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Abstract

Multiphysics systems with interface coupling are used to model a variety
of physical phenomena, such as arterial blood flow, air flow around aero-
plane wings, or interactions between surface and ground water flows. Nu-
merical methods enable the practical application of these models through
computer simulations. Specifically a high level of detail and accuracy is
achieved in finite element methods by discretisations which use extremely
large numbers of degrees of freedom, rendering the solution process chal-
lenging from the computational perspective. In this thesis we address
this challenge by developing a twofold strategy for improving the effi-
ciency of standard finite element coupled solvers. First, we propose to
solve a monolithic coupled problem using block-preconditioned GMRES
with a new Schur complement approximation. This results in a mod-
ular and robust method which significantly reduces the computational
cost of solving the system. In particular, numerical tests show mesh-
independent convergence of the solver for all the considered problems,
suggesting that the method is well-suited to solving large-scale coupled
systems. Second, we derive an adjoint-based formula for goal-oriented a
posteriort error estimation, which leads to a time-space mesh refinement
strategy. The strategy produces a mesh tailored to a given problem and
quantity of interest. The monolithic formulation of the coupled problem
allows us to obtain expressions for the error in the Lagrange multiplier,
which often represents a physically relevant quantity, such as the normal
stress on the interface between the problem components. This adaptive
refinement technique provides an effective tool for controlling the error
in the quantity of interest and/or the size of the discrete system, which
may be limited by the available computational resources. The solver and
the mesh refinement strategy are both successfully employed to solve a
coupled Stokes-Darcy-Stokes problem modelling flow through a cartridge
filter.
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Chapter 1

Introduction

Mathematical modelling has become an essential tool in building our understanding of
physical processes, benefitting from the constantly increasing availability of computa-
tional resources. Numerical methods enable the practical application of mathematical
models in science, research and engineering through the use of computer simulations.
The enhancement of computational techniques has made it possible to address prob-
lems in a variety of fields from meteorology to cell biology. In this work we aim to
develop efficient numerical methods for solving coupled multiphysics problems.

The term ‘coupled systems’ may cover a wide range of mathematical problems
which involve two or more distinct components interacting with each other. We con-
sider coupling in the context of partial differential equations (PDEs), which are used
to model a multitude of physical processes through the mathematical representation
of the fundamental conservation laws. From the modelling perspective we can distin-
guish coupled processes sharing a common environment and those interacting only
through a shared interface. A well-known example of the first type is the bidomain
model in cardiac electrophysiology [71, 83], where homogenised equations for conser-

vation of ion current and microscopic equations for ion channel behaviour are solved



in the same domain for intra- and extracellular potential. A popular problem of the
second type is fluid-structure interaction, where the interaction occurs solely through
the fluid-structure interface. Schematically the difference between these types of cou-

pling can be represented as shown in Figure 1.1.

() A I’ ()

Fi(ui,u2)=0
Fo(ui,uz)=0 Fi(u1)=0 Fo(uz)=0

Yj( U1 ,U2) =0
(a) ()

Figure 1.1: Schematic representation of two types of coupling: (a) processes Fi(uy, us)
and Fy(uq, ug) occurring in the common domain Q and (b) processes F(u1) and F5(us)
occurring in individual domains €2; and €2y respectively, and interacting through
C'(uy,ug) on I

In this work we consider the systems where coupling occurs through an interface.
The interest in such problems is driven by applications in a variety of engineering
fields. Fluid-structure interaction in particular is used to model air flow around
airplane wings, boat sails, tall buildings, bridges, as well as blood flow in human
arteries or the heart, and air flow in the airways or the lungs [43, 55, 79, 85, 94, 117,
122, 126]. Coupled models of free flow and flow through porous media are used in
the study of interactions between surface and groundwater flows, as well as air and
oil filters [40, 69, 76, 84]. Computer simulations of these and other coupled systems
are of immediate practical interest.

The complexity of coupled multiphysics models usually means that an analytic so-
lution is not available. Numerical methods provide an incredibly powerful alternative
way of solving PDEs using computer software. The main idea behind such methods

lies in discretisation of the operators or the solution space. The approximation of the



original continuous problem by its finite-dimensional counterpart is a fundamental
step in reducing the underlying PDEs to a system of algebraic equations, for which
many solution methods exist [67, 104]. However, the need for accurate solutions com-
puted with a high level of detail means that the size of the discrete problems can
be exceptionally high, and the computational cost of producing a solution in such a
problem is extreme. It can be argued that the increasing computational complexity
is more than matched by the increasing availability and reducing cost of resources,
however, additional challenges arise in high-performance systems, which can be both
software and hardware-related [36, 42, 109]. Optimisation of numerical methods used
to solve a particular problem is a way to make sure that the best possible results
are achieved given available resources. The ability to reduce computation time by
algorithmic means can also lead to more extensive and more effective use of models,
as the demand for real-time simulation exists in fields like surgery [35, 107].

The task of reducing the computational complexity can be approached from two
perspectives: the discretisation, and the linear solver. The generation of a computa-
tional mesh for a given problem geometry is usually directly related to the accuracy of
the computed solution and the operational cost of the solution method. Specifically
in finite element methods the formulation allows the derivation of a priori error es-
timates for the approximate solution of sufficiently regular problems [21, 78]. While
providing important information on convergence behaviour, a priori estimates can
not be used for practical error control and mesh refinement, since they rely on our
knowledge of the exact solution. At the same time, a posterior: error estimation is
based entirely on our ability to compute the approximate solution, and can be used
to assess solution accuracy directly.

There are several ways to perform a posteriori error estimation. Gradient re-



covery methods [129, 128, 127] are based on the idea of replacing the true solution
gradient in the a priori estimate with an approximation arising from the numerical
solution. This class of methods is widely used due to the relative simplicity of the
idea. However, the accuracy of the estimator is not guaranteed by rigorous proofs in
most cases, even if it is sometimes observed in practice. Local error estimators use
the Galerkin orthogonality property to impose a bound on the error by solving local
residual problems [9, 17, 74]. A detailed review of these methods, as well as further
references can be found in [2, 3, 120].

An alternative approach to a posteriori error estimation relies on the solution of
a global adjoint problem [47, 64, 99]. In particular, [47, 49, 50, 123] address the
goal-oriented technique, which is based on solving an adjoint problem to estimate the
error in a quantity of interest given by a functional of the solution, as opposed to the
error in a norm of the solution. The functional often represents a value of practical
interest, e.g. a weighted average of a variable in the domain.

A posteriori error estimation has an additional advantage in that it can be used
for adaptive mesh refinement [9, 12, 30, 37, 101, 120]. While a priori error bounds
normally indicate that refining the mesh leads to reducing the error, if we can com-
pute local a posteriori estimates then specific areas or time steps can be refined —
those where the errors are the highest. Unless the errors are distributed perfectly
uniformly, an adaptive refinement is likely to produce a significantly smaller mesh
than a uniform refinement, allowing us to recompute a more accurate solution faster
or using fewer computational resources than would be required for a computation on
a uniformly refined mesh. Of course, the a posteriori procedures themselves can incur
a significant computational cost. It is therefore necessary to consider the suitability of

such algorithms for a specific practical problem. In large-scale problems performing



a posteriori error estimation on a relatively coarse mesh, and producing a computa-
tional mesh which is best suited to the solution can be advantageous [97, 113, 124].
In this work we do not consider an alternative finite element refinement strategy,
p-refinement, where better local accuracy is achieved through increasing the order of
the finite elements instead of (or alongside) refining the mesh. For details on this
approach we refer to [8, 10, 80, 108].

We focus on goal-oriented a posteriori error estimation in the context of coupled
problems. In particular, we are interested in estimating quantities of interest on
the coupling interface, which can model, for instance, wall traction in fluid-structure
interaction — an important metric for practical considerations.

A redistribution of the system’s degrees of freedom is aimed at achieving higher
solution accuracy provided there are limited computational resources, or using the
least computational resources given a certain accuracy that the solution needs to
achieve. When using adaptive refinement we assume that there is a fixed relationship
between the amount of memory and processing power available for computations,
and the size of the discrete system that we can solve. This relationship, however, can
change dramatically depending on the linear solver that one chooses to employ.

A straightforward way of addressing a matrix problem is to use a direct solver,
e.g. the LU factorisation [67]. The implementation is independent of the form of the
system matrix, and is readily available in most software libraries for matrix compu-
tations*. Moreover, the method does not introduce additional errors into the finite
element solution, since it solves the discretised problem up to machine precision. How-
ever, when applied to large-scale sparse problems, direct methods become extremely

computationally demanding, both in terms of processing power and required memory.

*For a study comparing different implementations of direct methods we refer to [68].



The standard implementation of the LU factorisation requires O(N?) operations for
an N x N matrix, and while the power of N in the operation count can be reduced
for sparse matrices, it is often prohibitive for large matrices that arise in practical
applications.

Even if the resources are available factorisation time can become exceedingly long.
It is therefore common to use iterative methods, whereby the discrete solution is not
obtained exactly, but up to a certain prescribed tolerance on a norm of the residual.
Specifically, Krylov subspace methods, such as GMRES [105] or BICGSTAB [119] can
provide a reliable and efficient alternative to direct methods [25]. The convergence of
these methods, and therefore the feasibility of their use, is highly dependent on the
matrix of the system, which can become very ill-conditioned for a refined finite element
problem. It is therefore essential to use a good preconditioner in such problems
[82, 91, 95, 111]. The choice of such a preconditioner is therefore determined by
the two primary factors: the effect on the iterative method’s convergence, and the
cost of building it and using it in computations. In this work our aim is to find a
preconditioner that would be suited to solving coupled problems specifically.

The overall structure of the thesis is as follows. First we give an overview of the
mathematical tools which are necessary for the development of the methods that con-
stitute the body of this work. Chapter 2 outlines the basic concepts of the standard
continuous Galerkin finite element methods including the weak form of partial dif-
ferential equations, finite element discretisation and error bounds. Two aspects are
addressed separately: formulations for mixed problems, such as incompressible flow,
and time-dependence.

Chapter 3 considers the merits and drawbacks of the partitioned and the mono-

lithic approaches to solving generic coupled problems. We propose that the main



benefit of the partitioned approach, namely its modularity, can be gained in mono-
lithic coupled solvers through the use of block preconditioners. In order to study this
option in detail we formulate the weak and the finite element problems for equations
coupled using Lagrange multipliers.

Block preconditioners for the monolithic coupled systems formulated in Chapter
3 are investigated in Chapter 4. Following a standard procedure of block Gaussian
elimination we arrive at a modified block system where individual solution procedures
for component blocks can be used. However, we note that the construction and use
of one of the blocks of this modified system — the Schur complement — is excessively
costly from the computational perspective, and not scalable for large problems. It is
therefore argued that an approximation to the Schur complement should be used to
make the solver both modular and efficient. Approximations which do not rely on
the underlying physics of the components are put forward alongside an approximation
by Elman [45]. We discuss the computational complexity of the associated solution
methods, and study their performance numerically. A practical solver for coupled
problems based on Schur complement approximation and the algebraic multigrid
method [24] is described and tested, particularly for a multiphysics problem modelling
fluid-structure interaction.

Chapter 5 looks at a posteriori error estimation as means of assessing the accuracy
of solutions in coupled problems, and using this error to drive adaptive spatial and
temporal refinement of the discrete system. The aim of this procedure is to identify
the regions and time intervals where the errors are highest, and reduce them through
local refinement. First we consider steady coupled problems, for which we derive
error estimates based on solutions of adjoint problems, assess the accuracy of these

estimates and formulate a refinement algorithm based on local error estimates. The



convergence of the error estimate is verified in a number of examples. Further, the
adaptive strategy is tested for a succession of problems with various quantities of
interest, including those supported on the coupling interface, with specific attention
given to problems with finite element spaces that do not match along the interface. We
also highlight the advantage of using an adaptive refinement strategy in the problems
where the errors are known to be highly localised. The second part of Chapter 5
develops the theory for time-dependent coupled problems. The appropriate error
estimate is derived, and the accuracy of this estimate is established. An adaptive
strategy is obtained where it is possible to distinguish spatial and temporal errors,
and therefore refine both the time intervals and the spatial mesh. Space-time blocks
are utilised to improve the method’s efficiency. The estimator and the refinement
strategy are then tested in a number of numerical examples with different quantities
of interest.

The methods developed in Chapters 4 and 5 are re-examined in a different multi-
physics setting in Chapter 6. We consider a two-dimensional model of flow through
a filter represented by a channel with a porous section in the middle. Taking into
account the different nature of the governing equations, and the presence of three
components, we reformulate the expression for the solver and the a posteriori error
estimate. Numerical tests are then carried out to assess the effect of the different
physics and geometry on the performance of the methods including the refinement
strategy.

Finally, the results are summarised and discussed in Chapter 7. We also outline
the areas where further work would be necessary to either evaluate the methods’

applicability, develop them further, or facilitate their practical use.



Chapter 2

Finite element methods

Numerical methods are an established means of solving differential equations that are
of practical interest in a variety of applied problems. Finite difference, finite volume
and finite element methods are the most widely used types of such methods. Their
basic idea is replacing the original infinite-dimensional problem by a finite-dimensional
approximation, which is, generally speaking, easier to solve.

The main idea of finite difference methods is to approximate the derivatives ap-
pearing in the equations with finite differences at a set of discrete points in the domain
of interest. Their advantages include relative simplicity of derivation and implemen-
tation. However, finite difference methods are best suited for simple domain shapes
and regular meshes, while using them for problems on complex geometries requires
non-standard treatment even for standard differential equations. For an introduction
to finite differences in partial differential equations we refer to [90, 116, 114].

Finite volume methods [87, 121] rely on the application of the divergence theorem
within small subdomains of the original domain — finite volumes — and approximat-
ing fluxes through volume boundaries. These methods are traditionally used in the

field of computational fluid dynamics due to their conservative properties, although



formulating problems on complex geometries is again far from trivial.

Finite element methods are based on weakening the restrictions on the solution
space in the continuous setting, and searching for the approximate solution in the
subspace which spans basis functions supported on small regions inside the domain.
These methods are well-suited to solving problems on complex domains, and are
therefore widely used in practical applications.

In this work we consider only finite element methods (FEMs) for solving partial
differential equations (PDEs), even though some ideas, namely those relating to pre-
conditioning of block systems, are also applicable to problems discretised otherwise.
This chapter comprises an overview of several theoretical and practical aspects of the
classical FEMs. The theory and notation presented here are essential in developing

the techniques that form the core of this thesis.

2.1 Weak derivatives and Sobolev spaces

Let us consider an open bounded domain @ C RP? with a smooth boundary 0.
While the general theory applies to any dimension D, we restrict the problems we

consider to the physically relevant two- and three-dimensional Euclidean space.

oS

Figure 2.1: Domain Q with boundary 9 in R

We define the standard function spaces: L?(2) containing all Lebesgue square in-
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tegrable functions on Q, C(Q2) containing all continuous functions on 2, C*(Q), C*(9)
and C*°(2) containing all once-, twice- and infinitely continuously differentiable func-
tions on ) respectively. The classical, or, in the context of FEMs, strong formulations
of second-order differential equations usually imply that the solutions lie in C?(f),
which in practice is often too restrictive. FEMs are derived from what is known as
weak formulations of differential equations, which only assume weak differentiability
of solutions.

Let Q C R, then a function u € L*(Q) is said to have a weak derivative Du € L*(Q)
if

/uﬁdx:—/Duvdx Vv € C*(Q2) such that v =0 on 0f.
o dz Q

If u € C'(Q) this definition is consistent with the integration by parts formula, and
the definition of the classical derivative of w. It is therefore common to use the same

notation for the weak and classical derivatives:

du
— = Du.
dx Y

The definition is extended naturally to multiple dimensions. If « is a D-dimensional
multi-index, i.e. « = («1,...,ap) with integer oy, d = 1,..., D, then u is said to

have a weak derivative D*u of order « if

ol
/Qum dx = (—1) /Q D% v dx Vv e C*(Q) such that v =0 on 09.

This definition of weak derivatives allows us to introduce a Sobolev space that will be
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used throughout the thesis:

HY(Q) ={uec L*(Q) | Duc L*(Q)},

the space of square-integrable functions that have square-integrable weak derivatives
of the first order. For our purposes it is sufficient to consider this and a few other
specific L?-based Sobolev spaces. The vast theory behind more general spaces is in
the purview of the field of functional analysis, and beyond the scope of this work.
Formal definitions, and a detailed study of properties of Sobolev spaces can be found,

for example, in [1, 21].

2.2 Weak formulations of differential equations

As an example, let us consider an elliptic boundary value problem in €2:

—V - (kVu) 4+ cu = f in Q, (2.1a)
u=up onlp, (2.1b)
EVu-n=gy only. (2.1c)

Here u : 2 — R, V is the classical gradient operator, k, ¢, f, up and gy are given
functions of appropriate regularity, n is the outward pointing unit normal vector to the
appropriate boundary. The boundary of €2 is divided into two parts which correspond
to Dirichlet and Neumann boundary conditions: 92 = I'p UT'y, and I'p N T'y = 0.
The strong form of (2.1a) requires u to be at least twice differentiable. To weaken

the regularity restrictions we multiply the equation by an arbitrary function v, called

12



a test function, and integrate over €2:

/Q(—V-(k‘Vu)—i-cu)vdx:/ﬂfvdx.

Assuming the conditions of the divergence theorem are satisfied, the left-hand side of

this equation can be rewritten:

/Q(—V~(kVu) + cu)v dx:—/

(kVu-n)v ds + / (kVu - Vo + cuv) dx
o0

Q

:—/ (kVu~n)vds—/ ngd8+/(kVu-Vv+cuv)vdx.
1—‘D FN Q

Taking note of the Dirichlet condition (2.1b) for u, and letting v = 0 on I'p, we arrive

at the following equation:

—/ gNUdS—l—/(kVu-Vv—i-cuv) dx:/fvdx.
In Q 0

In this equation the second derivatives of u need not exist, moreover, the gradients
only need to exist in the weak sense. With that in mind, both the solution and
the test functions can come from H'(Q), as long as they satisfy the appropriate
Dirichlet boundary conditions. The following notation will be used for convenience

and consistency:

X = H'(Q),
Xp=Hp(Q)={ve X |v=uponlp},

Xo=Hy() ={veX|v=0onTp}

13



The Neumann condition (2.1c) is included naturally in the weak equation. The weak

formulation of (2.1) is as follows:

Find v € Xp such that

/(kVu-Vv—i—cuv) dX:/fU dX+/ gyv ds Y oue X (2.2)
Q Q I'n

Introducing a symmetric bilinear form a(-,-) : X x X — R for the left-hand side
a(w,v) = / (kVw - Vv + cwv) dx, (2.3)
Q

and using the standard notation (-, -) for the scalar product in L?(Q), and < -, >p

N
for the dual product on I'y we write the same weak equation in shorthand:
Find v € Xp such that
a(u,v) = (f,v)+ < gn,v>ry, VveX. (2.4)

Existence and uniqueness of such a u follows from the Lax-Milgram theorem (theorem

2.7.7 in [21]) formulated below.

Theorem 1. (Laz-Milgram) Let X be a Hilbert space, F' be a continuous linear func-

tional on X, and a(-,-) be a continuous and coercive bilinear form on this space, i.e.

4C >0, a> 0 such that

a(v,w) < C|vlxl|w|x ¥V v,we X (continuity),

a(v,v) > aljv||% Vv e X (coercivity).

Then there ezists a unique uw € X such that a(u,v) = F(v) Vv e X.
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In terms of the weak problem (2.4) the continuity is satisfied by the Cauchy-
Schwartz inequality, and coercivity holds when k, ¢ > 0. The linear functional F(v) =
(f,v)+ < gn,v > is continuous on Xj if the data are sufficiently regular, e.g. f,gn €
L?(Q). However, the test and trial spaces are not the same Xp # X,. However, this
can be remedied by rewriting the problem in terms of & = u — up, where up € Xp is
an extension of up onto the whole domain € such that ||4p| x is minimised. In this

case (2.4) can be equivalently rewritten:

Find u € Xy such that

a(t,v) = (f,v) — alip,v)+ < gn,v >ry, Y veE X (2.5)

The conditions of Lax-Milgram theorem are satisfied for problem (2.5), and therefore
a unique solution u € X, exists for it. This implies the existence and uniqueness of

u satisfying (2.4).

2.3 Finite element discretisation

The transition from an infinite-dimensional to a finite-dimensional problem is what
distinguishes different numerical methods for solving differential equations. The FE
approximation space is constructed as follows: first, the problem domain is partitioned
into small element domains, and second, the element is defined by prescribing for each
element domain a set of nodes and nodal values, effectively defining basis functions of
the approximation space given their general form (for example, as piecewise-linears).

Element domains are normally shaped as triangles or squares in R?, tetrahedra
or hexahedra in R? (Fig. 2.2a). They must have non-overlapping interiors, and their

boundaries can only intersect along common edges or at common vertices, i.e. there
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must be no hanging nodes (Fig. 2.2b).

Q

il

(a) Partition

—Q L

— Triangulation

(b) Hanging node (¢) Curvilinear boundary

Figure 2.2: Examples of geometric features of finite element methods in 2D: triangular
and quadrilateral partitions, a hanging node, approximation of curvilinear boundaries.

For the case of triangles or tetrahedra, element domains with extremely acute or
obtuse angles may cause the discretised system to become numerically singular, and
it is therefore important that the use of such elements is avoided. In addition, if €2
has curvilinear boundaries (Fig. 2.2c¢) one has to be aware of the additional error
introduced into the solution as a result of domain approximation by a polygon or a
polyhedron. In this work we assume that the domain can be triangulated exactly,
unless stated otherwise.

The partition of €2 into admissible element domains is known as domain triangu-
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lation or tesselation. All the nodes, edges and faces of element domains constitute
the problem mesh.

Defining local basis functions and nodal values completes the definition of a FE
space (see e.g. Figures 2.3-2.4 for Lagrangian linear and quadratic local bases on
triangles). For a rigorous definition of finite elements, and a description of different
types of elements we refer to [21]. We note that in the classical FE framework
the solution is approximated using continuous piecewise-polynomial functions. To
preserve a certain level of clarity, we consider low-order Lagrangian elements, although

this is non-essential for the methods developed in the thesis.

> 4

O
O

00 00 00
(a) (b) ()

Figure 2.3: Linear basis functions on a reference triangle.

With all necessary components in place, we can write the FE discretisation of the
weak problem (2.4). Let X" be the approximation space on a triangulation 7 of Q, and
let X% = X"NXp and X = X" N X,. For simplicity we will only consider boundary
data which is in the discrete space, i.e. up € X", unless otherwise stated. The FEM
for (2.4) is obtained by restricting the original function space to its finite-dimensional

counterpart:

Find u" € X% such that

a(u v") = (f, 0"+ < gy, 0" >p, Vol e XP (2.6)
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(d) (e) (f)

Figure 2.4: Quadratic basis functions on a reference triangle.

As in the continous setting, the Lax-Milgram theorem guarantees existence and
uniqueness of solutions for problems with coercive a(-,-) (provided the data are suffi-
ciently regular, and by considering an associated problem with homogeneous Dirichlet
conditions). The following result, known as Céa’s theorem (theorem 2.8.1 in [21]),

also provides a theoretical error bound for an approximate solution u”.

Theorem 2. Let u € Xp solve (2.4) and u" € X% solve (2.6), and let the bilinear
form a(-,-) be continuous with constant C' > 0 and coercive with constant o > 0.
Then

c .
lu—u"|x <= min [ju—o"x.
Q vhexh

The theorem shows that the approximate solution 1" is quasi-optimal in X", being

proportional to the best approximation from this subspace of X. Given a triangulation
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7 of the domain €, let X" be the space of continuous piecewise-polynomial functions
of degree no greater than k, i.e. X" = P¥(Q)*. We choose the Lagrangian basis
{¢1, 09, ..., 0m} of X" defined by the nodal values at the nodes {xi,Xs,...,Xn},

namely

0, ©#].
We observe that a basis of X{} can be constructed by removing ¢; with x; € I'p
from the basis of X”". Let us assume that the indices of such basis functions are

M +1,...,m, and therefore X! = span{¢1,..., ¢ }. The finite-dimensional weak

problem (2.6) is equivalent to:

Find u" € X% such that

a(uh,@) = (f, ¢z)+ < gn, O >I'y Vi=1,..., M. (27)

Any function from X" can be presented in the form of a basis expansion. Let this

basis expansion for u” be
m
h _ b
u' = E U9,
j=1

with U; = u"(x;). Substituting this expression into (2.7), and using the fact that

a(-,-) is bilinear, we obtain

Za(¢i7 ¢])Uz - (f7 ¢])+ < gN; ¢j >FN v] = 17 E '7M' (28)

=1

Moreover, the restriction u" € X% imposes additional conditions on the basis coeffi-

cients of u”, namely U; = up(x;) fori = M +1,...,m.

*Functions in P*(Q) are polynomials on each element domain in 7.
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We introduce the following matrix notation: A = (a;;) € R™*™ is the system
matrix, F = (F,..., F,,)T is the load vector, U = (Uy,...,U,,)T is the solution

vector, where

51'7]' Vi:M+1,...,m,j:1,...,m,

(f o)+ < gn,¢i >ry Vi=1,...,M,

up(x;) Vi=M+1,...,m.

\

Using this notation, the finite-dimensional weak problem (2.8) can be written as a

matrix equation:

Find U € R™ such that

AU =F. (2.9)

The matrix of the system for an elliptic problem in the form (2.1a) is composed of
two parts that often occur in FE calculations. Namely, if & = const and ¢ = const,

then
a(w,v) = / (kVw - Vv + cwv) dx = k/ Vw - Vv dx—l—c/wv dx.
Q Q Q
The linear system (2.9) can be rewritten as

(kK 4+ cM)U = F,
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where K = (k;;), M = (m;;) € R™*™ with the following (nontrivial) elements:

ki,j:/v¢i'v¢j dx, Vi=1,...,M,Vj=1,...,m,
Q

mi7j:/¢i¢jdx, VZ:1,,M,Vj:1,,m
Q

The remaining elements are defined to preserve the Dirichlet boundary conditions
in the matrix system, e.g. k;; = 1/k 6;; and m;; = 0 for i« = M +1,...,m and
7=1,...,m. K is known as the stiffness matriz, and M as the mass matriz.

The FE space is constructed in such a way that each basis function is supported
on a few element domains only. If the elements are sufficiently small, most entries
of the matrix A are equal to zero, since most basis functions have nonintersecting
supports. The system is therefore highly sparse. From the point of view of software
used to solve the numerical problem this is beneficial in two ways: firstly, the memory
required for matrix storage is significantly reduced as compared to full matrices, and
secondly, many linear solvers can take advantage of the sparsity and produce the
solution faster. The precise sparsity pattern of the matrix A depends on the order of
elements (i.e. the order of polynomials used as shape functions), and the dimension
of the problem space RP.

The system (2.9) is a classical linear algebra problem, and a vast number of
methods have been developed to solve the problems of this kind [67]. At the same
time, the choice of a method that is robust and efficient is extremely important for
applications, and is highly dependent on the nature of the matrix A. The two classes
of methods that can be used to solve (2.9) are direct and iterative methods. The
former produce an exact solution of the linear system (up to machine accuracy), and

include such methods as LU, Cholesky and () R. However, these methods become too
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computationally and memory intensive as the problem dimension N grows, especially
for three-dimensional problems. This is where iterative methods like BiCG [119] or
GMRES [105] provide an alternative. While they only provide a solution which is
accurate up to a given tolerance (or, more precisely, solutions with the norms of
associated residuals R = F — AU under a given tolerance), both computational
and memory requirements are usually lower than those for direct methods. For an
overview of iterative linear solvers for large generic FEM systems we refer to survey
papers [14, 18]. While the matrices obtained above are non-symmetric, they can be
easily transformed into symmetric form by simple algebraic operations. If this is the
case, then symmetrix matrix solvers, such as conjugate gradients [72] or MINRES
[96] can be used. In this work we address the question of choosing an efficient solver
for coupled systems in Chapter 4. For the purpose of this chapter the final step of

deriving a FEM is writing it in matrix form similar to (2.9).

The FE derivation follows the same pattern as above for any PDE. However,
there are certain problems that require special treatment. Among these are systems
of equations with incompressibility-type conditions, which we address separately in

the following section.

2.4 Mixed methods

In a number of classical problems, such as in solid mechanics and fluid dynamics,
the governing equation based on force balance can be supplemented by a condition
representing conservation of mass, and stemming from assumed incompressibility of
the material. One way of simultaneously treating these equations is by using mixed

methods, sometimes also referred to as Lagrange multiplier methods. This section
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follows the approach used in Chapter 12 of [21], where detailed proofs of results cited
may be found.

