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1 Introduction

Structural breaks in stationary time series can induce apparent unit roots, as shown by Perron (1989)
analytically and empirically and by Hendry and Neale (1991)via Monte Carlo. Consequently, tests
of unit roots have low power when applied to series with structural breaks. Conversely, such series
mimic series with actual unit roots. Using Monte Carlo, thispaper investigates the power of several
cointegration tests when the marginal process of one of the variables in the cointegrating relationship
contains a structural break. The detectability of the structural break itself is also examined, both by
classical constancy tests and by recently introduced testsfor invariance. The data include stationary and
non-stationary series with breaks. Calculation and analysis of results employ recently developed Monte
Carlo techniques, as described in Hendry (1984) and Hendry and Neale (1987, 1990).

A structural break has little effect on the size of the cointegration tests studied. However, the break
does affect the power of cointegration tests when the process generating the data does not have a common
factor. Specifically, tests based on estimated error correction models generally are more powerful than
Engle and Granger’s (1987) commonly used “two-step” procedure employing the Dickey-Fuller unit root
test. The error-correction-based test uses available information more efficiently than the Dickey-Fuller
test, paralleling Kremers, Ericsson, and Dolado’s (1992) results without a structural break.

Section 2 describes the data generation process for the Monte Carlo study, the test statistics consid-
ered, and some of their analytical properties. Section 3 presents the experimental design and simulation
techniques. Section 4 examines the detectability of stationarity and of the break in the marginal process.
Section 5 interprets the Monte Carlo results on the cointegration tests. Section 6 concludes. The appendix
derives asymptotic properties of the unit root estimator when the underlying process has a break.

2 The Data Generation Process, the Test Statistics, and Some Analytical
Properties

This section describes the data generation process for the Monte Carlo simulation (Section 2.1), the test
statistics studied (Section 2.2), and some analytical properties of those statistics (Section 2.3). The data
generation process (DGP) is a first-order bivariate vector autoregressive process with a possible structural
break in one of the variables’ processes. The test statistics are Dickey-Fuller (static regression) and error
correctiont-ratios, and each is considered with and without knowledge of the cointegrating vector (if
it exists). Together, the DGP and the test statistics delimit the scope of the analysis. Some analytical
properties of the test statistics prove helpful in interpreting the Monte Carlo evidence.

1The first and third authors are professors at the Universidadde Alicante, Alicante, Spain, and at Nuffield College, Oxford,
England respectively; the second author is a staff economist in the Division of International Finance, Federal ReserveBoard,
Washington, D.C., U.S.A. The views expressed in this paper are solely the responsibility of the authors and should not be
interpreted as reflecting those of the Board of Governors of the Federal Reserve System or other members of its staff. We are
grateful to Peter Boswijk, Jean-Marie Dufour, Andreas Fischer, Eric Ghysels, Peter Phillips, Carmela Quintos, and tworeferees
for helpful comments, and to the U.K. Economic and Social Research Council for financial support to the third author under
grant B00220012. All numerical results were obtained usingPCNAIVE Version 6.01 and PcGive Version 7.00; cf. Hendry and
Neale (1990) and Doornik and Hendry (1992).
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2.1 The Data Generation Process

The DGP is a linear first-order vector autoregression with normal disturbances, Granger causality in
only one direction, and a possible structural break in the strictly exogenous process. For expositional
convenience, this DGP is written as a conditional error correction model (1) and a marginal process (2):

∆yt = a∆zt + b(y − λz)t−1 + εt (1)

zt = ρzt−1 + δDt + ut, (2)

where

[

εt

ut

]

∼ IN

([

0
0

]

,

[

σε2 0
0 σ2

u

])

t = 1, ..., T, (3)

and

Dt =

{

1 if t = T0 + 1, . . . , T1

0 otherwise.
(4)

L is the lag operator,∆ is the first-difference operator1 − L, T is the sample size, andT0 + 1 andT1

are the beginning and the end of the break (1 ≤ T0 ≤ T1 ≤ T ). Note thata = λ implies a valid common
factor restriction. That is, (1) becomes[1 − (1 + b)L]yt = λ[1 − (1 + b)L]zt + εt whena = λ to create
a common factor betweenyt andzt of [1 − (1 + b)L]; see Sargan (1980).

For Y = exp(y) and Z = exp(z), a is the short-run elasticity ofY with respect toZ, andλ
is the long-run elasticity (providedb 6= 0). The parameterb is the error correction coefficient in the
conditional model ofyt, given laggedy and current and laggedz; and εt andut are the disturbances
in this conditional-marginal factorization. By a suitablescaling ofzt (and without loss of generality),
λ = 1: that is, the cointegrating vector for(yt : zt)

′ is (1 : −1) if yt andzt are cointegrated. Knowing
thatλ = 1 and imposingλ at that value for estimation iswith loss of generality, so Section 2.2 considers
tests that utilize and that ignore this information.

The parameter space is restricted to{0 ≤ a ≤ 1, −1 ≤ b ≤ 0}. In many empirical studies,a ≈ 0.5
andb ≈ −0.1, with σ2

u ≥ σε2. That is, the short-run elasticity (a) is smaller than the long-run elasticity
(unity), adjustment to remaining disequilibria is slow, and the innovation error variance for the regressor
process is larger than that of the conditional process. Also, zt is assumed weakly exogenous for the
parameters in the conditional model (1); see Engle, Hendry,and Richard (1983) and Johansen (1992a).
Section 3.1 gives the precise experimental design.

Four types of processes forzt can arise from (2), and they are denoted Cases I–IV.
Case I:zt has a unit root (ρ = 1) but no break (δ = 0). The variablesyt andzt are integrated of order

one [denoted I(1)] and are cointegrated if−1 ≤ b < 0. Banerjee, Dolado, Hendry, and Smith (1986)
and Kremers, Ericsson, and Dolado (1992)inter alia analyze the properties of various cointegration
estimators and test statistics under this DGP, both analytically and by Monte Carlo.

Case II:zt is stationary (|ρ| < 1) with no break (δ = 0). Then,yt is I(1) if b = 0, andyt andzt are
jointly stationary with an error correction representation if −1 ≤ b < 0. Davidson, Hendry, Srba, and
Yeo (1978) and Davidson and Hendry (1981) provide some asymptotic and Monte Carlo evidence on the
properties of the error correction test statistic.

Case III:zt is I(1) (ρ = 1) and has a break (δ 6= 0). If the break is large enough,zt may appear
to be an I(2) process. Likewise, a trend-stationary variable with a break in the slope may appear I(2):
the difference of the series has a break in mean. While Case III is of potential empirical interest, this
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paper only briefly considers it, in Section 4. However, see Johansen (1992b, 1992c) for theoretical and
empirical analyses of I(2) variables.

