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Abstract

Simulations are reported for the cyclic voltammetry of both electrochemically reversible and irreversible

one-electron processes at porous electrodes where the potential cycle is applied for multiple cycles. It is

shown that an ‘ultimate state’ is approached asymptotically and that the long time voltammogram can be

very different in terms of the peak height from those recorded in the first scan though peak-to-peak potential

separations are conserved. The implications for the experimental study of porous electrodes are considered.
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1 Introduction

Cyclic voltammetry1;2 is ubiquitously applied for the study of electrochemical processes and is familiar to all

electrochemists as, at least, an initial starting point for their investigations. Ensuring that mass transport

to and from the electrode occur exclusively via diffusion, the method involves the application of a triangular

potential waveform to a working electrode as part of a conventional three electrode system3;4.Current (I) is

then measured as a function of the applied potential (E). The resulting voltammogram is characterised by

the magnitude of the peak currents (Ip) and the peak-to-peak potential differences (∆Epp), see Figure 1. The

expected behaviour for both fast (‘reversible’) and slow (‘irreversible’) electrode transfer kinetics is well known

and described in terms of the peak currents by the Randles-Ševč́ık equations for a simple one electron process,

A+ e→ B:

IRS
p = 0.446FAc∗i

√
FDiv

RuT
(reversible) (1)

IRS
p = 0.496

√
αFAc∗i

√
FDiv

RuT
(irreversible) (2)

where F is Faraday constant, A is the surface area of the electrode, c∗i is the bulk concentration of species i,

Di is the diffusion constant of species i, v is the potential scan rate, Ru the universal gas constant, T is the

temperature, and α5;6 is the transfer coefficient.3;4 The peak-to-peak separation is given by:4

∆Epp = 2.218
RuT

F
(reversible) (3)

∆Epp =
2RuT

F
ln v + const. with α =

1

2
(irreversible) (4)
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Figure 1: Illustration of the triangular potential wave applied in cyclic voltammetry and the most significant
quantities that can be extracted from a voltammogram.

The full voltammogram is readily computed via numerical simulation of the coupled transport (Fick’s law)

and electron transfer (Butler-Volmer) equations via either commercial products (DIGISIM, Comsol, etc.) or as

self-written code7, as well as being documented in the various voltammetry textbooks3;4.

The theoretical results for Ip and ∆Epp given above relate to the first voltammetric scan, and it is important

that voltammetric data analysed are measured accordingly. The reason for this is that second and subsequent

cycles retain a ‘memory’ of the earlier scan(s) since, unless the number of potential cycles scanned is infinite,

there is, in the reverse scan, incomplete reversal of the charges induced on the forward scan. Accordingly, if

experimentalists choose to apply multiple potential cycles to systems (often in order for “it to stabilise”), then

any quantitative analysis must reflect the changes induced by any prior scans. In this context, it is interesting

to question the changes in voltammetric signals which accompany a very large number of potential scans.

Insightful work by Oldham8;9 has shown that for the case of semi-infinite diffusion to a macrodisc electrode, the

voltammogram, under some circumstances, converges to a final unchanging form given the label of an ‘ultimate

limit’ by Oldham.

The practice of multiple potential cycles is probably most often applied in the study of electrodes modified

with porous layers.10;11 In this paper, we use numerical simulation to investigate multiple-cycle voltammetry

at porous electrodes noting that from previous simulations of the single cycle case the voltammetric response

will contain components reflecting both semi-infinite diffusion and thin-layer type behaviour.4;12;13 We explore

whether ‘ultimate states’ exist for voltammetry at porous electrodes and show the extent to which multiple

cycles can deviate from first cycle voltammetry.

2 Theoretical model

Our study is based on a model12 discussed by Ban et al., which was formerly employed in the investigation

of staircase voltammetry at porous surfaces and considered a large number of equally-sized cylindrical elec-

trodes that were mounted on an insulating surface in an upright orientation. The modelled geometry hence

approximates the structure of porous electrode formed from individual fibres, which for instance may resemble

an electrode modified with carbon nanotubes (so-called ‘nanotube forests’). This section briefly outlines our

calculations, while more detailed information can be found in the original study.

