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Abstract 

Representing all variables in double-precision in weather and climate models may be a waste of 

computer resources, especially when simulating the smallest spatial scales, which are more difficult to 

accurately observe and model than are larger scales. Recent experiments have shown that reducing to 

single-precision would allow real-world models to run considerably faster without incurring 

significant errors. Here, the effects of reducing precision to even lower levels are investigated in the 

Surface Quasi-Geostrophic system, an idealised system that exhibits a similar power-law spectrum to 

that of energy in the real atmosphere, by emulating reduced precision on conventional hardware. It is 

found that precision can be reduced much further for the smallest scales than the largest scales 

without inducing significant macroscopic error, according to a -4/3 power law, motivating the 

construction of a ‘scale-selective’ reduced-precision model that performs as well as a double-

precision control in short- and long-range forecasts but for a much lower estimated computational 

cost. A similar scale-selective approach in real-world models could save resources that could be re-

invested to allow these models to be run at greater resolution, complexity or ensemble size, potentially 

leading to more efficient, more accurate forecasts. 
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1. Introduction 

More accurate weather and climate forecasts could be achieved by increasing the resolution, 

complexity and ensemble size of the operational numerical models that underlie them. But these 

factors are limited by the size of the supercomputers that forecast centres can afford. Because the 

density of transistors in conventional chips can be increased no further without the chips overheating, 

individual computer processors are no longer getting faster (Markov 2014), so that more powerful 

supercomputers are usually constructed by running more processors in parallel, increasing the energy 

running-costs proportionally. Resolving individual convective clouds, which are a key source of 

forecast uncertainty, would require a fifty-fold increase in the effective resolution of today’s best 

models, but the computers required for this may remain unaffordable for many years (Palmer 2014). 

For this reason, ways are being sought to increase the efficiency of hardware, to provide 

better forecasts at today’s energy costs. One means is to use ‘mixed precision’ inexact hardware 

capable of representing different computations with different levels of numerical precision. 

Conventionally, all calculations are done in ‘double-precision’. According to Institute of Electrical 

and Electronics Engineers standards (IEEE 2008) a double-precision number is represented during 

computations using 64 bits of information: 1 bit for the sign, 11 bits for the ‘exponent’ (the nearest 

power of 2) and 52 bits for the ‘significand’ (a fraction between 1 and 2), where the overall number is 

formed by multiplying these components together. Numbers of up to 15 decimal digits are represented 

exactly, so long as they fall between 2ିଵ଴ଶଶ (or lower if exponent bits are borrowed from the 

significand to represent ‘sub-normal’ numbers) and 2ଵ଴ଶଷ. 

Reducing the number of exponent bits relative to double-precision reduces the range of 

representable numbers, whilst reducing the number of significand bits reduces the numerical 

resolution. In ‘single-precision’, for example, there are 32 bits in total: only 8 bits are given to the 

exponent and 23 bits to the significand, which means that only numbers between 2ିଵଶ଺ and 2ଵଶ଻ can 

be represented, with up to 7 decimal places. ‘Half-precision’ uses 16 bits in total, with just 5 bits for 

the exponent and 10 bits for the significand. However, reducing precision also reduces the time taken 
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to carry out computations, move information between processors and store data, which can lead to 

more efficient computations so long as numbers can still be represented sufficiently accurately. 

Recently, it was shown that running the European Centre for Medium-Range Weather 

Forecasts (ECMWF)’s operational model, the Integrated Forecasting System (IFS), almost entirely in 

single-precision yielded 40% savings in computational cost relative to double-precision without 

impeding the accuracy (Vana et al. 2017). Further savings could be achieved by running at even lower 

precision, but this could incur considerable rounding errors if done indiscriminately. Here, we explore 

the possibility of avoiding such errors by taking a scale-selective approach, reducing precision more 

for calculations that pertain to smaller spatial scales in spectral models. At these scales, numerical 

precision may be less critical because the observations used to initialise models are of limited spatial 

resolution and so inherently imprecise at small scales; and a model’s output is less accurate close to 

the truncation scale, which is why relatively large random perturbations are applied to these scales 

when stochastic parameterisation schemes are used in ensemble forecasts. This is consistent with the 

theoretical prediction that in a chaotic atmosphere errors at smaller scales are less critical to forecasts 

than those at larger scales because they are quickly swamped by down-scale error propagation 

(Durran and Gingrich 2014). 

