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A B S T R A C T 

Radio bubbles, ubiquitous features of the intracluster medium around active galactic nuclei, are known to rise buoyantly for 
multiple scale heights through the intracluster medium (ICM). It is an open question how the bubbles can retain their high-energy 

cosmic-ray content o v er such distances. We propose that the enhanced scattering of cosmic rays due to micromirrors generated 

in the ICM is a viable mechanism for confining the cosmic rays within bubbles and can qualitatively reproduce their morphology. 
We discuss the observational implications of such a model of cosmic-ray confinement. 
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 I N T RO D U C T I O N  

mongst the various morphologies exhibited in radio emission by
ctive galaxies, one of the most prominent is the so-called radio
bubble’ (Fanaroff & Riley 1974 ; Churazov et al. 2000 ; Churazov
t al. 2001 ; De Gasperin et al. 2012 ; Velovi ́c et al. 2023 ), christened
s such by Gull & Northo v er ( 1973 ) for their analogy to bubbles
f air rising through liquid. The brightness of these structures in
adio (between several tens of MHz and a few GHz, Dunn, Fabian &
aylor 2005 ) being roughly consistent with an absence of X-rays (see
.g. B ̈ohringer et al. 1993 ; B ̂ ırzan et al. 2004 ; McNamara & Nulsen
007 ) indicates that they are filled with high-energy particles emitting
ynchrotron radiation in the presence of a magnetic field. These
ubbles are observed at a range of distances from the centres of cool-
ore clusters, where they are sourced by active galactic nuclei (AGN),
mplying there must be some mechanism, presumably magnetic in
ature, by which high-energy cosmic rays (CRs) are confined to
ithin the bubble for the duration of the bubble’s rise. Recently,
eichherzer et al. ( 2023 ) have proposed that, within the ICM, the
redominant scattering of sub-TeV CRs is due to deflections by
mall-scale ‘micromirrors’, which should arise naturally, generated
y the mirror instability, in high- β plasmas such as the ICM
Schekochihin et al. 2005 ; Kunz, Jones & Zhuravle v a 2022 ). In this
aper, we show that such scattering is capable of efficiently confining
Rs within bubbles, qualitatively mimicking the sharp boundary seen
n radio emission. 
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The life of a typical bubble begins with the inflation of a radio
obe by the jet of an AGN. After initial supersonic expansion,
he lobe is further slowly inflated in pressure balance with the
CM into which it is injected. By virtue of its underdensity with
espect to the surrounding matter, the lobe begins to rise, eventually
etaching from the AGN and becoming a bubble. Throughout the
ubble’s rise, it is deformed under the influence of hydrodynamic
nd magnetohydrodynamic effects (Churazov et al. 2001 ; Bruggen
003 ). Such evolution has been studied e xtensiv ely not only for
ts own sake, but also because the bubbles are considered to be a
otent source of energy that can account for a significant portion
f the heating required to obviate the cooling-flow problem and
egulate AGN feedback (see e.g. Churazov et al. 2000 ; Peter-
on & Fabian 2006 ; McNamara & Nulsen 2007 ; Werner et al.
018 ). The exact method by which this energy is deposited into
he ICM has been the subject of numerous studies, both analyt-
cal and numerical (Churazov et al. 2001 ; Reynolds, Balbus &
chekochihin 2015 ; Bambic & Reynolds 2019 ; Chen, Heinz &
nßlin 2019 ). 
Despite e xtensiv e studies of the various mechanisms by which the

ubble deposits energy into the ICM, there is still some debate as to
hich mechanisms protect the bubbles from a host of hydrodynamic

nstabilities (see e.g. Ruszkowski et al. 2008 ; Guo et al. 2012 ;
ingsland et al. 2019 ). Putting aside the question of the longevity
f the bubbles themselves, the sharp boundary of the bubble in radio
nd the lack of observed γ -ray emission in galaxy clusters (see
.g. Ahnen et al. 2016 ; Prokhorov & Churazov 2017 ) suggests that
Rs are well confined within the bubble for long times until they
 ventually slo wly leak out (e.g. De Gasperin et al. 2012 ). How they
anage that is a question that remains open. Previous models for
© 2024 The Author(s). 
ty. This is an Open Access article distributed under the terms of the Creative 
ch permits unrestricted reuse, distribution, and reproduction in any medium, 
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R confinement in bubbles have relied on the large-scale magnetic- 
eld structure around the bubble, viz., draping of magnetic fields 
 v er the bubble (see e.g. Dursi & Pfrommer 2008 ; Ruszkowski et al.
008 ), or on the internal structure of the magnetic field, which are
hought to confine CRs by exploiting the lack of field lines crossing
he bubble boundary. Ho we ver, such models may be vulnerable to
he objection that any field lines that do connect the bubble’s interior
o its exterior, e.g., those that could be created by reconnection on
he bubble’s surf ace, w ould become a highw ay along which the
Rs could escape (see e.g. Enßlin 2003 ). 1 Even in the absence of

uch violent escape of CRs, streaming along magnetic-field lines 
ould naturally lead to significant variation in the extent of radio 

mission as a function of observed frequency – simply put, older CRs
ould ha ve tra velled further along magnetic-field structures creating 

xtended emission at lower frequencies. This is precisely what is 
ot seen in observations of radio bubbles (see e.g. De Gasperin 
t al. 2012 ; Brienza et al. 2021 ). We therefore propose that it is
R scattering off small-scale fluctuations in the weak magnetic field 
utside the bubble that, paradoxically, can serve as a good mechanism 