Case IV:zt is stationary (|ρ| < 1) and has a break (δ 6= 0). This case is the primary focus of this
paper. From extensive Monte Carlo evidence in Hendry and Neale (1991),zt may well appear to have
a unit root when standard unit root tests are applied, and thebreak may be difficult to detect (see also
Section 4 below). Withzt behaving like a unit root process with no break (Case I), we conjectured
that cointegration tests involving such azt process would behave as in Case I. For the most part, this
conjecture appears correct. However, the imposition of a common factor restriction by Engle-Granger
cointegration tests plays an even larger role than anticipated, as shown both analytically (Section 2) and
in the Monte Carlo (Section 5).

As implied by Kremers, Ericsson, and Dolado (1992, Section 5), the logical issues arising from
common factor restrictions apply to processes more generalthan (1)–(4). Specifically, the cointegrat-
ing vector or vectors may enter more than one equation (i.e.,no weak exogeneity); and a constant term,
seasonal dummies, additional variables, additional lags,and error autocorrelation may be included. Like-
wise, generalizations of the Dickey-Fuller statistic suchas the augmented Dickey-Fuller (ADF),Zα, and
Zt statistics still impose a common factor restriction and so suffer from a loss of information when that
restriction is invalid. With more general DGPs, the distributions of some statistics are more complicated,
so this paper focuses on the bivariate case.

Before describing the test statistics in detail, it should be emphasized that either Case I or Case
IV may characterize empirical time series, and it may be extremely difficult to distinguish between the
two cases in practice. To illustrate, consider real per capita expenditure on non-durables and services
(CN ) and real per capita disposable income (INC) in Venezuela, graphed in logs in Figure 1 ascn and
inc. Initially, both series grow smoothly. Then, income jumps by over 30% in 1974 from increased
petroleum revenues, remains relatively constant through 1981, and during the LDC debt crisis of the
early 1980s falls to approximately its 1973 level. Expenditure parallels or lags behind income through
1981, but falls only slightly during 1981–1985. Campos and Ericsson (1988) find that each series appears
I(1) empirically, and that expenditure and income are cointegrated, provided that inflation and liquidity
effects are properly accounted for.

Figure 1: Venezuela data
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Still, the expenditure and income series in Figure 1 could easily have been generated by a stationary
process with breaks in 1974 and 1981. Figure 2 plots the series y and z generated by (1)–(4) under
Case IV,2 and these series bear a marked resemblance tocn and inc in Figure 1. Yet, the power of a
Dickey–Fuller test to detect stationarity in suchzt is less than its size; and the power of the Chow test to
detect the break inzt is about 10% (at a nominal 5% level), even when the break pointis known. Such
similarities in time series motivate the Monte Carlo study below.

Figure 2: Artificial data

2.2 The Test Statistics

This subsection describes the test statistic for a unit rootin the marginal process (2) and the test statistics
for the cointegration ofyt andzt.

2.2.1 Marginal Processes

Frequently, investigators pre-test for unit roots in univariate autoregressive representations. Many tests
exist: see Dickey and Fuller (1979, 1981), Phillips and Perron (1988), and Banerjee, Dolado, Galbraith,
and Hendry (1993)inter alia. While only the Dickey-Fullert-statistic (denotedtDF ) is considered in
this paper, some of its properties are generic to unit root statistics. The asymptotic distribution oftDF

is well-known for difference-stationary processes such asCase I. As shown in (15), its distribution is
different when a break occurs.

2.2.2 Cointegrated Processes

Using the dynamic bivariate process (1)–(4), this paper focuses on the relative merits of the two-step
Engle-Granger and single-step dynamic-model procedures for testing for the existence of cointegration.

2Specifically,a = 0, b = −0.1, ρ = 0.8, δ = 1, σε = σu = 1, T = 100, T0 = 25, andT1 = 75. To ensure comparable
samples for Figures 1 and 2, the Monte Carlo seriesyt and zt were averaged over four periods and selectively sampled,
extracting every fourth (averaged) observation. Figure 2 plots observations 3 through 21 of the resulting series: breaks occur in
observations 7 and 19. The graph of the selectively sampled unaveraged series is similar to Figure 2. Calculations for size and
power use the full sample (T = 100).
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See Engle and Granger (1987) on the former and Banerjee, Dolado, Hendry, and Smith (1986)inter alia
on the latter. The former is characterized by a Dickey-Fuller (DF) statistic used to test for the existence
of a unit root in the residuals of a static cointegrating regression. The latter is based upon thet-ratio of
the coefficient on the error correction term in a dynamic model reparameterized as an error correction
mechanism (ECM), noting that cointegration implies and is implied by an ECM. Thist-ratio is denoted
the ECM statistic. Each statistic may utilize or ignore knowledge about the value of the cointegrating
vector (i.e., thatλ = 1).3 This subsection describes these four test statistics and clarifies analytical
relationships between the test statistics; Section 2.3 presents some of their asymptotic properties.

The variablesyt andzt are cointegrated or not, depending upon whetherb < 0 or b = 0. Thus,
tests of cointegration rely upon some estimate ofb. The four statistics considered here are allt-ratios on
regression estimates ofb. Let us denote thoset-ratios bytECMk, tECMu, tDFk, andtDFu, where the
subscriptsECM andDF denote error correction model and Dickey-Fuller, andk andu indicate that the
cointegrating vector is assumed known or unknown. Theset-ratios onb are derived from the regressions:

∆yt = κ + a∆zt + b(y − z)t−1 + εkt, (5)

∆yt = κ + a∆zt + b(y − z)t−1 + czt−1 + εut, (6)

yt = κ0 + zt + wkt

∆(y − κ̃0 − z)t = κ1 + b(y − κ̃0 − z)t−1 + ekt, (7)

and

yt = κ0 + λzt + wut

∆(y − κ̃0 − λ̃z)t = κ1 + b(y − κ̃0 − λ̃z)t−1 + eut, (8)

respectively, whereκ, κ0, κ1, and c are constants; and a tildẽdenotes an estimate from the static
regression in (8). The regression errors fortECMk andtECMu areεkt andεut respectively. Those for
tDFk and tDFu are ekt andeut, with w̃kt and w̃ut being the associated static-regression residuals on
which tDFk andtDFu are based.

The statisticstDFk and tECMk are used to test the null hypothesis thatb = 0 in (1), i.e., thaty
andz arenot cointegrated with a cointegrating vector(1 : −1). The statisticstDFu andtECMu ignore
that λ = 1, and so are (implicitly or explicitly) used to test the null hypothesis thaty andz arenot
cointegrated with an arbitrary cointegrating vector(1 : −λ).

