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Abstract

We introduce an efficient algorithm for computing Carathéodory cubature
measures, which are defined as interpolatory cubature measures with pos-
itive weights, whose cardinality grows polynomially with dimension, as
proved in [16]. We discuss two Carathéodory cubature problem formula-
tions. Both are based on thinning the support of the Cartesian product cu-
bature measure, whose cardinality grows exponentially with dimension, via
a formulation of a suitable feasibility LP (Linear Programming) problem.
A basic feasible solution to the latter fully characterises a Carathéodory

cubature measure.

The first problem formulation, initially presented in [48], employes the
Simplex Algorithm or Interior Point Method to construct a basic feasible
solution to the aforementioned LP problem. The complexity of this method
is dependent on the number of nodes in the Cartesian product cubature

and thus grows exponentially with dimension.

The second problem formulation constitutes the main contribution of the
present work. Starting from the LP problem, arising from the Cartesian
product cubature construction, we employ a hierarchical cluster representa-
tion of the underlying constraint matrix and the strictly feasible solution,
arising from the weights of the Cartesian product cubature. Applying
the Recombination Algorithm, introduced in [96], to this hierarchical data
structure, we recursively generate a sequence of smaller LP problems. We
construct a basic feasible solution to each LP problem in turn, by employ-
ing a novel algorithm, based on the SVD (Singular Value Decomposition)
of the constraint matrix, culminating in a basic feasible solution for the
original LP problem. The complexity of this algorithm, is independent of
the number of nodes in the Cartesian product cubature, and can be shown
to grow polynomially rather than exponentially with dimension. Moreover,
the novel SVD-based method for computing basic feasible solutions, pro-
duces a one order of magnitude speed-up of the overall algorithm, when

compared to the algorithm in [96], and is therefore preferable.
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Chapter 1

Background and Significance

1.1 Univariate Quadrature Review

In this section we review the most commonly used methods for numerical integration

in one dimension over bounded intervals. Let f be a real integrable function over [a, b].

= /ab f(z)dx (1.1)

explicitly may be difficult or even impossible. A natural approach to approximating

Computing the integral

(1.1) is to replace f with an easily integrable approximation f,,, for some n € N, for

example f,, € 11, the space of one-dimensional polynomials of degree < n — 1.

In this respect, one may employ the unique interpolating Lagrange polynomial of

f of degree n — 1 over a set of n distinct nodes : f,(z) = >_7" | f(x;)l;(x), to obtain

= [ pwar=3 ([ o)) =Y ase) 02

where the coefficients of the interpolating polynomial turn out to be linear combina-
tions of f at n points {z1,...,z,} and the weights w; are obtained by integrating the

Lagrange characteristic polynomial /;, associated with the node z;:

JZ—ZL‘
z)dr = m .
/ v = H o (1.3)
@ 1<m<n
‘m#i

The right hand-side formula in (1.2), can also be derived by using a different approach

to polynomial interpolation. Given the nodes {xy,--- ,z,}, the weights {wy, -+ ,w,}



are to be chosen in such a way that I[f,] integrates exactly the elements of the basis
B(I1,) = {by,--- ,b,}. For the standard monomial basis {1,z!,... 2""'} the weights

can be obtained by solving the following linear system of equations:

b
wl—l—...—l—wn:/da: (1.4)

b
wWiT1 + ...+ wpTy, :/ xdx
a
b
Wt 4wt = / " dw
a

The coefficient matrix for this system is the Vandermonde matrix V' (z1, ..., x,), whose

determinant is given by, see [1]

n 1—1
det(V(z1,...,2,)) = H H(Il — ;) (1.5)

i=2 j=1
Given, that the nodes z1, ..., x, are distinct, V(x1,...,x,) is nonsingular and hence
there is a uniquely determined set of weights wy, ..., w, satisfying the moment match-

ing equations.

Definition 1.1.1. We call an integration formula Q™ := >\ | w;0,, with prescribed
nodes {1, ,x,} C [a,b] C R an interpolatory quadrature formula of degree (n — 1),
if its weights {wy,- - ,w,} are given by (1.3) or equivalently if its weights satisfy the
moment matching equations (1.4).

Once constructed ", we may use it to approximate I[f], that is

b n
1= [ f@)e = 3 ws(m) = Q1

if f is well-approximated by polynomials of degree up to (n — 1) on [a, b].

We define the degree of precision of a quadrature formula Q)" as the maximum m € N,

for which

I[f] = Q"[f] vf el



Theorem 1.1.2. [Theorem 5.2.1 [3]] Any n-node quadrature formula Q™ with degree

of precision m > n — 1 is interpolatory.

For any integrand f, the accuracy with which Q"[f] approximates the integral is
clearly related to the degree of precision of Q" and also to the accuracy with which
f itself can be approximated by polynomials. The latter depends on the smoothness
of f, to specify it, we define C"(a,b) as the set of all r-times differentiable functions
on |[a,b], whose rth derivative is continuous on [a,b]. Then, it can be shown that for
f € C(a,b) with ||f"]|.c < M(< o0), all interpolatory quadrature formulae with

positive weights, satisfy

er(b—a) 1o

n’l“

B = | - @i <
where ¢, depends on r only, see [90].This gives us the following asymptotic error bound

[R"f]] = 0(n™) (1.6)

In many applications, we need to integrate a function f : [a,b] — R, with respect
to some weight function p : [a,b] — R. The weight functions are often taken to be
non-negative functions, whose expression is known in closed form and the quadrature

formula Q™ is usually constructed by approximating only the integrand of f
b n
1= [ epta)ds = Y wif(@) = QL1
a i=1

The definition of a quadrature formula in definition (1.1.1) is for the common case of

the weight function p(z) = 1.

In the following, we present a theorem, relating the error in a quadrature formula
to the error with respect to the L., norm of the best polynomial approximation to f,

whose conclusion is crucial in proving the convergence of quadratures as n — oo.



Theorem 1.1.3. [Theorem 5.2.2 [3]] Any interpolatory quadrature Q™ with a degree

of accuracy m satisfies

‘an‘ — ) /ab f(z)p(x)dx — iwlf(xl)

< ( [ ot + Y w) n(f) (L)

where
e (f) = mf{ [Py — fllo © Pn €1l }

If all quadrature weights of Q™ are non-negative, then

n

<2(Y w) enlh) (L8)

=1

[R"(f]] = / ' Fo)pla)ds - iwzf@i)

where p denotes a non-negative integrable weight function

If the coefficients of {Q”}n>1 of interpolatory quadratures are non-negative for all

n, then the error bound (1.8) implies the convergence

b
Q"] = / f@p@)de  as oo

for all f € Cla,b]. The aforementioned convergence result is due to Weierstrass ap-

proximation Theorem, see [1], which guarantees that

e (f)—0 as  m — oo

m

for all continuous f. In addition, the relationship

en(f) < ena(f),  VYmeN

together with (1.8), implies that the error in the interpolatory quadrature formulae
with non-negative weights can be expected to decrease as the degree of accuracy m
of the underlying quadrature increases. Therefore, among all n-node interpolatory
quadrature formulae, those with non-negative weights and maximum degree of ac-
curacy are considered to be state of the art. These are called Gaussian quadrature

formulae and are discussed in detail in the following section.

Interpolatory quadrature formulae are uniquely characterised by the choice of the
nodes x1,...,x,. Amongst the most widely employed interpolatory quadratures are
the Newton-Cotes quadrature formulae: utilising equidistant nodes, Gaussian quadra-
ture formulae: whose nodes are the roots of a certain class of orthogonal polynomials
and Clenshaw-Curtis formulae: whose nodes are the roots or extrema of Chebyshev’s

polynomials.



1.1.1 Newton-Cotes Formulae

Newton-Cotes formulae are based on Lagrange interpolation with equally spaced nodes
in [a,b], for a fixed n > 0, the nodes are given by xy = x¢ + kh, k = 0,...,n. The
midpoint, trapezoidal and Simpson formulae are special instances of Newton-Cotes
formulae, taking n = 0, n = 1 and n = 2 respectively. Two types of Newton-Cotes

formulae may be defined:

b—a
n

closed : ro=a,r,=b and h=

b—a

: = h,x,=b—h d h=
open Tg=a+h,x an S

A significant property of the Newton-Cotes formulae is that while the weights of low
order Newton-Cotes are all positive, all quadratures for n > 14 contain some negative

weights, hence the relationship

n
Z’(’M >b—a
i=1

holds for Newton-Cotes of higher degree. In particular, the following theorem holds

Theorem 1.1.4 (Kusmin). Let w@, e ,wén) be the coefficients of closed Newton-
Cotes formulae Q™. Then

Z |wi(n)| — 00 as n — 0o (1.9)
i=1

The increase in the norm of the weights with n signifies an amplified impact on
the errors in the function values f(x;) and hence for large n, Newton-Cotes become
numerically unstable. As noted in [95], the sum of the weights of any quadrature
formula is the measure of the domain of integration, thus clearly if the weights are all
positive, there is a natural bound to their size. If, however, some weights are negative,
they can be very large relative to the domain of integration. When the weights are
very large, some individual terms in the quadrature sum may be much larger than
the sum itself. Hence, the quadrature formula, may lead to subtracting large numbers
from other large numbers thereby getting a small result. Consequently this process
can magnify any errors present in the individual terms, rendering the quadrature for-

mula numerically unstable. For example, as noted in [15], Y |w;|/ > w; &~ 10! for



Newton-Cotes n = 40, which leads to a tremendous amplification of roundoff errors in

the computation of f(z;).

The detrimental effects of negative weights are not limited to possible amplification
of errors in the values of f, but also enter into the estimates of the error bounds for
quadrature formulae and into the theory of their convergence properties. When prov-
ing the convergence properties of Newton-Cotes formulae for all f € Cla, b], (1.7) and
(1.8) do not yield useful bounds, as the sum of Newton-Cotes weights is unbounded.
Indeed, it can be shown that Newton-Cotes formulae do not converge for all integrands

which are analytic in the interval of integration, see [4].

Newton-Cotes formulae of low order are important building blocks for discretizations
of differential equations and other numerical methods. Their practical significance
stems from the fact that lower order Newton-Cotes formulae are useful in compound
quadratures, obtained by domain decomposition and application of individual quadra-

tures to each subdomain.

1.1.2 Clenshaw-Curtis Formulae

The Clenshaw-Curtis formulae use non-equidistant abscissas given as the zeros or the

extreme points of the Chebyshev polynomials. The zeros of Chebyshev polynomials

(21 -1
mi:—cos<w> 1=1,...,n
2n

and the corresponding extrema are given by

(=1
xi:—cos<w> 1=1,...,n
n—1

The first set of nodes is a variant referred to as “classical” Clenshaw-Curtis or Fejer’s

are given by

first rule, see [5] and the second variant is known as “practical” Clenshaw-Curtis. The
latter is generally considered to be more accurate, see [6] and also has the advantage
of node reuse when n is doubled, therefore this variant is mainly employed in practice.

The weights for the “practical” Clenshaw-Curtis quadratures are given by

1
w1 =w n(n—2) an



(n—1)/2 . .
2 1 2m(i — 1)j .
wZ:n_1<1+2 E 1_4j2'COS(W>> fOI' Z:2,...,7’L—1

j=1

Clenshaw-Curtis quadrature formulae, based on the aforementioned nodes and weights
approximate a given function more accurately, than interpolation polynomials based
on equidistant abscissas, see [7] and hence are more suitable for numerical integration
purposes than Newton-Cotes. For example, Clenshaw-Curtis formulae for the weight

function p(z) = 1 have positive weights, see [5], [8], which guarantees the convergence
Qielf) = I[f]  as  n—oo,  VfeCla
more generally , Clenshaw-Curtis formulae for weight functions
p € Lya,b], p>1

can be shown to converge for all Riemann integrable functions f, see [9]. The degree
of accuracy of an n-node Clenshaw-Curtis quadrature formula is in general the same
as Newton-Cotes, exact only up to degree n — 1. However, in [10] experimental com-
parison for certain classes of functions, namely those that are not analytic in a large
neighbourhood of [—1, 1], the speed of convergence as n — oo of Clenshaw-Curtis and
Gaussian quadrature formulae covered in the next section, whose degree of precision
is 2n — 1, is found to be very similar. Thus, for such functions Clenshaw-Curtis essen-
tially never requires many more function evaluations than the state of the art Gaussian

quadrature formulae.

1.1.3 Gaussian Formulae

By Theorem 1.1.2 all interpolatory quadrature formulae have degree of accuracy m >
n — 1. If the quadrature nodes {x1,...,z,} are fixed in advance, one can generally
hope to solve the moment matching system of m linear equations in n unknowns: the
quadrature weights {wy,...,w,} only for m < n — 1. However, Gauss showed that by
adequately choosing the n nodes as well as the n weights, one can solve the moment
matching equations for degree m = 2n — 1, so as to obtain an n-point quadrature
formula of degree 2n — 1. The following theorem, due to Jacobi, tells us the sufficient
and necessary conditions for finding suitable nodes such that the degree of exactness

m of an n-node interpolatory quadrature is greater than n — 1.



Theorem 1.1.5. [Theorem 10.1 [11]] The quadrature Q™[f] = >\, w;f(x;) has degree
of exactness m = (n — 1) + 1, I > 0 iff it is interpolatory and the nodal polynomial

sp(x) = (x — 1) (x — 22) ... (¥ — ) is such that

/ r(x)sy(z)p(x)de =0  Vrell_, (1.10)

where p denotes a non-negative weight function (e.g. p(x) =1).

Corollary 1.1.6. [Corollary 10.1 [11]] The mazimum degree of exactness of the quadra-

ture formula in Theorem 1.1.5 is 2n — 1

Setting [ = n and hence m = 2n — 1, the maximum admissible value in Theorem

1.1.5, we conclude that the nodal polynomial s,, satisfies

/ r(2)sy(z)p(x)dx = 0, Vr e Il, 1 (1.11)

that is to say s, € II,, is p-orthogonal to all polynomials in II,,_;.

We recall that, for any non-negative weight function p two polynomials P # 0 and
@ # 0 are said to be p-orthogonal if

b
(P.Q), = [ P@QEp)E =0

Now, let P? := {P,f c k=0,1,2,... } be a set of pairwise p-orthogonal polynomials
of deg(Pf) = k for k = 0,1,2,.... The set P* is said to be orthogonal with respect
to the weight function p. Such sets of orthogonal polynomials can be obtained for
any weight function by applying the Gram-Schmidt orthogonalisation procedure to
the set of monomials {1,z!, 2% ...}, see [12] and the Gram-Schmidt orthogonalisation
theorem tells us that the members of two sets P? = {P}, P? = {P} differ only
by multiplicative constants and therefore have the same zeros. The Gram-Schmidt
orthogonalisation of monic polynomials {P,f - k=20,1,2,.. } with respect to the
inner product (-,-), satisfies a simple three-term recursive relationship, for proof see
13

Flo(@) = (z— o) Pl(x) = Bl (z), k=0

PPi(x)=0, Pix)=1

where by o P
<$Pk7pk>p <Pk’Pk>P E>0

Ak = — 05 5o\ 619 1= 750 oy el
<P157P15>P i <PlfaPkp>P



The above relationship is generally numerically stable and is employed in the numerical
computation of the roots of the underlying system of orthogonal polynomials, associ-

ated with a particular weight function p.

The most frequently occurring weight functions p and the underlying domains of in-

tegration are listed below:

Domain ~ Weight Function p(z) System of Orthogonal Polynomials

[—1,1] 1 Legendre

[—1,1] (1—a%)~1/2 Chebyshev, first kind
[—1,1] (1 —a%)1/2 Chebyshev, second kind
[—1,1] (1—2)*(1+x)° Jacobi

[0, 00) e" Laguerre

[0, 00) e " a> -1 Generalised Laguerre
(—o0,00) e Hermite

Returning to the result (1.11), it shows that the nodal polynomial s, is equal up to a
multiplicative constant, to the p-orthogonal polynomial P? and its nodes {z1,...,z,}
are the zeros of P?. In order to be usable as quadrature nodes, the zeros {z1,...,z,}
of PP have to be simple, real and located inside the interval [a, b]. These requirements
are indeed met, as is illustrated in [2].

Hence, the quadrature formula QF = > | w;f(x;), called Gaussian quadrature with
abscissae {x1,...,x,} given by the zeros of P?, called Gauss nodes and weights

{wi,...,w,} given by
b
w; = / li(z)p(x)dx

where [; € 1I,, is the i-th characteristic Lagrange polynomial. (¢ has degree of ex-
actness 2n — 1, the maximum value achieved by any interpolatory quadrature with

n-nodes.

Gaussian quadrature formulae attain the maximum degree of accuracy for any admis-
sible weight function p, irrespective of whether the domain of integration is bounded

or not. The following convergence result, however only holds for bounded domains
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of integration [a, b]. Since all Gaussian quadrature formulae have positive weights, by

Theorem 5.24 in [3], the convergence
Qelf1 = 11f] as n—oo  VfeClla,b

can be derived by Theorem 1.1.3.
In the following we introduce the Gauss-Legendre family of orthogonal polynomi-

als, which will be the constituent quadrature formulae of the multivariate cubature

formulae, we will present in the subsequent sections.

1.1.3.1 Gauss-Legendre Quadrature

The Legendre polynomials are orthogonal polynomials over the interval (—1,1) with

respect to the weight function p(z) = 1, defined as

[n/2]
1 n\ [2n — 2¢ _
Ln(x):2—n§ (—1)f(€>( . )g;” 2% n=0,1,...

or recursively defined through the three-term relationship

Lyi(x) = 2,::11 Ln(z) — 725 Lna(z), n>0

Lo(x) =1, Li(z)==

The Gauss-Legendre quadrature nodes x; are given by the zeros of L, (z) and the

corresponding weights are given by

We conclude this section by summarising that Newton-Cotes quadratures are imprac-
tical for highly smooth integrands f € C"[a, b], r large. For such integrands one should
utilise high-order quadrature formulae in order to exploit all of the underlying inte-
grand’s smoothness. As noted earlier, high-order Newton-Cotes quadrature formulae
are numerically unstable, due to the presence of negative weights, and thus should
be avoided. Whilst for the Clenshaw-Curtis and Gaussian quadratures we have the

following theorem
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Theorem 1.1.7. [Theorem 4.1 [10]] If Q™ = > w; f(x;) is an interpolatory quadra-
ture with non-negative weights, as is true for both Clenshaw-Curtis and Gaussian
quadratures with standard weight function p(x) = 1, then for any f € Cla,b], we

have
n

B = [0 - Q1| <2 w) ena) (1.12)

i=1
and in the special case of Gausssian quadrature (1.12) can be improved upon to

n

[Re11] = |11 = Q)| < 2( 3 wi) e () (1.13)

=1

where

e (f) =f{ [|Pp — flloo + Pn €1l }

We note that [|P, — f|l« = O(m™") as m — oo for f € C"[a,b], as noted in
[15]. Thus, for highly smooth integrands f, utilising the highest in order of precision
quadrature formula, i.e Gaussian quadrature, is clearly optimal in terms of speed of

convergence.
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1.2 Multivariate cubature Review

Unlike univariate quadrature formulae, most of which are based on polynomial in-
terpolation, the construction of multivariate cubature formulae is intrinsically more

difficult and the formulae produced do not generally rely on polynomial interpolation.

Firstly, we note that in one dimension it is sufficient to develop quadrature formu-
lae for the three intervals [0, 1], [0, 00) and (—o0, 00), as noted in [95], since the affine
transformations mapping any interval into one of these intervals leave most quadrature
properties, such as the degree of precision, unchanged. In two or more dimensions,
however, there are infinitely many regions that are not equivalent under affine trans-
formations. The usual approach to deal with this has been to develop formulae for the
simplest regions: d-dimensional unit cube, simplex, sphere, etc. In the following, we

will only consider multidimensional integration formulae over d-dimensional cubes.

The most intuitive approach to integrating a function f over a d-dimensional unit
cube [0, 1]¢ is by constructing the Cartesian product of univariate quadrature formu-

lae on [0,1]. For this we recall, the following result

Definition 1.2.1. (d-Fold Cartesian Product Rule) Suppose the integration region B
is the Cartesian product of d > 2 regions By, ..., By, that is B= By X ... x By. Let

QWfi] =Y wk fulah)  for ke[l.d]

Je=1

denote quadrature formulae for integrals
I fx] == fr(z®)dx® for ke[l,d]
By,

Then, the d-fold Cartesian product formula (Q%ll) ®R...® ng?) for the integral over B

s given by
ni ng
(le) ®...0 Qif?)[f] = Z . Zw}l cowl flal )
A=l =l

where [1,d] :=1,...,d .

The following theorem relates the degree of exactness of the constituent univariate

quadrature formulae to the d-fold Cartesian product formula.
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Theorem 1.2.2. [Theorem 6.1.2 [2]] Ing? integrates fy exactly over By, fork € [1,d],
then the Cartesian product rule (lell) ®...® ngfi)) integrates the product

flzt, o x®) = fi(zh) ... fa(z?), for 2% € By, kel[l,d] (1.14)

exactly over B= By X ... X By.

Hence if degree of exactness of deg(Q%’?) = my, then we have the following
deg((le) ®...Q Q,({?)) = min{my,...,my}

Clearly the number of abscissas in ( 211) ®...Q Q,(f?) is given by N =ny X ... X ng.

Now let
Lalf] = fl@)de, = (z',... 2% (1.15)

[0,1]¢

If we let Q) denote the Cartesian product of identical univariate quadratures of degree

m € N, given by

1) _ _ d) _
Q= =Qu =@
then Q7 has N = n? nodes and deg(Q7%) = m and Q%) is given by

Qi) =QeQ®..@Q)f1=)_...> w ..ol flz,. .. ) (1.16)

a=l  jg=1

As detailed in [95], if the integrand f satisfies

am
’@xi{m <M for ie[l,d] (1.17)

for some constant M and integer m, so that, in each variable f is C" uniformly with

respect to the other variables, then there exists a constant K such that

flt, .. e da' — Q[f, 2

‘ <Kn ™  for ie[l,d] (1.18)
0.

for all values of 21, 22, ..., 2= 21 . 2 lying between 0 and 1. The estimate (1.17)
holds similarly to (1.6) for the error of univariate quadrature with an underlying inte-
grand f : [a,b] — R satisfying ’%‘ <M.
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Firstly, we provide an error estimate for the two-dimensional Cartesian product for-

mulae on the square [0, 1]2, for functions satisfying (1.17) and thus (1.18).

’/ f(z', %) datda® — ZZ%I wy, f ]1, )

1= 132 1
—‘/ f(zh, 2?)dxtda® — Zf T, T ) da? +Z%1f T, T
J1=1 J1=1

_Z 112%1 J2 Jl’ )

Jj1=1 ja=1

1 1 n
< / ‘ / f(zt, 2?)dat — Z wjl-lf(:tjl-l,mQ)’da:Q
0 0 Jji=1

n n
+ Z ’wjll (‘IE}sz)de - Z W;Qf(le'l’ :UJQQ)

J1=1 Jo=1

< Kn™™ +Z|w |Kn™™

Jj1=1

where the last inequality holds by applying (1.18) in both variables z! and 2.

The extension of this result to higher dimensions is very similar. In general for dimen-

sion d, setting A = 37" |wj| for i € [1,d], we obtain the following error estimate

|Ralf]] = |1alf] — Q4lS]|
<Kn ™4+ AKn ™ 4+ A2Kn ™+ ...+ AT Kp™™
=(14+A+.. .+ A HKn ™ =Cn™ = C(n%)"~

We note that the Cartesian product of univariate quadratures @7, derived in (1.16),
satisfies the definition of a cubature formula of degree m € N, to be defined shortly
hereafter. Additionally, we remark that whilst the bound on @ is only an upper
bound on the error. N.S. Bahvalov, studied the question of lower error bounds for
cubature formulae in d-dimensions. Indeed in [56], Bahvalov has shown that this
bound cannot be much improved upon, by showing that for the family of functions,
defined by condition (1.17), there is a constant Ky = Kj(m, M), such that for any
N-node d-dimensional cubature formula @) there exists a function f in the family for
which

[ r-qilh| > mn (1.19)
[0,1)¢
Hence, the error bound on the Cartesian product of univariate quadratures Q7[f], is

given by

a3

[R311| = |1alf] - @alfl| = ov-) (1.20)
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Therefore, for a fixed regularity m of the underlying integrand f, the complexity of
numerical integration via Cartesian product of univariate quadratures grows expo-
nentially with dimension d. This exponential explosion of function evaluations with
dimension is commonly referred to as the “curse of dimensionality” or intractability.
To overcome this, similarly to the univariate case we would like to derive interpolatory

cubature formulae in dimension d > 2.

We recall that, univariate interpolatory quadrature formulae Q" are obtained by inte-
grating exactly interpolating polynomials or equivalently by requiring Q" to be exact
for all polynomials P € II,,_;. The following illustrates that the second condition is

more suitable than the first for defining multivariate interpolatory cubature formulae.

Let 19 = R,,[X},..., X,] denote the space of d-variate polynomials of degree up to
m, then dim(I14)) = (mgd). For dimensions d > 2, the multidimensional Weierstrass
Theorem shows that continuous functions f can be approximated with arbitrarily high
accuracy by polynomials P € I1¢ and a similar conclusion can be drawn from the mul-
tivariate Taylor expansion of sufficiently smooth functions. However, for d > 2, the

dimensions of 112, dim(I1¢) do not form a contiguous sequence of natural numbers
{dim(ng) L de NO} £N

Asnoted in [2], the interpolation problem for prescribed function values f(x,), ..., f(z,)

—n

can be solved if and only if the linear functionals

PRI | K defined by z(P)=P(z;) i=1,...,n

n ° =

are linearly independent over I1¢. If this independence requirement is met, the in-
terpolating polynomial is unique if and only if dim(I1%)) = n. Firstly, the number of

interpolation points n can only be chosen such that
n e {dim(an) s de No}

and then, even if n is chosen such that n = dim(I1%), it may still happen that linear
functionals @},...,x* are not linearly independent over I1¢. The following example
illustrates one such case of non-existence and non-uniqueness of interpolating polyno-

mial in 2 dimensions.

Consider the interpolation of a function f : R? — R at the points =, = [0,0]7,
x, = [1/2,1/2]", ;= [1,1]7 using P € 117 = {1, z,y}. Since the interpolation points
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lie on the straight line y = x in R3, all polynomials of the form P = Ay — x) € II3,
A € R satisfy the interpolation conditions and hence this problem is generally unsolv-

able, even though n = dim(I13).

Since the straightforward interpolation approach to multivariate cubature construc-
tion is not feasible, it is reasonable to construct cubature formulae by requiring them
to integrate all d-variate polynomials of degree m exactly. This amounts to the fol-

lowing definition.

Definition 1.2.3. A formula Q% with prescribed nodes {zx,,...,z,} C R?, is a cuba-
ture formula of degree m € N, if its weights {w,...,w,}, satisfy the following system

of moment matching equations.

(@) + -+ wan (@) = / @)z (1.21)

wiva(Zy) + ... Fwaya(z,) = /72@)6@
s (@) + -+ W () = / (@) dz

where M = dim(114)) = (m+d) and B(II) = {v,...,ym}, n(x) = 1 is some fized

d
- d
basis for II7 .

Definition 1.2.4. [Definition 6.2.3 [2]] A cubature formula QY with prescribed nodes

{z,,...,z,} CR?issaid to be an interpolatory cubature of degree m € N if its weights
{wi,...,wy} are the unique solution of the system of the moment matching equations
(1.21).

The requirement that the weights {w,...,w,} must be the unique solution of the

moment matching equations in the definition of an interpolatory cubature, can be

explained as follows. Let

zh,.. .,z 1Y - R defined by z}(P)=Pz;) i=1,...,n

—1
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be the linear functionals pertaining to the nodes {x,,...,z,}. Using this notation,

the moment matching equations in (1.2.3) can be written as follows
D wi(y) =1l j=1,....M
i=1

The above equations can be solved if and only if the linear functional I over I1¢, is a lin-
ear combination of functionals {7}, ..., "}, that is, if and only if I € span{zj,...,z}}.
If this is the case, the weights {wy,...,w,} of @™ are chosen as the coefficients of the

linear combination

n
— * d
I = E Wi, over II7
i=1

This shows that the weights are uniquely determined by the nodes if and only if the
functionals {x?,...,x}} are linearly independent over I1%. If, for instance x can be

represented as a linear combination of the remaining functionals

n—1
T, = Z pix: over II%
i=1
then
n—1 n—1 n—1
I'= Zw&f + wn, Z pix; = Z(wz + wn i)z over Hg1
i=1 i=1 i=1
and hence the solution {wy,...,w,} to the moment matching equations is not unique

and therefore Q" is not interpolatory. Since ()" is not interpolatory, there exists an
interpolatory cubature formula Q"~!, with (n — 1) nodes which satisfies the moment
matching equations. We can continue this argument, decreasing the number of nodes
in the cubature formula, until we find an interpolatory cubature. Thus for any non-
interpolatory cubature formula Q", there is an interpolatory cubature formula Q™
with n’ < n, which satisfies the same moment matching equations and since the
number of nodes to attain a given accuracy should be kept as low as possible Q" is
preferable to Q™.

Whenever Q" is interpolatory, the functionals {7, ...,z } associated with the nodes
of Q™ are linearly independent. Since the space of all linear functionals over 1%, has
the same dimension as I1¢,, dim(I1%) is the maximum number of linearly independent
functionals over I1¢, and hence an upper bound on the cardinality of Q™ is established,

n < dim(114) = (™).

m

We note that the system of moment matching equations (1.21) consists of (mjd) dis-

tinct equations in n(d + 1) variables, n weights and nd coordinates of the nodes. So if
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n is greater than or equal to

{ﬁ (m;dﬂ +1 (1.22)

the number of variables will be at least as great as the number of equations. However,
as noted in [95], since the resulting system is non-linear, we do not if a solution exists
whenever n is greater than (1.22), but we do know cases of solutions which exist for

much smaller n.

If on the other hand, we fix the nodes {z,, ..., z,} in advance, the system of equations
(1.21) becomes linear in only n variables {w1,...,w,}. The nodes {x;,...,x,} can
always be chosen as the nodes arising from the tensor product of d univariate quadra-

tures of degree m € N. For m,d sufficiently large the cardinality n of nodes arising

m-+d
d

equations in (1.21) certainly has a solution. However, the cubature formula, resulting

m;li-d) )

Indeed, for a cubature formula to be interpolatory, we have the following bounds on

from the Cartesian product, satisfies n > ( ), then the system of moment matching

from the product of univariate quadratures will not be interpolatory, since n > (

the cardinality n of its nodes.

Theorem 1.2.5. [ Theorem 6.2.3, [2]] The number n of nodes in any interpolatory

cubature Q" with degree of eractness m satisfies

m

<L5Jd+ d) = dim(ITy)) < n < dim(IT3,) = (m , d) (1.23)

Hence, to construct an n-node interpolatory cubature formula of degree m, we
must take n to be equal to at least the lower bound (1.23), and it is sufficient to take n
equal to the upper bound. There is no assurance that cubature formulae that achieve
the lower bound in (1.23) can be found, such cubatures have only been found for low

dimensions and small degrees of accuracy.

It is widely asserted, see [95], [2] that three desirable properties of any d-dimensional
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cubature formula of degree m € N are as follows:

d
1) Number of nodes n should be as small as possible, n < <m; ) (1.24)

2)Nodes should be located inside the region of integration

3)Weights should be non-negative

Tchakaloff’s Theorem [16] asserts the existence of cubature formulae of any degree
m € N in d dimensions, satisfying the three aforementioned properties, with respect
to a positive compactly supported measure, which is absolutely continuous with re-
spect to the d-dimensional Lebesgue measure. The resulting cubature formulae are
interpolatory. We will provide a detailed discussion of Tchakaloff’s Theorem and its

extensions to general Borel sets R C R? for positive Borel measures on R? in Chapter 2.

Completely analogously to the univariate quadrature formulae, the following theorem

insures the convergence of interpolatory cubature formulae with non-negative weights.

Theorem 1.2.6. [Theorem 6.2.4 [2]] Any interpolatory cubature formula Q™ with a

degree of accuracy m satisfies

wis] = | [ reienie - iwif@»

< (/}%p(g)ngrZIwi!) en(f) (1.25)

where
en (f) == { ||Py = flloo : Pn €%, }

If all cubature weights are non-negative, then

)R"[f]’ = ‘/Rf(z)p(@)dz— Zj:wif(%)

n

<2(Yw) el (126)

i=1

where p denotes a non-negative integrable weight function

If the weights of interpolatory cubatures {Q%}nx of degree m are non-negative

for all n, then the error bound implies convergence

Q] - /R f@p@)dz  as  m— oo

for all f € C(R), provided the integration region R is bounded and closed. Similarly to
the univariate quadrature formulae, the error in cubature formulae with non-negative

weights decreases as the degree of accuracy increases.
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1.2.1 Multivariate Cubature Methods

About four decades ago, A.H. Stroud published his encyclopedic work on multidimen-
sional numerical integration, see [20]. In this book Stroud presented a comprehensive
bibliography and listing of almost all cubature formulae, known at the time, for a vari-
ety of regions of integration. Continuing the work of Stroud, Cools and Rabinowitz see
[57] [58] have published a reference to the collection of all known cubature formulae,

which have appeared in publication since Stroud.

A vast variety of techniques has been explored in order to produce cubature formulae
with a small number of nodes, among the most notable efforts are the measure theo-
retic, randomised and sparse grid methods. Prior to illustrating these, we will recall

some other significant approaches.

The invariant theoretic approach exploits the symmetry of many common multidimen-
sional domains of integration such as the unit hypercube, unit sphere, unit simplex,
etc. Sobolev, in [35] has shown how to simplify the moment matching equations in
the definition (1.0.11), when considering the non-linear formulation of the problem
by using the theory of invariant polynomials. This approach has been extended by
Espelid [31], [32], Genz [34], Haegemans and Cools [33]. This approach, however does
not remove the need of solving nonlinear systems of equations, that for moderately
large dimensions and degrees are still too complex to be solved in closed form. Another
notable method of constructing cubature formulae with minimal number of nodes is
based on ideal theory and has been employed in [37], [38],[39]. Whilst useful for practi-
cal cubature construction in 2 dimensions, higher dimensional results have not yet been
obtained. Another approach is that of lattice rules, [14] which are particularly suit-
able for numerical integration of periodic functions. However, if one wants to obtain a
high rate of convergence for smooth non-periodic functions, then one has to transform
the integral into a periodic function. These transformations often reduce the smooth-

ness of the underlying functions and drastically increase the norms of their derivatives.

In the following, we will introduce randomised or Monte Carlo numerical integra-
tion methods and appealing to their underlying limitations we then proceed onto
Quasi Monte Carlo methods, based on equidistributed and low-discrepancy sequences
of nodes, this constitutes the number-theoretic approach to cubature. Next, we shall
illustrate the Sparse Grid methods, based on the Smolyak algorithm. We will present
extensive results for this methodology as it will, in the coming chapters, serve as a com-

parison for the cubature algorithm developed in this thesis: Carathéodory Cubature
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Algorithm. Finally we will outline the key ideas behind the Carathéodory Cubature
Algorithm.

1.2.2 Monte Carlo Methods

In very high dimensions, d > 15 all numerical cubature constructions become too ex-
pensive, so randomised methods, also known as Monte-Carlo methods, which do not
suffer from the “curse of dimensionality”, are often employed as their convergence rate
is independent of dimension. However, we note that the computational effort ofMonte-
Carlo methods, is still highly dependent on the underlying dimension of the domain

of integration.

Monte Carlo numerical integration is based on probabilistic interpretation of the in-
N

n=

tegral (1.15). Consider a sequence {z, }_, C [0,1]¢ of uniformly distributed pseudo-
random numbers and equal weights w; = 1/N. Then, by the Strong Law of Large of

Numbers (Feller 1971), the empirical expectation

MOAlf) = 5 3 fe,)

converges to I;[f] with probability one, as n — oo if f has finite variance o%(f), where

1/2
o(f) = (/{0 .y (f(z) - Id[f])%z@)

The Central Limit Theorem tells us that the Monte Carlo integration error is dis-
tributed as €M ~ o(f)N"2X, where X ~ N(0,1) is a standard normal random
variable. Hence, the MC error is of size O(N~2), with a constant given by the vari-
ance of f. In contrast to deterministic integration methods, we do not have an upper
bound on the absolute integration error, but rather we obtain a result that tells us

that the error is of a certain size with some probability.

The computational time for Monte-Carlo is proportional to the number of samples,

which grows rapidly as the desired accuracy is tightened, indeed

MO = O(U(f)N*%)
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There are many options for accelerating Monte-Carlo or equivalently reducing it’s error.
In the following, we present two such methods, for more details see [18]. The first is
based on variance reduction, in which the integrand is transformed so as to reduce
the constant variance o(f). The second is to replace the actual sampling random
variables by an alternative sequence which improves the exponent of convergence 1/2.
The first approach includes methods such as stratified sampling, control variates and

importance sampling, which we briefly review in the following.

1.2.2.1 Stratified Sampling

Stratification consists of splitting the domain of integration R into sub-domains R;,

performing Monte-Carlo on each sub-domain and adding the results, to obtain the

following
o[BIl = 0
MCR[f] =) =8> )
j=1 7 =1
where ggj ) are points in R;. The variance and error of the stratified Monte-Carlo
become

AN =Bl =o(mn?)

where the variance over each sample R;, o5(f) is given by

20y 1 S — x 2 z
%)= 1R /Rj (f<_> |1 /ij(_)> "

Since the variance over a subset is always less than the variance over the whole set,

we have og < 0. Thus, stratification always lowers the integration error.