Indeed, in a study of an idealised system based on Lorenz’ 1996 model (2006), we 

demonstrated that reducing the smallest resolved scales to half-precision and larger scales to single-

precision yielded a more accurate forecast than reducing the model resolution, for similar 

computational costs (Thornes et al. 2017). Düben, McNamara and Palmer found that scale-selective 

precision could also be beneficial for a spectral dynamical core (Düben et al. 2014). 

In this study, we build upon such earlier work to investigate the effects of scale-selective 

reduced precision in greater detail, using an idealised atmosphere based on the Surface Quasi-

Geostrophic (SQG) equations. The results could be used to motivate and inform future studies on 

scale-selective precision in real-world spectral models such as IFS, where reducing precision to its 

optimal level at each spatial scale would avoid wasting computational resources that could instead be 

used to increase the model resolution or complexity. In the absence of mixed-precision hardware 

capable of reducing to arbitrary precision, we emulated reduced precision on conventional hardware, 
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making it difficult to estimate the actual cost savings. Nonetheless, processing units capable of 

running in double-, single- and half-precision have already been developed (Trader 2016), and 

experiments on Field Programmable Gate Arrays, which have specifiable precision but are currently 

too complex to program to run full atmospheric models in mixed-precision, suggest that reducing to 

even less than half-precision would yield further efficiency improvements (Russell et al. 2015).  

In Section 2 of this paper, we describe the SQG model and its relevance to the real 

atmosphere. Section 3 introduces the program that we used to emulate reduced-precision for our 

experiments in the SQG system, the results of which are described in Section 4. Section 5 describes 

the maximum potential cost savings, and the implications of these results are discussed in Section 6. 

 

2. The Surface Quasi-Geostrophic Model 

The Surface Quasi-Geostrophic (SQG) Model is based on a simplification of the Navier-Stokes 

equations that can be used to describe the evolution of the real-Earth atmosphere. Quasi-Geostrophic 

(QG) theory is applicable to situations of approximate geostrophic and hydrostatic balance between 

pressure-gradient, Coriolis and gravitational forces, and describes the dynamics of small deviations 

from this balance in a three-dimensional rapidly rotating atmosphere. The flow can be described by 

the two-dimensional wind components ݑ and ݒ, described using the streamfunction ߰, where, ሺݑ, ሻݒ = ቀ− డటడ௬ , డటడ௫ቁ.     (1) 

The buoyancy or potential temperature, Θ, is defined as, Θ = డటడ௭ ,      (2) 

and the vorticity ߞ, is, ߞ = డమటడ௫మ + డమటడ௬మ .      (3) 

Any of these key variables can be used to drive the model and evaluate its output. 

SQG is derived from QG by further assuming that the potential vorticity ݍ is constant (Held et 

al. 1995). This quantity is a three-dimensional extension of the vorticity, and is defined as, ݍ = డమటడ௫మ + డమటడ௬మ + డడ௭ ቀ߳ డటడ௭ቁ,    (4) 
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where ߳ = ሺ݂/ܰሻଶ. Here, ܰ is the buoyancy frequency and ݂ is the Coriolis parameter ݂ =2Ω sinሺ߶ሻ, which describes the background rotational vorticity of the fluid at latitude ߶ and rotation 

rate Ω. Hence, a constant ݍ =  ଴ means that the variation in ߰ can be predicted entirely from itsݍ

behaviour in ݔ and ݕ at the bottom surface of the atmosphere, and the solution is assumed to decay 

exponentially with ݖ above this surface (Tulloch and Smith 2006). The SQG equations therefore apply 

strictly to a two-dimensional plane – the ‘surface’ – but are quasi-three-dimensional in that they 

encapsulate the behaviour of a three-dimensional fluid. 