f confinement. 
Intuitiv ely the e xplanation for this form of confinement is as

ollows. CRs leaving the bubble in the direction of the bubble’s 
otion find themselves scattering off fluctuations in the magnetic 
eld, and becoming dif fusi ve after a single mean free path. Like
 ballistic tortoise racing against a dif fusi ve hare, the bubble will
ontinue its buoyant motion at roughly constant velocity, which 
 v ertakes the dif fusi ve motion of the recently escaped CRs o v er
ufficiently long times. This allows the bubble effectively to recapture 
ome of the escaping CRs, maintaining the sharp boundary seen in 
bservations (see e.g. De Gasperin et al. 2012 ; Brienza et al. 2021 ).
n the rest frame of the bubble, this amounts to the CRs scattering
n the flow sweeping past the bubble and thus being driven back
nto the bubble. Underneath the bubble (i.e. in the opposite direction 
o the bubble velocity), the same dif fusi ve beha viour applies, b ut
Rs clearly cannot be swept back up. Ho we v er, pro vided the bubble
reates a sufficiently extended w ak e behind it (as indeed seen in
umerical simulations, e.g. by Zhang, Churazov & Schekochihin 
018 ; Zhang et al. 2022 ), the flow immediately behind the bubble
ill also be rising, rendering the loss of CRs behind the bubble

ntirely dif fusi ve. 
Clearly, any dif fusi ve process is necessarily a leaky and imperfect

onfinement mechanism. It must be the case that the CRs with 
arger dif fusion coef ficients escape from the bubble more easily. This
an be quantified by the following, largely dimensional, argument 
Mathews & Brighenti 2007 ). A CR escaping the bubble with a
if fusion coef ficient κ will, on average, travel a distance ∼√ 

κt in 
ime t . Even if the CR diffuses entirely vertically, the bubble, moving
t speed u b , will o v ertake the CR after a time t ∼ κ/u 

2 
b . Therefore, for

he CR to escape the bubble rather than be recaptured, it must diffuse
ut of the path of the bubble – a horizontal distance comparable to
he radius r b of the bubble – in a time t ∼ κ/u 

2 
b . Hence, for CRs to

e recaptured by the bubble upon their escape, their dif fusi vity must
e sufficiently small so that 

κ

u r 
� 1 . (1) 
b b 

 In addition, the extent to which the uniformity of the draped field line 
nfluences CR confinement within inflated jets was investigated by Desiati & 

weibel ( 2014 ), concluding non-uniformities significantly boost diffusion 
cross field lines, in the context of the much closer, and younger, Fermi 
ubbles (Yang et al. 2012 ). 

w  

t  

2

1
s
C

e will find that the conventionally estimated dif fusi vity of CRs,
ue to scattering by the streaming instability, is insufficient to 
atisfy equation ( 1 ) (Subedi et al. 2017 ; Krumholz et al. 2020 ). In
ontrast, the scattering mechanism proposed recently by Reichherzer 
t al. ( 2023 ) provides a suf ficiently lo w dif fusion coef ficient to
onfine CRs below 1 TeV and reproduce the observed radio-bubble 
orphology. 
The rest of this paper is structured as follows. In Section 2 , we

iscuss the micromirror scattering mechanism for CRs below 1 TeV 

ased on Reichherzer et al. ( 2023 ), and explain why the micromirrors
hould be endemic to the vicinity of the bubble. In Section 3 , we show
nalytically and numerically that, even when the scattering centres 
re e xclusiv ely outside the bubble, the effect of the scattering can
reate a sharp bubble boundary with CRs confined either inside the
ubble or within a thin layer of the ICM around it. Using the energy
ependence of the scattering frequency, we obtain a prediction of 
ow the thickness of this layer of CRs around the bubble should
epend on particle energy. Furthermore, we show that the energy 
ependence of the scattering frequency gives rise to an interesting 
f fusi ve behaviour, making the CR energy spectrum outside the
ubble distinct from (‘harder’ than) that inside it. Finally, in Section
 , we summarize the progress that has been made and discuss the
ole of other sources of CR confinement. 

 DIFFUSIVITY  D U E  TO  M I C R  O M I R R  O R S  

hile typical estimates of the speed of bubble’s buoyant rise through
he ICM are on the order of the Keplerian velocity around the cluster
entre (see e.g. Churazov et al. 2001 ), the CRs propagate at a velocity
ery close to the speed of light. In the absence of any forces therefore
he y would leav e the bubble in a single light-crossing time. In reality,
he bubble is permeated and surrounded by magnetic fields B . These

agnetic fields shape the velocity v of the CRs, forcing them to
ollow field lines in accordance with the Lorentz-force law, viz., 

d v 

d t 
= 

q 

mγ

v × B 

c 
, (2) 

here q and m are the charge and rest mass of the CR, respectively,
nd γ = (1 − | v | 2 /c 2 ) −1 / 2 is its Lorentz factor. 

The confinement of field-line-following CRs can only be efficient 
f no field lines cross the bubble boundary. Ho we v er, one might e xpect
hat reconnection on the bubble surface would quickly engender such 
tray field lines, reducing the ef fecti veness of confinement (see e.g.
nßlin 2003 ). In such cases, there must be some further effect limiting

he escape of CRs along field lines. For example, a CR following the
arge-scale magnetic field will pitch-angle scatter off any small-scale 
meaning smaller than the CR’s gyroradius) fluctuating magnetic 
elds δB , and thus migrate onto a different field line. After many such
catterings, its direction can entirely rev erse. F ollowing Reichherzer 
t al. ( 2023 ), we can use equation ( 2 ) to estimate the amount by
hich such a CR will be scattered by fluctuations of amplitude δB

n a time δt2 : 

| δv | 
c 

∼ qδB 

γmc 2 
c δt ∼ c δt 

r g 

δB 

B 

, (3) 

here r g = γmc 2 /qB is the CR gyroradius. The CR will spend a
ime δt ∼ l/c traversing a magnetic fluctuation of typical scale l.
MNRAS 532, 2098–2107 (2024) 

 This is similar in spirit to models of resonant scattering (see e.g. Jokipii 
966 ; Blandford & Eichler 1987 ), the crucial difference being that, here, the 
cattering is non-resonant – off of structures of size much smaller than the 
R gyroradius. 



