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Abstract

Prediction of the safety of a novel pharmaceutical compound at the

earliest possible stage of development is of great importance for drug dis-

covery. Cardiac side-effects are a particular cause for concern, with several

drugs such as Terfenadine and Cisapride having being withdrawn from the

market due to adverse events. Investigation of the properties of novel com-

pounds can be facilitated by the use of in silico models, which can provide

a high-throughput and low-cost method of translating the known effects

of a novel compound on multiple ion channels to effects on tissue-level

electrophysiology.

In this thesis, we examine the case of monolayers of human stem cell-

derived cardiomyocytes (hSC-CMs). In recent years, experimental systems

utilising such monolayers have become more widely used, especially fol-

lowing their inclusion in the Comprehensive in vitro Proarrhythmia Assay

(CiPA) initiative. In contrast to cells found in the adult heart, hSC-CMs

beat spontaneously and are not necessarily spatially segregated by their

subtype, or phenotype. These properties mean that the overall electro-

physiological activity of a monolayer is sensitive to the spatial arrangement

of the different types of cells. The simulation framework must therefore

permit different spatial distributions of phenotypes.

The first part of this thesis is dedicated to the development of a sim-

ulation framework for modelling monolayers of hSC-CMs that incorpo-

rate phenotypic variability. While tissue containing regions of distinct cell

types can be modelled using the bidomain equations, this approach is not

computationally efficient when the cells are well-mixed. We test a novel

approach, the homogenised phenotypes model, where the homogenisation

process that underpins the bidomain equations is carried out over a small

unit that contains two cell types.

In the second part of this thesis, we utilise the homogenised phenotypes

model in simulations of the micro-electrode array, a device which is used

to record extracellular field potentials from a monolayer of hSC-CMs, and

compare our simulation predictions with experimental recordings. We in-

vestigate how variability in cellular phenotype and the distribution of these

phenotypes throughout the monolayer affects the field potential, how this

variability is manifest in simulations of drug block, and discuss the impli-

cations of our findings for the safety assessment process.
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1
Introduction

In this chapter, we outline the motivation behind this thesis and then describe

how each of the chapters addresses the research questions.

1.1 Motivation

Identification of drugs with a high risk of adverse effects on the heart is a pressing

issue for the pharmaceutical industry. Failure to do so can result in the late-stage

termination of a drug already in clinical trials, costing tens or hundreds of millions

of pounds, or, in the worst-case scenario, the withdrawal of an unsafe drug from

the market following reports of adverse events in patients (DiMasi et al., 2003;

Laverty et al., 2011).

Wider use of in silico mathematical models of cardiac electrophysiology in

safety assessment studies is now being encouraged by regulators and adopted by

the pharmaceutical industry. Recent proposals by the Comprehensive in vitro

Proarrhythmia Assay (CiPA) initiative have included simulation of the action

potential in a single cardiac cell, under the effects of a novel pharmaceutical

compound, as a means of assessing proarrhythmic potential, i.e. the risk of a

pre-existing arrhythmia being made more frequent, or a new arrhythmia being
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provoked, as a result of the therapy (Cavero and Holzgrefe, 2014). Such a systems

biology-based approach can scale up information about the ion channel-blocking

properties of a novel compound to give insight into the potential impact on the

electrophysiology of a whole cardiac cell.

A second CiPA proposal is to expand the use of human stem cell-derived

cardiomyocytes in the safety assessment process. Human stem cell-derived car-

diomyocytes are widely available from commercial sources, can be cultured easily

in the laboratory, are amenable for use in experiments and possess some of the

electrophysiological characteristics of adult cardiomyocytes — properties which

make them a promising tool for the cardiac safety assessment of novel pharma-

ceutical compounds, and potentially a viable alternative to tests on tissue derived

from animals.

Many reports suggest that individual human stem cell-derived cardiomyocytes

can be classified as one of three subtypes, or phenotypes, where the name of

each phenotype reflects the similarity of the action potential morphology to that

observed in particular regions of the adult heart (He et al., 2003). While the

three subtypes do resemble the action potential of cells found in the adult heart,

they are by no means identical. Unlike adult cardiomyocytes, stem cell-derived

cardiomyocytes usually beat spontaneously, and also possess a less regular struc-

ture. The spatial arrangement of the subtypes is not fixed, and the impact of the

phenotype arrangement on the resulting electrophysiological activity is not yet

understood. Consequently, we do not yet know if or how the presence of different

phenotypes contribute to the electrical signals recorded as part of the cardiac

safety assessment process.

In this thesis, we use computational modelling to investigate the links be-

tween the spatial arrangement of the different phenotypes of stem cell-derived

cardiomyocytes and biomarkers which quantify drug-induced effects on the elec-

trical signals recorded from such cultures.

Modelling such a system brings its own challenges which we address in the first

part of this thesis. At present, the majority of tissue and organ-scale cardiac sim-
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ulations, and the modelling frameworks upon which they depend, consider only a

single type of cell within a given region of tissue. For many cases, including those

pertaining directly to the human heart, this is considered sufficient. However,

the potentially small-scale spatial variation in phenotype within tissue cultures

of human stem cell-derived cardiomyocytes calls for an alternative approach to

be taken.

We compare two approaches to modelling these cultures: the partitioned phe-

notypes model, where we assume that cells of similar type are clustered together,

and the homogenised phenotypes model, where we assume that the cells are well,

but not necessarily evenly, mixed throughout the tissue. The partitioned phe-

notypes model is an adaptation of the usual implementation of the bidomain

equations, a reaction-diffusion system often used to model the electrical activity

within cardiac tissue. While it is a viable approach when there are clustered and

distinct regions of each cell type, it becomes computationally inefficient when

cells are more thoroughly mixed. We therefore propose an alternative, the ho-

mogenised phenotypes model, where we adapt the homogenisation process in the

derivation of the bidomain equations to include several cell types.

We then investigate the electrophysiological properties of human stem cell-

derived cardiomyocyte monolayers with different spatial arrangements of cellular

phenotype, and perform a comparison against experimental data from micro-

electrode array recordings. Having developed our model, we simulate the mono-

layer under conditions where a drug has been applied, as would be done in a

safety assessment study. This process allows us to compare the effects of simu-

lated drugs on monolayers with different spatial arrangements of phenotype, and

therefore to investigate the sensitivity of signals gathered during this process to

the phenotype arrangement.

1.2 Overview of the Thesis

Chapter 2 introduces the biological and pharmacological topics that are of rele-

vance to this thesis. We describe the structure and function of the human heart,
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and explain how function may be compromised by the influence of drugs on the

cardiac action potential. The present state of the cardiac safety testing paradigm

is reviewed, followed by the proposals for future changes through the CiPA ini-

tiative. We then introduce simulations of cardiac electrophysiology and describe

how they have already been used to enhance our understanding of the links be-

tween the ionic currents that underlie the cardiac action potential and the overall

function of the heart. The distinct electrophysiology of human stem cell-derived

cardiomyocytes is then described, before we conclude with an explanation of how

these varied topics are tied together in this thesis.

In Chapter 3, we review the mathematical concepts behind cardiac simula-

tion. We first explain how the cardiac action potential may be expressed by a

series of ordinary differential equations that describe the ionic currents that flow

through ion channels located in the cell membrane of cardiomyocytes. Moving to

the tissue-scale, we then step through a derivation of the bidomain equations, a

system of partial differential equations that are often used to model the dispersion

of electrical activity through cardiac tissue.

Chapter 4 focusses on the numerical techniques that are used to solve the bido-

main equations in this thesis. We start with a practical introduction to the finite

element method, before showing how it may be applied to solve the monodomain

equation, a simplified version of the bidomain equations. The remainder of the

chapter briefly covers other numerical methods that may be employed during the

process of solving the bidomain equations, and we finish with a description of

the software package used for many of the simulations in this thesis: the Cancer,

Heart and Soft Tissue Environment, Chaste.

In Chapter 5, we consider the first of the research questions that we discussed

at the start of this introduction; namely, how should a system that contains small-

scale spatial changes in phenotype be modelled? We describe two models, the

partitioned phenotypes and homogenised phenotypes models, where the homogeni-

sation procedure during the derivation of the bidomain equations is carried out

differently. With appropriate changes to the implementation of the solver, the
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traditional form of the bidomain model can be used to model cardiac tissue that

is partitioned into distinct regions of a single cell type. We compare the parti-

tioned phenotypes model to the homogenised phenotypes model, where several

cell types are present in the spatial unit over which the homogenisation process

is carried out. After verifying the homogenisation process and noting that the

two models are equivalent in the limit of small partitioned regions, we draw some

conclusions about which model is most suitable for use in simulations of human

stem cell-derived cardiomyocytes.

Chapter 6 describes how the homogenised phenotypes model can be applied

to simulations of monolayers of human stem cell-derived cardiomyocytes, as used

in a safety assessment assay proposed by the CiPA initiative, the micro-electrode

array. We first investigate how variability in cell type is linked to major mor-

phological features in the field potential signals that are recorded by the micro-

electrode array. In the second part of our investigation, we show how Gaussian

random fields may be used to represent phenotypic heterogeneity throughout the

monolayer. We demonstrate how this variability translates into variability in

the biomarkers that quantify features of the field potential signal, and compare

biomarkers from our simulations with experimental data.

We perform a pilot study of simulations of the micro-electrode array assay in

Chapter 7. Using the methods of representing phenotypic variability from the pre-

vious chapter, we simulate the electrical activity in monolayers that are exposed

to the effects of known drugs. We investigate how variability in phenotype is

linked to the variability in biomarkers, and again carry out a comparison against

experimental data. We also assess how well our simulations are able to reproduce

the effects observed experimentally, and propose suggestions for improvements to

the cellular electrophysiology model and the tissue-scale simulation process.

We conclude in Chapter 8 with a summary of how each of our investigations

have contributed to simulation and our understanding of the micro-electrode

array assay. We then describe the possible directions this work may take in the

future, from experimental work that will help to overcome some of the limitations
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present in this thesis to further simulations that illustrate how these techniques

can be used to complement existing cardiac safety assays.

Appendix A1 contains descriptions of the computational approaches used for

the simulations throughout this thesis. The supplementary information in Ap-

pendices A2 to A4 provides additional detail on the work presented in Chapters 5

to 7, respectively.
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2
Cardiac Electrophysiology and

Drug Safety Assessment

The field of computational cardiac electrophysiology is very interdisciplinary,

bringing together topics from physiology, pharmacology and applied mathemat-

ics. In the Introduction, we described how we aim to contribute to the investiga-

tion of the micro-electrode array assay by simulation studies of the electrophysi-

ology of such a system.

In this chapter, we introduce the key concepts in each of the fields required to

develop simulations of stem cell-derived cardiomyocytes and the micro-electrode

array. We review the current state of research in cardiac safety pharmacology

and simulation of cardiac electrophysiology, and explain how we will extend upon

prior work to develop our simulations.

2.1 Chapter Outline

We begin the chapter with a wide-scale overview of the structure and functionality

of the human heart in Section 2.2. We describe the cardiac action potential and

how it is related to the contraction of the cardiac muscle, and then consider the

consequences of disruption to the action potential.

7
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We provide a brief history of the field of safety pharmacology and describe

the current guidelines that are in place for cardiac safety testing in Section 2.3.

Section 2.4 covers a topic of major significance in this thesis: simulation of

cardiac cells and tissue. We reserve the more mathematical aspects of this topic

for Chapter 3, and keep the focus of this section on the history of the field and

cases where models have been used to advance insight into cardiac biology.

In Section 2.5, we describe the generation and characteristics of human stem

cell-derived cardiomyocytes and compare their electrophysiology to adult human

cardiomyocytes.

We conclude the chapter in Section 2.6 with a discussion of how our research

builds upon prior work. We identify gaps in our current abilities to perform

simulations of systems such as the micro-electrode array and explain how each

issue is addressed later in this thesis.

2.2 The Human Heart

The heart is one of the first functional organs in the human embryo, starting to

beat around 22 days post-fertilisation (Schoenwolf et al., 2014). Throughout life,

its function is critical to the wellbeing of the body. The task of the heart and

the cardiovascular system is to transport blood around the body, which provides

other organs and tissues with oxygen and nutrients, and removes carbon dioxide

and other waste products.

2.2.1 Conduction and contraction

The human heart is composed of four chambers; the left and right atria and the

left and right ventricles. The two atria are smaller, with thinner walls than the

ventricles. Blood enters the atria from other parts of the body, and is pumped

from there into the ventricles.

Both ventricles have thick walls, particularly the left ventricle. The right

ventricle pumps blood towards the lungs, where it is oxygenated before passing

back to the left side of the heart. The left ventricle is larger and undertakes the

8
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physically-demanding task of pumping the blood around the rest of the body.

Cardiac muscle cells, or cardiomyocytes, are electrically excitable. The time-

course of the potential difference across the cell membrane of a given cell is known

as the action potential. The contraction of cardiac muscle follows the pattern of

electrical excitation around the heart (Levick, 2012). The heartbeat is paced by

a group of spontaneously beating cells, known as the sino-atrial node, which is

found on the upper posterior wall of the right atrium. These cells excite their

neighbours, with the wave of activity first passing over both atria. The ventricles

are electrically insulated from the atria at all but one point, the atrio-ventricular

node. Here, the action potential is delayed slightly, allowing the atria to complete

their contraction before the next stage of the heartbeat begins.

The electrical stimulus then passes through the Bundle of His and the left

and right bundle branches, before reaching the Purkinje fibres embedded in the

walls of the ventricles. The nearby cells of the ventricular wall are stimulated

at Purkinje-myocyte junctions, and the action potential wavefront passes quickly

around the remainder of the ventricles. The subsequent contraction forces blood

out of the ventricles and into the rest of the body.

Contraction of cardiac muscle is controlled by the action potential via the

movement of calcium into and out of the cytoplasm of the cell. When the intra-

cellular calcium concentration and then bound calcium reaches a certain thresh-

old, myofilaments within the cardiomyocyte contract, shortening the cell (Bers,

2002). The force-concentration relationship is highly non-linear, and depends on

the concentration of calcium and the sensitivity of the myofilaments to calcium

(which is influenced by the stretching forces on the cell). The orientation of the

cardiac tissue fibres dictates the direction in which the cardiomyocytes shorten,

ensuring that blood is forced out of the chamber when the muscle contracts.

2.2.2 Cellular phenotypes within the heart

The cardiomyocytes within different regions of the heart are specialised for their

particular function. Figure 2.1 shows the variety of action potentials that are

9
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Figure 2.1: The action potentials of different phenotypes of cardiomyocyte
in the heart. Cardiomyocytes in the sino-atrial and atrio-ventricular nodes spon-
taneously depolarise, while all others depolarise only when stimulated by nearby cells.
Figure reproduced from Nerbonne and Kass (2005).

found in different areas of the heart.

The cells within the sino-atrial (SA) and atrio-ventricular (AV) nodes can

spontaneously activate: they do not require a stimulus from a neighbouring cell

in order to depolarise. The SA node is the dominant pacemaker for the whole

heart. While the AV node can take over pacemaker function, the AV node has

a slower pacemaker frequency and so, in healthy situations, it only depolarises

following stimulation from the SA node (Levick, 2012, Chapter 4). The different

forms of the atrial and ventricular action potentials are due the presence of a

sustained outward current in atrial cardiomyocytes, and other differences in ion

channel expression (Amos et al., 1996).

The impact of different action potentials on tissue-level activity due to varia-

tion in ion channel presence and expression is the chief focus of the remainder of

this thesis, in the context of stem cell-derived cardiomyocytes.

2.2.3 Ion flow during the action potential

Despite the differences in the form of the action potential in different cellular

phenotypes, very similar mechanisms are responsible for the changes in potential.
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of arrhythmogenic remodelling. A list of new anti-
arrhythmic agents, along with molecular structures, 
target, therapeutic indication, stage of development 
and manufacturer, is provided in TABLE 1.

Atrial-selective drug targets

The most common mechanism of AF is complex atrial 
reentry1 (FIG. 3). An effective way to prevent or terminate 
re-entry is to increase the RP. The RP can be increased by 
drugs that inhibit K+-channels, making cells take longer 
to repolarize to their rested state, and the drugs that 
have traditionally been used to prolong the RP (such as 
quinidine, sotalol and dofetilide) target I

Kr
6. The problem 

with I
Kr

 as a target is that it is crucial for repolarization 
in all parts of the heart, and in predisposed patients I

Kr
 

blockers destabilize ventricular repolarization and cause 
potentially lethal EAD-related arrhythmias (FIG. 2C)10,11. 
There has therefore been a search for newer agents with 
atrial-selective actions.

One interesting potential target is I
Kur

, carried by 
Kv1.5 subunits (FIG. 4), which in humans has a significant 
role in the atria12,13 but is absent in the ventricles13–15. 
Its inhibition should delay atrial repolarization and RP 
without affecting ventricular tissue (and therefore be 
free of the risk of ventricular pro-arrhythmia). Many 
pharmaceutical companies have developed I

Kur
 block-

ers16 and some compounds are approaching or have 
entered clinical trials. One representative of this group is 
AVE0118 (Sanofi-Aventis), which initially was believed 
to be a specific I

Kur
 blocker but later found to block I

to
 

and I
KACh

 as well. AVE0118 has shown excellent anti-
arrhythmic efficacy in a goat model of persistent AF17. 
Another example that very recently entered clinical test-
ing is XEN-D0101 (Xention), which is highly selective 
for I

Kur
 and has demonstrated anti-arrhythmic efficacy 

in two canine AF models18,19. 
A key issue will be whether I

Kur
 block effectively pro-

longs the atrial AP, because the AP changes induced by 

Box 1 | The action potential and ion currents during depolarization

The action potential (AP; red line), here depicted for a 

typical atrial or ventricular cell, reflects the changing 

electrical potential differences across cardiac cell 

membranes as a function of time, and is controlled by 

the flow of ions through ion channels (grey boxes with 

arrow up: outward currents; yellow boxes with arrow 

down: inward currents). In the rested state (diastole, 

phase 4), ion pumps maintain a higher outside 

concentration of Na+ and Ca2+ and a higher inside 

concentration of K+. The cell is impermeable to Na+ and 

Ca2+, but is permeable to K+ through a channel 

designated I
K1

. As a result, positively charged K+ ions 

flow slowly out of the cell, keeping the interior 

negative. When the membrane potential reaches a 

crucial threshold voltage, the cells ‘fire’ as positive ions 

(Na+ in the case of atrium and ventricle, Ca2+ in the 

case of the sino-atrial and atrioventricular nodes) 

enter the cell and rapidly bring the cell to a 

‘depolarized’, positive potential (a process known as 

the AP upstroke or AP phase 0). The large current (I
Na

) 

through Na+ channels provides the electrical energy 

for rapid conduction in the mammalian heart. 

Following depolarization, Ca2+ enters the cell through 

the L-type Ca2+-channel (I
CaL

), helping the cell to 

remain depolarized after initial depolarization and 

inducing mechanical contraction. During the ‘plateau’ 

phase of the AP (phase 2), inward Ca2+ and outward K+ 

currents are relatively balanced. To bring the cell back 

to its resting state (‘repolarization’), an outward flow of K+ has to occur and is produced by a series of K+ currents known 

by their time-dependent properties as transient-outward (I
to

) and ultra-rapid (I
Kur

), rapid (I
Kr

), and slow (I
Ks

) delayed-

rectifier currents. Rapidly activating K+ currents such as I
to

 and I
Kur

 are responsible for very rapid initial repolarization 

(phase 1), whereas slower components (I
Kr

 and I
Ks

) primarily determine terminal repolarization (phase 3), which brings 

the cell back to its resting state. The time elapsed between AP upstroke and the return to the resting potential is 

referred to as AP duration (APD; green bracket). Cells are unable to manifest a normal AP upstroke during the 

depolarized phase of the AP, a period of relative inexcitability called the refractory period, corresponding roughly to the 

APD. Some cells have a ‘pacemaker current’, I
f
, allowing them to depolarize gradually during phase 4 to ‘threshold’, 

causing repetitive spontaneous firing at a frequency characteristic of the tissue. The extra Na+ and Ca2+ which have 

entered the cell during the AP are extruded (and the K+ which has left the cell is brought back in) by exchanging 

intracellular Na+ for extracellular K+ (through the Na+,K+-pump) and Na+ for Ca2+ (by an exchanger called the Na+,Ca2+-

exchanger (NCX)). The acetylcholine-regulated K+ current I
KACh

 is an inward rectifier current with time and voltage 

dependent properties roughly similar to those of I
K1

. The timing of each current in relation to the AP is shown in the 

schematic below.
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Figure 2.2: The ionic currents involved in the action potential of a car-
diomyocyte. Currents marked with an upward arrow in a grey box flow out of the
cell, and those with a downward arrow and yellow box flow in. The action potential
shown by the bold red line would be typical for a ventricular cell; that of an atrial
cell would be similar but with slightly different current contributions to result in a less
pronounced plateau. The pacemaker current, If, is only found in cardiomyocytes from
the SA and AV nodes; these are the only types of cell that spontaneously depolarise as
indicated by the dashed red line. Figure reproduced from Nattel and Carlsson (2006).

Figure 2.2 shows how the different currents contribute to the change in membrane

voltage across the cell membrane during a single beat, through the full timecourse

of the action potential.

Following a stimulus, voltage-gated sodium channels open and allow sodium

ions to flow into the cell, down their concentration gradient. This causes a rapid

depolarisation, known as “Phase 0” of the action potential (Grant, 2009).

Phase 1, which follows, is a short period of repolarisation. This is caused

by the rapid inactivation of the inward sodium current and activation of the
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transient outward potassium current. It is thought that the interaction between

this current and the following calcium current strongly influence the morphology

of the action potential, especially the plateau (Greenstein et al., 2000).

Throughout Phase 2 of the action potential, calcium enters the cell through

the l-type calcium calcium channels, which triggers the release of more calcium

ions from the sarcoplasmic reticulum. This process is known as calcium-induced

calcium release. The high intracellular calcium concentration results in calcium

ions binding to the troponin C protein, which triggers contraction of the cardiac

muscle (Bers, 2002). The inward flow of positively-charged calcium ions approx-

imately balances the outward flow of potassium ions, leading to a plateau in the

action potential.

During Phase 3, various potassium currents contribute towards the repolar-

isation of the cell. These are the rapid delayed rectifier current (also known

by the name of the gene which encodes the ion channel through which the cur-

rent passes, the human Ether-à-go-go-Related Gene, or hERG), the slow delayed

rectifier current and the inward rectifier current (Nerbonne and Kass, 2005).

The final phase of the action potential differs between cells. In ventricular

and other excitable cells, a constant resting potential is maintained during Phase

4. However, nodal type cells possess an additional current, the hyperpolarisation-

activated current (also known as the “funny current”). This channel opens at low

potentials and allows cations into the cell in a non-selective manner (DiFrancesco,

1993). The potential across the membrane increases until it triggers Phase 1 of

the following action potential.

In addition to the ion channels discussed above, there are also several dif-

ferent types of ion exchangers and transporters present within the cell mem-

brane. These play an important role in maintaining appropriate concentrations

of sodium, potassium and other ions within the cell (Wang et al., 1996; Bers

et al., 2003).

This overview has concentrated mainly on the principal currents of the action

potential of a ventricular cell. Differences in current type and density give the va-
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riety of action potentials discussed in Section 2.2.2; for example, nodal cardiomy-

ocytes have lower fast sodium current density along with their hyperpolarisation-

activated current, and atrial cardiomyocytes have a further potassium current,

the ultra-rapid current (Nerbonne and Kass, 2005). Further details on the ac-

tion potential will be given in Section 3.2, which describes the electrochemical

gradients that influence the movement of ions and the state of the ion channels.

2.2.4 Disruption to the action potential

The contraction of cardiomyocytes is closely linked to the intracellular calcium

present during the plateau phase of the action potential. The coordinated beating

action of the heart is thus dependent upon the correct form and timing of the

action potential.

However, the action potential can be disrupted for various reasons. Structural

changes to ion channels caused by genetic mutations can have profound effects

on the action potential. Mutations of the fast sodium channel are associated

with Brugada syndrome (Dumaine et al., 1999), while several different mutations

contribute to the different subtypes of Long QT (LQT) Syndrome, all of which

result in a prolonged action potential (Roden et al., 1996). The major subtypes

are LQT1, LQT2 and LQT3, which affect the slow delayed rectifier, fast delayed

rectifier and fast sodium currents, respectively (Shimizu and Antzelevitch, 1998;

Curran et al., 1995; Wang et al., 1995). Each subtype of the syndrome is caused

by a mutation in a gene which encodes for a subunit of the affected ion channel.

The structural changes to the protein result in altered current flow through the

channel or changes to the opening/closing dynamics. These changes can lead to

early after-depolarisations (additional depolarisations that occur during Phases

2 and 3 of the action potential) which can trigger arrhythmias.

In particular, Torsades de Pointes (TdP), a polymorphic ventricular tachycar-

dia, can occur in patients with LQT Syndrome. The name “Torsades de Pointes”

originates from the form of the electrocardiogram recorded from patients. In Fig-

ure 2.3, the characteristic “twisting of the points” can be seen during arrhythmic

13



2: Cardiac Electrophysiology and Safety Assessment

Figure 2.3: Example electrocardiograms from patients experiencing Tor-
sades de Pointes. The top panel, A, shows a self-terminating arrhythmia, while the
case in the middle and lower panels, B, degenerates into ventricular fibrillation. Figure
reproduced from Yap and Camm (2003).

episodes. Despite having relatively few symptoms of the disease for the majority

of their lives, the abnormal heart rhythm caused by TdP can result in sudden

cardiac death in LQT patients.

Ion channel function can also be affected by external mechanisms. Anti-

arrhythmic drugs often work by blocking a particular type of ion channel. The

Vaughan-Williams I, III and IV classes of anti-arrhythmics work by reducing

the fast sodium, rapid delayed rectifier and l-type calcium currents respectively

(Zipes and Jalife, 2009, Chapter 96). While the action of anti-arrhythmics on ion

channels is intended, their influence on cardiomyocytes in other regions of the

heart can occasionally induce more serious types of arrhythmia than that which

was originally being treated (Nattel and Carlsson, 2006).

Non-cardiac drugs can also bind to ion channels and affect their function. Re-

ports of arrhythmia, in particular Torsades de Pointes, caused by the unintended

actions of drugs have highlighted the importance of being aware of these poten-

tial side effects before drugs are made available to patients; consequently, much

effort has recently been put into refining the tests used by Safety Pharmacology

departments within pharmaceutical companies.
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Figure 2.4: Biomarkers of the cardiac action potential. The most widely-
used biomarkers are indicated on this simulated action potential from a ventricular-like
human stem cell-derived cardiomyocyte, generated using the Paci et al. (2013a) model.
This particular type of cell will be discussed in more detail in Section 2.5.

2.2.5 Features of the action potential

When discussing the differences in action potential morphology between different

types of cardiac cell, or how the morphology is influenced by some external factor,

it is often convenient to express these properties in terms of biomarkers. Some of

the most widely-used biomarkers are shown in Figure 2.4.

The start of the action potential, or upstroke, is defined as the time at which

the transmembrane voltage increases fastest during a given beat. The numerical

value of the gradient in voltage at this time is termed the upstroke velocity. The

timing of the upstroke can also be used to calculate the inter-beat period, and

therefore the beat rate.

The most repolarised potential during a given beat is known as the maximum

diastolic potential. This measure is widely used in cells which beat spontaneously,

as they do not exhibit a constant resting potential as found in most other types

of cardiomyocyte (see Section 2.2.2).

Definition of the duration of the action potential is somewhat more flexible.

The action potential duration, or APD, is defined as the time at which a given

percentage of repolarisation is achieved following the upstroke time. It is most
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common to refer to the APD90, which is indicated in Figure 2.4. The use of several

different variants of APD, such as APD30, can be used to provide information on

the shape of the action potential; for instance, whether it is triangular in shape,

or exhibits a well-defined plateau region.

Changes to each of these biomarkers are used widely to indicate the effect of a

drug on the action potential, and to identify whether the level of change is likely

to be detrimental to the overall function of the cell (and therefore the heart). We

now discuss the cardiac safety assessment process in more detail.

2.3 Cardiac Safety Testing in Drug Development

Every novel compound developed by the pharmaceutical industry must undergo

toxicity and safety screens before human trials of the compound’s safety and ef-

ficacy can begin. Cardiac safety testing is of particular importance. Compounds

often exhibit off-target effects in addition to their intended action; should a com-

pound bind to or interfere with the kinetics of the ion channels in the heart,

normal electrophysiological function can be compromised. This can lead to rare

events such as cardiac arrhythmia, which can potentially be fatal.

Due to the risks involved, a series of assays are performed before a novel

compound is tested in humans. Binding assays detect whether a new compound

binds to particular ion channels. More complex tests look at the effects of the

drug on a single cardiomyocyte or cardiac tissue, either ex vivo or in vivo.

Prior to the late 1990s, these tests were generally performed by the drug

discovery group that developed the compound as specialised safety pharmacology

teams did not exist at this time (Redfern et al., 2002). However, following several

instances where drugs had to be withdrawn from the market after being used by

the public for several years, the guidance on safety testing was updated.

2.3.1 Safety guidelines

The withdrawn drugs included Cisapride, which was associated with heart rhythm

abnormalities (Henney, 2000) and Terfenadine, which caused ventricular arrhyth-
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mias in some patients (Josefson, 1997). The arrhythmias were initiated by a rel-

atively simple molecular interaction: block of the hERG channel by the drugs led

to action potential prolongation as the flow of potassium out of the cardiomy-

ocytes was restricted (Carlsson et al., 1997; Roy et al., 1996). As both drugs were

treatments for relatively minor illnesses (heartburn and hayfever, respectively),

the associated risk was too great, and they were withdrawn from the market. The

common mechanism of action of these drugs, and others, influenced subsequent

safety guidelines, promoting a focus on the hERG channel.

The International Conference on Harmonisation (ICH) S7A guidelines cov-

ered strategies for testing for adverse effects to the cardiovascular, nervous and

respiratory systems (ICH, 2001). The cardiovascular component of this “core

battery” of tests recommended that quantities such as blood pressure, heart rate

and changes in the electrocardiogram be studied. However, the authors recog-

nised that these tests did not necessarily pick up the likelihood of ventricular

arrhythmias such as Torsades de Pointes.

The true incidence of drug-induced TdP is difficult to quantify, being low in

the general population (Molokhia et al., 2008; Sarganas et al., 2014). However,

drugs at the higher end of the risk scale, for example Sotalol and Quinidine, have

been linked to TdP in approximately 1% and up to 9% of patients respectively.

(Schwartz and Woosley, 2016). Drug-induced TdP is associated with an appre-

ciable risk of sudden cardiac death; for instance, of the 97 reports of TdP in

patients taking Cisapride between 1983 and 1999, six were fatal (Darpö, 2001).

The risk of such outcomes led to the publication of the ICH S7B and E14

guidelines (ICH, 2005a; ICH, 2005b). ICH S7B focussed specifically on de-

layed ventricular repolarisation as that is closely associated with the onset of

arrhythmia (Yap and Camm, 2003). ICH E14 set out guidance for the “thorough

QT/QTc” study, wherein the QT interval of the electrocardiogram is monitored

in healthy volunteers. Following a baseline assessment of each volunteer’s QT

interval, they are divided into at least two groups, one of which will receive a

placebo, and the other, the drug that is being assessed. More complex arrange-
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Figure 2.5: Comparison of the electrocardiogram and the cardiac action
potential. The major morphological features of the electrocardiogram are labelled P–
T. The QRS complex is associated with depolarisation of the cardiac tissue, while the
length of the QT interval is closely correlated with the duration of the action potential.
Reproduced from Fermini and Fossa (2003).

ments such as the inclusion of a positive control arm and cross-over studies have

also been used (see, for example, Malik et al. (2012)). If prolongation of the

rate-corrected QT interval (the QTc) by more than 10 ms is detected, further

electrocardiogram studies are carried out in later stages of the trial to identify

those drugs that pose an appreciable arrhythmic risk (Shah, 2005).

An in vitro screen for block of the hERG channel is standard procedure for

each new compound. Following this, an in vivo assessment of the QT interval

in dogs, monkeys or guinea pigs is made (Hammond et al., 2001). As Figure 2.5

shows, the QT interval on the electrocardiogram is correlated with the action po-

tential duration. The QT interval therefore serves as an indication of the impact

of the drug on the repolarisation time of the tissue (Fermini and Fossa, 2003). A

commonly-used additional test is a study of the action potential parameters in a

single or multi-cellular cardiomyocyte preparation.

While successful at preventing hERG block-related arrhythmogenic drugs
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from reaching the market, there are still concerns about the safety testing sys-

tem. The desire for a “fail fast, fail cheaply” approach to drug testing can lead

to novel compounds being removed from the development pipeline at an early

stage following an indication of hERG block or QT prolongation (Heijman et al.,

2014). However, the effects of a drug may be more complex than this; if other

ion channels are also blocked, they can compensate for the effects of reduced

potassium current. It has been reported that QT prolongation is not always suf-

ficient to indicate that a compound will cause arrhythmia (Lawrence et al., 2005;

Hondeghem, 2006).

Over 25% of compounds which are removed from development during the pre-

clinical testing stage are removed due to cardiovascular concerns picked up during

safety tests (Laverty et al., 2011). However, not all potential issues are detected

at this time; some are picked up in the later stages of clinical trials. With the

increased use of computational modelling and the arrival of novel assays such

as stem cell-derived cardiomyocytes, a new initiative for cardiac safety testing is

now under development.

2.3.2 Typical safety pharmacology screening

The typical starting point of a safety pharmacology assessment is an ion channel

screen to identify whether the compound binds to any important proteins of

interest. This will include an assessment of how well the molecule binds to hERG,

but other ion channels may also be checked, depending on the priorities and other

tests of the company. In addition, the panel will also include molecules related

to other organ systems such as G protein-coupled receptors and enzymes (Bowes

et al., 2012).

A variety of methods are used for ion channel screens, which have varying

levels of throughput. The gold standard of manual, single-cell patch-clamping is

precise yet time-consuming, so higher-throughput options are favourable. These

include hetrologous expression systems, where the hERG channel (or another)

is expressed in non-cardiomyocytes such as human embryonic kidney or Chinese
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hamster ovary cells. The block of the channel by the applied drug can then be

determined by methods such as radioligand displacement binding (Chiu et al.,

2004; Diaz et al., 2004), membrane potential dye, and rubidium efflux (Tang et al.,

2001). Automated patch-clamp methods provide a medium-throughput approach

(Bridgland-Taylor et al., 2006), but the variability between their results can be

appreciable (Elkins et al., 2013).

Tissue or organ scale assays are low-throughput in comparison, but provide

details of how the QT interval is affected by the drug. The rabbit ventricular

wedge (Wang et al., 2008) is a commonly used ex vivo assay, while the effect of

the drug on a whole heart can be examined using the Langendorff preparation

of an isolated heart (Hamlin et al., 2004), or QT studies of a conscious animal

(Toyoshima et al., 2005; Hamlin, 2007). Thorough QT studies are also carried

out to provide an initial assessment of QT prolongation associated with the drug,

although the timing of this assay may vary (Darpo, 2010; Wísniowska et al.,

2017).

2.3.3 CiPA: the Comprehensive in vitro Proarrhythmia Assay

The CiPA initiative was proposed in 2013 as a paradigm to detect compounds

that cause the Torsades de Pointes ventricular arrhythmia, replacing the current

focus on detecting delayed ventricular repolarisation. As delayed ventricular re-

polarisation does not necessarily lead to TdP, and nor is it the only cause, the

regulators had become concerned that the development of compounds had be-

come restricted due to a focus on hERG block and QT prolongation, even though

other effects of the compound may counteract the risk of arrhythmia (Sager et

al., 2014; Fermini et al., 2016). While drug-related reports of TdP have been

linked to hERG block and QT prolongation, not every drug that blocks hERG

or prolongs the QT interval causes TdP (Fenichel et al., 2004). Given that new

assays had recently become available, the decision was made to try to move to

a set of tests which would be human-relevant and more specific in picking out

those compounds likely to cause TdP.
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The proposed tests are divided into four components (Gintant et al., 2016):

1. Examine the effects of the compound on human ion channels in vitro.

2. Reconstruct the action potential with the effects of the compound using an

in silico (mathematical) model of an adult human ventricular cell.

3. Confirm the expected effects using human stem cell-derived cardiomyocytes.

4. Use clinical ECG (electrocardiogram) readings to check for any unexpected

effects of the compound.

Components one and four adapt aspects of safety assessment that are already

carried out. Until now, the main application of ion channel screens has been to

identify interactions between the hERG channel and the new drug. The first of

CiPA’s components will extend this to multiple ion channels, so that the drug’s

propensity to block currents such as ICaL, INa, Ilate Na, IK1, IKs and Ito, in addition

to IKr, will be known at an early stage (refer to Figure 2.2 for details of these

currents’ contributions to the cardiac action potential). As in the thorough QT

studies that are carried out at present, the fourth component will identify any

impact on the ECG in smaller-scale trials.

The second and third components utilise newer methods, which we discuss

shortly: in silico models of cardiac electrophysiology in Section 2.4, and human

stem cell-derived cardiomyocytes in Section 2.5.

The CiPA initiative is not yet ready for industry-wide adoption, but a great

amount of work is currently in progress on evaluating and refining each of the

intended components (Cavero et al., 2016; Colatsky et al., 2016; Crumb Jr. et al.,

2016). Once that work is completed, a new set of regulatory guidelines will be

proposed to the pharmaceutical industry.

2.4 Simulations of Cardiac Electrophysiology

The concept of describing the ionic currents that cross the cell membrane with

ordinary differential equations originated with Hodgkin and Huxley in their series

of papers on the action potential of the squid giant axon (Hodgkin and Huxley,

1952b; Hodgkin and Huxley, 1952c; Hodgkin and Huxley, 1952d), which culmi-
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nated in the first cellular electrophysiology model (Hodgkin and Huxley, 1952a).

Like a cardiomyocyte, the axon is an excitable cell, albeit with a different struc-

ture and function. The axon is specialised for propagating a signal down its

length, so the action potential can be of much shorter duration than it is in the

cardiomyocyte. Nevertheless, the mechanisms involved in excitation and recovery

for both types of cells are fairly similar.

Hodgkin and Huxley viewed the axon membrane and associated ion channels

as an electrical circuit, where the cell membrane acted as a capacitor in parallel

with three separate resistor-voltage source branches. These branches represented

the potassium, sodium and leak (chloride and other ions) currents. The con-

ductance of the resistors in the sodium and potassium branches were variable to

reflect the voltage-gating of the ion channels. We return to the Hodgkin-Huxley

model later, in Chapter 3, where we discuss how the electrical circuit represen-

tation can be expressed as a system of ordinary differential equations.

2.4.1 Cardiac cellular electrophysiology models

Following the success of the Hodgkin-Huxley model, Noble (1962) demonstrated

how the model could be adapted for cardiomyocytes; specifically, cardiac Purk-

inje fibre cells. Noble modified the potassium current, splitting it up into two

components to model separately two different types of potassium current present

in cardiac cells which have different rates of response to the changing membrane

voltage.

As more detailed knowledge of the ionic currents and properties of the ion

channels in cardiac cells became available, further models were developed in a

similar manner. The updated version of the Noble (1962) model, McAllister et

al. (1975), included the recently discovered calcium current, and as more exper-

imental data became available this model was updated again (DiFrancesco and

Noble, 1985). With data from other species and cell types, the number of models

continued to grow.

Some of the most notable include the Beeler and Reuter (1977) model (the
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first ventricular cell model), the Luo and Rudy (1991) and Luo and Rudy (1994)

series of models (for guinea pig ventricular cells) and the Priebe and Beuckelmann

(1998) model (the first human ventricular cell model). The most up-to-date

human ventricular cell models are those of Iyer et al. (2004), ten Tusscher et

al. (2004), ten Tusscher and Panfilov (2006), Grandi et al. (2010), O’Hara et al.

(2011) and Asakura et al. (2014); the Courtemanche et al. (1998) and Grandi et al.

(2011) models are popular choices for simulating human atrial action potentials.

For a more thorough overview of the many different cell models now available,

see Fink et al. (2011) and Noble et al. (2012).

The later models have greater levels of complexity; they were often adapted

from a previous model with additional currents or changes to ion channel kinetics

(Niederer et al., 2009). To enable easy re-use of the models, versions in the CellML

language (Garny et al., 2008) are available in a public repository1.

In addition to these complex models, simplified versions of action potential

models are useful for studies of tissue dynamics where the precise details of the

separate currents are not required. In these phenomenological models, the indi-

vidual currents are not represented. Instead, the action potential is represented

by a smaller system of ordinary differential equations. The most well-known of

these phenomenological models is the FitzHugh-Nagumo model (FitzHugh, 1961;

Nagumo et al., 1962), which is comprised of a fast activation variable and a slow

inactivation variable along with three constant parameters that tune the beat

rate and action potential duration (Xu et al., 2014). The three-variable Fenton

and Karma (1998) and the four-variable Bueno-Orovio et al. (2008) models of-

fer more complex alternatives that more closely represent the action potential

morphology of cardiomyocytes.

2.4.2 Models of cardiac tissue

Reaction-diffusion equations are partial differential equations with two compo-

nents: the diffusion term describes the spread of a quantity throughout the

1https://www.cellml.org/
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medium, while the reaction term acts as a source or sink of the quantity. Equa-

tions of this type are well-suited for modelling the spread of electrical potential

in cardiac tissue.