Both asymptotic and finite sample properties of the statistics can be better understood by examining
the relationship between the DF regression equation (7) andthe ECM regression equation (5). To do so,
subtract∆zt from both sides of the conditional DGP (1) and rearrange:

∆(y − z)t = b(y − z)t−1 + [(a − 1)∆zt + εt]
= b(y − z)t−1 + et, (9)

where the disturbanceet is:

et = (a − 1)∆zt + εt. (10)

3A priori knowledge of the cointegrating vector frequently arises in economic modeling: for instance, of (logs of) con-
sumers’ expenditure and disposable income, of wages and prices, of money and income, and of the exchange rate and foreign
and domestic price levels.
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Equation (7) is (9) withekt = et and an explicit constant term. The statistictDFk ignores potential
information contained in∆zt. Equivalently, (7) imposes the restriction that the short-and long-run
elasticities are equal (a = 1), or that there is a common factor in the relationship between yt andzt.

For the DGP (1)–(4), the erroret in (10) is white noise because both∆zt and εt are white noise.
Thus, the ADF,Zα, andZt statistics offer no additional benefit in this case. The problem is the common
factor restriction, which highlights the difference between white noise and an innovation. As discussed
in Kremers, Ericsson, and Dolado (1992), the ADF,Zα, andZt statistics impose a common factor
restriction.

A useful measure of the information ignored bytDFk is:

q = −(a − 1)s, (11)

wheres = σu/σε. That is,q2 is the variance of(a−1)∆zt relative to that ofεt. Also,q2 = R2/(1−R2),
whereR2 is the populationR2 for ∆wkt (or et in (10)) regressed on∆zt whenb = 0. The value ofq
directly affects the distribution oftECMk; see Section 2.3. See Kremers, Ericsson, and Dolado (1992)
for details on the restrictiona = 1, and Hendry and Mizon (1978) and Sargan (1964, 1980) on common
factors.

The relationship between (8) and (6) (the regressions with unknownλ) parallels that between (7) and
(5). Equation (1) can be transformed to:

∆(y − λ̃z)t = b(y − λ̃z)t−1 + [(a − 1)∆zt + (1 − λ̃)∆zt + b(λ̃ − 1)zt−1 + εt], (12)

which is (8) where the disturbanceeut is:

eut = (a − 1)∆zt + (1 − λ̃)∆zt + b(λ̃ − 1)zt−1 + εt, (13)

and the constant in (12) is implicit. Thus,tDFu is affected not only by the common factor restriction, but
also by the discrepancy between estimated and actual valuesof the cointegrating vector. While “super
consistent”, the static-regression estimateλ̃ may have poor finite sample properties, thereby affecting the
properties oftDFu; see Banerjee, Dolado, Hendry, and Smith (1986).

2.3 Properties of the Test Statistics

This subsection describes properties of the test statisticfor a unit root in the marginal process and prop-
erties of the cointegration test statistics.

2.3.1 Marginal Processes

Dickey and Fuller (1979, 1981), Phillips (1987b, 1988), andBanerjee, Dolado, Galbraith, and Hendry
(1993) derive the asymptotic distributions oftDF under Cases I and II; and they are identical to the
distributions oftDFk, as described in Section 2.3.2 below. The appendix derives properties oftDF under
Case III, providing a baseline for interpreting the Monte Carlo results, which are for Case IV.

Under Case III,zt has a unit root (ρ = 1) and a break (δ 6= 0). Suppose an investigator, unaware of
the break, estimates

∆zt = µ + φzt−1 + ξt (14)

in order to test for a unit root (φ = 0). The probability limit of the least squares estimator(µ̂ : φ̂) of
(µ : φ) is:
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plim





µ̂

T φ̂



 = plim













1 T−2
T
∑

1
zt−1

T−2
T
∑

1
zt−1 T−3

T
∑

1
z2
t−1













−1

plim





δK + Op(T
−1/2)

1
2δ2K2 + Op(T

−1/2)





=

[

1 1
2δK(K + 2M)

1
2δK(K + 2M) 1

3δ2K2(K + 3M)

]−1 [

δK
1
2δ2K2

]

= 1
2H−1

[

δK(M + K/6)
1 − (K + 2M)

]

,

(15)

whereK is the length of the break(T1 − T0)/T , M is the time after the break(T − T1)/T , and
H = (1 − M − K)M + K(4 − 3K)/12. As found in additional Monte Carlo simulations not reported
here, the estimated means ofµ̂ andφ̂ appear to match closely the analytical values in (15).

Four implications of (15) are of interest. First, the estimated intercept has a nonzero population
value, which is proportional toδ. Second, the unit root estimator̂φ + 1 differs from unity by only
Op(T

−1). Third, the corresponding discrepancy does not depend onδ (to op(T
−1)) and is relatively

negligible, especially when(K + 2M) is close to unity. Fourth, a break in the marginal process (2)
affects the cointegration statistictDFk and the unit root statistictDF for zt similarly when the common
factor restriction is not valid fortDFk (a 6= 1). For tDFk, the equation being estimated is:

∆(y − z)t = b(y − z)t−1 + ekt

= b(y − z)t−1 + [(a − 1)∆zt + εt]

= b(y − z)t−1

+[(a − 1)δDt + (a − 1)(ρ − 1)zt−1 + (a − 1)ut + εt] (16)

where the constant is implicit and the term in square brackets is the error. Under Case III,ρ = 1, so
the error is comprised of a break(a−1)δDt and white noise(a−1)ut+εt, paralleling the regression (14)
under the DGP (2) withρ = 1 andδ 6= 0. Under Case IV,| ρ |< 1, so the error also includeszt−1, which
has a break in it. Thus, whenever the marginal process has a break and the conditional process does not
have a common factor, the regression fortDFk induces a break in the error, which may reduce the power
of the corresponding cointegration test. By contrast, cointegration tests based ontECMk andtECMu do
not suffer from this problem because their corresponding regressions are still properly specified.

2.3.2 Cointegrated Processes

Asymptotic distributions of all four cointegration test statistics are known for Case I (zt with a unit root
and no break), providing a baseline for the Monte Carlo study. Distributions under Cases II–IV are
viewed as variants, with Case IV being the particular focus of Section 5. Because (1)–(4) has a unit
root under Case I, distributional results involve Wiener processes. That said,tECMk is approximately
normally distributed for largeq (when a 6= 1). Derivation of the asymptotic distributions appear in
Dickey and Fuller (1979, 1981) and Phillips (1987b, 1988) (for tDFk); Banerjee, Dolado, Hendry, and
Smith (1986) and Kremers, Ericsson, and Dolado (1992) (fortECMk); Engle and Granger (1987) and
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Phillips and Ouliaris (1990) (fortDFu); and Park and Phillips (1988, 1989), Kiviet and Phillips (1992),
Banerjee and Hendry (1992), Boswijk (1992), Banerjee, Dolado, Galbraith, and Hendry (1993), and this
subsection (fortECMu).