2100 R. J. Ewart et al. 

M

I  

d  

e  

r  

a

ν

 

f  

e  

e  

t  

e  

e  

i  

i  

S  

t  

t  

t  

a  

f  

o  

w  

Q  

m  

e  

S  

–  

(

κ

w  

t  

r  

e

T  

c  

c  

f  

W  

n  

d  

m  

e  

m  

b  

t
 

r  

s  

s  

p  

b

Figure 1. A schematic of a 2D slice of the fluid flow around the bubble used 
for our mock simulation. The blue-shaded region represents the nominal 
interior of the bubble, in which the CRs propagate ballistically. The expected 
area in which CRs will diffuse off the bubble is shaded in orange. The 
arrowed black lines are the streamlines of the flow around the bubble. Beneath 
the bubble, the flow is stationary in the rest frame of the bubble, crudely 
approximating a w ak e. 
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f the ICM is assumed to be infested with such structures and the
eflections from each structure add up like a random walk, then
quation ( 3 ) can be used to estimate the scattering frequency – the
ate at which the pitch angle of a CR is changed by an order-unity
mount – as 

mm 

∼ | δv | 2 
c 2 δt 

∼ cl 

r 2 g 

(
δB 

B 

)2 

. (4) 

This formula makes several features obvious. First, the scattering
requency strongly increases with decreasing CR gyroradius (or,
qui v alently , the CR energy , since the two are linearly proportional to
ach other for relativistic CRs). Secondly, and intuitively, the larger
he relative amplitude of the fluctuating magnetic field, the more
fficient will be the scattering of CRs. As pointed out by Reichherzer
t al. ( 2023 ), in the ICM plasma, there are a myriad of ways of creat-
ng microscale magnetic fluctuations by kinetic instabilities enabled
n the high- β regime (Schekochihin & Cowley 2006 ; Bott, Cowley &
chekochihin 2024 ). These kinetic instabilities arise because, in

he high- β regime, low-Mach number turbulent motions are able
o cause changes in the magnitude of the magnetic field, which in
urn drive pressure anisotropies that compete with magnetic forces,
nd can excite ion-Larmor-scale kinetic instabilities. Amongst this
amily of instabilities, the mirror instability, generated in regions
f increasing magnetic-field strength, is special in that it saturates
ith δB/B ∼ 1 / 3 (Kunz, Schekochihin & Stone 2014 ; Riquelme,
uataert & Verscharen 2015 ; Melville, Schekochihin & Kunz 2016 ),
aking it a prime candidate for scattering CRs. Making a rough

stimate of the rele v ant ICM parameters – that l ∼ 100 npc (Rincon,
chekochihin & Cowley 2015 ) and B ∼ 3 μG (Kunz et al. 2022 )
one finds the CR diffusion coefficient due to micromirrors to be

Reichherzer et al. 2023 ) 

∼ 10 30 

(
E 

TeV 

)2 

cm 

2 s −1 , (5) 

here E is the CR energy. Here, the key step is to compare it to
he dimensional estimate ( 1 ). Noting the typical values of the bubble
adius r b ∼ 5 –10 kpc and velocity u b ∼ 100 –400 km s −1 (e.g. Zhang
t al. 2018 ), one finds that 

κ

u b r b 
∼

(
E 

TeV 

)2 ( u b 

200 km s −1 

)−1 
(

r b 

10 kpc 

)−1 

. (6) 

his implies that, for ener gies much lar ger than a TeV, the diffusion
oefficient is most likely too large to be of much assistance with CR
onfinement in bubbles. In contrast, for CR energies lower than a
ew 100 GeV, micromirror diffusion could indeed be consequential.

hile the precise value of the diffusion coefficient is subject to a
umber of factors (we refer the reader to Reichherzer et al. 2023 for
etails), it should be noted that the region of compressing (draped)
agnetic field around the bubble, of characteristic size ∼r b (see

.g. Dursi & Pfrommer 2008 ), creates the perfect environment for
icromirrors to thrive because, as discussed above, mirrors are driven

y positive pressure anisotropy, which is created in regions where
he magnetic field’s strength is increasing. 

One could still object that it is unclear how small one requires the
atio in equation ( 6 ) to be for good confinement, or indeed whether
ome power of the dimensionless factor of c/u b should appear for
ome unknown reason. We must therefore scope out whether our
icture of the bubbles can hold water, or indeed CRs. This is done,
oth numerically and analytically, in the next section. 
NRAS 532, 2098–2107 (2024) 
 P RO O F  O F  CONCEPT  A N D  M O C K  

