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Abstract

In this thesis, we study the theoretical properties of the random feature methods, which
are initially proposed to address the scalability issues of the kernel methods. Although
empirically efficient, existing theoretical analysis of random feature methods often pro-
vide pessimistic bounds. Hence, this thesis starts with theoretical investigation of the
generalization properties of random feature methods. Our first goal is to understand the
statistical consistency of random feature estimators in various kernel learning frame-
works. By adopting the kernel matrix approximation perspective, we demonstrate that
random feature estimators asymptotically converge to the same estimators as the original
kernel methods. This consistency property is valid for both kernel ridge regression and

distribution regression settings.

Next, we explore the computation and statistical accuracy trade-off of random feature
methods. We provide the first unified risk analysis of learning with random feature
approximation for both regression and classification under various loss functions (such
as Lipschitz continous loss and the 0-1 loss). We express the trade-off through the
regularization parameter and the number of effective degrees of freedom. For regression
problems, we theoretically demonstrate that random feature methods can provide us
computational gain without incurring any prediction accuracy loss. Our study of standard
random feature estimators improves the existing bounds on the number of features
required to guarantee the minimax risk convergence rate. In addition, we show that
a data-dependent sampling scheme of the random features based on leverage scores
can further reduces the required number of features. For the classification problem
with Lipschitz continuous loss and 0-1 loss, we first improve the existing bound on the
required number of random features to achieve the minimax optimal learning rate. We

then demonstrate that under appropriate assumptions on the data generating distribution,
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it is possible to obtain a fast learning rate under both standard and leverage score
sampling scheme. As ridge leverage scores are expensive to compute, we devise a simple
approximation scheme which provably reduces the computational cost without loss of
statistical efficiency. Our empirical results illustrate the effectiveness of the proposed

scheme relative to the standard random features method.

Finally, we investigate the recent unusual benign overfitting phenomenon: overparameter-
ized models has zero training loss but near-optimal prediction accuracy. Recent studies
on benign overfitting reveal that the learning curve of the overparameterized model
displays the double descent behavior, contradicting classical learning theory. Regarding
the random feature model as a simple two-layer neural network with fixed first layer, we
examine the conditions under which benign overfitting occurs. We adopt a new view of
random feature and show that benign overfitting arises due to the noise which resides in
such features (the noise may already be present in the data and propagate to the features
or it may be added by the user to the features directly). The feature noise plays an
important implicit regularization role in the benign overfitting phenomenon. In addition,
we show that the overparameterized models may achieve the optimal learning rate in the
minimax sense depending on the feature noise decay rate. Our study also reveals that
the excess learning risk curve undergoes a multiple descent, instead of a double descent

behavior.

Keywords— Random Features, Kernel Methods, Supervised Learning, Benign Overfit-

ting
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Chapter 1 Introduction

This thesis attempts to provide a detailed study of the theoretical properties of
random feature methods. The first part is dedicated to understanding the efficiency
of the random features in various kernel supervised learning frameworks. In the
second part, treating the random feature model as a two-layer neural network
with fixed first layer weights, we explore the generalization properties of the
overparameterized models as well as some unusual phenomena uncovered by

modern deep learning.

Recent advances in computer hardware and information technology have dramati-
cally decreased the cost of data collection and storage. This has led us to the era of
“Big Data”, where hundreds of terabytes of data are generated every day. The need
to understand the massive data has motivated us to use much more complicated
learning machinery in order to extract knowledge that could potentially impact not
only commercial industries like healthcare, transportation, sports and advertising,
but also our daily lives. When processing such large amount of data, a key quantity
is the computational time, as we often employ complex models that would, if
applied in their original form, require extremely large amounts of computational
resources and time to train. A notable example is that of kernel methods (Cortes
and Vapnik, 1995; Saunders et al., 1998; Scholkopf and Smola, 2001; Scholkopf
et al., 2004; Shawe-Taylor and Cristianini, 2004; Szabd et al., 2016), which require
at least O(n?) (where n is the sample size), or sometimes O(n?) computational
cost. On the other hand, kernel methods have many desirable properties, including
a flexibility to provide rich representations of our data as well as a complete theory
on their statistical properties and theoretical guarantees (Caponnetto and De Vito,

2007; Steinwart and Christmann, 2008).
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In light of this, the so called random Fourier features (RFFs) method (Rahimi and
Recht, 2007) is proposed for the purpose of speeding up kernel methods. As we
shall see in Chapter 2, the key idea of kernel methods is the “kernel trick”, where
we implicitly map our data x € X into some high and often infinite dimensional
Hilbert space H through a feature map ¢(-) : X — H, and compute its inner
product through the kernel evaluation k(x, z") = (p(z), ¢(z’))%. While the feature
map (+) gives us rich representations of the data, it also creates the computation
bottleneck as it is typically infinite dimensional. As such, the RFFs propose to
construct an explicit feature map ¢(-) : X — R*, such that (¢(x), p(2'))gs is a
good approximation of (p(z), p(z’))%. The construction of the explicit feature

map can drive down the computation from O(n?) to O(ns?*) provided s < n.

A number of empirical results have verified that the RFFs can significantly reduce
the computational time in various kernel learning settings such as kernel ridge
regression and kernel classification (Rahimi and Recht, 2007, 2009), hypothesis
testing (Zhang et al., 2018), and principal component analysis (Ullah et al., 2018).
However, the theoretical properties of the RFFs are only partially understood.

Some outstanding questions remain as follows

* Are the estimators which arise from the RFFs approximation consistent,
i.e., would they asymptotically give the same function as the original kernel

methods?

* What is the trade-off between the computational time and statistical accu-
racy, i.e., to what extent can the RFFs save the computational cost without

compromising statistical properties of the original kernel methods?

Apart from being a kernel approximation method, the RFFs have recently gained
much research interest as they can also be treated as a simple two-layer neural

network model with fixed first layer weights, and hence they can be used as an
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initial step in the study of the generalization properties of modern deep learning
models (Belkin et al., 2018; Jacot et al., 2018; Liao et al., 2020; Mei and Montanari,
2019) which reveals a surprising statistical phenomenon that overparameterized
models can have optimal prediction accuracy. This finding contradicts classical
learning theory which states that when choosing a model, one should always
balance between the training loss and the model complexity in order to avoid
overfitting and to achieve the best possible generalization, i.e., prediction accuracy
on previously unseen examples. However, deep neural networks seem to have
superior generalization ability even when they are overparameterized with millions
of parameters and possess zero training loss. This benign overfitting phenomenon
is recently characterized via the double descent (Belkin et al., 2019a) curves
where the risk undergoes another descent (in addition to the classical U-shaped
learning curve of classical learning theory when the number of parameters is
small) as we increase the number of parameters beyond a certain threshold. The
double descent and benign overfitting phenomena have spurred much research
interest, (see, e.g., Bartlett et al., 2020; Belkin et al., 2019b; Chatterji and Long,
2020; Chinot and Lerasle, 2020; Liao et al., 2020; Mahdaviyeh and Naulet, 2019;
Mei and Montanari, 2019). However, existing results only provide partial answers
to how benign overfitting can happen with many restrictive assumptions. For
example, many studies on the finite sample learning risk behavior or asymptotic
risk behavior (Bartlett et al., 2020; Belkin et al., 2019b; Liao et al., 2020; Mei and
Montanari, 2019) rely on the key assumption of either Gaussian data distribution
or Gaussian kernel. Hence, we still lack a general understanding of how these

phenomena happen.

In this thesis, we attempt to address the problems mentioned above in detail. In

particular, we make the following contributions

* Adopting the kernel Gram-matrix approximation perspective, we first demon-
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strate that the RFFs estimators are indeed consistent in various kernel learning

frameworks.

* By directly studying the learning risk of the RFFs estimators, we devise a
simple framework that allows us to provide a unified analysis of the trade-off
between computational time and statistical accuracy for both regression and

classification.

* Treating the random feature model as a simple two-layer neural network,
we examine the conditions under which the double descent and benign
overfitting phenomena can happen and point out that the feature noise serves
as the implicit regularizer in supervised learning and plays an important role

in these phenomena.

Thesis Structure

This thesis contains six chapters and follows an integrated format, where Chapter 4
and Chapter 5 contain either published papers or projects that are currently under

review.

Chapter 2 introduces some background on kernel methods and its low rank approx-
imation: the RFFs. We start with the definitions and properties of the reproducing
kernel and its reproducing kernel Hilbert space (RKHS) and explain how these
concepts can be employed in the supervised learning framework. After introduc-
ing the loss function and the learning risk, we formally define the kernel ridge
regression and distribution regression frameworks. We also illustrate the concept
of excess learning risk and the learning rate to evaluate the quality of these estima-
tors. Finally, as kernel methods often suffer from prohibitive computational cost

when applied to large datasets, we introduce the RFFs method, which is the core
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study of this thesis, and explain how RFFs can be used to significantly reduce the

computational cost.

Chapter 3 forms our initial attempt towards the theoretical understanding of the
RFFs. We tackle the problem from the matrix approximation perspective, i.e., we
look at the Gram-matrix approximation error due to the RFFs and analyze how this
error is related to the number of features used in the approximation. In addition,
we are interested in how this error can propagate into the learning risk both in the
kernel ridge regression and distribution regression frameworks. The key questions
that we would like to address in this chapter are: whether the RFFs estimators
from the two regression settings are consistent and how the excess learning risk
from the RFFs approximation behaves as a function of the number of features
employed. Our results provide a basic analysis of the theoretical properties of the
RFFs and are novel. However, soon after we derive the results of this chapter, some
similar results' are published (Sutherland and Schneider, 2015). Moreover, our
results derived later in Chapter 4 provide a more general and sharper analysis of
the learning risk. Hence, we decide not to publish this analysis but leave this as
an introductory chapter in our thesis. Under the guidance of Dino Sejdinovic, I
contribute to the derivation of all the core theoretical results. The writing of the

chapter is done by myself with revisions provided by Dino Sejdinovic.

Chapter 4 studies the RFFs estimation from the learning risk perspective, where
we directly study the generalization properties of the RFFs in various kernel su-
pervised learning setting. While our previous results in Chapter 3 do not provide
any theoretical guarantees on the efficacy of the RFFs approximation, analysis
in Chapter 4 derives a precise relationship between the learning rate of the RFFs

estimators and the number of features required under both regression and classifi-

!To our knowledge, the published results are a weaker version of our results, please refer to
Chapter 3 for more details.
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cation frameworks. In addition, we also propose an algorithm that enables us to
sample features according to the leverage score distribution. We both theoretically
and empirically verify the efficiency of the algorithm. This is a joint work with
Jean-Francois Ton, Dino Oglic and Dino Sejdinovic. Under the guidance of Dino
Sejdinovic, I contribute all the derivations of the main theoretical results. The
experiments in this chapter are a collaborative effort with Jean-Francois Ton. I draft
the first version and edit the paper jointly with Dino Oglic and Dino Sejdinovic.
Chapter 4 is based on the following published paper, which won the 2019 ICML

Best Paper Honourable Mention Award

Zhu Li, Jean-Francois Ton, Dino Oglic, and Dino Sejdinovic. "Towards a unified
analysis of random Fourier features." In International Conference on Machine

Learning, pp. 3905-3914. PMLR, 2019.

The extended version of the paper (as presented in Chapter 4) has recently been

published in the Journal of Machine Learning Research (JMLR)

Zhu Li, Jean-Francois Ton, Dino Oglic, and Dino Sejdinovic. Towards a unified

analysis of random Fourier features. Journal of Machine Learning Research 22,

no. 108 (2021): 1-51.

In Chapter 5, we investigate the recently discovered phenomena of the double de-
scent and benign overfitting in the context of random feature models. Modern deep
learning has uncovered an interesting phenomenon that overparameterized or even
interpolated models can provide optimal prediction accuracy, which contradicts
classical learning theory. In this chapter, by incorporating the noise in the feature
representations, we theoretically examine the conditions that possibly cause the
double descent and benign overfitting phenomena. This is a joint work with Weijie
Su and Dino Sejdinovic. Under the guidance of Dino Sejdinovic, I derive all the

theoretical results and conduct the experiments. The first draft is written by myself
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with revision provided by Weijie Su and Dino Sejdinovic. This chapter is based
on the following project, which has been submitted to the Journal of the Americal

Statistical Association (JASA) and is now under review.

Zhu Li, Weijie Su, and Dino Sejdinovic. Benign overfitting and noisy features.
arXiv preprint arXiv:2008.02901, 2020.

Chapter 6 provides a summary of our contributions towards the learning theory of
random feature methods and points out some possible future research directions
that might further our understanding of both random feature models and deep

neural networks.

Finally, while I was reading DPhil at Oxford, I completed two other projects of
a methodological nature: a project on fair learning with kernel methods which is
under review at Pattern Recognition (PR), and a project of distribution regression
with correlated training samples, which will be submitted for publication in due
course. However, for the sake of coherence, I decide not to include the two projects
into the thesis and to maintain the focus on theoretical contributions to random

feature methods.




Chapter 2 Background

In this chapter, we provide the necessary background for the kernel learning
framework as well as the random Fourier features (RFFs) method. In particular,
we start with introducing the concept of kernel and its corresponding reproducing
kernel Hilbert space (RKHS), followed by a detailed exposition of kernel ridge
regression and distribution regression. We close by explaining the theoretical

background that the RFFs are based on.

2.1 Kernels and RKHS

In this section, we introduce the concept of kernel which has been widely used
in the machine learning literature (see, e.g., Bishop, 2006; Boser et al., 1992;
Cortes and Vapnik, 1995; Friedman et al., 2001; Hofmann et al., 2008; Rasmussen
and Williams, 2006; Scholkopf et al., 2002; Vapnik, 2013). As is common in the

machine learning applications, we restrict our attention to real-valued kernels.

2.1.1 Positive Definite Function and Kernels

Definition 2.1. (Steinwart and Christmann, 2008, Definition 4.1)
Let X be a non-empty set. The function k : X x X — R is called a kernel if there

exists a R-Hilbert space and a map ® : X — H such that for all x,y € X we have

k(,y) = (®(x), (y))n-

In addition, we call ® the feature map and H the feature space.

While there are various ways to construct kernels (refer to Steinwart and Christmann

(2008) and Berlinet and Thomas-Agnan (2011)), in general, to see whether a given
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function is a kernel through finding a feature space is difficult. Hence, we rely
on the notion of positive definite function which characterizes kernel functions
through certain inequalities. Below we present the definition of a positive definite

function.

Definition 2.2. (Steinwart and Christmann, 2008, Definition 4.15)
A function k : X x X — R is called positive definite if, foralln > 1, ay, ..., €

Rand x4, ...x, € X, we have

i i Oéz'Oéjk<l’Z', ZEj) Z 0.

i=1 j=1

In addition, k is said to be strictly positive definite if for all mutually distinct x;,

the equality only holds when all «; are zero.
It turns out that the two notions are equivalent as given by the following theorem.

Theorem 2.1. (Steinwart and Christmann, 2008, Theorem 4.16)

The following two statements are equivalent
1. k: X xX — Risakernel;
2. k is symmetric and positive definite.

One advantage of employing kernel is that we can avoid constructing the explicit
feature map @, a property called kernel trick (Muandet et al., 2016; Scholkopf
et al., 2002). In addition, the kernel trick can not only be applied to Euclidean
data, but also to non-Euclidean structured data, functional data, and other domains
(Gértner, 2003). Because of these nice properties, kernels have been widely used in
machine learning community. A review of classes of kernel functions exploited in
practice can be found in Genton (2001). For particular applications of kernels such

as support vector machine or Gaussian processes, please refer to Burges (1998);
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Cucker and Smale (2002); Rasmussen and Williams (2006).

2.1.2 Reproducing Kernel and RKHS

We introduce the reproducing kernel and the RKHS (Aronszajn, 1950; Berlinet

and Thomas-Agnan, 2011; Steinwart and Christmann, 2008) in this section.

Definition 2.3. (Reproducing Kernel (Steinwart and Christmann, 2008))
Let H be a real-valued Hilbert function space over X, i.e., it is a space that consists
of functions mapping from X into R. Then a function k : X x X — R is called a

reproducing kernel of ‘H if it satisfies that

1. Vo € X, k(-,x) € H,

2. Ve e X Vf e, f(x) = (f k(-,2))n.
The definition of an RKHS is presented below

Definition 2.4. (RKHS (Steinwart and Christmann, 2008))
A Hilbert space ‘H of real-valued functions f : X — R over a non-empty set X is

said to be an RKHS if the evaluation functional 6, is continuous Vx € X.

After we describe the reproducing kernel and the RKHS, we would like to inves-
tigate their relationship. The following lemma from Steinwart and Christmann

(2008) indicates this relationship.

Lemma 2.1. (Steinwart and Christmann, 2008, Lemma 4.19)
‘H is an RKHS if and only if H is a Hilbert function space over a non-empty space
X that has a reproducing kernel k. In addition, H is the feature space of k with

the feature map ® : X — H defined as

10
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Lemma 2.1 shows that the reproducing kernels are kernels, where for any z,y €
X, k(z,y) = (k(-,z), k(-,y))3. It further proves that a Hilbert space is an RKHS
if and only if it has a reproducing kernel. Moreover, one can show that there is a
one-to-one relationship between reproducing kernel and RKHS (Aronszajn, 1950;
Steinwart and Christmann, 2008): for every reproducing kernel, there is a unique

RKHS and every RKHS has a unique reproducing kernel.

A kernel often has properties such as boundedness, measurability, and continuity.
Hence, we are also interested in whether functions in its associated RKHS share

the same properties, which the next two lemmas illustrate.

Lemma 2.2. (Steinwart and Christmann, 2008, Lemma 4.23)
Let X be a non-empty set and H be an RKHS with reproducing kernel k. Then the

following two statements are equivalent
1. kis bounded (M > 0, such that |k(z,y)| < M,Vz,y € X);
2. fisbounded, NVf € H (IM > 0, such that |f(z)| < M,Vzx € X).

Lemma 2.3. (Steinwart and Christmann, 2008, Lemma 4.29 )
Let X be a non-empty set and k be a kernel on X with feature space H and feature

map © : X — H, then the following statements are equivalent
1. k is continuous.

2. ® is continuous.

2.1.3 The Characteristic Kernel

One of the application of kernel methods is to compute the distance between
probability measures, which is of paramount importance in probability theory and
statistics, and has many applications including hypothesis testing (Gretton et al.,

2012), density estimation (Song et al., 2008) and hidden Markov models (Song

11
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et al., 2013). One application of our thesis, i.e., distribution regression in Section
2.2.3, relies heavily on computing the distance between probability measures. As a
result, this section introduces one popular way of characterizing distances between
probability measures: the Hilbert space embedding of probability measure and

some properties of the distance.

Let X be a non-empty set and A the associated o-algebra. Denote by M7 (X') the
set of all Borel probability measures on (X', A). Let £ be an RKHS with £ as its

reproducing kernel, then we compute the distance between P, Q € M{ (X)) as

Aﬂﬁ—éﬁ@k

Since there is a one-to-one relationship between RKHS and kernel &, we denote the

(P, Q) = SUupP| 7 <1

distance by 7x (P, Q). The computation of 7, can be further simplified, provided
that & is bounded (Sriperumbudur et al., 2010).

Theorem 2.2. (Sriperumbudur et al., 2010, Theorem 1 and Proposition 2)
Let X be a non-empty set, k is a bounded and measurable kernel defined on X

with H as the associated RKHS. Then for any P,Q € M{ (X),

H

(P, Q) = ‘

Luﬂwm@—/mﬂmm@

X

After we can compute the distance between probability measures, i.e., v, a natural
question to ask is whether we can choose a kernel & such that 7, is a metric on
M7 (X). In other words, v.(P, Q) = 0 implies P = (. Fortunately, extensive
studies (see, e.g., Fukumizu et al., 2009, 2007; Gretton et al., 2006, and references
therein) are devoted to finding such a kernel (the characteristic kernel). Below we
formally define the characteristic kernel and state the theorems to help us examine

whether a kernel is characteristic.

12



Department of Statistics Zhu Li University of Oxford

Definition 2.5. (Characteristic kernel, Sriperumbudur et al. (2010))

Let X be a non-empty set, k be a bounded measurable kernel defined on X and
M (X) be the set of all probability measures defined on (X, A). Then k is said to
be characteristic to a set Q C M{ (X), iffor P,Q € Q, w(P,Q) =0 P = Q.
The RKHS induced by such a kernel k is called a characteristic RKHS.

Sriperumbudur et al. (2010) thoroughly examine the conditions under which a
kernel k is characteristic. Since our primary interest is in translation invariant

kernels, we only provide the conditions that are related to these kernels.

Theorem 2.3. (Sriperumbudur et al., 2010, Theorem 9)
Let k be a translation invariant kernel and has Fourier transform A, i.e., k(x,y) =
W(x —y), where 1 is a real-valued bounded continuous positive definite function

defined on R? , then k is characteristic if and only if supp(\) = R<.

