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Abstract

We introduce an efficient algorithm for computing Carathéodory cubature

measures, which are defined as interpolatory cubature measures with pos-

itive weights, whose cardinality grows polynomially with dimension, as

proved in [16]. We discuss two Carathéodory cubature problem formula-

tions. Both are based on thinning the support of the Cartesian product cu-

bature measure, whose cardinality grows exponentially with dimension, via

a formulation of a suitable feasibility LP (Linear Programming) problem.

A basic feasible solution to the latter fully characterises a Carathéodory

cubature measure.

The first problem formulation, initially presented in [48], employes the

Simplex Algorithm or Interior Point Method to construct a basic feasible

solution to the aforementioned LP problem. The complexity of this method

is dependent on the number of nodes in the Cartesian product cubature

and thus grows exponentially with dimension.

The second problem formulation constitutes the main contribution of the

present work. Starting from the LP problem, arising from the Cartesian

product cubature construction, we employ a hierarchical cluster representa-

tion of the underlying constraint matrix and the strictly feasible solution,

arising from the weights of the Cartesian product cubature. Applying

the Recombination Algorithm, introduced in [96], to this hierarchical data

structure, we recursively generate a sequence of smaller LP problems. We

construct a basic feasible solution to each LP problem in turn, by employ-

ing a novel algorithm, based on the SVD (Singular Value Decomposition)

of the constraint matrix, culminating in a basic feasible solution for the

original LP problem. The complexity of this algorithm, is independent of

the number of nodes in the Cartesian product cubature, and can be shown

to grow polynomially rather than exponentially with dimension. Moreover,

the novel SVD-based method for computing basic feasible solutions, pro-

duces a one order of magnitude speed-up of the overall algorithm, when

compared to the algorithm in [96], and is therefore preferable.
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Chapter 1

Background and Significance

1.1 Univariate Quadrature Review

In this section we review the most commonly used methods for numerical integration

in one dimension over bounded intervals. Let f be a real integrable function over [a, b].

Computing the integral

I[f ] :=

∫ b

a

f(x)dx (1.1)

explicitly may be difficult or even impossible. A natural approach to approximating

(1.1) is to replace f with an easily integrable approximation fn, for some n ∈ N, for

example fn ∈ Πn−1 the space of one-dimensional polynomials of degree ≤ n− 1.

In this respect, one may employ the unique interpolating Lagrange polynomial of

f of degree n− 1 over a set of n distinct nodes : fn(x) =
∑n

i=1 f(xi)li(x), to obtain

I[fn] =

∫ b

a

fn(x)dx =
n∑
i=1

(∫ b

a

li(x)dx
)
f(xi) :=

n∑
i=1

ωif(xi) (1.2)

where the coefficients of the interpolating polynomial turn out to be linear combina-

tions of f at n points {x1, . . . , xn} and the weights ωi are obtained by integrating the

Lagrange characteristic polynomial li, associated with the node xi:

ωi :=

∫ b

a

li(x)dx =

∫ b

a

∏
1≤m≤n
m6=i

(x− xm)

(x− xi)
dx (1.3)

The right hand-side formula in (1.2), can also be derived by using a different approach

to polynomial interpolation. Given the nodes {x1, · · · , xn}, the weights {ω1, · · · , ωn}

1



are to be chosen in such a way that I[fn] integrates exactly the elements of the basis

B(Πn) = {b1, · · · , bn}. For the standard monomial basis {1, x1, . . . , xn−1} the weights

can be obtained by solving the following linear system of equations:

ω1 + . . .+ ωn =

∫ b

a

dx (1.4)

ω1x1 + . . .+ ωnxn =

∫ b

a

xdx

...

ω1x
n−1
1 + . . .+ ωnx

n−1
n =

∫ b

a

xn−1dx

The coefficient matrix for this system is the Vandermonde matrix V (x1, . . . , xn), whose

determinant is given by, see [1]

det
(
V (x1, . . . , xn)

)
=

n∏
i=2

i−1∏
j=1

(xi − xj) (1.5)

Given, that the nodes x1, . . . , xn are distinct, V (x1, . . . , xn) is nonsingular and hence

there is a uniquely determined set of weights ω1, . . . , ωn satisfying the moment match-

ing equations.

Definition 1.1.1. We call an integration formula Qn :=
∑n

i=1 ωiδxi with prescribed

nodes {x1, · · · , xn} ⊂ [a, b] ⊂ R an interpolatory quadrature formula of degree (n− 1),

if its weights {ω1, · · · , ωn} are given by (1.3) or equivalently if its weights satisfy the

moment matching equations (1.4).

Once constructed Qn, we may use it to approximate I[f ], that is

I[f ] =

∫ b

a

f(x)dx ≈
n∑
i=1

ωif(xi) = Qn[f ]

if f is well-approximated by polynomials of degree up to (n− 1) on [a, b].

We define the degree of precision of a quadrature formula Qn as the maximum m ∈ N,

for which

I[f ] = Qn[f ] ∀f ∈ Πm

2



Theorem 1.1.2. [Theorem 5.2.1 [3]] Any n-node quadrature formula Qn with degree

of precision m ≥ n− 1 is interpolatory.

For any integrand f , the accuracy with which Qn[f ] approximates the integral is

clearly related to the degree of precision of Qn and also to the accuracy with which

f itself can be approximated by polynomials. The latter depends on the smoothness

of f , to specify it, we define Cr(a, b) as the set of all r-times differentiable functions

on [a, b], whose rth derivative is continuous on [a, b]. Then, it can be shown that for

f ∈ Cr(a, b) with ||f (r)||∞ ≤ M(< ∞), all interpolatory quadrature formulae with

positive weights, satisfy∣∣∣Rn[f ]
∣∣∣ =

∣∣∣I[f ]−Qn[f ]
∣∣∣ ≤ cr(b− a)r+1||f (r)||∞

nr

where cr depends on r only, see [90].This gives us the following asymptotic error bound∣∣∣Rn[f ]
∣∣∣ = O(n−r) (1.6)

In many applications, we need to integrate a function f : [a, b] → R, with respect

to some weight function ρ : [a, b] → R. The weight functions are often taken to be

non-negative functions, whose expression is known in closed form and the quadrature

formula Qn is usually constructed by approximating only the integrand of f

I[f ] =

∫ b

a

f(x)ρ(x)dx ≈
n∑
i=1

ωif(xi) = Qn[f ]

The definition of a quadrature formula in definition (1.1.1) is for the common case of

the weight function ρ(x) = 1.

In the following, we present a theorem, relating the error in a quadrature formula

to the error with respect to the L∞ norm of the best polynomial approximation to f ,

whose conclusion is crucial in proving the convergence of quadratures as n→∞.

3



Theorem 1.1.3. [Theorem 5.2.2 [3]] Any interpolatory quadrature Qn with a degree

of accuracy m satisfies∣∣∣Rn[f ]
∣∣∣ :=

∣∣∣ ∫ b

a

f(x)ρ(x)dx−
n∑
i=1

ωif(xi)
∣∣∣ ≤ (∫ b

a

|ρ(x)|dx+
n∑
i=1

|ωi|

)
e∗m(f) (1.7)

where

e∗m(f) := inf{ ||Pm − f ||∞ : Pm ∈ Πm }

If all quadrature weights of Qn are non-negative, then∣∣∣Rn[f ]
∣∣∣ :=

∣∣∣ ∫ b

a

f(x)ρ(x)dx−
n∑
i=1

ωif(xi)
∣∣∣ ≤ 2

( n∑
i=1

ωi
)
e∗m(f) (1.8)

where ρ denotes a non-negative integrable weight function

If the coefficients of
{
Qn
}
n≥1

of interpolatory quadratures are non-negative for all

n, then the error bound (1.8) implies the convergence

Qn[f ]→
∫ b

a

f(x)ρ(x)dx as n→∞

for all f ∈ C[a, b]. The aforementioned convergence result is due to Weierstrass ap-

proximation Theorem, see [1], which guarantees that

e∗m(f)→ 0 as m→∞

for all continuous f . In addition, the relationship

e∗m(f) ≤ e∗m−1(f), ∀m ∈ N

together with (1.8), implies that the error in the interpolatory quadrature formulae

with non-negative weights can be expected to decrease as the degree of accuracy m

of the underlying quadrature increases. Therefore, among all n-node interpolatory

quadrature formulae, those with non-negative weights and maximum degree of ac-

curacy are considered to be state of the art. These are called Gaussian quadrature

formulae and are discussed in detail in the following section.

Interpolatory quadrature formulae are uniquely characterised by the choice of the

nodes x1, . . . , xn. Amongst the most widely employed interpolatory quadratures are

the Newton-Cotes quadrature formulae: utilising equidistant nodes, Gaussian quadra-

ture formulae: whose nodes are the roots of a certain class of orthogonal polynomials

and Clenshaw-Curtis formulae: whose nodes are the roots or extrema of Chebyshev’s

polynomials.

4



1.1.1 Newton-Cotes Formulae

Newton-Cotes formulae are based on Lagrange interpolation with equally spaced nodes

in [a, b], for a fixed n ≥ 0, the nodes are given by xk = x0 + kh, k = 0, . . . , n. The

midpoint, trapezoidal and Simpson formulae are special instances of Newton-Cotes

formulae, taking n = 0, n = 1 and n = 2 respectively. Two types of Newton-Cotes

formulae may be defined:

closed : x0 = a, xn = b and h =
b− a
n

open : x0 = a+ h, xn = b− h and h =
b− a
n+ 2

A significant property of the Newton-Cotes formulae is that while the weights of low

order Newton-Cotes are all positive, all quadratures for n ≥ 14 contain some negative

weights, hence the relationship

n∑
i=1

|ωi| > b− a

holds for Newton-Cotes of higher degree. In particular, the following theorem holds

Theorem 1.1.4 (Kusmin). Let ω
(n)
1 , . . . , ω

(n)
n be the coefficients of closed Newton-

Cotes formulae Qn. Then

n∑
i=1

|ω(n)
i | → ∞ as n→∞ (1.9)

The increase in the norm of the weights with n signifies an amplified impact on

the errors in the function values f(xi) and hence for large n, Newton-Cotes become

numerically unstable. As noted in [95], the sum of the weights of any quadrature

formula is the measure of the domain of integration, thus clearly if the weights are all

positive, there is a natural bound to their size. If, however, some weights are negative,

they can be very large relative to the domain of integration. When the weights are

very large, some individual terms in the quadrature sum may be much larger than

the sum itself. Hence, the quadrature formula, may lead to subtracting large numbers

from other large numbers thereby getting a small result. Consequently this process

can magnify any errors present in the individual terms, rendering the quadrature for-

mula numerically unstable. For example, as noted in [15],
∑
|ωj|/

∑
ωj ≈ 1011 for

5



Newton-Cotes n = 40, which leads to a tremendous amplification of roundoff errors in

the computation of f(xj).

The detrimental effects of negative weights are not limited to possible amplification

of errors in the values of f , but also enter into the estimates of the error bounds for

quadrature formulae and into the theory of their convergence properties. When prov-

ing the convergence properties of Newton-Cotes formulae for all f ∈ C[a, b], (1.7) and

(1.8) do not yield useful bounds, as the sum of Newton-Cotes weights is unbounded.

Indeed, it can be shown that Newton-Cotes formulae do not converge for all integrands

which are analytic in the interval of integration, see [4].

Newton-Cotes formulae of low order are important building blocks for discretizations

of differential equations and other numerical methods. Their practical significance

stems from the fact that lower order Newton-Cotes formulae are useful in compound

quadratures, obtained by domain decomposition and application of individual quadra-

tures to each subdomain.

1.1.2 Clenshaw-Curtis Formulae

The Clenshaw-Curtis formulae use non-equidistant abscissas given as the zeros or the

extreme points of the Chebyshev polynomials. The zeros of Chebyshev polynomials

are given by

xi = − cos

(
π · (2i− 1)

2n

)
i = 1, . . . , n

and the corresponding extrema are given by

xi = − cos

(
π · (i− 1)

n− 1

)
i = 1, . . . , n

The first set of nodes is a variant referred to as “classical” Clenshaw-Curtis or Fejer’s

first rule, see [5] and the second variant is known as “practical” Clenshaw-Curtis. The

latter is generally considered to be more accurate, see [6] and also has the advantage

of node reuse when n is doubled, therefore this variant is mainly employed in practice.

The weights for the “practical” Clenshaw-Curtis quadratures are given by

ω1 = ωn =
1

n(n− 2)
and
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ωi =
2

n− 1

(
1 + 2 ·

(n−1)/2∑
j=1

1

1− 4j2
· cos

(2π(i− 1)j

n1
l − 1

))
for i = 2, . . . , n− 1

Clenshaw-Curtis quadrature formulae, based on the aforementioned nodes and weights

approximate a given function more accurately, than interpolation polynomials based

on equidistant abscissas, see [7] and hence are more suitable for numerical integration

purposes than Newton-Cotes. For example, Clenshaw-Curtis formulae for the weight

function ρ(x) = 1 have positive weights, see [5], [8], which guarantees the convergence

Qn
CC [f ]→ I[f ] as n→∞, ∀f ∈ C[a, b]

more generally , Clenshaw-Curtis formulae for weight functions

ρ ∈ Lp[a, b], p > 1

can be shown to converge for all Riemann integrable functions f , see [9]. The degree

of accuracy of an n-node Clenshaw-Curtis quadrature formula is in general the same

as Newton-Cotes, exact only up to degree n− 1. However, in [10] experimental com-

parison for certain classes of functions, namely those that are not analytic in a large

neighbourhood of [−1, 1], the speed of convergence as n→∞ of Clenshaw-Curtis and

Gaussian quadrature formulae covered in the next section, whose degree of precision

is 2n− 1, is found to be very similar. Thus, for such functions Clenshaw-Curtis essen-

tially never requires many more function evaluations than the state of the art Gaussian

quadrature formulae.

1.1.3 Gaussian Formulae

By Theorem 1.1.2 all interpolatory quadrature formulae have degree of accuracy m ≥
n− 1. If the quadrature nodes {x1, . . . , xn} are fixed in advance, one can generally

hope to solve the moment matching system of m linear equations in n unknowns: the

quadrature weights {ω1, . . . , ωn} only for m ≤ n− 1. However, Gauss showed that by

adequately choosing the n nodes as well as the n weights, one can solve the moment

matching equations for degree m = 2n − 1, so as to obtain an n-point quadrature

formula of degree 2n− 1. The following theorem, due to Jacobi, tells us the sufficient

and necessary conditions for finding suitable nodes such that the degree of exactness

m of an n-node interpolatory quadrature is greater than n− 1.
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Theorem 1.1.5. [Theorem 10.1 [11]] The quadrature Qn[f ] =
∑n

i=1 ωif(xi) has degree

of exactness m = (n − 1) + l, l > 0 iff it is interpolatory and the nodal polynomial

sn(x) = (x− x1)(x− x2) . . . (x− xn) is such that∫ b

a

r(x)sn(x)ρ(x)dx = 0 ∀r ∈ Πl−1 (1.10)

where ρ denotes a non-negative weight function (e.g. ρ(x) = 1).

Corollary 1.1.6. [Corollary 10.1 [11]] The maximum degree of exactness of the quadra-

ture formula in Theorem 1.1.5 is 2n− 1

Setting l = n and hence m = 2n − 1, the maximum admissible value in Theorem

1.1.5, we conclude that the nodal polynomial sn satisfies∫ b

a

r(x)sn(x)ρ(x)dx = 0, ∀r ∈ Πn−1 (1.11)

that is to say sn ∈ Πn is ρ-orthogonal to all polynomials in Πn−1.

We recall that, for any non-negative weight function ρ two polynomials P 6= 0 and

Q 6= 0 are said to be ρ-orthogonal if

〈P,Q〉ρ =

∫ b

a

P (x)Q(x)ρ(x)dx = 0

Now, let Pρ :=
{
P ρ
k : k = 0, 1, 2, . . .

}
be a set of pairwise ρ-orthogonal polynomials

of deg(P ρ
k ) = k for k = 0, 1, 2, . . . . The set Pρ is said to be orthogonal with respect

to the weight function ρ. Such sets of orthogonal polynomials can be obtained for

any weight function by applying the Gram-Schmidt orthogonalisation procedure to

the set of monomials {1, x1, x2, . . . }, see [12] and the Gram-Schmidt orthogonalisation

theorem tells us that the members of two sets Pρ = {P ρ
k }, P̃ρ = {P̃ ρ

k } differ only

by multiplicative constants and therefore have the same zeros. The Gram-Schmidt

orthogonalisation of monic polynomials
{
P ρ
k : k = 0, 1, 2, . . .

}
with respect to the

inner product 〈·, ·〉ρ satisfies a simple three-term recursive relationship, for proof see

[13] 
P ρ
k+1(x) = (x− αk)P ρ

k (x)− βkP ρ
k−1(x), k ≥ 0

P ρ
−1(x) = 0, P ρ

0 (x) = 1

where

αk =
〈xP ρ

k , P
ρ
k 〉ρ

〈P ρ
k , P

ρ
k 〉ρ

, βk+1 =
〈P ρ

k , P
ρ
k 〉ρ

〈P ρ
k , P

ρ
k 〉ρ

k ≥ 0

8



The above relationship is generally numerically stable and is employed in the numerical

computation of the roots of the underlying system of orthogonal polynomials, associ-

ated with a particular weight function ρ.

The most frequently occurring weight functions ρ and the underlying domains of in-

tegration are listed below:

Domain Weight Function ρ(x) System of Orthogonal Polynomials

[−1, 1] 1 Legendre

[−1, 1] (1− x2)−1/2 Chebyshev, first kind

[−1, 1] (1− x2)1/2 Chebyshev, second kind

[−1, 1] (1− x)α(1 + x)β Jacobi

[0,∞) e−x Laguerre

[0,∞) xαe−x, α > −1 Generalised Laguerre

(−∞,∞) e−x
2

Hermite

Returning to the result (1.11), it shows that the nodal polynomial sn is equal up to a

multiplicative constant, to the ρ-orthogonal polynomial P ρ
n and its nodes {x1, . . . , xn}

are the zeros of P ρ
n . In order to be usable as quadrature nodes, the zeros {x1, . . . , xn}

of P ρ
n have to be simple, real and located inside the interval [a, b]. These requirements

are indeed met, as is illustrated in [2].

Hence, the quadrature formula Qn
G =

∑n
i=1 ωif(xi), called Gaussian quadrature with

abscissae {x1, . . . , xn} given by the zeros of P ρ
n , called Gauss nodes and weights

{ω1, . . . , ωn} given by

ωi =

∫ b

a

li(x)ρ(x)dx

where li ∈ Πn is the i-th characteristic Lagrange polynomial. Qn
G has degree of ex-

actness 2n − 1, the maximum value achieved by any interpolatory quadrature with

n-nodes.

Gaussian quadrature formulae attain the maximum degree of accuracy for any admis-

sible weight function ρ, irrespective of whether the domain of integration is bounded

or not. The following convergence result, however only holds for bounded domains
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of integration [a, b]. Since all Gaussian quadrature formulae have positive weights, by

Theorem 5.24 in [3], the convergence

Qn
G[f ]→ I[f ] as n→∞ ∀f ∈ C[a, b]

can be derived by Theorem 1.1.3.

In the following we introduce the Gauss-Legendre family of orthogonal polynomi-

als, which will be the constituent quadrature formulae of the multivariate cubature

formulae, we will present in the subsequent sections.

1.1.3.1 Gauss-Legendre Quadrature

The Legendre polynomials are orthogonal polynomials over the interval (−1, 1) with

respect to the weight function ρ(x) = 1, defined as

Ln(x) =
1

2n

bn/2c∑
`=0

(−1)`
(
n

`

)(
2n− 2`

n

)
xn−2` n = 0, 1, . . .

or recursively defined through the three-term relationship
Ln+1(x) = 2n+1

k+1
Ln(x)− n

n+1
Ln−1(x), n ≥ 0

L0(x) = 1, L1(x) = x

The Gauss-Legendre quadrature nodes xj are given by the zeros of Ln(x) and the

corresponding weights are given by

ωj =
2

(1− x2
j)[L

′
n(xj)]2

We conclude this section by summarising that Newton-Cotes quadratures are imprac-

tical for highly smooth integrands f ∈ Cr[a, b], r large. For such integrands one should

utilise high-order quadrature formulae in order to exploit all of the underlying inte-

grand’s smoothness. As noted earlier, high-order Newton-Cotes quadrature formulae

are numerically unstable, due to the presence of negative weights, and thus should

be avoided. Whilst for the Clenshaw-Curtis and Gaussian quadratures we have the

following theorem
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Theorem 1.1.7. [Theorem 4.1 [10]] If Qn =
∑n

i=1 ωif(xi) is an interpolatory quadra-

ture with non-negative weights, as is true for both Clenshaw-Curtis and Gaussian

quadratures with standard weight function ρ(x) = 1, then for any f ∈ C[a, b], we

have ∣∣∣Rn[f ]
∣∣∣ =

∣∣∣I[f ]−Qn[f ]
∣∣∣ ≤ 2

( n∑
i=1

ωi
)
e∗n−1(f) (1.12)

and in the special case of Gausssian quadrature (1.12) can be improved upon to∣∣∣Rn[f ]
∣∣∣ =

∣∣∣I[f ]−Qn
G[f ]

∣∣∣ ≤ 2
( n∑
i=1

ωi
)
e∗2n−1(f) (1.13)

where

e∗m(f) := inf{ ||Pm − f ||∞ : Pm ∈ Πm }

We note that ||Pm − f ||∞ = O(m−r) as m → ∞ for f ∈ Cr[a, b], as noted in

[15]. Thus, for highly smooth integrands f , utilising the highest in order of precision

quadrature formula, i.e Gaussian quadrature, is clearly optimal in terms of speed of

convergence.
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1.2 Multivariate cubature Review

Unlike univariate quadrature formulae, most of which are based on polynomial in-

terpolation, the construction of multivariate cubature formulae is intrinsically more

difficult and the formulae produced do not generally rely on polynomial interpolation.

Firstly, we note that in one dimension it is sufficient to develop quadrature formu-

lae for the three intervals [0, 1], [0,∞) and (−∞,∞), as noted in [95], since the affine

transformations mapping any interval into one of these intervals leave most quadrature

properties, such as the degree of precision, unchanged. In two or more dimensions,

however, there are infinitely many regions that are not equivalent under affine trans-

formations. The usual approach to deal with this has been to develop formulae for the

simplest regions: d-dimensional unit cube, simplex, sphere, etc. In the following, we

will only consider multidimensional integration formulae over d-dimensional cubes.

The most intuitive approach to integrating a function f over a d-dimensional unit

cube [0, 1]d is by constructing the Cartesian product of univariate quadrature formu-

lae on [0, 1]. For this we recall, the following result

Definition 1.2.1. (d-Fold Cartesian Product Rule) Suppose the integration region B

is the Cartesian product of d ≥ 2 regions B1, . . . , Bd, that is B = B1 × . . .×Bd. Let

Q(k)
nk

[fk] =

nk∑
jk=1

ωkjkfk(x
k
jk

) for k ∈ J1, dK

denote quadrature formulae for integrals

Ik[fk] :=

∫
Bk

fk(x
k)dxk for k ∈ J1, dK

Then, the d-fold Cartesian product formula
(
Q

(1)
n1 ⊗ . . .⊗Q

(d)
nd

)
for the integral over B

is given by

(
Q(1)
n1
⊗ . . .⊗Q(d)

nd

)
[f ] :=

n1∑
j1=1

. . .

nd∑
jd=1

ω1
j1
. . . ωdjdf(x1

j1
, . . . , xdjd)

where J1, dK := 1, . . . , d .

The following theorem relates the degree of exactness of the constituent univariate

quadrature formulae to the d-fold Cartesian product formula.
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Theorem 1.2.2. [Theorem 6.1.2 [2]] If Q
(k)
nk integrates fk exactly over Bk for k ∈ J1, dK,

then the Cartesian product rule
(
Q

(1)
n1 ⊗ . . .⊗Q

(d)
nd

)
integrates the product

f(x1, . . . , xd) = f1(x1) . . . fd(x
d), for xk ∈ Bk, k ∈ J1, dK (1.14)

exactly over B = B1 × . . .×Bd.

Hence if degree of exactness of deg(Q
(k)
nk ) = mk, then we have the following

deg
((
Q(1)
n1
⊗ . . .⊗Q(d)

nd

))
= min{m1, . . . ,mk}

Clearly the number of abscissas in
(
Q

(1)
n1 ⊗ . . .⊗Q

(d)
nd

)
is given by N = n1 × . . .× nd.

Now let

Id[f ] =

∫
[0,1]d

f(x)dx, x = (x1, . . . , xd) (1.15)

If we let Qn
d denote the Cartesian product of identical univariate quadratures of degree

m ∈ N, given by

Q(1)
n1

= . . . = Q(d)
nd

= Q

then Qn
d has N = nd nodes and deg(Qn

d) = m and Qn
d) is given by

Qn
d [f ] :=

(
Q⊗Q⊗ . . .⊗Q

)
[f ] =

n∑
j1=1

. . .
n∑

jd=1

ω1
j1
. . . ωdjdf(x1

j1
, . . . , xdjd) (1.16)

As detailed in [95], if the integrand f satisfies∣∣∣ ∂mf
(∂xi)m

∣∣∣ ≤M for i ∈ J1, dK (1.17)

for some constant M and integer m, so that, in each variable f is Cm uniformly with

respect to the other variables, then there exists a constant K such that∣∣∣ ∫
[0,1]

f(x1, . . . , xd)dxi −Q[f, xi]
∣∣∣ ≤ Kn−m for i ∈ J1, dK (1.18)

for all values of x1, x2, . . . , xi−1, xi+1, . . . , xd lying between 0 and 1. The estimate (1.17)

holds similarly to (1.6) for the error of univariate quadrature with an underlying inte-

grand f : [a, b]→ R satisfying
∣∣∣ ∂mf(∂x)m

∣∣∣ ≤M .
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Firstly, we provide an error estimate for the two-dimensional Cartesian product for-

mulae on the square [0, 1]2, for functions satisfying (1.17) and thus (1.18).∣∣∣ ∫ 1

0

f(x1, x2)dx1dx2 −
n∑

j1=1

n∑
j2=1

ω1
j1
ω2
j2
f(x1

j1
, x2

j2
)
∣∣∣

=
∣∣∣ ∫ 1

0

f(x1, x2)dx1dx2 −
n∑

j1=1

f(x1
j1
, x2)dx2 +

n∑
j1=1

ω1
j1
f(x1

j1
, x2)dx2

−
n∑

j1=1

ω1
j1

n∑
j2=1

ω1
j1
ω2
j2
f(x1

j1
, x2

j2
)
∣∣∣

≤
∫ 1

0

∣∣∣ ∫ 1

0

f(x1, x2)dx1 −
n∑

j1=1

ω1
j1
f(x1

j1
, x2)

∣∣∣dx2

+
n∑

j1=1

|ω1
j1
|
∣∣∣ ∫ 1

0

f(x1
j1
, x2)dx2 −

n∑
j2=1

ω1
j2
f(x1

j1
, x2

j2
)
∣∣∣

≤ Kn−m +
n∑

j1=1

|ω1
j1
|Kn−m

where the last inequality holds by applying (1.18) in both variables x1 and x2.

The extension of this result to higher dimensions is very similar. In general for dimen-

sion d, setting A =
∑n

j=1 |ωij| for i ∈ J1, dK, we obtain the following error estimate∣∣Rd[f ]
∣∣ =

∣∣Id[f ]−Qn
d [f ]

∣∣
≤ Kn−m + AKn−m + A2Kn−m + . . .+ Ad−1Kn−m

= (1 + A+ . . .+ Ad−1)Kn−m = Cn−m = C(nd)−
m
d = CN−

m
d

We note that the Cartesian product of univariate quadratures Qn
d , derived in (1.16),

satisfies the definition of a cubature formula of degree m ∈ N, to be defined shortly

hereafter. Additionally, we remark that whilst the bound on Qn
d is only an upper

bound on the error. N.S. Bahvalov, studied the question of lower error bounds for

cubature formulae in d-dimensions. Indeed in [56], Bahvalov has shown that this

bound cannot be much improved upon, by showing that for the family of functions,

defined by condition (1.17), there is a constant K1 = K1(m,M), such that for any

N -node d-dimensional cubature formula Qn
d there exists a function f in the family for

which ∣∣∣ ∫
[0,1]d

f −Qn
d [f ]

∣∣∣ > K1N
−m
d (1.19)

Hence, the error bound on the Cartesian product of univariate quadratures Qn
d [f ], is

given by ∣∣∣Rn
d [f ]

∣∣∣ =
∣∣∣Id[f ]−Qn

d [f ]
∣∣∣ = O(N−

m
d ) (1.20)
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Therefore, for a fixed regularity m of the underlying integrand f , the complexity of

numerical integration via Cartesian product of univariate quadratures grows expo-

nentially with dimension d. This exponential explosion of function evaluations with

dimension is commonly referred to as the “curse of dimensionality” or intractability.

To overcome this, similarly to the univariate case we would like to derive interpolatory

cubature formulae in dimension d ≥ 2.

We recall that, univariate interpolatory quadrature formulae Qn are obtained by inte-

grating exactly interpolating polynomials or equivalently by requiring Qn to be exact

for all polynomials P ∈ Πn−1. The following illustrates that the second condition is

more suitable than the first for defining multivariate interpolatory cubature formulae.

Let Πd
m = Rm[X1, . . . , Xd] denote the space of d-variate polynomials of degree up to

m, then dim(Πd
m) =

(
m+d
m

)
. For dimensions d ≥ 2, the multidimensional Weierstrass

Theorem shows that continuous functions f can be approximated with arbitrarily high

accuracy by polynomials P ∈ Πd
m and a similar conclusion can be drawn from the mul-

tivariate Taylor expansion of sufficiently smooth functions. However, for d ≥ 2, the

dimensions of Πd
m, dim(Πd

m) do not form a contiguous sequence of natural numbers{
dim(Πd

m) : d ∈ N0

}
6= N

As noted in [2], the interpolation problem for prescribed function values f(x1), . . . , f(xn)

can be solved if and only if the linear functionals

x∗1, . . . ,x
∗
n : Πd

m → R defined by x∗i (P ) = P (xi) i = 1, . . . , n

are linearly independent over Πd
m. If this independence requirement is met, the in-

terpolating polynomial is unique if and only if dim(Πd
m) = n. Firstly, the number of

interpolation points n can only be chosen such that

n ∈
{
dim(Πd

m) : d ∈ N0

}
and then, even if n is chosen such that n = dim(Πd

m), it may still happen that linear

functionals x∗1, . . . ,x
∗
n are not linearly independent over Πd

m. The following example

illustrates one such case of non-existence and non-uniqueness of interpolating polyno-

mial in 2 dimensions.

Consider the interpolation of a function f : R2 → R at the points x1 = [0, 0]T ,

x2 = [1/2, 1/2]T , x3 = [1, 1]T using P ∈ Π2
1 = {1, x, y}. Since the interpolation points
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lie on the straight line y = x in R3, all polynomials of the form P = λ(y − x) ∈ Π2
1,

λ ∈ R satisfy the interpolation conditions and hence this problem is generally unsolv-

able, even though n = dim(Π2
1).

Since the straightforward interpolation approach to multivariate cubature construc-

tion is not feasible, it is reasonable to construct cubature formulae by requiring them

to integrate all d-variate polynomials of degree m exactly. This amounts to the fol-

lowing definition.

Definition 1.2.3. A formula Qn
d with prescribed nodes {x1, . . . ,xn} ⊂ Rd, is a cuba-

ture formula of degree m ∈ N, if its weights {ω1, . . . , ωn}, satisfy the following system

of moment matching equations.

ω1γ1(x1) + . . .+ ωnγ1(x1) =

∫
γ1(x)dx (1.21)

ω1γ2(x1) + . . .+ ωnγ2(xn) =

∫
γ2(x)dx

...

ω1γM(x1) + . . .+ ωnγM(xn) =

∫
γM(x)dx

where M = dim(Πd
m) =

(
m+d
d

)
and B(Πd

m) =
{
γ1, . . . , γM

}
, γ1(x) = 1 is some fixed

basis for Πd
m.

Definition 1.2.4. [Definition 6.2.3 [2]] A cubature formula Qn
d with prescribed nodes

{x1, . . . ,xn} ⊂ Rd is said to be an interpolatory cubature of degree m ∈ N if its weights

{ω1, . . . , ωn} are the unique solution of the system of the moment matching equations

(1.21).

The requirement that the weights {ω1, . . . , ωn} must be the unique solution of the

moment matching equations in the definition of an interpolatory cubature, can be

explained as follows. Let

x∗1, . . . ,x
∗
n : Πd

m → R defined by x∗i (P ) = P (xi) i = 1, . . . , n
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be the linear functionals pertaining to the nodes {x1, . . . ,xn}. Using this notation,

the moment matching equations in (1.2.3) can be written as follows

n∑
i=1

ωix
∗
i (γj) = I[γj] j = 1, . . . ,M

The above equations can be solved if and only if the linear functional I over Πd
m is a lin-

ear combination of functionals {x∗1, . . . ,x∗n}, that is, if and only if I ∈ span{x∗1, . . . ,x∗n}.
If this is the case, the weights {ω1, . . . , ωn} of Qn are chosen as the coefficients of the

linear combination

I =
n∑
i=1

ωix
∗
i over Πd

m

This shows that the weights are uniquely determined by the nodes if and only if the

functionals {x∗1, . . . ,x∗n} are linearly independent over Πd
m. If, for instance x∗n can be

represented as a linear combination of the remaining functionals

x∗n =
n−1∑
i=1

βix
∗
i over Πd

m

then

I =
n−1∑
i=1

ωix
∗
i + ωn

n−1∑
i=1

βix
∗
i =

n−1∑
i=1

(ωi + ωnβi)x
∗
i over Πd

m

and hence the solution {ω1, . . . , ωn} to the moment matching equations is not unique

and therefore Qn is not interpolatory. Since Qn is not interpolatory, there exists an

interpolatory cubature formula Qn−1, with (n − 1) nodes which satisfies the moment

matching equations. We can continue this argument, decreasing the number of nodes

in the cubature formula, until we find an interpolatory cubature. Thus for any non-

interpolatory cubature formula Qn, there is an interpolatory cubature formula Qn′ ,

with n′ < n, which satisfies the same moment matching equations and since the

number of nodes to attain a given accuracy should be kept as low as possible Qn′ is

preferable to Qn.

Whenever Qn is interpolatory, the functionals {x∗1, . . . ,x∗n} associated with the nodes

of Qn are linearly independent. Since the space of all linear functionals over Πd
m, has

the same dimension as Πd
m, dim(Πd

m) is the maximum number of linearly independent

functionals over Πd
m and hence an upper bound on the cardinality of Qn is established,

n ≤ dim(Πd
m) =

(
m+d
m

)
.

We note that the system of moment matching equations (1.21) consists of
(
m+d
d

)
dis-

tinct equations in n(d+ 1) variables, n weights and nd coordinates of the nodes. So if
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n is greater than or equal to ⌊
1

(d+ 1)

(
m+ d

d

)⌋
+ 1 (1.22)

the number of variables will be at least as great as the number of equations. However,

as noted in [95], since the resulting system is non-linear, we do not if a solution exists

whenever n is greater than (1.22), but we do know cases of solutions which exist for

much smaller n.

If on the other hand, we fix the nodes {x1, . . . ,xn} in advance, the system of equations

(1.21) becomes linear in only n variables {ω1, . . . , ωn}. The nodes {x1, . . . ,xn} can

always be chosen as the nodes arising from the tensor product of d univariate quadra-

tures of degree m ∈ N. For m, d sufficiently large the cardinality n of nodes arising

from the Cartesian product, satisfies n ≥
(
m+d
d

)
, then the system of moment matching

equations in (1.21) certainly has a solution. However, the cubature formula, resulting

from the product of univariate quadratures will not be interpolatory, since n ≥
(
m+d
d

)
.

Indeed, for a cubature formula to be interpolatory, we have the following bounds on

the cardinality n of its nodes.

Theorem 1.2.5. [ Theorem 6.2.3, [2]] The number n of nodes in any interpolatory

cubature Qn with degree of exactness m satisfies(
bm

2
c+ d

d

)
= dim(Πd

bm
2
c) ≤ n ≤ dim(Πd

m) =

(
m+ d

d

)
(1.23)

Hence, to construct an n-node interpolatory cubature formula of degree m, we

must take n to be equal to at least the lower bound (1.23), and it is sufficient to take n

equal to the upper bound. There is no assurance that cubature formulae that achieve

the lower bound in (1.23) can be found, such cubatures have only been found for low

dimensions and small degrees of accuracy.

It is widely asserted, see [95], [2] that three desirable properties of any d-dimensional
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cubature formula of degree m ∈ N are as follows:

1) Number of nodes n should be as small as possible, n ≤
(
m+ d

d

)
(1.24)

2)Nodes should be located inside the region of integration

3)Weights should be non-negative

Tchakaloff’s Theorem [16] asserts the existence of cubature formulae of any degree

m ∈ N in d dimensions, satisfying the three aforementioned properties, with respect

to a positive compactly supported measure, which is absolutely continuous with re-

spect to the d-dimensional Lebesgue measure. The resulting cubature formulae are

interpolatory. We will provide a detailed discussion of Tchakaloff’s Theorem and its

extensions to general Borel sets R ⊆ Rd for positive Borel measures on Rd in Chapter 2.

Completely analogously to the univariate quadrature formulae, the following theorem

insures the convergence of interpolatory cubature formulae with non-negative weights.

Theorem 1.2.6. [Theorem 6.2.4 [2]] Any interpolatory cubature formula Qn with a

degree of accuracy m satisfies∣∣∣Rn[f ]
∣∣∣ :=

∣∣∣ ∫
R

f(x)ρ(x)dx−
n∑
i=1

ωif(xi)
∣∣∣ ≤ (∫

R

ρ(x)dx+
n∑
i=1

|ωi|

)
e∗m(f) (1.25)

where

e∗m(f) := inf{ ||Pm − f ||∞ : Pm ∈ Πd
m }

If all cubature weights are non-negative, then∣∣∣Rn[f ]
∣∣∣ :=

∣∣∣ ∫
R

f(x)ρ(x)dx−
n∑
i=1

ωif(xi)
∣∣∣ ≤ 2

( n∑
i=1

ωi
)
e∗m(f) (1.26)

where ρ denotes a non-negative integrable weight function

If the weights of interpolatory cubatures
{
Qn
m

}
n≥1

of degree m are non-negative

for all n, then the error bound implies convergence

Qn
m[f ]→

∫
R

f(x)ρ(x)dx as m→∞

for all f ∈ C(R), provided the integration region R is bounded and closed. Similarly to

the univariate quadrature formulae, the error in cubature formulae with non-negative

weights decreases as the degree of accuracy increases.
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1.2.1 Multivariate Cubature Methods

About four decades ago, A.H. Stroud published his encyclopedic work on multidimen-

sional numerical integration, see [20]. In this book Stroud presented a comprehensive

bibliography and listing of almost all cubature formulae, known at the time, for a vari-

ety of regions of integration. Continuing the work of Stroud, Cools and Rabinowitz see

[57] [58] have published a reference to the collection of all known cubature formulae,

which have appeared in publication since Stroud.

A vast variety of techniques has been explored in order to produce cubature formulae

with a small number of nodes, among the most notable efforts are the measure theo-

retic, randomised and sparse grid methods. Prior to illustrating these, we will recall

some other significant approaches.

The invariant theoretic approach exploits the symmetry of many common multidimen-

sional domains of integration such as the unit hypercube, unit sphere, unit simplex,

etc. Sobolev, in [35] has shown how to simplify the moment matching equations in

the definition (1.0.11), when considering the non-linear formulation of the problem

by using the theory of invariant polynomials. This approach has been extended by

Espelid [31], [32], Genz [34], Haegemans and Cools [33]. This approach, however does

not remove the need of solving nonlinear systems of equations, that for moderately

large dimensions and degrees are still too complex to be solved in closed form. Another

notable method of constructing cubature formulae with minimal number of nodes is

based on ideal theory and has been employed in [37], [38],[39]. Whilst useful for practi-

cal cubature construction in 2 dimensions, higher dimensional results have not yet been

obtained. Another approach is that of lattice rules, [14] which are particularly suit-

able for numerical integration of periodic functions. However, if one wants to obtain a

high rate of convergence for smooth non-periodic functions, then one has to transform

the integral into a periodic function. These transformations often reduce the smooth-

ness of the underlying functions and drastically increase the norms of their derivatives.

In the following, we will introduce randomised or Monte Carlo numerical integra-

tion methods and appealing to their underlying limitations we then proceed onto

Quasi Monte Carlo methods, based on equidistributed and low-discrepancy sequences

of nodes, this constitutes the number-theoretic approach to cubature. Next, we shall

illustrate the Sparse Grid methods, based on the Smolyak algorithm. We will present

extensive results for this methodology as it will, in the coming chapters, serve as a com-

parison for the cubature algorithm developed in this thesis: Carathéodory Cubature
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Algorithm. Finally we will outline the key ideas behind the Carathéodory Cubature

Algorithm.

1.2.2 Monte Carlo Methods

In very high dimensions, d ≥ 15 all numerical cubature constructions become too ex-

pensive, so randomised methods, also known as Monte-Carlo methods, which do not

suffer from the “curse of dimensionality”, are often employed as their convergence rate

is independent of dimension. However, we note that the computational effort ofMonte-

Carlo methods, is still highly dependent on the underlying dimension of the domain

of integration.

Monte Carlo numerical integration is based on probabilistic interpretation of the in-

tegral (1.15). Consider a sequence {xn}Nn=1 ⊆ [0, 1]d of uniformly distributed pseudo-

random numbers and equal weights ωi = 1/N . Then, by the Strong Law of Large of

Numbers (Feller 1971), the empirical expectation

MCN [f ] :=
1

N

N∑
n=1

f(xn)

converges to Id[f ] with probability one, as n→∞ if f has finite variance σ2(f), where

σ(f) =

(∫
[0,1]d

(
f(x)− Id[f ]

)2
dx

)1/2

The Central Limit Theorem tells us that the Monte Carlo integration error is dis-

tributed as εMC ∼ σ(f)N−
1
2X, where X ∼ N(0, 1) is a standard normal random

variable. Hence, the MC error is of size O(N−
1
2 ), with a constant given by the vari-

ance of f . In contrast to deterministic integration methods, we do not have an upper

bound on the absolute integration error, but rather we obtain a result that tells us

that the error is of a certain size with some probability.

The computational time for Monte-Carlo is proportional to the number of samples,

which grows rapidly as the desired accuracy is tightened, indeed

εMC = O
(
σ(f)N−

1
2

)
N = O

(
σ(f)

εMC

)

21



There are many options for accelerating Monte-Carlo or equivalently reducing it’s error.

In the following, we present two such methods, for more details see [18]. The first is

based on variance reduction, in which the integrand is transformed so as to reduce

the constant variance σ(f). The second is to replace the actual sampling random

variables by an alternative sequence which improves the exponent of convergence 1/2.

The first approach includes methods such as stratified sampling, control variates and

importance sampling, which we briefly review in the following.

1.2.2.1 Stratified Sampling

Stratification consists of splitting the domain of integration R into sub-domains Rj,

performing Monte-Carlo on each sub-domain and adding the results, to obtain the

following

MCS
N [f ] :=

M∑
j=1

|Rj|
nj

nj∑
i=1

f(x
(j)
i )

where x
(j)
i are points in Rj. The variance and error of the stratified Monte-Carlo

become

σ2
S(f) =

M∑
j=1

|Rj|
nj

σ2
j (f), εS = O

(
σS(f)N−

1
2

)
where the variance over each sample Rj, σ

2
j (f) is given by

σ2
j (f) =

1

|Rj|

∫
Rj

(
f(x)− 1

|Rj|

∫
Rj

f(x)

)2

dx

Since the variance over a subset is always less than the variance over the whole set,

we have σS ≤ σ. Thus, stratification always lowers the integration error.

1.2.2.2 Importance Sampling

Importance sampling technique consists of introducing a density p

I[f ] =

∫
f(x)dx =

∫
f(x)

p(x)
p(x)dx

Now, we consider the integral I[f ] as an integral with respect to density p and sample

points from this density, to form the Monte-Carlo estimate

MCp
N [f ] :=

1

N

N∑
n=1

f(xn)

p(xn)
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the resulting variance and error are given by

σ2
p(f) =

∫ (
f(x)

p(x)
− I[f ]

)2

p(x)dx, εp = O
(
σp(f)N−

1
2

)
Hence, importance sampling is effective if we choose f/p is nearly constant, so that σp

is small. Since if we choose p(x) = cf(x) with c = 1∫
f(x)dx

, then p(x) normalises to

unity ∫
p(x)dx = 1

giving an estimation to the integral with variance zero. In practice it is often difficult

to find an appropriate density p such that f/p is nearly constant, and sample variables

from this density. A more successful application of this method is to emphasise some

rare but important events, that is small regions of the domain of integration where f

is large.

1.2.2.3 Control Variates

The idea of control variates is to use an integrand g which approximates f and for

which the integral I[g] =
∫
g(x)dx is known. By linearity of the integral, we have∫

f(x)dx =

∫ (
f(x)− g(x)

)
+

∫
g(x)dx

If the function g is chosen carefully, the variance of (f − g) will be smaller than the

variance of f and the Monte-Carlo estimate constructed on the integral of (f −g), will

have a reduced variance.

