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Many real-world decision-making problems in energy systems, transportation, and finance have uncertain parameters
in constraints. Wasserstein distributionally robust joint chance constraints (WDRJCC) offer a promising solution by
explicitly guaranteeing the probability of the simultaneous satisfaction of multiple constraints. However, WDRJCC are
computationally demanding, and practical applications often require more tractable approaches, especially for large-scale
and complex problems such as power system unit commitment problems and multilevel problems with chance constraints
in lower levels. To address this, this paper proposes a novel convex inner-approximation for WDRJCC with right-hand-side
uncertainties (RHS-WDRIJCC). Motivated by the strengthening process that leads to a faster but still exact mixed-integer
reformulation, we propose a Strengthened and Faster Linear Approximation (SFLA) by strengthening an existing convex
inner-approximation. This strengthening process reduces the number of constraints and tightens the feasible region for
ancillary variables, leading to significant computational speedup. We prove that the proposed SFLA does not introduce
additional conservativeness and can even be less conservative compared to common approximations such as W-CVaR. We
then extend the proposed SFLA to robustness maximization, a decision-making paradigm that can be more interpretable,
where the risk level and the Wasserstein radius are determined by maximizing solution robustness subject to a utility
degradation limit. We discuss the connection between risk minimization and radius maximization as two formulations of
robustness maximization, and show the advantage of radius maximization.

In power system unit commitment, the proposed SFLA achieves up to 10x and on average 3.8X computational speedup
compared to the strengthened and exact mixed-integer reformulation in finding comparable high-quality solutions. In
a bilevel strategic bidding problem where the exact reformulation is not applicable due to non-convexity, the proposed
SFLA can lead to 90x speedup compared to existing convex approximation methods including W-CVaR. In robustness

maximization, the proposed SFLA demonstrated over 100x speedup than other convex-approximations.
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1. Introduction

Many real-world decision-making problems in energy systems, transportation, and finance involve
constraints with uncertain parameters due to variable supply, customer demand, and economic
conditions (Gabrel et al.|[2014). A typical solution approach is robust optimization (RO), which
aims to ensure feasibility for each possible scenario; however, this often leads to overly conservative
solutions. In contrast, chance-constrained programming (CCP) provides a less restrictive alterna-
tive (Prékopa|2013). CCP supports robust but economic decision-making by explicitly limiting the
probability of constraint violations, allowing for a controlled degree of conservativeness relative to
RO. As aresult, CCP has found widespread applications in fields such as power systems, economics,
finance, and water management (Geng and Xie[2019).

However, classic CCP models are based on the exact distribution of random variables, which is
typically not available, and decision-makers generally only possess a historical dataset. This dataset
may be insufficient to accurately infer the true distribution of random variables, which limits the
out-of-sample performance of a CCP model. To hedge the ambiguity of the underlying distribution,
distributionally robust chance-constrained programming (DRCCP) has been proposed to control
the violation probability under the worst-case probability distribution over a so-called “ambiguity”
set (Scarf et al.[|1957). This ambiguity set may be defined as the set of probability distributions
with the same statistical moments, such as mean and variance (Delage and Ye 2010), or defined
as distributions within a certain distance from the reference distribution. Despite good tractability,
moment-based ambiguity sets do not fully use the information of the datasets and may lead to over-
conservativeness (Gao and Kleywegt 2023). For distance-based ambiguity sets, the Wasserstein
distance is widely applied due to its superior out-of-sample performance (Mohajerin Esfahani and
Kuhn|2018)), and the advantage of Wasserstein-based ambiguity sets over other distance-based sets

was discussed by |Gao and Kleywegt (2023). A Wasserstein DRCCP model can be written as:

mi({,l c(x) (1a)
s.t. sup P[é¢S(x)] <e, (1b)
PeFn (6)

where c(-) is the objective function, X ¢ RL is a compact domain for the decision variables
x € RE. Constraint ensures that the random vector & € RX falls outside the decision-dependent
safety set S(x) with a small probability, which is not greater than the risk level € under the

worst-case distribution P € Fy(6). Here, the Wasserstein ambiguity set Fx(6) is defined as a ball
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with radius 6 centered at the empirical distribution Py constructed by historical data Fy(6) =
{P| dw(Pn,P) <6}.

Following (Chen et al.| (2022)) and [Ho-Nguyen et al. (2021), we consider the 1-Wasserstein
distance based on a general norm || - ||, expressed as dw (P,P’) = nesio%g,p)E(g’f,)Nn[llf - &I,
where P (P,P’) is a set of distributions with marginal distributions P and P’. This paper focuses
on Wasserstein distributionally robust joint chance constraints under right-hand-side uncertainty

(RHS-WDRIJCC) with the following safety set:

S):={fla,x<b,£+d,, pe[P]}, )

where there are P constraints indexed by [P] :={1,---, P} that need to be met jointly with high
probability 1 — € with € € (0, 1). This joint satisfaction is desired in practical applications for its
higher safety (Geng and Xie 2019, |Ding et al.|2022), and the RHS uncertainty also arises in several
practical problems, such as managing the thermal constraints of the power grid lines, securing
the power system reserve (Wang et al. 2016, [Wu et al. 2016, Yang et al.|[2020), or restricting the
load-generation imbalance (van Ackooij et al. 2018)).

To exactly solve the problem with RHS-WDRIJCC (1), [Chen et al| (2022) proposed an exact
mixed-integer programming (MIP) reformulation, which was further strengthened by [Ho-Nguyen
et al.|(2021) by exploiting valid inequalities and reducing the values of big-M. Jiang and Xie (2024b)
further proposed a method that combines inner and outer approximations to derive optimality
cuts, thereby accelerating the exact MIP solution process. Alternative methods include ALSO-
X, ALSO-X+, and ALSO-X# that (approximately) solve a CCP in an iterative way with high
quality (Jiang and Xie| 2022, |2024a). However, the MIP-based exact reformulation is NP-hard,
and these ALSO methods may have numerical issues and a lack of stability due to their iterative
schemes. Greater tractability is still desired, especially when the original deterministic problem is
already complicated. We have identified two types of practical applications that necessitate more
computationally efficient solution schemes.

One typical example is the power system unit commitment (UC) problem that determines the
on/off statuses of generators to minimize operational cost within power network constraints, which is
alarge-scale multi-period MIP problem with thousands of generators and network nodes included. In
one of the largest electricity markets in the world, managed by the Midcontinent Independent System
Operator (MISO), the network model includes more than 45,000 buses, 1,400 generation sources,

around 2 500 pricing nodes, and has a 36-hour look-ahead horizon with_hourly resolntion (Chen
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et al.2016,|Sun et al. 2018]). Additionally, UC problems may be solved repeatedly during the market-
clearing process to accommodate necessary modifications to constraints or other evaluations.
Moreover, the entire process must be completed within a stringent time frame of three to four
hours (Chen et al.|2016). The UC complexity is further exacerbated by the increasing number of
virtual bids (bids for speculation submitted by purely financial players with no obligation to own
physical generation) and the increasing number of combined cycle units that require complicated
operation models (Sun et al. 2018). However, the increasing penetration of fluctuating renewables
increases the uncertainty level of the system, and thus it becomes more important to have chance-
constrained UC to ensure reliable operation (Yang et al.|2020, van Ackooij et al.[2018)).

The second example involves applying RHS-WDRIJICC at lower levels of bilevel or multilevel
optimization problems, where all levels need to reach the optimum. To solve these multilevel
problems, Karush-Kuhn-Tucker (KKT) conditions or strong duality need to be exploited to derive
solvable single-level counterparts, which require convexity in lower levels. Practical applications
include strategic price-maker bidders in day-ahead energy markets (Paredes et al.|2023) and gas
markets that involve a sequential clearing process (Heitsch et al.[2022). In these applications, market
clearing is modeled at lower levels. Because the clearing process can occur before uncertainties are
revealed (e.g., day-ahead markets), a CCP needs to be implemented at these lower levels to manage
uncertainties (Beck et al.| 2023). However, the MIP-based RHS-WDRJCC reformulation (Ho-
Nguyen et al.2021) is unsuitable due to its non-convexity, and the iterative ALSO methods (Jiang
and Xie|2022| [2024a) are less capable of incorporating optimality conditions.

Due to the high complexity of these practical problems, it is desirable to have convex or linear
approximations of RHS-WDRJCC, so as to bring a minimum extra computational effort while
maintaining solution quality. Common approaches include the Bonferroni approximation (Chen
et al.[2023)), which can become overly conservative when events overlap significantly, and the worst-
case conditional value at risk (W-CVaR) (Mohajerin Esfahani and Kuhn|2018,, Chen et al.|[2023)),
a common approximation for CCPs. |Chen et al. (2023)) also introduced the “best” convex inner-
approximation for RHS-WDRIJCC, which is equivalent to W-CVaR under certain hyperparameters.
However, these approximation schemes introduce a large number of additional ancillary variables
and constraints, which brings excessive computing burden, especially for the UC and multilevel
problems discussed above; consequently, CCPs generally remain unscalable for industrial-scale
instances (Zhao et al.[|2024)). Therefore, it is still preferable to further enhance the computational

efficiency of RHS-WDRIJCC.
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Figure 1 Two possible cases when a strengthening inequality valid for the original feasible region is applied to the
convex inner-approximation.
Note. Analytical reformulations sometimes (such as for WDRJCC) introduce an ancillary variable » in addition to the original
decision variable x. Case I: A strengthening inequality is valid for the original nonconvex region but leads to higher conservativeness
in its inner approximation. (a) In the original nonconvex feasible region of x and r, the strengthening (valid) inequality excludes
a redundant portion without reducing the feasible region of x. (b) The convex inner-approximation (dashed) has a smaller feasible
region of x compared to the original region, and the strengthening inequality further reduces the x feasible region, resulting in
even higher conservativeness. Case II: A strengthening inequality is valid for both the original nonconvex region and its inner
approximation. (c) In the original nonconvex feasible region, the strengthening inequality excludes a redundant portion without
reducing the feasible region of x. (d) The convex inner-approximation (dashed) has a smaller feasible region of x compared to the
original region, and the strengthening inequality does not further reduce the x feasible region. Furthermore, by relaxing certain
constraints of the convex inner-approximation, it is possible to include an extra non-empty feasible region (depicted in purple) and
thus expand the feasible region of x (less conservativeness). This extra feasible region is small relative to the excluded region;

therefore, the overall search space is still reduced, preserving the computational efficiency provided by the strengthening inequality.