The bidomain equations are a pair of reaction-diffusion equations that repre-

sent the passage of the electrical potential through the intracellular and extracel-

lular domains of cardiac tissue on a macroscopic scale. They were first described

by Tung (1978), who derived them from the principle of charge conservation and

Ohm’s law. They can also be derived using a homogenisation approach, which

scales up from the microscopic scale to the macroscopic one (Keener and Pan-

filov, 1996; Richardson and Chapman, 2011). The underlying assumption for this

derivation is that the cardiac tissue can be considered as a repeating pattern of

many identical units (cells), which can be represented by a single homogenised

unit. We provide a more detailed description of the bidomain problem in the

context of this project in Chapter 3. Under specific circumstances, the bido-

main equations can be simplified to the monodomain equation; which is more

computationally tractable (Potse et al., 2006).

Each of the monodomain and bidomain equations requires an expression for

the transmembrane current at every point in space. This can be provided by a

single-cell cardiac electrophysiology model, such as those described in the previous

section. There are several simulation packages available which allow easy combi-

nation of the single-cell ordinary differential equations and the reaction-diffusion

partial differential equations; these include Chaste (Pitt-Francis et al., 2009; Mi-

rams et al., 2013) and CARP (Vigmond et al., 2003), amongst others (Seemann

et al., 2010; Heidenreich et al., 2010). These packages typically employ the finite

element method to solve the partial differential equations (Pathmanathan et al.,

2010), although the finite difference method has also been used successfully. For

a comparison of the different codes, see Vigmond et al. (2008) and Niederer et al.

(2011).

Simulations of the whole heart have been used to investigate the effects of

genetic mutations (Sadrieh et al., 2014), drugs (Zemzemi et al., 2013) and changes

24



2.4: Simulations of Cardiac Electrophysiology

to the properties of cardiac tissue due to myocardial infarction (Cardone-Noott

et al., 2014) on the electrocardiogram.

The bidomain equations have been extended to systems where two electri-

cally active cell types are present, through the extended bidomain (or tridomain)

equations (Sachse et al., 2009). In addition to being used to simulate mixtures of

cardiomyocytes and fibroblasts, the extended bidomain equations have also been

applied to simulations of the gut, where cells of Cajal and smooth muscle cells

are present (Buist and Poh, 2010; Corrias et al., 2012).

All of these approaches exclusively consider the electrical activity in the tissue,

rather than the contraction of the tissue or heart. Electromechanical simulations

couple the calcium dynamics from the electrophysiological model to a mechan-

ical model of tissue deformation. This enables cases such as stretch-activated

arrhythmias to be examined in detail (Trayanova et al., 2011).

Insights can also be gained from simpler models of cardiac tissue. The cable

equation has traditionally been used to simulate the progression of the action

potential down the axon of a neuron, and this simplification to one dimension

greatly reduces the complexity of cardiac simulations. Gima and Rudy (2002)

investigated how alterations to the ionic currents resulted in changes to the ECG

using this method.

Other simulations of tissue take an entirely discrete approach. Winslow et al.

(1993) extended the electrical circuit description of a single cell into one that

modelled cells within a tissue sample via additional resistors, to show that fre-

quency entrainment in the sino-atrial node could be achieved with relatively low

cell-cell coupling. A different type of discrete model, cellular automata, was used

by Christensen et al. (2015) to look at the effects of structural heterogeneities on

the propagation of the action potential through tissue, with relevance to atrial

fibrillation. As the discrete approach can explicitly model the connections be-

tween cells, it is more appropriate than the continuous monodomain or bidomain

models in certain cases, when predictions at or below the cell scale are required

due to cellular-scale heterogeneity.
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2.4.3 Insights into safety pharmacology from simulation studies

Simulations of the action potential have been of great assistance in understanding

the properties of multi-ion channel blocking drugs such as Ranolazine (Noble and

Noble, 2006; Belardinelli et al., 2006) and Amiodarone (Yuan et al., 2015). Each

of these drugs would normally be considered high-risk due to their hERG-blocking

abilities, but their concurrent block of the late sodium and l-type calcium cur-

rents respectively have been shown to be protective against the onset of TdP.

Simulations can also be utilised to investigate the impact of channel kinetics and

state-dependent binding on the overall effect of a drug (Lee et al., 2016c).

Computational techniques are also useful for moving from ion channel block

data to measures of arrhythmic risk. Biomarkers quantifying action potential

prolongation (Mirams et al., 2011) and occurrence of early after-depolarisations

(McMillan et al., 2017) from simulations have out-performed traditional estimates

of arrhythmic risk based on hERG block alone. Mistry et al. (2015) and Cummins

Lancaster and Sobie (2016) have also proposed risk classifiers based on features of

the action potential from simulations or directly from multiple ion channel block.

Recently, risk markers based on simulations that incorporate inter-cell variability

have been suggested (Passini et al., 2017).

In silico versions of tissue studies such as the rabbit ventricular wedge have

been proposed as a potential way of reducing the number of assays which involve

the use of animal tissue (Beattie et al., 2013). The effects of drugs on the QT

interval in humans can be directly simulated using models of the human torso

(Zemzemi et al., 2013).

As we discussed in Section 2.3.3, the CiPA proposals include a component that

utilises in silico investigations of arrhythmic risk. The CiPA in silico working

group is currently developing modifications to the O’Hara et al. (2011) model

of the ventricular action potential to capture the dynamic interactions between

drugs and the hERG channel (Li et al., 2017; Dutta et al., 2017).

26



2.5: Human Stem Cell-Derived Cardiomyocytes

2.5 Human Stem Cell-Derived Cardiomyocytes

Human embryonic stem cells were first derived by Thomson et al. (1998) from

human blastocysts, and it was shown that the cells could differentiate into all

three germ layers. Three years later, the first report of embryonic stem cell-

derived cardiomyocytes (hESC-CMs) was published (Kehat et al., 2001). The

authors noted that stem cell-derived cardiomyocytes could have many potential

applications, ranging from the study of human cardiac development to safety

assays and cardiac tissue repair.

Despite their success as a model of cardiomyocytes, the ethical issues sur-

rounding embryonic stem cell-derived cardiomyocytes remained a problem. An

alternative method of deriving stem cells that did not involve the destruction of

an embryo was therefore preferable. Such a method was developed by Takahashi

et al. (2007), who induced adult human fibroblasts back into a pluripotent state

by the retroviral transduction of four transcription factors. Once the transcrip-

tion factors were present inside the fibroblasts, some of the fibroblasts returned

to a pluripotent state, from which they could potentially develop into any type of

cell. These cells were later induced into a cardiac lineage by Zhang et al. (2009).

Cardiomyocytes derived from this induction process are referred to as human

induced pluripotent stem cell-derived cardiomyocytes, or hiPSC-CMs.

Since then, both lab-specific and commercial lines of stem cell-derived car-

diomyocytes have been studied. Production methods have been improved to

increase the purity of cardiomyocytes within these cultures, as the earliest con-

tained a substantial component of other cells, such as fibroblasts (Burridge et al.,

2011; Mummery et al., 2012). Despite induced pluripotent stem cell-derived car-

diomyocytes coming from different sources (dermal fibroblasts, peripheral blood

mononuclear cells, and others), any epigenetic memory within the cells is not con-

sidered to have a great impact on the electrophysiology of the resulting hiPSC-

CMs (Riedel et al., 2014).

The characteristics of hESC-CMs and hiPSC-CMs are described together in

the following sections; we refer to the two types together as stem cell-derived
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cardiomyocytes, or hSC-CMs. Generally, the attributes of the two types have

been reported to be similar (Gherghiceanu et al., 2011), with any variation in

cells from different sources being comparable to cell-to-cell variability (Lopez-

Izquierdo et al., 2014). The pharmacological responses of the two types of hSC-

CM have also been shown to be comparable (Yokoo et al., 2009).

2.5.1 Electrophysiology and maturation

Stem cell-derived cardiomyocytes have an immature electrophysiology compared

with adult cardiomyocytes, and have been reported to resemble more closely

foetal cardiomyocytes than adult cardiomyocytes (Synnergren et al., 2012). The

physical and electrophysiological properties of hSC-CMs change over time as they

continually mature (Lundy et al., 2013; Robertson et al., 2013; van den Heuvel et

al., 2014). This is due to changing expression levels of the different ion channels,

as can be seen in Figure 2.6.

Characteristics associated with immaturity One of the most notable features of

the electrophysiological immaturity of hSC-CMs is the presence of spontaneous

beating behaviour (the mechanism of which we will discuss in more detail shortly).

Pacemaker cells within tissue cultures have maintained stable beat rates over days

or weeks (Mehta et al., 2011; Mandel et al., 2012). However, the continuous pro-

cess of maturation means the spontaneous beat rate may drop over longer periods

in culture (He et al., 2003). Structurally, hSC-CMs are small and rounded, in

contrast to the rod-like shape of adult cardiomyocytes. However, their shape and

size develop over time, which we shall return to later in this section.

Control of maturation The culture conditions influence how quickly stem cell-

derived cardiomyocytes mature. Specialised culture medium (Ribeiro et al.,

2015), the addition of growth hormones (Yang et al., 2014), the presence of non-

cardiomyocytes (Kim et al., 2009), increased size of the tissue culture (Werley

et al., 2017) and application of external pacing and stretching (Eng et al., 2016;

Shen et al., 2017) have all been reported to assist in the maturation process, likely

because these conditions are more similar to those in the developing embryo (Zhu
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Figure 2.6: Differences between early (21–35 days) and late (over 35 days)
stage stem cell-derived cardiomyocytes. The morphology of the action potential
develops over time as the changing levels of ion channel expression alter the contribu-
tions of the different ionic currents. Figure reproduced from Robertson et al. (2013).

et al., 2014). Extra-long culture times (upwards of 80 days) have resulted in a

much more adult-like morphology of the cells in addition to the changes in the

action potential (Kamakura et al., 2013; Lundy et al., 2013).

Inward rectifier current The inward rectifier current, IK1, in hSC-CMs has ap-

preciable differences to that in adult cardiomyocytes. Some reports have found

no evidence of this current in hSC-CMs (Satin et al., 2004), while others have

reported it as being very low or negligible (Ma et al., 2011; Doss et al., 2012).

In adult cardiomyocytes, the IK1 current maintains a resting potential of around
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−85 mV during Phase 4 of the action potential. The lack of IK1 results in a com-

paratively high maximum diastolic potential in hSC-CMs, meaning that other

currents can then cause spontaneous depolarisation. During the maturation pro-

cess, there is a significant increase in the Kir2.1 protein, and the inward rectifier

current consequently increases in density (Sartiani et al., 2007). As the key cur-

rent implicated in the immaturity of the cells, attempts have been made to in-

crease IK1 and thus obtain a more adult-like electrophysiological response. This

has been achieved by promoting production of the Kir2.1 ion channel protein

(Lieu et al., 2013; Vaidyanathan et al., 2016) and by calculation and external

provision of IK1 from an in silico model (Bett et al., 2013; Verkerk et al., 2017).

Rapid delayed rectifier current The rapid delayed rectifier current, IKr, was iden-

tified in the vast majority of cells tested as part of many studies (He et al., 2003;

Jiang et al., 2010; Honda et al., 2011; Ma et al., 2011; Doss et al., 2012). The

current density and activation kinetics of the channel are similar to adult car-

diomyocytes (Ma et al., 2011), but it has been proposed that it has an additional

function in hSC-CMs: given the low IK1 density, IKr is also thought to be involved

in setting the maximum diastolic potential (Doss et al., 2012).

Fast sodium current Similarly to the rapid delayed rectifier current, the fast

sodium current, INa, is present in hSC-CMs and the channels have properties

consistent with those from adult cardiomyocytes (Satin et al., 2004; Ma et al.,

2011), however, neuronal Nav1.7 channels have also been detected in addition

to the expected Nav1.5 ion channels (Moreau et al., 2017). The contribution of

INa to the action potential upstroke is less than in adult cardiomyocytes, due to

the higher maximum diastolic potential and contribution of the funny current to

the upstroke (Goodrow et al., 2018). It retains its involvement in the conduction

of the activation wave across tissue (Riedel et al., 2014) even though significant

heterogeneity in the upstroke velocity of the action potential has been reported

(Pekkanen-Mattila et al., 2010).
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Hyperpolarisation-activated pacemaker (funny) current The funny current, If,

is not present in the atrial and ventricular cells of the adult heart but is vitally

important to the pacemaking functionality of cells in the sino-atrial and atrio-

ventricular nodes. It is present in all hSC-CMs, where it plays a key role in their

spontaneous depolarisation (Satin et al., 2004; Ma et al., 2011). Bosman et al.

(2013) noted that the co-location of HCN4-Cav3 (a funny current channel protein

and calveolin 3) influences the activation of the channel, changing it to occur only

at a more negative voltage. A change in the relative proportions of the other HCN

isomers also influences the activation of the funny current channel (Sartiani et

al., 2007). This process is likely involved in the reduction of spontaneous activity

seen as hSC-CMs mature.

L-type calcium current The properties of the hSC-CM l-type calcium channel

are thought to be similar to its adult counterpart (Xu et al., 2002; He et al.,

2003; Ma et al., 2011; Hwang et al., 2015). Ma et al. (2011) reported that the

current density was slightly higher in hiPSC-CMs than in adult cardiomyocytes,

at approximately −17 pA/pF, but Sartiani et al. (2007) reported lower peak ICaL

values of around −4 pA/pF in hESC-CMs.

Calcium subsystem In contrast to many of the currents discussed so far, the

calcium subsystem is much less developed. Dolnikov et al. (2005) proposed that

contraction of hSC-CMs used calcium ions from outside the cell to supplement

the store within the sarcoplasmic reticulum. However, Hwang et al. (2015) noted

that while the sarcoplasmic reticulum was not fully developed, calcium release

could be stimulated by the addition of caffeine. This immature movement of

calcium ions may act as a redundant pacemaker in hSC-CMs (Choi et al., 2015).

Over time, the calcium subsystem and structure of the sarcoplasmic reticulum

mature (Ivashchenko et al., 2013; Jones et al., 2016).

Other currents The remaining currents do not have such an obvious effect on

the action potential as those described above. The slow delayed rectifier current,

IKs, has been detected in hSC-CMs (Ma et al., 2011) and is thought to be involved
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in the repolarisation reserve, as it is in the adult heart (Braam et al., 2013). The

transient outward current, Ito, has also been detected in hSC-CMs (Jiang et al.,

2010; Ma et al., 2011), but Ma et al. (2011) noted that it could not be separated

into its fast and slow components. The exchange currents (Na+–Ca2+, Na+–K+,

Na+–H+ and Cl−–OH−) have all been found in hiPSC-CMs and appear to have

similar kinetics to those in adult cells (Fine et al., 2013).

Physical structure The physical structure of hSC-CMs also changes as they ma-

ture. Adult cardiomyocytes have a rather elongated shape, and the cells are

aligned within the cardiac muscle. In contrast, hSC-CMs are smaller and have

a generally circular shape (although this can be somewhat irregular). Typical

diameters range from 10–50µm (Snir et al., 2003; Gherghiceanu et al., 2011;

Ma et al., 2011). Specialised substrates can cause the cells to take on a mature

shape and the activation wavefront to travel at an increased conduction velocity

(Carson et al., 2016). Culturing the cells in three dimensions rather than on a

flat surface has also been shown to increase the electrophysiological maturity of

hSC-CMs, although this may also be influenced by the length of the culture time

(Otsuji et al., 2010; Zhang et al., 2013; Eng et al., 2016). Pasqualini et al. (2015)

proposed metrics of maturity based on the level of sarcomere organisation, which

may in future be a promising way of comparing physical and electrophysiological

maturity.

Gap junctions and conduction velocity As in adult cardiomyocytes, gap junc-

tions are present at the interface between adjacent cells in hSC-CM tissue sam-

ples. Reports of the conduction velocity vary and appear to depend on the source

of the cells used. Low velocities of 1.5 to 5 cm/s have been reported by Satin et al.

(2004), Mehta et al. (2011), Kadota et al. (2013), and Kucera et al. (2015) which

were likely due to a combination of slower activation time and reduced number

of gap junctions compared with adult cells. These low velocities can increase

over time as the cultures mature (Zhu et al., 2017). Using a commercial source

of hiPSC-CMs, Lee et al. (2012) observed much high conduction velocities of

around 20 cm/s which is much closer to the 35 to 50 cm/s found in adult cardiac
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tissue. Using specialised substrates, conduction velocities of up to 44 cm/s have

been reported (Herron et al., 2016).

2.5.2 Cellular phenotypes

Patch-clamp studies of hSC-CMs have shown that the cells exhibit action poten-

tials resembling those of atrial, ventricular and nodal type cells from the adult

heart (He et al., 2003; Zhang et al., 2009; Ma et al., 2011). The criteria for

classifying the cells as atrial-, ventricular-, or nodal-like differ between studies,

but are usually based on the action potential duration and maximum diastolic

potential. The ventricular-like phenotype has an enhanced plateau, while the ac-

tion potential duration of the atrial-like and nodal-like phenotypes is appreciably

shorter. The nodal-like phenotype has a slower upstroke and a raised maximum

diastolic potential due to increased If, indicated by prominent expression of the

HCN4 gene (Yechikov et al., 2016).

The subtypes can also be distinguished by differences in gene expression, but

this is not always a practical method during studies of the cells’ electrophysiology

(Jonsson et al., 2010; Kadota et al., 2013; Yechikov et al., 2016). Figure 2.7 shows

the features of the three phenotypes of hiPSC-CM described by Ma et al. (2011).

Reports of the relative proportions of the three phenotypes have generally

been inconsistent, and this problem is compounded by the lack of a standard

classification mechanism. The ventricular phenotype has usually been reported

as the most numerous, with 50–60% found by Ma et al. (2011) and Doss et al.

(2012) and 93% by Braam et al. (2013). Using a small sample, Riedel et al. (2014)

found marginally more atrial-like cells.

Production of single-phenotype hSC-CM cultures has been attempted by a

number of groups; however, finding truly phenotype-specific markers for each

phenotype has proved challenging. Atrial-like and ventricular-like hSC-CMs have

been obtained through modulation of retinoic acid levels (Zhang et al., 2011;

Devalla et al., 2015), ventricular-like hSC-CMs by using the MCL-2v antibody as

identification (Bizy et al., 2013; Weng et al., 2014), atrial-like hSC-CMs through
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Figure 2.7: Examples of atrial-like, nodal-like and ventricular-like hiPSC-
CM action potentials. In this case, the values of APD30−APD40/APD70−APD80

and the maximum diastolic potential (MDP) were used to classify the action potentials.
Figure reproduced from Ma et al. (2011).

sarcolipin-based selection (Josowitz et al., 2014) and nodal-like hSC-CMs using a

specialised culture medium (Schweizer et al., 2017). These purified cell cultures

will be useful in studies of drugs or diseases that affect only particular regions of

the heart (Chen et al., 2016; Laksman et al., 2017).

Identification of cellular phenotype in larger samples has been the focus of

much debate. Zhu et al. (2016) used optical mapping to obtain the action poten-

tials of separate hESC-CMs within a small cluster. An automated classification

method proposed that the action potentials could be categorised into either two

or three distinct phenotypes, which appeared to cluster spatially. Vestergaard et

al. (2017) also reported single-phenotype regions in hESC-CM clusters. However,

Du et al. (2015) found that such clear regions were not present in monolayers of

hiPSC-CMs. The study raised the question of whether there are indeed three

separate cellular phenotypes or whether a more continuous spectrum of pheno-

types is more realistic (Giles and Noble, 2016; Kane et al., 2016; Bett et al., 2016;

Kane and Terracciano, 2017).
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2.5.3 Use in safety assays

To test the suitability of hSC-CMs for safety pharmacology assays, drugs with

well-understood properties have been applied to the cells in a variety of different

experiments: manual and automated single-cell patch-clamp (Gibson et al., 2014;

Lee et al., 2016b), sharp micro-electrode (Jonsson et al., 2010; Nalos et al., 2012),

the micro-electrode array (Harris et al., 2013; Clements and Thomas, 2014),

optical mapping (Attin and Clusin, 2009; Kadota et al., 2013; Herron, 2016) and

impedance assays (Guo et al., 2011a; Guo et al., 2013; Doherty et al., 2015).

These techniques have also been used in combination to provide complimentary

datasets (Clements et al., 2015; Rast et al., 2015; Obergrussberger et al., 2016).

Many of the studies listed above reported changes comparable to those ob-

served in other assays such as the rabbit ventricular wedge. However, this was

not always the case. Jonsson et al. (2012) found that early after-depolarisations

could be elicited from drugs that blocked the hERG channel, but not drugs that

blocked other channels. l-type calcium channel blockers such as Nifedipine have

been associated with both increases (Guo et al., 2011a; Harris et al., 2013) and

decreases (Ben-Ari et al., 2014) in beat rate. While hSC-CMs have exhibited in-

creased beat rate following application of l-type calcium channel agonists (Mehta

et al., 2011), this effect was not as pronounced as expected (Ji et al., 2014).

Despite questions having been posed over the suitability of hSC-CMs for car-

diac safety testing, given the presence of three cellular phenotypes and their

continuously changing electrophysiological characteristics (Rocha et al., 2017;

Goversen et al., 2017), the use of hSC-CMs in cardiac safety assessment is set

to expand. Other assays that are in use today also have their drawbacks; for

instance, the ion channels present in mammalian tissue assays do not exactly

match those found in humans. To support the latest CiPA proposals, multi-site

validation studies of hSC-CM tissue assays have been proposed (Blinova et al.,

2017). These would consist of an analysis of the effects of specified drugs using

standardised protocols for the optical mapping and micro-electrode array assays.

In this thesis, we focus on the micro-electrode array.
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The micro-electrode array

The micro-electrode array (MEA) records the field potential below a sample of

hSC-CMs using a grid of small electrodes. Biomarkers such as the beat rate,

spike amplitude and field potential duration can be calculated from the field

potential (Fejtl et al., 2006; Spira and Hai, 2013). The field potential duration

is considered to be analogous to the QT interval from the ECG (Halbach et al.,

2003). When drugs are applied to hSC-CMs within the MEA, changes in the field

potential duration and other biomarkers are recorded, typically as the percentage

change in the value compared to control. As the electrodes of the MEA do not

interfere directly with the cells, these systems can be maintained for days or weeks

at a time. This provides opportunities for longer-term studies of the effects of

drugs which may pick up more complex problems than ion channel block, such

as interference with ion channel regulation and trafficking to the cell membrane.

Studies of the MEA with hESC-CMs and hiPSC-CMs have generally found

that changes to the field potential duration reflect the QT prolongation observed

in previous assays. Changes to the beat rate and occurrences of early after-

depolarisations have also been found as expected (Braam et al., 2010; Guo et al.,

2011b; Mehta et al., 2011; Braam et al., 2013; Harris et al., 2013; Navarrete

et al., 2013; Clements and Thomas, 2014; Nozaki et al., 2014). Several of these

studies compared the MEA assay to either hERG block or other in vitro assays as

predictors of Torsades de Pointes, and found that the MEA showed comparable

levels of sensitivity. However, some differences between hSC-CMs in the MEA

and other assays have been noted, such as to IKs blockers which produced a less

pronounced response than expected (Braam et al., 2013).

Improvements in MEA technology are presently underway. In addition to

improving the maturation state of the cells, as discussed in Section 2.5.1, pat-

terning of the MEA surface is also able to influence the shape of the cells and

therefore the dispersion of activation, leading to a more realistic conduction pat-

tern (Stancescu et al., 2015). Changes to the physical form of the electrodes may

lead to improved signal quality in future MEAs (Spira and Hai, 2013).
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2.5.4 Other uses of stem cell-derived cardiomyocytes

In addition to their applications in safety pharmacology that form the focus of

this thesis, human stem cell-derived cardiomyocytes have many other uses. On

a related theme to safety pharmacology, hSC-CMs can also be used to identify

the level of cardiotoxicity associated with anti-cancer drugs (Cohen et al., 2011;

Talbert et al., 2015; Maillet et al., 2016).

Patient-specific hSC-CMs can be produced, enabling customised assessment

of the cardiac safety of drugs for those with specific genetic conditions (Itzhaki

et al., 2011; Matsa et al., 2011; Braam et al., 2013). They can also be used for

identifying the electrophysiological mechanism behind diseases such as Brugada

syndrome, where the genetic reason for the syndrome is not known in all cases

(Veerman et al., 2016). Patient-specific hSC-CMs also hold promise for cardiac

tissue repair and pacemaker replacement (Gu et al., 2012; Chauveau et al., 2017).

2.5.5 Simulations

Following on from the models of the action potential in adult human cardiomy-

ocytes that were discussed in Section 2.4.1, parametrisations are also available for

the specific electrophysiology of human stem cell-derived cardiomyocytes. The

first was the Paci et al. (2012) model of hESC-CMs in early and late stages of

maturation, which was later developed into the Paci et al. (2013a) model using a

more detailed hiPSC-CM dataset, that of Ma et al. (2011), for parametrisation.

The Paci et al. (2013a) model consists of two parametrisations, one for atrial-like

and the other for ventricular-like hiPSC-CMs. To date, no specific model has

been published for the nodal-like stem cell-derived cardiomyocyte.

The Paci et al. (2013a) model has been used to investigate the presence of

spontaneous beating in hiPSC-CMs by modification to the simulated INa, If and

IK1 currents. Application of an appropriate IK1 current calculated using an in

silico model has been shown to produce a more adult-like action potential and

response to drugs (Bett et al., 2013; Verkerk et al., 2017). Further investigation

of the differences between hiPSC-CM and adult cardiomyocyte electrophysiology
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has demonstrated that hiPSC-CMs are generally more sensitive to the effects of

ICaL and IK1 block than adult cells (Paci et al., 2015).

Simulations of hiPSC-CM tissue are a relatively recent development, with in

silico studies of the CellDrum assay (Frotscher et al., 2015; Frotscher et al., 2016)

and the micro-electrode array (Abbate et al., 2018) providing the first examples

of simulated signals from tissue-scale assays under the effects of drugs.

2.5.6 Stem cell-derived cardiomyocytes and the CiPA initiative

Now that we have discussed both human stem cell-derived cardiomyocytes and

the CiPA initiative, we can consider the impact of the proposed changes on the

cardiac safety assessment process.

As a relatively new cell type, assays based on hSC-CMs should not be con-

sidered a drop-in replacement for existing methods — but they are likely to be

a valuable complement. Existing tests based on mammalian tissue are time con-

suming, expensive and ethically questionable to many, and hSC-CMs offer an

improvement on each of these issues. Great care has so far been taken in validat-

ing the conclusions from hSC-CM assays, with studies such as those of Harris et

al. (2013) comparing hSC-CM assays against the current standard tests, and the

results of the first multi-site comparisons are now becoming available (Millard et

al., 2018). As we reported in Section 2.3.1, the present safety assessment process

is effective but not as efficient as desired; maintaining a rigorous validation pro-

cess throughout the refinement of the CiPA proposals will be vitally important

for increasing confidence in the proposals and supporting their eventual adoption.

Unsurprisingly, given the association between Torsades de Pointes, blockade

of the hERG channel and action potential prolongation, the CiPA proposals for

hSC-CM assays focus primarily on the action potential duration (in optical map-

ping studies) and the field potential duration (in the micro-electrode array as-

say). However, many more biomarkers can be derived from the action and field

potentials which yield further details of the action of a drug. The links between

biomarkers of the field potential and blockade of key ionic currents have been
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investigated by Tixier et al. (2018). Further studies connecting these additional

biomarkers of the field potential to those of the electrocardiogram, and hence ar-

rhythmic risk, would be of assistance in drawing closer comparisons between the

proposed assays and the thorough QT studies that are carried out at present. The

familiar T-wave of the electrocardiogram is associated with a corresponding fea-

ture, the repolarising wave, in the field potential from the MEA assay; however,

the links between the Q, R and S waves and features of the depolarising spike are

less well understood, and the P wave does not have a clear analogue in the field po-

tential signal. A thorough investigation of the links between these different types

of signal would therefore be highly useful in refining our understanding of the risk

associated with drugs that affect ion channels that pass the highest amount of

current in the early stages the cardiac action potential, such as the fast sodium

current. Other features, such as changes to conduction, may also be apparent

from MEA studies but will also not fall under CiPA’s repolarisation-focussed re-

mit. The value of these additional tests, and others such as electrocardiogram

studies during Phase I trials, should not be overlooked.

The tissue-scale assays under consideration by CiPA have so far mainly utilised

hiPSC-CMs from commercial cell lines, and there has been little mention of the

characteristics of the donors from whom the stem cells were derived. Expansion

of the proposed assays beyond one or two “typical” cell lines could prove very

fruitful for safety assessment: as we discussed in Section 2.5.4, patient-specific

hiPSC-CMs recapitulate the electrophysiological characteristics of their donor

and could therefore provide an avenue for additional assessment of drugs on par-

ticularly at-risk subpopulations. However, implementation of such an approach

would be a substantial undertaking, and may be better left until hSC-CM assays

are more established.

2.6 Development of Research Questions

In this review, we have seen that human stem cell-derived cardiomyocytes hold

great promise for use in the cardiac safety assessment process, but their differences
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from the cardiomyocytes in the adult human heart call for caution at the present

time.

There are several factors to address. Human stem cell-derived cardiomyocytes

are not fully differentiated: several of their ionic currents differ substantially from

their adult counterparts, they lack alignment in their spatial orientation and

exhibit a reduced conduction velocity compared to that observed in adult cardiac

tissue. The action potential in isolated hSC-CMs varies from cell to cell, with

action potential morphologies that resemble those of atrial, nodal and ventricular

cells in the adult heart. At the present time, there is no definitive classification

metric for placing hSC-CMs into one of the three proposed categories, and there

is not yet a consensus on the spatial distribution of the phenotypes in tissue

culture preparations.

In Section 2.4.3 of this chapter, we saw how the use of in silico models can

be of assistance in the cardiac safety assessment process. We therefore propose

to utilise tissue-scale modelling of human stem cell-derived cardiomyocytes to

investigate some of the issues outlined in the previous paragraph.

We aim to investigate how phenotypic variability in hSC-CMs can impact the

conclusions drawn from the micro-electrode array assay. The combinations of

hSC-CMs and the micro-electrode array are included in the third proposal of the

Comprehensive in vitro Proarrhythmia Assay; our efforts to study and improve

upon the interpretation of the assay through computational means are therefore

timely.

2.6.1 Research questions

Our first research question concerns the development of a simulation framework

for hSC-CMs where the cellular phenotype differs throughout the tissue. The

bidomain equations assume that there are large regions where the cellular phe-

notype is the same, so that the ionic currents can therefore be represented by

the same cellular electrophysiology model. In the case of hSC-CM tissue, the

phenotypes change on a shorter spatial scale than they do in the adult heart.
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In Chapter 5, we compare two methods for simulating the electrical activity in

tissue with potentially rapid spatial variation in phenotype.

The second topic of this thesis is the investigation of how phenotypic variabil-

ity in hSC-CM tissue cultures affects the cardiac safety assessment process. In

Chapter 6, we examine how changes of phenotype affect the field potential, the

signal that is recorded in the micro-electrode array assay. Having developed the

computational model of the micro-electrode array, we then perform a detailed

qualitative comparison of simulated and experimental data from the drug safety

assessment process in Chapter 7. We assess how much variability in the field

potential is linked to the phenotypic variability in the hSC-CMs, and see how

large this effect is as the applied drug concentrations are increased. We can then

make a statement on how important the underlying variation in cell type is to

the field potential signal, and whether this requires further investigation by ex-

perimentalists before the micro-electrode array assay is brought into wider use

in the pharmaceutical industry. The comparison of experimental and simulated

data under a variety of drug-influenced conditions also allows us to identify areas

in which the model requires improvement, both on the cellular and tissue scale.

We therefore end Chapter 7 with recommendations for further development of

the micro-electrode array model.

Before we can begin to develop our multi-phenotype simulation framework,

we must first understand the presently used techniques for simulating cardiac

tissue. The following two chapters describe the theory behind models of cardiac

electrophysiology on the cellular and tissue scales, and the methods used to obtain

numerical solutions to those models.
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3
Models of Cellular and

Tissue-Level Electrophysiology

In the previous chapter, we discussed how the change in membrane voltage in a

cardiomyocyte may be modelled by a system of ordinary differential equations

that represent the flow of charged ions into and out of the cell. We now describe

the mathematical formulation of such cellular electrophysiology models, using the

seminal Hodgkin and Huxley (1952a) model as an example. We then consider how

cellular electrophysiology models may be coupled together in order to simulate the

electrical properties of cardiac tissue. We describe the properties of the bidomain

model, a system of two partial differential equations that are coupled to a cellular

electrophysiology model.

3.1 Chapter Outline

In Section 3.2, we build up a description of the cardiomyocyte as an electrical

circuit. We begin by calculating the equilibrium potential of a specific ion, at

which the ion’s concentration gradient is balanced by the potential difference

across the cell membrane. We show how the equilibrium potential may be used

in the calculation of the ionic currents, before describing how a model of cellular

43



3:Models of Electrophysiology

electrophysiology can be constructed by considering the flow of several different

ions across the cell membrane.

We then discuss the bidomain model, a continuum representation of the elec-

trical activity within cardiac tissue. We provide a brief derivation of the model in

Section 3.3, and also demonstrate how the bidomain equations may be reduced

to the monodomain equation in certain circumstances. Our work in Chapter 5

builds upon the formulation of bidomain equations by extending their deriva-

tion to cover the case where two or more cell types (the electrophysiology of

which would be represented by different cellular electrophysiology models) are

well-mixed.

3.2 Cellular Electrophysiology Models

Cardiomyocytes are excitable cells: when stimulated, they produce a rapid change

in membrane potential if the stimulus is above a given threshold. This change in

potential is known as the action potential, and is linked to the flow of calcium ions

into the intracellular space and thus to the contraction of the cell (see Section 2.2

for details). The action potential is caused by the movement of ions across the

cell membrane via ion channels and ATP-activated transporters. To understand

the action potential, we begin by considering the balance of ionic concentrations

and the intra and extracellular potentials before moving on to look at how the

cell as a whole acts as an excitable electrical circuit.

3.2.1 The Nernst equation

Following Keener and Sneyd (2008), let us consider a system containing two

ions: positively charged S, and negatively charged S ′. A cell membrane which

is impermeable to ions separates the intracellular and extracellular domains. Ion

channels specific to ion S allow the positively charged ions to pass across the

membrane, while negatively charged S ′ are restricted to their original side of the

membrane.

We start with electrically balanced but different concentrations of both ions
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extracellular spaceintracellular space

[S]i = [S′]i [S]e = [S′]e

[S]i ' [S′]i [S]e ' [S′]e

φeφi

Vm = φi − φe

Debye layer

Figure 3.1: A cell membrane with selectively permeable ion channels. The
two ions, S and S′ (shown in dark and light blue respectively) have equivalent but
opposing changes. Their concentrations are denoted by square brackets, and the intra-
cellular and extracellular concentrations by subscripts i and e respectively. Only ions
of type S may pass through the selective ion channels in the cell membrane. Top: ions
S and S′ are present in equal concentrations on each side of the membrane. Both the
intracellular and extracellular regions are electrically neutral. Bottom: Introduction
of selective ion channels results in the movement of some S ions to the extracellular
space (see main text for full details). The movement of S indicated by the arrow
continues until the electrical field set up by the imbalance of S and S′ in the Debye
layer (indicated by the dashed orange lines) balances the concentration gradient. The
spaces on either side of the membrane are no longer electrically neutral, giving rise to
the membrane potential, Vm, which is defined as the difference in electrical potential
between the two spaces, Vm = φi − φe.

on either side of the membrane, as shown in the top panel of Figure 3.1. If we

then introduce ion channels of the type that selectively allows ions of type S to

pass through, some of those ions in the vicinity of the membrane and ion channels

move down their concentration gradient from the intracellular to the extracellular

space. This process introduces a charge imbalance in the regions of space close to

the membrane, which is illustrated in the lower panel of Figure 3.1. At this point,

there are two opposing effects on ions of type S: the concentration gradient is in

the direction of the extracellular space, while the gradient of the electrical field
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is in the direction of the intracellular space. These two effects reach equilibrium

after the movement of a relatively small number of ions. In regions distant from

the membrane, the concentrations of the two ions are almost unchanged from their

original values and the regions remain electrically neutral. Close to the membrane

(typically on the scale of nanometers), the charge imbalance is maintained, with

this region being known as the Debye layer. The imbalance of charge gives rise

to a potential difference across the cell membrane, the membrane potential, Vm,

which is defined as the difference in electrical potential between the intra and

extracellular regions, such that Vm = φi − φe.

Let us now consider the Gibbs free energy of ion S on either side of the

membrane,

GS,i = G0
S +RT ln([S]i) + zFφi, (3.1)

GS,e = G0
S +RT ln([S]e) + zFφe, (3.2)

with subscripts i and e denoting the intracellular and extracellular regions re-

spectively. The first term, G0
S denotes the standard free energy for a 1m solution

of ion S; this is the same on either side of the membrane. The second and third

terms represent the chemical and electrical potential of the system, where z is

the charge on ion S and F is Faraday’s constant.

From this, we can calculate the difference in free energy,

∆GS = GS,i −GS,e, (3.3)

= G0
S +RT ln([S]i) + zFVi −G0

S −RT ln([S]e)− zFVe, (3.4)

= RT ln

(
[S]i
[S]e

)
+ zF (φi − φe), (3.5)

= RT ln

(
[S]i
[S]e

)
+ zFVm, (3.6)

where we have used the definition of the membrane potential given above (Vm =

φi − φe).

The potential at which the propensity of ions S to move down their con-

centration gradient is balanced by the electric field set up by the differences

in concentrations of S and S ′ on either side of the membrane is known as the
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3.2: Cellular Electrophysiology Models

Nernst potential. We can obtain the Nernst potential for ion S, VS, by solving

equation (3.6) at equilibrium. If we set ∆G = 0, we obtain

VS =
RT

zF
ln

(
[S]e
[S]i

)
. (3.7)

3.2.2 Ohmic ionic currents

If we assume that the resistance of the ion channels is Ohmic (i.e. the voltage

drop across the channel is proportional to the current), we can derive the following

expression for ionic current S:

Vm = rSIS + VS, (3.8)

IS =
1

rS
(Vm − VS), (3.9)

IS = gS(Vm − VS), (3.10)

where rS and gS are the resistance and conductance of the membrane to ion S

respectively.

We can use this formulation to calculate the total ionic current across the cell

membrane due to ions i,

Iion =
∑
i

gi(Vm − Vi), (3.11)

where we have denoted the equilibrium potential for each ion by Vi.

3.2.3 Circuit representation of an electrically active cell

Equation (3.10) shows us how each ionic current across a cell membrane may

be considered as a variable resistor (with resistance rS or conductance gS) and

a driving voltage (VS). If we include a representation of the cell membrane, the

cellular system can be considered as an electrical circuit. Hodgkin and Huxley

were the first to develop this style of circuit representation in the context of the

action potential in the giant axon of a squid. The resulting equivalent circuit in

Figure 3.2. In the Hodgkin and Huxley (1952a) model, only charge carried by

sodium, potassium and chloride ions is considered. Movement of these ions gives

rise to the sodium, potassium and leak currents indicated in Figure 3.2.
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Cm

INa IK Ileak

Vm = φi − φe

intracellular
region

extracellular
region

Figure 3.2: A circuit representation of the Hodgkin and Huxley (1952a)
model. The cell membrane is shown in blue. The orientation of the voltage sources
indicates the direction of the driving voltage for each ion from equation (3.11). The
resistances of the INa and IK channels are variable, depending on the membrane voltage.

If the cell membrane is modelled as a capacitor, we can use Kirchoff’s current

law to show that the total current is zero:

0 = Cm
dVm
dt

+ Iion(u, Vm), (3.12)

where Iion(u, Vm) is the sum of the total ionic currents,
∑n

i=1 Ii(u, Vm). The u

are state variables (which determine the probability that the ion channels are

open), and other variables which influence the ionic currents (e.g. the intra- and

extracellular concentrations of each type of ion).

If we rearrange this as a differential equation for the membrane voltage, Vm,

we can see how this quantity may be calculated:

dVm
dt

= − 1

Cm

(
n∑

i=1

Ii(u, Vm)

)
. (3.13)

If we also wish to include an additional stimulus current, the derivation pro-

ceeds as

0 = Cm
dVm
dt

+ Iion(u, Vm) + Istim, (3.14)

dVm
dt

= − 1

Cm

(
n∑

i=1

Ii(u, Vm) + Istim

)
. (3.15)
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3.2.4 Gating variables

To solve equation (3.15), we must know how the different ionic currents change

over time. We have assumed that their conductance is Ohmic, so for ion i,

Ii = gi(Vm − Vi), (3.16)

where gi is the conductance of the cell membrane to ion i and Vi is the reversal

potential for ion i, calculated from the Nernst equation. However, the conduc-

tance is not constant over time; it is influenced by the dynamics of the channel

and the membrane voltage, as many ion channels in cardiomyocytes are voltage

gated. The channel conductance can therefore be expressed as

gi = ḡif(Vm, t), (3.17)

where ḡi is the maximum possible conductance of that type of ion channel and

f(Vm, t) is a function of the membrane voltage and time that gives the probability

of this type of ion channel being open. As there are so many ion channels per cell,

this deterministic open probability is a good approximation for the proportion

of stochastically-opening single channels that are in an open state at any given

time (Pullan et al., 2005).

