Self-Assembly

in Mechanical Systems

UNIVERSITY OF

OXFORD

James Kwiecinski
St Catherine’s College
University of Oxford

A thesis submitted for the degree of
Doctor of Philosophy

Trinity 2018



For everyone who has been with me on my journey thus far,

and for those who had to leave a little early.



Acknowledgements

Despite what anyone else might tell you, undertaking a DPhil is not an
easy feat. They say that it takes a village to raise a child and, luckily for
me, [ had many people who provided incredible support. For that, they
deserve recognition, and what better place to highlight their contributions
than here? The following special mentions come in some approximately

chronological order, except for the last paragraph.

If T were to pin-point where my taste for research began, it would defi-
nitely be in high-school. There, I had the opportunity to participate in the
CSIRO Student Research Scheme, thanks in no small part to my chem-
istry teacher at the time, Alexandra “Mum” Abela, and physics teacher,
Rob Chapman, who nominated me for the program. It was there that I
caught the research “bug”. Who would have thought that it would fur-
ther metastasize almost a decade later? Whilst the bug is terminal, it
fortunately doesn’t seem to be too deadly. Special thanks also goes to an-
other science teacher I was lucky enough to have, Rodney “Dad” Clarke,
who almost fell asleep when I was describing my DPhil research to him.
Granted, he was jetlagged after making the trek to visit me from Aus-
tralia, so I forgive him this time around. Thank you again for visiting
whilst I was at Oxford.

My later studies at Monash University opened my eyes to the world of
research that was out there. Whilst I originally intended to pursue physics
(sorry Ms. Abelal), I somehow wound up with a double major in applied
mathematics after my 2nd year (sorry Mr. Chapman!). To this day, I'm
still unsure of how this happened; it’s much like finding a $5 note in a
pair of jeans and having no idea how it arrived there. Though if I were
to guess, it would probably have something to do with the guidance of
Michael Page. It was thanks to him that I had the opportunity to engage
in research over two summers and who lit the flame in me to pursue

applied mathematics further. I would also like to thank David Paganin



who was perhaps the most inspirational lecturer I ever had; he became an
invaluable mentor who encouraged me to shoot for greater heights. I still
try to emulate his manner of teaching whenever I'm in a lecture theater

and I hope that I can be as good a mentor to a student as he was to me.

After my undergraduate studies, I was keen to pursue a PhD and, to
this end, I am grateful to have been financially supported by the General
Sir John Monash Foundation. Being a scholar of the foundation, I've
had the opportunity to meet some incredible people, one of whom is the
former CEO of the foundation Peter Binks. He is one of the most down-
to-earth people I have ever met and I will never forget the power of his
encouragement. Even reading an email from him gives one the motivation
to take on the world! I keep a copy of one in my wallet if ever I need a

pick-me-up.

During my studies at Oxford, I met some world-class researchers. Much
of the way I approach research can be attributed to them and, for that,
I'm thankful to have had the opportunity to collaborate with them. These
people include Robert Van Gorder, who gave me many aesthetic research
ideas - it is thanks to him that I am now a practiced writer of academic
papers - and Jon Chapman who showed me the incredible power of asymp-
totic analysis in finding insight into difficult mathematical problems. I'm
still not completely convinced that asymptotics isn’t some form of black
magic because it often works better than it has any right to. Lastly, I'd like
to thank my DPhil supervisor Alain Goriely and his PA Nicola Kirkham.
Nicola was instrumental in keeping my sanity and also convinced me that I
still had my sense of humor even during my PhD whilst Alain was a good
role model for someone who stands confidently on the border between
both mathematics and science; the bonafide applied mathematician. He
autographed a copy of his book for me where he wrote: “To James K. A
great student who always teaches me more maths”. I am not completely
sure about the validity of that statement, but I hope he realizes that our

relationship has gone both ways during my time as a PhD student.

Whilst the PhD was arguably the most academically challenging under-
taking I've accomplished, it was also one of the most spiritually trying.
To this end, I am grateful for the guidance and care shown by Sister

Mary Phillipa and the Bernadine Cistercians at Brownshill Monastery



who helped me to rediscover the joys of God in everything: my life, the
world around me, my work, and, dare I say, this dissertation. I also met
other spiritual people who made a deep impression on me, most notably
Noel Lobo, Sarah Gardner-Lobo, and Maryse L‘Hoste. Noel and Sarah,
the former a mathematician, and the latter an agricultural scientist work-
ing on complexity theory, called me up one day with a very unusual re-
quest: “Would you like to go on a religious pilgrimage?” A week later, I
found myself in Walsingham, where Our Lady appeared, with Noel. I'm
still not sure how that happened, though I will always fondly remember
our discussions on mathematics as we hiked up “Pilgrim’s Way” saying
the rosary and I will never forget Sarah’s delicious cooking. I hope in
the future we can all collaborate on work ad maiorem Dei gloriam. 1 am
also grateful to Maryse, my adopting Cheltenian “granny”, who was kind
enough to let me stay with her over Easter 2018 and who visited me in
Oxford; she has great taste in whiskey! Special mention should also be
given to Valerie Riches and the Riches family for providing a roof over
my head during the last two years of my PhD. May our blessed God help
them all in their future endeavors, especially as reward for assisting me

with mine!

It goes without saying that my parents played the most important part of
my upbringing, apart from the obvious matter of conception. My mother
always found opportunities to further my learning, in some cases even
lying about my age so that I could get into advanced classes; it led to
my first identity crisis at the age of 12. My father fostered my inquisitive
nature to question and tinker with everything; I'm pretty sure he’s taught
me things that will get me into trouble one day. It is through their love
and support that I developed into the researcher and man that I am today.
I had a feeling they always wanted a doctor in the family; though they
never stipulated that it couldn’t be a doctor of philosophy. As a bonus,

my work is even loosely biomedical-related.

I don’t think it’s an understatement to say that, without all the aforemen-
tioned people, this dissertation wouldn’t exist. Whether it was helping
me come to the University of Oxford in the first place, giving me encour-
agement when I hit another dead-end during research, or caring for my

physical, mental, or spiritual well-being, they all played an important part



in making this work possible and, for that, I am truly thankful. I hope

the following dissertation exceeds all your expectations.



Abstract

Inspired by biological membrane shaping in the cell through means of
curvature-inducing proteins, we investigate the interplay between mem-
brane curvature and the distribution and movement of shape-inducing
objects which are free to move as a consequence of the underlying shape.
We initially study the self-assembly of a filament, taken as a proxy for the
cross-section of a biomembrane, which is primarily driven by the chemi-
cal kinetics of attaching proteins and find that, under certain mechanical
stiffness regimes of the attaching proteins, pattern formation occurs. Re-
gions of high and low protein concentration form before spatially uniform
filament shapes are obtained by means of protein adhesion and movement
governed by diffusion and local curvature-seeking. However, noting that
the curvature-mediated protein movement on membranes has been bio-
logically observed to be long-range, we next study the self-assembly of
embedded inclusions on a membrane as a result of the underlying geome-
try. We first derive an interaction law for the shape-mediated interaction
of inclusions which break symmetry and find that there is a finite equi-
librium distance to which the inclusions will aggregate. We derive cor-
responding equations of motion which describe this curvature-mediated
aggregation mechanism and, using this framework, we investigate some of
the properties of these self-assembled configurations, including their en-
ergy, stability, and their collective elastic behavior. Lastly, we consider
the interaction energies of embedded inclusions on a periodic domain and
determine that this mechanism may explain computational results of how

proteins form rings to promote tubulation on cylindrical membranes.
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Chapter 1

Introduction

1.1 Self-assembly and cellular membrane shaping

Self-assembly is a ubiquitous phenomenon that exists over a large range of length
scales in systems both physical and biological in nature. Examples range from the
astronomically large, such as the formation of galaxies and planetary systems [20], to
the nano-scale, such as the technology of DNA origami [77]. In its most basic defi-
nition, such self-assembling systems are: (i) comprised of parts or components that
exhibit interaction; (ii) at thermodynamic nonequilibrium initially, but tend to equi-
librium; (iii) thermodynamically closed [43, 81]. Self-assembly is a process of energy
minimization that ends in a final, well-defined structure that is uniquely determined
by the properties of the interacting components which remain unchanged during the
transition to thermodynamic equilibrium. Global order in the system is encoded in
the initial set-up and the specific relationships that exist between components; no
additional energy is necessary to drive the process [35].

An interesting example of self-assembly is found in the shaping of biological mem-
branes, in particular lipid bilayers, that occur at the cellular level. Such objects are
important building blocks which not only coat parts of the cell, such as the nucleus
and the endoplasmic reticulum [83], but also form independent biological objects
within the cell, such as vesicles and tubules which are necessary for the intra-cellular
transport of wastes, nutrients, and proteins [62, 93].

The primary mechanism believed to be responsible for the highly curved geome-
tries observed involves the recruitment of membrane-shaping proteins from the cel-
lular fluid, such as the BAR (Bin/Amphiphysin Rvs) and ENTH (Epsin N-Terminal
Homology) protein families [5, 16, 74, 108]. Such proteins bind directly onto the
bilayer by means of electrostatic interactions and bend it by the insertion of amphi-

pathic helix functional groups [33, 66], with the magnitude of the induced curvature



dependent on the depth of insertion into the lipid monolayer [44] and the number
of attaching proteins [90]. Moreover, the BAR and ENTH families act as sensors of
curvature [12, 72], meaning that the shape of the membrane determines the adhesion
kinetics of the proteins and, once embedded, their motion within the lipid bilayer. In
other words, we have a system where the curvature of the membrane regulates the

distribution of attached proteins, and vice-versa, in an interacting process [84].

1.2 Previous work

1.2.1 Chemically driven self-assembling membranes

Previous investigations on protein adhesion dominated membrane remodeling have
been from two perspectives; namely, computational, involving large-scale coarse-grain
simulations [4, 6, 65], and theoretical, which consider the minimization of membrane
free energies or electrical potentials to determine the nature of equilibrium configu-
rations. In the former, many interesting aspects of BAR proteins have been found,
including the linear aggregation of proteins, leading to membrane tubulation [86, 103],
and membrane fissioning, leading to closed tubular networks [85]. From a theoretical
point of view, the effects of single BAR proteins, in the context of electric fields and
potentials [51], and a continuum of them attaching to the lipid bilayer have also been
studied, but not to the same extent as computational models. In particular, equi-
librium configurations of the self-assembled system, and the role that BAR proteins
play in the stability of these final shapes, are considered. Early research on the sub-
ject studied not the formation of vesicles or other independent biological objects, but
rather the oscillations that can exist on the cell-membrane known as circular dorsal
ruffles [50, 71]. It is found that BAR proteins provide a stabilization of the geom-
etry; a point which has been further investigated in the context of flat membrane

geometries [82] and pearling instabilities in cylindrical geometries [48].

1.2.2 Global membrane-mediated interactions

Recent work has found that proteins of a particular mechanical stiffness will be re-
cruited from the surrounding fluid to form patterns of high and low concentrations on
simplified membrane geometries in order to reach a final equilibrium shape [57]. How-
ever, experimental and computational work has suggested that long-range interactions
between proteins which are already attached to the membrane result in self-assembled

aggregation and this phenomenon also plays a significant role in membrane-shaping



(85, 86, 88, 87, 96, 84, 10]. The nature of interactions between proteins varies from the
direct and short range, whereby van Der Waals forces and hydrogen bonds dominate,
to more indirect global interactions which are mediated by the underlying membrane
shape [49]. The membrane-mediated interactions can be further split into forces aris-
ing from surface tension, Casimir-like thermal effects from perturbations in degrees
of freedom of the membrane, such as thickness, and curvature. The present work
considers this lattermost effect.

There has been substantial theoretical work describing the global interactions be-
tween inclusions embedded in a fluid membrane. In particular, it was found that per-
fectly circular inclusions which impose a constant opening angle will repel according
to the inverse separation to the fourth power due to effects from membrane bending
[41, 31]. Further work has since extended the effects of the curvature imposed by these
isotropic inclusions to include spontaneous membrane mean curvature [18, 3|, lateral
membrane tension [101], and slightly non-circular but symmetrical geometries [30]
which exhibit attraction depending on the inverse quartic of the separation depending
on the inclusion orientation. Higher order expansions of these curvature interactions
have been calculated [32], and effective field theories developed [104, 105, 56].

Thermal Casimir-like forces have been suggested as a mechanism for proteins to
aggregate, given that attraction does occur for isotropic inclusions [76, 21] and rod-
like geometries [40, 39] on the inverse quartic of separation with similar extensions
to include membrane tension [61] and with mean field theories developed [27]. How-
ever, it is not clear whether this attraction is stronger than the curvature-mediated
repulsion [79] that has been theoretically found. It was recently posited that this dis-
agreement between the aggregation seen in experiment and large-scale simulation and
the repulsion predicted in theory could be explained by means of inclusions having
unique mechanical signatures when they are embedded in the membrane [1].

The study of inclusions which interact anisotropically with the surrounding mem-
brane could provide explanations as to why aggregation occurs. Previous work has
shown that such anisotropic inclusions will interact and aggregate [28, 29] and re-
cent work [69] has shown that rods will interact on the inverse separation squared
when the rod imposes non-zero curvature along its orientation, a similar result that
was previously shown in [70] when up-down symmetry was broken between the rod

inclusions.



1.2.3 Self-assembling aggregates

In recent work which minimized the energy of a fluid membrane [45] due purely to
bending energies [58], an interaction law was found between rigid symmetry-breaking
inclusions which predicted that curvature-mediated aggregation was possible. Inclu-
sions would attract along a certain orientation and would do so until the effects of
attraction were balanced by the repulsion from isotropic deformations, leading to a
natural equilibrium distance. Furthermore, it was shown that an individual inclusion
created a curvature-mediated interaction field similar to quadrupoles seen in electro-
statics and magnetism [47]. A number of questions arise from these results: What
aggregate shapes does the interaction law derived predict and what is their associ-
ated stability and macroscopic properties? If the inclusions are free to move, are there
other configurations they may self-assemble into? The current work investigates these
questions more fully.

There exist similar systems to the curvature-mediated interaction of membrane in-
clusions on a lipid bilayer, such as the long-range capillarity interactions between par-
ticles when their induced distortions to the fluid surface overlap [8]. For “monopole”
particles which induce isotropic deformations, both attraction and repulsion is pos-
sible, depending on whether the contact angle of both inclusions have the same sign
or are opposite respectively [97]. However, there are many objects which deform
the fluid interface forming capillarity quadrupoles, such as rods [13], ellipsoids non-
magnetized [64], and magnetic so that their anisotropic deformation can be tuned
[19], and cylinders [60]. The far-field interaction of two ellipsoids on a fluid surface,
which form capillarity quadrupoles, have been predicted and observed to attract for
mirror-symmetric configurations on the inverse separation to the fourth power [92],
with capillary torque that results in the two ellipsoids attracting end-to-end on the
inverse separation to the sixth power [60]. In contrast to the curvature-mediated
equilibrium distance attained by membrane inclusions, capillarity quadrupoles will
attract until the two particles touch. This aspect leads to a near-field interaction
regime, the analysis of which has shown that ellipsoids exhibit bistable configurations
either aligning end-to-end or side-to-side, with the latter theoretically shown to be the
lower energy configuration [59, 63]. Despite this result, both alignment configurations
have been observed [106, §].

Another physical system that has been studied involves the interaction of neodymium-
iron-boron magnetic spheres which interact as dipoles. Recent theoretical work has
studied the collective elastic properties [98, 42] of self-assembled chains that the

spheres form, given that, under deformations, the shape of the chains remain largely
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coherent. Further investigations have studied the elastic buckling behavior of mag-
netic chains under the effects of gravity [80] whilst other work has considered the
macroscopic properties of magnetosomes in magnetotactic bacteria [54]. The current
work draws analogies to these physical systems so that further understanding can be
obtained into the mechanism of curvature-mediated attraction and the corresponding

properties of the self-assembled aggregates.

1.3 Organization of thesis

We structure the thesis as follows: We derive the simplest, non-trivial system that
allows us to explore the interplay between an underlying geometry and curvature-
sensing proteins in Chapter 2. We focus on the shaping of a filament and derive a
macroscopic model for time-dependent self-assembly using concepts from continuum
and statistical mechanics. The result is a thermodynamically consistent system of
equations in terms of experimental parameters that allows us to further explore the
role of the filament mechanics, the adhesion kinetics of the attaching proteins, and
the interactions between these components. We show that the stability of the fila-
ment’s shape is completely characterized by the parameters associated with protein
recruitment and establish that there exists a bistable regime. In this regime, proteins
aggregate on the filament forming regions of high and low curvature and this pattern
formation is followed by phase-coarsening that resolves on a time-scale dependent on
protein diffusion and drift across the filament, which contend to smooth and maintain
the pattern respectively.

However, the filament model inadequately describes the biological phenomenon of
membrane remodeling in that it does not include the effects of global interactions be-
tween embedded proteins on a lipid bilayer, seen in experimental and computational
results. To this end, Chapter 3 studies the global interactions of similar anisotropic
inclusions which are mediated by the bending of a fluid membrane and we consider
two methods by which these inclusions break membrane symmetry. First, we con-
sider perfectly circular inclusions which impose a membrane contact or opening angle
that is periodic as one traverses the inclusion boundary. We find that the second
Fourier mode or the “quadrupole” opening angle is the dominant reflection symme-
try in the interaction energy. Furthermore, the quadrupole contact angle imposed
by one inclusion couples with the constant contact angle imposed by the other, and
this determines the extent to which curvature-mediated attraction and repulsion on

the inverse separation squared occurs. Second, we study inclusions which impose a



constant contact angle around their boundary but are now perturbed from a circular
geometry. We show that such a construction results in the same interaction energy,
with the previous quadrupole contact angle being a product of a coupling of the geom-
etry deviation of the inclusion together with its constant imposed contact angle. We
further show that the interaction law derived gives rise to a stable equilibrium aggre-
gation separation whereby the attraction arising from symmetry-breaking balances
with the repulsion seen in the purely isotropic case.

Although there are similarities between other aggregating and self-assembling sys-
tems with the curvature-mediated interactions of anisotropic inclusions, the under-
lying physics governing the phenomenon are different. Therefore, one might expect
that inclusions on a fluid membrane will interact and give rise to aggregates not seen
in these other physical systems as a result of mechanical arguments; a point we inves-
tigate further in Chapter 4. We apply analytical and numerical techniques to study
simplified aggregate configurations, such as the line and polygon, and determine their
energy densities and their stability under perturbations. We find a number of unusual
results which contrast the curvature-mediated interaction of inclusions to other phys-
ical systems, such as the impossibility of finite pentagon aggregates being formed, to
the aggregate requiring finite energy to stretch it to infinity.

Lastly, it has been hypothesized [84] and computationally observed [89] that pro-
teins will form rings on cylindrical geometries, which suggests that, due to the un-
derlying membrane geometry, embedded proteins exhibit a preferred alignment. In
Chapter 5, we investigate one of the mechanisms by which this alignment occurs;
namely, through periodicity on the membrane domain. We first determine the inter-
action energy between two symmetry-breaking inclusions on an approximately flat
fluid membrane which stretches to infinity in one direction, but is periodic in the
other orthogonal direction. By asymptotic matching, we find that periodicity results
in the inclusion aligning itself parallel to the periodic boundary in order to be in an
attracting configuration with its own images. We generalize this curvature-mediated
result to consider the interaction of an arbitrary number of inclusions and derive
equations of motion which are numerically solved. We observe from the simulation
that the inclusions form aggregates analogous to rings, suggesting that periodicity is
a viable mechanism to explain the results reported in the literature.

We conclude in Chapter 6 by summarizing the results presented in the current

work and provide future directions which warrant further investigation.



Chapter 2

Self-assembly of a filament

The results of this chapter have been published in [57].

We explore a simplified macroscopic model of membrane shaping by means of curvature-
sensing BAR proteins. We proceed as follows: In Section 2.1 we derive equations
describing the interplay between the shape of a freely floating filament in a fluid and
the adhesion kinetics of proteins using mechanical principles. In Section 2.2, we study
the constant curvature solutions that arise from this system using weakly nonlinear
analysis and show that there exists a bistable regime which exhibits pattern formation
in the protein concentration; a result which is also verified numerically. In Section 2.3,
the filament model is generalized for multiple species of BAR proteins and we show
that the stability of the assembled shape is determined by a competition between pro-
teins attaching on opposing sides. We summarize the results of the chapter in Section
2.4 and compare the predictions of the model with experimental and computational

work reported in the literature.

2.1 Mathematical Model

Our mathematical model is based on the following assumptions: (i) We consider a
thermodynamically closed system in 2D space which only contains the main contin-
uum, the curvature-inducing proteins, and the interactions between these. There is
no forcing or energy input from the outside environment; (ii) We take the continuum
to be a 1D filament; explicitly, an elastic rod which is inextensible and unshearable
with constant length L that is parameterized with an arc-length coordinate s € [0, L.
This geometry is a simplification of the 2D lipid bilayer without transverse mechan-
ical effects and area dilation, despite the membrane being able to endure strains of

2-3% [75]. The dependent variable of interest is the filament curvature (¢, s) at time



t; (iii) The continuum freely floats in a fluid which is populated with a single type
of BAR protein modeled as a thin filament with constant curvature. The proteins
induce curvature along one principal direction which is always aligned with that of
the main filament and they have a thermodynamically favorable target curvature ;.
The number of bound proteins per unit length is given by ¢(¢, s).

Additionally, we make two important thermodynamic assumptions. (iv) We sup-
pose that protein-membrane interactions are at thermodynamic equilibrium with re-
spect to energy exchange between these components. A number of theoretical models
have made this same assumption [48, 71] as well as computational models [91]. In the
latter case, results predicted by simulations have been experimentally verified [85],
which suggests that this assumption is valid when studying qualitative aspects of the
mathematical model.

(v) There are three stages in the protein attachment corresponding to the un-
bound, transition, and bound states. An unattached protein floating in the cellular
fluid is assumed to have zero bending energy (unbound state), but when the protein
attaches to the main filament, it deforms itself to match the curvature of the fila-
ment and acquires bending energy dictated by bending stiffness Bgar (bound state).
We suppose there is an intermediary step to attachment whereby the protein acquires
bending energy determined by bending stiffness Bis, which is not necessarily the same
as Bgpar, and we assume that this transition state is sufficiently long-lived such that
thermodynamic equilibrium is reached.