Building on Theorem 2.3, Corollary 10 in Sriperumbudur et al. (2010) further
improves the results and demonstrates that the translation invariant kernel k is

characteristic even if supp(A) is compact.

2.1.4 Kernel Mean Embedding

One of the advantage of characteristic kernels is that they enable a one-to-one
embedding of a probability distribution into the RKHS, i.e., the kernel mean
embedding. The idea behind kernel mean embedding is to transform the distribution
into one element of the RKHS such that all equipment in kernel methods can be
extended into dealing with probability measures. Kernel mean embeddings are used
in many applications, which include independence and conditional independence
tests (Doran et al., 2014; Fukumizu et al., 2008; Zhang et al., 2011), adaptive
MCMC (Sejdinovic et al., 2014), filtering for dynamical system (Song et al.,

2009) and kernel Bayes’ Rule (Fukumizu et al., 2011). Because of its enormous

13
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applications, we introduce the kernel mean embedding in this section.

Welet k£ : X x X — R be a kernel defined on the input space, called the data
kernel. Let ;. be the associated RKHS (Steinwart and Christmann, 2008). With
the data kernel k, we define the set of mean embeddings for probability measures

in M (X) by
px = p(M{ (X)) = {pp : P € M{(X)},

where the mean embedding for a particular distribution P is defined as
pp = / k(-,z)dP(x) = Ep[k(-, x)]. (2.1)
X

The use of mean embedding is only interesting if it is in the RKHS. Hence, we
would like to investigate the conditions to satisfy that. It turns out that the conditions

are easy to check, as is illustrated in the following lemma.

Lemma 2.4. (Smola et al., 2007)
IfEp[\/k(z,x)] < oo, then we have jip € Hy and Ep[f(x)] = (f, p)u,.

As we can see, the kernel mean embedding is a vector in the Hilbert space which
preserves all the information about the distribution. In addition, it represents
the expectation of any function in the RKHS in the form of the inner product
[ h(zx)P(dx) = (h,up)y,. In the case where we use the characteristic kernel
(Sriperumbudur et al., 2011), every probability measure has a unique embedding,

and hence, ;p completely determines a probability measure.

In practice, we often do not have access to the true underlying distribution P,
which causes difficulties in estimating the mean embedding. As a result, we rely on

the samples generated from P to perform inference. Given an i.i.d sample {z;},,

14
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the most common one that we use is
1 n
Up = ﬁ z; k('rla ')7
1=

where the use of P indicates the estimation comes from the empirical distribution.
It is easy to see that the empirical estimator is unbiased and by the law of large
numbers, /15 converges to pp as n — 0o. The convergence rate is thoroughly stud-
ied by Song (2008) and Lopez-Paz et al. (2015), which state that the convergence
happens at a rate of O(n~1/2). Moreover, 11 is demonstrated to be the minimax

optimal estimator of pp by Tolstikhin et al. (2017).

To conclude, we introduce the real-valued reproducing kernel and its associate
RKHS in this section. However, we remark that the vector-valued RKHS is
proposed in literature for finite dimensional spaces (Micchelli and Pontil, 2005),
infinite dimensional spaces (Caponnetto et al., 2008; Carmeli et al., 2010), and is
widely used in many applications (see, e.g., Kadri et al., 2016, 2012; Lian, 2007).
For interested readers, we suggest Alvarez et al. (2012) for a comprehensive review.
Due to the nature of the problems studied in the thesis, we will hereafter mainly

focus on real-valued RKHS unless specified.

2.2 Supervised Learning with Kernels

Kernel methods have wide applications in supervised learning, which is one of
the most important task in machine learning. As a result, we formally introduce
supervised learning with kernels in this section. Let x and y be two random
variables with P(z,y) = P(x)P,(y|x) as its joint probability distribution on

X x Y, where ) is a label space. A training data is a set of examples {(z;, ;) }1-,

15
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sampled independently from P(x,y). The distribution P, ' is called the marginal
distribution of a data-generating process. The goal of supervised learning is to
find a function f: X — ) from a hypothesis space H, such that f(x) is a good
estimate of the label y € ) corresponding to a previously unseen instance z € X.
In this section, we briefly introduce the concept of supervised learning as well as

the associated kernel framework.

2.2.1 Risk and Regularization

Since supervised learning aims to find the best f(z) to estimate y, we need a formal
way to define the quality of the estimation. For the assessment of the estimation at

a particular point z, this is done by the concept of the loss function.

Definition 2.6. (Definition 2.1 Steinwart and Christmann (2008))
Let (X, A) be a measurable space, and ) C R is a closed subset. Then | :

X x Y — Ry is called a loss function, if it is measurable.

The loss function provides a formal way to assess the quality of predicting y; by
f(z;). The smaller the loss, the better the prediction at a given input x;. However,
the true goal of learning is to find the estimator f € H that possesses the lowest

loss across the whole instance space X'. Hence, we define the learning risk below.

Definition 2.7. (Definition 2.2 Steinwart and Christmann (2008))
Letl: X x Y — [0,00) be a loss function and denote l; = I(f(x),y). Then if the

function f : X — R is measurable, the risk of f is defined as

E(l;) = /X U@.aPy)

"Later in the thesis, when the context is clear, we will drop the math font and use P(z,y) and
P, to denote the data generating distribution and the marginal distribution respectively.

16
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As discussed, E(I;) gives a global quality assessment of the estimator f. Hence,
we would like to choose the f from the hypothesis space H with the lowest E(/;)
possible. However, in many learning tasks, the access to P is only through the
training samples {(z;, ;) }!;. Hence we rely on the empirical measures to define

the empirical risk

The empirical risk E,,({;) provides an estimate of the quality of f through the
training samples. Therefore, in supervised learning, we often formulate the learning
task as an optimization problem that finds the estimator f € H with minimal
empirical risk. However, the hypothesis space H is usually quite large, and
potentially can be infinite dimensional. As a result, simply reducing the training
loss often leads to the problem of overfitting (estimator with low or zero training
loss but with poor prediction on unseen data). In order to avoid this problem, the
regularization technique is introduced so that the objective function in learning

becomes

Ean(ly) + A/), (2.2)

where Q( f) is the penalty function that prevents the estimation function f becoming
too complex. A typical example is || f||3,. The parameter A controls the relative
importance of the empirical risk term E,, ({;) and the regularization term (f), i.e.,
if \ gets larger, the estimation prefers functions with small complexity. Learning
problems defined as Eq. (2.2) are often referred as the regularized empirical risk
minimization (ERM). For more details of the regularized ERM, please refer to

Chapter 3 in Steinwart and Christmann (2008).

17



Department of Statistics Zhu Li University of Oxford

Depending on the loss function used, this regularized ERM framework can be uti-
lized for both regression and classification. In regression, we often use the square
loss function: [(y, f(x)) = (y — f(x))?, absolute loss function I(y, f(z)) =
ly — f(=)
Iy, f(x)) = (1 = yf(x))s, logistic loss I(y, f(x)) = log(1 + exp(=yf(x))) ,

0-11oss I(y, f(x)) = 1{f(x)=y} etc. In this thesis, we will mainly focus on square

, etc., whereas for classification, loss functions can be hinge loss

loss function in the regression setting, and Lipschitz continuous loss and 0-1 loss

(refer to Chapter 4 for more details) in the classification setting.

2.2.1.1 Kernel Supervised Learning

Kernel supervised learning is defined as a supervised learning task with a kernel
function £ and the associated RKHS . The objective is similar, where we find
a hypothesis f: X — ) such that f € H and f(z) is a good estimate of the
label y € ). While in regression tasks ) C R, in classification tasks we typically
have )V = {—1, 1}. Kernel supervised learning can be described as the following

empirical risk minimization problem
. ] —

f= arg min — Uy, f(z:) + M| flI2

g 3 G f(2:) + M

1 n
— —EZK MalKa, 2.3
argofmnni:l (yi, (Ka);) + Ao Ko (2.3)

where f = """ | a;k(x;,-) with o € R”, K is the kernel Gram-matrix, and X is
the regularization parameter. Note that Eq. (2.3) is due to the representer theorem

(Scholkopf and Smola, 2001).

In kernel supervised learning, similar to Rudi and Rosasco (2017) and Caponnetto

and De Vito (2007), we often assume > the existence of fy; € H such that fy; =

2The existence of f3; depends on the complexity of # which is related to the data distribution
P(x,x). For more details, please see Caponnetto and De Vito (2007) and Rudi and Rosasco (2017).
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inf req; E(lf), in order to analyze the statistical property of the estimator f A. The
assumption implies that there exists some ball of radius R > 0 containing f3 in
its interior. As we can see later, our theoretical results in Chapter 3 and 4 do not

require prior knowledge of this constant and hold uniformly over all finite radii.

Furthermore, for all the estimators returned by supervised learning algorithm, we
assume that they have bounded RKHS norm. As a result, to simplify our derivations
and constant terms in our bounds, we assume (without loss of generality) that all

the estimators appear in the rest of the thesis are within the unit ball of the RKHS.

Note that E(1y,, ) is the lowest learning risk one can achieve in the RKHS 7. Hence,
the theoretical studies of the estimator f A often concern how fast its learning risk
E(I 1) converges to E(ly,, ), in other words, how fast the excess risk E( 7. ) —E(l,,)
converges to zero. In the remainder of the thesis, we will treat the rate at which
the excess risk converges to zero as the learning rate. The convergence rate of
excess risk is extensively studied in literature. For details please refer to Bartlett
et al. (2006); Caponnetto and De Vito (2007); Friedman et al. (2001); Steinwart

and Christmann (2008) and references therein.

2.2.2 Kernel Ridge Regression

In this section, we consider the supervised learning problem where response

variable y is real-valued and the loss function [ is the squared loss.

Recall that we denote x and y to be the two random variables defined on X x ).
In the regularized ERM with the squared loss, the optimal estimating regression

function is given by

folx) = E(y)x = z).

Let X = [21,...,2,)T and Y = [y, , 9| denote the training inputs and
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outputs. An important class of regularized ERM problems is the kernel ridge

regression (KRR) which we describe next.

Definition 2.8. (Kernel Ridge Regression (KRR))

Given training example {(x;,y;)}, from P, a kernel k and its corresponding
RKHS H, KRR problem is the regularized ERM in Eq.(2.2) with [ being the squared
loss and Q)(-) being the squared RKHS norm

n

P o= argmin =5 (5 — £()? + AR (2.4)

fer M4

Applying the representer theorem (Steinwart and Christmann, 2008, Theorem 5.5),
the solution to Eq.(2.4) can be written as f(z) = k(z, X )(K + nAI)~'Y, where
k(z,X)=[K(x,21),...,K(z,z,)]" and K; ; = k(z;, z;) is the Gram-matrix.

The convergence of kernel ridge regression is studied extensively in the literature.
See for example De Vito et al. (2005); Geer (2000); Kohler and Krzyzak (2001);
Vito et al. (2005); Wahba (1990) and references therein. In particular, Caponnetto
and De Vito (2007) provide a comprehensive analysis of the learning rate for KRR
by restricting the data generating distribution to come from the P(b, ¢) family,
where b € [1,00) and ¢ € [1,2] are some parameters concerning the effective
dimension and complexity of the RKHS corresponding to the kernel £ (for details

of the P (b, ¢) family, please refer to Caponnetto and De Vito (2007)).

2.2.3 Distribution Regression

In many machine learning applications, modelling the training data as a probability
measure is often more convenient than points in some space. Hence, in this section,
we will consider the task of learning a regression function from a set to a single

label. For example, we might want to learn the sentiment based on each paragraph
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where we treat each paragraph as a specific distribution of words. Another setting
would be in classical regression problem where we have noisy input. In fact,
many learning problem can be categorized as learning from distributions such as
multiple instance learning (Doran, 2013) and group anomaly detection (Muandet
and Scholkopf, 2013; Péczos et al., 2012; Xiong et al., 2011). Due to its broad
applications, we formally introduce the distribution regression framework in this

section.

2.2.3.1 Notation

Let (X, 7) be a topological space and let B(X) be the Borel o-algebra induced
by the topology 7. Let M{ (X) denote the set of Borel probability measures
on (X,B(X)). Given measurable spaces (X7, B(X))), (Xa, B(X:)), denote by
B(X1) @ B(X,) the product o-algebra (Steinwart and Christmann, 2008). For
data {x1,25,...,2,} ~ P, denote by P := L 37" | 6., as the empirical measure,

where 0, is a Dirac measure supported on z € X.

2.2.3.2 Kernels on Probability Distributions

As we shall see in Section 2.2.3.3, distribution regression is solved via kernel mean
embedding introduced in Section 2.1.4. The basic idea is to map a distribution P
into an RKHS and to treat the embedding 1 p as the feature to perform kernel ridge
regression. Hence, on top of the kernel & (data kernel) used to conduct kernel
mean embedding, we also need another layer of kernel K, often termed as bag

kernel, for the purpose of regression.

Specifically, let K : puy X puy — R be the kernel defined on the set of mean
embeddings py = {up : P € M (X)}, where the associated RKHS is H . We
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refer to this kernel as the bag kernel. One typical example of the bag kernel is

K(P,Q) = (up, tg)n // x,y)dP(x)dQ(y). (2.5)

And the empirical estimation of (2.5) is

K(P,Q) = (1p, o) N2 Z (i, y5),
3,0=1
assuming we have samples x1,--- ,zn ~ P and Yi, YN ~ (@ respectively.

2.2.3.3 Learning in Distribution Regression

We assume that there is a meta distribution M defined on the product space
(M (X) x Y, S, ® B(Y)) where S is the o-algebra for M{ (X). The data z =
{(P;,y;)}._, are drawn i.i.d from the distribution M with P, € M (X),y; €
Y. We collect data z; 1,...,z;n, W P;. Hence, the actual dataset is z =
{({in}Ne,, i)}, For notational simplicity, we assume that the number of
the collected data for each distribution is the same. Our goal is to estimate f based

~

on z.

As in the classical regression problem, distribution regression can be solved by
the ridge regression method. However, a key difference is that the distribution
regression problem involves two levels of randomness, where the first level is that
z is randomly drawn from M and the second level is that the observed sample
is generated by sampling N data points from distribution F;. As such, the Mean
Embedding based Ridge Regression (MERR) method is used to address the two-
stage sampling problem. Such a method is thoroughly analyzed in Szabé et al.
(2016). Specifically, we first map each distribution F; into the mean embedding

set p1x via the mean embedding function v with the data kernel £. We then obtain
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the new dataset Zne,, = (up,, ¥;)",. Finally, we conduct the usual kernel ridge

regression via the bag kernel K.

If we use the squared loss function and define the expected risk for a measurable

function f : X — Y as

E(ly) = Epmllf (up) — ylI*,

then the MERR is defined as following

Definition 2.9. (Mean Embedding based Ridge Regression (MERR))
Given training example z = {(P;, y;) }!",, a data kernel k and the bag kernel K,
MERR problem is the regularized ERM in Eq.(2.2) with the square loss defined

below
. 1 &
f2 = argmingeg, — > (1 (ur) = will* + Al £l
=1

However, as we mentioned before, direct access to the sample z is not possible as
each P is a distribution. Instead, we minimize the function defined through the

observed sample z

. I &
2= argmin ey, — S 1 (p) = will” + M- (2.6)
=1

This ridge regression problem in (2.6) admits an analytical solution. For the new

empirical test distribution ]5m+1, the prediction is
f;(ﬂﬁmﬂ) = kﬁm+1(K +mAI)"tY, (2.7)

Where kpm+1 = [K(/'I/]AD17ILLP7H+1)7 o '7K<uﬁm7uﬁm+1>]T’ K = I:K(/’LP17/'LPJ>]'L’]€m’
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andY = [y, ..., ym]".

After we have the prediction for the new distribution PmH, one natural question
to ask is what the inferential properties of such prediction are. Szabo et al. (2016)
provide a detailed analysis of the excess learning risk of the MERR. By assuming
that the probability distribution M is within the P (b, c¢) class and under some mild
conditions, Szabd et al. (2016) demonstrate the statistical consistency of the MERR
and provide an exact computational-statistical efficiency trade-off for the MERR

estimator.

2.3 Random Feature Methods

Kernel methods are very flexible in terms of modelling nonlinear functional re-
lationships. However, kernel methods often require the storing and inverting
the Gram-matrix K, which are O(n?) storage and O(n?*) computation operations
respectively. This is not scalable even for a moderately sized dataset. Hence,
numerous methods have been developed to address this problem. Among them,
one of the possible solutions is the RFFs method proposed by Rahimi and Recht
(2007). We provide an introduction to the RFFs method in the next section, before

we thoroughly investigate its theoretical properties in Chapter 3 and 4.

2.3.1 Bochner’s Theorem and RFFs Approximation

RFFs is a widely used, simple, and effective technique for scaling up kernel
methods. The underlying principle of the approach is a consequence of the classical
Bochner’s theorem (Bochner, 1932), which states that any bounded, continuous
and shift-invariant kernel is the Fourier transform of a bounded positive measure.
This measure can be transformed/normalized into a probability measure which is

typically called the spectral measure of the kernel. Assuming the spectral measure
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dr has a density function p(-), the corresponding shift-invariant kernel can be

written as

k(z,y) = /v e 2 e g (v) = /v (72" ) (e 2™ W) p(v)dv,  (2.8)

where ¢* denotes the complex conjugate of ¢ € C. Typically, the kernel is real

valued and we can ignore the imaginary part in this equation (Rahimi and Recht,

2007).

KERNEL NAME kE(A) w(v)
I1A13 D lvl3
GAUSSIAN e 2 (2m)"ze 2
—[1All 1
LAPLACIAN e~ 12l IL, D)
CAUCHY [l zata eVl

Table 2.1: Fourier Transform of Typical Stationary Kernels.

The principle can be further generalized into the following format

k(x,y) :/Vz(v,a:)z(v,y)dT(v) :/Vz(v,x)z(v,y)p(v)dv, (2.9)

where z: V X X — R is a continuous and bounded function with respect to v and
x. The main idea behind the RFFs is to approximate the kernel function by its

Monte-Carlo estimate

S

= - 2, 2)2(vi,y), (2.10)
=1

VAR

with the reproducing kernel Hilbert space # (note that in general H ¢ H) and

{v;};_, independently sampled from the spectral measure.

Based on Eq. (2.10), Rahimi and Recht (2007) propose an algorithm to approximate

the kernel function with RFFs listed in Algorithm 1.
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Algorithm 1 THE CONSTRUCTION OF RFFS FOR k(x,¥)

Input: A positive definite shift-invariant kernel &

Output: The RFFs approximation of the kernel k
1: Compute the spectral measure 7 of the kernel k&

1 T
T(v) = /e“’ AR(A)dA, A=z—y
27
2: Randomly draw s iid samples vy, - - - , vs from 7

s

4 k(w,y) = 2:(v) "2y (v)

3: Letzz(v) = \/T[Z(th), e 2(vs, )]

Apart from approximating kernel function &, RFFs is shown to be related to any
function f in the RKHS. In Bach (2017a, Appendix A), we know that a function

f € H can be expressed as *

f@) = [ s@ewapide (v € ) @1

%
where g € Lo(d7) is a real-valued function such that || gH%2( iy < ooand || flly =
miny ||g||£,(ar), Where the minimum is taken over all possible decompositions of
f. Thus, one can take an independent sample {v;}?_; ~ p(v) (we refer to this

sampling scheme as plain RFF) and approximate a function f € H at a point

z; € X by .
flz;) = Z az(vg, ;) = 2,,(v) a, with o € R®. (2.12)
In standard estimation i;:)rloblems, it is typically the case that for a given set of
instances {z;}"_, one approximates f, = [f(x1),--- , f(x,)]? by
£, = [z.,(V) e, 25, (V)T = Za, (2.13)
where Z = [z, (V), ..., 2,, (v)]T € R™*.

As the latter approximation is simply a Monte-Carlo estimate, one could also

31t is not necessarily true that for any g € Ly (d7), there exists a corresponding f € H.
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pick an importance weighted probability density function ¢(-) and sample features
{v;};_, from ¢ (we refer to this sampling scheme as weighted RFF). Then, the

function value f(x;) can be approximated by
folay) = Bizg(vi, ) = 240, (V)" B,
i=1

with Zq(vi’ xj) - %Z(viv xj) and Zqx; (V) = [Zq(vlv Ij)ﬁ T Zq(”& xj)]T'
Hence, a Monte-Carlo estimate of f, can be written in a matrix form as f, , = Z,3,

where Z, € R"** and z,,, (v)” is its jth row.