The presented modelling approach is based on the diffusion domain approximation14–18, which under certain

circumstances enables the conversion of a complex three-dimensional electrode structure to a significantly simpler

two-dimensional geometry. Making use of the symmetry of the surrounding space experienced by the cylindrical
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electrodes, one can identify the average area of the supporting surface that is allocated to each cylinder if

considered as a Voronoi grid, determine its average value, and define an equally-sized bottom area of a virtual

three-dimensional simulation space featuring the shape of an upright cylinder whose symmetry axis aligns with

the symmetry axis of the electrode. Since all electrodes are assumed to be equal, all characteristics of the

systems must then be symmetric with respect to the girthed area of the simulated space, i.e. its surface area

minus the top- and bottom boundaries. Due to the models symmetry with respect to the cylinders’ longitudinal

axis, the geometry can further be simplified to a two-dimensional space solely considering the longitudinal and

the axial dimension as depicted in Figure 2. Please note that the figure illustrates the geometry alongside the

corresponding boundaries, which are discussed in more detail below.
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Figure 2: Illustration of simulated geometry including the boundary conditions that are considered when solving
diffusion equation. It is noted that dimensions are not ploted to scale. [figure was amended]

Due to the small electrode size, the relatively short time scale on which an experiment is performed, and

the assumed presence of adequate supporting electrolyte, we can neglect any mass transport effects other than

diffusion to good approximation19 and describe all mass transport via diffusion equation∗:

∂tci(~r, t) = Di∆ci(~r, t) (5)

which is solved subject to appropriate boundary conditions and where ci(~r, t) is the concentration of the diffusing

species i at the position ~r and the time t, Di the corresponding diffusion coefficient, and ∆ the Laplace operator,

∆ = ~∇2 , which in the case of the here-considered cylindrical coordinates and rotational symmetry with respect

to the z-axis is given by ∆ = ∂2r + r−1∂r + ∂2z .

The boundary conditions are partly determined by the electrode kinetics, the initial concentration, and

through additional equations arising from the diffusion field approximation. We herein consider two chemically

∗In this context we note that in non-adsorbing porous materials, which confine the space available for the analyte mass transport
to dimensions of the order of only few molecule volumes, the mass transport may rather be determined by surface interactions and
mechanisms different from Equation (5) may be prevalent. It is further noted that in the cases of very slow and fast scan rates,
effects arising from thermal convection in conjunction with density fluctuations of the analyte and buoyancy forces, the electrode
impedance, and Nernst-Planck equation may become apparent. Under standard experiential conditions all of these will however
not contribute significantly to the observed currents.
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stable species A and B that feature equal diffusion coefficients, DA = DB , and participate in the following

heterogeneous reaction at the electrode surface:

A+ e→ B (6)

Since both feature equal diffusion coefficients, it is sufficient to model solely the diffusion of one species as

conservation of mass generally yields the following condition at all positions ~r in space:

∑
i=A,B

c∗i − ci(~r, t) = 0 (7)

if initially the system is in equilibrium and the concentrations of A and B are homogeneous. We further assume

that the reaction can be approximated through Butler-Volmer kinetics, which leads to the following boundary

conditions at the electrode surface:

D ∂rcA(~r, t)

∣∣∣∣
r=re, z≤ze

=k0 exp

(
−αF (E − E0

f )

RT

)
cA(~r, t)

− k0 exp

(
(1− α)F (E − E0

f )

RT

)
(c∗A − cA(~r, t))

(8)

D ∂zcA(~r, t)

∣∣∣∣
r≤re, z=ze

=k0 exp

(
−αF (E − E0

f )

RT

)
cA(~r, t)

− k0 exp

(
(1− α)F (E − E0

f )

RT

)
(c∗A − cA(~r, t))

(9)

where we set D = DA = DB and c∗B = 0. The boundary at the supporting surface as well as in the bulk are

further set to ‘no flux’ boundaries, i.e. the concentration gradient vanishes and according to Fick’s law for the

flux j = ∂r,zc(~r), no material is generated or removed.