IMULATION  

e first investigate our model of confinement numerically . Clearly , a
ull solution to the problem would require an accurate magnetohydro-
ynamic model of the nearly collisionless ICM coupled to a kinetic
r fluid model of CRs (see e.g. Zweibel 2017 ; Weber, Thomas &
frommer 2022 ). Ho we ver, the choice of a fluid magnetohydrody-
amic model in a nearly collisionless environment is still an open
rea of research (see e.g. Squire et al. 2019 ; Kunz et al. 2022 ; Squire
t al. 2023 ; Majeski, Kunz & Squire 2024 ), as is the fluid dynamics
f CRs. Furthermore, many studies of the buoyant rise of bubbles are
lagued by hydrodynamic instabilities that shred the bubbles long
efore the y hav e risen to the distances at which they are observed
e.g. Dong & Stone 2009 ; Reynolds et al. 2015 ). We therefore take
n extremely simplified toy model in which the flow is externally
rescribed. Such an approach may be partially justified a posteriori,
hould we find that the CRs are well confined within the bubble
which we will), since there is then at least no inconsistency with the
 ubble ha ving a boundary. 
The details of the numerical simulation are presented in Ap-

endix A . The basic concept of it is as follows. Within the bubble,
he CRs mo v e ballistically as if under no force. This is clearly a
implification of the exact, field-line following trajectory that the
Rs will take. Outside the bubble, the CRs scatter off micromirrors,
ut crucially, they do so in the rest frame of the flow u that
hey encounter, because mirror-unstable fluctuations have no phase
 elocity relativ e to the bulk plasma. We take the imposed flow to be
 3D, incompressible, irrotational flow abo v e a half-sphere, while
elow the sphere, to simulate the effect of a w ak e, the flow is tak en
o be entirely vertical. A schematic of this flow is shown in Fig. 1 ,
he e xplicit e xpressions for it are given in Appendix A . Clearly, the
 ak e of this bubble is a major simplification, since it ef fecti vely

mplies that the bubble causes a rigid column of fluid to rise behind
t. Simulations with rigid b ubbles ha v e e xhibited w ak es that extend
 v er sev eral tens of kiloparsecs entraining a large amount of material,
lbeit via vortices, in the w ak e of the bubble (e.g. Zhang et al.
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(d)

(b)

(c)

(a)

Figure 2. The density of CRs was attained numerically with populations at distinct energies (100 and 300 GeV), and therefore dif fusion coef ficients, after the 
bubble rose a distance of 3 . 5 r b . Both bubbles were chosen to have a radius of 10 kpc and to rise at constant velocity of 200 km s −1 . Panels (a) and (b) show 

the azimuthally averaged densities, panels (c) and (d) show the same densities in projection. The densities are normalized to the maximum value that the initial 
density (all CRs inside the bubble) could take in that projection. Dashed lines indicate the initial (white) and final (blue) positions of the nominal boundary of 
the bubble. 
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022 ). We therefore do not hope to capture accurately the density
f CRs within the w ak e. Rather, we include the rising column to
nsure that there is no spurious flow beneath the bubble capable of
tealing CRs directly from it. This toy model will pro v e sufficient
o illustrate the physics rele v ant to our proposed theory of CR
onfinement. 

Our central result – that scattering by micromirrors efficiently 
onfines CRs of low energy – is illustrated in Fig. 2 , which shows the
ensity (normalized to the initial density n 0 = 3 N / 2 πr 3 b of N CRs
n a hemisphere of radius r b ) of two populations of CRs initialized at
wo different energies after the bubble has risen to a height equal
o 3.5 times its radius, which was taken to be 10 kpc for these
imulations. The CRs at 100 GeV are confined remarkably well to 
he bubble, while the CRs at 300 GeV have leaked out of the bubble
eft, right, centre, and, predominantly, downwards. As anticipated, 
e see that the upstream bubble boundary is much thinner than the
ubble for both energies because the CRs are being swept back onto
he bubble. 

In what concerns the situation beneath the bubble, Fig. 2 provides 
n immediate refinement to our picture of how bubbles leak CRs.
ll leakage occurs via the sides of the bubble as the CRs that diffuse
orizontally are swept away with the flow (see the shaded orange 
egion of Fig. 1 ). Clearly, for lower-energy CRs, one can estimate
 o  
he rate of loss from the volume of ICM containing CRs that is swept
way from bubble. This statement can be made more quantitative in
he following way: Around the bubble, there is a thin layer, of width
 r , containing CRs embedded in the ICM flow. In a short time 	 t ,

he bubble sheds a cylindrical shell of height ∼u b 	t of this layer
ue to the flow dragging it away. If the CR density in the bubble and
ayer is roughly n , then the number of CRs lost in this short time is of
rder 2 πr b nu b 	t	r . Since the lost CRs come from the bubble, this
ives us an estimate for the time dependence of the bubble density: 

2 π

3 
r 3 b 

d n 

d t 
∼ −2 πr b nu b 	r ⇒ 

d n 

d t 
∼ −3 

u b 	r 

r 2 b 

n. (7) 

hus, we see that the rate of the CR loss depends crucially on the
idth 	 r of the layer of CRs draped o v er the bubble. To determine

his width, we turn towards a toy analytical model for the diffusion
f CRs around the bubble. 

.1 The Blasius boundary layer and CR confinement time 

s discussed abo v e, the correct model for the hydrodynamics of
Rs is an open area of research. Ho we ver, for our toy model, we
gain take the simplest possible approximation for the evolution 
f the CR density outside the bubble. The CRs of any given energy
MNRAS 532, 2098–2107 (2024) 
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3 We note that the CR confinement time is longer than the typical (leptonic) 
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than the typical bubble rise time. This should imply that the CR leptons will 
gradually age as the bubble rises, slowly reducing their average diffusion 
coefficient and potentially lengthening their confinement time further. 
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iffuse with a diffusion coefficient κ and are advected by the velocity
eld u . Thus, outside the bubble, a model equation for the CR
ensity n is 