We consider a two-dimensional Stokes problem for steady fluid flow [13]. Assuming
that the inertial forces in the system are negligible, and that the fluid density and
viscosity are constant and equal to 1 in the domain of interest, the problem can be

written as follows:

—Au+Vp=f£ in €, (2.10a)
Vou=0  inQ, (2.10Db)
u=up onlp, (2.10¢)

Here u represents the two-dimensional velocity, p the (scalar) pressure, f the external
forces. Equation (2.10a) ensures the equilibrium of forces in the system, and equation
(2.10b) fluid incompressibility. The given velocity profile up on the boundary I'p =
0 is, generally speaking, nonzero. However, the problem (2.10) transforms into a
homogeneous one by considering a (unique mininum-norm) extension of up onto 2,
and rewriting the equations in terms of & = u—wup. We will therefore consider up =0
on I'p for simplicity. We will also assume f # 0, so that the problem admits non-zero
velocity solutions.

Furthermore, the problem with all Dirichlet boundary conditions, as described
above, does not allow for unique identification of p on €2, and therefore needs to be

supplemented by an additional condition. We will choose p € L3(€2), where

%GD:{QEEGD]zﬁdx:O}. (2.11)
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As in previous sections, we convert the above problem into its weak form by
multiplying the governing equations by arbitrary functions, integrating over €2, and
applying the divergence theorem together with the boundary conditions. This leads

to the following equations:

Find (u,p) € Xo x Y such that

/(ZVui-Vvi—(V~v)p> dX:/f~VdX Vv e X,
Q Q

i=1,2

/(V~u)qu:O VgeYy,
0

with X = (H'(Q))*, Xo={ve X |v=0onTp}and Y = L3(Q). Introducing the

operator notation as before, namely

a(v,w) = /Q (Z Vv, - VWZ) dx,

i=1,2

b(v,q>=—/ﬂ<v-v>qu,

we may rewrite the weak form again:

Find (u,p) € Xo x Y such that

a(u,v) +b(v,p) = (f,v) VveX,, (2.12a)

b(u,q) =0 Vgqgev. (2.12b)

In general, the following weak problems are referred to as mixed:

Find (u,p) € V. x Q such that

a(u,v) +b(v,p) =F(v) YveV, (2.13a)
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bu,q) =0 VqeaQ, (2.13b)

where F'is a linear functional on V. The question of well-posedness of this abstract
problem can be addressed in the following way. Defining a closed subspace of V/,

Z={veV|bu,q) =0VqeQ} leads to a more familiar formulation:

Find uw € Z such that

a(u,v) =F(v) YveZ

Ifa(-,-) is coercive on Z, the Lax-Milgram theorem guarantees that the above problem
has a unique solution. For the Stokes problem this operator is the two-dimensional
version of the a(-,-) in the elliptic problem considered in section 2.2 with ¢ = 0 and
k =1, and is therefore coercive.

In order to find p in (2.13) we need to solve

b(v,p) = Flv) YveV, (2.14)

where F'(v) = F(v)—a(u,v). The following lemma (Lemma 12.2.12 in [21]) establishes
the conditions necessary for the existence of a unique solution in this problem.
Lemma 1. Let the linear form F() : V= R be continuous, and the bilinear forms

a(+,-): VxV —=>Randb(-,-) : V x Q — R be continuous, i.e. 3 C' > 0 such that

a(v,w) < Clpllvllwlly ¥ ov,weV,

b(v,q) < Clvllviiglle YwveV, ¢e@,
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and b(+,-) satisfies the Babuska-Brezzi condition [6, 22, 23], i.e. 3 5 > 0 such that

ldlo < sup H< |’|q> Vqeo.

Then equation (2.14) has a unique solution.

The bilinear forms a and b as defined above for the Stokes problem satisfy the
conditions of this lemma [4], and thus admit a unique solution.
By considering discrete subspaces V* C V and Q" C Q, we arrive at the following

discrete formulation of the problem:

Find (uh,p") € Vi x Q" such that

a(u, ") +b(", p") = F(u") Vo' e V", (2.15a)

b(u" ¢") =0 Vq¢"eQ" (2.15b)

As in the continuous case, we can define Z" = {v" € V" | b(v", ¢") =0V q € Q"},

and rewrite the mixed problem as follows:

Find u" € Z" such that
a(u,v") = F(u") Wt e Z"

The following result (Theorem 12.3.7 in [21]) provides an error bound for the solution
u” of the above problem. Generally speaking Z" C Z is not guaranteed, and therefore

we cannot apply Céa’s theorem directly.

Theorem 3. Let a(-,-) be coercive on Z UZ", (u,p) € V x Q and (u”,p") € Vh x Q"
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be the solutions of (2.13) and (2.15) respectively, V* C'V and Q" C Q. Then

C C
—uMv < (1+2) inf _ b ~ inf _h
o= < (145 nt oot + S nt = o,

where C' is the continuity constant for a(-,-) and b(-,-), and « is the coercivity constant

fora(-,-) on Z U Z".

A similar result providing an error bound on the p” component of the solution
is desirable. In the continuous case, the Babuska-Brezzi condition was necessary to
ensure well-posedness of the problem for p. The discrete counterpart of this condition

is known as the inf-sup condition (Lemma 12.5.1 in [21]).
Lemma 2. Let F'(-) be continuous on 'V, a(-,-) be coercive and continuous on 'V x V,
and b be continuous on V x Q, VP C V, Q" € Q. The problem

b(o", p") = F(o") — a(u”,v") Vo' e V"

has a unique solution u" € V" if and only if

. b(v", ¢"
ph = Inf sup ‘h( h)‘ > 0. (2.16)
areQ ey [V [v[lg" e

This condition is crucial in establishing whether p can be obtained stably using
given approximation spaces V" and Q". If it holds, the following error bound is valid

(corollary 12.5.13 in [21]).

Theorem 4. Let all of the conditions of Lemma 2 hold. Then

C C
I =1llo < ¢ uf =t + (14 0) iuf Ip=o*lon, wheree =< (1+5).
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«a the coercivity constant of a(-,-), and B" the inf-sup constant in Lemma 2.

Thus, the quality of the approximate solution to the mixed problem depends both
on the approximability of the solution spaces, and their interrelation in the form of
the inf-sup condition.

Now we return to the Stokes equations, and consider a specific class of approx-
imation spaces which adheres to the inf-sup condition, and is therefore widely used
for the solution of flow problems.

Let P*, as before, be the space of continuous piecewise polynomials of degree
k on Q defined on a non-degenerate triangulation 7 of maximum diameter h. The

Taylor-Hood approximation spaces are formed as follows:

X" = (P")? with X} = X" n X, (2.17a)
/ " dx = 0} : (2.17b)
Q

The finite element formulation of the Stokes problem using these spaces is as follows:

Yh — {qh c pkfl

Find (u", ph) € X} x Y" such that

a(u" v") +b(v", p) = (f,v") Vv e X], (2.18a)

b(u",¢") =0 Vg ey (2.18b)

The following results showing inf-sup stability of Taylor-Hood elements (theorems

12.6.6 and 12.6.7 in [21]) hold true for all £ > 2.

Theorem 5. Suppose none of the triangles in T have two edges on 0S2. Then the
Taylor-Hood spaces (2.17) satisfy the inf-sup condition (2.16) for (2.18) with ( inde-
pendent of h.
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Theorem 6. Suppose none of the triangles in T have two edges on 0S), and let
0<s <2 Suppose (u,p) € (HHN))* x H¥(Q) solves (2.12), and (u",p") solves

(2.18). Then

la —a"{| 102 + lp = 2" 220y < OR <H‘1H(Hs+1(9))2 + [p] HS(Q)) :

Assuming an inf-sup stable approximation space can be chosen for a given mixed
problem, the finite element formulation does not need additional stabilisation (see
e.g. [60, 59]), and the method can be written directly in matrix form. Let the basis

expansions of the solution components be

m m l
uf = Uiy, ub=> Usig;,  p"=Y_ P,
=1 =1 k=1

where m is the dimension of P¥(7), and [ is the dimension of P*~!. Let the solution

vector have the following components:
U= (U1,..., Ui, U, ..., Usn)t  and P =(P,....,P)".

The matrix A and the vector F are similar to their counterparts from section 2.3,
apart from the fact that A is block-diagonal and F is a block vector with blocks
corresponding to velocity components. The mixed term matrix B has characteristic
nonzero components as b; , = b(¢;, ), i =1,...,2m, k =1,...,l. Then the matrix

system arising from the finite element discretisation of the Stokes problem is as follows:
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Find (U, P)T € R*™* such that

A B U F
= . (2.19)

BT 0 P 0
An additional equation restricting the choice of p* € Y needs to be added to this
system, then existence and uniqueness of the solution, guaranteed by the inf-sup
condition, is equivalent to the non-singularity of the matrix in equation (2.19).

This matrix has what is known as saddle point structure, which comes from the
zero block on the diagonal. In practical terms this block causes additional difficulties
in solving the matrix equations. These will be considered in detail in Chapter 4.

The need to solve saddle point problems when modelling incompressible materials
can be circumvented by using penalty methods [73, 100, 110]. Their general idea is to
eliminate the pressure variable (which performs the role of the Lagrange multiplier in
the optimisation context) in the governing equation, and replace it with the constraint
scaled by large numbers, thus forcing the constraint to be satisfied simultaneously with
the main equation. While these methods present certain practical advantages, their
scope is limited in application to multicompartment and multiphysics problems, where
coupling between different components may introduce multiple Lagrange multipliers,

which cannot necessarily be eliminated, or scaled together.

Having considered mixed formulations, which are used for modelling a number of
important types of applied problems, we move on to a different aspect of numerical

solution of PDEs: time dependence.
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2.5 Time stepping

The problems (2.1) and (2.10) considered in the previous sections describe the respec-
tive physical systems in their equilibrium states. However, it is often important to
characterise the evolution of such systems through time. From the physics perspec-
tive, time-dependent systems include a non-zero acceleration term in Newton’s second
law. Mathematically this means that temporal derivatives need to be included in the
equations. In this section we describe the treatment of such terms in the context of
finite element methods.

Introducing time dependence into equations (2.1) results in the following problem:

% —V-(kVu)+cu=f in Q x (0,77, (2.20a)
u=up ondl'p x (0,77, (2.20b)

kVu-n=gy ondl'y x (0,7], (2.20¢)

w=uy in Qx {0}, (2.20d)

Here u, k, ¢, f, up, gy : @ x (0,7] = R, T > 0, and uy : @ — R is a prescribed
initial condition.

The spatial FE discretisation of this parabolic problem can be carried out exactly
as for elliptic problems in Section 2.3, leading to a semi-discrete problem, which is
in essence a finite set of ordinary differential equations. This, in turn, can be solved
using either finite difference (FD), or discontinuous Galerkin (dG) methods.

We use the following partition of the time interval (0,7 in both time stepping

approaches:

O=to<ti<..<ty=T, N>1, with At, =t,—tn_1, I = (ta_1,ts], n=1,...,N.
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2.5.1 Implicit Euler method

Let u, be the semidiscrete approximation to the solution at time t,, k, = k(x,t,),
cn = c(x,t,) and f, = f(x,t,), n=1,..., N. The implicit, or backward, approxima-
tion of the time derivative in (2.20a) leads to the following semidiscrete problem:

Forn=1,...,N

“”;7:”‘1 V- (5 Vun) + cptty, = fo in Q, (2.21a)
Un, = up(x,t,) ondl'p, (2.21b)
k. Vu, -n=gn(x,t,) on dl'y, (2.21c)

with ug a given function. Essentially, for each time step we need to solve a problem
similar to that considered in Section 2.3.

Using the same notation for function spaces as before, namely X = H*(Q), Xp =
HLH(Q), Xo = H(Q), we may write the (semidiscrete) weak form of the problem
(2.21):

Forn=1,...,N findu, € Xp such that

(%;7:71—1,”) + an(tn, 0) = (fr, )+ < gn (- ta), v >y Yo € Xo.

The spatial discretisation of this problem is identical to the process described in
Section 2.3. Denoting the discrete solution vector at time ¢, as U”, and reusing
matrix notation introduced above (with appropriate Dirichlet boundary conditions)

we may write the fully discrete system as follows:
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Forn=1,....,N find U" € R™ such that

(M + At,A")U" = At F" + MU" .

Note that in this section and throughout this work notation A" is used to denote the
matrix computed for time step n, not the nth power of matrix A.

The discrete initial condition is obtained by projecting ug onto the finite element
space. The time stepping process is therefore straightforward: at each time step we
need to invert the matrix of the system M + At,A™. If the time step size At,, = At
and the PDE matrix A™ = A do not change in time, the inversion can be performed
once at the beginning of the procedure, and reused subsequently.

The implicit Euler method allows us to compute the approximate solution of the
system at discrete points in time. Alternatively, one can utilise the finite element
framework to compute the coefficients of a basis expansion in a finite-dimensional

space in the whole of the time interval [0, 7.

2.5.2 Discontinuous Galerkin method

The use of the discontinous Galerkin approach in time-dependent problems combines
the convenience of derivation and analysis coming with finite element formulations
with the efficiency of time stepping coming from the discontinuity in time.
In order to write the weak form of the parabolic equation we introduce the fol-
lowing function spaces:
X =1I? (O,T; Hl(Q)) ,
Xp={veX |v=uponTpx(0,T]},

XOZ{U€X|U:OOHFDX(07T]}7
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where L?(0,T; H'(2)) contains all functions that are square-integrable in time over
(0, T and square-integrable with their first weak derivatives over €.
Multiplying (2.20a) by an arbitrary test function v, integrating over Q x (0,77,

and applying the divergence theorem results in the following weak problem:

Find u e Xp such that

T
//(%v+kVu~Vv+cuv) dx =
o Jo \ Ot
T T
//fvdx—i—//g]vvds Vv e Xo,
0o Jao 0 Jry

u=1y in Q x {0}.

We can rewrite this problem using shorthand notation, namely for the bilinear form

a(-,-) introduced in (2.3), scalar product in L*(€2), and dual product on I'y:

Find v € Xp such that

T T
/0 {(%,v)+a(u,v)} dt:/o {(f;v)+ <gn,v>ry} dt Ve X,

u=1uy in Q x {0}.

Following [48], we may consider space-time slabs S, = € x I,. In each of the S,

n=1,..., N the FE discretisation can be based on the following function space:

q

v =Yt he Pk(Q)} . (2.22)

r=0

The global function space is

Xh={vh e X" =" e X! for t € (t,_1,tn]), n=1,...,N},
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and the corresponding trial and test spaces are X% = X" N Xp and X} = X" N X,
respectively.

The difference between a standard finite element, or continuous Galerkin method,
and a discontinuous one is that no continuity restrictions are imposed at the temporal
element boundaries t,, n = 1,...,N. The highest polynomial power ¢ in (2.22)

determines the order of the method dG(q):

Find u" € XB with ul_ = uy such that

N

> (W hritin) + [ {(Grt) +atn a)

n=1

N
=S {(f ) <gnt sr ) At Wt e X (2.23)
n=1 I

Here we use the standard notation for the left and right limits of a function, and its
jump at a point:

Unt = t—%ﬂrov(t% Un— = t_lgn_ov(t), [V]n = Upy — Up.

h

The system decouples in time, since u" is assumed discontinuous between time steps.

Using the basis expansions as before, we can write this equation as a matrix system
for ¢ = 0:

Forn=1,...,N find U™ € R™ such that
(M + At, A"U" = AtF" + MU" .

We note that increasing the order of temporal approximation ¢ by one means that

the dimension of the system matrix increases by m, the dimension of X". Unless
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stated otherwise, dG(0) is used for time stepping, allowing us to keep the matrix size

the same as in the steady case.

The treatment of time dependence concludes our review of problem-specific as-

pects of FEMs relevant to the current work.

The finite element methods described in this chapter are widely used to solve PDE
problems numerically. We have defined the necessary function spaces, derived weak
and finite element formulations for a generic elliptic problem, and formulated the
basic error bound for it. Separately, we considered mixed problems and the inf-sup
condition for existence and uniqueness of their solutions, parabolic problems and time
stepping methods. All these aspects of the numerics were described in the context of
a single PDE problem in one domain in order to introduce the ideas required for the
development of the method.

Extending the theory to multiple domains or physics will be made possible by
addressing the interaction between the components. In the following chapter we
discuss the possible ways of modelling the coupling, and perform the full derivation

of a finite element method for coupled problems.
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Chapter 3

Coupled problems

As described in the Introduction, we will focus our attention on coupling through
interfaces between domains, as illustrated by Figure 3.1, where the system comprises
two components residing in subdomains €2, and {2, intersecting via a common interface

. The motivation for this work comes from multiphysics systems, with different

Figure 3.1: Two domains €2; and (2, sharing a common interface I'.

equations to be solved in €2, and {25, say, unobstructed flow in €2; and flow through
porous medium in 2. However, the question of coupling is also a crucial aspect in
domain decomposition. Domain decomposition has arisen as a way of solving large-
scale systems by splitting them into smaller parts when the computational resources

available are insufficient to solve the system as a whole, or simply when it is more
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efficient to solve multiple small systems than a single large one. We refer to [16,
20, 56, 66, 98, 112] for discussion of domain decomposition methods, and the closely
related additive Schwartz method for solving linear systems of equations.

To keep the notation as clear as possible all theoretical results are written out
for two-component models. The extension to multiple domains is natural, and the
methods have been successfully applied to a three-domain problem in Chapter 6.

In this chapter we discuss the existing approaches to coupling, namely partitioned
and monolithic solvers. We propose that by using a block preconditioner in a mono-
lithic setting one can effectively combine the best features of the two approaches. In
order to explore this solution strategy in the following chapters, we derive the finite

element formulations for generic coupled problems using Lagrange multipliers.

Let us consider an abstract coupled system comprising two components:

fl[“la”Qat] = 07

fg[ul, U2, t] =0.

Here u; and wuy represent the states of the two components, while F; and J, are the
operators modelling the physical laws governing the behaviour of these components,

and t is the time.

3.1 Partitioned solvers

The basic idea of the partitioned (staggered, segregated, or operator decomposition)
approach is to decouple the components, and feed shared information from one sub-

problem to the other.
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Weakly coupled algorithms [54, 57] assume slow variation of the solution, and use
historic states in the coupling terms. The implementations of this method may vary,

but the idea can be described as follows:

At time step n
find u? such that Fi(u},uy™" ") =0,

then find uly such that Fa(uf,ul,t") = 0.

Strongly coupled methods [52, 53, 89] rely on iterating between the components

at each time step to capture the coupling better:

At time step n
fork=1,2,...
find u!"* such that Fy(u}* uy* ' ") =0,
then find uy™ such that Fy(u}" uy™ ") = 0.

The popularity of both types of partitioned algorithms can be explained by the
relative ease of their implementation, and the ability to reuse existing efficient com-
ponent solvers, or modularity. Some of the methods can be easily parallelised if the
information is passed between the sub-problems simultaneously, not sequentially.

At the same time, operator decomposition methods are often unstable. While
for certain problems it is possible to obtain an explicit stability condition [65, 102],
to our knowledge it has not been done for multiphysics problems. The choice of
the initial guess, the starting domain and the time step have a significant effect on
the performance of these methods. Strongly coupled methods generally have better
stability than their weakly coupled counterparts, but their associated computational
load is much higher because of the iteration. Furthermore, accuracy is a concern

even for stable methods. It has been shown that if second-order methods are used
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in the sub-systems, the overall method is only first-order. All of these issues can
be addressed individually for certain types of problems, and they certainly do not
prevent extensive use of the method in practice. However, if using partitioned solvers
one has to be aware of their limitations, and of the fact that generic methods are
not guaranteed to produce a reliable solution. For a further discussion of operator

decomposition we refer to review papers [53, 57].

3.2 Monolithic solvers

The monolithic approach [70, 94, 88] simply states that all equations in the system

are solved simultaneously:

At each time step n

nd a pair (uy,ul) such that
1) Ug

']:1(“7117 ugv tn) =0,

Fo(uy,uy, t") = 0.

There is no weakening of the coupling between the two components, and therefore
the method’s properties depend entirely on the approximation, e.g. the choice of the
finite element bases and the time-stepping scheme.

The difficulty in using this approach is predominantly computational, since the
system has non-standard complex structure. There is no natural modularity in this
case, as existing solvers for F; and JF, cannot be used directly. The resulting dis-
cretised system in any practical problem is likely to be large, indefinite and poorly

conditioned, making the use of both standard direct and iterative methods unsus-
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tainable.

The best solver would combine the advantages of partitioned and monolithic
schemes by retaining the coupling while making use of existing efficient component
solvers. This is achieved by the use of block preconditioners in an iterative method
for the full monolithic system. Block preconditioners decouple the action of the sys-
tem components without weakening the coupling in the system itself, and therefore
present a perfect candidate for a coupled solver, as we show in Chapter 4. In order
to write down the mathematics behind this method we need to derive the matrix

equations of a finite element method for a monolithic coupled solver.

3.3 Elliptic coupled problem

Let €, and 5 be bounded open domains in R” with boundaries 9, and 9€), respec-
tively. Let these boundaries intersect along a common interface I' = 9Q; N 0y # 0,
each of 9§2; comprising three non-intersecting parts: 9Q; = TPUTN UT, i = 1,2. We

consider the following elliptic coupled problem:

—V - (k;Vuw) + cu; = f; in Q;, 1=1,2, (3.1a)
u=wu;p onlP i=12, (3.1b)

kENVu;-n; =g,y on FZN, 1=1,2, (3.1¢)

up —ug =0 on I (3.1d)

kiVu, -ny + kVug -ng =0 on I, (3.1e)

where k; € CH(Q;), 3 kiop € RT sit. ki > kig, ¢; and f; € L*(), and n; are

the outward normal vectors to the respective boundaries of €2;, © = 1,2. Note that
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n; = —nponl.
Equations (3.1d) and (3.1e) model the interactions between the two components
of the system. The former represents continuity of the solutions across the interface

I', the latter continuity of the fluxes.

3.3.1 Weak formulation

Following the derivation in Section 2.2, we introduce function spaces

Xi:Hl(Qi>’ i=1,2,
Xip={veX;|v=uponTl} i=12,
Xi,OZ{'UEXZ"’U:OOHFZD}, i=1,2,

Y = L*(T).

As before, multiplying equations (3.1a) by arbitrary functions from X, integrating

over €); and applying the divergence theorem, we obtain

- / (kZVuZ . l'll') V; ds — / (kZVuZ . l'll') V; ds — / (kZVuZ . l'll') V; ds
I b

N
Fi

—f-/ (k‘ZVuZ . VUZ‘ + Ciuivi) dx = / fﬂ)z‘ dX7 1= ]_, 2.
Q Qi

i

The integrals over I'P vanish since v; = 0 on I'?, and the Neumann conditions allow
us to rewrite the integrals over I'V. Finally, we wish to incorporate the coupling into

the weak formulation. For this purpose we introduce a Lagrange multiplier

A= k1Vu1 1 = _kQV/U/Q + Il ON I.
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Using shorthand notation, we rewrite the above weak form as follows:

F <\ >r Fai(ug,v) = (fi,v)+ < 9i,N,V >TN, 1=1,2,

where the ‘-’ sign corresponds to ¢ = 1 and the ‘4’ sign to ¢ = 2. To complete the
weak formulation of the coupled problem, we multiply (3.1d) by an arbitrary function

v € Y, and integrate over I' to get
< v,up — ug >p= 0.

The full weak problem is therefore as follows:

Find (uy,uz,\) € X1 p x Xop XY such that

F < )\,Ui >r +ai(ui,vi) = (fi,’l)l')—i— < Gi,N,Vj >Ff\’ vyi € Xi,07 9, = 1,2, (32&)

<v,up—us >r =20 YveY. (32b)

Note that the continuity equation (3.1d) is incorporated into the weak form explicitly,

whilst the flux equation (3.1e) is imposed via the Lagrange multiplier.

3.3.2 Finite element method

We construct regular partitions of the domains 7;(£2;), i = 1, 2, and a regular partition

of the interface 7(I'), and define the finite dimensional function spaces

X'=PHQ), X!'p=X!'NX;p, X!y=X'NXy Y"'=PKD).

7

43



The choice of the interface partition is natural when 71(€;) and 75(£23) conform on
I'. Otherwise the finite element space for the Lagrange multiplier is restricted by the
discrete inf-sup condition, similarly to the Lagrange multiplier in mixed problems. We
always choose the partitioning of the interface I' to coincide with the finer projection
from 7 (£2;) or 7(§22). This choice guarantees stability of the coupled finite element

method [94]. The finite element discretisation of (3.2) is as follows:

Find (ul,uf, \*) € X['py x X}, x Y™ such that

F < N ol >p da(ul, o) = (fi, o)+ < gin, 0 >pv Yol € X{fo, i=1,2, (3.3a)

19 7

<Vt Ul —ul > =0 W eyh (3.3b)
Expanding the components of the discrete solution in terms of the respective bases
m; m
u? = Z Ui,j¢i,j7 1= 1, 2, and /\h = Z Akl/k,
j=1 k=1

and assuming the ordering of basis functions to be such that the indices corresponding
to Dirichlet nodes are (M; + 1,...,m;), i = 1,2, we may rewrite (3.3):

Find (Uy, Uy, A) € R™ x R™ x R™ such that

:FZAk < Vi, @iy > +Z Ui jai(ij, dit) = (fiy di))+ < gin, @iy >pyv, 1=1,..., M,
k=1 j=1

1=1,2,
Ui,':ui,D(Xj% 2:172aj:MZ+177m17
mi mo
ZULJ < Uk, 915 >1 _ZUQJ < Uk, P25 >r= 0, k=1,...,m.

j=1 j=1
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We define the following matrices and vectors: component matrices A; = (a;Z) €

R™ixmi for .1 =1,...,m;, coupling matrices C; = (cék) € RmiXm for j =1,...,m;

and k= 1,...,m, load vectors F; = (f;) e R™ for j =1,...,m;, where

(
) @i(¢i,j7¢i,l) v/i:1727j:17"'7Mi7lzla"'amia
a‘zj’l:
6]',[ VZ:1,2,j:MZ+1,,mZ,l:1,
;
) <l/]€,¢i,j>1“ Vi:1,2,j:1,...,]\/[i,kzl,...,m,
C;,k:
0 VZ:1,2,j:MZ+1,,mZ,l€:1
;
; (fZ7¢Z,])+<gZ,N7¢Z,] >1_‘£V VZ:1727 .]: 17“‘7M’i7
fj:
ui,D(Xj) VZ:LQ?.]:MZ_}_L;
\

Rewriting (3.3) in matrix form we obtain the following:

A1 0 —Cl U1 F1
0 A2 CQ U2 = F2
¢’ ¢l o A 0

P

., My,

'7m7

m;.

Equation (3.4) represents a basic discretised abstract monolithic coupled problem.

The matrix of this system has clear block structure with terms corresponding to

individual components, and those related to coupling being entirely separate thanks

to the Lagrange multiplier formulation. This structure leads to effective use of block

preconditioning, as will be seen in Chapter 4.
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3.4 Parabolic coupled problem

The derivation of the finite element method for a parabolic coupled problem follows
directly from the above and Section 2.5. For the sake of completeness we present this
derivation here in full, and later refer to the relevant equations. Domains, functions,
and time intervals are defined as above.

The strong formulation of a coupled parabolic problem is as follows:

é;;i — V- (V) + coup = fi in € x (0,T], i =1,2, (3.5a)
u; =u? onI'P x (0,7T), i=1,2, (3.5b)

kiVu;-n; =gin onTN x(0,7T],i=1,2, (3.5¢)

up—up =0 onl x (0,7, (3.5d)

kiVuy -ng + kVug -ny =0 on T x (0,77, (3.5€)
w =u;p inyx {0}, i=1,2. (3.5f)

Here w;o is a prescribed initial condition. This system can model, for example,
reaction-diffusion between two environments with different rates of reaction-diffusion

¢i, ki, or heat transfer if ¢; = ¢ = 0.

3.4.1 Weak formulation

The function spaces required for the weak formulation are defined as follows:

X;=L*(0,T; H' (),

Xip={ve X |v=u onT? x(0,7]},
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Xio={veX|v=0onT? x (0,7},

Y = L2 (0,T; L)) .

