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1 Introduction

Structural breaks in stationary time series can induce reppainit roots, as shown by Perron (1989)
analytically and empirically and by Hendry and Neale (199 Monte Carlo. Consequently, tests
of unit roots have low power when applied to series with stmad breaks. Conversely, such series
mimic series with actual unit roots. Using Monte Carlo, thaper investigates the power of several
cointegration tests when the marginal process of one of én@ables in the cointegrating relationship
contains a structural break. The detectability of the $tmat break itself is also examined, both by
classical constancy tests and by recently introduced f@siisvariance. The data include stationary and
non-stationary series with breaks. Calculation and aisabfsesults employ recently developed Monte
Carlo techniques, as described in Hendry (1984) and HemdtyNaale (1987, 1990).

A structural break has little effect on the size of the caindtion tests studied. However, the break
does affect the power of cointegration tests when the psogeserating the data does not have a common
factor. Specifically, tests based on estimated error ctiorecnodels generally are more powerful than
Engle and Granger’s (1987) commonly used “two-step” prace@mploying the Dickey-Fuller unit root
test. The error-correction-based test uses availablenation more efficiently than the Dickey-Fuller
test, paralleling Kremers, Ericsson, and Dolado’s (1988)its without a structural break.

Section 2 describes the data generation process for theeMiamo study, the test statistics consid-
ered, and some of their analytical properties. Section Sgmts the experimental design and simulation
techniques. Section 4 examines the detectability of statity and of the break in the marginal process.
Section 5 interprets the Monte Carlo results on the coiategr tests. Section 6 concludes. The appendix
derives asymptotic properties of the unit root estimatoemvtine underlying process has a break.

2 The Data Generation Process, the Test Statistics, and Some Analytical
Properties

This section describes the data generation process for dmeVCarlo simulation (Section 2.1), the test

statistics studied (Section 2.2), and some analyticalgitms of those statistics (Section 2.3). The data
generation process (DGP) is a first-order bivariate vecttoragressive process with a possible structural
break in one of the variables’ processes. The test statigte Dickey-Fuller (static regression) and error
correctiont-ratios, and each is considered with and without knowledgie cointegrating vector (if

it exists). Together, the DGP and the test statistics delingi scope of the analysis. Some analytical

properties of the test statistics prove helpful in intetipgethe Monte Carlo evidence.

1The first and third authors are professors at the Universigaéllicante, Alicante, Spain, and at Nuffield College, O=for
England respectively; the second author is a staff ecoitamtie Division of International Finance, Federal ResdBeard,
Washington, D.C., U.S.A. The views expressed in this papersalely the responsibility of the authors and should not be
interpreted as reflecting those of the Board of Governorea®federal Reserve System or other members of its staff. &Ve ar
grateful to Peter Boswijk, Jean-Marie Dufour, Andreas RéscEric Ghysels, Peter Phillips, Carmela Quintos, andreferees
for helpful comments, and to the U.K. Economic and Socialedesh Council for financial support to the third author under
grant B00220012. All numerical results were obtained uSIGNAIVE Version 6.01 and PcGive Version 7.00; cf. Hendry and
Neale (1990) and Doornik and Hendry (1992).



2.1 The Data Generation Process

The DGP is a linear first-order vector autoregression wittmab disturbances, Granger causality in
only one direction, and a possible structural break in thetst exogenous process. For expositional
convenience, this DGP is written as a conditional erroremiion model (1) and a marginal process (2):

Ayt = CLAZt + b(y - )\Z)tfl + € (1)
2t = pzi—1+ 0D + uy, (2)
where
“| ~ In(]|VY ot 0 t=1,..T 3)
Uy 0’| 0 o2 o
and
(1 ift=Ty+1,....Ty
D = { 0 otherwise. (4)

L is the lag operator is the first-difference operatdr— £, T is the sample size, arfl) + 1 andT}
are the beginning and the end of the brebk{(7, < 77 < T'). Note thata = X implies a valid common
factor restriction. That is, (1) becomfis— (1 4 b)L]y; = A[1 — (1 + b) L]z + €; whena = ) to create
a common factor betweapn andz; of [1 — (1 + b)L]; see Sargan (1980).

ForY = exp(y) and Z = exp(z), a is the short-run elasticity o¥” with respect toZ, and A
is the long-run elasticity (providetl £ 0). The parameteb is the error correction coefficient in the
conditional model ofy;, given laggedy and current and lagged ande; andu, are the disturbances
in this conditional-marginal factorization. By a suitalslealing ofz, (and without loss of generality),
A = 1: that is, the cointegrating vector foy; : z;)" is (1 : —1) if y; andz, are cointegrated. Knowing
thatA = 1 and imposing\ at that value for estimation isith loss of generality, so Section 2.2 considers
tests that utilize and that ignore this information.

The parameter space is restricted o< a < 1, —1 < b < 0}. In many empirical studieg, ~ 0.5
andb ~ —0.1, with 2 > o¢2. That is, the short-run elasticity) is smaller than the long-run elasticity
(unity), adjustment to remaining disequilibria is slowgdahe innovation error variance for the regressor
process is larger than that of the conditional process. ,Alsts assumed weakly exogenous for the
parameters in the conditional model (1); see Engle, Herauhg,Richard (1983) and Johansen (1992a).
Section 3.1 gives the precise experimental design.

Four types of processes for can arise from (2), and they are denoted Cases I-IV.

Case l:z; has a unit root{ = 1) but no breakd{ = 0). The variableg; andz; are integrated of order
one [denoted I(1)] and are cointegrated-if < b < 0. Banerjee, Dolado, Hendry, and Smith (1986)
and Kremers, Ericsson, and Dolado (199®%pr alia analyze the properties of various cointegration
estimators and test statistics under this DGP, both analitiand by Monte Carlo.

Case ll:z; is stationary [p| < 1) with no break § = 0). Then,y; is I(1) if b = 0, andy, andz; are
jointly stationary with an error correction representatib—1 < b < 0. Davidson, Hendry, Srba, and
Yeo (1978) and Davidson and Hendry (1981) provide some amtioand Monte Carlo evidence on the
properties of the error correction test statistic.

Case lll:z; is I(1) (p = 1) and has a breald (# 0). If the break is large enough; may appear
to be an 1(2) process. Likewise, a trend-stationary vaeiatith a break in the slope may appear 1(2):
the difference of the series has a break in mean. While Casedf potential empirical interest, this

2



paper only briefly considers it, in Section 4. However, sdedsen (1992b, 1992c) for theoretical and
empirical analyses of 1(2) variables.