For expositional convenience, we adopt certain notationalconventions concerning Brownian motion
(or Wiener) processes. Consider a normal, independently and identically distributed variableηt, t =
1, ..., T : that is, ηt ∼ IN(0, ση2). Here, ηt is usually eitheret, εt, or ut. DefineBT,η(r) as the

partial sum
∑[Tr]

1 ηt/(Tση2)1/2, wherer lies in [0, 1], and[Tr] is the integer part ofTr. As discussed
in Phillips (1987b),BT,η(r) converges weakly to a standardized Wiener process, denotedBη(r). For
simplicity of notation, the argumentr is suppressed, as is the range of integration overr when that range
is [0, 1]. Thus, integrals such as

∫ 1
0 Bη(r)2dr are written as

∫

Bη2. The symbol“ ⇒ ” denotes weak
convergence of the associated probability measures as the sample sizeT → ∞. See Billingsley (1968)
and Banerjee, Dolado, Galbraith, and Hendry (1993) for further discussion. Derivations are presented
below for cases without an intercept in the regression, for simplicity. When a constant term is included,
the Brownian motions should be thought of as being “de-meaned”, corresponding to a prior regression
that eliminates a constant. Mann and Wald’s (1943) order notation is used where needed.

The null hypothesis isno cointegration (b = 0). The alternative hypothesis is cointegration (b < 0),
and is characterized as a local alternative with:

b = eγ/T − 1 ≈ γ/T, (17)

whereγ is a negative fixed scalar. Equation (17) parallels the usualPitman-type local alternative except
that, in order to obtain statistics ofOp(1), b differs from the null byOp(T

−1) rather than byOp(T
−1/2).

Conveniently, distributions under the null hypothesis areobtained by settingγ = 0. The generalization
of Bη(r) under this local alternative is the diffusion process:

Kη(r) =
∫ r
0 e(r−j)γdBη(j)

= Bη(r) + γ
∫ r
0 e(r−j)γBη(j)dj, (18)

whereKη(r) is an implicit function ofγ; see Phillips (1987b). Ifγ = 0, thenKη(r) = Bη(r). As with
Bη, the argumentr in Kη(r) and the limits of integration are dropped if no ambiguity arises from doing
so.

Under the local alternative,tDFk is distributed as:

tDFk ⇒ γ(
∫

K2
e )1/2 +

∫

KedBe
√

∫

K2
e

, (19)

which simplifies to the Dickey-Fuller distribution:

tDFk ⇒
∫

BedBe
√

∫

B2
e

(20)

under the null hypothesis.
Under the local alternative, the ECM statistictECMk is distributed as:

tECMk ⇒ γ(1 + q2)1/2(
∫

K2
e )1/2

+
(a − 1)

∫

KudBε + s−1
∫

KεdBε
√

(a − 1)2
∫

K2
u + 2(a − 1)s−1

∫

KuKε + s−2
∫

Kε2
. (21)
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Whena = 1, (21) simplifies to the DF distributions (19) (forγ 6= 0) and (20) (forγ = 0).
Fora 6= 1, (21) can be reparameterized in terms ofγ andq exclusively:

tECMk ⇒ γ(1 + q2)1/2(
∫

K2
e )1/2 +

∫

KudBε − q−1
∫

KεdBε
√

∫

K2
u − 2q−1

∫

KuKε + q−2
∫

Kε2
. (22)

For largeq, (22) is approximately a standardized normal distribution:

tECMk ⇒ N
(

γ(1 + q2)1/2(
∫

K2
u)1/2, 1

)

+ Op(q
−1), (23)

conditional on the process forut. Under the null hypothesis, (23) simplifies to:

tECMk ⇒ N(0, 1) + Op(q
−1). (24)

The approximation inq is “small-σ” in nature; cf. Kadane (1970, 1971). Thus, asq varies from small to
large, the asymptotic distribution oftECMk shifts from the DF distribution to the normal distribution.

The asymptotic powers oftDFk andtECMk are determined by (19) and (22). Whenq = 0, the two
tests have the same power. Whenq is sufficiently large,tECMk has (arbitrarily) greater power thantDFk.
That discrepancy arises becausetDFk is ignoring substantial information on∆zt, whereastECMk uses
that information to obtain a more precise estimate ofb.

The asymptotic distributions oftDFu andtECMu resemble those oftDFk andtECMk, but are some-
what more complicated because the hypothesized cointegrating vector is estimated. Phillips and Ouliaris
(1990) derive the asymptotic distribution oftDFu under the null hypothesis thatb = 0.

The test ofb = 0 usingtECMu is known to be similar when the conditioning variablezt is strongly
exogenous for the regression parameters(a, b, c, σε2); see Kiviet and Phillips (1992), Banerjee and
Hendry (1992), and Banerjee, Dolado, Galbraith, and Hendry(1993). The null limiting distribution
of tECMu is implicit as a special case of Park and Phillips (1988, Theorem 4.1a; 1989, Theorem 4.1b)
and Boswijk (1992, Theorem 4.2, p. 85). The explicit representation provides insights not apparent from
their general formulae, so it is derived here.

The DGP is (1)–(4) withb = 0 under Case I (i.e., withρ = 1 andδ = 0):

∆yt = a∆zt + εt εt ∼ IN
(

0, σε2
)

∆zt = ut ut ∼ IN
(

0, σ2
u

)

.
(25)

The estimated model is:

∆yt = a∆zt + b(y − z)t−1 + czt−1 + νt, (26)

which is (6) without a constant term.
The rescaled parameter estimates from (26) are:
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∑
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




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















(27)
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where, from (25),wt is the random walk:

wt = yt − zt

= wt−1 + et, (28)

andet = (a − 1)ut + εt, as in (10). Asymptotic distributions of the elements in (27) involve the
Brownian motion processesBu, Bε, andBe, where the last is related to the first two by:

σeBe = σεBε + (a − 1)σuBu. (29)

Also, σ2
e = σε2 + (a − 1)2σ2

u. Hence, by partitioned inversion in (27):

T b̂ ⇒ σε

σe
· (

∫

B2
u)(

∫

BedBε) − (
∫

BuBe)(
∫

BudBε)

(
∫

B2
u)(

∫

B2
e ) − (

∫

BuBe)2
. (30)

Thus, the limiting distribution oftECMu is:

tECMu ⇒
∫

BedBε − (
∫

BeBu)(
∫

B2
u)−1(

∫

BudBε)
√

∫

B2
e − (

∫

BuBe)2(
∫

B2
u)−1

=

∫

BεdBε − (
∫

BεBu)(
∫

B2
u)−1(

∫

BudBε)
√

∫

Bε2 − (
∫

BεBu)2(
∫

B2
u)−1

, (31)

using (29). Because the asymptotic distribution oftECMu does not depend ona, σu, or σε, it is
invariant to those parameters, and hence tests based ontECMu are similar.