∂ n 

∂ t 
+ u · ∇n = κ∇ 

2 n. (8) 

f course, this equation neglects a number of things. 
First, it ne glects an y changes in the CR energy, and hence the

esulting changes in their diffusion coefficient, due to acceleration
echanisms left outside our model (such as synchrotron losses), or

ndeed due to Fermi ( 1949 ) acceleration from scattering in the rest
rame of the flow, which is present in our model. While neglecting
hese losses may be appropriate for CR ions, we may justify the
eglect of synchrotron losses for CR leptons by noting that the typical
ynchrotron loss time is t sync ∼ 10 7 ( B/ μG ) −2 ( E/ TeV ) −1 yr (see e.g.
ackson 1998 ; HESS Collaboration et al. 2016 ). While this could be
omparable to the bubble rise time for energies near a TeV, it is
ikely to be a subdominant effect for energies closer to a few GeV.
s for Fermi acceleration, since the flow speed is a small fraction
f the speed of light, we can expect the acceleration to be relatively
eak o v er the time-scales that we are considering (we justify this a
osteriori in Appendix B ). 
Secondly, the CR density within the bubble itself is not specified

y equation ( 8 ). Thankfully, the light-crossing time r b /c, which is
he time-scale on which density perturbations will be ironed out
nside the bubble, is much shorter than the bubble rise time r b /u b .
s a result, the CR density in the bubble interior only functions as
 boundary condition fixing the density at the bubble-ICM interface.
his boundary condition will evolve in time as the density within

he bubble decreases, but, provided the confinement is good, this
oundary condition will evolve slowly allowing the density of CRs
utside the bubble to reach a quasi-steady profile with an amplitude
et by their density at the boundary. 

The solution of the advection–diffusion equation ( 8 ) near a bound-
ry is a well-studied topic (see e.g. Batchelor 1967 ; Landau & Lifshitz
987 ). In the ICM abo v e the bubble, this problem is mathematically
dentical to the problem of the width of cold fronts due to thermal
onduction (studied, for instance, by Churazo v & Inogamo v 2004 ;
iang et al. 2007 ) with CR density taking the place of temperature.
ccording to Xiang et al. ( 2007 ), a boundary layer of thickness 	r 

iven by 

	r 

r b 
∼

√ 

κ

u b r b 
(9) 

orms around the surface of the bubble. This is obvious if one
otes that, in a steady state, the dif fusi ve term in equation ( 8 )
ushing CRs away from the bubble must balance the adv ectiv e term
weeping them back onto the bubble; since the dif fusi ve term scales
s κn/	r 2 and the adv ectiv e term scales as u b n/r b , one immediately
rrives at equation ( 9 ). The full solution and scaling analysis of
quation ( 8 ), extended to the entire region 0 ≤ θ ≤ π/ 2, are given
n Appendix C . Combining the estimate ( 9 ) for the width of the
ayer with equation ( 6 ) for the CR dif fusion coef ficient upgrades the
stimate ( 7 ) of the density depletion rate to (neglecting constants of
rder unity) 

1 

n 

d n 

d t 
∼ −u b 

r b 

√ 

κ( E) 

u b r b 
, (10) 

iving a typical confinement time 

 conf ∼
(

E 

TeV 

)−1 ( u b 

200 km s −1 

)−1 / 2 
(

r b 

10 kpc 

)3 / 2 

100 Myr . (11) 
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 comparison with the results of numerical simulation in Fig. 3
hows good agreement with the general trend 3 

This result shows that the use of the micromirror model of
eichherzer et al. ( 2023 ) is essential. As discussed in Reichherzer
t al. ( 2023 ), CR diffusion due to the more conventional scattering
echanisms (turbulence, streaming instability, etc.) is comparable to

he diffusion due to micromirrors for ∼1 TeV CRs. From equation
 10 ) and Fig. 3 , we see therefore that those conventional scattering
chemes would be incapable of confining CRs efficiently. 

.2 Hardening of CR spectrum outside bubbles 

he equation ( 10 ) has an energy dependence, which provides an
bservationally intriguing possibility for the radio bubbles. Since the
Rs of higher energies escape the bubble faster, this bears a certain

esemblance to an ef fusi ve process: CRs with higher energies will
e o v errepresented outside the bubble – a feature which is general
o many CR systems with energy-dependent escape times (see e.g.

atthews & Taylor 2021 ). 
To make this statement more quantitative, consider the following

rgument. From equation ( 10 ), we may assume that the distribution
f particle energies within the bubble will have form 

 ( E) = f 0 ( E) exp 

[ 

−α

√ 

κ( E) 

u b r b 

u b t 

r b 

] 

, (12) 

here α is some order-unity constant related to the precise nature
f the flow. The energy dependence enters via the injected spectrum
 0 ( E) and the diffusion coefficient κ( E ). For times earlier than the
haracteristic loss time in equation ( 11 ) of CRs at a given energy, the



CR confinement by micr omirr ors 2103 

Figure 4. The distribution function f ( E ) of CR energies inside (blue) and 
outside (red) of the bubble after the bubble has risen 0 . 5 r b . The total 
distribution of all CRs is shown in black. For this simulation, CRs were 
sourced inside the bubble with a distribution of energies ∝ E 

−2 . CRs of 
higher energies preferentially leak from the bubble, hardening the spectra 
outside the bubble in agreement with equation ( 13 ). 
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xponent in equation ( 12 ) will be small. While the CR distribution
nside the bubble will therefore change little, outside the bubble the 
istribution will be 

 out ( E) = f 0 ( E) 

{ 

1 − exp 

[ 

−α

√ 

κ( E) 

u b r b 

u b t 

r b 

] } 

∼ f 0 ( E ) α

√ 

κ( E ) 

u b r b 

u b t 

r b 
∝ f 0 ( E ) E , (13) 

he last proportionality following from equation ( 6 ). Thus, the CR
pectrum will be hardened by a factor of E outside the bubble. We
onfirm this result in Fig. 4 , which indeed shows the hardening of the
R spectra of CRs outside the bubble. This also offers an explanation

or the hardening of the CR spectrum outside radio filaments recently 
eported in the giant fossil radio lobe of the Ophiuchus galaxy cluster
Giacintucci, Markevitch & Clarke 2024 ). 