∂zc(~r, t)

∣∣∣∣
r>re, z=0

= 0 (10)

∂zc(~r, t)

∣∣∣∣
z=zmax

= 0 (11)

In addition, we implement the boundary conditions that arise from the symmetry of the geometry and the

diffusion domain approximation. The systems geometry with regard to the longitudinal axis necessarily implies

that any flux of material must vanish at r = 0, i.e.:

∂rc(~r, t)

∣∣∣∣
r=0, z>ze,

= 0 (12)

As discussed above, the diffusion domain approximation further exploits the symmetry of the concentration

profile with respect to the boundary to neighbouring diffusion domains, which yields the condition:

∂rc(~r, t)

∣∣∣∣
r=rmax

= 0 (13)

For clarity and more universal applicability of our results, we transform the above equations to dimensionless
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coordinates according to the identities provided in Table 1 and present all results in dimensionless quantities.

Parameter Dimensionless equivalent

Concentration Cj =
cj
c∗A

Radial distances R =
r

re
Re =

re
re

= 1

Rmax =
rmax

re
Axial distances Z =

z

re
Ze =

ze
re

Time τ =
DAt

r2e

Rate constant K0 =
rek0
DA

Scan rate σ =
r2eFv

DARuT

Potential θ =
F

RuT
(E − E0

f )

Current J =
I

2πFreDAc∗A

Table 1: Conversions from dimensional to dimensionless parameters.7;12

3 Computational methods

The above mass transport equations are solved numerically via a Finite Difference approach. To this end, we

discretise space in an expanding grid:

Ri =


Ri−1 + hω(i−1) for 0 < R ≤ 1

2Re

Ri−1 + hω(ie−i) for 1
2Re < R < Re

Re + hω(i−ie−1) for Re ≤ R ≤ Rmax

(14)

and:

Zj =


Zj−1 + hω(j−1) for 0 < Z ≤ 1

2Ze

Zj−1 + hω(je−j) for 1
2Ze < Z < Ze

Ze + hω(j−je−1) for Ze ≤ Z ≤ Zmax

(15)

where R0 = 0, Z0 = 0, i and j are the indices of the grid points in the dimensions R and Z respectively, h is the

size of the first spatial increment, ω is the space expansion coefficient with ω > 1, ie and je signify the indices

that correspond to the positions of the spatial extent Re and Ze of the electrode, and Zmax = Ze + 6
√
Tmax

where Tmax is the period of one triangular potential wave. It is herein noted that the two boundaries of central

interest are the electrode boundaries and their corner, where the employed grid features the highest density of

points.

As solving the present problem via the Finite Difference method involves a significant computational work-
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load, we employ the alternating direction implicit [...] (ADI) method † to approximate and simplify our calcu-

lations. In short, the ADI approach regards each time step ∆T as two half time-steps that either determine the

concentration profile in R dimension implicitly while calculating the Z dimension explicitly, or vice versa, and

are solved separately via the Thomas Algorithm. Each concentration profile is then calculated on the basis of

the concentration profile simulated for the previous half time step, which leads to a higher accuracy in R dimen-

sion after an implicit R half time-step, while more accurate results in Z are obtained after the corresponding

time-step in Z. At each half time step, the dimensionless flux at the surface of the electrode is hence alternately

calculated as:

JZ =

∫ Ze

0

dZ Ji with Ji = −∂RC
∣∣∣
R=Re, Z≤Ze

JR =

∫ Re

0

RdR Jj with Jj = −∂ZC
∣∣∣
R≤Re, Z=Ze

(16)

where Ji and Jj are the fluxes at positions i and j on the electrode surfaces, respectively, and JR and JZ the

corresponding flux densities in R and Z direction. The total flux to the electrode for a full time step is then

given by:

J = JR + JZ (17)

[...].

Table 2 depicts the electrochemical parameters used in our simulations, while Table 3 presents the additional

parameters required for the numerical solver. The scan rate σ varies between different simulations and is

provided alongside the respective plots. We further note that all electrode kinetics are modelled through the

above simulation software which implements Butler-Volmer type boundary conditions. In the fully-reversible

case, we herein set the electrochemical rate constant K0 to a an arbitrary high value of 1010, which yields true

reversible behaviour at all considered scan rates as it is demonstrated below.

Parameter Value
Re 1
Ze 50
Rmax 1.1
K0 (irreversible) 10−7

K0 (reversible) 1010

α 0.5

Table 2: Dimensionless parameters used in all simulations.

Parameter Value
h 10−5

ω 1.06
∆θ = |σ ·∆T | 0.01

Table 3: Parameters of no physical significance that required for numerical simulations.