1.2.2.2 Importance Sampling

Importance sampling technique consists of introducing a density p

I[f] Z/f@)dzz/%p@)dg

Now, we consider the integral I[f] as an integral with respect to density p and sample

points from this density, to form the Monte-Carlo estimate

(z,)
(z,)

-

MR =Y

n=1

!
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the resulting variance and error are given by

wn= | (@ - f[f]) p@idz, & =0(o,(HN?)

p(z)

Hence, importance sampling is effective if we choose f/p is nearly constant, so that o,

is small. Since if we choose p(x) = cf(x) with ¢ = W then p(zx) normalises to

/p@)dz =1

giving an estimation to the integral with variance zero. In practice it is often difficult

unity

to find an appropriate density p such that f/p is nearly constant, and sample variables
from this density. A more successful application of this method is to emphasise some
rare but important events, that is small regions of the domain of integration where f

is large.

1.2.2.3 Control Variates

The idea of control variates is to use an integrand ¢ which approximates f and for

which the integral I[g] = [ g(x)dz is known. By linearity of the integral, we have

/f(@)dg: / (f(g) —g(£)> +/g(£)d§

If the function g is chosen carefully, the variance of (f — ¢g) will be smaller than the
variance of f and the Monte-Carlo estimate constructed on the integral of (f — g), will

have a reduced variance.

Finally, we note that the convergence rate of Monte Carlo does not take into ac-
count the smoothness of the underlying function. Thus, smoother integrals are not
computed more efficiently than the non-smooth ones. As noted in [18], comparing the
rates of convergence of Monte Carlo with product cubatures for a given function of
smoothness r, f € C"[0,1]?, Monte Carlo method performs better if r/d < 1/2. That
is, Monte Carlo converges faster for low smoothness, high dimensional integrals. By
Bahvalov’s result (1.19), if » = 1, then for any dimension d > 2, the best one can say
about the error of any non-probabilistic cubature formula is that it would be O(N _5),
which yields a convergence rate slower than Monte Carlo. In one dimension, more
rapid convergence than Monte-Carlo is easily obtained, but in multiple dimensions
and for discontinuous integrands or integrands containing singularities Monte-Carlo is

a very efficient integration method.
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1.2.3 Quasi Monte Carlo

One of the drawbacks of the Monte-Carlo methods is that some areas of the domain
of integration are sampled heavily, whilst other areas are not sampled at all, a phe-
nomenon known as clustering. In contrast to pseudo-random sequences of random
variables, employed by Monte-Carlo, quasi-random sequences are designed to provide
better uniformity throughout the domain of integration and hence faster convergence.
Quasi-random, also known as low-discrepancy sequences of abscissas, form the basis

of a number-theoretic approach to multidimensional integration.

In the following we will describe the uniformity of a sequence of points in terms of its

discrepancy, to introduce this we need to define the following

For any sequence of points {z, }_, in [0, 1]¢, define

N
1
Ry(E) = N > lia,eny — vol(E)
n=1

for any subset E of [0, 1]¢, where 14, denotes the indicator function. The discrepancy
of a sequence is thereby defined by some norm applied to Ry (E) for an appropriately

chosen set of subsets of [0, 1]¢, such as the collection of measurable subsets of [0, 1]%.

Definition 1.2.7. [Definition 6.3.2 [2]] For a non-empty set M of measurable subsets
of [0,1]%, the discrepancy D' of a sequence {z,}_, in [0,1]¢ with respect to M is
defined by

DV (z,,. .., zy) = sup RN(E)(

The two following choices of M

M, = {[al,bl) % .. % [ag, ba) C [0, 1]d}

M = {[0.b1) .. x 0.52) € 0,117}

lead to discrepancies Dy and Dy respectively, the latter is known as the star discrep-

ancy.

The following theorem illustrates what it means for a sequence to be equidistributed

or uniformly distributed.
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Theorem 1.2.8. [Theorem 6.5.2 [2]] An infinite sequence {z, }°%, in [0,1]? is equidis-
tributed if and only if

lim Dy(z,,...,zy) =0
n—oo

Moreover, the sequence {z, }°°, is called as quasi-random, see [18] if
Dy(zy,...,zy) < c(log(N))*N~!

where ¢, k are constants independent of N, but may depend on dimension d. The
simplest example of a quasi-random sequence for d = 1 is Van der Corput sequence,
obtained by reverting the binary bits of a number n around the decimal points as

follows
N = QpQpy—1...0aA1090

T, = 0.apa1 ... Qm_10m,

Notable d-dimensional low-discrepancy sequences, for which the discrepancy is small,
are the quasi-random sequences Halton[23], Sobol [24], Niederreiter [25]. All of these

sequences exhibit the following discrepancy bound
Dy = O((logN)*N™)

The basis for the error analysis of Monte-Carlo integration based on quasi-random

sequences is the Koksma-Hlawka inequality.

Theorem 1.2.9. [Theorem 5.1 [18]] For any sequence {z, }_, in [0,1]¢ and any func-
tion f of bounded variation, let the Quasi Monte-Carlo estimate and it’s corresponding

error be given by

MCRUf = D f@,), elf) = [MeRis - 117]

n=1

then the following error bound holds

elf] < VIfIDy

where V[ f] is the variation of the function f in the Hardy-Krause sense, that is

gl f

Vil = oty ... 0ty

d
’dtl...dtﬁZV[f{”]
=1

[0,1]
wn which fl(z) 18 the restriction of the function f to the boundary x; =1
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Hence for any quasi-random sequence with discrepancy of order O((logN)?N 1),
the Koksma-Hlawka inequality implies that the Quasi Monte-Carlo integration error
is bounded by

e[f] < eV[f]((logN)IN "

And hence the Quasi Monte-Carlo method for the aforementioned low-discrepancy
quasi-random sequences achieves the reduction in the exponent of N from 1/2 to 1,
when compared to standard Monte-Carlo. However, we note that a dependence on
dimension is introduced through the (logN)? term. For large dimension d, the bound
is dominated by this term, unless N > 2¢. Moreover, Quasi Monte-Carlo integration is
found to lose its effectiveness if the integrand f is not smooth. The factor V|f] in the
upper bound is an indicator of this dependence, although in practice a much smaller
amount of smoothness, somewhere between continuity and differentiability, is usually

sufficient, see more details in [18].
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1.2.4 Smolyak Cubature

In 1963, Smolyak [40] derived a construction of multivariate cubature formulae by
providing a suitable linear combination of tensor products of univariate quadrature
formulae, utilising a considerable smaller number of function evaluations than the full
cubature tensor product (1.16). Hence, this method is also known as the Sparse Grid
method. Smolyak considered the following class of functions, with bounded mixed

derivatives up to order r

olel f

a1 ag
0x" ... 0z,

ng:{f: 0,1 - R,

<00, a=(ay,...,a) € NE, aigr}

[e.9]

Assume that {Q;};>1 is a collection of n;-node quadrature formulae on [0, 1] where

Q; is given by

Qilf] = wif(h) Wi €R, (25)"_ C[0,1] for i>1
j=1

Now, utilising the notation A; = (Q; — Qi_1), for i € N, with Qo = 0. The " level

Smolyak cubature formula is given by

QMU d)= > (A ®..®A,)

li| <l+d—1

with i = (i1,...,4q) € N& and |i| = |i|;. Hence, the summation is taken over the

simplex |i|; < ¢+ d — 1, in contrast to a full tensor cubature product formula

(QZ®"'®QZ):Z Z (A, ®...04A,)

j=11<i;<¢

where the summation is taken over the cube |i|, < ¢. For example, for case d = 2, we

have

QSM(& 2) = Z (Qu ® sz) - Z (Qll ® le)

i1 +io=V, i1 +io=0—1

and for a general dimension d the analogous formula is

QSM(& d) = Z (_1)£+d—\i\—1 ’ <‘Cj’__11> : (Qn ® Qiz ®...0 de)

(< [i|<l+d—1
Smolyak construction comes in various flavours depending on the constituent sequence
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of one-dimensional quadratures. Smolyak Algorithm with Clenshaw-Curtis quadra-
tures is studied in [62], with Gauss-Legendre and Gauss-Patterson in [93] and with
Gauss-Hermite [45].

The error bound for Smolyak cubature based on the sequence of interpolatory
quadratures with positive weights, such as Clenshaw-Curtis, Gauss-Legendre and Gauss-

Patterson, is given by

R = |11~ @V (& A1 = O (" - (logn) @+

for f € W). If f has mixed bounded derivatives up to and including order r, the above
estimate is optimal, up to a logarithmic factor, in the smoothness scale considered, for
any r € N, see [92]. For classical spaces C"[0, 1]¢ error bounds for Smolyak construction

can also be derived, see [44], but they indicate exponential dependence on dimension.

Clearly, QM (¢, d) is a linear functional and it depends on f only through function

evaluations on a finite number of points. To describe these points, let

supp(Q;) = {a, ... 2l } € [0,1]

denote the set of nodes of @;. The full tensor product (Q;, ® @i, ®...® Q;,) is based
on the grid supp(Qy,) x ... x supp(Q;,) and therefore Q™ (¢,d)[f] depends at most

on the values of f at the union

H((,d) = U (supp(@il) X ... X Supp(Qid)) c [0, 1]¢ (1.27)
li|<t4+d—1

Clearly, quadrature sequences with nested support, supp(Q;) C supp(Q;y1), are the
most economical choice for the Smolyak construction, as they yield H(¢,d) C H({ + 1,d)

and hence the number of functions evaluations in (1.27) is reduced to the sparse grid

U <3upp(Qi1) X ... X supp(Qid)> c [0, 1]¢

li|=t+d—1

The number of points n(¢, d) in the sparse grid H (¢, d) clearly satisfies

n(l,d) <n(H(Cd) = > ny...on,

|i]<l+d—1

and if we further assume that n; = O(2¢), then the order of n(¢,d), then as noted in
[92][lemma 5], we have
n(l,d) = O(2°- 1)
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in contrast with full tensor product rules, which would give O(2°/) number of points.

The ¢*" level Smolyak Algorithm when applied to f can be written as

niq Nig

QMU= > D) N fal 2l (1.28)

[i|<t+d—1 j1=1  jg=1

where, in the case the quadratures are nested, the weights are given by

Aé = Z /6(11 +q1)j B(Zd""Qd

li-+q|<f+2d—1
with ¢ € N¢, where
wj- if g=1
Blivas =
witd — ittt if g > 1, af = gt = ghta?

and in the non-nested case the weights are given by /\3 = wﬁ . w]d, see [93].

Regardless of the positivity or non-positivity of the underlying sequence of quadra-
ture rules in the Smolyak construction, the resulting algorithm will contain negative
weights, hence it is especially important to avoid numerical cancellation, so instead of
implementing the summation in (1.28), with increasing ¢, it is recommended to per-
form summation coordinate-wise, see [93]. Convergence is in general guaranteed, due
to the absolute values of the weights remaining relatively small. However, it can be
shown [44], that both in the nested and in the non-nested case the norm of Q5™ (¢, d)

n’Ll nzd

Q¥ d)l =Y > ... > NI =0((og(n(t,d))*) (1.29)

li|<t+d—1 51=1  ja=1

Hence ||Q°™(¢,d)]| exhibits exponential growth in the log of its cardinality. Thus the
norm may be very large, rendering the Smolyak algorithm unstable. The norms of
QM (¢,d) are generally much smaller if the underlying sequence of quadratures are

Clenshaw-Curtis formulae, rather than Gaussian quadrature formulae.

Letting II, denote the space of all one-dimensional polynomials of degree < /¢, we

consider the following polynomial spaces
Bty oeot 1)

If Q, is exact for Iy, then the ¢ level Smolyak cubature QM (¢, d) is exact for Pg,
see [93].
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However, in order to obtain an estimate in terms of the classical polynomial exactness
for a cubature formula, based on the space of all d-variate polynomials of degree < ¢,
that is

e = {Hil Q- @My, il = e}

we have the following lemma.

Lemma 1.2.10. (/42]) Let {Q;}ien be a sequence of quadrature formulae, if for all
1 €N
deg(Q;) > 2i—1

Then,
deg(Q M (0,d)) > 20 + 1

Many sequences of quadrature formulae can be constructed to satisfy the assump-
tion of the aforementioned lemma, amongst them: Clenshaw-Curtis, Gauss-Patterson,

Gauss-Legendre.

1.2.4.1 Clenshaw-Curtis Sparse Grids

Let {Q%“}i>1 denote a collection of n;-node Clenshaw-Curtis quadrature formulae on

[0, 1], where Q; is given by
QYU = wif(ah) wiER, (z1)" C[0,1] for i>1
j=1

and the abscissas are given by the extrema of Chebyshev polynomials, as described in
Section 1.1.2; that is

i (-1 -
xj:—cos<ﬁ> j:l,...,ni

similarly the corresponding weights are provided in Section 1.1.2. As noted in [62],

sparse grids based on a sequence of Clenshaw-Curtis quadrature formulae are often
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preferable to other sparse grids, as they are nested and the weights of different signs
at common points partially cancel each other, which ensures superior stability of the

cubatures generated.

In order to obtain nested sets of abscissa from a sequence of Clenshaw-Curtis quadra-

ture formulae, we need to choose QY such that, see [46]

ni=2"14+1 for i>1 and n;=1 (1.30)

In light of (1.6), Clenshaw-Curtis quadrature formulae satisfy the following error bound

B0 = [0 = @Eels)| < 27 (131)

where 7, is a constant dependant on 7. Then the error of the ¢** level Smolyak cuba-

ture for integrands f € W is illustrated in the following theorem.

Theorem 1.2.11. [Theorem 1 [62]] Let 6, = max (2", - (14 2")), then the error
of the Smolyak cubature Q¥ (¢,d) satisfies

Ry1A]] = 1]~ Q2 a)fl] <6, (d ! 1) P

We note that since deg(QY¢) = n; — 1 = 2= > 2i — 1 the requirement of lemma
(1.2.10) is satisfied, therefore we have deg(Q2Y (¢, d)) > 2¢ + 1. As noted in [47], the
precision of the Smolyak sparse grids grows linearly with the level ¢, whereas the preci-
sion and the number of nodes in the constituent sequence of Clenshaw-Curtis formulae
grows exponentially with dimension. This an anomaly, that suggests that there may

be a more economical way of constructing sparse grids from Clenshaw-curtis formulae.

1.2.4.2 Delayed Clenshaw-Curtis Sparse Grids

The usual sparse grid construction of level ¢ is only guaranteed to achieve a precision of
2041 for Clenshaw-Curtis sparse grid, but if we construct the sparse grid based on the
sequence of Clenshaw-Curtis formulae satisfying (1.30), we will greatly exceed the pre-

cision requirement by obtaining an accuracy of 2¢ for some higher order monomials. We
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do so at a corresponding higher cost, as noted in [47]. To avoid this overhead, we note
that the Smolyak construction does not require successive members of the sequences
of quadratures to be distinct, and it is possible to base the sparse grid on a modified
sequence Q, with the number of nodes n; increasing slower with 7, than n;, which will

come close to achieving linear growth in the cardinality of the quadrature sequence Q;.

The sequence n; of number of nodes in Clenshaw-Curtis quadrature formulae @); takes

the following form
{ni}is1 = {1,3,5,9,17,33,...,2"" 1 +1,...}

If we require in the Smolyak construction a sequence of quadratures such that at each
specific level £ the minimum polynomial degree 2¢+1 is reached, then we need to select
quadrature formulae that are not necessarily distinct. For example, for levels 0 to 4 the
number of nodes in the above family is 1,3,5,9,17 and the corresponding minimum
precision requirements are 1, 3,5, 7,9, hence ng = 9 exceeds the precision level required,
moreover it is still good enough to meet the precision at level 4. Following this logic,

we obtain the following sequence of cardinalities of {Q;}i1
{n;}i>1 =1{1,3,5,9,9,17,17,17,17,33 ... }

In general, the sparse grids based on Clenshaw-Curtis family {Q;};>1 and the delayed
Clenshaw-Curtis family {Q;};>; will be the same until level 4, but at level 4 and
beyond the difference in the number of points is very noticeable, particularly for low-
dimensional grids. For illustration below we present the number of nodes n; and n; in

dimensions 2 and 3 up to level 10, for more details see [47]
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DIM 2 3 DIM 2 3
SMOLYAK CC LEVEL SMOLYAK CC DEL LEVEL

0 1 1 0 1 1
1 ) 7 1 ) 7
2 13 25 21 13 25
3 29 69 31 29 69
4 65 177 41 49| 153
d 145 441 5| 81| 297
6 321 1073 6 | 129 | 545
7 705 2561 71161 | 881
8 1537 | 6017 8| 225 | 1361
9 3329 | 13953 9 1257 | 1953
10 7169 | 32001 10 | 385 | 2721

Table 1.1: Smolyak Clenshaw-Curtis and Delayed Smolyak Clenshaw-Curtis
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1.3 Contributions and Significance

1.3.1 Carathéodory Cubature Problem Formulation

Given

L[f] = fl@)de, x=(z',...,2% (1.32)

[0,1]

we will provide a constructive derivation of an interpolatory cubature formula Q“A%(m, d),
whose existence is proved in Tchakaloff’s Theorem, satisfying the desired properties

of cubature formula (1.24).

From Section 1.2, we recall that by definition, any cubature formula of degree m € N, is
required to integrate all d-variate polynomials of degree < m exactly. To achieve this,
we may proceed by fixing a collection of abscissae {z, ..., z,} and form a linear system
of moment matching equations. In the following, we choose the nodes {z,,...,z,}, to
be the nodes arising form the Cartesian product of d-univariate quadrature formulae.

Let {Q;}, denote a collection of d univariate quadratures of degree m € N

QU= Qilfl =) _Nif(a)), (1.33)
j=1
with .
NoERy, Y N =1, {a}" 0,1 for i€ [l,d] (1.34)
=1

for example we could take the Clenshaw-Curtis quadrature formulae with n = m+1 or
the Gauss-Legendre quadrature formulae with n = (L%j + 1), yielding the Cartesian

product cubature of degree m € N

Qm.d)[f]:==> .3 M M fa), .2l = Zwif(%) (1.35)

Jji=1 Ja=1

N
where w; =M A eRy, Y wi=1, {a}, < [0,1)%, N=n
=1

By definition of a cubature formula, Q(m, d) integrates exactly all the basis elements

B(M) = {y1,...,7x} for some fixed basis for I1¢ with 7;(z) = 1 and dim(11%) =

("

moment matching equations

) := M. Hence, the nodes and weights of Q(m, d) satisfy the following system of
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onle) +o+ovnlen) = [ @)
[0,1]

@)+t ovnlen) = [ @i
[0,1]

or(Ey) + -+ wonar(@y) = / ur(@)dz
[0,1]¢

By interpreting the moment matching equations above, as a linear system in variables

{wi,...,wy}, we can write concisely

Aw=>b, w>0 (1.36)

where A € RM*N " w e RY, b e RM are given by

T (gl) e 4! (QN) w1 f[(],l]d 71 (@) d@

and 2N, w; = 1 is given, since ,(z) = 1. Now, by defining the (m,d)-monomial

mapping Y4 == (y1,...,7m) : [0,1]¢ — RM we can write
A= [Vﬁz(gl)a T 77gn(£N)]
and by (1.36), we have

b= Aw = iwﬂi(&) S Conv({%(&), % ﬁi(%ﬂ)

N N
= {Zamfn(gi) ‘ Vit >0 A Zai: 1}
i=1 1=1

where Conv({z,,...,zy}) denotes the Convex Hull of the set {z,,...,2zy}

We recall the Carathéodory Convex Hull Theorem
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Theorem 1.3.1. Carathéodory Convexr Hull Theorem[p263-26 [51] ]
Let S € RM, card(S) > M + 1, if £ € Conv(S) the convex hull of S, then x €
Conv(R), for some R C S, card(R) < M + 1.

The construction of the Cartesian product cubature of degree m € N in (1.35),
yields a collection of nodes {z,,...,xy} and strictly positive weights {wy,...,wn}.
By considering the span of the columns of the matrix A in (1.36), given by the (m, d)-

monomial map evaluations at the nodes {zx;,...,zy}, we set

S = {yh(@m), - v (zy)} CRY

For large enough degree m € N and dimension d € N, we will have card(S) = N >
M + 1. Thus, by appealing to the Carathéodory Convex Hull Theorem there exists a

subsequence
R:={y(z,), - m(@ )}CS, M <M+1

satisfying

78

N
b= Zwi%i(%) € COM({%(QI), e ,vi(giA ,)}) C RM
=1

The above is equivalent to stating that there exists a collection of weights {@1, ce Wy }
R, for which we have
Ml
b= i(z,,) (1.37)
k=1

We note that Z,Af:l Wy, = 1, is implicitly given by (1.37), since v, (x) = 1.

Once we know how to obtain the collection {@k}i\il, we proceed to select M’ nodes
{z;, }24:1 out of N product cubature nodes {Ql}i\il in (1.35), receiving strictly positive

weights Wy,.

We recall that the original problem of finding an interpolatory cubature, consists

m-+d

4 ) and a sequence

of finding a collection of nodes {%k}i\; of cardinality M < (

’

of weights {@k}iil which solves the moment matching equations for the prescribed

collection of nodes uniquely. This problem can now be re-formulated as follows:
given a collection of cubature weights {Wi}ijil and nodes { %}]\;1 of some cardinality

)

N > M = (md“l) we endeavour to find a new sequence of positive weights {@k}]’:{:l
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on the subset {g%}f:l and formally zero weights on {gz}il\{%k}i\il Thus, by

finding such a collection of strictly positive weights {@k}iil, we simultaneously find

the weights and the nodes of an interpolatory cubature formula.

Now we are in a position to form an interpolatory cubature formula of degree m € N,

which we will denote by
MI
QUM (m, d)[f] =Y Grf(a,,) (1.38)
i=1

We note that Q“A%(m,d) satisfies the three desired properties (1.24) of a cubature

formula

L card(Q°*(m,d)) = M < M = (")

2. {2%}24:1 - {%‘}521 - [07 1]d

3. O >0,Vk e 1,M]

To ensure that the resulting cubature formula is interpolatory we will need to verify

that the weights {@k}i‘il are the unique solution to the system of moment matching

’

equations, formed with nodes {%k}i/; As noted in Section 1.2, this is equivalent to

requiring that the linear functionals

!

w; ...z, 1 >R  defined by x}(P)=P(z,) k=1,...,.M

=410 (N —k

are linearly independent over I1% .

We can ensure that the latter condition is met as follows. We require that the (m, d)-
monomial map 7% = (71,..., ) : [0,1]7 = RM evaluated at {m-k}iil, the cubature

—1

nodes of Q4%(m,d), forms a full-rank matrix of rank M . In other words the matrix

!

A = @) b )] has rank(A) = M
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1.3.2 Carathéodory Cubature with Simplex problem formu-

lation

Let us now, describe one constructive procedure for finding the collection of weights
(G },L, € Ry, satisfying (1.37).

We note that the vector of product cubature weights w = [wy,...,wy]T € ]Rf , arising
from the cubature product measure in (1.35), is known as a feasible solution to the

following LP(Linear Programming) problem

s

z=> (1.39)

>0

I8

where A € RM*N b € RY are defined in (1.36). The solution w is feasible since it
satisfies all the constraints of (1.39), and hence lies in the feasible region of (1.39),
defined as

X::{QERN:AQZ QZQ}

=

Therefore the LP problem (1.39) is said to be feasible, since a feasible solution w ex-
ists. Moreover, we note that w is a strictly feasible solution since w > 0. From [49],
we know that every feasible LP problem admits a basic feasible solution. Essentially,
a basic feasible solution @ for (1.39) is a solution that is guaranteed to have at least
(N — M) zero coordinates, that is, it is given by @ = [@y,...,W,,,0,...,0]7 with
M’ < M. In the following, we provide a formal definition of a basic feasible solution
to (1.39) and illustrate how it can be utilised to construct the interpolatory cubature

QY“E(m, d) from Q(m,d), discussed in the previous section.

For simplicity of exposition, let us assume for the moment that rank(A) = M.
We let Zg = {ji,...,jm} C {1,...,N} be some subset of indices of the columns
of A= { a; };Vzl that form a linearly independent set, so that

B=la;,...,a;

—J17 ]M]

with rank(B) = M

and let Zyy = {1,..., N}\Zs be the set of indices of the columns of A, that are not in
Ts. We define B € RM*M and N € RM*WN=M) "guch that A = [B, N]. Then, since B

is non-singular, we can define a vector @ = [ @5, @ |7, given by
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@wp=B""b (1.40)

Then, the vector @ = [ @g, @y |7 = [@1,...,01,0,...,0]7 € RY is called a basic
solution. If @; > 0, then @ is called a basic feasible solution and if at least one
of the components of Wy is zero, then W is called a degenerate basic feasible solution.

Degeneracy occurs in scenarios, such as when the underlying matrix A is rank deficient.

Relaxing the assumption on the rank of A, that is assuming rank(A) = M < M,
we let Zp = {j1,...,Jy} C{1,..., N}, be a set of indices, such that {a- e ,}
M

=J1°

Q

forms a linearly independent set and Zy = {1,..., N}/Zp. We can then, partition the

underlying matrix A as
A=[B,N] BeRMWM NeRMN-M)

where B consists of the subset of columns of A indexed by Zg and N consists of the

subset of columns of A indexed by Zy.

We define a basic feasible solution to (1.39), as a vector
@=[w5 oy =[@,...,0,0,...,0" e RY (1.41)

satisfying
AQ:BQB+NQN:Q+Q:Qa QB >Q» QN:Q

See e.g [49], [50]. This is the most general form of the basic feasible solution, that we
will be dealing with in the context of this thesis. We recall that the underlying coeffi-
cient matrix A in (1.39), is the moment matrix associated with a prescribed collection
of cubature nodes {z,,...,xzy}, arising from the product cubature Q(m,d) and basis
elements B(I1%) = {v1,...,7}. Thus, for any given degree m and dimension d, we
may only conclude that rank(A) = M " < M and hence we denote any basic feasible
solution to (1.39) by (1.41).

By definition any basic feasible solution (1.41) yields a collection of M < M strictly

positive weights {@k};\il We know from the previous section that any such collec-

’

tion of positive weights {@k}kle can be utilised to select {sz}iil of cubature nodes
from the original collection of {z,,..., &} cubature nodes arising from the product

cubature Q(m,d). Thus, any basic feasible solution (1.41) satisfies the goal of our
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construction of Carathéodory cubature Q9% (m, d), given in (1.38) from the product
cubature Q(m,d). Naturally, by the strict positivity of weights in (1.41) and their
cardinality M" < M, the resulting cubature formula Q4% (m, d) satisfies the three

desired properties of a cubature formula, noted in the previous section.

We conclude that appealing to Carathéodory Convex Hull Theorem for the interpo-
latory cubature problem formulation coupled with the construction of a basic feasible
solution to (1.39) given by (1.41), does indeed provide a constructive method for ob-

taining an interpolatory cubature formula Q“4%(m, d) from Q(m,d).

We are now in a position to readily show that Q“4%(m,d) is indeed an interpola-
tory cubature formula. That is, we can show that any basic feasible solution (1.41)
to (1.39) is unique for the chosen set of abscissae {@Zk}iil As noted at the end
of the previous section, this is equivalent to showir}g that the set of columns of A
corresponding to the strictly positive weights {@k}iil is linearly independent in RY.
By construction of the basic feasible solution, the set of columns of A corres/ponding
to the strictly positive weights in (1.41) is given by {gik}{‘f:,l = {vgl(gzk)}iil and is
linearly independent subset of R™. Hence, defining A" = [y%(z;,), - - ,%gg(giM,)], we
have rank(A") = M’ as required.

In the aforementioned construction of Q®“4f(m,d) from a given product cubature
Q(m, d), we state that any basic feasible solution to (1.39) of the form (1.41) will yield
the desired interpolatory cubature Q“A#(m, d). Thus, we allude to the non-uniqueness
of basic feasible solutions to (1.39). Naturally, this means that Q4% (m, d) is also not
unique, however for the purposes of this work, we do not differentiate between differ-
ent basic feasible solutions (1.41) to (1.39), as they all yield an interpolatory cubature

formula satisfying the three desired cubature properties.

To illustrate the existence of multiple basic feasible solutions to (1.39), in the fol-

lowing we present a geometric interpretation of the LP problem (1.39).

Geometrically, finding a basic feasible solution @ to (1.39), amounts to finding an

extreme point of the feasible region

X = {QERN . Az =b, @zg} (1.42)

To introduce the notion of extreme points of the feasible region X, we recall the fol-

lowing definitions.
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A set H C RY is called a hyperplane if H = {x € RY : a'z = ¢} for some
non-zero @ € RY and ¢ € R and similarly H C R" is called a half-space if H = {x €
RY : a’x > c}. Both hyperplanes and half-spaces are convex sets, that is sets in
which any two points &, &, € H have their convex combination Az, + (1 — Nz, € H
for every A € [0,1]. Since the feasible region X is a finite intersection of hyperplanes
and half-spaces and finite intersection of convex sets is convex, we know that X is

convex.

A point x in the convex set X is called an extreme point if & cannot be represented as a
strict convex combination of the two distinct points in X', that is if & = Az, +(1— )z,
with A € (0,1) and x,, 2, € X, then we must have £ = £, = &,. An extreme point of
X is a point in X that cannot be made to lie in the interior of a line segment contained

in X, and hence is also known as a corner point or vertex.

The following lemma illustrates the correspondence between basic feasible solutions

and extreme points of the feasible region.

Lemma 1.3.2. [[51] Lemma 7.2] Given an LP problem in the standard form

Magzimise c'z (1.43)

subject to Ax=20b

I8
v
(==

where A € RM*N 2 € RV, b € RM, suppose that rank(A) = M and the columns
of A are ordered such that A = [B, N], where B € RM*M s non-singular and N €

RMX(N=M) "~ Then, the basic feasible solution @ = [ @5, @y |7, given by
QB = B_1Q
QN =0

is an extreme point of the feasible region of (1.43).

Hence, we know that if the underlying coefficient matrix A is full-ranked, the col-

lection of extreme points of the feasible region corresponds to the collection of basic
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feasible solutions, provided that the feasible region is non empty. We note that any ba-
sic feasible solution @ to (1.43) is given by identifying Zp = {ji1,...,jm} C {1,..., N},
be some subset of indices of the columns of A that form a linearly independent set,
thus giving an upper bound of (Aj\/ff) on the number of possible basic feasible solutions

or extreme points of the feasible region.

In practice, we will endeavour to find only one basic feasible solution to (1.39), as we
do not differentiate as to the quality of basic feasible solutions to yield a Carathéodory
cubature measure in a construction of (1.38). In the following, we proceed to illustrate

how we can find one basic feasible solution to (1.39).

In the Simplex problem formulation (1.39), firstly we assume that the underlying
matrix A has no identity submatrix, as otherwise an immediate basic feasible solution

is available to us by setting B = I, yieldingw = [ @5, @y | withwyz = B"'b=5b> 0.

A standard method for finding an initial basic feasible solution to (1.39) is to in-
troduce a vector of artificial variables &, and thus get a basic feasible solution to a
modified problem. Subsequently, the Simplex method can be employed to force these
artificial variables to zero and obtain a basic feasible solution to the original problem
(1.39). For a detailed discussion see Chapter 4 [50] or Chapter 8.4 [51].

We proceed by adding a non-negative vector of artificial variables x, € Rf\f to the

constraints in (1.39), resulting in the following formulation

—b (1.44)

By construction of (1.44), we introduce an identity matrix corresponding to ,. Thus

a basic feasible solution to the modified problem (1.44) is readily available, namely

[z, z,] = [0, b]

However, in order to get back to our original problem, we must force the artificial
variables to zero, since Az = b if and only if Ax +x, = b with , = 0. A widely

employed method to accomplish this, see Chapter 4 [50] or Chapter 8.4 [51], is to
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minimise the sum of the artificial variables, which amounts to solving the following

LP problem

M
Minimise Y a7, (1.45)
=1
subject to Ax+z,=0b
>0, z,>0

We solve (1.45) by the Simplex Method or Interior Point method described at the
end of this chapter, starting with initial basic feasible solution [z, z,] = [0, b]. If
the original problem (1.39) has a feasible solution, then the optimal value of (1.45) is
zero. Moreover, as the artificial variables x’ leave the basis, they are replaced with

legitimate variables and we obtain a basic feasible solution to the original problem
(1.39).

An approach very similar to the aforementioned method, utilising basic feasible solu-
tion to (1.39) for constructing Q4% (m, d) is presented in [48]. In [48], the authors
subdivide their for producing interpolatory method cubature into two categories: an
independent case, in which the underlying density p(z) is factorable into a product of

univariate densities, that is

d
p(x) = p(a',. .. 2%y =[] pila’)  with p;
i=1
and the jointly distributed case, in which the density p(z) is not factorable.

Implicitly, in our construction of the Cartesian product formulae in (1.35) we have
chosen the d-dimensional Lebesgue density p(x) = 1, which clearly falls into the inde-

pendent category in [48].

In Chapter 4 of this dissertation we introduce a more general framework for the
Carathéodory cubature algorithm that deals with any factorable density for which
univariate quadrature formulae are available. This generalised algorithm presented in
Chapter 4 will also fall into the independent case category. In order to deal with other
case, the case of joint densities, that are not factorable the authors in [48] proceed by

setting up a grid over the range of each marginal variable and construct a Cartesian
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product of these grids to obtain a lattice in d dimensions and subsequently proceed to
employ the Simplex problem formulation resulting from the cubature on the lattice to
produce an interpolatory cubature. However, they note that due to such a heuristic
selection of initial cubature points and weight there is no guarantee that the result-
ing linear program is feasible. In addition, it is noted that increasing the density of
the underlying mesh should restore feasibility and thus yield an interpolatory cubature
formula. In the present work, we note that an approach similar to [48] can certainly be
employed to deal with non-factorable densities within the framework of Carathéodory
cubatures, however it is outside the scope of this work to investigate such a method
and its potential fallibility in yielding a basic feasible solution and thus an interpola-

tory cubature.
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1.3.2.1 Computational Complexity of the Carathéodory Cubature with
Simplex problem formulation

The computational complexity of constructing Q“4%(m,d) via the Simplex problem
formulation, is dominated by the construction of the Cartesian product cubature for-
mula in (1.35), which requires touching N cubature nodes of dimension d and N
weights, thus having a cost of N(d + 1), constructing the linear system (1.39), which
has an associated cost of NM and computing a basic feasible solution to (1.39), which

has an associated cost of Csyprpr (M, N).

Thus the overall cost of constructing Q€% (m, d) via the Simplex problem formulation

is dominated by
C(QCAR(ma d)) = O(NM + Csrmprn(M, N)>

As we shall illustrate in Section 1.4, the computational complexity of finding a basic

feasible solution to (1.39) via the Simplex Algorithm, is on average given by
Csivpr(M,N) = O(M*N + MN?)
Yielding the overall cost of computing Q“4%(m, d) to be of order

C(QCAR(m, d)) — O(NM + M3N + MN?)

The cost O(N M) associated with the initial Cartesian product cubature construction
and constructing the linear system (1.39), can reduced via a recursive algorithm to
O(M?), independent of N, as will be illustrated in Chapter 4. Without explicit proof,
we conclude that the theoretical cost of constructing Q% (m, d) with Simplex problem

formulation is given by
C(QCAR(m, d)) — O(M®N + MN?)

we note that this cost has a quadratic dependence on N. In the vast majority of
problems, we will have N >> M, where N = card(Q(m,d)) = n? is the number of
cubature modes in the Cartesian product cubature Q)(m, d), which grows exponentially
with dimension. Therefore, the complexity of the Carathéodory Cubature construc-
tion with Simplex problem formulation, grows exponentially with dimension and thus

becomes intractable for sufficiently large dimensions d.
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1.3.3 Carathéodory cubature with SVD problem fomulation

In the following, we shall present an alternative problem formulation for computing
Carathéodory cubature that does not rely on utilising the Simplex or Interior Point
methods to find a basic feasible solution. This new problem formulation will delineate
the main contribution of this dissertation: an efficient algorithm for finding a basic

feasible solution to (1.39), in the case when a strictly feasible solution is at hand.

The novel algorithm, we are about to describe does not utilise any special structure of
the LP problem (1.39) and thus is more widely applicable in the context of comput-
ing a basic feasible solution to any LP problem, when a a strictly feasible solution is
known. Hence, we shall firstly present the algorithm in the most general framework

and subsequently specialise it to (1.39).

