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ABSTRACT. We study traveling waves of the KPP equation in the half-space
with Dirichlet boundary conditions. We show that minimal-speed waves are
unique up to translation and rotation but faster waves are not.

We represent our waves as Laplace transforms of martingales associated to
branching Brownian motion in the half-plane with killing on the boundary. We
thereby identify the waves’ asymptotic behavior and uncover a novel feature of
the minimal-speed wave ®. Far from the boundary, ® converges to a logarithmic

shift of the 1D wave w of the same speed: lim ®(x + % logy,y) =w(x).
y—)oo

1. INTRODUCTION

We study the KPP equation in the Dirichlet half-space:

ou = %Au +u-u? inHY,

1.1
u=20 on 9HY. (1)

Here HY := R4"! xR, is the half-space of dimension d > 2. This reaction—diffusion
equation exhibits a wealth of propagation phenomena including traveling waves—
solutions that move at constant speed parallel to the boundary. In this paper, we
exploit the close relationship between (1.1) and branching Brownian motion to
construct a host of traveling waves and characterize those of minimal speed. We
focus on the quadratic nonlinearity in (1.1) for simplicity, but our results extend to
more general equations; see Remark 1.1 for details.

Motivation. Reaction-diffusion equations model phenomena in fields ranging
from chemistry to sociology. They can describe the progression of a chemical
reaction through a medium or a species invading new territory. Fundamentally,
reaction—diffusion equations combine growth and dispersal; together, these fea-
tures generate spatial propagation. At long times, such propagation commonly
settles into a constant-speed pattern known as a traveling wave. Rigorously, on
the line, solutions of reaction—diffusion equations with localized initial data of-
ten converge to traveling waves in suitable moving frames [20, 2]. In multiple
dimensions, the same holds in the whole space [9] and in cylinders with compact
cross-section [5, 26].

The half-space is a complex intermediate—both anisotropic and transversally
noncompact. In [4], H. Berestycki and the second author construct traveling waves
of any speed ¢ > V2 in the half-space and show that localized disturbances roughly
propagate at speed V2. Two major questions remain: are the traveling waves
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unique up to translation, and do parabolic solutions converge to such waves in a
suitable frame? Here, we address the first question; we consider the second in a
forthcoming work.

In one dimension, traveling waves of a given speed are unique up to translation.
In multiple dimensions, however, traveling waves in the whole space with super-
critical speeds ¢ > V2 are not unique. This multiplicity is due to waves with level
sets oblique to the direction of propagation [11]. In contrast, the minimal speed V2
does not support oblique level sets. Minimal-speed waves are planar and unique
up to translation and rotation [12]. We show that the half-space exhibits similar
behavior. Up to isometry, the half-space supports a single minimal-speed wave but
many supercritical waves. To our knowledge, this is the first proof of uniqueness
for traveling waves with nontrivial and noncompact transverse structure.

We are further motivated by the remarkable relationship between the PDE
(1.1) and the stochastic branching particle system known as branching Brownian
motion (BBM). More precisely, solutions of (1.1) may be constructed from the
Laplace transform of BBM [33, 19, 27]. This relationship has long been used to
study both (1.1) and BBM. For example, one-dimensional traveling waves can be
expressed as Laplace transforms of martingales associated to BBM [23, 15, 21, 16].

Here, we develop this theory in the half-space. We express our traveling waves
on HY as Laplace transforms of certain martingales associated to BBM in H¢,
Using this representation, we determine the large-scale structure of said waves
and uncover unexpected asymptotic phenomena in the minimal-speed setting. Our
approach interweaves analytic and probabilistic arguments in novel fashion. This
is not a mere convenience—we are presently unable to prove the full complement
of our results using either discipline alone. Our reasoning and results thus shed
light on the deep relationship between (1.1) and BBM in the half-space.

Results. We denote coordinates on H? by x = (x,x’,y) € Rx R¥? x R,. We
study traveling-wave solutions of (1.1) that move parallel to the boundary. Due to
the rotational symmetry of H? orthogonal to 9H?, we are free to assume that our
waves move in the +x direction. Then a traveling wave solution of (1.1) of speed
¢ > 0 takes the form ¥ (x — ct,x’, y) for some ¥ € C?(H?) N C(HY). It follows that
V¥ satisfies the elliptic reaction-diffusion equation

1.2
¥ =0 on oHY. (12)

{%A‘If +co ¥+ ¥ -¥2 =0 inHY,
We restrict our attention to bounded solutions of (1.2). By the maximum principle,
all such solutions lie between 0 and 1.

Some solutions of (1.2) depend solely on the distance y to the boundary 9H?.
In this case the drift term cd, ¥ vanishes, so such solutions are steady states of
the parabolic problem (1.1). H. Berestycki and the second author have shown
that the half-space supports precisely two nonnegative bounded steady states
[4, Theorem 1.1(A)]. These are 0 and ¢(y), the unique positive bounded solution
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of the following ODE on R;:

1
S0+ o- 9*=0, ¢(0)=0. (1.3)
To ensure our traveling waves vary in x, we forbid these two “trivial” solutions.

Definition 1.1. A traveling wave of speed ¢ > 0 is a nonnegative bounded solution
of (1.2) that is neither 0 nor ¢.

In Theorem 1.4(A) of [4], H. Berestycki and the second author also considered
the existence of traveling waves: H? supports a traveling wave of speed c if and
only if ¢ > ¢, = V2. In this paper, we consider the uniqueness and structure of
such waves. We first discuss uniqueness.

Theorem 1.1. For each d > 2, there is exactly one traveling wave on H of speed
¢. = V2, up to translation. In contrast, for every ¢ > c,, there exist infinitely many
traveling waves of speed c that are distinct modulo translation.

We note that a traveling wave on H? extends to a wave on H. Hence the
unique minimal-speed wave on H? depends on x and y alone. In fact, the reduction
to two dimensions (Proposition 4.4 below) is an important step in the proof of
Theorem 1.1. Thanks to this reduction, most of our analysis takes place in the
half-plane H := H> = R x R,.

To prove Theorem 1.1, we exploit the connection between the KPP equation (1.2)
and branching Brownian motion. In our probabilistic analysis, we fix d = 2 and thus
work on H = R x R;. Let (X;(u),Y;(u); u € M)tZO denote a BBM in R? without
killing; \V; is the set of particles alive at time ¢ and (X;(u), Y;(u)) is the position of
particle u at time t. The BBM process can be defined inductively as follows: from
time zero, a single particle performs a standard Brownian motion in R? until an
independent exponential random time of rate 1. The particle then splits into two
child particles, each of which performs an independent BBM from the parent’s
position from that time onward. Using the usual Ulam-Harris—Neveu notation,
the initial particle has label 0, and labels of subsequent particles are elements of
U = U, en{1, 2}" with the rule that the two children of particle u = uju, . .. u, are
Uguy . .. upl and wyuy . . . u,2. Thus the set Ny of particles alive at time ¢ is a subset
of U. A fully rigorous construction (using a collection of independent Brownian
motions and exponentially-distributed lifetimes, both indexed by ¢{) can be found
in Section 3 of [14] or Section 2 of [7]; see also [19] for an earlier and more general
approach to branching Markov processes. Given u € N; and s < t, we write
(Xs(u), Ys(u)) for the position at time s of the unique ancestor of u alive at time s.

Our half-plane BBM is the process (X;(u), Y;(u) ; u € N}Y) where

£>0°
N ={ueN,: isrgYs(u) > 0}. (1.4)
This is a branching Brownian motion whose particles are killed when they hit

the boundary oH. Let IP,, denote the law of the BBM in H started from a single
particle at position (0, y).



4 JULIEN BERESTYCKI, COLE GRAHAM, YU]JIN H. KIM, AND BASTIEN MALLEIN

In the study of one-dimensional BBM on the line R, it is well known that the
so-called additive and derivative martingales play a crucial role. Here we introduce

Zi= Y [V2t = X ()] Yy (w)e VP02 15)
ueN}

and a two-parameter family of processes

Wi = Z X (W) ginh[uY, (u)]e” X /2H 200 for A >0, (16)
ueN;

We show that these new objects are martingales whose long-time limits play a
central role in our analysis. They play roles analogous to the one-dimensional
derivative and additive martingales in the half-space setting.

Proposition 1.2. The following hold for any y > 0:
(i) Z is alP,-martingale with a.s. limit Zo, Z 0.

(i) WM is a nonnegative Py, -martingale with a.s. limit WE IFA2 + 42 < 2,
then Wo/},’” = 0. Otherwise, Wi’” =0Py-as.

The notation M 2 0 indicates a nonnegative random variable M that is not almost

surely zero. For analogous results in one dimension, see, for example, [23, 21].
We now construct KPP traveling waves from the Laplace transforms of these

martingale limits. In the following, E,, denotes expectation with respect to P,,.

Theorem 1.3. The function
d(x,y) =1-E, exp(—e_‘/éxZoo) (1.7)

is a shift of the unique minimal-speed traveling wave on H. Moreover, for all A, 1 > 0
such that A2 + i < 2,

Q) u(x,y) =1-E, exp(—e_AxWO/},’”) (1.8)

is a traveling wave of speed (1> + ji% + 2)/(21) > V2.

We emphasize that the probabilistic construction of traveling waves given here
differs markedly from the analytic approach taken in [4], which extracts limits of
approximate waves on large boxes.

Theorems 1.1 and 1.3 are closely related. To prove minimal-speed uniqueness in
Theorem 1.1, we relate an arbitrary minimal-speed wave to the particular wave
® defined in (1.7). Drawing on the comparison principle and potential theory,
we show that all minimal-speed traveling waves satisfy a certain tail bound. In
probability, this is known as tameness—traveling waves cannot be too exotic.
Following [1], we then use a probabilistic “disintegration” argument to show that
every tame wave is necessarily a shift of ®.

This strategy differs from purely analytic approaches to traveling-wave unique-
ness. It has been standard practice in the analytic literature to prove sharp asymp-
totic behavior as a precursor to uniqueness; see, e.g., [5]. Here, we only need an
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upper bound in the form of tameness; the probabilistic disintegration handles the
rest. It seems likely that this hybrid approach could bear fruit in other problems.
The multiplicity of supercritical traveling waves in Theorem 1.1 follows from
the fact that we give a two-parameter family of waves in Theorem 1.3. As a result,
there are generally many waves with the same speed. Let @ C R? denote the
open quarter-disk of radius V2 centered at the origin. Given ¢ > c,, we define

Pe={(hp) € Q: (A=)’ +4* =¢* -2}, (19)

Then P, is the set of parameters (A, ) such that ®, , is a traveling wave with
speed c. The arcs P, foliate the quarter-disk Q by speed; see Figure 1.
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P
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A

FIGURE 1. Parameter space for the supercritical waves @, ,. Waves
corresponding to (4, y) € P, move with speed ¢ > c,.

In Section 3.2, we further associate martingales to every point on the boundary
of Q. As ¢ — c., the set P, converges to the single corner point (\/5, 0), which
corresponds to the derivative martingale Z. This collapse hints at the uniqueness
of the minimal-speed wave.

Given ¢ > c,, every convex combination of martingales drawn from P, corre-
sponds to a speed-c traveling wave via the Laplace transform. We conjecture that
this construction is exhaustive, and every traveling wave has this form; we leave
this matter to future work. Using analytic methods, Hamel and Nadirashvili [12]
constructed a very similar infinite-dimensional manifold of entire solutions (in-
cluding traveling waves) in the whole space R?. We anticipate that their results
likewise admit a dual representation in terms of martingale limits.

We now turn to the asymptotic behavior of our traveling waves. The limits as
x — oo are fairly simple: our waves are heteroclinic orbits connecting the steady
state ¢ on the left with 0 on the right. The waves exhibit more subtle behavior
when we take y — co. In this regime, the boundary recedes and our waves become
asymptotically one-dimensional. Given ¢ > c,, let w, denote the unique (up to
translation) one-dimensional traveling wave of speed c, which satisfies the ODE

1

Ew’c’ +ow, +we—wi=0, we(-0)=1 w.(+c0)=0.

To fully determine w., we work with the translate given by the Laplace transform
of a c-dependent martingale related to one-dimensional BBM; see (1.12) and (6.3)
for details.
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At the minimal speed, we show that ® converges to w., as y — oo after a
horizontal shift that is logarithmic in y. This novel phenomenon reflects the
delicate structure of the derivative martingale Z, as we discuss below. Supercritical
waves exhibit a different complication: they are asymptotically one-dimensional
but tilted with respect to the coordinate axes. Given (4, u) € Q, let R; , denote
clockwise rotation by the angle arctan(y/A). Far from the boundary, we show that
the rotated wave @, , o R, converges to a one-dimensional wave of speed

A2+ 2+ 2
24/A% + 12 .

To simplify the resulting statement, we extend @, , by 0 to the entire plane R?.

c(Ap) = (1.10)

Theorem 1.4. Every wave ®* in the collection {®, @, ,} (1 u)e0 satisfies 0 < &* < 1,
x®" <0, and 9,®" > 0 in H. The limits

Q" (—0o,-) =¢ and ®"(+oco0,-) =0
hold uniformly and locally uniformly, respectively, in H. Moreover, as y — oo,
CI)(x + % log y, y) —we, (x) and @y, 0R),(x,y) = wey) (%) (1.11)
uniformly in x for all (A, p) € Q, with c(A, ) given in (1.10).

The speed of @, , in Theorem 1.3 is (A% + p® + 2)/(21), which differs from
¢(A, p) in (1.10) and Theorem 1.4. The former is the speed of ®, , in the x-direction.
The latter is the apparent motion of @, , perpendicular to its level sets in the
y — oo limit. The discrepancy reflects the fact that the asymptotic level sets of
®, ,, are tilted at angle 6(A, i) == arctan(y/A) relative to vertical. Thus the speeds
differ by the geometric factor cos (A, y). Traveling waves with asymptotically
oblique level sets have been previously studied in the whole space for a variety
of reactions [6, 11, 12]. Originally inspired by the flames of Bunsen burners, these
works construct waves with cone-like level sets that satisfy analogues of the second
relation in (1.11).

As alluded to above, the most surprising feature of Theorem 1.4 is the loga-
rithmic shift % log y in ® as y — oo. From a probabilistic standpoint, this novel
phenomenon can be explained as follows. Recall that (1.7) expresses ® in terms of
the derivative martingale Z defined in (1.5). As we move away from the boundary,
the role of killing lessens, and we might expect Z to resemble a one-dimensional
derivative martingale. In this spirit, define

D, = Z [\/Et —Xt(u)]e\&x’(“)_%.
uENt

Note that this sum ranges over the entire population N; of the BBM in R?. Thus D
neglects killing, and is in fact the classical one-dimensional derivative martingale.
It has an a.s. positive limit Do, whose Laplace transform is the minimal-speed
one-dimensional traveling wave:

we, (x) =1-E exp(—e_\@xDoo). (112)
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In Proposition 6.2, we use a first and second moment method conditioned on
horizontal motion to show that

Zs(y)/y = Do in probability as y — oo (1.13)

for a family of random variables Z,(y) with the law of Z,, under P,,. Interpreting
(1.13) through the definitions (1.7) and (1.12), we find

<I>(x + % log y, y) =1- ]Eexp(—e_\@xZw(y)/y) — we, (x) asy — oo.