Finally, we note that the convergence rate of Monte Carlo does not take into ac-

count the smoothness of the underlying function. Thus, smoother integrals are not

computed more efficiently than the non-smooth ones. As noted in [18], comparing the

rates of convergence of Monte Carlo with product cubatures for a given function of

smoothness r, f ∈ Cr[0, 1]d, Monte Carlo method performs better if r/d < 1/2. That

is, Monte Carlo converges faster for low smoothness, high dimensional integrals. By

Bahvalov’s result (1.19), if r = 1, then for any dimension d > 2, the best one can say

about the error of any non-probabilistic cubature formula is that it would be O(N−
1
d ),

which yields a convergence rate slower than Monte Carlo. In one dimension, more

rapid convergence than Monte-Carlo is easily obtained, but in multiple dimensions

and for discontinuous integrands or integrands containing singularities Monte-Carlo is

a very efficient integration method.
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1.2.3 Quasi Monte Carlo

One of the drawbacks of the Monte-Carlo methods is that some areas of the domain

of integration are sampled heavily, whilst other areas are not sampled at all, a phe-

nomenon known as clustering. In contrast to pseudo-random sequences of random

variables, employed by Monte-Carlo, quasi-random sequences are designed to provide

better uniformity throughout the domain of integration and hence faster convergence.

Quasi-random, also known as low-discrepancy sequences of abscissas, form the basis

of a number-theoretic approach to multidimensional integration.

In the following we will describe the uniformity of a sequence of points in terms of its

discrepancy, to introduce this we need to define the following

For any sequence of points {xn}Nn=1 in [0, 1]d, define

RN(E) =
1

N

N∑
n=1

1{xn∈E} − vol(E)

for any subset E of [0, 1]d, where 1{A} denotes the indicator function. The discrepancy

of a sequence is thereby defined by some norm applied to RN(E) for an appropriately

chosen set of subsets of [0, 1]d, such as the collection of measurable subsets of [0, 1]d.

Definition 1.2.7. [Definition 6.3.2 [2]] For a non-empty setM of measurable subsets

of [0, 1]d, the discrepancy DMN of a sequence {xn}Nn=1 in [0, 1]d with respect to M is

defined by

DMN (x1, . . . ,xN) := sup
E∈M

∣∣∣RN(E)
∣∣∣

The two following choices of M

M1 =
{

[a1, b1)× . . .× [ad, bd) ⊆ [0, 1]d
}

M2 =
{

[0, b1)× . . .× [0, bd) ⊆ [0, 1]d
}

lead to discrepancies DN and D∗N respectively, the latter is known as the star discrep-

ancy.

The following theorem illustrates what it means for a sequence to be equidistributed

or uniformly distributed.

24



Theorem 1.2.8. [Theorem 6.3.2 [2]] An infinite sequence {xn}∞n=1 in [0, 1]d is equidis-

tributed if and only if

lim
n→∞

DN(x1, . . . ,xN) = 0

Moreover, the sequence {xn}∞n=1 is called as quasi-random, see [18] if

DN(x1, . . . ,xN) ≤ c(log(N))kN−1

where c, k are constants independent of N , but may depend on dimension d. The

simplest example of a quasi-random sequence for d = 1 is Van der Corput sequence,

obtained by reverting the binary bits of a number n around the decimal points as

follows

n = amam−1 . . . a1a0

xn = 0.a0a1 . . . am−1am

Notable d-dimensional low-discrepancy sequences, for which the discrepancy is small,

are the quasi-random sequences Halton[23], Sobol [24], Niederreiter [25]. All of these

sequences exhibit the following discrepancy bound

DN = O((logN)dN−1)

The basis for the error analysis of Monte-Carlo integration based on quasi-random

sequences is the Koksma-Hlawka inequality.

Theorem 1.2.9. [Theorem 5.1 [18]] For any sequence {xn}Nn=1 in [0, 1]d and any func-

tion f of bounded variation, let the Quasi Monte-Carlo estimate and it’s corresponding

error be given by

MCQ
N [f ] :=

1

N

N∑
n=1

f(xn), ε[f ] =
∣∣∣MCQ

N [f ]− I[f ]
∣∣∣

then the following error bound holds

ε[f ] ≤ V [f ]D∗N

where V [f ] is the variation of the function f in the Hardy-Krause sense, that is

V [f ] =

∫
[0,1]d

∣∣∣ ∂df

∂t1 . . . ∂td

∣∣∣dt1 . . . dtd +
d∑
i=1

V [f
(i)
1 ]

in which f
(i)
1 is the restriction of the function f to the boundary xi = 1
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Hence for any quasi-random sequence with discrepancy of order O((logN)dN−1),

the Koksma-Hlawka inequality implies that the Quasi Monte-Carlo integration error

is bounded by

ε[f ] ≤ cV [f ]((logN)dN−1

And hence the Quasi Monte-Carlo method for the aforementioned low-discrepancy

quasi-random sequences achieves the reduction in the exponent of N from 1/2 to 1,

when compared to standard Monte-Carlo. However, we note that a dependence on

dimension is introduced through the (logN)d term. For large dimension d, the bound

is dominated by this term, unless N > 2d. Moreover, Quasi Monte-Carlo integration is

found to lose its effectiveness if the integrand f is not smooth. The factor V [f ] in the

upper bound is an indicator of this dependence, although in practice a much smaller

amount of smoothness, somewhere between continuity and differentiability, is usually

sufficient, see more details in [18].
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1.2.4 Smolyak Cubature

In 1963, Smolyak [40] derived a construction of multivariate cubature formulae by

providing a suitable linear combination of tensor products of univariate quadrature

formulae, utilising a considerable smaller number of function evaluations than the full

cubature tensor product (1.16). Hence, this method is also known as the Sparse Grid

method. Smolyak considered the following class of functions, with bounded mixed

derivatives up to order r

Wr
d =

{
f : [0, 1]d → R,

∥∥∥∥∥ ∂|α|f

∂xα1
1 . . . ∂xαdd

∥∥∥∥∥
∞

<∞, α = (α1, . . . , αd) ∈ Nd
0, αi ≤ r

}

Assume that {Qi}i≥1 is a collection of ni-node quadrature formulae on [0, 1] where

Qi is given by

Qi[f ] =

ni∑
j=1

ωijf(xij) ωij ∈ R,
(
xij
)n
j=1
⊂ [0, 1] for i ≥ 1

Now, utilising the notation ∆i = (Qi − Qi−1), for i ∈ N, with Q0 = 0. The `th level

Smolyak cubature formula is given by

QSM(`, d) =
∑

|i|≤`+d−1

(∆i1 ⊗ . . .⊗∆id)

with i = (i1, . . . , id) ∈ Nd
0 and |i| = |i|1. Hence, the summation is taken over the

simplex |i|1 ≤ `+ d− 1, in contrast to a full tensor cubature product formula

(
Q` ⊗ · · · ⊗Q`

)
=

d∑
j=1

∑
1≤ij≤`

(∆i1 ⊗ . . .⊗∆id)

where the summation is taken over the cube |i|∞ ≤ `. For example, for case d = 2, we

have

QSM(`, 2) =
∑

i1+i2=`

(Qi1 ⊗Qi2)−
∑

i1+i2=`−1

(Qi1 ⊗Qi2)

and for a general dimension d the analogous formula is

QSM(`, d) =
∑

`≤|i|≤`+d−1

(−1)`+d−|i|−1 ·
(
d− 1

|i| − 1

)
· (Qi1 ⊗Qi2 ⊗ . . .⊗Qid)

Smolyak construction comes in various flavours depending on the constituent sequence
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of one-dimensional quadratures. Smolyak Algorithm with Clenshaw-Curtis quadra-

tures is studied in [62], with Gauss-Legendre and Gauss-Patterson in [93] and with

Gauss-Hermite [45].

The error bound for Smolyak cubature based on the sequence of interpolatory

quadratures with positive weights, such as Clenshaw-Curtis, Gauss-Legendre and Gauss-

Patterson, is given by∣∣∣Rn
d [f ]

∣∣∣ =
∣∣∣Id[f ]−QSM(`, d)[f ]

∣∣∣ = O
(
n−r · (logn)(d−1)·(r+1)

)
for f ∈ Wr

d . If f has mixed bounded derivatives up to and including order r, the above

estimate is optimal, up to a logarithmic factor, in the smoothness scale considered, for

any r ∈ N, see [92]. For classical spaces Cr[0, 1]d error bounds for Smolyak construction

can also be derived, see [44], but they indicate exponential dependence on dimension.

Clearly, QSM(`, d) is a linear functional and it depends on f only through function

evaluations on a finite number of points. To describe these points, let

supp(Qi) = {xi1, . . . , xini} ⊂ [0, 1]

denote the set of nodes of Qi. The full tensor product (Qi1 ⊗Qi2 ⊗ . . .⊗Qid) is based

on the grid supp(Qi1) × . . . × supp(Qid) and therefore QSM(`, d)[f ] depends at most

on the values of f at the union

H(`, d) =
⋃

|i|≤`+d−1

(
supp(Qi1)× . . .× supp(Qid)

)
⊂ [0, 1]d (1.27)

Clearly, quadrature sequences with nested support, supp(Qi) ⊂ supp(Qi+1), are the

most economical choice for the Smolyak construction, as they yieldH(`, d) ⊂ H(`+ 1, d)

and hence the number of functions evaluations in (1.27) is reduced to the sparse grid⋃
|i|=`+d−1

(
supp(Qi1)× . . .× supp(Qid)

)
⊂ [0, 1]d

The number of points n(`, d) in the sparse grid H(`, d) clearly satisfies

n(`, d) ≤ n(H(`, d)) =
∑

|i|≤`+d−1

ni1 . . . nid

and if we further assume that ni = O(2i), then the order of n(`, d), then as noted in

[92][lemma 5], we have

n(`, d) = O(2` · `d−1)
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in contrast with full tensor product rules, which would give O(2`d) number of points.

The `th level Smolyak Algorithm when applied to f can be written as

QSM(`, d)[f ] =
∑

|i|≤`+d−1

ni1∑
j1=1

. . .

nid∑
jd=1

λij · f(xi1j1 , . . . , x
id
jd

) (1.28)

where, in the case the quadratures are nested, the weights are given by

λij =
∑

|i+q|≤`+2d−1

β(i1+q1)j1 . . . β(id+qd)jd

with q ∈ Nd, where

β(i+q)j =

 ωij if q = 1

ωk+q
r − ωk+q−1

s if q > 1, xij = xk+q−1
r = xk+q−2

s

and in the non-nested case the weights are given by λij = ωi1j1 . . . ω
id
jd

, see [93].

Regardless of the positivity or non-positivity of the underlying sequence of quadra-

ture rules in the Smolyak construction, the resulting algorithm will contain negative

weights, hence it is especially important to avoid numerical cancellation, so instead of

implementing the summation in (1.28), with increasing `, it is recommended to per-

form summation coordinate-wise, see [93]. Convergence is in general guaranteed, due

to the absolute values of the weights remaining relatively small. However, it can be

shown [44], that both in the nested and in the non-nested case the norm of QSM(`, d)

‖QSM(`, d)‖ =
∑

|i|≤`+d−1

ni1∑
j1=1

. . .

nid∑
jd=1

|λij| = O
(
(log(n(`, d)))d−1

)
(1.29)

Hence ‖QSM(`, d)‖ exhibits exponential growth in the log of its cardinality. Thus the

norm may be very large, rendering the Smolyak algorithm unstable. The norms of

QSM(`, d) are generally much smaller if the underlying sequence of quadratures are

Clenshaw-Curtis formulae, rather than Gaussian quadrature formulae.

Letting Π` denote the space of all one-dimensional polynomials of degree ≤ `, we

consider the following polynomial spaces

Pd` :=
{

Πi1 ⊗ · · · ⊗ Πid , |i| = `+ d− 1
}

If Q` is exact for Π`, then the `th level Smolyak cubature QSM(`, d) is exact for Pd` ,

see [93].
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However, in order to obtain an estimate in terms of the classical polynomial exactness

for a cubature formula, based on the space of all d-variate polynomials of degree ≤ `,

that is

Πd
` :=

{
Πi1 ⊗ · · · ⊗ Πid , |i|∞ = `

}
we have the following lemma.

Lemma 1.2.10. ([42]) Let {Qi}i∈N be a sequence of quadrature formulae, if for all

i ∈ N
deg(Qi) ≥ 2i− 1

Then,

deg(QSM(`, d)) ≥ 2`+ 1

Many sequences of quadrature formulae can be constructed to satisfy the assump-

tion of the aforementioned lemma, amongst them: Clenshaw-Curtis, Gauss-Patterson,

Gauss-Legendre.

1.2.4.1 Clenshaw-Curtis Sparse Grids

Let {QCC
i }i≥1 denote a collection of ni-node Clenshaw-Curtis quadrature formulae on

[0, 1], where Qi is given by

QCC
i [f ] =

ni∑
j=1

ωijf(xij) ωij ∈ R,
(
xij
)n
j=1
⊂ [0, 1] for i ≥ 1

and the abscissas are given by the extrema of Chebyshev polynomials, as described in

Section 1.1.2, that is

xij = −cos

(
π · (j − 1)

ni − 1

)
j = 1, . . . , ni

similarly the corresponding weights are provided in Section 1.1.2. As noted in [62],

sparse grids based on a sequence of Clenshaw-Curtis quadrature formulae are often
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preferable to other sparse grids, as they are nested and the weights of different signs

at common points partially cancel each other, which ensures superior stability of the

cubatures generated.

In order to obtain nested sets of abscissa from a sequence of Clenshaw-Curtis quadra-

ture formulae, we need to choose QCC
i such that, see [46]

ni = 2i−1 + 1 for i > 1 and n1 = 1 (1.30)

In light of (1.6), Clenshaw-Curtis quadrature formulae satisfy the following error bound∣∣∣Rn[f ]
∣∣∣ =

∣∣∣I[f ]−QCC
i [f ]

∣∣∣ ≤ γr · 2−r·i (1.31)

where γr is a constant dependant on r. Then the error of the `th level Smolyak cuba-

ture for integrands f ∈ Wr
d is illustrated in the following theorem.

Theorem 1.2.11. [Theorem 1 [62]] Let θr = max
(
2r+1, γ · (1 + 2r)

)
, then the error

of the Smolyak cubature QSM
CC (`, d) satisfies∣∣∣Rn

d [f ]
∣∣∣ =

∣∣∣Id[f ]−QSM
CC (`, d)[f ]

∣∣∣ ≤ γr · θrd−1 ·
(

`

d− 1

)
· 2−r`

We note that since deg(QCC
i ) = ni − 1 = 2i−1 ≥ 2i− 1 the requirement of lemma

(1.2.10) is satisfied, therefore we have deg(QSM
CC (`, d)) ≥ 2`+ 1. As noted in [47], the

precision of the Smolyak sparse grids grows linearly with the level `, whereas the preci-

sion and the number of nodes in the constituent sequence of Clenshaw-Curtis formulae

grows exponentially with dimension. This an anomaly, that suggests that there may

be a more economical way of constructing sparse grids from Clenshaw-curtis formulae.

1.2.4.2 Delayed Clenshaw-Curtis Sparse Grids

The usual sparse grid construction of level ` is only guaranteed to achieve a precision of

2`+1 for Clenshaw-Curtis sparse grid, but if we construct the sparse grid based on the

sequence of Clenshaw-Curtis formulae satisfying (1.30), we will greatly exceed the pre-

cision requirement by obtaining an accuracy of 2` for some higher order monomials. We
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do so at a corresponding higher cost, as noted in [47]. To avoid this overhead, we note

that the Smolyak construction does not require successive members of the sequences

of quadratures to be distinct, and it is possible to base the sparse grid on a modified

sequence Q̃i with the number of nodes ñi increasing slower with i, than ni, which will

come close to achieving linear growth in the cardinality of the quadrature sequence Q̃i.

The sequence ni of number of nodes in Clenshaw-Curtis quadrature formulae Qi takes

the following form

{ni}i≥1 = {1, 3, 5, 9, 17, 33, . . . , 2i−1 + 1, . . . }

If we require in the Smolyak construction a sequence of quadratures such that at each

specific level ` the minimum polynomial degree 2`+1 is reached, then we need to select

quadrature formulae that are not necessarily distinct. For example, for levels 0 to 4 the

number of nodes in the above family is 1, 3, 5, 9, 17 and the corresponding minimum

precision requirements are 1, 3, 5, 7, 9, hence n3 = 9 exceeds the precision level required,

moreover it is still good enough to meet the precision at level 4. Following this logic,

we obtain the following sequence of cardinalities of {Q̃i}i≥1

{ñi}i≥1 = {1, 3, 5, 9, 9, 17, 17, 17, 17, 33 . . . }

In general, the sparse grids based on Clenshaw-Curtis family {Qi}i≥1 and the delayed

Clenshaw-Curtis family {Q̃i}i≥1 will be the same until level 4, but at level 4 and

beyond the difference in the number of points is very noticeable, particularly for low-

dimensional grids. For illustration below we present the number of nodes ni and ñi in

dimensions 2 and 3 up to level 10, for more details see [47]
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DIM 2 3 DIM 2 3

SMOLYAK CC LEVEL SMOLYAK CC DEL LEVEL

0 1 1 0 1 1

1 5 7 1 5 7

2 13 25 2 13 25

3 29 69 3 29 69

4 65 177 4 49 153

5 145 441 5 81 297

6 321 1073 6 129 545

7 705 2561 7 161 881

8 1537 6017 8 225 1361

9 3329 13953 9 257 1953

10 7169 32001 10 385 2721

Table 1.1: Smolyak Clenshaw-Curtis and Delayed Smolyak Clenshaw-Curtis
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1.3 Contributions and Significance

1.3.1 Carathéodory Cubature Problem Formulation

Given

Id[f ] =

∫
[0,1]d

f(x)dx, x = (x1, . . . , xd) (1.32)

we will provide a constructive derivation of an interpolatory cubature formulaQCAR(m, d),

whose existence is proved in Tchakaloff’s Theorem, satisfying the desired properties

of cubature formula (1.24).

From Section 1.2, we recall that by definition, any cubature formula of degree m ∈ N, is

required to integrate all d-variate polynomials of degree ≤ m exactly. To achieve this,

we may proceed by fixing a collection of abscissae {x1, . . . ,xn} and form a linear system

of moment matching equations. In the following, we choose the nodes {x1, . . . ,xn}, to

be the nodes arising form the Cartesian product of d-univariate quadrature formulae.

Let {Qi}di=1 denote a collection of d univariate quadratures of degree m ∈ N

Q[f ] := Qi[f ] =
n∑
j=1

λijf(xij), (1.33)

with

λij ∈ R+,
n∑
i=1

λij = 1,
{
xij
}n
j=1
⊂ [0, 1] for i ∈ J1, dK (1.34)

for example we could take the Clenshaw-Curtis quadrature formulae with n = m+1 or

the Gauss-Legendre quadrature formulae with n =
(
bm

2
c+ 1

)
, yielding the Cartesian

product cubature of degree m ∈ N

Q(m, d)[f ] :=
n∑

j1=1

. . .
n∑

jd=1

λ1
j1
. . . λdjdf(x1

j1
, . . . , xdjd) =

N∑
i=1

ωif(xi) (1.35)

where ωi = λ1
j1
. . . λdjd ∈ R+,

N∑
i=1

ωi = 1,
{
xi
}N
i=1
⊂ [0, 1]d, N = nd

By definition of a cubature formula, Q(m, d) integrates exactly all the basis elements

B(Πd
m) = {γ1, . . . , γM} for some fixed basis for Πd

m with γ1(x) = 1 and dim(Πd
m) =(

m+d
d

)
:= M . Hence, the nodes and weights of Q(m, d) satisfy the following system of

moment matching equations

34



ω1γ1(x1) + . . .+ ωNγ1(xN) =

∫
[0,1]d

γ1(x)dx

ω1γ2(x1) + . . .+ ωNγ2(xN) =

∫
[0,1]d

γ2(x)dx

...

ω1γM(x1) + . . .+ ωNγM(xN) =

∫
[0,1]d

γM(x)dx

By interpreting the moment matching equations above, as a linear system in variables

{ω1, . . . , ωn}, we can write concisely

Aω = b, ω > 0 (1.36)

where A ∈ RM×N , ω ∈ RN
+ , b ∈ RM are given by

A =


γ1(x1) . . . γ1(xN)

...
...

...

γM(x1) . . . γM(xN)

 , ω =


ω1

...

ωN

 , b =


∫

[0,1]d
γ1(x)dx

...∫
[0,1]d

γM(x)dx



and
∑N

i=1 ωi = 1 is given, since γ1(x) = 1. Now, by defining the (m, d)-monomial

mapping γdm := (γ1, . . . , γM) : [0, 1]d → RM , we can write

A = [γdm(x1), · · · , γdm(xN)]

and by (1.36), we have

b = Aω =
N∑
i=1

ωiγ
d
m(xi) ∈ Conv

(
{γdm(x1), · · · , γdm(xN)}

)
:=

{ N∑
i=1

αiγ
d
m(xi)

∣∣∣ ∀i : αi ≥ 0 ∧
N∑
i=1

αi = 1

}

where Conv({z1, . . . ,zN}) denotes the Convex Hull of the set {z1, . . . ,zN}.

We recall the Carathéodory Convex Hull Theorem
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Theorem 1.3.1. Carathéodory Convex Hull Theorem[p263-264 [51] ]

Let S ⊂ RM , card(S) > M + 1, if x ∈ Conv(S) the convex hull of S, then x ∈
Conv(R), for some R ⊂ S, card(R) ≤M + 1.

The construction of the Cartesian product cubature of degree m ∈ N in (1.35),

yields a collection of nodes {x1, . . . ,xN} and strictly positive weights {ω1, . . . , ωN}.
By considering the span of the columns of the matrix A in (1.36), given by the (m, d)-

monomial map evaluations at the nodes {x1, . . . ,xN}, we set

S := {γdm(x1), · · · , γdm(xN)} ⊆ RM

For large enough degree m ∈ N and dimension d ∈ N, we will have card(S) = N >

M + 1. Thus, by appealing to the Carathéodory Convex Hull Theorem there exists a

subsequence

R := {γdm(xi1), · · · , γ
d
m(xi

M
′ )} ⊂ S, M

′ ≤M + 1

satisfying

b =
N∑
i=1

ωiγ
d
m(xi) ∈ Conv

(
{γdm(xi1), · · · , γ

d
m(xi

M
′ )}
)
⊆ RM

The above is equivalent to stating that there exists a collection of weights
{
ω̂1, . . . , ω̂M ′

}
⊂

R+, for which we have

b =
M
′∑

k=1

ω̂kγ
d
m(xik) (1.37)

We note that
∑M

′

k=1 ω̂k = 1, is implicitly given by (1.37), since γ1(x) = 1.

Once we know how to obtain the collection
{
ω̂k
}M ′
k=1

, we proceed to select M
′

nodes{
xik
}M ′
k=1

out of N product cubature nodes
{
xi
}N
i=1

in (1.35), receiving strictly positive

weights ω̂k.

We recall that the original problem of finding an interpolatory cubature, consists

of finding a collection of nodes
{
xik
}M ′
k=1

of cardinality M
′ ≤

(
m+d
d

)
and a sequence

of weights
{
ω̂k
}M ′
k=1

which solves the moment matching equations for the prescribed

collection of nodes uniquely. This problem can now be re-formulated as follows:

given a collection of cubature weights
{
ωi
}N
i=1

and nodes
{
xi
}N
i=1

of some cardinality

N > M :=
(
m+d
d

)
we endeavour to find a new sequence of positive weights

{
ω̂k
}M ′
k=1
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on the subset
{
xik
}M ′
k=1

and formally zero weights on
{
xi
}N
i=1
\
{
xik
}M ′
k=1

. Thus, by

finding such a collection of strictly positive weights
{
ω̂k
}M ′
k=1

, we simultaneously find

the weights and the nodes of an interpolatory cubature formula.

Now we are in a position to form an interpolatory cubature formula of degree m ∈ N,

which we will denote by

QCAR(m, d)[f ] =
M
′∑

i=1

ω̂kf(xik) (1.38)

We note that QCAR(m, d) satisfies the three desired properties (1.24) of a cubature

formula

1. card
(
QCAR(m, d)

)
= M

′ ≤M :=
(
m+d
d

)
2.
{
xik
}M ′
k=1
⊂
{
xi
}N
k=1
⊂ [0, 1]d

3. ω̂k ≥ 0, ∀k ∈ J1,M ′K

To ensure that the resulting cubature formula is interpolatory we will need to verify

that the weights
{
ω̂k
}M ′
k=1

are the unique solution to the system of moment matching

equations, formed with nodes
{
xik
}M ′
k=1

. As noted in Section 1.2, this is equivalent to

requiring that the linear functionals

x∗i1 , . . . ,x
∗
i
M
′ : Πd

m → R defined by x∗ik(P ) = P (xik) k = 1, . . . ,M
′

are linearly independent over Πd
m.

We can ensure that the latter condition is met as follows. We require that the (m, d)-

monomial map γdm := (γ1, . . . , γM) : [0, 1]d → RM evaluated at
{
xik
}M ′
k=1

, the cubature

nodes of QCAR(m, d), forms a full-rank matrix of rank M
′
. In other words the matrix

A
′
= [γdm(xi1), · · · , γ

d
m(xi

M
′ )] has rank(A

′
) = M

′
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1.3.2 Carathéodory Cubature with Simplex problem formu-

lation

Let us now, describe one constructive procedure for finding the collection of weights{
ω̂k
}M ′
k=1
⊂ R+, satisfying (1.37).

We note that the vector of product cubature weights ω = [ω1, . . . , ωN ]T ∈ RN
+ , arising

from the cubature product measure in (1.35), is known as a feasible solution to the

following LP(Linear Programming) problem

Ax = b (1.39)

x ≥ 0

where A ∈ RM×N , b ∈ RN are defined in (1.36). The solution ω is feasible since it

satisfies all the constraints of (1.39), and hence lies in the feasible region of (1.39),

defined as

X :=
{
x ∈ RN : Ax = b, x ≥ 0

}
Therefore the LP problem (1.39) is said to be feasible, since a feasible solution ω ex-

ists. Moreover, we note that ω is a strictly feasible solution since ω > 0. From [49],

we know that every feasible LP problem admits a basic feasible solution. Essentially,

a basic feasible solution ω̂ for (1.39) is a solution that is guaranteed to have at least

(N − M) zero coordinates, that is, it is given by ω̂ = [ω̂1, . . . , ω̂M ′ , 0, . . . , 0]T with

M
′ ≤ M . In the following, we provide a formal definition of a basic feasible solution

to (1.39) and illustrate how it can be utilised to construct the interpolatory cubature

QCAR(m, d) from Q(m, d), discussed in the previous section.

For simplicity of exposition, let us assume for the moment that rank(A) = M .

We let IB , {j1, . . . , jM} ⊂ {1, . . . , N} be some subset of indices of the columns

of A =
{
aj
}N
j=1

that form a linearly independent set, so that

B = [aj1 , . . . ,ajM ] with rank(B) = M

and let IN , {1, . . . , N}\IB be the set of indices of the columns of A, that are not in

IB. We define B ∈ RM×M and N ∈ RM×(N−M), such that A = [B,N ]. Then, since B

is non-singular, we can define a vector ω̂ = [ ω̂B, ω̂N ]T , given by
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ω̂B = B−1b (1.40)

ω̂N = 0

Then, the vector ω̂ = [ ω̂B, ω̂N ]T = [ω̂1, . . . , ω̂M , 0, . . . , 0]T ∈ RN is called a basic

solution. If ω̂B ≥ 0, then ω̂ is called a basic feasible solution and if at least one

of the components of ω̂B is zero, then ω̂ is called a degenerate basic feasible solution.

Degeneracy occurs in scenarios, such as when the underlying matrix A is rank deficient.

Relaxing the assumption on the rank of A, that is assuming rank(A) = M
′ ≤ M ,

we let IB , {j1, . . . , jM ′} ⊂ {1, . . . , N}, be a set of indices, such that
{
aj1 , . . . ,ajM′

}
forms a linearly independent set and IN , {1, . . . , N}/IB. We can then, partition the

underlying matrix A as

A = [B,N ] B ∈ RM×M ′ , N ∈ RM×(N−M ′ )

where B consists of the subset of columns of A indexed by IB and N consists of the

subset of columns of A indexed by IN .

We define a basic feasible solution to (1.39), as a vector

ω̂ = [ ω̂B, ω̂N ]T = [ω̂1, . . . , ω̂M ′ , 0, . . . , 0]T ∈ RN
+ (1.41)

satisfying

Aω̂ = Bω̂B +Nω̂N = b+ 0 = b, ω̂B > 0, ω̂N = 0

See e.g [49], [50]. This is the most general form of the basic feasible solution, that we

will be dealing with in the context of this thesis. We recall that the underlying coeffi-

cient matrix A in (1.39), is the moment matrix associated with a prescribed collection

of cubature nodes {x1, . . . ,xN}, arising from the product cubature Q(m, d) and basis

elements B(Πd
m) = {γ1, . . . , γM}. Thus, for any given degree m and dimension d, we

may only conclude that rank(A) = M
′ ≤ M and hence we denote any basic feasible

solution to (1.39) by (1.41).

By definition any basic feasible solution (1.41) yields a collection of M
′ ≤ M strictly

positive weights
{
ω̂k
}M ′
k=1

. We know from the previous section that any such collec-

tion of positive weights
{
ω̂k
}M ′
k=1

can be utilised to select
{
xik
}M ′
k=1

of cubature nodes

from the original collection of {x1, . . . ,xN} cubature nodes arising from the product

cubature Q(m, d). Thus, any basic feasible solution (1.41) satisfies the goal of our
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construction of Carathéodory cubature QCAR(m, d), given in (1.38) from the product

cubature Q(m, d). Naturally, by the strict positivity of weights in (1.41) and their

cardinality M
′ ≤ M , the resulting cubature formula QCAR(m, d) satisfies the three

desired properties of a cubature formula, noted in the previous section.

We conclude that appealing to Carathéodory Convex Hull Theorem for the interpo-

latory cubature problem formulation coupled with the construction of a basic feasible

solution to (1.39) given by (1.41), does indeed provide a constructive method for ob-

taining an interpolatory cubature formula QCAR(m, d) from Q(m, d).

We are now in a position to readily show that QCAR(m, d) is indeed an interpola-

tory cubature formula. That is, we can show that any basic feasible solution (1.41)

to (1.39) is unique for the chosen set of abscissae
{
xik
}M ′
k=1

. As noted at the end

of the previous section, this is equivalent to showing that the set of columns of A

corresponding to the strictly positive weights
{
ω̂k
}M ′
k=1

is linearly independent in RM .

By construction of the basic feasible solution, the set of columns of A corresponding

to the strictly positive weights in (1.41) is given by {aik}
M
′

k=1 =
{
γdm(xik)

}M ′
k=1

and is

linearly independent subset of RM . Hence, defining A
′

= [γdm(xi1), · · · , γ
d
m(xi

M
′ )], we

have rank(A
′
) = M

′
, as required.

In the aforementioned construction of QCAR(m, d) from a given product cubature

Q(m, d), we state that any basic feasible solution to (1.39) of the form (1.41) will yield

the desired interpolatory cubature QCAR(m, d). Thus, we allude to the non-uniqueness

of basic feasible solutions to (1.39). Naturally, this means that QCAR(m, d) is also not

unique, however for the purposes of this work, we do not differentiate between differ-

ent basic feasible solutions (1.41) to (1.39), as they all yield an interpolatory cubature

formula satisfying the three desired cubature properties.

To illustrate the existence of multiple basic feasible solutions to (1.39), in the fol-

lowing we present a geometric interpretation of the LP problem (1.39).

Geometrically, finding a basic feasible solution ω̂ to (1.39), amounts to finding an

extreme point of the feasible region

X :=
{
x ∈ RN : Ax = b, x ≥ 0

}
(1.42)

To introduce the notion of extreme points of the feasible region X , we recall the fol-

lowing definitions.

40



A set H ⊆ RN is called a hyperplane if H = {x ∈ RN : aTx = c} for some

non-zero a ∈ RN and c ∈ R and similarly H
′ ⊆ RN is called a half-space if H

′
= {x ∈

RN : aTx ≥ c}. Both hyperplanes and half-spaces are convex sets, that is sets in

which any two points x1,x2 ∈ H have their convex combination λx1 + (1− λ)x2 ∈ H
for every λ ∈ [0, 1]. Since the feasible region X is a finite intersection of hyperplanes

and half-spaces and finite intersection of convex sets is convex, we know that X is

convex.

A point x in the convex set X is called an extreme point if x cannot be represented as a

strict convex combination of the two distinct points in X , that is if x = λx1 +(1−λ)x2

with λ ∈ (0, 1) and x1,x2 ∈ X , then we must have x = x1 = x2. An extreme point of

X is a point in X that cannot be made to lie in the interior of a line segment contained

in X , and hence is also known as a corner point or vertex.

The following lemma illustrates the correspondence between basic feasible solutions

and extreme points of the feasible region.

Lemma 1.3.2. [[51] Lemma 7.2] Given an LP problem in the standard form

Maximise cTx (1.43)

subject to Ax = b

x ≥ 0

where A ∈ RM×N , x ∈ RN , b ∈ RM , suppose that rank(A) = M and the columns

of A are ordered such that A = [B,N ], where B ∈ RM×M is non-singular and N ∈
RM×(N−M). Then, the basic feasible solution ω̂ = [ ω̂B, ω̂N ]T , given by

ω̂B = B−1b

ω̂N = 0

is an extreme point of the feasible region of (1.43).

Hence, we know that if the underlying coefficient matrix A is full-ranked, the col-

lection of extreme points of the feasible region corresponds to the collection of basic
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feasible solutions, provided that the feasible region is non empty. We note that any ba-

sic feasible solution ω̂ to (1.43) is given by identifying IB = {j1, . . . , jM} ⊂ {1, . . . , N},
be some subset of indices of the columns of A that form a linearly independent set,

thus giving an upper bound of
(
N
M

)
on the number of possible basic feasible solutions

or extreme points of the feasible region.

In practice, we will endeavour to find only one basic feasible solution to (1.39), as we

do not differentiate as to the quality of basic feasible solutions to yield a Carathéodory

cubature measure in a construction of (1.38). In the following, we proceed to illustrate

how we can find one basic feasible solution to (1.39).

In the Simplex problem formulation (1.39), firstly we assume that the underlying

matrix A has no identity submatrix, as otherwise an immediate basic feasible solution

is available to us by setting B = I, yielding ω̂ = [ ω̂B, ω̂N ]T with ω̂B = B−1b = b ≥ 0.

A standard method for finding an initial basic feasible solution to (1.39) is to in-

troduce a vector of artificial variables xa and thus get a basic feasible solution to a

modified problem. Subsequently, the Simplex method can be employed to force these

artificial variables to zero and obtain a basic feasible solution to the original problem

(1.39). For a detailed discussion see Chapter 4 [50] or Chapter 8.4 [51].

We proceed by adding a non-negative vector of artificial variables xa ∈ RM
+ to the

constraints in (1.39), resulting in the following formulation

Ax+ xa = b (1.44)

x ≥ 0, xa ≥ 0

By construction of (1.44), we introduce an identity matrix corresponding to xa. Thus

a basic feasible solution to the modified problem (1.44) is readily available, namely

[x, xa] = [0, b]

However, in order to get back to our original problem, we must force the artificial

variables to zero, since Ax = b if and only if Ax + xa = b with xa = 0. A widely

employed method to accomplish this, see Chapter 4 [50] or Chapter 8.4 [51], is to
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minimise the sum of the artificial variables, which amounts to solving the following

LP problem

Minimise
M∑
i=1

xia (1.45)

subject to Ax+ xa = b

x ≥ 0, xa ≥ 0

We solve (1.45) by the Simplex Method or Interior Point method described at the

end of this chapter, starting with initial basic feasible solution [x, xa] = [0, b]. If

the original problem (1.39) has a feasible solution, then the optimal value of (1.45) is

zero. Moreover, as the artificial variables xia leave the basis, they are replaced with

legitimate variables and we obtain a basic feasible solution to the original problem

(1.39).

An approach very similar to the aforementioned method, utilising basic feasible solu-

tion to (1.39) for constructing QCAR(m, d) is presented in [48]. In [48], the authors

subdivide their for producing interpolatory method cubature into two categories: an

independent case, in which the underlying density ρ(x) is factorable into a product of

univariate densities, that is

ρ(x) = ρ(x1, . . . , xd) =
d∏
i=1

ρi(x
i) with ρi

and the jointly distributed case, in which the density ρ(x) is not factorable.

Implicitly, in our construction of the Cartesian product formulae in (1.35) we have

chosen the d-dimensional Lebesgue density ρ(x) = 1, which clearly falls into the inde-

pendent category in [48].

In Chapter 4 of this dissertation we introduce a more general framework for the

Carathéodory cubature algorithm that deals with any factorable density for which

univariate quadrature formulae are available. This generalised algorithm presented in

Chapter 4 will also fall into the independent case category. In order to deal with other

case, the case of joint densities, that are not factorable the authors in [48] proceed by

setting up a grid over the range of each marginal variable and construct a Cartesian
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product of these grids to obtain a lattice in d dimensions and subsequently proceed to

employ the Simplex problem formulation resulting from the cubature on the lattice to

produce an interpolatory cubature. However, they note that due to such a heuristic

selection of initial cubature points and weight there is no guarantee that the result-

ing linear program is feasible. In addition, it is noted that increasing the density of

the underlying mesh should restore feasibility and thus yield an interpolatory cubature

formula. In the present work, we note that an approach similar to [48] can certainly be

employed to deal with non-factorable densities within the framework of Carathéodory

cubatures, however it is outside the scope of this work to investigate such a method

and its potential fallibility in yielding a basic feasible solution and thus an interpola-

tory cubature.

44



1.3.2.1 Computational Complexity of the Carathéodory Cubature with

Simplex problem formulation

The computational complexity of constructing QCAR(m, d) via the Simplex problem

formulation, is dominated by the construction of the Cartesian product cubature for-

mula in (1.35), which requires touching N cubature nodes of dimension d and N

weights, thus having a cost of N(d + 1), constructing the linear system (1.39), which

has an associated cost of NM and computing a basic feasible solution to (1.39), which

has an associated cost of CSIMPL(M,N).

Thus the overall cost of constructing QCAR(m, d) via the Simplex problem formulation

is dominated by

C
(
QCAR(m, d)

)
= O

(
NM + CSIMPL(M,N)

)
As we shall illustrate in Section 1.4, the computational complexity of finding a basic

feasible solution to (1.39) via the Simplex Algorithm, is on average given by

CSIMPL(M,N) = O(M3N +MN2)

Yielding the overall cost of computing QCAR(m, d) to be of order

C
(
QCAR(m, d)

)
= O(NM +M3N +MN2)

The cost O(NM) associated with the initial Cartesian product cubature construction

and constructing the linear system (1.39), can reduced via a recursive algorithm to

O(M2), independent of N , as will be illustrated in Chapter 4. Without explicit proof,

we conclude that the theoretical cost of constructing QCAR(m, d) with Simplex problem

formulation is given by

C
(
QCAR(m, d)

)
= O(M3N +MN2)

we note that this cost has a quadratic dependence on N . In the vast majority of

problems, we will have N >> M , where N = card(Q(m, d)) = nd is the number of

cubature modes in the Cartesian product cubature Q(m, d), which grows exponentially

with dimension. Therefore, the complexity of the Carathéodory Cubature construc-

tion with Simplex problem formulation, grows exponentially with dimension and thus

becomes intractable for sufficiently large dimensions d.
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1.3.3 Carathéodory cubature with SVD problem fomulation

In the following, we shall present an alternative problem formulation for computing

Carathéodory cubature that does not rely on utilising the Simplex or Interior Point

methods to find a basic feasible solution. This new problem formulation will delineate

the main contribution of this dissertation: an efficient algorithm for finding a basic

feasible solution to (1.39), in the case when a strictly feasible solution is at hand.

The novel algorithm, we are about to describe does not utilise any special structure of

the LP problem (1.39) and thus is more widely applicable in the context of comput-

ing a basic feasible solution to any LP problem, when a a strictly feasible solution is

known. Hence, we shall firstly present the algorithm in the most general framework

and subsequently specialise it to (1.39).

1.3.3.1 Formulation of general framework

We recall that any linear programming problem can be transformed into a problem of

the following form:

Min/Max cTx (1.46)

subject to Ax = b

x ≥ 0, b ≥ 0

This is achieved by manipulating constraints and introducing slack variables, for more

details see Chapter 4 in [50]. In the following, we assume that A = [a1, . . . ,aN ] ∈
RM×N , x = [x1, . . . , xN ]T ∈ RN

+ and b = [b1, . . . , bM ]T ∈ RM
+ .

Let us further assume that a strictly feasible solution ω = [ω1, . . . , ωN ]T ∈ RN
+ to

(1.46) is given, that is

Aω = b, ω > 0

Since (1.46) has a feasible solution, the problem is feasible and thus has a basic feasible

solution. To construct an initial feasible solution ω̂ = [ω̂1, . . . , ω̂M , 0, . . . , 0] ∈ RN
+ to

(1.46) we can utilise the Simplex Algorithm, as detailed in the previous section.
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In the following, we shall present an alternative algorithm for finding a basic feasi-

ble solution to (1.46). We consider the following modified system

Ãω̃ = b̃, ω̃ > 0

where

Ã = [ã1, . . . , ãN ] :=

 1 . . . 1

a1 . . . aN

 ∈ R(M+1)×N

ω̃ = [ω̃1, . . . , ω̃N ] :=
[ ω1

‖ω‖1

, . . . ,
ω1

‖ω‖N

]
∈ RN

+

b̃ := [1, b1, . . . , bM ] ∈ RM+1
+

We will construct a basic feasible solution ω̂ = [ω̂1, . . . , ω̂M , 0, . . . , 0] ∈ RN
+ , which is

simultaneously a basic feasible solution for

Min/Max cTx (1.47)

subject to Ãx = b̃

x ≥ 0, b̃ ≥ 0

and for the original LP problem of interest (1.46). This holds, since the LP problem

(1.47) has only one additional constraint, compared to (1.46), namely the solution

vector is required to add up to one.

We note that, since ω = [ω1, . . . , ωN ]T ∈ RN
+ is a strictly feasible solution to (1.46), we

have that ω̃ = [ω̃1, . . . , ω̃N ]T ∈ RN
+ is a strictly feasible solution to (1.47), that is

Ãω̃ = b̃, ω̃ > 0 (1.48)

Starting from (1.47), we proceed to formulate a sequence of LP problems of dimensions

independent of N , by means of hierarchical clustering of the LP problem (1.47). Elim-

inating the dependence on the parameter N is often crucial in reducing the complexity

of the overall algorithm, as many LP problems assume N >> M . Subsequently, we
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present a novel approach for finding a basic feasible solution to each of the LP problems

generated. We then, proceed to sequentially produce basic feasible solutions to each

smaller LP problem in turn and culminate with obtaining a basic feasible solution to

the original problem (1.47).

1.3.3.2 Hierarchical Clustering

For the purposes of hierarchical cluster representation, we shall be concerned with the

constraint data
{

(ω̃i, ãi)
}N
i=1

of (1.48). For simplicity of exposition, we shall assume

that N = 2S and we have some M = 2R−1, with S > R. We define D , log2

(
N

2M

)
.

With these assumptions we can construct the coarsest hierarchical level of 2M clusters{
C1, . . . , C2M

}
, satisfying

Ci ⊂
{

(ω̃i, ãi)
}N
i=1
, Ci ∩ C` = ∅ for i 6= `,

2M⋃
i=1

Ci =
{

(ω̃i, ãi)
}N
i=1
, |Ci| = 2D

Each cluster Ci will be represented by its centroid (λi, ỹi), where

λi =
∑

j:ω̃j∈Ci

ω̃j, ỹ
i

=
1

λi

( ∑
ãj∈Ci

ω̃jãj

)

Moreover, each cluster Ci can be hierarchically subdivided into a collection of sub-

clusters as follows

Ci = CD−1
2i−1 ∪ CD−1

2i = CD−2
4i−3 ∪ CD−2

4i−2 ∪ CD−2
4i−1 ∪ CD−2

4i = . . .

= C0
(i−1)2D+1 ∪ . . . ∪ C

0
i2D

where every subcluster Cj
k satisfies

Cj
k ⊂ Ci, C

j
k = Cj−1

2k−1 ∪ C
j−1
2k , |Cj

k| =
N

2j
, |Cj−1

2k−1| = |C
j−1
2k | =

N

2j−1
,

The hierarchical cluster representation is constructed using an agglomerative clus-

tering paradigm, starting with the collection
{

(ω̃i, ãi)
}N
i=1

as singleton clusters, we
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recursively merge each adjacent pair of clusters into a single subcluster, until we have

formed the desired 2M clusters
{
C1, . . . , C2M

}
. We proceed as follows

Set C0
i ,

{
(ω̃i, ãi)

}
for k ∈ J1, NK

with centroids (λ0
i , ỹ

0

i
) , (ω̃i, ãi)

For j = 1 : D, k = 1 : 2D−j

Cj
k , Cj−1

2k−1 ∪ C
j−1
2k

with centroids (λjk, ỹ
j

k
) ,

(
λj−1

2k−1 + λj−1
2k ,

λj−1
2k−1ỹ

j−1

2k−1
+ λj−1

2k ỹ
j−1

2k

λj−1
2k−1 + λj−1

2k

)

Output Ci , CD
i for i ∈ J1, 2MK

with centroids (λDi , ỹ
D

i
)

This recursive agglomeration of clusters has a natural representation as a binary forest

of depth D. Each tree in the forest represents a cluster Ci with all its constituent sub-

clusters Cj
k ⊂ Ci. The nodes of each tree are labelled by the corresponding centroids

(λjk, ỹ
j

k
) of Cj

k. Root nodes of the forest (λDk , ỹ
D

k
) are the centroids of the coarsest

clustering level
{
C1, . . . , C2M

}
and leaf nodes (λ0

k, ỹ
0

k
) represent the original singleton

clusters
{

(ω̃1, ã1), . . . , (ω̃N , ãN)
}

.

In the following, we illustrate the binary forest representation for N = 23 and M = 1.

