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Abstract

Genome-wide association studies (GWAS) have become one of the most com-

mon types of genetic studies, due to their success at finding markers associated with

diseases and other traits of interest. With thousands of these studies performed in

the last decade, a variety of methods have been developed to meta-analyze their re-

sults to search for variants that affect multiple traits. This thesis introduces one such

method, based on approximate Bayes factors (ABFs), which relies only on effect size

estimates and standard errors from GWAS. Through application to simulated data as

well as three different datasets, we demonstrate the statistical properties, strengths,

and limitations of our approach.

We show that only can this method be applied to the meta-analysis of a single

trait across multiple studies, but because it does does not make strong assumptions

about the similarity of effect sizes across traits, it can also be used to detect effects

across multiple traits at a single marker. Additionally, it can account for confounding

due to things like shared samples and can be applied exhaustively across all possible

combinations of associations to determine the subset of traits or studies that are most

likely to be associated with a given variant. This affords the opportunity to make

statements about which traits explicitly are and are not associated with a marker,

and these patterns can be explored over the whole genome to learn about the genetic

relationships between different traits. We also discuss some of the individual markers

highlighted by our analyses—some known, and some potentially novel—and the traits

associated with them.
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Chapter 1

Introduction

The proliferation of genome-wide association studies (GWAS) in the past decade has

yielded many novel genotype-phenotype associations. In meta-analyzing these studies,

there is an opportunity to expand our knowledge of biology even further by searching

for loci that affect multiple traits. However, in order to combine studies across mul-

tiple data sources that have been collected for different purposes, we need the proper

statistical tools. This thesis discusses some methods that have been proposed, and

compares them to a novel method that uses approximate Bayes factors to perform

both a genome-wide scan for variants associated with multiple phenotypes, and which

can be used to find the subset of phenotypes that is the most likely to be associated

with a given genetic marker.

The field of genetics has always had a close relationship to statistics. Gregor

Mendel, an Augustinian friar, deduced his principles of inheritance in the mid 19th

century from observing the phenotypes of various crosses of the pea Pisum sativum

and understood that observed ratios would not match the expected ones exactly be-

cause of random sampling. His work went unnoticed until the early 20th century,

when biologists became concerned with how new species could arise from the “blend-

ing” model of heredity favored by Darwin and his contemporaries [1]—if the traits

of the offspring are some sort of midpoint of those of its parents, then over multiple

generations, the variation in a population will decrease, making it less likely for spe-

ciation to occur. And yet, as Galton observed in his own experiments—during which

he contributed to the development linear regression—the phenotype of offspring often

shows reversion to the population mean, even when the phenotypes of its parents are
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at the extremes [2]. Fisher resolved this debate in 1918 by showing that a trait con-

trolled by multiple genes (or “factors”) would display the blending observed by Galton

and the other biometricians—including Pearson, another noted statistican—while still

obeying Mendel’s laws [3].

In this time, the first linkage studies were performed on Drosophila and the

arrangement of genes on chromosomes had been identified as being part of the mech-

anism by which traits were transferred from one generation to the next [4]. However, it

was not until 1952 that DNA was confirmed as the molecular basis of heredity [5], and

its structure was characterized the following year [6]. It was nearly another 50 years

before the complete human genome was successfully sequenced [7] and researchers

could learn about how genomes differ on both an individual and population level

through the HapMap and 1000 Genomes projects [8, 9]. Among other things, these

projects showed that the linkage disequilibrium between variants across the genome

could be leveraged to perform genome-wide studies without having to sequence every

base pair. This insight led to the creation SNP (single nucelotide polymorphism)

chips, which allow researchers to interrogate markers across the genome for associ-

ation with a trait or phenotype (see Sections 1.1 and 1.4 for further discussion of

genome-wide association studies).

Prior to this influx of information about the genome as a whole, researchers

interested in the genetic basis of a trait had to rely on linkage studies, which require

willing families and pedigrees. In this study design, participants are genotyped at a

low-density set of markers in order to find a region of the genome that is associated

with the trait of interest. In addition to often being unable to identify causal variants

due to the low density of the markers, this type of study often lacks sufficient power

to discover regions associated with traits that have a complex genetic architecture,

due to small sample sizes and small effect sizes of associated markers. However, when

the phenotype of interest is highly penetrant so that multiple relatives are affected, it

is possible for the causal gene and variants to be identified, as it was for Huntington’s

disease [10].

Candidate gene studies were another popular study design, in which participants

were sequenced at genes—or regions of the genome—whose function was thought to

be relevant. There were some successes: for instance, the BRCA1 and BRCA2 genes
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associated with breast cancer were found in this manner [11, 12]. However, results

published from these types of studies were often not replicable and required the sort of

knowledge that genetic research hoped to uncover: namely, gene function and disease

etiology [13].

Indeed, the interest in genetics stems from a desire to further our understanding

of biology. One’s sequence of DNA nucleotides tells one’s cells what proteins to

make and how much. These proteins interact with one another to form the biological

pathways within and between cells, eventually building up to the whole organism.

If we can understand the genetic instructions that influence the end trait, then we

can gain an insight into what proteins, and what pathways related to those proteins,

result in a disease or phenotype. Using genetics is particularly attractive because we

know the direction of causation—that is, we are certain that the sequence of germline

DNA tells the cell what proteins to make and not that the cell makes proteins which

then determine the DNA sequence.

This chapter will provide an overview of a commonly used study design—the

genome-wide association study (GWAS)—and the concepts of pleiotropy and cross-

trait or cross-phenotype associations. We then will discuss meta-analysis in the con-

text of GWAS and cross-trait associations, and summarize the variety of methods

used to discover these associations.

1.1 Genome-wide association studies

There are two ways of conceptualizing a genome wide association study (GWAS).

The first says that if a marker is associated with the phenotype of interest, then

the genotype frequencies at that marker will differ between people who have the

phenotype and those who do not. Alternatively, one can understand this as the

proportion of cases and controls differing across genotypes. These can be extended to

continuous traits as well. In that case, we expect to see that individuals who have a

low phenotype measurements tend to have one of the SNP’s alleles more often than

do people with high phentoype measurements, or—equivalently—that people with a

particular genotype at the SNP will disproportionately have a high or low phenotype

measurement.
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One of the first genome-wide association studies was published in 2005 in Sci-

ence. It compared the allele frequencies of 103,611 single nucleotide polymorphisms

(SNPs) in 96 people with age-related macular degeneration and 50 people without.

The authors found that people who were homozygous for one of the alleles of a SNP

in an intron of the complement factor H gene were seven times as likely to be cases

than they were to be controls compared to those who had at least one copy of the

other allele [14]. While the study size and number of single nucleotide polymorphisms

seem small by today’s standards, much of the study design and analysis has remained

the same 12 years on. See Section 1.4 for a fuller treatment of how a standard GWAS

is conducted.

With genotyping made cheaper and easier thanks to commercially available

genotyping arrays, such as Illumina and Affymetrix, the number of genome-wide as-

sociation studies has exploded over the years (Figure 1.1), looking at everything from

eye color to risk of schizophrenia.

1.1.1 Linkage disequilibrium

A natural consequence of the biology of gamete formation is that large sections of

DNA are inherited together from one generation to the next. This is due to “crossing

over” or “recombination” of chromosomes during the metaphase stage of meiosis, the

process by which haploid gametes are formed in a diploid organism. A chromosome

contained in the gamete is a mosaic of a pair of homologous chromosomes in the parent.

In a given population, when genotypes at one variant are correlated with genotypes

at another, the two variants are said to be in “linkage disequilibrium” (LD) with each

other [15]. LD between markers is chiefly characterized by two different, but related

measures: D′ and r2. Both depend on D, which is the difference between the observed

frequency of a given haplotype of markers and the expected frequency assuming the

independence of the loci. Given two biallelic markers, the absolute value of D is the

same across all possible haplotypes. D′ is D, scaled by the maximum theoretical

value of D based on the allele frequencies at each marker, while r2 is D divided by

the product of the frequencies of all alleles at each marker, all squared [16]. When

D′ = 1, the loci in question are said to be in “complete LD”, meaning that they are

associated as they can be, given potentially differing allele frequencies at the two sites.
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Meanwhile, when r2 = 1, the loci are in “perfect LD”, as this is only possible when the

allele frequencies at the sites are the same, allowing the genotypes at the two markers

to be perfectly correlated [17].

The existence of linkage disequilibrium across the genome allows genetic asso-

ciation studies to be performed without requiring that every base in the genome be

genotyped [8, 9]. Population-specific patterns of LD can be leveraged to increase the

number of markers in the GWAS beyond those that were genotyped directly (see

Section 1.4.2 below). While LD means that genotyping can be done without whole

genome sequencing—which is still too expensive to be performed with the desired

accuracy on a large number of individuals at once [18]—it also means that the marker

with the most evidence for association with a trait (the “lead marker”) is not necessar-

ily the one that is causal. It may be that the true causal variant has not been typed or

that the lead marker is in strong LD with the causal marker (as well as others), which

was not the lead SNP due to sampling variation reducing the estimated effect of the

causal variant below that of one of the others. This uncertainty necessitates follow-up

analyses in order to resolve the causal locus. This can involve genotyping the region

at a denser set of markers [19] or sequencing just the area around the association

signal [20], integrating GWAS associations with genome annotations [21], or using

statistical methods to model different patterns of causality in the region [22, 23, 24].
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Figure 1.1: Plot of the number of genome-wide association studies published per year, recorded in the
GWAS catalog [25].

The Wellcome Trust Case Control Consortium (WTCCC1) was formed in 2005
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to take advantage of the SNP chip technology and this emerging GWAS study design.

The traits chosen for this set of studies were bipolar disorder, coronary artery dis-

ease, Crohn’s disease, hypertension, rheumatoid arthritis, type 1 diabetes, and type

2 diabetes. Each of the seven studies comprised about 2,000 cases and about 3,000

controls, the latter of which were shared across all studies. Half of the controls came

from the 1958 British Birth Cohort and the other half were individuals who were re-

cruited from donors to the UK Blood Services. A further study was done using 1,500

of the common controls with 1,000 cases of each of the following diseases: breast

cancer, multiple sclerosis, ankylosing spondylitis, and autoimmune thyroid disease.

Additionally, the WTCCC1 conducted a study on tuberculosis in The Gambia (1,500

cases and 1,500 controls) [26].

Despite the proliferation of GWAS, the SNPs found to be significantly associated

with a disease or phenotype account for only a small proportion of the genetic variance

observed from heritability studies; this is the “missing heritability” problem [27, 28].

One explanation for this phenomenon is that the heritability is not actually missing

in the sense that the genetic markers responsible have not been typed, but that the

traits—especially common and complex ones, such as height or complex diseases—are

controlled by a large number of loci with very small effect sizes that a GWAS is not

powerful enough to pick up [29]. Another hypothesis is that GWASs often exclude rare

variants and so some of the missing heritability may come from rare variants (minor

allele frequency ≤ 0.5%) with large (or even moderate) effects [30]. Still others claim

that the problem might stem from overestimation of the heritability of complex traits,

since most GWASs are performed with the assumption that all effects are additive

[31].

Even though genome-wide association studies have failed to provide full expla-

nations for the genetic architecture of complex traits, they have uncovered very useful

and important clues about disease etiology and human biology. Examples range from

the original GWAS, which showed the link between complement factor H in age-

related macular degeneration [14], to the discovery of the associations of variants in

FTO with obesity [32, 33]. Furthermore, Okada et al. [34] showed that even when

effect sizes are not large, genes linked to rheumatoid arthritis in GWAS correlate with

previously established drug targets for the disease, suggesting that novel findings from
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genome-wide association studies may pave the way to new pharmaceutical treatments.

1.2 Cross-phenotype associations and pleiotropy

Genome-wide association studies tend to look at a single trait, or small number of

highly related traits—for instance, intraocular pressure and glaucoma, or high- and

low-density lipoprotein levels and cardiovascular disease. However, with the large

number of studies that have been performed in the last 10 years, there is now an op-

portunity to look across studies for variants that are associated across traits. Indeed,

given finite number of genes in the human genome—current estimates put the figure

at somewhere between 19,000 and 21,000 [35, 36] and the nearly limitless number

of phenotypes, logic dictates that some genes must affect more than one trait. We

see from Figure 1.2 that many genes have associations with multiple classes of traits,

never mind separate traits within a class.

Figure 1.2: Barplot of the number of traits associated with the top 40 non-HLA genes, colored by the
class of traits to which they belong. Genes are ranked by the number of associated traits. The data were
taken from the GWAS catalog [25] in October 2014.
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Often markers associated with a trait are assumed to affect the gene nearest

to them; however, this may not be the case. For example, the gene SH2B3 has

many associations with blood pressure phenotypes in Europeans. However, it is in a

region of high linkage disequilibrium that includes other genes, one of which is ALDH2

[37], whose putative variants have been associated with blood pressure and alcohol

intake in East Asians [38]. It may be that the gene affecting blood pressure does not
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actually differ between the two populations, and that the different patterns of LD in

East Asians and Europeans are responsible for observed associations with different

markers and genes.

Similarly, FTO is associated with many traits, especially those related to obesity.

However, there is evidence that markers which are contained in an intron of this gene—

and which would therefore usually be assumed to be affecting it—actually affect the

expression of IRX3, which is about half a megabase downstream [39]. This is not to

imply that none of the associations with FTO (or any other gene) are true. We only

highlight this and the SH2B3/ALDH2 cases to show that some of the associations in

Figure 1.2 are spurious because it is not always the case that the gene affected by a

marker is the one closest to it. There is much that is unknown about the way different

parts of the genome interact with one another.

Pleiotropy has many definitions depending on context. The most general one,

given by Paaby and Rockman [40], is that “pleiotropy implies a mapping from one

thing at the genetic level to multiple things at a phenotypic level.” This is both true

and too vague to be useful. For our purposes, we will define it as the phenomenon

where a genetic variant influences more than one trait or phenotype. This can be

subdivided into whether or not the variant affects associated traits through different

metabolic pathways (called mosaic or horizontal pleiotropy, see 1.3a), in contrast to

relational or vertical pleiotropy, where the variant acts on multiple traits through a

single pathway (Figure 1.3b) [40, 41]. Some feel very strongly that the latter type of

pleiotropy is not true pleiotropy. Because genome-wide association studies link only

genetic markers and traits, without functional follow-up analyses in cell lines or model

organisms, it is impossible to differentiate between these two types of pleiotropy from

association studies alone.

1.2.1 Colocalization

Another reason to exercise caution is that markers found to be associated with a trait

in GWAS may not be causal for the phenotype, but in linkage disequilibrium (LD,

see Section 1.1.1) with an untyped causal variant; this need not be another SNP, but

could be some sort of structural variant. If a SNP happens to be in LD with two such

variants that are causal for different phenotypes, then there may be the appearance
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Figure 1.3

(a) Schematic of horizontal/mosaic pleiotropy. The marker affects two different metabolic path-
ways, which in turn, affect two different phenotypes.

(b) Schematic of vertical/relational pleiotropy. The marker affects one metabolic pathway, which
in turn, affects two different phenotypes.

of pleiotropy at the SNP when in fact none exists (see Figure 1.4 for a diagram). In

recent years, methods have been developed to determine whether two signals from

different GWASs “colocalize”—that is, to see if their respective association signals

are the result of the same causal variant [42, 43, 44]. It is also possible that the

reverse could happen—a pleiotropic variant may be tagged by different markers that

in different studies. If there is no reason to suspect that these markers are tagging

the same causal variant, then the true underlying pleiotropy at the locus will not be

discovered.

This thesis will avoid declaring “pleiotropy” between traits when the only ev-

idence is from GWAS SNPs, preferring the terms “cross-phenotype association” or

“cross-trait association” instead. The connection between pleiotropy and the other

two terms is obvious, but without fuller understanding of the path from genotype

to phenotype, which would require analyses well beyond the scope of this thesis, the

latter two terms are more accurate.

Because there are so many genome-wide associations of single traits published,

now is the perfect time to use this wealth of information to look for cross-phenotype

associations that could indicate pleiotropy, as there is reason to believe it is prevalent

throughout the genome [45]. In fact, Boyle, Li, and Pritchard [46] argue for an “om-

nigenic” model; namely, that for complex traits, variants show a detectable effect in
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Figure 1.4: Schematic of how a cross-phenotype association may appear when no real pleiotropy exists.
One SNP has been typed (symbolized by the grey circle) and is in LD (black lines) with two variants
that have not been (the red and blue circles). The blue and red variants are causal for two different
phenotypes (solid lines), however because they have not been typed, genome-wide assocation studies
cannot pick up on an association between them and their respective phenotypes. Instead, they each
associate the phenotypes with the grey SNP (dotted lines), causing the appearance of pleiotropy at that
SNP.

LD block LD block

a “core set” of genes that are part of etiologically relevant pathways, but also in all

genes throughout the genome, though their effects will be too small to be detectable.

The authors suggest that these smaller effects may act through perturbations in gene

regulatory networks active in cells and tissues relevant to the trait of interest. An

obvious question that emerges from this hypothesis is whether effect sizes at a single

locus are correlated across traits; that is, if a variant has a large enough effect at one

trait that it is detectable by a GWAS, is it likely to have detectable effects in others?

We note that heritable diseases, such as autoimmune disorders, are often comorbid

with other heritable diseases, suggesting a shared genetic basis [47, 48]. Genetic vari-

ants shared between diseases have already been found, for instance between between

metabolic disorder and schizophrenia [49, 50], ischemic stroke and migraines [51], and

the manifold relationships between autoimmune diseases [52, 53, 54].

Knowledge of genetic relationships between traits can aid researchers in discover-

ing novel genetic associations. In 2013, Andreassen et al. [50] used the epidemiological

relationship between schizophrenia and cardiovascular disease as a starting point to

investigate whether there was evidence for a genetic correlation between the two phe-

notypes. After establishing this, they performed a GWAS, conditioning on whether or

not SNPs were associated with cardiovascular disease risk factors (triglyceride levels,

waist-hip ratio, body mass index, type 2 diabetes, blood pressure, and cholesterol)

and were able to increase their power to find variants associated with schizophrenia.
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1.2.2 Examples of pleiotropy

Frequently, pleiotropy is discussed alongside the observation that a single gene appears

to influence a number of traits. One of the most well-known genes shown in Figure 1.2

is FTO, which is noted for its association with a wide range of obesity-related traits

like BMI and waist-hip ratio [32, 55], but has also shown an association with melanoma

[56, 57]. While one may argue that BMI and waist-hip ratio may be different measures

of the same underlying phenotype, it is hard to see how they could be measures of

melanoma risk, especially as Iles et al. found the gene’s effect on melanoma risk to be

independent of BMI, and that the variants associated with cancer risk are not in LD

with those associated with obesity, suggesting that this gene may be acting on these

traits through different pathways [58].

However, single variants may also be associated with multiple phenotypes. One

such variant is rs11209026, located in the gene IL23R. Carriers of the G allele of

this SNP are at an increased risk of inflammatory bowel disease (both ulcerative

colitis and Crohn’s disease [59, 60]) as well as for ankylosing spondylitis [61] and

psoriasis [62]. This is a known missense variant, with the G allele increasing the

number of interleukin 23 (IL-23) receptors on the cell surface compared to the A allele

[63]. IL-23 is a known mediator of inflammatory response in the body and has been

associated with autoimmune diseases even before the discovery of associations with

IL23R [64, 65]. It is therefore not surprising that so many autoimmune diseases are

associated with this variant and it seems likely that it is the same pathway underlying

the effect in all associated diseases.

Other well-known cross-phenotype associations in autoimmune diseases include

a variant in PTPN22 that has opposite effects in Crohn’s disease than to those in

rheumatoid arthiritis and type 1 diabetes—that is, the same allele that reduces one’s

risk of Crohn’s disease increases one’s risk of the other two. In a similar manner, there

is a variant in TNFRSF1A that increases the risk of multiple sclerosis, but decreases

the risk of ankylosing spondylitis [28].

In contrast to the example of probable vertical pleiotropy, Chami et al. [66]

found apparent horizontal pleiotropy at five markers. The study focussed largely on

red blood cell traits and the markers in question were associated with red blood cell

distribution width or hemoglobin levels, but were also found to be associated with lipid
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Figure 1.5: Plot of − log10 (p-values) of associations (y-axis) of different diseases (plotted on the x-axis,
using numeric billing codes from electronic medical records) at the SNP rs3135388. The lower, dashed
line is at the log-scale equivalent of p = 0.05 and the upper, dotted line is the Bonferroni-corrected
threshold. This is Figure 1 in Denny et al.’s 2010 PheWAS paper [68].

traits: total cholesterol, triglyceride levels, and high-density lipoprotein cholesterol.

Effect sizes for the red blood cell traits remained the same after adjustment for lipid

traits, suggesting that the association with one trait is not mediated through the

others.

1.3 PheWAS

One obvious way to look for pleiotropy is to test the effect of a single genetic vari-

ant on multiple phenotypes. This is the intuition behind Phenome-wide association

studies (PheWAS) [67, 68]. In the 2010 paper that coined the name, individuals with

genotype data and electronic medical records were analyzed. The authors deduced

patient disease phenotypes from billing codes and systematically tested each code for

associaton with five SNPs to determine whether or not allelic distributions differed

between cases and controls, similar to a GWAS. We see a plot of their results for the

SNP rs3135388 in Figure 1.5.

The outcome of these studies may be the discovery of cross-phenotype associ-

ations at a given marker. However, like GWAS, PheWAS results must be adjusted

for multiple testing; a standard Bonferroni correction would have to account for the
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number of phenotypes tested, as well as the number of SNPs. This is bound to be

too conservative because many of the phenotypes included in PheWAS are correlated,

which introduces the problem of determining what the appropriate adjustment is in

this case. Furthermore, SNPs selected for a PheWAS are often those discovered in

a GWAS [69]. This potentially misses pleiotropic SNPs that have not yet achieved

genome-wide significance in a study of a single phenotype, but which would eas-

ily achieve phenome-wide significance in multiple traits if studied. A mixed model

approach for performing a full genome-wide analysis (while also controlling for popu-

lation structure) has been suggested [70], but the approximation used in the provided

software to avoid re-estimating variance components at each SNP leads to a loss of

power to detect effects [71].

PheWASs necessarily require a large amount of data: the phenotype of every in-

dividual for every trait, as well as the genotype information for each individual at each

of the SNPs under investigation. Fortunately, recent years have seen the proliferation

of biobanks, such as the UK Biobank [72] or the China Kadoorie Biobank [73], as well

as electronic medical records [74], meaning that the appropriate datasets are being

created. It should also be noted that while PheWASs are commonly performed test-

ing for association with genetic markers, this need not be the case. The study design

has also been used to establish the association of phenotypes with levels of various

biomarkers. This can reveal important information about the correlation structure of

different phenotypes in the PheWAS dataset, as well as highlight biologically-relevant

associations that GWAS would not necessary have been able to discover [75].

1.4 Performing a genome-wide association study

The work detailed in the rest of this thesis pertains to summary statistics from

genome-wide association studies, so it is necessary to explain in some detail how

these studies are performed and from where these summary statistics originate, start-

ing from after the study subjects have been ascertained, measured for the phenotype,

and genotyped. The work that needs to be done to ensure valid results will differ

slightly from study to study, depending on the design and the data available. We do

not attempt to cover all the variations in how a GWAS can be performed, but follow
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the summary given by Anderson et al. [76] to give a broad outline of the quality

control process, after the genotyping and phenotyping of study subjects is complete.

1.4.1 Quality control

The first part of quality control concerns ensuring that genotyping has been done

correctly. Generally, these checks are performed by the company that has performed

the genotyping. Once the data have been sent to the researchers, they may perform

additional checks on genotype calling and take steps to ensure that the genotyping

is correct. Often, the data are filtered so that SNPs that fail to genotype a certain

proportion of the time (using a cut-off of 5% or lower) are removed. Similarly, indi-

viduals whose genotypes failed to be captured on a certain proportion of all markers

(again, with a cut-off for 5% or less) are filtered out of the analysis. Furthermore,

unless the study design is explicitly family-based, most GWASs will remove people

who are closely related (first or second degree relatives) to other people in the study.

SNPs may also be filtered for things such as low minor allele frequency (MAF) and for

being out of Hardy-Weinberg equilibrium (usually measured by a χ2
1 test or Fisher’s

exact test), since these may be the result of genotyping errors. In case-control studies,

differential call-rate between cases and controls may also be a filter.

1.4.2 Imputation

It is also common practice to impute one’s data to a reference panel, usually 1000

Genomes [77] or HapMap [8]. Informally, this means using the information at SNPs

that were typed to estimate subjects’ genotypes at SNPs that were not typed. This

usually involves a process of phasing the data—that is, determining which of each

person’s alleles at a set of SNPs were inherited together on the same haplotype.

Since we cannot discern this from the genotypes alone, we must use information

from databases of sequenced individuals and from the other genotypes in the study.

Once phases are determined, imputation occurs by comparing the haplotypes of the

individuals in the studies to haplotypes in the reference panel and, at SNPs that were

not genotyped for the study, using the known linkage disequilibrium structure and

known haplotypes from the reference panel to fill in the genotyping gaps.
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1.4.3 Covariates and confounding

Thus far, we have ignored the fact that an individual’s phenotype is usually the

product of both his or her genotype and environment. The latter includes both the

environment external to the individual—the place where she or he lives, for example—

or the individual’s internal environment. For example, a number of traits show a

sexual dimorphism. Height is a well-known example of this, with men being taller

than women on average. Thus, any GWAS of height would have to account for sex as

a covariate—a variable that is correlated with the trait measurement—to ensure that

all subjects’ phenotypes were being compared to the appropriate distribution.

Another example of a frequently used covariate is tobacco use, which is a well-

known risk factor for both cancer and cardiovascular disease [78] and thus whether

or not someone uses tobacco products (or did previously) would be an important

variable to account for in a GWAS of one of these traits. Failing to account for it may

cause the GWAS to discover variants associated with tobacco use rather than those

associated with the traits under investigation.

Investigators also need to worry about confounders, which are unmeasured vari-

ables that affect both the independent and dependent variables [79]. One common

potential confounder is population stratification, discussed below, which acts on both

genotype and phenotype frequencies.

Population stratification

Allele frequencies often differ between different populations, so most studies try to

ensure that the individuals gentoyped come from the same ethnic or racial group—

for example, people of European descent or Han Chinese—however these populations

will contain subpopulations that do not mate randomly, due to things like physical

distance between the subpopulations, or social mores (for instance, people from dif-

ferent social classes). This can cause population structure, where allele frequencies,

as well as phenotype prevalence, differ among subpopulations. When this population

structure or stratification exists, a GWAS that does not account for the differences

among these populations will find highly significant, but spurious results associat-

ing the phenotype with any locus whose allele frequencies differ significantly among

the subpopulations. Additionally, even when the phenotype is expressed at the same
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rate in all subpopulations, the underlying genetic causes may be different in different

subpopulations [80, 81].

Genomic control

One way to test and account for population structure is through genomic control,

where the test statistic λGC is calculated by taking the ratio of the median χ2
1 test

statistic calculated in the data and the median expected by the null (this is ≈ 0.455)

[82]. If λGC > 1, then this is a sign that population stratification may be inflating

the test statistics. One way of correcting this is to divide all χ2 values by λGC . While

genomic control is often used as a test of whether or not the data are affected by

population structure, it cannot distinguish between markers that are associated with

different populations and ones that are associated with the phenotype. As a result

dividing by λGC in a GWAS leads to a conservative test and can hide true signals of

association [83].

LD score regression

LD score regression was introduced to improve on genomic control, and claims to sep-

arate the influence of polygencity from population structure in inflated χ2 statistics.

It can also be used to estimate the genetic correlations between pairs of traits [84, 85].

The LD score of variant j, `j, given that the correlations, r2j,k between j and the

variants around it (calculated within a 1 centiMorgan window), variants 1, . . . ,M is

simply

`j =
M∑
k=1

r2j,k.

This gives a measure of how much variation the marker tags in a given population (LD

scores need to be calculated in the same population that the GWAS was performed

in for the results of the regression to be valid), with higher scores indicating higher

amounts of tagging. LD score regression—at its most basic—is the regression of the

LD scores of the markers in a GWAS onto the resulting χ2 statistics. The intercept

of the regression line (or, more accurately, the intercept − 1) gives a measure of the

amount of inflation in the test statistic due to structure or cryptic relatedness in the
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samples and the slope is an estimate of the heritability.

This method can be modified to get a measure of the genetic covariance between

two phentoypes. Instead of regressing LD scores on the χ2 statistics, the LD scores

(multiplied by the square root of the product of the study sizes) are regressed onto the

product of the z scores, with some adjustment for shared samples between the studies.

Here, the slope multiplied by the number of markers gives the estimate of the genetic

covariance between the two traits, ρg. When normalized by the SNP heritabilities of

the two studies (h21,h22), we have

rg =
ρg√
h21h

2
2

.

Principal Component Analysis

Most GWASs now rely on principal component analysis (PCA) of the genetic data to

account for population structure. In general, PCA is a way of remapping data—whose

variables may be correlated—onto independent variables called principal components.

The process reduces the dimensionality of the data, while maintaining as much of the

variability of the data within each principal component as possible [86, 81].

Principal components are listed in decreasing order of variability described (i.e.

the first principal component explains the most variability, the second PC explains

the second most, and so on). It is left largely up to the researcher how many principal

components she or he would like to include in the regression analysis as covariates in

order to account for the potential confounding due to population structure. Usually,

λGC is calculated both before and after applying PCA to make sure that it is having

its intended effect and that λGC is closer to 1 after the PCA than it was before it [86].

1.4.4 Statistical analysis

To determine which markers are associated with the trait, researchers can make a

contingency table of genotypes at a given marker and phenotype class, then perform

a χ2 test or Fisher’s exact test to determine whether there is a statistically significant

association between the phenotype and the marker. This can be adapted from an

additive model, where people who are heterozygous show an intermediate phenotype

compared to those who are homozygous, to a dominant/recessive model by grouping
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heterozygotes with one of the homozygote classes. However, these simple tests of

allele frequency cannot account for covariates that may be necessary to include.

As a result of this, most genome-wide association studies use some form of

generalized linear model, usually a logistic regression for binary traits (i.e. case-control

data) or a linear regression for quantitative traits. Generalized linear models allow

researchers to add to the model the covariates that are known to affect the trait under

investigation, such as age, gender, whether or not the participant smokes, principal

components (see Section 1.4.3), or any other relevant measurement. When applied

correctly, this allows the effect of the contribution of the marker to the phenotype to

be isolated from other factors.

Once the analysis is run, SNPs with strong evidence for association with the

trait are noted and usually subject to some sort of follow-up analysis to determine

biological plausibility. The generally accepted genome-wide significant threshold is

p < 5 × 10−8 [28], though individual studies may modify this, depending on the

desired power to detect true effects [26]. It is standard practice to perform a replication

study in another cohort to ensure the result is a true positive. This usually involves

genotyping a larger number of people on a smaller number of SNPs to verify the

regions of association from the first (or “discovery”) round [28]. Sometimes, some of

the SNPs chosen for replication will have p-values that did not reach genome-wide

significance in the discovery round, but were chosen because there was some evidence

of association (usually on the order of p < 10−6) and researchers have reason to believe

they might be associated with the trait.

Power

In statistics, power is the ability to detect a true effect when it is present. It is a

function of the Type I error rate (α), which is when one rejects the null hypothesis

when it is true. Conversely, failing to the reject the null hypothesis when it is false is

a Type II error, with rate β. Power is simply 1−β. It is defined for some α threshold

and its corresponding test statistic threshold.

Given a p-value threshold, power in GWAS is dependent on the the study size

and the minor allele frequency of a given marker [87, 28]. It can vary throughout the

genome, depending on the density of markers for which there is information within
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a given region. For instance, a region containing a causal variant that is not well

tagged by any of the typed SNPs will likely fail to be statistically significant in a

GWAS scan. On the other hand, in the same dataset, there may be another region

containing a causal SNP that was typed, along with several other SNPs in high LD

with it, allowing it to be detected—though it is not necessarily a given the causal SNP

will be the lead SNP for the region (see Section 1.1.1). Additionally, errors from the

genotyping process can lead to false positives or negatives. These may be the result

of simply calling genotypes wrong, for a large subset of cases or controls, or may be

due to something more subtle, such as systematic differences in the ability to call

genotypes in cases and controls, to cases and controls being genotyped on different

chips, or on the same chip, but processed separately, leading to batch effects.

1.4.5 Linear and logistic regression

We briefly review the forms of linear and logistic regression in genome-wide association

studies. Assuming a quantitative trait, let P = {P1,P2, . . . ,Pn} be the vector of

phenotype measurements in n individuals. For a given SNP, let G = {g1, g2, . . . , gn}

be the vector of each of the n individual’s genotypes. This is usually coded as number

of copies of one of the SNP’s alleles (called the “effect allele”). The regression algorithm

calculates the maximum likelihood estimate of the effect of the “dosage” of the effect

allele compared to the other allele. The true effect is β, and we denote the MLE

calculated from the linear regression as β̂.

Now, let Ci = {ci,1, ci,2, . . . , ci,n} be the vector of covariate measurements (or

statuses, if the covariate is a factor, like sex or smoking exposure) for the ith of l

covariates. Finally, we define ε, the vector of residual errors, which are approximately

normally distributed with a mean of zero. The full model includes an intercept, β̂0 and

the maximum likelihood estimates the effect sizes, β̂i, on the various vectors (whose

true underlying values are β0 and βi, respectively). Hence,

P = β̂0 + β̂G+ β̂1C1 + . . .+ β̂lCl + ε. (1.1)

A more compact form of Equation 1.1 can be obtained if we collapse G and the

C1, . . . ,Cl into an n × (l + 1) matrix, X, and let β̂ be the vector of effect sizes on
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each predictor variable, we have

P = β̂0 + β̂X + ε. (1.2)

In either case, the parameter of interest—at least in a GWAS context—is β̂,

the maximum likelihood estimate of the effect size of the SNP’s effect allele on the

phenotype. This is interpreted as the amount by which the measurement increases

(or decreases, if β̂ < 0) with the number of copies of the effect allele. Associated with

each effect size is a standard error, SE, which gives a measure of how much the data

varies around the predicted values and thus, how accurate the estimate of β̂ is. To

assess whether β̂ is statistically significant at a given SNP—that is, whether or not

one rejects the null hypothesis that β̂ = 0—one can perform a Wald Test, where

W =
β̂2

SE2
∼ χ2

1 (1.3)

or, alternatively, a Student’s t-test, where

T =
β̂

SE
∼ tn−2. (1.4)

If n is large (n > 1000), tn−2 ≈ N (0, 1).

Logistic regression begins in much the same way as its linear counterpart, except

that instead of P being a vector of measurements taken on a continuous scale, P is

now a vector of 1s and 0s, which typically indicate case and control status, respectively.

Let P (X) denote the probability of X. Then,

log

(
P (P = 1)

P (P = 0)

)
= β0 + β̂G+ β̂1C1 + . . .+ β̂lCl, (1.5)

or, more compactly,

log

(
P (P = 1)

P (P = 0)

)
= β̂0 + β̂X . (1.6)

This models the odds of being a case as an exponential function of one’s genotype

and covariates. Here, the effect eβ̂ tells us the odds ratio for each copy of the effect

allele. If the prevalence of the phenotypes is low (< 10%) or if the study population
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is not enriched for the phenotype relative to the general population (i.e. the study is

being carried out in a cohort), then the odds ratio can be a good approximation of

the true underlying relative risk of being a case given one’s genotype at the SNP [88].

Statistical significance is assessed in much the same way as before. In both cases,

we have defined an additive model, where the phenotype risk of the heterozygote is

intermediate to those of the two homozygotes. As in the case with the tests involv-

ing contingency tables, it is trivial to turn these into dominant/recessive models by

changing the allele dose into an indicator of whether or not one carries the effect allele

(so possible genotypes become 0, 1, and 1 instead of 0, 1, and 2) or whether one is

homozygous for the effect allele (0, 0, 1).

Alternatively, one can perform a likelihood ratio test to determine whether β̂ 6=

0. We perform this on the log-likelihoods of the data. The test statistic, Λ is

Λ = 2 log

P
(
data|β = β̂

)
P (data|β = 0)

 . (1.7)

This is distributed approximately χ2
1 , which allows p-values to be generated from this

test. We can also set some threshold, T , for Λ such that if Λ ≥ T , the null hypothesis

is rejected in favor of the alternative.

Linear Mixed Models

Another way of accounting for population stratification is by using a linear mixed

model approach. This involves including a random effects term (or vector of random

effects terms, r) in the linear regression model (see Section 1.4.5 and Equation 1.1).

This term will usually be assumed to be normally distributed, centered on 0 with a

variance dependent on the genetic relationship matrix (GRM, denoted K) and its

underlying variance, σ2
r between all of the subjects in the study. That is, if

r ∼ N
(
0,σ2

rK
)

, (1.8)

then the linear mixed model (see paragraph above Equation 1.2 for variable defini-

tions) becomes
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P = β0 + βX + r + ε. (1.9)

The challenge then becomes estimating βG, β1, . . . , βl,σ
2
r , and σ2

ε , which is the

variance on the residual error term. This is a non-trivial problem and many algorithms

exist to compute solutions accurately and efficiently [89, 90, 91, 92]. Additionally, r

need not be the only random effect included in the model. Other random effects with

their own design matrices may be included in a linear mixed model of this sort.

1.5 Bayesian approaches to GWAS

Bayesian approaches have become popular in statistics in the last few decades due

to increased computational power, which makes it possible to approximate posterior

distributions using sampling methods. These advances have naturally been applied to

genome-wide association studies [93, 94]. The advantages these approaches have over

their frequentist counterparts is that they allow for the incorporation of information

drawn from other sources through the use of priors, and they naturally account for

power by testing the null model directly [95, 93]. The downside is that it is often

unclear what the appropriate prior distribution on a given parameter is appropriate,

and a poorly chosen prior may produce spurious results. Furthermore, until recently,

it was too computationally expensive to use Bayesian approaches, and it is only now

that researchers are becoming familiar with them.

1.5.1 Bayes factors

Bayes factors are a natural consequence of Bayes’ theorem, defined below in Equation

1.10:

P (M |D) =
P (D|M) P (M)

P (D)
. (1.10)

If we have two models of the observed data, M0 and M1, then from Equation 1.10,

we have
P (M1|data)

P (M0|data)︸ ︷︷ ︸
Posterior odds

=
P (data|M1)

P (data|M0)︸ ︷︷ ︸
Bayes factor

× P (M1)

P (M0)︸ ︷︷ ︸
Prior odds

(1.11)

A Bayes Factor (BF) > 1 indicates evidence that M1 describes the data better

22



than M0 and, while BF < 1 indicates that M0 describes the data better. Bayes

factors are useful in comparing models of the data and can be thought of as the

Bayesian version of the likelihood ratio test (Equation 1.7). However, unlike the LRT,

which is the ratio of two likelihood functions evaluated at the values of each model

that maximize it, a Bayes factor is the ratio of two likelihoods integrated over the

parameter spaces of the their respective models. That is, for θ0 and θ1, corresponding

to the continuous variables parameterizing M0 and M1, respectively. Then,

BF =
P (data|M1)

P (data|M0)
=

∫
P (data|θ1,M1) P (θ1|M1) dθ1∫
P (data|θ0,M0) P (θ0|M0) dθ0

(1.12)

These integrals are difficult—and in some cases impossible—to evaluate, hence an

approximation is needed. Previous work has been done to calculate Bayes factors using

Markov chain Monte Carlo (MCMC) [96, 97] or performing a Laplace approximation

[98], however Jon Wakefield [87] developed an approximation of Bayes factors for

GWASs, described in Section 1.5.2 below, which is easier and faster to calculate than

either of these methods, and gives a similar answer a Laplace approximation [93].

Bayes factors vs. p-values

The short-comings of p-values is the motivating factor of Jon Wakefield’s paper [87]

introducing Bayes factors as a potential measure of evidence in GWAS. One advantage

of Bayes factors is that they can explicitly test the evidence for one hypothesis over

another. So instead of rejecting or not rejecting a null hypothesis of no association

between the SNP and the trait, as in p-value based analyses, there is an opportunity

to measure the strength of evidence in favor of an association versus no association.

Additionally, using p-values to determine statistical significance in a GWAS will

result in a loss of power to detect effects when sample sizes are small and when minor

allele frequencies are low, while Bayes factors do not depend on these features of the

data. In short, p-values do not naturally account for power the way Bayes factors

do. By specifying the alternative hypothesis, one can account for power, but this

requires a specific alternative hypothesis to be stated, instead of simply rejecting a

null hypothesis or not. When the prior for the alternative model is the same across all

SNPs, Bayes factors give identical rankings to p-values of the evidence of association,
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so it is possible to recover the frequentist results from a Bayesian analysis [93, 87].

1.5.2 Wakefield’s approximation

One practical drawback of Bayes factors is that they are often difficult to calculate

due to the need to take integrals of likelihoods that may not have closed forms, as is

the case with logistic regression.

A Bayes factor is defined as the ratio of two likelihoods. Let M0 be the null

hypothesis and M1 be an alternative hypothesis (note that M1 need not be the only

alternative hypothesis available). Recall from Equation 1.12 that the Bayes factor,

BF , of the evidence in favor of M1 against the null is simply

BF =
P (data|M1)

P (data|M0)
.

Because genome-wide association studies often have sample sizes in the thou-

sands, Wakefield shows that asymptotically, the maximum likelihood estimate of the

effect size of the SNP on the phenotype, β̂, is normally distributed about the true

effect size, β, with its variance as simply the square of the standard error of β̂, SE2
β̂
.

Using this with a prior on the true effect size of

β ∼ N
(
0,σ2

)
(1.13)

yields an approximate Bayes factor (ABF) for the alternative model that there is an

association between the SNP and the phenotype against the null. This is defined

using the probability density function of the normal distribution, f (µ,σ2) (where µ

is the mean and σ is the standard deviation). Thus,

ABF =
f
(

0,SE2
β̂

+ σ2
)

f
(

0,SE2
β̂

) (1.14)

or equivalently,

ABF =

√√√√ SE2
β̂

SE2
β̂

+ σ2
exp

{
1

2

(
β̂2

SE2
β̂

− β̂2

SE2
β̂

+ σ2

)}
. (1.15)

This approach has the advantage of being easy to calculate and relying only
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on summary statistics, which are more readily available and easier to share than

genotype-level data.

1.5.3 Posterior probability of association

Once a Bayes factor has been calculated (or approximated), we can start investigating

the posterior distribution. If we choose a prior π on the probability of a given marker’s

association with a phenotype and calculate a Bayes factor (BF) for each SNP, we see

from Equation 1.12 that we can calculate the posterior odds (PO) on the alternative

hypothesis [93]. That is,

PO = BF× π

1− π
. (1.16)

From here, we can calculate the posterior probability of association (PPA) as

PPA =
PO

1 + PO
. (1.17)

Stephens and Balding (2009) [93] argue that, unlike p-values, the PPA has the

advantage of being unaffected by power, sample size, or multiple testing burden.

Additionally, they explain how non-additive models of association can be applied in

this framework and suggest averaging the Bayes factors of each of these different

models, weighted according to prior belief that a given model being the true one

underlying the data. They further suggest using a mixture of normal distributions as

the prior on the true effect size, which is equivalent to the weighted average of Bayes

factors under each individual normal distribution.

1.6 Meta-analysis in GWAS

Due to the need for large sample sizes and replication cohorts, genome-wide associa-

tion studies often involve combining the results of many studies of the same or similar

phenotypes. An overlapping group of SNPs are chosen and then carefully analyzed to

determine the “true” genetic effect of the marker on the phenotype. Two of the chief

ways this is done are through fixed effects meta analysis and random effects meta-

analysis. It is important to note that these two examples assume that the studies in
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the meta-analysis are totally independent of one another—that is, there is no overlap

in study subjects.

Often, the results from individual studies can be visualized as a forest plot.

Figure 1.6 shows an example of this on imaginary data: here we imagine that we are

visualizing the results of four different GWASs at the same SNP. The boxes represent

the estimates of the effect allele on the phenotype from each individual GWAS, and

the bars show the 95% confidence intervals of these estimates, as is standard. In our

example, we see straight away that there is a genome-wide significant association in

Study 1. We also see a possible association with Study 3, however this association

does not quite achieve genome-wide significance. If we have reason to believe that

there should be a correlation between Study 1 and Study 3—perhaps they were studies

of similar or even the same phenotype—we may be willing to accept that there is a

true association with Study 3 at this marker.

