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Abstract. Circular arrays of fixed truncated vertical cylinders are known to support
so called “sloshing near-trapped modes” when subjected to incident water waves of
the appropriate frequency and direction. In this paper waves radiated from circular
arrays of truncated cylinders oscillating independently in still water are considered.
For a square array of four cylinders, peaks in the condition number of the radiation
damping matrix are used to identify body motion modes of interest. Body motions
which excite the same free surface motion local to the array as the sloshing near-
trapped mode are associated with enhanced radiation from the array. In contrast,
at lower frequencies oscillations with low wave radiation to infinity are found when
the cylinders oscillate in phase, in either heave or surge. For an array with eight
cylinders this almost wave-free behaviour is dramatically enhanced, and a very
simple structure which appears to be “motion-trapping” may be constructed.

Keywords: Floating bodies, Trapped modes, Near trapping, Water waves

1. Introduction

In general, motion of rigid bodies floating in fluid with a free surface
causes radiated waves to propagate along the free surface away from
the body into the far field. In particular cases it is possible for bodies to
oscillate at a specific frequency with no radiation. For a single body in
2- and 3-dimensions the phenomenon of wave-free heaving oscillation
was investigated by Kyozuka and Yoshida [13]. The motivation in this
case was the associated phenomenon of zero wave excitation force at
the wave-free frequencies, as may be inferred from the Haskind relations
[22]. Kyozuka and Yoshida created axisymmetric wave free bodies using
singularities distributed along a vertical axis extending downwards from
the free surface and the structures generated using this method had a
maximum radius below the free surface. In the context of reducing
the heave motions of a moored buoy the authors considered a moor-
ing arrangement with linear spring stiffness such that the resonance
frequency coincided with the zero-damping/zero-excitation frequency.

More recently the term motion-trapping structure has been intro-
duced by Mclver and Mclver [19] to describe a structure which does
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not radiate at a particular frequency and, at that same frequency,
satisfies a resonance condition in which the body inertia and fluid
added mass terms are balanced by restoring force terms. The motion-
trapping terminology is used because such a structure can evidently
support a local bounded oscillation (at the appropriate frequency) in
the vicinity of the oscillating structure with no radiation to infinity.
Given an initial displacement from equilibrium, the motion of such a
structure would eventually decay to undamped simple harmonic motion
at the trapped mode frequency [26] (with the appropriate localised free
surface displacement field close to the structure). The stiffness terms
in the resonance condition could be hydrostatic and/or mooring terms
and examples of each case have been studied. Once mooring terms
are introduced, any wave-free structure can become a motion-trapping
structure, so the more limited class of structure may be defined when
only hydrostatic restoring forces are present. Motion-trapping struc-
tures without moooring forces were considered by Mclver and Mclver
[19], who constructed 2-dimensional motion trapping structures, and
in [20] extended this approach to 3-dimensions. Porter and Evans [26]
started with a pair of rectangular cylinders or a thick-walled cylindrical
shell (in 2- and 3-dimensions respectively) and varied the geometry
to find motion trapping structures. Motion-trapping structures with
mooring restraints were studied by Evans and Porter [5], who found
that a moored submerged circular cylinder moving in heave or sway
could be a motion trapping structure, and Newman [25] who analysed
mooring stiffnesses on the continuum from —oo to oc.

Motion trapping structures are so named to distinguish them from
sloshing trapping structures, which held the original interest in trapping
phenomena. Sloshing trapping structures are fixed structures which can
support an oscillation of the free surface in the vicinity of the struc-
ture at a particular frequency, with no radiation to infinity. Sloshing
trapping structures discovered include toroidal shapes derived using an
indirect procedure, such as those found by Mclver and Mclver [18] and
infinite arrays of bottom-mounted cylinders, as analysed by Evans and
Porter [4] - or the equivalent case of a cylinder in a channel analysed by
Callan et al [1]. In addition to these trapping structures, finite arrays of
bottom mounted cylinders in linear [14] and circular [3] configurations
were found to support near-trapped modes, where near trapping is
characterised by amplifications in the exciting force on the whole array
at a particular frequency. Near trapping was defined by Evans and
Porter [3] as “a local oscillation in the vicinity of the array at a well-
defined frequency which decays slowly as its energy leaks away due to
wave radiation at large distances”.
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A third class at the intersection of these two, described by Fitzgerald
and Mclver [7], corresponds to passive trapping structures, which are
sloshing trapped modes which exert no force on the body, thereby allow-
ing the body to be freely floating without any body motion or associated
energy loss through radiation. These modes will not be considered here.