(λ2
1, ỹ

2

1
)

(λ1
2, ỹ

1

2
)

(λ0
4, ỹ

0

4
)(λ0

3, ỹ
0

3
)

(λ1
1, ỹ

1

1
)

(λ0
2, ỹ

0

2
)(λ0

1, ỹ
0

1
)

(λ2
2, ỹ

2

2
)

(λ1
4, ỹ

1

4
)

(λ0
8, ỹ

0

8
)(λ0

7, ỹ
0

7
)

(λ1
3, ỹ

1

3
)

(λ0
6, ỹ

0

6
)(λ0

5, ỹ
0

5
)

By (1.48), we note that the centre of mass of the centroids for each prescribed hierar-

chical level j ∈ J0, DK satisfies
2S−j∑
j=1

λjkỹ
j

k
= b̃ (1.49)
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In the following, we illustrate how the hierarchical cluster representation can be

utilised to construct a smaller LP problem from (1.47) on the clusters of original con-

straint data and present a novel approach for computing a basic feasible solution to

the LP problem generated.

1.3.3.3 SVD Algorithm for Basic Feasible Solution Construction

Let a collection of clusters
{
C1, . . . , C2M

}
with centroids

{
(λ1, ỹ1

), . . . , (λ2M , ỹ2M
)
}

and centre of mass of centroids
∑2M

j=1 λkỹk = b̃ be given. Set

C = C(0) , [ỹ
1
, . . . , ỹ

2M
] ∈ R(M+1)×2M

λ = λ(0) , [λ1, . . . , λ2M ] ∈ R2M
+

Construct the following feasibility LP problem (with trivial objective function)

Cx = b̃ (1.50)

x ≥ 0

By (1.49), we know that λ is a strictly feasible solution to (1.50), since

Cλ = b̃, λ > 0

Therefore since (1.50) is feasible, a basic feasible solution exists and can be obtained

via the Simplex algorithm. The cost of this computation is on average of order

O(M4 + M3). In the following, we present an alternative Singular Value Decom-

position based algorithm for constructing a basic feasible solution to (1.50) with a

computational cost of order O(M3).

For simplicity of exposition, we assume that rank(C(0)) = M . We proceed to compute

the Singular Value Decomposition of C(0), given by

C(0) = UΣV T =

[
UM U0

] [
ΣM 0

] V T
M

V T
0

 (1.51)
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where U ∈ R(M+1)×(M+1), V ∈ R2M×2M are orthonormal matrices, ΣM = diag(σ1, . . . , σM)

with σ1 ≥ · · · ≥ σM > 0. We recall that the Singular Value Decomposition of C(0)

provides orthogonal bases for all four fundamental subspaces associated with C(0). In

particular, we can readily obtain an orthogonal basis for the Ker(C(0))

B
(
Ker(C(0))

)
= Col(V0)

which we shall denote by

Φ(0) , [φ
1
, . . . ,φ

M
] = Col(V0) ∈ R2M×M

We note that any null vector of C(0) for 1 ≤ i ≤M satisfies

2M∑
j=1

(φ
i
)jỹj = 0

and in particular since ỹ1,j = 1, ∀j ∈ J1, 2MK, we have

2M∑
j=1

(φ
i
)j = 0

Thus, at least one (φ
i
)j > 0, as φ

i
6= 0.

Furthermore, we note that for any α ∈ R and any 1 ≤ i ≤M , we have

b̃ = C(0)λ(0) = C(0)λ(0) − α
(
C(0)φ

i

)
(1.52)

In particular, we can define

α(1) := min
1≤j≤N

{
ω̃j

(φ
i
)j

: ( φ
i
)j > 0

}
=

ω̃k
(φ

i
)
k

for some k ∈ J1, 2MK

We make an arbitrary choice of i = 1 in the definition of α(1) and in (1.52), which

yields the following

b̃ = C(0)λ(0) =
2M∑
j=1

λjỹj − α(1)

(
2M∑
j=1

(φ
1
)jỹj

)
=

2M∑
j=1

(
λj − α(1)(φ1

)j
)
ỹ
j

=
2M−1∑
j=1

λ
(1)
j ỹj

where λ(1) , [λ
(1)
1 , . . . , λ

(1)
k−1, λ

(1)
k+1, . . . , λ

(1)
2M ]T ∈ R2M−1

+ is given by

λ
(1)
j =

 λj − α(1)(φ1
)j for j ∈ J1, k − 1K

λj+1 − α(1)(φ1
)j+1 for j ∈ Jk, 2M − 1K
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and
2M−1∑
j=1

λ
(1)
j = 1

Thus, since λk − α(1)(φ1
)k = 0, we have also produced a new feasible solution to

(1.50),

[λ
(1)
1 , . . . , λ

(1)
k−1, 0, λ

(1)
k+1, . . . , λ

(1)
2M ]T ∈ R2M

+

placing zero mass on the kth coordinate ỹ
k
.

We proceed to form a new matrix

C(1) = [ỹ
1
, . . . , ỹ

k−1
, ỹ

k+1
, . . . , ỹ

2M
] ∈ R(M+1)×(2M−1)

and update Φ(0) = B(Ker(C(1))) to obtain Φ(1) = B(Ker(C(1))), as follows

1) Φ(0) = [φ
1
, . . . ,φ

M
]→ Φ̃(0) = [φ

2
, . . . ,φ

M
]

2) Φ̃(0) = [φ
2
, . . . ,φ

M
]→ Φ(1) = [φ̂

2
, . . . , φ̂

M
]

where φ̂
j

= φ
j+1
−
[(φ

j+1
)k

(φ
1
)k

]
φ

1

Analogously, we can iterate the aforementioned procedure for 1 ≤ i ≤M , with

C(i−1) ∈ R(M+1)×(2M−(i−1)) → C(i) ∈ R(M+1)×(2M−i)

λ(i−1) ∈ R(2M−(i−1))
+ → λ(i) ∈ R(2M−i)

+

Φ(i−1) ∈ R(2M−(i−1))×(M−i) → Φ(i) ∈ R(2M−i)×(M−i)

until we have no more null vectors left at iteration i = M . Thus, we produce

C(M) = [ỹ
i1
, . . . , ỹ

iM
] ∈ R(M+1)×M

λ(M) = [λ
(M)
1 , . . . , λ

(M)
M ] ∈ RM

+
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satisfying

C(M)λ(M) = b̃, λ(M) > 0

Letting IB , {i1, . . . , iM} ⊂ {1, . . . , 2M} and IN , {1, . . . , 2M}/IB, we can partition

the underlying constraint matrix C = [ỹ
1
, . . . , ỹ

2M
] in (1.50) as

C = [B,N ] B ∈ R(M+1)×M , N ∈ R(M+1)×M

where B , C(M) = [ỹ
i1
, . . . , ỹ

iM
] consists of the subset of columns of C indexed by

IB, forming a linearly independent set, and N consists of the subset of columns of C

indexed by IN .

We can construct a basic feasible solution to (1.50) as

λ̂ = [λ̂B, λ̂N ]T = [λ̂1, . . . , λ̂M , 0, . . . , 0] , [λ
(M)
1 , . . . , λ

(M)
M , 0, . . . , 0] ∈ R2M

+

which satisfies

Cλ̂ = Bλ̂B +N λ̂N = b̃+ 0 = b̃, λ̂B > 0, λ̂N = 0

We note that the computational complexity of this approach to finding a basic fea-

sible solution is dominated by the computation of Ker(C(0)) and the kernel updates

Φ(i−1) → Φ(i).

The kernel computation via the Singular Value Decomposition of an (M + 1) × 2M

matrix is a computation of order O(M3). Whilst each of the kernel updates are equiv-

alent to subtracting two matrices of dimensions (2M − (i − 1)) × (M − i). Hence,

since the kernel update is performed M times, the associated computational cost is

M × (2M − (i − 1)) × (M − i) = O(M3). Therefore, clearly the overall cost of the

algorithm is of order O(M3).

1.3.3.4 Recombination Algorithm

Given the hierarchical cluster representation of the constraint data in (1.48){
C1∪ . . . ,∪C2M

}
,
{
CD

1 ∪ . . .∪CD
2M

}
=
{
CD−1

1 ∪ . . .∪CD−1
4M

}
= . . . =

{
C0

1 ∪ . . .∪C0
N

}
with centroids {

(λj1, ỹ
j

1
), . . . , (λj

2S−j
, ỹj

2S−j
)
}

for 0 ≤ j ≤ D

whose centre of mass satisfies
2S−j∑
j=1

λjkỹ
j

k
= b̃ (1.53)
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we can construct a sequence feasibility LP problems of the same form as (1.50).

In particular, starting from the coarsest level j = D, we have a collection of clus-

ters
{
C1, . . . , C2M

}
with centroids{

(λD1 , ỹ
D

1
), . . . , (λD2M , ỹ

D

2M
)
}

for 0 ≤ j ≤ D

whose centre of mass satisfies
2M∑
j=1

λDk ỹ
D

k
= b̃ (1.54)

Therefore, we can formulate the following feasibility LP problem

C(D)x = b̃, C(D) , [ỹD
1
, . . . , ỹD

2M
] ∈ R(M+1)×2M (1.55)

x ≥ 0

By construction, (1.55) admits a strictly feasible solution λ(D) = [λD1 , . . . , λ
D
2M ]T . Since

by (1.54), we have

C(D)λ(D) = b̃, λ(D) > 0

We apply the SVD-based algorithm, described in the previous section, to compute a

basic feasible solution λ̂
(D)

= [λ̂D1 , . . . , λ̂
D
M , 0, . . . , 0]T to the LP problem in (1.55).

Once computed the basic feasible solution λ̂
(D)

, we proceed to select the columns of

CD:
{
ỹD
i1
, . . . , ỹD

iM

}
⊂
{
ỹD

1
, . . . , ỹD

2M

}
, corresponding to the strictly positive weights

{λ̂D1 , . . . , λ̂DM} in λ̂
(D)

. We also select the corresponding collection of subclusters{
CD
i1
, . . . , CD

iM

}
⊂
{
CD

1 , . . . , C
D
2M

}
.

Next, we re-weight this collection of subclusters{
CD
i1
, . . . , CD

iM

}
→
{
ĈD
i1
, . . . , ĈD

iM

}
by re-assigning the mass of the centroids of CD

ik
for 1 ≤ k ≤M

λDk → λ̂Dk

whilst leaving the corresponding nodes of the centroids: ỹD
ik

, unaltered.

Thereby, we produce an updated collection of clusters
{
ĈD
i1
, . . . , ĈD

iM

}
with centroids{

(λ̂D1 , ỹ
D

1
), . . . , (λ̂DM , ỹ

D

iM
)
}

, whose centre of mass, satisfies

C(D)λ(D) =
M∑
k=1

λ̂Dk ỹ
D

ik
= b̃
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by construction of the basic feasible solution λ̂
(D)

= [λ̂D1 , . . . , λ̂
D
M , 0, . . . , 0]T to the LP

problem in (1.55).

Next, we endeavour to produce an updated hierarchical cluster structure with the

coarsest level given by
{
ĈD
i1
, . . . , ĈD

iM

}
and each cluster ĈD

ik
, hierarchically subdivided

into a collection of subclusters

ĈD
ik

= ĈD−1
2ik−1 ∪ ĈD−1

2ik
= ĈD−2

4ik−3 ∪ ĈD−2
4ik−2 ∪ ĈD−2

4ik−1 ∪ ĈD−2
4ik

= . . .

= Ĉ0
(ik−1)2D+1 ∪ . . . ∪ Ĉ

0
ik2D

Moreover, we would like the centroids (λ̂j`, ỹ
j

i`
) of Ĉj

` to satisfy a relationship

M ·2D−j∑
`=1

λ̂j`ỹ
j

i`
= b̃

similar to (1.53).

To accomplish this, we proceed as follows. Take each cluster CD
ik
∈
{
CD
i1
, . . . , CD

iM

}
together with its constituent collection of subclusters

CD
ik

= CD−1
2ik−1 ∪ CD−1

2ik
= CD−2

4ik−3 ∪ CD−2
4ik−2 ∪ CD−2

4ik−1 ∪ CD−2
4ik

= . . .

= C0
(ik−1)2D+1 ∪ . . . ∪ C

0
ik2D

Consider the binary tree representation of CD
ik

, with tree nodes labelled by the centroids

of Cj
` ⊂ CD

ik (
λDk , ỹ

D

ik

)
. . .(
λ0
k2D , ỹk2D

)
. . .

. . .

. . .
(
λ0

(k−1)2D+1, ỹ
0

(k−1)2D+1

)
We note that we can express each weight λj` on each level 0 ≤ j ≤ D − 1 of the tree,

as a proportion of the root weight λDk . Thus, for each level 0 ≤ j ≤ D − 1, we can

write

λj` = θj`λ
D
k , where θj` ,

λj`
λDk

for 1 ≤ ` ≤ 2S−j
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We proceed to update the root weight on level j = D and each weight λj` on ev-

ery subsequent level 0 ≤ j ≤ D − 1

λDk → λ̂Dk

λj` = θj`λ
D
k → λ̂j` = θj` λ̂

D
k

Thus, yielding a binary tree representation of ĈD
ik

, with tree nodes labelled by the

centroids of Ĉj
` ⊂ ĈD

ik (
λ̂Dk , ỹ

D

ik

)
. . .(
λ̂0
k2D , ỹk2D

)
. . .

. . .

. . .
(
λ̂0

(k−1)2D+1, ỹ
0

(k−1)2D+1

)
It can be readily verified that the updated tree represents a hierarchical clustering of

ĈD
ik

ĈD
ik

= ĈD−1
2ik−1 ∪ ĈD−1

2ik
= ĈD−2

4ik−3 ∪ ĈD−2
4ik−2 ∪ ĈD−2

4ik−1 ∪ ĈD−2
4ik

= . . .

= Ĉ0
(ik−1)2D+1 ∪ . . . ∪ Ĉ

0
ik2D

with each subcluster Ĉj
` ⊂ ĈD

ik
having centroids (λ̂j`, ỹ

j

`
) satisfying

(λ̂j`, ỹ
j

`
) =

(
λ̂j−1

2`−1 + λ̂j−1
2` ,

λ̂j−1
2`−1ỹ

j−1

2`−1
+ λ̂j−1

2k ỹ
j−1

2`

λ̂j−1
2`−1 + λ̂j−1

2`

)

and the centre of mass of the centroids satisfying

M ·2D−j∑
`=1

λ̂j`ỹ
j

i`
= b̃

Hence, we obtain the desired updated hierarchical clustering structure{
ĈD

1 ∪ . . . ∪ ĈD
iM

}
=
{
ĈD−1

2i1−1 ∪ . . . ∪ ĈD−1
2iM

}
= . . . =

{
Ĉ0
i1
∪ . . . ∪ Ĉ0

iM2D

}
(1.56)

We note that, splitting each cluster in the coarsest hierarchical level
{
ĈD

1 ∪ . . .∪ ĈD
iM

}
into its two constituent subclusters of level j = D − 1

ĈD
ik

= ĈD−1
2ik−1 ∪ ĈD−1

2ik
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does not alter the centre of mass of the centroids, since

M∑
`=1

λ̂D` ỹ
D

i`
=

M∑
`=1

λ̂D−1
2`−1ỹ

D−1

2i`−1
+

M∑
`=1

λ̂D−1
2` ỹD−1

2i`
= b̃ (1.57)

We proceed by splitting each cluster ĈD
ik

into its two constituent subclusters and setting{
C1, . . . , C2M

}
,
{
ĈD−1

2i1−1, Ĉ
D−1
2i1

, . . . , ĈD−1
2iM−1, Ĉ

D−1
2iM

}

The collection
{
C1, . . . , C2M

}
naturally inherits the hierarchical clustering structure

of (1.56) for levels 0 ≤ j ≤ D − 1, with subclusters on each level j, having centroids{
(λj1, ỹ

j

1
), . . . , (λj

M ·2D−j , ỹ
j

M ·2D−j)
}
,
{

(λ̂j1, ỹ
j

1
), . . . , (λ̂j

M ·2D−j , ỹ
j

M ·2D−j)
}

0 ≤ j ≤ D − 1

In particular, for the coarsest level j = D − 1, we have a collection of clusters{
C1, . . . , C2M

}
with centroids{
(λD−1

1 , ỹD−1

1
), . . . , (λD−1

2M , ỹD−1

2M
)
}

for 0 ≤ j ≤ D − 1

whose centre of mass satisfies

2M∑
j=1

λD−1
k ỹD−1

k
= b̃

Therefore, analogously to (1.55), we formulate a feasibility LP problem

C(D−1)x = b̃, C(D−1) , [ỹD−1

1
, . . . , ỹD−1

2M
] ∈ R(M+1)×2M (1.58)

x ≥ 0

which by construction admits a strictly feasible solution λ(D−1) = [λD−1
1 , . . . , λD−1

2M ]T .

We have completed the first iteration of the Recombination Algorithm, introduced

in [96], for level j = D and we proceed iterating the aforementioned procedure for

levels j = D−1, . . . , 0 and terminate at level j = 0. At each iteration, we construct an

(M + 1)×2M feasibility LP problem with a strictly feasible solution and we construct

a basic feasible solution via the SVD-Algorithm. We then, proceed to select the collec-

tion of M subclusters, corresponding to the strictly positive components of the basic

feasible solution and re-weight this collection, so as to form an updated hierarchical

cluster structure. Next, we proceed to split the resulting hierarchy of M clusters on
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the coarsest level into 2M clusters and go back to constructing a feasibility LP problem.

By construction, solving the last feasibility LP problem for level j = 0

C(0)x = b̃, C(0) , [ỹ0

1
, . . . , ỹ0

2M
] = [ãj1 , . . . , ãj2M ] ∈ R(M+1)×2M (1.59)

x ≥ 0

yields a basic feasible solution λ̂
(0)

= [λ̂0
1, . . . , λ̂

0
M , 0, . . . , 0]T ∈ R2M

+ .

By selecting the columns of C(0):
{
ỹ0

i1
, . . . , ỹ0

iM

}
=
{
ãji1 , . . . , ãjiM

}
, corresponding to

the strictly positive weights {λ̂0
1, . . . , λ̂

0
M} and setting IB , {ji1 , . . . , jiM} ⊂ {1, . . . , N}

and IN , {1, . . . , N}/IB, we can partition the constraint matrix Ã = [ã1, . . . , ãN ] ∈
R(M+1)×N in (1.47) as

Ã = [B̃, Ñ ] B̃ = [ãji1 , . . . , ãjiM
] ∈ R(M+1)×M , Ñ ∈ R(M+1)×(N−M)

where B̃ consists of the subset of columns of Ã indexed by IB, forming a linearly

independent set, and Ñ consists of the subset of columns of Ã indexed by IN .

Thereby, we can construct a basic feasible solution to (1.47) as

ω̂ = [ω̂B, ω̂N ]T = [ω̂1, . . . , ω̂M , 0, . . . , . . . , 0] , [λ̂0
1, . . . , λ̂

0
M , 0, . . . , . . . , 0] ∈ RN

+ (1.60)

which satisfies

Ãω̂ = B̃ω̂B + Ñω̂N = b̃+ 0 = b̃, ω̂B > 0, ω̂N = 0

Analogously, we can partition the constraint matrix A = [a1, . . . ,aN ] ∈ RM×N in

(1.46) as

A = [B,N ] B = [aji1 , . . . ,ajiM
] ∈ RM×M non-singular, Ñ ∈ RM×(N−M)

where B consists of the subset of columns of A indexed by IB and N consists of the

subset of columns of A indexed by IN . Thus, the basic feasible solution (1.60) for

(1.46), satisfies

Aω̂ = Bω̂B +Nω̂N = b+ 0 = b, ω̂B > 0, ω̂N = 0

with ω̂ = [ω̂B, ω̂N ]T with ω̂B = B−1b, ω̂N = 0. Hence, (1.60) is also a basic feasible

solution for (1.46).
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Algorithm 1: Recombination Algorithm

Input:
{
C1, . . . , C2M

}
,
{
CD

1 , . . . , C
D
2M

}
with centroids{

(λD1 , ỹ
D

1
), . . . , (λD2M , ỹ

D

2M
)
}

and centre of mass of centroids b̃ = [b̃1, . . . , b̃M+1]

For j = D : 0

1) Construct a basic feasible solution λ̂
(j)

= [λ̂j1, . . . , λ̂
j
M , 0, . . . , 0]T to

C(j)x = b̃, C(j) , [ỹj
1
, . . . , ỹj

2M
]

x ≥ 0

with a strictly feasible solution λ(j) = [λj1, . . . , λ
j
2M ]T

2) Select subclusters
{
Cj
i1
, . . . , Cj

iM

}
⊂
{
Cj

1 , . . . , C
j
2M

}
corresponding to strictly

positive coordinates
{
λ̂j1, . . . , λ̂

j
M

}
of the basic feasible solution λ(j)

3) Re-weight clusters
{
Cj
i1
, . . . , Cj

iM

}
→
{
Ĉj
i1
, . . . , Ĉj

iM

}
and respective

subcusters, by re-assigning the mass of the corresponding centroids

{
(λr1, ỹ

r

1
), . . . , (λriM , ỹ

r

i
M·2D−j

)
}
→
{

(λ̂r1, ỹ
r

1
), . . . , (λ̂riM , ỹ

r

i
M·2D−j

)
}

for 0 ≤ r ≤ j

4) Split each cluster in
{
Ĉj
i1
, . . . , Ĉj

iM

}
into two constituent subclusters

Ĉj
ik

= Ĉj−1
2ik−1 ∪ Ĉ

j−1
2ik

and set

{
C1, . . . , C2M

}
,
{
Ĉj−1

2i1−1, Ĉ
j−1
2i1

, . . . , Ĉj−1
2iM−1, Ĉ

j−1
2iM

}
with centroids {

(λ̂j−1
2i1−1, ỹ

j−1

2i1−1
), . . . , (λ̂j−1

2iM
, ỹj−1

2iM
)
}

go to step 1)

Output: λ(0) = [λ̂0
1, . . . , λ̂

0
M , 0, . . . , 0]T
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We can apply the aforementioned algorithm to the feasibility LP problem

Ax = b (1.61)

x ≥ 0

where A ∈ RM×N , b ∈ RN are defined in (1.36) and the vector of product cubature

weights ω = [ω1, . . . , ωN ]T ∈ RN
+ , arising from (1.35) is a strict feasible solution to

(1.61), since

Aω = b, ω > 0 (1.62)

We note that, for an arbitrary matrix A = [a1, . . . ,aN ] ∈ RM×N , we would need to

construct a transformed system of (1.61), to obtain a1,j = 1 for j = 1, . . . , N and

re-scale the strictly feasible solution ω to have mass one, as we did in transforming

the system (1.46) to (1.47).

However, in the case of (1.61), we know that A = [γdm(x1), · · · , γdm(xN)], where

γdm := (γ1, . . . , γM) : [0, 1]d → RM , which by definition satisfies, γ1(x) = 1, ∀x ∈ [0, 1]d.

Therefore, a1,j = γ(xj) = 1 for j = 1, . . . , N and furthermore the first equation of

(1.61) yields
∑N

i=1 ωi = 1. Therefore, no transformation is required and thus (1.61) is

of the same form as (1.47), with the trivial objective function. Hence, we proceed, as

previously described, with the hierarchical cluster representation of (1.62) and an ap-

plication of the Recombination Algorithm to (1.61), to obtain a basic feasible solution

to (1.61).
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1.3.3.5 Computational Complexity of the Carathéodory Cubature with

SVD problem formulation

As noted earlier, the computational complexity of constructing QCAR(m, d) is domi-

nated by the construction of the Cartesian product formula in (1.35), constructing the

linear system (1.61) and finding the basic feasible solution to (1.61), via hierarchical

clustering and an application of the Recombination Algorithm. Since, the Recombina-

tion Algorithm utilises the SVD-based algorithm for computing basic feasible solutions

to a sequence of smaller LP problems, we denote the overall cost of finding the basic

feasible solution to (1.61) by CSV D(M,N).

Hence, the complexity of computing QCAR(m, d) with SVD problem formulation is

given by

C
(
QCAR(m, d)

)
= O

(
NM + CSV D(M,N)

)
where

CSV D(M,N) = O
(
NM + log2

( N

2M

)
M3
)

The cost associated with hierarchical clustering of the data in (1.62) is of O(NM). We

compute this cost, as follows, starting from level j = 0 containing N pairs
{

(ω̃i, ãi)
}N
i=1

and forming each successive level 1 ≤ j ≤ D, D := log2

(
N

2M

)
by N

2j
multiplications by

a scalar and additions of two vectors of length M . Thus, adding over all D levels of

the construction yields

2M
D∑
j=1

N

2j
≤ 7

4
NM

We recall that the Recombination Algorithm requires D + 1 iterations through levels

j = 0, . . . , D, with the cost of each iteration, dominated by the computation of the

basic feasible solution to the a feasibility LP problem. The latter operation is per-

formed via the SVD-based Algorithm, which has an associated complexity of O(M3).

Therefore, (D + 1) iterations of computations of order O(M3), yield the second the

term in the complexity of CSV D(M,N).

Thus, the overall cost of constructing QCAR(m, d) with SVD problem formulation

is given by

C
(
QCAR(m, d)

)
= O

(
NM + log2

( N

2M

)
M3
)

The cost O(NM) associated with the initial Cartesian product cubature construction

and hierarchical clustering can reduced via a recursive algorithm to O(M2), indepen-

dent of N , as will be illustrated in Chapter 4. Thus, without explicit proof, we conclude
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that the theoretical cost of constructing QCAR(m, d) with SVD problem formulation

is given by

C
(
QCAR(m, d)

)
= O

(
M3
)

we note that dependence on N , the number of nodes in the Cartesian product cubature

Q(m, d), that grows exponentially with dimension, is only present implicitly in the

log2

(
N

2M

)
constant multiplier of M3. Moreover, there is no quadratic dependence on

N as in the cost of constructing QCAR(m, d) with Simplex problem formulation

C
(
QCAR(m, d)

)
= O(M3N +MN2)

We recall that, since in the vast majority of cases N >> M , hence this reduction

of dependence of complexity on N is crucial to improve the runtime of the overall

algorithm. As the complexity of the Carathéodory Cubature construction with SVD

problem formulation is only dependent on M =
(
m+d
d

)
, we conclude that the cost grows

polynomially, rather than exponentially with dimension d.

Moreover, the novel SVD-based algorithm for computing basic feasible solutions with

a prescribed strictly feasible solutions, presented in Section 1.3.3.3, produces an or-

der of magnitude speed-up O(M4) → O(M3) of the overall Carathéodory Cubature

construction algorithm, when compared to the algorithm employed in [96].
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1.3.4 Carathéodory cubature precision

Similarly to the Smolyak construction, the Carathéodory cubature construction will

depend on the choice of constituent one-dimensional quadrature formulae in (1.33).

However, unlike the Sparse Grid methods, the Carathéodory Cubature Algorithm

does not benefit from nestedness of the underlying sequence of quadrature formu-

lae. Moreover, unlike the Smolyak Algorithm, the Carathéodory Cubature Algorithm

will always produce a cubature formula with strictly positive weights and of norm

‖QCAR(m, d)‖ =
∑M

′

i=1 λi = 1, provided that the underlying sequence of univariate

quadrature formulae has positive weights and are of norm one. Whence, theoretically

the stability of Carathéodory Cubature Algorithm, should not be affected by the choice

of the quadrature sequence.

Similarly to the Cartesian product cubature Q(m, d) of univariate quadratures {Qi}di=1

of deg(Qi) = m, we have

deg
(
QCAR(m, d)

)
= deg

(
Q(m, d)

)
= m

Thus, given an integrand f in (1.32), satisfying∣∣∣ ∂mf
(∂xi)m

∣∣∣ ≤M for i ∈ J1, dK (1.63)

for some constant M and m ∈ N, so that, in each variable f is Cm([0, 1]d) uniformly

with respect to the other variables, the burden of utilising all the underlying smooth-

ness of f falls on the cubature formula, which should ideally have the degree of precision

m ∈ N, with the fewest abscissae.

Therefore, by construction of Carathéodory Cubature formula QCAR(m, d), the best

results in terms of precision and cardinality of the resulting cubature formula are ob-

tained when Gauss-Legendre quadrature formulae, described in Section 1.1.3.1, are

utilised as the constituent sequence of univariate quadratures forming the input mea-

sure into the Recombination Algorithm Q(m, d).

By condition (1.63), there exists a constant K such that∣∣∣ ∫
[0,1]

f(x1, . . . , xd)dxi −Q[f, xi]
∣∣∣ ≤ K

(
bm

2
c+ 1

)−m
for i ∈ J1, dK

for all values of x1, x2, . . . , xi−1, xi+1, . . . , xd lying between 0 and 1, where Q[f, xi] for

1 ≤ i ≤ d are identical univariate Gauss-Legendre formulae of degree m ∈ N over
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[0, 1]. The above error estimate is the same as the one provided in (1.18) for cubature

product measure and the underlying univariate Gauss-Legendre formulae are given by

Q[f, xi] =

bm
2
c+1∑

i=1

λijf(xij) xij :=
1

2
x∗j +

1

2
, λij := λ∗j

where x∗j are the zeros of the
(
bm

2
c+ 1

)th
order Legendre polynomial Lbm

2
c+1(x), given

in Section 1.1.3.1 and λ∗j = 1/(1− x2
j)[L

′
bm

2
c+1(x∗j)]

2.

By setting A :=
∑bm

2
c+1

j=1 λ∗j = 1, similarly to the Cartesian product cubature Q(m, d),

we obtain the following error estimate for QCAR(m, d)∣∣RCAR(m, d)[f ]
∣∣ =

∣∣Id[f ]−QCAR(m, d)[f ]
∣∣

≤ (1 + A+ . . .+ Ad−1)K
(
bm

2
c+ 1

)−m
= Kd

(
bm

2
c+ 1

)−m

Moreover, as remarked earlier Bahvalov has demonstrated that this upper error bound

cannot be improved upon for the class of functions satisfying condition (1.63).

Thus, for a fixed smoothness m ∈ N of the underlying integrand, given by condi-

tion (1.63), the best error estimate on Carathéodory Cubature formula QCAR(m, d) is

given by

O
(
bm

2
c+ 1

)−m

We recall that whilst for a fixed smoothness m ∈ N of the underlying integrand f ,

the error for both QCAR(m, d) and Q(m, d) is of the same order of magnitude, the

cardinalities are given by

card
(
Q(m, d)

)
=
(
bm

2
c+ 1

)d
card

(
QCAR(m, d)

)
≤
(
m+ d

d

)
and therefore clearly, the number of function evaluations required increases respec-

tively exponentially and polynomially with dimension d.

The following table provides some idea as to the magnitude of card
(
QCAR(m, d)

)
and card

(
Q(m, d)

)
. We compare the number of cubature nodes in QCAR(m, d) and

Q(m, d) for a fixed dimension d = 5 for degrees of precision m = 1, . . . , 16.
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DEG card
(
Q(m, 5)

) (
m+d
d

)
card

(
QCAR(m, 5)

)
1 1 6 1

2 32 21 21

3 32 56 21

4 243 126 126

5 243 256 126

6 1024 462 461

7 1024 792 461

8 3125 1287 1286

9 3125 2002 1286

10 7776 3003 3002

11 7776 4368 3002

12 16807 6168 6168

13 16807 8568 6168

14 32768 11628 11627

15 32768 15504 11627

16 59049 20349 20349

Table 1.2: Cardinality of full tensor Gaussian Cubature and Carathéodory Gaussian

Cubature
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1.4 Primal, Dual Simplex Algorithms and Interior

Point Method

1.4.0.1 Primal Simplex Algorithm

In the forthcoming section, we will illustrate how to obtain a basic feasible solution to

(1.39), via a variety of Linear Programming methods: The Primal Simplex Algorithm,

The Dual Simplex Algorithm and the Primal-Dual Interior Point Method. We begin

by introducing the Primal Simplex Algorithm; we recall that (1.39) is given by

Ax = b

x ≥ 0

where A := [a1, . . . ,aN ] = [γdm(x1), · · · , γdm(xN)] ∈ RM×N , b ∈ RM
+ and we already

have a strictly feasible solution ω := [ω1, . . . , ωN ]T ∈ RN
+ , satisfying Aω = b, ω ≥ 0.

In section (1.3.1) we highlighted that since (1.39) admits a feasible solution ω, it

also admits a BFS (basic feasible solution) ω̂. Moreover, we recall that each BFS

corresponds to an extreme point of the feasible region and hence there exist poten-

tially up to
(
N
M

)
BFSs to (1.39). A commonly employed method to obtain one basic

feasible solution, is to introduce some artificial constraints into (1.39), thus yielding a

re-formulated system of equations and subsequently employ the Simplex Algorithm to

force these artificial variables to zero, see for example Chapter 4 of [50].

Assume that rank(A) = M , to be relaxed later and suppose that we add a non-

negative artificial vector xa ∈ RM
+ to the constraints in (1.39), thus resulting in the

following linear system

Ax+ xa = b

x ≥ 0, xa ≥ 0
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which we re-formulate in the standard form by setting

Dx̃ = b (1.64)

x̃ ≥ 0

where D = [A, I] ∈ RM×(N+M), x̃ = [x,xa] ∈ R(N+M)

By construction we have an immediate BFS to the newly formulated LP problem

(1.64) namely x̃ = [0, b], by setting x = 0 and xa = b.

However, in order to get back to our original problem, we must force the artificial

variables to zero, since Ax = b if and only if Ax + xa = Dx̃ = b with xa = 0. A

widely employed method to accomplish this, is to minimise the sum of the artificial

variables, which amounts to solving the following LP problem

Minimise cT x̃ (1.65)

subject to Dx̃ = b

x̃ ≥ 0

where c = [0, . . . , 0, 1, . . . , 1] and thus cT x̃ =
∑M

i=1(xa)i.

We can solve (1.65), starting with BFS x̃ = [0, b] and employing the Simplex Al-

gorithm, which will be described shortly. At optimality of (1.65), we will have xa = 0

and hence we have computed x a BFS to (1.39).

We note that if the original problem (1.39) has a feasible solution, then the opti-

mal value of (1.65) is zero. Thus, as we already have a feasible solution ω to the

original problem; we are certain to achieve optimality in (1.65).

We are now in a position to apply the Simplex Algorithm to (1.65) and thus find

a basic feasible solution to (1.39). The Simplex Algorithm we are about to describe,

is the widely employed, two-phase Simplex Algorithm, see [49], [50], in which phase
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(I) consists of finding an initial basic feasible solution and phase (II) consists of se-

quentially moving from the current basic feasible solution to an adjacent basic feasible

solution with an improving direction, until we have found the optimal solution.

Since an initial BFS to (1.65) is given by x̃(0) = [0, b], we readily proceed to phase

(II) of the Simplex Algorithm. To proceed, we need introduce the notions of adjacent

BFSs, feasible directions and improving directions of the feasible region

X :=
{
x ∈ R(N+M) : Dx = b, x ≥ 0

}
associated with LP problem (1.65).

Geometrically, two extreme points of the feasible region X are called adjacent if the

line segment joining them is an edge of X . Or equivalently, in algebraic terms two

basic feasible solutions x̃(`) and x̃(`+1) are called adjacent if their bases B(`) and B(`+1)

differ by exactly one element.

Now, we introduce the notion of a feasible direction. A non-zero vector d is a feasible

direction at x ∈ X , if there is some λ̂ > 0 such that x+λd is feasible for all 0 < λ ≤ λ̂.

Additionally, it is possible that along a feasible direction d, x + λd is feasible for all

λ > 0.

Thus d, d 6= 0 is a feasible direction at x ∈ X if and only if

D(x+ λd) = b

x+ λd ≥ 0

for each 0 < λ ≤ λ̂. We note that for d to be a feasible direction, we must to have

Dd = 0.

The fundamental question of phase (II) of the Simplex Algorithm, is, given a cur-

rent BFS: x̃(`), how do we find a feasible direction d that improves the value of our

objective function f(x̃) = cT x̃. To answer this, we introduce the notion of an improv-

ing direction d.

A vector d, d 6= 0 is an improving direction at the current BFS: x̃(`), if there ex-

ists a λ̂ > 0, such that the objective function value of

x̃(`+1) := x̃(`) + λd
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is better than that of x̃(`) for all 0 < λ ≤ λ̂.

Given that problem (1.65) is a minimisation problem, we have that the objective

function value at x̃(`+1) is better than the objective function value at x̃(`), if

f(x̃(`+1)) < f(x̃(`))

Thus a vector d is an improving direction at x̃(`), if it satisfies

∇f(x̃(`))
T
d = cTd < 0

where ∇f(x̃(`)) denotes the gradient of f at x̃(`).

Let us assume that we are currently at a BFS to (1.65): x̃(`) with basis B(`) =

{x̃(`)
1 , . . . , x̃

(`)
M }. We know that x̃(`) = [x̃

(`)
B , x̃

(`)
N ]T , where x̃

(`)
B = [x̃

(`)
1 , . . . , x̃

(`)
M ] ∈ RM

+ is

a vector of basic variables and x̃
(`)
N = [x̃

(`)
M+1, . . . , x̃

(`)
M+N ] ∈ RN

+ , is a vector of non-basic

variables, satisfying

x̃
(`)
B = B−1b

x̃
(`)
N = 0

where B = [dj1 , . . . ,djM ] with rank(B) = M , djk is a column of D.

And further assume that we wish to move to an adjacent BFS: x̃(`+1) with basis

B(`+1). Then, since B(`) and B(`+1) differ by exactly one element, there is one non-

basic variable of x̃(`), that is in B(`+1).

Assume that the non-basic variable x̃
(`)
k ∈ x̃(`)

N is to become basic, then the feasi-

ble direction d, must have dk > 0, since we are increasing the value of x̃
(`)
k from zero.

Without loss of generality, we may assume that dk = 1 and since all other non-basic

variables x̃
(`)
j ∈ x̃(`)

N , j 6= k remain non-basic, we have dj = 0. We compute the

remaining components di, corresponding to the basic variables x̃
(`)
i ∈ x̃

(`)
B by solving

Dd = 0. Thus, we have the following definition.
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Definition 1.4.1. A feasible simplex direction dk corresponding to the non-basic vari-

able x̃
(`)
k of a BFS: x̃(`), is a vector, where

1) dkj = 0, for j ∈ IN , j 6= k and dkk = 1

2) dki , for i ∈ IB, is determined by solving Dd = 0

where IN is the set of indices of non-basic variables of x̃(`) and IB is the set of indices

of basic variables of x̃(`).

By utilising definition (1.4.1), we can now compute all possible feasible directions

dk, k ∈ IN to move us to an adjacent BFS.

Subsequently, we will need to determine whether any of these directions are improving.

To accomplish this for each feasible simplex direction dk, we compute the associated

reduced cost, as defined in the following.

Definition 1.4.2. The reduced cost c̄k associated with the non-basic variable x̃
(`)
k of a

BFS x̃(`) is given by

c̄k = cTdk

where dk is the simplex direction associated with variable x̃
(`)
k .

Now, we know that the feasible simplex direction dk is an improving direction for a

minimisation problem if c̄k < 0. Whilst, no negative reduced cost c̄k has been proven to

be a better choice than another negative reduced cost c̄j, theoretically, computational

experiments suggest that the one with the largest (negative) reduced cost should be

selected, this rule known as Dantzig rule. In the event that there are no improving

simplex directions, we have obtained the optimal solution.

If the optimal solution has not yet been found, then we proceed to choose an im-

proving direction d. We note that we cannot have d ≥ 0, since it would imply that

x̃(`) + λd ≥ 0 is feasible for all λ ≥ 0. As a consequence, the optimisation problem

(1.65) would be unbounded, as noted in Chapter 4 [51]. Since, we know that the LP

problem (1.65) achieves an optimal solution, it cannot be unbounded.
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Thus, we proceed to determine the maximum step size or how far we move in our

chosen improving simplex direction d. Since there exists j ∈ {1, . . . ,M +N} : dj < 0,

we can define

λmax = min
{ x̃(`)

j

−dj
: dj < 0

}
Then, for all i ∈ {1, . . . ,M +N}, we have

x̃
(`)
i + λdi ≥ 0 for all 0 < λ ≤ λmax (1.66)

If di > 0 (1.66) holds for all λ > 0. Whilst, if di < 0, then

x̃
(`)
i + λdi ≥ x̃

(`)
i + λmaxdi ≥ 0

holds by definition of λmax. Thus, we produce an updated BFS

x̃(`+1) := x̃(`) + λmaxd

and conclude one iteration through phase (II) of the Simplex Algorithm.

Subsequently, we return to construct all possible feasible simplex directions for x̃(`+1)

and iterate the aforementioned process, until an optimal solution is found. To sum-

marise we present the two-phase Simplex Algorithm.
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Algorithm 2: Simplex Algorithm

Phase (I):

Step (0) Initialisation: Identify an initial BFS: x̃(0) and set ` = 0

Phase (II):

Step (1) Construct Simplex Directions: dk and Reduced Costs: c̄k,

for each k ∈ IN , where IN is the set of indices corresponding to non-basic

variables of x̃(`).

Step (2) Optimality Check: If no Simplex Direction is improving, stop. The

current solution β̃
(`)

is optimal. Else, choose an improving simplex direction d.

Step (3) If d ≥ 0, stop. LP problem is unbounded. Else, compute maximum

step size:

λmax = min
{ x̃(`)

j

−dj
: dj < 0

}
Step (4) Compute new BFS

x̃(t+1) = x̃(t) + λmaxd

set ` = `+ 1 and return to step (1)

We shall now provide some theoretical considerations as to the performance of the

Simplex Algorithm. The performance of the Simplex Algorithm can be broadly di-

vided into two types: worst case analysis and average case analysis. A worst case

analysis looks at all problems of a given size and asks how much effort is needed to

solve the hardest of these. Whilst, the average case analysis looks at the effort required

averaging over all problems of a given size.

The Simplex Algorithm operates by finding a basic feasible solution or extreme point

of the feasible region and then by successively moving to an improved basic feasible

solution until the optimal point is reached or unboundedness of the objective func-

tion is verified. Hence an upper bound on the number of iterations is the number of
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extreme points in the feasible region in (1.39), that is
(
N
M

)
. Klee-Minty provided an

example of an LP problem in n variables with n constraints, whose feasible region is

an n-dimensional hypercube with 2n vertices. For this problem, the Simplex algorithm

starts at one of these vertices and visits every vertex before finding the optimal solu-

tion, requiring 2n− 1 iterations, see [[49], Chapter 4]. In fact, it still an open question

as to whether there are pivot rules for the Simplex algorithm, for which one can prove,

that no problem instance exists which requires an exponential number of iterations, as

a function M and L. In practice, however, the Simplex method takes on average O(L)

iterations to find an optimal solution.

The cost of each step of the Simplex Method to move from one basic feasible so-

lution to the next is generally assumed to be of order O(M3 + NM), dominated by

the computation of x̃B = B−1b of order O(M3). A version of the Simplex algorithm

called the revised Simplex algorithm takes less time since its does not recompute the

basis matrix B−1 from scratch every time, but it uses the fact that the basis matri-

ces B differ by only one column from one iteration to the next and hence costs only

O(M2 + NM). We note that there is no universal consensus in the LP literature as

to the precise complexity of the Simplex algorithm, but rather worst and average case

analysis estimates exist for a multitude of the various implementations. From the av-

erage runtime complexities just mentioned, we can derive an upper and lower bound

on the cost of the Simplex method, depending on whether the ordinary or the revised

Simplex Method is implemented

O(NM2 +N2M) ≤ CSIMPL

(
M,N

)
≤ O(NM3 +N2M)
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Throughout this section we have implicitly assumed that rank(A) = M in the LP

problem (1.65). Now we consider the scenario in which rank(A) = M
′
< M , this

frequently occurs in the context of computations of Carathéodory cubature formulae.

Example 1.4.3. Suppose that A ∈ R3×4 and b ∈ R3
+ in (1.65) are given by

A =


1 1 1 1

0 2 0 2

1 1 1 1

 , b =


1

0.5

1


then clearly, rank(A) = 2 < 3 and the defining D as in (1.64), we obtain

D = [d1, d2, d3, d4, d5, d6, d7] =


1 1 1 1 1 0 0

0 2 0 2 0 1 0

1 1 1 1 0 0 1


Let us consider the basic feasible solution with basis B1 = {d1, d2, d5}

x̃1
B =


x̃1

1

x̃1
2

x̃1
3

 =


1 1 1

0 2 0

1 1 0


−1 

1

0.5

1

 =


0.75

0.25

0

 , x̃1
N = x̃1

4 = 0

We note that the basic feasible solution x̃1 = [ x̃1
B, x̃

1
N ]T is degenerate since the

variable x̃1
4 = 0. Now, we consider the basic feasible solution associated with basis

B2 = {d1, d2, d7}

x̃2
B =


x̃2

1

x̃2
2

x̃2
3

 =


1 1 0

0 2 0

1 1 1


−1 

1

0.5

1

 =


0.75

0.25

0

 , x̃2
N = x̃2

4 = 0

We note that both bases B1 and B2 represent the single extreme point or basic fea-

sible solution x̃ = [0.75, 0.25, 0, 0] and this basic feasible solution is degenerate.
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From example (1.4.3) we note that a rank-deficient matrix A may lead to a de-

generate basic feasible solution, we note that degeneracy of the basic feasible solution

is not always the result of rank-deficiency of the underlying matrix, see for example

Chapter 2 [50]. The following theorem gives another interpretation of degenerate basic

feasible solutions.

Theorem 1.4.4. [Theorem 3.4 [50]] For every extreme (basic feasible solution) there

exists a corresponding basis, not necessarily unique and conversely, for every basis

there exists a corresponding unique extreme point. Moreover, if an extreme point has

more than one basis representing it, then it is degenerate.

Degeneracy of a basic feasible solution causes computational difficulties in the

Simplex algorithm. In the absence of degeneracy, phase (II) of the Simplex Algorithm

moves from one basic feasible solution to another with an improved objective function

value, then the algorithm either stops after a finite number of steps at an optimal

solution or indicates that the linear program is unbounded. However, in the presence

of degeneracy it is possible for a simplex direction in phase (II) to yield a step of length

zero, which occurs as a result of the Simplex Algorithm “cycling” over a set of bases

that all represent the same extreme point. Moreover, in some extreme examples the

Simplex Algorihtm, e.g, see [82] the Simplex Algorithm fails to terminate as a result of

“cycling” . It is however possible to prevent this “cycling” behaviour by augmenting

the Simplex Algorithm and utilising Bland’s rule in steps 1) and 3) of the Simplex

Algorithm see Chapter 8 [51].
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1.4.0.2 Dual Simplex Algorithm

Associated with every linear program is another linear program called its dual. The

dual of the dual linear program is the original linear program, which is referred to as

the primal linear program.

