
HOW DO DEGENERATE MOBILITIES DETERMINE1

SINGULARITY FORMATION IN CAHN-HILLIARD EQUATIONS? ∗2

CATALINA PESCE† AND ANDREAS MÜNCH†3

Abstract. Cahn-Hilliard models are central for describing the evolution of interfaces in phase4
separation processes and free boundary problems. In general, they have non-constant and often5
degenerate mobilities. However, in the latter case, the spontaneous appearance of points of vanishing6
mobility and their impact on the solution are not well understood. In this paper we develop a singular7
perturbation theory to identify a range of degeneracies for which the solution of the Cahn-Hilliard8
equation forms a singularity in infinite time. This analysis forms the basis for a rigorous sharp9
interface theory and enables the systematic development of robust numerical methods for this family10
of model equations.11
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1. Introduction. Since its introduction [23, 20, 21, 24], the Cahn-Hilliard equa-15

tion and its many variations have become fundamental tools for describing the sep-16

aration of phases over a large range of time and space scales in many applications.17

In the most basic case of two partially miscible materials, such as binary alloys or18

polymeric liquids, this includes the early onset of the phase separation from a homo-19

geneous, unstable state via spinodal decomposition [20, 21], and subsequent nonlinear20

evolution at later stages where coarsening occurs [41, 67] until the quasi-stationary21

stages where only few, large and almost homogeneous domains remain. Due also to22

its ability to allow for topological changes of the domain, phase-field models based23

on extensions of the Cahn-Hilliard equation are frequently used as the basis for nu-24

merical simulations of, for example, the evolution of interfaces between immiscible25

liquids. These applications exploit the fact that in a phase-field model, the interfaces26

are represented by a thin layer over which the order parameter varies rapidly but27

continuously. Examples of such processes are surface diffusion and electromigration28

in crystals and alloys [25, 70, 22, 37, 17, 8, 9], motion of immiscible fluids with free29

boundaries [36, 1, 46, 19, 69], polymer blends [57, 35, 26], tumour growth models30

[29, 62, 54] or lithiation in battery electrodes [58], to name just a few.31

Stated in the form introduced by [23, 24], the Cahn-Hilliard equation can be32

written as33

(1.1a) ut = −∇ · j, j = −M(u)∇µ, µ = −ε2∇2u+ f ′(u),34

with the (conserved) order parameter u, such that |u| ≤ 1 and ε > 0. The homoge-35

neous free energy and mobility are, respectively36

(1.1b)
f(u) = (θ/2) [(1− u) ln(1− u) + (1 + u) ln(1 + u)] + (1− u2)/2, M(u) = 1− u2,37
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2 C. PESCE, A. MÜNCH

where θ ≥ 0 denotes a normalised temperature. For 0 < θ < 1 the free energy in38

(1.1b) has two distinct minima u± and the system separates into two phases with39

those relative concentration values. The diffuse interface layers between these phases40

domains are thin if ε is small. The term Cahn-Hilliard is often used more broadly to41

describe a class of phase-field models that have the general form (1.1) but different42

free energies and mobilities, for example, a quartic polynomial with fixed minima43

u = ±1, such as44

(1.2) f(u) =
1

2
(1− u2)2,45

and a constant mobility M(u) ≡ 1.46

While a different mobility does not change the energy landscape, it does strongly47

affect the kinetics of the process. For constant mobility, the flux depends only on48

the gradient of the chemical potential µ and the diffusive flux j can freely transport49

material through the bulk in the direction of decreasing µ. The kinetics become clearer50

when one takes ε, and thus the interface width, to 0. For the constant mobility Cahn-51

Hilliard equation, Pego [63] showed, via matched asymptotics, that the sharp interface52

limit is the Mullins-Sekerka problem, which inspired the rigorous proof by Alikakos,53

Bates and Chen [3]. The Mullins-Sekerka problem couples the interface motion to the54

bulk diffusion between the domains at the late stages of the coarsening process.55

In contrast, nonlinear mobilities that degenerate at or near the minima of the56

free energy suppress bulk diffusion, so that transport along the interface, i.e. surface57

diffusion, becomes more important. Using asymptotic methods, Cahn et. al [25]58

demonstrated that for θ � 1 and for a double-obstacle free energy (θ = 0), the sharp59

interface limit for (1.1) is simply the surface diffusion equation, with no transport60

across the bulk, at least to leading order. On the other hand, for the case of a61

quartic free energy ((1.1a) and (1.2)), the degenerate mobility leads to a subtle balance62

between bulk and surface diffusion, so that to leading order, both enter the sharp63

interface limit [31, 53]. This has come as a surprise to some in the community,64

as by routine application of Pego’s asymptotic approach, one can easily miss the65

contribution from bulk diffusion and obtain the wrong sharp interface model [51, 52,66

76]. The correct and consistent evaluation of the flux requires the use of exponential67

matching [53].68

The results in [51, 53, 52] highlight the subtleties arising from degenerate mobili-69

ties and the importance of investigating the equations carefully. Besides the derivation70

of the sharp interface limit in [53], another aspect became apparent upon solving the71

axisymmetric PDE on a circular, two-dimensional domain with initial data u0 strictly72

bounded between −1 and +1. This represents a situation where the phases have73

separated into two domains, a disc centered at the origin with a composition close74

to one phase, surrounded by an annular region with a composition near the opposite75

phase, and a diffuse interface between them. As a numerical result in [53] reveals,76

the solution evolves so that near the interface, |u| develops a maximum that quickly77

approaches 1, that is, the value for which the mobility degenerates.78

This phenomenon is intimately connected with a property of stationary solu-79

tions to Cahn-Hilliard equations with smooth polynomial free energies. These are80

well-studied and, in particular, existence and uniqueness of small energy stationary81

solutions has been proven in Niethammer [60] using a rigorous matched asymptotics82

expansion technique that also captures the qualitative features of the solution. Non-83

theless the following property (referred to as the Gibbs-Thompson effect in [31]) has84

often been overlooked: In the presence of curved interface layers between phases, the85

This manuscript is for review purposes only.



TOUCHDOWN SINGULARITIES 3

chemical potential is non-zero in equilibrium, and the “outer” solution i.e. the solu-86

tion away from interface layers, differs from the minima of the free energy by a small87

amount proportional to the curvature. Inside convex domains, the value is in fact out-88

side of the interval delineated by the minima of the free energy (i.e. here ±1). Since89

time dependent solutions of Cahn-Hilliard equations monotonically decrease their en-90

ergy, they are expected to converge to stationary solutions; in particular, to the one91

investigated by Niethammer [60]. As a result, u must approach ±1 somewhere, thus92

forcing the degenerate mobility M(u) in (1.1b) to become zero.93

This observation raises interesting questions that have important implications for94

established practices. To begin with, is u = ±1 achieved in finite or infinite time?95