Let K and f{q be Gram-matrices with entries Kij = l%(xijacj) and ij =

ky(z;, z;) such that
-1 ~ 1
K=-27" K,=-2Z,2T.
s ’ q S q9%q

If we now denote the jth column of Z by z,,(x) and the jth column of Z, by

Zg., (%), then the following equalities can be derived easily from Eq. (2.10)

EUNP(K) =K= EUNCI(KQ)7 Epp [Zv(x)zv (X)T} =K =E,, [Zq,v (X)Zg,0 (X)T]'

Sampling features from the importance weighted probability density function ¢(-)
has led to much interest in the literature (Alaoui and Mahoney, 2015; Avron et al.,
2017; Bach, 2017b; Rudi and Rosasco, 2017) as it often leads to computation
savings provided that we have access to ¢. In particular, an importance weighted
density function based on the notion of ridge leverage scores is introduced in Alaoui
and Mahoney (2015) for landmark selection in the Nystrom method (Nystrom,
1930; Smola and Schoélkopf, 2000; Williams and Seeger, 2001b). For landmarks
selected using that sampling strategy, Alaoui and Mahoney (2015) establish a sharp

convergence rate of the low-rank estimator based on the Nystrom method. This
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result motivates the pursuit of a similar notion for RFFs. Indeed, Bach (2017b)
propose a leverage score function based on an integral operator defined using the
kernel function and the marginal distribution of a data-generating process. Building
on this work, Avron et al. (2017) propose the ridge leverage function with respect

to a fixed input dataset, i.e.,
I\(v) = p(v)zv(x)T(K + n)\I)_lzv(x). (2.14)

From our assumption on the decomposition of a kernel function, it follows that there
exists a constant 2, such that |z(v,z)| < 2y (for all v and z) and z,(x)?z,(x) <
nz2. We can now deduce the following inequality using a result from Avron et al.

(2017, Proposition 4)
22
hw) <p)T with / I(v)dv = Te[K(K + ndD) '] = di.
%

The quantity dj is known for implicitly determining the number of independent
parameters in a learning problem and is thus called the effective dimension of the
problem (Caponnetto and De Vito, 2007) or the number of effective degrees of
freedom (Bach, 2013; Hastie, 2017).

We can now observe that ¢*(v) = I (v)/dj is a probability density function. From
now on, we refer to ¢*(v) as the empirical ridge leverage score distribution and this
sampling strategy as leverage weighted RFF in the remainder of the thesis. Avron
et al. (2017) establish that sampling according to ¢*(v) requires fewer Fourier
features compared to the standard spectral measure sampling. The reason for this
is that when sampling according to p(v), the samples obtained are often clustered
around the leading/top eigenvalues of the corresponding kernel matrix K. In
contrast, sampling according to a re-weighted distribution is likely to obtain the

feature vectors that span the whole eigenspectrum of K.
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We remark that the leverage weighted RFF is an example of data dependent
sampling scheme for random features. There are many other data dependent
sampling strategies in literature (see, e.g., Agrawal et al., 2019; Liu et al., 2020;

Shahrampour et al., 2018) which we review below.

Surrogate Leverage Score To avoid inverting the kernel Gram-matrix in Eq. (2.14),

Liu et al. (2020) propose a simple surrogate leverage function

L) = p(v)Z (nle (YYT + nl)) A

where Y = [y1, ..., 9,]?. The sampling distribution is then proportional to /) (v).
The surrogate leverage score sampling is empirically verified to be effective in
reducing the computation time in many applications such as KRR (Liu et al., 2020)

and Canonical Correlation Analysis (Wang and Shahrampour, 2019).

Kernel Polarization The idea of kernel polarization RFFs (KP-RFFs) is to asso-
ciate each random feature a score. Specifically, it first generates a large number of
random features and computes the energy-based score for each random feature as

following

S(v) = % Z yiz(xi,v).

We then select the random feature v with high S(v) value. Ideally, we would like
to select v so that the feature vector z,(x) = [z(v, z1), ..., 2(v, z,)]T aligns well
with the label Y. Shahrampour et al. (2018) demonstrate the efficiency of KP-RFFs

through empirical experiments.

Kernel Alignment RFFs For Kernel Alignment RFFs (KA-RFFs) (Sinha and
Duchi, 2016), it generates a large number of random features (denote as set .J),

and selects a subset of the features from .J by solving the following optimization
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problem

n J

max Z YiY; Z arz(x;, v)2(x5, v),
1

acQ;
ij—1 —

where a is a weight vector. Here Q) is the set of distributions such that
Qs :={a: Ds(a|[1/J) < c},

where D;(P||Q) is the y?-divergence and ¢ > 0 is some pre-specified constant.
The idea of KA-RFFs is to generate the random features so that the kernel matrix

is close to Y'Y'T. For more details, please refer to Sinha and Duchi (2016).

2.3.2 Fast Construction of RFFs

Suppose we sample s number of d-dimensional random features to form the
transformation matrix V. = [vy,...,v,]7 € R**?. The random feature vector
for a training data = would be p(Vx) in many applications, where ¢(-) is some
non-linear function such as cos and sin functions. Hence, direct computation of
V2 would cost O(sd) for both computation and memory cost. When the dimension
d is high, computing the feature vector can be costly. Therefore, how to speed up
the construction of Vx has attracted much research interest in the machine learning
community (see, e.g., Bojarski et al., 2017; Choromanski et al., 2017; Choromanski
and Sindhwani, 2016; Feng et al., 2015; Le et al., 2013; Li, 2017; Lyu, 2017; Yu
etal., 2016). We provide a review on these fast construction methods below and

list the computation and memory cost in Table 2.2.

Fastfood When Gaussian kernel is used for RFFs, the transformation matrix V
is a dense Gaussian matrix. In this case, Le et al. (2013) propose the Fastfood

algorithm to fast construct the dense Gaussian matrix using the Hadamard and
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diagonal matrices. Specifically, the transformation matrix can be written as
VFastfood = gBlHGI‘HBQ,

where 6 is the kernel bandwidth, H is the Hadamard matrix which allows fast
matrix multiplication, and I' is a d x d permutation matrix that can decorrelate the
two Hadamard matrices. By, B, and G are three diagonal matrices constructed
in the following way: Gy; is an i.i.d sample from standard Gaussian distribution;
Bii = ||vill2/||G]|F, where v; is a sample from the kernel spectral distribution
p(v) from Eq. (2.9); By ; is an i.i.d Radamacher random variable, i.e., P(By;; =
{£1}) = 1/2. The Fastfood algorithm utilizes the property of the Hadamard
matrix to speed up the matrix multiplication by reducing the computation and the

memory cost.

Signed Circulant Random Feature (SCRF) Feng et al. (2015) propose the
SCRF algorithm using the circulant matrices. Given s, they let t = [s/d] and

construct the transformation matrix as
Vscrr = [V ®@C(v1),...,v@C(v,)]" € R4,

where p € R? is a Rademacher random vector, ® is the tensor product and C(v;)
is a circulant matrix generated by the random feature v; sampled from p(v) in
Eq. (2.9). Feng et al. (2015) show that the special structure of the circulant matrix
allows one to use O(s), instead of O(sd), memory to store the transformation

matrix.

P-Model Choromanski and Sindhwani (2016) propose the P-Model, which

includes the Fastfood and SCRF as special cases. Specifically, given a constant ¢,
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it constructs the transformation matrix as following
V'P = [gTPh s 7gTPS]T S RSXd)

where g € R! is a standard Gaussian random vector and each P; € R™*? is a
matrix where each of its column has unit /; norm. The P-model is designed so
that the Gaussian random vector g can be effectively recycled in order to reduce

computation and memory cost.

Structured Orthogonal Random Feature (SORF) Yu et al. (2016) and Bo-
jarski et al. (2017) propose to use a class of structured matrices that are similar to
those matrices in Fastfood to speed up the construction. The transformation matrix

is given by
Vsorr = Vd9HD;HD,HDs,

where 6 is the kernel bandwidth, H is the normalized Hadamard matrix and each
D; € R% is a diagonal matrix where its diagonal entry is generated according
to the Radamacher distribution. Later, Choromanski et al. (2017) generalize this
idea and propose the random orthogonal emeddings (ROM) algorithm. Given a

constant ¢, the transformation matrix is constructed as
t
Virou = Vdo [ [ HD;,
i=1

where in ROM, H can either be the normalized Hadamard matrix or the Walsh
matrix. Empirical experiments (Bojarski et al., 2017; Choromanski et al., 2017; Yu
et al., 2016) demonstrate that SORF and ROM not only accelerate the computation

of the transformation matrix V, but also have the effect of variance reduction
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compared to plain RFFs.

Quasi-Monte Carlo (QMC) We have seen that plain RFFs is a direct Monte
Carlo sampling method which has the undesired feature clustering effect and hence,
has slow error convergence rate. To alleviate these issues, Yang et al. (2014)
propose the QMC method which outputs low discrepancy sequences. Specifically,
QMC assumes that the spectral distribution p(v) from Eq. (2.8) admits the factor-
ization with respect to each dimension, i.e., p(v) = []°_, pi(v;). It then transforms

the integral in Eq. (2.8) to an integral on the unit cube [0, 1]¢ in the following way

kr.y) = /[ Lo (it =g )

where ®71(t) = [®]'(t1),..., P, (t4)] with ®; being the cumulative distribu-
tion function of p;. The transformation matrix for QMC is constructed by first

generating a low discrepancy sequence ti, . .., t, € [0, 1]¢ and formulated as below

Voue = [0 (ty),..., 871 (t,)].

Gaussian Quadrature (GQ) RFFs can be treated as an approximation of the
integral in Eq. (2.8), which connects to a long line of work on numerical quadrature
for estimating integrals. In light of this, Dao et al. (2017) propose to utilize
GQ to construct features. Specifically, they assume that the kernel function k can
factorize with respect to each dimension and the spectral distribution is subgaussian.

Eq. (2.8) can now be written as

b =11 ( / " exp (=i — y)"w,) p(vi)dvi> ,

i=1 o0
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where z;, y;, v; are the i-th coordinate of x, y and v. GQ then approximates the
one dimensional integral using one-dimensional quadrature rule. Dao et al. (2017)

utilize the Gaussian quadrature with orthogonal polynomials

/_"O exp (—i(z; — y;)vi) p(vs)dv; = Z a; exp(—i(z; — yi)Vi),

[e.e]

where each ~; is a chosen location point with weight a; and L controls the accuracy
level in the sense that a univariate GQ with L points is exact for polynomials up to

2L — 1 degrees.

In the above, we briefly introduce the current various methods to construct the
RFFs approximation. We list the computation and memory cost for each method

in Table 2.2 below.

ALGORITHM COMPUTATION TIME MEMORY COST
PLAIN RFFs O(sd) O(sd)
FASTFOOD O(slogd) O(s)

SCRF O(slogd) O(s)

P-Model O(slogd) O(s)

SORF O(slogd) O(s)

QMC O(sd) O(sd)

GQ O(dlogd) 0(d)

Table 2.2: The computation and memory cost of fast RFFs construction algorithms.

2.3.3 Kernel Low Rank Approximation

RFFs can be broadly treated as a kernel low rank approximation technique. There
are a large number of methods aiming to reduce the computation cost of kernel

methods. Hence, in this section, we provide a brief review of such methods.
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2.3.3.1 Nystrom Method

Among the kernel low rank approximation methods, there is a class of subsampling
methods, that we broadly refer to as the Nystrom methods (Smola and Scholkopf,
2000; Williams and Seeger, 2001a). These methods are closely related to RFFs.
Both of the two methods use subsampling technique to produce a new matrix to
replace the larger original kernel Gram-matrix. The difference is that RFFs try
to subsample in the frequency domain while the Nystrom methods conduct the

subsampling from the original data domain.

We now explain how the Nystrom methods work using the KRR (see Definition

2.8) as an example. The prediction function from KRR can be written as
fe) = dik(z;,x), whered = (K+nA\l)"'Y. (2.15)
i=1
This further implies that the function space that our estimator f comes from is
Hn = {f €EH | f - ZO@]C(ZL‘@'),OZ € Rn}
i=1

We can now easily see that once n becomes large, the storage of K and computation
of & is cumbersome. In light of this, Nystrom methods propose to find the estimator

in the following reduced space
Mo ={f €H|f=) aik(F,),a eR"},
i=1

where m < nand {Z, ..., Z,,} is the subset of covariates from the training sample

{x1,...,x,} selected according to certain sampling strategy. As a result of this

35



Department of Statistics Zhu Li University of Oxford

approximation, the solution of the KRR problem now becomes
fn(@) = i iki(ws, ), where dy, = (KL, K + nAK ) K7Y,
i=1

where (Kpm)ij = k(2i,%;), (Kym)ij = k(Zi,7,), and AT denotes the pseudoin-
verse of a matrix A. Since m is chosen to be smaller than n, now the storage and

computation can be reduced to O(nm) and O(m?) (or O(nm?)) respectively.

The efficacy of Nystrom methods have been both empirically and theoretically ex-
amined. From the theoretical perspective, the study of the Nystrom methods starts
from investigating the approximation error between the original kernel matrix and
its subsampled version (Drineas et al., 2012; Drineas and Mahoney, 2005; Gittens
and Mahoney, 2013; Wang and Zhang, 2013, 2014). While these results provide
sharp analysis on the matrix approximation error due to subsampling, they do not
shed light on the generalization properties of Nystrom methods. Consequently,
Cortes et al. (2010), Bach (2013), Alaoui and Mahoney (2015), and Rudi et al.
(2015) thoroughly investigate the algorithm from a learning risk perspective and
prove that the Nystrom methods can indeed provide a computational gain for kernel

methods. We list the sharpest findings in Table 2.3 at the end of the section.

2.3.3.2 Iterative Methods

Apart from Nystrom methods, there is another class of algorithms which aims
to reduce the computation of kernel methods, which we call iterative methods
(Caponnetto and Yao, 2010; Engl et al., 1996; Gerfo et al., 2008; Ong and Canu,
2004; Ong et al., 2004). Instead of directly performing the matrix inverse as in
Eq. (2.15), iterative methods seeks to compute the estimating function iteratively,
where the computation cost is reduced within each iteration. In this section, we

briefly introduce the iterative methods in the context of KRR.
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The key of iterative methods relies on viewing the prediction function in Eq. (2.15)
as a filter on the eigenvalues of the kernel matrix. Starting from Eq. (2.15), the

in-sample prediction of kernel ridge regression can be written as

~

= [f(z1),-.., flz)]" = K(K+nA)TY
K K
—(— 4+ )Y
n-n
Hence, if u; is an eigenvector of K with eigenvalue );, then 5(5 + A\ )—1

Ad
)\Jr/\

a filter on the eigenvalues of the kernel matrix. Rosasco et al. (2005) demonstrate

A’\+ y guarantees a strong generalization properties and provides the
necessary numerical stability. In light of this, a new class of algorithms can be

defined by adopting the following view of Eq. (2.15)

3 1 (K
= > k(v x), where & = —gy (_> Y,
i=1 n n

where g, : [0,00) — R is some properly defined function and g, ( ) is defined on
the eigenvalues of K. Depending on the specific g, function used, there are many
different iterative algorithms. Below, we briefly discuss two popular methods,

please refer to Gerfo et al. (2008) for more detailed iterative algorithms.

Iterative Landweber: The iterative Landweber uses the following filter function

~1
21—7'/\

=0
where ¢ is a positive integer. In each iteration, the computation of the & is through

the following update step
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The iterative Landweber has been shown to be connected to the gradient method

where size of ¢ controls the regularization (Gerfo et al., 2008; Yao et al., 2007).

Iterated Tikhonov: Iterated Tikhonov employs the following filter function

A+ A)7 = A

N.
Moty VS

g)\()\i) =

In addition, the algorithm is defined by the following iterative procedure
(K4 nXDa® =Y +axa* Y, k=1,...,0,

where we could simply choose the starting point as @°) = 0. Note that if we

choose v = 1, then this reduces to the Tikhonov regularization used in KRR.

2.3.3.3 Divide and Conquer

The divide and conquer is a data-splitting approach that also aims to address the
computation issues for kernel methods. Below we illustrate its idea using KRR as

an example

1. Given the training set {(x;, y;)}!,, we divide the dataset evenly and uni-

formly at random into m subsets S, ..., S,;

2. For each subset S;, we perform the KRR estimation and obtain a local

estimator f;;

3. Average all the local estimators and the final estimation function is f =
. .
m Z;L fi.
One can see that if m < n, then the computational cost can be saved in the KRR

setting. The theoretical properties of divide and conquer are rigorously studied

in Zhang et al. (2013, 2015). They demonstrate that the divide and conquer can
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indeed provide us with computational savings. We list its computational cost in

Table 2.3.

2.3.3.4 RFFs with Stochastic Gradient Descent

Stochastic gradient descent (SGD) methods allow one to process data points indi-
vidually, or in small batches to reduce computational complexity while preserving
fast convergence rate (Bottou and Bousquet, 2007). RFFs can reduce the dimension
of the feature to overcome the memory bottleneck for a typical kernel learning
problem. Therefore, Carratino et al. (2018) and Yashima et al. (2021) design and
study the RFFs with SGD algorithm by combining SGD and RFFs together in

order to obtain fast computation.

Given training sample {(z;,v;)}",, RFFs with SGD starts with sampling s fre-
quencies vy, ...,vs from the spectral distribution and forms the RFFs feature
vector z,.(v) = [z(vy, ), ..., 2(vs, )]T. The prediction function is parameterized
as f(z) = z,(v)T 3, where 3 is the regression coefficient. The algorithm then
chooses a subset of the training samples to update the gradient. Specifically, it
chooses a subset S; from the training sample at time ¢, and updates with a fixed

learning rate 1 as following

Bt =0, ﬁtﬂ:ﬁt—lg—ﬁ Z (Zzi(V)Tﬁt—yi)in(V), t=1,...,T.

Zi,Y; €St

RFFs with SGD is shown to effectively reduce the computational cost while
preserving the same statistical prediction accuracy as KRR (Carratino et al., 2018;

Yashima et al., 2021). We list the computational cost in Table 2.3.

2.3.3.5 Distributed Learning with RFF's

Recently, a line of research combines the RFFs approximation with the distributed

learning to obtain fast approximation methods (see, e.g., Li et al., 2019a; Liu et al.,
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2021; Richards et al., 2020). In this section, we briefly introduce these algorithms

and discuss their computational gains.

Distributed KRR with Random Features The simplest way to combine the
RFFs with distributed learning is the Distributed KRR with Random Features
(DKRR-RF) proposed by Li et al. (2019a). The algorithm is similar to the Divide

and Conquer method in KRR problems. We list the steps below

1. Given the training set {(x;,y;)}",, we divide the dataset evenly and uni-

formly at random into m subsets S1, ..., Sp;
2. For each subset .S;, we perform the local RFFs regression estimator f,-;

3. Average all the local estimators and the final estimation function is f =

= i fi
The theoretical properties of DKRR-RF are studied in Li et al. (2019a). Through a
novel error decompostion method, they demonstrate that the DKRR-RF can provide

computational savings without hurting the prediction accuracy. The detailed

computation cost is listed in Table 2.3.

DKRR-RF With Communications A key restriction for the DKRR-REF is that
the number of subsets of the data m has to remain constant to guarantee no loss
of prediction accuracy. Therefore, Liu et al. (2021) propose the DKRR-RF With
Communications (DKRR-RF-CM) to enlarge the number of subsets of data. The
DKRR-RF-CM algorithm can be summarized as

1. Given the training set {(x;,y;)}",, we divide the dataset evenly and uni-

formly at random into m subsets S1, ..., Sp;

2. Draw s random features, and formulate the feature matrix for each subset S;

as Z,L,
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3. Initialize the global regression coefficient 5% = 0;

4. At time ¢, compute the gradient of the regularized empirical risk
gs;,s = (ZzTZl + A[)ilﬁtil + Zzy;a

where Y; are the response vector from S;;

5. Average all the gradient g = = > gs, 5

m

6. Update the regression coefficient for each subset as

Bt = (Z]Z; + )" gs;

7. Update the global regression coefficient

t _ pot— im t—1.
Br=p" == B

i=1

8. Repeat Step 4 — 6 for p times.

The key idea of DKRR-RF-CM is to adopt a Newton Raphson iteration-based
communication strategy (steps 4 — 6) which allows one to increase the size of the
subsets of the data while preserving the same trade-offs between computational
costs and prediction accuracy as in DKRR-RF. The theoretical properties of DKRR-

RF-CM are studied in Liu et al. (2021). We list its computation savings in Table 2.3.

Decentralized Learning with RFFs and Distributed Gradient Descent While
the above two centralized approaches are effective in reducing the computational
cost, a key problem is that a single global agent is required to collect and process

information from each local agent. For example, in the above two distributed
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learning regime, one agent is responsible for collecting all the estimators from each
local agent in order to compute the global average. However, in many applications,
such a centralized approach is not feasible due to various reasons (e.g., privacy
issue). Therefore, Richards et al. (2020) propose a decentralized learning with

RFFs and distributed gradient descent (DC-RF-GD).

Consider a connected network of m agents G = (V, E) with |V| = m and edges
E C V xV. We assume that each agent has a collection of [ (n = ml) i.i.d training
points {(Z; ., ¥i.) }:_;. The DC-RF-GD states that each local agent wishes to solve

the RFFs regression problem

1

argmin — Z 1Yo = Zo B3 + sAllBu |3,
51;,’[}6‘/ n veEV

where Y, = [y1.4, -+, Y1)’ Z, is the RFFs feature matrix for agent v, and s is the

number of RFFs.

