuS (w1 + UJQ)HgEu2(W4)

X ng( )Hié ul( )Hf; uz( 2)'
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Using the definition of the Littlewood—Paley block A, uniformly in z € T?,
E[|A, % (t.7.4) = A, (5. 7.4)

< Y awe@)E[(S % %

3 E[(®tw.) - B s00) () - Few)]|

We apply 1t6’s isometry and a decay estimate (Lemma E.1.1) for the symmetrized

elliptic multiplier G’ (w; + wo) + G¥(wy) = G (w — wy) — GI(—w,). We obtain the
bound
E|A g (t7,) = Ay g (5,7, )]

Slollerelolicme 322 e@e@)lwllw| 32 > XX

w,w'€Z2? w1,wa,wa €Z2\{0} wé,wieZz\{O} J3,74=1ma,m,eZ?
w1+w2€ZQ\{0} wl—i-wéEZQ\{O}
W=w1twetwa =gy +whtw)
(rbw2) o o) g

(14 Jwa = maf*) (1 4 fwhy = m5[*) 7 (1 4 fws +maf*) (1 + |w) + m5 ")~
X for || = | o’ = wi (1 fwllwa T+ o lwi] )
x Ag?tv (w1 + wa, wa, W2)Ai%tv (w1 + wh, wy, wy).
(2.2.11)
We control the shape coefficient with Lemma D.0.2 and obtain for all v € [0, 1],

Agi‘tv(wl + wo, Wy, we) S|t — s|7|w4|27|cu2]_1.

We can then plug this expression into (2.2.11) and apply Lemma E.2.1 to control
the sums over wy and my € Z?. Let v € (0,1/2) and ¢ € (0,1 — 2v), it follows that

ElA g (t2,5) — A (5,2,5)|]

S lolleprelloloelt = s 32 oq(w)og(w)lw €' [*7F (2.2.12)

w,w'eZ?

X Z 1|21V jw — w1 )72 (L V | — wi]) 72,
w1 €Z2\{0}

Hence it suffices to control the remaining sum over w; € Z?* \ {0},
o AV jw —wr[) LV W — wy|) TR
w1€22\{0}

We distinguish the cases w = w’ and w # . In the case w = W', we decompose the

sum into the regions w; = w and w; € Z*\{0,w}. We then estimate by Lemma E.1.3,

Z |w1|—2(1\/|w_w1’)—4+25 — |w|—2+ Z |w1|_2|w—w1|_4+2€§ |w|_2+25'
w1 €Z2\{0} w1 €22\ {00}
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In the case w # W', we decompose the sum into the regions w; = w, w; = W' and
) b

wy € Z2\ {0, w,uw'},

Y. lwPAV|w —w]) AV W = w]) 7
w1 €Z2\{0}

= (P + o =7 Y | e — wn| TR w7
w1 €Z2\{0,w,w'}

and apply Lemma E.1.4 to bound

Z |w1|72|w_w1|72+5|w/_w1|72+5
w1 €Z2\{0,w,w’}
5 |w o w/|—2+s|w|—2+25 + |w . w'|_2+5|w’|_2+25.

Assume g € Ny and w,w’ € supp(p,), it follows that 2¢ < |w| < 27, 29 < || S 29

and if w # W’ then 27 < |w — W'| < 27 as well. We obtain by (2.2.12),

E[|A g (t2,5) = A 8 (5,2, )] S N0l1&pzme0]E et — 772747459,

Assume in addition € < 7, we obtain by Lemma C.3.8 and Lemma 2.2.6 for all
p € [1,00),
H‘%Hm cors) P S o llorr=llollE a0

and therefore qg € LrCY(T?% R?) a.s. for each k € (0,1/2). O
Next we prove the existence of .

Proof of Lemma 2.2.18. Let 0 < s <t <T,w € Z?> and k,j = 1,2. We can bound

the increment

|F (t,w, k,5) — F(s,w,k,J)]

J j
Slole 30 3 G (w2)2+G (w1)]
w1,w2€Z2\{0} mgGZZ 1 + |UJ1 + m2’ )(1 + |w2 - m2| )

w=wi+w2
winrvwo

Aktv (wl,wQ,wl)

We control the shape coefficient with Lemma D.0.2 and the elliptic multiplier with

Lemma E.1.1. Let s € [0, 1], we arrive at
|§(t7w7k7j) - ?(S,M,k .7)|
Sloleaelt = sl 32 X2

w1,w2€Z3\{0} m2 EZQ
w=w1+w2
w1 ~w

(14 |w]fws| ™) |wr | 72+2%
(1+ |w1 + ma|?) (1 + |wy — mal?)
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Let € € (0,1), we bound by Lemma E.1.3,

Z (1 + |C<.11 + m2|2)_1(1 + |UJ2 — mg‘z)_l

WQGZZ
=201+ w1+ > (1 + Jwi +ma ) 1+ |wy — ma|?) !
mo€Z2\{—w1,wa2}
< |w|—2+25
and obtain
¥ (tw k) — F(s,w,k,j)]
Sllollzaelt = sl®lwl 712 >0 (14 Jwl|wa] ™) e |73,
w1,w2 €Z2\{0}

w=witw2
w1~vw

For each k € (0,1/2), we bound by Lemma E.1.3,
[T (8w, k) — B (5,00, k| S NolEpelt — sl lw] 2242,
It follows directly that

I¥ lege-2nze S ol

and we obtain ® € Z#CO(T? R**?) for each x € (0,1/2). O

2.2.5 Construction of the Canonical Enhancement

5 5
In this section we construct 9° and %3 ) Qf for correlation lengths § > 0. Addi-
tionally, we bound their speeds of divergence as 6 — 0 by a logarithmic rate using

the symmetry of the elliptic equation.

Lemma 2.2.19. Let T > 0, a < =2, k € (0,1), 6 > 0, 0 € CrH*(T?) and ¢ be as
in (1.2.6). Then it holds that

19°)lzpczars S (1V 1og(6™))lellz< lo]Ey 32,
19 czars S (1V (67 og(6 M ellz< llo][E 202

and for all k € (0,1/2), p € [1,00),

5 B )
E[IQp Fresare]/? S (1V10g(6"Nellze ol crr=llo 12 a0

and

0 _
E[IQp I1pcsar]? S (1V 1og(6 NlgllEx loller o o1l 5e-
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Proof. We first establish §° € .2~C°(T?). Let s,t € [0,T), w € Z* and & € (0,1).
It suffices to consider w € Z*\{0}, since ﬁ(t, 0) = 0. We symmetrize the contraction.
Changing the roles of wy, wy in the definition of é\‘s(t,w) and using that ¢ is even,

we obtain

_ 1 2 t u ~
Q(t,w) = 3 > > i du3/0 duy 5 (uy,wy — mq)o(ug,ws + my)

w1 ,w2 cZ? j1,33=1 m €72
w=w1+wsa

X | (8 ) [P H2., (w) Hi oy (w1) Ho —y (w2) (G2 (1) + G¥2 (w3)).
We apply the triangle inequality, Lemma E.1.1 and (B.5.1) to bound
199(tw) — #9(s,0)]
A wl|w —wr )
< 2 o012 +— slFlwl2e Jwor | '
~ HQDHL HJHCTHQ‘ | ’ ’ Z Z (1 + ‘wl _ m1|2)<1 I |w — W +m1|2)

m1€22 UJ1€ZQ
[m1 <6t w1 g{0.w}

We can now apply Lemma E.2.2 to control the sums over m; € Z?2, |m;| < 6!, and

wy € Z*\ {0, w} for every € € (0,1/2),

—

[90(t,w) — 99(s,0)[ S (1 V1og(67)) [ oIl o2 et — ]| 724252
and so
||?6||$;cf36 S (1V1og(0™ )l Zellol|E, a2
The proof that 9° € .Z#C'~(T?) with a divergence of order 1V (6~ log(d7!)) follows
by a similar derivation, where we skip the symmetrization and use that |@(dmy)| <
(1 + lomal?) 4ol .
Next we establish that %35, Qf& € .5,”%/ 7€ (T2; R?). We first consider %36. We

apply Ito’s isometry, (C.3.2) and Lemma E.1.1 to bound uniformly in x € T?,

|Aq%3t$j q%)smj

S lelillolerellolice D2 eaw)eq(w)

w,w'eZ?

Y Y Y Y Y Y

wa€Z*\{0,w,w'} w1,w2€Z2\{0} w1 wQGZQ\{O} J3,35=1 mi€Z? m|er?
(w—wa)vwy  WmWI=LIFW2 o —wy =0 +w) Ima <671 |my <51
(W' —w4q)~wy

(L + Jor = ma ") (1 + Jwn +ma [*) 711+ fwp = m )71 (1 4w+ my[*) ™

X |wa] 7 |w — wal|w’ — wa[wa ] fwp] (1 + Jw — wallwr |1 + Jw’ — wallwi| )

93,35 / /
X Ag P M (W1 + wa, W) + Wy, wy).
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Assume s < t, vy € [0,1], d > 0 and € € (0,1/2) whose range we continue to restrict
throughout the proof. We apply Lemma D.0.3 to control the shape coefficient and

subsequently Lemma E.2.2 to obtain

‘Aq%’tltj q%osxj

S (1 VI1og(0)) el iellol, e llollepselt = s D olw)o(w)
w,w'€Z2?
% Z ’w4’72’w . w4’72+'y+35’w/ . W4‘72+V+35.

wa€Z\{0,w,w'}
(w—w4q)~wa
(w'—wa)~wa

Assume in addition 6 < 4 — 27, we apply Holder’s inequality,

Z |w4|—2|w o w4|—2+w+35|w/ o w4|—2+'y+35

wa€Z2\{0,w,w'}
(w—w4q)~wa
(w' —wq)~wy

1/2 1/2
S ( Z ’w4’72’w . w4,4+2’y+65) ( Z ’w4|—2|w/ — Wy 4+2’y+65)
0.24622\){0,w} 0.24§Z2\~g0,w’}
W—wq )~wy W' —w4q)~wy
SV W) ZOTEV [w|) T
(2.2.13)

which implies

|Aq%>txj q%JSl'j

S v 10g(5‘1))2||90||?;ooIIUIIQCTLoo||0||éTH2|t — [

x> 0g(w)og(w)(1V [w]) (L v [w )T,

w,w'eZ?

Assume in addition v € (0,1) and ¢ € (0,7/2), we obtain by Lemma C.3.8 and
Lemma 2.2.6 for all p € [1, 00),

B[}’ g r2-cgree] 117 < 1V Iog(6)llelix lolloreellolE,

and therefore %’6 € ZrC(T% R?) a.s. for each x € (0,1/2).
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~ 5 ~ 5 ,
The only difference between %9 and %3 is that the factor G’ (w; +ws) replaces

G7(wy). Instead of (2.2.13), we estimate by Holder’s inequality,

Z ’w o w4’73+'y+35’w/ . w4‘73+'y+35

wa€Z2\{0,w,w'}
(w—w4q)~wa
(w'—wa)~wy

1/2 1/2
< ( Z |w o w4|—6+2"/+66> ( Z |w/ — Wy —6+2’Y+66>
wy €72\ {w} we €Z2\{w'}
(w—wa)~wa (w' —wq)~wy
5 (1 v ’w’)72+'y+35(1 v ‘w/|>—2+’y+3s'
As before, we obtain by (C.3.2), Lemma C.3.8 and Lemma 2.2.6 for all v € (0, 1),

e <4—2y,e<7v/2,0>0andp € [l,00),

5 _
B{IRE 1y amcero)” S (1 Tom(5 )l o e 1106
5
and therefore Qp" € Z5CO~ (T2 R2) a.s. for each x € (0,1/2). O

Remark 2.2.20. We may also construct O° = E[1°V®y;], which is similar to 9 but
without the lower stem (cf. (2.2.6)). However, to obtain k-time regularity, we need
to trade 2x-space regularity in the parabolic multipliers H7,, (wi)Hj,, (wy). We
then sum over wy,ws € Z2, hence we will be stuck with a divergence of =2, where

k is arbitrarily small but positive.

Remark 2.2.21. We can show that 0% = 0, if 0 = 1. Indeed, if we choose o = 1,
then o(u,w) = 1,-9. Consequently on the right-hand side of (2.2.6), w; = m; and
wy = —my. By the symmetrization, we obtain the factor G’(w;) + G?(ws). Using
that G7 is odd and that w; = —ws, we see that this term is zero, so that ©% = 0.

Similarly, 9° = %36 = %35 =0,ifc =1

2.3 Existence of Paracontrolled Solutions

In this section we show the existence and uniqueness of a paracontrolled solution
to (2.1.1) given an abstract enhancement, where the notion of paracontrolled solu-
tion has previously been motivated in (2.1.6)—(2.1.7) and will be made precise in

Definition 2.3.10.
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In Subsection 2.3.1 we consider the solution on small time intervals (Lemma 2.3.12),
which we then extend in Subsection 2.3.2 to a maximal time of existence
(Lemma 2.3.16). In Subsection 2.3.3 we then combine the deterministic solu-
tion theory above with the stochastic existence of the renormalised enhancement
(Theorem 2.2.2) to construct the renormalised solution to (2.1.1) as a random
variable (Theorem 2.3.18, Part 1). We can then show that solutions to (2.1.8)

converge in probability to the renormalised solution (Theorem 2.3.18, Part 2).

2.3.1 Local Well-Posedness

Throughout we fix exponents satisfying the assumptions below. To explain their
usage: p and 3y will be the integrability and regularity exponents of the admissible
initial condition in the Besov scale ng('ﬂ‘z), where ¢ is the microscopic parameter;
a will be the regularity of the space-time white noise, so that almost surely 1 €
CrCT(T?); B measures the regularity of the second Da Prato—Debussche remainder,
w, in the Holder scale and n the allowed blow-up of w at ¢t = 0; 3’ measures the
regularity of the Gubinelli derivative w’; 5% measures the maximal spatial regularity
of the paracontrolled remainder and finally x will be used to denote time regularity.

From now on we fix (a,p,q, 8,5, 8%, Bo, k,71) satisfying
a € (—9/4,-2), q € [1,00],
p € (2/(a+3),0], ge(—-1/2,a+2),
Be(2a—4,(8+1)ARa+5)], B¥e(-a—-2a+p+2), (2.3.1)
Bo€ (B+2/p—(a+3),5%], we((B"—a-2)/2,1/2),
ve (5 vo) ) v () )

One can confirm that the intervals in (2.3.1) are non-empty.

Particular choices of exponents allow us to consider regular and irregular

initial data:

Example 2.3.1. By taking p = 0o, 3y = 8% and n = 0, we can choose as initial data

each pg € ijq(']l‘z), without incurring a blow-up at 0.
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FExample 2.3.2. By taking p = ¢ = oo and § < 2a + 4, we can choose as initial
data each py € C*T1(T?), which is the natural regularity of T and the state space of
p=14+%Y +w.

Ezample 2.3.3. Using that LP(T?) < BY  (T?) (see Section B.2), we can choose as
initial data each py € LP(T?) with p > 2.

Let us fix a T' > 0, we define the space of paracontrolled distributions.
Definition 2.3.4. Let X € Xp" and py € B (T?). We define the space
K K ! K K #
Dr C LirCP(T%R) x L CP (T R?) x (L CP (T R) N 2y C77 (T R))
of distributions paracontrolled by X as those triples w = (w,w’, w#) such that
w=V-Iw e 1] +uw# (2.3.2)
as well as lim,_ow, = lim; wf = po in S'(T%R) and limyow, = VP, in
S'(T?;R?). We equip this space with the metric induced by the norm
lwllg, = max{llwllgy,co 1wl g cors 07 |z 0, ||w#||gzmn‘Tc6#}-

Remark 2.3.5. The Ansatz (2.3.2) allows us to write the mild equation for w# as
w? = Ppy + V - Z|[Q# (w)] with some Q# (w) determined by (2.1.4). We can hence
simplify our estimates by using the space-time regularization of Z. Note that (2.3.2)

is equivalent to the Ansatz (2.1.5) discussed in the introduction, up to commutators.

Lemma 2.3.6. Given X € X" and py € Bg}’q(TQ), the space Dy is a non-empty,

complete metric space.

Proof. To show that Zr is non-empty, we can choose w' = V®p, , w# = Ppy and
set w = V-Z[w'© 1]+ w?. The initial condition is satisfied, since lim; ,o w, = V®,,
in §'(T? R?) and lim,_, wi = py in S§'(T%*R). By Lemma B.5.2 and Lemma B.5.5,
using that // < g+ 1, and ((8 — 5y)/2V 0) + 1/p < n, we obtain v’ = V®p, €
L CF (T R?), w# = Ppy € £5CP(T%R) and

||V¢Ppo||$,;TcB’ S ||V(I)Ppo||Z:;TCﬁ+1 S ||PP0||$;Tcﬁ S ||P0||359q-
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Using that 8y < 8% and (8% — 3y)/2 + 1/p < 21, we obtain w# € ZQ’%;TCB# (T?%;R)
and
HPpOH,g;mTcB# Sr HPOHBI@%-

Since w = V - Z[w’ © 1] + w#, we find by an application of the triangle inequality,
Lemma B.5.2 and Lemma B.4.1, that w € .£5,C°(T* R) and

loll e S 'l peor I lloneas + llw# L s,

where we used that 8 < a+ 2 and 3’ > 0. To show completeness, let (w,,),en be a
Cauchy sequence in Zr. By the completeness of .Z%,C”(T% R) x fn'fTCﬁ/(']I‘Q; R?) x
(ZLrpCP(T* R) ﬂ.,%";;TCﬂ#(T% R)), we obtain w, — w € £C*(T*R), w;, = w' €
Zn’chﬁl(T2;R2), w# — w? € Z5CP(T%R) and wif — w# € ZQZ;TCB#(TQ;R) all
with the correct initial conditions. It suffices to show w = V- Z[w' © 1]+ w* so that

w € Y. Then again by Lemma B.5.2 and Lemma B.4.1,

w,—V-I[w' el —w? = V- I[(w, -w)e+uwf—w? -0 in Z5C°(T%R),

which combined with w, — w € Z-C°(T*R) yields w = V- Z[w' © 1] + w#. O
In the next lemma we show that w@V®y + 10V, is well-defined in Zp x X",

Lemma 2.3.7. There exists a continuous operator & : D x Xp" — CoprC* (T R?),

such that when all objects are smooth,
2w, X)=woVd +160VD,.

Proof. Using the notation €(f,g9,h) = (f© g) © h — f(g © h) (see Lemma B.7.3)
and recalling that S = VZ[1] © V®y + V*Z[®;] ® 1 we can expand the product
into
P(w,X) =C(w,VI[1],VPy) + € (v, V?I[Py], 1)
+(w*+V-Zw @ 1] —w @ VI[1]) © Vd,

+ (V(I)w# +VV. @I[w@” —w'© VQI[QD']) o1+ w'\r,
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where w € Z7 and X € X", In what follows, we establish the bound

122w, X)llcprezess S (1wl g o + 1w g, oot )AF T ogean + [ logezess)”
(2.3.3)

by various applications of our commutator results. The regularity &(w,X) €
CoprC?*T4(T?; R?) follows by the same arguments.

Using Lemma B.7.3 and that 5’ € (0,1), 2a +4 < 0 < 2a + 4+ 3/, we obtain
1€ (w', VI[T], V1)l cy,rcrors St [0l e VI ] opeas2 [V @[l cpeore
and
6, PT84 ], Nl peros o 16/l e IVPT@ 1 leyconssl| epensn.

Further, by Lemma B.4.1, using that 2a +4 < 0 < 8% + o + 2,
[(w? + V- Z(w' © 1] — ' © VI[1]) © Vby |, rcomri
S|w*+V-Zjw e 1] —w' e VI, eorIVPrlcrcare.
To control the remainder, we apply Lemma B.7.1 and Lemma B.7.2, using that
ke ((B* —a—2)/2,1/2) and 8% < a+ ' + 2,

lw# +V - Ilw' © 1)~ w © VI[N, et Srllwtlle, oo + 0/l e [ Vlegeosn.

Similarly, by Lemma B.4.1, Lemma B.7.1 and Lemma B.7.2, using that 2a + 4 <
0<f*+a+2,

(VD4 + VV - q)I[w’@I] —uw' e VQI[(I)”) © 'HCQW;TCQO“M
St (lwlle, pem + 10z ol Hioreor) I Hlereos.
Finally, by Lemma B.4.1, using that 2a +4 < 0 < 2a + 4 + 7,
[0 Nl cprezesa St llW'll e, oo | [l opezata.

This yields the claim. O]

We can now derive a priori bounds for our solution map.
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Lemma 2.3.8. For every X € Xp" and py € BY(T?), let ¥, acting on u =
(u, v, u™) € Dr, be given by ¥(u) = (w,w',w"), where

w=V- -I[w el +w? w=Vd,+ Vb,
w? = Ppy+ V - Z|Q" (u)],

and

O (u) = uVd, + uVoy + YVP, + YVDy + % + V010 Y + Y @V
+10VP¢ +u VP + Vo1 0u+ 10V, + Z(u,X).
Then ¥(u) € Dr and there exists some 6 > 0 depending only on the chosen expo-

nents and the dimension, such that for every T < 1,

maX{Hszchﬁ, [ ] LrCh ||w#||;/2r;7;Tcﬁ#}
S L+ Tllullg)* (1 + XLz~ + llooll g0 ), (2.34)
'L e 5 Nl o+ KL (235)

Proof. We derive bounds for our solution map in several steps. By the same argu-
ments it also follows that ¥(u) € Zr. In the remainder of the proof, we will assume
T<1.

Step 1. The gn’chﬂ(T2; R)-reqularity of w. As in the proof of Lemma 2.3.6, but

this time keeping track of the dependency on T', we see that

~Y

_B=«a _
lwllgr,co S (T2 VT W g, pem | Hlereats + [[w? ]| s cs.

Step 2. The Z5pCP(T* R) and .,%’j];TCﬂ# (T?; R)-regularity of w#. To establish
the 27%-C”(T?; R)-regularity of w#, we apply Lemma B.5.2, using that ((3—5y)/2V

0)+1/p<n,n<1/2,+1<a+p+4and —(a+1)/2VK<1—n,

—(&favg)-1 a3 _ e
lo#ll g, eo S T8 poll g + (TF 71V T [0F (w) o poise.

To establish the XQ’Z;TCB#(TQ;R)—regularity of w#, we apply Lemma B.5.2, using
that By < B#, (8% — Bo)/2+1/p<2n,n<1/2, B#*+1<a+B+4and (B —a—
B—1)/2V &< 1,

on_B%=Bo 1 _BF_a—p1 _
0¥l e ST T poll gy, + (I )0 () o
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Step 3. The CoprCOtPH2(T? R?)-regularity of Q#(u). We obtain by various

applications of Lemma B.4.1, using in particular that 4o +9 > 0 and 5 > —1/2,

[uV Pyl peator S Nulle, e

max{ 1uV Dy [y enninsl| ¥ TR0y s eminie, [14© VY [y scnson,

901 @ ullcypcusss, [11© Vulley, rcussrs
S Tulle,pes X =,
and

ma‘X{ || YV®Y |‘CZmTCa+B+2,|| w ||szTCa+ﬁ+27 ||v®' @ Y ||CQ»,];TCO‘+E+27

|| Y @ V¢' ||CQW;TCO‘+B+27 || ' @ V¢Y ||CQ»,7;TCO‘+£+2}
ST+ (X ).

By (2.3.3) of Lemma 2.3.7, using that a + 5 + 2 < 2a + 4,
12, Dl cypcersns S (g, e + [0l ome )+ [ Vcpeor + 1 opeanis 2

Step 4. The Xn’?TCﬁ/ (T?; R?)-regularity of w'. By definition, w' = V&, + VOy.
Using that 8/ < g+ 1 and g’ < 2a + 5, we obtain

'l S Nl o+ TP ¥ L gemns

Step 5. Closing the bounds. Using that T < 1, we can collect all of the terms
above and cast them in the form (2.3.4)—(2.3.5). This yields the claim. O

While Lemma 2.3.8 shows that W is a map from Zr to itself, it is not a con-
traction for small T, since there is no small time parameter on the right-hand side
of (2.3.5). The remedy is to apply ¥ twice and argue that a fixed point of W°?

is also a fixed point of ¥ itself.

Proposition 2.3.9. Let X € X" and po € BX(T?). Then there exists some
T € (0,T A 1] such that there is a unique solution w = (w,w',w¥) € D7 to the
equation

{ w=V-Iw el +w”, w =V®d,+Vhy, (23.6)

w# = Ppy + V - T|Q* (w)].
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The time of existence T depends only on 1X[|xas Nlpollgo0 » the chosen exponents
p,q

and the dimension.
Proof. Welet T € (0,7], T <1, X € X", u € 97 and define
(U (u), U(u), U(u)?) = ¥(u).

By Lemma 2.3.8 there exists some 6 > 0 such that

ma{ |9 () 2 e, [0l zn oo, [ (@)#] g oow )
! ’ 3

. 2 , (2.3.7)
S (14 Tl ) (1 + XLz + lpoll o ),
and
H\I/(UyH_%;TCB' < ||U||$:;TCB + ||X"X;»H. (2.3.8)

Now denote

(U7 (), T (), U2 (w)¥) = T(u).

By iterating the bounds (2.3.7)(2.3.8), using 7' < 1 to streamline exponents, we

obtain

1% ()2, < (1 + T [lullg)* (1 + [Xlxam + llpol s ) (2.3.9)

Let C > 0 be larger than the implicit constants of the inequalities (2.3.7)
and (2.3.9) above. Assume that M, R > 0 are sufficiently large such that

(1 + X ezn + HpoHBsz%) <M, 20M° < R.

Assume further that ||uls, < R. Using the bound (2.3.9), we can choose T =

T(R,0) < 1 smaller, if necessary, such that
192 (u)||g, < C(1+T?R)*M® < 20M° < R.
Consequently, ¥°2 is a self-mapping on the ball
Brr = {u € Zr: Juls, < R).

Upon choosing R > 0 sufficiently large, we can ensure that B .7 C Z5 is non-empty.
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To achieve contractivity, we use the bilinearity of the equation. Let v =

(v,v,v%), w = (w,w', w#) € D7 and denote

where
QF (v) — QA (w) = vV P,y + (v —wW)VD, + (v —w)VOy + YV, ,
+(v-—w) Ve + V&0 (v—-—w)+10VP,_,
+ Z2(v,X) - Z(w, X).
The difference of the renormalised products is given by
P (v,X) — Z(w,X)
=€ (v — ', VI[1],VPy) + € (v — v, V’I[Dy], 1)
+ (" —wF VIV - w) e 1] - (v —w) @ VI[T]) © Vo
+ (VO + VV - P yory — (0 —w') © VZZ[o1]) O 1+ (V) —w') .
Using the same bounds as before, we obtain, for some 6 > 0,
19(0) = U(w)llgr e0 S TN () = ) llg, o Vezemn
) — B g
and
max{[|¥(0)* — W(w)* gy oo [V = V(@) cn)
< T () - QF(w)lle, jenss
as well as

[9() = ()|l ge cr S llo = wllzm o5
T ;
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For the right-hand side,
2% (v) = 0¥ () e, ycmrse
S vlle, zerllv = wlle, zes + lv —wlio, zesllwlle, zes + v —wlle, zesll ¥ llepczars

+ ||v — w|

o, e Mleseans + [ 2(0,X) — P(w, X) o, e
By the same arguments as in the proof of Lemma 2.3.7 we have
12 (v,X) = Z(w, X) |, sc2e+s
S (U = wllgr o + 0# = w0l cow)L+ IV gpenss + 1| llogezesa)®.
Combining the bounds above, we obtain
max{[|¥(v) — W(w)llg cs [[¥(0)7 = V(W) ||zx s, [[¥(0)F — ‘Ij(w)#Hz;mTcﬁ#}
STv = wllg, (1 + [Xllgar + [vll2x cs + wllgn es)?, (2.3.10)

() = ¥(w)llgr cor S llv—wllzn e (2.3.11)
Next we consider
(T%2(v), U2 (v), UP(v)¥) = T2(v),  (T*(w), T (w), T2 (w)¥) = ¥ (w).
Iterating (2.3.10)—(2.3.11), we arrive at
192 (0) - T2 (w)llg S Tl0 = wlay (1+ Kl + ol e+ 0], o
4
@) o + W) o)
3 B
Assume v,w € Bz, it follows by (2.3.7), the definition of T and B .7, that
||U||$'i,cﬁ <R, ||w||f/5,cﬂ <R, ||‘I’(’U)||:/ﬁ,cﬁ <R, ||‘I’(’w)||fﬂi,cﬁ < R.
T ;T n;T ;T
Choosing T still smaller, if necessary, we can arrange that for some ¢ < 1,
e (v) — ¥ (w)]|g, < cllv—wlla,,

showing that ¥°? is a contraction on B p.;.
By Banach’s fixed-point theorem there exists a unique fixed point for ¥°? in

Brr. It suffices to argue that a fixed point to P2 is also a fixed point to ¥. The
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following is due to [Per20, Thm. 5.15]. Denote for the sake of notation, w = ¥°%(w)
and v = ¥(w). We have ¥°*(v) = ¥(w) = v, hence v is itself a fixed point to
P°? yielding by uniqueness that v = w. One can furthermore show that this fixed
point is in fact unique in all of Z5; it suffices to compare two putative solutions in
P; and similar estimates to those above show that they must be equal on a small

time interval. Continuity then gives equality in all of [0, T]. O

The utility of Proposition 2.3.9 is that it allows us to show existence and unique-
ness of a suitable notion of solution to (2.1.1) by setting p == 1 + ¥ + w. We call
this solution paracontrolled and are now in a position to give a rigorous definition

(cf. (2.1.6)—(2.1.7) for a formal motivation.)

Definition 2.3.10. Let X € Xp" and py € B (T?). For every S < T, we call
p:[0,8] = S'(T?) a paracontrolled solution to (2.1.1) on [0, S] with enhancement X

and initial data pg, if
o the triple w = (w,w',w") of distributions
w=p—1-1%, w =Vd,+Vhy, w? =w -V -I[w & 1];
satisfies w € Yg (see Definition 2.5.4);

o the solution p satisfies p = Ppy+V -Z[pV®,|4+ 1, where the product V-Z[pV® |

needs to be interpreted in the renormalised sense, that is
V-Z[pV®,) =Y +V -Z[w & 1]+ V- Z|0#(w)]
with Q% (w) defined as in Lemma 2.3.8.