We now derive equations describing the time-evolution of x(t,s) and c(t, s).

2.1.1 Equations for Filamentary Mechanics

We model the membrane cross-section as a Kirchhoff elastic filament whose motion
is confined to a plane. The position of the filament’s centerline is denoted by r(t, s)
and the curve is geometrically described by a local director basis {d;,ds,d3} which
is right-handed and orthonormal. The vectors d3 and d; are the tangent and normal
Frenet vectors respectively, whilst dy points perpendicularly outwards from the plane
and is constant with respect to both ¢ and s (see Fig. 2.1). To complete the geometric
description, we introduce a strain vector u = xds and spin vector w = wydy, with

wy being a measure of the angular velocity of the director basis, so that we have the



Figure 2.1: The mathematical model of 1D self-assembly as it evolves from t = ¢,
to t = t;. A filament of curvature (¢, s), that is described by local normal and
tangential vectors d; (¢, s) and d3 (t, s), is submersed in a fluid populated with a single
type of BAR protein which has constant intrinsic curvature x;. Unbound proteins
in the layer of thickness Tgagr around the filament (shown as black) have constant
concentration P, and can attach onto the filament resulting in a number per unit
length c(t,s) (shown as red). The attached proteins give the filament an intrinsic
shape that evolves in time due to thermodynamic constraints on the protein adhesion
kinetics.

following kinematic relations [2]:

or

9 = ds, (2.1)
od;

95 — U d;, (2.2)
od;

5 = WX d;. (2.3)

Defining the velocity of the rod in the local basis v = v1d; 4+ v3d3 = 9r/0t, we use

(2.1)-(2.3) to obtain geometric constraints for v; and vs:

ov

0 = 3_81 + Kv3 — wa, (2.4)
ov

0 = a—;’ — Koy, (2.5)

as well as a compatibility relation, given that 92d;/0sd0t = 9d;/dtds:

Ok Owy
—_—=—. 2.6
ot 0Os (2:6)

Considering the mechanics of the continuum, we suppose that the only contri-

bution to the applied force comes from fluid drag, which is proportional to the
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velocity of the filament v. More specifically, the applied force per unit length is
f = fid; + f3d; = —nyv1dy — n3vsds, where 1, and 73 are the drag coefficients per
unit length in the normal and tangential directions. Given that we are interested
in motions that occur at low Reynolds numbers, it is reasonable to assume that the
inertial terms can be neglected so that the resulting dynamics are first order in time
[38]. Furthermore, we use slender body theory to simplify the applied force so that
n = 2n3, where n3 = 2rpu/Aln (L/r) for a filament of length L, cross-sectional area
A, and radius r < L which is submersed in a fluid of dynamic viscosity p [53]. In-
troducing the resultant force n = nid; + n3ds and moment m, we balance linear and

angular momenta to obtain two equations of motion [68]:

on P
om 0*d
g + d3 XxXn = p[ (d1 X a—t;) , (28)

for a filament of constant density p and second moment of area I.
Lastly, to relate mechanical stresses to strains, we use a linear constitutive relation
of the form:
m = EJ (k — y¢) d, (2.9)

where F is the Young’s modulus of the rod, the number of proteins per unit length ¢
takes on a role that is analogous to the intrinsic curvature, and v > 0 is a dimensionless
measure of the curvature the proteins induce. The latter is included to account for
the observation that the locally induced curvature is proportional to the number of
proteins that have attached to the site [90] as well as the depth of amphipathic helix
insertion [44].

Relation (2.9) is derived from an elastic energy which is quadratic in the curvature
of the filament, however it has the same form as the Helfrich energy of a lipid bilayer
reduced to a 1D geometry [45]. Furthermore, using (2.9) incurs an error O (w?) where
[14]:

w = maxseo,r] {|x (¢, s)| 7, |c(t,s)|r,r/L}. (2.10)

Combining (2.1)-(2.3) with (2.7)-(2.9) and the aforementioned simplifications, we
include (2.4)-(2.6) so that we have the following system of 6 equations for 6 dependent

10



variables {vy, vs, wa, k,n1,n3}:

81)1 8”1

pAE = 5 + Kkng — pAwovg — My, (2.11)
pA% = % — kny + pAwyvy — %Ug, (2.12)
pl% = EI% (k —¢) + nyq, (2.13)
e _ o 510
0 = % + KUz — wWa, (2.15)

0 = % — KU1. (2.16)

To close the system, we impose free-ends boundary conditions, which implies that
n=m=0at s={0,L}. In terms of the dependent variables, this corresponds to

ny = n3 = 0 and kK = ~yc applying at both ends of the filament.

2.1.2 Equation for Protein Adhesion Kinetics

We suppose there are freely floating proteins in the cellular fluid which is taken to
occupy an area much larger than that of the filament. The solution is assumed to be
of sufficiently high concentration and well-mixed such that the proteins are uniformly
distributed. We define a region of constant width around the filament that is one
BAR protein thick 7gar and presume that proteins can attach to the filament or
detach from it in this region. The number of freely floating proteins per unit area of
the region is P whilst the number per unit length of proteins bound to the filament

is ¢ (see Fig. 1). We summarize the kinetics as a chemical reaction of the form:

K¢ (k)T :
T (2.17)
K (k)

where K (k) and K, (k) are the forward (attachment) and reverse (detachment) rates
of reaction, both of which depend on the curvature of the filament.
We apply the principle of mass action to (2.17) and write the time-evolution of ¢

as:

Oc Ky (k)
— =K, T P—c]. 2.18
or =~ K0 | Gy ol (2.18)
If the assumptions regarding the cellular fluid hold in regards to its spatial unifor-
mity and high concentration, and we additionally suppose that mgar is much smaller

than the length of the filament L, then changes to P will be instantly replenished
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by the surrounding solution. The latter assumption is biologically feasible given that
AR < 2% 107%m, with the upper bound corresponding to the thickness of DNA [52],
and L ~ 1077 from discussions on tube radii [11]. As such, P is effectively constant
and is treated as such in the forthcoming analysis.

To find explicit expressions for the rates of reaction, we use assumption (iv) and

assign a Boltzmann factor to the ratio of reaction rates:

we = (hr): 210

where kp is Boltzmann’s constant, 7" is the absolute temperature in the system, and
AFE is the energy difference of the protein as it transitions from the unbound to the
bound state.

Since the BAR protein is modeled as a thin filament of constant curvature, it has

a microscopic bending energy given by [37]:

BparLpar 2
———— (k= k)",

AE =F,— FE, + 2

(2.20)

where F, and Fj are the free energies of the protein in the unbound and bound state
respectively, Bgag is the bending stiffness of the protein in the bound state, Lgag is
the length of the protein, and k; is the thermodynamically favorable target curvature
that is equivalent to the intrinsic curvature of the protein.

Combining (2.19) and (2.20), we have:

Ky (k) ox ~ {Lpar o )2
T = Ky (2% e ). (221

where £ = Bpar/kpT > 0 is the persistence length of the protein, being a measure of
its mechanical stiffness to thermal fluctuations, and Keqm = exp ((Ey, — Eb) /kgT) > 0
is a quantity that measures the extent of the attachment reaction; that is, if Keqm > 1,
then most of the proteins will attach onto the filament, whilst if Keqm < 1, very few
will attach.

To determine expressions for K (k) and K, (k), we use assumption (v) and intro-

duce an intermediate state so that the kinetics of (2.17) now read:

Ky(k)TBAR Kint
= Cm = C (2.22)
Kint K /"v')

where Kj, is the rate of the intermediate reaction and is assumed to be independent
of k, and ¢;y is the number per unit length of proteins attached to the filament that

are in the transition state.
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Using (2.22), we can find Ky (k) by assigning a Boltzmann factor in a similar
manner as before, with the energy difference now being between the unbound state

and the transition state of the protein [22]:

<L
Ky () = Ko (—S22 (o)) (2.23)

where & = Bys/kpT > 0, Kyo = exp ((Ey — Ets) /kpT'), and Eig is the free energy of
the protein in the transition state.

By considering the energy difference between the bound and the transition state,
we find K, (k):

Kr (’%) = KTOKinteXp (LBQAR (5 - gts) ("{ - Klt)2> ’ (224)

where K,o = exp ((Ep — Eis) /kpT) > 0 and is related to Kegm and Ky by Kegm =
Ko/ K.

Some comments regarding (2.23) and (2.24) are necessary. We note the former
predicts that the highest attachment rate occurs when the curvature of the filament
r matches the target curvature of the protein k;. This result is expected given that
the attaching protein does not need to bend to match its curvature with that of
the filament, meaning no energy cost is incurred during the attachment process.
Similar reasoning holds for (2.24), provided that £ > &, which then implies that the
detachment reaction for a filament curvature k # k; occurs at a higher rate than
when k = k; (i.e. K, (k) > K, (k)). Proteins attaching to the filament for x # &,
incur an energy cost and are thermodynamically undesirable, so they do not bind to
the same extent as when xk = k.

However, there is nothing to suggest that &y > £ cannot also occur. In this case,
the opposite holds true; namely, if the filament curvature is k # k; then the protein
will detach at a lower rate than when x = k;. This is counter-intuitive given the
previous reasoning, however this is a physically realizable system in the form of a
simple toy: the Chinese finger trap. The idea of the toy is simple: it is easy to
insert one’s fingers into the trap, but it is difficult to pull them out using force. The
reason is that when the fingers are forced out, stresses are created in the system that
trap the fingers. In a similar manner, stresses that are generated by the mismatch
of curvatures between the filament and the protein cause the attached protein to be
trapped. In either case, this mathematical model is able to emulate both physically

realizable scenarios.
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Lastly, we suppose that proteins that have attached onto the filament can move
in two ways: the diffusion of proteins from regions of high concentration to low con-
centration and the drifting of proteins which seek to minimize the quantity (k — lit)z
for the thermodynamic reasons outlined previously. Combining the effects of protein
movement with (2.18), (2.21), and (2.24), we obtain:

0 L
a—i = K, oKinexp ( BQAR (5 - fts) ("i - /it)2)
X {KequBARPGXP (—gL;AR (FJ - fit)g) - C}
0% 0 0 9

where D > 0 is the diffusion constant of proteins on the filament and y > 0 is the
sensitivity of an individual protein to move towards regions with low (k — lit)Z. The
drift term shares a similar form to the Nernst-Planck equation for charged particles
minimizing their electric potential [107] and the Keller-Segel model for the movement
of bacterial populations due to gradients in chemoattractants [95].

To close (2.25), we suppose that dc/ds = 0 at s = {0, L}, which corresponds to
attached proteins being unable to flow off the edges of the filament as a result of
diffusion. However, this flux at the boundary may still be non-zero due to the effects

of protein drift.

2.1.3 1D Self-Assembly Equations

Equations (2.11)-(2.16) and (2.25) form the 1D self-assembly system. We intro-
duce the following nondimensionalizations and rescaling to simplify: § = s/L, t =
Elt/mL* &k = kL, ¢ = vycL, 1y, = mL*/EI, nz = nzyl?/EI, ¢, = vymL3/EI,
b3 = vy LP/EI, o = wym L*/EI, &y = r,L, P = VYK eqmTBaRPL, £ = ELpar/L?,
€is = Ewlpar/L? Ky = KyoKiwmL*/EI, D = D L?/EI, X = xm/EI, so that the
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equations of interest become (upon dropping the hat symbol):

a% = %is + Kn3 — Qw3 — U1, (2.26)
a% = % — KNy + awavy — %, (2.27)
%% _ ixﬁ_@+nh (2.28)
o uy o9
0 = % + Kvg — wa, (2.30)

0 = % — Ky, (2.31)

where o = pAET/n?L* ~ r'%/L* and B = pEI?/n?L° ~ r12/L5, both of which are

small given that » < L as seen in Section 2.1, and

gi K, gexp (% (€ — &) (K — /ft)Q) {Pexp (_g (v = /{t)2) - c}

8(&—@f} (2.32)

with boundary conditions given by ny =ng =0, k = ¢, and dc/ds = 0 at s = {0, 1}.

For the current analysis and following numerical studies, we include estimates
of some of the important quantities for a typical biological system in Table 2.1. In
particular, we have used estimates for curvature based on discussions in [11], which
propose the radius of remodeled tubes to be of the order 1078 — 10~"m, and have
assumed that the length of the filament is such that the self-assembled system forms
complete constant curvature solutions with little to no overlap. We estimate 17, =~
10'® — 10, taking the dynamic viscosity of fluid to be approximately that of water

1 and the radius of the filament r ~ 10~?m to coincide with the

p o~ 107*m3s~
thickness of a lipid bilayer. We consider the bilayer to be made of packed hydrocarbon
chains and use a Young’s modulus of E ~ 107 —10%Nm ™2, which provides a reasonably
good estimate of the material properties of a biological membrane according to [25],
and take the density of the filament to be p ~ 10%kg.m > to approximate the fluid
nature of the bilayer. Furthermore, we estimate the protein persistence length to be
¢ ~ 1072 — 107®m, with the larger bound coinciding with that of DNA [67], and
the diffusion of proteins on the filament to be D ~ 10712 — 107''m?2s~!, according to
studies of membrane protein movement on lipid bilayers found in [102]. Lastly, we
assume K, varies substantially based upon chemical triggers which can affect protein

adhesion.
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’ Quantity \ Estimated Value ‘

K, K¢, ¢, P 1—-10
£ & 10— 10
Ko 107 —10%
D,y 1010 — 10*2
a, B 107°7 —107%

Table 2.1: Estimates of important variables and quantities that appear in (2.26)-
(2.32).

Given the small estimated values of o and 3, we consider the limit o, 3 — 01 in

the forthcoming analysis.

2.2 Stability Analysis of Constant Curvature So-
lutions

2.2.1 Steady States

To determine the time-independent solutions of (2.26)-(2.32), we first consider when
such solutions occur in the mechanics of the filament. We denote the steady state of
a variable by ()*. Given that v} = v§ = 0, (2.7) reduces to In*/ds = 0 since the only
applied force comes from fluid drag, which implies that n* = 0 over the entire filament
from the free-ends boundary conditions. Similarly from (2.8), dm*/ds = 0, which
implies m* = 0 for all s using the same reasoning. In terms of dependent variables,
steady states occur when vj = v; = w3 = nj = nj = 0 and £* = ¢* throughout the
filament.

However, the adhesion kinetics of the proteins specifies that only certain solutions
for ¢* will be allowed due to thermodynamic constraints, the form of which are deter-
mined by solving (2.32) for d¢*/0t = 0. For the present analysis however, we focus on
steady solutions which are spatially uniform. This simplification gives the following

criterion for time-independent states using the result x* = ¢*:

f (k%) = Pexp (—g (K* — nt)Q) — k=0, (2.33)

which can have 1, 2, or 3 solutions all of which are non-zero and positive, given that
P > 0. This latter point is illustrated by plotting f (x*) for the parameters P = 10
and k; = 5.5 with (a) £ = 0.05, (b) £ = 0.2274, and (c) & = 0.8 in Fig. 2.2. It is

interesting to note that the possibility of up to 3 constant curvature steady states
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agrees with previous work which was based on minimizing the free-energy associated
with a cylindrical lipid bilayer tube [48].

We note that if £ > 1, corresponding to low temperature environments or proteins
with large bending stiffness, then (2.33) suggests that * — {0, x;, &} depending
on the extent of protein attachment and the concentration of proteins in the surround-
ing region, both of which are encoded in P. If P is sufficiently large, then proteins
can be thermodynamically forced to attach and, given that the bending stiffness of
the proteins is very large, the curvature of the filament is largely determined by the
intrinsic curvature of the protein which attaches and acts as a scaffold when uniformly
distributed along the rod, leading to x* — {/{t_ Ky } If P is not sufficiently large,
then it is thermodynamically undesirable for any proteins to attach to the filament
given the large amount of energy necessary to bend the proteins so that they match

the filament shape, so k* — 0%.

2.2.2 Linear Stability Analysis

We now study the stability of the spatially uniform steady states subject to im-
posed perturbations. We linearize around the equilibrium solutions of (2.26)-(2.32)
for o, 8 — 07 by introducing the ansatz h = h* 4 dpexp (iks + ot) for
h = {vq,v3, ws, k,n1,n3,c}, where h* satisfies the time-independent constant curva-
ture solutions discussed in Section 2.2.1 and it is assumed that , < 1. The real part
of the parameter o determines whether a perturbation with wavenumber k will grow
or decay in time. The goal is to find a dispersion relation connecting ¢ and k.

We first apply the ansatz to the mechanics of the filament (i.e. (2.26)-(2.31)) and
find that all §; for j = {v1,v3, w2, ny1,n3} can be expressed in terms of d,, and . to

linear order. Eliminating these d, gives the following relation between d,, and d,:
00, = H (6. — 0,) (2.34)

where H = 2k2 (k% — k*2)° / (2k? + 1*2).
Applying the ansatz to protein adhesion (i.e. (2.32)), we can use Taylor expansions
around §,, = 0 to approximate the exponentials and neglect d,.0, and d7 terms to derive

the relation:
0o, = Fo,, — Gé,, (2.35)
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where:

F = ABEP (5 — k) — 2k (K" — Ky) K2, (2.36)

= A+ Dk, (2.37)
A = Kyexp (% (€ — &) (K" — nt)2> >0, (2.38)
B = exp (—g (K* — Iit)Q) > 0. (2.39)

We express (2.34)-(2.35) in matrix form:
o | | —H H ow | Ox
Lel=F Sk e
so that o is an eigenvalue of M. The characteristic polynomial for o is:
0=0*+(G+H)o+H(G-F), (2.41)

which has real solutions except if the system is dominated by protein drift (i.e. x >
D, K,).
This is the dispersion relation which determines o as a function of k. In the short

wave limit (i.e. & — 00), we have:

o = —k*+0(k), (2.42)
oy = —Degk*+0(1), (2.43)

whilst in the long wave limit (i.e. k£ — 07):

2K 9 4
o = — (Fo — A)k* + O (k) (2.44)
op = —A+0(k), (2.45)

where Doy = D + 2xk* (k* — k) is the effective diffusion of proteins on the filament
with the inclusion of drift effects and Fj = lim,_,o F.

Some comments regarding (2.42)-(2.45) are in order. First, (2.42) and (2.43)
suggest that 0 < 0 for £ — oo, provided D.g > 0, which implies that the 1D self-
assembly system is well-posed. However, since D, x, k* > 0, D.g can become negative
when the curvature of the filament is less than the target curvature of the protein
k* < k; and protein movement is drift dominated, y > D. For the forthcoming

analysis, we only consider well-posed systems where D > .
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Second, (2.44) shows that the stability of the time-independent constant curvature
solutions is determined by Fy — A, which only depends on the shape of the filament
and the nature of the protein adhesion kinetics. The process of protein attachment
can both stabilize and destabilize the curvature of the filament. Instabilities arise
when Fy — A > 0, provided Deg > 0, which reduces to the criterion x; — k* > 1/BEP.
Given that B, &, P > 0, unstable solutions only exist for filament curvatures less than
the target protein curvature k* < k;. Additionally, the magnitude of the instability
is directly proportional to the degree of protein recruitment K,, and the extent of
protein attachment to the filament together with the concentration of proteins in the
surrounding region P.

To summarize, we generate a bifurcation diagram of the constant curvature steady
states as a function of ¢ for P = 10 and k; = 5.5 in Fig. 2.2. We note that upon
initially increasing the persistence length from 0, there is only one spatially uniform
and globally stable solution until £ = &, ~ 0.2274, such that Fp — A = 0. A
saddle-node bifurcation appears which splits into two other possible solutions, one
being linearly stable and of low curvature and the other being linearly unstable. As &
increases even further, the unstable and highly curved stable solution asymptotically
approach k; = 5.5 as £ — oo, given the thermodynamic forcing from P.

We also create phase diagrams of P/k; vs. k2 to show the linearly stable and
unstable regions for x* = {2.6996 x 107°,4.1790,6.4384} (shown in Fig. 2.3(a), (b),
and (c) respectively) with x; = 5.5 in the regime of biologically realistic parameters,
according to Table 1. We observe that when increasing £/x? from 0 whilst keeping x*
constant, the low and high curvature solutions remain linearly stable whilst the middle
solution transitions from stable to unstable at a critical value of &.ik7 ~ 5.4796.
When &x2 > Eaipk?, the system features a bistable regime which is divided by the

linearly unstable middle curvature solution.

2.2.3 Weakly Nonlinear Analysis for k£ — 07

For & > &, the self-assembly system has bistable high and low curvature solutions
that are separated by an unstable branch. To determine the form of the resulting
solution when the unstable curvature is perturbed, we study the immediate region
around the bifurcation by introducing Fp — A = € for ¢ < 1. In this case, the
nonlinearities are weak and the unstable modes grow slowly such that a functional
form for the solution can be found by rescaling time and space [15].

At the bifurcation, o = 0 which suggests 6, = 0. and d,, = 0y, = Oy = Ony =

dny = 0 for k — 0T from the linear analysis. By using balancing arguments, we find
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Figure 2.2: Bifurcation diagram of the spatially uniform steady states k* as a function
of the protein persistence length & and plots of f (k*), as defined in (2.33), with (a)
€ =0.05 < &uit, (b) € =0.2274 = &y, and (¢) € = 0.8 > &,y The other parameters
are P = 10 and k; = 5.5. As £ increases, there is one globally stable solution (denoted
by a solid line) until £ = .4 =~ 0.2274, whereby a saddle-node bifurcation appears
and introduces two new solutions; one which is linearly stable whilst the other is
unstable (denoted by a dashed line).
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Figure 2.3: Phase diagrams of P/k; vs. £k? for ky = 5.5 with (a) £* = 2.6996 x 107,
(b) k* = 4.1790, and (c) k* = 6.4384. Blue and red zones correspond to linearly
stable and unstable regions respectively, according to (2.44). k* is constant along the
dashed line whilst the black dot corresponds to £ = 1 and P = 10 used to generate
Fig. 2.5 and 2.6.

the correct scaling is (see Appendix A for details):

ko= &+ et s1) + 60 (t, 51) + O (€°), (2.46)

c = K+, s1) + 00 (b, 81) + O (€)) (2.47)
v = 50 (t,8)+ 0 (¢'), (2.48)
v = 20 (t,5) + 0 (7). (2.49)
wy = 260 (ty,51) + O (€72), (2.50)
ny = @260 (ty,5) + 0 (€77), (2.51)
ng = €6 (t1,s1) + O ('), (2.52)

for slow time scale t; = €2t and rescaled space s; = €/2s.