The motion trapping structures above have generally been in the
context of single degree of freedom systems. When considering multiple
modes, wave free oscillations of axisymmetric structures in surge and
pitch may be simply constructed by selecting appropriate motion am-
plitudes and phases. Porter and Evans [27] found that pairs of floating
2-dimensional circular cylinders moving in heave and sway could act as
a motion trapping structure at particular frequencies.

The existence of trapping structures is also related to questions
of uniqueness of solutions to the governing equations in the cases of
fixed structures (sloshing trapping) or free floating structures (motion
trapping). Recent generalisations of the original work of John [8] by
Kuznetsov and Motygin [12], [11] have extended the original single
floating body theories to include bodies with multiple surface-piercing
elements or submerged bodies.

In this paper we consider arrays of oscillating truncated cylinders;
both sloshing and motion trapping (or near-trapping) effects are rele-
vant for the array.

2. Four cylinders

2.1. LINEAR THEORY

Throughout this paper, and in the literature discussed above, linear
potential flow analysis is used. Thus, the fluid motion is represented

by a velocity potential ¢, with the sinusoidal time dependence e
removed, which satisfies
V=0 (1)
throughout the fluid and the condition
¢
el = 2
[82’ } z=—h 0 ( )
on the seabed and 96
2
-7 _ =0 3
9, WO (3)

on the free surface.
Considering N rigid bodies oscillating in the absence of incident
waves, the total velocity potential may be decomposed into radiation
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potentials ¢; proportional to the body displacments §;

6N .
¢ =Re{ > —iwé;¢;} . (4)

j=1
The radiation potentials may be determined using a further boundary
condition on the body surface of a moving rigid body with normal n

a .
% — . (5)

Integrating fluid pressures over the body surface in the standard
manner, the added mass and damping matrices may be expressed in
terms of the radiation potentials

. ¢; .
—1w //SB %(ﬁ]ds == Bz’j - 1wAij (6)

where B;; and A;; are the 4, j-elements of the added mass and damping
matrices and Sg is the submerged body surface. When the bodies may
only move M modes it is evident from (4) that only these modes need
be considered in the damping matrix, which becomes M x M.

2.2. FOUR CYLINDERS

A simple four cylinder array, shown in Figure 1, was considered by
Siddorn and Eatock Taylor [28] in developing a semi-analytical method
for scattering and radiation by arrays of truncated cylinders. The array
had cylinders at the corners of a square, where the cylinders each
had radius a, and draft d = 2a, the total fluid depth was h = 4a
and the square side length was 4a. This configuration had previously
been investigated in the context of multiple scattering-type methods for
analysing array forces and hydrodynamic coefficients by Kagemoto and
Yue [9], who presented exciting force plots and by Mavrakos [16], who
presented some plots of damping coefficients for the entire structure and
individual elements of the damping matrix for independent motions.
Siddorn and Eatock Taylor found that their array could support a
sloshing near-trapped mode at ka = 1.66, which could be excited by
waves incident on the fixed structure from 5 = 45°. Radiation damping
coefficients were also presented and the condition number of the (4 x 4)
heave, surge and (8 x 8) combined surge and sway damping matrices
were presented to illustrate the radiation behaviour of the array. The
condition number, x, of a matrix A is defined as k(A) = ||A||||A7!|,
relative to a particular matrix norm [29],[10]; a singular matrix has
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infinite condition number and well conditioned matrices have low con-
dition number. In each condition number plot in [28] two peaks were
found in the range 0 < ka < 2, which were assessed as being associated
with near wave-free modes for the array. A connection was made with
wave energy devices, and it was postulated that near wave-free modes
may be associated with large absorption of wave energy.

Figures 2 and 3 display, respectively, the variation of condition num-
ber of the heave and surge damping matrices with frequency, including
the original data of Siddorn and Eatock Taylor, and calculations per-
formed with the boundary element code DIFFRACT. The condition
number is calculated using the 1-norm (or equivalently, since the damp-
ing matrix is symmetric, the co-norm) as this permits direct comparison
to Siddorn and Eatock Taylor. In Figure 4 the condition number of
the radiation damping matrix is plotted against frequency, where the
bodies may move only in a single horizontal mode at 45° to the z-axis,
which corresponds to surge along the z’-axis displayed in Figure 1. In
this paper surge will be understood to mean horizontal motion along
the x-axis and z’-surge to mean horizontal motion in this alternative
orientation. Figure 4 also displays the condition number for arbitrary
horizontal oscillations (surge and sway) and the damping coefficients
for both cases in this Figure are calculated using DIFFRACT. This
code originated in the work of Chau [2] and has been extended and
extensively validated over the ensuing years (e.g. [32]). This program
can solve the diffraction and radiation problems for fixed and moving
bodies at first and second-order (though only linear calculations are
performed here). For linear calculations the submerged surfaces and
inner water planes of the bodies are meshed with quadratic elements.
Boundary element programs are now a common tool and have been
used to analyse trapping and near-trapping structures, for example, by
Newman [24]. In the present case DIFFRACT was validated against
the published semi-analytical results of Siddorn and Eatock Taylor [28]
and excellent agreement was found.