In a Boussinesq (constant density) SQG fluid, the vorticity, buoyancy and streamfunction on 

the bottom surface evolve according to, 

డ఍డ௧ = డ఍డ௫ డటడ௬ − డటడ௫ డ఍డ௬,     (5) డ஀డ௧ = డ஀డ௫ డటడ௬ − డటడ௫ డ஀డ௬,     (6) ߰ = ׬− ଵ|௬| Θሺݔ + ,ݕ  (7)    .ݕሻ݀ݐ

If the bottom surface is not flat, but incorporates some topographical function ℎሺݔ,  ሻ, the buoyancy isݕ

modified so that (Held et al. 1995), 

డ஀డ௧ = డటడ௬ డడ௫ ሺΘ + ܰଶℎሻ − డటడ௫ డడ௬ ሺΘ + ܰଶℎሻ.   (8) 

 In this investigation, the SQG equations were solved numerically using a Fortran computer 

program based on code developed by Smith (2009). Equation (8) is discretised in time, using adaptive 

time-stepping and the Runge-Kutta scheme on a periodic domain. The time-dependent left-hand side 

is solved in spectral space, where different scales are represented through different wavenumbers ݇. 

But solving the non-linear terms in the right-hand-side in spectral space would require cross-

multiplying between all wavenumbers, so it is much more efficient to solve this part in grid-point 

space (Bourke 1972). The program uses Fast Fourier Transforms (FFTs) to change between these 

configurations, using the well-known ‘FFTW’ library. 

Our SQG system uses a two-dimensional spectral plane, so that every spectral variable is 

described by two wavenumber components, in the zonal (݇௫) and meridional (݇௬) directions. The total 

wavenumber for each basis function is therefore given by ݇ = ට݇௫ଶ + ݇௬ଶ,. We used a 2ߨ ×  ߨ2
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periodic domain, with a spectral resolution ݇max = 127, meaning that there are 128 wavenumbers 

(including 0) in each of the ݇௫- and ݇௬- directions. For quantities evaluated in grid-point space, this 

corresponds to a resolution of 2݇max grid-points in each of the ݔ- and ݕ- directions. In the real Earth 

atmosphere, energy is added mostly at large scales and removed at small scales by viscous dissipation. 

To simulate the latter, we switched on eighth-order hyperviscosity in the existing code. This removes 

energy by damping down the smallest scales and varies according to, 

Θሺ݇ሻ = Θሺ݇ሻ ൤1 + ݀ ቀସగ௞௞maxቁ଼൨ିଵ,    (9) 

where ݀ is the damping strength. 

The single-level nature of our SQG model means that the Coriolis parameter ݂ is effectively 

set to zero in the model code. Hence, to create Earth-like external forcing we introduced a 

sinusoidally varying zonal background wind ݑ௕ = ଴ݑ sinሺ߶ሻ, which falls to zero at the edges of the 

domain in the zonal direction and is constant along the meridional direction, alongside realistic, 

fractal topography of mean height ℎ଴. For investigations of short-term forecasts, the setup included a 

large central protrusion resembling a mountain of height ܪ rising above the rough terrain. This was 

made high enough to interrupt the flow of the simulated atmosphere without blocking it entirely, 

simulating real-world flow over a mountain. All the variables in the model are nondimensionalised, so 

that the two-dimensional position and velocity vectors of a fluid parcel in the model are ݔො = ොݑ and ܮ/Ԧݔ =  and ܷ are the dimensional length and speed that can be specified to ܮ ሬԦ/ܷ respectively, whereݑ

translate the model variables into real quantities. The essentially infinite vertical scale in our 

experiments means that there is no Rossby number with which to relate the system to the real world, 

but preliminary experiments revealed that setting the parameters to ݀ = ଴ݑ ,10 = 0.5, ℎ଴ = 0.5 and ܪ = 3 produced weather-like features. An example snapshot of the vorticity ߞ field for this setup is 

shown in Figure 1, where the central depression corresponds to the mountain, around which the fluid 

is flowing. The forcing from the mountain means that the total energy in this setup continues to grow 

indefinitely; for longer-term forecast investigations where a stable equilibrium is desirable we 

therefore used a setup that had no mountain and had ݑ଴ = 0.02 to conserve total energy, but was 

otherwise identical. 
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SQG is especially interesting for a scale-selective precision study because it exhibits 

wavenumber power spectra for the energy per unit wavenumber ܧ and enstrophy per unit 

wavenumber ܩ similar to those observed in the real atmosphere, where it has been observed that ܧ ∝ ݇ିହ/ଷ on small scales – on the order of 100km (Nastrom and Gage 1985), depending on height – 

