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Abstract

Patterns of mutations in the DNA of modern-day individuals have been

shaped by the demographic history of our ancestors. Inferring the de-

mographic history from these patterns is a challenging problem due to

complex dependencies along the genome. Several recent methods have

adopted McVean’s sequentially Markovian coalescent (SMC′) to model

these dependencies [56, 49, 74]. However, these methods involve simplify-

ing assumptions that preclude the inference of rates of migration between

populations.

We have developed the first method to infer directional migration rates

as a function of time. To do this, we employ sequential Monte Carlo

(SMC) methods, also known as particle filters, to infer parameters in the

SMC′ model. To improve the sampling from the state space of SMC′

we have developed a sophisticated sampling technique that shows better

performance than the standard bootstrap filter. We apply our algorithm,

SMC2, to Neanderthal data and are able to infer the time and extent of

migration from the Vindija Neanderthal population into Europeans.

With the large volume of sequencing data being produced from diverse

populations, both modern and ancient, there is high demand for methods

to interrogate this data. SMC2 provides a flexible algorithm, which can

be modified to suit many data applications. For instance, we show that

our method performs well when the phasing of the samples is unknown,

which is often the case in practice.

The long runtime of SMC2 is the main limiting factor in the adoption of

the method. We have started to explore ways to improve the runtime, by

developing an adaptive online expectation maximisation (EM) procedure.
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Chapter 1

Introduction

The genomes in a population encode a vast amount of data on not only the individuals

they help define, but thousands of ancestors of those individuals. Patterns exist in

the DNA of modern-day individuals which provide insight into population dynamics

going back tens of thousands of generations. Strikingly, the two genomes from a single

diploid European individual reveal the population size bottleneck that occurred when

anatomically modern humans first left Africa [49].

Recent improvements in sequencing technology have resulted in a deluge of ge-

nomic data. This data has the ability to reshape our understanding of the history of

our species. To this end, researchers have developed dozens of methods to model the

processes that led to modern-day genomes. By modelling ancestry these methods are

able to infer the historic demography of populations.

We add to this field by developing a novel method for demographic inference

with a focus on rates of migration between populations through time. Our method

stands apart from the others by explicitly modelling the migration process on the

coalescent with recombination. This provides estimates of the directional migration

rates as a function of time, which elude other methods due to their various simplifying

assumptions.
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In this thesis I will describe our inference method, including novel sampling and

inference techniques we have developed within the context of sequential Monte Carlo.

I start with a brief description of the mathematical models underlying our algorithm,

a review of the field of demographic inference, and a brief summary of sequential

importance sampling with resampling. Chapter 2 describes our method, SMC2, in

detail and provides results from analyses on simulated data. Chapter 3 provides an

application of our method to human and Neanderthal data, where we detect signals

of migration from Neanderthals to the non-African population at the time of the

Out of Africa event. Chapter 4 details an adaptive version of online expectation

maximisation which we developed with the intention to decrease the runtimes of our

algorithm.

1.1 Modelling ancestry

1.1.1 The coalescent

Demographic inference from genomic data relies on the passing of DNA from parent

to offspring and the mutations that arise during this process. The core mathematical

model of this process is Kingman’s coalescent [46]. This model considers a single

locus of n haploid indiviuals under the following assumptions:

• the samples are from a single panmictic population

• this population has a constant population size through time

• the haplotypes come from a neutral region of the genome

We will assume our haploid samples come from a diploid population with effective

population size 2Ne. At the present time each sample will form a distinct lineage,

however at some set of times in the past each pair of lineages will coalesce due to
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a common ancestor. This genealogy, or tree, defines the relatedness of the modern-

day individuals at this locus. The process of coalescing lineages can be framed as a

continuous time Markov process operating backwards in time.

The transition probabilities of the coalescent Markov process are defined by two

independent components. First, a continuous-time death process which describes the

decreasing number of unique lineages. Second, a discrete-time embedded Markov

chain which describes the ordering of coalescence with respect to the lineage indices.

The first process determines when coalescences occur, the second determines which

two of the remaining lineages coalesce.

When time is scaled by the effective population size 2Ne the transition rate of the

death process is

qk =

(
k

2

)
,

where k is the number of unique lineages in the current state. In this scaling, the

time spent in the state with k lineages has density

(
k

2

)
exp

(
−
(
k

2

)
t

)
for t > 0.

The discrete-time jump chain is defined by a transition from k to k − 1 distinct

lineages, where all possible pairs are equally likely to coalesce.

In addition to the coalescent process, there is a mutational process acting on the

lineages (see Figure 1.1). As DNA is passed from parent to offspring there is a chance

of mutation. This is modeled on the coalescent by a Poisson process with rate Θ
2
· l

where Θ = 4Neµ and l is the length of the locus. The mutation process on the

coalescent provides a link between observable DNA sequences and the demographic

history which shapes the coalescent. Hence, observed mutations can be used to infer

Ne.
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Figure 1.1: A mutation occurring on an ancestral lineage affects the mutation pattern
of modern samples.

1.1.2 The structured coalescent

So far we have imposed rather strict constraints on the demography. Notably, as-

suming the individuals are from a single panmictic population with constant effective

population size. The assumption of constant population size of 2Ne can easily be

relaxed to an assumption of piecewise constant [16, 20]. The driving purpose of this

work is to infer migration rates between populations. To do this, we must relax the

assumption of all lineages belonging to a single panmictic population, and instead

consider multiple panmictic populations. Now at time t each lineage i ∈ 1, . . . , kt has

an associated population popi. The Markov process can now transition either by a

coalescence of two lineages, as before, or by a change of popi for some lineage i. The

model for coalescences has also changed, as we only allow lineages within the same

population to coalesce. If there are kp lineages in population p and population p has

effective population size N
(p)
e , then the rate of coalescence among these lineages is(

kp
2

)
· Ne

N
(p)
e

, and so the total rate of a transition due to coalescence is

qcoal =
P∑
p=1

(
kp
2

)
· Ne

N
(p)
e

,
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where P is the number of populations and Ne is the sum of N
(p)
e . The transition

of lineage {i, popi = p} to {i, popi = p′} occurs at rate mp,p′ , where mp,p = 0. We

follow the convention that mp,p′ describes the migration process in coalescent time, i.e.

backwards in natural time [16]. We define our migration rate mp,p′ =
N

(p′)
e γp′,p

N
(p)
e

where

γp′,p is defined as the proportion of individuals born in population p′ who migrate to

population p. Thus, the total transition rate is

qk1,...,kP = qcoal + qmigr (1.1)

=

( P∑
p=1

(
kp
2

)
· Ne

N
(p)
e

)
+

( k∑
i=1

P∑
p′=1

mpopi,p′

)
.

The structured coalescent models a specified number of populations through time.

In reality, populations are often structured which violates the model assumption of

panmixia within each population. Mazet et al. show that inferred population expan-

sions or contractions can be artifacts of unmodelled population structure [55]. This

caveat will apply to all of our results; we infer effective population sizes which may

differ from census population sizes for a variety of reasons, including violations of the

panmixia assumption.

1.1.3 The coalescent with recombination

For many species of interest, including humans, a single locus is not particularly infor-

mative of demography. The variance in genealogy given Ne is high, as is the variance

in mutation pattern given the genealogy. The latter is less of a concern for large loci

as the mutation rate is proportional to the length of the locus. However the coales-

cent model breaks down if we consider an arbitrarily long sequence of the autosomal

genome. This is due to historic chromosomal crossover events, called crossover recom-

bination. Recombination is a meiotic process where homologous maternally inherited

and paternally inherited regions of the chromosome are exchanged, so the chromo-
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some passed to the offspring will be partially from its grandmother and partially from

its grandfather. To model ancestry in a region where recombination has occurred, a

single genealogy does not suffice as a lineage can have multiple ancestors and hence

can split as it is traced back through time. This problem led to the development of

the coalescent with recombination [39, 30, 31].

The coalescent with recombination is similar to Kingman’s coalescent in that

they are both backward in time processes with mutation occurring on lineages and

coalescence occurring between pairs of lineages. The coalescent with recombination

has the additional process of a single lineage splitting. This split reflects the fact

that some portion of an individual’s haplotype was inherited from its grandmother

and the rest from its grandfather due to a recombination event. These two inherited

sequences have independent ancestors, conditional on having been drawn from the

same population. Recombination is modeled as a Markovian process with rate 4Neρl

per lineage. When a splitting occurs, the position of the recombination, u, is uniformly

sampled from the interval (0, l). For that lineage, the genetic material to the left of

this position was inheritted from a different ancestor than the genetic material to

the right of this position. With this additional process, the model is no longer a

tree, but a graph (see Figure 1.2). The ancestral recombination graph (ARG) is of a

much higher dimension than the genealogical tree of a single locus, and hence more

challenging to model. However, the ARG is far more informative of demography than

a single genealogy. Genealogies are highly stochastic and as such a single inferred tree,

say from the non-recombining mitochondrial DNA, provides little information on the

underlying demographic parameters. On the other hand, a set of genealogies from

along the nuclear genome, provide sufficient data to infer the Ne curve.
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Figure 1.2: The ancestral recombination graph and its decomposition into a sequence
of trees.

1.1.4 The sequentially Markovian coalescent

So far we have considered only the Markovian structure of the backwards in time

process. If we put one major restriction on the ARG, we can ensure a Markovian

structure along the sequence as well, which will reduce the size of the state-space

[56]. The restriction is to disallow coalescence between lineages which do not share

ancestral material. Recall that when a lineage splits, one resulting lineage will match

genetic material over the positions (0, u) and the other lineage will match over (u, l).

Thus, lineage i will contain genetic material ancestral to the sample(s) over some non-

overlapping intervals xi. The restriction states lineages i and j may only coalesce if

xi ∩ xj 6= ∅.

With the additional restriction, we can model the ARG using the sequentially

Markovian coalescent (SMC′). The SMC′ is produced by simulating a coalescent tree

at genome position 0. If the samples are from multiple populations, this coalescent

will be structured. The genealogy is extended along the sequence according to a

Markov process with transition rate 4NeBs where Bs is the total branch length of the

tree at position s. When a transition occurs, a recombination is sampled uniformly

on the branches. The Markovian backwards in time process is used to resolve the

recombination. From the recombination point, which we will say has been sampled

17



Figure 1.3: A recombination causes a branch movement.

on lineage i in population p, the lineage is evolved backwards in time according to a

coalescence and migration process. The resulting transition rate is

qi = qcoal + qmigr (1.2)

=

(
kp ·

Ne

N
(p)
e

)
+

( P∑
p′=1

mp,p′

)
. (1.3)

If a migration occurs first, the process of evolving the lineage continues with param-

eters appropriate for its new population. Once a coalescence occurs the process is

completed, and the broken branch which was previously above the recombination

point is removed as it no longer relates to the samples (see Figure 1.3).

Note that the evolving lineage is able to coalesce into the branch it broke from,

resulting in no change to the genealogy. This is the feature which distinguishes

SMC′ [53] from its original form SMC [56]. The SMC′ has been shown to be a good

approximation of the ARG [81].

Now that we have covered many of the basics for modelling the ancestry of genomic

data, we will take a broader look at how demographic parameters are inferred.
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1.2 Existing methods for demographic inference

Demographic inference methods broadly fall into two categories: those that do not

consider linkage, and those that do. Generally, methods of the former type are able

to handle data from a large number of samples, whilst methods of the latter type are

restricted to fewer samples due to increased complexity of the underlying model.

1.2.1 Unlinked loci

1.2.1.1 SFS based methods

Central to the use of large numbers of samples is the simplification of data to summary

statistics. The site frequency spectrum (SFS) is the most widely used statistic for

summarising sequence data of populations. The SFS is a matrix representing the

derived allele count across populations. Each dimension of the matrix corresponds

to a population. In an example with three populations, element Mi,j,k is the number

of variants where the derived allele is observed in i individuals from population 1, j

individuals from population 2, and k individuals from population 3. Hence the SFS

summarises sharing of derived alleles between populations.

Many methods make use of the SFS to assess the viability of certain demographic

models. The poster child of this methodology is diffusion approximation demographic

inference (δaδi) [33]. δaδi has the ability to infer population size changes, split times,

and migration between populations for up to three populations. A similar method

momi is able to handle a large number of populations, but relies on a less flexible

model and therefore cannot infer continuous migration [42].

Another noteworthy method which relies on the SFS is fastsimcoal2 [21]. This

method estimates the likelihood of a proposed demographic model by simulating co-

alescent trees under the model and creating a SFS for the proposed model. This

method was shown to outperform δaδi for inference of sufficiently complex demo-
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graphic models including multiple populations with migration.

There is much interest in the field in the potential and limitations of inferring

demography using the SFS. There are many reasons that working with a single matrix

rather than genome data itself is appealing, including processing speed, data storage,

and scope of samples. However, the reduction in data does potentially have a major

cost. Myers et al. showed that using only the SFS of unlinked loci to infer demography

results in non-uniqueness of solutions in some cases [59]. In particular they give an

example of a demography where a large bottleneck cannot be inferred as the resulting

signal in the SFS can be explained by an alternative population size history. On the

other hand, Bhaskar and Song argue that under the common assumption of piecewise-

defined population sizes and with a sufficient number of samples, analysis of the

expected SFS does lead to a unique solution [2].

1.2.1.2 MCMCcoal and G-PhoCS

An alternative data source to the SNP data used by the SFS is a set of approxi-

mately independent haplotypes from across the genome. MCMCcoal jointly infers

population sizes and split times using haplotypes at unlinked loci [70, 5]. G-PhoCS

was derived from MCMCcoal and is additionally able to infer asymmetric migration

at user-specified time bands [32]. G-PhoCS simulates a coalescent tree for each loci

under an initial demographic model. Metropolis-Hastings is then used to iteratively

update the locus-specific genealogies and the demographic parameter estimates. The

main limitation of this method is that the model is restricted to piece-wise constant

parameters over large epochs, e.g. a constant migration rate since the split of two

populations. This is done to keep the size of the parameter space down and reduce the

number of necessary simulations. G-PhoCS possesses two nice features missing from

many related methods; it can work with unphased data and infer the age of a sam-

ple. Many haplotype-based methods are restricted by their need for perfectly phased
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haplotypes. G-PhoCS avoids potential bias due to imperfect phasing by integrating

over all possible phasings, at a reasonable computational cost. For applications with

ancient samples, the ability to infer sample ages can provide a huge advantage.

The above methods avoid the complexity of the recombination process by treating

loci as independent. In most cases, the loci must be selected to be positioned far

away from each other and small enough that no recombination occurs within each

locus. The former condition somewhat limits the useable data as large sections of

the genome must be thrown away. Fortunately, for species like humans, the genome

is large enough that this loss of data is not restrictive. The latter condition is more

prohibitive as loci must be fairly small to designate them non-recombining. If the

loci are chopped too small, they will be uninformative of demography as insufficient

numbers of mutations will occur within the regions. A preliminary step to all unlinked

methods is the selection of these loci and the accompanying balancing of data quantity

and model assumption validity.

1.2.2 Model positional dependence

In order to fully utilise the available data, many methods attempt to retain linkage

information. This can be thought of as analysing each site of the genome in the

context of its surrounding sites. The crux of the problem is determining what qualifies

as surrounding, which is complexly intertwined with the recombination history.

1.2.2.1 IBD and IBS

Identity by descent (IBD) methods form an intriguing alternative to the previously

mentioned methods. Whilst the unlinked-data methods avoid recombination bound-

aries, IBD methods base their inference on these recombination boundaries. The

distribution of IBD lengths can be used to infer the distribution of times to the most

recent common ancestor (TMRCAs), which are informative of the demographic pa-
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rameters. These methods perform particularly well in the recent past as they are

aware of long-range correlations which are ignored by the methods in Section 1.2.1

[63].

The main challenge of IBD methods for demographic inference is to identify the

IBD segments [4]. Harris and Nielsen recently developed an approach which is similar

in spirit, but uses identity by state (IBS) tracts which are more straightforward to

obtain [36]. The IBS method considers a wide range of tract sizes which enables

inference in both the recent and distant past. The summary statistic IBS, like IBD,

captures some but not all of the information present in linkage data. All pairs of

haplotypes are considered and a histogram of lengths of identical by state blocks is

created. This distribution of lengths of identical tracts is descriptive of recombination

and hence tree size. The IBS summary statistic retains information on the linkage

only within the tracts. There is additional information in the sequence data which is

discarded when neighbouring tracts are treated as independent.

IBD and IBS analysis leverages linkage to a certain extent, but strong correlations

exist between regions separated by recombination. To utilize these correlations, we

must shift our thinking away from single genealogies and toward the ancestral recom-

bination graph (ARG). Whereas previously mentioned methods, such as G-PhoCS,

sought to infer over possible genealogies, the methods we now consider seek to infer

over possible ARGs.

1.2.2.2 PSMC

Unquestionably the most widely used method for inferring population size history by

modelling the ARG is the pairwise sequentially Markovian coalescent (PSMC) [49].

PSMC approximates the ARG by a Markovian sequence of genealogies, one genealogy

for each site in the genome. With this Markovian approximation as well as the

discretisation of the time dimension, the problem is reduced to a hidden Markov model
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(HMM). In the PSMC HMM the sequence data at a genomic position is the observed

variable and the underlying genealogy for that position is the unobserved variable. In

order to keep the state space of the unobserved variables computationally manageable,

this particular formulation is restricted to comparing only two haploid individuals (or

more commonly, the two haplotypes within a single diploid individual, in which case

phasing information is not required). With this restriction, the unobserved variable,

the genealogy, is simply a positive real number representing the TMRCA of the

samples at that site. In this HMM framework, the forward backward equations are

employed to infer maximum likelihood estimates (MLEs) of the historic population

size.

1.2.2.3 MSMC

Whilst PSMC has been embraced by the community for population size inference, its

restriction to two samples renders it unusable for analyses involving multiple inter-

acting populations. The extension of PSMC to multiple samples (MSMC) addresses

this issue and enables the inference of the effective sizes of multiple populations as

well as a measure of the mixing of those populations [74]. MSMC simplifies the prob-

lem of modelling the genealogies relating multiple individuals by instead modelling

the TMRCA of any two of the samples along with the indices of the two samples

involved. This method can handle data from up to four diploid individuals, however

the inclusion of many samples results in smaller times to the most recent coalescence.

An important consequence of this is that power for inference in the distant past is

decreased as more samples are added to the analysis. To an extent, this can be cir-

cumvented by running the analysis over subsets of the samples and combining the

results.

MSMC provides MLEs of the effective population sizes as well as the cross-

coalescent rate for the populations. This cross coalescent rate estimate is particularly
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exciting as it provides some insight into the relationship of populations at differ-

ent points in time. Unfortunately, this insight is limited. The cross-coalescent rate

provides a glimpse at migration history, but no detail. If we seek information on

the magnitude and direction of migration between populations, we must model more

than this most recent coalescence event.

1.2.2.4 SMC++

An alternative to modelling the first coalescence between any two of the total pool of

samples is to select two samples and use summary statistics, like the SFS, to inform

the coalescent time of the chosen samples. This is what SMC++ does [80]. Leveraging

information from hundreds of samples gives SMC++ higher resolution in the recent

past than those ARG-modelling methods which are restricted to a few samples.

I introduced this section as a set of models which model the ARG, but thus far

have only detailed methods which model a simplified version of the ARG. This is

because modelling the ARG is an incredibly ambitious task. The size of the ARG

state space is massive, even with the reduction in size due to the SMC′ restriction

(as detailed in Section 1.1.4). We now explore a method which, as far as I have seen,

models the structured ARG with fewer simplifications than any other method.

1.2.2.5 diCal

Whilst MSMC can analyse multiple samples, for practical reasons it is restricted to

about eight haploid individuals. This is a result of state space size restriction as well

as the choice of hidden state. An alternate method Demographic Inference using Com-

posite Approximation Likelihood (diCal) considers the entire genealogy and therefore

can handle more samples without any loss of information [76, 78, 79]. diCal iterates

over the samples modelling the lineage absorption into a trunk genealogy which is

an approximation of the genealogy relating all other samples. The main drawback of
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using the trunk genealogy approximation is that inference of migration rates then re-

lies on symmetry of migration and thus models with asymmetric migration can easily

derail the inference [78].

1.2.2.6 ARGweaver

A promising method for modelling the ARG builds up the graph by weaving in each

sample, hence the name ARGweaver [71]. This has been shown to infer ARGs with

dozens of samples using MCMC. The inferred ARGs can be used to identify regions

of interest in the genome, such as those under natural selection. Unfortunately, in its

current implementation ARGweaver does not have sufficient resolution for inferring

the Ne and migration curves. The method could be extended to incorporate a complex

demographic model, but the computation time would be impractical. To date, the

potential of ARG inference for inferring demographic parameters has not been fully

harnessed.

1.3 The Sequential Importance Sampling with Re-

sampling algorithm

We employ Monte Carlo and sequential importance sampling methods to tackle the

problem of modelling the ARG. The details of applying these approaches to ARGs

will be covered in Chapter 2, but first it is useful to review these methods in a general

context.

1.3.1 Sequential Importance Sampling

There are many situations where sampling directly from a distribution of interest

is infeasible. The common solution to this problem is importance sampling where a

sample {X(i)}i=1,...,N is drawn from an alternative distribution, called the instrumental
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distribution (in our case, {X(i)} will be an ARG). The samples generated using the

instrumental distribution are reweighted to reflect the distribution of interest. Denote

the target distribution by p(X) and define an instrumental distribution q(X) with

the same support, i.e. q(x) > 0 for all x such that p(x) > 0. Then drawing a sample

{X(i)}i=1,...,N from q(·) provides the approximation

p̂(X) =
N∑
i=1

w(X(i)) · δ(X(i)),

where w(X(i)) = p(X(i))/q(X(i)) and δ is the Dirac delta function.

We focus on models with a sequential structure. In particular, we will consider

general state-space models which are comprised of a sequence of unobserved variables

{Xk}k=1,...,t := X1:t and a sequence of observed variable Y1:t. Here the unobserved

sequence has a Markovian structure and the observed variables are independent condi-

tional on the unobserved sequence. The model can be fully defined by the transition

distribution f(xk|xk−1) and emission distribution g(yk|xk). The parameters of the

transition and emission distribution are discussed in Section 1.3.4.

The goal is to create a sample of particles {X(i)
1:k}i=1,...,N to approximate the pos-

terior distribution

p(x1:t, y1:t) = µ(x1) ·
t∏

k=2

f(xk|xk−1) ·
t∏

k=1

g(yk|xk).

