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Abstract

This thesis relates combinatorial properties of sequences to arithmetic properties of
the numbers that they represent. A guiding principle is that numbers whose b-
expansion has low subword complexity are either rational or transcendental. This
heuristic was confirmed by Ferenczi and Maduit, who proved that for b > 1 an inte-
ger, numbers whose b-expansion is a Sturmian sequence or an Arnoux-Rauzy sequence
are transcendental. (These can be considered as the simplest non-ultimately-periodic
sequences in terms of their subword complexity.) Subsequent work of Adamczewski
and Bugeaud extended this result by proving that all numbers whose b-expansion has
linear subword complexity are rational or transcendental, again for b an integer. The
latter authors obtained related results to the case of b an algebraic base under certain
combinatorial properties of the sequence, which depend on b.

The main contribution of this thesis is providing a transcendence result which
applies to arbitrary algebraic bases. We introduce a new combinatorial condition on
sequences and prove a transcendence result for numbers of the form a := 3y 2 u, 37"
where 3 is any algebraic number such that |5] > 1 and w = ujusy - - - is a sequence of
algebraic numbers satisfying the above-mentioned criterion. In particular we prove
that all Episturmian (a generalisation of Arnoux-Rauzy words) words satisfy this

criterion.

Keywords: transcendental number, algebraic base, Subspace Theorem, Sturmian

word, Episturmian word, Tribonacci word
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Notations

N denotes the set of all positive natural numbers.

Ny denotes the set of all natural numbers including 0.

[a,b] denotes the set {i € Z | a <i < b}.

e [a,b] denotes the set {i € R | a <i < b}.

|w| is the length of the word w.

Alp(w) denotes the set of letters occurring in the (potentially infinite) word w.

Ult(w) denotes the set of letters occurring infinitely many times in the infinite

word w.



Introduction

It is a familiar fact that the decimal expansion of a rational number is ultimately
periodic. This remains true even if we write the rational number in any integer base
b. A natural follow-up question arises: what does the b-expansion of an irrational
number look like? Intuition may suggest that they behave “randomly” in some sense,
but it turns out that there are many irrational numbers whose integer base expansion
is fairly regular. One such example is the following one proposed by Liouville in 1844
[21]:

[e.9]

Z % = (0.11000100000000000001000000..
j=1

In fact, this number is supposedly the first number in the history to be proved

transcendental. Recall that a number is transcendental if it is not algebraic, i.e.,

there is no polynomial with rational coefficients such that the number is a root of

that polynomial. Familiar examples of algebraic numbers include v/2 and the golden

V5—1
2

as well as the numbers 7, e.

. Transcendental numbers include the aforementioned number of Liouville

ratio

The transcendence of the above number follows from the fact that it can be very
well approximated by rational numbers, which is not possible in the case of algebraic
irrational numbers. This is well known since Roth proved his celebrated theorem for
which he was awarded Fields medal [27]. It states that for an irrational algebraic
number ¢ and any positive real €, there are only a finite number of rational numbers

p/q such that
P 1
‘é- - 5’ < q2+e '

This bound is tight since every irrational number can be approximated by infinitely

many irrational numbers in the case the exponent is equal to two.! In this thesis,
we employ a generalised version of this theorem, called Subspace Theorem which we

survey in Section 2.2.

by Dirichlet Approximation Theorem.



These results suggest that exactly all algebraic irrational numbers behave “ran-
domly”. This is captured by the conjecture of Borel [11] stating that all algebraic
irrational numbers are normal — for the base b, each block consisting of letters from
{1,...,b— 1} of length n occurs in the b-expansion of that number with frequency
1/b™. For instance, one can find the word 3005727 in the decimal expansion of a
normal number infinitely often with the frequency 1/107. This conjecture is far from
reach since we do not know whether ordinary constants such as 7, e or V/2 are normal
9].

Despite this, partial results have been obtained, particularly in the area of words
with linear subword complexity. Given an infinite sequence u, let sc(n) denote the
number of subwords of w of length n. Notice that b-expansion of a normal number
has sc(n) = 0™ for every n and a word is ultimately periodic if and only if there is
n € N such that sc(n) = n [23].

A significant breakthrough was achieved by Ferenczi and Mauduit in [16] where
they prove that every number whose b-expansion satisfies sc(n) = n + 1 is transcen-
dental. Words satisfying sc(n) = n + 1 are called Sturmian and they are of great
importance in combinatorics, dynamical systems, geometry, etc. This result was
strengthened by Adamczewski and Bugead by proving that given a b-expansion of

some number &, if

lim inf sc(n)
n—oo n

< +00

then € is transcendental [4].
In both works, the authors used a combinatorial criterion similar to the following

one:

Theorem A. For a given number & whose b-expansion is an infinite sequence w, if

there are infinitely many words u,, v,, v, and a positive real number m such that
1. uyv,vl is a prefix of w,
2. v, is a prefic of v, and |v),| > m - |vy,]
3. v is strictly increasing,
4. |unl/|vn| is bounded by a constant,

then the number £ is transcendental.



The basic idea is that if we can find infinitely long words such that they repeat at
least in some linear part, then we can construct good rational approximations which
implies, using the Subspace Theorem, that the related number is transcendental.

From a different perspective, Hartmanis and Stearns conjectured that no algebraic
irrational number can be generated by a Turing machine in linear time [18]. This
question is important since it relates to questions such as time complexity of matrix
multiplication [12]. So far, we know that every automatic number is either rational
or transcendental [4] and the same holds for numbers generated by deterministic
pushdown automaton [1].

In the previous discussion, we assumed that the base is an integer. However, if we
allow ourselves to use algebraic numbers, we return to the initial question at hand.
Before we survey the known results, let us explain how a number can be written in
a non-integer base. Let us have a base (3, a set of digits H — these can be integers
1,...,[|8]], or they can be arbitrary complex number — and an infinite word over
this alphabet u = ujus ... € H¥. Then, we easily interpret this word as a number in

base 3 as
§=2 ub”.
j=1

This series always converges if H is finite.

First of all, many properties that were true in the case of an integer base hold no
more. For instance, a single number can have multiple representations in the same
base, e.g., (0.011)g = (0.1)p where @ is the golden ratio. Furthermore, an ultimately
periodic word does not necessarily denote a rational number but lies in Q(f) which
is an algebraic number field generated by . Surprisingly, the other way around is
not always true, i.e., there are non-ultimately periodic words whose interpretation in
base 3 lie in Q(3). Both directions hold exactly in the case of a Pisot? number [30].

The above facts render both Hartmanis-Stearns conjecture and conjecture about
normal numbers false in the case of an arbitrary algebraic base. However, this does not
mean that studying numbers in algebraic bases is of no use. So-called [-expansions
have connections to ergodic theory, theoretical computer science, tilings, etc. (see for
instance [10]).

Addressing transcendence of numbers in algebraic bases, Adamczewski and Bugeaud

[2] proved that if the base (3 satisfies the following inequality, then the word w inter-

2Pisot numbers are all algebraic integers 3 such that |3;| < 1 for all its conjugates 3; except j3.



preted in base [ is either transcendental or lies in Q(f):

M(3)
log 8]’

Here, M (/) is the Mahler measure of /3 and dio(u) is the supremum of satisfactory

dio(u) >

m in the criterion from Theorem A. Another result from [3] states that every word
satisfying the criterion from Theorem A is transcendental if interpreted in a base
which is a Pisot number. A brief survey of known results is provided in Section 2.4.
Unfortunately, both results are restrictive in terms of admissible bases.

The main contribution of this thesis can be summarized as follows: We provide
a new transcendence result that works with any algebraic base §,|3] > 1 and an
infinite sequence satisfying some combinatorial criterion. Sequences which satisfy this
criterion are called echoic?®, indicating that they are similar to a periodic word with

some minor errors (like an echo of a sound). In section 2.5, we prove the following:

Theorem 2.15. Let u = uqyusy - -+ € H* be an infinite echoic sequence over a finite set
of numbers H and B an algebraic base |3| > 1. Then, the number o := Zj‘;l u; 87
is transcendental or belongs to Q(5,H).

This approach was first proposed in [22] defining stuttering sequences leading to
a result concerning Sturmian words. However, the definition of a stuttering sequence
allows only a constant number of mismatches, which makes the applicability limited.

Our approach is much stronger since we prove that not only all Sturmian words
are echoic, but also Arnoux-Rauzy words are and their generalisation — Episturmian
words (Theorem 3.15).

Episturmian words are of great importance because of their combinatorial proper-
ties which are similar to Sturmian words. See more in the section 1.6. The standard

example of an episturmian word that is not Sturmian is the Tribonacci word:
0102010010201010201001020102010010201010201001020100 - - -

This thesis is split into three chapters: The first chapter defines all necessary con-
cepts related to infinite words and word differences. In the second chapter, we survey
the evolution of the Subspace Theorem, show how it was used in the previous cases
and finally prove our main result which is providing a new combinatorial criterion
in Section 2.5. The third chapter applies the theorem for various classes of infinite
sequences. First, explaining the ideas on Sturmian words and the Tribonacci word,
and then fitting the combinatorial criterion to Episturmian words in Section 3.3.

3See Definition 2.14.




Chapter 1

Stringology

This chapter formally defines all concepts necessary for working with finite and infinite
words. We provide a brand new concept — word difference — which ought to simplify
our reasoning about “subtracting” words. In the third section we define morphic
words, e.g. Fibonacci word, Tribonacci word, Thue-Morse word, and show some of
their basic properties. Finally, the fourth section defines episturmian words which

are our main concern in this thesis.

1.1 Preliminaries

An alphabet ¥ is a finite set of letters. A word is a finite or infinite one-way sequence
of letters from Y. By ¢, we denote the empty word.

Let X be an alphabet. Given a word w = wyws . .. w, € ¥* where wy, ..., w, € X,
we denote the reversal of w as W = wyw,—1 - - w;.

We index words from 1, i.e., for a given (potentially infinite) word w = ujus ... €
>* U XY, the index of u; is 1, the index of uy is 2 ete.

Let ¥ be an alphabet and w € ¥“ an infinite word. By fac,(w), we denote the
set of all factors of the word w of length n. That is fac,(w) = {u | |u| = n,w =
vuw for some v € ¥, v € ¥¥}. By fac(w), we denote the set of all factors of the
word w of any length, i.e., fac(w) = |, oy, faca(w).

For an infinite word w € 3%, we define subword complexity sc : N — N, where
sc(n) is the size of the set of all factors of length n in w, i.e., sc(n) = |fac, (w)].

An infinite word w € X¥ is periodic if there exist v € ¥* such that w = v* and it
is ultimately periodic if there exists u,v € ¥* such that w = uv®.

For a finite word, we define an operation of circular shift T : ¥* — ¥* defined as
T(aw) = wa where w € ¥*,a € ¥. This is naturally extended to infinite words as
T(au) = u where u € ¥ a € .



Let 3 be an alphabet and w € ¥X*UX* a potentially infinite word. For every letter
a € 3, we define letter return time Irt, : ¥* — NU {oco} of a letter a in a word w as
the largest distance between two occurrences of the letter a in w, i.e., Irt,(w) is the
smallest number K € N such that a € Alp(v) for every v € fack(w). If ¥ C ¥ then
Irtsy (w) = max{lIrt,(w) | a € ¥'}.

1.2 Word Difference

For an alphabet X, given two equal-length words v = wjus...ux € X* and v =
MUy ... v € X with k € N, we define word difference u © v to be the word w =
wyws . .. wy over alphabet ¥.° := ¥ x ¥ where w; = (u;,v;) for each ¢ € 1,... k. We
sometimes denote (a,b) as § and (a,a) as e for every a,b € X. In the case of a differ-
ence between words over numbers, letter difference becomes digit-wise subtraction.

Hence, if we have u = 001039 and v = 021094, we denote u © v either of following
ways:

(0,0)(0,2)(1,1)(0,0)(3,9)(9,4)

0(—2)00(—6)5

Additionally we define negation of a word w = % ... % ¢ (£9)* as © : (X°)* —

V1 Vg
(X9)* where Sw = £ --- £ Hence, for every v,w € X* such that [v| = [w],

(vow)=06(wow).

Next, we define operator ¢ : (X°)* — (X°)* which trims any leading and tailing

e, i.e., for a word w, w® is a word neither starting nor ending with “e” such that

w = oFw®e! for some k,l € N. In particular, if w € ¢* then w® = ¢.

1.3 Laurent Series and Polynomials Related to Words

Let H be a set of numbers. With a finite word v = wjus - --u, where n € N and

uy, ..., U, € H, we associate the polynomial

n
Yn—J
E u; X"
j=1

With an infinite word u = uquy - - - € H“, we associate the Laurent series
[o¢]
X
E u; X 7.
Jj=1

7



If w e ¥*U X% is a (potentially infinite) word difference w = The2 ... where

Uy, Ug, ..., 01,02, .. € X, we take u; — v; as the number for every j € N.
For a (potentially infinite) word w € ¥*(€ X¢), and its related polynomial (Lau-
rent series) p(X), we denote wg := p(f) where g € C.