In particular it follows by Definition 2.3.4, that lim;_,0 p; = po in S'(T?). We call
p:10,8) = S'(T?) a paracontrolled solution on [0, S), if p is a paracontrolled solution
on [0, 5] for every S" < S.

Using the uniqueness of the fixed point in Proposition 2.3.9, one can show that

paracontrolled solutions are unique.
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Lemma 2.3.11. Let X € X", po € B2 (T?) and S < T. Then there exists at most
one paracontrolled solution p: [0,S] — &'(T?) to (2.1.1) on [0, S] with enhancement

X and initial data pg.

Proof. Consider two paracontrolled solutions p, p, which by definition are associated
to two triples w, w. However, these triples must both satisfy by definition the
same fixed-point equation (2.3.6), which has a unique solution by Proposition 2.3.9.

Therefore both paracontrolled solutions must agree. O]

In the following lemma, we prove the existence of a paracontrolled solution given

an abstract enhancement.

Lemma 2.3.12. Let X € X" and py € BY(T?). Let T € (0,T A1] be as in
Proposition 2.5.9 and w = (w,w',w#) € D5 be the fized point of (2.3.6) constructed
therein. Then p=1+ Y +w € fn’?TCaH(']IQ) is the unique paracontrolled solution

to (2.1.1) on [0,T] with enhancement X and initial data po.

Proof. Let w = (w,w',w”) € 27 be the fixed point to (2.3.6) and p =1 + ¥ + w.

It follows by definition,
w=p—1-Y, w' =V, + Ve, w? =w -V -Iw e1]

and

p=Ppo+ ¥ +V -Iw 1]+ V- Z[Q#(w)] + 1.

Hence, p is a paracontrolled solution to (2.1.1) on [0, 7] with enhancement X and

initial data pg, which is unique by Lemma 2.3.11. [

The next lemma shows that paracontrolled solutions are locally Lipschitz con-

tinuous in the noise enhancement and the initial data.

Lemma 2.3.13. Let R > 0, X = (IX, Yx, wx, \fx),Y = (Iy, ?y, ‘oy, \fy) S
Xp™ and p§, p € B (T?) be such that

mec{ XLz, ¥ Lz, 13l 193 20 } < B

Then there exists some T = T(R) € (0, T] with the following properties
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1. There exist solutions wx = (wx, W, w¥) and wy = (wy, wh, w?) to

wx =V -Tlwyk© Ix] +w§, wh=Vd,, +Vby,,
w = Ppy + V- T[Q% (wx)),

and
wy =V -Zlwye Iy +uwf, w,:=Vd,, +Voy,
wy = Ppy + V- Z[Q (wy)],

on [0,T] by an application of Proposition 2.3.9. Here, QO (wx) and Qf (wy)

are defined as in Lemma 2.5.8 with noises X, Y respectively.

2. Setting
px = Tx+ ¥x+ wx, py =y + Yy +wy,
one has
max{ ox = wyllx 0, Nk = wf om0
Jwf =0l comllox—prllzz o }
S et = pollgo + 11X = Yo (lwxllz, + llwyllo, + [X[xes + 1Y [az + 1)

Proof. The claim follows as in Lemma 2.3.8, using the trilinearity of the equation.

]

2.3.2 Maximal Time of Existence

To establish a maximal time of existence for paracontrolled solutions to (2.1.1), we
iterate the construction of Subsection 2.3.1 (Theorem 2.3.15).

Let (a,p,q, 3,8, 8%, B0, k,m) be a tuple of exponents satisfying (2.3.1). As-
sume we have constructed a solution w € Zr, to (2.3.6) until time 77 € (0,7).
Given the initial data pr, = V7, + Y1, + wr, € C*™(T?) and an enhancement
X € X", our paracontrolled triple for the continuation is given by w = (0, w’, w*"),

where for t > 0,
W, =V Il @ Ny + wf (2.3.12)
with Gubinelli derivative

@; = V@@t + V(I)YT1+t (2.3.13)
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and paracontrolled remainder

@f = Plpr, = Vo, = ¥) + V- Z[@VD), + V - I[@VOy . |1+ V - I[¥1. VO],
+V -Z[YTﬁ.V(I)YTﬁ']t +V-Z[% . |+ V -I[V<I>1T1+_ SR g
+V-I[¥r. @V, L+ V- I[ln . ©VOy, L +V - Z[we Ve, |

+V IV, . ©uwl+V Il © VO], + V- I[P (w, X)),
(2.3.14)

where the renormalised product 7, (w,X), is given by
Py (8, X), = G, VI[NV, ] Ty, ) + G0, VIO, o Veo)
+ (@] +V-I[@ © 1y ] — @ © VI[l1 1) © VO,
+ (V(I)af* TV Qo 0, W, © VQI[@1T1+. Jt) © 114

+ @, Ny — W (VPI[Ng © VO, + V2PI[Py]7 © Tryu).

(2.3.15)

t

Hence, the only difference between the first iteration (Proposition 2.3.9) and sub-

sequent steps is the initial data pp, — 17, — Y7, in (2.3.14) and the additional term
O (VPRI @ Vdy,  + V2PI[®y]r, © Vr4e)

in the renormalised product (2.3.15).

Remark 2.3.14. The paracontrolled triple w of the second iteration step is related

to the paracontrolled triple w of the first iteration step by

~ ~r ~H#H L H# i
Wy = Wy 4+, wy = wT1+t7 Wy = wT1+t + Pt(le - le)

(for those t such that both w; and wr,,; exist.) The additional terms in w# and
P71, (w,X) ensure that the initial data in (2.3.14) can be expressed in terms of pr,
17, and Y7,. Since we assumed X € X", this allows us to restart the equation as
long as py, € C*T1(T?). The price to pay is that the dynamics of the paracontrolled
remainder changes at 77, hence the triple will no longer be continuous on the full
time interval of existence. However, this will not be an issue, as we are primarily
interested in the dynamics of the solution

pr=tnu+ Yo+ V-I[@ @y, ]+ af

=lnu+ Yo +V-Z[w e Vpy + w#l—i-t = PTy+t
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which will still be continuous on the full time interval.

We can now use a technique inspired by [MW17b, Derivation of (1.27)] to estab-

lish a maximal time of existence Tp,.x < T and a paracontrolled solution on [0, Tiyax)-

Theorem 2.3.15. Let (a,p,q, 3,8, 8%, Bo, k,n) satisfy (2.3.1), T > 0, X € X"
and py € Bgf’q(']l‘z). Then there exists a Tmax € (0,T] and a unique paracontrolled
solution p: [0, Tax) — S'(T?) to (2.1.1) on [0, Tyax) with enhancement X and initial

data pgy, such that

Tmax =T or tleigiprtHCa-;-l = OQ.

Proof. Let (a,p,q,8,5', 8%, Bo, k,n) satisfy (2.3.1). Since py € Bgfq(TQ), we
can apply Proposition 2.3.9 and run the equation for some small time t, =
fo(||X||X;,n,||p0||B£9q) < T. By construction, we obtain p;,, € C*(T?) for each
0 <ty <tp.

For the second iteration step, we choose a new tuple of exponents given by

(v, 00, 00, Bl,ﬁj,ﬁf, a+1,k,m) that satisfy the assumptions (2.3.1) and

e[ () ) ()

Using the assumption (2.3.16), we can control the additional term appear-
ing in (2.3.15) via Bony’s estimates (Lemma B.4.1) and Schauder’s estimates
(Lemma B.5.2).

Let R > 0 be such that ||X]|yer < R and assume that 0 < t, < #, satisfies
|l ptollca+r < R. We can then use the decomposition (2.3.12)—(2.3.15) and an argu-
ment analogous to Proposition 2.3.9 to re-start the equation from p;, and run it
until time ¢, + T'(R) for some T'(R) > 0.

Next, assume ||py,+7(r)/2llce+r < R, we can then re-start the equation at time
to + T(R)/2 from p4r(ry/2 and run it until ¢, + T(R)/2 + T(R) with the same
exponents. We can then continue this procedure on the intervals

[0,%0],  [to, to+T(R)], to+T<R),tO+T(R)+T(R)}, {t0+T(R),to+2T(R),...

2 2
(2.3.17)
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until the first time ¢ € [to, T'] such that ||p¢||ca+1 > R, or, if such a ¢t does not exist,
until 7. We denote this time horizon by T%) . This yields a paracontrolled solution
p: [0, TH)] — S'(T?) to (2.1.1) with enhancement X and initial data py € B (T?),
where we used that the intervals (2.3.17) had some overlap as in [MW17b, Derivation
of (1.27)] to ensure that p is independent of the choice of iteration used in its
construction. Furthermore, the paracontrolled solution is unique by an application
of Lemma 2.3.11. The sequence (T%)) z- is increasing, hence we may define Tyay ==

max

SUP p~g TS —limp_,.. TH € (0,T). Assume Tyax < T, then

max max

Am flpelleass = lim llozem lleass > lim B = oo.

This yields the claim. O

Let (CoT1(T?))5! be the space of continuous functions f: [0,7] — C*T1(T?)
that may blow up in time T3 [f] € [0,7] (see Section B.8) and denote by
(C*H(T?))sop the corresponding n-weighted space (Definition B.8.4). In the fol-

lowing we show that each paracontrolled solution constructed in Theorem 2.3.15

is an element of (C**!(T?))5%.

Lemma 2.3.16. Let (a,p,q, 3,3, 5%, Bo, k,n) satisfy (2.3.1), T > 0, X € X",
po € B (T?) and p be the paracontrolled solution to (2.1.1) on [0, Trax) with en-
hancement X and initial data py, as constructed in Theorem 2.3.15. Then p €

(COTHT?))sop and, in particular, Thax = Tgnii [Prwt]-

Proof. The paracontrolled solution constructed in Theorem 2.3.15 is continuous and

exists until it blows up in C*™!(T?), from which the claim follows. O

2.3.3 The Renormalised Solution

In this subsection we combine the deterministic solution theory (Lemma 2.3.16)
with the stochastic existence of the renormalised enhancement (Theorem 2.2.2) to
construct the renormalised solution to (2.1.1) as a random variable (Theorem 2.3.18,
Part 1). We then show that the renormalised solution is the limit in probability of
solutions to (2.1.8) (Theorem 2.3.18, Part 2).
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Definition 2.3.17. Let (o, p,q, 3,3, 8%, Bo, k,n) satisfy (2.3.1), po € Bgf’q(']I‘Q) be
some initial data, T > 0, 0 € CpH?*(T?) and X be the renormalised enhancement
of Theorem 2.2.2. We call the paracontrolled solution p € (C*!(T?))5% to (2.1.1)

on [0, T 1 [pywi)) with enhancement X and initial data py (in the sense of Defini-

tion 2.3.10) the renormalised solution.

We can now prove the main result of this section, which is similar to [GIP15,

Cor. 4.7 & Cor. 5.9], [GP17, Thm. 3.7] and [CC18, Cor. 3.13].

Theorem 2.3.18. Let (a,p,q, 8,5, 8%, Bo, k,n) satisfy (2.3.1), py € Bgf}l(TQ) be
some initial data, T > 0, 0 € CrH2(T?) and X (resp. (X°)s=0) be the renormalised

(resp. prelimiting renormalised) enhancement of Theorem 2.2.2.

1. There exists a paracontrolled solution p (resp. p°) in (C*T(T?))5% to (2.1.1)
on [0, Tiuur [prwt]) (resp. on [0, TG [p)])) with enhancement X (resp. X°)
and initial data po in the sense of Definition 2.3.10 (for every 6 > 0). The

random variables (p°)s=o coincide with the mild solutions (2.1.8).

2. It holds that p° — p in (C*T'(T?))5% in probability as § — 0. In particular for

each A > 0 one has that

00 27L _ 50 ‘ “
limIP’(Z b= ”f"’TLC NN /\> 0, (2.3.18)
=0\ L 1+|lp=r’licyr,con

where for every L € N we denote

Ty =T ALt €[0,T]: [lpgwn(t)llcats > L or || o (t)leass > L}

Proof. Let (a,p,q, (3,5, 8%, Bo, k,n) satisfy (2.3.1). The enhancements X and
(X9)s-0 exist almost surely by an application of Theorem 2.2.2. It then follows
by Lemma 2.3.16 that p and (p°)s> are random variables in (C**!(T?)):%,, which
is a metric space whose distance we denote by Dga; " (cf. Section B.8). By
Lemma B.8.3 and the local Lipschitz continuity of the solution map in the enhance-

ment (Lemma 2.3.13) we deduce that for every A > 0 there exists some v > 0
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such that ||X — X‘SHX;,K < v implies Df];&;l(p, p?) < . Hence, by an application of
Theorem 2.2.2,

P(Dgfgl(p, ) > /\> <P([X = X[|yor > ) =0 as 50,

which yields that p® — p in (C**!(T?))5% in probability. The convergence (2.3.18)

then follows by the explicit form of DngH, see [Cha+22, Sec. 1.5.1]. O

FExample 2.3.19. The same arguments as in the proof of Theorem 2.3.18, Part 1,
also allow us to construct the mild solution to (1.1.11) as a paracontrolled solution

to (2.1.1) with enhancement X((f) = (e'21° c¥?  £32%°

can?’ can’

£?) (and heterogen-
eity 0 = \/pdet). To obtain a limit for vanishing correlation lengths §, one then
needs to assume that the noise intensity € decays sufficiently quickly depending on

the behaviour of the renormalisation. This will be the focus of Chapter 3.



Small-Noise Results

Contents
3.1 Introduction . ... ............ 00000 78
3.2 Analysis of the Deterministic Keller—Segel Equation . . 82
3.2.1 Existence and Regularity . . .. ... ... ... ..... 82
3.2.2 Boundedness Away From Zero . . .. ... ... ... .. 87
3.2.3 Regularity of the Square Root . . . .. ... ... .... 87
3.3 Regular Theory for Small Noise Intensities . . . . . . .. 88
3.3.1 Well-Posedness . . . . ... ... ... ... ... ..., 89
3.3.2 Law of Large Numbers . . . . ... ... ... ... .... 89
3.3.3 Large Deviation Principle . . . . . ... ... ... .... 90
3.4 Rough Theory for Large Noise Intensities. . . . . .. .. 94
3.4.1 Well-Posedness . . . . ... ... ... ... ... .. 94
3.4.2 Law of Large Numbers . . . . . . . ... ... ... .... 97
3.4.3 Central Limit Theorem . .. ... .. ... ... ..... 98
3.4.4 Large Deviation Principle . . . . . . ... ... ... ... 99

3.1 Introduction

Let py € H?(T?) be such that py > 0 and pg = (po,1)z2 = 1, pae; be the weak
solution to the deterministic, periodic Keller—Segel equation (1.1.12) with initial
data pg and chemotactic sensitivity x € R, and 7™ be its maximal time of existence

(in L%*(T?).) For every T < T* we can then apply the regularity theory for pge; to

78
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deduce /pae; € C7H?*(T?) (see Section 3.2, in particular Lemma 3.2.5), so that we
may choose the heterogeneity o = |/pqet.

It follows by the methods developed in Chapter 2 (see Theorem 2.3.18) that
there exists a sequence of counterterms (9%)s-o (the renormalisation) given by

the expectation
=RV -I[1°VOs]], 1°:=V-I[\/paxl’], & =vs*&, s asin (1.2.7)
such that the solutions (p?)s=o to the renormalised equation
p° = Ppy—xV - Z[p°V® ] +x¥° —1° (3.1.1)

converge as 6 — 0 to a non-trivial limit. For a self-contained statement of this
result and a full proof, see Theorem 4.0.2 in Chapter 4. It is clear that the renorm-
alisation depends on the initial data p, and the chemotactic sensitivity y through
the heterogeneity /pder and we further showed that it diverges at most logarithmic-
ally as § — 0, i.e. for every a < —2, k € (0,1) and cut-off ¢ satisfying (1.2.6),

we obtain the bound

H?6||$;c2a+4 NY¢! \/10%(571))”@”%00H\/PdetﬂchH?;

see Lemma 2.2.19.

In the present chapter we consider another method for ensuring the existence of
a well-posed limit for vanishing correlation lengths d. Instead of renormalising the
equation as in (3.1.1), we assume that the noise is scaled by a small parameter ¢ > 0

called the noise intensity and consider solutions ,0((;5) to the canonical equation

p= Ppy— XV -Z[pVd,] —'/*1°, (3.1.2)

The key question is then how one should choose § relative to € to obtain a non-
trivial limit for p((f()a) as € — 0 and § = d(e) — 0.

As alluded to in Subsection 1.1.1, there is a trade-off between the relative scal-
ing of (¢,d(¢)) and the topology in which such asymptotic results hold. To show

convergence in the Bessel potential space H(T?) of regularity v > —1/2, we need
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to assume the restrictive relative scaling £'/26(¢) ™72 — 0 (see Section 3.3); to show
convergence in the Holder-Besov space C“T!(T?) of regularity o+ 1 < —1 it suffices
to assume the general relative scaling ¢ log(d()™') — 0 (see Section 3.4). We refer
to these two situations as the regular and rough setting respectively.

We will show in the rough setting (Section 3.4) that the relative scaling assump-
tion elog(d(g)~1) — 0 is directly informed by the behaviour of the renormalisation
(996)) 50, connecting the solution p° of the renormalised equation (3.1.1) and the

solution ,0((52) of the canonical equation (3.1.2). We prove an analogue of the law of

large numbers, i.e. pgg(i) — pPdaet as € — 0, by relying on the continuity of the solu-

tion p((f(i) in the noise enhancement ng(l) = (Y219 c¥?, /2%, £N\9) combined
€)

with the relative scaling & log(d() ') — 0 to deduce X((s(s) — 0 (Theorem 3.4.4). We
further show a large deviation principle for (P((;E(l))oo by applying a generalization of
Freidlin and Wentzell’s theory [FW12] due to Hairer and Weber [HW15] to obtain a
large deviation principle for the noise enhancement (ng(i))wo (Theorem 3.4.7), which
we can then transfer to (ng(l))e>o via the contraction principle (Theorem 3.4.8). See
also [FVO07] for a similar argument in the theory of rough paths.

In the regular setting it suffices to assume py € C(T?) is such that py > 0
and pg = 1. We prove an analogue of the law of large numbers by relying on
the continuity of the solution p((f(i) in the noise €/21%¢) combined with the relat-
ive scaling £¥/26(¢)™2 — 0 (Theorem 3.3.3; v € (—1/2,0]). We then show a
large deviation principle for (pgs(i))DO by applying the weak-convergence approach
based on the Boué-Dupuis formula [BDMO0S8] to obtain a large deviation principle
for (e2/219())__, (Theorem 3.3.4), which we can then transfer to (pgs()s))€>0 via the
contraction principle (Theorem 3.3.5; v € (—1/2,0)). Let us also point out the
eventual application of these results in Subsection 5.1.2 to control the probability
of the event that p((f(i) becomes negative.

What distinguishes the rough setting from the regular setting is the availability

(¢)

of a central limit theorem. The leading-order fluctuations e~/2(p 5e) Pdet) involve

the term 1°¢) which does not converge in H?(T?) for any v > —1/2. However, as
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shown in Lemma 2.2.7, it follows that 1°) — 1 in Co*1(T?) as ¢ — 0. Consequently,
in the rough setting we can establish a central limit theorem (Theorem 3.4.6) under
the relative scaling £'/21log(6(¢)™') — 0 (where we lose one order of /2 in the
scale of the leading-order fluctuations.)

By choosing the heterogeneity ,/pqet, we build a bridge between the canonical
model (3.1.2) and the theory of fluctuating hydrodynamics discussed in Subsec-
tion 1.1.1. There, (3.1.2) is introduced as an additive-noise approximation (1.1.11)
to the Keller-Segel-Dean—Kawasaki equation (1.1.10). The small-noise results above
suggest that our additive-noise approximation is precise up to first order and that the

approximation error lies in its large deviations, see Subsection 1.1.2 for more details.

Structure of the Chapter: Section 3.2 contains the existence, uniqueness
and regularity of solutions pge; to the deterministic, periodic Keller-Segel equa-
tion (1.1.12); in particular Lemma 3.2.5 ensures that ,/pge is suitably regular
to be chosen as heterogeneity. Section 3.3 concerns the regular setting and es-
tablishes a law of large numbers (Theorem 3.3.3) and a large deviation principle
(Theorem 3.3.5). Section 3.4 concerns the rough setting and establishes a law
of large numbers (Theorem 3.4.4), a central limit theorem (Theorem 3.4.6) and
a large deviation principle (Theorem 3.4.8). Finally let us point out four ap-
pendices relevant to the present chapter: Appendix F concerns the positivity of
generic diffusion-advection equations, which will be applied in Subsection 3.2.2.
Appendix G contains an adaptation of Hairer and Weber’s generalization of
Freidlin—Wentzell theory, which is used in Theorem 3.4.7. Appendix H contains the
existence of several objects driven by Cameron—Martin elements that appear in the
rate functions of Theorems 3.3.4 & 3.4.7. Appendix I concerns the regularity of 1°
in CrHY(T?) N LZHT(T?), which plays an important role in Section 3.3.
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3.2 Analysis of the Deterministic Keller—Segel
Equation

In this section we show the existence, uniqueness and regularity of the solution f
to the deterministic Keller-Segel equation,
(0 — A)f = —xV - (fV®;), in (0,7] x T?
—A®;=f—f, in (0,7] x T?, (3.2.1)
fli=o = fo, on T?,

with initial data fy € L?(T?) and chemotactic sensitivity xy € R, as well as the reg-
ularity of v/f in a suitable Bessel potential space (Theorem 3.2.1 & Lemma 3.2.5),
which will be applied throughout Sections 3.3 & 3.4 to ensure that the heterogen-

eity +/f is sufficiently regular.

3.2.1 Existence and Regularity

We assume that the initial data fo to (3.2.1) lies in L?(T?), is non-negative and
of unit mass. We refer to [Per04; HP09; Hor03; Hor04] and Remark 3.2.2 for a
wider ranging survey of the derivation and properties of the Cauchy problem (3.2.1)
and related PDE.

Our main emphasis is to recall that the global well-posedness of (3.2.1) depends
on the sign and size of x. For small y we can employ the periodic Gagliardo—
Nirenberg—Sobolev inequality (B.1.4) to show that the solution will be globally well-
posed (cf. Theorem 3.2.1), whereas for large x it is known that the solution may
blow up in finite time [KX16, Thm. 8.1].

In stating the main result of this subsection (Theorem 3.2.1) we use the notation
Coans-per(2,3,1) to denote the optimal constant such that the periodic Gagliardo—
Nirenberg—Sobolev inequality (B.1.4) holds, which is properly elucidated in Sec-

tion B.1 below.

Theorem 3.2.1. Let fo € L*(T?) be such that fo >0 and fo =1, and x € R. Then
the following hold:
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1. There exists a T* = T*(x, || follz2) € (0,00] and a unique map f: [0,T*) —
L*(T?) such that f € CpL*(T?) N LEH(T?) for every T € (0,T*), fli=o = fo
and f solves (3.2.1) in the weak sense. Furthermore for each t € [0,T*) this

solution is non-negative almost everywhere and || f;||x = 1. Finally T* is such

that either T* = oo or limy ~r+|| fi||12 = oo, and we refer to it as the mazimal

time of existence (for f in L*(T?).)
2. IfX < X' = ans-per(2,3, 1)_3, then one has T = cc.

3. It holds that f € C%((0,T] x T?) for every T € (0,T*). Further if fo € H?(T?)
for some v > 0, then f € CyHY(T?) N LAHT(T?).

Proof. Since these statements are mostly amalgams of known results we only provide
a sketched proof with references for full details.

The proof of Claim 1 is carried out through a Galerkin approximation and is
classical. To give a brief sketch, local existence for general y € R can be deduced

by the readily obtained a priori energy identity

t t t
1Al = [foll — 2 / IV Al ds + / 1ul% ds — x / IfulZds  (32.2)

so that applying the Sobolev embedding HY2(T?) — LA(T?) (cf. (B.1.1)), real
interpolation and Young’s inequality, one finds that there exists a constant C' > 0

such that

t t t
1Fl2 < [Lfol% — / IV 4,122 ds + O / 1ull%a ds + / 112 ds.

A comparison argument to the ODE i (t) = Cx?z(t)? + z(t) shows that there exists
a time horizon T* such that t — || f,]|2. and t = [}[|V f,|2. ds are locally bounded

on [0,7%).
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To prove uniqueness, let g be another weak solution with gy = fy. By a similar
calculation, one finds a priori that

Ld

2dt||ft — gl + IV — 9)lI72

= X[tV + (ft = 9)V Py, V(fi = 9)) 12

< XUV Rp—gllzz + 1(fe = 90) Vg1 22) [V (fe = g2) 2

S XUl V@122 + ([ fe = 9l 221V Ry, 122) IV (e = g0)] 22

S IXICellze + llgellae)Lfe = gell 21V (fe = ge)ll 22,
where in the second inequality we used that uv € L?(T?) for each (u,v) € H'(T?) x
H(T?) or (u,v) € L*(T?)x H?*(T?), see [BH21, Thm. 7.4]. A combination of Young’s

and Gronwall’s inequalities then implies that there exists some C' > 0 such that

t
1= gl < o = golfsexp(C [ 1l + g B ).
0

from which uniqueness follows on the interval [0, 7).

Taking the constant function 1 as a test function shows that the mean of the
solution is preserved. The almost everywhere non-negativity can be shown by testing
with (a smooth approximant to) the negative part of the solution f;” := min{0, f;}
and taking limits by the dominated convergence theorem. For a similar proof in
the two-dimensional plane, see [MT23, Prop. 3.4]. A stronger notion of positivity of
solutions given initial data that are continuous and bounded away from 0 is shown
in Lemma 3.2.4.

To prove Claim 2 we use that for 7" < T™* and weak solutions f € CpL*(T?) N
LZH'(T?) one has for each ¢ < T the identities (3.2.2) and

Uil = o Tollo—2 [ IV A as i [ 18- Tl a2y [ Tolfas
’ ’ ’ (3.2.3)

We first note that if y < 0 then by Gronwall’s inequality applied to (3.2.2) we
have a direct bound for ||f;||2. which is sufficient to show that || f;]|z2 < oo for all

t < o0.
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In the case x > 0 we apply the periodic Gagliardo-Nirenberg—Sobolev inequal-
ity (B.1.4) with d = 2, ¢ = 3 and r = 1 to obtain

”fs - ﬁ”iS < CgHS—per(Q’ 37 1)3||Vf8||%2||fs - ﬁHLl < 2Og,‘ns;—per(z 37 1)3||Vf5||%27

where in the second step we used Minkowski’s inequality to estimate || fs — fs||z1 < 2.

Inserting this into (3.2.3) we find the inequality
t
1= e < 10 = Follte = 2(1 = XCuen(2.3,°) [ IV LI ds
0

t
+2X/ If. — Fol2 ds.
0

If x < x* = Cgnsper(2,3,1)7° then

t
Hﬂ—M@SWQ<M$+%/Wﬂ—M@%
0

and we can apply Gronwall’s inequality to deduce

1 fe = fell72 < |1fo — foll72 exp(2xt),

which implies T™ = oc.

To prove Claim 3 we first use the fact that weak solutions to (3.2.1) are mild,
f=Pfo—xV - -Z[fVdy], (3.2.4)

which can be shown by testing the equation against the time-reversed heat kernel.
Using the mild formulation (3.2.4) we can then bootstrap the space regularity of f
at positive times to establish f € C((0,T]; H*(T?)), which by Sobolev’s embedding
HY(T?) — C*(T?) is enough to deduce 9,,0,,f € C((0,T] x T?) for every i,j €
{1,2}. Furthermore, we can use the same space regularity to deduce that the weak
time derivative d;f lies in C((0,T]; H*(T?)), which together with the embedding
H2(T?) — C(T?) (cf. (B.1.2)) yields 9, f € C((0,T]xT?). The fundamental theorem
of calculus then allows us to argue that the weak time derivative coincides with the
(usual) time derivative, which yields f € CZ((0,T] x T?).

To establish f € C7HY(T?) N LAHT(T?) for every v > 0, fo € H?(T?) and

T < T* , it suffices to estimate each term in the mild formulation (3.2.4) by using
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Schauder’s estimates (Lemma B.5.3) combined with product estimates in Bessel

potential spaces. This yields Claim 3. O

Remark 3.2.2 (Sharp a priori bounds). On the whole space instead of the torus, one
can make use of the sharp Gagliardo—Nirenberg—Sobolev inequality found in [Wei83]
to show that the entropy is strictly non-increasing and the solution is globally well-
posed provided y < 4m(1.86225...), see [BDP06, Sec. 2.2]. Still on the whole space,
this range can be further improved to allow for all y < 87 by instead analysing the
evolution of the free energy (A.1.2) and replacing the Gagliardo—Nirenberg—Sobolev
inequality with the logarithmic Hardy-Littlewood—Sobolev inequality, see [BDP06].
This result is in fact sharp. A straightforward argument, see [BDP06, Sec. 2.1],
analysing the evolution of the second moment of solutions demonstrates that weak
and very weak solutions to (3.2.1) must blow up in finite time provided y > 87 with
a blow-up time converging to 400 as x approaches 87. See also more recent results
that treat more general initial data [Weil8; FT23a]. The picture on the torus is
more complicated [KX16, Thm. 8.1]; however, for our purposes we do not require a

sharp result, only well-posedness of the PDE (3.2.1) for some range of .

Next, we show that the solution to (3.2.1) started from continuous initial data

is continuous everywhere.

Lemma 3.2.3. Let fy € C(T?) be such that fo > 0 and fo = 1, f be the weak
solution to (3.2.1) with initial data fo and chemotactic sensitivity x € R, and T*
be its mazimal time of existence (see Theorem 3.2.1). Then f € C([0,T] x T?) for

every T < T* and T* coincides with the mazimal time of existence in C(T?).