and ܧ ∝ ݇ିଷ on larger scales. These regimes have been referred to as ‘3D’ and ‘2D’ turbulence by 

some (Leith 1971) and correspond to energy dissipating down to small scales and up to larger scales 

respectively. In SQG, there is a downscale cascade for the enstrophy ܩ that follows ܩ ∝ ݇ିହ/ଷ, whilst ܧ ∝ ݇ି଼/ଷ, a slightly steeper downscale energy cascade, at high wavenumbers.. Theory predicts an 

upscale energy cascade at low wavenumbers (large scales), where ܧ ∝ ݇ିଶ (Pierrehumbert et al. 

1994).  

Figure 2 shows the spectra we measured for the energy and enstrophy per unit wavenumber 

 with our short-term forecasting setup. In both cases, only the downscale energy cascade is (ܩ and ܧ)

resolved, but the spectra exhibit approximately the expected slopes of -8/3 and -5/3 respectively. The 

similar downscale cascade between SQG and the real atmosphere may mean that the propagation of 

observational and modelling errors is also similar, something that we hope to explore in more detail in 

a forthcoming paper. By measuring the rate of error growth at wavenumbers corresponding roughly to 

the synoptic forecasting scale in the real atmosphere (݇ ≈ 10) to the time taken for initial errors to 

double in size (the error doubling time) of typical real-Earth models, which Lorenz (2006) estimated 

to be around 1.5 days (in 1996), we were able to estimate that one model timestep in our setups (at ݇max = 127 resolution) is roughly equivalent to 2 minutes in a full-complexity atmospheric model. 

 

3. Emulating Reduced Precision 

Because real hardware capable of scale-selectively reducing precision to less than 16 bits of precision 

in an atmospheric model is not yet widely available, it was necessary for us to emulate reduced 

precision on double-precision processors by using an emulator program developed by our research 

group (Dawson and Düben 2016). This emulator rounds numbers in the calculations to which it is 

applied as though they were represented with a specified number of bits. Values that fall outside the 
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range representable with a reduced-precision exponent are rounded to zero or infinity. The program 

allows the number of bits to be specified for each wavenumber component of each variable 

individually, allowing for mixed-precision across different spatial scales. 

Since there is no IEEE standard for the ratio of significand to exponent bits below half-

precision, we used the single-precision exponent (8 bits) throughout our experiments for convenience. 

Running with the half-precision exponent (5 bits) instead in reduced-precision runs made no 

difference to the results, and we deduce from this that the loss of resolvable range with only 5 bits is 

not problematic for the SQG model. 

During calculations, our main SQG program calls on the emulator to round numbers that have 

been assigned a special reduced-precision Fortran ‘type’ as though they were in reduced precision 

before and after every operation. Doing this means that, rather than speeding up calculations as real 

reduced-precision hardware would do, using an emulator slows them down. It is therefore not possible 

for us to measure the actual computational cost saving achievable with reduced precision. However, 

assuming that the cost of a calculation would be proportional to the number of bits used yields an 

upper estimate on the savings achievable, which might be realised by the most efficient imaginable 

hardware. In reality, there would be additional costs, for example those associated with specifying 

what level of precision to use, lowering the potential savings. 

 

4. Reduced Precision Experiments 

We carried out a series of experiments to determine whether scale-selectively reducing precision 

could reduce computational cost without increasing the model error in both short-term and long-term 

forecasts of the SQG system. At the beginning of each experiment, the model was spun-up for 50000 

model timesteps from zeroed initial fields using the features described in Section 2 for our setups. The 

state of the variables at 50000 timesteps defined new ‘initial conditions’. From this point, the ‘truth’ 

system was run forward and its time-evolution was compared to that of each of a set of ‘models’ 

forecasting the system at different levels of precision. The observational uncertainty inherent in real-

world models was simulated by running an ensemble of independent forecasts for each model, each of 
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which began with the ‘truth’ initial conditions altered slightly by randomly perturbing each of the 

streamfunction grid-points by up to ±1%. 