1.4 Morphic Words

A morphism is a map ¢ : ¥ — X* which is naturally extended to all words ¢ :
YFUXY = ¥* U XY such that ¢(uv) = ¢(u)p(v) for any u € ¥*, v € ¥ U XY, A

famous example is the following morphism over an alphabet {0, 1}

¢ 0~ 01
1+ 0.

Applying this morphism multiple times (¢!, ¢2,...) on the value 0, we notice that

every word is a prefix of the following word.

Indeed, the above morphism has a fixed point which is the following word, known as

the Fibonacci word

lim ¢"(0) = 01001010010010100101001001010010010100. . .

n— oo
Notice also that the lengths [¢°(0)| = 1,|¢'(0)] = 2,|¢*(0)] = 3,]¢*(0)| = 5,...
form the Fibonacci sequence. Furthermore, the ratio #olu) 4 equal to the golden ratio

|ul

in the limit, where u is a prefix of the Fibonacci word and #¢(u) is the number of
occurrences of 0 in wu.

A morphism has a fixed point on a letter a if and only if it is prolongable on the
letter a, which happens if there is a non-empty word u such that ¢(a) = au and ¢™(u)
is non-empty for all n € N. Then, the fixed point is

ag(a)¢*(a)¢’(a)d(a) - - .



Similarly, the Tribonacci word over an alphabet {0, 1,2}, is generated by

¢ 0~ 01
1+— 02
2—=0

and has the fixed point:
0102010010201010201001020102010010201010201001020100. . .

If there exists k € N such that for every a € ¥, there exists u € X* and 1(a) = w,
then we say the morphism ¢ is k-uniform. Cobham proved that an infinite word is
generated by a finite automaton over an alphabet of size £ if and only if it is an image
by coding! of a word that is generated by a k-uniform morphism [13]. An emblematic

example of a k-uniform morphism is the Thue-Morse word generated by:

¢ 0~ 01
110

which induces the infinite word

011010011001011010010110011010011001011001101001011 . ..

1.5 Sturmian Words

Sturmian words are probably the most researched class of infinite binary words. They
arise naturally in multiple areas such as number theory, symbolic dynamics, theoret-
ical physics, or theoretical computer science, and they share various combinatorial,
geometrical, and algebraic properties. See [6] for more.

Sturmian words are exactly those words with subword complexity sc(n) = n + 1
for every n € N. Since an infinite word is ultimately periodic if and only if sc(n) = n
for some n € N [23], one can view Sturmian words as aperiodic words with the lowest
subword complexity. Notice that this definition implies that Sturmian words are over
a binary alphabet. We use ¥ = {0, 1}. There are many other definitions such as that

Sturmian words are aperiodic and balanced?, they are formed as the cutting sequence

LA coding of a word is a 1-uniform morphism, 4.e., morphism ¢ : ¥ — .
2A word is balanced if the number of 0’s in any two factors of the same length differ by at most
1.



of a line with some irrational slope with the unit grid [14], and they also arise as the
coding of a rotation on a unit circle [23].

Let w be a Sturmian word. From the definition, one has that for each n € N there
exist n words w € fac,(u) of length n such that exactly one of w0 € fac,i(u) or
wl € fac,;1(u) holds, and there is one special word v € fac,(u) such that v0,v1 €
fac,.1(u). Necessarily, the same holds for appending a letter to the left and actually,
the left special word is the reversal of the right special word. In the next section, we
show how this is used to define Arnoux-Rauzy words and Episturmian words.

A Sturmian word is standard if all its left special factors are prefixes of the word.
It is known that for each Sturmian word w, there is exactly one standard Sturmian
word v such that fac(u) = fac(v). This word is also called the characteristic word of
u.

Non-standard Sturmian words are somehow a shifted version of their respective
characteristic word. This is best described using the following equivalent definition
of Sturmian words: Let s € [0,1] be an irrational number and ¢ € [0,1]. They are
referred to as the slope and intercept, respectively. We define an infinite sequence
w = wiwWs . .. where

wy, = |[ns+i] — [(n—1)s +1i].

In this case, the Sturmian word is standard if and only if ¢ = 0. All words with the
same slope have the same set of factors.

For a standard Sturmian word w there exist an infinite sequence (w,,)> , of prefixes
of u satisfying

s
Wp41 = Wy Wp—1

for every n € N where s1,s9,... € N and {wy,w;} = {0,1}. Furthermore, [0;s; +
1,89, 83,...] is the continued fraction expansion of the slope s of u. [5].

There is also a connection between Sturmian words and morphism. Let

wo . 0—01 ’401 : 01
1—20 1—10
Given a standard Sturmian word w with the sequence sy, sg, ... and wy = 0, w; =
1, let A = 0°11%20% --- = dydy--- be called a directive sequence where dy,ds,..., €

{0,1}. Also, 1, s9,... are called the partial quotients of A. Then, the word w arises

as the following limit:

u = lim ¢y, -, (dn1)
n—+00

10



1.6 Arnoux-Rauzy and Episturmian Words

The property of having exactly one special left factor and one special right factor
for every n € N can be generalised to any alphabet. Infinite words satisfying this
property are called Arnouz-Rauzy words. They were extensively studied for their
geometrical realizations such as Rauzy fractals [7], interval exchanges [8], and S-adic
dynamical systems [26].

Arnoux-Rauzy words posses the property that they are closed under factor rever-
sal, u.e., if u is a factor, then its reversal is also a factor. Thus, one can generalise
Arnoux-Rauzy words to infinite words that are closed under reversal and have at most
one special left factor for each length. These words, introduced by Droubay, Justin
and Pirillo [15], are called episturmian and share similar properties with Sturmian
words. See the survey of Glen and Justin [17] for an overview of known results.

Formally, let > be an alphabet. An infinite word w is episturmian if

1. @ € fac(u) for every factor u € fac(u),

2. for every v € fac(u) of length n € N except one word u, there is exactly one
letter a € ¥ such that va € fac,;1(u); the word w is called the right special

factor.®

An episturmian word that has all left special factors as its prefix is called standard.
Standard episturmian is shortened to epistandard. For every episturmian word w,
there exist a unique epistandard word v such that fac(u) = fac(v).

There is another viewpoint on episturmian words using morphisms and spins. Let

Y be an alphabet and ¥ = {@ | a € ¥} be the spinned version of . For every a,b € 3,

waa)):{aifb:a wa(b):{aifb:a

ab otherwise ba otherwise

we define

We denote & = S US. A letter @ € 3 has spin 1 if & = @ and spin 0 if @ = a. For

a letter a € ¥, a is the spinned version of a.

Theorem 1.1 ([20], Thm. 3.10). An infinite word u € X% is episturmian if and only
if there exists an infinite spinned word A =didy - €3 and an infinite sequence

(w2 o of infinite recurrent’ words such that

u =u  and "V =y, (u)

n

3Since w is closed under reversal, there is also a unique left special factor which is the reversal of
the right special word.
4A word w is recurrent if every factor u € fac(w) occurs infinitely often in w.

11



for every n € N.

It is a known fact that if all spins of A are 0, the word w is epistandard.

12



Chapter 2

Number Theory and
Transcendence

In this chapter, we explore results concerning transcendence of numbers related to
infinite sequences. The first section lays down number-theoretic preliminaries includ-
ing embeddings, norms and places. The second section surveys the evolution of the
Subspace Theorem from Liouville’s inequality up to Schlickewei’s p-adic version of the
Subspace Theorem for number fields. In the third section, we reproduce the proof of
transcendence of numbers related to Sturmian sequences and to sequences with linear
subword complexity, for an integer base b. The fourth section describes difficulties in
trying to generalise the former results to algebraic bases and outlines known results
in this area. We end the chapter proving theorem 2.15 which is the main contribution
of this thesis.

2.1 Preliminaries

We denote the set of polynomials with coefficients in a set H C C as H[X]| = {a, X"+
ag 1 X4 -+ a X +ag | ag,...,a0 € H,d € Ny}. For a comprehensive introduction
to number theory, we refer the reader to [19].

Algebraic numbers, as mentioned above, are exactly those complex numbers ~
for which there exists a polynomial f(X) € Q[X] such that f(y) = 0. With every
algebraic number v we associate the minimal polynomial of v over Q — m(X) € Q[X]
— which is the polynomial with the least degree such that it is irreducible, it has
leading coefficient 1, and m(vy) = 0. A polynomial f(X) € Q[X] is irreducible if it
is divisible only by 1 and by itself, i.e., there are no polynomials g(X), h(X) € Q[X]
such that f(X) = g(X)h(X) and neither g(X) nor h(X) are constant. For every

algebraic number 7, there is a unique minimal polynomial and we denote deg(7y) the

13



degree of that polynomial. Throughout, we work only with minimal polynomials over
Q.

A number field generated by v over Q is Q(v), by which we mean the smallest
field extension containing element v and all rational numbers. In other words, the
set obtained by applying addition, subtraction, multiplication and division to the set

of rational numbers and . It is a known fact that for algebraic =,

Q(y) =

where (m(X)) is the ideal, generated by the minimal polynomial of 4. Hence, every
element of Q() can be written as a polynomial in y with coefficients in Q with degree
smaller than deg(7).

For a given algebraic number 7 and its minimal polynomial m(X) we call conju-
gates of v all roots of m(X). Since all roots of an irreducible polynomial are distinct,
there are exactly deg(y) conjugates of 7. Conjugates can be grouped into real ones
(having zero imaginary part) and complex ones which are paired, i.e., for a,b € R, if
a + bt is a conjugate, then also a — bi is a conjugate.

Given a field extension of algebraic numbers K, if the dimension [K : Q] is finite,
we say that K is a number field. Moreover, for a number field K, there is a primitive
element v € K such that Q(vy) = K. Since 7 is the generator of K, every element of
K can be written as Zfi%m_l a;y* for some aq, . ..,aq_1 € Q.

For example, a number field Q(v/2,v/3) which is a number field generated by v/2
and /3 is also generated by v/2 + v/3.

In order to use the Subspace Theorem, we need to define several concepts. Namely
embeddings, prime ideals, places, and Weil height.

Firstly, we define embeddings of a number field. Given a number field K, an

embedding is an injective homomorphism K — C. If ~,... v, are exactly all the
roots of a minimal polynomial m(X) € Q[X] related to the number field K = %,

then for any embedding K < C is isomorphic to

where i € 1,...,d, v € 71,...,7¢ and ag,...,aqs_1 € Q. Note that the set of embed-
dings is the same independently of the choice of v. Also if v; = 7;, then o; = 0.

Hence, we have r real embeddings and s pairs of complex embeddings where r is
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the number of real roots of m(X) and 2s is the number of complex roots of m(X).
Obviously, one of the embeddings (the one associated with ~; = 7) is the identity
map x — . As we will see later, this induces the usual absolute value.

By Ok, we mean the set of all numbers from K which are roots of some monic
polynomial with integer coefficients; that is, the algebraic integers.

Before we use embeddings to define infinite places, let us define p-adic absolute
values. By p-adic absolute value, we express the “occurrence” of the number p in a
given rational number a. Formally, given a rational number a = s, b,d € Z,d # 0,
we can write it uniquely as a = Z—l,pc where V', d',c € Z,V { p,d" t p for any prime p.
Then, for p-adic absolute value, we have |a|, = p~. For instance, [14|7 = 1, || = 8,
55 = 1.

The product formula states that for any rational x,

ol IT lelp=1.

p prime

This can be generalised into any number field but we need the concept of absolute
values and places. For a number field K, an absolute value | - | : K < R{ is a map

satisfying for every x,y € K:

e |z =0if and only if z =0

o [z||y| = |vy|
o |z +y| <|z|+ ]yl

Absolute values can be split into three groups: trivial, archimedean and non-
archimedean. There is one special trivial absolute value that has |a| = 1 for all
a # 0 and |0 = 0. Non-archimedean are those for which |z + y| < max(|z|, |y]).
Archimedean are all other absolute values. An example of an archimedean absolute
value is the standard absolute value and an example of a non-archimedean absolute
value is any p-adic absolute value.

Two absolute values | - |1, | - |2 are equivalent if there is ¢ € Rt such that |a|; =
la|5 for all @ € K. An equivalence class over this equivalence relation is called a
place. We do not include the trivial absolute value as a place. Places corresponding
to non-archimedean absolute values are called finite, and places corresponding to
archimedean absolute values are called infinite.