Proof. Using that f, € C(T?) c L*(T?), we can apply Theorem 3.2.1 to find the
unique weak solution f € C((0,T] x T?); hence it suffices to establish the continuity
of f at time 0, i.e. on a small time interval [0, 7] where T € (0,T A 1]. By the proof
of Theorem 3.2.1 (cf. (3.2.4)), it follows that the weak solution is also mild, hence

we can use Young’s convolution estimate and Schauder’s lemma to bound for every
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v e (0,1),

t
149
[ fellogrz) < HfoHC(W)+C!X|HchTL2/ it — 5|72 || fslleers) ds,
0

where C' is some constant. Denote [ = we can now apply the fractional

2
1-9°

Gronwall estimate [Web19, Rem. 3.7] to deduce

I flleseces < Bllfollocrs exp(Colxl” 1712, ),

where C > 0 is a constant that only depends on 5. This a priori estimate allows

us to use an approximation argument to show that f is continuous at time 0 which

implies f € C([0,T] x T?). O

3.2.2 Boundedness Away From Zero

In this subsection we show that the solution to (3.2.1) constructed in Theorem 3.2.1
is bounded away from zero uniformly in [0,7] x T? for every T < T*, if its initial

data is assumed to be continuous and positive.

Lemma 3.2.4. Let fy € C(T?) be such that fo > 0 and fo = 1, f be the weak
solution to (3.2.1) with initial data fo and chemotactic sensitivity x € R, and T* be

its mazimal time of existence (see Lemma 3.2.3). Then for all T < T* there exists

a ¢ >0 such that f(t,z) > c for all (t,x) € [0,T] x T=.

Proof. Tt follows by Theorem 3.2.1 and Lemma 3.2.3 that f € C?((0,7] x T?) N
C([0,T] x T?) is a classical solution to (3.2.1). Denote b := —xV®,, it then follows
by elliptic regularity (Lemma B.5.5) that b € C([0, 7] xT?;R?) and V-b = x(f—f) €
C([0,T] x T%R). Hence we can apply Proposition F.0.1 to deduce that there exist
some ¢ > 0 such that f(¢,z) > ¢ for all (¢,z) € [0,T] x T2 O

3.2.3 Regularity of the Square Root

In this subsection we establish the regularity of the square root of the solution to

the deterministic Keller-Segel equation (3.2.1) (Lemma 3.2.5).
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Lemma 3.2.5. Let fy € C(T?) be such that fo > 0 and fo = 1, f be the weak
solution to (3.2.1) with initial data fo and T* be its mazimal time of existence (see
Lemma 3.2.3). Then for all T < T* it holds that \/f € C([0,T] x T?). Assuming
further fo > 0 and fo € HY(T?) N C(T?) for some v > 0, then it holds that \/f €
CrHYT21(T?) N LEHTH(T?) for every n € [0,1/2).

Proof. Given fy € C(T?) such that f; > 0 and fy = 1, we can apply Lemma 3.2.3
to construct f € C([0,T] x T?) for all T < T*. Using the continuity of the square
root in the non-negative reals, it follows that /f € C([0,T] x T?).

If further fo € HY(T?) N C(T?) for some v > 0, we can apply Theorem 3.2.1,
the mild formulation (3.2.4), a bootstrapping argument and Lemma 3.2.3 to con-
struct f € C,rH21(T?) N LAHT(T?) N C([0,T] x T?) for all T < T*; if in ad-
dition fy > 0, it also follows by Lemma 3.2.4 that there exists a constant ¢ > 0
such that f > ¢ on [0,7] x T2 To prove \/f € C,rH7™1(T?), it then suf-
fices to apply [BCD1la, Cor. 2.91] combined with a smooth cut-off. To prove
Vf € LaH " (T?), we apply Lemma B.6.1 with FF = /- to show the existence
of a constant C' := C(y + 1, F, || f|lc;z,c™ ) > 0 such that

Ve = [ IV

which yields the claim. O]

T
2
P i< / 1ill3es dt = L1 pin,

3.3 Regular Theory for Small Noise Intensities

In this section we first show the well-posedness of the solution pg‘z) to (3.1.2) in

the Bessel potential space H7(T?) of regularity v € (—1/2,0] (Lemma 3.3.1), which
we then use to establish a law of large numbers (Theorem 3.3.3) and a large devi-
ation principle (Theorem 3.3.5, if v < 0) under the relative scaling d(¢) — 0 and
e/25(e)™7%2 — 0 as ¢ — 0.

Throughout this section we consider initial data py € C(T?) such that py > 0
and pg = 1. In particular, this ensures that /pae; € C([0,T] x T?) (see Lemma 3.2.5)
and that 1° € CpL?*(T?) N L3H'(T?) (see Proposition 1.0.4).



3. Small-Noise Results 89

3.3.1 Well-Posedness

In this subsection we construct solutions to (3.1.2) with initial data in C(T?) taking
values in the Bessel potential space H?(T?) of regularity v € (—1/2,0] (Lemma 3.3.1).
The following lemma is conceptually similar to the results of Chapter 2, although
since we don’t take 6 — 0 here, the proof is far simpler and does not require
techniques of singular SPDEs [GIP15; Hail4; Duc21].

Recall that (H(T?))5! denotes the space of continuous functions that may blow

up in finite time (see Section B.8).

Lemma 3.3.1. Let py € C(T?) be such that py > 0 and pg = 1, paes be the weak
solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and T* be
its maximal time of existence (see Lemma 3.2.3). Then for every T < T*, € > 0,
d > 0 and v € (—1/2,0], there exists a unique solution p((f) to (3.1.2) such that,
almost surely, p € (HY(T2)) and pS € CsHY(T2) N LEH(T2) for every S <
TS, [0 (where T3, (0] € (0,T) denotes the mazimal time of existence of ps.)
In particular, the solution is almost surely locally Lipschitz continuous in the noise
e/2196) ¢ CpHY(T?) N LAHYT(T?).

Proof. An application of Proposition 1.0.4 yields 1° € CpL?*(T?) N LZH(T?) almost
surely for each 6 > 0. Given a realisation of the noise, ¢ > 0, v € (—1/2,0]
and T sufficiently small, we can construct a local solution pf;a) to (3.1.2) as a fixed
point in CxHY(T?)NLEH T (T?). Re-starting the equation, we may then iterate the
construction to obtain a solution in (H7(T?))5?!. Since the noise is additive in (3.1.2),

it follows that the solution is continuous in €'/21°) ¢ CrHY(T?)N LAHT(T?). O

3.3.2 Law of Large Numbers

In this subsection we establish a (weak) law of large numbers for solutions ,0((;6()5)

to (3.1.2) in (H(T?))%" under the relative scaling §(¢) — 0 and £'/26(¢)™7"2 — 0
as € — 0 for some v € (—1/2,0] (Theorem 3.3.3). It is convenient to first prove a
law of large numbers for (¢'/21°®)__; (Lemma 3.3.2), which we can then transfer

to (p((sii))oo by the continuous mapping theorem (Theorem 3.3.3).
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Lemma 3.3.2. Let py € C(T?) be such that py > 0 and pg = 1, paes be the weak
solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Lemma 3.2.3). Assume 6(¢) — 0 and
e2§(e)™772 — 0 as € — 0 for some v € [—1,0]. Then for all T < T*, it follows
that £'/219) — 0 in OpHY(T?) N LEHY(T?) in probability as € — 0.

Proof. An application of Proposition 1.0.4 combined with the scaling assumption

e'/2§(e)77% — 0 yields

. 1/2 . o
ll_{% 51/2E[H '6H2CTHmL2Tm+1} S H\/ﬂdet”CTL2mL2TH1 2%51/2(1 +d(e)7) =0,
which implies convergence in probability by Markov’s inequality. O]

The following theorem demonstrates an analogue of the law of large numbers for
(pge()e))DO in (H7(T?))5!. Note that in contrast to Lemma 3.3.2 we have to restrict
the range of v to v € (—1/2,0] so that we have enough regularity to make sense

of the non-linearity in (3.1.2) (see also Lemma 3.3.1).

Theorem 3.3.3. Let py € C(T?) be such that py > 0 and py = 1, paet be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Lemma 3.2.3). Assume 6(¢) — 0 and
e25(e)™72 = 0 as € — 0 for some v € (—1/2,0]. Then for all T < T*, it follows

that p((f(i) — paet in (HY(T?))52! in probability as e — 0.

Proof. 1t follows by Lemma 3.3.2 and the relative scaling ¢'/25(¢)™7"2 — 0 that
e/2196) — 0 in CrH(T?) N LAH +(T?) in probability as e — 0. Using the local
Lipschitz continuity of p((f(i) in £7/21%) (Lemma 3.3.1), it follows by the continuous

mapping theorem that pge(l) — paet in (HY(T?))5 in probability as e — 0. O

3.3.3 Large Deviation Principle

In this subsection we we apply the weak-convergence approach to large devi-

ations [BDMO8] to establish a large deviation principle for solutions pgz) to (3.1.2)

in (H(T?))5°" under the relative scaling §(¢) — 0 and £/26(e)™2 — 0 as e — 0
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for some v € (—1/2,0) (Theorem 3.3.5). As in Subsection 3.3.2, we first consider
the noise (£!/21%¢)). driving (p((f(i))oo (cf. Lemma 3.3.1) for which we establish
a large deviation principle (Theorem 1.1.2) that we can then transfer to (pga(i))DO

via the contraction principle (Theorem 3.3.5).

Theorem 3.3.4. Let py € C(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Lemma 3.2.3). Assume 6(¢) — 0 and
e2§(e)™72 — 0 as € — 0 for some v € [—1,0). Then for all T < T*, it follows
that the sequence (£'/219)_ o satisfies a large deviation principle in CpH(T?) N

LZH(T?) with rate e and good rate function

(1
T (s) = mf{2HhH2L2([O7T]XT2;R2) 1= s}, 1" =V - Z[\/paeh).
For the existence and reqularity of 1", see also Lemmas H.0.1-H.0.2.

Proof. Tt follows from (I.0.2) that 1° is a functional of finitely many Brownian
motions with the number of Brownian drivers increasing to oo as 6 — 0. Hence
to deduce a large deviation principle we apply [BDMO08, Thm. 6], which is based on
an infinite-dimensional version of the Boué-Dupuis formula.

First let us introduce some notation. We define for every M < oo the closed ball
SM = {h € L*([0,T] x T% R?) : |Allr2o.ryxr2mey < M}

equipped with the weak topology, which is metrizable (resp. compact) by the separ-
ability (resp. reflexivity) of L?([0, T] x T?; R?) (see [Brell, Thm. 3.29 & Thm. 3.18]).

We further denote

pred T

12— {¢: Q x [0,T] — L2(T% R?) predictable : 91| L2([o,11xT2:R2) < 00 a.s.}

and

LM = (e L2 a0 SYas}.

pred *

2,M

pred fOr €ach € > 0 and ul®) — y in

For every sequence (u®)).sq such that ul®) € L
SM in law as € — 0 (i.e. as SM-valued random variables), define u((f) = ul®) % oy,

where 15 is as in (1.2.7).
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To apply [BDMOS8, Thm. 6] in our context, we need to show that for every M > 0,
(u9)eso and 7y € [~1,0):
1. The set Ty = {1 : h € SM} € CpH(T?) N LEHT1(T?) is compact in the

strong topology induced by the norm || - [|c, 27nz2 3041

(e)
2. It holds that £'/21%() 4 1" — 1% in CpHY(T?) N L2HH(T?) in law as

e — 0.

Let us first show 1. For the existence and regularity of 1" = V - Z[,/paeth], see
Appendix H. The weak time derivative of 1" is given by 9, 1" := A"+ V - (\/paech);
hence Lemma H.0.2 implies for every h € S™ the bound

1220 + 10 201 S Iv/Pacelleqomxm 1hll 2 oy xz;z2)

< |[VPaet|leo,ryxm2y M.

(3.3.1)

For every R > 0 define the set
Ap = {u € LZHN(T) N WRH(T) : [lull 20 + 00l 2 s < R},

it then follows by (3.3.1) that I'y; C Ag for R sufficiently large depending
on ||\/Paetllc(o,rxm2yM.  An application of [Eva98, Sec. 5.9, Thm. 3] com-
bined with the Aubin—Lions lemma yields that the set Ag is totally bounded in
CrH(T?)N LAHT(T?), where we used the compact embeddings L?(T?) — H(T?)
and H'(T?) — H'1(T?) (see Lemma B.2.5). Using that every subset of a totally
bounded set is again totally bounded, it follows that 1", is itself totally bounded
in C7H7(T?) N LAH T (T?). Hence to show that T'ys is compact it suffices to show
that it is closed.

Let (1"m),cn be a sequence such that 1" € T’y for every n € N and 1" —
x € CpHY(T?) N LAHT(T?) as n — oo. Using the compactness of SM, we can
extract a subsequence of (h,).en (Without re-labelling) such that h, — h € SM.
The linear map h — 1" € CrHY(T?) N L2H T (T?) is weak-strong continuous by
Lemma H.0.2 and the compactness of the embedding L2H!(T?) N W>H " 1(T?) C
CrHY(T?) N LAHY(T?). Therefore x = 1" € T'y;, which shows that 'y is closed
hence compact in CpH(T?) N L2HT(T?), proving 1.
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2,M

Next we show 2. Let M < oo and (u'®)).~¢ be a sequence such that u(®) € Lired

for every € > 0 and ¥ — u in S in law as ¢ — 0. An application of Skorokhod’s
representation theorem combined with classical continuity properties of the weak
dual pairing [Brell, Prop. 3.5] yields that u((f(i) = u® % sy — u in SM in law as
e — 0. This combined with the weak-strong continuity of S™ 3 h — 1" € T';; and
the continuous mapping theorem yields 10 - 1% in CrH(T?) N LAHT(T?) in
law.

Proposition 1.0.4 and the relative scaling £'/25(¢)™7~2 — 0 yield £'/21°) — 0
in C7HY(T?) N L2HT(T?) in LP(P) as € — 0 for every p € [1,00], which implies
convergence in probability by Markov’s inequality. Therefore we can deduce by
Slutsky’s theorem that £/215) 4 1%0 s 1% in CpHY(T?) N L2H+(T?) in law,
which shows 2.

Having shown 1 and 2, we can apply [BDMO0S8, Thm. 6] to deduce a large deviation
principle for (£/219¢)) ¢ in CrHY(T?) N L2HF(T?) with good rate function .#y.

O

We can now apply the contraction principle and Lemma 3.3.1 to deduce a large

sol

deviation principle for solutions to (3.1.2) in (H?(T?))5! under the relative scaling

§(¢) — 0 and €/25(¢)™2 — 0 as ¢ — 0 for some vy € (—1/2,0)

Theorem 3.3.5. Let py € C(T?) be such that py > 0 and py = 1, paet be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Lemma 3.2.3). Assume 6(¢) — 0 and
e25()™772 = 0 as € — 0 for some v € (—1/2,0). Then for all T < T*, it follows
that the sequence (P((sz))oo satisfies a large deviation principle in (HY(T?))5" with

rate € and good rate function

i 1
5(p) = wt{ Sl aqo e 0 = Po = XV - T(pV,] = ¥ - Tly/paah] )

Proof. The solution constructed in Lemma 3.3.1 is locally Lipschitz continuous in

the noise £'/2196) ¢ CrHY(T?) N L2H 7+ (T?), hence we can apply Theorem 3.3.4
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and the contraction principle [DZ10, Thm. 4.2.1] to deduce that (P((;Z))oo satisfies

sol

a large deviation principle in (H?(T?))5?! with rate ¢ and good rate function .. [

3.4 Rough Theory for Large Noise Intensities

In this section we first show the well-posedness of the solution ,0((55)5) to (3.1.2) in the
Holder-Besov space C*T(T?) of regularity o + 1 < —1 (Theorem 3.4.2), which we
then use to establish a law of large numbers (Theorem 3.4.4) and a large deviation
principle (Theorem 3.4.8) under the relative scaling d(¢) — 0 and elog(d(g)™!) — 0
as € — 0. Furthermore, we also establish a central limit theorem under the scaling
§(g) — 0 and £'21og(d(c)™') — 0 as ¢ — 0 (Theorem 3.4.6).

Throughout this section we consider initial data py € H?*(T?) such that py > 0
and pg = 1, which ensures that |/pae; € CrH?*(T?) (see Lemma 3.2.5).

3.4.1 Well-Posedness

In this subsection we use the arguments of Chapter 2 to show that (3.1.2) is well-
posed in a space of Holder-Besov distributions C*™(T?) of regularity a + 1 < —1
(Theorem 3.4.2). Our technique relies on the paracontrolled decomposition [GIP15]
(cf. (3.4.2)), which, compared to the mild formulation (3.1.2), introduces more struc-
ture to achieve the well-posedness of (3.1.2) in a larger space.

The paracontrolled decomposition of (3.1.2) has been carried out in Subsec-
tion 2.1.1 for the equation with generic heterogeneity o € CpH?(T?) driven by space-
time white noise (correlation length zero; suitably renormalised). Here, we recap the
decomposition for positive correlation lengths § = §(¢) > 0 without renormalisation
and further specialize the heterogeneity to /paer € CrH?*(T?) (see Lemma 3.2.5).

We first apply the so-called Da Prato—Debussche trick and consider the remainder

u = p+ /219 which then satisfies the equation
u = Ppy— XV -T[uV®,|+ x>V -T[uV®ys] + xe'/*V-Z[1°VD,] — xeV - Z[1°V ;).
The regularity of u is consequently determined by the second-order stochastic object

Y’ =V -Z[1°V®dy;]. While this improves the situation, this is not yet enough

can
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to make sense of the equation under the assumption 1° € CrC**(T?), so we apply
the Da Prato-Debussche trick again and define the remainder w = u + xe¥?,,.
This is still not enough and subsequent applications of the Da Prato—Debussche
trick no longer yield any improvements.

To proceed further, we apply the paracontrolled Ansatz of [GIP15], which allows
us to make sense of (3.1.2) in a space of distributions, if we can define a vector of

stochastic objects X((f) = (Y210 %2, %2

can’ can’

ev?) that satisfy the relations
1=V I[/pal’], Yl =V -I[1°VOys],

=YL OV + Vg, 01, N = VI[N @ Ve, + V0] o 1,
(3.4.1)

and are suitably regular. Recall that ® denotes the resonant product, see e.g. Sec-
tion B.4 or [GIP15] for a definition. We call this vector the (canonical) enhancement.
For the existence and regularity of ng), see Theorem 3.4.1.

The fully decomposed equation and its solution take the following form (cf. Sub-

section 2.1.1): We call w = (w,w', w#) a paracontrolled triple to (3.1.2), if

12 Y # ro_
w=yxe*V-ITlw' e 1’| + w”, w =V, — xeVP ,
{ X [ ] X Yo (3.4.2)

w? == Ppy + xV ~I[Qg€) (w)],
with
OF (w) = —wV®, + xe(WVPy; )+ xe( Y2, VD,) — X3 (Y, . VDys )

—xe¥2% — (VO @ Yi,,) — xe¥A(Yl, 0 Vo)
(Ve Vdys )+ e2(w e Vdys) +e2(Vdy; © w)
2P oV, + P(w, X))
and
P(w, X)) = e(w e VBys) + £ /2(12 0 VO,)
= xe€ (W', VI[1°], V®y5) + xeC(w', V2I[®ys], 19)
Ry <w# PV T @ 1] — e © vzpép) © Vby,
+ 51/2<v<1>w# + X PV - Brpets) — xeVA (W' © VZI[%])) o

+xe(w' ),
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where €(f, g, h) denotes the commutator (f©g)©h— f(g®h) of [GIP15, Lem. 2.4],
©)

see Lemma B.7.3. We frequently denote w; ' = w to point out the dependence of
w on (g,0). We call p((f) = —el/21° — xe ¥ + w((;a) the paracontrolled solution

to (3.1.2). Since the correlation length is non-zero, it follows that pff) solves (3.1.2)
in the classical sense.
The next theorem recaps the existence and regularity of the noise enhancement

X((f) in X" (cf. Definition 2.2.1) along with its divergence as 6 — 0.

Theorem 3.4.1. Let py € H*(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R,
T* be its maximal time of existence (see Theorem 3.2.1), T < T*, &€ be a two-
dimensional vector of space-time white noises on [0, T|xT? (see Section C.1), (1s)s=0
be a sequence of mollifiers as in (1.2.7), & = s x € = (s * 1,95 * €2) and
X((SE) = (/215 %3 £3/2%0

can’ can’

e\9) be given by (3.4.1) for every e >0 and § > 0.
Then for all « € (=5/2,—-2), k € (0,1/2) and p € [1,00), it holds that
E[IV o] S IWpactllorss Bl Y Ganllsezasal V? S (1 V10g(671) I/PactlIE e

E[nganH;;cSa%]l/p 5 (1 \% log((s_l))Hdeet”%TH% E[H\’(SH;;CMH]UP 5 vadetH%‘TH??

and in particular X((f) € X" almost surely.

Proof. The proof follows by Theorem 2.2.2, Lemma 2.2.7, Lemma 2.2.13,
Lemma 2.2.18 with the particular choice of heterogeneity o = \/pge; € CrH?(T?)
(Lemma 3.2.5). O

The next theorem establishes the well-posedness of paracontrolled solutions

to (3.1.2) (cf. Definition 2.3.10).

Theorem 3.4.2. Let py € H*(T?) be such that py > 0 and py = 1, paer be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and

T* be its maximal time of existence (see Theorem 3.2.1). Then for all T < T*,

£>0,0>0and o € (—9/4,—2) there exists a unique (paracontrolled) solution pl(;s)

to (3.1.2) such that p((;‘s) € (CTH(T?))32! almost surely. Furthermore, the solution is

locally Lipschitz continuous in the noise enhancement Xff).
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Proof. The proof follows by Theorem 3.4.1 and Lemma 2.3.16, where we used that
the arguments of Chapter 2 are agnostic as to changes in y € R. For the local

Lipschitz continuity in the noise enhancement, see Lemma 2.3.13. [

Remark 3.4.3. Following Remark 2.2.3, it should be possible to consider more general
initial data py such that (1 — A),/paec € CrL'(T?) (modulo the introduction of a
suitable weight at 0 to solve (3.1.2), cf. Lemma 2.3.16.) This would suggest taking
initial data in the Bessel potential space H?(T?) of regularity 2 and integrability 1.
Unfortunately, H?(T?) seems to be highly pathological (see [Ste70, Chpt. V, Ex. 6.6]
for a discussion in the full space) and it is not even clear if one can establish pge; €
CrH3(T?). A suitable, albeit suboptimal, replacement is given by py € Bf (T?),
which allows us to solve paet € CrB7;(T?). A generalization of Lemma 3.2.5 would
then imply \/pae € CrBY(T?), so that in particular (1 — A),/paer € CrBY | (T?) —
CrL'(T?). However, this extension doesn’t seem sufficiently interesting to warrant

an extensive discussion.

3.4.2 Law of Large Numbers

In this subsection we establish a (weak) law of large numbers for solutions pge(l)

to (3.1.2) in (C*T1(T?))5! for every o € (—9/4, —2) under the relative scaling 6(g) —
0 and log(d(e)™') — 0 as € — 0 (Theorem 3.4.4). See [GIP15, Cor. 4.7] and [CC18,

Cor. 3.13] for similar results in the literature.

Theorem 3.4.4. Let py € H*(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Theorem 3.2.1). Assume §(e) — 0 and
elog(d(e)™') — 0 as e — 0. Then for all T < T* and o € (—9/4,—2), it follows

that p((f(i) — paet in (COTHT2))5! in probability as € — 0.

Proof. Tt follows by the relative scaling elog(d(e)™!) — 0, Theorem 3.4.1 and
Markov’s inequality that Xg??_:) — 0 in X" in probability for every o € (—=5/2,—2)
and k € (0,1/2). Further for every o € (—9/4,—2) we can apply Theorem 3.4.2 to
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construct the paracontrolled solution p((f(l) to (3.1.2) such that p((f(i) € (CoFH(T?))! al-

most surely. Using that pg‘z) is locally Lipschitz continuous in Xg?a) (Theorem 3.4.2),
we can apply the continuous mapping theorem to deduce p((f()s) — Pdet 1N (COFL(T?))5!

in probability. O

3.4.3 Central Limit Theorem

Having established a law of large numbers (Theorem 3.4.4), we now turn to a central
limit theorem (Theorem 3.4.6). For this we need to specialize our relative scaling

of (£,0(¢)) to 6(g) — 0 and £'/2log(6(¢)~') — 0 as € — 0 since we lose one order of

1/2 (e) ).

/2 on the scale of the leading-order fluctuations e~1/2(p; 5~ Pdet
We first show the well-posedness of the generalized Ornstein—Uhlenbeck process,

which describes the limiting dynamics of the leading-order fluctuations.

Lemma 3.4.5. Let py € H*(T?) be such that py > 0 and pg = 1, paet be the weak
solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and T*
be its maximal time of existence (see Theorem 3.2.1). Then for all T < T* and

a € (=3, —2) there exists a unique solution v € CrC*T(T?) to
v=—xV -ZvV®, | —xV - Z[paet VP, — 1, 1=V -Z[\/pak]- (3.4.3)
We refer to this v as the generalized Ornstein—Uhlenbeck process.

Proof. 1t suffices to construct a fixed point u to the linear mild equation
uw=—xV-ZluV®,, ] =XV -Z[paet VO, ]+ XV -Z[IVD, 1+ XV -Z[pae: V1], (3.4.4)

from which we may recover a suitable solution v to (3.4.3) via the Da Prato-
Debussche decomposition v = —1 4+ u. In particular, the space regularity of v is
determined by the regularity of 1 which is given by CrC**(T?) (cf. Lemma 2.2.7).
It follows by the linearity of (3.4.4) that the lifetimes of v and u are determined by
the lifetimes of their coefficients. The lower bound on « ensures that the products
Vo
Lem. 2.1]. O

and pqe VP appearing in (3.4.4) are well-posed by Bony’s estimates [GIP15,

Pdet
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Next we show the central limit theorem for (,0((52))90.

Theorem 3.4.6. Let py € H*(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Theorem 3.2.1). Assume §(e) — 0 and
e?1og(6(e)™") = 0 as e — 0. Then for all T < T* and o € (—9/4,—2), it follows

that 5_1/2(,0((;2) — pdet) — v in (COTL(T?))! in probability as € — 0.

Proof. We use the Da Prato—Debussche decompositions for pgg()s) and v, given by

p((;(z_) = —e!/2196) — e ¥ 4 w((;?i) (see Subsection 3.4.1) and v = —1 + u (see the

proof of Lemma 3.4.5), to deduce

05 = paet) — v =P (Wi — paw) —u = 17O 1=y

3 can *

The convergence £~/ Z(wé‘i) — pdet) — u follows by the paracontrolled decomposition,

in particular the local Lipschitz continuity of the paracontrolled solution in the
enhancement (Theorem 3.4.2); the convergence 1°() — 1 follows by Lemma 2.2.7;
the convergence £1/2¥ () — 0 follows by Theorem 3.4.1 combined with the relative

scaling £'/21log(d(g)~1) — 0. O

3.4.4 Large Deviation Principle

In this subsection we apply a generalization of Freidlin and Wentzell’s theory [FW12]
(see Appendix G as well as [HW15]) to establish a large deviation principle for solu-
tions p((;(i) to (3.1.2) in (CTH(T?))5% for every a € (—9/4,—2) under the relative
scaling 6(¢) — 0 and elog(d(e)™!) — 0 as € — 0 (Theorem 3.4.8). As in Subsec-
tion 3.4.2 we first consider the noise enhancement (X((f(i))Do driving (p((f(i))wg (cf.
Theorem 3.4.2) for which we establish a large deviation principle (Theorem 3.4.7)
that we can then transfer to (p((f(i)) >0 via the contraction principle (Theorem 3.4.8).

Recall that C&([0,7] x T?;R?) denotes the space of vector-valued space-time
Holder distributions of regularity a equipped with the parabolic scaling s = (2,1,1)
(see Section B.9).
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Theorem 3.4.7. Let py € H*(T?) be such that py > 0 and py = 1, paer be the
weak solution to (3.2.1) with initial data po and chemotactic sensitivity x € R, and
T be its mazimal time of existence (see Theorem 3.2.1). Assume §(¢) — 0 and
elog(d(e)™') = 0 ase — 0. Then for all T < T*, a € (—5/2,-2) and € (0,1/2),
it follows that the sequence (ng(i))oo satisfies a large deviation principle in X" (cf.

Definition 2.2.1) with rate € and good rate function

. 1
Fenn(8) = lnf{2||h||%2([O,T]><T2;R2) XM = 3},

where X" is the enhancement driven by the Cameron—Martin element h € L*([0, T x

T2 R?) defined as in (H.0.3) (see also Lemma H.0.3.)

Proof. 1t follows by the Wiener chaos decomposition (Subsection 2.2.2), The-

orem C.2.1 and Lemma C.3.9 that every enhancement

x© — (51/215(5),5Y5(€) £3/2 88, 6(¢) 8\,5(5))

4(e) can ’ can ’

is of the form (G.0.3) with abstract Wiener space
B=CJ([0,T] x T4 R?),  p:=Law(§),  H,:=L([0,T] x T4R?),
index set
W={1Y,%, v} (Ky, Ky, K, Ks,) =(1,2,3,2)

and target space

E=@ E;

= :;?CO‘“(TQ; R) x ZEC*H(T?% R) x LpC*5(T? R?) x LpC?*t4(T?; R**?),
which is separable by an application of Lemma B.3.4 combined with the fact that
finite Cartesian products of separable spaces are again separable.

Using the relative scaling 6(¢) — 0 and €log(d(¢)™!) — 0 combined with the
bounds of Lemma 2.2.7 (for £%/21%¢)) Lemmas 2.2.9 & 2.2.19 (for e ¥°)), Lem-

can

mas 2.2.12, 2.2.17 & 2.2.19 (for £/2% () and Lemmas 2.2.13 & 2.2.18 (for £ \» %)),

one can show that ng(i) converges as € — 0 in the sense of (G.0.4) to a non-trivial
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limit X = @,¢yy X, k, which has no contributions from lower-order Wiener chaoses,

(G.0.5). In the notation of Subsection 2.2.2,

X:= (1LY, +%, % +3)

An application of Theorem G.0.4 then implies that (Xj (i))@o satisfies a large

deviation principle in E with rate € and good rate function

) 1
jEnh(S) = 1nf{2||h||%2([O,T]><T2;R2) : Xhom(h) = S},

where (cf. Definition G.0.3) the homogeneous part Xy, (h) is given by
Xnom(h) = @ (Xr &, Jnom = @ X; K, (& + h)p(dE).
TeEW TEW

We can further apply Lemma C.3.10 to identify the homogeneous part Xpom(h) with
the enhancement X" driven by the Cameron-Martin element h (cf. Appendix H),
which yields the rate function of the claim.