Thus, the limiting relation (1.13) between the martingales Z and D implies the
asymptotic behavior of ® in Theorem 1.4. We take a similar (simpler) approach to
the asymptotics of the supercritical waves @, ,; see Proposition 6.5 for details.

The asymptotic tail behavior of the minimal-speed wave has historically played
an important role in the study of KPP propagation [23, 13]. We expect the same will
be true on the half-space. We therefore develop a more precise understanding of
the asymptotics of ® as x — co. These are related to the well-known tail behavior
of the one-dimensional wave: there exist K. > 0,a € R, and § > 0 such that

we, (x) = K, [x +a+ O(e_‘sx)]e_\@x as x — oo, (1.14)
In the following, we let log, s := max{logs, 0} and recall that x = (x, y) on H.
Theorem 1.5. There exists E € L™ (H) such that if x > lz log, v,

®(x,y) =K, [x - ‘/% log, ||x|| + E(x, y)] ye_ﬁx. (1.15)

Our proof is rooted in potential theory and uses Theorem 1.4 as input.
Note that if we evaluate ® at (x + \sz log y, y) and take y — oo, the asymptotic

behavior in (1.15) comports with (1.11) and (1.14). We highlight one final curiosity:
if we instead hold y fixed and take x — oo, we find

®(x,y) =K. [x - % log x + Oy(l)] ye_‘/ix,

where the implied constant in O,,(1) depends on y. This hearkens to (1.14) but
includes a log x correction in the algebraic prefactor. We are unaware of an
analogue of this behavior in any other context.

Remark 1.1. For simplicity, we focus on rate-1 binary branching Brownian motion.
More broadly, one can consider BBMs with branching rate » > 0 in which a
branching particle has a random number Z of offspring. If g(s) := Es® denotes
the probability generating function of Z and f(s) :==r[1—s — g(1 —s)], then this
generalized BBM is linked to the reaction—diffusion equation

o = %Av + f(v) (1.16)

via the renewal argument of McKean [27]. In the rate-1 binary case, Z = 2 and we
recover the reaction f(s) = s — s? appearing in (1.1).

Provided EZ™*Y < oo for some y > 0, this generalized BBM behaves much like
binary BBM, and our methods and results apply with minor modifications. In
particular, (1.16) has a unique traveling wave (modulo isometry) in the half-space
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of minimal speed /2f(0) = \/Zr(]EZ —1). We can thus treat a wide variety of
reactions f corresponding to rates r and random variables Z as described above.
However, this “probabilistic” class does not exhaust the broader “KPP” class of
reactions satisfying f(s) < f’(0)s. We anticipate that variations on our main
results hold for all KPP reactions, but a proof seems to require new analytic ideas.

Organization. The remainder of the paper is organized as follows. In Section 2,
we develop the theory of BBM in the half-plane and prove Proposition 1.2. We
construct our traveling waves in Section 3 and thus prove Theorem 1.3. In Section 4,
we use purely analytic methods to prove a sharp upper bound—tameness—for
all minimal-speed traveling waves. We employ this tameness in a disintegration
argument to prove the uniqueness of the minimal-speed wave in Section 5. Sec-
tion 6 concerns the asymptotic behavior of our traveling waves and concludes the
proofs of Theorems 1.1, 1.4, and 1.5. Finally, we speculate about the extension of
Theorem 1.3 to 9Q in Section 7.

2. BRANCHING BROWNIAN MOTION IN THE HALF-PLANE

In this section we gather several results about branching Brownian motion
(BBM) in the half-space and its associated martingales. We will use limits of these
martingales as Radon-Nikodym derivatives and describe the resulting probability
measure through a “spine decomposition.” This idea goes back at least to [25, 8];
here, we import several results along these lines from [14]. Throughout, we fix the
dimension d = 2 and thus work on the half-plane H := R x R,.

Recall that we are interested in the derivative martingale Z and the additive
martingales W*# defined in (1.5) and (1.6), respectively. The convergence of the
latter is relatively straightforward, as W** is uniformly integrable if and only if
A% + 1 < 2; see Section 2.3 below. The derivative martingale Z poses more of a
challenge—it has indefinite sign and is not uniformly integrable.

Let us start by recalling some basic facts from [14]." Let (X;, Y;) be a standard
Brownian motion in R? and let 7 := inf{t : Y; < 0} be the first exit time of H.
Then & = (X, Y;);<, is Brownian motion stopped upon exiting H. Suppose that
& = f(&),t < 1, is a martingale in the natural filtration of ¢ (analogous to the
single-particle martingale with respect to the filtration (G;);»¢ of (&;);>0 in [14,
Definition 5.2]). Let {,,(t) = f(Xu(t), Y (1)) for all u € N;*. Then the process

M(t) = ) e7'gu(t) 2.1)

ueN;

is a martingale with respect to the natural filtration F; generated by the half-plane
BBM up to time ¢ ([14, Definition 5.3, Lemma 5.7]). Note that in [14], Hardy and
Harris require that {(¢) be a strictly positive martingale (see above their Definition
5.2), whereas our martingales ¢ will simply be nonnegative. One can easily check

IIn their set-up and notation, [14, Definition 2.1], the underlying Markov process Z; is Brownian
motion in H stopped upon exiting H; the state space is J = H; the space of “types” B is not relevant
for us; the inhomogeneous branching rate R : H — [0, o0) is simply R(x) =1 for all x € H; and the
random variable A(x) =1 for all x € H, so m(x) = 1.
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that the results in Sections 5 to 8 of [14] extend to functions ¢ satisfying {(0) > 0
and {(t) > 0 for t > 0. Our martingales will satisfy these conditions.

2.1. The additive martingale in the half-plane. Since
4 = VeVt (2.2)
is a single-particle martingale, (2.1) implies that

W, = Yt(u)e\/EXt(u)—Zt
u§/‘;’
is a P,-martingale, recalling the law IP,, of the half-plane BBM started at height
y > 0. (The martingale property can also be seen from the many-to-one lemma.)
We now want to prove that W; — 01P,-a.s. ast — co. As a nonnegative martingale,
W; converges almost surely. To show the limit is zero, we use a classical argument:
we change measure using y~!W; and study the new measure.

More precisely, letting W = (W;);», we can define a tilted probability measure
ﬁy on Fo via @y(E) = ]E]py(y_IthE) for all t > 0 and E € F;, written dﬁy =
y_IWd]Py for short. Then Theorem 6.4 and Lemma 6.5 in [14] show that ﬁy is the
law of a branching Brownian motion where we have modified the behavior of a
distinguished “spine” particle as follows.

Let ]Py denote the law of a branching Brownian motion in the half-plane with
spine constructed on an enlarged probability space as follows. Let B be a Brownian
motion started from 0 and S be an independent Bessel process of dimension 3
started from y. Our BBM with spine starts with a single spine particle that moves
according to the process t — (B, + V2, S;). After an independent exponential time
of rate 2, this particle splits into two children, one of which is arbitrarily designated
the new spine particle. The new spine performs a copy of the above process from
its birth location, while the non-spine child starts an independent BBM (standard
and without spine) in H with killing on 9H. We let (X; (u), Y;(u) ; u € N}) denote
the positions of the particles at time ¢ and let £, € N} denote the label of the spine.
Note that the identity & of the spine is not measurable with respect to the original
filtration (F;);»0. The spine decomposition theorem states that ﬁy = ]f’y on Fo,
explained below using [14].

Proposition 2.1 (Theorem 6.4, Lemma 6.5, and Theorem 8.1 in [14]). Forallt > 0
and E € F;, we have P, (E) = IP,,(E). Moreover,

Py(&=ul|Fy) = WY, (w)eV2X W2 forallu € N (2.3)

Proof. Observe that the single-particle martingale {; (2.2) factorizes into a product
of two martingales, Y;1(;<.} and exp(V2X;—t) respectively, where each only affects
the corresponding coordinate of (X;,Y;). Note that Y;1;;<;) is the probability
change needed to make Y; into a Bessel process, and exp(V2X; — t) is exactly
the Girsanov martingale that gives a drift V2 to X. Thus, [14, Theorem 6.4]% and
[14, Lemma 6.5] yield the equality of ]lsy(E) and ﬁy(E) on Fo. Next, (2.3) is a

2To match notation, their Z(t) is our W;, their Q is our Fy, and their Q is our ]f’y.
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consequence of [14, Theorem 8.1]. We observe that while W; can vanish, we have
W; > 0 on the event u € N/, so dPy, := yW~'dPP, on that event. Hence [14,
Theorem 8.1] can indeed be applied in our context. O

We will make use of the following characterization of absolutely continuous
random measures.

Proposition 2.2. Let (M;);»o be a mean one nonnegative (F;);»o-martingale under
law P. Define a new probability measure Q on Fu, via Q(E) = Ep(M,;1g) for all
t > 0 and E € F;, written dQ = MdP for short. The martingale M; converges almost
surely under both P and Q; we write My, for the a.s. limit. Then

Q(E) = Ep(Mw1g) + Q(EN {My = o0}) forall E € F.

In particular, the following are equivalent:
(i) M is uniformly integrable with respect to IP;
(i) Ep M = 1;
(iil) Q(Me = 00) = 0.

Suppose we wish to show that M converges P-almost surely to a nondegenerate
limit. By Proposition 2.2, it suffices to show that liminf;_,., M; < co Q-a.s. Like-
wise, the inverse result follows if lim sup,_, , M; = oo Q-a.s. Thus to prove that
M; — 0 under PP, one need only show that M diverges under Q; this is typically
much easier (see the proof of Proposition 2.3). This is precisely how we show the
following:

Proposition 2.3. The process W; — 0 IPy-a.s. ast — oo.

Using the spine decomposition and Proposition 2.2, we show that the additive
martingale vanishes in the long-time limit.

Proof of Proposition 2.3. We already know that W is a nonnegative martingale.
Hence by Doob’s theorem, W converges almost surely. Combining Propositions 2.2
and 2.1, we have

y_l]Ey(Wool{Ww<m}) = ﬁy(lim supW, < o) = ]f)y(lim supW, < o).  (2.4)

t—o0 t—o0

Note that under the law ]f’y, w; > Yt(ft)e‘ﬁxf(ff)_”. Now X; (&) — V2t is a
standard Brownian motion, which makes arbitrarily large excursions almost surely.
Moreover, almost surely, the Bessel process Y;(£;) does not vanish in the limit. It
follows that lim sup,_,, W; = o0 ]f’y—a.s. In light of (2.4), we conclude that

Ey(Weol{w<co}) = YP (Weo < 00) = 0.

Since W; is a martingale, W, = 0 ]Py-a.s. O
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2.2. Convergence of the derivative martingale and shaving. We now turn to the
derivative martingale in the half-plane. The main result of this subsection is the
following. Recall that for t > 0

Ze= ) [Vot-Xe(w)] Y, (u)eV2Xe(w)=2t,
uEN;’

Proposition 2.4. The process Z is a P,,-martingale and

Zoo = tlim Z; 20 Py-as.

Recall that Z, = 0 means Z, is nonnegative and not almost surely zero. In the
forthcoming Corollary 3.3, we show that Z, is in fact almost surely positive on
the survival event.

Again, it is easy to check the martingale property, which follows as before from
the simple observation that

t — (\/Et —Xt)e\/ixt_t and t — Ytl{tgf}

are both martingales, so their (independent) product is a single-particle martingale.
Because Z has indefinite sign, we cannot immediately deploy the methods
of the previous subsection by studying a probability measure biased by Z. We
circumvent this issue through a classical trick: we consider a family of shaved
derivative martingales whose asymptotic behavior resembles that of Z;.
Given a > 0, we define

Zp = Z [\/Et +a —Xt(u)]Yt(u)eﬁX’(“)_ZI,

ueN

where V7% = {u € N} : X;(u) < V2s+a,s < t} denotes the collection of particles
in NV;* whose trajectories remain below the line V2s + a. As above, one easily
checks that Z“ is a martingale by considering the corresponding single-particle
martingale. Moreover, the definition of N'** implies that Z“ is a nonnegative
martingale and thus converges almost surely to a nonnegative limit ZZ.
We now use familiar tools to show that Z* is uniformly integrable and thus has
a nondegenerate limit. Define the tilted measure
_ g«
dQSX/ = (){_y d]Py

Let QS)‘/ denote the law of a BBM in H with spine ¢ such that the spine particle

branches at accelerated rate 2 and moves according to the process (\/E t+a—>5.,5;),
where S and S’ are two independent Bessel processes of dimension 3 started from
a and y, respectively. Then, using Theorem 6.4, Lemma 6.5, and Theorem 8.1 in
[14] again as in Proposition 2.1, we have the following.

Proposition 2.5. Forallt > 0 and E € F;, we have Q;(E) = ﬁg(E) Moreover,

Qz(sﬂ =ul|Fy) = (Zf’)_l[\/gt +a —Xt(u)]Yt(u)e‘/EXf(”)_Zt forallu € N;%.
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Proof. As with Proposition 2.1, the proof reduces to checking the law of the single
particle motion & when we change measure via the single-particle martingale

(\/Et +a-— Xt)YteﬁXf_Zt. We omit the repeated details. O
We now use the spine decomposition to prove uniform integrability.

Lemma 2.6. Foralla > 0, Z% is a uniformly integrable martingale that converges
IP,-almost surely ast — oo to a nonnegative, nondegenerate random variable Z,.

Proof. By Proposition 2.2, Z% is uniformly integrable if and only if
Q4(Z2& <) =1. (2.5)

Let (7,)neN denote the increasing sequence of times at which the spine gives birth.
Under Q%, the (7,)nen are the atoms of a Poisson process with intensity 2. Let

y
Y =0((Xs(&), Ys(&),7n) 5 s = 0, n € N) (2.6)

denote the filtration associated to the trajectory of the spine and the birth times.
The spine has position (V2t + & — S;, S;). Hence the martingale property of Z for
standard BBM yields

Egq (281 V) = SiSje VA 4 N5, 5 e VS Ly Q¥as.
n=1
Using Fatou’s lemma and the transience of Bessel-3 processes, we find
]EQg (Z& 1Y) < ZSTHS;ne_‘/E(ST"_“) Q;—a.s.
n=1

Now, the law of the iterated logarithm for Bessel processes implies that for any
e > 0, almost surely t/27¢ < S, < t/2*¢ for sufficiently large ¢. It follows that

[Se]
ZSTHS;ne_‘/E(Sf"_“) <o Qf-as.
n=1

This proves (2.5). As a result, Z% is a closed martingale that converges IP,,-almost
surely and in L! to Z%. In particular, we have

E,Z% =B)Zg =ay >0,
which shows that ZZ is positive with positive probability. O

We now complete the proof of Proposition 2.4 by showing the convergence of
the derivative martingale Z to the nonnegative limit lim,_, Z$.

Proof of Proposition 2.4. We first note that « — Z7 is increasing for all t > 0, so
a — Zg is also PY-a.s. increasing. Hence lim, . ZZ is well-defined IP-a.s..