1.3.3.1 Formulation of general framework

We recall that any linear programming problem can be transformed into a problem of

the following form:
Min/Max c'z (1.46)
subject to Ax =0b
z>0, b>0

This is achieved by manipulating constraints and introducing slack variables, for more

details see Chapter 4 in [50]. In the following, we assume that A = [a@,,...,ay] €
RMN @ = [z1,...,an]" € RY and b= [by,...,by]" € RY.
Let us further assume that a strictly feasible solution w = [wy,...,wn]T € RY to

(1.46) is given, that is
Aw =b, w>0

Since (1.46) has a feasible solution, the problem is feasible and thus has a basic feasible
solution. To construct an initial feasible solution @ = [@1,...,Wp,0,...,0] € RY to

(1.46) we can utilise the Simplex Algorithm, as detailed in the previous section.
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In the following, we shall present an alternative algorithm for finding a basic feasi-

ble solution to (1.46). We consider the following modified system

Ao =b, @©>0
where
~ 1 ... 1
A=la,...,ay] = € RN
a... ay
~ ~ ~ w1 w1 N
@ =[w1,...,0n] = e ]GR
(=1 lw || i
b= [1,by,... by € RYF!
We will construct a basic feasible solution @ = [@y,...,&u,0,...,0] € RY, which is
simultaneously a basic feasible solution for
Min/Max 'z (1.47)

subject to flg = E

and for the original LP problem of interest (1.46). This holds, since the LP problem

(1.47) has only one additional constraint, compared to (1.46), namely the solution

vector is required to add up to one.

We note that, since w = [wy,...,wn|" € RY is a strictly feasible solution to (1.46), we

wn]? € RY is a strictly feasible solution to (1.47), that is

>0 (1.48)

have that @ = [&y, ...,

&

Ao = b,

Starting from (1.47), we proceed to formulate a sequence of LP problems of dimensions
independent of N, by means of hierarchical clustering of the LP problem (1.47). Elim-
inating the dependence on the parameter NNV is often crucial in reducing the complexity

of the overall algorithm, as many LP problems assume N >> M. Subsequently, we
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present a novel approach for finding a basic feasible solution to each of the LP problems
generated. We then, proceed to sequentially produce basic feasible solutions to each
smaller LP problem in turn and culminate with obtaining a basic feasible solution to

the original problem (1.47).

1.3.3.2 Hierarchical Clustering

For the purposes of hierarchical cluster representation, we shall be concerned with the
N
constraint data {(d}z, &.)}‘ of (1.48). For simplicity of exposition, we shall assume

that N = 29 and we have some M = 287! with S > R. We define D £ log, (21]\\;)
With these assumptions we can construct the coarsest hierarchical level of 2M clusters
{Cl, e ,C'QM}, satisfying

N

Ci C {(Wu )}

=1

. CiNCe=0 fori#?, UC’ {wl, )}].Vl, ] = 2P

Each cluster C; will be represented by its centroid (\;, gl), where

j:w;eC a eC;

Moreover, each cluster C; can be hierarchically subdivided into a collection of sub-

clusters as follows
Ci=Cy lUCy ' =CP 3 UuC)3uC)uC) 2= ..

0 0
— C(i*l)QD%»l U e U CiQD

where every subcluster C7 satisfies

. N . . N
C] c G, Ci = Cgk: 11 UOZk ) IC;iI = 2 |ng:—11‘ = |C§k1| = 9j—1

The hierarchical cluster representation is constructed using an agglomerative clus-

tering paradigm, starting with the collection {(d}i,éi)} as singleton clusters, we
i=1
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recursively merge each adjacent pair of clusters into a single subcluster, until we have
formed the desired 2M clusters {C’l, N O M}. We proceed as follows

Set CY £ {(@&;,a;,)} for k € [1,N]
with centroids (A}, §)) £ (@, &,)
For j=1:D, k=1:2P7

CL =03 U0y

DT Uy T
with centroids (/\k,yk) AN 2%k—1 ]zk 1 2k 2k
Ml + X

Output C; = CP for i € [1,2M]

with centroids (AP ,y )

This recursive agglomeration of clusters has a natural representation as a binary forest
of depth D. Each tree in the forest represents a cluster C; with all its constituent sub-
clusters C’j C ;. The nodes of each tree are labelled by the corresponding centroids
(/\{C,'gk) of CJ. Root nodes of the forest (AP Y, Dy are the centroids of the coarsest
clustering level {Cl, oo, Oy M} and leaf nodes ()\2, gk) represent the original singleton

clusters { (@1, @,),. .., (On,ay)}-

In the following, we illustrate the binary forest representation for N = 23 and M = 1.

(A%, g)) (A3, 93)
/\ /\
(AL g)) (A3 9) (A, F,) (A 9,)

(ALgy) (88, (8.8, (ALg) O848 (A8.gy) (A8) (A8.g)

By (1.48), we note that the centre of mass of the centroids for each prescribed hierar-
chical level j € [0, D] satisfies

25-7

Z Akyk b (1.49)
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In the following, we illustrate how the hierarchical cluster representation can be
utilised to construct a smaller LP problem from (1.47) on the clusters of original con-
straint data and present a novel approach for computing a basic feasible solution to

the LP problem generated.

1.3.3.3 SVD Algorithm for Basic Feasible Solution Construction
Let a collection of clusters {C’l, ce CQM} with centroids {()\l,gl), e ()\QM,QQM)}

and centre of mass of centroids 2]21/[1 MY, = b be given. Set

C=CO 2[5, . .. g, ]cRMM

You

A=2AD 2\ ] € R

Construct the following feasibility LP problem (with trivial objective function)

Q
S

&:

(1.50)

>0

I8

By (1.49), we know that A is a strictly feasible solution to (1.50), since

CA=b, A>0

Therefore since (1.50) is feasible, a basic feasible solution exists and can be obtained
via the Simplex algorithm. The cost of this computation is on average of order
O(M* + M3). In the following, we present an alternative Singular Value Decom-
position based algorithm for constructing a basic feasible solution to (1.50) with a

computational cost of order O(M?).

For simplicity of exposition, we assume that rank(C(®)) = M. We proceed to compute
the Singular Value Decomposition of C'?), given by
Vi
CcO =pyxvT = { Uy U } { Yl 0 ] (1.51)
VE)T
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where U € RIMFD>xM+D) 1y ¢ R2MX2M are orthonormal matrices, ¥y, = diag(oy, ..., o)
with o1 > -+ > o)y > 0. We recall that the Singular Value Decomposition of O
provides orthogonal bases for all four fundamental subspaces associated with C©. In

particular, we can readily obtain an orthogonal basis for the Ker(C®)
B(Ker(C)) = Col(Vy)
which we shall denote by
OV £(p ..., ¢ ] ="Col(Vy) e R**M

We note that any null vector of C(®) for 1 < i < M satisfies

2M

Z(?Z)Jg] =0

j=1
and in particular since ¢, ; = 1, Vj € [1,2M], we have

2M

Z<QZ>J =0

j=1

Thus, at least one (¢,); > 0, as ¢_# 0.

Furthermore, we note that for any @ € R and any 1 <1 < M, we have
b=CONO — OO0 _ a(C’(O)cb.) (1.52)

In particular, we can define

Q@) == min { “ (@), > O} = (:;—k) for some k € [1,2M]
= Zilk

We make an arbitrary choice of i = 1 in the definition of a() and in (1.52), which
yields the following

~ 2M 2M 2M 2M -1
b=COAY =3 NG, - a) (Z@J@) =2 —aw(@))g; = X 4G,
j=1

'3,
j=1 j=1 j=1
where AV £ [)\(11), o )\,(Cl_)l, /\,(:ll, e )\S\)/[]T € R2M~1 is given by
A —ay(@,); for j € [1,k—1]

A\ =

J

Aj+1 — ) (@,)j+1 for j € [k,2M —1]
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and
oM —1

S
j=1

Thus, since A\, — aq)(@
(1.50),

1

1 1 1 1
DA Lo AT e R

placing zero mass on the k' coordinate gk

We proceed to form a new matrix

1) _ 1~ . _ (M+1)x(2M—1)
CV=10y, Y Y.yl ER

and update ®©) = B(Ker(CW)) to obtain ®1) = B(Ker(CW)), as follows

He¥ =[¢,....0,]=20"=[p, . ¢,/

2) 0O =[g,,....0, ] >V =[p,,....0,]
(P, 1)k

e -8, [

Analogously, we can iterate the aforementioned procedure for 1 < i < M, with
Ol ¢ RM+Dx@M—(i-1)) _, ) ¢ RM+1)x(2M~i)

i—1 2M—(i—1) 7 2M —1)
A( )ERSF ( )—>A()€R(+

(P(i—l) c R(QM—(i—l))X(M—i) SN @(z) c R(QM—i)X(M—i)

until we have no more null vectors left at iteration i = M. Thus, we produce

COD <[, ,....g, ]| € RO

Z 41

A — N AUBD) e rY
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satisfying
OM) \(M) _ b, A(M) >0

Letting Zg £ {i1,...,ipy C {1,...,2M} and Zy = {1,...,2M}/Zp, we can partition

the underlying constraint matrix C'= [y, . .. ,Q2M] in (1.50) as

Y,--

C = [B7N] B e ]R(M+1)><M7 N e R(M+1)XM

where B & CM) = [gil’ ce QW] consists of the subset of columns of C indexed by
TIp, forming a linearly independent set, and /N consists of the subset of columns of C'
indexed by Zy.

We can construct a basic feasible solution to (1.50) as

o~

A= AT = 0,00 2 MY AP 0, 0] e R2Y

which satisfies
Cz:BXB“‘NXN:l_;‘FQ:E, XB >0, XN:Q

We note that the computational complexity of this approach to finding a basic fea-
sible solution is dominated by the computation of Ker(C®) and the kernel updates
P - o),

The kernel computation via the Singular Value Decomposition of an (M + 1) x 2M
matrix is a computation of order O(M?). Whilst each of the kernel updates are equiv-
alent to subtracting two matrices of dimensions (2M — (i — 1)) x (M — ). Hence,
since the kernel update is performed M times, the associated computational cost is
M x 2M — (i — 1)) x (M —i) = O(M3). Therefore, clearly the overall cost of the
algorithm is of order O(M?).

1.3.3.4 Recombination Algorithm

Given the hierarchical cluster representation of the constraint data in (1.48)
{C1U...,UCou} £ {CPU...UCy, } ={CP'u..uCh;'} =... = {C{U...UC}}

with centroids

{4, 8D, (Ns,. Gl )} for 0<j<D
whose centre of mass satisfies

25-7

> Mg =b (1.53)
j=1
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we can construct a sequence feasibility LP problems of the same form as (1.50).
In particular, starting from the coarsest level j = D, we have a collection of clus-
ters {Cl, . ,CQM} with centroids

{7, 90), - O gy,)} for 0<j<D
whose centre of mass satisfies

S NGl =b (1.54)

D) — p (D) A =D ~ D (M+1)x2M
CPz=b CP=2[g’,....5,]cR (1.55)
z>0
By construction, (1.55) admits a strictly feasible solution A?) = [AP_ ... AP 17 Since

by (1.54), we have
CDPIN\D) — 57 AP < o

We apply the SVD-based algorithm, described in the previous section, to compute a

basic feasible solution X(D) = [Xf), .., AP 0,...,0]" to the LP problem in (1.55).

~(D
Once computed the basic feasible solution A( ), we proceed to select the columns of

cP: {gfj, s ,QZI} - {gf, e ,ng}, corresponding to the strictly positive weights

~ ~ ~(D
AP AP Y in A( ). We also select the corresponding collection of subclusters
{cb,....cP}c{cP,....C4,}.

Next, we re-weight this collection of subclusters

{ch cPV 5 {CP,... ,CP}

1177 Ty 217

by re-assigning the mass of the centroids of C’ilz for 1<k<M
AP AP

whilst leaving the corresponding nodes of the centroids: fgf , unaltered.
—k

Thereby, we produce an updated collection of clusters {65 yees ég/l } with centroids

{(XlD, g70) (AP 25»1)}’ whose centre of mass, satisfies
M -~
COND =5 Ng; =b
k=1
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by construction of the basic feasible solution A " = [A{,..., A}, 0,...,0]" to the LP

problem in (1.55).

Next, we endeavour to produce an updated hierarchical cluster structure with the

coarsest level given by {@? Sy (7;13[} and each cluster (ng , hierarchically subdivided

into a collection of subclusters

CP=cht uCht=Ch2uCh2uCh2uch?=...

i 2y, dif— dif— iy,

O O
- C(ik—l)QD-l—l U LU C.kZD

)

M2P=i _
> gl =b
=1
similar to (1.53).
To accomplish this, we proceed as follows. Take each cluster C£ € {C’fl) fee e 054 }

together with its constituent collection of subclusters

D D-1 D-1 D-2 D-2 D—-2 D—-2

2, in— 4iy,

0 0
— C(ik71)2D+1 U e U C‘kQD

)

Consider the binary tree representation of C’flz , with tree nodes labelled by the centroids
of CZ C C’i’f

(A7)

0
()‘(kfl)2D+1’g(k—1)2D+1 k20> Ypop
We note that we can express each weight /\Z on each level 0 < 5 < D — 1 of the tree,
as a proportion of the root weight AP. Thus, for each level 0 < j < D — 1, we can
write
X =0I\P where 6) 2

J
14 S—j

)\_D for1§€§2 J
k
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We proceed to update the root weight on level j = D and each weight /\g on ev-
ery subsequent level 0 < j < D —1

AP 3D
A =N — X = 0IAP

Thus, yielding a binary tree representation of @}; , with tree nodes labelled by the

centroids of 6; C é\fz

(A, 5)

ot T i )

(k—1)2D+1’g(k71)2D+1 k2D Ypop

It can be readily verified that the updated tree represents a hierarchical clustering of
CcP
1k

D _ AD-1 AD—1 __ ~AD-2 AND—2 AD—2 AD—2
C’ik - CQik—l U C2ik - C21@-3 U C4ik—2 U C4ik—1 U C4ik -

)

0 0
(ix—1)2P+1 u...u CzkzD

with each subcluster (7; C @f having centroids (XZ, g;) satisfying

i1 ~j—1 Ni—1~i-1
Azzqﬂzg,l + )‘2k Yo )

i1 =~
>\2€—1 + )\2Z

~ ~ill i1
(A2, 9,) = (Aéé—l + Ay
and the centre of mass of the centroids satisfying

M-2DP—3i

> Ng,=b
=1
Hence, we obtain the desired updated hierarchical clustering structure

{CPuU...UCP}={CE Y u.. uCl- Y= ={C0uU..uC’ b}  (1.56)

in 11— 2ipp M

We note that, splitting each cluster in the coarsest hierarchical level {6{? U...uCP }

M

into its two constituent subclusters of level j = D — 1

&P = G0 U D

2 — 2y,
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does not alter the centre of mass of the centroids, since
M M
ND~D __ \D-15D-1 D-1~
DoNTY =D gy + ZA G,
=1 =1

We proceed by splitting each cluster alg into its two constituent subclusters and setting

IQ"I

(1.57)

A (AD-1 AD-1 ~AD—-1 AD-1
{Cl, .. .’CQM} — {0211_170221 3 CZlA{ 170

27'M

The collection {C’l, ooy Oy M} naturally inherits the hierarchical clustering structure

of (1.56) for levels 0 < j < D — 1, with subclusters on each level j, having centroids

{()‘]17 ?j1) (Agw.szmE‘w.ngj)} = {(/\]17@1)7 M (Agl\/[.szjuggM,Qij)} 0 S ] S D—1

In particular, for the coarsest level 5 = D — 1, we have a collection of clusters
{C’l, - ,C’QM} with centroids

{050, (gD ) for 0<i<D-1

Yy Your
whose centre of mass satisfies
oM
D—1~D—1 _ %
Z )‘k Y, =b
=1

Therefore, analogously to (1.55), we formulate a feasibility LP problem

C(D 1) Q é C(Dfl) A [,gf) 1’ o ,Q2DM1] c R(M+1)><2M (158)
z>0
which by construction admits a strictly feasible solution APD — = AP )\fﬂﬂf

We have completed the first iteration of the Recombination Algorithm, introduced
n [96], for level j = D and we proceed iterating the aforementioned procedure for
levels j = D—1,...,0 and terminate at level j = 0. At each iteration, we construct an
(M +1) x 2M feasibility LP problem with a strictly feasible solution and we construct
a basic feasible solution via the SVD-Algorithm. We then, proceed to select the collec-
tion of M subclusters, corresponding to the strictly positive components of the basic
feasible solution and re-weight this collection, so as to form an updated hierarchical

cluster structure. Next, we proceed to split the resulting hierarchy of M clusters on
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the coarsest level into 2M clusters and go back to constructing a feasibility LP problem.

By construction, solving the last feasibility LP problem for level j = 0

C(O)E = l_)7 C(O) é [g(1)7 e 7Q2M] = [@jla ce 7@]‘21\4] € R(M+1)X2M (159)
z >0
: . . L0 N
yields a basic feasible solution A~ = [A?,... A9,,0,...,0]T € RiM.

: 0). {50 S0\ _ [ ~ -

By selecting the columns of C/’\( ): {gj\l, ce ’QiM} = {jSl’ oy }, corresponding to
the strictly positive weights {\?, ..., \},} and setting Zp = {js,, ..., Ji,,} € {1,..., N}
and Zy 2 {1,...,N}/Zp, we can partition the constraint matrix A = [@,,...,ay] €

RMFDXN i (1.47) as

A=[B,N] B=|a L a;

Qj; 5 - Ay,

| e R(MH)xM7 N € RM+ADx(N-M)
M

where B consists of the subset of columns of A indexed by Zjz, forming a linearly

independent set, and N consists of the subset of columns of A indexed by Zy.

Thereby, we can construct a basic feasible solution to (1.47) as

O =[@p @y =@ 0,0,y L0 2 X0,,0,. ..., 0l € RY(1.60)

which satisfies

AQ:BQB‘FNQNZQ‘FQ:Q, wWp>0 wy=0

Analogously, we can partition the constraint matrix A = [a,,...,ay] € R¥*N in
(1.46) as
A=[B,N] B= [th?. .. ,gjiM] c RM*xM non-singular, N e RMx(N-)

where B consists of the subset of columns of A indexed by Zg and N consists of the
subset of columns of A indexed by Zy. Thus, the basic feasible solution (1.60) for
(1.46), satisfies

~ ~

AL = Bop+ Noy=b+0=b, &p>0 &y=0

with @ = [@g,wy]T with @z = B™'b, @, = 0. Hence, (1.60) is also a basic feasible
solution for (1.46).
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Algorithm 1: Recombination Algorithm

Input: {C’l, cee CQM} = {C’ID, e ,C’QDM} with centroids

{()\1 Y, Dy (ADy, QZM } and centre of mass of centroids b = [51, o ,5M+1]
For j=D:0
1) Construct a basic feasible solution z(j) =, ... ,/):gw, 0,...,0" to

x>0

with a strictly feasible solution AY = [N, ..., A,,]"

2) Select subclusters {C’ijl, . ZM} {C’ ..,0 w } corresponding to strictly
positive coordinates {X{, cee )‘5\4} of the basic feasible solution AV
3) Re-weight clusters {C’ijl, . ZM} — { AP an} and respective

subcusters, by re-assigning the mass of the corresponding centroids

{0 g, Oy = ARG, (N8 )} for0<r <
4) Split each cluster in {afl, . CfM} into two constituent subclusters

6] C’glk LU C’gi_kl and set

{Ciyoo o Con} 2{C5 1,0 G Gt

20

with centroids
i il .-
{(/\éil—hg;ill_l)? (/\;7,1\47 yJQZ];)}
go to step 1)

Output: A =[\%, ..., X, 0,...,0T
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We can apply the aforementioned algorithm to the feasibility LP problem

N

z=b (1.61)

I8

>0

where A € RM*N b € RN are defined in (1.36) and the vector of product cubature
weights w = [wy,...,wy]? € RY, arising from (1.35) is a strict feasible solution to
(1.61), since

Aw=b, w>0 (1.62)
We note that, for an arbitrary matrix A = [a,,...,ay]| € RN we would need to
construct a transformed system of (1.61), to obtain a;; = 1 for j = 1,..., N and

re-scale the strictly feasible solution w to have mass one, as we did in transforming
the system (1.46) to (1.47).

However, in the case of (1.61), we know that A = [y4(z;), -+ ,7%(zy)], where
v = (v, ) 1[0, 1] — RM which by definition satisfies, v, (z) = 1, V& € [0, 1]%.
Therefore, a;; = 7(%) =1for j = 1,...,N and furthermore the first equation of
(1.61) yields SV, w; = 1. Therefore, no transformation is required and thus (1.61) is
of the same form as (1.47), with the trivial objective function. Hence, we proceed, as
previously described, with the hierarchical cluster representation of (1.62) and an ap-
plication of the Recombination Algorithm to (1.61), to obtain a basic feasible solution
to (1.61).

60



1.3.3.5 Computational Complexity of the Carathéodory Cubature with
SVD problem formulation

As noted earlier, the computational complexity of constructing Q“4%(m, d) is domi-
nated by the construction of the Cartesian product formula in (1.35), constructing the
linear system (1.61) and finding the basic feasible solution to (1.61), via hierarchical
clustering and an application of the Recombination Algorithm. Since, the Recombina-
tion Algorithm utilises the SVD-based algorithm for computing basic feasible solutions
to a sequence of smaller LP problems, we denote the overall cost of finding the basic
feasible solution to (1.61) by Csyp(M, N).

Hence, the complexity of computing Q% (m,d) with SVD problem formulation is
given by
(@™ (m,d)) = O(NM + Covp(M, N))

where

Csyn(M,N) = O (NM +log, (%) M3>

The cost associated with hierarchical clustering of the data in (1.62) is of O(NM). We

compute this cost, as follows, starting from level ;7 = 0 containing N pairs {((:JZ, Qi)}

i=1
and forming each successive level 1 < 7 < D, D := log, (%) by % multiplications by
a scalar and additions of two vectors of length M. Thus, adding over all D levels of

the construction yields
D
N 7
2M — < -NM

We recall that the Recombination Algorithm requires D + 1 iterations through levels
7 =20,...,D, with the cost of each iteration, dominated by the computation of the
basic feasible solution to the a feasibility LP problem. The latter operation is per-
formed via the SVD-based Algorithm, which has an associated complexity of O(M?3).
Therefore, (D + 1) iterations of computations of order O(M?), yield the second the
term in the complexity of Csyp(M, N).

Thus, the overall cost of constructing Q“4%(m,d) with SVD problem formulation

is given by

C(QCAR(m, d)) - O(NM +log, (%)M‘f)

The cost O(N M) associated with the initial Cartesian product cubature construction
and hierarchical clustering can reduced via a recursive algorithm to O(M?), indepen-

dent of N, as will be illustrated in Chapter 4. Thus, without explicit proof, we conclude
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that the theoretical cost of constructing Q4% (m, d) with SVD problem formulation
is given by

C(QCAR(m,d)) _ 0(M3)
we note that dependence on N, the number of nodes in the Cartesian product cubature
Q(m,d), that grows exponentially with dimension, is only present implicitly in the
log, <%> constant multiplier of M?3. Moreover, there is no quadratic dependence on

N as in the cost of constructing Q4% (m, d) with Simplex problem formulation
O(QCAR(m, d)) = O(M?N + MN?)

We recall that, since in the vast majority of cases N >> M, hence this reduction
of dependence of complexity on N is crucial to improve the runtime of the overall

algorithm. As the complexity of the Carathéodory Cubature construction with SVD

m~+d
d

polynomially, rather than exponentially with dimension d.

problem formulation is only dependent on M = ( ), we conclude that the cost grows

Moreover, the novel SVD-based algorithm for computing basic feasible solutions with
a prescribed strictly feasible solutions, presented in Section 1.3.3.3, produces an or-
der of magnitude speed-up O(M?*) — O(M?) of the overall Carathéodory Cubature

construction algorithm, when compared to the algorithm employed in [96].
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1.3.4 Carathéodory cubature precision

Similarly to the Smolyak construction, the Carathéodory cubature construction will
depend on the choice of constituent one-dimensional quadrature formulae in (1.33).
However, unlike the Sparse Grid methods, the Carathéodory Cubature Algorithm
does not benefit from nestedness of the underlying sequence of quadrature formu-
lae. Moreover, unlike the Smolyak Algorithm, the Carathéodory Cubature Algorithm
will always produce a cubature formula with strictly positive weights and of norm
QY (m,d)|| = Zf\ill A; = 1, provided that the underlying sequence of univariate
quadrature formulae has positive weights and are of norm one. Whence, theoretically
the stability of Carathéodory Cubature Algorithm, should not be affected by the choice

of the quadrature sequence.

Similarly to the Cartesian product cubature Q(m, d) of univariate quadratures {Q;}¢_,

of deg(Q;) = m, we have

deg(Q“(m,d)) = deg(Q(m,d)) =m

Thus, given an integrand f in (1.32), satisfying

[y

(Gxi)m‘ <M for ie[l,d] (1.63)

for some constant M and m € N, so that, in each variable f is C™([0,1]?) uniformly
with respect to the other variables, the burden of utilising all the underlying smooth-
ness of f falls on the cubature formula, which should ideally have the degree of precision

m € N, with the fewest abscissae.

Therefore, by construction of Carathéodory Cubature formula Q4% (m,d), the best
results in terms of precision and cardinality of the resulting cubature formula are ob-
tained when Gauss-Legendre quadrature formulae, described in Section 1.1.3.1, are
utilised as the constituent sequence of univariate quadratures forming the input mea-

sure into the Recombination Algorithm Q(m, d).

By condition (1.63), there exists a constant K such that

flt, .. a)dat — Q[f, 2] §K<L%J+1> " for i € [1,d]

‘ [0,1]

for all values of ', 2%,... 21 ! . 27 lying between 0 and 1, where Q[f, 2] for

1 < i < d are identical univariate Gauss-Legendre formulae of degree m € N over
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[0,1]. The above error estimate is the same as the one provided in (1.18) for cubature

product measure and the underlying univariate Gauss-Legendre formulae are given by

L5 ]+1

. . . . 1 . 1 ; .
QU.a I = Y Nf@))  af=gai+g A=
=1

where « are the zeros of the (| %] + 1)th order Legendre polynomial L|m (), given

J
in Section 1.1.3.1 and X5 = 1/(1 — x?)[L’L%JH(x*)]Q.

J

m
2

By setting A := ZJLZ%EH A = 1, similarly to the Cartesian product cubature Q(m, d),

we obtain the following error estimate for Q€A% (m, d)

|RE%(m, d)[f]| = |Lalf] = Q“*F(m. d)[f]]
<(I+A+.. .+ ACH)K<L%J + 1>_m = Kd(L%J + 1>_m

Moreover, as remarked earlier Bahvalov has demonstrated that this upper error bound

cannot be improved upon for the class of functions satisfying condition (1.63).

Thus, for a fixed smoothness m € N of the underlying integrand, given by condi-
tion (1.63), the best error estimate on Carathéodory Cubature formula Q€A% (m, d) is

given by

O(L%j n 1)

We recall that whilst for a fixed smoothness m € N of the underlying integrand f,
the error for both Q““%(m,d) and Q(m,d) is of the same order of magnitude, the

cardinalities are given by

card(@(m,d)) = ([%J + 1>d

card(Q°A(m, d)) < (m;d)

and therefore clearly, the number of function evaluations required increases respec-

tively exponentially and polynomially with dimension d.

The following table provides some idea as to the magnitude of card (QCAR(m,d)>

and card (Q(m, d)) We compare the number of cubature nodes in Q“4%(m, d) and

Q(m,d) for a fixed dimension d = 5 for degrees of precision m = 1,..., 16.
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DEG card (Q(m, 5)> (m;d) card (QCAR(m, 5))
1 1 6 1
2 32 21 21
3 32 o6 21
4 243 126 126
) 243 256 126
6 1024 462 461
7 1024 792 461
8 3125 1287 1286
9 3125 2002 1286
10 7776 3003 3002
11 7776 4368 3002
12 16807 6168 6168
13 16807 8568 6168
14 32768 11628 11627
15 32768 15504 11627
16 59049 20349 20349

Table 1.2: Cardinality of full tensor Gaussian Cubature and Carathéodory Gaussian

Cubature
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1.4 Primal, Dual Simplex Algorithms and Interior

Point Method

1.4.0.1 Primal Simplex Algorithm

In the forthcoming section, we will illustrate how to obtain a basic feasible solution to
(1.39), via a variety of Linear Programming methods: The Primal Simplex Algorithm,
The Dual Simplex Algorithm and the Primal-Dual Interior Point Method. We begin
by introducing the Primal Simplex Algorithm; we recall that (1.39) is given by

Az =0b

z>0
where A = [a,,...,ay] = W (z,), - Y (zy)] € RN b € RY and we already
have a strictly feasible solution w := [wy,...,wy]? € RY, satisfying Aw = b, w > 0.

In section (1.3.1) we highlighted that since (1.39) admits a feasible solution w, it
also admits a BFS (basic feasible solution) @. Moreover, we recall that each BFS
corresponds to an extreme point of the feasible region and hence there exist poten-
tially up to (Aj\é) BF'Ss to (1.39). A commonly employed method to obtain one basic
feasible solution, is to introduce some artificial constraints into (1.39), thus yielding a
re-formulated system of equations and subsequently employ the Simplex Algorithm to

force these artificial variables to zero, see for example Chapter 4 of [50].
Assume that rank(A) = M, to be relaxed later and suppose that we add a non-

negative artificial vector z, € RY to the constraints in (1.39), thus resulting in the

following linear system
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which we re-formulate in the standard form by setting

-
&

b (1.64)

|81

>

)

where D = [A, I] € RM*(VFM) g — [z x| € RVTM)

By construction we have an immediate BFS to the newly formulated LP problem

(1.64) namely & = [0, b], by setting = 0 and =, = b.

However, in order to get back to our original problem, we must force the artificial
variables to zero, since Az = b if and only if Az + x, = Dz = b with z, = 0. A
widely employed method to accomplish this, is to minimise the sum of the artificial

variables, which amounts to solving the following LP problem

Minimise & (1.65)
subject to Dx =1b
z>0

where ¢ = [0,...,0,1,...,1] and thus & = "M, (x,);.

We can solve (1.65), starting with BFS & = [0, b] and employing the Simplex Al-
gorithm, which will be described shortly. At optimality of (1.65), we will have &, = 0
and hence we have computed  a BFS to (1.39).

We note that if the original problem (1.39) has a feasible solution, then the opti-
mal value of (1.65) is zero. Thus, as we already have a feasible solution w to the

original problem; we are certain to achieve optimality in (1.65).
We are now in a position to apply the Simplex Algorithm to (1.65) and thus find

a basic feasible solution to (1.39). The Simplex Algorithm we are about to describe,

is the widely employed, two-phase Simplex Algorithm, see [49], [50], in which phase
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(I) consists of finding an initial basic feasible solution and phase (/1) consists of se-
quentially moving from the current basic feasible solution to an adjacent basic feasible

solution with an improving direction, until we have found the optimal solution.

Since an initial BFS to (1.65) is given by £® = [0, b], we readily proceed to phase
(I1) of the Simplex Algorithm. To proceed, we need introduce the notions of adjacent

BF'Ss, feasible directions and improving directions of the feasible region
X = {geR(“M) : Dz =b, @ZQ}

associated with LP problem (1.65).

Geometrically, two extreme points of the feasible region A are called adjacent if the
line segment joining them is an edge of X. Or equivalently, in algebraic terms two
basic feasible solutions ) and £ are called adjacent if their bases B and B¢+

differ by exactly one element.

Now, we introduce the notion of a feasible direction. A non-zero vector d is a feasible
direction at & € X, if there is some X > 0 such that x + \d is feasible for all 0 < A < .
Additionally, it is possible that along a feasible direction d,  + Ad is feasible for all
A > 0.

Thus d, d # 0 is a feasible direction at & € X if and only if

D(x+Xd)=b

x+Ad>0

for each 0 < A < . We note that for d to be a feasible direction, we must to have
Dd = 0.

The fundamental question of phase (I7) of the Simplex Algorithm, is, given a cur-
rent BFS: 2, how do we find a feasible direction d that improves the value of our
objective function f(Z) = ¢'&. To answer this, we introduce the notion of an improv-

ing direction d.

A vector d, d # 0 is an improving direction at the current BFS: i“), if there ex-

ists a A > 0, such that the objective function value of
i(€+1) — i(f) + )\C_l
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is better than that of Q(Z) forall 0 < A < .

Given that problem (1.65) is a minimisation problem, we have that the objective

~ (041

function value at “*Y is better than the objective function value at &, if

F@E@Y) < r(@)

Thus a vector d is an improving direction at ), if it satisfies
Vi@") d=c'd<0

where V f @(6)) denotes the gradient of f at .

Let us assume that we are currently at a BFS to (1.65): 29 with basis B® =

(79,70}, We know that 29 = [£9 )7, where 2% = [#\7,..., )] € RM is
a vector of basic variables and @%) = [:f:g\?ﬂ, o ,5:5\?+N] € RY, is a vector of non-basic

variables, satisfying

&y = B7'b
Y =0
where B = [d; ,...,d;, ]| with rank(B) = M, d; is a column of D.

And further assume that we wish to move to an adjacent BFS: 2+ with basis
B Then, since BY and B+ differ by exactly one element, there is one non-

basic variable of ¥, that is in B¢+,

0)

Assume that the non-basic variable ir,i ©

€ &,/ is to become basic, then the feasi-
ble direction d, must have d, > 0, since we are increasing the value of i,(f) from zero.

Without loss of generality, we may assume that dy, = 1 and since all other non-basic

E-Z) € i%), J # k remain non-basic, we have d; = 0. We compute the

remaining components d;, corresponding to the basic variables :”U’Z(-Z) € @g) by solving

Dd = 0. Thus, we have the following definition.

variables
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Definition 1.4.1. A feasible simplex direction d* corresponding to the non-basic vari-
able i,(f) of a BFS: 29, is a vector, where

1) dy=0, for jely, j#k and di=1

J

2) df, for i€ 1g, s determined by solving Dd = 0

where Ly is the set of indices of non-basic variables of 89 and Iy is the set of indices

of basic variables of z".

By utilising definition (1.4.1), we can now compute all possible feasible directions

d*, k € T to move us to an adjacent BFS.

Subsequently, we will need to determine whether any of these directions are improving.
To accomplish this for each feasible simplex direction d¥, we compute the associated

reduced cost, as defined in the following.

Definition 1.4.2. The reduced cost ¢, associated with the non-basic variable i](f) of a
BFS &9 is given by
& =c'd"

where d* is the simplex direction associated with variable i,(f).

Now, we know that the feasible simplex direction d” is an improving direction for a
minimisation problem if ¢ < 0. Whilst, no negative reduced cost ¢; has been proven to
be a better choice than another negative reduced cost ¢;, theoretically, computational
experiments suggest that the one with the largest (negative) reduced cost should be
selected, this rule known as Dantzig rule. In the event that there are no improving

simplex directions, we have obtained the optimal solution.

If the optimal solution has not yet been found, then we proceed to choose an im-
proving direction d. We note that we cannot have d > 0, since it would imply that
2 + \d > 0 is feasible for all A > 0. As a consequence, the optimisation problem
(1.65) would be unbounded, as noted in Chapter 4 [51]. Since, we know that the LP

problem (1.65) achieves an optimal solution, it cannot be unbounded.
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Thus, we proceed to determine the maximum step size or how far we move in our

chosen improving simplex direction d. Since there exists j € {1,..., M+ N} : d; <0,

we can define
~(£)

T\
Mg = min { ==+ d; < 0}
—d,
Then, for all i € {1,..., M + N}, we have
#9940 >0 forall 0< A< Anaa
If d; > 0 (1.66) holds for all A > 0. Whilst, if d; < 0, then
29 2y > 7 4 Apaad; > 0

holds by definition of \,,,,;. Thus, we produce an updated BFS

2 = g0 4\, ..d

and conclude one iteration through phase (/1) of the Simplex Algorithm.

Subsequently, we return to construct all possible feasible simplex directions for &

(1.66)

0+1)

and iterate the aforementioned process, until an optimal solution is found. To sum-

marise we present the two-phase Simplex Algorithm.
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Algorithm 2: Simplex Algorithm
Phase (I):

Step (0) Initialisation: Identify an initial BFS: £ and set £ = 0

Phase (II):

Step (1) Construct Simplex Directions: d* and Reduced Costs: ¢,

for each k € Iy, where Zy, is the set of indices corresponding to non-basic
variables of 2.

Step (2) Optimality Check: If no Simplex Direction is improving, stop. The
current solution é(z) is optimal. Else, choose an improving simplex direction d.
Step (3) If d > 0, stop. LP problem is unbounded. Else, compute maximum

step size:
7
Aoz = mm{—d cd; < 0}

)
Step (4) Compute new BFS

(t+1)

i = i(t) + )\maxc_l

set £ = ¢+ 1 and return to step (1)

We shall now provide some theoretical considerations as to the performance of the
Simplex Algorithm. The performance of the Simplex Algorithm can be broadly di-
vided into two types: worst case analysis and average case analysis. A worst case
analysis looks at all problems of a given size and asks how much effort is needed to
solve the hardest of these. Whilst, the average case analysis looks at the effort required

averaging over all problems of a given size.

The Simplex Algorithm operates by finding a basic feasible solution or extreme point
of the feasible region and then by successively moving to an improved basic feasible
solution until the optimal point is reached or unboundedness of the objective func-

tion is verified. Hence an upper bound on the number of iterations is the number of
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N
M

example of an LP problem in n variables with n constraints, whose feasible region is

extreme points in the feasible region in (1.39), that is ( ) Klee-Minty provided an
an n-dimensional hypercube with 2" vertices. For this problem, the Simplex algorithm
starts at one of these vertices and visits every vertex before finding the optimal solu-
tion, requiring 2" — 1 iterations, see [[49], Chapter 4]. In fact, it still an open question
as to whether there are pivot rules for the Simplex algorithm, for which one can prove,
that no problem instance exists which requires an exponential number of iterations, as
a function M and L. In practice, however, the Simplex method takes on average O(L)

iterations to find an optimal solution.

