
Absolute distance metrology

using frequency swept lasers

Matthew Stuard Warden
Merton College, Oxford

Thesis submitted in fulfilment of the requirements for the
degree of Doctor of Philosophy at the University of Oxford

Trinity Term, 2011



Absolute distance metrology
using frequency swept lasers

Matthew Stuard Warden
Merton College, Oxford

Thesis submitted in fulfilment of the requirements for the

degree of Doctor of Philosophy at the University of Oxford

Trinity Term, 2011

This thesis describes and evaluates two new interferometric distance measurement methods

based upon the well known method of Frequency Scanning Interferometry (FSI). These new

methods are known as Dynamic FSI and Cascaded FSI.

Dynamic FSI addresses the two problems, commonly seen in previous FSI implementa-

tions, of not being able to measure a moving target and having a slow measurement rate.

This method measures stationary and moving targets equally well, and can determine the

distance to the target at all times during the measurement, in contrast to previous methods,

which obtain only a single measured length from a measurement process which can take up

to a second to make.

Cascaded FSI was developed with the aim of increasing the accuracy and precision of

FSI. This method allows for measurements with precision equal to that of displacement

interferometry, and also provides a way of measuring length relative to the frequencies of

atomic absorption lines, which are inherently more stable length references than a physical

length artefact.
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Introduction

Many areas of science and technology rely on the ability to accurately determine length.

The fact that this requirement is often easy to overlook is a testament to the success of

many current technologies and processes used for length measurement. However, in certain

more demanding areas, for example requiring measurement with high accuracy or over large

areas, length metrology equipment is not so easily overlooked. Here, measurement requires

expensive equipment that is labour intensive to operate and maintain, and even so a lack

of measurement capability can still be a limiting factor. In such areas more sophisticated

dimensional metrology tools can have direct benefits upon scientific and technological en-

deavours.

Examples of scientific areas with particularly challenging dimensional metrology require-

ments include the alignment of particle accelerators [20, 22] and astronomical telescopes [25],

as well as formation flying satellite missions [60]. In industry, examples of areas that could

benefit from more sophisticated dimensional metrology capability include construction of

large objects such as aeroplanes and wind turbines, and also the calibration of coordinate

measuring machines [63] and machine tools [57].

Optical interferometers are a frequently used tool in the area of dimensional metrology,

due to their ability to make highly accurate and precise measurements [12]. Many of these

can be thought of as variants of the Michelson interferometer design that dates back to 1887

[48]. Such interferometers can measure, with great precision and accuracy, the displacement

of a reflective target along the line of a light beam. However, they cannot determine the

absolute distance to the target. An additional limitation is that each interferometer can

1



2

measure only a single target at any one time. Many current interferometric measurement

tools, although highly useful, have needed to be designed around these limitations.

Non interferometric measurement tools exist that have the capability for absolute distance

measurement. These are commonly based around measuring the time of flight of a reflected

pulse of light from a target. Although they are capable of rapid and accurate measurements,

they do not have the innate accuracy and traceability of interferometric measurements. In

addition, they are also usually restricted to measuring the distance to a single target only.

The method of Frequency Scanning Interferometry (FSI 1 ) is able to measure the absolute

distance to a target, and can also measure multiple targets simultaneously. It operates using

the same Michelson interferometer as is used for the displacement measuring interferometers

mentioned above, but substitutes the continuous wave, fixed optical frequency laser for a

continuous wave, variable optical frequency laser. A measurement is made by continuously

sweeping the laser’s frequency through a known amount, and recording the phase change

in the interferometer as this is done. It may be shown that the ratio of change in phase

to change in laser frequency is proportional to the interferometer’s optical path difference,

allowing absolute distance to be measured with this system.

However FSI suffers from several drawbacks which explains why it is not more widely

used. Typical FSI methods such as those described in [3, 20, 58, 60] suffer from the following

limitations: Compared with displacement interferometry, measurement is less precise and is

made at a slower rate; the target is required to be stationary during the measurement; ex-

pensive and delicate external cavity diode lasers are usually required; and length is measured

relative to a physical length artefact with limited stability.

The purpose of this thesis is to propose and investigate methods that mitigate some of

these problems. Not all problems have been addressed, and this thesis by no means proposes

to present a complete measurement solution. The focus is instead on developing techniques

that make FSI more competitive, and moving toward a situation where the great benefits of

FSI are not outweighed by the current disadvantages.

1There are multiple other acronyms in use for this method, summarised in appendix A
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To this end, this thesis proposes two new FSI based methods for absolute distance mea-

surement. The first method, ‘Dynamic FSI’, addresses the problems of not being able to

measure a moving target and having a slow measurement rate. This method measures sta-

tionary and moving targets equally well, and can determine the distance to the target at all

times during the measurement, in contrast to previous methods, which obtain only a single

measured length from a measurement process which can take up to a second to make.

The second method, ‘Cascaded FSI’, was developed with the aim of increasing the accu-

racy and precision of FSI. This method allows for measurements with precision equal to that

of displacement interferometry, and also provides a way of measuring length relative to the

frequencies of atomic absorption lines, which are inherently more stable length references

than a physical length artefact.

There are several themes that run through this thesis and the new measurement methods

proposed within. A model based approach was used to develop both new FSI methods; the

emphasis being on obtaining as much useful information as possible from the recorded data

in each measurement. In several places an estimate is made of a discrete quantity: The

knowledge that there is a restricted set of possible values for this quantity sometimes allows

measurement error to be reduced.

The contents of this thesis are arranged as follows. Chapter 1 contains discussions of some

potential application areas for FSI, and some relevant background concepts. In chapter 2,

a mathematical model of an FSI measurement is developed. Chapter 3 contains a review

of interferometric measurement methods, which also serves to introduce more background

concepts required later. Chapter 4 describes Dynamic FSI, and contains numerical and

experimental analyses of the method, and Chapter 5 gives the same treatment to Cascaded

FSI. Finally, Chapter 6 contains a summary of the main results and conclusions of the thesis.



Chapter 1

Background and Applications

This chapter starts with a summary of some areas where FSI measurement methods could be

used, in section 1.1. This provides some context for the new measurement methods presented

later on, and illustrates how features such as absolute distance measuring capability, or a

faster measurement rate, can have practical benefits.

Section 1.2 introduces some general concepts relevant to all the interferometric methods

described in this thesis, paying particular attention to the requirements for an interferometric

method capable of absolute distance measurement. These concepts will be used in later

chapters, which contain more detailed analysis and description of specific interferometric

measurement methods.

Some further background material is included in section 1.3.

1.1 Applications

FSI is capable of making precise and absolute distance measurements. This section reviews

some example areas in science and industry which require this kind of measurement and

could potentially benefit from a suitable FSI measurement system.

4



CHAPTER 1. BACKGROUND AND APPLICATIONS 5

1.1.1 Scientific Applications

As the very purpose of much scientific research is to push the boundaries of knowledge by

testing in more extreme conditions, or measuring with more sophisticated sensors, it should

come as no surprise that this often leads to demanding dimensional metrology requirements.

Two areas in which this is the case are particle accelerators and certain space missions.

Particle Accelerators

Current particle accelerators used for particle physics research already have challenging re-

quirements on the position and stability of large numbers of components, but the next

generation of planned linear particle accelerators such as the International Linear Collider

(ILC) [15] and Compact Linear Collider (CLIC) [6] will take these requirements to the ex-

treme. I shall describe here two specific examples where FSI has already been used in particle

accelerators used for particle physics.

Both the ILC and CLIC have extremely demanding requirements for the alignment of

large numbers of components. The cause of some of these requirements stems from the fact

that these machines are linear accelerators (as opposed to existing machines such as the

Large Hadron Collider and the Tevatron, which are circular machines). Each particle bunch

passes only once through the accelerator, and is not recycled as it would be in a circular

machine. Therefore, in order to achieve a rate of interactions competitive with a circular

collider, linear colliders must produce as many interactions as possible from each bunch

collision. This is done by compressing the bunches to a very small size at the collision point,

creating as high a density of particles as possible and therefore maximising the potential for

interactions: The nominal beam size at the collision point is 639 nm × 5.7 nm for the ILC

[15] and 60 nm × 0.7 nm for CLIC [6].

In order to be able to focus the bunches down to a suitably small size at the collision

point, the bunches must be very well collimated at the entrance to the final set of focussing

magnets. The relevant figure of merit for this is the emittance, which should be made as
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small as possible. Various kinds of misalignments of elements along the beam line can cause

the emittance to grow, so in order to achieve a high rate of particle interactions, these mis-

alignments must be kept within strict tolerances. Some potential causes of emittance growth

are as follows: Misaligned quadrupoles will give a transverse kick to the beam particles that

is of different size for particles of different energies; rotated quadrupoles will couple the large

horizontal emittance into the much smaller vertical emittance; and tilts of radio-frequency

(RF) cavities will give a transverse kick to the beam which will then be misaligned with

respect to the next quadrupole it passes through.

In order to keep the emittance to an acceptably small level these potential causes of

misalignment must be controlled. There are two elements to this control. Firstly, the

components are aligned into position along the accelerator tunnel. This is done with respect

to sets of fiducial marks on the exterior of the components, which themselves have a known

relation to the functional geometry of the element such as the magnetic or electric field axes.

Obtaining this relation by measurements is referred to as fiducialisation. The fiducials on the

components are then aligned to a set of reference marker fiducials in the tunnel which have

been accurately surveyed before and encode the accelerator’s co-ordinate system. Secondly,

it is then possible to use the beam itself as a diagnostic by measuring its properties as it

passes through the accelerator. Information gained from this is used to steer the beam in

such a way as to minimise the emittance growth, and/or physically move components into

more optimal positions. But in order for this to work well the components must be well

enough aligned initially. This process is known as beam based alignment.

The positions of accelerator components will slowly drift with time due to, for example,

slow deformations of the floor, or thermal expansion of components. This means that periodic

realignments of the components relative to their external fiducials must be done. Therefore

the alignment method used must be more than merely accurate enough, it must also be

possible to perform it periodically without interrupting the operation of the accelerator too

much, which means that it should be fast.

An alignment tool for the ILC that addresses these issues and which uses FSI as a key
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measurement tool has been built and tested. This is known as the Rapid Tunnel Reference

Surveyor (RTRS). It is a self-propelled, automated survey robot that can measure the loca-

tion of reference marker fiducials along an accelerator tunnel wall. This can be done quickly,

and with minimal human interaction. It also opens the possibility of surveying whilst the

accelerator tunnel is still too radioactive for humans to enter. Ultimately, the accelerator

down-time could be minimised by surveying the tunnel with the RTRS whilst the accelerator

was running.

It operates by running along a rail on the accelerator tunnel wall and surveying the

positions of the wall reference markers. These will be located in groups of several markers at

regular intervals along the tunnel wall. The RTRS measures the relative location of several

adjacent groups of markers. It then moves along one interval such that it can detect one

new group of markers at the front, and can no longer detect the group that was previously

at the back. It then measures the relative location of this new set of adjacent groups, which

partially overlaps with the previous set. This procedure is repeated along the entire length

of the tunnel and the recorded data can then be used to determine the relative location of

all the markers.

FSI has several advantages as the choice of distance measurement tool in the RTRS: It

can measure absolute distance - required so that it can re-establish the relative locations

of all the markers within range at each measurement; it is capable of high precision; and

it is relatively cheap to add more measurement channels, as a large amount of the cost of

the measurement system is in the laser and any optical amplifiers used and the light output

from this can be shared amongst multiple interferometers.

I have only briefly described the RTRS here, as it is the subject of previous theses [34, 22].

The quality of measurements made by particle physics detectors is also dependent upon

the alignment of elements within them. This is particularly true for particle tracking detec-

tors which need to measure trajectories to very high accuracies. An FSI based alignment

system is in use at the Large Hadron Collider (LHC), inside the ATLAS detector’s Semicon-

ductor Tracker (SCT) [50]. The SCT consists of a large number of position sensitive silicon
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strip detectors. Data recorded by it plays an important part in measuring the momentum

and impact parameters associated with the tracks of long lived charged particles. The perfor-

mance of this detector subsystem relies upon knowing the precise location of the silicon strip

modules (mounted upon a carbon fibre support structure, designed to be as light and rigid

as possible). The standard method for achieving this is to use particle tracks themselves to

determine the modules’ relative locations. However, the ATLAS SCT is unusually large, and

it was feared that distortions of the support structure occurring on short time-scales could

not be measured using the particle track method, which needs time to accumulate enough

data to make an accurate measurement of the modules’ locations.

For this reason, a network of 842 interferometers has been installed inside the ATLAS

SCT, each using FSI to measure absolute distance to a precision of about 1 micron. This

system can additionally monitor displacements with a precision of 50 nm with a novel ‘vi-

brato FSI’ mode [30]. Combining measurements from all the interferometers, which are

made between points on the support structure, gives information about the most common

degrees of freedom of the structure’s distortion. This can then be used to help determine

the alignment of the silicon tracker modules.

As with the RTRS, the example of the ATLAS SCT alignment is only briefly described

here, as it is the subject of several previous theses [28, 35, 20, 49, 29]. An investigation

has been done into using a very similar method to monitor alignment inside a future ILC

detector [66].

Particle accelerators have many other uses apart from fundamental particle physics re-

search. They may also be used to create ultra-short pulses of X-rays in accelerators known

as free electron lasers, such as the Linac Coherent Light Source (LCLS). As with linear

colliders, this kind of accelerator also has stringent alignment tolerances [54]. A key set of

components used for producing the X-ray pulses are the undulator magnets, parallel arrays

of magnets with alternating polarity. When a bunch of electrons passes between the two

arrays of magnets it oscillates laterally and emits the synchrotron radiation that constitutes

the X-ray pulses. The gap between the two rows of magnets in each undulator is usually
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variable and requires a sensor to precisely determine its size; FSI would be a suitable sen-

sor for performing this measurement. Alignment of undulators with respect to each other

and to the intervening quadrupoles is also critical and may also benefit from an FSI based

monitoring system. In particular, the distance between undulators must be controlled to

sub-micron accuracy. The application of an FSI based monitoring system for free electron

laser alignment monitoring is a topic currently being investigated by the Oxford AMULET

group.

Space applications

Another area where advanced dimensional metrology methods are a key enabling technology

for future scientific missions is space science. The past few years have seen several proposed

scientific space missions that require accurate dimensional monitoring of the relative location

of separate satellites [60, 1, 32, 43], however many of these missions have not progressed

past the early planning stages. Apart from the large budgets typically required for these

missions, a key reason for this is the lack of supporting technologies in several areas, including

dimensional monitoring methods. Advances in the required supporting technologies would

make this kind of mission more feasible.

One class of missions that requires extremely precise metrology methods is that of syn-

thetic aperture telescopes. These use multiple telescopes to achieve a resolution comparable

to that of a single telescope that has the same size as the maximum separation between the

telescopes. One proposed mission that would have used this technique was the ESA Darwin

mission, which had the goal of observing planets around nearby stars. The mission require-

ments included a metrology subsystem capable of measuring the absolute distance between

satellites to within 70 micrometers over a range of 250 metres for which an FSI based system

was studied [60].
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1.1.2 Industrial Applications

Certain industrial applications require high precision measurement capability. These include

the aerospace, automotive and shipbuilding industries. The calibration of machine tools

also requires high accuracy measurement. A future area where high precision measurement

capability could be required is the wind energy sector.

A general purpose workhorse used for many of these applications is the laser tracker, an

interferometer fitted with a rotatable mirror used to steer its output beam. It is fitted with

a position sensitive detector that allows it to track the movement of a corner cube retro-

reflector and the mechanics that rotate the mirror are fitted with precise angle encoders. In

this way it can measure both the distance and the angle to the corner cube retro-reflector,

enabling its 3D coordinates to be determined.

Such systems can be made to work using only displacement measurements, but in fact

most modern laser trackers also have absolute distance measurement capability. These oper-

ate by modulating the amplitude or polarisation of the output beam and using this to time

the round trip to the target. The measurements with these devices are neither as precise

nor as accurate as interferometer measurements. More capable absolute distance measuring

methods such as those discussed in this thesis could improve the capability of tools such as

laser trackers.

Another industrial metrology tool is the Laser Tracer, which is essentially a laser tracker

that has been designed specifically to make highly accurate distance measurements, and

that deliberately discards the data from its angle encoders. It is used for CMM and machine

tool calibration, and operates by measuring the distance to the probe or tool head as it is

moved through a repeatable sequence of locations. The Laser Tracer is then moved to a

different location and the CMM or machine tool repeats its sequence of movements. This

procedure is repeated at least four times, and the data recorded can then be used to precisely

determine the movements of the machine using the principle of sequential multilateration.

This is used to generate an error map for the machine, which allows it to position its head
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more accurately in future use. The new FSI methods described in this thesis are currently

being studied for their potential for inclusion on an FSI-enabled Laser Tracer.

Another commonly used measurement tool is the laser scanner. This is similar in concept

to the laser tracker, but instead of measuring a single, reflective target, it rapidly scans the

laser beam across a measurement area and measures distances to whatever the laser beam

hits in each direction. Doing this requires absolute measurement capability. Some devices

measure distance by modulating the amplitude or polarisation of the output beam, but there

is a commercially available laser scanner which uses FSI [19, 38].

1.2 Principles of interferometry

FSI is markedly different from the more commonly used method of displacement interferom-

etry. Each method has its own strengths and weaknesses. This section contains an analysis

of the basic principles of interferometry, in an attempt to determine the underlying cause

for these characteristic strengths and weaknesses.

In the process, I shall address several key questions:

• What is the root cause for the main limitation of displacement interferometry; that it

cannot be used to measure absolute distance?

• What key features are required of an interferometry system in order to overcome this

limitation?

• How does FSI fulfil these requirements?

1.2.1 Fundamentals of fixed frequency interferometry

One way to measure the distance between two points is to send something of known speed

between them, and measure the time taken. Distance may then be calculated from the

simple formula: distance = speed × time.
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Figure 1.1: Comparison of the sharpness of an electromagnetic wave with a pulse of light:
The pulse is merely an amplitude modulation of the electromagnetic wave, and can never be
quite as sharp as the electromagnetic wave crest itself.

One system that operates in this manner is a time of flight range-finder, which produces

a pulse of light and times the return of its reflection. To measure distance precisely with this

system we would need to time the return of the reflection precisely. To do this, the signal

must have sharply defined features, and the light detection system must be fast enough to

resolve these features. Both signal creation and detection in this kind of system is typically

done with high speed electronics, so an important limitation of the precision of these systems

is the speed of the electronics involved.

A further limitation of time of flight measurements is that the sharpness of a pulse of

light is limited by the fact that it is merely an amplitude modulation of a carrier wave, as

illustrated in Fig. 1.1. This places a fundamental limitation on the sharpness of the pulse for

any given carrier wave. Another option for a timing signal is to use the peaks and troughs of

the electromagnetic carrier wave itself. This is the signal that interferometric measurements

use, and has the potential for more precise measurements. Also, high frequency electronics

are no longer required to create this signal.

The problem remains how to detect this signal. To do this, we may employ a method

commonly used in electronics when dealing with high frequency signals: The high frequency

signal is mixed with another signal of similar frequency to generate a beat signal with a

frequency equal to the frequency difference of the two signals. The system may thereafter

deal with this lower frequency beat signal, which retains some information about the timing



CHAPTER 1. BACKGROUND AND APPLICATIONS 13

of the high frequency signal, yet is easier to deal with in practice because lower speed

electronics may be used. As our incoming high frequency signal is optical, it is combined

with another optical signal of similar frequency, and the beat signal may be observed as

variations in the intensity of this combination. These intensity variations contain information

about the returning optical signal which may be used to infer something about the round trip

distance the returning optical signal has travelled. However, as we shall see, this information

won’t simply be the round trip time of the light signal, as we would have ideally hoped for.

Nevertheless it can be (and is regularly) used to make useful distance measurements.

In order to employ this beat generation method, we require, in addition to the distance

measuring signal, another signal of similar frequency to mix with it and generate a beat

signal. The requirement for a ‘similar’ frequency stems from the fact that if the beat signal

is too high in frequency our electronics will not be fast enough to detect and process it.

What we can do is to take a fraction of the outgoing light and mix this with the returning,

reflected light. However, this will not necessarily produce a beat signal with a low enough

frequency to work with: If the frequency of the outgoing electromagnetic wave were to vary,

then as it takes time to return from the round trip to the reflector, the distance measuring

signal and the mixing signal will have different frequencies, generating a beat signal that

could potentially have too high a frequency to detect.

This places a limit on the amount of acceptable frequency variation of the light source

when we use this interferometric mixing technique. This means that if we wish to measure

large distances then we must use a spectrally narrow, coherent light source.

One such light source is a laser with a fixed optical frequency. An advantage of using

this as a light source is that distance can be measured relative to a stable length standard,

which is the laser’s vacuum wavelength.

Such a fixed frequency, coherent light source emits an electromagnetic wave that is an

almost pure sinusoid of a fixed frequency. The return signal we receive from the reflector

would thus also be a pure sinusoid of the same frequency. But with this light source there is a
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Figure 1.2: Examples of an absolute and and an ambiguous measurement, illustrating the
difference in measurement precision and the ambiguity range.

problem: Recall that we want to measure distance by timing the return of an electromagnetic

wave-crest from the reflector, yet each wave-crest is identical to all the others: They are

principally indistinguishable. This means that we can’t make a straightforward measurement

of the round trip time of this light of the sort that could tell us directly, for example, “the

round trip time is 30 ns”.

The only information that can be obtained is the phase difference between the outgoing

and incoming waves. A summary of how this may be achieved technically is given later, but

for this discussion, we may ignore these details: As was said earlier, the limitation comes

from the very nature of the signal itself, rather than the specific signal detection method.

What information can we gain from measuring this phase difference? We do not know

the integer number of wave crests emitted in the time that it takes one wave crest to travel

to the reflector and back. What we measure instead is the fractional part of this number.

This causes something I will refer to as the ambiguity problem: The length measurement is

not absolutely determined, but is ambiguous, with our measurement corresponding to many

possible lengths (given by different possible values of the integer number of cycles). This

ambiguity problem is purely caused by the periodic nature of the signal we are using.

The issues around this ambiguity problem are illustrated graphically in Fig. 1.2. This
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shows examples of both an absolute (unambiguous) measurement and an ambiguous mea-

surement. For each example consider that the distance measurement system acts as a trans-

ducer, generating some easy to record signal, such as a voltage, that varies according to some

function of the measured distance. Each example shows a different possible mapping between

the measured distance and the voltage created by the transducer. The measurement shown

on the left has a 1-1 mapping between distance and voltage. This means that it makes an

absolute distance measurement, without ambiguity. On the right of the figure is an example

of an ambiguous measurement. Here, a given voltage value no longer corresponds uniquely

to a single possible measured distance. Hence by measuring the voltage we cannot make a

unique determination of the distance, and the measurement is said to be ambiguous. The

‘ambiguity range’, marked in the figure, is the separation between adjacent distances that

are both consistent with the same measured voltage. It is half (due to the round trip) the

distance the signal travels within one period. For a fixed frequency, coherent light source,

this is half the wavelength of the light used.

Clearly it is an advantage to be able to measure a distance absolutely, but there are also

certain advantages to be gained from a measurement that exhibits ambiguity in this way.

Notice the gradient of the line in each example: It is larger for the ambiguous measurement

(when there is the same range of output voltages for both types of measurement). This

means that the ambiguous measurement has a higher sensitivity to distance changes. Note

also that if we were to reduce the ambiguity range, then the gradient would increase further,

increasing the sensitivity even more. This leads to the important realisation that there is a

trade-off between ambiguity length and sensitivity: Reducing the ambiguity length increases

the sensitivity and vice versa. This trade-off is inherent to any ambiguous measurement of

this sort, not merely interferometric ones. Note also that typically we will have a limited

range of voltages that we may detect. This means that the absolute measurement will have

a limited range of distances it can measure (unless its sensitivity goes to zero), whereas the

ambiguous measurement is not limited in this way.

An ambiguous measurement system, by its very nature, gives little useful information
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when only a single measurement is made. Where this kind of measurement system comes

into its own, though, is in making repeated measurements to the same object. Referring

back to Fig. 1.2, one can see that it is possible to make highly precise measurements of how

much the distance changes as long as these changes remain within one ambiguity length.

If the measurement system measures continuously as the distance is changed over multiple

ambiguity lengths, then it is still possible to measure the total displacement, as long as

the system is able to keep track of the number of ambiguity lengths that have been passed

through. In this way it is possible to measure large displacements with high precision.

It is possible to measure large ‘absolute’ distances with displacement interferometry by

physically moving a target between the two ends of the distance to be measured and mea-

suring the displacement as this is done. There are several drawbacks to this method: This is

a labour intensive and slow operation; if the system loses count of the number of ambiguity

lengths moved over at any point (for example, if something were to momentarily block the

laser beam) then the measurement must be started again; and it is not always practical or

possible to move the target continuously and under constant observation between the desired

points.

1.2.2 Unambiguous measurement

We have seen that using interferometric mixing requires the use of a coherent light source. If

the frequency of this source is fixed, and if it is unmodulated in any other way, then we end

up with an ambiguous measurement system having all the pros and cons that were discussed

above.

To make a light source for an absolute distance measurement system we must break this

periodicity in some way. We would like to do this in a way that still enables us to use

interferometric mixing, so the light source must remain coherent. One way of doing this is

to modulate the frequency of the light source. If the frequency variation is slow enough then

the signal will be nearly periodic on short time scales (and interferometric mixing will still

work), yet the signal considered as a whole will not be periodic. The frequency variation has
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given it an identifiable structure and this allows, at least in principle, the round trip time to

the target to be calculated unambiguously.

In this way, using interferometric mixing combined with a frequency modulated light

source that is not periodic in the same way as a fixed frequency light source, it is possible

to make precise absolute distance measurements that aren’t limited by the speed of the

detection electronics. This is the method which is used in FSI.

An absolute distance measurement, in contrast to a displacement only measurement, has

a definite zero point to the measurement. The location of this zero point is not always in

a convenient location, and may well be inside the instrument itself. This is in no way a

drawback, however: We can define a zero position arbitrarily by recording the measured

distance to this position and subtracting this value from subsequent measurements.

1.2.3 Summary

The cause of ambiguous measurement in interferometry is the periodicity of the distance

measuring signal it uses. There are various pros and cons of ambiguous measurements.

To make unambiguous measurements one must use a non-periodic signal. If using a

coherent light source, as is required for interferometry, this means that it must be modulated

in some way. FSI modulates the frequency of the light source. Doing this enables precise,

absolute distance measurements that are not limited by the speed of the detection electronics.

