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Abstract

We develop the theory of chaos spaces and chaos matrices. A chaos space is a Hilbert
space with a fixed, countably-infinite, direct-sum decomposition. A chaos matrix
between two chaos spaces is a doubly-infinite matrix of bounded operators which
respects this decomposition. We study operators represented by such matrices, par-
ticularly with respect to self-adjointness.

This theory is used to re-formulate the quantum stochastic calculus of Hudson
and Parthasarathy. Integrals of chaos-matrix processes are defined using the Hitsuda-
Skorokhod integral and Malliavin gradient, following Lindsay and Belavkin. A new
way of defining adaptedness is developed and the consequent quantum product It6
formula is used to provide a genuine functional It6 formula for polynomials in a
large class of unbounded processes, which include the Poisson process and Brownian
motion.

A new type of adaptedness, known as (2-adaptedness, is defined. We show that
quantum stochastic integrals of 2-adapted processes are well-behaved; for instance,
bounded processes have bounded integrals. We solve the appropriate modification of

the evolution equation of Hudson and Parthasarathy:
t
Ut)=1+ / E(s)dA(s) + F(s)dA(s) + G(s)U(s) dAT(s) + H(s)U(s) ds,
0

where the coefficients are time-dependent, bounded, 2-adapted processes acting on

the whole Fock space. We show that the usual conditions on the coefficients, viz.
(E,F,G,H)=(W —I,L,-WL*iK + %LL*)

where W is unitary and K self-adjoint, are necessary and sufficient conditions for the
solution to be unitary. This is a very striking result when compared to the adapted

case.



To my parents



Contents

1 Introduction

1.1 Imtroduction . . . . . . . . . . s
1.2 Notation . . . . . . . . . s,
1.3 Acknowledgements . . . . ... ...

2 Operator Matrices

2.1 Chaos Decomposition . . . . . . . . .. ...
2.2 Operator Matrices . . . . . . . . . .. ...
2.3 Matrix Processes . . . . . . . . ...

3 Quantum Stochastic Calculus

3.1 Quantum Stochastic Integrals . . . . . .. .. .. ... ... ... ..
3.2 Adaptedness . . . . . ..
3.3 Q-Adapted Processes . . . . . . . . ...
3.4 Quantum Ito Formulae . . . . . . ... .. ... 0oL
3.5 Multi-Dimensional Calculus . . . . ... ... ... ... ... ....

4 Quantum Stochastic Differential Equations

4.1 Preliminaries . . . . . . .. ..o
4.2 The Evolution Equation . . . . . . ... .. ... ... ... ... ..
4.3 Q-Adapted QSDE’s . . . . . ..o

5 References

A Technical Results
A1 Measure Theory . . . . . . . . . . . ... ... ...
A.2 Bochner-Lebesgue Spaces . . . . . . . ... ... .
A3 A Multiple Series . . . . . ...
A.4 Time Shifts and QS Integrals . . . . . . .. ... .. ... ... ...

11
12

13
13
18
35

41
41
51
66
71
81

85
85
87
93

98



B Addenda
B.1 Row-Square-Summability

B.2 References . . . . . . ..



Chapter 1

Introduction

La derniere chose qu’on trouve en faisant un ouvrage,
est de savoir celle qu’il faut mettre la premiere.

Blaise Pascal, Pensées

The first achievement of this work is to provide the quantum stochastic calculus of
Hudson and Parthasarathy with a functional It6 formula for processes of unbounded
operators. To do so we find it useful to recast the theory in terms of infinite matrices.
The construction of the matrix calculus gives us a tool to investigate non-adapted
quantum stochastic differential equations. We obtain some significant results for
existence and unitarity of these equations when the coefficients are (2-adapted, a

modified form of adaptedness.

1.1 Introduction

Towards the end of the 1920s Norbert Wiener developed the mathematical founda-
tions of the theory of Brownian motion, providing a rigorous definition of the measure
which now bears his name (see [Wie]). A theory of integration against Brownian
motion was developed and Kiyoshi It6 introduced in [It6] the notion of stochastic
differential equations (also known as SDE’s) and a change of variable formula that is
now known as the functional It6 formula for Brownian motion: given a function f on

the real line with continuous second derivative we have that
t t
£V = Fw) + [ vy aw,+ 4 [ o ds
0 0

where W is Brownian motion (the Wiener process). The second integral above is

called the It0 correction term; its presence shows that integration with respect to



Brownian motion cannot be defined in a Lebesgue-Stieltjes framework. The body
of theory that grew from these beginnings, which we call herein the classical theory
of stochastic processes, has become an important part of twentieth-century mathe-
matics. One can define integration against a large class of stochastic processes, called
semimartingales, and the fundamental formula of the theory, the product It6 formula,

takes the form . .
XY, = / X, dY, + / Yoo dX, + [X, Y],
0 0

where [X, Y] is the bracket process of the semimartingales X and Y. It is profitable
to regard this as a generalisation of the formula for integration by parts, to which it
reduces when X and Y have finite variation; it is the non-vanishing of the bracket
that leads to the correction term in the functional It6 formula. For more details see
[ReY] for Brownian motion and [Pro] for the general theory.

In their seminal paper [HuP] Hudson and Parthasarathy introduced an operator-
theoretic generalisation of the classical theory, known as the quantum stochastic cal-
culus. They construct an integration theory on Boson Fock space with four integrator
processes (called creation, annihilation, preservation (or gauge) and time, and denoted
AT, A, A and t, respectively) which are related to well-known objects of quantum field
theory. The inspiration for this comes, at least in part, from the Wiener-1t6 isomor-
phism (also known as the Wiener-It6-Segal isomorphism) between the L?-space of
Wiener measure and Boson Fock space: the Brownian motion process is represented
by the sum of the creation and annihilation processes. Hudson and Parthasarathy’s
presentation shows much more than this; for instance the gauge process allows the
realisation of the Poisson process in Fock space. A product It6 formula is shown to
exist in this more general framework; in fact, the classical formula (at least for Brow-
nian motion) can be seen to be a consequence of the chain rule and the physicists’
notion of Wick ordering, which determine the bracket (or quantum It6 table) of the
basic integrators (see [HuS]). From this starting point several generalisations suggest
themselves.

The quantum product It6 formula of [HuP] avoids the need for multiplication of
unbounded operators, or rather uses a weak multiplication defined in terms of the
inner product. Whilst this is an elegant use of minimal machinery, it is too limiting
for many situations. As shown by the proof of [RoW, Chapter IV, Theorem 32.8], the
functional It6 formula for Brownian motion is determined by the product formula,
induction to achieve a result for polynomials, and then polynomial approximation of

C? functions. If we lack a method for composing operators we are unable to consider



polynomials in them, so a functional Ito formula is unavailable to us, although sense
can be given to functions and differentials of functions of self-adjoint operators, for
example.

Attal and Meyer addressed the problem of composition in [AtM], using a classical
interpretation of Fock space. That is, the quantum stochastic integrals are expressed
in terms of integrals with respect to Brownian motion and time. This enabled Attal
to give a polynomial Ito formula for regular quantum semimartingales, i.e., adapted
processes of bounded operators with a well-behaved integral representation; see [Att].
This family was then provided with a functional It6 formula by Vincent-Smith in [Vin],
which closely resembles the classical formula (in operator-theoretic dress). This is not
sufficient to provide a proof of the polynomial It6 formula for Brownian motion or the
Poisson process, both of which are represented by processes of unbounded operators.
The following observation suggests a way forward, and is the starting point of this
work.

The presentation of [HuP| regards Boson Fock space as the Hilbert space generated
by a certain Gelfand pair: it is the closed linear span of a collection of linearly inde-
pendent vectors, the exponential vectors, with respect to a particular inner-product.
This is again a neat way of approaching the subject with minimal background re-
quirements, but disregards the natural decomposition of Fock space into what are
called chaos subspaces in the probabilists’ language (or n-particle subspaces in the
physicists’). That is, Boson Fock space has associated with it a positive operator with
discrete spectrum consisting of the non-negative integers, called the number operator.
The eigenspaces of this operator span the Fock space and with respect to this decom-
position the basic processes of quantum stochastic calculus take a very simple form.
When restricted to act between two chaos subspaces they become bounded operators;
therefore, the operators themselves can be regarded as matrices of bounded opera-
tors with respect to this decomposition. Furthermore, these matrices are diagonal, so
may be composed. Segal had observed the good behaviour of quantum field operators
regarded as matrices on Boson Fock space in [Seg].

In the first part of this work we present the abstract theory of matrices of operators
between spaces provided with chaos decompositions. We investigate certain subclasses
of these chaos matrices, examine the operators that they induce, and obtain some
useful results about boundedness and self-adjointness. For instance, diagonal matrices
that are symmetric with respect to the natural matrix adjoint inherited from the
Hilbert-space adjoint and that obey a certain growth condition are self-adjoint on their

maximal domain (Theorem 2.2.8). The class of matrices that obey these restrictions



include those corresponding to the Poisson process and Brownian motion. We believe
this result to be new.

The quantum stochastic integrals of Hudson and Parthasarathy are defined using
approximation by step processes, in the spirit of many approaches to Lebesgue (or
Bochner-Lebesgue) integration theory. The estimates used to prove convergence of ap-
proximants are obtained by exploiting a notion of adaptedness. Lindsay and Belavkin
discovered independently ([Lin], [Bel]) a way of defining the Hudson-Parthasarathy
integrals without recourse to a limiting process, and furthermore this definition has
no need of adaptedness assumptions. The technique involves the Hitsuda-Skorokhod
integral and Malliavin gradient, both objects from classical stochastic calculus.

We define matrix versions of the gradient and the Hitsuda-Skorokhod integral, and
use them to define quantum stochastic integrals of matrix processes. The theory fits in
well with our matrix decomposition; integrals of uniformly diagonal processes remain
diagonal, for example. The operators induced are shown to obey the inner-product
identities that characterise the Hudson-Parthasarathy integrals.

It is natural to check that our new definitions agree with the formulation of Hudson
and Parthasarathy. However, at this point we notice that the definition of adaptedness
they give relies on the continuous tensor-product structure of Boson Fock space,
to which the exponential-vector picture is very well suited: Boson Fock space is
naturally isomorphic to the tensor product of a past and a future Fock space, and
adapted processes are those that act trivially on the future, i.e., are ampliations by
the identity of operators on the past space. It is not immediately clear what is the
correct definition of adaptedness from the chaos-space perspective. If we compare
matrix integrals of step processes defined wvia the Lindsay-Belavkin method to the
matrix processes that result from the Hudson-Parthasarathy approach, we are led to
a new definition.

Adaptedness is characterised in terms of commutation with the Malliavin gra-
dient. This idea, which has been investigated independently by Attal and Lindsay
[AtL], is a generalisation of the H-P definition that fits in well with our matrix for-
mulation. We show the equivalence between the new definition and the old (Corol-
lary 3.2.8 and Proposition 3.2.13). The link between the gradient and adaptedness
has been observed in the classical context: compare [Mal, Lemma VII.2.1] with our
Lemma 3.2.10.

Once we have decided on the correct notion of adaptedness the quantum product
[t6 formula is shown to exist at a local level (i.e., at the level of matrix components);

it is a consequence of the inner-product identity obeyed by the Hitsuda-Skorokhod



integral, and is a generalisation of the classical Skorokhod isometry. When the product
of matrices exists in the appropriate topology this local formula gives rise to a true
quantum product It6 formula for unbounded processes (in fact, our analysis allows
us to obtain the formula in the bounded case as well). The polynomial It6 formula is
then shown to exist for a large class of unbounded processes, including the Poisson
process and Brownian motion; we believe this is the first explicit form of the quantum
functional It6 formula for a general class of unbounded processes (cf. [Bel, Section
3]).

The one-dimensional theory of classical Brownian motion has a natural generalisa-
tion to n dimensions, and so does quantum stochastic calculus; see [Eva], for example.
The framework we have developed allows us to proceed from the one-dimensional case
to the case of countable multiplicity with a minimum of effort; we sketch the details.

The latter part of this work concerns quantum stochastic differential equations.
The paper [HuP| deals with dilations of quantum dynamical semigroups (i.e., semi-
groups of completely positive operators) via a quantum stochastic differential equa-
tion which can be regarded as a stochastic perturbation of the Schrédinger equation

of quantum mechanics, the evolution equation:
t
U(t) = I+/ Ly(8)U () dA(s) + La(s)U(s) dA(s) + Ls(s)U(s) dAT(s) 4+ Ly (s)U(s) ds.
0

Fock space is coupled with another Hilbert space, called the initial space (i.e., we
form their tensor product) and the calculus on Fock space is used to provide ‘noise’
to influence the evolution of a system in the initial space. For the case considered
by Hudson and Parthasarathy the driving coefficients Ly, ..., L4 are constant and
act trivially on the Fock space (and occur on the right, but this difference is not
significant).

Although the physical motivations for this are clear, it is also the case that we may
investigate quantum stochastic differential (or rather, integral) equations on the Fock
space in their own right, as a generalisation of the classical theory of SDE’s. Physically
(or perhaps we should say heuristically) if the coefficients do not act trivially on Fock
space, then the noise space is influenced by the initial space (the coupling is two-
way) and we are considering propagators, a generalisation of evolutions produced
by a (time-dependent) Hamiltonian. We are interested in conservative evolutions,
i.e., unitary (or at least isometric) solutions of the evolution equation. Hudson and
Parthasarathy give a necessary and sufficient condition for this when the equation

involves bounded, constant coefficients acting only on the initial space. In our more



general context Attal has provided an example to show that the question of unitarity
of solutions is not a simple one to resolve.

We investigate this situation, using the Attal-Meyer extension of the quantum
stochastic calculus to prove the existence of a solution to the evolution equation un-
der mild integrability conditions on the time-dependent, adapted, bounded driving
coefficients (Theorem 4.2.1). A necessary and sufficient condition for isometry is es-
tablished; this is a straight-forward generalisation. We demonstrate two sufficient
conditions for unitarity, neither of which is necessary. However, one of them is illu-
minating, not in the case when the QSDE has adapted coefficients, but in a related
situation; that involving 2-adaptedness.

The term Q-adaptedness (pronounced ‘vacuum-adaptedness’) was coined by Lind-
say (see [Lin, Example 4.3]). The interest in this notion is born out of a paper by
Alicki and Fannes, [AIF], who were investigating the dilation of quantum dynami-
cal semigroups using classical stochastic calculus. They examined the vector-valued

equation

o= (1 — AV ")y +/0 KE (¢s)ds +/ VE(¢ps) dWy

0
[AIF, Equation 12], where K and V' are bounded operators acting on an initial space,

E, is conditional expectation at time s with respect to the filtration generated by
the Brownian motion W and A; is the bounded operator with adjoint that acts on
Wiener space as f +— fot E,(f)dW;. They show that the condition

K+ K'=-V*'V

[AIF, Equation 3] is necessary and sufficient for unitarity of the associated semigroup.
In [Vin2] Vincent-Smith noted that this idea could be generalised in a suitable quan-
tum stochastic framework, and developed a non-adapted form of the calculus appro-
priate for this situation, predating the (more general) non-adapted calculus of Lindsay
and Belavkin. He showed that the appropriate quantum stochastic differential equa-
tion is

t t t
Ut:I—/ X@EsdAs+/ dAiVSESUS+/ K,EU,ds,
0 0 0

[Vin2, Equation 1.3], where K and V are now bounded, adapted processes with
essentially-bounded norm, and if they satisfy the Alicki-Fannes unitarity condition
pointwise almost everywhere then U is unitary.

We abstract the idea of 2-adaptedness from the above and use our matrix formu-
lation to examine quantum stochastic integrals of {)-adapted processes. The property

of being (2-adapted is preserved by integration, and, strikingly, so is boundedness:
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the quantum stochastic integral of a bounded, 2-adapted process is itself bounded
(Theorem 3.3.5). We introduce a class of {2-adapted processes that parallels Attal’s
family of regular quantum semimartingales. We show that the evolution equation
has a natural modification that corresponds to the Alicki-Fannes equation when the
gauge integral is absent, and the A-F unitarity condition turns out to correspond to

the Hudson-Parthasarathy condition for unitarity.

1.2 Notation

As a general rule, Roman indices (e.g., i, j, k) run over positive values, whereas Greek
indices (e.g., A, i, ) may also take the value zero. We shall use the Evans delta [Eval,
denoted §, which is related to the Kronecker delta in the following manner:
I A=p#0
A A1 sAs0N K
Fu = 0,(1 = 00,) = { 0 otherwise

If X,Y are Banach spaces then we let B(X;Y) denote the Banach space of
bounded (continuous) linear operators from X to Y. A linear operator (T, D(T))
in X is a subspace D(T) of X and a linear mapping 7 : D(T) — Y. We may some-

times write (T, D(T")) as T for brevity. If (S, D(S)) and (T, D(T)) are linear operators
in X we define their sum (S + T, D(S 4+ T')) and their product (ST, D(ST)) by

DS+T):=DS)ND(T), (S+T),:=5+T¢
and
D(ST) :={£eD(T) : T¢ € D(S)}, (ST)E := S(T€).
The class of continuous functions from a compact Hausdorff space €2 to a Banach
space X forms a Banach space and is denoted C(€2; X). That is,

C(X):={f:Q— X|f continuous}

with norm
I llcesx) = sup { @) llx = we 0}
and vector-space operations defined pointwise, is a Banach space (see [KaR, Example
1.7.2]).
If X is a separable normed vector space and p € [1,00] then LP([0,1]; X) will

denote the normed vector space of (equivalence classes of) strongly measurable func-
tions on [0, 1] with p-integrable norm (and LP[0,1] := LP(]0,1];C)). We shall also

11



use the Bochner-Lebesgue spaces LP([0,1]; B(X;Y),), where X and Y are separable
Banach spaces and the ‘s’ denotes strong, not uniform, measurability (see [HiP, p.
74]), i.e., the function f : [0,1] — B(X;Y) is an element of (an equivalence class in)
LP([0,1]; B(X;Y)s) if and only if t — f(¢)£ is strongly measurable for all £ € X and
1
(o 17Oy ) 1 <p<oo
11l = < o0

ess sup{Hf(t)HB(X;y) : Ogtﬁl} p =00

measurability of ¢ — || f(¢)]| follows from Lemma A.1.2. These are Banach spaces for
all p € [1,00]: see Proposition A.2.1. The notation || - ||, is used as shorthand for
|- x[0.4|lp, the LP-norm over [0, ¢].

We follow the convention that inner products are anti-linear in their first argument
and linear in their second. We denote the algebraic tensor product of two vector spaces
XandY by X @Y. If X and Y are Hilbert spaces then X ® Y denotes their (Hilbert
space) tensor product, and if S and T" are bounded operators on X and Y respectively
then S®T denotes the bounded operator on X ®Y such that S®T(u®v) = Su®Twv.
The identity operator is denoted id, with a subscript to indicate the space on which

it acts.
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Chapter 2

Operator Matrices

We introduce the notion of a chaos decomposition of a Hilbert space. Given two
Hilbert spaces with chaos decompositions we introduce the class of operator matrices
between them. This class is equipped with appropriate algebraic structure and in-
teresting subclasses are defined. Operator matrices give rise to linear operators in a
natural manner; relationships between the matrix adjoint and the Hilbert-space ad-
joint are explored. Those matrices giving rise to bounded operators are characterised
and an equivalence between unitary matrices and unitary operators is obtained. Pro-

cesses of operator matrices are defined and some terminology is established.

2.1 Chaos Decomposition

Let (2 = C([0,1];R), F,P") denote the probability space of Brownian motion over
unit time and consider the associated real L?-space. It is well-known that
L*(Q, F,P"R) = R1® @ L(L2,,([0, 1] R)),
n>1

where 1 : w — 1 is the constant function and I,, is the n-fold iterated Wiener integral

1 1
In(f):/o /0 Flt, o t) AW, - AW,

(W = (W; : t €[0,1]) is standard Brownian motion and the subscript ‘sym’ means
that the function f is invariant under permutations of its arguments). This is referred
to as the chaos decomposition of Wiener space and the spaces in the direct sum as

chaos subspaces (see [Mey, IV.2.1]). This example motivates our first definition.

Definition 2.1.1 Let $ and Ho,b1,... be Hilbert spaces. We say that $ has chaos
decomposition {h, : p > 0} if

5 =@bu=1{ce v l€lP:= D l1€"11, < oo}

u=>0 n=>0 u=>0

13



The orthogonal projection onto the p-th chaos subspace is denoted E,, : $ — b, :
& &P The term chaos space refers to ) with such a decomposition.

We may also think of the decomposition as an internal, rather than external, direct
sum. That is, a chaos space is a Hilbert space $ and a family (E,),>0 € B($) of
mutually-orthogonal projections that span 9, i.e., E,E, =0 if p # v and ZuZO E,=
idg, where convergence is in the strong operator topology. The maps E, are called

projection maps and b, := E,$ is the u-th chaos space.

There is a third way of viewing a chaos space. If § is a Hilbert space equipped
with a number operator, that is, a self-adjoint operator N with spectrum o(N) =
{0,1,2,...} = {0} UN, then $ has a natural chaos-space structure. If E is the
resolution of the identity associated with N then (E, := E({p})),>0 is a family of
projection maps and §) = @®,>ob,, where b, := F,§. We show below that every chaos
space has such an operator.