The large deviation principle on X" then follows by [DZ10, Lem. 4.1.5 (b)],
using that X" C E is closed (cf. Definition 2.2.1) and that X((;E()E) € X" almost

surely for every € > 0 (Theorem 3.4.1). O

We can now apply the contraction principle and Theorem 3.4.7 to deduce a large
deviation principle for solutions to (3.1.2) in (C*1(T?))5! for every o € (—9/4, —2)

under the relative scaling §(¢) — 0 and elog(d(e)™!) — 0 as e — 0.

Theorem 3.4.8. Let py € H*(T?) be such that py > 0 and py = 1, pae be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T be its mazimal time of existence (see Theorem 3.2.1). Assume §(¢) — 0 and
elog(d(e)™') — 0 ase — 0. Then for all T < T* and o € (—9/4,—2), it follows

sol

that (Pg(i))oo satisfies a large deviation principle in (C*1(T?))5" with rate ¢ and

good rate function

. 1
7(p) = {10 reen 0 = Po =XV - T(pV,] = ¥ - Tlpaah]
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Proof. An application of Theorem 3.4.2 shows that pl(f(i) € (CoTH(T?))! is locally
Lipschitz continuous in X((f(i) € X", which we can combine with the contraction

principle [DZ10, Thm. 4.2.1] and Theorem 3.4.7 to deduce the claim. ]

As the following proposition shows, it is possible to remove the relative scaling

in Theorem 3.4.8, if the initial data py is uniform, i.e. pg = 1.

Proposition 3.4.9. Let pg = 1 and pget be the weak solution to (3.2.1) with initial
data po and chemotactic sensitivity x € R. Assume §(¢) — 0 as ¢ — 0. Then for
al T >0 and o € (=9/4,-2), it follows that (pga(i))aw satisfies a large deviation

principle in (CTH(T?))5! with rate € and good rate function .

Proof. The deterministic Keller—Segel equation (3.2.1) preserves uniform initial data,
that is, pg = 1 yields pget = 1 globally. In particular, /pges = 1 which by Re-

mark 2.2.21 implies that for every 6 > 0 and p € [1, 00),

~Y

Bl Yoo P S 1, Bl Ll P ST (345)

The relative scaling of Theorem 3.4.7 (and, consequently, Theorem 3.4.8) was chosen
such that X((;)E) converges as ¢ — 0 in the sense of (G.0.4) to a limit that has no
contributions from lower-order Wiener chaoses, (G.0.5). As demonstrated by (3.4.5),
in the uniform case there is no such divergence as § — 0, hence we can choose

d(e) — 0 arbitrarily. O

Remark 3.4.10. In contrast to Proposition 3.4.9, which concerns the large deviations
in the rough setting, one cannot improve the relative scaling in the regular setting

(Theorem 3.3.5) by choosing uniform initial data.



The Renormalised Additive-Noise
Approximation

Let py € H*(T?) be such that py > 0 and pg = 1, paet be the weak solution to (3.2.1)
with initial data py and chemotactic sensitivity y € R, T be its maximal time
of existence (see Theorem 3.2.1), T < T*, &€ = (£',£%) be a vector-valued space-
time white noise on [0,7] x T? (see Section C.1), (¢5)s>0 be a family of symmetric
mollifiers as in (1.2.7) and & = o5 * &.

The goal of this chapter is to show Theorem 1.1.6, which establishes that the

renormalised, mollified additive-noise approximations

p’ = Ppo— XV -Z[p’V,]+x? —1°,

1=V I[/pat?, 9 =E[V- Z[1Vdy,]] 40D
converge in probability as 6 — 0 to a non-trivial limit p. To write down the
full statement and proof of Theorem 1.1.6, we need to combine Theorem 2.3.18
of Chapter 2 with Lemma 3.2.5 of Chapter 3. For the convenience of the reader,
let us carry this out in detail.

We first define what we understand to be a renormalised, paracontrolled

solution to

(at - A)p = _XV ) (pvq)p) -V (\/ pdets)a in (O7T] X TQ?
—A®,=p—7p, in (0,7] x T, (4.0.2)
pli=o = po, on T2,

103
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The following is similar to Definition 2.3.10, modulo the introduction of the

chemotactic sensitivity y, several factors of —1 and the choice of of heterogen-
eity 0 = \/Pdet-

Definition 4.0.1. Let (a,00,1,3, ', 8%, %, k,0) be a tuple of exponents satisfy-
ing (2.3.1), py € H*(T?) be such that py > 0 and py = 1, pae; be the weak solution
to (3.2.1) with initial data py and chemotactic sensitivity x € R, T* be its mazimal
time of existence (see Theorem 3.2.1), T < T* and X € X" be the renormal-
ised enhancement of Theorem 2.2.2 with heterogeneity o = \/paec € CrH*(T?) (see
Lemma 3.2.5). For every S <T, we call p: [0,S] — S8'(T?) the renormalised, para-

controlled solution to (4.0.2) on [0, S] with initial data py and chemotactic sensitivity
X, if
o the triple w = (w,w',w?) of distributions
w=p+1+xY, w =Vd,—\Vby, w?’ =w—-—xV-Ilu' 1]
satisfies
w e LECP(T%:R) x LiCP (T%:R?) x (LECP(T%R) N Z25¢% (T%:R)),
lim w, = lg%w# =po € S(T%R) and limw, =V, € S'(T*R?);

o the solution p satisfies p = Ppy — xV - Z[pV®,| — 1, where the product needs

to be interpreted in the renormalised sense, that is
—xV - Z[pVP,] = —xY + xV - Z[w' © 1| + xV I[Qf(w)]

with QF (w) defined by
OF (w) = —wVP, + x(wVPy) + x(YVD,) — X (Y VPy)

—x% —x(Vo10Y) —x(YQ VD) —x(1@Vdy)

+(we Vo) + (Vo1 ow)+ (1eVd,) + Z(w,X)
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and Z(w,X) by
P(w,X) = (wO VOy) + (1 O Vd,)
=X (W', VI[1], V) + x€ (v, V'I[®1], 1)
+ (w# +xV - Zlw' e 1] — x(v' e VI[I])) © Vo,
+ <Vc1>w# +XVV - @ro — x(w' © VQI[cbt])) ol

+ x(w' ).

In particular it follows that limy_, p; = pg in S'(T?). We call p: [0,5) — S'(T?) a
paracontrolled solution on [0,5), if p is a paracontrolled solution on [0,S'] for every

Sh< S.
We can now establish a rigorous version of Theorem 1.1.6.

Theorem 4.0.2. Let (a,00,1,3,8, 8%, 3% k,0) be a tuple of exponents satisfy-
ing (2.3.1), py € H*(T?) be such that py > 0 and py = 1, pae; be the weak solution
to (3.2.1) with initial data py and chemotactic sensitivity x € R, T* be its mazximal
time of existence (see Theorem 3.2.1), T < T*, &€ = (£',£?) be a vector-valued space-
time white noise on [0,T] x T? (see Section C.1), (1s)s>0 be a family of symmetric
mollifiers as in (1.2.7), & = s+ €& and X € X" be the renormalised enhancement

of Theorem 2.2.2 with heterogeneity o = \/paes € CrH?(T?) (see Lemma 3.2.5).

1. There exists a renormalised, paracontrolled solution p in (C*+t1(T?))5! to (4.0.2)
on [0, T [p)) with initial data po and chemotactic sensitivity x in the sense

of Definition 4.0.1.

2. For every 6 > 0 let p° be a solution to (4.0.1). It holds that p° — p in
(CotH(T?))5et in probability as 6 — 0. In particular for each A > 0 one has that

00 2—L N atl
hm]P’(Z lp—p ||60TLC + - )\) _o,
=0 \fZ L 1+|lp=rp’llog,con

where for every L € N we denote

T, =TANLANf{t €[0,T]:|p(t)|lcarr > L or ||p°(t)||casr > L}.
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Proof. Let (o, 00,1, 3,3, 8%, 3%, k,0) be a tuple of exponents satisfying (2.3.1), and
po € H%(T?) be such that py > 0 and py = 1. For every T' < T* it then follows by

Lemma 3.2.5 that 0 = \/paes € CrH?*(T?). We further obtain by Besov’s embed-
ding (B.2.1) and g% < 1,

po € HA(T?) = B2,(T?) — Bl ,(T?) < B | (T?).

The claim then follows by Theorem 2.3.18. O]
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In this chapter we collect open questions around the additive-noise approxima-
tion (1.1.11) and possible avenues for future work. In Section 5.1 we discuss the
quantitative behaviour of (1.1.11); in particular we give a conjecture on the prob-
ability that our approximation produces negative values (Conjecture 5.1.3). In Sec-
tion 5.2 we propose a research idea on the metastability of (1.1.11). In Section 5.3
we consider the asymptotic behaviour of the renormalisation and possible gener-
alisations of the relative scaling used in Section 3.4. In Section 5.4 we discuss

approximations that go beyond (1.1.11).
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5.1 Quantitative Estimates

In this section we explore how one may leverage the results of Chapter 3 to bound
probabilities of certain behaviours of the additive-noise approximation p((f)). In Sub-
section 5.1.1 we use the rough large deviation principle (Theorem 3.4.8) to show
that the probability of blow-up in C~'7(T?) is exponentially small in e~'. In Sub-
section 5.1.2 we conjecture how one can use similar techniques combined with the
(e)

regular large deviation principle (Theorem 3.3.5) to control the event that Ps(e)

produces negative values.

5.1.1 Controlling Blow-Ups

In this subsection we apply the rough large deviation principle (Theorem 3.4.8) to
control the probability that p((f(i) blows up before time 7' < T* (Theorem 5.1.2). In
particular, we show that the probability of a blow-up is asymptotically exponentially
small in 7!, a result that was inspired by [HW15, Rem. 4.6].

We combine Lemma B.8.6 and Theorem 3.4.8 to deduce a provisional large de-
viations upper bound for (T5.._ [p((f(i)])Do, which will then be applied to prove the

exponential unlikelihood of blow-up in Theorem 5.1.2 below.

Lemma 5.1.1. Let py € H?*(T?) be such that py > 0 and pg = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Theorem 3.2.1). Assume 6(¢) — 0 and
elog(d(e)™) — 0 ase — 0. Then for all T < T* and o € (—9/4,—2), it follows
that (T§a+1[p§2)])5>0 satisfies for every S € [0,T],

. e (1
timsup e log P( T8 [p5) < 5) < = int{ S hlEago rpurmeny s Tovnl'] < 8,

e—0

where p" is the solution to the mild equation
Ph = Ppo—xV - I[pth)ph] — V- I[\/pacth].

Proof. Tt follows by the lower semicontinuity of 7, fa“ (Lemma B.8.6) that the sub-

level sets {p € (COTH(T?))5! : Tgnii[p] < S} are closed in (C*T(T?))5, hence we
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can deduce from the large deviation principle of (pgs()s))€>0 (Theorem 3.4.8) the upper

bound
limsupelo P(T@a (€)1 < S) < — inf F(p).
6_mp g c +1[P§(s)] = =7 e (2 (p)
T§a+1[P]SS

We can simplify the right-hand side

inf 84
pE(COTL(T2))5e! ()
T§a+1[p]SS
. . 1 9
= pe(calrllfﬂri’))g?l lnf{ZHhHL2([0,T]><T2;R2) :p= Ppy—xV .I[pVQP] —- V-1 /_,Odeth]}
T§a+1 [p]<S

) 1
= inf{ SIhlEago purezy : Toon 0] < 5,
o' = Poo = XV - Z|p"VO,] - V- Ilpaah]}
which yields the claim. O

We can now use Lemma 5.1.1 to deduce that solutions pgs(l) to (3.1.2) blow up

before time T < T* with exponentially small probability in 7.

Theorem 5.1.2. Let py € H*(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data po and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Theorem 3.2.1). Assume 6(¢) — 0 and
elog(d(e)™) — 0 ase — 0. Then for all S < T < T* and o € (—9/4,—2), there

exists a constant ¢ > 0 such that

lim supslog[P’(Téi+1 [pg‘z)] < S) < —c.

e—0
In particular for every ¥ € (0,c) there exists some £o(¢) > 0 such that for all
e < go(¥),

P(Téiﬂ 5] < S) < o=tz

Proof. Assume we are given constant ¢ > 0 with the following property: All h €
L*([0,T] x T*R?) such that T¢...[p"] < S satisfy ||h]|72 0 1yxr2m2) = 26 We can

then apply Lemma 5.1.1 to deduce

. e (1
timsup e log P T8 [p0)] < S ) < — int{ Sl1hlago mpernmey : Touns 1) < S} < =0

e—0
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which yields the claim. Hence it suffices to find such a c.

Using the lower semicontinuity of Tj.,, (Lemma B.8.6), it follows that for all
S < T there exists a constant v > 0 such that D%QH (ps paet) < v implies S < Tz, [p].
Using the local Lipschitz continuity of the solution map in the noise enhancement
(Theorem 3.4.2), we deduce that for every v > 0 there exists an R > 0 such that
X% xon < Rimplies DS (p", paet) < v, where X" denotes the enhancement driven
by the Cameron—-Martin element A (cf. Lemma H.0.3). Hence, combining both we
deduce that for all S < T there exists an R > 0 such that ||X"|| xo < R implies
S < Toaa[p"]-

By an application of Lemma H.0.3, we can find for every R > 0 a constant ¢ > 0
such that || A7z 722y < 2¢ implies || X"|| yar < R. Consequently, for all § < T
"]

we can find a constant ¢ > 0 such that \|h\|i2([07T}xT2;R2) < 2c¢ implies S < T3 [p"],

which yields the claim. O]

5.1.2 Controlling Negativity

Our SPDE (1.1.11) may blow up before time 7', even if the deterministic Keller-Segel
equation (1.1.12) is well-posed until 7* > T'. In fact, this possibility of blow-up is
due to the additive noise, which causes the sign of the initial data pp in (1.1.11) to no
longer be preserved, which is especially problematic since our SPDE is supposed to
approximate the continuum fluctuations of the mean-field particle system (1.1.16).
In upcoming work we intend to control the probability of the event that pff(i) be-
comes negative before it blows up in L?*(T?). Here we use the L?*(T?)-theory of
Section 3.3 (the regular setting) to ensure that the negative part of the solution
is well-defined (see also Lemma 3.3.1).

For every p € (L?(T?))5! define T} [p] to be the first time when the L?(T?)-norm

of the negative part p~ is greater than or equal to a tolerance ¥ > 0, i.e.

Ty [p) == Tiolp) Aint{t € [0, T5[]) : llpy |22 > 9} (5.1.1)

We conjecture that the event T}y [p((f)] < T has exponentially small probability in ¢!
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Conjecture 5.1.3. Let py € C(T?) be such that py > 0 and py = 1, paes be the
weak solution to (3.2.1) with initial data po and chemotactic sensitivity x € R, and
T be its mazimal time of existence (see Theorem 3.2.1). Assume §(¢) — 0 and
e25(e)2 = 0 ase — 0. Then for all S < T < T* and ¥ > 0, there exists a
constant ¢ > 0 such that

lim sup € log ]P’(Tﬁ_ [p((f(i)] < S) < —c. (5.1.2)

e—0

Idea of Proof. The idea is to show that T); is lower semicontinuous on (a suitable
subspace of) (L?(T?))5%!, which we can then combine with the regular large deviation
principle (Theorem 3.3.5) to deduce (5.1.2). See also Theorem 5.1.2, which rigorously

establishes an analogous result for the blow-up time T [p]. O

A key issue in proving Conjecture 5.1.3 is the fact that the regular large de-
viation principle (Theorem 3.3.5), in contrast to the regular law of large numbers
(Theorem 3.3.3), does not actually allow us to estimate subsets of (L?(T?))5?!, which
is a consequence of the regularity that we had to trade in order to obtain the com-
pactness required in the proof of Theorem 3.3.4.

To extend Conjecture 5.1.3 to the case of zero tolerance, we would have to

consider the time
Ty o) = Tiolp) Ainf{t € [0, T500]) : llpy |22 > 0}, (5.1.3)

since (5.1.1) is trivial for ¥ = 0. While the proof of Lemma B.8.6 suggests that
Ty should be lower semicontinuous for every ¢ > 0 (on a suitable subspace of

(L*(T?))5Y), the same is not clear for (5.1.3).

5.2 Metastability

The Keller-Segel-Dean—Kawasaki equation (1.1.10) allows us to understand the
influence of stochastic fluctuations on the process of aggregation: The advection

in (1.1.10) coincides with the non-linearity of the Keller-Segel equation (1.1.12),
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is well understood and shown to form aggregates; while the Dean-Kawasaki noise
provides a (non-linear) stochastic perturbation of these dynamics.

To demonstrate the effect of the noise, consider the case of uniform initial data
po = 1 on a torus. The deterministic, periodic Keller-Segel equation (1.1.12) leaves
po invariant and no aggregation occurs. In contrast, the finite-number fluctuations

of (1.1.10) lead to the formation of an aggregate for sufficiently large x, for a sim-

ulation see Figure 5.1.
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Figure 5.1: Finite-difference simulation of (1.1.10) in d = 1 with x = 45, N = 10*
and initial data pg = 1.

This is akin to a formal and numerical analysis carried out by Chavanis and
Delfini [CD14] who showed that metastable transitions are possible in (1.1.10). On
the other hand, as was shown by Konarovskyi, Lehmann and von Renesse [KLvR19;
KLvR20], the corresponding (1.1.9) with smooth interactions on the full space has

no solution beyond the particle system (1.1.5); hence we do not expect (1.1.10)
to be well-posed either.!

1One might argue that this was addressed in [CD14] through coarse graining.
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Instead, we propose to study the metastability of the now well-understood
additive-noise approximation (1.1.11) to (1.1.10). An important ingredient of such
an analysis would be a large deviation principle (LDP) that is uniform in the initial
data. Our proof of the rough LDP (Theorem 3.4.8) is based on the techniques
of [HW15], which were recently extended by Klose and Mayorcas [KM24] to yield
locally uniform LDPs. Alternatively, our proof of the regular LDP (Theorem 3.3.5)
is based on [BDMOS], which even yields uniform LDPs.

5.3 Asymptotic Behaviour of the Renormalisa-
tion

Let po € H?(T?) be such that py > 0 and (pg, 1)z2 = 1, pget be the weak solution
to (1.1.12) with initial data py and chemotactic sensitivity x € R, 7™ be its max-
imal time of existence (see Theorem 3.2.1), T" < T™ and choose the heterogeneity
0 = \/pdet € CrH*(T?) (see Lemma 3.2.5). In Lemma 2.2.19 we showed that the

renormalisation (9°)s- satisfies the bound

19°]l zpczara S (1V Log(0™ ) @llEe llv/Pace iy aee (5.3.1)

for every a < —2, k € (0,1) and Fourier cut-off ¢ as in (1.2.6); which directly
informed the relative scaling log(d(¢)™!) — 0 employed throughout Section 3.4.
However, what happens if instead we assume €log(d(s)~!) — A? for some A > 07
In the context of the ®i-equation, Hairer and Weber [HW15, Thm. 4.7] showed
that a large deviation principle still holds and that its skeleton equation carries
an additional term depending on A2. To establish an analogous result in the case
of (1.1.11), we would have to find the deterministic limit Yy := lim._,,e®%®) ¢
ZrC?T4(T?) under the relative scaling elog(d()™') — A%, which would imply for

all K € (0,1/2) and p € [1,00),
Bl Y4 — Yallgene V7 < By B ¥4 g

can

+ llil(l)”é‘?é(g) — T)\H$7'3C2a+4 = 07



5. Future Work 114

where we used Lemma 2.2.9 and x € (0,1/2) to make sure that the first summand
vanishes as ¢ — 0. Even though neither shown nor used, the same also extends
to k € (0,1), see Remark 2.2.5.

In the case A = 0, it follows by elog(d(e)™!) — 0 and (5.3.1) that Yoy = 0;
however it seems non-trivial to establish the limit Ty = lim._,qe9°® for general
A > 0. In particular, it is not even true that elog(d(e)™') — A? is the ideal relative
scaling for every initial data py. For example upon choosing py = 1, it follows that
paet = 1 and hence $9 = 0 for every § > 0 (see Remark 2.2.21). Consequently no
scaling assumption is required to deduce 0 = lim._,o 9% in the case of uniform
initial data. See also Proposition 3.4.9 for the associated large deviation principle.

In the remainder of this section let us conjecture analogues of Theorems 1.1.3-
1.1.5 under the relative scaling elog(d(e)™') — A% We first state an analogue

of the law of large numbers.

Conjecture 5.3.1. Let py € H2(T?) be such that py > 0 and {py,1)12 = 1, paet be
the weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R,
and T* be its mazimal time of existence (see Theorem 3.2.1). Assume 6(¢) — 0 and
elog(d(e)™) — N € [0,00) as € — 0. Then for all T < T*, a € (—=9/4,—2) and
k € (0,1/2), it follows that Ty = lim._,0c9°®) € LEC?**+4(T?) deterministically

and p((f(i) — P 1 (COTH(T?))50 in probability as e — 0, where pj., solves
p()iet = PpO - XV ’ I[péetvq)péet] - XT)\

Idea of Proof. Assuming that Yy = lim._e9°®) € Z£C?**+4(T?) exists, the conjec-

ture follows by the paracontrolled decomposition (3.4.2) as in Theorem 3.4.4. [

Next we conjecture a large deviation principle under the relative scaling

elog(d(e)™t) — A

Conjecture 5.3.2. Let py € H2(T?) be such that py > 0 and {py,1)12 = 1, paet be
the weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R,

and T* be its mazimal time of existence (see Theorem 3.2.1). Assume 6(¢) — 0 and
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elog(d(e) ) = A €[0,00) ase — 0. Then for all T < T* and o € (—9/4,—2), it
sol

follows that (pge()s))€>0 satisfies a large deviation principle in (C*T(T?))5! with rate

e and good rate function

e
23(p) = ] S ao im0 = Poo = XV - TV, = xTx = V- Il acth]
Idea of Proof. Assuming that Y, = lim._ 9% € ZrC?**+4(T?) exists and we
can generalize assumption (G.0.5) of Theorem G.0.4, the result should follow as in

Theorem 3.4.8. O

Since Ty = 0, it is clear that Conjectures 5.3.1 and 5.3.2 specialize to Theor-
ems 3.4.4 and 3.4.8 in the case A = 0.
We further conjecture a central limit theorem under an additional assumption

on the speed of convergence between ¢ 9% and T, as e — 0.

Conjecture 5.3.3. Let py € H*(T?) be such that py > 0 and {pg, 1)1z = 1, paes be
the weak solution to (1.1.12) with initial data py and chemotactic sensitivity x € R,
T* be its maximal time of existence (see Theorem 3.2.1), T < T*, a € (—9/4,—2)
and k € (0,1/2). Assume §(e) — 0, elog(d(e)™') — A\? € [0,00) and

e V20 1) =0 in ZLECPTHT?) as e — 0. (5.3.2)

It then follows that 871/2(:0((52) — Phet) — U in (COTH(T?))! in probability as e — 0,

where vy € CpCOT(T?) is the unique solution to
vy =XV L[V, | =XV - I[p VO, ] — 1, 1=V I[\/pack].

Idea of Proof. The proof should follow by the paracontrolled decomposition (3.4.2)

and an argument as in Theorem 3.4.6. To motivate the assumption (5.3.2), let us

consider the Da Prato—Debussche decompositions wgi)) = p((;(e) + 172156 4 e ¥ 9LE)

can

(cf. Subsection 3.4.1) and w},, == pi.; + XY, which we can use to decompose the

leading-order fluctuations into

can

05 = ) = =170 = XYy + e () — i)
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It follows by Lemma 2.2.7 that 19) — 1 in Z£C*+1(T?) in probability as ¢ — 0;
and by Lemma 2.2.9 combined with (5.3.2) that

—xe Y + xe TPy = —xe TP - Ty) = 0 i ZECPTY(T?)

can can

in probability as € — 0. It then suffices to apply the paracontrolled Ansatz for wg‘a)

(cf. (3.4.2)) to show
8*1/2(w§2) - w()i\et) — —XV ’ I[U)\vq)pﬁet] - Xv ’ I[p()i\etvq)vk]v
which would yield the claim. O]

Assume the relative scaling '/2log(§()~!) — 0. We can then apply (5.3.1) to
deduce that assumption (5.3.2) is satisfied with Tq = 0 and, in particular, that
Conjecture 5.3.3 specializes to Theorem 3.4.6.

Of course, once Conjectures 5.3.1 and 5.3.3 have been shown, one can ask if a
central limit theorem continues to hold if assumption (5.3.2) is replaced by the mere
existence of a limit lim, _,o e~ */2(¢ 996 — 1)) € ZEC?**+4(T?). Needless to say, there

are many opportunities for future research.

5.4 Improved Approximations

We expect our additive-noise approximation p((f(i) (cf. (1.1.11)) to be precise up to
first order (see the discussion of Theorems 1.1.3 & 1.1.4), but it does not satisfy
the large deviation principle one would conjecture for the particle system (X%)N,
(cf. (1.1.16)). Indeed, under an appropriate relative scaling on (g, 4(¢)), it follows by
Theorem 1.1.2 (resp. Theorem 1.1.5), that pge()s) satisfies a large deviation principle
in (HY(T?))5' (resp. (C*H(T?))5!) with good rate function

. 1
I (p) = lnf{2HhH%Q([O,T]X’]I‘Q;RQ) 1p=Ppy—xV -I[pV®,]| -V 'I[\/pdcth]},

whereas the particle system (X)X, is conjectured to satisfy a large deviation prin-

ciple in CpP(T?) with good rate function

_ ) 1
() =] Sl aqo 1m0 = Pro = XV - Z(pV,] = - Zly/ph] |,
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see (1.1.19) for a discussion. Modulo the difference in state space, the main approx-
imation error between ,0((;5)5) and (X?)N, lies in the functional .#, which differs from
o/ by its additive-in-h skeleton equation.

Is it possible to find an approximation that is more precise? One possibility
would be to generalize the methods introduced in [FG23; DFG20; WWZ22; WZ22]
to interactions given by (1.1.17); though this seems challenging. Another avenue
would be to continue the expansion (1.1.13), possibly along the lines of [GWZ24].

Finally, is it possible to establish weak-error estimates between such an approxim-
ation and the particle system (1.1.16)? Similar estimates were obtained in [Cor+-23;

DKP24] but are still open in the case of interactions governed by (1.1.17).
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A.1 Formal Derivation of the Keller—Segel-Dean—
Kawasaki Equation

We present two formal derivations of the Keller-Segel-Dean—Kawasaki equa-
tion (1.1.8). The first one (Subsection A.1.1) follows Dean’s original argu-
ment [Dea96| as presented in [BGN16, Sec. 4.2] and derives (1.1.8) from the
particle system (1.1.6). The second one (Subsection A.1.2) interprets (1.1.8) as
a fluctuating gradient flow in Wasserstein space. Let us point out the results
of [KLvR19; KLvR20], which imply that the following is purely formal (see

Subsection 1.1.1 for a discussion.)

119
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A.1.1 Dean’s Argument

Let (XYY, be given by (1.1.6) and consider the empirical density p(z) =

% SN 6(z — X}). By a formal application of Itd’s formula, we derive the dynamics
A () = A (@) At =XV (VI 1)) dt = 22 26 —Xj)dB, (A1)

where VK satisfies (1.1.2) and (B%)Y, is a family of i.i.d. d-dimensional Brownian

motions B’ = (B"’1 ., B")). The noise Zfl d(x — X})dB! has the covariance

K Zém—XZ dB”“)( Za .9 dB”)]
0 =1 0 4=1
ths N

tAs
= Oy > 6z —X)o(y — X;)dr = 5k,zN/ o(x —y)p(x)dr
0 iz 0

for every k,l € {1,...,d}. On the other hand, let & = (&',...,£&%) be a vector-
valued space-time white noise, i.e. a random, Gaussian, centred distribution such
that formally E[¢*(¢, ) (s,y)] = 6(t — 8)d(z — y)dy, for every s,t > 0, z,y € R?
and k,l € {1,...,d}. It follows that

B([ Vi@ nan) ([ VG ar)]
- [ [V @y B e ) arar

tAs
= 5k,l/ d(r — y)llf«v(x) dr,
0

hence /Y (x)€(t, z) has the same covariance as N~/2 YN §(x — X7) dBi and upon
replacing the latter by the former in (A.1.1), we obtain (1.1.8).

Dean’s replacement can be seen as an analogue of the general result by Dambis,
Dubins and Schwarz [KS91, Subsec. 3.4.B| that every continuous local martingale
with respect to a right-continuous filtration is a time change of a Brownian motion

(possibly on a larger probability space ) Indeed define the noise
N
M(dsdz) = — Z — X')dB!dx,

which is (formally) a martingale measure in the sense of [Wal86]. We obtain for

every sufficiently nice ¢: R — R? the martingale

/t o(z) - M(dsdx) —Z qb (X})-dB,
0 JRrd
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whose quadratic variation is given by

[/0 Rd¢($)-M(dsdx)L=]\2ﬂ§; Ot\QS(X;)]?ds_N/ / I6(2) 21 (2) ds da.

Upon defining

_ VN ¢(x)
Wi(¢) = /o Rd\/_\/i M(dsdx),

we obtain a cylindrical Brownian motion, since

Ng(a) ol
=2 [ [ SR ) s = o

General theory [Daw93, Ex. 7.1.2] then implies that there exists a vector-valued

space-time white noise W(dsdz) such that

= [ [ o) wiasan

which we can relate back to M(dsdz) by the formula

V2
\/_

Consequently, we can identify the noise in (A.1.1) by

pN ()W (dsdz) = M(dsdzx).