Another way of understanding this effect is as follows. The typical 
ensity of the layer of CRs around the bubble will be ∝ f 0 ( E) since
he density of CRs must be continuous across the boundary. Ho we ver,
he boundary-layer width 	r is a function of energy in equation ( 9 ),
r ∝ E, so the distribution of energies outside the bubble and in

he w ak e will be proportional to the density imposed by the source
ultiplied by this width. 

 C O N C L U S I O N  A N D  DISCUSSION  

e have proposed a new model for the confinement of CRs within
adio bubbles, offering a possible explanation for the sharp bound- 
ries seen in radio observation of these bubbles. While the model is
imple in nature, being based straightforwardly on the competition 
etween advection and diffusion of CRs, its success hinges on the 
nhanced CR scattering proposed by Reichherzer et al. ( 2023 ). We
onfirm numerically (see Fig. 2 ) that such an enhanced scattering 
oes indeed provide good confinement of sub-TeV CRs and argue 
hat the alternative, more conventional schemes for CR scattering at 
uch energies are too weak to provide adequate CR confinement via
sotropic diffusion. Finally, we note that the energy dependence of the
R dif fusion coef ficient has an interesting observ ational implication

or the observed CR spectrum outside the bubble, which we predict
provided it has not been significantly aged by radiation losses) to
e one power of energy shallower than the source spectrum (see Fig.
 ), due to the greater ease with which high-energy CRs can leave the
ubble. 

A promising consequence of the long, energy-dependent confine- 
ent time in equation ( 11 ) of CRs is that it is on the same order

s, and not in great excess of, the lower bound on confinement
ime inferred by Prokhorov & Churazov ( 2017 ) from the lack of
bserved gamma-ray emission. While the two estimates should not 
e directly compared like for like (as their model assumed energy-
ndependent escape and diffusion time-scales), the proximity of the 
wo estimates implies that diffusion of CRs in micromirrors could 
lay an important role in constraining the energetic content of the
ubbles (see e.g. Yang, Gaspari & Marlow 2019 ; Beckmann et al.
022 ; Ruszkowski & Pfrommer 2023 ). 
A number of approximations have been made in order to arrive at

hese conclusions. One of our more extreme modelling assumptions 
s the artificial imposition of the bubble boundary and flow profile.

hile we anticipate that the true velocity field around the bubble will
e different in detail from that assumed by us, it will undoubtedly
ontain a w ak e and a flow around the bubble, which are the only
ssential ingredients in our picture. This does, ho we ver, presuppose
he integrity of the bubble to hydrodynamic instabilities, which 
ould otherwise shred it. While the enhanced scattering offered by 
icromirrors can adequately confine CRs, those same micromirrors 
ay also suppress the ICM viscosity (see e.g. Kunz et al. 2014 ;
elville et al. 2016 ). Should the ICM viscosity be o v erly suppressed,

his would lead to a disruption of bubbles, which we clearly do not
ee (see discussion in, e.g., Ruszkowski et al. 2008 ; Kingsland et al.
019 ). Of course, for our model to work, it is sufficient to have
nly the immediate vicinity of the bubble’s boundary infested by 
icromirrors, since the CRs do not sample a large volume around

he bubble. As discussed in Section 2 , one could therefore envision a
ossibility where micromirrors are localized to the area of increasing 
agnetic-field strength around the bubble (where they are naturally 

riven unstable by the resulting pressure anisotropy), while the ICM 

t large may have a much smaller fraction of its volume filled
y micromirrors. Furthermore, the same pressure anisotropy that 
reates the micromirrors also enhances the ef fecti ve tension force
 x erted by the magnetic draping, potentially protecting the bubble
rom hydrodynamic instabilities in spite of the lower viscosity. 

We also do not capture the effects of bubble deformation (Guo
015 ) and the back reaction of the CRs on the bubble. Should
uch back reaction be included, it is now clear that it must also
nclude the enhanced diffusion of CRs by micromirrors, if for no
ther reason than that the dimensional estimate ( 6 ) ensures its a
riori non-negligibility. As for the effects of bubble growth and of
he variation in the flow speed, our model suggests the advantageous 
icture that the bubble will actually become better at confining CRs
s it rises, because one expects the bubbles to slo w do wn and gro w,
ncreasing the confinement time in equation ( 11 ), t conf ∝ u 

−1 / 2 
b r 

3 / 2 
b .

his perhaps points to the possibility that CR scattering, especially 
y micromirrors, as a confinement mechanism could be ef fecti ve for
 wide range of ICM radio features that account for the earlier or
ater stages of the bubble’s life, such as filamentary structures, lobes,
r jets. 
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PPENDI X  A :  N U M E R I C A L  DETA I LS  O F  

O C K  SIMULATION  

n this appendix, we detail the numerical scheme by which the
ubble and CRs were evolved in the mock numerical simulations
hose results we presented in Figs 2 –4 . We use the Monte Carlo
ethod, initializing a large number of CRs uniformly inside the

oundary of the bubble. There are then two principal components in
he simulation: the specification of the fluid flow in the rest frame of
he bubble and the evolution equations for the CRs. We discuss the
wo separately, in turn. 