One promising solution approach is to utilize valid inequalities, which are additional constraints
introduced to an optimization problem to tighten the formulation without excluding any feasible
solutions from the original problem’s feasible region. Motivated by the work of Ho-Nguyen et al.
(2021), where valid inequalities were exploited to strengthen the exact MIP reformulation so as
to speed up computation, this paper shows that the strengthening process can also be migrated
to a convex inner-approximation that admits W-CVaR equivalence. This migration reduces the
number of constraints in the original convex approximation and tightens the feasible region for

ancillary variables, resulting in significant computational speedups. Although the migration may



appear direct, there is a subtle source of conservativeness: migrating a strengthening process can

introduce additional conservativeness when applied to a convex inner approximation, as shown in

Case I of Figure 1| However, and fortunately, we prove that the proposed SFLA will always lead to

Case II in Figure |1} which does not introduce extra conservativeness and can even produce a less

conservative inner-approximation. The computational speedup and reduced conservativeness of the

proposed SFLA address the practical needs of industry-scale problems, such as UC and bilevel

strategic bidding. In summary, the main contributions of this paper include:

&)

2)

3)

We proposed a Strengthened and Faster Linear Approximation (SFLA) to RHS-WDRIJCC.
By exploiting valid inequalities for a convex inner-approximation that is equivalent to W-
CVaR (Chen et al.[2023)) under specific hyperparameters, the number of constraints is reduced,
and the feasible region of ancillary variables is tightened, which leads to significant com-
putational speedup. Even with the tightening, we demonstrate that the proposed SFLA does
not introduce additional conservativeness and can even provide a less conservative inner ap-
proximation. In addition, we offer theoretical guidance for setting the SFLA hyperparameter
and analyze when SFLA becomes equivalent to exact reformulation or less conservative (or
equivalent) to existing convex approximations such as W-CVaR.

We extend the proposed SFLA to robustness maximization, a decision-making paradigm that
can be more interpretable to set the risk level and the Wasserstein radius. We show that the
proposed SFLA applies to both risk minimization and radius maximization (the two formu-
lations for robustness maximization), offering computational speedups without introducing
extra conservativeness. We further show the equivalence of the feasible regions between risk
minimization and radius maximization, and demonstrate that radius maximization can be both
more computationally efficient and more robust.

We demonstrated the superiority of the proposed SFLA through extensive numerical studies
on two important real-world large-scale chance-constrained optimization problems. First, in
the UC problem, the proposed SFLA achieves up to 10x and on average 3.8 computational
speedup compared to the existing strengthened and exact MIP reformulation (Ho-Nguyen et al.
2021) in finding comparable high-quality solutions. We also demonstrate that the proposed
SFLA achieves approximation quality comparable to the exact reformulation, except for minor
inferiority only occurring under the combination of a high risk level, a large number of historical
data, and a small ambiguity set radius. Second, in the bilevel strategic bidding problem where the

exact formulation is not applicable due to non-convexity, the proposed SFLA demonstrates 90X
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speedup in computation time compared to convex inner-approximations such as W-CVaR. In
robustness maximization, the proposed SFLA demonstrated over 100X computational speedup
compared to other convex approximations with the same solution quality.
This paper is organized as follows. Section |2] lists the existing exact reformulation and convex
inner-approximations. Section |3| introduces the proposed SFLA and demonstrates its theoretical
properties that make it particularly useful for real-world large-scale problems. Section [] extends
SFLA to a more interpretable robustness-maximization framework. Section S|carries out numerical

studies and Section [6] concludes this paper.

2. Problem Formulation

This paper focuses on RHS-WDRIJCC (1b), with the safety set described in Eq. (2). In what
follows, we assume € € (0, 1) and 6 > 0, which are conditions necessary for the subsequent exact
reformulation on which this work is based (Chen et al.|[2022). This section summarizes the current

exact reformulation and approximation methods for RHS-WDRJCC.

2.1. Exact Reformulation
Suppose we have collected N independent and identically distributed (i.i.d.) samples {&,};cn) for
the random vector &, where the index set is defined as [N] :={1,---, N}. Given a decision x € X

and a sample &, we define the distance from &, to the complement of S(x) as:

dist (£, S(x)) = inf {I&;~€'||€ ¢Sx)}. 3)
&' eRK
Building on the results given by [Chen et al| (2022) and the safety set defined in (2, we can
reformulate dist (£;, S(x)) to the following analytical expression:

b & +d,—a)x * b & +d,—alx "
dist(fl-,S(x)): min p{’: P "p ) ( p‘f p—ap ) ,

= min
Pe[P] ”bp”* ”pr*

PE(P]

)

where || - || is the dual norm and (-)* extracts the non-negative component of the argument, setting
negative values to zero. By introducing ancillary variables s € R and r € RV, (Chen et al.| (2022)

showed that RHS-WDRJCC can be expressed as the following distance-based formulation:

s>0,r>0, (5a)
N
eNs—Zr[ZQN, (5b)

i=1
(b;fl- +d,— a;x)+

>s—rj, Vie[N],pel[P]. (5¢)

1Byl
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While this distance-based formulation cannot be directly processed by commercial solvers such as

Gurobi (Gurobi Optimization, LLC|2024), it can be transformed into an equivalent MIP formulation:
This MIP reformulation, based on [Chen et al.|(2022), is originally designed for open safety sets,

but|Ho-Nguyen et al.| (2021) demonstrated that it applies to both open and closed sets.

Despite being solvable by advanced MIP solvers, the MIP reformulation remains NP-
hard (Luedtke et al.|2010) and its complexity becomes particularly problematic when the original
deterministic problem is already complicated or requires convexity for tractable reformulation such
as in multilevel problems. Therefore, we focus on convex inner-approximation (for safety) of the
x-feasible region Xgxaet == {x € X | Is,r: (5a)—(5c)} defined by the RHS-WDRIJICC in model (T))

for the decision variable x, because this is the region that affects the objective value c(x) in (Ta)).

2.2. Convex Inner-Approximations

In this section, we introduce three representative convex inner-approximation methods for RHS-
WDRICC. The first is the Bonferroni approximation, which is a straightforward and computationally
efficient inner approximation that replaces a joint chance constraint (JCC) with individual chance
constraints at reduced individual risk levels €,. According to (Chen et al.| (2023)), the Bonferroni
approximation of RHS-WDRJCC can be formulated as:

a;x <d,— sup P—VaREp(—b;tf), Vpe[P], (6)
PeF (0)

where the preset individual risk levels €, must satisfy 3’ ,cp €, < €. Here, suppes(g) P-VaR,, (—b;f )
is the optimal value of a bilinear optimization problem (Chen et al.|[2023)) for a specific value of
€p. The Bonferroni approximation (6) does not add extra variables or constraints to the original
deterministic problem, resulting in minimal computational overhead. A common practice is to set
€, = €/ P (Geng and Xie 2019), but this often leads to excessive conservativeness, especially when
P is large or when the safety constraints are correlated (Chen et al.[[2007). However, even with
optimized €, the approach can still be overly conservative in some cases, and finding optimal
values for €, is generally intractable (Chen et al[|2023). As will be shown in our case studies, the
Bonferroni approximation often leads to infeasibility due to this conservativeness. Consequently,
we exclude this approach from theoretical comparisons in the following discussion.

An alternative and widely applied inner-approximation is W-CVaR (Mohajerin Esfahani and

Kuhn/2018, (Chen et al.[2023)), which can be formulated as the following set of linear constraints:

a>0,BeR, TR, (7a)



1 1
T eﬁ+ﬁz | <0, (7b)
i€[N]
T T .
a4 >wy (apx—bpfl-—dp)—r, Vie [N],p e [P], (7c)
B=wpllb,ll- Vp e [P], (7d)

where w := [w,] ,e[p] Subjecttow € Ay, == {w € (0, DP| 2. pe[p] Wp = 1} is a tunable hyperparam-
eter that affects the performance of the W-CVaR approximation by prioritizing specific constraints
in S(x) (Chen et al|2023, Ordoudis et al.[2021). Similarly, we define its x-feasible region as
Xwevar(W) = {x € X | 3a, 8,7 : (Ta)-(7d)}.

Another convex approximation (Chen et al.|2023)) linearizes constraint by overcoming the
non-convexity caused by the distance function (4)). Specifically, it replaces the original distance

function dist(&;, S(x)) with a conservative approximation cfigt(f »S(x)) given by:

®)

— blé+d,—alx
dist(£.,S(x)) = k; [ min 22 P_p ,
(Co S =s | 0 =5, I

where «; € [0, 1] are pre-selected parameters. Since cﬁgt(f »S(x)) <dist(§;,S(x)), the replacement

yields the following linear inner-approximation (LA) of the constraints in (J5]):

§>0,r>0, ©a)
eNs — Z ri > 6N, (©b)
i€[N]
b'é. +d,—alx
Ki( p§l||bp|| p )_S_ri, Vie [N],pe[P]. (9¢)
p *

Chen et al.|(2023)) showed that LA (9) represents a family of the “best” inner-approximation in the
(x, s, r)-feasible region of (3)) and LA (9)) becomes exact by optimizing k := [«;];e[n7. Furthermore,
as demonstrated by [Chen et al.|(2023), LA (9) with x =1 is equivalent to W-CVaR for a specific
setting of w, and becomes exact under certain conditions. These conditions are also extended to
our proposed approximation as will be illustrated in Corollaries [3] and [5} The x-feasible region of

the LA approximation can be expressed as: Xpa (k) ={x € X | 3s,r: (Oa)-©Oc)} .

3. Strengthened and Faster Linear Approximation
Our proposed approximation starts from the strengthening process of the exact MIP reformulation.