The finite particle subspace of a chaos space ) is the algebraic sum of the con-

stituent subspaces, i.e.,

Hoo :=linU,>0 b, ={£€H 1 [§] < o0},

where |- | : $ — {0,1,...} U{oo} is a sub-additive function, the rank (or degree) of
a vector, defined by
€] :==inf{u>0: E,{=0Vv > u}

(we let inf () := oo). Note that |0] = 0 and |£#] = p+ 1 if &* # 0. The elements of
Hoo are called finite particle vectors. The exponential subspace of a chaos space ) is

defined to be
E={€€H|IM>0: e <M ()72 Vpu >0},

It is easy to see that £ is a dense subspace of §, and it is readily verified that & is

a subspace of $) that it contains $gg, so it is dense also.
Examples

1. We have already seen that Wiener space, L?*(£2, F,P¥), has a natural chaos
decomposition in terms of iterated integrals. More generally, a normal martingale M
(i.e., one such that [M, M|, =t for all ¢, where [-, -] is the bracket process of classical

stochastic calculus) has the chaos representation property if all the iterated integrals
/ / flty, ... tn)dMy, -+ dM,, YV f e Lsym([O, ")
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for n > 1 and the constant functions are dense in the associated L2-space. For
example, the compensated Poisson process and the Azéma martingale are both normal
martingales with this property. For more on this topic, see [Mey, IV.2.2] and references
therein.

2. It is easy to see that any infinite-dimensional Hilbert space can be given a chaos
decomposition, and so infinitely many (this is also true of finite-dimensional spaces
if we allow trivial elements into the summand), but generally they will be of little
interest; the decomposition should have some other motivation to be useful. Compare
the fact that (up to isomorphism) there is one Hilbert space for each cardinality, but
the problem at hand usually suggests an appropriate form in which to write the space.

3. The space 1?({0,1,2,...}) has a chaos decomposition in terms of the canonical
basis (6,,),>0. This is the simplest chaos decomposition and is useful for providing
counter-examples. It is the (symmetric or full) Fock space over the one-dimensional
Hilbert space C; see the next example.

4. The three types of Fock space used in quantum theory all have natural chaos
decompositions. Let H be a Hilbert space, let hy = C(2, where €) is a unit vector
called the vacuum vector, and for n > 1 let h,, = H®", the n-fold tensor product
of ‘H with itself. The space $H = @MZO b, is called the full Fock space over 'H, also
known as the Mazwell-Boltzmann Fock space. If the tensor product is replaced by the
symmetric tensor product we get the Boson (or Bose-Einstein or symmetric) Fock

space, usually denoted § 4 (H):

5 (H) :=CQo PH""
n>1
Similarly, taking the antisymmetric tensor product yields the Fermion (or Fermi-

Dirac or antisymmetric) Fock space

F_(H) =CQoPH""
n>1

Note that as H®*™ lies naturally within H®", as does H®*", we may regard §. (H)
and §F_(H) as subspaces of the full Fock space (cf. [BrR], [Mey], [Par]). The chaos
decomposition of Wiener space gives a natural isomorphism between that space and
Boson Fock space over L2[0, 1], the Wiener-Ito isomorphism.

4a. We may also obtain the Boson Fock space in the following manner. Let £
be the Hilbert space associated with the Gelfand pair (H,exp), where H is some
Hilbert space and exp is the kernel H x H — C; (u,v) — exp(u,v); i.e., $ is the
Hilbert space with dense subspace & := lin{e(u) : v € H} and inner product

15



(e(u),e(v))s = exp(u,v). (For the existence of such a space see [Par, Proposition
15.4].) Let ¢ N denote the generator of the strongly continuous, one-parameter unitary
group (U; : t € R), where U, is the unitary operator that acts on & as e(u) — &(e"u).
The operator N is self-adjoint (by Stone’s theorem; see [Yos, Theorem 1, p. 345])
and the periodicity of the group means that the spectrum of N, o(N), is a subset
of Z: {1} = o(Uy) = 0(Usr) 2 o(e*™), by [Dav, Theorem 2.16], so if A € o(N)

2mid — 1. Tt is easy to see that the map C > z — (2 u) is weakly holomorphic,

then e
so strongly holomorphic by Dunford’s theorem ([HiP, Theorem 3.10.1(1)]): note that
z +— (&, e(zu)) is holomorphic if £ € &, so for general &, using the fact that locally
uniform convergence preserves holomorphy and the continuity of z — ||e(z u)||. Thus
& C D(N) and d“e(u) := <e(zu)|__, is an element of § for all v > 0 (where the
case v = 0 corresponds to €(0)) with

au+1

- Zat oz

(Ne(v), d"e(u))

(e(e™v),e(zu)) =v{v,u)’ = v{e(v),d"e(u)).

t=2z=0

This suggests that d”e(u) is an eigenvector for N with eigenvalue v, which may be
verified directly. We claim that this is the entire spectrum of N, i.e, N is positive.
Note that if £ = >~ Me(uy) € & then

(& NE =11 M @ e(wr) 5 > 0,
k=1
so if we can show that & is a core for N we are done. This follows from the invariance
of the space & under (U;), by [Dav, Theorem 1.9], or it can be shown directly.
Note that z — Ne(zu) is strongly holomorphic, by the same argument used
above for z +— e(zu), and d"Ne(u) = vd’e(u). If £ € D(N) is such that (£, e(u)) +
(N¢, Ne(u)y =0 for all uw € H then z — (NE, Ne(zu)) = —(&,e(zu)) is entire with

derivatives

dl/
dz¥
Now d’e(u) € D(N?) and

(N, Ne(zu))| = —(§, d"e(u)).

2=0

v

(6, N*de(u)) = (N&,vde(u)) = v

(N, Ne(zu))| = —(§, d%(w)).

z=0

Hence (1 + v?)(£, d”e(u)) = 0 for all v > 0, whence (£,e(u)) = 0 for all u € H, so
& =0 and & is a core for N, as claimed. Thus N is a number operator, and it may

be shown that it gives $ the chaos decomposition as in Example 4.
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5. Given a Hilbert space ‘H and a chaos space $) we can form their product chaos

space; this is a chaos space $ isomorphic to their tensor product H ® $:

5;):@6u7 6u ::H®hu-
u=>0
The space H is referred to as the initial space.
6. Given a chaos space $ there is a natural way to regard LQ(M :9) as a chaos

space, where (M, M, 11) is any (o-finite) measure space;

LA(M;$9) = P L*(M;h,); f(t) =) E.f(t).

n=>0 n>0

We use this decomposition without further comment.
O

As Boson Fock space is the chaos space we are most interested in, we prove here

a proposition which will be useful later.

Proposition 2.1.2 Let ‘H be a Hilbert space and J a closed subspace of H. There
exists a total family of linearly independent vectors called exponential vectors, indexed

by H, with linear span denoted

Eo =1lin{e(u) == Q+u+u®?/V2 + - = u(ul) "2 |u € H} C E(F(H)).
n>0
There exists an isometric isomorphism j : F4+(J) @ F+(T+) — F+(H) such that
je(u) ® e(v)) = e(u+v) forallu € J, ve J+. Furthermore, if p @1 € F(J) @
Fo(TL) then

o
sy = 3 ¢ ey, (2.1)
n>0 =0

Proof
Everything but the last part is standard; see, e.g., [Par, Propositions 19.4 & 19.6].
For the final claim, note first that the continuity of the map a — b ® a gives that

bRY=) ¢y ¥T=3 3 ¢eyYt=ln)y Y ¢ Tyl

n>0 >0 >0 p>0 =0 pu>7
and this equals
pAR w
im Y S oo =Y ¢ ey
n—o00
pn>0 m=0 pn>0 =0
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To see the last equality, note that

o A

Z¢u—7r ® ¢7r L Z¢z\—7r ® ¢7r

=0 =0

if A\ # pand o7 @Y™ L A @y if X # w. Thus D50 2 PTT @ YT is an
element of F,(J) ® F4+(J+), because

n Iz n o p n o n
DD e P =)0 M IPITIE = D0 Y Il TP
n=0 =0 pn=0 7=0 =0 p=m

(reverse the order of summation) and this double series is bounded above by [|1||?||¢]|?

for all n. Furthermore

2 pAn p
ID D@m= > ¢ Tyt P= Y DY ¢ Ty
u>0 m=0 n>0 =0 pu>n+1 r=n+1

and, using orthogonality and reversing the order of summation, we see that this equals
annﬂ HWFHQ Zuzo H¢“H2, which converges to 0 as n — oo. o
If we are dealing with the Boson Fock space over L?[0,1] the above gives the iso-
morphism j; : $ = Hy @ H, for all ¢ € [0,1], where Hy = F+(L*[0,t]) and
¢ = F+(L2(t,1]). We let uyg := uxpoy € L?0,¢] and uy = uxey € L*(¢, 1] for
all t € [0, 1], so that jie(u) = e(uy) @ e(u).

2.2 Operator Matrices

Definition 2.2.1 Let = @, b, and I = D ,50ju be chaos spaces. An operator
matrix (or chaos matrix) between § and J is a matriv A = (A¥),.>0 such that
Al € B(by;ip) for all p,v > 0. The collection of all such operator matrices is denoted
M($;3)-

If 9 =3 we will write 9($)), and will sometimes omit explicit reference to the chaos
spaces if this will not cause confusion. Another convention we adopt is to set A# :=0
if u<0orv<O.

We make 90t($; J) a vector space in the obvious manner, i.e, by letting

(A+zB)b = Al +2BY Yu,v>0

18



for all A,B € M and z € C. There is a natural involution between 9($;J) and
M(T; H) (the matriz adjoint) given by

(A" = (AL Vv >0

for all A, where the % on the right-hand side denotes the Hilbert-space adjoint.

Suppose A € M(R;J) and B € M(H; R) are such that ) ., A“B] is strongly
convergent in B(h,;j,) for all u,v > 0. We define the product AB € M(H;J) in the
obvious manner, viz.

(AB)y :=> ALB] Vpu,v>0.

>0
If the convergence is not just strong, but holds in the uniform topology for all i, v > 0
then the product is compatible with the involution: (AB)* = B*A*, in the sense that
one exists if and only if the other does (and they are equal). Given A\, m > 0 we define

a pointwise product by
(A\B™) .= 2AYB) Vo, v >0,
so that AB is the coordinate-wise strong limit of > -, A, B", if this limit exists.

Definition 2.2.2 For m > 0 the class of (2 + 1)-diagonal matrices is denoted D,
and defined by
D, ={AeM|AL =0V u,v:|p—vl >}

the collection of all diagonal matrices is ® = U;>0D .

The class of sparse matrices is denoted § and equals Ur>o8~, where
Sr={AeM|AL =0V pu,v:p>morv>mn}CD,.

It is easily seen that © is a subspace of 9, invariant under * (i.e., if A € ©($;J)
then A* € ©(J; $)) and furthermore

0,0, :={AB : A€ D,(3;8),B €D, (H5:3)} C D, R).

In particular D($) is a unital *-algebra over C, with unit I := (0idy,) € D,.

The diagonal matrices D ($);J) have a left action on 9M(K;$) and right action
on M(J; K) given by multiplication. In particular 9(H) is a D(H)-bimodule, even a
s-bimodule: (AB)* = B*A* and (BA)* = A*B* for all A € ©(9) and B € 9M(9).

If we observe the inclusion
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it is apparent that §($)) is a (non-unital) x-algebra. In fact,

gugu g gu+u ) QV‘SM g %’;Hrw

where § and © are between the appropriate spaces, so we have that §(£) is a 2-sided
x-ideal of ©(9): compare this to the class of bounded operators with finite rank over

some Hilbert space.

Definition 2.2.3 Let A € MM($;J). The linear operator A defined by

D(A) = {£€9H: ) Y AP < oo},

p>0  v>0
Ae = D) Ane
20 v=>0

is called the operator induced by A.

~

It is implicit in the definition that ) ., AZ¢” must converge for all > 0if § € D(A).
(If A is diagonal, for instance, or £ is a finite particle vector, this is automatically
the case.) Our definition is in line with the usual convention for matrices acting on
(column) vectors: we have

a5 A [ AQED + A%+

AL AT - &l = A+ A+ |
the upper (or row) index corresponds to the label of the “output space”, the lower
(or column) index to that of the “input space”.

Matrix addition and operator addition are compatible, in the sense that A+BC
A/+\B , because

1Y Ase + Brer|P <20 Y ALY|IP + 2] Y BUeY|?
vr=0 v=0 vr=0

for all n. Furthermore the left action of © is compatible with operator multiplication,
ie., ABC AB for all A € ® and B € 9. To see this, suppose that & € D(AB) and
AeD,;

Kt-p Kt
D ANBE =Y ALBYET =) 3 ALBYT = (AB)LCT
v>0 v=0 >0 >0 v=0 >0
and
DI ABYe P =) 1D ALBYY|* < oo,
pn>0  v>0 pn>0 v>0

so € D(@) This working shows also that AB = AB if D(ZE) C D(AB).
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Definition 2.2.4 Let A € M; A is row-square-summable if

D lAL? < oo

pn=0

for all v > 0.

Any diagonal matrix is row-square-summable, and finite linear combinations of row-
square-summable matrices retain this property. If A is row-square-summable then

D(A) 2 56007 as
€] [

DI AP <Y ALl

pu>0  v=0 pn>0 v=0

For such matrices we define the linear operator A by
D(A) := 9y , A = A¢.

The following theorem demonstrates the connexion between the matrix adjoint and

Hilbert-space adjoint. Its origins lie in [Sto, pp. 90-91].
Theorem 2.2.5 Let A € M($);J) be row-square-summable. We have that
Ar = A+ andfl*g;l\*.

In particular A* is closed. Furthermore A is symmetric if and only A is symmetric,

i.e., A= A*, and A is essentially self-adjoint if and only if A is self-adjoint.
Proof
Let & € D(;l\*) and 7 € D(A);

[n] In]

(Arg,m) =YD (A ety = DD (e, Ay = (€, An),

pn=0 v>0 v>0 pu=0

so £ € D(A*) and A*¢ = 1/4\*6, ie., A* C A,
Now suppose ¢ € D(A*); there exists § € $ such that (£, An) = (0,n) for all
n € $Hoo. Taking n = n* € b, we see that

(O, ) = (&7, Ay,
v>0
and so conclude that 0* =} - (A*)5&”, as this series is convergent:
1D (A < O I1AnlP)z gl — o
v=A v=A\
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as A\, m — o0o. We know that 6 € 9, so

DI AP = > 11641 < oo

p>0  v>0 >0
Thus £ € D(;l\*) and ;1\*5 = A*¢, 1., A* C ;1\*, and so we have equality. The fact
that A* is closed follows immediately, as we have exhibited it as the adjoint of the
operator A. To see that A C 1/4\*, note that A C A implies that A* C A* = A,

To see the equivalence between symmetric matrices and operators, observe that

Ais symmetric & (A€, n) = (&, An) VE,1 € Hio
& (AP ) = (& A"y Vv 2 0,0" € 5,8 €D,
& A= (A7) Vu,v >0,
ie, A= A"
Finally, if A is self-adjoint then A is symmetric (A C A=A C A*), whence
A = A* and so A is essentially self-adjoint:

A=A = A=A = A = A

Conversely, if A is essentially self-adjoint then A is symmetric (if € D(A) then
(A €, m) = (&, An) for all € € D(A*), ie, A C A% = A*), s0 A = A* and

A — ~%

A=A = A* = A" = A = A*

)

ie., Ais self-adjoint.

Example
Let § =1%({0,1,2,...}) and define A € M($) by

pw_ Jv p=0
{0
(We may write elements of M($)) as matrices of scalars as the chaos spaces are one-
dimensional.) A is row-square-summable, but A* is not. A is not closable: to see this
note that d,41/( +1) — 0 as u — oo, but Ad,1/(p+ 1) = &y for all u > 0. This
example can be found in [KaR, Example 2.7.3, p. 156].
O
Matrices with entries lying on one diagonal are particularly well-behaved with

respect to the adjoint.
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Corollary 2.2.6 If A € © lies on a diagonal, i.e., there exists | € 7Z such that
AR = §EFLAR for all p,v > 0 then A* = A In particular, A is self-adjoint if and
only if A is symmetric, i.e., A = A* (in which case l =0, i.e., A € D).

Proof
Let £ € D(A), n € D(A*). Then

(A m) = (AL & gty = (€ (AT)att) = (€, Amn)
n=>0 n>0
which shows that A* C A*. Theorem 2.2.5 gives the reverse inclusion, so A = Ax.
Thus if A = A* then A* = A% = A. Conversely, suppose A = A*. Then A is

essentially self-adjoint, so symmetric, so A = A* by the above.
O

In [Seg, pp. 109-110], Segal introduces a *-algebra of operators over Fock space,
the elements of which are called semi-graded. These have matrix representations
which are intermediate between diagonal and row-square-summable. He deduces

properties of such operators which are contained in our Theorem 2.2.5.

Definition 2.2.7 A matriz A has growth of order a (where a is a positive real num-
ber) if there exists a constant C' > 0 such that

[AS < C((uvv) +1)* Vv =0.

A matriz with growth of order a for some a is said to have polynomial growth or
to be polynomially bounded. The collection of all diagonal matrices with polynomaial

growth is denoted Dy, :
Dpp ={A€D[ICa>0:||A| <C(pVv)+1)*Vuv >0}

If A has growth of order a then it has growth of all higher orders. It is easy to verify
that D, ($) is a *-algebra.
Diagonal matrices with growth of order 1 are self-adjoint when they ‘look’ self-

adjoint; in more correct language we have the following theorem.

Theorem 2.2.8 Let A be a symmetric, diagonal matriz with growth of order 1. The
elements of $o are analytic vectors for the operator A, which is essentially self-

adjoint.
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Proof

Note first that A is symmetric (by Theorem 2.2.5) and ) is stable under the
action of this operator. We wish to show that the finite particle vectors are analytic
for A, i.e., for all € € $go the series

S A
n>1
has non-zero radius of convergence. Nelson’s analytic vector theorem (see [ReS, The-
orem X.39, pp. 201-202]) gives that A is essentially self-adjoint.
Let £ € 9o be fixed from now on, and suppose that A is (2x + 1)-diagonal and
C > 0 is such that [|[A%|| < C((upV v)+1) for all y,v > 0. It is easy to see that
Arg = An¢, and |An| < |n| + & for any 1 € $Hgo, so |A"E| < |¢] + nk. Thus

ne+lgl €]

JAmE)® = >0 ) (Amsen?
n=0 =0

< (kg + 126 + 1720 [ [k + €]+ D3]+ DI
=1
this follows from the Cauchy-Schwarz-Buniakowski inequality and the following esti-

mate:
n

max  {[(A"E} < 2k + )" C [Js 4+ 0+ 1)

pn=0,...,nk+o0; =1

for all 0 > 0. The case n = 1 is immediate, so suppose the inequality holds for
n=p>1Ifpe{0,...,(p+1)k+0o}and v € {0,...,0} we have that

o+kK
AP < > AP AT
=0
p
< @+ 1)PC[JUs+o+r+1) 26+ 1)C(0+ k4 1)
=1
p+1

= (2x+ 1)PCPH! H(ZFL +o0+1),
=1

so the estimate holds, by induction. The limit ratio test completes the proof, as
(n+ Dk + €]+ 1226+ DO((n+ 1)k + €]+ 1)/ (nr + €|+ 12 (n+1) — C(26+ 1)k

as n — Q.
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Note

The above proof can be modified to show that any symmetric, (2k + 1)-diagonal

matrix A that satisfies the growth condition

1
lim —1maX{HAfjH cpu>0v=0,....,nc+0} <00 Yo>0

n—oo 1, +

gives rise to a self-adjoint operator A with oo as analytic vectors.
Example

Let $ = 1*({0,1,2,...}) and define A = A* € D, by setting Al},, = AL+l =
(u+ 1)* for all p > 0 and A* = 0 elsewhere: a is a fixed real number. That is,

01 0 0 0
10 20 0 0
020 0 3¢ 0
A=110 0 3 0 4o
00 0 4° 0

It is not difficult to see that [|(A)"dy|| > (n!)*, and more generally |(A)"6,] >

(%) for any p > 0. In particular, if a > 1 then

n

H(A)"aﬂmzyn/mz(W:!u)!) E.

n!

as n — oo, for z # 0, so J, is not an analytic vector for any u > 0. Since A has
growth of at least a we see that the growth condition of Theorem 2.2.8 cannot be

weakened.
O

Definition 2.2.9 A matriz A is said to have rapid decay if there exist positive con-
stants C, a and b such that

J AL < C((V v) + 1% — o™ Ypuw > 0,
The collection of all such matrices is denoted $R.

This definition is motivated by thinking of the diagonal matrices as those matrices
having ‘instant decay’ at some fixed distance from the main diagonal. The properties

of matrices with rapid decay are summed up in the next proposition.
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Proposition 2.2.10 The class of matrices with rapid decay, R, is a vector subspace
of M, and the involution is a bijection between R($;J) and R(J;H). Multiplica-
tion of matrices with rapid decay is well-defined, associative and compatible with the
involution. In particular R($) generates a x-algebra which contains D, (9) as a *-
subalgebra (in fact, diagonal matrices with polynomial growth are matrices with rapid
decay). FElements of R are row-square-summable and induce operators with domains

that include the exponential subspace.

Proof
Verification that R is a vector space and that it behaves as claimed with respect
to the involution is straightforward, so we omit it. Let n > 2 and suppose A; €
R(H2;91), ..., An € R(HDni1;9,); we may find positive constants C, a and b such
that
(AN < C((rVv) + )= v Vv >0

fori=1,...,n. Since

S T AN AT Azl

m12>0 Tn—1>0

< Oy s Y ((mo V) 1) (T Vo) + 1)

X |mg — w170 ey — |70

is convergent for all 7y, m, > 0, by Lemma A.3.1, the multiple series

(e AR = D0 3 (AN (A

7120 Tn—-120

converges absolutely. Thus multiplication of matrices with rapid decay is well-defined,
and independent of the order in which the summation is carried out, i.e., associative.
That multiplication is compatible with the involution follows from the fact that the

series converges in the uniform topology. Thus
lin{A;--- A, :n>1LA4€R®H) (i=1,....,n)}

is an associative x-algebra. To see that R contains D, suppose A is (2k+1)-diagonal;

there exist positive constants C' and a such that

A2 < Cl(pvr)+1)* |p—v| <k
vl = 0 lp—v| >k~

26



Hence for any b > 0 we have that
IAL] < CED* (v v) + 1) = v Vv >0

and so A has rapid decay, as claimed.