What determines this? Since at those points mobilities like (1.1b) degenerate, does it96

depend on how degenerate M is? We note that some authors [56, 66, 71, 72, 73, 78]97

choose a low-degeneracy mobility with a degree of two, that is, the square of the98

form used in (1.1b), but higher degeneracies can also be useful to understand the full99

spectrum of the solution’s behaviour. Next, what happens for example in the case100

that |u| approaches 1 (and hence M(u) approaches 0) in finite time? Can this lead101

to loss of regularity and, thus, to singularity formation? Will the vanishing mobility102

freeze the solution there and prevent the set {M(u) = 0} to move, and how will that103

influence the evolution of the diffuse interface and hence the sharp interface limit?104

How will that affect long-time pattern formation in numerical simulations?105

An early paper by Elliott and Garcke [38], where they prove existence of solutions106

for a class of degenerate Cahn-Hilliard models, first raises the question of how the set107

{M(u) = 0} evolves. In fact, pinning was observed in numerical solutions of degener-108

ate Allen-Cahn/Cahn-Hilliard systems [6], in contrast to the constant mobility case.109

Moreover, solutions with a waiting time behaviour are also conceivable [61]. Numer-110

ical experiments in [7] demonstrate that the choice of the relative magnitudes of the111

mesh and the temporal step size yields at least two solutions with very different be-112

haviour. If the mesh sizes are taken to zero much faster than the step size, the solution113

the scheme converges to is pinned at the boundary of the set {M(u) = 0} and hence114

it is stationary, while another, moving, solution emerges if the step and mesh sizes115

are in a distinguished limit with each other. Such a behaviour is important to know116

and understand, as selecting and changing step and mesh sizes is standard practice in117

numerical simulations, and in fact is often done automatically as part of the adaptiv-118

ity implemented in ready-to-run simulation packages. These results highlight the role119

of non-uniqueness of solutions, which also prompts questions about the implications120

for the sharp interface limit, in particular, can different solutions have different sharp121

interface limits? As a consequence, it becomes essential to investigate the situation at122

points {M(u) = 0}, which are typically points where the solution becomes singular,123

in the sense that the regularity is reduced [27], requiring the introduction of weak124

solution concepts [38, 11].125

These questions overlap with another important class of fourth order PDEs with126

degenerate mobility, namely the surface tension driven thin film model. The thin127

film equation for surface tension driven flows (and its variants) has a rich history128

and a huge literature covering questions (1) on the formation and evolution of sets129

where the mobility is zero [27, 28, 14, 11, 15, 12, 74, 75, 77, 39, 65, 64, 59], especially130

in the context of the fundamental questions in fluid mechanics about the moving131

three-phase contact-line, see e.g. [43, 5, 50, 45], see also [13], and (2) on the impact132

of the degree of degeneracy on the solutions [4, 49]. In a situation where sufficient133

pressure is applied to the boundary of a thin film, singularities are always forced. In134

particular, questions about how the thin film height goes to zero and if the singularity135
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occurs in finite or infinite time have been discussed in the literature [27, 28, 14]. The136

connection between thin films and degenerate Cahn-Hilliard problems offers a lot of137

potential, and even though it has been highlighted earlier [48, 61], it has rarely been138

directly exploited. Furthermore, in this paper, the asymptotic techniques from the139

thin film literature have proven to be fundamental for understanding the behaviour140

of a degenerate Cahn-Hilliard problem.141

We will focus on polynomial double well potentials which have their minima142

aligned with the zeros of the degenerate mobilities. The vast majority of numerical143

simulations in practical applications use this combination rather than a logarithmic144

free energy (1.1b), for example in tumour growth models [29, 62, 54], in diffusive145

models of interfaces in fluid flow problems [42, 55, 36], and also for surface diffusion146

in materials [56, 66, 71, 72, 73, 78]. It is therefore important to develop a thorough147

understanding for models with this combination and their sharp interface limits, on148

which, for example in the case of surface diffusion, the physical justification hinges.149

Above we have given an overview of the intricacies that arise for these models, and an150

example where a lack of clear understanding has led to an erroneous sharp interface151

limit. Degenerate mobilities combined with the logarithmic free energy (which is152

directly motivated by statistical mechanics) also need to be explored beyond what is153

known from classical references e.g. [22] regarding regions where the mobility becomes154

small or zero, but this requires a separate investigation that is part of ongoing work.155

We will also consider the solution on a particular domain, namely on a two-156

dimensional axially symmetric domain with a quartic polynomial free energy f and a157

mobility M which vanishes at the minima of f , and where the degree of degeneracy158

is treated as a parameter n ∈ R+. We show that the solution develops points where159

|u| → 1, which can form in either finite or infinite time, and that for a range of160

mobilities, there are attracting solutions that belong to the latter category. These161

solutions are analysed by singular perturbation methods.162

Summarising, we find the following picture for the long-time asymptotic solution163

to the specific degenerate Cahn-Hilliard problem we consider here, depending on the164

degree of degeneracy n of the mobility: For n > 2, we obtain an infinite-time solution165

consisting of three spatial regimes, the annular region where the solution is quasi-166

stationary, a touch-down region where the fastest approach to zero in the mobility167

occurs, and the central region near the centre of the disc. Three sub-cases (2 < n < 3,168

n = 3, 3 < n) occur because the higher order terms in the expansions for the solution169

in these sub-regions change, i.e., the matching to leading order is not affected. For170

n ≤ 2, the leading order term in these expansions change, signalling a transition into a171

new asymptotic state. Preliminary investigations suggest that a solution with infinite172

time touch down exists for 1/2 < n < 2 and for n = 2, with different scalings than173

the one for n > 2 Determining the asymptotic solution for n ≤ 2 is part of ongoing174

work.175

The layout of the paper is as follows. In section 2, we summarise the precise176

statement of the axially symmetric Cahn-Hilliard equation that we consider. In section177

3, we present the result of numerical solutions for a range of values n for the degree178

of degeneracy of M . In particular, we determine the self-similar regions that develop179

in the long-time solution for the example of n = 4. In section 4, we systematically180

derive an asymptotic approximation for the long-time behaviour of this solution for181

the case n > 2 using matched asymptotics. In section 5, we discuss our results and182

point to possible further questions and avenues of research.183
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2. Problem statement. We take (1.1a) on the 2-dimensional unitary ball for184

a radially symmetric smooth function u = u(r, t), which written in polar coordinates185

corresponds to186

(2.1a) ut = −1

r

∂(rj)

∂r
, j = −M(u)

∂µ

∂r
, µ = −ε

2

r

∂

∂r

(
r
∂u

∂r

)
+ f ′(u),187

for 0 < r < 1 and t > 0. We also assume that u and its derivatives with respect188

to Cartesian coordinates are continuous at the origin, which implies the boundary189

conditions190

(2.1b) ∂ru = 0, ∂rrru = 0, at r = 0.191

and moreover, we assume that we have a neutral surface at r = 1 and no flux, so that192

(2.1c) ∂ru = 0, j = 0, at r = 1.193

We also need to prescribe an initial condition194

(2.1d) u(r, 0) = uinit(r),195

which we specify further in the next section. Typically, it will be a scaled tanh-profile196

that is strictly bounded between +1 and −1. The homogeneous free energy is given197

by a double-well potential198

(2.1e) f(u) =
1

2
(1− u2)2,199

and the mobility by200

(2.1f) M(u) = (1− u2)n,201

where n > 0 is a real parameter. Common values for this parameter are n = 1, 2.202