If M; = maxy/, X;(u) denotes the maximal displacement at time ¢ of a standard
one-dimensional branching Brownian motion, then it is well known (see, e.g., [23])
that

lim inf V2t = M, = 400 as. (2.7)
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so in particular we have

M :=sup sup X;(u) - V2t <0 PY-as. (2.8)
120 yeN;

Forall « > M and ¢t > 0, we have

= Z [\/Et +a-— Xt(u)]Yt(u)eﬁXt(u)_Zt

ueN}
= Z [\/Et - Xt(u)] Yt(u)e‘/éx‘(”)_Zt +a Z Yt(u)e\@(’(”)_” =Z; + aW;.
ueN; ueN}

Taking t — oo and using Proposition 2.3, we conclude that PY-a.s., we have

lim Z, =Z% foralla > M.

t—o00

In part1cular the family (Z%),~0 stabilizes once o exceeds the (random) threshold
M. Since M is almost surely finite,

Zw = lim Z, = lim ZZ. O

t—00 a—oo

2.3. Supercritical additive martingales. We now turn to the supercritical additive
martingales

WtA’” = Z Xt (W) sinh[,uYt(u)]e_(’lz/zJ’”Z/ZH)t (2.9)
ueN;

parameterized by A, g > 0. As usual, from the machinery of [14] and the single-
particle martingale, one can readily check that W*# is a martingale. Because W*#
is nonnegative, it has an almost sure limit W‘,'};“ > 0. In this subsection we prove
the following dichotomy for Wi,

Lemma 2.7. IfA> + yi? < 2, then the martingale W™* is uniformly integrable and

WO/},’“ = 0. Otherwise, WO/},"” =0P,-as.

Proof. We again employ a spine decomposition. Given A, y1, y > 0, let ]f’;l,“ denote
the law of the following BBM with spine &. The spine particle moves according to
a process (X;, Y;), where X is a Brownian motion with drift A started from 0 and Y
is an independent Brownian motion with drift y started from y and conditioned to
stay positive. The spine particle branches at the accelerated rate 2 and non-spine
particles behave as independent BBMs in H.

Using Theorem 6.4 and Lemma 6 5 of [14] as in Proposition 2.1, 113/1’” coincides

with the tilted measure d@;ﬁ’“ = ———dP,, on F. This follows from the fact
that

Smh(uy)

sinh[th(§t)] ” !
sinh(uy)
is the Radon—-Nikodym derivative of a Brownian motion with drift p conditioned
to stay positive relative to the Wiener measure (see, e.g., [32, Chapter III, 29]).

2 1y, (&)20;s<1)
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Observe that 113/}1,” -a.s., we have

WtA”u > X (G)=-Atf2 sinh[th(gt)]e_”zt/Ze_t.
Recalling that X (&) and Y (&) have drift A and p, respectively, we have

A%+ P R
K -1 ]P/;,’“—a.s.

1
lim inf P log Wt/l’y >

t—oo

Hence, if A2 + p? > 2 (or if A2 + p? = 2 by the law of iterated logarithm), we have
ﬁi’”(Wg},’” < 00) = 0. Then Proposition 2.2 implies that Wo/},’” =0Py-as.

If A% + p? < 2, we condition with respect to the spine’s position and branching
times (7,)nenN as in the proof of Lemma 2.6. Recalling ) from (2.6), the martingale

property for WA yields the If’?,” -a.s. bound
. 1w
E/;;ll(woi,ll | )) < ; Z eAXTn+yYTn—(/12/2+y2/2+1)rn.
n=1

This is P*#-almost surely finite, so Proposition 2.2 implies that W*# is uniformly
integrable under IP,,. It follows that ]EyWo/},’” = sinh(uy) > 0, so W‘i’” = 0. O

Proof of Proposition 1.2. The proposition unites Proposition 2.4 and Lemma 2.7. O

3. CoNSTRUCTIONS OF KPP TRAVELING WAVES

We now use the nondegenerate martingale limits Z,, and Wci’” from Propo-
sition 1.2 to construct traveling waves for the KPP equation in H. We rely on
McKean’s formulation of the link between BBM and the KPP equation, as well as
“smoothing equations” satisfied in law by the martingale limits.

3.1. A minimal-speed wave. Recall from Theorem 1.3 the definition (1.7) of ®:
d(x,y) =1-E, exp(—e_\rzme).

We show that @ is a traveling wave on H of speed ¢, = V2 in the sense of
Definition 1.1. Our main tool is the McKean representation of solutions of (1.1).
This connection between BBM and the KPP equation was observed by McKean
[27] in one dimension. Here, we state a straightforward analogue valid in H.

Proposition 3.1 (McKean representation). If ¢ € L™ (H) satisfies0 < ¢ < 1, then

u(t,x,y) = E,|1- ]_[ [1-¢(x - X:(v), Y;(v))]

UEN;’
is the unique solution of (1.1) with initial condition u(0, -) = ¢.
Proof. First suppose that ¢: R — [0,1] is additionally C?. We define

q5(t,x,y) = E, 1—[ [1-¢(x — X (w), Y (w))] |-

ue./\/}
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By dominated convergence,
}gr}) qg(t,x,y) =1—-¢(x,y) and )1/11)% qp(t.x,y) =1. (3.1)

To begin, we compute d;qg4l:=o. Applying the branching property at the first
branching time of the BBM, we have

g (t,x,y) =e'By[1—¢(x — Xp, V)]
t
+ f e_S]Ey (]EYS [q¢(t -5 X - XSa Ys) | XS’ Ys]zl{inf[os] Y>O}) ds.
0 ,
Thus Itd’s formula, dominated convergence, and (3.1) yield

1
9:94(0,x,y) = —qy(0,x,y) + EAQQS(Q x,y) +q4(0,x, y)*.

Now fix t,h > 0. Given u € ./\/'}:', let ./\/';h(u) denote the set of descendants of u

alive at time t + h. Applying the branching property at time h, we have

[T [T [1-6(-Xus@) Y] | fh)]

+ +
ueN;f veN},, (v)

q¢(t +hx,y) =E,|E,

=E .

o T 6(tx = Xuw), Ya(w)
,uE/\/',:’

Our earlier computation allows us to differentiate this expression at # = 0 to find

1
2qp = 50y + 5 — g

So 1 - g4 solves (1.1).
To extend this result to ¢ € L*(H), let u denote the unique solution of (1.1)
with initial data ¢. For all e > 0, u(e, -) € C?. Hence we have just shown that

u‘(t,x,y) =1-E,, H [1—u(s,x—Xt(u), Yt(u))]
uENt

solves (1.1) with initial data u(e, - ). By the semigroup property, u®(t, -) = u(t+e, -)
for all t > 0. We conclude by taking ¢ — 0 and using the fact that u(e, -) — ¢
weakly in L*. O

We now prove that the limit of the derivative martingale satisfies a recursive
equation in distribution. More precisely, using the branching property of the BBM,
we show that the law of Z, is a fixed point of a multitype version of the so-called
smoothing transform. In the following, for fixed t,s > 0, we write u < v when a
particlev € NV}% is a descendant of u € N,

Lemma 3.2. Forall y > 0 andt > 0, we have

Zo= Y eVeXew=2t 7 () (3.2)
ueN;



16 JULIEN BERESTYCKI, COLE GRAHAM, YU]JIN H. KIM, AND BASTIEN MALLEIN

where

Zoo(u) = lim Z [\/Es —Xt+s(v)]e\/§X’+S(”)_zs foru € N;.

s—00 )
usveNy

Moreover, conditionally on F;, the random variables (Zw(u) ; u € N) are indepen-
dent and Z.(u) has the distribution of Z., under law Py, ().

Proof. Givens,t > 0 and u € N}, we define N}, (u) = {v e N, :u 2 v} and

Ws(u) = Z Yies (U)e‘/i[x”s(“)—xt(u)]—%’
UEN;:S(u)

Ziw = Y (Vas = [Xees(0) = Xp(0)]) Vyus () VX0 Xel) ] 25
UEN;S(u)

With this notation, we can write

Ziys = Z Z [\/E(t + ) —XH.S(U)]YHS(v)e‘/EXf”(“)_Z(”s)

ueN; veN},  (u)
= Y [Vt - Xp(w)] eV 2w () + T VW27 () (33)
ueN; ueN;

The branching property implies that conditionally on F;, (W;(u), Zs (u))u N+ are
t

independent random pairs and (W;(u), Zs(u)) has the law of (W;, Z;) under Py, ().
In particular, taking s — oo and using Proposition 1.2, we have

Sli_)rrol0 (Ws(u), Zs(u)) = (0, Zu(u)) Py-as.

The limits (Zw(u) ; u € N}') are independent conditionally on F; and share the
law of Z., under Py, (,). Moreover, (3.2) follows from (3.3). O

Using the branching property, we can check that Z is positive precisely on the
survival set of the BBM.
Corollary 3.3. Forall y > 0, we have
{Zo >0} ={N;" # 0 forallt >0} P,-as.
Proof. Let S == {N;" # 0 for all t > 0} denote the survival event of the BBM on H.
The definition of Z; immediately implies that
{Zo >0} CS. (3.4)
Hence it suffices to show that IP,,(S) = IP,,(Z > 0) for all y > 0. We note that
Proposition 2.4 implies that q is positive on Ry, so (3.4) yields p > g > 0.
Given y > 0, we define the functions p and g by
p(y) =Py(s) and q(y) =Py(Zs = 0).
Using the branching property at time ¢, we see that

Py(sT| Fo) = [ | Praw (59
ueN;
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It follows that p satisfies the recursive identity
P =By [ ] p(:w) (35)
ueNy
for all t > 0. Similarly, using Lemma 3.2, we have
q(y) =By [Py (Zo(w) =0 forallu e N7 | F)] =By, [ | q(%(w)  (36)
ueN;

for all ¢+ > 0. Combining (3.5), (3.6), and Proposition 3.1, we see that 1 — p and 1 — ¢
are both stationary solutions of (1.1) on the Dirichlet half-line. That is, both are
positive bounded solutions of (1.3). Lemma 6.1 of [4] states that there is only one
such solution; we have previously denoted it by ¢. It follows that p =1 - ¢ =g,
which completes the proof. O

Armed with Lemma 3.2 and Proposition 3.1 we are now able to show that ® is a
minimal-speed traveling wave.

Lemma 3.4. The function ® defined in (1.7) is a traveling wave of speed /2.

Proof. Fix (x,y) € Hand t > 0. Using every part of Lemma 3.2, the tower property
for F; yields

®(x,y) =1-E, exp| - Z eﬁ(xf(“)_‘@_x)Zm(u)
ueN}
=1-E, ]—[ [1-®(V2t +x - X, (), Y, (w)].
uE./\f:'
Now Proposition 3.1 implies that the function
o(x - V2t,y) =1-E, ]—[ [1-®(x - X, (w), Y (w))]
ueN;
solves the KPP equation (1.1) with initial data ®(x, y). It follows that ® solves
(1.2). Clearly, @ is bounded. Moreover, because Z, is not identically zero, ® is

nonconstant in x, and thus neither 0 nor ¢. By Definition 1.1, ® is a traveling wave

of speed V2. O

3.2. Higher-speed waves. We now construct traveling waves with speeds ¢ > c,.

As for @, we use the Laplace transform of the martingale limits W2 The proof is
very similar to that presented above, so we omit some repeated details.
Fix t > 0. As with Z, the branching property of the BBM implies that the

random variable W2 satisfies the smoothing transform

Wit= Y e w), (37)
ueN;

where, conditionally on J;, the random variables (WO/},“ (w);uce M+) are indepen-

dent and share the distribution of Wo/},’” under Py, (,). The proof is analogous to
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that of (3.2). In fact, when A% + p? < 2, (3.7) and Proposition 1.2 imply that
{WO/},’” >0} ={N; #0forallt >0} P,-as. (3.8)

Using the fixed point equation (3.7), we show that the Laplace transform of wiH
corresponds to a traveling wave of (1.1).

Proposition 3.5. For all A, u > 0 such that A* + p* < 2, the function
Q)/Ly(x, y) =1- ]Ey exp(—e_AxWO/},’“)

2 2
is a traveling wave of (1.1) with speed % > V2.

Proof. For all (x,y) € Hand t > 0, (3.7) and the tower property for F; yield

0%, y) =1=Ey| | | [1-@aulet +x = Xo(w), Y, (w)] |
uEN;'

A4pP+2 . . -
where ¢ = =—5—. Note that this speed is supercritical:

2
c>inf/1 +2=\/§.
R, 21

Using Proposition 3.1, we deduce that @, ,, (x — ct, y) solves (1.1), so ® itself solves

(1.2). Moreover, WO/},"U is not identically zero, so ®, ,, is neither 0 nor ¢. Therefore
®, ,, is a traveling wave of speed c. O

Provided Theorem 1.1 holds, the proof of Theorem 1.3 is now complete.

Proof of Theorem 1.3. Using Lemma 3.4, we observe that ® is a traveling wave on
H with speed c.. Using Theorem 1.1, we deduce that it is the unique minimal-
speed traveling wave, up to translation in x. The second part of Theorem 1.3 is
Proposition 3.5. O

4. STRUCTURE AND TAMENESS FOR MINIMAL-SPEED WAVES

In this section, we use analytic methods to constrain an arbitrary minimal-speed
traveling wave ¥ on H?. We first show that ¥ is decreasing in x, increasing in y,
and constant in x’. It follows that ¥ is essentially two-dimensional and we can
restrict our attention to the half-plane H2. We then prove a sharp upper bound on
the tail of ¥ where x > 1. This bound is termed “tameness” in the probabilistic
literature; it plays a crucial role in our subsequent probabilistic arguments.

We collect the main results of this section in the following proposition. Recall
that we denote coordinates on H? = R x R47% x R, by (x, %', y).

Proposition 4.1. Let ¥ be a traveling wave on H? of speed c... Then ¥ is independent
of X and satisfies0 < ¥ < ¢, ox¥ < 0, and 9,'¥ > 0. The limits ¥(—oco, -) = ¢ and
¥(+co, -) =0 hold locally uniformly in y. Moreover, there exists C > 0 such that

Y(x,x',y) <CO+ x+)ye_\/§x forall (x,x’, y) € H%. (4.1)
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In light of Theorem 1.5, the tail bound (4.1) is sharp up to a constant factor wherever
x > clog, y for some ¢ > %

In the following, we use the notation f < g when f < Cg for some universal
constant C € R,. Likewise, f <, g indicates that the constant C can depend on
the parameter a.

4.1. Strategy. We begin by adapting maximum-principle arguments of Hamel
and Nadirashvili [12] to show that ¥ has the expected monotonicity: 9,¥ < 0,
dy¥ > 0, and V¥ = 0 (Proposition 4.4). As a result, ¥ does not depend on x’
and the problem reduces to two dimensions. It also follows that ¥ approaches ¢
on the left and 0 on the right (Corollary 4.5). These regimes are separated by a
smooth level set {¥ =1/2} that coincides with the graph of a uniformly smooth
function x = o(y), at least away from dH. Using a uniqueness result on the whole
plane R?, we can show that ¢’ — 0 as y — oo (Lemma 4.6). That is, the level set
{¥ =1/2} is asymptotically vertical far from oH.