To see row-square-summability, note that

STHAYAE < S CH(nV ) + 1)@ — v

n=>0 n>0

< K+C) (41" (u—v)!,

u>v

where K is finite and the final series is convergent by the limit ratio test.
Finally, if £ € £ then

ZH Mf H <CZ M\/I/ —|—1) ’,U y" bMV+1<I/')_%
v>0 V>0

(where M > 0 is a constant) and this is convergent for all p > 0, by the limit ratio

test. Furthermore

oI (A

p>0  v>0

1 L _1
< Y S (v v) + 02— ) S M ()

>0 v>0 v>0

using the Cauchy-Schwarz-Buniakowski inequality. The latter series is convergent, as

is the double series, which is equal to

P e e O e O R W W S VA el O i

v>0 pu=0 v>0 pu>v
< S A DZE)TEY ()Y (D)2 Y (e 1) ()
v>0 n>0 v>0 pn>1

using the inequality (z +y + 1)%* < (z + 1)?*(y + 1)** for x,y > 0. Every series in

sight is convergent, by the limit ratio test, so the proof is complete. .

Definition 2.2.11 A matriz A € 9M($;J) is bounded if A, the operator it induces,
is an element of B(9;J). The class of bounded matrices is denoted B(5;J).

Note that the sparse matrices are bounded: if A € §.. then

146)J* = ZHZA“& P < Q0> 1A)El?

pn=0 v=0
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for all § € $, so ||A| < (> =0 |A#||2)z. In fact, every bounded operator has a
representation as an operator matrix, and the correspondence is structure-preserving:

in particular there is a *-algebra isomorphism between B($)) and B($)).
Theorem 2.2.12 The map m = mg5: B(9;J) — B(H:J) given by
m(S)y = F,SE;, Yp,v>0

(where E,, and F,, are the projection maps on $) and J, respectively) is a vector-space

isomorphism and such that
mﬁ;ﬁ(T>mf3;3<S) = mfo;ﬁ<TS) VS e B(f);ﬁ),T € B<33 ﬁ)

and

mS’J;?J(S)* = m&;ﬁ(S*) VS e B($:3)

In particular mg.g is an algebra x-isomorphism. Furthermore m(S) = S for all

S € B(9;3) and m(A) = A for all A € B(9;J), i.e., m and ~|y are mutually

muerse.

Proof
Linearity, multiplicativity and commutation with the adjoint are immediate if we
note that ) ., F*F, = idy in the strong sense. If £ € § then

SN m(Syue =Y F.SS B =3 (56 =S¢,

=0 v20 p=0 v=0 p=0

—

so m(S) = S. In particular S = 0 if m(S) = 0, so m is injective. Finally, if A € B
then

—

(€ m(A)n) = (&, An);
taking suitable £ and 7 shows that FﬂAEj =AY so m(fl) = A and m is surjective.
O
A consequence of the above is that isometric operators give rise to isometric matrices,
i.e., those matrices V' such that V*V = [. Similar statements hold for co-isometric

and unitary operators. It is useful that the converse also holds.

Proposition 2.2.13 A matriz V' € 9 is isometric, i.e., V*V = I, if and only if
the operator V is isometric. The statement remains true iof the word ‘isometric’ is

replaced by co-isometric, i.e., VV* = I, or unitary, V*V =VV* = 1.
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Proof
We prove the unitary case; the others are then clear. Suppose V' € 8 gives rise

to a unitary operator. Then

A

V'V =m(V)y'm(V) =m(VYm(V) = m(V*V) = m(id) = I

and similarly VV* = I. For the converse, suppose V' € 9 is unitary, and let £ € Ho:

gl 1€l §

lell? = (€. VVe) =333 e vy vren =31y vrer?,

pn=0 v=0 >0 >0 p=0
so D(V) contains $go, on which it is isometric. Extend Vg, to an isometry W e
B($;3). If € €j,,m € b, then
(Fi&, WEn) = (Fi&,VEpm) = (€ V)

so V.= m(W). Hence V = W and V is isometric. The same argument shows that

V* is isometric, but

— —
~

Vi=m(V) =m(V*) =V,

so V' is unitary.
|

It is possible to characterise bounded matrices in terms of their truncations to
sparse matrices. This is the content of the next proposition, which is a simplification
of [KaR, Proposition 2.6.13].

Proposition 2.2.14 Let A € 9 and for all @ > 0 let A™ be the bounded linear

operator that acts on @©7_ob, in the obvious manner, i.e.,
™ ™
A= 3
p=0 v=0

The norms of these operators are non-decreasing, i.c., |A™|| < ||AW| if 7 < k and

A € B if and only if sup, -, [|A™| < oo, in which case
IA]| = sup | A®] = Lim | A™].
>0 >0

Proof
For the first claim, let § € @7 _oh, and define n € &f_,b, by

p_ )& (p<m)
K _{ 0 (u>m)
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Then
JATEP =TI AR P <Y I Al = A9 < AW P[],
n=0 =0 n=0 =0

but [In]l = [[€]l, so [|A™] < AP, as claimed.
Now suppose that M := sup,-, |A™]| is finite. If 4 >0, 7 > X > 0 and £ € H
then

1> AR <Y I AL < JAD PP Pamgll” < M2 1€,
v=A\ v=X\

p=0 v=X

which converges to 0 as A, 7 — oo. (Here P}, 5 denotes the orthogonal projection
from $) onto @®7_,\h u-) Hence Euzo ArgY is Cauchy, and so convergent, for all > 0.

Furthermore, this working shows that

SIS Al < A2gl? V>0
pn=0 v>0
so D(A) = § and || A¢| < M||¢]|, i.e., A € B and ||A|| < M.
Finally, suppose A € B and let 7 > 0; if £ € § then

TA@E)2 =3T3 Are |2 < ST Aser|? = | ARl < I AJlle)?,
n=0 =0

pn>0  v=0

so [|A™|| < ||A]| for all 7. Thus sup,o |[A™| < I|A]|, but then since this supremum
is finite the working above shows the opposite inequality. Hence || A|| = sup,~ |A™|

for all A € 9B.
O

The simplest special case of the above involves matrices that have entries only on the

main diagonal.

Corollary 2.2.15 If A € Dy then A € B if and only if sup, ||AL|| < oo, in which

case ||Al| = supZ, || A%

Proof
This is a consequence of the theorem and the fact that [[A™ || = max]_; [|A“].
To see the latter, note that if { € @]_,b,, then

JA@E? = I Asg I < x| ALl €],
pn=0
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so ||AM] < maxj,_, [[A%]|. For the reverse inequality, let v be such that [[A}|| =
maxj,_, [|A%||. Let e > 0 and choose a unit vector £ € b, such that [|A7&"[| > [|A}|[—e.
Define § € ®]_qb, by setting §# = 0 if u # v: we see that

1ADe] = [ Aze” ]| > 1A7] — e

Since e is arbitrary it follows that ||A™|| > ||AY|| = maxT_, || A%]. .

The following proposition allows us to form ‘product matrices” which are compat-

ible with the tensor product of operators.

Proposition 2.2.16 Let ‘H be a Hilbert space, S € B(H) and A € IMM(H). Define
B e 93?(5:3), where §) is the product chaos space, by

B =S® ALY Yu,v>0.

The opemtorB is such that D(B) D H®D(A) and B(f Q&) = Sf@AE forall f € H
and £ € D(A). Furthermore, if A € B($) then B € B($) and B =S @ A.

Proof
If 0 <A <7 and B is defined as above then

D OBUf@E =8fRY AL =0
v=A\ A=v

as \, m — oo, and

}:HEjB“f®s )|1? = Wﬂ\ESHEZA%WP<H&M\maP

= v>0 = v>0

so f®Ee D(Z%) forany f € H, € € D(fl) Thus B is well-defined on H@D(fl), and
acts as claimed. If A € B($) then S ® A has matrix representation C' € B($), and

(f@¢&Clg@n) = (f,99)( An) = (f @ & Bg®n))
for all f,g € H and &,n € $. Taking suitable £, € $go gives that B = C, as
required.

|

In particular, if S € B(H) then S ®idg has a matrix representation in B($) ND($).

31



Examples

1. Every chaos space has the number operator N; define N € 9 by NIt = pobidy, .

The domain of this operator

D(N)={s€$ : D 12lg"* < oo}
p>1
is frequently the domain of other operators of interest. The number operator has
spectrum o(N) = {0,1,2,...} = {0} UN. To see this, note that ker (uidsy — N) = b,
for >0, and if z € C\ ({0}UN) then R.(N) := ((z—p)~'0%idy, )40 is an element
of B, since sup,,~q |z — | ™" < co. (For reasons of typography and aesthetics we write
m as R.(IN), and take similar liberties when it suits us.) As R.(N)(zidg—N) C
(zidg — N)R.(N) = idg, we see that z ¢ o(N), as claimed.

For the rest of the examples we consider the chaos space § to be §F.(H), Boson Fock
space over the Hilbert space H.

2. If T € B(H) then let s,(T) € B(H®") be the operator
T'Ridy®- - Qidy +idy T Qidy ® --- Qidy +--- +idy ® --- @ idy @ T..

It is easy to see that s, (T)(H®") C H®", and we denote the restriction of s, (7") to
H®:" by the same symbol. The matrix defined by

o gp _ SM(T) p=v=1
A0(T)y = fusu(T) = { 0 otherwise
is called the differential second quantisation of T' (see [BrR, p. 8]). When T' = idy we
have the (matrix representing the) number operator. Note that if T is self-adjoint then
dI'(T") is symmetric, as s,(7)* = s,(T%), and the induced operator is self-adjoint, by

Corollary 2.2.6. Furthermore, if £ € H is a unit vector then it is easy to see that
Isa(T)EX™ " = nl|TE|I* + (n* — n) (€, TE* = n*|(§, TE

by the Cauchy-Schwarz-Buniakowski inequality. Hence if 7" is self-adjoint ||s, (7| =
n||T||, so we see that D(@(T)) D D(N). For general T we have that /n ||T| <
|5,(T)|| < n||T|| and the lower bound may be obtained. (Consider, e.g., $ = F, (C?)

and s3(T"), where T' = < ? 8 ).

3. Let T' € B(H) and define

T p=v
0 otherwise

Y

T(T) = 64T = {
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where T%Y := idy,. It is clear that T'(T) is a (strictly) diagonal matrix, called the

second quantisation of T, and
DT(S) =0(TS) , () =T(T") VS,T € B(H).

The relationship with the previous example is as follows. If T is any (not necessarily
bounded) self-adjoint operator in H then (U, := exp(itT))cr is a strongly-continuous,
one-parameter group of unitary operators. The second quantisation of this group also
has this form, and so has a self-adjoint generator (by Stone’s theorem). If the operator
T is bounded then this generator coincides with the differential second quantisation

defined previously.
From now on, all examples are on Boson Fock space over L2[0,1]; $§ = §(L?[0,1]).

4. For t € [0,1] let m,,, € B(H) be the operator that acts on H = L*[0,1]

as multiplication by the indicator function of the interval [0, t]; f(mxm,t]) is the op-
erator of conditional expectation ‘up to time ¢’, and we write I'(m,, = E; and

I'(my )i = By 1t is not difficult to show that

[o,tl)

( t]f)(tla"'a HXOt tl tl,...,t> (22)

I@Zt] is the orthogonal projection onto $y = §+(L?(0,]), considered as a subspace of §),
and similarly Ei] is the orthogonal projection onto L?[0,¢]®<* C b;. It is clear that this
example generalises to any space H equipped with an increasing family of subspaces
(Ht)o<i<1, and that the interval [0, 1] can be replaced by any totally ordered (or even
partially ordered) set.

5. Define V € ©1(9; L*([0,1]; 9)) by setting V¥ =0 if v # u + 1 and

(vz—i—lf)(t)(tl?a V/'L—i_ ftla" a

The inner-product identity

<VZ+1fa VZ+19> = (u+1){f,9) (2.3)

gives us that ||V}, || = v/u+ 1, and in particular

DV)={£€ 9 : Y (u+1)[¢"|? < oo} = D(N2).

>0

33



We define S € D1(L*([0,1]; 9); $) by setting S* = 0 if v + 1 # p and

pt+1

1 ~
(S )ty ) = PR COICHERANL A
ptli

where the ~ denotes omission. It is easy to verify that S = V*, so by Corollary 2.2.6
the operators V and S are mutually adjoint. The operator V is called the Malliavin
gradient, and S is the Hitsuda-Skorokhod integral (see [NuZ], [Sko]). After some work

it can be shown that

(Sﬁ“f,S[f“m:(f,gH/o /0(Vﬁ_l[f(t)](S),VZ”[!J(S)W))dsdt- (2.4)

(We give a demonstration of this in the proof of Proposition 3.1.2.) The identity (2.3)
gives that SV = N, and S22 < (Vi) B2 = (o + DIFI2 so D)
D(S). Hence if ¢ € D(N) then V€ € D(N2) C D(S) and so SV = N (a result of
Gaveau and Trauber [GaT]). The identity (2.4) is the source of Ito’s formula; it is
the matrix version of what Lindsay calls the quantum Skorokhod isometry (see [Lin,
Theorem 2.2, p. 72|, [NuZ, Proposition 3.1] and [Sko, Equation 14]).

6. The creation and annihilation operators of quantum field theory (see [BrR],
[ReS, Section X.7]) can be defined in the following manner. Given f € L?[0, 1] and
g€eb,let f®ge L*[0,1];b,) be defined by

(f@a) )t ..., ty) = ft)g(ts, ... t.).

The linear mapping g — f ® g is continuous for fixed f and || f @ g|| = || f|| llg||- We
define AT(f) € D1($) by

tipw o g SIH(feg) p=rv+l
Ay = { 0 otherwise

We know that |Sy*H(f @ g)|| < e+ 1|f||lgll, so AT(f) has growth of order 3.
Taking g = f® : (t1,...,t,) — f(t1)--- f(t,) and using the inner-product identity

(2.4) we see that

1S5 (F @ g)I* = [LFI* + V/[Ol] B [FED - 1 () [P dt = (v + DILF,
so [JAT(f)2t| = Vv + 1| f||. The operator Af(f) is called the creation operator of
strength f.

We define A(f) := Af(f)*; the operator A(f) is the annihilation operator of
strength f. (If £ € b, then AT(f)é‘ € b1 and fl(f)zf € by (if p > 1).) The
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operators fl( f) and AT( f) are mutually adjoint, by Corollary 2.2.6. Furthermore, if
®(f) := A(f) + AY(f) then ®(f) has growth of order 3 and is symmetric, so d(f) is

self-adjoint. It can be shown that

A A

(I)(f) & = mfol Rf(s) AW (s) + F(Z)mf01 S(s) dW(s)P(_Z)a

where my is the Fock space version of the operator in Wiener space that acts on
the exponential vectors as multiplication by f (see [Mey, pp. 71-73]) and ['(4) is the
Fourier-Wiener transform (see [Hid, pp. 182-184]).

The gauge operator of strength H, denoted A(H), is the differential second quan-
tisation of H € B(L?[0,1]): A(H) := dT'(H). We know that A(H) has growth 1, and
as I(f) := A(f) + A(my) + AT(f) is a symmetric matrix (where f € L*°([0, 1];R)
and my is the operator of multiplication by f) we see that f[( f) is self-adjoint. This
operator is unitarily equivalent to multiplication by fol f(s)dP(s), where P is the

compensated Poisson process, in the appropriate L? space; see [HuP, Section 6].
O

2.3 Matrix Processes

Throughout this section we assume that any chaos space § is separable (equivalently,
that b, is separable for all ;1 > 0).

Definition 2.3.1 A matrix process is a mapping F : [0,1] — 9 such that t —
F(t)1¢ is strongly measurable for all € € b, and all p,v > 0.

Addition and scalar multiplication of matrix processes are defined pointwise, and the
resultant vector space is denoted £. The measurability conditions and separability
imply that ¢ — || F(¢)¥]| is measurable for all p, v > 0 (see Lemma A.1.2), and so for
p € [1, 00| we define

@ ={Fef:tm|FU)" eL0,1]Vuv >0}

These are vector spaces (inheriting this property from LP[0,1]) and we have the in-
clusions £5°P C £ C £ C £ if p > ¢, by Holder’s inequality, where

£8P = {F e £ : t— F(t)"is a step function V u, v > 0}.

(A function f on [0, 1] is a step function if there exists a partition 7 = {0 =ty < t; <
o+ < tpy1 = 1} such that f(t) = f(t,) for all t € [t,,t,41).)
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Note that if F' € £ is weakly continuous, i.e., t — F(t)* is weakly continuous for
all y,v >0, then F € £, by the uniform boundedness theorem.

The involution between M($; J) and M(J; $H) induces an involution * on £ defined
pointwise:

0 £(9;3) = £(3:9); F*(t) = (F(t))".

Measurability of F* follows from separability and Pettis’ measurability theorem ([Pet,
Theorem 1.1], [Yos, pp. 131-132]).

If F e £(J;R) and G € £($;J) are such that F(t)G(t) exists for all ¢ € [0,1]
then the product process FG € £(9; R) is equal to the pointwise product: (FG)(t) =
F(t)G(t). Measurability follows from Lemma A.1.3.

Definition 2.3.2 A process I determines an induced process F', where F(t) = F(t).

~

The domain of the induced process, denoted D(F'), is defined by

D(F):= (] D(F(t)).

0<t<1

A process is said to be an HP-process if the induced process admits the exponential

~

subspace, i.e., D(F') 2 E.
If ¢ € D(F) then t — F(t)¢ is strongly measurable; if 7 € J then

te (n, F(0E) =) Y (0", F(t)4€")

u=0 v20

is the limit of measurable functions, so ¢ — F (t)¢ is weakly, hence strongly, measur-
able, by Pettis’ theorem.

Now we introduce some topology.

Definition 2.3.3 Let L be the space obtained from £ by identifying processes that
are equal almost everywhere, i.e., L = £/MN, where N :={F € £ : F(t) =0 a.e. t €
[0,1]} is the collection of null processes. Similarly we define LP = £P/MN and we

introduce semi-norms || - “||, on LP by setting

(o 1F ()P de) pel,0)
NI, =
ess sup{||F(t)§j|| ; 0§t§1} p =00

for all p,v > 0. The components [F|* are elements of the Bochner-Lebesque space

LP([0,1]; B(bysiu),) and so the locally convex topology defined by these seminorms
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makes LP a Fréchet space, i.e., complete and with a translation-invariant metric,

e.g.,
ILE = Gl

A 16D = mox{ gt g 20}

If F,G € £ are such that F € [G] then F is said to be a version of G.

The involution is continuous for this topology, and is in fact a linear homeomorphism
between L£P($);J) and LP(J; 9), because ||[F*]4]], = ||[F]Z||p
We may regard £ (and £P for any p € [0, 1]) as an L*°[0, 1]-bimodule, by setting

(fE)@), == fOF @), = (F)®)y Vielo1].

v

That is, we embed L°°[0, 1] into £ in the obvious manner. More generally, we have

the following.
Definition 2.3.4 The vector space of uniformly (2 + 1)-diagonal processes is
Lo ={Fefl:F(t)eD,Vtel01]}

and the union of all these is the algebra of uniformly diagonal processes, denoted
Lo = UrsoLyp_ . This contains the algebra of uniformly diagonal, polynomially

bounded processes
Lo, = {F€Ly[3C:[0,1] = [0,00),a>0:
IE@)pl < Ce)((pVrv)+1)* Vi e[0,1]}.

If the function C' in this definition is p-integrable (where p € [1,00|) then we say that
F ¢ S%pb, which is a subspace of £ = £ N LP.

We have that £ £5, C £ for p, ¢ and r such that % + é = 1, by Holder’s
inequality. Furthermore, this multiplication is continuous. More formally, if Lo _:=
Lo /Mand L = £5 /N (where here M= {F € £5 : F(t) =0a.e. t €[0,1]})

then we have the following proposition.

Proposition 2.3.5 Let p,q,r € [1,00] be such that 113 + % = %, and suppose that

7 > 0. The left and right actions of L% on L are continuous; the maps
Ay s L9 — L7 [G] — [FG

and
pir) - L7 = L7 [G] = [GF]

are continuous for all [F] € L .
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Proof

Note that
ptm

IFGIN < D IFILICE ], < oo,

k=0

by Hélder’s inequality, so the map Ay is well-defined. Replacing [F'] by [F;, —F], where
([Fu])n=1 € L% is a sequence converging to [F] in L? gives continuity. To see that
the right action p(p) is well-defined and continuous, we may use a similar argument,
exchanging the roles of F' and G, or alternatively the fact that the involution is

continuous and the identity ppp () = Apey(-)* -

We introduce processes of matrices with rapid decay; they are processes with

values in R, such that the growth and decay constants a and b are independent of ¢.

Definition 2.3.6 A process F' is an element of £, the class of processes of matrices
with rapid decay, if there exist positive constants a and b and a function C : [0,1] —
[0, 00) such that

IF@L < (v v) + 1) u—v|™ Vte[0,1].
If the function C' is p-integrable for some p € [1,00] then F' € £5,.
The properties of these classes are summarised in the next proposition.

Proposition 2.3.7 The space £, is a subspace of £F that contains E%pb, and the in-
volution is a bijection between 29{(5;3) and S‘R(Cj;ﬁ)' Multiplication of any finite number
of elements of £y 1s well-defined, associative and compatible with the involution. If
(F))iy C Ly is a family of processes such that F; € £5; for all i, and pil+- et Ii = 119
for some p € [1,00] then Fy--- F, € £° and the product converges absolutely, i.e.,

D D MFE - NEJE < 00
w120 Tp—1>0

forall p,v > 0. If F' € £y the domain of the induced process contains the exponential
subspace &, i.e., ' is an HP-process. If F' € £y is strongly continuous, i.e., t — F(t)"

1s strongly continuous for all pu,v >0, then t — F(t)é’ s continuous for all & € £.