Study
Study 1
Study 2
Study 3
Study 4

P−value
6.38e−14

0.964
5.48e−06
0.000674

−0.05 0 0.05 0.1 0.15 0.2

Effect size estimate

Figure 1.6: Forest plot of effect size estimates (boxes) and the 95% confidence interval (lines) of the
effect of the same marker in four different studies.

In a similar way, there is a possible association for Study 4 with this marker;

however, due to the usual correction for multiple testing in GWAS, its p-value does not

come close to the required threshold. Again, if we believe that there is a relationship

between Study 4 and Study 1, or between Study 4 and Study 3, we might be willing to

accept that there is evidence of association in Study 4, even if it is not genome-wide.

Ideally, any meta-analysis we perform would allow us to take into account what is

known about the relationships between studies and automatically adjust significance

thresholds based on these. That is, if one study achieves genome-wide significance

at a marker, and other studies of the same or similar phenotypes show evidence of
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association at the same marker, we would like a meta-analysis method that encodes

our intuition that the non genome-wide significant associations are probably real as

well.

1.6.1 Quality control of meta-analysis

As with GWAS, the data for meta-analyses must be checked and harmonized to ensure

the accuracy of the results. The details will depend on the source datasets and the

type of meta-analysis being performed. Some common tasks include converting the

source data so that everything is reported in the same manner and on the same

scale. For instance, some studies report effect size estimates (β̂s) and standard errors

(SEβ̂s), while others will report z-scores, p-values, or 95% confidence intervals. Effect

sizes may be reported as the β̂ from the regression model, or as the relative risk of the

effect allele versus the alternate allele. Researchers will need to convert these data to

the summary statistics they need before proceeding.

Additionally, some studies may analyze a trait as binary while others analyze the

same trait as quantitative. Consider glaucoma: GWAS of this disease have been per-

formed on both intra-ocular pressure (a quantitative trait) [99] and as a binary trait,

comparing those with diagnoses to healthy controls [100]. Before meta-analyzing such

studies, researchers need to be satisfied that the traits in the analysis are either similar

enough that the meta-analysis can be performed, or that the meta-analysis method

is flexible enough to handle different types of data. Additionally, it is important that

a researcher be certain that relevant covariates were appropriately accounted for in

each of the individual studies, and that the effects being analyzed are purely genetic

effects. Finally, if the meta-analysis is not being performed on the same set of markers

from all studies, then researchers either need a method that looks at evidence across

a genomic region, which is flexible enough to handle missing data, or be satisfied that

they can legitimately use proxy SNPs in high LD with the target SNP and that these

are all tagging the same causal variant (see Section 1.2.1).

Unless the meta-analysis only involves p-values or some other summary statistic

that is agnostic to the direction of a marker’s effect, researchers must check that the

markers are aligned—that is, that the effect allele is the same allele across all studies.

Otherwise, effects in opposite directions may cancel each other out and prevent a true
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signal from being discovered. This can be achieved by choosing some database, such

as 1000 Genomes (which we use in our data alignment in Chapter 4, Section 4.2.2),

and aligning all markers to the those reported in the database. This can also act as a

check against potentially multi-allelic markers and genotyping errors in one or more

of the datasets, and problematic markers can be removed. Further checks can be

done by comparing allele frequencies at the markers in the dataset to the frequencies

reported in the dataset and removing those that differ too greatly.

1.6.2 Fixed effects meta-analysis

A fixed effects meta-analysis assumes that the true underlying effect of the SNP on

the phenotype is the same across all studies. Thus, any differences that arise between

studies in their effect size estimates are the result of sampling noise. Because larger

studies are assumed to produce a better estimate of the true effect size, studies are

usually weighted by their sample size, or—more frequently—by the inverse of the

estimated variance of the marker’s effect size.

More formally, for the s studies in the meta-analysis, each with estimated effect

size β̂i and standard error SEi (for i ∈ 1, . . . , s), we have weights, wi

wi =
1

SE2
i

(1.18)

Now with the weights defined, we can obtain the meta-analyzed effect-size, β̂f as

β̂f =

s∑
i=1

wiβ̂i

s∑
i=1

wi

, (1.19)

and the meta-analyzed standard error SEf is

SEf =

√√√√√ 1
s∑
i=1

wi

. (1.20)

A fixed effects meta-analysis is easy to perform and its results are easy to in-

terpret. When using studies that are unambiguously measuring the same thing, it

can be a very useful way of collating information across cohorts and improving the
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power to detect an effect. It is often used to combine evidence between discovery and

replication cohorts in a GWAS to determine the “true” effect size of the marker on

the phenotype.

1.6.3 Random effects meta-analysis

A random effects meta-analysis is appropriate when there is reason to believe that the

true effect size may not be the same for all studies. In this type of meta-analysis we

assume that effect sizes are all drawn from the same distribution, whose mean effect

size, µ and variance, σ2 we wish to estimate.

Unlike fixed effects, random effects assumes two sources of error: one is the error

due to sampling the true effect size of the study, β (as in fixed effects), and the other

from the variation in true effect sizes between studies—that is, from the fact that

β 6= µ. We will call the measurements of these σi and τ respectively (and, as before,

i ∈ 1, . . . , s).

Estimating τ is not trivial and there have been several methods proposed, some

of which involve maximization or other iterative processes [101]. Once this value is

estimated, we can continue with the rest of the meta-analysis, which is almost identical

to the fixed effects version. We calculate new weights for each study, vi such that

vi =
1

SE2
i + τ̂ 2

. (1.21)

And with these vi, we can reuse Equations 1.19 and 1.20 to obtain the meta-

analyzed estimates of the mean, β̂r, and variance, SE2
r , of the distribution from which

the effect sizes for each study were drawn. That is,

β̂r =

s∑
i=1

viβ̂i

s∑
i=1

vi

, (1.22)

and

SEr =

√√√√√ 1
s∑
i=1

vi

. (1.23)

Compared to SEf in the fixed effects framework, the random effects SEr will
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be larger because β̂r and SEr are describing a distribution as opposed to a point

estimate. This feature also makes the resulting p-values for random effects models

larger than those of fixed effects models. Han and Eskin [102] make this observation

and demonstrate it through simulation. They note that the null model in a traditional

random effects meta-analysis assumes the same heterogeneity in the effect sizes of the

studies as is calculated for the alternative hypothesis. This is despite the fact that, by

definition, the null model assumes that the effect sizes are zero in all the studies. To

solve this, they suggest a modification that assumes no heterogeneity in effect sizes

under the null and uses a likelihood ratio test to assess the evidence.

Thus, the null model assumes that τ 2 = 0 and µ = 0. Then if τ̂ 2 and µ̂ are the

maximum likelihood estimates for these parameters (the authors suggest that this be

obtained through an iterative procedure), the likelihood ratio test statistic, SNew is

SNew =
s∑
i=1

log

(
vi

vi + τ̂ 2

)
+

s∑
i=1

β̂2
i

vi
−

s∑
i=1

(
β̂i − µ̂

)2
vi + τ̂

.

The statistical significance of SNew can be assessed by a permutation test (randomly

permute each studies’ data), sampling β̂i from a normal distribution centered on zero

and with variance vi to obtain a null distribution, or using the asymptotic distribution,

which is a mixture of the χ2
1 and χ2

2 distributions [102, 103]. Additionally, the authors

show that this method has better power than fixed effects or the traditional random

effects approaches to detect true effects among heterogeneous effect sizes while con-

trolling appropriately for for Type I errors. Furthermore, the test statistic can be

decomposed into its constituent null and alternative parts, which can be adjusted

separately for different levels of genomic control, if necessary.

Traditionally meta-analysis has been done to combine results across different

cohorts; this is still an active area of research. We see from Shi and Lee [104] and

Morris [105] that the idea of effect size estimates across studies being distributed

multivariate normal (as in several of the methods described below, including ours)

is not new and there is much that those interested in cross-phenotype associations

can learn from the methodologies used in trans-ethnic meta-analyses, particularly in

dealing with heterogeneous effects.
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1.6.4 Fisher’s method

R.A. Fisher also proposed a method of aggregating evidence across independent stud-

ies. For n studies with p-values p1, p2, . . . , pn, he proposed a χ2
2n test statistic of

χ2
2n = −2

n∑
i=1

log (pi) . (1.24)

From here the meta-analyzed p-value can be calculated [106].

We note that because this method takes only p-values as its input, there is no

assumption about the size and direction of effects underlying the studies, similar to

a random effects meta-analysis. It is a test of a global null hypothesis that βi =

0,∀i ∈ {1, 2, . . . ,n}. However, unlike fixed and random effects meta analyses, it

cannot provide estimates of the global effect size across or its standard error.

1.7 Methods for detecting cross-phenotype associa-

tions

While not as extreme as the explosion of genome-wide association studies, there has

been an increase in interest in finding variants that affect multiple phenotypes. In

the last five years, there have been a number of papers proposing methods for how

to go about this. In Table 1.1, we highlight the methods that try to find associations

across phenotypes at a SNP or in a region of the genome and discuss them in more

detail in the coming subsections.

Broadly speaking, these methods divide into two categories: those that search for

a gene or region of the genome that is associated with multiple phenotypes and those

that search for specific variants associated with multiple phenotypes. Thus, some

methods do not attempt a SNP by SNP comparison, but use linkage disequilibrium to

divide the genome into regions for analysis [107, 108]. Another division occurs between

methods that are concerned with quantifying the correlation and the heterogeneity

between phenotypes [108, 109, 110], and those that aim to provide a definitive test for

multiple phenotypic associations at a single marker [52, 111]. We review some of these

methods to provide context for our own work, but the rate at which new methods are

published prohibits a systematic and comprehensive review of all methods.
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Table 1.1: Table of GWAS meta-analysis methods discussed in this chapter. We list the name of the
method, its bibliographic reference number, what summary statistics it uses (if any), whether or not the
method scales to use in genome-wide datasets (a 5 means that it does), whether or not it can incorporate
prior information (a 5 means that it can), and whether it can accommodate covariance in the data due
to study design, for example shared controls (a 5 means that it can).

Method Ref Summary stats Scales
Prior
info

Cryptic
Cov.

CPMA [52] p-values 5

PRIMe [107]

p-values, LD
structure between
SNPs 5

Binary effects
model [112]

effect size estimates
and standard errors 5

ASSET [111] GWAS z-scores 5 5 5

TATES [113]

p-values, LD
structure between
SNPs 5

Bayes factors
with
heterogeneous
subgroups [109]

z-scores or effect size
estimates and
standard errors 5 5

Univariate
Bayes factor
with cost
thresholds [110]

effect size estimates
and standard errors 5 5

Test based on
the Fisher
combination
function [114] GWAS p-values 5

Trinculo [115] Needs genotype data 5 5

Pairwise Bayes
factors [108]

effect size estimates
and standard errors 5 5 5

BUHMBOX [54] Needs genotype data 5

Bayesian
meta-analysis
using MCMC [116]

effect size estimates
and standard errors 5 5

META-SCOPA [117]

Regression coefficients
and covariance
matrices from
SCOPA analyses 5

MTAG [118] GWAS z-scores 5 5
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1.7.1 Cross-phenotype meta-analysis [52]

One of the earliest and most well-cited methods is that of Cotsapas et al., which

proposes a cross-phenotype meta-analysis (CPMA) test. There will be more discus-

sion of this test in Chapter 3 (see Section 3.3.1), but briefly, it works by testing

− log (p-values) for the associations of a collection of phenotypes at a given marker,

with the value for the phenotype originally associated with the SNP removed. The

test is whether the distribution of these p-values deviates significantly from the null

model that the p-values (when sorted in decreasing order) are decaying exponentially

at a rate (λ) of 1. The CPMA test statistic is simply

CPMA = −2× P (data|λ = 1)

P
(
data|λ = λ̂

) .

This test statistic is distributed χ2
1, and so we can get a measure of how extreme

the distribution of p-values is against a null model of no association with the marker.

Both the test statistic and corresponding p-value are quickly and easily calculated and

most people are familiar with p-values and have some idea of how to interpret them.

However, there are downsides to this test. While it may show evidence for further

phenotypic associations at the marker, it cannot say how many or which phenotypes

are associated. As discussed in 1.5.1 GWAS p-values are sensitive to minor allele

frequency and study size, which means that meta-analysis methods that use them as

their inputs will inherit this sensitivity.

1.7.2 PRIMe [107]

The Pleiotropic Region Identification Method (PRIMe), in addition to taking p-values

from genome-wide association studies, requires the LD structure between the SNPs

under investigation. From there, the method identifies the SNP with the lowest

p-value over all phenotypes in a region of LD as the “driver” and all other SNPs

that have also reached genome-wide significance in that LD block as “passengers”.

Regions of the genome are defined as those that have a driver. Next, the number of

phenotypes associated with a region are counted and a p-value, PT , is calculated as

the probability of observing the number of associated phenotypes in a given region.

Because LD structure is different for each region, there is no universal null distribution
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for the number of associated phenotypes. A region is considered pleiotropic if its

PT < 5× 10−8.

If the different GWAS used in this analysis are completely independent of one

another, then the null distribution for a region may be estimated using a binomial

distribution. For correlated GWASs, they turned to simulation to assess PT . This is

because the correlation between studies necessitates looking at z scores (which can

be calculated from p-values), which should be distributed as a multivariate normal.

However, calculating PT in this environment would require evaluating the multiple

integral of a multivariate normal distribution over M SNPs, so simulating z scores

under the null that no phenotypes are associated with the M SNPs in this region is

the faster approach.

Though this method would be useful for scanning genomes for regions that are

associated with many phenotypes, as before, PT cannot tell us which phenotypes are

associated. Furthermore, because it uses p-values from studies as its input statistics,

we encounter the same problems that we did with the CPMA. In particular, it is

troubling that regions are defined according to the lowest p-value associated with the

LD block, as the lowest p-value may not correspond to the most biologically relevant

marker or the most extreme effect on any phenotype, both of which are equally valid

and justifiable means by which to define a region of the genome.

1.7.3 Binary effects model [112]

The binary effects model was introduced to deal with heterogeneity among effect sizes.

The authors point out that some genetic effects only appear to affect one population.

Thus they suggest a method for conducting a meta-analysis in two steps: first by

determining what they call the m-value, which is the posterior probability that each

study has a true association with the phenotype at a given marker, and then using

this probability as an added weight in a fixed effects meta-analysis (see Section 1.6).

Let β̂ be the vector of effect size estimates from a GWAS. Let T be the binary

string showing the pattern of association of across all n studies, and t be a particular

pattern of association. Finally, U is the set of all possible patterns of association and

Ui is the set of all binary strings whose ith element is 1. Then the m-value, mi for

study i is
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mi =

∑
t∈Ui

P
(
β̂|T = t

)
P (T = t)∑

t∈U
P
(
β̂|T = t

)
P (T = t)

.

The prior P (T = t) is the ratio of two beta distributions, while the likelihood

P
(
β̂|T = t

)
is the product of multivariate normal densities.

The m value can be calculated directly by summing through all the elements of

U or—if this n is large (n ≥ 20, say)—by using a Markov chain Monte Carlo approach

to estimate the distribution. Once this is done, let wi be the weights as in Equation

1.18 and Zi be the z score of study i. That is,

Zi =
β̂i
SEi

.

Then the binary effects test statistic, SBE is

SBE =

n∑
i=1

miZi
√
wi

n∑
i=1

√
m2
iwi

.

1.7.4 Subset based analysis [111]

This method involves looking across subsets of studies included in the meta-analysis.

Unlike previous methods, this uses z scores (the effect size estimate of the SNP on

the phenotype divided by its standard error) and the study sizes as their inputs. The

study sizes are used to calculate the weights, wk, of each of the K studies in the

chosen subset, S. From there, they calculate Z (S), which is the weighted sum of the

z-scores from the K studies. Next, they calculate their final test statistic, Zmeta−max

, which is the maximum |Z (S) | for all possible subsets, S. That is

Zmeta−max = max
S∈S
|Z (S) |.

Rather than investigating all subsets exhaustively, they use the discrete local

maximum method [119] to find the subset that maximizes this statistic and gives

a corresponding p-value for Zmeta−max. To allow for a two-sided test (which also

accounts for combinations of studies where the effects of the SNP on the traits may
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not be in the same direction), they introduce an adjustment where they split the

studies by direction of effect to find Zmax,− and Zmax,+ and estimate the respective

p-values for them, (P̃−DLM and P̃+
DLM , respectively). Then

Z2
meta−max = −2

[
log
(
P̃+
DLM

)
+
(
P̃−DLM

)]
,

which has a χ2
4 distribution. If the effect is only ever in one direction, then Z2

meta−max =

−2 log
(
P̃+
DLM

)
or Z2

meta−max = −2 log
(
P̃−DLM

)
.

This method is flexible enough to cope with covariance between the different

studies (from shared controls, for instance). It has the advantage of not only being

able to show that a SNP affects multiple traits, but of reporting exactly which traits

are affected. The study’s creators have written an R package [120] to implement this

method, called ASSET [121], which is further discussed in Chapter 3, Section 3.5.

1.7.5 Multivariate phenotype analyses (TATES and Trinculo)

One area of particular interest is in searching for regions of the genome associated with

a particular trait by combining associations from studies of phenotypes associated with

the trait. For instance, a study of cardiovascular disease (CVD) may be subdivided

into studies of the various risk factors associated with CVD, such as levels of high-

and low-density lipoproteins, serum triglyceride levels, body mass index, etc. Having

performed a GWAS on these different phenotypes, the researcher may wish to pool

them together again at the end in the hopes of increasing his or her power to find a

genetic association with the overall trait of interest. It may also be of interest to see

the extent to which each component contributes to the overall phenotype.

Among others, Yang et al. (2010) [122], van der Sluis et al. [113], and Yang

et al. (2016) [114] all propose methods for performing this type of meta-analysis,

each involving some way of combining test statistics from an ordinary GWAS into a

single statistic with a known null distribution. They have been grouped together here

because while their methods are interesting, they cannot be used in a more flexible

manner to search for regions associated with phenotypes that might not ordinarily be

put together. While it certainly makes sense to search for cross-phenotype associations

among closely related traits, this thesis is more concerned with approaches that treat
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each phenotype as self-contained rather than as one part of a larger, predetermined

whole.

Trinculo [115]

Additionally, Jostins and McVean [115] have introduced a speedy way of implement-

ing, among other things, multinomial regression, which is the more general form of

logistic regression (see Section 1.4.5). In multinomial regression, the number of dis-

crete outcomes can be more than two.

This allows for the creation of outcome classes that can be tested via a LRT for

association across multiple phenotypes, as well as heterogeneity between effect sizes

for each outcome [123]. This, of course, requires genotyping data and measurements

on multiple phenotypes, and so is most frequently used to look for associations across

multivariate phenotypes, rather than disparate ones.

1.7.6 SCOPA and META-SCOPA [117]

The standard regression model may be inverted, so that the genotype at a given

SNP becomes the dependent variable, while the phenotype becomes the independent

variable. That is for phenotypes y1, y2, . . . , yk, for a given SNP, the genotype of the

ith individual in the study, Gi can be denoted

Gi = a+
k∑
j=1

βjyij + εi

where, as usual, βj is the regression coefficient of the jth phenotype on the genotype,

and εi is the residual error term. This is implemented in Software for COrrelated

Phenotype Analysis (SCOPA) [117]. The authors advise that the phenotypes be

residuals of the measured phenotypes after adjusting for covariates like age, sex, and

population structure. From there, the maximized log-likelihood of the full model is

compared to the the maximized log-likelihood of the null model (where βj = 0, ∀j ∈

1, . . . , k) in a likelihood ratio test, which can be converted into a p-value.

An advantage of this approach is that for SNPs that show a genome-wide signif-

icant association between phenotype and genotype, a model selection can be used to

determine the most likely subset of phenotypes that are associated with the SNP. The
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authors systematically performed the regression using every possible combination of

phenotypes, calculated the log-likelihood for each model, and chose the likeliest sub-

set as the one with the lowest Bayesian information criterion. Furthermore, because

the effects of the phenotypes are being estimated jointly, the correlation structure

between them is accounted for.

The authors also implemented a way to meta-analyze the results of multiple

SCOPA analyses (META-SCOPA), which uses a multivariate generalized least squares

method to aggregate the regression coefficients across all phenotypes [124] and per-

forms the equivalent of a fixed-effects meta-analysis for this study design. Addi-

tionally, the Bayesian information criteria for each subset model at a SNP can be

combined across all studies to determine the most likely model using the full meta-

analyzed dataset.

A disadvantage of this method is that the regression coeffients from both the

original analysis and the meta-analysis are difficult to interpret. The estimate of βj

cannot represent the effect of the phenotype on genotype, because the causation is

safely assumed to be in the opposite direction.

1.7.7 BUHMBOX [54]

Sometimes, the underlying genetic architecture for a disease shows heterogeneity in

subgroups, as is the case with ischemic stroke [125]. Specifically, variants were found

that appeared to affect an individual’s risk of cardioembolic stroke without appearing

to affect the risk of large or small vessel stroke. When the variants causing the disease

in one of the subgroups have a pleiotropic effect and affect the risk of a different

disease, the genetic correlation induced between the two diseases overall can suggest

pleiotropy. BUHMBOX—Breaking Up Heterogeneous Mixture Based On cross(X)-

locus correlations—searches for genetic heterogeneity among subgroups of a disease

in order to distinguish between these two scenarios.

This method compares the allele frequencies of variants known to be associated

with the two diseases of interest (DA and DB) in cases of both studies. If there is

subgroup heterogeneity in one of the diseases—say DA—then the risk allele frequencies

of markers associated with DB are expected to be increased in only a subset of of cases

for DA. If the variants are shared between the two diseases more generally, then the

38



risk variants affecting DB are expected to show increased frequency in cases of DA in

general. The BUHMBOX test statistic is designed to return a statistically significant

result only in the case where subset heterogeneity exists.

The most obvious drawback of this approach is that risk variants for DB must

be known ahead of time. The method cannot find loci that are novel for both DA (or

a subset of it) and DB. It also requires the genotype data of the participants in both

disease studies in order to calculate a correlation matrix of the effects of the variants

being used in the test on both diseases. This creates challenges in sharing data across

labs—both due to needing ethical approval to do so and also due to the challenges

that come with sharing and then storing large amounts of data.

1.7.8 Univariate Bayes factor with cost thresholds [110]

Asimit et. al [110] suggest an approach of calculating Wakefield’s approximate Bayes

factor and then testing whether the Bayes factors across multiple traits (the paper

focuses on the case where only two traits are under investigation) are high at more

SNPs than would be expected by chance. The threshold for whether an approximate

Bayes factor is considered “high” or “low” depends on the prior probability, π0, of no

association between the SNP and the phenotype and R, the ratio between the cost of

a Type II error and a Type I error—that is,

R =
cost of not rejecting the null hypothesis when it is false
cost of rejecting the null hypothesis when it is true

.

Then the significance threshold for the Bayes factors is

π0
R (1− π0)

.

Using this threshold, the study’s authors use a procedure to thin the number

of SNPs while prioritizing those with high ABFs so that they are left with a set of

SNPs that are approximately independent. From there, they construct a contingency

table and then perform the paired equivalence of the χ2 test, the McNemar mid-p

test [126], which allows them to test for more genetic overlap between traits than one

might expect by chance. There is no requirement for this method to use Wakefield’s

ABF—a fact they acknowledge by describing a pruning method that uses p-values
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rather than ABF s. However, it is unlikely that using ABF s would cause them to

exclude SNPs with p-values that were otherwise genome-wide significant.

1.7.9 Bayes factors with heterogeneous subgroups [109]

Wen and Stephens (2014) [109] use Bayes factors (though not necessarily calculated

using Wakefield’s approach) to perform a version of a random effects meta-analysis

(see Section 1.6) and test for association between a given SNP and multiple traits (or

a subsets of traits) against a global null hypothesis of no association in any of them.

They consider both the case where the effects across studies have been standardized

(that is, the effect sizes have been transformed into z scores) and the case where

they have not, but the models for analysis under both these frameworks are almost

identical.

In this analysis, the set of effect sizes (standardized or not) are assumed to

be distributed multivariate normal about a mean vector of zeroes, with a variance-

covariance matrix of Σ. The hyperparameters φ2 and ω2 describe the prior variances

on the distribution of effect sizes and the distribution of mean effect sizes, respectively.

Thus, the diagonal of Σ is φ2 +ω2 and the off-diagonal is ω2. Here, ω gives a measure

of heterogeneity of effect sizes across the traits. Thus, the null hypothesis is that

ω = φ = 0→ all effect sizes are zero.

They performed their analysis on multiple values of φ and ω and take the

weighted mean Bayes factor over these models to obtain a single meta-analyzed Bayes

factor over all models of heterogeneity. This led to an increase in power to detect ef-

fects over performing the analysis in subgroups and also allowed for the discovery of

novel associations.

1.7.10 Pairwise Bayes factors [108]

Pickrell et al. [108] use Wakefield’s ABF to test for the association of a SNP with

pairs of phenotypes. They initially tested three models:

Model 1: The SNP is associated with Trait 1 only,

Model 2: The SNP is associated with Trait 2 only, and

Model 3: The SNP is associated with Trait 1 and Trait 2.

These correspond to calculating the ABF for Trait 1, the ABF for Trait 2, and
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multiplying the ABF s for Traits 1 and 2—this is permitted under the assumption that

cohorts in the studies are independent. From here, the genome is split into regions,

each with their own Bayes factors. For a region r with K SNPs (with pre-calculated

Bayes factors BFi : i ∈ 1, . . . ,K), the regional Bayes factor for model l (RBF (l)) is,

given weight πli:∗

RBF (l)
r =

K∑
i=1

π
(l)
i BF

(l)
i .

They then introduce a fourth model, which allows for the region to contain two

causal SNPs—one for each trait. Thus, for an indicator function where I = 1 if i 6= j

and I = 0 otherwise,

RBF (4)
r =

K∑
i=1

K∑
j=1

π1
i π

2
jBF

1
i BF

2
j I (i, j) .

As with PRIMe (Section 1.7.2), this allows for a by-region investigation of the genome

for each pair of traits.

While the initial description of the various models assumes the independence

of the cohorts in which the traits were studied, this need not be the case. The

Bayes factors for Model 3 can be calculated in non-independent studies with some

correlation, C between the z scores of the two studies.

Applying this method across 42 traits, they were able to highlight pairs of traits

that seemed particularly correlated (positively and negatively) and to find 341 regions

of the genome that influenced multiple traits. This study demonstrated a potential

strength of a Bayes factor approach in dealing with non-independent studies—the

covariance between the studies can be included as part of the model.

This is reminiscent of the work done using LD Score Regression (Section 1.4.3),

which was applied across 25 traits and found many pairs of correlated traits known to

epidemiologists, and suggested some new pairs of genetic correlations that were novel.

This could potentially act as a way of checking genome-wide correlations found by

methods like the pairwise Bayes factor, since LD score regression cannot say which

regions or markers are driving the genetic correlation.

∗In practice, πl
i =

1

K
,∀l, but this need not be the case.

41



1.7.11 Bayesian meta-analysis using MCMC [116]

CPBayes, an R package, also performs meta-analysis on GWAS summary statistics.

Here, the effect sizes, β̂1, . . . , β̂K are the observed effects in K studies, and s1, . . . , sK

are their corresponding standard errors.

β̂i|βi ∼ N (βi, si)∀i ∈ 1, . . . ,K.

Alternatively, if S is the covariance matrix of

β̂ = β̂1, . . . , β̂K ,

and

β = β1, . . . , βK ,

we can formulate the above as

β̂|β ∼ MVN (β,S) .

The authors use a spike and slab prior [127, 128] on βi. This depends on the

latent variables Z = z1, . . . , zK , where an arbitrary element zi = 1 when the ith

phenotype is associated with a given SNP and zi = 0 otherwise. Their values depend

on the parameter q, which is the proportion of phenotypes that are truly associated

with the SNP. The variable q, in turn, is assumed to have a beta distribution with

shape parameters c1, c2. Additionally, they introduce the parameters τ and d, which—

like q—follow a beta distribution with shape parameters e1, e2. In practice, the authors

chose c1 = c2 = e1 = e2, so that q and d would have uniform distributions over the

interval (0,1). Thus,

βi|zi = 1, τ , d ∼ N
(

0,
(τ
d

)2)
.

Conversely,

βi|zi = 0, τ , d ∼ N
(
0, τ 2

)
.

They use a Markov chain Monte Carlo to generate values of β,Z, q, and d and
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sample from the posterior distribution of these parameter values to calculate Bayes

factors for a model where zi = 1 for at least one i ∈ 1, . . . ,K against the null

model where zi = 0∀i ∈ 1, . . . ,K. They also calculate the posterior probability of no

association (PPNA) of the SNP on each individual phenotype. This is based on the

posterior probability of association (PPA) (see 1.5 and Equation 1.17 [93]), and both

are based on the posterior odds, which is, in turn, the product of the Bayes factor

and the prior odds. That is, PPNA = 1− PPA.

This method can account for covariance due to things like shared controls with

the covariance matrix S. It can also select the subset of phenotypes most likely to

be associated with a SNP. However, while it might be useful to set a prior on the

correlation between true effects, this method does not, which may result in a loss

of power compared to those that do. The initial GWASs were done on a cohort of

22 phenotypes in 53,809 individuals of European descent who had been genotyped

at 601,175 autosomal SNPs and this method identified only nine independent loci

associated with more than one phenotype. There may also be problems in scaling to

large numbers of phenotypes and large numbers of SNPs; the analysis of 1000 SNPs

across the 22 phenotypes took 4.5 hours of computation time.

1.7.12 Multi-Trait Analysis of GWAS (MTAG) [118]

The authors of Mulit-Trait Analysis of GWAS (MTAG) describe it as “a generalization

of standard, inverse-variance-weighted meta-analysis” [118]. The authors start with a

set of T correlated traits, which have all been normalized to have a mean of 0 and a

variance of 1.

Like many of the other methods discussed in this chapter, as well as our own,

this method assumes that the vector of true effect sizes of the jth SNP on the T

traits, βj, is distributed multivariate normal with a mean of 0 (the zero vector) and

variance-covariance matrix Ω.† Similarly, the observed effect sizes, the vector β̂j, are

assumed to come from a multivariate normal distribution with mean vector βj and

variance-covariance matrix Σ, which is calculated using the number of samples in

the study and the intercept of the pairwise LD score regression (see Section 1.4.3).
†The notation used by the MTAG authors is very similar to the notation we use when describing

our method in Chapter 2, however our definitions of the matrices Ω and Σ reversed from the ones
described here.
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Because Σ represents the covariance due to sampling error, this matrix may vary from

SNP to SNP due to things like variation in sample size at each marker. So for the

jth SNP, the covariance matrix of β̂j|βj is Σj.

The matrix Ω is estimated using Σj and the fact that the marginal density

of β̂j ∼ MVN (0, Ω + Σj). The corresponding log-likelihood `
(
Ω; β̂j, Σj

)
is maxi-

mized either numerically or using a closed form that assumes a constant sample size

at each of the SNPs.

The authors then define weights based on the variance of the tth study, and

show that β̂j|βj,t is distributed multivariate normal about a mean of βj,t scaled by the

weights and with a variance based on a linear combination of Ω, Σj , and a quantity

representing the vector of weights scaled by the variance of β̂j,t. By maximizing this

marginal likelihood with respect to βj,t, they define their MTAG estimator, β̂MTAG,j,t.

This is the weighted sum of β̂j and is constructed to account for covariance due to

shared genetic effects as well as covariance due to shared controls. When the studies

in the meta-analysis are of the same trait, β̂MTAG,j,t and its standard error simplify

to the fixed effects meta-analysis test statistic and standard error (see Equations 1.19

and 1.20).

The use of LD score regression to calculate Σj allows this method to account

for cryptic covariance between studies, which can occur due to things like sharing of

samples or population structure. Another strength of this method is the ability to

estimate the true effect size of a given study using information from studies of related

traits. By combining data in this way, true signals that fail to achieve genome-wide

significance in their original studies may be discovered.

1.8 Our work

We see that while there are many methods to find cross-phenotype associations, few of

them are able to do so on a SNP by SNP basis or make predictions about the pattern

of phenotypic association at a given SNP. Furthermore, most of these methods require

that the studies in the meta-analysis be completely independent. As more and more

work is carried out by consortia and using data from biobanks, this requirement

becomes less realistic, as these large groups often share controls and biobanks store
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data on multiple phenotypes in the same set of individuals.

This thesis proposes a statistical method to search for cross-phenotype associ-

ations in a Bayesian setting using only summary statistics from genome-wide asso-

ciation studies. While we do not claim that this method is vastly better than any

other method‡, there are some appealing features of our method that we highlight

here. For one, summary statistics are easily more shared than raw, since there is no

risk of identifying study participants from summary data. Furthermore, our method

allows for GWAS SNPs—as opposed to regions—to be investigated in a systematic

way across as many theoretical phenotypes as we wish, though computational expe-

diency may impose a limit in reality. Furthermore, there is no requirement for our

phenotypes to be related at all, though phenotypes with expected genetic correlations

will increase our power to detect associations. Unlike previous methods, our method

provides the opportunity to say something about the probability of any individual

phenotype being associated with a given SNP, as well as the probability of a given

subset of phenotypes being associated.

Those studying cross-phenotype associations do so in the hope of learning more

about the genetic relationship between different phenotypes, while the analogous rela-

tionships in transethnic studies—the genetic relationship between study populations—

is something that is more easily calculated, if not understood. Because of this, the

tests may not always be interchangeable because transethnic studies aim to identify

a robust causal variant rather than to learn something new about the relationships

between the ethnicities used. In fact, the relationship between ethnicities may already

be well-characterized and included in the model [104, 105].

So while our method and many others may be applicable to transethnic meta-

analyses, and vice versa, we will not be discussing these applications, as transeth-

nic meta-analyses on a single phenotype are beyond the scope of this thesis. We

note, however, that the meta-analysis performed on the Wellcome Trust Case Con-

trol Consortium in Chapter 4 searches for cross-phenotype associations across several

continental populations.

We introduce our method in Chapter 2 and investigate its statistical properties

in simulated data. We first apply it—along with four other methods described in
‡Indeed, the metric for defining what method is the “best” is far too dependent on the aims of

the researcher and the data available for there to be one universal best method.
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this chapter—to a small dataset in Chapter 3, allowing us to compare our method

to others in terms of both speed and results in real data. In Chapter 4, we per-

form a meta-analysis on data from 14 Wellcome Trust Case Control Consortium 2

(WTCCC2) studies to investigate the method’s scalability to diverse, genome-wide

data. In Chapter 5, we apply it to more autoimmune disease data from Immunobase,

and investigate the possibility of using an empirical prior on models of associations.

Additionally, we use the datasets in Chapters 3 and 5 to investigate the question

raised by the omnigenic model in Section 1.2: do we see that a large effect on one

trait correlates to more effects detected in others? In each of our applications to

real data, we examine the properties of the datasets we use and their effects on the

method’s performance and conclusions. Finally, we summarize the pros, cons, and

future directions for this kind of research in Chapter 6.

This thesis would not have been possible without input from several people,

whose contributions to this work are summarized in Table 1.2 below.

Table 1.2: Table of collaborators and their contributions to the work discussed in this thesis.

Collaborator Contributions

Performed the alignment, data quality control,
and summary statistic imputation on the
Immunobase data before sharing with me.

Luke Jostins

Shared his previous work on liability models with
me and wrote initial code to simulate data under
these models.

Matti Pirinen

Developed the method of calculating the p-value
for the approximate Bayes factor analytically,
using quadratic form of the matrix of effect size
estimates, β̂T, the study matrix Ω and the prior
matrix Σ. He also provided the R code for this
calculation.

Performed the initial analysis of the WTCCC2
autoimmune diseases, which I recreated.

Chris Spencer

The explanation of Wakefield’s approximate
Bayes factor is based on summaries Chris has
given throughout the course of my DPhil studies.
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Chapter 2

The Method

2.1 Introduction

As we saw in Chapter 1, there are a number of approaches to meta-analyzing genome-

wide association studies. Though many approaches make use of summary statistics—

which are shared and stored more easily than raw genetic data—none of them make

much use of prior information that we might have about our variants, studies, or

traits. Additionally, several methods lack closed-form solutions and require iterative

procedures to arrive at their final result. In this thesis, we introduce a method that

overcomes some of these drawbacks in terms of speed of calculation and the interpre-

tation of results. There will never be one perfect meta-analysis method, and there

will be situations when another method is more appropriate, but we believe that our

method can be used in meta-analyses to discover associations that might otherwise

have been overlooked and to discover possible cross-trait associations.

We build on the work of Wakefield to create our own methods of assessing

patterns of association at a single SNP across multiple phenotypes. We introduce

two main ways of testing for multiple phenotypic associations at a given SNP: the

all-correlated approximate Bayes factor and the subset exhaustive approach. We use

simulated data to to investigate the properties of these two approaches. We will also

discuss how we generated data using a full logistic regression and compare it to a

much faster method that generates the summary statistics from a normal distribution

directly. We describe the different sets of simulated data we generated and use them

to investigate the power of our methods to detect effects compared to standard fixed
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and random effects meta-analyses.

The subset exhaustive framework affords us the opportunity to select the model

that best fits the data. We look at how well this approach matches the true underlying

data, even when priors that match the data poorly are used. This is important to

understand since our results in subsequent chapters involve trying to learn about the

relationships among diseases, so we need to be confident in our initial inference about

patterns of association.

Additionally, we investigate the calibration of posterior probabilities on each

possible model of phenotypic association calculated from the approximate Bayes fac-

tors. Posterior probabilities are more readily interpreted than Bayes factors, especially

across SNPs, however we need to be certain that a posterior probability of, for exam-

ple 50% on a model (or as a marginal probability on a disease’s association with a

given marker) does in fact mean that 50% of all models with that probability are the

true underlying model (or that 50% of all diseases with that marginal probability are

truly associated with the marker). If these probabilities are not well calibrated, then

the calculated posterior probability may over- or under-estimate the true probability

of a model being the true model or of a disease being truly associated with the marker.

2.2 Our approach

In Chapter 1, Section 1.5.1, we defined Bayes factors and Wakefield’s approximation

for genome-wide association studies [87]. Briefly, a Bayes factor is defined as the ratio

of two likelihoods. LetM0 be the null hypothesis andM1 be an alternative hypothesis

(note thatM1 may be one of several alternative hypotheses available). Then the Bayes

factor, BF , of the evidence in favor of M1 against the null is simply

BF =
P (data|M1)

P (data|M0)
. (2.1)

Because the likelihoods in Bayes factors involve integrals of functions that may

not have closed-forms, they are often approximated by iterative procedures, such as

Markov chain Monte Carlo. For genome-wide association studies, Wakefield intro-

duces an approximation, the ABF, defined as the ratio of two normal densities. Let

f (a;µ, τ 2) be the normal density function about mean µ and variance τ 2, evaluated
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at a. We define β̂ to be the observed effect size from a genome-wide association study

and V to be the square of the standard error of β̂. We define some prior on the true

effect size, σ2, and

ABF =
f
(
β̂; 0,V + σ2

)
f
(
β̂; 0,V

) . (2.2)

2.2.1 Extending to the multivariate case

We can easily extend Wakefield’s method to the multivariate case. We simply allow

β̂ to be the vector of effect sizes at the same SNP across n studies. Similarly, SE2
β̂

becomes the covariance matrix Ωβ̂. In this thesis, Ωβ̂ is assumed to represent the

cryptic relatedness between studies due to shared controls. Thus, when the studies

in the meta-analysis do not share samples, this matrix is diagonal. However, it is

possible that it could also capture environmental effects shared between the traits

and other covariates not accounted for by the regression model. A basic assumption

of our method is that effect size estimates reported in the summary statistics are good

approximations of the true effect sizes, which implies that all covariates have been

appropriately accounted for. While this chapter explores the effect of misspecifying

the prior, we do not explore the results of the violation of the assumption about the

accuracy of the summary statistics.

We choose the prior standard deviation, σi, for each study as well as ρi,j : i, j ∈

{1, . . . ,n : i 6= j}, the pairwise correlations between the effect size estimates of each

study to create a prior covariance matrix, Σ, on the effect sizes. Finally, instead of

evaluating these parameters in the normal density function f , we use the multivariate

normal density function, MVN . This extension of the approach allows us to compare

SNP effects across studies.

That is, for υi,j the pairwise correlation between studies i and j (due to factors

such as shared samples), we have

Ωβ̂ =


SE2

1 υ1,2SE1SE2 · · · υ1,nSE1SEn

υ1,2SE1SE2 SE2
2 · · · υ2,nSE2SEn

...
... . . . ...

υ1,nSE1SEn υ2,nSE2SEn · · · SE2
n

 (2.3)
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and for ρi,j, the pairwise prior correlation between studies i and j (due to expected

genetic relationship between phenotypes), and σi, the prior standard deviation on the

true effect size βi we have

Σ =


σ2
1 ρ1,2σ1σ2 · · · ρ1,nσ1σn

ρ1,2σ1σ2 σ2
2 · · · ρ2,nσ2σn

...
... . . . ...

ρ1,nσ1σn ρ2,nσ2σn · · · σ2
n

 (2.4)

Thus, for 0, the vector of zeroes, the multivariate extension of the ABF may be

written more formally as

ABF =
MVN(β̂; 0, Ωβ̂ + Σ)

MVN(β̂; 0, Ωβ̂)
, (2.5)

or, equivalently,

ABF =

√
|Ω|

|Ω + Σ|
exp

{
1

2

(
β̂ᵀΩ−1β̂ − β̂ᵀ (Ω + Σ)−1 β̂

)}
. (2.6)

2.2.2 The All-Correlated Bayes Factor

Our first approach tests a model of no shared effects against a model of shared effects

across all phenotypes. The advantage of this approach is that we can convert the

resulting Bayes factor back into a p-value for better comparison to other methods.

The conversion works by comparing the the Bayes factor against a null distri-

bution. Alternatively, Matti Pirinen developed a way of approximating the p-value

using the distribution function of the quadratic form of our variables, β̂, Ω, and Σ.

That is,

Q
(
β̂; Ω, Σ

)
= β̂T (Ω−1 − (Ω + Σ)−1

)
β̂. (2.7)

From here, the n eigenvalues, λi of the matrix I −
(
(Ω + Σ)−1 ×Ω

)
are calcu-

lated, and Q
(
β̂; Ω, Σ

)
∼
∑n

i λiχ
2
1. The p-values associated with this mixture of χ2

1

distributions can be evaluated in R [120], using the ‘CompQuadForm’ package [129].
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2.2.3 Priors

The prior σ encodes a belief in the true effect sizes. The prior assumption is that

these are drawn from a normal distribution centered on 0, and with variance σ2, so

the larger σ is, the lower the probability density is on true effect sizes near zero, and

the higher it is on more extreme ones. We note that when observed effects are large,

ABFs are high, even using a low value of σ, because the alternative model is still a

better fit to the data than the null; however neither is as good a fit as the model

with a larger value for σ. As a result, choosing σ is a matter of deciding what the

smallest believable non-zero effect size is, for a given dataset. Naturally, this needs to

be balanced against a potential increase in false positives, as associations are called for

variants whose effect sizes are closer to zero, some of which may be due to sampling

noise around zero rather than a true non-zero effect.

In the literature, the values of σ commonly used are 0.2 and 0.4 [94, 93]. Setting

σ = 0.2 means that 95% of true effects are expected to have an odds ratio between

0.68 and 1.48, and 99% will be between 0.60 and 1.67. When σ is raised to 0.4, 95%

of true effect sizes are expected to have odds ratios between 0.46 and 2.19, and 99%

of odds ratios are expected to fall between 0.36 and 2.80.

The prior correlation matrix used in these methods can reflect a number of

different models which might be more or less desirable depending on the data. We

discuss these below.

Fixed effects

If we believe the assumptions of a standard, fixed-effects meta-analysis, then the

appropriate prior says that the effect sizes are all completely correlated with each

other. That is, for n studies ρi,j = 1,∀i, j ∈ {1, . . . ,n}.

Suppose that for a given prior σ, one calculated the all-correlated Bayes factor

for n studies using this fixed-effects prior. Now suppose one calculated the standard

fixed-effects standard error and effect size for these n studies and then used these

values to calculate Wakefield’s univariate Bayes factor (equation 1.15), using the same

value of σ as before. These two Bayes factors would be equal.
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Independent effects

Going to the other extreme, where ρi,j = 0, i 6= j indicates a model of independent

effects—that is, the effect of the SNP in a given study is completely independent of

its effects in the others. Calculating the all-correlated Bayes Factor with this prior

is equivalent to calculating Wakefield’s approximate Bayes factor for each study and

then multiplying these ABFs together. A proof of this can be found in the appendix,

Section 2.B.