Case IV:z; is stationary [p| < 1) and has a brealki(# 0). This case is the primary focus of this
paper. From extensive Monte Carlo evidence in Hendry andeN&491),z; may well appear to have
a unit root when standard unit root tests are applied, andbtbak may be difficult to detect (see also
Section 4 below). With:; behaving like a unit root process with no break (Case I), wejemtured
that cointegration tests involving suchzaprocess would behave as in Case I. For the most part, this
conjecture appears correct. However, the imposition ofrangon factor restriction by Engle-Granger
cointegration tests plays an even larger role than anteipas shown both analytically (Section 2) and
in the Monte Carlo (Section 5).

As implied by Kremers, Ericsson, and Dolado (1992, Sectipntle logical issues arising from
common factor restrictions apply to processes more gettesal (1)—(4). Specifically, the cointegrat-
ing vector or vectors may enter more than one equation ficeweak exogeneity); and a constant term,
seasonal dummies, additional variables, additional ks error autocorrelation may be included. Like-
wise, generalizations of the Dickey-Fuller statistic sastthe augmented Dickey-Fuller (ADEjq, and
Z, statistics still impose a common factor restriction anddtes from a loss of information when that
restriction is invalid. With more general DGPs, the disitibns of some statistics are more complicated,
so this paper focuses on the bivariate case.

Before describing the test statistics in detail, it shoukdemphasized that either Case | or Case
IV may characterize empirical time series, and it may beestly difficult to distinguish between the
two cases in practice. To illustrate, consider real pertaagipenditure on non-durables and services
(CN) and real per capita disposable incomi&/(C) in Venezuela, graphed in logs in Figure lcasand
inc. Initially, both series grow smoothly. Then, income jumpsdver 30% in 1974 from increased
petroleum revenues, remains relatively constant throlgfilland during the LDC debt crisis of the
early 1980s falls to approximately its 1973 level. Expamditparallels or lags behind income through
1981, but falls only slightly during 1981-1985. Campos arid€son (1988) find that each series appears
I(1) empirically, and that expenditure and income are egjrdated, provided that inflation and liquidity
effects are properly accounted for.

1 1 1 1
1974@ 1975 1980 1985
e axr

Figure 1: Venezuela data



Still, the expenditure and income series in Figure 1 cousillyphave been generated by a stationary
process with breaks in 1974 and 1981. Figure 2 plots thessgraend »z generated by (1)—(4) under
Case I\2 and these series bear a marked resemblanee tndinc in Figure 1. Yet, the power of a
Dickey—Fuller test to detect stationarity in suglis less than its size; and the power of the Chow test to
detect the break in; is about 10% (at a nominal 5% level), even when the break itown. Such
similarities in time series motivate the Monte Carlo stuejol.

u
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Figure 2: Artificial data

2.2 TheTest Statistics

This subsection describes the test statistic for a unitirotbte marginal process (2) and the test statistics
for the cointegration of;; and z;.

221 Marginal Processes

Frequently, investigators pre-test for unit roots in uriai@ autoregressive representations. Many tests
exist: see Dickey and Fuller (1979, 1981), Phillips and &ef1988), and Banerjee, Dolado, Galbraith,
and Hendry (1993)nter alia. While only the Dickey-Fullert-statistic (denotedpr) is considered in
this paper, some of its properties are generic to unit ra@iissics. The asymptotic distribution of »

is well-known for difference-stationary processes suclCase I. As shown in (15), its distribution is
different when a break occurs.

2.2.2 Cointegrated Processes

Using the dynamic bivariate process (1)—(4), this papeudes on the relative merits of the two-step
Engle-Granger and single-step dynamic-model procedorggsting for the existence of cointegration.

2gpecifically,a = 0,b = —0.1, p = 0.8, = 1,0¢ = 0o, = 1, T = 100, Tp = 25, andT, = 75. To ensure comparable
samples for Figures 1 and 2, the Monte Carlo segieand z; were averaged over four periods and selectively sampled,
extracting every fourth (averaged) observation. FigureoBsmbservations 3 through 21 of the resulting series:Ksreacur in
observations 7 and 19. The graph of the selectively sampladaraged series is similar to Figure 2. Calculations fog aihd
power use the full sampléd{= 100).



See Engle and Granger (1987) on the former and Banerjeed®dtendry, and Smith (198&)ter alia

on the latter. The former is characterized by a Dickey-F([D¥) statistic used to test for the existence
of a unit root in the residuals of a static cointegrating esgiron. The latter is based upon thatio of
the coefficient on the error correction term in a dynamic nhoeparameterized as an error correction
mechanism (ECM), noting that cointegration implies andriplied by an ECM. Thig-ratio is denoted
the ECM statistic. Each statistic may utilize or ignore kiexge about the value of the cointegrating
vector (i.e., that\ = 1).2 This subsection describes these four test statistics aniies analytical
relationships between the test statistics; Section 2.8epte some of their asymptotic properties.

The variablesy; and z; are cointegrated or not, depending upon whether 0 or b = 0. Thus,
tests of cointegration rely upon some estimaté.dfhe four statistics considered here aretaktios on
regression estimates of Let us denote thoseratios bytgonk, tEcMw, tDFE, @Ndtp g, Where the
subscriptsEC' M and D F’ denote error correction model and Dickey-Fuller, arahdw indicate that the
cointegrating vector is assumed known or unknown. Theatios onb are derived from the regressions:

Ay = k+alz+bly— 2)—1 + €k, (5)
Ay = k+alz+bly—2)i-1+ 21 + €ut, (6)
Yt = Ko + 2t + Wit
Aly—Fo—2)t = K1 +bly—FKo— 2)1—1+ ek, (7)
and
Yt ~ = Ko + Azt "1’ Wayt
A(y — Ko — AZ)t = K1+ b(y — ko — )\Z)tfl + eut, (8)

respectively, where:, xg, x1, andc are constants; and a tildedenotes an estimate from the static
regression in (8). The regression errors ¢ andtgonr, areeg; ande,; respectively. Those for
tprr andtpp, areeg; ande,;, with @, andw,; being the associated static-regression residuals on
whicht¢pg, andtpp,, are based.

The statisticst prr, andtgens, are used to test the null hypothesis that 0 in (1), i.e., thaty
andz arenot cointegrated with a cointegrating vectdr: —1). The statisticg pr, and¢gcar,, ignore
that A = 1, and so are (implicitly or explicitly) used to test the nujipothesis thay and z are not
cointegrated with an arbitrary cointegrating veator —\).