Ostrowski’s Lemma states that for rational numbers, there are only two types of
places: the place containing the usual absolute value and a place for every p-adic

absolute value.
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For a number field K, an absolute value from a finite place is equivalent to one of
the form
2], = N(p)~ord@
where p is a nonzero prime ideal of Ok, ord,(z) is defined for every x € Ok as the
largest m such that z € p™, and N(p) is the norm of p. The definition is extended
multiplicatively, i.e., ord,(z - y) = ordy(x) + ord,(y).
Regarding infinite places for a number field K, an absolute value | - |, from an

infinite place is equivalent to an absolute value
|z} = |o(z)]

where 0 : K < C is some embedding on K and | - | is the usual absolute value.

Let us denote M(K) the set of all places of a number field K. Since we have the
freedom of choosing which absolute value is the representative of a place, we select
them such that the product formula holds. The product formula states: for any
number field K and any x € K:

IT zl.=1
veM(K)

For every z € K and v € M(K), we define representative absolute value |z|, as:

o |z, := |o(z)|/IFU if v corresponds to a real embedding o : K < R,

o |z|, := |o(2) U if v corresponds to a conjugate pair of complex embeddings

oc: K —C,

o |z|, := |N(p)|~o%@/IK:Ql if ¢ corresponds to a finite place related to a prime

ideal p.

For a number field K and for any m € N, the Weil height H : K™ — K of a tuple
x = (T1,%T2,...,Tp) 1S
H(z)= [ max(jzilo,.. - |2mlo. 1).
veM(K)

The value H(z) is independent of the choice of the number field K.
Let p(X) € Q[X] and b € Q be the leading coefficient of p(X). The Mahler

measure of p(X) is defined as

deg(p)

M(p) == [o| ] max(1,|8:)
i=1
where B, ..., Biegp) € C are all roots of p(X).
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Proposition 2.1. Let K be a number field and D € R. For every polynomial p(X) =
@ X'+ -+ a1 X + ag with rational coefficients |a;| < D for every i € 0,...,t, and

an algebraic number 5 € K,
H(p(B)) < t*¢D . C(8, D)'
where C (3, D) is a constant dependent only on  and D

Proof. Let My be all finite places of M(K') and M; all infinite places of M(K).

HpB) = [[ max(p@®)l,1)
)

veM(K

< H max(|a3']y, ..., |a18" s, |aol, 1)

vE Mo

I ¢+1) - ¢ max(|8]., 1)!

veEM;

< [T max(facl.,- -, laol,) - max(|8],, 1)

vEMp

I ¢+1) - c-max(|8]., 1)!

veEMy
<H(B)" - H(ay,...,a0) ((t+ 1)c)deg(ﬁ)

where ¢ € R is an upper bound ¢ := max{|a;|, | i € 0,...,t;v € M(K)}. The first
inequality follows from the fact that |z + y|, < max(|z|,,|y|,) for all finite v and
la; B, < c|f?|, for all i € 1,...,t. The last inequality follows from the definition of
H and the fact that |M;| < deg(p). O

2.2 The Subspace Theorem

Among various tools for showing transcendence, the Subspace Theorem has proved
to be very useful especially for infinite words with some repetition pattern. In this
section we survey the history of its versions and reproduce some transcendence proofs

along the way.

From Liouville to Ridout

The hunt for transcendental numbers was initiated by Liouville proving the following

inequality:
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Theorem 2.2 (Liouville 1844 [21]). For each algebraic number & of a degree deg(&) >

2, there exists a number c¢ such that

b Ce
B
’5 q‘ - qdeg(ﬁ)

for every rational number p/q with g > 1.

As a direct consequence, if there is a number such that for every d € N, there
exists p/q such that [ —p/q| < 1/¢%, then this number is necessarily transcendentall.

The number Liouville constructed is the following:

J— . 1 —
£ = Z T = 0.110001000000000000010000 - - -
j=1

His proof worked as follows: For every n € N, we define an approximation of ¢ as

1 P,
©=2 157 = 1o

‘]:
where P, € N is a number smaller than 10™ such that

P, =~ 1 2 2
5_ fn = 5 - W - Z 107" < 10(n+1)! o <10n!)(n+1)'
j=n+1

Applying the contrapositive of Liouville’s inequality, £ is transcendental.
Following from these observations, one can be interested in the concept of a, so-
called, irrationality measure. For a given number &, let R be a set of positive real

numbers 7 such that there are only finitely many rational numbers p/q for which

’5 - 1—9‘ < i.
4q q"
Then, the irrationality measure of &, denoted as n(§) is the infimum of R. Observe
that multiplying the right-hand side by some positive real constant does not affect
the (in)finiteness of the set of suitable rational numbers p/q.
Liouville’s inequality shows that if (£) = oo, then £ is transcendental. Dirichlet’s
Approximation Theorem gives us that n(§) > 2 for every irrational number and
n(&) = 1 for every rational number.

A major improvement in this area was provided by Roth:

IThese numbers are referred to as Liouville’s numbers.
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Theorem 2.3 (Roth 1955 [27]). Let & be an algebraic number. Then, for every e > 0

there are only finitely many rational numbers p/q such that

1
q2+e '

il
q

Roth’s theorem implies that 7(§) = 2 for any algebraic irrational number £. Using

Roth’s theorem, we are able to prove transcendence of the following number:

=1
X = Z 103J"
j=1

For every n, we define
n

1P,
X =2 1w = 17

Jj=1

for suitable P, € Z such that

o0

B b, 3 1L 2 2
X XTL - X 103n - - 1O3n 103n+1 - (103n>3

j=n

Intuitively, Roth’s theorem says that when a number is “well approximable” by
rational numbers (with an exponent greater than 2), it is transcendental.
However, even with Roth’s Theorem, it is unclear whether numbers with irra-

tionality measure equal to 2 are transcendental or algebraic. For instance,

1
V=2 1w

J=1

In this case, a p-adic extension of Roth’s Theorem turns out to be useful.
The p-adic version of Roth’s Theorem was introduced in 1957 by Ridout. The
basic idea is to strengthen the theorem in the case any of the integers p, ¢ which we

use to approximate number £ is made up of only infinitely many primes. Formally,

Theorem 2.4 (Ridout 1957 [25]). Given an algebraic number &, a positive real num-
ber €, and a finite set of primes S, there is only a finite number of rational numbers
p/q such that

P 1
(H Pl - |q|v> : ‘f - 5‘ <

vES

If we set S = {2,5} and we choose to approximate 9 by 2?21 10121 = 15#, then
n n P, 1 2 2
Pyl - [10%" |2 - [ Pyls - [10%" |5 - [0 — —2 : = :
‘ |2 | ‘2 ’ ‘5 ’ |5 102n < 102n 102n+1 (102n)3
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Schlickewei’s Subspace Theorem

We present a major generalisation of p-adic Roth’s Theorem by Schlickewei and then
his full generalisation to all number fields. We refer to the former as the basic Subspace

Theorem and to the latter as the Subspace Theorem.

Theorem 2.5 (Schlickewei 1976 [28]). Let S be a finite set of primes containing oo
and let m € N. For every p € S let Ly, Loy, ..., Ly, be linearly independent linear
forms in m wvariables with algebraic coefficients. Then, for any positive real € the

solutions € Z™ to the inequality

ITII Lisls < (man(an], o), ... on])) ™ = H(w)"

peS i=1

are contained in finitely many proper linear subspaces of Q™.

By linear form in m variables with algebraic coefficient, we mean L(x) = c1x; +
.oy Cmxy Where cq, ..., ¢, are all algebraic. Linearly independent means that there
are no algebraic ay, ..., a,, such that a1y + -+ ap Ly, = 0 and (aq, . .., ay,) is non-
zero. Also, by |- |, we mean the usual absolute value |- | and by |-|,, we mean p-adic
absolute value on Q.

Now, we are ready to state the full version of the Subspace Theorem which we use
in this thesis. We work in a number field K. By Og, we mean all S-integers which is
the set of all v € K such that ||, <1 for all finite places v € S, where S is a set of

places.

Theorem 2.6 (Schlickewei 1977 [29]). Let S C M(K) be a finite set of places
containing all infinite places, and let m > 2. For every v € S, let Ly, ..., Ly, be
linearly independent linear forms in m variables with algebraic coefficients. Then, for

every positive real €, the solutions x € OF to the inequality

[Tzl < H@)™

ves i=1

are contained in finitely many proper linear subspaces of K™.

2.3 Transcendence of Numbers in an Integer Base

In the previous section, we stated the main tools for proving transcendence of se-
quences with some repetitive structure. This section surveys particular theorems

about transcendence of numbers related to sequences in an integer base.
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In the pioneering work by Ferenczi and Mauduit [16], they proved that any Stur-
mian word interpreted in any integer base is a transcendental number. The idea is
similar to the one we used in the previous section. We are looking for some regular
patterns that we use to construct “good enough” rational approximations. In this
and all of the following proofs, the structure of the proof is as follows: 1) we prove
our class of sequences (e.g., Sturmian words) satisfy some combinatorial criterion,
2) we show that the combinatorial criterion is sufficient to construct “good enough”
rational approximations and hence to prove transcendence.

Ferenczi and Mauduit defined a combinatorial criterion that is sufficient to prove
transcendence for an integer base. Later, Adamczewski, Bugeaud and Luca provided
similar but stronger criterion [4]. Here, we state the latter one and prove the tran-

scendence result related to it.

Definition 2.7. Let u = ujus - - - € X* be an infinite sequence over a finite alphabet

3. If there is real positive 0 > 1 and infinitely many words v,,, w,, € ¥* such that

)

° is a prefix of u

(i) vyw
(i) (Jwn|)22, is strictly increasing
(iil) (Jvn|/|wn|)e2, is bounded from above
then w is called stammering?.

If w is a word and ¢ € R*, by w® we mean wl®v where v is the largest prefix of
w such that |v] < (¢ — [c])|w].

Theorem 2.8. Let b € N, b > 2 and u = wjuy--- be an infinite non-eventually
periodic stammering sequence over a finite alphabet {1,...,b—1}. Then, the number

o= Z;’;l u;b™7 is transcendental.

Proof. There is a simple proof of this using the basic Subspace Theorem. Let r, :=
|vua|, and s,, := |w,| for all n € N. We define «, to be a rational number approximating
« such that its b-expansion wv,, satisfies: first r, digits of v,, are identical to the first
r, digits of w and the next s, digits of v,, — which we set to be the same as the next
s, digits of u — repeat to infinity. Using (i) from 2.7, we know that v,, and w start
to differ at index 7, + 5,0 which we exploit to prove transcendence of a.

To illustrate, for every n € N, we have

vn = 0u1u2 e u"‘nu"‘n"l‘l e uTTL+57Lu7"7L+1uT7L+2 e UT7L+57LU7"7L+1 U

2This name was used in [4].
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and o, = Yo v;b~7 where v; is the jth digit of v,,. This is also equal to

j=1
P,
oy = ————
b (b — 1)
where P, := Z;SS”_l Uy 45—V
As we said above, for every n € N, (i) of 2.7 gives us that
1
a=an <0 (2.1)

Now, we are ready to use the basic Subspace Theorem. We set S to be the set
of prime divisors of b along with the usual absolute value co. Set m = 3 and linear

forms as follows: For every v € S — {oo}, let:
Ll,v = Ty, L2,v = Ty, L3,v = T3.
For usual absolute value, we have
Lo = ary — axg — x3, Lo oo = X9, L3 o = T3.

Obviously, linear forms L, ,, Lo ,, L3, are linearly independent for every v € S. Also,
their coefficients are all algebraic since we assume « is algebraic. This will lead us to
a contradiction.

Next, we try to prove that
IT 1T 1Zie(@n)ls < H(an)
veS i€1,2,3
for some positive real €, where a,, = (b5 b™ P,).
Since S contains all prime divisors of b, we can apply the product formula to get
[[1u(@) <1
veS

and similarly

H ’LQ,v(an)l S 1.

veES

For the third variable, we have
1
[Lso(@n)| = [0 a = 0" = Po| = [a(b™ (0™ = 1)) = Pul < o5y

where the last equality is obtained using inequality (2.1). Furthermore, for every

v e S — {oo}, we have |L3,(a,)| < 1 which altogether gives

1
H H |Li,v|v < b((s——l)sn

veSU{oo} 1€1,2,3
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From the definition of H and since a,, consists only of integers, we have that H(a,) <
|b|™F#» for all n. Using the property (iii) of 2.7, there exists D > 0 such that
Tw/s, < D for all n. Hence, H(a,) < |b|(P+Y» This gives us

I I 1B < oo < Hia)
p(6—1)

veSU{oo} i€1,2,3
where e = (0 — 1)/(D + 1).