Three experiments were performed, as outlined below. For short-term forecasts, the metric for 

comparing the model to the ‘truth’ we used was the ‘Absolute Error’, computed at each output 

timestep by measuring the absolute difference between the ‘truth’ and model values of the 

streamfunction or vorticity at each point in grid-point space and averaging over all grid-points. This 

measure is simple to compute but provides a clear indication of the onset of differences between the 

reduced-precision and double-precision models. Once the lowest precision levels that could be used 

accurately had been identified, further metrics such as the Root Mean Square Error (RMSE) and the 

change to the ensemble spread were used to verify the performance of the resulting optimised-

precision system, as described in Section 4.2 below.  

For longer-term forecasts, beyond the maximum lead-time at which the forecast is still 

correlated to the true state of the system, the Kolmogorov-Smirnov (KS) and Hellinger Distance 

statistics were used to measure the difference in mean conditions over the course of a long integration. 

For these, the measured variable – in our case, the streamfunction – at every output timestep for each 

ensemble member is allocated to one of a set of 100 bins according to its magnitude; the overall 

populations of the bins then represent a probability distribution function (pdf) that describes how 

often the system occupies each of the 100 streamfunction states. The KS statistic assesses a model’s 

performance by measuring the maximum difference between the pdfs of the model and the ‘truth’ out 

of all the bins, whereas the Hellinger Distance integrates the difference across all bins (Pollard 2002). 

 

4.1. Optimising Spectral Precision 

The first experiment aimed to determine how low precision could be reduced at each spatial scale in a 

short-term forecast of the system for there to be negligible error in the overall streamfunction or 

vorticity. The system was run for 5000 timesteps after spin-up, which corresponds to around 7 ‘days’. 

This ‘truth’ was compared against a control ensemble of fifty double-precision forecasts, produced as 

outlined above, to yield fifty Absolute Error timeseries. The ensemble mean was taken as the Control 

Error, and reflects the model error that would be expected in the absence of reduced precision 
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rounding errors. The ensemble standard deviation was used to estimate the uncertainty in this mean 

(Hughes and Hase 2010). 

To investigate the additional error introduced by reducing to a given number of significand 

bits ݏ, the ensemble mean Absolute Error was also computed for a fifty-member ensemble of reduced-

precision forecasts for which all wavenumbers below the truncation wavenumber ݇௧ were in single-

precision and all wavenumbers above ݇௧ were reduced to ݏ bits in the significand. Several different 

values of ݏ were tried between 1 and 23, and for each of these ݇௧ was varied. The larger the value of ݇௧, the smaller the scales to which reduced precision is confined, and the less potential there is for 

rounding error. For each ݏ, we determined the smallest value of ݇௧ for which the reduced precision 

and control model mean forecasts agreed to within the experimental uncertainty of the control after 

3000 timesteps (4 ‘days’). Table 1 shows the results. Although in all cases precision was reduced to 

the same level for all spectral variables, the Absolute Error was measured separately for the 

streamfunction ߰ and vorticity ߞ. The minimum values of ݇௧ were different in these two cases 

because the vorticity is a more local property that exhibits smaller-scale features than the 

streamfunction, and so is more sensitive to reducing precision at high wavenumbers. 

The results accord with the hypothesis that smaller spatial scales require less precision for the 

overall forecast to be accurate. Whilst degrading the largest scales (݇௧ < 2) to less than 18 bits leads 

to an inaccurate streamfunction forecast, wavenumbers above ݇௧ = 111 for ߰ or ݇௧ = 123 for ߞ can 

be represented with just 5 bits in the significand with negligible impact. The smallest scales are 

nonetheless necessary, as reducing even the highest wavenumber to less than 5 significand bits or 

omitting it entirely was sufficient to produce significant errors, which implies that lowering the 

resolution of the model to save costs would not be as accurate as is scale-selectively reducing 

precision. The precision (number of significand bits) required, ݏ, in the streamfunction and vorticity 

separately is plotted logarithmically against wavenumber in Figure 3. This yields a straight line, the 

best-fit for which in the streamfunction has a gradient ݉ = −0.30 + 0.01 and intercept ܿ = 3.12 ±0.03, and in the vorticity has ݉ = −0.27 ± 0.01 and ܿ = 3.01 ± 0.04computed using the GNUPLOT 

computer program, which implies that, to a close approximation, ݏ ∝ ݇ିଵ/ଷ. 
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4.2 Scale-Selective Models 

In light of these results, our second experiment aimed to determine whether a scale-selective model 

could yield accurate short-term forecasts. We therefore performed longer, twenty-five member 

ensemble forecasts that compared the control model error to that of a scale-selective model for which 

precision was reduced for each range of wavenumbers to the level required for negligible Absolute 

Error according to Table 1. The forecasts were run for five sets of initial conditions and the results 

were averaged across these. Models with uniformly reduced precision were also run for comparison. 