We divide the system into the contributions of the filament mechanics and the
protein adhesion kinetics and consider each part separately. As before, we can express
5, (5,9), and 0%V in terms of 53(.1) for j = {v1,v3, w9, nq1,n3} and find the contribution
from the filament mechanics (i.e. (2.26)-(2.31)) reduces to:

00 0

_ W _ 50 5
o K e (6 —6tM) . (2.53)

Applying a similar treatment to (2.32), we use Taylor expansions around € = 0 to

obtain:

so_so_ 1

25(0)
M _ 4t T <5<O> — v (50 + Deg&> : (2.54)

2
0sy
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where v = ABEP/2 — (€ — &s) (K* — ky) (Fo — A) > 0, given that k; > k*, Fp — A =
€ > 0 and the estimated values of £, & < 10.

We combine (2.53) and (2.54) to obtain a reduced equation that describes the time-
evolution of long-wave perturbations to the unstable constant curvature solutions of
% and ¢. We introduce the rescaling 6@ = v6©), § = s,/Ly, {; = 2Degr*2t; /L1 A,
and Ly = Ll/Dif/fQ, where L; = €'/2 is the rescaled length of the filament, so that the
equation becomes (upon dropping the hat symbol):

9250)
po= —L3%0 412 (5(0)>2 — 8—3%’ (2.55)
96 0
e 2.
atl 85%’ ( 56)

with boundary conditions given by 96()/9s, = 0, from dc/ds = 0, and p = 0, from
Kk = c using (2.54), applicable at s; = {0,1}. We comment that the rescaling of
space leads to an exact spatial correspondence between the solutions predicted by
(2.55) and (2.56) and (2.26)-(2.32). Therefore, the sizes of patterns that appear in
the reduced system governing 6(°) should be the same for the evolution of x and ¢ in
the larger self-assembly system.

Equations (2.55)-(2.56) form a Cahn-Hilliard type system which is the prototypi-
cal model for phase-separation between multiple stable states and subsequent phase
coarsening, whereby the areas of a particular state diffuse and merge together forming
larger and more homogeneous regions as time evolves. Such systems can be derived

from a global energy functional [36] which, for the current system, is written as:

1

2 (0)
/Ll (59 - 3t (5(0)) +5 (885 ) ds. (2.57)

51
0

Note, however, that unlike the usual Cahn-Hilliard system, this energy is not bounded
below. This functional density has a cubic potential with an unstable state 6 =0
and two stable states §(*) = {—o0, 1}.

Using the boundary conditions on 6() and p, we have:

1
de o\
- / ( 881) ds; <0, (2.58)
0

so that the energy is decreasing for all time. Defining the mass as ¢ = fol dO0dsy, we

find that: )
do ou

|2 2.
dtl |:881:|0 7é 07 ( 59)
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which implies that mass is not conserved, unlike the standard Cahn-Hilliard system,
due to the given boundary conditions on p. Note that ¢ is physically related to the
mass of attached proteins on the filament. However, given that the number of attached
proteins can change due to the thermodynamic constraints on protein recruitment, it
is not necessary that ¢ is conserved.

Result (2.59), coupled with the fact that the system energy decreases (i.e. (2.58))
and that 6(°) = —o0 is a stable solution, might seem alarming in that it could result
in unbounded solutions to (2.26)-(2.32) in the bistable regime. However, this aspect
would not appear in the full self-assembly system because of the asymmetry that is
built into the protein recruitment term derived in (2.18); namely, that ¢ € [0, P]. The
concentration of attached proteins cannot be negative. Given that ¢ is bounded from
below and that the perturbations to ¢ and x are the same to O (€) in the long-wave
regime, the curvature of the filament is finite too. In short, ansatzes (2.46)-(2.52)
cease to be valid as the solution of the full self-assembly system reaches equilibrium
far from the uniform unstable state.

The time-evolution of perturbations to the unstable curvature can be described
in the framework of the Cahn-Hilliard system: For a given initial condition §( (0, s),
the long wave perturbations will locally converge to the states 6 = {00, 1} forming
patterns. These patterns will interact and merge to form more homogeneous regions
of a particular stable state until the solution for 69 is spatially uniform for all s;.
It should be noted that the phase-coarsening occurs on a time-scale that depends on
the factor AL}/2D.gr*?, which means that for smaller effective protein movement
D, the resolution to a constant solution takes considerably longer. For instance, if
D.g is vanishingly small, the patterns locally converge to the bistable solutions and
uniformly resolve as ¢t — oo. Diffusion and drift compete to smooth and preserve
the pattern formation respectively for k* < k;, given that Deg = D + 2xKk* (K* — Ky)
increases for increasing D and decreasing .

If 6 (¢, = 0,s,) = 0 is perturbed by a constant offset, we would expect that it
resolves in a spatially uniform manner, however L; plays a role in (2.55)-(2.56). To
illustrate this length dependence, we numerically solve (2.55)-(2.56), using a second
order time-differencing method incorporating Newton-Raphson iteration, with initial
condition § (0,s) = 107 for L; = 27, Ly = 47, and L; = 67 (shown in Fig. 2.4(a),
(b), and (c) respectively), which corresponds to decreasing D.g in the full system.
For small L;, 60 converges to the spatially uniform 6(°) = 1 solution, however as L;
increases, the resolution is spatially inhomogeneous and is driven by the boundary

terms, with the initial pattern formation becoming more oscillatory and occurring in
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Figure 2.4: Numerical solutions to the reduced perturbation system (2.55)-(2.56)
for 6© (0,5,) = 107 using a second order time-averaging method and second order
spatial finite differences with a Newton-Raphson iterative scheme. In particular: (a)
Ly = 27 for final time t; = 4.5 x 1072 and time step At; = 107%; (b) L; = 4r for
ty =1.25 x 1073 and At; = 1075 (¢) Ly = 67 for t; = 2.6 x 107* and At; = 1076,
The discretized spatial grid has spacing given by As; = 1072, The final times have
been chosen to show the initial pattern formation, given that 6(?) is unbounded from
below and will approach —oo.

shorter times for increasing L. Indeed, if we consider the condition p = 0, then as
L, is made larger and 6 # 0, the only way in which the boundary condition can
be satisfied is if 926(?) /9s? balances —L?6©) + L2 (5(0))2. In other words, a non-zero
second order derivative is introduced at the boundary, the magnitude of which is
directly related to Li, and drives the dynamics of the system so that the solution

locally converges to 6(*) = {—o0,1}.

2.2.4 Pattern Formation and Phase-Coarsening in Protein
Concentration

To verify the results predicted by system (2.55)-(2.56), we numerically solve (2.26)-
(2.32), using a first order implicit time-differencing method and second-order spa-
tial finite differencing, for x in the region of the linearly unstable solution shown in
Fig. 2.2. The numerical scheme is as follows:

(i) We start the system with an initial condition that satisfies the steady state of

the filament, but not the adhesion kinetics of the protein; that is, x' = ¢, nJ{ = ng =

vl = vl = wl = 0, but &' does not satisfy (2.33). This requirement bypasses the need
for the shooting method often necessary for boundary value problems relating to the
Kirchhoff rod, given that all dependent variables associated with the mechanics are

known throughout the filament a priori.
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(ii)) We determine the protein adhesion in the new time-step by solving (2.32)
for ¢, enforcing dc/0s = 0 at the ends of the domain. This step does not require a
Newton-Raphson iteration method because (2.32) is linear in c.

(iii) Using the updated value for ¢, we determine the new shape of the filament
by solving (2.26)-(2.31) with Newton-Raphson iterations, enforcing the boundary
conditions ny = n3 = 0 and k = ¢. Steps (ii) and (iii) are repeated until the desired
time is reached.

We recreate the pattern formation previously seen in Fig. 2.4 for the full-system
by imposing a constant offset to the linearly unstable solution and solving (2.26)-
(2.32) with the method outlined above for a = 1072, 8 = 10712, K, = 103, £ = 1,
(s =1, k, = 5.5, P =10 and y = 10'° which are the same parameters that generated
Fig. 2.2. Note that o and g were chosen as such to circumvent issues regarding
numerical stiffness; namely, allowing for practical spacings in the discretized spatio-
temporal grid. Reducing o and S further does not change the plots so we conclude
that the numerical solutions have converged and that o and ( are still sufficiently
small such that the additional filamentary mechanical contributions in the form of
dampened oscillations around the bistable solutions, arising from weaker fluid drag,
are not included in the computations.

For the listed parameters, £* ~ {2.6996 x 1075, 4.1790, 6.4384} by (33), so we set
the initial condition & (0,s) = ¢ (0, s) = 4.1791, perturbing the unstable steady state
by 10~*, and produce numerical solutions for & (, s) with D —y = {50, 5,0.5}, shown
in Fig. 2.5(a), (b), and (c) respectively. There are a number of important aspects
from Fig. 2.5 to comment on. First, s locally converges to the linearly stable states
k* = {2.6696 x 107°,6.4384}, as is evident in Fig. 2.5(b) and 2.5(c), meaning that
k is bounded from below and remains finite for all time. Second, for D — x = 50,
k resolves to the spatially uniform stable solution, but as D — y decreases to 5 and
0.5, the shape of the filament and the protein concentration is dominated by pattern
formation that resolves on longer time scales. Third, decreasing D — y results in
increasingly oscillatory patterns in s that occur in shorter times from the initial
perturbation; patterns which share similarities in shape and size with the solutions
predicted by weakly nonlinear analysis (see Fig. 2.4). We noted previously that this
result was due to boundary driven effects given by the condition p = 0, which derives
from the enforcement of zero moments acting at the ends of the filament k = c.
Indeed, from (2.28), this condition implies that all derivatives of n; vanish which
suggests that all derivatives of vy vanish too from (2.26), given that ng = 0 is another

boundary condition. From a combination of (2.29)-(2.31), this consequence implies
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Figure 2.5: Numerical solutions of (2.26)-(2.32) showing « (t,s). An implicit time-
differencing method with time-step At = 10~ to final time ¢; = 0.015 and second
order spatial differencing with grid spacing As = 1072 was used for o = 1072, 8 =
10712, Ky =103, 6 =1,&s =1, Ky = 5.5, P =10, x = 10" and (a) D — x = 50, (b)
D —x =5, and (¢) D—x = 0.5. The initial conditions are « (0, s) = ¢ (0, s) = 4.1791
and n; (0,s) =n3(0,s) =v1 (0,s) =v3(0,s) = ws (0,s) =0.

that wy = 0 so that 0r/0t = 0. Given that k = ¢, the left hand side of (2.32) is zero
so that, in a similar manner as (2.55), the second derivative of ¢ is non-zero, for small
D — x, in order for this boundary condition to be satisfied. All of these aspects were
predicted in the weakly nonlinear analysis of Section 2.2.3.

As a final illustrative example showing the full resolution of the bistable sys-
tem, from initial pattern formation to phase-coarsening, we solve (2.26)-(2.32) for
the same parameters as per Fig. 2.5 with D — xy = 1 and impose random ini-
tial data with amplitude 10~ around the unstable curvature x* = 4.1790; that is,
k(0,s) = ¢(0,s) € [4.1789,4.1791]. A realization of the resultant x and the cor-
responding shape of the filament in 2D space, obtained by solving the Frenet-Serret
equations, are shown in Fig. 2.6. The results illustrate the pattern formation, resulting
from local convergence of x and c to the stable steady states {2.6696 x 1075, 6.4384},
which physically corresponds to proteins aggregating to form regions of high and low
curvature, and slow spatially uniform resolution to the highly curved steady state due

to a combination of protein recruitment and protein movement along the filament.

2.3 Competing Protein Processes

As mentioned previously, there is an in-built asymmetry in the 1D self-assembly
system due to the protein recruitment term that was derived; namely, that ¢ € [0, P]

so that negative filament curvatures could never be possible. It was also implied that
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Figure 2.6: Time-evolution of the curvature profile & (¢,s) (shown in (a)) and the
corresponding shape of the filament in 2D space at t = {0,0.015,0.03,0.045,0.06}
(shown in (b)), resulting from the numerical solutions of (2.26)-(2.32) with time-step
At = 5 x 107° to final time ¢; = 0.06 and grid spacing As = 1072. In particular,
the parameters o = 1072, f = 10712, K, = 10%, ¢ = 1, & = 1, K, = 5.5, P = 10,
x = 10 and D — x = 1 were used, together with random initial data r (0,s) =
c(0,s) € [4.1789,4.1791] and ny (0, s) = n3 (0,s) = v; (0,5) = v3(0,s) = wy (0, s) = 0.
Arrow corresponds to increasing time.
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Figure 2.7: The extended 1D self-assembly model. Proteins are recruited to the
positive side, as with the single protein case, but also on the opposite side, which
is denoted as being negative. The associated characteristic protein parameters for
a particular species have (1) or (_) subscripts depending on the side to which they
attach.

proteins only attach onto one side of the filament and cause its intrinsic curvature to
change due to the presence of ¢ in (2.28). There is no reason to suggest that proteins
cannot also attach onto the opposite side of the filament. We extend the formalism
presented in Section 2.1.1 and 2.1.2 to include the effects of multiple BAR protein
types attaching and inducing curvature on both sides of the filament and study the

constant curvature solutions that arise from this system.

2.3.1 Inclusion of Multiple Proteins

We suppose the filament now divides the cellular fluid into two sections and label a
positive (+) and negative (—) side of the filament where BAR proteins of a particular
type only occupy. It is assumed that no protein mixing occurs at the boundary
between the positive and negative regions of the fluid. We only consider proteins
which induce positive curvature upon attaching to the positive side of the filament
and negative curvature attaching to the negative side, and not the presence of inverse
proteins, such as the I-BAR, which induce curvature in an opposite manner [34],
though such proteins can be included in the model. Proteins attaching onto the
positive side of the filament see the curvature as being s whilst those attaching onto
the negative side see the curvature —x. Lastly, we assume that the movement of a
particular species along the filament occurs independently of all other attached BAR
protein types; any interaction between proteins is mediated through x.

Suppose that we have N, different types of proteins attaching to the positive side
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and N_ types attaching to the opposing negative side. The number of proteins per
unit length of the i type on the positive side is ¢;” while the associated characteristic
protein parameters (i.e. its target curvature, persistence length, etc.) are generally
given with the superscript and subscript

QF for Q = {7, m8aR, K0, Keqms Kint, &, s, 51, P, D, x}. Similarly, the concentration
of the j™ type of proteins on the negative side is ¢; with characteristic protein
parameters {27 (see Fig. 2.7). For the forthcoming analysis, all variables will be taken
to be nondimensionalized in the same manner as in Section 2.1.3.

Since the sign of the resulting curvature the proteins induce on the filament de-
pends on the side to which they have attached, the equations describing the mechanics
of the filament in (2.26)-(2.27) and (2.29)-(2.31) remain the same except for (2.28),
which becomes:

ow, 0 h L
ﬁ:%(ﬁ_;q +Z)+n (2.60)

with free-ends boundary conditions given by n; = n3 = 0 and:

Ny N_
K= ZC;L - > ¢, (2.61)
i=1 j=1

applicable at s = {0, 1}.

The effect of an inverse protein, which induces negative curvature upon attaching
onto the positive side of the filament, is equivalent to a non-inverse protein that
induces negative curvature by attaching to the negative side of the filament. As such,
including the effects of proteins like the I-BAR is a matter of changing the sign of its
induced curvature and attaching it to the opposite side of the filament, which can be
encoded in (2.60).

The equation describing the attachment and movement of a particular protein

species on the positive side of the filament is the same as for the single protein type:

dcf

= K exp (1 (& —&t) (k= mi)2> {P-*exp <—§ (k— /i;r,)g) — c*}
at rU; 2 3 Si 7 K3 2 i 1

0%c; 0 0
5a? X;L@ |:C;'_£ (/{ — HI)2:| , (2.62)

+DF

with the boundary condition dc; /ds = 0 at s = {0, 1} corresponding to no flux as a

result of diffusion. However, for the negative side of the filament, attaching proteins
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would see the opposite sign of filament curvature —k, so that:

= (36 -) (o)) oo (5 (o)) o

0*c; o) 9] 2
_ j - v e
R {c] —(—r =) } (2.63)

7 0s?

with dc; /0s = 0 at s = {0, 1}.

With the addition of multiple protein processes, the self-assembly model now
becomes a system of N, + N_+6 coupled partial differential equations with equations
for added proteins being derived by using either (2.62) or (2.63) with the characteristic
protein parameters {7, Tsar, K0, Kints Keqm, &, &ts, £, P, D, X}

The criterion for time-independent solutions now becomes more complex. As
before, the steady state of the filament mechanics occurs for vj = v} = w} = nj =

n3 = 0 and:

K= Z (c;-")* - Z (cj_)*, (2.64)

for all s. However, from the protein adhesion kinetics, the steady state is given by the
solution of a coupled set of ordinary differential equations. In the spatially uniform

case, the time-independent concentration of proteins on the positive side is:

(¢f)" = Plexp <—% (k% — /{:“)2) : (2.65)

and for the negative side:

(cj_)* = Prexp (—% (—/{* — ’@;)2) , (2.66)

which means that finding the thermodynamically consistent steady states becomes a
matter of solving the algebraic system of (2.64)-(2.66) for k*, (c*)*, and (cj’)*.

7

2.3.2 Linear Stability Analysis

As per Section 2.2.2; we linearize around the spatially uniform steady states by using
the ansatz h = h* 4+ dpexp (iks + ot) for h = {vy,v3, we, K, nl,ng,cj,cj’} where the
terms K*, (cj)*, and (cj_)* satisfy (2.64)-(2.66). Upon substitution into (2.26)-(2.27),

(2.60), and (2.29)-(2.32) in the limit o, 3 — 0%, we again find that all §; for j =
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{v1,v3, w2, n1,n3} can be expressed in terms of d,, J .+, and 0.~ to linear order, so
i j
that:

Ny N_
08, = —Hé, + H (Z 0ot — ) 5C_> : (2.67)
i=1 j=1

with H = 2k2 (k* — k*2)* / (2k2 + 1*2) as before.
Applying a similar treatment to proteins attaching on the positive and negative
side of the filament, we find from (2.62) and (2.63):

050* = Ff(s,{ - Gj_(;cf, (268)
08 = F é,—G;6.-, (2.69)

where:
EY = AFBFE P (kf — 1Y) —2xF (¢)" (6* — K1) K2, (2.70)
Gf = AF+DfK, (2.71)
Fo = A;B & Py (/{* + ;{t—j) +2x; ()" (n* + m{j) k2, (2.72)
G; = A +D;k, (2.73)

with:
1
A = Khep (5 (6 — &) (- @)Q) -0, (2.74)
& 2
Bf = exp (—é (K — k) ) > 0, (2.75)
_ _ Ly o P

A = Ky exp (5 (@ —5tsj) (—/4: - /{tj> ) >0, (2.76)

By = exp (-% (—+ - n;j)Q) > 0. (2.77)

An equation incorporating (2.67)-(2.69) can be written so that the linear stability
of the spatially homogeneous solutions is found by determining the eigenvalues of a
(Ny 4+ N_+1) x (Ny + N_ + 1) matrix:

5y -H H -~ H —H --- —H Oy
5CIr Fl+ —Gf 0 0 5CT
: : 0 ' ' : :
ol %k, | =| F, ¢ . =Gh oo Ok, | (278
Ocr Fo & . . =Gy .0 Oy
: N :
I 5611 | | Py 0 e e 0 0 -Gy || 5011 |
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We can solve (2.78) analytically for the case G = --- = Gy, = Gy = -+ =
Gy = G, which corresponds to the species of proteins having the same chemical
and diffusion characteristics but being introduced around the filament with different
concentrations P. We define the difference of protein adhesion contributions on the

positive and negative side of the filament:

Ny N_
Fag =Y FF =) F;. (2.79)
i=1 j=1

In this instance, the characteristic polynomial for ¢ becomes:
0=(o+G) N ™N"V[o? 4 (G+ H)o+ H (G~ Fun)] . (2.80)

We note that (2.80) has the same form as (2.41) such that, in the limit of & — 0%,
instabilities would also arise. Indeed, the instability criterion shares a similar form

as for single protein species driven assembly:
Fe— A >0, (2.81)

where Fii = limxﬁxj- _o Fair and A is defined in (2.38) and is the same for the case
of chemically similar proteins.

Equation (2.81) can be interpreted physically. In Section 2.2.2, we found that the
adhesion kinetics of one protein species was the driving process of instabilities for
filament curvatures less than the protein target curvature. Criterion (2.81) suggests
that when multiple proteins are introduced, it is the combined contributions of the
adhesion kinetics on both sides of the filament that determine whether a particular
solution is unstable. For positive k* that is unstable, proteins recruited on the positive
side of the filament act as a means of destabilization, whilst those attaching to the
negative side stabilize. The opposite applies for negative k*, given the —x* factor
in F;. In other words, the competition of stabilizing and destabilizing proteins on
opposing sides of the filament determines the overall stability of the filament’s shape.

For protein species with different values of GG, the eigenvalues of the matrix in
(2.78) do not allow for a simple form of solution due to coupling between G; and
G terms; the adhesion interactions mediated by the curvature of the filament play a
higher role in determining the stability of the final self-assembled structure and can

therefore only be solved under limiting cases or numerically.
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2.4 Conclusion

2.4.1 Chapter summary

In the present work, we derived a model for the self-assembly of a 1D continuum by
means of curvature inducing BAR proteins in order to determine the role that inter-
actions between the filamentary mechanics and the protein adhesion kinetics plays in
the resultant shapes. In particular, we considered an inextensible, unshearable planar
Kirchhoff rod that was freely floating in a fluid and coupled its intrinsic curvature
to the number of proteins attached to it. We then derived a time-evolution equation
for protein recruitment, that was consistent with the microscopic bending energy of
an individual protein, and considered the effects of thermal diffusion and drift to
minimize the protein bending energy.

We studied the conditions under which time-independent solutions arose, focus-
ing primarily on those which were spatially uniform. In this instance, the filament
mechanics was not sufficient to determine the steady state of the self-assembled sys-
tem; the thermodynamics of protein adhesion constrained the solutions according to
the characteristic parameters of the protein. Furthermore, we established that these
same parameters completely defined the corresponding linear stability under long and
short wave perturbations. Proteins could act as a means of destabilizing the shape
of the filament. For increasing persistence lengths of the attaching proteins, which
corresponds to lower temperature environments or proteins with greater mechanical
stiffness, there was a single globally stable high curvature solution up until a critical
persistence length, whereby a saddle-node bifurcation appeared introducing bistable
high and low curvature solutions and a middle unstable solution.