Applying the basic Subspace Theorem, we are given finitely many non-zero linear
forms with rational coefficients such that for every n, a, vanishes on at least one of
them. Therefore, there is some linear form L for which there are infinitely many a,,
which vanish on L. Let L(x) = z1x1 + 29x9 + 2373, 21, 22, 23 € Q. For every a,,, we
divide L(a,) by b™ " and using property (ii) of 2.7, we look at the value in limit.

lim L(a,)b~ ") = 2 4 2, lim 1 + 23 lim n 21 + 230 = 0. (2.2)

n—o00 n—oo hsn n—oo hrntsn

=2 which is a rational

However, the last equality is possible only if « is equal to
number. But since our base b is an integer and every rational number in an integer
base is ultimately periodic, @ would need to have ultimately periodic form which is

not our case. Therefore, « is transcendental. O

Sturmian and Arnoux-Rauzy words

Once we have established transcendence of numbers related to stammering sequences,
we can apply this knowledge to some known classes of sequences.

The first application of this result was done by Ferenczi and Maduit in [16] where
they proved that all Sturmian words are stammering sequences. We indicate the proof
for standard Sturmian words since for non-standard Sturmian words we just need to
apply a suitable shift.

Firstly, let us recall that for a standard Sturmian word w = wjus--- € 3 over a
binary alphabet X, there exists a sequence of words wg, wq,... € ¥* and a sequence

of numbers sq, s9,... € N such that
_ Sn
Wp+1 = W, Wn—1

for every n € N, w, is a prefix of u for every n € N, and {wp, w;} = {0, 1}.
Applying the recursive formula twice, w,w,_jw, is a prefix of w,;o which is a
prefix of u, for all n > 2. Since |w,|/|w,w,_1| > % we can set u, 1= &, v, := WyWp_1
and 0 := % which fits the definition of a stammering sequence.
A similar argument can be also made for Arnoux-Rauzy words proving that they

are stammering.
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Sequences with linear subword complexity

In [3], Adamczewski, Bugeaud and Luca proved that if the b-expansion of a number
7 has linear subword complexity then it is transcendental; b € N, b > 2. A sequence
has linear subword complexity if there exists a constant C' € N such that the subword
complexity sc(n) < Cn for all n € N.

They showed that for every n € N; if we take the prefix of w of length (C' + 1)n,
then there is a subword of length n which occurs twice in the prefix. Precisely, there
are words U, V,,, W,,, X,,, Y,,, € ¥* such that

and (U, V, X, Z,| = (C + )n, |V,| = n, |Y,] > 0. We are trying to find wu,,v,
satisfying the properties (i) and (iii) of 2.7 for all n and some constant ¢ (condition
(ii) is satisfied from the fact that we can do this for any n € N).

In [3], they split the cases as follows:

1. If | X,| > |Vi|, then there is a word A, such that U,V, X, Z, = U,V, A, V,,Z,.

Hence, we can set u,, := U, and v, := V, A,,.

2. If |V,| > | Xn| > |Va|/3, then there are words A, B, such that U,V, X, Z, =
UnVnI/SAnan/SAan Then7 Uy = Un and I an/3An

3. If [V,|/3 > | X,|, then |V,,| starts with |X,,| repeating multiple times which we

use to find suitable u,, and v,.

In all cases, we can prove that |uy,||v,|'t7/¢ is a prefix of w and |u,|/|v,| < C/4 for
all n € N. Therefore, we can fit it into the above argument to get a transcendence
result.

This is a groundbreaking result that implies transcendence of all irrational auto-

matic numbers since their subword complexity is linear.

2.4 Transcendence of Numbers in an Algebraic Base

After obtaining the above results, an immediate question is raised regarding tran-
scendence of sequences in non-integer bases. We work in an algebraic base . Let

‘H be a finite set of integers and u = ujus --- € H*. Then, w is associated with the

o0
o= Z u; 8.
j=1
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Before stating results for an algebraic base, let us explain why it is not obvious
to generalise results from the previous section to any base. First of all, we realise
that we cannot use the basic Subspace Theorem since it does not allow us to have
non-integer values for a,,. Therefore, we use the full version of the Subspace Theorem.
There, we work over a number field K related to the base S. In order for us to use
the product formula, we choose the set of finite places to contain all divisors of .
The Subspace Theorem also forces us to use all infinite places. We define all linear
forms as previously and we get to evaluate the linear forms on a, which we define
identically. We obtain [], ¢ |Liv(an)| = 1 for i € 1,2 using the generalised product
formula. But once we try to bound |Ls,|, for some non-standard absolute value v,
we notice that it might be greater than 1.

To illustrate this, imagine we have § = % and we try to evaluate it on p-adic
absolute value for p = 47. Then, |5|47 = 47 which is much greater than §. Therefore,
it is not at all clear whether these absolute values are small enough so that the overall

product is sufficiently small. We give a short survey on how this problem was avoided.

Pisot and Salem numbers

A number f is Pisot if it algebraic integer, |#| > 1 and |5;| < 1 for all its conjugates
B; except 5. A number § is Salem number if it algebraic integer, |3] > 1 and |5 < 1
for all its conjugates B; except 8 and there is at least one conjugate ; such that
|8;| = 1.

Some partial results were obtained in [3] by Adamczewski and Bugeaud restricting

the base to be a Pisot or a Salem number. We restate their results here

Theorem 2.9. Let S be a Pisot or a Salem number and w = ujus--- € HY a

[e.e]

stammering sequence. Then the number a = ijl

or belongs to Q(pB).

u;| 877 is either transcendental

We continue as we started at the beginning of this section. Since 3 is an algebraic
integer (since it is Pisot or Salem) and all coefficients are rational integers, then

|P.|, < 1 for any finite place v. In the case of infinite places, one can use the
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properties of absolute values to obtain

Tn+Sn

’Pnlv S Z ’Ciﬁi|v
=0

Tn+Sn

< Z D since| ;| < 1 for all conjugates 3; of 3
i=0
< (rpn+s,)D definition of D

for some integers cy,..., ¢, 15, where D is the upper bound D := max(|c|, | ¢ €
Z,|c) < H—-H,ve MQ(B))) where H —H = {a—b | a,b € H}. Putting it all
together, we get

LT IT 1Ziole < ((ra+ s0) D)o@ 3700,

veS i€1,2,3
Using the Proposition 2.1, we can find positive real € such that H(a,)¢ < p0~Ysn/2,
Since § — 1 > 0, then for big enough n € N we have

H H ’Li,v|v S H(an)_e-

veSi€l,2,3

Hence, we can apply the Subspace Theorem which gives us that all points a, =
(Brmtee B P,(B)) lie in finitely many proper linear subspaces of Q(3)3. Hence,
there is a non-zero linear form L(x) = 2121 + 2929 + 2323 such that L(a,) = 0 for
infinitely many n. Taking n to infinity and dividing every equation by ™" we get

L
lim (an)

——— =z +z2a=0
n—oo /8T7L+57L 1 + 3

which implies that a belongs to Q(8) or it is transcendental if the initial assumption

is false.

Theorem 2.10. Let 8 be a Pisot number and w = wjus--- € HY a stammering

sequence. Then the number o := 37°%, u;|B|™7 is transcendental.

The only difference to the previous proof is that in the very last part when we
are given zi, z3 € Q(f) such that z; + z3a = 0 we can conclude a contradiction since
every Pisot number belonging to Q(5) is ultimately periodic but u is not ultimately

periodic.
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Diophantine Exponent

Another approach proposed in [2] make use of, so-called, diophantine exponent. Let us
recall the properties of Definition 2.7. Obviously, the smaller the ¢ in the criterion, the
shorter the repetition and therefore the weaker the ability to exploit this repetition.
In the case of an integer base, it is sufficient to have any positive real 6 > 1. However,
[2] showed that for an algebraic base [, if the § is big enough, we can prove a

transcendence result.

Definition 2.11. Let dio(u) be the supremum of § such that w is a stammering

sequence for this 4.

The scope of dio(u) is 1 < dio(u) < +00. The concept of diophantine exponent
is not only helpful as the unifying interface for previously stated theorems but also
allows us to prove interesting things about sequences in an algebraic base .

In [2], Adamczewski and Bugeaud proved the following:

Theorem 2.12. Let 5 be an algebraic number || > 1 and w = ujus - -+ an infinite

sequence of bounded rational integers. If

log M(3)

dIO('U,) > W,

then the real number .
a = Z u; 377
j=1

lies in Q(f) or is transcendental.

By M(f) we mean the Mahler measure of 5. This theorem initiates researching
the diophantine exponent for various infinite sequences because, for example, if an
infinite sequence has an infinite diophantine exponent then the result holds for any
8> 1.

For an episturmian word directed by A = dj*d5*--- € ¥ where ay,as,...,€ N,
Peltoméki proved that the sequence has dio(u) = oo if and only if the sequence
ai, as, . .. is unbounded [24]. Therefore, with the theorem above, there are still plenty
of episturmian sequences u and bases 8 such that it is unclear whether the word

related to w in base (3 is transcendental, lies in Q(S) or elsewhere.
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Finitely many discrepancies

A completely new approach was proposed in [22] by Luca, Ouaknine, and Worrell.
They noticed that given a Sturmian word u, if we define periodic words v,, as in the
section 2.3 then u and v, differ in constantly many indices every |v,| where v, is the
period of v,. In other words, a Sturmian word has an infinite diophantine exponent
if the repetition is allowed constantly many mismatches. Since our main contribution
in this thesis is a generalisation of this idea, let us explore this in detail.

First, we define, the combinatorial criterion: An infinite sequence w = ujuy--- €

¥ over a finite alphabet X is called stuttering if for every m € N there exists d € N,

o

* |, and sequence of integers (s,)>° ; such that

an increasing sequence of integer (r,) ~,

Upp 4 1Upp 42"+ Upy s, AN U, s, 11Uy, 15,42 ** Uppy g (mt1)s,

differ in at most d indices and r, /s, is bounded by a constant.

The reason why this is similar to dio(u) = oo is because m can be made arbitrarily
big. That is why we can prove a transcendence result for arbitrary algebraic base 3,
8> 1.

To illustrate why there is only a constant number of discrepancies, let us take the

Fibonacci word and compare it with itself shifted by 5:

1 =01001010010010100101001001010010010100101001001010010 - - -
T°(u) =01001001010010100100101001001010010100100101001010010 - - -
u © T°(w) =000000% 2000000000002 20000002 2000000000005 200000000000 - - -

We notice that there are at most two mismatches every 8 indices. In general, if we
shift the Fibonacci word w by some Fibonacci number F,, and compare it with wu,
then in every consecutive F;,,; indices, there are at most two mismatches. We explain
this behaviour in the next chapter.

Now, we show that we fit the Subspace Theorem for our purposes. We introduce
d new variables which correspond to d mismatches. Thus, we choose the number of
linear forms m to be 3+d, S to be as usual and linear forms to be defined as L;, = x;
foreveryi € 1,...,34+d, v € S except (i,v) = (1,v9) where vg is the usual absolute

value. In that case, we set L;,, = 21 — 2o — - -+ — T344. Let

a’TL = (/Brn—‘rsn?ﬁrn?Pn?/B_tn,l? R 7/8_tn’d)

where P, is defined as usual and ¢,,1,...,%,4 € N are indices of mismatches between

Uy, +1 " Ur,+msy, o Uy, +sp+1° " urn+(m+1)sn
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in increasing order. Observe that using the criterion from the definition of stuttering
sequences, we have

d

Lio(@n)] = 87 = g = Py(8) = > 57

i=1

< retme o (2.3)

This is great since we can make the right hand side arbitrarily small in terms of
multiples of s,. However, we are concerned about the absolute values of the new

linear forms in the overall product

H H |Li,v(an)|v-

vEM(K) i€l,....3+k
Fortunately, we can use the product formula to get
[T =1
ves
for any n € N and any ¢ € 1,...,d. Therefore, the additional d variables do not
contribute to the overall product and since we can choose m to be arbitrarily big, we

obtain the following:

Theorem 2.13. Let 8 be an algebraic number |5| > 1 and w = uwyus--- € H a stut-
tering sequence over a bounded set of integers H. Then, the number o :== Z;’il u; 8

is transcendental or belongs to Q(/3).

In [22], they extended this result in two ways. First of all, they allowed the set of
digits to be arbitrary algebraic numbers. This changes the proof only slightly since
we change the number field from Q(3) to Q(5,H).

The other extension they provide is that they prove that o cannot lie in Q(5, H)
under some other restrictive conditions applicable to Sturmian words. The basic idea
is that if « belongs to Q(, H), then the value of Ele Bt would need to be very

small which is impossible for infinitely many n € N.

2.5 Echoic Sequences

In this section, we define echoic sequences which is a generalisation of stuttering
sequences and prove Theorem 2.15 which is one of the main contributions of this
thesis. An application of this result to episturmian words is presented in the next
chapter.