Proof
Everything except the last statement of this proposition follows from the proof of
Proposition 2.2.10, Holder’s inequality and the fact that if F' € £}, then there exist

positive constants C', a and b such that
IFEN, < C((pV ) + 1) n—v|™ Yp,p > 0.
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For the proof of the last statement, let & € &; there exists M > 0 such that ||£¥| <
MY ()2 forall v > 0. Let a,b > 0 and C : [0,1] — [0, 00) be such that ||C|s < o0
and

IF@L < CWO((rVv)+ 1) p—v|!™ Yu,v >0

for all ¢ € [0,1]. The strong continuity means that we may replace ‘C(t)" by ‘[|C|’
on the right-hand side of the above inequality, so

v a - v -1
D IFORE Neong < ICe D (v v) + 1) = w7 M (1) 72 < oo

v>0 v>0

Hence t — f#(t) := 3,5, F()4€ is in C([0,1]; h,), and furthermore

D I leqors) < ICHwe D> (v v) + 1) — v M (v]) 72,

>0 p>0 v>0

and this double series is seen to be convergent, working as in the proof of Proposi-

tion 2.2.10. Hence t — > -, f"(t) = E(t)€ is continuous, as claimed.
- O

In the same way that we defined £4 we introduce the algebra of bounded processes.
Definition 2.3.8 The algebra of bounded processes, denoted L, is defined by
Lo ={F el :Ft)eBVte|01]}
and for p € [1,00] we define £5 and L% in the following manner:
= {F e Ly L |B(0)] € LP[0,1]}, Loy = /M.
where M :={F € £4 : F(t)=0a.ete[0,1]}.

Measurability of the map ¢ — ||F(t)| follows from the measurability of t — ||F(¢)¢]|
for all £ € $ and Lemma A.1.2. We have the inclusion 2% C £P as for all u,v >0

IE@L = IEEOE < |F@)]. (2.5)

It is easy to see that L%, is isomorphic to LP([0, 1]; B($;J)s), and that the topology
it inherits from this isomorphism is stronger than that it inherits from LP, by the

inequality (2.5).
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Note

All of the above is valid if the interval [0, 1] is replaced by any o-finite measure space
(M, M, m); the appropriate seminorms become |- #xaz, (+)||, (for g, v > 0and n > 1),

where the sets M,, have finite measure and exhaust M, i.e., M = U,>1M,,.
Examples

1. The conditional expectation process E € £55 N L3 is defined by E(t) := Ey; we

prefer the latter notation. Since

] ] sVt sVt
I B = [ e [ Ut )P
SNt SNt

we see that ¢t — E(¢)f is continuous, so strongly measurable.
2. We define the four integrator processes of quantum stochastic calculus, A, AT,

A and T, in the following manner. Let

At) = Alxog). AT = Al(xpg).  A(t) = dD(my,,)

(where My 18 the multiplication operator f — Xo,4f ), and
T(t) = (téfjidhu)ﬂzl’zo‘

Since ¢ — X*(t)¢ is easily seen to be weakly continuous for all X € {A, AT, A, T} we
see that the measurability condition is fulfilled, while the norms above show that A,
At A and T are elements of S%Opb.

3. One achievement of the Hudson-Parthasarathy calculus is the unification of
the Boson and Fermion fields ([HuP2]). This is obtained by using the parity process
(also known as the continuous Jordan- Wigner transformation or reflection process).

Define the parity process P € £§ N £5 by P(t) := I'((—=1)*4), the second
quantisation of the self-adjoint operator f — —xjo4.f + X1 f. Explicitly Py = id¢
and for ¢ > 1,

i

(P)if)(tr, .- ty) == [ [ (=100 f (e, ty).

j=1
Since (—1)X0.sl(—1)X0tl = (—1)XeAtsvel we see that P(s)P(t) = P(t)P(s) for all s,t €
[0,1] and P? = I, so P is unitary. We also note that

P(t)ﬁf(u)“ = 5(_X[O,t]u + X(t,l]u)“

from which it is simple to verify measurability.
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Chapter 3

Quantum Stochastic Calculus

From now on we work on §) = § (L?[0,1]), the Boson Fock space over L?[0, 1]. Thus
L= £(9:9), etc.

3.1 Quantum Stochastic Integrals

We define matrix versions of the four integrals of quantum stochastic calculus (which
we will also refer to as QS integrals, for brevity) using the Malliavin gradient; this
technique was first introduced by Lindsay [Lin] and Belavkin [Bel]. We deduce basic
properties of the integrals, including an integration by parts formula which is a pre-
cursor to the local form of the quantum It6 formula. The operator processes induced
by these integrals are shown to coincide with the usual definitions of QS integrals
([HuP], [AtM]) when the integrands are processes of matrices with rapid decay or
bounded processes. We prove a form of the dominated convergence theorem for QS
integrals and demonstrate their independence: this latter result is crucial for the
study of quantum stochastic differential equations.

Let a, 8 € {0,1} and define p = p(c,8) := 22— a —B)' € {1,2,00}. Given
u=>0and§ €b, let

srem { (00 o=

for all ¢ € [0,1]. The four quantum stochastic integrals are defined in the next

proposition.

Proposition 3.1.1 Let o, 3 € {0,1}. For all F € £P there exists a unique process
I5(F) € £ such that

e = [ (e F(s) 0V ds (3.1
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forallt € [0,1], p,v >0 and & € b,,n € b,. The mapping I§ : £ — £ is linear,
satisfies the identity I§(F)* = I5(F*) and is such that I§(F) = 0 if F(t) = 0 for
almost all t € [0,1]. Furthermore

8
2

HE(F) Dbl < p2v I[FILZ2N (3.2)
for allt € [0,1], so I§ + LP — L is continuous.

Proof

Clearly, if such a process exists it is unique. For existence note that

t
_ a _ 8 «a
/0<Vf§,F(S)5_§VS77> ds| < [[FS=2llpnv® €]l Inll,

so we define 1§ (F)(t)}, to be the element of B(b,; ) corresponding to the sesquilinear
form on the right-hand side of (3.1). The continuity of the map t — (£, I§(F)(t)Ln)
and Pettis’ theorem [Pet] gives the required strong measurability and the bound above

shows that I§(F) € £. The remainder of the proposition is easily verified.
O

For suitable integrands (i.e., HP-processes that are adapted: see Section 3.2) our
matrix integrals correspond to the quantum stochastic integrals defined by Hudson
and Parthasarathy ([HuP]):

(fg(.),15(.),19(.),111(.)) -~ (/o'dt’/o'dA’/o'dAT’/o'dA)

We use the present notation to emphasise the fact that our integrals are defined
without adaptedness restrictions and without the use of a limiting procedure. Our
choice of indices agrees with Evans [Eva] (but unfortunately, not with Holevo [Hol2]);
recall the tendency of lower indices to become raised when crossing an inner product.

If we wish to see the matrices representing I§(F') explicitly, it follows from the
inner-product identity (3.1) that

( Jo Fs)kéds (a=03=0)
Jo )iy (Vo) (s)ds  (a=1,8=0)
St (CioaF)OEYE)  (a=0,8=1)

| S (o PYOEHVEIO0)  (a=8=1)
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for all p,v >0, t € [0,1] and £ € b,. From this, or the fact that

(& U5 (F)(@t) = I5(F)(s)lgm) = /S (VI€ F(s),—aVan) ds

Nt

= <§,I§(FX(sAt,svt])(r)57l> (3.4)

for any r > sVt, we see that the QS integrals behave in the usual manner for ‘integrals
up to t’. We could use this observation to define I§5(F)(A) := I§(Fx4)(1) for any
measurable set A C [0, 1], but choose not to pursue this generalisation.

The following inner-product identities (or, if one prefers, integration-by-parts for-
mulae) are the source of all our results: they contain the quantum (and so classical)

Ito formulae.

Proposition 3.1.2 Let a,3,7,0 € {0,1}, p=22 —-a—-08)"1q¢=22—-~v—-0)"1 €
{1,2,00} and F € £°¢,G € £%. For all p,v,m > 0 we have that

I3(F)(0)he TG ()em) = / / (VP F(r)=PV2E, V2G ()= V) dr ds

o [(POEvE G vinds (35)
0
forallt € [0,1] and & € b,,n € by. In particular t — I§(F)(t),€ is continuous for
al € € b,

Proof

The only non-trivial case of this proposition is when § = § = 1. We assume this,
and further take t = 1 (replacing F' by F'x[o4 and similarly with G, if necessary). We
have that

)0 T W) = [ (VI 66 ) ds
= U E) ) S GO
= [P VS O] s
S PO S GO ()

The conclusion follows directly from the identity (2.4), which we prove now. Let
f,9 € by

(St f, 8t g)

1 R ~ ~
ey STtttk ) g () () dE
; k=1
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= / Jt)(ta, - tu1)g(t) (to, - oo tugr) dt
[0,1]n+1
+,LL/ ?(t1)<t277tu+1>g(tu+1>(t1,,tu) dt
[0,1]»+1

- / (f(s), g(s)) ds + / / (VI F)(5), VE g(s)] () dr ds.

O

It is easy to see that QS integrals of uniformly diagonal processes retain this
property, as if ' € £4, then, by (3.2),
G (F) @4l < 23 [FIoZ3llp = 03 [p— | > 7 + 1.

It is also clear that if I has growth of order a then I§(F') has growth of order a+§ +§,
from the same estimate. This behaviour generalises to the case of quantum stochastic

integrals of processes of matrices with bounded decay.

Proposition 3.1.3 Let o, € {0,1}, p=2(2—a — B)! and suppose F € £5,. The
QS integral I5(F) € £§, so D(fg(F)) D& andt — fg(F)(t)s(u) is continuous for
all w € L*0,1]. Furthermore

(e(u), I§ (F)(t)=(v)) :/0 (e(u), F(s)e(v))a(s) v(s)* ds (3.6)
for all u,v € L?[0,1] and t € [0,1].

Proof
The fact that I§(F) € £& follows from the estimate (3.2) and the inequality

n=B—v+al™ < (1) + D — ]

which holds for all u,v >0, a, 3 € {0,1} and b > 0. If « = 3 or u = v this is clear;
otherwise
=B —v+all™ = (u—v] £ DI < fu—wlt?

if the positive case is taken, and for the negative case

(lu=v| =) === v < | = v ((e v ) + 1)
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The claims about the domain of the induced process and continuity follow from

Proposition 2.3.7. For the final part, note that

ZZ/ e Le(v)”)] [u(s)|?[v(s)|* ds

n>0 v>0
e v -1
< D0 D NEL Ml ol lal ol (utet) 2
=0 v=0
_ v _1
< NCHMul®o1* DY (v ) + 1) = vl ol (utat) 2
>0 v>0
< o0

because the double sum is equal to

SO G+ 1) (= )l o (et 2

_+§§<v+1>“<v—u)!—bnuu“||v||"<u!u!>—%
= §?M+f)“IIUI|“(u!)‘%(1v||v||)uz>:0(7ﬂ)—b
tEOHUH“HUH“(u!)5;(/~c+u1—1)“(l@!)”HvH’“(kJru)!%
< 2:’“‘* U el )4 St
:Z%(”“” ol ()~ e+ 1>"§r<_k 1) (kD)o

(since (x+y+1)* < (z+ 1)%(y + 1)* for x,y > 0) and all these series converge, by
the limit ratio test. Hence we may exchange the order of integration and summation

in the expression for (¢(u), fg‘(F)(t)a(v» to get the equality (3.6). -

Our next two propositions concern QS integrals of bounded processes. On suitable
domains the integrals have the form suggested by that of their components. Note that
if p > 2 we may regard F € £5; as an element of B(9; L*([0,1]; $)) by setting

F()u¢ ct = (FUE(t) = F(t),€ € L*([0,1];by,),

so F€ =t — F(t)¢. Recall that V is a linear map from § to L2([0, 1]; $) with domain
D(Nz). If F € £ we let F'V denote the linear operator from D(Nz) to L2([0, 1]; )
defined by their pointwise product, i.e., FVE(t) := F(t)Vy€, where V& == (VE)(t).
The product is measurable by Lemma A.1.3, and it is simple to verify that

1
1BV = ( / IBOTl2de)t < Bl N3]l
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Proposition 3.1.4 Let F' € £5,, where p =22 —a — )~! and o, 3 € {0,1}. The
QS integral Iﬁ(F)( ) has the form

( f01F<t)§dt VéEen (a=p3=0)
folp(t)@tfds V¢ e DN %) (a=1,8=0)

S(Fe)  VEeD@S(F) (a=05=1)

S(FVE)  YeEeDS(FV)) (a=p=1)

Proof
Let £ € $; the map t — F(t)¢ is strongly measurable and fol |F(t)e||dt <
IE 1)1l so & — fo (t)¢ dt is a bounded operator. Now

/ Hedt = ZE/ Hedt = Z/ D O F(t)herdt

>0 >0 v>0

and £ — fol EMF(t)f dt is continuous, so

Z/EF () Exer dt = /ZF YHev dt,

v>0 v>0

whence

[ Fwcar=33 [ Fogera= e

p>0 >0

Now suppose & € D(N %); the discussion before the proposition gives that ¢ —
F(t)V,€ is strongly measurable, and the estimate fol HF Wil dt < ||F||2]|N2€]|
shows that it is an element of L'([0,1];$). Thus fo V€ dt exists and, because
the series Y-, F(-)l_1 (Vi '€)(-) is Cauchy, so convergent, in L'([0,1];h,), we see
that

Z/ D OFM (Ve At = ZZ/O F(t)!_ (V2en)(t) dt

u>0 v>0 pn>0 v>0

Since ' € B($: L*([0,1];$)) is continuous, the sum > s F(4)BEY is convergent
in L2(0, 135, to BuFE. Thus (Y0 FOJE) = 50,00 SET(F(€Y) for all
1> 0. In particular, if ¢ € D(S) then

Y S RO = Y S SR = )

u>0 v>0 pn>0 v>0
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Finally, if £ € D(F'V) then

™

||ZF (V) O iz < 1S vIE|?)E —

v=>A

as \, m — o0, so if FVE € D(S) then

S(FVE) =3 SE (PO (Ve ()) = B¢,

pn>0 v>0

|

In the Hudson-Parthasarathy calculus the domains of quantum stochastic inte-
grals automatically include the exponential vectors. As we see above, this is not the
case for our non-adapted calculus; as Lindsay points out ([Lin, p. 66]) we exchange
the assumption of adaptedness for restrictions on the ‘growth’ of processes. If our pro-
cesses are suitably well-behaved, we get the usual inner-product identity of quantum
stochastic calculus, as Proposition 3.1.3 and the next proposition demonstrate. We

introduce the notation }, 5 as an abbreviated form of the double sum St Z;:o-

Proposition 3.1.5 Let Fig € £5; for a, 8 € {0,1}, where p = 2(2 — a — B)71, and

suppose
M= I§(F})e g

is such that D(M) D &. Then for all u,v € L?[0,1] and t € [0,1] we have that

(e(u), M =y / s)e(v))u(s)v(s)* ds.

(o, 3)
Proof
Note that
Z / S5 el 8, B2 ()i Pe(o)oyu(s) u(s)°| s

n>0 v>0
> / VEZ )] () Ple()1 ds 3 lull#(at) 4 S el () < oo
(e, 3) 1>0 v>0

as

t
/0 IEZ ()] Tu(s)Plo(s)|* ds < [E[pllull o]l
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Hence, by Tonelli’s theorem,

(e(w), M(B)=(v))
= 22 ) W BEDE))

p>0 v>0 (o,3)

- YTy / W), FB ()0} a(s) u(s)* ds

#>0 v>0 (o,8)

_ Z / SO e (w)t, B2 (s)e(0)a(s)Po(s)” ds

u>0 v>0

as claimed.
O

The following is the matrix-quantum-stochastic analogue of Lebesgue’s dominated

convergence theorem.
Theorem 3.1.6 (QS Integral DCT) Let o, € {0,1} and suppose F € £° and
(Fo)n>1 C L7, where p=2(2 —a — )7}, are such that

(1) F.()" — F(t)" in the weak operator topology a.e. ¥ p,v >0
and (71) T sup,s [|[Fa(t)s|| € LP[0,1] Vv > 0.
)

Then I§(F,
and all t € [0, 1].

L(t) converges to I5(F)L(t) in the weak operator topology for all p,v > 0

Proof
Let p,v >0, t € [0,1] and £ € b, n € h,; we know that

6 15(F, — Pyl < [ (26 (R~ P)o)ivim]as
and, by (7), the integrand converges to zero almost everywhere as n — co. Now
(VI€, (B, = F)(s)i=aVen)| < (sup IE ()52l + IIF()s=aI) IV 2€N Vel

and the right-hand side of this inequality is an element of L'[0,1] when regarded as
a function of s. To see this, note that if a 4+ § = 2 say,

1
/0 (sup 1E ()2l + IF () =1 D IV SE N IV nll ds

< (| sweimon| o+ iecrsn] ></1||stl|2ds /1||vsn||2ds>%
oy 0

< o0
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by (i7); the other cases are similar, using the Cauchy-Schwarz-Buniakowski inequality

as appropriate. Lebesgue’s dominated convergence theorem shows that Ig§(F,)(t),

tends to I§(F)(t) in the weak operator topology for all ¢ € [0, 1], as claimed. _

We are indebted to [Lin2] for the idea behind the proof of the following proposition,
which shows the ‘independence’ of the QS integrals; if their sum is zero then the

integrands are zero, up to equivalence of null processes.

Proposition 3.1.7 For alla,3 € {0,1} let F§ € £, where p = 2(2—a—)~'. The

sum
Y IS(FD =0
(c,8)

if and only if [FP] =0 for all a, 3 € {0,1}.

Proof
Let L¥*P(]0, 1]; Q + ¢Q) denote the (Q + iQ)-linear span of the set of indicator

functions of closed subintervals of [0, 1] with rational endpoints, i.e.,
{erx[pj,qj] neN;r, € Q+iQipo < qo <+ <pn<g, € QNI0,1]}.
j=1

It is easy to see that

L(t) :== {f € L**"([0,1];Q + Q) : f =0 on a neighbourhood of ¢}
is dense in L?[0,1] for all ¢ € [0, 1], as is

L(t) == {f € L***([0,1];Q +iQ) : f # 0 on a neighbourhood of ¢},

and so

Cl:={f®": feL®t)} and D} :={f*": fe L)}

are total in b,,. If Z(aﬂ) Ig(Ff) =0 then for all u,v >0,t € [0,1],{ € h,andn € b,

we see that
t
0= (&, 3" I3(F2) (1)) = / S (Ve 2 (5)0v ) ds
(a,8) 0 (@)

and so

S(Em) =Y (VI Fi(s)=0Van) =0
(a,8)
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for almost all s € [0, 1]. If we let £ € C¥, n € C¥ then

= S(&n) = (& Fy(s)km)

whence F?(s)* = 0 by the totality of C* and C¥. Next, taking ¢ € C* and € DY

we see that

= S(&n) = (& F(s)_1Vam),
so FP(s)! 1 =0 for all » € D¥~L. As this set is total, F{(s)"_, = 0. Similarly we
show that F}(s)*~1 =0, so

= S(&,n) = (V& FL ()21 V)
and F'(s)"~] = 0.

The converse is trivial.

Examples

1. The processes A, A, AT and T are equal to the quantum stochastic integrals
INI), I3(I), I{(I) and I3(I), respectively, as may be easily verified. For instance,

(& [(I)(t)5m) = /0 (Vs&im)ds = (VAT xpog @m) = (6,8, (X @ 1)),

so I)(I) = S(Xjg ® ) = AT(X[(),,:]), as claimed.
2. The inner-product identity (3.5) allows us to calculate the commutator of A and

AT (recall that the commutator of two elements x and y of a ring is [z,y] := 1y — yz);
& (BOESRI® )im) = (I R @5 )
- / / V)6, V) drdp+/ (e dp
- 067 I ()27 ) + (6 T(s A )

so [A(s), AT(t)] = T(s A t) for all s,t € [0,1]. This shows that A and AT satisfy
one of the canonical commutation relations (see [BrR]). The others ([A(s), A(t)] =
[AT(s), AT(t)] = 0) may be deduced immediately from Corollary 3.4.5.

3. The identity (3.5) also yields the following:

(LI (e, T )
- / / (VV,6,, V) dr ds + / (V. Vo) ds

_ 5 / (V& IHI)(s)'20Vam) ds + (€, M) (t)n)

—
a
~
==
—~
~
SN—
~
==
—~
~
=
—~
~
SN—
NS
]
S~
Il

20



(it is easy to verify that V,Vy = V,V, in the appropriate sense) which implies that
I}(I)* = I} (2[{(I) + I), or, using a suggestive differential notation we may write this
as (cf. Poisson process)

d(A?) = (2A + I) dA.

4. Let B = I}(P), where P is the parity process. The estimates

0 wpu#rv-—1

B — 1 Bl <
TS S PR

N
N|—=

show that B(t) is super-diagonal for all ¢. In particular it is row-square-summable,

A

so D(B) D $H0p. We have also that B*(t) is sub-diagonal for all ¢ and B* = B*
by Corollary 2.2.6, so D(B*) 2 £. We shall see later that B and B* give rise to

bounded processes that satisfy the canonical anticommutation relations (see [BrR]).

3.2 Adaptedness

We introduce the idea of adaptedness. Our approach is motivated by examining in-
tegrals of step processes against the four integrator processes. The conditions on the
integrand for it to give a ‘good’ integral lead to a characterisation of adaptedness in
terms of commutativity with the gradient, and this generalises the notion of adapted-
ness used by Hudson and Parthasarathy; we show the relationship between the H-P
form of adaptedness and our version. We define the notion of martingale and show

that three of the QS integrals of adapted processes are martingales.