Figure 4 shows the Root Mean Square Error (RMSE) in each of ߰ and ߞ when spectral precision was 

optimised to minimise error in ߞ, which is generally the more sensitive of the two parameters. The 

RMSE is shown in preference to the Absolute Error because it is in general more sensitive to errors at 

small spatial scales, but in this case the two measures yielded identical results.  

The scale-selective runs are indistinguishable from the double-precision control for up to 

35000 timesteps in the streamfunction and 20000 timesteps in the vorticity, implying that scale-

selective precision preserves accuracy in forecasts for lead-times of days or weeks of model time. A 

uniform reduction in precision even to 15 bits, on the other hand, produces significant error 

throughout. Figure 5 compares the vorticity fields visually at 30000 timesteps after spin-up, 

demonstrating that most features are captured with very little change relative to the double-precision 

control when precision is reduced, but that the 15 bit case matches the double-precision slightly less 

accurately than does the scale-selective model. Further tests showed that reducing the number of 

significand bits by 1 at each spatial scale relative to the scale-selective model degraded the accuracy 

slightly but consistently, and that this additional error was similar even when only smaller scales 

(݇ > 15) were reduced in precision relative to the scale-selective model. This implies that our scale-

selective model indeed uses the optimal number of bits at each spatial scale for our system setup.  

The same three models were also compared for longer-term forecasts of the mean state of the 

model’s ‘climate’. To do this, the system setup with no mountain was run for 50000 timesteps, then 

initial conditions were randomly perturbed as in the previous experiment and the same three models 

were run forward and compared against the ‘truth’ for 250000 timesteps (around 1 ‘year’ of model 
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time), beginning after another 250000 timesteps had elapsed to allow the models to stabilise, using the 

KS and Hellinger Distance statistics. Each model was run three times with different random 

perturbations to compute its pdf, which was averaged over the three ensemble members in each case 

before being compared to the single ‘truth’ pdf. KS and Hellinger statistics were computed in this way 

for four independent runs differing in the (random) bottom topography and hence the initial 

conditions, and the mean and standard error were calculated across the four runs.  

The results are shown in Figure 6. The scale-selective and double-precision models have the 

same long-term forecasting accuracy to within the experimental error, whilst the 10 bit model 

performs very poorly by comparison. Further tests using single runs (to save computational time) of 

other reduced-precision models suggested that at least 15 bits in the significand would be required for 

negligible error when applying uniform reduced precision across all spatial scales. 

 

4.3 Grid-point and FFT Components 

It is not possible to apply scale-selective precision during grid-point calculations, where values are not 

computed separately for different spatial scales, or in the Fast Fourier Transform (FFT), where 

different scales are mixed during calculations. From Table 1, we can assume that for grid-point 

calculations, the lowest level of precision that can be used uniformly without error is 19 bits.  

To compute the acceptable precision level in the FFTs, we wrote a new FFT algorithm based 

on that provided in Press et al. (1992), to which we introduced the reduced-precision Fortran ‘type’ 

required to apply our emulator: the much faster FFTW algorithm usually used by the model is not 

compatible with the reduced-precision type. When the streamfunction Absolute Error was computed 

for short-term (2000 timestep) runs of a model with reduced precision in the FFT part only, it was 

found that reducing the significand to 11 bits produced no noticeable increase in streamfunction error 

relative to the double-precision control, whereas reducing to 10 bits in the significand (for the same 

single-precision exponent) caused considerable errors, implying that the algorithm is not affected by 

small rounding errors, but crashes entirely when such errors are sufficiently large. 