The remainder of the argument combines comparison methods with potential
theory. Counterintuitively, the comparison portion is based on a family of com-
pactly supported subsolutions that ensure that ¥ roughly decays like eV where
x > o(y) (Lemma 4.7). We exploit this loose form of regularity in our potential
theoretic arguments. In the following discussion, we focus on x, y > 1; the rest of
the half-plane can be handled easily.

Using the aforementioned exponential decay, we show that © := eVory g nearly
harmonic on the domain {x > 60(y)}. Because ¢ is sublinear, this domain is
similar to a quarter-plane and can be conformally mapped there with r®() distor-
tion [34], where r := 4/x? + y? denotes the radial coordinate (Lemma 4.9). On the
quarter-plane, explicit analysis based on the Herglotz representation theorem [17]
shows that positive harmonic functions with suitable boundary data grow at most
quadratically in r. Composing with our conformal map, we see that ® grows at
most like r2*°( (Corollary 4.11). This polynomial bound implies that o grows no
faster than logarithmically in y.

This additional quantitative information implies that {x > 6c(y)} can be confor-
mally mapped to the quarter-plane with bounded distortion. Using our quadratic
bound on the quarter-plane, we find © < r? (Lemma 4.12). To conclude, we ob-
serve that ® < (x + 1)y on the rays {x = 0}, {x = y}, and {y = 0} while ©
grows no more than quadratically in the interior of the acute sectors {x > y}
and {x < y}. The Phragmén-Lindeldf principle [28] thus allows us to extend the
estimate ® < (x +1)y from the boundaries of the sectors to the sectors themselves,
and hence to the entire quarter-plane. Proposition 4.1 follows.

4.2. Monotonicity and structure. We begin with a general traveling wave ¥ on
H?. We show that ¥ lies between the two one-dimensional steady states.
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Our argument makes use of the parabolic flow

HW = 1AW +c. oW + W - W?  in HY,
w(o, ) =W, in H?, (4.2)

W=0 on 9H4

corresponding to (1.2), so we first record the well-posedness of (4.2). This is
well-known in the PDE literature, but we provide a proof for completeness.

Proposition 4.2. For each nonnegative W, in C*(H%) N C(HY), (4.2) admits a unique
bounded classical solution.

Proof. Consider a sequence of uniformly smooth bounded domains (Q,),eN such
that HYNB,,; C Q, C H foralln € N. Let Wo.n be anonnegative smooth cutoff of
Wy defined so that W;,,, = Wy in HYNB,, Woinlag,, = 0, and ||Wonlle < ||Wol| - For
each n, Theorem 14.15 in [24] provides a unique solution W,, in C ([0, 00); C**(Q,,) N
CIZOC(QH) N C(ﬁn)) of (the analogue of) (4.2) with initial data W;.,, for some a > 0.

The maximum principle ([24, Corollary 2.5]) ensures that
0< Wy < [[Woll V1.

Hence local Schauder estimates such as Theorems 4.8 and 4.21 in [24] ensure that
Wallcra (g, is uniformly bounded independently of n : ||W;[[¢ra(q,) S 1. We note
that Theorem 4.21 is posed on a domain with flat boundary. To apply it to Q,,
we compose W,, with a chart that locally flattens 9Q,,. We thus obtain the same
bounds as in the flat case, up to a uniform factor that reflects the regularity of the
chart, and thereby the C> smoothness of 9Q,. Next, Theorem 5.14 in [24] states
that there exists a unique solution W,, of the linear problem

ath = %AWn + C*aan + Wn - an in Qn,

W, (0, +) = Wosn in Q,, (4.3)
W, =0 on 9Q,,

in which we view W, as external forcing, and ||WnIICZ,a(Qn) < 1. Now W, also
satisfies (4.3), so by uniqueness, W, = W, and Walleze(q,) S 1.

We have now shown that W, 9,W,,, VW,, and VW, are uniformly bounded
independently of n in Holder spaces. Using Arzela-Ascoli and diagonalization, we
can thus send n — oo and extract a subsequence of (W,,), that converges locally
uniformly in HY x [0, ) to some limit W, and for which 9, W,, VW, and V?W,
similarly converge to o;W, VW, V2W. Then W satisfies (4.2) classically, and

0<W < |[Wylle V1.

For equations in the whole space, this construction by exhaustion can be found
in the proof of Theorem 8.1 in [22]. That theorem also derives the uniqueness
of bounded solutions from a maximum principle in unbounded domains. The
boundary plays no role in the proof of said maximum principle, so the uniqueness
quoted in [22, Theorem 8.1] holds in H? as well. O
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Lemma 4.3. If V¥ is a traveling wave on H?, then 0 < ¥ < ¢.

Proof. Because ¥ is bounded by hypothesis, we can apply a de Giorgi estimate
up to the boundary such as [10, Theorem 8.29] to conclude that ¥ is uniformly
Holder continuous. Then a boundary Schauder estimate like [10, Theorem 6.6]
implies that ¥ is in fact uniformly C*%. In particular, both ¥ and 9,,¥ are uniformly
bounded. Since ¢(c0) =1and ¢’(0) > 0, it follows that

¥(x,x",y) <Ko(y)
for some K > 1and all (x,x’, y) € HY.

In the following, given t > 0 and nonnegative W, € C3>(H?) N C(H?), let
PyWy = W(t, -) denote the unique bounded classical solution of (4.2). This
is well-defined thanks to Proposition 4.2. Because K¢ € C*(H%) n C(H?) is
a supersolution of (4.2), its evolution &;(K¢) is decreasing in t, and thus has
a nonnegative bounded limit &, (K¢) solving (1.3). On the other hand, ¢ is a
steady solution of (4.2) and K¢ > ¢, so the comparison principle implies that
P(Kp) = ¢ > 0. Thus P (Kp) is a bounded positive solution of (1.3). By
Theorem 1.1(A) of [4], the only such solution is ¢. Now ¥ is also a steady solution
of (4.2), so comparison yields

Since ¥ is neither 0 nor ¢, the lemma follows from the strong maximum principle
(see, for example, [10, §3.2]). O

We now show that minimal-speed waves have the expected monotonicity. Our
argument follows the proof of Lemma 5.1 in [12], which establishes the analogous
result in the whole space.

Proposition 4.4. Let ¥ be a traveling wave on H? of speed c. = V2. Then d,¥ < 0,
dy¥ > 0, and Vy'¥ = 0. Moreover, 0, log¥ > -2.

Proof. Take 0 = (0, 0x,0,) € $9-1 'We write 9y = 0 - V for the derivative in
direction 6. We wish to show that dp¥ > 0 when 0, < 0 and 6, > 0. To this end,
suppose 6, > 0 and inf 9p¥ < 0. We then show that 6, > 0.
Define
dp¥
b= = dglog V.

When y > 1, Schauder and Harnack estimates imply that v is uniformly bounded
(see, for example, Theorem 6.2 and Corollary 9.25 in [10]). On dH¢, we have ¥ = 0
and hence 9,¥ = V¥ = 0, while the Hopf lemma yields 9,¥ > 0. (Here we
use Lemma 4.3 to apply [10, Lemma 3.4], with a sign opposite that in the text.)
Because 6, > 0, it follows from elliptic estimates up to the boundary that v_ is
uniformly bounded where 0 < y < 1. Thus v_ is uniformly bounded. Because
9p¥ < 0 somewhere, we have

infv =-m
for some m € R,. Thus there exists (x,)nen C H¢ such that v(x,) — —m as
n — oo. Define ¥, := ¥(- +x,) and v, = v(- + x,) for n € N. We consider
several cases depending on whether ¥, or y, vanishes in the limit.
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Case 1: First suppose ¥, does not vanish locally uniformly as n — oo along
any subsequence and limsup,,_,., y» > 0. Restricting to a subsequence, we can
assume inf,, y, > 0. Schauder estimates allow us to extract subsequential limits
Yoo € (0,00], Yoo # 0, and veo of (Y, ¥, Un)nen such that v5,(0) = —m = minve,.
One can easily check that these satisfy

1 V¥,
EAU“, + v Vo + Cx0xlc0 — Pooloo = 0 (4.4)

in the domain H? — Y€y under the convention that HY - ooe,, = RR¢. Since v
achieves its minimum at the origin, Vv, (0) = 0 and Ave (0) > 0. Then v, (0) < 0
and (4.4) imply that ¥, (0) = 0. This contradicts the strong maximum principle,
as ¥, > 0 and we have assumed ¥, is not identically zero. So this case does not
occur.

Case 2: Still assuming ¥,, does not vanish locally uniformly along any subsequence,
suppose y, — 0. Boundary elliptic estimates imply that v — co locally uniformly
as y — 0if 0, > 0. From the definition of x,, we must have 6,, = 0 in this case.
Now v, satisfies (4.4) on H?. This case is more delicate because Wo, | y5a = 0, 50
(4.4) is singular at the boundary. Nonetheless, we show that one can resolve the
singularity. Let A := 9, ¥w|y=0 > 0, which is a function of (x,x’). Evaluating (1.2)
at y = 0 and taking a limit, we see that a§Tm|y:0 = 0. By Taylor’s theorem, there

exist a nonempty connected neighborhood U of 0 in H? and T' € C*(U) such that
Y, =Ay+Ty® inU. (4.5)

We now consider the advection term in (4.4). The ratio (Vi x VYo )/ %P is bounded
on U, so the only component of concern is 9, ¥o/ V. Indeed, 9, ¥, > 0 while
¥, = 0 on dHY. However, we can use (4.5) to compute

99 ¥oo _ .
Fyloo = ay( fy ) =2A"%(A3yT —TapA)y + O(y*) inU. (4.6)
We then find
S y .
OyVeo = 2A"°(AJpT —T'9A) + O(y) inU.
Likewise,

Fveo = 2A72(AGpT —T9pA) + O(y) inU.
We thus conclude that
9y ¥eo

Voo = 8?,1&><J +O0(y) inU

Thus this singular first-order term acts like a regular second-order term. Perhaps
after shrinking U, we are free to assume that v, < —m/2 on U. We can thus
multiply and divide the O(y) error term by v to write (4.4) as

1 0x Yoo Vi Voo
A+ oo + [ + i |OxVc0 + —
2 Y W,

(o)

Voo = [ + O(3) v = 0. (4.7)

[
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The coefficients in this operator are bounded and ;A + 6?, is (uniformly) elliptic.
Consider (4.7) at the origin. There v, achieves its negative minimum and (4.6)
implies that 9,0, (0) = 0. By the Hopf lemma, v = —m in U. Using this in (4.4), we
obtain ¥, = 0 in U, which contradicts the strong maximum principle, as ¥, # 0
by hypothesis. So this case does not occur.

Case 3: Next, suppose we can restrict to a subsequence along which ¥, — 0
locally uniformly and limsup,_, ., y» > 0. Further restricting, we may assume
inf,, y, > 0. We define
Wy = PO +x0) eV
¥ (xn)
and extract subsequential limits yo € (0, 0] and w . The latter satisfiesw(0) =1
by construction. Because ¥(x,) — 0, we are in a linear regime and w, is harmonic:

Awe =0 in HY - Vooly.

Moreover, when yo, < 00, ws = 0 on the boundary y = —y.. Positive harmonic
functions satisfying the Dirichlet condition are unique up to scaling [3, Theo-
rem 7.22]. Since w«(0) =1, we can identify we = % if Yoo < 0andwe =1
if yoo = 0. In each case, dgw(0) > 0 because 6, > 0. On the other hand,

v(x,) — —m implies that
0 < Fgweo(0) = —m + V26.
We conclude that 6, > 0 and m < V26,

Case 4: Finally, suppose we can restrict to a subsequence along which ¥, — 0
locally uniformly and y,, — 0. Then we define

Y- +x
IDn — ( n) e\/ix

¥(x, +ey)
and extract a subsequential limit as above. We have lZ)oo(ey) =1, Aws = 0, and
Weo|gpa = 0. It follows that e = y and dp«(0) > 0. Reasoning as above, we

again obtain 0, > 0 and m < V26,.

We have now shown that 9p'¥ > 0 whenever 6,, > 0 and 6, < 0. It follows that
dx¥ < 0and 9,¥ > 0. If we take 0, =0, =0,

0<0_9¥ =-09¥ <0.

That is, dp¥ = 0, meaning V¢¥ = 0. Finally, ¥ cannot be constant in y, so the
strong maximum principle implies that 9, > 0. Similarly, if 9,'¥ = 0, then
it is a bounded positive steady state of the KPP equation on the half-line. The
unique such solution is ¢, and we have assumed that ¥ # ¢. It follows that ¥ is
nonconstant in x as well, so 9, ¥ < 0.

Finally, we showed above that m = m(6) < (V26y),. Taking 0 = e, s0 6, =1,
we see that m < V2. Recalling the definition of m, we have

inf 9, log ¥ > —V2. O
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] ¢ 1(s)

JH

FIGURE 2. Parametrization of the level set {¥ = s} by os.

Since V¥ is constant in x’, we can drop those variables. In the remainder of the
paper, we assume d = 2, so ¥ is a traveling wave on H := R X R; and thus a
function of (x, y).

Corollary 4.5. Forall ¢ > 0, the limits
lim ¥(x,-)=¢ and lirP ¥(x,-)=0
hold in C1([0, £]).

Proof. Because V¥ is bounded and monotone in x, the limits lim,_, . ¥ exist and
are bounded steady states of the KPP equation on R .. Moreover, ¥ | =—c > ¥|x=tco-
The only two bounded steady states on R are ¢ and 0. The corollary follows from
the uniform continuity of ¥ and its derivatives. O

We next consider the behavior far from the boundary. In the following, we
use the notation 04(y) to indicate a function f(s, y) such that f(s,y)/y — 0 as
y — oo pointwise (but not necessarily uniformly) in s. Recall thatw,, is the unique
minimal-speed one-dimensional traveling wave satisfying (1.14).

Lemma 4.6. For alls € (0,1), the level set ¥~1(s) can be expressed as the (rotated)
graph {x = o5(y)} of a locally smooth and increasing function os: (¢~1(s), ) — R.
It satisfies o, — 0 and hence o5(y) = 0s(y) as y — oo. Moreover, for allk > 0,

fli_}rzlo”‘l’(x, y) —we, (x — a5(y) + wc_*l(s))”(fk(]Rx[f,oo)) =0.
We depict o5 in Figure 2.

Proof. Fix s € (0,1). Due to 0¥ < 0 (from Proposition 4.4) and Corollary 4.5,
¥-1(s) c {y > ¢7'(s)} and for each y € (¢71(s), ), there is a unique x € R
such that ¥(x, y) = s. Let o5(y) denote this value of x. Because d,¥ < 0, the
implicit function theorem ensures that oy is locally smooth. We note that the “local”
qualifier is necessary because o, — —co as y \, ¢ '(s). In any case, 3,'¥ > 0
implies that ¢, > 0.
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We now consider the limiting behavior of o, at infinity. Given a sequence
(Yn)nen tending to infinity, define ¥, = ‘P( - +(05(yn), y,,)). Then ¥,,(0) = s for
all n € N. Taking n — oo, we can extract a locally uniform subsequential limit ¥,
that solves the traveling wave PDE (1.2) on the whole space R?. The limit satisfies
Y (0) =, so ¥ is neither identically 0 nor 1. By Theorem 1.7(i-c) in [12], ¥, is a
function of x alone. It follows that

oo (x, ¥) =we, (x +w ' (s)).