An alternative expression for (31) is enlightening. Consider the regression

yt = βzt + ζt (32)

“linking” the levels ofyt andzt. Let R denote the limiting form of Yule’s correlation for that regres-
sion whena = b = 0 (i.e., under the null of no relation betweenyt andzt) and that correlation is not
adjusted for sample means. From Phillips (1986),R is:

R =

∫

BεBu
√

(
∫

B2
u)(

∫

Bε2)
. (33)

Thus, schematically (31) is:

tECMu ⇒ DF − R · N(0, 1)√
1 − R2

, (34)

whereDF andN(0, 1) denote random variables with Dickey-Fuller and standardized normal distrib-
utions. This demonstrates thattECMu and the Dickey-Fuller statistic have different limiting distributions,
so their critical values need separate tabulation. Also, (34) mirrors Park and Phillips’s (1988) Lemma
5.6, in which a related problem is addressed andR is a constant.

3 Experimental Design and Simulation

This section presents the experimental design and Monte Carlo simulation of the cointegration test sta-
tistics.
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3.1 Experimental Design

To analyze the size and power of the cointegration tests in the presence of a structural break, two sets
of Monte Carlo experiments were conducted with (1)–(4) as the DGP. The first set is a “broad” design,
aimed at highlighting the effects of common factors, cointegration, and breaks over a range of sample
sizes for estimation. The second set focuses on how the lack of a common factor affects the cointegration
tests. Without loss of generality,σε2 = 1 andλ = 1. Thus, the experimental design variables are the
parameters (a, b, s, ρ, δ) (noting thats now isσu), the estimation sample sizeTe, the break pointsT0 and
T1, and the full sample sizeT .

The first set of experiments is a full factorial design of:

a = (1.0 [a common factor:q = 0], 0.0 [no common factor:q = s])
b = (0.0 [no cointegration], −0.1 [cointegration])
s = 1.0
ρ = (1.0 [integration], 0.8 [stationarity])
δ = (0.0 [no break], 1.0 [a break of sizes])
Te = 10, 11, 12, . . . , T − 2, T − 1, T
T0 = 25
T1 = 75
T = 100, (35)

resulting in1456 experiments. For both sets of experiments, newz’s were generated for each replication,
and the number of replications per experiment wasP = 10, 000.

The parameter values were chosen with the following in mind.Fora = 1 (and soq = 0), the common
factor restriction holds, so the distributions of the DF andECM statistics should resemble each other. For
a = 0, the common factor restriction is violated, butq = s = 1, which is a “moderately small” value.
The two values ofb, 0.0 and−0.1, imply lack of and existence of cointegration respectively, although, in
the latter case, the corresponding root of the system is still large: 0.9. The root of the marginal process
(ρ) is either unity or large but stationary. The break in the marginal process is either zero or unity (i.e.,
1 · σu), where the latter value is rather small by empirical standards. However, for the purposes of this
paper, unity seemed appropriate because it is small enough to make its detection by standard Chow tests
difficult.

The estimation sample size includes all integers in the interval [10, 100], providing small, medium,
and large values. To ensure that most estimation sample sizes included a break,T0 = 25, with T1 = 75
so as to maximize the power of constancy tests over the full sample; see Hendry and Neale (1991). For a
given length of break(T1 − T0)/T , the particular choice ofT0 andT1 matters little for the power of the
full-sample constancy tests.

While the generated data have two breaks, recursive testingallows examining estimation samples
with zero breaks (Te < T0), one “permanent” break (T0 ≤ Te < T1), and two breaks (T1 ≤ Te ≤
T ). In this design, two breaks are equivalent to a single “temporary” break. While the number of
observations generated (T ) and the estimation period (Te) are identical in the analytical derivations above,
distinguishing betweenT andTe is necessary in recursive Monte Carlo. Below, the context clarifies
whether “sample size” meansT or Te. Recursive testing also allows examining situations in which the
break is at the very end of the estimation sample.

Critical values are all at the 5% level. FortDFk andtDFu, the values are calculated from MacKin-
non’s (1991, Table 1) response surfaces withN = 1 andN = 2 respectively (MacKinnon’s “N ”), “with
a constant but no trend” for both. The correct critical values for tECMk depend uponq as well asTe, and
those fortECMu depend uponTe. Both sets of critical values could be simulated. However,q may not be
known in practice, and even asymptotic critical values fortECMu have not yet been simulated, so “safe”
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critical values may be constructed by assuming thattECMk and tECMu have pure Dickey-Fuller-type
distributions (i.e.,q = 0). Thus, the critical values fortECMk and tECMu used here are the same as
those fortDFk andtDFu.

Becauseq is such an important parameter and becauseq ≤ 1 in (35) is relatively small by empirical
standards, the second set of experiments considers the effect of q = 3, albeit in a more limited design:

a = 0.0 [no common factor:q = s]
b = (0.0 [no cointegration], −0.1 [cointegration])
s = 3.0
ρ = 0.8 [stationarity]
δ = 3.0 [a break of sizes]
Te = 10, 11, 12, . . . , T − 2, T − 1, T
T0 = 25
T1 = 75
T = 100, (36)

resulting in182 experiments. The values ofs andδ are equal in order to keep the time series properties
of z the same as in (35).

3.2 Simulation

Simulation proceeded as follows. Random numbers forεt andut were generated by multiplicative con-
gruential generators and transformed to a normal distribution by Box and Muller’s (1958) method. The
first twenty observations of each replication from (1)–(4) were discarded in order to attenuate the effects
of initial values in stationary relations (such as inyt − zt whenb < 0). For a particular experiment,P
replications were generated, with a statistic lying in its critical regionS of P times (S dependent upon
the statistic). The fraction of rejectionsS/P is an unbiased Monte Carlo estimate of the underlying
rejection frequency (e.g., of size or power).

Recursive algorithms exist for the statisticstDFk, tECMk, andtECMu, providing a computationally
efficient means for their calculation over the full range of sample sizesTe = 10, 11, . . . , 99, 100 for any
given set of values of the other experimental design variables.4 Thus, a replication of sizeT = 100 was
generated, and the statistics were calculated recursivelyon that sample for all estimation sample sizes.
Such re-use of the sample greatly reduces Monte Carlo variation for different values ofTe; see Hammer-
sley and Handscomb (1964). Further, calculation of all teststatistics on the same sample reduces Monte
Carlo variation for the differences in properties across statistics. Graphical (rather than tabular) analysis
of the Monte Carlo rejection frequencies is highly desirable, given the large number of experiments; cf.
Ericsson (1991). Graphical analysis also corresponds to a (pseudo-) nonparametric estimation of the size
and power functions of the tests.