Multiplying (3.5a) and (3.5d) by arbitrary functions in the respective test spaces,
integrating over the respective domains, and applying the divergence theorem results

in the following weak formulation:

Find (uy,u2,\) € X1.p X Xop XY such that

T .
/ {:F<)‘7Ui >F+(%uvi) +ai(uiyvi)} dt
0 ot

T
= / {(fz,’l)l)—i‘ < Gi,N,V; >F£V} dt Vv v; € Xi,07 9, = 1,2, (36&)
0
T
/ <v,up—uy >p dt =0V v ey, (3.6b)
0

ui|t:0 = Uj,0, 1= 1, 2. (36C)

3.4.2 Finite element method

Let 7;(€%;), ¢ = 1,2 and 7(I') be domain and interface partitions as before. The

following finite element spaces will be used*:

Xr={ve X;|v(-t) e P*Q) vt € (0,T], v(x,-) € P°0,T) Vo € Q}, i =1,2,

Yh={veY |v(,t)e P¥T)Vvte (0,T)], v(s,-) € P°(0,T) Vs € I'},

and let the Dirichlet restrictions be X/', = X' N X p and X'y = X' N X, 0, i =1,2.

*PY(0,T) is used to denote the space of discontinuous piecewise-constant functions in time.
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The finite element method for (3.6) can then be written as:

Find (u},uf, \") € X{'p x X3 x Y™ with uly_ = w0, i = 1,2, such that

N
Z{([uﬂnl ,vff(nfl)Jr) _/1 (R, v} dt} =0 Yol e X}y i=12, (3.7a)

n=1

N
Z/ <Vhul —ul>p dt=0 W'evh (3.7b)
n=1 I,

Here R; denote the residuals:

(Ri,v;)) ==+ < )\h,vi >+ (fi,vi)+ < gin, i >TN

@u? h hoo-
) a;(uf,v;) Vv € X' i=1,2. (3.8)

Using basis function expansions with coefficient vectors U, ,, Uy, and A, at time
step t,, the component matrices A;, the coupling matrices C; and the load vectors

F;(t), and defining mass matrices M; = (m;l) e Rmxmi g l=1,...,m;i=1,2:

i (¢i,j7¢i,l) vjzla"'aMial:L"'amia

(SjJ Vj:]\/[i—i—l,...,mi,lzl,...,mi,

we can write the finite element method in matrix form:

Start with U, o, the vector of coefficients in the basis expansion of u; o in the finite-

dimensional space, 1 = 1,2.
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Forn=1,2,..., N

M1 + AtnAl O —AtnCl Ul,n
0 M, + At,Ay AL, C, U,
—At,CT At, CT 0 A,

MUy, + Aty [ Fi(t) dt
— MyU,,,—1 + Aty fln Fo(t) dt | - (3.10)

0

The structure of this matrix equation is similar to (3.4), but the assembly procedure
is more time-consuming, since the right-hand sides have to be re-evaluated at every

time step.

In this chapter we have discussed the partitioned and monolithic approaches to
solving coupled problems. We propose to use a block preconditioner on the monolithic
coupled problem with the aim to explore the advantages of each of the approaches,
namely modularity offered by the partitioned schemes, as well as robustness and
reliability of the monolithic solvers. Finally, we derive the weak and finite element
formulations of elliptic and parabolic problems coupled using a Lagrange multiplier.
These formulations are used in the following chapters, where we investigate solver
choices for the coupled system and derive the a posteriori error estimates for the

finite element solutions of coupled problems.
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Chapter 4

Efficient solution of coupled

systems using preconditioners

In Chapter 3 we discussed the partitioned and monolithic approaches to solving cou-
pled systems. Specifically we noted that monolithic methods, whereby the system
equations are solved simultaneously, are generally more robust and reliable, but lack
the modularity of the partitioned schemes. We proposed that by solving the mono-
lithic system using an iterative method with a block preconditioner, we gain the
advantages of both types of techniques.

In this chapter we revisit this argument by considering the matrix form of the finite
element method for a coupled problem. Next, we investigate several approximations
to the exact block preconditioner, which are computationally efficient for large-scale
applications. A series of numerical tests is carried out in order to establish the effect
of approximation in the preconditioner on the iterative solver convergence, and an
efficient solver for coupled systems is proposed based on the test results and efficiency

considerations.
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4.1 Exact block preconditioner

Irrespective of the nature of the monolithic coupled problem considered, the system
arising from a finite element formulation with Lagrange multipliers has the following

block structure, see Equations (3.4) and (3.10):

A1 0 —Cl U1 Fl
0 A, GC, U, |=| F |- (4.1)
—cr ¢l o A 0
N ~~ o\ s
A U F

We refer to (4.1) as an abstract coupled problem. Generally speaking, the matrix A
need not be symmetric or positive definite, permitting the use of any non-singular
blocks A; and A, (for example, such as those in the discrete version of the Navier-
Stokes equations). The only assumption we make regarding A is that it is non-
singular, i.e. that the discrete problem we are solving is well-posed.

As mentioned earlier, it is not practical to solve (4.1) with direct methods when the
dimensions of the system components A; and Ay are high. Moreover, straightforward
application of the appropriate iterative methods, namely GMRES for non-symmetric,
or MINRES for symmetric problems, is neither fast, nor efficient, since the condition
number of the system matrix A, cond(A) = ||AJ|[|[A™Y||, can be extremely high [19)].
Consequently, a preconditioner for A should be sought to improve convergence of the

iterative method [82, 91, 95, 111].
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More specifically, we consider a right preconditioner P leading to the following

system:

AP 'V =F, (4.2a)

PU=V. (4.2b)

The choice of P should be such that both equations (4.2a) and (4.2b) are easier to
solve than the original equation (4.1). Namely, the product AP~! should have a
significantly lower condition number than the original matrix A, and P~V should
be cheap to evaluate for a given vector V. Moreover, we wish to take advantage of
the block structure of the system, since there may already exist efficient methods for
solving the individual subproblems (specifically, for evaluating the product A; v,
for given vectors V,, i = 1,2).

Direct application of forward Gaussian elimination by columns [67, 91] to (4.1)
leads to the following block lower-triangular matrix with identity blocks I on the

diagonal:

I 0 0
AP ' = 0 I 0 |- (4.3)

—~CTA[' CTAST 1

The corresponding right preconditioner is

A, 0 —C A7Y 0 —A7'CiST!
P=| 0 A, G |, P'=| 0 A;' AJ'C,S™? |, (4.4)
0 0 -8 0 0 —§!
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where the matrix S is known as the Schur complement, and is computed as follows:
S=CTA['C, + CIA;'Cs. (4.5)

All eigenvalues of AP~! are equal to 1, and (4.2a) can therefore be solved by
GMRES in 2 iterations [91]. At the same time, we have an explicit solution to
(4.2b) in (4.4). Both matrix equations can be fully resolved assuming we have a
way of computing the action of A; 14 =1,2, and S~' on vectors of appropriate
dimensions. We have therefore shown that using a block preconditioner naturally
leads to modularity, while allowing the solver to retain its monolithic nature.

However, in a practical application using (4.3) and (4.4) is likely to be insufficient
for full modularity. This will be the case if the existing component solvers do not
perform full factorisations of the respective matrices A;, © = 1,2, but instead can only
compute the approximate action of A ! on vectors using, for example, an iterative
solver. In order to solve the system (4.2a)-(4.2b) we need to be able to compute the
action of St = (CTA'C, + CQTAgng)_l. If the exact formula for the inverse of
the Schur complement is used then full factorisations of A;, ¢+ = 1,2, are required.
Assuming that these are not available, the next logical step would be to approximate
the action of S™! on a vector using the actions of A; ' on vectors. A preconditioner
using such an approximation S~ instead of S~! would lead to the following matrix
in (4.2a):

I 0 0
AP = 0 I 0
—CTA[' CTA;' SS!

The majority of the eigenvalues of this matrix are still equal to 1, apart from those

23



coming from the SS—! block. Convergence of the preconditioned GMRES will de-
pend solely on these eigenvalues. If N, is the number of distinct eigenvalues of S
then the algorithm constructs all of Krylov subspaces for AP~! in N, + 1 steps (see
(67, Theorem 10.2.5]). It is therefore guaranteed to converge in Ny +1 < rank(S) +1
iterations. Since the dimension of S corresponds to the boundary degrees of freedom,
while the dimensions of A;, © = 1,2, correspond to the domain degrees of freedom,
rank(S) is likely to be much smaller than rank(A), and the number of iterations will
therefore be much lower than in the unpreconditioned GMRES. Of course, conver-
gence in rank(S) + 1 iterations can still be too slow, as rank(S) grows with mesh
size. Moreover, if the mesh is locally refined around the interface, then the growth
of rank(S) can be asymptotically as fast as O(h~"), where h is the smallest element
radius, and D is the dimension of the spatial variable. It is therefore essential that
S—! is approximated well. Different options for this approximation are considered

below.

4.2 Schur complement approximations

We revisit the expression for the Schur complement (4.5):

S = CTA;!C, + CTA;'C,.

We may consider each of the coupling matrices C;, i = 1, 2, as being composed of two
blocks: C; ;, which projects the degrees of freedom on the interface to the Lagrange
multiplier space, and an all-zero block for the remaining degrees of freedom. There
is an ordering of the system degrees of freedom such that coupling and component

matrices can be represented in terms of interface and domain degrees of freedom (/
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and D respectively):

0 Ai,DD Ai,DI .
Ci = s Az = , 1= ]_,2 (46)

Cir Airip A

We can use block Gaussian elimination to invert A;, ¢+ = 1,2. The following block

system results from one step of forward row elimination:

I _Ai,DIAZ[l[ Aipp Aipr Aipp — Ai,DIAZ[l[Ai,ID 0
0 I Aiip Ainr A A
RHS

(4.7)
The invertibility of A; ;r blocks for @ = 1,2 follows from the invertibility of the finite
element matrix for the problem resulting in A; solved on the domain containing only
the strip of elements adjacent to the interface with Dirichlet boundary conditions
applied on all boundaries of this strip, apart from the interface itself. Since we
assume that the original component problems are well-posed on a polygonal domain §2;
with appropriate boundary conditions, they will also be well-posed on the polygonal
domain made up of elements with an edge or a node on I' with these boundary
conditions. The invertibility of A; pp, ¢ = 1,2 (required further in the text) follows
similarly from the invertibility of the finite element matrix for the problem resulting
in A; solved on the whole domain §2; with a Dirichlet boundary condition applied on
the interface.
We define component Schur complements S; 4 = AZ-7DD—A,~7D1A;}IAMD, 1=1,2.

Multiplying (4.7) by A;' on the right, and then by RHS™" on the left yields the
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following expressions for the inverses of the component matrices:

—1

AT Sia 0 I —Ai,DIA;}I
Aimp Ainr 0 I
Si A 0 I —AipiAj;
—A A Sy Aj 0 I
Si A —S;iAiprA;]
— A AT o ,1=1,2,
—A [ AipS; s A +Ria
Where Ri,A == Ai_,IlIAiJDSi_,,}lAivDIAi_,IID 7= ]_,2
We also note that
0
CI'A'C; = ( 0 C7, ) Al =C/; (A;], +Ria) Ciy,
’ Cir
yielding
S — Z C!, (A7} +Ria) Cir. (4.8)

i=1,2
Similarly to (4.6), there exists an ordering of the system degrees of freedom (with

those corresponding to the interface coming first) such that

Ci,[ Ai,II Ai,ID

0 Aipr Aipp

As before, with appropriate invertibility assumptions we can use block Gaussian elim-
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ination to arrive at the following expression for the component inverses:

-1 -1 -1
1 Sz‘,A _Si,AAiJDAi,DD
Al = ,
—1 —1 -1
_Ai,DDAi,DISi,A Az’,DD + Ri,A
-1 -1 -1 -1
where Si,A = Ai,ll - Ai,IDALDDAi,DI and Ri,A == Ai,DDAivDISi,AAiJDAi,DD‘ Con-

sequently, another expression for the Schur complement is

S=) Cli(Air—AuA; ppAip) ' Cir. (4.10)

i=1,2

Both expressions (4.8) and (4.10) are exact. As discussed before, the use of pre-
conditioned GMRES is reliant on approximating the action of S7! well. If we use
the exact formula for S™! then it is insufficient to be able to compute the action of
A, 17 on a vector of appropriate size — the full inverse of A; ;s is required. Moreover,
both expressions include inverses of blocks associated with domain degrees of freedom,

which are by no means feasible to compute. The respective expressions for S™1,

—1
g1 — <Z Cl; (A;j, +Ria) CM> . or

i=1,2

-1
S = <Z CZI(AZ‘,H - Ai,IDAZ})DAi,DI)_ICiJ>

i=1,2

involve inverses of sums of matrices, which in the general case cannot be expanded.
We write two naive approximations to such inverses, and assess their applicability
along with an alternative approximation to S™!. The different approximations are
denoted by Si, k=1,2,....

If we assume that the interaction between the degrees of freedom on the interface

and those in the domains is negligible then the off-diagonal blocks of A; are close
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to zero, and therefore A; is block-diagonal. In this case R; 4 = 0 in (4.8) and
A[DABEADI = 01in (4.10), and either expression for S can be reduced to the following

approximation:

Si =Y C[A},Ci. (4.11)

i=1,2
Using this approximation is computationally cheaper than the exact expressions, since
it only involves computing the inverse of the II-block corresponding to interface
nodes. For regular meshes the size of this block, equal to rank(S), is of the order of
the square root of the dimension of the domain block. However, in a problem where
the mesh has to be refined around the interface, the size of the interface block can be
of the same order as the domain block, and the computational cost of fully inverting
A, 11 would be too high.

We can weaken the assumptions by letting R; 4 in (4.8) be nonnegligible, but
supposing that A; pp is the dominating term in the expression for S; 4, 7 = 1,2. This

leads to the second approximation:

Sy =Y Cl (Al + A AupAT L A piAT) Cir. (4.12)

i=1,2

Both S; and S, provide approximations to the actual Schur complement, which is a
dense matrix. Even though its size is normally significantly smaller than that of the
full system, computing its inverse is a costly operation. If we were able to approximate
S—! directly, the computational cost of the method would be significantly reduced.
Doing this turns out to be problematic, since S is a sum of two matrices. However,
if we make a crude approximation by operating in terms of orders of magnitude, a
subsequent simplification can be achieved. Namely, whether the terms in the sum

are similar, i.e. of the same order, or one of them dominates the sum, we may write
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S ~ C?AI_IIC 1, where C; and A refer to the blocks corresponding to either ¢ = 1 or
1 = 2 if the terms are similar, or the dominating i if one term dominates. In both cases
St~ C;TA 7C; . This approximation is a poor one if both terms are significant,
but not similar. However, it can be close enough for the purpose of preconditioning
in certain problems of interest. This will be tested further, along with the rest of
approximations.

Generally speaking, C; can be a rectangular matrix, which maps finite element
functions on the interface I' to Lagrange multiplier functions, and these need not be in
the same space. However, we always choose the Lagrange multiplier space to coincide
with the richest interface space out of the two, i.e. that containing the most degrees
of freedom. The respective matrices are used to compute the approximation to S™!.
In this case, Cy is a square symmetric invertible matrix. Moreover, a practical choice
of the component ¢ = 1 or ¢ = 2 used to build the inverse of the Schur complement
should be informed by our knowledge of the physical systems involved. This question
is further discussed in Sections 4.3, 4.5.1.4, 6.3.

Making use of the approximation based on the dominant component, we invert

the significant term(s) in (4.11) and (4.12) to obtain

S;' ~ C; A CH (4.13)

SZI ~ CI_T(A[[ - AIDAI_)EADI)C[_I. (414)

Using the approximation Sj ! has a very low associated computational cost, since,
aside from sparse multiplication, it only requires applying the action of the inverse of
what is normally a banded matrix Cj.

The cost of using Sy is higher — the additional expense comes from computing the
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action of AE) on a vector. However, this normally requires an order of operations
less than computing the full inverse, as in the case of Sy. In terms of computational
cost, both S3 and S, have a significant advantage over S; and S,.

An alternative approximation for the inverse of the Schur complement can be ob-
tained using the idea behind the BF' Bt preconditioner, or approximate commutators
developed and analysed for Navier-Stokes equations in [44, 45]. We denote

A, 0 —-Cy
AF - ) CF = )

0 A2 CQ
so that the Schur complement can be written as S = CLA'Cp. This expression
is approximated by commuting the factors in the product and replacing A;l with a
lower-dimensional counterpart, which is obtained by solving a least-squares problem

CpAr = ArCp. We denote this approximation by Ss, and refer to [45] for the

detailed derivation.

S:!' = (CLCp) 'CLALCH(CLECE)™

= (C]C; + CICy) ' (CTACy + C2A,C,)(C{C, + CJCy)

We will investigate the performance of this preconditioner along with the former
four, noting that its use does not require us to compute full inverses of A blocks, only
actions of inverses of banded matrices (CLCp).

In order to select an approximation for the Schur complement best suited to
preconditioning of coupled problems, we test the methods’ performance numerically

in Section 4.3.
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4.3 Numerical convergence study

In this section we perform numerical tests to investigate the performance of precon-
ditioned GMRES using the Schur complement approximations described above.

Initially we consider two types of problems: one with elliptic-elliptic coupling, and
another with elliptic-parabolic coupling. In both scenarios we test the approximations
obtained on two-dimensional meshes refined uniformly or only along the interface (see
Figure 4.1a).

In the former case the ratio of the dimension of A to the dimension of S grows
as the mesh is refined. This should lead to relative improvement of convergence with
the size of the problem, since even the worst-case number of iterations rank(S) + 1
grows slower than the problem size. However, when the mesh is refined specifically
around the coupling interface, the ratio of dimensions of A and S decreases, leading to
unsatisfactory worst-case convergence. If any of the preconditioners perform poorly,
this should be most obvious in the case of interface refinement.

In addition we perform tests on meshes that do not conform on the interface. In
this case the terms CTAT'C; and CTA;'C, will be qualitatively different, and the
test results will provide an indication as to whether the crude approximation of the
inverse of a sum of matrices can be used successfully.

Let ©; = (0,1) x (0,1) and Q5 = (1,2) x (0,1), so that ' = {(1,y) | v € (0,1)},

and let the domain boundaries be as follows:

Y ={0,9) [y €01}, Y ={(z,y) [2€(0,1),y =01},

I7={2y) lye 01}, TY={(z,y)|ze(1,2),y=0,1}
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Original mesh Original mesh

Mesh refined uniformly Mesh refined uniformly
KKK XXX
vall DKL Dol DXL DXL 1 vall DXL D,
e S > N N = N N <
> S > > > < > > <
v, 4 DKL DKL DKL DKL ), v, 4 DKL ),
(), 4 ) 4D, 4 ) D4, 4 ) 04D, ) 0.4, ) 4 (), 4 ) 0.4, ) 4
vall DKL vl Dvd) Dvd) D& vall DXL DS
N S > N N < N N <
> S > > > = > > <
v, 4 DKL DKL DKL DKL ), v, 4 DKL ),
(), ) 4D 4P, 4 ) )4, 4 ) 1) 4), 4 ) 4.4, 4 ) 4 (), XIAUK ) 4
) () ] ] ] ] ) ] ) () ) ] ) ()
Mesh refined around interface Mesh refined around interface
(a) Conforming meshes (b) Nonconforming meshes

Figure 4.1: Uniform vs interface refinement of meshes that conform/do not conform
on the interface I'.

We consider the elliptic-elliptic coupled problem (3.1) with ¢; = ¢; = 0:
U; = U;p O FZD7 1=1,2,

EVu;-n; =g ny onl), i=1,2,

UL — Uy =0 on I
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k1Vu1 ‘ng + kQVUQ Iy = 0 on I

The right-hand side functions f; = k; and the boundary conditions u; p =0, g; v =0
are chosen so that the functions u; = 0.52(2 — x) are the exact solutions for this
problem with a given choice of constants k;, 1 = 1, 2.

The test elliptic-parabolic problem was:

% —V- (k1Vu1) = f1 in Ql X (O,T],

-V (kgV’LLQ) = fQ in QQ X (O,T],

with coupling and boundary conditions (3.1b)-(3.1e) as above for ¢t € (0,7T]. Here the
data are chosen so that u; = 0.5tx(2 — x), i.e. f1 = 0.52(2 — x) + kit, fo = kot. The
initial condition is u; = us = 0 at t = 0.

In all examples we used &y = 1, ky = 0.1, unless stated otherwise.

The finite element spaces in both problems in this section comprised piecewise-
linear functions. Time-stepping was performed using the implicit Euler scheme with
At =101

GMRES was only used to solve Equation (4.2a), and wherever we needed to invert
one of the blocks a direct solver was employed. In practice, one would use an existing
efficient solver for each subproblem, depending on its form.

S;' and S;' were computed based on the matrices arising from the first of the
identical components in the case of elliptic-elliptic coupling on conforming meshes, the
parabolic component in the case of elliptic-parabolic coupling on conforming meshes,

and the component defined on the finer mesh in the case of elliptic-elliptic and elliptic-

parabolic coupling on non-conforming meshes.
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GMRES iteration counts for both problems on conforming and nonconforming
meshes with uniform and interface refinements are shown in Tables 4.1-4.3. The
stopping criterion was for the relative residual error to be less than 107!, Throughout
this section DOF' denotes the total number of degrees of freedom in the system,
and DOFt denotes the number of degrees of freedom corresponding to the interface,
equal to the dimension of the Schur complement. The results for the time-dependent
problem are given for the first time step, since the iteration counts did not change

significantly throughout the simulation.

Elliptic-Elliptic Elliptic-Parabolic
DOF | DOFr || Sy | So | S| Sy | S5 S1|Se|Ss|Ss| S5
3403 41 14111129 (21 |12 14| 1129 |22 | 12
13203 81 17114136 20| 15| 17|14 | 35|21 | 14
52003 161 21 17 |43 |19 | 19 || 21 | 17 | 42| 20 | 17

206403 | 321 24 120 |50 | 17 |22 |24 |20 |50 | 18|19

Table 4.1: GMRES iteration counts for 4 uniform refinements of the original mesh
(41 x 41 points in each sub-domain) for the elliptic-elliptic and the elliptic-parabolic
coupled problems.

Elliptic-Elliptic Elliptic-Parabolic

DOF | DOFr || Sy | So | S3 | Sy | S5 || S1|Sa|Ss| Sy | S5
3403 41 16 |12 [ 29 |21 | 12| 14 | 11 | 28 | 22 | 12
3659 81 18114134119 (15( 19|16 | 38 | 21| 16
4170 161 26 | 18 | 40 | 18 | 17 || 24 | 20 | 46 | 20 | 19
5185 321 34121 (4716 |20 || 30|25 |55 |19 |21

Table 4.2: GMRES iteration counts for 4 interface refinements of the original mesh
(41 x 41 points in each sub-domain) for the elliptic-elliptic and the elliptic-parabolic
coupled problems.
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Elliptic-Elliptic Elliptic-Parabolic
DOF | DOFr || Sy | So [ S3 | Ss4 | S5 || S1|Sa|Ss|Sy|Ss
2251 41 131113228 11| 13| 1132|2813
8667 81 16 |13 141 (27|14 | 16 | 13 | 41 | 28 | 16
34003 161 19116 |51 [25]16| 19|16 | 51 | 26 | 20
134691 | 321 22 |18 | 61 |23 ]20 || 22| 18|61 |24 |25

Table 4.3: GMRES iteration counts for 4 uniform refinements of the original non-
conforming mesh (41 x 41 points in €7 and 23 x 23 points in €2y) for the elliptic-elliptic
and the elliptic-parabolic coupled problems.

In the elliptic-parabolic coupled problems the effect of the decreasing time step
size is only significant when S, is used. All other approximations, notably S5 ap-
pear unaffected by the decay in At. Representative convergence data for At =
1071, 1072, 1073, 10~* is shown in Tables 4.4 (Schur complement based on the
parabolic problem on the finer mesh) and 4.5 (Schur complement based on the ellip-

tic problem on the finer mesh).

DOF | DOFy S; S, Ss

—loggAt [ 1]2]3]4]1]2]3]4]1]2]3]14
2251 | 41 [|27]29[30[29 22|23 |23 [21] 13|13 [13]20
2477 | 81 || 38|40 |41 |38 2426|2523 16|16 | 15 | 18
2931 | 161 || 43 |46 |48 | 46|21 [22 |24 |22 19|19 |18 |18
3837 | 321 || 48|51 |54 53| 18|20 |21 |21 | 22|23]|22]20

Table 4.4: GMRES iteration counts for 4 interface refinements of the original mesh
(41 x 41 points in ©; and 23 x 23 points in €y) for the parabolic-elliptic coupled
problem.

DOF | DOFy Ss S, S5

“log, At |12 [3[41][2[3][4|1][2][3]4
2251 | 41 | 28[30 31|32 23]26] 29|31 13]13] 1213
2477 | 81 | 38(40 |41 |42 25| 28|34 |41 (16|16 15|15
2031 | 161 | 43|46 |48 |47 (22|24 |31 |40 19|19]18 |17
3837 | 321 | 48|51 |53 |54 18|21 273622232120

Table 4.5: GMRES iteration counts for 4 interface refinements of the original mesh
(23 x 23 points in Oy and 41 x 41 points in €)y) for the parabolic-elliptic coupled
problem.
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Note that although the iteration counts are higher when S, is based on the elliptic
block as compared to S, based on the parabolic block, GMRES convergence is mesh-
independent in both cases. Ss, on the other hand, results in convergence which is

independent of the time step size.

The five methods show consistent performance in all tests with uniform and interface
refinements of conforming and non-conforming meshes for elliptic-elliptic and elliptic-
parabolic coupling.

The iteration counts for approximations S; and Sy are never significantly lower
than those for approximations S, and S;, and grow with mesh size. Combined with
their computational inefficiency (namely, the need to invert a dense matrix at every
GMRES iteration) this suggests no advantage to their further use.

Approximation Sz, while possessing a very low computational overhead, shows
the highest iteration counts by a wide margin. This suggests that the inherent de-
pendence of the interface and domain degrees of freedom should not be neglected in
the approximation. Moreover, the iteration counts grow along with the number of
degrees of freedom on the interface, meaning that the solver using Ss3 is not scalable.

For these three methods, as well as Ss, iteration counts grow along with the
number of degrees of freedom on the interface, not the total number of degrees of
freedom. This can be seen by comparing Tables 4.1 and 4.2.

Finally, while iteration counts for S5 grow with mesh size, the use of S, results
in mesh-independent convergence of GMRES. The iteration counts indicate that the
method’s convergence properties actually improve as the mesh size decreases. In
the problems considered here S, proves to be a good approximation, is relatively

cheap to compute, and is scalable to large problems. However, the choice of the
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problem component used in the construction of S; is somewhat limited by mesh-
related considerations. The physics producing a ‘richer’ space trace on the interface
has to be used in the current setup.

We note that in the case of approximation S, the iteration counts are higher for
nonconforming meshes. This is as expected, since the two components of the Schur
complement are no longer the same, and hence the approximation of an inverse of a
sum as an inverse of the finer component detereorates. It is important, however, that

despite the approximation, the iteration counts are still bounded.

4.4 Practical solvers

Based on the assessment of computational costs of the methods and the numerical
tests in Section 4.3, approximating the inverse of the Schur complement using S, and
S; provide the best results of those considered. These choices are computationally
more efficient than the rest. Moreover, the use of S; results in mesh-independent
convergence of GMRES.

The next step in establishing the practical value of these preconditioners is to
replace the direct solvers for blocks with scalable counterparts. If we consider Sy
computing AE) exactly for a large A is not practical, since the computation time for
direct solvers grows at least quadratically with the size of the matrix, and furthermore,
requires memory to store dense triangular matrices obtained in the course of the
factorisation. It is therefore necessary to use an approximation to the action of A5}
on a vector of the appropriate size. Sy is reliant on the computation of the action of
(C}CC F) ~' This matrix normally has simpler structure than A pp, and may therefore

be easier to solve iteratively.
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The best choice of such iterative solvers is dependent on the structure of the
blocks, and ultimately on the nature of the problem and its discretisation. In the
examples considered here we use AMG-preconditioned GMRES to approximate the
action of AT' and A;' on a vector. Specifically, the use of a fixed number of alge-
braic multigrid (AMG) [24, 115] cycles with a fixed number of smoothing iterations
allows us to control the number of floating point operations involved in each GMRES
iteration. In the implementation of S; we also use GMRES preconditioned with
AMG to approximate the action of AE). Overall, we expect this solver to retain
mesh-independent convergence. For S, where the only additional approximation is
required for the action of a symmetric positive definite matrix (CLCpr)~! on a vector,
we can use a simpler approximation, e.g. a fixed number of iterations of conjugate
gradients [67, 72].