The exact form of f(Vm, t) changes between ion channels and cellular elec-

trophysiology models. Experimental data is required to find the structure and

parameters of this function. In the Hodgkin and Huxley (1952a) model, the best

fit to the potassium conductance was obtained by

gK = ḡKn
4, (3.18)

where n is a gating variable which evolves in time according to

dn

dt
= αn(1− n)− βnn, (3.19)

and the forms of αn and βn were parametrised based on experimental data,

αn = 0.01
Vm + 10

exp
(
Vm+10

10

)
− 1

and βn = 0.125 exp

(
Vm
80

)
, (3.20)
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where Vm is given in mV. At very negative1 potentials, the αn term dominates,

n increases and the potassium current is activated. n is consequently known as

an activation variable.

Hodgkin and Huxley took the same approach with the sodium current, but a

quartic gating variable was not sufficient to describe the dynamics of the sodium

conductance. Instead, they used an activation variable m and an inactivation

variable h, and concluded that the sodium conductance could be expressed as

gNa = ḡNam
3h. (3.21)

The variables m and h evolve in time as n does in equation (3.19), but the

parametrisations for αm, βm, αh and βh are different to reflect the properties of

the sodium current.

At the time, not much was known about the leak current, so it was given a

constant value of conductance.

Since then, the discovery of further ionic currents and more detailed experi-

mental data on their behaviour has led to the development of many other ion and

action potential models, such as those models of cardiac cellular electrophysiology

that were described in Section 2.4.1.

While cellular electrophysiology models are able to give us insight into the

temporal dynamics of the action potential, they do not enable investigation of the

spatial propagation of activation wavefronts around cardiac tissue. The following

section describes one of the most widely-used methods for modelling cardiac

electrophysiology on the tissue-scale, the bidomain equations.

3.3 The Bidomain Equations

The bidomain equations are widely used throughout cardiac modelling as they

allow for the extracellular potential to be calculated separately from the intra-

cellular potential, as well as permitting the simulation of domains outside the

1In the Hodgkin and Huxley (1952a) model, the convention for the direction of current flow
is the opposite of most cardiac electrophysiology models: inward currents are positive and the
transmembrane potential is negative when depolarised.
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heart. Experimental measurements, such as the potential differences recorded

between electrodes in the electrocardiogram, can be compared with quantities

derived from the extracellular potential.

The bidomain equations rely on the assumption that cardiac tissue can be

modelled as two distinct yet connected spaces; the intracellular and extracellular

domains. Rather than explicitly modelling the fine structure of the cells, such

as the cytoplasm, gap junctions and membrane, these qualities are homogenised

over throughout the domain, giving an “average” electrical potential that does not

show the very small-scale variations due to the presence of microscopic features.

In the homogenisation process, we assume that the macrostructure of the domain

is accurately represented by repeating units of the microstructure; i.e. that cells

with a consistent set of properties repeat regularly throughout the domain.

Later in this thesis, in Chapter 5, we return to the derivation of the bidomain

equations for tissue composed of multiple cell types, where the homogenisation

process follows that of previous authors (Keener and Panfilov, 1996; Keener and

Sneyd, 2009; Richardson and Chapman, 2011), but considers variations in the

parameters that are homogenised over due to the presence of two or more types

of cell. In this section, we therefore present a brief derivation of the bidomain

equations through a shorter, macroscale, approach. This derivation assumes that

the intracellular and extracellular domains are homogeneous from the start, but

nevertheless provides interesting insight into the physical principles behind the

bidomain equations.

3.3.1 Macroscale derivation of the bidomain equations

To derive the bidomain equations, we consider the tissue to be a two-phase

medium, consisting of the intracellular and extracellular domains which are de-

noted by the subscripts i and e throughout this derivation. These domains are

separate but continuously connected. Within both domains, currents are gen-

erated by the movement of charged ions; in cardiomyocytes, sodium, potassium

and calcium ions act as the primary charge carriers. The current density in each
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domain is made up of an Ohmic component, J = σE, and a stimulus component,

Jstim. If we then express the electrical field E as the gradient of a scalar potential

φ, we obtain

Ji = −σi∇φi + Jstim
i , and (3.22)

Je = −σe∇φe + Jstim
e , (3.23)

for the current densities within the intracellular and extracellular domains.

We begin our derivation of the bidomain equations by applying the principle of

conservation of current to the tissue. The current passing out of the intracellular

domain is equal to that entering the extracellular domain, so we may write

∇ · Ji +∇ · Je = 0. (3.24)

If we then use the expressions for current density given in equations (3.22)

and (3.23), we obtain

−∇ · (σi∇φi) +∇ · Jstim
i −∇ · (σe∇φe) +∇ · Jstim

e = 0, (3.25)

which we may simplify to

∇ · (σi∇φi) +∇ · (σe∇φe) = ∇ · Jtotal, (3.26)

where we have defined the total stimulus current as Jtotal = Jstim
i + Jstim

e . If we

rearrange the above equation (simplification is achieved through the addition of

the term −∇ · (σi∇φe) + ∇ · (σi∇φe) = 0 to the left hand side) and recall the

definition of the membrane voltage, Vm = φi− φe, we come to the first bidomain

equation after the following steps:

∇ · (σi∇φi)−∇ · (σi∇φe) +∇ · (σi∇φe) +∇ · (σe∇φe) = ∇ · Jstim
total,

∇ ·
(
σi∇(φi − φe)

)
+∇ ·

(
(σi + σe)∇φe

)
= ∇ · Jstim

total,

∇ · (σi∇Vm) +∇ ·
(
(σi + σe)∇φe

)
= Istim

total, (3.27)

where we have expressed the total current density in the first bidomain equation,

equation (3.27), as a volume stimulus current.
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To obtain the second bidomain equation, we begin by equating the flow of

charge out of the intracellular space to the current that crosses the cell membrane,

−∇ · Ji = χIm.

We can now calculate the second bidomain equation after applying a similar

simplification process to that we used to obtain the first bidomain equation,

∇ · (σi∇φi)−∇ · Jstim
i = χIm,

∇ · (σi∇φi)−∇ · (σi∇φe) +∇ · (σi∇φe)− Istim
i = χIm,

χIm −∇ ·
(
σi∇(Vm + φe)

)
= −Istim

i ,

χ

(
Cm

∂Vm
∂t

+ Iion(u, Vm)

)
−∇ ·

(
σi∇(Vm + φe)

)
= −Istim

i , (3.28)

where we have split the transmembrane current in the second bidomain equa-

tion, equation (3.28), into capacitative and ionic components, as discussed in

Section 3.2.3.

To complete the bidomain equations, we express the time evolution of the

state variable vector u with

∂u

∂t
= f(u, Vm), (3.29)

where f is an electrophysiology model of the form described in Sections 2.4.1

and 3.2.

The boundary conditions for the bidomain equations can either be based on

a surface stimulus which is applied across the external boundary (Pathmanathan

et al., 2010), or alternatively, no-flux boundary conditions may be used. In this

thesis, the following no-flux conditions for both domains are used unless stated

otherwise. That is,

n ·
(
σi∇(Vm + φe)

)
= 0, and (3.30)

n · (σe∇φe) = 0, (3.31)

where n is the outward unit normal vector.
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3.3.2 Reduction to the monodomain equation

When the intracellular and extracellular conductivities are directly proportional

to one another, i.e. for a scalar α, σi = ασe, the two bidomain equations may be

reduced to the monodomain equation (see Keener and Sneyd, 2009, for details).

The monodomain equation is given by

χ

(
Cm

∂Vm
∂t

+ Iion

)
+ Istim = ∇ · (σ∇Vm), (3.32)

where the conductivity may be defined in terms of σi and σe from the equivalent

bidomain problem,

σ =
σi σe
σi + σe

. (3.33)

Similarly to the bidomain equations, the no-flux boundary condition is

n · (σ∇Vm) = 0. (3.34)

3.4 Summary

In this chapter, we have shown how the ionic currents across the membrane

of a single electrically active cell may be represented by a system of ordinary

differential equations. Cellular electrophysiology models of this type are central

to the field of cardiac modelling: we may use them in their unaltered state for

examining the time evolution of the different ionic currents, and we can investigate

the impact of drugs or disease on the action potential by tuning ion channel

conductances or kinetics.

Our derivation of the bidomain equations set out the assumptions that un-

derpin the bidomain model and illustrated its main features. We will revisit the

derivation in Chapter 5, where we propose an extension to the model to account

for tissue in which several different types of cell are present.

We now move on to Chapter 4, where we detail the numerical methods used

for evaluating the solutions to cellular electrophysiology models and the bidomain

equations. We particularly focus on the methods used in the Cancer, Heart and

Soft Tissue Environment software package, which we use for carrying out the

simulations in Chapters 6 and 7.
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4
Numerical Methods

In the previous chapter, we derived the monodomain and bidomain equations

that will form the basis of the simulations of cardiac tissue later in this thesis.

It is not possible to derive analytic solutions for the monodomain and bidomain

equations in most circumstances, so in this thesis we apply one of the most widely

used methods of deriving an approximate solution to these equations: the finite

element method. The finite element method is often favoured in the context of

cardiac simulations due to the way in which complex geometries, such as that of

the heart, can be represented using a finite element mesh, and the natural way

in which no-flux boundary conditions can be implemented. In this chapter, we

describe the implementation of the finite element method for problems in cardiac

electrophysiology, and describe other solvers and software packages that are also

useful for this purpose.

4.1 Chapter Outline

In Section 4.2, we apply the finite element method to a simple steady-state prob-

lem in one dimension to illustrate the main concepts behind the method. We

then proceed to the monodomain equation in Section 4.3, where we take a sim-
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ilar approach to the first example but take additional steps to demonstrate how

the time-evolution aspect of the problem is discretised. The extension to the

bidomain equations is straightforward but notationally complex; we therefore fo-

cus on the monodomain equation in the majority of this chapter but briefly cover

the extension to the bidomain equations in Section 4.3.3.

Having concluded Section 4.3 with the matrix form of the solution to the

monodomain equation, we then describe the linear solvers and other techniques

that are required in Section 4.4. In Section 4.5, we describe several software

libraries used in computational cardiac electrophysiology, with a particular focus

on the Cancer, Heart and Soft Tissue (Chaste) library, which we use for the

bidomain simulations in Chapters 6 and 7.

4.2 An Introduction to the Finite Element Method

As our aim in this chapter is to describe the implementation of the finite element

method, we illustrate its use through examples rather than providing a full math-

ematical treatment. There are many excellent resources which go far beyond the

scope of this thesis in terms of mathematical detail, for instance Brenner and

Scott (2002), Whiteley (2017) and the lecture notes of Süli (2012). In this ex-

ample, we restrict ourselves to one spatial dimension as the extension to two or

three dimensions is straightforward.

Let us take Poisson’s equation as our example problem; the diffusion term

within is also found in the monodomain equation. Poisson’s equation may be

written as

d2u

dx2
= −f(x), on Ω = (0, L) (4.1)

in one dimension. We impose boundary conditions

u|x=0 = u0 and
du

dx

∣∣∣∣
x=L

= 0, (4.2)

in order to demonstrate the implementation of both Dirichlet and Neumann

boundary conditions.
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For the classical solution to equation (4.1), u, to exist, we require that u must

be twice differentiable, and that the solution holds over the entire domain Ω. The

requirement for these conditions to be met leads equation (4.1) being referred to

as the strong form of Poisson’s equation.

4.2.1 The weak form

If we convert our problem to the weak form, less stringent conditions are placed

on the differentiability of u. To obtain the weak form of equations (4.1) and (4.2),

we first multiply by a test function w and then integrate over the domain Ω. A

test function is a function that is continuous on Ω, as are its spatial derivatives,

except at a finite number of points. Where Dirichlet boundary conditions are

applied, the test function is zero. We therefore move towards the weak form with

the following steps, ∫ L

0

d2u

dx2
w dx = −

∫ L

0

f w dx,[
du

dx
w

]L
0

−
∫ L

0

du

dx

dw

dx
dx = −

∫ L

0

f w dx,∫ L

0

du

dx

dw

dx
dx =

∫ L

0

f w dx,

where we have used the properties of the test functions, w(x = 0) = 0, and the

Neumann boundary condition from equation (4.2) to remove the first term that

arose from performing the integration by parts.

We may now state the weak form of equations (4.1) and (4.2) as

Find u ∈ W such that u(0) = u0 and∫ L

0

du

dx

dw

dx
dx−

∫ L

0

f w dx = 0, ∀w ∈ W, (4.3)

where

W := {w ∈ H1(0, L) |w(0) = 0},

i.e. W is an infinite-dimensional Sobolev space on the interval (0, L) which is

zero where the Dirichlet boundary conditions are imposed. A Sobolev space is
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a Hilbert space where the function and its first derivative are continuous across

the domain Ω, with

H1(Ω) =

{
w ∈ L2(Ω)

∣∣∣∣ ∂w∂x ∈ L2(Ω)

}
, (4.4)

where L2 is the space of square-integrable functions. We can now observe that

the conditions on the spatial derivatives of the solution u are weakened; only the

first derivative is now required to be continuous.

4.2.2 Approximate solution

To compute our approximate solution to the problem, we replace W by a finite-

dimensional subspace, Wh ∈ W . Wh consists of piecewise polynomial functions;

we examine these functions in more detail shortly. We now state the approximate

version of equation (4.3) as

Find uh ∈ Wh such that uh(0) = u0 and∫ L

0

duh
dx

dwh

dx
dx−

∫ L

0

f wh dx = 0, ∀wh ∈ Wh.

(4.5)

4.2.3 Basis functions and construction of the linear system

The linearly independent functions that make up space Wh are known as basis

functions. In practise, it is common to rely on linear basis functions due to the

simplicity of implementation, although there has been research into the use of

higher-order methods in the context of cardiac simulations (Arthurs et al., 2012).

Examples of linear basis functions are shown in Figure 4.1. Each basis function

is supported only in a small region of the domain. In Figure 4.1, we have divided

to domain Ω into N = 10 equally sized sections, or finite elements. In this case,

the length of the elements, h, is constant; this is not a necessary condition, but

aids in the clarity of later discussion. At each node i of the domain, the basis

functions are given by

φi(xj) = δij. (4.6)
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0 1 2 3 4 5 6 7 8 9 10
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Figure 4.1: Linear basis functions for the finite element method. In this
example, we have subdivided domain Ω into ten subintervals, or finite elements. The
5th and 6th basis functions, φ4(x) and φ5(x), are shown as solid and dashed lines
respectively. The product of these two basis functions is non-zero in only the 5th mesh
element, 4 < x < 5.

The approximate solution uh may be written in terms of basis functions, as

the product of a point-wise approximate solution Ui and a basis function φi at

each of the N + 1 nodes,

uh(x) =
N∑
i=0

Uiφi(x). (4.7)

We also note that our basis functions are a suitable choice for our test functions

w, apart from at x = 0, where w must be zero due to the Dirichlet boundary

condition. We can now write down the discrete version of the approximation to

the weak form,

Find U = (U0, U1, ..., UN)T ∈ RN+1 such that U0 = u0 and (4.8)

N∑
i=1

Ui

∫ L

0

dφi

dx

dφj

dx
dx−

∫ L

0

f φj dx = 0, for j = 0, 1, ..., N. (4.9)

Equation (4.9) may equivalently be written as a linear system,

Ku− f = 0, (4.10)

where the entries in matrix K and vector f are given by

(kij) =

∫ L

0

dφi

dx

dφj

dx
dx, and (4.11)

(fj) =

∫ L

0

f φj dx. (4.12)

Calculation of the entries in K is a relatively simple process, which we discuss

shortly in Section 4.2.4. The approach taken for f varies. If function f is constant
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in x, the integral is simple to calculate. Otherwise, the integral can either be

computed by any suitable numerical method, or by noting that the function f(x)

may, like uh, be written as the product of a point-wise approximation to f and

the basis function at each of the nodes. This technique is known as matrix-based

assembly, which we discuss in further detail in Section 4.3.2 in relation to the

monodomain equation.

Equation (4.10) can be solved for u using the linear solvers described in Sec-

tion 4.4.1. This yields the numerical solution Ui at nodes i = 0, ..., N . If required,

the continuous form of the solution can then be calculated using equation (4.7).

4.2.4 Stiffness and mass matrices

The matrix K from equation (4.10) occurs in the finite element discretisation

process of many partial differential equations. It is often referred to as the stiffness

matrix from its presence in structural mechanics applications. The entries of the

matrix can be calculated given the values of the derivatives of the basis functions

within each element,

φ0(x) =

{
−(x− x1)/h

0

dφ0(x)

dx
=

{
−1/h

0

if x0 < x < x1

otherwise

φj(x) =


(x− xj−1)/h

−(x− xj+1)/h

0

dφj(x)

dx
=


1/h

−1/h

0

if xj−1 < x < xj

if xj < x < xj+1

otherwise

φN(x) =

{
(x− xN)/h

0

dφN(x)

dx
=

{
1/h

0

if xN−1 < x < xN

otherwise.

If we compute the entries of K using equation (4.11) and the above expressions

for the derivatives, we obtain

(ki,i) =

∫ xi

xi−1

dφi

dx

dφi

dx
dx+

∫ xi+1

xi

dφi

dx

dφi

dx
dx = 2/h (4.13)

(ki,i−1) =

∫ xi

xi−1

dφi

dx

dφi−1

dx
dx = −1/h (4.14)

(ki,i+1) =

∫ xi+1

xi

dφi

dx

dφi+1

dx
dx = −1/h. (4.15)
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Most of the entries in K take the values given in equations (4.13) to (4.15), with

the main diagonal being 2/h, and the first diagonals −1/h. The exceptions occur

at the boundaries: at node N , equation (4.13) lacks the term from node i + 1,

so (kN,N) = 1/h. We also noted earlier that the test functions are zero where

Dirichlet boundary conditions are applied; we therefore set (k1,1) = 1.

Later in this chapter, we introduce the mass matrix, M, which is calculated

in a similar manner. The mass matrix is generated when terms such as∫ L

0

φi φj dx (4.16)

are found in the discretised version of the approximate weak form of the problem

(i.e. at the stage of equation (4.9)).

4.3 Solving the Monodomain Equation with the Finite

Element Method

In this section, we describe the process of solving the monodomain equation using

the finite element method. We do not give a description of the bidomain problem

here as it is handled in a very similar manner to the monodomain problem, but

with necessarily more complex notation due to the presence of both intra and

extracellular potentials. We refer the reader to Pathmanathan et al. (2010) for

more details on solving the bidomain equations using the finite element method.

In Section 3.3.2, we saw that the strong form of the monodomain equation

may be written as

χ

(
Cm

∂Vm
∂t

+ Iion(u, Vm)

)
−∇ · (σ∇Vm) + Ivol = 0, (4.17)

on domain Ω and time interval [0, t], which is coupled to a cellular electrophysi-

ology model that simulates the dynamics of the state variables,

∂u

∂t
= f(u, Vm), (4.18)

and is subject to the boundary condition

n · (σ∇Vm) = 0. (4.19)
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In this example, we assume that the conductivity, σ = σ(x), while the surface

area to volume ratio, χ, and capacitance per unit area Cm, are constant across

the entire domain.

4.3.1 Temporal discretisation

A fully implicit temporal discretisation of the monodomain and bidomain equa-

tions is computationally expensive to solve, so a widely used alternative discreti-

sation is to treat the diffusion term implicitly and the reaction term explicitly, in

what is often termed a semi-implicit approach (Pathmanathan et al., 2010).

To make the notation clearer, we use vn to represent the membrane voltage,

Vm, at a particular time-step n, where we have divided our time-interval [0, t] into

N + 1 equal steps. We discretise the time derivative using the backward Euler

method,

χCm
vn − vn−1

∆t
+ χIn−1

ion −∇ · (σ∇vn) + In−1
vol = 0, for n = 0, . . . , N,

and then group terms from timesteps n and n − 1 on the left and right sides of

the equation, respectively,

χCmv
n−∆t∇·(σ∇vn) = χCmv

n−1−∆tχIn−1
ion −∆tIn−1

vol , for n = 0, . . . , N. (4.20)

From here onwards, we will drop the statement of the time discretisation n =

0, . . . , N for brevity.

4.3.2 Spatial discretisation

We now cast equation (4.20) into the weak form, as we did for the Poisson equa-

tion in Section 4.2.1. First, we multiply by test functions w and integrate over

the domain Ω,

∫
Ω

χCmw v
n − ∆tw∇ · (σ∇vn) dx =∫

Ω

χCmw v
n−1 −∆tχwIn−1

ion −∆twIn−1
vol dx,
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and then integrate by parts to remove the second derivative∫
Ω

χCmw v
n dx−∆t

(
[w σ∇vn]Ω −

∫
Ω

∇w · (σ∇vn) dx

)
=∫

Ω

χCmwv
n−1 dx−∆t

∫
Ω

χwIn−1
ion − wIn−1

vol dx.

The no-flux boundary condition from equation (4.19) can be utilised to remove

the first term in the brackets of the equation above. We can then state the weak

form of the problem as

Find vn ∈ W such that

∫
Ω

χCmw v
n dx + ∆t

∫
Ω

∇w · (σ∇vn) dx =∫
Ω

χCmw v
n−1 dx−∆t

∫
Ω

χwIn−1
ion − wIn−1

vol dx,

where

W := {w ∈ H1(Ω)} =

{
w :

∫
Ω

(w2 + w′ 2) dx <∞
}
.

In contrast to our previous example, we now require no additional constraints on

W as Dirichlet boundary conditions are not applied.

If we move from the infinite-dimensional space W to the finite-dimensional

subspace Wh ∈ W , we can write down the approximate version of the weak form,

Find vnh ∈ Wh such that

∫
Ω

χCmwh v
n
h dx + ∆t

∫
Ω

∇wh · (σ∇vnh) dx =∫
Ω

χCmwh v
n−1
h dx−∆t

∫
Ω

χwhI
n−1
ion − wIn−1

vol dx.

The approximate solution at time-step n, vnh , may be expressed in terms of

the product of a node-wise approximation and the basis functions,

vnh(x) =
M∑
i=0

V n
i φi(x), (4.21)

where we have used M + 1 nodes across domain Ω. We may then pose the

discretised form of the problem as

Find V n = (V n
0 , V

n
1 , ..., V

n
M)T ∈ RN+1 such that

χCm

M∑
j=0

(∫
Ω

φi φj dx

)
V n
j + ∆t

M∑
j=0

(∫
Ω

∇φi σ∇φj dx

)
V n
j =

χCm

M∑
j=0

(∫
Ω

φi φj dx

)
V n−1
j −∆t

∫
Ω

χφjI
n−1
ion − φjI

n−1
vol dx. (4.22)
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In the previous section, we noted that there are several approaches for eval-

uating integrals such as the final term in equation (4.22). Here, we perform

matrix-based assembly of the ionic and stimulus current vectors. If we assume

that the currents may each be written as the product of a node-wise approxima-

tion to their values and the basis functions, such that

In−1
ion (x) =

M∑
i=0

In−1
ion,iφi(x) and In−1

vol (x) =
M∑
i=0

In−1
vol,iφi(x), (4.23)

we may rewrite the discretised form of the problem as

Find V n = (V n
0 , V

n
1 , ..., V

n
N )T ∈ RN+1 such that

χCm

M∑
j=0

(∫
Ω

φi φj dx

)
V n
j + ∆t

M∑
j=0

(∫
Ω

∇φi σ∇φj dx

)
V n
j =

χCm

M∑
j=0

(∫
Ω

φi φj dx

)
V n−1
j −∆t

M∑
j=0

(∫
Ω

φi φj dx

)(
χIn−1

ion,j − In−1
vol,j

)
. (4.24)

In Section 4.2.4, we noted that integrals such as the types observed in equa-

tion (4.24) can easily be evaluated. In two or three dimensions, the evaluation

is slightly more complex as the elements are either triangles or tetrahedra rather

than lines, leading to the basis functions being non-zero over a larger number of

elements. A detailed discussion of this point may be found in Whiteley (2017,

Section 7.3). Once the required integrals have been calculated, we may write

equation (4.24) as the linear system

(χCmM + ∆tK(σ)) vn = χCmMvn−1 −∆tMbn−1, (4.25)

where b is a vector sum of the two currents at time n− 1, with entries

(b)i = χIn−1
ion,i + In−1

vol,i . (4.26)

To obtain the solution to the monodomain equation on the time interval [0, t],

equation (4.25) is repeatedly solved for time-steps n = 1, . . . , N to obtain the

membrane voltage at time-step n, vn. Obtaining the solution to equation (4.25)

requires the use of a linear solver such as those described later in this chapter, in

Section 4.4.1. The matrices K and M are sparse (tridiagonal in one dimension), a
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feature which may be taken advantage of to improve the efficiency of the solution

process.

In Chapter 5, we apply the approach discussed in this section to solve the

monodomain equation in systems containing two different types of cell, which are

represented by different cellular electrophysiology models.

4.3.3 Extension to the bidomain equations

The later parts of this thesis, Chapters 6 and 7, utilise the bidomain equations

to simulate the transmembrane and extracellular potentials in cultures of human

stem cell-derived cardiomyocytes. The application of the finite element method

to the bidomain equations to generate a linear system is very similar to that

of the monodomain equation, but the notation is far more complicated due to

the presence of the second coupled partial differential equation. Rather than

provide a complete description of the discretisation process, we refer the reader

to Pathmanathan (2012).

If the same process used throughout Section 4.3 is applied to the bidomain

equations as presented in equations (3.27), (3.28), (3.30) and (3.31), the resulting

linear system is

(
χCmM + ∆tK(σi) K(σi)

K(σi) K(σi + σe)

)(
vn

Φe
n

)
=

(
χCmM + ∆tMb

0

)
. (4.27)

4.4 Further Techniques for Implementing the

Monodomain and Bidomain Models

We now discuss further techniques that are required to numerically solve partial

differential equations, specifically the monodomain and bidomain equations, using

the finite element method.

4.4.1 Linear solvers

The stiffness and mass matrices, K and M, that arise from the discretisation of

the solution to the monodomain and bidomain equations are highly sparse; iter-
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ative methods can therefore be employed very effectively to solve linear systems

such as those in equations (4.25) and (4.27) (Clayton et al., 2011). Krylov sub-

space methods such as conjugate gradients are widely used, and specific precon-

ditioners have been noted to improve performance (Potse et al., 2006; Bernabeu

et al., 2010).

4.4.2 Ordinary differential equation solvers

A wide variety of methods are available for solving systems of ordinary differen-

tial equations such as cellular electrophysiology models. The most simple are the

forward Euler method and low order Runge-Kutta methods (see Süli and Mayers

(2003) for an overview). However, the stiffness present in cellular electrophysi-

ology models calls for small time-steps to be taken in order to achieve accurate

and stable results with explicit methods.

Alternatives include the Rush-Larson method (Rush and Larsen, 1978; Marsh

et al., 2012), which was developed specifically for cellular electrophysiology mod-

els, and adaptive methods such as the Sundials CVODE solver (Hindmarsh et al.,

2005) and Matlab’s ode15s. Even with adaptive methods, solving the ordinary

differential equations can still take a high fraction of the computational time in

tissue simulations; techniques such as lookup tables and partial evaluation of the

model have therefore also been employed (Cooper et al., 2015).

4.5 Software Packages for Computational Cardiac

Electrophysiology

The cardiac modelling community is active in creating and sharing software for

solving both single-cell and tissue-scale problems.

While the ordinary differential equation solvers discussed in Section 4.4.2 may

be used to simulate the activity of a single cardiomyocyte given a cardiac elec-

trophysiology model, tools such as OpenCOR (Garny and Hunter, 2015), the

Cardiac Electrophysiology Web Lab (Cooper et al., 2016) and Myokit (Clerx et
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al., 2016) offer a more interactive experience.

Tissue-scale solvers include CARP (Vigmond et al., 2003), OpenCMISS (Nick-

erson et al., 2015), CHeart (Lee et al., 2016a) and Chaste (Mirams et al., 2013),

all of which use the finite element method to solve the bidomain equations. The

properties of several of these solvers have been compared in a verification study

(Niederer et al., 2011).

4.5.1 Chaste

The simulations in Chapters 6 and 7 in this thesis utilise the Cancer, Heart and

Soft Tissue Environment, or Chaste, a package developed by the Computational

Biology Group at the University of Oxford. The project began in 2005, when the

group identified the need for a cardiac electrophysiology library that was open

source, developed with the latest programming methodologies, extensible, and

well-tested. Long-term maintenance of the library was a particular priority (Pitt-

Francis et al., 2009). Chaste has been widely used for both cardiac (Zemzemi

et al., 2013) and cell-based simulations (Dunn et al., 2013).

The simulations in Chapters 6 and 7 of this thesis use the bidomain solver

that is implemented within Chaste. The finite element implementation utilises

linear basis functions, and the resulting linear system is solved using the PETSc

implementation of the conjugate gradient method or the GMRES solver. The

cellular electrophysiology models are solved using CVODE.

4.6 Summary

In this chapter we described the numerical methods used to perform monodomain

or bidomain simulations of the electrical activity within cardiac tissue, with a

focus on the Chaste library. We showed how the finite element method may be

applied to the monodomain equation to generate a linear system that can be

solved numerically to obtain the transmembrane voltage at each time-step of the

simulation. We also discussed how this process can be adapted for the bidomain

equations.
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In the next chapter, we modify the derivation of the bidomain equations to

be representative of a system that contains two different types of cardiac cell

that are well-mixed. We perform simulations of such a system using a custom

Matlab implementation of the finite element method, and compare our modified

approach to a traditional implementation, where cells of the same type occupy

distinct regions of the tissue.
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5
Models of Multiple Cellular

Phenotypes in Cardiac Tissue

At the time of writing, the paper upon which this chapter is based, “Representa-

tion of Multiple Cellular Phenotypes Within Tissue-Level Simulations of Cardiac

Electrophysiology” was in revision following a positive first set of reviews from

the Bulletin of Mathematical Biology. The paper was published in January 2019

(Bowler et al., 2019). The paper was co-authored by myself, Gary Mirams, David

Gavaghan and Jonathan Whiteley. The re-homogenisation of the bidomain equa-

tions was performed and written by Jonathan Whiteley. The rest of the work

presented in this chapter is mine, and was done under the guidance of the co-

authors. We describe the process by which the model was derived in Section 5.2.4,

and the complete derivation, as prepared for the paper by Jonathan Whiteley, may

be found in Appendix A2.

In the previous two chapters, we explained how the electrical activity within

cardiac tissue may be modelled using the monodomain or bidomain equations,

coupled to a cellular electrophysiology model that represents the ionic currents

that pass across the membrane of a particular type of cardiac cell. We then de-

scribed the process of solving the coupled system using the finite element method.

69



5:Models of Multiple Phenotypes

In this chapter, we move on to a more complex system. As we noted in

Section 2.5, human stem cell-derived cardiomyocytes have been reported to pos-

sess different action potential morphologies depending on an underlying cellular

phenotype. In order to simulate the monolayers of stem cell-derived cardiomy-

ocytes used in micro-electrode array experiments, it is necessary for our simula-

tion framework to be suitable for multi-phenotype systems. In this chapter, we

describe two models that can be used to simulate cardiac tissue that contains two

phenotypes, and which may easily be extended to further phenotypes.

We term the two models the homogenised phenotypes model and the parti-

tioned phenotypes model. The partitioned phenotypes model is what we would

consider to be the “traditional” form of the bidomain model, where different cel-

lular electrophysiology models are used in selected regions of the domain. The

homogenised phenotypes model is derived through an adaptation of the usual

bidomain derivation, in which we explicitly include cells of different phenotype

within the periodic unit that we homogenise over. The resulting equations are

similar to those of the bidomain equations, but permit spatially varying propor-

tions of the two cellular phenotypes to be used over the domain. We perform

one-dimensional simulations in order to validate the homogenised phenotypes

model, and draw some initial conclusions about the implications of phenotypic

variability in spontaneously beating cardiac tissue.

Throughout the remainder of this thesis, we often refer to the homogenised

and partitioned phenotypes models as the HP and PP models, respectively.

5.1 Chapter Outline

We begin this chapter with a review of the different cellular phenotypes reported

in human stem cell-derived cardiomyocytes, which were briefly discussed in Sec-

tion 5.2. Using this information, we propose several requirements that must

be met by our chosen simulation framework. We consider the methods that are

presently available for performing tissue-scale simulations of multi-phenotype sys-

tems, and conclude that a specialised approach is more preferable than adapting
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existing models. We then discuss the approach taken to derive the homogenised

phenotypes model in Section 5.2.4. The full derivation, along with the reduction

to the partitioned phenotypes model, may be found in Appendix A2.

The implementation of the homogenised phenotypes and partitioned pheno-

types models is described in Section 5.3. We explain the adaptations that must

be made to the cellular electrophysiology model for the implementation of the ho-

mogenised phenotypes model, and comment on how simulations of more than one

cell type requires extra care to be taken in the implementation of the partitioned

phenotypes model. Section A1.1 extends upon the description in Section 5.3; it

provides further detail on the implementation of the two models in the custom

Matlab code used for the simulations in this chapter.

In Section 5.4, we introduce the simulations that we carry out in this chapter.

The simulations have two aims: first, to validate the homogenisation that we car-

ried out to derive the homogenised phenotypes model, and second, to illustrate

the differences between the two models. Before using the homogenised and par-

titioned phenotypes models in the simulations, we carry out convergence studies

which are described in Section 5.5. In Section 5.6, we discuss the results of our

simulations and how they relate to the biological system of the stem cell-derived

cardiomyocyte monolayer in the micro-electrode array.

We conclude in Section 5.8 with a comparison of the homogenised and parti-

tioned phenotypes models and proposals for their use in two-dimensional simu-

lations of human stem cell-derived cardiomyocytes.

5.2 Development of a Mathematical Model for the

Electrophysiology of Multi-Phenotype Tissue

In Section 2.6, we stated that one of the aims of this thesis is to develop a method-

ology for simulating the electrical activity within tissue preparations of human

stem cell-derived cardiomyocytes (hSC-CMs) that incorporates variability in ac-

tion potential morphology between cells. In this section, we briefly summarise the
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present knowledge of variability in hSC-CMs and state the properties that our

model must possess if it is to be suitable for use in simulations of such a system.

We describe the present modelling methodologies that are available, and pro-

pose an alternative approach which is better suited for modelling the particular

properties of hSC-CMs.

5.2.1 Evidence for multiple cellular phenotypes in human stem

cell-derived cardiomyocyte tissue cultures

In Section 2.5, we discussed the electrophysiology of human stem cell-derived

cardiomyocytes, with particular reference to the similarities and differences from

the cardiomyocytes found in the adult heart. Many studies of single-cell hSC-

CM electrophysiology have noted that the action potential may take one of three

distinct morphologies, resembling the action potentials found in the ventricles,

atria or sino-atrial node of the adult human heart (He et al., 2003; Zhang et al.,

2009; Ma et al., 2011). This has led cells of such type to be termed ventricular-

like, atrial-like and nodal-like. Action potentials from each of these three types

were shown previously in Figure 2.7.

Determination of the distribution of these phenotypes within tissue-scale cul-

tures of hSC-CMs is an ongoing and active area of research, with no consensus

at the time of writing. Small clusters of human embryonic stem cell-derived car-

diomyocytes have been found to contain one or two separate regions of distinct

action potential morphology (Zhu et al., 2016; Vestergaard et al., 2017), while

monolayers of human induced pluripotent stem cell-derived cardiomyocytes have

been reported to contain a more continuous spectrum of action potential mor-

phologies (Du et al., 2015). The proposal for a spectrum of phenotypes has itself

been the subject of debate (Giles and Noble, 2016; Kane et al., 2016; Bett et

al., 2016), with the inability to estimate maximum diastolic potential (an action

potential biomarker often used in the phenotype classification process) through

optical mapping studies posing further difficulties. Although the work of Du et al.

(2015) did include application of a gap junctional blocker to decouple the activity
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of neighbouring cells, the amount used would not have been sufficient to entirely

decouple the system. Therefore, we can identify two possibilities: that phenotype

may be subject to more gradual changes through space than previously reported

(which runs in contradiction to single-cell studies), or that cells of different phe-

notype are sufficiently mixed that the action potentials observed on a larger scale

appear to change gradually (which would be a reasonable assumption given that

the cells used in this study were supplied as a cryo-preserved suspension of cells).

While precise identification of cellular phenotype is clearly an area where more

work is merited (and we will touch again on this point in Chapter 8), for now, we

shall assume that tissue preparations of hSC-CMs are likely to have either large

regions of a single phenotype, in the case of human embryonic stem cell-derived

cardiomyocytes, or a mixture of phenotypes, in the case of commercially supplied

human induced pluripotent stem cell-derived cardiomyocytes.

5.2.2 Requirements for our model

Given our knowledge of the arrangement of phenotypes in hSC-CM cultures, we

can therefore place some requirements upon our modelling framework:

• The distinct electrophysiology of atrial-like, ventricular-like and nodal-like

hSC-CMs must be included in the model. In order to do so, our framework

must be suitable for at least three distinct cell types, and preferably be easy

to modify should future experimental work indicate that hSC-CM action

potentials are better classified into fewer or more groups.

• We must be able to represent spatial variation in the proportions of cells of a

given phenotype, ranging from regions that are entirely of single phenotype

to those that are more equally mixed.

5.2.3 Existing approaches for simulating tissue containing multiple

cellular phenotypes

Discrete approaches to simulations of cardiac electrophysiology are inherently

well-suited to cases where each cell has variable characteristics, as every cell is
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modelled independently (Winslow et al., 1993; Oren and Clancy, 2010). How-

ever, simulation of every individual cell can pose a high computational cost when

large systems are considered. This makes the discrete approach less practical

for systems such as the hSC-CM tissue cultures that we wish to simulate, which

typically occupy regions of around 1 cm in diameter.

While differences in cell type are not explicitly included in the traditional form

of the bidomain equations, variability in the cellular electrophysiology model can

be incorporated if sufficient care is taken in the implementation of the numerical

scheme. The mesh must be carefully partitioned into regions where a single cell

type is present; if the cells are well-mixed, these regions are very small and the

computational demands of such a fine mesh can be considerable. However, this

process is not problematic when the regions are larger.

The extended bidomain equations were first developed for simulation of car-

diac muscle containing cardiomyocytes and fibroblasts (Sachse et al., 2009), and

for simulation of the gastrointestinal system (Buist and Poh, 2010). Their struc-

ture is similar to that of the bidomain equations, but a second intracellular do-

main is added. However, there are limitations to this approach for the case of

hSC-CMs. The derivation of the extended bidomain equations assumes that all

cells are connected to cells of both their own type and the second type, which

may not be the case in hSC-CM cultures where the proportions of the differ-

ent phenotypes varies more dramatically than in those systems for which the

extended bidomain simulations were developed. In addition, we note that the

extended bidomain equations, in their present form, only permit mixtures of two

different types of cell. Substantial amounts of work would be required to refactor

the computational solvers for use with higher numbers of cellular phenotypes.

We therefore choose to take an alternative approach. In this chapter, we

investigate a modified form of the bidomain equations, where the homogenisation

process through which the equations are derived is performed over small regions

that contain a mixture of cell types. This approach is flexible, in that further

cellular phenotypes can easily be added to the model; computationally efficient,
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Ω1 Ω2

micro-scale

macro-scale

Ω
(homogenised)

micro-scale

macro-scale

Figure 5.1: Comparison of the partitioned phenotypes and homogenised
phenotypes models. The case on the left may be divided into two partitioned regions,
each containing a single type of cell. Systems of this type may be simulated using the
partitioned phenotypes model. Partitioning the case on the right into single-phenotype
regions would result in many tiny partitions. Performing the homogenisation process
over regions containing both types of cell using the homogenised phenotypes approach
is therefore preferable.

as there is no requirement to precisely partition the mesh into regions of a single

cell type; and is able to naturally model variability in the proportions of cell

types, ranging from exclusively one type to an equal mix.

We refer to the new model as the homogenised phenotypes model (often short-

ened to the HP model), and compare it to the traditional form of the bidomain

model with partitioned regions (the partitioned phenotypes, or PP model). The

two approaches are illustrated in Figure 5.1.

5.2.4 Derivation of the homogenised and partitioned phenotypes

models

The derivation of the homogenised phenotypes model follows that of the bidomain

model that has been presented by many other authors (for example, Keener and

Panfilov, 1996; Keener and Sneyd, 2009; Bruce et al., 2014) with a modification to

the domain over which the homogenisation process is carried out. This is shown

in Figure 5.2, where there are two different types of cell present in the marked

domain over which the homogenisation is to be carried out. The full derivation

of the homogenised phenotypes model was prepared for the paper, Bowler et al.
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(2019), by Jonathan Whiteley; rather than present this derivation with minor

modifications, the version from the paper may be found in Appendix A2.

The derivation is now summarised briefly. Initially, the derivation proceeds

according to that of the traditional bidomain equations. We assume that cardiac

tissue may be divided into two continuously interconnected regions, the intra-

cellular and extracellular domains. Within these domains, the intracellular and

extracellular currents may be considered Ohmic, as we discussed previously in

Section 3.3. This tissue differs from that treated in the usual form of the bidomain

equations in that it contains two different types of cell, which may have different

properties. The cells are arranged in a periodic lattice, shown in Figure 5.2. The

dimensions of this periodic unit, l, are much smaller than the lengthscale of the

solution, L; typical values for the parameters would be l ≈ 200 µm (the diameter

of a small group of cells) and L ≈ 2000 µm (the typical length of a region of tissue

undergoing the rapid depolarisation phase of the action potential). We can then

treat the solutions on the micro and macroscales separately, and may write the

intracellular and extracellular potentials, φi and φe, as asymptotic expansions in

the parameter δ = l/L. Substituting the expanded forms of φi and φe into the

equations for the ionic currents and the conservation of current throughout the

domain Ω yields terms in different powers of δ. Integrating terms in certain pow-

ers of δ over first the intracellular, and then separately the extracellular, domains

returns us to the usual form of the bidomain equations, but with variability in

cell type built into the model.