Both asymptotic and finite sample properties of the stafistan be better understood by examining
the relationship between the DF regression equation (7jten8CM regression equation (5). To do so,
subtractAz; from both sides of the conditional DGP (1) and rearrange:

Aly—2) = bly—2)e1+ [(a—1)Az + €]
= by —2)i-1+ e, 9

where the disturbancs is:

€ = (CL — 1)AZ,§ + €. (10)

3A priori knowledge of the cointegrating vector frequentlysas in economic modeling: for instance, of (logs of) con-
sumers’ expenditure and disposable income, of wages acelspiof money and income, and of the exchange rate and foreign
and domestic price levels.



Equation (7) is (9) withey; = e; and an explicit constant term. The statistjgr;, ignores potential
information contained iM\z;. Equivalently, (7) imposes the restriction that the shartd long-run
elasticities are equak(= 1), or that there is a common factor in the relationship betwgeandz;.

For the DGP (1)—(4), the errar; in (10) is white noise because baotkr; ande; are white noise.
Thus, the ADFZ«, andZ, statistics offer no additional benefit in this case. The [gwhis the common
factor restriction, which highlights the difference beemevhite noise and an innovation. As discussed
in Kremers, Ericsson, and Dolado (1992), the ADFy, and Z; statistics impose a common factor
restriction.

A useful measure of the information ignored fyry, is:

qg = —(a—1)s, (12)

wheres = o, /oe. Thatis,q? is the variance ofa—1)Az relative to that ot;. Also, ¢*> = R?/(1-R?),
whereR? is the population?? for Awy, (or e; in (10)) regressed o z; whenb = 0. The value ofy
directly affects the distribution dfgzsi; See Section 2.3. See Kremers, Ericsson, and Dolado (1992)
for details on the restriction = 1, and Hendry and Mizon (1978) and Sargan (1964, 1980) on cammo
factors.

The relationship between (8) and (6) (the regressions wikmown \) parallels that between (7) and
(5). Equation (1) can be transformed to:

Aly—A2); = bly—A2)m1 +[(a—DAz + (1 —=NAz +bA—Dz_1 +¢),  (12)
which is (8) where the disturbaneg; is:

et = (a—1)Az 4 (1—NAz +bA—1)z_1 + e, (13)
and the constant in (12) is implicit. Thus; -, is affected not only by the common factor restriction, but
also by the discrepancy between estimated and actual vefube cointegrating vector. While “super
consistent”, the static-regression estimataay have poor finite sample properties, thereby affectirg th
properties ot pr,; see Banerjee, Dolado, Hendry, and Smith (1986).

2.3 Propertiesof the Test Statistics

This subsection describes properties of the test statatia unit root in the marginal process and prop-
erties of the cointegration test statistics.

2.3.1 Marginal Processes

Dickey and Fuller (1979, 1981), Phillips (1987b, 1988), &aherjee, Dolado, Galbraith, and Hendry
(1993) derive the asymptotic distributions ©f under Cases | and Il; and they are identical to the
distributions oft p 71, as described in Section 2.3.2 below. The appendix derrgsepties ot ,» under
Case lll, providing a baseline for interpreting the MontelGaesults, which are for Case IV.

Under Case lllz; has a unit root{ = 1) and a breakd # 0). Suppose an investigator, unaware of
the break, estimates

Az = p+oz—1+& (14)

in order to test for a unit rootA= 0). The probability limit of the least squares estimator: g?)) of

(1 : @) is:
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i T T 15272 -1/2
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| 30K(K +2M) L18*K?*(K +3M) 102K?

(15)

_ lgr—1
= f [1—(K+2M)

0K (M + K/6) ]

where K is the length of the breakly — Ty)/T, M is the time after the breakl’ — 73)/T', and
H=(1-M-K)M+ K(4—-3K)/12. As found in additional Monte Carlo simulations not repdrte
here, the estimated meansjofind¢ appear to match closely the analytical values in (15).

Four implications of (15) are of interest. First, the estiadaintercept has a nonzero population
value, which is proportional té. Second, the unit root estimater+ 1 differs from unity by only
O,(T~1). Third, the corresponding discrepancy does not depend (o o,(7~!)) and is relatively
negligible, especially wheQK + 2M) is close to unity. Fourth, a break in the marginal process (2)
affects the cointegration statistig . and the unit root statistity » for z; similarly when the common
factor restriction is not valid fotpgi. (@ # 1). Fortpry, the equation being estimated is:

Aly—z) = bly—2)i—1+ ewt
= by —z)—1+[(a— 1Az + ¢
= by —2)i

+[(a—=1)dDy + (a—1)(p — 1)zi—1 + (a — 1)ug + €] (16)

where the constant is implicit and the term in square bradkethe error. Under Case Ilp,= 1, so
the error is comprised of a breék— 1)5 D, and white nois¢a — 1)u, +¢,, paralleling the regression (14)
under the DGP (2) with = 1 andé # 0. Under Case I, p |< 1, so the error also includes_1, which
has a break in it. Thus, whenever the marginal process hasalt nd the conditional process does not
have a common factor, the regressionifgf-;. induces a break in the error, which may reduce the power
of the corresponding cointegration test. By contrast, tegiration tests based opc s andtgoar, do
not suffer from this problem because their correspondiggessions are still properly specified.

2.3.2 Cointegrated Processes

Asymptotic distributions of all four cointegration tesasstics are known for Case 4,(with a unit root

and no break), providing a baseline for the Monte Carlo studistributions under Cases II-IV are
viewed as variants, with Case IV being the particular focuSection 5. Because (1)—(4) has a unit
root under Case |, distributional results involve Wienesgaisses. That saidlyc i IS approximately

normally distributed for largey (whena # 1). Derivation of the asymptotic distributions appear in
Dickey and Fuller (1979, 1981) and Phillips (1987b, 1988y (f>r«); Banerjee, Dolado, Hendry, and
Smith (1986) and Kremers, Ericsson, and Dolado (1992)t(#er.x); Engle and Granger (1987) and



Phillips and Ouliaris (1990) (fotpr.,,); and Park and Phillips (1988, 1989), Kiviet and Phillip842),
Banerjee and Hendry (1992), Boswijk (1992), Banerjee, Bol&albraith, and Hendry (1993), and this
subsection (fot gonry).