The DC-RF-GD uses two step to solve the optimization problem. In the first step,
any local agent w performs a local gradient descent with stepsize n

!
= By = 7 2 (20 (0B = i) 2, (V)

=1

In the second step, an agent v communicates with its neighbors to further update

the gradient 5™ = 3"\, P,,al,, where P € R™ " is a doubly stochastic matrix

weV
such that P, ; # 0 only if (¢, j) € E. Table 2.3 lists the computational cost for the

DC-RF-GD.

Besides the algorithms introduced above, there are also many other methods which
combine the above algorithms to pursue further computational or memory savings.

Examples include Nystrom with iterative method (Camoriano et al., 2016; Tu
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et al., 2016), Nystrom with stochastic gradient descendent (Dieuleveut and Bach,
2016), Nystrom with preconditioning (Rudi et al., 2017, FALKON), etc. Below

we provide a table to summarize the computational gain for methods we have

introduced.
ALGORITHM TRAINING TIME TESTING TIME MEMORY
PLAIN KERNEL METHOD O(n?) O(n?) O(n?)
RFFs O(n?) O(y/n) O(n+/n)
RFFs+ SGD O(ny/n) O(y/n) O(n)
ITERATIVE METHODS O(n*?) O(n) O(n?)
DIVIDE AND CONQUER  O(n?) O(y/n) O(n)
DKRR-RF O(ny/n) O(v/n) O(n)
DKRR-RF-CM O(ny/n) O(v/n) O(n)
DC-RF-GD O(n) O(y/n) O(n)
NYSTROM O(n?) O(y/n) O(ny/n)
NYSTROM + ITERATIVE ~ O(n?) O(y/n) O(n)
NYSTROM + SGD O(n?) O(y/n) O(n)
FALKON O(ny/n) O(/n) O(n)

Table 2.3: The computation time of fast kernel algorithms.
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Chapter 3 Kernel Matrix Approximation with
RFFs

In this chapter, we provide our first attempt to develop the theoretical understanding
of the RFFs, where we adopt the matrix approximation perspective, and study the
behaviour of sup |k(z, y) — k(z,y)| as a function of the number of features used.
In addition, we are interested in how this error propagates to |[K — K|| as well
as the learning risk in various kernel learning settings. We start with analyzing
the kernel matrix approximation error in kernel ridge regression in Section 3.2,
followed by providing the error convergence rate in the distribution regression

setting in Section 3.3.

3.1 Introduction

Kernel methods are one of the pillars of machine learning (Scholkopf and Smola,
2001; Scholkopf et al., 2004), as they give us a flexible framework to model
complex functional relationships in a principled way and also come with well-
established statistical properties and theoretical guarantees (Caponnetto and De Vito,
2007; Steinwart and Christmann, 2008). The key ingredient, known as kernel trick,
allows implicit computation of an inner product between rich feature representa-
tions of data through the kernel evaluation k(x,z') = (p(z), p(2’))%, while the
actual feature mapping ¢ : X — H between a data domain X and some high
and often infinite dimensional Hilbert space H is never computed. However, such
convenience comes at a price: due to operating on all pairs of observations, kernel
methods inherently require computation and storage which is at least quadratic
in the number of observations, and hence often prohibitive for large datasets. In

particular, the kernel matrix has to be computed, stored, and often inverted. As a

44



Department of Statistics Zhu Li University of Oxford

result, a flurry of research into scalable kernel methods and the analysis of their per-
formance emerged (Alaoui and Mahoney, 2015; Bach, 2013; Mahoney and Drineas,
2009; Rahimi and Recht, 2007; Rudi et al., 2015, 2017; Rudi and Rosasco, 2017;
Zhang et al., 2015). Among the most popular frameworks for fast approximations
to kernel methods are RFFs due to Rahimi and Recht (2007). The idea of RFFs is
to construct an explicit feature map which is of a dimension much lower than the
number of observations, but with the resulting inner product which approximates
the desired kernel function k(z, y). In particular, RFFs rely on Bochner’s theorem
(Bochner, 1932; Rudin, 2017) which tells us that any bounded, continuous and
shift-invariant kernel is the Fourier transform of a bounded positive measure, called
spectral measure. The feature map is then constructed using samples drawn from
the spectral measure. Essentially, any kernel method can then be adjusted to operate
on these explicit feature maps (i.e., primal representations), greatly reducing the
computational and storage costs, while in practice mimicking performance of the
original kernel method. Despite the empirical success of RFFs, the theoretical
properties of RFFs remains unclear. Hence, in this chapter, we provide our first

attempt to address this issue from the kernel matrix approximation perspective.

Before we present our analysis, we review some current results on the uniform
convergence property of the RFFs. Since this chapter serves as the introductory
analysis of the RFFs, we will only provide some basic results from literature and

leave the extensive review in Chapter 4.

3.1.1 A Review on the Uniform Convergence Property of RFFs

We have seen that RFFs can generate low-dimensional (of dimension s) feature
map z to approximate the often infinite dimensional feature map in kernel methods.
After that, we can apply fast liner solvers to efficiently approximate the solution

from the original kernel methods. However, we might also want to explore the
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properties of the estimator k and the accuracy loss due to the RFFs approximation.
Below we present two theorems demonstrating the almost sure (a.s.) convergence
of this estimator. The following theorem applies to kernels with spectral measures

which have finite second moments.

Theorem 3.1 (Rahimi and Recht (2007)). Let S be a compact subset of X with
diameter |S|. k(z,y) = Y(z —y), x,y € S be a continuous bounded positive
definite function. Assume that k is such that o} := [ ||v||*d7(v) < oo, where d is

the spectral measure defined in Chapter 2.3. Then we have

S€E

- Slox\* ?
P{g&%@mﬂ—kwwﬂze}gﬂm< : )“W(_QEIE>(&”

Let A, = sup, ,cs k(xz,y) — k(x,y)|. Then, Eq. (3.1) has shown that & is a

consistent estimator of k, i.e., with high probability

&zOO& §$g.

However, as pointed out by Sriperumbudur and Szabé (2015), this convergence
rate is not optimal. The reason is that the RFF estimator is an empirical approx-
imation of the Fourier integral and can be treated as an empirical characteristic
function (ECF). The ECF is extensively studied in statistics literature (Csorgo and
Totik, 1983; Feuerverger and Mureika, 1977; Giné and Zinn, 1984) and it can be
shown that the optimal convergence rate of A, is s~2. In addition, the a.s. conver-
gence is guaranteed as long as the diameter of S is o(e®). Therefore, Sriperumbudur
and Szabo (2015) give an improved result regarding to the convergence rate of

RFFs estimator l%(x, y), presented below.

Theorem 3.2 (Sriperumbudur and Szab6 (2015)). Let S, k, o be as in Theorem
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3.1. Then

_ h(d1|S|70k)

. s(e N )2
P| sup i) ~ ko] = | <o - )
T,YyEeS 2

where we have

h(d, S|, ox) := 32+/2dlog(|S| + 1) + 32¢/2d log(c\ + 1)
+16+/2d(log(|S| + 1))~

Theorem 3.2 clearly shows that k is a consistent estimator of k with the a.s.
convergence at the rate \/Wg|8| . Comparing to Theorem 3.1, it provides an
improved convergence rate. In addition, Theorem 3.2 shows that k is consistent as
long as /s log [S| — 0 as s — oc. It can be shown that the findings match the
result from Csorgo and Totik (1983); Feuerverger and Mureika (1977); Giné and
Zinn (1984).

3.2 Kernel Matrix Approximation in Kernel Ridge
Regression

In this section, we present our contribution to the error analysis of kernel ap-
proximation from a Gram-matrix approximation perspective. To accomplish this,
we will first proceed by revisiting and improving a result due to Sutherland and
Schneider (2015). After that, we obtain the error convergence rate for the kernel

ridge regression setting with RFFs approximation.
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3.2.1 The Expected Max Error of RFFs

Define ||k||oc = sup |k(x,y) — k(z,y)|. The tail behaviour of ||k||s has already
been studied in "lf}’feegrem 3.1 and 3.2. Here, we are interested in investigating the
expected worst case error, i.e., E||k||.. The reason we study this is that in many
machine learning problems, our goal is to minimize the learning risk, which is
the expected value of loss functions plus the expected error due to RFFs kernel
approximation. In the following, we first provide an initial derivation of the
expected max error due to Sutherland and Schneider (2015). We then present our

analysis which improves their result.

Theorem 3.3. (Sutherland and Schneider, 2015) Let S, k be as in Theorem 3.1.
Define Xpn = {x — ylx,y € X}, suppose k is L-Lipschitz on Xp. Let R =

Emax;—1 s ||vi||, ¥ = 0.964, is a constant. Then

-----

E[||k||oo} < MVT@'S'(R 4 1) (3.2)

Theorem 3.3 provides a first analysis of the expected error in RFF ridge regres-
sion, which shows that the expected max error decays at the rate up to O(s~/2).
Sutherland and Schneider (2015) comment that the direct integral of the expected
max error diverges, hence, they employ a more sophisticated tool to obtain the
upper bound. However, the upper bound is problematic due to the 12 term which
is difficult to compute and it is also unclear how R grows with s. Thus the bound
in Eq. (3.2) is possibly vacuous for a large number of kernel functions. Also, the
R term varies with different kernels. On the other hand, our contribution in the
following theorem is a more direct way to obtain the upper bound and is consistent

across many different kernels. The proof is in Section 3.4.

Theorem 3.4. Let S, k, oy, be as in Theorem 3.1. Assuming s > [8e(d + 2)|, then
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we have

E{nknm] <n+ mgmgg%] 7,

Theorem 3.4 shows that the expected max error converges to 0 almost surely with
convergence rate @. However, as discussed in Sriperumbudur and Szab6
(2015), Theorem 3.1 does not provide the optimal convergence rate. Instead of
using Theorem 3.1, we could easily obtain a sharper expected max error using

Theorem 3.2. The proof of the next result is in Section 3.4.

Theorem 3.5. Let S, k, o, be as in Theorem 3.1. Let h(d, |S|, oy,) be as in Theorem

3.2. If we assume that IOgTw is upper bounded, i.e.,

S| = o(exp(s)). we have

E(||k]|o0) < V27573,

Theorem 3.5 shows a sharper convergence rate for the expected max error. More-
over, it also improves the dependence on |S|. Suppose the diameter of S can grow
with s (|Ss| — oo as s — 00), then we can see Theorem 3.5 states that the expected
max error converge to 0 even when |S;| grows exponentially with s, comparing

with [log(s)]3 in Theorem 3.4.

3.2.2 RFFs in Kernel Ridge Regression

We are now ready to present our analysis on the convergence rate of the learning
risk in kernel ridge regression with RFFs. The proof of the next theorem can be

found in Section 3.4.

Theorem 3.6. Suppose we have training set {(z;,y;)}}'_,, with x; € X, y; €
R. Let f)‘(x) be the kernel ridge regression solution. Recall we denote K as

the Gram-matrix and K (z, X) = [k(z,z1), ..., k(x, x,)], let f(x) be the RFFs
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approximation of f’\(:t), where K and K (x, X) are approximated by K and
K (x, X)) respectively. Moreover, we assume that there exists . < oo such that
k(z,z) < k,k(z,2) < k Yz € X. Suppose there also exists M < oo, such that

llylla < M. Let A = n)\, then we have
E(lf) < E(lp) + E(|f(2) — f(2)])

<E(p) + \/QWM)\O)\_; r
0

_1
2

S

Theorem 3.6 provides an initial analysis of the learning risk for RFFs estimator
f (x) and demonstrates that it is a consistent estimator with excess risk converging
at O(s71/2) + O(n=Y/2). ' However, this worst case analysis gives a pessimistic
bound as it requires s = n for the RFFs estimator to have the same learning rate
as the original KRR estimator. This means that we cannot enjoy any computation
gain with RFFs. In the next chapter, we will try to address this problem from a

different perspective.

3.3 Kernel Matrix Approximation in Distribution Re-
gression

In this section, we analyze the RFFs approximation problem in distribution re-
gression. Section 3.3.1 explains how the RFFs is employed in approximating the
solution of distribution regression, Section 3.3.2 presents an analysis of the RFFs

approximation error.

3.3.1 RFFs in Distribution Regression

Let k(z,y) : X x X — R be a bounded, continuous, positive definite and trans-

lation invariant kernel. Then we know that its Fourier transform is a probability

'Note that the O(n~'/2) term is for the excess risk convergence rate of kernel ridge regression
estimator f* in the minimax sense, please refer Caponnetto and De Vito (2007) for details.
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)2y (v)

through Algorithm 1. We would like to extend the approximation to the kernel

measure and hence the kernel can be approximated by k(z,y) = z,(v

mean embedding in the distribution regression setting. As the definition of the
mean embedding p for a probability distribution P depends on the probability
measure and the associated kernel, we have various ways of approximating a mean
embedding. Specifically, let k(-, ) := z,(v), we denote

b= [ Bex)aP@) = [ 2v)aPex);

pwh = % D kCxi);

= Y ECx) = 2>,
Similar to kernel ridge regression, the distribution regression analysis is computa-
tionally prohibitive as both prediction and storage cost grow at least quadratically
with n. As a result, the two layer random features have been applied to reduce
computation cost. For example, in Jitkrittum et al. (2015), the two layer RFFs
is employed to speed up the learning process of message operator in expectation
propagation. The FastFood random feature representation of kernel embeddings is
used to solve the Gaussian process distribution regression problem while learning
the individual-level associations from aggregate data in the context of ecologi-
cal inference (Flaxman et al., 2015). In approximating kernel based distances
between probability densities, RFFs is exploited to convert problem into primal
space, avoiding the computation of the Gram-matrix (Sutherland et al., 2016).
Finally, distribution regression with RFFs has also been used for summary statistic
selection in Approximate Bayesian Computation to approximate the true likelihood

in complex generative model (Mitrovic et al., 2016).

In order to reduce the computational cost, we utilize the two layer RFFs to approxi-

mate the two different kernels in MERR: the data kernel k£ and the bag kernel K.

51



Department of Statistics Zhu Li University of Oxford

The data kernel k is used to calculate the mean embedding u% for distribution P.
Then with the new batch of dataset {(x},, y;)}\_,, we perform the kernel ridge
regression with kernel K. The goal of using RFFs is to approximate the kernel
between two mean embeddings K ( ,u'f;i, M’jgj ). As discussed previously, the RFFs
can be utilized to approximate a translation invariant kernel with random features.
Here, we will follow a similar approach to derive the two stage random features
to approximate K (//]%i, ,u’l%j). We first assume that the bag kernel K is a radial
kernel (Steinwart and Christmann, 2008): K (uf,, ) = K (||ip, — pp. [3,)- By

expanding the kernel, we get

Now we assume that the data kernel k is translation invariant. According to

Rahimi and Recht (2007), there is a vector of random features z,(v) such that

k(x;, 2;) = 24,(v) 2,,(v) where z;,2; € X and z,(v) € R*. Therefore, we can

calculate the inner product between mean embeddings in the following way

U 1 Vo = (B (kG 20)] By k(- 25)])ae
= EpEp, [(k(-,2:), k(- 25))2]
= EpEp, [k(z;, z;)]
= EpEp [k(z; — ;)]
~ EpEp, [2,,(v) 2, (V)]
= Ep, (25, (V) Ep (24, (v))

~ T ~
= lp, iy, (3.4)

Here the mapping /ﬁpi is the mean embedding of the RFFs vector z,(v). However,

since the underlying distribution P, P; are not observable, we will use the empirical
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Algorithm 2 CONSTRUCTION OF THE TWO-STAGE RANDOM FOURIER FEA-
TURES FOR K (pp,, 1ip,)

Input: Data kernel &k, Bag kernel K, Number of data features s;, Number of bag features
sk, {xi, - xiy } and {xj1,- - - z;n} from distribution P;, P; respectively.
Output: Random features Z i (w), 2 (w) € R%,

1: Compute the Fourier transform Qr and Qi of kernel k and K
2: Sample {v;}3%, ~ Qy and {w;}35, < Qg

3: M% = \/g[Epiz('Ul,IL'), e 7E15iz(1)8k71-)]

4 2 (W) = sl 2wy i), Z(wsye, )]

SK
50 K(ulp 1) = Zi (W) 2,5 (w).

Py

distribution to approximate the expectation, i.e., we approximate ,u’zpi with u’;.
With the RFFs mean embedding defined as in Eq. (3.4), the kernel between mean
embeddings in Eq. (3.3) is now

K (pp, 1p,) = K, — 1, 15,)

~ K, — i I

Since the bag kernel K is also translation invariant, we can apply the RFFs on K

to get another vector of random features Z(-) € R*% such that
K (|lip, — pip 113,) =~ K(llpp, — i II5,) = 2k (W)TZM% (w).

We then use the random feature vector Zu’_? (w) to conduct the regression analy-
by
sis. The detailed algorithm for generating the random feature vector is listed in

Algorithm 2.

3.3.2 Expected Max Error of RFF in Distribution Regression

After introducing the RFFs approximation in the distribution regression setting, we

are now concerned with the matrix approximation error in this scheme. We will
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first derive the expected max error for the kernel approximation

[ K loe = sup. |K(u'}é,u’§sj)—K(u’;,ufsj)l,
P;,PjeMT (X)

followed by the expected error for the distribution regression prediction.

Theorem 3.7. Let the data kernel k be continuous, shift-invariant and its Fourier
transform p(v) has finite second moment o, := E(||v||?) < oc. Let the bag kernel
K be a radial kernel. Assume K is Lipschitz continuous with constant L and its
Fourier transform q(v) also has finite second moment o := E(||w||?) < oo. Then

we have the following upper bound for the expected max error
1 1
E(]|K|leo) < 4LV2ms, > + V27s,”

where sy and sy represent the dimension of the random feature vector for data

kernel k and bag kernel K respectively.

Theorem 3.7 provides a first uniform convergence analysis of the expected max
error in the distribution regression setting. Our result demonstrates that the approx-
imation error due to the RFFs applied in distribution regression converges to zero

at rate of O(s,zl/ 2+ s;(l/ 2), implying that the RFFs estimator is consistent.

Now that we have the upper bound for the expected max error for kernel approxi-

mation, we are ready to derive the upper bound for the learning risk.

Theorem 3.8. Let kernels k and K to be the same as in Theorem 3.7. In addition,
we assume that there is By < oo such that K (u%, %) < By, Vu% € H. Let
M pp), FEu p) denote the MERR prediction for test distribution P and the RFF

approximation of MERR prediction for P respectively. Then we have

i AN+ B _1 1
EI£20p) — Frlnp)l < VIR AT PR st 4 i)

Theorem 3.8 demonstrate that the RFFs estimator for distribution regression is

consistent and the learning rate is on the order of O(s,zl/ Gt s;(l/ 2). However, as
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discussed before, our theorem indicates that the number of features required by the
RFFs estimator has to be on the order of n and m in order to match the minimax
learning rate for distribution regression. This means that the computational cost is
not reduced. Therefore, to demonstrate the efficacy of RFFs, a refined analysis is

needed. We leave this as an interesting future direction.

3.4 Proofs

3.4.1 Proof of Theorem 3.4

Proof. Note that E||k||s = [;° P(||k||s > €) de, and we utilize Theorem 3.1 as

follows
E([kllo) = / P(klw > €)de
€0 00
:/-HMM>@%+/ Pkl > €)de
0

€0

s€?

8(d+2)

< e+ / h 256("’“6’8‘ )%exp(— ) de (3.5)

€0

for any positive €.

We now define
s

_ 2 _
A=256(l8I)%, B = 175

note that A and B do not depend on ¢, then Eq. (3.5) can be expressed as

E([|Fll) < € +/ Ae exp(—Be®)de

€0

We let ¢ = t + ¢g, then we have

E(||%|lo0) < €0 + /000 Aeg + 1) %exp(—Bl(ey + t)?)dt

o t
=€+ / Aeaze_BEg(l + —)_QG_QBGOte_Btht (3.6)
0 €o

55



Department of Statistics Zhu Li University of Oxford

Since we can choose ¢ arbitrarily, we choose €, such that €, 20-Be§ — 1, Therefore,
Eq. (3.6) becomes
(“kHoo) <€0+/ A 1+ ) —2 7QBeot —Bt? dt
o 5 0
SEO—FA/ e BUdt
0
1
= € —|— —AV QWB_%

1 2
o+ 128V2r02 /B 20y 2els) ISl 3.7)

log(s
On the other hand,
6526_353 =1=¢°— ePe =0
Define
fleo) = 6 — €%,
we can see that f is a decreasing function, and f( %) =B (logl( 5~ 1). Since

B can be arbitrarily large, we have f( log(B =£=) < 0. But f(¢y) = 0, we can deduce

that
log(B)
€ < B
1
ST 2),/ ) (3.8)

Combining Egs. (3.7) and (3.8) and if we require that [S| = O(4/log(s)) , we

obtain

E([[Fl) < [1+ 12850,3%} sy
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3.4.2 Proof of Theorem 3.5

Proof. Using Theorem 3.2, we have that
h(dr‘glrak) 2

E(Hklloo):/oooP(HkHoo>6)de§/OOOeXP<—S<€_ S ))de.