One could imagine other absolute distance measurement methods that create different

kinds of non-periodic signal. The distinguishing characteristic of FSI is thus the particular

signal it uses, which is non-periodic when considered as a whole but also may be detected

using interferometric mixing.
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1.3 Additional metrology issues

This section contains a brief discussion of two further issues that are important to length

metrology. These are the role of length standards in distance measurement, and the effect

of the refractive index of air upon interferometric distance measurements.

1.3.1 Length and Frequency standards

An important concept in the science of metrology is that of traceability, the idea that all

measurements should be traceable in an unbroken chain back to the definition of the units for

the measurement. When measuring length within the SI system, the measurement should be

traceable back to the SI metre, defined as the length of the path travelled by light in vacuum

during a time interval of 1/299 792 458 of a second. It is desirable to have as few links in this

traceability chain as possible. This reduces the accumulation of measurement uncertainty

that happens at every stage, and also reduces the chance of errors due to mistakes.

Many implementations of FSI make their length measurements relative to the optical path

difference of a reference interferometer. In order for these measurements to be traceable,

this reference interferometer must have its length calibrated at some point, which then

becomes one step in the traceability chain. The problem with measurements made relative

to a physical length standard, such as a reference interferometer, is that they rely on the

stability of the length standard after calibration. The overall measurement uncertainty

is thus increased, not just due to the uncertainty in the calibration, but also due to the

instability of the length standard.

An alternative option for a length standard is to create one using a physical process.

For example, the wavelength of a Helium-Neon laser is determined by the energy levels of

the gas atoms within the laser cavity. These energy levels may be used as the basis for an

inherently stable length standard: The wavelength of light output from the laser depends

very little upon external factors such as ambient temperature when compared to typical

physical length standards.
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Parameter Nominal value Change required for +10ppb change in n
Air Temperature 20 ◦C -0.01 ◦C
Atmospheric Pressure 101.325 kPa +3.8 Pa
Relative humidity 50 % -1.1 %
CO2 content 450 ppm +71 ppb

Table 1.1: Summary of changes in air refractive index, calculated using the NIST engineering
metrology toolbox [52], which implements the Ciddor equation [18].

Later on in this thesis, I will present a method which gives the option of measuring length

relative to atomic transition lines in an absorption gas cell. These, as with the He-Ne laser

example above, have only a very weak dependence upon ambient conditions, and can thus

be used as a stable length standard.

1.3.2 Refractive index

The above discussion has described interferometric length measurement as a timing mea-

surement. If we measure the time τ for our signal to return from being reflected from a

target then the distance, L, to that target may be calculated as

L =
τ

2

c

n
,

where c is the speed of light in vacuum, n is the refractive index of the medium the signal

travels through (which for many applications will be air) and the factor 1/2 takes account

of the signal’s round trip.

To calculate distance we need to know n, which tells us the speed at which the signal

travels. When measuring in air, there are various ways in which n may be determined. These

include using a refractometer, which directly measures n, or by measuring the parameters

upon which it predominantly depends: temperature, pressure, humidity, and CO2 content.

A summary of the dependence of air’s refractive index upon these parameters is given in

Table 1.1.

The length measurement precision obtainable using these methods is limited, however,
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as they generally measure the refractive index in a slightly different location than the path of

the light beam. We therefore rely on homogeneity of the air in order to extrapolate our mea-

surements to this location. Although some parameters, such as pressure, homogenise rather

quickly, others, such as temperature, may be very inhomogeneous (air is a poor conductor,

and temperature is homogenised more by bulk transport than conduction). So, regardless

of how well we measure refractive index in one location, our uncertainty on knowledge of

the refractive index along the measurement beam path will be limited by inhomogeneity. A

thorough discussion of these issues can be found in [27]. Indeed, partly due to this reason,

according to Bobroff [12] “It is difficult to obtain a measurement accuracy of 10−7 when

working in air”.

Some attempts have been made to solve this problem by determining the speed of light

directly along the signal path. One method is to measure the signal delay with two different

frequencies of light [45], and make use of the dependence of the dispersion of air upon its

refractive index to give an indication of the speed of the signal. Another method is to send

a pressure wave along the same line as the beam, and use the fact that the speed of sound

in air has a different dependence upon parameters such as temperature and pressure than

the speed of light[42].

Another method of reducing this problem is to alter or even to remove the medium

entirely, by surrounding the light path with an air-tight container or pressure vessel and

either replacing the air with, for example Helium, or evacuating the beam path entirely.

This enables highly accurate measurements to be made, at the cost of the severe amount of

engineering required.

Another issue that becomes more important when measuring over large distances, greater

than 10 m or so, is that refractive index gradients will curve the path of the light beam [26].

In this thesis, it will often be convenient to refer to the distance to be measured in terms

of the optical path difference (OPD), D, which is related to physical distance, L, by

D = 2nL . (1.3.1)
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This thesis describes methods for measuring the OPD, and it is assumed that to use these

in practice one would also adopt a standard method for determining the refractive index.

Dispersion

Another complicating factor that this thesis does not attempt to address is that of dispersion,

i.e. a wavelength dependent refractive index in the path of the interferometer’s beam. It

is assumed that most applications of the methods described in this thesis will have the

interferometers placed in air, which is only slightly dispersive, with dn/dλ ≃ 10−9/nm. In

addition, in a major case of interest, when a reference interferometer is used as described in

section 3.3.1, FSI methods are independent of the refractive index of the medium if we only

assume that both reference and measurement interferometers are in the same medium.

However, it should be noted that if FSI methods are used in dispersive media, which may

occur when using optical fibre based interferometers, or if dispersive optics such as lenses

are placed in only one arm of an interferometer, then care must be taken to investigate and

compensate for the additional wavelength dependence these interferometers will now exhibit.

More discussion on this topic may be found in [36].



Chapter 2

Mathematical model of FSI

This chapter describes background material common to all the distance measurement meth-

ods that will be introduced in the next chapter. It contains three sections.

The first section develops a mathematical model of the measurement process. This will

be used as the basis for our theoretical understanding of the various measurement methods

described throughout this thesis.

The second section describes methods for calculating interferometric phase from the

intensity output of an interferometer. This will be used as a preliminary analysis step in the

interferometric methods described later on.

Finally, in section 2.3, a general notation is defined that is suitable for describing the

various measurement methods in later chapters.

2.1 Mathematical interference model

In this section I present a mathematical model of the interference in FSI. This model was

the basis for the development of the new interferometric methods presented in chapters 4

and 5, but it will also be useful to have this model to hand for the review of interferometric

methods in the next chapter.

22
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Figure 2.1: A Michelson interferometer

To start with, consider the typical setup for a distance measuring interferometer as

illustrated in Fig. 2.1. After leaving the light source, the light beam is split by a partial

reflector and sent along the two arms of the interferometer. One split beam is directed

along a short path of fixed length. The other split beam is directed along the length to be

measured to a reflector. This sends the beam back to be recombined with the first split

beam at another partial reflector (often some part of the first partial reflector is used for

this). The combined beam exits in two directions, and a photodiode is used to measure the

intensity of one or both of these combined output beams. The recombination of the beams

and detection of their intensity with a photodiode generates the interferometric mixing signal

that was previously discussed in section 1.2.1.

2.1.1 Model options

At least three different models have been used in the literature to explain the occurrence of

the interference signal in an FSI measurement. Some of these models are sufficiently different

that it is not immediately obvious that they are even describing the same phenomenon. To

clarify this situation, I present here a brief review of these different models, which I shall

refer to as the ‘steady state’ model, the ‘beat frequency’ model, and the ‘time delay’ model.
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Perhaps the most common is the ‘steady state’ model, as used in for example [41, 61].

This is the same model that is typically used in fixed frequency interferometry. It contains the

implicit assumption that both the optical path difference and the laser frequency remain fixed

during the period of time required for the light to travel the length of the interferometer’s

arms and back. This is a justified assumption to make for fixed frequency interferometry, but

in FSI the laser frequency is deliberately being varied as fast as possible and some potential

FSI applications are required to measure large distances. So in this case it may be prudent

to investigate the validity of this assumption.

Another model, one that at first glance may appear to be describing a different phe-

nomenon entirely, is the ‘beat frequency’ model, as used by [9, 56]. This model considers the

fact that the swept frequency laser light in an FSI measurement takes different amounts of

time to travel down the two interferometer arms, and as the frequency of the light is being

varied in time, this means that the light reaching the detector from each arm will have a

different frequency. A beat signal will therefore be generated. The frequency of this beat

signal is

fbeat =
∂ν

∂t
τ ,

where τ is the difference in light travel time in the two arms of the interferometer. Measuring

fbeat allows the distance corresponding to the time delay, τ , to be determined.

A third model, the ‘time delay’ model, has been seemingly independently proposed by

Glombitza [33] and Zheng [67]. It takes a more low level approach that explicitly models a

swept frequency electric field travelling two unequal path lengths in a two beam interferom-

eter, calculating the observed intensity output as the squared amplitude of the electric field

output from the interferometer.

All three models predict the same FSI signal (although the ‘beat frequency’ model is

unable to predict the phase of the FSI intensity signal). In this sense they may be considered

as three different ways of describing the same phenomenon. The ‘time delay’ model offers

the most comprehensive approach, and this is the model that will be discussed in more depth

below.
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2.1.2 Development of time delay model

Consider a two beam interferometer similar to that of Fig. 2.1, illuminated with a linearly

polarised electromagnetic (EM) wave. The magnitude of the electric field at the entrance to

the interferometer is written as

E(t) = Re
[
aeiθ(t)

]
,

where a is the amplitude of the wave and θ(t) is the phase of the wave at a time t. Note

that although this appears similar to complex phasor notation, it is not: The frequency of

the EM wave we consider is not time invariant and therefore the standard complex phasor

notation is not suitable.

The instantaneous frequency of the EM wave, ν(t), is defined to be proportional to the

time derivative of its phase, θ(t),

ν(t) =
1

2π

dθ(t)

dt

∣
∣
∣
∣
t

. (2.1.1)

The EM wave enters the interferometer and is split into two parts, each following a

different path onto a single photodiode. The time taken for light to travel each of these

paths is labelled as τ1 and τ2. The effect of this propagation time is modelled as a delay to

the phase, θ, of the light arriving at the detector from each path. The electromagnetic field

at the detector, Edet, is the sum of the contributions from the two paths,

Edet(t) = Re
[
a1e

iθ(t−τ1) + a2e
iθ(t−τ2)

]
,

where the contributions from the two paths have amplitudes a1 and a2, which may in general

be different.

Defining a shifted time variable, t′ = t − τ1, and a quantity τ as the difference of the

travel times of the two arms, τ = τ2 − τ1, the electromagnetic field at the detector can be
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expressed as the product of a carrier wave, A, and a modulation envelope, B,

Edet(t) = Re




e

iθ(t′)
︸ ︷︷ ︸

A

(

a1 + a2e
−i(θ(t′)−θ(t′−τ))

)

︸ ︷︷ ︸

B




 .

The interferometric phase, φ, is defined as

φ(t) = θ(t′)− θ(t′ − τ) . (2.1.2)

The intensity at the detector is given by the squared modulus of the modulation envelope,

B,

Idet =
∣
∣a1 + a2e

−iφ
∣
∣
2
/2η

=
(
a21 + a22 + 2a1a2 cos(φ)

)
/2η

= I1 + I2 + 2
√

I1I2 cos(φ) , (2.1.3)

where η is the characteristic impedance of free space, and I1 and I2 are the intensities the

light from the two paths would have individually if not affected by interference.

Equation (2.1.3) is an exact expression within this model for the observed intensity de-

tected during an FSI measurement, which varies sinusoidally with the interferometric phase,

as defined in Eqn. (2.1.2). However, Eqn. (2.1.2) does not provide a usefully straightfor-

ward relationship between the quantities we are interested in (which are laser frequency, ν,

interferometer OPD, D, and interferometric phase, φ). A first step to obtaining a simpler

relationship is to write the phase of the EM wave, θ, as a Taylor expansion,

θ(t′ − τ) = θ(t′) +
1

1!

∂θ(t′)

∂t′
(−τ) +

1

2!

∂2θ(t′)

∂t′2
(−τ)2 +

1

3!

∂3θ(t′)

∂t′3
(−τ)3 + ... .

Rearranging and substituting in the definition of frequency from Eqn. 2.1.1, this may be
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written as

θ(t′)− θ(t′ − τ) = 2πν(t′)τ − 2π

2!

∂ν(t′)

∂t′
τ 2 +

2π

3!

∂2ν(t′)

∂t′2
τ 3 + ... .

Note that the left hand side of the above equation corresponds to the definition of interfer-

ometric phase in Eqn. 2.1.2, and therefore by dropping second and higher order terms in τ

on the right hand side we obtain

φ ≃ 2πν(t′)τ. (2.1.4)

The time delay is related to optical path difference by τ = D/c. Substituting this into

Eqn. (2.1.4), we arrive at

φ = 2π
Dν(t′)

c
, (2.1.5)

and the interferometer’s intensity output is thus

Idet = I1 + I2 + 2
√

I1I2 cos

(

2π
Dν(t′)

c

)

. (2.1.6)

In this approximation, the absolute phase (when expressed in cycles, φ/2π) has the simple

physical correspondence that it is equal to the number of wavelengths that fit into the

interferometer OPD, D.

This final equation is the same as that used by the ‘steady state’ model. By deriving it

in the above manner it may be seen that it is accurate only when the higher order terms in

the Taylor expansion may be neglected. This is the case for the experimental measurements

made later on in this thesis. However the approximation used to arrive at this equation will

not always be valid. For example, if FSI is used to measure significantly larger OPDs, or

the tuneable laser varies its frequency more rapidly, then neglecting the higher order terms

may cause a significant discrepancy between the model and reality.

To investigate the accuracy of the approximation to the Taylor expansion above, consider

the size of the second term, (2π/2!)(∂ν(t)/∂t)τ 2, with some typical values. The tuneable laser

used for measurements in this thesis can vary its optical frequency at a rate of ∂ν(t)/∂t =
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12 THz/s. At a distance of 1 metre in air (corresponding to an optical path difference of

approximately 2 m), τ ≃ (2/3)× 10−8 s. With these values, the value of the second term in

the Taylor expansion is 1.2× 10−4 fringes. Unless measurement errors are brought down to

this extremely small value, we need not be concerned by such a small discrepancy between

the initial model and this approximation to it.

2.2 Working with phase

The above model describes the observed intensity output of an interferometer. This is the

directly observable quantity in interferometry. However, when analysing interferometric data

it is often more convenient to work with the interferometer’s phase, which is linearly related

to the OPD we wish to calculate, whereas the intensity is not. There are many different ways

of calculating an interferometer’s phase from recorded intensity values, and in this section I

shall describe two.

The first method, quadrature readout, is commonly used in displacement interferometry,

and is described here as background to the brief review of distance measuring interferometer

methods in the next chapter.

The second method, based upon the Hilbert transform, is a method that is particularly

suited for use with FSI. It is the method I have used for phase calculation in this thesis when

evaluating FSI methods experimentally.

2.2.1 Quadrature readout

The model section above concluded with Eqn. (2.1.6), which has the intensity output of

the interferometer varying with the cosine of the interferometric phase. The basis of the

quadrature readout method of phase calculation is to arrange the interferometer optics so

as to give an additional intensity output that varies with the sine, rather than the cosine of

the phase. A method for doing this is illustrated in Fig. 2.2.
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Figure 2.2: An example of a quadrature readout interferometer

This interferometric setup uses a polarising beam splitter cube, which transmits hori-

zontally polarised light and reflects vertically polarised light. Light is sent into the beam

splitter cube that is linearly polarised at 45 degrees to its axis. The light is thus split into

two and sent into the reference and measurement arms of the interferometer just as it was in

Fig. 2.1. The light beams return and are recombined in the beam-splitter cube. A quarter

wave plate placed in each arm of the interferometer is used to direct the recombined output

beam out of the lower face of the beam-splitter cube on the diagram.

After recombination two copies of the light are made using a non polarising beam splitter

cube. As the light from each arm has orthogonal polarisations, it must be sent through a

polariser oriented at 45 degrees to the polarisation axis of each light beam in order to observe

interference. One of the copies of the light beam has a phase difference between the light

from each arm added in with the use of a quarter wave plate. This is chosen such that the

optical path length through it is λ/4 longer for the axis of polarisation corresponding to one

of the interferometer arms. This has the effect of altering the interferometric phase for that

copy of the light by π/2. As cos(φ− π/2) ≡ sin(φ), the intensity of this copy of the light is

now proportional to the sine of the phase, as we wanted.
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There is an issue with using quarter wave plates in FSI, however. These elements have

exactly λ/4 relative phase shift at one specific wavelength only. As widely tuneable lasers

can vary their frequencies by as much as 10%, the relative phase shift between polarisations

will vary significantly throughout the FSI measurement. Correction for non-perfect quarter

wave plate phase shifts arising from non-perfect quarter wave plate alignment is common

practice in fixed frequency interferometery [40] and these methods can be used to correct for

the non-ideal performance of quarter waveplates throughout an FSI measurement.

The intensity from these two copies of the light may be written as

Ia = pa + qa cos(φ) (2.2.1)

Ib = pb + qb sin(φ) , (2.2.2)

which are rearranged to give

(Ia − pa)/qa = cos(φ)

(Ib − pb)/qb = sin(φ) .

The interferometric phase, φ, may therefore be calculated from the measured intensities as

φ = arctan

[
(Ib − pb)/qb
(Ia − pa)/qa

]

.

As we know the signs of the numerator and denominator in this arc tangent calculation,

a four quadrant arc tangent may be used in order to calculate the phase modulo 2π.

2.2.2 Hilbert transform method

This section describes a method for calculating interferometric phase from the intensity

output of an interferometer recorded during a laser frequency sweep. This can be used as a

preliminary analysis step for many of the distance measurement methods described in this
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thesis.

The method is based upon the Hilbert transform, which is a commonly used operation

in signal processing. It is well understood theoretically [10, 11] and is straightforward to

compute, as follows: The Hilbert transform, H[s(t)], of a signal, s(t), may be computed

using a forward and reverse Fourier transform, multiplying the signal with a Hilbert window

in frequency space,

H[s(t)] = F−1[F [s(t)]H(ω)] ,

where F and F−1 denote forwards and backwards Fourier transforms respectively, the Hilbert

window is defined as

H(ω) = −i sgn(ω) ,

and the sgn function is defined as

sgn(x) =







−1, x < 0

0, x = 0

+1, x > 0

.

Examples of the Hilbert transform used for FSI analysis may be found in the following papers

[2, 59].

The Hilbert transform has the following key property which allows us to use it to calculate

phase: For a signal of the form s(t) = b(t) cosφ(t), if the spectra of b(t) is restricted to a

range of frequencies that is lower than, and does not overlap the spectra of cosφ(t) i.e. there

exists some ωr such that

F [b(t)] = 0 for |ω| > ωr (2.2.3a)

F [cosφ(t)] = 0 for |ω| < ωr , (2.2.3b)

then the Hilbert transform of this signal is

H[b(t) cosφ(t)] = b(t) sinφ(t) . (2.2.4)
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I will now show how to use this property to calculate interferometric phase from the recorded

intensity during a laser frequency sweep.

By comparison with Eqn. (2.1.6) the intensity signal recorded in a laser frequency sweep

may be expressed as

s0(t) = a(t) + b(t) cosφ(t) , (2.2.5)

where a(t) and b(t) are functions of time, to take account of variations of the amplitude of

the beam from each arm of the interferometer.

If the spectra of the first and second terms on the right hand side of Eqn. (2.2.5) are

sufficiently distinct, i.e. if there exists some ωs such that

F [a(t)] = 0 for |ω| > ωs (2.2.6a)

F [b(t) cosφ(t)] = 0 for |ω| < ωs , (2.2.6b)

then the signal may be high pass filtered to get

shpf (t) = b(t) cosφ(t) ,

which is in a suitable form to make use of the Hilbert transform relationship from Eqn. (2.2.4).

I show in appendix B that if it is possible to high pass filter the signal in this way, then the

conditions required for Eqn. (2.2.4) to hold are automatically satisfied. i.e. if there exists

an ωs that satisfies Eqn. (2.2.6) one can always find an ωr that satisfies Eqn. (2.2.3).

Fluctuations in the terms a(t) and b(t) due to variations of laser intensity generally

consist of low frequencies when compared to the interferometric signal cosφ(t). In this

case the spectra of a(t) and b(t) cosφ(t) will be distinct as required. For many FSI setups,

including those used to test the new FSI methods later in this thesis, it will be possible to

separate the two terms in this way.

The high pass filter can be performed with a forwards and reverse Fourier transform,
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multiplying by the filter window, W (ω), in frequency space

shpf(t) = F−1[F [s(t)]W (ω)] ,

where the filter window is

W (ω) =







0, |ω| < ωs

1, |ω| ≥ ωs

.

The Hilbert transform of shpf (t) is now calculated. It is often convenient, when calculating

the Hilbert transform of a real signal, s(t), to store the result in the imaginary part of the

same signal. In this form, the signal is known as the analytic signal, ŝ(t), defined as

ŝ(t) = s(t) + iH[s(t)] .

As the Fourier transform is a linear operation, i.e.

F [aA(ω) + bB(ω)] = aF [A(ω)] + bF [B(ω)] ,

the analytic signal may be calculated by multiplying the real signal’s Fourier transform by

the following window in frequency space

1 + iH(ω) = 1 + sgn(ω) , (2.2.7)

where the 1 gives the original, real signal back in the real part of the result, and the iH(ω)

gives the Hilbert transformed signal in the imaginary part of the result.

Furthermore, to reduce computation time, it is possible to apply the high pass filter and

compute the Hilbert transform using only one set of forwards and reverse Fourier transforms.

This is done by multiplying by both the filter window and the Hilbert window at the same

time in frequency space.

To review, the complete calculation, starting from the original signal, s0(t), from Eqn. (2.2.5),
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is

ŝ(t) = F−1[F [s0(t)]W (ω)(1 + iH(ω))].

Using the above results, the right hand side is rewritten,

ŝ(t) = F−1[F [s0(t)]W (ω)(1 + iH(ω))]

= F−1[F [s0(t)]W (ω)] + iF−1[F [s0(t)]W (ω)H(ω)]

= F−1[F [shpf (t)]] + iF−1[F [shpf (t)]H(ω)]

= shpf (t) + iH[shpf (t)]

= b(t) cosφ(t) + iH[b(t) cosφ(t)]

= b(t)(cosφ(t) + i sinφ(t)) .

It is a straightforward operation to calculate φ(t) from this analytic signal, by taking the arc

tangent of its real and imaginary components,

φ(t) = arctan

(
Im[ŝ(t)]

Re[ŝ(t)]

)

=arctan

(
b(t) sinφ(t)

b(t) cosφ(t)

)

.

As with quadrature readout, the signs of the numerator and denominator in the arc tangent

are known and thus a four quadrant arc tangent may be used to calculate the phase angle

modulo 2π radians.

An important point to note about this method of phase calculation is that it requires

the phase to vary monotonically. If the phase does not vary monotonically, then the cosφ(t)

part of the signal must necessarily contain zero frequency components, and therefore the

condition of Eqn. (2.2.3) cannot be satisfied and the Hilbert transform method does not

work. In FSI, we ensure that the phase curve is monotonic by sweeping the laser’s frequency

quickly and monotonically, such that most of the phase change is due to the changing laser

frequency, rather than any changing distance.

The phase must also vary in a known direction, as the Hilbert transform method cannot
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determine this: It will always calculate an increasing phase. In an FSI measurement this

is not a problem, as the majority of the phase change should be due to the changing laser

frequency, which is under our control. If the laser frequency was increased during the mea-

surement, no changes need to be made, and if the laser frequency was decreased during the

measurement, this should be taken account of by multiplying the calculated phases by -1.

A useful mathematical result regarding noise when using the Hilbert transform for phase

calculation is given by Tretter [62], who shows that, in the limit of a high signal to noise

ratio, an additive intensity noise (such as electrical noise on the photodiode, in our case)

creates an equivalent additive noise on the phase as calculated using the Hilbert transform.

2.2.3 Unwrapping phase

By observing the intensity of the interference pattern, the absolute phase, φ, can be calcu-

lated modulo 2π using the methods described above. The fact that it is calculated modulo

2π can be represented by splitting φ into two parts: one, 2πf , representing the measured

fractional phase modulo 2π and the other, 2πN , representing the (unknown) integer multiple

of 2π that makes up the remainder of φ, giving

φ = 2π (N + f) , (2.2.8)

where N is an integer and f is a real number in the interval [0, 1).

Phase, being an angular quantity, is commonly expressed in units of radians. In this

thesis it will be more convenient to express phase in units of cycles, where one cycle is

equal to 2π radians. Thus, if we instead consider phase, φ′, expressed in units of cycles,

we have φ′ = N + f , as N and f are in units of cycles. As well as removing the need

for a 2π constant in numerous equations this convention shall prove particularly useful in

chapter 5, which contains many equations where a phase is rounded to the nearest 2π radian

multiple: It is simpler to consider instead rounding to the nearest integer multiple, with

phase expressed in units of cycles.
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Substituting this two component phase, Eqn. 2.2.8, into the model, Eqn. (2.1.5), gives

the following:

Nn + fn =
Dnνn
c

. (2.2.9)

We now have an equation describing the wrapped phase, fn. The n subscripts index the

multiple consecutive phase measurements that are usually made in an FSI measurement. In

a sense they are a short-hand, e.g. fn ≡ f(tn), Dn ≡ D(tn), i.e. they indicate the sampled

value of a quantity at a time tn.

If we know that the absolute phase changes continuously with time, then by looking

for discontinuities in the wrapped phase, a phase unwrapping algorithm can calculate the

unwrapped phase, un, to be

un = fn +Nn −N0 , (2.2.10)

where the phase has been unwrapped starting from the first data point, and N0, the unknown

integer phase offset at this point, represents what is now a single unknown phase offset for

the whole data set. Note also, that although the phase is unwrapped starting from the first

data point, this does not imply that u0 = 0; the unwrapped phases retain the same fractional

component as the wrapped phases. Substituting Eqn. (2.2.10) into Eqn. (2.2.9) we get an

equation for the unwrapped phase,

N0 + un =
Dnνn
c

. (2.2.11)

Here we have manipulated and tidied up the definition of absolute phase that we started

this subsection with, Eqn. (2.1.5), in order to make it easier to use later on. It describes

unwrapped phase from an FSI measurement as the sum of a measured set of phase values,

un, and an unknown offset, N0, and equates this to be proportional to the product of

interferometer OPD, Dn, and laser frequency, νn.
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2.3 Notation

In later chapters this thesis considers interferometric systems that use two frequency swept

lasers and/or more than two interferometers. In order to use a single set of notation through-

out, the previously used notation is extended here to accommodate these multiple laser,

multiple interferometer systems.