Because the limit is unique, we have ¥(x + 05(y’), y + ¥') — we, (x + w;'(s))
locally uniformly in (x, y) as y* — oo. In fact, Schauder estimates imply that this
convergence holds locally uniformly in C¥ for every k > 1. Hence

V¥(0s(y), y) — we, (w;l(s))ex as y — oo,

Since {x = 05(y)} is alevel set of ¥, the above gradient is orthogonal to the tangent
vector (o;(y),1). Because w, (w;'(s)) # 0, it follows that 6] — 0 as y — co, and
hence o,(y) = 05(y) as y — oo.

We have now shown that

yli_r)r(}oH‘P(x, y) —we, (x — o5 (y) + w;l(s))“cx([—L,L]) =0

for all L > 0. Dini’s second theorem allows us to upgrade the uniformity in x from
local to global [29, pp. 81, 270]. We apply it on the compactification [—co, 0], and
must thus verify that

(00, y) — we, (+c0) asy — oo. (48)

Corollary 4.5 states that ¥(—oo, y) = ¢(y) and ¥(+o00, y) = 0. Moreover, ¢(y) — 1
as y — oo, while w., (—o0) = 1 and w,, (+o0) = 0. This confirms the endpoint
convergence (4.8), so Dini yields

lim [[¥x, ) =we.(x = 00() + 0 9) e,y =0
Taking the limit superior in y, we are free to write this as
Lim [[¥(x, y) = we, (x = 0:(3) + 0" 9) e o)) = O-
The higher-regularity statements then follow from Schauder estimates. O

In the remainder of the section, we take s = 1/2 and define o(y) = 0y/2(y) by
u(o(y), y) = 1/2. We often make use of its positive part

0. (y) = max{o(y), 0}. (49)

4.3. A subsolution. Our analysis of ¥ hinges on the heuristic that ¥ roughly
decays like e~V to the right of its 1/2-level set {x = o(y)}. This decay was
foreshadowed in Proposition 4.4, which states that d, log ¥ > —v/2. We now show
a complementary fact: ¥ cannot decay at a rate much slower than V2.

Lemma 4.7. Forall ¢ € (0, 2_1/2], xeR y>1andt >0,

min{e(ﬁ_g)f‘lf(x +4,y), 1} <Se P(x,y) < e\m‘I’(x +4,). (4.10)
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Our key tool is a compactly-supported subsolution that varies in time. It will
move to the left while growing exponentially. By deploying this subsolution
beneath ¥, we will find that ¥ cannot decay too slowly, for otherwise its level set
will be far to the right of the true location o. Thus, somewhat counterintuitively,
we use a subsolution to prove an upper bound.

Our traveling wave ¥ can be viewed as a solution of the KPP equation (1.1)
moving with velocity c.ex. That is, ¥(x — c.tey) solves (1.1). Our left-moving
subsolution is based on a compactly-supported subsolution of (1.1) that moves at a
slower speed but grows exponentially in time.

Let

1
.A:&t——A—l
2

denote the parabolic operator corresponding to the linearization of (1.1) about 0.
Given ¢ > 0, let (Sc2)(t,x) = e ¢~ z(t,x — cte,) denote an exponential tilt
followed by a shift into the frame moving at velocity ce,. Then one can check that

2 2

c”—cC
g 411
> (4.12)

1
S;TAS:. =9, - SA+

Thus this tilt and shift merely change A by a multiple of the identity.

Let ¢/ > 0 denote the principal Dirichlet eigenfunction of —%A on the unit ball
B; C R? normalized by 1/(0) = ||¢/||, = 1. We extend / by 0 to the entire plane R?.
Let u denote the corresponding principal eigenvalue. Given R > 0, the dilation
¥( - /R) is the principal eigenfunction on the R-ball Bg with principal eigenvalue
p/R.

Recall that we are looking for a compactly-supported subsolution that moves at
a speed ¢ < ¢, and grows in time. In this spirit, we will choose ¢ < ¢,, 4 > 0, and
R > 0 such that

At f)
¢ ¢(R

lies in the nullspace of S ' AS,. In light of (4.11), this is equivalent to

2_ 2

U ci—c
A+ —=-——=0. 4.12
R? 2 (412)
Ultimately, we wish to show that solutions ¥ of (1.2) decay like e~V When
we deploy our subsolution in (1.2), it will move to the left at the relative speed
€:=cs —c > 0. In time 1, it will move distance ¢ to the left and grow by a factor
of e!. We can interpret this as spatial decay at rate A/e. If we want to prove
exponential decay of rate V2, we want 1/¢ to be close to V2. Rearranging the

dispersion relation (4.12), we want

A €
1>V2--= L + -
e €eR? 2
Thus to obtain the bounds we desire, we must use a large radius (and a very flat
eigenfunction), weak exponential growth, and a speed slightly slower than c.. We

(4.13)
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choose R and A4 so that the two terms on the right of (4.13) are equal. Expressing
our parameters in terms of ¢, we choose

VZi

cci=c—& Ap=¢(ci—¢) =¢ec,, and R, i=—. (4.14)
£
Applying S, we see that
— Cel
Uf(t’ X) = exp[/lft - cf(x —Cet + Re)]¢(x 158 ex)
£

satisfies Av, = 0. That is, v, solves the linearization of (1.1) about 0. We must now
account for the nonlinear absorption in the full equation. Since our solutions of
(1.1) lie between 0 and 1, v, is certainly a poor approximate solution when it exceeds
1. Thus in practice, we use a small multiple av, on a time interval that ensures
that av, < 1, namely 0 < ¢t < A-'loga™!. To handle the nonlinear absorption

on this interval, we multiply av, by a time-dependent factor b(¢) < 1. A simple
computation shows that abv, is a subsolution of the full equation (1.1) provided

b < —abZe’!.
Taking b(0) =1 and solving the corresponding ODE, we choose
(1) = [1+ar; (eM —1)] .
We observe that

1
b (t) > ——— when ae’! =1.
1+ A7
It only remains to shift into the c.e,-moving frame. We define
+ ¢t
w(£,%) = ab®(t) exp[ et — co(x + et + RE)]qS(X Rg e").
£

Then for all « € [0,1] and t € [0, A log @], w? is a subsolution of the parabolic
traveling wave equation

1
RW = EAW + oW+ W - W2

1

Assuming ¢ < 272 and t < A7 'log 2™, we have

ﬂe—ZCgRge/lgtgb(x + etey

3 ) <wi(t,x) < aeAEtlBRE(_Et,O). (4.15)

£
Proof of Lemma 4.7. Using Proposition 4.4, we have

P(x + ¢, t
xrly = / O log ¥(x + £/, y) de’ > —V/2¢.
\Ij(x’ Y) 0

This establishes the right bound in (4.10). For the left bound, we take c,, 4., R, as
in (4.14). By Harnack (using y > 1), there exists k, independent of (x, y) such that
¥ > k¥(x+¢, y)lBRF (x+ty+R.) and  ¥(x,y) > k. ¥(x, y + R;). (4.16)
It follows from (4.15) that
¥ >wé0, - —(x+£y+R.))

log
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for
a=k¥(x+147y).
We allow time to evolve until

e
b = min{—, A;llog a_l}.
€

First suppose t, = £/¢. Rearranging the definitions of « and t,, we note that in this
case

W(x + £, y)e V2O < kL (4.17)
Now, the comparison principle and (4.15) yield

- —(x,y+R
¥ > w?({’/s, = (x4 y+ Rg)) > %e_chRfe(ﬁ_g)[gb(—(ny 6)).
£

In particular,

¥(x,y+R:) > %e_z‘:f&e(\@_gv

Thus by (4.16), we have

¥(x,y) = —Ek;ae_chR"e(\/é_g)[

k2

On the other hand, if t. = A-'loga™ < ¢/e, let x, = x + £ — et, > x. Then the
comparison principle and (4.15) imply that

\P(x*’ y + RE) 2 w?(t*, X — (x + [), 0) Z e_ZCERe‘

£
3
Since V¥ is decreasing in x, we have

¥Y(x,y+R;) 2¥(xs, y+R,) > ge_chRf.

Finally, (4.16) yields

k
¥(x,y) > k¥Y(x,y+R,) > g3_fe—Zcé.Ré. > 1.

Together with (4.17), these two alternatives imply the left bound in (4.10). O

4.4. Potential theory. We now examine the behavior of ¥ to the right of ¢ in

detail. By Lemma 4.7, ¥ roughly decays like e Vax

this decay from our analysis, so we define

there. It is helpful to remove

O(x,y) = eﬁx‘l’(x, y).

Then Lemma 4.7 yields particularly simple bounds for ©. Recall the level curve o
and its positive part o from (4.9).

Lemma 4.8. Fixe € (0,27Y2] and ¢ > 0. Then ifx > o.(y),
O(x,y) <O(x +£,y) S, e7O(x, y). (4.18)

In particular, ©® grows subexponentially in x where x > o4(y).
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Proof. We first observe that Proposition 4.4 implies that 0,0 > 0. Thus we need
only show the right inequality.

We claim that ¥(z + 0,(y), y) — 0 as z — oo uniformly in y. To see this, fix
d > 0. By Lemma 4.6, there exists y’ > 0 such that

™| S

sup |‘If(z +0(y),y) —we (z+ w:(l/z))| <
RXx[y’,00)

Since w,, (+00) = 0, there exists L > 0 such that
Y(z+0(y).y) <6

forall z > L and y > y’. On the other hand, Corollary 4.5 states that ¥ — 0 as
x — oo uniformly in y € [0, y’], which proves the claim.

Now fix ¢ € (0,27?] and ¢ > 0. Let k, denote the implicit constant in (4.10)
from Lemma 4.7, so that

Y(x,y) > ke min{e(\/é_g)f‘lf(x +¢,y), 1}

for y > 1. By the uniform decay shown above, there exists L, > 0 such that
¥(x,y) < k. when x > L, + 04 (y). In this case we must have

¥(x,y) = kge(‘/i_g)f‘lf(x +£,9).
Multiplying by e¥?* and rearranging, we obtain (4.18) for all x > L, + ¢4 (y) and
y = 1. Using interior Harnack, we can extend the bound to all x > o, ().

It remains to treat y € (0,1]. Here, boundary Harnack estimates imply that
¥(x,y) < ¥(x,1)y, where f < g indicates that C"1f < g < Cf for some C € [1, ).
Using our result at y = 1 and multiplying by y, we obtain (4.18) for y € (0,1) as
well. O

Now, the tilted wave © solves
1
A0 =F = —eVexg2, (4.19)

The essential point is that F decays exponentially in x, so © is “almost harmonic.”
We use this property repeatedly to constrain © in the quarter-plane Q = RZ.

We perform much of our analysis in the region ¥ = {x > 604 (y)}, which is
somewhat smaller than {x > o, (y)}. This is convenient for the following reason.
When x > o4, Lemma 4.8 implies that

0(x, y) < €*70(04, y) <, exp [g(x —o04) + \/Eour].
Hence
e~ Vexg? Se exp |2e(x — 0+)+2\/§0+ - \/ﬁx]
= exp[—(\/_ —28)x +2(V2 - £)0+].
On the more restrictive domain 3, we have x > x/2 + 30, so for ¢ < 1,

F=e V@2 < /2, (4.20)
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Thus © is almost harmonic in a quantitative sense in X.

In the following, let G*(x) denote the Dirichlet Green function of —%A on a
domain Q, so that —%AGZQ = 6, and G?lagu{w} =0forall z = (u,v) € Q. We
claim that

Or(x) = /ZF(Z)GZZ(X) dz < 0.

To see this, note that ¥ ¢ R, X R, so by comparison GZ2 < G;R"X]R. Moreover, we
can check that f]R GE;UX)R(x, y)dv = Glllf *(x). Hence (4.20) yields

Or(x) = / F(2)G2(x) dz < / e U2GR>R (%) dz = / e 2GR+ (x) du.
> R, xR

R4

We can explicitly compute GR+(x) = 2(x A u) < 2u, which is clearly integrable
against a decaying exponential. Thus O is finite and, in fact, uniformly bounded.
Now —%A@F = F, so by (4.19), © := © + Op satisfies

A®=0 in3,
0=0 on o>.

Note that ©,0F > 0in 3,500 > 0 is a positive harmonic function in ¥. We now
recall that 3 = {x > 604(y),y > 0} and o(y) = o(y). Hence at a large scale,
resembles the quarter-plane Q = R%. We thus expect © to share its large-scale
behavior with positive harmonic functions on the quarter-space. To show this, we
conformally map © to the quarter-plane. The following lemma shows this can be
done with little distortion.

Lemma 4.9. There exists a conformal bijection f: Q — X such that f(0) = 0,

f(00) =00, and forall e > 0,

If &l
1|

Proof. We view X and Q as subsets of the complex plane C, on which we use

coordinates z = u + iv. Then log is a conformal bijection from Q to the straight
strip {0 < v < 7m/2}. We likewise apply log to 2. Given u > 0, define

60+(yu))
Yu ’

[1xI17° <. <e 11 (4.21)

c(u) = arccot(

where y, > 0 satisfies

(604 (yu)]® + y2 = ™.
The height y, exists uniquely for each u € R because ¢’ > 0. Thus ¢(u) < /2 is
the argument of the unique point on the curve {x = 60, } whose radial coordinate
is e*. It follows that log is a conformal bijection from X to the curvilinear strip
S :={0 <v < ¢(u)}. Because o, = 0 for y < ¢1(1/2), we have ¢ = n/2 when
u < log ¢~1(1/2). In the other direction, o = 0(y) as y — 0, so y, ~ e* and

T
5" ¢c(u) ~6e"o(e¥) >0 asu — +oo.
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Thus S resembles the straight strip {0 < v < 7/2} when |u| > 1. It is therefore
reasonable to expect that there is a conformal bijection g: {0 <v < 7/2} — S
with low distortion at infinity. This is a well-studied problem in potential theory.
There exists a conformal bijection g with g(+c0) = +oo, and Warschawski showed
that g(z) ~ z at infinity [34, Theorem X]. In particular,

|Re g(z) — u| = o(u). (4.22)

We now define the conformal bijection f = expog o log: Q — X. Then (4.22)
becomes (4.21). The fixed points +oo in the strip correspond to 0 and co in the
quarter-plane. O

Employing this conformal map, © o f becomes a positive harmonic function on

the quarter-plane. This allows us to constrain the growth of ©. In the following,
let (x) = (|Ix]I* + DV

Lemma 4.10. Let h € C(HH) be a positive harmonic function on Q that is nondecreas-
ing in ||x|| on 0Q. Then h(x) < (x)* on Q.

Proof. Let {: Q — H denote the square map {(z) := z% and let H := ho { . Then
H is a positive harmonic function on H such that H(x, 0) is nondecreasing in |x]|.
We wish to show that H(x) < (x) on H. The lemma will then follow, as h = Ho (.