Given any particular s, {/ —— 1°g loe 8] i upper bounded, we can see that M is also
upper bounded. Hence, there exists M, such that M < M. Therefore, the

above equation can be rewritten as

B(lil) < [ mexp(— %) de

< /_oo exp(— S(E_TM)Z) de = /27573,

oo

3.4.3 Proof of Theorem 3.6

Proof. By proposition 9 in Sutherland and Schneider (2015). we can see that
@) = )] < /\2 SIK =Ko+ —— \FA 1K (2, X) = K (2, X)[l2 (3.9)

In addition, we notice that
|K (2, X) — K(z, X)|5

< [l (3.11)

Combining (3.9), (3.10), (3.11), Theorem 3.4 and notice that E(l;) < E(l;) +
E(|f A( ) — ( )|) yields the final result. ]

3.4.4 Proof of Theorem 3.7

Proof. Let k(z,y) and K (1 ’EP ’%P ) be the RFFs approximation of the data kernel
Bk
Hp,» Hp,

k(z,y) and bag kernel K (u ) respectively. By triangle inequality
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= sup [ K (uho i) = K (g 1) + K (i) = K (i 1)
< sup [K (g, pip ) — K (1, 15| (3.12)
sup [ K (ps 1, ) — K ()| (3.13)
For Eq.(3.13), it is the standard RFF, and hence we have
~ 7 sz _1
E[sup [K (up, up ) = Ky, 1)) < vV2ms i (3.14)

by Theorem 3.5 again.

Since we assume that K is radial kernel and Lipschitz continuous, (3.12) becomes

sup [ K (1 ) — K (15|

< sup L[|, — 1 s = iy, — 15 113]

= s £ (0 e oy ) = 20 o s — )

J

+ ((up, - 1p ) Roe — {ep 15 )00)

=sup L

EﬁiEﬁj [ff(w? Z/) - k(iL‘, Z/)} o QEPiEPj Uf(a:a y) - k(ma y)}
+ EPjEﬁj Vf(m, y) o k(.%, y)] ‘
<suplL “EﬁiEPj [l%(x,y) — k(x,y)] | + }2EﬁiEﬁj [lg(x, y) — k(z, y)] !

+|EpEp [k(z,y) — k(z,y)] |1
< LEpiEpj sup |/~£(x, y) — k(z, y)‘ + QEH-]EPJ- sup ‘fc(x,y) — k(x,y)’

+EpEp sup }l;:(x, y) — k(z, y)‘ (3.15)
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Hence, the upper bound for the expected value of Eq. (3.12) is

E[sup | K (i, ) — K (1,1 )]
< L{EpiEPj]E[sup Vc(x,y) — k(x,y)H + QEpiEPjE[sup |/;(:c,y) — k(:c,y)H

+EﬁjEPjE[sup|l~f(x,y) - k(:c,y)H} (3.16)

Note from Theorem 3.5, we have that E[sup |k(z,y) — k(z,y)|] < v27s, 2.
Therefore, Eq.(3.16) becomes

S _1
E[sup |K (1, ip,) — K (i, pip))[] < 4LV 27s)? (3.17)
Combining (3.17) and (3.14) yields our result. ]

3.4.5 Proof of Theorem 3.8

Proof. By Eq. (2.7), we have f}(up) = kp(K + mAI)~'y. By proposition 9 in

Sutherland and Schneider (2015) and recall we have ||y||» < M, we thus have

7 MB ~ M .
A i K
|f2(up) — f2(pp)] < WHK — K]z + m”kﬁ — kgl (3.18)
In addition, we notice that
K-K -

R o p oy o)~ G, b)) G19)

||k1’t - f(l’tHQ ok k k k
T Jm SSUP’K(Mpiaij)—K(Mpiaﬂpjﬂ (3.20)

Applying Theorem 3.7 into Eq.(3.19) and (3.20), and combining with Eq.(3.18)

proved our claim. O
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3.5 Conclusion

In this chapter, we derive a very first result on the properties of the RFFs approx-
imation under kernel ridge regression and distribution regression settings. By
adopting the kernel matrix approximation approach and conducting analysis in
the worst case scenario, we show that the learning risk of the RFF estimators con-
verge at the rate of O(s‘é) in the KRR setting, and O(s;% + s;ﬁ) in distribution
regression setting. The results guarantee the statistical consistency of the RFFs
approximation. However, in order to ensure the O(n*%) risk convergence rate, the
number of features required is close to n, the number of data points. As a result, it
looks like we do not obtain any computational gain by using RFFs approximation,
which is not the case in practice. Therefore, in next chapter, we employ a different
approach and borrow some advanced machinery from learning theory to overcome

this issue.
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Chapter 4 Towards a Unified Analysis of RFF's

This chapter is based on the following self-contained paper Li et al. (2019b):

Zhu Li, Jean-Francois Ton, Dino Oglic, and Dino Sejdinovic. Towards a unified
analysis of random Fourier features. In International Conference on Machine

Learning (ICML), pages 3905-3914, 2019.

The extended version of the paper which includes new results given here in Section
4.3.2.2 and Theorem 4.9 is recently published in the Journal of Machine Learning
Research (Li et al., 2021).

Random Fourier features is a widely used, simple, and effective technique for
scaling up kernel methods. The existing theoretical analysis of the approach,
however, remains focused on specific learning tasks and typically gives pessimistic
bounds which are at odds with the empirical results. We tackle these problems
and provide the first unified risk analysis of learning with RFFs using the squared
error and Lipschitz continuous loss functions. In our bounds, the trade-off between
the computational cost and the learning risk convergence rate is problem specific
and expressed in terms of the regularization parameter and the number of effective
degrees of freedom. We study both the standard RFFs method for which we
improve the existing bounds on the number of features required to guarantee the
corresponding minimax risk convergence rate of kernel ridge regression, as well
as a data-dependent modification which samples features proportional to ridge
leverage scores and further reduces the required number of features. As ridge
leverage scores are expensive to compute, we devise a simple approximation
scheme which provably reduces the computational cost without loss of statistical
efficiency. Our empirical results illustrate the effectiveness of the proposed scheme

relative to the standard RFFs method.
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4.1 Introduction

In Chapter 3, we have presented our first analysis of RFFs from the kernel approxi-
mation perspective. However, the theoretical understanding of statistical properties
of RFFs is incomplete, and the question of how many features are needed, in order
to obtain a method with performance provably comparable to the original one,
remains without a definitive answer. Currently, there are two main lines of research
addressing this question. The first line considers the approximation error of the
kernel matrix itself (e.g., see Rahimi and Recht, 2007; Sriperumbudur and Szabd,
2015; Sutherland and Schneider, 2015, and references therein) and bases perfor-
mance guarantees on the accuracy of this approximation. However, all of these
works require {2(n) features (n being the number of observations), which translates
to no computational savings at all and is at odds with empirical findings. Realizing
that the approximation of kernel matrices is just a means to an end, the second
line of research aims at directly studying the risk and generalization properties
of RFFs in various supervised learning scenarios. Arguably, first such result is
already in Rahimi and Recht (2009), where supervised learning with Lipschitz
continuous loss functions is studied. However, the bounds therein still require a
pessimistic ©(n log n) number of features and cannot demonstrate the efficiency
of RFFs theoretically. In Bach (2017b), the generalization properties are studied
from a function approximation perspective, showing for the first time that fewer
features could preserve the statistical properties of the original method, but in the
case where a certain data-dependent sampling distribution is used instead of the
spectral measure. These results also do not apply to kernel ridge regression and the
mentioned sampling distribution is typically itself intractable. Avron et al. (2017)
study the RFFs for kernel ridge regression in the fixed design setting. They show

that it is possible to use o(n) features and have the risk of the linear ridge regression
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estimator based on RFFs close to the risk of the original kernel estimator, also rely-
ing on a modification to the sampling distribution. However, their result restricts
the data distribution to have finite support, and a tractable method to sample from
a modified distribution is proposed for the Gaussian kernel only. A highly refined
analysis of kernel ridge regression is given by Rudi and Rosasco (2017), where
it is shown that Q(y/nlogn) features suffices for an optimal O(1/y/n) learning
rate in a minimax sense (Caponnetto and De Vito, 2007). Moreover, the number of
features can be reduced even further if a data-dependent sampling distribution is
employed. While these are groundbreaking results, guaranteeing computational
savings without any loss of statistical efficiency, they require some technical as-
sumptions that are difficult to verify. Moreover, to what extent the bounds can be
improved by utilizing data-dependent distributions still remains unclear. Finally,
it does not seem straightforward to generalize the approach of Rudi and Rosasco
(2017) to kernel support vector machines (SVM) and/or kernel logistic regression
(KLR). Recently, Sun et al. (2018) have provided novel bounds for RFFs in the
SVM setting, assuming the Massart’s low noise condition and that the target hy-
pothesis lies in the corresponding reproducing kernel Hilbert space (RKHS). The
bounds, however, require the sample complexity and the number of features to be
exponential in the dimension of the instance space and this can be problematic for
high dimensional instance spaces. The theoretical results are also restricted to the
hinge loss and the 0-1 loss (without means to generalize to other loss functions)
and require optimized features. For a comprehensive review on the theoretical
analysis of the RFFs, we recommend the interested readers to refer to Liu et al.

(2020) for more details.

In this chapter, we address the gaps mentioned above by making the following

contributions:

* We devise a simple framework for the unified analysis of generalization
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properties of RFFs, which applies to kernel ridge regression, as well as to

kernel support vector machines and logistic regression.

* For the plain RFFs sampling scheme (Section 4.3.1.1), we provide, to the best
of our knowledge, the sharpest results on the number of features required.
In particular, we show that already with Q(1/n log dy ) random features one
can obtain the minimax learning rate of kernel ridge regression (Caponnetto
and De Vito, 2007), where d%( corresponds to the notion of the number of
effective degrees of freedom (Bach, 2013) with di < n and A := \(n) is the

regularization parameter.

* In the case of a modified data-dependent sampling distribution (Section
4.3.1.2) (the so called empirical ridge leverage score distribution), we demon-
strate that Q(dg ) features suffice for the learning risk to converge at O()\)
rate in kernel ridge regression. In addition, we show that the excess risk
convergence rate of the estimator based on RFFs can (depending on the decay
rate of the spectrum of the kernel function) be upper bounded by O(l"%) or
even O(+), which implies much faster convergence than the standard O(\/Lﬁ)

rate featuring in the majority of previous bounds.

* For plain RFFs in the Lipschitz continuous loss and 0-1 loss setting (Section
4.3.2.1), we show that Q(1/)\) features are sufficient to ensure O(+/)\) learn-
ing risk rate in kernel support vector machines and kernel logistic regression.
Moreover, using the empirical ridge leverage score distribution, we show
that (dj; ) features are sufficient to guarantee O(+/)) risk convergence rate

in these two learning settings.

* Similarly, under the low noise assumption (Section 4.3.2.2), our refined anal-
ysis for the Lipschitz continuous loss function demonstrates that it is possible

to achieve O(1/n) excess risk convergence rate. The required number of
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features can be €2(log n log log n) when learning using the empirical leverage

score distribution, or even constant in some benign cases.

* Finally, as the empirical ridge leverage scores distribution is typically costly
to compute, we give a fast algorithm to generate samples from the approxi-
mated empirical leverage distribution (Section 4.4). Utilizing these samples
one can significantly reduce the computation time during the in-sample pre-
diction and testing stages, i.e., O(nlognloglogn) and O(lognloglogn),
respectively. We also include a proof that characterizes the trade-off be-
tween the computational cost and the learning risk of the algorithm, showing
that the statistical efficiency can be preserved while provably reducing the

required computational cost.

4.1.1 Additional Literature

Recent studies reveal that the random feature models have many connections with
deep learning models (see, e.g., Ba et al., 2019; d’ Ascoli et al., 2020; Dhifallah
and Lu, 2020; Gerace et al., 2020; Hastie et al., 2019; Liao et al., 2020; Mei and
Montanari, 2019). As a result, the research interest of random feature methods
shifts from investigating the trade-off between the computational cost and the
prediction accuracy to understanding the generalization properties of overparame-
terized models. We briefly remark that utilizing the connection between random
feature methods and neural networks allows us to obtain many interesting insights
on the generalization properties of overpameterized models such as a precise de-
scription of the double descent learning curve (Adlam and Pennington, 2020b;
Belkin et al., 2019b; d’ Ascoli et al., 2020; Hastie et al., 2019; Mei and Montanari,
2019), the implicit regularization of random features (Jacot et al., 2020), the fitting
capability of random feature methods and neural networks (Ghorbani et al., 2021;

Mei et al., 2021; Yehudai and Shamir, 2019). Understanding this connection and
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the generalization phenomenon of overparameterized models is the focus of our

next chapter.

4.2 Background

In this section, we provide some notations and preliminary results that will be used
throughout the chapter. Henceforth, we denote the Euclidean norm of a vector
a € R" with ||a]|; and the operator norm of a matrix A € R™*"2 with ||A]|s.
Let H be a Hilbert space with (-, -) as its inner product and || - || as its norm.
We use Tr(-) to denote the trace of an operator or a matrix. Given a measure dp,
we use L (dp) to denote the space of square-integrable functions with respect to
dp. Finally, for the notations and definitions that are related to kernel supervised

learning and RFFs, please refer to Chapter 2.

4.2.1 Rademacher Complexity

To characterize the performance of a learning algorithm, we need to take into ac-
count the complexity of its hypothesis space. Below, we first introduce a particular
measure of the complexity over function spaces known as Rademacher complexity
(Bartlett and Mendelson, 2002). Then, we give two lemmas that demonstrate how
Rademacher complexity of a RKHS can be linked to the corresponding kernel and

how the excess risk can be computed via Rademacher complexity.

Definition 4.1. Suppose that {xy--- ,x,} are independent samples selected ac-
cording to P,. Let H be a class of functions mapping X to R. Then, the random
variable known as the empirical Rademacher complexity is defined as

’xlu ) n]7

R,(H) =

sup
feH

nZaZf ;)
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where 01, - - - , 0, are independent samples from the uniform distribution over the
two element set {£1}. The corresponding Rademacher complexity is then defined

as the expectation of the empirical Rademacher complexity
Ro(H) = B[ ()] |

where the expectation is taken with respect to n-element sets of indepedent samples

from P,.

The following lemma provides an upper bound on the Rademacher complexity of

a hypothesis space that is a subspace of the RKHS with a kernel k.

Lemma 4.1. (Bartlett and Mendelson, 2002) Let H be the unit ball that is centered
at the origin of the RKHS H associated with a kernel k. Then, we have that
R,.(Ho) < (1/n)Ex[\/Tr(K)], where K is the Gram-matrix for kernel k over an

independent and identically distributed sample X = {z1,--- ,x,}.

Lemma 4.2 states that the expected excess risk convergence rate of a particular
estimator in ‘H not only depends on the number of data points, but also on the

complexity of H and how it interacts with the loss function.

Lemma 4.2. (Bartlett and Mendelson, 2002, Theorem 8) Let {x;,y;}I | be i.i.d
samples from P(x,y) and let H be the space of functions mapping from X to R.
Denote a loss function with | : ) x R — [0, 1| and recall that, for all f € H, the
expected and corresponding empirical learning risk functions are denoted with
Ellf] and E,[l¢] = (1/n) > " Wy, f(x;)), respectively. Then, for a sample of
sizen, forall f € H and 6 € (0,1), with probability 1 — 6, we have that

Ell;] <E,[lf] + R,(loH) + M ,

n

67



Department of Statistics Zhu Li University of Oxford

where l o H = {(z,y) — l(y, f(x)) — (y,0) | f € H}.

Note that the risk bound is given by the Rademacher complexity term R,,(l o H)
defined on the transformed space [ oH, which is obtained via composition of f € H
and the loss function [. This term is, in general, different from R,,(#). However,
in the case when [ is Lipschitz continuous with constant L;, then R,(l o H) <

2L, R, (H) by Theorem 12 in Bartlett and Mendelson (2002).

4.2.2 Local Rademacher Complexity

When characterizing the finite sample behavior of learning risk, the notion of
Rademacher complexity introduced in the previous section does not typically give
the optimal convergence rates. This is because Rademacher complexity considers
the behavior of the empirical learning risk over the whole hypothesis space, while
the estimator returned by the regression is typically in a neighborhood around the
optimal estimator. Hence, in our refined analysis we rely on the so called local
Rademacher complexity. Before illustrating this concept, we first recall that given
a hypothesis f € H, we denote its expectation and finite sample average with E|f]
and [E,,[f], respectively. The notion of local Rademacher complexity is typically
introduced via the so called sub-root function. This sub-root function is used to
obtain a fixed point of the local Rademacher complexity, which gives a sharper
convergence rate than the notion introduced in previous section. Below, we first
give the definition and a useful property of the sub-root function. We then review a

theorem that relates the notion of local Rademacher complexity and learning risk.

Definition 4.2. Let ¢ : [0,00) — [0, 00) be a function. Then, 1)(r) is called a sub-

root function if, for all r > 0, () is non-decreasing and == is non-increasing.

A sub-root function has the following property.

Lemma 4.3. (Bartlett et al., 2005, Lemma 3.2) If 1)(r) is a sub-root function, then
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W(r) = r has a unique positive solution r*. In addition, we have that r > 1 (r) if

and only if r > r*.

In Lemma 4.2, we can see that the difference between the expected and empirical
learning risks, E[l¢] and E,[lf], is upper bounded by O(\/iﬁ) This rate can be
further improved with local Rademacher complexity. The reason for the slow
learning rate is because the bound accounts for the difference between E[/;] and
E,[l¢] using the global Rademacher complexity. Inspecting the definition of
R, (H) (Definition 4.1), we can see that R,(#) is defined by considering the
whole hypothesis space, as the supremum operator is applied over all functions in
‘H. However, as discussed before, learning algorithms typically return functions
that are in the neighborhood around the optimal estimator. Hence, using R,,(#)

unnecessarily enlarges the space that we are interested in.

As empirical estimators returned by learning algorithms typically have low learning
risk as well as low variance, we could instead consider the alternative space
H, :={f € H :E[f?] < r} for some given value r € R. In this way, we greatly
reduce the complexity of the function space at hand and can provide a sharper
convergence rate. The following results from Bartlett et al. (2005) details how this

idea can be used to describe the learning risk behavior.

Lemma 4.4. (Bartlett et al., 2005, Theorem 4.1) Let H be a class of functions with
bounded ranges and assume that there is some constant B > 0 such that, for all
f € H, E[f?] < BE[f]. Let 1, be a sub-root function and let #* be the fixed point

of tn, i.e., &n(f*) = 7*. Fixany ¢ € (0,1), and assume that for any r > 7%,

1

D) > R f € star(H,0) | En[f2] < 7} + %log s
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where

star(H, fo) ={fo+alf—fo) | fEH N a€|0,1]}.

Then for all D > 1 and f € H, with probability greater than 1 — 6,

where ¢, co and cs are some constants.

Note that this theorem bounds the difference between E[f] and E,,[f]. We will
show later (Section 4.6.3), with a simple transformation, that this result can be
used to bound the difference between the expected and empirical learning risks for

estimators based on RFFs.

We have seen that in the above theorem, we can use the fixed point of the sub-root
function to upper bound the learning rate. It is, however, not clear how to obtain
the explicit formula for the fixed point using this result. Fortunately, in the setting
of learning with kernel £ and the corresponding RKHS, we can derive such results.
The following lemma provides us with an upper bound on local Rademacher

complexity through the eigenvalues of the Gram-matrix.

Lemma 4.5. (Bartlett et al., 2005, Lemma 6.6) Let k be a positive definite kernel
function with RKHS H and let 5\1 > e > j\n be the eigenvalues of the normalized

Gram-matrix (1/n)K. Then, forallr > 0 and f € H,

" 1/2
RAfeH |E,[fA]<r}< (% ;min{r, j\z}) :
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4.3 Theoretical Analysis

In this section, we provide a unified analysis for the generalization properties of
learning with RFFs. Our analysis is split into two cases/settings: i) we start with a
bound for learning with the squared error loss function (Section 4.3.1) and ii) then
extend these results to learning problems with Lipschitz continuous loss functions
(Section 4.3.2). In addition, in each of the cases, we will present two different
analyses. In the worst case analysis, we provide the conditions for the estimator
to achieve the minimax learning rate of the corresponding kernel-based estimator.
After that, we present a refined analysis and show that the estimators based on
RFFs are able to achieve faster learning rates if the learning problem exhibits
certain benign properties. Before proceeding with our theoretical contributions, we

first enumerate the generic assumptions that we made in Section 4.2.