These methods are often referred to as particle smoothing methods, or particle filters

if the marginal distributions {p(xk|y1:k)}k=1,... are the distributions of interest. Defin-

ing an instrumental distribution q(X1:t) which can be sampled from directly can be

challenging, so constructing the sample using a sequence of instrumental distributions

qk(xk|xk−1) is recommended (Algorithm 1.1).
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Algorithm 1.1 Sequential Importance Sampling

for k = 1 do
for i = 1, . . . , N do

Sample X
(i)
1 ∼ q1(·)

w1(X
(i)
1 ) = p1(X

(i)
1 |y1)/q1(X

(i)
1 )

end for
W

(i)
1 ∝ w1(X

(i)
1 ),

∑N
i=1W

(i)
1 = 1

end for
for k = 2, ..., t do

for i = 1, . . . , N do
Sample X

(i)
k ∼ qk(·|X(i)

k−1)

X
(i)
1:k = (X

(i)
1:k−1, X

(i)
k )

wk(X
(i)
1:k) = W

(i)
k−1 · pk(X

(i)
k |X

(i)
k−1, yk)/qk(X

(i)
k |X

(i)
k−1)

end for
W

(i)
k ∝ wk(X

(i)
1:k),

∑N
i=1W

(i)
k = 1

end for

1.3.2 Resampling

The sequential importance sampling (SIS) procedure is inefficient for large t. As the

sample is sequentially constructed the majority of the particle weights will go to 0;

this is the problem of particle weight degeneracy. A partial solution to this problem

was proposed by Gordon et al. [28]. By resampling the particles proportional to their

weights, and then setting all of the weights to 1/N , the algorithm avoids relying on

a single particle.

Resampling at every step k is often computationally inefficient and can needlessly

increase the stochastic variability. For this reason it is common practice to resample

only when the weights of the particles become skewed. The skew of the particles

is measured by the effective sample size, defined as ESS = [
∑N

i=1(W
(i)
k )−2]−1. The

particle resampling step is then implemented only when the ESS drops below a

chosen threshold, typically N/2 (Algorithm 1.2).

The SISR procedure prevents constructing an inefficient sample where many parti-

cles have tiny densities under the target distribution. However resampling introduces

another type of inefficiency where many of the particles take the same values over
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Algorithm 1.2 Sequential Importance Sampling with Resampling (SISR)

for k = 1 do
for i = 1, . . . , N do

Sample X
(i)
1 ∼ q1(·)

w1(X
(i)
1 ) = p1(X

(i)
1 |y1)/q1(X

(i)
1 )

end for
W

(i)
1 ∝ w1(X

(i)
1 ),

∑N
i=1W

(i)
1 = 1

if ESS ≤ N/2 then

Resample {W (i)
1 , X

(i)
1 } to obtain N equally-weighted particles

{W (i)
1 = 1

N
, X̄

(i)
1 }

else
{W (i)

1 , X̄
(i)
1 = X

(i)
1 }

end if
end for
for k = 2, ..., t do

for i = 1, . . . , N do
Sample X

(i)
k ∼ qk(·|X̄(i)

k−1)

X
(i)
1:k = (X̄

(i)
1:k−1, X

(i)
k )

wk(X
(i)
1:k) = W

(i)
k−1 · pk(X

(i)
k |X

(i)
k−1, yk)/qk(X

(i)
k |X

(i)
k−1)

end for
W

(i)
k ∝ wk(X

(i)
1:k),

∑N
i=1W

(i)
k = 1

if ESS ≤ N/2 then

Resample {W (i)
k , X

(i)
1:k} to obtain N equally-weighted particles

{W (i)
k = 1

N
, X̄

(i)
1:k}

else
{W (i)

k , X̄
(i)
1:k = X

(i)
1:k}

end if
end for

28



Figure 1.4: An example of shared particle trajectories due to resampling at positions
k1, k2, and k3. At step t of the algorithm, the four particles X

(1)
0:t , X

(2)
0:t , X

(3)
0:t , and

X
(4)
0:t are the results of particle extension and resampling. Here X

(i)
0:k1

= X
(j)
0:k1

for all
i, j due to the resampling that has occurred.

the early dimensions of the state space (see Figure 1.4). This lack of independence

between particles is referred to as sample impoverishment.

1.3.3 Fixed lag approximation

For models with good forgetting properties the problem of sample impoverishment

can be lessened. In such models there exists ∆ such that

p(X0:k|Y0:t) ≈ p(X0:k|Y0:min(k+∆,t)). (1.4)

This approximation suggests independence of particles can be maintained by fixing

the k-th component of the particles after k + ∆ steps. However, this procedure does

introduce an asymptotic bias as p(x0:k|y0:t) 6= p(x0:k|y0:min(k+∆,t)), even as N → ∞

[43].

Moreover, the forgetting rate ∆ of the model is often unknown and must be

approximated by the user. Choosing a lag L too large will not solve the particle

dependency issue. Choosing L too small will result in a poor approximation in equa-
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tion (1.4).

1.3.4 Parameter inference using SISR

The methods discussed thus far have assumed the transition and emission distribu-

tions are known. In fact, we are creating a Monte Carlo sample in order to infer

parameters θ of the posterior distribution

pθ(x1:t, y1:t) = µθ(x1) ·
t∏

k=2

fθ(xk|xk−1) ·
t∏

k=1

gθ(yk|xk).

In our application of modelling the ARG X, the only parameter of the emission

distribution is the mutation rate µ which is assumed to be known. However, the

parameters of the transition distribution are unknown. These unknown parameters

are the recombination rate ρ, the effective population size Ne for each population and

each epoch, and migration rates Mp,p′ for each ordered pair of populations and each

epoch. A variety of techniques could be used to estimate the unknown parameters.

Kantas et al. detail a few approaches to the problem of parameter inference using

SISR [43]. We want to use the genomic sequence dependencies of the ARG to infer

the parameters. These dependencies can span a long distance, and so the number

of genomic positions modelled, t, will need to be large. Online inference methods

are preferred for large t, as a good approximation of pθ(x1:t, y1:t) cannot be obtained

due to sample degeneracy and sample impoverishment. The choice to use an online

method precludes the popular class of techniques particle MCMC. There remains

a choice between employing maximum likelihood or Bayesian parameter estimation.

We opt for an online maximum likelihood estimation procedure.

The marginal likelihood of our observed data takes the form

pθ(y0:t) =

∫
pθ(x0:t, y0:t)dx0:t.
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The standard Expectation-Maximisation (EM) algorithm finds the maximum like-

lihood estimate (MLE) by alternating between calculating the expectation of the

likelihood with respect to the hidden variables as a function of θ (the Q-function)

and setting θ̂ to the parameter which maximises this function.

Expectation step (E step)

Q(θ|θ̂j) = EX|Y,θ̂j [logL(θ;X, Y )]

Maximisation step (M step)

θ̂j+1 = argmax
θ

Q(θ|θ̂j)

In the cases we consider

Q(θ|θ̂j) =

∫
logpθ(x0:t, y0:t)pθ̂j(x0:t|y0:t)dx0:t

= Eθ̂j [logµθ|y0:t] +
t∑

k=2

Eθ̂j [logfθ(Xk|Xk−1)|y0:t] +
t∑

k=1

Eθ̂j [loggθ(yk|Xk)|y0:t],

and the E step cannot be solved analytically. Instead, we must use Monte Carlo

approximations. In fact, we employ stochastic approximation EM (SAEM) rather

than the more typical Monte Carlo EM (MCEM) as MCEM is comparatively com-

putationally inefficient [9, 8]. This choice is discussed further in Chapter 4.

In certain situations, primarily when pθ(x0:t, y0:t) belongs to the exponential family,

the M step can be done using summary statistics. Essentially, the features of the

posterior distribution which affect Q(θ|θ̂j) can be extracted in a step-wise fashion

and these can be used to calculate θ̂j+1 which maximises Q(θ|θ̂j). Define additive

functionals of the form

S
(l)
t (x0:t, y0:t) =

t∑
k=2

s(xk, xk−1, yk).

31



Then the summary statistics are

S
(l)

θ̂j ,t
= EX0:t|Y0:t,θ̂j

[S
(l)
t (x0:t, y0:t)]. (1.5)

The parameter estimate is updated by a known function Λ() mapping from the sum-

mary statistics to the parameter which maximises Q(θ|θ̂j)

θ̂j+1 = Λ
(

(t− 1)−1 · {S(l)

θ̂j ,t
}l=1,...,n

)
.

In practice, we cannot compute (1.5) directly, and so we will use Monte Carlo

approximations of the summary statistics obtained through SISR. The simplest ap-

proach to this approximation would be

Ŝ
(l)

θ̂j ,t
=

N∑
i=1

wt(X
(i)
0:t)

t∑
k=2

s(X
(i)
k , X

(i)
k−1, yk).

However, sample impoverishment would lead to a high variance for this approxima-

tion. We use an alternative approximation using the fixed lag technique proposed by

Cappé and Moulines

Ŝ
(l)

θ̂j ,t
=

N∑
i=1

( t−L∑
k=2

wk+L(X
(i)
0:k+L)s(X

(i)
k , X

(i)
k−1, yk) +

t∑
k=t−L+1

wt(X
(i)
0:t)s(X

(i)
k , X

(i)
k−1, yk)

)
.

(1.6)

The summary statistics can be calculated in an online manner because of their

additive functional form. This provides a substantial practical benefit when t is large

as it reduces the required computational memory needed to store particles. When

using the fixed-lag technique discussed earlier, the components of a particle that have

already contributed to the summary statistics can be discarded.

The online computation of summary statistics naturally lends itself to online up-

dates of the parameter estimates. We will explore this subject more thoroughly in
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Chapter 4. For now, we will use batch EM (BEM) which is an online parameter

estimation procedure where the summary statistics are updated as described above

and the parameter estimate is updated once a pre-specified amount of data has been

processed.

In practice, we often process hundreds of megabases of genomic data per EM

iteration. To increase speed we take advantage of the additive funcional form of the

summary statistics. The data is divided into 20Mb chunks, each of which is processed

on its own CPU in parallel. The approximation in (1.6) is obtained by summing the

statistics of the chunks. This technique equates to a composite likelihood approach.

1.4 Discussion

It is widely accepted that genomes contain enough information to infer recent demo-

graphic history. However current methods are somewhat limited when it comes to

inferring complex demographic histories. In particular, histories with time-varying

asymmetric migration present a challenge. We endeavoured to develop a flexible

method which is capable of inferring migration rates by modelling the ARG.

We apply sequential Monte Carlo methods to the problem of estimating the pos-

terior distribution of ARGs. This work was started in 2013 by Gerton Lunter and Joe

Zhu. Section 2.1 details the basics of this method and the starting point of this thesis.

The remainder of Chapter 2 describes my contribution to the algorithm, including

the development of a calibration technique for the fixed-lag and adjustments to the

sampler to improve efficiency. The simulation results presented confirm the ability of

SMC2 to infer demographic parameters in a range of demographic models.

Chapter 3 details applications of our new method to real data, with a focus on in-

ferring Neanderthal history. We explore the relationship of African and non-African

populations with the Vindija Neanderthal population. Additionally, we assess the
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effect of violations to the neutrality assumption. We end this chapter with a de-

scription of potential future works (Section 3.5.1), which we feel would increase the

feasible applications of SMC2.

With an eye on improving the runtimes of SMC2, Chapter 4 explores alternative

EM procedures. In the process of researching various online EM (OEM) techniques,

we found efficient implementation of OEM requires a deep understanding of the model

in order to set an optimal value for a tuning parameter. We developed an adaptive

version without the required tuning parameter. In a variety of toy models, our intro-

spective online EM (IOEM) shows convergence comparable to the optimal choice of

tuning parameter in standard OEM techniques.

We have developed software for inferring demographic parameters using sequential

Monte Carlo methods applied to the sequentially Markovian coalescent. The algo-

rithm is flexible and can easily be adapted to account for biological complications.

We hope SMC2 will help to move the field of demographic inference from trees to

more informative ARGs.
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Chapter 2

SMC2: A method for demographic

inference

This chapter will detail how the sequential Monte Carlo (SMC) methods described in

the Introduction can be applied to the problem of inferring demographic parameters.

We will cover two versions of the algorithm and analyse its performance using data

simulated under known demographic scenarios.

2.1 Applying sequential Monte Carlo to the se-

quentially Markovian coalescent

Recall that the SMC′ model is a general state-space model with the sequence of ge-

nealogies as unobserved variables {Xk}k=1,...,m, and the alleles of the haploid samples

as observations, denoted by {Yk}k=1,...,m. Xk is a genealogy which details the TMRCA

for each pair of samples at genomic position k. Additionally, Xk contains the time

and lineage associated with and migration or recombination event. The observations

we represent as a sequence of 0s and 1s indicating the allele state of each sample. The

transition distribution f(xk|xk−1) describes the approximately Markovian process of
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Figure 2.1: An example tree with allele states s and branch lengths b.

tree changes due to recombination. The emission distribution g(yk|xk) describes mu-

tations arising in the ancestral lineages of the samples. We will use the following

notation throughout: B(Xk) is the total branch length of the k-th genealogy, ρ is the

recombination rate, and µ is the mutation rate. Both ρ and µ are assumed constant

along the sequence and through time unless otherwise stated.

The emission distribution can be decomposed into a process that places the mu-

tation somewhere along the sequence, and a process on the tree conditional on a

mutation occurring at a sequence position which places the mutation on a lineage

and at a particular time. Conditional on a mutation occurring at position k, the

mutation placement process is simply a uniform random variable on the tree xk. To

apply SISR (Algorithm 1.2) we need to define g(yk|xk). If yk 6= 0000 or 1111 in-

dicating a mutation has occurred, then a simple algorithm similar to Felsenstein’s

tree-pruning algorithm [22, 23] is used to calculate g(yk|xk), as follows.

Consider the tree in Figure 2.1 where si denotes the allele of node i and bi denotes

the length of the branch directly above node i. If the alleles of the common ancestors
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(s5, s6, s7) were known, then the likelihood of the data would simply be

g(y = s1s2s3s4|x) = Ps7s6(b6)Ps7s5(b5)Ps6s1(b1)Ps6s2(b2)Ps5s3(b3)Ps5s4(b4),

where Pss′(b) is the probability that a lineage will move from state s to state s′ in b

time units. We assume only two possible alleles, and so

Pss′(b) = e−µbδss′ + (1− e−µb)(1− δss′). (2.1)

Note equation (2.1) relies on µ and B(xk) small enough that the likelihood of multiple

mutations occuring on a single branch is negligible. We assume this to be true and

ignore the possibility of back mutation.

As the states s5, s6, s7 are unknown, Felsenstein’s pruning algorithm calculates

the probability of the data given the tree by summing the likelihoods of all possible

states for the inner nodes.

g(y|x) =
∑
s7

πs7

{[∑
s6

Ps7s6(b6)
(
Ps6s1(b1)

)(
Ps6s2(b2)

)]
[∑

s5

Ps7s5(b5)
(
Ps5s3(b3)

)(
Ps5s4(b4)

)]}
,

where πs7 is a prior on the ancestral allele. We assume no prior knowledge of the

ancestral allele and use the prior π0 = π1 = 1
2
. Note that this formulation does

allow for multiple mutations on the tree and hence does not use the infinitely many

sites model. We prefer this formulation as it prevents particle weights from becoming

exactly 0 due to an inconsistent topology. The mutation rate is small enough that

a tree consistent with a single mutation will have a much larger density than a tree

requiring multiple mutations. However, if the scenario arises that none of the particles

have a topology consistent with a single mutation at a variant site, this emission

distribution will favour particles that are more consistent with multiple mutations.
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This will effectively favour tall trees. If the inifitely many sites model were used, each

particle weight would be multiplied by 0, discarding the information gained from

earlier data. Allowing for multiple mutations at a single site has its advantages, but

we should remain mindful of the potential bias towards tall trees.

We have chosen a simple model of mutation which only allows for two alleles,

and where 0-to-1 and 1-to-0 mutation are equally likely. We could incorporate a

more complex model, possibly distinguishing between transitions and transversions

or increasing the mutation rate at CpG sites.

The process of mutation along the sequence can be modelled by a geometric

random variable with p = 1− e−B(xk)µ. As p→ 0 the discrete geometric distribution

converges to the exponential distribution with rate B(xk)µ, its continuous analogue.

In the human genome a polymorphism arises every thousand base pairs (kb) on

average. As p is expected to be small, we can approximate the geometric process

using an exponential process with rate B(xk)µ. This approximation is needed for

computational efficiency.

The transition distribution can also be decomposed into an exponential process

along the sequence and a backwards in time process, which we will refer to as the

sequence-process and the time-process respectively. The sequence-process models re-

combinations along the sequence as an exponential random variable with rate B(xk)ρ.

The time-process is then applied when a recombination has occurred. The recombina-

tion is placed uniformly on the tree and the coalescence above this point is removed.

The branch is then grown backwards from the recombination point according to the

coalescent (and optionally migration) rates as defined in equation (1.3). For conve-

nience, I will refer to this breakage, growth, and coalescence of a branch as a branch

movement.

By combining the sequence-process and the time-process we get the transition
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distribution between sequence positions k and l

p(Xk:l|Xk = xk) =
( |x|∏
j=1

ρB(xkj) e
−ρB(xkj )(kj+1−kj) 1

B(xkj)

)
·

( |x|∏
j=1

Chcoal
j
bhcoal

j
(xkj−1

)e
−

∑T−1
t=1 b

h
j
t
(xkj−1

)C
h
j
t
(hjt+1−h

j
t )
) (2.2)

for l > k in a single population model (i.e. no migration). The first term reflects the

placement of the recombination in the sequence and on the tree. The second term

reflects the new coalescent event. Here |x| is the number of recombinations in Xk:l.

For j = 1, . . . , |x| recombination j occurs at genomic position kj, hence xkj is the

genealogy created by the j-th recombination. k0 and k|x|+1 are specially defined to be

k0 := k and k|x|+1 := l. The coalescent rate at time u is Cu := 1/2Ne(u). The number

of branches in topology x at time u is bu(x). hcoal
j is the height of the coalescence

caused by the j-th recombination. hj1 := hrec
j is the height of the j-th recombination.

hjT := hcoal
j , and hj2, . . . , h

j
T−1 are the heights at which either an existing coalescence

occurs or an epoch boundary between hj1 and hjT , satisfying hj1 < hj2 < . . . < hjT .

Using the SISR algorithm described in Section 1.3.2 and the ARG simulation soft-

ware SCRM [77] we can generate a Monte Carlo sample of ARGs from the posterior

distribution pθ̂(X1:T |y1:T ). Of course, for a fixed number of samples N this approxima-

tion will deteriorate due to particle degeneracy and sample impoverishment. However,

we are interested primarily in inferring demographic parameters which can be done

by combining the fixed-lag technique (Section 1.3.3) and online EM (Section 1.3.4).

The online EM procedure consists of collecting summary statistics as we extend

the particles. In the context of SMC2 events occur according to a Poisson process.

The summary statistics are the count of how many times an event occurs as well

as the opportunity available for that event to occur (proof in Appendix A). This is

simplest for the recombination rate parameter where the opportunity for an event is
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the total branch length of the tree, B(xk), times the length of the genome segment.

The summary statistics used to infer recombination rate are then the weighted branch

length and the weighted count of recombinations.

ρ̂ =

∑N
i=1 wi|x|(i)∑N

i=1 wi
∑|x|(i)

j=1 B(x
(i)
kj

)(k
(i)
j+1 − k

(i)
j )

.

To simplify the text we will not always emphasise that the statistics are weighted by

the weight of the particle they are associated with, although of course this remains

the case.

For the coalescence rate parameter, which is inversely proportional to Ne, we also

have an opportunity and a count summary statistic. The opportunity for coalescence

only arises once a recombination has triggered a branch movement. When growing a

branch from a recombination there is opportunity for coalescence into any contempo-

rary lineage in the same population. And so the opportunity for coalescence on tree xj

is the total branch length of the tree between the height of the new coalescence, hcoal,

and the height of the recombination hrec, which we will denote by B(xj, h
rec, hcoal).

However, we are interested in inferring Ne per epoch, and so we split the opportunity

depending on the epoch boundaries (Figure 2.2). The count of one coalescent event

is then added to the epoch which contains the time of the coalescent.

The migration rate parameter is similar to the coalescent rate parameter as op-

portunity arises due to recombination events. If a recombination occurs in population

A then there is opportunity for backwards in time migration from population A to

population B, a statistic for the parameter mA,B. The opportunity however is not

the branch length between the height of the recombination and the height of the new

coalescence. If no migration occurs, the opportunity is hcoal−hrec, as it was the grown

branch that had the possibility of migrating to population B. If a single migration

occurs, the opportunity for A to B migration is hmigr − hrec. In this case there is
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Figure 2.2: An example of the coalescent summary statistics of a branch movement
where the cross represents a recombination and the blue line represents the new
lineage.

additionally opportunity for B to A migration of hcoal − hmigr. Again, this must be

split between epochs and the event is attributed to the epoch it occurs in.

We employ an online EM approach in collecting the sufficient statistics as this is

computationally efficient. For simplicity we use the batch version of online EM where

the statistics are collected as the data is scanned, but the parameter is updated after

a predetermined batch of data. We use the full data as a batch and update the

parameter before rescanning the data.

2.2 Parameter-specific fixed lag

The main challenge in applying fixed-lag techniques is determining an appropriate

lag value L. The optimal value ∆ depends on the forgetting rate of the underlying

true transition distribution and on the collapsing time of the resampling process. The

larger the forgetting rate of the transition distribution, the smaller ∆ can be and still

produce a good approximation

p(X0:k|Y0:T ) ≈ p(X0:k|Y0:min(k+∆,T )). (2.3)
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Figure 2.3: Typical particle trajectories in SISR. (Left): Trajectories when the state
space is R. (Right): An abstract representation for a more complex state space, like
the tree space.

So the forgetting rate imposes an unknown lower bound on suitable L. On the other

hand, the collapsing time of the resampling process imposes an unknown upper bound

on L needed to keep the sample sufficiently independent.

The left panel of Figure 2.3 shows particle histories in SISR applied to a typical

model, for example the stochastic volatility model. There are N = 4 ‘independent’

particles at the current component of the state space, but for the earlier parts of

the sequential state space many particles will share values as the particles have been

resampled as they were extended. Hence, the particle collapse due to resampling

imposes an upper bound on effective L due to large Monte Carlo variance. The

tree state space cannot be as easily visualised as the real numbers, but the same

principle applies. The right panel of Figure 2.3 shows an abstract representation of

the particle histories, which can be used for our tree state space. Here the values of

the particles are not shown, but the relationship between particles is clear. We are

now considering a tree describing the particle inheritance structure. For clarity, the

genealogies relating the sequenced individuals will always be drawn vertically, and

particle inheritance will be drawn horizontally.