For expositional convenience, we adopt certain notatiooatentions concerning Brownian motion
(or Wiener) processes. Consider a normal, independentyidentically distributed variable;,t =
1,...T: thatis,n: ~ IN(0,0n*). Here,n; is usually eithere;, ¢, or u;. Define By, (r) as the
partial sumS> " ./ (Ton?)1/2, wherer lies in [0, 1], and[T'r] is the integer part of'r. As discussed
in Phillips (1987b),Br ,(r) converges weakly to a standardized Wiener process, detdjed). For
simplicity of notation, the argumentis suppressed, as is the range of integration eweinen that range
is [0, 1]. Thus, integrals such q%l Bn(r)dr are written as/ Bn?. The symbol“ = ” denotes weak
convergence of the associated probability measures aathgle sizeél' — oco. See Billingsley (1968)
and Banerjee, Dolado, Galbraith, and Hendry (1993) folh&mrdiscussion. Derivations are presented
below for cases without an intercept in the regression,ifopkcity. When a constant term is included,
the Brownian motions should be thought of as being “de-méarmrresponding to a prior regression
that eliminates a constant. Mann and Wald'’s (1943) ordeatioot is used where needed.

The null hypothesis isao cointegration § = 0). The alternative hypothesis is cointegration< 0),
and is characterized as a local alternative with:

b = /T-1 ~ /T, (17)

where~ is a negative fixed scalar. Equation (17) parallels the uBitalan-type local alternative except
that, in order to obtain statistics 6f,(1), b differs from the null byO,,(T—!) rather than by, (T—1/2).
Conveniently, distributions under the null hypothesis @tained by setting = 0. The generalization
of Bn(r) under this local alternative is the diffusion process:

Kn(r) = [ge=dBn(j)
= Bn(r) +7v [y " Bn(j)dj, (18)

whereKn(r) is an implicit function ofy; see Phillips (1987b). W = 0, thenKn(r) = Bn(r). As with
Bn, the argument in Kn(r) and the limits of integration are dropped if no ambiguitysas from doing
So.

Under the local alternativep ;. is distributed as:

K.dB.
torr = ([ K2)Y? + fi,’ (19)
VK2
which simplifies to the Dickey-Fuller distribution:
B.dB,
tpre = | B.dB. (20)
V. B2
under the null hypothesis.
Under the local alternative, the ECM statistje: ;. is distributed as:
teemr = (14 )V K2)Y?
N (a—1) [ KydBe+s! [ KedBe (21)

\/(a — 12 [K2+2(a— 1)871fKuK6+872fK62'



Whena = 1, (21) simplifies to the DF distributions (19) (for# 0) and (20) (fory = 0).
Fora # 1, (21) can be reparameterized in termgy@ndg exclusively:

V(L + @)V K22 + J KudBe — ¢! [ KedBe

tecmr =

(22)

For largeg, (22) is approximately a standardized normal distribution

teork = N ((1+A)YA([ KDY 1) + Op(gh),
conditional on the process fag. Under the null hypothesis, (23) simplifies to:

tpeme = N(0,1) + Op(g™h).

VIEKZ =207 [ K Ketq? [Ke

(23)

(24)

The approximation iy is “small-c” in nature; cf. Kadane (1970, 1971). Thusgasries from small to
large, the asymptotic distribution éf 1 shifts from the DF distribution to the normal distribution.
The asymptotic powers @f . andtgcoasi are determined by (19) and (22). Whenr= 0, the two
tests have the same power. Whgs sufficiently larget o has (arbitrarily) greater power thap gy
That discrepancy arises becaugg- is ignoring substantial information ofdz;, whereas gc i USES

that information to obtain a more precise estimaté. of

The asymptotic distributions @p r,, andt g, resemble those @ty r, andt goasi, but are some-
what more complicated because the hypothesized coiniegragctor is estimated. Phillips and Ouliaris

(1990) derive the asymptotic distribution 1 -, under the null hypothesis that= 0.

The test ofb = 0 usingtzcar, is known to be similar when the conditioning variableis strongly
exogenous for the regression parameters, c,oc?); see Kiviet and Phillips (1992), Banerjee and
Hendry (1992), and Banerjee, Dolado, Galbraith, and Her({@@®@3). The null limiting distribution
of tpcare 1S implicit as a special case of Park and Phillips (1988, Téeo4.1a; 1989, Theorem 4.1b)
and Boswijk (1992, Theorem 4.2, p. 85). The explicit repnésstion provides insights not apparent from

their general formulae, so it is derived here.
The DGP is (1)—(4) witth = 0 under Case | (i.e., with = 1 and§ = 0):

Ay, alz + €
Azt = Ut

€ ~IN (0,0’62)
up ~ IN (0,05) .
The estimated model is:

Ay; = alz+b(y — 2)-1+cz1 + g,

which is (6) without a constant term.
The rescaled parameter estimates from (26) are:

- -1

T T T
71 Z u? T73/2 Z Wi—1Ut T73/2 Z Z—1Ut
1 1 1
\/T(dA— a) T T T
Tb = T-3/2 > wp_quy T2 w? | T2 w121
Tc 1 1 1
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(25)

(26)

T
T71/2 Zutet
1
T
71 Zwtflﬁt
1

1 T
T Z Zt—1€t
1

(27)




where, from (25); is the random walk:

wr = Yt — 2t
= W1+ €, (28)

ande; = (a — 1)us + €, as in (10). Asymptotic distributions of the elements in)(%olve the
Brownian motion processed,, Be, and B., where the last is related to the first two by:

0eB. = o0eBe+ (a—1)o,By. (29)
Also, 02 = o¢? + (a — 1)%02. Hence, by partitioned inversion in (27):

oe (] B BudBe) — (J BuBo)([ BudBe)

T = B B - (] BB (30)
Thus, the limiting distribution of oy, iS:
[ BedBe — ([ BeBy,)([ B2)~Y([ BudBe)
tecMu =
VI B2 = (] BuB)* () B3
_ [ BedBe—( BeB)([ BY) () BudBe) (31)

VI Be = ([ BeB,)2(f B!

using (29). Because the asymptotic distributiont g§ s, does not depend om, o, Or oe, it is
invariant to those parameters, and hence tests baseg-qp, are similar.
An alternative expression for (31) is enlightening. Coasithe regression

Yy = PBu+G (32)

“linking” the levels ofy; andz;. Let R denote the limiting form of Yule’s correlation for that regr
sion whena = b = 0 (i.e., under the null of no relation betwegpandz;) and that correlation is not
adjusted for sample means. From Phillips (1985is:

R — | BeB, (33)

JI B2 By

DF —R-N(0,1)
whereD F andN (0, 1) denote random variables with Dickey-Fuller and standadiizormal distrib-
utions. This demonstrates thatoas,, and the Dickey-Fuller statistic have different limitingsttibutions,
so their critical values need separate tabulation. Alsé) (@Birrors Park and Phillips’s (1988) Lemma

5.6, in which a related problem is addressed Bnsla constant.