They are used in models for surface diffusion [56, 66, 71, 72, 73, 78], tumour growth203

[29, 62, 54] and for the motion of interfaces in fluid flow [42, 55, 36]. However, in204

thin film flow, conducting a systematic study that allows the degree of degeneracy n205

to vary continuously over a large range of (even negative) values has proved to be a206

very fruitful approach. In particular, large n often have solutions with the simplear207

structure from which it is then easier to expand the study to smaller n by identifying208

the values where, for example, an asymptotic regime ceases to be valid [18, 49, 14]. We209

therefore adopt this approach here, too, and focus in this paper on n > 2. Moreover,210

regularisations of low-degenerate mobilities that increase the mobility to large n are211

very useful to select non-negative solutions of (2.1), especially when combined with a212

positivity preserving numerical scheme [79].213

The mobility in (2.1f) is the form that we shall use most often in this paper, though214

we also discuss two variants, in particular where we refer to results in the literature.215

One variant, considered for example by Elliott and Garcke [38], is to truncate the216

mobility, so that217

(2.2) M(u) = (1− u2)n+218

where the subscript + denotes the positive part of the expression (taken before the219

expression is raised to the power of n). A second variant, used by Dai and Du220

[31, 32, 33], is to take instead the absolute value,221

(2.3) M(u) = |1− u2|n.222
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Fig. 1: (a) Left: Solution u of (2.1) with constant mobility M = 1, at different times t = 0, t = t∗ =

1.06 × 10−2, t = 1. This is compared with the stationary solution U(r), which satisfies (3.5) and (3.7).
The right inset shows a zoom of the area delineated by a thin solid box, and the left inset in turn zooms
into the area between the horizontal vertical lines in the first inset. A thin dotted line at u = 1 has been
added to both insets for guidance. (b) Right top: Evolution of 1−maxr u(r, t) and bottom: of the energy
E(t) of the solution. The thin dotted line shows the energy for the stationary solution of (3.5), (3.7).

In all cases, the parameter n > 0 determines the degree of degeneracy of the mobility.223

These variants differ for values of u with |u| > 1, where (2.1f) becomes undefined for224

non-integer n, or changes sign for odd n, leading to ill-posedness unless n is even. We225

avoid these situations in the current article by focusing on bounded solutions |u| ≤ 1.226

3. Numerical solution. We begin by inspecting numerical solutions of (2.1) for227

three different groups of the mobility: (a) constant mobility, M = 1, corresponding to228

(2.1f) with n = 0; (b) degenerate mobility with n = 1; (c) degenerate mobility with229

n = 4. The initial data is given by (2.1d), with230

(3.1) uinit(r) = −0.95 tanh

(
r − 0.5

ε

)
.231

Such tanh-like profiles are a common choice for numerical simulations where phase-232

field models are used to track the evolution of a free interface, or to capture the late233

stages of a phase separation process, see [72], [71]. Unless otherwise stated, we choose234

(3.2) ε = 0.1.235

Notice the initial profile above satisfies the boundary conditions (2.1b), (2.1c) except236

for exponentially small terms. Replacing (3.1) in the vicinity of r = 0 and r = 1237

by constant values +1 and −1, respectively, so that the initial profile satisfies the238

boundary conditions, did not change the numerical results in any noticeable way.239

The numerical solutions for (2.1) with initial data (3.1) presented here were ob-240

tained by a finite difference code using centred differences in space and and implicit241

Euler scheme in time. The spatial grid was equidistant, and we used a step doubling242

scheme to control the error in time.243

Constant mobility. We see in fig. 1(a) that the solution develops a maximum at a244

radius r̄(t) near r = 0.15, which quickly crosses u = 1 at t = t∗ = 0.0106, after which245

u settles into a stationary solution. To understand better the intuition behind the246

long time solution of the constant mobility case we need to introduce the free energy247
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associated with this system, which, in polar coordinates, is given by248

(3.3) F [u] =

∫ 1

0

[
ε2

2
(∂ru)2 + f(u)

]
rdr.249

This energy is always non-increasing along a solution trajectory, i.e., if u(t) is a250

solution of (2.1a), (2.1c), then E(t) := F [u(t)] satisfies251

(3.4)
dE

dt
= −

∫ 1

0

M(u) (∂rµ)
2
rdr ≤ 0.252

Since E ≥ 0, this means that E → E∞ as t → ∞, and dE/dt → 0. (Notice this is253

true also for general nonlinear mobilities provided they are non-negative). Since M is254

constant, µ converges to a constant, say µc. If the solution converges to a stationary255

solution U(r) of (2.1), which is known to be true at least for the case of constant256

mobility with logarithmic [2] or quartic polynomial homogeneous free energy [68],257

then U(r) must satisfy258

−ε
2

r

d

dr

(
r

dU

dr

)
+ f ′(U) = µc,(3.5a)259

U ′(1) = 0,(3.5b)260

U ′(0) = 0.(3.5c)261262

The additional degree of freedom µc is used to accommodate a mass constraint that the263

solution inherits from the initial condition. The system (2.1), (2.1b), (2.1c) conserves264

mass, that is, for265

(3.6) m(t) :=

∫ 1

0

u(r, t)rdr266

one easily finds that dm/dt = 0 along a solution u(r, t), therefore, for the stationary267

solution, we need to enforce268

(3.7)

∫ 1

0

U(r)rdr = m0,269

where270

(3.8) m0 =

∫ 1

0

uinit(r)rdr.271

It has been shown in [60] that for any initial mass m0, there exists a unique pair272

of solutions to (3.5), in the set of smooth functions with sufficiently small energy273

F [U ] = O(ε), which are identical up to a reflection u → −u. Hence for initial data274

with small enough energy, we expect the solution of the initial boundary value problem275

to converge to one of these stationary states, namely the one closer to the initial data.276

We can check this by superimposing the solution for (3.5) onto the long-time profile for277

the initial boundary value problem. In addition, the stationary solution U(r) exceeds278

1 by an O(ε) amount. This fact, which is a manifestation of the Gibbs-Thomson effect279

[31, 53] is often missed, but it is an important feature of the evolution. It basically280

precludes the possibility that |u| < 1− δ point-wise, for some positive δ. If that were281

the case, the small-energy stationary profile to which the solution converges would be282

strictly bounded by |u| < 1, contradicting the result in [60]. This is a strong indication283

that |u| → 1 at some point(s) r∗ and at either a time t∗ <∞ or at the limit t→∞.284

We refer to these two cases as finite-time and infinite-time touchdown, respectively.285

For constant mobility, the former of the two occurs.286
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Fig. 2: (a) Left: Solution u of (2.1) with degenerate mobility n = 1, for the initial time (t = 0) and after
the touchdown, as illustrated by the zoom in the inset. (3.7). (b) Right: Solution of (2.1) with mobility
n = 4, for the initial time and for t = tfinal = 1015, when we stopped the simulation (though it could
still have been continued). The maximum of u is very close to the u = 1, see bottom left inset, but, as a
semi-log plot of 1− u in the top right inset reveals, has touched there.