—v 25 — X! dBldz = V- M(dsdz) = («/ stda:)
which is the same Dean—Kawasaki noise as in (1.1.8).

A.1.2 Derivation as a Fluctuating Gradient Flow

In this subsection we derive the Keller-Segel-Dean—Kawasaki equation (1.1.8) as
a fluctuating gradient flow in Wasserstein space. The presentation of this theory
follows talks given by Avi Mayorcas (Oxford '23) and Benjamin Gess (Delft '24), see
also [JKO98; Ott01; Ada+13] for further references.

We cast the Keller—Segel equation (1.1.3) as a formal gradient flow in Wasserstein

space (Pa(R%), W), where Py(IR?) denotes the space of probability measures on R?
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with finite second moments and W, the 2-Wasserstein distance. For every p € Py (R?)

let g, be the local metric tensor

acting on smooth, mean-free ¢,1: R? — R, see [Ott01] for a rigorous discussion.

9(6.8) = [ o) V) V) {—V-(pvw =,

We define the free energy (also sometimes called the entropy) by

F(p) = /Rd(p(ﬂf) log p(x) — gp(ff)C(ir)) dz, (A.1.2)

where ¢ = K % p denotes the chemical concentration and K the Green function of
the Laplacian on RY. We further define the Wasserstein gradient Vyy, F'(p) to be

the unique vector such that for every smooth, mean-free 1: R? — R,

lim Flo+ ]“fl) = Flp) = 9,(Vw, F(p), ).

h—0

One can then show
~Vw,F(p) = Ap = xV - (p(VK * p)), (A.1.3)

which implies that the Keller-Segel equation (1.1.3) is equivalent to the Otto—

Wasserstein gradient flow
Op = —Vw, F(p). (A.14)
In finite dimensions we can associate to each gradient flow

d
= ~VU(z), U:R* - R

a family of stochastic dynamics,
dX; = —a(X;) - VU(Xy)dt + N'V - a(X,)dt — /2/No(X;) d B (A.1.5)

such that for every N € N, (A.1.5) is reversible with respect to the probability meas-

+e VU dz where Z denotes the normalisation (partition function),

ure p(dz) =
B a d-dimensional Brownian motion, o: R? — R4 g = go’: R? — R4 and

(V-a(x)); = 2?21 0jaji(x) (under suitable assumptions on U and o.)
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Returning to the infinite-dimensional setting of (A.1.4), we rewrite the

oF
Op

(p), where 2E(p) denotes the vari-

Wasserstein gradient as Vi, F'(p) = M(p) 3

ational derivative

. Flp+hy)—F(p) _ JOF
A h <8p( ¢>L2(Rd)’

and M (p) the mobility,

M(p)p ==V -(pVe),  ¢:R' =R,
which takes the role of the diffusion matrix a in (A.1.5). We identify its square
root by M'Y2(p)y = V - (/p¥) (acting on 1: R — R?) so that M(p)¢p =
M'2(p)(M'?(p))*¢, where the adjoint (M'/*(p))* is given by (M'?(p))*¢ =
—/PVo. Let & be a vector-valued space-time white noise; then in analogy

to (A.1.5) we define the stochastic dynamics

0up = ~M1(9) 5 (6) — BINMH(p)€ =~V F(p) = (BINY - (V5E). (A-L6)
where we dropped the term of order N ! as it won’t contribute to the large deviations
of p for large N (cf. [FH20, Thm. 9.5]). Using (A.1.3), it follows that equation (A.1.6)
is equivalent to the Keller-Segel-Dean-Kawasaki equation (1.1.8).

Furthermore, we can identify the noise (, := V - (,/p€) appearing in (A.1.6) as
the natural white noise with respect to the local metric tensor g,. For the sake of

notation let us ignore the time component. We obtain for every p € Py(R?),

El5n (G 01906 0] =E[ ||V (V&)@ dz [ 9+ (/€0 ]

/RdF§ Vo da;/rg iy dy
= [ ple)Vita) - Vita) de = gy(6. ),

which yields the claim.

=E

A.2 Criticality

To ascertain whether a given non-linear stochastic PDE can be solved with the the-
ories of regularity structures [Hail4], paracontrolled calculus [GIP15] or flow equa-

tions [Kupl6; Duc21], one can first check if the non-linearity is dominated by the
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noise on small scales. If it is, then the equation is called (locally) subcritical (in the
sense of [Hail4]) and there is—morally—a good chance that it can be solved with
the techniques of singular SPDEs. Conversely, if an equation is not subcritical, it is
unlikely that one can give meaning to it using the tools of singular SPDEs. The no-
tion of subcriticality has been formalized in the (so-called) black-box papers [BHZ19;
Bru+21; CH16; HS24|, although here we choose to argue heuristically.

There are at least two back-of-the-envelope calculations one can perform to show
subcriticality [Per20, Sec. 4.7]. The first is based on scaling and will be used in
Subsection A.2.1 to establish the subcriticality of our additive-noise equation (1.1.11)
in dimensions d < 3. The second is based on regularity (power counting) and will be
used in Subsection A.2.2 to establish the failure of subcriticality for the Keller—Segel—

Dean-Kawasaki equation (1.1.10) in every dimension. See [Per20] for further details.

A.2.1 Subcriticality of the Additive-Noise Approximation

To establish the subcriticality of (1.1.11), it suffices to consider the formal equation

{(& —A)p=—xV-(p(VK % p)) =V - (/paa€) in (0,7] x RY,
pli=o = po on Rd,

(A.2.1)
where VK is given by (1.1.2), paet is a solution to (1.1.3) and & is a vector-valued
space-time white noise on [0,7] x R? Equation (A.2.1) is the full-space analogue
of (1.1.11) without mollification. In this subsection we show that (A.2.1) is sub-
critical in dimensions d < 3, critical in dimension d = 4 and supercritical in di-
mension d > 5.

We denote for A > 0 the parabolic space-time scaling operator Syu(t,z) =
w(A\2t, A\z) and define py = A\2Syp for some exponent a € R. Setting &, = A2+1¢,
it follows that &, is again a space-time white noise [Per20, Ex. 11.3]. We obtain

by the chain rule,

Dipr = Apx — XN PV - (pA(VK % py)) — V - (\/S/\pdet)\a+18)\€)v

which upon choosing a = g yields

Oipr = Apy — XA7g+2V “(pA(VK % py)) —V - (\/S/\PdetEA)-
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Note limy_0 Sypdet = const, so that the heterogeneity 1/Sypaet is harmless on small
scales. In dimensions d < 3 the non-linearity formally vanishes as A — 0, which
shows that the equation is subcritical. In dimension d = 4 the equation is scaling
invariant, hence critical. In dimension d > 5 the non-linearity dominates small

scales, so that the equation is supercritical.

A.2.2 Supercriticality of Dean—Kawasaki Equations

To deduce the supercriticality of the Keller-Segel-Dean—Kawasaki equation (1.1.10)
(resp. the Dean—Kawasaki equation with smooth interactions (1.1.9)), it suffices to
consider the non-interacting version
(0, — A)p=—V-(/p€), in (0,00) x T
{ /)|t=0 = Po, on Tda
which by the product rule is equivalent to

{(at ~A)p=-Vp-&—/pV-& in(0,00) x T (A.2.2)
pli=o = po, on T¢.

Let us show that (A.2.2) is supercritical in every dimension d € N.
The vector-valued space-time white noise € has regularity o < —d/2 — 1 (cf. e.g.

Section C.1). Assuming that the least regular term on the right-hand side of (A.2.2)

is given by V - & with regularity a— 1, it follows by the parabolic equation that p has

regularity «+ 1. Further if p is bounded away from 0, we may assume /- is smooth
so that ,/p also has regularity a + 1. Consequently, we obtain the power counting

(@ —A) p =—Vp- € — BV E.

~— — T

[ (€7 at+l a—

Formally, both products have regularity 2a. Hence, for the non-linearity to be
dominated by the noise V- & on small scales, we need 2a¢ > av— 1, which is equivalent
to a > —1. This is impossible since &« < —d/2 — 1 and d € N. It follows that the

Dean—Kawasaki equation (A.2.2) is supercritical in every dimension.
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Throughout the following appendices all relevant properties are given for mappings
or distributions on T? for some d € N. The definitions introduced in Section 1.2

generalize to d dimensions mutatis mutandis.

B.1 Sobolev and Gagliardo—Nirenberg—Sobolev
Inequalities

We apply the following Sobolev and Gagliardo-Nirenberg—Sobolev inequalities in

the two-dimensional case to prove Theorem 3.2.1.

Lemma B.1.1 (Sobolev’s inequality). The following hold:
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1. Let s > 0 and 2 < ¢ < 0o be such that $ > 1 — %; then H*(T?) — L4(T?) and
[ull zacray S llwllesre)- (B.1.1)

2. Let s > d/2; then H*(T?) — C(T¢) and
[l oo (ray S Nullgsray- (B.1.2)
Proof. See [BO13, Cor. 1.2 & Subsec. 2.1]. ]

Combining Sobolev’s inequality (Lemma B.1.1) with the Gagliardo—Nirenberg
interpolation estimate [BM18] yields the following Gagliardo—Nirenberg—Sobolev

inequality.

Lemma B.1.2. Let q,r € [1,00]; then given u € H*(T?) N L"(T?) such that u =0
and 0 € (0,1) satisfying

1 1 1-6 1
- _Z == B.1.
9(2 d>+ r q’ (B.1.3)

there exists a constant C' .= C(d,q,r) > 0 such that
[ull Lo(ray < ClIVul| Zaray 2l 1 (ray- (B.1.4)
We define Cgnsper(d, q,7) to be the optimal constant such that (B.1.4) holds.

Proof. Let u € HY(T?)NL"(T%). Then upon passing to the full space, u is a periodic
element of W22 (RY)NLE (RY), where the subspace of periodic functions in WL (R?)
(resp. Li,.(R%)) is equipped with the norm || - [[y1.2¢0,1y0) (resp. || - || z-(0.1)2))-

Let ¢,7 € [l,00] and 8 € (0,1) satisfy (B.1.3). We apply the Gagliardo—
Nirenberg—Sobolev inequality on (0,1)? (see e.g. [BM19, Cor. 1]) to deduce

[ullLagoye) S HUHW12 ((0,1)2 HUHLT ((0,1))"
Passing back to the torus, we obtain
lull ocray S el oy el ray-

Using that u is mean-free, the claim follows from the Poincaré inequality on T?¢. [
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B.2 Besov Spaces

Applying essentially the same arguments as in the proof of [BCD11a, Prop. 2.10]
there exists a dyadic partition of unity, i.e. a pair of non-negative, radially symmet-
ric and compactly supported smooth functions o_1, 00 € C*®(R% [0,1]) such that
supp(o-1) C B(0,1/2), supp(go) C {x € R?:9/32 < |z| < 1} and 32 o(z) = 1
for all z € R?, where we denote gi(7) := 0o(2 %) for each k € N.

For every k > —1 we define the Littlewood—Paley block Aj to be the Fourier

multiplier Ayu = F (g1 Fu) and set

k—1

A<ku = Z Alu

I=-1

As with the Fourier transform, we initially define these operators on smooth func-

tions and then extend them by duality to S'(T% R™).

Definition B.2.1 (Besov spaces). Let « € R and p,q € [1,00|. We define the
non-homogeneous Besov space ng(Td) to be the completion of the smooth functions

C>(T?) under the norm

lullgg, vy = 125 Akl zogray Jrer_, o,

which is extended to vector (resp. matriz-) valued functions in a natural component-
wise manner. Here 1 denotes the usual space of q-summable sequences (or bounded
when q = 00.) When p = q = oo we recall the shorthand C*(T?) = B (T%) and
call C®(T?) the Hélder—Besov space.

Remark B.2.2. Note that the dyadic partition of unity obtained by [BCDI11a,
Prop. 2.10] is built from g_1, gy with supp(9_1) € B(0,4/3) and supp(gy) C {z €
R?: 3/4 < |z| < 8/3}. However, for our purposes it is convenient to rescale these
functions by a factor of 3/8 so that the only integer in the support of p_; is 0. Since
the Besov spaces are independent of the chosen dyadic partition of unity [BCD11a,

Cor. 2.70] this change is harmless.

Besov spaces enjoy a number of useful properties which we list below. Proofs of

the following statements can be found in [BCD11a; GIP15].
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1. Embeddings: There exists a constant C' > 0 such that for alla € R, 1 < p; <

p2 <ooand 1 <¢q < g < oo,

P1,91

||u||332—;i2(1/p1—1/p2) < OHUHBO‘ (B.Q.l)

We also have the following continuous embeddings,
/
lullsg, < llullgy, o <o €R,

fullsg, < lullgw . o< €R, g<q € [L00]
2. Relations to LP(T?)-spaces: For all p € [1,00], one has,

1llsg.. < 171le < 01F 1o,

We can show that each By q(Td) is separable, where we use that our Besov spaces

are defined as closures of smooth functions (see Definition B.2.1).

Lemma B.2.3. Let p,q € [1,00]| and o € R. It holds that
B2, (T%) = {u € (T : [lullg, < o0, lim 24 ullz» = o} (B.2.2)
and each By (T?) is separable.

Proof. We first prove the characterization (B.2.2). Assume u € Bg (T%), we need
to show that lim;_,o, 27%||Ajul/z» = 0. By definition, there exist a sequence (u,)nen
such that u, € C*(T?) for every n € N and u,, — u € BY (T?) as n — oo. It

follows that for each j € N_q,
2 Ajullr < 2PN AGu = Ajunlle + 2 Ajunlle < [l — unllsg, + 271 At 1o

Letting j — oo, we obtain lim; o 2°*[|Ajul|zr = |lu — un||ss, subsequently letting
n — oo yields lim;_, 27%||Ajul|z» = 0. Conversely assume that u € S'(T?) satisfies
[ulla, < 0o and lim; . 27*[|Ajullr = 0. We need to show that there exists a se-
quence (up )nen such that u,, € C°(T?) for every n € Nand [[u—u, |y, — 0asn —
co. We define u,, = ¥7"~!, Aju € C*°(T?) and apply [GIP15, Lem. A.3]: For ¢ = oo

we deduce [[u — upllga . S sup;s,(27%)|Ajul|Lp), which vanishes as n — 0, since
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lim; o0 27| Ajul|» = 0. For ¢ < oo we deduce |ju — un||%g7q S 252, 29| Ajul|gs,
which vanishes as n — 0, since [[ul|gs < co. This yields the characterization (B.2.2).
Next we show the separability of each Bg’q('ﬂ‘d). If p < o0, let D be a countable,
dense subset of LP(T?); and if p = oo let D be a countable, dense subset of C(T¢).
We define the countable set
J
H::{Z Ajh;: JeN_y, hje D, j:1,...,J}
j=——1
and show that H is dense in C>(T%) C BS,(T?).
Assume first ¢ = co. Let u € C*(T?), then for each € > 0 there exists a J € N_;
such that 27%||Ajul|» < € for every j > J. For j = —1,...,J, let h; € D be such
that ||u — h||r < £279%, which combined with Poisson’s summation formula and

Young’s convolution inequality yields

1A — Ajhiller < (|1 Fd ool V (| Pgd 0-allpn)[Ju = Rgllee S €277

—_— ~Y

It then follows that
J
lu= > Ay
j=—1

which shows that H is dense in Bg  (T%).

~Y ~J Y
Bg j=—1,.., Jj=J+1,...,00

S swp (2a5u-Ahlle )V sup (27l S

Assume next ¢ < oo. Let u € C*(T?), then for each € > 0 there exists a J € N_;
such that 27%||Ajul|z» < 277 for every j > J. For j = —1,...,J, let h; € D be such
that ||u—h;|z» < €277 which combined with Poisson’s summation formula and

Young’s convolution inequality yields

~J

1A — Ajhslle < (| Fad 0ol V|| Fad 0-allp) |l — hylle S €279,
It then follows that

J J 00
=30 agn 5 35 el - Al + S P Al
j=-—1 Bg 4 Jj=—1 j=J+1
o0
5 4 Z 974 5 e,
j=—1

q
«

which shows that H is dense in B (T%). This yields the claim. O
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The next lemma presents a natural criterion that allows us to find elements

of Bg,(T?).
Lemma B.2.4. Let p,q € [1,00]| and a < o/ € R.

o Ifq € [1,00), then each distribution u € S'(T?) such that |ju||gs, < oo is an

element of By (T?).

o If ¢ = oo, then each distribution v € S'(T?) such that “uHBS"oo < 00 is an

element of By . (T%).

Proof. Let p,q € [1,00] and a € R. To prove the first claim, let ¢ < co and u €
S'(T) be such that [|uf|ps < co. Tt follows immediately that lim;_,q 2/*(|Ajul|» =
0, hence u € Bg,q(Td) by Lemma B.2.3. To prove the second claim, let ¢ = oo,
a < o € Rand u € §(T?) be such that ||u||Bg¢’/oo < oo. It follows that [Ju|zs < o0
and

2 Agulzr < PO gy =0 as j - oo,
hence u € BY . (T%) by Lemma B.2.3. This yields the claim. O

The next lemma shows that Besov spaces are compactly embedded upon passing

to a larger space.

Lemma B.2.5. Let p,q € [1,00] and o/ < a € R. It then follows that the embedding
Bg (T) — BS (T9) is compact.

Proof. Let (u,)nen be a bounded sequence in By q(Td), to prove the claim it suffices
to show that it has a subsequence which converges in BY, (T¢).

We follow the proof of [BCD11a, Thm. 2.94]. By the Fatou property of Besov
spaces [BCD11a, Thm. 2.72], there exists a subsequence (which we do not re-label)

such that u, — u in S'(T¢) and

lullsg, < liminf|ju,|ss,-
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Denote v,, = u,, — u, so that it suffices to show that limn_wo”vn”lgg/q = 0. First let
us assume ¢ < oo, we estimate for every K > 0,
lonllfr = 32 2N Awll% < D7 2% Aguallf, + KX 37 299 A, |3,
T jeNa jEN_1 jEN
21 <K K<
(B.2.3)
To control the second summand in (B.2.3), we can use that (||v,|/ss  )nen is bounded
(by the boundedness of (|[u,|/sg, )nen), to choose for every e > 0 the constant K
sufficiently large such that uniformly in n € N,
KA 30 20 Al < K1 unlfy, <

jEN,.l
K<27

Given a K independent of n, we can then let n — oo in the first summand of (B.2.3)

to deduce

. .y ..
lm Y Al = Y 2 L A
jeEN_; jeN_4

2W<K 2<K

Using that v, — 0 in S'(T?) as n — oo and that ||v,||ge, is bounded uniformly in
n € N, we can apply Bernstein’s inequality [GIP15, Lem. A.1] and the dominated
convergence theorem to deduce lim,_,||A;v,|/» = 0 for every j € N_;. Hence,
passing to the limit in (B.2.3) we obtain lim,,_,||v,,| gy < € for every & > 0, which

yields the claim for ¢ < co. The claim for ¢ = oo follows by a similar argument. [J

B.3 Interpolation Spaces

We regularly work in a scale of interpolation spaces which relate temporal and spatial

regularity and are suitable for solutions to parabolic PDEs.

Definition B.3.1 (Interpolation spaces). Let T > 0, n > 0, p,q € [1,0], @ € R
and k € (0,1]. We define the norm

lull 5, 1= max{lull e =, Nl

and the spaces

fn’fTB;q(Td) = ;;TB;";Q“(’]I‘d) N Cn;Tng(Td).
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We set
LrBe (T = CpBe > (T N CrBg (T
and by an abuse of notation understand 2B (T%) = Cp.r By (T?).
Recall that the space C7By, (T?) is defined as the completion of C#BS, (T?)

under the usual Holder norm for x € (0,1) and that C9B% (T?) == CrBg,(T9) (cf.

Subsection 1.2). Next we show that each C7Bg (T?) is separable.
Lemma B.3.2. Let T > 0, p,q € [l,¢|, @ € R and xk € [0,1). It holds that
C3B5 (TY) consists of those f: [0,T] — BS(T%) such that

1 (8) = F(s)llmg,

|t = sl

cs#te[0,T], |t—s| <7"} =0
(B.3.1)

| flloxps, < oo and li_r)r(l)sup{

and each CFBY (T?) is separable.

Proof. We first prove that C;B%,(T?) is characterized by (B.3.1), that is, each f €
C3B5 ,(T9) satisfies (B.3.1) and each f satisfying (B.3.1) lies in C7Bg, (T?).
Assume f € C7BY, (T?), we need to show that (B.3.1) holds. It is clear that
| flloxms,, < oo and it suffices to prove the second condition of (B.3.1). By definition,
there exists a sequence (fy)nen such that f, € CF¥BS (T?) for every n € N and

limy, oo || fo = fllozss, = 0. Let r > 0 and s # ¢ € [0, T] such that |t — s| <7, then

1F(8) = f(s)llsg [/ (t) = fu(s) s,

Pe | f — x o
|t o S|K — ||f anCTBp’q + |t _ S|'€

)

which yields

gsupd OIS 0.7, sl <= 17 = g,

T+P:q

Since n € N is arbitrary, we can pass to the limit to show that each f € CFBY, (T?)
satisfies (B.3.1).
Next we need to show that each f: [0,T] — BS, (T?) satisfying (B.3.1) lies in

C’%B;q('ﬂ‘d), i.e. that it can be approximated by a sequence (f,)nen such that f, €
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OB, (T?) for every n € N. We extend f from [0,T] to R by setting f(t) = f(0)
for t <0 and f(t) = f(T) for t > T. We define

and construct the polynomials

fult) = /Rf(r)gbn(t —7r)dr = /Rf(t — 1) (1) dr, (B.3.2)

which converge to f in CrBS,(T?) as n — oo, see [EK86, Appendix, Prop. 7.1] for
the case of real-valued functions. The extension to Banach space-valued functions
follows by the discussion in [AE09, p. 177].

Next we show that f, — f in C7Bg, (T?), where we argue as in [Hajl19]. Let
e > 0 be arbitrary, by the definition of CfB% (T?) we can find some 7 > 0 such that
if s#£t€0,7] and |t — s| < 7, then

17) — F(s)leg, < gelt — sl (B.33)

which also extends from [0, 7] to R by our definition of f. For every n > T it follows
by [EK86, Appendix, (7.3)] that f[_TT]|¢n(r)| dr <1, which combined with (B.3.3)
and the definition of f,, yields

1
1fu(t) — fu(s)llsg, < /[ TT]Ilf(t = 1) = fs = 1)llgp, Jén(r)  dr < Selt - s
Consequently we obtain for all |t — s| < 7, that
1 () = f(5) = ful®) + Fu(s)llsg, < elt — sl

Let n be sufficiently large such that [|f — fulle,se, < e77/2. Assume [t —s| > 7,

then
1f () = f(s) = fult) + fu(s)lBg, <20 = fallersg, <er™ <elt — s/
This implies that for all s # ¢ € [0,7] and n sufficiently large,

I = fa) (&) = (f = fa)(9)l| g, <elt — s
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Since € > 0 was arbitrary, we obtain lim,,_,||f — anC%ng = 0, which shows that
each f:[0,T] — BY,(T?) satisfying (B.3.1) can be approximated by a polynomial.
In particular, f € C;BS,(T?), which proves that (B.3.1) characterises the space
CyBg ,(T9).

To show that C’%Bg"q(Td) is separable, it suffices to approximate every f €
CrBy q(Td) by a polynomial with coefficients in a countable, dense subset of By, (T9),
which exists by (B.3.2) and the separability of BS, (T?) (Lemma B.2.3). This yields

the claim. [

The next lemma presents a natural criterion that allows us to find elements

of CiBS, (TY).
Lemma B.3.3. Let T >0, p,ge [l,0], a <o’ € Rand 0 <k <Kk < 1.

o If ¢ € [1,00), then each f:[0,T] — S'(T?) such that HfHo;’Ba < 00 1S an
element of CFBY (T?).

o Ifq= oo, then each f: [0,T] — S'(T%) such that ”f“C;’Ba’ < o0 is an element
of CEBg (T?).

Proof. Let T' > 0, p,q € [1,00], « € Rand 0 < k < k' < 1. To prove the first claim,
let ¢ < oo and f: [0,7] — S'(T?) be such that ”ch;,’Ba < 00. By Lemma B.2.4 it
follows that f: [0,7] — By (T?). Let r > 0 and s # t € [0,T] with [t — s| < r, we

obtain

1F(t) = f(s)llsg S|H/_5Hf(t) — f(s)llsg,

r_
It — sl L |t — s|¥ <" flley sy, =0 asr—0,

hence [ satisfies (B.3.1), which implies f € C;BS, (T?) by Lemma B.3.3. The
second claim follows by the same argument, using that | f|| oy By, < 0o implies

f:00,7) — B]‘ioo(Td) by Lemma B.2.4. ]
Next we show that each .ZFBY (T?) is separable.

Lemma B.3.4. Let T > 0, a € R and x € (0,1). Then ZpB5 (T%) =
C3Bg 27 (T4 N CrBS (T is separable.
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Proof. The proof is classical: There exists an isometric isomorphism that
maps ZpBS (T4 = CiBY > (T%) N OrBg,(TY) to the diagonal {(f,f) : f €
ZpBy (TH} C CpBy > (T?) x OpBg,(T%). The product space CFBg,**(T?) x
CTng(Td) is a separable metric space by Lemma B.3.2, which implies that the
diagonal is a separable subspace. Using that isometric isomorphisms preserve

separability, it follows that each .Z7By q(Td) is separable. ]

B.4 Paraproducts

For u,v € C*(T% R) we define the paraproduct € and resonant product ® by

UV = Z A<k,1uAkv, U@V = Z AluAkU.

k>—1 lk—1|<1

Formally one has the decomposition uv = v @ v + v © u + u ® v. Conditions
under which this decomposition is valid for (time-dependent) distributions u and v
are given by the following version of Bony’s estimates. These operators naturally
extend to vector-valued and matrix-valued objects as either inner or outer products.

Where the precise meaning is not clear from context it will be specified in the text.

Lemma B.4.1 (Bony’s estimates). Let T > 0 and n,m1,m2 > 0 be such that n =

m =+ n2.

o Let € R, u € Cp.7L®(THR) and v € Cpp7CP(THR). Then u@ v €
C,rC?(T% R) and

lue e, es S llulley, rrellvlle,, o

o Let BER, a <0, ue CprCYT%R) and v € Cp7CP(T4R). Then u@ v €
CyrCP (T4 R) and

lu©vllc, reats Sap lulle,, cexllvlle,,rco-

o Leta, € R witha+8 >0, u € Cp.rC*(T%R) and v € C,,.7C?(T%R). Then
u®v € CprCP(T4R) and

lu ©vllc, reats Sap lulle,, zeallvlle,,. co-
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Proof. The result is a direct consequence of [GIP15, Lem. 2.1]. O]

B.5 Parabolic and Elliptic Regularity Estimates

We will make use of the following interpolation inequality. Let x > 0 and

v € [0,1). Then
0<1—-e*<2a". (B.5.1)

We also apply the following rapid-decay inequality. For every r > 0 uniformly

in x > 0,
e < 1. (B.5.2)

The operators P, Z and & introduced in Subsection 1.2 and their accompanying

kernels .7 and ¢ can be generalized to T¢ mutatis mutandis. For all n € N, we also

apply Z to f = (f1,..., fn): [0,T] x T¢ — R™ by setting Z[f] = (Z[f1],- .., Z[fn])-

Lemma B.5.1. Let « < 8 € R and p,q,p',q € [1,00] be such that p > p' and
q>¢q'. Then for allt >0,

_B=a _de1_1
1Pifllgs, S (V) AV EETT)|f g (B.5.3)

/’ql

Secondly, if o < 8 < a+ 2 then for allt >0,

B—a
1P = D llsg,, S €701 (B.5.4)

Proof. We first show (B.5.3), which is an easy consequence of the Besov embedding
and the regularising effect of the heat flow. By (B.2.1) for all 5 € R and p, q,p’,¢" €
[1,00] with p > p’ and ¢ > ¢/, it holds that,

1Pefllge, S ||Rff||3§/+’j(1/p/—l/p)-

We now apply the semigroup property and the regularizing effect of the heat flow
([BCD11a, Lem. 2.4] & (B.5.2)),

1 1

_del1 1 _de1 1 _B—«a
1P llgsacimim S (LVEESTN | Pafllgs S (1VEET ™)1V S| fllss, s
p'.q P’ ,q ,
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which yields (B.5.3). The bound (B.5.4) can be found in [MW17b, Prop. A.13], who
cite [MW17a, Prop. 6] for a proof in the full space. We provide a short argument.
We consider the Littlewood—Paley blocks Ag (P, — 1)u = (P, — 1)Agu for k € N_;.
Since (P, — 1)A_ju = 0, we may assume k € N. We apply [BCD11a, Lem. 2.4 &

Lem. 2.1] to obtain the existence of some ¢ > 0 such that
t ¢
P = D8l < [ 10810 ds = [ 1P 1rds
0 0

t t
S 1AM [ e ds S auf 2 [ oo ds
0 0
SUAKF Nl (1= ™) S AR f 1ot 7" 250,
In the last inequality, we applied (B.5.1) with (5 — «)/2 € [0,1]. This yields the

claim using the definition of the BY (T%)-norm. O

We can now establish Schauder estimates similar to [GIP15, Lem. A.9] and [CC18,
Prop. 2.7]. For the sake of readability let us distinguish Schauder estimates in in-
terpolation spaces (Lemma B.5.2), which are mainly applied in Chapter 2, and
Schauder estimates in Lebesgue spaces (Theorem B.5.3), which are mainly ap-

plied in Chapter 3.

Lemma B.5.2. Let T > 0,71 >0, a < S €R, kK €[0,1) and p,q € [1,00]. Then
the following hold

1. IfﬁfTo‘—i—%Sn, then
1Pfllgs e S AVT™25)AVT ) AAT) | fllsg,  (B55)
and P: BS (T%) — £5:CP(T?) is a continuous map.
2. Ifn €10,1), n <n' and < a+ 2 are such that ﬂ%"‘\//ﬁ< 1—(n"—mn), then
||I[f”|$7;Tcﬂ St llflley e (B.5.6)

and I: CyrC*(T%) — ZL5pCP(T?) is a continuous map. In particular if T <1,
then

_Bma —k—(n—
IZ(fll 7z 05 S (T2 70D v P00 fllg o
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3. Furthermore, T: CpC*(T?) — ZxC2(T?) is a continuous map.