We rely on a representation theorem of Herglotz (due independently to Her-
glotz [17] and F. Riesz [31]), which can be found as Theorem 7.26 in [3]. There
exists a constant A > 0 such that

y H(t,0) dt
H(x,y)=Ay+= | ———. 4.23
(ry)=ay+ 2 [ LT (429
Asa consequence,
H(t,0
(1.0 dt < oo. (4.24)
R 241

Since H( -, 0) is nondecreasing on R, we have

2X H(t,0)
. P2+

2x
dt > H(x,0) / zdt > H(x0) for all x > 1.
x P+l x

By (4.24), the left side tends to 0 as x — oo. It follows that H(x, 0) < x as x — oo,
though we will only use the weaker bound H(x, 0) < x. By symmetry,

H(x) < (x) ondH. (4.25)
Now suppose |x| < my for fixed m > 0. Then

t2 + y? 3 (t/y)? +1
(x-1)2+y>  (x/y—t/y)?+1"""

It follows that

1/ H(t,0) dt - H(t,0) dr

T R(x=1)24+92 "™ Jpt2 42
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By (4.24) and dominated convergence, the integral on the right tends to 0 as y — oo.
Thus the integral term in (4.23) is negligible as we approach infinity in H from a
direction that is not tangent to dH. That is:

H(x,y) ~m Ay asy — oo if |x| < my. (4.26)
In particular,
H(x) <m (x) in{|x] < my}. (4.27)

We now consider H on Q. Recalling the square map {(z) = z%,let J :=H o {7,
which is a positive harmonic function on H. By (4.25) and (4.27), H(x) < (x) on
0% and on the ray {x = y}. It follows that

J(x) < x)* onoH (4.28)

and on the ray {x = 0}, which is the image of {x = y} under {. Now J must also
admit a Herglotz representation, but we know that J <« y on the y-axis. By (4.26),
we see that

T y) = J(t,0) dt
Jbey R (= D2+
Using (4.28), we find
1+ +/]¢] dt
Jxy) <y =2+ y?
<1+{/”s;’i/1y & VIRV € 2 (4.29)

Transferring this bound to H = J o {, we find H(x) < (x) on Q. A symmetric
argument on the left quadrant R_ X R, shows that this holds on the entire half-
plane H, as desired. O

Corollary 4.11. Foralle > 0,

0O(x) <, (x)2*¢ in3. (4.30)
Moreover, as y — o0, (y) < [V2 + 0(1)] log y.
Proof. Recall the conformal bijection f: Q — 3 from Lemma 4.9. Then h:= @ o f
is a positive harmonic function on Q that is continuous on Q. By Proposition 4.4,
© is increasing in x and y. Since ¢’ > 0, it follows that y — ©(604(y), y) is
increasing. Now © = © where x = 60, (y), so y — h(0, y) is likewise increasing.
Also, h(x,0) = 0 for x > 0. We conclude that h is nondecreasing in ||x|| on 0Q.

Thus by Lemma 4.10, h(x) < (x)? in H. Then Lemma 4.9 yields (4.30).
We now turn to ¢. By the definition of ¢, Lemma 4.8, and (4.30), we have

1 _
5V =0(a(y).y) < 0(60(y). 7) < B(60+(y). ) 50 ¥***

for y sufficiently large. It follows that o(y) < (\/5 +e)logy+O.(1) asy — o
for all e > 0. O



KPP TRAVELING WAVES IN THE HALF-SPACE 33

Soft arguments implied that o is sublinear. Using potential theory, we have now
improved this to a logarithmic upper bound. In turn, this quantitative sublinearity
allows us to refine Corollary 4.11.

Lemma 4.12. We have ©(x) < (x)? on Q.

Proof. Let Q := {x > 10log, y}. By Corollary 4.1, Q \ ¥ is a bounded, and thus
compact, region. Thus (4.20) yields F < e™*/? on Q. We define @? = /Q F(z)G2,
which is positive and uniformly bounded on Q by the reasoning following (4.20).
Let®2? =0 + @?, which is a positive harmonic function on Q.

Following the proof of Lemma 4.9, the logarithm maps Q to a curvilinear strip
S ={0 <v < 0(u)}, where 0(u) is the argument of the unique point on the curve
{x = 10log, y} of radius e“. Now, the logarithmic boundary of Q allows us to
conclude that

4
5 O(u) ~10ue™ and 0 (u) ~10ue™ asu — oo

while 8(u) = 7/2 and 8’ (u) = 0 for sufficiently negative u. Then Theorem IX
of [34] provides a conformal bijection g: {0 <v < x/2} — S such that g(xo0) =
+o0o and
g(z) =z+logl+o0(1) asu — oo
for some A € R,. It follows that f¢: Q — Q given by f® := exp og o log satisfies
I GO ~ x|l as [|x]| — oo. (4.31)

Now let h := 0% o f©. Following the proof of Corollary 4.11, we see that h
satisfies the hypotheses of Lemma 4.10. Hence h(x) < (x)?, and (4.31) implies that
0 < 09 < (x)% on Q. Using Lemma 4.8, we further have

0(x,y) < ©(10log, y,y) < (y)°
onQ\ Q={0<x <10log, y}. The lemma follows. O

We can finally establish the main result of the section.

Proof of Proposition 4.1. The first parts of the proposition follow from Lemma 4.3,
Proposition 4.4, and Corollary 4.5. Thus it remains only to verify (4.1).
Lemma 4.12 and the C! regularity of ¥ near dH imply that for all x, y > 0,

O(x,x) < (x+1x, (4.32)
0(0,y) S y AL
0(x,0) = 0. (4.33)

We divide K into two sectorsI; == {x > y > 0} and I; = {0 < x < y} each of
opening angle Z. Using (4.32)—(4.33), there exists C > 0 such that

O(x,y) <C(x+1)y ondljUadl,.

Let O(x, y) = O(x, y)—C(x+1)y, 50 © < 0 on 9T} UaT}. By (4.19), © is subharmonic
on Y. Moreover, Lemma 4.12 implies that 0 < (x)z. Now, there exist positive
harmonic functions h; on I} such that h;(x) > (x)? on T;. For instance, we can
use a suitable rotation of Re z* for any « € (2, 4). Thus by the Phragmén-Lindelof
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principle for subharmonic functions (see, for example, [30, Theorem 2.18]), ©<0
on I; for each i € {1,2}. That is,

O(x,y) <C(x+1)y onAQ.

Recalling that ¥ = e~ V@, we obtain (4.1) on Q. On the other hand, boundary

Schauder estimates imply that ¥ < y A1on R_ X R, Hence ¥(x, y) < ye_\rzx on
R_ X R;. This completes the proof of the proposition. O

5. UNIQUENESS OF MINIMAL-SPEED TRAVELING WAVES

We can now establish the uniqueness portion of Theorem 1.1.

Proposition 5.1. If ¥ is a traveling wave in H of speed c. = \2, then there exists
x > 0 such that ¥(x,y) =1-E,, exp(—Ke_ﬁxZoo). In particular,

¥(x,y) =O(x — \/% logk,y) onH.

That is, up to x-translation, ® is the unique traveling wave of speed c..

The proof of Proposition 5.1 follows the method described in [1] to identify the
fixed points of the smoothing transform. We use the arbitrary traveling wave ¥
to construct a product martingale, sometimes called the disintegration martingale.
The tameness bound (4.1) allows us to associate this multiplicative martingale with
a harmonic function in the quadrant with Dirichlet conditions. Such functions are
unique up to a multiplicative constant; this allows us to identify ¥ as a shift of ®.

Proof. Let ¥ be a traveling wave in H of speed V2. Using the McKean representa-
tion (Proposition 3.1), we observe that for all (x, y) € Hand ¢ > 0,

1-¥(x,y) = E, ]—[ [1-W(V2t +x - X (u), Y, ()] | (5.1)
uEN;’

Hence the branching property of the BBM implies that
T (x) = ]—[ [1-W(Va2t +x - X, (u), i (u))]
ueN}

is a bounded martingale under law IP,,. We denote by T, (x) its almost sure limit.
This is sometimes called the disintegration of the function ¥.

We now introduce a shaved version of this martingale. Given a > 0 and x € R,
let

NP (x) ={u e N+ X(u) < V2s +x + a forall s < t}.
It is a straightforward consequence of (5.1) that
T (x) = ]_[ [1-W(V2t +x = X, (u), Y (u))]
ueN;"%(x)

is a bounded submartingale. Indeed, we take the multiplicative martingale T and
delete terms when the corresponding particle reaches the line V2s + x + a. At such
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times T jumps up, and is thus a submartingale. As a result, this process converges
IP,-a.s. and in L' to a nondegenerate limit that we denote by T2 (x).

Using the branching property, one can check that TZ satisfies the following
almost sure recursion:

T%(x) = ]_[ T (V2t + x — X, (u)). (5.2)
ueN; % (x)

The random variables (T2" ; u € N;"%(x)) are conditionally independent given
Fr and T,o" shares the law of T under Py, ().

Now, Proposition 4.1 states that ¥ < (x4 + 1) ye*‘ﬁx . We use this to argue that

forall x > —a and y > 0,
—log TS (x) < 2Ce_\F2fo§, a.s. (5.3)
In the following, let
By ={ue NP (x) : ¥(V2t + x = X, (u), Y, (w) > 1}.
Noting that —log(1— a) < 2a for all a < 1/2, (4.1) yields
—log T (x) = - Z log [1 - ‘I’(\/Et +x — X (u), Yt(u))]
ueN;"%(x)
< ZC —\/Ex a
< 2Ce [Z7 + (14 x3) W]
- Z log [1—¥(V2t + x — X, (u), Y (u))].

ueB,;

Then (5.3) follows from Propositions 2.3 and 2.4, provided B; = 0 for sufficiently
large t.

To show that B; is eventually empty, we observe that Z is Cauchy in time
because it converges (almost surely). It follows that the contribution of every
individual particle becomes negligible as t — oco. Otherwise, branching events
would cause Z to jump non-negligibly at arbitrarily large times. Therefore

sup [\/Et - Xt(u)]+Yt(u)eﬁX’(”)_Zt — 0 a.s. on survival. (5.4)
ueN;

In more detail, if (5.4) did not hold, then there would exist ¢ > 0 such that with
positive probability, the stopping times defined by 7, = 0 and

Toer = inf {t > 7, +1: [V2 1 - Xt(u)]+Yt(u)e‘/§X’(”)_2t > 2¢ for some u € N}

are all finite. By Borel-Cantelli, with positive probability there exists a (random)
subsequence (ni)ren such that a particle alive at some time t € [7,,, 7,,,,] and
located at some position (x, y) satisfying

(V21— x)+ye\r2x_2t > ¢

splits into two children. In particular, at all such branching times, Z; > Z;_ + ¢.
This contradicts the Cauchy property of Z.
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Now recall that W; — 0 by Proposition 2.3, so sup,, Yt(u)e\/ixf(”)‘” — 0as.
as t — co. Thus (4.1) and (5.4) yield

sup W (V2t +x — X, (u),Y;(w))
ueN;}
¢ < sup [1 +x+ [\/Et - Xt(u)L] Yt(u)e‘/EXt(u)—Zt 0
ueN;

almost surely on survival. It follows that 5, is empty a.s. for sufficiently large ¢.
Now, (5.3) and Lemma 2.6 imply that —log T2 has a first moment. We let
F*: H — R, denote its expectation:

F(x,y) = ]Ey[ —log Tof,’(x)].

Fix ¢t > 0. Using the almost sure recursion (5.2) and the many-to-one lemma, we
observe that F* satisfies

F(x,y) =By| > F*(V2t+x - X,(u), V()

ueN; % (x)
=e'E, |F*(V2t + x + X,, Y;)1
y t it {—Xssﬁs+x+zx,YSZO;sSt} >

where (X, Y) is a Brownian motion in IR? started from (0, y) under P,. Applying
the Girsanov transform for the Brownian motion, we obtain

e\ﬁxFa(X, LV) = ]Ey [eﬁ(xﬁx)Fa(x + X4, Yt)l{x+st—zx, Yszo;sst}]-

Writing G*(x, y) = eVex pa (x, ), we see that for all t > 0 and (x, y) € H,
Ga(X, Y) = ]Ey [Ga(x + Xi, Yt)l{YSZO,x+XSZ—a;SSt}]-

Using It6’s formula, we conclude that G* is a nonnegative harmonic function in
the quarter-plane {x > —a, y > 0} with Dirichlet boundary data. In the half-space,
nonnegative harmonic functions with Dirichlet data are unique up to scaling [3,
Theorem 7.22]. Because H is conformally equivalent to this quarter-plane, the
same is true of G*. Thus G*(x, y) = ko(x + )y for some k, > 0, and

F(x,y) = kq(x + a)ye_‘/ix.

To complete the proof, we observe that for all « > 0, almost surely

~log TS (x) = lim E[ - log T2(x) | |

= lim Z F“(\/Et +x =X (u), Y (w) = Kae_‘/Efo‘o.

t—o0
ueN; % (x)
Using once again (2.8), for all (x, y) € H there exists a random ¢ € Ry such that
for all & > ap we have Too(x) = T3 (x) and Zo, = Zg under P,,. This shows that k.
(which is deterministic) is constant for sufficiently large . Writing x = limy o kg,
we obtain

To(x) = O}I_IEO TZ(x) = exp(—Ke_\/Eme) Py-as.
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Finally, (5.1) yields
¥(x,y) =1-E,T(x) =1-E, exp(—Ke_‘/ExZoo).

Because V¥ is not identically zero, ¥ > 0. ]

6. TRAVELING WAVE ASYMPTOTICS

In this section, we study the behavior at infinity of the traveling waves ® and
®, ,, constructed in Section 3. In particular, we prove Theorems 1.4 and 1.5.

In Section 6.1, we consider the asymptotic behavior of the law of Z,, as the
initial height y tends to infinity. This determines the large-y asymptotics of . We
take up the same question for @, , in Section 6.2; this allows us to complete the
proofs of Theorems 1.1 and 1.4. Finally, in Section 6.3 we use potential theory and
Theorem 1.4 to study the behavior of ® as x — oo and thereby prove Theorem 1.5.

6.1. The minimal-speed wave far from the horizontal axis. In this subsection, we
relate the minimal-speed half-space wave ® to the corresponding one-dimensional
wave w,, defined (1.12).

Proposition 6.1. We have

lim (D(x + \/ii log y, y) =we, (x)

y—)OO

uniformly inx € R.

By the definition (1.7) of ®, we can equivalently determine the asymptotic
properties of Z, under P, as y — oo. For this purpose, it is convenient to define
a consistent family (Z(y); y > 0) of martingales on a single probability space
(Q, F,P) such that for all y > 0, Z(y) has the law of Z under P,,. In the remainder
of this subsection, let (X;(u), Y;(u) ; u € N;) be a branching Brownian motion in
R? started from (0, 0). Given ¢t > 0 and y > 0, we set

NY ={ueN;:Yy(u) > -y forall s <t}.
We then define
Zi(y) = Z [Vat — X, (u)] (Y (u) + y)e¥?Xi -2
ueN}
and Zoo()’) = tli)n;loZt(y)

Since ((X;(u), Y;(u) + ¥); u € N) has the law of a branching Brownian motion
in H starting from (0, y), we conclude that for all y > 0, Z.,(y) has the same law
as Ze under PP,

Let Do, be the a.s. limit as t — oo of the derivative martingale of the one-
dimensional BBM (X;(u) ; u € N;). We prove the following asymptotic for Zs, ()
as y — oo, which implies Proposition 6.1.