As discussed, the RHS-WDRIJCC reformulation (5)) can be exactly reformulated as a set of MIP
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Strengthened MIP

Mip Reformula - Reformulation (Ex-

no{i (()2C2h)en actS) (16) (Ho-
—— Nguyen et al.|2021)
Conditions in
Thm. [I Ul Il Cor. @ and[3
RHS-WDRIJCC with Dis- Strengthened Re-
tance Function (®) (Chen formulation with The Proposed SFLA @]
et al|[2022) Prop. E] Distance Function (I0)
Thm.2 ] || «=1Cor[0

(LA @ (Chen etal]2023) |

U

k=1
=1 and w* de-
andw:%U| ||K
Cor. O fined in Cor.[3

jerin Esfahani and Kuhn

W-CVaR (7) (Moha-
2018} |Chen et al.|2023)

Figure 2  The derivation flow and the formulation comparisons of the x-feasible region defined by different refor-
mulation of RHS-WDRJCC.

constraints in (I3)). [Ho-Nguyen et al| (2021) showed that the exact MIP reformulation can
be further strengthened to another exact MIP reformulation (denoted by ExactS), by replacing
NP — | eN]P constraints with P valid inequalities. For convenience, the formulation of ExactS is
reproduced as Eq. in Appendix |Al The x-feasible region of ExactS remains equivalent to the
exact MIP set (15)), but the number of constraints and the complexity of the whole (x, s, r)-feasible
region are reduced. In this section, we will show that this strengthening process can be migrated to
the RHS-WDRIJCC () expressed by the distance function (Proposition [I)). Then, combining with
the derivation process for LA, we arrive at our proposed approximation, termed as Strengthened and
Faster Linear Approximation (SFLA). By combining ExactS and LA, rather than compromising
the x-feasible region as illustrated in Case I of Figure |l we prove that the proposed SFLA is always
the Case II: the proposed SFLA will not introduce additional conservativeness and can even be less
conservative than LA proposed by (Chen et al| (2023) (Theorem [2)). The proof of all the theoretical

results in this section is provided in Appendix

3.1. Derivation and Formulation

Let k := | eN| and assume an ordering b;f 1 <0 < b;f n Without loss of generality. We further
denote by g, the (k + 1)-th smallest value as g, = be w+1- Then we introduce the index set
[N], with only k = |eN] elements as = {z €| |b & <qp} for p € [P]. We propose

the following proposition which demonstrates that the strengthening process for the exact MIP
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reformulation ExactS in|Ho-Nguyen et al.[(2021) can be migrated to the exact RHS-WDRIJCC
reformulation (5) expressed by the distance function dist(&;, S(x)).

ProrosiTiON 1. The feasible set Xgyqc; defined through constraints (5) can be equivalently defined
by keeping only |eN |P constraints in as (10a) and replacing the remaining NP — |eN|P
constraints in (5¢)) involving the distance function with P valid inequalities (10b)):

blé +d,—aTx\"
( ”f’Hb ”” P ) > s —ry Vie [Ny, pe[P], (10a)
p *
+d,—a)x
% > s, Vp e [P]. (10b)
p *

In other words, Xgyaer = {x € X | 3s,r: (5a), (5b)), (10a)), (TOD)} = {x € X | s, r: (Ga)-(Gc)}.

The structure of the constraints (10) motivates SFLLA, which linearizes the non-convex constraints
in (10a) using the approximate distance function (figt(fl-,S(x)) (8) as was done for LA, while

preserving the strengthened formulation in (10). Therefore, SFLA can be expressed as follows:

s>0,r>0, (11a)
eNs— > ri>0N, (11b)
i€[N]
b & +d,—ax
Ki| L P >, Vi€ [N],. pe[Pl, (11c)
1B,
q,+d,—a’x
i s SNy Vpe|[P], (11d)
ILAE

where we still have the preset hyperparameters «; € [0, 1] for all i € [N]. The x-feasible region of

the proposed SFLA can be expressed as Xsppa (k) :={x € X | 3s,r: ([Ta)-(11d)}.

3.2. Key Properties and Practical Relevance

By integrating the strengthening process used in ExactS (Ho-Nguyen et al.|2021) with the approx-
imate distance function in LA (Chen et al.[2023), SFLA is not only more computationally efficient
but also less (or equally) conservative than existing convex approximation approaches, making it

well-suited for practical large-scale settings.

3.2.1. Computational Tractability Many real-world decision-making problems prioritize com-
putational tractability over strict optimality due to limited time budgets (while still requiring good
solution quality). As discussed in Section[T] this is the case for applications such as unit commitment

and multilevel optimization with chance-constrained lower levels, where even the deterministic
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models are already computationally challenging, and convexity is important for tractable reformu-
lation. In these settings, the value of approximation of chance constraints hinges not only on its
probabilistic guarantees but also on whether it can be embedded into a large optimization pipeline
and solved reliably at scale.

The proposed SFLA is therefore of high practical importance for two reasons. First, compared
with the exact MIP reformulation ExactS, SFLA convexifies and linearizes the WDRJCC
through an approximate distance function. This convexity is crucial for maintaining reformulation
tractability, scalability, and numerical robustness, especially when SFLA is applied to the lower-
level JCC of multi-level problems or repeatedly solved within a decomposition and rolling-horizon
procedure.

Second, compared with common convex approximation benchmarks such as LA (0) and W-
CVaR (/) for WDRIJICC, SFLA admits a more compact representation. Due to the migration of the
strengthening process, the valid inequality cuts off redundant space of ancillary variables and
thus brings computational speedup. In addition, this valid inequality enables replacing the original
[N] index set with [N], in constraint (TIc). Due to this replacement, the proposed SFLA only
has |eN]P + P + 1 constraints (except for basic domain constraints such as non-negativity), while
WCVaR has NP + P + 1 constraints and LA has NP + 1 constraints. For decision-making problems
that require high reliability, € will be set small, which reduces the number of constraints significantly.

This will, in turn, reduce the memory footprint and is important for large-scale problems.

3.2.2. Safety and No Extra Conservativeness Although computational tractability is prioritized,
a good (although not necessarily optimal) solution quality is still important. Also, as an approxi-
mation, real-world applications that demand high reliability often prefer inner-approximation over

outer-approximation due to safety. This safety property is preserved for the proposed SFLA:
THEOREM 1. The set Xsppa(k) is a subset of Xexacr, 1.€., Xspra(k) € Xexacer

Regarding solution quality, we show that although being more computationally tractable than the
exact MIP reformulation and the two common convex approximations, including LA and W-CVaR,
the proposed SFLA will not bring extra conservativeness than LA and W-CVaR, and can even be
exact for certain conditions.

First, we show that SFLA does not introduce additional conservativeness compared to LA:
THEOREM 2. The set Xsppa (k) is a superset of Xpa(k), i.e., Xpa(k) € Xspra(K).

Moreover, under a natural choice of the parameter, the two formulations coincide:
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CorOLLARY 1. We have Xspra(1) = Xpa(1).

Second, SFLA with k = 1 dominates W-CVaR with w = 1/P, which is the standard W-CVaR
in Chen et al.| (2023) and Jiang and Xie (2024a):

CoroOLLARY 2. We have Xwcvar(1/P) C Xspra(1).

In addition, they coincide when W-CVaR has tuned hyperparameters:

* _ Ib,lI7"
P Yierpy bl

Finally, SFLA can recover the exact feasible set by allowing k to be decision-dependent:

*

CoroLLARY 3. We have Xspra(1) = Xwevar(W™), where w* = [w),

Iperp) and w

CoroLLARY 4. Let k € [0,1]" be extra decision variables and define the updated SFLA set as
Xippa={x € X3k e[0,1]",s,r: (Ta)-([Id)}. Then we have Xy, 4 = Xevacr-
This exactness primarily serves as a theoretical benchmark for understanding the tightness of

SFLA since treating « as extra decision variables renders the problem nonconvex and bilinear.

Nevertheless, even with fixed k = 1, exactness can still arise:

CorOLLARY 5. The equality Xsppa(1) = Xgyaer holds under either of the following conditions:
(i) We have €; € S(x) for all i € [N] and x € Xgyaers (i) We have € <1/N.

The second condition in Corollary |5 shows that the proposed SFLA becomes exact when the
number of data N is small or the risk level € is low. This also implies that a smaller N or a smaller
€ can lead to better approximation quality for the proposed SFLA. This implication is particularly
important, as DRCCP is often used in cases with limited historical data due to its strong out-of-
sample performance. Additionally, safety-critical applications, such as in power systems, generally
demand a low risk level. Thus, the proposed SFLA can achieve high approximation quality across
a range of practical applications.

Figure 2| summaries the set relationships between the proposed SFLA and other reformulations.
These many theoretical properties regarding conservativeness can hold for the proposed SFLA
because SFLA combines the derivation process of the both exact reformulation (Ho-Nguyen et al.
2021) and LA (Chen et al.[2023)). A detailed proof can be found in Appendix

Finally, we provide a simple prior guideline for setting the hyperparameters. The following
monotonicity property implies that k = 1 yields the largest (least conservative) inner approximation
within this family, and hence serves as a natural default choice when no additional tuning information

is available:

CoroLLARY 6. We have Xsppa(1) 2 Xspra(k1) for all k € [0, 1].



14

4. Robustness Maximization

In WDRIJCC, the risk level € and the Wasserstein radius 6 do admit clear interpretations in terms
of risk and ambiguity. However, for decision-makers that demand high reliability but have other
backgrounds (e.g., power system operators), it can be easier and more interpretable to first specify
a bearable cost as a constraint that bounds the original objective, and then minimize the risk level
€ or maximize the Wasserstein radius 6 to align with their high reliability principle. This paper
refers to this alternative decision-making paradigm as robustness maximization. In this section, we
illustrate how the proposed SFLA can be applied within this paradigm and clarify the link between
minimizing the risk level € and maximizing the Wasserstein radius 6.

Note that our robustness maximization framework can be related to the concept of robust
satisficing (Schwartz et al.|2011), in which a decision-maker specifies an acceptable utility target
and then seeks to maximize the robustness of achieving it. A direct formulation of this concept
treats the risk level € as an additional decision variable and minimizes € in the objective (Zhao
et al.|2023|, Online Supplement D). Long et al. (2023)) further formalize this concept by proposing
a framework in which the adjusted bearable cost is required to hold for all distributions, with the

adjustment determined by their distance from a reference distribution.