Thus, schematically (31) is:

3 Experimental Design and Simulation

This section presents the experimental design and Monte Sianulation of the cointegration test sta-
tistics.
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3.1 Experimental Design

To analyze the size and power of the cointegration testsdrpthsence of a structural break, two sets
of Monte Carlo experiments were conducted with (1)—(4) asDP. The first set is a “broad” design,
aimed at highlighting the effects of common factors, caragion, and breaks over a range of sample
sizes for estimation. The second set focuses on how the fack@mnmon factor affects the cointegration
tests. Without loss of generalitge?> = 1 and\ = 1. Thus, the experimental design variables are the
parametersd b, s, p, d) (noting thats now isc,,), the estimation sample siZ&, the break point§} and
Ty, and the full sample siZ€.

The first set of experiments is a full factorial design of:

a = (1.0 [acommon factorg = 0], 0.0 [no common factory = s])

b = (0.0 [no cointegration —0.1 [cointegration)

s = 1.0

p = (1.0 [integration, 0.8 [stationarity)

d = (0.0 [no break, 1.0 [a break of size])

T. = 10,11,12,....,7—2,7—1,T

Ty, = 25

7 = 75

T = 100, (35)

resulting in1456 experiments. For both sets of experiments, n@wvere generated for each replication,
and the number of replications per experiment Was 10, 000.

The parameter values were chosen with the following in miaia = 1 (and so; = 0), the common
factor restriction holds, so the distributions of the DF &M statistics should resemble each other. For
a = 0, the common factor restriction is violated, but= s = 1, which is a “moderately small” value.
The two values 0b, 0.0 and—0.1, imply lack of and existence of cointegration respectivalthough, in
the latter case, the corresponding root of the system idastile: 0.9. The root of the marginal process
(p) is either unity or large but stationary. The break in thegimal process is either zero or unity (i.e.,
1-0y), Where the latter value is rather small by empirical statslaHowever, for the purposes of this
paper, unity seemed appropriate because it is small enouglalke its detection by standard Chow tests
difficult.

The estimation sample size includes all integers in thevaté10, 100], providing small, medium,
and large values. To ensure that most estimation sample isidkeided a breakly = 25, with T} = 75
S0 as to maximize the power of constancy tests over the folps see Hendry and Neale (1991). For a
given length of breakT} — Tj) /T, the particular choice df; and7; matters little for the power of the
full-sample constancy tests.

While the generated data have two breaks, recursive tealiogs examining estimation samples
with zero breaksl, < Tp), one “permanent” breakl{ < T, < Tj), and two breaksT < T, <
T). In this design, two breaks are equivalent to a single “teragy” break. While the number of
observations generate@iand the estimation periody) are identical in the analytical derivations above,
distinguishing betweefi’ and T, is necessary in recursive Monte Carlo. Below, the conteatifets
whether “sample size” mearfsor T,. Recursive testing also allows examining situations inclwtthe
break is at the very end of the estimation sample.

Critical values are all at the 5% level. Fosr,, andtpr,, the values are calculated from MacKin-
non’s (1991, Table 1) response surfaces ulth= 1 and N = 2 respectively (MacKinnon’s N'), “with
a constant but no trend” for both. The correct critical valte t . depend upor as well asl;, and
those fort g, depend upofl,. Both sets of critical values could be simulated. Howeyenay not be
known in practice, and even asymptotic critical valuestff s, have not yet been simulated, so “safe”
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critical values may be constructed by assuming thaty;x and¢gcar,, have pure Dickey-Fuller-type
distributions (i.e.,g = 0). Thus, the critical values fargc . andtgonr, Used here are the same as
those fort ppr, andtppy,.

Becausey is such an important parameter and becausel in (35) is relatively small by empirical
standards, the second set of experiments considers tlot @ffe= 3, albeit in a more limited design:

a = 0.0 [nocommon factory = s]

b = (0.0 [no cointegratioh —0.1 [cointegratiomn)

s = 3.0

p = 0.8 [stationarity

d = 3.0 [abreak of size]

T. = 10,11,12,..., T -2, T —1,T

To = 25

7 = 75

T = 100, (36)

resulting in182 experiments. The values efandd are equal in order to keep the time series properties
of z the same as in (35).

3.2 Simulation

Simulation proceeded as follows. Random numbers fandu, were generated by multiplicative con-
gruential generators and transformed to a normal distabuiy Box and Muller’'s (1958) method. The
first twenty observations of each replication from (1)—(&rgvdiscarded in order to attenuate the effects
of initial values in stationary relations (such asyin— z; whenb < 0). For a particular experiment?
replications were generated, with a statistic lying in iitical region S of P times (S dependent upon
the statistic). The fraction of rejectiorts/ P is an unbiased Monte Carlo estimate of the underlying
rejection frequency (e.g., of size or power).

Recursive algorithms exist for the statistigsry, t zonk, andtgoar,, providing a computationally
efficient means for their calculation over the full range ainple sized,. = 10,11, ...,99, 100 for any
given set of values of the other experimental design vag&folrhus, a replication of siz& = 100 was
generated, and the statistics were calculated recursirethhat sample for all estimation sample sizes.
Such re-use of the sample greatly reduces Monte Carlo iaariftr different values of .; see Hammer-
sley and Handscomb (1964). Further, calculation of alld&sistics on the same sample reduces Monte
Carlo variation for the differences in properties acroasigics. Graphical (rather than tabular) analysis
of the Monte Carlo rejection frequencies is highly desiealgiven the large number of experiments; cf.
Ericsson (1991). Graphical analysis also correspondspeeuflo-) nonparametric estimation of the size
and power functions of the tests.

4 Post-simulation Analysis. the Marginal Process

This section briefly examines one unit-root test statigtid avo constancy test statistics on the marginal
process forz;. The unit root statistic is the Dickey-Fuller statistic wid constant termt ), which

is thet-ratio on¢ in (14), noting that the break dummy;, is explicitly excluded. The first constancy
statistic is Chow’s (1960) predictive failure statistigoipd to (14) and is denoteHq ;o . The second

“The statistict p ., cannot be calculated recursively, so its properties arsidered for7. = 100 only. Also, D; was
perturbed by a small error in order to permit recursive egdiiom for7. < 25 of equations including);.
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constancy statistic is theratio on the least squares estimatejdh the correctly specified marginal
process (albeit with a constant term estimated):

Azp = p+ ¢zp—1 + 0D¢ + uy, (37)

and is denoteds. This last statistic is also a statistic for testing the frasace of (14) taD;, as discussed
in Engle and Hendry (1993). Critical values are at the 5%llend are taken from MacKinnon (1991)
for tpp, the F distribution for Foyow, and thet distribution fort;.