Proof. The proofs of (B.5.5) and (B.5.6) are simple consequences of Lemma B.5.1,
the semigroup property and the definition of the interpolation spaces, Defini-
tion B.3.1. The continuity of ¢t — (1 A t)"Pug and ¢t — (1 A ¢)"Z[f]; follows from
the fact that the same statement is true for smooth wug, f, and then by taking limits

along a smooth approximating sequence. O
The following Schauder estimates are applied in the proof of Lemma 3.3.1.
Lemma B.5.3. Let T'> 0 and v € R. Then the following hold:
1. The map P: HY(T?) — CyHY(TY) N LAH(TY) is continuous and
1P fllersonczaos Sollfllae

2. If ¥/ < v <~ +2, then the map T: CpHY (T — CpHY(T9) is continuous

and

o
2 fllopag-

IZllorm S (T + T

3. If v <~ <o +2, then the map T: LZHY (T — LZH(T?) is continuous

and

!
=

2 )||f||L2Tw’-

IZ[f 290 S (T + T

Proof. To show that P and T are continuous maps into CrH(T?), it suffices to
argue as in the proof of Lemma B.5.2. To establish their regularities in L2H71(T%)
and LZH"(T?) respectively, one can use the Fourier transform (in space), Young’s

convolution inequality and interpolation. O

Assume 0: RY — C is smooth and such that 97 is of at most polynomial growth

for all multi-indices v € N¢. Additionally assume that 6 satisfies the reality condition
O(w) = 0(—w), w e Z% (B.5.7)
We define the Fourier multiplier acting on u € S’(T%R) by the expression

0(D)u == Z ' (03).
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The polynomial-growth condition on all partial derivatives and (B.5.7) ensure that
6(D) maps real-valued distributions to real-valued distributions, a result which we

generalize in the following lemma.

Lemma B.5.4. Let « € R, p,q € [1,00], u € BY (T?) and k = 2[1+d/2|. Assume
that 0: R — C satisfies § € C*(R?\ {0}; C), 6(0) = 0, the reality condition (B.5.7)
and that there exist some m € R, C' > 0, such that for each multi-index v € N& with
v <k,

0"0(z)| < Clz|™ M, 2 e R\ {0}
Then,

10(D)ullggym < Nullsg,-

Proof. Since u is periodic the only frequency contained in the support of p_; is
w = 0, hence O(D)A_ju = 0. The remaining Littlewood—Paley blocks can then be
addressed directly with [BCD11a, Lem. 2.2]. O

Lemma B.5.4 leads directly to a control on solutions to Poisson’s equation and

their derivatives.

Lemma B.5.5. For all a € R and p,q € [1, 0], it follows that

I ullsg, S lullggr 1V ullgg, S Nl
Proof. Simply apply Lemma B.5.4 to the multipliers 6, (w) = ﬁﬂwﬂ) and 0y (w) =
|2277rrr|}2]1w7é0' H

B.6 A Chain Rule for Bessel Potential Spaces

We use the following chain rule in Bessel potential spaces in the proof of Lemma 3.2.5.

Lemma B.6.1. Let F € C®(R\ {0}), v >0, ¢ > 0 and u € H?(T%) N L>(T?) be

such that uw > c. Then there exists a constant C(v, F, ||u||z,c™ ") > 0 satisfying

1 (@)l < C(v, F lull zoe, €™ llulleo -
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For all v and F, the function (z,y) — C(v,F,z,y) can be chosen to be non-

decreasing.

Proof. Since u is bounded away from 0, we may use a smooth cut-off to assume
without limitation of generality that F' vanishes at 0 and that F” is locally bounded.
If v = 0, this yields the square integrability of F'(u). If v > 0 we may apply [BCD11a,
Thm. 2.87] to deduce the claim, see also [Con+20, Lem. B.2]. O

B.7 Commutator Results

Many of the results presented below are analogues and simple extensions of similar

results found in [Per13; CC18] to time-weighted spaces, C,7C*(T% R).
Lemma B.7.1. Let T > 0, n,m,n2 > 0 be such that n = 1 + 12, o € (—00,1),
BE€Rand k = 2|1 +d/2]. Assume 0: R? — C satisfies 6 € C*1(R?\ {0};C),
6(0) = 0, (B.5.7) and that there exist some m € R, C > 0, such that for each
multi-index v € N& with |v| < k+1,
1070(x)| < Cla|™ M, r € R\ {0}.
Then for every u € Cy, 7C*(T% R) and v € C,,7C?(T%R), it holds that
0(D)(u©v) —ue f(D)v € CprCP~™(T% R)
and
10(D)(u© v) —u© 0(D)vllc, years—m S llullc,, reallvllc,, zco-

Proof. The result is a simple extension of [Per13, Lem. 5.3.20] and [CC18, Lem. A.1]
to functions with prescribed blow-up in C*(T4; R) at ¢t = 0. O

Next, we consider the commutator between the operators Z and &, a result

reminiscent of [CC18, Prop. 2.7].

Lemma B.7.2. Let T > 0, n,n,n2 € [0,1) be such that n = ny + n2, kK > 0,
a € (—00,(1A2K)), B € R and m € (0,2). For every u € £} ,C*(T%R) and
v € Cp,.7CP (T4 R), it holds that Z[u © v] — u © Z[v] € CppCOPH™(T4 R) and

1w © v] — u© Zllllc,yeosm S lullzg jcollvleymes  (BT1)
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Proof. Let u € £~

n; T

C*(T4R) and v € C,,7CP(T%R), we first prove the
bound (B.7.1) and then the regularity Z[u @ v] — u @ Z[v] € C,.7C*tFT™ (T R). Let
t € [0, 7], by definition

Tlu©v)y — us © I[vly

- / Pr_(u(s) © v(s)) — u(t) © Pryv(s)ds
_ /0 P o(u(s) © v(s)) — u(s) © Pr_sv(s) ds + /0 (u(s) — u(t)) @ Pr_yv(s) ds.

To bound the first summand, we apply [Per13, Lem. 5.3.20] and use that o < 1

to estimate
|Pr—s(u(s)©v(5)) —u(s) © Presv(s)||carasm S |t—s| 7 (1A8)"|ullc,,.colvllc,, .co-

Taking the supremum, we obtain

¢
sup (1 A¢)" / P,_s(u(s)©@wv(s)) —u(s) @ P_sv(s)ds
t€[0,T] 0 co+B+m
¢
< ( sup (1A t)”/ it — s|*m/2(1 As)" ds) ||u Cnl;TcaHUHCnQ;TCﬂ'
te[0,7) 0

We can use a case distinction over ¢ € [0,1] and ¢ € (1,00); and the assumptions

n <1, m <2, to bound

¢
sup (1A t)"/ It —s|"™2(1As)"ds <p 1.
te[0,T 0

To bound the second summand, we apply Lemma B.5.1 and use that o« —2x < 0

to estimate

[(u(s) —u(t)) © P—sv(s)|catpsm
5 ||U(S) - u(t)HC“*% ||Pt—S,U(S)||C/3+2n+m

Slt=sl*ULV [t =721 A 8) ulleg, o2 llvlle

”725

Taking the supremum, we obtain

¢
sup (L At)" (u(s) u(t)) © Pi_sv(s)ds
tE[O T] Ca+5+m
sup (1A 4)" / = sV [t =52 A 8) s Y fulleg, ol e
te[OT v
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We can use a case distinction over ¢ € [0,1], ¢ € (1,2], and t € (2,00); and the

assumptions 7 < 1, m < 2, to bound

t
sup (1“)”/ £ — s|5(1V [t — s|"*™/2)(1 A 8) " ds < 1.
t€[0,T] 0

It follows that

1Z[u © v] = u © I[v]llc, peorsem S llullzr cellvlle,, o

which yields (B.7.1).

To establish Z[u © v] — u © Z[v] € C,7C*PT™(T% R), we need to show that
0, 7] >t = (LA (Z[u © v]y — up © Z[v];) is continuous and that lim; (1 A
H"(Zu© v); — us © Z[v);) exists in C4T#+™ (T R). The continuity in (0, T follows
by the completeness of the continuous functions under the supremum norm and by
taking limits along a smooth approximating sequence of v. To show the continuity
at 0, we can use the same bounds as in the derivation of (B.7.1) to control for every
te (0,1AT],

(L AL)|Z[w © v]e = us © Z[v]flcarsm S 72,

which implies lim;_o(1 A t)(Z[u @ v]; — us @ Z[v];) = 0 € CoHP+™m(T4; R). Therefore,
Tlu©v] —ue Iv] € CprCoPTm (T R), which yields the claim. O

Finally, we present a commutator result between the operators € and ©.

Lemma B.7.3. Let T' > 0, n,m1,m2,m3 > 0 be such that n =n; + 12+ n3, o € (0, 1)
and 8,7 € R such that 8 +~v <0 and a+ 4+ v > 0. We define

(f.9,h) € Cm;TCOO(Td;R> X Cm;TCoo(Td; R) x Cna;TCOO(Td§ R).

Then € extends to a bounded, trilinear operator
L 07713TCQ(TCI; R> e Oﬁz;TCB(Td; R) X Cna;TCwTd; R) — On;TCa—hB—M(Td; R).

Proof. The result is a direct consequence of [GIP15, Lem. 2.4]. O]
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B.8 Blow-Up Spaces

In this section we introduce a space of continuous functions that may blow up in

finite time. We follow the construction of [Cha+22, Sec. 1.5.1].

Definition B.8.1. Let (F, |- ||r) be a normed vector space and let @ be a cemetery
state. We define F* = FU{®@} and equip it with the topology generated by the open
balls of F and the sets of the form {u : ||ul]|r > R} U {@} with R > 0.

Next we define the space F5°' of continuous functions on [0, 7] with values in

F® that cannot return from the cemetery state .
Definition B.8.2. We define the set
5ol = {f e C([0,T); F®) : f|(T§[f],T] = @},
where Tg[f] =T ANinf{t € [0,T]: f(t) = @}.

We equip F3°! with a suitable metric.

Lemma B.8.3. There exists a metric DY on F5°' such that DE(f., f) — 0 as

n — oo if and only if for every L > 0,

lim sup [|fu(t) — f(1)llFr =0,

n—o0

t€[0,7L]
where
T, =T ANLANnf{t €[0,T]: | fu(t)|lr > L or | f(t)||r > L}.
Proof. The existence of such a metric follows by [Cha+22, Lem. 1.2]. O

Finally, we equip F5°' with a weight at 0 to allow for irregular initial data.

Definition B.8.4. We denote ;. (t) == (LAt)"u(t) for eachn >0, u: (0,7] — F*
and t € (0,T). We define

Fo = {u: (0.1 F® <ty (0) = linn(L A 0)"u(t) € F®, s € F;Ol}
and equip Fs(l} with the metric D,’;:T given by

Df;T(u, v) = DE (Ut Vpowt), u,v € Fso}
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Let F' be a separable, normed vector space, in the next lemma we show that

2ol is also separable.

Lemma B.8.5. Let T > 0 and F be a separable, normed vector space. Then F3

s separable.

Proof. The space F3°! can be identified with a subspace of the metric space ™!
defined in [Cha+22, Sec. 1.5.1]. As discussed in [Cha+22, Sec. 1.5.1], F*! is a

separable metric space, hence F5% is a separable subspace. O

In the next lemma we show that the map Th: F3°' — [0,7T] is lower semi-

continuous.
Lemma B.8.6. The map Tp: 5 — [0,T] is lower semicontinuous.

Proof. We define for every L > 0 and f € F3°' the exceedance time TEL[f] =
TALANf{t€[0,T]:||f(t)|lr> L}. Let S € [0,T], we first show that the sublevel

set

(TF) ([0, 8]) = {f € F3 - T¢[f] < S}

is closed in F3°!) which is equivalent to the lower semicontinuity of Tk.

The case S > T A L is trivial, since (TE)71([0,T A L]) = F5°', hence assume
S < TAL. Let (fu)nen be a converging sequence in (TE)~1([0, S]) with limit f € F3°l
Our aim is to show that f € (T)71([0, S]), so let’s assume for a contradiction that
TE[f] > S. The sequence of exceedance times (TE[f.])nen is a sequence of real
numbers in [0, S], hence by the compactness of [0, S] we can extract a subsequence
that converges (modulo re-labelling) to a limit lim,, ., TE[f,] = S* € [0, S]. Using

the continuity of the norm, we obtain

1F (STl = lim || (T [f)) | p

> tim of|£u(TEL) e — lmsupl F(TESD = Fo(TELL Dl = L
where we used f, € (T%)7'([0,S]) and S < T'A L to deduce || f,.(TE[fa])|| 7 = L and

the definition of the metric DX on F5*' (cf. Lemma B.8.3) to ensure that the second

term vanishes.
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Therefore, || f(S*)||z > L and by the definition of TE[f], we obtain TE[f] < S* <
S. Tt follows that the limit f € F5°! satisfies TZ[f] < S, hence f € (TE)71([0,5]),
which proves the lower semicontinuity of T%: F5°' — [0, T).

To deduce the lower semicontinuity of the blow-up time Tp: F5' — [0,T], we
use that Tp[f] = sup;.qTE[f] and the general fact that lower semicontinuity is

preserved under taking suprema. O

B.9 Space-Time Holder Distributions

In this section we define the space of periodic space-time Holder distributions
(Definition B.9.2; see also Definition B.9.4 for the analogous notion on the
torus), which we use in Section C.1 to quantify the regularity of space-time
white noise (Theorem C.1.2).

Denote by s = (s;)%, = (2,1,...,1) the parabolic scaling of R x R? with norm
ls| = X% 85 = 2+ d.

Definition B.9.1 ([Hail4, (2.10) & (2.13)]). Let z = (t,z) € R x R? and 2 =

(t',2") € R x R, we define the parabolic distance

)

d
ds(z, Z/> = |t _ t/|1/50 _I__ Z|xz _ x/|1/51
i=1
and denote the parabolic unit ball by B,(0,1) = {z € R x R?: |2|; < 1}, where

d
2l = 181750+ e
i=1

(by a slight abuse of notation, since |-|s is not homogeneous, hence fails to be a

norm.) We define the scaling of a function by X € (0, 1] around the point z via
S f(s,y) = NPT (s =), A (y1— 1), ..., A (ya—2a)), f:RxR? > R.

We can now define the space C2__.([0, T x R%) of periodic distributions of Holder

5,per

regularity a < 0.
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Definition B.9.2. Let o < 0 and r, = [—al, we define for each compact & C

R x R? the seminorm

u, S
|lullco(s) = sup sup sup M, u € S (R xRY).
’ AE(0,1] neBle zeR A
where
B;a = {77 € CTQ<R X Rd) : Supp(n) - Bﬁ(ov 1)7 H77| Cra(RxR4) < 1}7
and
||77||Cm(Rde) = sup sup [90"n(z)|.
yEN(l)er z€ERxR4
lv|<ra
We define ¢ ([0, T] x R?) C S!.(R x RY) as the completion of C*([0,T] x [0,1]%)

under the norm || - ||co (o.1)x[0.1¢), where we extend each element of C*([0,T] x [0, 1]%)

to R x R? periodically in space and by 0 in time.

Lemma B.9.3. For every a < 0 it follows that the normed vector space C2 .. ([0, T']x

5,per

R%) is complete and separable.

Proof. Completeness is clear since C&,..([0,T] x RY) is defined as a completion.
To prove separability it suffices to show the existence of a countable subset of
C&her([0,T] x R?) which can approximate every u € C*([0,T] x [0,1]) (extended
to R x R? periodically in space and by 0 in time) under the norm || |lce(o,77x[0,14)-

An application of the Stone-Weierstrass theorem shows that for each ¢ > 0
there exists a polynomial p: [0, 7] x [0,1]* = R such that [|u — p|| = (jo77x[0,172) < €.
We extend this polynomial to R x R¢ periodically in space and by 0 in time; in
particular it still holds that [|u — p| ez, < €, where & = [0,T] x [0,1]” and &
denotes the 1-fattening of &, that is, the closure of R+ B;(0,1). We can now control
the C#(&)-norm of u — p by its L>(&;)-norm, since for every A € (0,1], n € Bl= and

z € R,

[(u —p, 85/\7z77>| <|lu —PHLOO(EI)HUHLI(RXW;R) S lu —PHLoo(?q) <e,

which implies

[(u—p, S2.n)]
HU—PHcg(ﬁ) = sup sup sup <

67
A€(0,1] neBle zeR A
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showing that the (suitably extended) polynomials are dense in C*([0, 7] x [0,1]%)
under the norm |- ||ca(q). A similar argument then implies that the (suitably ex-
tended) polynomials with rational coefficients are dense as well, which yields the

separability of C¢ . ([0, T] x R?). O

5,per

We define the space C&([0,T] x T?) as those distributions in &'(R x T¢), whose
periodization lies in C*_..([0,T] x R%).

s5,per

Definition B.9.4. Let I': S'(R x T?) — S’ (R x RY) be a linear homeomorphism

per

(which exists by Lemma B.9.6 below.) We define for every a < 0,

Co([0,T) x T%) := {u € S'(R x T : T'(u) € C* ([0, T] x RY)}

s,per

and equip C&([0, T x T?) with the natural norm that turns T into a linear isometric

isomorphism.

Lemma B.9.5. For every a < 0 it follows that C&([0,T] x T?) is a separable Banach

space.

Proof. Completeness and separability are preserved under isometric isomorphisms;

hence the claim follows by Lemma B.9.3. O]

The following lemma is classical, here we follow the presentation contained in

the unpublished notes [vZui22].

Lemma B.9.6 ([vZui22, Lem. 31.3]). Let ¥: S(R?) — €% (R?) be given by

per

V() = Z T.0, T.0(x) = ¢(x — 2)

2€74

and y: C.(R?) — C>®(T%) be the linear homeomorphism

per

v(¢)([7]) = ¢(z), (2] =z + 2% € T
Then T': §'(TY) — S’ . (RY) given by

per

(C(u), 9) = (u,7(¥(9)))
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s a linear homeomorphism with inverse

1 S (RY) = S'(TY), (D7 (u), ¢) = (u, X7~ (9)),

where x € S(RY) is such that (T,X).cze forms a partition of unity (which exists
by [vZwi22, Lem. 29.3].) The above extends to S . (R x R?) and &' (R x T¢) mutatis

per

mutandis.
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In this appendix we show the existence and regularity of space-time white noise
(Theorem C.1.2), construct an abstract Wiener space (Theorem C.2.1) and consider

iterated It6 integrals (Section C.3).

C.1 Existence and Regularity

We first define space-time white noise as a family of Gaussian random variables.

Definition C.1.1 ([Hail4, Sec. 10.1]). We define a space-time white noise on
[0, T] x T? to be a family of real-valued, centred Gaussian random variables {£(¢) :
¢ € L*([0,T] x T%R)} on a probability space (Q, F,P), such that E[£(d)E(W)] =

<¢a w>L2([O,T]XT2;R) fOT’ every ¢7 @/J € L2([Oa T] X TzaR)

By an application of Kolmogorov’s extension theorem, there exists a probabil-

ity space (2, F,P) and a family as in Definition C.1.1. Indeed, following [Jan97,

150
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Ex. 1.27], we may take Q to be the algebraic dual to L?*([0,T] x T?), define for
all h € L*([0,T] x T?) the functions &: Q — R, w — &, (w) = w(h), and set
F=0(& :he L*]0,T] x T%R)). Then there exists a unique probability measure
P on (€2, F) such that each &, is centred Gaussian with variance HhH%Q([O,T}XW;R).

Next we show that there exists a modification of this family that is a random
distribution in 8&'(R x T?;R) and that this modification lies in the space C&([0,T] x
T2 R) (see Definition B.9.4).

Theorem C.1.2. A space-time white noise on [0,T] x T? as defined in Defini-
tion C.1.1 exists as a random distribution in S'(R x T?;R) and is almost surely an

element of C2([0,T] x T% R) for each a < —2.

Proof. Following [Hail4, below Rem. 10.1], let us consider the periodically-extended
noise
SR xR%R) > ¢ = T(EL.11)(0),

where ' denotes the homeomorphism constructed in Lemma B.9.6. For each av < —2
it follows by [Hail4, Lem. 10.2] that I'({1jo 7)) is almost surely a random variable
in C¢,.:([0,7] x R*;R). In particular, by Definition B.9.4 we obtain almost surely
£l € CX([0,T) x T%R). O

Given two independent space-time white noises £ and €2 as in Definition C.1.1

on the same probability space, we can define a vector-valued space-time white noise
§ = (€,€) by

£(0) = (€'(9),€(9),  ¢€ L([0,T] x T%R). (C.11)
With this definition it is clear how to pass from scalar-valued to vector-valued noise.

In the remainder of this appendix, for the sake of notation, we only consider scalar-

valued noise and omit the target space from our definitions.

C.2 Abstract Wiener Space

In the following we do not distinguish between L?([0,T] x T?) and the functions in

L*(R x T?) that are zero on the complement of [0,7].
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Theorem C.2.1. For every a < —2 it follows that the law of the space-time white
noise on [0, T|xT? can be realized on the abstract Wiener space (B, H,,, ) with separ-
able Banach space B = C([0,T] x T?), Cameron—Martin space H, = L*([0,T] x T?)

and Gaussian probability measure p = Law(&).

Proof. 1t follows by Theorem C.1.2 that p is a Borel probability measure on B.
Hence to prove that p is a Gaussian probability measure in the sense of [Led96,
Sec. 4], we need to show that the law of each continuous linear functional on B is
Gaussian.

It follows by the Cauchy—Schwarz inequality and the assumption @ < —2, that
L*([0,T) x T?) c C2([0,T] x T?) = B, which implies by standard arguments B’ C
L*([0,T] x T?). Consequently we obtain by Definition C.1.1 that for each [ € B/,
Ly is a centred Gaussian measure on R, which implies that p is a Borel probability
measure on B.

It remains to identify the Cameron-Martin space H,. To do so, we first consider

the reproducing kernel Hilbert space R, i.e. the closure of B’ in L?(B, i), which

n
is isomorphic to H,. Using a duality argument, we obtain C°((0,7) x T?) C B’
(where we extend each element of C2°((0,7) x T?) by 0 to R x T?). The closure
of B in L*(B, i) coincides with the closure of B’ in L*([0,T] x T?) since for all
l € B C L*([0,T] x T?) it holds that [|I|| .25, = Illlz2(o,r1xT2)- Hence, using that
C>((0,T) x T?) C B', we obtain R, = L*([0,T] x T?).

By [Led96, Sec. 4] there exists a linear isometric isomorphism

v Ry — Hy, (1) = /Bxl(:r;),u(dx),

so that it suffices to identify each element ¢(1) € H,, with an element of L*([0, T] x T?).
Let ¢ € S(R x T?), we obtain

(0.9) = [ d@lz)u(ds) = 1.6) 2o,
B
which shows that ¢(I) coincides with the tempered distribution

uw € S'(R x T?), SR x T?) 3> ¢ > (o) = / 1(2)p(z)dz.

[0,T]x T2
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Using that the map L*(R x T?) 3 | — u; € §'(R x T?) is an embedding, we can
identify (1) and I, which yields H, = L*([0, 7] x T?). O

C.3 [Iterated It6 Integrals

In this section we define the notion of an iterated It6 integral (Definition C.3.2),
relate it to our space-time white noise (Lemma C.3.1), introduce 1t6’s isometry and
Nelson’s estimate (Lemma C.3.3 & C.3.8), show that each integral yields an element
of a homogenous Wiener chaos (Lemma C.3.9) and characterize its homogeneous
part (Lemma C.3.10). We further define an iterated It6 integral with mollifica-
tion and heterogeneity (Definition C.3.4), discuss in Lemma C.3.5 how those can
be controlled by passing to real space and then introduce an interpolation argu-
ment to show that mollified iterated 1to6 integrals converge to their un-mollified
counterparts (Lemma C.3.6). See also [MWX17; GP17] for different instances of

the same arguments.

Lemma C.3.1. Let € be a vector-valued space-time white noise on [0,T] x T?
as in Section C.1. Then there exists a family of complex-valued Brownian mo-
tions (WI(+,w))wezz j=12 (on the same underlying probability space) that satisfy

Wi(-,w)=WIi(- —w) but are otherwise independent.

Proof. Let € be a vector-valued space-time white noise on [0, 7' x T? as in Section C.1.

Let t € [0,T], w € Z% j = 1,2 and define

Bl (t,w) = €&Lpy(-) @ cos(2m(w, -)) ®4;,.),

Bi(t,w) = &(1jpq(+) ® —sin(2m(w, -)) ®6;.),
which yields a family of Brownian motions such that E[(B’(t,w))?] = t/2,
E[(B/(t,w))? = t/2, Bi(t,w) = BI(t,—w), Bi(t,w) = —B’(t,—w) and which
are otherwise independent. Using this family, we can define the complex Brownian

motion W (t,w) = BI(t,w) +iB7(t,w). O
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Let n € N, D C (0,00)" and ¢ € L?*(D x T**;C?*"). We define the spatial

Fourier transform of ¢ by

o~

(b(uluwlajl’ e ,un,wn,jn)

= / e~ Zmilwr @it tlon®n)) g (yy ) Gy U, Ty gn) Ay L .
(T2)"

We can now define iterated [t6 integrals.

Definition C.3.2 (Iterated It6 integral). Let n € N and
(0,00)2 = {(u1,...,up) € (0,00)" :uy > uy > ... > up}.

We define the iterated Ité integral acting on ¢ € L*((0,00)™ x T?"; C**) by

del(ul,wl).../ . AW (uy,, wy)
0

W1y €22 J1seerjn=1+0
¢(u17 —W1,J15 - - -5 Un, _wnajn)

For n =0, it is conventional to set I° = idc.

We can identify second moments of iterated It6 integrals by a version of

[td’s isometry.

Lemma C.3.3 (It0’s isometry). Let n € N and ¢ € L*((0,00)2 x T?"; C*"), then

E[I")]= > >

W1 yeeeswn €Z2 J1ye-sjin=1Y0

o0

Un—1 R
dul.../ dun|¢(u1,—wl,jl,...,un,—wn,jn)|2
0

||¢H%2((o,oo)g XT2n % {1,2}7;C) "
Proof. The claim follows by It6’s isometry, applied inductively to each stochastic

integral. [

Let T > 0 be a time horizon. Next we define iterated 1t6 integrals with mol-
lification (1.2.6)-(1.2.7) and heterogeneity o: [0,7] x T? — R (Definition C.3.4)
and show how one may control the influence of the heterogeneity by passing to

real space (Lemma C.3.5).

Definition C.3.4. Let n € N, T'> 0 and

(0,7)2 ={(w,...,un) € (0,7)" 1wy >ug > ... >u,}
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For every o € CrL>™(T?), 6 > 0 and ¢ as in (1.2.6) we define the heterogeneous
iterated Ito integral acting on ¢ € L*((0,T)% x T**; C*") (with mollification if 6 > 0)
by

@)= Y Y X elm)...odm,)

W1seeeswWn €Z2 J15--sJn=1my,....,mp €Z?

T u1 Un—1
X / del(ul,ml)/ AW (uy, my) . / AW (u,,, m,,)
0 0 0

X G(up,wy —my) ... 0(Up,wn — My)O(U1, —W1, J1y - -+ 5 Uy —Whns Jn)-

Next we show how one may control the heterogeneity.

Lemma C.3.5. Letn € N, T > 0, 0 € C7L>*(T?), § > 0 and ¢ be as in (1.2.6). If
0 =0, then

E[|I5,(0)1°] < lollg; ~El 1" ()], (C.3.1)

If 6 > 0, then
E[l15,(9)*] < el lollE; - El 1" ()] (C.3.2)
Proof. Let w = (w1,...,wn), m = (my,....,mn), w = (ui,...,u,) and j =

(J15---+7n). We represent

G (u1,wy —my) ... 6 (tUn, wn — M) P(Ur, —w1, 1, - - s Uny —Wns Jin)

= Oj@\n(,uﬂ W — m)&(u7 _w7.7>
Using that the Fourier transform turns products of L?(T?")-functions into convolu-
tions, we obtain

Z E@L(ua w — m)é;(uu _OJ,]) = ﬁ(a(@"qﬁ)(u, _maj)
we(Z2)*xn

and consequently, I3, (¢) = I"(¢5" x (6¥"¢)) for 6 > 0 and If,(¢) = I"(c®"¢)
for 6 = 0. To establish (C.3.2) for § > 0, we apply It6’s isometry (Lemma C.3.3),
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Parseval’s theorem and use the boundedness of ¢ and o to control
E[l15,(6)]"]
T Un—1
= > an [ du e om0 . —m. )
0

je{1,2}x" me(z2)xn 0

T Up—1
<helr ¥ 3 [aw / dup | F (0" ¢) (u, —m, )|

je{1,2}*" me(Z2)xn

Un—1
— ||g0|]%ﬁo Z dul.../ dun/(Q) dw|g®”(u,w)|2’¢(u,w,j)|2
0 T2)n

jef1,2pxn /0

T Un—1
<lellzlolte 3 [T [T [ dalotu
0 n

je{1,2pxn /0
= llellZllo & Bl ()],
which yields (C.3.2). The derivation of (C.3.1) for § = 0 is analogous. O

Next we consider the second moment of the difference Ig,(¢) — I3, (¢), where
we combine the idea of Lemma C.3.5 with an interpolation argument to extract a
small power of §. The resulting bound (C.3.3) is reminiscent of [GP17, Lem. 8.7] in

that we also need to pass to a space of lower regularity.