Also shown in Figures 2 and 3 for comparison is the condition num-
ber of the damping matrix when a small-body approximation is made,
such that there is no scattering by the devices. These results, using the
point absorber model common in wave power studies (e.g. [17]), show
the same peaks, but indicate the effect of scattering, which is to shift
the peaks in frequency. The elements of the damping matrix in this
case are proportional to Bessel functions [17], such that in heave

BSB = Jy(kd,s) (7)
where d,; is the inter-device spacing while in surge
B3P = Jy(kdys) — Jo(kdys) cos(2as) (8)
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where B,.; denotes the non-dimensional damping force on the r** cylin-
der due to unit motion of the s** cylinder, with the other cylinders
held fixed and a, is the direction of the rth body from the sth. The
small-body approximation employed, denoted here by superscript SB,
is not expected to be accurate over most of the range considered, but is
of interest as a comparison when interference is present but scattering
is neglected.

Peaks in the condition number of the heave damping matrix for the
full problem occurred at ka = 0.67 and ka = 1.64, while the peaks
for the surge damping matrix occurred at ka = 0.86 and ka = 1.68.
The low-frequency peaks in Figure 4 occurred at ka = 0.90 for z’-surge
and ka = 0.88 for combined surge and sway while the frequencies of
the second peak in each case matched that for surge in Figure 3. It
is clear that there are two families of peak - in each case there is a
low frequency peak at ka < 1 and a second peak close to the sloshing
near-trapping wavenumber. The body motions around each peak are
of interest and in this section we seek to investigate these modes.

2.3. BoDY MODES

As the damping matrix is symmetric, the condition number calculated
using the 2-norm is the ratio of the largest to smallest eigenvalues of
the damping matrix [29]. That is,

52(B) = | BIL| B> = 57 (9
min

Hence the peaks in the condition number correspond to a large ratio

of these eigenvalues. Since the damping matrix is symmetric the eigen-

values and associated eigenvectors are real and because the damping

matrix is positive definite (when not singular) these eigenvalues must

be positive. Further, the eigenvectors may be chosen to be orthogonal

and the basis of eigenvectors used to diagonalise the damping matrix.

Considering the expression for time-average radiated power from the
array [6]:

Ph= 0" BE (10)

a change of basis transformation may be used to express the radiated
power in the form

1
Pp = §w2()\1|y1\2+)\2!y2|2+"'+)\n|yn|2) (11)

where y = X7T¢ is the vector of body displacements in the new ba-
sis and X is the change of basis matrix with columns equal to the
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normalised eigenvectors. Hence the eigenvalues are proportional to radi-
ated power from the array (or, equivalently, power required to drive the
array) in harmonic motion with unit amplitude in the displacements y,,,
i.e. the eigenvectors in the original basis. The smallest eigenvalue at a
given frequency must correspond to minimum radiation from the array
(per unit amplitude displacement) and the largest eigenvalue maximum
radiation. It is noted that in Figures 2 to 4 the condition number was
evaluated using the 1-norm and the preceeding discussion is predicated
on use of the 2-norm. However, the peaks occur at the same frequencies
in most cases, an exception being for z’-surge where there is a change
of approximately ka = 0.01 in the peak frequency.

2.4. LOW FREQUENCY MODES

Plotting the eigenvalues over the frequency range of interest should
reveal which modes correpond to the peaks in condition number. In Fig-
ures 5 and 6 the eigenvalues for the heave and surge damping matrices
are plotted against frequency. The eigenvectors in each case are those
expected from symmetry considerations. Note that the extra symmetry
in the heave case means that there is an eigenvalue of multiplicity 2,
such that there is choice in the orthogonal eigenvectors.