1. For a learning problem with kernel k£ (and corresponding RKHS ) defined
as in Eq. (2.3), we assume that f3 = arginf ., E[l;] always exists and
has a bounded H-norm. Moreover, we (without further loss of generality)

restrict our analysis to the unit ball of H, i.e., the hypothesis space is given

by [[fllx < 1

2. We assume that the kernel £ has the decomposition as in Eq. (2.9) with

|z(w, z)| < 29 € (0,00);

3. For kernel k, denote with \; > --- > ), the eigenvalues of the kernel matrix

K. We assume that the regularization parameter satisfies 0 < n\ < A;.

Intuitively, Assumption 3 requires that the signal \; is stronger than the added
regularization term n\. More specifically, the in-sample prediction of a kernel ridge
regression problem is K(K + nAI)~'Y". The largest eigenvalue of K(K +nAl)™!
1s

(Al’l—ln/\). If nA > Ay, then the in-sample prediction is essentially dominated by
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nA, which could lead to under-fitting.

Throughout our analysis, we will use the assumptions listed above and will not be

restating them unless problem-specific clarifications are required.

4.3.1 Learning with the Squared Error Loss

In this section, we consider learning with the squared error loss, i.e., [(y, f(x)) =
(y — f(x))?, where the learning is known as KRR. We make the following assump-

tion specific for the KRR problem.

Al y = f.(z) + e with E[¢] = 0 and Var[e] = 0. Furthermore, we assume that

y is a bounded random variable, i.e., |y| < yo;

For regression problem, we have the target regression function f, = E[y | z]. Note
that f, may be different from f; as it is not necessarily contained in our hypothesis

space H.

In the RFFs setting, the KRR problem can be reduced to solving a linear system
(K 4+ n\)a =Y, with Y = [y;,---,y,|7. Typically, an approximation of the
kernel function based on RFFs is employed in order to effectively reduce the
computational cost and scale kernel ridge regression to problems with a large
number of examples. More specifically, for a vector of observed labels Y the
goal is to find a hypothesis f, = Z/3 that minimizes Y — f'x||§ while having
good generalization properties. In order to achieve this, one needs to control the
complexity of hypotheses defined by RFFs and avoid over-fitting. Hence, we would
like to estimate the norm of a function f € H for the purpose of regularization.
The following proposition (originally from Bach, 2017b) gives an upper bound on

that norm (a proof is given in Section 4.6).

Proposition 4.1. Assume that the RKHS H with kernel k admits a decomposition
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as in Eq. (2.9) and denote by H = {f | f = 37_, aiz(vi,-),; € R} the RKHS
with kernel k (see Eq. 2.10). Then, for all f € H it holds that || f||% < s||a/3.

According to Proposition 4.1, the learning problem with RFFs and the squared

error loss can be cast as

o1
By = argmin = [V — Z,8]3 + As| 813 (“.1)
BERS n

This is simply a linear ridge regression problem in the space of Fourier features. We
denote the optimal hypothesis function returned by Eq. (4.1) to be fg The function
can be parameterized by (3, and its in-sample evaluation is given by f'/;\ = 7,5,
where 8\ = (Z] Z,+ns\I)"'Z]Y . Since Z, € R"**, the computational and space
complexities are O(s®+ns?) and O(ns). Thus, significant savings can be achieved
using estimators with s < n. To assess the effectiveness of such estimators, it is
important to understand the relationship between the excess learning risk and the

choice of s.

4.3.1.1 Worst Case Analysis

In this section, we provide a bound on the required number of RFFs with respect to
the worst case (in the minimax sense) of the corresponding kernel ridge regression
problem, i.e., learning rate O(\/Lﬁ) The following theorem gives a general result
while taking into account both the number of features s and a sampling strategy for

selecting them.

Theorem 4.1. Suppose that Assumption A.1 holds and let [:V — R be a measur-
able function such that [(v) > I\(v) (Yo € V) with d; = IS I(v)dv < oo. Suppose

also that {v;}:_, are sampled independently from the probability density function

73



Department of Statistics Zhu Li University of Oxford

a(v) = (v)/dy. If

then for all 6 € (0, 1), with probability 1 — 6, the excess risk offlg‘ can be upper
bounded by

Ellj] = Ellp,] < 42 +0 (L +E[p] —Elp,,] . 4.2)

)
Theorem 4.1 expresses the trade-off between the computational and statistical
efficiency through the regularization parameter A, the effective dimension of the
problem dy, and the normalization constant d; of the sampling distribution. The
decay rate of the regularization parameter is used as a key quantity (Caponnetto
and De Vito, 2007; Rudi and Rosasco, 2017) and its choice can be linked to the
complexity of the target regression function f.(z) = [ ydp(y | x). In particular,
Caponnetto and De Vito (2007) show that the minimax risk convergence rate for
kernel ridge regression is O( —). Setting A o \F’ we observe that the estimator fﬁ
attains the worst case minimax rate of kernel ridge regression. As a consequence
of Theorem 4.1, we have the following bounds on the number of required features
for the two strategies: leverage weighted RFFs (Corollary 4.1) and plain RFFs
(Corollary 4.2).

Corollary 4.1. Ifthe probability density function from Theorem 4.1 is the empirical
ridge leverage score distribution q*(v), then the upper bound on the risk from

Eq. (4.2) holds for all s > 5dy log —X 16d

Proof. For this corollary, we set [(v) = [;(v) and deduce d; = Ju(v)dv =
d)\
K-

Theorem 4.1 and Corollary 4.1 have several implications on the choice of A and
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s. First, we could pick A € O(n~'/2) that implies the worst case minimax rate for
kernel ridge regression (Bartlett et al., 2005; Caponnetto and De Vito, 2007; Rudi
and Rosasco, 2017) and observe that in this case s is proportional to dy log dz.
As dy is determined by the learning problem (i.e., the marginal distribution P,),
we can consider several different cases. In the best case, where the number of
positive eigenvalues is finite, implying that dg does not grow with n, we then have
that even with a constant number of features, we are able to achieve the O(1/+/n)
learning rate. Next, if the eigenvalues of K exhibit a geometric/exponential decay,
i.e., \; o« Ryr® with a constant 2y > 0 (this can happen in scenario where we have
a Gaussian kernel and a sub-Gaussian marginal distribution P, ), we then know that
di < log(Ry/\) (Bach, 2017b), implying s > log nlog log n. Hence, significant
savings can be obtained with O(n log* n + log® n) computational and O(n log® n)
storage complexities of linear ridge regression over RFFs, as opposed to O(n?)

and O(n?) costs (respectively) in the kernel ridge regression setting.

In the case of a slower decay (e.g., H is a Sobolev space of order ¢ > 1) with \;
Roi~?" (R, is some constant), we have dj; < (Ro/\)"Y®" and s > n'/(* logn.
Hence, substantial computational savings can be achieved even in this case. Further-
more, in the worst case with \; close to Ryi~!, our bound implies that s > Vvnlogn

features are sufficient, recovering the result from Rudi and Rosasco (2017).

Corollary 4.2. If the probability density function from Theorem 4.1 is the spectral
measure p(v) from Eq. (2.9), then the upper bound on the learning risk from

22 16d3,
Eq. (4.2) holds for all s > 53} log —*

BEEN
Proof. We set l~(v) = p(v)% and obtain d; = fv p(v)%dv - é o

Corollary 4.2 addresses plain RFFs and states that if s is chosen to be greater

than \/n log dy and \ o \/Lﬁ then the minimax risk convergence rate is guaranteed.
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SAMPLING SCHEME SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s€Q(1)
i oc A? s € Q(logn - loglogn)
WEIGHTED RFFS 0(1/+/n)
N it >1) | s€Q(n'/? logn)
Aioci™! s € Q(y/n-logn)
finite rank s € Q(y/n)
i o< A° s € Q(y/n - loglogn)
PLAIN RFFS O(1//n)
i i (> 1) s € Q(y/n-logn)
i o< il s € Q(y/n-logn)

Table 4.1: The worst case trade-offs between computational complexity and statis-
tical efficiency for the squared error loss.

In the case of finitely many positive eigenvalues, s > /n features are needed
to obtain O(\/iﬁ) convergence rate. When the eigenvalues have an exponential
decay, we obtain the same convergence rate with only s > /n loglog n features,
which is an improvement compared to a result by Rudi and Rosasco (2017) where
s > y/nlogn is needed. For the other two cases, we derive s > y/nlogn and
recover the results from Rudi and Rosasco (2017). Table 4.1 provides a summary
of the trade-offs between computational complexity and statistical efficiency for

the worst case scenario.

4.3.1.2 Refined Analysis

In this section, we provide a more refined analysis with risk convergence rates
faster than O(\/Lﬁ) depending on the spectrum decay of the kernel and/or the
complexity of the target regression function. The main reason for obtaining a
faster rate compared to the previous section is the reliance on local Rademacher

complexity, instead of the global one (detailed proofs can be found in Section

4.6.3).
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Theorem 4.2. Suppose that Assumption A.1 holds and that the conditions on

sampling measure [ from Theorem 4.1 apply to this setting. If

then for all D > 1 and 6 € (0, 1), with probability 1 — 0, the excess risk offé‘ can
be bounded by

E[l

| —Ell;,] < 12D D (1

P+ 45—TA+ 0 —) +Ellj] - Elly,] - (43)

f3 B D n

Furthermore, denoting the eigenvalues of the normalized kernel matrix (1/n)K

with {\;}"_,, we have that

h 1 -
75, < min | eg— — A 4.4
W< min (et S A (4.4)
i>h
where B, eq > 0 are some constant and 5\1 > > j\n

Theorem 4.2 covers a wide range of cases and can provide tight/sharp risk con-
vergence rates. In particular, note that 7}, has an upper bound of O(1/y/n) in all
cases, which happens when we let A = 0 and the spectrum decays polynomially
as O(1/n') with t > 1. On the other hand, if the eigenvalues decay exponen-
tially, then setting h = [logn| implies that 75, < O(logn/n). In the best case,
when the kernel function has only finitely many positive eigenvalues, we have that
75, < O(1/n) by letting h be any fixed value larger than the number of positive
eigenvalues. These different upper bounds provide insights into various trade-offs
between computational complexity and statistical efficiency. We now split the
discussion into two cases: weighted sampling with empirical leverage score and

plain sampling.
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Under the weighted sampling scheme, if the eigenvalues decay polynomially, i.e.,
A\; o< i~ with ¢ > 1, then the learning rate is upper bounded by O(1/+/n). In this
case, we have di; < (Ro/\)'/* < n'/? and consequently s > n'/?logn. On the
other hand, if the eigenvalues decay exponentially, we have dg, < log(Ry/\)'/t <
logn. Hence, if s > lognloglogn we achieve O(logn/n) learning rate. In the
best case, where we have finitely many positive eigenvalues, then with a constant

number of features we achieve O(1/n) learning rate.

As for the plain sampling strategy, the learning rates and required numbers of
features for the three above cases are: i) O(1/+/n) and s > /nlogn (polynomial
decay), ii) O(logn/n) and s > n (exponential decay), and iii) O(1/n) and s > n
(finite many positive eigenvalues). Table 4.2 summarizes our results for the refined

case.

Remark 4.3. In Caponnetto and De Vito (2007), the convergence rate of the
excess risk has been linked to two constants (b, c), where b € (1, 00) represents
the eigenvalue decay and c € [1,2| measures the complexity of the target function
fx. Essentially, c determines how fast the coefficients o; of f decay, where o
represents the coefficient of the expansion of f+ along the eigenfunctions of the
integral operator defined by the kernel k and the data generating distribution
P(z,y). While ¢ = 1 is equivalent to assuming fy exists, in literature, it is typical

that we have to assume benign cases (i.e., c > 1) to obtain fast learning rates.

Our analysis is different from that in Caponnetto and De Vito (2007) in the sense
that we only consider the worst case ¢ = 1. Under this assumption, we compute
excess learning risk of the RFFs estimator under various eigenvalue decays (the
values of constant b). Our results demonstrate that even if we only consider case
¢ = 1, we are still able to obtain the rate O(1/+/n) in Theorem 1. This is aligned

with the worst case rate in Caponnetto and De Vito (2007). In the refined analysis,
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SAMPLING SCHEME SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s € (1) O(1/n)
WEIGHTED RFFS Ai o At s € Q(logn - loglogn) O(logn/n)
NooxiTt(t>1) | s € Qn/? - logn) O(1/+/n)
finite rank s € Q(n) O(1/n)
PLAIN RFFS i oc A s € Q(n) O(logn/n)
Nioc it (> 1) s € Q(y/n-logn) O(1/y/n)

Table 4.2: The refined case trade-offs between computational complexity and
statistical efficiency for the squared error loss.

the local Rademacher complexity technique allows us to obtain sharper/better
convergence rates without further assumptions on the constant such as c > 1, i.e.,
resulting in an improvement from O(1/+/n) to O(1/n) learning rate. Moreover,

our fast rate range matches that in Caponnetto and De Vito (2007).

4.3.1.3 Comparison with the sharpest bounds from prior work

The trade-offs between the computational cost and prediction accuracy for RFFs in
the squared error loss setting have been thoroughly studied in the literature (see,
e.g., Avron et al., 2017; Rudi and Rosasco, 2017; Sriperumbudur and Szabd, 2015;
Sutherland and Schneider, 2015). In the remainder of this section, we discuss our
results relative to Rudi and Rosasco (2017), which provide the sharpest learning
rates so far and demonstrate that it is possible to achieve computational savings

without sacrificing the prediction accuracy when learning with RFFs.

Worst Case Analysis. We start with the worst case setting where the learning
rate is minimax optimal O(n~'/?). Table 4.3 provides a summary of our bounds
for the plain RFFs sampling scheme relative to the results from Rudi and Rosasco

(2017). Note that we omit the weighted sampling because Rudi and Rosasco (2017)
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RESULTS SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s € Q(y/n)
A oc Al s € Q(y/n -loglogn)
THIS WORK O(1/y/n)

Nioci2t (> 1)

s € Q(y/n-logn)

)\i o ’i_l
finite rank
RUDI & ROSASCO A ox Al
s € Q(y/n-logn) O(1/+/n)
(2017) A o< (> 1)
A X it

Table 4.3: The comparison of our results to the sharpest learning rates from prior
work (Rudi and Rosasco, 2017) in the worst case setting for plain RFFs and the
squared error loss.

do not consider the worst case setting for leverage weighted RFFs. When the
eigenspectrum has a finite rank or geometric decay, we can see that our results
achieve sharper bound on the number of features, s € Q(y/n) versus s € Q(y/n -
logn) and s € Q(y/n - loglogn) versus s € Q(y/n - logn), respectively. When
the eigenspectrum has a polynomial decay, we can see that the number of required

features is the same.

Refined Analysis. We discuss here our results for the refined analysis, where
learning algorithms with RFFs can achieve rates faster than O(1//n). We split
the comparison into two cases: plain and leverage weighted RFFs. Note that to
obtain sharp learning rates, Rudi and Rosasco (2017) adopt the source condition
assumption discussed in Remark 4.3. In particular, they assume that ¢ € [1, 2]. The
assumption is convenient in that it allows one to derive a fast learning rate while at
the same time providing a more flexible trade-off between the computational cost
and prediction accuracy (please refer to Theorem 2 in Rudi and Rosasco (2017)

for more details). To facilitate the comparison between our results and Rudi and
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RESULTS SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s € Q(n) O(1/n)
THIS WORK A oc Al s € Qn) O(logn/n)
Niooci~t(t>1) s € Q(n'/? - logn) O(1/y/n)
finite rank s €Q(n) O(1/n)
RUDI & ROSASCO _
A o A s €Q(n) O(logn/n)
(2017) ” ”
Nioxi7H({t>1) | seQnT -logn) O(n™247)

Table 4.4: The comparison of our results to the sharpest learning rates from prior
work (Rudi and Rosasco, 2017) in the refined case for plain RFFs and the squared

error loss.
RESULTS SPECTRUM NUMBER OF FEATURES LEARNING RATE
finite rank s€ Q1) O(1/n)
THIS WORK Ai oc At s € Q(logn - loglogn) O(logn/n)
Aioci™t(t>1) s € Q(n'/? - logn) O(1/+/n)
finite rank se€ Q1) O(1/n)
RUDI & ROSASCO -
A o< A? s € Q(557)" -logn),a € (0,1) O(logn/n)
(2017) i -
XNioci b (t>1) | seQn -logn),a € (0,1) O(n™7241)

Table 4.5: The comparison of our results to the sharpest learning rates from prior
work (Rudi and Rosasco, 2017) in the refined case for weighted RFFs and the

squared error loss.

Rosasco (2017), we set ¢ = 1 in both cases (plain and weighted random features).

Table 4.4 provides a detailed comparison between the two works. One can see that

when the eigenspectrum has a finite rank or exponential decay our results are the

same as those in Rudi and Rosasco (2017). On the other hand, when eigenvalues

have a fast polynomial decay :~* with ¢ > 1, it can be seen that the learning rates

are different, i.e., O(n~'/2) versus O(n~2/(2+1)) obtained by Rudi and Rosasco

(2017). However, the latter comes at the cost of requiring more features, i.e.,

s € Q(n?/@1) logn), whereas we only require s € Q(n'/*logn).
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We conclude this discussion with a comparison for the leverage weighted sampling
scheme. To obtain fast learning rates in this setting, Rudi and Rosasco (2017) in-
troduce a further compatibility condition which relates random features to the data
generating distribution P(z,y) through a parameter «. Table 4.5 below illustrates
the trade-offs between the computational cost and the statistical learning accuracy
in this case. We can see that when the eigenspectrum has a finite rank, our results are
the same as those in Rudi and Rosasco (2017). However, when the eigenspectrum
displays a slower decay the results are quite different. In particular, the compu-
tational cost and prediction accuracy trade-offs from Rudi and Rosasco (2017)
depend heavily on the compatibility parameter .. Specifically, when the eigenspec-
trum exhibits an exponential decay, our results show that s € Q(lognloglogn)
features is guaranteed to achieve the fast learning rate O(logn/n). In contrast to
this, Rudi and Rosasco (2017) require s € Q((n/logn)*-logn) features to achieve
the same learning rate. When « is close to zero, the number of features required
can be €)(logn), which is better than our results. However, when « is close to one,
then the required number of features is s € 2(n), which is significantly worse than

our results.

Additionally, when the eigenspectrum has a polynomial decay i~ with ¢ > 1,
our results show that s € (n'/?) features can guarantee the minimax optimal
learning rate O(1/+/n). For the same eigenspectrum decay, Rudi and Rosasco
(2017) provide a more flexible trade-off that depends on «. For example, when
a = 0, then constant number of features is sufficient to obtain a fast learning
rate O(n~2/(1¥20)) " However, when @ = 1 then learning algorithms require

s € Q(nY/*+1) features to guarantee the same learning rate.

82



Department of Statistics Zhu Li University of Oxford

4.3.2 Learning with a Lipschitz Continuous Loss

We next consider kernel methods with Lipschitz continuous loss functions, exam-
ples of which include kernel support vector machines and kernel logistic regression.
Similar to the squared error loss case, we approximate y; with gs(;) = 2,.,(v)T 3

and formulate the following learning problem

1

B = argmin — > "Iy, 740, (v)"B) + As|8]3 -
pere M5

We let gg to be the prediction function defined based on 3* and state an additional

assumption that is specific to the Lipschitz continuous loss.

B.1 We assume that [ is Lipschitz continuous with constant L,

(V9,9 € H)(Vo € X): [l; — ly| < Llg(z) — ¢'(z)] .

Remark 4.4. While the focus of our analysis in this section is on classification
problems with a Lipschitz continuous loss function (e.g., hinge or logistic loss),
the upper bounds on the excess risk and the resulting learning rates apply to the
setting with 0-1 loss. The latter holds because the excess risk under 0-1 loss can
be upper bounded by the excess risk under the hinge loss (see, e.g., Steinwart and

Christmann, 2008; Sun et al., 2018, for more details).

4.3.2.1 Worst Case Analysis

The following theorem describes the trade-off between the selected number of
features s and the learning risk of the estimator, providing an insight into the choice

of s for Lipschitz continuous loss.

Theorem 4.5. Suppose that Assumption B.1 holds and that the conditions on sam-
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pling measure ] from Theorem 4.1 apply to the setting with a Lipschitz continuous

loss. If
s > ddjlog %
then for all § € (0, 1), with probability 1 — 6, the learning risk of gg‘ can be upper
bounded by

E[

Iy

] < Elly,] +V2A+0 (%) . (4.5)
Remark 4.6. Just as Theorem 4.1 captures the trade-offs between computational
complexity and statistical efficiency for the squared error loss, this theorem de-
scribes the relationship between s and E|l 93] for the Lipschitz continuous setting.
There is, however, an important difference between the two settings. More specif-
ically, a property of the squared error loss function allows us to relate the RFF
estimator fé‘ to the kernel ridge regression estimator f)‘ by first computing the
excess risk between fg and f* and then computing the same quantity for f A and
fw. In contrast to this, the Lipschitz continuity property characteristic to the latter
setting allows us to compute the excess learning risk directly by computing the risk
difference between g;} and gy. While the derivation in Lipschitz continuous loss is
greatly simplified, the upper bound for the learning risk drops from O(\) in the

regression case to O(\/\) in the classification case.