V-Adaptedness

Let us first introduce some notation. If 0 < s < ¢ < 1 then f; V,dp € D, is the

super-diagonal matrix with entries given by

[y e [wrom e

The adjoint matrix is sub-diagonal, with entries
t
([ T )it s 81059

This representation shows immediately that ||( f; Vpdp)h=t| < (t—s) 2 V. We seek to

avoid a surfeit of indices by omitting them when the context makes them superfluous,
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e.g., if £ € b, then fst V,¢dp = (fst V, dp)h=tE. Tt is easy to verify that if u € L?[0, 1]
then . .
([ Vodne = [ up)dpetwy
and
t d
(/ Vpdp)*e(u) = Depe(u+ wx )t = ag(u + X ()T

for all u > 0.

Definition 3.2.1 A process F' € £ is V-adapted (pronounced “gradient-adapted”)
or adapted to V, if for all s,t € [0,1] such that s <t,

/VdpF /Vdp

Equivalently, for all u,v >0, s € [0,1] and £ € b,
Vi F(s)"te = F(s)! V& (ae. t>5s).
We say that F' is adapted if both F' and F* are V-adapted.

Note that if F' is V-adapted then F(r) commutes with fst V,dp for all r < s, as may
be seen by writing f; V,dp as f: V,dp — f: V, dp.

It is immediate that ¢ — z[I is adapted for any z € C. Addition, scalar multiplica-
tion and multiplication of processes preserve V-adaptedness, but the involution does

not; an example of a V-adapted process with non-V-adapted adjoint is given below.

Proposition 3.2.2 Let F,G € £ be V-adapted and let = € C. Then F + 2G 1is
V-adapted, as is FG if the product exists. If ' € £P for p =2(2 —a — 3)~! (where
a, 3 €{0,1}) then I§(F) is V-adapted.

Proof
The fact that addition and scalar multiplication preserve V-adaptedness is imme-
diate. For the product, note that, as multiplication of bounded operators is separately

continuous in the strong operator topology,

/v dpY_ F(s)G(s)y = Z/ V, dp F(s)" 1 G(s)T

7>0 >0
= ZF 7T1/Vd]DG )y

T>1
= ) F(s)'G(s Vl/Vdp

>0
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for all y,v >0 and t > s € [0,1].

For preservation under integration, note that if u,v € L?[0, 1] then
(N [ Todpee
- / o(p) dp / (e ()2, Pl e ()~ =Ya(r)Po(r) dr

- / e(u) P FrE [ Vadvetop=eyat) ot ar

= [Ty, [V e o

_ / Dzt + (o), F ()t 0 (o)=Y a(r)Po(r)® dr
_ u+xx<sﬂ>““ 13(F)(s) e (u)")

_ / Y, dp)*e(u), I (F)(s) e (w)”)

and so V-adaptedness holds. 5

We say that an element [F] € L is V-adapted if there exists a version of F'
that is V-adapted. If there is also some G € [F] such that G* is V-adapted, then
[F] is adapted. That is, [F] is adapted if both [F] and [F*] are V-adapted. Since
I5(F) = I5(G) if [F] = [G], if [F] is (V-)adapted then I§(F) is (V-)adapted. The
following proposition deals with the (V-)adaptedness of weakly-continuous processes
that have (V-)adapted versions.

Proposition 3.2.3 Let F' € £ be a weakly continuous process, i.e., t — F(t)! is
weakly continuous for all p,v > 0. If [F] is V-adapted then F' is V-adapted. If [F]
1s adapted then F' is adapted.

Proof
Let G be a V-adapted version of F. Let s € [0,1), t € (s,1] and choose (s,,)n>1 C
[0,¢) such that s, — s as n — oo and F(s,) = G(s,) for all n > 1. We have that

sn/Vdp Gsn/Vdp /Vdstn —/VpdpF(sn)

for all n > 1, using the V-adaptedness of G. The pointwise product of a uniformly
continuous function and a weakly continuous function is weakly continuous (which

may be seen from the uniform boundedness theorem and the estimate

{2, [FW)g(t) = f(s)g()]y)| < [(F@) ", [g(t) = g(&)]y)| + =l £ () = F(s)] lg(s)yl]
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with suitable z, y, f and g), so we may take limits in the above and conclude that F
is V-adapted.

If F' has an adapted version, then F'is V-adapted, by the first part. Since F' is
weakly continuous, F™* is weakly continuous, and has a V-adapted version, so F* is

V-adapted, again by the first part. Thus F' is adapted, as claimed. .

Proposition 3.2.4 Let ([F,])n>1 C LP be convergent to [F| € LP, where p € [1,00].
If [F,] is V-adapted for all n > 1 then so is [F].

Proof
For any p,v > 0 we have that [F,J*™' — [F]“™! in LP(]0,1]; B(h,; bus1)s) and
[F,)0_ — [F]b_, in a similar fashion, so (passing to a subsequence if necessary) we

may assume that, for all u,v > 0, F,(s)“™ — F(s)“* and F,(s)h_; — F(s),_, for

almost all s € [0, 1]. Since multiplication of bounded operators is continuous, we see
that

t
F(s)l / V,dp — lim Fu(s), [ V,dp

for all ¢ > s and for almost all s. Setting F'(s) = 0 on the exceptional set gives the
required V-adapted version of F'. .
Since the involution is continuous on L7, if we strengthen the V-adapted hypothesis in
the statement of the theorem above and require adaptedness, then we may strengthen
the conclusion in the same manner. In particular, this remark allows us to conclude
that the collection of p-integrable, adapted processes form a closed subspace of LP,
for all p € [1,00]. We find below an explicit form for the orthogonal projection

(conditional expectation) onto these subspaces.
Step Integrals

To motivate the definition of V-adaptedness, we consider step integrals with respect
to the processes A, Af, T and A. Given F € £5'P we define fol FdA by

3
—

1
([ Faay =3 Pt Altasteedy
0

i
o
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where F' is assumed to be locally subordinate to the partition {0 =ty < t; < -+ <

t, =1}, ie., t — F(t)ffig is subordinate to this partition for all «, 5 € {0, £1}, and

A(tr, trs1] = A(X(tr ts0))- For £ € b, and n € b,

<mAFMm>=§kfmwﬂmmem

(|
= O

3 3

(S (X(tr ) ® F*(t)71€),m)

iing

_ i /t T e P () V) ds
= (& Ig(F)(1)kn)

SO fol FdA = I[}(F)(1). Taking adjoints we see that IY(F)(1) = fol dATF for any
F € £5°P where

n—1

1
( / dATF)E = " Al(te, tapa ] F (L)
0

=0
In the same manner it may be shown that I3(F)(1) = fol FdT = fol dT F, where

n—1

%FMW:ZHMWWM%NMQ

=0

and
n—1

<A AT F) = S (Tt )t — T(E)E) F (1)

=0
In order to discuss integrals with respect to the remaining process, and to look at

integrals where the integrators occur on the ‘wrong side’, we need V-adaptedness.

Proposition 3.2.5 Let F' € £5°P be V-adapted. Then

1 1 1 1
/FdA:/ dAF and/ dATF:/ FdAT,
0 0 0 0

where (fol dAF) =3 Alte, trgall F(t)ith, ete. Furthermore

/01 dAF = I} (F)(1) = /OleA,

where
n—1

([ Fang = P A el

=0

95



and

i
L

1
( / AAF)E =" Aty tea | F (L)
0

i
[e=)

Proof

In both statements the second equality follows from the first by taking adjoints.
Now, assuming F is locally subordinate to the partition {0 =tq < --- < t,, = 1}, if
£e€b,, neb, and F € £ is V-adapted, then

(€. / Fdaym = 3 / T Pt V) ds

n—1 tri1
S / (6, V() ) ds
=0 "tr

n—1

= S Al bl F () )

_— / dAF)in).

For A, we have that
n—1 T .
EREW = 3 [ VL PV ds
=0 tr
n—1 tril
= > [T e ds
a=0 Vtr

- i/[o ZX(tmmﬂ(xk)g(x)(F(tﬂ)ﬁn)(x)dx

18 k=1
n—1
= Z<£>S#(mX(tthH])F(tﬂ)ﬁn)
=0

which shows that fol dA F = I} (F)(1), as claimed.

HP-Adaptedness

Recall [HuP, Section 3] that Hudson and Parthasarathy deal with processes of oper-
ators in $) that admit the exponential vectors as a common domain. They say that
such a process F” is adapted if, for all ¢ € [0, 1], F'(¢) is the ampliation by the identity
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of a linear operator defined on the exponential vectors in $ = §F4(L?[0,¢]). That is,
for all u € L?[0,1]

F’(t)&?(ut]) € f)t]

F(t)e(u) “=" [F(t)e(ug)] © e(u)

where we use the isomorphism j; : $ = Hy ® H; (see [HuP, Definition 3.1, p. 305]).

With this in mind, we make the following definition.

Definition 3.2.6 An HP-process F € £ is adapted in the sense of Hudson and
Parthasarathy, or HP-adapted, if, for all u,v € L?[0,1] and all t € [0, 1]

A

(e(w), F(he(v)) = (e(uy), F(t)e(vy)){e(un), e(ve))- (3.7)
This identity allows us to investigate the behaviour of F' at the coordinate level.

Lemma 3.2.7 Let F' € £ give rise to an HP-process that is HP-adapted. Then

J7Av%

(e(w)", F(t)se(v)’) = Y (e(ug)" ™ F(t),=Fe(va)” " e(u@)™ e(ve))  (38)

=0
for all p,v >0, u,v € L?[0,1] and t € [0,1].

Proof
Note that for all z,w € C,

P(z,w) = (e(Zu), F(e(wv)) = Y Y 2w (e(u)*, F(t)3e(v)")

is convergent, so we may differentiate to find that
(W) ~'0y ()1 0LP(0,0) = (e(uw)", F(t))e(v)”)

(where 87" = 2% and 3° = 1, etc.). However, as F' is HP-adapted, by (3.7)

T 9zm

A

P(z,w) = (e(Zug), F(t)e(wvy))(e(Z uw), e(wve))
= Z Z 2w (e(ug)t, F(t)ye(vg)™) Z(Z’w)p<€(u(t)p, e(ve)”).

A>0 7>0 >0

Therefore

{e(u)", F(t)ye(v)”)



by Leibniz’ rule, and this expression is equal to

HAV

D (elug) ™ F(OLre(vn) ™) (e (ue)", £(v6)"),

k=0

as claimed.

Taking F' = [ in Lemma 3.2.7 gives the formula

(e, e()) =Y (e(u) ™ e(w)* ™) () e(v)™) Vu,v e L0,1], 42> 0

=0

which is simple to verify by hand. A more important consequence of the above is the

following.
Corollary 3.2.8 If F € £ is an HP-adapted, HP-process then F' is adapted.

Proof
If u,v € L?[0,1], p,v > 0 and ¢ € [0, 1] then we know that

()", / V, dp F(s)He()”) = Dole(u + oxgen)*, F(s)i e(0)")

and by the identity (3.8), this is equal to

(p+1)Av
Dy Z <5(U5}>M+1_W>F(S)ﬁj}r_ﬁe(%])y_w)<5(U(s + 2X(s2)" E(v(s)")
=0

un(v—1)

= /v(p)dp D (el F(s)iT e (vg) ™ ) e (u) ™, e (v)™)

7=0
= [ v e )
= (@ PO [ Vodpe)
and so F'is V-adapted. The same manner of working gives the V-adaptedness of F™*.
|

Thus HP-adaptedness implies adaptedness. To prove the reverse implication (and so
their equivalence for HP-processes) we examine the projection map onto the subspace

of adapted processes.
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The Adapted Projection
For p>0,7=0,...,u and t € [0,1] let us define P*? = id¢ and if x> 0

P by = (00)uen ® (he)e S 99 © Hs

2

J/ J/
—~ —~

(p—m) (m)

where ¢ is the natural embedding from b, into h®* and E, = I —Ey is the orthogonal
projection onto L2(¢,1] C L?[0, 1]. The constant is chosen with the following identity
in mind:

Pl e(u)! = e(ug)" ™ @ e(up)".

It is clear that P/*" € B(b,; 9y ® H) with norm at most (ﬁ) 2 and easy to see that
Im P*™ 1 Im P/ if A # «. In particular,

(O PITe(u), Yy Pire(o)t) = ) (PTe(u), PiTe(v))
=0 A=0

(o), (v,

so » B o P" is an isometry. Furthermore if j, : $§ — 9y ® H( is the isometric
isomorphism that acts on exponential vectors as €(u) — €(uy) ®e(uq) (see the remark

after Proposition 2.1.2) then

1 d»

ge)) = o gEilezw)

2=0

1 d
= - — Z 2e(uyg) @ Z 2"e(uw)”

| iz
H: dz A>0 v>0

z=0
I

= Y e(ug) T @e(ug)",

=0
by Leibniz’ rule. Hence Y *_ P/"" = jt|hu and jy = > 50> h_o P/""Ey, where the

series is strongly convergent.

Definition 3.2.9 For F' € £ the adapted projection of F' is denoted F and defined
by

UAV

F(t)s =) (P (F(H)L2F @idy,) P/

=0

The mapping F' — F is also referred to as the adapted projection.
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We see that

AV

(¢, ()| = | ) (PA7¢", (F(t)L=F @ idy,) /7"
=0

IN

nw v
O IR 112 O IF LRI I B ™ |1%)
=0 =0
< @ max{[[F(¢), ]l : 7 =0,...,p AV

by the Cauchy-Schwarz-Buniakowski inequality and orthogonality. Thus F (t)~ is a
bounded linear operator with norm

IF@L < max {[F®57]}-

,,,,, HAY

Measurability is clear from the equality (cf. (3.8))

UAV

(e(w)", F(t)e(v)’) = Y (elug)" ™ F(t),=Fe(vn)” " elue)™ e(ve)™)  (3.9)

=0

and the measurability of E and F', by Lemma A.1.3, so F € £. This equality also
shows that [F] = [G] if [F] = [G], so ° is a mapping from £ to itself. Furthermore,
the above shows that if F € £° then so is F. In fact, suppose F' € £, i.e., there

exists a non-negative, p-integrable function C' and a,b > 0 such that, for all u,v >0
IF@L < CH)((pvVv)+ 1) —v|™°
for all ¢ € [0,1]. Then

1E ()2 ()= ll}

,,,,,, Op—m)V (=7 + 1) g -7 —v+7]17}

= Of)max {((nvv) =7+ 1) Hu— v

.....

AN
=
T~
>
i)
o

Uy

IN
=
T
>
—~—
Q

= CO((nVv)+ 1) —v|™

that is, I € £5. To see that the mapping F +— F' is a projection, note that (3.9)
implies that

(), F(8)se(vg)") = (e(un)”, F(t)he(vy)”),
so (F)” = F, and also we have that (F)* = (F*)", as

J7AN%

(F(0)8) =Y (P IF@LR)" @ idg BT = (F7) (1)),

=0
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Most importantly, Fis adapted; this follows from the identity (3.9) and the proof of
Corollary 3.2.8.

There is a link between the orthogonal projection E, and the operators fst V,dp
(t > s), as the following lemma makes clear. This link is crucial to our proof of
the equivalence between our form of adaptedness and the definition of Hudson and
Parthasarathy. For an occurrence of this lemma in the classical stochastic calculus
see [Mal, Lemma VII.2.1].

Lemma 3.2.10 If p > 0, £ € b, and s € [0,1] then (El;})ig — 0 if and only if
f; V,dp& =0 for allt € (s,1].

Proof
We wish to show that

ker (E/)* = () ker / v, dp.

s<t<1

The proposition is trivial if ;4 = 0, so suppose p =1 > 1. Note first that
¢ eker (BY)" & (I —Ej))E =0& ¢ =Ej¢ & ¢ e ImEY,

and lin {u® : u € L?0,1]} is dense in b;, so lin {u?z D u € b} = Elin {u®} is
dense in Im Ei], being the image of a dense set under a continuous surjection. It is
easy to see that if £ € lin {u?l} then ft V,dp& =0fort > s, so

ker ( m ker / V, dp.

s<t<1

Let € be in ker [V, dp for all ¢ > s, and suppose € is in (ker(E%)*)* = (ImEf)™,
so that (&, EZ]¢> =0 for all ¢ € b;. If we can prove that £ = 0, i.e, ||£]| = 0, we are

done. We may write

I€l® = / ety )Pt - dt
[0’1}7‘
- / E(t)|*dty - - dt;
o1

()/ // /'5 )P dty - dti g dt; g dis,

and the first integral equals HIE’ I? = (¢, E: € ), so it vanishes. For almost any (i —1)-
tuple (ty,...,t;1) € [0,1]"! we have that

0:(/ V,dp&)(ty, ... ti 1) \//5151,... ti_1,p)dp
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for all t € (s,1], so [, &(t, ... ti—1,p)dp = 0 for all measurable A C (s,1]. Thus
E(t1,...,t;i1,p) = 0 for almost all p € (s,1], and so fs E(ty, ... tig,p)|>dp = 0.

Hence ||£||* = 0, which is what we wished to show.
|

Proposition 3.2.11 If F € £ then FE = EFE =EF, i.e.,

F(t)LEy = L F(t)MEy = ESF(1)4

forallu,v >0 and allt € [0,1]. If F is V-adapted then EFE = FE and so FE = FE.
If F is adapted, then FE = FE = EF = EF.

Proof
The first statement follows from (3.9), which implies that

(), F(t)he(vg)”) = (e(ug)", F(t)he(vy)’) = (e(ug)*, F()be(v)").
If F'is V-adapted, let s < ¢;
[ Vv F et = Font [ 9pdpeug)” =0,

so by Lemma 3.2.10 (E{

V-adapted then, because E € £4,

VLF(s)MEY, = 0, ie., BXF(s)“E/, = F(s)MEY. If F* is also

5] ’ 7 s] vs)”

FE = (EFE)* = (EF*E)* = (F*E)* = EF.

Corollary 3.2.12 If F € £ is such that F is adapted then F = F.

Proof

We wish to show that F(t)* = F(t)* for all g, > 0 and ¢ € [0,1]: we proceed
by induction on m = max{u,v}. For m = 0 the proposition follows immediately from
the definition of F'.

From the above we know that F = (E+EL)F = EF +ELF, so it suffices to show
that (EH)LF(t)’,j = (EH)LF(t)’j for all ¢ € [0,1]. Now if o, 3 € {0,1} and s < ¢ then
[ e =it [ Vo= P [ Voan= [ V,aEers

and Lemma 3.2.10 gives the result.
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We have amassed sufficient information to prove the equivalence of adaptedness

and HP-adaptedness for HP-processes.
Proposition 3.2.13 If F € £ is an HP-process then Fis an HP-process, and

(e(u), (D)) = (e(ug), F(E)e(vg)) (e (uq), £(vq))
for allt € [0,1], i.e., F is HP-adapted.

Proof
We know that EFE = FTE, by Proposition 3.2.11, so

D ROl =By D F(t)ie(on)”

v>0 v>0

is convergent for all © > 0 and

SIS F@te(ug) 1 < SIS F(t)e(ug)” P < oo,

p>0  v>0 p>0  v>0

so e(vy) € D(F(t)) for all u € b.
The inner-product identity (3.9) and the fact that EFE = EFE yields the follow-
ing:

pHAV

(), F@e(v)) = D e(un)* ™ @ e(uq)”, (Fe(on) ™) @ (o))

=0

by orthogonality, so

pHAV
Pltge() = i () (FWLZZe(o) ™) @ e(v0)").
=0
However, by Proposition 2.1.2
> P
F(t)e(vg) @e(vg) = Y > (F)e(v))" ™ @e(v)"
pn>0 m=0

- Y3 (Feton ) @ cfur

= 33N (FWiTe(on) ™) @ (wg)”

pn>0 v>0 =0
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~
9)

s j7 M (F(8)e(vy) ® £(vg)) = F(t)(v), whence & C D(E) and

O

(elu). F(De()) = (i(e(u)), F(t)e(ug) © () = (eug), F(1)e(ug))e(ug), (vq).

as claimed.

Martingales

Three of the integrator processes, creation, annihilation and preservation (i.e., AT, A
and A) are often referred to as operator martingales. This term may be defined as

follows.
Definition 3.2.14 The process F' € £ is a martingale if it is adapted and such that
EgF(t)Eg = F(s)Eq (3.10)
for all s,t € [0,1] such that s < t. Equivalently
(e(ug)", F(t)ye(vg)”) = (e(u)", F(s)pe(vy)")
if s <t, for all u,v € L*[0,1] and u,v > 0.

Proposition 3.2.15 Let a,3 € {0,1}, p = 2(2 — a — 8)~! and suppose F € £F is
adapted. Then I§(F) is a martingale if o + 3 > 0.

Proof

The adaptedness of I§(F) follows from Proposition 3.2.2. To prove the martingale
property (3.10) holds, let p,v > 0, let s,¢ € [0,1] be such that s < ¢ and let u,v €
L*[0,1]. We have that

(e(ug)”, 15 (F)(t)5e(vg)”) = /:(e(us})“_ﬁ,F(T),‘f—géf(vs])”“")ﬂﬂ(r)v“(r) dr
= (e(ug)", 15 (F)(s)ye(vy)"),

and EgI§(F)(s)Eg = I§(F)(s)Ey, by Proposition 3.2.11. o

Given D € 9 we define the martingale associated with D to be ED, the adapted
projection of the process t — [E;D. Martingales that are also bounded processes have

well-behaved norm, as shown by the following proposition.