Correlated and subset priors

Additionally, the prior matrix Σ can contain correlation coefficients, ρi,j, that vary

between −1 and 1 as well as differing from each other. In practice, we often set ρi,j = c

for some constant c, however there is no reason that each correlation coefficient,

ρi,j cannot be unique. These can be estimated from the data directly or chosen

based on prior belief in the similarity of effect sizes. The advantage of these priors

over traditional meta-analysis is that they should have better power to detect true

effects, even when the individual studies fail to pass traditional frequentist significance

thresholds.

Subset priors are simply those which encode the belief that a proper subset of

the studies show an effect at a particular SNP. This is achieved by setting to zero

the prior variances on effect sizes of studies that are assumed not to show an effect.

That is for the full set of studies, S = {S1,S2, . . . ,Sn}, and the subset T ⊂ S, which

is the set of studies assumed to be truly associated with the marker, then the prior

variances on effect sizes for S \ T is uniformly σS\T = 0.

2.2.4 Subset-exhaustive ABF approach

For n phenotypes in the meta-analysis, the subset-exhaustive ABF approach involves

2n calculations of the approximate Bayes factor. For a given set of studies, we compare

the models of every possible combination of affected phenotypes against the null

model. This necessarily includes the all-correlated model. We briefly consider the

various models we test, Mj. Here, the models are simply the possible patterns of

association of a set of phenotypes to a SNP. Given n phenotypes, we can write all 2n
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possible patterns of association as binary strings, where a 1 in the ith position indicates

an association with the ith phenotype. We provide an example of all possible strings

for n = 3 in Table 2.1. In this table, the first row represents the null model and the

last row represents the all-correlated model.

0 0 0
0 0 1
0 1 0
0 1 1
1 0 0
1 0 1
1 1 0
1 1 1

Table 2.1: The full set of binary strings for n = 3.

We may also incorporate a prior weight on each model—for instance, we might

want to put a high weight on the null model. We then can multiply the Bayes factors

corresponding to each model by their respective weights. From there, we can choose

the model with the highest Bayes Factor as the most likely and see by how much it

outperforms the second and third best models, as well as normalize the Bayes factors

to get a posterior distribution on the set of models (see Sections 2.3 and 2.6 for more

information). We can also take the mean over these Bayes factors and use that as

a test statistic, similar to the all-correlated Bayes factor. That is, for n phenotypes,

there are 2n possible models. Let weight wi correspond to model i with Bayes factor

BFi, then the mean is

BFmean =

n∑
i=1

wiBFi

n∑
i=1

wi

. (2.8)

2.3 Posterior probabilities and model averaging

If we have performed the exhaustive Bayes factor analysis of the associations of n phe-

notypes with a SNP, then it is possible to obtain the posterior probabilities p1, . . . , pn

on each model. Associated with these models is some sort of prior probability or
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weight (w1, . . . ,wn). This may be flat, that is

wi =
1

2n
: i ∈ {1, . . . ,n} ,

since there are 2n possible models of association for n phenotypes. Alternatively, we

might want there to be an equal probability on the number of associated phenotypes,

in which case, for k associated phenotypes in model i we have

wi =
1(
n
k

) .

Other priors we might put on the models are ones that assume that there is some

probability q of a phenotype being associated with the SNP. Therefore, for k associated

phenotypes in model i, we have

wi = qk (1− q)n−k .

When q = 0.5, this prior is equivalent to the flat prior, above. We discuss and

investigate the above three priors when applied to the dataset in Chapter 3—see

Sections 3.3 and 3.4.2 of that chapter.

Finally, we might simply believe a priori that there is a high probability that no

phenotype is associated with the SNP, but that there is a flat prior on all the other

models. This is because there is a bound on the value that Bayes factors in favor

of the null model can take under normal priors. Johnson and Rossell (2010) [130]

explore alternatives that allow these to be unbounded, as they are for Bayes factors

in favor of an alternative hypothesis. To achieve this, we can simply apply a weight of

v on the null model to reflect that it is v times more likely to be the true model than

any of the others and a leave wi = 1 for all the other models. This also demonstrates

that the weights over all models need not sum to 1, though they do for all of the

previously discussed priors.

Once we have determined our weights, we can calculate the posterior probabili-

ties, pi, on each model by simply calculating

pi =
wiABFi∑2n

i=1wiABFi
. (2.9)
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Before we can treat these pi as probabilities, we need to check that they are

well-calibrated—that is, models with posterior probability p will be the correct model

that generated the data p proportion of the time. We investigate this in Section 2.6.

2.4 Generating simulated data

To test the frequentist properties of our method, we performed our analyses on sum-

mary statistics from millions of replicates of a SNP from a simulated GWAS.

The code required the following variables to be set upon initialization: the effect

allele frequency (f), the prior correlation coefficient for analysis (ρ), the prior standard

error for analysis (σ), the effect allele frequency (f), relative risk (RR), number of

cases (ncases), and number of controls (ncontrols).

2.4.1 Outline of how simulated data were generated

The simulated datasets of effect size estimates and their standard errors were gener-

ated in R. Below is an outline of the process used to create them.

Step 1: Use the rmvnorm function to create the vector of potential real effects

(β) for all phenotypes at each SNP. To get relative risk (of the heterozygote

compared to the homozygote for the major allele) at the ith phenotype RRi, we

have

RRi = eβi .

Step 2: A model of the underlying true effects is chosen uniformly from the set of all

possible models. This is represented as a binary string, similar to those shown

in Table 2.1.

Step 3: Calculate the vector gamma (γ) to be used when calculating the effect allele

frequency in cases:

γ = (1− f)2 + 2f(1− f)RR+RR2f 2
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Step 4: Calculate the vector allele frequency in controls, fcontrol0, fcontrol1, fcontrol2 for

controls with 0, 1, and 2 effect alleles at the simulated SNP.

fcontrol0 = (1− f)2

fcontrol1 = 2f(1− f)

fcontrol2 = f 2

Step 5: Calculate the vector of allele frequency in cases, fcase0, fcase1, fcase2 for cases

with 0, 1, and 2 effect alleles at a given SNP.

fcase0 =
(1− f)2

γ

fcase1 =
2f(1− f)RR

γ

fcase2 =
f 2RR2

γ

Step 6: At each phenotype that is affected by the SNP in the true underlying model

(chosen in step 1), we simulate allele counts for each “person” in our study, using

the frequencies in cases and controls calculated in the previous two steps. This

is done using the sample function in R.

Step 7: For phenotypes not affected by the SNP, allele counts are simulated in cases

and controls using the frequencies in controls only.

Step 8: For each SNP at each phenotype, we perform a logistic regression on the

data created in steps 6 and 7 and store the estimated effect sizes and standard

errors.

This method works by simulating the data needed to perform a logistic regression

and then performing it. Our simulation analyses were done in R, which gets p-values

for the null hypothesis of β̂G = 0 from a z-test. If we wanted to simulate a less ideal

scenario, such as shared controls, then we simply sample the controls (or a subset of

them) once and use those data in each of the logistic regression models.
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2.4.2 Simulating data from the normal distribution directly

In order to speed up the simulation procedure, we investigated generating the effect

size estimates, β̂i from the normal and multivariate normal distributions directly. The

procedure was as follows:

Step 1: Define the characteristics of the study being simulated: number of cases

(ncases); number of controls (ncontrols); true effect sizes (β), which can be set at

some constant or drawn from a normal distribution centered on 0, with a stan-

dard deviation of σtrue; frequency of the effect allele (f). In the multivariate

case, the effect sizes are drawn from a multivariate normal distribution centered

on the vector 0, with a covariance matrix Σ, with diagonal elements σ2
true and

off-diagonal elements ρi,jσ2
true, where ρ reflects the predefined, true underlying

genetic correlation between phenotypes.

Step 2: We define n, the full sample size, and φ as

n = ncases + ncontrols

φ =
ncases
n

Use the above to calculate the estimated standard error (SE) for the data using

the formula

SE =
1√

2nf(1− f)φ(1− φ)
. (2.10)

Step 3: From here, we can simulate observed effect sizes by sampling from a normal

distribution (or a multivariate normal distribution), centered on β and with a

standard error that is uniformly SE for all phenotypes. In the multivariate case,

we can define correlations υi,j : i 6= j between phenotypes i and j and create

a covariance matrix Σ where Σi,j = υi,jSE
2 in the off-diagonal elements, and
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Σi,i = SE2. We generate the observed effect sizes by sampling from a multivari-

ate normal distribution centered on the vector 0 and with a covariance matrix

of Σ + Ωβ̂.

Step 4: To generate p-values, we perform a χ2
1 test on the statistic

(
β̂
SE

)2
.

This method can also be adjusted to simulate situations with non-zero covariance

between studies. In that instance, we need to calculate the expected correlation

between studies with shared controls (or cases). Given

n0S, the number of shared controls,

n1S, the number of shared cases,

n0i, the number of non-shared controls in study i,

n0j, the number of non-shared controls in study j,

n1i, the number of non-shared cases in study i, and

n1j, the number of non-shared cases in study j,

then according to Zaykin et. al. [131] υi,j, the correlation coefficient of the effect sizes

of these studies under the null is

υi,j =

n0S

(n0j + n0S) (n0i + n0S)
+

n1S

(n1S + n1i) (n1S + n1j)√(
1

n0i + n0S

+
1

n1S + n1i

)(
1

n0j + n0S

+
1

n1S + n1j

) . (2.11)

Thus, the effect sizes are generated using a multivariate normal distribution,

centered on the zero vector and with a covariance matrix that reflects both the un-

derlying SNP effects and the covariance due to shared controls.

This is a very fast process, which can generate a million simulated data points

in 0.0008 seconds, while the process outlined in Section 2.4 can take hours to generate

the same number of data points and requires parallelization to implement on a large

scale. It is therefore necessary to compare the two methods, to see if the process of

generating the β̂i directly creates the same distribution of test statistics and p-values

as in the data generated from running the full logistic regression and performing a

t-test.
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Comparison of the two simulation methods

To start, we generated datasets of 100,000 replicants under both simulation schemes

using the same parameters:

• Odds ratio, which took the values of 1, 1.1, 1.3, and 1.5.

• Study size, which took the values of 1000, 4000, and 14,000. in all studies, we

assumed a 1:1 ratio of cases and controls.

• Minor allele frequency, which took the values of 0.5, 0.1, and 0.01, but was the

same across all studies.

Figures 2.1 and 2.2 show the quantile-quantile (Q-Q) plots of the distribution

of p-values for β̂ and SE generated using the full logistic regression (x-axis) and for

those generated from a normal distribution (y-axis). Ideally, we’d like to see these on

the line y = x (red line).

The most obvious feature of Figures 2.1 and 2.2 is that for all effect sizes, when

the minor allele frequency is low (0.01) and the sample size is small (1000), the distri-

bution of p-values generated from sampling from a normal distribution stochastically

dominates the distribution generated from the logistic model. The next most striking

thing is that for the largest effect sizes—with an odds ratios of 1.5 (Figure 2.2)—we

see that one distribution frequently dominates the other stochastically and that the

simulated p-values are rarely on the line y = x. In fact, for a study size of 1000

and with a minor allele frequency of 0.1, we see that the points are roughly below

the y = x line until about x = 7, when the points cross over and are from then on

above. These patterns of deviation from the line y = x could be seen when the true

underlying OR was as low as 1.3.

What this suggests is that generating data directly from the normal distribution

is probably not sufficient when the minor allele frequency is small or when effect sizes

are large, but will work the rest of the time. However, these results are already slightly

worrisome, as we would like to generate datasets where the effect sizes are drawn from

a distribution. What this set of simulations tells us is that we should exercise caution

when doing this, since the scheme that samples effect sizes directly does not produce

results that are consistent with the simulation scheme that generates allele counts and

performs the logistic regression.

We were able to obtain some improvements in the Q-Q plots when we changed
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Figure 2.1: Q-Q plots on the distribution of p-values generated using the full logistic regression (x-axis)
against the distribution generated from the normal distribution (y-axis), when the true OR = 1. The red
line is the line y = x.

MAF Sample size = 1000 Sample size = 4000 Sample size = 14,000

0.5

0.1

0.01

from a z-test in the logistic regression to a likelihood ratio test, comparing βG = β̂G to

βG = 0. This removed the upward curve from the line y = x in most cases. However,

the systematic deviations from the line y = x remain.

Comparison of the multivariate case

We generated datasets for five independent studies under these two simulation schemes.

The patterns observed in the multivariate data matched the univariate data very

closely: the two methods gave roughly the same distribution of p-values when there

was no true effect, but as effect sizes increased—even when only one of the five studies

had a true effect—the distributions under the two simulation methods deviated from

one another, as demonstrated in Figure 2.3. As we expected, these deviations became
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Figure 2.2: Q-Q plots on the distribution of p-values generated using the full logistic regression (x-axis)
against the distribution generated from the normal distribution (y-axis), when the true OR = 1.5. The
red line is the line y = x.

MAF Sample size = 1000 Sample size = 4000 Sample size = 14,000

0.5

0.1

0.01

more pronounced when more studies showed true effects.

Once again, this tells us that we need to be careful about treating these two

simulation methods as equal, especially if effect sizes are large (or drawn from a

distribution that would allow for large effect sizes). However, when generating a

null distribution for a large study with a large MAF, we probably can use the faster

approach with no loss of accuracy in the distribution. This gain is not trivial, since

generating null distributions allows us to understand the properties of Bayes factors

and map them back to things like p-values, or simply compare the distribution of

ABFs from the data against the expected distribution under the null, as we do in

Chapters 4 (Section 4.3, Figure 4.3) and 5 (Section 5.3.1, Figure 5.2).
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Figure 2.3: Q-Q plots on the distribution of p-values generated using the full logistic regression (x-axis)
against the distribution generated from the normal distribution (y-axis) where RR = 1.5 for one phenotype
and 1 for the rest. The red line is the line y = x.

MAF Sample size = 1000 Sample size = 4000 Sample size = 14,000

0.5

0.1

0.01

2.4.3 Description of the simulations run

Using the code for simulating the full logistic regression described in Sections 2.4 and

2.4.1, we generated several batches of simulations. In all batches, the SNP had a

minor allele frequency (MAF) of 0.5 and was associated with up to five phenotypes

or studies, which we will call P1, P2,. . . , P5. For the parameters we did vary, such

as effect sizes and true underlying models of association, we describe our processes

for generating the data below. We do not intend for these simulation runs to be

exhaustive over all the possible types of datasets we might encounter—for a start,

this is impossible, as any single parameter used to generate these data can take an

infinite number of values. Our goal in using these simulations is to learn about some
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of the frequentist properties of the method.

Fixed effect sizes In these batches, we set a true underlying effect size for all phe-

notypes associated with the marker. The true underlying effect size for all

unassociated phenotypes was 0. The effect was the natural logarithm of the

relative risk of the heterozygote against the homozygote that did not have the

effect allele. All effects were simulated to be additive. In these simulation runs,

the effect sizes in truly associated SNPs were uniform. Once these were chosen,

genotype counts for a given number of cases and controls were simulated and a

logistic regression was performed to generate observed effect sizes and standard

errors.

Random effect sizes In these simulations, the true underlying effect for each af-

fected phenotype at each SNP was drawn randomly from a normal distribution

centered on 0 with some standard deviation, σgen. Where we wanted the true

effect sizes to be correlated between phenotypes, then true effect sizes were

drawn from a multivariate normal distribution with covariance matrix S. Every

diagonal element was σ2
gen and for some given correlation coefficient, ρgen, every

off-diagonal element was ρgenσ2
gen. In almost all cases, ρgen and σgen were kept

uniform across all phenotypes and pairs of studies. The exception was when we

tested the effects of negative correlations. Then the correlations used were



1 −0.5 0.5 −0.5 0.5

−0.5 1 −0.5 0.5 −0.5

0.5 −0.5 1 −0.5 0.5

−0.5 0.5 −0.5 1 −0.5

0.5 −0.5 0.5 −0.5 1


.

As before, the true underlying effect size for all unassociated phenotypes was

uniformly 0. The effects represented the natural logarithm of the relative risk

of the heterozygote against the homozygote that did not have the effect allele

and were additive. Once the true effects were chosen, genotype counts for a

given number of cases and controls were simulated and a logistic regression was

performed to generate observed effect sizes and standard errors, as above.
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Models of association There were two ways in which we chose our true underlying

models of association. One was to select from the 25 = 32 possible models at

random. Typically, we generated 32 million simulated data points when selecting

the underlying models at random in order to ensure that each individual model

would be chosen approximately 1 million times.

However, the simulated phenotypes are arbitrary—that is to say, for our pur-

poses, there is no real difference between the model of association where only

P1 and P2 are associated with a SNP and the model where P4, and P5 are asso-

ciated. With this insight, we also performed simulations where there were only

six possible models of association: the model where none of the phenotypes was

associated, the model where only P1 was associated, the model where P1 and

P2 were associated, and so on, adding P3, P4, and P5 to the list of associated

phenotypes, in sequence. In general, when we used this method of selecting

patterns of association, we simulated 6 million data points.

2.5 Power and model selection

2.5.1 Power

As discussed in Section 1.4.4 in Chapter 1, in frequentist statistics, power is the

proportion of the time one rejects the null hypothesis when it is false. It is based

on a value, α, which is the rate at which one rejects the null hypothesis when it is

true—that is, it is proportion of false positives, or Type I error rate. When α is high

(say, 0.2), we expect an increase in power because we are more likely to reject the null

hypothesis in general than we would when α is set at a more stringent level. However,

this increase in power comes at the expense of calling more false positives. Conversely,

when α is low (say, 10−8), we expect a loss of power in exchange for calling fewer false

positives. We can apply this to the all-correlated Bayes factor approach. The Bayes

factor is a test statistic, therefore it has a null distribution. When the test statistic is

suitably extreme, we can reject the null hypothesis of no association with any of the

phenotypes.

Because the subset-exhaustive approach gives 2n Bayes factors, we need to

choose some sort of summary statistic before discussing power. One such statistic
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might be the maximum Bayes factor, while another might be the mean Bayes factor

over all of the models. The mean Bayes factor also has a null distribution to which

its values can be compared.

We created a dataset of 32 million simulated SNPs from a study of 7000 cases

and 7000 controls, where models of association were randomly chosen from all possible

models, and true effect sizes were drawn from a multivariate normal distribution,

where each prior standard error was σgen = 0.2 and the correlation of true effect

sizes between studies was ρgen = 0.5 (see Section 2.4.3 for explanation) and generated

two more batches, changing only the value of r to either ρgen = 0 or ρgen = 0.96.

For each SNP in the resulting datasets, we calculated both the all-correlated Bayes

Factor and the mean Bayes factor, and performed both the fixed and random effects

meta-analyses.

In each set, there were about 1 million data points that were generated from the

null. We calculated both the mean and all-correlated Bayes factors for these points to

estimate the null distributions for these test statistics. We split the data into subsets

based on the number of true associations underlying each data point and generated

power curves for each subset using both Bayes factor analyses as well as the fixed and

random effects meta-analyses. We determined p-values for the latter two approaches

by performing a Wald test (see Equation 1.3). This is done by comparing the squared

z-scores of the meta-analyzed effect sizes and standard errors to a χ2
1 distribution.

Figure 2.4 shows the results for simulations where the true effect sizes were drawn

from the prior, and Figure 2.5 shows the results when true effect sizes were set to be

1.1 uniformly.

We see that the ABF analyses generally have more power to detect effects than

the traditional meta-analyses do. The exception is at low false positive rates and with

either the odds ratio fixed at 1.1 (see Figure 2.5) or when the data were generated

with ρgen = 1. In both of these scenarios, the underlying assumption of the fixed

effects meta-analysis is correct—the true underlying effect is the same in all studies.

Hence, the fixed effects meta-analysis has more power than the Bayes factor analysis

to detect effects at low false positive rates.

We also note that the two Bayes factor approaches seem to have similar power

to one another to detect effects, with the mean Bayes factor being slightly more pow-
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Figure 2.4: Power curves for data simulated under different values of ρgen with a flat σgen of 0.2. In
all simulation runs, the data were generated assuming a minor allele frequency of 0.5 for all SNPs in a
study of 7000 cases and 7000 controls, with effects in up to five different phenotypes. For each data run,
we performed both a fixed and random effects meta-analysis (“Fixed” and “Random”, respectively), and
calculated both the all-correlated Bayes factor (“corr BF”) as well as the mean of all the Bayes factors from
the exhaustive approach (“mean BF”). We performed our Bayes factor analyses using different values of
ρ (ρan) and a flat σ = 0.2 and compared the results to the distribution of these Bayes factors calculated
using data where there was no effect in any of the phenotypes to obtain the analogue of p-values. All
models in the Bayes factor calculations had a prior weight of 1. We plot the log of the false positive rate
on the x-axis and the true positive rate on the y-axis (the red curve is the equivalent of the line y = x).
For each curve, the type of line—solid, dotted, etc.—corresponds to the analysis and the color refers to
the true number of phenotypes affected.
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erful when there are fewer associated phenotypes, and the all-correlated Bayes factor

being slightly more powerful when there are many associated phenotypes. This is un-

surprising, since the prior on the all-correlated Bayes factor assumes all phenotypes

are associated with the SNP and thus models the data well where all (or almost all)

phenotypes are associated with the SNP.

If we set a significance threshold—say, α = 0.01, we can compare the power
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Figure 2.5: Power curves for data generated to have a true underlying odds ratio (OR) of 1.1. As before,
these data were generated assuming a minor allele frequency of 0.5 for all SNPs in a study of 7000 cases
and 7000 controls, with effects in up to five different phenotypes. For each data run, we performed both
a fixed and random effects meta-analysis (“Fixed” and “Random”, respectively), and calculated both the
all-correlated Bayes factor (“corr BF”) as well as the mean of all the Bayes factors from the exhaustive
approach (“mean BF”). We ran our Bayes factor analyses using different values of ρ (ρan) and a flat
σ = 0.2 and compared the results to the distribution of these Bayes factors calculated using data where
there was no effect in any of the phenotypes to obtain the analogue of p-values. We plot the log of the
false positive rate on the x-axis and the true positive rate on the y-axis (the red curve is the equivalent
of the line y = x). For each curve, the type of line corresponds to the analysis and the color refers to the
true number of phenotypes affected.
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of our approach to that of traditional meta-analyses as well as Fisher’s combined

probability test. We show the results for analyses with varying values of ρ used in

both the analysis and in generating the data in Figure 2.6. Analogous figures with

data generated using varying values of σ to generate the data (Figure 2.A.2) and with

a flat odds ratio of 1.1 (Figure 2.A.1) can be found in the Appendix.

In Figure 2.6 we see that in all cases, the Bayes factor approaches are at least

as powerful as the frequentist ones, especially when the number of true effects is

small (1 or 2—the left two columns of all four panels). Of the three alternative

approaches we tested, Fisher’s method (fourth row) comes the closest in terms of

power, often drawing level with the Bayes factor approaches when there are three or

more associations to find. We also note that while we sometimes lose power when

ρan 6= ρgen, the loss is not large—the results of the ABF methods using different ρan

tend to differ by less than 0.005. This suggests that the Bayes factor approaches are

fairly robust to the choice of prior ρ. If the prior is misspecified, then the data will

overwhelm it and the analysis will be effective regardless.

Even when the underlying truth is the fixed effects model (ρgen = 1, the right-

most panel, fifth column), we note that fixed effects is not more powerful than the
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Bayes factor approaches at the 0.01 significance level. At even more stringent thresh-

olds, the gains made from using a fixed-effects meta-anlysis are marginal.

One interesting feature of Figure 2.6 is that all methods show reduced power for

the data set generated with ρgen = 1 (the right-most panel). We believe that this is a

result of our simulation method, which simulates true effect sizes using a multivariate

normal with a correlation of ρgen between studies. This means that for any simulated

SNP, when there is an effect, all effect sizes are identical and the only difference

between studies in observed effect sizes comes from sampling variation. However,

with total study sizes of 14,000, it is unlikely that any of the observed effect sizes will

be vastly more extreme than the true effect sizes, meaning that when the true effect

size in one of the studies is close to 0, then the true effects in all studies are close

to 0, and cannot be discovered. We expect this to be the case for some of the SNPs

in our simulation. We note that fixed and random effects are the only methods that

gain power in this dataset over the one where ρgen = 0.96 (third panel) when all five

phenotypes are associated.
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2.5.2 Effect of model misspecification

To assess the effect of model misspecification, we look at how the ranking of models

changes when we run our method on the same data, but with different priors. In

the exhaustive Bayes factor approach, the model corresponding to the highest Bayes

factor is the one that describes the data the best. Tables 2.2-2.5 show the accuracy,

sensitivity, and specificity of this approach for analyses of data generated under the

schemes described in Section 2.4.3 using various (flat) values of ρ. To some extent,

these results represent a best-case scenario because we used σ = 0.2 in our analysis,

which is the same parameter as was used to generate the data.

Here, we define the accuracy as the proportion of the time the model corre-

sponding to the highest Bayes factor correctly called a phenotype as associated or not

associated, for any phenotype at any replicated SNP. If one imagines a binary matrix

of the true patterns of phenotypic association at each SNP, and another one of the

models corresponding to the highest Bayes factor at each SNP, then the accuracy is

simply the proportion of places where these two matrices agree. Sensitivity is the

proportion of times that phenotypes associated with a SNP were correctly called as

associated, and similarly, specificity is the proportion of times that the phenotypes

that were not associated with the SNP were correctly called as such.

Table 2.2: The overall accuracy, sensitivity, and specificity resulting from selecting the model with the
highest Bayes factor using different values of the prior ρ in the analysis and a flat σi,j = 0.2. The data
were generated in five phenotypes, drawing the effect size from a normal distribution, using a correlation
of ρgen = 0 for all pairs of phenotypes and σgen = 0.2 for all phenotypes.

Model ρ = 0 ρ = 0.5 ρ = 0.75 ρ = 0.96 ρ = 1

Accuracy 0.884 0.884 0.880 0.827 0.752
Sensitivity 0.806 0.806 0.800 0.694 0.528
Specificity 0.962 0.962 0.959 0.959 0.975

Table 2.3: The overall accuracy, sensitivity, and specificity resulting from selecting the model with the
highest Bayes factor using different values of the prior ρ in the analysis and a flat σi,j = 0.2. The data
were generated in five phenotypes, drawing the effect size from a normal distribution, using a correlation
of ρgen = 0.5 for all pairs of phenotypes and σgen = 0.2 for all phenotypes.

Model ρ = 0 ρ = 0.5 ρ = 0.75 ρ = 0.96 ρ = 1

Accuracy 0.884 0.885 0.883 0.849 0.798
Sensitivity 0.806 0.807 0.803 0.732 0.623
Specificity 0.962 0.964 0.964 0.966 0.973
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Table 2.4: The overall accuracy, sensitivity, and specificity resulting from selecting the model with the
highest Bayes factor using different values of the prior ρ in the analysis and a flat σi,j = 0.2. The data
were generated in five phenotypes, drawing the effect size from a normal distribution, using a correlation
of ρgen = 1 for all pairs of phenotypes and σgen = 0.2 for all phenotypes.

Model ρ = 0 ρ = 0.5 ρ = 0.75 ρ = 0.96 ρ = 1

Accuracy 0.884 0.889 0.893 0.902 0.902
Sensitivity 0.806 0.812 0.820 0.840 0.846
Specificity 0.962 0.965 0.965 0.965 0.959

Table 2.5: The overall accuracy, sensitivity, and specificity resulting from selecting the model with the
highest Bayes factor using different (positive) values of the prior ρ in the analysis and a flat σi,j = 0.2.
The data were generated in five phenotypes, drawing the effect size from a normal distribution, using a
correlation of ρgen = ±0.5 for all pairs of phenotypes and σgen = 0.2 for all phenotypes.

Model ρ = 0 ρ = 0.5 ρ = 0.75 ρ = 0.96 ρ = 1

Accuracy 0.884 0.884 0.881 0.832 0.751
Sensitivity 0.806 0.807 0.805 0.710 0.528
Specificity 0.962 0.961 0.957 0.955 0.974

We see from the tables that the analysis with the parameter ρ = 0 gives sur-

prisingly consistent results—from the dataset generated using ρ = 0 for all pairs of

correlations to the one where ρ = ±0.5. This is in part due to rounding—keeping a

few extra digits shows the differences in the performance of analyses with this param-

eter. We also see that specificity is always greater than 0.95, which means that we do

not call false positives more than 5% of the time. That said, there is quite a range

in sensitivities, which drop to almost 0.5 when ρ = 1 and the data were generated

using a different value. In fact, these tables indicate that performing the analysis

with ρ = 0.96 will yield results that are at least as accurate as running it with ρ = 1,

including when the data were generated by ρ = 1.

We also notice the surprising result that the accuracy of this approach to model

selection does not appear to be harmed even when the sign of the correlation coefficient

is incorrect. Table 2.5, whose data were generated with a correlation matrix on true

effect sizes of 

1 −0.5 0.5 −0.5 0.5

−0.5 1 −0.5 0.5 −0.5

0.5 −0.5 1 −0.5 0.5

−0.5 0.5 −0.5 1 −0.5

0.5 −0.5 0.5 −0.5 1


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is entirely consistent with the others, despite the fact that we would expect lower

values across all analyses due to the true underlying negative correlations between

some of the studies being assumed to be positively correlated in the analysis. It may

be because if the sign of ρ is incorrect, then it is equally incorrect in all models of

association and thus does not affect their final rankings.

Finally, we see that the main effect of choosing ρ wisely is on power to detect

a true effect. This is somewhat comforting—if ρ is not chosen well, then the model

corresponding to the highest Bayes factor will call extra false negatives, but it will

not produce excessive false positives.

Another way a model may be misspecified is if there is unaccounted for sharing

between cases and controls. As Figure 2.7 shows, our method is flexible enough to

be able to account for sharing cases and controls across studies; however if this is

not done—for instance, because researchers assume that the studies in the meta-

analysis are independent and never test this assumption—there is inflation of the

ABF compared to the distribution expected under the null, just as there is with both

Fisher’s method and fixed effects. The correlations between studies under the null

can be calculated from Equation 2.11 or estimated empiricially using markers that

show no evidence of association (for instance, a threshold of p > 0.01).
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Figure 2.7: Plot showing the effect of of shared controls on standard meta-analysis methods (fixed effects
and Fisher’s method) as well as our method with and without accounting for sample sharing across studies
at false positive rate α = 0.01. Data were generated with no true underlying associations (all effect sizes
were 0) assuming sample sizes of 1500 cases and 1500 controls across five studies, with the amount of
shared cases and controls across all five studies in the proportions shown.

2.6 Calibration

To investigate the calibration of the posterior probabilities generated from the ex-

haustive Bayes factor approach, we used the simulated datasets described in Section

2.4.3. In each batch and for each replicate, we calculated the posterior probabilities

using a flat prior on all the models. That is, wi = 1,∀i. Thus, for model i,

pi =
ABFi∑2n

i=1ABFi
.

Each of the 32 pi at each of the 32,000,000 replicates was sorted into 20 bins of equal

size, partitioning the interval (0,1], described below.

{
{pi : 0 < pi ≤ 0.05} , {pi : 0.05 < pi ≤ 0.1} , . . . , {pi : 0.95 < pi ≤ 1}

}
.

For each bin, we counted how many of all of the pi in the bin corresponded

to the model that generated the data for the simulated SNP, and then plotted the
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proportion of the “correct” pi for each bin. This gave us the calibration curves that

follow.

In Figure 2.8, we see the first set of curves resulting from data that were simu-

lated from the prior directly, using parameters of ρgen = 0.5 and σgen = 0.2, and where

the underlying models of association were randomly sampled from all possible models

across the five traits. The curve corresponding to ρ = 0.5 is nearly perfectly aligned

with the line y = x. This is what we want to see, especially when our prior matches

how the data were generated. We also note that the model for ρ = 0 is very close to

the line, rising slightly above it from about pi ≥ 0.5, indicating that the calculated

probabilities are a little conservative compared to the true underlying ones.
Calibration curves for varying values of rho in GWAS dataset

generated from random models that were drawn from the prior

Bin range

Pr
op

or
tio

n 
co

rre
ct

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

●
●

● ● ● ●
● ● ● ● ● ●

●

●

●

●

●

● ●

●
●

●
●

●
●

● ● ● ● ● ● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

0.
00

0.
10

0.
20

0.
30

0.
40

0.
50

0.
60

0.
70

0.
80

0.
90

1.
00

●

●

●

●

●

rho = 0.5
rho = 0
rho = 0.96
rho = 1
rho = 0.75

Figure 2.8: Calibration curves for the pi calculated from the 32 million data points generated using
randomly sampling to select the true underlying model of association. True effect sizes were drawn from
a multivariate normal distribution centered on the zero vector, where the correlations between studies
were ρgen = 0.5 and the standard deviation of effects were all σgen = 0.2. The x-axis denotes the bins
(all of size 0.05) and y-axis shows the proportion of probabilities in each bin that corresponded to the
model of association that generated the data for a simulated SNP. The colors of the curves correspond
to the values of ρ that were used in the analysis. All data were analyzed using σ = 0.2.

Meanwhile, the curves for ρ = 0.75, ρ = 0.96, and ρ = 1 show a considerable

deviation from the ideal, plateauing earlier with increasing difference between these

values and the true value, ρ = 0.5, used to generate the simulated data. This suggests

74



that when choosing a value for ρ, it is best to choose the lowest plausible one.

In an effort to determine if it was true that it is better to underestimate ρ rather

than to overestimate it, we regenerated these data with ρ = 0 and ρ = 1 as the true

underlying parameter values.

Calibration curves for varying values of rho
in GWAS dataset generated from random models

that were drawn from the prior with rho = 0
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(a) ρgen = 0,σgen = 0.2

Calibration curves for varying values of rho
in GWAS dataset generated from random models

that were drawn from the prior with rho = 1
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(b) ρgen = 0,σgen = 0.2

Figure 2.9: Calibration curves for the pi calculated from the 32 million data points generated by randomly
selecting a true underlying model, and drawing the true effect sizes from a multivariate normal, with
ρgen = 0 (2.9a) and ρgen = 1 (2.9b) as the true underlying correlation between true effect sizes. The
standard deviations for each trait were uniformly σgen = 0.2. The colors of the curves correspond to the
values of ρ that were used to analyze the data. All analysis was performed using σ = 0.2. The x-axis
denotes the bins of size 0.05 into which the model posterior probabilities were sorted, and the y-axis
shows the proportions of probabilities in each bin that corresponded to the true model that generated the
data at a simulated SNP.

Figure 2.9a is consistent with our hypothesis that overestimating ρ leads to poor

calibration of pi and Figure 2.9b is also consistent in that beyond about pi > 0.35,

the estimates for ρ where ρ 6= 1 are all conservative. However, Figure 2.9b is a bit

puzzling because when ρ = 1, the true value that was used to generate the data, we

see that it peforms rather poorly. Previously, the curve for the value of ρ which was

used to generate the data sat almost exactly on the line y = x.

To explain why it does not do so here, we may suggest that the sampling error

among the five phenotypes may have reduced the correlations between their effect

size estimates enough to reduce the accuracy of this value for the parameter ρ used

in the analysis. We considered that it might be a problem with the code that was

used to produce the figure or generate the data, though if we believe that the rest of

our results are accurate, this explanation seems less likely, since the same scripts to
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generate Figure 2.8 were used to generate Figure 2.9.
Calibration curves for varying values of rho in GWAS dataset generated from

random models that were drawn from the prior (rho=+/−0.5)
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Figure 2.10: Calibration curve for the pi calculated from the 32 million data points generated from
randomly selecting the true underlying model and drawing true effect sizes from a multivariate normal
where standard deviations are uniformly σgen = 0.2 and ρgen = ±0.5. The colors of the curves correspond
to the values of ρ that were used in the analysis, while σ = 0.2 was uniformly used. The x-axis shows the
bins of size 0.05 into which the model posterior probabilities were sorted. The y-axis shows the proportion
of probabilities in each bin that corresponded to the model that was used to generate the data for the
given simulated SNP.

We now move on to a set of simulated data where we investigated the effect

of negative correlations on the calibration of pi. We note that Figure 2.10 bears a

striking resemblance to Figure 2.8 in that the curves for ρ = 0 and ρ = 0.5 stay close

to the y = x line, while the curves for the other values of ρ show poor calibrations. It

is interesting that despite the direction of the effect being wrong in most instances,

the posterior probabilities resulting from a flat prior of ρ = 0.5 are still well calibrated,

if slightly conservative. This probably due to a loss of power to detect true effects at

SNPs where sets of true effects are negatively correlated with one another.

Interestingly, while the curves for ρ = 0.96 and ρ = 1 in Figure 2.8 tended

to curve up for the final bin of pi, here the curves for ρ = 0.96 and ρ = 1 curve

down, indicating that the final bins of pi are depleted for associations with the true

models that generated the data. This is despite the fact that these values are all
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such that 0.95 < pi ≤ 1. Not only are these very high, but it means that for a

given simulated data point represented in this bin, there would be a Bayes factor of

at least 19 for the likelihood of the model with the highest Bayes factor against the

likelihood of the model with the next highest Bayes factor. We also note that the

calibration for ρ = 0.75 is good until the pi ≥ 0.65, and then the probabilities become

anticonservative. As before, ρ = 0.96 and ρ = 1 do very poorly early on (pi ≤ 0.5).Calibration curves for varying values of sigma
in GWAS dataset generated from random models
that were drawn from the prior with sigma = 0.2
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Figure 2.11: Calibration curve for the pi calculated from the 32 million data points generated by selecting
a random model of association and simulating true effect sizes from a multivariate normal using a flat
ρgen = 0.96 between all the true effects and σgen = 0.2 for each individual study. This time, the color of
the curves corresponds to the varying values of σ used in the analysis, while the correlation coefficients
have been held at ρ = 0.96. As before the x-axis shows the bins (all of size 0.05) into which all posterior
model probabilities were sorted, and the y-axis shows the proportion of probabilities in each bin that
correspond to the model that generated the data for the given SNP.

Previously, we held sigma (σ) constant at σ = 0.2 for both generating the

simulated data and for analyzing it. Here, we set ρ = 0.96 for both generating the data

and for calculating the approximate Bayes factors and varied σ in our calculations.

We see in Figure 2.11 that the true value of σ = 0.2 stays on the y = x line for

pi ≤ 0.35, but then starts to overestimate the true proportion of correct models for

each bin. This overestimation is reminiscent of Figure 2.9b, where the curve for ρ = 1

was underneath the line y = x. It may be that when data are generated with ρ = 0.96
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between all five phenotypes, that the sampling error breaks this down further so that

our hypothesis for why the calculations with ρ = 1 performed so poorly in Figure 2.9b

applies here as well.

We further note that if we overestimate σ, it appears that for pi ≥ 0.55, our

estimate of the probability of the model being correct is conservative. If we under-

estimate σ, then we tend to overestimate the probability of a model’s being correct.

This makes a certain amount of sense, since the larger variance on the effect sizes

in the alternative model means that there is probability density close to zero under

the alternative model, and true effect sizes need to be more extreme in order to be

detected. It also means that out in the tails, the alternative models with high prior

variance will have higher densities than the null models (or alternative models with

lower prior variances), resulting in more extreme Bayes factors.

Because generating data with a high correlation between the phenotypes leads

to poor calibration when the correct value of ρ is used (as seen in Figure 2.9b), we

reanalyzed the data where the models of association had been selected at random and

the parameters for the multivariate normal distribution (centered on the zero vector)

used to generate the true effect sizes were σgen = 0.2 for all studies and the true

pairwise correlations were ρgen = 0.5. This time, in our analysis we held ρ at 0.5 and

varied the values of σ. Figure 2.12 shows the results. Once again, we see that the

analysis using the value that generated the data, σ = 0.2, shows good calibration. We

also see that while σ = 0.15 and σ = 0.3 curve close to the line y = x, the former tends

to be conservative at middling values for pi (0.2 < pi < 0.7) and anticonservative for

higher values, while the latter tends to overestimate pi in all but the highest bin.

This figure suggests that, unlike for ρ, there is no way to choose σ so that you can be

certain you are not overestimating pi.

Figure 2.13 shows the calibrations of probabilities under different analyses on

data that were generated so that when there was an effect, it was additive and with a

uniform relative risk of 1.1 for the heterozygote, plus or minus some sampling error.

We see that for pi ≥ 0.25, the value of pis tends to be conservative in all analyses, and

that for pi < 0.25, the pis tend to overestimate the probability of the corresponding

model being the one that generated the data for the SNP in question. As before, if

the pis truly represented probabilities of the corresponding models’ being the ones

78



Bin range

P
ro

po
rt

io
n 

co
rr

ec
t

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●
●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

0.00 0.10 0.20 0.30 0.40 0.50 0.60 0.70 0.80 0.90 1.00

0.
00

0.
10

0.
20

0.
30

0.
40

0.
50

0.
60

0.
70

0.
80

0.
90

1.
00

●

●

●

●

●

●

sigma = 0.2
sigma = 0.05
sigma = 0.1
sigma = 0.15
sigma = 0.3
sigma = 0.4

Figure 2.12: Calibration curves for the pi calculated from the 32 million data points generated by
randomly sampling true models of association from all possible models. True effect sizes were generated
from a multivariate normal distribution centered on the zero vector, where the correlations between
studies were ρgen = 0.5 and the standard deviation of effects were all σgen = 0.2. The colors of the
curves correspond to the values of σ used in the analysis. All data were analyzed using ρ = 0.5. The
x-axis denotes the bins (all of size 0.05) and y-axis shows the proportion of probabilities in each bin that
corresponded to the model of association that generated the data for a simulated SNP.

that generated the data, we would expect to see the curves align perfectly with the

line y = x (black line). We observe that the model that is the closest to this line used

ρ = 1 in the analysis, which is the the prior that most closely matches the way these

data were generated.

As stated before, we would like these pi to represent probabilities; however, it is

not disastrous that they are conservative when p ≥ 0.25 when priors are poor models

for the data. In reality, we would not have a great deal of confidence in a model whose

probability of being correct was less than 0.7 or 0.8, even if its probability were much

greater than the probabilities corresponding to the other models. Finding out that

under some circumstances, a model whose pi is smaller than the true probability of

that model being correct means we can potentially think of pi as a lower bound for

the true probabilities of the models underlying the data.
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Calibration curves for OR = 1.1 and varying values of rho
in GWAS dataset generated from random models
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Figure 2.13: Calibration curves for the pi calculated from 32 million simulated data points generated by
selecting a true underlying model at random and assigning to all associated traits a relative risk of 1.1
for the heterozygote compared to the homozygote for the non-risk allele. All data were analyzed using
σ = 0.2, and different values of ρ, which correspond to the colors of the curves. The x-axis denotes the
bins (all of size 0.05) and y-axis shows the proportion of probabilities in each bin that corresponded to
the model of association that generated the data for a simulated SNP.

Overall, we find that our posterior probabilities are well calibrated when our

priors reflect the parameters that were used to generate the data and that they are not

well calibrated when they deviate from these. If the correlation between phenotypes

is chosen to be low and, if anything, to underestimate the true correlation, then we

can be reasonably certain that the true underlying probability of a model is at least

pi. However, if σ is poorly chosen—and especially if σ deviates from the true standard

deviation on effect size by quite a lot, then the pi will probably overestimate the true

probability of the model if 0.7 < pi < 0.95. However, as shown in Section 2.5, poor

calibration of posterior probabilities does not necessarily mean that we make poor

choices in selecting the model of association.

80



2.6.1 Marginal posterior probabilities

Interestingly, the marginal probabilities of association for each of the phenotypes in

dataset where true effects were drawn from the multivariate normal with ρgen = 0.5

for all pairs of effect sizes and σgen = 0.2 for each individual study of 7000 cases and

7000 controls (using the analyses that varied both ρ and σ) show a convergence to the

true probability when the marginal probability is pi ≥ 0.95, as seen in Figure 2.14.
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(a) Calibration curves where the parameters
used for analysis were σ = 0.2, and the value
of ρ corresponding to the color of the curve.
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(b) Calibration curves where the parameters
used for analysis were ρ = 0.5, and the value
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Figure 2.14: Calibration curves for the pi calculated from 32 million data points that were generated
by selecting a random model of association, and generating true effect sizes from a multivariate normal
(centered on the zero vector), where the pairwise correlations between two true effects in different traits
was ρgen = 0.5 and the standard deviation for each study was σgen = 0.2. These tables show the
calibration of marginal probabilities of association for each individual trait, with different values of ρ used
in the analyses and a uniform σ = 0.2 (2.14a), and for varying values of σ with ρ = 0.5 for all the analyses
(2.14b). The x-axis denotes the bins of size 0.05 that each marginal probability was sorted into, while
the y-axis shows that proportion of marginal probabilities in each bin that correspond to a phenotype
that was truly associated with the simulated SNP.