Degenerate mobilities with n = 1. The numerical solution behaves similarly to287

the constant mobility case in that maxr u reaches 1 in finite time, at t = t∗ = 3.44 for288

a grid spacing of ∆r = 10−4, see fig. 2(a) and the inset. However, we noticed that t∗289

increases significantly upon decreasing ∆r, suggesting the possibility that this finite-290

time touchdown is a numerical artefact, and that for ∆r → 0, the value t∗ →∞ and291

hence that the numerical solution converges to an infinite-time touchdown solution.292

Finite time touchdowns - or in fact crossings – of |u| = 1 have been reported in293

the literature. For example, for the fully two-dimensional simulations in [33], where294

the authors use an absolute value mobility (2.3), the solution u crosses the bound295

|u| = 1 on the convex side of interfaces between different phases and converges to a296

quasi-stationary profile with a larger value than the one as predicted by the Gibbs-297

Thomson effect. Other analytical results [38] prove existence of solutions u ≤ 1,298

which allow for touchdowns but not for crossings into |u| > 1. The occurrence of299

qualitative different behaviours for one initial value problem is consistent with the300

non-uniqueness of solutions that is known to occur for initial value problems of high-301

order degenerate parabolic PDEs in the Cahn-Hilliard and thin-film context, see for302

example [32, 30, 49, 10, 34].303

Moreover, where the solution achieves a value for which the mobility vanishes, it304

typically loses regularity. This can be illustrated by a formal argument made for a305

Hele-Shaw model in [27] (see also a rigorous version in [28] and a similar argument306

for a more general thin film problem in [14]), applied here to v := 1 − u. Let n = 1,307

at the minimum r = r̄(t) of v at time t, which we denote v̄(t) := v(r̄(t), t), we have308

that309

(3.9)
1

2

d

dt
ln

(
2− v̄
v̄

)
=

1

r
∂r (r∂rµ)

∣∣∣∣
r=r̄(t)

.310

When v̄(t)→ 0, the left hand side blows up and the second derivative of µ, and hence311

the fourth derivative of v (or u), must do so too. The argument can also be extended312

to n > 1 by computing instead d
dt

(
v̄1−n). As a consequence, rigorous treatments313

of (1.1a), (2.1e) and (2.2) or (2.3) introduce weak formulations and then typically314

prove existence of such solutions via regularisation of the degeneracy, with different315

outcomes depending on the details of the weak formulation and the regularisation316

method. In [38] for example, the authors prove existence of solutions for n ≥ 1 that317
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Fig. 3: (a) Left: The profile v = 1 − u for the solution of (2.1) with mobility n = 4, for different times.
The dotted line represents the 0 value line. (b) Right: Evolution of v(0, t) and v(r̄(t), t) in a log-log plot.

satisfy |u| ≤ 1, using a regularised version of (2.2), while in [32], Dai & Du introduce318

a weak solution concept and a regularisation of the mobility (2.3) that allows for319

solutions where |u| can exceed 1. This is consistent with the solutions they present in320

their numerical study [33].321

At this stage one may ask if the vanishing of the mobility along the solution can322

be avoided, so that, for example, the existence of solutions with |u| ≤ 1 by Elliott &323

Garcke [38] can be strengthened to show the existence of a solution u for which |u|324

stays strictly below 1 even in the limit as t → ∞. However, in the preceding section325

on the constant mobility case, we gave an argument that rules out convergence to a326

stationary solution with modulus less than 1−δ for some δ > 0, which also carries over327

to the degenerate case n > 0. This implies that the solution (provided it converges328

to a stationary solution) either achieves maxr |u| = 1 in finite time or, converges as329

maxr |u| → 1 in infinite time.330

Degenerate mobilities with n = 4. As before, a maximum forms in the numerical331

solution that approaches u = 1 at some point r = r̄(t), but 1 − u remains positive332

over many decades of t. In fig. 2(b), u still has not touched u = 1 at t = 1015. This333

suggests that the singularity is only approached in infinite time. Moreover, the PDE334

remains strictly parabolic and hence we expect it to have a unique classical solution,335

that is, the same evolution should emerge for any other convergent numerical scheme.336

In the following, we investigate the behaviour shown by this third example in337

more detail numerically and via asymptotic analysis for the long time limit t→∞, to338

conclude that the numerical solutions of (2.1), (2.1f), (3.1) converge to a leading order339

asymptotic approximation that touches down in infinite time (and remains bounded340

away from |u| = 1 for any finite value of t.)341

3.1. Self-similar regions. We consider numerical results for three different val-342

ues of n = 3, 4, 5, with the aim of investigating the structure of the solution at large343

times. To characterise the evolution as t → ∞, we let v = 1 − u and zoom into the344

regions of r ∈ (0, 1) where |v| is small. We first observe that the region of v closer to345

r = 0, which we refer to as the central region, evolves differently from the touchdown346

region near r = r̄(t). There, the solution has a pronounced minimum v(r̄(t), t), and347

the function decreases more rapidly than for v(0, t). In fact, the log-log plot in fig. 3348

suggests that v(0, t) and v(r̄(t), t) display a power law behaviour for large t. Fur-349

thermore, both regions keep their qualitative shape, prompting us to seek self-similar350

solutions with power-law scaling factors.351
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10 C. PESCE, A. MÜNCH

Fig. 4: (a) Left: Central region rescaled according to r vs. v(r, t)/v(0, t) for different times (b) Right:
Rescaled touchdown region, w vs ρ, for the same times as in (a). The definition of w and ρ are given in
the main text.

In the central region, we specifically make the ansatz352

(3.10) v(r, t) ∼ tαψ(r)353

with some α < 0. The independent variable is not scaled as the region it spans extends354

from r = 0 to near r̄(t), which is an O(1) interval. The scaling (3.10) can be tested355

by plotting v(r, t)/v(0, t) in fig. 4(a), where we observe that all curves collapse near356

r = 0. Moreover, the location of the minimum of v, i.e. r = r̄(t), appears to converge357

to a limit, which we denote by r∗ for future reference. Here this limit is approximately358

r∗ = 0.25.359

In the touchdown region, we introduce a scaling for both variables, so that360

(3.11) v(r, t) ∼ tβϕ(η), η :=
r − r∗
tγ

,361

for some β, γ < 0. We test the self-similar scaling by scaling362

w :=
v(r, t)

min
r∈[0,1]

v(t)
,363

so that the minimum value of the new function is now 1 for all t. If r̄(t) is, as before,364

the point where this minimum is located, and if r = r̄(t) + ∆r(t), with ∆r(t) > 0, is365

the point where w(r, t) = 3, then we define the rescaled independent variable as366

ρ =
(r − r̄(t))

∆r(t)
.367

Plotting w vs ρ, we clearly see in fig. 4(b) that around ρ = 0, the curves collapse368

nicely over at least three orders of magnitude t = 1010, . . . , 1015.369

Similarity exponent for the central region. Next, we determine the approximate370

numerical values for α, β, and γ from the numerical data in the central and touchdown371

region. We first look at log-log plots for v(0, t) for three different values of n. The372

result is shown in fig. 5 for n = 3, 4, 5. We see that for long times log v(0, t) is linear in373

log t, though it appears that two different slopes emerge at different times. To analyse374

this further, in fig. 6 we also plot375

(3.12) σ(s) :=
d log v(0, t)

ds
, s := log t,376
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which gives the effective exponent of a power-law behaviour (for a pure power law,377