Zoo
Proposition 6.2. We have lim )
y—00 y

= D, in probability.
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Let H := O'(Xs(u), ueNg;s> O) be the sigma-field associated to the horizontal
movement of the BBM. We prove Proposition 6.2 by controlling the first two
moments of Z,(y) conditionally on H.

Lemma 6.3. Forall y > 0, we have E[Z(y) | H] = yDw a.s.

Proof. For y > 0, we compute E[Z,(y) | H] using the approximation of Z by
shaved martingales introduced earlier. Given a > 0, we define

Z;Z(y) = Z [\/Et + o —Xt(u)] (Yt(u) + y)eﬁXt(u)_Ztl{Xs(u)S\/Esﬂx;sst}
ueN}Y

and ZZ (y) = lim;_« Z{ (). Using the independence of the horizontal and the
vertical displacement in the BBM, we see that for all ¢, y > 0,

]E[Zta(y) | H] = Z [\/Et ta _Xt(u)]e\/EXt(u)_Ztl{Xs(u)S\/Es.HZ;Sst}]Ey(Bt/\To)
ueN;

almost surely, where B is a Brownian motion with By = y and Tj is its hitting time
with the origin. As (B;,7, ; t > 0) is a martingale, we obtain

EIZE(y) | H =y ) [Vat+a=Xe()]eV™ 02 i as,
ue./\/}
The sum is simply the one-dimensional shaved derivative martingale
DY = Z [\/Et +a-— Xt(u)]e‘/éx‘(”)_m,
ueNy
where
NP = {u €N, Xs(u) < V2s+aforalls < t}

denotes the population of particles that remain below the curve V2s + a for a > 0
and 0 < s < t. Thus,

E[Z¢(y) | H] = yDF as. (6.)

Now, Lemma 2.6 implies that Z*(y) is uniformly integrable with an almost sure
L limit Z%(y). Since D* converges in the same manner, (6.1) yields

E[Z&(y) | H] = lim E[Z{(y) | ] = lim yD =yD%  Py-as

Finally, & — ZZ () is a.s. increasing and converges to Z (y). Hence by monotone
convergence,

E[Zo(y) | H] = O}I_I)I;o yD% = yDs  as. O

We now turn to the second moment of Z,,(y) conditioned on the horizontal
motion.

Lemma 6.4. There exists an a.s. finite H-measurable random variable Yo, such that
forally > 0,

]E[Zoo(y)z | ’H] < y*D% + Y as.
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Proof. Fix y > 0. In contrast to the expectation, the second moment of Z reflects
the correlation, and thus shared history, of particles in ;. Given ¢t > 0 and
u,v € Ny, let rliv be the age of the most recent common ancestor of u and v, with
the convention that 7} , = t. Also, for 0 < r < t, let

Gy(r) =B, (BLg,).

where B is a Brownian motion beginning at y and Tj is its hitting time at the origin.
As in the previous proof, the independence between horizontal and vertical motion
in the BBM and the martingale property of B yield

E[Z/()? | H]
= > [V2t = X, ()] [V2t = X; () | e P +Xe @)1=t G (ot 3 5

u,veN;

Using the martingale property of (BZ—t, ¢ > 0) and the Brownian scaling, we have

Gy(r) = ¥ + By(r A Ty) = 2|14 Es (& A To) |.
Using the explicit density for the hitting time Tj, we obtain the following bound:
© d
Ei(s ATy) = Vg py

0 V u’
< d
+s 4 < —\/_
s V2 u3 V
For sufficiently large random ¢, (2.7) implies that max, ez, X;(u) < V2t. Combining
the previous displays, for all such ¢ we have

E[Z:(y)? | H] - y°D?

< Z \/m Xt(u)] [\/Et - Xt(v)]e\/?[Xr(u>+Xt<v)]—4t .
\/_ u,veN;

Define the H-measurable random variable

Yoo ::liminf\/i_ D Vruw V2t = X, ()] [ V2t — X, (v) e V2K (04X (0) 14

fme 2” uUENt

Then Fatou’s lemma yields
E[Z(y)?* | #] < y*D% + yYw.
To complete the proof, we must show that Y, < co almost surely. Given a > 0,
we define the event
Gy = { maxXt(u) <Var-1 ;log, t+a forall t > 0}.

ueN;

It follows from the results of [18] that for all A < ﬁi’

lim max [Xt(u) -2t + Alog t] =—0c0 as.

t—o0 uENt
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Hence P(G,) > 0 for all « > 0 and lim,—,o P(G,) = 1. It therefore suffices to
show that Y, < oo a.s. on G,.
By Fatou, we have

Va2r
4
<liminf E Z [\/Et +o— Xt(u)]e\ﬁxz(u)—Ztl

t—o0
uENt

E(Yeolg,)

{Xs(u)sx/ﬁs—}L log, s+a;s$t}ru ’

where L, = ZUENt M[\/Et - X (U) + 0(] e\/EXt (U)_Ztl{Xs (v)ﬁ\ﬁsﬂz;sﬁt}'

We now employ a spine decomposition corresponding to the shaved derivative
martingale D*. Let Q% denote the law of a one-dimensional BBM with spine in
which R, = V2t +a— X;(¢&;) is a Bessel process of dimension 3 started from «, the

spine branches at rate 2, and non-spine particles perform standard BBMs. For all
t > 0, the spine decomposition theorem allows us to write

E Z [\/Et +a- Xt(u)]e‘/gxl(”)_yl

1 I;
SR {Xs(u)S\@s—‘—llog+ s+a;s§t} u)

_ o ha
=l r.frl{xs@s)sﬁs-%1°g+s+“259})'

We decompose Iy, as \/Z[\/Et - X (&) + a]e‘ﬁxl(’gf)_” +T. Let ) denote the
filtration associated to the spine trajectory and branching times {7y } xen. Using
the branching property and the martingale property of D%, we have

]Ea(f 1Y) < Z \/ﬁl{fk<t} [\/Erk +a—Xg (gfk)]eﬁxrk(grk)_%k =I as.
keN

Combining the above displays, we obtain

Z [\/Et +oa- Xt(u)]eﬁx’(”)_”l

ueN;
< a\ﬁ]ﬁ“([\@t +a-— Xt(g*t)]eﬁxf(m—zr) + a]ﬁ“(l{

E

{Xs(u)sﬁs—i log., s+a;s§t}ru)

Xs(fs)S‘/Es—i log, s+a;s§t}r)'

As (1% )ren are the atoms of a Poisson process of intensity 2 independent of R, it
follows that

V2 .

VB (Y16, < lim inf Vre P 5 (Rte—mt)

da (6.2)

t—o00

t
+ lim ian/ \/Eeﬁ“]ﬁa(Rse_ﬁRsl{RszilogJ, s}) ds.
0

Using the density of the Bessel process and dominated convergence, we can check
that

. 1 o (y-a)? (y+a)?
lim \/Z]E“(Rte_ﬁR’) = lim / e_ﬁy[e_ e }dy =0.
[—00 >0 2aV2m Jo
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For the second term in (6.2), we note that Q“(Rs € [mn+1]) <o (n+1)373/2 for
alln € N and s > 1. It follows that

2

S _ _3 _ _(34N2
e ) 507 ) o 2l

1
n>yzlog, s

Because this is integrable against the weight /s, the second term in (6.2) is finite.
Together, these bounds show that E(Ys1g,) < 0. Hence Yo, < o0 a.s. on Gy, as
desired. O

We can now complete the proofs of Propositions 6.2 and 6.1.

Proof of Proposition 6.2. Using Lemma 6.3 and 6.4, we observe that for all y > 0,

we have
Zeo 2 Yoo
E [ﬁ—Dm} ‘/H)S— a.s.

y y

Thus conditioned on H, Z(y)/y converges in L* to Do, as y — oo. This implies
convergence in probability, completing the proof. O

Proof of Proposition 6.1. By Proposition 6.2, Z«(y)/y — D in probability and
hence in distribution as y — oo. In turn, this implies convergence of the Laplace
transforms. Recalling (1.7), we find

1- CIJ(x + % log y, y) = ]Eexp[—e_‘ﬁxZ”T(y)} — E exp(—e_‘ﬁwa)

as y — oo. Given the definition of w, in (1.12), we conclude that ®(x + \%2 log y, y)

converges pointwise to w,, (x) as y — oo. Applying Dini’s second theorem
on the compactification [—oo, 0] as in the proof of Lemma 4.6, we see that the
convergence is in fact uniform. O

6.2. The higher-speed waves far from the boundary. In Section 3.2, we con-
structed supercritical traveling waves via Laplace transforms of limits of the
additive martingales

W't/l’” = Z A Xe (1) Sinh[,uYt(u)]e_(’lz/““z/z“)t,
ueN;

More precisely, for all A, u > 0 with A + y? < 2, this martingale converges almost
surely to a nondegenerate limit Wo/},’” , and the function

— “Axyrh
D ,u(x,y) =1—E; exp (— e W)
2 2
is a traveling wave with speed ¢ = A +2’j1 2
In this subsection, we study the asymptotic behavior of this traveling wave as
y — 0. As above, we focus on the martingale W**. To begin, we construct a
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consistent family (WO/},” (y); y > 0) of random variables on a single probability
space. Let

Wt)w(y) = Z Mt () ginh (,u[Yt(u) + y])e—(12/2+,u2/2+1)t
ueN;

. A
lim W(y).

and W2*(y) :

We relate Wi’” (y) to the following additive martingale associated to the BBM
in R%:
Af"‘ — Z X (W) +pY (u) = (A [24p2% [241)1
uENt
and Af}c’,” = tlim A?’” .
We intend to show that ®; , asymptotically resembles a one-dimensional wave
rotated by angle 0(A, y) = arctan(u/A). As in the introduction, let Ry, denote

clockwise rotation by angle 0(A, p). In a certain sense, Af’” is related to a one-
dimensional additive martingale by the rotation R) ,. Given p € (0, V2), let

A= Y PNt

uE/\ft
denote said martingale, which has a nondegenerate limit A.. For each ¢ > ¢, = V2,
2
there is a unique p € (0, V2) such that ¢ = '02—;2. Taking this value of p, we define
we(x) =1-Eexp(—e "*AL). (6.3)

This is a one-dimensional traveling wave of speed c. By the rotational invariance
d
in law of BBM in R?, A>* 9 AP for p(A, p) = A% + 42 Tt follows that

Weau (x) =1- ]Eexp(—e_p(/l’”)fo};”) (6.4)

for c(A, p) given by (1.10).
In this subsection, we prove the following analogue of Propositions 6.1 and 6.2.
Recall Q = {(4, ) € R% : A% + % < 2}.

Proposition 6.5. Forall A, i € Q, we have e_”yWO/},’”(y) - Ai’,” in probability as
y — o0. Moreover,

(D/L,u © R/l,y (x,y) — We(Au) (x) (6.5)
uniformly inx € R as y — oo.

Proof. For all t, y > 0, we have

YW (y) = Z eax,<u>+uY<u)—<AZ/z+u2/z+1>t(1_e—Zu[Yt<u>+y1),
ueN: (y)
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Therefore, y > e ™Y Wf’” (y) is nondecreasing in y and bounded by A?’” almost

_ A, . . .
surely. As a consequence, y — e *YW ¥ (y) is a.s. nondecreasing in y and
. A A
lim e "YWH (y) < AQ' as.
y—00
By uniform integrability and monotone convergence, we have

IE[ lim e_"yWi’”(y)] = lim e #Y sinh(py) =1.
y—0o

y—)OO

Therefore ]E[Aé;“ —limy o e™#Y Wo/},’” ( y)] < 0, and we conclude that

lim e_'”yWO/}J’”(y) :Af};” a.s. (6.6)

y—)OO

Turning to the asymptotic behavior of ®; ,, we compute
Riu(x, y) = ((Ax + py)/p, (=px +Ay)/p) = (%, 7).

Note in particular that AX = uj + px, where p = p(A, ) = \/A? + 2. Now take
(x,y) € R;L]H It follows that

®yuoRyu(x,y) =1-Ey exp(—e_MWO/},’”) =1-E;y exp(—e_pxe_”yWO/},’”).
If we fix x € R and take y — oo, we also have y — oco. Thus (6.6) and (6.4) yield
Qo Ryu(x,y) = 1- ]Eexp(—e_pr';’,”) =wep(x) asy— . (6.7)

We extend @, , by 0 to the entire plane IR?. Because @, is decreasing in x and
increasing in y, one can check that ®; , o R; ,( -, y) is a nonincreasing function
for each y > 0 fixed. Moreover, for all y > 0,

CD/L,u ° R/l,y(_OO, y) =1= wc()t,p)(_oo) and q)l,y © R,Ly(+00, Y) =0= We(Ap) (+00).

Applying Dini’s second theorem on the compactification [—oo, co], we see that the
limit (6.7) in fact holds uniformly in x. O

We can now describe the limits of our waves in every direction.

Proof of Theorem 1.4. Take ®* € {®,®) ,} 4 ecg. Our traveling-wave construc-
tions automatically imply that 0 < ®* < 1, 9x®* < 0, and 9,®" > 0. Combining
the bounded convergence theorem with (the proof of) Corollary 3.3 and (3.8), we
find

" (-0, y) =P, (N #0forallt >0) =¢(y) and @ (+00,y)=0 (6.8)

for all y > 0. Uniform continuity implies that this convergence is locally uniform
in y. Moreover, joint monotonicity implies that ®*(x, +00) — 1 = @(+00) as
x — —oo. (Alternatively, Propositions 6.1 and 6.5 imply that ®*(x, +c0) =1 for all
x € R.) Applying Dini’s theorem on the compactification [0, co], we see that the
first limit in (6.8) holds uniformly in y. Because the left and right limits are distinct,
the strong maximum principle implies that 0, ®* < 0. Similarly, because ®* > 0 in
H but ®* = 0 on 9H, we have 9,®* > 0. Finally, (1.11) combines Propositions 6.1
and 6.5. |
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According to (6.5), the level sets of ®, , are asymptotically inclined at angle
arctan(yu/A) relative to vertical. For a given speed ¢ > c., this angle varies strictly
monotonically along P.. It follows that the waves in P, are distinct modulo
translation. Using Proposition 5.1 and the above observation, we can now complete
the proof of Theorem 1.1 and thus bridge the gap in the proof of Theorem 1.3.

Proof of Theorem 1.1. By Proposition 4.4, any KPP traveling wave on H¢ with
minimal speed is a function of (x, y) alone. Thus it suffices to prove uniqueness in
two dimensions, i.e., on H. Given a minimal-speed wave ® on H, Proposition 5.1
provides a constant n € R such that ¥(x, y) = ®(x — 1, y), where ® is the wave
defined by (1.7). Hence there is precisely one traveling wave on H?, modulo
translation.

Now fix ¢ > c. and recall the set P, from (1.9). For all (4, ) € P, ®, ,, defined in
(1.8) is a traveling wave of speed ¢ (Proposition 3.5). Moreover, Proposition 6.5 im-
plies that distinct values of (A, i) produce distinct waves. Thus there are infinitely
many traveling waves of speed c that are distinct modulo translation. o

6.3. Minimal-speed tail asymptotics. We now examine the asymptotic behavior
of ®asx — oo. Let w(y) = ‘/% log y. From Proposition 6.1, we know that the level

sets of ¥ follow the curve x = w(y) as y — oo. Thus ® decays to the right of this
curve. The following result controls this decay.