In order to cope with systems that have two lasers in a logical manner, quantities associ-

ated with the first laser are written as before, but quantities associated with the second laser

are written with a bar above them. For example, the frequency of the first laser is written,

as before, as ν, but the frequency of the second laser is written as ν̄. The unwrapped phase

measured with the second laser is written as ū, and the unknown phase offset associated

with these phase measurements is written as N̄0.

In order to deal with systems containing multiple interferometers a superscript is used

to indicate the interferometer which the symbol is associated with. For example, D1 is now

the OPD of the first interferometer and D2 is the OPD of the second interferometer.

Using a combination of the bar notation and the numbered superscripts it is possible to

indicate which laser and which interferometer a particular symbol is associated with. For

example, N2
0 is the unknown phase offset from the first laser in the second interferometer,

and ū3
100 is the 101st data point (counting from 0) of the unwrapped phase from the second

laser in the third interferometer.

This notation may be used to write a single expression that represents multiple equations.

Instead of indicating specific interferometers by writing for example, D1 or D2, we may write

Di, which indicates that this particular statement is true for all interferometers. Similarly,

instead of explicitly indicating which laser a particular quantity relates to by writing for

example ν or ν̄, a tilde, ν̃, is used to indicate that this expression is true for both lasers. For

example, this notation may be used to replace the following four equations for a two laser,

two interferometer system;
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First Laser Second Laser

Reference Interferometer N1
0 + u1

n = D1
nνn
c

N̄1
0 + ū1

n = D1
nν̄n
c

Measurement Interferometer N2
0 + u2

n = D2
nνn
c

N̄2
0 + ū2

n = D2
nν̄n
c

with the following single equation;

Ñ i
0 + ũi

n =
Di

nν̃n
c

. (2.3.1)



Chapter 3

Review of interferometric methods

The previous chapter described interferometry in a somewhat abstract manner. This chapter

describes several specific examples of well known interferometric methods. This will allow

the reader to compare these with the new FSI methods that will be described later on. It

will also provide examples of the concepts and notation introduced in the previous chapters.

I will start with methods that use fixed wavelength lasers, and move on to FSI methods,

which use variable wavelength lasers.

Other reviews of interferometric measurement methods may be found in [3, 13]. A brief

review of some unusual absolute distance measurement methods may be found in [37].

3.1 Single wavelength

Topics relating to interferometry with a single laser of fixed wavelength have already been

introduced at various places in previous chapters: The underlying concepts of interferometry

were described in section 1.2, the basic arrangement of optics was illustrated in Fig. 2.1, a

method for calculating interferometric phase was described in section 2.2.1 and a method

for unwrapping a sequence of phase measurements was described in section 2.2.3.

A fixed, single wavelength interferometer makes repeated phase measurements in order

39
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to determine the displacement of a reflective target along the line of a laser beam. The infor-

mation obtained from these repeated phase measurements may be expressed mathematically,

making use of the model that was described in section 2.1. The final result of that model,

once phase calculation and unwrapping has been included, was Eqn. (2.2.11),

N0 + un =
Dnν

c
. (3.1.1)

The n subscript has been removed from νn here, as the method currently being considered

keeps the laser wavelength fixed.

The displacement of the reflective target along the line of the laser beam between mea-

surement n = f and n = 0, (Df −D0), may be calculated from the phases recorded for these

measurements as follows

(N0 + uf )− (N0 + u0) =
Dfν

c
− D0ν

c

uf − u0 =
(Df −D0)ν

c

Df −D0 = (uf − u0)
c

ν

∆D = ∆u
c

ν
,

where an upper case ∆ is used to indicate a change in a quantity, for example ∆D = Df−D0.

However, no rearrangement of Eqn. (3.1.1) can calculate the absolute value of Dn in

terms of only known quantities. I argued in section 1.2 on general grounds that a distance

measurement system using a periodic measurement signal such as light of a single fixed

wavelength would be unable to calculate absolute distance. Here we see that for this specific

example this is the case: We cannot calculate absolute distance in this system because we

do not know N0, the integer number of cycles the measurement signal goes through whilst

travelling the measurement distance.

Some key sources of uncertainty in interferometric measurements are uncertainties in

the measured phases, un, and in the laser frequency, ν. There is also the uncertainty in



CHAPTER 3. REVIEW OF INTERFEROMETRIC METHODS 41

the refractive index of the medium through which the laser beam propagates (usually air),

which was mentioned in section 1.3.2 but is not considered further in this thesis. To see the

impact of uncertainty in u and ν upon the measured displacement, a propagation of errors

calculation is performed. This is done , both here and elsewhere, using the Gaussian error

propagation formula,

σf(a,b,...) =
∂f(a, b, ...)

∂a
σa ⊕

∂f(a, b, ...)

∂b
σb ⊕ ... ,

where the symbol ⊕ denotes a quadrature sum, defined by A ⊕ B =
√
A2 + B2 and σX

denotes the uncertainty in X. Using this method, the measurement uncertainty on ∆D is

calculated as

σ∆D =
c

ν
σ∆u ⊕∆D

σν

ν
. (3.1.2)

Re-writing this with typical numerical values of ν = 200 THz, and ∆D = 1 m, this

becomes

σ∆D = 1.5× 10−6σ∆u ⊕ 1
σν

ν
.

To give a sense of scale, measurements of phase may typically reach uncertainties of 10−2

or 10−3 of a fringe. Relative uncertainties in laser vacuum wavelength can be made very low

with 1 in 107 being easily achievable. Much higher relative precisions are attainable, but

even at the level of 1 in 107, distance measurement uncertainty in air will be dominated by

uncertainty of the refractive index of air, so when measuring distance in air there is little to

gain by using a laser with a lower wavelength uncertainty.

A practical advantage of this method is its relative simplicity when compared to other

methods described in this chapter. The major disadvantage is its unforgiving nature: any

errors in unwrapping the phase (such as a gap in the data caused by a blockage of the laser

beam) mean the measurement must be restarted.
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A review of single wavelength interferometry is given in [12].

3.2 Multiple wavelength

Dual wavelength interferometry is a good example of how more information about the mea-

sured length may be extracted with the use of a second laser source, which is also the main

principle behind Dynamic FSI. Dual wavelength interferometry may also serve as an example

of a measurement method with a discretised error, something that both Dynamic FSI and

Cascaded FSI make use of.

An example of a dual wavelength interferometric measurement system is described in

[23]. Examples of multiple wavelength interferometry systems are described in [44, 46, 17].

3.2.1 Dual wavelength

The measurement setup for a dual wavelength measurement is similar to that of single

wavelength interferometry, but has the practical disadvantage that it is more complex: A

second light source is required, along with a method of combining and separating out the

two wavelengths of light. There are many possible ways of doing this, including time divi-

sion multiplexing (simply alternating the wavelengths used), frequency division multiplexing

(modulating each wavelength with a different frequency), and using the wavelength of the

light itself to separate out light of different frequencies using a dichroic mirror.

Once light has been multiplexed, sent into the interferometer and demultiplexed at the

output, the interferometric phase corresponding to each of the two wavelengths is measured.

This may be done using the same methods as used for single wavelength interferometry.

Using the interferometer model, Eqn. (2.3.1), we can represent the information gained from

these two phase measurements as

Ñ + ũ =
Dν̃

c
. (3.2.1)

Recall the tilde notation - e.g. ũ - introduced in section 2.3, which indicates the equation is
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valid for both lasers. The n subscripts have been dropped for this section, as here we won’t

be concerned with a series of phase measurements, but only one pair of phase measurements,

one for each laser. The symbol u shall still be used to denote the phase measured here.

By combining the phase measurements from both lasers it is possible to perform a mea-

surement with a longer ambiguity length than single wavelength interferometry. This is done

by taking the difference of the two measured phases, u and ū. To see what this tells us, take

the difference of the two equations represented by Eqn. (3.2.1)

(N + u)− (N̄ + ū) =
Dν

c
− Dν̄

c
,

and rearrange this to give

(N − N̄) + (u− ū) =
D(ν − ν̄)

c
, (3.2.2)

which may be rewritten as

∆N +∆u =
D∆ν

c
, (3.2.3)

by defining

∆N = N − N̄ − w ,

∆u = u− ū+ w ,

∆ν = ν − ν̄ ,

where the w term, defined as

w =







0, u− ū ≥ 0

1, u− ū < 0
,

is used to map ∆u into the range [0, 1), as, with both u and ū being in the range [0, 1),

(u − ū) is in the range (−1, 1). Note that including w with opposite sign in the definitions

of ∆N and ∆u means that this term cancels out in Eqn. (3.2.3).
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Note that Eqn. (3.2.3) is in the same form as Eqn. 3.1.1 from single wavelength inter-

ferometry, with the only difference being that we have replaced various quantities with the

difference of these quantities between the two lasers. Therefore it is as if we were measuring

the interferometric phase corresponding to the combined, or synthetic frequency1 ∆ν = ν−ν̄.

This synthetic frequency will be smaller than either of the real frequencies that are being

used, and so the measurement will have a longer ambiguity length than single frequency

interferometry; however it will also have a lower precision. This is an example of the trade-

off between precision and ambiguity range mentioned in section 1.2. By choosing the two

wavelengths used, the ambiguity length can be fixed at a desired value from micrometers

to meters in length [23]. Despite the lowered precision, there are two reasons why a longer

ambiguity range is useful.

Firstly, it can be beneficial for phase unwrapping: The phase can still be unwrapped with

a larger distance change between measurements. This is useful for interferometers used to

measure the shape of a surface, where phase is measured at multiple locations on a surface

using, for example, a CCD detector, and is unwrapped with respect to adjacent pixels. Here,

dual wavelength interferometry is capable of measuring steeper height changes than single

wavelength interferometry.

Secondly, a longer ambiguity range makes it more feasible to perform a kind of absolute

distance measurement with the interferometer. If the OPD can be measured by other means

with an uncertainty significantly lower than half an ambiguity range then the interferometer

measurements may be used to give a higher accuracy measurement.

Making an a-priori measurement of the OPD effectively gives an estimate of the absolute

value of the interferometric phase. We could use it to estimate the interferometric phase

corresponding to either laser frequency, or the synthetic phase corresponding to the synthetic

frequency. If we estimate the length to be D̂, then an estimate of the integer part of the

1It is common in discussions of dual wavelength interferometry and related topics to refer instead to a
synthetic wavelength, Λ = c/∆ν = λλ̄/(λ̄ − λ). In this thesis it will often be algebraically more convenient
to go against the more common convention and refer to a synthetic frequency.
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synthetic phase, ∆̂N , may be calculated as follows;

∆̂N =
D̂ν

c
−∆u ,

where the hats on ∆̂N and D̂ are to emphasise that these are estimates of the corresponding

quantity that may be subject to experimental errors. Later, improved, estimates will be

made of the same quantities and these will be distinguished by adding an extra hat, e.g.

ˆ̂
∆N .

This is an estimate of a discrete, integer quantity. If the estimate has an uncertainty

significantly less than ±0.5, with a high confidence level, then rounding this estimate to

the nearest integer will reliably (i.e. with high probability) produce the exact value for this

integer quantity. Therefore we define a second estimator for ∆N which rounds the initial

estimator to the nearest integer,

ˆ̂
∆N = ||∆̂N || ,

where the double brackets, e.g. ||x||, denotes the ‘nearest integer’ function which rounds its

operand, x, to the nearest integer value.

Assuming that the rounding operation correctly calculated the exact value for ∆N , its

result may be used to calculate a refined estimate for the absolute value of the OPD,

ˆ̂
D =

(
ˆ̂

∆N +∆u
) c

∆ν
. (3.2.4)

The uncertainty on this value due to uncertainty on u and ν, and assuming that the rounding

step calculated the correct value for ∆N , is,

σ ˆ̂
D
=

√
2

∆ν
(cσu ⊕Dσν) , (3.2.5)

where to simplify the above, it has been assumed that σu = σū and σν = σν̄ .

A similar procedure could in theory be performed for single wavelength interferometry,

but it would be less practical, as it would be harder to satisfy the requirement that σ∆̂N <
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0.5 with a high confidence level, due to the shorter ambiguity range of single wavelength

interferometry.

3.2.2 Multiple wavelength

It is possible to go a step further with this method, to further refine the measurement

of the OPD. The improved length estimate,
ˆ̂
D, that was just obtained by dual wavelength

interferometry in Eqn. (3.2.4) may be used as the initial length estimate to measure absolute

length with single wavelength interferometry.

The value of
ˆ̂
D may be used to estimate the integer part of the absolute phase corre-

sponding to either of the real (i.e. not synthetic) laser frequencies: The integer part of the

absolute phase corresponding to the first laser frequency may be estimated to be

N̂ =
ˆ̂
Dν

c
− u .

As before, this estimate of an integer quantity is rounded to the nearest integer to give the

exact value (requiring that the error on the estimate is less than ±0.5),

ˆ̂
N = ||N̂ || .

This refined estimate for N is then used to calculate the absolute value of the OPD according

to the measured fractional phase, u,

ˆ̂
D̂ =

(
ˆ̂
N + u

) c

ν
.

The uncertainty on N̂ due to uncertainty on u, ū, ν and ν̄ may be calculated to be

σN̂ =

(
ν ⊕ ν̄

ν − ν̄

)(

σu ⊕
D

c
σν

)

, (3.2.6)

where, to simplify the above, it is assumed that the magnitude of the uncertainties on u and
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ū are equal, and therefore σu = σū. The same assumption is made for the uncertainties on

the laser frequencies; σν = σν̄ .

The uncertainty on
ˆ̂
D̂ due to uncertainty on u and v is

σ ˆ̂
D̂
=

1

ν
(cσu ⊕Dσν) . (3.2.7)

The measurement process which calculates
ˆ̂
D̂ now contains two ‘rounding steps’ where

an estimate of an integer quantity is rounded to the nearest integer. The uncertainty on the

initial estimates ∆̂N and N̂ should be less than ±0.5 with a high confidence level in both

cases.

The choice of laser frequencies used here is important. This fixes the size of the synthetic

frequency. A small synthetic frequency leads to a large ambiguity range, and thus reduces

the requirements on the initial length estimate, D̂: It is easier to satisfy the requirement

that σ∆N < 0.5. However, note in Eqn. (3.2.6) the dependence on the synthetic frequency,

which appears as the ν − ν̄ term in the denominator of the first fraction. A small synthetic

frequency will increase the uncertainty on N̂ , making it harder to satisfy the requirement

that σN̂ < 0.5. Thus the choice of synthetic frequency is a trade-off between satisfying the

uncertainty requirements for the first and the second rounding steps.

It is possible to relax these requirements, however, with an interferometer system that

uses more than two lasers of different frequencies. A synthetic frequency can be associ-

ated with any pair of laser frequencies, and the preceding steps may be repeated in order

to obtain successively more accurate estimates of the OPD corresponding to successively

larger synthetic frequencies. Adding in more stages to the calculation relaxes the uncer-

tainty requirements on each rounding step. In practice, when using multiple wavelength

interferometry to determine lengths of the order 1 m, three wavelengths may be regarded as

a practical minimum number, as otherwise the requirements on the initial length estimate

are hard to meet [44].

This process has illustrated an important concept that is the basis of Cascaded FSI, that
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of discretised errors. Throughout this multi-stage process that proceeds by estimating integer

quantities such as ∆N and N and then correcting these estimates using the nearest integer

function, ||x||, there is no build up of error, as long as the initial estimate of the integer

quantity is correct to within ±0.5 at each step. This is in contrast to a multi-stage process

with continuous errors at each stage, where there will be a build-up of errors. Of course, for

this discretised error process, each step increases the chance that an integer quantity will be

estimated wrong by more than ±0.5. I shall call this a discrete error. Thus there is a build

up of the potential for making a discrete error. That is to say: the probability of making a

discrete error at at least one stage will increase when more stages are added. But by making

the probability of a discrete error at each stage sufficiently small, the probability of a discrete

error overall may be kept to an acceptably low level. It is also possible to add additional

checks in order to reject any measurements that contain a discrete error. A simple example

would be to simply measure twice and reject any pair of measurements that differ by more

than a specified tolerance.

An everyday example of the power and reliability of systems with discretised errors is

digital communications and data storage. Data stored on computers is represented by se-

quences of discrete binary values; 1’s and 0’s. However these are both stored and transmitted

as analogue quantities such as analogue voltages. Even so, we expect files containing many

billions of bits to be routinely transmitted without making a single discrete error. This is

achieved by first rounding the analogue voltages to the nearest expected value (say either 0

V or 5 V, for example) upon reading or receiving data, and additionally applying a whole

host of checks that are sophisticated versions of the simple ‘measure it twice’ check suggested

earlier. The entire process works because it carefully manages the discretised errors involved,

in order to reduce the probability of a discrete error to be vanishingly small.
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3.3 Single laser FSI

The previous sections described interferometric methods that used fixed frequency lasers. As

was discussed in section 1.2, the periodicity of the electromagnetic wave in these methods

means that they can only make ambiguous measurements of distance. This section describes

the first true2 absolute distance measurement method of this chapter: FSI using a single

laser. It was argued in section 1.2 that the non-periodic signal of a frequency swept laser

may be used to make an absolute distance measurement, and this section describes explicitly

how this may be done.

An FSI measurement may be made using the same physical arrangement of optics as sin-

gle wavelength, fixed frequency interferometry, but with the fixed frequency laser replaced

with a frequency swept laser. A measurement is made by ramping the laser frequency in

a continuous manner and recording the intensity on the photodiode as this is done. The

distance being measured must be held constant during this process. The interferometric

phase throughout the duration of the frequency sweep is then calculated from the recorded

intensity values, using, for example the Hilbert transform method described in section 2.2.2.

The calculated phase values are then unwrapped, and the absolute distance to the target

reflector may then be calculated from these unwrapped phase values. As a simplified ped-

agogical example, it may be calculated by taking the difference between the first and last

phase values.

According to our model, the unwrapped phase values obey the relationship of 2.2.11,

which I again re-write here with the minor modification of dropping the n subscript on the

Dn, as this distance is - for now - considered a constant for the duration of the measurement,

N0 + un =
Dνn
c

. (3.3.1)

The difference of the unwrapped phases at the ends of the frequency sweep, corresponding

2i.e. not requiring an a-priori knowledge of the OPD as dual wavelength interferometry does.
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to n = 0 and n = f , is then calculated, and used to evaluate the OPD,

(N0 + uf )− (N0 + u0) =
Dνf
c

− Dν0
c

uf − u0 =
D(νf − ν0)

c

D = c
(uf − u0)

(νf − ν0)

D = c
∆u

∆ν
. (3.3.2)

Thus, the absolute value of the OPD, D, may be calculated as the ratio of the unwrapped

phase increase to the change in laser frequency. Alternatively, the distance may be calculated

in a way that makes use of all the data by fitting a line to determine the slope of unwrapped

phase vs laser frequency. How to precisely determine the change in laser frequency will be

discussed later.

This may be contrasted to the method of displacement interferometry using a single

fixed frequency laser, as described above in section 3.1. For the fixed frequency method the

change in phase was recorded in order to determine the ratio of distance change to a fixed

laser wavelength, λ = c/ν. In FSI the situation has been reversed: A change in phase is

recorded, as before, but here it is used to determine the ratio of frequency change to a fixed

distance.

Compare Eqn. (3.3.2) with Eqn. (3.2.3), which describes length measurement with respect

to a synthetic frequency in dual wavelength interferometry. In both cases the difference

between two phases is taken. The difference between the two cases is that for FSI, as we’ve

continuously swept the tuneable laser’s frequency between ν0 and νf , we may calculate the

absolute value of the difference in phase corresponding to these two frequencies via phase

unwrapping. Algebraically this means that the N0 cancels out for FSI, in Eqn. (3.3.2),

allowing an unambiguous length measurement to be made, whereas for dual wavelength

interferometry there remain two separate unknown integer phase components, N and N̄ , (as

the phase cannot be unwrapped) and thus the length measurement remains ambiguous.

It has been stressed several times that in order to make an FSI measurement the laser’s
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frequency must be varied continuously. i.e. there should be no discontinuous jumps in the

laser’s frequency. This requirement comes from the fact that we must be able to unwrap

the phase throughout the frequency sweep. Continuously varying a laser’s frequency over a

large range is a technically difficult feat to achieve, and lasers with this capability are very

expensive compared to fixed frequency lasers with otherwise similar specifications. This is

one of the major factors preventing more widespread use of the FSI technique to date.

The uncertainty in calculated distance according to Eqn. (3.3.2), due to uncertainty in

measured phases and laser frequency values, may be shown to be

σD =

√
2

∆ν
(cσu ⊕Dσν) .

Note that this is exactly the same as Eqn. (3.2.5) from the dual wavelength interferometry

section. This is due to the fact that both FSI and dual wavelength interferometry calculate

distance relative to a synthetic frequency. This synthetic frequency is the difference of two

fixed laser frequencies for dual wavelength interferometry, and the difference between the

initial and final tuneable laser frequencies for FSI. As for dual wavelength interferometry,

the precision of the distance calculation improves when there is a larger synthetic frequency.

But, unlike dual wavelength interferometry, there is no trade-off requirement for a higher

precision a-priori measurement when a larger synthetic frequency is used. This leads to the

desire for a large synthetic frequency in FSI measurements, corresponding to a large laser

frequency sweep range, in order to maximise the precision of the measurement.

A disadvantage of this type of measurement is that it takes time for the laser to sweep its

wavelength between the two end values. This means that the repetition rate of measurements

is much lower than that in the previously described methods, where the limit is typically

due to the bandwidth of the photodiode amplifier and associated readout electronics.

Examples of wavelength swept interferometry systems are described in [16, 22, 41, 47, 58].
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3.3.1 Reference interferometer

Earlier it was mentioned that we must be able to determine the laser frequency change

ν0 − νn. A common method for doing this is to use a reference interferometer. This is an

additional interferometer, of known OPD, that some fraction of the frequency swept laser

light is diverted into. With this, we may perform FSI in reverse: Using the known distance,

we may calculate the frequency change.

The intensity output of the reference interferometer is measured, and the unwrapped

phase calculated from this. The information gained from both interferometers can be repre-

sented as

N i
0 + ui

n =
Diνn
c

. (3.3.3)

Combining the four equations represented by Eqn. (3.3.3) with the four possible combi-

nations of i = 1, 2 and n = 0, f , we find

D2 = D1
(u2

f − u2
0)

(u1
f − u1

0)
, (3.3.4)

and thus the measured distance may be calculated relative to the known distance of the

reference interferometer.

The disadvantage of doing this, however, is that the measurements are now performed

relative to a physical length standard. These typically have lower stability than frequency

standards and it is also harder to achieve traceable measurements with them. Cascaded FSI,

as described in chapter 5, allows measurements to be made relative to a frequency standard,

improving the accuracy and traceability of the measurement.

3.3.2 Drift errors

It was mentioned earlier that the measured distance should be kept constant during an FSI

measurement, but this is never perfectly achievable in practice; the distance will always
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change by some small amount. This failure of the assumption of constant distance creates

an error, known as a drift error, which is described in this section.

The exact amount of drift error an FSI measurement is subject to will, of course, depend

upon exactly how the data is analysed. I shall calculate here the drift error encountered

when data is analysed using the simplified example presented above in Eqn. (3.3.2). This

shall serve as a good indication of the drift error one may expect to encounter when using

other analysis methods.

It will be useful to define the following quantities, being the average values of the inter-

ferometer OPD and laser frequency for the two points used in the analysis,

〈ν〉 = (νf + ν0)/2 (3.3.5)

〈D〉 = (Df +D0)/2 . (3.3.6)

Using these definitions, it can be shown that

c
∆u

∆ν
= 〈D〉+∆D

〈ν〉
∆ν

. (3.3.7)

Compare this with the equivalent, Eqn. (3.3.2), where the distance was assumed to be

constant. Note that Eqn. (3.3.7) reduces to Eqn. (3.3.2) when ∆D = 0. But when ∆D 6= 0

there is an additional term in Eqn. (3.3.7), which is the error in calculated OPD caused by

the change in OPD during the laser frequency scan. This error is equal to the change in

distance during the laser frequency sweep, magnified by the drift error multiplier, 〈ν〉/∆ν.

The lasers used to take data for this thesis have frequency sweep ranges in the order of 10 THz

around an average frequency of approximately 200 THz, making the drift error multiplier

approximately 20. It is technically very difficult to achieve such a large sweep range, and so

many tuneable lasers have frequency sweep ranges in the order of 100 GHz, in which case

the drift error multiplier would be 2000.

Drift errors are clearly a major contributor to measurement errors in single laser FSI. To
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minimise them it is desirable to use a laser that sweeps over a large frequency range. It is

also beneficial if the laser performs this sweep rapidly, as this minimises the time available

for the distance to change.

Due to the influence of drift errors, single laser FSI is less accurate than a dual fixed

frequency interferometry system with the same synthetic wavelength. FSI does of course

have the advantage of making a true absolute distance measurement, however.

3.3.3 Analysis with straight line fit

So far in this section I have only considered analysis of single laser FSI data using the first

and last data points. This was done to simplify the explanation, however it is possible to

make use of all the data points in the analysis: Combining two copies of Eqn. (3.3.3), one

corresponding to the measurement interferometer (i = 2), and the other corresponding to

the reference interferometer(i = 1), one may obtain

u1
n = Ru2

n +
(
RN2

0 −N1
0

)
, (3.3.8)

where R = D2/D1. This is in the canonical form for a straight line, y = mx + c, and

therefore, by fitting a straight line to the recorded unwrapped phases from the measurement

and reference interferometers, the ratio of interferometer OPDs may be calculated as the

gradient, R, of this straight line fit.

3.4 Dual laser FSI

The problem of drift error in single laser FSI can be removed with the use of an additional

frequency swept laser. This can provide an additional measure of the phase change of the

interferometer, allowing us to distinguish between phase change caused by laser frequency

variation, and phase change caused by a changing OPD. A dual laser FSI measurement is

performed by making two simultaneous measurements of the same interferometer with two
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different frequency swept lasers. As with dual wavelength interferometry, this requires a

method to multiplex and demultiplex the two laser beams.

The information gained from these two simultaneous measurements may be summarised

by again writing out the model, Eqn. (2.3.1) corresponding to this particular situation:

Ñ0 + ũn =
Dnν̃

c
.

The measured distance plus the drift error from each laser can be expressed with the analogue

of Eqn. (3.3.7), written out here for the two laser system;

c
∆ũ

∆ν̃
= 〈D〉+∆D

〈ν̃〉
∆ν̃

.

A drift error free measurement may be made by combining the two equations this represents.