Corollaries 4.3 and 4.4 provide bounds for the cases of leverage weighted and plain

RFFs, respectively. The proofs are similar to the proofs of Corollaries 4.1 and 4.2.

Corollary 4.3. If the probability density function from Theorem 4.5 is the empirical

ridge leverage score distribution q*(v), then the upper bound on the risk from
16dz,
Eq. (4.5) holds for all s > 5dz log ==

Similar to Theorem 4.1, we consider four different cases for the effective dimension
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of the problem dj. Corollary 4.3 states that the statistical efficiency is preserved
if the leverage weighted RFFs strategy is used with s = (1), s > log nloglog n,
s > n@) logn, and s > nlog n, respectively. Again, significant computational
savings can be achieved if the kernel matrix K has a finite rank, as well as geomet-

rically/exponentially or polynomially decaying eigenvalues.

Corollary 4.4. If the probability density function from Theorem 4.5 is the spectral
measure p(v) from Eq. (2.9), then the upper bound on the risk from Eq. (4.5) holds

22 16d3
forall s > 53¢ log %.

Corollary 4.4 states that nlogn features are required to attain O(n~'/?) conver-
gence rate of the learning risk with plain RFFs, recovering results from Rahimi
and Recht (2009). Similar to the analysis in the squared error loss case, Theorem
4.5 together with Corollaries 4.3 and 4.4 allows theoretically motivated trade-offs
between the statistical and computational efficiency of the estimator gg. Table 4.6
summarizes the worst case trade-offs between the computational and statistical

efficiency.

4.3.2.2 Refined Analysis

In general, it is hard for classification problems to achieve learning rates sharper/-
faster than O (1/4/n). However, as pointed out by Bartlett et al. (2006) and
Steinwart and Christmann (2008), under some benign conditions, it is possible
to obtain O(1/n) convergence rate. Hence, in this section, by adding an extra
assumption, we derive a sharp learning rate for classification problems under RFFs
setting. Similar to the squared error loss case, we rely on the notion of local
Rademacher complexity to derive such a learning rate (details of the proof are
presented in Section 4.6.5). Before we formally specify our result, we state the

required additional assumption.
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SAMPLING SCHEME SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s € Q(1)
i oc A? s € Qlogn - loglogn)
WEIGHTED RFFS 0(1/+/n)
Nioci 2t >1 s € Q(n'/?t . logn)
Aioci™! s € Q(n-logn)
finite rank s €(n)
i o< A° s € Q(n-loglogn)
PLAIN RFFS O(1/+/n)

AiociT2tt>1

) s € Q(n-logn)

A 1T

Table 4.6: The worst case trade-offs between computational and statistical effi-
ciency for Lipschitz continuous loss.

B.2 Recall that gy is the estimator such that gy, = arginf ., E[l,], where P is a
probability distribution over X x ). We assume that there exists a constant

B such that for all g € H

El(g — g9n)%] < BE[ly — 15,,] .

Assumption B.2 is a condition for classification problems to obtain faster learning
rates. It typically requires that the function space H is convex and uniformly
bounded, as well as an additional uniform convexity condition on the loss function
[. It can be shown that many loss functions satisfy this assumption, including
squared loss (Bartlett et al., 2005) and hinge loss (Steinwart and Christmann, 2008,
Chapter 8.5). Additional examples of such loss functions are discussed in Bartlett

et al. (2006) and Mendelson (2002). As [ is Lipschitz continuous, we have
E[(Zg - ZQ’H>2] < LQE[(Q - 97-[)2] < BLZE[ZQ - ZQ’H] .

This is the variance condition described in Steinwart and Christmann (2008, Chap-

ter 7.3), required to achieve faster convergence rates. The variance condition is also
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linked to the Massart’s low noise condition or more generally to the Tsybakov condi-
tion (Sun et al., 2018), which intuitively speaking, requires that P(Y =1 | X = )
is not close to 1/2. For more details, please refer to Tsybakov et al. (2004) and
Koltchinskii (2011).

Theorem 4.7. Suppose that Assumptions B.1-2 hold and that the conditions on
sampling measure [ from Theorem 4.1 apply to the setting with a Lipschitz continu-

ous loss. If
16dg

s > bdilog 5

then for all D > 1 and § € (0, 1) with probability greater than 1 — §, we have

< @ﬁp P s O(1/n) +E[l,,,] - (4.6)

Elly) < B D—1

Furthermore, denoting the eigenvalues of the normalized kernel matrix (1/n)K

with {\;}I_,, we have that 7%, can be upper bounded by

" ) h 1 .
s g, (= T20) 2

where B and by are some constants.

Theorem 4.7 provides a sharper learning rate compared to Theorem 4.5. Similar
to Theorem 4.2, 7}, can be upper bounded by O(1/n) (Gram-matrix is of finite
rank), O(logn/n) (eigenvalues decay exponentially), and O(1/4/n) (eigenvalues
decay proportional to 1/n). This has various implications on the trade-offs between
computational cost and statistical efficiency. Just as in previous sections, we split

the discussion into two parts according to the two sampling strategies.

We first discuss the scenario with empirical leverage score sampling. In a finite

rank setting, if we choose A € O(1/n?), we can see that the learning rate is of the
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order O(1/n). In addition, since we use the weighted sampling strategy and the
Gram-matrix has finitely many eigenvalues, RFFs learning only requires a constant
number of features to achieve O(1/n) learning rate. To the best of our knowledge,

this is the first result that achieves this.

In the case of exponential spectrum decay, the learning rate can be bounded
. A . 2 . .
with 7}, < l98n hy setting A € O(bg—Q”). The number of required features is

n n

s > log nloglogn because dg < log(R?/)\) < logn.

If the eigenvalues decay at the rate \; oc O(i~*) with ¢ > 1, then the learning rate is
O(1/+/n) by setting A € O(1/n), with the requirement on the number of features
given by dy < (R?/A\)Y/* < n'/t. Since t > 1, one can see that with fewer than n

features, we could obtain fast O(1/n) learning rate.

On the other hand, in the plain sampling scheme, if we would like to achieve the
fast O(1/n) learning rate, we need to set A € O(1/n?), implying that the required
number of features has to be s > n?2. This is undesirable as it does not provide any
computation savings. The bottleneck here is that in the Lipschitz continuous case,

learning rate is upper bounded by O(v/)).

4.3.2.3 Comparison with the sharpest bounds from prior work

In the setting with Lipshcitz continuous loss, several previous results provide
similar trade-offs between the computational cost and prediction accuracy (see,
e.g., Bach, 2017b; Rahimi and Recht, 2009; Sun et al., 2018). We cover below
the sharpest bounds from prior work and discuss how our results advance the

understanding of learning with random features in this setting.

Worst Case Analysis. Rahimi and Recht (2009) were the first to consider the
trade-offs between the computational cost and prediction accuracy for the plain

RFFs sampling scheme. Building on that work, Bach (2017b) provide a characteri-
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SAMPLING SCHEME SPECTRUM NUMBER OF FEATURES | LEARNING RATE
finite rank s€ Q1) O(1/n)
WEIGHTED RFFS Ai o At s € Q(logn - loglogn) O(logn/n)
Nooci it >1 s € Q(n'/?" . logn) O(1/4/n)
finite rank s € Q(n?) O(1/n)
PLAIN RFFS i oc A s € Q(n?) O(logn/n)
Aioci it >1 s € Q(n-logn) O(1/+y/n)

Table 4.7: The refined case trade-offs between computational and statistical effi-
ciency for Lipschitz continuous loss.

zation for the setting with leverage weighted RFFs.

We start with a comparison to Rahimi and Recht (2009) in the setting with plain
RFFs. The first block of rows in Table 4.8 illustrates the difference between our
results and that work. We can see that under plain sampling, when the eigenspetrum
has a finite rank or exhibits an exponential decay, the required number of features
in our bounds is smaller than that required by Rahimi and Recht (2009), i.e.,
s € Q(n) versus s € Q(n -logn) and s € Q(n - loglogn) versus s € Q(n - logn),
respectively. When the eigenspectum follows a polynomial decay, our results

match those provided by Rahimi and Recht (2009).

For the worst case setting under the leverage weighted sampling scheme, Bach
(2017b) provides a detailed theoretical analysis of learning with random features
by establishing the equivalence between random features and the kernel quadrature
rules. That work was also the first to demonstrate that it is possible to achieve
computational savings while preserving the prediction accuracy. The second block
of rows in Table 4.8 illustrates the difference between our results and Bach (2017Db).
We can see that apart from the finite rank case that was not covered by Bach

(2017b), our results match the worst case bounds.
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SAMPLING SCHEME RESULTS SPECTRUM NUMBER OF FEATURES LEARNING RATE
finite rank s € Q(n)
A; oc At s € Q(n - loglogn)
THIS WORK
X ox a2t > 1
s € Q(n-logn)
i o i1
PLAIN RFFS - O(1/+/n)
finite rank
RAHIMI & -
A; o< A?
RECHT s € Q(n -logn)
Ao iT2 e >1
(2009)
i X i1t
finite rank s € Q1)
A; oc At s € Q(logn - loglogn)
THIS WORK
X ox a2t >1 s € Q(nl/zt -logn)
A oci! s € Q(n-logn)
WEIGHTED RFFS — O(1/+/n)
finite rank —
BACH ;i o At s € Q(logn - loglogn)
(2017B) X oxim2tt>1 s € Q(n'/?t .logn)
Aiocit s € Q(n -logn)

Table 4.8: The comparison of our results to the sharpest learning rates from prior

work in the worst case setting with a Lipschitz continuous loss and plain/weighted
RFFs.

Refined Case Analysis. Having covered the worst case setting for Lipschitz
continuous loss, we now proceed to the refined case where learning rates can be
sharper than O(1/y/n). We remark that while Rahimi and Recht (2009) and Bach
(2017b) do not cover the refined case with fast learning rates, Sun et al. (2018)
provide a refined analysis for the hinge loss and 0-1 loss. Similar to our work (i.e.,
Assumption B.2), Sun et al. (2018) assume a low noise condition and demonstrate
that learning algorithms operating on features selected via an optimized sampling
distribution can obtain sharper learning rates in classification problems than the

standard O(1/4/n) rate.

Table 4.9 illustrates the differences between our results and bounds from Sun
et al. (2018). From the table, we can see that the guarantees match when the

eigenspectrum has a finite rank. When the eigenspectrum exhibits a slower decay,
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SAMPLING SCHEME SPECTRUM NUMBER OF FEATURES LEARNING RATE
finite rank s€ Q1) O(1/n)
THIS WORK A; oc At s € Q(logn - loglogn) O(logn/n)
Nioci~tt>1 s € Q(n'/?" . logn) O(1/4/n)
finite rank s € (1) O(1/n)
SUN ET AL. (2018) i ox A s € Qlog?n -loglog?n) | O(og?™*n/n)
AiociTht>1 s € Q(n7 -logn) O(n7)

Table 4.9: The refined case trade-offs between computational and statistical effi-
ciency relative to Sun et al. (2018).

however, the results differ significantly. More specifically, the results from Sun
et al. (2018) suffer from the curse of dimension when the decay is exponential.
This is because both the number of features required and the learning rate obtained

depend on the data dimension d, whereas our results do not have this dependency.

When the eigenspectrum exhibits a polynomial decay, we can see that our results
achieve the minimax learning rate of O(1/4/n) while Sun et al. (2018) obtain a
more flexible rate that depends on the magnitude of the decay given by parameter ¢.
When ¢ < 2, our results have a better trade-off as both the number of features and
learning rate are sharper than those from Sun et al. (2018). When ¢ > 2, the learning
rate obtained by Sun et al. (2018) is faster than ours. However, that comes at the
cost of increasing the required number of features, i.e., s € Q(m%t -logn) versus
s € Q(n% -logn). In particular, setting ¢ = 4 we can see that Sun et al. (2018)
obtain a fast O(n?/®) learning rate, but at the cost of requiring s € Q(n'/? - logn)
random features. For the same setting, on the other hand, we obtain the minimax

optimal O(1/4/n) learning rate with only s € Q(n'/® - log n) random features.
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Algorithm 3 APPROXIMATE LEVERAGE WEIGHTED RFFS

Input: sample of examples {(x;,y;)}i,, shift-invariant kernel function k, and regular-
ization parameter A

Output: set of features {(v1,p1), -+, (Um,Pm)} With m and each p; computed as in
lines 3—4
1: sample s features {vy, ..., v} from p(v)

2: create a feature matrix Z, such that the ¢th row of Z; is
T
[2(v1,2i), - 5 2(vs, 74)]

3: associate with each feature v; a real number p; such that p; is equal to the ith diagonal
element of the matrix

Z17,((1/s)2ZYZy +nAI)™!

4: m <Y . piand M « {(vi,pi/m)}5_,
5: sample m features from M using the multinomial distribution given by the vector

(p1/m, -+ ,ps/m)

4.4 A Fast Approximation of Leverage Weighted RFF's

As discussed in Sections 4.3, sampling according to the empirical ridge leverage
score distribution (i.e., leverage weighted RFFs) could speed up kernel methods.
However, computing ridge leverage scores is as costly as inverting the Gram-
matrix. To address this computational shortcoming, we propose a simple algorithm
to approximate the empirical ridge leverage score distribution and the leverage

weights.

In particular, we propose to first sample a pool of s features from the spectral
measure p(-) and form the feature matrix Z, € R"** (Algorithm 3, lines 1-2).
Then, the algorithm associates an approximate empirical ridge leverage score to
each feature (Algorithm 3, lines 3-4) and samples a set of m < s features from the
pool proportional to the computed scores (Algorithm 3, line 5). The output of the
algorithm can be compactly represented via the feature matrix Z,, € R"*™ such

that the i-th row of Z,, is given by z,.(v) = |, /pﬂlz(vl, Ti), o) 22 (U, )] T

Pm

The computational cost of Algorithm 3 is dominated by the operations in step 3.
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As Z, € R, the multiplication of matrices ZZ, costs O(ns?) and inverting
Z'7Z, + n\I costs only O(s®). Hence, for s < n, the overall runtime is only
O(ns? 4+ s*). Moreover, Z'Z, = "' | z,.(v)z,,(v)" and it is possible to store
only the rank-one matrix z.,(v)z,,(v)” into the memory. Thus, the algorithm only
requires to store an s X s matrix and can avoid storing Z,, which would incur a

storage cost of O(n X s).

The following theorem gives the convergence rate for the learning risk of Algorithm

3 in the kernel ridge regression setting.

Theorem 4.8. Suppose that Assumption A.1 holds and consider the regression
problem defined with a shift-invariant kernel k, a sample of examples {(x;, y;) }11,
and a regularization parameter \. Let s be the number of RFFs in the pool of
features from Algorithm 3, sampled using the spectral measure p(-) from Eq. (2.9)
and the regularization parameter \. Denote with f,ﬁ: the ridge regression estimator
obtained using a regularization parameter \* and a set of RFFs {v; } | returned

by Algorithm 3. If

722 (16d%)
> 0 1 K
= 7 0g S

(16dz )

and m > 5di\<* log 5

S

then for all 6 € (0, 1), with probability 1 — 9§, the learning risk of f% can be upper
bounded by

. 1
Ellj] < Ellp,] +4XA+4X"+ 0 (%)

Moreover, this upper bound holds for m € Q(-5).

Theorem 4.8 bounds the learning risk of the ridge regression estimator over random
features generated by Algorithm 3. We can now observe that using the minimax

choice of the regularization parameter for kernel ridge regression A\, \* oc n=/2, the
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number of features that Algorithm 3 needs to sample from the spectral measure of
the kernel k is s € Q(y/nlogn). Then, the ridge regression estimator fﬁl converges

with the minimax rate to the hypothesis f € H for m € Q(logn - loglogn).

This is a significant improvement compared to the spectral measure sampling (plain
RFFs), which requires Q(n%/?) features for in-sample training and Q(y/n log n) for

out-of-sample test predictions.

Theorem 4.9 provides a convergence bound for kernel support vector machines
and logistic regression. Compared to the previous result, the convergence rate of
the learning risk, however, is at a slower O(v/A + v/\*) rate due to the difference

in the employed loss function (see also Section 4.3.2).

Theorem 4.9. Suppose that Assumption B.1 holds and consider the learning
problem with a Lipschitz continuous loss function, a shift-invariant kernel k, a
sample of examples {(x;,y;)}!,, and a regularization parameter \. Let s be
the number of RFFs in the pool of features from Algorithm 3, sampled using the
spectral measure p(-) from Eq. (2.9) and the regularization parameter \. Denote
with g\ the estimator obtained using a regularization parameter \* and a set of

RFFs {v;}", returned by Algorithm 3. If

522 (16dg) (16dx )

and m > 5dy log —5

then for all 6 € (0, 1), with probability 1 — §, the learning risk of §, can be upper
bounded by

Ellz] < Elly,] + V2A+ V23 + 0 (%) .

We conclude by pointing out that the proposed algorithm provides an interesting

new trade-off between the computational cost and prediction accuracy. In particular,
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Figure 4.1: The log-log plot of the theoretical and simulated risk convergence rates,
averaged over 100 repetitions.

one can pay an upfront cost (same as plain RFFs) to compute the leverage scores,
re-sample significantly fewer features and employ them in the training, cross-
validation, and prediction stages. This can reduce the computational cost for
predictions at test points from Q(y/n logn) to ©(log n-log log n). Moreover, in the
case where the amount of features with approximated leverage scores utilized is the
same as in plain RFFs, the prediction accuracy would be significantly improved, as
demonstrated in our experiments. We provide a comparison between our proposed

algorithm and the original RFFs algorithm in Table 4.10.

ALGORITHMS TRAINING TIME ~ MEMORY  TESTING TIME
OUR ALGORITHM  O(n?) O(n) O(loglogn)
PLAIN RFFs O(n?) O(ny/n) O(y/n)

Table 4.10: The computation time of our proposed algorithm and the plain RFFs.
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4.5 Numerical Experiments

In this section, we report the results of our numerical experiments (on both sim-
ulated and real-world datasets) aimed at validating the theoretical results and
demonstrating the utility of Algorithm 3. In the first experiment, the goal is to
show that our bounds for the ridge regression setting are tight by demonstrating
empirically that the observed error rates follow closely the provided learning risk
bounds. The second experiment deals with the effectiveness of the proposed algo-
rithm relative to the plain RFFs sampling scheme, evaluated on four benchmark
datasets typically used for this type of problems. The third and final experiment
aims at demonstrating the utility of the leverage weighted features in a simulated
experiment designed such that an effective approximation of the target hypothesis
requires a small number of random features which are located in the tails of the

spectral measure corresponding to the selected shift-invariant kernel.

We use a simulated experiment to verify the sharpness of our theoretical results.
More specifically, we consider a spline kernel of order r where ko, (x,y) = 1 +
Y om0 # cos 2rm(x — y) (also considered by Bach, 2017b; Rudi and Rosasco,
2017). If the marginal distribution of X is uniform on [0, 1], one can show that
kor(z,y) = fol 2(v,z)z(v, y)p(v)dv, where z(v, z) = k,(v, z) and p(v) is uniform
on [0, 1]. Moreover, one can show that the optimal weighted sampling distribution
q*(v) is the same as p(v), which allows us to use weighted RFFs sampling strategy.
We let y be a Gaussian random variable with mean f(z) = k.(z, z¢) (for some
7o € [0,1]) and variance 0. We sample features according to ¢*(v) to estimate f
and compute the excess risk. By Theorem 4.1 and Corollary 4.1, if the number
of features is proportional to d3 and A oc n~'/2, we should expect the excess risk

converging at O(n~'/2), or at O(n~'/3) if A\ oc n~'/3. Figure 4.1 demonstrates that

this is indeed the case for different values of r and ¢.
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Figure 4.2: Comparison of leverage weighted and plain RFFs, with weights com-
puted according to Algorithm 3.

Next, we make a comparison between the performances of leverage weighted
(computed according to Algorithm 3) and plain RFFs on real-world datasets. In
particular, we use four datasets from Chang and Lin (2011) and Dheeru and
Karra Taniskidou (2017) for this purpose, including two for regression and two
for classification: CPU, KINEMATICS, COD—RNA and COVTYPE. Apart from
KINEMATICS, the other three datasets were used in Yang et al. (2012) to investi-
gate the difference between the Nystrom method and plain RFFs. We use the ridge
regression and SVM package from Pedregosa et al. (2011) as a solver to perform
our experiments. We evaluate the regression tasks using the root mean squared
error and the classification ones using the average percentage of misclassified ex-

amples. The Gaussian/RBF kernel is used for all the datasets with hyper-parameter
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# OF FEATURES | PLAIN RFFS | LEVERAGE WEIGHTED RFFS

1,000 0.13 £ 0.06 0.04 £0.01
50,000 0.04 £0.02 —

Table 4.11: The table summarizes our experiment on the synthetic dataset and
illustrates the effectiveness of the proposed algorithm (i.e., leverage weighted
RFFs) relative to plain RFFs sampling. The reported numbers are the root mean
squared error (RMSE) along with a corresponding confidence interval.

tuning via 5-fold inner cross validation. We have repeated all the experiments 10
times and reported the average test error for each dataset. Figure 4.2 compares the
performances of leverage weighted and plain RFFs. In regression tasks, we observe
that the upper bound of the confidence interval for the root mean squared error cor-
responding to leverage weighted RFF is below the lower bound of the confidence
interval for the error corresponding to plain RFFs. Similarly, the lower bound of
the confidence interval for the classification accuracy of leverage weighted RFFs is
(most of the time) higher than the upper bound on the confidence interval for plain
RFFs. This indicates that leverage weighted RFFs perform statistically significantly

better than plain RFFs in terms of the learning accuracy and prediction error.