Using weakly nonlinear analysis in the long wave limit, we demonstrated that
perturbing the unstable curvature resembled a Cahn-Hilliard type problem; proteins
would aggregate to form regions of high and low curvature which interacted and
merged to form a stable spatially uniform filament shape. The time-scale in which
this coarsening occurred was inversely dependent on the effective motion of proteins,
with thermal diffusion acting as a means of smoothing the pattern and drift serving
to maintain it. However, we showed that even perturbing the unstable state with a
constant offset could result in pattern formation in the protein concentration due to
the boundary conditions imposed on the filament; namely, that there were no applied
moments at its ends.

We extended the self-assembly model to study the effects of multiple protein types

attaching to both sides of the filament. The criterion of time-independent solutions in
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this instance was more complicated due to the additional thermodynamic inclusions
from protein recruitment, all of which was mediated through the curvature of the
filament. A means of determining the linear stability of spatially uniform solutions
was outlined and analytically solved for the case of chemically similar protein species
with the same diffusion constants being introduced around the filament with different
maximum concentrations. Each individual protein type contributed to the stability of
the final filament shape. Whereas in the single protein species case whereby proteins
could act as a means of destabilization, we established that protein types attaching
to the opposite side of the filament stabilized the shape. Proteins on opposing ends

competed to determine the overall stability of the filament curvature.

2.4.2 Inadequacy of a filament model

We make some criticisms of the self-assembling filament model. First, the filament was
taken to be inextensible, however, as noted in Section 2.1, lipid bilayers have been
experimentally shown to be nearly inextensible, being able to withstand strains of
2 — 3% before rupturing. One can readily include this detail into the aforementioned
framework by considering an additional constitutive relation connecting the forces
along the tangent of the rod ng to the rod’s elastic stretch; the latter being a measure
of the arclength dilation along the continuum [68].

A second criticism stems from the suggestion that the shaping effects of proteins
attached to the filament and the interactions between them are purely local in na-
ture. The constitutive relation (2.9) implies that curvature is only induced at a point
whilst the diffusion and drift terms in (2.32) suppose that the proteins only see the
concentration of proteins and the shape of the underlying filament that is in the
proteins’ immediate neighborhood. These aspects of the model are at ends with an
increasing amount of both experimental and computational work [85, 87, 96] which
suggest that the curvature induced by proteins is global and the membrane-mediated
interaction between proteins is indirect and long-range. The filament model with
free-ends cannot reproduce this phenomenon. To see why this is the case, consider a
filament with two curvature-inducing proteins that are spaced a non-zero arclength
apart and suppose there is no chemical kinetics (see Fig. 2.8). The resulting shape of
the filament, which satisfies (2.11)-(2.16) with free ends boundary conditions, features
straight sections from its free ends as well as the connection between the proteins.
The only curved sections occur where the proteins are embedded. As a consequence,

the proteins do not drift towards or away from each other as a result of imposing
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Figure 2.8: Two proteins (shown as crescents) embedded on a filament (shown as black
line) with a non-zero separation in arclength. This shape satisfies the kinematic and
mechanical filament relations (2.11)-(2.16) with free ends boundary conditions. The
proteins do not interact as a result of the underlying filament shape, given that the
terms that govern their movement are purely local.

curvature on the filament and there is no global interactions as a result of the under-
lying filament curvature. Self-assembly of the filament was driven by the adhesion
kinetics of the proteins, as opposed to their interactions after being embedded on the
filament. The latter has been observed to play a non-trivial role in the biology of
the problem, therefore, we investigate membrane-mediated long range interactions in
Chapter 3.

2.5 Appendix A: Balancing for weakly nonlinear
analysis

We provide a more detailed explanation for the balancing of the dependent variables
at the beginning of Section 2.2.3. Given the results of the linear stability analysis of
Section 2.2.2, which suggested that, at the bifurcation ¢ =0, 6, = d. and 6, = d,, =
Swy = On, = Oy (see (2.35) and (2.34) respectively) to first order, this result implies
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the following general balancing:

K=K ~+¢€ ( 6O (ty, 51) + edW (24, s1)) +0 (7%), (2.82)
c=kK"+¢ ( ) (ty, 51) + €6V (24, s1)) +0 (€77), (2.83)
ny = e"0) + 0 (), (2.84)
ng = e’ O (), (2.85)
v = €65 + O (1) (2.86)
= ¢d5! 1) + 0 (e, (2.87)
wy = /6 O (/1) (2.88)
with the general rescaling of time ¢; = ¢t and space s; = €°s.
Substituting these into (2.32) and expanding around € = 0, we find:
ewa%‘g_? = —T150) 4 2y (5(0)) — ATt (521) - 5§1)) + Doy a;i(;), (2.89)

given that the zeroth order terms vanish as they satisfy the steady state equation
(2.33), whilst the linear term 6(°) appears at O (e*!) since its coefficient is Fy— A = e.
This result implies that, to balance the nonlinear terms, v+ 1 = 2v leading to v = 1,
whilst balancing with the spatial derivative gives 2 = v + 23 so that § = 1/2.

Before considering the scaling for time, we consider the general balancing of the
dependent variables in (2.26)-(2.31):

a+la§7(111) bxs(l) _ e
O =€ 28—51 + € R 5713 61)1 y (290)
(1)
b 185” a, *
0=tz asf — "o — 265;, (2.91)
0
0= iy (00— 0l) + ey, (2.92)
S1
95 L 96tV
a+1 _ S5 Y0 9
S e 2 881’ (2.93)
c 1851; d *
0=tz asi + el — 5L, (2.94)
L 965
0=¢tz 2 o) 2.95
€@tz D5, K0y, ( )

which implies that a = 5/2 from (2.92), a+1/2 = b = ¢ from (2.90) so that b = ¢ = 3,
a=d=>5/2from (2.91) and d = f = 5/2 from (2.94). The balancing of the dependent

variables therefore result in the rescaling of time a = 2 from (2.93).
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Therefore, from the weakly nonlinear balancing of the filament mechanics, we find

to lowest order:

a5
0= Ds T o) —sth, (2.96)
1
0=r*oM + 55,5?, (2.97)
0= (o o0) a0, 299
1
(0) (1)
(%1 681 7
0= r*6{}) — 68, (2.100)
85(?
_ 9% as(D)
0 e " oh, (2.101)

and, by expressing 57(111) in terms of 51(,? using (2.97), rewriting this expression further
as 04y using (2.100) and incorporating (2.98) and (2.99), one arrives at (2.53), whilst

(2.54) is obtained directly from the balancing arguments previously outlined.
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Chapter 3

Curvature-mediated interactions
on flat membranes

We study the long-range curvature-mediated interactions between membrane inclu-
sions which break symmetry on a fluid membrane. Chapter 3 proceeds as follows: In
Section 3.1, we derive the equilibrium shape equation describing undulations of an ap-
proximately flat membrane and outline the necessary boundary conditions needed to
determine the interaction energies between two symmetry-breaking membrane inclu-
sions. In Sections 3.2 and 3.3, we derive the interaction laws associated with inclusions
which break symmetry in the contact angle that it makes with the surrounding fluid
membrane and the geometry of the inclusion boundary respectively. In Section 3.4
we discuss important aspects of this interaction law, such as its implications for the
phenomenon of self-assembling aggregation and the associated curvature-mediated

interaction field of an individual inclusion, before concluding in Section 3.5.

3.1 Preliminaries

3.1.1 Shape equation

We begin with the Helfrich Hamiltonian which describes the deformation energy of an
infinitesimally thin fluid membrane. For such a membrane with mean curvature H,
intrinsic mean curvature Hy, and Gaussian curvature K¢, the energy E of deformation
is given by [45]:

E= / g (H — Hy)? + RKedA, (3.1)

Q

where k is the bending stiffness of the membrane, & is its saddle-splay modulus, which
is a measure of the membrane’s resistance to changes in Gaussian curvature, and the

integral is taken over the entire surface of the lipid bilayer €.
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We consider deformations to an infinite and approximately flat membrane in the
Monge parametrization; namely, that the surface extends infinitely in the x-y plane
and has an associated height function &h (x,y), where € < 1 is a small parameter.
We further assume that the height of the membrane does not exhibit larger than
logarithmic growth. The distortions of the membrane are described by the position
vector:

r=(z,y,{h(z,y)). (3.2)

We note that the intrinsic mean curvature is Hy = 0 given that, in the absence
of deformations, the membrane will be flat, and we calculate the associated mean
curvature H. Note that we do not consider the Gaussian curvature term because the
corresponding energy contribution will not change if the topology of the surface or
its boundary are fixed [7], both of which are the focus of the current analysis.

Determining the tangent vectors in the x and y directions, we find:

or oh
- - (1 - .
ax < 7O7£ax>7 (33>
or oh
— = (0,1,{=— 3.4
8y < Y 7§ay) 7 ( )
respectively, so that the first fundamental form G is:
10
G—[O 1}+O(§2). (3.5)
We calculate the double derivatives of (3.2) and the unit normal 7 to obtain:
0’r O0%h
or2 (0’ 0’£8x2) ’ (3:6)
0’r 0%h
= (0,0,6—— 3.7
0r 0?h
— = (0,0,{— 3.8
oh oh
o= (e, =1 2 .
io= () 10(@), (39)
leading to the second fundamental form:
*h  9%h
F=¢| % 99 | +0(8). (3.10)
dzdy  Oy?

We find the shape operator, S = G™'F = F + O (£3), so that the mean curvature,
obtained by finding the trace of S, is:

H=¢VPh+0 (€. (3.11)
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Therefore, in the regime whereby only bending energies are considered, we find
that (3.1) reduces to:
Eh) = /g (V?h)?dA4, (3.12)
Q
where the energy has been rescaled as E/¢% — E.

By first variation in A (x,y), we find the associated shape equation:
V*h =0, (3.13)

with the natural boundary condition:

B 0 s 5, O6h
0= 95 (511% (V?h) =V haﬁ) -ds, (3.14)

o0

evaluated at the boundary of the membrane 02 and where J/0n is the right-hand
orientated normal derivative with respect to this boundary and éh is the first variation

of the height function.

3.1.2 Inclusion boundary conditions

We now consider a perfectly rigid inclusion whose center is located at (z;,y;). We
suppose that it has a vertical degree of freedom in the z direction, described by the

parameter 7;. The position vector for the inclusion is given by:

Tinc = (.T — XY — ylvgvl) . (315)

We further suppose that the inclusion has two rotational degrees of freedom around
the y and x axes, given by Bz-(l) and ﬁi@) respectively with @U) < 1 for j € {1,2} (see
Fig. 3.1). To find the new position vector r, after rotating the original vector r,
around a rotation axis 7., by an angle n we use the Rodrigues rotation formula, given
by [55]:

Tp = T,C08N + (Trot X Tp) SINY + Trot (Prot - 7o) (1 — cosN) . (3.16)

We first rotate the inclusion, whose position is described by (3.15), by an angle of
—5@(1) around the y-axis (0,1,0). According to (3.16), the new position vector ro,

1S:

rroty = ((.’L’ - xz) COS 551(1) - f")/ Sin 56@(1)7 Yy —Yi,

&y cos 5@-(1) + (z — z;) sin 551-(1)) . (3.17)
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Figure 3.1: A schematic diagram of the boundary conditions (i.e. (3.19) and (3.20))
applicable at the membrane inclusion (denoted by the thick black disk) in the x-z
axis. In particular, the inclusion is taken to have a translational degree of freedom
along the z-axis, 7;, and rotational degrees of freedom around the y-axis, @(1), and
the z-axis, ﬂi@), (latter not shown). Furthermore, the inclusion imposes a contact
angle «; with the surrounding membrane (denoted by the solid black line) and there

are also equilibrium conditions on the transverse forces and torques at the boundary
(i.e. (3.23)-(3.25)).
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A second rotation of 7., by an angle £ /BZ-(Q) around the z-axis (1,0,0) gives the

final position vector of the inclusion:

Tfinal = ((I —z;)+ 0O (52) ,(y—yi) +0 (52) )
1+ €80 (=) + 87 (y—u) + 0 (€)) . (3.18)

We demand that the height of the membrane deformation £h (z,y) meet with the
height of the inclusion in the z direction, given by the last entry of (3.18). Therefore,

to first order in &, we find the boundary condition:

hlop, = 7 + 51'(1) (z — i) + /31'(2) (v — vi)| am, (3.19)

where 0P; is the projection of the inclusion boundary in the z-y plane. Note that the
order in which the rotations are calculated do not matter in the limit of £ ﬂi(j )« 1
for j € {1,2}.

We now consider the normal derivative of the surrounding membrane with respect
to the inclusion boundary in the z-y plane. We suppose that the inclusion enforces
a contact angle (equivalent to considering an opening angle, see Fig. 3.1) of a (z,y).
To find the boundary condition, we take the normal derivative 9/0n; of (3.19) with

respect to the inclusion boundary to obtain:

oh

on;

0 0
= (a (2.9) + B 5 (o = i) + B 5 (y y») . (3.20)
i i oP;

oP;

Lastly, the remaining boundary conditions are given by the balance of transverse
force and torques at the inclusion boundary. These are derived by considering the
first variations of 7; and /ij ) in the boundary conditions (3.19) and (3.20):

5hlop, = 8% + 68" (@ —2) + 087 (v — )|, . (3.21)
= 0P o= (T — T : — Y 22
9% o, 05, o, (z — ;) + 63; o (v — i) on (3.22)

whereby the variation of a; (x,y) vanishes given that it is a prescribed function.
We substitute (3.21) and (3.22) into the natural boundary condition (3.14) and,

assuming that the variations of ~;, Bi(l), and 51»(2) are independent of each other, we
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obtain three conditions:

0 = v 515 aaA *h) - dS, (3.23)
0= (55 [ T — ;) m V?h) — V%% (x — :)31)} -dSs, (3.24)
0=248" { e V?h) - V? a(?h (y — yi)} -dS, (3.25)

which can be interpreted as statements on the balance of forces along the z-axis and
torques around the y and x axis respectively at the inclusion boundary 0F;. Note
that we have not considered contributions from the membrane boundary because the

membrane is taken to extend infinitely and remain bounded away from the inclusion.

3.2 Contact angle symmetry breaking

3.2.1 Set-up of problem

We now study the interactions between perfectly circular and rigid inclusions which
break symmetry in the contact angle that they form with the surrounding membrane.
In particular, suppose that there are two inclusions, denoted by subscripts 1 and 2
respectively, of radius £!/2 with ¢ < 1 whose centers are spaced a distance R = O (1)
apart (we take 217 = 0, y; = 0, o = R, and y, = 0 without loss of generality). We
parametrize the shape of the membrane immediately around the membrane inclusion
by local polar radial and angle variables, p; € [1,00) and ¢; € [0, 27), taken from the

positive x-axis. These variables are related to x and y by:
T —x; = 5%pi CoS ¢, (3.26)
y—y; = E%pi sin ¢, (3.27)

where (x;,y;) is the position of the ith inclusion’s center for i € {1,2} (see Fig. 3.2).

We suppose that the inclusion enforces a symmetry-breaking opening angle which
is not constant, but will depend on the orientation of the inclusion, quantified as
1; taken from the positive z-axis. We perturb the isotropic case by expanding the

contact angle « (p;, ¢;) as a Fourier series:

a(¢;) = al” +eal” cos (2¢; — 20 | (3.28)
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Figure 3.2: A schematic diagram of the interaction of two identical inclusions of radius
2 with ¢ < 1 on an approximately flat membrane, which break symmetry in their
contact angle. The inclusions are taken to have perfectly circular boundaries with
centers separated by a distance R = O (1). In all, there are three regions in which the
membrane shape must be determined by (3.13): The inner layer regions around the
inclusions h; and h? which are parametrized by local radial-angle coordinates (p;, ¢;)
(denoted by gray region), and the outer membrane region h,, in the coordinates
(z,y) (denoted by the white region). Transformations between these two regions
occurs according to (3.26) and (3.27).

(0)

i

refer to these constants as the monopole and quadrupole contact angles respectively.

where «; ' and a§2) are O (1). By analogy with electrostatics and magnetism [47], we
These constants are a measure of the opening angle enforced which is fixed and
invariant under a rotation of the inclusion around the z-axis by 7 respectively. Note
that we do not include the first Fourier mode cos (¢; — ;) nor higher Fourier modes
because these terms do not contribute to the leading order interaction energy.

For the polar parametrization defined in (3.26) and (3.27), we evaluate (3.19) and
(3.20) at the inclusion radius (i.e. for p; = 1) to obtain:

hl,—1 ="+ 6%@(1) cos ¢; + 5%51.(2) sin ¢, (3.29)
8h 1 1
o = 041(0) + 60452) cos (2¢; — 2¢;) + 85@(1) cos ¢; + 65@-(2) sin ¢, (3.30)
ilp;=1

where the normal derivative in (3.30) has reduced to the differential operator 9/0p;,
given that the inclusion is perfectly circular, and where we have cancelled the factor
of €'/2 from both sides.

The integrals (3.23)-(3.25) provide a further three boundary conditions, which

give, for the case of an inclusion whose projection is perfectly circular in the -y
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plane:

2w

0

0= VZh do;, 3.31
O/ |:api ( )‘|Pi:1 ’ ( )
27

0

0= [ cosd¢; { V2h) — v%} de, (3.32)
21

0= / sin ¢; { 95 (V?h) =V h] . de;. (3.33)

[e=]

3.2.1.1 Method of interaction energy derivation

We outline the method to determine the interaction energy between two inclusions.
There are three regions of interest in which we solve (3.13) for the height function
h: the two layer regions close to the inclusion, which we will denote by h} and
h? respectively and the outer membrane which is far from the inclusions, denoted
by h,, (see Fig. 3.2). We first solve for the shape in the layer regions using the
local polar variables (p;, ¢;) and impose the boundary conditions (3.29)-(3.33) to
obtain the leading order solution. From the layer solution, we can then determine
the leading order outer membrane solution in the coordinates (z,y). Expanding this
outer membrane shape in terms of the local polar coordinates (p;, ¢;) using (3.26) and
(3.27), we determine the higher order corrections in the layer shape by demanding
that the outer membrane and the layer solutions asymptotically match. From these

results, we then explicitly compute the energy by integrating (3.12).

3.2.2 Inner layer shapes around the inclusions

We solve (3.13) in a region close to the first inclusion. We use the Fourier represen-

tation:

h =Y fopi) exp (ings) (3.34)
n=0

where f, (p;) is an arbitrary function to be determined [94], and find, for each mode,

the differential equation:

4 2 3 1 2
0= 20 Ly B
dpt — p1dpi p1 dpy
1 df, 1
+—(2n°+1) ==+ — (n* —4n®) f,. (3.35
pi’( )dm pi‘( ) Jre (355)
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This equation can be solved for the Fourier modes n = {0, 1,2} to give the general

solution:

hy = bo + by In py + bap? + bapi In py + bapy cos Gy + bagpy sin ¢y
b7 cos ¢ n b79 sin ¢y
P1 P1
+ bgpf cos 2¢1 + ngp% sin 2¢1 + by cos 2¢1
bi1cos2¢p;  byiosin2¢,
5 +

P1 P%

+ bep1 In py cos ¢ + beap1 In py sin ¢y +

-+ b102 sin 2¢1 -+ R (336)

where b, € R are arbitrary constants.

We comment that, previous analyses of the isotropic problem [41, 101] make the
assumption that the membrane height is invariant under the reflection y — —y. This
is no longer true for the case of symmetry-breaking inclusions and must be accounted
for with the addition of sine Fourier terms. Furthermore, we have not included terms
that grow larger than p? as asymptotic matching would imply that these terms are
O (£%/%) and higher.

Imposing the balance of force and moments (i.e. (3.31)-(3.33)), we find that
by = bg = bgz = 0. Further using (3.29) and (3.30), we obtain:

hy = by + (0450) - 2b2) In p1 + bopi + 5%59)%)1 COS @1

+e2 8% pysin gy + bsp cos 261 + bszp? sin 26,

(2) 2)
— (Zbg - 60;1 cos 2¢1) cos 2¢y — (21)82 - 60;1 sin 2@&1) sin 2¢,

<2b8 — 5a§2) cos 2@&1) cos 2¢ (21)82 — 504?) sin 2¢1> sin 2¢,

+ +
2pi

3.37
with 71 = by + by and unknown constants given by bg, bs, bs, bsa, fl) , and Bf) which
will be determined by asymptotic matching with the outer solution.

Similar reasoning gives that the shape of the membrane in the local region of the

second inclusion is:
h? = by + (0450) - 252) In pg + bap? + 5%551)@ COS (o
+ 8%ﬁ§2)p2 sin ¢o + 68p§ cos 2¢ + bgng sin 2¢
~ ed? N ca?
— | 205 — 22 cos 21y | cos2¢p9 — | 2bgs — 22 sin 2ty | sin 2¢,

(268 - 5a§2) CoS 2%) CoS 2¢5 (2();2 - 5a§2) sin 2w2> sin 2¢9
_'_

n . (3.38)

2p5 23
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with the constants bAq €ER, = bo + bAg, and 60, b}, l;g, b;g, ﬁél), and 552) to be

determined by asymptotic matching.

3.2.3 Outer membrane shape and asymptotic matching

We note that the leading order shape in the inner region is logarithmic, originating
from the center of the inclusion. This aspect, together with the assumption that the
membrane height does not grow larger than a logarithm far away from the inclusions,
suggests that the leading order outer membrane solution is:

NO NG
Ry = co + % In (2% 4+ y*) + % In ((z — R)® + v?), (3.39)

where ¢y € R is an arbitrary constant. Furthermore, we note that higher order
corrections to the outer membrane shape are O (¢) and do not contribute to the final
interaction energy.

We now match the outer membrane shape (3.39) with the local shape of the first
inclusion (3.37). To do so, we write the variables (x,y) in terms of the local polar
variables (p1, ¢1) according to (3.26) and (3.27) for x; = y; = 0. Expanding in the

limit of ¢ < 1, we obtain:

R = co + ozgo) In R+ a§°) In (5%> - ag‘” In py

(0) (0)
2

etay picosgy  cay’ pf cos2¢, +O(€%>, (3.40)

R 2R?