A representative convergence test was performed for both methods: we solved
the elliptic-parabolic coupled problem with uniform and interface refinements of non-
conforming meshes. For S, the action of AL}, in the solver was approximated with
two AMG V-cycles using 2 Jacobi iterations for smoothing. For Ss the action of
(CLCr)~! was approximated using 5 conjugate gradients iterations. Increasing the
number of V-cycles, smoother iterations or conjugate gradients iterations results in
a lower overall number of GMRES iterations for the full system, but comes at the
cost of higher per-iteration times. The values chosen here resulted in sufficiently fast
convergence.

As evident from Table 4.6, the practical methods exhibit similar behaviour to
their exact counterparts considered in the previous section. For a fixed time step size
and as the mesh size decays iteration counts remain low and bounded for S4, and low,

but growing, for S5. Figures 4.2 and 4.3 further illustrate the methods’ convergence:
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all exhibit an initial sharp drop in the residual corresponding to identification of
unit eigenvalues of AP~!, and then a steadier decay to the prescribed tolerance,

corresponding to identification of the eigenvalues of SS-1.

Sy Ss
Uniform Interface Uniform Interface
DOFy | Iter | T, s | Iter | T, s || Iter | T, s | Iter | T, s
41 27 | 1.14 | 27 | 1.12 | 20 | 0.85 | 20 | 0.86
81 28 | 348 | 28 | 1.20 | 24 | 2.31 | 24 | 1.04
161 26 | 959 | 27 | 1.35 | 27 | 7.13 | 27 | 1.20
321 27 139.07| 26 | 1.34 || 34 | 3247 | 30 | 1.47

Table 4.6: GMRES iteration counts and CPU times for the practical method using
S, with AMG. The parabolic-elliptic coupled problem is solved on refinements of the
nonconforming mesh (41 x 41 points in ; and 23 x 23 points in ) with GMRES
TOL =107 At =0.1.

— DOF =41 — DOF =41

T T
- —_ DOF =81 _ —_ DOF =81
© ©
3 —— DOF =161 2 — DOF =161
g g
e —__ DOF =321 e —__ DOF =321
o 10° r ] o 10° r ]
2 2
kS kS
[} [}
[an [an

0 5 10 15 20 25 30 0 5 10 15 20 25 30

GMRES iterations GMRES iterations
(a) Uniform refinements (b) Interface refinements

Figure 4.2: GMRES relative residual convergence for the practical method using S,
with AMG. The parabolic-elliptic coupled problem is solved on refinements of the
nonconforming mesh (41 x 41 points in € and 23 x 23 points in {2y) with GMRES
TOL =107, At =0.1.

In addition we show CPU times taken by the solvers to run on a 1.8 GHz Intel Core
i7 processor (excluding setup of AMG matrices, which is performed using the IFISS
library* developed at the University of Manchester [46]). The results are shown for a
sequential Matlab implementation, however it should be noted that parallelisation of

a block preconditioner can be based directly on parallelisation of block solvers, and

*http://www.cs.umd.edu/~elman/ifiss.html
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Figure 4.3: GMRES relative residual convergence for the practical method using Ss
with AMG. The parabolic-elliptic coupled problem is solved on refinements of the
nonconforming mesh (41 x 41 points in ; and 23 x 23 points in ) with GMRES
TOL =107 At =0.1.

therefore incorporates another advantage of segregated solvers over unpreconditioned

monolithic solvers. As seen in Table 4.6, solve times scale linearly with the total

number of degrees of freedom in the domain.

4.5 Practical solver for fluid-structure interaction

The preconditioners developed above performed well for coupled elliptic-elliptic, and
parabolic-elliptic problems. We made sure there was a qualitative difference between
the A; and A, blocks of the system matrix by considering different diffusion co-
efficients k; and ko, by mixing time-dependent and quasistatic behaviour, and by
considering nonconforming meshes in 2; and €. A more fundamental difference
arises in a multiphysics setting, such as fluid-structure interaction (FSI), where the
underlying governing equations for the subproblems have dissimilar nature. F'SI prob-
lems are further complicated by the fact that the fluid domain changes over time in
response to stresses from the deformed solid. While it is common to solve structural
equations in the Lagrangian framework, where all equations are written on the ref-

erence domain, fluid equations require special treatment, e.g. the use of arbitrary
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Lagrangian-Eulerian (ALE) coordinates [41, 92, 93, 95].
Before we can present the results for the block preconditioner in this setting, we
describe the specific FSI formulation that was used, the weak form of the equations,

and the finite element method employed for discretisation.

4.5.1 Coupled fluid dynamics and solid mechanics equations

Let Q(0) be the reference fluid domain, transforming over time under stress from
the solid into 2¢(¢). We denote the coordinate on the reference domain by X, and

the coordinate on the deformed domain by x(X,t) (see Figure 4.4a). We write the

7

£,(0) () £,(0) ),

X —> X(X,t) 1‘1

T

(a) Deformation of the fluid domain (b) Reference domain for fluid-
structure interaction

Figure 4.4: Schematic representation of the geometry in fluid-structure interaction.
2y is the fluid domain, €2, the solid domain, and I' the interface.

incompressible Navier-Stokes equations [13] in the deformed coordinates:

p (?9_: + (v—w)~Vv) =V (uVv —pl), (x,t) € Qs(t) x (0,77,

V.ov=0, (x,1) € Q(t) x (0, 7).
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Here v : Qg(t) x [0,7] — R? is the fluid velocity, w = 68_)15( is the domain velocity,
p: Qp(t) x [0,7] — R is the pressure, and p, p € RT are respectively density and
viscosity, assumed constant.

The solid problem is formulated on the reference domain €, i.e. in the Lagrangian
coordinates. We consider the simplest linear elastic constitutive law for the stress-
strain relationship. Physically this law is only applicable to small deformations [75].
Nevertheless, it serves the purpose in providing a governing equation that is quali-
tatively different to Navier-Stokes. Furthermore, we do not impose incompressibility
in the solid domain, resulting in additional divergence between the problem compo-
nents: the fluid block of the matrix will have saddle-point structure, while the solid

block will not.

We write the strong form of the governing equation following [58], as
Vs-o=0, (X,t)eQ,x(0,T],

where & = DV is the linear Cauchy stress tensor written as o = (011, 092, 012)7,
u: Q, x [0,7] — R? is the solid deformation, Vg the symmetric gradient operator,

and D the matrix in the linear stress-strain relationship:

_8 0
0X, 1—v v 0
d E
= 0 N =
VS 8X2 9 D (1+V)(1—2V) 1% 1 — UV O 9
9 9 0 0 (1-20)/2
00Xy 0X4

E being the Young’s modulus and v the Poisson ratio. As v approaches the value

of 0.5, the material approaches the limiting incompressible case. In certain cases we
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need to write the stress as a 2 x 2 matrix, which is denoted by

1
011 =012
T = 2
1
5012 022
2

Let the interface between the reference fluid and solid domains be denoted by
I'(0) = 09¢(0)N0OSY, and let the corresponding boundary of the physical fluid domain
at time ¢t be denoted by I'(t) = x(I'(0),t). The schematic representation of the
problem geometry at time ¢t = 0 is shown in Figure 4.4b.

The coupling between the fluid and the solid problems is based on continuity of

velocities and stresses on the interface I'(0) at all times ¢ € (0, 77:

(uVxv —pI)n = Tn.

Here v(X,t) = v(x(X,t),t) and p(X,t) = p(x(X, t),t).

4.5.1.1 Strong form

Augmenting the system with appropriate initial and boundary conditions, we obtain

the following strong form of the coupled FSI problem:

p (aa—j +(v—w)- VV) =V (uVv —pI), (x,t) € Q) x (0,T],  (4.16a)
Vv =0, (x,8) € Q(t) x (0,7],  (4.16b)

v =vp, (x,t) € Typ(t) x (0,7 (4.16¢)

(Vv — pI) n =0, (x,8) € Tyn(t) x (0,T),  (4.16d)

v(X,0) = v*(X), X € Q4(0), (4.16e)
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Vs o =0, (X,t) € Q, x (0,7, (4.16f)

u=up, (X,t) € Typ x (0, 7], (4.16g)

™ =0, (X,t) € Tyy x (0,7, (4.16h)

v = aa—‘t‘, (X,t) € T(0) x (0,71, (4.161)

(1Vx¥ — pI)n = n, (X,t) € T(0) x (0,7 (4.16§)

Each of the boundaries of the physical fluid domain at time ¢, and the reference solid
domain are composed of non-intersecting Dirichlet, Neumann and interface parts:

0 (t) =Ty pt) ULy n(t) UT(t) and 0Q, =T's p UL x UT(0).

4.5.1.2 Weak form

Let Q(t), Qs C R% We introduce the following function spaces:

Xf = [L20,T; HY(Qs )]
Xip={p € X;|@=vponTlyp(t) x(0,T]},
Xio=1{p € X} | @=0o0nTyp(t) x (0,7},

Yi=LX0,T; L*(Q(1))),

X, = [L2(0, T H\(@))],
Xep={YeX,|¢p=uponl,px (0711}
Xo={peX;|[¢p=0onT,px(0,T]}

Y = [L2(0,T; L*(T(0)))]*.

For any t € (0, 7] we can multiply the momentum equation (4.16a) by an arbitrary
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function ¢ from X},o and integrate the product over 2¢(t), leading to

/Q ((g‘tf @+p((v— )-VV)-SO—(V-(WV—PI))'S") dx=0. (417

In order to transform the integral of the time derivative, we introduce the Jacobian

matrix of the domain transform:

0x(X, t)

JX,t) = ——=
(X,%) oxX

and let J = det(J). Direct evaluation shows (see e.g. [118]) that

aJ

E:JVW,

hence we can rewrite the time derivative term as follows:

/ ov(x,t) p(x,t) dx = / pw cp(x(X,t),t)J dX
Qs (t) Q24(0)

ot ot
ov(X,t) . a . . . 0J
= p———— - p(X,t)J dX = p— (Vv-@J) dX — pv - p— dX
/ﬂf<o> ot a0) Ot 24(0) ot
d
- v @l dX — [ pv- p(Taxs - WX, 1)) dX
dt Q24(0) Q(0)
d
= pv~godx—/ pv - (V- w) dx.
At Jo, 20

Returning to (4.17) and using the divergence theorem, we get

d

+/ (uVv : Ve —pV - ) dx—/ (WVvn—pn) - @ds=0 Vee X,
Qs (t) I(t)

p(v~Vv)~godx—/ pV(v-w) - @ dx

(1)

pv~g0dx—|—/

(1)
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The only remaining boundary term is on I'(¢), since the terms on I'y p vanish by the
choice of ¢, and the terms on I'y 5 by the corresponding Neumann condition.

The weak form of the incompressibility equation is:

/ (V-v)gdx =0, VYgeYj.
Q (1)

Next we write the weak form of the solid equation:

— Vs (DVgu) -9 dx = / (DVgsu) - Vgt dx — / ™ ds =0, Ve X,

Qs s (o)

As before, boundary terms on I'y p vanish due to the choice of 1, and on I'y 5 due
to the Neumann boundary condition. We introduce the Lagrange multiplier A, such
that

A=uVyvn—pn=7n onl(0).

This multiplier can be substituted into interface terms in both the main fluid and
solid equations. The term in the fluid equation needs to be fully transformed to the

reference coordinates:
A=pJ 'Vxvn—pn onI(0).

Finally, we write down the weak form of the interface condition:

0
/ ({/——u)-ud:;:(), Vvey.

The full weak system can now be written as:
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Find (v,p,u,\) € X;p x Y x X, p xY such that

d
— pv-godx—i—/ p(v-Vv)-godx—/ pV(v-w) - ¢ dx
dt Ja, () ()
—l—/ (uVv : Ve —pV - ) dx—/ Apds=0 VeeX;, (418a)
Qs(t) '(0)
/ (V-v)gdx=0, VYqeVYj, (4.18b)
Qy(t)
/ (DVgu) - Vgt dx —/ Aapds=0, Ve X, (4.18¢)
Qs I'(0)
. Ou
/ (V——)-I/dS:O, VveY. (4.184d)
1 (0) ot

4.5.1.3 Time discretisation and finite element method

First we subdivide the time interval: let 0 = t; < t; < ... < ty = T with A¢t,, =

tn —tn1, n=1,2,..., N;. We denote Q(t,) = Q}, I =T'(¢,) and

RHS”:/
2
—/ A" @ ds.

FO

We use the trapezium rule to integrate equation (4.18a) in time on each of the sub-

pV(v-w)p dx+/ (uVv : Ve —pV - ) dx
f

v Vv dx— [

2

intervals (¢,_1,t,), n=1,2,..., N

At N
/n pv - dx — /Qn_1 pv - dx + 7(RHS” +RHS"') =0, Vec X?,o- (4.19)
7 7
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Similarly, for (4.18d)

At

5 V' +v"h v ds — / (" —u"1)-vds=0, YweY. (4.20)
170

]_"O

Equations (4.18b) and (4.18c) do not contain time derivatives, so we simply require
for them to hold at each time step t,,. The initial condition is applied at n = 0.

To discretise the problem in space we assume %}, n =1,2,..., N and (), can be
triangulated, with meshes conforming on I'” forn =1, ..., N. We define the following

finite-dimensional function spaces:

Xpt = [P,
X[ = Xjpn X}
X[y = Xp 0 X
th’n = Pl(Q?)a

Xy =[P()],
X!y =X.pN X!,
Xty = XN XL,

2

vh = [P,

Let also the bases of these spaces be as follows:

P (N qr vy

n 803 ¢2 n q; Vo
P = , Y= , ql = , V= :

Sorjiff Py, (ﬁ\l@ Uy
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so that XJ]Z’” = span{e?, ... @}, }, X =span{e,, ..., ¢y}, th’” = span{qf, ..., q4, },
and Y" = span{vy, ... vy} In this notation @ = (o7, ¢4,) € R* fori =1,..., Ny,
Y, = (V1g,ox) ER?* for k=1,..., N, and v, = (v1,,10,) € R* forr=1,..., M.
We can write the finite element method by approximating the test and the trial
spaces in (4.18) with their finite-dimensional counterparts. We express the approxi-

mate solutions in terms of the respective bases, specifically

=Vt d=1,2

ph,n — pPn. qn’

The coefficient vectors are V7, W7 € RYs P € RMr U% € R and A}, € RM.

We introduce the following matrices:

f
K} ¢ RNs*Ny . (k'f):’] = /Qn pVei Vel dx,
f
KoeRYS 0 (k)= [ (DY) Vew dx
CV"™(V™) € RY>*Ni - (co(V i = Z ZVh / P Pii % Pan dx,
d=12 h Qp Td
n m m n m a n n m
DU(W™) € RV (@W) = 30 SOWE [ pa (e dx
Qn xd
d=1,2 h 7
B" ¢ RNMs . (b)7, :/ (V- q dx,
K Q7fl
n n At n
Cj e RMM ()i =5 |, @ivr ds
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C, € RNxM . (Cs)pr = /FO Y, ds.

These matrices do not take into account the Dirichlet boundary conditions, which can
be applied directly by replacing the appropriate rows of the full matrix and right-hand
side vector with the discrete versions of these conditions.

Let us also have

Af =Mj+ - [K} + CV" (U") - D"(W")]
At

n—1 n—1 n—1 n—1 n—1 n—1 n—1
AA" =M} —7[Kf + CV (U )—D (W )},
and additionally
\%4 Uy AT
VTZ — 1 , Un — 1 , A’n — 1
A& U3 A;
The finite element method can be written in pseudo-matrix form: forn =1,2,..., NV,

find (V™ P", U™ A") such that

n n n n n—1 n— n—1 n—
—(B”)T 0 0 0 P 0 0O 0 0 pr—t
0 0 K, C; u» 0 0O 0 0 Ut
—(Ccpt 0 €T o A —(CcyrhHT 0 0 0 At

What is written as matrices A% and AA’JZ_1 in the above equations is actually depen-
dent on the velocities V* and V"~ ! respectively, as well as the domain velocities W"
and W"™! respectively. The system needs further linearisation, as described below.

At the same time, the matrix representing the solid component of the problem, Kj, is
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independent of time and current solution, and has relatively simple banded structure
under the linear elasticity assumption.

The fluid component has the following two sources of nonlinearity: mesh move-
ment and convection. It is common to assume that mesh movement over a single time
step is small, and the problem of computing the ALE coordinates at every time step is
therefore normally decoupled from the governing equations. The mesh displacements
in Q;(t) can be obtained by assuming elastic or Laplacian deformation, which ensures
smooth node movement [41, 92, 95]. We use the latter technique: at each time step

the mesh deformation d (relative to the mesh on €/(0)) is such that

—Ad =0 in Q,(0), (4.21a)
d =uonI(0), (4.21Db)
d =0 on 9Q/(0)\I'(0). (4.21c)

A separate finite element procedure is setup to solve this boundary value problem on
the same mesh as the fluid problem. If the finite element solution to (4.21) at time
step n is denoted by d", then the domain velocity to be used in the ALE Navier-
Stokes equations is calculated as w = (d" —d"')/(t, — t,_1). Under the assumption
of small mesh deformations, it is sufficient to perform a few fixed point iterations
between solving (4.21) and (4.16) to obtain a good approximation of the current
position of mesh nodes.

The convective nonlinearity is addressed by Newton iteration in standard form:
an approximate solution to F(x) = 0 is given by

-1
N (Z_F) ]_:*(X’f)7 k=0,1,... (4.22)
X
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We take the solution at the previous time-step as the initial guess for the iteration,
which, given sufficiently small time steps, is sufficiently close to the solution at the
current time step for the Newton iteration to converge. The analysis of the properties
of the Jacobian matrix for the FSI system was beyond the scope of this work, but its

non-singularity and convergence of the method were verified algorithmically.

4.5.1.4 Preconditioner

The linear system arising at each Newton iteration of every time step was solved using
right-preconditioned GMRES as described in Section 4.4, i.e. using two AMG V-
cycles to approximate the action of AL}, in the S;! approximation and five conjugate
gradients iterations in the S;' approximation. The complexity of the fluid problem
usually means that the fluid mesh needs to be significantly finer than the solid mesh.
The nonlinearity, time dependence and a larger mesh size of the fluid component all
suggest that S;* is based on the fluid block. Moreover, since the coupling block only
has non-zero elements in the rows corresponding to velocity degrees of freedom, the
‘interface” block A;; in the expession for S;' is extracted from the matrices Al

1 =1,2 only.

4.5.1.5 Simulation results

The problem was solved on the following domains:

Q(0) = {(X1, X)) € R? | X, € (0,1), Xy € (0,2)},
Q= {(X1,Xy) eR* | X; € (1,1.2), Xy €(0,2)},

I'={(1,Xs) | Xo€(0,2)}.
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A unidirectional pulsating parabolic inflow condition was used to drive flow and de-
formations:

0
v(X,t) = , Xely, telo,T].

10sin?(27t) X3 (1 — X;)

In the fluid domain we imposed a no-slip boundary condition v = 0 at X; = 0,
and a no-flux boundary condition (Vv — pI)n = 0 at X, = 2. In the solid domain
the top and bottom boundaries were fixed: u = 0 at Xy = 0 and Xy, = 2, and the
outer boundary was allowed to move freely: 7n = 0 at X; = 1.2.

The following parameter values were used in all tests: p =1, £ = 2900, v = 0.4.

Computational meshes were obtained by refining the original uniform mesh around
the interface. The original grid in 2y had 21 nodes in each of the X; and X directions,
and in €, 6 nodes in the X; direction and 21 nodes in the X5 direction. A coarse
analogue of such an original mesh is displayed in Figure 4.5a, and the mesh once
refined around the interface in Figure 4.5b. Table 4.7 lists dimensions for the test
meshes, namely the total number of degrees of freedom in the problem and the number

of degrees of freedom on the interface.

Mesh 1 2 3 4
DOF | 5604 7317 10811 17803
DOFr | 41 81 161 321

Table 4.7: Mesh sizes for the FSI problem: total number of degrees of freedom and
the number of degrees of freedom on the interface. Meshes are refined around the
interface.

inf —sup stable P2 — P1 elements (continuous piecewise-quadratic for velocity,
and continuous piecewise-linear for pressure) were used in the fluid domain, while

P2 elements were used in the solid domain. Time stepping was performed using the
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(a) Original uniform mesh (b) Mesh refined around interface

Figure 4.5: Sample meshes for the fluid-structure interaction problem. The trian-
gulation is shown in the fluid domain € to distinguish it from the solid domain

Q.
implicit Euler scheme.

Sample solution profiles and solid configurations for this problem are shown in
Figure 4.6. As the inflow velocity grows, pressure exerted on the elastic wall increases,
and the wall gets pushed out. When the pressure drops, the wall gets pulled back
in. The effect of lowering the viscosity can be observed in Figure 4.7: the changes
in inflow velocity propagate faster, and hence the response of the solid occurs sooner
than in the case of higher viscosity.

The maximum iteration counts for GMRES required to converge to relative toler-
ance TOL = 107'° on meshes 1-4 are given in Table 4.8. We also show the maximum
number of iterations required for convergence of the Newton iteration, and the maxi-

mum time in seconds that GMRES took to converge (per nonlinear iteration per time

step).
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t=0.2 t=0.3

t=05 t=0.6 t=0.7

Figure 4.6: Velocity profile and domain deformations for fluid-structure interaction in
2D. Inflow velocity at the bottom of Q; is vy = 10X, (1 — X,) sin®(27t). Parameters:
pw=1 p=1 v=04, E=2900. Colour corresponds to velocity magnitude, and is
scaled from blue (lowest) to red (highest) for each time step individually.

t=0 t=0.1 t=0.2 t=0.3

t=0.5

t=0.7

Figure 4.7: Velocity profile and domain deformations for fluid-structure interaction in
2D. Inflow velocity at the bottom of Q; is vy = 10X;(1 — X;) sin®(27t). Parameters:
pw=0.01p=1v=04, E=2900. Colour corresponds to velocity magnitude, and
is scaled from blue (lowest) to red (highest) for each time step individually.
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The iteration counts once again indicate that convergence of preconditioned GMRES
using S; ' is mesh-independent, while S;* gives iteration counts which grow as the
mesh is refined. However, we note that there is the opposite dependence on the vis-
cosity parameter: as y decreases the iteration counts for the S;* approximation grow,
while those for the Sy ' approximation decrease. This is due to the fact that Sy is only
based on the fluid component of the problem, which becomes a worse representation
of the Schur complement as y — 0. Both components are equally represented within
S5, and in this case smaller p results in a better approximation.

We also observe that due to the simplicity of computation of S5* (the only mul-
tiplication by an inverse involves a banded matrix of size DOFt), the GMRES times
did not grow significantly as  decreased. Computing S;* involves multiplication by
the inverse of the App matrix, whose conditioning worsens as u — 0, which affects
AMG solve times.

CPU times, being implementation dependent, should in this case be taken as
indicative rather than definitive. However, the fact that times for S5 appear to be
far less affected by decreasing p than the times for S; highlight the importance of
optimising all aspects of implementation.

The dependence of GMRES iteration counts on u, however, suggests that the na-
ture of the components of a coupled problem is an important factor in the performance
of the monolithic method with block preconditioning.

We also verify that the choice of time step size does not have a significant effect
on GMRES convergence. Table 4.9 contains iteration counts for different values of
At and p for a problem on the original uniform mesh with DOFr = 21. It can be
observed that while GMRES convergence is largely unaffected by varying At, the

(outer) Newton iteration counts grow with At for small p. The flow is generally more
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S4 S5

pw=1 pw=0.1 w=0.01 pw=1 w=0.1 w=0.01

32/4/9.04 | 40/4/10.72 | 60/5/17.43 || 44/4/8.64 | 35/4/7.00 | 42/5/8.26
34/4/11.24 | 41/4/14.49 | 71/5/24.99 | 56/4/10.51 | 48/4/10.35 | 42/5/12.69
34/4/16.17 | 42/4/19.96 | 73/5/35.48 | 69/4/15.62 | 62/4/14.41 | 48/5/18.57
33/4/22.78 | 40/4/28.28 | 73/5/57.24 | 87/4/21.56 | 82/4/20.48 | 62/5/26.71

= ow o~ Z

Table 4.8: Maximum number of GMRES iterations/number of Newton itera-
tions/CPU time in seconds per one GMRES solve for the FSI problem. At = 0.01,
TOL =101,

difficult to resolve for low viscosity (high Reynold’s number). Small At provides
a better initial guess for the solution, based on the previous time step, and leads
to the discretised fluid equations being dominated by the mass matrix, therefore
reducing the effect of the nonlinear convective term. Larger values of At require
more iterations for the Newton’s method to converge. This behaviour is unrelated to

the block preconditioner used, but can be addressed separately by specific solvers for

the fluid subproblem.

S4 S5

At pw=1 w=0.1 w=10.01 pw=1 w=0.1 w=10.01

0.1 || 19/6/81.4 | 26/6/116.2 | 43/12/196.9 | 27/6/77.8 | 26/6/70.7 | 35/12/99.2
0.05 || 18/5/94.9 | 25/5/98.7 | 44/10/221.6 | 27/5/82.1 | 26/5/75.2 | 37/10/93.2
0.01 || 18/3/71.4 | 25/3/102.0 | 33/4/130.4 | 25/3/70.9 | 26/3/71.8 | 30/4/93.4

Table 4.9: Maximum number of GMRES iterations/number of Newton itera-
tions/GMRES CPU time in seconds for fluid-structure interaction in 2D: different
values of At, u (DOFr =21, TOL =107°).

4.6 Discussion

The aim of this chapter was to show that the monolithic approach can be used ef-
ficiently to solve coupled problems. On the one hand, the interaction between the

components is not downplayed by decomposing the system: the system is always
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treated as a whole. On the other hand, existing solvers for the sub-problems can be
used to achieve efficiency of implementation. Having proposed and compared sev-
eral preconditioning strategies based on approximating the Schur complement block,
we identified approximations which are computationally efficient. One of the meth-
ods is shown to provide mesh-independent convergence of preconditioned GMRES in
the tests considered, therefore guaranteeing scalability of the solver to large meshes.
Another method, based on the so-called BFBt preconditioner, exhibits competitive,
although not mesh-independent, iteration counts, and performs particularly well for
FSI problems with low viscosity (high Reynolds number).

Having a robust way of solving large-scale coupled problems allows us to consider a
posteriori error estimation and adaptive mesh refinement in such problems. While the
goal of adaptive mesh refinement is to use the smallest possible number of degrees of
freedom to solve a problem to desired accuracy, the method developed in the following
chapter requires multiple solves of block systems through time, and moreover, multiple
solves of more refined dual systems through time. The ability to perform these solves
quickly and using limited computational resources is extremely important.

The tests performed in this chapter provide a basis for further investigation in
more complex settings of multiphysics problems. A further example of coupling un-
obstructed fluid flow and flow through a porous medium is studied in Chapter 6,

where we revisit the question of performance of block preconditioners developed here.
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Chapter 5

A posteriort error estimation and

adaptive mesh refinement

An important aspect of numerical methods is the assessment of the solutions’ ac-
curacy. Since in most practical problems the analytic solution cannot be obtained
and its regularity cannot be established, it is impossible to use a prior: error esti-
mates effectively. In contrast, a posteriori methods only require knowledge of the
approximate solution and can therefore be applied to a broad range of problems.
The presence of the Lagrange multiplier in the formulation of monolithic coupled
problems used in this work allows us to derive natural expressions for the error in a
quantity of interest that is supported along the interface. This is particularly useful
in applications where the Lagrange multiplier represents a physical quantity, such as
the normal stress along arterial walls when assessing the risk of aneurysm rupture
(39, 38], and the flux through the boundary between a fluid and a porous medium
when modelling air flow in the lungs [86]. This is made possible by the application of
the monolithic approach to coupling, as described in Chapter 3, and the availability

of efficient solvers for the monolithic problems, such as those developed in Chapter 4.
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Error estimation for coupled problems solved using operator decomposition techniques
was considered in [31, 32, 52, 53, 125].

In this chapter we introduce the a posteriori error estimation technique for coupled
problems by considering a simple steady case in Section 5.1. Namely, we discuss the
idea of a quantity of interest, and derive an a posterior: representation formula for
the error in this quantity. We assess the accuracy of this formula, and present an
adaptive mesh refinement technique which is based on local error estimates. In order
to illustrate the methodology we perform a number of numerical tests to study the
performance of the formula and the refinement strategy. The theory is extended to
time-dependent problems in Section 5.2, including a new representation formula and
its accuracy estimate, and a block space-time adaptive mesh refinement strategy. This
is followed by numerical examples of error estimation and adaptive mesh refinement
in coupled time-dependent problems.