In the simplest case, if the two lasers scan through exactly opposite frequency ranges (and

therefore 〈ν〉 = 〈ν̄〉 and ∆ν = −∆ν̄), then adding together the above equation corresponding

to each laser gives

c
∆u

∆ν
+ c

∆ū

∆ν̄
= 〈D〉+∆D

〈ν〉
∆ν

+ 〈D〉+∆D
〈ν̄〉
∆ν̄

(3.4.1)

= 〈D〉+∆D
〈ν〉
∆ν

+ 〈D〉+∆D
〈ν〉
−∆ν

(3.4.2)

= 2〈D〉 . (3.4.3)

The last line contains no ∆D term, as it appeared with opposite sign in the two equations

that were summed. This enables a measurement that is free of drift error. In practice it

may not be possible to ensure both lasers tune over exactly opposite frequency ranges, in

which case a weighted average may be employed in order to correctly cancel out the drift

error terms. As this particular method of dual laser FSI is not used to make measurements

in this thesis, the explicit equations for this need not be shown.

A drawback of this method is that, as with so many of the other methods, the extra

measurement capability comes at the price of increased complexity. In addition to the
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equipment required for single laser wavelength swept interferometry, another laser is required,

together with a system for demultiplexing the interferometric signals from the two lasers.

Measurement systems using two simultaneously frequency swept lasers operating in the

above manner have been described previously by, for example [20, 21, 55, 66]. These systems

treat the measurement from each laser independently, however. Each of these independent

measurements implicitly assumes a fixed OPD during the measurement, and the results are

only combined afterwards in order to correct for this failed assumption.

In another paper [39] Hartmann et. al. describe a dual laser FSI based system that

measures with respect to a synthetic wavelength. Measurement precision is limited in this

system due to the large value of this synthetic wavelength.

None of these systems measures the OPD continuously throughout the FSI scan, and

only give a single measured distance per scan. The one exception is the system described

by Yang et. al. [66], however their ‘slip-window’ technique still calculates distance changes

as the result of an error arising from the failed assumption of fixed OPD. Dynamic FSI

completely avoids making this assumption.



Chapter 4

Dynamic FSI

This chapter describes Dynamic FSI, a distance measurement method that does not suffer

from slow measurement rate or susceptibility to drift error, two limitations commonly seen

in other FSI implementations.

As with other dual laser FSI systems, it simultaneously records the interferometric phase

corresponding to two lasers with different frequency sweeps. The main difference from other

systems is the way the recorded phases are analysed: This enables Dynamic FSI to calculate

the continuously varying distance over the entire duration of the laser frequency sweep,

whereas previous methods can calculate only a single distance measurement per sweep.

The sections making up this chapter are: the theory of the measurement method, in

section 4.1, a numerical analysis of the method, in section 4.2, and finally an experimental

analysis of the method, in section 4.3.

Material contained within this chapter relates to PCT/GB2011/051399; a patent pending

invention held by Isis Innovation Limited (www.isis-innovation.com).

57
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Figure 4.1: Schematic illustration of Dynamic FSI measurement setup

4.1 Method

The general setup required for making a Dynamic FSI measurement is shown schematically

in Fig. 4.1. Light from a pair of lasers is combined and sent simultaneously into a pair of

interferometers. The interferometric signals created by the two lasers are de-multiplexed

such that they may be distinguished from each other. This may be done by physically

separating out light from the two lasers, for example using orthogonal polarisations, or by

separating the interferometric signals in electronics or software, for example by amplitude

modulating each laser at different frequencies.

To make a measurement, the frequency of either one or both lasers is swept in a continuous

manner whilst recording the four phases corresponding to the four combinations of laser and

interferometer. There are many possible arrangements of optics which may achieve this, one

of which is described in section 4.3.

The goal of the measurement is to determine the OPD of one of these interferometers,

the measurement interferometer, relative to the known length of the other, reference inter-

ferometer. The remainder of this section describes how to analyse the interferometric phases

recorded during the frequency sweep in order to reconstruct this distance ratio over the

entire duration of the sweep.

The main data analysis steps performed in Dynamic FSI are summarised in Fig. 4.2. The

reader may wish to refer back to this diagram from time to time whilst reading the relevant

sections in the text.
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Figure 4.2: Summary of Dynamic FSI data analysis process
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4.1.1 Distance calculation equations

The basis of Dynamic FSI is the model of Eqn. (2.3.1), which is written out here using the

notation from section 2.3 for this two laser, two interferometer system,

First Laser Second Laser

Measurement Interferometer N2
0 + u2

n = (D2
nνn)/c N̄2

0 + ū2
n = (D2

nν̄n)/c

Reference Interferometer N1
0 + u1

n = (D1
nνn)/c N̄1

0 + ū1
n = (D1

nν̄n)/c .

(4.1.1)

Recall that the n subscripts index simultaneous samplings of all four phases, u1
n, ū

1
n, u

2
n and

ū2
n; and also index the interferometer OPDs D1

n and D2
n; and laser frequencies, νn and ν̄n, at

that sampling time.

We wish to calculate the OPD of the measurement interferometer relative to that of the

reference interferometer at every sampling point, i.e. we wish to calculate D2
n/D

1
n for all n

in the data. Two expressions for this may be obtained immediately by dividing the entries

on the first row of Eqns. (4.1.1) by the entries on the second row,

D2
n

D1
n

=
N2

0 + u2
n

N1
0 + u1

n

, (4.1.2a)

D2
n

D1
n

=
N̄2

0 + ū2
n

N̄1
0 + ū1

n

. (4.1.2b)

However, the unknown values on the right hand side, in the form of the four integer phase

offsets, Ñ i
0, must be determined before the above equations can be evaluated. This may be

done by combining the above two equations to eliminate D1
n and D2

n,

N2
0 + u2

n

N1
0 + u1

n

=
N̄2

0 + ū2
n

N̄1
0 + ū1

n

, (4.1.3)

to obtain an over-constrained system of equations that may be solved, using the method

of least squares, to determine the integer phase offsets. Once determined, the values are

substituted into Eqn. (4.1.2), allowing the measurement interferometer OPD to be evaluated

at every data sample.
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The key difference between this and previous dual laser FSI methods such as that de-

scribed in section 3.4 is the calculation of the integer phase offsets. Another crucial difference

is that in Dynamic FSI, the OPD is never assumed to be constant. Avoiding making this

assumption allows this method to accurately measure a changing OPD.

Note that there are two Eqns., (4.1.2a) and (4.1.2b), that may be used to calculate the

interferometer distance ratio once the integer phase offsets are known. Such data redundancy

is a requirement for the method of least squares, which will in some sense minimise the

discrepancy between these two equations. A simple average of the two is a good way of

using all the available data to calculate D2
n/D

1
n.

Although the method as presented above seems quite straightforward, the ‘devil in the

detail’ lies in the least squares solution of Eqn. (4.1.3): The rest of this section is dedicated

to describing how this may be done successfully.

4.1.2 Solution options

Although Eqn. (4.1.3) easily satisfies the least squares condition that there be more equa-

tions (one per n value) than unknowns (the four integer phase offsets), this alone does not

guarantee that least squares will be able to accurately determine values for the integer phase

offsets. A common problem in least squares is that of a poorly constrained system. This oc-

curs when it is possible to vary the unknowns in such a way that the observables change very

little, or not at all. In this case, least squares is unable to determine an accurate estimate for

the values of the unknowns along this degree of freedom. In section 4.2 it will be shown that

the least squares problem of Eqn. (4.1.3) is a poorly constrained system. This problem is

remedied by determining the value or relative values of some of the integer phase offsets by

other means, and including this additional information in the least squares solution, making

it a well constrained problem. This section describes three methods, referred to as solution

options, for doing this.
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‘Beat detection’ solution option

If the frequencies of the two lasers are equal at some point in time, then the absolute phase

corresponding to each laser will be the same in any given interferometer at that time. This

fact may be used to find the differences of the integer phase offsets; N i−N̄ i. As this shall be

a key way of determining the required extra information about the integer phase offsets, it

shall be useful to consider these in terms of sum, Si, and difference, ∆i, components, defined

as

Si = N i + N̄ i , (4.1.4a)

∆i = N i − N̄ i . (4.1.4b)

From now on, mentions of the integer phase offsets refer to the four values, S1, S2, ∆1, ∆2.

∆1 and ∆2 may be determined by finding a point during the FSI scan at which the two laser

frequencies are equal (requiring that the sweep frequency ranges are chosen such that this

occurs). This point in time may be determined by combining light from both lasers directly

and simultaneously onto a single photodiode and recording the optical beat frequency that

may be detected when both lasers have similar frequencies. When this beat frequency goes to

zero, the two lasers have the same frequency. Labelling the sampling index at this point as b,

we may thus write νb = ν̄b. Substituting this, and the definition of ∆i given in Eqn. (4.1.4b),

into Eqn. (4.1.1) we may calculate an initial estimate of ∆i as 1

∆̂i = ūi
b − ui

b . (4.1.5)

The true value of ∆i is an integer (it is defined in Eqn. (4.1.4b) as the difference between two

integers). Uncertainties on phase measurement can typically be made much smaller than

±0.5, and uncertainty on the timing of the point when both lasers have the same frequency

1A point to note here is that this result depends upon the definition of the unwrapped phase given in
Eqn. (2.2.10), which fixes the phase unwrapping to start from the first data point. This choice is in-built
in many equations throughout this thesis. It is perfectly possible to unwrap phase from another point, but
if one chooses to do so then care must be taken to make the appropriate adjustments to equations in this
thesis.



CHAPTER 4. DYNAMIC FSI 63

can also be made much smaller than the time it takes to accrue 0.5 cycles of phase difference

between the two lasers. Therefore the above method is capable of determining ∆̂i to within

±0.5 with a high confidence level and we can then reliably determine the exact value of ∆i

by rounding ∆̂i to the nearest integer,

ˆ̂
∆i = ||∆̂i|| . (4.1.6)

In this way, we can reliably and exactly determine two of the four degrees of freedom

that the least squares Eqn. (4.1.3) solves for. Rewriting this equation in terms of the sum

and difference components defined in Eqn. (4.1.4), Eqn. (4.1.3) becomes

S1 +∆1 + 2u1
n

S1 −∆1 + 2ū1
n

=
S2 +∆2 + 2u2

n

S2 −∆2 + 2ū2
n

. (4.1.7)

Multiplying by the denominators and subtracting the right hand side then gives

S1(∆2+u2
n−ū2

n)−S2(∆1+u1
n−ū1

n)−∆1(u2
n+ū2

n)+∆2(u1
n+ū1

n)−2u1
nū

2
n+2ū1

nu
2
n = 0 . (4.1.8)

This equation is now solved with least squares, incorporating the known values of ∆1 and

∆2 in the solution. The normal method for incorporating an additional measurement of a

parameter in a least squares model would be to include an additional equation, representing

that measurement. For example, in this case, if the value of ∆1 is measured to be ∆̂1, the

equation ∆1 = ∆̂1 would be included in the least squares problem. An estimate of the

relative uncertainty of this compared to the other measurements would be required when

solving the least squares problem.

However, in this case ∆1 and ∆2 have been determined with discretised errors. In the

absence of a discrete error we know the values of ∆1 and ∆2 with a zero error. It is not

possible to take account of this in the above formalism as the ratio of errors on the measured

phases to the errors on ∆1 is infinite.

An alternative method for incorporating our knowledge of ∆1 and ∆2 into the least
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squares solution is simply to fix their values in the model to be equal to their separately

measured values,
ˆ̂
∆1 and

ˆ̂
∆2, and not to solve for them in the least squares solution. This

is only acceptable because of the discrete nature of the errors, and if we assume that no

discrete error was made.

It so happens that when this is done, it is possible to write out Eqn. (4.1.8) as a single

matrix equation,












ˆ̂
∆2 + u2

0 − ū2
0 − ˆ̂

∆1 − u1
0 + ū1

0

ˆ̂
∆2 + u2

1 − ū2
1 − ˆ̂

∆1 − u1
1 + ū1

1

...
...

ˆ̂
∆2 + u2

K−1 − ū2
K−1 − ˆ̂

∆1 − u1
K−1 + ū1

K−1

















S1

S2




 =












ˆ̂
∆1(u2

0 + ū2
0)−

ˆ̂
∆2(u1

0 + ū1
0) + 2u1

0ū
2
0 − 2ū1

0u
2
0

ˆ̂
∆1(u2

1 + ū2
1)−

ˆ̂
∆2(u1

1 + ū1
1) + 2u1

1ū
2
1 − 2ū1

1u
2
1

...

ˆ̂
∆1(u2

K−1 + ū2
K−1)−

ˆ̂
∆2(u1

K−1 + ū1
K−1) + 2u1

K−1ū
2
K−1 − 2ū1

K−1u
2
K−1












, (4.1.9)

where K is the number of ADC sampling times during the measurement. This equation

is then solved using least squares to calculate estimates for S1 and S2. How this is done

is discussed in section 4.1.3. When this has been done, we have values for all four integer

phase offsets, and these may be substituted into Eqn. (4.1.2) to calculate the measurement

interferometer OPD.

‘Reference estimate’ solution option

It shall be seen later on that the beat detection solution option may become poorly condi-

tioned in certain circumstances. This may be remedied by including an estimate of S1 in the

least squares solution. This is obtained using estimated values of the initial laser frequencies,

ν0 and ν̄0, and the OPD of the reference interferometer, D1
0. With these, we may calculate
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S1 by combining Eqns. (4.1.1) and (4.1.4),

S1 =
D1

0

c
(ν0 + ν̄0)−

(
u1
0 + ū1

0

)
. (4.1.10)

Even though there may be a considerable amount of uncertainty on the value of our estimate

of the laser frequencies (often tuneable lasers do not have a highly reproduceable optical

frequency), it will be shown in section 4.2 that it is beneficial to include an estimate of

S1 obtained in this manner, and that the accuracy of the final length measurement is not

necessarily limited by the uncertainty in the S1 estimate.

As this estimate of S1 has a continuous error distribution, it may be included in the least

squares problem as an additional equation, S1 = Ŝ1, where Ŝ1 is the estimate of the value of

S1. This may be appended to Eqn. (4.1.9) to give a matrix equation for this solution option,















ˆ̂
∆2 + u2

0 − ū2
0 − ˆ̂

∆1 − u1
0 + ū1

0

ˆ̂
∆2 + u2

1 − ū2
1 − ˆ̂

∆1 − u1
1 + ū1

1

...
...

ˆ̂
∆2 + u2

K−1 − ū2
K−1 − ˆ̂

∆1 − u1
K−1 + ū1

K−1

1 0




















S1

S2




 =















ˆ̂
∆1(u2

0 + ū2
0)−

ˆ̂
∆2(u1

0 + ū1
0) + 2u1

0ū
2
0 − 2ū1

0u
2
0

ˆ̂
∆1(u2

1 + ū2
1)−

ˆ̂
∆2(u1

1 + ū1
1) + 2u1

1ū
2
1 − 2ū1

1u
2
1

...

ˆ̂
∆1(u2

K−1 + ū2
K−1)−

ˆ̂
∆2(u1

K−1 + ū1
K−1) + 2u1

K−1ū
2
K−1 − 2ū1

K−1u
2
K−1

Ŝ1















. (4.1.11)

This equation is then solved with least squares to obtain an estimate of S2 and a new estimate

of S1.
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‘Cascaded’ solution option

The final solution option requires the use of Cascaded FSI. In the next chapter, it will be

shown how Cascaded FSI may determine S1 and ∆1 directly, and with discretised errors.

In which case, these values are incorporated into the least squares solution using the same

approach as with the beat detection solution option: We assume that no discrete error

has occurred, and replace S1 and ∆1 with the estimates of their true values in the model

equation.

When this is done, it so happens that Eqn. (4.1.8) may be written out as a single matrix

equation,












− ˆ̂
∆1 − u1

0 + ū1
0

ˆ̂
S1 + u1

0 + ū1
0

− ˆ̂
∆1 − u1

1 + ū1
1

ˆ̂
S1 + u1

1 + ū1
1

...
...

− ˆ̂
∆1 − u1

K−1 + ū1
K−1

ˆ̂
S1 + u1

K−1 + ū1
K−1

















S2

∆2




 =












ˆ̂
S1 (−u2

0 + ū2
0) +

ˆ̂
∆1(u2

0 + ū2
0) + 2u1

0ū
2
0 − 2ū1

0u
2
0

ˆ̂
S1 (−u2

1 + ū2
1) +

ˆ̂
∆1(u2

1 + ū2
1) + 2u1

1ū
2
1 − 2ū1

1u
2
1

...

ˆ̂
S1
(
−u2

K−1 + ū2
K−1

)
+

ˆ̂
∆1(u2

K−1 + ū2
K−1) + 2u1

K−1ū
2
K−1 − 2ū1

K−1u
2
K−1












. (4.1.12)

This equation is solved using least squares to obtain estimates for S2 and ∆2.

4.1.3 Solving the least squares equations

The three solution options corresponding to Eqns. (4.1.9), (4.1.11) and (4.1.12) are all non-

linear least squares problems, as they cannot be expressed in the linear least squares form

AX = b where A is a known matrix and all the measured values are contained in the vector,

b: For all three solution options, the A matrix contains measured values, with errors.

Therefore a non-linear least squares solution is used. The details of this solution are



CHAPTER 4. DYNAMIC FSI 67

explained in appendix C.1. This estimator is computed with an iterative procedure that

minimises the sum of the squared measurement residuals subject to the constraints provided

by the solution option Eqns. (4.1.9), (4.1.11) or (4.1.12).

The non-linear least squares estimator for the remaining unknown integer phase offsets in

each solution option is a maximum likelihood estimator under the assumption of unbiased,

Gaussian distributed errors on the unwrapped phase values. Tretter [62] has shown, when

using the Hilbert transform method for phase calculation in the limit of a high signal to

noise ratio, that unbiased, Gaussian distributed errors on the measured intensities lead to

unbiased, Gaussian distributed errors on the measured phase values.

4.2 Numerical evaluation

This section investigates the impact of random measurement errors on the Dynamic FSI

solution for measurement interferometer OPD vs time.

A Dynamic FSI measurement may be considered as consisting of two stages: In the

first stage, the integer phase offsets are calculated. The uncertainty in the least squares

estimates of integer phase offsets is investigated here, in section 4.2.2. The second stage of

the Dynamic FSI measurement is to substitute the calculated values for the integer phase

offsets into Eqn. (4.1.2) in order to calculate the measurement interferometer OPD. The

impact of errors on the integer phase offsets upon this calculation is investigated here in

section 4.2.3.

4.2.1 Range of OPDs and frequency sweeps investigated

The propagation of errors calculations in section 4.2.2 are done analytically, but the analyti-

cal solution is not particularly revealing, as it is a complicated function of the interferometer

OPDs, Di
n, and laser frequencies, ν̃n. Therefore, uncertainties are evaluated for particular,

defined choices of Di
n and ν̃n such as those shown in Fig. 4.3.
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Figure 4.3: Simulated interferometer OPDs and laser frequencies

It was found both experimentally and theoretically that when using the beat detection

solution option the uncertainty on the integer phase offsets depends upon how much the

measurement interferometer moved during the measurement, with larger movements giving

(perhaps counter-intuitively) smaller uncertainties. Investigating this phenomenon required

simulating various different amounts of measurement interferometer movement. The amount

of movement is parameterised as the simulation’s movement scale, and is an indication of

the overall amplitude of movement. All simulations had the same shape of movement as

shown in Fig. 4.3(a) and this was linearly scaled according to the value of the movement

scale parameter. Figure 4.3(a) has a movement scale of 1 mm.

It was also found that the integer phase offset uncertainty has a dependence upon the

lengths of the reference and measurement interferometers. This was investigated by simu-

lating interferometers of different OPDs. In the example of Fig. 4.3(a) both interferometer

OPDs are set to 0.5 m.

4.2.2 Errors on integer phase offsets

The joint error distribution of estimated values for the integer phase offsets has been calcu-

lated for all three solution options. This was done using a standard analytical propagation

of errors method explained in appendix C.2. This method calculates the uncertainty on the

least squares estimate for the integer phase offsets as a consequence of uncertainty on mea-

sured phase values. It parameterises this with a covariance matrix describing the probability
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distribution of errors on the integer phase offsets estimates.

For example, the beat detection solution option calculates least squares estimates for S1

and S2. The joint probability distribution of the errors on S1 and S2 is calculated using the

method from C.2, and this calculation parametrises the distribution with a 2×2 covariance

matrix.

However, it will be easier to visualise this distribution if it is expressed in a different

manner. Figure 4.4 shows an example of a correlated distribution of two random variables. It

contains 1000 points with random, correlated, Gaussian distributed x and y coordinates. The

ellipses are contours of constant probability density at 1, 2 and 3 standard deviations away

from the mean. The distribution of these points may be characterised with a 2×2 covariance

matrix. Alternatively, this distribution may be completely characterised by specifying the

sizes of the major and minor axes of the ellipse 1 standard deviation away from the mean

together with the direction of the major axis (note that the direction of the minor axis is

not required as this is necessarily orthogonal to that of the major axis). The size of the

major ellipse axis shall be referred to as the major uncertainty magnitude, and the size of

the minor ellipse axis shall be referred to as the minor uncertainty magnitude. The direction

of the ellipse’s major axis shall be referred to as the major uncertainty direction. This

parametrisation is a more natural one to use when the errors are highly correlated (i.e. the

ellipses have a high eccentricity), as they often turn out to be in the following analyses. It

also lends itself to a visual representation of the error distribution, used later on, for example,
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in Fig. 4.5(a).

How the ellipse parameters are calculated from the covariance matrix is described in

appendix C.2.

Beat detection solution option

The distribution of errors on the integer phase offsets as calculated by the beat detection

solution option were calculated for measurement and reference interferometer OPDs from

0.1 to 1 metres, in 0.1 metre increments, giving a 10×10 grid of results. These are displayed

graphically in Fig. 4.5.

The uncertainties on the integer phase offsets are calculated as a consequence of unbiased,

Gaussian distributed errors on the measured phases with a standard deviation of 1 fringe.

The integer phase offset uncertainties scale linearly with the uncertainty on measured phases,

so, for example, they would be 10 times smaller if the uncertainty on the measured phases

was 0.1 fringes. The movement scale used for these simulations was 10 µ m. The simulated

measurements each consisted of 2× 105 samples.

Figure 4.5(a) shows the major uncertainty direction for every combination of initial in-

terferometer length. The centre position of each line corresponds to the simulated initial

interferometer lengths as indicated on the main plot axes. The direction of each line corre-

sponds to the major uncertainty direction, as indicated by the small axes in the upper right

hand corner.

The major uncertainty magnitude is shown in Fig. 4.5(b), and the minor uncertainty

magnitude is shown in Fig. 4.5(c).

The most important point to note about these is not the distribution of each one within

the 10×10 grid of results, but the relative scales of the major uncertainty magnitude and

minor uncertainty magnitude: The major uncertainty magnitude is roughly 5 × 104 fringes

for most interferometer OPDs, whereas the minor uncertainty magnitude is a comparatively

tiny ≃0.2 fringes. This means that the error ellipses are highly eccentric and therefore that
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the orientation of the ellipses has a big impact.

In Fig. 4.5(a) it may be seen that the major uncertainty direction is always aligned toward

the origin of the plot. This indicates that the major uncertainty is in the overall scale of

(S1, S2). The minor uncertainty, being perpendicular to this, is on the ratio of S2/S1. The

effect of this error distribution on the final measurement interferometer OPD calculation is

investigated in section 4.2.3.

Reference estimate solution option

Figure 4.6 displays the results for the beat detection plus reference estimate solution option

in the same manner as Fig. 4.5.

From Fig. 4.6(a) it may be seen that the major uncertainty directions are the same as

those of the beat detection solution option. However, Fig. 4.6(b) shows that the major

uncertainty magnitude is greatly reduced for this method.

Figure 4.6(c) shows no significant difference in the minor uncertainty magnitude when

compared with the beat detection solution option.

Cascaded solution option

Figure 4.7 displays the results for the cascaded solution option in the same manner as for

the previous two solution options. Recall, however, that this method calculates a different

subset of the integer phase offsets to the other two solution options, as indicated by the small

axes in the upper right of Fig. 4.7(a).

From Fig. 4.7(a) we see that the major uncertainty direction always points in the di-

rection of S2, regardless of interferometer OPD ratio. This indicates that for this solution

option, the errors on S2 and ∆2 are uncorrelated. Hence Fig. 4.7(b) corresponds directly to

the uncertainty on S2, and Fig. 4.7(c) corresponds directly to the uncertainty on ∆2. Both

uncertainties are small when compared to those from the other solution options, although

they do increase when the measurement interferometer is significantly larger than the ref-
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erence interferometer. This fact is a very important point in Cascaded FSI, and it shall be

discussed further in section 5.

Effect of movement scale

The effect of the scale of movement of the measurement interferometer during a Dynamic FSI

measurement was investigated. Recall that in this analysis the measurement interferometer

was modelled as moving during the measurement with a shape of movement as shown in

Fig. 4.3(a), and an overall amplitude of movement given by the movement scale parameter.

Fig. 4.8 shows the variation of uncertainty on the integer phase offsets as a function of

measurement interferometer movement scale for all three solution options. The uncertainties

are parametrised, as before, in terms of the major uncertainty magnitude and the minor

uncertainty magnitude.

The solution option with the most dependence on movement scale is the beat detection

solution option, Fig. 4.8(a). Whilst the minor uncertainty magnitude is mostly unchanged

with variation of movement scale, the major uncertainty magnitude grows exponentially

when the movement scale is reduced. This result indicates that there is a symmetry in the

Dynamic FSI equations for this method such that when there is no movement of measurement

or reference interferometer (or rather, when there is no relative change in length) varying

(S1, S2) along the major uncertainty direction will not change the measured phase values at

all.

This is highly undesirable: Although the major benefit of Dynamic FSI is its ability

to measure a changing OPD, this result shows that when using the beat detection solution

option, a changing OPD is actually a requirement! The reference estimate solution option was

created as a solution to this problem. In Fig. 4.8(b), we see that, in contrast to Fig. 4.8(a),

the major uncertainty magnitude does not continue to increase when the movement scale

is reduced. This is due to the estimate of the value of S1 that is included in the reference

estimate solution option.