Let us recall that a finite word w € H* is associated with a polynomial and an
infinite word w € H“ is associated with a Laurent series. By wg or wg, we mean

p(B) where p(X) is the related polynomial or Laurent series, respectively.
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Definition 2.14. Let X be a finite alphabet. An infinite sequence u = ujus - -- € X¢
is said to be echoic if for every m € N and positive real p, there exist sequences

) and (s,)°%, of positive integers and an integer d € N such that:
n=0 n=0 p g

(i) sy is strictly increasing,

(i) rn/s, < C for some constant C' € N,

(iii) For all n € N, there exist T, 1,...,Tnd, Yn1s---,Yna € N such that the set of

indices in which equal-length words

Uy = Upp4msy, and Us,,+1 " Uprp+(m41) s,

differ is a subset of [1,7,,] U, [#n.s; Yni] Where 1 < 2p; < yni < 7 4+ ms, for
alliel,...,d, and

d
Ei:l Uni — Tni
msn,

<p

Intuitively, a prefix of an echoic sequence w is “similar” to U, V" where U, V,, is a
prefix of w such that |U,| = r, and |V,,| = s,. By similar, we mean that there are at
most p - ms, mismatches grouped in d intervals.

We can assume that y,; < x4 foralli =1,...,d — 1. For every n € N, let us
denote

o™ — Tsn (u) _ U%n)vén) .

where v € ¢, v%n), vé”), ..., EX.

For a given m, p, we set

Yn,i

Smpmi(X) = > (" — )X~

j:xn,i

forallm € Nand ¢ € 1,...,d. We omit writing m and p if they are clear from the

context.

Theorem 2.15. Let uw = ujus--- € HY be an echoic sequence over a finite set of
algebraic numbers H. For an algebraic number B with || > 1, the number a =
(u)s = Y 2 u; 77 is transcendental or belongs to Q(B,H).

Proof. We suppose that « is algebraic and we prove that it belongs to Q(/3,H). Let
K = Q(pB,#H) be the field generated by 5 and numbers from H. Let S be the set

of places of K comprising of all infinite places and all finite places coresponding to

30



prime divisors of 8 and prime divisors of H. Let vy € S denote the infinite place
corresponding to the identity embedding K — C.

Let ¢ € N such that ¢ > [3°7 a;87/| for any ay,ay, ... € H. This always exist
since H is finite. Applying the property (iii) of 2.14 (for values of m and p to be

determined later), we obtain a number d € N, sequences (r,)> , (s,)>2, and for
each n € N a set of intervals [, 1, Yn1],- - -, [©n.d; Yn.a] such that:
d
B — e = Po(B) = ) 6aa(B)] < el BT, (2.4)
i=1

where P, (8) := Y50 w8t 4 370 (uy — gy, ) 87T, To visualise, let us

look at the difference ™" *ra — f™ma = o (o — af75):

a:(u1u2...u8nusn+1...usn+rn...usn+m1...usn+yl...usn+md...usn+yd...)5
—Sn __
05/6 n_(O o O Uq ...urn .uxl ...uyl ...uxd ...uyd ...)5

o —af T = P.(5) + 0,1(8) +ot 6na(B)

We set linear forms L;, for everyi€1,...,3+dand v € S as

Li,v(‘rla s ,[L‘3+d) = T,y for all (l7 U) # (17 UO) (25)
d
Ly (21, ..., Ta4a) = Q21 — Qg — X3 — Z X;. (2.6)
i=1
It is easy to see that Lj,, Loy, ..., Lsiq, are linearly independent for every v € S 3

Let

a, = (67“7,,—&—57,,757"“7 Pn(ﬁ)7 5n,1(ﬂ>7 s 75n,d<6))'
Let us define M > 2 to be an upper bound of the set {|a|, : v € S;a € HU (H —
H)U{B,87'}} where H —H ={a—0| a,b € H}. Since S contains all finite places

corresponding to divisors of 3, we can apply the product formula to obtain

jgretee s TT | La(an)lo =1 and  J]1Law(@n)l =1
vES/vg vES
Hence, [[,cq/y, [L1.0(@n)o < 1 and [Lyy,(a@n)|u, < c| B msn/dea(8)
3Notice that we could have chosen any i € 1,...,3 + d to bear the special linear form L ,, and

linear independence would be maintained.
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Furthermore,

Tn+Sn )
[T1Zs(@le =11 D w7,
vES veS  j=0

Tn
< H Z |w;]o|Bint*" =7 basic properties of absolute values

veS j=0
Tn+Sn
< H Z M+ definition of M
vesS j=0
< H Mrntsnt?2 since M > 2
vES

< MISI(rntsn+2)

Similarly, for each i € 1,...,d, we obtain
H‘Lw an U_H|Zuj+sn_ I,
veS veES j=wz; (27>

< MISIvi—wit2)

Altogether,

3+d d
H H |Lio(@n)]y < c||7men/29B) . ppISIratsn+t2) HM|S|(yi_xi+2)
vES j=1 i=1

= C‘ﬁ‘fmsT/deg(ﬂ) . ’B’logw(M)‘S|(T”+S”+2+Z§l:1(yifa:¢+2))
< o] g~ G o (MDISIE ) (iii) of 2.14

< ¢l g7 @ lomia MDISICSE + 5 40)) (ii) of 2.14

which is smaller than |3|~*" for sufficiently large m, sufficiently large n, and sufficiently
small p. This is the point where we can select appropriate m and p. Now, the Weil

height of a,, is

Ha,) = | [T max(8™ 1,18 s | Pa(B) o s (Do SalB)) | < 181"

veEM(K)

for suitable € € R™, using the Proposition 2.1. Thus,

3+d

TTTT ()]s < 1817 < H(b,)™

veS j=1

which means we can apply the Subspace theorem to obtain non-zero linear forms

Ly,...,L; for some t € N with coefficients in K such that for every a,, there is
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i € 1,...,t such that L;(a,) = 0. Hence, there is a linear form L € Ly,..., L, for
which there are infinitely many n such that L(a,) = 0. That is, there exist 21, ..., 2344
such that

d
21 BT 4 28 + 23 Py (B) + Z Z1i0ni(B) =0
i=1

for infinitely many n € N.
Dividing by ™" and letting n tend to infinity, we have

b,

n—00 ﬁrnJrSn

=2z1 + z3a = 0.

Hence, a € Q(5,H). ]

2.6 Future Work

Our definition of echoic sequences can be generalised to capture sequences that do
not have such a strong property. It can be generalised in two directions.
Firstly, one can make the number of repetitions a variable of the sequence. In

other words, for any infinite word u, one can define \(u)* as follows:

Definition 2.16. Let ¥ be a finite alphabet and u = ujuy--- € ¥“ an infinite
sequence. Then, A\(u) is the supremum of m € R satisfying:®> for all positive real
p there exist sequences of integers (r,)o,, (sn)o2,, a number d € N, and for every

n € Ny e 1,...,d intervals [zn1,Yn1],- -, [Tnds Yna] such that they satisfy the
property from Definition 2.14.

This actually generalises the notion of diophantine exponent since dio(u) < A(u)
for any infinite word w. This is due to the fact that dio(u) expresses a repetition
without an error whereas A(u) allows discrepancies.

In another direction, one can make the “similarity ratio” p a variable, i.e., for an

infinite word u, we define x(u) followingly:

Definition 2.17. Let ¥ be a finite alphabet and w = ujus--- € ¥“ an infinite

sequence. Then, x(u) is an infimum of € € [0, 1] satisfying: for all m € N there exist

o0 oo

sequences (1,5 o, ($,)5%,, anumber d € N, and for every n € N,i € 1,...,d intervals

[€n1, Ynal,- - - [®n.a, Yn.a]] such that they satisfy the property from the definition 2.14.

4The usage of A here and & below is just demonstrative and does not relate to any known concepts.
5Note that we have changed the scope of m to be positive real numbers instead of natural numbers.
The only difference is that the property (iii) has to round ms,, to an integer.
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This captures words which have infinite repetition but with some fixed error.
However, the most general definition would be to make both the repetition m and
the similarity ratio p parameters.

In the next chapter, we apply Theorem 2.15 to all episturmian words since we prove
they are echoic. The next steps we suggest is to try to apply these results to automatic
sequences or to sequences with linear subword complexity in general. Hopefully, one

can identify the set of permissible algebraic bases [ using the parameters m and p.
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Chapter 3

Applications of the New Result

Before we proceed to prove that all episturmian words are echoic, let us demonstrate
the main ideas on Sturmian words and the Tribonacci word.

Given an alphabet >, let us recall morphisms ¥, : ¥ — ¥* and 9; : ¥ — X*
defined by v¥,(c) = ac, ¥,(a) = a, Ys(c) = ca and Ps(a) = a for every a,c €
Y,a # c. Also if A =didy--- € X¥ is a directive sequence of an episturmian word
u = ugug -+ € XY, then we write ¢y = ¢z ¢y - g 0 = Ya, ¥, -+ Ya,, and the
following holds for all epistandard words, i.e., for episturmian words where A = A:

u = lim 1/Jn(dn+1)'

n—oo

3.1 Sturmian Words

Even though the Sturmian case was covered in [22], we use Sturmian words to demon-
strate our proof in detail. For simplicity, we assume only standard Sturmian words.

We deal with all non-standard episturmian words in Section 3.3.
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For a directive sequence A = 001001001 --- = (001)“, we have

(0)

¥1(0) = o (0)

Pa(1) = Yorbo(1)
¥3(0) = 1ototh1(0)
Y4(0) = otbo1p100(0)
(1)

(0)

(0)

(1)

100010001

1000100010010

1000100010010
100010001001000100010001001000100010001

¥s5(1) = Yoroh1tothe(1

Y6(0) = Yorot110tborb1 (0
¥7(0) = Yoto1¥otot1¢0(0
Ys(1) = Yothoth1vothor1tboto(1

0
0
001
001
001
00
00
00
00

This induces the infinite sequence
u = 001000100010010001000100010010001000100010010 - - -
Now, let us observe what happens if we shift this sequence by |¢9(1)] = 3. We get
2 = 000100010010001000100010010001000100010010001 - - -
If we take word difference u © u?, we get

’u,@’u,@):oo %oo

ol ol
°0 0
We see that most part of the word is matched except for some discrepancies which
occur in pairs %% and furthermore, the gaps between these groups are only of lengths
2 and 5.

The whole sequence u can be built up of two types of finite words: 001 and 0.
Moreover, there are never two words of 0 next to each other. So in the case of the

sequence wu, it can be grouped as follows:

u = [001][0][001][0][001][001] [0][001] [0] [001][0] [001][001][0][001][0][001][0][001][00L][0] - - -

(2)

And similarly, since ©4'® is w shifted by |001], it can be grouped as

«® = [0]]001][0][001][001][0][001][0] [001][0][001] [001][0][001] [0][001][0][001][001][0] [001] - - -

We realise that the word difference can be built up of only two types of word differ-

ences:
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1. ([001][0)) & ([0][001]) = eed0
2. ([001]) © ([001]) = eee

Actually, this happens with w © T1¥n(dn+0l(y) for all n € N. In [22], they proved
this from a different perspective — Sturmian word as the sequence induced by a rota-
tion on a unit circle. Here, we give an argument based on the definition of Sturmian
words using morphisms.

Let us assume we shift w by [, (d,11)| to get (™. If we take a new directive
sequence A’ = d,,;1d, 1o - -+ and its related infinite word v, we notice that u = v, (v)
(from Theorem 1.1). Next, since the last morphism applied to v is g, ,,, every 2-
factor of v contains letter d,,,; and v starts with the letter d,,,;. Let a :== d,+; and b
be the other letter. It is clear that one can factor v into two types of words: a and ab.
Therefore, one can factor w into two types of words: ¥, (a) and ¥, (ab) = ¥, (a),(b).
Since our shift is equal to |, (a)|, our shifted sequence u™ has 1, (ba) where u has
tn(ab) and ¥, (a) where u has 1, (a). For instance, it may look like this:

u = Py (a)Py(ab)n(a)pn(a)n(ab) - - -
u™ = V(@) n(ba)n(a)n(a)n(ba) - - -

Therefore, the whole difference u & u™ can be built up of two types of word
differences: 1) ¥, (a) © ¥, (a) and 2) ¥, (ab) © ¥, (ba). Comparison 1) is, obviously, a
match of length [, (a)].

Let us look closely at the difference 1, (ab) © ¥, (ba). Without loss of generality,
let us assume d,, = a. Then, ¥, (ab) = 1,_1(aab) = ¥, _1(a),_1(ab) and ,,_1(aba) =

n-1(a)1,—1(ba). Using an induction, we obtain

Yn(ab) © Yn(ba) = (Yn-1(dn) © ¥n-1(dn))¥n-1(ab) © 1p_1(ba)
= (Yn-1(dn) © Yn1(dn))(Vn-2(dn-1) © Vn_2(dn—2))Pn-2(ab) © P, _2(ba)

() b (dn )l (d2) 1 | 4 D
ba

This precisely explains, why there are exactly 5 matches before % in u o ul® since
[a(ds)| + |¢1(da)| + |di| = |001] + |0| + |0] = 5. Observe that (001)(0)(0) = 00100 =
Pali(001) which generalises to 1, _1(d,)V¥n_o(dn_1) - - - 1(dy)d; = Pali(dy - - - d,,). This

is an inductive consequence of Justin’s Formula we state in section 3.3.