Most of the material presented in Section 5.2 was published as [5].

5.1 Steady coupled problems

We begin by recalling the weak formulation of an elliptic coupled problem (3.2) from

Section 3.3.1:

Find (uy,uz,\) € X1 p x Xop XY such that

F < )\,Ui >r +ai(ui,vi) = (fi,’l)l')—i— < Gi,N,Vj >Ff\’ vyi € Xi,07 9, = 1,2, (51&)

<vup—us >r=0 Vvey. (5.1b)

The finite element formulation is given by (3.3):
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Find (u},uf, \*) € X['py x X}, x Y" such that

F < Mo > Fai(uf,of) = (i, v))+ < gins v >py Yo € Xy, i =1,2, (5.2a)

<vhul —ul>p=0 wWheyh (5.2b)

For simplicity we assume that ¢, y = 0 for ¢« = 1,2. The following derivations
can be carried out in a similar manner for non-zero Neumann conditions, but require

adjustments in the definitions of residuals, and the error bounds.

5.1.1 The error representation formula

Let the errors in the solution of (5.2) be ¢; = u; —ul', i = 1,2, and ey, = A — \". The
quantity of interest (Qol) is defined as a linear functional of the solution with given

coefficient functions 11, 15 and 1, with the corresponding error &, i.e.

(QOI) =—-< 77Z)7 A>r +(¢17u1)91 + (77Z)27u2)927

E=-< 1%6,\ >r +(¢17€1)91 + (w% 62)927 (53>

where (-, +)q, for i = 1,2 is the inner product in L?(£2;):

(vi, wi)q, :/ v w; dx, 1=1,2.
Q;

The choice of the coefficients enables us to specify both localized and globally sup-
ported errors. For example, to calculate the average error in 2; we choose 1, = 1
and ¥y = 1) = 0, and to calculate the average error along I' we choose {; = 1, =0
and ¢ = 1.

A representation formula will provide a practical tool for estimating £. We derive
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it using the solution of an adjoint problem, which in the weak form can be written as

follows:

Find (¢1, a2, 1) € X109 X Xog X Y such that

F < i, v >1 a9, vi) = (Ui, v)o, Vv € Xip, i=1,2, (5.4a)

< p, 01— Py >p =< p, 0 >r VpeY. (54b)
The following theorem formalises the derivation of the error representation formula
for the coupled problem (5.2).

Theorem 7. The error in the quantity of interest £ defined by (5.8) can be computed

as

&= Rp(,u) + R1(¢1) + R2(¢2), (55)

where (¢, o, 1) is the solution of the adjoint problem (5.4), Ri(¢;), i = 1,2 and
Ry are the generalised residuals in the original problem (5.2) for the domains or the

interface respectively, and are given by

Ri(¢;) =+ < N i > +(fis #i)a, — @i(uzha ¢i), =12,

and

Rr(p) =< p,ulf —ul >p

Proof. The errors ¢; = u; — ul’, i = 1,2, are permissible as test functions in the weak

adjoint equation (5.4a), hence

F < M, U — U? >r +CLZ(¢Z,UZ — U?) = (wza ei)gi, L= 1, 2. (56)
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Similarly, ¢;, © = 1,2 are permissible as test functions in the weak formulation of the

original problem (5.1), giving

a;(u;, ¢;) = £ <X\, ¢ >r +(fi, ¢i)a,, 1 =1,2. (5.7)

Since a;(v, w) is symmetric and linear, we can substitute (5.7) into (5.6) yielding

F < p,u; — U? >p < )‘7 ¢z >r +(fl7¢l)ﬂz - CLZ(¢“U?> - (wzaez>91 - 07 L= 1727

or, equivalently,

+ < W, u; — U? >p+ <ey, ¢ > +Ri(0) — (Visei)o, =0, 1=1,2.

Adding the equations for s = 1 and ¢ = 2 and rearranging the terms,

— <ex¢r— ¢ >r+ (wlael)ﬁl + (%a 62)92

= — < Uy — Uy > + < u,u}f — ug >r +R1(¢1) + Rg(gbg)

It follows from the weak continuity conditions (5.1b) and (5.4b) that

< p,up —up >p=0 and <ey, ¢ — ¢ >r=< ey, >r.

Hence the error can be written as &€ = Rp(u) + Ri(¢1) + Ra(p2). O

Remark 1. The strong form of the adjoint problem is

—V - (kiV;) +cipi = in €y, i=1,2,
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¢;=0 onlP i=12,
kZV@nZ:O OHFZN,Z':LQ,
¢1— 2 =17 onl,

k1V¢1 -ny + k2V¢2 s Ilo = 0 on F,

Remark 2. By Galerkin orthogonality, the error representation formula produces
E = 0 in the special case when the exact adjoint solution lies in the finite element
space of the original problem.

Indeed, let ¢, € X{”O, 0y € XQO and € Y" be used as test functions in (5.2).

Then
Ri(¢i) =+ < )\h7¢i >r _ai(u?7¢i> + (f’i7¢’i)gi =0,1=12,

< pyul —ul >p =0.

It follows immediately from the representation formula (5.5) that € = 0.

5.1.2 The effect of adjoint approximation

Expression (5.5) is exact, since no approximations were made in the derivation. In
practice we can rarely obtain the exact adjoint solution. Functions (¢1, ¢o, 1) are
usually computed using what is deemed to be a more accurate finite element method
than (5.2). The error in the adjoint problem is then assumed negligible. The higher
accuracy can be achieved by using either higher order basis functions, or a finer mesh.
We consider the error in the representation formula under such circumstances.

Let the adjoint solutions ¢! € X{fo, 1=1,2,and pu € Yh, such that XZ-’fO - X{fo C

Xioand Yh C V" C Y. The finite element formulation for the adjoint problem is:
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Find (¢}, ¢k, u") € Xﬁo X Xéh,o x Y such that

T < " ol >p dai (ol o) = (Qﬁz,vf)gz Vol € Xi}fo, 1=1,2, (5.9a)

<t —dh >r=<p" 0 >p Vpev™ (5.9b)
Subtracting (5.9a) from (5.4a) and (5.9b) from (5.4b), we have

F < p—p" ol >p 4ai (g — ol o) =0 vl e Xfo, i=1,2, (5.10a)

<P bi—da— o+ >r=0 Vphevn (5.10b)

Since ul € Xi’fo C )A([fo, we substitute ul for v in (5.10a) and add the two equations

for + = 1 and 2 yielding
— < p—pul = uf >r ta (o — ¢ ul) + ag(da — ¢, uf) = 0. (5.11)
Similarly, \* € Y» ¢ Y, and (5.10b) holds for p" = A, so that
<A gy — g — ¢+ @b >p=0. (5.12)
Recalling that
E =< p,ull —uf >p+ <N, dy — ¢y >r + 22 {(fi, 1) — ai(ps,ul)},

we add (5.11) and subtract (5.12) to give

h h h  h h h
E=<p,uy —uy >r — < pr—p'uy —uy >p+ <A d1 — @ >r
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— <N g1 — o — B} + B >r + Z {(fi, di)a, — ai(di,u)) + ai(d; — ¢ ul) }

i=1,2
=< :uh:u}f - Ug >+ < )\h:¢}11 - ¢g >r + Z {(fza¢z)91 - ai( ?7”?)} .

i=1,2

Only the (f;, ¢i)q, terms in the resulting formula depend on the exact adjoint solution.

We add and subtract (f;, #)q, to obtain

€ = Re(u") + Ru(o) + Ra(0}) + Y (fis 61 — &), = € + ¢,

i=1,2

where £ is the approximate error representation formula,

~

E = Rr(u") + Ri(¢}) + Ra(¢h), (5.13)

and € is the error in the representation formula due to errors in the adjoint solution,

e = (f1, 61 — V), + (f2. 2 — DB,

Cauchy-Schwartz and triangle inequalities imply that

el < | Allrz@nllér — dtllzan) + I fellr2a |92 — D51l r2s)-

If the exact adjoint solutions are sufficiently regular, e.g. ¢; € HP(€;), i = 1,2, and

@l are piecewise polynomials of degree (p — 1), then the error in the adjoint solution

i

can be bounded:

|lp: — ¢?HL2(QZ.) < éhp‘¢i‘Hp(Qi), where C' = const.

This, in turn, indicates that the error in the representation formula is € = O(hP).
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We introduce the effectivity ratio R,
(5.14)

which provides a measure of the accuracy of the approximate error £. In Section
(5.1.4) we calculate the approximate error measure & for the numerical tests using
the adjoint finite element solutions in the representation formula. Where possible,
we also calculate the exact error measure £ by substituting the exact and the finite
element solutions into the definition (5.3). The effectivity ratio R quantifies the error

in the approximate error representation formula.

5.1.3 An adaptive strategy

Assuming that the error € in the representation formula is negligible compared to the
approximate error measure E , and the exact error £ is well-represented by £ , We can
use the approximate measure (5.13) as the basis for adaptive mesh refinement. Let
7" denote orthogonal projection operators from the adjoint finite element spaces to
the finite element test spaces,

X! — X! such that V o' € XIV wh € XP: (vh — 7l wh)g, =0, i = 1,2

» =

Yh 5 Y such that V " € Y,V wh € Xp < v =t wh >p=0,

where j is the index of the domain that is chosen to define the finite element space
on I' (specifically where the mesh in the domain conforms with the mesh on the

interface).
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By Galerkin orthogonality Rp(7"u") + Ry(7"¢}) + Ra(7"¢h) = 0, and
€= Re(u" —7"u") + Ri(o) — 7"¢1) + Ro(¢h — 7" ¢5).

The error can be decomposed into local contributions from individual elements A, as

£ = Z Z En = Z Z {R?(uh — 7"y + R (o —Wh¢?)}, where

i=1,2 Aer i=1,2 Aer;

RE =) = [ (= ) = ) s,
T'noA

RO — o) = + / N (@l — hl) ds

I'noA

+ [ Lt = ol — aiulof o} dx =12
A

Local contributions exceeding a local tolerance \SA\ > LATOL indicate the elements
that should be refined. The local tolerance for the original uniform mesh can be

computed as the ratio of a given global tolerance TOL to the total number of elements.

Remark 3. Since we compute a linear functional of the error, rather than a norm of

the error, the local refinement strateqy might appear disadvantageous, simply because

E<Y > |l

i=1,2 A€

15 an extremely crude estimate. In particular, for problems with symmetric solutions
local errors can be significant, and yet the global error can be zero due to cancellation.
The refinement algorithm used in the simulations does not impose the global condition

€| < TOL, only the local condition |En| < LATOL.

98



5.1.4 Numerical results

Below we present numerical results illustrating the use of the error representation
formula (5.13). All of the problems in this section were solved on a rectangular
domain with Q; = (0,1) x (0,1), Qs = (0,1) x (1,2),and I' = {(1,s) | s € (0,1)}.
Unless stated otherwise, the initial meshes are uniform and conform on the interface
I, the finite element spaces for all of u?, uf, A", ¢" ¢% and " consist of piecewise-
linear functions, and higher accuracy of the adjoint solution is achieved by solving

the adjoint on the original mesh twice refined uniformly.

5.1.4.1 Error in the domain

First, we consider a quantity of interest which is the average in the sub-domain €2,.

The choice of ¢y =1 = 0 and 1), = 1 leads to the following error in the quantity of

5:/ ey dx.
Qo

We choose ky = ko = 1, the right-hand sides such that u; = uy = sin(7z) sin(7y), and

interest:

use zero Dirichlet boundary conditions everywhere on the outside boundaries. Start-
ing with a uniform mesh with a total of 453 degrees of freedom, we refine triangular
elements in the domain based on local error estimates é’A, as described above. The
global tolerance value is TOL = 0.02*. We allow at most three refinements in a single
element of the initial mesh so as to have a control over the mesh size.

The finite element solutions of the original and adjoint problems are shown in

Figures 5.1a and 5.1b respectively, and the refined mesh in Figure 5.2a. As expected,

*In all numerical tests the global tolerance T'OL is chosen for illustrative purposes, i.e. so that
the global error is above the tolerance, and therefore produces a refinement, but at the same time
it is not so high as to require uniform refinement. Depending on the goals of mesh refinement, in a
practical problem this value can be determined in a similar manner, by the maximum error allowed,
or by the maximum mesh size allowed.
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the mesh in €25 is significantly more refined than the mesh in €2; since the quantity of
interest lies in )y, and the adjoint solution is concentrated in this sub-domain. The
estimated values of the error and the effectivity ratios are shown in Table 5.1. The
effectivity ratios remain close to one, meaning that the error estimates represent the

actual error well.

1.8
1.6
1.4

1.2

0.8 0.8
0.6 0.6
0.4 0.4
0.2 0.2
% 0.5 1 % 0.5 1 0 0.5 1

(a) w1, us (b) ¢1, ¢o for average solu- (c) ¢1, ¢2 for smooth ap-
tion in Q9 proximation of solution at

(0.25,1.75)

Figure 5.1: Original and adjoint solutions for the problems with the quantities of
interest measuring the solution in the domain.

Average error in {2y Point error, A = 1000 Point error, A = 10000
DOF 3 R | DOF £ R | DOF £ R
453 | -0.002682 | 0.963 | 453 | -0.003641 | 1.775 | 453 | -0.002920 | 1.424
4301 | -0.000631 | 0.972 | 6959 | -0.000321 | 0.867 | 6959 | -0.000364 | 0.983

Table 5.1: Estimated average error in )y and approximation to point error, and
corresponding effectivity ratios. DOF is the total number of degrees of freedom in
the system. Higher value of parameter A corresponds to a better approximation of
the point error.

Next, we solve the same problem with ¢y = (A/7) exp (—A(z — 0.25)% — A(y — 1.75)?).

This weighting is chosen as a smooth approximation to the Dirac delta function
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(a) Mesh refined based on (b) Mesh refined based on
average error in {2 a smooth approximation of
error at (0.25,1.75)

Figure 5.2: Refined mesh for the problems with quantities of interest measuring the
solution in the domain.

0(0.25,1.75)- The quantity of interest approximates a point value of the solution, and

the error is

&= / w2€2 dx ~ 62(0.25, 175) (515)
Qo

The refined mesh for A = 1000 is shown in Figure 5.2b, and the adjoint in Figure
5.1c. As is to be expected, the highest concentration of elements is around the point
(0.25,1.75) where the quantity of interest is located and where the adjoint solution is
concentrated, while virtually no refinements are required in €2;. The estimated error
values € are given in Table 5.1. Note that we are now computing approximate effec-
tivity ratios, since the exact error is calculated as & = u5(0.25,1.75) — u%(0.25, 1.75),
while the approximate error is calculated in the integral form, according to (5.15).
The more closely ¥y represents the delta function, the closer the effectivity ratio ap-

proaches one. This is illustrated by comparing the error and effectivity values for
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A = 1000 with A = 10000. The latter gives a better approximation for a delta func-
tion (see Table 5.1), and consequently better effectivity ratios. Note also that the
effectivity ratios computed on the original coarse uniform mesh are relatively poor.

However, the refinement strategy improves them significantly.

5.1.4.2 Error along the interface

We consider a test problem where the quantity of interest is the average of the La-

grange multiplier on the interface. Letting ¢, = 9o = 0 and ¥ = 1, we have

5:/6,\d5.
r

For this choice of the quantity of interest the strong form of the coupling condition is
¢1 — ¢2 = 1 on I'. Consequently we cannot have zero Dirichlet boundary conditions
at points (0,1) and (1,1). We avoid the inconsistency by changing the boundary
conditions to zero Neumann boundary conditions on I'V = {(0,y) | v € (0,2)} and
'Y ={(1,y) | y € (0,2)} in both the original and the adjoint problems. Alternatively,
the weighting function v could be chosen so that the Dirichlet boundary conditions
at + = 0 and z = 1 are satisfied, e.g. ¢ = sin(7x).

We now choose different diffusion coefficients in the sub-domains, specifically k| =
3 and ky = 1. The right-hand sides are such that u; = % cos(mz) sin(ry) and uy =
cos(mx)sin(my). In this example the exact adjoint solution is linear ¢; = 0.25z,
¢ = 0.75(x — 2), A = 0.75 (see Figure 5.3a), and thus lies in the finite element
space of the original problem. The exact error must therefore be zero by Galerkin
orthogonality, and the estimated error value is ~ 107'7, hence the effectivity ratio for

this example was not computed.
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(a) =1 (b) ¢ = cos(my) (c) Y2 =1, ¢ = —sin(mz)

Figure 5.3: Adjoint solutions for a problem with the Lagrange multiplier as the
quantity of interest.

If we take ¢ = cos(my), the adjoint solution is no longer linear, and the error is
no longer zero. We start with a uniform mesh with 453 degrees of freedom, and use
TOL = 0.1. Both the approximate errors and the corresponding effectivity ratios
can be seen in Table 5.2. The adjoint solution and the refined mesh are presented in
Figures 5.3b and 5.4a respectively. The interface region is the most refined area and

more refinements are needed in {25 where solution gradients are larger than in €.

Weighted average on I Mixed €25 and I’
DOF £ R | DOF £ R
453 | -0.006629 | 1.015 | 453 | 0.003947 | 1.055
5431 | 0.000350 | 0.890 | 5605 | -0.001233 | 0.946

Table 5.2: Estimated values of the error in the Lagrange multiplier and the corre-
sponding effectivity ratios. DOF is the total number of degrees of freedom in the
system.
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(a) ¢ = cos(my) (b) ¥2 =1, ¢ = —sin(7z)

Figure 5.4: Adapted meshes for problems with error on the interface I' as the quantity
of interest.

5.1.4.3 Mixed error

Finally we consider a quantity of interest that includes both domain and interface

components. We take ¢; = 0, ¢» = 1 and ¢ = —sin(7x), so that the error is

E = /weA ds + Poey dx.
r Qo

Further, ky = ko = 1, f1, fo and the boundary conditions are such that u; = uy =
sin(mx) sin(my). We start with the same initial mesh (453 degrees of freedom), and
use a global tolerance TOL = 0.1.

The refined mesh is presented in Figure 5.4b, the adjoint solution in Figure 5.3¢c, the
error values and the effectivity ratios in Table 5.2. The mesh is refined most around
the interface I', particularly at its centre, where || = sin(7x) achieves its maximum

value and the weighting of the error is greatest. Refinements are more pronounced in
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(5 than in 2, as is to be expected given the quantity of interest.

5.1.4.4 Accuracy of the approximate error representation formula

We consider the effect that the accuracy of the adjoint solution has on the accuracy
of the approximate quantity of interest. Based on the definition of effectivity ratio
(5.14), we compute the error in the representation formula as e = £(1 — R). We

considered the following two problems.

(i) The (Qol) is equal to the average value of the solution in the domain, i.e.
Y1 = ¥y = 1 and v» = 0. Here ky = ky = 1, and f; = f, and boundary

conditions are chosen so that u; = us = 0.5y(2 — y),

(ii)) The (Qol) is the average of the solution uy in Qy and sin-weighted average of
the Lagrange multiplier on I', i.e. ; = 0, with ¥ = 1 and ¢ = —sin(7x).
Here ky = ky = 1 and f; = f, and boundary conditions are chosen so that

uy = ug = sin(mx) sin(my).

The original problem was solved on a uniform mesh with 453 degrees of freedom. The

computed values are presented in Table 5.3. In both examples the error in the repre-

2

sentation formula decayed with O(hZy;y,:), Where hagjoims = h/(adjoint refinements)

is the adjoint mesh size.

(i) domain error | (ii) mixed error

adjoint refinements | R | 10°-|¢] | R | 10*-|¢]
2 0.931 | 7.6526 | 1.217 | -8.1244
3 0.983 | 1.9491 | 1.055 | -2.0425
4 0.996 | 0.4873 | 1.014 | -0.5116
D 0.999 | 0.1220 | 1.003 | -0.1280

Table 5.3: Effectivity ratio and error in the approximate representation formula for
the adjoint problem solved on the original mesh refined 2, 3, 4 and 5 times uniformly.
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5.1.5 Non-matching finite element spaces in (2; and ()

The next issue that we address in this results section is that of the error component
associated with the adjoint Lagrange multiplier . In all the above experiments
the computed value of £, =< p", u? — ul >p= Rp(u") term in (5.13) was zero up
to machine precision, in other words, the continuity condition on the interface was
satisfied strongly by the numerical solution. This follows from the conformity of the
finite element spaces in the two domains.

The relevant part of the matrix problem (3.4) is the equation

~CTU, +CFU, = 0. (5.16)

If the finite element spaces in €2; and €2y match on the interface the non-zero block
of the coupling matrix C} is identical to the non-zero block of Cy. In this case (5.16)

can be rewritten as

CE[(UQ,I - Ul,I) = 07

where [ is the set of indices corresponding to interface nodes. This equation has
a unique zero solution, leading to strong continuity of the finite element solution:
Uir = U

The condition will not be satisfied strongly if the finite element spaces in the
two-sub-domains do not match on the interface, and C} # C5. To further illustrate
the applicability of the error representation formula we consider a problem where
the meshes on the two sub-domains do not conform on I', leading to the case just
described. Non-conforming meshes are commonly used, for instance, to solve fluid-
structure interaction problems, as fluid equations normally require higher resolution

than structural equations.
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The only different feature of the non-conforming case is in the choice of the finite-
dimensional Lagrange multiplier space. Whilst previously the subdivision defining
the basis of this space was the projection from either meshes in €2; or {2y, it is now
the ‘richer’ subdivision, i.e. that coming from a finer mesh.

The problem we consider is as follows: k1 = ko = 1, and f; = f5 and boundary
conditions such that u; = uy = sin(nz)sin(mry). The quantity of interest computed
is the average value of the solutions in respective sub-domains (taken with opposite
signs to prevent cancellation), i.e. 1) = —1)o = 1 and ¢ = 0. TOL = 0.02 was used
as the global tolerance.

Two initial meshes were considered: with respective numbers of degrees of freedom
in ; and Qy DOF; = 85, DOF; = 145 and DOF; = 85, DOF, = 313. The refined
meshes are shown in Figures 5.5a and 5.5b, and the error estimates £ and éw as well

as effectivity ratios R are given in Table 5.4.

@) ¥1 = =ty = 1, =0, (b) 1 = = = 1, ¢ =0, (c) ¢y =1hy =0, ¢ = cos(mz),
DOF; = 85, DOF, = 145 DOF; = 85, DOF, = 313 DOF; = 221, DOF, = 313

Figure 5.5: Refinements of the initial meshes that do not match on the interface I'.
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The refinement strategy creates more elements in €2y, where the initial error is
higher (see Table 5.4). Note that the resulting mesh in €; is more refined when the

disparity between the original meshes is more pronounced.

DOF, , £ 10°-&,] R | DOF, £ 10°-€,] R
85, 145 | 0.011669 | -2.60 | 0.962 | 85,313 | 0.009333 | 9.35 | 0.962
2917, 1060 | 0.001842 | -1.58 | 0.970 | 4077, 1229 | 0.001525 | 1.99 | 0.969

Table 5.4: Estimated values of the error for initial non-conforming meshes and cor-
responding effectivity ratios. The quantity of interest is measured in the domains.
DOF 5 are the numbers of degrees of freedom in each sub-domain.

Next we consider the effect of non-conforming meshes in the case of the quantity
of interest on the interface. We take ky = ko = 1, and f; = f5 such that vy = uy =
sin(mx) cos(my). We set TOL = 0.3 and use initial meshes with DOF; = 221 and
DOF, = 313. The quantity of interest is the cos-weighted average error on I', with
1 = 1 = 0 and 1 = cos(mz). The refined mesh is shown in Figure 5.5¢, and the

errors, p-components, and effectivity values are given in Table 5.5.

Weighted average error on I'
DOF 5 & 10°-&,| R
221, 313 | -0.005615 | -6.48 | 1.015
1089, 937 | -0.001714 | 6.68 | 1.043

Table 5.5: Estimated values of the error for initial non-conforming meshes and cor-
responding effectivity ratios. The quantity of interest is measured on the interface.
DOF, and DOF; are the numbers of degrees of freedom in each sub-domain.

Again, the sub-domain €2y, which originally has a coarser mesh, is refined more by
the algorithm in order to equilibrate error contributions. The centre of the interface
is not refined because the weighting function is close to zero around x = 0.5 on I'.
The absolute value of £, does not decrease with refinement, since it is not the leading
order term in the total error.

An alternative case where different finite element spaces in 2; and €2, can arise
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is the coupling of different order elements. As an example, we solve a problem using
piecewise-quadratic basis functions in 2; and piecewise-linear basis functions in {2s.

As before, we consider two types of quantities of interest. First, we consider a
(QolI) in the whole domain by setting ¢y = 1, 1py = —1 and ¢ = 0. For k; = ky = 1,
we choose f; = fo and boundary conditions so that u; = uy = sin(mx)sin(7y).
Second, we consider a (Qol) on the interface by setting ¢ = ¢ = 0 and ¢ =
cos(mzx)) for ky = ke = 1, and choosing f; = f» and boundary conditions so that
uy = ugy = cos(mx)sin(my). The initial meshes in ; and Qy are identical.

Since higher order elements are utilised in €2;, we expect the error there to be
significantly lower than in €25, and for the meshes to be refined accordingly. Indeed,
it can be seen from Figure 5.6a that in both problems the only refinements in {2; occur
near the interface, where the errors are high due to non-matching finite element spaces.
In contrast, the number of degrees of freedom in €2 rises by a factor of ~ 10. The
errors and corresponding effectivity ratios for the two problems are given in Table

5.6.

Average error in € U () Weighted average error on I'
DOF 5 E 10°0-&,| R DOF; 5 E 1048, | R
841,221 | 0.002681 | 4.40 | 0.963 | 841,221 | 0.003428 | -9.40 | 0.975
1447, 2265 | 0.000485 | 0.09 | 1.153 | 1239, 1968 | 0.000110 | -3.43 | 0.831

Table 5.6: Estimated errors for initial non-conforming meshes and corresponding
effectivity ratios. DOF; and DOF;, are the numbers of degrees of freedom in each
sub-domain.

5.1.5.1 Error-based vs uniform refinements

As a final numerical example of error estimation and mesh refinement in steady
coupled problems we consider a problem with a solution that has large curvature

localised within a small region inside the domain. In this case local refinement based

109



(a) Y1 == =1,v=0 (b) 91 =12 =0, ¢ = cos(mx)

Figure 5.6: Refinements of the meshes for piecewise-quadratic finite element functions
in €)1 and piecewise-linear finite element functions in €25.

on local error estimates should be far more efficient than uniform refinement.

We choose k; = 1, fi, i = 1,2 so that u; = uy = exp(—a(z — b)* — a(y — ¢)?),
which is a Gaussian centered at (x,y) = (b,¢). If a >> 1 the solution undergoes a
rapid change around the peak. The quantity of interest is the sin-weighted average
error on the interface, i.e. we take ¢ = 1y = 0 and ¢ = sin(7x).

By locating the center of the Gaussian near the interface we ensure that it affects
the interface errors. We first consider a = 100, b = 0.25, ¢ = 1.25. The initial number
of degrees of freedom in the mesh is DOF = 453 and the global tolerance is TOL =
0.005. The error-based refinement algorithm produces the mesh shown in Figure 5.7a
and the error values in Table 5.7. For comparison we show the number of degrees of
freedom in a uniform mesh required to obtain a similarly sized error. This amounted

to refining the whole mesh three times, while the error-based algorithm selects the
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area where additional elements are necessary — a circle around (z,y) = (0.25,1.25).

(a) u = 67100(m7b)27100(y75)2 (b) u = 671000(%(;)271000(%@)2

Figure 5.7: Refined meshes obtained using the error-representation formula for the
error on the interface I'.

We then solve the problem with a = 1000, which makes the Gaussian more lo-
calised and more difficult to approximate in the original finite element space. We
start with an initial mesh that is finer in €25, where the peak resides. The refined
mesh is presented in Figure 5.7b, and the error values in Table 5.7, along with the

size of the uniform mesh (in each sub-domain) required to obtain similar errors.