1 Fluid flow around the bubble 

s illustrated in Fig. 1 , the fluid flow that we impose is a 3D
otential flow around a hemispherical cap representing the bubble,
ith an entrained w ak e represented by a column of fluid behind

he bubble. It is known that the flow around a spherical object is
ell approximated by an incompressible, steady, irrotational flow

used as a reasonable approximation in the high- β plasma abo v e
he bubble, as in, e.g. Dursi & Pfrommer 2008 ). Ho we ver, behind
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he bubble, such a flow would not capture the turbulent w ak e that
s formed. To model this turbulent w ak e in the most brutal fashion
ossible, we continue the streamlines vertically downward from the 
ncompressible, steady, irrotational flow imposed abo v e the sphere. 
his generates an incompressible rotational flow that describes the 
ubble dragging a column of fluid upwards from beneath it. The flow
eld in cylindrical coordinates z, r, ϕ will have azimuthal symmetry 
nd be given by the vector field u ( z, r) = u z ( z, r) e z + u r ( z, r) e r ,
here the vertical velocity is 

 z ( z, r) = 

⎧ ⎪ ⎪ ⎨ 

⎪ ⎪ ⎩ 

−v b 

[ 
1 − r 3 b 

2 z 2 −r 2 

2( z 2 + r 2 ) 5 / 2 

] 
for z > 0 , z 2 + r 2 > r 2 b , 

−v b 

(
1 + 

r 3 b 
2 r 3 

)
for z < 0 , r > r b , 

0 otherwise , 

(A1) 

nd the radial velocity is 

 r ( z, r) = 

⎧ ⎨ 

⎩ 

v b r 
3 
b 

3 zr 

2( z 2 + r 2 ) 5 / 2 
for z > 0 , z 2 + r 2 > r 2 b , 

0 otherwise . 
(A2) 

2 Cosmic-ray evolution 

o model CR propagation, we associate to each CR initially a position 
x , an orientation n , and a gamma factor γ . Then the question is
ow to step the position, orientation, and gamma factor forward 
n time. We know from equation ( 6 ) that the diffusion coefficient
hould be a function of the CR energy E = γmc 2 , and therefore
f γ . As the simplest model of dif fusi ve scattering possible, we
onsider the case where the CRs propagate for a time 1 /ν( γ ),
hereupon, if they find themselves outside the bubble, they are 

sotropically scattered in the rest frame of the flow. Explicitly this
eans that if x ( t ), n ( t ), and γ ( t ) are the position, orientation, and

amma factor of a CR at time t , then its position at time t + 	t is
imply 

x ( t + 	t) = x ( t) + c	t 

√ 

γ ( t) 2 − 1 

γ ( t) 
n ( t) , (A3) 

here 	t = 1 /ν( γ ( t)). To find γ ( t) at the next time-step, we first
ompute its value ˜ γ in the frame moving with the local flow u ( x ( t +
t)): 

˜ ( t) = γu ( x ( t + 	t)) 

[
γ ( t) −

√ 

γ ( t) 2 − 1 
n ( t) · u ( x ( t + 	t)) 

c 

]
, 

(A4) 

here γu is the gamma factor of the local flo w, e v aluated at x ( t + 	t)
very close to unity, but included for completeness. The CR will 

catter to a random orientation, denoted ˜ n – isotopic in the rest frame 
f the flow. Boosting back into the laboratory frame, we use the
cattered orientation ˜ n to find the value of the gamma factor at the
ext time-step: 

( t + 	t) = γu ( x ( t + 	t )) 
[ 

˜ γ ( t ) + 

√ 

˜ γ ( t ) 2 − 1 
˜ n · u ( x ( t + 	t )) 

c 

] 
, 

(A5) 
nd the scattered orientation in the laboratory frame: 

 ( t + 	t) = 

√ 

˜ γ ( t) 2 − 1 √ 

γ ( t + 	t) 2 − 1 

{
˜ n + 

+ [ γu ( x ( t + 	t)) − 1 ] 
˜ n · u ( x ( t + 	t)) 

| u ( x ( t + 	t)) | 
u ( x ( t + 	t)) 

| u ( x ( t + 	t)) | 
}

+ 

˜ γ ( t) γu √ 

γ ( t + 	t) 2 − 1 

u ( x ( t + 	t)) 

c 
, 

(A6) 

hich naturally satisfies | n | = 1 at each time-step. 

PPENDI X  B:  ENERGI ZATI ON  O F  COSMIC  

AY S  

hile the numerical method presented in Appendix A allows for the
ariation in the energy of the CRs due to Fermi ( 1949 ) acceleration
i.e. energy gain via scattering off moving parcels of fluid), this
rocess is ignored in our theoretical considerations of the boundary 
ayer thickness and CR confinement time in Section 3 . In this
ppendix, we justify this omission, showing that energization of 
Rs due to Fermi acceleration is at most an order-unity effect, and

ypically negligible. 
Fig. B1 (a) shows the energy distribution after the bubble has risen

.5 r b of a population of CRs initialized at 100 GeV. We see, by eye,
hat the change of energy is largely dif fusi ve and that it is typically
n the order of ∼5 per cent. That the energy change should be
if fusi v e is e xpected for Fermi acceleration (see e.g. Lemoine 2019
nd references therein). Furthermore, Fig. B1 (b) tells us that the CRs
hat have diffused most in energy are found in the population escaped
rom the bubble. This is a simple matter to explain, as the CRs that
ave escaped from the bubble are likely to have undergone many
catterings on its surface, diffusing the furthest in energy. 