We recall that we are interested in solving the linear program (1.65), whose primal

representation is given by

Minimise cT x̃

subject to Dx̃ = b

x̃ ≥ 0

where D = [A, I] ∈ RM×(M+N), x̃ = [x,xa] ∈ R(M+N), c = [0, . . . , 0, 1, . . . , 1]. The

corresponding dual of (1.65) is given by

Maximise bTy (1.67)

subject to DTy ≥ c

y ∈ RM unrestricted

The dual is obtained from the primal, by following a sequence of rules transforming

the minimisation problem into a maximisation, writing the right-hand side coefficients

of the primal as the coefficients of the objective function of the dual, etc. For explicit

rules of construction of the dual of any linear program see Chapter 9 [51].

The following theorem illustrates that as the Simplex Algorithm solves the primal

problem, it also implicitly solves the dual problem, moreover it does so in such a way

that the objective functions at optimal solution coincide.

Theorem 1.4.5. [Theorem 5.2 [49]] Strong Duality Theorem

If the primal problem with objective function cT x̃ has an optimal solution x̃∗, then the

corresponding dual problem with objective function bTy also has an optimal solution

y∗, such that

cT x̃∗ = bTy∗
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We observe that (1.67) is not in standard form, that is it has inequality constraints.

To transform (1.67) into standard form we need to add a slack vector s, thus obtaining

Maximise bTy (1.68)

subject to DTy − s = c

s ≥ 0, y unrestricted

where y ∈ RM and s ∈ R(M+N).

When introducing slack variables to transform the linear problem into standard form,

in either the primal or the dual linear problems we have the following theorem.

Theorem 1.4.6. [Theorem 5.2 [49]] Complementary Slackness Theorem

Suppose that x̃∗ = [x̃∗1, . . . , x̃
∗
n] is a feasible solution for the primal linear program

and that y∗ = [y∗1, . . . , y
∗
m] is feasible for the corresponding dual linear program. Let

r∗ = [r∗1, . . . , r
∗
m] denote the corresponding primal slack vector and let s∗ = [s∗1, . . . , s

∗
n]

denote the corresponding dual slack vector. Then x̃∗ and y∗ are optimal for their

respective problems if and only if

x̃∗js
∗
j = 0 for j ∈ {1, . . . , n}

y∗i r
∗
i = 0 for i ∈ {1, . . . ,m}

Similarly to the Primal Simplex Algorithm, we can formulate the Dual Simplex

Algorithm which solves the primal linear program by implicitly solving its dual prob-

lem. This algorithm can also be formulated as a two-phase algorithm, where phase (I)

consists of finding a dual basic feasible solution, which by complementary slackness,

corresponds to a primal basic solution and phase (II) consists of moving from one

basic feasible solution of the dual problem to an improved basic feasible solution until

optimality of the dual, and thereby also the primal is reached. For explicit formulation

of the Dual Simplex Algorithm see Chapter 11 [51].

The Dual Simplex Method is very important computationally, as it is typically faster

than the Primal Simplex Method and has lower memory requirements in most opti-

misation software packages.
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1.4.0.3 Primal-Dual Interior Point Method

Both Primal and Dual Simplex Algorithms rely on moving from one basic feasible

solution to another along the edge of the feasible region. In the process, we always

satisfy either primal or dual feasibility and complementary slackness and only satisfy

all three conditions once the optimal solution has been found. The Primal-Dual Inte-

rior point method does neither of the above, in the sense that it moves through the

interior of the feasible region and it does not always satisfy two of the aforementioned

three conditions required for optimality. For a detailed discussion on the Primal-Dual

Interior Point Method see Chapter 11.5 in [51].

Let us assume that, as before, the primal linear program is given by (1.65) and its dual

is given by (1.68). By theorem (1.4.6) we know that x̃∗ is an optimal primal solution

and (y∗, s∗) is an optimal dual solution if and only if these solutions satisfy

Dx̃ = b, x̃ ≥ 0

DTy − s = c, s ≥ 0

x̃jsj = 0 for j ∈ {1, . . . ,M +N}

Assume that we have a strictly feasible solution x̃ > 0 to the primal problem; that is

a feasible solution that is strictly greater than 0 and a feasible solution (y, s) to the

dual problem with s > 0, thus satisfying

Dx̃ = b

DTy − s = c

However, as these solutions are strictly feasible, complementary slackness condition

does not hold. Thus we may restrict the solutions x̃ and s to satisfy

x̃jsj = µ > 0 for j ∈ {1, . . . ,M +N}
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therefore we may interpret the solutions x̃(µ), s(µ), y(µ) as functions of µ and hence

write

Dx̃(µ) = b (1.69)

DTy(µ)− s(µ) = c (1.70)

B̃Se = µe (1.71)

where B̃ = diag(x̃1, . . . , x̃M+N), S = diag(s1, . . . , sM+N) and e = [1, . . . , 1], where

(1.71) expresses the approximate the complementary slackness in matrix form. As

µ → 0 any limiting solution to the aforementioned system of equations yields an op-

timal solution to the primal-dual pair.

However, finding feasible solutions to both the primal and the dual problems, that

additionally satisfy (1.71) is difficult. Hence, we endeavour to approximate the solu-

tion to (1.71) . Supposing that for some µ > 0, we have a solution
(
x̃(µ), s(µ), y(µ)

)
to (1.69) and (1.70), but the equation (1.71) is not necessarily satisfied, however we do

have x̃(µ) > 0 and s(µ) > 0. Consequently, we may endeavour to construct directions

(dx̃, dy, ds), such that x̃(µ) + dx̃ satisfies (1.69),
(
y(µ) + dy, s(µ) + ds

)
satisfies

(1.70) and
(
x̃(µ) + dx̃, s(µ) + ds

)
approximately satisfies (1.71).

Similarly to the construction of feasible directions for the Primal Simplex Method,

in order for x̃(µ) + dx̃ to satisfy (1.69) and
(
y(µ) + dy, s(µ) + ds

)
to satisfy (1.70)

we require that

Ddx̃ = 0

DTdy − ds = 0

Considering the equation for the approximate complementary slackness, we obtain

(x̃j + dx̃j )(sj + dsj ) = µ

which can be approximated by solving

x̃jd
s
j + sjd

x̃
j = µ− x̃jsj (1.72)
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Expressing (1.72) in matrix form, we obtain

B̃ds + Sdx̃ = µe− B̃Se

Therefore, for a fixed value of µ we can produce a new solution
(
x̃(µ) + dx̃, s(µ) +

ds, y(µ) + dy
)

, that solves (1.69) and (1.70) while better approximating (1.71), by

solving

Ddx̃ = 0

DTdy − ds = 0

B̃ds + Sdx̃ = µe− B̃Se

yielding

dy =
(
DS−1B̃DT

)−1
DS−1v(µ)

ds = DTdy

dx̃ = S−1
(
v(µ)− B̃ds

)
where v(µ) = µe−B̃Se. We proceed to the next iteration by decreasing the value of µ

until we have computed a predetermined number of steps or until the components x̃jsj

are close enough to zero. This approach constitutes the Primal-Dual Interior Point

Method, for a full implementation of this method see Chapter 11 [51].

The Interior Point Method is also very important computationally, as opposed to

the Primal and Dual Simplex Methods, it is often parallellized in optimisation soft-

ware packages. Moreover, most software packages utilise the Interior Point Method as

the default method for LP Problems, as it is usually faster than the Primal and Dual

methods for large-scale problems. However, it has several major drawbacks: each it-

eration requires the solution of multiple systems of equations and rounding errors can

become an issue; the algorithm starts with a strictly feasible solution to both the pri-

mal and the dual problem, which are not always easy to identify. Moreover, because

µ > 0, we do not typically end up at a basic feasible solution. However there are

methods to generate a basic feasible solution from the optimal solution of the interior

point method.
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Chapter 2

Generalised Cubature Measures

Our construction of Carathéodory cubature measures can be generalised from Borel

measures on Euclidean spaces to Radon measures on locally compact Hausdorff spaces.

Moreover, the familiar notion of a cubature measure as given in definition (1.2.3), as

a measure integrating exactly all elements of the basis of Πd
m, B(Πd

m) := {γ1, . . . , γM},
can also be generalised. We can consider integrating any finite set of test functions

Ψ = {ψ1, . . . , ψM} of which B(Πd
m) = {γ1, . . . , γM} is special case. These extensions of

the notions introduced in Chapter 1 to a more general measure-theoretic framework

are the scope of the following chapter.

The following proposition illustrates that a finite Borel measure on a metric space

is uniquely determined by its values on closed sets, as well as open sets. In partic-

ular, the d-dimensional Lebesgue measure, for which we derived the construction of

Carathéodory cubature measures in Chapter 1, was implicitly taken to have support

on some compact subset of Rd. Thus, the underlying Lebesgue measure was uniquely

determined on the metric space Rd with standard Euclidean metric.

Proposition 2.0.7. [Proposition 1.1.1 [76]] A finite Borel measure µ on a metric

space X has the following properties:

1) For any Borel set B ⊆ X and any ε > 0 there exists an open set G and a closed set

F with F ⊆ B ⊆ G such that

µ(F\G) ≤ ε

2)For any Borel set B ⊆ X

µ(B) = sup{ µ(F ) | F closed ⊆ B} = inf{ µ(G) | G open ⊇ B}
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We recall the definition of a Hausdorff space.

Definition 2.0.8. Let (X,T ) be a topological space. We say that (X,T ) is a Hausdorff

space if

∀x, y ∈ X, x 6= y : ∃Nx, Ny ∈ T : x ∈ Nx, y ∈ Ny : Nx ∩Ny = ∅

Further, we recall that Borel measures on a Hausdorff space (X,T ), are measures de-

fined on B(X), the Borel σ-algebra B(X) generated by T .

As noted in remark(1.12) in [76], a Borel measure on a general Hausdorff space is

also uniquely determined by its values on closed and open sets. However, (1) and (2)

of proposition 2.0.7 need not hold. In order to have a good integration theory against a

measure on a general Hausdorff space, we need to be able to approximate the measure

of a set by measures of other sets within it. This and other considerations, lead us

to consider Borel measures on Hausdorff spaces, that are finite on compact sets and

inner regular, that is Radon measures, as defined in the following.

Definition 2.0.9. A Borel measure µ on a Hausdorff space X is called a Radon

measure if

1) µ(K) <∞ for every compact set K ⊆ X

2) µ(B) = sup{ µ(K) | K compact ⊆ B } ∀B ∈ B(X)

When restricted to a locally compact Hausdorff space X, that is a Hausdorff space

with the property that every point has a compact neighbourhood, Radon measures

correspond to bounded linear functionals on the space of continuous, compactly sup-

ported functions on X, by Riesz Representation Theorem. As noted, in p.12 in [76], a

Radon measure on locally compact Hausdorff space X is uniquely determined by its

values on the family of compact subsets of X.

In the following, locally compact spaces will be assumed to be Hausdorff. Given a

locally compact space X, let M+(X) denote the set of positive Radon measures on X.

Let X be a locally compact space and µ ∈ M+(X). Among the open µ-null sets

G ⊆ X there exists a biggest. If (Gi)i∈I is the system of all open µ-null sets, then

G = ∪i∈IGi is an open µ-null set, therefore the biggest. To see that µ(G) = 0, it is
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enough to show that µ(K) = 0, for an arbitrary compact K ⊆ G. By compactness of

K, there exists a finite collection I0 ⊆ I, such that K ⊆ ∪i∈I0Gi and hence

µ(K) ≤
∑
i∈I0

µ(Gi) = 0

Definition 2.0.10. [Definition 1.3.1 [76]]

The support of µ, denoted by supp(µ), is the complement of the biggest open µ-null

set.

Proposition 2.0.11. [Proposition 1.3.2 [76]] Let µ ∈M+(X).Then supp(µ) is a closed

set. For x ∈ X we have x ∈ supp(µ) ⇔ µ(Nx) > 0 for every open neighbourhood Nx

of x.

We recall that a measure µ on RN is said to have an absolute moment of order n =

(n1, . . . , nN) ∈ NN
0 if∫

RN
|x|ndµ(x) =

∫
RN
|x1|n1 . . . |xN |nNdµ(x) <∞

Let M∗
N denote the set of positive Radon measures on RN with absolute moments of

any order. That is, to say

M∗
N =

{
µ ∈M+(RN) |

∫
|x|ndµ(x) <∞ ∀n ∈ NN

0

}
Then, we have the following

Theorem 2.0.12. [Theorem 2.1.7 [76]]

Every µ ∈M+(RN) with compact support belongs to M∗
N .

Proof. Immediate from definition of a Radon measure

Given a compact set K ⊂ RN , letM∗
N(K) denote the set of positive Radon measures

on RN , supported on K ⊂ RN

M∗
N(K) =

{
µ ∈M+(RN) | supp(µ) ⊆ K

}
In the following, we consider the extension of the notion of cubature measure to a

measure integrating exactly any finite set of test functions {ψ1, . . . , ψN}.
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Lemma 2.0.13. Let X be a locally compact space and µ ∈M+(X) with supp(µ) ⊆ D,

D ∈ B(X) compact. Let Ψ = (ψ1, . . . , ψN) : D → RN be a continuous map, then the

push-forward measure of µ through Ψ is Ψ∗µ ∈ M+(RN) with supp(Ψ∗µ) ⊆ Ψ(D),

Ψ(D) ∈ B(RN) compact.

Proof. Let C(D) denote the space of continuous real-valued functions on the compact

set D. By Riesz Representation Theorem, see Theorem 1.2.2 in [76], a positive Radon

measure µ, concentrated on D, is identified with a unique positive bounded linear

functional in C(D)∗

µ 7→ Lµ(f) =

∫
D

fdµ for f ∈ C(D)

where positivity of Lµ means that if f ≥ 0, then Lµ(f) ≥ 0.

Ψ(D) ⊆ RN is compact, since it is a continuous image of a compact set. Hence we can

define two linear maps

Ψ∗ : C(Ψ(D))→ C(D) given by f 7→ Ψ∗f = f ◦Ψ

Ψ∗ : M+(X)→M+(RN) given by µ 7→ Ψ∗µ := ν

Noting that we can define Ψ∗ , since Ψ is a continuous map between two topological

Hausdorff spaces and hence is Borel measurable. Then

Lν(f) =

∫
Ψ(D)

fdν =

∫
Ψ(D)

fd(Ψ∗µ) =

∫
D

Ψ∗fdµ = Lµ(Ψ∗f) for f ∈ C(Ψ(D))

and Lν(f) ≥ 0, whenever f ≥ 0. Hence, by Riesz Representation Theorem there exists

a unique measure ν = Ψ∗µ ∈M+(RN), concentrated on Ψ(D).

Definition 2.0.14. Let X be a locally compact space, µ ∈M+(X) with supp(µ) ⊆ D,

D ∈ B(X). Let Ψ = (ψ1, . . . , ψN) : D → RN be a continuous map. Then we call

νµΨ ∈M+(X) a Ψ-generalised cubature measure for µ if

1) Ψ is µ-integrable

2)
∫
X
ψj(x)dµ(x) =

∫
X
ψj(x)dνµΨ(x) ∀j ∈ J1, NK

3) supp(νµΨ) ⊆ supp(µ)

Lemma 2.0.15. Let X be a locally compact space, µ ∈ M+(X) with supp(µ) ⊆ D,

D ∈ B(X). Let Ψ = (ψ1, . . . , ψN) : D → RN and Φ = (φ1, . . . , φN) : D → RN
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be two continuous maps. If νµΨ ∈ M+(X) is a Ψ-generalised cubature measure for µ

and span{ψ1, . . . , ψN} = span{φ1, . . . , φN}, then there exists a Φ-generalised cubature

measure for µ, νµΦ ∈M+(X).

Proof. If span{ψ1, . . . , ψN} = span{φ1, . . . , φN}, then for each x ∈ D, each j ∈ J1, NK,
∃αj1, . . . , α

j
N ∈ R : φj(x) =

∑N
i=1 αi

jψi(x). If νµΨ is a Ψ-generalised cubature measure

for µ, clearly, Φ is µ-integrable, since is Ψ is. Then, we have∫
X

φj(x)dµ(x) =
N∑
i=1

αi
j

∫
X

ψj(x)dν(x) =
N∑
i=1

αi
j

∫
X

ψj(x)dνµΨ(x) =

∫
X

φj(x)dνµΨ(x)

and since supp(νµΨ) ⊆ supp(µ) we can choose νµΦ = νµΨ.

Definition 2.0.16. Let X be a locally compact space, µ ∈M+(X) with supp(µ) ⊆ D,

D ∈ B(X). Let Ψ = (ψ1, . . . , ψN) : D → RN be a continuous map. Then we call

ν̂µΨ ∈M+(X) a Ψ-generalised Carathéodory cubature measure for µ if

1) ν̂µΨ is a Ψ-generalised cubature measure for µ

2) card
(
supp(ν̂µΨ)

)
≤ N + 1

In order to show the existence of a Ψ-generalised Carathéodory cubature measure

for µ ∈M+(X) with supp(µ) ⊆ D, D ∈ B(X), D compact, we will need a preliminary

result.

In the following, we denote the ring of real-valued d-variate polynomials of degree

≤ m ∈ N, by Πd
m = Rm[X1, . . . , Xd].

Theorem 2.0.17. ([84] Theorem 1) Let µ be a positive, finite Borel measure on Rd,

with supp(µ) = K, K ∈ B(Rd) compact and m ∈ N. Then there exists an atomic

measure µ̂ on Rd, µ̂ =
∑M

′

i=1 ωiδxi with ωi ∈ R+, xi ∈ K, M
′ ≤ M = dim(Πd

m) such

that

Eµ[P ] =

∫
Rd
P (x)dµ(x) =

M∑
i=1

ωiP (xi) = Eµ̂[P ]

∀P ∈ Πd
m = Rm[X1, . . . , Xd]
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The preceding theorem is an extension to Tchakaloff’s Theorem to arbitrary pos-

itive Borel measures on Rd. In [16], Tchakaloff proved the existence of an atomic

measure µ̂, given a positive, Borel, compactly supported measure µ, that is absolutely

continuous with respect to the d-dimensional Lebesgue measure.

Corollary 2.0.18. Let µ ∈ M+(X) with supp(µ) ⊆ D, D ∈ B(X) compact. Given a

continuous, µ-integrable map Ψ = (ψ1, . . . , ψN) : D → RN , there exists a Ψ-generalised

Carathéodory cubature measure ν̂µΨ for µ

Proof. Let us define two linear maps

Ψ∗ : C(Ψ(D))→ C(D) given by f 7→ Ψ∗f = f ◦Ψ

Ψ∗ : M+(X)→M+(RN) given by µ 7→ Ψ∗µ := ν

Then, by lemma 2.0.13, ν is a positive Radon measure on RN , concentrated on the

compact set Ψ(D). And, in particular ν ∈M∗
N(Ψ(D)), hence∫

RN
‖z‖dν(z) =

∫
X

‖Ψ(x)‖dµ(x) <∞

By Theorem 2.0.17, there exists an atomic measure ν̂ on RN , ν̂ =
∑R

i=1wiδzi with

ωi ∈ R+, zi ∈ Ψ(D), R ≤ dim(Π1
N) = N + 1 such that∫

RN
P (z)dν(z) =

R∑
i=1

ωiP (zi)

∀P ∈ Π1
N = R[Z1, . . . , ZN ]

Since∫
RN
P (z)dν(z) =

∫
RN
P (z)d(Ψ∗µ)(z) =

∫
X

Ψ∗P (x)dµ(x) =
R∑
i=1

ωiP (Ψ(xi))

we have Ψ(xi) = zi and thus we obtain an atomic measure ν̂µΨ on X, ν̂µΨ =
∑R

i=1 wiδxi
with ωi ∈ R+, xi ∈ D. In particular, choosing Pj(ψ1(x), . . . , ψN(x)) = ψj(x), we get∫

X

ψj(x)dµ(x) =
R∑
i=1

ωiψj(xi) :=

∫
X

ψj(x)dν̂µΨ(x) ∀j ∈ J1, NK

Clearly ν̂µΨ ∈M+(X) with supp(ν̂µΨ) ⊂ supp(µ) and card
(
supp(ν̂µΨ)

)
= R ≤ N + 1
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In order to prove the existence of a Ψ-generalised Carathéodory cubature measure for

a positive Radon measure µ, supported on an arbitrary Borel set B ⊆ X, we need a

preliminary result.

Theorem 2.0.19. ([2] Theorem 1, Corollary 2) Let µ be a positive Borel measure on

Rd, with supp(µ) ⊆ B, B ∈ B(Rd), admitting the first absolute moment∫
Rd
‖x‖dµ(x) <∞

Then, the first moment of µ is contained in cone(B), that is
∫
Rd xdµ(x) ⊆ cone(B).

And there exists an atomic measure measure µ̂ on Rd, µ̂ =
∑R

i=1 ωiδxi with ωi ∈
R+, xi ∈ B, R ≤ dim(Πd

1) such that

Eµ[P ] =

∫
Rd
P (x)dµ(x) =

R∑
i=1

ωiP (xi) = Eµ̂[P ]

∀P ∈ Πd
1 = R[X1, . . . , Xd]

Corollary 2.0.20. Let µ ∈ M+(X) with supp(µ) ⊆ D, D ∈ B(X). Given a contin-

uous, µ-integrable map Ψ = (ψ1, . . . , ψN) : D → RN . Assume that (Ψ∗µ) admits the

first absolute moment ∫
RN
‖x‖d(Ψ∗µ)(x) <∞

Then, there exists a Ψ-generalised Carathéodory cubature measure ν̂µΨ for µ

Proof. Set ν := Ψ∗µ, then ν is a positive Radon measure on RN , supp(ν) ⊆ Ψ(D),

Ψ(D) ∈ B(RN). By Theorem 2.0.19 there exists an atomic measure ν̂ on RN , ν̂ =∑R
i=1wiδzi with ωi ∈ R+, zi ∈ Ψ(D), R ≤ dim(Π1

N) = N + 1 such that

∫
RN
P (z)dν(z) =

R∑
i=1

ωiP (zi)

∀P ∈ Π1
N = R[Z1, . . . , ZN ]

We proceed similarly to the proof of Corollary 2.0.18, to obtain an atomic measure

ν̂µΨ ∈M+(X), which is the Ψ-generalised cubature measure for µ.
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Definition 2.0.21. Let d,m ∈ N be given and let B(Πd
m) =

{
γ1, . . . , γM

}
denote some

fixed basis for Πd
m, with γ1(x) = 1. Let

(
Γdm[R], ≤grlex

)
denote the ordered collection

of monomials of degree ≤ m on Rd, that is Γdm[R] =
{
γj(x)

}
|j|≤m where the ordering

in Γdm[R] is given by the graded lexicographical order, which is a total order defined by

γi(x) <grlex γk(x)⇔
(
deg(γi(x)) < deg(γk(x))

)
∨
(
deg(γi(x)) = deg(γk(x)) ∧ i <lex k

)
for γi, γk ∈ Γdm[R]

Then, P ∈ Πd
m are identified with linear maps on Γdm[R], P (x) =

∑∣∣Γdm[R]

∣∣
|k|=0 αkγk(x).

Equipped with notion of an ordered set of monomials in Rd, we can define the (m, d)-

monomial form of a general point x ∈ Rd.

Definition 2.0.22. Let d,m ∈ N be given. Let M =
∣∣Γdm[R]

∣∣ and define the

(m, d)-monomial mapping γdm : Rd → RM by

γdm(x) =
[
γ1(x), γ2(x), . . . , γM(x)

]T
γk ∈ Γdm[R]

where γ1(x) ≡ 1, ∀x ∈ Rd, and the enumeration of γk is taken according to ≤grlex.

We refer to γdm(x) as the (m, d)-monomial form of x ∈ Rd.

Definition 2.0.23. Let µ ∈M+(Rd) with supp(µ) ⊆ B, B ∈ B(Rd). Then we call the

push-forward measure of µ through γdm, γdm∗µ the (m, d)-monomial form of µ.

Definition 2.0.24. Let d,m ∈ N be given and µ ∈ M+(Rd) with supp(µ) ⊆ D,

D ∈ B(Rd). Let M =
∣∣Γdm[R]

∣∣ and let γdm : D → RM denote the (m, d)-monomial

mapping. Then we call νµm ∈M+(Rd), the cubature measure of degree m for µ if

1) γdm is µ-integrable

2)
∫
Rd γj(x)dµ(x) =

∫
Rd γj(x)dνµm(x) ∀j ∈ J1,MK

3) supp(νµm) ⊆ supp(µ)
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Definition 2.0.25. Let d,m ∈ N be given and µ ∈ M+(Rd) with supp(µ) ⊆ D,

D ∈ B(Rd), and let M =
∣∣Γdm[R]

∣∣. Then we call ν̂µm ∈M+(Rd), Carathéodory cubature

measure of degree m for µ if

1) ν̂µm is a cubature measure of degree m for µ

2)card(supp(ν̂µm)) ≤M + 1

Corollary 2.0.26.

Let d,m ∈ N be given and µ ∈M+(Rd) with supp(µ) ⊆ D, D ∈ B(Rd). Let γdm : D →
RM denote the (m, d)-monomial mapping, then

1) If D is compact, there exists Carathéodory cubature measure of degree m for µ

2) If D is an arbitrary Borel set and∫
RM
‖x‖d(γdm∗µ)(x) <∞

there exists Carathéodory cubature measure of degree m for µ

Proof. By choosing Ψ = γdm and applying corollaries (2.0.18) and (2.0.20) respectively,

we obtain results 1) and 2).
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Chapter 3

Recombination Algorithm

As outlined in Section 1.3.1, the Recombination Algorithm can be utilised to pro-

duce Carathéodory cubatures QCAR(m, d) from the Cartesian tensor product cubature

Q(m, d) for moderate degrees m ∈ N and dimensions d ∈ N. However, prior to special-

ising the Recombination Algorithm to the computation of Carathéodory cubatures, we

introduce the abstract framework of the Recombination Algorithm. This is the scope

of the forthcoming chapter.

Furthermore, we shall introduce a novel algorithm based on Singular Value Decomposi-

tion to perform the computationally dominant part of the Recombination Algorithm,

that is computing a basic feasible solution β̂ = [β1, . . . , βM ′ , 0, . . . , 0]T ∈ RL
+, with

M
′ ≤M and L ≥M + 1 to

Ax = b, A ∈ RM×L, x ∈ RL
+, b ∈ RM (3.1)

x ≥ 0,
L∑
i=1

xi = 1

provided that we already have a strictly feasible solution to the system (3.1), β =

[β1, . . . , βL]T ∈ RL
+, satisfying Aβ = b.

This new SVD-based algorithm will serve as replacement for the Simplex Algorithm

in the implementation of the Recombination Algorithm, and as we shall illustrate in

Chapter 5 the SVD-based algorithm improves the overall computational runtime of

Carathéodory cubature measure constructions by one order of magnitude.
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Let ν ∈M+(Rd) with supp(ν) ⊆ K, K ∈ B(Rd) compact be given by

ν =
N∑
i=1

ωiδxi ωi ≥ 0, xi ∈ K

Without loss of generality, we assume that ν is a probability measure, if it is not, we

set ν = ν
′

ν
′
=

N∑
i=1

ω
′

iδxi where ω
′

i =
ωi∑N
i=1 ωi

Let Ψ = (ψ1, . . . , ψM) : K → RM be a continuos, ν-integrable map. Suppose that

we wish to construct a Ψ-generalised Carathéodory cubature measure for ν, defined in

(2.0.16), that is a measure ν̂Ψ ∈M+(Rd), satisfying

1)

∫
K

ψj(x)dν(x) =

∫
K

ψj(x)dν̂Ψ(x) ∀j ∈ J1,MK (3.2)

2) supp(ν̂Ψ) ⊆ supp(ν)

3) card
(
supp(ν̂µΨ)

)
≤M + 1

We can define the push-forward of ν through Ψ by

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)
ωi ≥ 0, Ψ(xi) ∈ Ψ(K) ⊆ RM

Then, clearly (Ψ∗ν) is a probability measure on RM and we have

CoM
(
Ψ∗ν

)
=
[ N∑
i=1

ωiψ1(xi), . . . ,
N∑
i=1

ωiψM(xi)
]T

=
[ ∫

K

ψ1(x)dν, . . . ,

∫
K

ψM(x)dν
]T

where given an atomic measure µ =
∑N

i=1 λiδxi the centre of mass of µ is defined as

CoM(µ) ,
∑N

i=1 λixi.

Let us now introduce the notion of a reduced measure for an atomic probability mea-

sure on RM .
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Definition 3.0.27 (Definition 1 [96]). Let L,M ∈ N be such that L ≥ M + 1. Let

µ ∈ M+(RM), supp(µ) ⊆ K, K ∈ B(RM) compact, µ(K) = 1, card(supp(µ)) = L.

Then, we call the probability measure µ̃M ′ ∈M+(RM), a reduced measure for µ if

1) CoM(µ̃M ′ ) = CoM(µ)

2) supp(µ̃M ′ ) ⊂ supp(µ)

3) card(supp(µ̃M ′ )) = M
′ ≤M

Lemma 3.0.28. Let L,M ∈ N be such that L ≥ M + 1. Let µ ∈ M+(RM),

supp(µ) ⊆ K, K ∈ B(RM) compact, µ(K) = 1, card(supp(µ)) = L. Then, there

exists a probability measure µ̃M ′ ∈M+(RM), that is a reduced measure for µ.

Proof. Apply Carathéodory Convex Hull Theorem.

Remark 3.0.29. Given L,M ∈ N with L ≥ M + 1, the reduced measure µ̃M ′ for

µ,in definition (3.0.27), is generally not unique. Indeed as will be illustrated in the

forthcoming section, the number of reduced measures µ̃M ′ for µ, is upper bounded by(
L
M

)
.

Consider setting the probability measure µ := (Ψ∗ν) ∈ M+(RM), supp(Ψ∗ν) ⊆
Ψ(K) compact, Ψ(K) ∈ B(RM). Then, by lemma (3.0.28) there exists a reduced

measure for (Ψ∗ν), given by

µ̃M ′ := Ψ̂∗ν =
M
′∑

k=1

ω̂kδΨ(xik
) ω̂k ≥ 0,

M
′∑

k=1

ω̂k = 1, M
′ ≤M

satisfying
M
′∑

k=1

ω̂kΨ(xik) = CoM(Ψ̂∗ν) = CoM(Ψ∗ν) =
N∑
i=1

ω̂iΨ(xi) (3.3)

with {Ψ(xi1), . . . ,Ψ(xi
M
′ )} ⊂ {Ψ(x1), . . . ,Ψ(xN)}. Thus, yielding an atomic proba-

bility measure ν̂ on Rd

ν̂ =
M
′∑

k=1

ω̂kδxik

satisfying condition 1) in (3.19) by (3.3) and satisfying conditions 2) and 3) in (3.19),

by construction. Hence, by construction we obtain a Ψ-generalised Carathéodory cu-

bature measure for ν and we set ν̂Ψ = ν̂.
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However, in order to construct the reduced measure µ̃M ′ := (Ψ̂∗ν) for µ := (Ψ∗ν)

and thereby obtain Ψ-generalised Carathéodory cubature measure for ν, efficiently, we

will employ an iterative procedure. This procedure can be summarised as follows

For
(
j ≥ 1

)
Construct a probability measure µ̂j ∈M+(RM), satisfying

1) CoM(µ̂j) = CoM(µ) (3.4)

2) supp(µ̂j) ⊂ supp(µ̂j−1) ⊂ supp(µ)

3) card(supp(µ̂j)) < card(supp(µ̂j−1)) < card(supp(µ))

If
(
card(supp(µ̂j)) ≤M

)
terminate and output µ̃M ′ := µ̂j

We note that, by definition, each measure µ̂j gives rise to ν̂j, a Ψ-generalised cu-

bature measure for ν, as conditions 1) and 2) in (3.19) are satisfied by conditions 1)

and 2) in the construction of µ̂j. Whence, we obtain a sequence {ν̂j}j of Ψ-generalised

cubature measures for ν and we terminate when ν̂j satisfies condition 3) in (3.19),

thereby yielding a Carathéodory cubature measure for ν.

In order to construct a sequence of measures µ̂j in (3.4), satisfying the aforemen-

tioned properties, we proceed to cluster the weights and nodes of (Ψ∗ν) in such a

way, so as to preserve its centre of mass, whilst producing a small number of clusters

for faster elimination by the forthcoming measure reduction algorithm. Moreover, a

further priority in this construction, is to subdivide each cluster in the same centre

of mass preserving fashion. This will enable us to introduce a recursive procedure on

these clusters, relying on cluster reduction and subdivision, terminating with a subset

of the original nodes and weights of (Ψ∗ν).
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3.1 Recursive Halving Forest Construction Algo-

rithm

In the following we shall present a hierarchical clustering algorithm, building on the

ideas introduced in section 1.3.3. This algorithm introduces a binary forest data stor-

age structure for cubature nodes and weights, which allows us to utilise recursion for

cubature measure reduction, by descending align the forest of data trees generated.

We will call this algorithm RHFC (Recursive Halving Forest Construction ) Algorithm.

This clustering Algorithm takes its roots in the “Recursive Doubling Algorithm”, pri-

marily utilised in parallel computing paradigms for efficient message passing between

computing nodes, see [53] and also for efficient parallel matrix computations [52].

A slight variant of the RHFC Algorithm is presented in [96]. The first difference

between the RHFC Algorithm and the algorithm presented in [96], is the emphasis on

the binary forest data representation of the hierarchical clustering structure of cuba-

ture nodes and weights. The second difference is as follows. In [96], given a cubature

problem of some degree m and dimension d, thus with underlying space of polynomials

of dimension M := dim(Πd
m), the cubature data is aways partitioned into (M+1) clus-

ters. In the present work, given a cubature problem of some degree m and dimension

d, we illustrate how to partition the cubature data into any collection of clusters L,

where M + 1 ≤ L < N . In particular, we illustrate that within the broader context of

the Recombination Algorithm, the hierarchical clustering into 2M clusters yields a one

order of magnitude speed-up (from O(M3)→ O(M4)) when contrasted with (M + 1)

cluster collection.

We shall assume, for simplicity of exposition, that N = 2S, for some S ∈ N. Ini-

tially, we populate the leaf nodes of the forthcoming binary tree data structure with

weights and nodes of (Ψ∗ν)

(ω0
i ,x

0
i ) :=

(
ωi,Ψ(xi)

)
i ∈ J1, 2SK

this will denote the zeroth level of the binary tree T∗. We fill the jth level with k = 2S−j

nodes, consisting of pairs (ωjk,x
j
k), which can be computed recursively by taking the

following convex combinations of the leaf nodes
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Iterate through j = 1 : S , setting k = 1 : 2S−j, i = 2k − 1

xjk :=

(
ωj−1
i xj−1

i + ωj−1
i+1x

j−1
i+1

)(
ωj−1
i + ωj−1

i+1

) (3.5)

each node xjk on level j is a convex combination of the two constituent children nodes

xj−1
i , xj−1

i+1 on level j − 1.

Moreover, expanding the expression for the children nodes recursively we obtain

xjk :=

∑k2j

r=(k−1)2j+1 ω
0
rx

0
r∑k2j

r=(k−1)2j+1 ω
0
r

=
k2j∑

r=(k−1)2j+1

ω
′

rx
0
r (3.6)

where ω
′

r =
ω0
r∑k2j

r=(k−1)2j+1 ω
0
r

,
k2j∑

r=(k−1)2j+1

ω
′

r = 1

Hence, each node xjk is a convex combination over
{
x0
r

}k2j

r=(k−1)2j+1
, which is a sub-

collection of 2j leaf nodes.

Therefore, for 1 ≤ j ≤ S, 1 ≤ k ≤ 2S−j, we have

xjk ∈ Conv
(
{x0

1, . . . ,x
0
N}
)

We form the weights associated with node xjk, by adding the weights of the two con-

stituent children nodes on level j − 1

ωjk :=
(
ωj−1
i + ωj−1

i+1

)
=

k2j∑
r=(k−1)2j+1

ω0
r (3.7)

which results in computing the total mass over the sub-collection
{
x0
r

}k2j

r=(k−1)2j+1
of

leaf nodes.

As shown by (3.6) and (3.7) it is readily verified, that for each level j ∈ J1, SK, we have

2S−j∑
k=1

ωjkx
j
k =

2S∑
i=1

ω0
ix

0
i = CoM(Ψ∗ν)
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By employing the aforementioned iterative procedure, we build a full binary tree T∗

of depth S. The figure below illustrates T∗ with N = 23.
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For any L ∈ J1, 2SK, we can construct a binary forest
{
T1, . . . , TL

}
of full binary

trees, by trimming the desired number of nodes from the top levels of T∗. The resulting

collection of binary trees will constitute our clusters. By construction of T∗ we observe

that any collection of trees, obtained by the process of trimming a certain number

of nodes from the top levels of T∗ will generate a binary forest, whose roots nodes

preserving the centre of mass of the leaf nodes, as illustrated in the following example.

Let us trim the root node (ω3
1,x

3
1) and the right-hand node on the penultimate level

(ω2
2,x

2
2), of T∗, yielding the binary forest
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We obtain a binary forest
{
T1, T2, T3

}
with root nodes

(ω2
1,x

2
1) =

(
4∑
i=1

ω0
i ,

∑4
i=1 ω

0
ixi∑4

i=1 ω
0
i

)

(ω1
3,x

1
3) =

(
6∑
i=5

ω0
i ,

∑6
i=5 ω

0
ixi∑6

i=5 ω
0
i

)

(ω1
4,x

1
4) =

(
8∑
i=7

ω0
i ,

∑8
i=7 ω

0
ixi∑8

i=7 ω
0
i

)
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It is readily verified that setting β1 := ω2
1, β2 := ω3

1, β3 := ω4
1 and y

1
:= x2

1, y2
:=

x1
3, y3

:= x1
4 gives rise to a measure CoM(η3) =

∑3
i=1 βiyi, supported on the root

nodes of a binary forest
{
T1, T2, T3

}
, whose leaf nodes are points in the supp(Ψ∗ν)

satisfying

CoM(η3) =
3∑
i=1

βiyi =
8∑
i=1

ω0
ix

0
i = CoM(Ψ∗ν)

23−j∑
k=1

ωjkx
j
k =

8∑
i=1

ω0
ix

0
i = CoM(Ψ∗ν)

The only constraint, that we impose on the binary forest
{
T1, . . . , TL

}
, resulting from

trimming T∗ is that the depth(Ti) for 1 ≤ i ≤ L does not differ by more than 1.

This keeps the underlying clusters nearly the same size, thereby allowing us to better

manage the overall workload of the forthcoming algorithm.

By dropping the assumption N = 2S, we can apply the RHFC (Recursive Halving

Forest Construction) algorithm, detailed below, to (Ψ∗ν). However, the collection of

trees
{
T1, . . . , TL

}
generated by RHFC, with N 6= 2S will not consist of perfect, but

of complete, binary trees. We recall the definition of a complete binary tree.

Definition 3.1.1. A binary tree {T, T `, T r} of depth D ≥ 0, where T ` and T r rep-

resent the left and right subtrees of T respectively, is complete if

1) If D = 0, T ` = ∅, T r = ∅

2) If D > 0, then either: T ` is a perfect binary tree (every node is a leaf or pos-

sesses exactly two children) of depth (D − 1) and T r is tree of depth (D − 1), which

has every level completely full except possibly the last one with all its nodes to the left

side; or

T ` is a binary tree of height (D − 1), which has every level completely full except pos-

sibly the last one with all its nodes to the left side and T r is a perfect binary tree of

depth (D − 2).
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Algorithm 3: Recursive Halving Forest Construction

Input: Positive atomic measure: µ =
∑N

i=1 λiδzi , Number of trees: L ≥M + 1

1) Set (ω0
i ,x

0
i ) := (ωi, zi) for i ∈ J1, NK and D := dlog2

(
N
L

)
e

2) For j = 1 : D

If
(
j = D, d N

2D
e < L

)
Set r := d N

2D−1 e − L

For k = 1 : r, i = 2k − 1

If
(
d N

2D−1 e = 2`+ 1, ` ∈ N
)

i = i− 1

If (k = 1)

Set (ωD1 ,x
D
1 ) :=((

ωD−1
1 + ωD−1

d N

2D−1 e

)
,

(
ωD−1

1 xD−1
1 + ωD−1

d N

2D−1 e
xD−1

d N

2D−1 e

)
(
ωD−1

1 + ωD−1

d N

2D−1 e

) )

Set (ωDk ,x
D
k ) :=(

(ωD−1
i + ωD−1

i+1 ),
(ωD−1

i xD−1
i + ωD−1

i+1 x
D−1
i+1 )

(ωD−1
i + ωD−1

i+1 )

)

end k loop

Else

For k = 1 : dN
2j
e, i = 2k − 1

If
(
d N

2j−1 e = 2`+ 1, ` ∈ N
)

i = i− 1

If (k = 1, j 6= 1 )

Set (ωj1,x
j
1) :=((

ωj−1
1 + ωj−1

d N

2j−1 e

)
,

(
ωj−1

1 xj−1
1 + ωj−1

d N

2j−1 e
xj−1

d N

2j−1 e

)
(
ωj−1

1 + ωj−1

d N

2j−1 e

) )
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If
(
k = dN

2j
e
)

Set (ωjk,x
j
k) := (ωj−1

i ,xj−1
i )

Set (ωjk,x
j
k) :=((

ωj−1
i + ωj−1

i+1

)
,

(
ωj−1
i xj−1

i + ωj−1
i+1x

j−1
i+1

)(
ωj−1
i + ωj−1

i+1

) )

end k loop

end j loop

3) If
(
d N

2D−1 e = 2`+ 1, ` ∈ N
)

Set p := 2r

Else

Set p := 2r + 1

For i = 1 : L

If (i ≤ r)

Set (βi,yi) := (ωDi ,x
D
i )

Else

Set (βi,yi) := (ωD−1
p+i−(r+1),x

D−1
p+i−(r+1))

end i loop

Output: Atomic measure: ηL =
∑L

i=1 βiδyi
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Under the above construction, when the number of nodes on a given level is odd,

the last node on the successive level is a parent to only one child, which in turn corre-

sponds to renaming the child node. If we were to drop all the straight edges connecting

parent to a single child, thereby keeping just the children nodes, the resulting binary

tree would always be complete. An illustration is given below for a single tree in the

binary forest of L = 5 trees with an initial population of N = 25.

(ω3
1,x

3
1)

(ω2
7,x

2
7)

(ω1
12,x

1
12)

(ω0
24,x

0
24)(ω0

23,x
0
23)

(ω2
1,x

2
1)

(ω1
13,x

1
13)

(ω0
25,x

0
25)

(ω1
1,x

1
1)

(ω0
2,x

0
2)(ω0

1,x
0
1)

⇓
(ω3

1,x
3
1)

(ω2
7,x

2
7)

(ω0
24,x

0
24)(ω0

23,x
0
23)

(ω2
1,x

2
1)

(ω0
25,x

0
25)(ω1

1,x
1
1)

(ω0
2,x

0
2)(ω0

1,x
0
1)

Remark 3.1.2. We note that the output measure from the RHFC algorithm, ηL =∑L
i=1 βiδyi contains the information about the underlying binary forest structure. To

make this dependence explicit, we say that the pair (βi,yi) is a root pair of some

complete binary tree Ti of depth depth(Ti) = D or D − 1 and it consists of the root

node y
i

= R(Ti) and associated root weight βi = P (Ti)

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti), y

i
= R(Ti) for 1 ≤ i ≤ L
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3.1.0.4 L-Tree forms

Definition 3.1.3. Let N,L ∈ N be such that N > L. Let µ ∈ M+(RM), with

supp(µ) ⊆ K, K ∈ B(RM) compact, be given by

µ =
N∑
i=1

λiδzi

Then, we call ηL ∈M+(RM), with supp(ηL) ⊆ Conv
(
{z1, . . . ,zN}

)
⊆ K, the

L-tree form of µ, if

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti), y

i
= R(Ti) for 1 ≤ i ≤ L

satisfies

CoM(ηL) = CoM(µ)

where {T1, . . . , TL} denotes a forest of complete binary trees, such that depth(Ti) = J

for 1 ≤ i ≤ s and depth(Ti) = J−1 for s+1 ≤ i ≤ L with 0 ≤ J ≤ D, D = dlog2

(
N
L

)
e

with root nodes R(Ti)

R(Ti) =

 xJi for 1 ≤ i ≤ s

xJ−1
i for s+ 1 ≤ i ≤ L

(3.8)

and associated root weights P (Ti)

P (Ti) =

 ωJi for 1 ≤ i ≤ s

ωJ−1
i for s+ 1 ≤ i ≤ L

(3.9)

and each level j ∈ J0, JK of the tree Ti contains node pairs

(ωjk,x
j
k) for 1 ≤ k ≤ L2J−j or L2(J−1)−j

satisfying the recursion

ωjk :=
(
ωj−1

2k−1 + ωj−1
2k

)

xjk :=

(
ωj−1

2k−1x
j−1
2k−1 + ωj−1

2k x
j−1
2k

)(
ωj−1

2k−1 + ωj−1
2k

)
and the root nodes xJi , is produced by an application of the RHFC Algorithm to µ.
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Remark 3.1.4. We note that in the above definition the L-tree form of µ, ηL is sup-

ported on a forest of complete binary trees of some depth J or J − 1, hence differing

by one level at most.

If depth J = D, then the resulting forest of binary trees is the output produced by

the RHFC Algorithm applied to µ. However, for J < D, the resulting collection of

binary trees is such that the nodes are constructed by the RHFC Algorithm, but the

weights are not. Thus, we can regard the collection of trees in the support of ηL as

some re-weighted sub-collection of sub-trees, produced by the RHFC Algorithm. This

definition, will become more transparent in the following sections, as we illustrate the

explicit construction of different L-tree forms of µ.