=

DOF; & DOF, & DOF., &
a = 100 453 | -0.000416 | 26003 | -0.000006 | 3175 | 0.000006
a=1000 | 923 |-0.003119 | 54963 | -0.000050 | 2778 | -0.000046

Table 5.7: Estimated errors in the quantity of interest on the interface before and after
refinement of the mesh. DOF},, uniform DOF,, and error-based DOF, are the total
numbers of degrees of freedom in the initial mesh, the mesh refined uniformly, and
the mesh produced by our refinement strategy. Parameter a regulates the solution
shape, namely the diameter of the peak.
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In both scenarios refinements based on local errors provide a clear advantage in
terms of the size of the problem that needs to be solved to obtain errors of the same
order. Of course, in practical terms the method requires that the adjoint problem
is solved to higher accuracy than the original problem, thus incurring an additional
computational expense. It is important to note that the main benefit of the method
comes from producing an optimal mesh (with respect to a given quantity of inter-
est), allowing the best possible use of available computational resources. The solution
computed on a locally refined mesh using the total DOF' degrees of freedom is ex-
pected to produce a more accurate quantity of interest than the solution computed

on a uniform mesh with DOF' degrees of freedom.

5.2 Time-dependent problems

The fundamental ideas behind deriving the error representation formula for time-
dependent coupled problems are similar to those described above. However, intro-
ducing temporal variation gives rise to additional complications. The adjoint problem
has to be defined backwards in time from a prescribed condition at 7" to 0. The order
of accuracy of the adjoint solution must exceed that of the original solution not only
in space, but also in time. In this section these and some other issues are addressed
in detail.

Recall the formulation of the weak parabolic problem (3.6) from Section 3.4.1:

Find (uy,uz,\) € X1 p x Xop XY such that

T a :
/ {$ < )\,UZ‘ > + (—u,vZ) -+ ai(ui,vi)} dt
: ot
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T
= / {(fiavi)+ < gi,N,V; >FN} dt Vv € X, 1=1,2,
0 T

(5.17a)
T
/ <v,up—uy > dt=0Vwvey, (5.17b)
0
ui\t:O = U4,0, 1= 1, 2. (517C)

In this section we omit the subscripts I and €2;, 7 = 1,2 on < -,- > and (+, ), and it is
always assumed that the appropriate inner product is used. As before, for simplicity
we assume that g; v =0 for ¢ =1, 2.

In addition to the finite element spaces defined in Section 3.4.2, which are used to
discretise this problem, we introduce semi-discrete sub-spaces of X7, X, and Y, and

the projections 7" and # onto these semi-discrete sub-spaces:

Xi={vie X, |uv(t)e Pn) vt €T}, i=1,2,
Y*={veY |v(,t)ePr)VteT},
X ={veX;|v(z,")e PI{T.}) Ve € Q;}, i =1,2,

Yi={veY|vlz)ePI{T}) Vs €T},

p

, X; — X7 such that Vo € X;, we X7 : (v—7lv,w)=0, i=1,2,
T
Y - Y* suchthatVl/EY,wEij:<V—7rhV,w>:0,
”
X; = X! such that Vo € X;, we X! : (v—=0v,w)=0, i=1,2,
0 :
Y = Y" suchthat vweY, we Xj: <v—0vw>=0,
\

where j is the index of the domain that defines the finite element space on I' (i.e.

that where the mesh in the domain coincides with the mesh on the interface).
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The finite element method for (5.17) can be written as follows:

Find (u},uf, \") € X{'p x X35 x Y™ with ully = 7"u0, i = 1,2, such that

N
Z {([uﬂnl ,vff(nfl)Jr) _/1 (Ri, vl dt} =0 Vol e Xy, i=12  (5.18)

n=1

N
Z/ <Vl —uh > dt=0 Wheyvh (5.18b)
n=1 In

where R; denote the residuals

oul
(Ri,’Ui) =+ < )\h,?)i >+ (fl',’l)l') — (%,UZ‘) — ai(u?,vi) VUZ' c th, L= 1,2

(5.19)

5.2.1 The error representation formula

Let the discretisation errors in the domains and on the interface be defined respectively

as

elzul—u’f, egzug—ug, and e, = A\ — \".

These are now functions of both space and time. The quantity of interest

(Qol) = / (= <A\ > +(un ) + (u, )}, (5.20)

is a linear functional of the solution with coefficients 1, 15 and v, which is averaged

over the time interval [0, 7]. The error in the (Qol) is defined as

T
5=/{—<®w>+@WQ+@AMMM (5.21)
0
The adjoint problem for (5.17) corresponding to this quantity of interest is:
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Find (¢1, a2, 1) € X109 X Xog X Y such that

g 0o,
/ {4: < W, v > — (—,Uz‘) + a;(¢s, v;) — (%,Uz‘)} dt =0
0 ot
W v; € Xi,07 1= 1, 2, (522&)
T T
/ < p, o1 — g > dt:/ <p,p>dt Vpey, (5.22b)
0 0

¢i(-,T)=0,in Q;, i=1,2. (5.22¢)

As in the steady case, we present the derivation of the error representation formula

as a theorem.

Theorem 8. The error € defined by (5.21) can be computed as

(¢i,n—17 [U?]n—ﬁ

= Z {(¢z‘,0, Ui0 — Whui,o) -

i=1,2

SANE

+ > | {£<pul > +(Ri, ¢)} dt} . (5.23)
n=1"1In

where (p1, o, 1) is the solution of the adjoint problem (5.22), and the residuals R;,

i = 1,2, are defined in (5.19).

Proof. We use the errors ey, e5 and ey as test functions in the weak formulation of

the adjoint problem (5.22a) and (5.22b), yielding

N 96, N
Z/ {$ <y —ult > — (a—tl,uz—uo +ai(¢iaui_u?)} dt = Z/ (Ui, €;) dt,
n=1"1In n=1"1In

i=1,2,

N N
Z {—<)\,¢1—¢2>+</\h,¢1—¢2 >} dt:—Z/ < ey, > dt.
n=1Y1In n=11In

Adding these equations together, integrating by parts in time, and recalling the resi-
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dual definition (5.19) and the piecewise constant dependence of the finite-element

solution in time, we obtain

N N
6:2 A< > < g >} =) ) (G - )5t

n—1
i=1,2 n=1

T Z Z/ {]F <A i >+ ( o z) + ai(ui, ¢i) + (Ri, ¢i) — (fu@bz‘)} de

i=1,2 n=1

We can also use ¢1, ¢ and p as test functions in the weak formulation of the original

problem (5.17), resulting in

/T du; .
{q: < )\,¢z > —(fz,¢z) + ( 7¢z) + az(uz,@)} dt = O, 1= 1,2,
0

T
—/ < W, U1 — Uy > dt = 0.
0

Subtracting both expressions from the above formula for &,

&= Z Z { (s, u; — i)}ti_l + /In {£ <pul >+(Ri,¢)} dt} . (5.24)

1=1,2 n=1

We can re-write the term due to jumps in the solution, assuming the exact solutions to
the original and to the adjoint problems are continuous in time (within their respective
subdomains), and using the initial and final conditions (5.17¢) and (5.22¢). Noting

that
N N
tn
E ¢zyuz_ t+ . - ¢107uz0 E ¢Z7 )
n
n=1 n=1

the error measure can be written as

N - N
&= Z { ¢107Uz0 +Z(¢“u?)}i§;1+z . {:|:<,u,u?>+(Rz,qbz)} dt}
n=1 n=1 n

i=1,2
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Using the initial conditions U?,o = mu;o and ¢; v = 0 to rearrange the first two terms

we obtain the representation formula (5.23),

N
&= Z {(¢i,0,ui70 _7Tu10 Z ¢zn 17 n 1)
n=2

i=1,2

N
+Zl{i<u,ul>+ i O }dt}
n=1 n

For convenience in writing we identify

& = E (Gi0, Uio — Whui,o) — the initial error,

i=1,2

- Z Z(gbm_l, [ul],_1) — the error due to solution jumps in time
i=1,2 n=2

N
&r = Z/ < p,uf —ul > dt -~ the interface error,

Eq = Z Z / i ¢i) d — the domain error.

i=1,2 n=1

The sum of these errors makes up the total error in the quantity of interest:
E=E+E5+ &+ Eq.

Remark 4. The strong form of the adjoint problem is as follows:

99
ot

=V (kiV) +cidi = inQ x (0,T], i =1,2,
¢; =0 onIP x(0,T], i=1,2,

kiVé;-n; =0 on 'Y x(0,7], i=1,2,
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¢pr—d2=1v¢ onl x (0,7,
k1V¢1 -ng + k2V¢2 Ny = 0 onlI x (O,T],

¢z:0 IHQZX{T},Z:1,2

5.2.2 The effect of discretization error on the boundary

The proof of Theorem 8 utilised errors e; and e; as test functions in the adjoint
problem. This is permissible only if the boundary conditions lie in the appropriate
finite element spaces, i.e., if uP(z,t) € Xi}fD,i = 1,2. In particular, the proof of
Theorem 8 assumes that u”(z,t) is piecewise-constant in time.

In order to account for the circumstances when u)(z,t) ¢ X['p, i = 1,2, we
introduce functions e? = u? — 7"0uP on T'P, i = 1,2 for all t € [0,T]. We extend
this function to the whole domain €2; U Qs by setting it to zero at all mesh points

other than those on the Dirichlet boundaries, and allowing it to be piecewise linear

in space. Then we can write

T T T
ie;) dt = iei—el)d el dt.
| ey = [ wnei—ebyat+ [ el a

Now, e; —eP is a suitable test function for the adjoint. Substituting for the first term

on the right-hand side from (5.22a),

T T a¢
/ (Vi €i) dt:/ {¢ <pyei—el > — <—17€i _eiD> + ai(¢i, €; —ezp)} dt
0 0 ot
T
0

+/ (5, €X) dt.
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This introduces an additional error term in the error representation formula, namely

E=E+E&+E5+ &+ Ep,

with

Ep=)_ Z/ {i <pel >+ ( aﬁ’, ?) —ai(gbi,ef))%—(@/)i,ef))} dt.  (5.26)

1=1,2 n=1

Remark 5. In a practical problem Dirichlet boundary conditions are likely to be based
on discrete data, rather than given in functional form. Such boundary conditions will
automatically reside in the finite element space. Unless stated explicitly, we do not

include the boundary error component in the calculations below.

5.2.3 The effect of adjoint approximation

As in the steady case, the derivation of the error representation formula (5.23) was
based on the assumption that the exact adjoint solution was available. We will now
consider the effect of using a finite element approximation to the adjoint solution in
the calculation of the quantity of interest.

Let the adjoint finite element spaces X1, X, and Y be such that X ¢ X! c X;
and Y" C Y" C Y, and let X'Zh = XN X,0, i =1,2. Let the finite element method

used to solve the adjoint problem be as follows:

Find (¢}, ¢, u*) € X[o x Xbo x Y™ such that

3 (<ot + [ {7 <utat> = ( %L H vttt} ar)

n=1

N
Z/ (W0 dt Vol € X[, i=1,2,  (5.27a)
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N N
Z/ < ph ot — ol > dt:Z/ <ph> dt Ve Yh (5.27D)
n=1"71In n=1Y1In

oM T)=0 inQy, i=1,2. (5.27¢)

Remark 6. The partition of the time interval I in the above finite element formula-
tion has to remain the same, since a finer partition would introduce additional jump
terms in the derivation below. In practice higher temporal accuracy of the adjoint
solution is achieved by employing a higher order method, namely dG(1), for time
stepping. At the same time, higher spatial accuracy is achieved by uniform mesh

refinement.

Theorem 9. Let (ul,ul, \") be the finite element solution of (5.18), and (¢, %, ")
be the finite element solution of (5.27). Then the error in the quantity of interest de-
fined by (5.23) can be represented as a sum of the estimated error Eqq and a remainder

€, 1.€.,
E=CEst + € (5.28)

where

N
est_ E Z0+7uz0 7T UZO § < i,(n— 1)+7 :|n 1)

n=2

* Z/ {£<u"ul > +(Ri, 0))} dt} , (5.29)
{@0 Dot Uio) +Z/ (fir b — &7) dt} (5.30)

=1,

o
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Proof. Since the spaces X' C Xi, i=1,2, and Y" C Y are nested, we can use the orig-

inal finite element solution as the test function in the adjoint finite element problem:

33 (st [ {z<smar () rass )} o)
-2 > [

i=1,2 n=1

N N
Z/ <Al — gl > dt:Z/ <M > de.
n=1 In n=1 I,

Galerkin orthogonality then gives

P
ZZ( ¢hna zn /I{:F<,u_uhau?>_(w#ﬁ?)

1=1,2 n=1

+ai(¢i_ i z } dt) O

N
> [ Wb a- e dt> di—0
n=1 In

We note that, by the divergence theorem,

s — o " Ou
_/In (W,u?) dtz—(¢i_ ?’u?)}il—i_/ln(gt 9~ ¢h)

and using the definition of the residual (5.19) we obtain,

/{_ (%@T?ﬂl)’u?) dt + a;(¢; — ?,u?)}:_(qsi_ ?’u?)’i
- n—1
+/ {:l:<)\h,¢i_¢?>+(fia¢i_¢?)_(Ria¢i_¢?)} dt ¥n=12.. . N.
In
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Combining,

>3 {6t ) = (6= ol |1}

1=1,2 n=1

+/1 (F <p—p"ul >+(fi, 00 — ¢}) — (Ri, ¢ — 01)) dt}:O.

Adding this expression to the error representation formula (5.24), we have

=33 - o+ (Wit — (60— o))

i=1,2 n=1

+ZZ/ {£ <p"ul > +(Ri, ¢0) + (fi 0 — 01)} dt. (5.31)

i=1,2 n=1

Assuming the exact solutions are continuous in time, and using the initial conditions,

we can re-arrange the terms in the first sum as

N —
S {= o= )+ ([0 ula) = (60—l ul) )i
n=1
N
= (¢Zo+,uio T Uzo) (@0 zO—l—?uZO Z<¢ (n—1)+> h}n,1>-
n=2

Substituting this expression into (5.31), and using definitions (5.29)-(5.30), we can
write the exact error as the sum of the approximate error in the quantity of interest
as computed using the finite element approximation to the adjoint solution and the

error in the representation formula, specifically € = €. + €. O

The value of € depends on the exact adjoint solution and is not computable.
However, it can be bounded a prior: if f; are sufficiently regular. For the numerical
examples considered below we ascertain that the remainder € is negligible provided

the approximate solution to the adjoint problem is sufficiently accurate.
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5.2.4 An adaptive strategy

Our goal is to use the approximate error representation formula (5.29) in order to ob-
tain a mesh which is well-suited for a given problem and which achieves a specified er-
ror tolerance in a given quantity of interest. We consider the projection of the approx-
imate adjoint solution onto the original finite element space (7"0¢%, wh0¢h, 7"Ou"),
which can be used as a test function in the original finite element problem, and

therefore satisfies

N
Z Z { <7Th6¢?,(n—1)+7 [“ﬂ n_1> —/I (R;, 7"0¢") dt} =0,

i=1,2 n=1

N
—Z/ < 7"ou" ul —ul > dt = 0.
n=1 In

Adding these equations together and rearranging the terms to resemble the approxi-

mate error representation formula (5.29), we have

N
> {(whégbﬁf(n_lH, [ul] ) — / {£ < 7"op" ul > +(R;, 7"0¢])} dt} = 0.
I,

i=1,2 n=1

Adding this expression to the representation formula (5.29), while also adding and

subtracting the term

N
Z Z {(0¢Z(n1)+7 [uﬂnfl) - /I {:l: < eﬂhaU? > +(R179¢?>} dt} 5

i=1,2 n=1

yields

N
et = ) {( Yot U0 — Tuig) = Y <¢Z<n71)+ = 004, 1) [ui] M)
i=1,2

n=1
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—Z<9¢hn1)+—7ré’¢ (n—1)+47 hn1)+z {:|:<,uh—6’uh,u?>} dt

+ Z {£ < op" —"0p" ul > +(R, ¢ — 00)) + (Ri, 0¢F — 7"00]") } dt} :
n=1 In

This form of the error measure allows us to distinguish between the effects of ap-
proximation in time and in space. We group all terms involving ¢" — 6¢" to produce
the temporal error and all terms involving 0¢" — 7"0¢" to produce the spatial error,
and write the total error as the sum of these two components. Clearly, the initial
error is part of the spatial approximation error. We compute the contributions to
the temporal error at each time step [,,, and the contributions to the spatial error on

each element A at each time step [, in the following manner:
gest = gt + gacu

where

Y-y (T Tarere).

1,2 A YET

YTy (L atixe).

i=1,2 A;eT; =1 \i=1,2 A;eT; YET

n,A;
& - <¢Z(n71)+ o 9¢Z(n,1)+7 [u?] ”_1)

b b oul
o {(fi,qbi -6t - (5

n=1,...,N, i=1,2,

A;

“00t) ol - eqs?m} "
A

i

&=, {i<ﬂh—9uhau? S,k < Al —0gl >} dt, n=1,...,N,

1=1,2
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A h h )
&' = (Do Wip — Tuio)a,, 1=1,2,

nA; h hp h h
gx = — <9¢i,(n71)+ -7 9¢i,(n71)+’ [ui]nfl>A,

h hp ik ou}! h hp ik
+/In{(fz‘70¢i - 0¢i)Ai_ ( ot 00 —m Qﬁbz)

- ai(u?v ¢9¢? - Whegb?)Ai} dt?
Ay

n=1,...,N,i=1,2,

gy — Z {j: < Ou — ﬂheuh,u? >, £ < )\h,9¢? - 7Th9¢zh >'y} dt,

with the local operators for ¢ = 1,2 defined as follows:

(u,v)a, :/ wo dx,  a;(u,v)a, :/ Vu-Vodx, <v,v>,= /I/U ds.
A A, ”

i

Given a global tolerance T'OL, the total number of elements in the domain and
on the interface M, and the number of time steps IV, we compute the local tolerance

LATOL = 2TOL/(NM). A time step n is marked for refinement if |E'| > M -

LATOL, an element A; at time step n is marked for refinement if |£72i| > LATOL,
and an interface edge v at time step n is marked for refinement if |£77| > LATOL.
If an interface edge is refined then the neighbouring domain elements are refined as
well.

This strategy presents a downside from the practical point of view. Storing a
different mesh for each time step and projecting the solutions from one mesh to
another can become extremely costly. Moreover, projection introduces additional

errors, and any gains from non-uniform refinements can be lost in the process of

repeated projections. To overcome this difficulty we employ one of the blockwise
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time refinement techniques introduced in [31]. We group time steps into blocks so
that a single refined spatial mesh is used to compute solutions within each space-
time block. We prescribe an upper bound on the number of refinements allowed in a
block, NM AX, introducing an effective upper bound on the number of elements in
the refined mesh, and hence a restriction on the memory and operations required.

Starting with the original mesh we apply the required refinements at each time step
until a block is ‘full’, i.e. the number of required refinements reaches NMAX. Then
a new block is formed from the original mesh and the process is repeated beginning
at the next time step.

This algorithm can result in more than NMAX refinements in a block, firstly,
because a new block is created only after this upper limit is exceeded, and secondly,
because the resulting triangulation is regularised: additional edges need to be in-
troduced to remove hanging nodes. Depending on the refinements limit and the
behaviour of the solution, this strategy can result in anything from a single time
block to a block every time step. The nature of the algorithm will be illustrated in

the following section.

5.2.5 Numerical examples of the effectivity of the error esti-

mate

We test the representation formula in a variety of scenarios for which analytic solutions
can be obtained, allowing the computation of the effectivity ratio, R = E.5/E, where

Eest 18 calculated using the representation formula (5.29), and

T
£ = / (= < rex> +(tn,e1) + (U, e2)} dt,
0
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which can be computed given the exact solution (uy, ug, A).

5.2.5.1 Domain error

We first address problems in which the quantity of interest is a function of solutions

uy and uy only.

Single domain problems First we consider a simple problem with identical com-
ponents 1 and 2, k; =1, ¢; = 0,4 = 1,2, Q; = (0,1)* and Q, = (1,2) x (0,1). The
right-hand side functions f;, ¢« = 1,2, the initial and the boundary conditions are
obtained from the given analytic solution.

The quantity of interest is a weighted average solution in the domain, so that the
adjoint solution can be obtained in closed form as ¢; = 0.5(7 — t)x(2 —x), i = 1,2.

The problem was solved with N; = 5 time steps, final time 7" = 1, and the original
mesh with DOF = 78 degrees of freedom.

The following five exact solutions were used:
(i) w;=05x(2—1x),1=1,2,
(ii) w; =0.5tx(2 —x),i=1,2,
(ili) w; = tsin(0.57x), i = 1,2,
(iv) wy=x+t,i=1,2, and
(V) u; =z +sin(t), i =1,2.

For each of the problems we report effectivity ratios in Table 5.8 for varying the spatial
accuracy of the adjoint solution. In all problems the adjoint finite element solution

was computed on a mesh obtained from the original one by refining it uniformly

127



r = 1,2, or 3 times. This way we satisfy the condition of the original and adjoint

finite element spaces being nested: X € X" i =1,2 and Y C Y,

(i) (i) | @) | (v) | (v)
0.8499 | 1.0151 | 1.0129 | 1.0000 | 1.0000
0.9625 | 1.0038 | 1.0033 | 1.0000 | 1.0000
0.9906 | 1.0009 | 1.0009 | 1.0000 | 1.0000

W N =3

Table 5.8: Example 5.2.5.1. Effectivity ratios for model problems (i)-(v) varying the
spatial accuracy of the adjoint solution. The value of r corresponds to the number of
uniform spatial refinements used to obtain the adjoint mesh from the original mesh.
The problem was solved with N; = 5 time steps, final time 7" = 1, and the original
mesh of DOF = 78 degrees of freedom.

The calculated effectivity ratios for problems (i)-(iii) agree with the predictions
of Theorem 9, namely they approach one as the accuracy of the adjoint solution
improves. The exact adjoint solution ¢; = 0.5(7 — t)x(2 — x), i = 1,2 is linear in
time and quadratic in space, hence the finite element method used (dG(1) in time,
c¢G(1) in space) can capture temporal variation exactly, while spatial refinements of
the adjoint mesh reduce the error in the adjoint solution.

Problems (iv) and (v) were chosen so that the boundary conditions do not lie in
the finite element space (are not piecewise constant in time). The effectivity ratios are
exactly one since the remainder in the representation formula € is precisely zero. The
adjoint solution can be captured exactly in time, and its spatial errors are symmetric
about the interface T', leading to cancellations in the terms (f;, ¢; — %), i = 1,2.

It was also verified that the boundary error terms should not be neglected. If
the error was calculated according to the formula with no Dirichlet boundary terms,
the effectivity ratio in both problems remained R = 0.4 even as the accuracy of the
adjoint problem improved. Despite the fact that the Dirichlet boundary error &p
itself is small, it is significant in relation to the overall error. The effectivity ratios

shown in Table 5.8 were all obtained using the formula (5.29) for &4, which includes
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the Dirichlet boundary terms.

Distinct problems in €2; and (2; The case of non-trivial coupling, where the
components in €7 and €2, are distinct, and when the meshes in the two domains do
not necessarily conform across the interface is considered next. The following three

problems are studied:

(vi) Common elliptic operator, distinct forcing: ky = ky = 1, ¢; = ¢o = 0 with exact

solutions u; = 0.5tz(2 — ) and uy = —0.5¢ cos(0.57(3 — x)).

(vii) Distinct elliptic operators: ky = 1, ks = —0.1, ¢y = 0, ¢; = 1 with exact

solutions u; = tsin(mz) and uy = 10t sin(7z).

(viii) Elliptic-parabolic coupling:

with the usual initial, boundary and coupling conditions, and the right-hand

sides such that u; = uy = tsin(mx).

Note that in (vii) and (viii) the differential operators are different, and hence the
adjoint problem and the residuals change their form accordingly. As before, the
quantity of interest is such that ¢, = 0.5(T — t)z(2 — z), i = 1, 2.

All problems were solved with N; = 5 time steps for final time 7" = 1. We consider
both the cases of triangulations in {2; and {2, that conform on the interface, with 36
degrees of freedom in each domain and 6 on the interface, and triangulations that do

not conform on I'; with 36 degrees of freedom in €2y, 64 in 2 and 8 on I'.
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The results are shown in Table 5.9. Spatial errors dominate in all three cases,
and therefore the effectivity ratio converges to one with spatial refinements for both

conforming and non-conforming meshes in €; and €.

(vi) (vi) (vii) (vii) (viii) (viii)
r

conf | non-conf conf | non-conf conf | non-conf
1 1.0140 | 1.0091 1.0056 | 0.9974 1.0253 | 1.0137
2 || 1.0035 | 1.0023 1.0023 | 0.9993 1.0063 | 1.0034
3 || 1.0009 | 1.0006 1.0015 | 0.9997 1.0016 | 1.0008

Table 5.9: Example 5.2.5.1. Effectivity ratios for model problems (vi)-(viii) varying
the spatial accuracy of the adjoint solution. The value of r corresponds to the number
of uniform spatial refinements used to obtain the adjoint mesh from the original
mesh. The problem was solved with N; = 5 time steps, final time T = 1, and the
original mesh of DOF = 78 degrees of freedom for the conforming (conf) meshes and
DOF = 108 for the non-conforming (non-conf) meshes.

5.2.5.2 Estimating the error on the interface

In order to compute the effectivity ratio for the error along the interface, we require
1 # 0. We consider mixed domain and interface error, and then error in the Lagrange

multiplier space alone.

Mixed domain and interface error Let k; = ky = landc; = ¢y =0, = (0,1)?
and Qy = (1,2) x (0,1). We choose f; and f, and appropriate initial and boundary
conditions so that u; = uy = tsin(nz). Again, both conforming and non-conforming
meshes are considered, with respectively 121 degrees of freedom in each domain and
11 on the interface, and 121 degrees of freedom in 2y, 256 in €25 and 16 on I'. The
mesh is better refined than in the problems for domain error, so as to better capture
the original solution, and its integrals in error calculations.

In order to obtain an adjoint solution in closed form, specifically ¢; = 0.5(T —t)x

and ¢o = 0.5(T — t)(x — 2), which satisfies zero Dirichlet conditions at x = 0, 2, zero
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Neumann conditions at y = 0, 1 and zero conditions at ¢ = T, the weighting functions
for the quantity of interest are chosen to be ¢y = 0.5z, ¥y = (0.5x—1) and p = T —*.
These adjoint weights correspond to mixed domain and interface error. In order to

establish the significance of the interface error component we computed

fT <, ey > dt’
r _ ’ — 0.7669,

E - <ver> e + (a e} dif

where &£ is the actual error based on the exact solution. The fact that this ratio is
non-negligible means that the interface error will cause a significant proportion of
refinements.

We report effectivity ratios for this problem in columns two and three of Table
5.10. The adjoint solution is captured exactly by the finite element method, and the

effectivity ratios are therefore equal to one.

Mixed error Interface error
conf | non-conf | conf | non-conf
1| 1.0000 | 1.0000 | 0.9925 | 0.9946
2 | 1.0000 | 1.0000 | 0.9982 | 0.9987
3| 1.0000 | 1.0000 | 0.9996 | 0.9997

r

Table 5.10: Example 5.2.5.2. Effectivity ratios varying the spatial accuracy of the
adjoint solution. The value of r corresponds to the number of uniform spatial re-
finements used to obtain the adjoint mesh from the original mesh. The problem was
solved with N; = 5 time steps, final time 7" = 1, and the original mesh of DOF = 253
degrees of freedom for the conforming (conf) meshes and DOF = 393 for the non-
conforming (non-conf) meshes.

Error on the interface In order to calculate the error solely on the interface, we
set Yy = 1y = 0 and ¥ = T — ¢ (to satisfy the condition at ¢t = T'). The problem is
solved both on conforming (conf) and non-conforming (non-conf) meshes in ; and

. As seen in columns four and five of Table 5.10, the calculated effectivity ratios
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for both conforming and non-conforming cases converge to one as the mesh on which

the adjoint solution is computed gets finer.

5.2.6 Numerical examples of adaptive mesh refinement
We apply the adaptive strategy described Section 5.2.4 to a sequence of problems and
discuss the results obtained.

5.2.6.1 Equal diffusion coefficients

Let 2, = (0,1) X (O,l), Qy = (O,l) X (1,2), ki = ko = 1, and ¢; = ¢ = 0. The

right-hand sides, the initial and the Dirichlet boundary conditions are chosen so that
u; = exp(—100(x — 0.5 — 0.25sin(7t))? — 100(y — 1 — 0.5 cos(nt))?), i = 1,2.

This solution is a Gaussian with a peak located at (0.5, 1.5) at time ¢ = 0, and moving
counterclockwise along an elliptic trajectory inside €2; U €25. At the final time T" = 2
the peak returns to its initial position after making one complete orbit. A view of
eight snapshots of the solution is presented in Figure 5.8. The adaptive procedure is

applied to a mesh with 453 degrees of freedom in total and 20 time steps.