For the ARG state space the Monte Carlo variance introduced by resampling is
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Figure 2.4: Events low in the tree are maintained for a greater distance along the
genome.

more severe than suggested by the particle trajectories as shown in Figure 2.3. In

many models, two particles that are sampled from the same parental particle quickly

diverge from each other and become sufficiently independent. This is not the case for

ARGs due to the long distance dependencies.

The especially interesting challenge for SMC2 involves the lower bound on effective

L due to the extent of the bias introduced by the approximation in equation (2.3).

The unique structural dependencies of SMC′ are most easily conveyed by an example.

Figure 2.4 shows a typical particle under the SMC2 model. The bottom (recent)

section of the trees retain dependence along the genome for a greater distance than

the top (ancient) section of the trees do. This suggests the forgetting rate of a

particular coalescence depends on the height of the coalescence.

To investigate this problem, I tested a range of lag values for inferring Ne. Two

haplotypes were simulated under a constant population size model of Ne = 10, 000

using the coalescent simulator SCRM [77] (see Appendix B). For inference, the model

was parameterised with 17 epochs, and I chose a single epoch j to investigate. SMC2

was initialised at N̂e

0

j = 20, 000 and N̂e
0

k = Ne for k 6= j, and the algorithm was

altered so only N̂ej was updated during the M-step. Fixing all but one parameter to

the true value removes confounding affects and allows for a deep look at the optimal

lag for an epoch. When investigating the 7th epoch (0.14-0.2 in time scaled by 4Ne

generations), we found a lag of approximately 30,000 to be optimal. The top panel of

Figure 2.5a shows the final inferred population size after 41 EM iterations, N̂e
41

7 , for

the different lag choices. With too small a lag, the estimates are slow to move from
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(b) Inference for epoch 11, N̂e11

Figure 2.5: Inference under different choices of lag L; 2 samples; 1,000 particles.

their initial values due to a bad approximation p(X0:k|Y0:T ) ≈ p(X0:k|Y0:min(k+∆,T ));

this bad approximation also introduces bias. With too large a lag, the estimates suffer

from high variance due to sample impoverishment. The choice of 41 EM iterations is

fairly arbitrary, and so we should not overly rely on the estimates at this point. To

analyse convergence of parameter estimated under different lag choices, the bottom

panel of Figure 2.5a plots the latest iteration i where N̂e
i

7 is outside of (0.9·Ne, 1.1·Ne).

We conduct the same analysis on the more ancient 11th epoch (0.45-0.58) and

display the results in Figure 2.5b. Comparing the results of these two separate anal-

yses, we see that estimation for the more ancient epoch does relatively well with a

smaller lag. We conclude that a large lag is optimal for recent epochs and a small lag

is optimal for ancient epochs.

This finding motivated our use of parameter-specific, or more precisely epoch-

specific, lag. The optimal lag will be model specific as the demography affects the

strength of the dependence at each epoch. Hence we need to understand why these

lags appear to be optimal.
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When implementing the SISR algorithm, the optimal lag depends on the forgetting

rate of the model, with a large lag needed for a small forgetting rate [11]. Due to

the complexities of the ARG state space, the transition distribution is not a member

of the exponential family, and so does not have a typical forgetting rate. However

the SMC′ model is built up from multiple exponential processes acting on different

regions of the trees. We will use Xj
k to denote the epoch j component of the tree at

position k. As described earlier, the recent epochs in the bottom of the tree have a

longer memory, or smaller forgetting rate. A small forgetting rate suggests it is better

to use a large L, and so our findings are consistent with the theoretical argument.

The ARG has a particularly large state space and as such retaining many inde-

pendent particles with sufficiently large weights to survive resampling is a challenge.

However, the analysis in Figure 2.5 shows certain choices of lag can yield estimates

with a reasonable variance and bias. We must remain mindful of effect our choice of

lag has, as described in Figure 2.6.

We introduce a model specific lag-calibration step before the E step of our EM

procedure. To do this we simulate ARGs using the current estimates of the demo-

graphic parameters. We measure the survival distance of each node in the trees. For

each epoch, we then calculated the median node survival distance, vj, and we set the

lag equal to this value. This empirical value ensures the events which contribute to

the summary statistics have been weighted using the data which would provide the

most evidence for or against their existence.

Scaling the parameter-specific lag by the memory of the parameter is intuitive

and seems to work. However, the argument that only the data upto the removal

of the associated coalescence provides support for or against the event is flawed.

The possible tree transitions due to a recombination event are limited to certain

topologies. As a result dependencies on a particular coalescence event outlast the

coalescence itself. For this reason a lag larger than the survival distance may result in
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(a) There is a region where particles are sufficiently independent and the posterior is well
approximated. If ∆ is chosen such that k = k′, then neither the bias nor the variance will
be large. If ∆ is small enough that k falls in the right zone, the bias will be large. If ∆ is
large enough that k falls in the left zone, the variance will be large.

(b) In this case, for lower epochs no choice of lag produces sufficiently independent events
and a good approximation of equation (2.3).

Figure 2.6: An illustration of the regions of the ARG space that have sufficient
particle diversity and informative data contributing to the particle weights. This is a
simplification with hard boundaries dictating where bias or variance become an issue.
In reality, this effect is a spectrum, and there is a bias/variance tradeoff for any choice
of lag.

improved inference. Alternatively, a lag smaller than survival distance may be better

to avoid the increase in variance problem which could arise in the situation described

in Figure 2.6b. In this situation, utilising all the pertinent data could diminish the

sample. And so, while we are happy to set the lag for epoch j to Lj := λ · vj, we need

to consider the possible values for λ.

We ran SMC2 with a range of lag scaling factors λ = 0, 0.25, 0.5, 1, 2, 4 on data

simulated under the bottleneck model (Appendix B). For each λ we ran 10 replicates
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(a) λ = 0 (b) λ = 0.25 (c) λ = 0.5

(d) λ = 1 (e) λ = 2 (f) λ = 4

Figure 2.7: Lag scaling factor comparison; bottleneck model; 4 samples; the black
line is the true Ne.

and let these run for 30 EM iterations. We plot the quantiles of our 10 estimates for

each parameter in Figure 2.7. The light blue band spans the 0th to 100th quantile,

the dark blue band spans the 25th to 75th quantile, and the solid blue line is the

median estimate. The results show that λ < 1 results in relatively slow convergence.

All lag factors greater than or equal to 1 seem to produce stable results without

substantial bias from too smal a lag. with higher variance with the larger lag factors.

We proceed using λ = 1 because of the reduced variance compared to larger choices of

λ. In addition, the smaller the lag the more efficient the programme in computational

memory, and so λ = 1 is a more practical choice than λ > 1.
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2.3 Simulated data results for version 1

With the core of the algorithm in place and the lag factor chosen, we now analyse

the performance of SMC2 in a range of demographic models.

The simplest model to consider is one with a single population of constant size.

Running SMC2 over data simulated under this model produces the estimates in Fig-

ure 2.8. Each plot shows the results of 10 runs of SMC2 provided with 10 different

data sets. The estimates of Ne for the most recent epoch clearly diverge from the

true value. This effect is most pronounced in the case of 8 haploid samples, where

10,000 particles is not sufficient to explore the state space. Suppose no particle has a

compatible topology at the site of a single mutation that is observed in two individu-

als. The emission distribution will need two mutations, one on each of the singleton

branches, to fit the data. This will put a large weight on particles with tall single-

ton branches, effectively biasing against recent coalescences, and hence inflating the

estimate of the most recent Ne.

The bottleneck model (see Appendix B for the full model description) is a more

interesting case as it is representative of the demographic history of modern day non-

African populations. Figure 2.9 shows the sequence of estimates produced by 30 EM

iterations of SMC2 initialised at N̂e
0

j = 10, 000 ∀ j. The results are comparable to

those obtained by PSMC [49] (Figure 2.10). Here SMC2 has, with the exception of the

most recent epoch, correctly inferred the demography using 8 haploid samples rather

Figure 2.8: Constant model; 2, 4, 8 samples; initialised at the truth; run for 10 EM
iterations over 200Mb of data; the black line is the true Ne.
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Figure 2.9: Bottleneck model parameter estimate evolution; 8 samples; a single repli-
cate run for 30 EM iterations; the black line is the true Ne.

than the 2 used by PSMC. At face value using more data and getting comparable

results is not an achievement, but considering the additional complexity of the 8

sample state-space this is a significant step forward, as it allows inference of migration

rates, which is not possible if only 2 haploid samples are used (for PSMC), or when

approximate models are used (for MSMC).

Figure 2.11 shows the influence of the number of particles (N = {100, 1000, 10000})

and the length of the genomic data (T = {10Mb, 50Mb, 100Mb}). Any estimates that

exceed the boundaries of the plots are plotted at that boundary. As expected, in-

creasing either N or the amount of data results in less Monte Carlo variance and

standard error.

The above analyses use 10 replicates each with a new set of data simulated from

the same demographic model. To compare the extent of estimate variance resulting

from the diverse data and the Monte Carlo variance, we run 10 replicates of SMC2

on a single dataset (Figure 2.12). The single dataset replicates show only slightly less

variability than the unique data replicates. It seems the bulk of the variation is due

to the Monte Carlo approximations, rather than variation in the data itself. For the
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Figure 2.10: PSMC on bottleneck model; 2 samples; run for 40 EM iterations; the
grey lines are inferred curves from bootstrapped data.

Figure 2.11: Bottleneck model; 8 samples; from top to bottom N = 100, 1k, 10k; from
left to right T = 10Mb, 50Mb, 100Mb; the black line is the true Ne.
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Figure 2.12: Bottleneck model; 10 replicates on a single simulated dataset; 8 samples;
N = 10k; from left to right T = 10Mb, 50Mb, 100Mb; the black line is the true Ne.

Figure 2.13: Bottleneck model; 2, 4, and 8 samples; the black line is the true Ne.

remainder of this chapter, we use replicates with unique data.

Fixing N = 10, 000 and T = 100Mb we can compare the inference results from

analysing 2, 4, or 8 haploid samples. Overall these results are similar, but, as in the

constant model, the 8 sample case struggles to infer Ne for the most recent epoch

(Figure 2.13). If we look at the estimate evolution for a single replicate for each case,

it is clear the 8 sample case is not the only one struggling with inferring effective

population size for 0-10kya. Figure 2.14 shows that the apparent good estimates for

the 2 and 4 sample cases after 30 EM steps are actually diverging from the true value,

but more slowly than the 8 sample case. We will revisit this shortcoming in the next

section.

While this version of SMC2 does fairly well at inferring Ne, there are alternative

methods to achieve this which do not require modelling the entire ARG. We aim

to model the ARG in order to infer parameters that are unobtainable from existing

methods. In particular we are interested in estimates of directional migration rates

(backwards-in-time). To test inference of migration rates, we introduce two simple de-
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Figure 2.14: Bottleneck model parameter estimate evolution; 2, 4, and 8 samples; the
black line is the true Ne.

mographic models: uni-direction migration and split no migration (see Appendix B).

The uni-directional migration model imposes a population split at .5 (in 4Ne gen-

erations) followed by migration from population 0 to 1 at a rate of 5e-6 migrations

per lineage per generation. SMC2 is able to accurately infer migration in the case of

4 samples using 10,000 particles (Figure 2.15), but in cases with fewer particles or

more samples the migration in the most recent epoch is falsely inferred to be 0. This

suggests the underestimation of recent migration is caused by an insufficient explo-

ration of the state space. The particles with the correct migrations and topologies

are not reliably proposed. When no particles contain a migration near the site of a

true migration, and therefore do not have the correct topology at mutation sites, the

particles with large singleton branches will be upweighted as they fit the data best

conditional on there being more than one mutation.

Of course we also need to be able to infer a lack of migration. To test this we use

the split no migration model, where an ancestral population splits into two constant

size populations. Here we falsely infer a non-zero rate of migration (Figure 2.16).

This bias is more pronounced in the case of 4 samples than 8 samples. The 4 sample

case has a smaller state space and so is easier to model, which indicates the increase

in bias is not due to sampling difficulties. It is likely the increased bias is due to a

lack of power in the data when using 4 samples.
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Figure 2.15: Uni-directional migration model; from left to right 4, 8 samples; from
top to bottom 1k, 10k particles; the truth is represented by the dashed lines.

Figure 2.16: Split no migration model; 4, 8 samples; 10k particles; the truth is
represented by the dashed lines.

53



2.4 Focusing the sampler

Propogating particles according to our estimated transition density is not sufficient for

inferring migration parameters or particularly recent epoch parameters. Asymptoti-

cally, the estimate of the transition density would be the optimal choice of proposal

distribution [19]. However, in our case of limited particles this is no longer true.

Under the true transition distribution, branch movements which result in coalescent

events low in the tree occur sparsely along the sequence. These events have happened

somewhere in the data and they are needed to infer the recent demography. As such,

sampling based on even the true transition distribution with a computationally feasi-

ble number of particles will rarely propose these events, and the sampler is not likely

to propose them near sequence positions where they actually occurred. For this rea-

son we have chosen to broaden the tails of the proposal distribution by focusing the

sampler on rare transitions.

To focus the sampler, we alter the proposal distribution q(). Recall that the

transition density from position 0 to k in equation (2.2) is

p(X0:k|X0 = x0) =
( |x|∏
j=1

ρB(xkj) e
−ρB(xkj )(kj+1−kj) 1

B(xkj)

)
·

( |x|∏
j=1

Chcoal
j
bhcoal

j
(xkj−1

)e
−

∑T−1
t=1 b

h
j
t
(xkj−1

)C
h
j
t
(hjt+1−h

j
t )
)
.

Now consider a segment of a particle such that there is no recombination on [0, K)

followed by a recombination at position K at height hrec. The transition density for

this particle is

p(X0:K |X0 = x0) =
1

B(x0)
ρB(x0)e−ρB(x0)(K) · A,

54



where

A := Chcoalbhcoal(x0)e−
∑T−1

t=1 bht (x0)Cht
(ht+1−ht).

The recombination term 1
B(x0)

ρB(x0)e−ρB(x0)(K) is independent of the placement of

the recombination on the genealogy. In the transition distribution the tree-position

of the recombination is uniformly distributed over the tree. Our altered proposal

distribution includes a vector of heights {hl} and a vector of focus strengths {sl}

which determine the rate of recombination placement on the tree. To focus on a

particular time section of the tree [hl, hl+1), in this case the bottom of the tree, we

set sl > 1. The proposal distribution for a recombination placed in [hl, hl+1) is then

q(X0:K |X0 = x0) =
sl
C
ρB(x0)e−ρB(x0)(K) · A,

where C is the normalising constant

C :=
L∑
l=1

slB(x0, hl, hl+1),

and B(x0, hl, hl+1) is the total branch length of tree x0 between heights hl and hl+1.

The weight for such a particle generated using the new sampler is

w0,K(X(i)) = g(y0:K |X(i)) · f()

q()

= g(y0:K |X(i)) · 1/B(x
(i)
0 )

s
(i)
l /
∑L

l=1 slB(x
(i)
0 , hl, hl+1)

= g(y0:K |X(i)) ·
∑L

l=1 slB(x
(i)
0 , hl, hl+1)

s
(i)
l B(x

(i)
0 )

.
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More generally, the weight update is

wk,K(X(i)) = g(yk:K |X(i)) ·
|x|(i)∏
j=1

∑L
l=1 slB(x

(i)
kj
, hl, hl+1)

s
(i)
l,jB(x

(i)
kj

)
.

We define

f

q
(X

(i)
k:K) :=

|x|(i)∏
j=1

∑L
l=1 slB(x

(i)
kj
, hl, hl+1)

s
(i)
l,jB(x

(i)
kj

)
.

We implemented the focused sampling (FS) and then revisited the migration mod-

els. The broad proposal distribution provided only modest improvements in our pa-

rameter estimates (shown in Section 2.5). The importance weight updates wk,K()

are detrimental to the particles that propose events in the broadened tails of the

proposal. Of course this must be the case to convert our sample from the proposal

distribution to the target distribution. We hypothesised that while we were sam-

pling a more diverse range of particles, those with the rare transitions we intended to

boost in our sample were killed by resampling almost immediately due to the penalty

wk,K(). To test this hypothesis we ran SMC2 with the naive and the focused sampler

and compared the density of resampling events along sequence. Figure 2.17 shows the

per-Mb average distance between positions where resampling is called. The decreased

distance for the FS indicates resampling is indeed occuring more often. We cannot

say for certain if this increased resampling is disposing of the desired particles, or if

the desired particles are creating a skew in the weights which causes more resampling.

Proposing particles which will quickly be culled by the resampling process is a

waste of computational resources. We could reduce the number of such cases by set-

ting all focus strengths close to 1, but this would bring us back to the shortcomings

of the naive sampler. We would like for rare transitions to be proposed frequently

enough that when the data supports such a transition, there is at least one repre-

sentative particle available. To do this with a reasonable number of particles the

resampling process must be altered.
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Figure 2.17: The average distance between resampling per-Mb.

The difficulty is due to the long-distance linkage in the ARG and the noisyness

of the emission distribution g(). When a particle undergoes a rare transition which

is similar to the true transition, the data will eventually support the particle by

increasing its importance weight through a relatively large g(). The supporting data

is incrementally incorporated into the importance weight as the data is scanned. At

the same time the resampling process is acting to dispose of particles with small

importance weights. We alter the resampling process to allow the data to the right

of a transition to contribute to the weight before the particle is removed due to the

transition factor f
q
(). We refer to this method as focused sampling with delayed

resampling (FSDR).

It is important to note that we are changing only the resampling process. The

importance weights, which are used for online EM, remain the same. For the purpose

of resampling we introduce different weights wres which map the particles to what we

call the delayed-resampling distribution. When we resample, we sample the particles

proportional to the wres instead of the importance weight. This means immediately

after resampling the ESS will not equal N as before. If we choose the delayed-

resampling distribution wisely, we can maintain more diversity in the particles by

sacrificing some resolution in the peakiest region of the transition.
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Another way to view the delayed resampling process is as a two-step importance

sampling procedure. We use SISR to obtain a sample from the delayed-resampling

distribution. The delayed-resampling distribution then acts as the proposal distri-

bution for our second importance sampling which yields the approximation of the

target distribution. When a resample occurs at position K, the particles are re-

sampled proportional to wres, and the resampled particles are distributed according

to the delayed-resampling distribution. Then the second importance sampling step

approximates the target distribution by

p̂(X0:K) =
N∑
i=1

w′K(X
(i)
0:K) · δ(X(i)

0:K)

where

w′K(X(i)) ∝ w0,K(X(i))

wres
0,K(X(i))

such that
N∑
i=1

w′K(X(i)) = 1.

The role of wres is to force the resampler to consider data to the right of a transition

before applying f
q
(), which will be a penalty for the oversampled rare transitions (see

Figure 2.18). As such, we want wres to take the form

wres
k,K(x) = g(xk:K |yk:K) · f(xk:K−D)

q(xk:K−D)

withD > 0 and k < K−D. This is similar to, but distinct from, a class of SIS methods

called lookahead methods which we will discuss in more detail in Section 3.5.1.

The delay D should be chosen to ensure sufficient data contributes to wres before

the transition factor f
q
() is applied. The notion of how much data is sufficient to pro-

vide evidence for or against a transition relies on the forgetting rate of the transition

distribution. We revisit the ideas explored in Section 2.2 where we concluded that

the lower region of the genealogy has a smaller forgetting rate than the upper region.
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Figure 2.18: FSDR. In this example the focused sampler proposes a transition with
a low probability. In the case of FS, the particle is quickly removed by resampling
(i.e. its weight becomes 0) before the data which would support the transition is
incorporated into the weight. In the case of FSDR, the data contributes to the
particle weight before resampling removes it.

Just as the lag Lj was chosen to be epoch-dependent, so too is the resampling delay

Dj.

Recall that the lag for online EM is assigned based on the epoch of the summary

statistic (an event or opportunity that occurs in epoch j and hence affects N̂ej is

assigned lag Lj). The f
q
() factor of the importance weight is not as easily attributed

to a single epoch. The branch movement involves a recombination in epoch jrec, a

coalescence in epoch jcoal, and possibly a migration in epoch jmig with jrec ≤ jmig ≤

jcoal (for simplicity of notation we assume a maximum of one migration although more

are possible). We have chosen to assign a delay of Djrec as the recombination rate is

independent of the epoch. We fear introducing a dependence between the buffer and

the inferred demography could lead to feedback loops.
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We would like to scale the delay according to the epoch of the recombination.

To do this we again rely on the pre-E step of SMC2 to calculate the median node

survival for each epoch and set the delay to be half of this value (and so half of the

lag, since λ = 1). This ensures some of the relevant data has been considered before

the resampler can dispose of a particle due to a rare transition.

Although there is logic behind applying the factor f
q K−Djrec

:= f
q
(xK−Djrec−1:K−Djrec

)

at position K, it remains a fairly arbitrary choice for a possibly large change to the

wres. As such we decided to apply this delayed factor in three stages. For a recom-

bination that occurs at genomic position K − Djrec , the entire factor is applied by

position K. The factor is applied gradually by setting wres = wres · (f
q K−Djrec

)1/3 at

positions K − 6
7
Djrec , K − 4

7
Djrec , and K.

The focused sampler has introduced quite a few tuning parameters. Unless oth-

erwise stated we set h = {0, 800} (in generations) and s = {3, 1}. This default

oversamples recombinations in the bottom 800 generations (or equivalently 20ky) of

the tree. The next section discusses the inference of version 2 of SMC2 which includes

FSDR.

2.5 Simulated data results for version 2

The FSDR implementation should increase the power of inferring parameters associ-

ated with recent epochs. In the bottleneck model we see marginal improvements in

N̂e for epoch 0 and 1 when analysing 8 samples (Figure 2.19). When using FS, fewer

of the replicates show the extreme bias in N̂e
0

which is prominent with the naive

sampler. FSDR shows further modest improvements over FS.

Returning to the uni-directional migration model we see an improvement in the

migration estimates when the FSDR is employed (Figure 2.20). If we consider a

slighlty more complex model, with population size changes and periods with and
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(a) naive sampler (b) FS (c) FSDR

Figure 2.19: Bottleneck model; 8 samples; 3k particles; the black line is the true Ne.

without migration (period of migration model in Appendix B), we again see improved

estimates with the FSDR (Figure 2.21). As the naive sampler failed to infer migration

over a large time scale, we focus on the period 0-56kya (2240 generations) for the two

population models.