Lemma 3.1.5. Let N,L ∈ N be such that N > L. Let µ ∈M+(RM), with supp(µ) ⊆
K, K ∈ B(RM) compact, card(supp(µ)) = N and let ηL ∈M+(RM) be an L-tree form

of µ, supported on a complete binary forest {T1, . . . , TL}, with each level j ∈ J0, JK of

the tree Ti containing node pairs

(ωjk,x
j
k) for 1 ≤ k ≤ L2J−j or L2(J−1)−j

Then, ∑
k

ωjkx
j
k = CoM(µ), for each level j ∈ J0, JK

Proof. By definition of an L-tree form of µ, we have CoM(ηL) = CoM(µ). Hence

by expanding CoM(ηL) in terms of the expressions (3.8) and (3.9) and exploitng the

recursive definition of the node pairs (ωjk,x
j
k), we obtain the desired result.

Lemma 3.1.6. Let N,L ∈ N be such that N > L. Let µ ∈M+(RM), with supp(µ) ⊆
K, K ∈ B(RM) compact, card(supp(µ)) = N and let ηL ∈M+(RM) be an L-tree form

of µ, supported on a complete binary forest {T1, . . . , TL}, with each level j ∈ J0, JK of

the tree Ti containing node pairs

(ωjk,x
j
k) for 1 ≤ k ≤ L2J−j or L2(J−1)−j
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the following are satisfied

1)
L⋃
i=1

l(Ti) ⊆ supp(µ)

where l(Ti) denotes the collection of leaf nodes of tree Ti

2)P (T̂i)R(T̂i) = P (T̂ `i )R(T̂ `i ) + P (T̂ ri )R(T̂ ri )

where T̂i denotes any subtree of Ti, including Ti itself and T̂ `i , T̂
r
i denote the left and

right subtrees of T̂i of depth
(
depth(Ti)− 1

)
, respectively.

Proof. Property 1) holds true by construction of the RHFC Algorithm, if J = D, ηL

is the output measure, produced by the RHFC Algorithm applied to µ, then we have

L⋃
i=1

l(Ti) = supp(µ)

If J < D, then the collection of binary trees {T1, . . . , TL} is some re-weighted sub-

collection of the binary forest produced by the RHFC Algorithm and hence we have

L⋃
i=1

l(Ti) ⊂ supp(µ)

Property 2) holds true by the recursive expressions for nodes and weights in definition

(3.1.3). Since for any level j,we have

P (T̂i)R(T̂i) = ωjkx
j
k = (ωj−1

i + ωj−1
i+1 )

(
ωj−1
i xj−1

i + ωj−1
i+1x

j−1
i+1

ωj−1
i + ωj−1

i+1

)

= ωj−1
i xj−1

i + ωj−1
i+1x

j−1
i+1

= P (T̂ `i )R(T̂ `i ) + P (T̂ ri )R(T̂ ri )
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Remark 3.1.7. Given an input µ ∈M+(RM) into the RHFC Algorithm, given by

µ =
N∑
i=1

λiδzi

we have already remarked that the output measure ηL produced by the RHFC Algorithm

is an L-tree form of µ.

This can be easily verified, since ηL satisfies the following properties

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti), y

i
= R(Ti)

where each resulting tree Ti is a complete binary tree of depth J = D or J = D − 1,

where D = dlog2

(
N
L

)
e and s = r =

(
d N

2D−1 e − L
)

P (Ti) =

 ωDi for 1 ≤ i ≤ r

ωD−1
p+i−(r+1) for r + 1 ≤ i ≤ L

R(Ti) =

 xDi for 1 ≤ i ≤ r

xD−1
p+i−(r+1) for r + 1 ≤ i ≤ L

and

CoM(ηL) =
L∑
i=1

βiyi

=
r∑
i=1

ωDi x
D
i +

L∑
i=r+1

ωD−1
p+i−(r+1)x

D−1
p+i−(r+1)

=
r∑
i=1

( i2D∑
`=(i−1)2D+1

λ`z`

)
+

L∑
i=r+1

( (r+i)2D−1∑
`=(r+i−1)2D−1+1

λ`z`

)

=
N∑
`=1

λ`z` = CoM(µ)

where the penultimate equality is obtained by expanding the expressions in (3.6) and

(3.7).

And for each level j ∈ J1, JK, the recursive definition of the children nodes (ωjk,x
j
k)

holds by construction. Moreover, for each level j ∈ J1, JK, we have∑
k

ωjkx
j
k = CoM(µ)

which again holds by expanding the expressions for (ωDi ,x
D
i ) and (ωD−1

p+i−(r+1),x
D−1
p+i−(r+1))

using (3.6) and (3.7).
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3.1.0.5 Tree Permutations

Clearly, given an input µ ∈M+(RM) into the RHFC Algorithm, the L-tree form of µ,

ηL produced by the RHFC Algorithm is not unique, since any permutation of the leaf

pairs of nodes and weights yields a potentially different output measure ηL . Consider,

for example

(ω2
1,x

2
1)

(ω1
2,x

1
2)

(ω0
σ(4),x

0
σ(4))(ω0

σ(3),x
0
σ(3))

(ω1
1,x

1
1)

(ω0
σ(2),x

0
σ(2))(ω0

σ(1),x
0
σ(1))

for any σ ∈ S4, where and S4 denotes the symmetric group of degree 4. For example

σ1 = (1)(2)(3)(4) and σ2 = (12)(34) yield the same L-tree form of µ,

ω1
1 = ω0

1 + ω0
2, x

1
1 = x1

0 + x2
0

ω1
2 = ω0

3 + ω0
4, x

1
2 = x3

0 + x4
0

ω2
1 = ω1

1 + ω1
2, x

2
1 = x1

1 + x1
2

similarly σ3 = (123)(4) and σ4 = (134)(2) yield the same L-tree form of µ. In total

there up to |SN |/2 = N !/2 different L-tree forms of µ for even N , produced by the

RHFC Algorithm.

We note that, since the overall goal of the RHFC Algorithm is to cluster the weights

and nodes (ω0
i ,x

0
i ) of the input measure µ into a complete binary forest of trees,

differing by at most one in depth, whilst satisfying the two following properties

1) CoM(ηL) = CoM(µ)

2)
∑
k

ωjkx
j
k = CoM(µ), for each level j ∈ J0, DK

we do not make any distinction in the quality of the output measures produced by

permuting the leaf nodes, as for any permutation σ ∈ SN of the leaf nodes the measure

ηL produced by the RHFC, will satisfy these properties.
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3.1.0.6 Reduced Measure

We recall that our goal is to construct a sequence of measures µ̂j ∈ M+(RM), satis-

fying (3.4), where µ := (Ψ∗ν). To accomplish this task, we have derived a method-

ology to construct the L-Tree form of µ, supported on the collection of binary trees

{T1, . . . , TL}, with the property that the union of its leaf nodes form the support of

the original measure µ.

In the following, we shall couple the definition of a reduced measure with the idea

of tree re-weighting, which will be introduced in Section 3.1.0.7. This will enable us to

formulate the notion of a reduced tree measure ηM ′ for ηL, supported on some subset

of the binary forest {T1, . . . , TL}. Subsequently, we shall illustrate that the leaf nodes

of ηM ′ give rise to µ̂j, thereby satisfying (3.4).

Applying the RHFC Algorithm to (Ψ∗ν), given by

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)
ωi ≥ 0,

N∑
i=1

ωi = 1, Ψ(xi) ∈ RM

yields an L-tree form of (Ψ∗ν) , given by

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti) ≥ 0,

L∑
i=1

βi = 1, y
i

= R(Ti) ∈ Conv
(
{Ψ(x1), . . . ,Ψ(xN)}

)
such that

CoM(Ψ∗ν) =
N∑
i=1

ωiΨ(xi) =
L∑
i=1

βiyi = CoM(ηL)

By lemma (3.0.28), we know that there exists reduced measure η̃M ′ for ηL with

card(supp(η̃M ′ )) = M
′ ≤M , which we can denote by

η̃M ′ =
M
′∑

i=1

β̂kδy
ik

Since we have supp(η̃M ′ ) ⊂ supp(ηL) = {y
1
, . . . ,y

L
} =

{
R(T1), . . . , R(TL)

}
, there

must exist a binary forest {Ti1 , . . . , TiM′ } ⊂ {T1, . . . , TL} such that

y
ik

= R(Tik) for 1 ≤ i ≤M
′

and hence we conclude that constructing η̃M ′ entails eliminating (L−M) binary trees

from the forest {T1, . . . , TL}.
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We note that by construction of η̃M ′ , not only do the root nodes y
ik

of Tik remain

unaltered, but all the children nodes down each tree Tik ∈ {Ti1 , . . . , TiM} also remain

unaltered.

However, it is only the root weights of the reduced measure η̃M ′ that are updated

from the weights of ηL, by the following

βk = P (Tik)→ β̂k for 1 ≤ k ≤M
′
,

M
′∑

k=1

β̂k = 1

Since, we are concerned with reducing the support of (Ψ∗ν) and by the construction

of ηL, we know that the leaf nodes {`(T1), . . . , `(TL)} of the binary forest {T1, . . . , TL}
in the supp(ηL), satisfy

L⋃
i=1

l(Ti) = supp(Ψ∗ν)

We can conclude that the leaf nodes of the reduced measure ηM ′ satisfy

M
′⋃

k=1

l(Tik) ⊂ supp(Ψ∗ν)

In the following section, we will illustrate that the construction of the reduced mea-

sure η̃M ′ , enables us to reduce the support of (Ψ∗ν) in a centre of mass preserving

fashion. To accomplish this, we need to permeate the root weight update of each tree

Tik , βk → β̂k all the way down each level of the tree Tik and hence re-weight the leaf

level of every remaining tree.
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3.1.0.7 Updating Binary Tree Weights

In order to perform the tree weight update operation efficiently, we note the following:

assume, for illustration Ti1 = T1 ∈ {T1, . . . , TL} and depth(Ti1)=2, then Ti1 is given by

(β1,y1
) = (ω2

1,x
2
1)

(ω1
2,x

1
2)

(ω0
4,x

0
4)(ω0

3,x
0
3)

(ω1
1,x

1
1)

(ω0
2,x

0
2)(ω0

1,x
0
1)

By construction of the RHFC Algorithm, we know that

β1 := ω2
1 = ω1

1 + ω1
2

β1 := ω2
1 = ω0

1 + ω0
2 + ω0

3 + ω0
4

since we need to keep track of each child node ωjk as a proportion of the root node

β1 := ω2
1 to perform updates, we let θjk = (ωjk/β1) and hence we have

β1 = θ1
1β1 + θ1

2β1

β1 = θ0
1β1 + θ0

2β1 + θ0
3β1 + θ0

4β1

Therefore, instead of storing each individual child node ωjk in the tree structure above,

we can store the product (θjkβ1), resulting in

(β1,y1
) = (ω2

1,x
2
1)

(θ1
2β1,x

1
2)

(θ0
4β1,x

0
4)(θ0

3β1,x
0
3)

(θ1
1β1,x

1
1)

(θ0
2β1,x

0
2)(θ0

1β1,x
0
1)

Whence, to permeate the update of the root weight of Ti1 , that is β1 → β̂1, to all the

children nodes of Ti1 , we perform the following update
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(β1,y1
)

(θ1
2β1,x

1
2)

(θ0
4β1,x

0
4)(θ0

3β1,x
0
3)

(θ1
1β1,x

1
1)

(θ0
2β1,x

0
2)(θ0

1β1,x
0
1) →

(β̂1,y1
)

(θ1
2β̂1,x

1
2)

(θ0
4β̂1,x

0
4)(θ0

3β̂1,x
0
3)

(θ1
1β̂1,x

1
1)

(θ0
2β̂1,x

0
2)(θ0

1β̂1,x
0
1)

We denote the resulting, re-weighted tree Ti1 by

(β̂1,y1
) = (ω̂2

1,x
2
1)

(ω̂1
2,x

1
2)

(ω̂0
4,x

0
4)(ω̂0

3,x
0
3)

(ω̂1
1,x

1
1)

(ω̂0
2,x

0
2)(ω̂0

1,x
0
1)

where ω̂jk = θjkβ̂1.

If performed sequentially, the tree weight updates require touching every node of the

tree Ti1 , hence at most 2depth(Ti1 ) − 1 nodes. However, we note that, this type of data

storage for tree weights allows for O(1) tree weight updates θjkβ1 → θjkβ̂1, when per-

formed in parallel.

Definition 3.1.8. Let T be a complete binary tree of depth J ∈ N

(ωJ` ,x
J
` )

. . .

(ω0
n,x

0
n). . .

. . .

. . .(ω0
1,x

0
1)

with the root pair (ωJ` ,x
J
` ) and each level j ∈ J0, JK contains node pairs

(ωjk,x
j
k) for 1 ≤ k ≤ n

2j

satisfying

ωjk :=
(
ωj−1

2k−1 + ωj−1
2k

)

xjk :=

(
ωj−1

2k−1x
j−1
2k−1 + ωj−1

2k x
j−1
2k

)(
ωj−1

2k−1 + ωj−1
2k

)
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Then, given a root weight update ωJ` → ω̂J` , we call T̂ a weight-updated tree, given by

(ω̂J` ,x
J
` )

. . .

(ω̂0
n,x

0
n). . .

. . .

. . .(ω̂0
1,x

0
1)

if ω̂jk = θjkω̂
J
` , where θjk = ωjk/ω

J
` for each level j ∈ J0, JK.
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3.1.0.8 Reduced Tree Measure

Definition 3.1.9. Let L,M,N ∈ N be such that N > L ≥M + 1. Let µ ∈M+(RM),

with supp(µ) ⊆ K, K ∈ B(RM) compact, be given by

µ =
N∑
i=1

λiδzi ,

N∑
i=1

λi = 1

and let ηL ∈M+(RM), with supp(ηL) ⊆ Conv
(
{z1, . . . ,zN}

)
⊆ K, denote an

L-tree form of µ, given by

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti),

L∑
i=1

βi = 1, y
i

= R(Ti)

where {T1, . . . , TL} denotes a forest of complete binary trees.

Then, for some M
′ ≤ M , we call ηM ′ ∈ M+(RM) a reduced tree measure for ηL

if

1. ηM ′ is a reduced measure for ηL, given by

ηM ′ =
M
′∑

i=1

β̂kδy
ik

β̂k ≥ 0,
M
′∑

k=1

β̂k = 1

2. β̂k = P (T̂ik), y
ik

= R(T̂ik) for 1 ≤ k ≤M
′

where each T̂ik is a weight-updated tree Tik , corresponding to a root weight update

βk → β̂k and {Ti1 , . . . , TiM′ } ⊂ {T1, . . . , TL}.

Lemma 3.1.10. Let L,M,N ∈ N be such that N > L ≥ M + 1. Let µ ∈ M+(RM),

with supp(µ) ⊆ K, K ∈ B(RM) compact, be given by

µ =
N∑
i=1

λiδzi ,
N∑
i=1

λi = 1

Given an L-tree form of µ , ηL ∈ M+(RM) and given some M
′ ≤ M , a reduced tree

measure ηM ′ ∈M+(RM) for ηL is given by

ηM ′ =
M
′∑

i=1

β̂kδy
ik

β̂k = P (T̂ik), y
ik

= R(T̂ik)
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where each tree T̂ik is a weight-updated tree Tik in the supp(ηL), corresponding to the

root weight update βk → β̂k.

Then, by letting `(Tik) = {zij}j denote the collection of leaf nodes of the tree T̂ik ,

we have

µ̂ :=
N
′∑

k=1

λ̂kδzik
λ̂j ≥ 0,

N
′∑

k=1

λ̂k = 1, {zik}
N
′

k=1 = ∪M
′

k=1`(Tik)

where λ̂k = θ0
j β̂k and θ0

k is defined, as in (3.1.8). Moreover, µ̂ satisfies

1) CoM(µ̂) = CoM(µ)

2) supp(µ̂) ⊂ supp(µ)

3) card(supp(µ̂)) < card(supp(µ))

Proof. By definition of a reduced tree measure ηM ′ for ηL we have

ηM ′ =
M
′∑

i=1

β̂kδy
ik

β̂k = P (T̂ik), yik
= R(T̂ik)

where each tree T̂ik is a weight-updated tree Tik , corresponding to the root weight

update βk → β̂k. Let us assume, without loss of generality that

depth(T̂i1) = . . . = depth(T̂i′M
) = J ≤ D

where D = dlog2

(
N
L

)
e. By definition (3.1.8) of a weight-updated tree, each level

j ∈ J0, JK of the binary forest {T̂i1 , . . . , T̂iM′ } contains the node pairs

(ω̂jk,x
j
k) for 1 ≤ j ≤M

′ · 2J−j

satisfying

ω̂jk :=
(
ω̂j−1

2k−1 + ω̂j−1
2k

)
, ω̂jk ≥ 0,

M
′
2J−j∑
k=1

ω̂jk = 1

and since y
ik

= xJk , together with its children nodes xjk, are produced by an application

of the RHFC Algorithm to µ, we have

xjk =
(ωj−1

2k−1x
j−1
2k−1 + ωj−1

2k x
j−1
2k )

(ωj−1
2k−1 + ωj−1

2k )
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where (ω0
k,x

0
k) = (λk, zk) for 1 ≤ k ≤ N .

Then, by construction we have

CoM(ηM ′ ) =
M
′∑

i=1

β̂kyik
=

M
′∑

k=1

ω̂Jkx
J
k

Moreover, it is readily verified that for each level j ∈ J0, JK of the binary forest

{T̂i1 , . . . , T̂iM′ }, the node pairs (ω̂jk,x
j
k) satisfy

M
′
2J−j∑
k=1

ω̂jkx
j
k = CoM(ηM ′ ) (3.10)

Let us verify (3.10), for j = J − 1. By definition of xJk , we have

xJk =

(
ωJ−1

2k−1x
J−1
2k−1 + ωJ−1

2k xJ−1
2k

)(
ωJ−1

2k−1 + ωJ−1
2k

)

=

(
(βkθ

J−1
2k−1)xJ−1

2k−1 + (βkθ
J−1
2k )xJ−1

2k

)
βk

= θJ−1
2k−1x

J−1
2k−1 + θJ−1

2k xJ−1
2k

since ωJ−1
j = βkθ

J−1
j and (ωJ−1

2k−1 + ωJ−1
2k ) = ωJk := βk and hence we have

CoM(ηM ′ ) =
M
′∑

k=1

ω̂Jkx
J
k

=
M
′∑

k=1

(β̂kθ
J−1
2k−1)xJ−1

2k−1 +
M
′∑

k=1

(β̂kθ
J−1
2k )xJ−1

2k

=
2M
′∑

k=1

ω̂J−1
k xJ−1

k

since ω̂Jk = β̂k and ω̂J−1
j = β̂kθ

J−1
j

Similarly, (3.10) can be verified for all j ∈ J0, DK, in particular we note that

CoM(ηM ′ ) =
M
′
2J∑

k=1

ω̂0
kx

0
k ω̂0

k ≥ 0,
M
′
2J∑

k=1

ω̂0
k = 1
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Moreover for 1 ≤ k ≤ M
′
2J , by construction we have x0

k = zik ∈ supp(µ), hence we

define
M
′
2J∑

k=1

ω̂0
kδzik

ω̂0
k ≥ 0,

M
′
2J∑

k=1

ω̂0
k = 1

Then, by definition of the L-Tree form ηL and the reduced tree measure ηM ′ for ηL,

we have

CoM(µ) = CoM(ηL) = CoM(ηM ′ )

and since

CoM(ηM ′ ) = CoM(µ̂)

we can conclude that

1) CoM(µ̂) =
M
′
2J∑

k=1

ω̂0
kzik =

N∑
i=1

λizi = CoM(µ)

2) supp(µ̂) ⊂ supp(µ)

3) card(supp(µ̂)) = M
′
2J <

M
′
N

L
< N = card(supp(µ))
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3.1.0.9 Tree Splitting

Lemma 3.1.11. Let L,M,N ∈ N be such that N > L ≥ M + 1. Let µ ∈ M+(RM),

with supp(µ) ⊆ K, K ∈ B(RM) compact, be given by

µ =
N∑
i=1

λiδzi ,

N∑
i=1

λi = 1

and let ηL ∈M+(RM), with supp(ηL) ⊆ Conv
(
{z1, . . . ,zN}

)
⊆ K, denote an

L-tree form of µ, given by

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti),

L∑
i=1

βi = 1, y
i

= R(Ti)

where {T1, . . . , TL} denotes a forest of complete binary trees, of depth(Ti) = J for

1 ≤ i ≤ s and depth(Ti) = J − 1 for s+ 1 ≤ i ≤ L with 1 ≤ J ≤ D, D = dlog2

(
N
L

)
e

Then, there exists an L-tree form of µ, η
′
L ∈M+(RM)

η
′

L =
L∑
i=1

β
′

iδy′
i
, βi = P (T̃i),

L∑
i=1

β
′

i = 1, y
′

i
= R(T̃i)

where {T̃1, . . . , T̃L} denotes a re-weighted sub-collection of sub-trees of {T1, . . . , TL}, of

depth(T̃i) = J − 1 for 1 ≤ i ≤ q and depth(T̃i) = J − 2 for q + 1 ≤ i ≤ L.

In particular, T̃i = T̂ik or T̃i = T̂ `ik or T̃i = T̂ rik , where T̂ik is a weight-updated tree

Tik ∈ {T1, . . . , TL} and {T̂ `ik , T̂
r
ik
} denote the left and right sub-trees of T̂ik , of depth

depth(T̂ik)− 1.

Proof. Assume that we have an L-Tree form of µ, given by

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti),

L∑
i=1

βi = 1, y
i

= R(Ti)

where {T1, . . . , TL} denotes a forest of complete binary trees, of depth(Ti) = J for

1 ≤ i ≤ s and depth(Ti) = J − 1 for s+ 1 ≤ i ≤ L with 1 ≤ J ≤ D, D = dlog2

(
N
L

)
e

Then, by lemma (3.0.28), there exists a reduced tree measure ηM ′ for ηL, for some

M
′ ≤M

ηM ′ =
M
′∑

i=1

β̂kδy
ik

β̂k = P (T̂ik),
M
′∑

k=1

β̂k = 1, y
ik

= R(T̂ik)
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where each tree T̂ik is a weight-updated tree Tik , corresponding to the root weight

update βk → β̂k.

By the definition of T̂ik , we know that if B = depth(T̂ik), then we have β̂k = ω̂Bk
and y

ik
= xBk

P (T̂ik)R(T̂ik) = ω̂Bk x
B
k = ω̂Bk

(
ωB−1

2k−1x
B−1
2k−1 + ωB−1

2k xB−1
2k

ωB−1
2k−1 + ωB−1

2k

)
(3.11)

= ω̂Bk

(
(ωBk θ

B−1
2k−1)xB−1

2k−1 + (ωBk θ
B−1
2k )xB−1

2k

ωBk

)

= (ω̂Bk θ
B−1
2k−1)xB−1

2k−1 + (ω̂rkθ
B−1
2k )xB−1

2k

= ω̂B−1
2k−1x

B−1
2k−1 + ω̂B−1

2k xB−1
2k

= P (T̂ `ik)R(T̂ `ik) + P (T̂ rik)R(T̂ rik)

since ωB−1
j = ωBk θ

B−1
j and ω̂B−1

j = ω̂Bk θ
B−1
j , where T̂ `ik and T̂ rik are the two constituent

left and right sub-trees of Tik of depth (B − 1).

We proceed by selecting (L −M ′
) ≤ M

′
trees of greatest depth {T̂ij1 , . . . , T̂ijL−M′ } ⊆

{T̂i1 , . . . , T̂iM′ }, from the support of ηM ′ . Subsequently, for each tree selected we re-

move the root pair
(
P (T̂ijk ), R(T̂ijk )

)
and whence split the tree T̂ijk into the two

constituent sub-trees

(
P (T̂ijk ), R(T̂ijk )

)

(
P (T̂ `ijk

), R(T̂ `ijk
)
) (

P (T̂ rijk
), R(T̂ rijk

)
)

Next, we set

{T̃1, . . . , T̃L} =
(
{T̂i1 , . . . , T̂iM′ }\{T̂ij1 , . . . , T̂ijL−M′ }

)
∪ {T̂ `ijk , T̂

r
ijk
, . . . , T̂ `ij

L−M′
, T̂ rij

L−M′
}
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and thereby obtain η
′
L, given by

η
′

L =
L∑
i=1

β
′

iδy′
i
, β

′

i = P (T̃i),
L∑
i=1

β
′

i = 1, y
′

i
= R(T̃i)

where depth(T̃i) = J − 1 or J − 2

By construction of η
′
L, we have T̃i = T̂ik or T̃i = T̂ `ik or T̃i = T̂ rik . In any of the

aforementioned cases, by definition of a weight-updated tree, the root node is given by

y
ik

= R(T̃i) = xBk

where B = depth(T̃i) and xBk , is produced by an application of the RHFC to µ and

the associated root weight

β̂k = P (T̃i) = ω̂Bk

Moreover, by definition of a weight-updated tree for each level j ∈ J0, JK, we have

ω̂jr = θjrω̂
B
k =

ωjr
ωBk

ω̂Bk =
(ωj−1

2r−1

ωBk
+
ωj−1

2r

ωBk

)
ω̂Bk = θj−1

2r−1ω̂
B
k + θj−1

2r ω̂Bk = ω̂j−1
2r−1 + ω̂j−1

2r

and since

xjr =

(
ωj−1

2r−1x
j−1
2r−1 + ωj−1

2r x
j−1
2r

)(
ωj−1

2r−1 + ωj−1
2r

) =

(
(ωBk θ

j−1
2r−1)xj−1

2r−1 + (ωBk θ
j−1
2r )xj−1

2r

)
(
ωBk θ

j−1
2r−1 + ωBk θ

j−1
2r

)

=

(
θj−1

2r−1x
j−1
2r−1 + θj−1

2r x
j−1
2r

)
(
θj−1

2r−1 + θj−1
2r

) =

(
(ω̂Bk θ

j−1
2r−1)xj−1

2r−1 + (ω̂Bk θ
j−1
2r )xj−1

2r

)
(
ω̂Bk θ

j−1
2r−1 + ω̂Bk θ

j−1
2r

)

=

(
ω̂j−1

2r−1x
j−1
2r−1 + ω̂j−1

2r x
j−1
2r

)
(
ω̂j−1

2r−1 + ω̂j−1
2r

)

By definition of a reduced tree measure ηM ′ , we have

CoM(ηM ′ ) = CoM(ηL) = CoM(µ)

and by (3.11), we obtain

CoM(η
′

L) = CoM(ηM ′ ) = CoM(µ)
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and whence η
′
L satisfies the definition of an L-Tree form of µ.

Let L,M,N ∈ N be such that N > L ≥ M + 1 and let µ := (Ψ∗ν) and let the

L-Tree form of µ, ηL ∈ M+(RM), constructed via RHFC, be given and set η0
L := ηL.

Let the reduced tree measure ηM ′ ∈M+(RM) for ηL, be given and set η0
M ′

:= ηM ′ .

Then, applying lemma (3.1.10), yields a probability measure µ̂ ∈M+(RM) and we set

µ̂1 := µ̂, given by

µ̂1 =

N1∑
k=1

ω̂1
kδΨ(xik

) ω̂1
k ≥ 0,

N1∑
k=1

ω̂1
k = 1

By construction, µ̂1 satisfies

1) CoM(µ̂1) =

N1∑
k=1

ω̂1
kΨ(xik) =

N∑
i=1

ωiΨ(xi) = CoM(µ)

2) {Ψ(xik)}
N1
k=1 ⊂ {Ψ(xi)}Ni=1

3) card(supp(µ̂1)) = N1 < N = card(supp(µ))

where N1 ≈M
′
2D, D = dlog2

(
N
L

)
e

Then, we proceed by recursion, for j ≥ 0, letting ηj
M ′
∈M+(RM) denote the reduced

tree measure for ηjL and utilising lemma (3.1.11) to construct ηj+1
L . We note that at

each step of the aforementioned recursion, the construction of ηj
M ′

from ηjL eliminates

(L −M ′
) trees of approximate depth (D − j) from supp(ηjL) and the construction of

ηj+1
L trims the root nodes of the collection of trees in the supp(ηj

M ′
), thereby reducing

the depth of the underlying binary forest at every iteration. We terminate the recur-

sion, when ηj
M ′

is supported a forest of binary trees of depth 0, i.e. when we have

reached the leaf node level.

We observe that with each construction of ηj
M ′

, as a result of lemma (3.1.10), a new

probability measure µ̂j ∈ M+(RM), is generated by the leaf pairs of ηj
M ′

. By con-
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struction µ̂j satisfies

1) CoM(µ̂j) =

Nj∑
k=1

ω̂jkΨ(xik) =
N∑
i=1

ωiΨ(xi) = CoM(µ)

2) {Ψ(xik)}
Nj
k=1 ⊂ {Ψ(xik)}

Nj−1

k=1 ⊂ {Ψ(xi)}Ni=1

3) card(supp(µ̂j)) = Nj < Nj−1 < N = card(supp(µ))

By lemma (3.1.10), µ̂j arises from the union of leaf nodes of ηj
M ′

, supported on the bi-

nary forest {T̂ ji1 , . . . , T̂
j
i
M
′ } of approximate depth (D−j) and whence card(supp(µ̂j)) =

Nj ≈ M
′
2(D−j). Moreover, by definition the union of leaf nodes of ηj

M ′
is a sub-

collection of the union of leaf nodes of ηj−1

M ′
and hence (2) follows, for each j ≥ 0. And

since by construction, we have

CoM(ηjL) = CoM(ηj
M ′

) = CoM(µ)

and

CoM(ηj
M ′

) = CoM(µ̂j)

therefore (1) follows.

We note that each measure µ̂j gives rise to a measure

ν̂j =

Nj∑
k=1

ω̂jkδxik
ω̂jk ≥ 0,

Nj∑
k=1

ω̂jk = 1

and by conditions 1) and 2) of µ̂j it follows that ν̂j is Ψ-generalised cubature measure

for ν. Whence, the aforementioned recursion yields a sequence {ν̂j}j of Ψ-generalised

cubature measures for ν of decreasing cardinalities. We terminate, when ηj
M ′

is sup-

ported on a binary forest of depth 0, that is, it is supported on a sub-collection of nodes

in µ, yielding card(supp(µ̂j)) = M
′ ≤M + 1 and hence we have card(supp(ν̂j)) = M

′
.

Therefore, since the last ν̂j satisfies condition 3) in (3.19), we obtain a Ψ-generalised

Carathéodory cubature measure for ν, ν̂Ψ.
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3.1.0.10 Construction of Reduced Tree Measures

The Recombination Algorithm, first introduced in [96], combines all the aforemen-

tioned ideas in this chapter and whence can be exploited to construct a Ψ-generalised

Carathéodory cubature measure for ν̂Ψ for an atomic probability measure ν and a

continuous, ν-measurable map Ψ = (ψ1, . . . , ψM). However, prior to introducing the

Recombination Algorithm we require a method for generating reduced tree measures

ηM ′ for ηL.

In the following section we will introduce two constructive algorithms for generat-

ing reduced tree measures ηM ′ for an ηL, as defined in definition (3.1.9), for L = M+1

and L = 2M . The method for generating a reduced tree measure ηM ′ for ηL, consists

of two phases:

1. Construct a reduced measure η̃M ′ for ηL, as in definition (3.0.27)

2. Update the weights of every tree in the support of η̃M ′ , by utilising the definition

(3.1.8) and hence produce the reduced tree measure ηM ′ .

To perform the first phase, we introduce the 1-Tree Measure Reduction Algorithm and

M -Tree Measure Reduction Algorithm, respectively, for L = M + 1 and L = 2M .

Letting ηL be given by

ηL =
L∑
i=1

βiδy
i
, βi = P (Ti) ≥ 0,

L∑
i=1

βi = 1, y
i

= R(Ti)

and setting

A := [y
1
,y

2
, . . . ,y

M+1
] ∈ RM×L

β := [β1, β2, . . . , βM+1]T ∈ RL
+

b := CoM(ηL) ∈ RM

Both of the aforementioned measure reduction algorithms, provide an alternative

method to the Simplex Algorithm, for finding a basic feasible solution, with M
′ ≤M ,

β̂ = [β1, . . . , βM ′ , 0, . . . , 0]T ∈ RL
+ to the LP problem

Ax = b

x ≥ 0
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and thereby generating a reduced measure η̃M ′ , given by

η̃M ′ =
M
′∑

i=1

β̂kδy
ik

, β̂k ≥ 0,
M
′∑

i=1

β̂k = 1, y
ik

= R(Tik)

then we proceed to updating the weights down each node of every tree Tik ∈ {Ti1 , . . . , TiM′ }
in the supp(η̃M ′ ). And whence, we produce the binary forest {T̂i1 , . . . , T̂iM′ }, where

each tree T̂ik is a weight-updated tree Tik , corresponding to the root weight update

βk → β̂k, as defined in (3.1.8), yielding the reduced tree measure

ηM =
M∑
i=1

β̂kδy
ik

β̂k = P (T̂ik) ≥ 0,
M
′∑

i=1

β̂k = 1, y
ik

= R(T̂ik)

The 1-Tree Measure Reduction Algorithm, integrated into the Recombination Algo-

rithm, was first introduced in [96]. This algorithm enables us to construct the Ψ-

generalised Carathéodory cubature measure for ν, by sequentially clustering the orig-

inal measure ν into (M + 1) binary trees at every iteration.

The novelty of the M -Tree Measure Reduction, is that, whilst it has the same theoret-

ical computational complexity as the 1-Tree Measure Reduction, when integrated into

the Recombination Algorithm, the overall theoretical computational complexity of the

Recombination Algorithm is reduced by one order of magnitude. The key, behind this

novel construction is to cluster the original measure ν into 2M binary trees at every

iteration, which will result in halving the support of the original measure ν with every

iteration.

Moreover, from empirical results in the Chapter 5, the Recombination Algorithm im-

plemented with M -Tree Measure Reduction, turns out to be one order of magnitude

faster than the Recombination Algorithm with the Dual Simplex or Interior Point

Methods.
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3.2 1-Tree Measure Reduction Algorithm

Algorithm 4: 1-Tree Measure Reduction

Input: Let ηM+1 be an atomic probability measure on RM , given by

ηM+1 =
M+1∑
i=1

βiδy
i

1) Set

A(0) := [y
1
,y

2
, . . . ,y

M+1
]

β(0) := [β1, β2, . . . , βM+1]T

2) Compute M
′
= rank(A(0))

For i = 1 : (M + 1)−M ′

3) Produce a null vector φ ∈ Ker(A(i−1))

4) Compute α(i)

α(i) := min
1≤j≤(M+1)−(i−1)

{
β

(i−1)
j

φj
: φj > 0

}
=
β

(i−1)

k(i)

φk(i)

for some k(i) ∈ J1, (M + 1)− (i− 1)K

5) Set β(i) := [β
(i)
1 , β

(i)
2 , . . . , β

(i)
(M+1)−i]

T

β
(i)
j :=

 β
(i−1)
j − α(i)φj for j ∈ J1, k(i) − 1K

β
(i−1)
j+1 − α(i)φj+1 for j ∈ Jk(i), (M + 1)− iK
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6) Set A(i) := [y(i)
1
,y(i)

2
, . . . ,y

(i)
(M+1)−i]

y(i)

j
:=

 y(i−1)
j

for j ∈ J1, k(i) − 1K

y(i−1)
j+1

for j ∈ Jk(i), (M + 1)− iK

end i loop

7) Set

β̂ = [β̂1, β̂2, . . . , β̂M ′ ]
T := [β

(M+1)−M ′

1 , β
(M+1)−M ′

2 , . . . , β
(M+1)−M ′

M ′
]T = β(M+1)−M ′

8) Set

Â = [y
i1
,y

i2
, . . . ,y

i
M
′
] := [y(M+1)−M ′

1
,y(M+1)−M ′

2
, . . . ,y

(M+1)−M ′

M ′
] = A(M+1)−M ′

Output: Reduced measure for ηM+1

η̃M ′ =
M
′∑

k=1

β̂kδy
ik

The following provides a constructive proof of lemma (3.0.28) for L = M + 1.

Proof. Let ηM+1 =
∑M+1

i=1 βiδy
i

an atomic probability measure on RM . Set

y
j

= [1, y2,j . . . , yM,j]
T ∈ RM

A(0) := [y
1
,y

2
, . . . ,y

M+1
] ∈ RM×(M+1)

β(0) := [β1, β2, . . . , βM+1]T ∈ R(M+1)
+ ,

M+1∑
j=1

βj = 1

For i = 1, we proceed with step 2) of the 1-Tree Measure Reduction Algorithm.

Compute rank(A(0))= M
′ ≤ M and hence dim

(
Ker(A(0))

)
= (M + 1)−M ′

. By step

3) we compute φ ∈ Ker(A(0)). Clearly, since A(0)φ = 0, we have

M+1∑
j=1

φjyj = 0
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and in particular since y1,j = 1, ∀j ∈ J1, (M + 1)K, we have

M+1∑
j=1

φ
j

= 0

and hence at least one φj > 0, as not all φj = 0

CoM(ηM+1) =
M+1∑
j=1

βjyj =
M+1∑
j=1

βjyj − α

(
M+1∑
j=1

φjyj

)
=

M+1∑
j=1

(
βj − αφj

)
y
j

holds for any α ∈ R, in particular for i = 1 it holds for α = α(1), defined in step 4),

then we have βj − α(1)φj ≥ 0 for ∀j ∈ J1, (M + 1)K, βk(1) − α(1)φk(1) = 0 for some

k(1) ∈ J1, (M + 1)K and
∑M+1

j=1

(
βj − α(1)φj

)
= 1

Hence, we have produced a probability vector
[
β(0) − α(1)φ

]
placing zero mass on

the k(1)th node in supp(ηM+1). Subsequently, we shrink the probability vector pro-

duced by removing the zeroed coordinate to obtain

β(1) := [β
(1)
1 , β

(1)
2 , . . . , β

(1)
M ]T ∈ RM

+ ,
M∑
j=1

β
(1)
j = 1

as defined in step 5). And since the k(1)th node y
k(1)

can be represented as a linear

combination of
{
y

1
, . . . ,y

k(1)−1
,y

k(1)+1
, . . .y

M+1

}
y
k(1)

= − 1

φk(1)

M+1∑
j=1
j 6=k(1)

φjyj

we can eliminate the node y
k(1)

from A(0), without altering the rank of the new co-

efficient matrix. We set A(1) = [y(1)
1
,y(1)

2
, . . . ,y(1)

M
] ∈ RM×M as defined in step 6),

with rank(A(0))=rank(A(1))=M
′
. Hence, we produce a new probability measure η̃M ,

preserving the CoM(ηM+1).

η̃M =
M∑
j=1

β
(1)
j δ

y
(1)
j

:
{
y(1)

j

}M
j=1
⊂ supp(ηM+1) , CoM(ηM+1) = CoM(η̃M)
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At the end of iteration (i− 1) ≤M −M ′
, we have produced

A(i−1) := [y(i−1)

1
,y(i−1)

2
, . . . ,y(i−1)

(M+1)−(i−1)
] ∈ RM×((M+1)−(i−1)), rank(A(i−1)) = M

′

β(i−1) := [β
(i−1)
1 , β

(i−1)
2 , . . . , β

(i−1)
(M+1)−(i−1)]

T ∈ R(M+1)−(i−1),

(M+1)−(i−1)∑
j=1

β
(i−1)
j = 1

η̃(M+1)−(i−1) =

(M+1)−(i−1)∑
j=1

β
(i−1)
j δ

y
(i−1)
j

:
{
y(i−1)

j

}(M+1)−(i−1)

j=1
⊂ supp(ηM+1),

CoM(ηM+1) = CoM(η̃(M+1)−(i−1))

Moreover, the dimension kernel of A(i−1) has the following bound

dim
(
Ker(A(i−1))

)
= (M + 1)− (i− 1)− rank(A(i−1)) = (M + 1)− (i− 1)−M ′ ≥ 1

Hence, for iteration i at step 3) we can compute φ ∈ Ker(A(i−1)) and since at least

one φj > 0, we have

CoM(η̃(M+1)−(i−1)) =

(M+1)−(i−1)∑
j=1

β
(i−1)
j y(i−1)

j
=

(M+1)−(i−1)∑
j=1

β
(i−1)
j y(i−1)

j

− α(i)

(
(M+1)−(i−1)∑

j=1

φjy
(i−1)

j

)
=

(M+1)−(i−1)∑
j=1

(
β

(i−1)
j − α(i)φj

)
y(i−1)

j

=

(M+1)−i∑
j=1

β
(i)
j y

(i)

j
= CoM(η̃(M+1)−i)

where α(i) is as defined in step 4), β
(i)
j is as defined in step 5) and y(i)

j
is as defined in

step 6). And since y
(i−1)

k(i)
can be represented as a linear combination of{

y(i−1)
1

, . . . ,y
(i−1)

k(i)−1
,y

(i−1)

k(i)+1
, . . .y

(i−1)
(M+1)−(i−1)

}
y

(i−1)

k(i)
= − 1

φk(i)

(M+1)−(i−1)∑
j=1
j 6=k(i)

φjy
(i−1)

j

we can eliminate the node y
(i−1)

k(i)
from A(i−1), without altering the rank of the new
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coefficient matrix. Hence after iteration i, we have produced

A(i) := [y(i)

1
,y(i)

2
, . . . ,y(i)

(M+1)−i] ∈ RM×((M+1)−i), rank(A(i)) = M
′

β(i) := [β
(i)
1 , β

(i)
2 , . . . , β

(i)
(M+1)−i]

T ∈ R(M+1)−i,

(M+1)−i∑
j=1

βij = 1

η̃(M+1)−i =

(M+1)−i∑
j=1

β
(i)
j δy(i)j

:
{
y(i)

j

}(M+1)−i
j=1

⊂ supp(η̃M+1),

CoM(η̃M+1) = CoM(η̃(M+1)−i)

and whence at the end of iteration i = (M + 1)−M ′
, we have produced the reduced

measure ηM ′ for ηM+1

η̃M ′ =
M
′∑

k=1

β
(M+1−M ′ )
k δ

y
(M+1−M′ )
k

=
M
′∑

k=1

β̂kδy
ik

:
{
y
ik

}M ′
k=1
⊂ supp(ηM+1) ,

M
′∑

k=1

β̂k = 1, CoM(ηM+1) = CoM(η̃M ′ )

Remark 3.2.1. Theoretical Complexity of 1-Tree Measure Reduction Algorithm

Let C(ηM+1, η̃M ′ ) denote the complexity to perform the 1-Tree Measure Reduction Al-

gorithm. Then C(ηM+1, η̃M ′ ) is dominated by the computation of the Ker(A(i−1)), for

iterations i = 1 : (M + 1)−M ′
which is an M × ((M + 1)− (i− 1)) matrix , which by

the standard “Golub-Kahan-Reinsch” SVD algorithm takes, see Chapter 8.6.4 [106]

4M2 × (M + 1− (i− 1)) + 8M × (M + 1− (i− 1))2 + 9× (M + 1− (i− 1))3 =

21M3 + lower order terms

If M
′

= M , then, we perform only one iteration through steps 3) − 8)and hence, we

have C(ηM+1, η̃M ′ ) = O(M3). If M
′
< M then the number of iterations through steps

3) − 8) is greater than one, however it is generally much smaller than M , we will

assume that C(ηM+1, η̃M ′ ) = O(M3).

126



Algorithm 5: Recombination Algorithm with 1-Tree Measure Reduc-

tion

Input: Let ν =
∑N

i=1 ωiδxi be an atomic probability measure on Rd, with

supp(ν) ⊆ K, Ψ = (ψ1, . . . , ψM) : K → RM be a continuos, ν-integrable map

1) Produce the push-forward of ν through Ψ

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)

2) Produce, via RHFC Algorithm, an (M + 1)-Tree form of (Ψ∗ν)

η0
M+1 =

M+1∑
i=1

β0
i δy0i β0

i = P (T 0
i ), y0

i
= R(T 0

i )

and set j = 0.

3) Produce, via 1-Tree Measure Reduction Algorithm and tree updating, a

reduced tree measure ηjM for ηjM+1

ηjM =
M∑
i=1

β̂jkδyjik
β̂jk = P (T̂ jik), y

j

ik
= R(T̂ jik)

where each tree T̂ jik is a weight-updated tree T jik , corresponding to the root

weight update βjk → β̂jk

If depth(T̂ jik) > 1, for some k ∈ J1,MK, proceed to step 4), else go to step 6)

4) Select the binary tree of greatest depth T̂ jir ∈
{
T̂ ji1 , . . . , T̂

j
iM

}
and split the

tree into two subtrees, by removing its root node(
P (T̂ jir), R(T̂ jir)

)

(
P (T̂ jir1 ), R(T̂ jir1 )

) (
P (T̂ jir2 ), R(T̂ jir2 )

)
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5) Set
{
T j+1

1 , . . . , T j+1
M+1} :=

({
T̂ ji1 , . . . , T̂

j
iM

}
\
{
T̂ jir
})⋃{

T̂ jir1 , T̂
j
ir2

}
and produce

(M + 1)-Tree form of (Ψ∗ν), given by

ηj+1
M+1 =

M+1∑
i=1

βj+1
i δyj+1

i
βj+1
i = P (T j+1

i ), yj+1

i
= R(T j+1

i )

set j = j + 1 and go to step 3).

6) Denote the output measure from step 3) by

(̂Ψ∗ν) =
M∑
k=1

ω̂kδΨ(xik
)

7) Output: Ψ-generalised Carathéodory cubature measure for ν:

ν̂Ψ =
M∑
k=1

ω̂kδxik

Remark 3.2.2. In the preceding algorithm: Recombination Algorithm with 1-Tree

Measure Reduction, we have assumed that each measure ηjM+1, generating a coefficient

matrix A
(0)
j := [y

1
,y

2
, . . . ,y

M+1
] has rank(A

(0)
j )=M ′ = M , as described in 1-Tree

Measure Reduction, for simplicity of exposition.