Adaptivity based on error in the domain only First, we consider the quantity

of interest representing the average in the whole domain, so that

T
5:/ {/eldx+/ ede}dt,
0 Q1 Qo

i.e. Y1 =1y =1 and ¢ = 0. The time-space adaptive refinement strategy was applied

to the original uniform mesh, producing six temporal blocks. The global tolerance was
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t=1.2 t=1.5 t=1.8 t=2
T, T, Pl
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Figure 5.8: Snapshots of a Gaussian travelling along an elliptic trajectory.

set to TOL = 0.01. At most three refinements of an element and a single refinement of
a time step were allowed. The maximum number of triangles marked for refinements
based on local errors in each temporal block was set at NMAX = 350. However
more triangles are refined in practice in order to keep the triangulations regular.
The refined meshes are shown in Figure 5.9, and the estimated errors in the quan-
tity of interest are shown in Table 5.11. As expected, the spatial mesh refinements
trace the movement of the solution in the domain. Away from the peak of the Gaus-

sian the solution is almost constant, and therefore does not require any refinements.
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Figure 5.9: Example 5.2.6.1. Meshes obtained after a time block-wise refinement for
the quantity of interest in the whole domain ©; U €y (at most 350 elements allowed
to be refined in a block based on local errors).

The total error was reduced by an order of magnitude. Similar accuracy can be
achieved after three uniform refinements, producing a mesh with 26003 degrees of
freedom. Even the non-restrictive block with NMAX = 1500 is half this size. For

smaller values of NMAX we can reduce the maximum number of degrees of freedom
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original | refined
104, || -3.3234 | -0.2857
10%&, || -0.2335 | -0.0545
10*€, || -3.0899 | -0.2311

e 0.0895 | 0.0621

Table 5.11: Example 5.2.6.1. Estimated total error &£.4, its temporal and spatial
components & and &,, and the corresponding L?-error e calculated on the original
uniform mesh (453 degrees of freedom), and on the meshes obtained after an error-
based refinement (at most 3687 degrees of freedom in a block) for the quantity of
interest in the whole domain.

in the domain. In the case of NM AX = 350 the size of the locally refined mesh is six
times smaller than that of the uniformly refined mesh, producing a similar reduction
of the error in the quantity of interest.

For comparison we show sample blocks for the values of NMAX = 1500 and
NMAX = 100 in Figure 5.10. The former limit is not restrictive at all, and the
algorithm creates a single mesh block for all time steps. The latter is very restrictive,
and results in one block per one or two (original) time steps. In both cases time steps
are refined independently of the number of mesh blocks produced.

To further illustrate the method’s performance, we compute the L?-norm errors:

e= (Z/OT/Q (u; — )’ dxdt>1/2.

i=1,2

The knowledge of the exact solution makes this calculation possible, and we can thus
verify that the errors have been reduced globally. This is not obvious if the total
error in the quantity of interest decreases, because its definition allows cancellation
of errors. As we can see from Table 5.11, the reduction in &.4 is more pronounced
than in the L?-norm error e. This is to be expected, since the algorithm is geared

towards reducing the error in the quantity of interest.
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11802 dofs int =0..2 2071 dofs int =0.8..0.9

0 0
0.2 0.2
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0.6 0.6
0.8 0.8
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1.8 1.8
2o 0.5 1 2o 0.5 1
(a) NMAX = 1500 (b) NMAX =100

Figure 5.10: Example 5.2.6.1. Meshes in sample blocks obtained after a time block-
wise refinement for the quantity of interest in the whole domain ; U Q5 (at most
NMAX elements allowed to be refined in a block based on local errors).

Adaptivity based on error along the interface The weighted averaged error

along the interface is calculated as

T
5:/ /wexdsdt,
0o Jr

which corresponds to the adjoint right-hand sides ¥; = 15 = 0 and ¢ # 0. The
adjoint solution has a jump across the interface ¢y — o = 10 on I'. In order for this
to conform with the Dirichlet boundary conditions for ¢; = ¢ = 0, we need to have
Y =0at (0,1) and (1,1). We also require ¢; — ¢o = 0 at t = T'. To satisfy these
conditions we chose ¢ = (T — t)sin(7mx). The refined meshes are shown in Figure

5.11.
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Figure 5.11: Example 5.2.6.1. Meshes obtained after a time block-wise refinement for
the quantity of interest on the interface I' (at most 700 elements allowed to be refined
in a block based on local errors).

In this example we set block capacity to NMAX = 700 elements, and obtained
three temporal blocks, each with at most 6880 degrees of freedom. In the second block
€ (0.55, 1.25] the peak trajectory is fully contained in ; and does not intersect I,
but the mesh is still refined around the interface in €25. This was not the case for
the quantity of interest in the whole domain, and arose due to the greater relative
importance of errors near the interface. The last block ¢ € (1.25,2] is not as refined
around the point (0.5,1.5) as the first block. The reason is that while the accuracy of
the solution for ¢t < 0.55 directly affects the accuracy of the solution on the interface
through which the Gaussian passes at t = 0.5, the accuracy with which the Gaussian
is resolved for ¢t > 1.5 will have little effect on the interface values.
The estimated error values for this quantity of interest are given in Table 5.12. The

refinement reduces the interface error by two orders of magnitude. The corresponding
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L?-norm error is calculated as

= (/OT/F(A—M)2 dsdt)1/2.

original | refined
10%E, || -3.6439 | 0.0291
10*&, || 0.0004 | 0.0077

10%€, || -3.6443 | 0.0214

e 0.0206 | 0.0039

Table 5.12: Example 5.2.6.1. Estimated total error &£.4, its temporal and spatial
components & and &,, and the corresponding L?-error e calculated on the original
uniform mesh (453 degrees of freedom), and on the meshes obtained after an error-
based refinement (at most 6880 degrees of freedom in a block).

Once again we observe a significant reduction in the total error in the quantity of
interest. The temporal error increased, most likely due to loss of symmetry, however
this does not affect the overall error, since the spatial component dominates on both

the original and the refined meshes. The L?-norm of the error was also reduced.

5.2.6.2 Different diffusion coefficients

We modify the problem to consider the case of different diffusion coefficients. In this

case the right-hand sides and the initial and boundary conditions are chosen so that

%

—1 2
u; = exp <—1OO (z — 0.5 — 0.25sin(7t))* — 100 (y T 0.5 sin(ﬂt)) ) . i=1,2.

This choice of the exact solution allows the coupling conditions to hold for k; # ks.
The Gaussian and its trajectory are now compressed in the y direction by the factor

of 1/k; in €;, i = 1,2. The solution for k; = 0.2 and ko = 1 is shown in Figure 5.12.
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t=0.1 t=035 t=0865 t=0.95

t=125 t=1.75

Figure 5.12: Snapshots of a Gaussian travelling along a trajectory constructed of two
semi-ellipses.

The meshes obtained using the adaptive strategy are shown in Figure 5.13, and
the estimated error values in Table 5.13.

For both quantities of interest we observe several common features of the refined
mesh. A single temporal block is required to trace the trajectory of the solution in
most of 2y, where the solution is now compressed relative to the case with k1 = ko = 1,
and travels closer to the interface. The highly refined region is noticeably thinner in

the y-direction in the second block as compared to the other blocks. There is error
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Domain Interface
original | refined | original | refined
1073E.s || 1.7913 | 0.0997 | -7.8804 | -1.5004
1073&, || 1.3593 | 0.1104 | -5.6943 | -1.5120
1073&, || 0.4320 | -0.0107 | -2.1862 | 0.0116
e 0.0881 | 0.0355 | 0.0153 | 0.0017

Table 5.13: Example 5.2.6.2. Estimated total error &£.4, its temporal and spatial
components & and &,, and the corresponding L?-error e calculated on the original
uniform mesh (453 degrees of freedom), and on the meshes obtained after an error-
based refinement (with a block of at most 5075 degrees of freedom for domain error,
4609 degrees of freedom for interface error).

cancellation between the temporal and the spatial components on the refined mesh.

In the case of interface refinement the temporal error dominates strongly. Since
we only allow a single temporal refinement per step, the error does not improve as
dramatically as in the other cases. The size of the last mesh block ¢ € (1.45, 2] is much
smaller than that of the previous two. The reason is twofold. Firstly, the accuracy
of the solution does not have a strong effect on the interface values after the peak
has crossed I' the second time at ¢ = 1.5, and secondly, the weight of the interface
error decreases linearly with T'— ¢, and therefore it is more important to capture the

solution at the beginning of (0,77 as compared to the end.

5.3 Discussion

The a posteriori error representation formula derived and studied in this chapter pro-
vides a useful tool for controlling the error in multi-physics systems that are coupled
across a common interface. An important feature of our approach is the use of La-
grange multipliers to represent coupling conditions. This allows for calculation of the
error in the interface condition which follows naturally from the weak formulation

of the problem. This error is of interest in many practical applications, for example
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5075 dofs in t =0..0.55

4555 dofs in t =0.55..1.65

3823 dofs int =1.65..2
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1 1 1
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(a) Average error in the domain Q4 U5 (at most 500 elements allowed to be refined in a

block based on local errors).

4609 dofs in t =0..0.45

4538 dofs int =0.45..1.45

3333 dofsint =1.45..2

0 0 0
0.5 0.5 0.5
1 1 1
1.5 1.5 1.5
20 0.5 2 0.5 20 0.5 1

(b) Weighted average error along the interface I' (at most 500 elements allowed to be
refined in a block based on local errors).

Figure 5.13: Example 5.2.6.2. Meshes obtained after a time block-wise refinement for
the quantity of interest in the whole domain Q; U Qs with k1 = 0.2, ks = 1.
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in fluid-structure interaction problems, where the Lagrange multiplier represents the
normal stress at the boundary.

The accuracy of the error estimate depends on the accuracy of the approximate
adjoint solution. In the numerical examples that were considered here effectivity
ratios demonstrated that the use of approximate adjoint solutions results in good
estimates of the actual value of the error when the adjoint problem is solved using a
richer finite element space as compared to the original problem. This can be achieved
either by using a method of the same order, but defined on a finer mesh, or using a
higher order method defined on the original mesh.

A block time-space refinement strategy based on the error representation formula
for time-dependent problems was implemented taking advantage of our ability to
distinguish between temporal and spatial errors. The performance of the algorithm
was investigated in the case of a travelling wave-like solution. The refinement strategy
was shown to produce efficient refinements to reduce the errors in a wide range of
quantities of interest. Imposing an upper limit on the number of degrees of freedom
in a time block provides a useful technique for restricting the computational overhead
associated with the algorithm.

The extension of this framework to multiphysics systems that are coupled across
fixed boundaries is a relatively straightforward procedure. In the next chapter we il-
lustrate this by considering a problem where unimpeded fluid flow within rigid bound-
aries is coupled to flow through a porous medium. We show that the benefits of using
the efficient solver developed in Chapter 4, as well as the local adjoint-based error
estimation technique and the associated adaptive mesh refinement algorithm devel-
oped in Chapter 5, are retained in a physical setting which is different to the ones

considered originally.
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Chapter 6

Coupling free flow and flow

through porous media

Our main purpose for developing mathematical tools for the efficient treatment of
coupling between abstract systems is to enable the solution of practical problems
involving such coupling. The block solver and the error estimation/mesh refinement
strategies presented in Chapters 4 and 5 do not explicitly rely on the functional form
of the coupled equations within the system, and should therefore be applicable in a
setting which is different to those already considered. In this chapter we investigate
the methods’” performance in a problem where Stokes flow is coupled with flow through
a porous medium.

We consider the steady problem, and assume an incompressible Newtonian fluid
where the flow is sufficiently slow that it can be modelled by the Stokes equations.
The flow through the permeable block is modelled using the Darcy equations. The
natural condition prescribing continuity of normal velocities at the fluid-porous in-
terface is often supplemented by the Beavers-Joseph-Saffman condition. Originally

this condition was proposed in [15], where the authors experimentally verified linear
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dependence of the difference between tangential velocities on the shear rate of the
free fluid flow. This was further developed in [106], where the tangential component
of the porous velocity was established to be negligible, and in this form the condition
is often used in mathematical models [28, 40, 51, 77].

The numerical treatment of the coupled Stokes-Darcy system needs to be consid-
ered carefully, as, generally speaking, the velocities in the porous medium need not
have the same regularity as the velocities in the Stokes region. The use of the stan-
dard stable finite element spaces for the Stokes problem, e.g. Taylor-Hood element,
generally speaking violates the inf — sup condition, and results in loss of convergence
in the Darcy problem. The problem has been treated by the use of different types of
stable elements for the two components, and the appropriate choice for the Lagrange
multiplier space [51, 61], or alternatively by stabilising a unified element method
(11, 27].

Solution of the Stokes-Darcy system often relies on decoupling. The two-grid
approach, which is based on solving the monolithic system on a coarse mesh, the
decoupled problem on a fine mesh, and then combining the solutions, is discussed in
28, 33]. An iterative partitioned approach to solving the coupled system is applied
in [40]. The application of FETT (finite element by tearing and interconnecting) algo-
rithms based on domain decomposition is studied in [62, 63]. Block preconditioning
for the coupled Stokes-Darcy system was considered in [29], where fully decoupled
(diagonal-block) preconditioners are compared to the Schur complement-type pre-
conditioners also studied here, with a scaled discrete identity approximation to the
Schur complement block.

A posteriori error estimation for Stokes-Darcy coupled problems is performed in

[7], where the authors take the residual-based approach, and derive estimates for
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stable combinations of elements. The results highlight the need for a joint estimate,
which does not immediately follow from independent estimates for components. In
this work we also focus on deriving a joint estimate, in this case for an error in a
quantity of interest. Moreover, we are able to use the estimate in a mesh refinement
strategy for a number of numerical problems.

In this chapter we write out the equations making up the Stokes-Darcy coupled
model, and the finite element discretisation of the system. We revisit the methods for
efficient solution of the resulting block matrix equations, as presented in Chapter 4,
and for adjoint-based error estimation and mesh refinement, as presented in Chapter
5. The derivation of both follows naturally from the presentation in these earlier
chapters, but is sufficiently different due to the underlying geometry and physics, and
is therefore obtained explicitly. A set of examples is considered at the end of the

chapter, where the performance of both methods is evaluated.

6.1 Weak equations and the finite element method

The problem considered here is inspired by flow through a cartridge filter, where the
two-dimensional cross-section of the domain can be schematically represented by the

three-compartment domain shown in Figure 6.1.

— Ql QQ Q?) —
1l <—
oo ) S e
— ——
— | Stokes . Darcy 2 Stokes [~

N

Figure 6.1: Schematic representation of the subdomains for the problem modelling
coupling of free fluid low and flow through a porous medium.
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We study steady flow through a channel composed of three subdomains: €2y, €25
and Q3 € R?. The Darcy model 6.1e is used for the flow in €5, which is assumed to be
filled with a porous material. €2; and €23 only contain the fluid, which is represented by
the Stokes model (6.1a). The interfaces between the respective domains are denoted
by I'io and ['ss.

The boundary conditions are as follows. The Dirichlet conditions in the fluid
domains (6.1c) prescribe no-slip on the sides of the channel and a given inflow profile
at the inlet. The corresponding boundaries 'Y and I'} comprise the top, left and
bottom edges of €2y, and the top and bottom edges of {25 respectively. The functions
u; p = 0 for 7 = 1, 3 on the top and bottom edges of €2;, and u; p is a known function
(e.g. parabolic in y) on the left edge of ;. At the outlet I'}’ (the right edge of Q3) we
impose zero flux (6.1d). In the porous domain we require no outflow (6.1g) through
the sides of the channel I'?| i.e. the top and bottom edges of Q.

The interface conditions enforce continuity of the normal component of the velocity
(6.1h) and stress (6.1j) on I';y and I'sy. Additionally we impose the empirically
obtained equation (6.11), referred to as the Beavers-Joseph-Saffman condition.

The full coupled system (6.1a)-(6.1j) is given on the next page.

In the below equations p is the fluid viscosity (assumed constant), f;, i = 1,3 are
the external forces, fs is the source term, K is the permeability tensor for the porous
medium, and G is the friction constant. On the domain boundaries the outward-facing
unit normal vector is denoted by n. On the interfaces the outward-facing normals for
Q; on I';5 are denoted by n;, the outward-facing normals for €2, on I';s are denoted

by n;s, and the tangential unit vectors for £2; on I';s are denoted by 7;, ¢ =1, 3.
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Vow =0 in Qi i=1,3 (6.1b)

u, =u,p onI'P i=1,3, (6.1c)

(uVug — psIin =0 on I'y, (6.1d)

K 'uy + Vpy =0 in Q, (6.1¢)

V-ou = fo in Qy, (6.1f)

u;-n=>0 on I'Y, (6.1g)

u;-n; = —ug-n; only, i=1,3, (6.1h)

Gl(pVu; —pDny] -1 = —w; -7, only, i=1,3, (6.1i)
[(1Va; — pi)ng] - n; = —py on 'y, 1=1,3. (6.1j)

The following Sobolev spaces are used to construct the weak form of the equations:

X, = H(div; Q) = {u2 e (I* () | V- u € L2(Qg)},
Xip={weX;,|w=uwponlP} i=13,
Xio={weX;|w=0onTP}, i=1,3,
Xopg={we X, | w-n=0on I},

Y; = L*(Q), i =1,2,3,

Z; = L*(I'y), i=1,3.

We obtain the weak form of the Stokes equations (6.1a) by testing them with
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w; € X, and integrating over (2; respectively:

—/ V-(,uVui—piI)-widX:/ f,-w,dx, i=1,3.
o Q

i

The divergence theorem yields:

oY Q; Q

where 00, = F{j UT'y and 093 = FSD U Fév U I'sy are the boundaries of £; and €5
respectively.

The terms on I'P i = 1,3, and '}’ disappear due to boundary conditions: w; = 0
on I'P for w; € X, and (uVu; —pI)n = 0 on 'Y from (6.1d). Thus the only non-zero

boundary terms are those on I';5, 7 =1, 3:

—/ [(uVu; — piD)n] - w; ds = —/ [(uVu; — pDny] - w; ds, i =1, 3.
aﬂi Fi2

This interface term can be further transformed using equations (6.1i) and (6.1j).

We introduce two Lagrange multipliers \; = [(uVu; — pI)n;] - n;, @ = 1,3, and also
1

note that [(uVu; — p;I)n;] - 7; can be replaced with —aui - 7;. This allows us to

rewrite the above integral as follows:

1
—/ [(uVu; — pDn;]-w; ds = —/ {)\iwi ‘n; — c (w; - 7;) (w; - 7;)| ds, i =1,3.
D) T2

In addition (6.1j) implies po = —\; on I';p for i = 1, 3.
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The weak Stokes equations have the following form:

1
Fl’g G Qi

:/ szz dX, 221,3
Q.

7

We define bilinear forms a; : X; x X; = R, b; : X; xY; > Rand ¢ : X; x Z; =& R

such that V v;,w; € X;, ¢; € Y; and v; € Z;

1
a;(vi, w;) = / — (vi-13) (w; - 71y) ds +/ uVv;: Vw; dx, i = 1,3,
Lo G Q;

7

Q.

7

ci(wi,v) = / viw; -n; ds, i =1,3.
L2
This notation allows us to write the weak Stokes equations in shorthand form as
a;(ui, wi) — bi(wi, pi) — ci(wi, i) = (f;, w;), i =1,3. (6.2)

In order to obtain the weak form of the porous flow equations we test (6.1le) with
wy € Xy, integrate over {)y, and use the divergence theorem, which leads to the

following equation:

/ PoWs - 1 ds +/ (K’lug - Wy — oV - wg) dx =0,
905

Qo

where 9Qy = I'PUT 1, UT'3y. By construction of the space X0 we have that wy-n =0
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on I'Y. As noted earlier, p, = —\; on 'y for i = 1,3, and therefore

/ P2Wa - 19 ds = —/ )\Z‘Wg * 1o dS, 1= ]_,3
FZ'Q F'L2

Hence the weak porous flow equation can be written as follows:

—/ /\1W2 * 1o ds — / )\3W2 * 1139 ds —f-/ (K_lllg *Wo — p2V . Wg) dx = 0.
I'2 I'32 Q2

As before, we define bilinear forms as : Xy X Xo — R, by : Xo x Y5 — R and

Cy : Xo X Zy — R such that V vy, wo € X5, g9 € Yo, 11 € Z1 and v3 € Z3

1
as(vo, Wy) = K 'uy - wy dx,
Qo

bz(“’%%) = / 2V - wy dx,
Qo

Cio(Wao, 1) = / ViWy - Ny ds, @ =1,3.
i

i

This leads to the following shorthand form of the above equation:

as(ug, Wa) — ba(Wo, p2) — c12(Wa, A1) — ca2(Wa, A3) = 0. (6.3)

Next we test (6.1b) and (6.1f) with —¢; € Y; for ¢ = 1,2, 3 respectively:

—/ ¢V -u;dx=0, 1=1,3,
Q.

7

—/ @V - -uy dx = — f2 @ dx.
QQ QQ
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Using the notation introduced above we can rewrite these equations in operator form:

—bz(uz,qz) = 0, 7= 1,3, (64)

—52(112,%) = _(anQ2)- (6-5)

Finally, we test the coupling conditions (6.1h) with v; € Z;, i = 1, 3:
—/ vi (0; -1, +uy - ngp) ds =0,
L2

or, equivalently,

—ci(w,v;) — cip(ug, 1) =0, i =1,3.

Combining the weak equations (6.2)-(6.1), we arrive at the following weak formu-

lation of the coupled Stokes-Darcy-Stokes problem:

Find (uy, p1, 02, p2, 03,03, A1, A3) € X1p X Y1 X Xog X Yo X X3 p X Y3 X Z) X Zs

such that
a1(u17W1) - b1(W17P1) - Cl(Wla )\1) = (fth) Vw, € Xl,Oa (6.6&)
—bl(lll, Q1) =0 i Q1 € )/1, (66b)
as(g, Wa) — ba(Wa, po) — c12(Wa, A1) — c32(Wa, A3) =0 V wy € Xap, (6.6c)

—52(112,612) = —(f2aQ2) Vg €75, (6‘6d)

aS(u37W3> - 53(W37p3) - 03(W3, )\3) = (f37W3) Vw3 € X3,07 (6-66)

—bg(u;g, q;g) =0 i qs € YE‘), (66f)
—ci(uy, v1) — cra(ug, v1) =0 Vo € Z, (6.6g)
—03(113, 1/3) - 032(112, 1/3) =0 Vl/g S Z3. (66h)
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We introduce the finite-dimensional approximations for the test and trial spaces
as th C Xi7 Xz},lD = XihﬂXZ-,D, XZ}O = Xihr\lXZ"(), Y;h C Y;, 1= 1,2,3 and Zzh C ZZ‘,
1 = 1,3 to write the finite element method:

; h ,h ;h . h Jh b Yh Yh h h h h h h h h
Find (u17p17u27p27u37p37)‘17)‘3) E‘Xrl,DXle ><‘Xr2,0><Yv2 XX3,DXYE’> XZI XZ?)

such that
&1(11}11, W?) - bl(W?apiL) - Cl(wiLa )‘?) = (flaw?) v W? € X{l,oa
—bi(uf,qf) =0 Vg ev!,
as(ul, wh) — by(wh, pl) — cra(wh, A}) — csa(wh, A}) =0 v wy e X7,

—by(uh, @}) = —(f2. b)) V gh €YY,

a3(ungg) - b3(W§,pg) - 03(W§7 /\g) - (fg,ng) v Wg € X:él,m

—b3(u§, qg) =0 Vg3 € Y:sh:
—cl(u’f, 1/{’) — clg(ug, 1/{’) =0 i 1/{’ = Z{L,
—cz(ull, ) — ez (ul, i)y =0 Vol e Zy.

Assuming {cp; }iz1...n, are the bases of X', and U; are the vectors of coefficients in
the basis expansions of u?, {w%}mzl,,,,7 M, are the bases of Y;h, and P; are the vectors
of coefficients in the basis expansions of p?, i = 1,2,3, {€},—1_g, are the bases of
Z;, and A; are the vectors of coefficients in basis expansions of !, i = 1, 3, the finite

element method can be written in matrix form (6.7), with component matrices and

vectors constructed as follows:

A; € RYV>Ni s (A)) = ai((,Oé»,(,OZ), i=1,2,3,
NixM; . _ N N
B, e R Y . (By) im = bi(goj,wm), 1=1,2,3,

C; e RV 0 (Cy);, = eil9), &), i = 1,3,
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Cip € R™0 :(Cp); = calp}, &), 1= 1,3,

F, eRY:  (F), = (fi,¥}), i=1,2,3,

A, —Blé 0 0 i 0 O é—cl 0 U, F,
BT 0 i 0 0 i 0 0 i 0 0 P, 0

0 0 i A, —BQi 0 O i—cm —Cyy U, 0

0 0 i—BQT 0 i 0 0 i 0 0 P, F,
--------- e - ,

0 0 i 0 0 i A —Bgi 0 -C; U, F,

o o010 0 :-B] 01 0 0 P, 0
—C{ o i Ci, 0 i 0 0 i 0 0 Ay 0

0 0 i—CQ 0 i—cg 0 i 0 0 As 0

(6.7)
The system has clear saddle-point block structure. While the diagonal saddle-point
blocks for the Stokes and Darcy flows appear similar, the difference in operators a;, as
and as results in matrices with elements of vastly different orders of magnitude for

small mesh sizes.

6.2 Finite element spaces

As mentioned above, the choice of the approximation spaces for the coupled Stokes-
Darcy problem requires either a combination of different stable elements, as used in
[7, 40, 51, 61, 86], or a stabilised formulation using the same elements, but possibly
different values for the stabilisation parameters, as presented in [11, 27, 34, 81]. While
the effect of using a different type of finite elements and/or stabilisation on both the

block solver and the error estimation formula requires further investigation, in this
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work the priority was given to consideration of different physical laws. Assuming
higher than H(div), specifically H', regularity of velocities in the porous region, we
may apply the P2 — P1 approximation in both the Stokes and the Darcy domains

28] in order to use the existing implementation of the finite element method.

6.3 Solver

In order to make the notation somewhat consistent with that used in Chapter 4 we de-
fine the following matrices and vectors: A; € ROi+M)x(Nit M) G, ¢ RNVt Mi)x(RatRs)

U, € RNi+M: B, e RNi+Mi ;=1 2 3 and A € RF+8s guch that

~ Az Bz
A= ;=123
BT 0
~ _Cl 0 A C12 C32 A 0 _CS
Cl - s C2 = 5 CB = )
0 0 0 0 0 0
~ UZ ~ A'l
U; = ,1=1,23, A= )
P; A
. F, R 0 R Fs
Fl - ) F2 - ) F3 -
0 F, 0

The right preconditioner P~! for the block system, as used in equation (4.2) has
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the following form:

where the approximation to the inverse of the Schur complement is computed based

on S, and S5 from Chapter 4.

S;'=C,7 (AZH — AQ,IDA;,})DAZDI) Cyr. (6.9)
Here CQ, ; is the submatrix of C, only containing the rows corresponding to the inter-
face degrees of freedom, and similarly AZ I, AZ IDs AZ DD, AZ pr are the submatrices
of A, containing the rows and columns corresponding to the respective degrees of
freedom.

The porous block is more suitable for use in this geometric setup due to its cou-
pling to both other domains. In terms of matrices this means that the coupling matrix
C, used in the approximation will have a non-singular block on the diagonal, corre-
sponding to both Lagrange multipliers A\; and A3. The other coupling blocks C; and
C; only have nonzero entries in the blocks corresponding to \; or A3 respectively. As
in the fluid-structure interaction example in Chapter 4, only those degrees of freedom

that correspond to velocities are included in the ‘interface’ indices 1.
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Defining

A, 0 0 of
Ar=1 0 A, 0 |, Cr=| ¢, |,
0 0 A C;
we can also write
S;' = (CFCr)  (CEALCR)(CECh). (6.10)

The blocks Ai, 1 = 1,2,3 are all saddle-point matrices in their own right. In the
numerical examples in this section we compute the action of their inverses using a
direct method due to implementation restrictions, specifically because the code was
written in Matlab as proof of concept rather than as part of a scientific software
development project. As mentioned previously, an efficient implementation relies on

efficient component solvers.

6.4 Error estimation and mesh refinement

We write the quantity of interest for the Stokes-Darcy-Stokes coupled problem (6.6)

as

3
(Qol) = Z/ (¢i,u ‘u; + %‘,ppi) dx +
i=1 7S

> / Piah ds, (6.11)
D)

i=1,3
where ¥, ,, Vi, i = 1,2,3, and ¥; 5, i = 1,3 are coefficient functions of appropriate
dimensions.