Recall the constant K. > 0 from (1.14), which governs the tail of the one-
dimensional wave. We can state Theorem 1.5 as

Proposition 6.6. There exists E € L™ (H) such that if x > w4 (),
(x, y) = K. [x = L log, x| + E(x, y)] ye V. (6.9)

To prove this, we return to conformal mappings and potential theory. We focus
on the function © = e‘/ixfl), which is nearly harmonic in {x > w4(y)}. We begin
by constructing an explicit holomorphism mapping a domain similar to {x > w.}
to the quarter-plane Q. This allows us to use various explicit formulee on the
quarter-plane. The distortion induces by this holomorphism leads to the log||x||
term in (6.9).

As a first application, we use the Phragmén-Lindeldf principle to improve our
tail bound from©® < (x + 1)y to ©® < (x — w4+ + 1)y on {x > w4 }. This allows us to
argue that the “anharmonic” part of © is negligible—it can be absorbed in the error
E in (6.9). We are thus left with the analysis of a positive harmonic function on
the quarter-plane. From this point, the Herglotz representation formula is strong
enough to complete the proof of Proposition 6.6.

Conformal map to quarter-plane. To begin, we construct a conformal map 1 from
R to a domain similar to {x > w.}. We define 5 through its inverse

n N z) =z - % log(z +1).

Throughout this section, we frequently identify z = x + iy € C with (x, y) € R
Solving the equation Rep7!(z) = 0, we can readily check that 7 maps Q to the
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region
A= {(x,y) ceH:0<y< Vem"—l—xz} C {x>w: ()}

Note that

1
—1ys 2)=1—- ———
() V2(z+1)
satisfies 1 — % <Y <1+ % on Q. It follows that n: Q — A is a biholomor-

phism.
Next, we can write {x > w,} = {x >0,0<y< e\/Ex}_ Because

Ve2Vix _ 1 x2 = ¢V2x 4 O(1) onR,,

the difference {x > w4+(y)} \ A lies a bounded distance from A. Thus by the
Harnack inequality, it suffices to prove (6.9) on A.

Although 7 itself has no simple explicit expression, we can easily construct an
approximation

o(z) =z + \/li log(z +1).

Indeed,
nlon(z) =z— i[ + —IO\EZIB =z+ O(1).

V2

Since 7 is uniformly Lipschitz, this yields
n(z) = o(z) + O(1).

Using this approximation, we establish two bounds that will be useful in subsequent
calculations.

n(0,y) = (0+(y),y) + O(1) (6.10)

and
e~ V2Ren(2) _ |z + 1|_1e_‘/§x. (6.11)

Now recall O(x, y) = eVix ®(x, y), which satisfies
1
LCE —@% V2* = _F.
We define
O7:=0on: Q > R,.
This function satisfies
1
—5A®’7 =—|pl*Fon = —F".
We have shown that ®(w(y), y) < 1 when y > 1. Hence O(w(y), y) < y there.
Using (6.10), Harnack estimates up to the boundary imply that
©"7(0,y) <y forall y > 0.

Moreover, the tameness bound in Proposition 4.1 and the boundedness of n’ imply
that
07 < 1+x2+y2 on Q
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as well as

0"(x,x) <1+x* and ©"(0,x) = 0.
Note that ©" is subharmonic. We can thus apply the Phragmén-Lindel6f prin-
ciple on the sectors {0 < 68 < n/4} and {n/4 < 6 < 7n/2} as in the proof of
Proposition 4.1 to conclude that

O7< (x+1)y onQQ. (6.12)
We further use this to bound F”. Noting that |5|* < 1, (6.11) and (6.12) yield

(x + 1)2)/26_@

< (x +1)2yn~ Vx| 6.13
Z+ 1] (x+1)%yn (6.13)

F < (x + 1)2yze—\@Rery <
Anharmonic estimates. We now control the “anharmonic” component of ©” gener-
ated by F. Let G, denote the Dirichlet Green function of —%A on R centered at
z € Q. We formally define

@Z(x) = / F1(z2)G,(x) dz, (6.14)
Q

which satisfies —%A@Z = F. We refer to @Z as the “anharmonic component” of
O" because 07 + @;7, is harmonic. To make this decomposition rigorous, we must
show that the integral in (6.14) is finite.

Let 7, and 7;, denote reflection in {x = 0} and {y = 0}, respectively, in [0, o).
Then the method of images yields an explicit formula for G:

1 — TyZ —TyZ
Gz(x)=;10g(|lx xzll|Ix — 7yz|

lIx — z|lf|x + z||
We make use of the following asymptotics:

Lemma 6.7. Fixz := (u,v) € Q. Then forallx € Q,

UuAv

log Tx—z]] in Bunv) j10(2),

uy Xy

Go(¥) = 3 TsP Taca? P Ballall \ Brunw) 10(2),

uvxy . ne
ER i By
Proof. Define
o = —”X_szll’ ﬂ = —”X_TyZ”, )/ = ||X+Z”, and 5 = —”Z” .
2u 2v 2||z]| 2(u Vo)
Then the identity ;7% = u Vv yields
1 A 1
Gy(x) = L log 210 1 L1og %P (6.15)
r Clx-zll m Ty

Let B = B(yny)/10(z) and suppose x € B. Then a,f,y € [19/20,21/20] and
§ € [1/2,V2/2]. Hence
A
UAY o while 2P eia2a]
lIx —z|| Yo

so the first term in (6.15) dominates the second.
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Now suppose ||x — z|| = (u Av)/10. A brief algebraic computation yields

(%@)zj;bgﬂx—aﬂ?k—qfw =_l_logq+s (616)
2 lIx — zl|[|Ix + 2] 2m T q+r
for
= (x2—1®)? + (32 D),
s=(x+u)(y+v)? + (x —uw)i(y —v)%
r=(x—uw)?(y+v)’ + (x+u)i(y-v)’
Note that
s—r=[(x+u)?-(x-w?|[(y+v)’ - (y-v)*] =16xyuw > 0. (6.17)

We claim that the ratio (g + s)/(q + r) is uniformly bounded on B¢. By (6.17), it
suffices to show that

s—r
xXyuv = =TS < q+r=|x—z|?x+z|* (6.18)
This always holds when ||x|| > 2||z||, for then the right side is of order ||x||* while
the left side is at most of order ||x||*||z||*. So we can assume that ||x|| < 2||z|| and
without loss of generality that u < v. Then ||x + z|| < v and y < v, so it suffices to

show that
xu < ||x—z||* on Bi/w(z). (6.19)

We break this into two cases. If x < 2u, then indeed
xu < 2u? < 200(u?/100) < 200||x — z||°.
Otherwise if x > 2u, we have (x — u)? > x?/4, so
xu < x%/2 < 2(x*/4) < 2||x —z||%
Having confirmed (6.19) in each case, we have verified (6.18). Therefore
q+s

1< ——<1 onB.
q+r
Then (6.16) and (6.17) yield
+ —_
Gz(x)xq S =370 xz;uv 5
q+r g+r lx—z|"[x + 2]l

Now ||x + z|| = [|z|| on By, while ||x — z|| < ||x + z|| < ||x]| on Bg”Z”. The lemma

follows. =
We combine this with (6.13) to bound @Z.
Lemma 6.8. The integral in (6.14) is well-defined and 0 < @Z(x, y) S yonlQ.

Proof. Because F > 0 in H, we automatically have @Z > 0. Recall that the Green
function is symmetric: G,(x) = Gx(z). Here, it is convenient to use the symmetric
formulation

®7,(x) =‘/DGX(Z)F(Z) dz.
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Writing z = (u,v), (6.13) yields
@Z(X) < / Gx(z)(u + 1)zve_‘/§” dz. (6.20)
Q

In the following, define m := x A y, B := Bp,/19(x), and D = By|x|. We divide
the right side of (6.20) into three integrals I, I, I5 over the regions B, D \ B, D¢,
respectively. We bound these contributions separately.

Using Lemma 6.7 on B, we have

L < /log( e )(u+1)2ve_ﬁ” dz < ye_‘/ix/z/log( e )dz
B \llz—xll g \llz—xll

< mPye VB2 <y (6.21)
Next, on D \ B, we use Lemma 6.7 and II);TI)Z < % to write

e

L < *y / u(u+1)2e_‘5"v2||z—x||_2 dz
D\B

2
1|

my/ e_ﬁ“/z(llz -x|| v m)_2 dz. (6.22)
D

12\

Making a “rectangular” approximation,
- dv 1
'/e_‘/iu/z(Hz—xH\/m) 2dz < e~ Vaul2 du-/—s —.
D R. RO-y)?P+m* " m
Thus (6.22) yields
L <y. (6.23)
Finally, on D¢, Lemma 6.7 yields
v? N
—V2u/2
I < xy /Dc @0 +v2)26 4% dz.

Integrating first in v, we find

e—\/iu/Z
I < xy/ du < y. (6.24)
R

LuVvixl T

Using (6.21), (6.23), and (6.24) in (6.20), we obtain

@Z(x) < / Gy(z)(u + 1)zve_‘@“ dz=L+L+L5y. O
Q

Boundary estimates. We now analyze the “harmonic component” of ©”7, namely
0 =07+ @7,. This is a positive harmonic function on the quarter-plane. Because
©} =0 on 9RQ, (6.12) yields the following estimate on the boundary:

07(0,y) <y and @'(x,0)=0. (6.25)
Lemma 6.9. There exists A > 0 such that

@U(x, y) = [Ax + O(l)]y on Q.
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Proof. Recall the square map { := Q — H and define g = 8o {7, which is a
positive harmonic function on the half-plane. By (4.23), there exists A > 0 such
that

Yy g(t,0) dt
9t y) =Ay+go(x,y) for go(x,y) =~ R r—DZ+ 37

Composing (6.25) with the square-root (™!, we have
g(x,0) S Vx_.
In (4.29), we showed that this implies that g5 < (x)l/z. Hence g5 o { < (x) while
gaogzén <y onof.

By the Phragmén-Lindelof principle, we obtain gy o { < y on Q. On the other
hand, yo{ =xy, so

@”:go§=Axy+gao§:A[x+(’)(1)]y on Q. O
Combining Lemmas 6.8 and 6.9, we have shown that
0"(x,y) = A[x + (’)(1)] y onf (6.26)
for some A > 0. We now translate this bound back to the region A = n(Q).

Lemma 6.10. Ifx > w,(y), we have O(x, y) = A[x - \/% log, ||x|| + (9(1)] y.

Proof. Asnoted earlier, {x > w4 (y)}\A lies abounded distance from A, so Harnack
allows us to reduce the problem to A.
Recall that n71(z) = z — Lz log(z + 1). Mixing real and complex notation, we

\/’

write this as
17 (x) = (x - Lloglz +1],y — L arg(z +1))
for z = x + iy. Thus (6.26) becomes
O(x,y) = (070 q_l)(x, y) = A[x - \/% loglz + 1] + (’)(1)] [y - \/% arg(z + 1)].
Now log|z + 1| =log, |z| + O(1) and

y
xarg(z + 1) = x arctan < y.
g(z+1) P

Therefore
O(x,y) = A[x - % log, [|x]| + O(l)]y. O
Matching. It remains only to identify the nonnegative constant A.

Proof of Proposition 6.6 and Theorem 1.5. By Lemma 6.10, there exist A > 0, M > 0,
and E: H — R such that |E| < M and

®(x, y) = Alx = L logllx|| + E(x, y)] ye ¥

on {x > ‘/% log, y}. (6.27)
On the other hand, we recall from Theorem 1.4 and (1.14) that

O(x+Llogy,y) - we,(x) asy— oo (6.28)
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locally uniformly in x and

we, (x) ~ Koxe V2 asx — oo (6.29)
for some K, > 0. Fix ¢ > 0. Then by (6.29), there exists x(¢) > A—f such that

K.(1- e)xe_ﬁx <we(x) <K (1+ e)xe_‘/éx for all x > x,. (6.30)

We evaluate ® at x = xo + Lz log y and take y — oo. Before doing so, we note that

\f
log||x|| —log y — 0 along this sequence. Combining (6.27) and (6.28), we therefore

find

A(xg — M)e_‘/éxo <we, (xo) = lim ®(xo + % logy, y) < A(xo + M)e_\@x".
y—00

Dividing by xoe_\/ix‘) and using xy > M/e and (6.30), we obtain
A(l—¢) <K.(1+¢) and K.(1-¢) <A(1+e).

That is,
1-¢ A 1+¢
— <<
1+¢ K. 1-¢
Since ¢ > 0 is arbitrary, we have A = K, as desired. O

7. LIMINAL TRAVELING WAVES

Recall the quarter-disk Q = {(A, ) € R% : A2 + > < 2} depicted in Figure 1.
We have associated a traveling wave @, , to every point (A, z) € Q. This corre-
spondence should extend in some manner to the boundary 9Q. This is not the
main aim of the paper, so we describe these “liminal” waves conjecturally.

To every (A, p) € é, we believe one can associate a random variable H** such
that

_/Ix+/12+;t2+2
vt (x,y) = 1-E, exp|—e 2

tHA,;l

solves the KPP equation (1.1). When (A, ) € Q, Proposition 3.5 allows us to take
HM = Wi

If 4 € (0,V2) and A = 0, we can extend the definition (2.9) of W to A = 0.
The proof of Lemma 2.7 extends to this setting, so we can send ¢t — oo and set
H% = Wo*. Then Vo, is an entire solution of (1.1) depending on t and y alone.
At large negative times, we believe this solution resembles a one-dimensional
traveling wave in y of speed ;,22_;2 moving down from a large height toward the
x-axis. We conjecture that the wave “reaches” the x-axis at unit time and converges
to the steady state ¢ uniformly in y ast — oo.

If A € [0,V2) and y = 0, we believe we can construct

HM = lim Z Y, (w)eXe W -(42)t/2 5 ¢ and in L.

t—o0
ueN}
Then if A € (0,V2),v,,0(0,x, y) is a traveling wave in H. We expect its level sets
to behave similarly to those of ® described in Theorem 1.4. That is, as y — oo, the
level sets should become asymptotically vertical with a logarithmic offset.
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In the degenerate case A = y = 0, v should share qualitative properties with
the solutions vy, described above. It would be an entire solution of (1.1) depending
on t and y alone. At large negative times, we conjecture that vy resembles an
exponentially-stretched profile moving down from a great height at an exponential
rate. The profile should reach the x-axis at unit time and converge uniformly to ¢
as t — co. We might view vg9 as an “infinite-speed” limit of vy, as p ™\ 0.

Finally, for (A, 1) on the circle A> + ;% = 2, the additive martingale W** must
be replaced by a derivative-type martingale. This should correspond to a traveling
wave whose levels sets are inclined at angle arctan(u/A) far from the boundary. In
this regime, we conjecture that the wave resembles a rotation of the minimal-speed
one-dimensional wave w.,. The minimal-speed wave ® constructed in Theorem 1.3
corresponds to the special case A = V2 and y = 0.
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