For two cellular phenotypes, the governing equations of the homogenised phe-

notypes model are given by

∇ · (σi∇Vm + (σi + σe)∇φe) = Istim
total (5.1)

χ

(
Cm

∂Vm
∂t

+ Iion

)
−∇ · (σi∇(Vm + φe)) = −Istim

i , (5.2)

with

Cm = ρ1Cm1 + ρ2Cm2, (5.3)

Iion = ρ1 Iion,1(Vm,u1) + ρ2 Iion,2(Vm,u2), (5.4)
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repeated unit

Ωi

Ωe Γm1

Γm2

l

Phenotype 1

Phenotype 2

Figure 5.2: Cells of two different phenotypes in the homogenised phenotypes
model. The repeated unit is made up of both cell types; it should be noted that
the two types do not have to be present in equal proportions. Ωi and Ωe denote
the intracellular and extracellular domains respectively. The surface area of the cell
membrane within the repeated unit is given by Γm = Γm1 + Γm2. The lengthscale of
the solution, L, is assumed to be much larger than the lengthscale of the repeated unit,
l.

where the subscripts indicate the cell type, and ρ1, ρ2 denote the relative propor-

tions of cell membrane of each type of cell within the unit volume over which the

homogenisation is performed. We note that we have modified the notation from

Appendix A2 to fit with that already established in the earlier chapters of this

thesis, and have returned the equations to their usual dimensional form with a

stimulus current. Further cellular phenotypes beyond the two indicated here are

simple to add to the model.

We can see that the bidomain equations themselves (equations (5.1) and (5.2))

are identical to those we derived in Chapter 3 (equations (3.27) and (3.28));

it is in the form of the capacitance and ionic current where the effects of the

altered homogenisation process can be seen. Implementation of the homogenised

phenotypes model therefore requires no changes to existing bidomain solvers,

which is a great advantage for this approach relative to the extended bidomain

model.
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5.3 Implementation

In Section 4.3, we described how a numerical solution to the monodomain and

bidomain equations may be obtained through the finite element method. We now

explain briefly how this approach is modified for each of the homogenised and

partitioned phenotypes models. The full details of the Matlab implementation

of the finite element method for the simulations in this chapter may be found in

Section A1.1.

We describe these changes in terms of the monodomain model, which we

use for the simulations throughout this chapter. As we do not investigate the

extracellular potential at this stage, and assume constant intra and extracellu-

lar conductivities, the bidomain model may be equivalently represented by the

monodomain model.

If we briefly recall from Chapter 3, the monodomain model may be written

as

χ

(
Cm

∂Vm
∂t

+ Iion

)
+ Istim = ∇ · (σ∇Vm), (5.5)

with the no-flux boundary condition

n · (σ∇Vm) = 0. (5.6)

Following application of the finite element method detailed in Section 4.3, the

linear system to be solved for v (the nodal vector of membrane voltage Vm) at

time-step n may be written as

(χCmM + σK) vn = χCmMvn−1 −∆tMbn−1, (5.7)

where M and K are the mass and stiffness matrices and b is the sum of the nodal

values of ionic and stimulus currents, b = χiion + ivol.

5.3.1 The homogenised phenotypes model

In equations (5.1) to (5.4), we noted that the differences from the normal formu-

lation of the bidomain model occur in the terms Cm and Iion, which are replaced
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by weighted averages of the values from the two phenotypes, according to the pro-

portion of cell membrane from each cell type at a given location in the domain.

The same holds true for the homogenised phenotypes form of the monodomain

equation: the only changes required in the implementation are to the values of Cm

and Iion. This will particularly affect the entries of vector b from equation (5.7).

In Section A1.1.1, we provide a more detailed description of how these changes

are implemented for a monodomain problem, and describe some optimisations

that may be made during the calculation of the homogenised ionic currents.

Throughout this chapter, we assume that cells of the two types under consid-

eration have the same size and shape. We can therefore define ρ1 and ρ2 in an

alternative manner: the relative proportions of the cell membrane of the two cell

types are equivalent to the relative proportions of the numbers of each of those

types.

5.3.2 The partitioned phenotypes model

In the partitioned phenotypes model, the values of the parameters χ, Cm and σ,

along with the ionic current Iion, are dependent on which of the cell types are

present in a given area. For simplicity, we hold χ, Cm and σ constant throughout

this chapter. We must therefore consider how the values of Iion are defined.

There are two possibilities: either we define the model phenotype (and there-

fore the cellular electrophysiology model used to calculate Iion) at the nodes of

the mesh, or at the elements of the mesh. The node-wise approach is simpler

to implement from a computational perspective, but the boundaries between re-

gions of different phenotype are not clearly defined. The element-wise approach

overcomes this problem, but requires additional stages in the implementation to

ensure that vector b (from equation (5.7)), which contains the nodal values of

the ionic current, is calculated correctly.

Details of the two approaches and their implementations may be found in

Section A1.1.2. We compare the numerical convergence properties of the two

methods in Section 5.5, and choose to use the element-wise approach for the
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partitioned phenotypes simulations later in this chapter as the boundaries of

regions of different phenotype are well-defined.

5.4 Description of Simulations

Now that we have demonstrated the implementation of the homogenised and

partitioned phenotypes models, we now compare the two models by simulating

a one dimensional fibre. Using the simulations outlined below, we aim to verify

that our homogenised model produces the behaviour that is expected of it, i.e.

that the behaviour of the partitioned phenotypes model approaches that of the

homogenised phenotypes model as the partition size tends towards zero. We also

wish to compare the partitioned phenotypes and homogenised phenotypes models

for different distributions of phenotypes, and to assess the regimes under which

each model is valid.

We have divided our simulations into six sets that we describe below. In the

first five sets, we use the phenomenological FitzHugh-Nagumo action potential

model. This model can provide a wide range of action potential morphologies

if its three parameters are altered. In the final set of simulations, we use the

physiological Paci et al. (2013a) models of atrial-like and ventricular-like hSC-

CM electrophysiology.

5.4.1 List of simulations

Set 1: This set of simulations is designed to test whether the action potentials

of the PP model tend towards those of the HP model as the size of the unit that

we homogenise over is decreased; that is, in the limit δ → 0 that we discussed in

Section 5.2.4. We increase the numbers of partitioned units throughout the fibre,

therefore decreasing the size of the partitioned unit while the relative proportions

of the two model phenotypes are kept constant. The arrangement of the model

phenotypes within the fibre may be found in the top panel of Figure 5.3. The

biomarkers derived from the action potentials of the PP systems are compared

to those from the HP case. We test four different pairs of parametrisations of the
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FitzHugh-Nagumo model, with the pairs covering all combinations of spontaneous

and excitable activity.

Set 2: In our second stage of verification, we test two sizes of partitioned unit and

alter the relative proportions of the two model phenotypes, ρ1 and ρ2, throughout

the series of simulations, and compare the beat rates from both models. Our aims

here are twofold: firstly, we wish to determine whether the beating condition

of the FitzHugh-Nagumo model (spontaneous activity only occurs if α, one of

the model parameters, is less than zero) holds in the fibres, and secondly, we

investigate whether the beat rate of the PP model matches that of the HP model.

The layout of model phenotypes is shown in the middle panel of Figure 5.3.

Set 3: We will see later that the model phenotype used at the boundaries of the

fibre can have an impact on the location of the pacemaker region. Our third set

of simulations investigates the effects of the boundary phenotype in more detail.

The bottom panel of Figure 5.3 shows how the fibre is partitioned into n units.

When n is even, the system has a different model phenotype at either end. For

odd n, the phenotypes at both ends of the fibre are the same. We examine how

the activation pattern and conduction velocity are affected by the presence of a

slow or fast-beating model phenotype at the boundaries of the fibre.

Set 4: Until now, our investigations have assumed constant proportions of the

two model phenotypes throughout the fibre. However, this assumption is unreal-

istic in a biological context: whatever the actual distribution of cell types, they

are unlikely to be consistent throughout the entire tissue. We therefore compare

the activity of a homogenised fibre where the two model phenotypes are set in a

smoothly varying pattern to a small-unit version of the PP model. In the fibre

where the HP model is used, the proportions of the two model phenotypes are

given by

ρ1(x) = 0.5 + A sin

(
2πx

L

)
and (5.8)

ρ2(x) = 1− ρ1(x), (5.9)
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Set 1: Variation in the size of the partitioned unit

Set 2: Beat rate and excitability condition

Set 3: Boundary effects in the PP model

n = 30

n = 40

n = 60

n = 80

n = 120

n = 160

n = 192

n = 240
ρ1 = ρ2 = 0.5

PP model

HP model

PP model, n = 60 HP modelRatio ρ1

1:4

1:3

1:2

1:1

2:1

3:1

4:1

0.20

0.25

0.33

0.50

0.67

0.75

0.80

The PP model simulations were also repeated with n = 240.

n = 30

n = 31

n = 31

n = 60

n = 61

n = 61

n = 120

n = 121

n = 121

n = 240

n = 241

n = 241

Left: phenotype 1, right: phenotype 2.

Left and right: phenotype 1.

Left and right: phenotype 2.

Figure 5.3: Spatial layout of the different phenotypes in the first three sets
of simulations. The dark and light shades of blue represent regions where one of
two different model phenotypes is exclusively present. Intermediate colours denote the
homogenised model with appropriate values of ρ1 and ρ2 (the relative contributions of
each phenotype). When the PP model was used, the domain was divided into n equally
sized partitioned units.
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where the amount of variation is set by parameter A (with A ≤ 0.5) and L is the

length of the fibre. In the PP model, the pattern is generated by first dividing

the fibre into n partitioned units. At the centre of each unit, ρ1 and ρ2 are

calculated according to the above equations. Each partitioned unit is then split

into proportions ρ1 and ρ2, with the left-hand section of each unit designated as

phenotype 1, and the remainder as phenotype 2. The layouts are shown in the

top panel of Figure 5.4.

Set 5: We now introduce some random variation into the partitioned phenotype

layouts used in the Set 4 simulations. In the PP model, the model phenotype is

assigned to each of the partitioned units with the probability

P(unit is phenotype 1) = 0.5 + A sin

(
2πxunit

L

)
, (5.10)

where xunit is the centre-point of each partitioned unit. We also impose the

restriction that an equal number of units with each of the two phenotypes are

present in the fibre. For each of our choices of parameter A, we simulate 15

different arrangements of model phenotypes. The ρ1 and ρ2 values in the HP

model are set in the same manner as in the Set 4 simulations. Examples of the

phenotype layouts can be found in the middle panel of Figure 5.4. We primarily

examine the activation times, with the aim of determining whether the HP and

PP models give consistent results with regard to the location of the pacemaker

and conduction velocity.

Set 6 (physiologically-based system): Our final set of simulations closely follows

the design of those in Set 5, but a physiological cell model is used rather than

a phenomenological model. The first cell model is the ventricular-like model of

Paci et al. (2013a), while the second model is the atrial-like model from the same

paper. In addition to altering the parameter A, we also alter the number of units

that the fibre is partitioned into. Examples of the layouts can be seen in the

bottom panel of Figure 5.4. For each case, we can consider how well the HP

model result represents that of the PP model, and see what physical size of the

partitioned unit that this corresponds to.
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Set 4: Regular spatial variation in phenotype proportion

Set 5: Random spatial variation in phenotype proportion

Set 6: Random spatial variation in phenotype proportion, using the Paci et al. (2013) cell model

A = 0.5 HP model, with 0.0 < ρ1,ρ2 < 1.0

PP model, with n = 60

PP model, with n = 120

PP model, with n = 240

A = 0.3 HP model, with 0.2 < ρ1,ρ2 < 0.8

PP model, with n = 60

PP model, with n = 120

PP model, with n = 240

A = 0.1 HP model, with 0.4 < ρ1,ρ2 < 0.6

PP model, with n = 60

PP model, with n = 120

PP model, with n = 240

A = 0.5

PP model, with n = 120 (2 of 15 shown)
0.0 < P(unit is phenotype 1)< 1.0

HP model, with 0.0 < ρ1,ρ2 < 1.0

A = 0.3

PP model, with n = 120 (2 of 15 shown)
0.2 < P(unit is phenotype 1)< 0.8

HP model, with 0.2 < ρ1,ρ2 < 0.8

A = 0.1

PP model, with n = 120 (2 of 15 shown)
0.4 < P(unit is phenotype 1)< 0.6

HP model, with 0.4 < ρ1,ρ2 < 0.6

A = 0.5 HP model, with 0.0 < ρV ,ρA < 1.0

PP model with n = 20 (2 of 15 shown)
0.0 < P(unit is atrial-like)< 1.0

PP model with n = 30 (2 of 15 shown)
0.0 < P(unit is atrial-like)< 1.0

PP model with n = 120 (2 of 15 shown)
0.0 < P(unit is atrial-like)< 1.0

Simulations were also performed with A = 0.3 and A = 0.1. The layout of
model phenotypes in these cases follows those shown in the middle panel.

Figure 5.4: Spatial layout of the different phenotypes in the final three sets
of simulations. As in the previous figures, the two shades of blue represent two
different model phenotypes. In Sets 4 and 5, we utilise the parametrisations of the
FitzHugh-Nagumo model, while in Set 6, we use the Paci et al. (2013a) models of
atrial-like and ventricular-like hSC-CM electrophysiology.
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5.4.2 Parameters of the cellular electrophysiology and monodomain

models

For simplicity and flexibility, we use the FitzHugh-Nagumo model (FitzHugh,

1961; Nagumo et al., 1962, hereafter referred to as the FHN model) with differ-

ent parameter sets to represent action potentials of different cellular phenotypes

for simulation Sets 1–5. The FHN model may be used as an abstract model

of cardiac electrophysiology; it captures the main qualitative features of the ac-

tion potential such as excitability (extending to self-excitability for appropriate

choices of parameter values) and a fast upstroke. The FHN model does not simu-

late individual ionic currents as the physiological models of Hodgkin and Huxley

(1952a), Noble (1962) and other biophysically-based models do; rather, it is a

phenomenological model that contains an activation variable which is akin to the

membrane voltage (we consequently use the notation Vm for consistency with

our previous descriptions of cell and tissue-scale simulations) and an inactivation

variable w. The model is written as

Iion(Vm, w) = Vm(Vm − α)(1− Vm)− w (5.11)

dw

dt
= εVm − βw, (5.12)

where we have written the parameters of the FHN model in terms of α, β and

ε rather than the usual α, γ and ε (our variable β = εγ). α, β and ε all vary

across the fibre to represent the action potentials of different cellular phenotypes.

The α parameter determines the excitability of the system. If α < 0, the system

will self-excite; otherwise, a stimulus is required. We refer to these two types of

model as ‘self-exciting’ and ‘excitable’, respectively (however, we do note that an

action potential can also be triggered by a stimulus in self-exciting models).

The linearity of the model in α, β and ε means that the homogenised case can

simply be implemented by calculating the homogenised parameters, e.g. αH =

ρ1α1 +ρ2α2 (similarly for β and ε) and using these values in the usual formulation

of the FHN model given in equations (5.11) and (5.12).

For this investigation, we define six sets of the α, β and ε parameters for
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Figure 5.5: Action potentials of the six parametrisations of the FitzHugh-
Nagumo model. The three self-exciting models (top) beat at their natural frequen-
cies, while the excitable models (bottom) are stimulated every 500 time units. Upstroke
times have been aligned at time = 0.

Name α β ε rate APD90 MDP

Model S1 −0.12 2× 10−7 0.002 0.0019 122.0 −0.433
Model S2 −0.08 3× 10−7 0.003 0.0027 81.3 −0.410
Model S3 −0.06 4× 10−7 0.004 0.0034 61.6 −0.400
Model E1 0.12 2× 10−7 0.002 N/A 84.6 −0.281
Model E2 0.08 3× 10−7 0.003 N/A 67.1 −0.310
Model E3 0.06 4× 10−7 0.004 N/A 54.3 −0.326

Table 5.1: Values of the FHN model parameters α, β and ε. These sets of pa-
rameters were used to produce the different action potentials shown in Figure 5.5.
Alongside, we list the dimensionless values of beat rate, action potential duration
(APD) and maximum diastolic potential (MDP) for each model.

three self-exciting (S1–S3) and three excitable (E1–E3) models. The parameters

chosen for these models result in action potentials with clearly different beat rates

and action potential duration and have a range of positive and negative α values,

meaning that both spontaneous and excitable cell types are represented.

By beating spontaneously, the self-activating models are representative of

hSC-CM action potentials, while the excitable models are closer to those produced

by adult cardiomyocytes. The parameters of the six forms of the FHN model are

listed in Table 5.1, with the action potentials shown in Figure 5.5. The parameters
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Parameter Value Value
(FHN model) (Paci et al. (2013a) model)

Cm 1 1 µF cm−2

χ 1 1400 cm−1

σ 1 0.3 mS/cm
x-domain 0–100 0–1 cm
x-step 0.013 0.000 52 cm
simulation duration 8000 20 s
time step (PDE) 2−10 2.5× 10−4 s
time step (ODE) 2−10 5× 10−6 s
initial conditions v = 1× 10−3 As listed in the supplement

w = 0 of Paci et al. (2013a)
stimulus period 500 N/A
stimulus duration 2 N/A
stimulus magnitude −0.4 at 0 < x < xend/30 N/A

Table 5.2: Tissue-level parameters for monodomain simulations. The stim-
ulus was only applied when the model combinations present in the fibre would not
otherwise spontaneously activate. All quantities in the FHN simulations are dimen-
sionless.

relevant to the monodomain simulations are given in Table 5.2.

In our final set of simulations, we use a physiologically-based cellular elec-

trophysiology model to examine the differences between the HP and PP models

in the context of hSC-CMs. The Paci et al. (2013a) model is available in two

parametrisations, one for atrial-like and the other for ventricular-like hSC-CM

electrophysiology. At the present time, there is no model available for the nodal-

like cells, so for that reason and for simplicity we restrict ourselves to including

only atrial-like and ventricular-like cell types in our simulations. The ionic cur-

rent of the HP version of the Paci et al. (2013a) model is calculated using equa-

tion (5.4) and the ionic currents from the original atrial-like and ventricular-like

versions of the model. The parameters needed for the monodomain simulations

are given in the right-hand column of Table 5.2.

5.5 Convergence Analysis

Before performing the simulations described in the previous section, it is im-

portant to check that the code is working as expected and that we achieve the
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expected rates of numerical convergence. Verification of the monodomain solver

code was performed by utilising an analytic solution to the monodomain equation

proposed in Pathmanathan and Gray (2014). By using a simple ODE system in

place of an action potential model, the authors were able to compute analytic so-

lutions for the monodomain, bidomain and bidomain-with-bath systems in one,

two and three dimensions. We compared the solution of the one-dimensional

monodomain problem to that computed by the monodomain solver used for the

simulations throughout this chapter, and found that the expected results were

generated and the errors due to the space and time steps (denoted by h and k,

respectively) converged at the appropriate rates.

To assess the convergence properties of the simulations in this chapter, we

began by testing a simple simulation composed entirely of Model S1, one of the

self-activating FHN models. However, this system exhibits entirely synchronous

activation — this behaviour merits more discussion than there is space for here,

so we will return to the topic in Section 5.5.3. We therefore use a slightly more

complex system for our convergence analysis.

We instead test a selection of the simulations from Set 1, with an emphasis

on the simulation with 240 partitioned units (the smallest size of partitioned

unit tested). We alternate the Model S1 and Model S3 parametrisations of the

FitzHugh-Nagumo model across the partitioned units.

Following Pathmanathan and Gray (2014), we computed two error metrics,

||Vm||L∞(L2) = max
t∈[0,T ]

||Vm(t)||L2(Ω),

where ||Vm(t)||2L2(Ω) =

∫
Ω

V 2
m dx and

||Vm||L2(H1) =

(∫ T

0

||Vm(t)||2H1(Ω) dt

)1/2

,

where ||Vm(t)||2H1(Ω) =

∫
Ω

V 2
m + |∇Vm|2 dx.

which should converge at rates of O(h2 + k) and O(h + k), respectively. The

error metrics are based on the differences between the values of the activation

value achieved in the reference simulations and the other simulations, so that
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Figure 5.6: Spatial rates of convergence using the node-wise partitioned
phenotypes model. The L∞(L2) convergence metric is shown on the left, and the
L2(H1) metric is shown on the right. The expected rates of convergence, O(h2) and
O(h), are indicated by the gradients of the triangles alongside the error markers.

Vm = |Vm,computed−Vm,reference|. As we have no analytic solution to compare these

simulations to, we instead use the simulation with the finest spatial or temporal

steps as our reference solution.

In Sections 5.5.1 and 5.5.2, we examine the convergence properties of the node-

wise and element-wise implementations of the PP model that were described in

Section 5.3. We do not specifically show the convergence properties of the HP

model as it is essentially implemented as a single-phenotype version of the PP

model with different parameters of the cellular electrophysiology model at each

node.

5.5.1 Convergence of node-wise partitioned phenotypes model

As we discussed in the previous section, using the node-wise implementation of

the PP model should not give us an accurate result due to the errors accumulated

during the integration of the ionic current.

In Figure 5.6, we show how the rate of spatial convergence is weaker than

would be expected. The two error metrics each clearly reduce at a slower rate
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Figure 5.7: Spatial rates of convergence using the element-wise partitioned
phenotypes model. The left plot shows the L∞(L2) convergence metric and expected
rate of O(h2), and the right shows the L2(H1) metric and O(h) rate.

than expected, highlighting how this method is not ideal for use in simulations

where there are many regions of different phenotype.

5.5.2 Convergence of element-wise partitioned phenotypes model

In contrast to the node-wise implementation, the rate of spatial convergence in

the element-wise implementation is as expected. In Figure 5.7, the error metrics

decrease at the rate indicated by the dashed lines. This plot confirms that the

properties of the element-wise implementation are as expected from the underly-

ing theory. Given the much weaker convergence in the node-wise implementation,

we will use the element-wise implementation of the PP model for all the remaining

simulations in this chapter.

Figure 5.8 shows the rate of convergence as the PDE time-step, k, is reduced.

The ODE time-step was held constant for this series of simulations, but letting

the ODE time-step vary so that it was equal to the PDE time-step produced very

similar results. Again, we see that we achieve the expected rates of convergence.
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Figure 5.8: Temporal (PDE time-step) rates of convergence using the
element-wise partitioned phenotypes model. The expected convergence rate
of O(k) is indicated by the slope of the grey triangles.

5.5.3 A note on synchronisation of coupled oscillators

We briefly mentioned in the previous section that synchronous activation was

observed in one-dimensional fibre simulations where the same parametrisation

of the FHN model was used throughout the entire fibre. There are numerous

examples of oscillator coupling in biology leading to synchronised activity, from

the flashing of fireflies to metabolic synchrony in yeast (Strogatz, 2000). Many of

the biological examples are of weakly coupled, all-to-all systems, which have been

described by Winfree (1967), Kuramoto (1981), and Mirollo and Strogatz (1990),

amongst others. Our example of synchronous beating is not surprising given the

results of the Kuramoto model, namely that weakly-coupled systems of coupled

oscillators will synchronise given sufficiently similar frequencies of oscillation.

In our case, the identical action potentials across the fibre met this condition,

with the identical initial conditions giving no room for variation from the fully

synchronous state.
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5.6 Comparison of the Partitioned and Homogenised

Phenotypes Models

Now that we have confirmed the convergence properties of our models, we can

discuss the simulations that we proposed in Section 5.4. The features of the action

potential, or biomarkers, to which we frequently refer, were shown previously in

Figure 2.4.

5.6.1 Set 1: Variation in the size of the partitioned unit

In our first set of simulations, we utilise the layout of phenotypes shown in the

top panel of Figure 5.3 with four different combinations of the cellular electro-

physiology models described in Section 5.4.2. Both models are present in equal

proportions, so we have ρ1 = ρ2 = 0.5 in the HP model, which gives us αH val-

ues that are above and below zero (recalling that spontaneous beating occurs if

α < 0) across the range of models we tested. The model phenotype combinations

are as follows:

Models S1 and S3: both self-exciting, with αH = −0.09;

Models S1 and E2: self-exciting and excitable respectively, with αH = −0.02;

Models S3 and E2: also self-exciting and excitable, but with αH = 0.02; and

Models E1 and E3: both excitable, with αH = 0.09.

The first two combinations listed have similar characteristics to action po-

tential morphologies typical of hSC-CMs. In the first, both models are able to

spontaneously activate (although they do so at different rates). The second com-

bination is indicative of more mature cultures of hSC-CMs; one self-activating

and one excitable phenotype are now present but the combination should still

spontaneously beat. The third case is similar to the second, but spontaneous

activation is no longer expected. The final case corresponds to a mixture of two

types of mature cells, neither of which activate spontaneously. As spontaneous

activity was not anticipated in the final two combinations of model phenotypes

due to the positive values of αH , a stimulus was applied to the left-hand side of
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the fibre.

As we described in Section 5.4.1, the primary aim of the Set 1 simulations is

to validate our homogenisation procedure. We therefore expect to see that the

action potentials of the PP model tend towards those of the HP model as the

number of partitioned units is increased, and the size of each partitioned unit

gets smaller.

We examine three biomarkers to investigate the validity of our homogenisa-

tion. The first two, the action potential duration, APD90, and maximum diastolic

potential, MDP, are calculated from the action potential at a particular location.

The third biomarker is the tissue-level conduction velocity, calculated from the

activation times throughout the fibre.

Validation of the homogenisation process: APD90 and MDP

In Figure 5.9, we plot the APD90 for the PP simulations with varying numbers of

partitioned units, n, and the HP simulations with the four different combinations

of model phenotype. On the left of the figure, we plot the APD90 across the entire

fibre for selected cases: the HP model, the PP model with small partitioned units

(n = 240) and the PP model with large partitioned units (n = 30). On the right-

hand side, we plot the minimum and maximum values of the APD90 that occur

over the central region of the fibre. As the stimulus can have a substantial effect

on the value of the APD90 and other biomarkers, only the values between x = 35

and x = 65 are taken into account in these plots.

We plot the maximum diastolic potential (MDP) in a similar manner in Fig-

ure 5.10. These two figures can now be used to judge the success of the ho-

mogenisation process. In the plots on the left of Figures 5.9 and 5.10, we can

see that the biomarkers of small-unit PP model closely follow those of the HP

model. In the large-unit PP model, substantial spatial variation of the biomark-

ers is observed; this variation is approximately 5% of the value of the biomarkers

and such variation could conceivably be detected in the APD90 by experimental

techniques such as optical mapping (the MDP is difficult to measure in tissue

93



5:Models of Multiple Phenotypes

Figure 5.9: Variation in APD90 (time to achieve 90% repolarisation) during
the final beat in Set 1 simulations. Left: variation in APD90 across the fibre
for the smallest and largest sizes of partitioned unit, along with the homogenised case.
Right: the minimum and maximum APD90 values found in the region 35 < x < 65 in
each simulation. See the top panel of Figure 5.3 for the layout of model phenotypes
across the fibre. In the simulations where the fibre could not self-excite (Models S3
and E2, and Models E1 and E3, shown in the lower two panels), the influence of the
stimulus on the APD90 can be observed in the region x < 10.

unless sharp microelectrodes are used). In the plots on the right of Figures 5.9

and 5.10, we clearly see the trend that we expected: as the size of the parti-

tioned unit decreases, the values of the biomarkers tend towards those observed

in the HP model. The confirms that our homogenisation process has worked as

expected.

Anomalous biomarker values

The results shown in Figures 5.9 and 5.10 generally follow a smooth trend as

the size of the partitioned unit decreases and the biomarkers of the PP model

approach those of the HP model. However, there is an exception to this trend
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Figure 5.10: Variation in maximum diastolic potential (MDP) from Set 1
simulations. Left: variation in MDP across the fibre for the smallest and largest
sizes of partitioned unit, along with the homogenised case. Right: the minimum and
maximum MDP values found in the region 35 < x < 65 in each simulation.

that can be seen in the APD90 biomarker when Models S3 and E2 were used

(third panel of Figure 5.9). This is due to the large size of the partitioned units

in this case — we cannot assume that the value of αH (and the implications for

spontaneous beating) is valid in this regime.

In this example, the large-unit simulations of the Model S3-E2 combination

are able to spontaneously activate. The action potentials therefore switch be-

tween spontaneous and stimulated, as the stimulus at the left of the fibre is still

applied every 50 time units. The change in beat rate has an impact on the

APD90, which can be seen in Figure 5.9: the final beat in the simulation with

the second-largest partitioned unit was spontaneous rather than triggered by the

stimulus. This is also the case for the simulation with the largest partitioned

unit, but with a less marked effect on the APD90 due to differences in the offset
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between the spontaneous beat and the stimulus. This result does indicate an

important difference in the characteristic behaviour of the PP and HP models,

but in the regime of the large partitioned unit, we would not necessarily expect

the results of the HP and PP models to match.

Boundary effects

In Figures 5.9 and 5.10, we note that the biomarker values vary with the model

phenotype across the fibre. However, the values at the boundaries of the fibre

differ from those in the middle. This is due to the travelling activation wave,

Vm = f(x− ct), being unable to meet the no-flux boundary condition if it was to

continue in the same way that it passed across the middle of the domain.

The impact of the no-flux boundary condition on the action potential duration

has previously been investigated by Cherry and Fenton (2011), who simulated a

single-phenotype domain and noted that the APD90 was shorter in the vicinity

of the boundaries. If we consider a travelling wave approaching the boundary,

we note that the section immediately prior to the boundary will repolarise before

the section at the boundary itself. To meet the no-flux boundary condition, the

membrane voltage at the boundary therefore reduces sooner than it otherwise

would, leading to a shorter APD90 than in the rest of the fibre.

As we have a dual-phenotype fibre, our situation is slightly more complex,

but we still see the effects reported by Cherry and Fenton (2011) in many of the

simulated fibres. Rather than only being influenced by the direction of the travel-

ling wave, the biomarkers are also influenced by the underlying model phenotype.

We observe prolongation of APD90 at some boundaries (particularly prominent in

the n = 30 S1–E2 system), where the model with the intrinsically longer APD90

also acts as the pacemaker, causing it to take longer to depolarise than the same

model would if it were in the centre of the fibre.
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Figure 5.11: Conduction velocity of the travelling waves in the Set 1 sim-
ulations. The conduction velocity was calculated through the region 35 < x < 65.
When the HP model was used for the self-exciting systems, the activation time was
identical throughout the entire fibre. This is equivalent to the conduction velocity be-
ing infinite; consequently, the top two panels do not indicate the conduction velocity
of the HP model.

Validation of the homogenisation process: Conduction velocity

Our final biomarker of interest, the conduction velocity, is calculated on the

tissue-scale. In Figure 5.11, we plot the conduction velocity of the HP and PP

models when the four phenotype combinations were used.

In the stimulated fibres, we observe good agreement between the conduction

velocity if the HP and PP models of all sizes of partitioned unit. However,

this is not the case in the spontaneously activating fibres. The S1-S3 and S1-

E2 HP model fibres activate entirely synchronously, giving an infinite conduction

velocity. This is to be expected, given that we have a system of coupled, identical

oscillators that have consistent initial conditions at the start of the simulation.

The small-unit PP models approach this limit, with clear increases in conduction

velocity as we approach the limiting case of well-mixed phenotypes. As we can see

that the biomarker values of the small-unit PP models tend towards those of the

HP model, we can again state our confidence in the homogenisation procedure.

Biological interpretation

Given how the biomarkers and conduction velocity of the PP model tend towards

those of the HP model as the size of the partitioned unit decreases, we conclude
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that these methods give consistent results in the well-mixed limit. We are unlikely

to come across a biological situation with such regular spatial distributions of

model phenotype, and the behaviour apparent in this set of simulations agrees

with that conclusion. If the cell types were so regularly arranged, we would

expect synchronous (or very fast) activation. However, the experimental reports

(see Section 2.5.1) have shown that conduction velocities in hSC-CM monolayers

are lower than those reported in adult cardiac tissue, and pacemaker regions are

not exclusively located at the tissue boundaries.

5.6.2 Set 2: Comparison of beat rate using the partitioned and

homogenised phenotypes models

In our second stage of the verification of the HP model, we first look to see whether

the beating condition of the FitzHugh-Nagumo model (α < 0 for spontaneous

beating) holds, and then compare the beat rates of fibres simulated using the PP

and HP models.

We pair each self-activating action potential model (S1, S2, S3) with each

of the excitable models (E1, E2, E3). We alter the relative proportions of the

two models, ρ1 and ρ2, in both the HP and PP fibres, giving us a range of

model combinations with different values of the homogenised parameter αH =

ρ1α1 + ρ2α2. We perform two sets of simulations with the PP model, one with

mid-sized partitioned regions (n = 60) and another with much smaller partitioned

regions (n = 240). The partitioned units are assigned a model phenotype in a

regular pattern. Rather than alternating the phenotype of each partitioned unit,

the precise layout is determined by the relative proportions of the two phenotypes

(see Figure 5.3 for further details).

Validation of the homogenisation process: Spontaneous beat rate

We plot the beat rates of the PP and HP fibres in Figure 5.12, as crosses and

dots respectively.

We first examine the discrepancy in beat rate between the HP and PP models
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Figure 5.12: Beat rate from Set 2 simulations. The fibre was partitioned into
60 (top) and 240 (bottom) equally sized regions. The model phenotype layout can be
seen in Figure 5.3. The relative proportions of the two model phenotypes are altered for
each of the combinations listed in the legend, giving different values of the homogenised
αH parameter. The beat rates of fibres using the partitioned model (with n = 60 or
240, crosses) and the homogenised model (dots) are compared.

in both panels of Figure 5.12. The beat rates of the HP and PP models differ

more when the partitioned units are large (top panel) than when the partitioned

units are small (bottom panel). As we again see that the small-unit PP model

gives more similar results to the HP case, this acts as a further demonstration of

the validity of the homogenisation process.

Validation of the homogenisation process: Excitability criterion

We now look at a particularly interesting region, that around αH = 0. In the

large-unit PP model, we can see that the beating condition of the FHN model

is not quite adhered to: there are several cases in the top panel of Figure 5.12

where spontaneous beating occurs even though αH = 0, and one case when

αH > 0. We discussed a comparable scenario in the previous section (Set 1 series

of simulations), when we noted that activation of a spontaneously beating model
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phenotype could occur at the fibre boundary, even when one would otherwise ex-

pect the fibre to be quiescent based on the homogenised value of the parameter α.

When we use the larger-sized partitioned units (n = 60, top panel of Figure 5.12),

there are a few cases where spontaneous activity arises from the boundary even

though we have αH ≥ 0. In contrast, spontaneous activity from the HP model

strictly occurs only when αH < 0, and the excitation is fully synchronised across

the fibre as there is no spatial variation in model phenotype.

Biological interpretation

With this set of simulations, we have shown how activation is initiated at the

boundary given a repetitive pattern of model phenotypes, even when the two

types are not present in the same proportion. As we have noted previously,

synchronised activity or activity exclusively originating from the boundaries are

not consistently reported from experiments. We must therefore investigate the

effects of the boundary phenotype and spatial heterogeneity to see if we can

reproduce the type of activation waves observed experimentally.

5.6.3 Set 3: Influence of the boundary phenotype on activation

To examine the effect of the phenotype of the unit at the boundary on activation

in the PP model, we alter the model phenotype that is located at the boundary

of three otherwise similar phenotype layouts. We use Models S1 and S3 for this

investigation as their spontaneous activity is representative of the beating of hSC-

CMs. In the first case, where we have an even number of partitioned units, the

outer model phenotype on the left hand side of the fibre is Model S1, while that

at the right is Model S3. In the other two cases, we have an odd number of units

(one more than in the even-n cases). In one of these, Model S1 is present at both

boundary units, while in the other Model S3 is present at both boundaries. We

test these three patterns of model phenotypes with a range of sizes of partitioned

units.
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Figure 5.13: Activation times of all recorded beats during the Set 3 simu-
lations. The fibres were divided into 30 or 31 partitioned units (top), 60 or 61 units,
120 or 121 units and 240 or 241 units (bottom). The activation times are normalised
so that the earliest activation time during each beat is set to 0. The layouts of the
model phenotypes are shown in the third panel of Figure 5.3, and the phenotypes of
the partitioned units located at the boundaries are additionally listed at the top of the
plots.

Activation sequence with different boundary phenotypes

We plot the activation times of every beat in each of the three cases in Figure 5.13.

In each row of the figure, we move to a smaller size of the partitioned unit: at

the top, we have 30 or 31 units, with 60 or 61, 120 or 121, and 240 or 241 in the

rows below.

Throughout the simulations shown in Figure 5.13, the origin of activation is

consistent as the number of partitioned units is increased. The activation wave

always originates from a region of the faster-beating model phenotype; if Model

S3 is present at one of the boundaries, the activation wave originates there. In

the central case, activation begins at the central instance of Model S3, as the

slower-beating Model S1 takes longer to reach the activation threshold at the

boundaries than it does elsewhere, as we discussed in Section 5.6.1.
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In all cases plotted in Figure 5.13, several beats occur before activation set-

tles into a steady pattern. As we start off with identical initial conditions across

the entire fibre, the first beat occurs near-simultaneously across the entire fibre

before the dominant pacemaker begins to take over. While the process of set-

tling to a steady state is due to the identical initial conditions across the fibre

in this case, change in the pacemaker location has also been observed in other

spontaneously activating tissue preparations following changes in environmental

conditions (Kienast et al., 2014).

The increase in conduction velocity (indicated by the decreasing slope of the

activation time plots) as the size of the partitioned unit decreases shows that

the action potentials tend towards synchronisation in the homogenised limit, as

we indeed saw in Figure 5.11. We also see near-synchronisation in the central

case, despite the partitioned units still being relatively large. Rather than one

region clearly triggering the activation of the rest of the fibre, as in the other two

phenotype arrangements, the units at the boundaries activate less readily than the

units in the centre. This eventually leads to near-synchronised activation, rather

than conduction, across the centre of the fibre, with slightly slower activation of

Model S1 in the units at the boundary. Note that the conduction velocity in the

central case is considerably faster than that on the right, where the activation

wave has travelled for the same distance.

Biological interpretation

The conclusions drawn from this set of simulations have two distinct implications

for the experimental case. First, we have seen that more uniform distribution of

phenotype leads to higher values of conduction velocity that tend towards full

synchronisation as the size of the partitioned unit decreases. Second, we can

identify two features that influence the position of the pacemaker region. As

expected, the underlying excitability of both phenotypes (here, represented by

α) is important. However, the presence of a boundary can modify the location of

the pacemaker, as it influences whether the local model phenotypes activate faster
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or slower than usual. Our demonstration has shown that pacemaker location is

sensitive to the local arrangement of phenotypes, but the fact that pacemaker

location is highly variable in experiments points to there being a more irregular

arrangement of phenotypes than we have so far investigated.

5.6.4 Set 4: Spatial variation in phenotype proportion

Our previous investigations have focussed on regularly repeating patterns of phe-

notypes, which are not necessarily representative of the biological situation. We

now introduce spatial variation in the model phenotype, with the proportions of

the two model phenotypes set by equations (5.8) and (5.9).

We utilise two pairs of model phenotypes in this set of simulations. Models S1

and S3, and Models S1 and E2 have beating features similar to hSC-CM cultures:

the Model S1-S3 combination has two self-activating phenotypes with different

beat rates, while the Model S1-E2 combination represents a slightly more mature

culture where one of the cell types is no longer self-exciting.

Activation sequence with spatially varying phenotypes

Figure 5.14 shows the activation time of the final beat in each of the simulations

(the earliest activation time has been normalised to time = 0). We note that

introducing some spatial variation into the arrangement of phenotypes has caused

the pacemaker region to move away from the boundary in the case of the S1–S3

pair, and also in the S1–E2 pair for the case A = 0.1.

The value of A, which is indicative of the amount of variation in phenotype,

can be seen to influence the conduction velocity (the gradient of the activation

time). In Section 5.5.3, we commented that systems where there is less variation

in natural frequency of coupled oscillators are more prone to synchronisation; we

are seeing the same effect as we move from high values of A to low values of A.

We also note that the activation patterns of the PP and HP models match well

in most of the simulations. Notable differences can only be seen in the S1–E2 pair

with A = 0.5, where we can clearly observe the expected effect of the small-unit
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Figure 5.14: Activation times of the final beat in the Set 4 simulations.
The models used in each simulation were S1-S3 (representing immature cells, left) and
S1-E2 (representing more mature cells, right). In the top panel, we have 0 < ρ1, ρ2 < 1,
in the middle 0.2 < ρ1, ρ2 < 0.8, and at the bottom 0.4 < ρ1, ρ2 < 0.6. The bold black
line shows the activation time from the homogenised model. The thinner coloured lines
show the activation time from the 15 repeats of the partitioned model (each repeat has
a slightly different phenotype layout). For more details of the model phenotype layout,
see Figure 5.4.

PP model exhibiting a more similar activation pattern to the HP model than the

large-unit PP model.

Biological interpretation

With these simulations, we have shown that even small amounts of spatial vari-

ability are able to prevent synchronisation of the action potential in spontaneously

activating systems. Including this manner of spatial variation in model pheno-

type gives rise to the steady activation waves reported from monolayer cultures.

Generally, the presence of a large region of a faster-beating phenotype acts as the

pacemaker for the rest of the tissue. Our simulations suggest that activation from

boundary regions may be seen more often in more mature cultures (represented
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by the S1-E2 simulation in Figure 5.14), where the interaction of the boundary

and pacemaker region has a greater effect than is observed otherwise.