To make this statement more quantitative, we note that the 
trongest kicks in Fermi acceleration should come from the CRs
rossing from the bubble interior, where the flow is stationary (in the
est frame of the bubble), to the flow outside the bubble, with speed
u b , e xperiencing a relativ e change in energy ∼ u b /c. The typical
R will make many such crossings of the bubble boundary, each time
eing recaptured, until it eventually escapes after a time t conf given
y equation ( 11 ). Since it takes a time ∼r b /c to cross the bubble, the
umber of crossings of the bubble boundary that a typical CR will
ake before escaping is 

 esc ∼ c 

u b 

√ 

u b r b 

κ
. (B1) 

ince changes of the CR energy made in each crossing add up as a
andom walk, the typical energy change before escape will be 

	E 

E 

∼ u b 

c 

√ 

N esc ∼
√ 

u b 

c 

(u b r b 

κ

)1 / 4 

∼ 0 . 03 

(
E 

TeV 

)−1 / 2 ( u b 

200 km s −1 

)3 / 4 
(

r b 

10 kpc 

)1 / 4 

. (B2) 

his is in rough agreement with the ∼10–20 per cent accelera-
ion/deceleration for 100 GeV CRs seen in Fig. B1 . This tells us
hat we can expect order-unity energy changes for the lowest-energy 
Rs (those of a few GeV ). 
MNRAS 532, 2098–2107 (2024) 
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(a) (b)

Figure B1. (a) Numerically obtained distribution function, f ( E), of CRs (solid line) achieved after the bubble has risen 3 . 5 r b . The CRs were initialized at 
100 GeV (dashed line). (b) Density n 10 pe r c e nt of CRs (as in Fig. 2 ) filtered to highlight only those CRs that have increased their energy by more than 10 per cent. 
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PPENDIX  C :  ASYMPTOTIC  SOLUTION  O F  

LAS IUS  PROBLEM  A B OV E  BU BBLE  

n this appendix, we solve the Blasius problem in the limit 

≡ κ

u b r b 
	 1 . (C1) 

he Blasius problem has previously been treated by Churazov &
nogamov ( 2004 ) and Xiang et al. ( 2007 ) in determining the width
f cold fronts due to thermal conduction in a potential flow past a
phere. The y solv e, analytically, for the steady state of the advection–
iffusion equation near the leading edge of the cold front. Their
olution confirms that the width of the layer produced in front of the
ubble is of the order 

√ 

ε r b . Here, we are principally interested in the
caling of the width of the layer at the side of the bubble, since it is
his layer that determines the rate of particle loss from the bubble. To
etermine this width, we show that a solution with a layer of width
 

ε r b exists for all polar angles θ ≤ π/ 2, extending the solution of
iang et al. ( 2007 ) away from the top ( θ = 0) of the bubble. 
In spherical geometry and with the flow specified by equations

 A1 ) and ( A2 ), the steady-state advection–diffusion equation ( 8 )
bo v e the bubble ( θ ≤ π/ 2) becomes 

−u b 

(
1 − r 3 b 

r 3 

)
cos θ

∂ n 

∂ r 
+ u b 

(
1 + 

r 3 b 

2 r 3 

)
sin θ

1 

r 

∂ n 

∂ θ

− κ

r 2 

(
∂ 

∂ r 
r 2 

∂ n 

∂ r 
+ 

1 

sin θ

∂ 

∂ θ
sin θ

∂ n 

∂ θ

)
= 0 . (C2) 

o show that this equation admits a solution with a layer of thickness
 

ε r b , we make the change of variables r = r b (1 + 

√ 

ε x) and retain
nly the lowest-order terms: 

− 3 x cos θ
∂ n 

∂ x 
+ 

3 

2 
sin θ

∂ n 

∂ θ
− ∂ 2 n 

∂ x 2 
= 0 . (C3) 

ote that, at this order, we have thrown away the polar-diffusion
th 
NRAS 532, 2098–2107 (2024) 

erm – the 4 term in equation ( C2 ), which can break the ordering 
t small θ . This is fine, ho we v er, pro vided we assume θ 
 √ 

ε and
nd a solution that satisfies 

∂ n 

∂ θ

∣∣∣∣
θ→ 0 

= 0 . (C4) 

We now seek a solution to equation ( C3 ) in the form 

 ( x, θ ) = n 0 { 1 − erf [ g( θ ) x ] } . (C5) 

his is indeed a bona fide solution provided g( θ ) satisfies the
ifferential equation 

sin θ
∂ g 

∂ θ
= 2 cos θg( θ ) − 4 

3 
g 3 ( θ ) . (C6) 

o enforce equation ( C4 ) without breaking the ordering of ∂ n/ ∂ x =
 ( 1 ) , we must therefore have 

( θ → 0) = 

√ 

3 

2 
. (C7) 

hus, the lowest-order solution abo v e the bubble is given by 

 ( r, θ, γ ) = n 0 

{
1 − erf 

[√ 

u b r b 

κ
g( θ ) 

r − r b 

r b 

]}
. (C8) 

ince g( θ ) is finite between 0 ≤ θ ≤ π/ 2, this ensures that the
rdering equation ( 9 ) is v alid e v erywhere abo v e the bubble. The
umerically integrated solution of equation ( C6 ) for g( θ ) is shown
n Fig. C1 (a). In Fig. C1 (b), the mean radial distance of CRs from
he bubble 

 r 〉 ( θ ) = 

∫ ∞ 

r b 
r 3 n ( r , θ )d r ∫ ∞ 

r b 
r 2 n ( r , θ )d r 

= r b + r b 

√ 

π

4 g( θ ) 

√ 

κ

u b r b 
, (C9) 

s compared, fa v ourably, to the result of our mock simulation abo v e
he bubble. 
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(a) (b)

Figure C1. (a) Numerical solution of equation ( C6 ), giving the function g( θ ) that controls the width of the boundary layer around the top of the bubble. (b) 
Numerical simulation of the density of CRs at 300 GeV outside the bubble assuming volume-filling micromirrors. Crosses show the mean radial distance of CRs 
from the nominal bubble boundary in each angular interval, and the solid line shows the mean radial distance of CRs from the bubble equation ( C9 ) calculated 
from equation ( C8 ) with g( θ ) taken from panel (a). 
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