By matching this expanded outer solution with (3.37), we obtain the logarithmic

term and find:

1

Y1 = Cp + 50(50) Ine + Oééo) In R, (341)
(0)

gV = 22 (3.42)
R

o — 0 (3.43)

The remaining unknown constants b, bgs, and 6%2) are O (£%/%). Physically, (3.41)
implies that the first inclusion will rise along the z-axis due to its radius and the
monopole contact angle it enforces with the surrounding lipid bilayer, as well as the
isotropic deformation imposed by the second inclusion and its separation from the
first inclusion. Furthermore, (3.42) gives that the constant contact angle around

the second membrane inclusion causes the first inclusion to rotate around the y-axis
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whilst (3.43) suggests that this same contact angle results in higher order corrections
to the local shape of the first inclusion in the form of p? cos 2¢;.

To match the outer membrane solution with the second inclusion, we express
(3.39) in the local polar variables (pq, ¢2) using (3.26) and (3.27) for o = R and
12 = 0 to obtain:

R = Co + aﬁ‘” In R+ a§°> In (5%) + ago) In py

1 (0 0
n gzag )p2 COs ¢2 8055 )p% cos 2¢2 +0 (5%> . (344)

R 2R?
Comparing with (3.38), we find:

1
Yo = co + §a§0) Ine + a§°) In R, (3.45)
0
o =21 (3.46)
R
o S0 (3.47)
T 2R’ '

suggesting that the first inclusion results in a similar vertical lift and rotation of the
second inclusion around the y-axis, albeit in the opposite direction, and higher order
corrections to its layer shape. Furthermore, the unknown constants b}, bgg, and ﬁf)
are of O (83/ 2) and higher.

3.2.4 Interaction energy

We now have sufficient information to determine the dominant interaction energy
between the two inclusions. We define the inner layer Laplacian in polar coordinates
as V# and find that the Laplacian of the local solution of the first inclusion, using
(3.37) and (3.43), is:

0 2
V2! = _4ag)c032¢1 B 204% ) cos (2¢1 — 241) L0 <€%> .

3.48
R?p} P (345)

Note that the factor e~! comes from the definition of transforming between (z,y)
and local polar coordinates (pi,¢;) according to (3.26) and (3.27). Similarly, the
Laplacian of the membrane shape in the layer around the second inclusion is, using
(3.38) and (3.47):

1o co 2, 20§ cos (22¢2 —202) (5) : (3.49)
R?p; P2

Vihi =
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whilst the Laplacian of the outer membrane shape (3.39) vanishes at leading order
(i.e. O(1)) and is of O (e).
We calculate the interaction energy by using the energy functional (3.12) and the

Laplacians of the layer regions around the inclusions, so that:

oo 21

(R (B 1/12 // V2hz p1dp1dey
1 0
oo 271

+ (V2h2)? padpadss | + 0 (€2) . (3.50)
/]

The additional e factor comes from transforming the integral from (z,y) coordi-
nates to (p;, ¢;) according to (3.26) and (3.27). The term involving the Laplacian
of the outer membrane gives negligible O (£2) correction and therefore does not, con-
tribute to the leading order calculation of energy.

Evaluating the integral exactly, we find the interaction law:

V (R, 1,v) = Kkme {(af))Q + (a§2)>2
(2) . (0)

4
+ = 2 (ag )ag cos 21 + ay ‘o ’ cos 2%)
4 2 2
+—R4 <<a§0)> + (ago)) )} , (3.51)

We further discuss (3.51) in Section 5 after deriving the interaction law between

where we have dropped terms of O (¢?).

two non-circular inclusions.

3.3 Geometric symmetry breaking

3.3.1 Set-up of problem

We now study the interactions between two non-circular membrane inclusions. We

assume that the contact angle «; (z,y) = a§°> is constant along the edge of the
membrane inclusion, but the boundary of the inclusion is no longer circular. We take

the inclusion to be a symmetric deformed circle with the boundary p} given by:
ph (0:) = 1 — ew; cos (2¢; — 2h;) (3.52)

where 1); is the angle of the inclusion’s semi-minor axis with respect to the positive

z-axis and w; = O (1) is a measure of the deviation from a circular geometry (see Fig.
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Figure 3.3: A schematic diagram of the interaction of two identical but non-circular
inclusions on an approximately flat membrane. The inclusions are taken to have
boundaries determined by (3.52) with centers separated by a distance R = O (1) and
orientations of their semi-minor axes given by an angle ; with respect to the positive
z-axis. As in Section 3.2, there are three regions in which the membrane shape must
be determined by (3.13): The inner layer regions around the inclusions h} and h?
which are parametrized by local radial-angle coordinates (p;, ;) (denoted by gray
region), and the outer membrane region h,, in the coordinates (x,y) (denoted by the
white region).

3.3). Note that we continue to use the transformation between inner variables (p;, ¢;)
and outer variables (z,y) as specified in (3.26) and (3.27) in Section 3.2 and we still
suppose that ¢ < 1.

To find the normal vector to the non-circular boundary, we write the boundary
as the solution of f (p;, ;) = 0:

I (pisdi) = pi + ew; cos (2¢; — 24h;) — 1, (3.53)

and take the gradient of this expression to find:

1 0 1 0 -
V= —_ AZ,_|_1—— i i + ew; cos (2¢; — 21;) — 1 ) 3.54
/ (52 (9/0@-’) 52pia¢i¢)) (e 20 W 0

where p; and qu are the unit radial and polar vectors taken from the center of the

ith inclusion respectively and the factor of /2 in the derivatives arises from the

transformation from the outer to inner parametrization according to (3.26) and (3.27).
The unit normal 7 to the boundary is then calculated by n = Vf/ |V f|:

f o= p; — 2ew; sin (2¢; — 2u;) &; + O (£7) (3.55)

20



so that the normal derivative to the inclusion boundary is then given by:

Ohi (16A 1 0 ) A
==+ h; - 3.56
on €2 aﬂz’p €2p a¢z¢ ( )

Therefore, the continuity conditions on the height of the membrane (3.19) and

its normal derivative with respect to the inclusion boundary (3.20), evaluated at the

inclusion boundary p; = pi according to (3.52), become:

l‘pi:p %—l—525 COS(;S +525( smgbz+0< %> (3.57)

8hi ( )
L =S4 M cos g+ B sings + 0 (), (3.58)
on pi=p} €

K)h—'

respectively. Note that we have an extra factor of e='/2 on the right hand side of
(3.58) given that we have not explicitly computed the derivative on the left hand side
in terms of the inner variables (p;, ¢;). As a result, the £'/2 factors do not cancel as
they did previously in Section 3.2.

We now consider the additional boundary conditions pertaining to the balance
of force and moment at the inclusion boundary (i.e. (3.23)-(3.25)). For non-circular
boundaries, we must now consider an additional multiplicative factor in the integral
due to the shape of the contour. To account for this factor, we denote the position
vector of the boundary in the z-y plane by p and parametrize this vector in terms of

the angular variable ¢; taken from the positive z-axis:

P = ((1 — ew; cos (2¢; — 24;)) cos ¢y, (1 — ew; cos (2¢; — 21);)) sin ;) . (3.59)
We calculate the derivative of the position vector p with respect to ¢; and find the

resultant magnitude to obtain the dilation of the contour arclength:

Op
09;

Therefore, the balance of transverse forces along the z-axis, and moments around

=1 — ew; cos (2¢; — 2¢;) + O (£7) . (3.60)

the y-axis and x-axis respectively along the inclusion boundary are given by:

27ra
O:/Gﬁ(

do;, (3.61)

%z

pi=

0
I 9 9
2 2
_ s b _ - cos b, 62
/ pi COS @87% (V h) \Y o (pi cos gbz)} - 8@ do;, (3.62)
0o T
2T a a
N . Q] . 2 — 2 . Q] .
0= / _pz sin gbz@ﬁ (V h) \Y4 o (pi sin gbz)} . a@ do;, (3.63)
0
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where the integrals are evaluated at the boundary p} according to (3.52), with the
normal derivative defined in (3.56), and the arclength dilation given by (3.60).

3.3.2 Derivation of interaction energy

The method to determine the interaction energy between the geometrically symmetry-
breaking membrane inclusions is similar to that summarized in Section 3.1.1 and
followed in Section 3.2. Therefore, we condense the forthcoming derivation and refer
to details discussed in the previous section where appropriate.

We first determine the shape of the inner local solution by solving (3.13), which
gives the same general solution as in (3.36). To impose the boundary conditions on
the non-circular boundary and therefore determine the unknown integration constants

b, € R, we expand each coefficient as a perturbation series of the form:
by = b + 2300 4 242+ 0 (o), (3.64)

where by = O (1) for j € {0,1,2}.

Enforcing (3.61)-(3.63), we find that b3 = bg = bgz = O (%), whilst applying
(3.57) and (3.58), with the expansion of the trigonometric terms cos (2¢; — 21;) and
sin (2¢; — 21)1) and matching the Fourier terms, we find that the layer shape close to

the first inclusion is given by:

hy = b+ (0450) - 2b2> In p1 + bapi + 5%59)P1 COS @1

+e2 8% prsin gy + bsp cos 261 + bszp? sin 26,

0
5w10¢§ )

— (ng — 25w1bg)) cos 211 — cos 2¢1) cos 2¢

0
Ewlag )

— (2()82 — 25w1bé0) cos 21y — sin 27,/11> sin 2¢

<2b8 — 45wlbé0) sin 2¢ — ewlago) COS 27,01) coS 2¢
_|_

2p}
<2682 — 45w1béo) sin 21 — 5w1a§°) sin 2@01) sin 2¢,
+

. (3.65)
2p}

where we have combined individual terms in the perturbation series of b, to simplify

the expression and v; = by + by, by, bg, bsa, 6%1), and 552) are to be determined by

asymptotic matching with the outer solution. Similar reasoning gives that the shape
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close to the second inclusion is:

h? = by + (aéo) - 252) In py + bops + 55551)02 COS (g

+ 235 py sin ¢y + bsp cos 26 + bz sin 26
. ~ (0)
— (21)8 — 25w2bgo) cos 2ty — 5w22042 cos 22/@) coS 20

(0)

EWa 0y

- (%52 — 2ewnb? cos 2y — sin 21/;2) sin 26y

(268 — 45w2bé0) sin 21y — 5w2aéo) CoS 2%) COS 29

_l’_
23

(21);2 — dewsb? sin 200y — ewral sin 21/;2) sin 2¢
+

o0 , (3.66)
where the unknown constants are vy, = 50 + b;, and 50, b}, 68, bgg, Bgl), and ﬁ§2).

Given that the leading order layer solutions (3.65) and (3.66) are logarithmic,
the leading order outer membrane solution h,, is (3.39). Therefore, the asymptotic
matching would yield the same results for the unknown coefficients; the most relevant
of these being (3.43) and (3.47) and that by = by = O <€%>

We can now calculate the interaction energy between the two non-circular inclu-
sions. We determine the Laplacians of the inner layer solutions using (3.65) and (3.66)

and our results from asymptotic matching to find:

0 0
V2l = _4a§ Veos2¢;  2wial? cos (21 — 2u) L0 <€%> 7

_ 3.67
R2p pi (367

5.9 4a§0) COS 209 2w2a§0) cos (2¢2 — 2) 1
Vin =~ r +O <5> , (3.68)

where V? is the inner Laplacian in (p;, ¢;) coordinates accounting for the factor of e
in transforming from the outer variables to inner variables according to (3.26) and
(3.27). As in Section 3.2, the Laplacian of the outer membrane h,, as found in (3.39)
is O (¢) and is therefore comparatively negligible in the limit of ¢ < 1.

Therefore, to calculate the interaction energy, we integrate (3.50) with the inner
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layer shape Laplacians found in (3.67) and (3.68) to obtain:

V (R, 1,v) = kme [(Wlago))Q N <w2ago))2

4
+ I <w104§0)04§0) cos 211 + wgaéo)ago) Cos 21/)2>
4 2 2
+ 7 ((aﬁ")) + (aé‘”) )1 . (3.69)

3.4 Remarks on the interaction laws

Some comments are in order regarding the two main results of the present work; that
is, the laws describing the interactions of inclusions which break symmetry in either
their contact angle (3.51) or their boundary geometry (3.69). First, upon comparison,

2) (0)

we note that these two laws are equivalent when o;” = w;q; The quadrupole

opening angle 0%(2) for a perfectly circular inclusion is equivalent to the coupling of
(0)

the constant opening angle o with the parameter describing the geometry deviation
of the inclusion w;. This result suggests that the effects of these two symmetry-
breaking mechanisms are the same in the regime of deforming approximately flat
fluid membranes. Second, we note that the quadrupole symmetry-breaking mode
(i.e. invariant under a rotation of an individual inclusion by 7) is the dominant
contribution to the interaction energy. This result follows from asymptotic matching,
which gives that the first Fourier mode would not contribute to the energy and the
third order modes and higher would be O <5%> if they were included at the same
order of € as the second Fourier mode in (3.28). Third, we note that (3.51) and (3.69)
reduce to the original law describing the repulsion of two isotropic inclusions on the
fourth power of the inverse separation [41, 101, 31]. This result follows for the case
where there is no symmetry-breaking mechanism (i.e. a§2) = w; = 0) and by further
noting that the area of a single inclusion is 7e, given that its radius is et

There are two symmetry-breaking terms in (3.51) and (3.69), one of which depends
on the inverse separation between the inclusions squared and the orientation of the
anisotropic deformation exerted by the inclusion on the surrounding membrane, whilst
the other is a constant with respect to these variables and can therefore be rescaled
out of the interaction energy. The former term implies that the symmetry-breaking
of a given inclusion interacts with the isotropic opening angle imposed by the other
inclusion. We further study the effects of this symmetry-breaking in the interaction

between identical inclusions.
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3.4.1 Two identical inclusions

Suppose that the two inclusions are identical (i.e. a&o) = 0450) = ap and 0452) = 0452) =
as). We define a new rescaled interaction energy:
1 Vv
Vie = — — 203 ), 3.70
dogorg (mr&t az) (8:70)
so that (3.51) becomes:
1 2
Vie = —5 (cos 21y + cos 21h9) + 7 (3.71)

R? RY
where o = ag/as is the ratio of isotropic to symmetry-breaking effects.
We calculate the torque 7; exerted on the ¢th inclusion around the z-axis as a

result of the underlying membrane curvature by taking the negative partial derivative

of (3.71) with respect to 1;:

. 2sin 27#1
TR
We comment that the inclusions are in rotational equilibrium for ¢y = nw/2. How-

(3.72)

Ti

ever, this does not necessarily correspond to the lowest energy state. There are two
possible equilibrium configurations: the higher energy state whereby 1; = n7 and the
lower energy state where v; = (n + %) 7 for n € Z. If both inclusions have orientation
angles 1); that satisfy this former condition, then they will repel at a longer range than
the isotropic case, whilst if they both satisfy the latter condition, then the inclusions
will attract. For non-circular inclusions embedded in a fluid membrane, attraction
will occur when their semi-major axes are aligned in an “end-to-end” configuration.
A similar result was obtained by supposing that the inclusions were rods forcing a
non-zero curvature along one of its principal axes [69], and this phenomenon has also
been observed in large scale molecular dynamics simulations [87].

We consider the effective force F' exerted between the inclusions as a result of the
underlying membrane shape. By taking the negative partial derivative of (3.71) with
respect to R, we find:

F= % (cos 29y + cos 29) + %,

whilst the equilibrium distance R4, necessary for the effective force to vanish is:

—1
Regm = \/ " (3.74)

cos 211 + cos 29y

(3.73)

Imposing that the inclusions must also be in rotational equilibrium, we note that

Reqm is only real if the orientation angles 1, = ¢y = (n + %) m, which gives the lower
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energy state. In this case, the symmetry-breaking attraction balances the isotropic

repulsion to give a natural aggregation distance:
Regm = V20, (3.75)

which is O (1) as per our previous assumptions in Sections 3.1 and 4.1, given that
ap = az = O (1). We comment that in the limit whereby the isotropic effects dominate
the symmetry-breaking effects ¢ — oo, the aggregation distance R, of the two

inclusions goes to infinity.

3.4.2 Inclusion-generated curvature field

We continue with the electrostatics and magnetism analogy and consider the curvature-
mediated interaction field generated by a symmetry-breaking inclusion. In electro-

statics, one would probe the electric field generated by a charge distribution by taking

a single point charge and determining the position dependent potential. For our case,

we determine the curvature-mediated potential by fixing the position of the first in-

clusion’s center to be at the origin whilst the position of the second inclusion remains

free (i.e. has position at (x,y)). We further take both inclusion orientations to be

fixed.

We first generalize the derived interaction laws, given that they were derived under
the assumption that the inclusions were separated along the x-axis. We suppose the
inclusions are separated along a line connecting the center of the first inclusion to
the second which makes an angle 6,5 with respect to the positive z-axis. We include
this rotation by transforming the orientation inclusion angles 1, — ¥, — #15 and
Py — g — B15. Without loss of generality, we take the rotated inclusion orientations
to vanish 11 = 1y = 0 so that (3.71) becomes:

2

20
zﬁ(

COS2 912 — sin2 012) + ﬁ (376)

Lastly, by noting that the separation of the inclusions’ centers in the z-y plane is

Vie

related to R and 615 by x = Rcosti, and y = Rsinf5, we obtain that the spatial

interaction potential is given by:

2 2 _ .2
v, = 2@y o) (3.77)
(@* + y?)
with associated curvature-mediated interaction field C = —VV,.:
dx (22 — 3y> + 20) 4y (322 —y? + 2
C:(“:” y +20) dyBr —y 4 ‘7)). (3.78)
(22 + y?) (22 + y?)
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Figure 3.4: The interaction potential (3.77) (shown in color) and the curvature-
mediated interaction field (3.78) (shown with black arrows) generated by an inclusion
fixed at the origin with orientation angle ¢y = 0 and probe angle ¥ = 0. The ratio
of isotropic to symmetry-breaking effects is top: ¢ = 0.1; middle: ¢ = 1; bottom:

o = 10.
57



We plot the spatial potential (3.77) and the corresponding interaction field (3.78)
in Fig. 3.4 for the ratio of isotropic to symmetry-breaking effects o = {0.1,1, 10}
and make some remarks. We note that the interaction field closely resembles that of
a magnetic quadrupole, with the red and purple regions corresponding to the north
and south poles respectively, and with the inclusion generating the same field under a
rotation of . If the inclusion orientations were fixed and horizontal 1, = ¥ = 0 and
the first inclusion was fixed but the second inclusion was free to move, then the second
inclusion would aggregate along the y-axis at a distance satisfying (3.75) (denoted by
the purple regions of potential minima). As isotropic effects further dominate (i.e. o
increases), this aggregation distance increases and the curvature-mediated interaction

field connecting the “north” and “south” poles traces out wider arcs.

3.5 Chapter summary

In the present work, we studied the curvature-mediated interactions between symmetry-
breaking inclusions which were embedded on an approximately flat geometry in the
regime where purely bending energies of the fluid membrane were considered. We
studied two different symmetry-breaking mechanisms: one where the inclusion is per-
fectly circular in the plane but with a varying contact angle with the surrounding
membrane, and the other where the inclusion is non-circular but imposed a constant
contact angle around its boundary. In both cases, the symmetry-breaking effect was
invariant under a rotation of an individual inclusion by .

Using asymptotic analysis, we determined that these two means of symmetry-
breaking resulted in equivalent interaction laws, whereby we obtained the original
isotropic repulsion on the inverse separation to the fourth power as well as an addi-
tional orientation dependent interaction that varied on the inverse separation squared.
We showed that the 7 reflection symmetry of anisotropic deformation was the domi-
nant contribution to the interactions between inclusions and symmetry-breaking that
was invariant under a rotation of 27 as well as angles smaller than 7 did not contribute
to the leading order energy.

We studied the interaction of two identical inclusions and calculated the curvature-
mediated torques around the z-axis and separation forces exerted on each inclusion.
We found that there were two rotational equilibrium states: alignment of the ori-
entation along the line of separation between the inclusions, which corresponded to
the unstable high energy state, and orientations which were perpendicular to this,

which corresponded to the stable low energy state. For two inclusions having the
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latter orientations, curvature-mediated attraction was possible and would result in a
natural equilibrium distance whereby the symmetry-breaking attraction would bal-
ance with the isotropic repulsion. This result could provide an explanation as to
how membrane inclusions can globally aggregate by membrane-mediated effects to
a length-scale whereby more direct interactions, such as van der Waals forces, may
then take over.

We calculated the interaction potential and the corresponding curvature-mediated
interaction field generated by a single inclusion. For the symmetry-breaking proper-
ties studied, we found that such inclusions resembled a quadrupole seen in electrostat-
ics or magnetism. Given the result that membrane-mediated aggregation is possible
along with the quadrupole interaction nature of the inclusions, a natural question
to pursue is the types of equilibrium configurations that can form along with their
stability. Furthermore, it is unclear how large numbers of inclusions will dynamically

self-assemble. We study these questions more closely in Chapter 4.
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Chapter 4

Self-assembled aggregates: Shapes
and properties

Based on the interaction law governing the curvature-mediated interplay between
symmetry-breaking inclusions and the underlying fluid membrane shape that was
derived in Chapter 3, we explore the self-assembled aggregates that these inclusions
form and their corresponding macroscopic properties. Chapter 4 is organized as
follows: In Section 4.1, we generalize the interaction law found in Chapter 3 to
consider an arbitrary number of symmetry-breaking membrane inclusions and we
derive a model to describe the dynamic aggregation of these objects. In Section 4.2
and 4.3, we consider the energy and stability of simple configurations; namely, of lines
and polygons. In Section 4.4, drawing on analogies to classical elastica, we analytically
determine the collective elastic behavior of the aggregate both under bending and
stretching deformations. Given the focus on simplified shapes, in Section 4.5, we
simulate a system of 1000 inclusions with initially random positions and orientations
and show some of the complex transient aggregate shapes that may assemble. We

summarize and conclude our results in Section 4.6.