4.1. Risk Minimization

In this formulation, the objective is to minimize the risk level e:

min € (12a)
xeX,0<e<€max
s.t. sup P[é¢S(x)] <e, (12b)
PeFn (6)
c(x) <, (12¢)

where €pax € [0, 1] is an upper bound on the risk level €, determined by decision maker’s risk
tolerance. Then constraint ensures that the cost ¢(x) does not exceed the cost level 7. Moreover,
choosing a smaller €p,,x can also tighten the problem to speedup the computation. Note that, because
our objective is to maximize robustness (i.e., to minimize €), the bearable cost constraint
already regulates the optimization. Therefore, there is no need to explicitly penalize € as the case
for Zhang| (2025)—where the risk level is intended to increase.

The Exact reformulation (5)), WCVaR (7)), and LA (9) can be easily extended to this setting, by

taking € € [0, emax| as an extra decision variable and making corresponding constraints (5b)),
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and bilinear and nonconvex. Take LA as an example, the x-feasible region of the extended LA
is denoted as X{ , (k) :={x € X | 3s,r,e: (Oa)-(Oc), € € [0, €max]}.

The risk minimization formulation is not directly applicable to the proposed SFLA in and
ExactS in (16)), because the valid inequalities and the index set [N],, for these two sets depend on €
(recall the ranking-related definition where k := | e N |), which, if formulated, leads to complicated
non-convex combinatorial formulations. However, given €., we propose to extend SFLA that

works for the risk minimization problem, by replacing constraints and (T1d) with the following:

b & +d,—a)x
Ki re P 7 > s5—r, Vie [N];,, pEe|P], (13a)
LA
"+d,—alx
A M Vp e [P]. (13b)
LA

where we define ¢, := b )&, and [N]), = {i € [N] | b)£; < ¢/}, with K’ := | €maxN] and the
same ordering assumption b;.f 1< < b;{;‘ n Wwithout loss of generality. In this way, we elim-

inate the dependency on €. We further denotes its x-feasible region as X{g , (k) == {x € X |

s, r,e: (11a), (11b), (13a), (I3b), € € [0, €max | }- We have the following result:

CoroLLary 7. X] , (k) C X¢py 4 (K).

The proof can follow the same process as the proof for Theorem [2} noticing the fact that ¢/, > g,
and [N], € [N]},, such that the derivation process that holds for constraints and (I1d) in
Xsrra (k) will also hold for (13a)) and (13D) in Xpp A (K).

4.2. Radius Maximization

To maximise robustness, one may alternatively maximize the radius of the ambiguity set, subject

to the same tolerable cost constraint (T4c):

0 14
xe)l(‘l’learji(nﬁe ( a)
s.t. sup P[é¢S(x)] <€, (14b)
PeFn (6)
c(x)<T. (14¢)

This formulation is closely related to the risk minimization formulation (I2)). Specifically, let
Xiisk(0) denote the x-feasible region of (12) for a fixed 6, and let X;,q(€) denote the x-feasible
region of (14)) for a fixed €. Then we have:

THEOREM 3. Given O, > 0 and €max € [0, 1], we have X,igi(Omin) = Xrad(€max)-
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The proof only focuses on the constraint eNs— », r; > N, which appears in most WDRJCC
reformulations such as the proposed SFLA, the eggt] reformulation, ExactS, LA, and WCVaR.
We can show that any feasible solution (x,s,r) to one formulation is also feasible to the other
under appropriately chosen values of 6 and e. Therefore, Theorem [3is not restricted to the exact
reformulation but extends naturally to SFLA, LA, WCVaR, and ExactS.

Theorem |3 has several implications. On the one hand, although treating 0 < € < €45 as an extra
decision variable will make the problem bilinear and non-convex, the x-feasible space (or the
(x, s, r)-feasible space for reformulations such as SFLLA) is still convex and linear (because treating
# as an extra decision variable is still linear and convex). This may promote a broader range of
optimization techniques for solving problems with € being decision variables, for example, still
minimizing the original cost function but plus a penalty cost for the increased risk (Zhang||2025)),
or possibly enlightening the methods for tuning the individual risk levels €, in the Bonferroni
approximation (this is more complicated due to the coupling . ,¢[p) €y < €) (Ding et al.|2022).

On the other hand, Theorem [3] implies that the risk minimization model (I2)) and the radius
maximization model (14) share the same x-feasible region. Therefore, comparing the two formu-
lations reduces to evaluating which objective—minimizing € or maximizing 6—is a more effective
criterion for selecting a robust solution. First, radius maximization is generally more computation-
ally tractable, as it preserves the linearity and convexity of the constraint €Ns — X,y 7i > ON.
This allows reformulation techniques such as ExactS, the proposed SFLA, LA, and WCVaR to be
directly applied by treating 6 as a one-dimensional decision variable. Second, our numerical results
(see Appendix [E)) show that radius maximization tends to achieve slightly higher out-of-sample ro-
bustness than risk minimization. Therefore, for robustness maximization, we advocate using radius

maximization over risk minimization.

5. Numerical Experiments

This section presents numerical case studies to demonstrate the reduction of computational com-
plexity and also the approximation quality of the proposed SFLA. For all norm calculations in the
RHS-WDRIJCC formulations, we adopt the L2 norm which has the property of being self-dual.
We set k =1 for the proposed SFLA and LA, w, = 1/P for W-CVaR following Ordoudis et al.
(2021), and €, = €/ P for Bonferroni approximation. To reach robust conclusions, we implement
multiple random runs for each parameter setting as detailed in Appendices and The code,
the mathematical formulations, and detailed case study settings for our UC and bilevel problems

are available at our GitHub repository (Zhou et al. [2026)).
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5.1. Unit Commitment Problem

The first case study examines a chance-constrained UC problem. UC represents a typical real-world
large-scale problem, and its primary objective is to determine the generator on/off statuses for the
next scheduling period with a minimal operation cost (Chen et al.[2016)). UC is typically formulated
as an MIP problem, where each generator requires at least 7 binary variables to represent on/off
statuses over the next 7" time steps. With thousands of generators (e.g., 1,400 in MISO), non-linear
generator cost functions (Xu et al.|2017)), and complex network constraints, UC is challenging to
solve even in a deterministic case. However, the integration of renewables introduces additional
uncertainty into UC, making chance constraints essential to ensure reliability (Wang et al.[2016, Wu
etal.]2016, Yang et al. 2020). Given UC’s inherent complexity, minimizing the added computational
burden of JCCs is critical.

We compare the proposed SFLA with benchmarks including the exact and strengthened MIP
formulation (ExactS) (Ho-Nguyen et al.|2021) in Eq. (16), LA (Chen et al.|[2023) in Eq. (9),
W-CVaR (Mohajerin Esfahani and Kuhn|2018| [Chen et al.|2023) in Eq. (7)), Bonferroni approxi-
mation (Chen et al[2023)) in Eq. (6)), and ALSO-X# (Jiang and Xie|2024a).

5.1.1. Evaluation Metrics The UC problem is primarily evaluated using the following metrics:
1) TimeF (s): This metric records the time (in seconds) to obtain the first “comparable high-quality”
solution, defined as the solution with an objective within the MIPGap of the final objective achieved
by the proposed SFLA (whether optimal or the best found within the TimeLimit). If SFLA does
not yield a feasible solution within the TimeLimit, the TimeF of the proposed SFLA is set to the
TimeLimit, and the TimeF for other benchmarks is set to the time when the first feasible solution
is found (if any, otherwise set to the TimeLimit). Because MIP admits early stop, this metric offers
a practical perspective in cases where the solver identifies a solution close to optimal early but
requires extra time for verifying optimality.

2) Time (s): This measures the total time (in seconds) spent to solve the problem to optimality
(within MIPGap), and is set to the TimeLimit if no optimal solution is found within the TimeLimit.
This metric compliments the previous TimeF by providing verified optimality.

3) Obj. Diff. (Ylo): This is the percentage difference between the optimal value (minimum UC cost)
of a benchmark method and that of the SFLA, relative to the optimal value of the SFLA. A positive
value indicates that the benchmark achieves a lower cost (better optimality) than the SFLA. We only
keep certain random runs where the benchmark method and the proposed SFLA are both solved to

optimality.



18

€=0.05,0=0.5 €=0.05,0=0.1 €=0.025,0=0.5 €=0.025,0=0.1
T T S T
.30Xx
100 T34 5 4oyl 1004 PN 4sox 101 | rex |38 T4 0sk 10° 4 ! 1086y
— 1 S 2.82x| —~ 1 1 1.48x| 1 1 —_ 0.88x! 1
z ! ! z ! | ¢ z 14 | SOTIR B 4 !
5107 4 i i 51074 i i 51074 i i 51074 i i
E i i E i i £ i i E i i
1 1 1 1 1 1 1 1
10! : : 10 : : 10" : : 10" : :
1 1 1 1 1 1 1 1
PP AN RN el T N S ' AN T RN S T AN S
50 100 150 50 100 150 50 100 150 50 100 150
N N ¢ SFLA ExactS N N

Figure 3 Computation time to obtain the first comparable high-quality solution for the proposed SFLA and the
benchmark ExactS for the UC problem.

Note. Dots represent the mean value of the 150 random runs, with error bars indicating the 95% percentile interval (from 2.5th to

97.5th). The black horizontal line represents the 3600s TimeLimit. The optimization horizon is set to 7 = 24. Numbers ending with

“x” represent the speedup in the average computing time of the proposed SFLA compared to ExactS.
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Figure 4 Performance comparison of the optimality for the proposed SFLA and the benchmark ExactS for the UC
problem.

Note. Each round dot represents a result of one of the 150 random runs. The blue horizontal line indicates a zero difference of the

optimal value of a benchmark method compared to the proposed SFLA. Values higher than this horizontal line indicate that the

benchmark achieves a lower cost (better optimality) than the proposed SFLA. The optimization horizon is set to T’ = 24.

4) Reli. (%): This is the out-of-sample joint satisfaction rate of the RHS-WDRJCC. This metric is
used to justify the reasonability of the selection of Wasserstein radius 6, and is calculated on 5000
held-out samples.

This section prioritizes TimeF over the total computation time Time due to comparison with
ExactS. MIP can always employ early stopping, and ExactS can achieve better optimality compared
to inner approximations (SFLA, LA, W-CVaR, Bonferroni, and ALSO-X#). Therefore, a higher

Time for ExactS does not necessarily suggest its disadvantage.