Figures 3, 4, and 5 plot the estimated rejection frequertdies», Foow, andts respectively. The
four lines on each graph correspond to Case+(1, 6 = 0: —), Case Il p = 0.8, § = 0: —-), Case
M(p=1,6=1:------ ),and Case IV =10.8, 6 = 1: ---).

| IT_ _ _ _ _. IIY . .

186 —

Figure 3: Rejection frequencies @b

From Figure 3, the estimated sizetefr (Case 1) is close to 5% for all sample sizes. Wiser 0.8
without a break (Case Il), the power increases monotogidedim about 7% (aff, = 10) to 90% (at
T, = 100). When a break is added to that stationary series (Case h&)power falls from 13% at
T. = 25 to less than 1% by, = 40, increasing to only around1% by 7, = 100. As examined in
greater detail by Hendry and Neale (1991), even small breakslramatically reduce the power of unit
root tests. The size is also affected by breaks, noting tiearajection frequency for Case Il varies
between 0% and 25%, depending upon what fraction of the saimgudes the break.

From Figure 4, the estimated size Bf yow (Cases | and Il) is about 7-9% for small samples,
tending to its nominal 5% value B§, = 100. For stationaryz; with a break, the power is never higher
than 12%, even for a sample splitat= 25 where the first break occurs. The power is somewhat higher
for non-stationary;, but still never exceeds 30%. In essence, a break of oneasthddviation over half
the sample is small and hard to detect, in spite of its coresazps on the unit root test.

The statistic s should provide a highly powerful test, given that the date$ature of the break are
treated as known. However, controlling its size is problemas Figure 5 documents. Intuitiveljp;
behaves like an integrated process and so the distributigriaffected by the correlation between ;

14



188 —

I II I1I v

AEE — e

ZIIB 3II3 4!‘3 5II3 T GIIB 7II3 BIIB 9II3 _uaé
Figure 5: Rejection frequencies &f

andD, in (37). This effect is lessened but not eliminated whehas a stationary rodtThe “power” of
ts appears impressive, but must be treated with caution, ghesfarge distortion to size.

To summarize, the break in the marginal process is difficuttdtect with the Chow statistic, yet it
dramatically reduces the power of the Dickey-Fuller stiati®r detecting a stationary root. A stationary
process with a break is virtually observationally equinék® a unit root process with no breék.

SNote, however, that if the root af, were treated as known, the distributiontéfwould be exactly a.
SFaust (1993) formally establishes the near observatiogaivalence of trend-stationary and difference-statipnar
processes. His framework also may help establish a parefialt here.
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5 Post-simulation Analysis: Testsof Cointegration

This section examines the cointegration statistigg{;x, t prr, tEc M, tDFu) @s defined by (5)—(8).
Rejection frequencies are the primary focus, but meansdatd deviations, and overall distributional
properties are also considered.

Figures 6—-9 and 10-13 plot rejection frequencies by the ¢ourtegration tests for the first set of
experiments. These rejection frequencies are under thalngges of no cointegration (Figures 6—9) and
cointegration (Figure 10-13), and correspond to size ameep@rovided the correct critical values are
used. Figures 6-9 plot estimated sizes for=f{ 1, § = 0), e =1, § = 1), (a = 0, § = 0), and
(e = 0, & = 1) respectively: that is, for DGPs with and without a commocida in the conditional
process and with and without a break in the marginal prodégsires 10—13 present the corresponding
plots for estimated powers. The primary interest here issnaining the differences between Cases |
and IV, sop = 1 whené = 0 andp = 0.8 whend = 1.

toFk tEcMu - _ _ toFu*

tEcMc

Zé 3é 4é Sé T Gé 7é Sé Bé _I_Blii
Figure 6: Null rejection frequencies= 1, 6 =0

From Figures 6 and 7, the estimated sizestfgr ;. andtpry are both approximately 5%, which
follows from the asymptotic equivalence of the two statstivhen there is a common facter£€ 1). The
size oftgcoas, IS around 3% because of the conservative choice of using Macd's critical values.
All three sizes are virtually unaffected by the sample Sizeconfirming the accuracy of MacKinnon'’s
response surfaces for the critical values. The estimamdd$i ., is available at onlyl. = 100, and
is approximately 5%.

Invalidity of the common factor restriction (Figures 8 andc8arly affectst gy andippr. As
anticipated from the asymptotics with no break, the rejectiequencies fotzc . are below 5% (typ-
ically, between 2% and 4%), while those fgr-y s, are unchanged (at 3%) from simulations with a
common factor. The rejection frequencygfr; is about 5% in Figure 8, in line with its invariance to
the existence or lack of a common factor when there is no brefakkremers, Ericsson, and Dolado
(1992). However, its rejection frequency is not invariamthe lack of a common factor when there is a
break. The residual in the estimated equationt fgr, involves Az, which includesD, and a stationary
error. see (9). The average size tofry is aboutG%%, which is substantially higher than the sizes for
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Figure 7: Null rejection frequencies=1, § = 1

TnFle oo tEcMu - - - toru™

tEcMc

ZIIB 3II3 4!‘3 5II3 T GIIB 7II3 BIIB 9II3 _uaé
Figure 8: Null rejection frequencies=0, § = 1

teomk andtpony.

Clearly, both the DF and ECM tests are less than perfect. Meweaoting that the actual size is
defined as the maximum rejection frequency over the pararspéee for the null hypothesis, the ECM
tests at least control for size whereas the DF test does ihsxt, Becauseér ., appears invariant to the
break and is invariant ta, better critical values for it are easily calculated by Mo@arlo. When there
is no common factott p zy, is not invariant to the break (see Figure 9), so useful alitialues fort p i
are problematic to obtain. That lack of invariance is evemarapparent for powers and for larggras
seen below.