The simulation is written in C + + and makes use of the application programming interface OpenMP for

†It is noted that the ADI method is a standard tool and of no particular interest in the context of this work. We would
nonetheless like to direct the interested reader to standard textbooks on numerical methods: A detailed description with a focus
on electrochemical problems is for instance provided in the book7, Chapter 9, where a full derivation, discretised equations in
cylindrical coordinates, and example code can be found.
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parallel computing. Further data processing and -visualisation is done in Python using the packages NumPy

and matplotlib. The simulation parameters shown in Table 3 are chosen in a way that the height of the first

peak and the peak-to-peak separation in the first cycle do not deviate more than 1% from the theoretical result

if applicable.

To ensure the functionality of the software, we ran several tests20 on the programme. For the reversible

system, we verified the peak heights and peak separatons against the theoretical values at the Randles-Ševč́ık

limit4;20. As for the irreversible system, we compared the potentials of the peak currents, as well as peak heights

to the theoretical results4;20 where applicable.

4 Results and discussion

In the following, we first address the case of fully-reversible electrode kinetics in multiple subsequent scans when

the triangular potential wave is either centred at the reaction’s formal potential (below referred to ‘symmetrical’)

or at a different position (‘asymmetrical’), before we present a similar investigation for the case of irreversible

kinetics.‡

4.1 Reversible electrode kinetics

In spite of the complex geometry of the considered electrode, analytical results exist for various limiting cases

and can be used as references in the context of this work. On one hand and in the case of an infinitely fast

scan rate, the diffusion field of the electrode is compressed to an infinitesimally thin layer and the voltammetric

response of the electrode resembles the response of a one-dimensional system adjacent and orthogonal to the

electrochemically active surfaces, allowing a direct comparison of the first scan to the corresponding theory:

The peak-to-peak separation adopts the theoretical value4 of 2.218 for an ideally-reversible reaction as obtained

from Equation (3) and the height of the peak formed in the first scan follows Randles-Ševč́ık equation (1)

where the parameter A is the surface area of the electrode, A = πre(re + 2ze). On the other hand, infinitely

slow scan rates equally resemble the response of a one-dimensional system as the current response arising

from electroactive material initially located in between different electrodes, which is located at the right of the

electrode in the diffusion domain approximation as shown in Figure 2, is far exceeded by the contribution of

material that is initially located above the electrode and can be neglected. We then observe one-dimensional

diffusion with respect to the longitudinal axis of the diffusion domain rather than the normal vector of the

electrode surface: While the same peak-to-peak separation as in the case of an infinitely fast scan rate is found,

the Randles-Ševč́ık equation is calculated with respect to the area of the supporting surface in the diffusion

domain, A = πr2max. Both of the limiting cases can further be compared with results8 obtained by Oldham.

He shows that reversible ‘ultimate cyclic voltammograms’ generally exhibit a peak-to-peak separation similar

to the peak-to-peak separation of the initial scan and that in case of equal diffusion coefficients and a potential

scan wave symmetrical with respect to the half-wave potential, the heights IOp of the oxidation and reduction

peaks are equal and adopt a value of:

IOp = 0.3708FAc∗i

√
FDiv

RuT
(18)

Voltammograms simulated for a symmetrical scan window with respect to the formal potential are shown

in Figure 3, which presents data for three different scan rates covering a range of eleven orders of magnitude.

A closer investigation of the data reveals that various aspects of the above theory are reflected. In the slow

‡The terms electrochemically ‘reversible’ and ‘irreversible’ are herein meant in a strict textbook-type sense, i.e. reversible kinetics
reactions approximate Nernstian behaviour and irreversible kinetics lead to fully separated forward- and backward peaks.
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and in the fast case, the height of the first peaks match the values predicted by Randles-Ševč́ık equation

and hence confirm that the electrode is operated in the linear-diffusion limit, while the heights of subsequent

peaks asymptotically approach the values predicted by Oldham, i.e. local minima and maxima converge to

|min(I(t))| = |max(I(t))| = IOp . In contrast to these voltammograms and at the intermediate scan rate, we

observe thin-layer diffusion behaviour12 leading to an entirely different voltammetric shape. Voltammograms are

almost symmetrical with respect to the current- and the potential axis and hardly change with the progressing

scan number. This observation can be understood as follows: The scan rate is chosen in a way that thin-layer

diffusion dominates the voltammogram, i.e. the contribution of electroactive material that is initially located in

between cylinders dominates the current response, while only a comparably small amount of material reaches

the electrode from the solution above the electrode. On the time scale of the measurement, a thermodynamic

equilibrium is then quickly established in between different cylindrical electrodes suppressing any memory effects

during a single voltammogram as well as during the experiment comprising a total of 50 scans.