The lowest-wavenumber peaks in the heave (along the vertical z-
axis) and surge (along the z-axis) condition number plots were hence
found to give mode shapes with all bodies oscillating in phase, i.e.:

— Heave: ka = 0.67 corresponds to &, = [1,1,1,1]
— Surge: ka = 0.86 corresponds to &, = [1,1,1,1]

Thus, the first peaks in each case correspond to a minimum of radi-
ation from an oscillation of all cylinders moving as a single rigid body.
Damping coefficients for the cylinder array moving as a single body
were calculated using DIFFRACT, and are shown in Figures 8 and 9,
where a minimum may be observed at the expected frequency in each
case. In these Figures the damping of the multi-column structure is
compared to four times the damping of a single cylinder in the same
mode. The minimum in the surge damping coefficient was presented for
this structure in the results of Kagemoto and Yue [9] and Mavrakos [16],
although no comment was made on the results. Similarly the minimum
in the heave damping for four truncated cylinders has been presented
previously for slightly different geometries, for example by Yilmaz [31].
The minima in damping are quite significant, with a reduction in damp-
ing from the reference case of four isolated cylinders by a factor of 20
or 30. In the heave case the minimum is more pronounced - logarithmic
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axes are used to make this clear. As identified by Siddorn and Eatock
Taylor, these motions are near wave-free modes.

For comparison, the same analysis was performed for the lowest
frequency peaks in the heave and surge condition number plots for the
small body approximation. In each case the modes identified were those
listed above for the case with scattering included.

The damping coeflicient for the four cylinders heaving in phase may
be expressed as a combination of the elements of the heave damping
matrix for the array, according to:

B, = 4(B11 + 2Ba1 + By1) (12)

using the symmetry of the problem. (B,s denotes the heave damping
coefficient for the bodies moving independently as in Equations (7)
and (8) and B, has been used to identify the damping of the cylinders
heaving as a single structure.) This provides some insight into what is
occurring at the near-wave-free frequency. In a small body approxima-
tion, terms B, are given by Equation (7). Therefore, under this theory,
Bs1 and By; will become negative when the 2-1 and 4-1 separations
4a and 4v/2a cause the argument to exceed 2.4048, the first zero of
the Bessel function. The By; term will become negative first, followed
by the Bs; term. At some middle point corresponding to optimum
cancellation of the radiated waves from the respective cylinders the
overall heave damping will reach its minimum. This behaviour of the
individual coefficients is shown in Figure 10. The effect of scattering
shifts these behaviours in frequency, as shown in Figure 11, and in
particular the effect of Boj is lessened relative to Bs; so that when
scattering is included the minimum shifts to lower frequency.

For x’-surge the eigenvalues are different and two of them change
over the frequency range. The eigenvalues in this case are plotted in
Figure 7.

When z’'-surge is considered, the smallest eigenvalue is no longer
associated with a rigid body mode. While it is clear from symmetry
considerations that the rigid body mode at 45° must also have low
damping, it may not represent the best approximation of a wave-free
mode. The plots of condition number in Figures 3 and 4 support this
conclusion, as the condition number for x’-surge is higher than for the
surge case. In fact, the smallest eigenvalue is associated with a mode
of the form = = [1,7,, 1], as might be expected from symmetry. At
the near wave-free frequency the free parameter v was found to be
~ =1.19.
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2.4.1. Free surface motions

Having identified the body motion modes for the first condition number
peaks, it is of interest to consider the corresponding motions of the free
surface. The free surface amplitudes for unit excursion amplitude in
sinusiodal heave oscillations are shown in Figure 12, for the near wave-
free frequency ka = 0.67 (Figure 12 (c)) and for frequencies above (e)
and below (a) this value. Figures 12 (b), (d) and (f) show the free
surface amplitudes with the scale limited to emphasise the radiation
pattern outside the array.

It is readily apparent that there is much less radiation outside the
array at the near wave-free frequency than at adjacent frequencies, as
expected. The radiation patterns produced are also interesting. Clearly
in all cases the structure internal to the array is a simple monopole
pumping mode. Of more interest is the behaviour external to the array.
At frequencies lower than the near wave-free frequency, radiation is
dominated by beams along the directions of the diagonals of the array
(the 4-1 direction), while at higher frequencies, radiation is dominated
by beams perpendicular to the faces of the square. At the near wave-free
frequency, it may be seen that an optimum intermediate between these
two behaviours is reached, and elements of both patterns are present
in the much lower total radiation.

Similar behaviour may be observed in Figure 13, which displays the
free surface around the rigid body array moving in surge along the x-
axis. In this case the mode is no longer a monopole, with a nodal line
clearly observable down the plane of symmetry of the array. The free
surface is 7 out of phase on either side of this line.