σ(s) would be constant and exactly equal to the exponent). It is clear in fig. 6 that σ378

takes a dip, with the minimum at −1/3, −1/4, −1/5 for n = 3, 4 and 5, respectively,379

suggesting that for general n, σ = −1/n at its minimum value. However, this is a380

transient in the sense that after the minimum, σ increases again and then tends to381

−1/4, −1/6, −1/8 for the three values of n. This indicates that for very long times,382

in general, we have383

(3.13) α = − 1

2(n− 1)
.384

Similarity exponents for the touchdown region. In the touchdown region, the log-385

log plot for v(r̄(t), t) in fig. 7 reveals that, for long times, the evolution of this value386

indeed approaches a power-law behaviour. As in the central region, approximations387

for the similarity exponent β can be extracted from388

σ∗(s) :=
d log v(r̄(t), t)

ds
.389

Note that even though the touchdown region should be centered at r∗ = limt→∞ r̄(t),390

because we do not know its value a priori, we must use instead r̄(t). The result is391

shown in fig. 8, where σ∗ approaches −1/2, −1/3 and −1/4 for the three values n = 3,392

4, 5, respectively. This is consistent with393

(3.14) β = − 1

n− 1
.394

On the other hand, we obtained that ∂rrv(r̄(t), t) tends to a constant as t→∞. Since395

∂rrv(r̄(t), t) ∝ tβ−2γ , this means β = 2γ, and thus396

(3.15) γ = − 1

2(n− 1)
.397

Varying ε. We conclude our numerical exploration with studying the effect of398

varying ε for fixed n = 4. Results are shown in fig. 9 for σ(s) and σ∗(s) for a range399

of ε ≤ 1. All curves show the two self-similar scalings that we already reported on400

earlier. In the left figure (a), σ approaches a minimum −1/n first and eventually the401

value for α in (3.13). The time it takes to move from the minimum close to the final402

asymptotic value increases as ε decreases. A similar observation is made in the right403

figure (b) for σ∗ and its approach to β as in (3.14), except that here, the minimum404

itself shifts as ε is decreased.405

4. Long time asymptotic analysis for n > 2. In this section we carry out406

a long-time asymptotic analysis of the solution to (2.1), via singular perturbation407

theory. For the purpose of carrying out the long-time expansion, it is helpful to408

separate magnitude from variable by introducing the scaling409

(4.1) t = τ/δ.410

We then seek expansions in terms of 0 < δ � 1 as the small parameter, with fixed τ .411

We note that, while ε is also small, we treat it as a fixed parameter.412

We first formulate the leading order problem in each of the three regions – central,413

touchdown and annular – solve and match them. Then we construct the composite414

solution and compare it with the numerical results.415
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12 C. PESCE, A. MÜNCH

Fig. 5: Linear fitting of log(v(0, t)) vs log(t) for ε = 0.1, (a) left: n = 3 (b), middle: n = 4 and (c), right:
n = 5.

Fig. 6: Numerical approximation σ for the power law exponent vs s up to the final time tfinal = 1015

where we ended the simulation, and ε = 0.1, (a), left: for n = 3, (b), middle: n = 4, (c), right: n = 5.
Definition of σ and s are given in the main text, see (3.12).

Fig. 7: Linear fitting for log(v(r̄(t), t)) v/s log(t) for ε = 0.1, (a) left: n = 3, (b) middle: n = 4 and (c)
right: n = 5.

Fig. 8: Numerical approximation σ∗ for the power law exponent up to the final time tfinal = 1015 where
we stopped the simulation, and ε = 0.1, for (a), left: n = 3, (b), middle: n = 4 and (c), right: n = 5.
Definition of σ∗ and s are on the main text.
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Fig. 9: Impact of ε on the evolution into the final self-similar behaviour in the central and touch-down
regions. In both cases, n = 4. (a) left: results for σ the central region. (b) middle: results for σ∗ in the
touch-down region. (c) right: Evolution of the minimum v(r̄(t), t) in the touch-down region.

For the central and touchdown regions, it is convenient to formulate the problem416

in terms of the function v = 1 − u. Since we are interested in solutions that are417

bounded |u(r, t)| ≤ 1 for all r ∈ (−0, 1), t ∈ (0,∞), we look for nonnegative v.418

Substituting v into (2.1a), (2.1b), (2.1c), (2.1e), (2.1f), and rescaling time according419

to (4.1) we obtain420

421

422

δ∂τv = −1

r
∂r (rM(v)∂rµ) ,(4.2a)423

µ = ε2

(
∂rrv +

1

r
∂rv

)
+ 2(−v3 + 3v2 − 2v).(4.2b)424

425

with boundary conditions426

∂rv(1, t) = 0,(4.2c)427

M(v(1, t))∂rµ(1, t) = 0,(4.2d)428

∂rv(0, t) = 0,(4.2e)429

∂rµ(0, t) = 0.(4.2f)430431

where M(v) = vn(2− v)n+, for n > 2. For later uses, we record that the radial flux is432

given by433

(4.2g) j = −M(v)∂rµ.434

435

4.1. Central region. We start from (4.2) and assume, using the insight gained436

from the numerical results, that v can be expanded as437

(4.3) vcentral(r, τ) = δ−αταψ0(r) + o(δ−α),438

where α ∈ R and ψ0 is a nonnegative function. Since the solution must be bounded439

as δ → 0, we restrict our attention to α < 0.440

We substitute (4.3) into (4.2a), (4.2b), combine the equations into a single one441

by eliminating µ, and drop all terms that we already know are of lower order to get442

(4.4) αδ−α+1τα−1ψ0 = −δ−(n+1)ατ (n+1)α 2n

r
∂r

[
rψn0 ∂r

(
ε2 1

r
∂r (r∂rψ0)− 4ψ0

)]
.443

Balancing both sides would require α = −1/n, but this is not consistent with the444

numerical results, for which α is clearly larger. In that case, the right hand side of445
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14 C. PESCE, A. MÜNCH

the equation dominates the left hand side, so that we obtain, after integrating twice446

with respect to r and using the Neumann boundary condition at the origin (4.2f), the447

leading order problem448

ε2

(
∂rrψ0(r) +

1

r
∂rψ0(r)