Furthermore, we found that a reduction to 11bits and 19bits for the FFTs and grid-point 

calculations respectively could be combined with scale-selective spectral-space precision without 
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significantly increasing the streamfunction or vorticity Absolute Error or RMSE relative to 

representing the FFTs and grid-point calculations in double-precision. The streamfunction RMSE 

result is shown in Figure 7 for a ten-member ensemble with a single initial condition; the Absolute 

Error and the corresponding vorticity plots give almost identical results and are omitted for 

conciseness. The model remains accurate for up to 30000 timesteps, which is of the order of 40 

atmospheric days, well beyond the range of an accurate weather forecast. To verify that reduced 

precision in one or more of the components does not significantly increase the ensemble spread, we 

also tested the impact on ensemble spread of the scale-selective models with and without reduced-

precision in the FFT and grid-point components, with streamfunction results also shown in Figure 7. 

These models do not exhibit a sustained increase in ensemble spread relative to the double-precision 

control, and there is no difference in spread at all between any of the models until 40000 timesteps 

have elapsed. 

 

5. Discussion 

The results presented in Section 4 imply that precision can be reduced to 19 bits in the grid-point part 

of the SQG system and 11 bits in the FFT component without inducing considerable error or 

increasing the ensemble spread, and that in the spectral component lower precision can be tolerated at 

smaller spatial scales. The physical explanation for the -1/3 power law with wavenumber of the 

required precision is unclear, but it may be related to the -5/3 power law of the enstrophy spectrum, 

which also describes the relative magnitude of the streamfunction as a function of wavenumber. This 

dropping off at higher wavenumbers means that smaller scales should make a smaller relative 

contribution to the overall streamfunction value when the Absolute Error is computed, which would 

imply that precision can be safely reduced to a greater degree on smaller scales. 

On the other hand, other experiments that we conducted showed that the error doubling time 

also follows a −5/3 power law as a function of wavenumber; this implies that errors grow more 

rapidly at smaller scales, so initial errors in small scales might be expected to be more influential than 

those at larger scales, in which case the small scales might actually require higher precision. It may be 

that these two factors both apply but act contrary to one another, which we conjecture (without proof) 
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could be one explanation for the observed shallow negative power law ݏ ∝ ݇ିଵ/ଷ overall. The way in 

which errors spread between spatial scales in SQG, which may be relevant here, is itself a question of 

scientific interest that we plan to explore in a forthcoming paper. It may also be relevant that the 

magnitude of the rounding error ݁௥ relative to double-precision induced when the number of bits in 

the significand is reduced to level ݌ goes as ݁௥ ∝ 2଺ସି௣, which means that the relationship between 

the error and the number of significand bits is not linear. 

To evaluate the potential computational cost saving with the mixed-precision model, we 

multiplied together the cost ܿ௜ relative to double-precision of each level of precision ݅, and the number 

of 1D wavenumber components ݊௜ that should be reduced to this level according to Table 1 as a 

fraction of the total number of 1D wavenumbers, ݇maxଶ . Where ݏ௜ is the number of significand bits in 

level ݅, this yields the fractional cost ܨ௜ of precision level ݅, given by, ܨ௜ = ሺ௦೔ାହାଵሻ௡೔଺ସ௞maxమ = ܿ௜ ௡೔௞maxమ .     (10) 

Summing this over all ݅ yields an overall cost estimate ܨ relative to a fully double-precision 

simulation. It is assumed that a half-precision exponent of 5 bits is used at all spatial scales in the 

mixed-precision model (this is justified for at least the parts of the model with 10 significand bits or 

fewer), with 1 bit for the sign; and that the number of bits used to represent numbers in a calculation is 

directly proportional to that calculation’s cost. 

We obtained an overall fractional cost of ܨ = 0.2 for both streamfunction and vorticity 

optimisation, which implies that scale-selective precision can provide an 80% cost saving for spectral 

calculations in SQG. Real reduced-precision hardware may have overhead costs associated with 

specifying which level of precision to use at which scale, or might not speed up in inverse proportion 

to the number of bits used, lowering the potential savings. Nevertheless, assuming that the most 

efficient conceivable scale-selective reduced-precision hardware was used, this would mean that 

spectral calculations, which in double-precision were responsible for 50% of the cost of the model, 

required just 20% of their former cost. 

Table 2 indicates that the 35% of the model run-time associated with FFTs would require 

27% of its former cost if run with 11 bits in the significand, and that the 15% of the model run in grid-
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point space would require 39% its former cost if run with 19 significand bits. Overall, this implies a 

cost of 50% × 20% + 35% × 27% + 15% × 39% = 25% of the double-precision standard, a 

saving of 75%. Figure 8 shows this calculation diagrammatically. 