4 Post-simulation Analysis: the Marginal Process

This section briefly examines one unit-root test statistic and two constancy test statistics on the marginal
process forzt. The unit root statistic is the Dickey-Fuller statistic with a constant term (tDF ), which
is thet-ratio onφ in (14), noting that the break dummyDt is explicitly excluded. The first constancy
statistic is Chow’s (1960) predictive failure statistic applied to (14) and is denotedFCHOW . The second

4The statistictDF u cannot be calculated recursively, so its properties are considered forTe = 100 only. Also, Dt was
perturbed by a small error in order to permit recursive estimation forTe ≤ 25 of equations includingDt.
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constancy statistic is thet-ratio on the least squares estimate ofδ in the correctly specified marginal
process (albeit with a constant term estimated):

∆zt = µ + φzt−1 + δDt + ut, (37)

and is denotedtδ. This last statistic is also a statistic for testing the invariance of (14) toDt, as discussed
in Engle and Hendry (1993). Critical values are at the 5% level and are taken from MacKinnon (1991)
for tDF , theF distribution forFCHOW , and thet distribution fortδ.

Figures 3, 4, and 5 plot the estimated rejection frequenciesof tDF , FCHOW , andtδ respectively. The
four lines on each graph correspond to Case I (ρ = 1, δ = 0: —), Case II (ρ = 0.8, δ = 0: – –), Case
III ( ρ = 1, δ = 1: · · · · · · ), and Case IV (ρ = 0.8, δ = 1: - - -).

Figure 3: Rejection frequencies oftDF

From Figure 3, the estimated size oftDF (Case I) is close to 5% for all sample sizes. Whenρ = 0.8
without a break (Case II), the power increases monotonically from about 7% (atTe = 10) to 90% (at
Te = 100). When a break is added to that stationary series (Case IV), the power falls from 13% at
Te = 25 to less than 1% byTe = 40, increasing to only around21

2% by Te = 100. As examined in
greater detail by Hendry and Neale (1991), even small breakscan dramatically reduce the power of unit
root tests. The size is also affected by breaks, noting that the rejection frequency for Case III varies
between 0% and 25%, depending upon what fraction of the sample includes the break.

From Figure 4, the estimated size ofFCHOW (Cases I and II) is about 7–9% for small samples,
tending to its nominal 5% value byTe = 100. For stationaryzt with a break, the power is never higher
than 12%, even for a sample split atTe = 25 where the first break occurs. The power is somewhat higher
for non-stationaryzt, but still never exceeds 30%. In essence, a break of one standard deviation over half
the sample is small and hard to detect, in spite of its consequences on the unit root test.

The statistictδ should provide a highly powerful test, given that the dates and nature of the break are
treated as known. However, controlling its size is problematic, as Figure 5 documents. Intuitively,Dt

behaves like an integrated process and so the distribution of tδ is affected by the correlation betweenzt−1
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Figure 4: Rejection frequencies ofFCHOW

Figure 5: Rejection frequencies oftδ

andDt in (37). This effect is lessened but not eliminated whenzt has a stationary root.5 The “power” of
tδ appears impressive, but must be treated with caution, giventhe large distortion to size.

To summarize, the break in the marginal process is difficult to detect with the Chow statistic, yet it
dramatically reduces the power of the Dickey-Fuller statistic for detecting a stationary root. A stationary
process with a break is virtually observationally equivalent to a unit root process with no break.6

5Note, however, that if the root ofzt were treated as known, the distribution oftδ would be exactly at.
6Faust (1993) formally establishes the near observational equivalence of trend-stationary and difference-stationary

processes. His framework also may help establish a parallelresult here.
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5 Post-simulation Analysis: Tests of Cointegration

This section examines the cointegration statistics (tECMk, tDFk, tECMu, tDFu) as defined by (5)–(8).
Rejection frequencies are the primary focus, but means, standard deviations, and overall distributional
properties are also considered.

Figures 6–9 and 10–13 plot rejection frequencies by the fourcointegration tests for the first set of
experiments. These rejection frequencies are under the hypotheses of no cointegration (Figures 6–9) and
cointegration (Figure 10–13), and correspond to size and power, provided the correct critical values are
used. Figures 6–9 plot estimated sizes for (a = 1, δ = 0), (a = 1, δ = 1), (a = 0, δ = 0), and
(a = 0, δ = 1) respectively: that is, for DGPs with and without a common factor in the conditional
process and with and without a break in the marginal process.Figures 10–13 present the corresponding
plots for estimated powers. The primary interest here is in discerning the differences between Cases I
and IV, soρ = 1 whenδ = 0 andρ = 0.8 whenδ = 1.

Figure 6: Null rejection frequenciesa = 1, δ = 0

From Figures 6 and 7, the estimated sizes fortECMk andtDFk are both approximately 5%, which
follows from the asymptotic equivalence of the two statistics when there is a common factor (a = 1). The
size oftECMu is around 3% because of the conservative choice of using MacKinnon’s critical values.
All three sizes are virtually unaffected by the sample sizeTe, confirming the accuracy of MacKinnon’s
response surfaces for the critical values. The estimated size of tDFu is available at onlyTe = 100, and
is approximately 5%.

Invalidity of the common factor restriction (Figures 8 and 9) clearly affectstECMk andtDFk. As
anticipated from the asymptotics with no break, the rejection frequencies fortECMk are below 5% (typ-
ically, between 2% and 4%), while those fortECMu are unchanged (at 3%) from simulations with a
common factor. The rejection frequency oftDFk is about 5% in Figure 8, in line with its invariance to
the existence or lack of a common factor when there is no break; cf. Kremers, Ericsson, and Dolado
(1992). However, its rejection frequency is not invariant to the lack of a common factor when there is a
break. The residual in the estimated equation fortDFk involves∆zt, which includesDt and a stationary
error: see (9). The average size fortDFk is about61

2%, which is substantially higher than the sizes for
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Figure 7: Null rejection frequenciesa = 1, δ = 1

Figure 8: Null rejection frequenciesa = 0, δ = 1

tECMk andtECMu.
Clearly, both the DF and ECM tests are less than perfect. However, noting that the actual size is

defined as the maximum rejection frequency over the parameter space for the null hypothesis, the ECM
tests at least control for size whereas the DF test does not. Also, becausetECMu appears invariant to the
break and is invariant toa, better critical values for it are easily calculated by Monte Carlo. When there
is no common factor,tDFk is not invariant to the break (see Figure 9), so useful critical values fortDFk

are problematic to obtain. That lack of invariance is even more apparent for powers and for largerq, as
seen below.