The cost of each step of the Simplex Method to move from one basic feasible so-
lution to the next is generally assumed to be of order O(M? + NM), dominated by
the computation of £z = B~'b of order O(M?). A version of the Simplex algorithm
called the revised Simplex algorithm takes less time since its does not recompute the
basis matrix B~! from scratch every time, but it uses the fact that the basis matri-
ces B differ by only one column from one iteration to the next and hence costs only
O(M?* + NM). We note that there is no universal consensus in the LP literature as
to the precise complexity of the Simplex algorithm, but rather worst and average case
analysis estimates exist for a multitude of the various implementations. From the av-
erage runtime complexities just mentioned, we can derive an upper and lower bound
on the cost of the Simplex method, depending on whether the ordinary or the revised

Simplex Method is implemented

O(NM? + N*M) < Csiypr,(M,N) < O(NM? + N*M)
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Throughout this section we have implicitly assumed that rank(A) = M in the LP
problem (1.65). Now we consider the scenario in which rank(A) = M’ < M, this

frequently occurs in the context of computations of Carathéodory cubature formulae.

Example 1.4.3. Suppose that A € R*** and b € R% in (1.65) are given by

1111 1
A=10 2 0 2|, b= |05
1111 1

then clearly, rank(A) =2 < 3 and the defining D as in (1.64), we obtain

_1 11110 0_
D=ld, d,, d;, dy, ds, dg, dr] =10 2 0 2 0 1 0
1111001
Let us consider the basic feasible solution with basis By = {d,, d,, d5}
_ _ 21 - .
T 11 1 0.75
Ep = |7} 2 0ol |05 025, @&y=i5=0
i3 10 1 0
We note that the basic feasible solution &' [ 5,y |7 is degenerate since the

variable 71 = 0. Now, we consider the basic feasible solution associated with basis

BQ = {c—lh 6_127 C—l7}

— — __1 — — — —
72 10 1 0.75

&y = |2 2 0 lo5| =025, T =#=0
72 11 1 0

We note that both bases By and By represent the single extreme point or basic fea-

sible solution & = [0.75, 0.25, 0, 0] and this basic feasible solution is degenerate.
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From example (1.4.3) we note that a rank-deficient matrix A may lead to a de-
generate basic feasible solution, we note that degeneracy of the basic feasible solution
is not always the result of rank-deficiency of the underlying matrix, see for example
Chapter 2 [50]. The following theorem gives another interpretation of degenerate basic

feasible solutions.

Theorem 1.4.4. [Theorem 3.4 [50]] For every extreme (basic feasible solution) there
exists a corresponding basis, mot necessarily unique and conversely, for every basis
there exists a corresponding unique extreme point. Moreover, if an extreme point has

more than one basis representing it, then it is degenerate.

Degeneracy of a basic feasible solution causes computational difficulties in the
Simplex algorithm. In the absence of degeneracy, phase (/1) of the Simplex Algorithm
moves from one basic feasible solution to another with an improved objective function
value, then the algorithm either stops after a finite number of steps at an optimal
solution or indicates that the linear program is unbounded. However, in the presence
of degeneracy it is possible for a simplex direction in phase (11) to yield a step of length
zero, which occurs as a result of the Simplex Algorithm “cycling” over a set of bases
that all represent the same extreme point. Moreover, in some extreme examples the
Simplex Algorihtm, e.g, see [82] the Simplex Algorithm fails to terminate as a result of
“cycling” . It is however possible to prevent this “cycling” behaviour by augmenting
the Simplex Algorithm and utilising Bland’s rule in steps 1) and 3) of the Simplex
Algorithm see Chapter 8 [51].
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1.4.0.2 Dual Simplex Algorithm

Associated with every linear program is another linear program called its dual. The
dual of the dual linear program is the original linear program, which is referred to as

the primal linear program.

We recall that we are interested in solving the linear program (1.65), whose primal

representation is given by

Minimise ¢’'&

subject to Dx =0>b

where D = [A,I] € RM*MFN) g — [ 27 € RM+N) ¢ =0,...,0,1,...,1]. The
corresponding dual of (1.65) is given by

Maximise by (1.67)
subject to DTQ >c

Y€ RM™  unrestricted

The dual is obtained from the primal, by following a sequence of rules transforming
the minimisation problem into a maximisation, writing the right-hand side coefficients
of the primal as the coefficients of the objective function of the dual, etc. For explicit

rules of construction of the dual of any linear program see Chapter 9 [51].

The following theorem illustrates that as the Simplex Algorithm solves the primal
problem, it also implicitly solves the dual problem, moreover it does so in such a way

that the objective functions at optimal solution coincide.

Theorem 1.4.5. [Theorem 5.2 [49]] Strong Duality Theorem
If the primal problem with objective function ¢’ & has an optimal solution Z*, then the
corresponding dual problem with objective function I_)Tg also has an optimal solution

Y*, such that

QTQ* — I_)Ty*
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We observe that (1.67) is not in standard form, that is it has inequality constraints.

To transform (1.67) into standard form we need to add a slack vector s, thus obtaining

Maximise b’y (1.68)

subject to DTy —s=c

8§ >0, vy unrestricted

where y € RM and s € R+,

When introducing slack variables to transform the linear problem into standard form,

in either the primal or the dual linear problems we have the following theorem.

Theorem 1.4.6. [Theorem 5.2 [49]] Complementary Slackness Theorem

Suppose that T* = [Z7,...,T%] is a feasible solution for the primal linear program
and that y* = [yi,...,yy] is feasible for the corresponding dual linear program. Let
r* =[ri,...,r}] denote the corresponding primal slack vector and let s* = s}, ..., s’]

denote the corresponding dual slack vector. Then * and y* are optimal for their

respective problems if and only if
Tis; =0 for je{l,...,n}

yirr =0 for ie{l,...,m}

Similarly to the Primal Simplex Algorithm, we can formulate the Dual Simplex
Algorithm which solves the primal linear program by implicitly solving its dual prob-
lem. This algorithm can also be formulated as a two-phase algorithm, where phase (1)
consists of finding a dual basic feasible solution, which by complementary slackness,
corresponds to a primal basic solution and phase (I/) consists of moving from one
basic feasible solution of the dual problem to an improved basic feasible solution until
optimality of the dual, and thereby also the primal is reached. For explicit formulation
of the Dual Simplex Algorithm see Chapter 11 [51].

The Dual Simplex Method is very important computationally, as it is typically faster
than the Primal Simplex Method and has lower memory requirements in most opti-

misation software packages.
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1.4.0.3 Primal-Dual Interior Point Method

Both Primal and Dual Simplex Algorithms rely on moving from one basic feasible
solution to another along the edge of the feasible region. In the process, we always
satisfy either primal or dual feasibility and complementary slackness and only satisfy
all three conditions once the optimal solution has been found. The Primal-Dual Inte-
rior point method does neither of the above, in the sense that it moves through the
interior of the feasible region and it does not always satisfy two of the aforementioned
three conditions required for optimality. For a detailed discussion on the Primal-Dual
Interior Point Method see Chapter 11.5 in [51].

Let us assume that, as before, the primal linear program is given by (1.65) and its dual
is given by (1.68). By theorem (1.4.6) we know that £* is an optimal primal solution
and (y*, s*) is an optimal dual solution if and only if these solutions satisfy

Dx=b x>0

182

D'y—s=c¢c, s>0

zjs; =0 for je{l,...,M+ N}

Assume that we have a strictly feasible solution > 0 to the primal problem; that is
a feasible solution that is strictly greater than 0 and a feasible solution (y, s) to the

dual problem with s > 0, thus satisfying

However, as these solutions are strictly feasible, complementary slackness condition

does not hold. Thus we may restrict the solutions & and s to satisfy

i’ij:,u>0 for jE{l,,M—l—N}
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therefore we may interpret the solutions Z(u), s(u), y(u) as functions of p and hence

write
D(p) =b (1.69)
DTy(u) —s(p) = ¢ (1.70)
BSe = e (1.71)
where B = diag(#1,...,inmen), S = diag(sy,...,spsn) and e = [1,...,1], where

(1.71) expresses the approximate the complementary slackness in matrix form. As
@ — 0 any limiting solution to the aforementioned system of equations yields an op-

timal solution to the primal-dual pair.

However, finding feasible solutions to both the primal and the dual problems, that
additionally satisfy (1.71) is difficult. Hence, we endeavour to approximate the solu-
tion to (1.71) . Supposing that for some x> 0, we have a solution (i(u), s(p), g(u))
to (1.69) and (1.70), but the equation (1.71) is not necessarily satisfied, however we do
have Z(u) > 0 and s(u) > 0. Consequently, we may endeavour to construct directions
(d®, d¥, d°), such that &(u) + d” satisfies (1.69), (y(n) + d¥, s(u) + d°) satisfies

(1.70) and (i(u) +d*, s(u) + c_ls) approximately satisfies (1.71).
Similarly to the construction of feasible directions for the Primal Simplex Method,

in order for &(u) + d” to satisfy (1.69) and (y(n) + d¥, s(p) + d°) to satisfy (1.70)

we require that

Considering the equation for the approximate complementary slackness, we obtain

(T +d)(s; +d5) = p
which can be approximated by solving
i']dj + de]i = U — i’ij (172)
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Expressing (1.72) in matrix form, we obtain
Bd® + Sd* = e — BSe

Therefore, for a fixed value of 1 we can produce a new solution (i(,u) +d*, s(p) +

a’, y(p) + Qy>, that solves (1.69) and (1.70) while better approximating (1.71), by

solving

Dd® =0

D'd¥ —d* =0
Bd® + Sd* = pe — BSe

yielding

where v () = pe— BSe. We proceed to the next iteration by decreasing the value of
until we have computed a predetermined number of steps or until the components Z;s;
are close enough to zero. This approach constitutes the Primal-Dual Interior Point
Method, for a full implementation of this method see Chapter 11 [51].

The Interior Point Method is also very important computationally, as opposed to
the Primal and Dual Simplex Methods, it is often parallellized in optimisation soft-
ware packages. Moreover, most software packages utilise the Interior Point Method as
the default method for LP Problems, as it is usually faster than the Primal and Dual
methods for large-scale problems. However, it has several major drawbacks: each it-
eration requires the solution of multiple systems of equations and rounding errors can
become an issue; the algorithm starts with a strictly feasible solution to both the pri-
mal and the dual problem, which are not always easy to identify. Moreover, because
1 > 0, we do not typically end up at a basic feasible solution. However there are
methods to generate a basic feasible solution from the optimal solution of the interior

point method.
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Chapter 2

Generalised Cubature Measures

Our construction of Carathéodory cubature measures can be generalised from Borel
measures on Euclidean spaces to Radon measures on locally compact Hausdorff spaces.
Moreover, the familiar notion of a cubature measure as given in definition (1.2.3), as
a measure integrating exactly all elements of the basis of 1%, B(II%) := {7, ..., v},
can also be generalised. We can consider integrating any finite set of test functions
U = {y,..., ¥} of which B(I1%) = {~1,...,7} is special case. These extensions of
the notions introduced in Chapter 1 to a more general measure-theoretic framework

are the scope of the following chapter.

The following proposition illustrates that a finite Borel measure on a metric space
is uniquely determined by its values on closed sets, as well as open sets. In partic-
ular, the d-dimensional Lebesgue measure, for which we derived the construction of
Carathéodory cubature measures in Chapter 1, was implicitly taken to have support
on some compact subset of R?. Thus, the underlying Lebesgue measure was uniquely

determined on the metric space R? with standard Euclidean metric.

Proposition 2.0.7. [Proposition 1.1.1 [76]] A finite Borel measure p on a metric
space X has the following properties:

1) For any Borel set B C X and any € > 0 there exists an open set G and a closed set
F with F C B C G such that
n(F\G) < e

2)For any Borel set B C X
wu(B) = sup{ u(F) | F closed C B} = inf{ u(G) | G open O B}
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We recall the definition of a Hausdorff space.

Definition 2.0.8. Let (X, T) be a topological space. We say that (X, T) is a Hausdorff

space if

Ve,ye X, v #y: IN,, NyeT: x € N,, ye N,: N,NN, =0

Further, we recall that Borel measures on a Hausdorff space (X, T'), are measures de-
fined on B(X), the Borel o-algebra B(X) generated by 7.

As noted in remark(1.12) in [76], a Borel measure on a general Hausdorff space is
also uniquely determined by its values on closed and open sets. However, (1) and (2)
of proposition 2.0.7 need not hold. In order to have a good integration theory against a
measure on a general Hausdorff space, we need to be able to approximate the measure
of a set by measures of other sets within it. This and other considerations, lead us
to consider Borel measures on Hausdorff spaces, that are finite on compact sets and

inner regular, that is Radon measures, as defined in the following.

Definition 2.0.9. A Borel measure p on a Hausdorff space X is called a Radon
measure if

1) w(K) < oo for every compact set K C X

2) u(B) = sup{ u(K) | K compact C B } VB € B(X)

When restricted to a locally compact Hausdorff space X, that is a Hausdorff space
with the property that every point has a compact neighbourhood, Radon measures
correspond to bounded linear functionals on the space of continuous, compactly sup-
ported functions on X, by Riesz Representation Theorem. As noted, in p.12 in [76], a
Radon measure on locally compact Hausdorff space X is uniquely determined by its

values on the family of compact subsets of X.

In the following, locally compact spaces will be assumed to be Hausdorff. Given a

locally compact space X, let M, (X) denote the set of positive Radon measures on X.

Let X be a locally compact space and p € M, (X). Among the open p-null sets
G C X there exists a biggest. If (G;);er is the system of all open p-null sets, then
G = UG, is an open p-null set, therefore the biggest. To see that u(G) = 0, it is
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enough to show that u(K) = 0, for an arbitrary compact K C G. By compactness of
K, there exists a finite collection Iy C I, such that K C U,;¢;,G; and hence

u(K) < Z#(Gi) =0

i€lp

Definition 2.0.10. [Definition 1.5.1 [76]]
The support of u, denoted by supp(u), is the complement of the biggest open p-null

set.

Proposition 2.0.11. [Proposition 1.3.2 [76]] Let u € M, (X). Then supp(p) is a closed
set. For x € X we have x € supp(p) < u(N,) > 0 for every open neighbourhood N,

of x.

We recall that a measure p on R¥ is said to have an absolute moment of order n =

(n1,...,ny) € NYV if

/ 2 du(z) = / 1™+ Jen]™ du(z) < oo
RN RN

Let M denote the set of positive Radon measures on RY with absolute moments of

any order. That is, to say
My = {ne 2 ®) | [ laldu(e) < o0 v e N}

Then, we have the following

Theorem 2.0.12. [Theorem 2.1.7 [76]]
Every € M (RN) with compact support belongs to M.

Proof. Immediate from definition of a Radon measure O]

Given a compact set K C RV let M (K) denote the set of positive Radon measures
on RY, supported on K ¢ RY

My (K) = { i € ML(RY) | supp(u) € K }

In the following, we consider the extension of the notion of cubature measure to a

measure integrating exactly any finite set of test functions {¢1,...,¥n}.
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Lemma 2.0.13. Let X be a locally compact space and p € M, (X) with supp(u) C D,
D € B(X) compact. Let ¥ = (¢1,...,¢y) : D — RY be a continuous map, then the
push-forward measure of p through ¥ is U,y € M (RYN) with supp(¥.u) C V(D),
U (D) € B(RY) compact.

Proof. Let C'(D) denote the space of continuous real-valued functions on the compact
set D. By Riesz Representation Theorem, see Theorem 1.2.2 in [76], a positive Radon
measure p, concentrated on D, is identified with a unique positive bounded linear

functional in C'(D)*

pes L) = [ g tor peC()

where positivity of L, means that if f > 0, then L,(f) > 0.
U (D) C RY is compact, since it is a continuous image of a compact set. Hence we can

define two linear maps

U*: C(¥Y(D)) — C(D) givenby frsV"f=fol
U, : M (X)— M (RY) given by p— U, :=v

Noting that we can define ¥, , since ¥ is a continuous map between two topological

Hausdorff spaces and hence is Borel measurable. Then
L= [ gdv= [ ) = [ Wfde=L,00) tor f € CUD))
(D) (D) D

and L,(f) > 0, whenever f > 0. Hence, by Riesz Representation Theorem there exists
a unique measure v = W, p € M, (R"Y), concentrated on ¥ (D).
O

Definition 2.0.14. Let X be a locally compact space, p € M (X) with supp(u) C D,
D € B(X). Let ¥ = (¢y,...,¢n) : D — RY be a continuous map. Then we call

v € My (X) a Y-generalised cubature measure for p if

1) ¥ is p-integrable

2) Jx i(@)dp(z) = [x ¥j(z)dvy(z) Vi€ [1,N]
3) supp(vg) C supp(p)

Lemma 2.0.15. Let X be a locally compact space, p € M, (X) with supp(pn) C D,
D € B(X). Let W = (¢y,...,0y5) : D — RY and ® = (¢y,...,6n) : D — RY
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be two continuous maps. If v, € M, (X) is a V-generalised cubature measure for u
and span{ir, ..., n} = span{o1,...,on}, then there exists a P-generalised cubature
measure for p, vy € My (X).

Proof. If span{i, ..., YN} = span{¢,...,on}, then for each € D, each j € [1, NJ,
o, ... a0l €R: () = SN, ae(x). If vl is a W-generalised cubature measure

for p, clearly, ® is p-integrable, since is W is. Then, we have

/ o;(z)dp(z Zaz / ¥ (z)dv(z / b (z)dvis (z / ¢;(z)dv(x

and since supp(vy) C supp(p) we can choose vl = V. O

Definition 2.0.16. Let X be a locally compact space, p € M, (X) with supp(u) C D,
D € B(X). Let V = (¢1,...,¢n) : D — RY be a continuous map. Then we call
vy € M (X) a U-generalised Carathéodory cubature measure for u if

1) U4 is a V-generalised cubature measure for p
2) card(supp(Py)) < N + 1

In order to show the existence of a W-generalised Carathéodory cubature measure
for u € M, (X) with supp(n) C D, D € B(X), D compact, we will need a preliminary

result.

In the following, we denote the ring of real-valued d-variate polynomials of degree
<meN, by Il¢ =R,,[X;,..., X4

Theorem 2.0.17. (/8] Theorem 1) Let p be a positive, finite Borel measure on R?,
with supp(p) = K, K € B(RY) compact and m € N. Then there exists an atomic
measure i on RY, [i = Zf\ilwié& with w; € Ry, z; € K, M < M = dim(11%) such
that

EP = [ Ple)dula) = > wiPle) = EolP

VP eTld =R, [Xy, ..., X4
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The preceding theorem is an extension to Tchakaloff’s Theorem to arbitrary pos-
itive Borel measures on R?. 1In [16], Tchakaloff proved the existence of an atomic
measure /i, given a positive, Borel, compactly supported measure p, that is absolutely

continuous with respect to the d-dimensional Lebesgue measure.

Corollary 2.0.18. Let u € M (X) with supp(p) € D, D € B(X) compact. Given a
continuous, p-integrable map W = (¢, ..., ¥n) : D — RN there exists a ¥-generalised

Carathéodory cubature measure VY, for u

Proof. Let us define two linear maps

U*: C(¥(D)) — C(D) givenby frsV"f=fol
U, : M (X)— M (RY) given by pr U, :=v

Then, by lemma 2.0.13, v is a positive Radon measure on RY, concentrated on the
compact set ¥(D). And, in particular v € M3 (V(D)), hence

[zl = [ v@ldue
R

By Theorem 2.0.17, there exists an atomic measure 7 on RV, 7 = 7%
w; ERy, 2z, € U(D), R<dim(lI) =N + 1 such that

/R PE(z) = Y wP(z)

1 widgi with

VPEH}V:R[Zl,...,ZN]

Since

| P@aiv = [ P@dw e = [ v P Z%

we have W(z;) = z and thus we obtain an atomic measure D% on X, o = 321 W;dg,
with w; € Ry, x; € D. In particular, choosing Pj(¢1(x),...,¥n(x)) = ¥;(x), we get

| vi@inte szwj )i= [ @) Vie L]

Clearly 7% € M, (X) with supp(t%) C supp(p) and card(supp(Vy)) = R< N +1 O
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In order to prove the existence of a W-generalised Carathéodory cubature measure for
a positive Radon measure u, supported on an arbitrary Borel set B C X, we need a

preliminary result.

Theorem 2.0.19. (/2] Theorem 1, Corollary 2) Let i be a positive Borel measure on
R?, with supp(p) € B, B € B(RY), admitting the first absolute moment

[ Ielduta) < o

Then, the first moment of p is contained in cone(B), that is [y, xdu(x) C cone(B).
And there exists an atomic measure measure [ on R, I = 221%’5&- with w; €
Ry, z; € B, R <dim(I1%) such that

R
E,lP = [ Ple)dula) = > wiPle) = EolP
i=1
VP e TId = R[X,, ..., X4
Corollary 2.0.20. Let p € M (X) with supp(n) € D, D € B(X). Given a contin-

uous, p-integrable map U = (¢1,...,¢¥n) : D — RN, Assume that (V.u) admits the

first absolute moment
[ leldw. i) < o
RN

Then, there ezists a V-generalised Carathéodory cubature measure U4, for p

Proof. Set v := W,u, then v is a positive Radon measure on RY, supp(v) C ¥(D),
U (D) € B(RY). By Theorem 2.0.19 there exists an atomic measure 7 on RV, v =
Zilwié&, with w; € Ry, z, € ¥(D), R <dim(II}) = N + 1 such that

|, P@ivz) = > wpz)
VP eIl =R[Z,, ..., Zy]

We proceed similarly to the proof of Corollary 2.0.18, to obtain an atomic measure

v € M, (X), which is the ¥-generalised cubature measure for . ]
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Definition 2.0.21. Let d,m € N be given and let B(I1%) = {m,...,vm} denote some
fized basis for 11%,, with yi(z) = 1. Let (T4[R], <gues ) denote the ordered collection

m?’

of monomials of degree < m on R%, that is T4 [R] = {’yj(g)}UKm where the ordering

in T4 [R] is given by the graded lexicographical order, which is a total order defined by

(@) <grier W(@) & (deg(i(@) < deglon(@)) )V (deg(ri(@)) = degn(@)) Ai <ies k)

for vi, v € T4 [R]

d
Then, P € 11 are identified with linear maps on I'4 [R], P(z) = Z’;Z([JR]} apyk(z).

Equipped with notion of an ordered set of monomials in R?, we can define the (m, d)-

monomial form of a general point & € R%.

Definition 2.0.22. Let d,m € N be given. Let M = |T'%[R]| and define the
(m, d)-monomial mapping v¢, : R4 — RM by

(@) = [n(@), @), ..., @) e TLR]

where y1(xz) = 1, V. € R?, and the enumeration of 7, is taken according to <griez-

We refer to 42 (z) as the (m,d)-monomial form of x € R%.

Definition 2.0.23. Let u € M (R?) with supp(u) C B, B € B(R?). Then we call the

push-forward measure of u through v2, v _p the (m, d)-monomial form of y.

Definition 2.0.24. Let d,m € N be given and p € M, (R?) with supp(u) C D,
D € B(R?). Let M = |T4[R]| and let 2 : D — RM denote the (m,d)-monomial

mapping. Then we call v, € M (RY), the cubature measure of degree m for u if
1) ~4 is p-integrable

2) Jpavi(@)dp(z) = [pavi(z)dv(z) Vi€ [1, M]
8) supp(v,) € supp(p)
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Definition 2.0.25. Let d,m € N be given and p € M, (R?) with supp(u) C D,
D € B(R?Y), and let M = |4 [R]|. Then we call 0¥, € M, (R?), Carathéodory cubature
measure of degree m for u if

1) Ut is a cubature measure of degree m for p
2)card(supp(Vh)) < M + 1

Corollary 2.0.26.
Let d,m € N be given and p € M, (R?) with supp(u) € D, D € B(R?). Let ¢ : D —
RM denote the (m,d)-monomial mapping, then

1) If D is compact, there exists Carathéodory cubature measure of degree m for p
2) If D is an arbitrary Borel set and

/RM 2| (Ve 1) (2) < o0

there exists Carathéodory cubature measure of degree m for

Proof. By choosing ¥ = ~¢ and applying corollaries (2.0.18) and (2.0.20) respectively,
we obtain results 1) and 2). O
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Chapter 3

Recombination Algorithm

As outlined in Section 1.3.1, the Recombination Algorithm can be utilised to pro-
duce Carathéodory cubatures Q““%(m, d) from the Cartesian tensor product cubature
Q(m, d) for moderate degrees m € N and dimensions d € N. However, prior to special-
ising the Recombination Algorithm to the computation of Carathéodory cubatures, we
introduce the abstract framework of the Recombination Algorithm. This is the scope

of the forthcoming chapter.

Furthermore, we shall introduce a novel algorithm based on Singular Value Decomposi-
tion to perform the computationally dominant part of the Recombination Algorithm,
that is computing a basic feasible solution é = [B1,...,By,0,...,0/" € REL, with
M <Mand L>M+1 to

N

= b, AeR"E geRL beRY (3.1)

L
s E 33'1:1
i=1

provided that we already have a strictly feasible solution to the system (3.1), 8 =
B, ... ,5L]T € RJLF, satisfying Aé =b.

>

18
1S

This new SVD-based algorithm will serve as replacement for the Simplex Algorithm
in the implementation of the Recombination Algorithm, and as we shall illustrate in
Chapter 5 the SVD-based algorithm improves the overall computational runtime of

Carathéodory cubature measure constructions by one order of magnitude.
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Let v € M, (RY) with supp(v) C K, K € B(R?) compact be given by
V:ZWi(SL- w; >0, &, € K

Without loss of generality, we assume that v is a probability measure, if it is not, we
set v =1
Wi

foil Wi

N
/ / /
v = E W0, where w, =

Let U = (¢1,...,¢0y) : K — RM be a continuos, v-integrable map. Suppose that
we wish to construct a U-generalised Carathéodory cubature measure for v, defined in

(2.0.16), that is a measure vy € M (R?), satisfying

/w] Ydv(zx /w] Ydvg(z) Vj €1, M] (3.2)

2) supp(Vy) S supp(v)
3) card(supp(P})) < M + 1
We can define the push-forward of v through ¥ by
N
v) =) Wil wi >0, U(z;) € Y(K) CRY
=1
Then, clearly (¥,v) is a probability measure on R¥ and we have

COM v, y = [sz% ZWWM ]

/wl ...,/KwM(g)du

where given an atomic measure u = Z Aidz, the centre of mass of p is defined as
CoM(u) & "N N,

Let us now introduce the notion of a reduced measure for an atomic probability mea-

sure on RM .
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Definition 3.0.27 (Definition 1 [96]). Let L, M € N be such that L > M + 1. Let
p€ My (RY), supp(u) C K, K € BRY) compact, u(K) = 1, card(supp(u)) = L.

Then, we call the probability measure fiy, € M (RM), a reduced measure for p if

1) CoM(jiyy) = CoM(p)

2)  supp(fipy) C supp(p)
3) card(supp(fipy)) = M < M

Lemma 3.0.28. Let L,M € N be such that L > M +1. Let p € M, (RM),
supp(p) € K, K € B(RM) compact, u(K) = 1, card(supp(u)) = L. Then, there

exists a probability measure fi,, € M (RM), that is a reduced measure for pu.

Proof. Apply Carathéodory Convex Hull Theorem.

]

Remark 3.0.29. Given L,M € N with L > M + 1, the reduced measure fi,; for
w,in definition (3.0.27), is generally not unique. Indeed as will be illustrated in the

forthcoming section, the number of reduced measures ji,; for u, is upper bounded by

(hr)-

Consider setting the probability measure p = (V,v) € M (RM), supp(¥,v) C
U(K) compact, (K) € B(RM). Then, by lemma (3.0.28) there exists a reduced

measure for (V,v), given by

M M
/lM/ = \f*\l/ = @ké\lj(gz]c) (:Jk Z O, Z@k = 17 M, S M
k=1 k=1
satisfying
M - N
> @ U(x,) = CoM(V,v) = CoM (V,v) =Y ©¥(z,) (3.3)
k=1 =1

with {¥(z;,),..., ¥(z; )} C {¥(z,),...,VY(zy)}. Thus, yielding an atomic proba-
M

bility measure 7 on R?

/

M
V= E WO,
z;,

k=1

satisfying condition 1) in (3.19) by (3.3) and satisfying conditions 2) and 3) in (3.19),
by construction. Hence, by construction we obtain a W-generalised Carathéodory cu-

bature measure for v and we set vy = V.
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However, in order to construct the reduced measure fi,,; = (\I//-*\V) for p := (V,v)
and thereby obtain W-generalised Carathéodory cubature measure for v, efficiently, we

will employ an iterative procedure. This procedure can be summarised as follows

For (j > 1) Construct a probability measure 7 € M, (RM), satisfying

1) CoM (ii7) = CoM (p) (3.4)
2) supp(pi’) C supp(i’~") C supp(y)

3) card(supp(1i’)) < card(supp(ii’ 1)) < card(supp(i))

If (card(supp(’)) < M) terminate and output i, := [/

We note that, by definition, each measure i/ gives rise to 77, a W-generalised cu-
bature measure for v, as conditions 1) and 2) in (3.19) are satisfied by conditions 1)
and 2) in the construction of 7/. Whence, we obtain a sequence {77 }; of W-generalised
cubature measures for v and we terminate when 77 satisfies condition 3) in (3.19),

thereby yielding a Carathéodory cubature measure for v.

In order to construct a sequence of measures 1/ in (3.4), satisfying the aforemen-
tioned properties, we proceed to cluster the weights and nodes of (V,v) in such a
way, so as to preserve its centre of mass, whilst producing a small number of clusters
for faster elimination by the forthcoming measure reduction algorithm. Moreover, a
further priority in this construction, is to subdivide each cluster in the same centre
of mass preserving fashion. This will enable us to introduce a recursive procedure on
these clusters, relying on cluster reduction and subdivision, terminating with a subset

of the original nodes and weights of (¥, v).
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3.1 Recursive Halving Forest Construction Algo-

rithm

In the following we shall present a hierarchical clustering algorithm, building on the
ideas introduced in section 1.3.3. This algorithm introduces a binary forest data stor-
age structure for cubature nodes and weights, which allows us to utilise recursion for
cubature measure reduction, by descending align the forest of data trees generated.
We will call this algorithm RHFC (Recursive Halving Forest Construction ) Algorithm.
This clustering Algorithm takes its roots in the “Recursive Doubling Algorithm”, pri-
marily utilised in parallel computing paradigms for efficient message passing between

computing nodes, see [53] and also for efficient parallel matrix computations [52].

A slight variant of the RHFC Algorithm is presented in [96]. The first difference
between the RHFC Algorithm and the algorithm presented in [96], is the emphasis on
the binary forest data representation of the hierarchical clustering structure of cuba-
ture nodes and weights. The second difference is as follows. In [96], given a cubature
problem of some degree m and dimension d, thus with underlying space of polynomials
of dimension M := dim(I1¢)), the cubature data is aways partitioned into (M +1) clus-
ters. In the present work, given a cubature problem of some degree m and dimension
d, we illustrate how to partition the cubature data into any collection of clusters L,
where M 4+ 1 < L < N. In particular, we illustrate that within the broader context of
the Recombination Algorithm, the hierarchical clustering into 2M clusters yields a one
order of magnitude speed-up (from O(M?) — O(M*)) when contrasted with (M + 1)

cluster collection.

We shall assume, for simplicity of exposition, that N = 2°, for some S € N. Ini-
tially, we populate the leaf nodes of the forthcoming binary tree data structure with

weights and nodes of (V,v)
(w?agg) = (wia W(QZ)) 1€ [[1, 25]]

this will denote the zeroth level of the binary tree T,. We fill the jth level with k = 25~/
nodes, consisting of pairs (wi, @fg), which can be computed recursively by taking the

following convex combinations of the leaf nodes
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Iterate through j = 1:5 | setting k =1:257, i =2k —1

=1 _j—1 =1 _j—1
(Wz' Z; +Wz‘+1£i+1)

2)

(3.5)

A )

cach node 2 on level j is a convex combination of the two constituent children nodes

Jj—1 -1
£; , L

x;,, on level j — 1.

Moreover, expanding the expression for the children nodes recursively we obtain

k27 0.0 k27
i D r—(k-1)2 41 Wr Ly - Z "0 3.6
Qk T k2 0 - wrgr ( : )
Zr:(k71)21+1 W r=(k—1)274+1
k27
h ’ WB ’ 1
where  w, = —; . E W, =
Zr:(k—l)Qj-‘rl Wy r=(k—1)27+1
. 0 k27

Hence, each node ], is a convex combination over {@T} , which is a sub-

r=(k—1)2/+1

collection of 27 leaf nodes.
Therefore, for 1 <35 <S5, 1<k <257 we have

x] € Conv({g?, . ,g?\,})

We form the weights associated with node @i, by adding the weights of the two con-

stituent children nodes on level j — 1

k27
- - - 0
wy = (w] T +wl) = Z w, (3.7)
r=(k—1)2i+1
k27
which results in computing the total mass over the sub-collection {g?} o of
r=(k—1)27+1

leaf nodes.

As shown by (3.6) and (3.7) it is readily verified, that for each level j € [1, ST, we have

25-1i 25
§ wix), = § wlx? = CoM (V,v)
=1

k=1
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By employing the aforementioned iterative procedure, we build a full binary tree T
of depth S. The figure below illustrates 7., with N = 23.

For any L € [1,2°], we can construct a binary forest {Tl, e ,TL} of full binary
trees, by trimming the desired number of nodes from the top levels of T,,. The resulting
collection of binary trees will constitute our clusters. By construction of T, we observe
that any collection of trees, obtained by the process of trimming a certain number
of nodes from the top levels of T, will generate a binary forest, whose roots nodes
preserving the centre of mass of the leaf nodes, as illustrated in the following example.
Let us trim the root node (w?,3) and the right-hand node on the penultimate level

(w3, x3), of T, yielding the binary forest

(wi, x})
/\
(wi, z7) (wy, ) (w3, 3) (wy, 1)

(Wi, zh) (w5 @) (wg,zh) (Wi 2)) (Wf25) (Wi, zp) (W zh) (wf =)

We obtain a binary forest {Tl, T, Tg} with root nodes

xr
(whah) = sz, Loyt 1”7

(w§>§é) = Zwm ngl

w X,
(wi z) = Zw“ 7—0



It is readily verified that setting 8 := w?, B := w}, B3 = wj and y = i, y, :=
i y, = x! gives rise to a measure CoM(n3) = Y20, Biy., supported on the root

nodes of a binary forest {T%,75, T3}, whose leaf nodes are points in the supp(V.v)

satisfying
CoM (n3) Zﬁzy = Zw = CoM (V,v)
237
Zwkwk—Zw = CoM (V,v)
The only constraint, that we impose on the binary forest {T Ty--- ,TL}, resulting from

trimming 7, is that the depth(T;) for 1 < ¢ < L does not differ by more than 1.
This keeps the underlying clusters nearly the same size, thereby allowing us to better

manage the overall workload of the forthcoming algorithm.

By dropping the assumption N = 2% we can apply the RHFC (Recursive Halving
Forest Construction) algorithm, detailed below, to (V,r). However, the collection of
trees {Tl, LT L} generated by RHFC, with N # 2° will not consist of perfect, but

of complete, binary trees. We recall the definition of a complete binary tree.

Definition 3.1.1. A binary tree {T, T, T"} of depth D > 0, where T* and T" rep-
resent the left and right subtrees of T' respectively, is complete if
1)IfD=0,T'=2, T =2

2) If D > 0, then either: T* is a perfect binary tree (every node is a leaf or pos-
sesses exactly two children) of depth (D — 1) and T" is tree of depth (D — 1), which
has every level completely full except possibly the last one with all its nodes to the left
side; or

T* is a binary tree of height (D — 1), which has every level completely full except pos-
sibly the last one with all its nodes to the left side and T" is a perfect binary tree of
depth (D — 2).
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Algorithm 3: Recursive Halving Forest Construction

Input: Positive atomic measure: p = Zfil Ai0., Number of trees: L > M +1
1) Set (w), &?) := (w;, 2;) for i € [1,N] and D := [logs(¥)]
2) For j=1:D
If (j=D,[55] <L)
Set r = [3p7] — L

Fork=1:r, i=2k—1

If ([555]=2(+1, L€N)
1=1—1
If (k=1)
Set (wP, zP) =

D—-1 D 1 D—-1 D—-1
P P ) (w1 TN Z N )
B O N = N

[3p-T

Set (P, zP) =

<( D-1 D 1) (WZD 1_? 1"’“’@211331211))
+1 /)

( +W£r11)

end k loop
Else

For k=1:[], i=2k—-1

If ([5]=2(+1, (eN)

o e ey ey )
(w] 1 + wj_l ) [2]—1] ’723—1]
1 N 1) —1 —1
[21711 (O}'{ + W?le\ilw)
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end k loop
end j loop

3)If ([555] =20+1, L €N)

Set p:=2r
Else
Set p:=2r+1
For:=1:1L
If (i <r)
Set (B1,y,) = (P, zP)
Else
Set (ﬁi’gi) = (wf+_ii(r+1)’£1?+_il—(r+1))

end ¢ loop

Output: Atomic measure: n;, = Zle Bidy.
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Under the above construction, when the number of nodes on a given level is odd,
the last node on the successive level is a parent to only one child, which in turn corre-
sponds to renaming the child node. If we were to drop all the straight edges connecting
parent to a single child, thereby keeping just the children nodes, the resulting binary
tree would always be complete. An illustration is given below for a single tree in the
binary forest of L = 5 trees with an initial population of N = 25.