3.2.0.11 Theoretical Complexity of the Recombination Algorithm with 1-

Tree Measure Reduction

The computational bottleneck of the Recombination Algorithm consists of the inher-

ently sequential 1-Tree Measure Reduction in step and Tree Splitting operations in

steps 3)-5), which consume over 90% of the algorithms runtime. An implementation

of steps 3)-5) was given in [96]. Let us now examine the overall complexity.
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In step 1), we produce the push-forward of ν =
∑N

i=1 ωiδxi with supp(ν) ⊆ Rd through

the M -dimensional map Ψ = (ψ1, . . . , ψM), yielding

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)
with supp(Ψ∗ν) ⊆ RM

which by construction has a centre of mass, satisfying

CoM
(
Ψ∗ν

)
=
[ N∑
i=1

ωiψ1(xi), . . . ,
N∑
i=1

ωiψM(xi)
]T

=
[ ∫

K

ψ1(x)dν, . . . ,

∫
K

ψM(x)dν
]T

Thus, we have transformed out original goal of constructing a Ψ-generalised Carathéodory

cubature measure for ν: ν̂Ψ =
∑M

k=1 ω̂kδxik
, that is a measure on Rd satisfying

1)

∫
Rd
ψj(x)dν(x) =

∫
Rd
ψj(x)dν̂Ψ(x) ∀j ∈ J1,MK (3.12)

2) supp(ν̂Ψ) ⊆ supp(ν)

3) card
(
supp(ν̂µΨ)

)
≤M + 1

into constructing a reduced measure (Ψ̂∗ν) =
∑M

k=1 ω̂kδΨ(xik
) for (Ψ∗ν), on RM , satis-

fying

1) CoM(Ψ∗ν) =
N∑
k=1

ωiΨ(xi) =
M∑
i=1

ω̂kΨ(xik) = CoM(Ψ̂∗ν)

2) supp(Ψ̂∗ν) ⊆ supp(Ψ∗ν)

3) card(supp(Ψ̂∗ν)) ≤M + 1

In step 1) the cost of producing the push-forward of ν through the map Ψ := (ψ1, . . . , ψM)

is dMN , since we are evaluating an M -dimensional map at N d-dimensional points.

In step 2) we proceed to cluster the measure (Ψ∗ν), via RHFC Algorithm. For sim-

plicity of exposition of step 2), we assume that N = 2S and (M + 1) = 2P for some

S > P . Then, η0
M+1, produced in step 2), is given by

η0
M+1 =

M+1∑
i=1

β0
i δy0i : β0

i = P (T 0
i ), y0

i
= R(T 0

i ) for 1 ≤ i ≤M + 1
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where each tree in the binary forest
{
T 0

1 , . . . , T
0
M+1

}
has depth(T 0

i ) = dlog2

(
2S

2P

)
e =

(S − P ) and an associated collection of leaf nodes of cardinality card(l(T 0
i )) = 2S−P .

On the first pass through steps 3)-5) of the Recombination Algorithm, 1-Tree Measure

Reduction in step 3) eliminates one binary tree of depth (S−P ) from
{
T 0

1 , . . . , T
0
M+1

}
,

thereby eliminating 2(S−P ) points from the supp(ν), the support of the input measure.

Clearly, on the subsequent passes through the algorithm, we have no control over the

depth of the binary tree eliminated by the 1-Tree Measure Reduction. However, we

can derive the upper and lower bounds on the number of iterations, through the Re-

combination Algorithm, required to halve the support of ν.

The fastest procedure to halve the support of ν, is for the 1-Tree Measure Reduc-

tion to eliminate all trees of depth (S − P ), which takes at least (M+1)
2

iterations and

results in the reduction of supp(ν) by (M+1)
2
· 2(S−P ) = 2S/2 points.

Whilst, the slowest procedure to halve the support of ν, is as follows: on the first

pass, the algorithm always eliminates one tree of depth (S−P ) and splits another tree

of depth (S−P ) to produce two trees of depth (S−P )−1. Then, since at step 4), the

algorithm always splits the tree of greatest depth, it would take at most M iterations

to reduce all the trees of depth (S − P ) to depth (S − P ) − 1. In which case, if the

1-Tree Measure Reduction always eliminates a tree of depth (S −P )− 1 on iterations

i = 2 : M , then, after M iterations the supp(ν) is reduced by

1 · 2(S−P ) + (M − 1) · 2(S−P )−1

= 1 · 2(S−P ) +
(M + 1

2
− 1
)
· 2(S−P )

=
(M + 1)

2
· 2(S−P ) = 2S/2

Hence, it takes at least (M + 1)/2 and at most M iterations through steps 3)-5) of

the Recombination Algorithm with 1-Tree Measure Reduction to halve the supp(ν).

Hence, the total number of iterations through steps 3)-5) of the Recombination Algo-

rithm is of order O(Mlog
(
N/(M + 1))

)
.

The computational complexity of the RHFC algorithm in step 2) can be computed as

follows. Starting with the level j = 0 of the forthcoming binary forest {T1, . . . , TM+1},
containing N nodes, the formation of each successive level j ∈ J1, DK, D := dlog2

(
N
L

)
e
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requires N
2j

multiplications by a scalar and additions of two nodes of length M , hence

adding over all the levels we get

2M
D∑
j=1

N

2j
= 2NM

[
1− 1

4
(
1

2
)D
]
≤ 7

4
NM

Now, let C(ηjM+1, η̃
j
M) denote the complexity of performing a 1-Tree Measure Reduction

and let Cup(η̃
j
M , η

j
M) denotes the complexity of updating the weights down each tree

Tik ∈ {Ti1 , . . . , TiM} in the supp(η̃jM). Then, the computational complexity of the

Recombination Algorithm is given by

O
(
NM +Mlog

(
N/(M + 1)

)[
C(ηjM+1, η̃

j
M) + Cup(η̃

j
M , η

j
M)
])

(3.13)

where the second term arises from O(Mlog
(
N/(M + 1)

)
) iterations through steps 3)-

5). We already know that, C(ηjM+1, η̃
j
M) = O(M3) and as stated in Section 3.1.0.7, we

can produce a weight-updated tree T̂ik from Tik in O(1), by employing trivial paralleli-

sation, and therefore we have Cup(η̃
j
M , η

j
M) = O(M). Moreover, we note that the tree

splitting procedure in step 4) simply requires referencing the left and right subtrees of

the tree of greatest depth, rather than the tree itself and thus can be accomplished in

order O(1).

Hence, the cost of the Recombination Algorithm with 1-Tree Measure Reduction is

given by

O
(
NM + log

(
N/(M + 1)

)
M4
)

(3.14)

In the following chapter,we will construct a further recursion, that will enable us to

construct the RHFC Algorithm for N ≈ O(M2), hence we may assume that the overall

cost is dominated by the term log
(
N/(M + 1)

)
M4.

3.2.0.12 Updating the Recombination Algorithm with 1-Tree Measure Re-

duction

Conceptually, it is easy to introduce an updating scheme to improve the overall perfor-

mance of the Recombination Algorithm if we assume that ηM+1 produced in steps 2)

and 5) always generates a coefficient matrix of full rank, as illustrated in the following.
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We assume that η0
M+1 =

∑M+1
j=1 β0

j δy0j is produced in step 2) and set

A
(0)
0 := [y0

1
,y0

2
, . . . ,y0

M+1
] ∈ RM×(M+1), rank(A

(0)
0 ) = M

β0 := [β0
1 , β

0
2 , . . . , β

0
M+1]T ∈ R(M+1)

+ ,

M+1∑
j=1

β0
j = 1

Now, let Nt denote the total number of iterations through steps 3)− 5) of the Recom-

bination Algorithm with 1-Tree Measure Reduction.

Then for 1 ≤ j ≤ Nt, in in step 3) of the Recombination Algorithm, we have

ηjM+1 =
M+1∑
`=1

βj` δyj`
, βj` = P (T j` ), yj

`
= R(T j` )

and we set

A
(0)
j := [yj

1
,yj

2
, . . . ,yj

M+1
] ∈ RM×(M+1), rank(A

(0)
j ) = M

βj := [βj1, β
j
2, . . . , β

j
M+1]T ∈ R(M+1)

+ ,
M+1∑
j=1

βji = 1

Then, dim(Ker(A(0)
j )) = 1 and let us assume that Ker(A(0)

j ) = span{φj}, then we

proceed with the 1-Tree Measure Reduction Algorithm, yielding

αj(1) := min
1≤`≤M+1

{
βj`
φj`

: φj` > 0

}
=
βjk
φjk

for some k ∈ J1,M + 1K

and set

β̂ji` :=

 βj` − α
j
(1)φ

j
` for ` ∈ J1, k − 1K

βj`+1 − α
j
(1)φ

j
`+1 for ` ∈ Jk,MK

yj
i`

:=

 yj
`

for ` ∈ J1, k − 1K

yj
`+1

for ` ∈ Jk,MK

and whence produce a reduced tree measure ηjM for ηjM+1

ηjM =
M∑
i=1

β̂ji`δyji`
β̂j` = P (T̂ ji`), y

j

i`
= R(T̂ ji`)
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where each tree T̂ ji` is a weight-updated tree T ji` , corresponding to the root weight

update βji` → β̂ji` and the tree weight update is performed, as in Section 3.1.0.7.

Proceeding to step 4) of the Recombination Algorithm, we select the binary tree of

greatest depth T̂ jir ∈ {T̂
j
i1
, . . . , T̂ jiM} and split it into two sub-trees {T̂ jir1 , T̂

j
ir2
} of depth

depth(T̂ jir)− 1, which corresponds to (
β̂jir , y

j
ir

)

(
β̂jir1 , y

j
ir1

) (
β̂jir2 , y

j
ir2

)
Without loss of generality, we assume that r < k and define

βj+1
` :=



β̂ji` for ` ∈ J1, r − 1K

β̂jir1 for ` = r

β̂ji` for ` ∈ Jr + 1, k − 1K

β̂jir2 for ` = k

β̂ji`−1
for ` ∈ Jk + 1,M + 1K

yj+1

`
:=



yj
i`

for ` ∈ J1, r − 1K

yj
ir1

for ` = r

yj
i`

for ` ∈ Jr + 1, k − 1K

yj
ir2

for ` = k

yj
i`−1

for ` ∈ Jk + 1,M + 1K

Hence, in step 5) of the Recombination Algorithm, we obtain

ηj+1
M+1 =

M+1∑
`=1

βj+1
` δyj+1

`
, where

βj+1
` = P (T̂ j` ), yj+1

`
= R(T̂ j` ) for 1 ≤ j ≤M + 1, j 6= r, k

βj+1
r = P (T̂ jr1), y

j+1

r
= R(T̂ jr1), β

j+1
k = P (T̂ jr2), y

j+1

k
= R(T̂ jr2)
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which pictorially corresponds to

• • • •

T̂ j1
• •
• · · ·

• • • •

T̂ jr1 T̂ jr2
• • · · ·

• • • •

T jk
• •
• · · ·

• • • •

T̂ jM+1
• •
•

A
(0)
j = [yj

1
, . . . ,yj

r
, . . . ,yj

k
, . . . ,yj

M+1
]

A
(0)
j+1 = [yj

1
, . . . ,yj

r1
, . . . ,yj

r2
, . . . ,yj

M+1
]

↓ ↓

Hence, we have(
A

(0)
j+1 − A

(0)
j

)
= [0, . . . , 0, (yj

r1
− yj

r
), 0, . . . , 0, (yj

r2
− yj

k
), 0, . . . , 0] = ∆A

(0)
j (3.15)

Therefore, only two columns of the underlying coefficient matrix A
(0)
j are altered at

the jth iteration through the Recombination Algorithm and therefore the increment

∆A
(0)
j = ∆A

(0,1)
j + ∆A

(0,2)
j can be represented as a sum of two rank-one matrices

∆A
(0,1)
j = p(j,1)

[
q(j,1)

]T
, ∆A

(0,2)
j = p(j,2)

[
q(j,2)

]T
p(j,1) = (yj

r1
− yj

r
), q(j,1) = er

p(j,2) = (yj
r2
− yj

k
), q(j,2) = ek

f It would be desirable to exploit the aforementioned relationship between two con-

secutive coefficient matrices A
(0)
j and A

(0)
j+1 and obtain an efficient updating method

of the underlying coefficient matrix, that allows us to track the kernel throughout the

iterative cycle of the Recombination Algorithm. Updating matrix factorisations stably

and efficiently has been the subject of extensive research in numerical linear algebra

and signal processing. Gill, Golub, Murray and Saunders published a landmark paper

on modifying matrix factorisations in [79], and Stewart proposed several matrix de-

compositions for updating algorithms in subspace tracking [80], [81].

In our context, a potential method for exploiting the relationship (3.15), is to utilise

the QR-decomposition, in place of the SVD to compute the kernel of A
(0)
j , as it is

amenable to updates as opposed to the SVD. Consider the following updating scheme
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1. Compute QR decomposition of [A
(0)
0 ]T

[A
(0)
0 ]T =

[
Q

(0)
1 q2

(0)
]  R

(0)
1

0

 = Q(0)R(0)

where span{q2
(0)} =

(
Ker(A(0)

0 )
)
, set φ0 := q2

(0)

For j = 0 : Nt − 1

For i = 1, 2

2. Compute p(j,i)
[
q(j,i)

]T
and update the QR decomposition of A

(0)
j to A

(0)
j+1[

A
(0)
j+1

]T
→

[
A

(0)
j + p(j,i)

[
q(j,i)

]T]T
3. From QR decomposition of [A

(0)
j+1]T

[A
(0)
j+1]T =

[
Q

(j+1)
1 q2

(j+1)
]  R

(j+1)
1

0

 = Q(j+1)R(j+1)

and set φj := q2
(j)

We recall that the total cost of the Recombination Algorithm with 1-Tree Measure

Reduction is given by

O
(
NM +Mlog

(
N/(M + 1)

)[
C(ηjM+1, η̃

j
M) + Cup(η̃

j
M , η

j
M)
])

where C(ηjM+1, η̃
j
M) denotes the complexity of performing a 1-Tree Measure Reduc-

tion, dominated by the computation of the Ker(A(0)
j ), via SVD, at each iteration

0 ≤ j ≤ Nt and Cup(η̃
j
M , η

j
M) denotes the complexity of updating the weights down

each tree Tik ∈ {Ti1 , . . . , TiM} in the supp(η̃jM), yielding ηjM .

By exploiting the relationship (3.15) between two consecutive systems A
(0)
j and A

(0)
j+1

and introducing the aforementioned updating scheme A
(0)
j → A

(0)
j+1, let us denote by

C(η0
M+1, η̃

0
M) the complexity to perform the 1st 1-Tree Measure Reduction and let

C(ηjM+1, η̃
j
M) denote the complexity of performing the subsequent 1-Tree Measure Re-

ductions for 1 ≤ j ≤ Nt, then we can conclude that the total cost of the Recombination

Algorithm is given by

O
(
NM+

[
C(η0

M+1, η̃
0
M)+C(η̃0

M , η
0
M)
]
+Mlog

(
N/(M+1)

)[
C(ηjM+1, η̃

j
M)+Cup(η̃

j
M , η

j
M)
])

135



As illustrated in the aforementioned updating scheme, C(η0
M+1, η̃

0
M) is dominated by

the computation of the QR decomposition of A
(0)
0 , and hence C(η0

M+1, η̃
0
M) = O(M3).

Whilst the cost of the subsequent 1-Tree Measure Reductions C(ηjM+1, η̃
j
M), will be

dominated by the computation of two rank−1 updates of the QR decomposition,

and therefore we have C(ηjM+1, η̃
j
M) = O(M2), as noted in Chapter 6.5 of [104] and

Cup(η̃
j
M , η

j
M) = O(M). Hence, the overall cost of the Recombination Algorithm with

the updating scheme is given by

O
(
NM +

[
1 + log

(
N/(M + 1)

]
M3
)

We note that even if the aforementioned method of updating the underlying systems of

linear equations from one iteration to the next, proves to be numerically stable, it still

does not address the issue of rank-degenracy of the underlying matrix A
(0)
j . Clearly,

in the context of a rank deficient matrix A
(0)
j , the updating scheme described above

would not work, as we would not know the rank(A
(0)
j ) and hence dim(Ker(A(0)

j )) in

advance, and whilst it is possible to modify the QR factorisation so as to obtain a

Rank-Revealing QR Factorisation, see [113], such a factorisation is not amenable to

updates. Hence, overall we must conclude that the idea of updating the 1-Tree Measure

Reduction is not a feasible method for reducing the complexity of the Recombination

Algorithm.

In the following section, we introduce a new measure reduction algorithm, that achieves

the same reduction in complexity of the overall Recombination Algorithm, as the up-

dating scheme. Furthermore, it does not yield the same numerical instabilities and

works even when the underlying systems of equations exhibit rank-degeneracies.
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3.3 M-Tree Measure Reduction Algorithm

Algorithm 6: M-Tree Measure Reduction

Input: Let η2M be an atomic probability measure on RM , given by

η2M =
2M∑
i=1

βiδy
i

1) Set

A(0) := [y
1
,y

2
, . . . ,y

2M
]

β(0) := [β1, β2, . . . , β2M ]T

2) Compute Ker(A(0)) = Col(Φ(0))

Φ(0) := [φ(0)

1
,φ(0)

2
, . . . ,φ(0)

M
]

For i = 1 : M

3) Select φ(i−1)

1
from Φ(i−1) and compute α(i)

α(i) := min
1≤j≤2M−(i−1)

{
β

(i−1)
j

(φ(i−1)

1
)j

: ( φ(i−1)

1
)j > 0

}
=

β
(i−1)

k(i)

(φ(i−1)

1
)k(i)

for some k(i) ∈ J1, 2M − (i− 1)K

4) Set β(i) := [β
(i)
1 , β

(i)
2 , . . . , β

(i)
2M−i]

T

β
(i)
j :=

 β
(i−1)
j − α(i)(φ

(i−1)

1
)j for j ∈ J1, k(i) − 1K

β
(i−1)
j+1 − α(i)(φ

(i−1)

1
)j+1 for j ∈ Jk(i), 2M − iK

5) Set A(i) := [y(i)
1
,y(i)

2
, . . . ,y(i)

2M−i]

y(i)

j
:=

 y(i−1)
j

for j ∈ J1, k(i) − 1K

y(i−1)
j+1

for j ∈ Jk(i), 2M − iK
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6) Compute d
(i)
`+1

d
(i)
`+1 :=

(φ(i−1)

`+1
)k(i)

(φ(i−1)

1
)k(i)

for ` ∈ J1,M − iK

7) Compute

φ̂
(i)

`
:= φ(i−1)

`+1
− d(i)

`+1φ
(i−1)

1
for ` ∈ J1,M − iK

8) Produce Ψ(i) = [φ(i)

1
,φ(i)

2
, . . . ,φ(i)

M−i], by computing

(φ(i)

`
)j :=

 (φ̂
(i)

`
)j for j ∈ J1, k(i) − 1K

(φ̂
(i)

`
)j+1 for j ∈ Jk(i), 2M − iK

end i loop

9) Set β̂ = [β̂1, β̂2, . . . , β̂M ]T := [β
(M)
1 , β

(M)
2 , . . . , β

(M)
M ]T = β(M)

10) Set Â = [y
i1
,y

i2
, . . . ,y

iM
] := [y(M)

1
,y(M)

2
, . . . ,y(M)

M
] = A(M)

Output: Reduced measure for η2M

η̃M =
M∑
k=1

β̂kδy
ik

The following provides a constructive proof of lemma (3.0.28) for L = 2M .

Proof. Given η2M =
∑2M

i=1 βiδyi an atomic probability measure on RM . Set

y
i

= [1, y2,i . . . , yM,i]
T ∈ RM

A(0) := [y
1
,y

2
, . . . ,y

2M
] ∈ RM×2M

β(0) := [β1, β2, . . . , β2M ]T ∈ R2M
+ ,

2M∑
i=1

βi = 1

For simplicity of exposition, we assume A(0) is full-ranked, we address the rank-

deficient case, which will require a modification of the M -Tree Measure Reduction

Algorithm in section 3.3.1. Since rank(A(0)) = M , then dim(Ker(A(0))) = M and by

step 2) we compute Ker(A(0)) = Col(Φ(0)), where

Φ(0) := [φ(0)

1
,φ(0)

2
, . . . ,φ(0)

M
] ∈ R2M×M
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Clearly, since A(0)φ(0)

i
= 0, ∀i ∈ J1,MK we have

2M∑
j=1

(φ(0)

i
)jyj = 0

and in particular since y1,j = 1, ∀j ∈ J1, 2MK, we have

2M∑
j=1

(φ(0)

i
)j = 0

hence, for each i ∈ J1,MK at least one (φ(0)

i
)j > 0, as not all (φ(0)

i
)j = 0

CoM(η2M) =
2M∑
j=1

βjyj =
2M∑
j=1

βjyj − α

(
2M∑
j=1

(φ(0)

i
)jyj

)
=

2M∑
j=1

(
βj − α(φ(0)

i
)j
)
y
j

holds for any α ∈ R and in particular for i = 1 we choose α = α(1), defined in step 3),

and φ(0)

i
= φ(0)

1
then we have βj−α(1)(φ

(0)

1
)j ≥ 0, ∀j ∈ J1, 2MK, βk(1)−α(1)(φ

(0)

1
)k(1) = 0

for some k(1) ∈ J1, 2MK and
∑2M

j=1

(
βj − α(1)(φ

(0)

1
)j
)

= 1.

Hence, we have produced a probability vector
[
β(0) − α(1)φ

(0)

1

]
placing zero mass on

the k(1)th node in supp(η2M). Subsequently, we shrink the probability vector produced

by removing the zeroed coordinate to obtain

β(1) := [β
(1)
1 , β

(1)
2 , . . . , β

(1)
2M−1]T ∈ R2M−1

+ ,
2M−1∑
j=1

β
(1)
j = 1

as defined in step 4). And since the k(1)th node y
k(1)

can be represented as a linear

combination of
{
y

1
, . . . ,y

k(1)−1
,y

k(1)+1
, . . .y

2M

}
y
k(1)

= − 1

φk(1)

2M∑
j=1
j 6=k(1)

φjyj

we can eliminate the node y
k(1)

from A(0), without altering the rank of the new coef-

ficient matrix. We set A(1) = [y(1)
1
,y(1)

2
, . . . ,y(1)

M
] ∈ RM×M as defined in step 5), with

rank(A(0))=rank(A(1))=M . Hence, we produce a new probability measure η̃2M−1, pre-

serving the CoM(ηµ2M).

η̃2M−1 =
2M−1∑
j=1

β
(1)
j δ

y
(1)
j

:
{
y(1)

j

}2M−1

j=1
⊂ supp(η2M) , CoM(η2M) = CoM(η̃2M−1)
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Now, we update Φ(0), the kernel of A(0), to obtain the kernel of A(1). We can do so,

by firstly removing the first null vector φ(0)

1
of Φ(0) ∈ R2M×M

(
φ(0)

1

)
1

(
φ(0)

M

)
1

(
φ(0)

1

)
2M

(
φ(0)

M

)
2M

...

...

...

...

· · ·

· · ·

· · ·
. . .

M → (M − 1)

2MΦ(0) →

and subsequently taking the following linear combination of the remaining null vectors

of Φ(0) with the removed null vector φ(0)

1
, as described in steps 6) and 7)

φ̂
(1)

`
= φ(0)

`+1
−

[
(φ(0)

`+1
)k(1)

(φ(0)

1
)k(1)

]
φ(0)

1
for ` ∈ J1,M − 1K

The above linear combination of null vectors of Φ(0) introduces a zero in the k(1)th

coordinate of each resulting vector φ̂
(1)

`
= [(φ̂

(1)

`
)1, . . . , (φ̂

(1)

`
)2M ]T ∈ R2M . We proceed

by removing the zeroed coordinate in each resulting vector φ̂
(1)

`

(
φ̂

(1)

1

)
1

(
φ̂

(1)

M−1

)
1

(
φ̂

(1)

1

)
2M

(
φ̂

(1)

M−1

)
2M

...
0...

...
0...

· · ·

· · ·

· · ·
. . .

M − 1

2M→ 2M − 1Φ(1) =k(1) →

thereby obtaining Φ(1) := [φ(1)

1
,φ(1)

2
, . . . ,φ(1)

M−1
] ∈ R(2M−1)×(M−1) such thatKer(A(1)) =

Col(Φ(1)), where φ(1)

i
for 1 ≤ i ≤M − 1 satisfies the expression in step 8).
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It is easily verified that Col(Φ(1)) ⊆ Ker(A(1)), as for each ` ∈ J1,M − 1K, we have

A(1)φ(1)

`
=[y

1
, . . . ,y

k(1)−1
,y

k(1)+1
, . . . ,y

2M
] φ(1)

`
(3.16)

=



∑2M
j=1
j 6=k(1)

y1,j(φ
(0)

`+1
)j − d(1)

`+1

∑2M
j=1
j 6=k(1)

y1,j(φ
(0)

1
)j

...∑2M
j=1
j 6=k(1)

yM,j(φ
(0)

`+1
)j − d(1)

`+1

∑2M
j=1
j 6=k(1)

yM,j(φ
(0)

1
)j

 = 0

Since for any φ(0)

i
∈ Ker(A(0)), we have

2M∑
j=1
j 6=k(1)

y1,j(φ
(0)

1
)j = −y1,k(1)(φ

(0)

i
)k(1) (3.17)

...

2M∑
j=1
j 6=k(1)

yM,j(φ
(0)

1
)j = −yM,k(1)(φ

(0)

i
)k(1)

And in particular, by taking φ(0)

i
= φ(0)

1
in (3.17) and by substituting (3.17) into (3.16)

and using the expression for d
(1)
`+1, we obtain the desired equality in (3.16).

Similarly, we can verify Ker(A(1)) ⊆ Col(Φ(1)), since Ker(A(0)) = Col(Φ(0)), so we

have φ(0)

m
, φ(0)

i
∈ Ker(A(0)) for any 1 ≤ m, i ≤M and
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0 = A(0)φ(0)

m
=



∑2M
j=1
j 6=k(1)

y1,j(φ
(0)

m
)j + y1,k(1)

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)k(1)

...∑2M
j=1
j 6=k(1)

yM,j(φ
(0)

m
)j + yM,k(1)

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)k(1)


=



∑2M
j=1
j 6=k(1)

y1,j(φ
(0)

m
)j −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]∑2M
j=1
j 6=k(1)

y1,j(φ
(0)

i
)j

...∑2M
j=1
j 6=k(1)

yM,j(φ
(0)

m
)j −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]∑2M
j=1
j 6=k(1)

yM,j(φ
(0)

i
)j


=



∑2M
j=1
j 6=k(1)

y1,j

(
(φ(0)

m
)j −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)j

)
...∑2M

j=1
j 6=k(1)

yM,j

(
(φ(0)

m
)j −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)j

)


= A(1)φ(1)

`

where the first equality holds by (3.17), since φ(0)

i
∈ Ker(A(0)). Hence, we conclude

that any φ(1)

`
= [(φ(1)

`
)1, (φ(1)

`
)2, . . . , (φ

(1)

`
)2M−1]T ∈ Ker(A(1)) must be of the form

(φ(i)

`
)j :=



(
(φ(0)

m
)j −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)j

)
for j ∈ J1, k(1) − 1K(

(φ(0)

m
)j+1 −

[
(φ(0)
m

)
k(1)

(φ(0)
i

)
k(1)

]
(φ(0)

i
)j+1

)
for j ∈ Jk(1), 2M − 1K

and hence by choosing m = ` + 1 and i = 1, we obtain the expression in step 8) and

φ(1)

`
∈ Col(Φ(1)).
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At the end of iteration (i− 1) ≤M − 1, we have produced:

A(i−1) = [y(i−1)

1
,y(i−1)

2
, . . . ,y(i−1)

2M−(i−1)
] ∈ RM×(2M−(i−1)), rank(A(i−1)) = M

β(i−1) = [β
(i−1)
1 , β

(i−1)
2 , . . . , β

(i−1)
2M−(i−1)]

T ∈ R2M−(i−1)
+ ,

2M−(i−1)∑
j=1

β
(i−1)
j = 1

Φ(i−1) = [φ(i−1)

1
,φ(i−1)

2
, . . . ,φ(i−1)

M−(i−1)
] ∈ R(2M−(i−1))×(M−(i−1)) , Col(Φ(i−1)) = Ker(A(i−1))

η̃2M−(i−1) =

2M−(i−1)∑
j=1

β
(i−1)
j δ

y
(i−1)
j

:
{
y(i−1)

j

}2M−(i−1)

j=1
⊂ supp(η2M) ,

CoM(η2M) = CoM(η̃2M−(i−1))

Hence, on iteration i at step 3) we select φ(i−1)

1
∈ Φ(i−1) and since at least one

(φ(i−1)

1
)j > 0, we have

CoM(η̃2M−(i−1)) =

2M−(i−1)∑
j=1

β
(i−1)
j y(i−1)

j
=

2M−(i−1)∑
j=1

β
(i−1)
j y(i−1)

j

− α(i)

(
2M−(i−1)∑

j=1

(φ(i−1)

1
)jy

(i−1)

j

)
=

2M−(i−1)∑
j=1

(
β

(i−1)
j − α(i)(φ

(i−1)

1
)j
)
y(i−1)

j

=
2M−i∑
j=1

β
(i)
j y

(i)

j
= CoM(η̃2M−i)

where α(i) is as defined in step 3), β
(i)
j is as defined in step 4) and y(i)

j
is as defined in

step 5).

Now, we update Φ(i−1), the kernel of A(i−1), to obtain the kernel of A(i). We can

do this by firstly removing the first null vector φ(i−1)

1
of Φ(i−1) ∈ R2M−(i−1)×M−(i−1)

(
φ(i−1)

1

)
1

(
φ(i−1)

M−(i−1)

)
1

(
φ(i−1)

1

)
2M−(i−1)

(
φ(i−1)

M−(i−1)

)
2M−(i−1)

...

...

...

...

· · ·

· · ·

· · ·

. . .

M − (i− 1)→M − i

2M −(i− 1)
Φ(i−1) →
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and taking the following linear combination of the remaining null vectors of Φ(i−1) with

the removed null vector φ(i−1)

1
, as described in steps 6) and 7)

φ̂
(i)

`
= φ(i−1)

`+1
−

[
(φ(i−1)

`+1
)k(i)

(φ(i−1)

1
)k(i)

]
φ(i−1)

1
for ` ∈ J1,M − iK

The above linear combination of null vectors of Φ(i−1) introduces a zero in the k(i)th

coordinate of each resulting vector φ̂
(i)

`
= [(φ̂

(i)

`
)1, . . . , (φ̂

(i)

`
)2M−(i−1)]

T ∈ R(2M−(i−1)).

We proceed by removing the zeroed coordinate in each resulting vector φ̂
(i)

`

(
φ̂

(i)

1

)
1

(
φ̂

(i)

M−i

)
1

(
φ̂

(i)

1

)
2M−(i−1)

(
φ̂

(i)

M−i

)
2M−(i−1)

...
0
...

...
0
...

· · ·

· · ·

· · ·

. . .

M − i

2M−(i− 1)→2M − iΦ(i) = k(i) →

so as to obtain Ψ(i) := [φ(i)

1
,φ(i)

2
, . . . ,φ(i)

M−i] ∈ R(2M−i)×(M−i) such that Ker(A(i)) =

Col(Φ(i)), where φ(i)

m
for 1 ≤ m ≤M − 1 satisfies the expression in step 8). It is easily

verified that Col(Φ(i)) ⊆ Ker(A(i)), for each ` ∈ J1,M − iK, we have

A(i)φ(i)

`
=


∑2M

j=1, j 6=k(1),...,k(i) y1,j(φ
(i−1)

`+1
)j − d(i)

`+1

∑2M

j=1, j 6=k(1),...,k(i) y1,j(φ
(i−1)

1
)j

...∑2M

j=1, j 6=k(1),...,k(i) yM,j(φ
(i−1)

`+1
)j − d(i)

`+1

∑2M

j=1, j 6=k(1),...,k(i) yM,j(φ
(i−1)

1
)j

 = 0

(3.18)

Since for φ(0)

1
∈ Ker(A(i−1)), we have

2M∑
j=1, j 6=k(1),...,k(i)

y1,j(φ
(0)

1
)j = −y1,k(i)(φ

(0)

1
)k(1)

...
2M∑

j=1, j 6=k(1),...,k(i)
yM,j(φ

(0)

1
)j = −yM,k(i)(φ

(0)

1
)k(1)

By substituting the above set of equations into (3.18) and using the expression for
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d
(i)
`+1, we obtain the desired equality in (3.18). Similarly, it is easily verified that

Ker(A(i)) ⊆ Col(Φ(i)).

Hence, at the end of iteration i, we have produced:

A(i) = [y(i)

1
,y(i)

2
, . . . ,y(i)

2M−i] ∈ RM×(2M−i), rank(A(i)) = M

β(i) = [β
(i)
1 , β

(i)
2 , . . . , β

(i)
2M−i]

T ∈ R2M−i
+ ,

2M−i∑
j=1

β
(i)
j = 1

Φ(i) = [φ(i)

1
,φ(i)

2
, . . . ,φ(i)

M−i] ∈ R(2M−i)×(M−i) , Col(Φ(i)) = Ker(A(i))

η̃2M−i =
2M−i∑
j=1

β
(i)
j δy(i)j

:
{
y(i)

j

}2M−i
j=1

⊂ supp(η2M) ,

CoM(η2M) = CoM(η̃2M−i)

and whence at the end of iteration i = M , we have produced the reduced measure η̃M

for η2M

η̃M =
M∑
k=1

β
(M)
k δ

y
(M)
k

=
M∑
k=1

β̂kδy
ik

:
{
y
ik

}M
k=1
⊂ supp(η2M) ,

M∑
k=1

β̂k = 1, CoM(η2M) = CoM(η̃M)
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Remark 3.3.1. Theoretical Complexity of M-Tree Measure Reduction Algorithm

Let C(η2M , η̃M) denote the complexity to perform an M-Tree Measure Reduction.

Then C(η2M , η̃M) is dominated by two operations: the first is the computation of the

Ker(A(0)), which is a M × 2M matrix in step 2), which by the standard “Golub-Kahan-

Reinsch” SVD algorithm see Chapter 8.6.4 [106], takes

4M2 × (2M) + 8M × (2M)2 + 9× (2M)3 = 112M3 + lower order terms

and secondly updating the kernel Φ(i−1) → Φ(i) in steps 6)-8) at each iteration i =

1 : M . Given Φ(i−1) = [φ(i−1)

1
,φ(i−1)

2
, . . . ,φ(i−1)

M−(i−1)
] ∈ R(2M−(i−1))×(M−(i−1)), the latter

operation requires the deletion of the first column φ(i−1)

1
from Φ(i−1) and the subsequent

update of each of the remaining columns of Φ(i−1)

φ(i−1)

`+1
−

[
(φ(i−1)

`+1
)k(i)

(φ(i−1)

1
)k(i)

]
φ(i−1)

1
for ` ∈ J1,M − iK

which is equivalent to subtracting two matrices of dimensions (2M − (i− 1))× (M − i)
and the subsequent deletion of row k(i) in the resulting matrix. Since the kernel update

is performed for every iteration i = 1 : M , we have a total computation of order

M ×
(
2M − (i− 1)

)
×
(
M − i

)
= 2M3 + lower order terms

Hence, clearly C(η2M , η̃M) = O
(
M3
)
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Algorithm 7: Recombination Algorithm with M-Tree Measure Reduc-

tion

Input: Let ν =
∑N

i=1 ωiδxi be an atomic probability measure on Rd,

supp(ν) ⊆ K, Ψ = (ψ1, . . . , ψM) : K → RM be a continuos, ν-integrable map

1) Produce the push-forward of ν through Ψ

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)

2) Produce, via RHFC Algorithm, 2M -Tree form of (Ψ∗ν)

η0
2M =

2M∑
i=1

β0
i δy0i β0

i = P (T 0
i ), y0

i
= R(T 0

i )

and set j = 0

3) Produce, via 2M -Tree Measure Reduction Algorithm and tree updating, a

reduced tree measure ηjM for ηj2M

ηjM =
M∑
i=1

β̂jkδyjik
β̂jk = P (T̂ jik), y

j

ik
= R(T̂ jik)

where each tree T̂ jik is a weight-updated tree T jik , corresponding to the root

weight update βjk → β̂jk

If depth(T̂ jik) > 1, for some k ∈ J1,MK, proceed to step 4), else go to step 6)

4) Split each binary tree T̂ jik ∈
{
T̂ ji1 , . . . , T̂

j
iM

}
into two subtrees, by removing its

root node (
P (T̂ jik), R(T̂ jik)

)

(
P (T̃ ji2k−1

), R(T̃ ji2k−1
)
) (

P (T̃ ji2k), R(T̃ ji2k)
)
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5) Set
{
T j+1

1 , . . . , T j+1
2M } :=

{
T̃ ji1 , . . . , T̃

j
i2M

}
and produce a 2M -Tree form of

(Ψ∗ν), given by

ηj+1
2M =

2M∑
i=1

βj+1
i δyj+1

i
βj+1
i = P (T j+1

i ), yj+1

i
= R(T j+1

i )

set j = j + 1 and go to step 3).

6) Denote the output measure from step 3) by

(̂Ψ∗ν) =
M∑
k=1

ω̂kδΨ(xik
)

7) Output: Ψ-generalised Carathéodory cubature measure for ν:

ν̂Ψ =
M∑
k=1

ω̂kδxik

Remark 3.3.2. In the preceding algorithm: the Recombination Algorithm with M-Tree

Measure Reduction, we have assumed that each measure ηj2M , generating a coefficient

matrix A
(0)
j := [y

1
,y

2
, . . . ,y

2M
] has rank(A

(0)
j )=M ′ = M , as described in the M-Tree

Measure Reduction, for simplicity of exposition.

3.3.0.13 Theoretical Complexity of the Recombination Algorithm with

M-Tree Measure Reduction

In step 1), we produce the push-forward of ν =
∑N

i=1 ωiδxi with supp(ν) ⊆ Rd through

the M -dimensional map Ψ = (ψ1, . . . , ψM), yielding

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)
with supp(Ψ∗ν) ⊆ RM
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which by construction has a centre of mass, satisfying

CoM
(
Ψ∗ν

)
=
[ N∑
i=1

ωiψ1(xi), . . . ,
N∑
i=1

ωiψM(xi)
]T

=
[ ∫

K

ψ1(x)dν, . . . ,

∫
K

ψM(x)dν
]T

Thus, we have transformed out original goal of constructing a Ψ-generalised Carathéodory

cubature measure for ν: ν̂Ψ =
∑M

k=1 ω̂kδxik
, that is a measure on Rd satisfying

1)

∫
Rd
ψj(x)dν(x) =

∫
Rd
ψj(x)dν̂Ψ(x) ∀j ∈ J1,MK (3.19)

2) supp(ν̂Ψ) ⊆ supp(ν)

3) card
(
supp(ν̂µΨ)

)
≤M + 1

into constructing a reduced measure (Ψ̂∗ν) =
∑M

k=1 ω̂kδΨ(xik
) for (Ψ∗ν), on RM , satis-

fying

1) CoM(Ψ∗ν) =
N∑
k=1

ωiΨ(xi) =
M∑
i=1

ω̂kΨ(xik) = CoM(Ψ̂∗ν)

2) supp(Ψ̂∗ν) ⊆ supp(Ψ∗ν)

3) card(supp(Ψ̂∗ν)) ≤M + 1

In step 1) the cost of producing the push-forward of ν through the map Ψ := (ψ1, . . . , ψM)

is dMN , since we are evaluating an M -dimensional map at N d-dimensional points.

In step 2) we proceed to cluster the measure (Ψ∗ν), via RHFC Algorithm. For sim-

plicity of exposition of step 2), we assume that N = 2S and 2M = 2R for some S > R.

Then, η0
2M , produced in step 2), is given by

η0
2M =

2M∑
i=1

β0
i δy0i : β0

i = P (T 0
i ), y0

i
= R(T 0

i ) for 1 ≤ i ≤ 2M

where each tree in the binary forest
{
T 0

1 , . . . , T
0
2M

}
, has depth(T 0

i ) = dlog2

(
2S

2R

)
e =

(S −R) and an associated collection of leaf nodes of cardinality card(l(T 0
i )) = 2S−R.
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On the first pass through the Recombination Algorithm, theM -Tree measure reduction

in step 3) eliminates M trees of depth (S −R), thereby eliminating M · 2(S−R) points

from supp(ν), the support of the input measure. Clearly, on the ith pass through the

Recombination Algorithm, M -Tree Measure Reduction eliminates all trees of depth

(S − R) − (i − 1) and hence M · 2(S−R)−(i−1) = 2S/2i points from the supp(ν), this

halves the number of points, 2S/2(i−1), left in the supp(ν) from the (i − 1)th pass

through the algorithm.

Hence, the Recombination Algorithm with M -Tree Measure Reduction requires a total

of log(N/2M)− 1 = (S −R)− 1 iterations through steps 3)-5). When N , 2M are not

exact powers of two, the number of iterations through steps 3)-5) of the Recombination

Algorithm is of order O
(
log(N/2M)

)
.

Now, let C(ηj2M , η̃
j
M) denote the complexity of performing an M -Tree Measure Re-

duction, let Cup(η̃
j
M , η

j
M) denote the complexity of updating the weights down each

tree Tik ∈ {Ti1 , . . . , TiM} in the supp(ηjM) and let Cspl(η̃
j
M , η

j+1
2M ) denote the complexity

of splitting each tree in the supp(ηjM) to produce the supp(ηj+1
2M ).

Then, the computational complexity of the Recombination Algorithm is given by

O
(
NM + log

(
N/(2M)

)[
C(ηj2M , η̃

j
M) + Cup(η̃

j
M , η

j
M) + Cspl(η̃

j
M , η

j+1
2M )

])
(3.20)

where the first term arises from the construction of the push-forward of ν through

Ψ in step 1) and RHFC Algorithm in step 2) and the second term arises from the

iteration through steps 3)-5). We already know that, C(ηj2M , η̃
j
M) = O(M3) and as

stated in Section 3.1.0.7, we can produce a weight-updated tree T̂ik from Tik in O(1),

by employing trivial parallelisation. Therefore we have Cup(η̃
j
M , η

j
M) = O(M). In steps

4) and 5) the tree splitting procedure and thus the construction of ηj+1
2M from ηjM , re-

quires referencing the left and right subtrees of each binary tree in ηjM and thus can

be accomplished in order Cspl(η̃
j
M , η

j+1
2M ) = O(M).

Hence, the cost of the Recombination Algorithm with M -Tree Measure Reduction

is given by

O
(
NM + log(N/2M)M3

)
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3.3.1 Degenerate Measure Reduction Algorithms and Prac-

tical Implementation Issues

Two types of degeneracies can occur for which the Measure Reduction Algorithms,

discussed in the previous section, have to be modified.

The first type of degeneracy occurs when given an atomic probability measure

ηL =
L∑
i=1

βiyi

resulting in a coefficient matrix A(0) := [y
1
,y

2
, . . . ,y

L
], with rank(A(0)) = M

′
< M .

Under this scenario, the reduced measure η̃M ′ will contain M
′
< M nodes. We have

already addressed this type of degeneracy for L = M + 1, so in the following we shall

address this type of degeneracy for L = 2M .

The second type of degeneracy occurs when the coefficient matrixA(0) := [y
1
,y

2
, . . . ,y

L
]

has rank(A(0)) = M , whilst the reduced measure η̃M ′ contains M
′
< M nodes. This

scenario occurs when CoM(ηL) lies on one of the faces of the Convex Hull of the sup-

port of the reduced tree measure η̃M ′ .

Example 3.3.3. Suppose we have four points on a line in [0, 1]2 with uniform weights

ν =
4∑
i=1

ωiδxi , where ωi =
1

4
, for i ∈ J1, 4K and

x1 = [0, 1]T , x2 = [1, 0]T , x3 = [0.75, 0.25]T , x4 = [0.25, 0.75]T

and let Ψ = (ψ1, ψ2, ψ3) : [0, 1]2 → R3, be given Ψ(x) = Ψ(x1, x2) = [1, x1, x2]T . Then

the push-forward of ν through Ψ is given by (Ψ∗ν) =
∑4

i=1 ωiδΨ(xi)
and we set

A(0) = [Ψ(x1),Ψ(x2),Ψ(x3),Ψ(x4)] =


1 1 1 1

0 1 0.75 0.25

1 0 0.25 0.75



Ker(A(0)) = span{λ1,λ2} = span{[−0.25,−0.75, 1, 0]T , [−0.75,−0.25, 0, 1]T}
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Since rank(A(0)) = 2 < 3 , dim
(
Ker(A(0))

)
= 2 and card(Ψ∗ν) = 4, we set η2M =

(Ψ∗ν) and proceed with M-Tree Measure Reduction, with M = 2. Setting

Φ
(0)
(1) = [λ1,λ2], Φ

(0)
(2) = [−λ1,−λ2], Φ

(0)
(3) = [λ2,−λ1], Φ

(0)
(4) = [−λ2,λ1]

for each kernel Φ
(0)
(j) we obtain the corresponding Ψ-generalised Carathéodory cubature

measure

ν
(1)
ψ =

2∑
i=1

ω̂
(1)
i δ

x̂
(1)
i
, ω̂

(1)
1 = ω̂

(1)
2 =

1

2
, x̂

(1)
1 = [0, 1]T , x̂

(1)
2 = [1, 0]T

ν
(2)
ψ =

2∑
i=1

ω̂
(2)
i δ

x̂
(2)
i
, ω̂

(2)
1 = ω̂

(2)
2 =

1

2
, x̂

(2)
1 = [0.75, 0.25]T , x̂

(2)
2 = [0.25, 0.75]T

ν
(3)
ψ =

2∑
i=1

ω̂
(3)
i δ

x̂
(3)
i
, ω̂

(3)
1 = ω̂

(3)
2 =

1

2
, x̂

(3)
1 = [0, 1]T , x̂

(3)
2 = [0.75, 0.25]T

ν
(4)
ψ =

2∑
i=1

ω̂
(1)
i δ

x̂
(4)
i
, ω̂

(4)
1 = ω̂

(4)
2 =

1

2
, x̂

(4)
1 = [1, 0]T , x̂

(4)
2 = [0.25, 0.75]T

In the aforementioned example the degeneracy arises as the result of the underlying

coefficient matrix being rank-deficient, rank(A(0)) = 2 = M
′
< M = 3. This occurs

because the original cubature nodes are collinear. Similarly for higher dimensions, this

degeneracy arises when the nodes are contained in an affine subspace S ⊂ RM , with

dim(S) < M .