What this tells us is that while the posterior probability on any individual model

may not be accurate if the correct prior parameters are in doubt, that high marginal

probabilities (pi ≥ 0.95) on the association of a given phenotype with the marker

can be trusted. We also note that when pi > 0.35, the calibration curves are fairly

smooth and all curve towards 1 when pi > 0.95. We see that in both Figures 2.14a

and 2.14b, the distance of the curve from the line y = x tracks with the parameter’s

distance from the the true underlying value. Since one would probably not believe

that phenotype with a low marginal probability (pi ≤ 0.35) was associated with the
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marker anyway, the poor calibration of low marginal posterior probabilities does not

actually negatively affect the specificity—we come to the correct conclusion that the

phenotype is probably not truly associated with the marker, but we may be wrong in

the measure of uncertainty behind that conclusion.

Taken together, these plots show that the calibration of the posterior probabili-

ties is dependent on the prior. To avoid estimating probabilities that are higher than

the true underlying probabilities, it is best to choose the lowest plausible correlation

coefficients between the studies. Additionally, it seems that any choice of σ that de-

viates too much from the true underlying value will lead to poor calibration of the

posterior probabilities, at least for part of the interval [0, 1]. In particular, when σ is

too small, then the posterior probabilities on the interval [0.6, 1] are larger than the

true probabilities.

Marginal posterior probabilities versus single-study PPA

Because it is possible to get a posterior probability of association (PPA) from the ap-

proximate Bayes factor for a single study (see Equation 1.17 in Section 1.5.3 of Chapter

1), we investigated whether or not meta-analyzing studies increases marginal poste-

rior probabilities for truly associated traits versus the PPA. We used three datasets

of 1 million simulated SNPs where the number of cases and the number of controls

were both 3000, and where true effects were generated from a multivariate normal

distribution centered on the zero vector. The standard deviation for each study was

σgen = 0.2, and the pairwise correlations between true effects were ρgen = 0.5. We

focussed our attention on four phenotypes (P1, P2, P3, and P4), where there were

true effects in P1 and P2, and no true effects in P3 and P4.

We performed a meta-analysis of P1 and P2, P3 and P4, and P1 and P4 to test

the difference between marginal probabilities from our meta-analysis against posterior

probabilities of association, which we calculated assuming π = 0.5 as a prior on a

true association (see Equation 1.16 of Section 1.5.3 of Chapter 1). While we would

generally not have such a high prior on the probability of association, this is equivalent

to the flat prior we have used in calculating the posterior probability distribution on

models of association. When the meta-analysis is performed with ρ = 0, the marginal

probabilities for each phenotype are equal to the PPAs, as one would expect, since
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studies are assumed to be independent. We show the results for the comparison of

marginal probabilities and the PPA in our analyses across different true values of ρ

and ρgen in simulated data in Table 2.6.

Table 2.6: The mean and median (mean, median) differences between the marginal probabilities of the
stated phenotypes, calculated using the subset-exhaustive ABF approach, and the posterior probability
of association, calculated using Wakefield’s approximate Bayes factor. The data were simulated for 1
million SNPs and four phenotypes, with only the first two (P1 and P2) showing true associations. Study
sizes assumed 3000 cases and 3000 controls, a minor allele frequency of 0.5. True effects were drawn
from a multivariate normal distribution where each study had a standard error σgen = 0.2 and pairwise
correlations, ρgen were 0, 0.5, or 0.96. The analysis was performed using σ = 0.2 in all cases, and
ρ = {0.5, 0.96}.

Parameters P1, P2 P3, P4 P1, P4

ρ
g
en

=
0 −0.0047, 0.0049, −0.0023,

ρ = 0.5 3.77× 10−15 0.0040 0.0018

−0.1370, 0.0401, −0.0318,
ρ = 0.96 −1.22× 10−8 0.0353 −3.21× 10−13

ρ
g
en

=
0.
5 −0.0002, 0.0049, −0.0023,

ρ = 0.5 9.19× 10−8 0.0040 0.0018

−0.0732, 0.0400, −0.0318,
ρ = 0.96 −8.88× 10−16 0.0352 −2.10× 10−13

ρ
g
en

=
0.
96 0.0063, 0.0049, −0.0023,

ρ = 0.5 0.0006 0.0040 0.0018

0.0236, 0.0401, −0.0318,
ρ = 0.96 0.0003 0.0353 −2.39× 10−13

When ρ = 0.5 we do not observe large differences between the marginal prob-

abilities of association and the PPA. Individual simulated SNPs might show large

differences between the two methods of calculating probabilities of association, but

these were rare occurrences, and both the median and mean differences between the

studies’ marginal probabilities of association and their PPAs were less than 0.01, re-

gardless of which two phenotypes were being meta-analyzed, and regardless of what

value of ρgen was used to generate the data. Because the results of the two meth-

ods are so close, we would not expect calibration of probabilities to differ very much

between them.

However, when ρ = 0.96, we observe what are sometimes very large differences

between the PPA and the marginal posterior probabilities. Our prior encodes a belief

almost perfect correlation between the effect sizes of the studies, which makes it more

likely that the posterior probability weight will be on either the null model or the
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model where both studies are associated. As a result, posterior marginal probabilities

of association are, on average, lower than the corresponding PPAs when at least one

study is truly associated (except in the case when the effect sizes of two associated

studies are strongly correlated), and higher when neither study is. This is because

PPAs are independent of one another, so if one study shows an association, its PPA

rises, but does not affect the PPAs of other studies. Thus, a false positive or false

negative for the analysis of a single study does not increase or decrease the probability

weight on models of association in another study.

The same is not true for the ABF analysis that assumes a strong correlation

between effects. In the subset-exhaustive ABF approach, if the most likely model

contains a false positive, models of association containing that study receive more

posterior weight. This means that the model where every study is associated also

receives some posterior weight, which increases the posterior marginal probability on

the second study. Similarly, when the most likely model contains a false negative,

the the posterior weight on all models that exclude that study increases, including

the null model, which decreases the posterior probability of association on the second

study.

2.6.2 Effect of power on calibration

Because Bayes factors naturally account for power, it would be expected that the

effect of power on calibration would be negligible. However, it is also true that when

power to detect true effects is reduced, we would expect that the model that generated

the data would be selected as the most likely model less often, due to one or more

of the true effects not being detected. In order to investigate this, we generated four

datasets with identical properties, except for sample size. Each dataset was generated

by selecting an underlying model—where none of the phenotypes was truly associated,

where only Phenotype 1 was associated, where only P1 and P2 were associated, and so

on up to the model where all phenotypes were associated—and simulating allele counts

assuming that true effects were either 0 or had a relative risk of 1.1 for the heterozygote

compared to the homozygote for the non-effect allele (effects were assumed to be

additive), and recording the effect size estimates and standard errors from the logistic

regression.
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Studies were evenly split between cases and controls and contained 1500, 3000,

5000, or 7000 of each. Power to detect true effects should increase with sample sizes.

We analyzed the data using different values of ρ and a flat σ of 0.2 and plot the

calibration curves for posterior probabilities of various models in Figure 2.15.
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(a) 1500 cases and 1500 controls.
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(b) 3000 cases and 3000 controls.

Estimated posterior probability

Tr
ue

 p
ro

po
rt

io
n 

co
rr

ec
t

●
●

●

●

●

●

●

●

●

● ●
●

●
●

●
●

●
● ● ●

●
●

●

●

●

●

●

●

●

●
●

●
●

●

●
●

●
● ● ●

●
●

●

●

●

●

● ●

●

●

●

●

●

●
●

●
●

●
● ●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●

●
●

●

●

●

●

●

●

●
●

●

●
●

●
●

●
● ● ● ●

0.00 0.15 0.30 0.45 0.60 0.75 0.90

0.
00

0.
15

0.
30

0.
45

0.
60

0.
75

0.
90

●

●

●

●

●

ρ = 0.5
ρ = 0
ρ = 0.96
ρ = 1
ρ = 0.75

(c) 5000 cases and 5000 controls.
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(d) 7000 cases and 7000 controls.

Figure 2.15: Calibration curves for pi calculated from simulated datasets where true effects were fixed so
that the heterozygote had a relative risk of 1.1 compared to the homozygote for the non-risk allele. The
effect was additive. Underlying true models of association were chosen so that there would be exactly 1
million simulated SNPs with no true effects, 1 million SNPs with exactly one true effect (always in the
first phenotype), and on up through all five effects. Four datasets were created in this manner, differing
only in the sample sizes used. Each dataset contained exactly 6 million simulated SNPs. The colors of
the curves correspond to the values of ρ that were used in the analysis, while σ was always 0.2. The
x-axis denotes the bins of size 0.05 that each marginal probability was sorted into, while the y-axis shows
that proportion of probabilities in each bin that correspond to the true model that generated the data for
a given simulated SNP.
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We note that the calibration is not perfect for any analysis in any of the datasets.

Based on the results of previous sections, we would expect the calibration for the

analysis where ρ = 1 to be the best, and indeed, for all the studies but the one

with 1500 cases and 1500 controls (Figure 2.15a), this seems to be the case. For

the dataset with the smallest sample size, we see that the calibration is poor overall,

and the posterior probabilities are anti-conservative once pi ≥ 0.3—that is, they

overestimate the true probability of a given model being true model underlying the

data. We attribute this to the fact that standard errors from the logistic regression will

be relatively large, and so the observed effect sizes in traits that are truly associated

with the marker will not be extreme enough to make any of the alternative hypotheses

more likely than the null.

We also note that the posterior probabilities in the studies with larger samples

sizes (and therefore more power) are not well calibrated in most of the analyses, either,

but in this case, they tend to be anti-conservative once pi > 0.15. This means that

these posterior probabilities can be treated as a lower bound on the true probability

of the associated model, which allows them to be useful in inference. We see that

there is not a great difference between the curves in Figures 2.15c 2.15d, which have

total study sizes of 10,000 and 14,000, respectively. We also note that and that Figure

2.15b (sample size of 6,000) shows curves that appear to be intermediate between the

calibration curves resulting from the dataset where the sample size was only 3,000

and the datasets with the two larger sample sizes. Taken all together, this suggests is

that calibration of posterior probabilities is affected by the power of the constituent

studies.

2.7 Discussion

Analyzing these simulated data has given us some insight into where our method suc-

ceeds and where it fails, and when we can be confident in our answers. We can treat

our normalized Bayes factors like probabilities (or at least, lower bounds on proba-

bilities) if we believe that our priors are well chosen or that we have underestimated

the correlation between true effect sizes and overestimated the prior variance on effect

sizes in the alternative model.
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Aside from ruining the calibration of posterior probabilities, the other drawback

of misspecifying ρ in particular is that when applying the subset exhaustive Bayes

factor approach, it is less likely that the model corresponding to the highest Bayes

factor will detect true effects. Fortunately, it does not seem to increase the rate at

which we detect false positives. This seems to hold, even when the true correlation

between phenotypes is negative, but the analysis is done using a positive value for ρ.

This suggests that the rankings of the models is fairly robust to the choice of prior

ρ. However, our results also show that if individual studies have low power to detect

true effects, the calibration may become anti-conservative.

In contrast, underestimating σ will lead to an increase in false positives, while

overestimating σ will create a surplus of false negatives. This intuitively makes sense,

since a small σ encodes a belief that true effect sizes will be small and so even very

small deviations from an effect size of 0 will be treated as true associations. On the

other hand, a large value of σ indicates a belief that only very large deviations from

the null can be believed to be real, so the method becomes more conservative.

What will influence the rankings of subset-exhaustive models is the prior weight

on each model. In Chapter 5, we investigate the potential of an approach to learn

these weights empirically. Another option is to use liability models (see Chapter 6)

to try to choose these weights, but an implementation that can return an answer

quickly is needed. Furthermore, the results may be too sensitive to our initial Bayes

factor analysis to be useful. Choosing weights remains an open problem and different

approaches will be appropriate for different analyses.

In any case, we can always turn to the marginal posterior probabilities on each

of the phenotypes and be confident that when these are are high (pi > 0.95), there

is probably a true association between the individual phenotype and the marker.

We are also unlikely to call false positives when using the marginal probabilities,

though they are not well calibrated when they are low (pi < 0.35) and the priors

are misspecified. This means that we risk being wrong about the level of uncertainty

about a phenotype’s association: pi may be equal to 0 in our calculations, but the

true value might be closer to 0.3, and similarly, we may believe that pi = 0.3 when it

is actually closer to 0.2. However, this difference will not ultimately change the final

conclusion.
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One caveat to our analysis of simulated data is that we have often performed our

analyses using at least one parameter (σ or ρ) that was also used to generate the data.

Additionally, in our assessment of the calibration of posterior probabilities, we have

implicitly assumed a flat prior on each possible model of association, which exactly

matches how each true underlying model of association was chosen—that is, the true

models were chosen at random and with equal probability. Our justification is that

this helps us to understand the effect of misspecifying a single parameter, however

it may be that the effects of misspecifying multiple parameters are not additive and

result in worse (or better, if the effects of misspecificiation somehow cancel each other

out) power, calibration, or sensitivity/specificity than expected from the individual

analyses.

We have not included missing data in any of our simulations. Missing data is a

frequent occurrence in real data and is part of our datasets in Chapters 3 and 4. We

use a naïve approach to handling missing data: we simply remove the missing study

from the dataset at a given SNP and its corresponding row and column in the prior

correlation and cryptic covariance matrices, and proceed with the analysis without it.

There is no limit to the number of further simulations we could do. In addition

to testing the effects of misspecifying both ρ and σ simultaneously, we have not

investigated what happens when meta-analyzing datasets of varying levels of power—

for instance, if we had several studies with large sample sizes combined with some that

had small ones. We have also not looked at what might happen when our assumption

that the summary statistics represent solely the effect of the effect allele on the trait

is violated. For instance, in the presence of covariates that are unaccounted for by

the model used to create the effect size estimates—can these be captured by the Ωβ̂

matrix? Or does this matrix only capture the effect of shared samples, as we expect?

To understand this, we would need to create raw data that contains both a true effect

size and a covariate measurement and then test how Ωβ̂ changes when the covariate is

accounted for by the regression model and when it is not, as well as the downstream

effect on inference.

Finally, our simulations have only looked at true effects in independent markers,

since our method tests each marker individually. Our approach alone cannot detect

the situation when two typed variants associated with different traits colocalize to
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the same untyped causal variant; further data and approaches would be needed to

identify this situation. Furthermore, in real GWAS data, there is an underlying

LD structure among the markers that can introduce the appearance of cross-trait

associations where there are none. This begs the question of what sort of results

our method produces under these circumstances. For instance, are there any obvious

and predictable patterns in the posterior distribution on models of association or in

marginal posterior probabilities across SNPs in the LD region? Is there any way to

mitigate the problem by using these potential patterns or by using the single-study

ABFs? A new simulation framework—one that can simulate LD across regions of

the genome—would need to be developed before we could begin to the answer these

questions.
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Appendix

2.A Supplementary heatmap of power

Figure 2.A.1: Heatmap and table of power for each of the different methods when α = 0.01. We show
the true positive rate at this level for data where 1-5 phenotypes were affected and where the odds ratio
of the effect was 1.1. The size of the study was 7000 cases and 7000 controls and in all cases the minor
allele frequency was 0.5. The prior weight on all models was 1. A null dataset of 100,000,000 SNPs was
created for which the all-correlated and mean Bayes factors (for each value of ρan) were calculated. This
left us with a null distribution for each Bayes factor approach, allowing us to calculate p values.
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2.B Proof that ABFs from independent effects model

is equal to the product of Wakefield ABFs

Proof. We begin by observing that the product of two approximate univariate Bayes

factors, ABF1 and ABF2 is (from equation 1.15)

ABF1ABF2 =

√
SE2

1SE
2
2

(SE2
1 + σ2

1) (SE2
2 + σ2

2)
exp

{
1

2

[(
β̂2
1

SE2
1

+
β̂2
2

SE2
2

)
−(

β̂2
1

SE2
1 + σ2

1

+
β̂2
2

SE2
2 + σ2

2

)]}
.

From here, it is easy to see that this generalizes to

n∏
i=1

ABFi =

√√√√√√√
n∏
i=1

SE2
i

n∏
i=1

(SE2
i + σ2

i )
exp

{
1

2

(
n∑
i=1

β̂2
i

SE2
i

−
n∑
i=1

β̂2
i

SE2
i + σ2

i

)}
(2.12)

In the multivariate case, Ω and Σ have the forms

Ω =


SE2

1 0
SE2

2

. . .
0

SE2
n

 ,

and

Σ =


σ2
1 0
σ2
2

. . .
0

σ2
n

 .

This means that |Ω| =
n∏
i=1

SE2
i and |Ω + Σ| =

n∏
i=1

(SE2
i + σ2

i ). Furthermore,

Ω−1 and (Ω + Σ)−1 have the forms
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Ω−1 =



1

SE2
1 0

1

SE2
2

. . .
0 1

SE2
n


.

and

(Ω + Σ)−1 =



1

SE2
1 + σ2

1 0
1

SE2
2 + σ2

2
. . .

0 1

SE2
n + σ2

n


.

The terms β̂ᵀΩ−1β̂ and β̂ᵀ (Ω + Σ)−1 β̂ have the forms

β̂ᵀΩ−1β̂ =
β̂2
1

SE2
1

+
β̂2
2

SE2
2

+ . . .+
β̂2
n

SE2
n

=
n∑
i=1

β̂2
i

SE2
i

,

and

β̂ᵀ (Ω + Σ)−1 β̂ =
β̂2
1

SE2
1 + σ2

1

+
β̂2
2

SE2
2 + σ2

2

+ . . .+
β̂2
n

SE2
n + σ2

n

=
n∑
i=1

β̂2
i

SE2
i + σ2

i

.

Applying these to equation 2.6, we have

ABF =

√√√√√√√
n∏
i=1

SE2
i

n∏
i=1

(SE2
i + σ2

i )
exp

{
1

2

(
n∑
i=1

β̂2
i

SE2
i

−
n∑
i=1

β̂2
i

SE2
i + σ2

i

)}
,

which is identical to the product of n univariate ABFs as defined in equation 2.12.
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Chapter 3

Application to 107 Autoimmune

Associated SNPs

3.1 Introduction

In Chapter 1, we discussed several methods for meta-analyzing genome-wide associa-

tion studies (see Sections 1.6 and 1.7). In Chapter 2, we introduced our own approach

and investigated its performance relative to standard meta-analyses, discussed in Sec-

tion 1.6. In this chapter, we use a small dataset from “Pervasive Sharing of Genetic

Effects in Autoimmune Disease” by Cotsapas et al. [52] to compare our method to

four others: the cross-phenotype meta-analysis (CPMA) test [52], ASSET [111], the

binary effects model [112], and CPBayes [116]. We assess the speed of each method

on this dataset of 107 SNPs across up to seven autoimmune diseases and compare the

findings of each method to the others, as well as to the literature. In doing so, we

also illustrate some of the difficulties inherent to using real data.

In “Pervasive Sharing of Genetic Effects in Autoimmune Disease” by Cotsapas

et al. [52], the authors introduced their method: the cross phenotype meta-analysis

(CPMA) test statistic. We provided an overview of this method in Chapter 1 1.7.1,

along with the other methods discussed in this chapter (Sections 1.7.4, 1.7.3 and

1.7.11). They applied the CPMA to GWAS summary data for the following diseases:

celiac disease (CeD), Crohn’s disease (CD), multiple sclerosis (MS), psoriasis (PS),

rheumatoid arthritis (RA), systemic lupus erythematosus (SLE), and type 1 diabetes

(T1D).

94



Using only the p-values for the association of 107 single nucleotide polymor-

phisms (SNPs) with each of these diseases, the authors tested each SNP for multiple

associations. They determined that 47∗ of the SNPs they tested showed evidence of

cross-phenotype associations, with nine of them showing evidence of effects in opposite

directions. In particular, their analysis highlighted SNPs in the IL23R gene, which is

known for its associations with multiple autoimmune diseases [59, 60, 61, 62]. Also

represented among the paper’s highest ranked SNPs are SNPs in PTPN2, which is

another gene we would expect to see, based on the literature [133, 134, 135, 136, 137],

along with CTLA4 [138, 135, 139, 137] and CLEC16A [138, 135, 140, 141].

To study the biological implications of their results, the authors performed hi-

erarchical clustering of the SNPs based on their patterns of association with these

diseases and were able to divide the 47 SNPs that showed cross-phenotype associa-

tions into four clusters, three of which corresponded to sets of proteins that are known

to interact with one another. Of these three sets of protein interaction networks, two

appeared to be preferentially expressed in immune cell subtypes.

Though the CPMA statistic is fast and easy to calculate, it does not say any-

thing about pattern of associations in SNPs that are found to have cross-phenotype

associations—the paper’s authors had to devise a strategy based on binning p-values

in order to perform their follow-up analysis. Additionally, in using only p-values as

the input, the method throws away other widely-reported summary statistics, such as

study sizes, effect sizes, and standard errors, all of which affect p-values and statistical

power.

3.2 The data

The data we use in this chapter come from Dataset S1 in the supplement of the

Cotsapas et al. paper [52]. This table gives the following information for each SNP:

rsid, chromosome number, base pair position (according to NCBI Build 36, also known

as hg18), the major allele, the minor allele, z scores and p-values for each of the seven

studies, the disease the study was first ascertained in, the CPMA p-value, and the

gene or region associated with the SNP. The z scores and p-values come from the
∗On 15 July 2015, the co-author Benjamin Voigt submitted a correction of the reported CPMA

p-values that reduced this number to 45. However, the subsequent analyses were not updated.
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original papers cited by Cotsapas et al., though the authors state that some z scores

were calculated from a χ2
1 statistic based on the p-value, due to their being unavailable

in the original papers. We recreate Table 1 from the Cotsapas et al. paper in our own

Table 3.1.

Disease Cases Controls Ref.

Celiac disease 3,796 8,154 [135]

Crohn’s disease 3,230 4,829 [142]

Multiple
sclerosis 2,624 7,220 [143]

Psoriasis 1,359 1,400 [144]

Rheumatoid
arthritis 5,539 20,169 [139]

Systemic lupus
erythematosus 1,963 4,329 [145]

Type 1 diabetes 7,514 9,045 [138]

Table 3.1: Summary the number of cases and controls, along with the study reference for each disease
used the meta-analysis performed by Cotsapas et al. The subjects in all studies were people of European
descent [52].

Here, we encounter the first potential problem with these data—p-values and

χ2
1 statistics do not contain information on the direction of the effect. This does not

matter for the CPMA calculation, but it matters for our method, as well as others.

The authors state, “Sign was assigned with reference to the minor allele declared in

the psoriasis GWAS (chosen arbitrarily),” but make no mention of whether or not the

alleles in each study were reported on the same strand.

The lack of strand data makes it impossible to verify the results for SNPs with

complementary alleles; that is, alleles that are also nucleotide bases that pair with

each other in the DNA molecule. In this dataset, one such SNP is rs11755527 on

chromosome 6, which has alleles C and G. If one study reports the effect for the

G allele, and another reports the effect for the C allele, then absent any further

information about the strand the alleles are reported on, we cannot tell if the data

are truly being reported for the two different alleles, or if they are being reported for

the same allele on different strands. In the former case, we would choose one of the

alleles as the effect allele, and the effect size estimate for the study reporting on the

non-effect allele would be multiplied by −1 to align it to the other study. In the latter
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case, no such conversion would be needed.

If allele frequencies are reported in each study,† then it may be possible to ensure

that the effects in each study are reported for the same allele. However, according

to 1000 Genomes, rs11755527 has a minor allele frequency of 0.472 in Europeans (G

allele, forward strand). This means that due to sampling variation, it may be that

the frequency of the “minor allele” in the samples used in each individual GWAS is

actually above 0.5. Alternatively, it maybe that some of the studies were performed

on a subpopulation where the G allele is actually the major allele. Indeed, two of the

five European subpopulations in the 1000 Genomes Phase 3 data show a frequency

above 0.5 for this allele. As such, the strand information from each study is vital in

order to ensure that the effects are being reported for the same allele of this SNP in

each of the studies.
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Figure 3.1: Comparison of the reported p-values (x-axis) and the p-values calculated from the reported
z scores using a χ2

1 test (y-axis). The red line is the line y = x. The data used to make this plot all
come from Dataset S1 of “Pervasive Sharing of Genetic Effects in Autoimmune Disease” by reported by
Cotsapas et al. [52]

In Figure 3.1, we plot the reported p-values against the p-values calculated from

a performing a χ2
1 test on the square of the z scores. We see that 63.7% of the data

lie on the line y = x, showing concordance between the reported p-values and the

reported z scores. However, the remaining 36.3% show what are at times very large

(difference ≥ 0.5) discrepancies. Closer examination of the data shows that these
†The authors provide no allele frequency information anywhere in the paper or supplementary

material.
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discrepancies arise in the CeD, MS, SLE, and T1D datasets, but never in the CD, PS,

and RA datasets, suggesting that there was some systematic difference in the way the

data were gathered between the first group of studies and the second. We speculate

that the second group of studies were the ones for which the z scores were calculated

based on the p-values directly, and that at least some of the the z scores and p-values

for the first group were collected separately.

Within the studies, the discordant summary statistics do not seem to have an

obvious explanation—for instance, the z scores for these data points range from

−2.598 to 2.304, with a median of 0.198. While this misses out the extreme val-

ues of the whole set of z scores (which range from −15.278 to 20.400, with a median

of 0.351), there does not seem to be any reason that this subset of results should

show a discrepancy between z scores and p-values. Additionally, the total num-

ber of SNPs that were deemed to have discrepant summary statistics—defined as

|reported p-value− p-value from z-score| ≥ 0.1—is 100. This suggests that these are

not due to some feature of the SNPs involved, such as minor allele frequency or ge-

nomic location, since nearly the whole dataset is represented among this set of SNPs.

There is an additional issue only briefly mentioned by the study’s authors: that

of control sharing. In Table 1 of the paper, summarizing the number of cases and

controls in each of the studies contributing to the analysis, they note that “controls

overlap in some cases due the use of common shared sample genotypes.” This necessar-

ily introduces a correlation of summary statistics between studies that share controls.

When this occurs, a small p-value in one study increases the chances of a small p-value

in the other studies, even if there is no true association between the SNP and the other

phenotypes [131]. Examination of the papers cited by Cotsapas et al. suggests that

every study except for the one of PS [144] made use of samples from a cohort that

was also represented in at least one other study [135, 143, 139, 142, 142, 145]. In

the analysis of their summary data, the authors did not account for these correla-

tions. If they had—for instance, by reducing their p-value threshold from p ≤ 0.01

to p < 0.001—they would have reduced the number of SNPs that displayed cross-

phenotype associations by about 25%.

It is difficult to ascertain the exact number of controls shared between studies.

If the dataset were larger and contained many SNPs we believed to have no true
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associations, we might be able to estimate the correlations between effect sizes under

the null empirically. However, on a dataset of 107 SNPs, we are unable to do this with

the desired accuracy. We therefore choose to run all of the analyses without accounting

for shared controls and effectively raise any thresholds to determine associations or

reject null hypotheses.

The final concern is that the authors admit, “Where data for the reported SNP

itself were not available in our GWA studies . . . we chose a proxy in high linkage dis-

equilibrium to the reported marker (r2 > 0.9 in HapMap/CEU).” However, nowhere

do they list which SNPs or studies for which proxies were used. Despite the high

correlation between the proxy SNPs and the reported ones, this still introduces the

possibility that the evidence of association for a given study at a given SNP may be

inflated or deflated compared to the true, unreported effect at the SNP.

However, despite these shortcomings with their data, the conclusions they have

been able to draw from their analysis appear to be valid. We took the opportunity to

reanalyze these data using our own method, as well as three others. These analyses

allowed us to investigate the results of our method in their own right, and compared

to the results of other methods.

3.2.1 Processing steps

Despite the open questions about the data, we proceeded under the assumption that

Cotsapas et al. aligned their data correctly so that the relative directions of effect

are correct. The authors reported the effect of the minor allele in their data. We

compared the minor alleles reported in the paper to the minor allele at that SNP

in the European populations of the 1000 Genomes Phase 3 data, as every study in

this meta-analysis used subjects who were of European descent. None of the SNPs

with complementary alleles reported a minor allele that differed with the one in 1000

Genomes European populations—though as noted above it would be hard to deter-

mine this with rs11755527, whose minor allele frequency is very close to 0.5.

In the end, only one SNP, rs3184504, reported a minor allele that differed from

the one in 1000 Genomes. Since the alleles are C/T in both the paper’s data and

in 1000 Genomes, there was no confusion about which allele was the effect allele. In

1000 Genomes, T is the minor allele across European populations, with a frequency of
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0.464, however we note that for the GBR and TSI subpopulations, this allele occurs

at frequencies of 0.5 and 0.528 respectively. It is therefore not impossible that in one

or more of the studies, C was indeed the minor allele, hence why the study’s authors

reported it as such in their table. In our data, we changed the minor allele to T at

this SNP, and multiplied the reported z scores by −1.

Next, we calculated the estimated standard errors of the effect sizes (β̂s) for

each study at each SNP and converted the z scores into effect size estimates. For this,

we used information about the numbers of cases and controls (provided in Table 3.1)

and the allele frequency information. If the ith SNP has minor allele frequency fi, the

jth study has a total sample size (cases and controls) of nj, and φj is the proportion

of cases in the sample, then

SEi,j =
1√

2njfi(1− fi)φj(1− φj)
, (3.1)

and for zi,j the z score of the jth study at the ith SNP, β̂i,j is simply

β̂i,j = zi,jSEi,j. (3.2)

We observe in Figure 3.2a that the largest effect sizes occur at low minor allele

frequencies (MAF ≤ 0.1) and that in general, effect sizes tend to shrink as MAF

increases. Figure 3.2b, which shows z scores, indicates that these large effect sizes

tend to be paired with larger standard errors. While there are three outliers that

appear when MAF ≤ 0.1, there is also one that occurs with at a MAF of 0.261.

We used these data to rerun the analysis by Cotsapas et al., as well as our

approximate Bayes factor (ABF) analysis. For further comparisions to other methods,

we also ran ASSET [121], Han and Eskin’s binary effects model and random effects

meta analysis [102, 112, 54], and CPBayes [116].

100



●●● ● ●

●

●●
●

●

●

●
●

●
●

●

●

●●●
●

●

●

●
●

● ● ●●
●●

● ●●●
●●

●
●

●

●

●

● ●●
●

●

●●

●

●●
●

●

●

●

●

●

●
●

● ●●●
●

●

● ●●
● ●

●

●
●

●
● ●

●

●
●

●
●● ●

● ●
● ●

●

●

●
●

●●

●
● ● ●●● ●●

●
●● ● ●

●

●

●

● ●

●
●

● ●
● ●

●

●

●

●

●

●
●●●●

● ●

●
●

● ●

●

●

●

●

●
●

●

●

●

●

●
● ●

●

●●

●●

●

●

●
● ●

●
●

●●

●

●

● ●

●

●

●

●●
●

●

●

● ●

●

● ●

●

●
●

●

●
●

●
●

●● ●
●

●

●

●
●

●
● ●

●

●

●●
●

●

●

●●

●

●

●
●

● ● ● ●

●
● ●

●
● ●

● ●

● ●
●

● ●●● ●

●
●

●
● ● ●

●

●

●

●
●

●
●

●

●

●●

●

●

● ● ●● ●●

●
●

●
●

●

●

●
●

●

●

●

● ●

●
●

●
●

●
●●

●
●

●

●

●

●

●

●
●

●

●

●

● ● ●
●

●

●

●
● ●

●
●

●

●

●

●

●

●

●● ●

●

●
●

●●
●

●

●
●● ● ● ●●● ● ●

●

●●
●

● ●

●

●

●

●

●

●

●●

●

●

●
●

●
●

●
●

●

●●
●

●

●

●

●

●●

● ●

●
●

●
●

●

●

●

●
●

●

●●
●

●●
●

● ●

●
●

●

●●

●

●

●

●
●

●● ●
●

●●
● ●

●

●

● ●● ●

● ●

●

●

● ●
● ●

●●
●

●
●

●
●● ●● ● ●

●

●

●

●

●

●
●

●

●
●

●

●
●

●

●● ●

●

●

●

●

● ●

●

●

●

●

●

●

●

●

● ●

●●

●

●

● ● ●
●

●
●

●

●

●

●

●● ● ●

●

●

●

●

●

●

●

●

●

●

●

●●

●

●
● ●

●

●

●

●
●

●

●

●

●

●

●
●

●

●

●
●

●

●

● ●

●
●

●

●

●●

●
●

● ●●

● ●
●

●

●

●

●

● ●●
●

● ●
● ●● ●

●

●
●

●

●●
● ●

●

●

●● ●

●
●

●
●

● ●●
●● ● ●●●

●
● ● ●

●
●

●● ●● ●

●

●●
● ●●

●●●
●

● ● ●
●● ●●

●
●

●
● ●

●
●

●● ●
●

●

● ● ● ●

●
● ●● ●●

●●
● ● ●●

●

●●

●●
● ●● ●●

●
●

●
● ●

●●
●

● ●

●

●● ●

●
●

●

●

●

●

●

●

●

●

●
●

●
●

●
●

●
● ●

●
●● ● ●●●

●

●
● ●

●

● ●

●

●
●

●

●

●● ●

●

●●

●

●

●

●

● ●●

●

●
●

●

●●
● ●

●
●

●

●

●
●

●

● ●

●

●

●●

●
● ●

●

●
●

●

●

●●

●

●●

●

●
●

●●
● ●

●

●

●●

●
●

0.0 0.1 0.2 0.3 0.4 0.5

−
0.

5
0.

0
0.

5

Minor allele frequency

E
ffe

ct
 s

iz
e 

es
tim

at
e

(a) Estimates of effect sizes (y-axis)
plotted against minor allele frequencies
(x-axis).
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(b) The z scores for the Cotsapas et
al. data (y-axis) plotted against minor
allele frequencies (x-axis).

Figure 3.2: The effect size estimates we calculated for the Cotsapas et al. data from allele frequencies
reported in 1000 Genomes and z-scores (y-axis) plotted against minor allele frequencies (x-axis).

3.3 Analysis

Because the dataset is so small, we were able to use our subset-exhaustive approach on

every SNP. The maximum number of subset models is 27 = 128, for which approximate

Bayes factors at each SNP can be computed fairly quickly (see Table 3.5).

We began by investigating how changing the prior values of ρ and σ changed

the rankings of SNPs by mean ABF across all models of association. Note that ρ

was kept constant among all possible pairs of correlations, and σ was similarly kept

constant as the prior across all studies in the meta-analysis. Possible values were

ρ = {0, 0.5, 0.96,±0.5}, while σ = {0.2, 0.4}. Because of the short-comings in the

data, we used the results from the analysis with ρ = 0 and σ = 0.2 to select SNPs for

follow-up analyses, since the prior is agnostic to the direction of effect, meaning that

its results should be valid even if some of our effects are reported for the wrong allele,

though we would expect to lose power from not taking advantage of the probable

correlations in true effect sizes among the studies.

We included the other analyses because we thought it would be informative to

see how results change depending on the prior. In particular, we were interested in the

effect of including negative prior correlations between effect sizes. For the analyses

that used priors of ρ = ±0.5, the analysis created a new prior correlation matrix for

each SNP. In the matrix, the signs of the off-diagonal elements, ρi,j, were negative if

β̂i and β̂j for the SNP had different signs, and were positive if they had the same sign.
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We also investigated the effect of using different priors on models of association.

These were briefly discussed in Chapter 2, Section 2.3 and are as follows:

Flat prior: This assumes that every model of association is just as likely as every

other model of association—that is, all weights, wi in Equation 2.8 have a weight

of 1, and thus a prior probability p of

p =
1

2n
. (3.3)

Combinatorial prior: When calculating the prior weight on models withm out of a

possible n associated phenotypes under the flat prior, one sees that models with
n
2
phenotypes (n

2
± 0.5 if n is odd) have the most prior weight, due to the fact

that there are more of these models. The combinatorial prior forces the prior

weights on the number of associations to be the same. That is, for a model with

a total of m associations, the prior probability p on the model is

p =
m! (n−m)!

(n+ 1)!
. (3.4)

Binomial prior: Both the flat prior and the combinatorial priors assume that a

model with no associations is as likely as a model where all n phenotypes are

associated. In reality, we might assume that each of the studies has some prob-

ability qi : i ∈ {1, . . . ,n} of having a true association with a SNP. Alternatively,

these qi can be thought of as the proportion of SNPs that the ith study is ex-

pected to be truly associated with. This is similar to π, the prior on the expected

proportion of true effects that Stephens and Balding [93] discuss for the calcula-

tion of the posterior probability of association (see Section 1.5.3 in Chapter 1).

For a given model with K ⊆ {1, . . . ,n}, the subset of studies associated with

the SNP and L = {1, . . . ,n} \ K, the subset of studies that are not, then the

prior probability on the model is

p =
∏
i∈K

qi
∏
j∈L

(1− qj) . (3.5)

The flat prior can be recreated in this prior by setting all qi = 0.5.
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In addition to the analysis using our own method, we also recalculated the CPMA test

statistic and replicated the p-values from the paper by Cotsapas et al. (See Section

1.7.1 for details). For ASSET, CPBayes, and Han and Eskin’s binary effects model,

we assumed no cryptic correlation between the studies, as we did in our own analyses,

even though we know this not to be the case. The binary effects model also requires a

prior σ the standard deviation of the normal distribution from which true effect sizes

are drawn. Since we ran each method using default parameters, we did not change the

default value of σ from 0.2. ASSET requries the number of cases and controls for each

study, which we provided using the data in Table 3.1. The dataset was small enough

that exact m values for the binary effects model could be calculated. The inputs for

ASSET, CPBayes, and the binary effects model were the effect size estimates and

standard errors that we calculated for the data, as described in Section 3.2.1.

3.3.1 Simulations based on the data

To better understand the accuracy and power of our approach when applied to these

data and to compare it to the CPMA statistic, we tested the performance of the

two methods using simulated data. For each simulation run, we generated data for

8 million SNPs across seven studies. All seven studies had a composition of 3,500

cases and 8,000 controls—similar to the average number of cases and controls in our

dataset. The SNPs all had a minor allele frequency of 0.5 and could be subdivided into

eight groups of exactly 1 million SNPs each. These groups were identified by the true

underlying models of association that generated the data. One of them was the set of

SNPs with no true underlying associations with any of the studies, another comprised

SNPs that were associated with exactly one study (the same study in all SNPs), and

so on up to the set containing SNPs where all seven studies were associated.

True effect sizes were either set to have an odds ratio of 1.05 or 1.1 or were

generated from a multivariate normal distribution (for the subsets of SNPs with mul-

tiple associations) with study standard deviations of either 0.2 or 0.4 and correlations

between the studies of 0, 0.5 and 0.96. In either case, the same parameter value was

applied to all studies. Using the true effect sizes, we sampled alleles in cases and

controls and then performed a logistic regression to generate the summary data. As

in Chapter 2, we did not aim to explore all possible types of data that we might
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encounter. For instance, we never varied the minor allele frequency, despite the fact

that SNPs all along the allele frequency spectrum appear in our data, nor did we

attempt to simulate missing data, even though the dataset contained such SNPs.

Power comparison of the ABF and CPMA approaches

To calculate p-values for our all-correlated ABFs, we used the distribution quadratic

form (see 2.2.2 for details), which gives similar p-values when compared to the null

distribution (i.e. the set of SNPs for which there are no true underlying associations).

Then, in each simulation run, for different significance thresholds, we plotted the

proportion of simulations whose p-values were below the given threshold, generating

the receiver operating characteristic curves (Figure 3.1). On this type of plot, a

method that performs perfectly would be on the line y = x when the null model was

true (i.e. when there was no association in any study) and would have y values of 1.0

from x > 0 in all other scenarios.

We found that when treating the single Bayes factor as a test statistic, we had

more power to detect SNPs with multiple effects than the CPMA statistic. Changing

the values of ρ and σ in our analysis did not change the shape of the curves very

much overall regardless of true underlying effect size (fixed with a given risk ratio, or

generated randomly from a multivariate normal distribution with given values of ρ

and σ). Figure 3.1 provides two representative examples of how the ABF and CPMA

approaches performed on the data we simulated.

We note that the all-correlated Bayes factor test statistic has more power than

the CPMA test statistic for every simulation run in which we tested them. As we

see in Figure 3.1b, where the risk ratio is 1.05, the all-correlated ABF on a dataset

with m truly associated phenotypes tends to perform almost as well as the CPMA

test on the dataset with m + 1 truly associated phenotypes. However, neither one

performs particularly well when the relative risks are low (≈ 1.05) and when the

number of affected phenotypes is one or two. With six or seven affected phenotypes,

both methods of analysis show high power to detect effects, even at low false positive

rates (α ≤ 0.05). This is expected, since so many affected phenotypes mean that

these tests are more likely to find multiple associations, even if they underestimate

the number of associations.
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(a) ABF analysis with ρ = 0, σ = 0.2, risk
ratio = 1.05.
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(b) ABF analysis with ρ = 0, σ = 0.2, gen-
erated with ρ = 0 and σ = 0.2.
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Figure 3.1: Receiver Operation Characteristic curves for the all-correlated Bayes factor analysis (solid
lines) and the CPMA analysis (dotted lines) on simulated data, subdivided by the number of truly affected
phenotypes, indicated by colors. In both panels, the x-axis is the false positive rate, α, and the y-axis is
the proportion of test statistics whose p-values are ≤ α. Different risk ratios were used to generate the
data and different prior values for ρ and σ were used to perform the Bayes factor analysis. The data were
simulated with the parameters indicated, assuming studies with 3500 cases and 8000 controls (similar to
the sizes used in the original studies from the Cotsapas el al. data. For each number of associated traits,
exactly one million markers were simulated. Models of association were the null model, the model where
there was an association in the first study only, the model where there were associations in the first and
second studies, and so on up to the model where there were associations in all studies.

ABF model selection in simulated data

We also performed the subset-exhaustive analysis on the simulated data to see how

often the model with the highest Bayes factor (for given values of ρ and σ) corre-

sponded to the correct model of associated phenotypes. We used the flat prior on

the models of association. This puts the most prior weight on models where the SNP

affects three or four phenotypes, since there are 70 such models, while there is only

one model where the SNP affects no phenotypes and only one where it affects all

phenotypes. There are a total of 128 models being compared for each simulated SNP.

A model chosen at random has a 0.78% chance of being the true model underlying

the data.

Since we knew exactly which phenotypes were affected in the simulated data,

we could see how often this approach resulted in the correct model receiving the most

posterior probability density. As Figure 3.2a shows, for low risk ratios (again, ≈ 1.05),

our method struggles to detect the correct model of association, unless the null model
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is the correct one. We note that the method tends to be conservative about the number

of phenotypes affected, though when it selects a best model with the correct number

of affected phenotypes, it tends to select the true underlying model. However, as risk

ratios increase (Figure 3.2b), the signal becomes stronger, and so the accuracy of this

approach improves dramatically. We note that in either case, the models selected by

this approach tend to err on the side of fewer associations than the true underlying

model, rather than more.
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(a) For ρ = 0.5, σ = 0.2, risk ratio = 1.05.
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(b) For ρ = 0, σ = 0.2, risk ratio = 1.1.

Figure 3.2: The bar plots show the frequency with which the subset-exhaustive approach returns the
highest Bayes factor for a model with a given number of affected phenotypes (coded by the bar color)
when the underlying data was simulated with the number of affected phenotypes indicated by the clusters’
x-axis labels (assuming 3500 cases and 8000 controls in each study). Grey overlays are on models where
the number of affected phenotypes in the chosen model did not match the number of affected phenotypes
in the underlying simulated data, which gives an indication of the frequency with which the model with
the highest Bayes factor was identical to the true underlying model that generated the simulated data.

Figure 3.2 does not show the distribution of approximate Bayes factors over

models. It may be that the highest ABF is not much higher than the next highest

ABF—or even the third or fourth highest ABFs, one of which may be the true under-

lying model. Combined with the tendency of the model selection to underestimate the

number of true associations, it is likely that model determined to be the most likely

by our approach is a subset of the true set of associated models. This is particularly

true in the case where true underlying risk ratios are about 1.05, which is more similar

to the ratios observed in GWAS studies than 1.1. In this, we see that our approach

loses power to detect effects as the true underlying effect becomes smaller, as is the
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case with all methods. By meta-analyzing data across studies, we hope to be able to

detect some true effects, despite this loss of power, and despite the fact that some of

the true underlying effects will inevitably remain undiscovered.