(wi, z?)
/\
(Wi, z7) (w2, 23)
_— T \
(W%vﬁ%) (W%&@i’,) (W%m@b)
(W?7£(1)) (W(z)aﬁg) (W(2)57§(2)5) (wgsaﬁgs) (W347§(2)4)
\[%
(Wi, z})
/\

(wi, z7) (w7, z?)
/\ /\
(W%’Q%) (Wg57§85) (Wg?,a&gs) (w84,§84)

/\

(Cd?, Q(l)) (wga 22)

Remark 3.1.2. We note that the output measure from the RHFC algorithm, n;, =
Zle @5%_ contains the information about the underlying binary forest structure. To
make thi?s dependence explicit, we say that the pair (ﬁi,gi) s a root pair of some
complete binary tree T; of depth depth(T;) = D or D — 1 and it consists of the root
node y, = R(T;) and associaled root weight 3; = P(T;)

L
= Bdy, Bi=PT), y=RT) for 1<i<L
i=1

7
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3.1.0.4 L-Tree forms

Definition 3.1.3. Let N,L € N be such that N > L. Let p € M, (RM), with
supp(p) C K, K € B(RM) compact, be given by

N
= Z Ailg,
i=1

Then, we call n;, € My (RM), with supp(n) € Conv({zy,...,zy}) C K, the
L-tree form of u, if

1

L
i=1

satisfies

CoM(ny) = CoM(p)

where {Ty, ..., T} denotes a forest of complete binary trees, such that depth(T;) = J
for1<i<sanddepth(T;) = J—1 for s+1<i < Lwith0 < J < D, D = [logs(¥)]
with root nodes R(T)

x/ for 1<i1<s
R(T) = (3.8)

and associated root weights P(T;)

w; for 1<i<s
PL) = (3.9)
w7 for s+1<i<L
and each level j € [0, J] of the tree T; contains node pairs
(wi,g,i) for 1<k< 12777 o [2WU-D-i

satisfying the recursion

wi = (wply +wgy )

j—1 -1 j—1,.7-1
o (Wzk—1§2k—1 T Wy, Ly )

(Wil +wii )

and the root nodes x’

/)

is produced by an application of the RHFC' Algorithm to .
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Remark 3.1.4. We note that in the above definition the L-tree form of u, ng is sup-

ported on a forest of complete binary trees of some depth J or J — 1, hence differing

by one level at most.

If depth J = D, then the resulting forest of binary trees is the output produced by
the RHFC' Algorithm applied to p. However, for J < D, the resulting collection of
binary trees is such that the nodes are constructed by the RHFC Algorithm, but the
weights are not. Thus, we can regard the collection of trees in the support of np as
some re-weighted sub-collection of sub-trees, produced by the RHFC Algorithm. This
definition, will become more transparent in the following sections, as we illustrate the

explicit construction of different L-tree forms of .

Lemma 3.1.5. Let N, L € N be such that N > L. Let i € M, (RM), with supp(p) C
K, K € B(RM) compact, card(supp(n)) = N and let n, € M (RM) be an L-tree form
of u, supported on a complete binary forest {1\, ..., T}, with each level j € [0, J] of

the tree T; containing node pairs
(w#@‘ljc) fOT 1<k < L2J7j or LZ(J*U*]'
Then,

Zwigﬁc = CoM (), for each level j € [0, J]
f

Proof. By definition of an L-tree form of u, we have CoM(n;) = CoM(n). Hence
by expanding CoM (1) in terms of the expressions (3.8) and (3.9) and exploitng the

recursive definition of the node pairs (wi, Qi), we obtain the desired result. O

Lemma 3.1.6. Let N, L € N be such that N > L. Let i € M, (RM), with supp(p) C
K, K € B(RM) compact, card(supp()) = N and let n, € M (RM) be an L-tree form
of u, supported on a complete binary forest {1\, ..., T}, with each level j € [0, J] of

the tree T; containing node pairs

(wi, z3) for 1<k<IL277 or L2U-D7
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the following are satisfied

1) JUT) € supp(p)

i=1

where [(T;) denotes the collection of leaf nodes of tree T;
2)P(T)R(T:) = P(THR(TY) + P(T])R(TY)

where T, denotes any subtree of T;, including T; itself and ff,ff denote the left and
right subtrees ofﬁ- of depth (depth(Ti) — 1), respectively.

Proof. Property 1) holds true by construction of the RHFC Algorithm, if J = D, n,
is the output measure, produced by the RHFC Algorithm applied to p, then we have

L

JUT3) = supp(p)

i=1
If J < D, then the collection of binary trees {711,...,T} is some re-weighted sub-
collection of the binary forest produced by the RHFC Algorithm and hence we have

JUT) c supp(p)

=1

Property 2) holds true by the recursive expressions for nodes and weights in definition

(3.1.3). Since for any level j,we have

—1 _ 5—1 —1 —1
N N I B R S B e o R 0]
P(T)R(T;) = wyzy, = (Wi +wijy) ~
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Remark 3.1.7. Given an input p € M, (RM) into the RHFC Algorithm, given by

N
i=1

we have already remarked that the output measure ny, produced by the RHFC Algorithm

1s an L-tree form of .

This can be easily verified, since ng satisfies the following properties

L
=1

where each resulting tree T; is a complete binary tree of depth J = D or J =D — 1,
where D = [loga(F)] and s =1 = ((QDL,J — L)

w  for 1<i<r xzP  for 1<i<r
P(T;) = R(T) =
wfﬁi(rﬂ) for r+1<:<L QPDJ;(TH) for r+1<i<L
and
CoM (ny) Zﬂzy
ZP-1
- Zwl Z; + Z prrz (r+1) Lyt (r+1)
1=r+1
2P L (r+i)2P~1
—Z( o)X (00X na)
=(i—1)2P+1 i=r+1  f=(r+i—1)2D-141

= Z Aezg = CoM (p)
=1

where the penultimate equality is obtained by expanding the expressions in (3.6) and

(3.7).

And for each level j € [1,J], the recursive definition of the children nodes (wi,g{c)

holds by construction. Moreover, for each level j € [1,J], we have
> wiz) = CoM(u)
k

which again holds by expanding the expressions for (WP, zP) and (war_ii(rH),ngr_il_(rH))
using (3.6) and (3.7).
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3.1.0.5 Tree Permutations

Clearly, given an input g € M, (RM) into the RHFC Algorithm, the L-tree form of y,
1 produced by the RHFC Algorithm is not unique, since any permutation of the leaf

pairs of nodes and weights yields a potentially different output measure 7, . Consider,

for example

(wi, )
/\
(wi, z1) (wy, z5)
/\ /\
(Wg(l) ) 22(1)) (wg(z) 3 §2(2)> (Wg(g) ’ £2(3)) (W2(4) ; £2(4))

for any o € Sy, where and S; denotes the symmetric group of degree 4. For example
o1 = (1)(2)(3)(4) and o9 = (12)(34) yield the same L-tree form of u,

1_ .0 0 1 _
Wy =w] +wy, &; =

10 o 1 _
Wy = W3 T Wy, Ty =T, + X

2 1 1
Wy =w) twy, T

similarly o3 = (123)(4) and o4 = (134)(2) yield the same L-tree form of . In total
there up to |Sy|/2 = N!/2 different L-tree forms of u for even N, produced by the
RHFC Algorithm.

We note that, since the overall goal of the RHFC Algorithm is to cluster the weights
and nodes (w?, z?) of the input measure u into a complete binary forest of trees,

differing by at most one in depth, whilst satisfying the two following properties
1) CoM () = CoM (1)

2) Zwi@i = CoM (), for each level j € [0, D]
k

we do not make any distinction in the quality of the output measures produced by
permuting the leaf nodes, as for any permutation ¢ € Sy of the leaf nodes the measure

1 produced by the RHFC, will satisfy these properties.
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3.1.0.6 Reduced Measure

We recall that our goal is to construct a sequence of measures 717 € M, (RM), satis-
fying (3.4), where pu := (V,v). To accomplish this task, we have derived a method-
ology to construct the L-Tree form of p, supported on the collection of binary trees
{T1,..., Ty}, with the property that the union of its leaf nodes form the support of

the original measure p.

In the following, we shall couple the definition of a reduced measure with the idea
of tree re-weighting, which will be introduced in Section 3.1.0.7. This will enable us to
formulate the notion of a reduced tree measure 7,,, for 7, supported on some subset
of the binary forest {T},...,T}. Subsequently, we shall illustrate that the leaf nodes
of ,, give rise to ji/, thereby satisfying (3.4).

Applying the RHFC Algorithm to (V,v), given by

N
(‘I}*V) — sz(slll(gl) Wi Z 07 Zwi = ]-7 \I/(QZ) S RM

i=1 =1

yields an L-tree form of (V,v) , given by

L L
nL = Zﬂiégia 61 = P(TZL) >0, ZBZ =1, ﬂz = R(T‘Z) € CO””(‘[\D(Ql% SRR \IJ(QN)})
=1 1=1

such that
CoM (V,v) sz Zﬁzy = CoM (nr)

By lemma (3.0.28), we know that there exists reduced measure 7,/ for n;, with

card(supp(ii,;)) = M < M, which we can denote by

Since we have supp(i,y) C supp(n) = {y,,---.y,} = {R(T),....,R(Ty)}, there
must exist a binary forest {T;,,...,T; ,} C {T1,...,Tp} such that

y =R(T,) for 1<i<M

iy, Tk

and hence we conclude that constructing 7,/ entails eliminating (L — M) binary trees
from the forest {11,...,T.}.
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4, remain

We note that by construction of 7,,/, not only do the root nodes Y, of T;
unaltered, but all the children nodes down each tree T;, € {T;,,...,T;,,} also remain

unaltered.

However, it is only the root weights of the reduced measure 7),,, that are updated

from the weights of 1., by the following

M
Bi=P(T,) =By for 1<k<M, S f=1
k=

Since, we are concerned with reducing the support of (V,r) and by the construction
of nr, we know that the leaf nodes {¢(1}),...,¢(1)} of the binary forest {71,..., 7.}
in the supp(ny), satisfy

Ul = supp(¥,v)

We can conclude that the leaf nodes of the reduced measure 7,, satisty

U ) C supp(V.v)

In the following section, we will illustrate that the construction of the reduced mea-
sure 7,,, enables us to reduce the support of (V,r) in a centre of mass preserving
fashion. To accomplish this, we need to permeate the root weight update of each tree

T, B — ﬂk all the way down each level of the tree T}, and hence re-weight the leaf

level of every remaining tree.
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3.1.0.7 Updating Binary Tree Weights

In order to perform the tree weight update operation efficiently, we note the following:
assume, for illustration T;, = Ty € {11, ..., T} and depth(T;,)=2, then T}, is given by

(Brry,) = (Wi, z7)

/\
(wi, z) (w3, )
/\ /\

By construction of the RHFC Algorithm, we know that

2 1 1
B1i=w] =wj + wy
2 0 0 0 0

since we need to keep track of each child node wj as a proportion of the root node

B1 = w? to perform updates, we let Hi = (wi/ﬁl) and hence we have

B = 9%51 + 9%51
Br = 0981 + 0381 + 0381 + 035

Therefore, instead of storing each individual child node wi in the tree structure above,

we can store the product (64,), resulting in

(51:Q1) = (w%&%)

/’/\
(0161, z) (6361, z3)
T T

(9[1)517£(1)) (98617£g> (egﬁlaig) (Qgﬁl,ﬁg)

Whence, to permeate the update of the root weight of 7, that is 5, — El, to all the

children nodes of T;,, we perform the following update

19
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(b1 y,) (B, y,)

,///’\ ///\
(0151, z}) (0351, 3) (0151, 1) (0351, 3)

We denote the resulting, re-weighted tree 7;, by

(Bryy,) = (@}, 2)

/\
(@1, z) (@3, z3)
/\ /\

(@7, zf) (@5 z5) (@525 (@F =)

~i _nin
where wy, = 04 5.

If performed sequentially, the tree weight updates require touching every node of the
tree T}, , hence at most 29P*"(Ti1) — 1 nodes. However, we note that, this type of data
storage for tree weights allows for O(1) tree weight updates 9%51 — eiﬁl, when per-
formed in parallel.

Definition 3.1.8. Let T be a complete binary tree of depth J € N

(wi, z)

o\ o

(w7, z7) (wn, 25

nr=n

with the root pair (w],x]) and each level j € [0, J] contains node pairs

(Wi, z}) for 1<k< :—]

satisfying

wi = (wpely +wyy )

j—1 -1 j—1_7—1
(Wzk—1§2k—1 + Wy Ly, )

(whly + i)
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Then, given a root weight update wi — &, we call T a weight-updated tree, given by
(@, z7)
(@ Q . .ﬁ 0)

n»=n

if O = 01Q], where 6], = wl Jw] for each level j € [0, J].
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3.1.0.8 Reduced Tree Measure

Definition 3.1.9. Let L, M, N € N be such that N > L > M + 1. Let u € M (RM),
with supp(p) C K, K € BRM) compact, be given by

and let n;, € My (RM), with supp(ny) € Conv({z,,...,zx}) C K, denote an
L-tree form of i, given by

L

L
i=1
where {Ty,...,T.} denotes a forest of complete binary trees.

Then, for some M < M, we call ny € M4 (RM) a reduced tree measure for ny,

of

1. nyp s a reduced measure for ng, given by

M/
B=0 Y B=1
k=1

2 B=P(T,), y. =R(T,) for1l<k<M

=k

~

where each T;, is a weight-updated tree T;, , corresponding to a root weight update
Bk — ﬁk and {ﬂl,. .. ,,TZ'M,} C {Tl, .. ,TL}.

Lemma 3.1.10. Let L, M, N € N be such that N > L > M + 1. Let p € M, (RM),
with supp(p) C K, K € BRM) compact, be given by

Given an L-tree form of pu , np € M_(RM) and given some M < M, a reduced tree
measure 1, € My (RM) for ng, is given by

M/
me = Biby  Be=PT), y, =R(T,)
i=1 .

=ik
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A~

where each tree is a weight-updated tree T;_in the supp(nL), corresponding to the

i

root weight update [, — B\k

Then, by letting {(T;,) = {z;,}; denote the collection of leaf nodes of the tree T

we have

k7

N N’
= Z)‘kazr Aj 20, Z)‘k =1, {éik}évzl = Uﬁ/[:1€<1—;k)
k=1

where A\ = Q?B\k and 0 is defined, as in (3.1.8). Moreover, i satisfies

1) CoM(u) = CoM (p)
2)  supp(i) C supp(p)
3) card(supp(ii)) < card(supp(u))

Proof. By definition of a reduced tree measure 7,, for n; we have

~
ik

M/
M =§;ﬂkéyik be = P(T,,).

=ik

= R(T,)

~

where each tree is a weight-updated tree T;,, corresponding to the root weight

("

update B, — Bk Let us assume, without loss of generality that

depth(T;,) = ... = depth(Ty )= J < D

where D = [log2(%)]. By definition (3.1.8) of a weight-updated tree, each level
j € [0, J] of the binary forest {T},,... ,YA}-M,} contains the node pairs

(@, =) for 1<j<M -2/
satisfying
M'27-i
~ o (5L ~j—1 ~J ~7
Wy, = (Wzk_1 + Wy, ), wy, >0, Z w, =1
k=1

and since Y, = x;, together with its children nodes @i, are produced by an application
of the RHFC Algorithm to p, we have

-1 _j—1 i—1_j—1
(Wi 1 &9y + Wo, Ty )

Wity +wii )

J o
Ly =
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where (w9, 2)) = (A, z,,) for 1 <k < N.

Then, by construction we have

M

CoM (n,,) Z Zwkazk

=1

Moreover, it is readily verified that for each level j € [0,.J] of the binary forest
(T,,... ,JA}M, }, the node pairs (&7, ) satisfy

M'27-i

S Glal = CoM(ny,) (3.10)

k=1

Let us verify (3.10), for j = J — 1. By definition of xj, we have

J—1 J—1_J—1
J (W% 1"’32k 1+W2k Loy, )

xT; =
* (Wélk 11 + wé]k: 1)

(03 )2hs + (Bt )
B

_pd=1 J-1 J=1,J—1
= O 1 Xy + O @y

since w ﬁ;ﬁ‘] Vand (wy, ', + wii ') = wf := Br and hence we have

M
= Z(ﬂ O )E !y + Z Brby, )y,

I
&)

since &} = B, and @j_l = B,

Similarly, (3.10) can be verified for all j € [0, D], in particular we note that

M'27 M'27

CoM () ngaz op >0, ) ap=1
k=1

113



Moreover for 1 < k < M'27, by construction we have z) = z;, € supp(u), hence we
define

M'27 M'27

> 0., @ =0, &) =

k=1 k=1
Then, by definition of the L-Tree form 7, and the reduced tree measure 7,, for n,
we have

CoM (p) = CoM (nr) = CoM (1)
and since

CoM (nyyr) = CoM (R)

we can conclude that
!
M 27

N
1) CcoM(i)= Y Bz, =3 Nz, = CoM(p)
k=1 =1

2)  supp(jr) C supp(p)

!

, M N
3)  card(supp(ii)) = M 27 < 7 < N = card(supp(u))
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3.1.0.9 Tree Splitting

Lemma 3.1.11. Let L, M, N € N be such that N > L > M + 1. Let u € M (RM),
with supp(p) C K, K € BRM) compact, be given by

and let n;, € My (RM), with supp(ny) € Conv({z,,...,zx}) C K, denote an
L-tree form of i, given by

L

L
nL=Y By, Bi=PT), > Bi=1y =RT)
=1

=1

where {11,..., Ty} denotes a forest of complete binary trees, of depth(T;) = J for
1<i<sanddepth(T;)=J—1fors+1<i<Lwithl<J<D, D= Hogg(%ﬂ

Then, there exists an L-tree form of u, 1, € M, (RM)

L L
=D A0y, Bi=PT). 3 Bi=1 y,=R(T)
i=1 i=1

where {Ty, ..., T.} denotes a re-weighted sub-collection of sub-trees of {T,..., 1}, of
depth(T;) = J — 1 for 1 < i < q and depth(T}) = J — 2 for q+1 <i < L.

In particular, ﬂ = ﬁ or Tl = Tf; or TZ = i’;, where Alk 15 a weight-updated tree
T, € {Th,...,Tr} and {fé f’"} denote the left and right sub-trees of YA}k, of depth

by 1) Tk
depth(T;,) — 1.

Proof. Assume that we have an L-Tree form of u, given by

L L
nL=>Y Bidy, Bi=PT), Y Bi=1y,=RT)
=1 =1

where {T},...,T1} denotes a forest of complete binary trees, of depth(T;) = J for
1<i<sanddepth(T;)=J—1fors+1<i<Lwithl1<J<D D= Hogg(%ﬂ

Then, by lemma (3.0.28), there exists a reduced tree measure 7,, for 1, for some
M <M

’

M R R M R R
/Bk‘:P(Ek)’ Zﬂk:L Y :R(le)
k=1

2y
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A~

where each tree is a weight-updated tree T;, , corresponding to the root weight

i

update Bk — Bk

By the definition of ﬁ-k, we know that if B = depth(ﬁk), then we have Ek = P

and y, =z}
—E

B-1 B-1

B—1_.B-1 B—1_B—1
~ -~ ~ gl Wop_ 11Xy T Wy, X
P(T,)R(T},) :w;]j&kB :wf 2k—1Lok—1 ok Lop (3.11)
Wop_q T Way

~B (eriill)ifkill + (Wi?egf_l)ﬁgc_l
Wi

= (@ )z + (D40 gy !

_ ~B-1_B-1 , ~B-1_.B-1
= Wy 1Lop_1 T Wy Ty,

~

= P(T;,)R(T;,) + P(T;)R(T;,)

since wf_l = wf@f‘l and @JB_l = &3,?9;3_1, where T, and T are the two constituent

left and right sub-trees of 7;, of depth (B —1).

We proceed by selecting (L — M') < M’ trees of greatest depth {ﬁjl, o ,ﬁj L+ C
L—M
{T;,, ... Yy }, from the support of 7,,,. Subsequently, for each tree selected we re-

move the root pair (P(ﬁ-jk), R(ﬁjk)> and whence split the tree fijk into the two

constituent sub-trees

Next, we set

~

{Tl,...,TL}:<{ZA}1,...,ﬁ,}\{ﬁ.,...,Ti. })u{ff ... 1 T )
M 1 Tp—n' _
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and thereby obtain 7, given by

L

L
=) By Bi=P@), Y Bi=1 y =RT)

i=1 i=1

where depth(T}) = J —1 or J — 2
By construction of 77/L, we have TZ = ﬁk or TZ = YA”Z‘; or TZ = i:; In any of the
aforementioned cases, by definition of a weight-updated tree, the root node is given by

y, = R(T}) =z
where B = depth(j’i) and P, is produced by an application of the RHFC to p and
the associated root weight

Be = P(T;) = &f
Moreover, by definition of a weight-updated tree for each level j € [0, J], we have

j—1

. -1 _
) ) w? w w . . . .
~j _ ninB _ ¥r ~B __ 2r—1 2r ~B _ pi—1 ~B j—1~B _ ~j—1 ~7—1
Wy = Hrwk - Bwk - < B + B W = 621"71("')]{ + 621" W = Wy + Wa
w w w
k k k
and since
. . . . j—1 7—1 Bpi—1\,..i—1
j—1 -1 j—1_.j—1 (wBGJ x + (W20, N
Lr -

(i) + i) (WPO, 2 +wpel )

j—1 -1 j—1,.7-1 ~Bpji—1 j—1 ~Bpi—1\,.Ji—1
(92%1@2%1 + 05, Ty, (Wk 09— 1)Z3, 1 + (W), b, )T,

@26 (@263, + 526l )

~j—1 -1 ~j—1 -1
<W2r—1§2r—1 + Wy, Ty,

/\j—l /\j—l
(w2r—1 + Wy, )

By definition of a reduced tree measure 7,,/, we have

CoM (ny) = CoM(nr) = CoM (u)
and by (3.11), we obtain

CoM (1) = CoM () = CoM (p)
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and whence 7; satisfies the definition of an L-Tree form of .

]

Let L, M,N € N be such that N > L > M+ 1 and let pu := (V,v) and let the
L-Tree form of u, n;, € M, (RM), constructed via RHFC, be given and set 7% := 7;.

Let the reduced tree measure n,,, € M (RM) for nr, be given and set 7724, =1

Then, applying lemma (3.1.10), yields a probability measure i € M, (R™) and we set
[t =i, given by

Ny N1
~1 ~1 ~1 ~1
o= E wk&p@ik) w, >0, Wy =
k=1 k=1

By construction, ' satisfies

N

1) CoM(i') => @¥(z,) =Y w¥(x;) = CoM ()
k=1

=1

2) {\I’(%k) ;gvzll C{Y(z;) il

<3/ Ji=1

3)  card(supp(i*)) = Ny < N = card(supp(p))

where Ny ~ M'2P, D = ”Q%(%ﬂ

Then, we proceed by recursion, for j > 0, letting 77?\4’ € M, (RM) denote the reduced
tree measure for ni and utilising lemma (3.1.11) to construct 77{“. We note that at
each step of the aforementioned recursion, the construction of n&, from 77% eliminates
(L — M’) trees of approximate depth (D — j) from supp(17,) and the construction of
77JL.Jrl trims the root nodes of the collection of trees in the supp(n?h,), thereby reducing
the depth of the underlying binary forest at every iteration. We terminate the recur-
sion, when 7714, is supported a forest of binary trees of depth 0, i.e. when we have

reached the leaf node level.

We observe that with each construction of 775;4,, as a result of lemma (3.1.10), a new

probability measure @/ € M (RM), is generated by the leaf pairs of 77?\4“ By con-
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struction [/ satisfies

1) CoM (i Z@pp z; ) Zw, = CoM (1)
2) (W)l © {W(a,) ity C { W ()},

3)  card(supp(i’)) = N; < N;_1 < N = card(supp(i))

By lemma (3.1.10), i/ arises from the union of leaf nodes of 77?;4,, supported on the bi-
nary forest {17, ... ,TZ.]M/} of approximate depth (D — j) and whence card(supp(ji’)) =
N; =~ M '2P=7) - Moreover, by definition the union of leaf nodes of 775\4’ is a sub-
collection of the union of leaf nodes of 775\4_/1 and hence (2) follows, for each j > 0. And

since by construction, we have
CoM (iy}) = CoM (17},,) = CoM (p)
and
CoM (i} ;) = CoM (i)

therefore (1) follows.

We note that each measure i/ gives rise to a measure

N; N;
= E Wiz, ol > E
k=1 =

and by conditions 1) and 2) of /7 it follows that 77 is W-generalised cubature measure
for v. Whence, the aforementioned recursion yields a sequence {77}; of W-generalised
cubature measures for v of decreasing cardinalities. We terminate, when 775\4, is sup-
ported on a binary forest of depth 0, that is, it is supported on a sub-collection of nodes
in p1, yielding card(supp(ii?)) = M < M + 1 and hence we have card(supp(0’)) = M.
Therefore, since the last 77 satisfies condition 3) in (3.19), we obtain a ¥-generalised

Carathéodory cubature measure for v, vy.
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3.1.0.10 Construction of Reduced Tree Measures

The Recombination Algorithm, first introduced in [96], combines all the aforemen-
tioned ideas in this chapter and whence can be exploited to construct a W-generalised
Carathéodory cubature measure for 7y for an atomic probability measure v and a
continuous, v-measurable map W = (¢1,...,1)). However, prior to introducing the

Recombination Algorithm we require a method for generating reduced tree measures

Ny for ng.

In the following section we will introduce two constructive algorithms for generat-
ing reduced tree measures 7,/ for an 7, as defined in definition (3.1.9), for L = M +1
and L = 2M. The method for generating a reduced tree measure 7,, for 7., consists

of two phases:
1. Construct a reduced measure 7,, for n, as in definition (3.0.27)

2. Update the weights of every tree in the support of 7,,/, by utilising the definition

(3.1.8) and hence produce the reduced tree measure 7,, .

To perform the first phase, we introduce the 1-Tree Measure Reduction Algorithm and
M-Tree Measure Reduction Algorithm, respectively, for L = M 4+ 1 and L = 2M.

Letting n;, be given by

L L
=Y By, Bi=PT)>0, Y 8i=1,y =RT)
i=1 i=1
and setting

R MXxL
=YYy Yy ER

= [B1, B2y - .., Bus1)” € Ri
:=CoM(n) € RM

> @ =

Both of the aforementioned measure reduction algorithms, provide an alternative
method to the Simplex Algorithm, for finding a basic feasible solution, with M < M,

~

B=Bi....00,....0" € RE to the LP problem
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and thereby generating a reduced measure 7,,/, given by

! /

M M

then we proceed to updating the weights down each node of every tree T;, € {T},, ..., TiM’ }
in the supp(n,,;). And whence, we produce the binary forest {ﬁl, o ,ﬁM,}, where
each tree ﬁk is a weight-updated tree Tj,, corresponding to the root weight update

Br — Bk, as defined in (3.1.8), yielding the reduced tree measure
Mo ~ ~ v .
m=D By, B=P@)20 3 B=1y, =R({T,)

The 1-Tree Measure Reduction Algorithm, integrated into the Recombination Algo-
rithm, was first introduced in [96]. This algorithm enables us to construct the W-
generalised Carathéodory cubature measure for v, by sequentially clustering the orig-

inal measure v into (M + 1) binary trees at every iteration.

The novelty of the M-Tree Measure Reduction, is that, whilst it has the same theoret-
ical computational complexity as the 1-Tree Measure Reduction, when integrated into
the Recombination Algorithm, the overall theoretical computational complexity of the
Recombination Algorithm is reduced by one order of magnitude. The key, behind this
novel construction is to cluster the original measure v into 2M binary trees at every
iteration, which will result in halving the support of the original measure v with every

iteration.

Moreover, from empirical results in the Chapter 5, the Recombination Algorithm im-
plemented with M-Tree Measure Reduction, turns out to be one order of magnitude
faster than the Recombination Algorithm with the Dual Simplex or Interior Point
Methods.
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3.2 1-Tree Measure Reduction Algorithm

Algorithm 4: 1-Tree Measure Reduction

Input: Let 15,41 be an atomic probability measure on R, given by

M+1

Masr = Y Bidy
i=1
1) Set

A® = Y, Yy ’QMH]

é(O) = [/617627 s 76M+1]T

2) Compute M = rank(A®)
Fori=1:(M+1)—M
3) Produce a null vector ¢ € Ker(AG=1)

4) Compute oy

1<G<(MA+1)—(i-1)

g B
Q) = min D p;>0p ="k
© { ; ’ D1

for some k% € [1,(M +1) — (i — 1)]

5) Set é(i) = [BY), él)a e ’@((;\ZIJrl)*i]T

ﬁ](-i_l) — () P; for j € [1,k% —1]

5('1711) — a1 for j e [£®, (M +1) —i]

122




6) Set AW := [g‘”,gg"); e vﬂ&)ﬂl)ﬂ']

gg,“l) for j € [1,k% —1]

Y@ =
<5 . )

y=b  for j € [kO, (M + 1) — 1]

=j+1
end i loop
7) Set
é = [Bl? BQ7 s 7BM']T = [6£M+1)_M 7B§M+1)—M PR Jﬁj(\i[\//l—l—l)_M ]T = Q(M+1)_M
8) Set
A o o Mol _M’ o
A=y y, ..oy, | [yMe0M gy (eno’ g =My g

M

Output: Reduced measure for 1y,

The following provides a constructive proof of lemma (3.0.28) for L = M + 1.

Proof. Let nypy1 = Zf\f{l Bidy an atomic probability measure on RM. Set

Yy, = Ly ymy]” € RM
) ._ Mx(M+1)
AW = [%’QQ’ . ’QMH] cR

M+1

B =B, Ba,. . BT €RYTY N 5 =1
j=1

For i = 1, we proceed with step 2) of the 1-Tree Measure Reduction Algorithm.
Compute rank(A®)= M" < M and hence dim(Ker(A®)) = (M + 1) — M'. By step
3) we compute ¢ € Ker(A). Clearly, since A®¢ = 0, we have

M+41




and in particular since y; ; = 1, Vj € [1, (M + 1)], we have

M+1

> 6,=0
j=1

and hence at least one ¢; > 0, as not all ¢; =0

M+1 M+1 M+1 M+1
corton-) - 3 i, - z@-gj—a@%):zwj—aasj)gj
s =1

j=1

holds for any a € R, in particular for ¢ = 1 it holds for a = o3, defined in step 4),
then we have §; — amy¢; > 0 for Vj € [1,(M +1)], By — a(1)¢k(l = 0 for some
KO € 1, (M +1)] and 370" (8 — apyéy) = 1

Hence, we have produced a probability vector [é(o) — a(l)ﬂ placing zero mass on
the kMth node in supp(nar41). Subsequently, we shrink the probability vector pro-

duced by removing the zeroed coordinate to obtain

B [ﬁl 762 7"'7 ERM ZB

as defined in step 5). And since the k(Mth node Y, can be represented as a linear

combination of {gl, oY Yy 'QMH}

M1
Y. = ¢ o Z ¢jy

j=1
j#k®)

we can eliminate the node y, ,, from AO | without altering the rank of the new co-

RMXM

efficient matrix. We set AN = [yt 4y 4] e as defined in step 6),

LARRESN
with rank(A©®)=rank(A®)=M". Hence, we produce a new probability measure 7,

preserving the CoM (nyr11).

M
~ M ~
i =y 85760 {yM L C supp(mia) , CoM(narsa) = CoM (i)
j=1 -
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At the end of iteration (i — 1) < M — M, we have produced

AG-D) . [Qgi_l)’gg_l)’""ygwi)l) - 1)] e RMX((M—i—l)—(i—l))’ mnk(A(i—l)) - M
(M+1)—(i—1)
i— i—1 i—1) i—1) —(i— i—1
B o= (B B Bl T E RO, ST g g
j=1
(M+1)—(i—1) ( -
~ i—1 i— M+1)—(i—1
arm-an = > B Ve {giVH C supp(insia),
J=1 B

CoM (nar41) = CoM (Nnr41)—(i-1))

Moreover, the dimension kernel of A®~1 has the following bound
dim (Ker(A"™)) = (M +1) — (i — 1) = rank(A"D) = (M +1) — (i — 1) — M >1

Hence, for iteration i at step 3) we can compute ¢ € Ker(A“Y) and since at least

one ¢; > 0, we have

(M+1)—(i—1) (M+1)—(i—1)
~ , _ (i=1), (i—-1) _ (i-1), (i—1)
CoM (1jar+1)~(i-1)) = gy = gy
j=1 j=1
(M+1)—(i—-1) (M+1)—(i-1)
i-1) ) _ (i-1) i—1
—%)( > o )>— > B —awe)y Y
j=1 j=1
(M+1)—
Z 6 0 = CoM (7iar 1))

where o;) is as defined in step 4), BJ(-i) is as defined in step 5) and gﬁi) is as defined in

step 6). And since yl(:(l_)l) can be represented as a linear combination of

i— (i-1) , (i-1) (i-1)
{QE REy Yo~ Yeop10 - Y —-1)

(M+1)—(i-1)

-1y _ 1 D)
Yo =5 jZl 65y,
7k

we can eliminate the node gg(:)l) from AU~ without altering the rank of the new
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coefficient matrix. Hence after iteration i, we have produced

AD = [y yl Lyl ) e RMHEDT, mnk(A<i>) =M
(M+1)—
B = (B, 8, .. Bl )" € RMHDI Z /31 =1
(M+1)—
i ) (MA41)—i -
T(M+1)— Z 5( d y _5-)}221 : C supp(fiar+1),

CoM (irr 1) = CoM (Tars1)—i)

and whence at the end of iteration i = (M + 1) — M, we have produced the reduced

measure 17, for N1

M !
(M+1- M A M
M = E By ) = = Bidy, + {Y, ey C supp(mari)
k=1

’

ZB =1, CoM(nar+1) = CoM (7,)
1

<

Remark 3.2.1. Theoretical Complexity of 1-Tree Measure Reduction Algorithm

Let C(nar41,M,y) denote the complexity to perform the 1-Tree Measure Reduction Al-
gorithm. Then C(nury1,7,,) is dominated by the computation of the Ker(AW=V), for
iterations i = 1: (M +1) — M’ which is an M x (M + 1) — (i — 1)) matriz , which by
the standard “Golub-Kahan-Reinsch” SVD algorithm takes, see Chapter 8.6.4 [106]

AMP X (M 41— (i —1)+8M x (M +1— (G —1)*+9x (M +1—(i—1))>=
21 M3 + lower order terms

If M' = M, then, we perform only one iteration through steps 3) — 8)and hence, we
have C(nary1, 7y ) = O(M3). If M' < M then the number of iterations through steps
3) — 8) is greater than one, however it is generally much smaller than M, we will
assume that C(nyry1, 7y ) = O(M?).
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Algorithm 5: Recombination Algorithm with 1-Tree Measure Reduc-

tion

Input: Let v = Zf\il widg, be an atomic probability measure on R?, with

supp(v) C K, U = (¢1,...,¢y) : K — RM be a continuos, v-integrable map

1) Produce the push-forward of v through ¥

N
(Vor) =Y wibu(a)
i=1

2) Produce, via RHFC Algorithm, an (M + 1)-Tree form of (V,v)

M+1
M= Y Bloy 5 = P(T)), y) = R(TY)
i=1
and set 7 = 0.

3) Produce, via 1-Tree Measure Reduction Algorithm and tree updating, a

reduced tree measure 173, for 1}, ,

M
My = 2_) Bl Bi=P(T,). y =R(T;)
where each tree ffk is a weight-updated tree Ti, corresponding to the root
weight update Bi — B,f;

A~ -

If depth(77 ) > 1, for some k € [[1, M], proceed to step 4), else go to step 6)

4) Select the binary tree of greatest depth YA?T € {ﬁi, LT } and split the

P M
tree into two subtrees, by removing its root node

(PT), R(TY))




5) Set {T{H, .. T = <{sz17 . ,7&&\{7}1}) U {7}11 : TZ]T2} and produce
(M + 1)-Tree form of (V,v), given by

M-+1
M1 = Z 53“5%'“ Ittt = p(T7th), Y = R(TI)
i—1

set 7 = j + 1 and go to step 3).
6) Denote the output measure from step 3) by

M

7) Output: U-generalised Carathéodory cubature measure for v:

M
vy = E WO
z,

k=1

Remark 3.2.2. In the preceding algorithm: Recombination Algorithm with 1-Tree
Measure Reduction, we have assumed that each measure an 41, generating a coefficient
Y ) has mnk(Ago)):M’ = M, as described in 1-Tree

Measure Reduction, for simplicity of exposition.

matriz AEO) = [%’QT‘“

3.2.0.11 Theoretical Complexity of the Recombination Algorithm with 1-
Tree Measure Reduction

The computational bottleneck of the Recombination Algorithm consists of the inher-
ently sequential 1-Tree Measure Reduction in step and Tree Splitting operations in
steps 3)-5), which consume over 90% of the algorithms runtime. An implementation

of steps 3)-5) was given in [96]. Let us now examine the overall complexity.