CHAPTER 4. DYNAMIC FSI 73

0 0.5 1
0

0.5

1

Interferometer 1 length / m

In
te

rf
er

om
et

er
 2

 le
ng

th
 / 

m

S1
S2

(a) Major error directions

Interferometer 1 length / m

In
te

rf
er

om
et

er
 2

 le
ng

th
 / 

m
 

 

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

0.5

1

1.5

2
x 10

5

(b) Major error magnitude

Interferometer 1 length / m

In
te

rf
er

om
et

er
 2

 le
ng

th
 / 

m

 

 

0.2 0.4 0.6 0.8 1

0.2

0.4

0.6

0.8

1

0.212

0.214

0.216

0.218

(c) Minor error magnitude

Figure 4.5: Uncertainties for the beat detection solution option
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Figure 4.6: Uncertainties for the reference estimate solution option
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Figure 4.7: Uncertainties for the cascaded solution option
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Figure 4.8: The effect of measurement interferometer movement on uncertainty of integer
phase offset calculation

We also see that when the measurement interferometer movement scale is large enough

such that the least squares solution can determine S1 with less uncertainty than our estimate,

Ŝ1, then this solution is able to make use of that information. This is seen on the right hand

side of the plot, where for movement scales greater than 10−4 m, the major uncertainty

magnitude reduces.

Finally, for the cascaded solution option, Fig. 4.8(c), we see the desirable feature that

the uncertainty is unaffected by movement scale within the range of tested parameters.

4.2.3 Integer phase offset errors’ impact on distance ratio calcu-

lations

Here I consider the effect errors on the integer phase offsets will have on the distance ratios

as calculated by Eqn. 4.1.2.

This is done by adding 0, 1, 2 and 3 standard deviations of major and minor error

to the true values of the integer phase offsets, and plotting the resulting error vs time in

calculated measurement interferometer OPD. All plots were calculated for integer phase

offset uncertainties corresponding to a movement scale of 10−6 m, and interferometer OPDs

of 1 m for both reference and measurement interferometers. The variation of measurement
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Figure 4.9: Measurement interferometer errors versus time for beat detection solution option
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Figure 4.10: Measurement interferometer errors versus time for reference estimate solution
option
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Figure 4.11: Measurement interferometer errors versus time for cascaded solution option
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interferometer OPD with time, as for previous sections, takes the shape shown in Fig. 4.3(a).

Figure 4.9 shows the error vs time in measurement interferometer OPD when the beat

detection solution option is used. Figure 4.9(a) shows the consequence of 0, 1, 2, and 3

standard deviations of the major error. These are plotted in blue, green, red, and black,

respectively. The solid lines show the OPD calculated with data from the first laser, using

Eqn. (4.1.2a) whereas the dashed lines show the OPD as calculated with data from the

second laser, using Eqn. (4.1.2b).

As would be expected, the curves corresponding to larger errors on the integer phase

offsets have larger errors in calculated distance. The error follows the shape of the measure-

ment interferometer’s actual movement, shown in Fig. 4.3(a), and is therefore an error in

the calculated scale of this movement.

Figure 4.9(b) shows the consequence of 0, 1, 2, and 3 standard deviations of the minor

error in the beat detection solution option. The colours and solid/dashed lines in this

correspond to the same quantities as in Fig. 4.9(a). In this plot, the errors do not follow

the shape of the movement, which shows that the effect of the minor errors is to produce a

constant error in the calculated measurement interferometer OPD.

Figures 4.10(a) and 4.10(b) indicate that broadly similar behaviour is found in beat

detection, and reference estimate options. The single significant difference is that the scale

of the errors in Fig. 4.10(a) has been greatly reduced due to the influence of adding the

estimate of the value of S1.

The effect of errors in integer phase offsets calculated using the cascaded solution op-

tion are shown in Figs. 4.11(a) and 4.11(b). Neither of these take the shape of the actual

movement, but are instead offsets that are constant for each measurement.
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Figure 4.12: Equipment layout

4.3 Experimental evaluation

This section contains an experimental demonstration and evaluation of Dynamic FSI. Section

4.3.1 describes the arrangement of equipment used for experimental tests. Section 4.3.2

contains a step by step example of a Dynamic FSI measurement analysis. The ability of

Dynamic FSI to measure a changing distance is investigated in section 4.3.3, and section

4.3.4 contains a comparison of the precision of Dynamic FSI and single laser FSI.

4.3.1 Equipment and Method

Equipment used for the following tests of Dynamic FSI was arranged as shown in Fig. 4.12.

The components may be classified in three groups; lasers, interferometers, and data ac-

quisition components. Light is directed, combined, and shared between these using optical

fibres and fibre splitters. All fibres are terminated with FC-APC connectors. These connec-

tors have an extremely low back-reflection, which is vital when working with interferometers,

as these are inherently sensitive to additional optical paths created by unwanted reflections

at interfaces such as fibre ends or fibre-fibre connections.

Two lasers are required for these measurements. Laser 1 is an Agilent 81640A tuneable

laser module housed in an Agilent 8164A mainframe. Laser 2 is a Santec TSL-510-A tuneable
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Figure 4.13: Internal structure of fibre splitter tree, which is composed of 15 individual 2×2,
50:50 splitters connected together to split light from each of the 2 inputs into 16 outputs.
Half of the light entering into each numbered pair of outputs goes into the tap outputs.
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laser. Both lasers have fibre coupled outputs and inbuilt optical isolators.

The optical outputs of both lasers are connected to a fibre splitter tree, which combines

their light and distributes it to several outputs. The internal structure of the splitter tree is

shown in Fig. 4.13. The outputs are grouped into pairs, each being associated with a tap,

from which light returning into the splitter tree outputs may be detected. Only one output

of each pair is used (e.g. out 1 is used, but out 1a is not), such that photodiodes attached

to the tap outputs each receive light from one interferometer only.

Interferometer 1 is used as a reference interferometer, and interferometer 2 is the mea-

surement interferometer. Each interferometer consists of a collimator together with a beam-

splitter cube which has one face gold coated. The cube is aligned such that the reflected

light from the gold coated face forms the short arm of a Michelson interferometer, and is

collimated back into the fibre. The light transmitted through the beam-splitter cube forms

the second arm of the interferometer. This is reflected back to the cube and collimator by

an open corner cube retro-reflector. The output of the interferometer is therefore the light

that returns back into the fibre, which is detected with the splitter tree tap outputs.

Output 3 of the splitter tree is sent, through a variable fibre attenuator, directly onto a

fibre coupled photodiode. This is used to detect the beat signal that may be detected when

the two lasers’ frequencies cross. The attenuator is used to reduce the optical power to a

suitable range for detection with the photodiode.

The photodiode and amplifier electronics are on a board developed in-house, with the

amplified signals sent via BNC cables to the ADC, which is a National Instruments PCI-

6115, 4 channel, 12 bit ADC. When more than 4 channels are needed, a second PCI-6115

ADC is used, with acquisition synchronised with the first ADC using a common clock signal.

To make a Dynamic FSI measurement, the frequency of both lasers is swept in a linear

fashion whilst simultaneously recording the voltages from the amplified photodiodes with

the ADC. This requires starting the laser scans and ADC acquisition simultaneously. Laser

2 is used to control the measurement start times. It is set to perform either a single or
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Parameter Value
ADC sampling rate 2 MS/s
ADC anti-aliasing filter frequency* 500 kHz
ADC discretisation level 0.977 mV
Laser 1 wavelength scan settings 1555 nm → 1575 nm at +20 nm/s
Laser 2 wavelength scan settings 1610 nm → 1510 nm at -100 nm/s
Laser power 0.1 mW (both tuning lasers)

Table 4.1: Summary of equipment settings for Dynamic FSI test measurements. * The
anti-aliasing filter was turned off for the channel used to detect the beat signal.

repeated sweeps, and outputs a trigger signal at the start of a sweep. This is connected via

BNC cables to trigger inputs on laser 1 and the ADC, which start scanning and recording

respectively upon receiving a trigger signal.

4.3.2 Analysis

This subsection goes step by step through a Dynamic FSI analysis of data taken with the

above setup. The Hilbert transform method will be used to calculate interferometric phases,

and the reference estimate solution option will be used to determine the remaining unknown

integer phase offsets.

For this measurement, the lasers were set to vary their wavelengths as described in table

4.1. The wavelength ranges were chosen such that the two tuning lasers will have the same

optical frequency at one point during the measurement period, and a transient beat signal

can be measured to determine when this happens. The wavelength variation rates were

chosen such that the FSI signal frequencies produced by each laser are different from each

other.

Configuration settings for the ADC are also summarised in table 4.1. The sampling rate

is chosen to be high enough to record the transient beat signal occurring when both lasers

have the same optical frequency.
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Phase calculation and signal separation

The first stage of the analysis is to separate the interference signals generated by each of the

two lasers. This may be done by varying each laser’s optical frequency at a different rate.

According to Eqn. (2.1.6) this will mean that the frequencies of the voltage signals generated

from the two lasers will be different. Software band-pass filters are used to isolate the signal

from each laser after all data has been acquired.

In section 2.2.2, I showed how a Hilbert transform may be used to calculate the phase

from an FSI interference signal.

Both the signal separation step and the phase calculation step are done by computing the

discrete Fourier transform (DFT) of the original signal, multiplying the result with a window

function, and finally computing the inverse DFT of that result. To save computation time,

I perform both these operations using only one pair of forward and inverse DFTs. This is

done by computing the DFT of the original signal, and then multiplying the result by both

the band pass filter window and the Hilbert transform window, and then computing the

inverse DFT of the result.

I now present a step by step example of this combined signal separation and phase

calculation analysis. The starting point for this is the ADC’s record of the voltages from

the amplified photodiodes during a laser frequency sweep. An example for one photodiode

from a 2 millisecond period in the middle of a measurement is shown in figure 4.16. Two

frequency components can clearly be distinguished in this figure. These are the interference

fringes from each laser, varying at different rates proportional to the different frequency

variation rates of each laser. As laser 1 is tuning at a slower rate of +20 nm/s (-2.5 THz/s)

compared to laser 2’s tuning rate of -100 nm/s (+12.5 THz/s) we know that the slower

frequency component is interference fringes created by laser 1, and the higher frequency

component is interference fringes created by laser 2. As a sanity check, one may note that

the ratio of fringes (approx. 2 slow fringes compared to approx. 13 fast fringes) is roughly

equal to the ratio of laser tuning rates, as would be expected.
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Figure 4.14: Illustration of Hilbert transforming and band pass filtering interferometer data
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Figure 4.15: Spectrogram of interference signal

The first step in the analysis is to compute the DFT of this raw photodiode voltage signal

(NB not just the 2 ms section plotted; the DFT of the entire 1 s measurement is computed).

The complex amplitude of the result is plotted in Fig. 4.14(a). In order to aid illustration

the time domain data used to generate these plots has been down-sampled by a factor 40.

This is equivalent to dealing with the same data, but sampled at 50 kS/s instead of 2 MS/s.

The actual analysis used the non down-sampled data. The entire result of the DFT is shown,

including the negative frequencies that may be seen in the right half of the plot as a mirror

image of the positive frequencies on the left. Note that zero frequency is to the left of this

plot, with the Nyquist frequency in the centre of the horizontal axis.

Two frequency components may be identified in this figure as the two broad peaks. Each

peak is the interference signal from one of the two tuning lasers. The width of these peaks

is due to non-linearities in the tuning behaviour of the lasers: They are unable maintain a

perfectly constant rate of change of optical frequency, and therefore the interference signal

generated by the laser frequency variation is not a perfect sinusoid and the Fourier transform

peaks are broadened as a result. A spectrogram of the signal, plotted in figure 4.15, provides

further evidence of this.

The width of the peaks in Fig. 4.14(a) is the reason why such significantly different laser

tuning rates (100 nm/s and 20 nm/s) were chosen. These very different tuning rates allowed

both laser signals to be separated even though the signal from each laser is spectrally broad

due to the non-linear tuning behaviour. If the lasers tuned more linearly, it would have been

possible to choose more similar tuning rates.
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The band-pass filter window used to isolate the signal from the faster tuning laser is

plotted in Fig. 4.14(b). Note that this band-pass filter window is completely flat over the

entire region of the signal peak. If this were not the case then the window would alter the

signal, and therefore also alter the phase calculation results. The purpose of filtering is to

isolate the signal from each laser, and should leave the selected signal unaltered. This is also

the reason for the slight assymetry in this window: The lower frequency end of the window

has a sharp cut-off to avoid allowing some of the signal from the slower tuning laser into

the window, whereas at the higher frequency end of the window there is no other signal

nearby, so it is possible to have a smoother edge to the window (in general, smooth edges

to band-pass filter windows are preferred as this reduces artefacts such as ringing and edge

effects).

The window function of Eqn. 2.2.7, which is used to perform the Hilbert transform and

generate the analytic signal, is plotted in Fig. 4.14(c). Applying both these windows one

after the other is the same as applying the product of these windows, which is shown in

Fig. 4.14(d). The result of applying this window to the data is shown in Fig. 4.14(e).

The window functions for the band-pass filter were chosen such that they were flat over

the width of the signal peaks. This is required in order for the Hilbert transform to work:

If the signal were to be altered by a spectral window with a variable amplitude or phase

response over the region of the signal, then the Hilbert transform would not perform as

shown in section 2.2.2. Following the general practice of not using sharp edged filters, the

windows smoothly go to zero. However, it should be noted that, for this data at least,

the amplitude of the Fourier transform outside the signal peaks is much smaller than the

amplitude of the peaks themselves (this data had a high signal to noise ratio): This means

that the shape of the window in the regions outside the signal peaks cannot have a large

effect on the resulting filtered signal. If one wished to use this method with data that has a

lower signal to noise ratio, however, it may be worthwhile to investigate the impact of the

way in which the window function goes to zero.

The windowed DFT’d data as shown in Fig. 4.14(e) is then inverse DFT’d, with the



CHAPTER 4. DYNAMIC FSI 85

1 1.0005 1.001 1.0015 1.002

0.8

0.9

1

1.1

1.2

P
ho

to
di

od
e 

vo
lta

ge
 / 

V

Time / seconds

Figure 4.16: Observed intensity output of interferometer 1
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Figure 4.17: Intensity data filtered and Hilbert transformed to select ,4.17(a), laser 1’s signal
and, 4.17(b), laser 2’s signal.
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Figure 4.18: Calculated wrapped phase from, 4.18(a), laser 1 and, 4.18(b), laser 2
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Figure 4.19: (a) Unwrapped phase from both lasers in interferometer 1, (b) Residual from a
linear fit to the phase, (c) Derivative of the phase.

result shown in Fig. 4.17(b). The same band-pass filter and Hilbert transform procedure is

applied for the slower tuning laser, and the result is shown in Fig. 4.17(a). For comparison,

with Fig. 4.16, both these plots are shown over the same 2 millisecond time period.

The signals from each laser have now been separated. The Hilbert transform of each

signal has been calculated, and included as the imaginary part of the original (real) signal,

thus forming the analytic signal. The wrapped phase, shown in figure 4.18, is calculated by

taking the four quadrant arc tangent of the real and imaginary components of this.

Recall from section 2.2.2 that the Hilbert transform cannot distinguish between an in-

creasing and a decreasing interferometric phase, and always calculates an increasing phase.

In this measurement we know that the phase corresponding to laser 1 is decreasing, as the

laser frequency decreases during the measurement. To take this into account, the phase

corresponding to laser 1 is multiplied by −1. No such step is required for the phase corre-

sponding to laser 2, as this has been set to increase its optical frequency during the sweep.

Figure 4.19(a) shows the unwrapped phase from each of the lasers. This figure shows

that over the entire measurement, the laser tuning is quite linear. However, upon plotting

the deviation from a linear fit to each of these curves (figure 4.19(b)) the variation from

linear tuning becomes apparent.

It is vital for this measurement method that the phase unwrapping process is performed
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correctly. A simple check of this may be performed by plotting the derivative of the un-

wrapped phase (Fig. 4.19(c)). The limited range of the derivative means that the unwrapped

phase is a smooth curve, with no observable jumps or discontinuities. The lack of these is

not a guarantee that phase unwrapping was successful, but is a useful check nonetheless.

Beat signal detection and Delta estimation

Recall that for the reference estimate solution option, for each interferometer, the difference

in the integer phase offsets corresponding to each laser must be determined. These differences

are defined as ∆1 and ∆2 for the reference and measurement interferometers, respectively.

They are calculated by observing a transient beat signal that may be detected when the two

lasers’ frequencies cross.

One of the outputs of the fibre splitter is sent straight onto an amplified photodiode. The

ranges of the laser frequency scans are chosen such that the frequencies of the two lasers

cross during the measurement, and a transient beat signal may be detected for a short period

of time around this crossing point. An example of such a signal is plotted in fig. 4.20. This

signal was generated with the lasers scanning at +20 nm/s and -100 nm/s respectively, and

was digitised with an Agilent Technologies DSO3102A Digital Storage Oscilloscope acquiring

at a rate of 100 MS/s. As expected, the frequency of the beat signal increases away from the

centre of the figure (which is at t = 3.5 µs) as the difference between the two lasers’ optical

frequencies increases. This central point, where the beat frequency goes to zero, is the point

in time when the two lasers had the same frequency. The amplitude of the detected beat

signal drops off as its frequency increases, due to the limited bandwidth of the photodiode

amplifier.

The signal in figure 4.20 was digitised at a higher sampling rate than can practically be

used for our FSI measurements. This is because we wish to sample for 1 second for these

measurements, and the memory available on the ADC allows a maximum sampling rate of 2

MS/s over this time period. After testing, this sampling rate turned out to be sufficient, even

though the duration of the detectable beat signal lies within only a few ADC acquisitions.
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Figure 4.20: Transient beat signal between two scanning lasers
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Figure 4.21: Beat signal from FSI scan

The reason that this is acceptable is the discretisation step embodied by Eqn. 4.1.6. This

means that we only need to detect when the laser frequencies were the same to within ±0.5

of an interference fringe.

The signal on the beat detection photodiode recorded during the example Dynamic FSI

measurement is plotted in figure 4.21. With the lower sampling rate, we cannot resolve

the structure observable in Fig. 4.20. However the sharp spike in the signal near t=0.3s is

sufficient to identify the time that the beat signal occurred at. To detect this signal, the data

is high pass filtered and squared. The signal is then located by finding the maximum value

in a range around the expected location according to the the nominal tuning behaviour of

the lasers. The beat index, b, is set to be the ADC sample index for this point.

A first estimate of the difference in integer phase offsets, ∆̂i is calculated for each interfer-

ometer by taking the difference of the unwrapped phase values at the beat index, according

to Eqn. 4.1.5. A second estimate,
ˆ̂
∆i, with discretised error, is then calculated by rounding

the value of the first estimate to the nearest whole fringe, according to Eqn. (4.1.6).
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S estimate

For this example measurement we use an estimate of S1 obtained from an estimate of the

laser frequency and interferometer OPD, according to Eqn. (4.1.10).

Least squares

Equipped with the values of ∆1 and ∆2 and an estimate of S1, the reference estimate solution

option, Eqn. (4.1.11), is solved with least squares to calculate an estimate for S2 and a new

estimate for S1.

Distance ratios

Now that we have values for all four integer phase offsets, S1, S2, ∆1, and ∆2, we may

proceed to calculate the OPD of the measurement interferometer at each and every sampling

point by evaluating Eqns. (4.1.2). The results of this are plotted in Fig. 4.22, where the mean

measurement interferometer OPD of 0.512 m (according to laser 1 data) has been subtracted

from the data. This measurement was made whilst holding the measurement interferometer

OPD as constant as possible.

Perhaps the most obvious feature on this plot is the systematic discrepancy between the

measurement interferometer OPD according to the two lasers. Recall that the least squares

solution does in some sense attempt to minimise this discrepancy, but only has a small

number of degrees of freedom to vary. The cause of this discrepancy is unknown, but a likely

cause would be some wavelength dependent effect such as dispersion in the measurement

medium. Laser 2 scanned over a larger wavelength range of 100 nm when compared to the

20 nm range of laser 1. Any wavelength dependent terms not taken into account in our

model would therefore be more pronounced in the data from this laser.

The difference in the apparent noise level between the two lasers’ data is also unknown,

but a possible reason is that the intensity data from laser 1 was in a lower range of frequencies

than the laser 2 data. It will therefore be subject to a higher level of 1/f noise. Also, as
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Figure 4.22: Dynamic FSI final result

Figure 4.23: Layout of additional equipment for verification of Dynamic FSI with fixed
frequency interferometry

can be seen from Fig. 4.14 (a), it is not clear that the peak corresponding to laser 1’s signal

is entirely separate from the lower frequency components of the signal, as is required for

the Hilbert transform to work correctly. If there is a slight overlap, this would create small

errors in the phase calculated by the Hilbert transform.

4.3.3 Measurement of changing distances

The ability of Dynamic FSI to measure a changing distance was investigated by measur-

ing a moving target with Dynamic FSI and a conventional fixed frequency interferometer

simultaneously.
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Experimental setup

The equipment setup for this test was based upon Fig. 4.12, with the addition of a monitor

interferometer arranged as shown in Fig. 4.23. This was aligned co-linearly with the mea-

surement interferometer (interferometer 2) by adjusting the collimators in each such that

light emitted by one was received by the other when no other optics were present. A motion

stage with two corner cube retro-reflectors arranged back to back was placed in between the

two interferometer heads. When this motion stage is moved along an axis parallel to the

beams, the change in OPD created in one interferometer is equal and opposite to the change

in OPD created in the other interferometer.

The monitor interferometer is fed with light from an Orbits Lightwave Ethernal fixed

frequency laser. The interferometer has two phase shifted readouts, the light from which is

collected with optical fibres and sent onto fibre coupled photodiodes. These photodiodes are

digitised simultaneously with data from the FSI interferometers.

A disadvantage of this setup is that the beams in interferometer 2 and the monitor

interferometer have different optical paths. Therefore changes in the refractive index of

air will cause an apparent discrepancy between the distance measurements using the two

interferometers. To minimise this disturbance, all heat sources such as power supplies and

electronics were kept away from the two interferometers and where possible the path of the

beams was covered.

Method

The motion stage was moved whilst measuring the OPD of the measurement interferometer

with Dynamic FSI, and simultaneously measuring the displacement of the monitor interfer-

ometer with single wavelength interferometry.

The Dynamic FSI measurements were made as described in section 4.3.2. The single

wavelength interferometry measurements were made as described in section 3.1, with the
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phase shifted readouts processed with Heydemann correction2 [40].

The measured displacements from single wavelength interferometry and Dynamic FSI are

made with respect to different length scales: Dynamic FSI measures distances relative to the

reference interferometer OPD, whereas single wavelength interferometry measures distances

relative to the wavelength of the Ethernal laser. To compare measurements, the ratio of these

length scales must be calibrated. This was done using one of the simultaneous Dynamic FSI

and single wavelength interferometry measurements. Without calibration, both methods

measure the same displacement with respect to their own length scales. Therefore the

measured displacements from both methods are linearly related, with the relative magnitudes

of the two measurements equal to the ratio of the length scales from each measurement. A

linear fit to this data was used to calibrate the relative length scales.

The estimate of S1 was calculated by solving least squares Eqn. (4.1.9) for a measurement

that had a large movement of the measurement interferometer.

Results

Figures 4.24, 4.25 and 4.26 show comparisons of the stage displacement as measured with the

monitor interferometer, and Dynamic FSI. Each plot shows (a) the displacement measured

by the monitor interferometer, and by Dynamic FSI; and (b) the difference between these.

In order to compare measurements from both systems, the measured values are shifted such

that the displacement is zero at the first data point in each plot. Data from Fig. 4.24 was

used to compute the estimate of S1. This estimate was used in the analysis for the other

two figures.

These plots show a very good agreement between both measurement types. With move-

ments hundreds of microns in size, the deviation between the two measurements rarely goes

above 0.1 µm.

It is believed that a major cause of the discrepancy between these measurements may

2A method for calculating phase in a quadrature readout system that does not have a phase shift of
exactly 90◦
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Parameter Covered Uncovered
ADC sampling rate 2 MS/s 2 MS/s
ADC anti-aliasing filter frequency* 500 kHz off
ADC discretisation level 0.977 mV 0.977 mV
Laser 1 wavelength scan range 1555 nm → 1575 nm 1555 nm → 1575 nm
Laser 1 wavelength scan speed +20 nm/s +20 nm/s
Laser 2 wavelength scan range 1610 nm → 1510 nm 1630 nm → 1530 nm
Laser 2 wavelength scan speed -100 nm/s -100 nm/s
Laser 1 power 0.1 mW 0.1 mW
Laser 2 power 0.1 mW 0.1 mW
Interferometer 1 approx length 0.24 m 1.72 m
Interferometer 2 approx length 0.24 m 0.61 m

Table 4.2: Summary of equipment settings for Dynamic FSI test measurements. * The
anti-aliasing filter was turned off for the channel used to detect the beat signal.

have been vibration in the head of the measurement interferometer (which was of less solid

construction than the monitor interferometer head), excited by the forces imparted to the

optical table whilst the stage was being moved. This is supported by, in Fig. 4.26 the

location of spikes in the discrepancy occurring simultaneously with turning points in the

stage position, when the largest forces will have been imparted to the table.

4.3.4 Comparison of precision with single laser FSI

The precision of measurements made with Dynamic FSI was compared with that of single

laser FSI. This was done by making repeated Dynamic FSI measurements of a nominally

fixed length using the setup and method as described in section 4.3.2. The same data was

then analysed, using the unwrapped phases of each laser individually, with the single laser

FSI technique as described in section 3.3.

This test was performed in two different situations. In one, the measurement and ref-

erence interferometers were covered with boxes. This reduces the fluctuations in the air

temperature along the beam path, and thus reduces the amount of drift error in single laser

FSI. In the second test, the interferometers were left uncovered and there will therefore be

more fluctuations in air temperature and more drift error. Various experimental parameters

for these two tests are summarised in table 4.2.
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Figure 4.24: Movement used to calibrate S1 and the reference interferometer length
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Figure 4.25: An unstructured movement
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Figure 4.26: A cyclical movement
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Figure 4.27: Variation of repeated measurements with Dynamic FSI and single laser FSI

Figure 4.27(a) shows the results of repeated length ratio measurements when the inter-

ferometers are covered. The mean measured distance of 0.24 m has been subtracted from

these values. Figure 4.27(b) shows the results of repeated length measurements when the

interferometers are uncovered. The mean measured distance of 0.61 m has been subtracted

from these values.

There were three outliers in the Dynamic FSI results that lie outside the range of these

plots. These occurred due to an intermittent problem with laser 1, which occasionally starts

its scan late and therefore the beat signal was not in the expected region of data and was

not found. The location of the outliers is, in Fig. 4.27(a) (35, -1.55E-6), and in Fig. 4.27(b)

(15, 8.96E-6) and (34, -7.39E-6), where the quantities in brackets indicate x and y locations,

respectively.

The precision of each measurement method is determined by subtracting a straight line

fit to the measured distances, and taking the standard deviation of the residuals. The results

of this are listed in tables 4.3 and 4.4. In these tables, the relative precision is defined as the

ratio of the standard deviation of the residuals to the mean value of measured distance.