In Figures 10 and 11, the DGP has a common factoryaaddz; are cointegrated. As under the null
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tECMk
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Figure 9: Null rejection frequencies=0, § =0

of no cointegration, the presence or lack of a break has eatefih the test statistics; and the estimated
powers fort p g andt g are virtually identical, ranging from 5% @t = 10 to 33% atl, = 100. The
rejection frequency ofgcas,, IS Somewhat less, and unsurprisingly so because its m@jefrequency
under the null is less than 5% and because it ignariesing unity.

tEcMc tDFI tecMuw - _ _ topFu™

Zé 3é 4é Sé T Gé 7é Sé Bé _I_Blii
Figure 10: Non-null rejection frequencies= 1, § =0
When there is no common factor and no break (Figure 12), thepoft o Substantially dom-
inates that oft pr, with the former increasing to 70% . = 100. Eventgca., does better than

tprr at moderate to large samples, in spite of ignoring the valuleeocointegrating vector. In fact, the
power oft p ;. IS invariant across Figures 10, 11, and 12. By contrast, thees oft goasr andt gonra
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Figure 11: Non-null rejection frequencies=1, 6 = 1

increase when the common factor is invalid, as predictedhogriy.

tEcMc ToF tEcMu - - — topra™

186 —

1 1 1 1 1 1 1 1 1
2@ 2@ 2 Sa T (=1 ] Fa 20 oa 108

Figure 12: Non-null rejection frequencies=0, § =0

With a break but no common factor (Figure 13), the powen@f,,;. exceeds that afp ;. except for
very small samples, where both powers appear approximedelsl to size. Discrepancies between their
powers at larger sample sizes appear smaller than withowgtadk bbut this is probably a spurious result
due to inadequate control of the rejection frequencyf;. under the null hypothesis (see Figure 9).

Figures 14 and 15 plot estimated sizes and powers for thendest of experiments. The DGP
has no common factor and a large break=( 3), so these figures are qualitatively similar to Figures 9
and 13, but effects of the break are more pronounced frormpawilargerg. The rejection frequency
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Figure 13: Non-null rejection frequencies=0, § = 1

of tgcmi IN Figure 14 is even smaller than in Figure 9, as predictechbyasymptotic distribution of
tecomi shifting towards a normal distribution gsincreases. Rejection frequencies for-;, resemble
those in Figure 9, but with a larger range, 2—-11%. The digiob of ¢z, Still appears invariant to
the break.

tEcMc ToF tEcMu - - — topra™

11—

1
2@ 2@ 2 Sa T (=1 ] Fa 20 oa 108

Figure 14: Null rejection frequencies, second set

Because of the greater information contentAn;, the powers fort gy andtgonr, in Figure
15 increase more rapidly witth, than their powers in Figure 13 do. The “power” ©of 7, has more
pronounced dips after the breaks occur than in Figure 13isssmimewhat inflated because its rejection
frequency under the null hypothesis is inadequately cattoEven so, the power @fz¢. dominates
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tECMk

tECMu - - =

topFu®*

that of t pry, for all sample sizes, as does the powett gf ., for 7. > 40. By contrast, the power
of tpry IS less than its size & = 100. Figures 13 and 15 also show how a test’'s power may either
increase {rcmk @andtgons,) OF decreaset i) when the estimation sample is lengthened to include

the first observation of a break.

Table 1.
Estimated Rejection Frequencies for Cointegration Tests

Figure 15: Non-null rejection frequencies, second set

Figure a ¢ tDFk teomk tpru tECMu
Size

3a 1 O 5.0 5.0 5.0 3.5

3b 1 1 5.0 4.9 4.1 3.2

3c 0 O 51 2.6 4.8 3.3

3d 0 1 [46,74] 2.9 43 3.1

5a 0 3 [2.0, 10.8] 1.1 4.5 3.1
Power

4a 1 0 [55332 [58327 228 [3.9 19.2]

4 1 1 [5.1,335 [5.2,324] 222 [3.2,18.3]

4c 0 0 [5.3,337] [5.7,707] 14.6 [3.4,40.4]

4d 0 1 [6.1,454] [55,687 155 [3.2,34.8]

5b 0 3 [6.8553 [8.4,999 29 [28 98.1]

Notes: Single values are means; values in square brackktsia the range ovér.; all values are percentages.

The size and power fdi, ., Were estimated fof, = 100 only.

Table 1 summarizes the results in Figures 3-15 by listingaigroximate values or (where appro-
priate) ranges of rejection frequencies for all four testdar the various parameterizations: with and
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without a common factora(= 1 anda = 0); and with no breakd= 0), a small breakd= 1), and a large
break §= 3). With a common factor, DF and ECM tests perform similarlyithbut a common factor,
ECM tests are preferred, having higher power and betteraiooitsize.

Campos, Ericsson, and Hendry (1993, Appendix B) examiner alistributional aspects of the coin-
tegration test statistics, graphing their histogramsir thieans, and the means of the corresponding
estimated coefficients. With the exception of the meansesthtistics themselves, there is little to dis-
tinguish the properties of the test statistics across DGR, (with or without a break) and even across
test statistics for a given DGP.

For each test statistic and DGP, the recursively estimatedt®ICarlo mean of the estimate lois
calculated with plus-or-minus twice its (average) estedagtandard error, as would be computed by a
regression package, and plus-or-minus twice the MonteoGaiaindard deviation, reflecting the actual
sampling distribution of the estimator &f The Monte Carlo standard deviation is always larger than th
estimated standard error for these experiments and téistista

As predicted by theory, the meanstefr;, andtgcoar, appear invariant tg when there is no break.
The mean otz Shifts toward zero ag increases (under the null), and becomes more negatiye as
increases (under the alternative).

The histograms of all four statistics are obtainedfor= 100 only. While 10,000 replications is
only a moderate number of replications for examining fuditdbutional properties of the statistics, their
distributions overall appear normal, in line with Banerggel Dolado’s (1988) result that the Dickey-
Fuller distribution is well approximated by a normal distriion with a negative mean.

While the Monte Carlo study in this paper is limited by a rigfalyy small experimental design far,

s, andb, both asymptotic theory and these simulations point to tvaiatages of the ECM statistics for
empirically common values af ands. Control of size appears relatively straightforward fog tBCM
statistics in the presence of breaks. Tests wjith,,,, are insensitive to breaks under the null hypothesis,
and MacKinnon’s Dickey-Fuller critical values provide aafe” choice fortgon, andtgonr. Fur-
ther, the power of the ECM statistics commonly exceeds thBiFostatistics for empirically interesting
parameter values.

Recursive algorithms helped reduce Monte Carlo impregia@oss statistics and across (economet-
ric) estimation sample sizes, with graphical analysis jgliag a clear, simple summary of a vast array of
estimated sizes and powers. Recursive procedures arepgisalimg empirically. Because statistics are
affected by the accrual of information over time, full-sdenpnd partial-sample inferences may differ,
especially with breaks. Recursive estimation and testffey a window on those effects.