The focused sampler is designed to increase the number of recombinations in a

selected time section in order to increase both the opportunity and the event count.

By increasing both, we increase the power to infer the parameter, without biasing

the estimates. The uni-directional migration and period of migration models show

an increase in power to infer the presence of migration. The split no migration model

provides reassurance that SMC2 with the FSDR does not lose the ability to infer a

period of no migration (Figure 2.22).

The experiments above show that the FSDR improves the estimates of migration

rates in the recent epochs (Figure 2.20 and Figure 2.21). We do not see an improve-

ment in the epoch immediately following the split, hereby refered to as the post-split

epoch, as the FSDR focuses on transitions in the bottom of the tree. We believe the

overestimation of migration rates in the post-split epoch is due to a shallow likelihood

function. The data cannot easily distinguish between no migration and a migration

in the post-split epoch with a resulting coalescence before the split. To address this

problem we tried using the FSDR to focus on the time section around the split time

as well as the bottom of the tree. We refer to this as multi-tiered focusing. In this

case we focus on the times 0-56kya and the 56ky since the split time 450-506kya. Fig-
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(a) naive sampler (b) FS (c) FSDR

Figure 2.20: Uni-directional migration model; 8 samples; 3k particles; the truth is
represented by the dashed lines.

(a) naive sampler (b) FS (c) FSDR

Figure 2.21: period of migration model; 8 samples; 3k particles; the truth is repre-
sented by the dashed lines.

(a) naive sampler (b) FS (c) FSDR

Figure 2.22: Split no migration model; 8 samples; 3k particles; the truth is represented
by the dashed lines.
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(a) FSDR (b) FSDR multi-tiered focusing

Figure 2.23: Focus on only the bottom of the tree, or both the bottom and the
post-split epoch; the truth is represented by the dashed lines.

ure 2.23 shows the multi-tiered FSDR does not improve the estimates of migration

in the post-split epoch. While the multi-tiered FSDR should increase the diversity

of transitions in this region, it seems the difference in g(y|x) is not great enough to

accurately infer the absense of migration. The issue of inaccurate post-split epoch

migration inference remains an unsolved problem which we will discuss further in the

next chapter.
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2.6 Guided recombination sampling

Another approach to improving the sampler is to utilise data from previous EM

iterations. The FSDR broadens the tails of the proposal distribution to better explore

the state space, but this is a naive data-agnostic exploration. A more sophisticated

proposal distribution would utilise the available information on the location of likely

recombinations, to increase the particle coverage in high-posterior density regions of

the state space.

If we record the posterior density of recombinations along the sequence, we get a

sense of where the algorithm would benefit from oversampling recombinations. This

may be particularly advantageous with real data where the recombinations will not

be evenly dispersed along the genome, but cluster in recombination hotspots. We

discuss incorporating known recombination hotspots in the transition distribution in

Section 2.7, here we are considering using them for the proposal distribution only and

letting the data support their existence, rather than using a hotspot map.

In addition to learning the sequence positions of recombinations, we can learn

where in the tree space these high-support recombinations occurred. Once one EM

iteration has been completed, we have a set of recombination events, each with a

weight reflecting the particles which support that event. Thus far we have used these

recombination events only to update ρ̂. However, these events carry information on

where likely recombinations occurred in sequence position and time, and on which

branch of the tree. The matter of shifting the proposal distribution given this infor-

mation is complicated by the fact that a recorded recombination will have occurred on

one particular tree topology. We want to use the recorded recombinations to alter the

proposal on all particles, many of which will not share the topology of the particles

that provide support for the recombination.

To harness this information, for each haplotype we record the sequence position

of recombination events above that sample, with the associated weight for the event.
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The weight of an event is
∑

i∈Gwk+L(X
(i)
1:k+L) where wk+L are the normalised particle

weights when the algorithm has scanned data up to position k+L, k is the sequence

position of the event, L is the lag of the epoch the event occurs in, and G denotes

the set of particles which contain the event. Events observed in one EM iteration are

then used to alter the proposal distribution of the next EM iteration. The new pro-

posal of recombinations is a mixture of the previous proposal and a guiding proposal.

We give the guiding proposal weight α and the original weight 1 − α. To create the

guiding proposal, the genome is divided into segments of 100 bases, and the posterior

opportunity and event count are recorded for each segment and each sample. These

measurements will be incredibly noisy, so we employ a binary segmentation scheme

similar to that described in [24] to determine where we observe changes in the re-

combination rate. Then for a branch above only three samples with rates r1, r2, r3,

recombinations are sampled according to the average rate 1
3

∑3
i=1 ri.

To analyse the benefit of using previous EM steps to guide the sampler, we ran

the guided recombination sampler (GRS) method both with and without FSDR. We

expected GRS could replace FSDR as the sampler would learn when recombinations

are likely to occur in the bottom of the tree space. We chose the zigzag model used

in [74] as this model has variable Ne in the recent past, where we expect the GRS to

provide the most benefit. Unfortunately, we see no improvement (Figure 2.24). For

all versions of SMC2 tested, our inference is comparable to that of MSMC run with 2

samples (Figure 2.25), suggesting that for this model SMC2 is unable to sample the

necessary coalescent events low in the tree.

We suspect the lack of improvement with GRS is due to the changing inferred

demographic model. A recombination event may show strong support under the

initial parameters simply because the particles simulated under the initial model do

not fit the data well. We tried to supress this effect by testing a couple of values for α.

A better approach may be to run SMC2 for 10 EM iterations to get the parameters
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(a) naive, no guiding (b) naive, guiding α = 0.25 (c) naive, guiding α = 0.5

(d) FSDR, no guiding (e) FSDR, guiding α = 0.25 (f) FSDR, guiding α = 0.5

Figure 2.24: Zigzag model; 8 samples; 10k particles; the black line is the true Ne.

Figure 2.25: MSMC results for zigzag model with 2, 4, and 8 samples from Schiffels
and Durbin [74].
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closer to the true values, and then implement the recombination guiding to increase

precision. This idea is similar to the idea of running early EM iterations with few

particles and then increasing the number to reach convergence [9, p. 403], but does

not involve the increase in computational resources. For now we have abandoned this

sampler to focus instead on a lookahead sampling procedure discussed in Section 3.5.1.
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2.7 Data-based model adjustments

We have shown that SMC2 is able to infer parameters from data simulated under a

variety of demographic models. However, all of these experiments used unrealistic

data. In this section we explore a few of the complications that may arise from real

data.

2.7.1 Phasing

For diploid species, like humans, there is an additional level of uncertainty in the data

due to unknown phasing. If the phase of a sample is unknown at a heterozygous site

the mutation cannot be attributed to a particular leaf of the tree. For example, if

there are two diploid samples one of which is heterozygous and the other homozygous

at site j, then we have either yj =1000 or yj =0100. We will represent this unphased

mutation pattern as y′j =//00.

Clearly an adjustment must be made to the emission distribution to account for

unphased data y′j. We chose the naive approach of averaging the likelihoods of all

possible phasings so that in the example

g(y′j = //00|xj) =
1

2

(
g(yj = 1000|xj) + g(yj = 0100|xj)

)
.

While this approach is simple to implement, it is not a perfect fix. By not making use

of the phase of heterozygous sites in the model, the data becomes less informative.

To show that demographic parameters can be correctly inferred without phasing

information, we simulated data from the bottleneck model (Appendix B) and treated

the data as 4 unphased diploid individuals. Running SMC2 produced the estimates

in Figure 2.26, which are close to the true values.

Surprisingly, the estimates from analysing the unphased data are better than the

estimates from analysing the phased data (Figure 2.26). We attribute the apparent
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(a) unphased naive sampler (b) phased naive sampler

(c) unphased FSDR (d) phased FSDR

Figure 2.26: Estimates for the bottleneck model with or without phasing; the black
line is the true Ne.
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Figure 2.27: A particle has an incompatible tree at one position, but otherwise is
similar to the truth.

improvement to the fact that the resampling process will be more forgiving due to

averaging over possible phasings. Under the phased emission distribution a particle

is more likely to be assigned a very small weight due to the tree topology not being

compatible with the data and a single mutation event. However, with the unphased

emission distribution the particles are not culled as quickly (the unphased version

has 97±1% the resamplings of the phased version). This may benefit particles which

experience a high probability transition at a position slightly to the right of the true

transition event (see Figure 2.27).

The above finding is both reassuring and worrying. It is reassuring that SMC2 is

capable of correctly inferring parameters without phasing information, which is often

not available. However, it is worrying that our sampler struggles to the extent that

removing information improves the results. Both the naive and the FSDR sampler

benefit from removing phase information.

It seems SMC2 can correctly infer effective population sizes using unphased data,

but we saw in Section 2.3 that inferring migration rates is more difficult than inferring

population sizes. As such, we should check that the our estimates of migration rate

are not greatly influenced by a lack of phasing information. To this end, we ran SMC2
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(a) unphased naive sampler (b) phased naive sampler

(c) unphased FSDR (d) phased FSDR

Figure 2.28: Migration estimates for the uni-directional migration model with or
without phasing; the truth is represented by the dashed lines.

on both phased and unphased simulated data of 4 diploid individuals from the uni-

directional migration demographic model (Figure 2.28). As in the bottleneck model,

inference is improved by removing the phase information, now to an even greater

extent (Figure 2.28).

2.7.2 Ancestral allele awareness

The simulated data analyses have so far neglected some informative data that is

often available. The likelihood of the sequence data has been computed assuming

an unknown root state for the tree. With the state of the root (the ancestral allele)

known, the emission density from Felsenstein’s algorithm uses a prior of π0 = 1, π1 =

0. In many applications, this state can be found by use of an outgroup, if not for the
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Figure 2.29: A known ancestral allele limits the possible topologies.

whole-genome then for large sections of the genome.

SMC2 relies on mutation patterns to determine the probable genealogies at a given

genome position. The knowledge of which samples are below a mutation should be

a powerful indicator of likely trees. Consider the example in Figure 2.29 where the

true topology is displayed on the left. If the ancestral allele is known then there are

three possible topologies. If the ancestral allele is unknown there are five possible

topologies. Of course the likelihood of the particle is not solely determined by the

mutation pattern at a single position. The data around this site should be informative

as to which topologies are likely and in aggregate the algorithm should favour the

true topology. Still, the main challenge is to sample sufficiently from regions of the

state-space with high posterior, so it should be more efficient to encourage resampling

of the best particles.

Furthermore, ancestry information may boost our ability to infer directional mi-

gration, which is the driving aim of this method. In Figure 2.30 an ancestral allele of 0

necessitates either a migration from Pop 0 to Pop 1 or a long period of no coalescence
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Figure 2.30: A known ancestral allele indicates probable migration.

in Pop 0. Particles with the latter topology will get a small weight as the surrounding

data will not have many singletons for sample 2, and so an emission distribution which

uses the ancestry information will shape particles to the correct topology. Without

the known ancestral allele, many other topologies will be considered likely as they fit

with the possibility that the mutation is a singleton on sample 1. Considering the

results of Section 2.5 (which showed that obtaining accurate migration estimation

requires sophisticated sampling), we should use every available option to drive our

particles toward regions of the state space with high posterior density.

Running SMC2 with or without known ancestry information on 8 samples simu-

lated from the bottleneck model, we see little difference in the estimates (Figure 2.31).

The 4 sample case and the naive sampler all see similar results. Ancestral information

does not seem to improve population size estimation.

The effect of known ancestry on migration inference is slightly more promising

(Figure 2.32). The ancestry information seems to increase the precision of migration

estimates for the most recent epoch, and help distinguish directionality in the post-

split epoch. However, this effect is modest and no drastic improvement is observed.

The lack of dramatic improvement is an initially surprising result. One explana-

tion could be that the posterior distribution is not significantly altered by including

knowledge of the ancestral alleles because the sequence data itself is sufficiently infor-

mative of the ancestry. Figures 2.29 and 2.30 detail the benefit ancestral information
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(a) unknown ancestral allele (b) known ancestral allele

Figure 2.31: Bottleneck model; 8 samples; with or without a known ancestral allele;
the black line is the true Ne.

(a) unknown ancestral allele (b) known ancestral allele

Figure 2.32: Uni-directional migration model; 8 samples; with or without a known
ancestral allele; the truth is represented by the dashed lines.
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can provide for inferring a genealogy at a single site. Perhaps when the context around

the genealogy is considered, the ancestral allele becomes superfluous information.

Another possibility is that the benefits described in Figures 2.29 and 2.30 are

offset by the difficulty of sampling from a peakier posterior distribution. This was

our reasoning for obtaining better results from unphased data than phased data in

Section 2.7.1. This theory is also compatible with the improvements we see due to

FSDR. At face value these results are not comparable as focused sampling concerns

transitions and ancestry information concerns emissions. However, we employ focused

sampling to broaden the proposal distribution in order to oversample rare transitions

and delay the transition penalty to maintain a variety of trees. The known ancestral

allele does not alter the proposal distribution, but it does impose a peakier likelihood

which will reduce the variety of the particles through resampling. When it comes to

importance weights, the FSDR provides a buffer to increase particle diversity whereas

known ancestral alleles reduce particle diversity.

It is still difficult to imagine that maintaining a collection of particles that are

incompatible with the data is helpful. I suspect the reason we would want to maintain

a completely incompatible particle is the possibility that the particle will become

compatible. The parameter inference is based on the tree transitions that are deemed

likely by the data. The size of the ARG state-space precludes the possibility of

considering all possible transitions at each position of the genome. We must rely on

a small sample of ARGs. If one particle makes a branch movement very similar to

the true ARG but at a position shifted slightly to the left or the right, the majority

of the genome data would support this, but a small region may doom the particle. It

is best for parameter estimation that this particle is maintained until a long stretch

of data to the right of the sampled transition has influenced the particle’s weight.
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2.7.3 Other

There are various other situations that should be considered. A few of these we

explore further in the next chapter, but some remain open questions.

Sequencing the genome of an individual is much cheaper now than 10 years ago.

Unfortunately, getting an error-free genome sequence today is incredibly costly, if not

impossible. Most sequence data will have false positive or true negative variant calls.

We have not tested how robust SMC2 is to errors in the sequence data. In principle,

the emission distribution could utilise the quality of each variant call. We have chosen

not to pursue this as the field is moving towards more confident calls.

We have allowed for samples to have uncalled regions of the genome. If the called

sequence has low quality scores in a region, that region is marked as masked in the

input file, and that region of the sample does not affect the importance weights of

the particles.

The transition distribution makes many simplifying assumptions about the biology

of recombination. One of these assumptions is that the genome is neutrally evolving

at all positions. In Chapter 3 we consider the effect of masking out genes which are

certainly evolving under selective pressure. When aiming to infer population histories,

non-neutral regions are a nuisance often ignored by demographic inference methods.

However, there is much scientific interest in identifying non-neutral regions. When

demography is known, SMC2 could be reframed to identify regions evolving under

selection (more details on this in Section 3.5.1).

Additional simplifications of the recombination process are the constant recombi-

nation rate and our restriction to crossover recombination events. Crossover recom-

bination is a biological process whereby proteins create double stranded breaks in the

genome and cross the chromosomes when repairing the break. These breaks do not

occur uniformly along the sequence. The break sites have been associated with sev-

eral sequence motifs and for many species (including humans) a recombination map
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has been created. A known map of recombination hotspots could be incorporated

into the transition distribution. Alternatively the proposal distribution could depend

on the recombination map, without any change to the transition distribution. This

should make the sampler more efficient by focusing on higher density regions of the

state space. We ignore non-crossover recombination where a small segment of the

chromosome will be derived from a different lineage. Non-crossover recombination

causes strong dependencies in a small range of the sequence. This type of recombi-

nation could be modelled by using a closer approximation to the ARG than SMC’.

This would be implemented in SMC2 using SCRM’s window size feature. However,

the better approximation would have a computational cost.

The emission distribution, as we model it, has a large simplification of its own.

We assume a constant mutation rate, independent of sequence context and type of

mutation. These are known to have profound effects on the mutation rate. There is

even evidence that mutation rates vary through time and between populations [35].

Genetic inheritance is a complicated process and mathematical models will always

involve some simplifications. I expect most of the ideas above to be unneccessary com-

plications for analysing human demography. Still, it would be useful to demonstrate

this to be true. Moreover, we have developed this method with the hope that others

will extend it to their own applications. Non-human data may have significant com-

plications we have yet to consider, and so we hope this simulation-based method is

flexible enough to be adapted to any problem of interest.

2.8 Runtime of SMC2

The previous sections have demonstrated the capability of SMC2 to infer demographic

parameters, even when using a fairly modest number of particles. Of course, the

Monte Carlo approximations would be improved by increasing the number of particles.
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This could be particularly beneficial to estimation in multi-population models where

the state space is larger. We have thus far restricted ourselves to 10,000 particles due

to demands on compute time; memory requirements have not been a limiting factor.

Here we briefly detail the computational burden and scalability of SMC2.

For reference, the analysis in Figure 2.7d consisted of 10 replicates. Each of these

replicates used 10,000 particles and 30 EM steps to analyse 200Mb of data from 4

haploid samples simulated under the bottleneck model. Each replicate took ∼ 18

CPU hours, and so ∼ 180 CPU hours for the entire analysis. The compute time

scales linearly with the sequence length, number of samples, number of particles, and

number of EM steps. Moreover, the compute time is dependent on the underlying

demographic model. In a similar analysis the data was generated under a constant

population size, but the setup was otherwise identical. This constant population size

experiment took ∼ 40 CPU hours per replicate. The increase in runtime is a con-

sequence of larger genealogies and the accompanying increase in recombinations and

mutations. Multi-population models take even longer as the majority of genealogies

have a TMRCA before the split time.

When several CPUs are available, real time can be saved by running the replicates

independently. Runtimes can be further reduced by parallelising each replicate. This

is done by dividing the data into chunks. Each EM step then consists of running

sequential Monte Carlo on each chunk of data independently. Once all of the chunks

have been processed, the summary statistics are averaged and then used to produce

the new parameter estimates. This averaging step relies on the additive functional

form of the statistics. In practice, we do not use chunks smaller than 20Mb, in order

to retain long distance dependencies in the data.
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2.9 Conclusion

We have developed an algorithm to estimate demographic parameters using sequential

Monte Carlo methods to model the SMC′. We have shown that SMC2 is capable of

inferring population sizes and directional-migration rates.

Inferring parameters from sequence data is difficult due to the high-dimensional

state space of ARGs. We have developed two sophisticated samplers to boost state

space exploration, and concluded that the FSDR is best able to produce a high-

posterior set of particles. In many cases, the algorithm infers an approximately cor-

rect demography, although some limitations remain (e.g. post-split epoch migration

estimation).

With SMC2 built, we now turn our attention to real data. The next chapter

explores what SMC2 can and cannot tell us about the demographic history of Nean-

derthals and their relation to anatomically modern human populations.
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Chapter 3

Neanderthal history

3.1 Introduction

A new age of self-discovery has started for humans. Recent advances in sequencing

technology have brought opportunities to investigate the molecular history of our

species. Genomic data is yielding insights unattainable through previous anthropo-

logical methods alone [73, 37, 45]. The evidence teased out of genomes has been, and

will continue to enhance our understanding of human history and evolution.

One particular area of interest is the fate of the sister species of modern hu-

mans. The recent discovery of Neanderthal and Denisovan remains harbouring DNA

has opened the door to genomic comparisons of these species. This has not been

straightforward, due to the sparsity of surviving endogenous DNA, the accumulation

of DNA damage (particularly deamination), and overwhelming contamination from

foreign bacterial and modern-day human sources. Nevertheless, scientists in the field

have tackled these problems head-on and a boom in ancient DNA studies has begun

[26, 51, 27].

As of 2017, researchers have access to three high quality archaic whole-genomes.

Two of these are Neanderthal genomes. The first high-quality Neanderthal genome
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was published in 2014 [68]. The sample was extracted by Prüfer et al. from a toe

phalanx discovered in Denisova Cave in the Altai Mountains in 2010. The second

high-quality Neanderthal genome is currently in preparation, but has been made

available to researchers by the Max Planck Institute for Evolutionary Anthropology

[54]. This sample came from the Vindija cave in Croatia. The third fully sequenced

archaic genome is that of a Denisovan. This sample was found in 2008 in the same

cave as the Altai Neanderthal, indicating co-localisation of the sister species, although

the Denisovan sample is believed to be older than the Neanderthal [68].

The full genomes of archaic hominins are advancing knowledge beyond that previ-

ously obtained from mitochondrial DNA (mtDNA). Before the technological advances

that enabled nuclear DNA extraction and sequencing, the field relied on mtDNA.

Each cell carries hundreds of copies of mtDNA, making it far more abundant than

nuclear DNA, and increasing the chance of DNA preservation. An early analysis of a

360bp region of mtDNA found no evidence of Neanderthal introgression into modern

humans [47]. Further studies of additional Neanderthal samples substantiated this

claim [75]. Sequencing of the complete Neanderthal mitochondrial genome furthered

this theory, as it found the variation of mtDNA of a Vindija Neanderthal to be outside

the variation between modern humans, indicating the common mtDNA ancestor to

modern humans post-dates the split from the Neanderthal lineage [29].

Two landmark studies changed our understanding of our shared history with these

archaic hominins by analysing nuclear DNA [72, 68] (summarised in Figure 3.1).

The mitochondrial genome of the Denisovan sample is deeply diverged from those of

Neanderthals and anatomically-modern humans (AMH) [68]. However, a phylogenetic

reconstruction based on autosomal DNA revealed the Denisovans and Neanderthals

are sister groups with respect to modern humans [72, 68]. Prüfer et al. used the

complete genomes of the Altai Neanderthal and Denisovan to place their divergence

time at 380-470kya. They placed the split time between AMH and the shared archaic
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Figure 3.1: Summary of human evolutionary history borrowed from Nielsen et al.
[61].

lineage at the earlier date of 550-765kya.

Both Neanderthal nuclear genomes have shown evidence of introgression into the

ancestors of modern non-African populations. On average, ∼2% of the genome of a

present-day non-African individual is descended from a Neanderthal lineage [68]. The

first study of the nuclear genome of the Vindija Neanderthal, which analysed only

chromosome 21, concluded the population of Neanderthals which introgressed into

AMH is more closely related to the Vindija individual than the Altai individual [48].

The same study additionally detected a signal of migration from a diverged AMH

population into the Altai Neanderthal ∼100kya (note that for this chapter we refer

to forwards-in-time migration). Although there was no evidence of AMH-Neanderthal

admixture in the mitochondrial genomes, analysis of the nuclear genome in multiple
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samples and multiple studies have shown interbreeding has resulted in a signifcant

genetic contribution of Neanderthals to modern humans.