The results in these tables are ordered as one may expect: the precision for the covered

measurement is better than the precision for the uncovered measurement for any given

measurement method, and for both methods, the precision of Dynamic FSI was better than
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Method Precision (absolute) / m Precision (relative)
Dynamic FSI 3.8× 10−9 1.5× 10−8

Laser 1 only 4.8× 10−8 2.0× 10−7

Laser 2 only 6.9× 10−9 2.8× 10−8

Table 4.3: Comparison of measurement precision with covered beam paths

the precision using only laser 2, which in turn has a better precision than only using laser 1.

The uncovered measurements for the single laser analyses had a worse precision due to

a larger amount of drift error in this situation. However, it is not possible to tell from this

data whether the worsening of the relative precision of Dynamic FSI was due to some error

source, or due to real fluctuations in the interferometer OPD caused by the greater amount

of fluctuations in air refractive index.

In addition to the differences in the amount of random fluctuations in the measurements

shown in Figs. 4.27(a) and 4.27(b) there is a significant systematic shift between the distances

obtained with the three analyses. Any initial suspicion that this could be due to some

component of drift error which is constant across all measurements must by rejected as, in

this case, one would expect the Dynamic FSI results to lie in between the single laser FSI

results, as these will have drift errors of opposite sign from each other. In Fig. 4.27(a) this

is clearly not the case. In which case, it must be admitted that these systematic offsets are

due to some systematic error or errors of unknown cause.

All three analyses ignored the effect of dispersion in air. It may be shown that single

laser FSI is insensitive to dispersion as long as reference and measurement interferometers

are in the same medium. However, this is not true for Dynamic FSI, which contains within

it the assumption that measurements are made in a non dispersive medium. As discussed

in section 1.3.2, air is only a slightly dispersive medium, and therefore this is a reasonable

approximation to make. However, it may have resulted in a small error which could explain

the offset in the figures.
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Method Precision (absolute) / m Precision (relative)
Dynamic FSI 2.0× 10−8 3.3× 10−8

Laser 1 only 8.7× 10−7 1.4× 10−6

Laser 2 only 1.9× 10−7 3.1× 10−7

Table 4.4: Comparison of measurement precision with uncovered beam paths

4.4 Summary

In section 4.1, it was shown that, using a model based approach, one may analyse the

recorded phases in a two laser, two interferometer system in such a way as to determine the

OPD of the measurement interferometer at every data sampling point.

Section 4.2 contained an analysis of a crucial part of the Dynamic FSI analysis method,

which is a least squares calculation. It was shown that in some situations, one proposed

method of solving the least squares problem was ill conditioned. It was further shown that

including an additional estimate of the parameter S1 solved this problem.

An experimental demonstration and investigation of Dynamic FSI was reported in section

4.3. It was shown that the method can reconstruct a changing distance during a laser

frequency sweep to better than 0.1µm precision over distances greater than 100µm. Tests

were reported showing that Dynamic FSI has a higher measurement precision than single

laser FSI, with repeated measurements of a fixed distance having a standard deviation of

20 nm for Dynamic FSI compared to 190 nm or 870 nm for single laser FSI with each laser,

over an uncovered distance of 610 mm.



Chapter 5

Cascaded FSI

This chapter describes Cascaded FSI, a method that makes use of discretised errors to

improve the accuracy and precision of an FSI measurement.

It uses an iterative method to estimate, in turn, the integer phase offset of a set of suc-

cessively longer interferometers, utilising discrete errors to avoid a build up of measurement

uncertainty during this process. This determines, with high precision, the ratios of all the

interferometer OPDs and laser wavelengths involved in the measurement, allowing the use

of a short, stable reference interferometer, or the use of a known wavelength as the length

standard for the measurement. Either of these will enable higher accuracy measurements

when compared with what I shall call traditional FSI methods, those which do not determine

the exact value of the integer phase offset. These include the methods described in sections

3.3 and 3.4, and also Dynamic FSI as it is described in chapter 4.

The main strength of Cascaded FSI is its use of discretised errors. Other absolute dis-

tance interferometry systems that make use of discretised errors in different ways have been

described in the past.

Hartmann et. al. [39] have demonstrated an absolute distance interferometry system that

combines FSI with multi-wavelength interferometry. FSI is used to determine the integer

phase offset corresponding to a synthetic wavelength generated by the frequency difference

98
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between two lasers. It does this with an uncertainty less than ±0.5, and can therefore round

this initial estimate to the nearest integer to obtain an improved estimate.

Coe [20] demonstrated an FSI system that has a discontinuous sweep, composed of mul-

tiple ’sub-scans’. The data from all sub-scans is processed as if they were part of a single,

continuous, scan, by determining the integer number of fringes between each sub-scan with

an uncertainty less than ±0.5. Rounding these initial estimates to the nearest integer cal-

culates the correct value exactly, so the data can be treated thereafter as if it were sections

from one continuous scan.

Barwood and Gill [5] have demonstrated a multi-stage absolute distance interferometry

system that builds up measurement accuracy with frequency sweeps over a series of increasing

ranges. All but the first sweep is discontinuous, with interferometric phase only measured

at either ends of the sweep. For each sweep, the number of fringes between the two ends of

the discontinuous sweep is determined unambiguously using data from the previous, smaller

sweep.

The sections making up this chapter are: the theory of the measurement method, in

section 5.1, an investigation of measurement uncertainties, in section 5.2, and finally an

experimental analysis of the method, in section 5.3.

Material contained within this chapter relates to PCT/GB2011/051397; a patent pending

invention held by Isis Innovation Limited (www.isis-innovation.com).

5.1 Method

The general setup required for making a Cascaded FSI measurement is shown in Fig. 5.1.

The main difference from a traditional FSI setup is the addition of more interferometers.

The main data analyss steps performed in Cascaded FSI are summarised in Fig. 5.2. The

reader may wish to refer back to this diagram from time to time whilst reading the relevant

sections in the text.
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Figure 5.1: Schematic illustration of Cascaded FSI measurement setup

In traditional FSI, as described in section 3.3, there are two interferometers, each with

one specific function: The measurement interferometer embodies the unknown length to be

measured, and the reference interferometer acts as the reference length for the measurement.

Of the multiple interferometers in Cascaded FSI, any one of interferometers 1 to N-1 may

perform the function of the reference interferometer and interferometer N is the measurement

interferometer.

In Cascaded FSI, interferometer 1 performs the additional function of a bootstrap inter-

ferometer. This is a short interferometer, such that it is possible to determine its integer

phase offset exactly. In addition to these, Cascaded FSI includes multiple intermediate

interferometers (interferometers 2 to N-1). The OPDs of the bootstrap and intermediate

interferometers (numbers 1 to N-1) are arranged approximately in a geometric series (for

example, the OPDs may be chosen to be D1 ≃ 1 cm, D2 ≃ 5 cm, D3 ≃ 25 cm, D4 ≃ 125

cm). The functions of the bootstrap and intermediate interferometers shall be explained in

more detail later in this section.

Optionally, a wavelength reference may be included in the Cascaded FSI system. The

function of this will be described later, at the end of section 5.1.1.

A Cascaded FSI measurement is made, as with both traditional FSI and Dynamic FSI,

by sweeping the frequency of the laser in a continuous manner and recording the phases in

all the interferometers as this is done.
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Figure 5.2: Summary of Cascaded FSI data analysis process
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5.1.1 Summary of Cascaded FSI analysis

The phases are then analysed in a way that allows the integer phase offsets of both reference

and measurement interferometer to be estimated with an uncertainty of less than ±0.5,

allowing their exact values to be calculated by rounding these estimates to the nearest

integer. This allows the ratios of measurement and reference interferometer OPDs to be

calculated as the ratio of absolute phases of the interferometers. For a given uncertainty

in phase measurement, this will give much greater precision than calculating the ratio of

phase differences created by a scanning laser, as is done with traditional FSI methods, as

the relative uncertainty on the absolute phases will be smaller than the relative uncertainty

on the phase differences, as the absolute phases are much larger than the phase differences,

but are known with the same absolute accuracy. This analysis procedure is an iterative one,

that is initialised in what I shall call a bootstrapping step.

The basis of this analysis is the model of Eqn. (2.3.1), which is re-written here,

N i
0 + ui

n = (Di
nνn)/c . (5.1.1)

Where, as in previous chapters, N i
0 is the integer phase offset, ui

n is the unwrapped phase,

Di
n is the interferometer OPD, νn is the laser frequency and c is the speed of light. The i

superscripts index the interferometers and the n subscripts index the ADC samples. Refer

back to section 2.3 for a full description of this notation.

Bootstrapping step

This step estimates the integer phase offset of the bootstrap interferometer. There are sev-

eral ways this could be done, which shall be discussed in more detail later, but as a simple

example, we could estimate this using a-priori information about the bootstrap interferom-

eter’s OPD and the laser frequency at some sampling index, h. Rearranging Eqn. (5.1.1)

gives an estimate,

N̂1
0 = (D1

hνh)/c− u1
h . (5.1.2)
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The measurement system must be arranged so that the estimate, N̂1
0 , has an uncertainty

less than ±0.5 with a high confidence level. This may be done by making the bootstrap

interferometer’s OPD small, for example. As the system is arranged such that the error on

N̂1
0 is very likely to be less than ±0.5, then rounding this estimate to the nearest integer is

equally likely to calculate the exactly correct value,

ˆ̂
N1

0 = ||N̂1
0 || . (5.1.3)

Iterative step

Equipped with the exact value for the integer phase offset of the shortest interferometer,

Cascaded FSI then proceeds to calculate the exact value for the integer phase offset of all

other interferometers using an iterative procedure. With an iteration index, p, set initially

to 1, the known integer phase offset of the pth interferometer, together with recorded phases

during the laser frequency sweep, is used to calculate the integer phase offset of the next,

(p + 1)th interferometer. There are several ways in which this could be done, which are

discussed in more detail later in section 5.1.3.

One method is to take the recorded phases from the pair of interferometers, p and (p+1),

and to perform a straight line fit to these phases as is done for standard single laser FSI,

described in section 3.3.3. The equation for this straight line fit, Eqn. (3.3.8), is rewritten

here,

up+1
n = (Dp+1/Dp)up

n +
(
(Dp+1/Dp)Np

0 −Np+1
0

)
. (5.1.4)

A least squares fit may be used to estimate the gradient, Γ, and offset, Ω of this line. Γ is

thus an estimate of (Dp+1/Dp), and Ω is an estimate of ((Dp+1/Dp)Np
0 −Np+1

0 ). Given that

we have an estimate for Np
0 from the previous iteration (or from the bootstrap calculation,

if this is the first iteration) we may then calculate an initial estimate of Np+1
0 by combining

the estimates of Γ and Ω to eliminate (Dp+1/Dp) and rearranging to obtain

N̂p+1
0 = Γ

ˆ̂
Np

0 − Ω . (5.1.5)
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The system is arranged such that the estimate of N̂p+1
0 has an uncertainty less than ±0.5

with a high confidence level (the requirements for this are discussed later in section 5.1.3).

Therefore rounding N̂p+1
0 to the nearest integer is very likely to give the exact value for the

integer phase offset,

ˆ̂
Np+1

0 = ||N̂p+1
0 || . (5.1.6)

This process is iterated over, incrementing p each time, until improved estimates,
ˆ̂
Np+1

0 ,

have been calculated for all interferometers, including the measurement interferometer.

Length calculation step

Once all the integer phase offsets are determined, the OPD of the measurement interferom-

eter, m, can be determined relative to either the OPD of the reference interferometer, or

relative to a known wavelength1.

To determine the measurement OPD relative to the reference interferometer OPD, copies

of Eqn. (5.1.1) for these two interferometers are combined to obtain

Dm
n = Dr

n

Nm
0 + um

n

N r
0 + ur

n

, (5.1.7)

where the r superscript identifies the reference interferometer. Note the similarity to the

single laser FSI distance calculation, Eqn. (3.3.4), with the difference being that here, the

OPD ratios are calculated as the ratio of the absolute phases of the interferometers.

Also note the similarity to the Dynamic FSI distance calculation, Eqns. (4.1.2). The

difference here is that the integer phase offsets, Nm
0 and N r

0 have been determined with

discretised errors and are therefore known more precisely than in Dynamic FSI.

From Eqn. (5.1.7) it is possible, as with Dynamic FSI, to calculate the measurement

interferometer OPD at every sampling point. However this does not mean that Cascaded

FSI has an inbuilt immunity to drift error, as Dynamic FSI does: If only one laser is used,

1The measurement interferometer is still interferometer number N , but for ease of reading it shall be
referred to from now on with a superscript, m, for ‘measurement’.
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as with the analysis of Eqn. (5.1.4), then a measurement interferometer OPD that varies

above some threshold level during the laser scan will create a drift error large enough such

that the wrong value for Nm
0 will be calculated, and the measurement will give an incorrect

result.

To determine the measurement OPD relative to a known wavelength, the optional wave-

length reference must be included. This will provide information that at some sampling

index, w, the laser had a known frequency, νw. The OPD of the measurement interferometer

may then be determined relative to this known frequency by rearranging Eqn. (5.1.1) to

obtain

Dm
w =

c

νw
(Nm

0 + um
w ) . (5.1.8)

Comments

Cascaded FSI is in some ways similar to Dynamic FSI, in that it is a measurement technique

that contains two steps: the first step for both methods is to obtain estimates for the

integer phase offsets of interferometers in the system. Once these are obtained, the ratios

of interferometer OPDs may be calculated from Eqn. (4.1.2) for Dynamic FSI, or from

Eqn. (5.1.7) for Cascaded FSI. Alternatively, Cascaded FSI may calculate length relative to

a wavelength standard, using Eqn. (5.1.8).

The key part of the Cascaded FSI method is the rounding step. This exploits the discrete

nature of the integer phase offset to enable a higher precision measurement of interferometer

OPDs, provided we have an initial estimate of the integer phase offset with an uncertainty

of less than ±0.5 to a high confidence level. Traditional FSI measurements only measure

the ratio of two interferometer OPDs, and therefore also only the ratio of the integer phase

offsets. A rounding step cannot be used here, as this requires an estimate of the absolute

value of the integer phase offset. However, if we are able to estimate the absolute value

of the integer phase offset for any one interferometer, as is done in the bootstrapping step,

then we may multiply this with the FSI-obtained ratio of integer phase offsets to estimate

the absolute value of the integer phase offset in any other interferometer. If this estimate
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has a low enough uncertainty, we may make use of a rounding step to further reduce its

uncertainty.

The reason for the iterative nature of this method is the combination of three factors:

We must be able to estimate the integer phase offset of the bootstrap interferometer with

an uncertainty less than ±0.5; it is easier to do this with a short bootstrap interferometer;

and the uncertainty of FSI measurements scales with the ratio of interferometer lengths.

The rest of this section shall describe the bootstrapping and iteration steps in more detail,

presenting more sophisticated methods for computing estimates of N i
0, and investigating

what conditions must be met to keep the uncertainty on these estimates below the ±0.5

fringe threshold.

5.1.2 Bootstrapping step

The Cascaded FSI analysis starts by determining the integer phase offset of the bootstrap

interferometer. A simple way of doing this was presented above in the form of Eqn. (5.1.2).

Both a ‘fixed interferometer method’ and an alternative, ‘frequency reference’, method will

be described here. The ‘frequency reference’ method will be used in the experimental inves-

tigation of Cascaded FSI, in section 5.3.

Fixed interferometer method

The integer phase offset of the bootstrap interferometer, N1
0 , may be calculated directly if

the bootstrap interferometer OPD, D1
h, and laser frequency, νh, are known for some ADC

sampling index, h. The calculation for this was given above, as Eqn. (5.1.2).

However, the bootstrapping step must determine the integer phase offset with an uncer-

tainty less than ±0.5. The standard uncertainty on the estimate of Eqn. (5.1.2) is

σN̂1
0
=

D1
h

c
σνh ⊕

νh
c
σD1

h
⊕ σu1

h
. (5.1.9)
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The uncertainty in phase measurement, σu1
h
, can easily be made significantly less than

±0.5, so this term may safely be neglected. This leaves the terms due to uncertainty in

laser frequency and interferometer OPD. Both these terms may be made small by choosing a

sufficiently short length for the bootstrap interferometer: This directly reduces the σνh term,

which is proportional to D1
h, and a shorter interferometer will also be more stable, reducing

σD1
h
, so we can rely on having measured D1 beforehand using an independent method. This

measurement can be thought of as a calibration step.

A practically achievable set of values for this equation could be: a bootstrap interferom-

eter OPD of D1
h = 0.1 m; a laser frequency of approximately νh = 200 THz; an uncertainty

in laser frequency of σνh = 600 MHz; an uncertainty on the bootstrap interferometer OPD of

1 in 106 of its length, σD1
h
= 0.1 µm and a phase measurement uncertainty of σu1

h
= 0.01. In

this case the uncertainty on N̂1
h would be 0.21, which is smaller than the ±0.5 upper limit.

Although this method seems feasible, it does require a well calibrated and carefully

stabilised OPD for the bootstrap interferometer. This must be stable enough to maintain its

length sufficiently between calibrations, which could be a time period of weeks or months.

If one wished to put this method into practice, an alternative and potentially more robust

option may be to use dual wavelength interferometry to determine the integer phase offset of

the bootstrap interferometer, which will greatly reduce the requirements on the uncertainty

of the bootstrap interferometer OPD due to the longer ambiguity range of this method.

However, this comes at the expense of a more complicated measurement setup.

Frequency reference method

An alternative method of calculating the integer phase offset of the bootstrap interferometer,

N1
0 , is available if we know the absolute frequency of the tuning laser at two or more different

points during the frequency sweep.

The laser’s absolute frequency may be determined by splitting off some of its light, and

measuring the fraction of this optical power that is transmitted through a gas absorption
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cell. These cells are transparent cylinders with closed ends, filled with a specified gas at a

known pressure, for a given temperature. For most frequencies in the range of the laser’s

sweep, this gas is transmissive, but in narrow bands around certain frequencies the gas will

absorb the laser light. These bands are known as absorption peaks. The frequencies at which

these absorption peaks occur are determined by the physics of the light-gas interaction. For

most gasses this is fairly insensitive to external conditions such as temperature and thus the

frequencies are highly reproducible. Once they have been calibrated, they may be used as

accurate frequency references. By finding the times during the laser frequency sweep that

match the centres of absorption peaks, we may accurately determine the frequency of the

tuning laser at those times. The sampling indices at these points are labelled as m1, m2,

etc. such that the frequencies νm1
, νm2

, etc. are known values.

The integer phase offset of the bootstrap interferometer is determined by fitting a straight

line to bootstrap interferometer phase, u1
mn

, versus absolute laser frequency, νmn
, for all sam-

pling indices, mn, for which the absolute laser frequency is known. When doing this, we must

explicitly take account of the refractive index of the medium the bootstrap interferometer

is in. Equation (5.1.1) is therefore rewritten here with the refractive index, n(ν), included

explicitly,

N1
0 + u1

n =
2L1n(νn)νn

c
. (5.1.10)

It shall be convenient to define a quantity, pmn
, as follows,

pmn
=

2n(νmn
)νmn

c
. (5.1.11)

Using this definition, Eqn. (5.1.10) is written in the canonical form for a straight line y =

mx+ c,

u1
mn

= L1pmn
−N1

0 . (5.1.12)

A least squares fit is made to this line to calculate estimates for L1 and N1
0 . In this way, the

frequency reference method calculates an initial estimate for the integer phase offset of the

bootstrap interferometer, N̂1
0 .
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An improved estimate for N1
0 is then calculated by rounding the first estimate to the

nearest integer value,

ˆ̂
N1

0 = ||N̂1
0 || . (5.1.13)

For this step to have the desired effect, the uncertainty on the initial estimate should be less

than ±0.5.

A simple calculation for the uncertainty on the initial estimate, N̂1
0 , is given here, con-

sidering the case that we only make use of two known frequencies in the laser scan, with

sampling indices m1 and m2. In reality we may make use of more, which should decrease

the uncertainty on our estimate, so this calculation can be considered as an upper bound on

the uncertainty. In this case an initial estimate for the integer phase offset of the bootstrap

interferometer is made without the use of least squares as,

N̂1
0 =

u1
m1

νm2
− u1

m2
νm1

νm1
− νm2

.

The standard uncertainty on this estimate is

σN̂1
0
=

νm1
⊕ νm2

νm1
− νm2

(

σu ⊕
D

c
σν

)

.

This bootstrapping method was investigated experimentally, with results presented in section

5.3.4. Using the furthest separated pair of absorption features in this experiment as an

example to provide values for νm1
and νm2

, the above equation becomes

σN̂1
0
= 70.8

(

σu ⊕
D

c
σν

)

.

The absorption peak width is approx 300 MHz, so if their centres can be located with a

modest uncertainty of 1/10th of their width, then σν = 30 MHz. Neglecting the uncertainty

due to σu, the requirement that σN̂1
0
< 0.5 leads to a requirement on D: D < 0.07 m.

Making use of more than two absorption features should only decrease the uncertainty on

this estimate, so therefore this simple calculation indicates that this method is feasible, and
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provides an indication of what a sufficiently short length for a bootstrap interferometer is.

5.1.3 Iterative step

This section describes the procedure whereby the integer phase offset of the (p+1)th interfer-

ometer is calculated, using knowledge of the integer phase offset of the pth interferometer and

measured phases during the laser scan. This process is initialised using the bootstrapping

step to calculate the integer phase offset of the 1st interferometer.

Two alternative methods for performing the iterative step are described. The first uses

single laser FSI, and second makes use of Dynamic FSI. This second method is the one used

in the experimental investigation of section 5.3.

Single laser FSI

The iterative step may be performed with a linear fit to the recorded phases during a laser

frequency sweep, as in Eqn. (5.1.5). The estimate of Np+1
0 obtained from this must have an

uncertainty less than ±0.5 at every iteration.

A simple expression for the uncertainty on this estimate may be obtained by considering a

calculation only using the initial and final phase measurements, ui
0 and ui

f . In reality, we will

likely make use of more than two phase measurements, which will reduce the uncertainty due

to random phase errors. For just two phase measurements, the estimate may be computed

without least squares as

N̂p+1
0 =

ˆ̂
Np

0 (u
p+1
0 − up+1

f ) + up
fu

p+1
0 − up

0u
p+1
f

up
0 − up

f

.

The standard uncertainty on this estimate is

σN̂
p+1

0

=

(
ν0 ⊕ νf
ν0 − νf

)(

1⊕ Dp+1

Dp

)

σu .
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As an example, consider a laser frequency scan of ∆ν = 10 THz with a central frequency of

200 THz, with a phase measurement uncertainty of 1/500th of a fringe, σu = 0.005. Inserting

these values into the above expression and requiring that σN̂
p+1

0

< 0.5 gives

Dp+1

Dp
< 3.5 ,

and thus the iterative step would be expected to work reliably if the ratio of interferometer

OPDs at each iteration was less than 3.5. We may choose, therefore, to have the OPD ratios

of the intermediate interferometers equal to 2 at each step, forming a geometric series of

length with factor 2.

Dynamic FSI

An alternative method for the iterative step makes use of Dynamic FSI. To do this, we use

two tuning lasers instead of one, and record the phase corresponding to both of them in all

interferometers as their frequencies are swept. Having done this, the iterative step can then

make use of the unwrapped phases from two lasers, using part of the Dynamic FSI analysis

method.

In order to use Dynamic FSI for the iteration steps, the bootstrapping step must deter-

mine the integer phase offset in the bootstrap interferometer corresponding to both lasers.

This may be done using either of the methods described in section 5.1.2, or using an alter-

native method that will be introduced in section 5.3.4. With this done, we have estimates

ˆ̂
S1 and

ˆ̂
∆1, as required for the first iteration (recall that Si and ∆i are an alternative way

of expressing N i
0 and N̄ i

0 in terms of sum and difference components).

The measured values used by each iterative step are, the integer phase offsets of the

pth interferometer,
ˆ̂
Sp and

ˆ̂
∆p, and the unwrapped phases from both lasers in the pth and

(p + 1)th interferometer, ũp
n and ũp+1

n respectively. This information is inserted into the

Dynamic FSI ‘cascaded’ solution option, Eqn. (4.1.12). Solving this least squares problem

obtains estimates for Sp+1 and ∆p+1.
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These initial estimates are then rounded to the nearest integer to compute estimates with

discretised errors:

ˆ̂
Sp+1 = ||Ŝp+1|| ,
ˆ̂
∆p+1 = ||∆̂p+1|| .

These estimates are then used as the known values of integer phase offsets for the next

iteration. The process is repeated until estimates have been obtained for the integer phase

offsets of all interferometers.

5.2 Uncertainty analysis

This section presents an analysis comparing the uncertainty of Cascaded FSI with that of

traditional FSI.

5.2.1 Uncertainty equations

Expressions shall be found here for the uncertainty on the calculated length in traditional

and Cascaded FSI, due to uncertainties in measured phase values, lengths, and wavelengths.

Traditional FSI

As described in section 3.3.1, in single laser FSI, the length of the measurement interferom-

eter, Dm, may be calculated as the length of the reference interferometer, Dr, multiplied

by the ratio of phase advances in each interferometer ∆um/∆ur, measured during the laser

frequency sweep,

Dm = Dr∆um

∆ur
.

This equation is chosen to represent traditional FSI methods because it is simple and captures

the essential features of these methods. Drift error shall not be included in this calculation.
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The standard uncertainty on the above length calculation is

σDm

Dm
=

σDr

Dr
⊕ σ∆um

∆um
⊕ σ∆ur

∆ur

rearranging, and making use of Eqn. (5.1.1), this may be rewritten as

σDm = Dm

(

σDr

Dr
⊕

√
2Λσur

Dr

)

⊕
√
2Λσum ,

where Λ is the synthetic wavelength created by the laser wavelengths at the beginning, λ0,

and end, λf of the laser frequency sweep, Λ = c/∆ν = λ0λf/(λ0 − λf ).

Cascaded FSI using reference interferometer

In Cascaded FSI, length may be calculated relative to a physical length standard as stated

in Eqn. (5.1.7),

Dm = DrN
m
0 + um

N r
0 + ur

.

The standard uncertainty on the above estimate of Dm is

σDm

Dm
=

σDr

Dr
⊕

σ(Nm
0
+um)

Nm
0 + um

⊕
σ(Nr

0
+ur)

N r
0 + ur

, (5.2.1)

where the n subscript has been omitted as it is not needed here. Assuming that the integer

phase offsets were calculated correctly in the rounding step, there is no error on these,

and so σ(Nm
0
+um) = σum , and similarly σ(Nr

0
+ur) = σur . Inserting these, and making use of

Eqn. (5.1.1), the uncertainty may be rewritten as

σDm = Dm

(
σDr

Dr
⊕ λσur

Dr

)

⊕ λσum .