128



In step 1), we produce the push-forward of v = Zf;l w;bg, with supp(r) C R? through
the M-dimensional map ¥ = (¢4, ...,¢y), yielding

Zwld\p with supp(¥,v) C RM

which by construction has a centre of mass, satisfying

CoM (V,v) = [sz% Zwﬂ/)M ]

/1/11 ...,/KwM(g)dy

Thus, we have transformed out original goal of constructing a W-generalised Carathéodory

cubature measure for v: Dy = Y., Wplg, , that is a measure on R? satisfying
- 'k

Y [ u@ae - [ s@ain Ve (3.12)
2) supp(vw) C supp(v)
3) card(supp(Vh)) < M +1

into constructing a reduced measure (\17*\1/) = @k&p@ik y for (U,v), on RM, satis-

fying
N M -
1) CoM(V,v) = w¥(z,) =Y 5¥(x;,) = CoM(V.v)
k=1 =

2) supp(V,v) C supp(V.v)

3) card(supp(\l/f*\y)) <M+1

In step 1) the cost of producing the push-forward of v through the map W := (41, ..., ¥)

is dM N, since we are evaluating an M-dimensional map at N d-dimensional points.

In step 2) we proceed to cluster the measure (V,v), via RHFC Algorithm. For sim-
plicity of exposition of step 2), we assume that N = 2% and (M + 1) = 2F for some
S > P. Then, 79, ,, produced in step 2), is given by

M+1
M =Y B0 B =PT), y'=RTY) for 1<i<M+1
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where each tree in the binary forest {TIO, e M+1} has depth(T)) logg( P)
(S — P) and an associated collection of leaf nodes of cardinality card(l(TO)) =25-F

On the first pass through steps 3)-5) of the Recombination Algorithm, 1-Tree Measure
Reduction in step 3) eliminates one binary tree of depth (S — P) from {T7,..., Ty},
thereby eliminating 2(°~F) points from the supp(v), the support of the input measure.
Clearly, on the subsequent passes through the algorithm, we have no control over the
depth of the binary tree eliminated by the 1-Tree Measure Reduction. However, we
can derive the upper and lower bounds on the number of iterations, through the Re-

combination Algorithm, required to halve the support of v.

The fastest procedure to halve the support of v, is for the 1-Tree Measure Reduc-
tion to eliminate all trees of depth (S — P), which takes at least (1\42_+1) iterations and
results in the reduction of supp(v) by LWL . 9(5=P) = 25 /2 points.

Whilst, the slowest procedure to halve the support of v, is as follows: on the first
pass, the algorithm always eliminates one tree of depth (S — P) and splits another tree
of depth (S — P) to produce two trees of depth (S — P)— 1. Then, since at step 4), the
algorithm always splits the tree of greatest depth, it would take at most M iterations
to reduce all the trees of depth (S — P) to depth (S — P) — 1. In which case, if the
1-Tree Measure Reduction always eliminates a tree of depth (S — P) — 1 on iterations
i =2: M, then, after M iterations the supp(v) is reduced by

1-20°P) (M —1) - 205-P)=
— 1.906-P) <M+1 1) 9(5—P)
2
— (M + 1) . 2(S—P) — 25/2
2

Hence, it takes at least (M + 1)/2 and at most M iterations through steps 3)-5) of
the Recombination Algorithm with 1-Tree Measure Reduction to halve the supp(v).

Hence, the total number of iterations through steps 3)-5) of the Recombination Algo-
rithm is of order O(Mlog(N/(M + 1))).

The computational complexity of the RHFC algorithm in step 2) can be computed as
follows. Starting with the level j = 0 of the forthcoming binary forest {71, ..., Ty+1},

containing N nodes, the formation of each successive level j € [1, D], D := Uogg(%ﬂ
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requires % multiplications by a scalar and additions of two nodes of length M, hence

adding over all the levels we get

1
Loy < Ivw
2 4

(

e

O N
2M ) o =2NM[1 -
j=1

Now, let C' (nfw 15 ﬁf\/[) denote the complexity of performing a 1-Tree Measure Reduction
and let Cyp(773,,15,) denotes the complexity of updating the weights down each tree
T, € {T;,....T;,} in the supp(ﬁfg). Then, the computational complexity of the

Recombination Algorithm is given by
O(NM + Mlog(N/(M + 1)) [C(hs 415 h4) + Cun(TTas nm) (3.13)

where the second term arises from O(Mlog(N/(M + 1))) iterations through steps 3)-
5). We already know that, C’(ni/lﬂ, i) = O(M?) and as stated in Section 3.1.0.7, we
can produce a weight-updated tree ﬁk from T;, in O(1), by employing trivial paralleli-
sation, and therefore we have C,,(77,,,7},;) = O(M). Moreover, we note that the tree
splitting procedure in step 4) simply requires referencing the left and right subtrees of
the tree of greatest depth, rather than the tree itself and thus can be accomplished in
order O(1).

Hence, the cost of the Recombination Algorithm with 1-Tree Measure Reduction is
given by
o) (NM +log(N/(M + 1))M4> (3.14)

In the following chapter,we will construct a further recursion, that will enable us to
construct the RHFC Algorithm for N ~ O(M?), hence we may assume that the overall
cost is dominated by the term log(N/(M + 1)) M*.

3.2.0.12 Updating the Recombination Algorithm with 1-Tree Measure Re-
duction

Conceptually, it is easy to introduce an updating scheme to improve the overall perfor-
mance of the Recombination Algorithm if we assume that 7,1 produced in steps 2)

and 5) always generates a coefficient matrix of full rank, as illustrated in the following.
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We assume that 79, = ZM+1 370y o is produced in step 2) and set

AP =100y, ) € RO rank(AD) = M
M+1

B =180, 85, ... B € RYTY, N0 =1

j=1

Now, let IV, denote the total number of iterations through steps 3) — 5) of the Recom-
bination Algorithm with 1-Tree Measure Reduction.

Then for 1 < j < N, in in step 3) of the Recombination Algorithm, we have

M+1

77M+1 Z 5;5 i 5 = P(T}), QZ = R(T})

and we set

A;O) = [Q{,gé, . ’ngprl] e RM>*(M+1), rcmk(AéO)) =M
M+1

| o e |
B =18, Bl RISl =

J=1

Then, dim(lCer(Ag-O))) = 1 and let us assume that ’CGT(Agp)) = span{éj}, then we
proceed with the 1-Tree Measure Reduction Algorithm, yielding

) J J
o’y = min Bi L) >0 _ O for some k € [[1, M + 1]
M 1<im o ¢l

and set
N ﬁz — a{l)qﬁg for Ce[l,k—1]

ﬁm (Bl for €€ [k, M]

(
; y) for (e[lk—1]
yl =

Ziy )
| Y for ¢ € [k, M]

and whence produce a reduced tree measure 7}, for 1}, ,

—

M
?\J = Z ngyze Bf - ( 7,@) y R(TJ)
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where each tree ﬁj is a weight-updated tree T?, corresponding to the root weight
£ e

update BZJ[ — Bf, and the tree weight update is performed, as in Section 3.1.0.7.

Proceeding to step 4) of the Recombination Algorithm, we select the binary tree of
greatest depth ffr S {7/?1 . Ti } and split it into two sub-trees {j\?rl , ffr 2} of depth

Y TM
depth(T} ) — 1, which corresponds to
(% )
< bry? ggﬁ) (5“2 ’ ggTz)

Without loss of generality, we assume that » < k& and define

.

sz for ¢ € [1,r — 1]

)

Bfrl for ¢ =r

g+l o~
ig

for ¢ € [r+1,k—1]

Bl fort=k

1

Gl forlek+1,M+1]

(
gg[ for ¢ € [1,7 —1]
y  forl=r
iy
Y=< i for
Y, y! for efr+1,k—-1]
g for 0=k
Zirgy
\g{e for ¢ € [k+1,M + 1]

Hence, in step 5) of the Recombination Algorithm, we obtain

M+1

J+l Jtls

77M+1—§ By 5%“, where
=1

Bz‘ﬂzp(fg’)’ ngrl:R(fg) for 1<j<M+1, j#r k

B = P(T]), ™ = R(T)), 6" = P(T},), y"' = R(T},)

1 Ji )

133



which pictorially corresponds to

) _ j
Aj _[yw'wyj "7Q27"'7yM+1]
) +

0 . .
A§—31 [y "'agilw"vgf?? 7yM+1]

Hence, we have

(A]Jrl A(O ) [07 s 707 (y] - yj)a 07 te 707 (y - yk> O 70] = AA(O) (315)

—T1 —T —T2

Therefore, only two columns of the underlying coefficient matrix A§-O) are altered at
the jth iteration through the Recombination Algorithm and therefore the increment
AAE-O) = AAE-O’l) + AA;O’Q) can be represented as a sum of two rank-one matrices

0,1 ; 1T 0,2 ; o1 T
AA; ) _ pUb) [q(ml)} : AAS. ) _ pl? [g(ﬂ)}

299 () —yk) g‘j’” =€

= =1ro

f It would be desirable to exploit the aforementioned relationship between two con-
secutive coefficient matrices A§ and AJ +1 and obtain an efficient updating method
of the underlying coefficient matrix, that allows us to track the kernel throughout the
iterative cycle of the Recombination Algorithm. Updating matrix factorisations stably
and efficiently has been the subject of extensive research in numerical linear algebra
and signal processing. Gill, Golub, Murray and Saunders published a landmark paper
on modifying matrix factorisations in [79], and Stewart proposed several matrix de-

compositions for updating algorithms in subspace tracking [80], [81].
In our context, a potential method for exploiting the relationship (3.15), is to utilise

the QQR-decomposition, in place of the SVD to compute the kernel of A , as it is
amenable to updates as opposed to the SVD. Consider the following updating scheme
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1. Compute QR decomposition of [Aéo)]
[Aéo)]T _ [ng) @(O)] — Q(O)R(O)

where span{ﬂ(o)} = (lCer(A(()O))), set @” 1= g,

For j=0:N,—1
For:=1,2

2. Compute pU [QW)}T and update the QR decomposition of A;O) to Aﬁ)l
o 17 0 o T
AL = A+ (g
3. From QR decomposition of [Ag(ll]

(5+1)
A= [0V g) | | = qurp

andsetcﬁj' q,"

We recall that the total cost of the Recombination Algorithm with 1-Tree Measure

Reduction is given by
O(NM + Miog(N/(M + 1) [Chys, ) + Cunlithys )] )

where C’(?ﬂw +1,ﬁ};4) denotes the complexity of performing a 1-Tree Measure Reduc-
tion, dominated by the computation of the ICer(AE-O)), via SVD, at each iteration
0 <j < Ny and Cyp(7y, 7y,) denotes the complexity of updating the weights down
each tree T), € {T},,..., T}, } in the supp(i7},), yielding 7},.

By exploiting the relationship (3.15) between two consecutive systems A; and Aﬁ)l

and introducing the aforementioned updating scheme A§ — A et us denote by

J+b
C(n%41,73) the complexity to perform the 1% 1-Tree Measure Reduction and let
C (775\4 415 775\4) denote the complexity of performing the subsequent 1-Tree Measure Re-
ductions for 1 < 7 < N, then we can conclude that the total cost of the Recombination

Algorithm is given by
O(NMA[Cs 1. )+ 0y 1) +-Mlog (N/ (M) [C 1. )+ Con (T 7))
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As illustrated in the aforementioned updating scheme, C(n},,,7%,) is dominated by
the computation of the QR decomposition of A}, and hence C(n%,.,,7%,) = O(M?).
Whilst the cost of the subsequent 1-Tree Measure Reductions C/(1}, H,%), will be
dominated by the computation of two rank—1 updates of the QR decomposition,
and therefore we have C’(nﬂ/lﬂ,ﬁgw) = O(M?), as noted in Chapter 6.5 of [104] and
Coup (i, 1mh;) = O(M). Hence, the overall cost of the Recombination Algorithm with
the updating scheme is given by

O(NM + [L+log(N/(M +1)] M)

We note that even if the aforementioned method of updating the underlying systems of
linear equations from one iteration to the next, proves to be numerically stable, it still
does not address the issue of rank-degenracy of the underlying matrix AEO). Clearly,
in the context of a rank deficient matrix Ago), the updating scheme described above
would not work, as we would not know the Tank:(Ag-O)) and hence dim(lCer(Ag-O))) in
advance, and whilst it is possible to modify the Q)R factorisation so as to obtain a
Rank-Revealing QR Factorisation, see [113], such a factorisation is not amenable to
updates. Hence, overall we must conclude that the idea of updating the 1-Tree Measure
Reduction is not a feasible method for reducing the complexity of the Recombination
Algorithm.

In the following section, we introduce a new measure reduction algorithm, that achieves
the same reduction in complexity of the overall Recombination Algorithm, as the up-
dating scheme. Furthermore, it does not yield the same numerical instabilities and

works even when the underlying systems of equations exhibit rank-degeneracies.
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3.3 M-Tree Measure Reduction Algorithm

Algorithm 6: M-Tree Measure Reduction

Input: Let 1), be an atomic probability measure on RM | given by

2M
Tl2m = Z 61'5%
i=1

1) Set

A© = Y, Yy Yy,

/8(0) = [61w627 s 7/82M]T

2) Compute Ker(A©®)) = Col(d)

(I)(O) = [¢§0)7 ¢;0)7 s 7?5\3)]

Fori=1:M
3) Select ¢! from @~ and compute )

6('i_1) ) B(Z‘('_)l)

. j i—1 K
= — > 00 = —5—
HO T (&™) L (@ oo

for some k¥ € [1,2M — (i —1)]

4) Set, ﬁ(l) = [6%1)7 51)7 SRR 53\)44]T
40 BV —a@ (@) for j e [L kO — 1]
)= | , . _
B —ap(@ ) for j e [KD,2M — ]

5) Set AW := [Q(i);g(i), o Jg(i) ]

2M —i

Qé,i_l) for j € [1,k% —1]

(i-1) ; (@) —
Y for j € [k, 2M —i]
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6) Compute chJrl

@er )it

@? R

i), = for ¢ € [1, M —i]

7) Compute

@i : ¢Z+11) - déilégi_l) for ¢ € [1,M — i
8) Produce U = [Qgi),géi), . ’?5\2)71}’ by computing
(é; ) for j € [1,k® —1]
(@)1 for j € [K9, 20 — ]

end i loop

9) Set B = [, Ba..... ™ = (B, 85, BN = gD

10) Set A= [gil,gi2,...,giM] = [ggM),ng)7---7yM ] =AM

The following provides a constructive proof of lemma (3.0.28) for L = 2M.

Proof. Given 19y = Zfi/[l Bidy an atomic probability measure on RM. Set

Yy, = [Lyzi - ynal” €RY
0) ._ Mx2M
AV =1y, Y-y, ) ER

é(o) = [B1, B2, -, Bau]" € REM, Zﬂz =1

For simplicity of exposition, we assume A is full-ranked, we address the rank-
deficient case, which will require a modification of the M-Tree Measure Reduction
Algorithm in section 3.3.1. Since rank(A©) = M, then dim(Ker(A®)) = M and by
step 2) we compute Ker(A®) = Col(®©)), where

0) . [4(0) 1(0) (0) 2M x M
OV =[], P, ... @) ER

1 9
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Clearly, since A(O)QEO) =0, Vi € [1, M] we have

and in particular since y; ; = 1, Vj € [1,2M], we have

2M

> (@), =0

j=1

hence, for each i € [[1, M] at least one (QEO))]- > 0, as not all (g@)j =

2M 2M
CoM (naar) Zﬁjy = Zﬁjy - a(Z@O))jgj) => (B —a(@");)y,

j=1 j=1

holds for any o € R and in particular for i = 1 we choose o = (1), defined in step 3),
and ¢ = ¢*) then we have 5J—a(1)(¢< ); > 0,Vj € [1,2M], 5k(1>—a(1)(g§ N =0
for some k) € [1,2M] and 23 L (85— a(l)(q’)(o))j) =1

Hence, we have produced a probability vector @(0) — 04(1)9&0)} placing zero mass on
the k(Mth node in supp(naar). Subsequently, we shrink the probability vector produced

by removing the zeroed coordinate to obtain

2M—1

BY = (BN, 80, . BT e R ST g —
j=1

as defined in step 4). And since the k(Mth node Y,y can be represented as a linear

combination of {gl, oY Yy .gzM}

1 2M
e = 740 Z %Y,

i=1
ik

we can eliminate the node y, ,, from A without altering the rank of the new coef-
ficient matrix. We set AN = [y(V ¢y} € RM*M as defined in step 5), with
rank(A©)=rank(A™M)=M. Hence, we produce a new probability measure fjpp;_1, pre-

serving the CoM (nhy,)-

2M—1

- 2M—1 -
NomM—-1 = E ﬁ](-l)CSy(l) : {gﬁ”}jzl C supp(nanr) » CoM (nanr) = CoM (fj2nr—1)
j=1 -
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Now, we update ®© the kernel of A©® to obtain the kernel of A", We can do so,

by firstly removing the first null vector ng) of PO ¢ R2MxM
(@), (&),
: 2M

(¢§ .))QM' ’ (?9)2

M— (M-1)

and subsequently taking the following linear combination of the remaining null vectors

of ®© with the removed null vector ng), as described in steps 6) and 7)

¢(0) L
ﬂ ng) for ¢ € [1,M — 1]

The above linear combination of null vectors of ®©@ introduces a zero in the k(Mth

~(1 ~(1 ~(1
coordinate of each resulting vector Q; - [(Qi ))1, . (Q; ))QM]T € R?M. We proceed

~(1
by removing the zeroed coordinate in each resulting vector Q;

(1) |\~

(@), (@)

BV — 1) N oM — 2M — 1
Sy ()
—(q—sl ) 2M (QM—I) 224
M1

thereby obtaining () := [Qil),és), . ,Qg\y_l] € REM-Dx(M=1) gych that Ker(AM) =

Col(®W), where QZ(,I) for 1 <i < M — 1 satisfies the expression in step 8).
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It is easily verified that Cool(®1)) C Ker(AW), as for each £ € [1, M — 1], we have

1) (1) _ 1
Al )q_bg ) —[gl, Y Yy ’Q2M] Qé ) (3.16)

Z j=1 ylj( 1)j_d1(zi1z j=1 y1y(¢§0))j

j#k) j#k)
pummy pummy Q
1
Z j=1 yM;(¢$r)1) é+)1 J 1 ?JMJ<¢§O)>J'
j#k) j#kL) -
Since for any QEO) € Ker(A©), we have

2M

> (@) = =y (@) (3.17)
=1

jik“)

Z i (@) = =yarpen (@)

J?ék(l

And in particular, by taking ¢’ = ¢!” in (3.17) and by substituting (3.17) into (3.16)

and using the expression for dz 1, we obtain the desired equality in (3.16).

Similarly, we can verify Ker(AM) C Col(®W), since Ker(A®) = Col(®), so we
have iﬁfg), QEO) € Ker(A) for any 1 < m,i < M and
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2
By s 8Os + v | D | (9
j o

(9'9)
Sy (09); +yMk(1)[((ﬁ(o))k(l)}(?m))k(l)
j;ﬁk(l) ] (1)

(09) oM
Z Jj=1 yl]( ( ))] [(;Z'é))k(l)] Jj=1 yl](él(()))
jAED Li M) jAED

()
SAE uni (90 - [@E’&)k(l)} S5y (@),
Ak Li k) jAED

[ oM (09, ]
Yhe v | (09); - [<—m] (9
(9!° )k(1

j#kD
' _ AW
oM 0) @), T 4(0) -
2 5= ymg | (@,))5 — | it (@)

where the first equality holds by (3.17), since QZ(,O) € Ker(A®). Hence, we conclude
that any le) = [(9&1))1, (Qél))g, e (le))zM_l]T € Ker(AM) must be of the form

—m

(¢9) .
@) — |Gt @) ) forg e [LKO 1]
@)y . =

o :
(@)1 — |:E¢(0)§k$;:| (950))j+1> for j € [k, 2M — 1]

and hence by choosing m = ¢+ 1 and 7 = 1, we obtain the expression in step 8) and

@M € Col(@M).
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At the end of iteration (i — 1) < M — 1, we have produced:

AG=Y) — [y g;ifn’,_.,ngl)(z N € RM*@M=(-1)  prani(AG-Dy = pf

2 i—
i1 i—1) pli-1 i1 oM —(i—1 i1
BV =[5, 5, )7"'75§M7)(i71)]T€R+ e § 5](' =1
=1

(I)(z’—l) _ [Qgi_l)79g_l)> o ’?E\Z_l) ] e R(ZM—(i—l))x(M—(i—l)) , Ool(q)(i—l)) _ }CGT(A(i—l))

~(i-1)
2M—(i—1)

~ i—1 i— 2M—(i—1
NoM—(i-1) = Z 53(- )5g;i—1>5 {gﬁ 1)}j:1 e supp(nanr)

CoM (nanr) = CoM (Nanr—(i-1))

Hence, on iteration i at step 3) we select q,’)Z D e ®6-1 and since at least one

(95"*1))]- > 0, we have

2M—(i—1) 2M—(i—1)
5 . — (i-1), (i-1) _ (i-1), (i-1)
CoM (flans—(i-1)) = Z B; Y; = Z B; Y,
j=1 j=1
2M—(i—1) 2M—(i—1)
i— i— i—1 i— i—
- %)( (& )y U) = > (57 —ap@ "))y
j=1 j=1
2M—i
5 Dy = CoM (arr—s)
7=1
where a(; is as defined in step 3), 6]@ is as defined in step 4) and ggi) is as defined in

step 5).

Now, we update @~ the kernel of AU~ to obtain the kernel of A®. We can
do this by firstly removing the first null vector Qii_l) of P~ ¢ R2M—(i-1)xM=(—1)

(¢§fl))l <¢§\Z/[ 1(Z 1) -]

Bl-1) : | 2M —(i—1)

(9?71))21\47(2;’1) (95\211()@'71))2M7(¢fl

M—(i—1)— M—i
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and taking the following linear combination of the remaining null vectors of &~ with

the removed null vector Qgi_l), as described in steps 6) and 7)

i—1
CAb(i) — ¢l _ <¢§+1 i
¢ 041 (¢§Z 1))}:“>

P! for ¢ € [1, M — ]

The above linear combination of null vectors of ®(~1 introduces a zero in the kWth

coordinate of each resulting vector é;) = [(ééz))l, . (ézz))gM,(i,l)]T e REM—(i-1))

We proceed by removing the zeroed coordinate in each resulting vector %;l)

- () -
o0 — 50— | o . |2 -1)=2M -
- (i) (i)
(91 )2M (i-1) (QM 1)2M (i-1)
M —1
s0 as to obtain U0 = [¢\) ¢ .. ¢l | € REM-Dx(MM=D guch that Ker(AD) =

Col(®™), where qb for 1 < m < M — 1 satisfies the expression in step 8). It is easily
verified that C’ol((ID(Z ) C Ker(A®), for each £ € [1, M — i], we have

2M i—1 i—1
zj=1, JAEM kD ylvj(9§+1))j f+1 Z] 1, j#EM . kO yl,j@i ))j
A(z‘)@i) _

I
(=)

oM a
i Zj:l, AR k() yMJ(qu—l ); — d€+1 ZJ Ltk kD yM,j(le 1))],

(3.18)

Since for 950) € Ker(AUD), we have

2M

Z Y15 (@50))3‘ = Y1,k (ng))k(m

j=1, j#k0,. kO

> ()5 = —yarp (@)

j=1, j#kW, kD

By substituting the above set of equations into (3.18) and using the expression for
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dﬁl, we obtain the desired equality in (3.18). Similarly, it is easily verified that
Ker(A®) C Col(®W).

Hence, at the end of iteration i, we have produced:

AW = [ggi),géi), . ,gé%ii] € RM*CM=D " yank(AD) = M

2M —1
B9 = (6.8, B )T € R, 3T 80 =1
j=1

o = [, @), ... @) | € ROV = Col(dW)) = Ker(AW)
2M —1

~ i N 2M—i

v = Y, B0 o {y\"} 0" € supp(noar)
j=1 -

CoM (n2nr) = CoM (fjanr—i)

and whence at the end of iteration © = M, we have produced the reduced measure 75,

for nons
M M
~ M P M
e =y B Sy00 =D by, + {y, Yoy © supp(iean) |
k=1 o k=1

M
> Be=1, CoM(noar) = CoM (ijas)
k=1
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Remark 3.3.1. Theoretical Complexity of M-Tree Measure Reduction Algorithm

Let C(nonr,Mvr) denote the complezity to perform an M-Tree Measure Reduction.
Then C(nonr, iar) is dominated by two operations: the first is the computation of the
Ker(A©®), which is a M x 2M matriz in step 2), which by the standard “Golub-Kahan-
Reinsch” SVD algorithm see Chapter 8.6.4 [1006], takes

4M? x (2M) +8M x (2M)? +9 x (2M)? = 112M? + lower order terms

and secondly updating the kernel ®(0~Y — &) in steps 6)-8) at each iteration i =
. ] (i-1) — (=D HE-1) (i-1) (2M —(i—1))x (M —(i—1))

1: M. Given ® = @1 , 9, ,...,QMi(iil)]IE R x , the latter

operation requires the deletion of the first column Qi’_l) from @Y and the subsequent

update of each of the remaining columns of ®—1

(i—-1) _ [<9§:11))k(¢)]

) + Pl for 0 e 1,M —1i]
{+1 (ng 1))k(i) 1

which is equivalent to subtracting two matrices of dimensions (2M — (i — 1)) x (M —1)
and the subsequent deletion of row k™ in the resulting matriz. Since the kernel update

1s performed for every iteration i =1 : M, we have a total computation of order

M x (2M — (i — 1)) x (M — i) = 2M? + lower order terms

Hence, clearly C(nan, i) = O(M?)
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Algorithm 7: Recombination Algorithm with M-Tree Measure Reduc-

tion

Input: Let v = Zf\il widg, be an atomic probability measure on R¢,

supp(v) C K, U = (¢1,...,¢y) : K — RM be a continuos, v-integrable map

1) Produce the push-forward of v through ¥

N
(Vor) =Y wibu(a)
i=1

2) Produce, via RHFC Algorithm, 2M/-Tree form of (V,v)
2M
M= D B0y B = P(TY), ¥ = R(TY)
i=1

and set 7 =0
3) Produce, via 2M-Tree Measure Reduction Algorithm and tree updating, a

reduced tree measure 1}, for n3,,

23

M
M= Koy Bl=PT), ¥ = R(T)
i=1

where each tree ffk is a weight-updated tree TZ{C, corresponding to the root

weight update Bi — B,]C

A .

If depth(77 ) > 1, for some k € [1, M], proceed to step 4), else go to step 6)

4) Split each binary tree ffk € { ijl e Ti } into two subtrees, by removing its

T AMm

root node




5) Set {Tf“, LT = {Ti{, LT } and produce a 2M-Tree form of

2M

(¥,v), given by

2M
Mt = B8 B = P, g = RO
=1

set 7 = j+ 1 and go to step 3).
6) Denote the output measure from step 3) by

M

7) Output: U-generalised Carathéodory cubature measure for v:

M
vy = E WO
z,

k=1

Remark 3.3.2. In the preceding algorithm: the Recombination Algorithm with M -Tree
Measure Reduction, we have assumed that each measure n%M, generating a coefficient
has mnk(A;O)):M’ = M, as described in the M-Tree

Measure Reduction, for simplicity of exposition.

(0
matriz Ag- )= [gl,gz, e aQQM]

3.3.0.13 Theoretical Complexity of the Recombination Algorithm with
M-Tree Measure Reduction

In step 1), we produce the push-forward of v = Zf;l w;bg, with supp(r) C R? through
the M-dimensional map W = (¢4, ...,¢y), yielding

N
(V) = Zwidq,@i) with supp(¥,v) C RM
i=1
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which by construction has a centre of mass, satisfying
CoM (V,v) = [szwl sz@/)M ]

/¢1 ...,/KzﬁM(@)dV

Thus, we have transformed out original goal of constructing a W-generalised Carathéodory

cubature measure for v: Dy = Y_,_, Wplg, , that is a measure on R satisfying
- 'k

D [ @) = | @@ e 1M (319

2) supp(vy) C supp(v)

3) card(supp(Ply)) < M + 1

into constructing a reduced measure (@) = Zkle @kéq,@ik) for (¥,v), on RM | satis-

fying
N M -
1) CoM(V,v) = w¥(z,) =Y &¥(z;,) = CoM(V.v)
k=1 i=1

2) supp(¥.v) C supp(T.v)

3) card(supp(\f*\y)) <M+1

In step 1) the cost of producing the push-forward of v through the map W := (11, ..., ¥ )

is dM N, since we are evaluating an M-dimensional map at N d-dimensional points.
In step 2) we proceed to cluster the measure (V,v), via RHFC Algorithm. For sim-
plicity of exposition of step 2), we assume that N = 2% and 2M = 2% for some S > R.
Then, 19,,, produced in step 2), is given by

W =3 B, B =P(IP). ' =RTY) for 1<i<2M

where each tree in the binary forest {T7,..., 75}, has depth(T?) = [logs(3 R) =
(S — R) and an associated collection of leaf nodes of cardinality card(l(TO)) =25-R
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On the first pass through the Recombination Algorithm, the M-Tree measure reduction
in step 3) eliminates M trees of depth (S — R), thereby eliminating M - 25~ points
from supp(v), the support of the input measure. Clearly, on the ith pass through the
Recombination Algorithm, M-Tree Measure Reduction eliminates all trees of depth
(S — R) — (i — 1) and hence M - 265=R)=(=1) = 25 /90 points from the supp(v), this
i—1)

halves the number of points, 2°/2( left in the supp(v) from the (¢ — 1)th pass

through the algorithm.

Hence, the Recombination Algorithm with M-Tree Measure Reduction requires a total
of log(N/2M) —1 = (S — R) — 1 iterations through steps 3)-5). When N, 2M are not
exact powers of two, the number of iterations through steps 3)-5) of the Recombination
Algorithm is of order O(log(N/2M)).

Now, let C(n%M,ﬁfg) denote the complexity of performing an M-Tree Measure Re-

duction, let Cup(ﬁ%/[,nfw) denote the complexity of updating the weights down each

tree Tj, € {T;,, ..., T, } in the supp(n},) and let Cyp (7, 751, ) denote the complexity
of splitting each tree in the supp(nfg) to produce the supp(ngﬁ).

Then, the computational complexity of the Recombination Algorithm is given by
O (NM +10g(N/(2M)) [C (g Thg) + Cun( T Mh) + Cop (s n;‘m) (3.20)

where the first term arises from the construction of the push-forward of v through
U in step 1) and RHFC Algorithm in step 2) and the second term arises from the
iteration through steps 3)-5). We already know that, C(1},,,7,;) = O(M?) and as
stated in Section 3.1.0.7, we can produce a weight-updated tree ﬁk from T}, in O(1),
by employing trivial parallelisation. Therefore we have C.,(i7i,,175,) = O(M). In steps
4) and 5) the tree splitting procedure and thus the construction of 775;(41 from 77?\/[, re-
quires referencing the left and right subtrees of each binary tree in 77%/[ and thus can

be accomplished in order Cyy(ih,, 4 ) = O(M).

Hence, the cost of the Recombination Algorithm with M-Tree Measure Reduction
is given by

0 (NM + log(N/2M)M3>
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3.3.1 Degenerate Measure Reduction Algorithms and Prac-

tical Implementation Issues

Two types of degeneracies can occur for which the Measure Reduction Algorithms,

discussed in the previous section, have to be modified.

The first type of degeneracy occurs when given an atomic probability measure

L
nL = Z Bigi
i=1

resulting in a coefficient matrix A©) = [gl,gz, o ’QL]’ with rank(A©) = M' < M.
Under this scenario, the reduced measure 7, will contain M < M nodes. We have
already addressed this type of degeneracy for L = M + 1, so in the following we shall

address this type of degeneracy for L = 2M.

The second type of degeneracy occurs when the coefficient matrix A©® := [g Yy Y L]
has rank(A®) = M, whilst the reduced measure 7j,, contains M < M nodes. This
scenario occurs when CoM (1) lies on one of the faces of the Convex Hull of the sup-

port of the reduced tree measure 7,,.

Example 3.3.3. Suppose we have four points on a line in [0, 1]* with uniform weights

1
7 for i€[1,4] and

z, =[0,1]", z,=[1,0", =z, =1[0.75025", =z, =1[0.250.75"

4
V= E Widg., where  w; =
i=1

and let U = (1,19, 103) © [0,1]> = R3, be given ¥(x) = (2!, 2%) = [1, 2%, 22|T. Then
the push-forward of v through V is given by (V,v) = Z?zl Widy(e,) and we set

11 1 1
AO = [W(a,), U(z,), U(zy), V(@) = [0 1 075 025

1 0 025 0.75

Ker(A®) = span{A;, A} = span{[—0.25,—-0.75,1,0]7, [-0.75, —0.25,0,1]7}
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Since rank(A) = 2 < 3, dim(Ker(A)) = 2 and card(V,v) = 4, we set nopr =
(V,v) and proceed with M-Tree Measure Reduction, with M = 2. Setting

o© _

= —[“AL -], O =, -], 00 =

(0)
[Alv AZ]) CI) (3) (4) -

@) = (=g, Ay

for each kernel @8 we obtain the corresponding V-generalised Carathéodory cubature

measure

2
1 ~(1 ~(1 ~(1 1 ~(1 ~(1
Vl(/)): E w,f )5@51), wi):wé)zé, () = [0,1]7, gg):[l,O]T
N @ 1 .
§ j Do, o =0 = 5 2 =10.75,0.25)7, z¥ =10.25,0.75]"

ZA@’ Oy, OV =0 = 0,17, 2% =1[0.75,0.25]"

~ - ~ 1 ~
Z Mo, w§4>:w§4’:§, zM =11,07, 2 =10.25,0.75"

In the aforementioned example the degeneracy arises as the result of the underlying
coefficient matrix being rank-deficient, rank(A®) = 2 = M" < M = 3. This occurs
because the original cubature nodes are collinear. Similarly for higher dimensions, this
degeneracy arises when the nodes are contained in an affine subspace S C RM with
dim(S) < M.

U(zy) = [1,1/4,3/4)"

\ CoM(W,v) =[1,1/2,1/2]"

\ Wiay) = [1,3/4,1/4]

\IJ(§2) = [17 L, O]T

o—

Figure 3.1: Rank-Deficient Degeneracy
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To deal with this type of degeneracy, we need to modify the M-Tree Measure Re-
duction Algorithm.

Let moyr = Z?ﬁ Biégi be given, set A0 .= [%’22’ . 7Q2M] and assume that has
rank(A®) = M’ < M. In order to construct the reduced measure 7j,, for nyps, we
need perform the (2M — M /)—Tree Measure Reduction. To accomplish this we proceed
as in step 2) of the M-Tree Measure Reduction and we construct the basis for the
kernel of A

0 . [Qﬁo)’géo)’ o ’QS\)/[—M’] c R2Mx(2M-M)

where Col(®©) = Ker(A®), since dim(Ker(A®)) =2M — M' > M. Since there are
(2M — M") null vectors of A we iterate through steps 3) —5), (2M — M) times,
instead of M, producing in steps 9) —10) with the reduced weight vector and coefficient

matrix
B B g = [0 N gty _ o
A @M =MY . (2M—M) @eM-M')y _ seM—M)
A—[gil,gb,.‘.,gi /].—[gl 'Y, e Yy |]=A

M

and hence we obtain 7,/ the reduced tree measure for n;s, given by
M/
Ny = Z Bkéglk
k=1
The next example deals with the second type of degeneracy.

Example 3.3.4. Suppose we have a uniformly weighted square in R?, that is
. 1
= i0a, h i = € 1,4 d
v ;w z; where  w; = 7 for ie€[1,4] an

Ly = [070]T7 Ly = [170]T7 L3 = [07 1]T7 Ly = [17 1]T

and let U = (Y1, 19,3) : [0,1]> = R3, be given ¥(z) = VU(x', 2?) = [1,2', 22|T. Then
the push-forward of v through V is given by (V,v) = 2?21 widw(z,) and we set

1 111

A=[V(z,), V() U(zs), ¥(zy)= [0 1 0 1

0011
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and Ker(A) = span{p} = span{[1, -1, —1,1]"}. Since rank(A) = 3 and dim(Ker(A)) =
1, we proceed with the 1-Tree Measure Reduction. We set A = p and compute

7= min {0 _en w1

Oé_lrélllél4{)\g ' )\€>0}_)\1_/\4_4
and similarly if we set A = —p and compule

v = i {4 e w1

0‘_1?}?4{A@ ' AK>O}_ N s 4

for each value of A, we obtain the corresponding V-generalised Carathéodory cubature

measure

In the aforementioned example, the degeneracy for 1/\(1,1 ), or equivalently V\(I,2 ), arises

as the result CoM (V,v) lying on the face of the Conv (\If@l), U(z,), \Il(gs)> or equiv-
alently on the face of the C'onv <\IJ(§2), U(x,), \11@4)>

We can define the face of Conv (@(@1), U(z,), \I!(§3)>, containing CoM (¥,v), as

F :C’Onv<\ll(§1),\1/(g2),\1/(§3)>ﬂ{(m,y,z) ER* 1 2=1,0<y<1 z=1-y}

]\I/(QS) = [1,07 1]T @(24) _ [1’ 1, 1]T

L CoM (W) = 1,1/2,1/2]"

w‘IJ<§1) = [17 07 O]T \I](EQ) = [17 17 O]T

Figure 3.2: Convex Hull Degeneracy
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As we can observe in the picture above, we have F' = Conv <\IJ(§2), \P(§3)> and
CoM(W,v) € F.