2.5. HIGHER FREQUENCY MODES

In addition to the major peaks analysed in Section 2.4, the condition
number plots shown in Figures 2, 3 and 4 each contain a peak at a
frequency close to the sloshing near-trapping wavenumber for the array,
identified by Siddorn and Eatock Taylor [28] as ka = 1.66. It may be
seen in Figures 6 and 7 that there is no small eigenvalue associated
with the frequency of peak condition number in surge. However, there
is one mode which has a substantially higher eigenvalue than the others,
leading to the elevated condition number - similar behaviour is apparent
if the scale on the heave plot is adjusted. The modes (eigenvectors)
corresponding to the peak eigenvalues were found to be:

— Heave: ka = 1.64 corresponds to &, = [—1,1,1,—1]
— Surge: ka = 1.68 corresponds to &, = [1,—1,1, —1]
— a'-surge: ka = 1.68 corresponds to € = [1,0,0, —1]
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The plot of the eigenvalues given for the heave case given in Figure 5
may be made more useful by normalising by the damping for an isolated
cylinder, as shown in Figures 14. Evidently the ratio of the damping
coefficients is equivalent to the ratio of the radiated power from the
array with unit amplitude to the radiated power from the cylinder
with unit amplitude. In this figure it may be clearly seen that the mode
listed above corresponds to maximal radiation from the array (at the
appropriate frequency), in contrast to the minimum power radiated
by the near wave-free modes occurring at lower frequency which were
analysed in Section 2.4. (It may be noted in this figure that in the zero-
frequency limit modes with zero net displacement appear to asymptote
to zero radiated power, while modes with a net displacement of four
times a single cylinder approach a limit of four, as expected.)

As already identified, the frequencies of these modes are close to the
sloshing near-trapping frequency for the fixed structure. This sloshing
near-trapped mode has been analysed previously by Evans and Porter
[4], where the layout of the cylinders in the horizontal plane was identi-
cal to the current case, but the cylinders extended throughout the water
depth. The sloshing near-trapped mode manifests itself in the exciting
forces on the fixed structure when waves of the appropriate frequency
are incident along the z’-axis (i.e. from 45°). As the incident wave
direction is varied away from this value the extent to which this mode
is excited gradually decreases. Nevertheless, according to the Haskind
relations (e.g. [22]), the effect of the sloshing near-trapped mode is
present in the damping coefficients for the moving structure as a result
of the integrated effect over all incident wave angles (in this case 0
to 45°). Individual elements of the heave damping matrix have been
presented in Figure 11. Elements of the a’-surge damping matrix are
shown in Figure 15, and in both figures the effect of the sloshing near-
trapped mode around ka = 1.66 is clear. This behaviour is similar to
that reported by Newman [24], who investigated hydrodynamic coef-
ficients for a true sloshing trapping structure (a toroidal body) and
found that singular behaviour was observed at the trapping frequency.
In the case of near-trapping magnification of the damping coefficients
may be expected.

Evans and Porter investigated the geometric pattern of the sloshing
near-trapped mode. Following this approach, the scattered free surface
excited by an incident wave of the appropriate frequency, with the
incident wave then removed, is shown in Figure 16 (as shown in [4]), as
calculated by DIFFRACT. It is apparent that peaks in the free surface
amplitudes are associated with each cylinder in a diagonal pattern, with
opposite diagonals out of phase. Evans and Porter [4] also determined
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the pattern of the (horizontal) forces on the array due to this near-
trapped mode - this is shown in Figure 17.

It is apparent that the phase difference of m between the force on
cylinders 1 and 4 shown in Figure 17 is reproduced in the surge motion
mode [1 0 0 -1] discussed above for a’-surge oscillations of the four
cylinders. This diagonal structure in the mode of oscillation arises from
the effects on the elements of the damping matrix - in surge only the 1-1
and 4-1 coefficients are affected, as clearly shown in Figure 15. Diagonal
structure is also apparent in Figure 18, which shows the free surface
around the array when oscillating in 2’ surge mode x=[1 0 0 -1] and
clearly resembles that in Figure 16.

It thus appears that the higher-frequency peak in the condition
number curves is caused by magnification of the elements of the damp-
ing matrix associated with the sloshing near-trapped mode at that
wavenumber for the array. Even for the surge (0°) case, which is less
conducive to exciting the diagonal structure of the near-trapped mode,
the mode [1 -1 1 -1] with the best approximation of diagonal structure
is found. The mode shapes identified and considered in this section ap-
pear to be the opposite of wave-free, instead corresponding to maximal
radiation from the array.

The point absorber condition number curves also shown in Figures
2 to 4 have peaks at similar frequencies to the higher peaks in the
DIFFRACT analysis. When the eigenvalue analysis is applied to the
small body damping matrix for heave, the [1 -1 -1 1] mode is obtained,
but in this case with the eigenvalue changing sign in the expected
manner. This mode is the same as the mode considered above, with
full diffraction included, but in this case may be shown to correspond
to a minimum in radiated power - i.e. a near wave-free mode. Similarly,
for surge, the small body approximation theory peak is associated with
a mode [1 -0.64 -0.64 1] which is also near wave-free. The small body
theory is well outside the range in which it could be expected to give
accurate results, but these results are interesting as they indicate that
without scattering there may still be interactions at similar frequencies,
but the effect of the sloshing near-trapped mode changes the behaviour
from cancellation of the far-field radiated wave to reinforcement.