A more in depth-analysis should of course take into account the probability of making

an error in determining the integer phase offset. However, I propose, backed up by the

experimental investigation of section 5.3, that it is possible to reduce the probability of
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making such an error in a system using discrete errors to be vanishingly small, as is the

case in the example field of digital communications and data storage that was mentioned

earlier in this thesis. The goal of this section is to show what measurement uncertainties are

possible if this is achieved, and for this reason the possibility of discrete errors are neglected

in the above calculation, and throughout this section.

Cascaded FSI using reference wavelength

In Cascaded FSI, length also may be calculated relative to a known wavelength, as stated

in Eqn. (5.1.8),

Dm =
c

νh
(Nm

0 + um
h ) .

Assuming that no discrete error has been made, there is no uncertainty on the Nm
0 term, so

the standard uncertainty on the above estimate of Dm is then

σDm = Dm
(σλcal

λ
⊕ σλmeas

λ

)

⊕ λσum .

Here, two contributions to the wavelength uncertainty are included explicitly: σλmeas
is the

uncertainty in the measurement of the ratio of our laser’s wavelength and the calibrated

value of the reference wavelength, whereas σλcal
is the uncertainty in the calibrated value of

the reference wavelength.
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5.2.2 Comparison

I shall now compare the uncertainties of the three methods considered above. For conve-

nience, these results are collected together here,

σDm = Dm

(

σDr

Dr
⊕

√
2Λσur

Dr

)

⊕
√
2Λσum (traditional) (5.2.2)

σDm = Dm

(
σDr

Dr
⊕ λσur

Dr

)

⊕λσum (Cascaded, reference interferometer) (5.2.3)

σDm = Dm
(σλcal

λ
⊕ σλmeas

λ

)

⊕λσum (Cascaded, reference wavelength) (5.2.4)

The above equations all have the same form. They all contain three terms that can be

interpreted as having similar causes for each of the methods. Each of these terms shall now

be considered in turn.

Knowledge of reference length

The first term on the left of each equation (e.g. DmσDr/Dr for traditional FSI) is the

uncertainty in the calibration of the length standard used for the measurement.

The first two methods use a reference interferometer as a length standard, so this term

has exactly the same form for these. For these methods, the presence of this term simply

shows that the relative uncertainty on the measured length is at least equal to the relative

uncertainty on the reference length.

So, to minimise this contribution we would like to minimise the relative uncertainty on the

knowledge of the reference interferometer OPD, σDr/Dr. Assuming that reasonable effort is

put into calibrating this length, the dominant factor on this uncertainty is likely to be the

stability of the reference interferometer: Changes in ambient conditions, most importantly

temperature, will cause the reference interferometer to change its OPD over time, leading to

uncertainty in what its length is at any given time. In order to minimise this uncertainty, we

would like to be able to monitor or control these ambient conditions, which will be easier to
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do if the reference interferometer is short. Therefore a small Dr will make a small σDr/Dr

practically easier to achieve. However, there is also a disadvantage to using a short reference

interferometer, as shall be seen when we consider the next term.

The third method measures length relative to a known wavelength, so the uncertainty

term from this is the relative uncertainty in the knowledge of this wavelength. As was

discussed in section 1.3.1, wavelength references generally offer better stability than physical

length references, and for this reason wavelength referenced Cascaded FSI has the potential

for the smallest uncertainty in this first term.

Realisation of reference length

The second term in each equation (e.g. Dm
√
2Λσ∆ur/Dr for traditional FSI) relates to how

well each method can realise its reference length.

This is most straightforward to appreciate for the third method, Cascaded FSI using a

reference wavelength. We may use a gas absorption cell, for example, with the frequency

of a certain absorption peak having been accurately calibrated. However, if we were to use

a noisy photodiode, and not correct for laser intensity variations, then we would have a

large uncertainty on the location of this peak in our data. In this case we will not benefit

from the accuracy of the calibration as we have poorly realised our reference length in the

measurement.

So, for Cascaded FSI using a reference wavelength, this term is simply the relative un-

certainty in determining the tuning laser’s wavelength relative to the wavelength reference.

For the other two methods, that use physical length artefacts, the uncertainty on the re-

alisation of the reference length is due to uncertainty on phase measurements in the reference

interferometer. The difference in these two methods is due to the fact that Cascaded FSI de-

termines the integer phase offset of the reference interferometer. This means that Cascaded

FSI calculates the ratio of reference interferometer OPD to laser frequency, whereas tradi-

tional FSI determines the ratio of reference interferometer OPD to the synthetic frequency
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created by the frequency difference during the laser scan. This means that the uncertainty

on the phase measurement accuracy is multiplied by λ/Dr for Cascaded FSI, as opposed to

Λ/Dr for traditional FSI.

The uncertainty term for Cascaded FSI is smaller than the term for traditional FSI by

the ratio Λ/λ. The size of this ratio is determined by the tuning range of the laser. The

most widely tuneable lasers currently available have tuning ranges of approximately 100

nm around 1550 nm, making this ratio approximately 15. Therefore, for such a laser, this

uncertainty term would be 15 times smaller for Cascaded FSI than for traditional FSI.

These terms are also inversely proportional to the length of the reference interferometer.

With this above example, this means that with Cascaded FSI, the reference interferometer

could be made up to 15 times shorter before the uncertainty from this term equals that

for traditional FSI. As was mentioned previously, there are advantages to having a small

reference interferometer. Because this term is so much smaller for Cascaded FSI, it is there-

fore possible for Cascaded FSI to use a short reference interferometer without this term

dominating the uncertainty of the measurement.

Realisation of measurement length

The third term in each equation does not scale with measurement distance, and is due to

uncertainty in phase calculation in the measurement interferometer. This term is the same

for both forms of Cascaded FSI here, so in this case there is a simple distinction between

traditional, and Cascaded FSI. Traditional FSI does not determine the integer phase offset

of the measurement interferometer, and so measures relative to the synthetic wavelength,

Λ. Therefore the measurement uncertainty is multiplied by this. Cascaded FSI determines

the integer phase offset of the measurement interferometer, and therefore measures relative

to the actual laser wavelength, λ. As was stated above, this will be a factor of at least 15

times smaller than the synthetic wavelength, and therefore these uncertainty terms will be

smaller by this ratio for the Cascaded FSI measurements.
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5.3 Experimental test

This section contains an experimental demonstration and investigation of Cascaded FSI. Of

the various options discussed in section 5.1, the frequency reference method is used for the

bootstrapping step, and Dynamic FSI is used for the iterative step.

5.3.1 Equipment layout

The experimental setup is shown in Fig. 5.3. It is similar to the setup used for Dynamic FSI

(Fig. 4.12), with the main differences being the inclusion of two additional interferometers,

and a gas absorption cell filled with acetylene 12C2H2 (labelled ‘acetylene cell’). Various

experimental parameters are summarised in table 5.1.

As with the Dynamic FSI setup, the optical outputs of the two fibre coupled, tuneable

lasers are connected to a fibre splitter tree. Laser 1 is an Agilent 81640A tuneable laser

module housed in an Agilent 8164A mainframe, and laser 2 is a Santec TSL-510-A tuneable

laser. The internal structure of the splitter tree is shown in Fig. 4.13.

Some of the light from laser 2 is split off, using a 50:50 fibre splitter and sent into the

acetylene cell, which is a Thorlabs CQ09050-CH12 gas cell, 5cm in length, and filled with

acetylene 12C2H2 to a pressure of 6.7 kPa (50 Torr). The remaining light entering the fibre

splitter is sent through a variable attenuator, adjusted such that the light entering the splitter

from both lasers has approximately equal power.

The combined light from both lasers exits the splitter tree from outputs 1-5. Outputs 1-4

are sent to Michelson interferometers, of which 1-3 are labelled in order of increasing OPD,

and interferometer 4 has a variable OPD.

Light from output 5 of the splitter tree was sent through a variable attenuator then

directly onto a photodiode. This was used to detect a beat signal that is observable with

this photodiode when both tuning lasers have frequencies within a few MHz of each other,

as described in section 4.3.2.
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Figure 5.3: Experimental setup for investigation of Cascaded FSI

Light split off from laser 2 is collimated and sent through a wedged 50:50 plate beam-

splitter. The transmitted light from this is sent through the acetylene cell onto photodiode

1. The reflected light from the beam-splitter is sent directly onto photodiode 2. This is used

to compensate for laser intensity variations. Photodiodes 1 and 2 are Thorlabs PDA400s.

Apart from the two numbered photodiodes used in the acetylene cell part of the setup, the

photodiode and amplifier electronics are on a board developed in-house, with the amplified

signals sent via BNC cables to the ADC, which is a pair of National Instruments PCI-6115,

4 channel, 12 bit ADCs with acquisition synchronised using a common clock signal. The

sampling rate of 2 MS/s is chosen to be high enough to record the transient beat signal

occurring when both lasers have the same optical frequency.

To make a measurement, the frequency of both lasers is swept in a continous manner in

opposite directions and with significantly different speeds whilst simultaneously recording

the voltages from all the photodiodes with the ADC. This requires starting the laser scans
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Parameter Value
ADC sampling rate 2 MS/s
ADC anti-aliasing filter frequency* 500kHz
Laser 1 wavelength scan settings 1550 nm → 1570 nm at +20nm/s
Laser 2 wavelength scan settings 1610 nm → 1510 nm at -100nm/s
Laser 1 power 0.2 mW
Laser 2 power 2.0 mW
Interferometer 1 length (45 ± 5) mm
Interferometer 2 length (65 ± 5) mm
Interferometer 3 length (205 ± 5) mm
Interferometer 4 length variable

Table 5.1: Summary of equipment settings for Cascaded FSI test measurements. The inter-
ferometer lengths are rough estimates from ruler measurements. * The anti-aliasing filter
was turned off for the channel used to detect the beat signal.

and ADC acquisition simultaneously. Laser 2 is used to control the measurement start times.

It is set to perform either a single or repeated sweeps, and outputs a trigger signal at the

start of a sweep. This is connected via BNC cables to trigger inputs on laser 1 and the ADC,

which start scanning and recording respectively upon receiving a trigger signal.

The lasers were set to vary their wavelengths as described in table 5.1. The wavelength

ranges were chosen such that the two tuning lasers will have the same optical frequency at

one point during the measurement period, and a transient beat signal can be measured to

determine when this happens. Information gained from this is used in the Dynamic FSI part

of the iterative step. The wavelength variation rates were chosen such that the FSI signal

frequencies produced by each laser are different from each other, and can thus be separated

in the frequency domain as described in section 4.3.2.

Laser 2 is set to a higher output power than laser 1 as half of this power is redirected to

the acetylene cell via a 50:50 fibre splitter. The 2 mW power of laser 2 was chosen to match

the gains of photodiodes PD1 and PD2 in Fig. 5.3, a high power being desirable in order

to maximise the signal to noise ratio on these channels. Note that the power entering the

fibre splitter tree from laser 2 was adjusted using a variable attenuator to be approximately

equal to the 0.2 mW power level of laser 1. This was done by observing the amplitude of

the interference signals from the two lasers whilst adjusting the variable attenuator. The

purpose of equalising the laser powers entering the splitter tree is to equalise the signal to
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noise ratio for each of the laser’s signals from the interferometers.

5.3.2 Dynamic vs single laser FSI

The experimental evaluation reported in this section was done using Dynamic FSI to perform

the iterative step, as explained in section 5.1.3. This was chosen over the single laser FSI

alternative (which was explained in section 5.1.3) because it offered higher measurement

precision. This is particularly true for an uncovered beam path, and for these measurements

it was not practical to cover the path of interferometer 4, as this interferometer’s length

needed to be changed many times during a set of measurements.

Attempts were made to perform the experimental evaluation reported in this section

using single laser FSI, but for this experimental setup at least, this method did not offer

sufficient precision: It was found that the initial estimates of the interferometer integer phase

offset, N̂ i
0, varied by more than ±0.5 on subsequent measurements. Therefore the rounding

step could not be expected to calculate the correct value for the integer phase offset, and

the interative method would fail.

This casts doubt onto the suitability of single laser FSI as a method for performing the

iterative step in Cascaded FSI. However, just because it did not offer the required precision

when using the experimental setup described here does not mean that it cannot do so in

other situations. For example, these measurements used a laser with a maximum tuning

speed of 100 nm/s, but lasers are now commercially available with tuning speeds of 1000

nm/s and above. A higher tuning speed will decrease the measurement’s susceptability to

errors caused by a changing OPD during the measurement, and it is possible that using a

faster tuning laser could improve the measurement precision enough for single laser FSI to

be a viable method for the iterative step in Cascaded FSI.
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5.3.3 Systematic errors

It shall be seen from the experimental data presented later (for example, in Fig. 5.9) that

there were systematic errors on the initial estimates, N̂ i
0, that remain the same from one

measurement to the next. The underlying cause is not yet understood, and investigating

this further would be a priority for future work. This section describes a method for coping

with these systematic errors in a way that makes it possible to perform an experimental

evaluation of the technique despite the presence of the errors.

As has been stated previously, the initial estimate, N̂ i
0, should have an uncertainty less

than ±0.5. This corresponds to a probability distribution for N̂ i
0 similar to that shown in

Fig. 5.4(a)(i). In this example there is no systematic error on N̂ i
0, and the random variation

is such that a negligible fraction of the initial estimates will lie outside the required ±0.5

of the true value, N i
0. We may investigate the width of the distribution of errors on N̂ i

0

experimentally by plotting the distribution, over multiple measurements, of the correction

made when the initial estimate, N̂ i
0, is rounded to the nearest integer to get the second

estimate,
ˆ̂
N i

0. This is the difference between the initial and second estimates, N̂ i
0 −

ˆ̂
N i

0 (A

plot of the distribution of N̂ i
0 alone is not useful as the laser tuning repeatability is such

that the value of N i
0 will likely not be the same from one measurement to the next). Such

a plot is shown, for this theoretical example, in Fig. 5.4(a)(ii). If we make the assumption

that the distribution of errors, N̂ i
0 −N i

0, is roughly Gaussian in form then the fact that the

distribution in this figure goes to a negligibly small value at the extremes of the horizontal

axis provides a good indication that the random uncertainty on N̂ i
0 is below the required

±0.5.

The effect of a systematic error on N̂ i
0 is illustrated in Fig. 5.4(b)(i), where the distribution

of N̂ i
0 is now centred on N i

0 −αi: There is a systematic error of −αi on the initial estimates.

This means that a significant proportion of initial estimates are now closer to N i
0 − 1 than

N i
0: The rounding step will round these to N i

0 − 1, and will therefore calculate the wrong

value. This situation may be detected experimentally by plotting the distribution of N̂ i
0−

ˆ̂
N i

0

for a set of repeated measurements. An example of what may be seen in such a plot is shown
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(a)

(b)

(c)

(d)

Figure 5.4: The rounding step in the presence of systematic errors
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in Fig. 5.4(b)(ii). The initial estimates that lie in the darker, red shaded region to the right

of this figure have been rounded, incorrectly, to N i
0 − 1.

We may attempt to correct for the systematic error by including a correction for it in

the rounding step, redefining it as

ˆ̂
N i

0 = ||N̂ i
0 + αi|| . (5.3.1)

We may obtain a value for αi by observing the shift away from zero on the peak of the

distribution of N̂ i
0 −

ˆ̂
N i

0. However, this only gives us an ambiguous estimate for αi: As

Fig. 5.4(c) shows, if αi differs by an integer value when compared to the example of Fig. 5.4(b)

then exactly the same distribution of N̂ i
0 −

ˆ̂
N i

0 is observed (in Fig. 5.4(c)(ii)). Therefore this

method may only determine the fractional part of αi, leaving the integer part undetermined.

An additional complication is a slight, but important, departure from the model as used

so far. We have previously assumed that N i
0 are exact integer values. This is true for an

ideal theoretical model, such as that presented in chapter 2, but a better agreement with

the experimental results presented later in this section is achieved if we instead empirically

model (N i
0 − βi) to be exact integer values, where βi is a constant associated with each

interferometer.

One candidate for the cause of this discrepancy is the small but non-zero dispersion of

air, which was not taken into account in the model of chapter 2. This causes the OPD of an

interferometer to vary with laser wavelength. Further work is required to determine whether

this is the true cause of the experimentally determined discrepancy: The following argument

is presented merely as an example of a possible mechanism for the discrepancy from the

ideal model that is seen in the experimental results.

We originally modelled D as being independent of laser frequency. However, the dis-

persion of air will give D a dependence upon laser frequency. This may be modelled by

including a term proportional to laser frequency in the OPD, D = D0(1 + ζν), so that the
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relationship between phase and laser frequency then becomes

φ = D0ν/c+D0ζν
2/c .

We only measure interferometric phase over a narrow range of frequencies (up to 10 THz)

when compared to the absolute frequency of the laser (approximately 200 THz), so therefore

the phase behaviour we observe may be well approximated with a Taylor expansion around

a frequency in the centre of the laser tuning range, ν0,

φ(ν) ≃ φ(ν0) +
∂φ

∂ν

∣
∣
∣
∣
ν0

(ν − ν0)

= D0(1 + 2ζν0)ν/c−D0ζν
2
0/c .

Next, the phase is written as the sum of its integer and fractional parts, as was done in

section 2.2.3, and rearranged,

N0 + u = D0(1 + 2ζν0)ν/c−D0ζν
2
0/c

(N0 +D0ζν
2
0/c) + u = D0(1 + 2ζν0)ν/c

N ′

0 + u = D′ν/c .

Where N ′

0 and D′ are the apparent ‘integer’ phase offset and OPD, respectively, which differ

from the earlier definition due to dispersion in the medium. Due to the ζ term, N ′

0 is not

guaranteed to be an exact integer.

The magnitude of this effect is estimated, taking the dispersion of air to be dn/dλ =

8× 10−7 µm−1, then ζ = 6× 10−23 Hz−1. With an optical path difference D0 = 1 m, and a

laser frequency ν = 200 THz, the correction factor is

D0ζν
2
0/c = 8× 10−3 .

This is significantly smaller than 0.5 and therefore this effect alone is not enough to explain
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the requirement to introduce a β term. However, other frequency dependent effects may

well have a larger impact. One such effect could be dispersion in the optics that collimate

the beams for the interferometers. The collimators used for experiments in this thesis used

a single lens in a pre-aligned package with the optical fibre end at the focal point of the lens.

Dispersion in this lens will cause the geometry of the beam in the interferometer to vary as

a function of wavelength. This could include changes in the focus of the beam and changes

in the beam direction. This will cause the interferometer OPD to vary as a function of laser

frequency, creating the same effect as was described above for the dispersion of air.

In the presence of an effect like this, the apparent value of N i
0 may be as shown in

Fig. 5.4(d). Here, instead of N i
0 being an integer, (N i

0−βi) is an integer. This may be taken

account of by redefining the rounding step as

ˆ̂
N i

0 = ||N̂ i
0 + αi||+ βi , (5.3.2)

where the αi and βi terms together can both compensate for a systematic error and correct

for N0 having a ‘shifted’ integer value. However, we cannot determine the value of both αi

and βi from the peak in the distribution of N̂ i
0 −

ˆ̂
N i

0. A method for determining αi and βi

non-ambiguously for one of the interferometers is described at the end of section 5.3.5.

The need to include the αi and βi corrections is a significant complication, but, as shall

be shown, this does not stop Cascaded FSI working altogether. This is clearly an area which

requires further work, for which the key priority should be to clearly identify the cause of

the discrepancy from the simpler model of chapter 2. There are two options for dealing with

this issue: If the αi and βi parameters are found to be stable over long time periods (such

as months or years) then may be calibrated and corrected for. Alternatively it may prove

possible to construct interferometers or analyse data in such a way as to make the correction

terms negligible (αi, βi ≪ 0.5).
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Figure 5.5: Acetylene absorption spectrum. The ‘normalised intensity’ is the ratio of voltages
on photodiodes 1 and 2. This is higher than 1 in places because the split ratio of the beam-
splitter is not exactly 50:50, and there are small differences in coupling efficiency and gain
levels for photodiodes 1 and 2.

5.3.4 Bootstrapping using acetylene cell

The first part of a Cascaded FSI measurement is the bootstrapping step, which determines

the integer phase offset of one of the bootstrap interferometer. This section contains an

investigation of the frequency reference method of bootstrapping, which was described in

section 5.1.2.

As the optical frequency of tuneable laser 2 is swept, the power transmitted through the

acetylene cell is monitored with photodiode 1, as shown in Fig. 5.3. Photodiode 2 monitors

the power of the laser. The transmittance of the acetylene cell is calculated as the ratio of the

voltages from photodiodes 1 and 2. This reduces fluctuations in the measured transmittance

due to laser intensity variations.

The transmittance calculated in this way during a portion of a laser frequency sweep

is shown in Fig. 5.5. The multiple sharp dips in this data are the absorption peaks of the

acetylene gas. The centre frequencies of 56 of these lines have been measured by NIST [31]

for a 5 cm long cell filled with acetylene 12C2H2 to a pressure of 6.7 kPa (50 Torr). The

gas cell used in this investigation was a Thorlabs CQ09050-CH12 gas cell, which is also 5cm
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Figure 5.6: Examples of fits to acetylene absorption peaks. The labels P18 and R21 corre-
spond to the labelling used in [31].

long, and filled with acetylene 12C2H2 to a pressure of 6.7 kPa (50 Torr).

By locating the centre of the 56 calibrated absorption peaks in our data we can determine

points during the laser frequency scan when laser 2 has a known frequency, corresponding to

the calibrated values. The centres were found by fitting a quadratic curve around the central

region of the peaks. Examples of two such peak fits are shown in Fig. 5.6. The shape of an

isolated absorption peak is theoretically a Voigt profile [31]. Figure 5.6(b) is a good example

of such a profile. However, several of the absorption peaks do not have this shape, due to the

presence of other nearby or overlapping absorption features, as may be seen in Fig. 5.6(a).

For this reason, a quadratic fit of a small region around the centre of each absorption peak

was chosen as a simple yet robust method of locating the centre of each peak. The second

and penultimate peaks, labelled R28 and P28 in [31], are the smallest and were not fitted as

reliably as the other peaks and for this reason, they are not used.

Fitting the peaks allows us to identify a set of ADC sampling indices, mn, where the

laser has a known absolute frequency. In general, the exact location of fitted peak centre

will lie between sampling points. In this case interpolation between the neighboring points

is used to generate an additional interpolated data point that lies at the exact location of

the peak centre. Linear interpolation was used for these measurements.

With these interpolated data points calculated, corresponding pmn
values are calculated
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Figure 5.8: Residuals from straight line fit of unwrapped phase vs p
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according to Eqn. (5.1.11). From Eqn. (5.1.12), these have a linear relationship with the

unwrapped phases, umn
. The next analysis step is to fit a straight line to the pairs of values

(pmn
, umn

), to determine the integer phase offset of the bootstrap interferometer, N1
0 . An

example of such a fit is shown in Fig. 5.7. In order to investigate the functioning of this

bootstrap method, it is used to determine the integer phase offset of other interferometers as

well as the bootstrap interferometer. Figure 5.8 shows the residuals of 10 fits to unwrapped

phases from interferometer 1, and interferometer 2. In addition to the random variation of

these residuals from measurement to measurement, it may be seen that there is a systematic

component to the residuals in each figure. This could be due to systematic errors in the

location of the absorption peak centres, or systematic errors in the calculated phase from

each interferometer. It is currently unknown which, if either, is the dominant contribution.

This is an issue that would benefit from further investigation.

The straight line fit returns two values: a gradient and an offset. The offset, multiplied by

-1, is the first estimate of the integer phase offset, N̂1
0 . A second estimate for the integer phase

offset is calculated by rounding N̂1
0 to the nearest integer value, according to Eqn. 5.1.13.

Figures 5.9, 5.10 and 5.11 show the difference between the initial, and rounded estimates,

(N̂ i
0−

ˆ̂
N i

0), for interferometers 1, 2, and 3 respectively. They are shown for 100 measurements,

(a) as a time series, and (b) as a histogram. Ideally these should values should be distributed

with a mean of zero and a standard deviation significantly less than ±0.5.

From the histograms it may be seen that the amount of random variation in these correc-

tions is just below the required ±0.5 for interferometers 1 and 2. From this it is concluded

that the random error on these estimates N̂1
0 and N̂2

0 is lower than ±0.5. However, for inter-

ferometer 1 there is clearly also a significant systematic shift of the corrections away from

the desired mean value of zero. Using the alternative rounding step of Eqn. (5.3.2), and

choosing α1 = −0.5, β1 = 0, the size of the correction step for interferometer 1 (Fig. 5.9) is

replotted in Fig. 5.12. In this figure it may be seen that the distribution of correction sizes

goes to zero before ±0.5.

For interferometer 3, it is seen that the amount of random variation of the correction is
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Figure 5.9: Rounding step correction sizes for interferometer 1
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Figure 5.10: Rounding step correction sizes for interferometer 2
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Figure 5.11: Rounding step correction sizes for interferometer 3
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Figure 5.12: Rounding step correction sizes for interferometer 1 with α1 = −0.5
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greater than ±0.5, and hence the rounding step cannot be used here to improve the estimate

N̂3
0 . This is also the case for interferometer 4 (not plotted).

Bootstrapping for Dynamic FSI

For the iterative steps, described next, Dynamic FSI is used. This means that the boot-

strapping calculation must determine not just N1
0 , but also N̄1

0 . Recall that we chose to

express these two values in terms of their sum and difference, S1 and ∆1, according to the

definitions of Eqns. (4.1.4).

This investigation calculated these using the ‘beat detection’ method from section 4.1.2

to determine ∆1. The improved, rounded estimate,
ˆ̂
∆1 was used here. The acetylene cell

method described above has determined a rounded estimate,
ˆ̄̂
N1

0 . These two values may be

combined to calculate an estimate for S1 as follows,

ˆ̂
S1 =

ˆ̂
∆1 + 2

ˆ̄̂
N1

0 . (5.3.3)

We now have the two estimates,
ˆ̂
S1 and

ˆ̂
∆1, as required to initialise the iterative steps when

using Dynamic FSI.

5.3.5 Iteration

Once the bootstrapping procedure has been done, the integer phase offset of all other inter-

ferometers in the system is calculated using an iterative process that is investigated in this

section.