The prevalence of thin layer effects is dependent on the electrode geometry, where the electrode height Ze

and the distance between two adjacent cylinders 2Rmax are of particular relevance. With an increasing electrode

height, thin layer effects will become more apparent as the amount of electroactive material that reaches the

electrode from within the pore increases in comparison to the amount that diffuses to the electrode from the bulk

above. At a given scan rate an increase in the pore width on the one hand leads to more electroactive material

being available for thin layer diffusion but on the other reduces the thin-layer character of the voltammetric

response as the space available for diffusion increases.
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Figure 3: Fully-reversible and symmetrical voltammograms modelled for scan rates of σ = 10−5, 1, and 105.
Where applicable theoretical models are shown alongside the simulated data: Figure a) and c) plot the theoretical
peak heights (1) and (18) for one-dimensional systems evaluated with respect to the corresponding surface area
A.
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The above findings are further supported by Figure 4, which presents the observed heights of the positive

peaks as a function of the scan rate and for selected scan numbers. The plot clearly shows that peaks heights

at slow and fast scan rates exhibit significant variations with the scan repetition, while peak heights in the

thin-layer diffusion regime are hardly affected. In addition, we find the square-root dependency of the peak

height on the scan rate as predicted by Randles-Ševč́ık equation (1) as well as the linear dependency in the thin

layer regime, max|Ip| ∝ v, which was previously reported12 by Ban et al..
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Figure 4: Maximum currents observed in reversible and symmetrical voltammograms at different scan repetitions
and for various scan rates. Data is plotted alongside dashed lines featuring slopes of 0.5 and 1 in the log-log
plot. The three smaller plots at the bottom of the figure amplify various regions for clarity, where it is however
not that the corresponding rectangles in the main plot solely indicate the respective region and are not plotted
to scale. We further note that here and in the below Figures the logarithm is calculated with respect to the
base 10.

Figure 5 describes the evolution of the peak-to-peak separation as a function of the scan repetition, while a

wide range of scan rates is considered. Herein, we further illustrate the shift of ∆Epp from the theoretical value

of 2.218 that Equation (3) predicts for a one-dimensional reversible system to a value of zero as expected for

the case of thin-layer diffusion and vice versa. In addition, we find that much in contrast to the peak height,

∆Epp is independent of the scan number for all considered scan rates.

Additional simulations are carried out for the asymmetrical case, where the applied potential wave is not

centred around the formal potential but slightly altered. As revealed by the data presented in the Supporting

Materials S1 to S3, we herein observe analogous voltammetric behaviour: The heights of the first peak match

the Randles-Ševč́ık equation for slow and fast scan rates and asymptotically approach different ultimate peak

heights. We further observe that the peak-to-peak separation does not change with the scan number and unlike

the peak heights is not altered during the experiment.

4.2 Irreversible electrode kinetics

Irreversible electrode kinetics were investigated for an electrochemical rate constant K0 of 10−7while all other

parameters remain unchanged with respect to the simulations presented in Section 4.1. In contrast to the
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Figure 5: Peak-to-peak separation ∆Epp in reversible symmetrical voltammograms for various scan rates as a
function of the scan number. The indicated theoretical value depicts the result obtained from Equation (3).

reversible case there are however less analytical results with which to compare our simulations. The irreversible

Randles-Ševč́ık equation as shown in Equation 2 however nonetheless provides a reference value for the height

of the first peak.