3.4 Results

Here we present the results of our comparisons of analyses using different values for

the prior parameters, ρ and σ, as well as for the three priors on models of association

we discussed in the previous section.

3.4.1 Effect of prior ρ and σ

We wanted to understand the effect of using different priors on our results. One

possible effect is on how SNPs are ranked when we take the mean ABF over all

possible models of association. Figure 3.1 represents ranks in color—the shade of

green depends on rank, with darker shades corresponding to higher ranks and paler

shades to lower ones. In general, there was good concordance in ranks across all

studies, especially for the highest and lowest ranked SNPs.

We calculated the correlation of ranks among the analyses using Kendall’s τ .

The lowest resulting correlation was τ = 0.868 between the analysis where ρ = 0

and σ = 0.4 and the one where ρ = 0.96 and σ = 0.2. This is perhaps expected,

as one prior assumes no correlation among true effect sizes, which are expected to

be large, while the other assumes high correlations among true effect sizes which are

expected to be smaller—these beliefs are, in some sense, opposites. The highest rank

correlation was τ = 0.995 between the analyses performed with ρ = 0.5 and σ = 0.4

and the one where ρ = ±0.5 and σ = 0.4. For six of the SNPs in the study, these

priors are identical, since all the effect size estimates at those SNPs all had the same

sign; however that alone would not explain the high rank correlation. It may be that

for purposes of ranking SNPs, the sign of the correlation coefficient does not matter

as much as its modulus.

We also looked across our analyses to determine which set of priors produced

the highest approximate Bayes factors. Higher ABFs suggest that the alternative

model explains the data better, compared to the null, which has the same probability

107



rs2476601
rs7111341
rs3184504

rs11465804
rs10889677

rs1893217
rs2542151
rs2201841
rs2292239
rs4613763
rs3087243

rs11209032
rs11865121

rs3828309
rs2104286

rs12708716
rs917997

rs12251307
rs3821236
rs2816316

rs11203203
rs2872507
rs7709212
rs4728142
rs5753037
rs4505848
rs2290400

rs10045431
rs4788084
rs2082412

rs10517086
rs1990760

rs10995271
rs9888739

rs11755527
rs7020673
rs2188962

rs11190140
rs11747270

rs1465788
rs6441961
rs3024505
rs7804356

rs744166
rs3825932
rs7221109
rs4900384

rs11584383
rs425105
rs947474
rs610604

rs10509540
rs10758669

rs763361
rs11258747

rs4948088
rs7927894

rs229541
rs9388489
rs6908425
rs4763879
rs2274910
rs2301436

rs11175593
rs3197999
rs3764147

rs548234
rs7197475
rs9286879

rs849142
rs17728338

rs2281808
rs4917014
rs4263839

rs17582416
rs20541

rs6822844
rs703842

rs17574546
rs7746082

rs762421
rs6568431
rs1913517
rs2315008
rs2066808
rs1800693
rs1736135
rs6590330
rs1456893
rs6897932
rs2836878

rs463426
rs1234315
rs6445975
rs4963128

rs495337
rs1728785
rs1344706
rs1385374
rs6017342

rs886774
rs1167796

rs30187
rs1006737

rs179247
rs6426833
rs1558744

ρ=0 ρ=0.5 ρ=0.96 ρ= ± 0.5

σ=0.2 σ=0.4 σ=0.2 σ=0.4 σ=0.2 σ=0.4 σ=0.2 σ=0.4

Figure 3.1: Comparison of how the SNPs in the meta-analysis were ranked in each of the analyses
(parameters used are at the top of the plot). Darker greens indicate higher ranks (indicating higher
ABFs), while paler colors correspond to lower ranks. The table is ordered by the ranks in the first column,
where the analysis was conducted with ρ = 0 and σ = 0.2.
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density across all analyses at a given SNP. For 64 of the 107 SNPs (almost 60%), the

highest mean ABFs were observed in the analysis with priors ρ = ±0.5 and σ = 0.2.

A further third of the SNPs (37) had the highest mean ABFs with ρ = 0.96 and

σ = 0.2. When looking for the maximum ABFs at each SNP across all subsets of

association in all models, these two analyses produced the highest ABFs for 69 and

29 SNPs, respectively.

It is not especially surprising that that the model using ρ = ±0.5 would yield

higher ABFs than those from analyses that used the same flat prior correlation among

the studies at all SNPs. In this analysis, the prior correlation on true effect sizes was

created using information on direction of effect at each SNP—that is, it describes

the data better than the other analyses, because the data used in the analyses was

also used to create the prior. When the two analyses that made use of this prior

are removed from consideration, the analyses producing the highest mean ABFs and

the highest ABFs for each SNP across all analyses and subset models tend to have

a slightly more even distribution among the remaining priors. We summarize these

in Tables 3.1 and 3.2. We note that the highest means and overall ABFs tend to

correspond to prior σ = 0.2 rather than σ = 0.4, suggesting that the majority of

effect sizes are not large.

ρ\σ 0.2 0.4
0 22 3

0.5 39 3
0.96 39 1

Table 3.1: Distribution of the number of SNPs whose highest mean ABF across all analyses corresponded
to each value of ρ and σ when ρ = ±0.5 is removed from consideration.

ρ\σ 0.2 0.4
0 49 7

0.5 14 2
0.96 33 2

Table 3.2: Distribution of the number of SNPs whose highest ABFs across all analyses and subset models
corresponded to each value of ρ and σ when ρ = ±0.5 is removed from consideration.

Finally, different priors had moderate effects on the rankings of models of asso-

ciation at a given SNP. At 39 SNPs, there was no disagreement among the methods

about the most likely true underlying model of association. At 42 SNPs, the highest

ABFs across all analyses were associated with models that agreed on the association
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status for all but one of the studies. At 20 SNPs, the analyses suggested three possible

models of association, depending on the prior parameters; and only 6 SNPs had four

different models associated with the highest ABF, depending on the prior.

3.4.2 Effect of priors on models of association

We also conducted an investigation into the effect of the different priors on models of

association described in Section 3.3. Figure 3.2 shows prior and posterior probabilities

on the number of associations over the whole dataset. Six SNPs were missing summary

data for one of the studies and one SNP was missing data for three of the studies.

This is why the distibution of prior probabilities under the flat prior (Figure 3.2a) is

not perfectly symmetrical, and also why the combinatorial prior (Figure 3.2b) shows

slightly smaller probabilities for models with 5-7 associations. At models with full

data, the weights on number of associations do form a symmetric distribution, and

are equal under the combinatorial prior.

The posterior probabilities were calculated by multiplying the ABFs calculated

with ρ = 0 and σ = 0.2 by the prior weights and then normalizing at each SNP, and

then dividing by 107 (the number of SNPs in the study) to get the distribution of

weights over the whole dataset on the same scale as the prior weights. We note that

all posterior distributions display some degree of positive skewness, suggesting that

most of the SNPs in our data show evidence of true associations with three or fewer

studies. We also note that the degree of skewness increases based on the skewness of

the prior. The posterior calculated for the flat prior is the most symmetric of the four

distributions.

We looked at the effect of these priors on model weights of the approximate Bayes

factors. Though visual inspection of the plots in Figure 3.2 suggests that the binomial

prior with pi = 0.3 might be the one that fits the data the best, it was actually the flat

prior that yielded the highest overall approximate Bayes factors. However, this does

not necessarily mean that we should not consider using these other priors. Despite

the fact that the prior with ρ = 0 and σ = 0.2 yields smaller ABFs than the one with

ρ = ±0.5 and σ = 0.2, we chose the former prior to conduct our follow-up analyses

because it is agnostic to the direction of a SNP’s effect on disease risk. The priors

where ρ 6= 0 assume that the directions and sizes of effects are accurately reported in
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our data, which we cannot guarantee.

However, all of that being said, there is reason to prefer the flat prior in our

further analyses. The SNPs chosen for inclusion in this dataset were chosen because of

their association with at least one immune-mediated disease—though not necessarily

one of the seven in the dataset. Thus, there is no reason to make the usual assumption

in GWAS that the majority of SNPs in the dataset will not be associated with any

phenotype. Additionally, the known shared genetic relationships among autoimmune

diseases make it plausible that all phenotypes might be associated with at least a few

markers in the dataset. Hence, the binomial priors do not seem applicable here.

Furthermore, while the combinatorial prior is symmetric, and thus encodes a

belief that the null model of association is just as likely as the model where every

phenotype is associated with the SNP, it also encodes the belief that both models are

n (the number of phenotypes) times as likely as a model where exactly one disease

is associated, or a model where all but one disease is associated. Similarly, at a

SNP where we have data for all seven studies, the null model (or the model of total

association) is 35 times as likely as a model with just three or four associations. There

is no real justification for believing any of that to be the case in our data. Furthermore,

it seems odd to enforce a belief about the number of associations, rather than the

specific traits that are associated. It is hard to imagine a circumstance where one

believes a priori that there is a particular probability that m traits are associated

with a marker, but is agnostic about which specific traits those are. Hence, we choose

the flat prior for our further analyses.
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(b) Combinatorial prior.
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(c) Binomial prior with pi = 0.1.
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(d) Binomial prior with pi = 0.3.

Figure 3.2: The bar plots show distribution of prior and posterior probabilties for different numbers
of true associations over the whole data set, under different priors on models of association. Posterior
probabilities were calculated using approximate Bayes factors with prior parameters ρ = 0 and σ = 0.2.

3.4.3 Application of the ABF approach to the data

We summarize the results of the analysis with ρ = 0 and σ = 0.2 for each SNP in

Figure 3.3. As described above, we used a flat prior on the models of association.

The SNPs are ordered according to their mean ABF (the log10 values of these means

are reported) over all possible models of association at the SNP. We note that if we

require that the mean ABF across all models of association at a given SNP is as high

as 6—a stringent threshold, which might be necessary, given some of the uncertainties
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about the data—then 44 SNPs are highlighted by our analysis.

We see immediately that the number of assocations in the model correspond-

ing to the highest ABF does not necessarily correspond to higher mean ABFs. We

also note that while all studies with high mean ABFs have at least one strong as-

sociation, with a marginal probability that rounds to 1.000, the evidence for further

associations may not have such high marginal probabilities. In fact, rs12251307 has

a log10 (mean ABF) of 11.830, but the most likely model shows a single association

with T1D.

As Figure 3.2 indicated, most of the SNPs in our dataset show associations with

three studies or fewer. Notable exceptions are rs2476601, rs3184504, rs1893217, and

rs2542151, which are all in among the top 10 mean ABFs listed in Table 3.3.

The 10 SNPs with the highest ABFs

The SNP with the largest mean ABF was rs2476601, which is a well-known a missense

variant in PTPN22. It has been associated with Crohn’s disease [142], rheumatoid

arthritis [139], systemic lupus erythematosus [141], and type 1 diabetes [134], which is

the model of association found in Figure 3.3. Similarly, the SNP rs7111341 has been

previously associated with type 1 diabetes [142], but not with any other autoimmune

diseases—which matches the pattern of association our analysis found for it (though

we did find some weak evidence for an association in celiac disease, as well). SNPs

that appear to be associated solely with type 1 diabetes, both in our results and in

the literature, are rs12251307 and rs5753037 [146, 138].

The SNP rs3184504 is the only SNP that our analysis found to be associated

with all studies. It is a missense variant of SH2B3 and is associated with a diverse

set of traits, from rheumatoid arthritis [139] and type 1 diabetes [138] to coronary

artery disease [147] and colorectal cancer [148]. On the opposite end of the spectrum,

rs11465804 only seems to have one association in the literature, with Crohn’s disease

[142]. Our analysis put a posterior probability of 0.9997 on an association between

rs11465804 and psoriasis. This finding may be due to the SNP being in high LD

(R2 = 0.9034 in the 1000 Genomes European populations) with a rs11209026, which

has been associated with psoriasis [62].

Further upstream, though still in the gene IL23R, rs10889677—a known in-
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SNP log10 (Mean ABF) Gene/Region

Mean
Number
of Asso-
ciations

GWAS
Catalog

rs2476601 159.33 PTPN22 5.00 6 (2)

rs7111341 48.01 INS, TH, ASCL2 2.49 2 (1)

rs3184504 43.35 SH2B3 6.34 18 (16*)

rs11465804 32.56 IL23R 3.58 1 (0)

rs10889677 25.18 IL23R 3.42 2 (1)

rs1893217 24.70 PTPN2 5.21 5 (1)

rs2542151 24.44 PTPN2 5.23 2 (0)

rs2201841 23.38 IL23R 3.24 3 (1)

rs2292239 21.99 ERBB3 2.97 2 (1)

rs4613763 20.00 PTGER4 3.04 2 (0)

rs1344706 -0.88 ZNF804A 2.13 1 (1)

rs1385374 -1.02 SLC15A4 2.05 1 (0)

rs6017342 -1.10 HNF4A 1.25 2 (2*)

rs886774 -1.19 LAMB1 1.72 1 (1)

rs1167796 -1.21 7q11.23 1.19 1 (0)

rs30187 -1.36 ERAP1 1.48 1 (1)

rs1006737 -1.38 CACNA1C 1.42 2 (2)

rs179247 -1.42 TSHR 1.37 NA

rs6426833 -1.44 1p36.1 1.35 1 (1)

rs1558744 -1.59 12q15 1.09 1 (0)

Table 3.3: Table showing the top and bottom 10 SNPs (using prior σ = 0.2 and ρ = 0), ranked by mean
ABF across all possible models of association. Additionally, we show the the consensus candidate gene
reported by Cotsapas et al., the GWAS Catalog [25], and the Ensembl genome browser; the weighted mean
number of phenotypic associations, (weights are calculated from the posterior probability distribution,
which is calculated from the ABFs on all models); and the number of traits associated with the SNP
in the GWAS catalog, Immunobase, and Ensembl, with the number of new traits that are not in our
study in parentheses. Possible new diseases included inflammatory bowel disease (IBD), which comprises
Crohn’s disease and ulcerative colitis. Unless the marker was associated with both diseases individually,
we treated this as a new trait, but marked entries that included it with (*). There was no information
available in the GWAS Catalog for the rs179247.

flammatory bowel disease locus [149, 60]—appears in our data to be associated with

psoriasis (marginal probability ≈ 1.000) and multiple sclerosis (marginal probability

0.818), as well Crohn’s disease (marginal probability rounds to 1). The psoriasis as-
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sociation is particularly hard to explain, since the model of association at this SNP

depicted in Figure 3.3 is 45,000 times likelier than any model without a psoriasis asso-

ciation. IL23R does have other psoriasis associations, as previously discussed. It may

be that the apparent association at this SNP is tagging a true association nearby.

The SNPs rs1893217 and rs2542151 display similar patterns of assocation and

are in high LD with one another (R2 = 0.9673 in European populations). The former

is associated with more diseases in the literature: celiac disease [135], Crohn’s disease

[59], type 1 diabetes [138], and ulcerative colitis [137]. Additionally, there is some

evidence that it may be associated with rheumatoid arthritis, which is often comorbid

with celiac disease [150]. The SNP rs2542151, on the other hand, only has associations

with Crohn’s disease [142] and type 1 diabetes [134]. The high LD between the

two SNPs and their associations in the literature explains their similar patterns of

associations in Figure 3.3; however we could not find anything to corroborate the

putative association with psoriasis in our analysis. With a marginal probability of

association of 0.700 at rs1893217 and 0.688 at rs2542151, it is entirely possible that

these associations are spurious.

The third representative of IL23R in our table is rs2201841, which has pub-

lished associations with Crohn’s disease [149], ulcerative colitis [151], and psoriasis

[144]. Our analysis replicates the associations with Crohn’s disease and psoriasis (the

respective marginal probabilties of both traits round to 1), and suggests a possible

association with multiple sclerosis, which has a marginal probability of 0.659. Sim-

ilarly, at rs2292239, there is a very strong association with type 1 diabetes (which

replicates published findings [134, 138]), and two weaker associations with psoriasis

and celiac disease (marginal probabilties of 0.547 and 0.530). The only other trait this

SNP appears to be associated with in the literature is alopecia areata [152], which

does not explain the extra associations suggested by our analysis. These SNPs stand

in contrast to rs4613763, which, according to the literature, is associated with mul-

tiple sclerosis [140] and Crohn’s disease [142], which are precisely the two diseases

highlighted at this SNP in our analysis. The marginal probabilities on the other dis-

eases were at most 0.315 (in psoriasis). This is in stark contrast to the high marginal

probabilities on multiple sclerosis and Crohn’s disease (0.999 and 1.000, respectively).
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The 10 SNPs with the lowest ABFs

Our 10 lowest ranked SNPs all had mean ABFs that were less than 1 (or, on a log10

scale, less than 0), suggesting that the evidence for disease associations at these SNPs

is generally not significantly better than the evidence for the null model. The two

SNPs for which the highest ABF corresponded to non-null models—rs1344706 and

rs6017342—had ABFs of 1.92 and 1.53, respectively, which are generally not con-

sidered high enough to accept the alternative model. Despite the lack of evidence

in our data, rs1344706 has a possible association with schizophrenia [153]. Another

schizophrenia locus on our list is rs1006737 [154], which also shows possible associ-

ations with bipolar disorder [155]. Rs1385374 and rs1167796 have associations with

systemic lupus erythematosus [156, 157], while rs6017342, rs886774, rs6426833, and

rs1558744 are all associated with ulcerative colitis [158, 159, 160, 151]. The SNP

rs30187 is a coding variant of ERAP1 and is a well-known ankylosing spondylitis

locus [61], which also showed a possible association with psoriasis [62].
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Figure 3.3: Results of our analysis for each SNP. Rectangles outlined in black correspond to diseases
that were significantly associated with the SNP according to the model with the highest ABF. The color
of the rectangle is based on the direction of the effect (the sign of the beta value) with blue indicating
a protective effect and red indicating an increased risk of disease. The intensity of the color corresponds
to the amount of marginal posterior probability weight on the association of the disease with the SNP—
darker colors represent increased posterior probability compared to paler colors. Grey boxes indicate
diseases for which the data necessary to perform the analysis was missing. The log10 (Mean ABF) values
are reported in the “Mean ABF” column.
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As one might expect from our top and bottom 10 SNPs, the top 10 had more

associations in our data—Welch’s T-test for the distribution of mean associations for

the SNPs with the 10 highest mean ABFs compared to the ones with the 10 lowest

returned a p-value of 0.0001, suggesting that the respective sample means of 4.05 and

1.51 are significantly different from one another. What is interesting is that searching

through databases and the literature showed that the bottom 10 SNPs in terms of

mean ABF did not necessarily lack associations with any trait—only rs179247 had no

known associations. The rest were either associated with exactly one disease in our

dataset that we could not replicate, or were associated with traits for which we had

no data.

Since a high mean ABF can be the result of a very strong association in a single

study or of multiple associations, it is worth asking the question: what is the effect

of a large β̂ in one study on the number of associations overall? To answer this,

we collected the absolute values of most extreme effect sizes and z scores (positive

or negative) for each study per SNP and compared them to the mean number of

associations at each SNP. The latter is simply the mean of the number of possible

associations at a SNP, weighted by the marginal posterior probability on the number

of associations, based on the distribution of normalized ABFs at that SNP. That is, for

n associations (n ∈ {0, . . . , 7}) with posterior probability pn, the estimated number

of associations at the ith SNP, Ai, is simply

Ai =
7∑

n=0

npn (3.6)

These values tell us, at each SNP, how many associations we expect based on the

posterior probability distribution on models of association.

The correlation between the mean number of effects and the maximum β̂s was

0.336, and between the mean number of effects and maximum z score, the correlation

was 0.494. In a linear regression, shown in Figure 3.4, the regression coefficient for

the number of associations regressed onto maximum β̂s was 2.3651 with a standard

error of 0.6475. This means that if the absolute value of β̂ at a SNP increases by 0.1,

the mean number of associations at that SNP is expected to increase by 0.237. For

the regression of mean number of effects on z scores, the regression coefficient was

0.1589 with a standard error of 0.0288. This means that for every gain of 1.5 in the
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absolute value of the z score, the mean number of associations increases by 0.238.
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(a) The weighted mean number of associations
per SNP as a function of maximum β̂.
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(b) The weighted mean number of associations
per SNP as a function of maximum z score.

Figure 3.4: Plots of the weighted mean number of associations at each SNP according to the ABF
analysis that used priors ρ = 0.5 and σ = 0.2 (y-axis) as a function of either maximum β̂ or maximum z
score (x-axis). The red lines shows the least-squares regression line through the data.

Initially, it seems that the answer to our question is that a large effect size—

either in terms of the estimated effect size, β̂ or in terms of the z score—in one

study increases the average number of associated phenotypes we would expect to see

at that SNP. However, the distribution of posterior probabilties on models is highly

dependent on the prior we choose. For instance, in our dataset, if we choose a prior

ρ = 0.96 and σ = 0.2, then Figure 3.5 shows that larger effect sizes lower the mean

number of associations.
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(a) The weighted mean number of associations
per SNP as a function of maximum β̂.
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(b) The weighted mean number of associations
per SNP as a function of maximum z score.

Figure 3.5: Plots of the weighted mean number of associations at each SNP according to the ABF
analysis that used priors ρ = 0.96 and σ = 0.2 (y-axis) as a function of either maximum β̂ or maximum
z score (x-axis). The red lines shows the least-squares regression line through the data.

3.4.4 Principal Component Analysis

Often when working with large datasets, researchers will use Principal Component

Analysis (PCA) to account for underlying population structure and as a way of learn-

ing about the relatedness of different subpopulations to one another (see Section 1.4.3

in Chapter 1).

We applied this to investigate how the autoimmune diseases in our dataset relate

to one another. In this analysis, we treated each disease as if it were an individual.

From the results of the subset-exhaustive approach we created a matrix of marginal

posterior probabilities for each SNP. The cell corresponding to a given row (SNP) and

a given column (diseases) shows the probability of association of the disease at that

SNP.

We performed a singular value decomposition on this matrix and stored the

loadings. At each SNP, there is a probability distribution over all possible patterns

of associated diseases with the SNP. We wanted to incorporate the uncertainty of the

model selection into our analysis, since the probability distributions on these models

are what determine the relationships between the diseases according to the PCA. To

this end, we generated new matrices by taking random samples from the posterior
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distributions at each SNP, projecting the resulting 107 × 7 binary matrices through

the stored loadings, and coloring the seven newly projected points according to the

corresponding disease. We performed 1000 replications of this analysis. The result of

this sampling scheme are clusters of diseases, as opposed to single points. The more

dispersed clusters indicate more uncertainty about the correct models of association

in the SNPs used in the analysis, and consequently, the relationships between the

diseases. The results for the first two PCs, which account for 29.7% and 18.0% of the

total variance, can be seen in Figure 3.6.

Our PCA plot indicates that Crohn’s disease and type 1 diabetes are more

different than the rest of the autoimmune diseases, though they are aligned along

along PC1. We also see that rheumatoid arthritis, celiac disease, systemic lupus

erythematosus, and multiple sclerosis, form one large cluster, with part of the psoriasis

cluster at the bottom. We only had about 100 SNPs in our analysis, which begs

the question of what this plot would look like when created from a larger dataset—

for example, would we see better separation of the four or five diseases that cluster

together in this analysis? We will attempt this with the Immunobase data in Chapter

5.

Few studies look at more than two of these diseases together, however a similar,

gene-based approach has been published [161], and their results, shown in Figure 3.7a,

show similar differentiation of Crohn’s disease and other autoimmune diseases. How-

ever, they disagree with our analysis in that they found multiple sclerosis, rheumatoid

arthritis, and psoriasis to cluster close together, while celiac disease and systemic lu-

pus erythematosus lay further out on their PC1 axis. Type 1 diabetes lay between

the clusters containing multiple sclerosis and celiac disease. When the genes from the

HLA region were removed from the analysis, as in Figure 3.7b, we see that the dif-

ferentiation of Crohn’s disease from the other autoimmune diseases remains, but that

celiac disease and systemic lupus erythematosus cluster with the other autoimmune

diseases, save for one of the multiple sclerosis cohorts and vitiligo, which is not in our

dataset [161].

A review of autoimmune diseases [47] looked at the comorbidities of immune-

mediated disease with one another, as well as the types of diseases that tend to occur

within families, given a proband with a particular illness. They found that Crohn’s
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Figure 3.6: Results of the PCA analysis. We performed our ABF analysis on the 107 SNPs from the
Cotsapas et al. paper [52] and obtained probability distributions over all models of association at each
SNP, which we used to calculate marginal probabilities of association for each disease at each SNP.
We performed a singular value decomposition using the matrix of marginal probabilities and stored the
loadings. We performed 1000 resamplings of models of association according to the probability distribution
at each SNP to create new binary matrices of patterns of association of the seven diseases over all SNPs
in the dataset and projected these through the stored loadings. The resulting clusters give some indication
of the relationship between the diseases in our dataset, with some measure of uncertainty based on the
probability distribution over models of association.

disease and psoriasis showed evidence of aggregating in families together, while type

1 diabetes, celiac disease, and rheumatoid arthritis formed another cluster of diseases

that tend to afflict members of the same family. Family clusters could not be de-

termined for celiac disease, systemic lupus erythematosus or psoriasis, but multiple

sclerosis showed increased occurrence in patients with psoriasis or inflammatory bowel

disease. Our PCA analysis does not suggest much of a relationship between multiple
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(a) Figure 4A of Chang et. al.’s paper. This
analysis included genes from the HLA region.

(b) Figure 6A of Chang et. al.’s paper. This
analysis excluded genes from the HLA region.

Figure 3.7: Results of a gene-based PCA analyses of various diseases, including autoimmune diseases
(in purple), performed by Chang et. al. [161]

sclerosis and Crohn’s disease, though multiple sclerosis does cluster next to psoriasis

on our plot. Finally, according to the Zhernakova et al. study, rheumatoid arthritis

co-occurs with type 1 diabetes, systemic lupus erythematosus, and multiple sclerosis,

which are relationships that are suggested by Figure 3.6, though the cluster represent-

ing celiac disease, which lies at the intersection of the rheumatoid arthritis, multiple

sclerosis, and systemic lupus erythematosus clusters remains uncorroborated.

3.5 Comparison with other methods

Now that we have seen some of the results of applying our method to the data, we

look at the conclusions we might draw from applying other methods to this dataset.

The full results for ASSET, the binary effects model, and CPBayes are in Section

3.A of the Appendix. The full results for the CPMA can be found in Cotsapas et al.

(2011). Here, we discuss general trends and patterns among the results.

3.5.1 Correlations between test statistics

Figure 3.1 shows the mean ABF (from the analysis where ρ = 0 and σ = 0.2) plotted

against the test statistics of the various other methods. The dots are colored by the
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(c) − log10 (p-values) from the binary ef-
fects model statistic.
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(d) CPBayes Bayes factors.

Figure 3.1: Plots of the log10 (mean ABFs) (y-axes) against the test statistics of each of the other
methods (x-axes). The colors of the dots correspond to the number of phenotypic associations in the
model associated with the highest approximate Bayes factor in the subset-exhaustive approach. In each
analysis, there was an outlying value at rs2476601, which we removed from the plots, except in the
comparison to ASSET, where the extreme value did not cause readability issues.

number of associations in the model corresponding to the highest ABF in our analysis.

This is to see if there is any pattern to the types of SNPs where the two methods are

especially concordant or especially divergent. We can see that the ABFs we calculated

are highly correlated with the test statistics from ASSET and the CPMA and have a

lower correlation with the binary effects model test statistic. Surprisingly, there does

not appear to be a high correlation between CPBayes’ Bayes factors and the ABFs,

and we note that CPBayes’ Bayes factors show a larger range of values than the ABFs

do.
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One challenge presented by looking across all these methods is to define what

a significant SNP is—is it a SNP that shows multiple associations? A SNP with a

low p-value? Even if we accept any SNP for which we reject the null hypothesis of no

association, we are still left with the problem of determining the threshold (p-value or

Bayes factor) for each method. This needs to take into account features of the method

itself, as well as the complexities of our data—unaccounted for shared controls might

warrant a more stringent threshold than the one used for GWAS, but a dataset of 107

SNPs might suggest that a lower threshold should be employed, since the number of

tests being done is much smaller than in a GWAS. We sidestep this issue by comparing

the rankings of SNPs in each method, and calculating Kendall’s τ between the results

from each method, which are reported in Table 3.1 (and visualized these in Figure

3.B.1 in Section 3.B).

Method ABF CPMA ASSET
Binary
effects CPBayes

ABF 1 0.441 0.906 0.612 0.792
CPMA 0.441 1 0.470 0.348 0.338
ASSET 0.906 0.470 1 0.587 0.719

Binary effects 0.612 0.348 0.587 1 0.513
CPBayes 0.792 0.338 0.719 0.513 1

Table 3.1: Correlation matrix (correlation coefficients are Kendall’s τ) calculated between between the
results of each pair of methods.

We see that ASSET’s rankings are the most like our own, followed by CPBayes,

then the binary effects model, and finally the CPMA. We also note that the highest

correlations for ASSET, binary effects, and CPBayes all occur when paired with the

ABF approach. Unsurprisingly, the lowest correlations for these methods as well as

our own occur in pairings that involve CPMA method. This is because the CPMA is

a test of further associations; it requires that the study for which an association with

a given SNP was first established be removed from the meta-analysis. It is unique

among the methods for having this requirement. As a result, SNPs like rs7111341,

rs2292239, and rs3828309—which all have log10 (mean ABF) ≥ 16.447 and are ranked

in the top quarter of all SNPs by the non-CPMA methods—are ranked in the second

half of all SNPs using the CPMA statistic.

At these SNPs, the other methods calculate high marginal probabilities of as-

sociation with the ascertainment disease and low or moderate marginal probabilities
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on the further associations. Because these data are excluded from the CPMA, it is

understandable that it would rank these SNPs lower than the other analyses do. Ad-

ditionally, the one method that selected a model that included extra associations at

these SNPs was the ABF approach. These extra associations are probably spurious,

as they are not corroborated in Immunobase or the GWAS catalog. This highlights a

potential danger of our method: it produces the model corresponding to the highest

ABF, “the most likely model”, however when marginal probabilities of association are

not high (≥ 0.90), it is necessary to exercise caution about declaring associations.

We now consider the patterns of association that the non-CPMA methods find

for each SNP. In order to examine these results, we consider the top 40 markers

from each analysis. This is because we want to examine results for which we can be

reasonably certain we would not accept (or fail to reject) the null hypothesis. Since

both the ABF and CPMA approaches found over 40 “significant” SNPs in this dataset,

it seems plausible that the other methods would find a similar number of associations.

Table 3.2 summarizes the thresholds corresponding to the top 40 SNPs for each

analysis. Any one of these is theoretically defensible, given the features of our data.

Admittedly, choosing the top 40 markers in each analysis—as opposed to any other

number—is still somewhat arbitrary; however it avoids problems such as determining

a p-value for CPBayes’ Bayes factors or justifying whether the p-values for the CPMA,

binary effects, and ASSET methods should all be subject to the same thresholds or

a different one for each, and in any case, trying to determine exactly what those

thresholds should be.

ABF CPMA ASSET Binary effects CPBayes
mean ABF > 6.5 p < 4.1× 10−3 p < 1.1× 10−8 p < 1.0×10−5 BF > 9.0

Table 3.2: Effective thresholds for each analysis method for the SNPs with the 40 highest test statistics.

3.5.2 Models of association in the non-CPMA methods

Table 3.3 summarizes how many “significant” SNPs overlap in each pair of analysis

methods when using this threshold (lower triangle). It also states for how many of

these shared SNPs the two analysis methods predicted the same pattern of association

(upper triangle). The patterns of association determined by the binary effects model
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are simply the studies that achieve an m score of at least 0.9 at each SNP. We used

both this threshold and a lower one of m ≥ 0.5 to calculate patterns of association

for this method.

Method ABF ASSET

Binary
effects

(m ≥ 0.9)

Binary
effects

(m ≥ 0.5) CPBayes
ABF 5 10 10 9 14

ASSET 38 5 14 14 13
Binary effects

(m ≥ 0.9) 31 31 5 28 18
Binary effects

(m ≥ 0.5) 31 31 40 5 14
CPBayes 34 33 27 27 5

Table 3.3: Table whose lower triangle contains the number of markers whose test statistic ranks were
between 1 and 40 in both methods for each pair of methods. The upper triangle shows the number
markers at which both methods selected the same subset model of association as the most likely model,
among the markers that were ranked between 1 and 40 by both methods.

Despite giving the highest correlations when comparing test statistic rankings

among the non-CPMA methods, the ABF approach shows considerably less concor-

dance with the other methods when we consider the patterns of associations at the

top 40 SNPs for each analysis. Unsurprisingly, the two binary effects methods agree

about the pattern of association the most frequently (70% of the time), though CP-

Bayes also shows a high degree of agreement with the binary effects models. While

the total number of “significant” SNPs shared between the two methods is low (only

27), CPBayes estimates the same pattern of association at 67% and 52% of these

SNPs when m ≥ 0.9 and 0.5 in the binary effects model, respectively. None of the

other pairwise comparisons agree as frequently as 50% of the time, though they do

all have more significant SNPs in common.

We investigated further the differences in the patterns of association determined

by each method and summarize our findings in Table 3.4. For a given pair of methods,

again we consider the set of SNPs found to be significant by both methods. Each

entry shows the number of associations across all SNPs in the set which were found

in Method 1 (rows), but not in Method 2 (columns).

We see a divide—the ABF approach and ASSET tend to call far more associa-

tions that are not found by binary effects and CPBayes than vice versa. The binary

effects model where m ≥ 0.9 is the method that is the most conservative about calling
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Method 2

ABF ASSET

Binary
effects

(m ≥ 0.9)

Binary
effects

(m ≥ 0.5) CPBayes
M
et
h
od

1 ABF 5 22 31 29 24
ASSET 21 5 33 28 32

Binary effects
(m ≥ 0.9) 0 3 5 0 4

Binary effects
(m ≥ 0.5) 5 5 19 5 10
CPBayes 0 11 13 12 5

Table 3.4: Table showing the number of disparate calls between results from each method at markers
that were ranked between 1 and 40 by both methods. Each cell shows the number of associations in the
most likely models according to Method 1 (rows) that were not found in the most likely models from
Method 2 (columns).

associations. Since the m score is the marginal probability of association between a

study and the SNP, and since none of the other methods require equally stringent

marginal probabilities of association, it is to be expected that this model would call

fewer associations compared to the others.

However, this conservatism can cause true associations that are detectable by

other methods to be overlooked. As an example, we consider the SNP rs3184504,

where both the ABF and CPBayes analyses calculate true associations in all seven

diseases, though both with a wide range of marginal probabilities ([0.575− 1] for the

ABF analysis and [0.694− 1] for CPBayes). The binary effects approach only finds an

effect in T1D, despite the fact that the literature states that there should be at least

one more with rheumatoid arthritis. Additionally, ASSET—despite calling so many

associations overall—found only two associations at this SNP: one in SLE and the

other in T1D. We note that for the subset of traits with negative effect sizes, ASSET

failed to calculate a p-value, which explains why it found no effects in multiple sclerosis

or celiac disease (both diseases had β̂ < 0), but it does not explain why it found an

effect in SLE but not in Crohn’s disease. The effect size for SLE was smaller at this

SNP than CD (0.104 for SLE vs 0.110 for CD) and the standard error was larger

(0.039 for SLE vs 0.032 for CD). It is possible that the model of association among all

diseases and rs3184504 is also not correct; however, given the literature, it seems that

ASSET and the binary effects approaches have both somehow overlooked at least one

true association with rheumatoid arthritis that the ABF and CPBayes approaches
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were able to find.

However, this is not to say that more associations called necessarily means these

associations are true. While we have discussed the likely spurious associations found

by the ABF approach at rs7111341, rs2292239, and rs3828309, ASSET also reports

some dubious findings. For instance, rs12251307 appears to be a type 1 diabetes locus

[146, 138] without any further associations. This is the consensus among the ABF,

CPBayes, and binary effects approaches. However, ASSET finds the optimal model to

be the one with associations at type 1 diabetes, psoriasis, Crohn’s disease, and celiac

disease. Just as the ABF approach necessitates looking at marginal probabilities of

association to ensure valid results, it is equally important to pay attention to the

p-values associated with ASSET’s “+” and “−” subsets. At this SNP, the “−” subset

has a subset p-value of 2.65 × 10−15 and contains only type 1 diabetes; the others

three traits are in the “+” group, which has a p-value of 0.387, suggesting that we

should ignore this subset.

However, within subsets, there is no way of determining marginal probabilities

using ASSET. For instance, at rs10995271, both ASSET and the ABF approach agree

that there is evidence of association with Crohn’s disease and multiple sclerosis. The

other three methods do not find evidence of association with multiple sclerosis at this

marker. The ABF approach puts a marginal probability of association with MS at

0.459. Published studies also indicate no association between this marker and MS.

This demonstrates the advantage of calculating the probability distribution on all

models of association, as the marginal probability of association says the balance of

probability is against the association of the SNP with MS.

Furthermore, two of these methods—ASSET and binary effects—have difficulty

handling data with large effect sizes, as at rs2476601. This SNP has two very large

β̂s—for rheumatoid arthritis and type 1 diabetes—which are 0.666 and 0.770, re-

spectively, with standard errors of 0.037 and 0.038. These results are so extreme that

ASSET cannot perform its calculation using these data—it simply prints out an error.

The difficulty that the binary effects model has manifests more subtly. There are

potentially two more signals at this SNP in systemic lupus erythematosus and Crohn’s

disease (their respective effect sizes are 0.263 and -0.236 and standard errors are 0.066

abd 0.055). Both the ABF approach and CPBayes put high posterior probabilites on
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the marginal associations of these diseases with this SNP. CPBayes calculates that

these probabilities are 1 for RA, T1D, SLE, and CD, while the ABF analysis says the

marginal probabilities are 1 for RA and T1D, 0.998 for SLE, and 0.996 for CD. Both

methods select as their most likely models the model of association that includes all

four of these diseases.

The binary effects method calculates an appropriately low p-value for the SNP,

p = 3.32 × 10−155, but its m values (marginal probabilities of association) are 1 for

RA and T1D and 0 for every other study, including SLE and CD. While it is possible

that not every analysis method would agree that the most likely model of association

includes SLE and CD, it is odd that this one puts the probability of association with

these two diseases at 0. We have reason to believe that the associations found by the

ABF approach and CPBayes are true based on the literature.

ASSET also displays the bizarre behavior of having fewer associations in the

SNPs with the lowest (most extreme) p-values, while having many associations in

SNPs with high p-values, for which we do not reject the null hypothesis of no associa-

tion. The ABF, CPBayes, and binary effects approaches also ascribe non-null models

to SNPs whose test statistic indicates that we should accept (or not reject) the null

hypothesis. The two Bayes factor approaches have non-null models associated with

SNPs where the log10 (Bayes factor) or log10 (mean Bayes factor) is negative. The bi-

nary effects model calculates high marginal probabilities of association for diseases

with SNPs whose p-values are greater than 0.5. All of this is undesirable behavior—

ideally SNPs for which we consider the null model to the be most likely model of

association should not have any marginal associations calculated for them.

3.5.3 Method runtimes

A final point of comparison is how long each method takes to perform its calculation.

We repeated each calculation for the full dataset 100 times in order to get a distribu-

tion of calculation times. These runtimes included things like storage of calculation

outputs in variables for downstream analysis, as well as the calculations themselves.

The results (range of runtimes as well as the median runtime—all reported in seconds)

are reported in Table 3.5.

It comes as no surprise that the two fastest methods are the CPMA statistic and
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Method Range Median

CPMA 0.054− 0.333 0.055

ASSET 360.464− 497.891 378.897

Binary effects 82.761− 86.582 84.543

CPBayes 453.717− 580.392 454.984

All-correlated ABF 0.067− 0.947 0.073

Exhaustive ABF 4.816− 7.073 5.801

Table 3.5: Range and median run times (in seconds) for 100 runs of the data from the Cotsapas et
al. paper [52]. The timing included assignment of variables relevant to the analysis—such as priors for
the ABF methods—as well as assigning results to matrices and vectors to allow further investigation.
All analyses were conducted in R, except for binary effects, which was performed using the METASOFT
package, written in Java [112].

the all-correlated ABF. Both methods are the calculation of a test statistic to reject

(or, in the case of the ABF, accept) the null hypothesis or model, respectively, and

neither approach attempts to answer the question of which model of association is the

likeliest. Of the methods that do attempt to answer this question, the exhaustive ABF

approach beats the others by being between 14.6-78.4 times faster. CPBayes is the

slowest of the methods because it uses Gibbs sampling to calculate its Bayes factors

and to calculate the marginal probabilities of association. Binary effects also uses a

sampling method if the number of studies in the meta-analysis is large; however, with

only seven studies in our dataset, it was possible to calculate the exact m values. If

this were not the case, we would have had to use its sampling method to calculate

these values, which we expect would increase the run time. ASSET calculates a test

score for a number of (though not necessarily all) subset models, which might explain

its runtime. The relative speed of the exhaustive ABF approach compared to these

other methods highlights the advantage of the simplicity of the approximate Bayes

factor—which is very easy to calculate—over a real one, or a more complicated test

statistic.

3.6 Discussion

Despite the flaws in the dataset, we have demonstrated that our method is able to find

true associations between the studies in the meta-analysis performed by Cotsapas et

al. and we note that higher mean ABFs (where the mean is taken over all the possible
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subset models) generally seem to correspond to SNPs with more true associations,

though this can be confounded by markers that have very large effect sizes in a single

study. We also note that because of the way this dataset was constructed—all SNPs

had been found to be associated with at least one immune-mediated disease, even if

it was not one of the diseases in the meta-analysis—it was almost inevitable that our

follow-up analyses would find associations with something.

Our prior assumes no correlations between the effect sizes. While this meant

that our approach was agnostic to the direction of effect, and therefore did not lose

power when studies had opposite directions of effects, we probably did lose power to

detect effects overall. Because autoimmune diseases are known to share genetic risk

factors [52, 158, 162], it is reasonable to use a prior that encodes a belief in correlated

effect sizes between the studies in the meta-analysis. The fact that we did not means

that we potentially missed some true associations as a result.

Based on the further simulation work we have done, we expect the subset-

exhaustive ABF approach to pick out the true underlying model only when true

effect sizes are relatively large (Odds ratio ≥ 1.1). When the model selected by this

approach is incorrect, it tends to be too conservative, selecting fewer associations

than the the underlying model that generated the data. However, this does not

stop our method from selecting models that include associations that are probably

spurious, as we saw in the comparison to other methods. On the other hand, the

most conservative method, the binary effects approach, failed to call associations that

were probably true. This is the conflict between sensitivity (the ability to call true

positives) and specificity (the ability not to call false positives). An ideal method is

both highly sensitive and highly specific; however, since no method is ideal, researchers

have to optimize the relative costs of calling false positives and the costs of calling

false negatives.

Our results allowed us to investigate the question of whether a large effect in one

trait predicts further effects in others. Our findings indicate that this could be true,

though the most likely pattern of association at a SNP is determined by the priors

chosen for the calculation. While there appeared to be some positive correlation

between the largest effect size at a given SNP and likely the number of associations

it had under the independent effects model (ρ = 0,σ = 0.2), this disappeared under
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a fixed effects model (ρ = 0.96, σ = 0.2). If we want to answer this question more

definitively, we will need to be certain that our priors are well chosen.

Another follow-up analysis was principal component analysis on the posterior

probabilities of association on each disease at each SNP. This suggested possible rela-

tionships between the diseases in the meta-analysis. The results of this were ultimately

inconclusive, as four of the five studies clustered very closely together. Furthermore,

we had difficulty validating any of our findings in other studies. Ideally, a future

analysis of this kind would include both ulcerative colitis and Crohn’s disease as a

positive control—these two diseases are known to share a large number of predisposing

genetic loci, so we would have more confidence that our analysis was correct if we saw

these two diseases cluster together. Ideally there would also be a non-autoimmune

phenotype in the meta-analysis to act as the negative control, which we would expect

to see cluster far away from the others.

We note that our analyses have taken place over a small set of markers that

are scattered throughout the genome. As such, we do not necessarily expect the

SNPs highlighted by our analyses to be causal for the diseases for which they show

an association; rather, we see this as an analysis that has highlighted genomic regions

that show cross-trait associations.