Proposition 3.2.16 Let M € £, be a martingale. Then M € £ and t — || M(t)]|

18 non-decreasing.
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Proof
Since M(t) € 9B for all t € [0,1], we have an HP-process, so we may write
M(t) = j; (M'(t) ® idg, ) ji, where M'(t) € B($). Thus

IV ()] = [IM'(6)]| = sup{|| M"(D)E0|| = 0 € $,]10] =1},
and if s < ¢, the martingale property (3.10) gives that
1M (5)Eg 011 = | M (s)Eg0)1* = By M (£)E0]|* < [|M(2)]*|6]I%,

as required.

Examples

1. The processes A, A, AT and T defined above all give rise to HP-adapted, HP-
processes. This follows from the fact that they may be written as quantum stochastic
integrals of the identity, the fact that the identity is adapted and an element of £
and Propositions 3.1.3 & 3.2.2.

2. The parity process P is adapted, as it is symmetric and

t t
/ v, dp P(s) e(u) ! = / u(p) dp (=Xt + Xeo1 )"

if s <t € [0,1], and furthermore

/ Y, dp Pt} e(u)t = - / u(p) dpe( =t + X
0
— —P(t)ﬁ/ V,dpe(u)*tt,
0

i.e., P(t) anticommutes with [J V,dp if s <t.
3. For a V-adapted, HP process that is not HP-adapted, let H € £4 be defined
by

H(t) ., v=pu+1
[ p+1
H(t) { 0 otherwise

where H(t),,, is acts as

(H(@) 1 St t) =+ 1 /ftla---atu-i—l)dt,u-i-l;
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by the Cauchy-Schwarz-Buniakowski inequality || H(t)],, ]| < (1 — Hey/p+ 1 It is
easy to see that H € SEpw so H is an HP-process. Since

At)eu) = S HE ey = 3 /t u(s) ds e(u) = /t u(s) ds e(w),

we see that ]:I(t)e(uﬂ) =0, so H is not HP-adapted, but

= [utmar [ ut)apetur-
_ /Stu(p)de(s)gle(u)“
= H(s)"! / ', dpe(uy

so H is V-adapted.

3.3 ()-Adapted Processes

In this section we study the class ‘Q2-adapted’ processes, a term coined by Lind-
say ([Lin, p. 76]). This notion was introduced into quantum stochastic calculus by
Vincent-Smith ([Vin2]), who generalised a method of Alicki and Fannes for the di-
lation of quantum dynamical semigroups using classical Brownian motion ([AlF]).
We show that (2-adaptedness is preserved under algebraic operations and limiting
procedures, and that QS integrals of (2-adapted, bounded processes are themselves
bounded. We use this property to define a x-algebra of processes similar to the regular
quantum semimartingales of Attal ([AtM], [Att]).

Definition 3.3.1 A process F € £ is Q-adapted, pronounced “vacuum-adapted”, if
F =EFE, i.e.,

FQ)y =EyF())E; Vit e[0,1]

for all p,v > 0. Equivalently FE = F = EF.
Suppose F' gives rise to an HP-process. If F' is Q2-adapted

(e(u), F(t)e(v)) = (e(ug), F(t)e(vy)),
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ie., Et]F (t)Et] — F(t) on &. This is unlike an HP-adapted process, where
F(t)e(u) “=" F(t)e(ug) ® e(ug);
if F'is Q2-adapted

F(t)e(u) “=" F(t)e(ug) ® £(0),

that is, F' maps the future to the vacuum (hence ‘€2’). This property can be used
to define (2-adaptedness in the Hudson-Parthasarathy framework, as the exponential

vectors are mapped into themselves under the action of I@Zt].

Proposition 3.3.2 The collection of Q2-adapted processes is a x-vector space. Fur-
thermore Q-adaptedness is preserved by multiplication and integration, i.e., if F,G €
£ are Q-adapted processes such that the product F'G exists then F'G is Q-adapted, and
if F € £ (wherep = 2(2—a— )~ for some o, 3 € {0,1}) then I§(F) is Q-adapted.

Proof
That 2-adaptedness is preserved by addition and scalar multiplication is clear,
and if F'is Q-adapted then

F*=(EFE)* = E*F'E* = EF"E

as E € £45, so we have a *-vector space as claimed. Now suppose that G is also
(-adapted and F'G exists; if £ € §, then

(FG)(b)he = > FOEG(H)E

>0

= Y ELF(1)4(EF)’G(t)ERE

>0

= Ep > FOLG()EE
>0

— EL(FG)()IE)E

so FG = EFGE. Finally, if F' € £° is Q2-adapted then
t
(e(u), I3(F)(t)pe(v)”) = / ()2, F(s)sae(v) = )a’ (s)v* (s) ds
0

- / (g}, ()2 e(vg)"~)a (s)o° (s) ds

and replacing ‘e(u)’ by ‘e(uy)” at the start (and similarly for e(v)’) we get the same

expression. Thus I§(F) = EI§(F)E, as required.
]
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Given any adapted process F', we may obtain an (2-adapted process by applying
E; EF = FE is Q2-adapted by Proposition 3.2.11.

The next proposition shows that (2-adaptedness is preserved by the pointwise weak
convergence of processes. An immediate consequence of this is that if ([F,]),>1 C L
is convergent, to [F], say, and each [F}] has a Q-adapted version then [F] has a

()-adapted version.

Proposition 3.3.3 Let (F,),>1 C £ be a sequence of Q-adapted processes and sup-
pose there exists F € £ such that, for all u,v >0 and u,v € L?[0,1],

(e(u)", Fu(t)pe(v)”) — (e(u)", F(t)je(v)”)
asn — oo for allt € [0,1]. Then F is Q-adapted.

Proof

This is immediate from the fact that

{e(u)", Fu()ye(v)”) = (e(un)”, Fn(t)ye(vg)").

|

Our interest in 2-adapted processes is explained by the following lemma; a con-
sequence is the boundedness of the QS integral of a {2-adapted, bounded process.
(Compare the adapted gradient of Attal and Lindsay; see [AtL] and [Att2, Theorem
1.3, p. 9]). Using the notation developed before Proposition 3.1.4, the lemma states
that EV extends to a bounded operator, such that ||E@f||%g([o71];ﬁ) = [1€1I” = [|€°]|? for

all £ € 9.
Lemma 3.3.4 Let j > 1 and f € b;; for all t € [0,1]
t
I = [ IR s
Thus
~ t A A t . 1 .
IBocl = I+ [ 1By v.ciPds = [P + [ 3 1S9, P s
j=>1

for any £ € $ and t € [0, 1].
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Proof
We see that

t t Jj—1
[ = f / D@ttty
0 01 Jj—1

= // / e, .. t)Pdty - dt

= Z |f ty,... 1) dt,

where
Api={(ty,.. ) e[0tf : <ty (k=1,....5)}
Note that UJ_, A; = [0, ¢}/ and A; N A,, has measure zero if [ # m, so

t
/ BV, 7)1 ds / Uflh ) Pt
0 [0,t])9

J
_ /[ T xoa (s, )
0,1)

=1

1 £11%,

as claimed. The last part is immediate from the Lebesgue series theorem (Beppo

Levi’s theorem). .

Taking £ = £(u) in the above, we see that

le(ug)|? =1+ / () 2l )| s (3.11)

this formula is familiar from the theory of Wiener space If ue L2[0 1] and W
is standard Brownian motion then 3(u) := exp(f,u(s)d 5 Joul is the

Brownian exponential, which satisfies the stochastic differentlal equatlon
t
(0 =1+ [ ulosw)() i,
0
(see [McK, p.33]) so

E[l3(u) —1+/|u PE[J3(u)(s)?] ds

by the classical It6 product formula for Brownian motion. Since Eg3(u)(1) = 3(u)(?)
and e(u) < 3(u)(1) via the Wiener-It6 isomorphism, this is the same expression as
(3.11).
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Theorem 3.3.5 Let o, € {0,1} and suppose F' € £4; is Q-adapted (where p =
22 —a—pF)7"). Then I§(F) € £ and

15 (F)(8) = I§(F) ()] < 1 EXs.1lly
for all s, t € [0,1] such that s <t.

Proof
Let \,p > 0,t € [0,1] and € $. From (3.5) and the fact that V,E, f = 0 for

s > r, we see that

ZHZI" (t)5€”|?

T
o

My

0 v,m=0

S L

0 v,m=0

=
>l

> {IG(F)(1)he”, I (F) (14T

t t
/ / (V2 P(r)EEvaer, VOF(s)i=iveET) dr ds
0

=
|

v / (P(s)Emvoer, P(s)'= L voemy ds
0
)

A t A P
SN F(s)_ Vo ds|? + 6] / IS Flsytveer|? s
0

pn=0 v=0 pn=0 v=0

t
=

IN

Sl [ Fs) S Er ) Ve ds|?

/

t R 14
/0 v=0
+55/ | F(s Z s (BT)VEEY | ds.

The last inequality is obtained from the identities F' = FE* and F} = EMF E?.
Examining each case separately, using the Cauchy-Schwarz-Buniakowski inequality

and Lemma 3.3.4, we see that

ZHZ% (051> < 1 Expally ZH& 7.

In particular,
P

p

I IEE) LI < IEIR Y 1€ — 0
V=X =\

as A, p — 00,80 »_ o I§(F)(t)E§” € by, for all 4 >0 and

o

ZHZ% (e 1” < I Exa €N,

= v>0
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so DIG(F)(t)) = $ and [|I$(F)(t)|| < [|IFxpyll,- Replacing F by Fx(s gives the

inequality in the statement of the proposition, by (3.4).
O

Definition 3.3.6 A Q-adapted bounded quantum semimartingale (henceforth -

semimartingale, for the sake of brevity) is a process M of the form
M =zI+I}{(E)+Ij(F) + I}(G) + IJ(H)

where the integrands are Q2-adapted, bounded processes satisfying the appropriate in-

tegrability conditions, i.e.,
(B,F,G,H) € £5 x £3 x £5 x £,

and z € C (the initial value). We may denote such a process using the differential

notation
M(0) = zI, dM = EdA + FdA + GdA" + H dt.

Note that
[M(t) = M(s)|| < [|[Exsalloe + 1 FX@all2 + 1GXsalle + 1H X (sl

for all s,t € [0,1] such that s < ¢, by Theorem 3.3.5, so t — || M(t)|| is essentially
bounded. It is easy to see that the class of 2-semimartingales is a *-vector space; we

shall see later (Corollary 3.4.9) that it is in fact a x-algebra.

3.4 Quantum Ito Formulae

The following is the ‘local’” version of the quantum It6 product formula of Hudson and
Parthasarathy ([HuP, Theorem 4.4]). It is a consequence of the integration-by-parts
formula (3.5) and V-adaptedness.

Proposition 3.4.1 Let o, 3,7,6 € {0,1} and let F € £°, G € £7 (where p =
22—a—B3)" and q=2(2 -~ —06)"') be V-adapted. Then

(IS ()0, 1 (G (1)em)
= (& (TG ) + BUAE ) sG) + BTUFL 4G ) ) (1))

for all p,v,m >0, €h,, n€ by and t € [0,1].
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Proof
Firstly, note that

S
2

IE_s 13 (GY 18l < (1= B)2 (m = B)FIEL Al N GTaZ52 e

* —01v— o E —0— —
) sG 1y < (v = 6) % (i = 0) 2 IFL 52 NGRS s

v—0—a

andif f=0=1,r"1:=2"1'2—y—a)=p '+ ¢! then
NG 5l < NFEZE G5 o

by Holder’s inequality, so everything above is well-defined. The result follows from
the identity (3.5):

I3(F)(0)e, (G (b))
- / / (V2 F(r)i0v2e, VEG(s) =0 Vi) dr ds
0 0
t
g / (F(s)E0V2€, G(s)" 2V i) ds
0
- [ [(rerzivie el ivivin asar
0 0
T / / (IR, VG () V) dr ds
0 0
t
g / (Vo€ F*(5)25G ()= V) ds
= [ B v ar
0
T / (IS (F)(s)=0N¢, G(s)E 0V Iy ds + $206, TU(E G ) (1))
0
= e (10RO 4 LULE),sGr) + L 0 (1))

We used in the third equality above the fact that V,.V,n = V,V,.n for almost all
r,s € [0,1] (and similarly for &) which may be readily verified, as we remarked in
Example 3, Section 3.1. -

We say that (F,G) € £ x £ is an adapted pair if F* and G are V-adapted. For
example, (F,G) is an adapted pair if both F' and G are adapted, and F' is adapted
if and only if (F), F) is an adapted pair. Using this expression we may rewrite the

proposition above in the following manner.
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Corollary 3.4.2 Let o, 3,7, € {0,1}, and let (F,G) € £° x £9 (where p = 2(2 —
a—PB)"1and q=2(2—~—0)"") be an adapted pair. The equality

I3(F) 1 (G) = I3(Fead (GY) + L (I§(F)a_sG™) + 2IY(FyaG™™) (3.12)
holds for all m > 0.

Before we prove the quantum Ito product formula for matrix processes, we in-
troduce the following terminology (or rather, clarify the meaning of the following
phrase). Given p € [1,00] and processes F' and G, we say that [F'G| converges in LP
if > 50[FxG™ has a limit in £P. Note that if this is the case then I and G have

versions such that their pointwise product exists.

Theorem 3.4.3 (QIF) Let o, 3,v,d € {0,1} and let (F,G) € £° x £ (where p =
22—a—p0)"1 and ¢ =2(2 -~ —8)"1) be an adapted pair. Then

I5(F) 5 (G) = I (FI(G)) + I (I5 (F)G) + §5 [3(FG)

whenever the integrands on the right-hand side are convergent in the appropriate L-
space, i.c., [F'1§(G)] converges in LP, [I§(F)G] converges in L and (if a = § = 1)
[FG] converges in L", where r := 2(2 —~v — 3)~!

Proof
From (3.12) we see that the product (I§(F)Ij(G))4 exists and is equal to the

v

appropriate expression, because

Y IS(P)RR(G

>0

= J%ZIS(FFCVIQ(G)”*“)&+I§<Ig< Je-sGT 0 + FI I (FaaG™ ),

= lim I§ ZFI’Y +I”ZI[, )=G™ )" +¢351’*ZFGW
=0 =0
= IG(FL(G)y + L (I5(F)G); + %IE(FG)W
by the continuity of Ig, Ij and Ij.
Corollary 3.4.4 Let a,3,7,0 € {0,1}, p=22—a—0)"andq=212—~v—-9)!
If (F,G) € £5, x £3; is an adapted pair then

IG(F)I{(G) = I§(F1(G)) + I{(I5(F)G) + §5 I5(FG).
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Proof

As I} (G) € £ if G € £5;, by Proposition 3.1.3, we may conclude from Proposi-
tion 2.3.7 that [FI(G)], [[§(F)G] and §§[FG] converge in the appropriate L-space,
so the product It6 formula holds by the above.

O
Corollary 3.4.5 Let a,3,7,6 € {0,1} and letp=2(2—a—08)"' and g =2(2—~v —
6L If (F,G) € £° x £1 is an adapted pair and such that
S IFEL w2 G2 < 00, D MFEZE, 72 IG5l < oo
>0 >0
and, if a =9 =1,
D MEFLEINGI ], < oo
>0
for all p,v > 0 then
I5(F)I(G) = I5(FI{(G)) + 1§ (I5(F)G) + §515(FG).
Proof
We have that
el —
D MEL G Tl < Y MNFWE I (@)l < D NEF N, 72w 2 G125
>0 >0 >0
and similarly for the other terms.
O

Note that the conditions for this corollary hold if either F' or G are uniformly diagonal,
so for any polynomials in the processes A, A, AT and T. More generally we have the
following (cf. [Vin, Lemma 4.1]), the quantum polynomial 1td formula for processes

of matrices with rapid decay.

Theorem 3.4.6 Let (E,F,G,H) € £ x £& x £2. x £} be a quadruple of adapted
processes and let
M :=I}(E)+ I;(F)+ I}(G) + I (H).

Forn > 1 there exist adapted processes E,,, F,, G, and H, such that

M™ = INE,) + IL(F,) + IY(G,) + I3(H,),

74



and these processes have the following form:

E, = (M+E)"—M",

F, = Y M°F(M+E)
a+f=n—1

G, = Y (M+E)*GM”,
a+pB=n—1

H, = Y MHM® + Y  M°F(M+E)’GM",
a+pB=n—1 a+p+y=n—2

where the summation is taken over non-negative integers.

Proof

Note that M € £, by Proposition 3.1.3, so the processes E,,, F,,, G, and H,, are
well-defined for all n and satisfy the appropriate integrability conditions, by Propo-
sition 2.3.7. Adaptedness follows from Propositions 2.3.7 and 3.2.2.

The statement of the proposition holds for n = 1, so assume it is true for n =
k. The conditions of Corollary 3.4.5 are satisfied if we take FF = X and G =Y
(where XY € {E, F,G, H}); this follows from Lemma A.3.1. After some algebraic

manipulation we see that

MM = IHE.M + MYE + EyE) + I;(FuM + M*F + F,E)
+ I)(GLM + M*G + E,G) + I (HyM + M"H + F,G)

and each of the integrands simplifies to the required expression.

Examples
In the following we use the differential notation
dM = EdA + FdA+ GdA' + H dt

to mean that M (t) = M(0)+ 1 (E)(t)+13(F)(t)+I)(G)(t)+I(H)(t) for all t € [0, 1],

and also linearity to make sense of expressions such as N dM:
NdM = NEdA+ NFdA+ NGdA"+ NH dt.
1. Let E=H =0, F = G = I; for any polynomial p € C|[z]
d(p(M)) = p'(M)dM + 5p"(M) dt,
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the well-known It0 formula for Brownian motion.
2. Let E = F =G = H = I; for any polynomial p € C[z]

d(p(M)) = (p(M + 1) — p(M))dM,

which is the Ito formula for the standard Poisson process of intensity 1.
3. The local It6 formula allows us to prove that B = I}(P) and B* = I?(P) are
bounded processes. We see from (3.12) that

IR 2 = (4, (IULP)PY) + BRI (PY)) (e
= 2k [ P P ds
_ oR / t / (VP P(s)V ) dr ds
= / / SNV EHTE P(r)hV ) dr ds,

where we have used the facts that P* = P and P(r)P(s) = P(s)P(r). Since P?> =1

we have also that
1P = (e, (U P)LP) + (P (P)) + I§(FP") ) (1))
= 2k [ RPN e ds + [ (e
~ on / / Y1V &, VP (s)e) dr ds + |6
= RPN + e

where the last equality holds as P(s) anticommutes with V, if » < s. Hence

DI BOLENE =Y M5 (P) )& P <ty g,

pn>0  v>0 >0 n=>0

so & € D(B) for any & € $ and || B(t)¢]| < VE||€][, so B(t) € B for all t € [0,1]. As
B is a *x-algebra the same statement holds for B*. This working (or rather, a slight

variation) shows that
B(s)B*(t)+ B*(t)B(s) =T (s At) Vs, te]0,1]
i.e., that B and B* obey (one of the) canonical anticommutation relations (see [BrR}).

|
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Our methods allow us to reproduce the quantum It6 product formula for bounded
processes (see [HuP, Theorem 4.5], [AtM, Théoreme 4], [Att, Theorem 3]).

Proposition 3.4.7 For o, € {0,1} let Fg,G§ € £, where p := 22 — o — 3)7",

be adapted processes and let
M= > "I§(F}) and N := > I(GY).
(a,8) (a,3)
If M, N € £ then
MN =Y " I§(MGY) + I§(FIN) + I (F{GY).
(a,3)

Proof
From the definitions of M and N, the identity (3.12) yields the equality

n
N
E MEN]
=0
n—_3 n—ao n—1

= > IO MG+ TGO (FDN™+ 1§ (F))(GL) ).
(a,8)  7=0

= =0 =0

The left-hand side converges strongly to (MN)# almost everywhere. Now for all
t e 0,1]

n—0 n—0
1> M@EPGLN I = 1D EusM()ELEGLHE; ||
=0 =0

< MO G,

and Zz;g M (t)“=PGB(t)r_,, converges strongly to (MG)(t)‘V‘:g Hence, by Proposi-
tion 3.1.6,
n—_3
D50 MA(G)T) =5 Y IS(MGY)
(a,8) m=0 (e, 8)

as n — 00. The two other terms may be handled similarly.
O

Note that if Fjj and M are as in the proposition above, to show that M € £§ it
suffices to demonstrate that (I1(FL) + I3(FY) + IX(FY))(t) € B for all t € [0, 1], by
Propositions 3.1.4, 3.2.15 and 3.2.16.
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()-Adapted Processes

We turn now to integrals of 2-adapted processes, which have a quite different It6

formula to that obeyed by integrals of processes that are adapted.

Proposition 3.4.8 Let «,3,7,0 € {0,1} and let F € £°, G € £9 (where p =
22—a—0)"1and q=2(2—~v—0)"') be Q-adapted. The identity

I5(F), 1} (C) = 313, L (G)) + 090 (L5 (F).G7) + F3 3 (Fya @)
holds for all m > 0. Furthermore, if F € £4, and G € £ then
I§(F)IJ(G) = 00IZ(FIJ(G)) 4 6313 (I (F)G) + §5 I} (FG). (3.13)

Proof
Recall that

(B4 f) (o ts) = [ [ xoa @) (- 8),
=1

so that V,Eqf = 0if s > . From the identity (3.5) we see that

(& I5 (F) ()R 15 (@) ) m)
= (I2(F) )58 LG (O7m)

_ /0 t /0 (VO (r)EaVEE, VG ()T 0V ) dr ds
+/Ot /OT(V‘;F*(T)Z_%V?@ vge(s)gijvgm dsdr
37 [ (Ve G ds
= 3 [ G, Vi ds
i [P0,V RO

T g2 / (V3€, F(s)" 06 ()5 V1) ds
= S T IS(F)CT) () + 586 T (FLT (G ) ()
+ é?<£7 ]’ﬁy(Fw—lGﬂil)@)ﬁ?ﬁ

which gives us the first result. The statement about bounded processes is immediate,

all the terms are bounded.
O
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We may use this proposition to provide the product It6 formula for {2-semimartingales.