In Figures 10 and 11, the DGP has a common factor, andyt andzt are cointegrated. As under the null
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Figure 9: Null rejection frequenciesa = 0, δ = 0

of no cointegration, the presence or lack of a break has no effect on the test statistics; and the estimated
powers fortDFk andtECMk are virtually identical, ranging from 5% atTe = 10 to 33% atTe = 100. The
rejection frequency oftECMu is somewhat less, and unsurprisingly so because its rejection frequency
under the null is less than 5% and because it ignoresλ being unity.

Figure 10: Non-null rejection frequenciesa = 1, δ = 0

When there is no common factor and no break (Figure 12), the power of tECMk substantially dom-
inates that oftDFk, with the former increasing to 70% byTe = 100. EventECMu does better than
tDFk at moderate to large samples, in spite of ignoring the value of the cointegrating vector. In fact, the
power oftDFk is invariant across Figures 10, 11, and 12. By contrast, the powers oftECMk andtECMu
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Figure 11: Non-null rejection frequenciesa = 1, δ = 1

increase when the common factor is invalid, as predicted by theory.

Figure 12: Non-null rejection frequenciesa = 0, δ = 0

With a break but no common factor (Figure 13), the power oftECMk exceeds that oftDFk except for
very small samples, where both powers appear approximatelyequal to size. Discrepancies between their
powers at larger sample sizes appear smaller than without a break, but this is probably a spurious result
due to inadequate control of the rejection frequency oftDFk under the null hypothesis (see Figure 9).

Figures 14 and 15 plot estimated sizes and powers for the second set of experiments. The DGP
has no common factor and a large break (δ = 3), so these figures are qualitatively similar to Figures 9
and 13, but effects of the break are more pronounced from having a largerq. The rejection frequency
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Figure 13: Non-null rejection frequenciesa = 0, δ = 1

of tECMk in Figure 14 is even smaller than in Figure 9, as predicted by the asymptotic distribution of
tECMk shifting towards a normal distribution asq increases. Rejection frequencies fortDFk resemble
those in Figure 9, but with a larger range, 2–11%. The distribution of tECMu still appears invariant to
the break.

Figure 14: Null rejection frequencies, second set

Because of the greater information content in∆zt, the powers fortECMk and tECMu in Figure
15 increase more rapidly withTe than their powers in Figure 13 do. The “power” oftDFk has more
pronounced dips after the breaks occur than in Figure 13, andis somewhat inflated because its rejection
frequency under the null hypothesis is inadequately controlled. Even so, the power oftECMk dominates

26



Figure 15: Non-null rejection frequencies, second set

that of tDFk for all sample sizes, as does the power oftECMu for Te > 40. By contrast, the power
of tDFu is less than its size atTe = 100. Figures 13 and 15 also show how a test’s power may either
increase (tECMk andtECMu) or decrease (tDFk) when the estimation sample is lengthened to include
the first observation of a break.

Table 1.
Estimated Rejection Frequencies for Cointegration Tests

Figure a δ tDFk tECMk tDFu tECMu

Size
3a 1 0 5.0 5.0 5.0 3.5
3b 1 1 5.0 4.9 4.1 3.2
3c 0 0 5.1 2.6 4.8 3.3
3d 0 1 [4.6, 7.4] 2.9 4.3 3.1
5a 0 3 [2.0, 10.8] 1.1 4.5 3.1

Power
4a 1 0 [5.5, 33.2] [5.8, 32.7] 22.8 [3.9, 19.2]
4b 1 1 [5.1, 33.5] [5.2, 32.4] 22.2 [3.2, 18.3]
4c 0 0 [5.3, 33.7] [5.7, 70.7] 14.6 [3.4, 40.4]
4d 0 1 [6.1, 45.4] [5.5, 68.7] 15.5 [3.2, 34.8]
5b 0 3 [6.8, 55.3] [8.4, 99.9] 2.9 [2.8, 98.1]

Notes: Single values are means; values in square brackets indicate the range overTe; all values are percentages.
The size and power fortDFu were estimated forTe = 100 only.

Table 1 summarizes the results in Figures 3–15 by listing theapproximate values or (where appro-
priate) ranges of rejection frequencies for all four tests under the various parameterizations: with and
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without a common factor (a = 1 anda = 0); and with no break (δ= 0), a small break (δ= 1), and a large
break (δ= 3). With a common factor, DF and ECM tests perform similarly. Without a common factor,
ECM tests are preferred, having higher power and better control of size.

Campos, Ericsson, and Hendry (1993, Appendix B) examine other distributional aspects of the coin-
tegration test statistics, graphing their histograms, their means, and the means of the corresponding
estimated coefficients. With the exception of the means of the statistics themselves, there is little to dis-
tinguish the properties of the test statistics across DGPs (e.g., with or without a break) and even across
test statistics for a given DGP.

For each test statistic and DGP, the recursively estimated Monte Carlo mean of the estimate ofb is
calculated with plus-or-minus twice its (average) estimated standard error, as would be computed by a
regression package, and plus-or-minus twice the Monte Carlo standard deviation, reflecting the actual
sampling distribution of the estimator ofb. The Monte Carlo standard deviation is always larger than the
estimated standard error for these experiments and test statistics.

As predicted by theory, the means oftDFk andtECMu appear invariant toq when there is no break.
The mean oftECMk shifts toward zero asq increases (under the null), and becomes more negative asq
increases (under the alternative).

The histograms of all four statistics are obtained forTe = 100 only. While 10,000 replications is
only a moderate number of replications for examining full distributional properties of the statistics, their
distributions overall appear normal, in line with Banerjeeand Dolado’s (1988) result that the Dickey-
Fuller distribution is well approximated by a normal distribution with a negative mean.

While the Monte Carlo study in this paper is limited by a relatively small experimental design fora,
s, andb, both asymptotic theory and these simulations point to the advantages of the ECM statistics for
empirically common values ofa ands. Control of size appears relatively straightforward for the ECM
statistics in the presence of breaks. Tests withtECMu are insensitive to breaks under the null hypothesis,
and MacKinnon’s Dickey-Fuller critical values provide a “safe” choice fortECMk and tECMu. Fur-
ther, the power of the ECM statistics commonly exceeds that of DF statistics for empirically interesting
parameter values.

Recursive algorithms helped reduce Monte Carlo imprecision across statistics and across (economet-
ric) estimation sample sizes, with graphical analysis providing a clear, simple summary of a vast array of
estimated sizes and powers. Recursive procedures are also appealing empirically. Because statistics are
affected by the accrual of information over time, full-sample and partial-sample inferences may differ,
especially with breaks. Recursive estimation and testing offer a window on those effects.