6 Summary and Remarks

Testing for cointegration has become an important facehefampirical analysis of economic time
series. Various tests have been proposed and widely appli¢dnost distributional results rest on the
assumption of unit root processes with no structural brelaken so, regime shifts and structural breaks
are empirically and economically plausible, as indicatgcektensive discussion of the Lucas (1976)
critigue. Using Monte Carlo methodology, this paper exasithe finite sample properties of four
common tests of cointegration in the presence of a strudbueak.

When conditioning is valid, Dickey-Fuller statistics udedest for cointegration have no particular
advantage over their ECM counterparts; and there is muchitoigom using the latter when the common
factor restriction is invalid, and especially so if a brealkcurs as well. These differences arise because
the DF statistic ignores potentially valuable informatlmnimposing a possibly invalid common factor
restriction. Because common factor restrictions are generunivariate-based tests of cointegration,
these results should hold for the augmented Dickey-Futldissic, Sargan and Bhargava'’s (1983) sta-
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tistic, Phillips’s (1987a).« and Z; statistics, and generalizations thereon by Phillips anmdoR€1988)
and Gregory and Hansen (1992). The problem is in using theisariate-based statistics to test a mul-
tivariate hypothesis, and not in the statistics themselves

Conversely, maximum likelihood procedures such as thoselojged by Johansen (1988, 1991,
1992a), Johansen and Juselius (1990), Phillips (1991),Barsvijk (1992) do not impose common
factor restrictions and so can have more desirable pregertsome caveats apply in practice. First,
systems procedures may require modeling the break itselftteat may be difficult. Second, while con-
ditional modeling is often simpler than dealing with complaystems, the assumed weak exogeneity
may be invalid, implying trade-offs between conditionaldaling and systems modeling. Third, even
in conditional models, general dynamics may not be suffidieraccount for breaks. If breaks occur
in the cointegrating vector itself, the Lagrange multipkatistic of Quintos and Phillips (1992) may
help detect them. With or without breaks anywhere in the Dgéperly accounting for the dynamic
relationship between variables can be critical in testorgaflong-run relationship between them.

Appendix: Breaksand the Distribution of the Unit Root Estimator

This Appendix derives asymptotic properties of the unit e&timator when the underlying process
has a break. The asymptotic distributiontgf-;, with no break was solved by Dickey and Fuller (1979).
Consider the DGP fot; in (2) under Case lll:

Az = 6Di+u  ug~ IN(0,02), (38)
wherezy = 0. Let K, L, and M be the length of the breakl} — Ty)/T', the time until the end of
the breakT} /T, and the time after the break— L respectively, all relative to the time peridd An
investigator, unaware of the break, estimates
Az = ptoza+& (39)

in order to test for a unit root(= 0). This section derives large sample properties of:

T -1 T
~ T Z Zt—1 Z Azt
K 1 1
= ; (40)
(25 T T T
PO D > a1z
1 1 1

the least squares estimator(@f : ¢) in (39), when (38) holds for fixed nonzesoand K. Here and
below, summations are oveunless otherwise indicated.

Evaluation of the four different summations in (40) is reqdi Without loss of generality, set = 1,
s0d is measured in standard deviationsupf Also, all summations utilize an explicit representation f
Zt-

t
o= Y. Az = 6. Di+Yu = 5L+ hy, (41)
= . .

where
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0 ift=1,....Tp

L=<¢ t—Ty ift=Ty+1,...,71 (42)
TK ift=T1+1,...,T
and
t
hy = Uj t=1,...,T, (43)
j=1

with h; being a random walk.
Evaluating (41) at = T obtains the summatioElT Az

i Azg = zr = MK + hr, (44)
! Op(T) Op(T"/?)
where orders of magnitude appear below the component terthe ilast line. While terms such as
0T K are non-stochastic, it is convenient (and legitimate) soprebabilistic orders throughout.
The summatior_? z,_; is (ElT zt) — 21 + 29, whereY"T z; can be obtained by using (41) and
evaluating the summation d@f over the three subsamples.

Z'Zt = (SZIt—I—th

1 1 1

T T T
= 048 L6 L+ h
To+1 T1+1 1

T T T
= 0. (t-To)+6 S TK+ Xy

To+1 Ty+1 1
TK ™ T
= Y jJ+OY TK+>
j=1 j=1 1
T

= LOT?K[(K+T71')+2M] + ; hy

= $0T’K[K +2M] + iht + Op(T). (45)
Op(T*?) Op(T%7?)

Becauserr is O, (T') andz, = 0, the summatio@f z—1 is (45), 10O, (T).
The summatiory )| 22 , is obtained in a similar fashion.
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T
Ya = PRI+ hE+203 Ik
T

T T T T T
= P[Y R+ ¥ I+ h+20 Y Lk +TK 3 Iy
To+1 T1+1 1 To+1 Ty+1

TK

TK T TM
= &Y 2+ T?K2TM] + Y h2 + 20> jhrysj + TK Y hyyyy]
1 j=1

J=1 J=1

= 18T3K?[K + 3M]
Op(T?)

TK ™
+ 20[Y jhry4 +TK Y hryyy] + Op(T7?) (46)
i—1 =1

]:
0, (T°/%)

Becauses? is O,(T?), the summatiory ] z2 | is (46), 0O, (T?).
Noting (38), the summatioElT 21z is obtained by evaluating each of the summat@%zt_lut
andle 21Dy

T T T
Yoz—ug = 0y L qus+ Y hi_quy
T 1 1
TK T™ T
= O juni +TK Y uryg] + Dhiauw + Op(TY?), (47)
=1 =1 T
O, (T3/?) Op(T)

and

T T T
YouDy = 0 LiaDe+ Y he1 Dy
1 1 1

TK  TK
=9 ZIJ + Zl hy+j—1+ Op(T)

J= J=

TK
Jj=
0,(T%)  O,(T?)

From (47) and (48), it follows that:
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T T T
Doa—1Az = Yo zmau+0), % 1D,
1 1 1

— %527‘125{2
Op(T7)
TK ) TM
+ 5[21(hT0+j*1 + jury4j) + TK Zl uri45] + Op(T) (49)
J= J=

O, (T°/%)

The probability limit of (40) can now be evaluated. Pre-nplying (40) by[ (1) ; } and substitut-

ing (44), (45), (46), and (49) into that equation obtains) {hhe text. The limitingdistribution of (40)

is somewhat complicated. Becauge: Tg?)) has a nonzero plim, the stochastic components of the first
as well as the second matrix on the right-hand side of (40} reitaken into account. We plan to derive
that limiting distribution in due course.
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