5.1.2. Results for Unit Commitment Our main content specifically focuses on the comparison
between the proposed SFLA and ExactS. Comparisons with LA, W-CVaR, Bonferroni, and ALSO-
X# are excluded here due to their significant disadvantages relative to the proposed SFLA as
demonstrated in Appendix Also, our numerical results suggest that both the proposed SFLA
and ExactS exhibit variability. To reach a more robust conclusion, we test a range of parameter

settings and implement 150 random runs for each setting. Figure[3] visualizes the distribution of the
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TimeF metric. As can be seen, except for a single parameter setting (e = 0.025,6 = 0.1, N = 50)
where the proposed SFLA shows a minor underperformance (12% slower), the SFLA demonstrates
significant computational speedup in TimeF over ExactS: the computational speedup reaches 10X
for a parameter setting (e = 0.025, § = 0.1, N = 150), and the speedup is 3.8x for the average
TimeF of the 12 parameter settings.

Figure d compares the quality of the optimal solution of the proposed SFLA with that of ExactS.
In most random runs and most parameter settings, the Obj. Diff. is within the preset MIPGap,
demonstrating comparable optimal solution quality between the proposed SFLA and ExactS. Slight
underperformance (less than 0.65%) for certain random runs appears only under the combination
of a high risk (e =0.05), a small radius (6 =0.1), and a large number of samples (N > 100), which
is consistent with Corollary [5|and the related discussions. However, among these underperformed
parameter settings, the average underperformance is still below 0.107%. In addition, real-world
applications such as those found in power systems have a small tolerance for risk, making the
proposed SFLA an effective approximation method.

Our Appendix further compares the proposed SFLA and ExactS in different problem scales
(different T'). It is observed that the proposed SFLA preserves computational efficiency in more
complex cases without sacrificing optimality, making it particularly advantageous for practical

high-complexity applications such as UC.

5.2. Bilevel Storage Strategic Bidding Problem
This section explores a bilevel optimization problem that allows a price-maker energy storage
operator to maximize its profit by participating in a joint day-ahead energy and reserve market. The
market participation process can be summarized as follows: Participants submit their bids and offers
for each energy and reserve product for specific future delivery times. Bids represent the provision
of services to the power system, such as generating power or supplying reserve capacity, while
offers involve procuring services, such as purchasing energy for storage charging. In line with most
established power markets, we model each bid or offer as a price-quantity pair that is submitted to
the market for clearing, which then determines a market-clearing price (marginal price) and cleared
quantities bounded by the submitted bid-offer quantities. Upon settlement, market participants
receive payment or incur charges at the market-clearing price for their respective cleared quantities,
with a binding obligation to fulfill these quantities.

An energy storage operator transitions from a price-taker to a price-maker when its storage

power capacity is large enough to influence market outcomes. To maximize profit, the storage
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operator determines the optimal bidding or offering strategy by solving a bilevel strategic bidding
problem, where the lower level models the market-clearing process (Nasrolahpour et al. 2018,
‘Tomasson et al.[|2020, Dimitriadis et al.[[2022, Wang et al.2017). With increasing uncertainty due
to renewable generation, the market clearing process can incorporate chance constraints (RHS-
WDRIJCC), such as those in the UC problem (see Section [5.1)). Therefore, to accurately model the
market-clearing process, the bilevel problem needs to incorporate an RHS-WDRJCC in the lower
level. Consequently, convex approximations to RHS-WDRJCC become important for transforming
the bilevel problem into a solvable single-level counterpart via KKT conditions or strong duality.
Note that chance constraints at lower levels frequently arise in bilevel and multilevel optimization
problems, where uncertainty is revealed after lower-level decisions are made (Beck et al. [2023).
Another example is the European multilevel gas market clearing problem (Heitsch et al.|2022).
This section compares the proposed SFLA with typical convex approximation benchmarks,
including LA (Chen et al.|[2023) in Eq. (9), W-CVaR (Mohajerin Esfahani and Kuhn|2018], |[Chen
et al|2023) in Eq. (7), and Bonferroni approximation (Chen et al[2023)) in Eq. (6)). For all the
RHS-WDRIJCC approximations, the corresponding bilevel problems are reformulated as single-
level mixed-integer nonlinear non-convex programming problems, where the lower-level problem
is replaced by the corresponding KKT optimality conditions, which can be solved using the Gurobi
solver. ExactS is not included because bilevel problem solving requires convexity at the lower level
(ALSO-X# is also not applicable due to its iterative nature). The bilevel formulation and also the

corresponding single-level reformulation using KKT can be found in our online GitHub repository.

5.2.1. Results for Bilevel Strategic Bidding Figure[5|visualizes the distributions of the evaluation
metrics for the proposed SFLA and three benchmarks, i.e., LA, W-CVaR, and Bonferroni. As can
be seen from the first two columns of Figure[5| SFLA demonstrates significant speedup in both Time
and TimeF. In particular, SFLA achieves a speedup of up to 90X in solving to optimality (7ime)
compared to LA and W-CVaR, and the speedup is up to 40X in finding the first comparable high-
quality solution (TimeF) relative to LA and 180x relative to W-CVaR. Although the Bonferroni
approximation achieves the fastest computation, its over-conservativeness leads to infeasibility in
the majority of parameter settings. It should be noted that the speedup rates compared to LA and
W-CVaR decrease for a large T, especially for € = 0.05; this is because LA and W-CVaR reach the
TimeLimit rather than due to a reduction in the computational superiority of the proposed SFLA.

Our Appendix provides supplemental analysis on N Infeasible and the actual profits that
can be attained by using the proposed SFLA and other benchmarks (the third and fourth columns
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Figure 5 Performance comparison for the bilevel problem.

Note. The evaluations are based on different parameter combinations of risk level (¢), radius () parameters, and the number of
time steps 7. Subplots (e)—(p) replicate (a)—(b) but for varying (e, §) combinations. The black horizontal line represents the 3600s
TimeLimit. Dots represent the mean values of the 30 random runs, with shaded areas representing the 95% percentile interval
(from 2.5th to 97.5th). The blue horizontal line indicates a zero difference of the optimal value compared to the proposed SFLA.
The TimeF (s) of Bonferroni approximation is not displayed because Bonferroni approximation is overly conservative such that it
can easily find high Bilevel Profit (k$) (the bilevel objective value) but poor Actual Profit (k$) (plots [5d| and . Numbers ending

with “x” represent the speedup in the average computing time of the proposed SFLA compared to benchmarks.

of Figure [5)). Results demonstrate that the proposed SFLA is more numerically stable and attains

comparable actual market profits.

5.3. Risk Minimization for Robustness Maximization

This section compares the proposed SFLLA and LA extended for risk minimization. ExactS, WCVaR,
and Bonferroni are not compared as their limitations have been illustrated in previous sections.
The test case considered is the UC problem in Section We first solve the chance-constrained
UC with SFLA at €,x to obtain the base cost, and then set the bearable cost 7 in Problem (12)
to the base cost multiplied by 1 + Cost Tol (%). Regarding the computing time, as can be seen
in Figure [6a the proposed SFLA leads to significant computational speedup over LA, and the
speedup increases from 52.2x to more than 400X for €y, = 0.2 as the problem scales up (a greater
optimization horizon 7). Moreover, when €yax = 0.1 in Figure the speedup is up to 763x.
This is because a smaller enax = 0.1 leads to a stronger strengthening. Finally, as can be seen in

Figures [6b]and [6d} both SFLA and LA improve the problem robustness (Reli. Improve (%), which
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Figure 6 Performance comparison of risk minimization by the proposed SFLA and LA.

Note. The square dots represent the mean values over 30 random runs, with shaded areas and error bars indicating the 95% percentile
interval. The x-axis represents the length of the optimization horizon 7. Numbers ending with “x” represent the speedup in the
average computing time of the proposed SFLA compared to LA. The first two plots correspond to results where the upper bound of
the risk level € is set to 0.2, while the remaining two use € = 0.1. In the original UC problem, the Wasserstein radius 6 is set to 0.1,

and the risk levels are set to the upper bounds mentioned above. Cost Tol (%) is set to 3%.

represents the absolute improvement of the out-of-sample Reli. (%) after robustness maximization).
The difference in the mean values of the Reli. Improve (%) is less than 0.01% (the negligible
difference is attributed to the existence of multiple optimal solutions). This supports our theoretical
results that the extended SFLA is still valid and brings computational speedup compared to LA
without being more conservative, even when applied to risk minimization. Our Appendix [E|further

shows the radius maximization results for robustness maximization.

6. Conclusion

This work proposes a novel Strengthened and Faster Linear Approximation (SFLA) for Wasserstein
distributionally robust joint chance constraints under right-hand-side uncertainty (RHS-WDRJCC).
The proposed SFLA enables more efficient and less conservative solutions to a class of real-
world large-scale chance-constrained optimization problems, such as chance-constrained unit com-
mitment (UC) and bilevel optimization for strategic bidding in electricity markets with chance-
constrained economic dispatch. By applying valid inequalities to an existing linear approximation
(LA), the proposed SFLA reduces the number of constraints and tightens the feasible region for the
ancillary variables, resulting in a significant computational speedup. Despite this tightening, we
demonstrate that the proposed SFLA can even be a less conservative inner approximation compared
to LA and the worst-case conditional value-at-risk (W-CVaR) method. We also extend the proposed
SFLA to robustness maximizing, a decision-making paradigm that can be more interpretable to set
the risk level and the Wasserstein radius. We prove the equivalence of the feasible regions between
risk minimization and radius maximization as two formulations for robustness maximization, and

show that radius maximization can be both more computationally efficient and more robust.
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Extensive numerical experiments demonstrate the superiority and significance of the proposed
SFLA. In the UC problem, we demonstrate that the proposed SFLA achieves up to 10x and
on average 3.8Xx computational speedup compared to the existing exact and strengthened MIP
reformulation (ExactS) in finding comparable high-quality solutions. We also demonstrate that the
proposed SFLA achieves approximation quality comparable to the exact reformulation ExactS,
except for minor inferiority only under the combination of a high risk €, a large number of historical
data (N), and a small ambiguity set radius 6. In the bilevel strategic bidding problem where
the exact formulation is not applicable due to its non-convexity, the proposed SFLA can lead to
90x computational speedup than existing linear approximation methods (LA and W-CVaR). In
robustness maximization, the proposed SFLA demonstrated over 100X computational speedup
compared to other convex approximations with the same solution quality.