5.6.5 Set 5: Random spatial variation in phenotype proportion

We now examine how adding random variability in model phenotype across the

fibre affects the activation sequence, by defining the probability that each parti-

tioned takes on phenotype 1 as stated in equation (5.10). We alter parameter A

from equation (5.10) across our three investigations, to give us three distributions

of the two model phenotypes with different amounts of variability across the fibre

(see Figure 5.4 for details).

Activation sequence with spatially varying phenotypes

In Figure 5.15, we plot the activation time of the final beat as a bold black line for

the HP model and red/orange thin lines for the PP model. We have 15 repeats

of the PP model simulations due to the different random arrangements of model

phenotypes, as shown in Figure 5.4.

If we compare the different combinations of model phenotype (S1-S3 on the

left, S1-E2 on the right), we observe that the leading pacemaker site is far more

consistent in the case where the two self-exciting models, Models S1 and S3,

are used. In the Model S1-S3 combination, the pacemaker site is located at the

largest region of Model S3, which has a faster intrinsic beat rate than Model

S1 (see Figure 5.4, where Models S1 and S3 are shown as dark and light blue,

respectively).

In the case of Models S1 and E2, the pacemaker site varies between the HP and

PP models far more and we cannot therefore rely on the HP model to represent

the range of activation sequences observed in the PP model. Despite this, the

conduction velocities are still similar.

If we compare the activation time plot with the phenotype layout in Figure 5.4,

we see that the pacemaker is located either at the boundary or at a large region of

Model S1 (dark blue; Model E2 is shown in light blue). However, the HP model
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Figure 5.15: Activation times of the final beat in the Set 5 simulations. As
in the previous figure, the plots on the left were generated with Models S1-S3, and
those on the right with Models S1-E2. In the top panel, we have 0 < ρ1, ρ2 < 1, in
the middle 0.2 < ρ1, ρ2 < 0.8, and at the bottom 0.4 < ρ1, ρ2 < 0.6. The bold black
line shows the activation time from the homogenised model. The thinner coloured lines
show the activation time from the 15 repeats of the partitioned model (each repeat has
a slightly different phenotype layout). For more details of the model phenotype layout,
see Figure 5.4.

can act as a good representation of the PP model in the first example, where

Models S1 and S3 are used.

The correlation between the activation times of the PP and HP models weak-

ens as we reduce the amount of variation in phenotype across the fibre (i.e. when

A is low). In these cases, particularly when we have A = 0.1, the pacemaker

region is no longer consistent between the HP and PP models.

With these two observations, we can conclude that the HP model can represent

the activity of the PP model when two conditions are met: first, that there is

a substantial amount of spatial variation in phenotype (i.e. A is not small) and

second, when the pacemaker location is determined primarily by the positioning

of the phenotypes and is not influenced by the domain boundaries.
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Biological interpretation

Our discussion of the Set 4 simulations in the previous section has provided

us with a good starting point for our physiologically-based model simulations,

as it has indicated that we need to introduce spatial variability in phenotype

before we can obtain the steady excitation waves from non-boundary pacemakers

that are observed experimentally. We have now seen that introducing a random

perturbation to the phenotype arrangement can alter the pacemaker region, but

that this effect is more prominent in some systems than others.

Where there are large amounts of variation in the proportions of the two

phenotypes, the pacemaker region generally follows that of the largest region of

the faster-beating model phenotype. In cases where the distribution of pheno-

types across the fibre is smoother, the impact of the boundary appears to play a

greater role in the location of the pacemaker region. This observation would be

interesting to explore experimentally, but at present there is little data available

regarding pacemaker locations in hSC-CM cultures.

5.6.6 Set 6: Random spatial variation in phenotype proportion

In order to choose the most appropriate model out of the HP and PP models, we

need to understand the spatial scales at which the HP model can be considered a

valid representation of the PP model. To do so, we now consider a physiologically-

based cellular electrophysiology model. We use the Paci et al. (2013a) models of

atrial-like and ventricular-like hSC-CM electrophysiology which are arranged in

a similar manner to the simulations we performed in Set 5. The atrial-like model

has a faster beat rate and shorter APD90 than the ventricular-like model.

We arrange these two phenotypes in a similar manner to that of the previous

series of simulations, which is shown in the second panel of Figure 5.4. We

investigate the impact of varying parameter A, which sets the amount of variation

in phenotype across the fibre, and see how well the PP model with different

numbers of partitioned units can represent the HP model for each value of A.
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Figure 5.16: Activation times of the final beat of the Set 6 simulations,
using the Paci et al. (2013a) models of ventricular-like and atrial-like elec-
trophysiology. As in Figure 5.14, we have 0 < ρV , ρA < 1, 0.2 < ρV , ρA < 0.8, and
0.4 < ρV , ρA < 0.2 in the top, middle and bottom panels respectively. Results from
the HP model are shown as a bold black line; the thin, coloured lines represent the 15
repeats of the PP model. From left to right, we have partitioned the fibres into 20, 30
and 120 units.

Activation sequence with spatially varying phenotypes

In Figure 5.16, we plot the final activation times of the simulations with varied

numbers of partitioned units and values of A. From left to right, the figure shows

the activation times of fibres divided into 20, 30 and 120 partitioned units. As

we are now dealing with a dimensional simulation, this corresponds to patches

of cells that are approximately 500, 330 and 80 µm across. The typical size of a

hSC-CM varies, but even the smallest size of partitioned unit that is tested here

would correspond to at least four cells. As in the previous section, we decrease

the amount of variability in phenotype from top to bottom of the figure, with

parameter A set to 0.5, 0.3 and 0.1 in each row.

In the previous section, we noted that the HP model is able to capture the

overall behaviour of the PP model very well when there is substantial variation
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in phenotype, or a high value of A. Discrepancies came to light in the situations

with less variability in the bottom row of plots — the pacemaker region was no

longer consistent throughout the entire series of simulations using the PP model,

and the HP model was unable to exhibit the beating behaviour of these cases.

We see the same trend here; the only simulations with many different pacemaker

locations are those with little variability in phenotype (low A).

However, we note that even when the location of the pacemaker is not consis-

tent between different phenotype arrangements in the PP model, the conduction

velocity (given by the gradient of the activation times) is very similar in almost all

simulations. The only exception to this is for the low-A simulations that use the

HP model, where we see a close to flat activation time profile that corresponds

to a large pacemaking region over which activation is near-simultaneous.

As we do not observe much variation in the activation profile as we vary the

number of partitioned units, we can conclude that the amount of variation in

phenotype given by A is more important in setting the pacemaker location than

the size of the partitioned regions. The results shown here indicate that it is

only when the tissue contains regions of single phenotypes that are above 0.05 cm

across that we will have to consider using the PP model rather than the HP

model.

From these results, we can propose that the HP model can be used for simu-

lations of hSC-CM cultures as long as there is a substantial amount of variability

across the region. The only limitation of this approach occurs when there is a

similar distribution of the two phenotypes across the domain (seen in the bottom

row of Figure 5.15). In this case, the region that acts as the pacemaker in the

PP model is not consistent as the precise arrangement of the partitioned units is

altered and therefore cannot match that obtained by using the HP model.

If this distribution occurred in real cultures, it would present a substantial

challenge for modelling: without knowledge of where all regions of a single cell

type are, it would be difficult to achieve the same activity pattern through sim-

ulation.
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In the other cases that we presented above, we can achieve very similar activity

patterns without much detailed knowledge of how the phenotypes are distributed.

As long as the two phenotypes are non-uniformly distributed throughout the fibre,

we anticipate that we will be able to use the HP model to simulate the observed

activity pattern.

Biological interpretation

Much of our interpretation of this final series of simulations follows that of Sets 4

and 5 that utilised similar phenotype arrangements with the FHN model. How-

ever, now we can interpret the results in a physiological context.

We noted earlier that while there are discrepancies between the activation se-

quences of PP and HP models at low values of A, the conduction velocities were

generally consistent. Now, we can see that the change in conduction velocity is

very small as we move from large to small values of A, even as the pacemaker

region becomes less consistent between repeated simulations. This indicates that

only very small amounts of phenotypic variability are required if we are to avoid

synchronisation of the action potentials in hSC-CM cultures, which is in agree-

ment with the lack of experimental reports about such effects.

5.7 Discussion

We have investigated two models for including several cellular phenotypes within

simulations of cardiac tissue. In the partitioned phenotypes (PP) model, the

simulated domain contains distinct regions where a single model phenotype is

present. The homogenised phenotypes (HP) model assumes a well-mixed sample

of cells, which we represent as a homogenised system. We have verified that

the electrical activity generated by small-region instances of the PP model tends

towards that of the HP model, as expected.

Use of the PP model requires that the mesh is sufficiently fine in order to

capture the geometry of the partitioned regions as closely as possible. As we have

shown in our simulations, this is easy to achieve in one dimension. However, far
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more refined meshes (at least in the vicinity of the region boundaries) would be

required for two or three-dimensional simulations. The HP model is more flexible

in these cases, as we can use a standard mesh with the two cell types represented

by using homogenised ionic model parameter values.

Our simulations have demonstrated that a range of behaviours can originate

from mixed-phenotype cultures of self-activating cells.

First, we observed synchronised activation of the entire simulated tissue when

using the HP model to represent well-mixed populations of cells with consistent

proportions of the two types throughout the entire domain. This phenomenon

has not been reported in any studies of hSC-CM monolayers, so we can infer that

this type of consistent mixing does not occur in monolayers of the cells.

The second behaviour we observed was the near-synchronisation that arose

from regularly-partitioned fibres. While the reports of conduction velocity in

hSC-CM monolayers in the literature are highly variable (as we discussed in

Section 2.5.1, they range from 2–20 cm/s), there have been no reports of values

higher than those reported in adult cardiac tissue. The circumstances under

which this behaviour was observed in our simulations were rather constrained,

with small-sized partitioned units and a regular repeating pattern of the model

phenotypes required for notably high conduction velocities to occur. With this

in mind, we can again say that this behaviour is unlikely to occur in a biological

situation: it would require the two phenotypes of cell to be split into small,

regularly-sized regions throughout the tissue and such regularity is not a typical

feature of biological tissues.

With the introduction of variability into the distribution of model phenotypes

throughout the fibre, we were able to observe the final behaviour: waves of elec-

trical activity that emanated from a single pacemaker region. This is typical of

what is reported from optical mapping and MEA studies of hSC-CM monolayers

(see, for example Lee et al., 2012). There is usually a single pacemaker, but its

location may be anywhere within the tissue and it is not restricted to the bound-

ary. This behaviour originates from what might reasonably be expected to be
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the most likely arrangement of phenotypes in biological tissue; that of an uneven

mix of the two cell types. Our HP and PP models give consistent simulations of

the electrical activity patterns when there is a substantial amount of variation

in the proportions of the two phenotypes across the fibre. When the variation

in the proportions of the phenotypes is more subtle, a wider range of pacemaker

locations are produced from simulations using the PP model. We can therefore

propose that the HP model is suitable for simulating a range of phenotype dis-

tributions that are relevant to the biological situation, with the PP model only

being required when the full range of pacemaker locations must be considered

when there is little phenotypic variability across the tissue.

5.8 Conclusions

In this chapter, we have compared two techniques for simulating cardiac tissue

containing two types of cell. We have found that the homogenised phenotypes

model is a valid approach for simulating most levels of spatial variability in cell

type, with accurate simulation of distinct regions through the partitioned pheno-

types model only needed if precise knowledge of the activation pattern is required

from the simulation.

Implementation of the homogenised phenotypes model is relatively simple,

requiring only changes to the cellular electrophysiology model and to the values

of the parameters used in the monodomain or bidomain equations. A further

advantage is that specialised meshes for each spatial distribution of phenotype

are not required, as would be the case if using the partitioned phenotypes model.

Given these advantages, we use the homogenised phenotypes model through-

out the next two chapters, where we investigate the impact of spatial heterogene-

ity in cell type in two-dimensional hSC-CM cultures. While the one-dimensional

simulations discussed in this chapter have proved illuminating in explaining some

properties of hSC-CM biomarkers and activation sequences, working in two di-

mensions has the advantage of the simulated data being directly comparable to

experimental preparations. Our aim in the next chapter is therefore to com-
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pare simulated signals from two-dimensional hSC-CM monolayers to experimen-

tal data of the type that would be used in the drug safety assessment proposals

of the Comprehensive in vitro Proarrhythmia Assay Initiative.
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6
Simulations of Stem Cell-Derived

Cardiomyocyte Monolayers in
the Micro-Electrode Array

In Chapter 5, we set out two models that may be used to simulate the electri-

cal activity in cardiac tissue that contains different subtypes, or phenotypes, of

cells. The partitioned phenotypes (PP) model can be used when the cell types are

arranged in discrete clusters throughout the domain, while the homogenised phe-

notypes (HP) model can simulate the case where the cell types are well (although

not necessarily evenly) mixed.

Now that we are able to simulate the cell combinations that are present in

monolayers of stem cell-derived cardiomyocytes, we can move our focus to the

micro-electrode array assay. Given the recent proposals of the Comprehensive

in vitro Proarrhythmia Assay (CiPA) initiative for tissue-scale assays based on

human stem cell-derived cardiomyocytes, use of the micro-electrode array has ex-

panded. In the previous chapter, we determined that some level of heterogeneity

in the action potential is necessary if the tissue is to generate steady activation

waves, as experimentally reported. However, the impact of action potential vari-

ability through different cellular phenotypes on the form of the field potential
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has not been considered as a factor which may affect the biomarkers that are

subsequently used in the safety assessment process.

In this chapter, we simulate the micro-electrode array with different arrange-

ments of cellular phenotypes. We perform an initial exploration of the effects

of cellular heterogeneity on key system parameters (the origin of the activation

wave, the speed of the activation wave and the form of the signals recorded by

the experimental system). At this stage, it would be inappropriate to perform a

full parametrisation of all aspects of the model, for reasons that we will cover in

more detail later. Instead, we focus on a qualitative comparison of key findings

from simulated and experimental data.

Our aim in this chapter is to investigate the extent of heterogeneity in cellular

phenotype required to produce signals from a simulated micro-electrode array

that resemble those observed experimentally. We carry suitable arrangements of

cellular phenotypes forward into Chapter 7, where we investigate the performance

of the model under conditions affected by the presence of ion channel-blocking

drugs. We use these comparisons to investigate how the conclusions drawn from

the micro-electrode array assay may be affected by the arrangement of cellular

phenotypes, and identify aspects of the model where improvement is required.

6.1 Chapter Outline

We begin Section 6.2 with a description of the experimental system that we wish

to simulate; that of the micro-electrode array (MEA). The MEA was described

briefly in Chapter 2; here, we extend that description with a more detailed dis-

cussion of the devices used by our experimental collaborators. We also list the

experimental data that we have available for comparisons with our simulation

studies, and discuss the major components of the signal recorded by the MEA,

the field potential.

In Section 6.3, we describe the cellular electrophysiology models that can

be used to simulate the distinct action potentials of human stem cell-derived

cardiomyocytes. In Chapter 2, we mentioned the Paci et al. (2013a) models of
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the electrophysiology of atrial-like and ventricular-like human induced pluripotent

stem cell-derived cardiomyocytes (hiPSC-CMs), and later used these two model

variants for our final simulations in Chapter 5. However, this approach has not

been taken by all groups attempting tissue-scale simulations of hSC-CMs. We

therefore discuss the alternatives, as well as recent extensions to the Paci et al.

(2013a) model.

We then move on to the simulations themselves. As in any simulation study,

we have had to select the components of the physical system that are repre-

sented in our model. The assumptions in our model are discussed in Section 6.4,

along with the choices of parameters for the bidomain equations. In Section 6.5,

we perform simulations with simple arrangements of the cellular phenotypes to

investigate their impact on the field potential. We move to more complex arrange-

ments of phenotypes in Section 6.6, from which we select phenotype distributions

that yield field potentials most similar in form to those observed experimentally.

In Section 6.7, we then compare the values of several commonly-used biomarkers

from the simulations with experimental data.

6.2 Experimental System: The Micro-Electrode Array

The development of the micro-electrode array1 was inspired by the need for non-

invasive recording of electrical signals from cellular cultures over a long period of

time. The first MEA was developed by Thomas Jr. et al. (1972), who produced

a device approximately 2.5× 2.5 cm across that contained 30 gold-plated nickel

micro-electrodes in the central region. When testing the device on embryonic

chicken cardiomyocytes, signals were detected from several recording electrodes

simultaneously and it was possible to resolve the arrival time of the activation

wave. A schematic of this early MEA is shown in Figure 6.1. Despite recent ad-

vances in manufacturing techniques and changes to the dimensions of the device,

the core components remain similar.

1The micro-electrode array is also referred to in the literature as the multielectrode array;
conveniently with the same abbreviation, MEA.
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Figure 6.1: The layout of an early micro-electrode array. (a) Plan of the
MEA layout. (b) Tips of the MEA electrodes. (c) Cross-section of the MEA. Figure
reproduced from Thomas Jr. et al. (1972).

The field potential (FP) recorded by the electrodes of the MEA is the potential

difference between the reference electrode and a recording electrode, which picks

up contributions from all cells in the vicinity. In early MEAs, the reference

electrode was connected to the culture medium (see Figure 6.1), but later models

have incorporated larger, and sometimes multiple, reference electrodes on the

base of the plate.

MEAs are also used regularly in neuroscience, and the interest from both the

neuroscience and cardiac safety communities has encouraged the development

of more varieties of MEA. Novel designs include protruding electrodes that are

curved or pointed to ensure greater contact with the cell membrane and hence

better signal quality (Spira and Hai, 2013). Smaller MEAs are also being de-

veloped, which are well-suited to studies of the type proposed by CiPA. These

are better-suited for high throughput assays: 48 and 96-well plate versions are

available from manufacturers such as Axion Biosystems (Atlanta, USA) and Mul-

tiChannel Systems (Reutlingen, Germany). These systems have the advantage of
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being able to repeat many experiments simultaneously — ideal for the assessment

of novel pharmaceutical compounds.

6.2.1 Experimental data

The experimental data to which we compare our simulated recordings was kindly

provided by Kate Harris and colleagues, from GlaxoSmithKline (Ware, UK), and

Mike Clements, from Axion Biosystems (Atlanta, USA).

Data from GlaxoSmithKline

The data provided by GlaxoSmithKline consists of three datasets previously pub-

lished in Harris et al. (2013), which were passed on to us in Autumn 2013.

Each dataset contained FP recordings from MEA assays to which a different

drug was applied at a variety of concentrations. The first drug, Cisapride, ex-

clusively blocks the hERG channel. The second, Nifedipine is an l-type calcium

channel blocker, while the third, Terfenadine, is a mixed channel blocker which

primarily impacts the hERG channel at low concentrations.

We were also provided with two activation time maps, which list the times

at which the activation wave arrived at each of the 59 recording electrodes. Us-

ing this information, we were able to calculate the conduction velocity of the

activation wave.

The specific MEA model used in these experiments was 60EcoMEA-Glass-pr-

T, produced by MultiChannel Systems. hiPSC-CMs were obtained from Cellular

Dynamics International (Madison, USA).

Data from Axion Biosystems

The data provided by Axion Biosystems was prepared as part of their CiPA Phase

II study (Colatsky et al., 2016). 28 compounds were assessed for arrhythmic risk

using hiPSC-CMs (from Cellular Dynamics International) and their own 96-well

MEAs. We were provided with the data in late December 2017.

The Maestro system was used to record data from 96-well MEA plates (Classic
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Reference
electrode

hiPSC-CM monolayer

Well, 6.4mm diameter

Electrodes, with inter-electrode
spacing 350 µm along x-axis and
300 µm in y-axis

Figure 6.2: The geometry of an MEA. As the majority of our experimental data
were obtained using an Axion Biosystems 96-well micro-electrode array, we based the
our simulations upon the geometry of this particular MEA model.

MEA 96). We based the simulations in this chapter on the geometry of this 96-

well MEA. A schematic of the MEA is provided in Figure 6.2.

6.2.2 Field potential biomarkers

As we have noted in Section 2.2.5 with relation to the action potential, biomarkers

are useful for quantifying features of biological signals. In Figure 6.3, we show

a typical experimental field potential together with the most commonly-used

biomarkers: spike amplitude and field potential duration. Further biomarkers

can then be calculated based on these quantities.

Figure 6.3 also highlights the two main parts of the field potential — the

depolarising spike and the repolarising wave. The depolarising spike occurs when

the tissue around the electrode rapidly depolarises during Phase 0 of the action

potential. If we use the time at which the depolarising spike occurs as a marker

of the start of each beat, we can calculate the inter-beat, or RR2, interval and can

therefore obtain the beat rate. Knowledge of the time at which the beat starts

(the activation time) also enables calculation of the conduction velocity of the

activation wave, or CV.

The field potential duration, FPD, is calculated as the time between the de-

polarising spike and the peak of the repolarising wave. As the FPD is influenced

2The RR interval is referred to as such due to the similarity between the depolarising spike
of the field potential and the QRS complex of an electrocardiogram.
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Figure 6.3: Major features of a field potential signal. The y-scale is enhanced
in the lower plot to show the detail of the repolarising wave. The depolarising spike,
repolarising wave and some of the most widely-used biomarkers are shown on this field
potential from a MultiChannel Systems 60EcoMEA. Data provided by GlaxoSmith-
Kline.

by the beat rate, correction formulae are often applied to remove this rate depen-

dence, giving the corrected field potential duration, or FPDc. Fridericia’s and

Bazett’s formulae are the most commonly-used, but alternatives developed specif-

ically for use in MEA studies have also recently been proposed (Izumi-Nakaseko

et al., 2017). These corrections take the form FPDc = FPD/RRn, where n varies

depending on the formula used.

The relationship between the field potential and the action potential has been

investigated by comparing MEA recordings with those of a patch clamp or sharp

microelectrode applied at the same time. Halbach et al. (2003) reported that the

minimum value of the field potential occurred at the same time as the upstroke

of the action potential in cultures of embryonic murine cardiomyocytes. They

also noted that a biomarker known as FPrise (the time over which the sharp

depolarisation of the field potential occurred) was notably longer in the pacemaker

regions, due to the slower depolarisation in the action potential. In comparison,
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the FPrise throughout the rest of the tissue was generally consistent and shorter.

Halbach et al. defined the field potential duration, or FPD, as the time between

the minimum value of the FP and the maximum value of the later deflection

during the repolarising wave, which was reported to be correlated with the value

of APD90. Many of the biomarkers discussed in Halbach et al. (2003) are not

widely used at present, but they do indicate that the field potential holds more

information than is available in the commonly-used set of biomarkers.

6.2.3 Calculation of biomarkers

Biomarker values were calculated from the simulated datasets using a custom set

of Matlab routines. The simulated field potential from Axion Biosystems’ 96-

well MEA was obtained at each of the eight recording electrodes (see Figure 6.2),

giving eight values of each electrode-level biomarker from each simulation. One

electrode from each well was selected for analysis. The chosen electrode was that

with the closest value of the field potential duration to the average value across

the eight electrodes. The values of the biomarkers presented in the analysis are

the median value from the last three beats of the simulation, unless otherwise

stated. This approach taken to minimise the effects of any features that were

misidentified during the automated analysis.

Biomarkers from the experimental datasets were obtained directly from col-

laborators where possible; otherwise the previously mentioned Matlab routines

were used.

Activation time and beat rate

The activation time is defined as the time of the steepest decrease in field potential

during the depolarising spike. As the depolarising spike is the most prominent

feature in the field potential, it could be identified by a simple thresholding

algorithm. The activation time could then be located within each of the detected

depolarising spikes.

The inter-beat, or RR interval, was then calculated by taking the difference
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between subsequent activation times. The beat rate could then easily be obtained.

Spike amplitude

Once the depolarising spike had been identified, the spike amplitude was found

by simply taking the difference between the maximum and minimum values of

the field potential during this phase.

Conduction velocity

Having obtained the activation time at all the eight electrodes during each beat,

the conduction velocity could then be calculated. There are many methods for

calculating CV, some of which are better-suited to certain data modalities than

others. A selection of these methods are reviewed in Cantwell et al. (2015), from

which we selected the two used in this thesis.

The first of these was based upon the finite difference method, where the

gradient of the activation time is used to determine the conduction velocity. For

the second, a quadratic surface was fit to the activation times, and the gradient

of this surface was then used to calculate the CV. Section A3.2 contains details

of the implementations of the two methods and the validation process, along

with a comparison of the two algorithms. The figures in this chapter use values

obtained from the latter algorithm, with the former used as a method of checking

for potential issues in the calculation.

Field potential duration and corrected field potential duration

Having determined the activation times, the field potential was divided up into

different beats. As we shall see in the following section, the morphology of the

repolarising wave does not necessarily take the form of the simple peak seen in

Figure 6.3. If the peak was not as clearly defined as that in Figure 6.3, the final

major deflection in the field potential prior to the next beat was taken to be the

peak of the repolarising wave.

The field potential duration was then calculated by taking the difference be-
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tween the time at which the peak of the repolarising wave occurred and the

activation time.

As discussed above, the corrected field potential duration, or FPDc, is often

used because the FPD itself is known to be correlated to the beat rate. Following

many experimental studies (such as Harris et al., 2013), we used Fridericia’s

formula to calculate the FPDc:

FPDc =
FPD

RR1/3
, (6.1)

where RR is the RR interval and all times are in seconds.

Repolarising wave amplitude

While the amplitude of the repolarising wave is not commonly examined in the

cardiac safety assessment process, we shall see later in this chapter that it is

sensitive to the amount of variability in cellular phenotype across the monolayer.

The amplitude of the repolarising wave is calculated by taking the difference

between the minimum and maximum values of the field potential in the interval

between one depolarising spike and the next. As the repolarising wave is the

most prominent feature in this region of the field potential, such a calculation

yields the amplitude of the repolarising wave.

6.3 Cellular Electrophysiology Models for Human Stem

Cell-Derived Cardiomyocytes

The first cellular electrophysiology model specifically designed for human stem

cell-derived cardiomyocytes was that of Paci et al. (2012). This model was based

upon the Grandi et al. (2009) model of ventricular cardiomyocytes, which was

re-parametrised based on experimental and literature data on human embryonic

stem cell-derived cardiomyocyte electrophysiology at early and late stages of de-

velopment. Two currents that are not present in adult cardiomyocytes were added

to the Grandi et al. (2009) model. These were the hyperpolarisation-activated

pacemaker (funny) current, If, and the t-type calcium current, ICaT. While the
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Paci et al. (2012) model reproduced qualitative changes to features of the action

potential when the application of ion channel-blocking drugs was simulated, it

was weaker at representing the action potential itself, with faster repolarisation

than depolarisation being one of the most notable features.

The follow-up model, Paci et al. (2013a), was based upon the previous version

and incorporated data from a very complete study of human induced pluripotent

stem cell-derived cardiomyocyte electrophysiology (Ma et al., 2011). The distinct

electrophysiology of atrial-like and ventricular-like cardiomyocytes was simulated

by tuning the channel conductances based on the differences in ion channel ex-

pression between adult atrial and ventricular cardiomyocytes.

The Paci et al. (2013a) model has subsequently been further extended, with

versions now available for simulations of different subtypes of Long QT syndrome

(Paci et al., 2013b; Paci et al., 2014). The models have also been used in pop-

ulation studies that incorporate the variability thought to be present in ionic

currents from cell to cell (Paci et al., 2015).

While studies such as this thesis and Abbate et al. (2018) have used the spe-

cialised Paci et al. (2013a) models, other classes of model have also been used to

simulate human stem cell-derived cardiomyocyte electrophysiology. Phenomeno-

logical models such as the FitzHugh-Nagumo model (FitzHugh, 1961; Nagumo

et al., 1962) can be parametrised to exhibit spontaneous beating, as observed in

hSC-CMs. Although models of this type do not simulate individual ionic cur-

rents, they are nevertheless useful for studying activation of cardiac tissue when

coupled with the monodomain or bidomain equations, as we demonstrated in

Chapter 5. The minimal ventricular cell model of Bueno-Orovio et al. (2008) was

used by Tixier et al. (2018) to simulate the action potentials of cells with long

and short action potential durations. However, the Bueno-Orovio et al. (2008)

model does not exhibit spontaneous beating as is often observed in human stem

cell-derived cardiomyocytes.

More complex models of adult cardiomyocytes have also been used. Frotscher

et al. (2015) used the McAllister et al. (1975), Seemann et al. (2006), ten Tusscher
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and Panfilov (2006), and Chandler et al. (2009) models in simulations of the

CellDrum assay and concluded that the simulations that used the ten Tusscher

and Panfilov (2006) model provided the best fit to their experimental data, due

to the large proportion of ventricular-like cells present in the hiPSC-CMs used.

Later work by the same group, Frotscher et al. (2016), simulated heterogeneous

cell distributions in the CellDrum assay using the ten Tusscher and Panfilov

(2006) and Chandler et al. (2009) models for ventricular and nodal cells, and also

introduced the Paci et al. (2013a) atrial-like model to simulate the final reported

cellular phenotype.

6.4 Development of the Micro-Electrode Array Model

In this section, we describe the framework for simulating the MEA. As we are now

simulating a two-dimensional system using the bidomain equations, the computa-

tional cost of solving the problem is far larger than it was for the one-dimensional

simulations in Chapter 5. We therefore utilise the Cancer, Heart and Soft Tis-

sue Environment simulation library (Chaste) for the simulations in this chapter,

which was described in Section 4.5.1.

We cover different aspects of the MEA simulations in the following sections,

starting with a review of the bidomain equations and the geometry of the system

with particular discussion of the reference electrode. We then list the other

parameters used in the simulation, both those of the bidomain equations and of

the cellular electrophysiology model.

As we are performing an initial exploration of the model at this stage, the

vast majority of parameters described in this section are set at their default

values while we focus on investigating the impact of heterogeneity in cell type

throughout the monolayer on the simulated signals. At the end of this chapter,

and also in Chapter 7, we identify aspects of the model where the parameter

values need further refinement with additional experimental data.
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6.4.1 The bidomain equations

In the simulations that we performed in Chapter 5, we were interested in the

membrane voltage alone as an output and could therefore solve the simpler mon-

odomain equation rather than the bidomain equations. As in Chapter 5, we still

use constant values of intra- and extracellular conductivity across the domain

so the monodomain equation would still be a suitable model for the electrical

activity. However, solving the bidomain equations also provides us with the ex-

tracellular potential, which is equivalent to the field potential from the MEA.

For spatially constant values of intracellular and extracellular conductivities,

σi and σe, and no applied stimulus, the bidomain equations may be written as

χ

(
Cm

∂Vm
∂t

+ Iion(u, Vm)

)
− σi∇2(Vm + φe) = 0, and (6.2)

(σi + σe)∇2φe + σi∇2Vm = 0, (6.3)

which are coupled to the cellular electrophysiology model

∂u

∂t
= f(u, t), (6.4)

which are solved on domain Ω. All the stimulus currents have been set to zero

for the work presented in this chapter as the electrophysiology models used here

are able to self-excite.

6.4.2 Geometry of the micro-electrode array

The geometry of the micro-electrode array simulated in this chapter is based on

that of the 96-well MEA system by Axion Biosystems. Each of the wells has

diameter 6.4 mm at the base, and a monolayer of hSC-CMs covers this surface.

Our finite element mesh is therefore constructed to be bounded by this circular

domain. No-flux boundary conditions are imposed at the well boundary as current

is unable to flow through the walls of the well. As the monolayer is only a

single cell thick, its height is very small compared to the other dimensions of the

monolayer. We therefore use a two-dimensional mesh for the simulations.
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The eight low-noise recording electrodes are situated in a group at the centre

of the MEA. The electrodes are circular in shape, with a diameter of 50 µm. As

this size is small compared to the typical size of a finite element in the mesh, we

consider the electrodes as perfect insulators that gather point measurements of

the field potential. A comparison of ideal and non-ideal impedance models for

the electrodes has previously been carried out by Moulin et al. (2008), who found

that modelling the electrodes as perfect insulators was a suitable approach if the

measurement system was well-designed. Each electrode is therefore represented

by a single node of the finite element mesh, and the field potential is obtained

from the extracellular potential, part of the solution to the bidomain equations.

The tips of the electrodes in the 96-well MEA are composed of gold, a low

resistance material, so we may therefore anticipate that the presence of the elec-

trodes could alter the local extracellular conductivity in their vicinity. Given the

small size of the electrodes, we have assumed that these effects are small in com-

parison to the field potential signal. Refinements to the mesh could be made in

future to more accurately delineate the metallic regions, and with those changes,

future work could incorporate a more detailed investigation of these effects.

6.4.3 The reference electrode

The field potential, the signal measured by an MEA, is a measurement of the

potential difference between a recording electrode and the reference electrode. In

most modern MEA systems, the reference electrode covers a large region outside

the recording area. In the case of the EcoMEA and MEA200 systems used at

GlaxoSmithKline, the reference electrode covers a triangular region to the left

of the recording electrodes. In the Axion Biosystems 96-well MEA, which we

use as the basis for our simulations in this chapter and the next, there are sev-

eral large reference electrodes placed symmetrically around the outside of the

recording electrodes. Note that the reference electrode is not grounded; it takes

a passive measurement of the extracellular potential across an area (in the ideal

case, without influencing it).

128



6.4:Development of the Micro-Electrode Array Model

The bidomain equations have two outputs, the membrane voltage Vm and the

extracellular potential φe. If a grounded electrode (implemented as a Dirichlet

boundary condition for φe) is not set, the bidomain problem is singular as φe

is defined only up to a constant. This issue is overcome in the Chaste library

by solving the linear system with implementations of the conjugate gradients

or GMRES algorithms that use the null-space (which are available through the

PETSc package). Physically, this can be interpreted as setting∫
Ω

φe dx = 0, (6.5)

which is equivalent to taking the average extracellular potential over the entire

domain as a reference potential at each point in time (Pathmanathan et al., 2010).

The field potential (FP) is defined as the potential difference between a record-

ing electrode and the average potential over the reference electrodes, φe,ref, such

that

FP = φe − φe,ref. (6.6)

If, as in Chaste, Equation (6.5) is implemented to ensure the problem is not sin-

gular, the reference electrode(s) will not necessarily have a zero average potential,

φe,ref, as the average is taken over only a subset of the total area. We therefore

cannot consider the field potential, FP, to be equal to the extracellular potential,

φe.

However, this is a reasonable approximation in many cases: in the Axion

Biosystems MEA, the reference electrodes are large and located such that the

activation wave (with its fast changes in φe) rarely passes over all four reference

electrodes at the same time. Calculation of φe,ref yields a value that is smaller than

φe; sufficient to have a minor influence on the amplitude of the field potential,

but not on the overall morphology of the field potential signal.

For reasons of computational efficiency, we have therefore chosen to make

the approximation that FP ≈ φe throughout this chapter. In Section A1.2.2, we

show examples of field potentials computed with explicitly implemented reference

electrodes, and discuss several ways through which their effects could be imple-

mented in bidomain simulations carried out using Chaste. The implementations
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essentially involve computing Equation (6.5), but over the reference electrodes

rather than the entire domain, such that∫
Ωref

φe,ref dx = 0. (6.7)

Our comparisons of the field and extracellular potentials in Section A1.2.2 showed

no difference in qualitative behaviour, with the general morphology of the de-

polarising spike and repolarising wave unchanged. In terms of biomarkers, the

slight difference in amplitude of the field and extracellular potentials caused small

changes in the values of the spike and repolarising wave amplitudes. The con-

duction velocity, beat rate, and field potential duration (biomarkers based on the

timing of features of the extracellular/field potential) were unaffected.

6.4.4 Finite element mesh

Finite element meshes were generated using Gmsh 3.0.6 (Geuzaine and Remacle,

2009). Gmsh is particularly suited to the generation of meshes for the MEA as

it automatically refines the mesh in the vicinity of the circular outer boundary,

and nodes at the location of the recording electrodes can be specified. Having

defined the radius of the mesh and the location of other key features, meshes with

different target inter-node distances could be generated. Figure 6.4 shows two

meshes with different values of inter-node spacing. Elements of the meshes were

labelled, with those belonging to the reference electrode highlighted in green.

Convergence analysis

Following a convergence study, a mesh with maximum inter-node spacing of

100 µm and a PDE time-step of 0.01 ms were selected for the following simula-

tions. The methodology and results of the convergence simulations are discussed

in Section A3.1. While our results indicated that a 150 µm mesh would give us

appropriate levels of error, we do increase the complexity of the phenotype ar-

rangements later in this chapter. We therefore chose to err on the side of caution,

and use a mesh with a slightly smaller inter-node spacing to better capture the

variation in cellular phenotype across the mesh.
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Figure 6.4: Finite element meshes used in simulations of the 96-well MEA.
Left: mesh with maximum inter-node spacing of 400 µm, used for testing purposes
only. Right: mesh with maximum inter-node spacing of 100 µm, used in the simulations
throughout this chapter. Elements in the reference electrode are coloured green.

Parameter Value

χ 1400 cm−1

Cm 1 µF/cm2

σi 0.3 mS/cm
σe 7.0 mS/cm

Table 6.1: Tissue-level parameters for bidomain simulations of the MEA.
Most parameters are kept at the Chaste default values, with the exception of the
intracellular conductivity, σi.

6.4.5 Parameters of the bidomain equations

The tissue-level parameters in the bidomain equations are left at the default

values in Chaste, apart from the intracellular conductivity, σi. The intracellular

conductivity is tuned to give conduction velocities of approximately 16 cm/s,

as calculated from activation time maps provided by GlaxoSmithKline. This

value of conduction velocity is similar to that reported by other groups studying

monolayers of hiPSC-CMs from the same supplier (Lee et al., 2012). The values

of the tissue-level parameters are given in Table 6.1.

6.4.6 Cellular electrophysiology model

In Chapter 5, we developed the partitioned phenotypes (PP) and the homogenised

phenotypes (HP) models. The literature on the subject of the spatial distributions

of cellular phenotypes in cultures of hSC-CMs is rapidly developing, and so we

note that the decisions we have made here in regard to the best way of modelling
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a hSC-CM monolayer may change as more information becomes available.

Recent publications point to differences in the phenotypic arrangement be-

tween cultures of human embryonic and human induced pluripotent stem cell-

derived cardiomyocytes. The former have been shown to exhibit phenotypic

clustering within each sample of cells (Zhu et al., 2016; Vestergaard et al., 2017),

while there is less evidence for this in the latter, with reports of variation in action

potential parameters across the monolayer (Du et al., 2015). However, reports of

action potential variability in hiPSC-CMs have not yet identified whether there

is difficulty in classifying the cells into subtypes based on the action potentials

of single cells (Kane and Terracciano, 2017), or whether there are distinct phe-

notypes that have become mixed during the culture and transportation of the

cells.

As we consider only monolayers composed of hiPSC-CMs in this thesis, we

choose to represent their variation in phenotype using the homogenised pheno-

types model. This permits us to introduce gradual spatial variation in phenotype,

which should, based upon our studies in the previous chapter, result in action

potential parameters that vary across the domain.

The cellular electrophysiology model that we use is a homogenised version

of the Paci et al. (2013a) models of atrial-like and ventricular-like hiPSC-CM

electrophysiology. The ionic current is calculated using

Iion = ρA Iion,A + ρV Iion,V, (6.8)

where Iion,A and Iion,V are the ionic currents of the atrial-like and ventricular-like

cell types, and

ρV = 1− ρA, (6.9)

where ρA and ρV represent the relative proportions of the cell membrane of the

two cell types per unit volume of tissue. Given that is it not possible to distinguish

between atrial-like and ventricular-like hiPSC-CMs from their physical shape and

size alone, we assume that both types cells are the same size and have the same

amount of cell membrane. We can therefore adopt the alternative definition of ρ
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used in the previous chapter: under these conditions, ρA and ρV can equivalently

be defined as the relative proportions of the numbers of the two types of cell

within the same unit volume.

For now, we have not included a representation of nodal-like cells in our

simulations. Many reports have indicated that the nodal-like cells are the least

numerous out of the three subtypes (Ma et al., 2011), and at present, there is

no mathematical model of nodal-like hSC-CM electrophysiology available. This

simplification also assists in the ease of interpretation and implementation. In

theory, adding a third cell type is simple — the cellular electrophysiology model

would need to be modified to include a contribution from the third cell type,

but few changes would need to be made to the relevant Chaste code. This could

easily be carried out in the future, should our results indicate that it may be a

useful point to investigate further.

The initial conditions of the cellular electrophysiology model are derived from

those listed in Paci et al. (2013a). For a range of values of ρV, we simulate 10 s

of activity in a single cell, using the initial conditions from the Supplementary

Information of Paci et al. (2013a). We then identify the values of the state

variables at the final time at which the action potential increases past −70 mV.

At the start of each monolayer simulation, the instance of the cell model located

at each node of the finite element mesh is initialised with this set of state variables

from the single-cell simulation with the same value of ρV. If the value of ρV at

the node does not match the tested values, the initial conditions are determined

by interpolating from the initial conditions at the closest two values of ρV.

6.5 Influence of the Spatial Distribution of Cellular

Phenotypes on the Field Potential

In this section, we link the major features of the field potential to the location of

the pacemaker region and distribution of the cellular phenotypes.
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Parameter Values

x 0.0
y 0.0 0.1 0.2 0.3
r 0.05 0.1
a 0.25 0.5 0.75 1.0

Table 6.2: Parameter values used to set the location of the atrial-like pace-
maker region. Simulations were performed using all 16 combinations of parameters.
Parameters x and y give the coordinates of the centre of the pacemaker region in re-
lation to the centre of the monolayer (x is kept constant due to the symmetry of the
monolayer). r denotes the radius of the pacemaker region, and a is the maximum con-
tribution of the atrial-like model within the pacemaker (i.e. ρA,max). All parameters
have units of cm, apart from a, which is dimensionless.