Ψ(x1) = [1, 0, 1]T

Ψ(x4) = [1, 1/4, 3/4]T

CoM(Ψ∗ν) = [1, 1/2, 1/2]T

Ψ(x3) = [1, 3/4, 1/4]T

Ψ(x2) = [1, 1, 0]T

Figure 3.1: Rank-Deficient Degeneracy
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To deal with this type of degeneracy, we need to modify the M -Tree Measure Re-

duction Algorithm.

Let η2M =
∑2M

i=1 βiδyi be given, set A(0) := [y
1
,y

2
, . . . ,y

2M
] and assume that has

rank(A(0)) = M
′
< M . In order to construct the reduced measure η̃M ′ for η2M , we

need perform the (2M −M ′
)-Tree Measure Reduction. To accomplish this we proceed

as in step 2) of the M -Tree Measure Reduction and we construct the basis for the

kernel of A(0)

Φ(0) := [φ(0)

1
,φ(0)

2
, . . . ,φ

(0)

2M−M ′ ] ∈ R2M×(2M−M ′ )

where Col(Φ(0)) = Ker(A(0)), since dim(Ker(A(0))) = 2M −M ′
> M . Since there are

(2M −M ′
) null vectors of A(0), we iterate through steps 3) − 5), (2M −M ′

) times,

instead of M , producing in steps 9)−10) with the reduced weight vector and coefficient

matrix

β̂ = [β̂1, β̂2, . . . , β̂M ′ ]
T := [β

(2M−M ′ )
1 , β

(2M−M ′ )
2 , . . . , β

(2M−M ′ )
M ′

]T = β(2M−M ′ )

Â = [y
i1
,y

i2
, . . . ,y

i
M
′
] := [y(2M−M ′ )

1
,y(2M−M ′ )

2
, . . . ,y

(2M−M ′ )
M ′

] = A(2M−M ′ )

and hence we obtain η̃M ′ the reduced tree measure for η2M , given by

η̃M ′ =
M
′∑

k=1

β̂kδy
ik

The next example deals with the second type of degeneracy.

Example 3.3.4. Suppose we have a uniformly weighted square in R2, that is

ν =
4∑
i=1

ωiδxi , where ωi =
1

4
, for i ∈ J1, 4K and

x1 = [0, 0]T , x2 = [1, 0]T , x3 = [0, 1]T , x4 = [1, 1]T

and let Ψ = (ψ1, ψ2, ψ3) : [0, 1]2 → R3, be given Ψ(x) = Ψ(x1, x2) = [1, x1, x2]T . Then

the push-forward of ν through Ψ is given by (Ψ∗ν) =
∑4

i=1 ωiδΨ(xi)
and we set

A = [Ψ(x1),Ψ(x2),Ψ(x3),Ψ(x4)] =


1 1 1 1

0 1 0 1

0 0 1 1


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and Ker(A) = span{ρ} = span{[1,−1,−1, 1]T}. Since rank(A) = 3 and dim(Ker(A)) =

1, we proceed with the 1-Tree Measure Reduction. We set λ = ρ and compute

α̂ = min
1≤`≤4

{ω`
λ`

: λ` > 0
}

=
ω1

λ1

=
ω4

λ4

=
1

4

and similarly if we set λ = −ρ and compute

α̃ = min
1≤`≤4

{ω`
λ`

: λ` > 0
}

=
ω2

λ2

=
ω3

λ3

=
1

4

for each value of λ, we obtain the corresponding Ψ-generalised Carathéodory cubature

measure

ν
(1)
Ψ =

2∑
i=1

ω̂iδx̂i , ω̂1 = ω̂2 =
1

2
, x̂1 = [1, 0]T , x̂2 = [0, 1]T

ν
(2)
Ψ =

2∑
i=1

ω̃iδx̃i , ω̃1 = ω̃2 =
1

2
, x̃1 = [0, 0]T , x̃2 = [1, 1]T

In the aforementioned example, the degeneracy for ν
(1)
Ψ , or equivalently ν

(2)
Ψ , arises

as the result CoM(Ψ∗ν) lying on the face of the Conv
(

Ψ(x1),Ψ(x2),Ψ(x3)
)

or equiv-

alently on the face of the Conv
(

Ψ(x2),Ψ(x3),Ψ(x4)
)

.

We can define the face of Conv
(

Ψ(x1),Ψ(x2),Ψ(x3)
)

, containing CoM(Ψ∗ν), as

F = Conv
(

Ψ(x1),Ψ(x2),Ψ(x3)
)⋂{

(x, y, z) ∈ R3 : x = 1, 0 ≤ y ≤ 1, z = 1− y
}

Ψ(x1) = [1, 0, 0]T Ψ(x2) = [1, 1, 0]T

Ψ(x3) = [1, 0, 1]T Ψ(x4) = [1, 1, 1]T

CoM(Ψ∗ν) = [1, 1/2, 1/2]T

Figure 3.2: Convex Hull Degeneracy
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As we can observe in the picture above, we have F = Conv
(

Ψ(x2),Ψ(x3)
)

and

CoM(Ψ∗ν) ∈ F .

Hence, despite the fact that the underlying coefficient matrixA is full-ranked, rank(A) =

M = 3, the Ψ-generalised “Carathéodory’ cubature measure is supported on only

2 = M
′
< M nodes.

To deal with this type of degeneracy, we need to modify the 1-Tree Measure Reduction

Algorithm and a similar modification holds for the M -Tree Measure Reduction.

Let ηM+1 =
∑M+1

i=1 βiδy
i

be given, set A(0) := [y
1
,y

2
, . . . ,y

M+1
] and assume that

rank(A(0)) = M . Moreover, let us assume that CoM(ηM+1) lies on some face of the

Conv(y
1
,y

2
, . . . ,y

M+1
), then CoM(ηM+1) ∈ Conv(y

1
, . . . ,y

r(1)−1
, ,y

r(1)+1
, . . . ,y

M+1
)

for some r(1) ∈ J1,M + 1K.

As a result of the above, in step 4) of the 1-Tree Measure Reduction, we will have

α(1) := min
1≤j≤(M+1)

{
β

(0)
j

φj
: φj > 0

}
=
β

(0)

k(1)

φk(1)
=
β

(0)

r(1)

φr(1)

for some k(1), r(1) ∈ J1,M + 1K

Hence, we have (β
(0)

k(1)
− α(1)φk(1)) = 0 and (β

(0)

r(1)
− α(1)φr(1)) = 0. Without loss of

generality, assume that k(1) < r(1), then in step 5) set β(1) := [β
(1)
1 , β

(1)
2 , . . . , β

(1)
(M−1)]

T ,

where

β
(1)
j :=


β

(0)
j − α(1)φj for j ∈ J1, k(1) − 1K

β
(0)
j+1 − α(1)φj+1 for j ∈ Jk(1), r(1) − 2K

β
(0)
j+2 − α(1)φj+2 for j ∈ Jr(1) − 1,M − 1K

and similarly in step 6) set A(1) := [y(1)
1
,y(1)

2
, . . . ,y

(1)
(M−1)], where

y(1)

j
:=


y(0)
j

for j ∈ J1, k(i) − 1K

y(0)
j+1

for j ∈ Jk(1), r(1) − 2K

y(0)
j+2

for j ∈ Jr(1) − 1,M − 1K

This produces, in steps 7) − 8) of the 1-Tree Measure Reduction, the reduced weight
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vector and coefficient matrix

β̂ = [β̂1, β̂2, . . . , β̂M−1]T := β(1)

Â = [y
i1
,y

i2
, . . . ,y

iM−1
] := A(1)

and hence we obtain η̃M−1 the reduced tree measure for ηM+1, given by

η̃M−1 =
M−1∑
k=1

β̂kδy
ik

156



3.3.2 Multiplicity of reduced tree measures

As we saw in the two examples in the previous section, the measure reduction algo-

rithms often generate more than one solution. The number of reduced measures η̃M ′

for ηL, is dependent on the construction of the kernel of the underlying coefficient

matrix of ηL. In this section, we make this idea more precise. Let us assume, without

loss of generality, that M
′
= M .

Let η2M =
∑2M

i=1 βiδyi denote an atomic probability measure on RM and set

A := [y
1
,y

2
, . . . ,y

2M
] ∈ RM×2M

β := [β1, β2, . . . , β2M ]T ∈ R2M
+ ,

2M∑
i=1

βi = 1

Then, as noted earlier, producing a reduced measure η̃M =
∑M

k=1 β̂kδyik
for η2M via the

M -Tree Measure Reduction Algorithm, is equivalent, in the language of LP problems,

to generating one basic feasible solution β̂ = [β̂1, . . . , β̂M , 0, . . . , 0]T ∈ R2M
+ to

Ax = b, where b = CoM(η2M) ∈ RM (3.21)

x ≥ 0

provided that we already have a feasible solution to the aforementioned system, that

is we have β = [β1, β2, . . . , β2M ]T ∈ R2M
+ ,

∑2M
i=1 βi = 1 satisfying Aβ = b.

As noted in section (1.3.1), the number of basic feasible solutions or equivalently

extreme points of the feasible region
{
x ∈ R2M : Ax = b, x ≥ 0

}
is upper bounded

by
(

2M
M

)
. The M -Tree measure reduction can also be utilised to generate more than

one basic feasible solution to (3.21). However, by no means, do we guarantee we are

able to generate all the basic feasible solutions to (3.21) by applications of the M -Tree

measure reduction algorithm. Let S∗ denote the set of all basic feasible solutions of

(3.21), then we have |S∗| ≤
(

2M
M

)
and let S ⊆ S∗ denote the set of basic feasible solu-

tions that can be obtained by several applications of the M -Tree measure reduction.

We now describe how to obtain the elements of S.

Since Ker(A) = span
{
φ(0)

1
,φ(0)

2
, . . . ,φ(0)

M

}
, we clearly have a choice as to the order

in which we place the null vectors φ(0)

i
into the matrix Φ(0) and their respective signs.

Note that we could also scale any null vector φ(0)

i
, by a constant C ∈ R, however this

is not desirable since, as illustrated in the following section the null vectors obtained

via Singular Value Decomposition form an orthogonal basis for Ker(A(0)), and hence
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are of norm 1 and for stability purposes of the M -Tree Measure Reduction, we want

to keep the norm of the null vectors unaltered.

In the construction of theM -Tree reduction algorithm, we chose Φ(0) = [φ(0)

1
,φ(0)

2
, . . . ,φ(0)

M
],

however many more choices are available. Define the set FM as follows

FM =
⋃
σ∈SM

2M−1⋃
n=0

{
(−1)d1(n2)φ(0)

σ(1)
, (−1)d2(n2)φ(0)

σ(2)
, . . . , (−1)dM (n2)φ(0)

σ(M)

}
where di : {0, 1}M → {0, 1} selects the ith digit of the binary representation n2 of the

number n ∈ J0, 2M − 1K and SM denotes the symmetric group of degree M .

For example, for M = 2, we have

F2 =
{
φ(0)

1
,φ(0)

2

}
∪
{
φ(0)

2
,φ(0)

1

}
∪
{
φ(0)

1
,−φ(0)

2

}
∪
{
φ(0)

2
,−φ(0)

1

}
∪
{
− φ(0)

1
,φ(0)

2

}
∪
{
− φ(0)

2
,φ(0)

1

}
∪
{
− φ(0)

1
,−φ(0)

2

}
∪
{
− φ(0)

2
,−φ(0)

1

}

We can now choose to form Φ(0) from any element of FM . We note that not every

element of FM will yield a different basic feasible solution to (3.21) and we cannot

determine in advance which choices of Φ(0) will yield different solutions. We also note

that
∣∣FM ∣∣ = 2MM ! and hence the number of elements in FM is greater than the col-

lection of all basic feasible solutions S∗, so clearly a lot of elements in FM will give the

same basic feasible solution.

We note that for any Φ(0) ∈ FM , the measure η̃M produced, corresponding to a certain

basic feasible solution, satisfies all the properties in the definition (3.1.9) of a reduced

tree measure for η2M . In particular, we note that for any two kernel representations

Φ
(0)
1 ,Φ

(0)
2 ∈ FM , the corresponding reduced tree measures η̃M,1 and η̃M,2 have the same

cardinality, and hence from the perspective of the overall Recombination Algorithm,

we cannot make any distinction as to the quality of one reduced tree measure over

another.

We also observe that unlike the Simplex Algorithm, we cannot select elements of FM

in order to yield adjacent basic feasible solutions. In fact, if our goal was to construct

S∗, then the two-phase Simplex Algorithm would be our preferred method. Recalling

the two phase Simplex Algorithm outlined in Section 1.4, the construction of S∗ can

be achieved as follows: phase (I) - find an initial extreme point solution, phase (II) -

move from one extreme point solution to the adjacent one, repeat phase (II) until we

have visited every vertex of the feasible region.

158



By construction of FM we have no assurance that every vertex of the feasible re-

gion will be visited, for all the different kernel constructions Φ(0), and therefore we

cannot insure the ability to construct S*. Consequently, we can only insure that the

measure reduction algorithms are suitable for constructing one basic feasible solution

to (3.21).
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3.3.3 Multiplicity of Ψ-generalised Carathéodory cubature mea-

sures

Given an atomic probability measure ν on Rd, with supp(ν) ⊆ K, K compact and

a continuous, ν-integrable map Ψ = (ψ1, . . . , ψM) : K → RM , as inputs into the

Recombination Algorithm with M -Tree Measure Reduction, we have now identified

two sources for producing multiple Ψ-generalised Carathéodory cubature measures νΨ.

The first source is the permutation of leaf nodes in the RHFC Algorithm in step

2) of the Recombination Algorithm. The second source is the existence of multiple

reduced tree measures in step 3) of the Recombination Algorithm.

Given the input measure (Ψ∗ν) with card
(
supp(Ψ∗ν)

)
= N into the RHFC Algo-

rithm in step 2) of the Recombination Algorithm, denote the output measure from

the RHFC Algorithm by η0
L(σ), associated with a particular permutation σ ∈ SN of

the leaf nodes. Then, for any σ ∈ SN , η0
L(σ) satisfies the definition (3.1.3) of a L-Tree

form of (Ψ∗ν). Moreover, let νΨ(σ) denote the output measure from the Recombina-

tion Algorithm, associated with the construction of the RHFC Algorithm of η0
L(σ).

Then, by definition νΨ(σ) is a Ψ-generalised Carathéodory cubature measure for ν,

for any σ ∈ SN .Note, however that it may be possible to find a permutation σ∗ ∈ SN ,

yielding

card
(
supp(νΨ(σ∗))

)
≤ card

(
supp(νΨ(σ))

)
∀σ ∈ SN

Since such σ∗ would be unique for the given input measure ν and map Ψ = (ψ1, . . . , ψM),

and the determination of σ∗ is prohibitively costly, we do not endeavour to achieve this.

As mentioned, the second source of multiplicity of νΨ, arises in step 3) of the Re-

combination Algorithm, as a result of multiplicity of reduced tree measures ηjM for

ηj2M . We note that any ηjM , produced by selecting a different kernel representation

Φ(0) ∈ FM in the M -Tree Measure Reduction Algorithm, satisfies the definition (3.1.9)

of a reduced tree measure for ηj2M . Moreover, as noted in the previous section, the

different kernel representations Φ(0) ∈ FM , yield reduced tree measures ηjM of the same

cardinality, hence in terms of the quality of νΨ, the Ψ-generalised Carathéodory cuba-

ture measure for ν, produced by the Recombination Algorithm, we make no distinction

between different ηjM .
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3.3.4 Stability of the M-Tree Measure Reduction Algorithm

Given the overall computational complexity of the Recombination Algorithm, our mea-

sure reduction algorithm of choice is the M -Tree Measure Reduction. The overall

Recombination Algorithm is highly sensitive to the numerical computations of the M -

Tree Measure Reduction Algorithm, and in particular, the computation of the kernel

in step 2). In the following section we examine the numerical stability of this compu-

tation.

Given a probability measure η2M =
∑2M

i=1 βiδyi on RM , we proceed to form the ma-

trix A(0) = [y
1
, . . . ,y

2M
] ∈ RM×2M . To compute the kernel of A(0) numerically, we

introduce the singular value decomposition of A(0). For this, we recall the following

theorem.

Theorem 3.3.5. [Theorem 2.4.1 [106]] For any matrix A ∈ RM×N , there exist or-

thonormal matrices

U = [u1, . . . ,uM ] ∈ RM×M , and V = [v1, . . . ,vN ] ∈ RN×N ,

with UTU = I and V TV = I, such that

UTAV = Σ = diag(σ1, . . . , σr) ∈ RM×N , r = min{M,N}

where σ1 ≥ σ2 ≥ . . . ≥ σr ≥ 0.

The SVD is a rank-revealing decomposition, as the rank (A) is given as the number

of non-zero singular values σi in Theorem 3.3.5. Moreover, the SVD provides orthogo-

nal bases for all four fundamental subspaces. Suppose that rank(A) = r ≤ min{M,N}
then the singular value decomposition can be partitioned as follows

A = UΣV T =

[
Ur U0

] Σr 0

0 0


 V T

r

V T
0

 = UrΣrV
T
r

where Ur ∈ RM×r, Vr ∈ RN×r and Σr = diag(σ1, . . . , σr), σ1 ≥ . . . ≥ σr > 0, and

Col(Ur) = Ran(A), Col(U0) = Ker(AT ), Col(Vr) = Ran(AT ), Col(V0) = Ker(A).

We know that rank(A(0)) = M
′ ≤M , hence by the aforementioned results, we have

A(0) =

[
UM ′ U0

] ΣM ′ 0 0 . . . 0

0 0 0 . . . 0


 V T

M ′

V T
0

 (3.22)
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where ΣM ′ = diag(σ1, . . . , σM ′ ) with eigenvalues σ1 ≥ . . . ≥ σM ′ > 0, whilst σM ′+1 =

. . . = σM = 0.

Additionally, we note that dim(Ker(A(0))) = 2M − rank(A(0)) = 2M − M
′ ≥ M

and we set Φ(0) := Col(V0) in step 2) of M -Tree Measure Reduction Algorithm, yield-

ing an orthogonal basis of the kernel

Φ(0) = [φ(0)

1
, . . . ,φ

(0)

2M−M ′ ] ∈ R2M×(2M−M ′ )

Whilst, the above decomposition A(0) into fundamental subspaces holds true in ex-

act arithmetic, if A(0) is rank-deficient, that is rank(A(0)) = M
′
< M , floating point

rounding errors are likely to produce non-zero eigenvalues σM ′+1 = . . . = σM 6= 0,

which must be recognised as numerical zeros, as stated in the following lemma.

Lemma 3.3.6. [Lemma 4.2.14 [109]] Suppose A ∈ RM×N has rank (A) = r. For

every ε > 0, there exists a full-rank matrix Aε ∈ RM×N such that ‖A− Aε‖2 = ε.

Lemma (3.3.6) states that every rank-deficient matrix has a full-rank matrix ar-

bitrarily close to it. Moreover, the set of full-rank matrices is an open dense subset

of RM×N and hence its complement is closed and nowhere dense. Hence, given a

rank-deficient matrix A(0) in exact arithmetic with rank(A(0)) = M
′
< M , any small

perturbation matrix ∆A(0) occurring due to rounding errors in floating point arith-

metic, will almost certainly produce a full-rank matrix Â(0) := A(0) + ∆A(0). Using

the matrix approximation Â(0) instead of A(0), would lead to overestimating the rank

of A(0), and thereeby underestimating the size of the kernel of A(0), as illustrated in

the following example.

Let us assume, that in exact precision we are given an underlying coefficient rank-

deficient matrix A(0) = [y
1
, . . . ,y

2M
] ∈ RM×2M with rank(A(0)) = M

′
< M , then

since A(0) has SVD (3.22), we have

A(0)vi =

 σiui i = 1, . . . ,M
′

0 i = M
′
+ 1, . . . , 2M
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and consequently the last (2M −M ′
) columns of V from (3.22), form the basis for the

kernel, that is

Φ(0) = [φ(0)

1
, . . . ,φ

(0)

2M−M ′ ] = [vM ′+1, . . . ,v2M ] ∈ R2M×(2M−M ′ )

Now assume that due to floating point precision errors, we observe Â(0) = A(0) +∆A(0),

such that

Â(0) = Û

[
Σ̂M 0 . . . 0

]
V̂ T

where Σ̂M = diag(σ̂1, . . . , σ̂M), with eigenvalues σ̂1 ≥ . . . ≥ σ̂M > 0 and hence conclude

that rank(Â(0)) = M . By the latter assumption, we conclude that the last M columns

of V̂ form the basis for the kernel, which we denote by

Φ̂(0) = [φ̂
(0)

1
, . . . , φ̂

(0)

M
] = [v̂M , . . . , v̂2M ] ∈ R2M×M

Since the number of null vectors in the exact arithmetic representation of the kernel

Φ(0) is (2M −M ′
), we would perform the (2M −M ′

)-Tree Measure Reduction Algo-

rithm, outlined in Section 3.3.1, this would yield a reduced measure η̃M ′ for η2M .

In floating point arithmetic representation the number of null vectors Φ̂(0) is M and

hence we would perform the M -Tree measure Reduction Algorithm, which would yield

a reduced measure η̂M for η̂2M .

In the process of the measure reduction in the Recombination Algorithm, we care

about two issues: the first is the number of nodes in the reduced measure and the

second is centre of mass of the reduced measure. Addressing the first issue, we note

that in the above example by utilising the floating point approximation Â(0) in place

of A(0), we have failed to recognise the last (M −M ′
) eigenvalues as numerical zeros

and hence have failed to eliminate an additional (M −M
′
) nodes. In terms of the

overall Recombination algorithm this would lead to an increase in the the number of

subsequent iterations. Addressing the second issue, requires an estimate of the dis-

tance of the centre of mass of the reduced measures
∥∥∥CoM(η̃M ′ )−CoM(η̂M)

∥∥∥
2
. As we

shall see, we cannot insure much closeness, if the rank of Â(0) overestimates the rank

of A(0).

Due to the aforementioned issues, we are faced with the problem of numerical rank
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determination, which can be stated as follows: suppose that A(0) itself cannot be ob-

served, but rather we are given a perturbed matrix Â(0) := A(0) + ∆A(0), then from

the matrix Â(0) we wish to extract the rank r of A(0) and find an approximation Ã(0)

to A(0) of rank r. We define the numerical ε-rank rε of a matrix A(0), with respect to

some tolerance level ε > 0, by

rε := rε(A
(0), ε) = min

||∆A(0)||2≤ε
rank(A(0) + ∆A(0)) (3.23)

The ε-rank of A(0) is equal to the number of columns of A(0) that are guaranteed to be

linearly independent for any perturbation of A(0) with norm less than or equal to the

tolerance ε. In terms of the singular values of A(0), the numerical ε-rank rε satisfies

σ1 ≥ σ2 ≥ . . . ≥ σrε > ε ≥ σrε+1

In order to determine the numerical rank of A(0), by observing the perturbed matrix

Â(0) we need to know how the perturbed eigenvalues σ̂i of Â(0) = A(0) + ∆A(0) are

related to the actual eigenvalues σi of A(0). For this, we recall

Lemma 3.3.7. [Chapter 5.4.1 [106]] If A, Â := A+ ∆A ∈ RM×N , then

|σi − σ̂i| =
∣∣σi(A)− σi(A+ ∆A)

∣∣ ≤ ‖∆A‖2 ≤ δ||A||2 for 1 ≤ i ≤ N

The result of the aforementioned lemma is a consequence of backward stabil-

ity of the SVD : the computed SVD will be the exact SVD of a perturbed matrix

Ã = ÛΣ̂V̂ T = A + ∆A, with ||∆A||2 = δ||A||2 = δσ1, for some δ > 0, usually taken

to represent machine precision. The lemma implies that σ̂i of Â larger than ||∆A||2
are guaranteed to represent nonzero singular values of A. However, one cannot dis-

tinguish the singular values σ̂i below ||∆A||2 from a true zero singular value σi. As a

consequence, when the observed eigenvalues

σ̂k > ||∆A||2 ≥ σ̂k+1

for some k, one can guarantee that the rank of A is at least k.

Therefore for the problem of numerical rank determination of A(0), assume we have a

user-supplied tolerance level ε ≥ ||∆A(0)||2, usually taken to be consistent with ma-

chine precision, e.g. ε = δ‖A(0)‖∞, for some machine precision δ > 0. However, if the

general level of relative error in the data is larger than δ, e.g if A(0) is correct to 3
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digits, ε should be correspondingly larger, e.g. ε = 10−3‖A(0)‖∞. Then, by inspecting

the eigenvalues of the observed matrix Â(0)

σ̂1 ≥ σ̂2 ≥ . . . ≥ σ̂k > ε ≥ σ̂k+1 . . . ≥ σ̂M

we establish the numerical rank rε = k of A(0). We emphasize that the computation of

the numerical ε-rank is a sensitive computation, thus the amount of confidence we have

in the correctness of rε depends on the underlying gap in the eigenspectrum, between

σ̂k and σ̂k+1. And as pointed out in [110] , the notion of numerical ε-rank only makes

sense in the context of a well-determined gap in the eigenspectrum.

The most common approach to regularisation of a numerically rank-deficient problem

is to consider the given matrix Â(0), as a noisy representation of the numerically rank-

deficient matrix A(0), from which we have extracted the numerical rank rε = k and

replace Â(0) by

Â
(0)
k =

k∑
i=1

σ̂iûiv̂i
T

the rank-k TSVD (Truncated Singular Value Decomposition) of Â(0). Essentially, by

setting the eigenvalues to zero σ̂k+1 = . . . = σ̂M = 0, we have managed to extract the

numerical rank rε = k of A(0) from Â(0) and construct an approximation to A(0) of

rank rε = k.

We now introduce a measure of distance between the reduced tree measure produced

by utilising A(0) in exact arithmetic, to the reduced tree measure produced by utilising

Â
(0)
rε in floating point arithmetic. In order to derive this result, we recall the following

theorem

Theorem 3.3.8 (Eckart-Young Theorem). [Theorem 2.4.8 [106]] Let A ∈ RM×N with

rank(A) = r and let 1 ≤ k ≤ r, k ∈ N and

Ak =
k∑
i=1

σiuivi
T

then

min
rank(B)=k

‖A−B‖2 = ‖A− Ak‖2 = σk+1
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Theorem 3.3.9. Let η2M =
∑2M

i=1 βiδyi on RM be a probability measure and let

η̃M ′ =
∑M

′

k=1 β̂kδyik
denote the reduced measure for η2M . Let the coefficient matrix

and probability vector associated with the measure η2M , be given by

A(0) = [y
1
, . . . ,y

2M
] ∈ RM×2M

β(0) := [β1, . . . , β2M ]T ∈ R2M
+

and assume that rank(A(0)) = M
′
< M . Let Â(0) = A(0)+∆A(0), denote a perturbation

of A(0) with norm ‖∆A(0)‖2 ≤ ε, for some tolerance level ε > 0. Let rε denote the

numerical ε-rank of A(0) and let Â
(0)
rε denote the rank-rε TSVD of Â(0), given by

Â(0)
rε = [ŷ

1
, . . . , ŷ

2M
] ∈ RM×2M

then η̂2M =
∑2M

i=1 βiδŷi is a probability measure on RM and η̂rε =
∑rε

k=1 α̂kδŷik
is a

reduced measure for η̂2M . Then, we have the following bounds∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2
≤ 2ε if rε < M

′

∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2
≤ ε if rε = M

′

∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2
≤
∥∥∥A(0) − A(0)

rε

∥∥∥
2

+ ε if rε > M
′

Proof. ∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2

=
∥∥∥CoM(η2M)− CoM(η̂2M)

∥∥∥
2

=
∥∥∥A(0)β(0) − Â(0)

rε β
(0)
∥∥∥

2

=
∥∥∥A(0)β(0) −

(
A(0)
rε + ∆A(0)

rε

)
β(0)

∥∥∥
2

≤
∥∥∥A(0) − A(0)

rε

∥∥∥
2

∥∥∥β(0)
∥∥∥

2
+
∥∥∥∆A(0)

rε

∥∥∥
2

∥∥∥β(0)
∥∥∥

2

If rε ≤M
′
, then by Eckart-Young Theorem, we have

∥∥∥A(0) −A(0)
rε

∥∥∥
2

= σrε+1 and since∥∥∥∆A
(0)
rε

∥∥∥
2
≤
∥∥∥∆A(0)

∥∥∥
2
≤ ε,

∥∥∥β(0)
∥∥∥

2
≤ 1, we have∥∥∥CoM(η̃M ′ )− CoM(η̂rε)

∥∥∥
2
≤ σrε+1 + ε (3.24)

166



By definition of numerical ε-rank, we know that σrε > ε ≥ σrε+1. Thus, if rε < M
′
,

the bound is given by∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2
≤ σrε+1 + ε ≤ 2ε

Whilst, if rε = M
′
, then σrε+1 = σM ′+1 = 0 and we obtain the bound of∥∥∥CoM(η̃M ′ )− CoM(η̂rε)

∥∥∥
2
≤ σrε+1 + ε ≤ ε

In the latter case, if rε > M
′
, then Eckart-Young Theorem does not apply and we are

left with the bound∥∥∥CoM(η̃M ′ )− CoM(η̂rε)
∥∥∥

2
≤
∥∥∥A(0) − A(0)

rε

∥∥∥
2

+ ε

Remark 3.3.10.

Theorem 3.3.9 illustrates the primary reason, as to why we are concerned with accurate

numerical ε-rank determination of the observed constraint matrix Â(0).

In the M-Tree Measure Reduction Algorithm, algorithm 6, we implicitly assume that

we are operating in infinite precision arithmetic and thus we assume that the equality

between the centre of mass of the input measure η2M and the centre of mass of the

reduced measure η̃M ′ is exact, that is

A(0)β(0) = CoM(η2M) = CoM(η̃M ′ ) = A(0)β̂
(0)

However, since in practice we do not observe A(0) in infinite precision arithmetic, but

instead we observe Â(0) in finite precision arithmetic, we need to insure that centre of

mass of the reduced measure η̃M ′ in infinite precision arithmetic is sufficiently close to

the reduced measure η̂rε in finite precision arithmetic. The construction of the latter

reduced measure η̂rε is dependent on the determination of the numerical ε-rank: rε of

the constraint matrix Â(0) in finite precision arithmetic.

Theorem 3.3.9 shows that if the numerical ε-rank: rε of Â(0) underestimates or es-

timates exactly the true rank of A(0), then we can ensure that CoM(η̃M ′ ) is sufficiently

close to CoM(η̂rε), as their distance is bounded above by 2ε. This is the best result we

can expect to get, as we are determining the numerical ε-rank of Â(0), based on the
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distance between the perturbed and the true singular values, which are also separated

by ε, as ∣∣σi(A(0))− σi(Â(0))
∣∣ ≤ ‖∆A(0)‖2 ≤ ε

However, if the numerical ε-rank: rε of Â(0) overestimates the true rank of A(0),

then the bound on the distance between CoM(η̃M ′ ) and CoM(η̂rε) is
∥∥∥A(0) − A(0)

rε

∥∥∥
2

+ ε

and cannot be further improved upon. Therefore, we cannot ensure CoM(η̃M ′ ) and

CoM(η̂rε) are within ε of each other.

The ‖ · ‖2-norm has been chosen to measure the distance between the centres of mass

of the reduced measures, as it naturally induces the spectral norm for matrices, and

thus enables us to relate the distance of interest to the eigenspectrum of the underlying

constraint matrices.

Remark 3.3.11.

As Theorem 3.3.9 and the remark 3.3.10 indicate it is very important not to overesti-

mate the numerical ε-rank: rε of the observed constraint matrix Â(0). As illustrated in

Lemma 3.3.6, if the exact constraint matrix A(0) is rank-deficient, then the observed

constraint Â(0) is likely to be full-ranked. Therefore, truncating the smallest singular

values at the correct threshold ε is crucial. Thus, we need an efficient way to determine

the threshold level ε. Whilst, there is no universally accepted method in the literature

for determining the correct threshold level ε, several authors present the following sug-

gestions

1. In [106], the suggested threshold level is ε = Cδ‖Â(0)‖1, where δ represents the

machine precision and C represents the general level of relative error in the data

and ‖Â(0)‖1 = max1≤j≤2M

∑M
i=1 |âij|

2. In [102], the suggested threshold level is ε ≥ δ‖Â(0)‖2, where δ represents the

machine precision, ‖Â(0)‖2 = σmax(Â
(0)) = σ̂1. The author notes that ε may

need to be larger, depending on the measure of uncertainty in the data.

3. In [108], the author suggests several models for the error ∆A(0), based on the

singular value perturbation estimate∣∣σi(A(0))− σi(Â(0))
∣∣ =

∣∣σi(A(0))− σi(A(0) + ∆A(0))
∣∣ ≤ ‖∆A(0)‖2

A possible model for the perturbation error the error ∆A(0), is a random matrix

with elements from a certain statistical distribution.

168



(a) ∆A
(0)
N ∼ N (0, σ2)

(b) ∆A
(0)
P ∼ Poisson(λ)

with estimates E[∆A
(0)
N ] for ∆A

(0)
N and E[∆A

(0)
P ] for ∆A

(0)
P given by

(a) E[‖∆A(0)
N ‖] = σ

√
2M

(b) E[‖∆A(0)
P ‖] = λ

√
2M2

Similar estimates are also derived in [108] for the Frobenius norm.

As noted in [112], in order for definitions of numerical ε-rank to make sense, we must

assume that the underlying coefficient matrix A(0) has been properly scaled. A good

scaling strategy ensures that either the columns of the matrix A(0) have approximately

the same norm or that the uncertainties in all elements of A(0) are of the same order

of magnitude. We note however that both row and column scalings of A(0) have a

considerable effect on its eigenspectrum. For a full-rank matrix A(0) one can equili-

brate the rows or columns of A(0), by diagonally scaling A(0) from left or right, such

that all the rows and columns of the scaled matrix have equal norm; optimal diagonal

scalings are related to the elements of the first and the last elements of U and V in

the SVD of A(0) as noted in Chapter 3 of [108]. Whilst, for rank-deficient problems,

scaling may present problems, as noted in [100]. Hence, it is essential for the stability

of the algorithm and detection of numerical rank to ensure that the underlying matrix

is properly scaled.

Let us now examine, the column scaling of the matrix A(0) in the context of the overall

Recombination Algorithm with M -Tree Measure Reduction. We recall that given the

input measure into the Recombination Algorithm with M -Tree Measure Reduction

ν =
N∑
i=1

ωiδxi , xi ∈ K, for some K ∈ B(Rd) compact

and in step 2) of the Recombination Algorithm with M -Tree Measure Reduction we

produce the push-forward of ν through Ψ := (ψ1, . . . , ψM) : K → RM , given by

(Ψ∗ν) =
N∑
i=1

ωiδΨ(xi)
, Ψ(xi) ∈ Ψ(K) ⊂ RM

subsequently in step 3) we form 2M -Tree form of (Ψ∗ν), via the RHFC Algorithm,

given by

η2M := η0
2M =

2M∑
i=1

βiδy
i
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we recall from definition (3.1.3), that

supp(η2M) ⊆ Conv
(
{Ψ(x1), . . . ,Ψ(xN)}

)
We recall from remark (3.1.7),

y
i

=

 xDi for 1 ≤ i ≤ r

xD−1
p+i−(r+1) for r + 1 ≤ i ≤ 2M

where r =
(
d N

2D−1 e − L
)

and p = 2r if d N
2D−1 e = 2` + 1, p = 2r + 1 if d N

2D−1 e = 2`,

` ∈ N. Assume, without loss of generality, for any k, ` ∈ J1, 2MK

y
k

= xDk and y
`

= xD`

Recalling the expressions for xDk , xD` , we have

‖y
k
‖1 =

M∑
j=1

|yk,j| ≤
M∑
j=1

( k2D∑
r=(k−1)2D+1

ω
′

k,r|ψj(xr)|
)
≤

M∑
j=1

Cj

‖y
`
‖1 =

M∑
j=1

|y`,j| ≤
M∑
j=1

( `2D∑
r=(`−1)2D+1

ω
′

`,r|ψj(xr)|
)
≤

M∑
j=1

Cj

since
k2D∑

r=(k−1)2D+1

ω
′

k,r = 1,
`2D∑

r=(`−1)2D+1

ω
′

`,r = 1,

and by assumption on ψj, there exists Cj ∈ R+, ∀j ∈ J1, 2MK, such that

sup
x∈K

∣∣ψj(x)
∣∣ = Cj

since a continuous image of a compact set K ⊂ Rd is compact. Depending on the size

of Cj, the aforementioned bounds may not be sufficient to conclude that

‖y
k
‖1 ≈ ‖y`‖1

and hence conclude that the matrix A(0) is scaled appropriately. We note that a similar

type of analysis can be carried out for subsequent measures ηj2M , for j ≥ 1, produced

by the Recombination Algorithm.
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By scaling the input map Ψ into the Recombination Algorithm, so as to obtain

Ψ̃ = (ψ̃1, . . . , ψ̃M) : K → RM , where

ψ̃j :=
ψj
Cj

we would ensure that each element of the matrix A(0), satisfies

|yk,j| ≤
k2D∑

r=(k−1)2D+1

ω
′

k,r|ψj(xr)| ≤ 1

This ensures the stability of the M -Tree Measure Reduction Algorithm, as every entry

of the input coefficient matrix A(0) = [y
1
, . . . ,y

2M
] is of the same order of magnitude.

However, this approach would only produce a Ψ̃-generalised cubature measure for ν,

that is a measure νΨ̃, satisfying

1)

∫
K

ψ̃j(x)dν(x) =

∫
K

ψ̃j(x)dνΨ̃(x) ∀j ∈ J1,MK

2) supp(νΨ̃) ⊆ supp(ν)

and hence we would only have∫
K

ψj(x)dν(x) = Cj

∫
K

ψ̃j(x)dνΨ̃(x) ∀j ∈ J1,MK

The column scaling of the underlying matrix A(0), in this general setting of an arbi-

trary Borel compact set K and a continuous map Ψ, requires further research and

investigation, outside the scope of this dissertation.

In the following chapter, we shall specialise the Recombination Algorithm to com-

puting Carathéodory cubature measures for a certain class of positive Borel measures

µ on [0, 1]d. In that context, we will illustrate the practical implementation of the

Recombination algorithm, by taking K = [0, 1]d and specialising the map Ψ := γdm,

where

γdm := (γ1, . . . , γM) : [0, 1]d → RM

to be the (m, d)-monomial map, introduced in definition (2.0.22), for some fixed basis

B(Πd
m) = {γ1, . . . , γM}. In our implementation, we shall employ the orthogonal basis

of Chebyshev polynomials of first kind, scaled onto the unit cube. Under this setting,

each element of the underlying coefficient matrix A(0) satisfies

|yk,j| ≤
k2D∑

r=(k−1)2D+1

ω
′

k,r|γj(xr)| ≤ 1
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and empirically we find that the coefficient matrix A(0), is well-scaled, in the sense

that A(0) exhibits a prominent gap between rε and rε+1 and hence we have a good level

of confidence in determining the numerical rank of A(0), through the eigenspectrum of

Â(0).

3.3.4.1 Numerical ε-rank and Eigenspectrum of rank-deficient matrices

In the following we present two examples of the distribution of eigenvalues around the

numerical ε-rank of a rank-deficient constraint matrix Â(0) ∈ RM×2M . These examples

were drawn from a large set of Gauss-Legendre Carathéodory cubature computations,

that will be illustrated in Chapter 5, see Table 5.9. The two examples we are about

to illustrate, were chosen as examples of clearly rank-deficient constraint matrices, as

they exhibit a prominent gap in the eigenspectrum. Other examples in the same prob-

lem set are classed as full-ranked and others still exhibit a less prominent gap in the

eigenspectrum, making it less evident as to whether the matrix should be considered

rank-deficient. All the computations are carried out in double precision.

Heuristically, after some numerical experimentation, we employ a variant of the sug-

gested ε-threshold in [106], referenced in Remark 3.3.11, to determine the numerical

ε-rank. Namely, we employ

ε = Cδ‖Â(0)‖∞

where C = 102 to account for the level of uncertainty in the data, this may need to be

increased dependent on problem size, δ = 10−16 is the double machine precision and

‖Â(0)‖∞ = max1≤i≤M
∑2M

j=1 |âij| is the maximum absolute row sum of the matrix. The

matrix norm: ‖Â(0)‖∞ grows linearly with M and heuristically appears to be a good

measure for relating the ε-threshold to the size of the matrix.

The input cubature data into the Recombination Algorithm is scaled onto [0, 1]d. This

scaling is crucial, as it ensures that the monomial map γdm := (γ1, . . . , γM) : [0, 1]d →
RM , mapping the input cubature data onto matrix entries âij of Â(0), yields |âij| ≤ 1.

Therefore, the resulting constraint matrix Â(0) has rows of similar magnitude and can

be considered well-scaled for the purposes of numerical ε-rank determination.
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In the first example we take

M = 1820, rε = 1663

ε := 102δ‖Â(0)‖∞

δ = 10−16, ‖Â(0)‖∞ = 940.4

and in the second

M = 2390, rε = 2198

ε := 102δ‖Â(0)‖∞

δ = 10−16, ‖Â(0)‖∞ = 1132.3
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1662 rε 1664 1665 1666 1667 1668 1669 1670 1671 1672 1673
k

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

10−4

σ
k

Eigenvalue Spectrum M=1820, rε = 1663

Singular values
σk

ε = 9.404× 10−12

Figure 3.3: Eigenspectrum Figure 1

k 1659 1660 1661 1662 1663

σk 0.000603366 0.000341535 0.000239577 0.000011079 0.0000099

k 1664 1665 1666 1667 1668

σk 2.18964×10−12 1.83492×10−12 8.90199×10−13 6.6529 ×10−13 4.98587×10−13

k 1669 1670 1671 1672 1673

σk 3.88926×10−13 3.40067×10−13 2.99397×10−13 2.62083×10−13 2.41040×10−13

Table 3.1: Eigenspectrum table 1
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2197 rε 2199 2200 2201 2202 2203 2204 2205 2206 2207 2208
k

10−13

10−12

10−11

10−10

10−9

10−8

10−7

10−6

10−5

σ
k

Eigenvalue Spectrum M=2390, rε = 2198

Singular values
σk

ε = 1.132× 10−11

Figure 3.4: Eigenspectrum Figure 2

k 2194 2195 2196 2197 2198

σk 3.78996×10−5 2.89475×10−5 1.38641×10−5 2.89288×10−6 2.1086×10−6

k 2199 2200 2201 2202 2203

σk 3.70915×10−12 1.6799×10−12 1.24132×10−12 1.05967×10−12 5.6331×10−13

k 2204 2205 2206 2207 2208

σk 5.34936×10−13 4.5082×10−13 4.08371×10−13 3.51395×10−13 3.31479×10−13

Table 3.2: Eigenspectrum table 2

175



Chapter 4

Carathéodory cubature measures

As we saw in the previous chapter, given an atomic probability measure ν ∈M+(Rd)

with supp(ν) ⊆ K and Ψ = (ψ1, . . . , ψM) : K → RM a continuous, ν-integrable map,

we can exploit the Recombination Algorithm to construct a Ψ-generalised Carathéodory

cubature measure ν̂Ψ ∈ M+(Rd). In the forthcoming chapter, building on the ideas

introduced in Chapter 3, we shall specialise the Recombination Algorithm to the com-

putation of Carathéodory cubature measure ν̂µm on [0, 1]d for a certain class of positive

Borel measures µ on [0, 1]d and extend the underlying algorithm by introducing further

recursive methods, to accelerate the overall computation.

In the following, we shall restrict our attention to a class of positive Borel measures

µ on [0, 1]d, admitting a factorable density ρ, that is µ(A) =
∫
A
ρ(x)dx, A ⊆ [0, 1]d,

such that density ρ can be factored into a product of univariate densities ρi, such that

ρ(x1, . . . , xd) =
d∏
i=1

ρi(x
i), ρi : [0, 1]→ R+

and we shall further require that quadrature measures of arbitrary degree m ∈ N for

densities ρi on [0, 1], for 1 ≤ i ≤ d, are known.

We note that whilst, the aforementioned class of measures is small, it contains several

important examples. The simplest measure satisfying the above conditions is given

by the d-dimensional Lebesgue measure, for which the univariate densities are given

by pi(x
i) = 1 for 1 ≤ i ≤ d and Gauss-Legendre quadratures are known. Another

example is given by taking density ρi(x
i) = (1− xi)α(xi)β for α, β > −1 for 1 ≤ i ≤ d,

for which the Gauss-Jacobi quadratures, scaled onto the unit interval, are also known,

see in [111]. In fact, we can take ρi to be the weight function, scaled onto the unit
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interval, of any interpolatory quadrature on a compact interval, such as those men-

tioned in Chapter 1.

By assumption univariate quadrature formulae of arbitrary degree m ∈ N on [0, 1]

are available for densities ρi, i ∈ J1, dK. Hence, we have a collection of quadrature

formulae
{
Q̃1, . . . , Q̃d

}
of some degree m, given by

Q̃i =
n∑
j=1

λ̃ikδxik λ̃ik ∈ R+,
{
xik
}n
k=1
⊂ [0, 1] for i ∈ J1, dK (4.1)

satisfying ∫
[0,1]

πj(x
i)ρi(xi)dxi =

n∑
k=1

λ̃ikπj(x
i
k), for j ∈ J1,mK, i ∈ J1, dK

for some fixed basis for Π1
m, given by B(Π1

m) = {π1, . . . , πm+1}.