Due to the speed of the calculation of both the ABF and CPMA methods, it

was feasible to compare the power of these two approaches across a wide range of

false positive rates. An obvious next step would be to apply the other methods to our

simulated datasets and perform further comparisons of power, as well as sensitivity

and specificity analysis for model selection. It would also be interesting to test the

calibration of the marginal probabilities of associations that we obtain from CPBayes

and the binary effects approaches, and to test their power to detect effects under

various circumstances, like we did for the ABF in Chapter 2.

An advantage that the ABF, binary effects, and CPBayes approaches all have

over the CPMA and ASSET methods is the ability to provide marginal probabilities

of association between each study and each SNP. This provides extra information that

can be used to determine whether a putative association is real. In general, a high

marginal probability suggests a true association while a lower one (pmarginal ≈ 0.5 or

0.6) suggests that outside evidence—for instance from other studies or from functional
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analysis—might be needed to corroborate the association before we believe that it is

true.

Finally, while ASSET, binary effects, and CPBayes may be able to account for

covariance in effects due to shared samples or population structure, our method is

unique in its ability to incorporate prior information on correlation between effects

sizes due to true shared genetic effects. Additionally, our method allows us to place

priors on particular patterns of association. While it might be theoretically possible to

apply these priors to some of these other methods, none of the current implementations

allow for it without sacrificing the ability to calculate marginal probabilities.

Of the methods we have investigated, including our own, there is no single ap-

proach that is universally better than all the others. In any genetic study, researchers

have to balance the desire to discover novel associations with the desire to avoid call-

ing false associations. Similarly, the flexibility of a Bayesian approach such as ours

may be attractive to those who have concrete ideas about the priors that will be

appropriate for their data, while being off-putting to researchers who do not and who

may be concerned about loss of power due to inappropriately chosen priors. As ever,

it is up researchers to decide what analysis is most appropriate for their data and

their researh objectives.
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Appendix

3.A Plots of subset associations at each SNP using

different methods

135
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Figure 3.A.1: The table shows the SNP rsid, the log10 (mean approximate Bayes factor) (our method),
and the p-values for both sides of the test. The colored boxes outlined in black show for each SNP which
subset of diseases were found by ASSET to be associated. Red boxes indicate the diseases whose estimated
effect sizes were positive, and blue boxes indicate diseases whose estimated effect sizes were negative.
The SNPs are listed in the order of increasing p-value (from the meta-analyzed p-values calculated by
the method for both the + and − subsets).
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3.A.2 Binary effects
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Figure 3.A.2: The table shows the SNP rsid, the log10 (mean approximate Bayes factor) (our method),
and the p-values for binary effects analysis. The colored boxes outlined in black show for each SNP
which subset of diseases were found by this method to be associated. Red boxes indicate the diseases
whose estimated effect sizes were positive, and blue boxes indicate diseases whose estimated effect sizes
were negative. The intensity of the color indicates an m-value (marginal value of association), with
darker colors showing that this value is closer to 1 than paler colors. The SNPs are listed in the order of
increasing p-value.
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3.A.3 CPBayes
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Figure 3.A.3: The table shows the SNP rsid, the log10 (mean approximate Bayes factor) (our method),
and the log10 (Bayes factor) calculated by CPBayes. The colored boxes outlined in black show for each
SNP which subset of diseases were found by this method to be associated. Red boxes indicate the
diseases whose estimated effect sizes were positive, and blue boxes indicate diseases whose estimated
effect sizes were negative. The intensity of the color indicates an marginal probability of association, with
darker colors showing that this value is closer to 1 than paler colors. The SNPs are listed in the order of
increasing p-value.
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3.B Visualization of rankings of different methods
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Figure 3.B.1: Comparison of how the SNPs were ranked in each of the analyses (parameters used are
at the top of the plot. Darker greens indicate higher ranks, while paler colors correspond to lower ranks.
The table is ordered by the ranks in the first column, where the ABF analysis was conducted with ρ = 0
and σ = 0.2.
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Chapter 4

Analysis Across the Wellcome Trust

Case Control Consortium 2

4.1 Introduction

In the previous chapter, we applied our method as well as others to a small dataset.

In doing so, we highlighted several problems with that dataset: our uncertainty in

the effect allele for a given marker across all studies, the shared controls that could

not be satisfactorily accounted for, and the discrepancy between the reported z-scores

and the p-values. In this chapter, we apply our method to the Wellcome Trust Case

Control Consortium 2 (WTCCC2), a larger dataset in terms of both the number of

constituent studies and the number of SNPs.

As a follow-up to the WTCCC1 (see Section 1.1 in Chapter 1), The Wellcome

Trust Case Control Consortium 2 was created to perform 15 genome-wide association

studies, of which all but one have been published. Seven of these studies took ad-

vantage of a pool of controls—as before, these samples came from the 1958 British

Birth Cohort and from the UK Blood Services—though this time with larger study

sizes than those in WTCCC1. The samples were genotyped on one of three chips:

the Affymetrix 6.0 SNP array (cases and controls) or the Illumina 660W-Quad array

(cases) and the Illumina Human 1.2M-Duo array (controls). Additionally, some stud-

ies were imputed to increase the number of SNPs in the GWAS. Table 4.1 summarizes

the study names, chip and imputation information, and references. Table 4.2 goes

into further detail about the samples used in each study.
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Across all WTCCC2 studies, some, such as the multiple sclerosis study, identified

many loci and some, such as the visceral leishmaniasis studies, identified very few or

no loci. This may be due to differing sample sizes, which affect power. The MS

study was very large, with 27,148 individuals, while the VL study had a total sample

size of 4,048—a little over a seventh as large. Diseases with heterogeneous etiologies,

such as stroke or schizophrenia may also suffer from reduced power due to underlying

genetic causes differing between undetected subtypes. Finally some traits, such as

reading and mathematical abilities or psychosis, may simply not be influenced by any

loci of large effect, so even a study of moderate size may be underpowered to detect

true effects. Meanwhile, others—especially the studies of quantitative traits, such as

intraocular pressure—may have loci whose effects are large enough to be discovered

even with modest sample sizes.

Though there are now many databases of GWAS summary statistics available—

for instance anthropometric traits from the GIANT consortium [171] or psychiatric

traits from the Psychiatric GWAS Consortium [172], we chose the WTCCC2 data

because the analysis had been performed at the Wellcome Trust Centre for Human

Genetics, which facilitated the collection of the data and ensured that we had the

summary statistics we needed; summary statistic information from other sources does

not always include effect size estimates and standard errors.
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The diversity of data in the WTCCC2 provides numerous challenges to meta-

analysis: these data come from different ethnic groups, two different genotyping pro-

tocols were used, some traits are binary and some are quantitative, and some traits

(for instance, autoimmune diseases) are known to share genetic risk factors while

others are not known or expected to have any etiological relationship. We note that

autoimmune diseases studied in European populations were well represented in both

the WTCCC1 and the WTCCC2. Diseases of this class are known to have complex

genetic architectures and to share genetic variants [52, 53]. These qualities make

them prime candidates for both genome-wide association analyses and for subsequent

meta-analysis in the hopes of discovering signals that have been previously overlooked

due to their failure to achieve genome-wide significance in a single study [118] (see

Section 1.4.4 in Chapter 1 for a discussion of this concept).

One of our aims in performing a meta-analysis on these data is to demonstrate

that our method is applicable to genome-wide data and across a diverse group of

studies. We also investigate whether or not our method can leverage the relation-

ships between true genetic effects associated with these diseases to increase power to

discover signals of association that were missed in the original studies. Furthermore,

we are interested in determining whether this leveraging can also uncover signals in a

study like pre-eclampsia, where no genome-wide significant associations were found.

Finally, we hope to discover novel loci common to multiple phenotypes. Such loci

provide clues about the shared etiology of these complex phenotypes. Our method

potentially provides a principled way of using the observation that some phenotypes—

say, autoimmune diseases—may share genetic risk factors, and thus if one trait is

associated at a SNP, we may be willing to accept that another, related trait is also

associated at that same SNP, even if the evidence of association for the second trait

does not achieve the same level of statistical significance as the first. While some of

our findings may be supported by subsequent studies of these traits (when such stud-

ies have been conducted), this analysis is necessarily an exploration of the feasibility

and utility of our approach.
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4.2 Data and preprocessing

4.2.1 GWAS data

As noted earlier, because the WTCCC2 GWAS analyses were performed in the Well-

come Trust Centre for Human Genetics, it was relatively easy to obtain the required

summary statistics. Chris Spencer created standardized comma-separated value (.csv)

files containing for each SNP its chromosome and base pair position (on NCBI human

genome build 36), rsid, alleles (coded “allele A” and “allele B”), frequency of the B

allele, the estimated effect size of the SNP on the trait, the standard error of the

estimated effect size, and the p-value. Associated with each file was a list of SNP

inclusions or exclusions from the original studies. These were applied to the .csv files

to ensure that only the SNPs that passed quality control in the original studies were

included in the meta-analysis.

The first step was to check the internal consistency between the effect size esti-

mates and their standard errors and the reported p-values. We saw in Figure 3.1 of

Section 3.2 in Chapter 3, the discrepencies between the reported z scores and the re-

ported p-values in about one third of the data. In Figure 4.1, we see that the p-values

calculated from the effect size estimates and standard errors are positively correlated

(ρ ≈ 0.99997) with those reported in the summary statistic tables and that while

these values do not always match perfectly, the results do appear to be consistent

with one another. This suggests that there have not been major errors in the tables

of summary statistics for each study and that the effect size estimates and p-values

are generally being reported correctly for each cohort across all SNPs.

Because the data are so diverse and specifically contain both quantitative and

binary traits, we also checked the distributions of effect size estimates (β̂s) across

all studies. We show the distribution of the β̂ for each study in Figure 4.2, coloring

the curves based on whether the trait was quantitative (blue) or binary (red). We

note that these distributions all appear to be normal about a mean of 0, in line with

the assumptions of the approximate Bayes factor (see 1.5.2 in Chapter 1 and 2.2.1 in

Chapter 2). We normalize the raw β̂s to have an area under the curve of 1 to show

these distributions as probability density functions.
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Figure 4.1: Comparison of the p-values calculated from z scores (y-axis) and the reported p-values
(x-axis) in the WTCCC2 data. The red line is the line y = x.

4.2.2 Strand alignment

To avoid one of the ambiguities that plagued the Cotsapas dataset in the previous

chapter, we created a pipeline to align the SNPs in each study to the forward strand,

thus ensuring that the A and B alleles of each SNP were the same across all studies.

We describe the process below.

We first compared the rsids and positions of each SNP to files that map probes

from the SNP chips used to genotype samples in the studies to the human reference

sequence, available online at http://www.well.ox.ac.uk/~wrayner/strand [173].

These files also include strand information. For each study, there were a small number

of anomolous SNPs whose positions were not found in the file for their genotyping

chip and were thus removed.

The next step was to align all SNPs to the forward (+) strand. This meant

that for SNPs aligned to the backward (-) strand, we swapped Allele A and Allele B

around, subtracted the stated allele frequency from 1 to reflect the frequency of the

new B allele, and changed the sign of the estimated effect size. SNPs that were already

aligned to the forward strand were left unchanged. This step prevented the removal

of SNPs with complementary alleles (see Section 3.2 of Chapter 3 for a definition of
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(b) Distribution of the β̂s for each WTCCC2
study normalized to have an area of 1 under
each curve.

Figure 4.2: Distribution of the β̂s for all WTCCC2 studies. Red curves denote binary traits, while blue
curves denote quantitative ones.

these) from the dataset.

We then compared each file to the 1000 Genomes Phase 3 data to ensure that

our strand alignment was correct. The SNPs in 1000 Genomes data are all aligned

to the forward strand, meaning that the “ref” allele was expected to correspond to

our Allele A and the “alt” was expected to correspond to our Allele B. SNPs whose

alleles did not match those in 1000 Genomes were removed from the data. Finally, for

the SNPs in our datasets, we calculated Wright’s FST between our study samples and

the corresponding 1000 Genomes population using both our and the 1000 Genomes

allele frequency data. We removed any SNPs where FST ≥ 0.1. This step was taken

to remove SNPs where we were uncertain that the strand alignment had worked

correctly. Allele frequency discrepencies suggest that there is a problem—perhaps the

SNP has more than two alleles, or perhaps the SNP has been misidentified on the

genotyping chip used in the WTCCC2 study. On the other hand, we risk removing

SNPs whose effect sizes are so large that it alters the allele frequency in the sample,

due to overrepresentation of cases in a study versus the general population.

As a final check, we plotted the allele frequencies of the SNPs listed in the

original .csv files for each study, before any alignment work was done, to the alternate

allele frequency in the corresponding 1000 Genomes population. We show the before
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and after images for the psoriasis study (PS) below and report the number of SNPs

at the start of the pipleine and at the end for each cohort in Table 4.1.

(a) Allele frequencies of the alt allele from the
1000 Genomes EUR population (y-axis) plot-
ted against the allele frequencies of the B al-
lele in the psoriasis study (x-axis), before align-
ment and filtering.

(b) Allele frequencies of the alt allele from the
1000 Genomes EUR population (y-axis) plot-
ted against the allele frequencies of the B allele
(x-axis) in the psoriasis study, after alignment
and filtering. Green circles represent the SNPs
that were filtered out due to FST ≥ 0.1.

Figure 4.3: Comparison of allele frequencies in the psoriasis study (x-axes) and in 1000 Genomes EUR
population (y-axes) before alignment and filtering (left) and after (right).

Table 4.1: Table showing for each cohort the number of SNPs at in the .csv files (“SNPs at start”), the
number of SNPs after the strand alignment pipeline (“SNPs at end”), and the percent of the SNPs at
the start that are left at the end of the pipeline. The IS TOAST cohorts had the same SNPs and allele
frequencies, so they are listed as one cohort instead of three.

Cohort SNPs at start SNPs at end % left

AS 2,078,665 2,059,149 99.06

BO 521,744 516,922 99.08

BS overall 12,785,625 847,650 6.63

BS pneumo. 12,781,759 849,543 6.65

GL 7,642,395 4,910,776 64.26

IS TOAST 495,896 492,156 99.25

MS UK 465,434 462,014 99.27

(Continued on next page)
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Cohort SNPs at start SNPs at end % left

MS nonUK 465,434 462,016 99.27

PA 11,517,889 11,448,177 99.39

PE 695,193 689,216 99.14

PR 705,124 73,775 10.46

PS 523,067 518,225 99.07

RM reading 1,588,650 1,575,073 99.15

RM maths 1,588,284 1,574,713 99.15

SP 696,951 687,968 98.71

UC 757,931 747,756 98.66

VL Brazil 574,409 542,535 94.45

VL India 526,731 521,853 99.07

Inspection of these plots satisfied us that our pipeline had worked correctly: we

knew that for every cohort, the alleles matched those in 1000 Genomes and in those

the files that mapped SNP probes to the human reference genome. The plots showed

us that the frequencies of Allele B in our studies were consistent with those of the

alt alleles in the 1000 Genomes populations that corresponded to the populations

from which our samples were drawn. The only trait for which this was not the case

was PR (see Figure 4.4). When this dataset when through the alignment pipeline,

89.5% of the SNPs in the initial .csv file were removed, and among the remaining

SNPs were some whose allele frequencies suggested that they had not been aligned

correctly. Consequently, we excluded this study from our analyses. This left us with

20 individual cohorts across 14 studies.

We also note that there is an anomaly with some of the imputed cohorts—

namely, GL and the two BS studies. Compared to the other studies, which retain over

90% of the SNPs from the initial data files, GL only retains 64.26% of its SNPs, and
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(a) Allele frequencies of the alt allele from the
1000 Genomes EUR population plotted against
the allele frequencies of the B allele in the pso-
riasis study, before alignment and filtering.

(b) Allele frequencies of the alt allele from the
1000 Genomes EUR population plotted against
the allele frequencies of the B allele in the
psoriasis study, after alignment and filtering.
Green circles represent the SNPs that were fil-
tered out due to FST ≥ 0.1.

Figure 4.4: Comparison of allele frequencies in the study of metformin response and in 1000 Genomes
EUR population before alignment and filtering (left) and after (right).

the BS cohorts only keep about 6.6% each, which is even worse than the proportion

of SNPs removed from the PR analysis. It is only because the BS cohorts had over 12

million SNPs to start with that an acceptable number are left after the removal of over

93% of them. To determine whether any chromosome was overrepresented among the

SNPs that were filtered out during the alignment process, we plot the proportion of

SNPs on each chromosome (sequentially from left to right) in each cohort, before and

after alignment in Figure 4.5.

We observe that some chromosomes were indeed overrepresented in the SNPs

that were filtered out of the BS and GL cohorts. While the differences in the propor-

tions of SNPs before and after alignment on each are not large in absolute terms—they

are all less than 0.01—even a small deviation in absolute terms can represent a large

proportional change if proportion of SNPs on a given chromosome was small to begin

with. The most extreme example of this is the proportion of SNPs on chromosome 19

in the BS cohorts. This proportion shrinks nearly 25% after alignment. However, in

absolute terms, the proportion of SNPs in the dataset before and after alignment that

are on this chromosome drops from 0.018 to 0.013. While we would prefer the distri-
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Figure 4.5: Comparison of the proportion of SNPs on each chromosome, before and after allele alignment
and SNP filtering, for each WTCCC2 cohort. The bars show proportion of SNPs on each chromosome
(1 is colored black and at the far left of each bar; 22 is colored white and at the far right of each bar) for
each cohort, before alignment (top bar) and after (bottom bar).
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bution of SNPs on each chromosome to be more consistent before and after alignment,

as they are in the other cohorts, we have no choice but to accept this consequence of

our alignment pipeline and be aware that this may affect our results.

After applying a final filter to remove any SNPs whose reported standard errors

were less than or equal to zero, we were left with a set of 2,058,911 SNPs that had

effect size estimates and associated standard errors in at least two of the cohorts. This

was the dataset used in our subsequent analyses.

4.3 Analysis

Once we had the set of aligned SNPs, we could turn to choosing the parameters for our

analyses, as discussed in Sections 2.2 and 2.2.1 of Chapter 2. In particular, as we can

see in Table 4.2, nine of the WTCCC2 studies used the shared controls, the reading

and mathematics traits were measured on the same set of individuals, and the BS

pneumococcal cohort was a subset of the BS overall group. This sharing of samples

across cohorts introduces cryptic correlation in the effect size estimates. In order to

account for this, we needed to estimate a covariance matrix under the null. There are

several possible approaches we could take—estimating the correlations from the data

directly, using LD score regression [84, 85] to partition the correlation of summary

statistics into those due to shared genetic effects and those due to confounding (see

1.4.3 in Chapter 1), or we could calculate the correlation based on the number of

shared cases and controls using the formula from Zaykin et al. (see 2.4.2) [131].

We applied five different methods of estimation to our data and report the

results in Table 4.1. The first three columns of results show the correlations calculated

directly from the effect size estimates of the intersection of SNPs typed in both cohorts.

In one instance, we excluded all of the SNPs in the HLA region as well as those which

showed a genome-wide significant association in at least one of the cohorts. In another,

we thinned each pair using Inthinnerator [174] to ensure that SNPs were all at least

0.25 centiMorgans apart and thus roughly independent of one another. For each pair

of cohorts, this left a set of between 9,000 and 11,000 SNPs. We also calculated the

pairwise correlations using all SNPs shared between each pair of cohorts, largely for

the sake of comparison.
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The fourth column of results shows the correlation calculated by LD score

regression—this value is the intercept of the genetic covariance regression, which pro-

vides an estimate of the test statistic inflation due to confounding factors, such as

shared samples [85, 84]. LD score regression requires reference panels to run; we did

not have appropriate reference panels for the non-European cohorts. Additionally, due

to low numbers (<200,000) of SNPs shared between studies—in particular between

the UC cohort and the BO, IS, MS, and PS cohorts, we must treat the correlations

calculated using this method with caution. Furthermore, for reasons that remain

unclear, LD score regression could not calculate values for 17 pairs of cohorts (11 of

these involved at least one of the BS cohorts or the GL cohort), so these are marked

as “NA”.

The final column shows the results obtained from using the analytic formula

from Zaykin et al. This formula is based entirely on the number of cases and controls

in each study and number of shared cases and controls between studies. Unlike the

other methods, it does not use the β̂s to estimate the correlations. Because this

formula explicitly applies to case/control studies, we did not use it to estimate the

cryptic correlation for cohort pairs where one or both of the traits was quantitative.

To be included in Table 4.1, we used the standard errors of the correlation

estimates from each respective calculation, except for the analytic one, to determine

whether or not the estimate was significantly different from zero. We report the

correlations for pairs where at least one of the methods returned an estimate of at least

0.05 and where that estimate was statistically significant at the Bonferroni-corrected

0.01 level (5.26 × 10−5). In practice, because of the large number of SNPs used in

each calculation, all of the estimates above 0.05 were statistically significant at a much

more stringent threshold than this (p� 10−10). For the pairs of cohorts where the LD

score regression calculation was able to run, we also calculated the genetic correlation.

None of these correlations were statistically significant. In fact, the only correlation

that achieved even nominal significance (p ≈ 0.019) was between the schizophrenia

(SP) and psychosis endophenotype (PE) cohorts, with ρgen = −0.9163, however this

does not survive correction for 190 possible pairs of correlations.
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Table 4.1: Comparison of the 39 non-zero cryptic correlations calculated between each of the studies
using different methods: using the set of SNPs shared between the two phenotypes with genome-wide
significant SNPs and those in the HLA region removed (“No signal”), the set of SNPs shared between
the two phenotypes, thinned so that all SNPs are at least 0.25 centiMorgans apart (“Thin”), the set of
all SNPs shared between the two phenotypes (“All”), the intercept of the genetic covariance, calculated
by LD Score regression [85, 84] (“LDSC”), and calculated from the study sizes and the number of shared
cases and controls in each study (“Calc”)—see Section 2.4.2 of Chapter 2 for how this is calculated.

Cohort 1 Cohort 2

No

signal Thin All LDSC Calc

AS BO 0.192 0.162 0.177 0.196 0.258

AS IS TOAST 1 0.097 0.0946 0.0932 0.0939 0.164

AS IS TOAST 2 0.0995 0.0892 0.0868 0.0998 0.139

AS IS TOAST 3 0.0885 0.0817 0.0804 0.096 0.160

AS MS UK 0.184 0.143 0.147 0.199 0.258

AS PD 0.198 0.185 0.169 0.206 0.250

AS PS 0.198 0.147 0.152 0.206 0.273

AS UC 0.213 0.203 0.209 0.225 0.270

BO IS TOAST 1 0.122 0.134 0.122 0.127 0.168

BO IS TOAST 2 0.133 0.162 0.132 0.135 0.142

BO IS TOAST 3 0.113 0.121 0.113 0.126 0.163

BO MS UK 0.229 0.199 0.226 0.241 0.264

BO PD 0.237 0.227 0.237 0.236 0.256

BO PS 0.284 0.277 0.273 0.293 0.279

BO UC 0.244 0.251 0.244 0.268 0.276

BS overall BS pneumo. 0.619 0.623 0.619 NA 0.616

IS TOAST 1 IS TOAST 2 0.121 0.133 0.120 0.127 0.105

IS TOAST 1 IS TOAST 3 0.169 0.175 0.168 0.164 0.120

IS TOAST 1 MS UK 0.115 0.098 0.111 0.118 0.168

IS TOAST 1 PD 0.111 0.118 0.111 0.110 0.163

IS TOAST 1 PS 0.129 0.119 0.124 0.127 0.178

IS TOAST 1 UC 0.114 0.112 0.115 NA 0.176

IS TOAST 2 IS TOAST 3 0.117 0.137 0.118 0.114 0.102

(Continued on next page)
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Cohort 1 Cohort 2

No

signal Thin All LDSC Calc

IS TOAST 2 MS UK 0.124 0.127 0.121 0.127 0.142

IS TOAST 2 PD 0.128 0.117 0.127 0.128 0.138

IS TOAST 2 PS 0.134 0.136 0.127 0.139 0.151

IS TOAST 2 UC 0.124 0.161 0.123 0.128 0.149

IS TOAST 3 MS UK 0.112 0.0866 0.110 0.116 0.163

IS TOAST 3 PD 0.112 0.102 0.112 0.104 0.158

IS TOAST 3 PS 0.113 0.108 0.107 0.122 0.173

IS TOAST 3 UC 0.109 0.131 0.109 NA 0.171

MS UK MS nonUK 0.0529 0.132 0.0927 0.0191 0

MS UK PD 0.243 0.245 0.242 0.252 0.256

MS UK PS 0.243 0.218 0.222 0.254 0.280

MS UK UC 0.233 0.224 0.231 0.244 0.277

PD PS 0.249 0.269 0.237 0.253 0.271

PD UC 0.240 0.251 0.239 0.246 0.267

PS UC 0.257 0.247 0.240 0.271 0.293

RM reading RM maths 0.535 0.535 0.535 0.543 NA

We note that the estimates from LD score regression, when they could be calcu-

lated, are similar to those calculated by taking correlations of the effect size estimates

directly. Furthermore, the results are consistent with expectations: the studies that

used WTCCC2 shared controls are the ones between which nonzero cryptic correla-

tions are calculated. Additionally, the methods find correlations between the two RM

cohorts—which measured two different traits on the same set of samples—and the

BS cohorts, where the pneumococcal samples are a subset of the overall samples. In

these last two cases, the estimated correlations are very high, presumably due to the

complete sharing of samples between cohorts—we note that for the BS cohorts, the
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correlations calculated from the data directly using non-GWAS SNPs and all SNPs

are the same as the correlation calculated from Zaykin’s formula, which gives the

expected correlation due to shared samples. This suggests that for the BS cohorts,

the high correlations (≈ 0.62) are due solely to shared controls. While this formula

cannot be applied to quantitative traits, like reading and mathematics test scores, we

see that the correlations between these two datasets are also high (≥ 0.5), and posit

that this is also due to these traits sharing all the same samples; however, we cannot

rule out the possibility that these correlations may be inflated due to covariates that

have not been properly accounted for (for example, some environmental exposure),

or because of variants with true but small effects that are shared by the two traits.

We note other discrepancies in that methods that calculated the correlations

from the effect size estimates directly estimate cryptic correlations between the MS

UK data and the MS nonUK data, while LD score regression and the analytic for-

mula do not. Because samples were not shared between the two MS cohorts, we

would not expect there to be any cryptic correlation between them, unless unmea-

sured confounders—for example, environmental exposures—somehow induced such

correlations. We observe that the method that used the set of SNPs that excluded

genome-wide significant associations and the HLA region calculated the lowest corre-

lation between effect size estimates, and posit that for all of the methods that calculate

the correlations from the data directly, the apparent correlation between the two MS

cohorts is due true effects of small size rather than cryptic relatedness between them.

We also see that the correlations estimated directly from the data are usually

lower than those calculated by Zaykin’s formula. Zaykin’s formula applies to null

SNPs, but we cannot guarantee that all of the SNPs used to estimate the correlations

from the data directly are null. It may be that each dataset contains variants of

small, true effects for one of the studies, which reduces the estimated correlation. It

may also be that unaccounted for covariates are introducing noise into the effect size

estimates and reducing the estimated correlations between the studies. We discuss

how we might test for this in the discussions of both this chapter (Section 4.5) and of

Chapter 2 (Section 2.7).

For the analyses presented here, we used the cryptic correlation matrix calcu-

lated from the effect size estimates that excluded SNPs that had genome-wide signifi-
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cant associations or were in the HLA region. This is because we were able to calculate

a complete set of correlations between all pairs of cohorts and its results were close

to those of LD score regression, which we believe is the most accurate method when

applied to the data from European populations. While we suspect that the nonzero

correlation between the MS cohorts is due to real effects of small magnitude, we do

not believe that the potential overcorrection will cause many true signals to be missed.

This is because we estimate a small correlation (≈ 5.3%) and it is being applied to

the study with the largest sample size. We assume that the power of the MS studies

(especially the MS nonUK cohort) will be enough to overcome a potentially small

overcorrection for confounding.

Because of the diversity of diseases represented in the WTCCC2, choosing prior

values for the correlation between diseases is particularly challenging. Additionally,

the number of studies made using the subset-exhaustive approach impractical for the

initial scan. We instead chose to perform several all-correlated scans using different

prior matrices and then take the average over all the results to determine which SNPs

to take forward for further analysis. We summarize the prior matrices used in Table

4.2 and visualize them as heatmaps, which we show in Figures 4.1 and 4.2.

Table 4.2: Description of all the prior correlation matrices tested in the initial meta-analysis, along with
a reference name

Matrix name Description

Correlated 1

Independent effects: the pairwise correlations between

all cohorts were uniformly set to 0.

Correlated 2

Fixed effects: the pairwise correlations between all

cohorts were uniformly set to 1.

Correlated 3

Highly correlated effects: the pairwise correlations

between all cohorts were uniformly set to 0.96.

Correlated 4

Moderately correlated effects: the pairwise correlations

between all cohorts were uniformly set to 0.5.

(Continued on next page)
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Matrix name Description

Correlated 5

Weakly correlated effects within studies: the pairwise

correlations between cohorts from different studies were

uniformly set to 0. Within phenotypes or cohorts that

were part of the same study—i.e. the BS, IS, MS, and

RM cohorts—the correlations were set to 0.1. So, for

example, the pairwise correlation between BS overall

and MS UK was 0, but the correlation between BS

overall and BS pneumococcus was 0.1 and similarly, the

correlation between MS UK and MS nonUK was 0.1.

Correlated 6

Moderately correlated effects within studies: the

pairwise correlations between cohorts from different

studies were uniformly set to 0. Within phenotypes or

cohorts that were part of the same study—i.e. the BS,

IS, MS, and RM cohorts—the correlations were set to

0.5. This is the same as Correlated 5, but with a higher

correlation coefficient between cohorts within a study.

Correlated 7

Highly correlated effects within studies: the pairwise

correlations between cohorts from different studies were

uniformly set to 0. Within phenotypes or cohorts that

were part of the same study—i.e. the BS, IS, MS, and

RM cohorts—the correlations were set to 0.96. This is

the same as Correlated 5 and 6, but with a higher

correlation coefficient between cohorts within a study.

(Continued on next page)
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Matrix name Description

Correlated 8

Highly correlated effects within studies, weakly

correlated effects within disease classes: the pairwise

correlations between cohorts from different studies

were usually set to 0. The exceptions were within

studies of diseases in the same class. That is, between

all pairs of autoimmune diseases (AS, PS, MS cohorts,

and UC), all pairs of infectious diseases (BS cohorts

and VL cohorts), and the two psychiatric phenotypes

(SP and PE), there was a correlation coefficient of 0.1.

Within cohorts of the same study—i.e. the BS, IS, MS,

and RM cohorts—the correlations were set to 0.96.

Correlated 9

Highly correlated effects within studies, moderately

correlated effects within disease classes: the pairwise

correlations between cohorts from different studies

were usually set to 0. The exceptions were within

studies of diseases in the same class. That is, between

all pairs of autoimmune diseases (AS, PS, MS cohorts,

and UC), all pairs of infectious diseases (BS cohorts

and VL cohorts), and the two psychiatric phenotypes

(SP and PE), there was a correlation coefficient of 0.5.

Within cohorts of the same study—i.e. the BS, IS, MS,

and RM cohorts—the correlations were set to 0.96.

This is the same as Correlated 8, but with the

correlations between diseases in the same class

(autoimmune, infections, psychiatric) raised to 0.5.

(Continued on next page)
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Matrix name Description

Correlated 10

Moderately correlated effects within studies, weakly

correlated effects within disease classes: the pairwise

correlations between cohorts from different studies

were usually set to 0. The exceptions were within

studies of diseases in the same class. That is, between

all pairs of autoimmune diseases (AS, PS, MS cohorts,

and UC), all pairs of infectious diseases (BS cohorts

and VL cohorts), and the two psychiatric phenotypes

(SP and PE), there was a correlation coefficient of 0.1.

Within cohorts of the same study—i.e. the BS, IS, MS,

and RM cohorts—the correlations were set to 0.5. This

is the same as Correlated 8, but with the correlations

within cohorts in the same study lowered to 0.5.

Correlated 11

Moderately correlated effects within studies,

moderately correlated effects within disease classes:

the pairwise correlations between cohorts from

different studies were usually set to 0. The exceptions

were within studies of diseases in the same class. That

is, between all pairs of autoimmune diseases (AS, PS,

MS cohorts, and UC), all pairs of infectious diseases

(BS cohorts and VL cohorts), and the two psychiatric

phenotypes (SP and PE), there was a correlation

coefficient of 0.5. Within cohorts of the same

study—i.e. the BS, IS, MS, and RM cohorts—the

correlations were also set to 0.5. This is the same as

Correlated 9 and 10, but using 0.5 as the correlation

coefficient between disease classes and between study

cohorts.

(Continued on next page)
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Matrix name Description

Correlated 12

Highly correlated effects within studies, highly

correlated effects within disease classes: the pairwise

correlations between cohorts from different studies

were usually set to 0. The exceptions were within

studies of diseases in the same class. That is, between

all pairs of autoimmune diseases (AS, PS, MS cohorts,

and UC), all pairs of infectious diseases (BS cohorts

and VL cohorts), and the two psychiatric phenotypes

(SP and PE), there was a correlation coefficient of

0.96. Within cohorts of the same study—i.e. the BS,

IS, MS, and RM cohorts—the correlations were also set

to 0.96. This is the same as Correlated 11, but raising

the correlation coefficient used to 0.96.
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Figure 4.1: Visualizations of the eighth correlation matrix, described in Table 4.2.
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Figure 4.2: Visualizations of the prior correlation matrices described in Table 4.2. The darkest red boxes
reflect correlation coefficients of 1, boxes colored in the next darkest red correspond to correlations of
0.96, yellow-orange reflects correlations of 0.5, light yellow is for correlations of 0.1, and white means a
correlation coefficient of 0.
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In addition to performing the analysis across multiple patterns of genetic corre-

lation among the studies, we also varied the prior on true effect sizes (σ, see Section

2.2.1 of Chapter 2 and 1.5.2 of Chapter 1), using 0.1, 0.2, and 0.4 as possible val-

ues, which encode a belief in small, medium, and large effect sizes, respectively. We

translate these into relative risk ratios for the risk allele for the top 5% and top 1%

of effect size estimates in Table 4.3, as discussed in 2.2.3 in Chapter 2. This created

a total of 36 all-correlated ABFs calculated for each SNP. It is over these models that

we took the mean all-correlated ABF used in our results.

σ 5% 1%
0.1 1.217 1.294
0.2 1.480 1.674
0.4 2.190 2.802

Table 4.3: Expected minimum relative risk ratios of the risk allele for either the top 5% or 1% of effect
sizes under different prior values of σ. The relative risk ratios for the corresponding protective alleles are
simply the inverse of these values.

In a standard GWAS, it is common to check the distribution of the test statis-

tic using a quantile-quantile (QQ) plot. Ideally, the test statistic (or its associated

p-values) will follow the null distribution—this appears as the points of the plot follow-

ing the line y = x, deviating from it only at extreme values. This deviation signifies

the true associations found by the GWAS. A test statistic that deviates from the null

distribution at the majority of data points—that is, the points are offset from the

line y = x—suggests problems with the data. This could be the result of inaccurate

genotyping or phenotyping, or it could be a problem with the analysis—perhaps the

researchers failed to account adequately for population structure or other confounders.

Because we are conducting our meta-analysis on a genome-wide set of SNPs (as op-

posed to a set of SNPs that have been selected based on results suggesting they are

associated with a trait), we make the same assumption as a standard GWAS about

the distribution of our approximate Bayes factors, and expect the majority of them

to follow the null distribution. However, in order to make this comparison, we first

need to generate a null distribution to which to compare our data.

To that end, we simulated data under the null using our cryptic correlation

matrices and the standard errors for each SNP in each study. For each SNP that was

not in the HLA region, we used the rmvnorm function from the mvtnorm package
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in R to generate ten sets of effect size estimates under the null for the n cohorts

for which we had data at the SNP. The covariance matrix to generate the estimates

was created using the cryptic correlation matrix and the standard errors of the n

cohorts. We calculated all-correlated ABFs for each of these simulated SNPs using

every combination of prior matrix and σ value, and compared the distribution of the

ABFs from this null dataset to the corresponding ABFs in the real data calculated

using the same priors.

We present the Q-Q plots for approximate Bayes factors calculated under each

of the 12 prior correlation matrices in Figure 4.3. The Q-Q plots shown here used

the cryptic correlation matrix calculated from effect size estimates from the sum-

mary statistics, excluding genome-wide significant SNPs and those in the HLA region.

These calculations used a prior standard error of σ = 0.2. The results for σ = 0.4

and σ = 0.1 were similar (see Figures 4.B.1 and 4.B.2 in the Appendix), though in

the former case, a larger proportion of SNPs tended to have log10 (ABFs) < 0 than in

the σ = 0.2 case (usually the proportion was upwards of 0.98). In the latter case, a

smaller proportion of SNPs tended to have log10 (ABFs) < 0, though the proportion

was always greater than 0.91. This variation in the proportion of ABFs that show

evidence in favor of the null is not unexpected. A smaller standard error corresponds

to a belief that true effects will be smaller, leading to more effects being “found” and

consequently more positive log10 (ABFs) < 0. Analogously, a larger standard error

means fewer effects will be found and fewer positive log10 (ABFs) < 0.

These plots show us that the data follow the expected null distribution most

of the time, suggesting that the observed deviation from the null is the result of

interesting true effects. When choosing markers for follow-up, we required that

log10 (mean all-correlated ABF) ≥ 4.

These plots also show us that under some of these prior correlation matrices positive

values of log10 (all-correlated ABFs) are still consistent with results from the null

distribution; however, by the time these values are as high as 4, they deviate from

the null significantly, making this a reasonable cut-off, especially as a stringent cut-off

is needed to account for the increased number of postive log10 (all-correlated ABFs)

when calculated using a prior of σ = 0.1.
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Figure 4.3: Q-Q plots for the distribution of log10 (approximate Bayes factors of the null data) data
(x-axes) vs. log10 (approximate Bayes factors of the real data) (y-axes) calculated using each of the
12 different correlation matrices and the cryptic correlation matrix calculated from effect size estimates
excluding genome-wide significant SNPs and the HLA region. The red line is the line y = x. The number
at the top of each plot is the proportion of log10 (approximate Bayes factors) that were less than zero.
In all cases shown here, this number was at least 0.95.
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4.3.1 Autoimmune analysis

We have previously highlighted the representation of autoimmune diseases in this

dataset. Because of the known shared genetic risk factors among members of this

class of diseases, they form a particularly appealing set of traits to which to apply

our method. Additionally, the study subjects in the MS, AS, and PS cohorts were

all genotyped on the Illumina chips, which meant that there are 435,249 markers

common to all four datasets. LD score regression was also able to calculate the

cryptic relatedness between each pair of studies, which gave us the opportunity to use

our preferred cryptic covariance matrix in this analysis. In reality, it did not differ

greatly from the matrix used in the whole WTCCC2 analysis, except that the matrix

calculated using LD score regression found no cryptic relatedness between the two

MS cohorts.

The smaller number of cohorts allowed us to perform the subset exhaustive

ABF approach over all combinations of priors. This permitted us to take the mean

ABF over all possible subsets of models using all possible priors. Unlike the analysis

of all the cohorts, we opted for correlation matrices that assumed the same pair-

wise correlations, ρ, between all of the cohorts. We performed this analysis using

ρ = {0, 0.1, 0.5, 0.96} and σ = {0.1, 0.2, 0.4}, as before. In all prior matrices, we

assumed a strong correlation (ρ = 0.96) between the two multiple sclerosis cohorts

and treated them as one study.

This analysis of a subset of the traits was performed to help assess whether there

is any added benefit to meta-analyzing traits that are not expected a priori to have

any common genetic causes. It also gives us insight into the potential advantages of

having data for every trait at every marker versus a dataset that is missing information

for some traits at some markers.

4.4 Results

Here we present the results of the analyses we have performed. As previously stated,

these are necessarily exploratory in nature and must be viewed in the context of

assessing the performance of our method rather than searching for novel results, as we

have no replication cohorts, and detailed functional follow-up to validate potentially
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novel results is beyond the scope of this project. However, some results may be

validated through a search of the literature to see if other studies of these traits have

found similar results.

For both the autoimmune and full analyses, we identified a set of top independent

SNPs by using the 1000 Genomes Phase 3 recombination map. Because this map is

on NCBI human genome build 37, we lifted the map coordinates over to build 36 and

interpolated the genetic distance for any loci that were not successfully lifted over.

To choose the SNPs for follow-up, we began with a list of all SNPs whose mean all-

correlated ABFs were at least 4. The SNP with the highest mean ABF was selected

and any SNPs within 0.25 centiMorgans of it were removed from consideration. Then

the SNP with the next highest ABF was selected, the SNPs within 0.25cM of it were

removed from the list of candidates, and so on until there were no SNPs left. For both

analyses, this process left us with a list of approximately independent SNPs which

showed evidence of cross-trait associations.

4.4.1 Full WTCCC2 meta-analysis

We performed our all-correlated analysis as described in Section 4.3 and show the

results in Figure 4.1. We also show a summary of the results of the subset-exhaustive

analysis for the SNPs associated with the highest ABF in a given region in Figure

4.2. We discuss some of these top SNPs in detail below, highlighting those that show

the potential utility and short-comings of our approach, as well as those whose results

show an interesting combination of associated traits.

The ABF approach allows definitive statements to be made about associ-

ation and non-association on chromosome 1

The SNP rs3890745 on 1p36.32, is a good example of the utility of our approach.

Our analysis gives high posterior probabilites on this SNP’s association with both

MS cohorts and UC. This SNP is in high LD (R2 = 0.9954 in EUR populations)

with rs4648356, which was a known MS SNP replicated in the original WTCCC2

MS GWAS. However, there is no data at rs4648356 for UC, which is probably why

the analysis flags a variant in high LD with it as a probable locus for both diseases.

Additionally, rs3890745 has been previously associated with rheumatoid arthritis,
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another autoimmune disease [175, 139, 176], which makes the further association

with ulcerative colitis more plausible. However, while there is reason to believe that

this locus is associated with two of the four autoimmune diseases in our dataset, we

note that there is very little marginal posterior probability on AS or PS, suggesting

that they are explicitly not associated with this locus.

A potential link between autoimmune diseases and pre-eclampsia on chro-

mosome 5

Our analysis also picks out the coding variant rs30187 in the gene ERAP1 (formerly

ALAP) on 5q15 as being associated with both AS and PS. This SNP was previously

known as an ankylosing spondylitis locus and was flagged as a possible psoriasis

SNP in the WTCCC2 GWAS. Ultimately, the authors of that study chose rs27524

(R2 = 0.7583 in EUR populations) as the likelier locus since the model of rs27524

interaction with the HLA Cw*0602 allele fit the data better than a model involving

rs30187, however the latter could not be ruled out entirely.

The reason why rs30187 was highlighted by our analysis is because there is

also some evidence for association with pre-eclampsia, with a posterior probability of

association of 0.728 for this trait when calculating the subset-exhaustive ABFs using

the prior parameters that maximized the ABF over all prior parameters and models of

association (these parameters were the same for both SNPs). The posterior probability

for pre-eclampsia on rs27524 was 0.205, suggesting that it is not associated with this

locus. The LD between the two SNPs in the 1000 Genomes AMR populations is lower

than in the EUR cohorts, with R2 = 0.4479.

From the literature, there is further reason to believe that the association of

rs30187 with pre-eclampsia could be real. This locus was significantly associated with

hypertension in a Japanese cohort [177]. There was also some evidence of the associ-

ation of ERAP1 with pre-eclampsia in a study of Australian and Norwegian cohorts,

though there was stronger evidence for ERAP2, which lies about 71kb downstream of

ERAP1. Furthermore, the study’s authors note that “The ERAP1 and ERAP2 genes

encode enzymes that are reported to play a role in blood pressure regulation and

essential hypertension in addition to innate immune and inflammatory responses,”

which is also relevant to the associations with AS and PS [178].
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An overlooked association is found by the ABF method, along with a

possible VL association on chromosome 10

The case of rs793108 on chromosome 10 highlights the potential of our method to find

true associations that were overlooked by traditional GWASs. At this SNP, the ABF

approach puts posterior probabilities of 0.999 and 0.972 on an association between

this SNP and the UK and nonUK multiple sclerosis cohorts, respectively. While this

SNP was not a genome-wide significant locus in the original WTCCC2 study [140], it

was genome-wide significant in a follow-up study using the Immunochip [179], and is

also a rheumatoid arthritis locus [34].