)
− 4ψ0(r) = c1,(4.5a)449

∂rψ0(0) = 0,(4.5b)450451

where c1 is an unknown constant that comes from the second integration. The general452

solution of (4.5a)-(4.5b) can be directly computed as453

ψ0(r) = −c1
4

+ c2I0

(
2

ε
r

)
,454

where I0 is the modified Bessel function of the first kind and c2 is another unknown455

constant of integration.456

This solution will be matched to the one in the touchdown region, which plays the457

role of an inner expansion where the dependent variable is small (in terms of δ � 1)458

compared to the expansion in the central region. Thus, ψ0 must vanish at r = r∗,459

that is,460

ψ0(r∗) = 0,461

which we use to eliminate c1, giving462

(4.6) ψ0(r) = c2

(
I0

(
2

ε
r

)
− I0

(
2

ε
r∗

))
.463

This expression is, of course, only valid for 0 ≤ r ≤ r∗; we extend it by ψ0 = 0464

for r∗ < r ≤ 1 where this is needed (for example in the evaluation of the composite465

expansion). The remaining constant, c2, represents a normalisation of v that we466

keep as a parameter and that we fix when we numerically solve the problem in the467

touchdown region. For later, we record that the Taylor expansion of ψ0 near r∗ is468

ψ0(r) = a1(r − r∗) +O((r − r∗)2), a1 =
2c2
ε
I ′0

(
2

ε
r∗

)
.(4.7)469

470

4.2. Touchdown region. In this region, we introduce the independent variable471

(4.8) η =
r − r∗
δ−γτγ

,472

with γ < 0, and expand473

(4.9) vtouchdown = δ−βτβϕ0(η) + o(δ−β),474

where β < 0, as suggested by our previous numerical results, and ϕ0 is a nonnegative475

function. Dropping higher order terms and eliminating µ gives476

δ1−β(−γητ−1∂ηϕ0) =− ε2 δ
4γ−(n+1)βτ−4γ2n

η
(
τ
δ

)γ
+ r∗

∂η

((
η
(τ
δ

)γ
+ r∗

)
ϕn0∂ηηηϕ0

)
.477

478

There are three possibilities here: either the LHS goes to zero faster than the RHS,479

and hence β > 4γ−1
n , the other way around, thus β < 4γ−1

n , or they balance each480
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other with β = 4γ−1
n . From our previous numerical results, we can infer that the first481

case is the relevant one. Integrating the resulting leading order long time equation482

once, we arrive at the ODE483

(4.10) ϕn0 (η)∂ηηηϕ0(η) = J,484

where the unknown flux J appears as an integration constant. This third order485

problem has to be matched to the central (as η → −∞) and annular (as η → ∞)486

regions, which both act as larger, i.e. outer, layers. To match to a leading order O(1)487

contribution in the annular region, the leading order term of ϕ0(η) must be ∼ ηβ/γ488

for η → ∞, so that upon scaling back into annular variables, the δ-factors cancel.489

From the numerical results, we have already observed that β/γ is closer to 2 than to490

1, hence ϕ0 grows faster than linear, and this selects the behaviour of the annular491

solution to be quadratic near r∗.492

4.3. Annular region. In the numerical simulations we saw that the solution493

evolves much slower to the right of r(t), at least compared with the central and494

touchdown regions. This leads us to believe that a good first approximation in the495

interval (r∗, 1) is given by the stationary problem. For the annular region, we expect496

a stationary solution to leading order, as the only time dependence comes from the497

slow drainage of material from the central region. This is supported by the numerical498

evidence, and therefore we let for the leading order annular solution499

(4.11) vannular(r, τ) = 1− U∗(r)500

Substituting into (4.2a)-(4.2f) and integrating twice, we obtain501

−ε
2

r

d

dr

(
r
dU∗
dr

)
− 2U∗(1− U2

∗ ) =µ0,(4.12a)502

dU∗
dr

(1) =0,(4.12b)503
504

for r ∈ (r∗, 1), where µ0 is an unknown integration constant. The solutions can505

be locally expanded in a Taylor series, which does not have a constant or linear506

contribution to be matchable to the touch down region, which grows superlinearly as507

observed in the previous section. Thus508

(4.12c) U∗(r∗) = 1,
dU∗
dr

(r∗) = 0.509

For r ∈ [0, r∗] we set the solution to U∗ ≡ 1. Note that this is exactly the problem510

treated by Lee et al. [53]. From (4.12a) and (4.12c), we obtain the leading term in511

the Taylor series expansion for vannular,512

vannular = b2(r − r∗)2 +O((r − r∗)3), b2 =
µ0

2ε2
.(4.13)513

514

4.4. Matching.515

Central and touchdown region. We first match the central and touchdown solu-516

tions. First, we expand the inner expansion of vcentral as r → r∗, and rewrite the517

result in terms of η, giving518

(4.14) vcentral = δ−αταa1(r − r∗) + h.o.t. = δ−γ−ατα+γa1η + h.o.t.,519
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where we recall that a1 is given in terms of r∗ via the modified Bessel function,520

see (4.7). This has to be matched with521

(4.15) vtouchdown = δ−βτβA−η + h.o.t.,522

and therefore523

(4.16) β = α+ γ, A− = a1.524

Annular and touchdown region. On the other side of r∗, we know that vannular525

has a Taylor expansion as r → r∗ that starts quadratically, hence526

(4.17) vannular = b2δ
−2γτ2γη2 + h.o.t.,527

where again b2 is known from (4.12) in terms of r∗. Thus, the expansion of the solution528

in the touchdown region at η →∞ must also be quadratic529

(4.18) vtouchdown = δ−βτβA+η
2 + h.o.t.530

and completing the matching requires531

(4.19) β = 2γ, A+ = b2.532

Matching of the flux between central and touchdown region. So far, we have only533

got two relations for α, β and γ, we need one more to completely fix the similarity534

exponents. One can obtain a partial mass conservation condition in the interval (0, r∗)535

by multiplying (4.2a) by r, then integrating in r ∈ (0, r∗) and using the boundary536

condition at r = 0 (4.2f). This gives537 ∫ r∗

0

∂tv(r, t)rdr = −r∗M(v(r∗, t))∂rµ(r∗, t).538

This means that the rate of change in mass in the interval (0, r∗) is equivalent to539

the flux at r∗. We rescale the right hand side into touch-down variables and use the540

leading order asymptotic solutions (4.3) and (4.9), to obtain541

−αδ−α+1τα−1 c2r
∗2

2
I2

(
2r∗
ε

)
= −r∗δ−β(n+1)+3γτβ(n+1)−3γ2nε2J,542

and, therefore, matching requires543

α− 1 = β(n+ 1)− 3γ,(4.20)544

J = α
c2r∗

2n+1ε2
I2

(
2r∗
ε

)
.(4.21)545

546

We note that this could also be obtained from matching at higher order in the expan-547

sions instead of using the mass conservation derived from the equation. The solution548

to (4.16), (4.19), (4.20) is549

(4.22) α = γ = − 1

2(n− 1)
, β = − 1

n− 1
.550

These are exactly the values that we observed in the numerical results in section.551
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4.5. Solution in the touchdown region. We analyse the touchdown region552

in more detail to ensure that a solution can be obtained, at least numerically, that553

satisfies all the matching conditions. In particular, we carry out an overall degree of554

freedom count, and briefly explain how we solve for φ0.555

The expansions of solutions φ0 of (4.10) for large negative and positive arguments556

can be obtained from the literature, see e.g. the systematic study of such expansions557

for thin-film type equations in [18], but to be self-contained, we give a derivation in558

the appendix for the case of linear leading order as η → −∞ and quadratic leading559

order for η →∞. In summary, within the n > 2 case we have the following sub-cases560