Lemma C.3.6. Letn € N, T > 0, 0 € CyH(T?), § > 0 and ¢ be as in (1.2.6).
Then for every 0 <9’ <9 <1 and ¢ € L*((0,T)%; H?(T?"; C*)),

E[15,(6) = I3, (0)7] S 87|11 = @llea (1 + [lelli=) o | sn B I ((1 = A)*2¢)[7).
(C.3.3)

Proof. We use induction and interpolation to bound for every 9" € (0, 1),
1= (0m)| < 8" |1 = @llor (1 + ellf=n(l + [m?)" /2,

which combined with It6’s isometry and the definition of 1§, (¢) — I}, (#) yields

E[| 15, () — 15,(6)]"]

<8N = llea (L + llellz="?
T

x> > dul.../oun du, (14 [20m|?)?” |Z (6% ¢) (w, —m, §)|2.

je{1,2}*" me(z2)xn 0

(C.3.4)
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Let 0 < 9" < 9 <1, to control the integrand in (C.3.4), we use standard product

estimates in Bessel potential spaces to obtain

> (L4 2rm )| F (09" 9) (u, —m, )P = [[(0%70) (w, - 5) 5,00 romy

me(Z2)xn

S llollEan e le(u, -, 3) 30 peny-
(C.3.5)

Plugging (C.3.5) into (C.3.4), we arrive at

E(l5,(9) — 13,(0)*) £ 811 = llea (1 + Il i< o1 EII((1 = 2)"2¢) ],
which yields (C.3.3). O

Remark C.3.7. In (C.3.3), to extract an exponent ¥’ of 4%, we had to assume that
o € CrHY(T?) and ¢ € L*((0,T)%;H?(T?*;C*")) for some 0 < ¢ < ¢ < 1; in
other words, we had to assume that o is regular and also had to incur a small loss
in the regularity of ¢. Both assumptions can be lifted if one considers iterated 1t6
integrals based on the noise 15 x (0€) rather than (s * £), where one can use that
s * (0€) may be interpreted as a mollified, vector-valued space-time white noise on

an L?-space with measure o(u,r)?dudx.

The following result, Nelson’s estimate, allows us to bound pth-moments of it-

erated [t0 integrals by their second moments.

Lemma C.3.8 (Nelson’s estimate). Let n € N and p € [2,00). Then there ezists a
C = C(n,p) > 0 such that for each ¢ € L*((0,00)" x T?*; C**),

E[|1"(¢)["]"/" < CE[|I"(¢)*]'.
Proof. For a proof, see [Nua06; MWX17]. ]

Let ¥(1,...,n) denote the permutation group over {1,...,n}. We call h €
L([0,T]™ x T?**;R*") symmetric, if

h(z1,...,20) = Sym(h)(z1,. .. 20) == D A2y, Zm)),
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where for all £ € {1,...,n} we denote u; € [0,T], x, € T? ji € {1,2} and

2z = (ug, Tk, Ji). We denote the space of symmetric, square-integrable functions
2 n 2n. P2n

by f € L,([0,T]" x T**; R*").

Next we show that each iterated It0 integrals of a symmetric integrand is an

element of a homogeneous Wiener chaos as defined in (G.0.1).

Lemma C.3.9. For each n € N and f € L2, ([0,T]* x T*";R*"), it holds that

I"(f) € H™(Q,P;R), where the homogeneous Wiener chaos H™ (Q, P;R) is defined
as in (G.0.1).

Proof. Let f € L2 ([0,T]" x T?";R?"), it is now a consequence of [Nua06, below

sym

Thm. 1.1.2] that I"(f) € H™(Q, P;R). O

Using that each iterated It integral has zero mean, we obtain the following

result (cf. [HW15, Sec. 4]).

Lemma C.3.10. Letn € N, f € L2 ([0, T|" xT?";R*") and h € L*([0, T] x T? R?).

sym

It then follows that n!E[I™(f)(- + h)] = (f, h®™) r2(jo,r xT2n R2") -

Sketch of Proof. For every h € L*([0,T] x T% R?) we can apply Lemma C.3.1 to
identify the shifted vector-valued space-time white noise & + h with a complex

Brownian motion plus drift, that is, for every t € [0,T], w € Z* and j = 1,2,
. . t/\
&+ ) (L) ® e W) @4, ) = Wi(tw) + / h(s,w,7)ds.
0

In the case of iterated I[to6 integrals of order 1 it follows that for every integrand
fe L([0,T] x T R?),

o0

EINA(-+R)])=E] > Y Flur, —wr, 7)) (AW (uy, wr) + h(ug, wi, 1) dug)

w1622 Jj1=1 0

2 00

= > > flur, —wi, j)h(ur, wi, ) dug
w1€Zz J1=1 0

= (f, h) L2017 xT2;R2) 5

where in the second equality we used that Itd integrals have zero mean and in the

third equality applied Parseval’s theorem.
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The case of general n € N follows by linearity, where we use the symmetry of f

to recover the integral over [0, T]" x T?" x {1, 2}" modulo a factor of n!. For the full

proof, see [Klo17, Prop. 1.33]. O



Shape-Coeflicient Estimates

In this appendix we bound our shape coefficients in terms of [t — s|7 and |ws|?
for some v € [0,1] and 8 € R. We first consider the shape coefficient for Y’
(cf. Definition 2.2.10).

Lemma D.0.1. Let s,t > 0, v € [0,1] and wy,wy € 27Z* \ {0} be such that
w1 + wo 7£ 0.

1. In the case (wy L wy), we obtain

D Y (wr,w2) S 16 = s[7eon| Pl on + ool .

2. In the case —~(wy L wy), we obtain
Do Y (wi,wa) S [t — s |wr| ™7 |wn| *ewn + wa| 72
4 |t — 8|7 |ewr | "Hwa| 2wy + wa| T2
The implied constants are uniform in wy, ws.
Proof. To bound our shape coefficients, we first derive explicit expressions, a step
that was inspired by [TW18, Proof of Thm. 2.1]. To do so, we evaluate the expo-

nential integrals in (2.2.8) and compute Dy, Y (w;,ws) through (2.2.9). We can then

further decompose

D, Y (wi,ws) = DLy Y (w1, ws) + DE, Y (w1, wo),

160
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into the leading term DL57tY(W1,WQ) and the error term DES7tY(w1,w2). The er-
ror term is generated by the zero initial condition of the noise, i.e. the remaining
restriction ug, u5 > 0 in (2.2.8).

Assume (w; L ws), then

DL, Y (w1, ws)

1
= §|W1|_2|W2|_2|W1 + wo| ™ (1 — e ltmllerten 1y gffwy + w2|2€_|t_sllw1+w2l2>

and
DE,+ Y (w1, w2)

! 2wy -4 2 (o= (t+s)|wrtwa|? —2t|w +wa |2
= ?’Wll |wa| " wr 4 wa| T 2t|wr + wal*(e 1tw2l® g el

+ 25|w1 —+ w2|2(ef(t+3)‘wl+w2|2 _ ef2s|w1+w2|2)

— (eft‘w1+w2|2 _ esw1+wz|2)2>.
We first consider DL, ,Y’(w;,w;) and estimate by (B.5.1) for every v € [0, 1],
DLs,tY(UJbUJQ) S|t — 5| |wr| 72 wa| 2wy 4 wo| T

Next we estimate the error term DE,,Y'(wi,ws). By symmetry it is enough to

consider s < t, for which

2 2
ef(t+s)\w1+um| _872s|w1+c@| S 0.

We can then proceed to bound the remaining non-negative term of DEsﬁtY(wl, wo)
by (B.5.1) and (B.5.2), giving the result in the case (w; L wy).

Next assume —(w; L wy). We obtain the expressions

DI—s,tY(Wb Wz)

1 _ _ _
:ﬁ\wﬂ ?|wa| 2 wr + wo| 72

1

X
<|W1’2 + ‘WQP — ]wl —|'U.)2|2
1

’CU1’2 + ‘w2‘2 + |W1 —|—w2|2

—|t— 2 2 44— 2
e lt=sl(wil*+lw2]%) _ o —lt=s|lwi+wo| )

9 _ o lt=sllwitwal? _ ets|<m?+|wz|2>)>

(D.0.1)
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and

DEs,tY(Wl, w2)

1
= §|¢01|_2|W2|_2

1 1

<|Wl|2 + |wl? = w1 + wal? [wi|* + |wa|* + |wi + wal?
% (2<et(|w1+w2|2*\w1\2*|w2|2) _ 1)<e—2t\w1+w2|2 _ e*(t+5)|w1+w2|2)

+ 2(65(\w1+w2|2*|w1|2*|w2|2) _ 1)(6*28\w1+w2|2 _ e*(t+5)|w1+w2|2))

1 1
B |w1 +WQ’2 |w1|2 + ’CUQP + \wl + w2‘2

ft\w1+<.u2|2 . es|w1+w22)2)‘
(D.0.2)
The first term in (D.0.1),

1

w1 |? + |wa | — |wr + wa?

= 2 2 N 2
e lt=sl(jwilP+lw2]%) _ o —lt=sllwi+wo| )

is non-positive so that by (B.5.1),
DL, Y (wi,ws) < [t — 5|7 |owr |4 |ws| 72 |wr + wo| 72

In (D.0.2), we bound the second, non-positive term by 0. In the first term, we
distinguish cases to fix the sign of the prefactor (|w |*+ |wa|? — |wi +ws|?) ™. Assume
first |wi]? + |wa]? < |wi + wo|? and by symmetry s < t. We obtain by (B.5.1)
and (B.5.2),

1 1

|wi]? + Jwal? — |wr + wal? |wi]? + |wa|? + w1 + wyl?

2_ 2_ 2 _ 2 _ 2
% ((et(|w1+w2| |wr [ =lw2]%) _ 1)(e wrtwa | o= (tts)|wrtwe| )

+ (68(|w1+w2|2*\w1\2*|w2|2) _ 1)<e*2S|w1+wQ|2 _ e(t+8)|w1+w22>)

. 1 1 (D.0.3)
T wr +wal? = wr[* = Jwal? fwi [+ fwel? + fwr 4 wal?
x o)) () _ gttt foal?)y () _ gl lerteal?)

\wl —|—WQ‘2’Y 1 t
w2 + |we|? + |w1 + wa|? |wi|? + |wa|?t + s
St = s |wr + wa| F w2

Slt—sp

~
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If instead |wy + wo|? < |wi]? + |we]?, s < ¢, then
1 1
jwi[? 4 |wal? = fwr + wal? [wr[? + Jwal? + |wr 4 ws?

2_ 2_ 2 _ 2 _ 2
% ((et(|w1+w2| w1 |[#—|w2]?) _ (e Wwrtwa|* o= (tts)|wrtwe| )

+ (eS(|w1+w2\2*|w1|2*\w2\2) _ 1)(6*23|w1+w2\2 _ e(t+3)w1+w2|2))

< 1 1 (D.0.4)
TP fwaf? = Jwr +wsf? w2+ |wal? + Jwr + wal?
x (1— e—t(lwl|2+|w2|2—|w1+w2|2))e—(t+8)|w1+w2\2(1 —

e—(t—s)|w1+wz|2)

|w1 +w2\27 t
lwi |2 + |we|? + |w1 +wo|?t + s
S |t — S|7|W1 + UJ2|_2|UJ1|_2+27.

<t — 8|7 |ws +w2|_2

By combining (D.0.2) with (D.0.3) and (D.0.4), we arrive at
DE Y (wiswz) S [t — s[Mwr | wa| (Jwr + wal 2 |wr |7 4 fwr 4 wa| e ).
This yields the claim. O

Next we bound the shape coefficient A=, which appears in %, %, % and
¥ (cf. Definition 2.2.16)

Lemma D.0.2. Let s,t > 0, k = 1,2, v € [0,1] and C > 1. Then uniformly in

wi,ws, w3 € Z*\ {0} such that C~1|w;| < |wy| < Clwy], it holds that
Aot 9 (Wi, wa,ws) S [t — 5| wa*[ws| 7.

Proof. The claim follows by the triangle inequality and repeated applications
of (B.5.1). O

The following lemma controls the shape coefficient AV, which appears in (\db,

(\p and Qf, %’ (cf. Definition 2.2.14).

Lemma D.0.3. Let s,t >0, k, k' =1,2, v € [0,1] and C,C" > 1. Then uniformly
in wy,wy,we € Z2\ {0} such that C7w| < |ws| < Clwy| and (C")Hw| < |ws| <

C"|wi|, it holds that

AN (wn, iy wa) S [t = s e |7 e [T



D. Shape-Coefficient Estimates 164

Proof. The claim follows by the triangle inequality and repeated applications
of (B.5.1). O



Summation Estimates

Contents
E.1 Basic Estimates . . . . . . . @ @ i i i i i i et 165
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E.1 Basic Estimates

We prove a number of summation and discrete convolution estimates that are cent-
ral to our bounds.

Recall that the Fourier multiplier of the elliptic operator 0;®, denoted by
GV (w) = 2miw |2miw| 21,40 for all w € Z? and j = 1,2, frequently appears in
the diagrams considered in Subsection 2.2.2. The following lemma shows that
|GI(w + wy) — GI(wy)| decays like |w + w;|™2 for every wy € Z*\ {0, —w}, which

is one order better than |G/ (w + wy)| < |w + wi| ™"

Lemma E.1.1. Let j = 1,2, then uniformly in w,w, € Z* such that wy,w +w; # 0.

Then it holds that

|G (w+wi) = G (wi)] S |wllw + w2 (1 + |wllwn] ).

165
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Proof. We compute

G (w+w) — GHw) =

i ( Wl + wl wl )
2 \|w + wi]?  |wi|2/)’
which can be bounded in absolute value by

_ [ — wlwl? — wi2{w, wi)

W’ —i—w{ w{
lw+ w2 |wi)?

lw + w1 |?|wn |2
S lwllw + w7 + |wlwr ] Hw + w72

This yields the claim. O

We apply the following summation estimates repeatedly to establish the regu-

larities of our diagrams.

Lemma E.1.2. It holds that uniformly in 6 > 0,

Y 15(1ve?) (E.1.1)
kez?
|k|<6—1
and
> k7P S (1 iog(6Th). (E.1.2)
kez2\{0}
|k|<s—1
What is more, for each o > 2,
Sk Sa L (E.1.3)
kez2\{0}

Proof. The proof follows by treating the left-hand sides in (E.1.1)-(E.1.3) as

Riemann sums and by bounding the associated Riemann integrals. O]

We make repeated use of the following convolution estimate to construct

non-linear objects.

Lemma E.1.3 ([2Z15, Lem. 3.10], [MWX17, Lem. 5 & Lem. 6]). Let a, 8 € R be

such that o + 8 > 2. We have uniformly in w € Z?,

S o] w —wi] TP Saqp (1V |w]) @2

w1€Z2\{0,w}
w1~ (w—wr)

If in addition o, 8 < 2, then we have uniformly in w € Z2,

Z |w1|_a‘w - w1|_ﬁ Sa,ﬂ,a—l-ﬂ (1 \ |w|)—a—,8+2.
w1 €Z2\{0,w}
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The next convolution result is useful for estimating correlated frequencies w # w'.

Lemma E.1.4. Let o, 3,7 € (0,2) be such that « +~ > 2 and +~v > 2. Then for
all w,w' € Z2\ {0} such that w # w' it uniformly holds that

> ol —enl Pl S o=l ol
w1 €Z2\{0,w,w’}
Proof. The proof follows by two applications of Lemma E.1.3, one in the case |w —

wi| < |w —w'|/2 and the other in the complement. O

To derive finer estimates, it is useful to introduce a discrete paraproduct analogue

to extend Lemma E.1.3, see (1.2.5) for the relevant notation.

Lemma E.1.5. Let «, 5 € R be such that « > 2 and > 0. We have uniformly in
w € 22\ {0},
> o] e — w7 Sa w7

w1 €Z2\{0,w}
w1 S(w—w1)

Proof. The proof is immediate by (E.1.3) and the bound induced by (1.2.5). O

E.2 Double-Sum Estimates

When we take the Fourier transform of the noise 0§, it generates convolutions of
o(t,w—mq) against dW7i(t,m;) in my; € Z*. We also generate convolutions in wy, €
Z? by constructing non-linear objects such as V-Z[1V®;]. Those steps lead to double
sums over wy, and my, that do not factorize. In this section, we estimate those sums.

We apply the following estimate in Subsection 2.2.4 to construct %

Lemma E.2.1. Let v € [0,1/2) and ¢ € (0,1 — 2v). Then uniformly in w,w; € Z?,
it holds that

> Jw = wal 21+ [wllews| ™) |wal P w — wi — wal
wa €Z2\{0,w,w—w1}
(w—wa)~wa

X Z (14 |w—w; —wy — mg\Q)_l(l + |ws + m2]2)_1
WQEZQ

S AV ]w—w )7LV fw])
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Proof. We decompose the sum over my € Z? into the regions my = w — wy — wy,
my = —wy and my € Z? \ {w — w; — w4, —w4}. We only give the bound that involves
the sum over my € Z? \ {w — w; — wy, —wy}, as the other ones are simpler. We

estimate
Z (1+ |w—w —0«24—7”'”62|2)_1(1vL |w4+m2|2)_1
mo€Z2\{w—wi —w4,—w4}
< Z lw — w1 — wg — mag| 2wy + ma| 2.

mo€Z2\{w—wi —w4,—wa }

Let € € (0,1), we can then apply Lemma E.1.3 to bound

> |w — wa] (1 4 [wllwa| ) |wa] P w — wi — wal
wa€Z2\{0,w,w—w1}
(w—wa)~wy

X > lw — w1 — wy — M| 2wy + mp| 2
mo€Z\{w—wi—ws,—wa}
SV jw—w )72 > |w = wal T2(1 4 [wllws| ™) |wal P w — wi — wal

wa€Z2\{0,w,w—w1}
(w—wa)~wy

Let p € (1,00), ¢ =p/(p—1) and § > 0. We obtain by Holder’s inequality,

> w — wy| 2 (1 + w]|ws| ™) Jwa P |w — wi — wy| !

wa €Z2\{0,w,w—w1}
(w—wa)~wa

1/p
(X el el ke
w4€ZQ\{O,w,w7w1}
(w—w4)~wy

1/q
L QD ST i e e
wa€Z2\{0,w,w—w1 }

We assume v € [0,1/2), 2 <pand 1 —2/p+ 2y < J < 2—2/p. It follows that
p(2—10) > 2, q(d —2v) < 2, q <2, g6 —2v+1) > 2.

and consequently by Lemma E.1.3,

1/p
> el (1wl 1Y)

wa€Z2\{0,w,w—w1}
(w—wa)~wy

1/q
(X el e — w7
wa €22\ {0,w,w—w1 }
S V)Y o — ) D2
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Let € € (0,1 — 27), we can now set § =1 — 2/p + 2y + ¢ to conclude

> Jw = wal (1 A+ [wllws| ™) |wal P w — wi — wal
wa€Z2\{0,w,w—w1}
(w—wa)~wa

S AV )TV w —w]) 7

which yields the claim. ]

5
We apply the following estimate in Subsection 2.2.5 to construct ¢, %) and
5
Qf . We use the restriction |m;| < §~! induced by the cut-off p(dm;) to establish

a bound in terms of log(d~1).

Lemma E.2.2. Lete € (0,1/2) and § > 0. Then uniformly in w € Z*\ {0} it holds

that
> Yoo (o —ma) T fw = wr +ma ) w1+ |wf|w — w7
mi€Z2 @1 €72\{0,w}
Ima|<o~

S w7 (1 viog(67)).

(E.2.1)
Proof. To bound (E.2.1) it suffices to estimate the two parts
> S (4w —ma) M1+ |w — wi +ma?) w72 (E.2.2)
m1€Z% wi1€Z2\{0w}
lma|<é6—t

and

> Yo (M |wr =)+ w — w4+ maP) e | P w — wi| T (E2.3)
m1€Z? wi1€Z?\{0w}
|m1\§5*1

Let us consider (E.2.2). We decompose the sum over my into the regions m; = 0,

m; = —w and m; € Z*\ {0, —w}. The sum over m; € Z?\ {0, —w} is given by

> o A fwr —ma )1+ w — w4 m ) e |7
m1€Z2\{0,~w} w1 €Z2\{0,w}
\m1|§§_1

The sum over w; € Z*\ {0,w} can then be further decomposed into the regions

wi =mq, w =w+my and w; € Z*\ {0,w, my,w + my}. We only give the bound
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that involves the sums over m; € Z*\ {0,—w} and w; € Z*\ {0,w, my,w + my}.

Using that w; € Z%\ {0,w, my,w + m; }, we may estimate

>, >, (1+ Jowr —ma )11+ Jw — wr +ma )~ Hwn |72
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
|ma|<é—!
< Z Z |lwr — ma| 2 |w — wi + my| 2w |72
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
[ma| <6t

Introducing the dyadic partition of unity (o4)qen_, (cf. (1.2.4) & (1.2.5)), we decom-

pose this sum into

> > Jwi — M| |w — wi + ma| 7w |72
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
lma|<6—1
= Z Z |lwr — ma| 2w — wi + my| 2wy |72 (E.2.4)
m1 €Z%\{0,~w} w1 €Z2\{0,w,m1,w+m}
|mq| <6t w13 (w—wi+m1)
+ > > |lwr — my| 72 |w — wy + my| 7 |wy |2 (E.2.5)
m1 €Z%\{0,~w} w1 €Z2\{0,w,m1 w+m1}
|my|<6—t w1 (w—wi+mi)
+ > > lwp — ma | w —wip +my| w2 (E.2.6)
m1€2°\{0,~w} w1 €Z*\{0,w,m1,w+m1}
|ma|<é6~t w1~ (w—wi+mi)

Assume € < 2/3, the terms (E.2.4) and (E.2.6) can be estimated by two applications
of Lemma E.1.3,

> > lwr — my| 72 |w — wi + ma| 2 |wy |
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
[ma]<6—t  |w1]<64/9w—wi+ma]
S > lwAmT > jwi — 1| 2|2
m1€22\{0,—w} w1 €Z2\{0,w,m1 ,w+m1}
|mq|<6 1 |w1]<64/9|w—wi+m1 |
5 Z |w +m1|—2|m1|—2+25 5 |w|—2+36.
m1€Z2\{0,~w}
|m1\§5*1

The second term (E.2.5) can be estimated by Lemma E.1.3 and (E.1.2),

> > Jwi = ma | w — wi + ma ||
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
Ima <6t w1 Z(w—wi+mi)
< Yoo |w+m| > |wr — my| 72w — wi +my |2
m1€Z2\{0,~w} w1 €Z2\{0,w,m1,w+m1}
|mq| <6t w17 (w—wi+m1)

Slw™ Y w7 S w71V Iog(67Y).
m1€22\{0,~w}
[m1]<é~!
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Decomposing (E.2.2) as discussed and bounding the resulting terms yields

S Y o) (et ) el S ol (1viog(57).
m1€Z? w1€Z2\{0w}
|ma|<é—t

Assume ¢ € (0,1/2), the bound on (E.2.3) then follows in a similar manner. O



Positivity of Diffusion-Advection
Equations

Let u € CZ((0,T] x T%) N C([0,7] x T?) be the classical solution (if it exists) to

the general diffusion-advection equation

{(& ~A)u=V-(bu), in(0,T]x T (F.0.1)

U|t:0 = U, on Tda
with positive initial data ug € C(T¢) and advection b € C([0,T] x T¢;R?) sat-
isfying V- b € C([0,T] x T%R). In the next proposition we show that u stays
bounded away from zero, which is used to prove Lemma 3.2.4 (where existence

of a solution is guaranteed.)

Proposition F.0.1. Let ug € C(T¢) be such that ug > 0 and assume b € C([0,T] x
T4 RY) satisfies V - b € C([0,T] x T4 R). Let uw € C2((0,T] x T¢) N C([0,T] x T%)
be any classical solution to (F.0.1). Then there exists a constant ¢ > 0 such that

u(t,z) > c for all (t,z) € [0,T] x T

Proof. Using the product rule and passing between the torus and the full space, we
find that u € C?((0,7] x RY) N C([0,T] x RY) is a periodic solution to

{ ou=Au—uV +b-Vu, in (0,7] x RY,

d
’LL|t:0 = Up, on R N
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where we denote V := —V - b and abuse notation to identify functions on T? with
periodic functions on R¢. Using the assumption V - b € C([0,T] x T¢), it follows
that V € C([0,T] x R?) and ||V || ¢ (o, 71xra) < 00

Let t € [0,T] and for every v: [0,t] — R define the time reversal 0(s) = v(t — s).
It follows by [RW00, Chpt. V, Thm. 23.5 & Thm. 20.1] that for every z € R? there
exists a weak solution ((Y)s>o, (Fs)s>o0) to the SDE,

{dy; = b(s,Yy) 1< ds + V2 d B,
Yo =z,

where we used b € C([0,T] x T% R?) to ensure that (s,y) — b(s,y)ls< is a previs-
ible path functional in the sense of [RW00, Chpt. V, Def. 8.3] and bounded in a
neighbourhood of time ¢. By an application of [EK86, Chpt. 8, Thm. 1.7 & Chpt. 4,
Cor. 4.3], this solution is unique in law.

We denote A, = [ V(r,Y,)dr and X, == e~ (s, Y,), where i(s) = u(t — s)
solves

{—asa —Au—aV+b-Va, inl0,t) x R,
U|s=¢ = uo, on RY.
It then follows by It6’s formula (cf. [KS91, Chpt. 3, Thm. 3.6]) that for every s < t,
dX, = —e (s, Y,)V(s,Yy) ds + e 0,0(s, Ys) ds + e < Vi(s, Ys) - b(s, ys) ds
+ V2 AVii(s,Y,) - dBs + e A Ati(s, Ys) ds
= V2e 4 Va(s,Y,) - dB,,

which implies that (X;)scjo,) is a continuous local martingale up to time ¢.
Let (Tk)ren be a localizing sequence, i.e. each Ty is a stopping time, T < Ty1,
t = supey Ik and (Xsar,)s>0 is a martingale for every £ € N. It follows that
Xsar, — Xsae almost surely as k& — oo. Furthermore,
E{Sup |Xs|:| < JJullogogxraye lewaxe < oo
s€[0,t]
and each [Xn7,| is dominated by sup,g(o|Xs|, which is integrable by the above.

Therefore we obtain by the dominated convergence theorem for all 0 <r < s < o0,

IE[)(s/\t ‘ fr] < E[Xs/\Tk | fr] = Aer/\T;C — X?‘/\ty
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so that (Xsat)s>0 is @ martingale.

We can then apply the martingale property to deduce
u(t,z) = @(0, z) = E[Xo] = E[X,] = E[e 4u(0,Y;)] = E|e~ o V¥ dry (v,

Using that T¢ is compact, it follows by the extreme value theorem that there exists

a constant ¢y > 0 such that ug > ¢o. Therefore for all (¢,z) € [0,T] x R,
u(t,z) =E e o V(T’Y*)druo(Y}) > coe MVlewaxrty > coe ™ MVlowaixrd >

which yields the claim. ]



Generalized Freidlin-Wentzell Theory

In this appendix we generalize Freidlin and Wentzell’s theory [FW12] to (direct
sums of) random variables taking values in Banach space-valued inhomogeneous
Wiener chaoses (Theorem G.0.4).

A similar program has already been carried out in [HW15, Sec. 3] and the main
observation of the present appendix is that the results of [HW15, Sec. 3] carry over
to situations in which the notion of convergence [HW15, (3.9)] is replaced by (G.0.4)
(where one retains powers of the noise intensity for lower-order Wiener chaoses), if
one assumes that the limit has no lower-order contributions (G.0.5). It is this change
that allows us to apply Theorem G.0.4 directly to the (canonical) enhancement
constructed in Theorem 3.4.1, rather than going through a perturbation argument
as in [HW15, Thm. 4.7], which does not generically apply for us as we wish to treat
cases where the white-noise induced renormalisation is strictly a distribution rather
than a smooth function (or as in [HW15] a constant.)

Let (B,H,, 1) be an abstract Wiener space where B denotes a real, separable
Banach space and p a centred Gaussian probability measure on B with Cameron—
Martin space (H,, ||-|l#,). Let R, be the associated reproducing kernel Hilbert

space, i.e. the completion of the dual space B’ in L*(B,u). Let (ex)ren be an
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orthonormal basis in R, such that e, € B’ for every k € N, which exists by an
application of the Gram—Schmidt procedure.
We define the Hermite polynomials H,(x), for every n € Ny and x € R, through

the series expansion

1 o \n
A\ ex (Ax—)?) S A H (x
p 5 nZ::O ()

and the generalized Hermite polynomials H,(x), for every multi-index v € N with

finitely-many non-zero entries and z € RY, by

H, () = ﬁH (),

which we extend to Banach space-valued arguments ¢ € B via

HV(f) = Hu((<€7 ei>>i€N)'

Let E be a real, separable Banach space, we denote by L?(B,u; E) the space of
functions ¥: B — FE that are Bochner measurable and square integrable under
. We can now define the E-valued homogeneous Wiener chaos of degree k € N,

denoted by H* (B, u; E), as in [HW15, (3.3)]:

H®(B, 1 E) = {‘If € L*(B,j E) : /

B

V(O H,(On(d€) =0 for all |v] £ k.
(G.0.1)
where the absolute value of the multi-index v is given by |v| == Y2, v;. We fur-

ther set HO(B,u; E) = E.

Definition G.0.1. Let W be a finite index set. For each T € W, let K, be a natural
number, E, be a real, separable Banach space and V., be an element of the E,-valued

inhomogeneous Wiener chaos of order K., i.e.
K,
\Ij'r = Z \Ij‘r,ka \IJT,k' € H(k) (Bv 3 ET)
k=0
Denote E = @,c\y E- and let W be given by

K-
=P, =PY V.h, VpecHIB pE,). (G.0.2)
TEW TEW k=0
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Given € > 0 and a random variable ¥ of the form (G.0.2), we define the rescaling

v = PeTU,.
TeW

Definition G.0.2. Let ¥ be a random variable of the form (G.0.2), lim._,od(e) =0

and (\I’ge(l))ao be a sequence such that

K,
€ K1
II’ES(Z) = @\;5 2 I;)\I’g(e)mk, Usieyirk € ’H(k)(B,u; E.). (G.0.3)

We say that \Il((f(;) converges to W as € — 0 if for each T € W and k < K,

lim </ /B W (€) — W) p(dE) = 0. (C.0.4)

e—0

Definition G.0.3. Let ¥ be a random variable of the form (G.0.2). We define the
homogeneous part Wnom: H, — E of ¥ by

Whom = @ (WT,KT>homu
TEW

where for each 7 € W and h € H,,,

(U, 1 oo () = / U, e (€ + B)u(dE).