It is worth noting that the applications of the proposed SFLA are not limited to the UC and bilevel
energy bidding problems demonstrated in this paper. The method is also applicable to other large-
scale, real-world problems that are already complex in their deterministic form and require tractable
approaches to handle uncertainty. Examples include large-scale transportation problems, multilevel
market-clearing problems, and multilevel infrastructure planning that involves a lower-level market
being cleared before uncertainty is realized.

Historical data plays a significant role in affecting the complexity and solution quality. Future

work could also explore scenario reduction techniques (Arpon et al. 2018)) to further improve SFLA.
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Appendix. Supplemental Information

A. Supplemental Formulations

The MIP reformulation of the exact reformulation (3 is provided below:

ze{0,1}N,s>0,r>0, (15a)
N

eNs—ZriZGN, (15b)
i=1

M(1-z;)=s-r;, Vie[N], (15¢)

b ¢ +d,—alx

pfl”b#'i‘MZiZS—ri, VlG[N],pG[P] (15d)
p *

The strengthened exact MIP reformulation (ExactS), presented as Formulation (20) in (Ho-Nguyen et al.|2021]), is

reproduced below for convenience:

z, s, r satisfy (I5a)), (I5b), (I5c) and Z zi < |eN], (162)
i€[N]
bl &, +d,—alx -blE +
pEitdy—a, N péi qui2s—ri, Vie [N]p,pelP], (16b)
R 151l
+d,-alx
MZS, Vpe|[P]. (16¢)
151l

where all the notations have been defined in the main content. The x-feasible region of the ExactS can be expressed as
XExacts = {x €eX|3zs,r: _}'
B. Proofs

Completing our proofs requires the introduction of the following lemmas:

Lemma 1 (Lemma 1 in[Ho-Nguyen et al. (2021)). For any x € Xgyqc, there exists (r, s) such that s is equal to the
(k+1)-th smallest element in {dist(£;,S(x))}ie[n] and constraints Ga)—-(5c) are satisfied.

LemMaA 2. Xp4(k) defined through Q) is equivalent to the following set:
0 —
{x € X | —+Pn-CVaR|_,(—dist(£,S(x))) SO}, 17)
€

where Pn-CVaR|_(v(£)) = ming {s' + ﬁ Zierny max{0,v(§;) - s’}} is the CVaR of the random variable v(§)
under the empirical probability distribution Py (Prékopa|2013)).

proof = (9): Denote —d/igt(fi, S(x)) byv(£;),assume s’ is selected such that s” + ﬁ > max{0,v(&;)—s"}

i€[N]
is minimized, and take r} = max{0,v(£;) — s’} (so r] > 0). The inequality in indicates:
6 1 & ¥
E+s’+EZVfSO@ENs'+ > ri <-0N. (18)

i=1 i=1
Taking s* = —s’, now we will prove that the tuple (x, s*, r*) satisfy all the constraints in (9), namely (9a)-(d)), for any
x belonging to the set (I7). Since r; >0 and —6N <0, (I8) implies s" <0 (i.e., s* > 0) and the following inequality
eNs— YN, r; > N, which means and (ODb) are satisfied. It remains to prove the satisfaction of (9c). Based on the

setting of 7}, we have:

s*—r; =5 —max {O,V(fi) +s*} =s" —max {O, s —cﬁgt(fi,S(x))} . (19)
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Notice that constraint is equivalent to:

>s—r; Vie[N]. (20)

T T
dist(£, S(x)) = min {KW}
When d’igt(fi,S(x)) > 5", must be satisfied for (x,s*,r*) due to r; > 0. When d’igt(g-‘i,S(x)) < s*, we have
st —ri= &Et(fi, S(x)) based on (19). Therefore, (20) and equivalently (Oc) is satisfied.

& (): For any x belonging to the X a(«k), by definition there exist (r,s) such that constraints (Qa)-
(Oc), are satisfied. Among these constraints, (9c) (equivalently (20)) informs that r; > s — d/igt(fl-,S(x)).
Combining with r; > 0 in (9a), we further have r; > max {O,S—d/igt(g-‘,-,S(x))}. Then we have eNs —

Yie[N1Ti < ENS = ¥ n) max {O,S—d/igt(fi,S(x))}. Because of eNs — ), r; > 60N in (9b), we have eNs —
i€e[N]

Yie[N] Max {O,S—(ﬂ'gt(fi,S(x))} > 6N, which means g -5+ ﬁzie[,\,] max {O,s—d’i;t(fl-,S(x))} < 0. Now
take s’ = —s, we further have g + 5 + ﬁzie[,\,] max {O,—s’—cﬁgt(fi,S(x))} < 0, which leads to g +

ming {s’ + # Yie[n) max{0,-s"+ v(fi)} < 0. Therefore, the constraint in is satisfied. [

LemMma 3. For any x € Xpa(k), there exists (r, s) such that s is equal to the (k + 1)-th smallest value amongst

{dist(& i»S(x))}ic[N] and the constraints that define X (k), namely Qa)—(c), are satisfied.

proof Notice that the CVaR of a random variable v(£) with & ~ Py (defined in Lemma [2)) can be equivalently

expressed as the following primal and dual forms:

. . , 1 N
Primal: Ppn-CVaR|_.(v(£)) = yé?«f?zo s+ N Zi:1 ri (21a)
st r>v(é)—s, i€[N]. (21b)
1
Dual: Pn-CVaRj_((v(§)) = MDAX TN Luiein] v(€))yi (22a)
1
st ZL_GW] yi=€. (22b)
Without loss of generality, assume that we have an ordering v(&;) > --- > v(£ ). Then a primal-dual optimal pair for
1, i=1,---,k
CVaR is given by s =v(&; 1), r; =max{0,v(§;) —s™},and y; =< eN—k, i=k+1 .The validity of the above
0, i>k+1.

primal-dual optimal pair holds because of the satisfaction of primal and dual constraints (y* € [0, 1] and r* > 0) and
the equality of the objectives of the primal and dual problems ELN Zieny V(€)Y =57+ ﬁ 2ie[N] 7> Which holds
because of g Nie(n V(ENY: = v (Diepr) V(E) +V(Erp) (€N —K)) = v(Err) + 2 (Ziep) vED) —kv(£ppr))
and s + _g Sien1 7 = V(Erer) + 2y Dieny max{0,v(€) = v(Exp)} = v(Exr) + 2y Diepr) (V(ED) —v(Eray)) =
Vv(€psr) + ﬁ (Zie[k] Vv(€;) — kv(&y1)), where the reduction from 2ie[N] 10 Xick is valid because of our ordering
of v(&;) such that v(&;) —v(&) <Ofori>k +1.

Now take v(§;) = —d/igt(f ;»S(x)). Based on the CVaR interpretation of XA (k) in and the CVaR value expressed
as (2Ta), for any x € X5 (&), we have:

N N
0 T 9 % 1 * 1% *
~+Py-CVaRi_ (—d1st(§i,8(x))) <O& - 45"+ — Zri <0 eNs™ + ; ri<—6N.

i=1
Since r; 20 and —6N <0, the above result indicates s* := —s"* > 0 and eNs* — ¥;c;n )7} = ON, which means (Oa)

and (Ob) are satisfied. It remains to prove the satisfaction of (Oc). Based on the setting of r;, we have s* —r! =
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s* —max{0,v(§;) + s*} = s* — max{0, s* — &Et(fi,S(x))}. Recall (see (20)) that constraint is equivalent to
d’igt(fi,S(x)) =min,c(p| {Kl-b;fﬁ#m} >s—r; i€[N]. When d’igt(fi,S(x)) > s*, (Oc) must be satisfied due
to 7 > 0. When dist(§;,S(x)) < s*, we have s* —r} = dist(£;,S(x)), so is satisfied as well. Therefore, we
have proved that the pair (x,s*,r*) satisfies constraints in (9) for any x € Xy (k), with s* = —s"* = —v(&;,,) and
ri =max{0,v(£;) + s*}. Finally, based on our ordering, v(£; ) = —&i\st(g-‘kH,S(x)) is the (k + 1)-th greatest value

amongst {v(&;)}ie[n], 50 §* = —V(&41) 18 the (k + 1)-th smallest value amongst {d/igt(fi,S(x))}iE[NJ. [
Proof of Proposition ]
proof It suffices to show that replacing the constraint with constraints (T0a)-(T0b) has no impact on the
x-feasible region.
(T0O)==(5): Based on the definition of [N],, v&;e have b;fiTz qp, Vi eT [N]\ [N] P p € [P]. Then, bssed on (10b), for
any i € [N]\ [N], with p € [P], we have: (bpgi |'|+'bdp”_“px)+ > bpfitdp —apx qptdp-—apx
plls

15l h 15l
b;fi"'dp_a;x + . . . . . .
T) >s > s —r;, which, combined with (T0a)), implies the satisfaction of (5c).
p *

(T0) ==(@): Based on Lemmal[T] for any x € Xgxact defined though (B), there always exists (r*, s*) such that s* is equal

>s.Asr; >0,

we further have: (

to the (k+1)-th smallest value amongst the set {dist(£;, S(x))};e[n] and constraints (3a)—(5¢) are satisfied. Without
loss of generality, we assume the following ordering: dist(&,, S(x)) < --- < dist(& 5, S(x)). Then denote the (k + 1)-th
smallest distance value as dist"(x) := dist(€,;, S(x)) = s*. Combined with the analytical expression of the distance
function in (@), the pair (x,r*,s*) satisfies the constraint (T0a). It remains to show the satisfaction of (T0B) given the
pair (x,r*,s*). Now consider two cases:

1) If dist*(x) = 0, then s* = 0. As (3b) must be satisfied for the given (r*, s*), this leads to a contradiction because
s* =0 implies the non-positivity of the left-hand side of (3b), but the right-hand side of (3b) is strictly positive due to
the assumption 6 > 0. Therefore, we must have dist*(x) > 0.