4.1 Preliminary framework

4.1.1 Interaction law for N inclusions

We summarize the curvature-mediated interaction law between two symmetry-breaking
inclusions derived in Chapter 3 here. Suppose we have two anisotropic inclusions of ra-
dius /¢ embedded in an approximately flat fluid membrane which is parametrized by
the Cartesian coordinates (x,y). Suppose that the symmetry-breaking deformations
induced by a single inclusion are invariant under a rotation by 7 and the centers of the

inclusions are separated by a distance R along the x-axis. For two inclusions which
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imposed an isotropic “monopole” contact angle ozgo) and anisotropic “quadrupole”
contact angle a§2), that is dependent on an orientation angle v; with respect to the
positive z-axis, with the surrounding fluid membrane, the interaction energy was

given by:

V (R, ¢1,12) = kme {(af))Q + (ong))Z

4
+ = (0452)0450) cos 21 + ozéZ)ago) oS 2w2>

' o ((a§0>)2 + (aé(’))Q)} . ()

We previously found that the dominant contributions to the interaction energy
between symmetry-breaking inclusions came from their respective inner layer shapes.
This suggests that the interaction law is a result of local additions to the fluid mem-
brane shape, which therefore implies that the curvature-mediated interaction of such
inclusions is pairwise for the case of approximately flat geometries. As a consequence,
one can extend (4.1) to study the interactions of an arbitrary number of identically
sized inclusions N by adding the energy contribution of each subsequent inclusion.

Doing so gives:

2
N 2 N 0 90@ cos 24 <04(0)>

vowred d () pay o AT )
i=1 i ij ij

where R;; is the separation distance between the ith and jth inclusion.

However, (4.1) was derived assuming that the inclusions were separated horizon-
tally from each other along the z-axis. More generally, suppose there is a line from the
1th inclusion to the jth inclusion which makes an angle of 6;; with the positive z-axis
(see Fig. 4.1). We rotate the system in the plane by an angle of 6;; by transforming
the symmetry-breaking orientation v¢; — 1; — 0,5, so that the interaction law between

inclusions separated along an arbitrary orientation is given by:

—f (@)
Vzmrs%{(ai )

2
N a(o)aEQ)R?j [2cos® (¢ — 0;5) — 1] + (a§0)>

4> i ,

j#i i
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Figure 4.1: A schematic diagram showing the interaction between symmetry-breaking
inclusions (shown as either the dotted circular or dotted non-circular lines respec-
tively) which are separated by an arbitrary orientation. The vector ¥, (i.e (4.4))
encodes information regarding the inclusion’s symmetry-breaking orientation with
respect to the positive z-axis, 1;, whilst the separation vector from the ith inclusion
to the jth inclusion A;; (i.e. (4.5)) includes information about the distance and the
separation angle taken from the positive z-axis, 6;;. Given that the deformations
exerted by the inclusions are invariant under a rotation of m, the orientations are
represented as double-headed arrows.

62



where we have used the double angle formula cos 2n = 2 cos? n — 1. We comment that
the above expression is invariant if we were to instead consider a line from the jth
inclusion to the ¢th inclusion given that R;; = R;; and 0;; = 0, + 7.

We introduce two vectors ¥; and A;; which encode the symmetry-breaking ori-
entation of the ith inclusion with respect to the positive xz-axis and the separation
vector pointing from the ith inclusion to the jth inclusion (see Fig. 4.1). We define

these two vectors as:

W, = (cos 1, sin1;) , (4.4)
Aij (RU COS (97;3-, Rij sin 9”) s (45)

which reduces the interaction energy of N inclusions to the form:

2
0 2 2 0
g e s s (o))
1Al o

We note three contributions to the total energy of the system given by (4.6):
First, there is a constant energy offset due to the anisotropic deformation from every
inclusion which can be rescaled out of the energy. Second, for the ith inclusion, there
is a sum taken over all other inclusions and how they interact with the symmetry-
breaking deformation it exerts, given the explicit dependence on the magnitude of its
quadrupole opening angle 042(2) and the ¢th inclusion’s orientation v; encoded in W,.
We further note this term has a minimum when the separation vector is perpendicular
to the orientation (i.e. ¥, - A;; = 0), corresponding to the attraction between inclu-
sions on the inverse separation length squared, whilst this term attains a maximum for
separations parallel to the inclusion orientation (i.e. ¥, - A;; = |A;;|), corresponding
to the repulsion between inclusions on the inverse separation length squared. Lastly,

there is an orientation independent repulsion term from the isotropic deformation
(0)

j .
We suppose that the inclusions are identical so that aj(»o)

imposed by all other inclusions «
= ap and a§»2) = «y for

j €{1,...,N}. By rescaling the energy:

V — Nkma3
drTEQHOD

—V, (4.7)
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we find that (4.6) reduces to:

2 (\IIZ . Aij>2 — A?J +0o

PRV )

where 0 = «ag/ay is the ratio of isotropic to anisotropic deformations exerted by the

membrane inclusion.

4.1.2 Dynamic gradient-flow model

We derive a time-dependent model for the movement of inclusions embedded in a
lipid bilayer. Given that movement within the membrane plane is usually described
as a viscous fluid flow [78, 73|, we assume the dynamics of the membrane inclusions
is a dissipative process. We model this process as a gradient flow, so that the time-
dependent equations describing the kth inclusion’s center 7, = (xy, yx) and rotational

motion 1)y, is:

d’l"k ov

b_dt = o (4.9)
dy, ov
= 4.1

where b and p are the phenomenological friction coefficients of translational and ro-
tational motion.

Determining the partial derivative of (4.8) with respect to the general variable
governing the motion of the kth inclusion pi, we note that all terms in the double
series would vanish except for two particular instances; namely, when ¢ = k or j = k.

In this case, we find:
N 2 2
A :
Opx T Opr |A;

+3 4 <2<‘I’j'Aﬂ"f)2‘A?k+“>. (4.11)

4
ik Opr | A

Noting that ¢ is a summation index, one can replace this with j and add the two
sums together. Furthermore, since A;; = —Aj;, which follows from R;; = Rj; and

0;; = 0; + 7, we find the reduction:

N 2 2 2
U, - A T A)? - A2
a—VZZZ 0 (W, k) + (P k) kto . (4.12)
iz 0P

Al
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Therefore, by noting that A;; = r; — r; and its derivative with respect to the
vector 7; is given by the 2 x 2 identity matrix, we obtain the translational equation

of motion for the kth inclusion:

pdre s { (W - Ajy) Wy, + (‘I’j4' Ajr) ¥ — Ay
dt P | Al

2 (- Aj)" + (T - Ay)” — A% + 0] Ay,

- ! . (4.13)

| A
and the rotational equation of motion:
dz/)k Y (- Ajy) (Ty - Aj)

=—4 4.14

1
Gk |AJ1€|
where Wi = W, /0, = (—siny,costy) is a unit vector perpendicular to the

orientation vector W

4.2 Linear aggregates

4.2.1 Energy of a single infinite line

Suppose we have an infinite straight line of identical symmetry-breaking inclusions
with each individual inclusion separated by a constant distance d which will be de-
termined. Note that for a finite line, the distance between each inclusion would be
different. Due to attractive curvature-mediated forces, the number of inclusions would
be denser at the center of the line with the number becoming sparser at the ends. We
take the infinite line to extend along the y-axis with each inclusion orientation given
by ¢; = 0. In this case, (4.4) and (4.5) become:

U, = (1,0), (4.15)
(0,d(j —1)). (4.16)

g
I

We calculate the energy contribution of a single inclusion which, without loss of
generality, we choose to be the Oth inclusion, given that, in the infinite line, each
inclusion would contribute the same energy. This quantity is equivalently the energy

density of the line, which we denote pyn.. According to (4.8), this quantity is:
Hline = 2 Z d4 TR (417)
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where the factor of 2 arises from noting that the total contributions above the Oth
inclusion are the same as the total contributions below it.
Evaluating the infinite sum using the definition of the Riemann zeta function, we

obtain: ) .
T om

R + —_—
3d?  45d*
and, furthermore, by minimizing the energy density with respect to d, we find that

Mline = — (418)

the equilibrium separation dcq, between individual inclusions on the infinite line is:

2072
deam = \| =~ (4.19)

As with the previous result in Chapter 3, where it was found that the equilib-
rium distance between two inclusions was /20, there is no explicit dependence of
the equilibrium distance on the mechanics of the underlying fluid membrane and the
individual size of an inclusion. However, both equilibrium distances have a similar
dependence on the ratio of isotropic to anisotropic deformations exerted by the in-
clusion o, suggesting both separations will tend to infinity as the isotropic effects
increasingly dominate. Furthermore, degq, is smaller than for the case of two inclu-
sions. The physical reasoning for this is that as further inclusions are added, there
are more curvature-mediated attractive forces which aggregate the inclusions closer

together.

4.2.2 Stability of a single line

We numerically show the robustness of a single linear aggregate under perturbations
to the positions and orientation of individual inclusions which comprise it. As a
proxy to simulating an infinite line, we consider a large finite segment consisting of
200 inclusions and focus on a middle subset of this segment. This measure is taken to
ensure that there are no spurious effects which may arise at the ends of the aggregate.
We numerically solve (4.13) and (4.14) using the parameters o = b = p = 1 which, in
this case, gives that the linear aggregate has a length of approximately 230. The initial
x positions of the inclusions are taken to be in the range [—2, 2] whilst the y positions
are governed by degm as calculated in (4.19). The initial inclusion orientations are in
the range [—7/2,7/2]. We plot one realization of this system in Fig. 4.2 for times
t ={0,1,10,1000} and make some remarks.

Despite the system initializing with random positions and orientations, the in-
clusions quickly realign so that their separation vectors are perpendicular to their

orientations. As a result, the linear aggregate reforms (see ¢ = 1), however, due to
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Figure 4.2: Simulation of a single perturbed line by numerically solving (4.13) and
(4.14) for 200 symmetry-breaking inclusions (shown as black double-headed arrows).
In particular, we show the middle subset of a large finite line to avoid additional
effects from the ends of the aggregate. We use the parameters 0 = b = p = 1 and
impose the initial z-position as a random value in the range [—2, 2] whilst the initial
y-position is determined by de,, according to (4.19). In this case, the large line
stretches from y € [—115,115]. The initial orientations of the inclusions are random
values taken from [—m/2,7/2]. Times shown from left to right and top to bottom are
t ={0,1,10,1000}. Arrow shows the attracted bulge of the main line
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the significant perturbation in initial position and orientation, some inclusions are
ejected from the main line (see t = 10). These inclusions aggregate forming a smaller
finite line and rotate due to a curvature-mediated torque exerted on it by the main
line. After rotating, the main line appears to be attracted to the smaller finite line,
resulting in the formation of a bulge towards it (see arrow). However, this bulge is
counteracted by the straightening of the main line by means of the attraction between
inclusions within it (see t = 1000). The simulation shows that linear aggregates which

self-assemble as a consequence of curvature-mediated forces are stable.

4.2.3 Energy of two infinite lines

Suppose that there are now two infinite straight lines that extend along the y-axis and
are separated by a distance L along the z-axis. As before, all inclusion orientations
are given by v; = 0. Similar configurations have been computationally shown for
membrane shaping proteins which form spaced rings on cylindrical geometries [89]
and have been further hypothesized as a mechanism for tubulation [84]. We would
like to theoretically estimate the effective long range curvature-mediated repulsion
between these rings.

We suppose that inclusions within a line are individually separated by d which
depends on L. We calculate the energy of an individual inclusion or, equivalently, the
energy density of the configuration pigoune. Without loss of generality, we consider the
Oth inclusion in the first line, so that its separation vector between other inclusions
within this same infinite line is given by (4.16), whilst the separation vector between

other inclusions within the second line is given by:

AAOj - (Lv d]) ) (420)

for j € Z.
The energy density of the configuration includes two sums: one over the first
infinite line involving the separation vector (4.16), and another over the second infinite

line using the separation vector (4.20):

- 1 o S e A A
Hdouble = QZ [_dQ_ﬁ + d4_]4:| + Z W (4.21)
J=1 Jj=—00
We remark that, with the addition of the second infinite line, there are additional en-

ergy contributions from the coupling of the orientation of the inclusion with inclusions

within the opposing line.
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Computing the sums, we find that:

B 2 n om? n 1 o223 + oL n ord (4.22)
fdowble = 732 T 45a% " 2213\ sinb® (Z2) ' tanh (Z£) ) '
which, in the limit of L < 1, is:
o 1 2 ot Y 4o70
ouble — T4 s T T 5 — L2 O L4 . 4.23
Haoubte = T2+ T2 " 32 T 15a8 T (15d4 945d6> +0(2) (4.23)

Minimizing the energy density with respect to the separation between individual

inclusions within a line, d, we find:

20?2 3
oy = \| ——— L? LY. 4.24
1 \/15 +\/245a +O( ) (4.24)

For L < 1, the two infinite lines exhibit long range repulsion on the inverse quar-

tic of the separation according to (4.23), similar to the case of two purely isotropic
inclusions [41, 101]. This curvature-mediated repulsion depends directly on the ratio
between isotropic and symmetry-breaking effects exerted by the inclusion o. The
energy minimizing distance between the lines is at infinity, given that (4.22) is a
monotonically decreasing function with respect to L. We also note that, with the ad-
dition of the second infinite line, the separation between individual inclusions within a
line is dependent on the distance of the opposing line. Under close separations, (4.24)
predicts that this equilibrium distance becomes larger, suggesting that the opposing

infinite line exerts curvature-mediated forces which drive the inclusions apart.

4.2.4 Simulation of two finite lines

In the previous section, we assumed that the two linear aggregates were infinite and
would not deform, thereby remaining straight during repulsion. We now suppose
that the two lines are finite and simulate this scenario by numerically solving (4.13)
and (4.14) to determine the shapes of the aggregate that occur and how it affects
the repulsive behavior. In particular, we simulate 100 inclusions with ¢ = 1 and
b = p = 1 and with initial positions such that there are two individual lines with
50 inclusions individually spaced by degm, as defined in (4.19), and with the lines
separated horizontally by L = 5. The initial orientations of all inclusions is taken
to be parallel to the z-axis. We plot the results in Fig. 4.3 for simulation times
t = {0, 40,200, 10'%}.

We observe that the two linear aggregates repel unevenly, repelling the greatest

at the ends, but also exhibiting a slight bulge in the center (see t = 20). As time
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Figure 4.3: Simulation of two finite lines, containing 50 symmetry-breaking inclusions
each (shown as black double-headed arrows), by numerically solving (4.13) and (4.14)
with parameters ¢ = b = p = 1. The initial separation of the lines is L = 5 whilst
the separation between individual inclusions within a line is d.qm, as defined in (4.19).
The initial orientation of all inclusions is parallel to the z-axis. Times shown from
left to right and top to bottom are ¢t = {0, 40,200, 1012},
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evolves, the ends of the aggregate further repel leading to a hyperbolic shape, which
is straight at the ends, but is curved at the center of the finite line. One would
expect that repulsion between the two lines would occur, however, simulating the
system for longer times (up to ¢ = 10'?) gives the unexpected result that the two
lines reach an equilibrium distance. Due to the deformation of the ends of the linear
aggregates, the symmetry-breaking inclusions now exhibit an orientation which create

curvature-mediated attractive forces that keep the two lines together.

4.3 Polygonal aggregates

4.3.1 Energy of a polygon

We study identical symmetry-breaking inclusions that are evenly spaced in a polygo-
nal configuration. We suppose that there are N inclusions, with each inclusion being
separated by a distance P from the center. The side lengths of the polygon, S, is
related to P by [98]:

S
P = Ecosec%. (4.25)
The position (x;,y;) of each inclusion is given by:

271
, =P — 4.26
T cos = (4.26)

271
; = Psin —, 4.27
v Psin 2T (4.27)

whilst the orientations are taken to point in the same direction as the inclusion’s

separation from the center of the polygon:
2mi

v = N (4.28)

We calculate the energy density of the polygon ., by considering the energy

contribution of a single inclusion. Without loss of generality, we take this to be the

Nth inclusion, given that the energy of the polygonal aggregate is invariant under

a rotation of 2w /N . In this case, noting that xxy = P and yy = 0, and using the

definition A;; as the separation between the jth and ith inclusions, we find (4.8)

becomes: N ‘ .
L 8P? — 4P?csc? (ﬂ) + o csc? (]—”)
Hpoly = ; 1634 N (4.29)

We compute the finite sum using the symbolic algebra program Mathematica to

find:
(N-1)(N—-5) o(N*+10N? —11)

Hpoly = = 1212 + 720 P4 ’

(4.30)
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and, by minimizing this energy density with respect to the separation distance of the

inclusion from the polygon’s center, we obtain the equilibrium distance P,gp,:

~ [o(N*+10N2 —11)
Feam = \/ 30(N—1)(N—=5)" (4:31)

with corresponding equilibrium side length Segp,:

o (T o (N*+10N2 —11)
Seqm = 2sin (N> \/30 (N5 (4.32)

We note some interesting aspects of (4.30)-(4.32). First, for N < 5, we note that
the denominator of (4.31) and (4.32) is imaginary, unless ¢ < 0. This result suggests
that, for aggregates featuring 3 or 4 inclusions, the inclusions do not have orientations

given by (4.28), but are a rotation by 7/2 of this angle, so that:

T 2m
= — + —. 4.
() 5 + N (4.33)

In this case, the orientation of the inclusions are perpendicular to their separation
from the center of the polygon.

Second, we note that F,,,, — oo for N =5, implying that the symmetry-breaking
inclusions will not form a finite pentagon aggregate. For N > 5, the expression in
the square root of (4.31) is always positive, implying that P.,, is real, leading to the
result that the inclusion orientations are described by (4.28).

Lastly, we take the continuum limit N — oo of the equilibrium polygon side length
(4.32):

2072 1
Seqm = ?Z.)T +0 (N) 5 (434)

and find that this result is the same as the separation distance between individual
inclusions on a single infinite line (4.19). This is an expected result, given that the

straight line is the limit of a circle with a radius going to oo.

4.3.2 Stability of a polygon

We determine the robustness of polygonal aggregates under perturbations to the
position and orientation of a single inclusion. We first determine this local stability
analytically by considering perturbations to a single inclusion, which we take to be

the Nth inclusion without loss of generality, given the rotational invariance of the
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polygonal aggregate. We evaluate the Hessian matrix H at the inclusion position and
orientation specified in (4.26)-(4.28) (or (4.33) for N < 5):

9%V 9%V 9%V
ox3, OrnOyn  OzNOYN
. la% 9%V 9%V
H - (9xN8yN 8y]2\, 8yN3'¢'N ? (435)
9%V i i

OzNOYN  OynOYN 3,

with second derivatives of (4.8) given in Appendix A, and determine the eigenvalues
of the resultant matrix to find the local stability.
For polygonal aggregates featuring N = {3,4,6} inclusions, we find that the

corresponding eigenvalues of the Hessian (4.35) are:

1 1 1
YR S 4,
3 {20_2720_270_}7 ( 36)
1 29 4+ 810 £+ /841 4+ 810 (104 + 81
N = 0 | + 810 + /841 + 810 (104 + 810) ’ (4.37)
72902 72902

and

2484950
o= m
3561128942

o5 [ (13589 — 1082410)
3561128902

184660921 + 1082410 (326648 + 108241
LV i il i 0)] }, (4.38)

3561128902

respectively.

We comment on (4.36)-(4.38). We note for the triangle (4.36) that the eigenvalues
are all positive, provided that o > 0 and we use the inclusion orientation (4.33). This
result implies that the triangular aggregate is locally stable under perturbations in the
position and orientation of a single inclusion. However, both (4.37) and (4.38) feature
a single eigenvalue (i.e. the negative root) which monotonically increases to —2/90,
for the case of the square aggregate, and —50/3290, for the case of the hexagonal
aggregate, as ¢ — 00, thereby leading to the result that this eigenvalue is negative
for all values of ¢ > 0. Therefore, local stability analysis shows that both polygonal
aggregates with 4 or 6 inclusions are unstable to perturbations.

However, as was noted in Section 4.3.1, the polygon tended to the infinite line in
the continuum limit N — oo. This result further suggests that past a critical number
of inclusions in the aggregate, the polygon should be stable to perturbations as the

infinite line was shown to be in Section 4.2.2. We verify this hypothesis by calculating
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the minimum eigenvalue of the Hessian (4.35) evaluated at the inclusion positions
and orientation (4.26)-(4.28) with o = {1073,1,10%} for polygons featuring N =
{6,7,...,15} inclusions in Fig. 4.4. As conjectured, the local stability of the polygon
changes from unstable to stable with the addition of more inclusions. Furthermore,
we obtain the surprising result that the critical number of inclusions whereby the
aggregate is stable appears to be the same regardless of the value of o; that is, 11
inclusions. For polygons with 11 inclusions and higher, the minimum eigenvalue is
positive, implying that the configuration is locally energy minimizing. However, we
note that the magnitude of the minimum eigenvalue increases with increasing number
of aggregate inclusions, leading to the result that the polygon configuration becomes
more stable as it approaches the infinite line regime of N — oo.

We study the behavior of polygonal aggregates under larger perturbations and
the configurations they form when they break apart. We simulate polygons featuring
N = 25 and N = 50 inclusions, with the initial position of all inclusions specified
by (4.26) and (4.27), with P, given by (4.31), and the initial orientation of the
inclusions satisfying (4.28), except for the Nth inclusion which has an orientation of
7/2. We solve (4.13) and (4.14) for the parameters ¢ = b = p = 1 and plot the
results in Fig. 4.5. We remark on some aspects of the simulation. For the polyg-
onal aggregate comprised of 25 inclusions (left column of Fig. 4.5), we note that a
significant perturbation to the orientation of the 25th inclusion results in curvature-
mediated repulsion which breaks open the polygon and expels the perturbed inclusion
(i.e. t = 50). The broken polygonal aggregate straightens to form the energy mini-
mizing finite line whilst the single expelled inclusion settles an equilibrium distance
away from the main line (i.e. ¢ = 10'). Curvature-mediated attraction from the
ends of the linear aggregate balances with the repulsion from the center to give this
equilibrium distance.