When each cylinder is allowed to surge and sway, the condition
number of the damping matrix at the sloshing near-trapping frequency
is substantially increased, as may be seen in Figure 4. In this case
one mode is clearly identifiable as having the largest eigenvalue. If the
x' —y/-axes are used, this is a combination of two perpendicular versions
of the a/-surge mode considered above, i.e. €&=[100 10 -1 -1 0], where
the modes are labelled [cylinder 1 2’ surge, cylinder 1 3’ sway, cylinder 2
x’ surge, ...]. As is evident, this matches the pattern of forces depicted
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in Figure 17 for the force on a fixed array due to the sloshing near-
trapped mode. This mode excites the sloshing near-trapping resonance
more effectively than the a2’ surge mode alone, and is associated with
a larger condition number and larger radiation from the array.

3. 8 cylinders

The four-cylinder array considered previously might be regarded as a
first approximation to an axisymmetric shape. Axisymmetric shapes
with an enclosed free surface, or moonpool, are well known for sup-
porting trapped modes (of sloshing, motion or passive-trapped type).
In fact, resonances in the moonpool of 2-dimensional structures and
rectangular and axisymmetric structures in 3-dimensions have been
extensively studied independently of motion trapping, for example, by
Yeung and Seah [30], Molin [21] and Mavrakos [15] (rectangular cross-
section) or Newman [23] (circular cross-section), respectively. A series
of resonances occur, with the lowest frequency resonance associated
with a pumping or piston mode, in which the free surface elevation
in the moonpool is non-zero, and a series of higher order resonances
(sometimes termed sloshing modes, though this terminology will be
avoided here). When the hydrodynamic coefficients are considered,
these resonances are associated with zero damping and regions of neg-
ative added mass, though there is a distinction between rather smooth
behaviour of the coefficients observed in the vicinity of the pumping
mode and the much more abrupt changes in the vicinity of the higher
order resonances. Porter and Evans [26] constructed motion trapping
structures made of heaving axisymmetric shells of rectangular cross
section by ensuring that the inertia terms in the frequency-domain
equation of motion were balanced by hydrostatic stiffness at the same
frequency as the zero-damping occurring around higher order moonpool
resonances.

The four cylinders considered above behaved as a near-wave-free
structure when heaving as a single rigid body at one frequency and
could therefore, with the addition of a spring of the appropriate stiff-
ness, become what might be termed a near motion-trapping structure.
Calculations performed with three cylinders at the vertices of an equi-
lateral triangle showed that a much weaker minimum in the heave
damping coefficient was present in this case. It is of interest to con-
sider the case with more cylinders, providing a better approximation of
axisymmetric geometry. In this section we consider 8 cylinders laid
out around the circumference of a circle, heaving as a rigid body;
multiple-body modes will not be considered.
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The layout considered first was composed of 8 cylinders identical
to those in Section 2, laid out with centres equally spaced around
the circumference of a circle of radius ba, with the water depth also
unchanged at 4a. The heave damping coefficient for this structure is
plotted against wavenumber in Figures 19 and (on logarithmic axes)
20.

It is apparent that there is strong wave-free behaviour at a wavenum-
ber of approximately ka = 0.42. In fact, the damping coefficients
calculated by DIFFRACT at frequencies around the minimum (more
accurately located at ka = 0.4216) are very small negative numbers,
though monotonically increasing toward zero with increasing mesh re-
finement. (Such very small negative damping at a wave-free frequency
appears also to have been obtained by Newman [25], using WAMIT.
These results would appear to be an artefact of the boundary element
method in both codes.) The free surface around the heaving structure
at this frequency is shown in Figure 21 and it is apparent that this
mode is a piston mode similar to that obtained in the four cylinder
case in Section 2.4.

The resonance condition necessary for motion trapping of a freely
floating structure (in addition to zero damping) is

—W(M+AW)+C=0 (13)

where M is the mass of the floating body, A(w) the frequency-dependent
added mass and C the hydrostatic stiffness. Equation 13 is not satisfied
by the geometry considered, but the frequency at which it is can be
adjusted by changing the draft of the cylinders. If the draft is increased
by 3.4% - a perturbation selected using a trial-and-error procedure - the
minimum damping frequency is reduced slightly to ka = 0.4205. At this
frequency, the value of the left hand side of Equation 13, normalised
by C, is 3.4 x 1075, where DIFFRACT parameters are obtained from
the finest mesh resolution used, with 1644 elements per cylinder and
the default DIFFRACT value g = 9.807ms ™2 has been used. To the
accuracy of the method used, the structure with draft 2.068a appears
to be a motion-trapping structure (which possesses neither true axisym-
metry nor a moonpool), and can be constructed quite simply using this
approach.