2) If dist"(x) > 0, then for any p € [P], when i > k + 1, we have: 0 < s* = dist"(x) < dist(§;,S(x)). Given
b,é +d,—ayx

0 < dist(£;,S(x)), based on (@), we have dist(£;,S(x)) = min,c(p) A
p s

b ¢ +dp—a,x b€ +d,—ayx

, which leads to: s* <

min,c(p) ol P~ < B P~ In other words, for any p € [P], there will be at least N — k elements
pllx pllx
. bl ¢; -a}, . .
in the set {% . not smaller than s*. Since g, is defined as the (k + 1)-th smallest value of {b &, }ic[n],
ol ie
dp—alx . . bTE +dy—a, . qp+dp—ayx
W is the (k + 1)-th smallest element in the set {W} . Hence, it follows s* < p“bp—”p,
I« . ie pll«

which leads to the satisfaction of (TOB). ]
Proof of Theorem ]

proof By comparing Xspra (k) in (IT)) and i\’ExaC[ through its equivalent and strengthened reformulation in (T0),
b;§i+dp—a;x) . (b;§i+dp—a;x
P TP TR g (222 P e

, Vi € [N] given k; € [0, 1]. [ |
161l 16,1l ) l

the proof is apparent due to (

Proof of Theorem

proof Itis equivalent to prove that for any x € X4 (k), we have x € Xspa (k), namely that constraints (TTa)—(T1d)
can be satisfied. Based on Lemma E[, for any x € X (k), there always exists (r*, s*) such that s* is equal to the
(k+1)-th smallest value amongst the set {cfi;t(fi,S (%)) }icn] and constraints (Oa)—(@c) are satisfied, which indicate
the satisfaction of (TTa)—(T1c).
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It remains to show the satisfaction of given the same (r*, s*). Without loss of generality, suppose that we have

the following ordering d’igt(f LSx))<---< d’igt(f ~>S(x)). Then denote its (k+1)-th smallest element as dist (x):=
bpéia +dp—apx
65«

b ¢ +d,—apx o b ¢ +d,—apx

< ki n

651« 65l

other words, for any p € [ P], there will be at least N — k elements in the set {Ki(blT,fi +d, - a;x)/llbp ||*}i€[N] not less
CINT (qp +dp—a,x)/||bpl is the (k + 1)-th

smallest element of the set {(b;{-‘i +d,— a;x)/llb,,H*}ie[N]. We can then deduce that (¢, +d), —aIT,x)/||bp||* is not

d/igt(ka,S(x)) = s*. Based on (8), we have d/igt*(x) = Ki+1 [minpe[p)

). Then for any p € [P],

wheni >k + 1, we have s* = d/igt*(x) < d/igt(fi,S(x)) =K (minpe[p]

than s*. Since g, is defined as the (k + 1)-th smallest value of {b;é‘ ,-}l.

less than the (k + 1)-th smallest element of the set {Ki(b;.fi +d, _“;x)/”b!’”*}ie[m due to «; € [0, 1]. Therefore,
qp+dp—ayx

6,1l
Proof of Corollary ]

we must have s* < , which indicates the satisfaction of (TTd). [

proof Based on the definition of [N],, we have b;fi >qp, Vi€[N]\[N]p, p e [P]. Therefore, the con-
b ¢ +d,—alx qp,+d,—a)x

2 >
byl byl
> s> s —r;, which, combined with in XsgLa (1), implies the satis-

straint (T1d) in Xspra (1) implies that forany i € [N]\ [N], with p € [P], we have

bLé+d,-a),x
1B Il
faction of when x = 1. The above process implies Xsppa(1) € Xpa(1). Combining with Theorem [2, we have

XspLa (1) = Xpa(1). n
Proof of Corollary 2|

s. As r; >0, we further have

proof In the W-CVaR formulation (7)), constraint specifies the lower bound of 8, 8> w, [[b,||.,Vp € [P].
Note that at optimality we can always safely set 8 = max,e[p] W), ||bp|l«, which allows us to eliminate 5 from the
W-CVaR formulation (7). Next, applying the variable substitutions r « %, —s « %, B=maxp,e[p| Wpllbpll« and after

reorganizing, we obtain

§>0,r>0, (23a)
eNs — Z ri > 6N, (23b)
i€[N]

Vie [N],pe[P]. (23¢)
maxpe[p] WP”bp”* ”bp”*

Comparing (23) and the LA formulation (9), we see that the only difference is in constraint and constraint
b;{;‘ i+dp—alx

wpllbpll. (b;§i+dp—a;x) o
- &l

(©c). Replacing w, with w, = %, constraint (23c) can be equivalently written as | ———— | >s—r;, Vi €
maxpe(p] l1bpll«
[N],p € [P]. This is a more conservative constraint compared to constraint in LA with k = 1, because of
b ¢ +d,—apx b ¢ +d,—ayx
> > s — r;. Therefore, we have Xwcvar(1/P) € Xpa(1), and subsequently
”bp”* maxp,e[pP] ”bp”*
Xwevar (1/P) € Xspra (1) due to Corollary T} =
Proof of Corollary [4]

proof  Proposition 9 in/Chen et al.[(2023)) demonstrates that the LA method can achieve an optimal value equivalent
to the exact reformulation of RHS-WDRJCC by optimizing k. We can then adjust the objective function c(+) and the
set X to identify each individual feasible solution x € Xgxact, thereby establishing set equivalence. This set equivalence

also applies to our proposed SFLA due to Theorem [2] [



30

Proof of Corollaries[3 and

proof The properties in Corollaries [3| and [5| hold for Xia (k) as was proved from the perspective of the optimal
value in (Chen et al.| (2023)). This perspective can be extended to the whole set following our proof of Corollary
which in turn holds for our proposed SFLA Xsppa (&) due to Corollary [I] In fact, the first condition in Corollary [5|can

be relaxed from Vx € Xgxac: to just the optimal solution x*, as the primary interest is typically in the optimal solution

rather than the entire set. u
Proof of Corollary [6]

proof The proof is similar to that for Proposition 10 in|Chen et al.| (2023). ]
Proof of Theorem

proof The exact reformulation of the WDRJCC is given by (5). We only need to focus on the constraint eNs —
>, r; = 6N, where we can show that for any feasible solution (x, s, r) of one set, the same solution is also feasible to
;lel%vgonstraint of the other set by having different 8 or € values.
Xiisk (Omin) € Xrad (€max): Let (x5, sk p1isKy be any feasible solution to Xk (Qmin). We need to show the existence

of 0 such that €naxNs™* = 3 rf% > ON for some 6 > Opin. Since (x5, 575, prisk) s feasible to Xrigk (Omin), We have

i€[N]
eNssk rf‘Sk > OminN with 0 < € < eqax. Then, it can be verified that setting 6 = 6, leads to the result due to
| i€[N] . ‘ .
EmaxNSnSk _ Z r{lsk > ENSrlSk _ Z r?Sk > eminN-
i€e[N] i€e[N]

Xiad (€max) € Xiisk (Omin): Denote by (x4, 574 prad) be any feasible solution to Xiuq(0min). We need to show the

existence of € such that eNs™ — 3, 7 > 6, N for some € € [0, emax]. Again, because (x4, 5™, rad) s feasible to
i€[N]

Xead (€max), we have ena Ns™d— 3 rfad > 6N with 6 > 6, We can then set € = €, to obtain the desired inequality,
i€e[N]
because of emaxNs@d— 3 rf‘d > 6N > OpinN. [}

i€e[N]

C. Supplemental Information for the Unit Commitment Problems
C.1. Case Study Settings for the Unit Commitment Problem

To ensure robust conclusions, we conduct 30 random runs for each parameter setting of €, 8, N, and 7, increasing the
number of random runs to 150 for specific evaluations when needed. In each random run, we:

1) Sample a distinct set of generator cost parameters from a uniform distribution based on the range suggested by [ Xu
et al.|(2017), which impacts the objective function of the UC problem.

2) Sample a different set of historical samples {£;};c[n for the random wind forecasting error, uniformly from a total
of 1000 training data samples, which affects the feasible region of the UC problem.

3) Select a random starting simulation hour, uniformly sampled from the 24 hours of a day, which affects the demand
and generation profiles and thereby alters the feasible region of the UC problem.

4) Set a different seed for the optimization solver, affecting the solver behaviors such as tie-breaking rules.

C.2. Supplemental Numerical Experiments of the Unit Commitment Problem

Figure [7a compares all methods with an optimization horizon T = 24. As can be seen, in terms of mean values, the
proposed SFLA can have 4x faster UC computation than the exact reformulation (ExactS) and even 20x faster than the

two linear approximation schemes, namely LA and W-CVaR. This demonstrates the computational efficiency of the



31

@ SFLA ExactS @ LA ¢ W-CVaR ExactS LA ¢ W-CVaR
—I—I—'i. —== i
1 0.1 H

10° 4 : ~ ! .

@ : O\\i 0.0 * H
: 2 ] 1 @ o . 1
e 10 i A 0.1 i
&= 1 2 —0.2 1 1
10' 4 ! S . |
! —0.3 1 !

T 1 T T 1 T

0.025 0.05 0.025 0.05
€ €
(@) (b)
Figure 7 Performance comparison of the proposed SFLA with benchmarks for the UC problem: ExactS, LA, W-

CVaR, and Bonferroni for the UC problem.

Note. The Wasserstein radius 6 is set to 0.5 and the optimization horizon is set to T’ = 24. (a) Comparison of TimeF (s), where dots
represent the mean value of the 30 random runs, with error bars indicating the 95% percentile interval. The black horizontal line
represents the one-hour TimeLimit. (b) Comparison of Obj. Diff. (%), where each dot represents the result for one of the 30 runs.
The blue horizontal line indicates zero difference between the optimal value of a benchmark method and the proposed SFLA. Values
higher than this horizontal line indicate that the benchmark achieves a lower cost (better optimality) than the proposed SFLA. Note
that we only keep certain random runs where the method to be compared and the proposed method are both solved to optimum.
Many runs of LA and W-CVaR fail to converge to the optimum, and thus the plot only shows a few or zero dots for these two

methods. The Bonferroni approximation is infeasible due to its over-conservativeness for all runs and is therefore not displayed.
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Figure 8 Computation time to obtain the first comparable high-quality solution under different optimization hori-

zons T for the proposed SFLA and the benchmark ExactS for the UC problem.
Note. Dots represent the mean value of the 150 random runs, with shaded areas indicating the 95% percentile interval (from 2.5th to
97.5th). The black horizontal line represents the one-hour TimeLimit. The number of historical samples is set to N = 100. Numbers

ending with “x” represent the speedup in the average computing time of the proposed SFLA compared to ExactS.

proposed SFLA, and also the effectiveness of the strengthening process that makes ExactS even more computationally
efficient than linear approximations. Figure [/b| shows that the proposed SFLA has optimality comparable to ExactS
and LA, where the minor difference of less than 0.1% is attributed to the preset 0.1% MIPGap. We also observed
a random run of W-CVaR with a 0.25% worse optimality compared to the proposed SFLA, suggesting the higher
conservativeness of W-CVaR. The Bonferroni approximation is infeasible in all cases due to its over-conservatism.
Overall, the observations above support both the computational gain and the approximation quality of the proposed
SFLA.