561

ϕ0(η) =


A−η +

JA−n
− (−η)3−n

(n−1)(n−2)(n−3) +B− +O(1) if 2 < n < 3,

A−η + J
2A3

−
ln(−η) +B− +O(1) if n = 3,

A−η +B− +O(1) if n > 3,

,(4.23a)562

563

as η → −∞, and564

ϕ0(η) = A+η
2 +B+η + C+ +O(1) for n > 3/2 as η →∞.(4.23b)565566

where A±, B±, C+, J are unknown constants. The limitations on n arise from the567

requirement that the correction terms must be asymptotically small compared to the568

leading order term. In particular, the leading order linear expansion for large negative569

arguments is only valid for n > 2 and sets the lower bound for n that we consider in570

this study.571

The degree of freedom count is as follows: We have 6 unknown constants, A±,572

B±, C+ and J . Two of them (A+ and A−) have been fixed by matching to the573

appropriate outer problems, though this introduces additional unknowns, which we574

will return to later. The third order differential equation takes care of another three575

degrees of freedom, so that only one is left. This degree of freedom is the result of576

the ODE (4.10) being autonomous, and represents an arbitrary shift of the solution.577

This shift is fixed by the requirement that η is defined in (3.1) through the position578

r∗ where v touches down (for t→∞). Hence ϕ0 must have its minimum at η = 0.579

Returning first to A−, we see that matching specifies this constant in terms of580

c2 and r∗ see (4.7) and (4.16), but we can use (4.21) to eliminate c2. For A+, the581

equations (4.19) and (4.13) introduce a dependence on µ0. However, both r∗ and582

µ0 are completely determined by solving the leading order problem in the annular583

region (4.13), (4.12) if this is supplemented by an overall mass constraint. Hence584

after matching all layers, the solutions in all regions are completely determined.585

The solution strategy for the touchdown region is as follows. We consider (4.10)586

first with the condition (4.13). Since B− represents a translation in η we do not need587

to enforce its value and only impose the leading order behaviour A−η. By rescaling588

ϕ0(η) = cφ0(y), η = dy,589

with590

c :=

(
J

(−A−)3

) 1
n−2

> 0, d :=

(
J

(−A−)n+1

) 1
n−2

> 0.591

we see that φ0 satisfies the following parameter free problem592

φn0 (y)∂yyyφ0(y) = 1, y ∈ (−∞,∞),(4.24a)593
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Fig. 10: (a) Left: Plot of vcomp v/s r compared to numerical PDE solution v, for t1 = 1013, t2 = 1015,

∆r = 10−6, n = 4, ε = 0.1 and r∗ = 0.2516. (b) Right: Comparison of vcomp with the PDE solution, on a
scale that shows the complete solution. Parameter values and times carry over from (a).

φ0(y) = −y as y → −∞.(4.24b)594595

and read off κ = ∂yyφ0(y0) from the numerical solution. Scaling back and using596

(4.19), (4.13) gives597
µ0

ε2
= 2A+ = κ

c

d2
.598

This is essentially an equation between J , A− and µ0, the latter being fixed by the599

annular region. Replacing A− = a1 by the second equation in (4.7) and using (4.21),600

we obtain the following expression for c2601

c2 = −

∣∣∣∣∣ µn−2
0 εI2

(
2r∗
ε

)
23n+1(n− 1)κn−2I1

(
2r∗
ε

)2n−1

∣∣∣∣∣
1

2(n−1)

,602

which now fixes c2 once µ0 and r∗ have been obtained by solving the annular problem.603

Numerically, (4.24) is solved on a large truncated domain and then extended, where604

necessary, to an infinite domain by using the expansions (4.23a), (4.23b).605

4.6. Solution in the annular region. The solution in the annular region also606

needs to be obtained numerically. As noted in [53] we need an extra condition to607

solve for the unknown µ0, which may be obtained by either fixing the position of the608

interface or adding a mass constraint. We choose the latter and impose609

(4.25)

∫ 1

r∗

U∗(s)s ds = m0 −
r2
∗
2
,610

with m0 is the initial mass, as defined in (3.8). The problem (4.12), (4.25) then solved611

by picking r∗, solving all conditions except for (4.25) using the Matlab solver bvp4c,612

and then iterating over r∗ until the mass constraint is satisfied, too. Practical details,613

such as the conversion into a boundary value problem for a system of first order ODEs,614

are discussed in an appendix. For the problem here, we obtain a solution with the615

required mass for r∗ = 0.2516.616

4.7. Composite approximation. We now construct the composite approxi-617

mation from the asymptotic solutions found in the previous sections. We add each618
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of the approximations - central, touchdown and annular - in the same variables and619

subtract common terms, in other words620

vcomp(r, t) =vcentral(r, t) + vtouchdown(r, t) + vannular(r, t)621

−A−tα(r − r∗)− −A+(r − r∗)2
+.(4.26)622623

The subscript “−” (“+”) means that we take the value of the brackets where it is624

negative (positive), and zero elsewhere.625

In Figures 10(a) and (b) we present the leading order of the composite expansion626

at two times, t1 = 1013 and t2 = 1015, and compare them with the numerical PDE627

solution for r ∈ [0, 1] at both times. We use a semi-log plot in 10(b) so that all relevant628

parts of the solution, which differ by several orders of magnitude, can be shown in629

a single plot. Note that we only use the PDE solution for comparison and the only630

external data that is fed into the computation of composite expansion is the mass of631

the initial condition m0. The composite solution closely follows the numerical solution632

of the full problem for v in the whole interval [0, 1]. The agreement is excellent, as633

shown in Fig. 10(a) and (b), at times t = t1 and t2. In fact, the overall agreement634

becomes better at the later time, t = t2, as the absolute error635

(4.27) error(t) = max
r∈[0,1]

|v(r, t)− vcomp(r, t)|636

decreases between t1 and t2.637

5. Discussion and outlook. While the spontaneous appearance of touchdowns,638

that is, the emergence of points {M(u) = 0} for the degenerate Cahn-Hilliard equa-639

tion is a well-known phenomenon in the development of numerical algorithms for640

these types of PDEs, so far, they have been addressed by ad-hoc measures such as641

adding a small positive constant to the mobility, see for example [72]. In this study,642

we systematically investigate how such points of vanishing mobility arise. Important643

results of this work are that small energy solutions to the degenerate Cahn-Hilliard644

problem (2.1) touch down, either in finite or infinite time, and that for n > 2 and645

practically relevant tanh-like initial data, the solution converges to a long-time pro-646

file that touches down in infinite time, suggesting this is the generic behaviour for647

large enough values of n. Our asymptotic analysis also revealed that for n ≤ 2, the648

asymptotic structure of the solution changes so that these values of n ≤ 2 require a649

separate investigation, which will appear in an upcoming paper. There it is shown650

that asymptotic approximations for infinite-time touchdown solutions can be found651

also for 1/2 < n ≤ 2. Based on the experience with thin film problems with pressure652

boundary conditions [14], however, these solutions could become increasingly fragile653

closer to n = 1/2, and finite time solutions are more likely to emerge.654

Future work could investigate fully 2D situations and non-convex interfaces be-655

tween the phases, and the impact of touchdown regions on the sharp interface evo-656

lution. For finite time touchdown, once the solution has reached |u| = 1, further657

questions arise about how to continue the solution, noting that already more than658

one weak solution concept has been considered in the literature [38, 32]. Also, thin659

film theory could provide insight into how to construct numerical schemes that main-660

tain |u| < 1, e.g. [79, 44]. Another avenue of research could be to introduce a further661

parameter by taking f(u) = (1 − u2)m with m ≥ 2, and explore the singularity for-662

mation depending on both the degree of degeneracy n and m. This could lead to a663

parameter plane for (m,n) with an additional interesting structure. Similar studies664

have been done for solutions of thin film equations [16, 40, 47].665
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More generally, our study underscores the close connection of degenerate Cahn-666