B

The homogeneous part (U, g, Jhom(h) is well-defined by the Cameron-Martin
theorem [Led96, (4.11)] and [HW15, (3.8)].

We can now state a large deviation principle for random variables of the
form (G.0.3) that converge in the sense of (G.0.4) to a limit that does not have

any contributions from lower-order Wiener chaoses.

Theorem G.0.4. Let (\I’((SE(?._-))E>O be a family of random variables of the form (G.0.3)

converging in the sense of (G.0.4) to a random variable ¥ such that

=PV, x, Vi cHEN(BWE,). (G.0.5)
TEW

It then follows that (‘I’((;s(i))oo satisfies a large deviation principle in E with rate €

and good rate function Sy given by

1
Ta(s) = inf{2||h||§{u LB € Hy, with Bpom(h) = s}.
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Proof. The key observation is that the proof of [HW15, Lem. 3.7] carries over if
we assume (G.0.4) and (G.0.5) instead of [HW15, (3.9)]. One can then adapt the
strategy of [HW15, Thm. 3.5] to our setting. O



The Enhancement Driven by a
Cameron—Martin Element

In this appendix we analyse the regularity of the mild solution 1" = V -
Z[\/paecth] driven by a Cameron-Martin element h € L?*([0,7] x T?*R?) (Lem-
mas H.0.1 & H.0.2), which we then use to construct the enhancement X" =
(1 ¥ " Noh) (cf. (H.0.3)) appearing in Theorem 3.4.7 (Lemma H.0.3).

Let t € [0,T] and w € Z?, we can represent the Fourier transform of 1" by

Vhit,w)=> > H]_,(w)o(u,w —m)h(u,m,j)du. (H.0.1)
j=1mez2 /0

The next lemma establishes the regularity of 1" as a (Holder-)continuous func-

tion in time.

Lemma H.0.1. Let py € C(T?) be such that py > 0 and pg = 1, paer be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its maximal time of existence (see Lemma 3.2.3). Then for all T < T,

h € L*([0,T] x T%R?) and x € [0,1/2] it holds that

11| csge—2e S I1v/Pactlloqoryxr 17l 2 oy xr2e2)

and in particular 1" € CpL?(T?).
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Proof. An application of Lemma 3.2.5 yields /pae; € C([0,T] x T?); in particular
Paeh € L*([0, T]x T? R?) and upon redefining h, we may assume that 1" = V-Z[h).
Let w € Z? and s,t € [0,T] with s < t. We bound by Jensen’s inequality and

the Cauchy—Schwarz inequality,
\Th(t w) - Th(s w)[?

R 2
— H!_,(w)h(u,w, j) du /H{u h(u,w,j)du

< 2:: / | H — H_,(w)]? du) (/O |?L(U,w,j)|2 du)
+ (/ |H]_ (W) du) (/Stlﬁ(u7w,j)|2du>,

It follows by interpolation that for all x € [0,1/2],

[T (t,w) = (s, w)|* S [t = s/l [R(w)II72 (o112 (H.0.2)
which allows us to estimate by (1.2.1),

118 = 12l = D2 (L4 27w )72 Th(t,w) = V(s )P S [t = sI™ 1Al Z2qo,ryxrimey-

weZ?

By the definition of the C&H~2%(T?)-norm, we obtain the bound
||'h||052H*2*”~ 5 ||h||L2([O,T]><']I‘2;R2)-

To establish 1" € CpL?(T?), we approximate and use the completeness of
CTLQ('I[‘Q) under the supremum-norm. Let (hs)s=o be a sequence such that hs €
L3([0,T); HY(T?;R?)) for every 6 > 0 and v > 0, and such that hs — h €
L3([0,T] x T?R?) as § — 0. An application of (H.0.2) yields for all s,t € [0,T]

with s < t,

h . 7~
1170 = V| ae St — s > (14 [2mwl*) s ()72 0 17.82)

weZ?

= |t - 3|2F”||h6||%2([0,T];HV(T2;R2))7
hence [|1%¢]|cnppy—2+ < o0, which, upon choosing v > 2, implies 1" € CrL*(T?).

Another application of (H.0.2) allows us to deduce

1" — Ih‘SHQOTL? Sk - h5H2L2([0,T]><T2;R2) —0 asd—0
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and using that CpL?(T?) is complete we obtain 1" € CpL?(T?), which yields the

claim. =

The next lemma establishes the regularity of 1" as a square-integrable func-

tion in time.

Lemma H.0.2. Let py € C(T?) be such that pg > 0 and pg = 1, paet be the weak
solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and T*
be its mazimal time of existence (see Lemma 3.2.3). Then for all T < T* and

h € L*([0,T] x T? R?) it holds that

1" 230 < Iv/Paetlloqomixs) 1Rl 2o r <22
and in particular 1" € L2H(T?).

Proof. As in the proof of Lemma H.0.1, we may assume that 1" = V - Z[h]. Us-

ing (H.0.1), we decompose

T

111220 = >, (1421w
0 wez2\{0}

2
dt.

2 ¢
> 27riwj/ eIl R (4w, j) du
i=1 0

We then apply the Cauchy—Schwarz inequality followed by Young’s convolution in-

equality to estimate

T 2
P01 < S 1+ 2rwP)2rw]P S

0 wez2\{0} j=1

<> ¥ (1+]27rw]2)\27rw]2(/0Tet2”“’2dt>2</0T\ﬁ(t,w,j)|2dt)

¢ R 2
/ e l=ull2mel*h (4w j) du| dt
0

2 T
5Z§;£Wmmwwﬂwamwww

Jj=1lwez?

which yields the claim. O

Let Xh = (1h ¥ " So") be the enhancement driven by the Cameron—
Martin element h € L*([0,T] x T? R?), i.e.

V= VI paah], Y= V-1V ay,],

K= YO VD, + VP, O 1", "= VI[1" 0 VOy, 4+ V2Z[0y4] © 17
(H.0.3)
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We can construct X" by combining Lemma H.0.1, Schauder’s estimate (Lemma B.5.2)

and Bony’s estimate.

Lemma H.0.3. Let py € C(T?) be such that po > 0 and pg = 1, paes be the
weak solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and
T* be its mazimal time of existence (see Lemma 3.2.3). Then for all T < T*, h €
L*([0, T)xT?%R?), a < —2 and k € (0,1/2), it holds that X" = (17 ¥ " Noh) €

X" is well-defined as a distribution and

XM o < /Paetllogres 1ol 2o rpxer2w) (1 [|y/Pactll Gy poe 1P 2 0,777 m2))-

Proof. Let ¥ € (0,1/2) and ~ € (0,1/2) be such that 39 < 1 — 2x. We bound
the ZEC~17?(T?)-norm of 1" by the Besov embedding [GIP15, Lem. A.2] and
Lemma H.0.1,

11"l zge-1-0 S U N mmyy S IV zgmy, S IVPaalleqomyxrs) 1Al orxreze).

We bound the .Z£C~2?(T?)-norm of ¥" by Schauder’s estimate (Lemma B.5.2),

the Besov embedding and Bony’s estimate,
¥ g0 Sr 1V ploge 20 S 11 V@120 S 11 ey, o[V R1el 0

We bound the Z#C—3?(T?)-norm of %" by the Besov embedding and Bony’s

resonant product estimate,
1% | ge-s0 S 11" pgp-o0
S ”YhHPZ’THC*vaq)MHg;B;j + ”VCDYth;Cl*w“'th;B;g'

We bound the .Z5C~2%(T?)-norm of " by the Besov embedding, Bony’s reson-

ant product estimate and Schauder’s estimate,
I \’th’THC*w <l Vh”x;s%;‘”
SIVIIY lzge-o VOl gpryr + IVII@pullgper-o 11| gy g

S L | L
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We can now choose a = —2 — ¢ to obtain

HX"H»«;w S H\/pdet”CTLoo”h”LQ([O7T]XT2§R2)(1 v ”\/pdetH%TLOOHhH%Q([O,T}XTz;RQ))'

To show that X" € X" it suffices to construct a sequence of smooth approximations

to 1", see e.g. the proof of Lemma H.0.1. O



Regular Solutions to the Stochastic Heat
Equation

In this appendix we analyse the regularity of the mild solution 1° = V - Z[, /paet&’],
where § > 0 is the correlation length and &° = 15 * € denotes the mollification (in
space) of a vector-valued space-time white noise £ against a mollifier 15 defined as
in (1.2.7). Our goal is to establish that 1% € CpL?(T?)NL2H!(T?), if the initial data
po of paet is assumed to be continuous, positive and of unit mass (Proposition 1.0.4).

To show Proposition 1.0.4, we first need to prove generic bounds on 1° that
depend on /pae; only through its existence and regularity (cf. Lemmas 1.0.1, 1.0.2
and 1.0.3). Therefore, to keep the notation concise, we denote o = |/pqer and treat
o as a generic function of a given regularity until further notice.

Let v > 0, v € [-1,7), k € [0,1/2) and n € [0,1/2) be such that 2 <
v —4" and 2 < 1 — 2k. Below we establish 1° € Z5HY (T?) if 0 € C,.pH(T?)
(Lemma 1.0.1), 1° € L2H(T?) if ¢ € L2H"(T?) (Lemma 1.0.2) and 17 € LFHY (T?)
if o € CpHO'VO(T?) N L2H*+1(T?) (Lemma 1.0.3), each almost surely. We then
use all of these results to establish Proposition 1.0.4.

The Fourier transform of a vector-valued space-time white noise is given by a
family complex-valued Brownian motions W7 (t,m) = &(Lj4(-) ® e M) ®4; ),

where t > 0, m € Z? and j = 1,2 (see Lemma C.3.1). Therefore, we can represent

18/
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the Fourier transform of 1° by

2 ¢
Vtw) => Y Hi_,(w)5 (u,w —m)p(dm) dW (u, m), t€0,T), weZ?
j=1mez2 0
(L.0.1)
see also (2.2.5). Hence taking the Fourier inverse, we can deduce the real-

space representation

2 t
Vitz)=> > go(ém)/ 0; P,y (o (u, - )e®™ ™)) (1) AW (u, m), r € T2
j=1 mez? 0
(1.0.2)
The next lemma establishes the regularity of 1° in an interpolation space (see

Section B.3).

Lemma 1.0.1. Let T > 0, v > 0, 7' € [-1,7v), k € [0,1/2) and n € [0,1/2) be
such that 2n < v —~' and 2n < 1 — 2k. Then for all ¢ € CprH(T?), § > 0 and
p € [1,00) it holds that

B[V ]? Spir (1467 Do lcy0m00 (1.0.3)

and 1° € LEHY (T?) almost surely.

Proof. Using the real-space representation (1.0.2), we first establish for v > 0, 7/ €
[—1,7) and n € [0,1/2) satisfying 2n < v — 7/, that

sup E[|1707,,]7% Sr L+ 07 D)olle,am0 (1.0.4)
t€[0,T

and in particular 12 € H'(T?) almost surely for each t € [0, T7.
Let (ex)ren be an orthonormal basis of L?(T?). Using the definition of H (T?)

and Parseval’s identity, we obtain for every ¢ € [0, T],
12015 = (1= A)"7212 12

- i (e >3 plom) /0t<1 =AY, P, )R AW ) )

J=1meZ?

L2

2
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An application of the stochastic Fubini theorem [Ver12| combined with 1td’s isometry

yields

t
E[1715,] ZZ . e(om)’ 0 [(ex, (1= A)20;P_y(o(u, - )e*™ ™)) 12 du

k=1j=1meZ?2
t
Z > 90(57”)2/ I(1 =AY 720, P (o (u, -)e”™ ™ |72 du.
0
(L0.5)

We now distinguish the cases v/ € [—1,7v — 1) and v/ € [y — 1,7). First let
us assume that 4" € [y — 1,7). We can bound the integrand by an application of

Schauder’s estimate (Lemma B.5.1),
1L = A" 20; P (o (u, )™ ™ |2 S || Pmulo(u, )& )|l

o(u, - )e ™™ g,

where we used that v <+ + 1. We bound by a change of variables and Jensen’s

+77

SAVIE—ul”

inequality uniformly in u € [0, T,

lo(u, - )em |3,

— Z (1+ [27w*)|6(u,w — m)|* = Z (14 [27(w +m)|*)|6 (u, w)|?

w€eZ? w€eZ2
S D (4 2awf + [20m*)6 (w,w) P S o (u, )3 + (1+ [27m[?) o (u, )72
weZ?

< (L4 [2mm[*) o (u, )70
(1.0.6)

where the second inequality follows for v € [0,1] by the sub-additivity of x +— z7
and for v > 1 by another application of Jensen’s inequality.

Consequently if 7' € [y — 1,7) we may estimate uniformly in ¢ € [0, 7],

t
_ +W - _
E[1215,] S Nolle, o0 > s0(5m)2(1+\27rm!2)”/0 (LV [t —u (1 Aw)"*" du
meZ2
<r (1 + 5—1)2(7+1)HJ| %‘mT”H%

(L0.7)

where we used 7' < v and 27 < 1 to integrate the singularity; 2n < v — ' to obtain
a bound that is uniform in ¢ € [0,7]; and supp(¢) C B(0,1) to estimate the sum

over m € Z2.
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For 4/ € [-1,v — 1), we estimate instead
B[V 5] Sr 1+ 6720 2o lg, g S 47OV ol

where in the first inequality we used that 7' € [7',7 + 1) and (1.0.7) with v =
v 4+1>0.

To summarise, it follows for all v > 0, 7' € [—1,7) and n € [0,1/2) satisfying
2n <~y —+/, that

sup E[[| 1712, ;] Sr (146720 o], 0
te[0,7

which yields (1.0.4) and that 12 € H'(T?) almost surely for all ¢ € [0, T7.

Next by an application of Kolmogorov’s continuity criterion we establish (1.0.3)
and the parabolic regularity 17 € Z#HY (T?) for arbitrary v > 0, 7' € [-1,7),
k €10,1/2) and n € [0,1/2) satisfying 2n < v — " and 2n < 1 — 2k.

Let &' € (k,1/2] be such that 2n < 1—2x". Let s < t € [0,T]; we distinguish the

cases |t—s| < 1and |t—s| > 1 and first assume |t —s| < 1. Using the representation

combined with the fact that increments of (W7(-,m))mezz jeq1,2y over [s,t] are inde-

pendent of 12, we obtain

E[I17 = Vll5aw] = B[ Ps1e = Vl3020]
2 t

+ Z Z o(om)? 10; Pr—u (o (u, -)e2“i<m">)\|§w,%/ du.
(L0.8)
We bound the first summand in (1.0.8) by Schauder’s estimate (Lemma B.5.1),
1P—s 10 = Vllyr-2w S 1= 81 [ 1l
where we used that v — 2k’ < 4 < ' — 2k’ 4+ 2. Therefore by (1.0.4), we obtain

uniformly in s < t € [0, 7],

E[|Pr-s 13 = Vv S 1= s ElITll50] St = s (1+ 677|012, 20

(1.0.9)
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To control the second summand in (1.0.8), we further distinguish the cases 2x" <
1++ —~vand 2k’ > 144" —~. Assume 2x’ < 1+4++" —~, we estimate the integrand
as in (1.0.4) and obtain the singularity

2
> 3 wlom) / 10, Pralout, )2 )R, s

j=1mez?

< (14 67H20+D ||0||cmTw/(1\/|t_U\—

S

+' 'v%

)2(1 A u)~ 2 du.
Using that |t — s| < 1, we may bound

t t
/ (V| — a2 (1 A u) 2 du = / [t = u[" (A W) du
«ST |t - S|2n/7
where the singularity is integrable by 7/ < v and 2n < 1; and the bound is uniform

since 2n < v —~'. Therefore if 2k’ < 14" —~, we can control the second summand

in (1.0.8) by

2

Z o(dm) / |0, Pi—u(o(u, -)e 2”i<m">)||3_m/,2nl du
5 ( )2 7“)IICTIIcmTqM?f—SI%-

Now assume 2k’ > 1+~ —~; we may skip the application of Schauder’s estimate,

that is,
1Pi—u(0 (s )™ ) gy arin S (| Pmao(uy )™ ™ N a S oy - )em 0y,

to control the second summand in (1.0.8) by the singularity

2 t
> > w(m)? [ 10;Peu(o(u, - )™ )3 o du

Jj=1meZ? S

t
< (1+(S_1)2(7+1)||U||2Cn;TH’Y/ (1 Aw)"*du.

We may bound
t
/ (IAw) ™2 du <p |t — s>,

where the singularity is integrable by 2n < 1; and the bound is uniform by 2n <

1 —2k'. Therefore if 2k’ > 1+ ' — 7y, we can control the second summand in (1.0.8)
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by

2
> Y p(om)? uaﬂ (o, e N2, du

i=1mez?
Sr(1+07)? ”+1)|l0||cme|t — s
To summarize, for all k" € (k,1/2] such that 2n < 1 — 2x/, we can bound the
second summand in (1.0.8) by

2
3 5 wlom)? [ 10,Pra(otu, D

Jj=1meZ2
Sr (L4670 D ol|g, |t — [

(1.0.10)

Hence by (1.0.8), (1.0.9) and (1.0.10), we obtain uniformly in |t — s| < 1 the bound

‘2/1/'

E[ 1] — Vo] Sr (L4820 0ll, anlt — s

For |t — s| > 1, we instead estimate by (1.0.4),
E[|17 = Vll5r20] S BTG -20] + EIT5020]
Sr (L4720 oI, gt — s>,

which yields for all s,¢ € [0,7] the bound
E[ 1] — VIl 2] Sr L+ 62O ol8, a0t — s

Let p € [1,00), to control the LP(P)-norm, we use Nelson’s estimate [FVO07,

Lem. 2] and Holder’s inequality to deduce

B[ 15 = 1l on]? Sp BN = VlGae],

H'y —2r!
which, together with the L?(P)-bound above, yields
B[V = Vb o Spr (L4677 D olleymmn |t — 5]

An application of Kolmogorov’s continuity criterion [FV10, Thm. A.10] then implies
that there exists a modification (which we do not relabel) such that for all p > 1/x’
and k € [0, — 1/p),

B8, ppr2w ] Spr (L4677l llcyrrer- (LO.11)
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Another application of Holder’s inequality shows that this bound continuous to hold
for every x € [0, ') and p € [1, 00).

The next step is to generalise the result to arbitrary exponents s € [0,1/2) and
to avoid the loss of 2(k’ — k) space regularity in (1.0.11). Let v > 0, v/ € [—1,7),
k € [0,1/2) and n € [0,1/2) be such that 2n < v —~" and 2y < 1 — 2k. We can
find ' € (k,1/2] such that v + 2(x' — k) € [-1,7), 2n < v — (v + 2(x' — K)) and

2n <1 —2x'. An application of (I.0.11) with these inflated exponents yields

B[00 3 2e] " = B [y s 1" Spr (L4070 llcyrmer

which proves (1.0.3). Further, an application of Lemma B.3.3 shows 1° € Z8H" (T?)

almost surely. O

The next lemma establishes the regularity of 1° as a square-integrable func-

tion in time.

Lemma 1.0.2. Let T > 0, v > 0 and o € LZH(T?). Then for all § > 0 and
p € [1,00) it holds that
B 125017 S (L4077 Dol 200

and in particular 1° € LAHY(T?) almost surely.

Proof. We apply 1td’s isometry (1.0.5), Parseval’s theorem and Tonelli’s theorem to

obtain
E[[ 1] 724]
2 T t
=3 % etom [ [0 - A0, Pl )6 s duds
J=1meZ? 0 Jo
T t
=Y om? Y <1+|27m\2)v|2m|2/ / o~2=I2Rl 5 (4 — ) dudlt
meZ2 wEZ2 0 Jo
T T
= > p(ém)* Y (1+|27rw|2)”’|27rw|2/ |8(u,w—m)|2/ e~ 2l—ull2rel® q¢ qyy
meZ? WEZ? 0 u

T
= ; Z 90((5m)2 Z (1+ \27rw\2)7/ |6 (u,w — m)]2(1 — e’Q‘T’“HZW‘Q) du,
0

me7Z? w€eZ?
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which we can bound by
T
[HI‘SHLQW < D p(0m)? > (14 21w*)6 (u,w — m)|* du.
meZ? 0 wez?
Using that v > 0, we bound the integrand as in (1.0.6) uniformly in u € [0, 7],
> (L4 2rw) e (u,w = m)|* S (1+ [2mmf*) o (u, )3,

weZ?

which yields

Bl )250] S 3 o(@m)2(1+ 2rml?) / Jo(u, )l du

meZ?

<A+ o2 4,

where in the last inequality we applied (E.1.1) to control the sum over m € Z?. The
claim for arbitrary p € [1,00) then follows by Nelson’s estimate [FV07, Lem. 2| and

Holder’s inequality. O]

The next lemma establishes a uniform bound on 1? without trading space reg-

ularity for time regularity (cf. Lemma 1.0.1).

Lemma 1.0.3. Let T > 0, v € [-1,00) and o € CpHYO(T?) N LAH T (T?). Then
for all 6 >0 and p € [1,00) it holds that

E[| V[ Z50:]"? Sp (1+ 67772 max{|lof|cpaemo, loll 2041}

Proof. For all w € Z? we obtain by (1.0.1) the stochastic differential equation of the

Fourier transform (fg(t, w))tefo,1]s

— — 2 . .
AV (t,w) = =2V (t,w) dt + > Y 27w’ 5(t, w — m)p(dm) AW/ (¢, m),
J=1mez?
whose (complex) martingale part we denote by
= Z > 271'1(,0] (u,w — m)p(ém) dW (u, m).
j=1mez2 /0
The (sesquilinear) covariation of ]\/4\5(75, w) is given by

d[]\/ﬁ( Sw), MO(- W] = (27w, 27w’ Z o(t,w —m)o(t,w —m)p(dm)?dt

meZ?
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and we denote the complex quadratic variation by [-]; :=[-, - ];. It then follows by
an application of the complex It6 formula, that

|19 (t, w)?

= 15(t, —w) dT3(t,w) + 13(t,w) dT3(t, —w) + d[19( -, w)];

—215 (¢, w)|2|2mw|? At + 13(¢, —w) AMO(t, w) + 13(t,w) dMO(t, —w) + d[MO( -,
which, combined with (1.2.1), yields

t/\ —
||l‘§||H7 = —2/ ||Vlu||pm du+2 Z(1+|27rw|2)7/ 19 (u, —w) dMO(u,w)

weZ? 0

+ 3 (1 + 27w ) [MO( - w))s.

weZ?

w)]h

(1.0.12)
Let p € [1,00), taking the supremum of (1.0.12) we can deduce the uniform bound

t - /2
S 1+ |27rw|2)7/ 15 (1, —w) dMé(u,w)‘p
0

1108 e < 2772 sup
t€[0,T]

w€eZ?

(5 0l (7 i)

weZ?

(1.0.13)

To control the first term in (1.0.13), we use the (complex) Burkholder-Davis—

Gundy inequality [FV10, Thm. 14.6], several applications of the Cauchy—Schwarz
inequality and (1.0.6) to deduce for every p € [2, 00),

P — p/2
E[ sup | Y (1+ |27Tw|2)7/ 19 (u, —w) dM? (u, w) }
te[0,T]! ,c72 0
Y — p/4
,SpEHZ (1+ |27m|2)v/ 19 (u, —w) d M (u, w) ) (1.0.14)
w€eZ? 0

< |22 o B 152, ] (L 4 1) (VO DR/2,

LZH+1
To control the second term in (I1.0.13), we estimate by (1.0.6) using that y+1 > 0,
> (1 27w [AP(- w)lr

weZ?

T
=Y (1+[2mw?)7)271w]* > 5 (u,w — m)|*p(dm)? du

weZ?

mez2 Y0
= > elom)? Z (1 + |27w[?) 27w (6 (u, 0 — m)[> du (1.0.15)
meZ? 0 wez2
S Z 0(6m)?(1 + |27m/|? 7+1/ ||<7u||71th1 du
meZ>2

= (1467002
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Therefore it follows by (1.0.13), (1.0.14), (1.0.15) and Lemma I.0.2 that for every

p € [2,00),

p (L 67O g 22l 0|22

E{155e000] <
(6o,
< (14502 max{ o e, o300 17

To generalize the bound to p € [1,00), it suffices to apply Holder’s inequality, which

yields the claim. O

In the next proposition we specialize 0 = /pdet, Where pget is a solution to
the deterministic Keller—Segel equation (3.2.1) with initial data py and chemotactic
sensitivity x € R (see Lemma 3.2.3). A combination of Lemmas [.0.1, 1.0.2 and 1.0.3
with results of Section 3.2 yields the existence and regularity of 1° =V - Z[,/paer&’]

in CpL*(T?)N LEAH(T?) if py is assumed to be continuous, positive and of unit mass.

Proposition 1.0.4. Let py € C(T?) be such that py > 0 and pg = 1, paes be the weak
solution to (3.2.1) with initial data py and chemotactic sensitivity x € R, and T* be
its mazimal time of existence (see Lemma 3.2.3). Then for all T < T* and 6 > 0
it holds that 1° := V - I[,/pae&’] € CrL*(T?) N LEHY(T?) almost surely and we can
bound for every p € [1,00) and v € [—1,0],
1/p

E H"SHZTWQL%WH Sp (L0772 paell orrenrz s (1.0.16)
Proof. Let py € C(T?) be such that py > 0 and py = 1. An application of
Lemma 3.2.5 yields \/paet € L7H'(T?), which combined with Lemma 1.0.2 allows

us to control for every v € [—1,0],

B2 S (U467 )V Pactlizaes S (1477 IV Paecllz e (10.17)

and deduce 1° € LZHY+1(T?) almost surely.
To establish 1° € C7L?(T?) almost surely, we use Lemma 1.0.3 and an approx-
imation argument. By the density of the smooth functions in C(T?), we can find

a sequence (p8)nen such that pf € C®(T?), pi > 0, pj = 1 for every n € N
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and p§ — po in C(T?) as n — oo. Denote by (pi.)nen the corresponding se-
quence of solutions to (3.2.1) with initial data (pf)neny and chemotactic sensit-
ivity x € R. It follows by (the proof of) Theorem 3.2.1 that pjj, — paet in
CrL?(T?) N LAZH'(T?) and an application of [BCD11a, Cor. 2.91] combined with a
cut-off argument as in Lemma B.6.1 yields v/ple — +/paer € CrL?(T?) N L3H! (T?).
Using that pf € C=(T?) C HY(T?) for every ¥ > 0, we can apply Lemma 3.2.5
to deduce \/pi, € C,rH’*?(T?) for each n € (0,1/2). Hence, Lemma 1.0.1
yields V - Z[\/pi:£°] € CpL*(T?) almost surely (where we use that 2n < v + 2n)
and Lemma 1.0.3 yields V - Z[\/pi&°] — V - Z[\/pae€’] = 1° in LFL*(T?) as
n — oo almost surely along a subsequence (which we do not relabel). It follows that
1° € OpL?(T?) almost surely by the completeness of CpL?(T?) under the uniform
norm.

Finally, another application of Lemma 1.0.3 yields

E[| 1)[E50]"" Sp (146777 max{||V/pactller e, l|v/Paetll 2 201}
S (146777 max{|[/pactlop 22, 1v/Pactl 290 }
which combined with (1.0.17) proves (1.0.16). O



(lossaries

J.1 Function and Distribution Spaces

Space Description Reference
C>(T?) The smooth functions on T?. Sec. 1.2
S'(T?) The distributions on T?. Sec. 1.2
Bg ,(T?) The completion of C*°(T?) under the norm || - ||ss - Def. B.2.1
C*(T?) The Hélder-Besov space C*(T?) = B, . (T?). Def. B.2.1
H(T?) The Sobolev space H*(T?) = BS,(T?). Sec. 1.2
CrE The continuous functions f: [0,7] — E. Sec. 1.2
ChE The closure of smooth functions in the x-Holder norm. Sec. 1.2
CyrE The continuous functions f: (0,7] — E with

blow-up of at most ¢". Sec. 1.2
Crrk The k-Holder functions f: (0,7] — E with

blow-up of at most ¢. Sec. 1.2
ZrpBy (T?)  The weighted interpolation space

LB (T2) = CrpBo .2 (T2) N Cyr B3, (T2). Def. B.3.1
X" The space of enhanced rough noises. Def. 2.2.1
Dr The space of paracontrolled distributions. Def. 2.3.4
F* The normed vector space F' with cemetery state 6. Def. B.8.1
Fso} The continuous f: (0,7] — F* that do not resurrect,

with weight n at 0. Def. B.84
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J.2 Noise Objects and Feynman Diagrams
Diagram Description Reference
I3 The vector-valued space-time white-noise & = (£1,£2).  App. C
! =V - Z[o¢], where 0 € CrH*(T?) in Chapter 2
and 0 = /paer in Chapters 1 & 3. (2.2.2)

? =E[V-Z[1VD,]]. Subsec. 2.2.2
Y =V -I[IVd] -2 =Y. Subsec. 2.2.2
% =YoVo+Voy o1

=+ +% +% +%- Subsec. 2.2.2
% = qg + % Subsec. 2.2.2
‘v — VIOV + VI3]0l =\ + ¢ + F.  Subsec. 2.2.2
g =¥V +¥. Subsec. 2.2.2
X =(1,Y, %, ‘) the renormalised enhancement. Thm. 2.2.2
© € C*(R?) of compact support, supp(y) C B(0, 1),

even and such that ¢(0) = 1. (1.2.6)
Vs = Y ezz 2@ o(5w), where § > 0. (1.2.7)
1 =V - ZI[o(s * £))]. (2.2.5)
X? = (12, %9, %9 N9 the prelimiting

renormormalised enhancement. Thm. 2.2.2
Y. =V -ZI[1°VDy] :?5—1— ?9. Subsec. 2.2.2
v’ — Y OV £ Vhy; 017 =% +Q0’ 1Q0"  Subsec. 2.2.2

can can ' Y

Xo . = (12,%2 %9  “°) the canonical enhancement. ~ Thm. 2.2.2
X = (e'219 Y0 329 c\9) the rescaled

canonical enhancement. Thm. 3.4.1
Y (C.3.1) applied to Y. Subsec. 2.2.3
& (C.3.1) applied to % Subsec. 2.2.4
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