As reported above for the 8 cylinder geometry with unmodified draft,
the damping values calculated by DIFFRACT for the case of increased
draft around the minimum damping frequency were very small negative
numbers. Negative damping values are unphysical, and it is therefore of
interest to examine this behaviour in the context of mesh convergence.
Figure 22 shows the heave damping coefficient for the structure with the
increased draft around the minimum damping frequency, as calculated
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using 3 different meshes. For all 3 meshes, the minimum damping value
is negative. Simple Richardson-type extrapolation was performed for
all 11 frequencies individually and these values then interpolated in
frequency using cubic splines, as shown in the dashed line in the Figure.
The extrapolated (normalised) value of the damping at ka = 0.4205
was calculated to be 5 x 1072, while the minimum damping using the
spline interpolation occurred at ka = 0.420462 and the corresponding
damping was 1.2 x 107?. The significance of these values is in the
convergence of the damping to a small positive number and the order
of magnitude estimate of this value.

Another way to calculate the damping around the minimum damp-
ing frequency is to use reciprocity relationships between the excitation
force acting on the body and the radiation damping, for example [22]:

k 2
1o | IR@)Fas (14)

where J is the power transported by a wave of wavenumber k. To
this end, the exciting force at ka = 0.4205 was evaluated for the three
meshes considered above, for incoming wave directions in 2.5 degree in-
crements between 0 and 22.5 degrees (due to symmetry of the structure
this is all that is required). The real and imaginary parts of the exciting
force at ka = 0.4205 are shown in Figure 23. It may be seen that
the exciting force is small but non-zero, and that the real part of the
exciting force is a strong function of incoming wave direction, though
the imaginary part is not. An extrapolation similar to that performed
for the damping coefficients above was performed for each incoming
wave angle, with the results plotted in Figure 23. Using Equation 14
to calculate the damping at this frequency yields a value of 6 x 10~
which agrees well with the value for this frequency estimated above.
It is interesting to note the variation in exciting force with incoming
wave angle - a true motion trapping structure, by virtue of the Haskind
relations, would have zero exciting force at all incoming wave angles.
This implies that a non-axisymmetric motion-trapping structure would
have to have the same zero exciting force when the incoming wave was
effectively encountering different geometries.

Porter and Evans [26] emphasised the difficulty of finding a motion-
trapping frequency due to the blow-up of the hydrodynamic coefficients
at frequencies surrounding the wave-free frequency. This phenomenon
was not encountered here, probably because their motion trapping was
associated with higher modes than the pumping mode considered here.
The heave added mass coefficient is shown in Figure 24 and it may be
seen that the behaviour is smooth. For structures with a moonpool,
the piston mode is generally associated with smooth variation through

B;;
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a region of negative added mass (e.g. [30]), but negative added mass is
not observed for this structure.

Higher resonances in the 8 cylinder problem are not associated with
wave-free behaviour, as is apparent in Figure 20 where the small fea-
ture at ka = 1.02 corresponds to an approximate higher resonance.
The free surface around the structure oscillating in heave at this fre-
quency is shown in Figure 25 and confirms that this is the first of
the higher modes, mentioned, for example, by Yeung and Seah [30] in a
2-dimensional context as being standing wave patterns. One can specu-
late that at this higher frequency, the 8 cylinders no longer approximate
a ring well enough to give wave-free behaviour (or a close approximation
to it). A contributing factor may also be that antinodes are located at
the ring edge for this higher mode, which may be less well supported
by the discrete cylinders. Even were wave-free behaviour observed at
the higher mode, it is apparent that the resonance condition would not
be satisfied.

In the context of sloshing near-trapping Evans and Porter [4] found
that breaking the symmetry of the array by even a small perturbation
could greatly reduce the magnitude of the near-trapping effect. To
investigate whether a similar result holds in this case the damping co-
efficient for the 8 cylinder structure with modified draft was calculated
with one cylinder displaced a distance of 0.1a radially towards the cen-
tre of the array. It was found that the minimum damping coefficient in-
creased by more than two orders of magnitude (and was shifted slightly
in frequency), indicating that symmetry is of considerable importance.
However, the damping of this distorted eight cylinder structure was
still considerably lower than the four cylinder case considered earlier.