Several studies found the Denisovans have also contributed to modern human

genomes, although in a less global manner. They found Denisovan lineages con-

tributed on average 5% of the genomes of modern day Oceanians [72, 68, 52]. However,

only 0.2% of the genomes of mainland Asians was found to derive from Denisovans,

suggesting the admixture occurred after the divergence of these populations.

Regions of extreme divergence have been identified in the Denisovan genome,

which may be evidence of a more deeply diverged hominin group that introgressed

into the Denisovan. This theory is consistent with the finding that the mitochondrial

genomes of Neanderthals and AMH are more closely related to each other than the

Denisovan mtDNA, despite the nuclear phylogeny. The Denisovan genome has pro-

vided evidence for a potential fourth “unknown archaic hominin” sister species which

diverged from other hominins 0.9-1.4Mya [68].

While the contribution of archaic hominins to modern human genomes is fasci-

nating, it is not the only subject of interest. Many studies investigate the traits of

the archaics, identifying adaptive alleles, some of which were introduced into human

lineages [57, 15, 40, 69]. However, we as a species are generally fascinated by these

archaic species, not just because they influence our own genetics, but also because

the Neanderthals and Denisovans were not so different from our ancestors, their con-

temporaries. The most notable difference is that AMH societies survived and theirs

did not. PSMC has been used to infer the population sizes and found that while the

Altai Neanderthal and Denisovan populations seemed to dwindle out (possibly from

competition with our ancestors), the Vindija Neanderthal population grew [68, 48].

If the Vindija population did indeed experience an expansion after 100kya, to the

point that it was substantially larger than the contemporary non-African population,

then what caused its extinction? Wide ranging theories from volcanic activity to a
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lack of trade practices have been proposed to explain the extinction of Neanderthals

and survival of AMH [3, 38], but these theories largely rely on an already dwindling

Neanderthal population.

In this chapter we investigate the recently sequenced Vindija individual and its

relation to modern human populations using our newly developed method SMC2.

We have chosen to focus on the Vindija individual as phylogenetic analyses have

found the Vindija to be more closely related to the introgressing population than the

Altai Neanderthal [68, 48]. The approximate time of Neanderthal introgression has

been determined by comparisons of ancient AMH and Neanderthal genomes [26]. We

endeavour to infer this time directly from a single ancient sample and two modern

Europeans. The Kuhlwilm et al. paper, which analysed chromosome 21 of the Vindija

sample using G-PhoCS, provides a useful comparison for our results.

3.2 Proof of principle models

The previous chapter demonstrated the capability of SMC2 to infer demographic pa-

rameters in a variety of demographic models. However, the analysis of real ancient

samples introduces a number of complications not yet discussed. One of these com-

plications is that the samples are no longer contemporaneous. In a model with non-

contemporaneous samples, some of the leaves of the genealogies will not be placed at

present day. This is handled in SMC2 by specifying the number of generations before

the present when the samples lived, and only modelling the associated lineages back

from that time. For Neanderthal populations, we additionally assume the population

ceased to exist around the time of the sample, and do not allow for migration between

the populations in the years since the sample time. In this section we will consider

data simulated from models with non-contemporaneous samples, in order to evaluate

the performance of SMC2 in these cases.
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We use the findings of the Prüfer et al. and Kuhlwilm et al. papers to motivate

our models. One of these models includes a period of uni-directional migration from

the archaic population to the extant population (forward-in-time migration). The

other model has bi-directional migration in the same period. We chose the migration

rate to be approximately consistent with 2% of the AMH genome originating in the

archaic population. Both models have Ne curves similar to the putative population

histories of Europeans and the Vindija Neanderthals, and we simulate four haploid

samples from the AMH population and two from the archaic population. In addition

to testing the performance when using non-contemporaneous samples, these models

should demonstrate that neither the skewed sample number nor the differing histories

confound our ability to infer migration. See Appendix B for details on the human-

archaic models.

Figure 3.2 shows the inference from data generated under the uni-directional mi-

gration model. As in the previous chapter, we display the results of 10 independent

runs of SMC2 to convey uncertainty in the estimates. The light band spans the 0th

to 100th quantile, the dark band spans the 25th to 75th quantile, and the solid line is

the median estimate. The estimates of migration are greatly improved by increasing

the focus strength. Both focus strength 3 and 5 are better able to infer migration in

the period 44-100kya than the naive sampler. They do drastically underestimate the

migration rate for 100-150kya, indicating the precise placement of migration events

in time has not yet been achieved. It is clear SMC2 with FSDR is capable of inferring

the true demography in this model, despite the asymmetry of the model and data.

Ideally, we would like to be able to infer the true values in any demographic

scenario. However, it is intractable to test every case, and there are certainly scenarios

where our default of 10,000 particles will not be sufficient (for example models with

very low levels of migration). One open question for Neanderthal-AMH interaction is

to what extent modern human ancestors contributed to the Neanderthal population.
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We need to check that the differing Ne histories, sample counts, and sample dates

do not impair our ability to infer migration in either direction. Analysis of the bi-

directional Neanderthal-AMH model (Figure 3.3) shows promising results, but also

raises some concerns. As in the uni-directional case, the focused sampler is needed

to infer both migration and Ne. This is reassuring, as we cannot base our choice

of sampler on an unknown truth. Overall, SMC2 succeeds in inferring the rate and

directionality of migration in both the uni-directional and bi-directional cases.

The concerning matter is the somewhat skewed inference of the directional migra-

tion rates, which is most easily seen in the s0−56kya = 5 case in Figure 3.3. This skew

becomes more obvious for the s0−56kya = 3 case if we examine the evolution of the

parameter estimates over the EM iterations (Figure 3.4). The evolution of estimates

for each run show consistent upward movement towards the truth in Neanderthal-to-

AMH estimates. However, the AMH-to-Neanderthal estimates initially move down

away from the truth before starting to converge. This highlights the problem that

migration estimates can easily be absorbed at 0. We will discuss potential solutions

in Section 3.5.1, but for now this remains a possibility. It seems in these models

absorption at a false value was avoided, but if the true rate were lower or if the Ne

curves were different, false absorption could occur, leading to a false conclusion of

uni-directional migration.

The AMH-to-Neanderthal migration parameters appear to be more easily un-

derestimated in the 44-100kya range. This directionality does relatively well in the

period of no true migration 100-500kya. For this time period the other direction

(Neanderthal-to-AMH) overestimates migration. It seems there is a consistent un-

derestimation in one direction, and consistent overestimation in the other direction.

At least this is true for 40 EM iterations; we are unable to test longer term behaviour

of estimates due to computational limitations. For practical purposes, SMC2 can

correctly infer migration when the signal is strong, but may miss periods of weak

87



Figure 3.2: Compare focus strength of FSDR; uni-directional migration model; from
left to right s0−56kya = 1 (naive sampler), s0−56kya = 3, s0−56kya = 5; 6 samples; 10k
particles; the truth is represented by the dashed lines.

Figure 3.3: Compare focus strength; bi-directional migration model; from left to right
s0−56kya = 1 (naive sampler), s0−56kya = 3, s0−56kya = 5; 6 samples; 10k particles; the
truth is represented by the dashed lines.
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Figure 3.4: Comparison of directional migration rate estimate evolution for 4 of
our replicate analyses (Left : Neanderthal-to-AMH; Right : AMH-to-Neanderthal); bi-
directional migration model; 6 samples; 10k particles; the truth is represented by the
dashed lines.

migration and will overestimate migration in the post-split epoch.

To interrogate the potential problem of incorrectly inferring no migration, we

simulated data under the same bi-directional migration model, but with a weaker

migration rate (2.125e-6). SMC2 incorrectly infers uni-directional migration in this

case (Figure 3.5). It seems SMC2 is only sensitive to bi-directional migration above

rate 2.125e-6, at least for 10,000 particles and 100Mb of data. When applying to real

data, we should qualify that inferring a migration rate of zero does not preclude the

possibility of low levels of migration.

We pushed the method even further by trying to infer migration in a model with

a substantially lower level of migration. For this model we used a rate of 4.25e-7,

which is one-tenth of our standard value. This would correspond to about 0.2% of

the genome being derived from Neanderthals according to our crude calculation in

Appendix B.2.4. With this low level of migration, SMC2 is not able to detect any

migration for either the bi-directional or uni-directional case (Figure 3.6).

The proof of principle analyses above have benefited from our knowledge of the

true model. In SMC2, at least in its current implementation, the epoch boundaries
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Figure 3.5: Bi-directional migration model with weaker migration; Bottom left :
Neanderthal-to-AMH; Bottom right : AMH-to-Neanderthal; 6 samples; 10k particles;
the truth is represented by the dashed lines.

Figure 3.6: Bi-directional and uni-directional migration models with very weak mi-
gration; 6 samples; 10k particles; the truth is represented by the dashed lines.
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must be set manually. In real-data applications the times of major demographic

changes will not be known, and so typically many small epochs are used. We now

evaluate the performance of SMC2 when using many small epochs.

The first thing to notice in the small epoch analyses is the increase in estimate

variation (Figure 3.7). With a larger parameter space, it is difficult to distinguish

between all of the possible curves. This effect is most pronounced in the migration

estimates, but is true of the Ne estimates as well (compare Figure 3.7 to Figure 3.2).

For the bi-directional migration model, we see a failure to infer migration in one

direction (Figure 3.8). The reduced opportunity sufficient statistic explains the large

Monte Carlo variance in these estimates (Figure 3.9). This issue could be lessened

by analysing more genomic data than the 100Mb used here. However, in its current

implementation, SMC2 is inhibited by its runtime. In light of these findings, we will

use fairly large epochs when analysing real data.

For sufficiently large epochs and a high rate of migration, SMC2 is a able to

detect the existence of migration in both directions. These findings motivate our use

of 10,000 particles and focus strength of 3 in the following Neanderthal analysis.
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Figure 3.7: Uni-directional migration model; small epochs for inference; Bottom left :
Neanderthal-to-AMH; Bottom right : AMH-to-Neanderthal; 6 samples; 10k particles;
the truth is represented by the dashed lines.
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Figure 3.8: Bi-directional migration model; small epochs for inference; Bottom left :
Neanderthal-to-AMH; Bottom right : AMH-to-Neanderthal; 6 samples; 10k particles;
the truth is represented by the dashed lines.

Figure 3.9: AMH-to-Neanderthal migration opportunity summary statistics for the
large epoch and small epoch analyses.
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3.3 Neanderthal analysis

We have shown an ability to infer migration rates when using non-contemporaneous

samples. However, in the case of simulated data we know how many generations

separate the samples. Unfortunately, for real data we must rely on imprecise dating

of the Neanderthal sample (in years) and an imprecise estimate of generation time.

We use a naive method of fixing the time of the Neanderthal lineage leaves based

on point estimates. In the process of writing this chapter, the favoured estimate of

the Vindija sample age changed from ∼44kya to ∼55kya [67]. In light of this, I first

present the findings when using the original estimate of 44kya, and then run the

analyses with a sample time of 55kya to evaluate the impact on estimates.

An additional parameter that needs to be set in SMC2 is the split time between

populations. Previous publications have determined the human-Neanderthal split

to be 550-765kya. We choose to use the upper bound of 765kya as SMC2 tends to

overestimate migration following the split, and so an older choice for split is more

conservative.

In the previous chapter we discussed several complications which may arise when

applying SMC2 to real data. Here we use 1,000 Genomes data of individuals from the

CEU and ESN populations [13], and the Vindija Neanderthal genome available from

the Max Planck Institute for Evolutionary Anthropology [54]. The Vindija genome is

unphased, and so we will rely on our positive results in Section 2.7.1. In addition, some

regions of the Vindija genome are uncalled due to the following filtering conditions

provided by [54]:

• Coverage filter stratified by GC content

• minimum coverage 10

• Heng Li’s Mapability 35 (requiring all 35mers to be unique)
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• MQ25

• no tandem repeats (from UCSC tandem repeat finder track)

• no indels (removes indels called with GATK)

These uncalled regions are common throughout the genome. To avoid these regions

contributing to particle weights, we will explicitly mask them.

3.3.1 Vindija sample date of 44kya

We start by running SMC2 over 2 diploid individuals from an AMH population and

the diploid Vindija sample. Consistent with our proof of principle analyses, we use

data from 160Mb of chromosome 1 (of which 62Mb is masked), and initialise the Ne

at 10,000 for all times and each population. Again, the migration rate is initialised at

a constant bi-directional rate as a function of time, but each replicate has a different

rate m0 ∈ {.02, .04, .06, .08, .10, .12, .14, .16, .18, .20} in coalescent units. For all real

Neanderthal data analysis, we assume a mutation rate of 1.45e-8 mutations per base

per generation (based on a mutation rate of .5e-9 mutations per base per year and a

generation time of 29 years).

We infer forward-in-time migration from the Vindija to the CEU population in

(a) CEU-Vi migration (b) CEU-Vi Ne

Figure 3.10: CEU-Vindija inference after 40 EM iterations; 160Mb; 10k particles.
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(a) ESN-Vi migration (b) ESN-Vi Ne

Figure 3.11: ESN-Vindija inference after 40 EM iterations; 160Mb; 10k particles.

44-75kya at a rate of about 1.5e-5 migrations per lineage per generation (Figure

3.10). This is roughly consistent with 2% of bases in modern CEU being inherited

from Neanderthals (see Appendix B.2.4 for similar calculations, with a different time

span and generation time). There was no migration inferred in the other direction

during the same time period which is consistent with the findings of Kuhlwilm et al.

[48]. We infer very low levels of migration in 100-200kya. Due to the known issues

with inferring migration close to the split time (see Sections 2.5 and 3.2), we cannot

determine if the apparent migration before 200kya is a true signal.

For the ESN-Vindija population analysis, we do not infer any recent migration

(Figure 3.11). In contrast to the CEU-Vindija case, there is no sign of migration in

44-200kya.

The Ne estimates are largely consistent with those obtained from MSMC (Fig-

ure 3.11b). We see large variance in the estimates of Vindija Ne for 44-58kya, and so

cannot confidently reaffirm or dispute the claim that the Vindija population grew in

that period. The collection of more samples from the Vindija population will increase

the power to infer this parameter. It is also worth noting that this parameter may

be especially sensitive to false variant calls in the ancient sample (see Section 3.5.1).
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3.3.2 Vindija parameter initialisation

We observe much larger uncertainty in the migration estimates than in the effective

population size estimates. This has been true throughout our simulated examples as

well. One major factor of our EM procedure which we have so far not discussed in

detail is parameter initialisation. In all multi-population models we have initialised all

Ne parameters at 10,000. For a single replicate all migration parameters are initialised

at the same value, so at a constant level of bi-directional migration. The rate for each

replicate varies between 0.02 and 0.20 in coalescent units, which is equivalent to 5e-

7 and 5e-6 migrations per lineage per generation. In this section we address if the

uncertainty in migration estimates is an artifact of our chosen initialisation.

We ran SMC2 over the CEU and Vindija samples with two different choices of

intialisation. First, the same procedure as before where N0 is consistent between

the replicates and m0 is inconsistent. Second, we ran 10 replicates where N0 varied

between 2,000 and 20,000 and m0 was consistently 0.1. We conducted this experiment

with an older version of the FSDR, so the results are not directly comparable to those

in the other sections. Figure 3.12 shows the greater uncertainty in migration estimates

relative to population size estimates is robust to which initialisation procedure is

employed. We do see a slight reduction in migration uncertainty and a slight increase

in effective population size uncertainty due to the new intialisation.

3.3.3 Vindija split time comparison

A major limiting factor in the application of SMC2 is the need to impose a split

time. This is a concern for this analysis as the time of the split between AMHs and

Neanderthals is highly uncertain, with estimates ranging from 550-765kya. We ran

the same experiment with a split time of 550kya, 650kya, and 765kya to check for

sensitivity to this factor. This analysis was performed with an older version of SMC2

with a different implementation of FSDR, so the results are not directly comparable
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(a) Consistent N0, inconsistent m0 (b) Inconsistent N0, Consistent m0

Figure 3.12: Comparison of estimates from different parameter initialisations.

to those in other sections, but the split time comparison does provide insight.

We find the evidence of recent Vindija to CEU migration and lack of evidence for

Vindija to ESN are largely robust to the split time (Figure 3.13). The most recent

split time of 550kya infers high levels of migration in 100kya+ whereas the alternative

models do not. The inferred effective population size curves are similar, except for

around the split time.

A point estimate of the likelihood for a demographic model can be obtained by

running SMC2 for one EM iteration and recording the emission density g(yt|xt) [41].

The likelihood is approximated by

logL(θ|y1:T ) =
T∑
t=1

log
( N∑
i=1

g(yt|xit, θ)
)

+ T logN. (3.1)

To produce a decent Monte Carlo estimate we need to use a large number of particles,

here we chose N = 40, 000, and we ran over the 160Mb of data. For each of the
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Figure 3.13: Results by split time; from left to right 550kya, 650kya, 765kya.
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split time analyses, we considered the median parameter estimates. For each median

demography we ran 10 replicates to obtain 10 point estimates for the likelihood.

Figure 3.14 shows there is high Monte Carlo variance in the likelihood estimates for

each model.

(a) CEU-Vindija (b) ESN-Vindija

Figure 3.14: Estimated likelihood of median demography after 57 EM iterations.

With estimates of the likelihoods, the models can be compared using the Akaike

information criterion (AIC). The AIC involves calculating AICi = 2k − 2log(L) for

each model i. Then exp{(AICmin −AICi)/2} is proportional to the probability that

the i-th model minimises the estimated information loss, i.e. the relative likelihood

of model i. We chose the median likelihood from the high particle count replicates to

represent each model. Our estimates of the likelihood for each case have high uncer-

tainty, which is not accounted for in this analysis. However, the difference between

cases is large compared to the uncertainty.

CEU

(the likelihood is taken from the median of the 10 replicates)

AIC550 = 2 · 39− 2 · (−563688.2) = 1127454.4
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AIC650 = 2 · 42− 2 · (−563681.2) = 1127446.4

AIC765 = 2 · 45− 2 · (−563671.8) = 1127433.6

=⇒

p550 = exp{(AICmin − AIC550)/2} = 0.000030

p650 = exp{(AICmin − AIC650)/2} = 0.0017

p765 = exp{(AICmin − AIC765)/2} = 1.0

ESN

(the likelihood is taken from the median of the 9 replicates as one replicate died)

AIC550 = 2 · 39− 2 · (−650408.1) = 1300894.2

AIC650 = 2 · 42− 2 · (−650405.2) = 1300894.4

AIC765 = 2 · 45− 2 · (−650395.5) = 1300881.0

=⇒

p550 = exp{(AICmin − AIC550)/2} = 0.0014

p650 = exp{(AICmin − AIC650)/2} = 0.0012

p765 = exp{(AICmin − AIC765)/2} = 1.0

The AIC strongly favours a split time of 765kya. We suspect this is primarily

influenced by the inferred demography rather than the split time itself. As mentioned

previously, SMC2 struggles to reduce migration estimates in the post-split epoch. We

would expect a model inferred using the correct split time to have a relatively low

likelihood if the true model has no migration in the post-split epoch. Still, it seems

our choice of 765kya is justified.

An alternate method to imposing a split time in the model would be to allow

the migration inference to model the joining of two populations. When a single

population is being falsely modelled as two populations, the inferred migration rates

between the populations should be high. If the inferred migration is balanced, the
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inferred Ne for each population will be half of that of the true joint population (we

have observed this in our own simulated data analyses, although I do not present

the evidence here). This may be a better way to model the dynamics of splitting

populations as it allows for more subtle changes in time. Our conservative choice of

a split at 765kya is similar, in that it allows inferred migration rates to provide the

detail on the severity of the split.

3.3.4 Vindija sample date of 55kya

The choice of Vindija sample age in the analyses above was primarily based on the

values used in the Kuhlwilm et al. paper, which was based on carbon dating [48].

However, since the publication of that paper, the estimated age of the Vindija sample

age has been modified from ∼44kya to ∼55kya using branch shortening inference

[67]. The branch shortening method counts the number of derived changes since the

chimp-human ancestor for the samples, and then scales the sample dates based on

the proportions. We are reluctant to overly rely on branch shortening estimates, as

they are sensitive to differences in error rates between modern and ancient samples

[68]. We reran some of the experiments with the altered sample age.

The updated sample age affects the Ne inference for the Vindija population, but

does not seem to alter the migration estimates in a significant way (Figure 3.15).

The main difference is the inference of Ne in the most recent Vindija epoch (44-58kya

for the original analysis, 55-75kya in this analysis). The original analysis inferred a

large Ne, which was largely consistent with the findings of G-PhoCS in [48]. With

the updated sample date, the N̂e is ∼2,000. This estimate is more consistent with a

population shortly before its extinction.
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(a) CEU-Vi migration (b) CEU-Vi Ne

(c) ESN-Vi migration (d) ESN-Vi Ne

Figure 3.15: Results when imposing a Vindija sample time of 55kya; 40 EM iterations.
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3.3.5 Altai analysis

This chapter has focused on the Vindija individual primarily because the Altai sample

has been shown to have high levels of recent inbreeding [68]. However, there is growing

interest in distinguishing the Neanderthal populations and their interactions with

AMHs. As such, we conducted the same analyses on the Altai Neanderthal.

Recently inbred regions in the Altai could cause problems for SMC2 as they have

a true coalescence just two or three generations back. We introduced a pre-processing

step to remove one of the haplotypes in these regions, which is equivalent to forcing an

extremely recent coalescence. To identify the regions, we followed the methodology

outlined in SI10 of Prüfer et al. [68]. Prüfer et al. described a high false positive

rate in detecting homozygous by descent (HBD) regions smaller than 3.85Mb, so we

retained only those larger than 3.85Mb. This identified only one HBD on chromosome

1, which happens to be outside the 160Mb we have been analysing. There were 23

segments smaller than 3.85Mb, which amount to 27.6Mb in the 160Mb region. Due to

the high false positive rate for the detection of small HBDs, we did not alter the data

in these regions. As such, we did not need to impose the single haplotype, although

these steps should be followed if other chromosomes are analysed.