6 Summary and Remarks

Testing for cointegration has become an important facet of the empirical analysis of economic time
series. Various tests have been proposed and widely applied, but most distributional results rest on the
assumption of unit root processes with no structural breaks. Even so, regime shifts and structural breaks
are empirically and economically plausible, as indicated by extensive discussion of the Lucas (1976)
critique. Using Monte Carlo methodology, this paper examines the finite sample properties of four
common tests of cointegration in the presence of a structural break.

When conditioning is valid, Dickey-Fuller statistics usedto test for cointegration have no particular
advantage over their ECM counterparts; and there is much to gain from using the latter when the common
factor restriction is invalid, and especially so if a break occurs as well. These differences arise because
the DF statistic ignores potentially valuable informationby imposing a possibly invalid common factor
restriction. Because common factor restrictions are generic to univariate-based tests of cointegration,
these results should hold for the augmented Dickey-Fuller statistic, Sargan and Bhargava’s (1983) sta-

29



tistic, Phillips’s (1987a)Zα andZt statistics, and generalizations thereon by Phillips and Perron (1988)
and Gregory and Hansen (1992). The problem is in using these univariate-based statistics to test a mul-
tivariate hypothesis, and not in the statistics themselves.

Conversely, maximum likelihood procedures such as those developed by Johansen (1988, 1991,
1992a), Johansen and Juselius (1990), Phillips (1991), andBoswijk (1992) do not impose common
factor restrictions and so can have more desirable properties. Some caveats apply in practice. First,
systems procedures may require modeling the break itself, and that may be difficult. Second, while con-
ditional modeling is often simpler than dealing with complete systems, the assumed weak exogeneity
may be invalid, implying trade-offs between conditional modeling and systems modeling. Third, even
in conditional models, general dynamics may not be sufficient to account for breaks. If breaks occur
in the cointegrating vector itself, the Lagrange multiplier statistic of Quintos and Phillips (1992) may
help detect them. With or without breaks anywhere in the DGP,properly accounting for the dynamic
relationship between variables can be critical in testing for a long-run relationship between them.

Appendix: Breaks and the Distribution of the Unit Root Estimator

This Appendix derives asymptotic properties of the unit root estimator when the underlying process
has a break. The asymptotic distribution oftDFk with no break was solved by Dickey and Fuller (1979).

Consider the DGP forzt in (2) under Case III:

∆zt = δDt + ut ut ∼ IN(0, σ2
u), (38)

wherez0 = 0. Let K, L, andM be the length of the break(T1 − T0)/T , the time until the end of
the breakT1/T , and the time after the break1 − L respectively, all relative to the time periodT . An
investigator, unaware of the break, estimates

∆zt = µ + φzt−1 + ξt (39)

in order to test for a unit root (φ = 0). This section derives large sample properties of:
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the least squares estimator of(µ : φ) in (39), when (38) holds for fixed nonzeroδ andK. Here and
below, summations are overt unless otherwise indicated.

Evaluation of the four different summations in (40) is required. Without loss of generality, setσ2
u = 1,

soδ is measured in standard deviations ofut. Also, all summations utilize an explicit representation for
zt:

zt =
t

∑

j=1
∆zj = δ

t
∑

j=1
Dj +

t
∑

j=1
uj = δIt + ht, (41)

where
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(42)

and

ht =
t

∑

j=1
uj t = 1, . . . , T, (43)

with ht being a random walk.
Evaluating (41) att = T obtains the summation

∑T
1 ∆zt:

T
∑
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∆zt = zT = δTK + hT ,

Op(T ) Op(T
1/2)

(44)

where orders of magnitude appear below the component terms in the last line. While terms such as
δTK are non-stochastic, it is convenient (and legitimate) to use probabilistic orders throughout.

The summation
∑T

1 zt−1 is
(

∑T
1 zt

)

− zT + z0, where
∑T

1 zt can be obtained by using (41) and

evaluating the summation ofIt over the three subsamples.
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BecausezT is Op(T ) andz0 = 0, the summation
∑T

1 zt−1 is (45), toOp(T ).
The summation

∑T
1 z2

t−1 is obtained in a similar fashion.
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T
∑

1
z2
t = δ2

T
∑

1
I2
t +

T
∑

1
h2

t + 2δ
T
∑

1
Itht

= δ2[
T1
∑

T0+1

I2
t +

T
∑

T1+1

I2
t ] +

T
∑

1
h2

t + 2δ[
T1
∑

T0+1

Itht + TK
T
∑

T1+1

ht]

= δ2[
TK
∑

j=1
j2 + T 2K2TM ] +

T
∑

1
h2

t + 2δ[
TK
∑

j=1
jhT0+j + TK

TM
∑

j=1
hT1+j]

= 1
3δ2T 3K2[K + 3M ]

Op(T
3)

+ 2δ[
TK
∑

j=1
jhT0+j + TK

TM
∑

j=1
hT1+j] + Op(T

2)

Op(T
5/2)

(46)

Becausez2
T is Op(T

2), the summation
∑T

1 z2
t−1 is (46), toOp(T

2).

Noting (38), the summation
∑T

1 zt−1∆zt is obtained by evaluating each of the summations
∑T

1 zt−1ut

and
∑T

1 zt−1Dt:

T
∑

1
zt−1ut = δ

T
∑

1
It−1ut +

T
∑

1
ht−1ut

= δ[
TK
∑

j=1
juT0+j + TK

TM
∑

j=1
uT1+j] +

T
∑

1
ht−1ut + Op(T

1/2),

Op(T
3/2) Op(T )

(47)

and

T
∑

1
zt−1Dt = δ

T
∑

1
It−1Dt +

T
∑

1
ht−1Dt

= δ
TK
∑

j=1
j +

TK
∑

j=1
hT0+j−1 + Op(T )

= 1
2δT 2K2 +

TK
∑

j=1
hT0+j−1 + Op(T ).

Op(T
2) Op(T

3/2)

(48)

From (47) and (48), it follows that:
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T
∑

1
zt−1∆zt =

T
∑

1
zt−1ut + δ

T
∑

1
zt−1Dt

= 1
2δ2T 2K2

Op(T
2)

+ δ[
TK
∑

j=1
(hT0+j−1 + juT0+j) + TK

TM
∑

j=1
uT1+j] + Op(T )

Op(T
3/2)

(49)

The probability limit of (40) can now be evaluated. Pre-multiplying (40) by

[

1 0
0 T

]

and substitut-

ing (44), (45), (46), and (49) into that equation obtains (15) in the text. The limitingdistribution of (40)
is somewhat complicated. Because(µ̂ : T φ̂) has a nonzero plim, the stochastic components of the first
as well as the second matrix on the right-hand side of (40) must be taken into account. We plan to derive
that limiting distribution in due course.
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