Hence, despite the fact that the underlying coefficient matrix A is full-ranked, rank(A) =
M = 3, the U-generalised “Carathéodory’ cubature measure is supported on only
2 =M < M nodes.

To deal with this type of degeneracy, we need to modify the 1-Tree Measure Reduction

Algorithm and a similar modification holds for the M-Tree Measure Reduction.

Let nyp1 = ZM+1 ﬁzé be given, set A®) = [QI,QQ,...,QMH] and assume that
rank(A©) = M. Moreover let us assume that CoM (nyr4+1) lies on some face of the

Conv(y,, Y, - Y,,.,), then CoM (1) € Conv(y,, - Y 0y 1 Yoy Ypr)
for some V) € [1, M +1].

As a result of the above, in step 4) of the 1-Tree Measure Reduction, we will have

(0) (0) (0)
Q) := min {53— Ly > 0} = 6"’(1) = ﬁ”(l)

1<<(M+1) | @5 Or  Qp)

for some kW, +M € [1, M + 1]

Hence, we have (ﬁ]i% — amy¢rm) = 0 and (6 n — a@yém) = 0. Without loss of
generality, assume that k() < ()| then in step 5) set ,8 oF [51 ,52 - ,/ngl\)[_l)}T,
where

(

B — aqye; for j € [1,k® —1]

1
BJ(' )= 55831 —a@ypjpa for j e [kW,r) —2]

\ ﬂﬁé —amypj forje [r® —1,M —1]

and similarly in step 6) set A1) := [y(l) y(l) Qéj\}—l)]’ where

g§0) for j € [1,k%) —1]

= (0) ' M 1) —
Y. v for j € [k, r 2]

(0) ‘ (1 _ _
Y5, for j € [r 1, M —1]

\

This produces, in steps 7) — 8) of the 1-Tree Measure Reduction, the reduced weight
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vector and coeflicient matrix
g - [617 ﬁ?? cee 76M—1]T = g(l)

A:[gh’giz"”’g‘ ]:: A(l)

1M —1
and hence we obtain 7,,_; the reduced tree measure for 7,41, given by

M_ A~
-1 = Zﬁ v,
pt
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3.3.2 Multiplicity of reduced tree measures

As we saw in the two examples in the previous section, the measure reduction algo-
rithms often generate more than one solution. The number of reduced measures 7,
for 7, is dependent on the construction of the kernel of the underlying coefficient
matrix of 1. In this section, we make this idea more precise. Let us assume, without
loss of generality, that A = M.

Let nopr = 212241 Bidy denote an atomic probability measure on RM and set
. M x2M
A=y, Y,--Y,, ] €ER

B:= (b1, B2, ., Pona]" € RV, Z@—l

Then, as noted earlier, producing a reduced measure 7, = 22421 Ekéy_ for mops via the
Y,

M-Tree Measure Reduction Algorithm, is equivalent, in the language of LP problems,

to generating one basic feasible solution E = [31, o Bu,0,..., 0T € R2M to
Az = b, where b= CoM (o) € RM (3.21)
z >0

provided that we already have a feasible solution to the aforementioned system, that
is we have B = [B1, Ba, . . . , Bom]T € R2M, ZQM = 1 satisfying A3 = b.

As noted in section (1.3.1), the number of basic feasible solutions or equivalently
extreme points of the feasible region {g ERM . Az =b, >0 } is upper bounded
by (2]\]\44 ) The M-Tree measure reduction can also be utilised to generate more than
one basic feasible solution to (3.21). However, by no means, do we guarantee we are
able to generate all the basic feasible solutions to (3.21) by applications of the M-Tree
measure reduction algorithm. Let S, denote the set of all basic feasible solutions of
(3.21), then we have |S.| < (*Y) and let S C S, denote the set of basic feasible solu-
tions that can be obtained by several applications of the M-Tree measure reduction.

We now describe how to obtain the elements of S.

Since Ker(A) = span{q_bgo),géo), e ,qb(o)} we clearly have a choice as to the order
in which we place the null vectors ﬂ( into the matrix ®© and their respective signs.
Note that we could also scale any null vector QZ , by a constant C' € R, however this
is not desirable since, as illustrated in the following section the null vectors obtained

via Singular Value Decomposition form an orthogonal basis for Ker(A®), and hence
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are of norm 1 and for stability purposes of the M-Tree Measure Reduction, we want

to keep the norm of the null vectors unaltered.

In the construction of the M-Tree reduction algorithm, we chose ®(®) [¢) o qb e qb ©) ],
however many more choices are available. Define the set F); as follows

oM _1

dn) 1)92(n2) 4(0) _1)dnm(n2) 4(0)
= U U {0080, (c0negl, (-1l
oceSy n=0
where d; : {0,1}M — {0, 1} selects the " digit of the binary representation ny of the
number n € [0,2M — 1] and Sy, denotes the symmetric group of degree M.

For example, for M = 2, we have

B = {6 u{e) o} u{el”. —8)"} u{a) —¢" U { - 6" )}
{—_(20)7_1 }U{—Q1 L-¢ytu{- el o)

We can now choose to form ®© from any element of Fj;. We note that not every
element of Fj, will yield a different basic feasible solution to (3.21) and we cannot
determine in advance which choices of ®© will yield different solutions. We also note
that ‘F M‘ = 2M MJ1 and hence the number of elements in F); is greater than the col-
lection of all basic feasible solutions S, so clearly a lot of elements in Fj; will give the

same basic feasible solution.

We note that for any ®© € Fy;, the measure 7y, produced, corresponding to a certain
basic feasible solution, satisfies all the properties in the definition (3.1.9) of a reduced
tree measure for 75,. In particular, we note that for any two kernel representations
<I>§O), <I>§”) € Fy, the corresponding reduced tree measures 7571 and 7a7,2 have the same
cardinality, and hence from the perspective of the overall Recombination Algorithm,
we cannot make any distinction as to the quality of one reduced tree measure over

another.

We also observe that unlike the Simplex Algorithm, we cannot select elements of F),
in order to yield adjacent basic feasible solutions. In fact, if our goal was to construct
S, then the two-phase Simplex Algorithm would be our preferred method. Recalling
the two phase Simplex Algorithm outlined in Section 1.4, the construction of S, can
be achieved as follows: phase (I) - find an initial extreme point solution, phase (II) -
move from one extreme point solution to the adjacent one, repeat phase (II) until we

have visited every vertex of the feasible region.
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By construction of F); we have no assurance that every vertex of the feasible re-
gion will be visited, for all the different kernel constructions ®©  and therefore we
cannot insure the ability to construct S*. Consequently, we can only insure that the

measure reduction algorithms are suitable for constructing one basic feasible solution
to (3.21).

159



3.3.3 Multiplicity of W-generalised Carathéodory cubature mea-

sures

Given an atomic probability measure v on R¢, with supp(v) C K, K compact and
a continuous, v-integrable map ¥ = (¢1,...,¢y) : K — RM_ as inputs into the
Recombination Algorithm with M-Tree Measure Reduction, we have now identified

two sources for producing multiple U-generalised Carathéodory cubature measures vy.

The first source is the permutation of leaf nodes in the RHFC Algorithm in step
2) of the Recombination Algorithm. The second source is the existence of multiple

reduced tree measures in step 3) of the Recombination Algorithm.

Given the input measure (¥,v) with card(supp(¥,v)) = N into the RHFC Algo-
rithm in step 2) of the Recombination Algorithm, denote the output measure from
the RHFC Algorithm by 79 (o), associated with a particular permutation o € Sy of
the leaf nodes. Then, for any o € Sy, 7% (o) satisfies the definition (3.1.3) of a L-Tree
form of (V.v). Moreover, let vy (o) denote the output measure from the Recombina-
tion Algorithm, associated with the construction of the RHFC Algorithm of n? (o).
Then, by definition vg(o) is a WU-generalised Carathéodory cubature measure for v,
for any o € Sy.Note, however that it may be possible to find a permutation ox € Sy,
yielding
card(supp(vy(c*))) < card(supp(vy(0))) Vo € Sy

Since such o* would be unique for the given input measure v and map ¥ = (¢q, ..., %),

and the determination of o* is prohibitively costly, we do not endeavour to achieve this.

As mentioned, the second source of multiplicity of vy, arises in step 3) of the Re-
combination Algorithm, as a result of multiplicity of reduced tree measures nf;/[ for
ng v+ We note that any 77%4, produced by selecting a different kernel representation
®©) ¢ [y in the M-Tree Measure Reduction Algorithm, satisfies the definition (3.1.9)
of a reduced tree measure for 7,,. Moreover, as noted in the previous section, the
different kernel representations ®© € Fy;, yield reduced tree measures 7]%4 of the same
cardinality, hence in terms of the quality of vy, the W-generalised Carathéodory cuba-
ture measure for v, produced by the Recombination Algorithm, we make no distinction

between different 77, .
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3.3.4 Stability of the M-Tree Measure Reduction Algorithm

Given the overall computational complexity of the Recombination Algorithm, our mea-
sure reduction algorithm of choice is the M-Tree Measure Reduction. The overall
Recombination Algorithm is highly sensitive to the numerical computations of the M-
Tree Measure Reduction Algorithm, and in particular, the computation of the kernel
in step 2). In the following section we examine the numerical stability of this compu-

tation.

Given a probability measure 79y, = Zfﬁ Bidy on RM . we proceed to form the ma-
trix AQ = [y Do Yy, € RMPMTo compute the kernel of A numerically, we
introduce the singular value decomposition of A(). For this, we recall the following

theorem.

Theorem 3.3.5. [Theorem 2.4.1 [106]] For any matriz A € RM™*N there exist or-

thonormal matrices

U=[uy,...,uy] €RMM andV =[v,,...,v\] € RN,
with UTU = I and V'V = I, such that

UTAV =% = diag(oy, . ..,0,) € RN p = min{M, N}

where oy > 09 > ... > o0, > 0.

The SVD is a rank-revealing decomposition, as the rank (A) is given as the number
of non-zero singular values ¢; in Theorem 3.3.5. Moreover, the SVD provides orthogo-
nal bases for all four fundamental subspaces. Suppose that rank(A) = r < min{M, N}

then the singular value decomposition can be partitioned as follows

A=UxVT = { U, U, } =Ux Vv

0 0|V

where U, € RM*" V. € R¥*" and ¥, = diag(oy,...,0,), o1 > ... > 0, > 0, and
Col(U,) = Ran(A), Col(Uy) = Ker(AT), Col(V,) = Ran(AT), Col(Vy) = Ker(A).

We know that mnk(A(O)) = M’ < M, hence by the aforementioned results, we have

Sy 0000 | |V

40 _ { U U, } (3.22)

0 010...0 VI
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where 3, = diag(o, . ..,0,,) with eigenvalues oy > ... > o, > 0, whilst o, =

:O'M:O

Additionally, we note that dim(Ker(A®)) = 2M — rank(A®) = 2M — M > M
and we set ®©) := Col(V}) in step 2) of M-Tree Measure Reduction Algorithm, yield-
ing an orthogonal basis of the kernel

0 _ /
0 — @50)7 o ’Q;A)LM/] € R2M*(2M-M)

Whilst, the above decomposition A into fundamental subspaces holds true in ex-
act arithmetic, if A is rank-deficient, that is rank(A®) = M' < M, floating point
rounding errors are likely to produce non-zero eigenvalues o, = ... = oy # 0,

which must be recognised as numerical zeros, as stated in the following lemma.

Lemma 3.3.6. [Lemma 4.2.14 [109]] Suppose A € RM*N has rank (A) = r. For

every € > 0, there exists a full-rank matriz A. € RM*N such that ||[A — A2 = e.

Lemma (3.3.6) states that every rank-deficient matrix has a full-rank matrix ar-
bitrarily close to it. Moreover, the set of full-rank matrices is an open dense subset
of RM*N and hence its complement is closed and nowhere dense. Hence, given a
rank-deficient matrix A©® in exact arithmetic with rank(A®) = M’ < M, any small
perturbation matrix AA® occurring due to rounding errors in floating point arith-
metic, will almost certainly produce a full-rank matrix A0 = A0 4 AAO) Using
the matrix approximation A©® instead of A© would lead to overestimating the rank
of A® and thereeby underestimating the size of the kernel of A as illustrated in

the following example.

Let us assume, that in exact precision we are given an underlying coefficient rank-

deficient matrix A©) = [y, ] € RM*2M with rank(A©) = M’ < M, then

YooYy,
since A® has SVD (3.22), we have

!

1

0 i=M +1,...,2M
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and consequently the last (20 — M') columns of V from (3.22), form the basis for the
kernel, that is

0 — @&0)7 o 7923\)4_]\4'] — [Wprags - o] € R2Mx(2M—-M")

Now assume that due to floating point precision errors, we observe A© = A© 4 AA©),
such that

A0 =0 8y 0.0 |7
where iM = diag(cy,...,0), with eigenvalues o; > ... > 7, > 0 and hence conclude
that mnk:(;l\(o)) = M. By the latter assumption, we conclude that the last M columns
of V form the basis for the kernel, which we denote by

~(0), o~ .
OO0 =[p ,....0, =0y, .. Tyl € R*NM

Since the number of null vectors in the exact arithmetic representation of the kernel
®© is (2M — M), we would perform the (2M — M')-Tree Measure Reduction Algo-

rithm, outlined in Section 3.3.1, this would yield a reduced measure 7),,, for n2;.

In floating point arithmetic representation the number of null vectors ®© is M and
hence we would perform the M-Tree measure Reduction Algorithm, which would yield

a reduced measure 7y, for na);.

In the process of the measure reduction in the Recombination Algorithm, we care
about two issues: the first is the number of nodes in the reduced measure and the
second is centre of mass of the reduced measure. Addressing the first issue, we note
that in the above example by utilising the floating point approximation AO i place
of A we have failed to recognise the last (M — M) eigenvalues as numerical zeros
and hence have failed to eliminate an additional (M — M') nodes. In terms of the
overall Recombination algorithm this would lead to an increase in the the number of

subsequent iterations. Addressing the second issue, requires an estimate of the dis-
CoM (7,,) —CoM(ﬁM)H . As we
2

tance of the centre of mass of the reduced measures

shall see, we cannot insure much closeness, if the rank of A0 oyerestimates the rank
of A,

Due to the aforementioned issues, we are faced with the problem of numerical rank
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determination, which can be stated as follows: suppose that A itself cannot be ob-
served, but rather we are given a perturbed matrix A0 = A0 4 AA© then from
the matrix A© we wish to extract the rank r of A© and find an approximation A©
to A of rank . We define the numerical e-rank r, of a matrix A©, with respect to
some tolerance level € > 0, by

re =1(AQ )= min  rank(A? + AA®) (3.23)

1AAO)l5<e

The e-rank of A is equal to the number of columns of A that are guaranteed to be

linearly independent for any perturbation of A©) with norm less than or equal to the

tolerance €. In terms of the singular values of A(®), the numerical e-rank 7. satisfies

012092 ...2 0 >€20p 41

In order to determine the numerical rank of A by observing the perturbed matrix
A© we need to know how the perturbed eigenvalues 3; of A© = A© + AAO© are

related to the actual eigenvalues o; of A®. For this, we recall

Lemma 3.3.7. [Chapter 5.4.1 [106]] If A, A:= A+ AA € RN then
0 — 03| = |03(A) — 0i(A+ AA)| < [[AAl2 < 6l|Alls for1<i< N

The result of the aforementioned lemma is a consequence of backward stabil-
ity of the SVD: the computed SVD will be the exact SVD of a perturbed matrix
A=USVT = A+ AA, with [|AA|y = 6]|A]]s = do1, for some § > 0, usually taken
to represent machine precision. The lemma implies that ; of A larger than [|AA]]2
are guaranteed to represent nonzero singular values of A. However, one cannot dis-
tinguish the singular values 7; below ||AA||; from a true zero singular value o;. As a

consequence, when the observed eigenvalues
ok > |[AA][z = O

for some k, one can guarantee that the rank of A is at least k.

Therefore for the problem of numerical rank determination of A® assume we have a
user-supplied tolerance level € > [[AA®)||,, usually taken to be consistent with ma-
chine precision, e.g. € = §[|A® ||, for some machine precision § > 0. However, if the

general level of relative error in the data is larger than ¢, e.g if A©) is correct to 3
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digits, ¢ should be correspondingly larger, e.g. € = 1073||A©®)||.. Then, by inspecting

the eigenvalues of the observed matrix AO
6’12822...2/0\k>623k+1...28]\/[

we establish the numerical rank r. = k of A©®. We emphasize that the computation of
the numerical e-rank is a sensitive computation, thus the amount of confidence we have
in the correctness of r. depends on the underlying gap in the eigenspectrum, between
oy and 0x11. And as pointed out in [110] , the notion of numerical e-rank only makes
sense in the context of a well-determined gap in the eigenspectrum.

The most common approach to regularisation of a numerically rank-deficient problem
is to consider the given matrix 121\(0), as a noisy representation of the numerically rank-
deficient matrix A, from which we have extracted the numerical rank . = k and

replace A© by

k
+(0) . ~ ~~T
Ak = E o;u;v;
=1

the rank-k TSVD (Truncated Singular Value Decomposition) of A, Essentially, by
setting the eigenvalues to zero ox,1 = ... = oy = 0, we have managed to extract the
numerical rank r, = k of A© from A© and construct an approximation to A© of

rank r. = k.

We now introduce a measure of distance between the reduced tree measure produced
by utilising A® in exact arithmetic, to the reduced tree measure produced by utilising
258) in floating point arithmetic. In order to derive this result, we recall the following

theorem

Theorem 3.3.8 (Eckart-Young Theorem). [Theorem 2.4.8 [106]] Let A € RM*N wjith
rank(A) =r and let 1 <k <r, k€N and

k
Ay = E Uz‘ﬁiQiT
=1

then

in A= Blls=[|A— Ayl =
min (A= Blla = |4 = Al = o0
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Theorem 3.3.9. Let noy = Z?ﬁ Bidy on RM be a probability measure and let

My = 22/1:1 B\kéy_ denote the reduced measure for mapr. Let the coefficient matriz
Y,

and probability vector associated with the measure napy, be given by

A0 — [ﬂp o ’QZM} c RMx2M

B = [B,..., B € RFM

and assume that rank(A®) = M" < M. Let AO = AO L AAO) | denote a perturbation
of A©) with norm |AA©|y < €, for some tolerance level € > 0. Let r. denote the
numerical e-rank of A©) and let ES«?) denote the rank-r. TSVD of A\(O), given by

10) _ 1 =~ Mx2M
AV =1y, Yy, €R
then Moy = Zfﬁ B,-(Sgi is a probability measure on RM and 7,, = >, ak5gik s a

reduced measure for Mapr. Then, we have the following bounds
CoM (7,,) —CoM ()| < 2e if re<M

CoM (7,,) —CoM(n,,)|| <e€ if re=M

CoM (iiyyr) = CoM (i, )| < [[A@ — A

‘—1—6 if re>M
2

Proof.

CoM(ilyyr) — CoM (@)

‘ 2

—|lcont(nans) - CoM(ﬁgM)H2

_[a©@ g0 _ F© g0

2

_|[a@g© _ ( AD A Agm) 3

2

5(0)

IN

A0) _ quO)

ﬁ(o)

+ HAA,@
2 €

2 2 2

If r. < M’, then by Eckart-Young Theorem, we have HA(O) — Affj) = 0,41 and since

o] =] = o
| :

<1, we have
2

<
2

HCoM(ﬁM/) - CoM(ﬁre)H2 < Opa1te (3.24)
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By definition of numerical e-rank, we know that o,. > € > o, 41. Thus, if r. < M "

the bound is given by

|

Whilst, if r. = M’, then 0,41 = o, = 0 and we obtain the bound of

In the latter case, if r. > M’, then Eckart-Young Theorem does not apply and we are
left with the bound

CoM (i) — CoM (@)

‘ < 0p 41 +€< 2
2

CoM (i)py) — CoM (i)

’ <0op41te<e
2

|cort (@) — cont()|| < 4@ — A0
2

+e€
2

Remark 3.3.10.
Theorem 3.3.9 illustrates the primary reason, as to why we are concerned with accurate

numerical e-rank determination of the observed constraint matrix A

In the M-Tree Measure Reduction Algorithm, algorithm 6, we implicitly assume that
we are operating in infinite precision arithmetic and thus we assume that the equality
between the centre of mass of the input measure ngys and the centre of mass of the

reduced measure 1,, 1s exact, that is
~(0
AOBO = CoM (nyyr) = CoM (i) = AOB"

However, since in practice we do not observe A in infinite precision arithmetic, but
instead we observe A© in finite precision arithmetic, we need to insure that centre of
mass of the reduced measure 1,, in infinite precision arithmetic is sufficiently close to
the reduced measure 1),.. in finite precision arithmetic. The construction of the latter
reduced measure 7),, is dependent on the determination of the numerical e-rank: r. of

the constraint matriz A© in finite precision arithmetic.

Theorem 3.3.9 shows that if the numerical e-rank: r. of A© ynderestimates or es-
timates exactly the true rank of A©), then we can ensure that CoM (7, ) is sufficiently
close to CoM (7),.), as their distance is bounded above by 2¢. This is the best result we

can expect to get, as we are determining the numerical e-rank of 121\(0), based on the
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distance between the perturbed and the true singular values, which are also separated
by €, as
|0:(A?) = (A0 < A4V, < €
However, if the numerical e-rank: r. of A© operestimates the true rank of A
then the bound on the distance between CoM (1,,) and CoM (7,,) is HA(O) —AQ| e
2

and cannot be further improved upon. Therefore, we cannot ensure CoM (7},,) and
CoM (7,,) are within € of each other.

The || - [[2-norm has been chosen to measure the distance between the centres of mass
of the reduced measures, as it naturally induces the spectral norm for matrices, and
thus enables us to relate the distance of interest to the eigenspectrum of the underlying

constraint matrices.

Remark 3.3.11.

As Theorem 3.3.9 and the remark 3.3.10 indicate it is very important not to overesti-
mate the numerical e-rank: r. of the observed constraint matriz AO - As illustrated in
Lemma 3.3.6, if the exact constraint matriz A©) is rank-deficient, then the observed
constraint A© s likely to be full-ranked. Therefore, truncating the smallest singular
values at the correct threshold € is crucial. Thus, we need an efficient way to determine
the threshold level €. Whilst, there is no universally accepted method in the literature
for determining the correct threshold level €, several authors present the following sug-

gestions

1. In [106], the suggested threshold level is € = C’(S||/Al(0)||1, where § represents the
machine precision and C represents the general level of relative error in the data

and [|AO|y = maxi<jon 12, [

2. In [102], the suggested threshold level is € > 6||AQ)|y, where § represents the
machine precision, |A®|ly = Opae(A®) = &,. The author notes that ¢ may

need to be larger, depending on the measure of uncertainty in the data.

3. In [108], the author suggests several models for the error AA©, based on the

singular value perturbation estimate
‘Ui(A(O)) _ Ui(g<o>)| — ‘O'i(A(O)) — 0i(A® 4 AA(O))| < |AAD)],

A possible model for the perturbation error the error AA©) | is a random matriz

with elements from a certain statistical distribution.
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(a) DAY ~ N(0,0%)
(b) AA%]) ~ Poisson(\)

with estimates E[AAY] for AAE\?) and E[AAEE)] for AAgS) given by

(a) B[|AAQ ] = ov2M
(b) B[|AAR ] = W20

Similar estimates are also derived in [108] for the Frobenius norm.

As noted in [112], in order for definitions of numerical e-rank to make sense, we must
assume that the underlying coefficient matrix A©® has been properly scaled. A good
scaling strategy ensures that either the columns of the matrix A® have approximately
the same norm or that the uncertainties in all elements of A(®) are of the same order
of magnitude. We note however that both row and column scalings of A have a
considerable effect on its eigenspectrum. For a full-rank matrix A) one can equili-
brate the rows or columns of A® by diagonally scaling A©® from left or right, such
that all the rows and columns of the scaled matrix have equal norm; optimal diagonal
scalings are related to the elements of the first and the last elements of U and V in
the SVD of A as noted in Chapter 3 of [108]. Whilst, for rank-deficient problems,
scaling may present problems, as noted in [100]. Hence, it is essential for the stability
of the algorithm and detection of numerical rank to ensure that the underlying matrix

is properly scaled.

Let us now examine, the column scaling of the matrix A in the context of the overall
Recombination Algorithm with M-Tree Measure Reduction. We recall that given the

input measure into the Recombination Algorithm with M-Tree Measure Reduction
N
V= Zwiégi, x, € K, for some K € B(R?) compact
i=1

and in step 2) of the Recombination Algorithm with M-Tree Measure Reduction we
produce the push-forward of v through W := (¢1,...,¢y) : K — R given by

N
(Tr) =) wiby@),  V(z)€ U(K)CRY
i=1

subsequently in step 3) we form 2M-Tree form of (V,v), via the RHFC Algorithm,
given by

2M
Mont =1l = ) Bidy,
=1
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we recall from definition (3.1.3), that

supp(nanr) C C’onv({\lf(gl), LUz )})

We recall from remark (3.1.7),

zP for 1<i<r
Y, = b
-1 .
T ) for r+1<i<2M

where r = ((ZD%] —L) and p = 2r if [ D] = 2041, p = 2r + 1 if [ 2] = 20,
¢ € N. Assume, without loss of generality, for any k, ¢ € [1,2M]

_ D _ .D
y, =z, and y, =z

Recalling the expressions for 22, P, we have

k2D M

Iy, I = 2 WS (Y wln)) <30
j=1  r=(k-1)2P41 J=1
M 02b M
ly, Il = Z ol <3 (Y wln@)l) <Y
= J=1  r=(-1)2P+41 Jj=1
since
k2D £2P
D D S
r=(k—1)2P+1 r=(¢(—1)2P+1

and by assumption on 1;, there exists C; € R, Vj € [1,2M]), such that
sup !1/@ ‘ =

since a continuous image of a compact set K C R? is compact. Depending on the size

of C}, the aforementioned bounds may not be sufficient to conclude that

1y~ Ny, Il

and hence conclude that the matrix A is scaled appropriately. We note that a similar
type of analysis can be carried out for subsequent measures 77% > for j > 1, produced

by the Recombination Algorithm.
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By scaling the input map V¥ into the Recombination Algorithm, so as to obtain
= (¢1,...,0n) : K = RM where

dj :g—j

we would ensure that each element of the matrix A satisfies

k2D

el <D wili(@) <1
r=(k—1)2D+1
This ensures the stability of the M-Tree Measure Reduction Algorithm, as every entry
of the input coefficient matrix A©) = ly e Y, M] is of the same order of magnitude.
However, this approach would only produce a \if—generalised cubature measure for v,

that is a measure vy, satisfying

/@z)] )dv(z /% x)dvg(z) Vj e[l M]

2) supp(vg) C supp(v)

and hence we would only have
/ Yj(z)dv(z / ¢J )dvg(z) Vi€ 1, M]

The column scaling of the underlying matrix A®, in this general setting of an arbi-
trary Borel compact set K and a continuous map W, requires further research and

investigation, outside the scope of this dissertation.

In the following chapter, we shall specialise the Recombination Algorithm to com-
puting Carathéodory cubature measures for a certain class of positive Borel measures
p on [0,1]% In that context, we will illustrate the practical implementation of the
Recombination algorithm, by taking K = [0,1]¢ and specialising the map ¥ := ¢
where

’qu =y, ym) 1 [0, 1]d — RM

to be the (m, d)-monomial map, introduced in definition (2.0.22), for some fixed basis
B(M) = {v,...,va}. In our implementation, we shall employ the orthogonal basis
of Chebyshev polynomials of first kind, scaled onto the unit cube. Under this setting,

each element of the underlying coefficient matrix A® satisfies

k2D

uegl <D wiln() <1

r=(k—1)2P+1
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and empirically we find that the coefficient matrix A, is well-scaled, in the sense
that A exhibits a prominent gap between r, and r.,; and hence we have a good level

of confidence in determining the numerical rank of A through the eigenspectrum of
AO),

3.3.4.1 Numerical e-rank and Eigenspectrum of rank-deficient matrices

In the following we present two examples of the distribution of eigenvalues around the
numerical e-rank of a rank-deficient constraint matrix A© € RM*2M | These examples
were drawn from a large set of Gauss-Legendre Carathéodory cubature computations,
that will be illustrated in Chapter 5, see Table 5.9. The two examples we are about
to illustrate, were chosen as examples of clearly rank-deficient constraint matrices, as
they exhibit a prominent gap in the eigenspectrum. Other examples in the same prob-
lem set are classed as full-ranked and others still exhibit a less prominent gap in the
eigenspectrum, making it less evident as to whether the matrix should be considered

rank-deficient. All the computations are carried out in double precision.

Heuristically, after some numerical experimentation, we employ a variant of the sug-
gested e-threshold in [106], referenced in Remark 3.3.11, to determine the numerical

e-rank. Namely, we employ
e = 06| A,

where C' = 10? to account for the level of uncertainty in the data, this may need to be
increased dependent on problem size, § = 10716 is the double machine precision and
|AQ) o = Max;<i<m Zji/[l |@;;] is the maximum absolute row sum of the matrix. The
matrix norm: ||A©| . grows linearly with M and heuristically appears to be a good

measure for relating the e-threshold to the size of the matrix.

The input cubature data into the Recombination Algorithm is scaled onto [0, 1]%. This
scaling is crucial, as it ensures that the monomial map 7% := (y1,...,7x) : [0,1]¢ —
RM mapping the input cubature data onto matrix entries a;; of ﬁ(o), yields |a;;| < 1.
Therefore, the resulting constraint matrix A© has rows of similar magnitude and can

be considered well-scaled for the purposes of numerical e-rank determination.
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In the first example we take
M = 1820, r. = 1663
e :=10%]| AV

§=10""9, |A©)|,, = 940.4

and in the second
M = 2390, r. = 2198
e := 10%0]| A ||,

§=10"1%, |A©|| =1132.3
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Eigenvalue Spectrum M=1820, r. = 1663

Ok

Singular values
* & Ok

— €=19.404 x 10712

d .

A4 .

Te 1664 1665 1666 166’; 1668 1669 1670 1671 1672 1673
Figure 3.3: Eigenspectrum Figure 1
1659 1660 1661 1662 1663
0.000603366 0.000341535 0.000239577 0.000011079 0.0000099
1664 1665 1666 1667 1668

2.18964x 10712

1.83492x 10712

8.90199x 10713

6.6529 x10713 | 4.98587x 10713

1669

1670

1671

1672

1673

3.88926x 10713

3.40067x10713

2.99397x10713

2.62083x10713

2.41040x 10713

Table 3.1: Eigenspectrum table 1
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10~°

10-6

10~7

10-8

5 107°

10—10

10—11

10—12

10—13

Eigenvalue Spectrum M=2390, r. = 2198

Singular values
* & Ok

— e=1.132x 1071
2197 Te 2199 2200 2201 220%: 2203 2204 2205 2206 2207 2208
Figure 3.4: Eigenspectrum Figure 2

k 2194 2195 2196 2197 2198
or | 3.78996x 1075 | 2.89475x107° | 1.38641x107° | 2.89288x 107 | 2.1086x107°

k 2199 2200 2201 2202 2203
o) | 3.70915x 10712 | 1.6799x 10712 | 1.24132x1071% | 1.05967x10712 | 5.6331x 10713

k 2204 2205 2206 2207 2208
ok | 5.34936x10713 | 4.5082x10713 | 4.08371x10713 | 3.51395x10713 | 3.31479x 10713

Table 3.2: Eigenspectrum table 2
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Chapter 4

Carathéodory cubature measures

As we saw in the previous chapter, given an atomic probability measure v € M (R?)
with supp(v) C K and ¥ = (¢1,...,1%y) : K — RM a continuous, v-integrable map,
we can exploit the Recombination Algorithm to construct a W-generalised Carathéodory
cubature measure 7y € M, (RY). In the forthcoming chapter, building on the ideas
introduced in Chapter 3, we shall specialise the Recombination Algorithm to the com-
putation of Carathéodory cubature measure 2% on [0, 1]¢ for a certain class of positive
Borel measures p on [0, 1]? and extend the underlying algorithm by introducing further

recursive methods, to accelerate the overall computation.

In the following, we shall restrict our attention to a class of positive Borel measures
poon [0,1]%, admitting a factorable density p, that is u(A) = [, p(z)dz, A C [0,1]%,

such that density p can be factored into a product of univariate densities p;, such that

d
p(xlw - 7xd) = le(‘rz)v Pi: [07 1] — IRJr
i=1

and we shall further require that quadrature measures of arbitrary degree m € N for

densities p; on [0, 1], for 1 <1 < d, are known.

We note that whilst, the aforementioned class of measures is small, it contains several
important examples. The simplest measure satisfying the above conditions is given
by the d-dimensional Lebesgue measure, for which the univariate densities are given
by pi(z?) = 1 for 1 < i < d and Gauss-Legendre quadratures are known. Another
example is given by taking density p;(2%) = (1 —2%)*(2%)? for o, 8 > —1 for 1 < i < d,
for which the Gauss-Jacobi quadratures, scaled onto the unit interval, are also known,

see in [111]. In fact, we can take p; to be the weight function, scaled onto the unit
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interval, of any interpolatory quadrature on a compact interval, such as those men-

tioned in Chapter 1.

By assumption univariate quadrature formulae of arbitrary degree m € N on [0, 1]
are available for densities p;, @ € [1,d]. Hence, we have a collection of quadrature

formulae {Ql, ey Qd} of some degree m, given by

Qi = iﬂ;ézk A€ Ry, {xk}k L C[0,1] for i€ [1,d] (4.1)
satisfying

/[01} mi(x")p'(x")da’ —Z)\kwj xy), forje[l,m], i€ [1,d]

for some fixed basis for IT} | given by B(ITL ) = {my, ..., Tpmi1}-

As noted in Chapter 1, we can always construct the Cartesian product cubature mea-

sure (' of degree m for p from {Ql, ey Qd}, that is

C$=Q1®...®@d
_ 1 1
k=1 kg=1

=) > M Adaxkl, )

k=1  kg=1

satisfying
Eulv] Z/[ . vt e du(at . ot (4.2)
0,1
d

:/ %‘(xl,...,xd)Hpi(xi)dxl...dxd
(0,13 i=1

-2 SR My at) = B o)
ki=1  kg=1

. . T +d
for some fixed basis for 112, given by B(II%) = {y1,...,yu}, M == dim(I%,) = (7).
However, for computational purposes, instead of utilising the univariate quadratures
Q; directly to approximate the integral with respect to u in (4.2), we proceed to

normalise each quadrature Q; in (4.1) to one. Thus, setting



we obtain

Qi=> Nds  MeERL D N=1 {ai},_ C[0,1] for i€[l,d]

k=1 i=1

Setting v/ = Q1 ® ... ® Qq, for v; € B(I14), we get

EH[’VJ] = p([0, Z Z)‘ /\Zd'w Ikla"'vxid)

ki1=1 kg=1

= ([0, 1)) Eyps [;] = Es [7]

Hence, we have % = u([0,1]%)v% is a cubature measure of degree m for p, since
by construction

& L) = (z)dC, (x) = d (z)dvt (z '
1) /Md (@) dp(z) /[Oﬁud%(_)dcm(_) p([0,1] )/Md%(_)d i(g) Vi e 1, M]

2) supp(Ck) C supp(p)

Now, suppose that we wish to construct a Carathéodory cubature measure of degree
m for p, that is a measure (% € M. ([0,1]%), satisfying

1) /I{Vj(z)du(g)—AVj(z)dE%(ﬁ) Vi € 1, M]
2) supp(Cl) C supp(p)

3) card(supp(a’fl)) <M+1

Applying the Recombination Algorithm with M-Tree Measure Reduction, we set the
input measure v := v and ¥ := 4 where v¢ = (v1,...,vu) : [0,1]¢ — RM denotes
the (m,d)-monomial mapping, introduced in definition (2.0.22) in Chapter 2. Then,
as output we produce vt a Carathéodory cubature measure of degree m for v#. And

therefore, by setting (“ := ([0, 1]9)D¥ , we obtain a Carathéodory cubature measure

of degree m for pu.

However, we note that the construction of V¥ leads to touching a number of nodes,

which grows exponentially with dimension d, in the construction of v#. Hence, in

178



order to avoid this curse of dimensionality, we will employ a recursive algorithm. In
this algorithm we will construct the tensor product measure one dimension at a time
and reduce it via the Recombination Algorithm, in order to keep the size of each un-

derlying problem tractable.