Corollary 3.4.9 Let M and M’ be Q-semimartingales, with initial values z and 2’,

respectively, and integral representations
dM = EdA + FdA+ GdAT + H dt

and
dM' = E'dA + F'dA + G'dAT + H' dt.

The process MM’ is a Q-semimartingale, with initial value zz' and integral represen-

tation
d(MM’) = (zE’ +7FE + EE/) dA + (]\/[F’ + ZF + FE’) dA

+ (2G' + GM' + EG') AT + (MH' + HM' + FG')dt. (3.14)

Proof

The fact that MM'(0) = z2'I is trivial, and the integrands in the supposed
integral representation of MM’ are easily seen to be well-defined and to satisfy the
appropriate integrability conditions. The fact that they are Q-adapted follows from
observing that M F' = (M — zI)F' + zF’, etc. Finally, if we let

(BE,F,G,H) = (F!,F),Fy,F)) and (E', F',G', H') = (G1,GY, G§, GY),
Proposition 3.4.8 yields the equality
(M —zI)(M' = 2'T)
= Y IS B(G)
(a,8) (7:9)

= > > SGIELG)) + SIF(F)G) + F I3 (FGY)

(e.B) (7,9)
1 1
= D IYFNM = Z1)+ ) IG(M - 2D)GY) + Y I(FYGL)
B8=0 a=0 (e, 3)

1
= (M =2+ 2> INF) = 2(M = 2Z1)+2) I(GL)
B=0 «
1 1

+ Y ISEIM) Y IS (MG + > IS(FYGL).
6=0 a=0 (o)
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Translating this into the notation used in the statement of the proposition gives

MM' —22'I = I[(ZE+z2E' + EE")+ I,(?’F+ MF' + FE')
+ I)(:G'+ GM' + EG') + I§(HM' + MH' + FG'),

as claimed.
O

This proposition shows that the class of 2-semimartingales forms a *x-algebra when
equipped with the obvious algebraic structure. We have the following polynomial 1t6

formula; cf. [Vin, Lemma 4.1] and Theorem 3.4.6 above.
Proposition 3.4.10 Let M be a Q2-semimartingale, with integral representation
dM = EdA+ FdA+ GdA" + H dt
and initial value z. For n > 1 we have that
M" = 2" +1(E,) + Ij(F,) + I)(G,) + I (H,,), (3.15)

where E,,, F,, G, and H, are bounded, Q)-adapted processes given by

E, = (z2I[+E)"—2"I, (3.16)

F, = Y M°F(zI+E), (3.17)
a+pB=n—1

Gn = Y (:+E)"GM”, (3.18)
a+pB=n—1

H, = Y MHM’ + > M°F(:I+E)°GM",  (3.19)
a+pf=n—1 a+f+y=n—2

the summation being taken over non-negative integers.

Proof

The proposition is seen to be true for the case n = 1. We proceed by induction;
suppose M* has the form above. Then M* is a Q-semimartingale, as is M, whence
so is their product M*+1 = M*M, and

d(MMY = (2B, + 2*E + EyE)dA + (2F + M*F + F,E) dAT
+ (2"G + GxM + ExG)dA + (HyM + M*H + F,G) dt
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by the product formula (3.13). Simplifying gives the identities (3.16)-(3.19) above;
for example
M*H + H.M + F,G
= M'H+ Y MHM*'+ Y M°F(:I+E)°’GM™!

a+pB=k—1 a+B+y=k—2
+ > M°F(:I +E)°G
a+p[B=k—1
= > M°HM"+ > M°F(zI+E)’GM"
a+B=k atpBt+y=k—1

as claimed.

3.5 Multi-Dimensional Calculus

We show that the theory above generalises in a natural manner to the case of count-
able multiplicity: the base space L?[0,1] is replaced by L?([0,1];€), where £ is some
separable Hilbert space. The formulae developed above have the same appearance in

this situation and their proofs require little, if any, modification.
The Gradient

Let ¢ denote a separable Hilbert space, and let (e;)Y, be a maximal orthonormal
sequence in ¢ (Hilbert basis), where N € NU {co}. By convention {1,..., N} has
its usual meaning if NV is finite, and denotes N if N is countably infinite. A similar
meaning is given to expressions like & = 1,..., N. We consider the Fock space
$ =T (L*([0,1];8)); the case N = 1 corresponds to the situation discussed above.

Proposition 3.5.1 Letn > 1 and let f € €. The map

Vo(£)n™ = 0% = Vn(f, d)ep™" (3.20)

extends to a bounded linear operator V(f)"~! from b, to L*([0,1];b,_1), such that
IV(OI = vrllfll. In particular, V(f) € D1($; L*([0,1];9)) has growth of order 3,
where V(f)4:=0if u #v — 1.

Proof
To prove this we split V(f) into three maps,

By —= b © b, = L2([0,1]) ® b,y —= L2([0,1]; b 1),
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where b := bh; = L?*([0,1]; €). Consider first the map T}, whose action on the dense
subspace lin{¢p®" : ¢ € h} is given by

Ty : %" = dp @0 ' €h @b,y

and linearity. It is easy to verify that T} is well-defined, and since

(T1¢™", Tip™") = (¢ @ ¢™" "L @ " 71) = (¢, ¥)" = (¢, ¥™"),

we see that T} is an isometry, and so extends to an isometry from b, to h ® b, .
Now let T4 : ) — L*([0,1]); 6 = (f.9). As

1726 = / (650 ds < |12 / [6(s)]I? ds = [I7]12]16]1

we see that Ty has norm at most || f||; taking ¢ = f shows that this upper bound is
attained. We define Ty : h @ b,,_1 — L*([0,1]) ® h,,_1 by setting Ty = \/nTy @ idy, .
The map T3 acts on lin{f @ & : f € L*(T), £ € h,_1} by

(Tsf @ &)(s) = f(s)¢

and linearity, and as

(Tof © €, Tog @ ¢) = /T F(s)g(s) ds(€.0) = (f @ €,9® ),

we see that T3 is an isometry (in fact, it is the natural Hilbert-space isomorphism
L?[0,1] ® bn—1 = L2([0, 1]; hn-1)).-
Since Vo(f)"! = T3TyT, on lin{¢"}, we let V(f)"! = T3T5T; and note that

n

VNI = vrlif]l, as claimed.

|

We denote the adjoint of the gradient by \V (f). The action of v (f)&*" on the set
{u(-)p®" :u € L?[0,1], ¢ € b} is given by

1 d )
\/m a(gb + ZL‘U()f)® i - ) (321)

and this defines V(f)i™" everywhere, as this set is total in h,. (As we remarked in
the proof above, L?[0, 1] ® by = L2([0, 1]; h,) via the identification (u® &) (t) := u(t)E,
and Hy ® Ky is dense in H ® K if Hy and Ky are total subsets of the Hilbert spaces
H and I, respectively.)

V() ()¢ =

The N-dimensional analogue of the quantum Skorokhod isometry (2.4) is the

following.
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Proposition 3.5.2 If 4 >0, f,g € ¢ and ®,¥ € L*([0,1];h,) then

(V (L0, 7 ()W) = (f,g)(®, W)

Proof

Without loss of generality we may assume that ® = u(-)¢p®* and U = v(-)y®*,
where u,v € L?0,1] and ¢,¢ € L*([0,1];€). Using (3.21) we see that the left-hand
side of (3.22) equals

2

ox y

(p+1)7" (@ +au() f, v +yv()g)" ™

z=y=0

— 0 (o + zu(-)f,v(-)g){od + zu(-) f, L)

ox -

= (u()f,v()g) e, )" + (b, v()g) (u()f, ¥} (o, )",

and this is equal to the right-hand side of (3.22).

QS Integrals

To make our notation similar to that used earlier, let V* := V(e,) and V¢ :=
(V) (t) fora=1,..., N. We define o’ by

o 0 a=0
11 a>1

for a € {0,...,N}. The following proposition defines the (N + 1) QS integrals in

the same manner as Proposition 3.1.1 did for the one-dimensional case.

Proposition 3.5.3 Let a,3 € {0,...,N}. For all F' € £P there exists a unique
process I§(F) € £ such that

(€ TS(F)(0)) = / (V3€, F(s)i=2 v ds (3.23)

forallt € [0,1], p,v > 0 and & € b,,n € b,. The mapping I§ : £ — £ is linear,
satisfies the identity I§(F)* = IJ(F*) and is such that I§(F) = 0 if F(t) = 0 for
almost all t € [0,1]. Furthermore

el ’
2

EE) O < wzv = ([FLZ0 (3.24)
forallt € [0,1], so I§ : LP — L is continuous.
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Adaptedness

Let a € {1,...,N} and for 0 < s <t <1 let fst Vi dp € D, be the super-diagonal

matrix with entries given by
t t
([ vpam e [ 0w ar
We see from this that ||( [V, dp)h=t|| < (t - 5)7 /1.

Definition 3.5.4 The process F' € £ is V-adapted if, for all a € {1,... N} and
s €10,1]
t t
/ Vo dp F(s) = F(s)/ Vodp Vitels 1]

Equivalently, for alla € {1,...,N}, p,v >0, s€[0,1] and f € b,
VER(s)f = F(s)iVef (w13 5)

This definition is the natural generalisation of the one-dimensional case, and is exactly

what is required for the proof of the local It6 formula.

Proposition 3.5.5 Let a, 3,7,0 € {0,...,N} and let F € £°, G € £7 (where p =
22— =) tand q=2(2 -+ —8)"1) be V-adapted. Then

(5 (F) (B, 1 (G (1))
= (& (R BG) + BULE ), G) + IUEL 5 G (1))

for all p,v,m>0,£ €h,, n€ b, and t € [0,1].

Proof

This follows the one-dimensional proof, which relies on the integration-by-parts
formula (3.5). To prove the N-dimensional version of this, we note that the only
difficulty occurs when ' = ¢’ = 1, and then we use the generalisation of the quantum

Skorokhod isometry, (3.22).
O
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Chapter 4

Quantum Stochastic Differential
Equations

We consider solutions of the quantum stochastic differential equation (henceforth

QSDE)
U(0) =idg, dU(s) =U(s)E(s) dA+U(s)F(s)dA(s)+U(s)G(s)dAT(s)+U(s)H(s) ds

where the coefficients F, F', G and H are time-dependent, bounded, adapted processes
acting on the whole Fock space. We provide sufficient conditions for a solution to exist
in terms of integrability requirements for the coefficients. The solution is shown to be
isometric if certain conditions are satisfied, which are a straightforward generalisation
of the conditions of [HuP, Section 7]. We recall Attal’s example of an isometric
but non-unitary process with coefficients that satisfy the necessary conditions for
unitarity, showing that these conditions are not sufficient. We note two sufficient
conditions for unitarity, neither of which is necessary.

We investigate a modified version of the evolution equation, where the coefficients
are bounded, Q2-adapted processes. We demonstrate the existence of a unique solution.
Conditions that are necessary for the solution to be unitary are found and we show
that, in contrast to the adapted case, these conditions are also sufficient for the

unitarity of the solution.

4.1 Preliminaries

Throughout this section we deal with $), Boson Fock space equipped with the initial
space H. We introduce enough of the standard theory of quantum stochastic calculus
for our needs; more details can be found in [HuP], [AtM], [Mey| and [Par].
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We let &, denote the linear span of the set of exponential vectors corresponding
to elements of L>[0,1], i.e., &, := lin{e(u) : u € L*®[0,1]}, and let & denote
the algebraic tensor product of the initial space with &,; this space is dense in 9. A
process ' = (F(t) : t € [0,1]) is a family of operators with common domain including
&, such that ¢ — F(t)f ®e(u) is strongly measurable for all f®e(u) € &p. A process
is adapted if it satisfies the equality

(f@e(u), Fit)g@e(v)) = (f@e(uy), F(t)g © e(vyg))(e(up),e(ve))  (4.1)

for all f ® e(u),g @ e(v) € &y and all t € [0,1] (cf. Section 3.2). If E, F, G and H

are adapted processes that satisfy

/O u(s)PI1E(s)f @ e(u)ll* + [u(s)| | F(s)f @ e(u)]
+IG(s)f @ e(u)lI* + |1H(s)f ® e(u)| ds < oo (4.2)

for all f ® e(u) € &y then the quantum stochastic integrals
t
M(t) = / E(s)dA(s) + F(s) dA(s) + G(s) dA(s) + H(s) ds
0
are well-defined as the unique adapted process with domain &y, such that

U ® e(u), M(t)g ® £(v)) = /0 (f ® e(u), (@E + vF + TG + H)(s)g ® £(v)) ds.

The following is a slight extension of a special case of Hudson and Parthasarathy’s
quantum It6 formula [HuP, Theorem 4.4], which is sufficient for our needs. For
p € [1,00] we say that a process X is p-integrable if t — || X (t)f @e(u)|| is an element
of L?[0,1] for all f ® e(u) € &Ep.

Lemma 4.1.1 Let E, F and G be square-integrable, adapted processes and let H be
an integrable, adapted process. The process M given by

M(t) = / " B(s) dA(s) + F(s) dA(s) + G(s) dAT(s) + H(s) ds
0
is well-defined and such that, for allt € [0,1] and f @ e(u) € &Ep,
M) f@e(w)]? = 29%/ s)f @e(u), (Jul’E + uF +uG + H)(s) f @ e(u)) ds

¥ / [(uE + G)(s)f @ (u)|*ds. (43)
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Proof

The conditions on the integrands are sufficient to ensure they satisfy (4.2) for all
f®@e(u) € Ep, so M is well-defined. If H = 0 the norm equality is immediate from
[HuP, Theorem 4.4]. Otherwise, let N = [ EdA + FdA+ G dA™:

M@ f@e]* = IN@f@e()l®+ H/ H(s)f ® e(u) ds|*
+ 2%/ ) f @e(u), H(s)f ® e(u)) ds.

If we rewrite the right-hand side of this equality to give us what we want, we have a

remainder term

o / M(s))f ® e(u), H(s)f @ £(u)) ds
—2§R/ / rf @e(w), ([u*E +uF +uG + H)(s)f ® e(u)) dr ds,

and the first term in this expression is equal to

25}?/(: /t((|u]2E+uF—|—HG+H)(7’)f®€(u),H(s)f@a(u)>drds

using the adaptedness of M and H (and the techniques in Appendix A.4). This shows

that the remainder term is zero and so (4.3) holds.
|

It is a consequence of the quantum It6 formula ([HuP, Corollary 4.2], [Att, Lemma
14]) that t +— M(t)f ® e(u) is continuous for all f ® (u) € Ep.

4.2 The Evolution Equation

In [HuP, Section 7] Hudson and Parthasarathy solve the evolution equation
t
U(t) =idg + / U(s)(Ly dA(s) + Ly dA(s) + Ly dAT(s) + Ly ds),
0

where the driving coefficients Ly, ..., L, are (ampliations of) bounded operators on
the initial space ‘H. They provide necessary and sufficient conditions on these co-
efficients for the solution to be unitary: we say that the coefficients satisfy the usual

conditions (which are necessary and sufficient for unitarity in this case) if

(Ll, L27 Lg, L4) = (w — id')-(, l, —U}l*, ik — %ll*>
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where w, [ and k are bounded operators on H, with w unitary and k is self-adjoint.
This problem may be extended in two ways.

One approach is to consider unbounded operators on H; this has been dealt with
in depth by many authors (see, e.g., [App], [Eva], [Fag], [MoS], [Vin3]) and will not
concern us here. The other alternative is to let the driving coefficients act, not just
on 'H, but on the whole space $, and to consider time-dependent instead of constant

coefficients, i.e., processes. The evolution equation becomes
t
Ut) = idg+ / E(s)U(s)dA(s) + F(s)U(s) dA(s)
0
+ G(s)U(s)dAT(s) + H(s)U(s) ds (4.4)
(we have the driving coefficients on the left for technical reasons, e.g., domain consid-
erations). This problem has received little attention in the literature (but see [Hol2]),

however the following proposition is probably well-known; we learnt of it from [Att3]

(the proof is our own, but follows a standard pattern of reasoning).

Theorem 4.2.1 If E,G € L*([0,1]; B(9);) and F, H € L'([0,1]; B($)s) are adapted
processes then the evolution equation (4.4) admits a unique solution on the domain

En. If the driving coefficients satisfy the usual conditions
(BE,F,G,H) = (W —idg,L,-WL",iK — %LL*) (4.5)

where W (t) is unitary and K(t) is self-adjoint for almost all t (which implies that
E e L=(0,1]; B(9),) and F € L*([0,1]; B(H),)) then the solution is isometric.

Proof
Let X, =idg and for v > 0 define X, .1 to be the process

X,,H(t):/o E(5)X,(s) dA(s)+F(5) X, (s) dA(s)+G(s) X, (s) dAT(s)+H (s) X, (s) ds.

The conditions on the driving coefficients E, F', G and H, together with the strong
continuity of X, on é:lb, ensure this definition is a good one. From (a slight extension
of) [Att, Lemma 14] we have the estimate

[Xo1()f @e(u)]| < 0/0(IIE(S)H2+||G(8>||2)||Xu(8)f®6(U>Il2d8

+ C(/O (F I+ IH ) DIX () f @ 2(u)] ds)
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where C' = (||u||2, V 1) exp(5||ul|%,), so setting
a(s) = [E(s)I* + IG)I” + 201 F )l + [[H (s)]]) /Os LE )+ [1H () dr

we have that

1011 ()f © @ Pyonsy < C / o) [ X, ()f © ()25 s (4.6)

C’”(/ a(s)ds)”/v!
C*UI BNz + IFIE + NGl + I HIE)” /2.

IN

IN

Thus U = ) ., X, is a strongly continuous process on &, and it is easily verified
that it satisfies (4.4). Uniqueness follows by taking the difference U — V' of two
processes that obey the evolution equation and using the inequality (4.6), with ‘X, 1’
and ‘X, replaced by ‘U — V’. The proof of isometry follows from Lemma 4.1.1.
Since the process U is strongly continuous and the usual conditions imply that F' €
L3([0,1]; B(9),), Lemma 4.1.1 gives (after some algebra) that ||U(¢) f ®@e(u)||? is equal

to

If @ e(w)|*+ /0 (U(s)f @ e(u), (|ul*Cy + uCy +uCs + Cy)(s)U(s) f @ e(u)) ds.

Here
Ch E+FE + E'FE
Cy | F+G"+G'E
Cs | | G+F*+EG |’
Cy H+ H*+ GG

and it is easy to see that the usual conditions cause the C; to vanish. In fact we can
see from this that W being isometric (together with K self-adjoint) is a necessary

and sufficient condition for the solution to be isometric.
O

It is a direct consequence of the quantum It6 formula for bounded processes that
the conditions (4.5) are necessary for unitarity. They are not sufficient, however, as

the following example demonstrates.
Example

For all t € [0,1] let K(t) := M nw () be the Fock space operator corresponding
to the bounded operator that acts on Wiener space as multiplication by sgn W (%),

the sign of Brownian motion W at time ¢. It is immediate that K(¢)? = idg and

89



K(t) = K(t)*, so K(t) is unitary, and measurability of the process K follows from
the joint measurability of [0, 1] xQ > (¢,w) — W (t,w). By Theorem 4.2.1 there exists
an isometric process T that satisfies the QSDE

T(t) = idg + /0 (K(s) — idg)T(s) dA(s).

It may be shown that 7'(1) corresponds to the martingale-preserving endomorphism

of Wiener space

W W; W(t) = /O t sgn W (s) AW (s)

(see [Att2, 11.2]) called the Lévy transform, which is non-invertible (by Tanaka’s
formula and consideration of the filtration generated by W: see [ReY, Corollary
VI1.2.2]). Thus T'(1), and furthermore 7'(t) for all ¢ # 0, is not unitary. This example

is due to [Att2, 11.2.4, pp. 56-57].
O

We see from this that a naive generalisation of the conditions of [HuP] is not pos-
sible, and that the problem of unitarity is a ticklish one. We present two sufficient
conditions, neither of which are necessary, as is easily verified.

Given an isometric solution U, unitarity of U is equivalent to the regular quantum
semimartingale Z = UU™* —idg being identically zero. Using the quantum It6 formula

we see that Z has the representation

Z(0) = 0,
4Z = (WZW* = 2)dA + (LZW* — ZLW*)dA
+ (WZL = WL Z)dA! + (i[K, Z) — MLL*, Z} + LZL*)dt, (4.7)

where [x,y] := xy — yz is the commutator of z and y and {z,y} = xy + yx the

anticommutator.

Definition 4.2.2 A process of bounded operators F' is obvious if there exists a par-
tition T = {0 =1ty < --- <t, =1} such that

F(t) €4t (B9, ) ®ids, Vi,  YtE€[hrty), k=1,...n  (48)
where, for s € [0, 1],

35_1(6(*68}) ® idﬁ(s>js = {]s_l(A ® idﬁ(s)js t A€ B(’%S])}
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It is clear that being obvious implies adaptedness. Conversely, if F' is a bounded,

adapted process and G is defined by

F0) teloe
G(t):{F(t—e) telel]

where € > 0 is fixed, then G is obvious. This extreme form of previsibility (cf. the

classical theory of stochastic processes) is sufficient to guarantee unitarity.

Proposition 4.2.3 If the driving coefficients satisfy the usual conditions and are

obuvitous then the solution to the evolution equation is unitary.