6.5.1 Description of simulations

For our first series of simulations, we use a simplified arrangement of cellular

phenotype. We simulate a monolayer of cells of diameter 6.4 mm, as would be

used in the Axion Biosystems 96-well MEA (see Section 6.4.2 for further details

of the mesh). All nodes in the mesh are set to have a ventricular-like proportion

(denoted by ρV in the cellular electrophysiology model) of one, apart from within

a small pacemaker region. The centre of the pacemaker is denoted by coordinates

(x, y), and the pacemaker region has radius r. Within the pacemaker region, the

value of ρV varies linearly, from 1 at the outer edges to 1− a in the centre, where

a is the maximum value of the atrial proportion, ρA.

The full range of parameters tested is listed in Table 6.2, and examples of the

phenotype layout can be seen in Figure 6.5. The value of x was not varied due to

the symmetry of the MEA. As the atrial-like cells (and therefore the atrial-like

model) have a faster beat rate than the ventricular-like cells/models, regions of

high ρA (and hence low ρV) act as a pacemaker for the rest of the tissue.

We simulated 10 s of activity in monolayers with each of the parameter com-

binations listed in Table 6.2, and the features of the field potential during the

final beat of each simulation are discussed below.
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Figure 6.5: Examples of simple phenotype layouts. Regions where the atrial-
like model made the largest contribution to the ionic current act as pacemakers for the
rest of the tissue.

6.5.2 Features of the field potential

In Figure 6.6, we plot the depolarising spike of the final beat in each of the

simulations discussed above. We show data from two electrodes: Electrode 1 is

located at the top left of the group of eight, while Electrode 6 is located at the

bottom left.

We can immediately see that the distance of the pacemaker region from the

electrodes has an impact on the morphology of the depolarising spike. When the

pacemaker region is located in the immediate vicinity of the electrodes (i.e. y = 0

and y = 0.1), the depolarising spike consists simply of a fast polarising phase

followed by slower depolarisation. Up until the action potential begins, the entire

domain has similar membrane potential, so the field potential is close to zero.

The flow of positive ions from the extracellular space into the intracellular space

at the start of the action potential then causes the field potential to become more

negative. If we recall the condition given in equation (6.5), we can see how the

field potential then returns to zero as the extracellular space becomes similarly

depolarised over the entire tissue as the activation wave spreads. However, when

the electrode is located further away from the pacemaker region, the potential at

the electrode’s location is more positive than average, resulting in the presence

of a positive deflection in the field potential prior to the steep repolarisation.

We then move onto the second major feature of the field potential, the re-

polarising wave. In Figure 6.7, we show the repolarising wave from Electrodes
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Figure 6.6: Influence of the properties of the pacemaker on the depolarising
spike. Top panels show the detail of the depolarising spike as y (the y-coordinate of
the centre of the pacemaker region), r (the radius of the pacemaker region) and a (the
maximum value of ρA) are altered. Lower panels show examples of the field potential
over the entire beat.

1 and 6. As we previously noted for the depolarising spike, the value of y (and

hence the distance between the electrode and pacemaker region) has an impor-

tant role in the morphology of the wave. When the pacemaker and electrodes are

well-separated (i.e. y = 0.2 and y = 0.3), the repolarising wave is made up of one

clear deflection away from zero, and the peak of the wave (which is required for

the calculation of FPD) can easily be identified. In contrast, the peak of the wave

is harder to identify when the pacemaker region is close to the electrode, and can
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Figure 6.7: Influence of the properties of the pacemaker on the repolarising
wave. Top panels show the detail of the repolarising wave as y (the y-coordinate of
the centre of the pacemaker region), r (the radius of the pacemaker region) and a (the
maximum value of ρA) are altered. Lower panels show examples of the field potential
over the entire beat.

be further complicated by the low amplitude of the repolarising wave when a is

small. Low values of a correspond to less variability in phenotype between the

pacemaker and remainder of the tissue — there is consequently less variability

in the upstroke/downstroke of the action potential across the domain, and this

is reflected in the lower amplitudes of the features of the field potential.

The final feature to note is the change in polarity of the repolarising wave

between Electrodes 1 and 6 at higher values of y. During repolarisation, positive
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Figure 6.8: Influence of the properties of the pacemaker on the action
potential. Top panels show the action potential as y (the y-coordinate of the centre
of the pacemaker region), r (the radius of the pacemaker region) and a (the maximum
value of ρA) are altered. For comparison, the lower panels show examples of variability
in the field potential across the same time period.

ions flow out of the cells, causing the membrane voltage to decrease. The positive

ions increase the potential of the local extracellular region relative to the rest of

the tissue, leading to a positive deflection in the field potential. By the time that

repolarisation occurs in areas of the tissue further away from the pacemaker (i.e.

Electrode 6), the tissue in these areas has lower potential than areas elsewhere,

giving the negative morphology of the repolarising wave.

In contrast to the field potential, the action potential shows little variability

138



6.6: Selection of Phenotype Layout

as the simulation parameters are altered. Figure 6.8 shows the action potential

at Electrodes 1 and 6, presented in the same manner as Figures 6.6 and 6.7.

While clear changes in the polarity and form of the field potential were present

in Figures 6.6 and 6.7, the changes in the action potential were confined to the

shape of the action potential during depolarisation.

6.6 Initial Selection of Phenotype Layout

In the previous section, we saw that the distribution of cellular phenotypes in

the hiPSC-CM monolayer has an impact on the form of the field potential. As

our eventual goal is to simulate the field potential following the addition of drugs

to the MEA, we require a suitable choice of phenotype distribution for these

simulations.

From this point of the chapter onwards, we use Gaussian random fields as the

basis of our phenotype distribution. The form of the Gaussian random fields that

we use in this chapter are based on two parameters; in this section, we therefore

perform an initial series of simulations to select parameter values that produce

monolayers with activity similar to that observed experimentally. A more detailed

study of biomarkers in the selected field parametrisations is carried out later in

Section 6.7.

In this section, we simulate monolayers generated with 49 different parametri-

sations of the Gaussian random field. We examine the activation pattern and

conduction velocity, CV, in each monolayer.

The value of CV is correlated to the upstroke velocity of the action potential

and the number of gap junctions (and therefore ease of ion flow) between cells,

which is represented in simulations by the intracellular conductivity, σi. We saw

in the previous chapter that CV is also affected by the underlying distribution of

cellular phenotype — if the distribution of phenotypes is sufficiently homogeneous

and isotropic, the monolayer may synchronise and the CV tends towards infinity.

Given the lack of reports of synchronisation from MEA and optical mapping ex-

periments, the value of CV is a useful guide to whether the simulated distribution
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of phenotypes is physiologically realistic. We can therefore use CV as a guide to

whether the simulated phenotype distribution is a reasonable representation of

the physical case.

6.6.1 Description of simulations

Before we select the phenotype arrangements considered in this set of simulations,

we must consider what is known from experiments. The monolayers of hiPSC-

CMs used in the MEA are often derived from commercial sources — the cells

are cryo-preserved by the manufacturers and are thawed prior to plating. Due

to this transportation method, it is reasonable to assume some degree of mixing

occurs during this process. This assumption is supported from optical mapping

studies of hiPSC-CM monolayers where the cells were obtained from commercial

sources. Du et al. (2015) reported no phenotypic clustering of biomarkers across

the hiPSC-CM monolayers that they studied. This is in contrast to studies of

hESC-CMs, where cells are cultured in undisturbed clusters from which spatial

grouping of distinct cell types has been reported (Zhu et al., 2016; Vestergaard

et al., 2017).

In the previous chapter, we saw that very well-mixed systems of cells of dif-

ferent phenotype would synchronise. As this phenomenon has not been reported

in the literature on hSC-CMs, we can conclude that the mixing of phenotypes

must be uneven in order to generate steady excitation across the monolayer.

Gaussian random fields for phenotype distribution

Random fields are commonly used to model situations where the values in a

field are spatially correlated in some way: they might represent, for example,

the porosity of rocks, or the velocity of a turbulent fluid. Recently, they have

been proposed as a method of expressing the differences in ionic current across

stem cell-derived cardiomyocyte monolayers (Tixier et al., 2018). We extend this

suggestion by utilising the value of the random field as the relative contribution

of one cell type in the homogenised phenotypes model that we developed in
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Parameter Values

lc 0.025 0.05 0.075 0.1 0.15 0.2 0.3
σ 0.05 0.075 0.1 0.15 0.2 0.3 0.4
µ 0.5

Table 6.3: Parameters of the Gaussian random fields used for setting the
ventricular-like proportion across the monolayer. 3 fields were generated for
each combination of parameters lc and σ, giving 147 simulations in total.

Chapter 5.

We refer the reader to Lord et al. (2014, Chapter 7) for details of the definitions

of the Gaussian random fields used throughout this chapter, and to Section A3.3

for a description of the field generation algorithm.

The properties of the random fields are influenced by the parametrisation

of the covariance matrix used in the fields’ construction. We use a Gaussian

covariance function, which gives the correlation between any two nodes in the

mesh as

ci,j = σ2 exp

(
(xi − xj)2 + (yi − yj)2

l2c

)
, for i = 1, 2, ...,M, (6.10)

where M is the number of nodes in the mesh. The two parameters used to

generate these entries, the correlation length, lc, and variance, σ2, influence the

extent of spatial heterogeneity across the simulated domain. Seven values each

of lc and σ were used for the preliminary tests performed in this section.

We generated Gaussian random fields using all combinations of seven values

of lc and seven values of σ, which are listed in Table 6.3. The mean value of the

field, µ was kept constant at 0.5, denoting an equal proportion of atrial-like and

ventricular-like cells throughout the simulated domain, regardless of how they are

mixed. The choice of µ was based on reports that the proportion of ventricular-

like cells is close to 50% (Ma et al., 2011). The values of lc were chosen so

that values varied from much smaller than the domain size to comparable to

the domain size (past this point, the field would be almost homogeneous across

the domain Ω). The parameter σ acts as a scaling factor on the amplitude of

the random field. Values were chosen so that at small σ, ρV remained close to
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the mean of 0.5 across the whole field. The upper limit of σ was set such that

some regions of fields generated with the highest σ were outside the physiological

bounds of ρV; these regions were given ρV values of 0 or 1, as appropriate.

We note that fields generated with low values of lc and high values of σ have

rather rapid spatial variation, and therefore may be better suited to being simu-

lated using the partitioned phenotypes model discussed in Chapter 5. However,

the resolution of the finite element mesh is rather high to start with, so for ease

of implementation we use the homogenised phenotypes model for the preliminary

set of simulations.

Once the field parameters lc and σ have been chosen, sampling of the field

generates realisations : versions of the field that appear different, but have the

same statistical properties. A total of 128 realisations of each field were pre-

generated, the first three of which were used for the preliminary simulations

(giving a total of 147 simulated monolayers). The remainder of the realisations

were retained for use in simulations later in this chapter. Examples of selected

fields are shown in Figure 6.9.

Simulation parameters

The parameters of the bidomain equations were set as described in Section 6.4

and Table 6.1. An initial condition of Vm = −70 mV was applied at all nodes.

10 s of activity was simulated; the analysis of the activation pattern and CV used

the field potentials generated during the final simulated beat.

6.6.2 Identification of phenotype distributions with physiologically

realistic activation sequences and conduction velocity

The top half of Figures 6.10 to 6.12 shows the ventricular-like proportion, ρV,

across each monolayer generated with the parameters listed in Table 6.3. Below

the ρV plots, we show the activation time during the final beat of each simula-

tion. All monolayers spontaneously activated, so the origin of activation varied

depending upon the distribution of phenotypes. Activation times are given rela-
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Figure 6.9: Examples of phenotype distributions based on Gaussian random
fields. The first realisation of each of three parameter combinations is shown. Contours
mark out intervals of 0.2 in the value of ρV. The lower plot shows the value of ρV along
the line y = 0. The MEA has a radius of 3.2 mm, with the origin taken to be at the
centre (see also Figure 6.2).

tive to the earliest time of activation during the beat. The correlation length, lc,

is varied across the columns of the subplots, and σ down the rows.

Even without calculating numerical values of the CV, it is immediately obvious

from the activation time plots that the level of heterogeneity in the phenotype

distribution has an impact on the CV. The phenotype distributions with low

values of both lc and σ have little variation in ρV and exhibit similar activation

times across the monolayer, indicating that they are approaching the synchronised

regime. In the majority of the other simulations, a single pacemaker emerges and

paces the entire monolayer from one location. There are a few exceptions where

dual pacemakers occur, e.g. in the centre plot on the bottom row of Figure 6.10.

We now wish to identify which phenotype arrangements have physiologically

realistic values of conduction velocity. Figure 6.13 shows the median values of CV

from each monolayer, calculated using data from the eight electrode locations.

The polynomial surface fit-based algorithm was used to produce the values used
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Figure 6.10: Phenotype distribution and activation time (1 of 3). Top:
Values of ρV based on the first realisation of each Gaussian random field. Minimum
and maximum values of ρV are indicated below each plot. Bottom: activation times of
the final beat in each monolayer.
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Figure 6.11: Phenotype distribution and activation time (2 of 3). Top: Values
of ρV based on the second realisation of each Gaussian random field. Minimum and
maximum values of ρV are indicated below each plot. Bottom: activation times of the
final beat in each monolayer.

145



6: Simulations of the MEA

Figure 6.12: Phenotype distribution and activation time (3 of 3). Top:
Values of ρV based on the third realisation of each Gaussian random field. Minimum
and maximum values of ρV are indicated below each plot. Bottom: activation times of
the final beat in each monolayer.
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Figure 6.13: Conduction velocity in all simulated monolayers. Each of the
three panels summarises the conduction velocities calculated from the monolayers with
phenotype distributions shown in Figures 6.10 to 6.12. The same arrangement of lc
and σ is used across all plots. Values above the non-physiological limit of 22 cm/s are
shaded white, and grey is used to show where the activation times were so similar that
the CV calculation algorithms were unable to calculate a result.

in this figure, but there was very good agreement with those generated using the

finite difference-based algorithm.

Figure 6.13 indicates that some combinations of Gaussian random field pa-

rameters regularly give phenotype distributions that result in unrealistically high

values of CV that tend towards synchronisation. Given the lack of reports of

synchronisation across hiPSC-CM monolayers in the literature, we cannot con-

sider such monolayers to be representative of the physical case. The top left

corner of each plot in Figure 6.13 is lacking in realistic CV values, suggesting

that low values of both lc and σ are unsuitable for simulations of the MEA. The

small changes in ρV across these types of monolayer indicate that a sufficient

amount of heterogeneity is required if rapid activation and synchronisation are

to be avoided.

Unrealistic values of CV are regularly generated when σ ≤ 0.1, regardless of

the value of lc. Although some monolayers generated with these parameters do

show realistic CV values, this is not consistent throughout the different realisa-

tions of the field.

There is also a small region around lc = 0.2, σ = 0.3, where a dual pacemaker

system causes the CV algorithm to calculate a higher than expected velocity. In
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Figure 6.14: Gaussian random field parameters that produce realistic values
of conduction velocity. Purple/Yellow/Green: all/one or two/none of the three
tested field realisations gave realistic CV values. Pairs of lc and σ carried forward for
further simulations are marked with letters that denote the labels used in the next
section.

these cases, two different pacemakers emerge, one on either side of the monolayer.

The region where the electrodes are located therefore experiences two activation

waves arriving from opposite directions. With very similar activation times across

the electrode region, and only eight data points, the calculated CV values are

consequently higher than would be expected from their activation time plots,

where the contours are spaced at similar intervals to those in other simulated

monolayers. Dual pacemaker systems have not been directly reported in the

literature on hiPSC-CM monolayers, so at the present time it is unclear whether

these random fields should be considered representative of the experimental case.

6.6.3 Choice of phenotype distribution for further investigation

From our analysis of CV in the different monolayers, we have determined that

some values of lc and σ regularly result in monolayers with very high values of

CV that tend towards synchronisation. We summarise the values of lc and σ that

give monolayers with physiologically consistent values of CV in Figure 6.14.

Figure 6.14 indicates that a substantial fraction of the tested parameters do re-
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sult in monolayers with physiologically reasonable CV values. We have therefore

selected a subset of the fields that may be considered viable for further analysis.

These are marked over the relevant parameter sets in Figure 6.14. These par-

ticular pairs of parameters were selected to provide good coverage of the range

of lc and σ where realistic CV values were observed. The number of parameter

pairs was limited to six so that computational time could be invested in detailed

investigation of these pairs.

6.7 Investigation of Biomarker Variability in Simulated

and Experimental Monolayers

In the previous section, we demonstrated that a wide selection of phenotype dis-

tributions based on Gaussian random fields could produce field potentials with

biomarkers that fell within physiological ranges. We now perform a more detailed

investigation of the variability in biomarker values for monolayers with pheno-

type distributions based on different realisations of the same random field, and

compare to experimental data in control (drug free) conditions.

6.7.1 Description of simulations

We simulated 10 s of activity in monolayers with phenotype distributions based

on the values of lc and σ determined in the previous section and marked in

Figure 6.14. As we have narrowed down the range of parameters, there were

fewer fields to investigate; we consequently simulated many more realisations of

each. Having previously simulated the first three realisations of each field, we

now simulated another 12 of each, giving 15 realisations in total for each field.

6.7.2 Variability of biomarkers

In Figure 6.15, we plot a sample field and action potential from each simulation,

taken from Electrode 1 at the upper left corner of the electrode grid. Clearly,

there are great amounts of variability in the signal morphology. While we focus
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Figure 6.15: Field and action potentials from simulated monolayers with
different phenotype distributions. Signals are shown from 15 realisations of each of
the six fields selected in Section 6.6. The labels in the top right refer to the combinations
of lc and σ selected for further analysis in Section 6.6.3 and Figure 6.14.

on the field potential in our discussion here, it is also useful to note that the

amount of variability in the action potential is linked to the parametrisation of

the Gaussian random field used to determine the phenotype distribution. Fields

with low σ exhibit little variability in the action potential, while at high σ,

the action potential varies between more extreme atrial-like and ventricular-like

morphologies.
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In Figure 6.16, we plot the values of the conduction velocity, beat rate, spike

amplitude, repolarising wave amplitude, field potential duration and corrected

field potential duration in each of our simulated monolayers and from the control

stages of the MEA studies carried out by our collaborators at Axion Biosystems.

Conduction velocity

The values of conduction velocity from simulations and experiments plotted in

the top left panel of Figure 6.16 were calculated using the algorithm based on

the polynomial surface fit-based method described in Section 6.2.3.

Values of CV are generally consistent between the experimental and simulated

results, with the only notable exception being one data point from a monolayer

generated with random field parametrisation A. On further investigation, this

high CV value was found to arise due to two pacemaker regions being present

in the simulated monolayer, leading to more rapid than usual activation in the

central region where the recording electrodes are located. This may also be the

case for monolayers with notably high values of CV in the experimental dataset,

but without additional data on the activation sequence across the monolayers, it

would be premature to conclude that a dual pacemaker system is responsible.

CV is primarily influenced by the intracellular conductivity, σi, which sets the

ease with which the potential passes through the intracellular domain, and also

by the upstroke velocity of the action potential model through the formulation of

INa, the fast sodium current. The value of σi, was calibrated at the start of this

chapter so that CV values consistent with experimental data were produced; our

observation of a good match between the mean values of CV in the experimental

and simulated datasets is therefore not particularly surprising.

Beat rate

The beat rate of simulated datasets was calculated using the Matlab code de-

scribed in Section 6.2.3, while that of the experimental datasets was obtained

from Axion Biosystems’ own analysis pipeline. Beat rate is shown in the top
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Figure 6.16: Variability in biomarkers from simulated and experimental
data. Each panel shows the values of a different biomarker from the six simulated
random fields (labelled A–F; see captions at top right for field parameters) and the
experimental data under control conditions (labelled exp). The values of the biomarkers
from each simulation/experiment are shown as grey points. Summary statistics of the
mean, 95% confidence interval and one standard deviation are displayed using coloured
lines or boxes.
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right panel of Figure 6.16.

The beat rate of all simulated monolayers is noticeably faster than the experi-

mental case, indicating that a useful branch of future work would be to undertake

a closer analysis of pacemaker mechanisms within hiPSC-CM monolayers. In sim-

ulations with higher values of σ, the level of variability is closer to that observed

experimentally.

The beat rate can be influenced by two factors: the properties of the cellular

electrophysiology model and the phenotype arrangement. The combination of

these two factors determines which regions of the monolayer act as pacemakers.

We saw earlier in Figures 6.10 to 6.12 that large regions with a high proportion

of the atrial-like cell model (and therefore the fastest intrinsic beat rate) often

acted as the pacemaker in the simulated monolayers. The beat rate of the entire

monolayer is therefore set by the pacemaker region.

There are several mechanisms by which the fast beat rate in the simulated

monolayers could have occurred. We have so far assumed that the properties of

the hiPSC-CM monolayer are well-represented by the Paci et al. (2013a) models

of atrial-like and ventricular-like cellular electrophysiology, both of which spon-

taneously activate. However, beat rate has also been reported to slow as the

cells mature (He et al., 2003). A parametrisation of the cellular electrophysiology

model for more mature cells could therefore provide us with a means of slow-

ing down the overall beat rate of the monolayer. Other options are considered

following the discussion of FPD and FPDc.

Spike amplitude

The spike amplitude is plotted in the middle left panel of Figure 6.16. As for

the beat rate, the spike amplitude of the simulated data was calculated using

Matlab code, while that of the experimental data was calculated by Axion.

The mean simulated spike amplitude is a good match with the experimental

case, but we do see a substantial difference in the amount of variability. This can

perhaps be attributed to the quality of the cell-electrode contact and the filter-
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ing methods used on the experimental data, and also the effects of the reference

electrode, which we have not explicitly modelled in our simulated monolayers.

Alternatively, the parametrisation of the sodium current in the cellular electro-

physiology model may require further development, as discussed above for the

FPD, FPDc and spike amplitude.

Repolarising wave amplitude

As the amplitude of the repolarising wave is not routinely calculated for phar-

maceutical safety studies, values of the biomarker from both the simulated and

experimental data were calculated following the description in Section 6.2.3. Val-

ues of the repolarising wave amplitude are plotted in the middle right panel of

Figure 6.16.

In contrast to many of the other biomarkers, the values of and variability in

repolarising wave amplitude are substantially influenced by the amount of vari-

ability in the underlying cellular phenotype. Fields E and F, both of which have

the highest value of σ used in this study, exhibit significantly higher amplitudes

than the experimental dataset. This effect can also be seen in Figure 6.15. The

extent of this difference points to the other fields, parametrisations A–D, being a

better representation of the spatial distribution of cellular phenotypes than field

parametrisations E and F. We shall therefore focus a little more on fields A–D in

some of our future simulations, but still retain E and F.

Field potential duration and corrected field potential duration

Field potential duration and the rate-corrected form of the same biomarker are

shown in the lower two panels of Figure 6.16. The values of the biomarker in

the simulated datasets were calculated using the previously described Matlab

code, while in-house software from Axion Biosystems was used to derive the

experimental values.

While there is a clear difference between the FPD of the simulated and ex-

perimental datasets, it is not so pronounced as that of the beat rate. Levels of
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variability, however, are similar between the experimental and simulated datasets,

and the difference is not so pronounced once the correction for beat rate is applied

to yield the FPDc.

There are several mechanisms by which a small change in FPD could be

achieved in order to bring the simulated case better into line with the experi-

mental data, which could form interesting options for future work. Higher values

of the mean value of ρV in the monolayer, µ, would be one option, as would be

alterations to the repolarising currents in the Paci et al. (2013a) model. Both

of these approaches would assist in parametrising the model for a given batch of

cells — the proportions of the cellular phenotypes (and therefore µ) are likely to

differ to a certain extent, and the action potential is known to be affected by the

maturity and culture conditions of the cells.

6.7.3 Discussion

In several of the biomarkers, CV, spike amplitude and FPDc, a good match is

achieved between the mean value of the biomarker in the simulated and experi-

mental cases. While the simulated beat rate and FPD biomarkers were generally

outside the range of the experimental case, the difference is not particularly great

and future improvements to the model, both on the cellular and tissue scale,

should be able to improve the agreement. The amplitude of the repolarising

wave is particularly interesting in that it is the only biomarker which showed

substantial differences in mean value and amount of variability between the dif-

ferent random field parametrisations. Field A is particularly promising in this

regard, as the small amplitude provides the best match to the experimental data.

Many of the biomarker values generated by fields B, C and D also fall into the

experimental range, although they exhibit greater variability in their value.

At this stage, we have performed no additional tailoring of the Paci et al.

(2013a) model to our experimental data, and so the differences between simu-

lated and experimental FPD and beat rate values are not entirely unexpected.

Nevertheless, we do see good qualitative agreement. All simulated biomarker
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values are close to the experimentally observed range and the activation patterns

match those often reported in experiments: we observed steady activation waves

from a single, stable, origin in all but one of the monolayers we studied in Sec-

tion 6.7. Interestingly, we see a few high CV values in our experimental dataset,

which could feasibly also be due to the presence of multiple pacemaking sites.

The properties of hiPSC-CM action potential morphology have been reported

to vary depending on culture density (Du et al., 2015) and maturation (Lundy

et al., 2013); properties which are not included in the cellular electrophysiology

model at this time. Work on tailoring cellular electrophysiology models to a par-

ticular batch of cells is underway as part of a collaboration between the University

of Oxford’s Computational Biology group and Roche (Basel, Switzerland); this

type of approach is likely to provide improvements to the cellular electrophysi-

ology models and therefore simulated biomarker values in the coming years (Lei

et al., 2017).

6.8 Conclusions

In this chapter, we have examined the electrophysiological properties of hiPSC-

CM monolayers with different distributions of atrial-like and ventricular-like phe-

notype.

We have shown that the morphology of the field potential is affected by the

location of the pacemaker region in relation to the recording electrodes. In par-

ticular, the depolarising spike lacks an initial depolarisation phase when the field

potential is examined close to the pacemaker. The polarity of the repolarising

wave is affected by the proximity to the pacemaker and the repolarisation state of

the rest of the monolayer at that time. We also observed how the size and the mix

of phenotypes present in the pacemaker affect the magnitude of the repolarising

wave.

We then used Gaussian random fields, generated with different input param-

eters, as the basis for the phenotype distributions of the simulated monolayers.

Having tested a range of values of the correlation length, lc, and the variance,
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σ2, we selected a range of parameters for further investigation. Use of Gaussian

random fields for the phenotype distribution can produce monolayers with vari-

ability in biomarker values similar to that observed experimentally, although it

is not yet possible to clearly identify one of the random field parametrisations as

giving a consistently better match to the experimental biomarkers. Based on the

repolarising wave amplitude, we can suggest that greater consideration be given

to fields A–D, and particularly A, over E and F.

While we see differences in the mean values of beat rate and FPD between

the experimental and simulated cases, we do achieve a good qualitative fit to the

experimental data. We note that investigations of the effects of drugs consider

the percentage change in biomarker values rather than the absolute values; our

qualitative model is therefore a good starting point for such simulations.

We now move on to simulations of the cardiac safety assessment procedure

using the MEA. Throughout this chapter we have seen how the arrangement of

phenotypes has affected the field potential; we now turn our attention to the

impact of the phenotype arrangement on the biomarkers of the MEA as the ac-

tion of ion channel-blocking drugs is simulated, and an assessment of how well

our model performs under such conditions. In Section 6.7.3, we noted that im-

provements to the cellular electrophysiology model and tissue-scale aspects of our

micro-electrode array simulations are required if the properties of our simulated

field potentials are to be quantitatively representative of the experimental case.

By extending our study beyond control conditions, we are able to identify specific

aspects of the model that are in need of further calibration against experimental

data and comment on the impact of phenotypic variability on the field potential

biomarkers.
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7
Investigation of Drug Action on
Monolayers Containing Multiple

Cellular Phenotypes

In Chapter 6, we examined how variability in cellular phenotype across stem

cell-derived cardiomyocyte monolayers affected the values of biomarkers derived

from simulated micro-electrode array recordings. We used the homogenised phe-

notypes model from Chapter 5 to represent the presence of variable cellular phe-

notypes. The ionic currents in the homogenised regions were represented by a

weighted average of the contributions from atrial-like and ventricular-like mod-

els of human induced pluripotent stem cell-derived cardiomyocyte (hiPSC-CM)

electrophysiology (Paci et al., 2013a).

We now utilise the model developed in Chapter 6 in a more applied con-

text. The micro-electrode array (MEA) assay is a promising tool for the safety

assessment of new drugs, and is set to become more widely used following the

current proposals of the Comprehensive in vitro Proarrhythmia Assay initiative.

In this chapter, we build upon our previous simulations of the electrical activity

in hiPSC-CM monolayers to include the effects of drugs. We study the qualitative

behaviour of the system, by investigating how well our model performs in terms
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of predicting the trend and magnitude of changes to biomarkers derived from the

field potential as the influence of ion channel-blocking drugs are simulated. We

also examine how variability in the underlying distribution of cellular phenotypes

contributes to the values of, and variability within, the biomarker values derived

from the simulations.

We use the results of these simulations to guide our recommendations for

future work on the individual components that make up our model of the micro-

electrode array, and comment on how the introduction of phenotypic variability

within our simulated monolayer relates to that observed experimentally.

7.1 Chapter Outline

Before starting the more complex tissue simulations, we first investigate the effects

of two well-studied drugs on a single-cell model of hiPSC-CM electrophysiology

in Section 7.2. This series of simulations demonstrates how the action potential

adapts over time to the action of a drug. The results of this preliminary study

influence the manner in which we implement the effects of ion channel blocking

drugs on the monolayer.

We then return to simulations of the MEA, this time including the effects of

ion channel block. In Section 7.3, we describe the implementation of the action

of ion channel-blocking drugs on our bidomain simulations. We first consider the

action of six hypothetical specific channel blockers in Section 7.4. By blocking one

specific ion channel in each simulation, we are able to see how each ionic current

influences the action and field potentials. We then develop the simulations further

in Section 7.5, where we consider the action of three real drugs which block a range

of single or multiple ion channels. We compare our simulations to experimental

data provided by our collaborators at Axion Biosystems.

In Section 7.6, we summarise our findings on the ability of our simulations to

capture the changes to and levels of variability in the biomarkers that have been

reported from experimental MEA studies. Having evaluated the performance of

our model, we then propose improvements that could be made in the future.
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7.2 Drug Action on Stem Cell-Derived Cardiomyocytes

We open this chapter with a preliminary study of the effects of two well-studied

drugs on the Paci et al. (2013a) model of ventricular-like hiPSC-CM electrophys-

iology. Upon simulating a drug’s mechanism of action, the action potential does

not immediately settle to a steady state. A study of this timecourse is therefore

necessary before we can proceed with the tissue simulations later in this section,

where the computational complexity of the simulation is such that it is important

that reaching steady state takes as short a time as possible.

7.2.1 Implementation of ion channel block

We implement the action of a drug on a given ion channel using a simple pore-

block model (Yifrach, 2004; Brennan et al., 2009). This model does not consider

the effects of the drug on ion channel kinetics, but is nevertheless widely used

throughout cardiac modelling studies (Mirams et al., 2011; Zemzemi et al., 2013).

The pore-block model scales the conductance, g, of an ion channel by a func-

tion dependent on two parameters: the IC50 value and the Hill coefficient. The

IC50 value is the concentration at which the conductance of that channel is re-

duced to half of its original value, and the Hill coefficient is a measure of how many

ion channels are, on average, blocked by each drug molecule. For ion channel i,

the conductance following the addition of a drug can be expressed as

gi = gi,control

(
1 +

(
[D]

[IC50]i

)h
)−1

, (7.1)

where [D] is the concentration of the drug and h is the Hill coefficient.

7.2.2 Description of simulations

In this preliminary study, we simulated the electrophysiological properties of a

unit patch of hiPSC-CM cell membrane, which was represented by the ventricular-

like cellular electrophysiology model of Paci et al. (2013a). The model is com-

prised of a system of ordinary differential equations which may be solved to
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Drug gCaL gKr Concentration / nm

IC50/nm Hill IC50/nm Hill 1 2 3 4

Cisapride – – 12 1.3 3.2 10 32 100
Terfenadine 700 0.7 19 0.6 1 10 100 1000
Diltiazem 112 0.7 6569 0.8 10 100 1000 10000

Table 7.1: Ion channel-blocking properties of Cisapride, Terfenadine and
Diltiazem. The concentrations listed in the table are those used by Axion Biosystems
for their CiPA validation study. IC50 and Hill coefficients are taken from Crumb Jr.
et al. (2016). Cisapride and Terfenadine were used for the investigation into the ini-
tial conditions described in Section 7.2, and all three listed drugs were used for the
monolayer simulations in Section 7.5.

yield the membrane voltage; this type of system was described previously in Sec-

tion 3.2. The simulations were carried out using Chaste, which utilises CVODE,

an adaptive ODE solver from the SUNDIALS software suite, to solve the cellular

electrophysiology model.

Initial conditions of the model were set as listed in the supplement of Paci

et al. (2013a). 600 s of activity were simulated under control conditions to allow

the model to reach steady state.

The effects of two well-studied drugs, Cisapride and Terfenadine, were then

introduced. Four further simulations were performed for each drug, with each

simulation demonstrating the effect of the drug at one of the four concentrations

tested in the experiments performed by Axion Biosystems, as listed in Table 7.1.

At the start of the simulation for each of the four concentrations, the model

was initialised with the final state of the control simulation described above.

The ion channel conductances were then modified using the pore block model

in equation (7.1) and the IC50 values and Hill coefficients from Table 7.1 to

implement the effect of the drug. A further 600 s of activity were then simulated.

7.2.3 Results

To determine how the morphology of the action potential changed as the model

settled to a steady state, we examined the action potential duration over the

simulated timecourse. We considered the APD90, the time taken for the mem-
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Figure 7.1: Simulated addition of Cisapride and Terfenadine to a single
cell. The APD90 at each beat during the 600 s simulation is plotted. Simulated drug
concentrations match those used in the experimental study of Axion Biosystems.

brane voltage to return to 90% of its minimum value following the upstroke of

the action potential (see Figure 2.4 on page 15 for an example).

Cisapride

The APD90 of each beat of the ventricular-like Paci et al. (2013a) model is plotted

in the top panel of Figure 7.1. While the APD90 of the control and lower two

concentrations move close to their steady state value after around a minute, this

is not the case at the higher two concentrations. At 32 and 100 nm of Cisapride,

the APD90 overshoots its steady state value, taking over three minutes to settle

to steady state following the overshoot.

Terfenadine

The dynamics of the APD90 following the addition of Terfenadine are similar to

those observed with Cisapride. Again, Figure 7.1 demonstrates that steady state
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is quickly reached at the lower concentrations, while the APD90 at the higher two

concentrations takes around 8 minutes to approach steady state. Interestingly,

the APD90 at 100 nm undergoes an initial decrease prior to overshooting above

the steady state value.

7.2.4 Implications for tissue-scale simulations

It is clear that the extent of the changes to ion channel conductances at higher

simulated concentrations lead to the single cell model requiring a long simulated

time to reach steady state. The tissue simulations that we consider in the re-

mainder of this chapter are far more computationally expensive to run, and it is

therefore important that we ensure that the tissue-based system reaches steady

state in a short amount of time. We therefore set the initial conditions of the cel-

lular electrophysiology ODE systems to the steady state under drug block before

using them in tissue-scale simulations, as described in the following section.

7.3 Model of Drug Action on Monolayers with Spatially

Varying Phenotypes

In this section, we describe aspects of the monolayer simulation that have been

changed or added since Chapter 6. The geometry of the 96-well MEA plate,

the finite element meshes and cellular electrophysiology model were described in

Section 6.4.

7.3.1 Variability in phenotype across the monolayer

Spatial heterogeneity in the cellular phenotype was modelled by setting ρV, the

proportion of the ventricular-like cellular electrophysiology model, to the value

of a Gaussian random field. We utilised the six random field-based phenotype

arrangements (referred to as A–F) that we studied under control conditions in

Section 6.7. The parameters of the six random fields are listed in Table 7.2.

In Section 6.7, we noted that fields A–D exhibited repolarising wave ampli-
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Parameter Values

A B C D E F

lc 0.2 0.1 0.3 0.05 0.1 0.3
σ 0.075 0.15 0.15 0.3 0.4 0.4

Table 7.2: Parameter values of the six Gaussian random fields A–F. These six
parametrisations of the random field were selected for further investigation in Chap-
ter 6. For further details, see Section 6.6. lc is the correlation length, in cm (for
comparison, the diameter of the monolayer is approximately 0.6 cm), and σ is a mea-
sure of the amount of variation in the field value.

.

tudes that were far closer to the experimental values than fields E and F. Some

of the discussion of our simulations therefore focuses on an isolated example from

one of these four fields when a closer look at a single field potential is useful.

7.3.2 Simulation of different drug concentrations

The MEA safety assessment assay at Axion Biosystems is performed by compar-

ing the field potentials under control and dosed conditions. Initial recordings are

gathered from all wells under control conditions. One of the four concentrations

of the drug to be tested is then added to a number of the wells, and recordings

of the field potential under these dosed conditions are gathered.

We have two methods by which we can implement the experimental proce-

dure in our simulations, which are shown in Figure 7.2. In the previous section,

we noted that it could take several minutes for a single simulated cell to reach

steady state following the application of a drug. If we use default control initial

conditions for the action potential model, we would have to simulate the elec-

trical activity in the monolayer for several minutes before it would reach steady

state. This would substantially increase the computation time. So instead we

implement the steady-state action of the drug as part of the initial conditions for

the action potential model.

Once initialised, 15 s of activity was simulated. This is longer than the 10 s

simulated in the previous chapter to ensure that several beats were simulated

even if the drug had a substantial slowing effect on the beat rate.
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Option 1: implement the effects of the drug on the control monolayer simulation

Option 2: implement the effects of the drug in a separate simulation

Use several values
of ρV to generate
initial conditions

control

Initialise tissue with state
variables from single cells

drug

Implement effects
of drug on tissue

control

Initialise tissue
with state variables

from single cells

drug

Initialise tissue
with state variables

from single cells

Figure 7.2: Methods for setting up a monolayer simulation with the effects
of a drug. Option 1: the changes in conductance values due to the action of a drug
can be applied directly to the monolayer. Option 2: alternatively, the initial conditions
of the simulation can be prepared under the effects of a drug. The control and drug
simulations are performed separately.

Initial conditions

The initial conditions of the cellular electrophysiology model vary from those de-

scribed before in that the simulated effect of each drug is now taken into account.

As described previously, initial conditions were generated for a range of values

of ρV, the proportion of the ventricular-like model. The membrane voltage was

simulated for 600 s under control conditions, after which the effect of the selected

drug at a particular concentration was applied by altering the relevant ion channel

conductances according to equation (7.1), the IC50 values and Hill coefficients.

A further 600 s of activity was then simulated to allow the action potential

to reach steady state. The initial conditions for the tissue simulation were then

obtained by selecting the state variables at the time at which the membrane

voltage increased past −70 mV during the depolarising phase of a spontaneous

action potential. If the effects of the simulated drug were such that the membrane

voltage did not fall below −70 mV, the initial conditions were instead taken at
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the lowest value of the membrane voltage (typically still below −65 mV in such

cases).

Having obtained initial conditions for a range of ρV values, the instances of

the cell model at the nodes of the finite element mesh were then set to have state

variables based upon these initial conditions. If the value of ρV at the node did

not exactly match the ρV of one of the pre-generated sets of state variables, linear

interpolation was used to generate a suitable set of state variables for the initial

conditions.

7.4 Hypothetical Specific Blockers

In this section, we examine the impact of the blocking of six ion channels indi-

vidually on the activity of a simulated monolayer in the MEA.

7.4.1 Description of simulations

The six ion channels that we consider are those selected by the CiPA initiative

for early-stage screening in the safety assessment process. We therefore reduced

the values of the following conductances by 50% and 100%:

• gCaL, l-type calcium,

• gK1, inward rectifier (potassium),

• gKr, rapid delayed rectifier1 (potassium),

• gKs, slow delayed rectifier (potassium),

• gNa, fast sodium, and

• gto, transient outward (potassium).

The simulation itself was performed as described in Section 7.3. Biomarkers

were then calculated from the field potential at the locations of each of the eight

electrodes. Methods for calculating the biomarkers used in this section (conduc-

tion velocity, beat rate, spike amplitude, field potential duration and corrected

field potential duration) were described previously in Section 6.2.3.

1The rapid delayed rectifier current is also commonly referred to as the hERG current, after
the human ether-à-go-go gene which encodes the structure of the ion channel.
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Figure 7.3: Field and action potentials from a simulated monolayer as
different ion channels were blocked. These signals were generated from a
monolayer where the phenotype distribution was set using field parametrisation C
(lc = 0.3, σ = 0.15). Ionic conductances g were reduced by 50 and 100% of their
value under control conditions.

7.4.2 Examples of signals from a single monolayer

We begin our analysis of the effects of ion channel blockade by comparing the

action and field potentials under the different interventions. As an example, we

consider the potentials from the first realisation of random field parametrisation

C. The action and field potentials from Electrode 1 are plotted in Figure 7.3.
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We can immediately see that blockade of some ionic currents such as ICaL and

IKr have far more dramatic effects on signal morphology than others, such as IKs

and Ito. The other currents, INa and IK1, cause rather little change at 50% block

but prevent activation entirely at 100% block.