Figure 6 presents data simulated for irreversible symmetric voltammograms at different scan rates. The

data corresponding to the fast scan rate herein reveals that the first peak matches the theoretical prediction in

terms of its height and the following scan asymptotically approach an ‘ultimate voltammogram’ featuring equal

peak heights. In the intermediate case of a scan rate σ = 1, we find again that the peak heights are unaffected

by the scan number as thin-layer diffusion dominates. For illustration we additionally show data for a scan rate

close to the thin-layer limit were both, the current contribution of the thin-layer diffusion and diffusion from the

bulk, can be seen in the voltammogram and peak splitting along the lines of Henstridge et al.21 is observed. In

short, this peak splitting is an immediate consequence of the interplay between mass transport phenomena and

electrode kinetics. As previously elaborated, the observed voltammetric wave comprises components arising from

thin layer diffusion within the pore as well as from material that diffusively reaches the electrode from the space

above it. While in the reversible case the peak positions are independent of the scan rate and remain constant

at 0 V and ± 28.5 mV for the two peaks, respectively, in the case of irreversible kinetics peak positions (and

-currents) vary differently with the scan rate which results in the peak splitting observed at the two intermediate

scan rates. In addition, even though at slow scan rates the peak splitting cannot be directly observed in the

voltammogram, the effect underpinning such splittings remain and reduce the overall peak height, and hence,

our data do not fit the theoretical results at the Randles-Ševč́ık limit.

The findings are further reflected in Figure 7, which illustrates the height of the positive peak as a function

of the scan number and reveals that at fast and slow scan rate the ‘ultimate voltammogram ’ is asymptotically

approached while in the intermediate regime the voltammogram is hardly affected by the scan number. In line

with analytical theory, it can further be seen that the peak heights scale with the square root of the scan rates

for the slow and fast scan rate regimes, respectively, and linearly if thin-layer diffusion dominates.

Figure 8 show the peak-to-peak separations observed in all irreversible symmetrical data as a function of the

scan number, showing that ∆Epp is independent of the repetition of the applied potential wave. Data that was

recorded through multiple-cycle voltammetry can hence be directly compared with corresponding data obtained

from conventional cyclic voltammetry if only peak-to-peak separations are considered.

As for the reversible case, additional irreversible simulations are carried out for a asymmetrical potential

wave, where the voltammogram is not centred around the formal potential. As illustrated in the Supporting

Materials S4 to S6, we again observe very similar voltammetric behaviour: The peak heights at slow and
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Figure 6: Irreversible symmetrical voltammograms modelled for scan rates of σ = 10−5, 0.1, 1, and 105. For
slow and fast scan rates it is plotted alongside the irreversible Randles-Ševč́ık equation (2) subject to the
corresponding surface area, which is a) πr2max and d) the surface area of the electrode. It is however noted that
for the slowest considered scan rate, the theoretical peak height is solely plotted for illustrative reasons as the
electrode kinetics are not fully reversible, the overall current is affected by peak splitting, and the peak height
hence does not match the value it would reach in a one-dimensional system.

fast scan rates asymptotically approach different ultimate peak heights while peak heights in the thin-layer

regime are unaffected by the scan number. As in all our simulations, we further observe that the peak-to-peak

separation does not change with the scan number.

5 Conclusions

The presented work addresses the topic of multiple scan voltammetry at porous electrodes for the cases of

reversible and irreversible electrode kinetics. Our results reveal that in the case of porous electrodes and if

peak heights are considered, the common practise of running multiple scans until the voltammogram reaches a

perceived ultimate state (or “waiting for it to stabilise”) may lead to results that cannot be understood through

classical theory such as Randles-Ševč́ık equation but can only be analysed considering the entire history of the

system. We however identify two exceptions: If only the peak-to-peak separation is of interest or if the mass

transport is dominated by thin-layer diffusion, results are independent of the repetition number. It is herein

noted that our findings exclusively describe heterogeneous reactions featuring a 1:1 stoichiometry and fully

reversible or -irreversible electrode kinetics in the absence of associated homogeneous reactions. As different

processes may exhibit a different voltammetry, the presented results can be used as a reference for comparison

with experimental multi-cycle data to indicate whether an anticipated mechanism may be prevalent. Quantities
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Figure 7: Maximum currents observed in irreversible symmetrical voltammograms at different scan repetitions
and for various scan rates. Please compare Figure 4 for further details.
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Figure 8: Peak-to-peak separation ∆Epp in irreversible symmetrical voltammograms for various scan rates as
a function of the scan number. Please note that in case of peak splitting the highest peak is considered in the
analysis.

such as peak heights, peak-to-peak separations, and peak positions that are all provided in this work will be of

help in this context.
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