Running SMC2 as in Section 3.3.4, but now with data from the Altai Neanderthal,

we see a few noteworthy differences (Figure 3.16). We infer a lower level of migration

in the period 55-75kya for the CEU-Altai than we did for the CEU-Vindija. This

is consistent with the theory that the introgressing Neanderthals were more closely

related to the Vindija than the Altai [68, 48]. The split between the Altai and

the introgressing Neanderthal is estimated to be 77-114kya [68], which may explain

the increase in migration before 75kya for the Altai (relative to the Vindija migration

rate). The Altai analysis also has higher levels of migration from AMH to Neanderthal

in the period 100-200kya. This is consistent with the finding in Kuhlwilm et al. of a

highly diverged AMH population migrating into the Altai population after the split
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(a) CEU-Altai migration (b) CEU-Altai Ne

(c) ESN-Altai migration (d) ESN-Altai Ne

Figure 3.16: Altai inference after 40 EM iterations.

with Vindija.

Our analysis of the Altai Neaderthal is largely in line with previous findings. These

previous findings were based on methods (D-statistics, G-PhoCS) which summarise

directional migration with a single statistic. SMC2 has the advantage of inferring

rates of migration as a function of time, where other methods must analyse samples

from multiple populations in order to deduce the time of migration events.
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3.4 Effect of genes in CEU-YRI

The preceding analyses treated the genome as a neutrally evolving sequence. This

was the case for all simulated data, but of course is not true of actual genomes. There

are regions of the genome under strong selective pressure. In this section, I investigate

the effect of excluding some of these non-neutral regions in analyses.

The CEU and YRI populations are both widely studied [36, 76, 74, 80], and so

provide a good case to test the effect of masking selected genomic regions. I selected

two unrelated individuals from each population from the 1,000 Genomes database [13].

The split time, generation time, and mutation rate were set consistent with the values

used in Terhorst et al. [80] (110kya, 29y, 1.25e-8 mutations per base per generation),

although the accuracy of the split time remains controversial [25]. Running SMC2

over 160Mb of chromosome 1, leads to high estimates of forward-in-time migration

from CEU to YRI (Figure 3.17), indicating consistent high levels of European to

Yoruban introgression.

If we mask gene regions with a buffer of 0.1cM on either side (according to the

NRE [1]), and then run SMC2, we see some differences in the inference (Figure 3.18).

The criterion of masking all genes is quite severe, masking all UCSC known genes,

including both protein-coding genes and non-coding RNA genes, with a large buffer

on either side. This mask covers 103Mb of the 160Mb. With these gene regions

masked, the inferred migration rate in 10-50kya is an order of magnitude less than

when the gene regions were included. Moreover, the rate of migration in 0-10kya is

now inferred to be zero. There are two possible explanations for these differences.

Either the inclusion of gene regions biases the estimates away from their true values,

or the presense of masked regions alters the convergence of estimates.

The elevation of inferred migration rates due to the presence of genes is certainly

possible. Genes will be highly conserved, and so haplotypes will be more similar than

expected in a neutral region with the same underlying demography. In conserved re-
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Figure 3.17: CEU-YRI inference without masking.

Figure 3.18: CEU-YRI inference with genes masked.

gions, the emission distribution will put high weight on particles with small TMRCA.

In a two population model, the only way to have a small TMRCA is to have lineages

migrate in the recent past. And so high migration rates may be a symptom of in-

cluding non-neutral regions. If this is indeed the case, then the directionality of the

falsely inferred migration is likely a consequence of the population demographies. In

the CEU-YRI case, the small TMRCAs are most likely to arise from a coalescence in

the smaller CEU population. This favours overestimation of CEU to YRI migration,

which is what we observe in our comparison.

The alternative possibility is that masking regions of the genome affects the conver-

gence of the estimates. SMC2 currently treats masked regions as alleles with missing

data. Particles are propogated according to the current parameter estimates, and

the ratio of the transition to proposal density contribute to the particle weights, but
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(a) no masking (b) genes masked

Figure 3.19: CEU-to-YRI migration estimate evolution.

the emission density does not. The events which occur in these regions do contribute

to the summary statistics. This means long sections of missing data will contribute

opportunities and event counts which are consistent with the current parameter es-

timates. This will lead to slower evolution of parameter estimates. Comparing the

estimate evolution in the non-masked and gene-masked cases (Figure 3.19), we do

not see signs of slower evolution in the gene-masked case. This suggests the presence

of masked regions is not the cause of the differences.

There is another noteworthy difference in the inference from the non-masked and

the gene-masked analyses. The final inferred recombination rate differs by a signif-

icant margin (Figure 3.20). Here we see ρ̂ seem to be converging to about 8e-9 for

the gene-masked case, whereas the no masking case has a steady ρ̂ around 5e-9. The

overall difference is not too surprising as genes are known to have a lower overall re-

combination rate than the rest of the genome [58], and so their removal will raise the

estimate. The fact that the recombination evolves in the gene-masked case provides

further evidence that it is not the extent of genome masking which is causing the

difference, as large volumes of missing data would discourage estimate movement.

To interrogate this further, we took the gene mask and shifted it 2Mb. This

retains the same fraction of the data masked (103/160), but lessens the proportion
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(a) no masking (b) genes masked

Figure 3.20: Recombination rate estimate evolution.

Figure 3.21: Inference from data with a shifted mask.

of genes masked. The shifted mask covers 69Mb of the genes, leaving the unmasked

regions to be 59.6% gene regions. This is slightly lower than the unmasked data which

is 64.4% gene region. With the new mask, the estimates are inbetween that of the

gene-masked and that of the non-masked analysis (Figure 3.21). This result suggests

the difference is not the extent of masking, but which regions are masked.

The inclusion of genes affects the inferred demography. In light of these results,

we would advise masking regions known to be under selective pressure. In its current

implementation, SMC2 is inefficient when large regions of the genome are masked.

The software should be updated to ignore events that occur in large masked regions, to

avoid hindering estimate evolution. Alternatively, SMC2 could be modified to identify

regions putatively under selective pressures, either with the intent of removing the

confounding effect of these on demographic inference or for the identification itself.
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3.5 Conclusion

In this chapter we identified similar signals in the Neanderthal data as G-PhoCS. We

were able to infer not only the extent of migration, but to place it reasonably well

in time. Other methods often place migration events in time by comparing many

populations and deducing when migration occurred; SMC2 infers the time directly

from the data of the two populations involved. We see stronger evidence of Vindija-

to-CEU than Altai-to-CEU migration. We suspect the large inferred population size

for Vindija population is an artifact of a mis-specified sample age.

The field of palaeogenomics is rapidly expanding, due in part to the discovery that

the petrous bone of the inner ear [64, 51, 34] can harbour DNA for long periods of

time, even in warm climates. As the availability of ancient genomes grows, it is worth

remembering the limitations these samples impose on demographic inference methods.

We showed in Section 2.7.1 that SMC2 is largely robust to phasing, a common problem

with ancient samples. However, the problem of an uncertain sample age does have a

rather profound effect on the Ne estimates.

3.5.1 Future works

This chapter explores many limitations of the current version of SMC2. Each of these

limitations is an opportunity for future development. Some of these are unique to our

algorithm, but many should be considered for any analysis of this type.

One factor that should be explored by the field in general is the affect of false

variant calls on these analyses. I believe this has not attracted much interest as

the methods for calling variants are improving, particularly for humans where large

reference panels are available. With the adoption of these methods for highly diverged

archaics and completely distinct species, the sensitivity to imperfect data needs to

be better understood. While we now suspect the apparent large Ne for the Vindija
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in 45-58kya is an artifact of imposing too recent a sample age, this could also be

explained by false variant calls in that sample.

Our gene masking analyses in Section 3.4 demonstrated the potential influence of

non-neutral regions in these analyses. We chose quite a simple criterion for classifying

regions as neutral or non-neutral. Unfortunately, the selective pressures acting on

genomes are not so straightforward. SMC2 could be engineered to identify regions

that are likely under strong selection, by monitoring atypical sufficient statistics.

We did not pursue this advancement as the current runtimes prevent SMC2 from

practically scanning sufficient volumes of data to exclude large regions. If runtimes

can be significantly shortened by some of our proposed modifications, then the effect

of selective-region exclusion should be explored further.

Another limitation to address is the pre-selection of epoch boundaries. Many

similar methods use dynamic epochs which move based on the estimated event counts

for the epochs. This could be done for SMC2 as well, as we do track the opportunity

for events in each epoch. Section 3.2 showed the danger of imposing a large number

of small epochs. Dynamic epochs based on the opportunity sufficient statistics could

be allowed to combine epochs with insufficient opportunity.

We have shown SMC2 is capable of inferring migration at the putative level be-

tween AMHs and Neanderthals. However, Section 3.2 revealed an alarming skew in

the directionality of inferred migration when a lower level of bi-directional migration

is simulated. Some of the migration rates can easily be absorbed at zero in this case.

It may benefit the algorithm to somehow reintroduce the possibility of migration

at later EM steps, particularly if the Ne curve has changed substantially since the

iteration of migration absorption.

Many of the proposed extensions would benefit from faster runtimes. We explore

one avenue for increasing parameter convergence in the next chapter. Another method

we are developing is a more sophisticated sampler than our FSDR. The FSDR first
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broadens the tails of the proposal distribution, then takes inspiration from lookahead

methods by altering the resampling procedure. The FSDR is better described as a

delay than a lookahead as the particles are simulated up to the resampling point and

a leniency is applied to some events that came before due to the broad proposal. Al-

ternatively, lookahead methods resample at the current position, with a consideration

of some of the data to the right of the position [65, 18, 50]. A broadened proposal

coupled with a lookahead resampler would produce a similar effect as the FSDR, but

with more control over the considered transitions for the extra data to the right.
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Chapter 4

Adaptive learning in Online

Expectation Maximisation

4.1 Introduction

In Chapter 2 we discussed using sophisticated samplers as an alternative to simulating

a large number of particles, N . The motivation for keeping N small is to save on

compute time. It is worth considering what other methods could be used to reduce

the computation time. This chapter discusses alternative EM procedures which could

increase the speed of the algorithm.

There are many factors affecting the runtime of SMC2. These include:

• The number of particles N

• Sequence length

• Genealogy size

• The parallelisation implementation

• BEM batch length
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We observed in Section 2.3 that the number of particles and length of sequence data

greatly affect the accuracy of the inference. This has motivated us to maintain at

least 3,000 particles and 100Mb of genomic data in all analyses. However in many

scenarios, particularly ones with large genealogies (due to many samples or multiple

populations with ancient coalescent events), the runtime is impractical. To combat

this problem, we introduced a crude parallelization by chopping the data into chunks.

For each EM iteration we run the particle filter over each of these chunks in parallel,

and the summary statistics are combined for the M-step. This allows us to save on

runtime at the cost of more CPUs. However, even without constraints on the number

of CPUs, there are limits to the gains from parallelisation as segmenting the data

removes dependencies. In all analyses we maintain chunks of length at least 20Mb

to avoid losing too much information from long distance dependencies. With these

considerations the Vindija analysis in Section 3.3 took ∼4.5 days on 80 CPUs for 40

EM iterations. More parameter updates would be better as the results had clearly

not yet converged. To make the algorithm more useful in practice, we now consider

modifying the EM procedure.

Expectation Maximisation (EM) is a widely used and general technique for esti-

mating maximum likelihood parameters of a latent variable model [14]. In the context

of models which do not admit analytic solutions, EM methods are favoured in prac-

tice over gradient-based approaches due to their relative stability and computational

efficiency when estimating high dimensional parameters [12, 43].

One of the most popular implementations of recursive EM is batch EM (BEM).

BEM is an adaptation of the standard offline EM to infer parameters from either a

stream of incoming data or a large volume of data where it is impractical to analyse

the entire dataset for each iteration. In BEM, a batch size b is set by the user.

The parameter estimate is updated every b observations by maximising the expected

likelihood over the previous batch of data. The performance of the algorithm depends
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on the user-specified value for the tuning parameter b. For instance a large choice for

b can lead to inaccurate estimates because of slow convergence. A large batch size

enforces a small learning rate for the algorithm. However, a small choice for b, and so

a large learning rate, can lead to imprecise estimates due to the inherent stochasticity

of the model within a small batch of observations. The optimal learning rate in BEM

depends on the particularities of the model.

Another popular implementation of recursive EM is online EM (OEM), sometimes

referred to as adaptive EM [8]. OEM addresses the problem of slow convergence in

BEM by updating the parameter estimate after every observation. Whereas BEM

considered only a single batch of data in each iteration, OEM maximises the expected

likelihood of all preceding data. The contribution of the early data to the expected

likelihood is not as reliable as the more recent data because the estimated parameter

has moved towards the true value since initialisation. For this reason, OEM requires

a user-specified weight sequence to define the relative weight of each observation

towards the running expected likelihood. Assigning relatively small weights to the

newest data enforces slow convergence. Assigning relatively large weights to the

newest data allows for quicker evolution in the parameter estimates, but decreases

precision due to large stochastic effects. As in BEM, the performance of OEM is

largely dependent on the learning rate of the algorithm which is determined by a

user-specified parameter.

The EM procedure in SMC2 uses BEM with a batch size equivalent to the length

of the sequence data provided. This implementation was chosen for its simplicity, but

efficiency in estimate convergence could be improved by a more sophisticated choice.

Unfortunately, there is little intuition for what the optimal batch size or learning

rate may be in the context of inferring demographic parameters from ARGs. The

intuition we do have is that the optimal learning rate is likely to depend on two

unknown factors, how close our initial estimates are to the true demography and how
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informative the data is of the demography. The former idea is straightforward as the

algorithm should not waste compute time simulating particles from a demography

that is far from the truth when the estimates could quickly be moved to a higher

likelihood region of the parameter space. The latter idea is best thought of as the

problem of inferring a large Ne or a weak migration rate. When the rate parameter we

are trying to estimate is small, too large a learning rate can easily lead to absorption

of the estimate at zero (recall our proof of principles analysis in the previous chapter

Figure 3.5). As problems arise from either too large or too small a batch size, there

is no cautious choice.

Here we introduce a novel algorithm, termed Introspective Online EM (IOEM),

which removes the need for setting these tuning parameters by estimating the op-

timal parameter-specific learning rate along with the parameters of interest. This

is particularly helpful when inferring parameters in a high dimensional model, since

the optimal learning rate may differ between parameters. Broadly, IOEM works by

estimating both the precision and the accuracy of parameters in an online manner

through weighted linear regression, and uses these estimates to tune the learning rate

so as to improve both simultaneously.

This chapter explores the relative performance of different EM procedures applied

to a variety of models. Section 4.2 uses a one-unknown-parameter autoregressive

state-space model to introduce BEM, OEM, and a simplified version of IOEM. Sec-

tion 4.3 considers the full autogressive model with all parameters unknown, which

requires the complete IOEM algorithm. Section 4.4 compares the parameter esti-

mation methods in a 2-dimensional autoregressive model to show the benefit of the

proposed algorithm when inferring many parameters. Finally, Section 4.5 demon-

strates desirable performance in the stochastic volatility model, an important case

as it is non-linear and hence more similar to models where stochastic approximation

EM (SAEM) will be favoured over analytic solutions.
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4.2 EM for a simplified autoregressive model

In this section we will review sequential Monte Carlo (SMC), BEM, OEM, and present

the IOEM algorithm with a simple model. This allows us to illustrate the main

concepts behind IOEM before delving into details in Section 4.3.

We consider a simple autoregressive model with one unknown parameter. We

observe the sequence of random variables Y1:t := {Yk}k=1,...,t which depends on the

unobserved sequence X1:t := {Xk}k=1,...,t, as follows:

Xt = aXt−1 + σwWt,

Yt = Xt + σvVt,

(4.1)

where Wt and Vt are i.i.d. standard normal variates, a = 0.95 and σ2
w = 1 are known

parameters, and σ2
v is unknown. Under this model, we have the following transition

density f(xt|xt−1) and emission density g(yt|xt):

f(xt|xt−1) = (2πσ2
w)−1/2 exp

{
− (xt − axt−1)2

2σ2
w

}
,

g(yt|xt) = (2πσ2
v)
−1/2 exp

{
− (yt − xt)2

2σ2
v

}
.

We have chosen σ2
v as the unknown parameter as it is the most straightforward to

estimate, allowing us to introduce the idea of IOEM without certain complications

which we address in Section 4.3. As f and g are members of the exponential family

of distributions, the M step of EM can be done using sufficient statistics, and so

the E step amounts to the expectation of the sufficient statistics. In this model, the

parameter σ2
v has the sufficient statistic

St = EX1:t|Y1:t,θ

[
1

t

t∑
k=1

(Yk −Xk)
2

]
. (4.2)
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The estimate of σ2
v is obtained by setting σ̂2

v,t = Ŝt. More generally, for an unknown

parameter θ, θ̂t = Λ(Ŝt) where Λ is a known function mapping sufficient statistics to

parameter estimates.

We will use SMC to estimate St, despite the availability of analytic estimates for

this model, as our primary interest is in non-linear non-Gaussian models. We simulate

particles X
(i)
1:t and calculate their associated weights w(X

(i)
1:t), i = 1, . . . , N , so that

N∑
i=1

w(X
(i)
1:t)δX(i)

1:t

approximates the distribution p(X1:t|Y1:t, θ). The standard Monte Carlo EM (MCEM)

approximation of p(X1:t|Y1:t, θ̂) would require storage of all observations Y1:t, the

simulation of X
(i)
1:t each time θ̂ is updated, and ideally an increasing Monte Carlo

sample size as the parameter estimates near convergence. To avoid this, we employ

SAEM which effectively averages over previous parameter estimates as an alternative

to generating a new Monte Carlo sample every time an estimate is updated, and hence

is more suitable to online inference. This method as proposed in [8] approximates the

expectation in equation (4.2) recursively.

The outline of the SMC with EM algorithm we consider is described in Algo-

rithm 4.1. Here µ(·|θ̂0) is the initial distribution for X1, ESS is the effective sample

Algorithm 4.1 Sequential Importance Resampling (bootstrap filter)

for time t ≥ 1 do
for i = 1, . . . , N do

Sample X
(i)
t ∼

{
µ(·|θ̂0), if t = 1

f(·|X(i)
t−1, θ̂t−1), if t ≥ 2

Compute normalized weights satisfying
wt(X

(i)
1:t) ∝ wt−1(X

(i)
1:t−1) · g(Yt|X(i)

t , θ̂t−1)
end for
Update θ̂t−1 to θ̂t using chosen EM method
Resample particles if ESS < N

2

end for

size defined as [
∑N

i=1wt(X
(i)
1:t)

2]−1, w0(·) = 1/N , and X
(i)
t is shorthand for the tth
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coordinate of X
(i)
1:t . In models with multiple unknown parameters, each parameter is

updated in step 3 of Algorithm 4.1, however we will refer only to a single parameter

θ to keep the notation simple.

Throughout this paper we follow common practice in using the fixed-lag technique

in order to reduce the mean square error between St and Ŝt [7, 10]. In particular,

we choose a lag ∆ > 0 and then at time t, using particles X
(i)
1:t shaped by data Y1:t,

estimate the t−∆th term of the summation in equation (4.2). We will use X
(i)
1:t(t−∆)

to denote the t − ∆th coordinate of the particle X
(i)
1:t , but we will continue to write

X
(i)
t as a shorthand for X

(i)
1:t(t).

The fixed-lag technique involves making the approximation

St ≈ EX1:t|Y1:t,θ

[
1

t−∆

t−∆∑
j=1

s(Yj, Xj)

]
(4.3)

≈ 1

t−∆

t−∆∑
j=1

EX1:j+∆|Y1:j+∆,θ̂0:j+∆

[
s(Yj, Xj)

]
, (4.4)

where we assume that St is an additive functional and so can be written as

St = EX1:t|Y1:t,θ

t∑
j=1

s(Yj, Xj).

This allows St to be updated in an online manner by computing the componentwise

sufficient statistics

s̃t : = EX1:t|Y1:t,θ̂0:t
[s(Yt−∆, X1:t(t−∆))]

≈
∑
i

wk(X
(i)
1:t)s(Yt−∆, X

(i)
1:t(t−∆)),

allowing Ŝt to be updated by

Ŝt = γt · s̃t + (1− γt) · Ŝt−1, (4.5)
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with some weight γt; in equation (4.3) γt = 1/(t − ∆). This approach is slightly

different from that of [7]; see Section C.2 for a discussion.

Choosing a large value of ∆ allows SMC to use many observations to improve the

posterior distribution of Xt−∆. However the cost of a large ∆ is a loss in particle

independence due to the resampling procedure which increases the sample variance.

The optimal choice for ∆ balances the opposing influences of the forgetting rate of

the model and the collapsing rate of the resampling process due to the divergence

between the proposal distribution and the posterior distribution. For the examples in

this paper we chose ∆ = 20 as recommended by [7], which seems to be a reasonable

choice for our models.

There are various other techniques to improve on this basic SMC method, in-

cluding improved resampling schemes [17, 62, 18, 10], and choosing better sampling

distributions through lookahead strategies or resample-move procedures [65, 50, 18],

which are not discussed further here. Instead, in the remainder of this chapter, we

focus on the process of updating the parameter estimates θ̂t. The remainder of this

section describes the options for step 3 of Algorithm 4.1.

4.2.1 Batch Expectation Maximisation

Batch Expectation Maximisation (BEM) processes the data in batches. Within a

batch of size b, the parameter estimate stays constant (θ̂t = θ̂t−1) and the update to

the sufficient statistic

s̃t :=
∑
i

wt(X
(i)
1:t) · (Yt−∆ −X(i)

1:t(t−∆))2,

is collected at each iteration t. At the end of the mth batch we have t = mb, at which

time

ŜBEMt :=
1

b

mb∑
k=(m−1)b+1

s̃k,
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is our approximation of S, and σ̂2
v,t := ŜBEMt .

The batch size determines the convergence behavior of the estimates. For a fixed

computational cost, choosing b too small will result in noise-dominated estimates

and low precision, whereas choosing b too large will result in relatively precise but

inaccurate estimates due to slow convergence.