We observe triangulation of the action potential as gCaL is reduced, and pro-

longation of the action potential with the reduction in gKr, as expected from

previous studies using adult cardiomyocyte models (Mirams et al., 2014). These

changes are reflected in the field potential, with the repolarising wave occurring

close to and further from the depolarising spike after the two respective changes

to the ionic currents.

In Figure 7.4, we plot the activation sequence in this monolayer after blockade

of each ion channel. In the control case, we can see that the bottom right region

of the monolayer acts a a pacemaker, following the lower ρV in this area of the

monolayer. This region consistently triggers activation following all changes to

the ionic currents, apart from when the monolayer becomes quiescent at 100%

block of INa and IK1 (at 50% IK1 block, the depolarising spike could not be

consistently detected across the entire monolayer).

We can also identify some changes in the conduction velocity from the acti-

vation time gradients. As expected, we see that CV is considerably slower after

50% reduction in INa than in control. We also note lesser reductions following

reduction in ICaL and IKr, which we will return to following a more complete

study of all the simulated monolayers.

7.4.3 Biomarker values from all simulated monolayers

In Figure 7.5, we plot the values of five biomarkers from the five realisations of

the phenotype distribution generated by random fields A–F. The biomarkers, con-

duction velocity (CV), beat rate, spike amplitude (SA), field potential duration

(FPD) and corrected field potential duration (FPDc) were described previously

in Section 6.2.3.

A 50% blockade of the l-type calcium current causes small changes in CV, beat
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Figure 7.4: Activation patterns from simulated monolayers as a single ion
channel was blocked. The activation patterns were derived from the final simulated
beat of a monolayer generated with field parametrisation C (first field realisation). The
underlying phenotype distribution is shown alongside the activation pattern during
control conditions in the top row. The monolayers were quiescent following both levels
of block of gK1 and 100% block of gNa.

rate and SA, before causing more noticeable changes at 100% block. There is little

variability in the values of, or the trend in, these three biomarkers across different

parametrisations and realisations of the random field. At the highest level of

block, the peak of the repolarising wave becomes harder to detect, resulting in

the FPD and FPDc appearing to take different trends in different realisations of

the same random field.
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Figure 7.5: Biomarker values from simulated monolayers under blockade
of a single type of ion channel. (1 of 2) The three columns show values of the
biomarkers following reduction in the values of gCaL, gK1 and gKr. Each set of three
connected data points shows the biomarker value at 0, 50 and 100% block in a single
monolayer. The parameters of the random field, lc and σ, are indicated by the colour
of the groups of data points. The five data series in each colour were generated with
five realisations of the random field. Missing data points indicate cases where it was
not possible to calculate the value of a biomarker, for instance due to the monolayer
becoming quiescent.
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As we noted previously, reduction of IK1 has an appreciable effect on the

excitability of the monolayer; our example monolayer became quiescent at 100%

block of the current. In many of the monolayers, it was impossible to calculate

values of the biomarkers at even 50% block, implying that they too became

quiescent. Beating was detected in none of the monolayers at 100% block.

Reduction in gKr is well-known for causing prolongation of the action poten-

tial, and as expected we can clearly see its effect on the FPD and FPDc of the

simulated monolayers. The changes on CV and SA are rather small, but there

is a reduction in beat rate across all monolayers which is notable when IKr is

entirely removed.

Reduction in gKs and gto produce rather similar effects on the biomarkers

derived from the simulated monolayers. Even when changes occur, they are

small — a slight decrease in FPD and FPDc at 50 and 100% block of the two

currents, and increases in CV in some of the monolayers. The small magnitude

of changes suggests that detecting IKs or Ito reduction using field potentials from

MEA recordings will be difficult, if not impossible, in practise.

In contrast, reduction in gNa has a far greater impact on the biomarkers. We

noted previously that complete removal of INa caused the example monolayer to

become quiescent; this is also the case in almost all the other simulated mono-

layers. In the monolayers where the depolarising spikes were detected, the SA

was almost undetectably low and so the values of FPD from those monolayers

should be treated with caution. At 50% block, a slight increase in FPD can be

detected, along with more noticeable reductions in CV (which is typically the

case in experimental preparations), beat rate and SA.

While most of the effects we see on the biomarkers are those that we antic-

ipated and are well-understood, some do merit further mention. Slowing of the

CV is typically associated with reduction in INa, but we also see a small yet con-

sistent decrease following reduction in IKr and ICaL. The association with hERG

channel block has been previously reported (Caspi et al., 2008; Satin et al., 2004),

but to our knowledge this is not the case for ICaL.
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Figure 7.5: (2 of 2) Continued from page 171. The effects of applying 50 and 100%
block to three further ion channels, gKs, gNa and gto.

7.5 CiPA Compounds

We now perform simulations of the action of real drugs on hiPSC-CM monolayers.

The drugs that we use are selected from the CiPA validation study carried out by

Axion Biosystems. Values of the IC50 and Hill coefficients have been published for

the majority of the drugs in the CiPA validation study (Crumb Jr. et al., 2016);
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we have selected three that exhibit a range of ion channel-blocking properties

for this study. The selected drugs are Cisapride (a specific blocker of the hERG

channel), Terfenadine (which also primarily reduces IKr, but also ICaL at higher

concentrations), and Diltiazem (which mainly reduces ICaL, but also IKr at the

highest tested concentration). The properties of the three drugs were summarised

in Table 7.1, on page 162.

As in Chapter 6, we calculate biomarkers from the simulated field potentials

and compare these to the experimental data provided by Axion Biosystems. Our

analysis of this data takes us towards two aims. Our first aim is to assess how well

our model is able to reproduce the experimentally-observed effects of each drug.

This will help us to identify aspects of the model, on both the tissue and cellular

scale, which can be improved upon in future. The second aim is to investigate

how variability in cellular phenotype may affect the biomarker values and overall

activity of the monolayer in ways not originally anticipated.

Extended versions of the figures in the following section, showing more exam-

ples of the action and field potentials and additional biomarkers, may be found

in Appendix A4.

7.5.1 Cisapride

The drug Cisapride was used to treat heartburn up until the year 2000, when it

was withdrawn from the market following reports of heart rhythm abnormalities

(Henney, 2000). Cisapride binds to the hERG channel at rather low concentra-

tions, and has been widely reported to increase the QT interval in the electro-

cardiogram (Wysowski and Bacsanyi, 1996) and the field potential duration in

micro-electrode array studies (Harris et al., 2013).

We simulated the effects of Cisapride on 60 randomly generated hiPSC-CM

monolayers following the procedure set out in Section 7.3. Ten realisations of the

six previously described random fields A–F were used to generate the phenotype

distributions used in this study. The concentrations of Cisapride were selected

to match those used by Axion Biosystems in experimental studies, to which we
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Figure 7.6: Simulated field potentials following the addition of Cisapride.
The field potential during the last full beat of each simulation. Each panel contains one
field potential from each of ten realisations of the random field parametrisation used
to represent the phenotype distribution.

compare the results of our simulations.

To gain an initial assessment of the form of the field potential and how it

can vary, we plot an example of a field potential from one electrode in each

simulation in Figure 7.6. Each individual panel contains field potentials from

ten realisations of each parametrisation of the random field A–F. Each row of
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Figure 7.7: Comparison of simulated and experimental field potentials fol-
lowing the addition of Cisapride. Left: simulated field potentials generated using
one realisation of phenotype field A. Right: experimental field potentials. Grey is used
to indicate the field potential under control conditions, with shades of blue/green used
for the dosed cases. Note that a different monolayer was used for each of the experimen-
tal control-dosed pairs, while the same phenotype layout was used for all the simulated
signals shown in this figure.

the figure corresponds to one of the six random field parametrisations. The

columns of the figure show field potentials from simulations with increasing drug

concentrations. The field potentials were obtained from the final complete beat

in each simulation. For clarity, we do not show the depolarising spike of the

following beat.

As we noted in the previous chapter, there is substantial variability in the field

potential morphology as a result of variability in phenotype. However, we do see

the same general trend in the morphological changes as the drug concentration

increases. The repolarising wave occurs at a later stage as a result of simulat-

ing the addition of Cisapride, as a consequence of the reduction in IKr causing

prolongation of the action potential, and therefore also the field potential.

In Figure 7.7, we provide a more detailed view of the field potential. On

the left, we compare the simulated field potential at each of the applied drug

concentrations with the control simulation. The panels on the right have a similar

layout, but experimental field potentials are shown. The simulated field potential
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was selected from one realisation of those generated using field A. At the lowest

concentration, we see a very slight reduction in the amplitude of the repolarising

wave in both the experimental and simulated cases. As the concentration is

increased, the peak of the repolarising wave occurs later in the dosed case than

control, as we expect. However, the differences between the control and dosed

cases are far more marked in the simulations rather than the experiments.

We now examine the biomarkers that are influenced by the action of Cis-

apride. Here, we focus on the FPD, and the closely-related beat rate and FPDc.

Figure 7.8 shows the values of these biomarkers during each simulation. Biomark-

ers from experimental data are shown in grey on the right-hand side. An ex-

panded version of this figure, showing additional biomarkers, may be found in

Appendix A4. Figure 7.9 is plotted similarly, but shows the percentage change in

the biomarker value at each of the four drug concentrations compared to control.

As expected, considering the percentage change in biomarkers rather than

their absolute value removes a lot of the variability within the results from a

given random field parametrisation. This is particularly notable in the beat rate.

If we now focus on Figure 7.9, we observe the correct qualitative trend in the

biomarkers: FPD and FPDc increase as the concentration of Cisapride increases,

and beat rate decreases at the highest tested concentration. As we noted in

our preliminary observations of Figure 7.7, the magnitude of the change in these

biomarker values is far larger in the simulated studies, regardless of phenotype

arrangement, than in the experimental case.

The change in beat rate is of particular interest. At the lowest concentration

of Cisapride, experimental monolayers undergo an increase in beat rate compared

to control, an aspect which is not observed in any of the simulated monolayers.

With little change in the FPD at this stage, we cannot attribute the difference in

beat rate to the cell taking longer to return to a depolarised state. Instead, this

is perhaps an effect which is unaccounted for in the present formulation of our

model. We will return to this point in Section 7.5.4, following descriptions of the

remaining drugs.
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Figure 7.8: Selected biomarkers from simulated and experimental field po-
tentials following the addition of Cisapride. Each five points linked by a line
denotes the biomarker values under control conditions and the four increasing con-
centrations of Cisapride. Connected points indicate that the biomarker values were
obtained from the same monolayer. Only one concentration of Cisapride was tested
on each experimental monolayer, all lines in that section of the plot therefore link the
control value to only one value obtained under dosed conditions.

7.5.2 Terfenadine

Terfenadine is a non-sedating antihistamine implicated in several occurrences of

drug-induced Torsades de Pointes (Monahan et al., 1990). It was withdrawn from

the market in 1997 once it became clear that the risks associated with the drug

far outweighed the benefit of a reduced sedative effect in comparison to other

antihistamines (Josefson, 1997). Like Cisapride, Terfenadine binds to the hERG

channel and prolongs the QT interval, which can act as the trigger for TdP in sus-

ceptible patients. However, it also binds to the l-type calcium channel at higher

concentrations, giving the profile of Terfenadine some interesting properties.
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Figure 7.9: Percentage change in selected biomarkers from simulated and
experimental field potentials following the addition of Cisapride. As in Fig-
ure 7.8, linked points show the values obtained from the same monolayer. The ex-
perimental data points were all gathered from different monolayers, so links are not
shown.

In Figure 7.10, we show an example of the impact of Terfenadine on simu-

lated and experimental field potentials. The simulated traces were obtained from

a monolayer with phenotype layout generated using the B random field parametri-

sation. As we noted earlier for Cisapride, we see that our simulated field potentials

show far more extensive differences between the control and dosed cases than the

experimental field potentials do. At low concentrations, Terfenadine primarily

blocks the IKr current; the prolongation of the field potential at the first three

concentrations is observed as expected. The ICaL blocking properties of the drug

come into play at the highest tested concentration. In the experimental case,

all monolayers became quiescent at 1000 nm. However, the simulated monolayers
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Figure 7.10: Comparison of simulated and experimental field potentials
following the addition of Terfenadine. Left: simulated field potentials generated
using one realisation of phenotype field A. Right: experimental field potentials. At the
highest concentration of Terfenadine, all experimental monolayers were quiescent.

instead showed a reversal in the changes to the field potential duration. These

differences at the highest concentration are not altogether unexpected; previous

studies have reported both quiescence (Blinova et al., 2017) and reduction in

FPD (Harris et al., 2013; Abi-Gerges et al., 2017) at concentrations of 800 nm or

above.

To obtain a more precise view of the changes in field potential duration, we

plot the percentage change relative to control of the beat rate, FPD and FPDc in

Figure 7.11. The change in beat rate in our simulations follows an inverse pattern

to the FPD, first decreasing and then increasing at the final concentration. Along

with the differences between the simulated and experimental beat rates and the

inability of the rate-correction in the FPDc to compensate, this suggests that the

prolongation of the field potential is masking any changes to the beat rate.

Supplementary plots showing the full range of simulated action and field po-

tentials from this series of simulations may be found in Section A4.1.2.
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Figure 7.11: Percentage change in selected biomarkers from simulated and
experimental field potentials following the addition of Terfenadine. Linked
points show the percentage change in each biomarker compared to control for a given
monolayer.

7.5.3 Diltiazem

Diltiazem is an anti-anginal and anti-arrhythmic drug considered to have a low-

risk safety profile (Colatsky et al., 2016). Like Terfenadine, it blocks the hERG

and l-type calcium currents, but does so at the opposite ends of the concentration

scale: it primarily reduces ICaL until, at very high concentrations, appreciable

levels of IKr block also occur.

As for previous drugs, we begin with a comparison of one example field poten-

tial from simulated and experimental datasets. Figure 7.12 compares a simulated

field potential from a monolayer generated using phenotype field B to experimen-

tal data. It again appears that the simulations overestimate the impact of the

drug on the field potential at the lower concentrations, and we can see that the
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Figure 7.12: Comparison of simulated and experimental field potentials
following the addition of Diltiazem. Left: simulated field potentials generated
using one realisation of phenotype field A. Right: experimental field potentials. At the
highest concentration of Diltiazem, all experimental monolayers were quiescent or it
was not possible to detect the repolarising wave.

simulated field potentials remain robust at the highest concentration despite the

experimental monolayer becoming quiescent.

The repolarising wave proved difficult for the automated algorithm to detect

at the highest two concentrations (note, for example, how the repolarising wave

is almost indistinguishable from the depolarising spike in the 1000 and 10 000 nm

panels of Figure 7.12), so manual detection of the repolarising wave was applied

in some cases. In Figure 7.13, we plot the percentage change in three biomarkers:

the beat rate, conduction velocity and field potential duration. Plots showing the

full set of biomarkers and their absolute values can be found in Section A4.1.3.

Our simulations capture the experimentally observed increase in beat rate, but

underestimate the degree of change. The change in CV is rather variable, but does

reproduce the trend seen in the experiments. CV is greater than control at the

simulated lowest concentration of Diltiazem, before returning close to the control

value at the following concentration and then falling at higher concentrations. In

contrast, the experimental data is less consistent, with some monolayers showing

an increase in CV, and others a decrease, at all tested concentrations.

This implies that there are further levels of variability in the monolayers that
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Figure 7.13: Percentage change in selected biomarkers from simulated and
experimental field potentials following the addition of Diltiazem. Linked
points show the percentage change in each biomarker compared to control for a given
monolayer.

our simulations are, at this point, unable to capture. The implication is backed up

further by the beat rate data. Our simulations do show an increase in variability

in beat rate as the concentration increases, but not to the extent observed in the

experimental data.

The previous two simulation studies, on Cisapride and Terfenadine, both ex-

hibited far greater changes in FPD that were observed in the experiments. How-

ever, there is a far better quantitative fit for Diltiazem, the action of which

shortens rather than prolongs the FPD. At 10 nm, the shortening is slightly

greater in the simulation, while there is very little change in the experimental

data compared to control. At the higher concentrations, the differences between

experiments and simulation are far less than were seen for the other drugs.
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7.5.4 Discussion

A common theme throughout all three studies of drug action is the observa-

tion that our model can qualitatively predict the changes observed in many

experimentally-recorded field potential biomarkers but, in its present state, over-

estimates many of these changes.

For the IKr current, this observation is in agreement with the findings of

Abbate et al. (2018). In their simulations of Dofetilide (like Cisapride, a drug

that specifically reduces IKr), the increase in repolarisation time far exceeded that

of the experimental data against which they compared. The two drugs that we

tested, Cisapride and Terfenadine, both cause very high levels of hERG channel

block at their highest tested concentrations (over 90%). Any errors in the IC50

values or Hill coefficients should therefore only have been responsible for small

errors in the level of hERG channel block; we can therefore consider errors in

the IC50 values or Hill coefficients to be an unlikely cause for the discrepancies in

biomarker values.

We therefore propose that improvements to the IKr formulation in the Paci et

al. (2013a) model may be able to improve the ability of our model to recapitulate

the experimental state. The Paci et al. (2013a) model is based upon the ten

Tusscher et al. (2004) model, a model not previously reported to overstate the

effects of IKr reduction on the action potential duration (and, in consequence,

the FPD) — other models, such as the O’Hara et al. (2011) model, show a much

greater response (Mirams et al., 2011). If we return to Figure 7.1, we note that the

APD90 at the highest tested concentrations of Cisapride and Terfenadine is very

high, at over 1.1 s. Such a response with no sign of unusual effects such as early

after-depolarisations is not found in adult models of cardiac electrophysiology

(see Figure 7.14) and raises concerns as to the validity of the Paci et al. (2013a)

model in this regime.

This feature of the Paci et al. (2013a) model explains our observations of

larger than expected increases in FPD following blockade of IKr. We therefore

propose that improvements to the kinetics and/or expression levels of IKr for both
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Figure 7.14: APD90 prolongation following IKr block in a range of cellular
electrophysiology models. The Paci et al. (2013a) models exhibit far greater APD90

prolongation than the adult models following reduction in IKr. Data for the figure were
generated using the Cardiac Electrophysiology Web Lab (Cooper et al., 2016). All
models were stimulated at 1 Hz.

the atrial-like and ventricular-like variants should be a priority in future work. A

recent development on this front was the tailoring of currents from the Paci et

al. (2013a) ventricular-like model to individual hiPSC-CMs from two commercial

suppliers (Lei et al., 2017). While changing the values of ion channel conductances

improved the ability of the model to reproduce the effects of different drugs on the

APD90, Dofetilide (the specific IKr blocker) proved a particular challenge. This

implies that merely tuning the values of the ion channel conductances is likely to

be insufficient; instead, a thorough investigation of the ion channel kinetics may

be merited, with particular emphasis on IKr (Beattie et al., 2018).

Discussion of the phenotypic variability within and between monolayers is

best restricted to the Diltiazem study, where the impact of IKr is less overpow-

ering. Throughout the studied biomarkers, we observed greater variability in

the percentage change relative to control in the experimental data than in the

simulated data. To achieve experimentally-observed levels of biomarker variabil-

ity, we may have to include yet more variability-inducing factors into our model.
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The inclusion of a model of nodal-like cellular electrophysiology (i.e. the third

cellular phenotype) and greater consideration of the maturation state of the cells

within the monolayer are two such factors. Each of these ideas would influence

the beating characteristics of the monolayer, with the nodal-like model providing

pacemaker regions with a potentially faster beat rate than the atrial-like model,

and knowledge of the maturation state providing a mechanism by which some of

the cell types could be less prone to spontaneous beating.

7.6 Conclusions

We began this chapter by demonstrating how signals recorded by the MEA are af-

fected by reduction in individual major currents. We observed the expected qual-

itative effects, with reduction of IKr and ICaL causing prolongation and shortening

of the field potential duration respectively. The impact of INa block was clearly

discerned by the reduction in spike amplitude and conduction velocity, while

the effects of complete IK1 block manifested through cessation of spontaneous

beating. Block of the remaining currents, Ito and IKs, produced comparatively

negligible effects on all biomarkers. Such changes are therefore likely to prove

difficult to detect in an experimental context.

Our comparison of simulated and experimental drug effects proved useful in

narrowing down aspects of the Paci et al. (2013a) model that can be improved

upon in future. The consistent overestimation of the increase in field potential

duration caused by hERG-blocking drugs indicate that improvements to the for-

mulation of the IKr current should be a priority for future work. Such a focus on

the hERG channel has already proved useful in adult cardiac cell models, with

revisions to the O’Hara et al. (2011) model improving the accuracy of its response

to drugs that reduce IKr (Li et al., 2017; Dutta et al., 2017).

We demonstrated that variability in the phenotype distribution, represented

through the use of different realisations of a random field to determine the pheno-

type layout, could produce levels of variability in the biomarkers similar to those

observed experimentally. While this finding will need to be revisited once the
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absolute changes in biomarkers are better represented by the underlying cellular

electrophysiology model, we have shown that our method of simulating pheno-

typic variability using the homogenised phenotypes model and Gaussian random

fields is a promising approach for future simulation studies.
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8
Conclusions

We now review the main findings of this thesis, and identify a number of promising

avenues for further research along the same theme.

8.1 Implementation of Multiple Phenotypes in Cardiac

Tissue Simulations

Tissue cultures of human stem cell-derived cardiomyocytes exhibit steady beat-

ing, with an activation wave that propagates outwards from a pacemaking re-

gion. This behaviour is inconsistent with the synchronous activation that we

might expect from a system of homogeneous coupled oscillators, indicating that

the electrophysiological properties of the tissue vary throughout space.

There are several potential mechanisms by which such variability can arise, for

example, variations in the structure of the tissue through more crowded regions

or holes in the monolayers, or small-scale variation in the action potential due to

differences in the density of ion channels in different cell membranes. However,

one mechanism stood out as being particularly fruitful for further investigation:

single-cell studies of hSC-CM electrophysiology have widely reported that the

action potentials can be classified into three subtypes, or phenotypes, that differ
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considerably in their morphology.

Simulations of hSC-CMs on the tissue scale therefore need to incorporate

such spatial variability. Our work in Chapter 5 compared two different models

for the simulation of electrophysiological activity in tissue that possessed spatially

varying types of cell. Existing methods for simulating tissue with spatially varying

properties each have their disadvantages, as we discussed in Section 5.2, so we

therefore investigated a novel method, the homogenised phenotypes model, which

included the presence of different types of cell on a small spatial scale in its

derivation. We compared the homogenised phenotypes model to the partitioned

phenotypes model, an implementation of the bidomain equations where small

regions of distinct cell type are partitioned in the finite element mesh.

In the limit of small partitioned regions, simulations that utilised the parti-

tioned phenotypes and homogenised phenotypes gave similar results in terms of

the propagation of the action potential and in biomarkers of the action poten-

tial across the spatial domain. We concluded that the homogenised phenotypes

approach is valid for simulation of situations where there is small-scale spatial

variation in phenotype.

We now have two options for the simulation of tissue containing multiple cell

types, each better-suited to a specific situation. The homogenised phenotypes

model is flexible in terms of the spatial distribution of different types of cell, and

rapid spatial change in the relative mix of the two cell types can be simulated,

as long as the mesh is sufficiently fine that the change in proportions across the

mesh elements is well-captured. In contrast, the partitioned phenotypes model

is useful for situations where the domain can be sub-divided into regions where

exclusively one type of cell is present. Unlike the homogenised phenotypes model,

the partitioned phenotypes model requires the structure of the mesh to reflect the

regions of the domain where a single phenotype is present. While the necessity

for accurate partitioning of the mesh could cause performance issues if regions of

one phenotype are small, this case can now be better-handled by the homogenised

phenotypes model, and those cases where the partitioned regions are large can
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still be simulated using the partitioned phenotypes model.

Our one-dimensional simulations exhibited several behaviours characteristic

of tissue cultures of hSC-CMs. When even small amounts of variation in pheno-

type were introduced, a stable pacemaker region triggered activation in the rest of

the domain, as seen experimentally. We were also able to observe spatial changes

in biomarker values as the underlying cell type changed. In addition, we made

some predictions of behaviour that would be interesting to investigate further,

if the opportunity for experimental work becomes available. We noted that the

effects of oscillator coupling were apparent in cases where there was little spatial

variation in cell type across the domain, and predict that these effects may still be

noticeable in situations where there is sufficient variability for steady activation

waves to occur. If external pacing is applied to the system, we might therefore ex-

pect to see a slower conduction velocity than we would from spontaneous activity

as the tendency towards synchronisation is now entirely removed.

8.2 Simulation Study of Monolayers of Human Stem

Cell-Derived Cardiomyocytes

In Chapters 6 and 7, we presented a qualitative study of simulated hSC-CM

monolayers and their response to the blockade of certain ion channels by well-

studied drugs. We compared field potential signals generated by the simulated

monolayers to experimental data kindly provided by Axion Biosystems. This

study aimed to investigate the impact of phenotypic variability on the monolayers

and to understand how this variability propagates through into the biomarkers

that are used for the safety assessment process.

We were able to identify how certain morphological features of the field po-

tential were linked to the proximity of the location at which the measurement

was obtained to the pacemaking region. We then investigated the properties of

monolayers with gradual spatial changes in phenotype, generated using Gaussian

random fields. This approach let us compare sets of monolayers with the same
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statistical properties, and we were able to exclude some of these as too little

variability in phenotype resulted in very high conduction velocities.

Monolayers with phenotype distributions generated using certain Gaussian

random field parametrisations demonstrated better matches to the experimental

field potentials than others, with the amplitude of the repolarising wave in par-

ticular showing that rapid changes between one phenotype and the other are less

likely. Qualitatively, our homogenised phenotypes representation of the model

produced field potential signals that were a good match to the experimental

data, suggesting that modelling the hSC-CM monolayers in such a manner is

indeed a good approach.

When we simulated the action of drugs, we found that the variability between

biomarkers generated with different realisations of the random field increased, as

was seen in the experimental dataset. While our simulated monolayers quali-

tatively exhibited the same responses to the tested drugs as the experimental

data, discrepancies in the quantitative response indicated that further work on

the cellular electrophysiology model is required. In Section 8.3, we outline some

suggestions for further work that can improve the cell model, and better inform

our design of the phenotype distributions in our monolayer simulations. Following

these improvements, we will be able to return to further study of the simulated

micro-electrode array in the future.

8.2.1 Limitations

As in any modelling study, there were some limitations in our approach that

would be interesting to look into more in the future. We made several simplify-

ing assumptions in our model of the micro-electrode array, namely that signals

from the recording electrodes could be obtained by point measurements of the

extracellular potential, and that explicit modelling of the reference electrode was

not required. These assumptions made no difference to the qualitative behaviour

of the signals we studied, but would nevertheless be an interesting topic for future

research should a more quantitative approach be needed.
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The mean potential over the recording electrodes could be used as an input

to a model of the electrodes’ electrical circuit (as in Moulin et al., 2008), yielding

values of the field potential that include the effects of the resistance and capac-

itance of the electrodes. There are several options available for implementing

the reference electrodes in Chaste; a study on the computational efficiency of

the different approaches would provide guidance on the best option for future

simulation studies.

We have also made some assumptions as to the type of cells present in the

monolayer. At the time of writing, the only models of cardiac cellular elec-

trophysiology specifically parametrised for hSC-CMs are those of Paci et al.

(2013a). There are two variants of the model; one for atrial-like and the other

for ventricular-like cells. We have therefore been unable to investigate the im-

pact of nodal-like hSC-CMs in the work presented in this thesis. There have

also been relatively few experimental studies regarding the distribution of cellu-

lar phenotypes through stem cell-derived cardiomyocyte tissue cultures; as more

information becomes available in the coming years, we will be able to refine our

modelling approach.

8.3 Future Work

There are several directions in which work building upon that presented in this

thesis may be taken in the future, many of which call for a collaborative approach

between experimentalists and simulation scientists.

8.3.1 Single-cell study of action potential variability and phenotype

classification

Many studies of the action potential of isolated hSC-CMs have reported the

presence of three different action potential morphologies, usually termed atrial-

like, nodal-like and ventricular-like (He et al., 2003; Ma et al., 2011). Despite

the prevalence of this mode of classification, there has been little research into

the variability of the action potential, both within and amongst the different
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classes and in whether or how the classification and variability change as the

cells mature.

This has implications for both the viability of hSC-CMs for drug safety testing,

and for the optimal approach for modelling the action potentials of these cells.

We therefore propose that more detailed examination of the electrophysiology of

hSC-CMs is merited. The classification criteria could be, as at present, based on

action potential duration and maximum diastolic potential (Ma et al., 2011), or

machine learning approaches could be investigated (Gorospe et al., 2014).

With well-defined classification criteria and a better understanding of the

variability within each of the classes, we will be able to refine our modelling

approach further. If there is so much variability in action potential morphology

that the boundaries between phenotypes are difficult to define, we would have to

question whether producing electrophysiology models for the three separate types

is a good approach, or whether a model with continuous variation in phenotype

would be more suitable. Given that cells in the various regions of the adult heart

are more homogeneous in phenotype, we would expect the former case to be more

likely, but a thorough investigation is still merited.

It would also be interesting to compare phenotype classification based upon

properties of the action potential against methods based on genetic markers.

The latter are already used for selection of one particular phenotype in enriched

cultures (Bizy et al., 2013; Josowitz et al., 2014), and identification of phenotype

based on such an approach may prove useful for determining the phenotype of

hSC-CMs in tissue culture where definitive identification of cellular phenotype

has so far proved challenging (Du et al., 2015; Giles and Noble, 2016; Kane et al.,

2016; Bett et al., 2016; Zhu et al., 2016; Vestergaard et al., 2017).

8.3.2 Improvements to the stem cell-derived cardiomyocyte cellular

electrophysiology model

In Chapter 7, we found that many of our simulations overestimated the changes

to the action and field potential as the effects of drugs were added. While the
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qualitative responses to our tested drugs were correct, the quantitative response

differed more from the experiment at the highest concentrations of the drug.

This indicates that further work on parametrising certain ionic currents in the

electrophysiology model will be required before simulations of hSC-CMs can be

considered for inclusion in the cardiac safety assessment process. The ionic cur-

rents in hSC-CMs have been reported to vary between batches of cells and over

time as the cells mature, which poses additional challenges for the parametri-

sation of models of hSC-CM over those of adult cardiomyocytes and provides a

likely reason for the discrepancies between model and experiment that we have

so far observed.

Adjustments to the Paci et al. (2013a) model for specific experimental datasets

are therefore a logical avenue of research, with investigation into cell line-specific

parametrisations of the model already underway in our research group (Lei et al.,

2017).

8.3.3 Application of tissue-scale simulations to safety pharmacology

Following work on the proposals described above, it would be natural to extend

the work presented in Chapter 7 of this thesis.

Once the computational model is better-validated, it will then be possible to

utilise it to the benefit of the safety pharmacology community. For instance, per-

forming simulations of the micro-electrode array prior to the experiments could

guide selection of which novel compounds are good candidates for further testing,

and which concentrations of the compound should be applied. This approach is

already taken with rabbit ventricular wedge experiments at GlaxoSmithKline us-

ing a computational assay developed by our research group (Beattie et al., 2013;

Beattie, 2015). In addition, discrepancies between model and experiment could

guide identification of aspects of the action of a novel compound that are not yet

fully understood.

It would also be interesting to move from the “forward problem” outlined

above to the “inverse problem”, and use simulation of hSC-CM monolayers to
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deduce how a drug affects each of the ion channels to produce the experimentally

recorded effects on the field potential. However, this would require a large number

of simulations to be performed for each drug, making the problem intractable until

we have a better understanding of the levels and causes of variability in the assay

and a more computationally efficient implementation of the bidomain solver. An

alternative approach would be to construct an emulator of the field potential

signals, which is already proving a promising method for investigating the action

potential of single cardiomyocytes (Chang et al., 2015). The advantage of this

approach would be the ability to refine the IC50 values from single ion channel

screens into a more complete picture of the effects of the compound.

8.4 Concluding Remarks

The landscape of safety pharmacology is evolving rapidly at present, with a great

amount of work being undertaken by the Comprehensive in vitro Assay initiative

which will eventually lead to the next generation of guidelines for the cardiac

safety assessment process. Recent years have seen in silico investigations of car-

diac safety become a viable alternative to some of the animal-based safety studies

that are routinely carried out, with the work of Beattie et al. (2013) leading to a

substantial reduction in the number of rabbit-based assays performed at Glaxo-

SmithKline, and work by Passini et al. (2017) offering the chance to consider

human-specific electrophysiology at an early stage of the cardiac safety assess-

ment process via single-cell simulations. The proposals to use hSC-CMs as part

of the CiPA paradigm offer a method by which human-based cells may be used

for safety assessment studies; we hope that the in silico work presented in this

thesis will offer a timely and valuable complement to these plans.

We have presented two major contributions to the simulation of human stem

cell-derived cardiomyocyte electrophysiology in this thesis. First, we investigated

and verified the homogenised phenotypes model, a novel method for simulation of

cardiac tissue that contains a mixture of cellular phenotypes. This work has set a

firm mathematical foundation for further tissue-scale simulation studies of hSC-
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CMs. Second, we performed a pilot simulation study of monolayers of hSC-CMs,

as used in the micro-electrode array assay. We showed that introducing vari-

ability in cell type leads to steady activation waves as reported experimentally,

and comparison between biomarkers derived from the field potentials of our sim-

ulated and experimental datasets showed good agreement in terms of both mean

value and the level of variability. Introducing the effects of drugs to this model

highlighted some limitations in the models of specific ionic currents which we can

use to guide the direction of our future work, and we were able to show good

qualitative agreement with the changes in the field potentials that were reported

experimentally. Improvements to the parametrisation of the tissue-scale model

will be possible over the coming years, and we have outlined several potential

directions for future research in this final chapter.

We hope that the issues and solutions that we came across during the develop-

ment of our tissue-scale model will provide useful guidance for future researchers,

and that in silico studies of human stem cell-derived cardiomyocyte electrophysi-

ology through these means will assist in the interpretation of the micro-electrode

array assay as it becomes more widely adopted in the cardiac safety assessment

process.
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Computational Approaches

This Appendix contains details of the computational approaches used for the

simulations and analysis presented in this thesis.

A1.1 Monodomain Simulations

In Section 5.3, we briefly described the approaches for implementing the parti-

tioned phenotypes and homogenised phenotypes models. We now give specific

details of how the implementation of the monodomain solver was modified for

each of these cases.

A1.1.1 Implementation of the homogenised phenotypes model

If we refer back to Section 5.2.4 (page 76), the homogenised phenotypes model

may be expressed as

∇ · (σi∇Vm + (σi + σe)∇φe) = Istim
total (5.1)

χ

(
Cm

∂Vm
∂t

+ Iion

)
−∇ · (σi∇(Vm + φe)) = −Istim

i , (5.2)
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for the bidomain case, with

Cm = ρ1Cm1 + ρ2Cm2, (5.3)

Iion = ρ1 Iion,1(Vm,u1) + ρ2 Iion,2(Vm,u2). (5.4)

The differences in implementation arise as a result of equations (5.3) and (5.4),

where we must now calculate weighted averaged values of the membrane capac-

itance per unit area, and the ionic current. This is a simple process for scalar

values of Cm, but the calculation of Iion can become more complicated.

Depending on the underlying structure of the electrophysiology models, opti-

misations may be available. The ionic current is typically calculated as the sum

of N currents that pass through different ion channels i, usually taking the form

Iion =
N∑
i=1

giOi (Vm − Eion), (A1.1)

where gi is the maximum conductance of all channels of type i and On is the

probability of those channels being open. The driving voltage is calculated by

taking the difference between the membrane voltage Vm and the reversal potential,

Eion, of the ion that passes through channel i.

If the two electrophysiology models used in a given simulation share a common

structure and several parameters (as many electrophysiology model variants for

different cellular phenotypes do), the efficiency of the calculation of Iion can be

improved by creating a customised cell model based on equation (5.4) that reduces

the size of the combined ODE system. For a given current i, the homogenised

version can be constructed using

IionH,i =


ρ1gi,1Ôi,1 + ρ2gi,2Ôi,2 if gi,1 6= gi,2, Ôi,1 6= Ôi,2

(ρ1gi,1 + ρ2gi,2)Ôi if gi,1 6= gi,2, Ôi,1 = Ôi,2

giÔi if gi,1 = gi,2, Ôi,1 = Ôi,2

, (A1.2)

where we have defined Ô = O(Vm − Eion). The topmost option corresponds to

calculating the particular current in full for both models, due to differences in

the channel kinetics or dependence on state variables that differ between the two
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models. In the middle option, the maximal ion channel conductances are different

but the rest of the channel model has a common structure. An effective average

conductance can therefore be used. In the final case, the two ionic currents are

identical and depend on state variables that are the same in both cell models; in

this case, there is no need to calculate the current for both cell models separately.

The simulations that we perform in Chapter 5 utilise the monodomain form

of the homogenised phenotypes model, but the changes to the implementation

are the same as they only concern changes to the values of the ionic currents.

A1.1.2 Implementation of the partitioned phenotypes model

It is common practise to calculate the integral of the ionic current that arises

in the finite element formulation of the monodomain and bidomain equations by

matrix-based assembly. However, special consideration must be applied when

multiple cellular phenotypes are present. We now describe the two options that

are available for implementing the partitioned phenotypes model in the context

of the monodomain problem; the extension to the bidomain equations follows

naturally.

Node-wise phenotype definition

We recall from Section 4.3.2 that we may assume that the ionic current can be

considered as a linear interpolation of the values of the ionic current at the nodes

of the finite element mesh. Integration of the term can therefore be performed

by multiplying the vector of nodal ionic current values by the mass matrix, as in

∫
Ω

φjIion dx =
M∑
j=0

(∫
Ω

φi φj dx

)
Iion,j (A1.3)

= Miion (A1.4)

which shows the integration of the ionic current term from equation (4.22). The

functions φi and φj are a basis function and a test function (the basis functions

are a suitable choice for the test functions) at mesh node j, and we have dropped
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the notation indicating the time-step for clarity, and iion is the vector of nodal

values of the ionic current.

The node-wise implementation for a two (or more) phenotype system may be

simply performed by including the ionic current from different cellular electro-

physiology models in the ionic current vector. The values in iion are affected, but

no further changes are made to the implementation.

However, there are issues associated with this approach. Figure A1.1 shows

how the ionic current (indicated by the black dots) is interpolated across the

elements of the mesh. While the assumption that linearly interpreting the values

of Iion appears valid in the top panel, where the same cell type (and thus electro-

physiology model) is present across the entire domain, this is not the case in the

middle panel. Should we attempt to perform the integration across the fourth

mesh element, there is no guarantee that the resulting value is correct.

Element-wise phenotype definition

We should therefore revise the assumption that the ionic current is a linear in-

terpolation of the nodal values now that we are considering a multi-phenotype

system. Figure A1.1 demonstrates that an element-wise definition of phenotype

gives a more realistic indication of the ionic current. While we now have a dis-

continuity in the ionic current at the node bordered by elements of different

phenotype, there no region where the current is ill-defined.

We therefore introduce a modified version of the mass matrix to carry out

the integration step for the two phenotypes. In Section 4.2.4, we showed how the

entries of along the main diagonal of the mass matrix are 2h/3 (apart from the

first and last, which are h/3) and the entries along the first diagonals are h/6 for

the one-dimensional, linear basis function, case. Schematically, the structure of

the mass matrix may be represented by
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Node-wise cell models:

Node-wise cell models: two model phenotypes

Element-wise cell models:

Underlying element-wise model phenotypes:

Figure A1.1: Comparison of the node-wise and element-wise implementa-
tions of the partitioned phenotypes model. Cell models of different phenotypes
are denoted by dark and light blue circles, and the nodal ionic current is shown as black
dots. Top: Assuming the ionic current over the domain to be the linear interpolant of
the nodal values is reasonable in a single-phenotype tissue. Middle: Between nodes 3
and 4, there is a discontinuity in the ionic current as the boundary between the pheno-
types is not clearly defined. Bottom: The element-wise implementation overcomes this
problem by storing the ionic current of both phenotypes at nodes that lie on the region
boundary. The appropriate value of ionic current can then be used in the interpolation
step on either side of the boundary.

M =


∗◦∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
◦∗

 (A1.5)

where we have used the one-dimensional, ten element example problem from

Chapter 4. We have used the notation • = 2h/3 , ◦ = h/3 (half of •), ∗ = h/6

and blank spaces represent empty entries.

In our modified mass matrices, the presence of these entries is dependent on

the phenotype of the elements that neighbour the node linked to each matrix

entry. The modified mass matrix for phenotype p therefore has entries of
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Mp,i,i−1 =

∫
Ω,p

φiφi−1 dx =

{
h
6

if phenotype = p

0 otherwise
(A1.6)

Mp,i,i =

∫
Ω,p

φiφi dx =


h
3

if i = 1 or N + 1 and phenotype = p
h
3

if phenotype = p in one element
2h
3

if phenotype = p in both elements

0 otherwise

(A1.7)

Mp,i,i+1 =

∫
Ω,p

φiφi+1 dx =

{
h
6

if phenotype = p

0 otherwise.
(A1.8)

The linear system used to solve a general partitioned phenotypes model with

p types of cell is therefore

(χCmM + σK)vn = χCmMvn−1 −∆tMin−1
vol + ∆tχ

∑
p

Mpin−1
ion,p, (A1.9)

where M is the original mass matrix, ivol is the vector of stimulus current values

at the nodes, Mp is the modified mass matrix for phenotype p and iion,p is the

vector of ionic current for phenotype p at the nodes. The stimulus current is now

separated from the ionic current, in contrast to equation (5.7), as the stimulus

is independent of the phenotype. If required, the stimulus current can also be

defined in an element-wise manner through an analogous procedure.