Let the errors in the finite element solutions for each of the problem variables be

denoted respectively by €;, = w; —ul, ¢;, = p; — pl', i = 1,2,3, and e;, = \; — A\,
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1 =1,3. We aim to control the error in the quantity of interest, given by

3
&= Z/ (1/’z,u "€y T ¢i,pei,p) dx + Z / Qﬁi,)\ei)\ ds.
i=1 7 Tig

i=1,3

All equations in the problem (strong, weak, or discretised) are linear. Moreover,
if the permeability tensor K is symmetric, then all operators a;(-,-), i = 1,3, are
symmetric, and therefore the matrix system (6.7) can be written so that A;, i = 1,3
are symmetric*. In the following derivation we assume that K is indeed symmetric
and the differential operator is self-adjoint, so as not to introduce additional notation
in the adjoint problem. The representation formula for the non-symmetric case is
obtained in exactly the same way.

The adjoint problem for (6.6) and the quantity of interest (6.11) can be written
as follows:

Find (vi,r1,va, 72, Vs, 73,61,83) € X109 X Y1 X XX Yo x X30xY5xZ) X Zs such

that

a1(vi, wi1) — bi(wi,m1) — c1(w,§1) = (P, w1) ¥V wi € Xy,
—bi(vi, @) = (Y1p 1) V@ €YY,
as(Va, W) — ba(Wa,79) + C12(Wa, &) + c32(Wa,&3) = (Yo, Wa) ¥V Wy € Xoy,
—ba(va, @2) = (Y2, @2), Vg2 € Yo,
a3(vs, w3) — b3(ws,73) — c3(W3, &3) = (¢3,u7W3) vV ws € Xap,
—b3(v3,q3) = (U3, q3) V g3 €3,

—c1(vi, 1) + cia(vo, 1) = (Y a, 1) Yy € 7,

*The matrix adjustment required to achieve symmetry is due to Dirichlet boundary conditions,
and is achieved via trivial linear transformations.
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—c3(vs, v3) + caa(va,v3) = (Y3a,13) VYV vs € Zs.

Following Theorem 5.1.1, we can derive the error representation formula by using

the error terms as test functions in the adjoint above. Namely, we have

a;(vi,u; — u?) — bi(w; — u?ﬂ“z’) —ci(w; — U?a &i) = (¢¢,ua ), 1 =13,
as(va, uy — 1) — bo(uy — ub, ra) + cro(up — b, &) + cz2(ur — ub, &) = (P, €24),
_bl(vﬂp’l - p?) = (77Z)’i,p7 6’i,p)7 1= 17 27 37

_Ci(Via Ai — )\?) + CiQ(V2a Ai — )\?) = (wi,,\, ei,)\)a 1=1,3.

We add all these equations together, and use the symmetry of a;(-,-), i = 1,2, 3, and

the linearity of all operators to obtain

3 3
€= Z(’l/"i,uu €u) + Z(@Dz‘,p, eip) + Z (Vs €in)
1=1 i=1 i=1,3
= &1(V1, ul) — bl(vlapl) — Cl(Vl, )\1) [ = (fl, Vl) from (66&)]

+ az(Va, Ug) — ba(Va, p2) + c12(va, A1) + ¢32(v2, A3) [ = 0 from (6.6¢)]

+ ag(vs, ug) — by(va, ) — c3(va, Ag) [ = (f3,v3) from (6.6¢)]

— by(uy,m1) — by(uz, 72) — by(us, 73) [ = —(f2,72) from (6.6b,d,f)]
—ci(ug, &) + rz(us, &) [= 0 from (6.6g)]

— c3(u3, &) + ca2(us, &) [= 0 from (6.6h)]

- al(u}fa Vi) + 51(V1,p}f) + c1( vy, )\}f)
- GQ(US, V2) + 52(V2,p3) - 012(V2, /\}f) - 032(V27 AQ‘)

- a3(u§7 vs) + b3(V3,p§) + c3(vs, Aé})
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+ bl(u}f, 7“1) -+ bg(ug, 7’2) + b3(u§, 7“3)
+ Cl(u}fa 1) — 012(‘13: &1)

+ C3(u§a §3) — 032(u’5, &3).

We define the following finite element residuals:

Riw = (£, vi) — a;(ul', v) + by(vi, pl) + ¢ (vi, A1), i = 1,3,
Ry, = —az(ug, Vo) + b2(V2:pg) — c12(va, )\}f) — c32(Va, )‘2):
Rip=b(ul,r), i=1,3,

Royp = —(fa,72) + ba(uf, 73),

Rix= ci(u?,ﬁi) - ciz(ué’,é}-), 1=1,3.

The error in the quantity of interest can therefore be represented as the sum of

residuals

This formula is based on the exact adjoint solution, and therefore cannot be
used in practice. Instead, we calculate all of the residuals using the approximate
adjoint solution obtained on a finer mesh than the original solution, and compute the
estimated error &.4. The local mesh refinement strategy based on this estimate is

applied exactly as described in Chapter 5.1.3.
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6.5 Results

Below we present the results of numerical tests performed to evaluate the block solvers
and the error estimation/mesh refinement techniques. A set of three-compartment
geometries is studied: a straight channel, a channel with a linear expansion and
contraction, and a channel with sudden expansion and contraction.

In all problems first we perform a GMRES convergence test using the block pre-
conditioner (6.8) with S;* (6.9) and S5* (6.10) approximations to the Schur comple-
ment. We consider uniform meshes and the same orders of finite elements across the
domains, and hence the choice is motivated purely by the structure of the coupling
matrices.

Next we compute error estimates and perform local mesh refinement for a number
of quantities of interest, based on these estimates. The values are then recomputed

on refined meshes to assess how well the algorithm performed.

6.5.1 Straight channel

First we consider a straight channel with a rectangular cross-section, as shown in
Figure 6.1. The components are as follows: €; = (0,1) x (0,1), Q3 = (1,2) x (0,1)
and Q3 = (2,3) x (0,1). No external forces are applied in the system, i.e. f; =f3 =0
and fs = 0. The material parameters are all taken to be 1. We prescribe a parabolic
inflow profile at x = 0: u; = (0,y(1 — y))T, and allow free flow at = 3. The original
mesh with DOF = 331 in each compartment, and the solution on this mesh are

shown in Figures 6.2b, 6.2a and 6.2c.
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Figure 6.2: Straight channel with parabolic inflow, p =1, K =1
6.5.1.1 Solver

The preconditioned GMRES with S;* and S;' approximations to the inverse of the
Schur complement was used to solve the problem on progressively finer meshes. Uni-

form refinements were used for convergence tests. The mesh sizes and iteration counts

for TOL = 1071 are given in Table 6.1.

Mesh DOF DOFF S4 S5
orig 1011 18 11 11
1 3739 34 14 15
2 14379 66 17 21
3 56395 130 18 27
4 223371 258 17 34
5 630731 514 16 42

Table 6.1: Iteration counts for preconditioned GMRES convergence to TOL = 10710
in the straight channel problem. DOF' corresponds to the total number of degrees of
freedom in the system, DOFr to the size of the Schur complement.

The behaviour of the solver is consistent with that observed for problems in Chap-

ter 4. The use of Sy leads to relatively low iteration counts, which grow with the
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mesh size, while the use of S;' leads to mesh-independent convergence of precondi-
tioned GMRES. The results suggest that the block preconditioner can be effectively
used for systems with more than two components, and for systems of larger size,

where the application of direct solvers is not feasible.

6.5.1.2 Error estimation and mesh refinement

For the mesh refinement algorithm we use the global tolerance TOL = 0.001, and
allow at most three refinements of each element.
First we consider the quantity of interest producing the average velocity in the

fluid domains:

(QOI)l = / u; dX—f-/ us dx.
971 Q3

The fluid velocities in this problem are parabolic throughout the domain (see Figure
6.2a), i.e. u; and ug lie in the finite element space. Consequently (Qol); should be
computed up to machine precision. Indeed, the estimated error is &g ~ 10717,

Next we consider the quantity of interest producing the average normal stress/pressure

on the interfaces:

(QOI)Q

/ /\1ds—|—/ Agds:—/ deS—/ po ds
Flg F32 F12 F32

[ ¥ = gDl nds+ [ (a7 b as.

T'a2

The values of the estimated error in this quantity of interest before and after
refinement is given in Table 6.2, and the refined mesh is shown in Figure 6.2d. The
refinement algorithm reduces the estimated error by almost an order of magnitude.
Most of the refinements occur in €25, where the dual solution is non-zero. Since

the flow is moving from left to right, there are refinements occurring in {2y near the
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interface ['15, where the accuracy of the solution affects the accuracy in the quantity of
interest. At the same time, the flow in (23 has already passed the interfaces, and thus
does not affect the estimated error, and the domain does not need any refinement.
The system based on the uniformly refined mesh producing the error of the same
order contains 56395 degrees of freedom, which is more than twice as many as the

adaptively refined system contains.

Mesh DOF1/2/3 ]-OQgest
orig 331/331/331 | -3.0398
ref | 6349/18755/331 | -0.4184

Table 6.2: The estimated error in the quantity of interest on the original (orig) and
adaptively refined (ref) mesh for the straight channel problem. DOFj 93 represents
the number of degrees of freedom in each of the domains €2y, €25 and €23.

6.5.2 Channel with linear expansion and contraction

Now the domain is changed to represent a channel that expands towards the porous

block. The subdomains can be described as

Q1 ={(x,y) | 0 <2 <1, min(0.25,0.5—0.5z) < y < max(0.75,0.5 + 0.52)} ,
Qy = (1,2) x (0, 1),

Q3 ={(z,y) | 2 <2 <3, min(0.25,0.52 — 1) < y < max(0.75,2 — 0.5x) } .

The inflow profile is changed to u; = (0, (y — 0.25)(0.75 — y))" to remain consistent
with the no-slip boundary conditions at the walls of the channel.
The original mesh with DOF;, = DOF3; = 721 and DOF, = 331 is shown in

Figure 6.3b, the velocity profiles in Figure 6.3a and 6.3c.
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Figure 6.3: Channel with linear expansion and contraction, parabolic inflow, pu = 1,
K=1

6.5.2.1 Solver

The iteration counts for GMRES convergence, and the respective mesh sizes are
presented in Table 6.3. The solvers were tested in two parameter regimes: p© = 1 and

K=1I and ¢ =0.01 and K = 0.01L

p=1K=1] =001, K=0.01I
Mesh DOF DOFF S4 S5 S4 S5
orig 2711 34 17 21 35 27
1 10307 66 17 26 47 35
2 40187 130 19 31 48 44
3 158699 258 | 18 38 49 56
4 630731 514 | 15 45 47 69

Table 6.3: Iteration counts for preconditioned GMRES convergence to TOL = 10710
in the linear expansion problem for two sets of parameters: p = 1, K = I and
1 =0.01, K=0.01I. DOF corresponds to the total number of degrees of freedom in
the system, DOFr to the size of the Schur complement.

As before, the S;' approximation leads to bounded iteration counts for a set of
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uniformly refined meshes, while the iteration counts resulting from the application
of S;! grow with mesh size. However, lowering the viscosity and permeability has
a worse effect on the performance of the solver with S, than Ss, as in the case of

fluid-structure interaction.

6.5.2.2 Error estimation and mesh refinement

We keep the global tolerance at TOL = 0.001, but change the maximum number
of refinements in an element to two, so as to keep the system size relatively small.
The refined mesh for (Qol)s as above is shown in Figure 6.3d, and the mesh sizes
and estimated errors for the original and refined meshes are given in Table 6.4. The
original mesh is more refined in the free flow compartments than the corresponding
meshes in the straight channel, hence the lower original error. By reducing the allowed
number of refinements within each element we kept the total number of degrees of
freedom in the refined mesh lower than the corresponding number for the straight

channel. Nevertheless it was possible to reduce the error by two orders of magnitude.

(Qol)s (Qol)s
Mesh DOF1/2/3 10356575 Mesh DOF1/2/3 1035&97&
orig 721/331/721 | 2.4945 | orig 721/1235/721 -1.0587
ref | 7178/4771/721 | -0.0155 | ref | 7739/12585/10561 | -0.0352

Table 6.4: The estimated error in the quantity of interest on the original (orig) and
adaptively refined (ref) mesh for the channel with linear expansion and contraction.
DOVF 33 represents the number of degrees of freedom in each of the domains €2y, €2,
and (3.

The mesh refinement algorithm produces refinements in €2; near the interface I'y»,
and in all of €25. The results are similar to the straight channel case: the direction of
the flow means that the accuracy of the variables on the interfaces is not affected by

the accuracy in 3.
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For comparison, we consider a problem with lower viscosity and permeability:
pu=0.01, K = 0.01I, and use the friction constant G = /uK /o = 0.005 [103]. The
quantity of interest is chosen to approximate the normal stress/pressure at the centre

of the second interface I's3:

(Qol)s = 5/ exp(—100(s — 0.5)*)A3 ds ~ 5 do5(s) A3 ds,

F32 FSQ

where the Gaussian approximates the Kronecker delta function at y = 0.5. The value
exp(—25) ~ 107!, hence we can assume that the Dirichlet boundary conditions at
the walls of the channel are satisfied exactly. The error in (Qol)s pre- and post-
refinement, and the sizes of the corresponding meshes are given in Table 6.4. Once
again the error is reduced by almost two orders of magnitude.

The refined mesh is shown in Figure 6.4d, and the original mesh is shown for

reference in Figure 6.4b.

S

0 0.5 1 1.5 2 2.5 3

(a) Solution: adjoint ‘velocity’ (b) Original mesh

o
&
ew
\ .
- O

o

(¢) Solution: adjoint ‘pressure’ (d) Refined mesh for (Qol)s

Figure 6.4: Channel with linear expansion and contraction, parabolic inflow, u = 0.01,
K =0.01.
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We can see that the point ‘source’ on the interface I'35 introduces nontrivial be-
haviour in the adjoint solution. This behaviour is captured by the refinement in €23.
At the same time, Q2 does not need to be refined as much as in the case of (Qol)s,
because the quantity of interest is only supported on a small section of I'35, not along

the length of both interfaces.

6.5.3 Channel with sudden symmetric expansion and con-

traction

The last example we consider in this chapter looks at flow in a channel with sudden

symmetric expansion. The geometry of the problem is as follows:

O ={(z,y) |0<2<05, 025 <y <075} U{(z,y) |0b<zx<1, 0<y<l1},
Q= (1,2) x (0,1),

Q={(r,y) |2<x<25, 0<y<1l}U{(z,y)|25<x<3, 025 <y<0.75}.

The inflow profile remains parabolic at the inlet: u; = (0, (y — 0.25)(0.75 — y))".
Figure 6.5b shows the original mesh for this shape of the channel with DOF; =

DOFy = 1173 and DOF, = 1235. The velocity (Figure 6.3a) and the pressure

solutions (Figure 6.3c) are similar to the previous cases, apart from the pressure

pockets at the sudden expansion.

6.5.3.1 Solver

Once again the block-preconditioned GMRES with S; ! and S;* as approximations for
the Schur complement was used to solve the discretised Stokes-Darcy-Stokes coupled

equations. Table 6.5 shows the resulting iteration counts for two parameter regimes:
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Figure 6.5: Channel with sudden symmetric expansion and contraction, parabolic
inflow, p =1, K=1.

uw=1 K=Tand p=0.01, K=0.011.

p=1K=1]p=0.01, K=0.01I
Mesh DOF DOFF S4 S5 S4 S5
orig 3615 34 17 20 32 23
1 13843 66 18 23 36 31
2 04171 130 | 20 30 39 38
3 214315 258 | 18 36 40 45
4 852555  Hl4 | 17 46 38 52

Table 6.5: Iteration counts for preconditioned GMRES convergence to TOL = 10719
in the sudden symmetric expansion and contraction problem for two sets of parame-
ters: p =1, K=Tand = 0.01, K=0.01I. DOF corresponds to the total number
of degrees of freedom in the system, DOFr to the size of the Schur complement.

The behaviour of the solvers is consistent with the previous tests. The use of S;!
results in mesh-independent GMRES convergence, but leads to deterioration in itera-
tion counts as viscosity and permeability decrease. The preconditioner based on S;*
exhibits mesh-dependent convergence, while remaining competitive in absolute terms

for the mesh sizes considered, and improves convergence with decreasing p and K.
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6.5.3.2 Error estimation and mesh refinement

For completeness we consider the same quantities of interest as in the previous section:

(QO[)QZ/ )\1d8+/ A3ds; p=1 K=1I G=1,
IED) D)

(Qol)s = 5/ exp(—100(s — 0.5)%)A3 ds: = 0.01, K = 0.01I, G = 0.005.

1D

The behaviour of the refinement algorithm is consistent with the case of sloping walls,
as attested by the refined meshes shown in Figures 6.5d and 6.6d, and the values of

the error in the quantity of interest shown in Table 6.6

0-5 @
N ¥

0 0.5 1 1.5 2 2.5 3

(a) Solution: adjoint ‘velocity’ (b) Original mesh

e
05 o
’
0
0 1 2 3
(¢) Solution: adjoint ‘pressure’ (d) Refined mesh for (Qol)s

Figure 6.6: Channel with sudden symmetric expansion and contraction, parabolic
inflow, p = 0.01, K = 0.01.

A particularly interesting example for this configuration of the channel involves

measuring the error in the pressure near a corner, where it changes rapidly as the
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(Qol)s (Qol)s
Mesh DOF1/2/3 10386575 Mesh DOF1/2/3 10386575
orig 1173/1235/1173 | -2.0031 | orig 1173/1235/1173 -1.0464
ref | 12879/18755/1173 | -0.5511 | ref | 12557/13603/17021 | -0.0269

Table 6.6: The estimated error in the quantity of interest on the original (orig) and
adaptively refined (ref) mesh for the channel with sudden expansion and contraction.
DOVF )53 represents the number of degrees of freedom in each of the domains €2y, €2,
and (3.

flow is allowed to expand. We use the following quantities of interest:

(Qol)y = 5/ exp(—500(z — 0.55)% — 500(y — 0.25)*)p; dx,

Q

(Qol)s = 5/ exp(—500(z — 2.45)% — 500(y — 0.25)*)p3 dx.

Q3

The values of parameters are taken at p = 1, K = I, G = 1. The global tolerance
TOL = 0.001 and the number of refinements allowed per element (two) remained the
same.

The adjoint solutions for each of the quantities of interest are shown in Figures
6.7a, 6.7c and 6.7b, 6.7d respectively. While the ‘pressure’ peak is highly localised in
both cases, the ‘flow’ profiles driven by the forcing terms 1, and 3 are qualitatively
different: in the case of (Qol), the adjoint solution propagates through all three
subdomains, while in the case of (Qol)s it is confined to 3. This translates directly
into how the mesh is refined. Specifically, for the quantity of interest in €2y, the
refinements occur throughout the channel, while for the quantity of interest in (g,
there is no need for much refinement in 25. In addition, the error £ is only reduced

by a factor of ~ 1.5 for (Qol)4, as compared to ~ 20 for (Qol)s (see Table 6.7).
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(a) Solution: adjoint ‘velocity’ (b) Solution: adjoint ‘velocity’

(¢) Solution: adjoint ‘pressure’ (d) Solution: adjoint ‘pressure’

(e) Refined mesh for (Qol)4 (f) Refined mesh for (Qol)s

Figure 6.7: Channel with sudden symmetric expansion and contraction, parabolic
inflow. Quantity of interest approximates point values of fluid pressure near the
corners.

(Qol)4 (Qol)s
Mesh DOF1/2/3 10356575 Mesh DOF1/2/3 103565t
orig 1173/1235/1173 | -2.8805 | orig 1173/1235/1173 | 1.2748
ref | 16910/17487/17521 | -1.8467 | ref | 15990/8826,/17476 | 0.0735

Table 6.7: The estimated error in the quantity of interest on the original (orig) and
adaptively refined (ref) mesh for the channel with sudden expansion and contraction.
DOF /3 represents the number of degrees of freedom in each of the domains €2, {2y
and Qg.

6.6 Discussion

In this chapter we showed that the theory developed in Chapters 4 and 5 can be

naturally extended to other applications, and problems with more than two coupled
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components. The Lagrange multiplier approach to coupling allows a great flexibility
in solving the systems monolithically, i.e. without introducing decoupling in the
method, yet taking full advantage of the block structure of such systems.

We considered a system where fluid flows in a channel with a permeable sector, like
those in chemical or biological filters. The components were modelled as Stokes flow
up to the filter, Darcy flow through the porous material, and Stokes flow beyond the
filter. The coupling was achieved through the use of regular continuity conditions and
the experimentally obtained Joseph-Beavers-Saffman slip condition on the interfaces.

The block preconditioner for GMRES based on inverse Schur complement approx-
imations was shown to converge in accordance to the initial tests. The first approxi-
mation to the Schur complement inverse, denoted by S; ', results in mesh-independent
convergence of preconditioned GMRES, thus providing a scalable strategy for solving
large coupled systems. The second approximation, denoted by Sz, while lacking this
property, is potentially better suited for flow systems with low viscosity, where its
performance is improved.

The error estimator was used to compute the error in the traction on the interfaces
between the components. This is potentially useful for engineering applications, where
it is important to limit the error when assessing the stress the materials need to be
able to withstand. The mesh refinement strategy allowed us to reduce the error by
introducing additional degrees of freedom in the areas where the local errors were
high for a given quantity of interest, instead of throughout the domain. For each
problem this method produced smaller linear systems that needed to be solved in
order to obtain a more accurate solution.

Both approaches have been successfully applied in the Stokes-Darcy-Stokes cou-

pled problem, and show potential for use in other physics.
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Chapter 7

Conclusion

7.1 Summary and conclusions

The task of modelling the behaviour of coupled system arises in a multitude of fields.
In physiology, for example, one can consider the flow of blood in deformable human
arteries as a combination of fluid and solid mechanics problems. In chemical engi-
neering cartridge filters can be designed based on simulations of combined free and
porous flow. The mathematical interpretation of the fundamental laws of physics
allows computer simulation of these processes, most often with the use of numeri-
cal methods such as Galerkin finite elements. Detailed and accurate finite element
modelling is achieved through using extremely large numbers of degrees of freedom
in the discretisations of the systems considered, making their solution more challeng-
ing from the computational perspective. On the one hand, this challenge is met by
increasing availability of high-performance systems. On the other hand, it is often
possible to optimise the methods so that they produce a sufficiently accurate solu-
tion faster, or a more accurate solution in the same time, provided a certain set of

computational resources. In this thesis we investigated strategies of improving the
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efficiency of standard finite element solvers for coupled problems.

In Chapter 2 we gave a brief overview of the standard finite element methods,
which were used throughout this thesis.

Chapter 3 described and compared the partitioned and the monolithic approaches
to addressing coupling. We obtained explicit formulations for monolithic coupling
through Lagrange multipliers in steady and time-dependent finite element methods.
The robustness of the monolithic methods achieved though inclusion of all coupling
terms in the problem, can in practice be overlooked due to the modularity of the
partitioned approach, meaning that single physics solvers can be used without mod-
ification, as the problem is in some sense decoupled. We argued that modularity can
be achieved in the monolithic case through the use of block preconditioners for linear
solvers.

Such preconditioners were investigated in Chapter 4. Several approximations to
the Schur complement block were proposed, and studied along with an existing ap-
proximation based on commutators [45]. An inverse approximation proposed here
and denoted throughout as S; ' was shown to have a relatively low associated compu-
tational cost if used in conjunction with an iterative linear solver, such as GMRES.
The performance of this method was tested in a series of numerical tests for different
types of coupled problems, including a two-dimensional example of fluid-structure
interaction. Unlike the other approximations, S; ' resulted in mesh-independent con-
vergence of GMRES in all examples considered. We conclude that the block precondi-
tioner based on S; ' can provide an efficient solution method for large-scale monolithic
coupled problems, where the number of GMRES iterations required for convergence
would remain low.

In Chapter 5 we turned to adaptive mesh refinement, which addresses a different
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aspect of improving the efficiency of coupled solvers. We derived a posteriori error
estimators based on the solution of adjoint problems for steady, then time-dependent
monolithic coupled problems, and employed it to drive adaptive space, then time-
space refinement. The monolithic approach was shown to naturally lead to controls
on errors on the coupling interface. The refinement strategy allowed us to build com-
putational meshes tailored to specific problems by concentrating additional degrees of
freedom where they helped reduce the errors in the quantities of interest. Generally
speaking, such meshes have significantly smaller numbers of degrees of freedom than
uniformly refined meshes leading to comparable errors. Consequently the computa-
tion of solutions on such meshes requires less memory and processing power. It is
sometimes argued that the overhead of computing the adjoint solution is comparable
to the overhead of solving the original problem on the finer mesh. However, a uni-
form mesh does not have the optimal distribution of degrees of freedom with regards
to a specific quantity of interest, and therefore does not produce the most accurate
solution that could be obtained using a given set of computational resources. We
therefore concluded that the mesh refinement strategy developed here provides an
advantage in solving problems where error control is required. The adjoint-based a
posteriort error estimator is an effective tool for such control.

Chapter 6 revisited both methods in a different physical setting. Both the precon-
ditioner and the error estimator were initially developed for generic coupled elliptic
or parabolic problems. The extension of the methods to other types of equations was
thought to be natural to a certain extent, but both the performance of the precon-
ditioner and the form of the error estimator could change depending on the problem
considered. Specifically we studied steady flow through a channel with a porous

section in the middle modelling flow through a cartridge filter. Both methods were
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reformulated in this setting, and the results in a series of numerical tests agreed with
those obtained in the previous chapters. The use of the block preconditioner with the
S, ! approximation to the Schur complement led to mesh-independent convergence of
GMRES. Similarly, the adjoint-based error estimator employed as part of the adap-
tive refinement strategy produced localised mesh refinements for various quantities
of interest. The results showed that the methods developed in this thesis can be

successfully employed in solving specific coupled problems.

7.2 Future work

Applicability in more complex physical settings

When extending the methods developed in this thesis to the case of coupled Stokes-
Darcy-Stokes equations in Chapter 6 we could see that the nature of the coupled
components and the manner of coupling may necessitate modifications in either the
approximation of the Schur complement used in the block preconditioner for the

iterative linear solver, or the formula for the adjoint-based error estimate.

Extensions for the solver

In the case of the preconditioner, its performance has only been established empiri-
cally, and is therefore not guaranteed for modified formulations. The efficiency of the
method has been shown in a simple case of fluid-structure interaction in Chapter 4,
but a further, more extensive investigation would be of practical value. The following
aspects of a full fluid-structure interaction problem could have an effect on the solver

performance, and would be worth studying:

e the nonlinearity in solid mechanics models applicable to large deformations,
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e vastly different domain shapes for the fluid and solid equations, as in a model

of a heart pumping blood,

o different types of elements used for approximation of the different components,
e.g. a combination of elements of different orders, Taylor-Hood and Raviart-

Thomas elements, tetrahedral and hexahedral elements.

Extensions for the error estimate and the mesh refinement strategy

The error representation formulae derived in Chapters 5 and 6 are only directly ap-
plicable to linear differential operators. Building an adjoint for a nonlinear problem
involves an additional approximation due to the necessary linearisation, which may
change the estimate. Similarly, we have not considered here the effect of domain mo-
tion. Both complications arise in fluid-structure interaction problems, which would
be an interesting application to consider. For example, when modelling blood flow
in arteries it is often necessary to assess the stress exerted by the blood on arterial
walls. The representation formula for quantities of interest on the interface would
provide a way of directly estimating the error in this stress, and refining the meshes

appropriately to reduce this error.

Implementation

Practical use of the methods presented here relies heavily on their efficient imple-
mentation for large-scale problems. Since the focus of this work was in method de-
velopment, the flexibility of the code and fast implementation were deemed more
important than producing ready-to-use software. We conducted testing for two-
dimensional problems with up to ~ 10° degrees of freedom, where using Matlab

on a standard personal computer was still feasible. In all such examples, the direct
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solver implemented in Matlab (the backslash operator) outperformed user-designed
preconditioned GMRES. The advantage of preconditioned iterative solvers becomes
pronounced in larger (on more complex geometries, with ~ 10% — 10? degrees of free-
dom) and denser (three-dimensional, possibly using higher order elements) problems.
In such problems the use of direct methods is prohibitive due to memory restrictions
and/or extremely high operation counts [26, 70, 95]. At the same time, the use of
iterative methods with block preconditioners on this scale requires optimal imple-
mentation, including efficient memory management, parallelisation, matrix reuse in
nonlinear and time-dependent problems, and careful consideration of software-related

issues that are outside the scope of this work.
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