4.2.2 Online Expectation Maximisation

BEM only makes use of the collected evidence at the end of each batch, missing

potential early opportunities for improving parameter estimates. OEM addresses

this issue by updating the parameter estimate at every iteration (Algorithm 4.2). The

approximation of S at time t is a running average of {s̃k}k=∆+1,...,t, weighted by a pre-

specified weighting sequence as in equation (4.5). The choice of weighting sequence

determines how quickly the algorithm “forgets” the earlier parameter estimates. In

OEM at time t,

ŜOEMt = γt · s̃t + (1− γt) · ŜOEMt−1 , (4.6)

where {γk}k=1,2,... is the chosen weighting sequence, typically of the form γt = t−c for

a chosen c ∈ (0.5, 1] [6]. Note that when using lag ∆, γt = (t − ∆)−c for t ≥ ∆,

and θ̂t = θ0, s̃t = 0 for t ≤ ∆. This update rule ensures that at time t, ŜOEM is a

weighted sum of {s̃k}k=∆+1,...,t where the term s̃k has weight

ηtk := γk(1− γk+1) · · · (1− γt−1)(1− γt). (4.7)

Although this method can outperform BEM, its performance remains strongly

dependent on the parameter c determining the weighting sequence, and a suboptimal

choice can reduce performance by orders of magnitude. At one extreme, the estimates

will depend strongly only on the most recent data, resulting in noisy parameter es-

timates and low precision. At the other extreme, the estimates will average out
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Algorithm 4.2 Online Expectation Maximisation for a simplified autoregressive
model

for time t ≥ 1 do
Simulate and calculate weights of new particles as outlined in Algorithm 4.1
Collect sufficient statistic s̃t =

∑N
i=1wt(X

(i)
1:t) · (Yt−∆ −X(i)

1:t(t−∆))2

Update running average of sufficient statistics ŜOEMt = γts̃t + (1− γt)ŜOEMt−1

Maximise expected likelihood by setting θ̂t := ŜOEMt

end for

stochastic effects but be severely affected by false initial estimates, resulting in more

precise but less accurate estimates. Again, the best choice depends on the model.

A pragmatic approach to the problem of choosing a tuning parameter in OEM is

discussed in [9] and takes inspiration from [66]. In this method, a weight sequence that

emphasizes incoming data is used to ensure quick initial convergence, while imprecise

estimates are avoided at later iterations by averaging all OEM estimates beyond a

threshold t0

θ̂AV Gt =


θ̂OEMt for t < t0

1
t−t0+1

∑t
k=t0

θ̂OEMk for t ≥ t0.

Choosing an appropriate threshold t0 can be more straightforward than choosing c

for γt = t−c, but it still requires the user to have an intuition for how the estimates

for each parameter will behave. We will refer to this method as AVG, use c = 0.6,

and set t0 = 50, 000 which is half the total observations for our examples.

4.2.3 Introspective Online Expectation Maximisation

We now introduce IOEM to address the issue of having to pre-specify a weighting

sequence {γk}k=1,.... The algorithm is similar to OEM, but instead of pre-specifying γt,

we estimate the precision and accuracy in the sufficient statistic updates {s̃k}k=∆+1,...,t

and use these to determine the next weight γt+1. More precisely, we keep online

estimates of a weighted regression on the dependent variables {s̃k}k=∆+1,...,t where the

index k serves as the explanatory variable and the data point (k, s̃k) has regression
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weight equal to its weighted sum weight ηtk in equation (4.7). This weighted regression

provides intercept and slope estimates β̂0, β̂1, and estimates of their variance σ̂2
0, σ̂2

1.

We then use these estimates to define a proposed weight as follows:

γregt+1 =
|β̂1|+ σ̂1

σ̂0

,

This definition of γregt+1 ensures that a substantial slope estimate β̂1 indicating low

accuracy in our previous parameter estimates will put a large weight on the incoming

statistic, improving accuracy. A large σ̂0 reflecting low precision in the estimates will

result in a small weight, so that successive estimates are smoothed out, improving

precision.

We do not use standard weighted regression, where the weights are assumed to

be inversely proportional to the variance of the observation; as this assumption is

not justified here, the standard prodecure would lead to biased estimates of σ̂2
0,1 and

would impact the performance of IOEM. Instead we assume that observations share

an unknown variance, and we use the weights to modulate the influence of each

observation to the estimates of both β̂0,1 and σ̂2
0,1. See Appendix C.3 for details.

We impose restrictions on γt which keep it between the most extreme choices for

OEM. Taken together, the update step for γ becomes

γt+1 = min
(
(t+ 1)−(0.5+ε),max

(
γregt+1, (t+ 1)−1

))
where 0 < ε� 1.

These restrictions ensure that our algorithm satisfies the assumptions of Theorem

1 of [8], namely that 0 < γt < 1,
∑∞

t=1 γt = ∞, and
∑∞

t=1 γ
2
t < ∞. Hence for any

model for which f and g satisfy the assumptions guaranteeing convergence of the

standard OEM estimator, the IOEM algorithm (Algorithm 4.3) is also guaranteed to

converge. The precise assumptions are detailed in Assumption 1, Assumption 2, and
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Theorem 1 of [8].

Algorithm 4.3 Introspective Online Expectation Maximisation for a simplified au-
toregressive model

for For time t ≥ 1 do
Simulate and calculate weights of new particles using SMC with parameter θ̂t−1

Collect sufficient statistic s̃t =
∑N

i=1wt(X
(i)
1:t) · (Yt−∆ −X(i)

1:t(t−∆))2

Maximise expected likelihood by setting θ̂t = ŜIOEMt := γt · s̃t+ (1−γt) · ŜIOEMt−1

Perform weighted regression on {(k, s̃k)}k=1,...,t to calculate γt+1

end for

The results of using BEM, OEM, and IOEM to perform parameter inference on the

simplified autoregressive model (4.1) with a wide range of tuning parameters b from

100 to 10, 000, and c from 0.6 to 0.9, are presented in Figure 4.1. Each EM method

was run on 100 replicates to produce the box-plots and each run included a burn-in

period of 500 observations. The choice of tuning parameter in BEM and OEM makes

a significant difference to the precision of the estimate even after 100,000 observations.

IOEM was able to recognize that behavior similar to BEM with b = 10, 000 or OEM

with c = 0.9 was optimal. The accuracy and precision of IOEM are comparable with

those of the post-OEM averaging technique (AVG).
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Figure 4.1: Comparison of EM methods on simplified AR model with known true
parameters a = .95, σw = 1, and unknown true σ2

v = 30, and initial parameter
estimate σ2

v,0 = 20. σ̂2
v,100k is plotted for 100 replicates, N = 100.

The adapting weight sequence {γk}k=1,... sets IOEM apart from OEM. This for-
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mulation of IOEM only works in the setting where θ has a linear relationship with a

single sufficient statistic (here σ̂2
v,t = Ŝt) and is meant as an introduction to some of

the ideas involved in IOEM. The method outlined in Algorithm 4.3 will not suffice

when the function Λ mapping the sufficient statistics to θ does not have this simple

form. We introduce the general IOEM algorithm in Section 4.3 below.

4.3 EM Simulations in the full autoregressive model

The model of Section 4.2 is special in that the sufficient statistic and the parameter of

interest coincide. Generally this is not the case, leading to a more involved setup that

we explore here. To this end, we now consider the full noisily-observed autoregressive

model AR(1) with master equations as in (4.1), but now with unknown parameters

a, σw, and σv. We define four summary sufficient statistics,

S1,t = EX1:t|Y1:t,θ

[
1

t− 1

t−1∑
k=1

X2
k

]
,

S2,t = EX1:t|Y1:t,θ

[
1

t− 1

t−1∑
k=1

Xk ·Xk+1

]
,

S3,t = EX1:t|Y1:t,θ

[
1

t− 1

t∑
k=2

X2
k

]
,

S4,t = EX1:t|Y1:t,θ

[
1

t

t∑
k=1

(Yk −Xk)
2

]
.

Then, in BEM and OEM, we update the parameter estimates to

ât = Ŝ2,t/Ŝ1,t, (4.8)

σ̂w,t = (Ŝ3,t − (Ŝ2,t)
2/Ŝ1,t)

1/2, (4.9)

σ̂v,t = (Ŝ4,t)
1/2, (4.10)
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where Ŝt is the appropriate approximation of St. These estimators are derived from

the exponential family forms of the transition and emission distributions as in [62].

In most cases, as above, the function Λ mapping Ŝt to θ̂t is non-linear, and requires

multiple sufficient statistics as input. To avoid potential bias, we want all sufficient

statistics that inform one parameter estimate to share a weight sequence {γk}k=1,2,....

We therefore estimate an adapting weight sequence for each parameter independently,

by performing the regression on the level of the parameter estimates (Algorithm 4.4),

rather than on the level of the sufficient statistics. We will calculate Ŝt as in OEM

equation (4.6) using our adapting weight sequence instead of a user specified weighting

sequence. Because the adapting weight sequence is specific to each parameter, we will

have multiple estimates of certain summary sufficient statistics. In this case S1,t and

S2,t are estimated by Ŝa1,t and Ŝa2,t for (4.8) and by Ŝσw1,t and Ŝσw2,t for (4.9).

Simply regressing on θ̂1:t with respect to t would correspond to regression on Ŝ1:t,

not s̃1:t. As Ŝ is a running average, there is a strong correlation between Ŝt−1 and

Ŝt which largely depends on γt, and hence also a strong dependence between θ̂t−1

and θ̂t. In order to perform the regression on the parameters we must “unsmooth”

θ̂1:t to create pseudo-independent parameter updates θ̃t (see Algorithm 4.4). This is

accomplished by taking linear combinations,

θ̃t :=
1

γt
· θ̂t +

(
1− 1

γt

)
· θ̂t−1,

where the coefficients 1
γt

and (1 − 1
γt

) are chosen so as to minimise the covariance

between successive updates, justifying the term pseudo-independent. The resulting

updates correspond with the unsmoothed sufficient statistics updates s̃t used in Sec-

tion 4.2.3. See Appendix C.4 for further details on this step.

Estimates for the parameters under different EM methods are presented in Fig-

ure 4.2. In the AR(1) model, IOEM outperforms most other EM methods when
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Algorithm 4.4 Introspective Online Expectation Maximisation in the general model

for For time t ≥ 1 do
Simulate and calculate weights of new particles using SMC
with parameter θ̂IOEMt−1

Collect sufficient statistics s̃t
Update running average of sufficient statistics Ŝt = γts̃t + (1− γt)Ŝt−1

Maximise expected likelihood θ̂t = Λ(Ŝt)
Create pseudo-independent parameter updates θ̃t = 1

γt
· θ̂t + (1− 1

γt
) · θ̂t−1

Perform weighted regression on {(k, θ̃k)}k=1,...,t to calculate γt+1

end for
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Figure 4.2: Comparison of EM methods on full autoregressive model with unknown
true parameters a = 0.95, σw = 1, σv = 5.5 and inital parameters a0 = 0.8, σw,0 = 3,
σv,0 = 1. Parameter estimates at t = 100, 000 are plotted for 100 replicates, N = 100.

estimating the parameters. In this case, OEM with c = 0.6 substantially outperforms

OEM with c = 0.9. This is a result of the bad initial estimates. OEM with c = 0.6

forgets the earlier simulations much faster than OEM with c = 0.9 and hence is able

to move its estimates of a, σw, and σv much more quickly. Here IOEM recognizes

that it should have similar behavior to OEM with c = 0.6, whereas in the inference

displayed in Figure 4.1 IOEM chose behavior similar to OEM with c = 0.9. IOEM

can indeed adapt to the model.

4.4 EM simulations in a two-dimensional AR model

Now we investigate a model with a larger number of parameters and varying accuracy

of initial parameter estimates. The main advantage of IOEM over OEM is its ability

to adapt to each parameter independently. To highlight this, we applied IOEM to a
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simple 2-dimensional autoregressive model. For this model we consider the sequences

{Y A, Y B}1:t as observed, while {XA, XB}1:t are unobserved, where

XA
t = aAXA

t−1 + σAwW
A
t , XB

t = aBXB
t−1 + σBwW

B
t ,

Y A
t = XA

t + σvV
A
t , Y B

t = XB
t + σvV

B
t ,

where WA
t , WB

t , V A
t , V B

t are i.i.d. standard normal variates. Note that Y A and Y B

are uncoupled, and that their master equations have independent parameters except

for a shared parameter σv. By giving component A good initial estimates and B bad

initial estimates, we can see how the different EM methods cope with a combination

of accurate and inaccurate initialisations. Our expectation is that IOEM will be able

to identify the set with good initial estimates (aA, σAw) and start smoothing out noise.

While the other parameter estimates will be free to move quickly as they show no sign

of nearing convergence (σBw and σv because they are at the wrong value, aB because

it will be changing to compensate for σBw and σv).

OEM with c = 0.6 and OEM with c = 0.9 both suffer in this model as they are

both well suited to parameter estimation in one of the components, but not the other

(Figure 4.3). IOEM on the other hand is able to capture the best of both worlds,

striving for precision in component A and initially foregoing precision in favour of

accuracy in component B. This leads to particularly favourable IOEM estimation of

σv, which due to its dependence on components A and B, suffers the most from a

blanket choice of tuning parameter in BEM or OEM.

A closer look at the estimate evoultion and weight sequence {γk}k=1,...,t for a

single run of a given EM technique shows IOEM broadly behaves like the optimal

OEM or BEM choice (Figure 4.4). For the parameters which clearly benefit from a

high learning rate (aB, σBw ), the curve of IOEM updates resembles that of OEM and

BEM with a high learning rate. For the parameter σv which benefits from a small
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Figure 4.3: Comparison of EM methods on 2-dimensional autoregressive model with
true parameters aA = 0.95, σAw = 1, σv = 5.5, aB = 0.95, σBw = 1 and inital parameters
aA0 = 0.95, σAw,0 = 1, σv,0 = 3, aB0 = 0.95, σBw,0 = 3. Parameter estimates at t =
100, 000 are plotted for 100 replicates, N = 100.

learning rate, IOEM again finds the optimal weight sequence. The only exception

appears to be aA where IOEM adopts a large learning rate, when a small learning

rate would increase precision.

In all cases the AVG OEM technique also produces accurate and precise estimates.

However, if we set too low a threshold the estimates suffer. Figure 4.5 shows the cost

of setting t0 = 10, 000 (as opposed to our standard t0 = 50, 000).
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Figure 4.4: Parameter-specific convergence in the 2-dimensional autoregressive model
over 100,000 observations. Each column displays information for a single parameter.
The top row shows the sequence of parameter estimates for three EM methods. The
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line: IOEM; red dashed line: OEM with c = 0.6; green dash-dot line: OEM with
c = 0.9; magenta solid line: averaged OEM technique with a threshold t0 = 50, 000.
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â
A 10
0k

BEM OEM AVGIOEM

1
00

5
00 1k 2k 5k 8k

1
0k 0
.6

0.
65 0
.7

0.
75 0
.8

0
.8
5

0.
9

tuning parameter value

0.75

0.80

0.85

0.90

0.95

1.00

â
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Figure 4.5: Comparison of EM methods on 2-dimensional autoregressive model with
true parameters aA = 0.95, σAw = 1, σv = 5.5, aB = 0.95, σBw = 1 and inital parameters
aA0 = 0.95, σAw,0 = 1, σv,0 = 3, aB0 = 0.95, σBw,0 = 3. Parameter estimates at t =
100, 000 are plotted for 100 replicates, N = 100. The averaged OEM technique has a
threshold t0 = 10, 000.

130



4.5 The non-linear non-Gaussian stochastic volatil-

ity model

The previous sections have demonstrated IOEM is comparable to choosing the optimal

tuning parameter in OEM or BEM in certain models. However, the models shown

have all been based on the noisily observed autoregressive model, which is a linear

Gaussian case where in practice analytic techniques would be prefered over SAEM.

We now examine the behaviour of these algorithms when inferring the parameters of

the stochastic volatility model defined by transition and emission densities

f(xt|xt−1) = (2πσ2)−1/2 exp
{
− (xt − φxt−1)2

2σ2

}
,

g(yt|xt) = (2πβ2ext)−1/2 exp
{
− 1

2β2ext
y2
t

}
.

We define four summary sufficient statistics,

S1,t = EX1:t|Y1:t,θ

[
1

t− 1

t−1∑
k=1

Xk ·Xk+1

]
,

S2,t = EX1:t|Y1:t,θ

[
1

t− 1

t−1∑
k=1

X2
k

]
,

S3,t = EX1:t|Y1:t,θ

[
1

t− 1

t∑
k=2

X2
k

]
,

S4,t = EX1:t|Y1:t,θ

[
1

t

t∑
k=1

e−Xk · Y 2
k

]
.

Then the set of parameters that maximises the likelihood at step t are

φ̂t = Ŝ1,t/Ŝ2,t,

σ̂t = (Ŝ3,t − (Ŝ1,t)
2/Ŝ2,t)

1/2,

β̂t = (Ŝ4,t)
1/2,
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Figure 4.6: Comparison of EM methods on stochastic volatility model with unknown
true parameters φ = 0.1, σ =

√
2, β = 1 and inital parameters φ0 = 0.5, σ0 = 1,

β0 =
√

2. Parameter estimates at t = 100, 000 are plotted for 100 replicates, N = 100.

as in [62].

Again IOEM results in similar estimates to the optimal BEM/OEM and the online

averaging technique with a well-chosen threshold (Figure 4.6). Although, for this

model there is a notable bias in the estimates from all EM procedures. This is likely

due to the use of the fixed-lag method which is known to introduce bias [62, 11, 60].

4.6 Discussion

We have shown that IOEM produces accurate and precise parameter estimates when

applied to continuous state-space models. Across models with varying accuracy of

the initial estimates, the efficiency of IOEM matches that of BEM/OEM with the

optimal choice of tuning parameter. Moreover, when estimating multiple parameters

within a single model, it is difficult to predict the optimal choice of {γ(k)}k=1,2,... for

each. IOEM performs this task for the user resulting in better performance than

BEM/OEM with a single learning rate parameter.

IOEM is able to optimize the EM procedure, with minimal prior knowledge of the

model’s behavior. Within a model IOEM will adapt to each individual parameter

without the user guidance required in other EM methods. This provides an efficient,

practical approach to parameter estimation in SMC methods.

The IOEM procedure does introduce its own time burden, but this should be
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minimal compared to the gains from quick convergence. In a comparison of the time

taken for 100 runs of the various methods IOEM had the 5th shortest runtime of the

15 (1 IOEM, 7 choices of c for OEM, 7 choices of b for BEM).

There is no systemic difference in the estimates obtained from IOEM and the OEM

AVG technique. They maintain similar accuracy and the more precise technique varies

between models. The OEM AVG method has the advantage of simplicity, but does

require setting the threshold t0 for each parameter.

For the purpose of decreasing computation time in SMC2, IOEM seems to be the

best choice. OEM AVG would be a better choice than BEM or OEM as its tuning pa-

rameter t0 is more robust to the particularities of the model. However, it still requires

some knowledge of the number of observations needed to guide each estimate within

range of the true value. For complex demographic models with interdependencies

between the parameters, this is infeasible. Moreover, the initially large learning rate

in OEM AVG could lead to absorption of rate estimates at zero, particularly in cases

with large Ne or low levels of migration. IOEM would give SMC2 the ability to tune

the learning rate of each parameter without the same risk of over-shooting the true

value.

The benefits of employing either IOEM or OEM AVG are clear when processing

the data in sequence. If CPUs are a limiting resource, then these methods would speed

up convergence. However, OEM as described here is incompatible with parallelisation

over multiple CPUs. If multiple CPUs are available for each run of SMC2, then time

is easiest saved by splitting the data into chunks. There is potential to combine the

two speed ups in a variety of ways. One idea is to employ IOEM or OEM AVG on

each parallel process and to average the estimates at the end. However, this is still

an inefficient use of compute time, as all the processes will spend time around the

initial bad estimates; it would be better to design a system where the estimates of the

processes routinely synchronise. This type of synchronisation is more straightforward
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in BEM. We could design a technique simialr to IOEM based around BEM instead of

OEM. In the case of BEM, tracking the parameter estimates would inform the next

batch size instead of the γt.

In its current form, SMC2 is capable of inferring demography. However, its compu-

tational cost leads to imprecise estimates for many demographic scenarios. There are

multiple avenues that could be persude in order to speed up estimate convergence.

Any computational gains could then be redirected towards obtaining more precise

estimates, either through more particles or more data.
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Chapter 5

Conclusion

Modelling the ancestral recombination graph from sequence data remains a challenge

to the field of population genetics. Genome sequence data contains a lot of information

about population histories, but teasing out the signal is not an easy task. Much

progress has been made in the last decade on inferring effective population sizes, but

the complexity of multi-population models has made inference of directional migration

rates difficult.

In this thesis, we tackled the problem of inferring demographic parameters by

employing sequential Monte Carlo methods. This is an ambitious endeavour as the

ARG space is high-dimensional and simulation based techniques typically struggle in

these scenarios. Nevertheless, simulations show our method is capable of inferring ap-

proximately correct parameters under a variety of demographic models. In particular,

SMC2 is able to distinguish the directionality of migration in many cases.

We tested our method on data from the 1000 Genomes Project and Neanderthal

data, to get a sense of the challenges arising from real data. Despite a lack of phasing

information, missing sequence, and uncertainty in sample time, our inference was

largely as expected from other methods.

The major limitation of SMC2 is its long runtime. We have explored alternative
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EM procedures which we hope will provide a speed boost to the algorithm. The first

step to take in changing the update procedure would be to allow different learning

rates for the different parameters. It is clear the Ne parameters are able to converge

far more quickly than the migration rates. A more sophisticated method would

recognise this and allow the Ne curve to converge as quickly as possible before wasting

simulations under a clearly incorrect demography. Ideally, SMC2 would run until

estimate convergence according to a stopping condition, but with the current rate of

estimate evolution this is infeasible.

Beyond the EM procedure, there are several avenues to explore to increase effi-

ciency. SMC2 may be improved by more sophisticated sampling strategies. We are

currently considering a lookahead strategy as an alternative to the FSDR, which will

likely be more efficient. The shortcoming of imprecise estimates may be remedied

by using dynamic epochs which move the boundaries depending on the number of

events in the epoch. In this case, the epochs for Ne and migration should be uncou-

pled, and potentially allow for changes in the number of epochs driven by the data.

Although, in the case of migration, this may lead to particularly large epochs with

little resolution for changes in the migration rate.

We have developed a framework for demographic inference, which I consider

merely a starting point. The algorithm can easily be adapted for biological com-

plexities and data imperfections. In particular, incorporating recombination hotspots

should be a priority. There is even potential to infer hotspots, possibly even time-

dependent hotspot maps.