In the following, we let V,’jw vk, denote, respectively, a cubature measure of de-
gree m for py in ¢ dimensions and a Carathéodory cubature measure of degree m for

e in ¢ dimensions, where iy is given by

pe(A) = / pr(zh) x ... x pplat)da? ... dat, Ac o, 1], ¢<d
A

The recursive algorithm for constructing 7% may be defined as follows

SHo
Set Vp, 1 = Vp, 1 and

For/=1:d—-1

1) Compute the cubature measure v}, , ; of degree m for ji,11, given by

H _ M I H — A
Vhti1 = Vi @ Vi1, card(supp(umﬁl)) =M, xn

where Mé = card(SUPp(fo%gD < ’an[RH - (mz_g)

2) Compute the Carathéodory cubature measure 7} ., of degree m for ip, 1, by an ap-
plication of the Recombination Algorithm with M,-Tree Measure Reduction to v/ ,

and set W := (v1,...,%,,,), for some fixed basis B(II5) = {7,..., 7., }

1 ~p ~p _
Ving+1 " Vimosts c&rd(supp(l/m,zﬂ)) =My,

: (+1
where M, , = card(supp(uﬁwﬂ)) < TSP R]| = (m+ + )

This recursive algorithm by dimension, would generate the Carathéodory cubature

~ _ /\M . . . .
measure v}, = v, ; of degree m for v}, in polynomial rather than exponential time
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with dimension. However, there are some subtleties, and some modifications are re-

quired.

In step 2) of the algorithm, applying the Recombination Algorithm with M,-Tree
Measure Reduction with input measure VSM 41> requires the cardinality of the input
measure to satisfy

card(supp(vh, ,.1)) = M, x n > 2M (4.3)

However, (4.3) may not hold for sufficiently small degree m and dimension ¢ + 1, as
will be discussed in detail in this section. Under this scenario, we cannot apply the
Recombination Algorithm with M,-Tree Measure Reduction, as step 2) of the Recom-
bination Algorithm would require to build the 2M, ;-Tree form of 1/7'[;7 41 Via the RHFC
Algorithm and this cannot be done with less than 2M,,; nodes in the support of the
input measure. Hence a modification of the Recombination Algorithm with M,-Tree
Measure Reduction will be required to deal with the case, when (4.3) does not hold.

This modification shall be discussed in the forthcoming algorithm.

Secondly, we set W := 4! where v is (m, £ + 1)-monomial map:
yf,jl = (Y15 YMeyy) 1[0, 1}“1 — RMem

Heuristically, we decided to employ the orthogonal basis {’yl, M, +1} of Cheby-
shev polynomials of first kind, scaled onto the unit cube, for its well-known stability
properties. The first few Chebyshev polynomials in 1 dimension, scaled onto the unit

interval, are given by
Ti(z)=1
Tr(x) =2z —1
Ts(z) = 82> — 8v + 1
Ty(z) = 322° — 482 + 18z — 1

Ts(z) = 1282* — 2562° + 1602 — 327z + 1

Hence, for example the (2,2)-monomial map: ~2 is given by
V() = va(xt, 2?) = [1,22'—1, 202 —1,8(2")*— 8z +1, 4wt o — 22" —22°+1, 8(2?)* —82* +1]"
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Then, we can define the (m, ¢ + 1)-monomial form of v, ,., , introduced in (2.0.23),

as follows

i A iz
’Ym,ZJrl = Tm *(Vm,ZJrl)

Now, we are in a position to describe the construction of the Carathéodory Cuba-

ture Algorithm.
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Algorithm 8: Carathéodory Cubature Algorithm

Input: v} | cubature measure of degree m € N for y;

1) Set v, 1 == v, 4

For/=1:d—-1

2) Compute the cubature measure of degree m, v, , ; for p1:

Nepa

u _ou b ,
Ving+1 = Vi ® Vmai = Z wl(sgz
i=1
and set

Ny o= supp(v), 1) = M, x card(supp(yﬁu)), My, = (mﬁfl)

If (min {Nes1,2Mpyq } = Nz+1>
3) Produce the (m, £+ 1)-monomial form of v, ,,, :

Ney1

H N |
Ymi+1 = Tm . me+1 E :%5 Ll

4) Produce a reduced tree measure 73, , ; for v/ ,.:

/
é+1

fym VAN E :wlk 'y“'l(m

where M, é +1 < M4y, and produce the Carathéodory cubature measure of degree

St
m, Vi, i1 for pie41
/
£+1

Vi E+1 wik

set £ = ¢+ 1 and go to step 2)
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Else If (min {Npp1, 2My ) = 2Mg+1>
3) Apply the Recombination Algorithm with 2M;,,-Tree Measure Reduction on

for

yn
Vpno+1 and produce the Carathéodory cubature measure of degree m, 178 o1

Mot

Z+1

m€+1 E : wlk

set £ = ¢+ 1 and go to step 2)

Remark 4.0.12. In the scenario, <miH{Ng+1,2Mg+1} = Ng+1), we are not able to
apply the Recombination Algorithm with 2M -Tree Measure Reduction, since we do not
have enough nodes to perform the RHFC tree forest construction. Instead, we proceed
as follows: In step 3) of the Carathéodory Cubature Algorithm, we form the (m,{+1)-

- p .
monomial form of vy, .,

Neya

H . AFL E
/Ym,f+1 = Um * m2+1 wlé Z'H

Similarly to step 1) of the Recombination Algorithm with 2M -Tree Measure Reduction.

Then, we set
Nota

o A _ _
NINewr *= Tmet1 = 2: wléﬁﬁil(&i)
i=1

P .
and we proceed to construct a reduced measure M, = Vet We note that since
NN, does not contain any information relating to binary trees, we produce a reduced
measure, rather than a reduced tree measure as in the Recombination Algorithm. We

may achieve this, by setting

A(O) [’7?1(_ ) P ’7fn+1(wNe+l>:| E RM€+1 XNK+1

Nega

,6(0) = [wl, . ,CLJNZ+1]T - RJIZ+1, Z w; = 1

- i=1
Given that rank(A®) = M,,; < min{M1, Nes1}, we have that dim(Ker(A©)) =
N1 — My, and hence we proceed to form the Ker(A©)

@(0) — [¢):(LO)’ ¢ e 7QN£ ~ M ] RN[+1><MZ+1

£+1
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and we can then perform the (Npyp — MéJrl)—Tree Measure Reduction, similarly to the

degenerate M-Tree Measure Reduction, described in Section 3.5.1.

The aforementioned algorithm, is clearly not the only method for achieving a poly-
nomial runtime for the generation the Carathéodory cubature measure 7/ , for p. A
natural alternative method would be to consider forming the product in step 2) as
follows

I//\M

1
v m,2¢-1

_ M
m,2¢ Vm,2£—1 ®

Heuristically, we have found the approach to be less efficient than the described algo-
rithm, we attribute this fact to the superior memory requirements. An optimal choice
of such an algorithm requires further investigation and is beyond the scope of this

dissertation.

As noted in Section 1.3.4, by construction of Carathéodory Cubature Algorithm, the
constituent sequence of univariate quadrature formulae in (4.1) should be chosen so as
to attain the highest degree of precision with the fewest abscissae. Therefore, Gaussian
Quadrature measures, are in this context the best choice of the underlying sequence

of univariate quadratures.

Let us now fully examine the cost of the Carathéodory Cubature Algorithm, in the con-

text of a measure p with densities p;, for which we have Gaussian quadrature measures.

Firstly, we note that in the context of Gaussian quadrature measure, we have

/ / m
Ny = supp(v), ,1) = M, X supp(v), ) = M, X <L§J + 1)

and for any given degree m € N and dimension d € N there exists a threshold
r =r(m,d) € [1,d — 1] for which

Ng+1 S 2M€+1 if /¢ S r

Ng+1 Z 2Mg+1 if ¢ >r
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For example, for the d-dimensional Lebesgue measure p, for which we know Gauss-
Legendre quadrature formulae, introduced in Section 1.1.3.1, let us consider the com-
putation of the ‘Carathéodory” cubature measure ﬁy’f% 4 of dimension d = 18 and degree
m =4. For 1 < /¢ <17 we have

! ! 4
Nopi = supp(l/if“l) = M, x supp(ufﬁl) = M, x (L§J + 1)

44041
My q =
e ( (1 )

/ ~
My, = card(Vy,,,)

Then, for comparison, set Nj,, := card(v;. ), i.e. Nj,, denotes the cardinality of the
Cartesian tensor cubature product measure vy, of degree 4 in dimension ¢+ 1 for

ter1- Now we have
0+1

N = (15)+1)
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DIM= /¢ | M, Ne| M, Ny
2 15 9 9 9
3 35 27 | 23 27
4 79 69 | 50 81
5 126 | 150 | 96 243
6 210 | 288 | 168 729
7 330 | 504 | 274 2187
8 495 | 822 | 423 6561
9 715 | 1269 | 625 19683
10 1001 | 1875 | 891 59049
11 1365 | 2673 | 1233 177147
12 1820 | 3699 | 1664 531441
13 2380 | 4992 | 2197 | 1594323
14 3060 | 6591 | 2849 | 4782969
15 3876 | 8547 | 3639 | 14348907
16 4845 | 10902 | 4569 | 43046721
17 5985 | 13707 | 5673 | 129140163
18 7315 | 17019 | 6963 | 387420489

Table 4.1: N} = Cardinality of Cartesian tensor Gaussian Cubature and M, = Cardi-

nality of Carathéodory Gaussian Cubature

From the table above, it is clear that the threshold » = 11, since

Negr > 2Mpy

In particular, we also note that, for each dimension ¢, the cardinality of the Carathéodory
gaussian cubature measure M, := card(vy,) < M,. Empirically, we can confirm that

this is often the case for a general degree d € N and dimension m € N, in the context

of Gaussian-Legendre cubature measures.
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Given that we know that there exists a threshold r = r(m,d) € [1,d — 1] for which,

we have
Ng+1 S 2Mg+1 if ¢ S r

Ng+1 Z 2Mg+1 if £>r

we will split the cost of the overall Carathéodory Cubature Algorithm into two parts.

For ¢ < r, step 2) of the algorithm requires touching Ny, nodes of dimension d
and Ny, weights, hence it has an associated cost of Nyii(d + 1). In steps 3) —
4), we perform (Ny 1 — Myyq)-Measure Reduction, which has an associated cost of
Cy(max{ N1, My1}?), for some C) € R,.

For ¢ > r, step 2) has an associated cost of Nyii(d + 1). Whilst in step 3) we
perform the Recombination Algorithm with 20, ;-Tree Measure Reduction, this has

an associated cost of

N,
2Ny 1My q + l0g<2]\;+1 )C’QME’H for some C5 € Ry
0+1

Hence, the overall theoretical computational complexity of the Carathéodory Cubature

Algorithm is given by

d—1 r d—1 d—1
N,
(d+1) Y New+ O Y (max{ Newy, Meaa )42 Y NepaMigi 4G > log<2 ]\Z:)M?H
/=1 /=1 {=r+1 l=r+1

For a Gaussian cubature measure, the above expression simplifies to

@+1(151+1) di M,,, +Cy i(max{ (L5 1+ 1) My, Mo ¥)+
/=1

(LmJ+2) S M2+1M£+1+CQ § l09<(|~mJ +2)Ml;+1>Mé3+1

4 M,
l=r+1 l=r+1 t+1

since Méﬂ < My < My, by setting M := My, we can obtain an upper bound in

terms of M, consistent with estimates in the previous chapters
Ci(d,m)M + C3(d,r,m) M2 + C3(d, 7, m) M?
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where

Cy = (d— 1)(d+1)(L%J +1>
Cy=(d—r+1)(lm] +2)

C5 = Cyr(lm] + 2)3 + Co(d — 7 + 1)log<%ﬂ>

Hence, the overall theoretical cost of Carathéodory Cubature Algorithm, is cubic in

M.
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Chapter 5

Numerical Validation

5.0.5 Introduction

In the forthcoming chapter, we present a comparison of numerical integration results,
attained by employing Carathéodory Cubature Algorithm, Smolyak Algorithm and
Delayed Smolyak Algorithm for the d-dimensional Lebesgue measure on [0,1]%. We
test the integration of a well-known suite of numerical integration functions: Genz in-
tegration test suite. This test suite comprises of six families of integrands, commonly

employed to investigate the accuracy of cubature measures and interpolation schemes.

To test the Carathéodory Cubature Algorithm, we choose the underlying sequence
of univariate quadrature measures to be the sequence of Gauss-Legendre quadratures
introduced in Section 1.1.3.1. As noted in Chapter 1.1, they provide the highest
precision integration with the fewest number of cubature nodes, in the context of

Carathéodory Cubature.

Within the context of Smolyak integration, we shall choose the underlying sequence
of quadrature measures to be the nested Clenshaw-Curtis and the nested delayed
Clenshaw-Curtis sequence. As noted in Section 1.2.4, nested quadrature sequences are
the most economical choice for the Smolyak construction, in that they yield the highest
precision, with the fewest number of nodes. Moreover, the choice of Clenshaw-Curtis,
as opposed to Gauss-Legendre quadratures, is justified by its stability properties, as
the norm of the Smolyak construction is generally much smaller, when the underlying

sequence of quadratures is Clenshaw-Curtis, see equation (1.29).
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All of the forthcoming numerical experiments were conducted in 64-bit(double pre-
cision) an SGI UV 100 Shared Memory System, comprising of 8 Intel Xeon CPU
E7 — 8837 processors giving access to 64 cores and 1TB of Random Access Memory.
Each of these cores run at a 2.67 GHz clock speed with cache sizes Level 1: 64KB,
Level 2: 256KB and a shared Level 3 cache of 24MB per CPU. The operating system
was SUSE Linux Enterprise Server 11. We note that not all the CPU and memory
resources were utilised during our numerical experiments, most experiments required
32 CPUs and up to 400 GB of shared memory. The Carathéodory Cubature Algorithm
is a proprietary software package and the Smolyak and Delayed Smolyak Algorithms

is also a proprietary software package, available at [115].

Carathéodory Cubature Algorithm software package is a joint effort of the author,
Prof. T. Lyons, Dr. C. Litterer, Dr. N. Victoir and Prof. M. Giles. The development
of this algorithm is tiered. The first tier, consists of the Recombination Algorithm
with 1-Tree Measure Reduction, algorithm 4 in Chapter 3, referenced in [96], was de-
veloped by Prof. T. Lyons incorporating contributions from Dr. C. Litterer and Dr.
N. Victoir. The second tier of development of this algorithm consists of the Updat-
ing version of Recombination Algorithm with 1-Tree Measure Reduction, described in
Section 3.2.0.12, as suggested by Prof. M. Giles and developed by the author. The
third tier was the development of the Recombination Algorithm with M-Tree Measure
Reduction, which is the final version of the Recombination Algorithm, integrated into
the Carathéodory Cubature Algorithm. Both Recombination Algorithm with M-Tree
Measure Reduction and Carathéodory Cubature Algorithm were developed jointly by
Prof. T Lyons and the author.

All the following numerical comparisons on Genz Test Suite for Carathéodory Cu-

bature Algorithm and Smolyak, Delayed Smolyak Cubature Methods were developed

by the author, utilising the aforementioned software packages.
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5.0.6 Testing Procedures

The functions comprising Genz integration test suite, with parameters ¢ = (cy, . .., ¢),

w = (Wi, ...,wy), defined on [0, 1]¢, are given by

d
1) OSCILLATORY fi(z) = cos (27rw1 + Z cixl-)
i=1

1
2) PRODUCT PEAK  fo(a) = [] 5

3) CORNER PEAK  fs(x) =

4) GAUSSIAN  fy(z) = e:cp( - Z ci (i — wz-)2>

d
5) CONTINUOUS  fs(z) = exp —ch-|:ci—wl-|)

i=1

{O if z;y>w; and x9 > we

e:vp( Zle cixi> otherwise

6) DISCONTINUOUS  fs(z) =

Different test integrals can obtained by varying the parameters ¢ = (c1,...,¢q) and
w = (wy,...,wg). Given a pre-determined sample size S, it is common to generate
S realisations of each given Genz test function in a given dimension, by randomly
generating S suitable pairs ¢ and w. The vector w acts as a shift parameter, so its
components are chosen to be uniformly distributed in [0,1]. The difficulty of each
problem is controlled by the vector ¢, with the difficulty of the integral usually in-

creasing as the Euclidean norm ||¢|| is increased, see [107].
In the numerical experiments presented in this section, we will consider sample sizes of

S = 20 for each Genz function f;, 1 < 7 <6 in dimensions 2, 3,4 and the difficulty of

each integrand function will be controlled by ||¢||1 = b;, where b; is chosen as follows
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b 19.0 725|185 | 703|127 |20

Table 5.1: Genz Function Suite Parameters

Thus we generate 20 vectors w and ¢, independently and uniformly distributed
on [0,1]%, with ¢ re-normalised, such that its -1 norm satisfies the aforementioned
criteria and hence obtain 20 integrands {f$}32,. For each family {f;}22,, 1 < j <6,

s=1>

dimension 2, 3,4 we compute the average number of correct digits in the numerical

)

)
)

where the exact integrals 1;(f;) are known, see for example [114] and as we recall from
Chapter 1: QM (¢,d) denotes the (" level Smolyak cubature, Q%M (p, d) denotes the
p'" level Delayed Smolyak cubature and Q4% (m, d) denotes the Carathéodory cuba-

integral approximation for

S22 —logio (‘Id(ff) — Q%M(¢, d)[f3]

20

>2 —logio (‘Id(ff) —Q*MP(p,d)[f;]
20
S22 —logio (‘Id(ff) — QY (m, d)[f;]

20

ture of degree m.
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In each of the following simulations, we compute Q“4%(m,d) for degrees m =

2,4,6,8, 10,12, 14, 16, 18, 20.

We know from lemma (1.2.10) that deg(Q*(”5%,d)) > m and by construction
deg(Q3MP (- d)) > deg(Q*M(1,d)). However, we do not attempt to compare
the three integration methods by degree of precision, as this comparison usually yields

the cardinality of the Smolyak cubature card (QSM (’”T_l, d)) to be several orders of

magnitude greater than card( Q““%(m,d) ) or card (QSMD(mT_l, d)) Instead, we em-

ploy fixed degrees of precision for Q4% (m, d), m = 2,4, ..., 20 in dimension d = 2, 3, 4.

We employ varying levels ¢, p for Q"M (¢,d) and QP (p,d) thus varying degrees
of precision, whilst yielding a comparable number of nodes to Q“4%(m,d). As such,
we study the accuracy of each method as a function of the underlying cardinality of

cubature nodes.

In dimension d = 2, we employ Q%M (¢,2) with levels £ = 1,2,...,6 corresponding
to degrees m = 3,5,...,13; we employ QP (p,2) with levels p = 1,2,...,9 corre-
sponding to degrees m = 3,5,...,19.

In dimension d = 3, we employ Q%M (¢,3) with levels £ = 1,2,...,8 corresponding
to degrees m = 3,5,...,17; we employ QP (p,3) with levels p = 1,2,...,12 corre-
sponding to degrees m = 3,5, ...,25.

In dimension d = 4, we employ Q%M (¢,4) with levels £ = 1,2,...,8 corresponding
to degrees m = 3,5,...,17; we employ QP (p,4) with levels p = 1,2,...,14 corre-
sponding to degrees m = 3,5, ...,209.

The levels, corresponding degrees and cardinalities of Q%M (¢,d) and Q“MP(p, d) for

each dimension d = 2, 3,4 are illustrated below. We also provide the cardinalities of
QY“E(m, d) for degrees m = 2,4, ...,20.
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degree m | card (QCAR(m, 2)) card(QCAR(m, 3)) card (QCAR(m, 4))
2 4 8 15
4 9 27 70
6 16 64 210
8 25 125 494
10 36 216 1000
12 49 343 1820
14 64 012 3060
16 81 729 4844
18 100 1001 7315
20 121 1331 10626

Table 5.2: Cardinalities of Q“A%(m,d) for dimensions d = 2,3,4, degree m =

2.4,...,20
level £ | degree m card(QSM(f, 2)) card (QSMD(K7 2))
1 3 5) )
2 5) 13 9
3 7 29 17
4 9 65 33
5) 11 145 33
6 13 321 65
7 15 97
8 17 97
9 19 161

Table 5.3: Cardinalities of Q5 (¢,2) and Q“MP(¢,2) in dimension d = 2
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level € | degree m card(QSM(ﬁ, 3)) card(QSMD(K, 3))
1 3 7 7
2 ) 25 19
3 7 69 39
4 9 177 87
d 11 441 135
6 13 1073 207
7 15 2561 399
8 17 6017 495
9 19 751
10 21 1135
11 23 1135
12 25 1759

Table 5.4: Cardinalities of Q5 (¢, 3) and Q*MP(¢,3) in dimension d = 3
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level € | degree m card(QSM(ﬁ, 4)) card (QSMD(K, 4))
1 3 9 9
2 ) 41 33
3 7 137 81
4 9 401 193
d 11 1105 385
6 13 2929 641
7 15 7537 1217
8 17 18945 1985
9 19 2881
10 21 4929
11 23 6465
12 25 8705
13 27 13697
14 29 16001

Table 5.5: Cardinalities of Q5 (¢,4) and Q°MP(¢,4) in dimension d = 4
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From the above numerical experiments some simple conclusions can be drawn:

e For the Oscillatory and Gaussian Genz functions, the ordinary Smolyak Cubature
construction is sharply outperformed by both the Carath?eodory and Delayed
Smolyak Cubature methods

e Apart from the Corner Peak and Continuous functions, the Carathéodory and
Delayed Smolyak Cubature methods generally yield twice the accuracy for the
same number of nodes as the Smolyak Cubature method, independent of dimen-

sion

e In dimension 2 the precision of Carathéodory Cubature is higher than that of
the Delayed Smolyak Cubature, for all functions, apart from the Corner Peak.
Whilst in dimension 3 and 4 the Delayed Smolyak cubature generally yields

higher precision than Carathéodory Cubature .

e The performance for Carathéodory Cubature, for Corner Peak, is flat, that is
non-increasing with increasing degrees of precision of the method. This type of
function may benefit from utilising Carathéodory Cubature adaptively to zoom

in on the corner singularity.

e The only function for which the ordinary Smolayk cubature outperforms the
other two integration methods, in every dimension, is the continuous function.
This may benefit from a greater number of cubature nodes in integrating around

its peak

e All three methods appear to be ineffective for the discontinuous function, al-
though Carathéodory Cubature yields the best performance. This may be the
result of insufficient number of points around the discontinuity to resolve the

jump.

In addition, we note that whilst Carathéodory Cubature measures for all degrees
1 < m < 20 contain strictly positive weights, the Smolyak Cubature and the De-
layed Smolyak Cubature for each level contain negative weights. Below, we provide
the number of negative weights for the Smolyak Cubature and the Delayed Smolyak

Cubature for each level and each dimension employed.
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¢ card<Q5M(£,2)) card<Q5MD(£,2)) N.W. IN QSM(2,2) | N.W. IN QSMP(¢,2)
1 5 5 1 1
2 13 9 2 1
3 29 17 3 2
4 65 33 5 2
5 145 33 9 2
6 321 65 18 4

Table 5.6: Negative Weights in QM (¢, d) and Q5P (¢,d) in dimension d = 2, level £

¢ card(QSM(&B)) card(QSMD(£,3)> N.W. IN QSM(4,3) | N.W. IN QSMP (¢, 3)
1 7 7 | 0
2 25 19 2 |
3 69 39 4 2
4 177 87 8 4
5 441 135 15 4
6 1073 207 29 7
7 2561 399 66 10
8 6017 495 141 10

Table 5.7: Negative Weights in Q%M (¢,d) and Q°MP (¢, d) in dimension d = 3, level ¢
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¢ card<Q5M(£,4)) card<Q5MD(£,4)) N.W. IN QSM(0,4) | N.W. IN QSMP(¢, 4)
1 9 9 1 1
2 41 33 2 1
3 137 81 4 3
4 401 193 8 4
5 1105 385 13 4
6 2929 641 30 7
7 7537 1217 67 14
8 18945 1985 145 15

Table 5.8: Negative Weights in QM (¢, d) and Q5P (¢,d) in dimension d = 4, level £
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5.0.7 Comparison of Carathéodory Cubature Algorithm Im-
plementations with Dual Simplex and Interior Point

Method and SVD Solver

Building on the ideas introduced in Section 1.4, in this section we report the per-
formance attained by Carathéodory Cubature Algorithm with different measure mea-
sure reduction implementations: Gurobi Dual Simplex LP Solver, IBM CPLEX Dual
Simplex LP Solver and Intel MKL SVD Solver. As in the previous section the
Carathéodory Cubature Algorithm is applied to the d-dimensional Lebesgue measure
on [0,1]? with the underlying sequence of Gauss-Legendre univariate quadratures. In
this numerical experiment, however we record a series of performance metrics for the
different implementations of the Carathéodory Cubature Algorithm, thus highlighting

the respective merits and limitations of each implementation.

The versions of underlying LP Solvers utilised are contained in state-of-the-art software
packages: Gurobi Optimizer version 6.5 C++ Interface, IBM CPLEX Optimization
Studio 12.6.2 C++ Interface and proprietary software package utilising Intel Math
Kernel Library 11.1.1 C Interface, shipped with Intel Composer XE Edition 2013 SP1.

We note that the following comparison is performed in a single threaded environment
as both Gurobi Dual Simplex LP Solver and IBM CPLEX Dual Simplex LP Solver are
only implemented to run on a single thread. As noted in Section 1.3.1, this limitation
is intrinsic to the underlying Primal and Dual Simplex Algorithms. However, as noted
in the documentation for Gurobi Optimizer version 6.5, IBM CPLEX Optimization
Studio 12.6.2 , the Dual Simplex has a smaller memory footprint when compared to
the Primal Simplex implementation and thus is preferable to our type of problem. The
following numerical experiments will compare runtime, floating point operation count,
memory and scalability of the aforementioned solvers, these were implemented by the

author.

We utilise the following performance metrics, as means of comparison between the
different measure reduction implementations: Wall-Clock Time, MFLOPs (Millions
of Floating Point Operations), Memory Footprint Resident and Virtual. In order to
obtain accurate performance comparisons we employ PAPI(Performance Application
Programming Interface) [116] , which supports measurements of the aforementioned
performance metrics from each thread spawned by the application and collecting hard-

ware performance counter values.
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In particular, we obtain the aforementioned performance metrics by collecting in-

dividual application thread statistics for N total threads and computing

: N (Wall Clock Tick Count per thread i o
e Wall-Clock Time= $_1  (Wall Cloc o ot 1) in ticks

where Clock Rate= 2.67 GHz

e MFLOPS= Y_V ( PAPI FP OPS per thread i )
where PAPI FP OPS measures CPU floating point instructions on thread 4

e Memory Resident = "V (Memory Resident on thread i ) in MB

e Memory Virtual = Zfil (Memory Virtual on thread ¢ ) in MB

The data sample in this numerical experiment consists of performing Carathéodory

Cubature Algorithm for degree m = 4 in increasing dimensions d = 3,4, ..., 30.
dim=d | M = (") | dim=d | M = (")
3 35 17 5985
4 70 18 7315
5 126 19 8855
6 210 20 10626
7 330 21 12650
8 495 22 14950
9 715 23 17550
10 1001 24 20475
11 1365 25 23751
12 1820 26 27405
13 2380 27 31465
14 3060 28 35960
15 3876 29 40920
16 4845 30 46376

Table 5.9: Problem size: M = (m;d) for degree m = 4, dimensions d = 3,4, ...,30
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We note that both Gurobi Dual Simplex LP Solver and IBM CPLEX Dual Simplex
LP Solver were stopped during execution, as the computation for dimension d = 10
for Gurobi LP Solver and for dimension d = 13 were taking longer than 100 hours
to execute. Thus, in the Wall-clock ticks figure (5.34), we employ the cross signs to
indicate the lower bound on the number ticks that would result from the computation
if each had finished performing in 100, 200, 300 hours respectively. We note that both
Wall-clock ticks in figure (5.34) and Floating Point Operations count in figure (5.20)
are plotted on a logarithmic scale on both axes. Thus, power relationships of the
form C(M) = aM* will appear as straight lines on the log-log plots. To estimate the
power k corresponding to the slope of the line on the log-log plots we employ linear
interpolation. Hence, we can conclude that the empirical runtime complexity for the

three implementations of Carathéodory Cubature Algorithm are given by
Caur DUAL (QCAR(TTL, d)) = O(M4'123)
CcpL puaL (QCAR(“% d)) = O(M>™)

Covp <QCAR(m, d)) — O(M204)

As noted in Chapter 4, the theoretical cost of the Carathéodory Cubature Algo-
rithm is dominated by the runtime cost of computing the measure reduction. Thus,
we conclude that the computational complexity of performing the measure reduc-
tion, via Gurobi Dual Simplex LP Solver, IBM CPLEX Dual Simplex LP Solver and
SVD can be approximated by Cour puar(M, L) = O(M*'?), Cepr, prar(M,L) =
O(M3™5), Csyp(M,L) =~ O(M**), where L = min{N, M} as detailed in Chapter

4. Similar conclusions can be drawn for the Floating Point Operations count.

Additionally, from figures (5.20) and (5.21) we note that whilst the number Floating
Point Operations employed by each implementation is very similar, the memory con-
sumption in terms of both resident and virtual memory is smaller for the SVD-based
implementation. Thus, overall we can conclude that the SVD-based implementation
manages memory more efficiently, than the other two methods, which may be a con-

tributing factor to a faster execution.

In the following we present a comparison of accuracy of the three implementations
of the Carathéodory Cubature Algorithm. To do so, we perform the same set of sim-
ulations used to compare the accuracy of Carathéodory Cubature Algorithm with the

Smolayk and the Delayed Smolyak Algorithms on Genz test suite, in dimension 4.
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As opposed to the Dual and Primal Simplex Algorithm implementations in Gurobi
Optimizer 6.5 and IBM CPLEX Optimization Studio 12.6.2, the Interior Point Method,
called the barrier method is parallelised in both packages. The IBM CPLEX Interior
Point method implemented is the Barrier Optimiser, which exploits a primal-dual log-
arithmic barrier algorithm to generate a sequence of strictly positive primal and dual

solutions.

In the following we present a comparison of Carathéodory Cubature Algorithm with
again three measure reduction implementations: Gurobi Barrier LP Solver, IBM
CPLEX Barrier LP Solver and Intel MKL SVD Solver. We perform this compar-
ison in multithreaded environment with 32 threads, and as before we measure the
total number of wall-clock ticks, floating point operations, resident memory and vir-
tual memory. We provide this comparison primarily to illustrate the advantages of
utilising the INTEL MKL SVD Solver in a multithreaded environment. We note that
successful execution, for the data sample in question, after dimension d = 12 for both
the Gurobi Barrier LP Solver and the IBM CPLEX LP Solver, is intermittent. By
this, we mean that some cubature computations for dimensions higher than d = 11,
do not finish execution, as a result of numerical errors, and thus cannot be relied upon
to produce the required solution. See below, the typical numerical errors produced by
both methods

Iteration Objective Primal Inf. Dual Inf. Time
3427 0.0000000e+00 1.092270e+04 @.000000e+00 5795s
3527 0.0000000e+00 2.358362e+03 1.911640a+13 6436s
3627 0.0000000e+00 3.767922e+01 1.563105e+12 7158s
3727 0.0000000e+00 3.8993598e+02 3.527970e+12 7780s
3827 0.0000000e+00 1.351013e+02 6.746612e+11 B8535s

Stopped in 3804 iterations and 9143.00 seconds
Numeric error
Error code inside gurobi = 100085

Figure 5.28: Numerical Errors Gurobi Barrier LP Solver
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Summary statistics for Cholesky factor:

Rows 1n Factor = 450878

Integer space required = 30596609

Total non-zeros 1in factor = = 89357347512
Total FP ops to factor = 1607884747656397

CPLEX Error 1001: Out of memory
Barrier time = 103984858.45 sec]

Figure 5.29: Numerical Errors IBM CPLEX Barrier LP Solver

We note that Gurobi Barrier LP Solver, similarly to Gurobi Dual Simplex LP Solver
was stopped during execution, as the cubature computation for dimension d = 13 was
taking longer than 200 hours to execute. Thus, we employ cross signs to indicate the
lower bound on the number of ticks that would result from computations of cubature

in dimensions d = 13, 14, 15, if each were to execute in 200, 300, 400 hours respectively.

From these results, we note that the Gurobi Barrier LP Solver has the lowest runtime
up to d = 10, however similarly to the Gurobi Dual Simplex LP Solver its performance
degrades rapidly after the problem size of d = 13 is reached. In contrast, the IBM
CPLEX Barrier LP Solver and the Intel MKL SVD Solver scale well. The Intel MKL
SVD Solver has a higher execution runtime up to d = 11, however its performance
remains almost constant for higher dimensions. Similar conclusions can be drawn by

looking at memory consumption.
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5.0.8 Scalability of Carathéodory Cubature Algorithm with

SVD Solver

Finally we illustrate the scalability of the Carathéodory Cubature Algorithm with
the INTEL MKL SVD Solver, in terms of the runtime and floating point operations
executed. Let T'(p) = T'(p, M) denote the total wall-clock ticks of the algorithm on p

processors, for some problem size M. Then, for a fixed problem size M, the speed-up

of the algorithm is given by S(p) = %. By Amdahl’s law or law of diminishing
returns, we know that
1
S(p) < —~1-C
C+ >

where C' denotes the inherently sequential portion of the computation. By measuring
S(p) for different problem sizes M, we can hope to estimate C. In the following, we
provide two example illustrations for M = 8568, M = 11268, which appear to be
consistent with a broader sampling range, confirming that C' =~ 0.55. That is to say,

the estimated speed-up curves S(p) are well-approximated by the Amdahl’s curve

1

Ap) = ———
() 0.55 + 55

In particular, this sheds light on the limiting behaviour of scaling the algorithm, ne-
glecting the overhead associated with thread creation

lim A(p) = 1.818181...

p—o0

In addition to the scalability of the execution time, we have also measured the to-
tal number of floating point operations offloaded by the master thread to each slave
thread, during the exception o f the algorithm. We observe that the percentage of
the total number of flops offloaded to each slave thread is consistent between threads
and consistent for different problem sizes. Indeed we observe the following scalability
of flops: 60% of flops are always executed on the master thread, thereby accounting
for the sequential portion of the execution. The parallel portion of the execution ac-
counts for 40% of flops and spreads evenly between all the slave threads and the master
thread. For example with two processors, the master thread executes the sequential
portion of the computation and half of the parallel portion, executing approximately
60% + 20% of the workload and the remaining 20% is offloaded to the slave thread.
Empirically, we observe that given k threads, <60 + %)% of flops, are executed on
the master thread and %% on every slave thread. It transpires, therefore, that the
scalability of the execution time is consistent with the scalability of the floating point

operations, with both accounting for 55 — 60% of the sequential execution.
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5.1 Conclusions

We conclude that the Carathéodory Cubature Algorithm detailed in Chapter 4 is
an efficient method for constructing interpolatory cubature measures in moderate di-
mensions. We emphasize that the Carathéodory Cubature Algorithm overcomes the
“curse of dimensionality ” in its construction, by thinning the support of the Cartesian
Cubature product measures, whose cardinalities grow exponentially with dimension,
in polynomial runtime. As described in Chapter 3, it accomplishes this, by recur-
sively applying the Recombination Algorithm, which employs a binary tree forest data
structure to store cubature nodes and weights and further employs a series of bi-
nary tree maniputations: tree splitting and updating, whilst recursively exploiting the

Carathéodory Convex Hull Theorem .

The novelty of the Carathéodory Cubature Algorithm lies in the central routine of
the Recombination Algorithm: M-Tree Measure Reduction, dominating the cost of
the entire Carathéodory Cubature Algorithm. The latter routine, based on the Singu-
lar Value Decomposition, provides an alternative method to the Simplex and Interior
Point Algorithms to compute a basic feasible solution to the underlying LP problem

at each iteration through the Recombination Algorithm.

There are multiple benefits of employing the SVD-based M-Tree Measure Reduc-
tion, as demonstrated by the empirical evidence in Chapter 5. Firstly, we note that
the SVD-based M-Tree Measure Reduction admits a good degree of scalability, as
opposed to the inherently sequential Simplex Algorithm. Also as noted in Chapter
5, even in a single threaded environment the SVD-based M-Tree Measure Reduction
outperforms the Simplex Algorithm, whose performance rapidly degrades, when a suf-
ficiently large problem size is reached. Whilst the accuracy of the SVD-Based M-Tree
Measure Reduction is comparable to that of the Simplex method, its runtime perfor-
mance is at least an order of magnitude smaller and facilitates the computation of

much larger problems.

In terms of efficiency, the results in Chapter 4 demonstrate that Carathéodory Cuba-
ture measures are very competitive with Smolyak and Delayed Smolyak sparse grid
cubatures in moderate dimensions. Indeed, for the Genz test suite we show that
Carathéodory Cubature measures generally yield twice the accuracy for the same num-
ber of cubature nodes as the ordinary Smolyak Cubature construction and a similar
accuracy to the Delayed Smolyak cubature construction. We also note that the absence

of negative weights in Carathéodory Cubature measures, makes them more appealing
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for dealing with positive and probability measures and also in the context of iterative

methods, whose stability is controlled by the norm of cubature measures.

Areas for further research and investigation should include testing the efficiency of
Carathéodory Cubature measure for higher degrees and dimensions. Additionally we
note that, one can easily construct sequences of nested cubature measures by the
means of Carathéodory Cubature Algorithm, thus it may be interesting to investigate
the idea of utilising the Smolyak sparse grid construction to produce high degree cu-
bature formulae from moderate degree Carathéodory Cubature formulae. Moreover,
an adaptive integration algorithm derived from Carathéodory Cubature construction

could be explored.
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