Our analysis of rs793108 shows another high posterior probability (≈ 0.982) of

association with the Indian visceral leishmaniasis cohort. In fact, this study has the

most evidence of association when looking at the Wakefield ABFs of all studies at this

SNP (50.57 for VL India, as opposed to 42.84 for MS UK and 26.32 for MS nonUK).

There is nothing in the literature that validates this finding, however there have been

few studies of the genetic risk of visceral leishmaniasis, and the ones that have been

performed have lacked sufficient power to find associations with modest effect sizes

[180, 167]. The closest gene is ZNF438, which is assumed to be associated with this

marker. It shows further associations with height in East Asians [181], blood lipid

response to fenofibrate [182], and congenital heart defects [183], none of which provide

any further information about our putative VL association.

A probable spurious result on chromosome 11

The SNP rs16920014 on chromosome 11, highlighted by our analysis is notable for the

lack of SNPs in LD around it showing high ABFs, and also for the lack of information

about it in the literature. This SNP has a low minor allele frequency—in our data it

ranges from 0.033 in the GL cohort to 0.057 in the bacteremia cohorts. Additionally,

the SNPs surrounding it have higher MAFs; in the GL cohort, rs16920014 is clearly

an outlier, as it is surrounded by SNPs with MAFs around 0.42. Furthermore, the

association at this marker is driven by a very large estimated effect in UC (β̂ = 0.5513),

which had a very small p-value (p = 2.8 × 10−18). As this result was not reported

in the UC GWAS [160], we assume that it did not replicate and that this apparent

association is the result of an excess of cases or controls having the minor allele (MAF
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was 0.041 in the UC cohort) due to sampling variation.

Non-autoimmune traits associated with the chromosome 17 inversion

There is a well-known 970 kb inversion on 17q21.31 [184, 185]. The inversion spans the

genomic region containing the SNPs rs393152, rs17769552, rs1981997, and rs2668692,

which have been highlighted by our analysis. This inversion is known as the MAPT

inversion and is associated with two main haplotypes, H1 and H2, with H1 occurring

in all populations and matching the human reference genome, while H2 contains the

inversion and is more commmon in Europeans—occurring in about 20% of chromo-

somes in this population—than in other continental populations [184].

Despite our filter for genetic distance, these SNPs are all in high LD with one

another (the lowest pairwise R2 was 0.925 between rs17769552 and rs2668692 in EUR

populations). This region is known to be associated with Parkinson’s disease, partic-

ularly in variants on the H1 haplotype [186, 187, 188]. Indeed, in our data, we see

that all four of the highlighted SNPs show associations with PD. The SNP rs393152

was cited in the PD GWAS as a previously known PD locus in the MAPT gene [189]

and has also been associated with corticobasal degeneration [190].

The region also has known Alzheimer’s disease loci. The Alzheimer’s SNP

rs7207400 has R2 ≥ 0.729 with our 17q21.31 SNPs in EUR populations. This is

interesting because there is some evidence that glaucoma is comorbid with Parkin-

son’s disease and Alzheimer’s disease [191, 192], though the association with PD was

disputed by an eight year longitudinal study [193]. It may be that the associations of

rs393152, rs17769552, and rs1981997 with GL are mediated through one or both of

Parkinson’s disease and Alzheimer’s disease.

Additionally, all four SNPs show some degree of association with pre-eclampsia,

while rs393152, rs1981997, and rs2668692 show strong associations with BO. The

SNP rs1981997 is associated with idiopathic pulmonary fibrosis—scarring of the lung

tissue—however because of the high LD and large number of genes around the SNP,

the authors of the study declined to state which gene was associated with the disease

[194]. This disease does not have a clear analogy to any of the traits in the WTCCC2.

Other traits associated with this region and with SNPs in high LD with our

variants included bone mineral density (R2 ≥ 0.941 for our variants and the bone
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mineral density variant rs1864325), intra-cranial volume in infants (R2 ≥ 0.906 for

our variants and rs9303525), male pattern baldness (R2 ≥ 0.951 for our variants and

rs12373124), neuroticism (R2 ≥ 0.946 for our variants and rs111433752), progressive

supranuclear palsy—another neurodegenerative movement disorder—(R2 ≥ 0.936 for

our variants and rs8070723), and—perhaps unsurprisingly, given the association of the

region with corticobasal degeneration—subcortical brain region volumes (R2 ≥ 0.951

for our variants and rs8072451 and R2 ≥ 0.946 for rs17689882).

All this is to say that this is clearly a complex and highly pleiotropic region. LD

is high across large sections of it—no doubt due in part to the fact that H2 haplotypes

do not recombine among themselves or with H1 haplotypes [195]. Because the region

spans multiple genes, it makes it very hard to choose causal variants associated with

a phenotype and to map these back to the correct gene. According to the UCSC

Genome Browser [196], the nine genes contained in the genomic region containing

our four SNPs are LINC02210, CRHR1, MAPT-AS1, SPPL2C, MAPT, MAPT-IT1,

STH, KANSL1, and KANSL1-AS1.

Another overlooked association, which is also a potential stroke locus is

found on chromosome 19

The SNP rs8106664, an intronic variant of the gene SLC44A2 on 19p13.2 once again

highlights the potential of this method to find associated loci that were overlooked

in GWAS. This SNP is in high LD (R2 = 0.935) with the coding variant rs2288904,

which was found to be associated with MS in a 2013 study [179]. Both SNPs show

some evidence of association in the WTCCC2 GWAS—after combining the evidence

from both the UK and nonUK cohorts, the p-values were 1.787× 10−4 for rs8106664

and 3.240 × 10−4 for rs2288904. Additionally, the marginal associations for PS and

PD were stronger at rs8106664 than at rs2288904, with p = 7.292 × 10−4 for PS at

rs8106664 as opposed to p = 4.172×10−3 at rs2288904 and similarly, p = 8.575×10−3

for PD at rs8106664, while p = 1.053×10−2 at rs2288904. Once again, the priors that

maximized the ABF over all subsets and prior parameters (matrix 12 and σ = 0.1)

were the same for both SNPs.

Additionally, rs2288904 was found to be associated with venous thromboem-

bolism [197], which would explain the evidence for association with the IS cohorts,
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especially large and small vessel stroke. Once again, the marginal evidence in the

WTCCC2 data slightly favored rs8106664 over rs2288904 in each of the traits. Be-

cause of this our analyses show higher posterior probabilities across all associated

traits, including the more marginally associated IS cohorts.

There is less in the literature to explain the associations with psoriasis and

Parkinson’s disease. There are numerous loci associated with PS in 19p13.2—the

closest one to SLC44A2 is in QTRT1, about 90kb away. However, none of these loci

show strong LD with rs8106664 or rs2288904 (R2 < 0.35). It may be that this signal

is confounded by the SNPs in QTRT1, or it may be that there is some undetected PS

locus in SLC44A2. There do not seem to be any known associations at this locus or

nearby for Parkinson’s disease.

An association between autoimmune disease and reading and mathematical

abilities in the Down’s syndrome critical region of chromosome 21

The final SNP we highlight is rs2094871 on 21q22.2. This SNP was previously asso-

ciated with UC [198], though it did not meet the threshold for genome-wide signifi-

cance in the WTCCC2 study (p = 1.6× 10−6). 21q22 was associated with AS in the

WTCCC2, but at the SNP rs378108, which has R2 = 0.5248 with rs2094871 in EUR

populations. Addtionally, rs2242944 (which is in LD with rs2094871—R2 = 0.881 in

EUR populations) was associated with AS disease in a different study [199]. Unsur-

prisingly, rs2094871 is in moderate LD (R2 = 0.641) with other SNPs associated with

UC, Crohn’s disease, and inflammatory bowel disease in general. The SNP rs2836878

has an added association with C-reactive protein levels, which are a marker of in-

flammation. We plot the individual results of these SNPs in this region in Figure

4.3.

In addition to the strong association we see with both of these autoimmune

diseases, there is also a strong signal in both of the RM phenotypes. The posterior

probabilities for reading and maths were 0.987 and 0.998, respectively. However,

unlike the autoimmune phenotypes, there are no other SNPs in LD with rs2094871

that relate to phenotypes relevant to educational outcomes, intelligence, or brain

function. The only possible exception is rs75884327 (R2 = 0.457 in EUR populations),

which showed some evidence (though not at a genome-wide significant level) with a
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daytime napping phenotype in adults [200]. However, chromosome 21 is famous for

its association with Down’s syndrome, which is caused by a trisomy, and results in

intellectual disability as well as physical phenotypes. It is believed that 21q22.2 is

part of the Down’s syndrome critical region—that is, if there is only a partial trisomy

of chromosome 21, then 21q22.2 and 21q22.3 must be triplicated in order for Down’s

syndrome to result [201, 202].
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Figure 4.3: Hit plot of the region around rs2094871. The log10 (Wakefield ABF) for each autoimmune
disease are plotted on the y-axis and the position on chromosome 21 plotted on the x axis. The dotted line
shows the index SNP. We highlight three other SNPs (labelled) discussed in relation to their associations
with autoimmune diseases and the reading and mathematics traits in this region.

4.4.2 Autoimmune meta-analysis

The results of the full WTCCC2 suggest that there are disadvantages to implementing

this method on datasets with missing data. We also see that the three autoimmune

diseases from this analysis are well represented in the results of the full analysis.

We now compare the autoimmune analysis results to the ones obained from the full

analysis.

Once again, we present our results for the four autoimmune disease cohorts as a

Manhattan plot. The SNPs with the highest ABF in a region (within 0.25 cM of the

lead SNP, as before) are colored based on the pattern of association in the model with

the highest ABF across all priors. The “fixed”, “correlated”, and “independent” models

were the prior matrices that assumed each study was associated with correlations

between true effects in each of the cohorts of ρ = 0.96 in the fixed effects model,

ρ = {0.1, 0.5} in the correlated effects model, and ρ = 0 in the independent effects

model.

We note that 48 of the 57 associations contain at least one of the MS cohorts.
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This is in contrast to 31 associations for AS and 27 associations for PS. It is likely

that this is due to the power of the multiple sclerosis GWAS. We also note that there

is much overlap between the regions found by this analysis and the regions found in

the analysis using all cohorts.

The autoimmune meta-analysis highlights a region of association on chro-

mosome 16

One key difference between the autoimmune analysis and the whole data analysis is

the peak at the start of chromosome 16. It is much higher when looking only at

autoimmune diseases. This region is associated with the CLEC16A gene and was

identified as showing “strong evidence” of association in the multiple sclerosis study

[140]. The lead SNP in that study, rs7200786, is correlated with both rs1035089

(R2 = 0.471 in European populations) and rs12103174 (R2 = 0.683 in European

populations) highlighted by our analysis and lies between them. We note that the

log10 (mean ABF) for rs12103174 is 10.77, and for rs7200786, it was 10.68, suggesting

that the amount of evidence for assocation at both SNPs is about equal. It may well

be that rs7200786 is true lead signal in our data as well, but due to stochastic noise

from the other studies in the meta-analysis, it just misses out on being the highest

ranked SNP in the region.

Associations between AS and PS that do not appear in the whole WTCCC2

analysis

We note that rs30187 appears as an ankylosing spondylitis and psoriasis SNP in this

analysis, as it did in the full WTCCC2 analysis. However, unique to the autoimmune

disease results is the SNP rs10865331 on chromosome 2, which shows a very high

posterior probability of association with both AS and PS as well. While this was

a known AS locus before the WTCCC2 study [199], a subsequent study using the

Immunochip has shown it to be associated with PS as well [203], and additionally,

it is also believed to be a Crohn’s disease/IBD locus [158]. Similarly, rs2546890,

which was found by the WTCCC2 GWAS for MS [140] appears to to have a further

association with psoriasis in our analysis, which is confirmed by another psoriasis

GWAS [204].
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SNPs on chromosome 21 produce a probable spurious result and highlight

the problem of multiple causal variants tagged by a single marker

One issue that is highlighted by comparing this analysis to the full dataset is when a

single marker tags multiple causal variants. As an example, we consider association

tagged by rs2836878 on chromosome 21. This is a known inflammatory bowel disease

locus [159, 158], however despite ulcerative colitis not being part of this analysis,

we still find an association with AS and MS at this SNP. This marker is not even

nominally associated in the MS nonUK cohort; the Wakefield ABF using a prior

σ = 0.1 is 0.904, suggesting that even assuming small effect sizes, the null model

describes the data at this SNP for this cohort better. Thus, we are highly skeptical of

this putative association with MS, especially as this region has no known associations

with that disease. However, this SNP is in LD (R2 = 0.606 in Europeans) with

rs2242944, which we discussed in relation to our findings at rs2094871 (which is also

in LD with rs2242944, with R2 = 0.641). Neither rs2242944 nor rs2094871 are in

this dataset, suggesting that perhaps this result is tagging the true AS association

through LD with one of these SNPs. We plot the Wakefield ABFs for each trait at

the SNPs in the 500 kb region around rs2836878 in Figure 4.5. We note the dearth

of SNPs with information about UC in the area immediately surrounding rs2836878.
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Figure 4.5: Hit plot of the region around rs2836878. The log10 (Wakefield ABF) for each autoimmune
disease are plotted on the y-axis and the position on chromosome 21 plotted on the x axis. The dotted
line shows the index SNP. We highlight two other SNPs discussed in relation to their associations with
autoimmune diseases in this region.

4.4.3 Gene enrichment in WTCCC2 non-HLA results

Because one of the goals of studying the genetic architecture of disease is to gain

insights into disease etiology, we were interested in learning if there was any biological

commonality among the associations we found in our whole WTCCC2 analysis. For

instance, there might be a biological pathway the genes associated with our results

are involved in. Alternatively, we may find that these genes are often expressed in a

particular tissue. Knowing this can give our findings a biological context. However,

we also must note that we are not entirely certain about the validity of some of our

findings and the number of significant loci returned by our analysis is small, which

makes it more challenging to determine that the set is enriched for anything specific.

We mapped the SNPs highlighted in Figure 4.2 to genes using SNPsnap [205].

The gene assigned to each SNP was the gene it was deemed to lie within or, if there

was no such gene, then the gene whose start site was the closest to the SNP. We

then analyzed this list through the Reactome’s online tool [206] for enrichment in any

biological pathways. Using a false discovery rate of 0.05, the pathways that appeared
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to be significant in this analysis (in order of decreasing overrepresentation compared

to what would be expected genome-wide) were interleukin-10 signalling, signalling

by interleukins, cytokine signaling in the immune system, interleukin-4 and 13 signal-

ing, transcriptional regulation of pluripotent stem cells, TNFR1-induced proapoptotic

signaling, and RUNX1 and FOXP3 control and development of regulatory T lympho-

cytes.

These suggest that the pathways affected by the markers highlighted by our

analysis are largely related to immune response, particularly through interleukins,

which are pro-inflammatory cytokines [206], as is tumor necrosis factor (TNF). In

fact, anti-TNF therapies that target the extracellular domain’s tumor necrosis factor

receptor 1 (TNFR1) to prevent it from interacting with TNF have been successfully

employed in the treatment of rheumatoid arthritis and inflammatory bowel disease

[207].

FORGE analysis [208] using 10,000 matched SNPs and data from Roadmap

Epigenomics [209] shows that the set of markers highlighted by our analysis is enriched

for overlap with DNAseI sensitive regions in certain tissues, suggesting tissue-specific

functional relevance. Of the 26 cell types whose enrichment p-values were were below

0.01 (Bonferroni-corrected for the number of tissues tested), 18 were expressed in

the blood, four were expressed in the fetal thymus, three in the skin, and one in

the breast. The blood cells represented in this enrichment analysis were positive for

the antigens CD3, CD4, CD8, CD14, CD19, CD34, and CD56. The first three and

CD56 are antigens appearing on T cells, while CD14 appears on macrophages and

granulocytes. CD19 appears in B cells, and CD34 is a hematopoietic progenitor cell

[210, 211, 212].

Taken all together, these results suggest that the regions highlighted by our

analyses affect immune response, particularly through the action of leukoctyes. Given

that all but five of the 49 SNPs highlighted in Figure 4.2 are associated with at least

one autoimmune disease, these results are not particularly surprising. Unfortunately,

they provide little insight into the genetic and physiological bases of the other traits

in our meta-analysis, since all of them except for the reading and mathematics traits

are medical conditions of one sort or another and therefore might all be expected to

involve the immune system to some extent.
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4.5 Discussion

Our analysis of the WTCCC2 studies has demonstrated this meta-analysis approach

does indeed scale to genome-wide data on up to 20 cohorts. Furthermore, it is possible

for this analysis to find true signals that were overlooked in the original GWAS. By

testing over a range of priors, we can find the one that maximizes the approximate

Bayes factor associated with our data, which helps ensure that we do not miss asso-

ciations due to poor choice of prior. We also have the option of using the average

over the results of the different priors to reduce some of the uncertainty about exactly

which prior is the most appropriate. The intuition is that the signal from priors that

fit the data well will overwhelm the lack of signal from priors that do not.

Our results showed enrichment in pathways and cell expression relevant to in-

flammation and immune response. Furthermore, the loci implicated in our analysis

correspond to DNAseI peaks in blood cells containing clusters of differentiation anti-

gens that mark leukocytes, which are critical to immune response. Since autoimmune

diseases are more closely related to one another than any other set of five cohorts in

our meta-analysis, it is to be expected that loci related to them would dominate our

results, especially since the power of our method is derived from the shared genetic

bases of different traits. This led to an enrichment of tissues and biological pathways

relevant to the etiologies of these diseases.

Additionally, we believe that this type of meta-analysis does have advantages

over single study analyses. In Figure 4.1, we compare the mean ABFs over all 12

correlation matrices and all three values of σ at each SNP to the mean Wakefield

ABFs across all values of σ for each individual study. We see that the means of

the meta-analyzed ABFs are rarely lower than the means of the study-specific ABFs

(above the red y = x line), and when they are, the difference between the two is

not great—especially not compared to some of the differences between the meta-

analyzed ABFs and the study-specific ones when the meta-analyzed ABFs are higher.

This suggests that the meta-analysis approach will usually have at least as much

power to detect effects as the single study approach, probably due to the fact that its

calculations include information from other, potentially related traits.

However, the analysis has limitations. For instance, while we have shown that

we can estimate cryptic correlations between studies from the effect size estimates
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Figure 4.1: Plot of the log10 (mean all-correlated ABFs) calculated across all possible prior parameters
(x-axis) against the log10 (mean Wakefield ABFs) calculated across all possible values of σ. The line
y = x is colored red.

alone, we do not fully understand what these correlations are capturing. Our results

do not differ greatly from those found using LD score regression, but tend to be lower

than those calculated from an analytic formula that calculates correlations due to

shared samples. As discussed in Section 2.7 in Chapter 2, we would need to perform

more simulations to truly understand what can be captured by the cryptic covariance

matrix, Ωβ̂—whether it is only the effect of shared controls, or whether it can account

for other confounders, as well.

Furthermore, it is impossible to tell if an apparent cross-trait association is due

to the same underlying causal variant for both (or all) associated cohorts, or if it is the

result of multiple causal variants that are tagged by the same typed variant. A third

possibility is that the associated variant is correlated with multiple other typed vari-

ants whose marginal results are stronger in a single study, but the aggregate evidence

favors the SNP that has more moderate marginal results in more of the studies, as

we see when comparing the results for the full WTCCC2 analysis at rs10059288 and

rs2546890 in Figure 4.2. We highlighted this problem while investigating a possible

association of rs2836878 with MS and AS in the autoimmune disease analysis.

Such convoluted signals have less to say about the underlying biology causing the
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Figure 4.2: Hit plot of the region around rs10059288. The log10 (Wakefield ABF) for each autoimmune
disease are plotted on the y-axis and the SNP’s position on chromosome 5 is plotted on the x axis. The
dotted line shows the index SNP. The locus rs2546890 is marked. It shows a higher marginal effect in PS
than the index SNP, but lower marginal effects in all the other traits.

apparent cross-trait association, since the causal variants may be part of completely

different pathways. While it may be interesting from an evolutionary or popula-

tion genetics standpoint to investigate why certain haplotypes maintain a correlation

between traits, for those who wish to learn about the genetic etiology of different

traits, the tagging of multiple causal variants at a single typed locus reduces power

to identify variants with cross-trait associations, and our method appears to be vul-

nerable to it. It is vital to perform follow-up analysis to understand the associations

it finds. There are also methods available that specifically aim to determine whether

two association signals in a locus share a causal variant [42, 44], which we could try

implementing as part of the data quality control process, ahead of analysis, using

GWAS p-values or single-study ABFs to find the lead SNP for each disease in a given

region. Alternatively, these methods could be applied after the meta-analysis to filter

results.

Follow-up analysis is important to gain understanding of results generated by

our method; however, the reliance on other published studies to validate our results

is a hindrance to understanding potentially novel results. For instance, the result at

rs2094871 on chromosome 21 can be verified for the two autoimmune traits, but we
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cannot find any way of replicating the results for reading and mathematical ability,

in part because they are unusual traits for study. We assumed that IQ and educa-

tional attainment were related traits and tried to follow up our results in two GWASs

of educational attainment [213, 214] as well as a meta-analysis of intelligence tests

that either correlated highly with scores for g—the generalized intelligence factor—or

tested it directly [215]. These studies were all large—the two studies of educational

attainment had more than 100,000 samples each, while the intelligence study meta-

analyzed results for 78,308 samples across 13 cohorts. The summary statistics for

these studies are all available on the Social Science Genetic Association Consortium’s

website, at https://www.thessgac.org/data.

The locus on chromosome 21 did not replicate in any of these studies. How-

ever, nothing replicated between the WTCCC2 reading and mathematics traits and

these three datasets. The only genome-wide significant result in the WTCCC2 study

was an association for reading scores with a region on chromosome 19. This region

is not associated with educational attainment or intelligence in any of these three

studies. Additionally, none of the genome-wide associated regions in the studies were

associated with the WTCCC2 traits, even at a p-value threshold of p ≤ 0.0001 for

the WTCCC2 studies. The reverse was also true. SNPs significant at at p ≤ 0.0001

in the WTCCC2 studies corresponded to regions where p ≥ 10−6 in these studies.∗

What any of this means for our own analysis is unclear, though it might suggest that

reading and mathematical ability at the age of 12 does not have the same genetic

basis as adulthood intelligence or educational attainment. However, if this is true,

then it begs the question of what traits they are related to.

The case of rs16920014 is an example of how our approach is sensitive to strong

(and in this case, spurious) results in a single study. We see this among the SNPs

that are near the y = x line in Figure 4.1—the high results in a single study leads to

a high mean all-correlated ABF as well. Another example of this phenomenon is the

SNP rs6426833 on 1q36.13, which shows a strong marginal association with ulcerative

colitis, at p = 6.97 × 10−11 (see Figure 4.3). The log10 (Wakefield ABF) = 7.850

for the association of UC at this SNP against the null. Without the data from

UC, under the priors that maximized the ABF for the full dataset at that SNP, the
∗The higher p-value threshold is because we expect the non-WTCCC2 studies to be better

powered than the WTCCC2 studies, due to their larger sample sizes.

189



log10 (all-correlated ABF) = −3.91218. Moreover, further investigation showed that

the large estimated effect in UC did not replicate in the original study and this locus

was not included among the study’s findings.

Study
AS
BO
BS overall
BS pneumo
PA
GL
IS TOAST 1
IS TOAST 2
IS TOAST 3
MS UK
MS nonUK
PS
UC
RM reading
RM maths
VL India
VL Brazil
SP
PD
PE

P−value
0.442
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0.0461
0.0982

0.741
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0.483
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Figure 4.3: Forest plot of the effect size estimates and 95% confidence intervals for all WTCCC2 cohorts
at the SNP rs6426833.

We also see from these analyses how we lose power when we are missing data

at a given variant for one or more of the studies. For instance, the SNP rs3890745

was in high LD with a multiple sclerosis locus tagged by rs4648356. However, despite

rs4648356 having the marginally lower p-value for the two MS cohorts (3.086× 10−14

vs 5.707×10−14) and because there is no data for UC at rs4648356, our analysis finds

rs3890745 as the top SNP in the region. Taking the data from UC out would put

the highest all-correlated ABF for rs3890745 0.7 orders of magnitude below that of

rs4648356. Thus, if there is a true genetic signal for UC at rs4648356 that is similar

to or stronger than the one at rs3890745, then it seems likely that the true cross-trait

association for this region should be at rs4648356, and that it has been penalized for

missing data that is available at a correlated SNP. This issue is rife in our data, due

to some studies being imputed and others not, and because of differences in the chips
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used for genotyping. One potential way around this is to impute missing summary

statistics, as was done for the Immunobase data in the next chapter. Another potential

solution is to implement one of the colocalization methods [42, 43, 44], to determine

if two associations share a causal variant.

We must also note that we have not taken full advantage of the flexibility of our

approach. There is no reason to assume that σ would be constant across all cohorts

at all places in the genome. Similarly, the prior correlation matrix that models the

data best may also change depending on genomic context. While we have attempted

to solve this by performing the analysis using different prior matrices, we have made

no attempt to vary σ across studies. For instance, in the example of rs6426833 above,

if we change the prior values of σ so that σ = 0.4 for UC and 0.1 for the other

cohorts, the maximum log10 (all-correlated ABF) = 6.360, up from 5.983. In real

terms, this raises the all-correlated ABF by about 2.385, which is not very much, but

it demonstrates that we can improve the way alternative models describe the data by

letting σ vary across individual cohorts within a SNP, as well as allowing it to vary

across SNPs. Another avenue of further investigation is another round of simulations

to see whether this increases our power to detect effects true effects and select the

correct underlying model of association at a given SNP, and if so, how much this

changes from the inference we do already.

While it is clear that our method can scale to genome-wide data and can find

valid results, our results may also show extra associations at SNPs that we cannot

verify. It is unclear how to proceed in these instances. Additionally, we need to be

concerned that the multiple associations we find are the result of a single SNP tagging

multiple causal variants; this problem is inherited from GWAS, where typed SNPs

may or may not be causal and, in the latter case, may tag more than one causal

variant. More worrisome is the tendency of the method to calculate higher ABFs for

SNPs that have more data. This can potentially be overcome with summary statistic

imputation, but it is nevertheless a short-coming of the method. Future work should

include investigating a way to remove this in-built penalty for missing data.

191



Appendix

4.A Allele frequency plots before and after strand

alignment and filtering

(a) (b)

Figure 4.A.1: Comparison of allele frequencies in the ankylosing spondylitis study and in 1000 Genomes
EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.2: Comparison of allele frequencies in the Barrett’s esophagus study and in 1000 Genomes
EUR population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.3: Comparison of allele frequencies in the study of overall bacteremia susceptibility and in
1000 Genomes AFR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.4: Comparison of allele frequencies in the study of pneumococcal bacteremia susceptibility
and in 1000 Genomes AFR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.5: Comparison of allele frequencies in the pre-eclampsia study and in 1000 Genomes AMR
population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.6: Comparison of allele frequencies in the glaucoma study and in 1000 Genomes EUR
population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.7: Comparison of allele frequencies in the ischemic stroke (TOAST 1) study and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.8: Comparison of allele frequencies in the ischemic stroke (TOAST 2) study and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.9: Comparison of allele frequencies in the ischemic stroke (TOAST 3) study and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.10: Comparison of allele frequencies in the multiple sclerosis (UK cohort) study and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.11: Comparison of allele frequencies in the multiple sclerosis (nonUK cohorts) study and in
1000 Genomes EUR population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.12: Comparison of allele frequencies in the ulcerative colitis study and in 1000 Genomes EUR
population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.13: Comparison of allele frequencies in the study of reading ability at age 12 and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.14: Comparison of allele frequencies in the study of mathematical ability at age 12 and in
1000 Genomes EUR population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.15: Comparison of allele frequencies in the visceral leishmaniasis (Brazil) study and in 1000
Genomes AMR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.16: Comparison of allele frequencies in the visceral leishmaniasis (India) study and in 1000
Genomes SAS population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.17: Comparison of allele frequencies in the schizophrenia study and in 1000 Genomes EUR
population before alignment and filtering (left) and after (right).
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(a) (b)

Figure 4.A.18: Comparison of allele frequencies in the study of psychosis endophenotypes and in 1000
Genomes EUR population before alignment and filtering (left) and after (right).

(a) (b)

Figure 4.A.19: Comparison of allele frequencies in the Parkinson’s disease study and in 1000 Genomes
EUR population before alignment and filtering (left) and after (right).
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4.B Q-Q plots for ABF calculations using different

priors on the standard errors

Figure 4.B.1: Q-Q plots for the distribution of log10 (approximate Bayes factors of the null data) data
vs. log10 (approximate Bayes factors of the real data) calculated using each of the 12 different corre-
lation matrices, a prior σ = 0.4, and the cryptic correlation matrix calculated from effect size estimates
excluding genome-wide significant SNPs and the HLA region. The red line is the line y = x. The number
at the top of each plot is the proportion of log10 (approximate Bayes factors) that were less than zero.
In all cases, this number was at least 0.98.
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Figure 4.B.2: Q-Q plots for the distribution of log10 (approximate Bayes factors of the null data) data
vs. log10 (approximate Bayes factors of the real data) calculated using each of the 12 different corre-
lation matrices, a prior σ = 0.1, and the cryptic correlation matrix calculated from effect size estimates
excluding genome-wide significant SNPs and the HLA region. The red line is the line y = x. The number
at the top of each plot is the proportion of log10 (approximate Bayes factors) that were less than zero.
In all cases, this number was at least 0.91.
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Chapter 5

Application to Immunobase

5.1 Introduction

In Chapter 3, we investigated the relationship between seven autoimmune diseases in

a small dataset of only 107 SNPs. In Chapter 4, we applied our method genome-wide,

but due to the number of cohorts (20), we could not apply the subset-exhaustive

approach genome-wide, and instead used a staged approach to choose a set of SNPs

whose patterns of association we wished to investigate. In doing so, we discovered

how missing data affects the results of our meta-analysis (see Section 4.5 of Chapter

4). In this chapter, we use data from Immunobase [216], which has been imputed so

that we have full summary data at each SNP for each study.

We also investigate an empirical prior distribution, estimated from applying the

subset-exhaustive approach genome-wide. Because determining prior distributions

on the models of association, as well as the ramifications of said distributions, could

easily be a thesis in and of itself, we limit our scope to one particular type of empirical

prior and compare the analysis results between this prior and the flat prior. We are

interested in understanding what, if anything, our method can tell us about the

relationships between diseases and the effect of this empirical prior on inference, as

well as the relationship between effect sizes and the number of associations, which we

discussed in Chapter 1, Section 1.2, as well as Chapter 3, Section 3.4.3.
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5.1.1 Immunochip and Immunobase

Despite the explosion in genome-wide association studies discussed in Chapter 1,

few variants were discovered that had clear functional relevance to disease risk. This

created a demand for custom arrays that allowed for dense genotyping in regions shown

to be associated with a trait in order to map the causal loci. One such array is the

Immunochip, designed by the Immunochip Consortium, which was created to aid the

fine-mapping of regions associated with immune-mediated diseases [19, 53]. The chip

genotypes 195,806 SNPs and 718 insertion-deletions, providing dense genotyping of

186 regions of the genome. These regions were chosen based on the GWAS associations

with Immunoglobulin A deficiency [217, 53] and with the following diseases:

• autoimmune thyroid disease

• ankylosing spondylitis

• Crohn’s disease

• celiac disease

• multiple sclerosis

• primary biliary cirrhosis

• psoriasis

• rheumatoid arthritis

• systemic lupus erythematosus

• type 1 diabetes

• ulcerative colitis.

A recent study by Ellinghaus et al. [48] used genotyping data from the Im-

munochip to compare the genetic bases of five diseases: Crohn’s disease, ulcerative

colitis (often denoted collectively as IBD by the study’s authors), ankylosing spondyli-

tis, primary sclerosing cholangitis, and psoriasis. In addition to finding 27 novel

disease loci and three new loci shared across diseases, they observed a high rate of

comorbidity between IBD and primary sclerosing cholangitis, and found evidence that

people with both diseases are genetically distinct from those who have only one. Ad-

ditionally, they observed that the symptoms of both disorders were slightly different

in patients with the comorbidity than in patients without. Such results highlight

the potential of this chip to increase the understanding of the genetic architecture of

autoimmune diseases and which loci influence the risk of multiple diseases.
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Immunobase is a curated database of information on the loci, summary statistics,

and papers related to the immune-mediated diseases whose known genomic associa-

tions were used in the creation of the Immunochip. It also includes information about

juvenile idiopathic arthritis (JIA), and several other diseases known or suspected to

have an immune-related etiological component: alopecia areata, inflammatory bowel

disease (in addition to CD and UC), immunoglobulin E and allergic sensitization,

narcolepsy, primary sclerosing cholangitis, Sjögren’s syndrome, systemic scleroderma,

and vitiligo [216]. It can be found online at https://www.immunobase.org.

With data downloaded from Immunobase, we generated an empirical prior on

models of association and examined its effect on the results of our analyses. Due to

the nature of the data, there were a great many associations between the diseases and

SNPs in our meta-analysis; as a result, we neglect discussing specific genomic regions

in favor of trying to learn about overall relationships between diseases. We also

investigate further the question of whether a large effect size in one study correlates

with further associations in another study, as we did in Chapter 3.

5.2 The data

The summary statistics for the Immunochip studies were downloaded from Immuno-

base [216]. We summarize the studies in Table 5.1 and note that while the studies of

inflammatory bowel disease (comprising Crohn’s disease and ulcerative colitis) looked

across continental populations to replicate its findings, our data come from the dis-

covery analysis, which was performed on people of European descent. Similarly, the

ankylosing spondylitis and celiac disease studies contained non-European samples

(noted in the table).

All studies were successful in finding new disease-associated loci, though often

GWAS data was used in replication or to meta-analyze the Immunochip data [179,

219, 137, 203]. Except for the celiac disease study, all of the studies discussed which

of the markers highlighted in their analyses overlapped with loci in other autoimmune

diseases. For instance, in the type 1 diabetes study, the authors took the set of T1D

associated markers and determined whether they were enriched for low p-values in

studies of other autoimmune diseases. This analysis suggested genetic sharing between
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Disease Abbr. Cases Controls Ref.

Crohn’s disease* CD 14,594 26,715 [137]
Ulcerative colitis* UC 10,679 26,715 [137]
Ankylosing spondylitis** AS 10,619 15,145 [162]
Multiple sclerosis MS 14,498 24,091 [179]
Celiac disease† CeD 12,041 12,228 [217]
Juvenile idiopathic arthritis JIA 772 8,530 [218]
Rheumatoid arthritis RA 11,475 15,870 [219]
Type 1 diabetes‡ T1D 12,010 12,331 [220]
Psoriasis†† PS 207 4,822 [203]
Primary biliary cirrhosis PBC 2,861 8,514 [221]
∗ These diseases were part of the same study on inflammatory bowel disease
(IBD) and use the same controls.

** 1,550 cases and 1,567 controls were people of East Asian descent.
† 229 cases and 391 controls were people of Indian (Punjabi) descent.
‡ These summary statistics were from a meta-analysis of a case/control anal-
ysis in unrelated samples, as well as family-based data.

†† These data are listed as coming from the UK cohort only, but the standard
errors listed in the file of summary statistics are more consistent with a
larger study that is more balanced between cases and controls.

Table 5.1: Summary of the immunochip studies from Immunobase. We give the disease name, its
abbreviation (“Abbr.”), the number of cases and controls used in the sample that generated the summary
statistics (some studies had replication cohorts as well, whose summary statistics were not included in
our data), and a reference to the published study (“Ref.”).

type 1 diabetes and juvenile idiopathic arthritis, alopecia areata, primary sclerosing

cholangitis, rheumatoid arthritis, and primary biliary cirrhosis, as well as possible

enrichment with celiac disease and autoimmune thyroid disease [220]. The psoriasis

study noted an epidemilogical relationship between psoriasis and celiac disease and

reported 10 loci that overlapped between the two, as well as 10 other loci shared

between celiac disease and Crohn’s disease [221].

The markers listed in the summary files were aligned to 1000 Genomes by first

matching on rsids, and—where this was not possible—matching on chromosome, base

pair position, and minor allele, provided that the minor allele frequency (MAF) was

≤ 0.4. Triallelic variants and SNPs with complementary alleles and MAF > 0.4

were removed from the dataset. SNPs were aligned based on alleles in SNPs with

non-complementary alleles and based on MAF in SNPs with complementary alleles.

In order to get full data at each marker, and to increase the number of markers

at which we had data, summary statistic imputation was performed. This method

takes advantage of the linkage disequilibrium between markers on reference panels

to calculate the expected correlation between summary statistics based on summary
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data at typed SNPs [222, 223]. This avoids performing imputation of genotypes in

order to then perform association analysis, which is not only an extra step, but also

requires individuals’ genotypes, which are less easily shared due to privacy concerns,

and which also increase the amount of storage space needed for the data by several

orders of magnitude.

Summary statistic imputation was carried out in each study individually using

DIST v.1.0.0 [222] with default parameters. This algorithm uses a reference panel to

calculate correlations between the summary statistics at typed and untyped variants.

This correlation matrix, along with the information for typed variants within an

“extended window”, is used in the conditional mean formula for multivariate normal

distributions in order to estimate the effect sizes of untyped variants in a subset of the

extended window. The reference data came from the 1000 Genomes EUR samples.

Variants in the final dataset had an info score of at least 0.8 in a minimum of five of the

studies [224]. Any SNPs with residual missing data were removed from our analysis.

The final data set contained summary statistics for 774,202 markers across all 10

diseases. The data alignment and imputation were all performed by Luke Jostins.

Figure 5.1 shows the frequency of imputation info scores across all studies in

this dataset, in bins of size 0.05. An info score of 1 indicates that the SNP was either

genotyped directly or could be imputed from typed SNPs with perfect accuracy. We

note that the AS and T1D studies seem to have the lowest rates of info scores in the

0.8-1 range, suggesting that imputation was less successful in these two studies than

in the others.
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Figure 5.1: Histogram of imputation info scores across all studies, with high scores indicating more
confidence in the imputation.
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All studies showed negative and statistically significant (p � 0.0001) correla-

tions between info scores and standard errors (the correlation coefficients were on the

interval [−0.3121,−0.0438]), suggesting that lower info scores lead to higher imputed

standard errors. The correlation between info scores and effect size estimates were

generally closer to zero—the most extreme estimate was for the MS study, which

had a correlation coefficient of -0.0524. The rest all had a modulus of < 0.015 and

were not consistently statistically significant. Thus, the effect of uncertainty around

imputation seems to be on the estimated standard error, which is intuitive; the less

confident we are in the imputation, the more uncertainty there should be around the

effect size estimate. Furthermore, both standard errors and imputation info scores

are dependent on the minor allele frequency of the marker, which would induce a

correlation between the two measures. Minor allele frequency has less effect on the

point estimate, hence these have lower correlations with the info score, and are not

always statistically significant.

5.3 Analysis

Many studies in this data set used shared controls—particularly from the WTCCC2

pool. Therefore, it was once again necessary to adjust for cryptic relatedness. We

would have liked to populate the cells of the correlation matrix on the null model

with the estimates of genetic covariance due to confounding calculated by LD score

regression (see Section 1.4.3 in Chapter 1 and Section 4.3 in Chapter 4), but we could

not because fewer than 200,000 SNPs in our data matched variants in their reference

panel, meaning that the calculation was unlikely to be accurate and led to negative

heritability estimates in some of the traits. Furthermore, the software was unable to

perform 13 of the 45 calculations, citing invalid values in its internal processes. The

empirical calculation of the correlation due to control sharing between UC and CD

(using Zaykin’s formula, Equation 2.11 in Section 2.4.2 of Chapter 2) is 0.318. LD

score regression, however, estimates this value as 0.7226. Meanwhile, the empirical

estimation of the correlation directly from the data (removing HLA and genome-wide

significant SNPs) is 0.5065.

The discrepencies among these methods are troublesome. However, we chose to
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follow the methodology of the WTCCC2 analysis in Chapter 4 (Section 4.3) and used

the matrix generated from estimating the correlations from the effect size estimates

directly. As we see in the example above, its values form a potential compromise

between the high correlations calculated by LD score regression and the low ones

estimated using Zaykin’s formula. Furthermore, as we do not know (and have no

way of estimating accurately) exactly how many samples were shared across studies,

Zaykin’s formula proves to be as impractical as LD score regression.
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0.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.082

0.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.0870.087

0.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.1170.117

0.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.0720.072

0.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.182

0.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.5070.507

1.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.000

0.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.170

0.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.167

0.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.134

0.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.089

0.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.1590.159

0.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.1530.153

0.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.000

0.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.1680.168

0.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.1460.146

0.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.1700.170

1.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.000

0.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.000

0.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.186

0.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.089

0.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.2160.216

0.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.1580.158

0.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.1020.102

0.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.1750.175

0.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.1820.182

0.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.167

0.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.0000.000

1.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.000

0.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.069

0.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.059

0.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.0860.086

0.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.1160.116

0.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.0700.070

0.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.1760.176

0.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.1120.112

0.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.1340.134

0.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.1860.186

0.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.0690.069

1.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.000

0.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.138

0.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.2100.210

0.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.2620.262

0.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.1260.126

0.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.2480.248

0.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.0820.082

0.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.089

0.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.0890.089

0.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.0590.059

0.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.1380.138

1.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.0001.000

0.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.1660.166

0.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.1670.167

0.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.0730.073
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Figure 5.1: Heatmap of the cryptic correlations calculated between all pairs of diseases. We required
that the be at least 0.05 and significant at a Bonferroni corrected level of 0.01—however given the
low standard errors associated with the correlation coefficients we estimated, the requirement that the
coefficients be at least 0.05 was the more stringent criterion.

We used the cryptic correlation matrix when performing the subset-exhaustive

approach on the Immunobase data using priors ρ = {0, 0.5, 0.96}, σ = {0.1, 0.2, 0.4}.
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We performed an initial analysis using a flat prior over all possible models of asso-

ciation, and then used the results to calculate prior probabilties for each model of

association (see Section 5.3.1 below). We performed the analysis again using these

new priors.

5.3.1 An empirical prior over all models of association, calcu-

lated genome-wide

There are infinite ways to calculate an empirical prior on models of association; we

calculated and explored the effects on results of just one of them. Our analysis always

includes a prior on models of association, even when we do not explicitly acknowledge

one. The prior that is naturally assumed by our subset-exhaustive approach is a flat

prior, where every model of association is as likely as every other model. This means

that once we have calculated the ABFs over every model at a given SNP, we do no

further reweighting of the results. We used such a prior in our initial analyses; we

calculated the subset-exhaustive ABFs using varying values of ρ and σ and that was

all.

As in Chapter 4, we compared the mean ABFs calculated from the real data

against a null distribution generated from the cryptic correlation matrix and the stan-

dard errors of each disease at each SNP. For this analysis, we excluded the extended

MHC region on chromosome 6 [225]. We present the quantile-quantile plots in Fig-

ure 5.2 and note that the mean ABFs calculated from the data very quickly deviate

from the null distribution. This suggests an inflation of our test statistic, which could

indicate that we have not properly accounted for the cryptic covariance between the

studies. It is also possible that because the genomic regions targeted by the Im-

munochip were selected based on previously known associations in nine out the ten

studies in our meta-analysis, the standard assumption that associations with any of

our traits will be rare do not apply. We also note that while the number of ABFs that

are smaller than 0 increases with the prior σ, it appears that this also corresponds

to deviating from the null distribution at lower quantiles than analyses with smaller

values of σ.

To calculate our empirical prior, we used the results of our initial analysis, which

assumed this flat prior over all models of association. For each SNP, we calculated
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Figure 5.2: Q-Q plots for the distribution of log10 (mean ABFs of the null data) data (x-axis) vs.
log10 (mean ABFs of the real data) (y-axis) calculated using each combination of ρ and σ and the
cryptic correlation matrix calculated from effect size estimates excluding genome-wide significant SNPs
and the HLA region. The red line is the line y = x. The number at the top of each plot is the proportion
of log10 (mean ABFs) that were less than zero.