The modified mass matrices for the ten-element example problem therefore

have the structure

M1 =


∗◦∗•
∗
∗•
∗
◦◦
∗
◦◦
◦
◦◦
◦
◦◦
◦
◦◦
◦
◦◦
◦
◦◦
◦
◦◦

 and M2 =


◦◦◦◦
◦
◦◦
◦
∗◦
◦
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
∗•
∗
◦∗

 , (A1.10)

where we have used ◦ to denote matrix entries which are now zero, but would

have been non-zero in the original mass matrix.

In the Chaste library, the default behaviour is to use the node-wise definition

of the cellular electrophysiology model. As part of this project, work was carried

out to change to an element-wise definition of cellular electrophysiology models

in tissue simulations. A description of this work may be found in Section A1.2.1.
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A1.1.3 Typical simulation timings

The simulations in Chapter 5 were carried out on the University of Oxford’s Ad-

vanced Research Computing1 resources, specifically, the arcus-b cluster. The

duration of the simulations that utilised the FitzHugh-Nagumo model (i.e. Sets

1–5, as described in Section 5.4.1), were not long, but the number of simula-

tions performed meant that use of high performance computing resources was

necessary.

The Matlab code used in these simulations was designed for ease of usability

and clarity rather than efficiency, so the duration of these simulations is rather

long compared to those performed in the later chapters of this thesis where the

Chaste library was used. As an example, simulations from Set 5 (FitzHugh-

Nagumo model with spatially varying phenotype) took approximately one hour,

while those from Set 6 (Paci et al. (2013a) model with spatially varying pheno-

type) took approximately 15 hours. Each simulation utilised only one core in a

given node, so it was possible to perform several at once (usually eight, depend-

ing on the amount of memory required to store the results). The simulations

using the Paci et al. (2013a) model took substantially longer due to the greater

complexity of the cellular electrophysiology model.

A1.2 Bidomain Simulations in Chaste

The additional computational effort involved in solving the bidomain equations,

and our move to two-dimensional simulations over one-dimensional ones, meant

that a more efficient approach to the Matlab solver was called for. The Cancer,

Heart and Soft Tissue Environment, Chaste, was used for all the simulations in

Chapters 6 and 7 of this thesis. We reviewed the main features of Chaste in

Section 4.5.1; here, we describe our contributions to and our use of the library.

1http://dx.doi.org/10.5281/zenodo.22558
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A1.2.1 Implementation of the partitioned phenotypes model

As part of this project, Chaste has been modified to solve monodomain and

bidomain problems with element-wise cell models in the manner described in

Section A1.1.2. This code is not included in the public release as it is not yet

fully tested and would also cause changes to the results of existing simulations.

It can be found in the ElementWiseCellModels branch of the SVN repository

for the Chaste project.

In the new branch, attributes assigned to each element dictate the cellular

electrophysiology models stored at each of the nodes associated with the element.

Neighbouring elements with different attributes thus have more than one cell

model stored at the node between them. In addition to the usual mass matrix,

modified mass matrices are also created as described in Section A1.1.2.

The ionic current vectors are populated based on the model phenotype, and

integrated by matrix-based assembly using the modified mass matrices. The

solution for the membrane voltage is then calculated by solving the linear system

stated in equation (A1.9).

We have also implemented the same procedure for the stimulus current, which

until now was also defined node-wise. Previously, the total magnitude of the

stimulus may have changed if the inter-node spacing was altered (for instance, if

a stimulus was applied to only one node). With the recent changes, the addition

of extra nodes between existing ones does not alter the extent of the mesh to

which the stimulus is applied, thus giving more consistent results when different

meshes are used.

A1.2.2 Contribution of the reference electrodes

In Section 6.4.3, we discussed the presence of a reference electrode in the micro-

electrode array, and how it could be implemented in our bidomain simulations.

The Axion Biosystems 96-well MEA plates include four large reference elec-

trodes, equally spaced close to the outer rim of the wells (see Figure 6.2 for a

schematic). In Figure A1.2, we provide an example of the contribution of the
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reference electrodes in our model to the overall field potential. Taking the mean

potential of the reference electrodes to define
∫

Ωref
φe,ref dx = 0, rather than the

using the average of the entire domain as a reference potential (as output by the

solver), causes little change to the field potential at the recording electrodes.

In all examples of waves from different origins that we tested on this geometry,

the field potential and φe at recording electrodes were very similar. The case

where we might expect to see the most extreme discrepancy, that where we have

a wave propagating outwards from the centre of the domain that crosses all four

reference electrodes at the same time, was studied as part of the investigations in

Section 6.5. In Figure A1.3, we show an example of the difference between φe and

the field potential for this case: while there is a moderate difference in the spike

amplitude, the repolarising wave is changed little, and the overall morphology of

the wave is unaffected.

As the repolarising wave is the most relevant output for the safety assessment

applications of our work, we should expect our approximation of FP ≈ φe to

have little effect on the conclusions drawn from our qualitative simulation study

so we have simply used φe (relative to mean potential across the whole well) to

represent the field potential in the main text.

This simplification will, of course, be heavily dependent upon the geometry

of the reference electrode(s). For instance, the MEAs used at GlaxoSmithKline

(produced by MultiChannel Systems), contain a single, large, reference electrode

to the side of the recording electrodes. In that case, we expect the reference

electrode potential may differ far more from the mean extracellular potential,

and so the field potential should be calculated for each simulation.

The reference and field potentials in Figure A1.2 and Figure A1.3 were gen-

erated using custom-written Matlab code after the simulations had been per-

formed. It would be preferable to calculate the field potential as part of the sim-

ulation itself (to minimise data storage requirements), which could be achieved

via several methods in Chaste. The first would be to define an OutputModifier

to calculate the mean potential across the reference electrodes, subtract this from
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Figure A1.2: Contributions to the field potential in a monolayer with a ran-
domly generated phenotype arrangement. The top four panels show the average
extracellular potential across each of the four reference electrodes. The overall average
reference potential is shown in the middle panel. The lower two panels demonstrate the
differences between the extracellular potential at the recording electrode and the full
field potential. This example was taken from a monolayer simulated under control con-
ditions, with the phenotype distribution set using the first realisation of random field
C. The simulation was performed as part of the investigation described in Section 6.7.
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Figure A1.3: Contributions to the field potential in a monolayer with a
central pacemaking region. As for Figure A1.2, the top four panels show the average
extracellular potential at the four reference electrodes; this time all four exhibit the
same shape of depolarising spike at the same time. The overall average potential in
the middle panel is now closer to the extracellular potential at the recording electrodes
than in the previous case, and so we see a difference in the spike amplitudes of the
field and extracellular potentials in the panel below. However, the repolarising wave,
shown in the lowest panel, is little affected. This simulation was performed as part of
the investigation described in Section 6.5, with parameters x = 0, y = 0, r = 0.1 and
a = 1 (see Table 6.2 for details of these parameters).
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the values of extracellular potential, and output the field potential. The second

method would be to alter the approach used when solving the linear system.

Rather than using a null-space solver, an additional row could be added on to

the linear system and used to select at which nodes the values of the extracellular

potential should sum to zero (i.e. the nodes that are located within the reference

electrode). As the system would now be non-symmetric, an alternative solver

to conjugate gradients would have to be used; likely GMRES. This approach is

compared to the null-space approach in Pathmanathan et al. (Section 5, 2010),

where it was found that the GMRES solver would require far more iterations to

solve the modified linear system. If the reference electrode is studied in more de-

tail as part of future work, the efficiency of the approach used to model it should

therefore also be taken into account.

A1.2.3 Typical simulation timings

In Chapter 6, we performed simulations of 10 s of activity across the monolayer.

The simulations were extended to 15 s duration in Chapter 7. Due to the number

of simulations that were performed (over 1000 in total), and the computational

cost associated with each, all simulations were performed on the University of

Oxford’s Advanced Research Computing resources.

Each simulation utilised 16 cores on one node of the cluster, which was usually

arcus.ox.ac.uk. The 10 s simulations typically required around one hour of

walltime in this configuration, with the 15 s simulations needing approximately

90 minutes. The vast majority of the simulations took within ten minutes of the

above time estimates; however, far longer durations (upwards of two hours) were

required for some simulations, notably those approaching synchrony where the

activation times were very similar across the monolayer.

The largest fraction of compute time was used for solving the system of ordi-

nary differential equations, with this usually taking upwards of 80% of the total

time. The next largest contributions were from the linear solver (around 10%)

and output (around 5%).

210



A1.2: Bidomain Simulations in Chaste

A1.2.4 Analysis

Analysis of the action and field potentials generated by the simulations through-

out Chapters 6 and 7 was carried out using custom Matlab routines. Chaste

itself does contain the functionality to perform some of this analysis (for instance,

generation of activation time maps and calculation of APD90), but the routines

in Chaste depend upon knowledge of the starting time of each beat — something

which is not available to us when the simulated systems spontaneously activate.

The algorithms for calculating each of the biomarkers were described briefly

in Section 6.2.3. At present, the code for analysis and generation of the figures

found in Chapters 6 and 7 is stored in a private Github repository, to which

access can be granted upon request.
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Supplementary Information for

Chapter 5

This Appendix contains additional material relevant to the work covered in Chap-

ter 5, Models of Multiple Cellular Phenotypes in Cardiac Tissue.

A2.1 Modification of the Bidomain Equations for

Multiple Cellular Phenotypes

This derivation was prepared by Jonathan Whiteley for our paper “Representa-

tion of Multiple Cellular Phenotypes Within Tissue-Level Simulations of Cardiac

Electrophysiology” (Bowler et al., 2019).

The derivation of the HP model is very similar to the derivation of the bido-

main equations given by other authors (Neu and Krassowska, 1993; Keener and

Panfilov, 1996; Keener and Sneyd, 2008; Hand and Griffith, 2010; Hand and

Griffith, 2011; Richardson and Chapman, 2011; Bruce et al., 2014). By including

different cell types in the spatial unit that we homogenise over we must take ac-

count of cell parameters that depend on the micro-scale coordinate. We therefore

follow the approach of Bruce et al. (2014) who allowed some cell parameters to

vary when modelling gap junctions. The derivation of the PP model is simpler
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than that of the HP model, and follows naturally from the derivation of the lat-

ter. We therefore describe the derivation of the HP model first, and then explain

how this may be modified to obtain the PP model.

In Section A2.1.1, we begin by writing down a discrete model that partitions

cardiac tissue into an intracellular region and an extracellular region, and nondi-

mensionalise the governing equations in Section A2.1.2. We then set the scene

for the homogenisation by defining the macroscale and microscale coordinates,

and the periodic unit that we homogenise over, in Section A2.1.3. We proceed

with the derivation of the homogenised equations in intra and extracellular space

in Sections A2.1.3 and A2.1.3 allowing us to write down the HP model for well-

mixed cellular phenotypes in Section A2.1.4. The collapse of the HP model to

the PP model is described in Section A2.1.5.

A2.1.1 The discrete domains model

We assume that cardiac tissue occupying a region can be partitioned into an

intracellular region denoted by Ωi, and an extracellular region denoted by Ωe.

These two regions are separated by the cell membrane, assumed to be of negligible

thickness, denoted by Γm. The intracellular space and extracellular space have

scalar conductivities σi and σe respectively. We will allow σi to vary spatially

to take account of different cell types, but will assume that σe is constant. By

Ohm’s law, the intracellular and extracellular currents are given by

ii = −σi∇φi, x ∈ Ωi,

ie = −σe∇φe, x ∈ Ωe,

where φi, φe are the intracellular and extracellular potentials. Conservation of

current in the intracellular and extracellular space then gives

∇ · (σi∇φi) = 0, x ∈ Ωi, (A2.1)

∇ · (σe∇φe) = 0, x ∈ Ωe. (A2.2)
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The boundary conditions that model the flux of current across the cell membrane

may be written

− σi∇φi · n = Im, −σe∇φe · n = −Im, x ∈ Γm, (A2.3)

where n is the unit vector, normal to Γm, that points from the intracellular space

into the extracellular space, and Im is the transmembrane current per unit area

flowing into the intracellular space from the extracellular space. Modelling the

cell membrane as a capacitor, Im is given by

Im = Cm
∂v

∂t
+ Iion, (A2.4)

where Cm is the capacitance of the membrane per unit area, v = φi − φe is the

transmembrane potential, t is time, Iion(v; u) is the net current per unit area

due to the flux of ions across the membrane, and u contains quantities that are

specified by a model of the flow of ions across the cell membrane. As we are

modelling more than one cell type we allow both Cm and Iion to vary spatially.

A2.1.2 Nondimensionalisation

We nondimensionalise the equations given in Section A2.1.1 using the following

scalings:

t = T t̂, x = Lx̂, σi = Σ̄σ̂i, σe = Σ̄σ̂e,

φi = Φφ̂i, φe = Φφ̂e, v = Φv̂, Cm = C̄Ĉm Iion = Ī Îion,

where T is a typical timescale, L is a typical lengthscale for the solution (rather

than the length of a myocyte), Σ̄ is representative of the scalar conductivities,

Φ is representative of the potential difference across the cell membrane, C̄ is

representative of the capacitance, and Ī is representative of the ionic current per

unit area. Equations (A2.1) and (A2.2) may then be written in nondimensional

form as

∇ ·
(
σ̂i∇φ̂i

)
= 0, x̂ ∈ Ωi, (A2.5)

∇ ·
(
σ̂e∇φ̂e

)
= 0, x̂ ∈ Ωe, (A2.6)
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and we can reformulate the boundary conditions of equation (A2.3) using the

definition of Im from equation (A2.4) to give

−σ̂i∇φ̂i · n̂ = AĈm
∂v̂

∂t̂
+ BÎion, x̂ ∈ Γm, (A2.7)

−σ̂e∇φ̂e · n̂ = −AĈm
∂v̂

∂t̂
− BÎion, x̂ ∈ Γm, (A2.8)

where the nondimensional constants A and B are given by

A =
C̄L

T Σ̄
, B =

ĪL

ΦΣ̄
. (A2.9)

For the remainder of this derivation we use the nondimensional equations (A2.5)

to (A2.8) presented above, dropping hats for clarity.

A2.1.3 Derivation of the homogenised equations

To allow us to homogenise the equations presented in Section A2.1.2 we make

the assumption that cardiac tissue is a periodic lattice of repeating cuboid units,

where each unit contains a small number of cardiac cells. We showed a represen-

tation of this lattice in two dimensions previously in Figure 5.2, on page 77. No

assumptions are made regarding the type of cells within each unit of the lattice:

we allow the cells to have different shapes, sizes, capacitances and conductivi-

ties, and also allow the ionic current passing through the cell membrane to take

different functional forms depending on which cell type the membrane belongs

to. We assume that the dimensions of the cuboid unit is much smaller than the

lengthscale for the solution, L.

The domains and coordinate systems

We assume that the lengthscale for the solution, L, is much greater than the

lengthscale of each unit in the lattice, l. We then define the nondimensional

parameter δ by

δ =
lengthscale of unit we homogenise over (= l)

lengthscale for solution (= L)
, (A2.10)

and note that our assumptions on the lengthscales allow us to deduce that δ � 1.
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In Section 2.5.1 we explained that hSC-CMs are small and rounded, with di-

ameters of approximately 10–50 µm unless the maturation process is promoted by

further means. Setting l = 200 µm allows us to homogenise over a unit containing

several cells. Further, L = 2000 µm is a representative lengthscale of the solution,

yielding δ = 0.1, and T = 10−2 s is a representative timescale of the solution.

Other parameters that appear in the nondimensional constants A and B defined

by equation (A2.9) are: C̄ = 1 µF cm−2 (from Table 5.2); Σ̄ = 0.3 mS cm−1 (from

Table 5.2); Ī = 2× 10−5 A cm−2 (from Paci et al. (2013a)); and Φ = 7× 10−2 V

(from (Paci et al., 2013a)). We may then deduce that the nondimensional con-

stants A and B defined by equation (A2.9) satisfy A = O(δ) and B = O(δ), and

write

A = A1δ, B = B1δ, (A2.11)

where A1 = O(1), and B1 = O(1). This is identical to the distinguished limit

investigated by Richardson and Chapman (2011) when deriving the tissue scale

bidomain equations, and is consistent with the parameters used in typical bido-

main simulations; see, for example, Morgan et al. (2009) and Bishop and Plank

(2012).

We will utilise the separation of scales described above by introducing a mi-

croscale coordinate z, defined by

z =
1

δ
x, (A2.12)

where x is the macroscale coordinate used in Section A2.1.1.

Derivation of the homogenised equation in intracellular space

We write φi = φi(x, z, t), where φi is periodic in z. Using the definition of the

microscale and macroscale coordinates given by equation (A2.12) we see that

∇φi = ∇xφi +
1

δ
∇zφi, (A2.13)

where ∇x and ∇z are the gradient operators with respect to the x and z coor-

dinates, respectively. We then write φi as a regular asymptotic expansion in the
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parameter δ:

φi(x, z, t) = φ
(in)
0 (x, z, t) + δφ

(in)
1 (x, z, t) + δ2φ

(in)
2 (x, z, t) + . . . , (A2.14)

where all functions in the expansion are periodic in z. We assume that σi = σi(z)

to allow for different conductivities should cell types with different conductivities

be present in the unit that we homogenise over. Substituting equations (A2.13)

and (A2.14) into equation (A2.5) and collecting equal powers of δ gives, for z ∈ Ωi.

δ−2 : ∇z ·
[
σi(z)∇zφ

(in)
0

]
= 0,

(A2.15)

δ−1 : ∇x ·
[
σi(z)∇zφ

(in)
0

]
+∇z ·

[
σi(z)

(
∇xφ

(in)
0 +∇zφ

(in)
1

)]
= 0,

(A2.16)

δ0 : ∇x ·
[
σi(z)

(
∇xφ

(in)
0 +∇zφ

(in)
1

)]
+∇z ·

[
σi(z)

(
∇xφ

(in)
1 +∇zφ

(in)
2

)]
= 0.

(A2.17)

Similarly using equation (A2.7) and using equation (A2.11), we may equate pow-

ers of δ to generate the following boundary conditions:

δ−1 : −σi(z)∇zφ
(in)
0 · n = 0, (A2.18)

δ0 : −σi(z)
(
∇xφ

(in)
0 +∇zφ

(in)
1

)
· n = 0, (A2.19)

δ1 : −σi(z)
(
∇xφ

(in)
1 +∇zφ

(in)
2

)
· n = A1Cm

∂v

∂t
+ B1Iion. (A2.20)

The differential equation (A2.15), and boundary condition (A2.18), are satis-

fied by

φ
(in)
0 = φ

(in)
0 (x, t), (A2.21)

and so there is no z dependence in the solution for φi at leading order, as expected.

We now turn our attention to the differential equation (A2.16), and boundary

condition (A2.19). Equation (A2.21) allows us to deduce that the first term on

the left hand side of equation (A2.16) is zero. The structure of this equation and

boundary condition suggests seeking a solution

φ
(in)
1 (x, z, t) = W

(in)
1 (z)

∂φ
(in)
0

∂x1

+W
(in)
2 (z)

∂φ
(in)
0

∂x2

+W
(in)
3 (z)

∂φ
(in)
0

∂x3

, (A2.22)
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for functions W
(in)
1 ,W

(in)
2 ,W

(in)
3 to be determined. The differential equation and

boundary condition given by equations (A2.16) and (A2.19) are then satisfied

providing, for j = 1, 2, 3,

∇z ·
(
σi(z)∇zW

(in)
j

)
= −∂σi

∂zj
, z ∈ Ωi, (A2.23)(

σi(z)∇zW
(in)
j

)
· n = −σinj, z ∈ Γm, (A2.24)

where W
(in)
1 ,W

(in)
2 ,W

(in)
3 are periodic in z, and nj is component j of n, j = 1, 2, 3.

Integrating equation (A2.17), the differential equation at order δ0, over the

intracellular space component of the unit we are homogenising over (denoted by

Ω̂i) yields∫
Ω̂i

∇x ·
[
σi(z)

(
∇xφ

(in)
0 +∇zφ

(in)
1

)]
dVz +∫

Ω̂i

∇z ·
[
σi(z)

(
∇xφ

(in)
1 +∇zφ

(in)
2

)]
dVz = 0.

Applying the divergence theorem to the second integral in the equation above

gives∫
Ω̂i

∇x ·
[
σi(z)

(
∇xφ

(in)
0 +∇zφ

(in)
1

)]
dVz +∫

∂Ω̂i

[
σi(z)

(
∇xφ

(in)
1 +∇zφ

(in)
2

)]
· n dVz = 0.

Using the boundary condition given by equation (A2.20) and periodicity in z

then gives∫
Ω̂i

∇x ·
[
σi(z)

(
∇xφ

(in)
0 +∇zφ

(in)
1

)]
dVz =

∫
Γm

A1Cm
∂v

∂t
+ B1Iion dSz.

Denoting the volume of the repeating unit by |Ω|, equations (A2.21) and (A2.22)

then allow us to write

∇x ·
(

Σi∇xφ
(in)
0

)
=

1

|Ω|

∫
Γm

(
A1Cm

∂v

∂t
+ B1Iion

)
dSz, (A2.25)

with Σi =
1

|Ω|

∫
Ω̂i

σi(z)

(
I +

∂W(in)

∂z

)
dVz, (A2.26)

where I is the identity matrix, and the matrix ∂W(in)/∂z has entries given by(
∂W(in)

∂z

)
jk

=
∂W

(in)
j

∂zk
, j, k = 1, 2, 3.
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We note that the homogenised conductivity tensor would not be calculated in

practice using equation (A2.26) as this would require extremely high resolution

imaging in three-dimensional space to determine the domain occupied by a cell.

Rather, equation (A2.25) serves to demonstrate the structure of the differential

equation satisfied by the leading order intracellular potential. The entries of the

homogenised conductivity tensor are determined by fitting to experimental values

of conduction velocity.

The homogenised equation in extracellular space

Using a similar argument we may also write φe as a regular asymptotic expansion

in the variable δ:

φe(x, z, t) = φ
(ex)
0 (x, z, t) + δφ

(ex)
1 (x, z, t) + δ2φ

(ex)
2 (x, z, t) + . . . ,

where all functions in the expansion are periodic in z, and deduce that

∇x ·
(

Σe∇xφ
(ex)
0

)
= − 1

|Ω|

∫
Γm

(
A1Cm

∂v

∂t
+ B1Iion

)
dSz, (A2.27)

where Σe =
1

|Ω|

∫
Ω̂e

σe

(
I +

∂W(ex)

∂z

)
dVz, (A2.28)

where Ω̂e is the extracellular space component of the unit we are homogenis-

ing over. Remembering that σe is assumed to be constant, the equations for

the functions W
(ex)
1 ,W

(ex)
2 ,W

(ex)
3 satisfy simpler differential equations than the

corresponding functions W
(in)
1 ,W

(in)
2 ,W

(in)
3 for the intracellular space, defined by

equations (A2.23) and (A2.24). In this case the functions W
(ex)
1 ,W

(ex)
2 ,W

(ex)
3 ,

periodic in z, satisfy

∇2
zW

(ex)
j = 0, z ∈ Ωe,

∇zW
(ex)
j · n = −nj, z ∈ Γm.

A2.1.4 The homogenised phenotypes model

Before we can write down the bidomain equations we need to evaluate the integral

that appears on the right hand side of equations (A2.25) and (A2.27) when the
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repeating unit that we homogenise over comprises two distinct varieties of cardiac

cell. We write v as the asymptotic expansion given by

v(x, z, t) = V (x, t) + δv1(x, z, t) + δ2v2(x, z, t) + . . . , (A2.29)

We first partition the cell membrane into two regions, Γm1 and Γm2, where

Γm1 represents the membrane between the first cell type and the extracellular

space, and Γm2 represents the membrane between the second cell type and the

extracellular space. These two cell types have capacitances Cm1 , Cm2 , and ionic

currents Iion,1, Iion,2. We may then write the integral on the right hand side of

equations (A2.25) and (A2.27) as∫
Γm

A1Cm
∂v

∂t
+ B1Iion dSz =

∫
Γm1

A1Cm1

∂v

∂t
+ B1Iion,1(v; u1) dSz +∫

Γm2

A1Cm2

∂v

∂t
+ B1Iion,2(v; u2) dSz.

The surface area, S, of the membrane within the unit that we homogenise

over is partitioned in the proportions ρ1, ρ2 of the cell membrane of cell types

1 and 2 within the unit volume. Using the asymptotic expansion of v given by

equation (A2.29), we obtain, to leading order,∫
Γm

A1Cm
∂v

∂t
+ B1Iion dSz =SA1

(
ρ1Cm1 + ρ2Cm2

)∂V
∂t

+

SB1

(
ρ1Iion,1(V ; u1) + ρ2Iion,2(V ; u2)

)
. (A2.30)

Using equations (A2.25), (A2.27) and (A2.30) we may write down the bido-

main equations for our homogenised system,

∇ · (Σi∇Φi) = χ

(
A1Cm

∂V

∂t
+ B1Iion

)
, (A2.31)

∇ · (Σe∇Φe) = −χ
(
A1Cm

∂V

∂t
+ B1Iion

)
, (A2.32)

where the homogenised forms of Cm and Iion are defined by

Cm = ρ1Cm1 + ρ2Cm2, (A2.33)

Iion = ρ1 Iion,1(V ; u1) + ρ2 Iion,2(V ; u2), (A2.34)
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so that both the homogenised capacitance and ionic current are the proportional

contributions from the two cell types, and we have χ = S/|Ω|. Note that ex-

tending this approach to further cell types would be a simple extension of equa-

tions (A2.33) and (A2.34) to add further terms and proportions of each pheno-

type.

When using the bidomain equations in practice it is common to eliminate Φi

from equations (A2.31) and (A2.32), giving

χ

(
A1Cm

∂V

∂t
+ B1Iion

)
= ∇ · (Σi∇(V + Φe)) , (A2.35)

0 = ∇ · (Σi∇V + (Σi + Σe)∇Φe) . (A2.36)

A2.1.5 The partitioned phenotypes model

When using the partitioned phenotypes model, we are able to partition the tissue

into one set of regions containing only the first phenotype, and another set of

regions where only the second phenotype exists. In the first of these regions we

have ρ1 = 1, ρ2 = 0 allowing us to deduce that Cm = Cm1 from equation (A2.33)

and that Iion = Iion,1 from equation (A2.34). Similarly, in the second region

we have ρ1 = 0, ρ2 = 1 and so Cm = Cm2 and Iion = Iion,2. The solutions to

the bidomain equations in these regions are then coupled by demanding that Φi,

Φe and the homogenised intracellular and extracellular currents are continuous

across the partition between these regions, i.e.:

(Σi∇Φi) · n, and (Σe∇Φe) · n,

are continuous across the partition boundary, where n is a normal vector to the

partition.
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3
Supplementary Information for

Chapter 6

This Appendix contains additional material relevant to the work covered in Chap-

ter 6, Simulations of Stem Cell-Derived Cardiomyocyte Monolayers in the Micro-

Electrode Array.

A3.1 Convergence Analysis

Figure A3.1 shows the rates of convergence achieved in the simulations first de-

scribed in Section 6.4.4. The expected rates of convergence, O(h2) and O(t), are

indicated by the gradients of the shaded triangles in each plot.

The convergence study was carried out on a structured mesh, with the same di-

ameter as the unstructured meshes used for the simulations of the micro-electrode

array in Chapter 6. This approach was taken to avoid differences in the posi-

tioning of the mesh nodes having an effect on the solution. Similarly to the

simulations described in Section 6.5, we used the homogenised phenotypes model

with a small pacemaker region in an otherwise ventricular-like domain, using the

Paci et al. (2013a) models of stem cell-derived cardiomyocyte electrophysiology.

As an analytic solution to the bidomain equations is not available when a
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Figure A3.1: Rates of convergence in bidomain simulations. Left: Spatial con-
vergence. Right: temporal convergence. Expected rates of convergence are indicated
by the shaded triangles.

physiologically-based cellular electrophysiology model is used, each of the con-

vergence simulations was compared to a reference solution. We therefore do not

expect to see a perfect match between the actual and expected rates of conver-

gence in these simulations, but note that the rates of convergence are close to the

expected values in the cases plotted here.

We concluded that a mesh with an inter-node spacing of 150 µm would be

suitable, but as described in Section 6.4.4, eventually opted for a slightly finer,

100 µm mesh. A PDE time-step of 0.01 ms was selected as this had a similar

value of the error metrics to our selected mesh spacing.

A3.2 Algorithms for Calculation of the Conduction

Velocity

Throughout Chapters 6 and 7, two algorithms were used for calculating the condi-

tion velocity, CV, of the activation wave. These algorithms, together with several

others, are discussed in Cantwell et al. (2015).
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Figure A3.2: Comparison of CV values calculated using two different al-
gorithms. Values of CV from several different simulations/experiments (listed in the
legend) are shown. The black line indicates an exact correspondence between the poly-
nomial surface fit and the finite difference-based algorithms. The two algorithms give
very similar results, with exceptions more notable at the higher end of the CV range.

The activation time at each node was calculated as described in Section 6.2.3.

Conduction velocity was then calculated at every node using one or both of

the algorithms below. The two methods generally gave consistent results at

physiological values of CV (i.e. below 50 cm/s), as can be seen in Figure A3.2.

Deviations from consistency occurred when the pacemaker region was very close

to the region where the CV was calculated, as indicated by the circled points in

Figure A3.2 (in these simulations, the phenotype distribution was set to result in

a pacemaker region at the centre of the monolayer). Variation in the estimated

CV value can also be seen in the experimental data (where noise in the data

may play a role) and at very high values of CV as the synchronised regime is

approached (where the similarity between activation times across the electrodes

increases the amount of error). However, the good agreement between the two

methods in the physiological range indicates that either approach is suitable for

the analysis in Chapters 6 and 7.

Once the CV at each node had been calculated, a summary value for the entire

monolayer was generated. The median value of CV was generally preferred over

the mean as it lessened the impact of any outlying values.
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A3.2.1 Finite difference-based algorithm

A regular grid is required to use the finite difference-based method, so we begin

by defining a regular grid of points that covers the region of interest. We then

linearly interpolate the activation times at the nodes onto the new grid. The

gradient of the activation time can then be found using

ATx =
d AT

dx
≈ ATi+1,j − ATi−1,j

2d
and (A3.1)

ATy =
d AT

dy
≈ ATi,j+1 − ATi,j−1

2d
, (A3.2)

where d is the inter-point spacing (normally set to a value slightly smaller than

the original inter-node spacing).

We can determine the conduction velocity in vector form,

CV =
ATx

AT2
x + AT2

y

i +
ATy

AT2
x + AT2

y

j, (A3.3)

and obtain the conduction velocity at each node with

CV =

√√√√( ATx

AT2
x + AT2

y

)2

+

(
ATy

AT2
x + AT2

y

)2

. (A3.4)

A3.2.2 Polynomial surface fit-based algorithm

In this algorithm, we generate an analytical expression for the activation time

by taking the least-squares fit of a quadratic polynomial surface to the data.

In the majority of our analysis, we work with the same data points available

to experimentalists, i.e. activation times from the electrodes of the MEA. Due

to the low number of data points and the general smoothness of the data, we

use a quadratic surface even though, in theory, it is possible to use higher-order

polynomial surfaces.

The quadratic surface can be expressed as

AT(x, y) = ax2 + by2 + cxy + dx+ ey + f. (A3.5)

If we differentiate this expression with respect to x and y, we obtain

ATx =
d AT

dx
= 2ax+ cy + d and (A3.6)

ATy =
d AT

dy
= 2by + cx+ e. (A3.7)
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The conduction velocity at each node can then be obtained using equations (A3.3)

and (A3.4).

A3.3 Gaussian Random Fields

We consider here the implementation of the random field generation algorithm,

and refer the reader to Lord et al. (2014, Chapter 7) for the full mathematical

detail of the derivations that underpin random fields.

A3.3.1 Karhunen-Loève expansion

The Karhunen-Loève theorem states that any second-order random field Z(x, ω)

(such as the Gaussian random fields we consider throughout Chapters 6 and 7),

may be represented by

Z(x, ω) = µ(x) +
∞∑
j=1

√
λj φj(x) ξj(ω), (A3.8)

where µ(x) is the mean value of the field, ξj(ω) ∼ N(0, 1)1 and λj and φj(x) are

respectively the eigenvalues and eigenfunctions of a kernel function. Realisations

of field Z(x, ω) are obtained by sampling ξj(ω).

Any valid covariance function C may act as a kernel function (Betz et al.,

2014). We have chosen to utilise a Gaussian covariance function,

C = σ2 exp

(
(x− y)2

l2c

)
, (A3.9)

where σ2 is the variance and lc is the correlation length. In practise, σ affects

the amount of variation in the field value and lc affects how rapidly the field

varies through space. While there are many other options for the form of the

covariance function, such as the exponential and Whittle-Matérn, we have opted

for the Gaussian as the resulting fields are particularly smooth.

1ξj(ω) is normally distributed only for the particular case of a Gaussian random field;
otherwise, the form of ξj(ω) is less simple.
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A3.3.2 Truncated Karhunen-Loève expansion

Rather than generating a continuous field as outlined above, we require a Gaus-

sian random field to be generated on our finite element mesh. We therefore use

the discretised form of the above procedure to generate the Gaussian random

fields.

The entries on our covariance matrix, C, are generated with

ci,j = σ2 exp

(
(xi − xj)2 + (yi − yj)2

l2c

)
, for i = 1, 2, ...,M, (A3.10)

where M is the number of nodes in the mesh.

The random field is then constructed using

Z(x, ω) = µ(x) +
M̃∑
j=1

√
λj φj(x) ξj(ω), (A3.11)

where we utilise the first M̃ ofM eigenvalues λ and eigenvectors φ(x) of covariance

matrix C. λ and φ(x) are sorted in descending order of λ.

The ability to use the truncation above also permits us to avoid the negative

eigenvalues that can result from numerical error when calculating the eigenvalues

and eigenvectors of C.

A3.3.3 Gaussian random field generation algorithm

Algorithm 1 shows how the Gaussian random fields were generated using a Gaus-

sian covariance function.

Due to limits on the accuracy of calculating the eigenvalues and eigenvectors

of C, we did not utilise the full range of k in Algorithm 1. Instead, we truncated

the series once the sum of the eigenvalues up to the final k reached 99.9% of the

total sum of the eigenvalues. This prevented any spurious negative eigenvalues

from affecting the field Z(x, ω), without substantial loss of accuracy.
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Algorithm 1 Generation of a Gaussian random field

1: x ← x-coordinates of the M nodes in the finite element mesh
2: y ← y-coordinates of the M nodes in the finite element mesh
3: M ← number of nodes
4: lc ← correlation length of the random field
5: sigma ← standard deviation of the random field
6: mu ← mean value of the random field
7: for i = 1 to M do
8: for j = 1 to M do

9: C(i, j) ← sigma2 × exp
(

(x(i)−x(j))2+(y(i)−y(j))2

lc2

)
10: end for
11: end for
12: eig val ← eigenvalues of C, sorted in descending order
13: eig vec ← eigenvectors of C, sorted in descending order of eigenvalues
14: Z ← 1×M array of mu
15: xi ← 1 ×M array of realisations of normally distributed random variables,

N(0, 1)
16: for k = 1 to M do
17: Z ← Z + xi(k) ∗

√
eig val(k) ∗ eig vec(k)

18: end for
19: return Z

A3.3.4 Use of Gaussian random fields to represent phenotype

distribution

The random fields Z(x, ω) defined above have properties well-suited for defining

the phenotype present across the monolayer, which we write in terms of the

proportion of the ventricular-like model, ρV (see equations (6.8) and (6.9)). As

ρV is physically restricted to take values between 0 and 1, we define it in terms

of the random field Z(x, ω) as

ρV(x) =


1, for Z(x, ω) > 1,

0, for Z(x, ω) < 0,

Z(x, ω) ∼ N(µ,C), otherwise.

(A3.12)
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4
Supplementary Information for

Chapter 7

This Appendix contains additional material relevant to the work covered in Chap-

ter 7, Investigation of Drug Action on Monolayers Containing Multiple Cellular

Phenotypes.

A4.1 Extended Biomarker Plots

In Section 7.5, we discussed the impact of three drugs on biomarkers from simu-

lated and experimental monolayers. Fully demonstrating the range of variability

in the simulated field and action potentials by necessity called for large figures;

it was therefore not possible to show the full detail from every simulation in Sec-

tion 7.5. In the following section, we present some additional plots that may be

of interest to the reader.

A4.1.1 Cisapride

Cisapride is a specific blocker of the hERG channel which is well-known for pro-

longing the action potential. Its effect in our simulations was discussed in Sec-

tion 7.5.1. In Figure A4.1, we present a plot of sample action potentials; one
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from each of our simulations. This plot is complementary to the examples of

field potentials shown in Figure 7.6, on page 175. We then extend Figures 7.8

and 7.9, the plots of the biomarkers and percentage change in their values, with

some further biomarkers that were not discussed in the chapter itself. The full

plots may be found in Figures A4.2 and A4.3.

A4.1.2 Terfenadine

We now show some additional plots that demonstrate the effects of Terfenadine,

a drug with the primary effect of reducing IKr, and a secondary effect on ICaL

at higher concentrations. In Figures A4.4 and A4.5, we show the simulated field

and action potentials from the full range of simulations. The values of the full

range of biomarkers are shown in Figure A4.6. The percentage change in each of

the biomarker values as the concentration of Terfenadine increased may be seen

in Figure A4.7, which provides a more complete version of Figure 7.11.

A4.1.3 Diltiazem

Finally, we present some further plots showing the effects of Diltiazem. Identi-

fication of the repolarising wave proved particularly difficult at the highest two

concentrations of Diltiazem, both using the peak detection algorithm and by

manual analysis. The calculation of the FPD (by identifying the peak of the

repolarising wave) was manually checked following use of the normal FPD calcu-

lation algorithm; any peaks which were inaccurately detected by the algorithm

were manually tagged if they could be identified by eye. However, it still proved

difficult to identify the peak of the repolarising wave at all in some cases at the

highest two concentrations, so some data points are not shown in the later figures.

In Figures A4.8 and A4.9, we show the field and action potentials from each

simulation (note that the repolarising wave almost merges with the depolarising

spike at the highest two concentrations). Figures A4.10 and A4.11 show the

values of all biomarkers and their percentage change as the drug concentration

increases.
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Figure A4.1: Simulated action potentials following the addition of Cis-
apride. The action potential during the last full beat of each simulation. Each panel
contains one field potential from each of ten realisations of the random field parametri-
sation used to represent the phenotype distribution.
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Figure A4.2: Biomarkers from simulated and experimental field potentials
following the addition of Cisapride. The five points in each data series denote
the biomarker values under control conditions and the four increasing concentrations of
Cisapride. Connected points indicate that the biomarker values were obtained from the
same monolayer. Only one concentration of Cisapride was tested on each experimental
monolayer, all lines in that section of the plot therefore link the control value to only
one value obtained under dosed conditions.
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A4.1: Extended Biomarker Plots

Figure A4.3: Percentage change in biomarkers from simulated and experi-
mental field potentials following the addition of Cisapride. As in Figure A4.2,
linked points show the values obtained from the same monolayer. The experimental
data points were all gathered from different monolayers, so links are not shown.

235



A4: Supplementary Information for Chapter 7

Figure A4.4: Simulated action potentials following the addition of Terfe-
nadine. The field potential during the last full beat of each simulation. Each panel
contains one field potential from each of ten realisations of the random field parametri-
sation used to represent the phenotype distribution.
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A4.1: Extended Biomarker Plots

Figure A4.5: Simulated action potentials following the addition of Terfena-
dine. The action potential during the last full beat of each simulation. Each panel
contains one field potential from each of ten realisations of the random field parametri-
sation used to represent the phenotype distribution.
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A4: Supplementary Information for Chapter 7

Figure A4.6: Biomarkers from simulated and experimental field potentials
following the addition of Terfenadine. Figure content as for Figure A4.2, but for
the drug Terfenadine.
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A4.1: Extended Biomarker Plots

Figure A4.7: Percentage change in biomarkers from simulated and experi-
mental field potentials following the addition of Terfenadine. Figure content
as for Figure A4.3, but for the drug Terfenadine.
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A4: Supplementary Information for Chapter 7

Figure A4.8: Simulated action potentials following the addition of Dilti-
azem. The field potential during the last full beat of each simulation. Each panel
contains one field potential from each of ten realisations of the random field parametri-
sation used to represent the phenotype distribution.
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A4.1: Extended Biomarker Plots

Figure A4.9: Simulated action potentials following the addition of Dilti-
azem. The action potential during the last full beat of each simulation. Each panel
contains one field potential from each of ten realisations of the random field parametri-
sation used to represent the phenotype distribution.
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A4: Supplementary Information for Chapter 7

Figure A4.10: Biomarkers from simulated and experimental field potentials
following the addition of Diltiazem. Figure content as for Figure A4.2, but for
the drug Diltiazem.

242



A4.1: Extended Biomarker Plots

Figure A4.11: Percentage change in biomarkers from simulated and exper-
imental field potentials following the addition of Diltiazem. Figure content as
for Figure A4.3, but for the drug Diltiazem.
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M. Beckler, C. Bot, M. George, and N. Fertig (2016). Safety pharmacology
studies using EFP and impedance. Journal of Pharmacological and Toxico-
logical Methods 81 223–232. doi: 10.1016/j.vascn.2016.04.006.
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Süli, E. and D. F. Mayers (2003). An Introduction to Numerical Analysis. Cam-
bridge University Press. isbn: 978-1-139-43788-2.
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