37



Now, we know the reason why the difference u © 7%+l (4) can be made up
of two types of blocks where one of them consists of only matches and the other has
only two discrepancies at the end.

We use this knowledge to prove that w is echoic. Let us have m € N and p > 0.
We set 7, := 0, 8, := |10, (dns1)| for every n € N. From what we showed above, there
is at most one pair of mismatches every [, (d;1)| letters in w © T1¥n(@n+0l(y) which
means that we can set d := 2m and the intervals [z, z + 1] according to the index of
the mismatches. This ends the proof that standard Sturmian words are echoic.

Being an echoic sequence u over an alphabet {c,d}, Theorem 2.14 gives us that
ug is transcendental or belongs to Q(S, ¢, d) for any algebraic base 3, |3] > 1.1

One can actually prove transcendence [22] which follows from the fact that for
all n € N the polynomial related to mismatches between ,,(01) © 1,,(10) is equal to
+(c—d)(f —1). The main idea of the proof is that these polynomials cannot vanish
separately (¢ # d and || > 1) and since the gaps between two such polynomials
expand with n, they cannot vanish together, leading to a contradiction with the
output of the Subspace Theorem.

However, for a different structure of mismatches, this might not be true. Let us
imagine that the mismatches have a different form, e.g., the related polynomial is
(b—a)B®+ (c—0b)p*+ (b—¢)B + (a — b) where a,b,c are three different algebraic
numbers. This polynomial is related to a group of mismatches of the form 9‘”’“ If
weseta=1,b=0,c= —%, then the polynomial vanishes on § = —2.

This cannot happen with Sturmian words but it can happen with episturmian
words. Let us have a word w = wjusus--- € X¢ directed by A = bebabababa - - - =
be(ba)”. One can prove that the difference uw © T1¥n(@n+1)l(4) consists only of the

mismatches of the form 9999 Consequently,
bcb) 3 (bcbbcba)s 48 — 6+ 1 1
— J— - - — = ... =_Z
“= Z“”B —1 =9 (B7-1 129 3

Hence, even though we can prove that any number related to a Sturmian word is
transcendental in any algebraic base for distinct digits, one needs to be very careful

with the transcendence result for episturmian words.

3.2 The Tribonacci Word

In this section, we explore the structure of mismatches in the case of the Tribonacci

word and how it can help us to prove that it is an echoic sequence.

'Recall that ug is the Laurent series related to the word w in base j.
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The Tribonacci word is a fixed point of the following morphism:

Y a— ab
b— ac

c—a
which induces the word
u = abacabaabacababacabaabacabacabaabacababacabaabacabaabacababacaba - - -

Since it is also an episturmian word, it has a related directive sequence

A = abcabcabc - -+ = (abc)”. Let us do the same as in the case of Sturmian words:
shift the word by |, (d,41)| for various n to see how the structure of mismatches
manifest. Let us shift by |¢9(d3)]:

u® = abaabacababacabaabacabacabaabacababacabaabacabaabacababacabaab - - -

caba cb caba caba c b caba cab

u@ u(2) — 000 — — — — 000 —0—-000— — — — 0000000 — — 000 —-0—-000— — — —000— — — ...

abac b ¢ abac abac b ¢ abac aba

At first glance, it looks like the structure of mismatches is far more complicated
than in the Sturmian case. However, let us do the same analysis as in the previous
section. There exists an infinite word v = wvyv, - - - ¢ directed by A’ = cabcab- - -
such that w = 1¢»(v). Hence, one can group wu into three groups, respectively defined
as q(a) = aba,s(b) = ab,1s(c) = abac. Since every 2-factor of v contains letter
d3 = ¢ and v starts with ¢, then if we shift w by [¢(c)|, we can group the whole

difference u © u® into three types of blocks:
hd ¢2(C) ) '(ﬁg(C) — eeee
i QzDQ(CCL) @¢2(GC) = ...5%3

o Uo(ch) © tho(bc) = ewetal

ol

Let us continue to observe mismatches structure for another n:

bc babc bacaba

’U,@’U,(S) —— 00000000000000—- 90— 00— —0—-0—-00000000000000 — — — — — — e000000O0OGOS - - -

cbab cb abacab

Here, the three types of blocks are

° ¢4(b) @¢4(b) — eeesccccsssce

o Uy (ba) © 1hy(ab) = eseesesesesssslbacaba



[ J ’1/14(bc) 62/14(61)) = ooooooooooooooéogoégol—]og

e}
f=p
s}
f=p
e}
(=p

We start to notice that these mismatches are not of a constant shape as was the
case of Sturmian words but they are somehow growing. Moreover, we observe that
they have a recursive structure.

In order to explore this in detail, we use the same technique as in the Sturmian
case — trying to understand v,,(d,,11d,12) as a function of previous ,,_1(d,d,41).

We need to focus only on these word differences for every n € N:

L. Un = wn(dn—l—ldn—ﬂ) S wn(dn—&-?dn—&-l),
2. Vn = wn(dn—i—ldn—i{’)) S} wn(dn—i-?)dn—i-l)a

3. Wn = wn(dn+2dn+3) o wn(dn+3dn+2>-

We can view them as a table, where the column is one of these three types and
each row is labelled by n € N.

n dy---d, U, Ve W,
ab ac bce
0 € ba ca cb
b_c ba ca
1 a *e*h “ab “ac
2 ab ...5%2% °"§°§ ...%g
7abacad Tabac Thec
3 abe * bacaba ¢ caba * c.b
14b_c_ba _b_c l4bacaba l4caba
4 abca * c.b.ab.c.b ¢ abacabd * abac
5 abcab 027C0bagqqCqbqqecaba 2Tcgbgabgcyd 27abacabd
abac c abac b ¢c ba b ¢ bacaba

First of all, we observe that the ratio of mismatches compared to the overall length
decreases. We make use of this to prove that for any p, we can find suitable intervals
of mismatches.

Secondly, the length of the prefix of e is always |Pali(d; ---d,)|. This actually
holds for any )y, (ab) & 1, (ba) w € £*,a,b € ¥ (see Proposition 3.11).

Thirdly, we observe the following relationships between these words for all n > 3:

U, = olen@nsdl(U oV U, _s), (3.1)
Vn — .|'¢’n(dn+3)‘(@Un_1)’ (32)
W, = .Iwn(dn+3)\<@{/n_1)_ (3.3)
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These formulas will eventually generalise to the Proposition 3.11. Without loss of

generality, let us assume n = 3k for some k € N. We derive the formula (3.2) for V,,:

Vi = u(ac) © iy (ca)
= thn_1(cac) © 1 (cca)
= (¥n(c) © Yn(c))(Pn-1(ac) © Yp_1(ca)) since () = ¢n-1(c)
— -'WC)'(@Un,l)

The case of W, is done similarly. Let us now focus on U,,:

Un = ¥n(ab) © 1, (ba)
= ,_1(cach) © ¥, _1(cbca)
= 1, _2(bcbabeb) © 1, _o(bebbeba)
= Vn_s(abacabaabacab) & 1, _3(abacababacaba)

= wn(a>¢n—3(ab)d]n—?)(ac)q/}n—?)(ab) © ¢n(a)¢n—3(ba)¢n—3(ca)¢n—3(ba)
- .Iwn(a)l(Un_3Vn_3Un_3)

Additionally, since |, _3(abacaba)| > 1, _s(abacab)| we have
(@)l > |Up—3Vi-3Un—3|. (3.4)
We combine formulas (3.1), (3.2), and (3.3) together to
U, = -W"(d”“)'Un,g-W”‘?’(d’”‘“)'(@Un,4)Un,3. (3.5)

Using (3.4) we can bound the ratio of matches in the word U, from below by

‘wn(dn—l-l”
|V (dns1)| + |Un—3Vn—3Upn_3]

> (3.6)

1
7

Using an induction on p, we prove that for any p € R*, we can find d € N and
no € N such that all mismatches of U,, can be grouped into d intervals such that their
overall length is smaller than p - |U,|. We say that (p,d, ng) is a suitable triple.

We are given p € R™ and using the inductive hypothesis on 2p, we are given ng € N
and d € N such that (2p,d, ng) is a suitable triple. We show that (p,3d,ng + 4) is a
suitable triple. For every n € N,n > ng+4, using the formula (3.5) and the inductive

hypothesis, we know that the number of mismatches in U, is smaller than

20|Un—3| + 2p|Upn—a| + 2p|Up 3|
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and using the inequality (3.6), this is smaller than p|U,|. Also, since all mismatches
of either U,,_3 or U,_4 can be grouped into d intervals, the overall number of intervals
in U, is 3d.

The base case p = 1 is trivial. Therefore, we proved that the proportion of
mismatches in U, tends to zero with n — oo and that we can effectively group all
intervals. This proves that the Tribonacci word is an echoic sequence.

Since in the case of the Tribonacci word, the number of mismatches is not constant,
we cannot apply [22] to obtain a pure transcendence result. However, we conjecture
that the number ug is transcendental, where w is the Tribonacci word and f is an
algebraic base |#| > 1. Additionally, we conjecture that the same holds for any
D-bonacci word.? Here, we provide an intuition for believing this:

For any n € Ny, 0,,(X) denotes the polynomial related to the word difference U,,.
From (3.5), we have that

50(X) = (XU + 1)8,_5(X) + X26,_4(X)

where a;,ay € N. Let us assume there exists ng € N such that §,(8) = 0 for all
n € N, n > ng. If §,,(8) # 0, then we arrive at a contradiction since 6,,44(3) =
(B +1)8,11(8) + $%26,(8) and 8,y +4(8) = 6nv1(8) = 0. Thus, we have that dy(3) =
(a — b)(f — 1) = 0 which is impossible since a # b. Therefore, a sufficient step to
prove transcendence of « is to prove that the assumption that « is algebraic yields
that there is ny € N such that 9,,(8) = 0 for all n € N, n > ny.

3.3 Episturmian Words

In this section, we prove that all episturmian words are echoic. In the previous
sections, given an infinite (Sturmian or Tribonacci) word w = wujus---, we simply
said that the mismatches of the difference u; - - - Uy, © Us, 41 Uns1)s, consist of
at most m words of type 1, (ab) © ¥, (ba) where a,b € X, thus we can reduce the
problem to the analysis of ¥, (ab) © 1, (ba). In the case of episturmian words, there
may be some block of mismatches as a prefix. Hence, we need to find an appropriate
shift such that we can analyse the mismatches only as blocks of type 1, (ab) © 1, (ba)
where a,b € . This is done in Lemma, 3.5.

Before we analyse ¢, (ab) &1, (ba) for some a,b € ¥, we notice that if the directive

sequence A has unbounded Irts;(A)3, then our argument may not work. We solve this

2For D € N, the D-bonacci word is a fixed point of the morphism 0+ 01,1+ 02,...,D ~ 0.
3Recall that for a (potentially infinite) word u, Irt(u) is the maximum of the letter return time
in u for all letters from X.
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issue by finding arbitrary long parts of the directive sequence A which “behave” like
a sequence with letter return time bounded by a constant. This is proved in Lemma
3.6.

With this assumption, we analyse v, (ab) © ¥, (ba) where a,b € 3 and we prove
that all mismatches can be grouped into constant number of intervals (based on p and
some other constants) such that the ratio of overall length of these intervals compared

to the overall length is smaller than p. This is proved in Lemma 3.14.

Definition 3.1. For every w € ¥, let us define 7, : X* x ©* — (X9)* as
T (U, 0) = Y (u) © Yu(v)
where u,v € ¥*.
We start by stating some known results.
Proposition 3.2 (Justin’s Formula [20], p. 287.). For any u,v € ¥*, we have
Pali(uv) = 1, (Pali(v))Pali(w).

Proposition 3.3 ([20], Prop. 3.15.). Let ¥ be an alphabet, w € ¥* and 0 € >
Then, there exist n € Ny such that

Ya(w) = T (Yu(w)).
The number n is called the shifting factor of u.

Proposition 3.4. Let ¥ be an alphabet and v € X1, a € X. If a & Alp(u) we have
Yu(a) = Pali(u)a. If a € Alp(u) we have 1, (a)Pali(v) = Pali(u) where v,w € ¥* such

that v = vaw.
Proof. The first part is clear from the fact that if a ¢ Alp(u) then
Yy (a)Pali(u) = Pali(ua) = Pali(u)aPali(u)

where the first equality is from Justin’s formula and the second from the definition
of Pali.