Hilliard equations with thin film models, and the still untapped potential for using667

not only the rigorous proofs, but also the asymptotic results from thin film theory668

to understand singularity formation in degenerate Cahn-Hilliard models. Inside a669

spherically symmetric phase domain (more generally, convex domain) in the late stages670

of phase separation, the degenerate Cahn-Hilliard model is closely related to the671

thin film equation with pressure boundary conditions [14] and hence the points with672

vanishing mobility can be analysed in a similar way. This opens up a rich source673

of analytical tools, both asymptotic and rigorous, that we can apply to degenerate674

Cahn-Hilliard problems [27, 28, 10, 12].675
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Appendix A. Expansion of φ0 for large arguments.678

Expansion at η → −∞. We let x = −η, and look for an expansion of φ(x) :=679

ϕ0(η) such that680

(A.1) φnφ′′′ = −J,681

as x→∞, where ′ denotes derivatives with respect to x.682

Starting with the expansion φ(x) = Ax+ ξ(x) with ξ � x as x→∞ gives, upon683

substituting this ansatz into (A.1) and balancing, the following corrections684

(A.2) ξ(x) =
−J

An(n− 1)(n− 2)(n− 3)
x3−n +B,685

where B is a constant, provided n 6= 3. We note that the first term dominates the686

second if n < 3, and vice versa if n > 3. Consistency between the leading order and687

correction requires that 3− n < 1, i.e. n > 2, because only then we have that ξ � x.688

Moreover, if n = 3, the confluence of x3−n and the contribution from xp with p = 0689

produces a logarithmic term, that is,690

(A.3) ξ(x) =
−J
2A3

ln(x) +B.691

Returning to the original variables then gives (4.23a).692

Expansion at η →∞. For η →∞ we are looking for an expansion of solutions of693

(4.10) starting with a quadratic term, where ′ denotes derivatives with respect to η.694

We make the ansatz695

ϕ0(η) = Aη2 + ξ(η),696

with ξ � η2 and A a constant. Introducing this into the differential equation, we697

obtain698

(A.4) ξ(η) = Dη +
−J

An(2n− 1)(2n− 2)(2n− 3)
η3−2n + E,699

where D and E are unknown constants. For n ≤ 1/2, the second term grows faster700

than quadratic and therefore the expansion of φ0 is not consistent. Hence we require701

n > 1/2. Note that the order of the terms in (A.4) changes as the values n = 3/2 and702
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n = 1. If n > 3/2, the term proportional to J decays for large η and therefore in this703

case the first three terms in the η →∞ expansion of φ0 are as claimed in (4.23b).704

Appendix B. Details of the numerical approach in the annular region.705

We define706

S(r) :=

∫ r

r∗

U∗(s)s ds.707

Then the system (4.12) with (4.25) can be written as708

S′ =U∗r,(B.1a)709

U ′∗ =W,(B.1b)710

W ′ =
2

ε2
U∗(U

2
∗ − 1)− µ0

ε2
− 1

r
W,(B.1c)711

µ′0 =0,(B.1d)712

U∗(r∗) =1, W (r∗) = 0, S(r∗) = 0(B.1e)713

W (1) =0, S(1) = m0 −
r2
∗
2
.(B.1f)714

715

For an initial choice of r∗ ∈ (0, 1) we solve (B.1) except for the condition on716

S(1) using bvp4c from Matlab, and then iterate over r∗ until the condition on S(1)717

is satisfied, too. As initial guess for bvp4c we use718

S(r) = −
∫ 1

0

tanh

(
r − 0.5

ε

)
rdr, U∗(r) = − tanh

(
r − 0.5

ε

)
,719

W (r) = −1

ε
sech

(
r − 0.5

ε

)2

, µ0(r) = 1,720
721

which proved to be sufficient so that the algorithm converges.722
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[52] A. Lee, A. Münch, and E. Süli, Response to ”Comment on ’Degenerate Mobilities in867
phase field models are insufficient to capture surface diffusion’” [Appl. Phys. Lett. 108,868
036101 (2016)], Applied Physics Letters, 108 (2016), p. 036102, https://doi.org/10.1063/869
1.4939931.870

This manuscript is for review purposes only.

https://doi.org/10.1137/120862582
https://doi.org/10.1137/140952387
https://doi.org/10.1007/s00205-015-0918-2
https://doi.org/10.1007/s00205-015-0918-2
https://doi.org/10.1007/s00205-015-0918-2
https://doi.org/10.1016/j.jcp.2016.01.018
https://doi.org/10.4171/IFB/9
https://doi.org/10.1063/1.439809
https://doi.org/10.1016/j.jcp.2007.06.028
https://doi.org/10.1016/j.jcp.2007.06.028
https://doi.org/10.1016/j.jcp.2007.06.028
https://doi.org/10.1088/1361-6544/aa5e5d
https://doi.org/10.1088/1361-6544/aa5e5d
https://doi.org/10.1088/1361-6544/aa5e5d
https://doi.org/10.1137/S0036141094267662
https://doi.org/10.1063/1.858597
https://doi.org/10.1103/PhysRevB.39.7266
https://doi.org/10.1103/PhysRevB.39.7266
https://doi.org/10.1103/PhysRevB.39.7266
http://iopscience.iop.org/0951-7715/16/1/304
https://doi.org/10.1017/S0022112078000075
https://doi.org/10.1007/s002110000197
https://doi.org/10.1007/s002110000197
https://doi.org/10.1007/s002110000197
https://doi.org/10.1093/qjmam/36.1.55
https://doi.org/10.1093/qjmam/36.1.55
https://doi.org/10.1093/qjmam/36.1.55
https://doi.org/10.1016/j.jcp.2017.07.029
https://doi.org/10.1016/j.jcp.2017.07.029
https://doi.org/10.1016/j.jcp.2017.07.029
https://doi.org/10.1098/rsta.2000.0516
https://doi.org/10.1017/S0956792501004405
https://doi.org/10.1017/S0956792501004405
https://doi.org/10.1017/S0956792501004405
https://doi.org/10.1063/1.4929696
https://doi.org/10.1063/1.4929696
https://doi.org/10.1063/1.4929696
https://doi.org/10.1063/1.4939931
https://doi.org/10.1063/1.4939931
https://doi.org/10.1063/1.4939931


24 C. PESCE, A. MÜNCH
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