Proof

We assume that W, K and L are obvious with respect to the same partition,
{0=s9<s < <8, =1} We fix u,v € L=[0,1] and define 6 : H* x [0,1] — C
by

0(f,9)t) = (f@e(u), Z(t)g®e(v)),
= (U(t)f @e(u), U (t)g ®e(v)) — (f ®e(u),g ®e(v))
where Z is the regular quantum semimartingale UU* —idg. If ¢ € [0, 1) then we may

write K(t) = Ko(t) ® idg for some Ky(t) € B(H), and similarly for L and W. By
(4.7) we see that

000 = [ (COFELW56)9)6) — 0 )T
+OUL(5)1. W (5)9)() = 07 L) W3 (s)g) (5))o(5)
+ (B3 (5)1. Lif)0)(5) — B(La(s)W3 (3)1.)(5))(5)
— 0(iEo(),9)(5) — 00 Kn()9)(5) + O(Li()]. Lif£)g)) (o)
— (3 Lo(5) Li(s)f. 9)(s) — 0, $Lo(s)Li()9)(5) ) s

V)

SO

0(f,9) ) < (llulloo V 1)([Jv]|ec V 1)/ Z 0(Xo(s)f,Yo(s)g)(s)|ds (4.9)
O (xv)

where the sum is taken over all pairs in

{(ids,idg), (W=, W), (L*, W*), (W*, L*), (idg, LW*), (LW*,id3),
(iK,idg), (idg, iK), (SLL7,idg), (idg, ALLY), (L*, L*)}.
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[terating this we see that

0(f,9))] < /A(t Z OCXG (t) - Xo (01) £, Y5 (ta) -+ Y5 (t2)g) (ta) ] dt

< /nt > HHX] JHIYS @)l dt]|f @ ew)ll g © (o)

(XY]l

20"
<

/ Z [ Xo(s) Il Yo(s)l ds)"[[f @ ()]l lg @ e ()]

where C' = (Hu”oo\/l)(Hvavl), An(t) is the region {(t1,...,t,) : 0 <t, < -+ <t; <
t} and the sum }x v is the n-fold sum - 1 y1) 32 xn yny. Letting n — oo we
see that O(f,g) =0 on [0, s;), and so U is co-isometric there. Since t — Z(t)u @ e(f)
is a continuous map, U is co-isometric on [0, s1].

To complete the proof we now regard f)sk] as the initial space. That is, we assume
that Z = 0 on [0, s;] and consider the bounded, adapted process on S%Sk] ® $1—sy]
defined by

Zi(s) = ®(s1) Z (s + 55,)D(55)"

for s € [0, 5441 — s,) (and, say, zero elsewhere), where ®(t) is the isometric isomor-
phism between $ and f)t] ® $1-4 that acts on £ = H®E as

f@e) s (f®e(uy)) @s(u(-+1)

(see Appendix A.4). Note that if s € [0, sg11 — sk)

5 S+Sk
+ B (si) / E(Z)(r)dA(r) + F(2)(r) dA(r)
+ G(2)(r)dAT(r) + H(Z)(r) dr §(s;,)*

where E(Z) = WZW* — Z, etc. Lemma A.4.1 gives that

Z(s) = 08 é(sk)E(Z)(r + sk)cf(sk)* dA(r) + -+ + Cf(sk)H(Z)(r + sk)(f(sk)* dr.

Writing W (r + s,) = Wi(r) ® idg,  we have

O(si)E(Z)(r + si)®(s1)" = Wi(r) Zi(r) (W) (r) — Zi(r) =: Ex(Zi)(r),

where Wy (r) = Wy (r) ® idg, _ |, and similarly for the other integrands. Thus
Zi(s) = / Ew(Zp)(r)dA(r) + Fi(Zy) (r) dA(r)
0
+ Gr(Zy)(r) dAT(r) + Hy(Zg) (r) dr
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for s € [0, sp41 — Sk ), S0 same argument as above shows that Z®*) = 0 on [0, 8341 — si).
Hence Z = 0 on [sg, sk1] and so everywhere, whence U is a unitary process, as

claimed.
O

The following proposition gives unitarity of an isometric solution if the map ¢ —
U(t) is (norm) continuous. This seems to be a very strong requirement for the adapted
case. For Q-adapted QSDE’s, however, the subject of our next discussion, this idea

does allows us to establish unitarity.

Proposition 4.2.4 Let ¢ : [0,1] — B(H) be a isometry-valued function, where H is
a Hilbert space. If ¢(0) is unitary and there exists a partition of [0,1], {0 =ty < t; <
oo < t, =1}, such that

||QZ5(S) - qb(tk_l)H <1 Vse (tk—latk]7 k=1,....,n
then ¢(t) is unitary for all t > 0.

Proof
Suppose ¢(t) is unitary for all ¢ € [0,¢,]. If s € (tx,tr1] then

1= (k)" o(s)ll = llo(tr)"(D(tk) — ¢(s))]l < Nl@(Er) — P(s)]| < 1,

so ¢(tg)*¢(s) is invertible, by the basic criterion for invertibility, and so ¢(s) is in-

vertible, as the units form a group. Since ¢(0) is unitary by assumption, we are done.

O
4.3 ()-Adapted QSDE’s
Now we study the modified evolution equation
1 1
U=Us+ Y IJLEU)+ Y INLY) =Ug+ Y I§(LIU™), (4.10)

p=0 p=0 (e,0)

where the processes L € L4 are Q-adapted and Uy € £§ is such that Uy — I is
()-adapted. In the notation used for the first part of this section, this equation is

written as
U(t) = Up(t) + /0 Li(s)dA(s) 4+ LY(s) dA(s) + Li(s)U(s) dAT(s) 4+ L3(s)U(s) ds.

We show that a solution always exists and if the coefficients have the usual form and

the initial condition Uy = [ then the solution is unitary.
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Theorem 4.3.1 For each (o, ) € {0,1}* let Ly € £ be an Q-adapted process
(where p=2(2—a—B)71) and let Uy € £y be such that Uy — I is Q-adapted. There
exists a unique process U € £ such that U — I is Q-adapted and

U=Ug+ > I5(LEU"™).
(e.8)
Proof
Let

1 1
UO = U+ I3(LY), U™ =0+ IYLgu) (n> 1),
B=0 B=0

Note that U € £ and if U® € £ then

1
Ukt — O Z[g(LgU(k)) € £%,
5=0

so U™ is well-defined for all v > 0. Furthermore U® — I is Q-adapted, and if U®) — T
is (-adapted then

Uk — 1 =00 — 1+ IY(Lg(U™ — 1) + L)
B

is Q-adapted. Hence U™ — I is Q-adapted for all v > 0. Let

1
AU =00 AUM = U™ — gD =N " IHLGAUCD) (0 > 1).
£5=0

It is clear that AU®) ¢ £y is Q-adapted for v > 0, and so by Theorem 3.3.5

55

IAT 1%, < 2H(LOATT D)%, + 2L (LeAU )2,

IN

1 —
2 [ a(e) |30 ds
0

2n
n!

IN

( / a(s) ds)" [TO2,

for all n > 1, where

als) = | Ly(s)I* + 2| L§ ()l /0 IL6(r)]| dr.

Hence

=) ~ v a v
S AT oo < MU oo 25 (LS5 + 1LY % / V! < o0,

v>0 v>0
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so [U™)] converges in L35 to some [U’], and [U’ — I] has an Q-adapted version, by the
comment after Proposition 3.3.3. Thus if U := Uy +3_, 5 I§(L5(U')' =) then U — I

is Q-adapted, and since
5L (U = U™)) oo < NLQIIMIIT" = U™l — 0
as n — 00, we see that U € [U’] satisfies the integral equation
U =Us+ I (L)) + Iy (LY) + I} (LoU) + I (LJU).
For uniqueness, suppose V' € £§ is such that V' — I is 2-adapted and satisfies

V=U+ > I§ILV'™)
(a76)

Let Z:=U—-V = 2;1320 Ig(LgZ); 7 is Q-adapted, so

n

. t . 2 t A
121 <2 [ a2 ds < 25 [ als) s 2],
0 : 0

so U =V as claimed.
O

When Uy = I the usual conditions are necessary and sufficient for the unitarity of

the solution.

Theorem 4.3.2 For each (o, 3) € {0,1}? let LG € £ be an Q-adapted process. If
U € £3 is the unique process such that U — I is Q-adapted and

U=T1+>» I§LIU'™)
()

then U is unitary if and only if
(L1, LY, Ly, LY) = (W — I, L, —-WL* iK — sLLY),

where L € £3,, K € £ is almost-everywhere self-adjoint and W € £ is almost-

everywhere unitary.

Proof

Since U is a (2-semimartingale we have that

UU—1 = Y I§((U)P(LE+ (Lg)" + (L) LYU'™) (4.11)
(o)
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and

UU*—1 = Y I§LYUU'+ (UU) L) + LY(L])T),  (4.12)

(a,3)
by (3.4.9). Thus if U is unitary then, by (3.1.7), the integrands in (4.11) and (4.12)
must be zero almost everywhere. After a little algebra we see that L must have the

usual form, i.e.,
(L1, LY, Ly, L) = (W —I,L,—~WL* iK — %LL*),

where L € £4 K € £} is self-adjoint (a.e.) and W € £3 is unitary (a.e.).
For the converse, note first that (4.11) gives that U is isometric, and if Z = UU*—1
then
Z=I1(—ZLW*)+ I}(-WL*Z) + I (i|[K, Z) — Y{LL* Z})
(where [x,y] := zy — yx and {x,y} := 2y + yx). Since Z has this representation and

is Q-adapted, t — Z(t) is norm continuous, and so uniformly norm-continuous on

[0,1]. Hence there exists a partition {0 = sg < s < -+ < s, = 1} such that
| Z(s51) — Z(t)|| <1 YVt € (sp1,56), (k=1,...,n).

Suppose that Z(s,_;) = 0; then || Z(t)|| < 1 for t € (s,_1, sx] so Z(t) + I is invertible

for ¢ in this interval. We know that U is isometric, so U is unitary on (sx_1, sg):
0 = [ = OO0 = 0 = 0 = (00" = U0 = 00~ (00%) 1 = I

Thus Z = 0 on (sg_1, Sg). Since Z(0) = 0 we see that Z = 0, i.e., U is unitary, on
0,1].

0,1 ]
In the above, the requirement that K must be 2-adapted is not a great restriction;
take any self-adjoint, bounded process K’ € £} and let K = EK'E. The fact that
W must be unitary and W — I must be (2-adapted is a constraint, but there are still
plenty of such processes. Indeed W = I is one, and then Theorem 4.3.2 provides

plenty more.
Motivation

Suppose U € £§ is such that U — I is Q2-adapted and satisfies the evolution equation,
ie.,
U=1+Y I3(LIU),
(a.8)
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where the driving coefficients L € L4 are Q-adapted. If U is a unitary solution then

we find that these coefficients satisfy the following equations:
0 = Lo+ (Lg)" + (L)L)
0 = Li+ (Lo)'U" + (Lo)"Ly;
0 = LU+U (L))" + LUU*(LY)%;
0 = LiU+U (L))" +U*(L)"LiU.
From these we deduce that

(Ly, LY, Ly, LY) = (W — U*, L, -WU*L*,iK — LLL"),

where K is a self-adjoint process and W a unitary one, and if we write M = LU we

see that the evolution equation takes the form

U=1+Y IgMIU™)
()

where
(M, MY, My, Mg) = (W —I,M,-WM?*iK — LM M").

This is our justification for studying the modified evolution equation (4.10).
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Appendix A

Technical Results

A.1 Measure Theory

Proposition A.1.1 Let X and Y be Banach spaces with X separable. There exists
a sequence of unit vectors (z,)n>1 € X such that ||| = sup{||Px,| : n > 1} for all
¢ e B(X;Y).

Proof

It is not difficult to see that {z € X : ||z|| = 1} is separable; one way is to note
that X \ {0} is separable and = +— z/||z|| is a continuous surjection. Let (z,)n>1
be a dense subset of {x € X : ||z| = 1}. Let ® € B(X;Y), let € > 0 and choose
x € X such that ||z|| = 1 and ||®z| > ||®|| — €/2. There exists n > 1 such that
Iz = zall < €/2]| ][, s0

1] < [|P]| + €/2 < [|B(z = @n)[| + |Pzn]| + /2 < ||z + ¢,
i.e., ||Px,|| > ||P|| — €. Since this holds for all € we see that
@] = sup{[|®zy] : n > 1}

as claimed.
O

Lemma A.1.2 ([Din, p. 102, Proposition 17]) Let X and Y be Banach spaces,
X separable, and suppose ® : [0,1] — B(X;Y) is such that t — ®(t)x is strongly

measurable for all x € X. Then t — ||®(t)|| is measurable.

Proof
Let (x,)n>1 be as in Proposition A.1.1 and note that

B(6)] = lim | ()|
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Since t +— ®(t)xy is strongly measurable for all k, ¢t — ||®(t)x|| is measurable. Thus

|®(+)|| is the pointwise limit of measurable functions, hence measurable.
]

Lemma A.1.3 (Cf. [Vin, Lemma 3.3], [Din, p. 102, Proposition 16]) Let X
and Y be separable Banach spaces, let ¢ : [0,1] — X be strongly measurable and let
¢ :[0,1] — B(X;Y) be such that t — ®(t)x is strongly measurable for all x € X.
Then ®¢ : [0,1] — Y;t — ®(t)o(t) is strongly measurable.

Proof
Since ¢ is strongly measurable, there exist step functions (¢,,) such that ¢, () —

¢(t) almost everywhere. The map
k

where ¢, is supposed to be subordinate to the partition {¢;}, is strongly measurable.
By Pettis’ measurability theorem [Pet], t — £(P(t)p,(t)) is measurable for all £ € Y™,

S0
e S@(O(1) “E lim E(®(1)n (1))
is measurable. A further application of Pettis’ theorem gives us that ®¢ is strongly

measurable, as claimed.
O

A.2 Bochner-Lebesgue Spaces

Proposition A.2.1 Let X andY be separable Banach spaces. The Bochner-Lebesgue
space LP([0,1]; B(X;Y)s) is complete.

Proof

It is easily verified that LP([0,1]; B(X;Y)s) is a normed vector space, where we
identify functions that are equal almost everywhere. Suppose (f,)n>1 is a Cauchy
sequence; passing to a subsequence (fn, )>1 we may assume that || .., — fue |l < 27"
For m > 1 let

Im(®) = s O+ D s ) = frn (D
k=1

and define .
9(t) =l fur O+ D I faia (B) = Fu (B)]] € [0, 00].

103



Then t +— g(t) = sup,,,> gm(t) is measurable, as g, is by Lemma A.1.2. Since

lglly < 1 fanllp + D 1fess = Fonllp < Ifnllp + 1,

k>1

we see that g € LP[0,1]. Thus g(t) is finite for almost all ¢ € [0, 1], so
0 for = o+ 10D o = f
k=1

exists almost everywhere; let f(t) equal this limit when it exists, and set f(t) to be
zero otherwise. As ¢t — f, . ()¢ is strongly measurable for all £ € X and any m, f

has this property as well. In particular, ¢ — || f(¢)|| is measurable and

1Fllp < Wflly + D s = fanllp < 00,

k>1

so f € LP([0,1]; B(X;Y)s). Finally, note that

1F = Fanlly = 1D Frr = Flly < D275,

k>m k>m

SO fn, — [ as m — o0, as required.

A.3 A Multiple Series

Lemma A.3.1 Let n > 1 and suppose mo, mpy1 € {0,1,2,...} and a,b > 0. The

series

S(z1,yz) = > o Y ((mo V) + 1) (Vi) + 1)

m1>0 >0

X |mog — w170 |y = g [0
15 absolutely convergent for any z1,...,z, € C.
Proof
Let z = max{1, |z, ..., |z.|} and note that

Szl slzal) < Yoo D (Imo = ml + 1) (mo + 1)+ (Jmn = Tt | + 1)°

71220 T >0
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using that fact that zvVy = ((x—y)V0)+y < |[z—y|+y and (z+y+1) < (z+1)(y+1)
for any x,y > 0. Writing m; + 1 = m; — mp + mp + 1, and more generally

7Ti+1:7TZ'—7TZ;1+7TZ;1—"'—7T0+7T0+1
for ¢ > 2, yields the inequality

(mo+ 1)+ (mp + 1) < (mo + )" |7y — o + )"+ (|71 — Tps| + 1),

so that
(Imo — mi| + 1)+ (| — mnga | +1)°
S(lzil, ... |za]) <
(EIRNER) Z Z —— Ee———T
% z7r1+"'+7rn<7.[.0+ 1)“(”"’1)'
If we let

Ao = To, AL =T — Ty --vy Apil := Tpi1 — Tn

(which gives a bijection from Z"*! to itself) then
T+t m =X+ M)+ F Qo+ A+ ) S (4 1) Xo| + 0]+ + [Nl
S0

(Ac] + D)2 Dzmal (2| + 1)
S Z ’ Z <M 5
(2], - -, [2znl) 1 Z Z |)\1|vb [Ans1|t?

AMEZ An+1€Z
where M, := 2™+ (5 + 1)2(**+D | Hence
)Z/W

1/+1 a1
S(lzls-- - |zal) <M2HZ :

pn=0 v>0

where My := 2" 12" +070 (g 4 1)o(+1) " and this is finite by the limit ratio test:

2 a(p+1)
(V+ ) Hr+1)"" =0
v+1

as v — oo, for all u > 0.
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A.4 Time Shifts and QS Integrals

For ¢t € [0, 1] the map (f(t) i H — fjﬂ ® $1-4 which acts as

f @) = (f ©e(ug)) © el +1))

is an isometric isomorphism, as can be seen by considering the map 7; : H — f)t] QN
which acts as

u®e(u) — (f ® 5(ut])> ® e(ue)
and the second quantisation of the isomorphism between L?(¢, 1] and L?[0,1—t] given
by u — u(- +1).

Lemma A.4.1 Lett € [0, 1].
(i) If F is an adapted process in $ then s — ®(t)F(s + t)®(t)* is an adapted
process in 5%t] ® 531—t]-
(ii) Let q,r € [0,1] be such that ¢ > r. If F' is an adapted process such that
TthF(s) d=(s) exists, where Z(s) € {A(s), A(s), A'(s), s}, then
. g+t B q .
B(1) / F(s)d=(s) (1) = / B(t)F(s + D (1) d=(s)

+t
where the second integral is in f_)t] ® $1-y¢, that is, 5;),5} 15 regarded as the initial space.
Proof
It is easily verified that s — ®(¢)F(s+t)®(t)* is adapted as a process in S%t} @14
For (ii), note that

g+t

(f @ =(u), / F(s) d=(s)g ® £(v)

r+t

= /q (f @ e(u), F(s)g @ e(v))(s) v(s)*ds

_ /q<f®g<u),F(s+t)g®s(v)>a(s+t>%(s+t)ads

= [0 F @ ) ® ol +0), s + 080’9 (0g) D 0(+1)
X T(s + ) v(s 4+ t)* ds

N / (f @ e(wy) @e(ul-+ 1)), D) F(s + 1)D()"g @ £(vy) @ (v(- +1)))
X u(s + t)ﬁv(s +1)%ds

= (2(t)f @ e(u), /q B(t)F (s +1)D(t)" d=(s)@(t)g ® £(v))
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if o, 6 € {0, 1} are chosen appropriately, so

/ " R(s) d=(s) = B(0)" / B F(s + 0)B(1) d=(s) (1)

+t T

which is equivalent to the above.

lamque opus ezegi, quod nec lovis ira, nec ignis,
Nec porterit ferrum, nec edax abolere vetustas.

Ovid, Metamorphoses
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Appendix B
Addenda

B.1 Row-Square-Summability

We know that a row-square-summable matrix gives rise to an operator with domain
containing the finite particle vectors. The following example demonstrates that row-

square-summability is far from being a necessary condition for this to occur.
Example

For each m > 0 let b, be an infinite-dimensional Hilbert space containing the
orthonormal set {ef,e7,...} and let §§ = P, ., b Define A € M by AL = [ell)(e]],

where we use the Dirac “bra-ket” notation:

e (enl by — b € (e, £ )

It is easy to see that ||A%|| =1 for all u,v > 0, so A is not row-square-summable, but
D(A) 2 $oo:

D A=) o8

n>0 n>0

and this is convergent, since >_ -, (e}, £")[* < [|€"]1?, so

1D AP =D e, &) — 0
p=m p=m

as m,n — oo.
O

The following remark demonstrates more of the behaviour of row-square-summable
matrices. It may be used to show that the number operator on any chaos space is

positive; cf. Example 2.1.4a.
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Recall that a linear operator T'is closed if its graph, G(T) := {(&,T¢€) : € € D(T)},
is a closed subspace of H DB $H. A core for a closed operator Tisa subspace Dy C D(T)
such that the graph of T restricted to Dy is dense in G(T).

Proposition B.1.1 Let A € 9 be row-square-summable. If A is closed then $oo
s a core for A if and only iof A* = A In particular, if A is symmetric then A s
self-adjoint if and only if Hoo is a core for A.

Proof
Suppose that £ € D(fl) is such that (¢, Af) is orthogonal to the graph of A (i.e.,
A restricted to $oo), so that

(€ ") + ) (AT, Ay = (€4, 0") + (A&, Ap) =0 V" € b, > 0.

>0

Yo IAEA < O 1A 21 Ag]l < oo

>0 >0

we see that, for all u > 0,

E 4 (AE(AT =0,

>0

and so A¢ € D(Z{:), because £ € §. Hence, using the fact that A* = A,

0= (£,€) + (A*AE, &) = ||€]> + || A%,

and so £ = 0, as required.

For the converse, suppose that $)qg is a core for A. We know that A* = A* ) A*,
by Theorem 2.2.5, and we wish to demonstrate the reverse inclusion. Let & € D(A*);
there exists ¥ € § such that

<£7 AT]> = <¢7U> VU S 57)00'

Let 0 € D(/l); as Hoo is a core for A we may find (7,)n>1 C $Hoeo such that n, — 6

and An, — A as n — oo, s0

Thus € € D(fl*), with A*¢ =+, and we have the desired inclusion.
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