σ = 0.1 σ = 0.2 σ = 0.4

ρ = 0

ρ = 0.5

ρ = 0.96

210 = 1024 approximate Bayes factors. We normalized the ABFs to get a posterior

distribution of probabilities on each model, and then summed the posterior probability

on each model over all SNPs and divided by the number of SNPs to get the genome-

wide prior probability for each model. That is, if we let i index the SNPs (i ∈

{1, 2, . . . , 774202}) and j index the models of association (j ∈ {1, 2, . . . , 1024}). Let

ABFi,j be the approximate Bayes factor of the the jth model at the ith SNP in the

intial analysis. Then initial posterior probability on the jth model at the ith SNP,

pi,j is

pi,j =
ABFi,j∑
j ABFi,j

, (5.1)

and we calculate the prior probability of the jth model as simply
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pj =

∑
i pi,j

774202
. (5.2)

Figure 5.3 shows the distribution of prior probabilties for the 20 models with

the most prior density over all possible values of ρ and σ. We note that the null model

(furthest left) has the most prior weight in all but one of the analyses∗, though the

range is considerable between analyses that assume small true effects (σ = 0.1) and

large effects (σ = 0.4). We also note that contrary to the standard GWAS assumption

that true genomic associations with the trait are rare, which would correspond to

large amount of prior density on the null model [93], we see that the empirical prior

calculated using the whole genome puts only a modest amount of weight on the null

model—between 0.006 and 0.222, depending on the analysis parameters. Given that

the Immunochip was designed to fine-map regions associated with various immune-

mediated diseases—nine of which are part of our meta-analysis—this is perhaps not

too surprising.
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Figure 5.3: Distribution of prior probabilties over all Immunobase SNPs on each combination of ρ and
σ used in the analysis. Bars are colored by the parameters used in each analysis. We show the 20 models
with the most prior density.

We also note that the non-null models that show increased prior probabilities

compared to the flat prior are all for models associated with a maximum of three

diseases. This suggests that despite the known genetic risk shared among autoimmune

diseases, that these risks tend to be shared between subsets of autoimmune diseases,
∗The analysis with ρ = 0.96 and σ = 0.1 is the exception—the highest prior weight in that

analysis was on the model where only CeD was associated.
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rather than the class of diseases as a whole. We note among our priors the prevalence

of PBC, PS, JIA and CeD in the models of multiple associations, while T1D only ever

appears on its own. None of these highly weighted models ever include AS—even on

its own—though this prior does increase the weight on the AS-only model compared

to the flat prior in all but one of the analyses (the exception was where ρ = 0.96,

σ = 0.1). This may be a result of the relatively lower success of imputing AS summary

statistics (see Section 5.2).

Taken together, this suggests that in most analyses, we should expect that the

single most likely model is the null model, and that when a true effect exists, it is

most likely to be associated with exactly one disease. When a SNP is associated

with multiple diseases, we expect the associations to be some combination of {PS,

PBC, JIA, CeD}, of {MS, CeD}, or of {CD,UC}. We expect associations with AS

comparatively rarely.

It is notable, if unsurprising, that the analysis where correlations between studies

is expected to be high (ρ = 0.96) and the true effect sizes are expected to be small

(σ = 0.1) was the only one for which the model with the most prior weight was not the

null model. For this set of parameters, the model associated with only celiac disease

was the one with the highest prior weight (0.0158). Table 5.1 shows the number of

models whose prior weights increase under this empirical prior compared to the flat

prior. We see that the number of models with increased prior weight goes up as ρ

increases and goes down as σ increases.

Analysis
Number

of models

ρ = 0,σ = 0.1 262
ρ = 0,σ = 0.2 168
ρ = 0,σ = 0.4 114

ρ = 0.5,σ = 0.1 291
ρ = 0.5,σ = 0.2 191
ρ = 0.5,σ = 0.4 125

ρ = 0.96,σ = 0.1 476
ρ = 0.96,σ = 0.2 357
ρ = 0.96,σ = 0.4 233

Table 5.1: Table of the number of models whose prior weight, p, was such that p >
1

210
for each set of

ρ and σ used for analysis.

211



The results in Figure 5.3 and Table 5.1 are intuitive—when correlations between

true effect sizes are assumed to be high, then finding an effect in one study increases

the likelihood of finding further effects. Similarly, if true effect sizes are assumed to

be small, then we expect that more studies will show true effects, thus more models

will have increased prior probability, and there will be less prior weight on the null

model than in analyses where true effect sizes are expected to be larger.

5.4 Results

Here we present the results of our analyses, and try to interpret their meaning regard-

ing the relationships among the Immunochip diseases.

5.4.1 Change in posterior probabilities of models of associa-

tion

Having defined the a prior based on the posterior probabilities of association on each

model from the intial analysis in Section 5.3.1, we now examine how these priors affect

the posterior probabilities on different models of association when they are applied to

the analysis. Figure 5.1 shows the mean posterior weights on the models with the 20

highest mean changes (positive or negative) for each model. These were calculated

by subtracting the mean posterior weights on each model from the analysis using the

flat prior from the mean posterior weights on each model from the analysis using the

the empirical prior.

Unsurprisingly, given the prior weights used, the largest changes in posterior

weight occurred for the null model. Once again, in all but one of the analyses (where

ρ = 0.96 and σ = 0.1), this was the largest change in either direction. Also expected

are the increased posterior probabilties on models with just one or two associations.

We also note how rapidly the modulus of the change in posterior probability decreases

among these models, which is similar to the rapid decline in prior weights seen in

Figure 5.3.

However, some of these changes are very surprising. We note, for instance, that

despite some of the models having increased prior weights in all analyses, some of

the posterior changes are negative (or close to 0), particularly when ρ = {0, 0.5} and
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Figure 5.1: Difference in mean posterior weights per analysis between the analysis that used the genome-
wide empirical prior and the analysis that used a flat prior. Bars are color-coded by the analysis parameters.

σ = 0.4. We also note that, while there is a good deal of overlap in the models shown

in Figures 5.3 and 5.1, there are some noticeable differences in which models show the

greatest change in posterior probability and which had the most prior weights. For

instance, the models {CeD, PS}, {CeD, JIA, PS}, and {CD, UC} are in the top 20

for increased prior weight, but are not for posterior weight change, and are replaced

by {JIA, T1D}, {MS, JIA}, and {CD, UC, AS, MS, CeD, JIA, RA, PS, PBC}. These

differences are undoubtedly due the combined effect of reweighting every model of

association at every SNP across the genome.

5.4.2 Principal Component Analysis

In Chapter 3, Section 3.4.4, we performed a principal component analaysis (PCA)

using the marginal probabilities on all 107 SNPs in the data set. We would like

to be able to interpret disease clusters that are close together on a plot of the first

two principal components to correspond to similar genetic profiles; however, we could

not verify our PCA results for the data in Chapter 3. In particular, we had no

controls in the form of diseases we would expect to see cluster together and diseases

we would expect to see that are highly differentiated from the others. With the

Immunobase data, we have a positive control in the form of the two disorders that

make up inflammatory bowel disease: Crohn’s disease and ulcerative colitis.

As in Section 3.4.4, we conducted our principal component analysis by per-
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forming a singular value decomposition on the matrix of marginal probabilities of

association between each disease at each SNP. This gave us a matrix of loadings,

which we stored. As before, we sampled 1000 models from the posterior distribution

at each SNP, and used the pre-calculated loadings to project them onto the first two

PCs, allowing us to visualize the uncertainty around the relationships between and

among diseases, due to our uncertainty about the correct model of association at each

SNP.

The Immunobase data presents the challenge of determining which SNPs to

use to calculate the principal components. We face three main decisions: how do we

ensure the independence of our SNPs? Should SNPs from the extended HLA region be

included? Should SNPs be chosen randomly, or should we preferentially choose SNPs

that show associations in our ABF analysis? In addition to these, we are interested in

what, if any, effect different values of ρ and σ have, as well as the the effect of using

the two different priors on models of association.

Figure 5.2 is a typical example of the differences we observed when the only

variable between PCA analyses is the number of SNPs included in the singular value

decomposition. We observe that as the parameters for inclusion become more strin-

gent (i.e. when the SNPs are required to be further apart in both genetic and physical

distance), fewer SNPs are included in the analysis, and the disease clusters become

larger and closer together. Additionally, removing the extended HLA region from the

analysis (about 5.8% of all SNPs in the dataset) made a negligible difference to the

sizes and positions of the clusters, so we left the SNPs from that region in. When

all SNPs are included, we see that we are able to plot perfectly each disease in two

dimentional space, and there is no overlap between clusters. Essentially, when using

all the association data, each disease can be perfectly characterized.

We note the similarity between the Figures 5.2b and 5.2c, despite the former

using nearly twice the number of SNPs in its analysis as the latter. This was consistent

across all analyses, resulting in a decision to focus on generating results using the

parameters in Figure 5.2c, where all SNPs are at least 1 centiMorgan and 100 kilobases

apart. This ensures a dataset of SNPs that are reasonably independent, but without

removing so many SNPs that the analysis cannot differentiate among diseases.

Our next decision concerned whether to choose SNPs based on evidence of asso-
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Figure 5.2: PCA cluster plots generated by performing singular value decomposition with differing
numbers of SNPs. Otherwise, all sets shown were identical, using the results from the analysis ρ = 0 and
σ = 0.2 with the empirical prior on models of association. SNPs were chosen based on their mean ABFs
across all models and all priors. The selection process chose the SNP with the highest mean ABF and,
when SNPs were removed, removed those according to the parameters indicated next to the plot.

(a) All 774,202 SNPs in the dataset used.
(b) All 5,067 SNPs are at least 0.5 cM and
50 kb apart.

(c) All 2,688 SNPs are at least 1 cM and 100
kb apart.

(d) All 1,357 SNPs are at least 2 cM and 200
kb apart.

ciation or to choose them randomly. We examine the effects of choosing SNPs based

on level of association in Figure 5.3. In Figure 5.3a, SNPs have been chosen using the

algorithm that prioritizes SNPs with large amounts of evidence of association. Figure

5.3b shows results of our PCA analysis for SNPs that have been chosen randomly,

and Figure 5.3c shows the PCA analysis performed on the simulated null data used
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to create the Q-Q plots in Figure 5.2. We observe that there is structure in even the

null data and that it separates JIA from the other studies. This may be the result of

the large standard errors associated with JIA compared to the other studies. Indeed,

it appears that clusters in the PCA of null data seem to correlate with the study sizes

listed in Table 5.1, with studies of similar size lying closer to one another.

Figure 5.3: PCA cluster plots generated by performing the singular value decomposition with different
criteria for SNP inclusion for 5.3a and 5.3b, while the data used in 5.3c were selected randomly from
among the set of SNPs with effect sizes simulated under the null. All data were analyzed using ρ = 0
and σ = 0.2 with the empirical prior on models of association. All SNPs in the analysis were at least 1
cM and 100 kb apart.

(a) SNPs chosen based on
evidence of association. (b) SNPs chosen randomly.

(c) SNPs from simulated
data with no true effects.

We also note that Figure 5.3b seems to be an intermediate step between Figures

5.3a and 5.3c. The clusters of 5.3b are a little more spread out than those of 5.3c, but

neither one shows the separation of diseases that 5.3a does. We speculate that the

structure observed in the null data is the result of the way standard errors correlate

between studies, as well as the cryptic correlation matrix we used to generate the data

and note that there does not seem to be any gain from choosing SNPs randomly from

the real data, and indeed, there is a good argument for not doing so: by preferentially

selecting SNPs that show evidence of association in our analyses (i.e. based on the

mean ABF across all models and for all values of ρ and σ), we ensure that our PCA

is conducted based on the markers that are the most relevant. However, this method

could introduce a bias if SNPs with high ABFs are systematically more likely to be

correlated with a particular subset of diseases, while SNPs that are informative about

other relationships between diseases show lower ABFs, and are potentially removed

from the set included in the PCA.

Regardless of the exact parameters used to perform the singular value decompo-
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Figure 5.4: Plot of all PCA using the results of the various ABF analysis with the genome-wide prior on
models of associations.

σ = 0.1 σ = 0.2 σ = 0.4

ρ = 0

ρ = 0.5

ρ = 0.96

sition and thus the PCA, we find that, except in Figure 5.2a, the results are consistent

in separating AS from all the other diseases, and in separating UC and CD from the

other diseases, with each as the other’s closest cluster. Additionally UC is always

between CD and the other clusters. We also see that CeD, MS, RA, and T1D often

cluster near one another, while PBC, PS, and JIA often form another group. How-

ever, in Figure 5.4, which shows the PCA plots for all values of ρ and σ under the

genome-wide empirical prior, we see that when ρ or σ is large (equal to 0.96 or 0.4,

respectively), these two sets of diseases tend to move closer together, with CeD form-

ing a bridge between the two. We note that, like Chang et al. [161], we find that MS,

RA, and T1D cluster (relatively) close together, though unlike them, we do not find

that PS clusters closely with CeD and MS.

We recall from Section 5.3.1 that the prior put more weight on models of as-

sociation containing combinations of {PS, PBC, JIA}, as well as models containing

217



{CeD, JIA, and PS}. These relationships appear to be reflected in the plots in Figure

5.4. However, we note that the PC analysis suggests that CeD is more closely related

to MS, RA, and T1D than it is to PS, PBC, and JIA, contrary to the prior and to

the change in posterior model weights discussed in Section 5.4.1. We note that our

findings are more or less consistent with—though not necessarily confirmed by—those

found by Zhernakova et al. [47] and Parkes et al. [53]

Additionally, the results of the PCA calculated using the analyses with the flat

prior on models of association showed similar results, which reassures us that these

putative relationships are not due solely to our choice of prior. The chief difference

between PCAs performed using results from the flat prior and the genome-wide em-

pirical prior were that the {CeD, MS, RA, T1D} cluster and {JIA, PBC, PS} cluster

were often plotted closer to one another under the flat prior, and did not have such

extreme clustering or movement towards the AS cluster when σ = 0.4 and ρ = 0.96.

These plots can be found in Figure 5.A.2 in Section 5.A of the Appendix.

5.4.3 The relationship between large estimated effect sizes and

the number of associations

Once again, we turn to the question of whether a large effect size in one study at a

given SNP predicts more associations at that same SNP. Immunobase is an interesting

dataset with which to explore this question because the diseases in the analysis are

known to share genetic variants, and because the regions of the genome interrogated

by the Immunochip were chosen due to their associations with these diseases. In

essence, these circumstances are so favorable to the hypothesis that strong effects

in a single study correlate with more associations overall, that if these data are not

consistent with it then it is hard to imagine that there are any circumstances under

which this hypothesis would be true.

We analyze this question in each of the results of the exhaustive ABF analyses

we have performed. For each analysis, we calculated the posterior probabilties of

association across all possible models at each SNP, using Equation 3.6 from Section

3.4.3 of Chapter 3, though this time with n ∈ {1, . . . , 10}.

We next determine the maximum effect size at each SNP. Because we are inter-

ested in the relationship between extreme effect sizes and expected number of asso-
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ciations (as opposed to effect sizes that are explicitly greater than zero), we examine

the absolute values of the effect size estimates in our data. Table 5.1 shows that the

most extreme effects are not distributed uniformly over all the studies. Additionally,

we recall from Table 5.1 in Section 5.2 that study sizes vary wildly among our data,

and we may end up choosing extreme effect size estimates which are actually not

significantly different from 0.

The logical conclusion is to examine the relationship between z scores and the

estimated number of associations. Furthermore, the larger standard errors associated

with poorly imputed summary statistics provide a natural penalty, making them less

likely to be included as the largest z score at a SNP. We also see in Table 5.1 that,

unlike maximum effect size estimates, maximum z scores are more evenly distibuted

across all diseases, ensuring that the results of this analysis are not dominated by the

effects of a single study.

Disease Prop. (β̂) Prop. (z)

JIA 0.3909 0.0898
PBC 0.1885 0.0847

PS 0.1851 0.1103
CeD 0.0530 0.0920

T1D 0.0451 0.0977
RA 0.0423 0.0831

CD 0.0387 0.1288
MS 0.0307 0.1035

UC 0.0256 0.1103
AS 3.427× 10−5 0.0998

Table 5.1: Proportion of the time that the effect size estimate—“Prop. (β̂)”—for each study was the
most extreme of all studies, and the proportion of times that the z score—“Prop. (z)”—for each study
was the most extreme of all studies. Results are listed in descending order by the proportion of β̂ that
were the largest for each study.

For each ABF analysis (using the genome-wide empirical prior), we plot the es-

timated number of associations against the maximum z scores, and draw the least

squares regression line for the data. We note that in all but one of the studies

(where ρ = 0.96 and σ = 0.1), the slope of the regression line lies on the inter-

val of [0.337, 0.0.584], indicating that in most analyses, between 1.71 and 2.96 unit

changes in z score are required to increase the expected number of associations by 1.

For each analysis, we report the estimates of the slope and their associated standard
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errors in Table 5.2. The analogous figure and table for analyses that used the flat

prior can be found in Section 5.B of the Appendix. In all cases, the p-values were

very small (p� 0.00001).

Our question is a difficult one to answer because of the differences in power

between the studies, as well as the fact that our method’s power to detect true effects

depends on the prior. Any effect that can be detected when σ = 0.4 is also large

enough to be detected when σ = 0.1, so using σ = 0.1 results in a prior that is

always at least as powerful as σ = 0.4, though it may call more false positives. As a

result, when σ = 0.1, we call more associations in general, shown by the the fact that

the regression intercepts in Figure 5.5 are negatively correlated with σ. Additionally,

unlike the data in Chapter 3, we have probably counted some of the mean associations

multiple times due to the LD structure between SNPs in the Immunobase data.

Figure 5.5: For each analysis, the estimated number of effects (y-axis) plotted as a function of the
maximum z score (x-axis), per SNP. The red line is the least squares regression line calculated from the
data. All analyses used the genome-wide empirical prior.

σ = 0.1 σ = 0.2 σ = 0.4

ρ = 0

ρ = 0.5

ρ = 0.96
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Analysis Slope SE

ρ = 0,σ = 0.1 0.4325 0.0005
ρ = 0,σ = 0.2 0.4023 0.0004
ρ = 0,σ = 0.4 0.3373 0.0003

ρ = 0.5,σ = 0.1 0.4320 0.0005
ρ = 0.5,σ = 0.2 0.4406 0.0005
ρ = 0.5,σ = 0.4 0.3655 0.0003

ρ = 0.96,σ = 0.1 0.0953 0.0004
ρ = 0.96,σ = 0.2 0.4018 0.0006
ρ = 0.96,σ = 0.4 0.5839 0.0006

Table 5.2: Table of the regression slopes and their standard errors each set of ρ and σ used for analysis
(using the genome-wide empirical prior).

Taken together, we see that there is evidence in our analysis that having an

extreme effect in one of the studies at a given SNP predicts more associations at

that SNP. The analysis where ρ = 0.96 and σ = 0.1 is a special case that merits

some attention. This prior assumes that true effects are highly correlated among all

diseases and that these effects will be small. A dataset for which these conditions

hold would not be an ideal one in which which to test our hypothesis that extreme

effects correlate with more associations, because these conditions explicitly assume

that effects are not extreme in any study. This makes it harder for sets of studies

with heterogeneous sizes and directions of effect to be correctly identified as being

associated. This may be the reason that the regression slopes for the analyses where

ρ = 0.96 tend to be lower than the slopes where ρ takes a lower value. Similarly,

within the set of slopes for a given value of ρ, the slope for the analysis where σ = 0.1

is the lowest. The low regression slope estimated using this particular set of priors

seems to be the result of the interaction of these two trends.

5.5 Discussion

In this chapter, we have applied our method to a third and final dataset of immune-

mediated diseases that have been typed on the Immunochip. Summary statistic im-

putation has given both a larger dataset in terms of the number of markers, and

complete data at each marker. Additionally, the fact that there are 10 studies in this

meta-analysis makes performing the subset-exhaustive approach tractable.
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However despite these improvements over previous datasets, we struggled to

verify our estimates of the cryptic correlation between the effect sizes of each disease.

While we could still estimate these correlations from null SNPs that were not in

the HLA region, the few estimates we were able to obtain using LD score regression

differed so wildly from our empirical estimates, as well as from those calculated using

Zaykin’s analytic formula, that it was impossible for there to be any sort of consensus

in the correlation coefficients across all methods.

To add to our concern, our quantile-quantile plots show that the distribution of

mean ABFs calculated from the data very quickly deviates from the null distribution;

the speed with which it deviates appears to be positively correlated with the prior

value of σ. While it may be that this particular dataset contains many true signals

across our studies, we cannot guarantee that our test statistic is not inflated, which

may affect our other results—for instance by causing us to choose SNPs with spu-

riously high ABFs in our principal component analysis over those with true signals,

or by causing us to overestimate the expected number of associated diseases in our

regression analysis.

The dataset itself had a few oddities, as well. Two of the studies included

people of non-European descent, despite the majority of the cohorts being sampled

from Europeans. One of the disadvantages of working only with summary data is

that it is impossible to tell what effect—if any—this has on the effect size estimates

and standard errors that we use in our analysis. Theoretically, if the differences in

genetic background are properly accounted for in the statistical model, then there

should be no problem. Alternatively, it may be that the association testing was

performed in each cohort separately and the meta-analyzed results are what were

reported. However, we cannot know from the data alone what was done and have to

take it on faith that the estimates we receive are free of biases related to population

structure or other confounders. Additionally, we noticed a discrepancy between the

stated sample size for psoriasis and the reported standard errors; we could not verify

exactly where our psoriasis data came from, but it appeared to be from a larger study

than the one claimed by Immunobase.

Nevertheless, we used these data to investigate the feasibility of applying our

method to learn about the relationships between traits in the meta-analysis. We
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estimated a prior on models of association using the results of an analysis with a flat

prior. We should note that by doing this, we have technically used the data twice and

our prior is no longer a prior under the traditional definition of the term. However,

empirical Bayesian methods are common and have been applied to genetics before

[226, 227, 228]. While we cannot say for certain whether the use of this empirical

prior leads to more accurate results over what we find when using a flat prior—we

would need to carry out more work on simulated datasets to establish this—it does

seem that the empirical prior boosts signal. For instance, when comparing the results

of the PCA with the empirical prior against those without, it was often easier to

differentiate between disease clusters (by visual inspection) in the analyses that used

the empirical prior than in those that did not. Additionally, in our analyses of the

relationship between extreme effect sizes and estimated number of associations, the

slopes of the regression lines were all higher when the empirical prior had been used.

As for the results themselves, we note that our PCA separates Crohn’s disease

and ulcerative colitis from the other studies, which is what we were hoping to see, as

these two diseases are subcategories of inflammatory bowel disease. While we might

have expected to see them cluster more closely than any two other diseases in our

dataset, this did not occur. It may be that the first two principal components were

especially efficient at separating CD and UC, which are mutually exclusive diseases

(people afflicted with one disease will not have the other), while being less efficient at

differentiating between diseases that often co-occur, like multiple sclerosis, rheumatoid

arthritis, and type 1 diabetes [47]. It also might be that, as two of the most well-

powered studies in the dataset, there were more associations with these two studies

that the PCA could use to differentiate them from the others.

Among the other studies, the relationships we find do not appear to be wildly

inconsistent with the published literature, but there does not appear to be any resource

that can strongly confirm our findings either. The separation of ankylosing spondylitis

from all the other studies is confusing from a biological standpoint—one might expect

the arthritic diseases (AS, RA, and JIA) to cluster together. However, given that AS

was the only disease that did not receive a significant amount of extra weight under

our empirical prior—recall that none of the 20 models receiving the highest amount of

prior weight, depicted in Figure 5.3, included AS—we suspect that this is an artifact
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of the data and that AS has fewer associations compared to the other studies overall,

which causes it to be differentiated from the others in the PCA.

Finally, there is some evidence in this dataset that an extreme effect in one study

correlates to an increased number of associations overall. Of our nine analyses using

various combinations of ρ and σ, only one showed a low estimated effect (β̂ < 0.1)

on the maximum z score across all studies at a SNP and the number of disease

associations with that SNP. This analysis assumes a prior where true effects are both

small (σ = 0.1) and highly correlated across studies (ρ = 0.96) which—if true for

the data—are conditions that would not be conducive to establishing the relationship

that we were testing.

It is also worth noting that the analysis where ρ = 0.96 and σ = 0.1 is an outlier

in other respects. When calculating the empirical prior on models of association, this

combination of ρ and σ increased the prior weight on the most models, but none of

these increases were large in absolute terms (the maximum was around 0.016). It

was also the only set of parameters for which the model with the highest amount

of prior weight (when calculating the empirical prior) was not the null model. The

interpretation of this is difficult; for us, it suggested that aberrant results under this

set of prior parameters might be expected. Further work should be carried out—either

in the form of simulations, or through application to real datasets—to establish under

what circumstances this prior yields results unlike those returned from analyses using

the other sets of priors we have used, and whether any other combinations of priors

can be found that give similar results to it. This would help us interpret the results

from this prior and understand the circumstances under which it is best to use it.
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Appendix

5.A More PCA comparisons

Figure 5.A.1: PCA cluster plots generated by performing the singular value decomposition with SNPs
chosen preferentially if they showed high evidence of association in our analysis (Figure 5.A.1a) or ran-
domly. Otherwise, both sets shown were identical, using the results from the analysis ρ = 0 and σ = 0.2
with the empirical prior on models of association. All SNPs included in either analysis were at least 1 cM
and 100 kb apart.

(a) SNPs chosen based on evidence of asso-
ciation. (b) SNPs chosen randomly.
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Figure 5.A.2: PCA plots from the exhaustive analyses performed using the flat prior on models of
association.

σ = 0.1 σ = 0.2 σ = 0.4

ρ = 0

ρ = 0.5

ρ = 0.96

5.B Large estimated effects and analyses with the

flat prior

Analysis Slope SE of slope

ρ = 0,σ = 0.1 0.3590 0.0006
ρ = 0,σ = 0.2 0.3844 0.0006
ρ = 0,σ = 0.4 0.3833 0.0005

ρ = 0.5,σ = 0.1 0.3381 0.0006
ρ = 0.5,σ = 0.2 0.3935 0.0006
ρ = 0.5,σ = 0.4 0.4041 0.0006

ρ = 0.96,σ = 0.1 0.0001 0.0003
ρ = 0.96,σ = 0.2 0.2145 0.0005
ρ = 0.96,σ = 0.4 0.3939 0.0007

Table 5.B.1: Table of the regression slopes and their standard errors each set of ρ and σ used for
analysis, using the flat prior on models of association.
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Figure 5.B.1: For each analysis, the estimated number of effects (y-axis) plotted as a function of the
maximum z score (x-axis), per SNP. The red line is the least squares regression line calculated from the
data. All analyses used the flat prior.

σ = 0.1 σ = 0.2 σ = 0.4

ρ = 0

ρ = 0.5

ρ = 0.96
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Chapter 6

Discussion

6.1 Introduction

The proliferation of genome-wide association studies has led to a concomitant rise in

consortia established to create large samples in which to investigate traits of interest.

Examples of these include the Wellcome Trust Case Control Consoritia 1 and 2 [26,

229]— which examined a number of diseases and traits and made use of shared pools

of controls—the Cohorts for Heart and Aging Research in Genomic Epidemiology

(CHARGE) Consortium [230], and the The Genetic Investigation of Anthropometric

Traits (GIANT) Consortium [171]. More recent years have seen the rise of biobanks—

such as the China Kadoorie Biobank [73] and UK Biobank [72], which gather not only

a large number of samples, but for each sample, phenotypic data for a a wide variety

of traits. In addition to standard genome-wide association studies, these datasets

invite analysis of the shared genetic bases between traits.

Unlike genome-wide association studies, there is currently no standard set of

methods to determine cross-trait associations, and many have been proposed. We

reviewed some of these methods in Chapter 1, Section 1.7, and have proposed our own

method, in Section 2.2 of Chapter 2. We used the rest of this thesis to investigate

the properties of our method in both simulated and real data. In this chapter, we

summarize what we have learned so far and discuss the implications, as well as possible

directions of future research.
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6.2 Our method

6.2.1 ABF results are comparable to those of other methods

Our approximate Bayes factor approach, like many others (see Table 1.1 in Section

1.7 of Chapter 1), uses summary statistics as its input. Summary statistics are often

publicly available and are more easily shared across research groups. Additionally, be-

cause the calculation involved in our method is simply the ratio of multivariate normal

densities, it can be performed quickly using just about any programming language or

statistical package. This is in contrast to some of the competing methods we exam-

ined in Chapter 3, Section 3.5, which took longer to run and required downloading of

particular software or R packages.

Across all methods, there was variation in the markers highlighted, as well as

in the patterns of association chosen by each method as the most likely; however

our results did not deviate significantly from those of the others in either respect.

Our subset exhaustive approach also allows us to calculate a posterior distribution

on patterns of association, which we can use to explore the relationships between

traits. While other methods also provide estimates of the marginal probabilities of

associations of each trait with each marker, none of the ones we have investigated

provide a full distribution across all patterns of associations.

6.2.2 The ABF approach is scalable to genome-wide data that

share controls across studies

Through our applications to the Wellcome Trust Case Control Consortium 2 data (see

Chapter 4) and to the Immunobase data (see Chapter 5), we have also demonstrated

that our method scales to genome-wide datasets with 10-20 cohorts, though the sub-

set exhaustive approach was only feasible for the Immunobase data (comprising 10

cohorts). Our WTCCC2 analysis also demonstrated the method’s ability to account

for covariance in effect size estimates due to things like shared controls. Because so

much potential data will come from consortia and biobanks, where samples may be

shared across studies of different traits, meta-analysis methods will need to be able

to account for this. Table 4.1 of Chapter 4, Section 4.3, suggests that it is possible
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to estimate correlation coefficients from the data directly and that the results from

this rather naïve approach are in line with those of a more sophisticated method like

LD score regression [85]. However, our difficulties in getting LD score regression to

produce estimates for some pairs of WTCCC2 cohorts, as well as the low overlap

in markers in the LD score reference panels and the Immunobase data (see Chapter

5, Section 5.3), meant that we could not corroborate the similarity of the results in

another dataset.

6.2.3 Weaknesses of the ABF approach

However, like all methods, ours also has its limitations. We noticed in our WTCCC2

analysis that our method tends to prioritize markers for which there is more infor-

mation available over markers with missing data, even if the marginal evidence of

association is slightly stronger at the marker with the missing data (see Section 4.5 of

Chapter 4). We can try to overcome this problem by only meta-analyzing studies for

which we have information at a large number of markers—as we did in our analysis of

four WTCCC2 autoimmune disease cohorts across three diseases (Sections 4.3.1 and

4.4.2 of Chapter 4)—but this cuts traits out of the analysis that we might want to

include. For instance, we excluded ulcertaive colitis from our autoimmune analysis

because that cohort was genotyped on a different chip from the other four (see Table

4.1 in Section 4.1 of Chapter 4), and consequently had few variants in common with

them.

Summary statistic imputation provides a possible solution to this problem. How-

ever in Section 5.2 of Chapter 5, we saw that imputed summary statistics have more

uncertainty around their effect size estimates. Variants with low imputation info

scores have higher standard errors and, in some cohorts, appear to bias effect size

estimates as well, though the effect of the latter is small. We also note that low

info scores were particularly prevalent in two of the cohorts—type 1 diabetes and

ankylosing spondylitis. When examining our results in Section 5.5 of Chapter 5, we

noted that ankylosing spondylitis appeared to have fewer overall associations in Im-

munobase than the other diseases. One reason for this could be that the summary

statistics were imputed with less confidence in this dataset than in the others, making

it more difficult for effect size estimates to be assessed as significantly different from
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zero.

Furthermore, while summary statistics are more conveniently obtained than raw

genetic and phenotypic data, this can also introduce confusion into exactly what data

are being summarized. In the dataset of 107 SNPs used in the analyses in Chapter 3

(see Section 3.2), we noticed that reported effect size estimates and standard errors

did not always match the corresponding p-values. We also could not verify that

the alleles were consistently aligned across all studies, nor did we know how many

controls were shared across studies in order to estimate cryptic relatedness due to

sample sharing. While this can be estimated using LD score regression or from the

effect size estimates directly, on a small dataset such as that one, these methods are

not feasible. Furthermore, while the authors who collected the data [52] did mention

that some of the data came from proxies for the reported SNPs, they did not say

which datapoints these were, illustrating another potential problem with summary

data: one cannot tell which markers have been genotyped directly and which ones

have been imputed (either genotypes or summary statistics).

The Immunobase data in Chapter 5 (see Section 5.2) had its own set of chal-

lenges, as well. Though we did have information about which studies contained im-

puted summary statistics, and we were confident in the data alignment pipeline, we

noticed that there was a discrepency in the psoriasis data—the standard errors re-

ported in our summary data were much lower than we would have expected, given the

reported sample size of the UK cohort. Additionally, two of the studies used samples

from both European and non-European populations, and a further study contained

data from a meta-analysis of two studies, one of which used related individuals, while

the other contained only unrelated individuals (see Table 5.1 for details). When given

only summary data, it is hard to be certain exactly which potential confounders—

such as population structure—have been accounted for and whether this has been

done consistently across all studies. All methods will give spurious results when ap-

plied to data that has been poorly quality controlled; it is therefore important to have

a full understanding of the provenance of the summary statistics one is working with.
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6.2.4 Challenges in validating results

We know from our simulation work in Chapter 2 (Section 2.5.2) and from our results

in Chapter 3 Sections 3.4 and 3.5 that our method is not immune to calling spurious

associations. The ability to search systematically for shared genetic variants across

a large number of traits and cohorts is relatively new, and thus unexpected novel

results can be difficult to validate. In Chapter 4, Section 4.4, we highlighted loci like

rs793108 on chromosome 10, which did not show a statistically significant association

with multiple sclerosis when standard GWAS techniques were applied to the data,

but did when our method was applied. Without confirmation of this association

from the Immunochip study of MS [179], we would have been uncertain whether this

association was real or not.

Absent information from other studies, our other options are functional follow-

up or to attempt to replicate the findings in other datasets. Functional follow-up

requires information about the pathways affected by the gene associated with the

marker. When the associated gene is unclear or does not exist, this quickly becomes

a dead-end for the researcher. Even when the genetic variant can be mapped to a

gene, biological plausibility can only be established if there is sufficient information

on the metabolic pathways affected by the gene, the cell types in which the gene is

expressed, and if these pathways and cell types are known (or suspected) to affect the

traits associated with the variant. Often, we do not have such complete information,

leaving this sort of analysis to be used rarely. Replication in other studies may be

more feasible, but presents its own challenges. When the research of the genetic

architecture of a particular trait or set of traits is dominated by one research group

or consortium, then finding completely independent datasets in which to replicate

one’s findings is difficult, as we saw for the potential visceral leishmaniasis locus and

the possible association between autoimmune diseases and reading and mathematical

abilities in Chapter 4, Section 4.4.1.

Additionally, we saw that a putative cross-trait association may be the result of

a single SNP tagging different causal loci—see Figures 4.5 and 4.2 in Sections 4.4.2

and 4.5 (respectively) of Chapter 4. This problem is inherited from GWAS, where

the causal variant may not have been genotyped, but is in linkage disequilibrium

with a variant that has been, leading to a statistically significant association between
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the typed variant and the trait under investigation. As discussed above, our method

favors SNPs with more information over those with missing information. It also favors

SNPs that show marginal evidence of association in more cohorts over SNPs that show

stronger evidence of association in a single cohort. These two apsects of our method

make it particularly vulnerable to calling spurious cross-trait associations that arise

from LD between tag SNPs and multiple causal variants. One potential solution is

to use a method like COLOC [42], eCAVIAR [43], or enloc [44] to try to determine

whether the markers with the highest individual associations with each trait are likely

to colocalize to the same causal variant.

6.3 Future directions

Our investigation of this method and results from its applications invite several ques-

tions, some of which we attempt to answer, some of which will be left open.

6.3.1 The subset-exhaustive approach for large meta-analyses

One potential strength of our approach is in the ability to calculate posterior proba-

bilties on all possible patterns of association. Summing over the probabilities of these

models can give us marginal probabilities of association for each trait, which allows

us to say which ones we believe are associated with the SNP, which ones we do not

believe are associated, and how certain we are in either case. We note that in Section

4.4.1 of Chapter 4, our analysis highlighted rs3890745 as being associated with both

multiple sclerosis and ulcerative colitis, and predicted explicitly that this locus was not

associated with ankylosing spondylitis or psoriasis. Being able to understand which

traits are not associated with a genetic marker, as well as those that are, can improve

our understanding of the relationships between traits over traditional analyses which

focus only on whether or not there is evidence for shared associations.

However, we saw in the analysis of the WTCCC2 data that there is a practical

limit to how many studies can be part of the meta-analysis and still allow for the

subset-exhaustive approach to be feasible. Moreover, as more data becomes available,

we may be interested in looking across hundreds of cohorts/traits. When the number

of studies becomes this large, the calculation of approximate Bayes factors for each
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possible model of association may become intractable even at one SNP, never mind

genome-wide. The memory requirements may become too great, or the calculation

may take too long to be feasible.

One possible solution to this problem is the stochastic shotgun search (SSS)

[231]. This iterative approach can quickly identify the models associated with the

highest Bayes factors and explore related models, meaning that the subset of models

explored is likely to contain the one that best fits the data. It has been successfully

implemented in FINEMAP [22] to discover causal variants in a region without having

to search over every possible combination of variants.

Briefly, this approach works by taking an initial model, γ0 with n associated

traits, and then calculating the neighborhood, nbd (γ0) = {γ+, γ0, γ−} around it. If

we write γ0 as a binary string as in Table 2.1 of Chapter 2, Section 2.2.4, then γ+

is the set of strings where one of the 0 entries in γ0 is changed to a 1. Similarly, γ−

contains all the strings where one of the 1 entries in γ0 is changed to a 0. Finally, γ0

is the set of all strings that change exactly one element that was 1 in γ0 to 0 and one

0 element of γ0 and change it to a 1.

Within each of γ+, γ0, and γ−, the approximate Bayes factor for each model is

calculated and stored. These are then normalized within each subset (see Equation

2.9) and then one model is chosen as a representative with a probability equal to its

normalized Bayes factor. The scores for the each representative are then normalized

again, and one of them is chosen as γ1 with probability equal to approximate Bayes

factor normalized within this set. A new neighborhood is calculated as above and the

alogrithm repeats for some predefined number of runs or until some other stopping

criteria is reached.

Because the approximate Bayes factors calculated for each model are stored—

usually in a hash table—we do not need to recalculate any models appearing in

nbd (γi) that have appeared in nbd (γj<i). Further gains in efficiency can be made by

parallelizing the calculations of γ+, γ0, and γ−, the approximate Bayes factors within,

and the and selection of a representative from each.

In the datasets we have examined, the distributions of ABFs in the subset-

exhaustive approach have been unimodal and the models associated with the highest

ABFs tend to differ from each other only by one extra (or one fewer) association. For
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example, if the highest ABF is associated with five traits, {T1,T2, . . . ,T5}, then the

model associated with the next highest ABF will either be associated with four of the

five traits, or with all five traits plus an extra one (T6), while the next highest ABF will

be associated with be some other combination of {T1,T2, . . . ,T5,T6}. Conversely,

the models associated with the lowest ABFs show similar consistency. We have never

observed a situation where similar models of association do not have similar ABF

rankings.

While the SSS shows promise, there are some questions about its implementation

that are unresolved. The first is, what is an appropriate stopping criterion? Some

possibilities are setting a hard limit on the number of iterations performed, stopping

once the ABFs for a certain proportion of all possible models have been calculated,

or stopping once the algorithm has performed a certain number of iterations without

calculating any new ABFs. It is unclear which of these would be best, or if different

circumstances would call for different stopping criteria.

We would also require some investigation into how well the posterior probability

distrubtion could be estimated from the subset of models calculated using the SSS.

It may be that the probabilities of models whose ABFs are not calculated by the SSS

are sufficiently close to zero that they can be ignored, or it may be that a significant

portion of the posterior distribution is ignored, and thus, posterior probabilities cannot

be estimated from this approach with any accuracy.

6.3.2 Choosing priors

One of the most challenging aspects of our analysis has been choosing appropriate

prior values. In Chapter 2, Sections 2.5.2 and 2.6, we saw how poor choices of ρ and σ

could impact both inference and the posterior distribution on models of association. In

chapter 5, we noted that analysis under a particular set of priors parameters (ρ = 0.96

and σ = 0.1) seemed to yield different results about the relationships between diseases

than the analyses using other parameters. Finding principled ways of selecting values

of ρ, σ, as well as selecting the weights on models of association that approximate the

underlying reality well, could not only improve our method’s power to detect effects,

but could also improve our inference of which traits are associated with which loci.

In all our analyses thus far, we have hedged by calculating ABFs over a range
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of values and taking means, looking at the results that yield the maximum ABF over

all prior values, or looking for patterns that are consistent across all combinations

of prior values. Despite calculating mean ABFs, we have not taken the logical next

step of investigating posterior probability distributions derived from them directly. It

would be interesting to see how well they approximate the true models underlying the

data.

Furthermore, as we discussed in Chapter 4, Section 4.5, our analyses tend to

assume that σ and ρ do not vary throughout the genome or across traits within a

single marker. These assumption keep the number of calculations manageable, but

probably do not reflect the underlying biological reality very well—for instance, we

might expect that true effect sizes for immune-mediated diseases will be large in the

HLA region on chromosome 6, but smaller elsewhere in the genome.

Using empirical priors, which are calculated from the data, is one option for

systematically choosing priors that vary both by trait and across the genome. Addi-

tionally, such priors would be expected to model the underlying reality better than

more arbitrarily chosen priors. In Chapter 5, we used one type of empirical prior

(Section 5.3.1) on models of association. However, the genome-wide prior we used

necessarily assumes that the probability distribution is the same across the genome,

when—as with the values of ρ and σ discussed above—this is probably not the case.

It may be possible to estimate a more accurate prior by using a window approach

across each chromosome.

It might also be possible to determine the prior probability distribution by using

liability models. Briefly, liability models assume that there is an underlying phenotype

liability that varies throughout the population. People whose liabilities cross some

threshold amount will have the phenotype, while those whose liabilities do not cross

the threshold will not [232]. So, for example, in our analyses, we might assume that the

underlying liability of each disease is normally distributed throughout the population,

and that these liabilities—or a subset of them—may have some sort of correlation with

one another. It may be possible to determine these liability thresholds, estimate their

underlying structure, and use this information to calculate weights on models, which

can then be used as priors in the ABF analysis.
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6.3.3 The effect of large effect sizes on the number of associa-

tions

If we accept the omnigenic model [46], discussed in Section 1.2 of Chapter 1, then

pleiotropy (both vertical and horizontal) is pervasive around the genome and what

we currently think of as pleiotropic loci are simply those with detectably large effects

on multiple traits—that is, those that are part of the “core set” of genes. The finding

that most genomic regions transcribed in tissues relevant to the trait of interest seem

to contribute to the heritability of that trait—even those that are not in the set of

core genes—suggests that a natural next step in our analysis would be the integration

of expression data. We could achieve this, for example, by lowering the prior σ on

true effect sizes in regions that are transcribed in biologically-relevant tissues, or by

increasing the correlation coefficients between traits whose set of biologically-relevant

tissues overlap.

This hypothesis also begs the question of whether large effects in multiple traits

are more or less likely for a given SNP, if it is already known to have a large effect on

another trait. Our own analyses in Chapter 3, Section 3.4.3 (Figures 3.4 and 3.5) and

Chapter 5, Section 5.4.3 (Figure 5.5) suggest that this may indeed be the case—though

the strength of evidence changes depending on the priors used to calculate our ABF

results, which are then used to calculate the number of expected associations at each

marker. Moreover, both datasets in which we performed this analysis comprised only

autoimmune diseases, which are known to have shared genetic bases. Furthermore,

given our method’s inability to disentangle true association at a marker with those

induced by LD with other markers (discussed in Section 6.2.3 of this chapter), it may

be that the mean numbers of associations we calculated are inflated, and that this

systematically affects markers with a single large effect size more than those without.

It may also be speculated that many of these shared associations are due to ef-

fects on the same metabolic pathways that affect the risk of multiple immune-mediated

diseases. If this is true, then those who reject the idea that vertical pleiotropy is

true pleiotropy would argue that that these loci are not truly associated with multi-

ple traits—that instead, these loci are associated with endophenotypes that underlie

multiple diseases. It would be interesting to see if these results could be replicated

in sets of traits where such sharing of genetic loci was neither previously observed
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nor expected. This would suggest that horizontal pleiotropy—which no one denies is

pleiotropy—can also be expected at loci with large effects on at least one trait.

6.4 Closing remarks

Despite the work that has been done in establishing the properties of this method and

applying it to data, there is always more that can be done: more simulations to learn

how results change under different circumstances, investigations into how to choose

prior parameters, and increasing numbers of datasets to which the method can be

applied. Our approach is one of many that attempt to establish associations across

multiple genome-wide association studies from summary statistics. While we do not

(and cannot) argue that our method is better than any other method, we hope we

have established some of the strengths and weakness of our method and shown that

it has the flexibility to be deployed in multiple settings to answer questions about the

genetic relationships between traits.
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