On the other hand, perturbing the polygonal aggregate with 50 inclusions (right
column of Fig. 4.5) results in a similar expulsion of the perturbed inclusion, but also
the reforming of the polygon (i.e. t = 3). The polygon configuration appears to be
more robust to perturbations, coinciding with our previous analysis of the Hessian
spectrum in Fig. 4.4. Furthermore, the expelled inclusion has a significantly smaller
equilibrium separation from the main aggregate compared to the simulation featur-
ing N = 25 inclusions. The complete polygon appears to exert greater curvature-
mediated attraction and less repulsion than the straight line (i.e. ¢ = 10'?). The

simulation shows that polygons which break apart under perturbations will reconfig-
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Figure 4.5: Simulation of a polygonal aggregate by numerically solving (4.13) and
(4.14) for N = 25 (left column) and N = 50 (right column) symmetry-breaking
inclusions (shown as black double-headed arrows). Both simulations are solved with
the parameters ¢ = b = p = 1. The initial positions of all inclusions are given by
(4.26) and (4.27) with P.g, given by (4.31), whilst the initial orientations for all
inclusions is (4.28), except for the Nth inclusion which has an orientation of /2.
Times for the left column shown from top to bottom are ¢t = {0,50,10'?}, whilst
times for the right column are t = {0, 3,10'?}.
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ure themselves to form linear aggregates, whilst polygons which are comprised of a

sufficiently large number of inclusions will reform the polygonal aggregate.

4.4 Collective elastic properties

We study the macroscopic elastic properties of the aggregate formed by the symmetry-
breaking inclusions. Compared to previous work involving the deformations of a self-
assembled chain of magnetic spheres [42, 98, 80], the aggregate is not only flexible
but also extensible. Therefore, we draw analogies to classical elastica to determine

the behavior of the aggregate under bending and stretching deformations.

4.4.1 Bending deformations

Suppose we take a sub-aggregate of N inclusions out of the infinite linear aggregate
studied in Section 4.2.1, with individual separation distance between inclusions given
by (4.19), and bend this aggregate into a polygon of constant curvature. Note that the
side of the polygon is also given by (4.19) because we only want to probe the effects
of bending, and not stretching, the aggregate. The difference of energy between the

two aggregate configurations AFj in the continuum limit N — oo is given by:

1
AEy, = 4xmeagaaN (fpoly — Hiine) = 60kmeas + O (N) , (4.39)

where we have transformed the energy densities ppo, defined in (4.30), and fyipe,

defined in (4.18), into the rescaled energy by multiplying by N and have introduced

the original scaling for the energy as defined in (4.7) along with the definition that

o = ap/as. We note that the aggregate under bending deformations is energetically

unfavorable compared to the straight line in the continuum limit, given that AE, > 0.
We suppose that the aggregate has a bending energy FEj.,q given by:

Ndegm

D

7 ds, 4.40
|Pbend‘ ( )

Epena =
where D is a constant parameter related to the resistance of the aggregate to bending
deformations, Ppeng = degm/ (2sin (7/N)), and s is an arclength coordinate taken over
the entire length of the aggregate Ndcgy,.

Given that we are considering a polygon which has a constant radius of curvature,
we find the bending energy:

DL 1
Epond = — =Dr+0 [ — ). 4.41
bend = 1P| m+0 (N2> (441)
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Upon demanding that (4.39) and (4.41) are equivalent, we find that the bending
resistance of the aggregate is given by:

1
D = 60kea; + O (N) : (4.42)

The aggregate formed by the symmetry-breaking inclusions on the approximately
flat membrane is unlike the classical elastica, given its dependence on the inverse
radius of curvature P! in (4.41), rather than the inverse squared P~? typically seen
with elastica. This, along with the bending resistance D being constant according
to (4.42), shows that the aggregate behaves as a strain-stiffening material; bending
the aggregate requires more force the further the aggregate is bent. Furthermore,
the aggregate becomes more resistant to bending if the underlying lipid bilayer is
stiffer, the radius of the inclusion is larger, or the anistropic deformation imposed by
the inclusion on the membrane is larger (see (4.42)). The latter is a result of the
aggregate preferring to unravel and form the linear aggregate, such as in Fig. 4.5,

given that this is the energy-minimizing configuration according to (4.39).

4.4.2 Stretching deformations

We now consider the energy necessary to stretch a sub-aggregate of N inclusions from
the infinite linear aggregate, with undeformed adjacent separation d.y, as defined
in (4.19), to a new deformed distance given by dg.s. The stretching energy E is
determined by finding the energy difference between the deformed and undeformed
states; that is the difference between (4.18) evaluated at d = dger and d = degp:

2 1 1 agm? 1 1
E, =4 N |[—— — — , 4.43
RTTEQ Qg [ 3 <d?lef d2 > + 45042 (d?lef d4 )] ( )

eqm eqm

where we have multiplied through by N and have used the scaling defined in (4.7) to
obtain the interaction energy, together with o = ag/as.

There are two interesting aspects of (4.43) to comment on. First, there exists
a single stable equilibrium separation, which is dgef = degm. Any deformation of
the adjacent distance between inclusions will result in this separation relaxing to
degm- Second, it takes an infinite amount of energy to compress the aggregate so that
daes — 07, according to (4.43), given the isotropic repulsion. In contrast, there is
only a finite energy cost to stretch the distance to infinity. For dg4.; — 0o, we find
that the stretching energy required is:

1
B, =5kmeasN + O | —— | . (4.44)
ddef
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The energy necessary to pull the linear aggregate apart increases with the stiffness
of the membrane, the radius of an individual inclusion, and the magnitude of the
anisotropic deformation. The symmetry-breaking imposed by the inclusion is a mea-
sure of the attraction between inclusions, therefore one would expect that the energy
required to pull apart the aggregate increases with increasing symmetry-breaking

deformation.

4.5 Dynamic aggregation simulation

As a final example, we simulate a large number of inclusions which initially have
random positions and orientations to show some of the aggregate configurations that
are possible. We numerically solve (4.13) and (4.14) for 1000 inclusions with o = b =
p = 1 and with initial positions in the range of [—50,50] and orientations in [0, 27].
We plot a realization of this simulation for times ¢ = {0, 103,10%, 2.5 x 10%, 105, 10°}
in Fig. 4.6 and make some comments.

Immediately after the simulation starts, the inclusions align and attract form-
ing a network of multiple linear aggregates (t = 10%), similar to molecular dynam-
ics simulations confining a large number of membrane-shaping proteins on a sphere
[85]. However, due to curvature-mediated repulsion both as a result of isotropic and
anisotropic deformation imposed by the membrane inclusion, the network of aggre-
gates “unzip” to form larger closed loops within it and to form larger linear aggregates
at its ends (¢ = 10*). During the process of aggregate unzipping, some inclusions are
expelled, similar to the simulations involving the perturbed line seen in Section 4.2.2.
If these inclusions are outside the closed loops, they will be attracted to the ends of
the network, whilst inclusions within the closed loops appear to be attracted to the
junctions where linear aggregates meet. Furthermore, some linear aggregates form
energetically unfavorable angles with lines (see arrows at ¢t = 2.5 x 10%) resulting in
the breaking apart of the network to form straight lines (see arrows at ¢t = 10°). The
mesh of aggregates straighten to form the large lines at the ends, and the closed loops

resemble large polygons (see t = 109).

4.6 Chapter summary

In the present work, we applied the curvature-mediated interaction law between
symmetry-breaking inclusions derived in Chapter 3 to study aggregate shapes and

their corresponding properties. To assist in this study, we generalized the previous
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Figure 4.6: Simulation of 1000 symmetry-breaking inclusions (shown as black double-
headed arrows) by numerically solving (4.13) and (4.14) with 0 = b = p = L.
The initial positions of all inclusions are in the range [—50,50] whilst the initial
orientations are in [0,27]. Times shown from left to right and top to bottom are
t = {0,103,10% 2.5 x 10%,10°, 105}
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interaction law to consider the configuration energy of an arbitrary number of such
inclusions and further derived equations of motion to model the dynamical process
of the inclusions aggregating.

We considered simplified shapes, the first of these being an infinite straight line
with the orientation of the inclusions being perpendicular to the aggregate. We
analytically determined the energy density of a single infinite linear aggregate and
found the equilibrium separation between individual inclusions on the line. This
equilibrium distance was shorter than the result found in for the case of two inclusions
due to additional curvature-mediated attractive forces between inclusions within the
aggregate. By numerically solving the earlier derived equations of motion, we also
determined that the single linear aggregate was robust to large perturbations in the
position and orientation of inclusions within it. Though the perturbations resulted in
the expulsion of some inclusions from the main aggregate, the infinite linear aggregate
reestablished its shape whilst the expelled inclusions aggregated to form a smaller line.

Motivated by the interactions of protein rings on cylindrical geometries, we then
considered how two parallel infinite lines would interact, assuming that they would
not deform. We found the equilibrium separation between the two infinite lines was
at infinity and, in the regime of small separations, the infinite lines would repel on the
quartic inverse of the separation length, similar to the repulsion seen for two isotropic
inclusions. Furthermore, under this same separation regime, we found that repulsion
from the opposing linear aggregate resulted in the equilibrium distance between in-
clusions within a line to be larger than for the single infinite line. We numerically
simulated two finite linear aggregates to determine how they would deform as a re-
sult of curvature-mediated interaction and whether this deformation would result in
the same repulsion seen for the infinite case. We found that two linear aggregates
would bend to create attractive curvature-mediated forces which resulted in a finite
equilibrium distance being reached between the two lines.

We then studied polygonal aggregates and determined its energy density and equi-
librium side length. We found two different regimes of polygons: For polygons with
fewer than 5 inclusions, the orientations of individual inclusions were perpendicular to
their separation from the polygon center, whilst for polygonal aggregates with more
than 5 inclusions, the orientations of inclusions were such that they were parallel to
this separation from the center. Finite pentagonal aggregates were not found to ex-
ist. Furthermore, we found that, in the limit of the number of inclusions approaching
infinity, the equilibrium side length reduced to the result found for the single infi-
nite line. We then analytically found the local stability of polygons featuring 3, 4,
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and 6, to perturbations of a single inclusion’s position and orientation. We found
that the former was stable, whilst the latter two polygonal aggregates were unsta-
ble. However, by calculating the minimum eigenvalue of the Hessian for polygons
featuring {6,7,...,15} inclusions, we found that aggregates comprised of 11 or more
inclusions were locally stable, regardless of the individual inclusion’s ratio of isotropic
to anisotropic contact angle. Furthermore, the stability of the polygonal aggregate in-
creased with increasing number of inclusions. To determine the configurations formed
by polygonal aggregates under large perturbations, we simulated polygons with 25
and 50 inclusions and found that the former broke apart and straightened to form
a line whilst the latter reformed the polygonal aggregate, coinciding with previous
results on the spectral analysis of the Hessian.

Drawing analogies to classical elastica, we determined the macroscopic elastic
properties of the aggregate, given that it was found to be both flexible and extensi-
ble. We found that the bending energy of the aggregate resembled that of a strain-
stiffening material, whereby further bending of the aggregate resulted in a greater
bending resistance. Probing the stretching properties of the aggregate, we found
that there existed only a single equilibrium separation distance between inclusions.
Furthermore, we found that curvature-mediated repulsion resulted in infinite energy
being required to push the separation distance between inclusions to 0, whilst only
finite energy was necessary to pull the inclusion separation to infinity.

Given that we only studied simplified shapes, we concluded with a simulation
showing 1000 inclusions which initially had random positions and random orientations
to show some of the transient aggregate shapes that could exist. We found that
the inclusions would immediately self-assemble into a network of linear aggregates
that would feature “unzipping” to create larger closed loops within the network and
larger linear aggregates at its ends. We observed that, if lines met at energetically
unfavorable angles, they would break apart and reorganize to create larger linear
aggregates.

Curvature-mediated interactions of symmetry-breaking inclusions embedded in
lipid bilayers result in a large family of aggregate shapes with unusual collective
properties that are significantly different from other similar physical systems, such as
the assembly of magnetic spheres and particles on fluid surfaces. The present work
has highlighted only some of these simplified shapes, but has also shown that, even
with simple configurations, the interactions between inclusions and aggregates are

non-intuitive and warrant further investigation.
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Appendix A: Construction of Hessian

We explicitly state the second derivatives necessary to construct the Hessian of the
polygonal aggregate (4.35). By taking the first derivatives of the energy with respect
to the position vector r; and orientation v, of the kth inclusion, used in the equations

of translational and rotational motion (4.13) and (4.14), we find:

N

0*V U, W, +¥. W, +1,
FEt DY o
k Gk | Jk|
2
RV 4T -Aj) T @ Ay +4 (T - Ajp) T, @ Ay
J
20, @ Aj + (0 + (T - Ajk)Q) I]
12
AT () Aj)* + (B Ajy)* +0) Ay @ Ay |, (4.45)
ik
v 4i (O - Q) Wi+ (- Ajy) Oy
Or Oy j£k |Ajk:|4
4(Py - Agr) (B - Aje) Agi
- 5 . (4.46)
|Aji|
and . ) 2
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8_‘2:42( k Jk) (4 kA (4.47)

i#k
where ® is the outer product and I is the 2 x 2 identity matrix.
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Chapter 5

Curvature-mediated interactions
on periodic membranes

As eluded to in Chapter 4, symmetry-breaking inclusions on a cylinder have been
computationally shown [89] to exhibit a preferred orientation and will subsequently
form rings to stabilize the cylindrical geometry [84]. We investigate one of the mech-
anisms by which this alignment could occur: periodicity in the boundary conditions.
We organize this chapter as follows: In Section 5.1, we extend the formalism intro-
duced in Chapter 3 to consider the problem of two symmetry-breaking inclusions on
an approximately flat fluid membrane which exhibits periodic boundary conditions
along one direction. In Section 5.2, we determine the outer membrane shape due to
the images of the membrane inclusions which are a result of the periodic boundary
conditions, whilst in Section 5.3, we determine corrections to the shape in the local
region of the inclusion as a result of these images by means of asymptotic matching.
We calculate the final interaction energy as a consequence of the periodic boundary
conditions and remark on the result derived in light of curvature-mediated protein
alignment observed in molecular dynamics simulations. In Section 5.5, we follow
Chapter 4 to extend the periodic interaction energy derived to model the curvature-
mediation of an arbitrary number of inclusions and develop equations of motion which
are subsequently numerically solved for 100 inclusions. We summarize our results in
Section 5.6.

5.1 Set-up of problem

We study a similar problem as per Section 3.2; namely, considering the interactions
between two inclusions which are perfectly circular but break symmetry in the contact

angle that they impose on the approximately flat fluid membrane which is taken
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to not exhibit larger than logarithmic growth. However, in this case, we suppose
that the outer membrane is periodic along one direction. In this case, the energy
and the corresponding shape equation of the membrane is given by (3.12) and (3.13)
respectively. We take the inclusions to be of radius £'/? and suppose that the position
of their centers are x; = y; = 0 and zo = R, and y, = R, such that R, = R, = O (1)
and we suppose that the inclusions impose anistropic deformation at an orientation
given by the angle v; with respect to the x-axis. Furthermore, we allow the membrane
to extend to oo along the x direction, whilst in the y direction, the membrane has
periodic boundaries at y = {—L, L}. The addition of the periodic boundary creates
infinitely many images of the first inclusion with centers at 1 = 0 and y; = 2Lq, for
q € Z, whilst the position of the second inclusion’s center is xo = R, and y» = 2Lg+R,,
(see Fig. 5.1). We aim to determine the effect of these inclusion images on the
resulting interaction of the real inclusions within y € [—L, L].

Given that we are solving the same local problem as in Section 3.2, the conditions
at the inclusion boundary are (3.29)-(3.33) and the local shapes around the first and
second inclusion are generally given by (3.37) and (3.38). We determine corrections
to bg, bga, b;;, and b;g, which contribute to the interaction between the inclusions, from
the periodic outer membrane. Note that bgy and bgs is O (¢%/%) only if R, = 0 because

the membrane remains invariant under the reflection y — —y.

5.2 Periodic outer membrane solution

We note that, given the leading order local shape of the membrane inclusion is log-
arithmic, the outer membrane is similarly logarithmic. However, these logarithmic
contributions originate not only from the real inclusions within y € [—L, L], but also
their respective images with positions at 1 = 0 and y; = 2Lg and x5y = R, and
y2 = 2Lq + R, for the first and second inclusion respectively, for ¢ € Z. Therefore,
the leading order periodic outer membrane solution which satisfies (3.13) is a linear
superposition of these contributions:
© [0 0
P = co+ Z %ln (xQ + (y — 2qL)2) + %ln ((x — R+ (y— R, — QqL)Q) .
(5.1)
We similarly note, as with Section 3.2.3, that the higher order corrections to the outer
membrane shape are O (¢) and therefore do not contribute to the final interaction

energy.
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Figure 5.1: A schematic diagram of the interaction of two identical symmetry-
breaking inclusions of radius £2 with ¢ < 1 on an approximately flat membrane
which is periodic and of length 2L in the y direction (denoted by thick dashed line).
The inclusions are taken to have perfectly circular boundaries with centers separated
by a distance R, = O (1) and R, = O (1) along the x and y axes respectively. In all,
there are three regions in which the membrane shape must be determined by (3.13):
The inner layer regions around the inclusions s} and h? which are parametrized by
local radial-angle coordinates (p;, ¢;) (denoted by red and blue regions respectively),
and the outer membrane region h,, in the coordinates (z,y) (denoted by the white
region). Due to the periodic nature of the boundaries, each real inclusion has images
(denoted by the red and blue dashed circles) which will contribute to the interaction
energy.
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5.3 Asymptotic matching

We match the periodic outer membrane shape with the local shape of the first real
inclusion. We transform (5.1) into the local polar variables by x = e'/2p; cos ¢1 and

y = e'/2p; sin ¢, and expand in the limit of ¢ < 1 to find:

D, = o + ago) Ine + a§°’ In py

s 10 (0) 2
0) gzay p1sing;  eay ' pjcos2¢;
+ E [al In2qL — 5Lq + L7
q

= —00
q#0
= |1
+ ) [§ag0> In (R? + (R, +2Lq)°)

g=—00

B e20% p1 (R, cos ¢ + (2Lq + R,)sin ¢y)
R+ (2Lq + R,)’

+5a§0)pf (2Lg — R, — R,) (2Lq + R, — R,) cos 2¢; N eal” 2R, (2Lq — R,) sin 2¢1]
3

2 (R2+ (2Lq + R,)?) (R2 + (2Lg + R,)?)

+0 (5% .

Comparing with the local shape of the first real inclusion (3.37), we match p? cos 2¢;

(5.2)

and p? sin 2¢1 terms to obtain:

b N el X el (2L — R, — R,) (2Lg + R, — R,) .
8 Z 8I2¢> Z ) N2 ; (5.3)
P Pt 2 (R2+ (2Lg + Ry)")
q#0
o ()(0)
. (2Lq —
ba= > R (2Lg — Ry) (5.4)

S (B2 4+ (2Lg+ Ry
where we have only considered terms necessary in calculating the interaction energy.
We further note that bg depends on ozéo) and also ozgo) according to (5.3). The first
inclusion interacts with the deformation imposed by the second inclusion, as previ-
ously seen in Section 3.2, however, with periodic boundary conditions on the outer
membrane, the first inclusion further interacts with its own images, as well as the
images of the second inclusion.

We determine the effective contribution of the images by evaluating the infinite

sums using the symbolic algebra program Mathematica to find:

2 2R
by n 2 [zagw +1200 1 ol cos (T)
482 (cos <%> — cosh (”f“”))

R R, 2R,
—4 <a§0) + 30450)> cos (W—Ly> cosh (WL ) + ago) cosh ( WL )] , (5.5)

87




and:

67T2a§0) sin (WTR?’> sinh (%)

by = — . (5.6)

412 (cos (%) — cosh (%))2

We comment that bgo = O (53/ 2) for R, = 0, as posited previously. Furthermore, we

note that both (5.5) and (5.6) are periodic in R, as would be expected given the
periodic nature of the membrane.

We match the periodic outer membrane with the second real inclusion. We express
(5.1) in terms of local polar variables (p2, ¢2) according to z — R, = 51/2p2 cos ¢ and

y— R, = 81/2p2 sin ¢o to obtain:

Ry = Co + ago) Ine + ozgo) In py

o0 1 (0) . (0) o
(0) €20y 'P2Singy  Eay’ p5 COS 2¢
+ Z [oz2 In2qL — 2L 4 SL77
q=—00
q#0
= 1(0) .
L o 2 2 ?3;041 p2 (R cos ¢ + (R, — 2Lq) sin ¢s)
+ —ay In (R, + (R, —2L +
q;oo 2 ( By 9 ) R2 + (R, — 2Lq)2
+504§0)P§ (R, —2Lq — R,) (R, —2Lg + R,) cos 2¢s N 50450),03131 (2Lq — R,) sin 26,
2 (B2 + (R, —2Lq)*)’ (R2 + (R, — 2Lg)*)"

+0 (5) . (5.7)

Comparing with the local shape of the second real inclusion (3.38), we obtain the

result:
- i": eal?) i": ea\” (R, — 2Lq — R,) (R, — 2Lq + R,) (58)
242 2\ 2 ? ’
M 8L*¢* = 2 (R2+ (R, — 2Lq)")
q70
o0 (0)
R eay 'R, (2Lg— R

2\2°
q=—00 (R% + (Ry —2Lq) )
Similarly, 68 is now dependent on ago); the second inclusion interacts with the defor-
mations imposed by the first inclusion and its copies as well as the second inclusion’s

own images.
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We evaluate the infinite sums in (5.8) and (5.9) by means of Mathematica to find:
. 2 2R
by = il > [204&0) + 120 + ol cos (%)}
4812 <cos <7r—Ry> — cosh ()

L
R R, 27 R,
—4 <a§0) + 3a§0)> Cos (%) cosh (WL ) + ago) cosh ( WL ) , (5.10)

L

and:

67T204§0) sin (%) sinh (%)
ng - — . (511)

- 2
412 (cos (”;) — cosh (%))

We similarly note the vanishing of bso for R, = 0, and the periodicity in R, in both

(5.10) and (5.11).

5.4 Calculation of interaction energy

We have sufficient energy to determine the interaction of two symmetry-breaking
inclusions on a periodic flat membrane. We follow the same procedure as in Section
3.2.4 and determine the inner Laplacians of the first and second inclusions’ local

shapes:

2
V2h} = v (4()8 oS 2¢1 + 4bgy sin 2¢ — 0452) cos (2¢ — le)) +0(1), (5.12)
1

9 . .
Vo] = (4 cos 205 + bipsin 20, — off cos (20— 20)) + O (1), (5.13)
2

where bs, bsy, bs, and bgy are given by (5.5), (5.6), (5.10), and (5.11) respectively, and
where we have the multiplicative factor of e~ due to transforming between the outer
membrane coordinates (x,y) and the local polar variables (p;, ¢;).