Dynamic FSI is used for this iterative procedure, but with a slight difference to the

method as described in section 5.1.3. This experimental investigation was done with a

two step process. The first step uses Dynamic FSI to determine the ratios of the integer

offsets, S2/S1, S3/S2 and S4/S3. The second step uses these ratios in an iterative process

to determine precise and absolute values of Si for all interferometers.
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The reason for using this two step process was the amount of processing time required to

calculate the ratios, which takes several tens of seconds per ratio calculation, relative to the

amount of processing time required to go through the iterative process once the ratios have

been calculated, which takes only a very small fraction of a second. It shall be seen that in

the iterative process we shall need to make more corrections for systematic errors similar to

the correction made for the bootstrapping step. This shall require recalculating the iterative

steps multiple times, trying out different values for the correction factors. This would have

been impractical if the ratios had been recalculated every time, due to the large amount of

processing time required for this. Thankfully it has been possible to split the calculation

into two steps, which allows many different values for the correction factors to be trialled in

a reasonable length of time.

The calculations performed for this thesis were performed in Matlab, and the emphasis

was on accuracy, making use of all the data available. As such, little effort has been spent

on increasing the speed of these computations. It is envisaged that great increases in the

speed of computation should be possible, and these may require only a small trade-off by

way of a decrease in accuracy. There are two methods which could acheive this: Firstly,

downsampling the data will increase computation speed, but should not decrease accuracy

much as the original data was quite highly oversampled. Secondly, it is possible to treat the

least squares Eqns. (4.1.8), (4.1.11) and (4.1.12) as linear least squares equations of the form

Ax = B, if we ignore the fact that the A matrix is composed of measured values, containing

errors (whereas a true linear least squares problem should have an A matrix that consists

entirely of known values that are free from error). This would certainly lead to a faster

solution, but some effort would be required to justify this approach and investigate what

magnitude of error results.

Determining S ratios

Dynamic FSI was used to determine the ratios of integer phase offsets for pairs of interfer-

ometers, S2/S1, S3/S2 and S4/S3. Dynamic FSI (as opposed to single laser FSI) was chosen
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due to its improved precision when measuring an uncovered beam path (demonstrated in

section 4.3.4). This made making large numbers of repeated measurements where the length

of interferometer 4 was changed between measurements much more practical.

In order to describe the calculation of these ratios, consider determining the ratio Rp,

defined as Rp = Sp+1/Sp. To calculate this ratio, we use the phases from the relevant pair

of interferometers, ũp
n and ũp+1

n , and estimates of Sp and ∆p. These values are inserted into

the ‘cascaded’ solution option least squares problem, Eqn. (4.1.12).

The value of ∆p used was calculated using the beat detection method as described for

the ‘beat detection’ solution option in section 4.1.2. The rounded estimator,
ˆ̂
∆p, was used

here.

To obtain a value for Sp, first a value for N̄p
0 was determined using the frequency reference

bootstrapping method, as described above in section 5.3.4 (recall that this method may be

used to obtain information about interferometers other than the bootstrap interferometer).

For this calculation, the initial estimate, ˆ̄Np
0 , was used, as this estimate does not have

sufficiently small uncertainty in every interferometer to make use of the rounding step. The

estimate Ŝp was then calculated as

Ŝp =
ˆ̂
∆p + 2 ˆ̄Np

0 . (5.3.4)

Using these estimates, the ‘cascaded’ solution option of Eqn. (4.1.12) is solved using

least squares problem to compute estimates for ∆p+1 and Sp+1. The ratio Sp+1/Sp is then

calculated, using the estimates that we now have for both values.

Iteration using S ratios

Equipped with the Rp values, we may calculate precise estimates for the absolute value of

Sp for all interferometers using the following iterative procedure:

The rounded estimate,
ˆ̂
S1, is calculated using the acetylene cell method, including the
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correction factor, α1 = −0.5. This is used to initialise the iterative procedure. From this,

an estimate of S2 is calculated as

Ŝ2 = R1 ˆ̂S1 . (5.3.5)

This estimate is then rounded to the nearest integer,

ˆ̂
S2 = ||Ŝ2|| . (5.3.6)

From this, we obtain a precise estimate for the integer phase offset of the second interferom-

eter,
ˆ̂
S2. The general case for these two steps may be written as,

Ŝp+1 = Rp ˆ̂Sp , (5.3.7)

ˆ̂
Sp+1 = ||Ŝp+1|| . (5.3.8)

This process is iterated over, increasing the value of p upon each iteration until rounded

estimates for the integer phase offset of all interferometers have been calculated.

Results of iterative step

We may investigate if this step has sufficient precision, as was done for the bootstrapping

step, by making repeated measurements and plotting the size of the rounding correction,

(Ŝi − ˆ̂
Si). This is shown for the first iterative step in Fig. 5.13.

As was the case in Fig. (5.9), the mean of the distribution is not zero, indicating a

systematic error in the calculation of R1. However, the width of the distribution is very

narrow, indicating that the precision is good enough.

Using the rounded values for S2 calculated from this process, the next iteration is per-

formed, with the size of the rounding correction here plotted in Fig. 5.14. As before, there

is a systematic offset. Note that, even though there was a systematic error in the previous

iteration, the distribution of corrections in this iteration is still narrow.

Using corrections as described in section 5.3.3 we can shift these distributions so that they
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Figure 5.13: Iterative step correction sizes for interferometer 2
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Figure 5.14: Iterative step correction sizes for interferometer 3

are centred around zero. Remember, though, that the choice of values for these correction

terms is ambiguous, so by introducing them, we decrease the chance of a discrete error, but

do not necessarily improve the accuracy of the measurement.

With α2 = −0.4, β2 = 0 and α3 = −0.3, β3 = 0, the iterations are recalculated, and the

sizes of the correction terms replotted in Figs. 5.15 and 5.16.

Iterative step with different lengths

It is possible to investigate the accuracy of these measurements as well as the precision, by

measuring a variety of different lengths as follows: As was described for the single laser FSI

method of performing the iterative step, in section 5.1.3, the Cascaded iterative step can

be thought of as a straight line fit of the known, absolute phase of the pth interferometer,

Np
0 +up

n, to the unwrapped phase of the (p+1)th interferometer, up+1
n . The linear relationship
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Figure 5.15: Iterative step correction sizes for interferometer 2 with α2 = −0.4, β2 = 0
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Figure 5.16: Iterative step correction sizes for interferometer 3 with α3 = −0.3, β3 = 0

between the two may be expressed in the form y = mx+ c,

up+1
n =

Dp+1

Dp
up
n +

(
Dp+1

Dp
Np

0 −Np+1
0

)

,

However, as was mentioned in section 5.3.3, we suspect that Np
0 , may not necessarily be an

exact integer value, and that instead, (Np
0 − βp) is an integer. If we do not correct for Np

0

being a non-integer value, then the relationship between the rounded estimate,
ˆ̂
Np

0 , and the

true value, Np
0 is

ˆ̂
Np

0 = Np
0 + βp ,

Substituting this into the iterative step of Eqn. (5.1.5), we obtain,

N̂p+1
0 = Γ

ˆ̂
Np

0 − Ω

N̂p+1
0 = Γ (Np

0 + βp)− Ω

N̂p+1
0 = Np+1

0 + (Dp+1/Dp)βp .
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This shows that if Np
0 is not an integer value and we do not include a βp term to correct

for it, there will be an error on N̂p+1
0 that is scaled by the ratio of interferometer OPDs,

Dp+1/Dp. This will affect the rounded estimate as follows,

ˆ̂
Np+1

0 = ||N̂p+1
0 ||

= ||Np+1
0 + (Dp+1/Dp)βp||

= ||Np+1
0 − βp+1 + βp+1 + (Dp+1/Dp)βp||

= Np+1
0 − βp+1 + ||βp+1 + (Dp+1/Dp)βp|| .

The difference between the initial and rounded estimates is then

N̂p+1
0 − ˆ̂

Np+1
0 = (Dp+1/Dp)βp + βp+1 − ||(Dp+1/Dp)βp + βp+1|| . (5.3.9)

This gives us a way of unambiguously determining βp: We make multiple measurements

with interferometer 4 having different lengths in each measurement, and then plot the size of

the rounding correction vs OPD of interferometer 4. According to Eqn. (5.3.9), a non-zero

value of β3 should show up as a gradient in the line of rounding correction vs interferometer

4 OPD.

Measurements were made with interferometer 4 having different OPDs in different mea-

surements. The size of the rounding correction is plotted vs OPD for interferometer 4 in

Fig. 5.17. As predicted above, there is a linear relationship between OPD and correction

size. Correction size is an ambiguous quantity, being determined in the range [−0.5, 0.5) and

the final point of the upper right of this figure has been wrapped round.

This final point is manually unwrapped by subtracting 1 from it, and a linear fit is made

to this data, shown in Fig. 5.18. The gradient of this line is β3. Using this value to correct

the final stage in the iterative process, the correction size is recalculated for interferometer

4, shown in Fig. 5.19.

An additional check was made to ensure that there is only one value of β3 that would give
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Figure 5.17: Rounding step discrepancy vs distance
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Figure 5.18: Linear fit to rounding step discrepancy vs distance
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Figure 5.19: Rounding step discrepancy vs distance after correction
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Figure 5.20: Rounding step discrepancy vs correction size

a reasonable correction. The distribution of correction values (N̂4
0 −

ˆ̂
N4

0 ) was evaluated as a

function of β3, with the result shown in Fig. 5.20. As can be seen, there is only one significant

dip in these curves, showing that the value of β3 that will give a reasonable correction is not

ambiguous.

5.4 Summary

In section 5.1, a measurement method is proposed that has the ability to measure absolute

distance with the precision and accuracy of displacement interferometry. Its precision is

obtained by it being able to exactly determine the integer phase offset of an interferometer,

such that distance measurement error is directly linked to phase measurement error. Its

accuracy is obtained by measuring length relative to a stable wavelength reference. The

uncertainty of measurements made with this method is investigated theoretically in section

5.2.

An experimental demonstration of the method is described in section 5.3. Although this

showed the presence of systematic errors in the iterative part of the method, that required

correcting by hand, it was still possible to verify that the method works as intended with

measurements of multiple different distances remaining internally consistent.



Chapter 6

Summary

6.1 Summary of the methods

This thesis proposes two new methods for absolute distance measurement using frequency

swept lasers, Dynamic FSI and Cascaded FSI, which each offer several advantages over

previous FSI methods.

Dynamic FSI can measure a changing distance throughout a laser frequency sweep, and

is therefore capable of a much higher measurement rate than other FSI implementations.

As with other dual-laser FSI methods, it does not suffer from the problem of drift error.

Dynamic FSI was successfully experimentally demonstrated, being able to measure a chang-

ing distances during the laser frequency sweep as claimed. Under measurement conditions

containing random OPD fluctuations due to air turbulence, Dynamic FSI was shown to have

a higher measurement precision than single laser FSI. There were, however, unexplained

systematic discrepancies between the single laser FSI and Dynamic FSI measurements in

this experiment. This would be a worthwhile area for further investigation.

Cascaded FSI can measure with high precision by calculating the exact value of the

integer phase offset for the measurement interferometer. It also has the potential to measure

with high accuracy, due to its ability to measure distance with respect to a stable wavelength
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reference. This method was demonstrated experimentally, however this demonstration was

hampered by the presence of unexplained systematic errors. An initial investigation of the

cause of these was undertaken, where it was suggested that the dispersion of air could be a

potential cause. Despite the systematic errors, it was possible to experimentally demonstrate

the underlying principle behind Cascaded FSI, which is the iterative method of determining

interferometer integer phase offsets.

6.2 Points for further investigation

The most pressing point for further investigation is the presence of systematic errors that

have been encountered in both Dynamic FSI and Cascaded FSI. In Dynamic FSI, these

occurred as a discrepancy between the measured distance as calculated by Dynamic FSI,

and as calculated by single laser FSI. In Cascaded FSI these were apparent in the rounding

step.

Both techniques, and especially Cascaded FSI, provide a very good basis for investigating

these kinds of errors. An investigation of these errors using Cascaded FSI would not merely

be beneficial to that method, but the lessons learned should be relevant to other forms of

absolute distance interferometry using swept frequency lasers. As the dispersion of air in

the measurement path has been identified as a potential cause of these errors, a theoretical

investigation of the effect of this may be a promising starting point for future work on this

topic.

The limits of the Taylor expansion approximation made in the ‘time delay model’ of sec-

tion 2.1.2 is also worth further investigation. Recall that obtaining the simplified expression

for interferometric phase, Eqn. 2.1.5, required dropping a term, π(∂ν(t′)/∂t′)τ 2, which has

a magnitude proportional to the laser tuning speed, and the square of the interferometer

OPD. Therefore, the approximation becomes less valid for measurements made with faster

tuning lasers, or over longer distances. Lasers with tuning speeds of 1000 nm/s are now com-

mercially available, and new kinds of laser, such as frequency shifted feedback lasers [51],
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are being developed that have inherently faster tuning rates. Such an investigation would

also be relevant for any space based applications that may require measurement over par-

ticularly large distances. Any such investigation would undoubtedly result in a model with

a more complicated relationship between phase, laser frequency, and interferometer OPD.

This may merely be a required extra complication to take account of, but it is possible that

this different relationship could be exploited to enable a better measurement to be made.



Appendix A

Nomenclature

There are a large number of names that have been used to refer to methods for absolute dis-

tance measurement using a frequency swept laser. Those that I am aware of are summarised

in Table A.1.

FSI Frequency Scanning [20] / Sweeping [4] Interferometry
WSI Wavelength Scanning [65] / Shifting [24] / Sweeping [58] Interferometry
FMCW Frequency Modulated Continuous Wave [53]
OFDR Optical Frequency Domain Reflectometry [33]
VSW Variable Synthetic Wavelength [7]

Table A.1: Summary of names and their acronyms that have been used to describe absolute
distance measurements with a frequency swept laser.

OFDR has been used to describe both ‘coherent OFDR’, which varies the optical fre-

quency of the laser as in FSI, and ‘incoherent OFDR’ which is not an interferometric method

and instead modulates the intensity of the beam in order to time reflections from a target.

FSI has also been referred to as Absolute Distance Interferometry (ADI) [61], although

this is commonly used as a more generic term.
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Hilbert transform signal requirements

I stated in section 2.2.2 that if it is possible to high pass filter the FSI signal in the desired

way, then the conditions required for the Hilbert transform property of Eqn. (2.2.4) to hold

are automatically satisfied. In this section I show that this is the case.

High pass filtering the signal requires that there exists some ωs such that

F [a(t)] = 0 for |ω| > ωs (B.0.1a)

F [b(t) cosφ(t)] = 0 for |ω| < ωs (B.0.1b)

Eqn. (2.2.4) is derived using Bedrosian’s product theorem for Hilbert transforms [8]:

Theorem 1 (Part of Bedrosian’s product theorem). Let f(t) and g(t) denote generally

complex functions of the real variable t. If these functions can be separated in the frequency

domain by a frequency ωr, such that

F [f(t)] = 0 for |ω| > ωr

F [g(t)] = 0 for |ω| < ωr,
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then the Hilbert transform of their product is given by

H[f(t)g(t)] = f(t)H[g(t)].

Thus in order for Eqn. (2.2.4) to be valid we require there to be an ωr such that

F [b(t)] = 0 for |ω| > ωr (B.0.2a)

F [cosφ(t)] = 0 for |ω| < ωr, (B.0.2b)

I will now show that satisfying condition (B.0.1) guarantees that condition (B.0.2) is also

satisfied.

Let ωa, ωb and ωc be positive constants such that the spectra of a(t), b(t) and cosφ(t)

are limited in the following ways:

F [a(t)] = 0 for |ω| > ωa

F [b(t)] = 0 for |ω| > ωb

F [cosφ(t)] = 0 for |ω| < ωc,

where ωa, ωb are chosen to have the minimal possible value, and ωc is chosen to have the

maximal possible value that satisfies the above condition.

Considering the Fourier transform convolution theorem (F(pq) = F(p) ⊗ F(q)) we see

that the spectrum of b(t) cosφ(t) is limited as follows:

F [b(t) cosφ(t)] = 0 for |ω| < ωc − 2ωb.

Therefore, to satisfy condition (B.0.1), we require

ωa < ωc − 2ωb. (B.0.3)
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However, as ωa is at least zero, then for condition (B.0.3) to be satisfied requires 2ωb < ωc,

regardless of the value of ωa. Given this, ωr can be chosen anywhere in the range (2ωb, ωc)

and this will satisfy (B.0.2).



Appendix C

The method of least squares

C.1 Least squares estimator

This section describes a method for computing what is in some sense a ‘best’ estimate of

the remaining unknown integer phase offsets for the three Dynamic FSI solution option

Eqns. (4.1.9), (4.1.11) and (4.1.12). The mathematical results in this section are based upon

[64].

C.1.1 Non-linear least squares

Least squares is a formalism for computing an estimate for a set of unknown values contained

within a vector, x, when there is a known relationship between these unknowns and some

directly observable values, also contained within a vector, l. In Dynamic FSI, the unknown

values are some combination of S1, S2, ∆1 and ∆2, whereas the observable values are the

unwrapped phases, ui
n, together with the remaining S1, S2, ∆1 and ∆2 that aren’t unknowns.

This relationship is defined with a set of equations, each one expressing a relationship

between some elements of x and some elements of l. The entire set of equations may be
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expressed as a vector function, f , such that

f(x, l) = 0. (C.1.1)

For Dynamic FSI, the relationship between x and l is defined by Eqns. (4.1.9), (4.1.11) and

(4.1.12). Each of these equations may be put into the above form by subtracting the right

hand side.

If we could measure without errors and our model was a perfect description of reality, then

we should like to find some x that satisfies Eqn. (C.1.1) exactly. Doing this will give us the

exactly correct values for the unknowns, x (If there is a unique x that satisfies Eqn. (C.1.1)).

However, in reality, due to measurement error and imperfections in the model, there will not

in general exist an x that satisfies Eqn. (C.1.1) exactly if we set l to be equal to the measured

values of the observables. For this reason the observables are separated into two components;

the measured values, y, plus a residual vector, ǫ, such that l = y+ǫ. Given a set of measured

values, y, it will now be possible to find pairs (ǫ, x), that do satisfy Eqn. (C.1.1) exactly.

C.1.2 Maximum likelihood

However, there is not a unique choice of values (ǫ, x) that satisfies Eqn. (C.1.1): We need to

find a way of identifying the ‘best’ choice. If we trust our model and our measurements, then

intuitively it seems sensible to try to keep the elements of the residual vector, which is our

estimate of the measurement errors, as small as possible. There is a statistical justification

for this intuition: Under the assumption of unbiased, Gaussian distributed errors on the

measurements, it may be shown that an estimate, (ǫ, x), that minimises a weighted sum of

the residuals given by Trace(ǫTPǫ) corresponds to the most likely values of the unknowns,

given some measured values, y. (The matrix P shall be defined shortly). This kind of

estimate is known as a maximum likelihood estimator.

I will now show this for the simpler, but less general case, where the measurement errors

are independent from each other. The joint probability density of obtaining a set of errors,
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ǫ, where these errors are unbiased and Gaussian distributed, is

dP =
n∏

i=1

1
√

2πσ2
i

exp

(

− ǫ2i
2σ2

i

)

, (C.1.2)

A least squares estimator finds values (ǫ, x) that maximise the above probability density,

whilst remaining consistent with the model equation, Eqn. (C.1.1). Maximising the prob-

ability density is equivalent to maximising the logarithm of the probability density, which

is

log(dP ) = n
1√
2πσ2

− 1

2

n∑

i=1

(
ǫ2i
σ2
i

)

. (C.1.3)

Maximising the above is equivalent to minimising the sum;

n∑

i=1

(
ǫ2i
σ2
i

)

. (C.1.4)

This sum may be written as Trace(ǫTPǫ), where P is a diagonal weight matrix with Pii =

1/σ2
i .

C.1.3 Bias

It should be noted that the estimator used here is not guaranteed to be an unbiased estimator.

That is to say that the expectation value of the estimator is not necessarily equal to the true

value. All three of the Dynamic FSI model equations considered here are non-linear models,

and it is commonly accepted that maximum likelihood estimators are in general biased for

non-linear models [14].

C.1.4 Linearisation

In general it is not straightforward to find a closed form solution for the maximum likelihood

estimator. In this case, it is common to use an iterative solution that refines an initial

estimate based upon a local, linear approximation of the model of Eqn. (C.1.1), constructed
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by Taylor expanding the function f(x, l) around the point (x = x0, ǫ = 0),

f(x, l) ≃ f(x0,y)
︸ ︷︷ ︸

W

+
∂f

∂x

∣
∣
∣
∣
x0,y

︸ ︷︷ ︸

A

δx+
∂f

∂l

∣
∣
∣
∣
x0,y

︸ ︷︷ ︸

B

ǫ

= W + Aδx+ Bǫ , (C.1.5)

where δx = x− x0.

The operation where a vector function is differentiated with respect to a vector argument

is defined as follows,

∂f(x)

∂x
=









∂f1(x)
∂x1

∂f1(x)
∂x2

. . .

∂f2(x)
∂x1

∂f2(x)
∂x2

...
. . .









.

For the case of Dynamic FSI, Eqns. (4.1.9), (4.1.11) and (4.1.12) can all be expressed in

the following form,

f(x, l) = α(l)x− β(l) = 0 . (C.1.6)

Consider as an example, Eqn. (4.1.9), which may be written in the following form,












ˆ̂
∆2 + u2

0 − ū2
0 − ˆ̂

∆1 − u1
0 + ū1

0

ˆ̂
∆2 + u2

1 − ū2
1 − ˆ̂

∆1 − u1
1 + ū1

1

...
...

ˆ̂
∆2 + u2

K−1 − ū2
K−1 − ˆ̂

∆1 − u1
K−1 + ū1

K−1

















S1

S2




−












ˆ̂
∆1(u2

0 + ū2
0)−

ˆ̂
∆2(u1

0 + ū1
0) + 2u1

0ū
2
0 − 2ū1

0u
2
0

ˆ̂
∆1(u2

1 + ū2
1)−

ˆ̂
∆2(u1

1 + ū1
1) + 2u1

1ū
2
1 − 2ū1

1u
2
1

...

ˆ̂
∆1(u2

K−1 + ū2
K−1)−

ˆ̂
∆2(u1

K−1 + ū1
K−1) + 2u1

K−1ū
2
K−1 − 2ū1

K−1u
2
K−1












= 0 .
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So, in this case,

α(l) =












ˆ̂
∆2 + u2

0 − ū2
0 − ˆ̂

∆1 − u1
0 + ū1

0

ˆ̂
∆2 + u2

1 − ū2
1 − ˆ̂

∆1 − u1
1 + ū1

1

...
...

ˆ̂
∆2 + u2

K−1 − ū2
K−1 − ˆ̂

∆1 − u1
K−1 + ū1

K−1












β(l) =












ˆ̂
∆1(u2

0 + ū2
0)−

ˆ̂
∆2(u1

0 + ū1
0) + 2u1

0ū
2
0 − 2ū1

0u
2
0

ˆ̂
∆1(u2

1 + ū2
1)−

ˆ̂
∆2(u1

1 + ū1
1) + 2u1

1ū
2
1 − 2ū1

1u
2
1

...

ˆ̂
∆1(u2

K−1 + ū2
K−1)−

ˆ̂
∆2(u1

K−1 + ū1
K−1) + 2u1

K−1ū
2
K−1 − 2ū1

K−1u
2
K−1












Linearising this, the matrices A and B corresponding to the linearised form of Eqn.(C.1.5)

are

A =
∂f

∂x

∣
∣
∣
∣
x0,y

= α(y),

B =
∂f

∂l

∣
∣
∣
∣
x0,y

=
∑

i

x0
i

∂α(:,i)

∂l

∣
∣
∣
∣
y

− ∂β

∂l

∣
∣
∣
∣
y

,

where the notation x0
i indicates the ith element of the vector x0, and α(:,i) indicates the ith

column of the matrix α. Note that, for this case of Dynamic FSI, the matrix α has the useful

property that it is independent of the current estimate, x0. This means that it only needs

to be calculated once in the iterative procedure.

In the example of Eqn. (4.1.9), the elements of y are arranged as,

y =
[
u1
0, ū

1
0, u

2
0, ū

2
0, u

1
1, ū

1
1, u

2
1, ū

2
1...
]T
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and the partial derivatives of α and β are,

∂α(:,1)

∂l

∣
∣
∣
∣
y

=









0 0 1 −1

0 0 1 −1

. . .









∂α(:,2)

∂l

∣
∣
∣
∣
y

=









−1 1 0 0

−1 1 0 0

. . .









∂β

∂l

∣
∣
∣
∣
y

=






−∆2 + 2ū2
0 −∆2 − 2u2

0 ∆1 − 2ū1
0 ∆1 + 2u1

0

. . .






Using the linearised model, an improvement to the current estimate may be computed

to be

x̂ = x0 + δ̂x (C.1.7)

where δ̂x is

δ̂x = −
(

AT
(
BP−1BT

)
−1

A
)
−1

AT
(
BP−1BT

)
−1

W. (C.1.8)

This method is iterated by computing a new linearised model (i.e. a new set of A, B, and

W matrices) by Taylor expanding around the new estimate, x̂, and then computing a new

best estimate by solving Eqn. (C.1.8) again. This procedure is iterated over until some stop

condition is reached such as the correction being below some limit or a maximum number

of iterations being reached.
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C.2 Least squares uncertainty

It is possible to calculate an unbiased estimate of the covariance matrix of x̂, given the

covariance matrix of the observations, y. This may be shown to be:

Σx̂ =
(
AT (BP−1BT )−1A

)
−1

(C.2.1)

The covariance matrix gives information about the distribution of errors in terms of

the uncertainty on each element of x̂, and their correlation. With this information, and

the assumption of Gaussian distributed errors, the joint probability distribution f(x1,x2)

may be calculated, where f(x1, x2) is the probability density of a particular measurement

calculating x̂ = [x1, x2]
T . If one were to draw contours of equal probability density, these

would take the form of ellipses, with the size and orientation of the ellipse given by the

elements of the covariance matrix.

It will be convenient to express the size and orientation of the error ellipse in a different

way than that used in the covariance matrix. An alternative way of parameterising this is

in terms of the following quantities:

• direction of the major axis of the ellipse

• size of the error ellipse along the major axis

• size of the error ellipse along the minor axis

This alternative way of describing the error ellipse may be calculated using an eigenvalue

decomposition of the covariance matrix (or, very similarly, an eigenvalue decomposition of

the design matrix, as the eigenvalue decomposition of a matrix and its inverse are very

similar).

A matrix, Σ, may be factorised thus: Σ = QV QT . Where Q is a matrix containing the

eigenvectors of A, and V is a matrix containing the eigenvalues of Σ along its diagonal.
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Upon performing an eigenvalue decomposition of the covariance matrix, the eigenvectors

will point along the major and minor axes of the error ellipse and the eigenvalues will be

the variance of the estimator x̂ along the direction given by the corresponding eigenvectors.

This is all the information required to parametrise the error ellipse in the alternative way

described above.
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