As noted in Chapter 1, we can always construct the Cartesian product cubature mea-

sure ζµm of degree m for µ from
{
Q̃1, . . . , Q̃d

}
, that is

ζµm = Q̃1 ⊗ . . .⊗ Q̃d

=
n∑

k1=1

λ̃1
k1
δx1k1
⊗ . . .⊗

n∑
kd=1

λ̃1
kd
δx1kd

=
n∑

k1=1

. . .
n∑

kd=1

λ̃1
k1
. . . λ̃djdδ(x1k1

,...,xdkd
)

satisfying

Eµ[γj] =

∫
[0,1]d

γj(x
1, . . . , xd)dµ(x1, . . . , xd) (4.2)

=

∫
[0,1]d

γj(x
1, . . . , xd)

d∏
i=1

ρi(x
i)dx1 . . . dxd

=
n∑

k1=1

. . .

n∑
kd=1

λ̃1
k1
. . . λ̃dkdγj(x

1
k1
, . . . , xdkd) = Eζµm [γj]

for some fixed basis for Πd
m, given by B(Πd

m) = {γ1, . . . , γM}, M := dim(Πd
m) =

(
m+d
d

)
.

However, for computational purposes, instead of utilising the univariate quadratures

Q̃i directly to approximate the integral with respect to µ in (4.2), we proceed to

normalise each quadrature Q̃i in (4.1) to one. Thus, setting

λik :=
λ̃ik∑n
i=1 λ̃

i
k
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we obtain

Qi =
n∑
k=1

λikδxik λik ∈ R+,

n∑
i=1

λik = 1,
{
xik
}n
k=1
⊂ [0, 1] for i ∈ J1, dK

Setting νµm = Q1 ⊗ . . .⊗Qd, for γj ∈ B(Πd
m), we get

Eµ[γj] = µ([0, 1]d)
n∑

k1=1

. . .
n∑

kd=1

λ1
k1
. . . λdkdγj(x

1
k1
, . . . , xdkd)

= µ([0, 1]d)Eνµm [γj] = Eζµm [γj]

Hence, we have ζµm = µ([0, 1]d)νµm is a cubature measure of degree m for µ, since

by construction

1)

∫
[0,1]d

γj(x)dµ(x) =

∫
[0,1]d

γj(x)dζµm(x) = µ([0, 1]d)

∫
[0,1]d

γj(x)dνµm(x) ∀j ∈ J1,MK

2) supp(ζµm) ⊆ supp(µ)

Now, suppose that we wish to construct a Carathéodory cubature measure of degree

m for µ, that is a measure ζ̂µm ∈M+([0, 1]d), satisfying

1)

∫
K

γj(x)dµ(x) =

∫
K

γj(x)dζ̂µm(x) ∀j ∈ J1,MK

2) supp(ζ̂µm) ⊆ supp(µ)

3) card
(
supp(ζ̂µm)

)
≤M + 1

Applying the Recombination Algorithm with M -Tree Measure Reduction, we set the

input measure ν := νµm and Ψ := γdm, where γdm := (γ1, . . . , γM) : [0, 1]d → RM denotes

the (m, d)-monomial mapping, introduced in definition (2.0.22) in Chapter 2. Then,

as output we produce ν̂µm, a Carathéodory cubature measure of degree m for νµm. And

therefore, by setting ζ̂µm := µ([0, 1]d)ν̂µm, we obtain a Carathéodory cubature measure

of degree m for µ.

However, we note that the construction of ν̂µm leads to touching a number of nodes,

which grows exponentially with dimension d, in the construction of νµm. Hence, in
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order to avoid this curse of dimensionality, we will employ a recursive algorithm. In

this algorithm we will construct the tensor product measure one dimension at a time

and reduce it via the Recombination Algorithm, in order to keep the size of each un-

derlying problem tractable.

In the following, we let νµm,`, ν̂
µ
m,` denote, respectively, a cubature measure of de-

gree m for µ` in ` dimensions and a Carathéodory cubature measure of degree m for

µ` in ` dimensions, where µ` is given by

µ`(A) =

∫
A

ρ1(x1)× . . .× ρ`(x`)dx1 . . . dx`, A ⊂ [0, 1]`, ` ≤ d

The recursive algorithm for constructing ν̂µm may be defined as follows

Set ν̂µm,1 = νµm,1 and

For ` = 1 : d− 1

1) Compute the cubature measure νµm,`+1 of degree m for µ`+1, given by

νµm,`+1 = ν̂µm,` ⊗ ν
µ
m,1, card

(
supp(νµm,`+1)

)
= M

′

` × n

where M
′

` = card
(
supp(νµm,`)

)
≤
∣∣Γ`m[R]

∣∣ =

(
m+ `

`

)

2) Compute the Carathéodory cubature measure ν̂µm,`+1 of degree m for µ`+1, by an ap-

plication of the Recombination Algorithm with M`-Tree Measure Reduction to νµm,`+1

and set Ψ := (γ1, . . . , γM`+1
), for some fixed basis B(Π`+1

m ) =
{
γ1, . . . , γM`+1

}

νµm,`+1 → ν̂µm,`+1, card
(
supp(ν̂µm,`+1)

)
= M

′

`+1

where M
′

`+1 = card
(
supp(νµm,`+1)

)
≤
∣∣Γ`+1

m [R]
∣∣ =

(
m+ `+ 1

`+ 1

)

This recursive algorithm by dimension, would generate the Carathéodory cubature

measure ν̂µm = ν̂µm,d of degree m for νµm in polynomial rather than exponential time
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with dimension. However, there are some subtleties, and some modifications are re-

quired.

In step 2) of the algorithm, applying the Recombination Algorithm with M`-Tree

Measure Reduction with input measure νµm,`+1, requires the cardinality of the input

measure to satisfy

card
(
supp(νµm,`+1)

)
= M

′

` × n > 2M`+1 (4.3)

However, (4.3) may not hold for sufficiently small degree m and dimension `+ 1, as

will be discussed in detail in this section. Under this scenario, we cannot apply the

Recombination Algorithm with M`-Tree Measure Reduction, as step 2) of the Recom-

bination Algorithm would require to build the 2M`+1-Tree form of νµm,`+1 via the RHFC

Algorithm and this cannot be done with less than 2M`+1 nodes in the support of the

input measure. Hence a modification of the Recombination Algorithm with M`-Tree

Measure Reduction will be required to deal with the case, when (4.3) does not hold.

This modification shall be discussed in the forthcoming algorithm.

Secondly, we set Ψ := γ`+1
m , where γ`+1

m is (m, `+ 1)-monomial map:

γ`+1
m := (γ1, . . . , γM`+1

) : [0, 1]`+1 → RM`+1

Heuristically, we decided to employ the orthogonal basis
{
γ1, . . . , γM`+1

}
of Cheby-

shev polynomials of first kind, scaled onto the unit cube, for its well-known stability

properties. The first few Chebyshev polynomials in 1 dimension, scaled onto the unit

interval, are given by

T1(x) = 1

T2(x) = 2x− 1

T3(x) = 8x2 − 8x+ 1

T4(x) = 32x3 − 48x2 + 18x− 1

T5(x) = 128x4 − 256x3 + 160x2 − 32x+ 1

Hence, for example the (2, 2)-monomial map: γ2
2 is given by

γ2
2(x) = γ2

2(x1, x2) = [1, 2x1−1, 2x2−1, 8(x1)2−8x1+1, 4x1x2−2x1−2x2+1, 8(x2)2−8x2+1]T
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Then, we can define the (m, ` + 1)-monomial form of νµm,`+1 , introduced in (2.0.23),

as follows

γµm,`+1 := γ`+1
m ∗(ν

µ
m,`+1)

Now, we are in a position to describe the construction of the Carathéodory Cuba-

ture Algorithm.
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Algorithm 8: Carathéodory Cubature Algorithm

Input: νµm,1 cubature measure of degree m ∈ N for µ1

1) Set ν̂µm,1 := νµm,1

For ` = 1 : d− 1

2) Compute the cubature measure of degree m, νµm,`+1 for µ`+1:

νµm,`+1 = ν̂µm,` ⊗ ν
µ
m,1 =

N`+1∑
i=1

ωiδxi

and set

N`+1 := supp(νµm,`+1) = M
′

` × card
(
supp(νµm,1)

)
, M`+1 :=

(
m+`+1
`+1

)

If
(

min
{
N`+1, 2M`+1

}
= N`+1

)
3) Produce the (m, `+ 1)-monomial form of νµm,`+1 :

γµm,`+1 := γ`+1
m ∗(ν

µ
m,`+1) =

N`+1∑
i=1

ωiδγ`+1
m (xi)

4) Produce a reduced tree measure γ̂µm,`+1 for γµm,`+1:

γ̂µm,`+1 =

M
′
`+1∑
k=1

ω̂ikδγ`+1
m (xik

)

where M
′

`+1 ≤M`+1, and produce the Carathéodory cubature measure of degree

m, ν̂µm,`+1 for µ`+1

ν̂µm,`+1 =

M
′
`+1∑
k=1

ω̂ikδxik

set ` = `+ 1 and go to step 2)
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Else If
(

min
{
N`+1, 2M`+1

}
= 2M`+1

)
3) Apply the Recombination Algorithm with 2M`+1-Tree Measure Reduction on

νµm,`+1 and produce the Carathéodory cubature measure of degree m, ν̂µm,`+1 for

µ`+1

ν̂µm,`+1 =

M
′
`+1∑
k=1

ω̂ikδxik

set ` = `+ 1 and go to step 2)

Remark 4.0.12. In the scenario,
(

min
{
N`+1, 2M`+1

}
= N`+1

)
, we are not able to

apply the Recombination Algorithm with 2M-Tree Measure Reduction, since we do not

have enough nodes to perform the RHFC tree forest construction. Instead, we proceed

as follows: In step 3) of the Carathéodory Cubature Algorithm, we form the (m, `+1)-

monomial form of νµm,`+1 :

γµm,`+1 := γ`+1
m ∗(ν

µ
m,`+1) =

N`+1∑
i=1

ωiδγ`+1
m (xi)

Similarly to step 1) of the Recombination Algorithm with 2M-Tree Measure Reduction.

Then, we set

ηN`+1
:= γµm,`+1 =

N`+1∑
i=1

ωiδγ`+1
m (xi)

and we proceed to construct a reduced measure ηM ′`
:= γ̂µm,`+1. We note that since

ηN`+1
does not contain any information relating to binary trees, we produce a reduced

measure, rather than a reduced tree measure as in the Recombination Algorithm. We

may achieve this, by setting

A(0) = [γ`+1
m (x1), . . . , γ`+1

m (xN`+1
)] ∈ RM`+1×N`+1

β(0) = [ω1, . . . , ωN`+1
]T ∈ RN`+1

+ ,

N`+1∑
i=1

ωi = 1

Given that rank(A(0)) = M
′

`+1 ≤ min{M`+1, N`+1}, we have that dim(Ker(A(0))) =

N`+1 −M
′

`+1 and hence we proceed to form the Ker(A(0))

Φ(0) = [φ(0)

1
,φ(0)

2
, . . . ,φ

(0)

N`+1−M
′
`+1

] ∈ RN`+1×M`+1
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and we can then perform the (N`+1 −M
′

`+1)-Tree Measure Reduction, similarly to the

degenerate M-Tree Measure Reduction, described in Section 3.3.1.

The aforementioned algorithm, is clearly not the only method for achieving a poly-

nomial runtime for the generation the Carathéodory cubature measure ν̂µm,d for µ. A

natural alternative method would be to consider forming the product in step 2) as

follows

νµ
m,2`

= ν̂µ
m,2`−1 ⊗ ν̂µm,2`−1

Heuristically, we have found the approach to be less efficient than the described algo-

rithm, we attribute this fact to the superior memory requirements. An optimal choice

of such an algorithm requires further investigation and is beyond the scope of this

dissertation.

As noted in Section 1.3.4, by construction of Carathéodory Cubature Algorithm, the

constituent sequence of univariate quadrature formulae in (4.1) should be chosen so as

to attain the highest degree of precision with the fewest abscissae. Therefore, Gaussian

Quadrature measures, are in this context the best choice of the underlying sequence

of univariate quadratures.

Let us now fully examine the cost of the Carathéodory Cubature Algorithm, in the con-

text of a measure µ with densities ρi, for which we have Gaussian quadrature measures.

Firstly, we note that in the context of Gaussian quadrature measure, we have

N`+1 := supp(νµm,`+1) = M
′

` × supp(ν
µ
m,1) = M

′

` ×
(
bm

2
c+ 1

)
and for any given degree m ∈ N and dimension d ∈ N there exists a threshold

r = r(m, d) ∈ J1, d− 1K for which

N`+1 ≤ 2M`+1 if ` ≤ r

N`+1 ≥ 2M`+1 if ` > r
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For example, for the d-dimensional Lebesgue measure µ, for which we know Gauss-

Legendre quadrature formulae, introduced in Section 1.1.3.1, let us consider the com-

putation of the ‘Carathéodory” cubature measure ν̂µm,d of dimension d = 18 and degree

m = 4. For 1 ≤ ` ≤ 17 we have

N`+1 := supp(νµ4,`+1) = M
′

` × supp(ν
µ
4,1) = M

′

` ×
(
b4

2
c+ 1

)
M`+1 :=

(
4 + `+ 1

`+ 1

)
M
′

`+1 := card(ν̂µ4,`+1)

Then, for comparison, set N∗`+1 := card(νµ`+1), i.e. N∗`+1 denotes the cardinality of the

Cartesian tensor cubature product measure νµ`+1 of degree 4 in dimension ` + 1 for

µ`+1. Now we have

N∗`+1 :=
(
b4

2
c+ 1

)`+1
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DIM= ` M` N` M
′

` N∗`

2 15 9 9 9

3 35 27 23 27

4 79 69 50 81

5 126 150 96 243

6 210 288 168 729

7 330 504 274 2187

8 495 822 423 6561

9 715 1269 625 19683

10 1001 1875 891 59049

11 1365 2673 1233 177147

12 1820 3699 1664 531441

13 2380 4992 2197 1594323

14 3060 6591 2849 4782969

15 3876 8547 3639 14348907

16 4845 10902 4569 43046721

17 5985 13707 5673 129140163

18 7315 17019 6963 387420489

Table 4.1: N∗` = Cardinality of Cartesian tensor Gaussian Cubature and M
′

` = Cardi-

nality of Carathéodory Gaussian Cubature

From the table above, it is clear that the threshold r = 11, since

N`+1 > 2M`+1 for ` > 11

In particular, we also note that, for each dimension `, the cardinality of the Carathéodory

gaussian cubature measure M
′

` := card(ν̂µ4,`) < M`. Empirically, we can confirm that

this is often the case for a general degree d ∈ N and dimension m ∈ N, in the context

of Gaussian-Legendre cubature measures.
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Given that we know that there exists a threshold r = r(m, d) ∈ J1, d− 1K for which,

we have

N`+1 ≤ 2M`+1 if ` ≤ r

N`+1 ≥ 2M`+1 if ` > r

we will split the cost of the overall Carathéodory Cubature Algorithm into two parts.

For ` ≤ r, step 2) of the algorithm requires touching N`+1 nodes of dimension d

and N`+1 weights, hence it has an associated cost of N`+1(d + 1). In steps 3) −
4), we perform (N`+1 − M`+1)-Measure Reduction, which has an associated cost of

C1(max{N`+1,M`+1}3), for some C1 ∈ R+.

For ` > r, step 2) has an associated cost of N`+1(d + 1). Whilst in step 3) we

perform the Recombination Algorithm with 2M`+1-Tree Measure Reduction, this has

an associated cost of

2N`+1M`+1 + log
( N`+1

2M`+1

)
C2M

3
`+1 for some C2 ∈ R+

Hence, the overall theoretical computational complexity of the Carathéodory Cubature

Algorithm is given by

(d+1)
d−1∑
`=1

N`+1+C1

r∑
`=1

(max{N`+1,M`+1}3)+2
d−1∑
`=r+1

N`+1M`+1+C2

d−1∑
`=r+1

log
( N`+1

2M`+1

)
M3

`+1

For a Gaussian cubature measure, the above expression simplifies to

(d+ 1)
(
bm

2
c+ 1

) d−1∑
`=1

M
′

`+1 + C1

r∑
`=1

(max{
(
bm

2
c+ 1

)
M
′

`+1,M`+1}3)+

(
bmc+ 2

) d−1∑
`=r+1

M
′

`+1M`+1 + C2

d−1∑
`=r+1

log

((
bmc+ 2

)
M
′

`+1

4M`+1

)
M3

`+1

since M
′

`+1 ≤ M`+1 ≤ Md, by setting M := Md, we can obtain an upper bound in

terms of M , consistent with estimates in the previous chapters

C∗1(d,m)M + C∗2(d, r,m)M2 + C∗3(d, r,m)M3
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where

C∗1 = (d− 1)(d+ 1)
(
bm

2
c+ 1

)
C∗2 = (d− r + 1)

(
bmc+ 2

)
C∗3 = C1r

(
bmc+ 2

)3
+ C2(d− r + 1)log

((
bmc+ 2

)
M

4Mr+1

)

Hence, the overall theoretical cost of Carathéodory Cubature Algorithm, is cubic in

M .
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Chapter 5

Numerical Validation

5.0.5 Introduction

In the forthcoming chapter, we present a comparison of numerical integration results,

attained by employing Carathéodory Cubature Algorithm, Smolyak Algorithm and

Delayed Smolyak Algorithm for the d-dimensional Lebesgue measure on [0, 1]d. We

test the integration of a well-known suite of numerical integration functions: Genz in-

tegration test suite. This test suite comprises of six families of integrands, commonly

employed to investigate the accuracy of cubature measures and interpolation schemes.

To test the Carathéodory Cubature Algorithm, we choose the underlying sequence

of univariate quadrature measures to be the sequence of Gauss-Legendre quadratures

introduced in Section 1.1.3.1. As noted in Chapter 1.1, they provide the highest

precision integration with the fewest number of cubature nodes, in the context of

Carathéodory Cubature.

Within the context of Smolyak integration, we shall choose the underlying sequence

of quadrature measures to be the nested Clenshaw-Curtis and the nested delayed

Clenshaw-Curtis sequence. As noted in Section 1.2.4, nested quadrature sequences are

the most economical choice for the Smolyak construction, in that they yield the highest

precision, with the fewest number of nodes. Moreover, the choice of Clenshaw-Curtis,

as opposed to Gauss-Legendre quadratures, is justified by its stability properties, as

the norm of the Smolyak construction is generally much smaller, when the underlying

sequence of quadratures is Clenshaw-Curtis, see equation (1.29).
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All of the forthcoming numerical experiments were conducted in 64-bit(double pre-

cision) an SGI UV 100 Shared Memory System, comprising of 8 Intel Xeon CPU

E7 − 8837 processors giving access to 64 cores and 1TB of Random Access Memory.

Each of these cores run at a 2.67 GHz clock speed with cache sizes Level 1: 64KB,

Level 2: 256KB and a shared Level 3 cache of 24MB per CPU. The operating system

was SUSE Linux Enterprise Server 11. We note that not all the CPU and memory

resources were utilised during our numerical experiments, most experiments required

32 CPUs and up to 400 GB of shared memory. The Carathéodory Cubature Algorithm

is a proprietary software package and the Smolyak and Delayed Smolyak Algorithms

is also a proprietary software package, available at [115].

Carathéodory Cubature Algorithm software package is a joint effort of the author,

Prof. T. Lyons, Dr. C. Litterer, Dr. N. Victoir and Prof. M. Giles. The development

of this algorithm is tiered. The first tier, consists of the Recombination Algorithm

with 1-Tree Measure Reduction, algorithm 4 in Chapter 3, referenced in [96], was de-

veloped by Prof. T. Lyons incorporating contributions from Dr. C. Litterer and Dr.

N. Victoir. The second tier of development of this algorithm consists of the Updat-

ing version of Recombination Algorithm with 1-Tree Measure Reduction, described in

Section 3.2.0.12, as suggested by Prof. M. Giles and developed by the author. The

third tier was the development of the Recombination Algorithm with M -Tree Measure

Reduction, which is the final version of the Recombination Algorithm, integrated into

the Carathéodory Cubature Algorithm. Both Recombination Algorithm with M -Tree

Measure Reduction and Carathéodory Cubature Algorithm were developed jointly by

Prof. T Lyons and the author.

All the following numerical comparisons on Genz Test Suite for Carathéodory Cu-

bature Algorithm and Smolyak, Delayed Smolyak Cubature Methods were developed

by the author, utilising the aforementioned software packages.
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5.0.6 Testing Procedures

The functions comprising Genz integration test suite, with parameters c = (c1, . . . , cd),

ω = (ω1, . . . , ωd), defined on [0, 1]d, are given by

1) OSCILLATORY f1(x) = cos
(

2πω1 +
d∑
i=1

cixi

)
2) PRODUCT PEAK f2(x) =

d∏
i=1

1

c2
i + (xi − ωi)2

3) CORNER PEAK f3(x) =
1(

1 +
∑d

i=1 cixi

)d+1

4) GAUSSIAN f4(x) = exp
(
−

d∑
i=1

c2
i (xi − ωi)2

)
5) CONTINUOUS f5(x) = exp

(
−

d∑
i=1

ci|xi − ωi|
)

6) DISCONTINUOUS f6(x) =


0 if x1 > ω1 and x2 > ω2

exp
(∑d

i=1 cixi

)
otherwise

Different test integrals can obtained by varying the parameters c = (c1, . . . , cd) and

ω = (ω1, . . . , ωd). Given a pre-determined sample size S, it is common to generate

S realisations of each given Genz test function in a given dimension, by randomly

generating S suitable pairs c and w. The vector w acts as a shift parameter, so its

components are chosen to be uniformly distributed in [0, 1]. The difficulty of each

problem is controlled by the vector c, with the difficulty of the integral usually in-

creasing as the Euclidean norm ||c|| is increased, see [107].

In the numerical experiments presented in this section, we will consider sample sizes of

S = 20 for each Genz function fj, 1 ≤ j ≤ 6 in dimensions 2, 3, 4 and the difficulty of

each integrand function will be controlled by ||c||1 = bj, where bj is chosen as follows
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j 1 2 3 4 5 6

bj 9.0 7.25 1.85 7.03 1.27 2.0

Table 5.1: Genz Function Suite Parameters

Thus we generate 20 vectors w and c, independently and uniformly distributed

on [0, 1]d, with c re-normalised, such that its l-1 norm satisfies the aforementioned

criteria and hence obtain 20 integrands {f sj }20
s=1. For each family {f sj }20

s=1, 1 ≤ j ≤ 6,

dimension 2, 3, 4 we compute the average number of correct digits in the numerical

integral approximation for

∑20
s=1−log10

(∣∣∣Id(f sj )−QSM(`, d)[f sj ]
∣∣∣)

20

∑20
s=1−log10

(∣∣∣Id(f sj )−QSMD(p, d)[f sj ]
∣∣∣)

20∑20
s=1−log10

(∣∣∣Id(f sj )−QCAR(m, d)[f sj ]
∣∣∣)

20

where the exact integrals Id(fj) are known, see for example [114] and as we recall from

Chapter 1: QSM(`, d) denotes the `th level Smolyak cubature, QSMD(p, d) denotes the

pth level Delayed Smolyak cubature and QCAR(m, d) denotes the Carathéodory cuba-

ture of degree m.
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In each of the following simulations, we compute QCAR(m, d) for degrees m =

2, 4, 6, 8, 10, 12, 14, 16, 18, 20.

We know from lemma (1.2.10) that deg(QSM(m−1
2
, d)) ≥ m and by construction

deg(QSMD(m−1
2
, d)) > deg(QSM(m−1

2
, d)). However, we do not attempt to compare

the three integration methods by degree of precision, as this comparison usually yields

the cardinality of the Smolyak cubature card
(
QSM(m−1

2
, d)
)

to be several orders of

magnitude greater than card
(
QCAR(m, d)

)
or card

(
QSMD(m−1

2
, d)
)

. Instead, we em-

ploy fixed degrees of precision forQCAR(m, d), m = 2, 4, . . . , 20 in dimension d = 2, 3, 4.

We employ varying levels `, p for QSM(`, d) and QSMD(p, d) thus varying degrees

of precision, whilst yielding a comparable number of nodes to QCAR(m, d). As such,

we study the accuracy of each method as a function of the underlying cardinality of

cubature nodes.

In dimension d = 2, we employ QSM(`, 2) with levels ` = 1, 2, . . . , 6 corresponding

to degrees m = 3, 5, . . . , 13; we employ QSMD(p, 2) with levels p = 1, 2, . . . , 9 corre-

sponding to degrees m = 3, 5, . . . , 19.

In dimension d = 3, we employ QSM(`, 3) with levels ` = 1, 2, . . . , 8 corresponding

to degrees m = 3, 5, . . . , 17; we employ QSMD(p, 3) with levels p = 1, 2, . . . , 12 corre-

sponding to degrees m = 3, 5, . . . , 25.

In dimension d = 4, we employ QSM(`, 4) with levels ` = 1, 2, . . . , 8 corresponding

to degrees m = 3, 5, . . . , 17; we employ QSMD(p, 4) with levels p = 1, 2, . . . , 14 corre-

sponding to degrees m = 3, 5, . . . , 29.

The levels, corresponding degrees and cardinalities of QSM(`, d) and QSMD(p, d) for

each dimension d = 2, 3, 4 are illustrated below. We also provide the cardinalities of

QCAR(m, d) for degrees m = 2, 4, . . . , 20.
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degree m card
(
QCAR(m, 2)

)
card

(
QCAR(m, 3)

)
card

(
QCAR(m, 4)

)
2 4 8 15

4 9 27 70

6 16 64 210

8 25 125 494

10 36 216 1000

12 49 343 1820

14 64 512 3060

16 81 729 4844

18 100 1001 7315

20 121 1331 10626

Table 5.2: Cardinalities of QCAR(m, d) for dimensions d = 2, 3, 4, degree m =

2, 4, . . . , 20

level ` degree m card
(
QSM(`, 2)

)
card

(
QSMD(`, 2)

)
1 3 5 5

2 5 13 9

3 7 29 17

4 9 65 33

5 11 145 33

6 13 321 65

7 15 97

8 17 97

9 19 161

Table 5.3: Cardinalities of QSM(`, 2) and QSMD(`, 2) in dimension d = 2
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level ` degree m card
(
QSM(`, 3)

)
card

(
QSMD(`, 3)

)
1 3 7 7

2 5 25 19

3 7 69 39

4 9 177 87

5 11 441 135

6 13 1073 207

7 15 2561 399

8 17 6017 495

9 19 751

10 21 1135

11 23 1135

12 25 1759

Table 5.4: Cardinalities of QSM(`, 3) and QSMD(`, 3) in dimension d = 3
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level ` degree m card
(
QSM(`, 4)

)
card

(
QSMD(`, 4)

)
1 3 9 9

2 5 41 33

3 7 137 81

4 9 401 193

5 11 1105 385

6 13 2929 641

7 15 7537 1217

8 17 18945 1985

9 19 2881

10 21 4929

11 23 6465

12 25 8705

13 27 13697

14 29 16001

Table 5.5: Cardinalities of QSM(`, 4) and QSMD(`, 4) in dimension d = 4
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Figure 5.1: Oscillatory, Dim=2
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Figure 5.2: Product Peak, Dim=2
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Figure 5.3: Corner Peak, Dim=2
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Figure 5.4: Gaussian, Dim=2

198



13 25 36 49 65 81 100 121 145
Number of cubature points

1

2

3

4

5

A
ve

ra
ge

nu
m

be
r

of
co

rr
ec

t
di

gi
ts

,S
A

M
P

L
E

SI
ZE

=
20

CONTINUOUS, DIM=2

Integration Methods
SMOLYAK DELAYED CC
SMOLYAK CC
CARATHEODORY

Figure 5.5: Continous, Dim=2
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Figure 5.6: Discontinuous, Dim=2
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Figure 5.7: Oscillatory, Dim=3
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Figure 5.8: Product Peak, Dim=3
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Figure 5.9: Corner Peak, Dim=3
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Figure 5.10: Gaussian, Dim=3
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Figure 5.11: Continous, Dim=3
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Figure 5.12: Discontinuous, Dim=3
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Figure 5.13: Oscillatory, Dim=4
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Figure 5.14: Product Peak, Dim=4
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Figure 5.15: Corner Peak, Dim=4
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Figure 5.16: Gaussian, Dim=4
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Figure 5.17: Continous, Dim=4
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Figure 5.18: Discontinuous, Dim=4
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From the above numerical experiments some simple conclusions can be drawn:

• For the Oscillatory and Gaussian Genz functions, the ordinary Smolyak Cubature

construction is sharply outperformed by both the Carath?eodory and Delayed

Smolyak Cubature methods

• Apart from the Corner Peak and Continuous functions, the Carathéodory and

Delayed Smolyak Cubature methods generally yield twice the accuracy for the

same number of nodes as the Smolyak Cubature method, independent of dimen-

sion

• In dimension 2 the precision of Carathéodory Cubature is higher than that of

the Delayed Smolyak Cubature, for all functions, apart from the Corner Peak.

Whilst in dimension 3 and 4 the Delayed Smolyak cubature generally yields

higher precision than Carathéodory Cubature .

• The performance for Carathéodory Cubature, for Corner Peak, is flat, that is

non-increasing with increasing degrees of precision of the method. This type of

function may benefit from utilising Carathéodory Cubature adaptively to zoom

in on the corner singularity.

• The only function for which the ordinary Smolayk cubature outperforms the

other two integration methods, in every dimension, is the continuous function.

This may benefit from a greater number of cubature nodes in integrating around

its peak

• All three methods appear to be ineffective for the discontinuous function, al-

though Carathéodory Cubature yields the best performance. This may be the

result of insufficient number of points around the discontinuity to resolve the

jump.

In addition, we note that whilst Carathéodory Cubature measures for all degrees

1 ≤ m ≤ 20 contain strictly positive weights, the Smolyak Cubature and the De-

layed Smolyak Cubature for each level contain negative weights. Below, we provide

the number of negative weights for the Smolyak Cubature and the Delayed Smolyak

Cubature for each level and each dimension employed.
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` card
(
QSM(`, 2)

)
card

(
QSMD(`, 2)

)
N.W. IN QSM(`, 2) N.W. IN QSMD(`, 2)

1 5 5 1 1

2 13 9 2 1

3 29 17 3 2

4 65 33 5 2

5 145 33 9 2

6 321 65 18 4

Table 5.6: Negative Weights in QSM(`, d) and QSMD(`, d) in dimension d = 2, level `

` card
(
QSM(`, 3)

)
card

(
QSMD(`, 3)

)
N.W. IN QSM(`, 3) N.W. IN QSMD(`, 3)

1 7 7 1 0

2 25 19 2 1

3 69 39 4 2

4 177 87 8 4

5 441 135 15 4

6 1073 207 29 7

7 2561 399 66 10

8 6017 495 141 10

Table 5.7: Negative Weights in QSM(`, d) and QSMD(`, d) in dimension d = 3, level `
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` card
(
QSM(`, 4)

)
card

(
QSMD(`, 4)

)
N.W. IN QSM(`, 4) N.W. IN QSMD(`, 4)

1 9 9 1 1

2 41 33 2 1

3 137 81 4 3

4 401 193 8 4

5 1105 385 13 4

6 2929 641 30 7

7 7537 1217 67 14

8 18945 1985 145 15

Table 5.8: Negative Weights in QSM(`, d) and QSMD(`, d) in dimension d = 4, level `
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5.0.7 Comparison of Carathéodory Cubature Algorithm Im-

plementations with Dual Simplex and Interior Point

Method and SVD Solver

Building on the ideas introduced in Section 1.4, in this section we report the per-

formance attained by Carathéodory Cubature Algorithm with different measure mea-

sure reduction implementations: Gurobi Dual Simplex LP Solver, IBM CPLEX Dual

Simplex LP Solver and Intel MKL SVD Solver. As in the previous section the

Carathéodory Cubature Algorithm is applied to the d-dimensional Lebesgue measure

on [0, 1]d with the underlying sequence of Gauss-Legendre univariate quadratures. In

this numerical experiment, however we record a series of performance metrics for the

different implementations of the Carathéodory Cubature Algorithm, thus highlighting

the respective merits and limitations of each implementation.

The versions of underlying LP Solvers utilised are contained in state-of-the-art software

packages: Gurobi Optimizer version 6.5 C++ Interface, IBM CPLEX Optimization

Studio 12.6.2 C++ Interface and proprietary software package utilising Intel Math

Kernel Library 11.1.1 C Interface, shipped with Intel Composer XE Edition 2013 SP1.

We note that the following comparison is performed in a single threaded environment

as both Gurobi Dual Simplex LP Solver and IBM CPLEX Dual Simplex LP Solver are

only implemented to run on a single thread. As noted in Section 1.3.1, this limitation

is intrinsic to the underlying Primal and Dual Simplex Algorithms. However, as noted

in the documentation for Gurobi Optimizer version 6.5, IBM CPLEX Optimization

Studio 12.6.2 , the Dual Simplex has a smaller memory footprint when compared to

the Primal Simplex implementation and thus is preferable to our type of problem. The

following numerical experiments will compare runtime, floating point operation count,

memory and scalability of the aforementioned solvers, these were implemented by the

author.

We utilise the following performance metrics, as means of comparison between the

different measure reduction implementations: Wall-Clock Time, MFLOPs (Millions

of Floating Point Operations), Memory Footprint Resident and Virtual. In order to

obtain accurate performance comparisons we employ PAPI(Performance Application

Programming Interface) [116] , which supports measurements of the aforementioned

performance metrics from each thread spawned by the application and collecting hard-

ware performance counter values.
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In particular, we obtain the aforementioned performance metrics by collecting in-

dividual application thread statistics for N total threads and computing

• Wall-Clock Time=
∑N

i=1
(Wall Clock Tick Count per thread i )

Clock Rate
in ticks

where Clock Rate= 2.67 GHz

• MFLOPS=
∑N

i=1( PAPI FP OPS per thread i )

where PAPI FP OPS measures CPU floating point instructions on thread i

• Memory Resident =
∑N

i=1 (Memory Resident on thread i ) in MB

• Memory Virtual =
∑N

i=1 (Memory Virtual on thread i ) in MB

The data sample in this numerical experiment consists of performing Carathéodory

Cubature Algorithm for degree m = 4 in increasing dimensions d = 3, 4, . . . , 30.

dim= d M =
(
m+d
d

)
dim= d M =

(
m+d
d

)
3 35 17 5985

4 70 18 7315

5 126 19 8855

6 210 20 10626

7 330 21 12650

8 495 22 14950

9 715 23 17550

10 1001 24 20475

11 1365 25 23751

12 1820 26 27405

13 2380 27 31465

14 3060 28 35960

15 3876 29 40920

16 4845 30 46376

Table 5.9: Problem size: M =
(
m+d
d

)
for degree m = 4, dimensions d = 3, 4, . . . , 30
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Figure 5.19: Log-log plot of Wall-Clock ticks: Gurobi Dual Simplex, IBM CPLEX

Dual Simplex, SVD
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We note that both Gurobi Dual Simplex LP Solver and IBM CPLEX Dual Simplex

LP Solver were stopped during execution, as the computation for dimension d = 10

for Gurobi LP Solver and for dimension d = 13 were taking longer than 100 hours

to execute. Thus, in the Wall-clock ticks figure (5.34), we employ the cross signs to

indicate the lower bound on the number ticks that would result from the computation

if each had finished performing in 100, 200, 300 hours respectively. We note that both

Wall-clock ticks in figure (5.34) and Floating Point Operations count in figure (5.20)

are plotted on a logarithmic scale on both axes. Thus, power relationships of the

form C(M) = aMk will appear as straight lines on the log-log plots. To estimate the

power k corresponding to the slope of the line on the log-log plots we employ linear

interpolation. Hence, we can conclude that the empirical runtime complexity for the

three implementations of Carathéodory Cubature Algorithm are given by

CGUR DUAL

(
QCAR(m, d)

)
= O(M4.123)

CCPL DUAL

(
QCAR(m, d)

)
= O(M3.745)

CSV D

(
QCAR(m, d)

)
= O(M2.644)

As noted in Chapter 4, the theoretical cost of the Carathéodory Cubature Algo-

rithm is dominated by the runtime cost of computing the measure reduction. Thus,

we conclude that the computational complexity of performing the measure reduc-

tion, via Gurobi Dual Simplex LP Solver, IBM CPLEX Dual Simplex LP Solver and

SVD can be approximated by CGUR DUAL

(
M,L

)
≈ O(M4.123), CCPL DUAL

(
M,L

)
≈

O(M3.745), CSV D
(
M,L

)
≈ O(M2.644), where L = min{N,M} as detailed in Chapter

4. Similar conclusions can be drawn for the Floating Point Operations count.

Additionally, from figures (5.20) and (5.21) we note that whilst the number Floating

Point Operations employed by each implementation is very similar, the memory con-

sumption in terms of both resident and virtual memory is smaller for the SVD-based

implementation. Thus, overall we can conclude that the SVD-based implementation

manages memory more efficiently, than the other two methods, which may be a con-

tributing factor to a faster execution.

In the following we present a comparison of accuracy of the three implementations

of the Carathéodory Cubature Algorithm. To do so, we perform the same set of sim-

ulations used to compare the accuracy of Carathéodory Cubature Algorithm with the

Smolayk and the Delayed Smolyak Algorithms on Genz test suite, in dimension 4.

214



210 3060 4844 7315 10626
Number of cubature points

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

A
ve

ra
ge

nu
m

be
r

of
co

rr
ec

t
di

gi
ts

,S
A

M
P

L
E

SI
ZE

=
20

OSCILLATORY, DIM=4

Integration Methods
CARATHEODORY GUROBI DUAL
CARATHEODORY CPLEX DUAL
CARATHEODORY SVD

Figure 5.22: Oscillatory, Dim=4
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Figure 5.23: Product Peak, Dim=4
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Figure 5.24: Corner Peak, Dim=4
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Figure 5.25: Gaussian, Dim=4
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Figure 5.26: Continuous, Dim=4
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Figure 5.27: Discontinuous, Dim=4
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As opposed to the Dual and Primal Simplex Algorithm implementations in Gurobi

Optimizer 6.5 and IBM CPLEX Optimization Studio 12.6.2, the Interior Point Method,

called the barrier method is parallelised in both packages. The IBM CPLEX Interior

Point method implemented is the Barrier Optimiser, which exploits a primal-dual log-

arithmic barrier algorithm to generate a sequence of strictly positive primal and dual

solutions.

In the following we present a comparison of Carathéodory Cubature Algorithm with

again three measure reduction implementations: Gurobi Barrier LP Solver, IBM

CPLEX Barrier LP Solver and Intel MKL SVD Solver. We perform this compar-

ison in multithreaded environment with 32 threads, and as before we measure the

total number of wall-clock ticks, floating point operations, resident memory and vir-

tual memory. We provide this comparison primarily to illustrate the advantages of

utilising the INTEL MKL SVD Solver in a multithreaded environment. We note that

successful execution, for the data sample in question, after dimension d = 12 for both

the Gurobi Barrier LP Solver and the IBM CPLEX LP Solver, is intermittent. By

this, we mean that some cubature computations for dimensions higher than d = 11,

do not finish execution, as a result of numerical errors, and thus cannot be relied upon

to produce the required solution. See below, the typical numerical errors produced by

both methods

Figure 5.28: Numerical Errors Gurobi Barrier LP Solver
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Figure 5.29: Numerical Errors IBM CPLEX Barrier LP Solver

We note that Gurobi Barrier LP Solver, similarly to Gurobi Dual Simplex LP Solver

was stopped during execution, as the cubature computation for dimension d = 13 was

taking longer than 200 hours to execute. Thus, we employ cross signs to indicate the

lower bound on the number of ticks that would result from computations of cubature

in dimensions d = 13, 14, 15, if each were to execute in 200, 300, 400 hours respectively.

From these results, we note that the Gurobi Barrier LP Solver has the lowest runtime

up to d = 10, however similarly to the Gurobi Dual Simplex LP Solver its performance

degrades rapidly after the problem size of d = 13 is reached. In contrast, the IBM

CPLEX Barrier LP Solver and the Intel MKL SVD Solver scale well. The Intel MKL

SVD Solver has a higher execution runtime up to d = 11, however its performance

remains almost constant for higher dimensions. Similar conclusions can be drawn by

looking at memory consumption.
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Figure 5.30: Log-log plot of Wall-Clock ticks: Gurobi Barrier, IBM CPLEX Barrier,

SVD
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Figure 5.31: Log-log plot of Floating Point Operations: Gurobi Barrier, IBM CPLEX
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Figure 5.32: Resident and Virtual Memory: Gurobi Barrier, IBM CPLEX Barrier,

SVD
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5.0.8 Scalability of Carathéodory Cubature Algorithm with

SVD Solver

Finally we illustrate the scalability of the Carathéodory Cubature Algorithm with

the INTEL MKL SVD Solver, in terms of the runtime and floating point operations

executed. Let T (p) = T (p,M) denote the total wall-clock ticks of the algorithm on p

processors, for some problem size M . Then, for a fixed problem size M , the speed-up

of the algorithm is given by S(p) = T (1)
T (p)

. By Amdahl’s law or law of diminishing

returns, we know that

S(p) ≤ 1

C + 1−C
p

where C denotes the inherently sequential portion of the computation. By measuring

S(p) for different problem sizes M , we can hope to estimate C. In the following, we

provide two example illustrations for M = 8568, M = 11268, which appear to be

consistent with a broader sampling range, confirming that C ≈ 0.55. That is to say,

the estimated speed-up curves S(p) are well-approximated by the Amdahl’s curve

A(p) =
1

0.55 + 0.45
p

In particular, this sheds light on the limiting behaviour of scaling the algorithm, ne-

glecting the overhead associated with thread creation

lim
p→∞

A(p) = 1.818181...

In addition to the scalability of the execution time, we have also measured the to-

tal number of floating point operations offloaded by the master thread to each slave

thread, during the exception o f the algorithm. We observe that the percentage of

the total number of flops offloaded to each slave thread is consistent between threads

and consistent for different problem sizes. Indeed we observe the following scalability

of flops: 60% of flops are always executed on the master thread, thereby accounting

for the sequential portion of the execution. The parallel portion of the execution ac-

counts for 40% of flops and spreads evenly between all the slave threads and the master

thread. For example with two processors, the master thread executes the sequential

portion of the computation and half of the parallel portion, executing approximately

60% + 20% of the workload and the remaining 20% is offloaded to the slave thread.

Empirically, we observe that given k threads,
(

60 + 40
k

)
% of flops, are executed on

the master thread and 40%
k

on every slave thread. It transpires, therefore, that the

scalability of the execution time is consistent with the scalability of the floating point

operations, with both accounting for 55− 60% of the sequential execution.
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Figure 5.33: Threading Performance, Problem Size M=8568
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Figure 5.34: Threading Performance, Problem Size M=11628
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5.1 Conclusions

We conclude that the Carathéodory Cubature Algorithm detailed in Chapter 4 is

an efficient method for constructing interpolatory cubature measures in moderate di-

mensions. We emphasize that the Carathéodory Cubature Algorithm overcomes the

“curse of dimensionality ” in its construction, by thinning the support of the Cartesian

Cubature product measures, whose cardinalities grow exponentially with dimension,

in polynomial runtime. As described in Chapter 3, it accomplishes this, by recur-

sively applying the Recombination Algorithm, which employs a binary tree forest data

structure to store cubature nodes and weights and further employs a series of bi-

nary tree maniputations: tree splitting and updating, whilst recursively exploiting the

Carathéodory Convex Hull Theorem .

The novelty of the Carathéodory Cubature Algorithm lies in the central routine of

the Recombination Algorithm: M -Tree Measure Reduction, dominating the cost of

the entire Carathéodory Cubature Algorithm. The latter routine, based on the Singu-

lar Value Decomposition, provides an alternative method to the Simplex and Interior

Point Algorithms to compute a basic feasible solution to the underlying LP problem

at each iteration through the Recombination Algorithm.

There are multiple benefits of employing the SVD-based M -Tree Measure Reduc-

tion, as demonstrated by the empirical evidence in Chapter 5. Firstly, we note that

the SVD-based M -Tree Measure Reduction admits a good degree of scalability, as

opposed to the inherently sequential Simplex Algorithm. Also as noted in Chapter

5, even in a single threaded environment the SVD-based M -Tree Measure Reduction

outperforms the Simplex Algorithm, whose performance rapidly degrades, when a suf-

ficiently large problem size is reached. Whilst the accuracy of the SVD-Based M -Tree

Measure Reduction is comparable to that of the Simplex method, its runtime perfor-

mance is at least an order of magnitude smaller and facilitates the computation of

much larger problems.

In terms of efficiency, the results in Chapter 4 demonstrate that Carathéodory Cuba-

ture measures are very competitive with Smolyak and Delayed Smolyak sparse grid

cubatures in moderate dimensions. Indeed, for the Genz test suite we show that

Carathéodory Cubature measures generally yield twice the accuracy for the same num-

ber of cubature nodes as the ordinary Smolyak Cubature construction and a similar

accuracy to the Delayed Smolyak cubature construction. We also note that the absence

of negative weights in Carathéodory Cubature measures, makes them more appealing
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for dealing with positive and probability measures and also in the context of iterative

methods, whose stability is controlled by the norm of cubature measures.

Areas for further research and investigation should include testing the efficiency of

Carathéodory Cubature measure for higher degrees and dimensions. Additionally we

note that, one can easily construct sequences of nested cubature measures by the

means of Carathéodory Cubature Algorithm, thus it may be interesting to investigate

the idea of utilising the Smolyak sparse grid construction to produce high degree cu-

bature formulae from moderate degree Carathéodory Cubature formulae. Moreover,

an adaptive integration algorithm derived from Carathéodory Cubature construction

could be explored.
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