SMC2 is unique in explicitly inferring non-constant directional migration rates

using both site-specific patterns and positional dependencies. The robustness to un-

phased data makes the method ideal for studying population histories of less studied

species, although the fixing of population splits may then be an issue. We chose to fo-

cus on ancient samples as they suffer from the problems of imperfect data, but in the
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case of Neanderthals and Denisovans there are relatively precise estimates for split

times. A logical next application would be to investigate the Oceanian-Denisovan

history.
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Appendix A

Calculation of sufficient statistics

A.1 Recombination rate

Recall our aim is to maximise the Q-function

Q(θ|θ̂j) =

∫
logpθ(x0:t, y0:t)pθ̂j(x0:t|y0:t)dx0:t,

= Eθ̂j [logµθ|y0:t] +
t∑

k=2

Eθ̂j [logfθ(Xk|Xk−1)|y0:t] +
t∑

k=1

Eθ̂j [loggθ(yk|Xk)|y0:t],

with respect the ρ,

∂Q(θ|θ̂j)
∂ρ

=
∂

∂ρ

t∑
k=2

Eθ̂j [logfθ(Xk|Xk−1)|y0:t],

=
∂

∂ρ
Eθ̂j [logpθ(X1:k|X0)|y0:t],

=
∂

∂ρ

N∑
i=1

wilogpθ(X
(i)
1:k|X0).

Recall equation (2.2)
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p(Xk:l|Xk = xk) =
( |x|∏
j=1

ρe−ρB(xkj )(kj+1−kj)
)

·
( |x|∏
j=1

Cτjbτj(xkj−1
)e
−

∑T−1
t=1 b

h
j
t
(xkj−1

)C
h
j
t
(hjt+1−h

j
t )
)
.

where τj is the height of the j-th coalescence and hj1 is the height of the j-th recom-

bination. Hence

∂Q(θ|θ̂j)
∂ρ

=
N∑
i=1

wi

( |x|(i)
ρ
−
|x|(i)∑
j=1

B(x
(i)
kj

)(k
(i)
j+1 − k

(i)
j )
)

=⇒ 0 =
N∑
i=1

wi

( |x|(i)
ρ̂
−
|x|(i)∑
j=1

B(x
(i)
kj

)(k
(i)
j+1 − k

(i)
j )
)

=⇒ ρ̂ =

∑N
i=1wi|x|(i)∑N

i=1wi
∑|x|(i)

j=1 B(x
(i)
kj

)(k
(i)
j+1 − k

(i)
j )

.

And so our sufficient statistics are additive functionals. Srec
count is the count of recom-

bination events |x| and Srec
opp is the opportunity for recombination. The Q-function is

maximised by setting

ρ̂ =
Srec1

Srec2

.

In practice, we use the further approximations detailed in Appendix C.2.
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A.2 Effective population size

The derivation for the sufficient statistics needed to estimate Ne are similar. Recall

that we define the coalescent rate Cu = 1/2Ne(u). Let U be one of our specifed epochs,

i.e. a time interval with a closed lower bound and open upper bound, with constant

Ne. We will now denote the coalescent rate of epoch U as CU . Then our estimate

of the coalescent rate for this epoch is obtained by maximising the Q-function with

respect to CU .

∂Q(θ|θ̂j)
∂CU

=
∂

∂CU

(
Eθ̂j [logµθ(X0)|y0:t] + Eθ̂j [logpθ(X1:k|X0)|y0:t]

)
. (A.1)

The first term of the sum in equation (A.1) is the probability density of the

genealogy simulated at position 0. Define λ to be one less than the number of haploid

samples, so that there are λ coalescence in the genealogy. Letm index the coalescences

from the bottom of the tree up. For particle i, T (i) is the number of epoch boundaries

plus the number of coalescences, so that h1, . . . , hT (i) are the heights at which either

the number of lineages changes or the Ne changes.

∂

∂CU
Eθ̂j [logµθ(X0)|y0:t]

=
∂

∂CU

N∑
i=1

wilog(
λ∏

m=1

C
τ

(i)
m

(λ+ 2−m)e
−

∑T (i)−1
t=1 (λ+2−m)C

h
(i)
t

(h
(i)
t+1−h

(i)
t )

),

=
∂

∂CU

N∑
i=1

wi

( λ∑
m=1

[log(C
τ

(i)
m

(λ+ 2−m))−
T (i)−1∑
t=1

(λ+ 2−m)C
h

(i)
t

(h
(i)
t+1 − h

(i)
t )
)
,

=
N∑
i=1

wi

( λ∑
m=1

1

CU
1(τ (i)

m ∈ U)−
T (i)−1∑
t=1

(λ+ 2−m)(h
(i)
t+1 − h

(i)
t )1(h

(i)
t ∈ U)

)
.

The second term of the sum in equation (A.1) is the probability density of the
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coalescences caused by recombination events along the sequence. Here T is dependent

on the particle i and the position of the recomination kj, but for simplicity we will

simply write T . We also drop the particle index superscripts for τ (i), h(i), |x|(i), and

x(i).

∂

∂CU
Eθ̂j [logpθ(X1:k|X0)|y0:t]

=
∂

∂CU

N∑
i=1

wi

( |x|∑
j=1

(
log(Cτjbτj(xkj−1

))−
T−1∑
t=1

bht(xkj−1
)Chjt

(hjt+1 − h
j
t)
))

,

=
N∑
i=1

wi

( |x|∑
j=1

( 1

Cτj
1(τj ∈ U)−

T−1∑
t=1

bht(xkj−1
)(hjt+1 − h

j
t)1(hjt ∈ U)

))
.

Setting the derivative equal to zero and solving for ĈU yields

ĈU =
S ′count + Scount

S ′opp + Sopp

,

where

S ′count =
N∑
i=1

wi

λ∑
m=1

1(τm ∈ U),

Scount =
N∑
i=1

wi

|x|∑
j=1

1(τj ∈ U),

S ′opp =
N∑
i=1

wi

( λ∑
m=1

T−1∑
t=1

(λ+ 2−m)(ht+1 − ht)1(ht ∈ U)
)
,

Sopp =
N∑
i=1

wi

( |x|∑
j=1

T−1∑
t=1

bht(xkj−1
)(hjt+1 − h

j
t)1(hjt ∈ U)

)
.

Again we have a count statistic in the numerator and an opportunity statistic in the
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denominator.

The sufficient statistics for the migration rate are almost identical. The migration

of a lineage does not depend on the number of contemporary branches, and so the

migration sufficient statistics do not involve the λ+ 2−m and bht(xkj−1
) terms.
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Appendix B

Demographic models

B.1 Single population models

B.1.1 Constant

scrm command:

./scrm 8 1 -N0 10000 -t 100000.0 -r 40000.0 100000000.0 -eN 0 1 -eN 0.02

1 -eN 0.1 1 -eN 0.5 1 -seed 104 -T -L -p 10 -l 300000

this model is used in Figures:

Figure 2.5 on pg. 44; Figure 2.8 on pg. 48.

B.1.2 Bottleneck

scrm command:

./scrm 8 1 -N0 10000 -t 100000.0 -r 40000.0 100000000.0 -eN 0 1 -eN 0.01

0.1 -eN 0.06 1 -eN 0.2 0.5 -eN 1 1 -eN 2 2 -seed 103 -T -L -p 10 -l 300000

this model is used in Figures:

Figure 2.7 on pg. 47; Figure 2.9 on pg. 49; Figure 2.10 on pg. 50; Figure 2.11 on pg. 50;
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Figure 2.12 on pg. 51; Figure 2.13 on pg. 51; Figure 2.14 on pg. 52; Figure 2.17 on

pg. 57; Figure 2.19 on pg. 61; Figure 2.26 on pg. 69; Figure 2.31 on pg. 74.

B.1.3 Zigzag

scrm command:

./scrm 8 1 -N0 14312 -t 71560.0 -r 20036.8 100000000.0 -eN 0 5 -eG 0.000582262

1318.18 -eG 0.00232905 -329.546 -eG 0.00931619 82.3865 -eG 0.0372648 -20.5966

-eG 0.149059 5.14916 -eN 0.596236 0.5 -seed 108 -T -L -p 10 -l 300000

this model is used in Figures:

Figure 2.24 on pg. 66; Figure 2.25 on pg. 66.

B.2 Two population models

B.2.1 Uni-directional migration

scrm command:

./scrm 8 1 -N0 10000 -t 100000.0 -r 40000.0 100000000.0 -I 2 4 4 -eN 0 1

-ema 0 0 0.2 0 0 -eN 0.1 1 -ema 0.1 0 0.2 0 0 -eN 0.5 1 -eM 0.5 0 -ej .5

2 1 -seed 107 -T -L -p 10 -l 300000

this model is used in Figures:

Figure 2.15 on pg. 53; Figure 2.20 on pg. 62; Figure 2.28 on pg. 71; Figure 2.32 on

pg. 74.

B.2.2 Split no migration

scrm command:
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./scrm 8 1 -N0 10000 -t 100000.0 -r 40000.0 100000000.0 -I 2 4 4 -eN 0 1

-eM 0 0 -eN 0.1 1 -eM 0.1 0 -eN 0.5 1 -eM 0.5 0 -ej .5 2 1 -seed 103 -T

-L -p 10 -l 300000

this model is used in Figures:

Figure 2.16 on pg. 53; Figure 2.22 on pg. 62.

B.2.3 Period of migration

scrm command:

./scrm 8 1 -N0 10000 -t 100000.0 -r 40000.0 100000000.0 -I 2 4 4 -en 0 1

0.4 -en 0 2 1.5 -ema 0 0 0.17 0 0 -en 0.056 1 0.1 -en 0.056 2 0.3 -ema 0.056

0 0.17 0 0 -en 0.066 1 1 -en 0.066 2 0.3 -ema 0.066 0 0.17 0 0 -en 0.106

1 1 -en 0.106 2 0.3 -eM 0.106 0 -en 0.156 1 2.7 -en 0.156 2 0.3 -eM 0.156

0 -en 0.356 1 2.7 -en 0.356 2 0.6 -eM 0.356 0 -eN 0.506 1.8 -eM 0.506 0

-ej .506 1 2 -seed 107 -T -L -p 10 -l 300000

this model is used in Figures:

Figure 2.21 on pg. 62; Figure 2.23 on pg. 63.

B.2.4 Archaic Uni-directional migration

scrm command:

./scrm 6 1 -t 300000 -r 120000 300000000 -T -p 10 -I 2 4 0 -eI .044 0 2

-ej 0.55 1 2 -eM 0 0 -em 0.044 1 2 .17 -eM .15 0 -en 0 1 4 -en .01 1 1 -en

.02 1 .4 -en .1 1 .1 -en .11 1 1 -en .2 1 2.7 -en .55 1 1.8 -en .044 2 1.5

-en .1 2 .3 -en .4 2 .6 -seed 1

this model is used in Figures:
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Figure 3.2 on pg. 88; Figure 3.7 on pg. 92.

motivation for migration rate:

In this model we impose a time span for a constant non-zero migration rate, and

want the rate to correspond to approximately 2% of the genome deriving from the

other population. Given the length of time for possible migration and the extent

of the sequence inherited from the other population, we can approximate the rate

of migration. In this model we allow for 106ky of migration. This is equivalent to

4,240 generations of possible migration, assuming generations of 25 years. In a single

haplotype, 2% of bases should have their ancestral lineage migrate. If we assume

a recombination occurs at the bottom of the time period, the lineage then has the

option of migrating or remaining in its population for the 4,240 generations. We

impose that 2% of such lineages migrate in the 4,240 generations, so they migrate at

a rate of .02
4240

=4.72e-6 migrations per base per generation, which is 0.189 in coalescent

time. This is an overestimate of the migration rate as it ensures 2% of such lineages

migrate instead of 2% of bases. To ensure 2% of bases migrate, we need to consider

the dependencies along the sequence, and so consider recombination events that occur

during the migration time period. When considering a recombination during the

period, the chance of a non-migrating branch transitioning to a migrating branch is

larger than the chance of a migrating branch transitioning to a non-migrating branch,

due to the relative opportunity for recombination. This suggests the proportion of

trees with a migration among those that experience a recombination below the time

period is less than 2%. We do not attempt to calculate this factor, but instead lower

our estimate to 0.17 (4.25e-6 migrations per base per generation).

B.2.5 Archaic Uni-directional very weak migration

scrm command:
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./scrm 6 1 -t 300000 -r 120000 300000000 -T -p 10 -I 2 4 0 -eI .044 0 2

-ej 0.55 2 1 -eM 0 0 -em 0.044 1 2 .017 -eM .15 0 -en 0 1 4 -en .01 1 1

-en .02 1 .4 -en .1 1 .1 -en .11 1 1 -en .2 1 2.7 -en .55 1 1.8 -en .044

2 1.5 -en .1 2 .3 -en .4 2 .6 -seed 1

this model is used in Figures:

Figure 3.6 on pg. 90.

B.2.6 Archaic Bi-directional migration

scrm command:

./scrm 6 1 -t 300000 -r 120000 300000000 -T -p 10 -I 2 4 0 -eI .044 0 2

-ej 0.55 2 1 -eM 0 0 -eM 0.044 .17 -eM .15 0 -en 0 1 4 -en .01 1 1 -en .02

1 .4 -en .1 1 .1 -en .11 1 1 -en .2 1 2.7 -en .55 1 1.8 -en .044 2 1.5 -en

.1 2 .3 -en .4 2 .6 -seed 1

this model is used in Figures:

Figure 3.3 on pg. 88; Figure 3.4 on pg. 89; Figure 3.8 on pg. 93; Figure 3.9 on pg. 93.

B.2.7 Archaic Bi-directional weak migration

scrm command:

./scrm 6 1 -t 300000 -r 120000 300000000 -T -p 10 -I 2 4 0 -eI .044 0 2

-ej 0.55 2 1 -eM 0 0 -eM 0.044 .085 -eM .15 0 -en 0 1 4 -en .01 1 1 -en

.02 1 .4 -en .1 1 .1 -en .11 1 1 -en .2 1 2.7 -en .55 1 1.8 -en .044 2 1.5

-en .1 2 .3 -en .4 2 .6 -seed 1

this model is used in Figures:

Figure 3.5 on pg. 90.

157



B.2.8 Archaic Bi-directional very weak migration

scrm command:

./scrm 6 1 -t 300000 -r 120000 300000000 -T -p 10 -I 2 4 0 -eI .044 0 2

-ej 0.55 2 1 -eM 0 0 -eM 0.044 .017 -eM .15 0 -en 0 1 4 -en .01 1 1 -en

.02 1 .4 -en .1 1 .1 -en .11 1 1 -en .2 1 2.7 -en .55 1 1.8 -en .044 2 1.5

-en .1 2 .3 -en .4 2 .6 -seed 1

this model is used in Figures:

Figure 3.6 on pg. 90.
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Appendix C

IOEM supplement

C.1 Notation reference

Table C.1: This table serves as a reference for notation used throughout the paper

notation meaning associated EM methods

θ true parameter all

θ̂t parameter estimate at time t all

θ̃t pseudo-independent parameter update IOEM
s̃t sufficient statistic update at time t all

Ŝt summary sufficient statistic from averaging s̃ all
N number of particles all
∆ lag of fixed-lag technique all

β̂0 regression intercept ML estimate IOEM

β̂1 regression slope ML estimate IOEM
σ̂2

0 variance of regression intercept ML estimate IOEM
σ̂2

1 variance of regression slope ML estimate IOEM

C.2 Fixed-lag technique

Our fixed-lag technique is slightly different than that proposed in the literature [7, 62].

Compared to the existing approach it uses less intermediate storage. Recall that the
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approximation we aim to evaluate is

Ŝt =
∑
i

wt(X
(i)
1:t) ·

t∑
u=1

su(X
(i)
1:t(u), Y (u)),

where the sufficient statistic is written explicitly as a sum over the path traced out

by the particle X
(i)
1:t . The drawback is that for u � t the paths will have collapsed

due to resampling, increasing the variance for those contributions to S. The solution

proposed in [7] is to use instead the approximation

Ŝt ≈
∑
i

( t−∆∑
u=1

wu+∆(X
(i)
1:u+∆)su(X

(i)
1:u+∆(u), Y (u))

+ wt(X
(i)
1:t)

t∑
u=t−∆+1

su(X
(i)
1:t(u), Y (u))

)
.

This requires storing the quantities

{su(X(i)
1:u+∆(u)), Y (u)}u=t−∆,...,t

for each sufficient statistic and each particle. This storage can be expensive if large

numbers of sufficient statistics are tracked. Instead, at iteration t we use the approx-

imation

Ŝt ≈
t−∆∑
u=1

∑
i

wu+∆(X
(i)
1:u+∆)su(X

(i)
1:u+∆(u), Y (u)).

By disregarding terms involving su for u > t−∆ and switching the summation in this

way, we can now update Ŝ at each iteration by adding the contribution of the current

particles to a single summary statistic at a distance ∆, without requiring per-particle

storage other than each particle’s recent history.

160



C.3 Weighted regression

The term “weighted regression” usually refers to regression where the errors are in-

dependent and normally distributed with zero mean and known variance (up to a

multiplicative constant), and the data is weighted inversely proportionally to its vari-

ance. In our case, the data is assumed to drift, contributing an additional, non-

independent term to the error. Weights are used to only focus on recent data where

the drift contributes an error of the same order of magnitude as the normally dis-

tributed noise, while discounting the impact of data points further away. In this setup

we are interested both in estimating the regression coefficients, and the error in these

estimates.

Perry Kaufman’s adaptive moving average (AMA) [44] is a similar averaging tech-

nique which reacts to the trends and volatility (jointly referred to as the behaviour)

of the sequence. The difference lies in the measure of the behaviour. AMA relies on

a user specified window length n. The n most recent data points are used to measure

the behaviour. This would be equivalent to using equally-weighted linear regression

over the last n points. By using weighted regression, the contribution of points to the

behaviour measures is also influenced by the previously observed behaviour. For ex-

ample, a sharp trend will effectively employ a smaller n value as we have lost interest

in the behaviour before that trend.

Let X be the 2 × n matrix consisting of a column of 1s and a column with the

dependent variable, let y be the vector of observations, let β be the two coefficients,

and ε the vector of errors, with εk ∼ N(0, σ2). Finally let w be a vector of weights.

We estimate β by minimising

s2 =
∑
k

w2
k(yk − β0 − β1xk,2)2

= (Xwβ − yw)>(Xwβ − yw),
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where Xw and yw are defined as

Xw :=


w1 w1 · (−n+ 1)

...
...

wn wn · 0

 ; yw :=


w1 · y1

...

wn · yn

 .

The derivative is ∂s2/∂β = 2(Xwβ − yw)>Xw; equating to zero and solving for β

results in the standard estimator for weighted regression

β̂ = (X>wXw)−1X>yw,

or more explicitly

β̂1 =
(
∑
w2
kx2kyk)− (

∑
w2
kx2k)(

∑
w2
kyk)

(
∑
w2
kx

2
2k)− (

∑
w2
kx2k)2

,

β̂0 =
(
∑
w2
kx

2
2k)(
∑
w2
kyk)− (

∑
w2
kx2kyk)(

∑
w2
kx2k)

(
∑
w2
kx

2
2k)− (

∑
w2
kx2k)2

.

Because the estimators of the coefficients can be written in this way, we can quickly

update the estimates in an online manner as k increases simply by storing and up-

dating the above summations. The variance in the estimate β̂ can be estimated as

follows

var β̂ = var(X>wXw)−1X>w yw

= var(X>wXw)−1X>w εw

= E
[
(X>wXw)−1X>w εwε

>
wXw(X>wXw)−1

]
= (X>wXw)−1X>w diag(w2

kσ
2)Xw(X>wXw)−1.

If w2
k = 1 this simplifies to the usual var β̂ = σ2(X>X)−1. Writing out the expression

for var β̂ explicitly shows that it is again possible to find online updates for the relevant
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terms.

C.4 Pseudo-independent parameter updates

In order to perform our regression on the level of the parameters, we need to map

from s̃(t) to Ŝ(t) and then to θ̂(t). We do not wish to regress on θ̂(1:t), as θ̂(t−1) and

θ̂(t) are highly correlated. Instead we want a sequence defined in the parameter space

where the correlations resemble those in s̃(1:t). We define this sequence as

θ̃t :=
1

γt
θ̂t +

(
γt − 1

γt

)
θ̂t−1.

Here we show that θ̃i and θ̃j are uncorrelated for all i 6= j, under the assumption that

s̃i and s̃j are uncorrelated (i 6= j). Define {ηtk}k=0,...,t to be the sequence that satisfies

Ŝt =
∑t

k=0 η
t
ks̃k and

∑t
k=0 η

t
k = 1. Note that ηtt = γt, η

t
t−1 = γt−1(1− γt), and so on.

Now,

cov(θ̃i, θ̃j)

= cov

(
1

γi
θ̂i +

γi − 1

γi
θ̂i−1,

1

γj
θ̂j +

γj − 1

γj
θ̂j−1

)
=

1

γiγj
cov(θ̂i, θ̂j)

+
1

γj

(
1− 1

γi

)
cov(θ̂i−1, θ̂j)

+
1

γi

(
1− 1

γj

)
cov(θ̂i, θ̂j−1)

+

(
1− 1

γi

)(
1− 1

γj

)
cov(θ̂i−1, θ̂j−1). (C.1)
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Writing θ̂i = f0 + f1

∑i
k=0 η

i
ks̃k and recalling that

cov(s̃i, s̃j) =


0, if i 6= j

σ2
i , if i = j,

it follows that

cov(θ̂i, θ̂j) = cov
(
f1

i∑
k=0

ηiks̃k, f1

j∑
k=0

ηjks̃k

)
=

i∑
k=0

f 2
1 η

i
kη

j
kσ

2
i ,

for i < j. Substituting into the four terms of (C.1) yields

cov(θ̃i, θ̃j) =
1

γiγj

i∑
k=0

f 2
1 η

i
kη

j
kσ

2
k

+
1

γj

(
γi − 1

γi

) i−1∑
k=0

f 2
1 η

i−1
k ηjkσ

2
k

+
1

γi

(
γj − 1

γj

) i∑
k=0

f 2
1 η

i
kη

j−1
k σ2

k

+

(
γi − 1

γi

)(
γj − 1

γj

) i−1∑
k=0

f 2
1 η

i−1
k ηj−1

k σ2
k.

If we define a = f 2
1 η

i
iη
j−1
i σ2

i , b =
∑i−1

k=0 f
2
1 η

i−1
k ηj−1

k σ2
k and note that ηjk = (1−γj)ηj−1

k

164



for all k < j, then

cov(θ̃i, θ̃j) =
1

γiγj
(1− γj)a+

1

γiγj
(1− γi)(1− γj)b

+
1

γj

(
γi − 1

γi

)
(1− γj)b

+
1

γi

(
γj − 1

γj

)
a+

1

γi

(
γj − 1

γj

)
(1− γi)b

+

(
γi − 1

γi

)(
γj − 1

γj

)
b

= 0.

Hence, if s̃i and s̃j are independent for all i 6= j, then θ̃i and θ̃j are uncorrelated

(i 6= j), justifying the term “pseudo-independent updates” for θ̃i.

165