For second part,
Yyaw(a)Pali(v) = 1,4 (Pali(w)a)Pali(v) = 1, (Pali(aw))Pali(v) = Pali(u)

where the first equality is proved above, second and third equalities are applications

of Justin’s Formula. O
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The following Lemma states that for a given word w there exists a small shift
r € N such that the first m terms of 7" (u) consist only of the first m letters of the

directive sequence.

Lemma 3.5. Let ¥ be an alphabet, uw = ujusug--- € X% be an episturmian word,
and A = didy--- € % a related directive sequence. Then, for every m € N, there
exist r € N, 1 <r <m+ 1 such that Alp(t, 112 Upim) C Alp(didy - - - d,y).

Proof. Let ¥’ = Alp(dyds - - - d,;,). From the Theorem 1.1, we get an infinite sequence
()22, of infinite recurrent words such that u® = w and u® = ¢ (V) for
every 7 € Nj.

Let u(™ = ugm)ugm) - €3¥and j1,j2 €N j1 < Jo be the first two occurrences

of a letter from ¥ — X' in u™), i.e., Alp(u; (m) ]1 1) Alp( ]1+1 . -u§2 )1) C Y. and

™ & 5. If no such ji, jo exist, then Vi,..d, (U § ™) uém)ﬂ) is a prefix of u, it

(m)
Ji 0 J2
has length at least 2m + 1, and it contains at most one letter from ¥ — 3 (since there

U

is at most one letter from ¥ — ¥ in w(™)). Hence, either r = 1 or r = j; would be
suitable where j; is the occurrence of a letter from ¥ — ¥/ in u.
Let

01 = W, (uf)) and vy =y ()

(m)

e . o
i U, € Y, then using Proposition 3.4, we have

Since u;

Yy iy (uS™) = Pali(dy - - dy)ul™ and g,...q,, (u\7) = Pali(d - - dy )ul™.

J1 J2
Using Proposition 3.3, we have

= o™ and v — woul™
V1 = wgujl wy and vy = wguh w1

where wy, wy € ¥ and wywe = Pali(d; - - - d,,). Altogether, u has a prefix

¢51~~~Jm (uY”) .. .uéTzl)wzugT)wﬂbglme(UE-TL - -ugﬁl)wzuﬁ?)m-

Notice that Alp(¢; s (u{™ - ul™ ), Alp(yy, g (@™ - -ul™ ) C & Thus, if

J1+1 j2—1

!¢d1...Jm(U§ ) ... ugl D )ws| > m + 1, one sets r = 1, otherw1se since |wq| + |wa| =
|Pali(d; - - - d,,)| > m, one can set r = |¢J1~-~dm( 1 ™) u§§njl) (T j1 | <m-+1. O

The next Lemma establishes that in any directive sequence A there are arbitrarily
long “local parts” dp, - - d, which have bounded Irts/(d,, - - - d,, ) for some alphabet
Y € 3 and this bound is the same for all k£ € N.
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Lemma 3.6. Let A = dy,ds,--- be an infinite sequence over a finite alphabet 3.
There exist K € N, an alphabet 3, C X and sequences (pr)eeq, (qr)7>, such that for
every k € N:

(i) pr < qy for every k € N,
(ii) qr —pr = w(l), i.e., the sequence (qx — pr)i, is unbounded,
(i) Alp(dy, -+ dyy) € 54,

() Irtsy(dp, -+ - dg,) < K, ie., every letter from X, has letter return time bounded
by K ind,, ---dg,.

Proof. Let us have ¥;,3f, 3, C X, where Y, contains exactly the letters having
bounded letter return time in A, 3, contains exactly the letters occurring only finitely
many times in A, and ¥, contains every other letter. We will manipulate these sets
throughout the proof.

First, we drop a prefix of A containing letters from X, leaving a directive sequence
consisting only of letters from >, and ¥»,. Let K be an upper bound on the letter
return time for all letters from X,. If ¥, = ), we are done since any subsequence of
A has letter return time bounded by K and it consists only of letters from >.

If 3, is non-empty, let us pick a letter a € 3, and remove it from >.,. We split
the whole infinite sequence A into subsequences based on the occurrence of a. Let
ai,ag, ... be all occurrences of a in A. We set (pr)52, and (gx)p, to be infinite
sequences of integers such tha p; := a; + 1 and ¢ := a1 — 1 for every k € N except
if ar, + 1 = ag,1. Additionaly, we remove all p;, ¢; such that ¢; — p; < ¢;_1 — pi_1. In
other words, we make g, — p;. strictly increasing. We also know that the alphabet of
these sequence is X, U X, i.e., Alp(dy, dp,+1- - dg,) C 3y U3, for all k € N.

Next, we inductively remove all letters from 3, either moving them to X, or
removing them completely. We maintain that our sequences (py)72, and (gx)72,
satisfy properties (i), (ii), Alp(dp, - - - dg,) € L, UL, for all £ € N, and that there exist
K € N such that Irty, (d,, - - - d,,) < K for every k € N. Once we remove all letters
from ¥, the proof is finished since Alp(d,, - - - d,, ) C X, and there is a suitable bound
K.

Let b € ¥, and for each & € N let by i, ba g, . . ., by, & be the sequence of occurrences
of the letter b in d,, - - - d,, where n, € Ny. We split sequences (pi)7>, and (qx)7,
based on the occurrence of the letter b. In other words, let (p})%2, be the sequence

of integers defined as
p1ybin—1ber — 1,0 b1 — Lipasbig — 1,0 b0 — 13, -
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and similarly, we define (g,)?°, as
6171 + 1,b2,1 + 17---7bn1,1 + 1,(]1,b172+ 17---7bn2,2 + 1,(]2,...

We remove all ¢, and p; such that g, < p;. Observe that Alp(dy ---dy) =
Y, UX, —{b} for all k € N.

We distinguish two cases:

1. There is a number D € N such that ¢, — p), < D for all k € N. Let K be the
previous upper bound on the letter return time in d,, - - - d,, for every k € N. We
move letter b to ¥, and we set our new upper bound on the letter return time
to be max(D, K). Since all invariants are maintained for (px)32, and (qx)7,

and max (D, K), we have proved the induction step.

2. There is no number D € N such that ¢, — p;, < D for all £ € N. We remove
all pl, ¢, such that ¢, — p} < ¢}_; — p,_,. We remove letter b from ¥,. Notice
that (p}.)s2, and (g,)52, satisfy all invariants with the same bound K, which

completes the induction step.
Therefore, we can remove all letters from X, which ends the proof. O

Let us demostrate this process on the sequence A = dyds - -+ € {a,b,c}* defined

as follows:

a if i = 2% for some k € N
di =< bifi =22+ jfor some k,j € Ny, 1< j < 2%
¢ otherwise

This induces
A = aacabbbacccceccabbbbbbbbbbbbbbbacccccecceeceeeee - - -

We have ¥, = () and X, = {a,b,c}. We split the sequence A into the following

intervals using the letter a and we remove a from X,:

[[dpu d(h]] =cC
[dp,, dg,] = bbD
[dys, dy,] = ccceece

[dy,, dg,] = bbbbbbbbbbbbYDD
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Since a was in ¥, the lengths of these sequences are unbounded. Let us choose
the letter b as the next letter from 3,,. We obtain new sequences (p},)22, and (q;)7

which look as follows:

[dy,dy ] =c
[dy,, dgy ]| = cccecce
[dy,, dg] = cceccececeeeceeeceecceecceeccce

Since the lengths of these sequences are unbounded, we remove b from ¥, and we
proceed to letter c. However, we notice that the letter ¢ occurs with a letter return
time bounded in all these sequences. Since it is the only letter occurring in these
sequences and their lengths are unbounded, we have found suitable “local parts” of
the directive sequence.

Before we prove Lemma 3.14 which deals with the mismatches in m,(ab, ba), we

need a few more supplementary propositions.

Proposition 3.7. Given an alphabet ¥, u,w € ¥*, a,b € X such that a,b & Alp(w),
we have
Tuaw (@b, ba) = m,(Pali(aw)Pali(aw)b, Pali(aw)bPali(aw)).

We say |aw| is the depth rate of uaw.

Proof.

T (b, 1) E 70 (1 (ab), (b))
@ e (Pali(w)aPali(w)b, Pali(w)bPali(w)a)
® . (Pali(aw)Pali(aw)b & Pali(aw)bPali(aw)).
Part (1) holds since 144, (ab) © g (ba) = a1y, (ab) © 1Ya1hy, (ba) = T4 (1 (ab), 1y, (ba)).

Implication (2) is an application of Proposition 3.4. In implication (3) we simply use
Theorem 3.2. [

Proposition 3.8. Let X be an alphabet and w € ¥*. Then |Pali(w)| < 2/v+1,

Proof. From the definition of Pali, Pali(wz) = (Pali(w)x)™) which is the longest if
x ¢ Alp(w) in which case Pali(wz) = Pali(w)xPali(w) and therefore, |Pali(wzx)| <
2|Pali(w)| 4+ 1. Since |Pali(z)| = 1 for every letter 2 € X, we can bound the length of
Pali(w) by 2/*+1. O
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Proposition 3.9. Let X be an alphabet and a,b € ¥ such that a # b. Then, for every
u € X, Pali(u) is a prefiz of ¥, (ab).

Proof. We prove it inductively on the length of u. The case u € ¥ is trivial. Now,
if a ¢ Alp(u), we have that Pali(u)a = 1,(a). Otherwise, let v,w € ¥* such that
u = vaw and a ¢ Alp(w). Then, using Proposition 3.4, we have that Pali(u) is a
prefix of ¥, (ab) = ¥, (a),(b) if Pali(v) is a prefix of 1, (¢p,(a)) which holds using
the inductive hypothesis. O

Proposition 3.10. Let 3 be an alphabet. Let w,v € ¥*,a € ¥ such that a € Alp(w).
Then 1y, (a) is a prefiz of Py, (va).

Proof. The case of v = a is trivial. Let us assume v # a. Since a € Alp(w), then
using the Proposition 3.4, ,(a) is a prefix of Pali(w). Now, Proposition 3.9 gives us
that Pali(w) is a prefix of ¥,,(va) which ends the proof. O

Let us recall that for a word w € 3, w® is the trimmed version of w removing all

initial and trailing .

Proposition 3.11. Given an alphabet ¥, let uw,w,v € ¥*, a,uq,...,u, € X where
u=uy---u, and a & Alp(v) UAlp(u). Then:

|+c( o

Wwav(aua ’LLCL) = .me}(a) 7Twaﬂu(auly UICL))QOC(TFwaU((IUQ, UQCL))Q e °C(7Twav(aun7 Una))

where ¢ = |Pali(w)|. Furthermore, the longest common prefiz of Yyaw(au) and Yya, (ua)
is Pali(w).

Proof. Let us first characterise myq(au;, u;a) for any i € 1,..., k. We know that

u; # a.
If u; € Alp(v), let v = v'u;v" where v/, v” € ¥* such that u; ¢ Alp(v”). Then,

¢wav(a) = wwav’( (Uz’l},)a) Proposition 3.4 (37)
= ¢wav’( (uzvl))wwav ( ) (38)
= Ywavru; (Pali(v") 1) Ve (@) Proposition 3.4 (3.9)
= Ywar (Ui Vwar (@) Proposition 3.3, (3.10)

(A) Ywavrur(a) is a prefix of Yy, (u;a) from Proposition 3.10,
(B) Ywar (@) is a prefix of Pyepr,e(a) from (3.10) and (A),
(C) Pali(wav’) is a prefix of e (1,0 (a)) from Proposition 3.9 and since a # u;,
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(D) Ywavruqr(a) is a prefix of Pali(wav'u;v") from Proposition 3.4,
(E) Pali(wav’) = e (a)Pali(w) from 3.4,

(F) Pali(wav)u; is a prefix of ¥yayu,er(a) from (D) and (E),

(G) Pali(w) is a prefix of V¥yaprur (u;) from 3.9 and since a # u;,
(H) Ywavruwr (u;) is a prefix of Pali(wav'u;v") from Proposition 3.4,
(I) Pali(w)a is a prefix of ¥yqvruv(u;) from (G) and (H),

Based on (I), let U; € ¥* such that yapu;e (1) = Pali(w)aU;. Similary, based on
(F), let A; € ¥* such that Ve (@) = Pali(wav’)u; A;. Putting all together, we get

Twaw (AU, U;i@) = Yupar (aU;) © Yrpan(Usa)
= Ywaw (W) Ywav (@) Ywan (Ui) © Yuao(Ui)Ywav(a) from (3.10)
= Ywar(Ui) Vwar (@) Vwan (i) © Vpan (u;)Pali(wav)u; A; definition of A;
= Yuwav(Ui) Ywav (@) Ywao (W) © Praw (Ui)Yuwaw (@) Pali(w)u; A; from (E)
= olVuer@Ipali(w)al; © Pali(w)u; A; definition of U;

N R O LIS A=y

Since the last letter of U; is u; and the last letter of A; is a, we have completely
described Typay (au;, u;a) = oPwar @Rl & 9 A,

Taking a closer look at the case u; ¢ Alp(v), we notice that the situation is
practically symmetrical. If u; ¢ Alp(w), then one gets that Pali(w)u; is a suffix of
Ywav(u;) and Pali(w)a is a prefix of ¥ye(u1). If u; € Alp(w), then the situation is
symmetrical. We leave to the reader to check that both words ¥y, (au;) and Yy, (ua)
have 9,4, (a)Pali(w) as a prefix.