4. Conclusions

Aspects of wave radiation from arrays of floating truncated cylinders
have been considered. A pumping mode with all cylinders heaving as a
single rigid body appears to be a common feature of cylinders arranged
in a circular fashion, and with sufficiently many cylinders approaches a
wave-free mode. These wave-free modes may be simply adapted to form
near motion-trapping structures by varying the cylinder geometry. As
the pumping mode is not associated with rapid variation of the hydro-
dynamic coefficients this is relatively straightforward. It is remarkable
that such a close approximation to a motion-trapping structure can be
formed so simply, by a structure which has neither a true moonpool
nor a complicated profile below the waterline.
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The elements of the damping matrix for such an array of truncated
cylinders are affected when sloshing near-trapping modes are present.
Such features may give rise to peaks in the condition number similar to
near wave-free modes, but do not necessarily correspond to such phe-
nomena; indeed, radiation in the appropriate modes at such frequencies
appears to be maximised.

The rigid body pumping modes may be of interest for TLPs or semi-
submersible platforms - structures with arrays of cylinders constrained
to move together. Multiple-body modes at sloshing near-trapping fre-
quencies might possibly be useful in a wave energy context, where
the efficient, directional radiation of these modes may be desirable.
However, the high frequency and low bandwidth of these modes could
negate such advantages.
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Figure 1. Layout of four cylinder array analysed by Siddorn and Eatock Taylor.
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Figure 8. Condition number of surge damping matrix (surge along the z-axis).
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Figure 4. Condition number of z’-surge damping matrix and surge-sway damping
matrix calculated using DIFFRACT.
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Figure 7. Eigenvalues of damping matrix (surge).
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Figure 8. Surge damping for four cylinders moving as single structure.
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Figure 9. Heave damping for four cylinders moving as single structure.
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Figure 10. Elements of the damping matrix for four cylinders in heave, calculated
using the small body approximation.
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Figure 11. Elements of the damping matrix for four cylinders in heave, calculated
using DIFFRACT.
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Figure 12. Free surface amplitude moduli, for heave radiation in rigid-body mode
with unit amplitude at minimum damping frequency ka=0.67 and adjacent frequen-
cies. Figures (b), (d) and (f) are shown with a limited amplitude scale so that the
structure external to the array may be seen.
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Figure 13. Free surface amplitude moduli, for surge radiation in rigid-body mode
with unit amplitude at minimum damping frequency ka=0.86 and adjacent frequen-
cies. Figures (b), (d) and (f) are shown with a limited amplitude scale so that the
structure external to the array may be seen.

Wolgamotetalrevl.tex; 12/12/2013; 21:02; p.24



25

—_—111-1]

Normalised radiated power

Figure 1. Eigenvalues of heave damping matrix, normalised by damping for an
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Figure 15. Individual elements of surge damping matrix, with each body restricted
to z’-surge.
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Figure 16. (a) Real part and (b) amplitude modulus of free surface elevations for
scattered wave due to wave of unit amplitude incident on fixed array at ka=1.66
(incident wave subtracted).

Figure 17. Pattern of horizontal exciting force determined by Porter and Evans [4]
for sloshing near-trapped mode, with cylinders labelled as in Figure 1.

z/a

Figure 18. Radiation pattern for the z’-surge [1, 0, 0, -1] mode. The peaks around
cylinders 1 and 4 are 7 out of phase with those around cylinders 2 and 3.
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Figure 19. Heave damping coefficient for the 8 cylinder structure shown (in plan)
in the inset, compared to the damping of 8 isolated cylinders (both draft d = 2a).
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Figure 20. Heave damping coefficient for the 8 cylinder structure, d = 2a.

y/a

-12
“12-10-8 6 4 -2 0 2 4 6 8 10 12
z/a

Figure 21. Modulus of free surface elevation around 8 cylinders (draft d = 2a) heav-
ing as a single structure with unit amplitude, at wave free-frequency ka = 0.4216.
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Figure 22. Heave damping
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coefficient for 8 cylinder structure, draft d = 2.068a,
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of elements per cylinder) and extrapolated results are shown.
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Figure 23. Variation of heave exciting force on 8 cylinder structure
ing wave direction 3, where structure has draft 2.068a and incoming
wavenumber ka = 0.4205 and amplitude A.
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Figure 24. Heave added mass for 8 cylinder structure (d = 2a).
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Figure 25. Modulus of free surface elevation around 8 cylinders (draft d = 2a)
heaving as a single structure with unit amplitude, ka = 1.02. Within the “moonpool”

the central peak and surrounding ring are 7 out of phase, in a standing wave-type
pattern.
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