Figures [8] and [9] compare the proposed SFLA and ExactS under progressively increasing optimization horizons 7,
a primary driver of problem complexity. Figure [§] shows that the proposed SFLA sustains its computational speedup

as problem complexity increases. In contrast, the optimality differences illustrated in Figure [0] exhibit a flat or even
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Figure 9 Comparison of optimality for different optimization horizons 7 for the proposed SFLA and the benchmark
ExactS for the UC problem.

Note. The round dots represent the mean value of the 150 random runs, with error bars indicating the 95% percentile interval. The

blue horizontal line indicates a zero difference of the optimal value of a benchmark method compared to the proposed SFLA. Values

higher than this horizontal line indicate that the benchmark achieves lower cost (better optimality) than the proposed SFLA. The

number of historical samples is set to N = 100.
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Figure 10 Performance comparison of the proposed SFLA with benchmarks for the UC problem: ExactS, LA, W-

CVaR, and ALSO-Xi for the UC problem.

Note. The Wasserstein radius 6 is set to 0.1 and the optimization horizon is set to 7 = 2 as otherwise ALSO-X# is unsolvable. The

number of generators also reduces to 10 for tractability. All graphical elements are defined as in Figure[7]and are not repeated here.

decreasing trend for (e = 0.05,6 = 0.1). These results indicate that the proposed SFLA preserves computational
efficiency in more complex cases without sacrificing optimality, making it particularly advantageous for practical
high-complexity applications such as UC.

We also compared against the ALSO-X# algorithm (Jiang and Xie|[2024a). This algorithm interprets W-CVaR as
an iterative bisection process. In each iteration, a new bound of the objective (determined by bisection) is added as
a constraint, and the process terminates once the W-CVaR evaluation (a conservative approximation of WDRIJCC) is
satisfied. ALSO-X# modifies this procedure by replacing the conservative W-CVaR stopping criterion with the exact
WDRIJCC, leveraging the fact that checking WDRJCC feasibility is tractable. This substitution reduces conservativeness
and can even recover exact optimality under certain conditions, since the stopping condition becomes less restrictive.
However, in each iteration, an optimization problem of the same scale as W-CVaR must be solved, leading to computation
times that are several times longer than those of W-CVaR, as reported in their numerical experiments (Jiang and Xie
2024a). Moreover, ALSO-X# requires initial upper and lower bounds of the objective as inputs, and the quality of these

bounds can significantly affect the efficiency of the subsequent bisection process. In fact, Jiang and Xie|(2024a)) used
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W-CVaR to calculate the upper bound. Since Figure [7]demonstrates that W-CVaR is both slower and can yield worse
optimality compared to SFLA, it follows that ALSO-X# will inevitably be slower than SFLA in obtaining high-quality
solutions when W-CVaR is used as the starting point.

Since ALSO-X# only requires initial bounds of the objective as inputs, it can be viewed as an add-on that further
improves the solution quality of the proposed SFLA. Accordingly, in our experiments, we use the SFLA output as the
initial upper bound of ALSO-X#, set the initial lower bound to 95% of this upper bound, and record only the bisection
time as the computation time of ALSO-X#. As illustrated in Figure ALSO-X# is still slower than the MIP-based
ExactS method. The main reason is that ALSO-X# does not exploit the strengthening opportunities available in RHS-
WDRICC (a limitation similar to W-CVaR). A promising direction for future work may be the combination of SFLA
with ALSO-X#. Figure shows that while ALSO-X# improves solution quality, it still underperforms compared to
the exact method. Notably, in this case, the exact method achieves about 3% better optimality than the proposed SFLA

because we set a relatively high risk level € to emphasize the improvement brought by ALSO-X#.
D. Supplemental Information for the Bilevel Bidding Problem
D.1. Case Study Settings for the Bilevel Bidding Problem

To ensure reliable conclusions, we conduct 30 random runs for each parameter setting. In each random run, we:

1) Sample a distinct set of generator bid prices from a uniform distribution ranging between 80% and 120% of the bid
prices used by Nasrolahpour et al.|(2018), which influences the objective function of the bilevel problem.

2) Sample a different set of historical samples {£;};e[n for the random wind forecasting error, uniformly from a total
of 1000 training data samples, which affects the feasible region of the bilevel problem.

3) Select a random starting simulation hour, uniformly sampled from the 24 hours of a day, which affects the demand
and generation profiles and thereby alters the feasible region of the bilevel problem.

4) Set a different seed for the optimization solver, affecting the solver behaviors such as tie-breaking rules.

D.2. Supplemental Evaluation Metrics

The exclusive evaluation metrics used in this supplemental case study include:

1) N Infeasible: This is the number of random runs that are infeasible. We introduce this metric because the high
complexity of the bilevel problem introduces numerical issues that may make solvers incorrectly assess a feasible
instance as infeasible. A large value of this metric indicates that the method is prone to numerical issues, especially for
LA and W-CVaR.

2) Bilevel Profit (k$): This represents the optimal profit of storage systems, which is the objective obtained by solving
the bilevel problem.

3) Actual Profit (k$): The market-clearing process is a single-level problem, where the market operator can use the
exact MIP reformulation of RHS-WDRJCC to maximize social welfare. Therefore, the use of ExactS may cause Bilevel
Profit to differ from Actual Profit. We calculate Actual Profit through the following steps: i) Retrieve the bids and
offers from the bilevel problem solutions; ii) Adjust bid prices slightly downward and offer prices slightly upward
(by $1079), setting bid quantities to zero when the bilevel-cleared quantities are zero—these adjustments ensure the
desired acceptance or rejection behaviors modeled in the bilevel problem,; iii) Input these modified bids and offers into

the actual market clearing problem with ExactS (MIP); iv) Calculate the actual market clearing price, which is then
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Figure 11 Supplemental performance comparison for the bilevel problem.

Note. The results supplement Figure E]for 6=0.05.

used to compute the Actual Profit of the storage operator. Due to the MIP formulation in ExactS, optimal dual variables
cannot be directly used to determine marginal prices. Instead, we use sensitivity analysis to calculate the clearing price,
by comparing the change of the objective function of the actual market clearing after a 10~ MW increase in demand
for each time step.

4) Actual Profit Diff (k$): The difference of Actual Profit between a benchmark method and that calculated by the
proposed SFLA. A negative value represents a lower profit compared to SFLA. We do not use the percentage difference
as is in our UC case because the profit could be close to zero, leading to exacerbated results. When calculating Actual
Profit Diff, we consider only those random runs where both the proposed SFLA and the benchmark identify feasible

solutions within the prescribed TimeLimit.

D.3. Supplemental Analysis for the Bilevel Bidding Problem

This section provides supplemental analysis on N Infeasible and the actual profits that can be attained by using the
proposed SFLA and other benchmarks. As can be observed in the third column of Figures[5|and[T1] W-CVaR shows a
large number of infeasible runs. These infeasibilities are resolved by setting NumericalFocus=3, indicating numerical
issues. While LA is more numerically stable, it still incurs 22 infeasible runs in total. In contrast, the proposed SFLA
has only one infeasible run, demonstrating its higher numerical stability. Note that the infeasibility of the Bonferroni
approximation is caused by its over-conservativeness that cannot be recovered by setting NumericalFocus=3.

The fourth column of Figures[5|and[IT|compares the Actual Profit of the benchmarks with that of the proposed SFLA.
Among the feasible cases, Bonferroni approximation leads to significantly lower profit than other methods because

of its over-conservativeness. It is noteworthy that both LA and W-CVaR can occasionally yield either higher or lower
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Figure 12 Performance comparison of risk minimization and radius maximization using the proposed SFLA.

Note. The square dots represent the mean values over 30 random runs, with shaded areas and error bars indicating the 95%
percentile interval. T is the length of the optimization horizon. In the first row, the numbers ending with “x” are the speed-up of the
average computing time of SFLA Rad compared to SFLA Risk. In the second row, the numbers represent the increased absolute

amount of “Reli. Improvement” of SFLA Rad compared to SFLA Risk.

profits than the proposed SFLA. This variability arises because the market-clearing model in the bilevel problem does
not precisely replicate the actual market-clearing process (cleared with exact MIP-based RHS-WDRJCC), and bilevel
problems admit multiple solutions even at optimality. Thus, even when different methods yield the same Bilevel Profit,
discrepancies can still arise in Actual Profit. It should be noted that W-CVaR shows significantly lower Actual Profit,
especially for a large T, because W-CVaR fails to find a good feasible solution within the TimeLimit, rather than due
to over-conservativeness.

Finally, among all 720 runs displayed in Figures 5| and [TT] there are only three instances where Bilevel Profit of the
proposed SFLA is slightly (less than 0.009 k$) below that of LA and W-CVaR. This is caused by another aspect of
numerical issue of the proposed SFLA that leads to an incorrect upper bound proved. Setting NumericalFocus=3 of
Gurobi effectively mitigates this issue. Compared to the numerical issue that renders the problem infeasible in LA and

W-CVaR, the numerical issue associated with the proposed SFLA is minor.
E. Supplemental Results for Risk Minimization vs Radius Maximization

Figure[I2]compares the proposed SFLA in risk minimization (SFLA Risk) and radius maximization (SFLA Rad). The
first row shows that radius maximization is more computationally tractable and can lead to up to 3.5x computational
speedup compared to risk minimization. In the second row, the result is surprising as radius maximization can even

be more robust than risk minimization, and this “greater robustness” result is more significant when the cost reduction

budget is low (Cost Tol=1%).
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