We note that the Laplacian of the periodic outer membrane (5.1) vanishes so that
the interaction energy is dominated by the local contributions of the inclusions, as

per Section 3.2.4. Therefore, the interaction energy, according to (3.12), is given by:

2 2
V = kme { (oz?)) + (ozg)) - 80452) (bg cos 29py + bga sin 2¢y)
+ 8oz§2) (68 cos 21 + b;g sin 2¢2> + 8@&2) (68 cos 21 + b;;z sin 21/}2>
2 a2
+16 [b§ B2, 4 byt ba ]} . (5.14)

We remark on (5.14). We note that if R, = R and R, = 0, then, in the limit of
the periodic domain length L — oo, we obtain (3.51) to leading order, given that the
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outer membrane now becomes the infinite flat membrane originally studied in Section
3.2. However, in the absence of a second inclusion (i.e. aéo) = 0452) = 0), we find that
(5.14) reduces to:
2
4 ((0)
(o) p2a06®
36L4 3L2

V (¢, L) = ke <a§2)> + cos 211 | . (5.15)

The energy is dependent on the orientation of the single inclusion 1y implying that
periodicity of the membrane boundary results in a preferred alignment.
We calculate the corresponding curvature-mediated torque exerted on the single

inclusion due to the deformations imposed by its images:

v 2xm3eal¥al?

o 312

sin 2¢;. (5.16)

We note that the anisotropic inclusion is in rotational equilibrium for ¢ = nn/2,
for n € 7Z, with the unstable equilibrium, corresponding to the higher energy state
in (5.15), for ¥ = nm, and stable equlibrium, corresponding to the lower energy
state, for ¢, = (n + %) 7. The preferred alignment of the inclusion is parallel to the
periodic membrane boundary. The physical reasoning is that the images of the inclu-
sion exert a curvature-mediated torque on the real inclusion so that it aligns into a
configuration whereby curvature-mediated attraction with these images occurs. The
separation vector always points along the y-axis, which results in the energy minimiz-
ing orientation being along the z-axis. The rotational effect increases as the length of
the periodic boundary L decreases, given that the images of the inclusion would move
closer to the real inclusion. We note that the magnitude of the torque (5.16) depends
on the coupling of the anistropic and isotropic deformations imposed by the single
inclusion as the symmetry-breaking of the real inclusion interacts with the isotropy
of all its images. Note that the real inclusion would not exhibit translational motion
regardless of the length of the periodic boundary. The inclusion’s images would exert
curvature-mediated attractive forces which would be equal, but opposite in direction
so that they would cancel out. Therefore, periodic membrane boundaries only have

a rotational effect on the membrane inclusion.

5.5 Numerical simulation

We study the effects of periodic boundaries on the assembly of large numbers of in-

clusions by means of numerical simulation. We generalize the periodic interaction
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law (5.14) to consider an arbitrary number, N, of inclusions by noting, as per Section
4.1.1, that contributions to the interaction energy are dominated by local contri-
butions to the fluid membrane shape. Therefore, the total interaction energy is a

summation over all N inclusions:

N N
V = kme Z { <a§2)>2 -8 Z [0%(2) (béj cos 21); + béjz sin 22/12‘) -2 <(b§j)2 + (béé)zﬂ } ,
i=1 i
(5.17)
where by and bg, are given by (5.10) and (5.6) respectively, with the transformation
R, — RY and R, — sz, where RY = z; — z; and R;j = y; — y; are the separations
between the jth and the ith membrane inclusion’s center in the x and y directions
respectively.

The corresponding phenomenological dynamic model is obtained by taking the
partial derivatives of (5.17) with respect to the position vector of the membrane
inclusion r; = (xy,yx) and the orientation with respect to the positive z-axis )y,
according to (4.9) and (4.10). We numerically solve the resulting equations of motion

7

for all i = {1,...,100}, e = 0.1 and L = 5, whilst the initial  and y positions of the

inclusions are a random number in the range [—1,1] and [—L, L] respectively with

for the 100 identical inclusions with parameters given by b = p = «

a random initial orientation ¢ in the range [0,27]. We plot a realization for times
t ={0,0.005,0.05,1, 10,100} in Fig. 5.2.

We observe from the initial configuration that the periodic boundaries results in a
preferential alignment parallel to this boundary (note ¢ = 0.005 and ¢t = 0.05). This
result is in contrast with Fig. 4.6 which simulated the interactions of inclusions on an
infinite flat membrane. In that case, the membrane was isotropic therefore resulting in
no preferential alignment of the inclusion. Given that the inclusions orient themselves
parallel to the periodic boundary due to the effects of the inclusions’ images, there is
curvature mediated repulsion, resulting in the formation of a hexagonal configuration
(note ¢ = 1) which spreads out (note ¢ = 10). For longer simulation times, the
hexagonal configuration breaks apart resulting in linear aggregates (note t = 100)
which repel each other, similar to the repulsion of the infinite lines studied in Section
4.2.3. Periodicity appears to be a viable mechanism by which membrane inclusion

alignment occurs.
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Figure 5.2: Simulation of 100 symmetry-breaking inclusions (shown as black double-
headed arrows) by numerically solving (4.9) and (4.10) with the interaction energy
(5.17) on a periodic domain in the y direction (the limits of which are denoted by
the black dashed lines) with the parameters b = p = a§°) = &2(2) =1, for all 7 =
{1,...,100}, ¢ = 0.1, and L = 5. The initial  and y positions of all inclusions
are in the range [—1,1] and [—L, L] respectively with a random initial orientation
¢ in the range [0,27]. Times shown from left to right and top to bottom are ¢t =
{0,0.005,0.05,1,10,100}.
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5.6 Chapter summary

We investigated the result of periodic boundaries on the curvature-mediated inter-
action between rigid symmetry-breaking inclusions. Though the local shape around
both inclusions was generally the same as the shapes found in Section 3.2.2, the peri-
odicity resulted in an infinite sum of logarithmic contributions in the outer membrane
shape; namely, from the deformations imposed on the membrane by the images of
both real inclusions. We asymptotically matched the outer solution with the layer
solutions of the inclusion and evaluated the sums to determine the total effective
correction to the local shape. We found that, as a result of periodicity imposed on
the membrane, this shape correction was no longer vanishing in the absence of a sec-
ond inclusion; the single inclusion interacted with the deformations imposed by its
own images. Determining the interaction energy, we found that the inclusion images
imposed a curvature-mediated torque so that the preferred alignment of the real inclu-
sion was such that its orientation was parallel to the periodic boundary. Furthermore,
the magnitude of this torque increased with decreasing periodic domain length, as
this corresponded to the inclusion images moving closer to the real inclusion, along
with the magnitude of the isotropic and anisotropic contact angles imposed by the
inclusion.

Given that the interaction energy was dominated by local contributions to the
membrane shape, we extended the derived law to consider an arbitrary number of
inclusions on a periodic domain and developed equations of motion. With this frame-
work, we numerically simulated 100 inclusions confined to a periodic domain. We
observed that the inclusions would preferentially align and, given that inclusions
with orientations that are parallel to their separations result in curvature-mediated
repulsion, the inclusions spread out along the membrane. To minimize the energy of
the system the inclusions adopted a hexagonal configuration. For longer simulation
times, the inclusions formed linear aggregates, similar to the infinite lines studied in
Section 4.2.3, which repelled along the membrane.

The analytical and numerical results derived coincide with the observations of
preferred protein orientation made in molecular dynamics simulation of cylindrical
geometries. Therefore, periodicity appears to be a viable mechanism for protein

alignment without the need for an underlying non-zero principal curvature.
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Chapter 6

Conclusion

We reiterate the important results of chapters 2 to 5 of the dissertation before con-
cluding with a discussion on future research directions in light of biologically inspired
mechanically-mediated interactions on lipid bilayers. In particular, we highlight some
of the geometric and mechanical properties of the lipid bilayer which have recently
been shown to play non-trivial roles in the deformation of the membrane as well as

in the self-assembling aggregation of embedded proteins.

6.1 Summary of thesis

6.1.1 Chapter 2

We began our investigation by considering the shaping of a filament in the plane
under the effects of attaching curvature-inducing proteins which acted analogous to
mechanical scaffolds. We took this model to be a proxy for the shaping of a membrane
cross-section in a bath of such proteins, the latter of which were modeled as elastic
filaments that were allowed to move by means of diffusion and drift for the purpose
of minimizing the protein’s individual bending energy. By using Kirchhoff rod for-
malism and thermodynamic arguments, we developed a system of equations which
described the time-dependent shaping of the filament and the concentration distribu-
tion of attached proteins, which contrasted with previous work that only considered
equilibrium configurations.

Our analysis focused primarily on constant curvature solutions of the filament and
spatially uniform protein concentrations. We determined the curvature of the filament
as a function of the protein concentration surrounding the filament, the equilibrium
constant of the adhesion reaction, and the persistence length of the protein, being

a measure of the protein’s bending stiffness with respect to the temperature of the
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system. For small protein persistence lengths, there was a single stable constant
curvature solution, however, past a critical persistence length, stable high and low
curvature solutions together with an unstable curvature existed in a bistable regime.
Using weakly nonlinear analysis, we determined that, near the unstable constant
curvature solution, the self-assembling protein adhesion equations reduced to a Cahn-
Hilliard system. Under these circumstances, the curvature-inducing proteins would
attach onto the filament forming regions of locally stable high and low curvatures
which, due to a combination of protein movement and adhesion kinetics, would phase-
coarsen to form a spatially uniform stable solution.

We extended the formalism used to derive the self-assembling filament equations
to consider multiple species of proteins which could attach onto both sides of the
filament. Due to the more complicated adhesion processes at play, the constant
curvature equilibrium solutions could be found by solving a system of simultaneous
equations. Furthermore, using linear stability analysis, we found that, for protein
species which had similar chemical and diffusion characteristics, the local stabilities of
these solutions were determined by adhesion competition between proteins attaching
on opposing sides of the filament.

Despite acting as a first step to understanding the interplay between protein con-
centration and the underlying membrane geometry, we noted two criticisms of the
self-assembling filament model: The absence of extensibility in the filament and global
interactions between embedded proteins. Whilst the former could be modeled with
an additional constitutive equation describing the evolution of the filament’s tan-
gent vector, we found that the filament model with free-ends boundary conditions
was inadequate in describing the long-range interactions between proteins seen in

experiment and simulation.

6.1.2 Chapter 3

Noting the inadequacies of the previously derived filament model, we investigated
the self-assembly of proteins already embedded on a fluid membrane that arose as a
result of indirect and long-range curvature-mediated interactions. We considered the
deformation energy of an infinitesimally thin fluid membrane that was approximately
flat and extended to infinity and determined its corresponding equilibrium shape
equation. We then considered two rigid inclusions which were embedded in this
membrane and the corresponding boundary conditions on the height of the membrane
fluctuations, the normal derivative of the fluctuations with respect to the inclusion

boundary, and the balance of vertical force and moments.
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We then calculated the deformation energy of the fluid membrane due to two
inclusions, which broke symmetry either in the contact angle that they imposed on
the surrounding membrane or their boundary geometry, as a function of their sepa-
ration and the orientation of their anisotropic deformations. In particular, we stud-
ied inclusions which were invariant under a rotation of 7 as this was the dominant
symmetry-breaking mode in the interaction energy. We generically determined the
local shapes around the inclusion and the shape of the membrane sufficiently far away
from the two inclusions and, using asymptotic matching, we found the corrections in
the inclusions’ local shapes necessary to determine the curvature-mediated interaction
energy. We found that the interaction laws for both instances of symmetry-breaking
were equivalent and featured isotropic repulsion on the inverse quartic of the sepa-
ration, consistent with previous theoretical work, and an orientation dependent term
which could result in both curvature-mediated attraction or repulsion on the inverse
separation squared.

We studied the interactions of two inclusions which were identical and found that
attraction occurred when their separation was perpendicular to the orientation gov-
erning their anisotropy either in the contact angle or the inclusion’s boundary geome-
try. In this case, the attraction that arose from symmetry-breaking balanced with the
isotropic repulsion to give a natural equilibrium distance between the two inclusions.
This curvature-mediated self-assembly between the inclusions was a consequence of

minimizing the deformation energy of the fluid membrane.

6.1.3 Chapter 4

Given the previous result whereby symmetry-breaking inclusions would naturally self-
assemble to a finite separation, we next studied the energy and stability of simple
aggregate shapes and their associated collective properties. To do so, noting that
the interaction energy was dominated by local contributions to the membrane shape,
we extended the interaction law derived in Chapter 3 to model an arbitrary number
of symmetry-breaking inclusions and derived a gradient flow model, given that the
movement within the fluid membrane plane was a dissipative process, to simulate
their corresponding movement under curvature-mediated forces and torques.

We first studied the properties of linear aggregates. We calculated the energy
density of an infinite line and determined that the equilibrium separation was shorter
than for the two inclusion case due to the additional curvature-mediated attraction

from all inclusions within the aggregate. We numerically showed that the linear
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aggregate was robust to perturbations in the positions and orientation of the in-
clusions which comprise it, given that the inclusions aligned and reformed the line.
Inspired by numerical observations that curvature-inducing proteins form ring aggre-
gates which repel on cylindrical membranes, we considered the interaction energy of
two infinite linear aggregates which were not allowed to bend. We found that the two
linear aggregates in close proximity would repel on the inverse quartic separation,
similar to the case with two isotropic inclusions, however, the extent of the separa-
tion depended directly on the isotropic and anisotropic deformation exerted by the
symmetry-breaking inclusion. Furthermore, the presence of the second linear aggre-
gate increased the equilibrium separation between inclusions within in an aggregate
due to curvature-mediated forces. Given the infinite length of the aggregates which
prevented bending deformations, we numerically simulated two finite lines. We ob-
served that the two linear aggregates would bend to attract inclusions within opposing
aggregates, leading to a finite equilibrium separation between the two aggregates.

We next studied inclusions in polygonal formations. We found the energy density
of a polygon comprised of an arbitrary number of symmetry-breaking inclusions and
determined the equilibrium separation of the inclusion from the center as well as the
polygon’s side-length. We found that two types of polygons could form: For polygons
with 3 or 4 inclusions, the inclusion orientations would point perpendicular to their
separation from the polygon center, whilst for 6 or more inclusions, the orientation
and this separation would be parallel. The symmetry-breaking inclusions would not
form finite polygons with 5 inclusions. We furthermore found that the side length of
the polygon reduced to the equilibrium separation of the infinite line for the number of
inclusions within the aggregate approaching infinity. We then analytically determined
the local stability of polygons featuring 3, 4, and 6 inclusions and found that only the
triangle was stable. However, noting the previous results that the polygon reduced to
the infinite line in the limit of a large number of inclusions and that the infinite line
was robust to perturbations, we hypothesized that past a critical number of inclusions
in the polygon, its local stability would switch from unstable to stable. We verified
this claim by analyzing the spectrum of the Hessian and found that, provided there
were 11 or more inclusions in the polygon, the aggregate was locally stable, regardless
of the magnitude of symmetry-breaking effects imposed by the inclusion.

Given our previous results regarding the energies of lines and polygons, we deter-
mined the collective elastic properties of an aggregate, given that it was both flexible

and extensible. We found that, under bending deformations, the aggregate behaved as
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a strain-stiffening material, whilst under stretching deformations, the aggregate fea-
tured an asymmetry whereby it took infinite energy to compress it to zero separation,
but only finite energy to stretch it to infinity.

We concluded our study of self-assembled aggregates under curvature-mediated
interactions by numerically simulating 1000 inclusions which were initially randomly
positioned and orientated. We observed that the inclusions would form a close-knit
network of linear aggregates which would unzip to form larger linear aggregates and

larger loops within the network.

6.1.4 Chapter 5

Inspired by the analysis on the repulsion of two infinite linear aggregates, which
were motivated by the observation of proteins forming rings on cylindrical geome-
tries, we investigated one of the mechanisms under which curvature-mediated protein
alignment, necessary for the assembling of ring aggregates, could occur; namely, by
periodicity in the membrane boundary.

We determined the interaction energy between two symmetry-breaking inclusions
on an approximately flat membrane which was infinite along one direction, but peri-
odic in the other orthogonal direction. To do so, we followed the formalism described
in Chapter 3 by solving for shapes in the local region around the inclusions and the
shape of the outer membrane. We noted that, due to the periodic boundary con-
ditions, there would not only be contributions to the outer membrane shape from
the real inclusions, but also from their corresponding infinite images. By asymptotic
matching, we found that the local shape corrections necessary to determine the inter-
action energy depended on the deformation properties of both inclusions, whereas for
the non-periodic case, they depended on the opposite inclusion. With the introduc-
tion of periodic boundary conditions, we found that a single inclusion would interact
with its images by means of curvature-mediation; namely, by exerting a torque so
that it aligns parallel to the periodic boundary. This alignment orients the inclusion
so that it is in an attracting configuration with its images.

Noting again that the interaction energy was dominated by contributions from the
local membrane around the inclusion, we extended the interaction law to consider an
arbitrary number of inclusions on a periodic membrane and derived corresponding
equations of motion. We solved the resulting system numerically for 100 inclusions
and observed that periodicity resulted in the preferential alignment of the inclusions.
However, given that this would cause curvature-mediated repulsion, the real inclusions

formed hexagonal configurations to minimize the energy and continued to spread out.
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For longer simulation times, the inclusions formed linear aggregates, analogous to the
aggregates of infinite size considered in Chapter 4, which repelled, coinciding with the
repulsion of protein rings on the cylindrical geometry. These results suggested that
periodicity in the membrane was a viable mechanism for curvature-mediated protein

alignment.

6.2 Future directions

We discuss some open questions in the self-assembly of proteins due to the geometric
and mechanical properties of the underlying fluid membrane that warrant further

investigation.

6.2.1 Underlying membrane geometry

In Chapter 5, we found that periodicity of the geometry was a viable mechanism by
which protein alignment, observed on cylindrical geometries [89], occurs. However,
curvature-inducing proteins from the BAR and ENTH families have been observed
to be curvature-sensing [12, 72]; the underlying geometry of the lipid bilayer plays an
important role in the arrangement and assembly of the proteins. A natural question
arises: If the membrane was bent such that it had a single non-zero principal cur-
vature, would an embedded protein exhibit preferred alignment with respect to this
axis of curvature without the need for periodic boundary conditions?

A means of investigating the effect of membrane curvature would be to consider
small undulations around an unperturbed radius, R. One could then follow the
derivation, as per Section 3.1.1, to obtain a new equilibrium shape equation from the
Helfrich Hamiltonian for radial fluctuations around a cylindrical membrane. In the
limit of R — oo, the shape equation derived should reduce to the biharmonic equation
seen for approximately flat geometries. The process to determine the corresponding
interaction energy of a protein embedded on a cylindrical patch of membrane would be
an extension of the formalism presented in Chapter 3; namely, deriving the boundary
conditions of an inclusion embedded on a cylinder, determining the shapes in the
local region of the inclusion and the outer membrane far away from the inclusion, and
asymptotic matching between these two regions to obtain the corrections necessary to
calculate the interaction energy from the functional describing the radial deformations
to the unperturbed cylinder. We would expect that the final result would be similar to

that found for the single inclusion on a periodic membrane (i.e. (5.15)); namely, that
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there should only be a rotational effect on the inclusion as a result of the underlying

membrane curvature, with the effect increasing for decreasing R.

6.2.2 Surface tension

In Chapter 3, we supposed that the only contribution to the deformation energy of the
fluid membrane was from bending contributions. However, there are numerous other
mechanical properties of the lipid bilayer which play a non-trivial role in deformation,
such as the surface tension which penalizes local area dilation of the membrane.
A tense membrane resists deformation, so one would expect that surface tension
affects membrane remodeling and, by extension, the membrane-mediated interactions
of embedded proteins. Biological work has shown that cells under tension exhibit
decreased rate of endocytosis [17] and can further alter the arrangement of membrane-
remodeling events [9, 46]. There has been recent molecular dynamics simulation which
has shown that surface tension directly inhibits protein self-assembly. As a result,
similar networks of linear aggregates, as seen in Fig. 4.6, have been observed to break
apart [88].

One could model the effects of surface tension by including additional terms in the
Helfrich Hamiltonian which penalize dilation of area elements in the fluid membrane.
Two parameters would now govern the deformation of the fluid membrane: the bend-
ing stiffness and the resistance to local area dilation, which would be related to the
surface tension of the membrane. By following the formalism described in Chapter
3, one would derive a new energy that depends on these two parameters, with the
results of Chapter 3 obtained in the limit whereby bending deformations dominate
the interaction energy between inclusions, and a new regime where surface tension

would dominate.

6.2.3 Membrane thickness and lipid properties

In using the Helfrich Hamiltonian, the implicit assumption is made that the lipid
bilayer is infinitesimally thin. However, the thickness of the membrane, which is
related to the deformations of individual lipid molecules that comprise it, play non-
trivial roles in its mechanical properties. Lipid molecules have different phases which
describe whether their long molecular chains are ordered or disordered and, depending
on the phase composition of the membrane, the deformation behavior of the lipid
bilayer can substantially vary. As an example, recent computational work has shown

that membranes which are homogeneously comprised of gel-phase lipids, whereby
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the in-plane mobility is vanishingly small and can no longer be considered fluid,
do not behave like Euler elastica and are therefore not accurately modeled by the
quadratic Helfrich energy [26]. A further contribution to the deformation energy of
the membrane has been shown to be the lipid tilt, or the angle that the individual
lipid molecules make with the mid-plane of the bilayer [99, 100].

Recent work in elasticity has developed a new free energy for biomembranes which
is dependent on its lipid phase composition and deformation under bending [23].
In the presented methodology, the membrane is treated as a quasi-two dimensional
object, with constitutive assumptions imposed at the three-dimensional level, before
a reduction of dimension under a quasi-compressibility assumption. The calculated
energy functional features local and non-local contributions which model the interplay
between the membrane shape, its chemical composition, and its associated thickness.
The implications of this free energy include non-intuitive results, such as being able
to describe the shape and the lipid order of the lipid bilayer by knowledge of the in-
plane membrane stretching elasticity [24]. An avenue of investigation worth pursuing
would be to derive an elasticity-consistent model for the interaction of membrane
inclusions, either directly from the free energy derived in [23], or by following a
similar derivation; namely, by supposing that the inclusions and the lipid bilayer
are three-dimensional, imposing material properties, and then reducing the system
to two dimensions. The result would be an interaction energy that would provide
a theoretical framework under which the interplay between membrane curvature,

surface tension, lipid composition and inclusion self-assembly could be studied.
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