 

6. Conclusions 

Our experiments have shown that precision can be reduced much more strongly at smaller spatial 

scales without incurring significant error in the prognostic variables in SQG, with as few as 5 bits 

required in the smallest scales for accurate calculations. The SQG system is composed of spectral, 

grid-point and FFT components, and the gains achievable with scale-selective precision are only 

achievable in the spectral part, reducing the cost of this component by an estimated 80% relative to 

double-precision were idealised reduced-precision hardware to be used with no overhead costs. If 

precision is constrained to be the same for all scales, as is necessary for grid-point calculations, the 

saving is only 61%, whereas in the FFTs that switch between these components a saving of 73% is 

possible. This yields an overall potential cost saving of 76%. 

 Even if the actual savings achievable are less than our idealised estimates, scale-selective 

precision shows considerable advantage over a uniform reduction in precision: at least 19 bits are 

required at the largest scales in SQG, which, if applied uniformly, would be around twice as 

expensive as the scale-selective alternative; uniform single-precision would be three times as 

expensive (Vana et al. 2017). Although hardware capable of straightforwardly applying such a 

mixture of precision levels to a full atmospheric model is not yet available, our findings imply that its 

development and use for weather and climate forecasts based on spectral models could be worthwhile. 

With such hardware, the fact that spectral models represent less crucial, smaller-scale features 

separately to larger-scale ones may render them more efficient than grid-point alternatives. We aim to 

perform similar experiments to those presented here in the real-world ECMWF Open IFS model, 

which also has a spectral component in the dynamical core, to demonstrate the potential of scale-

selective precision to improve the efficiency of real weather and climate forecasts at a time when 

producing more accurate forecasts is more necessary, but potentially also more expensive, than ever 

before. 
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Significand 

bits 

Minimum ݇௧ for 
accurate ߰ 

Minimum ݇௧ for 
accurate ߞ 

1 NONE NONE 
2 NONE NONE 
3 NONE NONE 
4 NONE NONE 
5 111 123 
6 84 94 
7 54 60 
8 36 38 
9 25 24 
10 17 16 
11 14 12 
12 9 8 
13 7 5 
14 6 3 
15 4 3 
16 3 0 
17 2 0 
18 2 0 
19 0 0

Table 1: The minimum wavenumber of truncation ݇௧ above which all wavenumbers in the streamfunction ߰ and 

vorticity ߞ can be represented with the specified number of bits in the significand with negligible difference in 

Absolute Error from a double-precision control, measured at 3000 timesteps under the short-term forecast setup. 

 % ௜ Cost݊ ߞ % ௜ ߰ ݊௜ Costܿ ݏ 
19 0.391 3 0.01 0 0 
18 0.375 0 0 0 0 
17 0.359 3 0.01 0 0 
16 0.344 4 0.02 6 0.02 
15 0.328 11 0.04 0 0 
14 0.313 7 0.03 9 0.03 
13 0.297 17 0.06 21 0.08 
12 0.281 60 0.20 42 0.14 
11 0.266 48 0.15 58 0.19 
10 0.250 172 0.52 164 0.50 
9 0.234 341 0.97 441 1.25 
8 0.219 819 2.17 1089 2.89 
7 0.203 2085 5.13 2635 6.48 
6 0.188 2646 6.01 3161 7.18 
5 0.172 2040 4.25 630 1.31 

Sum  8256 19.58 8256 20.07 
Table 2: For each number of bits in the significand ݏ, the fractional cost ܿ௜ relative to a 64-bit control is computed, assuming 

5 bits in the exponent and 1 bit for the sign of the reduced-precision number. The sum of all wavenumbers in two-

dimensional wavenumber space, n୧, represented at each level of precision (see Table 1) is listed for cases where either the 

error in the streamfunction ߰ or that in the vorticity ߞ is used to determine at what range of wavenumbers each level of 

precision can be applied. ݊௜/݇maxଶ  is multiplied by ܿ௜ to obtain the percentage cost associated with each band relative to the 

total cost across all wavenumbers in double-precision; the total cost is the sum of this over all bands, shown at the bottom of 

the table. 
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