We finish the proof using an induction on the length of u. The base case was estab-
lished above. Using Proposition 3.10, we know that 4, (a) is a prefix of ¥q, (uga).
Hence, the prefix of Py := myap(auy - - ug, ug - - - uga) of length [thye,(auy -+ - up_1)|
is of the form myqa(au; -« ug_1,us - - - ux_1a) which is of the form as stated above,
using the inductive hypothesis. Hence, we need to analyse the suffix of P, of length
|waw(ug)| which is identical to the suffix of myq, (aug, ura) of length |¥yau, (ux)| which
is identical to -'Pa“(w)‘ﬂwav(auk, ura)® as we have proved above. Thus, the induction
is complete.

The additional statement is trivial since 1,4, (a)Pali(w) = Pali(u) from Proposition

3.4. [l
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Proposition 3.12. Let > be an alphabet, w € ¥*, and a,b,c € X be three distinct
letters. Then

[V (@)] + [1hw ()] > [Pu(c)].

Proof. We prove it inductively on the length of w. The base case is trivial since
la| + 1b] > |¢|. Let w = ud for some u € ¥*,d € ¥ and we prove the induction step.

First we assume that d = a (without loss of generality, this the same as d = b). Then,

since @Z)w(a) = 1/}1L(a)7 ¢w(b> = ¢u(d)¢u(b>’ and ¢w(c) = ¢u<d)¢U(c)v we have
[Yw(@)] + [ (0)] = [Pul(a)] + [Yu(d)] + [u(b)] > [ (d)] + |thu(e)] = [¢u(c)]

where the inequality is due to the inductive hypothesis. If d = ¢, then we do the same

to obtain

V()] + [¢w(b)] = [Yul(a)] + 2w (d)] + [¢u(b)] > |bw(c)].
O

Proposition 3.13. Let X be an alphabet with at least two letters, uw € ¥*, and a,b € X,
such that a #b. Then, for any k € N,

[Yuabt (0)] < [Yruaps ()] < (K 4 2)[¢huape (b))

for every c € X.

Proof. The case of ¢ = b is trivial. Thus, we assume ¢ # b. Firstly [0+ (0)] =
Yua(D)] < [Wuabs-1(D)] + [Yuape-1(€)] = [Yuap(c)]. We also have [tuq(a)] < [thua(b)]-
Let D := |1, (b)]. Then, using Proposition 3.12, we have that [ty (c)| < |[Yua(a)| +
|94 (D) 2D. Now, since Yygr(c) = Pu(b¥c), we have that [ty (c)| = kD +
|Yhua(c)] < (K +2)D. 0

Lemma 3.14. Let p € RY, K € N, ¥ an alphabet, and X' C ¥ an alphabet. Let
D = 65 [ = ﬂog%(pﬂ. For any words vy € ¥*,u € X with |u| > K(I +

1) and Irtsy(u) < K, one has that for all a,b € ¥, all mismatches of myyu(ab,ba)
(K+2)l

| <
| <

can be grouped into at most 2 intervals with the overall length smaller than

p - | Tugu(ab, ba)l.

Proof. Without loss of generality, let u = viavsbvy where vy, v9,v3 € ¥* such that
a,b & Alp(vs) and a ¢ Alp(vy). Since we have bounded letter return time, we know

that |vobus| < K. Using Proposition 3.7, we have
Tugu(ab, ba) = oProvievs(PaliGw))l  (Pali(bug)a, aPali(bus))
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and using Proposition 3.11, we have

Tugwiav, (Pali(bvs)a, aPali(bvs)) =

.|Pa|i(u0v1av2)| (Wuovlavg (Ujl(l, awl)>0'c(7ruov1av2 (’LUQ(Z, an))O e 'C(Wuovlavg (wkaa a'wk))o

where ¢ = |Pali(ugv1)|, k € N, wiws - - wy, = Pali(bvs), and k < 2572 from |v3] < K
and Proposition 3.8.

Let us call the application of both Propositions to some 7, (cd, dc)®, w € ¥*,¢,d €
¥ a recursion call. We can apply a recursion call if Irtyy(w) < K. Notice that for
every ¢ € 1,...,k we can apply a recursion call for m,,,av, (w;a, aw;)® again. Since
lu| > K(I + 1), we can get to the recursion depth of at least I. Let us then apply
the recursion call to the depth [ which splits the whole word 7, (ab, ba) into (25+2)!
words of type m,(cd, dc)® for some w € ¥*, ¢,d € ¥. All other parts of the word are
matches. Hence, we can group all mismatches into at most (2572)! intervals.

Let us now focus on the proportion of mismatches compared to the overall length.
We do it by bounding the number of matches from below. In each recursion call,
we split a word of type m,(cd, dc)® into k € N words m,/(fie;, e;f;) and k — 1 words
Paliw”) where w, w', w” € ¥*, ¢,d, e;, f; € ¥’ for every i € 1,...,k, and w' is a prefix
of w” satisfying |w”|+ K > |w’| (the last inequality is from the fact that last K letters
of w' contain all letters from ¥’ which follows from the bounded letter return time

assumption). Now,

k
|70 (cd, de)®| < Z [Ywr (i fi)] + (k — 1) - |Pali(w”)] since |y, (a)] < 2 - |Pali(w)|
i=1
< k- |Pali(w’)| 4+ (k — 1) - |Pali(w")] using Proposition 3.4
< (3% + Dk - |Pali(w”)| since |Pali(w’)| < 3% - |Pali(w”)]
< 651 - |Pali(w”)| since k < 28!

Therefore, by applying a recursion call to m,(cd, dc)®, we are guaranteed that at least

(k — 1)|Pali(w")| 1
> .
|Tw(ed, de)®|  — 6K+

of the length of the word 7, (cd, dc)° is to be a match. We use D = 65+,
This bound assumes that for every i € 1,...,d m,(fie;, e;f;) consists only of
mismatches. However, we can apply a recursion call again to get the same bound for

each subpart individually. Therefore, since we have applied the recursion call to the

o1



depth [, we get that the length of matches compared to the overall length is bounded

below by
l-tiJr{les
r1+D—1 1 D-1/1
D D \D D \D
1 &KD-1
D ¢ D
7=0
_1\!
_ 1 1-(%)
D—1
D 1-5

From the definition of [, the overall length of intervals is smaller than (%)l <p. O
Theorem 3.15. Fvery episturmian word is an echoic sequence.

Proof. Given an alphabet ¥, consider an episturmian word u with a directive sequence

0
n=0

A = didy--- and infinite sequence (u™) of infinite recurrent words satisfying
u® = w and u = ¢y (ul"V) for every i € Ny. We are given m € N and p € (0, 1]
and we want to find suitable sequences (r,)%°, and (s,)°2;, d € N and intervals
Tnis Yn,i for every n € N2 € 1,. .., d satisfying the echoic conditions.

Using Lemma 3.6, we get sequences (p, )22, and (g, )5, alphabet 3, and a bound
K satisfying the conditions from the Lemma. We set D := 651 [ := flog%(pﬂ,
d := m2E+2! Let ng € N such that g, —p, > K(I+1)+m for every n € N,n > ny.

For every n € N, n > ng, we define

$n = |Vgn-m—1(dsgu—m)|-

Though the choice of this might seem mysterious, it will be clear from the usage of
different Lemmas. Basically, we shift the whole sequence uw by s,, which gives us that

u © T°"(u) can be seen as a sequence w'w,, we, - - - where

. — {WJ1-~~anm1(dQH_mc7 cdg,—m) if ¢ # dg,—m
.=

T d (dg,—m>dg,—m) = o[¥n(dan—m)l gtherwise,
qn —m—

w' is a prefix of W (an—m), and cjcacs - = T(u(q"_m)). This is a trivial observation
we have done in the1 previous two sections. The only difference is the initial prefix w’
which is due to the fact that if we apply ¥ for some w € S*, we basically apply 1)y,
and then apply some shifting factor (see Proposition 3.3).
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Now, we want to reduce the problem to finding mismatches in individual w,. for
some ¢ but first, we need to ensure that the “local part” of the directive sequence
behaves like a sequence with a bounded letter return time. We give Lemma 3.5 the

sequence w9~ and it provides us with 7 such that

V) V)

Alp(l ™ ™y C Alp(dy, i1 - - dg,) €5

r+m

The latter inclusion follows from the property (iii) of Lemma 3.6 we used to construct
¢n. This implies that ¢, ¢y 41, ..., Crym € X' and since dg, —pm—1-K(4+1)s - - > dgp—m—1 €
¥ again from the property (iii) of Lemma 3.6, we can apply Lemma 3.14 separately

(K42l intervals of mismatches with overall

for every we,,...,w,,,, to obtain m -2
length smaller than p - |w, - - - we,.,.|.
The one last thing we need to do is to define the shift r, because w,, - --w,,,,, is

not necessarily a prefix of u © 7" (u). We set
Ty o= |Wwe, -+ we, |

which solves this problem but we need to ensure that r,/s, is smaller than some

constant. We have

(gn—m)

(gn—m) (qnfm))’ since W}ciq (g C1oe- )| <20

Tn S |wd1"'dqn—m—l<u1 ' u27’
< K|Yayedy, s (dgy—m)]| Proposition 3.13, bound K and assuming |%'| > 2
< K-s,.

Notice that we have assumed that |¥’| > 2 so we can apply the Proposition. However,
if the contrary is true and ¥’ = {a} for some a € X, then it means the partial
quotients* of A are unbounded which means the diophantine exponent of w is infinite
[24]. m

Combining Theorem 2.15 and Theorem 3.15, we obtain

Corollary 3.16. Let u = ujusy - - - € ‘H be an episturmian word over an finite alphabet
of algebraic numbers H and an algebraic number [, |3| > 1. Then, the number o :=
Z;’;l u; 377 is transcendental or belongs to Q(B, H).

Corollary 3.17. FEvery infinite word w for which there exists an echoic word v and
k € N such that u = T*(v) or T*(u) = v, is echoic.

4Partial quotients of a directive sequence A = d;'d3? - -+ are s1, 89 € N.
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Proof. For a given m € N and positive real p, let (r/)>2, be the sequence obtained
from echoic word v for any m + 1 and p. If w = T*(v), then for u we set r, :=
min(r!, —k, 0) and everything else as for v If T%(u) = v, then for uw we set r,, := 1/, +k,
and everything else as for v. It is easy to check that all properties are satisfied for

big enough n. O]
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Conclusion

Ferenczi and Maduit initiated research focused on proving transcendence of aperiodic
sequences with low subword complexity [16]. Major contributions were made by
Adamczewski and Bugeaud proving that every number whose b-expansion has linear
subword complexity is rational or transcendental [3]. However, both of these results
assume the base to be an integer and all results which concern the base to be an
algebraic number restrict the set to Pisot numbers or to numbers big enough in terms
of diophantine exponent [2].

The main contribution of this thesis is providing a combinatorial criterion that
allows us to prove a transcendence result for any algebraic base 3, || > 1. In section
2.5, we defined the notion of echoic sequences which is a generalisation of stuttering
sequences presented in [22]. We proved that for a finite set of algebraic numbers #,
algebraic number 3, |8] > 1, and an echoic sequence u € H“, ug® is transcendental
or belongs to Q(/5,H) (Theorem 2.15).

For future work, we proposed parametrization of the definition of echoic sequences
which generalises the concept of diophantine exponent. Since diophantine exponent
is an established tool for proving transcendence of numbers related to various infinite
sequences, this concept could prove very useful in future research. We propose the
class of automatic sequences and the class of sequences with linear subword complexity
to be the target of the subsequent research.

In the third chapter, we showed that any Episturmian word is an echoic sequence
(Theorem 3.15) which implies that any Sturmian or Arnoux-Rauzy sequence is an
echoic sequence and thus the Theorem 2.15 can be applied to it.

In the case of Sturmian words, one can strengthen this result by proving that the
related number cannot lie in Q(8,H) implying transcendence [22]. We conjecture
that the same can be obtained for any D-bonacci word, including the Tribonacci

word. This conjecture cannot be extended to all episturmian words since there is

5 A .3—J —
wg =~ u;B77 where u = ujus
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an episturmian word that is related to a rational number if interpreted in a negative

integer base (see end of section 3.1).
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