In the final experiment, we would like to show that the proposed algorithm can
significantly reduce the number of required features without loss of statistical
efficiency. As it is challenging to find an appropriate real-world dataset for this
illustration, we design a synthetic regression problem on our own. The main
idea is to define a target regression function as a linear model directly in the
space of RFFs. We select the target features such that they are in the tail of the
spectral measure of the kernel that defines our hypothesis space. This ensures
that plain RFFs strategy will require a large number of features to describe the
target hypothesis. We evaluate the effectiveness of our algorithm relative to plain

RFFs and construct the described synthetic dataset as follows: we first generate
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samples w* from a multimodal Gaussian distribution where the modes are at
(—2,-2),(-2,2),(2,—2), and (2, 2). Moreover, each of the modes has a diagonal
covariance matrix of 0.5. These samples are going to be our frequencies for a RFFs
mapping. Next, we sample our covariates = from N (0, 5 * I). In order to generate
our response variables, we map the covariates = through a RFFs map where the
frequencies are given by samples w*. We then randomly sample regression weights

«a, from N (0, 1). Hence, the data generating process can be specified by:

Yy = Qg¢w* (.T) +e€,

where € ~ N(0,0) and ¢, is a RFFs map with w* as the frequencies. By setting
up our data generating process in this way, we are able to systematically investigate
how well the proposed algorithm works. In particular, we consider learning the
above described hypothesis using RFFs that correspond to a Gaussian kernel. Such
a kernel corresponds to a uni-modal Gaussian distribution in the frequency domain
and we will show that leverage weighted sampling is capable of selecting a sub-
set of plain RFFs sampled from that distribution, which covers the modes of the

multimodal distribution that characterizes the data generating process.

In our simulations, we have opted for the following setting: 50, 000 data points
denoted with z in the data-generating process, 400 features/frequencies w* that
define the target hypothesis y, and the additive noise variance parameter o = 0.1.
We then run plain RFFs as well as our leverage weighted RFFs on this dataset. For
plain RFFs, we run the experiments with 1,000 and 50, 000 frequencies/features,
while with our leverage weighted RFFs we only use 1, 000 features which have been
selected from a pool consisting of 10, 000 plain random RFFs (i.e., a sub-sample
from the original 50,000 features). We carefully cross-validate both methods

across a grid of hyper-parameters and report the results in Table 4.11. The results
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confirm our theoretical findings and illustrate that learning with 1, 000 leverage
weighted RFFs is as effective as learning with a complete pool of 50, 000 plain
RFFs.

4.6 Proofs

4.6.1 Proof of Proposition 4.1

Proposition 4.1. Assume that the RKHS H with kernel k admits a decomposition
as in Eq. (2.9) and denote by H = {f | f = 37_, a;z(v;,-),a; € R} the RKHS
with kernel k (see Eq. 2.10). Then, for all f € H it holds that Hf||% < s|lafl3

Proof. Let us define a space of functions as
Hy={f | f(x) = az(v,z),a € R} |

We now show that 7, is a RKHS with kernel defined as &, (z,y) = (1/s)z(v, x)z(v, y),
where s is a constant. Define a map M : R — H; such that M a = az(v, -),Va €
R. The map M is a bijection, i.e. for any f € H, there exists a unique ay € R

suchthat M~ 'f = « #. Now, we define an inner product on H; as

(f, ) = (VsM7 f,\/sM ™ g)r = sapay .

It is easy to show that this is a well defined inner product and, thus, #; is a Hilbert

space.

For any instance y, k1(-,y) = (1/5)z(v,-)z(v,y) € Hy, since (1/s)z(v,y) € R
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by definition. Take any f € H; and observe that

<f7 kl('? y)>'H1 = <\/§M_1fa \/EM_lkl('v y>>R
= s(ay, 1/s2(v, y))r

= as2(v,y) = fy) .

Hence, we have demonstrated the reproducing property for #; and || f||5,, = sa7.

Now, suppose we have a sample of features {v;}?_;. For each v;, we define the

RKHS
Ho={f | f(x) = az(v,2),0 € R}

with the kernel k;(z,y) = (1/s)z(v;, x)z(v;, y). Denoting with

H=a_ Hi={f:f= Zfiafi € Hi}
i=1
and using the fact that the direct sum of RKHSs is another RKHS (Berlinet and
Thomas-Agnan, 2011), we have that k(z, y) = S35, ki(x,y) = (1/5) 320, 2(vi, ) 2(vs, )

is the kernel of 7 and that the squared norm of f € H is defined as

S
min D Al =

fiEMi | =35 i i—1

s

_min Zsa? = _min s||a|3 .
ai€R | f=3"7 1 aiz(vi,) i—1 ai€R | f=377 1 aiz(viy)
Hence, we have that Hf||§{ < s|lall3. O
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4.6.2 Proof of Theorem 4.1

To prove Theorem 4.1, we need two auxiliary results formulated in Lemmas 4.6
and 4.7 (the proofs are provided in Appendices 4.8.2 and 4.8.3, respectively).
More specifically, Lemma 4.6 is a general result that gives an upper bound on
the approximation error between any function f € H and its estimator based
on RFFs. As discussed in Section 4.2, we would like to approximate a function

f € H at observation points using f € 7, with preferably as small function

norm || f||,; as possible. As such, the estimation of f, = [f(z1),..., f(z,)]T
with f, = [f(z1),..., f(z,)]” can be formulated via the following optimization
problem:

1
min —|f, - Z,85+ Xs|| 813 -

Lemma 4.6. Suppose that Assumption A.1 holds and that the conditions on sam-

pling measure ] from Theorem 4.1 apply as well. If

16dy

s > Hd;log 5

then for all 6 € (0,1) and any f € H with ||f|lx < 1, with probability greater
than 1 — 6, the following holds

. 1
min { 215~ 2815 + A1} < 22

For the sake of brevity, we will henceforth use H to denote the hypothesis space
corresponding to this optimization problem. Then, the latter bound can be written

as.

. 1 N
SUP <1 )7y <z —lEe — f.[2 < 2.

102



Department of Statistics Zhu Li University of Oxford

Remark 4.10. We note here that in the strict sense the hypothesis space H is
contained in the interior of the ball of radius /2, centered at the origin (see also
Proposition 4.1). To simplify our presentation and avoid carrying the cumbersome
optimization problem for learning with RFFs (e.g., formally given in Lemma 4.6),
we make a minor adjustment/violation in notation and refer to the whole ball of

radius \/2 as the hypothesis space of RFFs.

The following lemma is important for demonstrating the risk convergence rate
and its proof is given in Appendix 4.8.3. Recall that we have defined f A as the

empirical estimator for the kernel ridge regression problem in Eq. (2.3).

Lemma 4.7. Denote the in-sample prediction of f A with

£ = [P, ) (4.8)

and let {v;};_, be independent samples selected according to a probability density
function q(v), which define the feature matrix Z, and the corresponding RKHS .

Let B A be the solution to the following optimization problem
. 1
B o= min = £} ~ 2,813 + Xsl|31

and denote the in-sample prediction of the resulting hypothesis with f'af‘ = ZqB’\.

Then, we have

)T

1 A -
—Y — 22—} < ).
n

Equipped with Lemma 4.6 and Lemma 4.7, we now prove Theorem 4.1.

Theorem 4.1. Suppose that Assumption A.1 holds and let [:V — R be a measur-
able function such that [(v) > I\(v) (Vv € V) with d; = IS I(v)dv < co. Suppose

also that {v;};_, are sampled independently from the probability density function
a(v) = i(v)/d;. If
16dg

s > ddilog 5
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then for all 6 € (0, 1), with probability 1 — 6, the excess risk offlg‘ can be upper
bounded by

E[lfé‘] — E[lfﬂ] < 4N+ 0 (%) —|—]E[lfk] — E[lfﬂ] . 4.2)

Proof. The proof relies on the decomposition of the learning risk of E[l f}?] as

follows

Ell] = Ellj] — Edllj] 4.9)
+Enllp] = Enllp] (4.10)
+ Eullp] — Ell] @.11)
+ E[l;] - Elly,] (4.12)
+ E[ly,,] -

For (4.9), the bound is based on the Rademacher complexity of the RKHS 7—2, where
H corresponds to the approximated kernel k. We can upper bound the Rademacher
complexity of this hypothesis space using Lemma 4.1. More specifically, as
I(y, f(z)) is the squared error loss function with y and f(z) both bounded, we

have that [ is a Lipschitz continuous function with some constant L > (. Hence,

(4.9) < Ru(loH) + 81%(2/5)
S\/ﬁLlEx[ Tr(K)] + 81%(2/5)
<\/_L_ Ex[Tr(K)] 810gn2/5)

<+V2L= \/7”70 \/W
\/:/L_zo \/@E (%) 4.13)
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where in the first inequality we applied Lemma 4.2 to #, which is a RKHS

contained in the ball of radius /2 centered at the origin. Moreover, the bound on

R,(lo 7—2) relies on the Lipschitz composition property of Rademacher complexity

(Bartlett and Mendelson, 2002). For (4.11), a similar reasoning can be applied to
the unit ball in the RKHS H.

For (4.10), we recall that fé‘ = 70, where f3, is the solution of the following

optimization problem

1
B 1= min — Y = ZB]3+ sl 813

We now observe that

1 ~ 1 R
:_Y_f)\ 2__Y_f>\2
Ly BIE - Sy~ B3

1 1 P
Ly czsg- Lty -pg

1 1 .
<min< —||Y = ZB|5 + Xs||Bl3 ¢ — =Y — £2[3
<mn { 1Y - 2615 + AsllE - Y - 218

1 o 1 -
— : _Y_f)\Q _f/\_z 2
gp{nn M+ IE - 2613

(\V]

A A 1 p
+(Y — £, £ — Z8) + ASIIﬁII%} -y - £213

3

1 . Ay A
— —min {[£} ~ 28I + 2 ~ £} ~ 28) + Asnl| 3]}

1 A ~ ~ Ay A ~
{8 = 2B+ Asmll 3 + 20y — .82 - 28}

IN

1.4 ~ -
< ﬁ”f;‘ — ZB3 4 As||f)2 + 21 (by Lemma 4.7)

<4X. (by Lemma4.6)

For the last inequality, we observe that (3" is the solution of the following optimiza-
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tion problem

. 1.
B = min ~ £} — 253 + Asl| Bl

Recall also that we have defined f A and fg? in Eq. (2.3) and Eq. (4.8), respectively.
Now, observe that f A € H and in combination with Lemma 4.6 one obtains the

upper bound on Eq. (4.10).

Finally, we combine the three results and derive

Ellj,] — Ellp,] <4A+0 (%) TR -Elly]. @14

4.6.3 Proof of Theorem 4.2

To prove Theorem 4.2, we rely on the notion of local Rademacher complexity
instead of the global one. More specifically, the bound in Theorem 4.1 is not sharp
because when analysing Eqgs. (4.9) and (4.11), we used the global Rademacher
complexity that accounts for the whole RKHS. As empirically optimal hypotheses
are typically concentrated around f4, we could just analyze the local space around

it. In particular, we can apply Lemma 4.4 to Egs. (4.9) and (4.11).

To this end, we define the transformed function class as l3; == {(z,y) — [(f(x),y) |
f € H}, for any RKHS H and a loss function . We now would like to apply
Lemma 4.4 to the function class l3. First, it is easy to see that E[/}] < BE[/] for
some constant B since [ is bounded. Now if we assume that there exists a sub-root

function 1, (r) such that it satisfies:

1

@n(r) > Can{lf € star(ly, 0) | En[lfc] <r}+ C—leog 5
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then with high probability, we have

D 6D 1
E,|l 2 8
1 [f]+Br+ og(S

Elly] <

where 7* is the fixed point of ), (r).

Hence, our job now is to find a proper &n(r) such that we can compute its fixed
point r*. To this end, we define f = inf ey Eplly] = infrep + 300 (f (i) — 1i)?

for a given training sample {(x;,v;)}?_,. Observe that for all [; € Iy

E,[l ] > (E,[lf])?* («* is convex)
> (E,[ly])* = (Eallf)?
> 2B, [I5] Enlly — 1] (since a® — b* > 2b(a — b), Ya, b > 0)
> %En[lf] E.[(f — f)?] . (Lemma 4.12 in Appendix 4.8.4) (4.15)

Hence, to obtain a lower bound on [E,,[I7] expressed solely in terms of E,,[(f — 3,
we need to find a lower bound of E,,[I4]. Since E, [I;] = 1 S (f (@) — )2, we
have Ep [En[l f]} > E[ly,] > o2, where we recall o2 is the variance of e defined
in Assumption A.1. In addition, for each labeled example (x;, y;), {( f (x:), ;) is
bounded and i.i.d. Applying Hoeffding lemma, we have for all § € (0, 1), with
probability greater than 1 — 6, E,, [l ;] is lower bounded by some constant ey. Hence,

with probability greater than 1 — 9§, Eq. (4.15) becomes
E,[i3] > - SE(f = D = eEal(f = )7

As a result of this, we have the following inequality for the two function classes

r

{1y € star(l,0) | Eallf) < 1} € {iy € star(by,0) | Eal(f = )} < -}

Recall that for a function class H, we denote its empirical Rademacher complexity

by R, (H). Then, we have the following inequality

107



Department of Statistics Zhu Li University of Oxford

R, {l; € star(ly,0) | E 2] <7} <

Ra{ly € star(ly, 0) | E[(f — /)?] < é} =
Rufly =17 | Eal(f = %) < = A Iy € star(in, 0)} <
2
LR{f — I Eal(f = )Y < 612 A feH)< (4.16)

LR{S =g | Bl(f =97 < = A fg € M) <

QLR {f € H | E,[f? < 11} —

_462

2LR{f € H | E,[f?] < esr},

where the last inequality was proved in Bartlett et al. (2005, Corollary 6.7). Now,
since H is a RKHS with kernel £, applying Lemma 4.5 gives an upper bound of
Eq. (4.16). We can then derive the following lemma which gives us the proper

sub-root function @n The lemma is proved in Appendix 4.8.5.

Lemma 4.8. Assume {z;,y;}I, is an independent sample from a probability
measure P defined on X x ), where ) has a bounded range. Let k be a positive

definite kernel with the RKHS H and let A > e , > An be the eigenvalues of

the normalized kernel Gram-matrix. Denote the squared error loss function by

I(f(z),y) = (f(x) —y)* and fix € (0,1). If
. 1/2
Gulr) =2Ler (23 mingr A} ]+ Zlog(~)
n — 1 n s y N\ n g 5 )
then for all Iy € 1y, and D > 1, with probability 1 — 9,

6D C3 1
E,|l — 7" 4+ —log(=<) .
B 1]+ - + L log ()

D
Ell/] <
Ul 5=

Moreover, the fixed point 7 defined with 7* = ﬁn(f*) can be upper bounded by
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where e is a constant.
We are now ready to deliver the proof of Theorem 4.2.

Theorem 4.2. Suppose that Assumption A.l1 holds and that the conditions on

sampling measure ] from Theorem 4.1 apply to this setting. If

163

s > ddilog 5

then for all D > 1 and 6 € (0, 1), with probability 1 — 0, the excess risk offé\ can
be bounded by

12D D 1
Ell;y] ~ Elln) < (

Furthermore, denoting the eigenvalues of the normalized kernel matrix (1/n)K

with {\;}7_,, we have that
h 1 .
7, < mi L NPy 44
P < min <€on+ HZA> : (4.4)

where B, eq > 0 are some constant and 5\1 > > 5\n

Proof. We decompose E|[/ fé] with D > 1 as follows:

D
Ellp] — Elip] < Ellp] = 5—Eallp)] (4.17)
D
+ 1 Eallp] = Ealln]) (4.18)
D
+5 7 Enllpn] — Ellp] (4.19)
+E[lp] = Ellp, ] - (4.20)
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We have already demonstrated that

D
Eq. (4.18) <4
Q( )_ D

A
1

For Eq. (4.17), we can derive an upper bound using Lemma 4.8. Similarly, we can
upper bound Eq. (4.19) by interchaning the positions of empirical and expected risk
functions in Lemma 4.8. The proof of the latter result resembles that of Lemma
4.8 and is a direct consequence of the second part of Theorem 4.1 in Bartlett et al.
(2005). However, note that fé\ and f A belong to different RKHSs. As a result, we

have

6D
Eq. (4.17) < —=#% 4+ O(L/n)

D
Eq. (4.19) < %f;; +0(1/n).

Now, combining these inequalities together we deduce

6D 6D D

+E[l:] — Elly,,]
12D D
+E[ ;] — Elly,,]

The last inequality holds because the eigenvalues of the Gram-matrix for the RKHS

# decay faster than the eigenvalues of . Consequently, we have that Ty S T

NOW, Lemma 4.8 1mplles that
T 1 n 6 — — Z . .
7 = MiNp<p< On n i§>
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There are two cases that merit a discussion here. First, if the eigenvalues of K

decay exponentially then setting h = [log n| implies that

1
P, go( Oi”) .

Now, according to Caponnetto and De Vito (2007)

Ell;] - Elly,) € O <1Og”> ,

n

logn
n

Ellj,] — Ell;,] € O <log”> .

n

and, thus, if we set \ then the learning risk rate can be upper bounded by

On the other hand, if K has finitely many non-zero eigenvalues (¢), then setting

1
f;‘{60<5> :

Moreover, in this case, E[l;,] — E[lf,] € O(;;) and setting A oc -, we deduce that

h > t implies that

Efl;,] ~ Elly,] < O (%) |

4.6.4 Proof of Theorem 4.5

Theorem 4.5. Suppose that Assumption B.1 holds and that the conditions on sam-
pling measure [ from Theorem 4.1 apply to the setting with a Lipschitz continuous

loss. If
16d

J

s > ddjlog
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then for all § € (0, 1), with probability 1 — §, the learning risk ofgg‘ can be upper
bounded by

Ell,y] < Elly,] + V23 +0 (%) : (4.5)

Proof. The proof is similar to Theorem 4.1. In particular, we decompose the

expected learning risk as

Ell,\] = Ell,z] - Enll,)] (4.22)
+Enll] — Enllg,] (4.23)
+E,[l,,,] — E[l,,,] (4.24)

+E[lg,] -
Now, (4.22) and (4.24) can be upper bounded similar to Theorem 4.1, through the
Rademacher complexity bound from Lemma 4.2. For (4.23), we have

Enlly] — Eally,) =

n

3 U 93e) — - S gmle) =
%inﬂgﬁ” Zl(yhgﬁ(xi)) - %Zl(?ﬁ?g‘“(%»

. 1<
< infg,) — > lgala) — gnlx:)|

=1

. 1 &
< infjg,) | — > lga(ai) — gal:)P?
=1

. 1
< supyg infiig 1/ ~llg = gsll3 < V2).
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4.6.5 Proof of Theorem 4.7

To prove Theorem 4.7, we adopt a similar strategy to the proof of Theorem 4.2.
In particular, we utilize the properties of the local Rademacher complexity by
applying Lemma 4.4 to the decomposition of the learning risk in the Lipschitiz
continuous loss case, namely Eqgs. (4.22) and (4.24). In order to do that, we need
two steps. The first step is to find a proper sub-root function @En(r) The second
step is to find the fixed point of ﬁn(r) Hence, the following is devoted to solving

these two problems.

Theorem 4.7. Suppose that Assumptions B.1-2 hold and that the conditions on
sampling measure [ from Theorem 4.1 apply to the setting with a Lipschitz continu-

ous loss. If
16dy%

s > ddjlog 5

then for all D > 1 and 6 € (0, 1) with probability greater than 1 — §, we have

12D D
Ellp] < == + mJﬁﬂ)(m) +E[l,,] . (4.6)

Furthermore, denoting the eigenvalues of the normalized kernel matrix (1/n)K

with {\;},, we have that 75, can be upper bounded by

h 1 -
o h /1 A
E (bon + - §>h )\z) , (4.7)

where B and by are some constants.

Proof. First, recall that we have defined the transformed function class as gy =

{(z,y) — g(f(x),y) | g € H} for a Lipschitz continuous loss function [ and
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> 2E,[l;] Enl, — I5] (since a* — b* > 2b(a — b),Va,b > 0)

E,[l;]E.[(g — §)*] . (Assumption B.4) (4.25)

Following the reasoning for Eq. (4.15) in Section 4.6.3, we can see that for all
§ € (0, 1), with probability greater than 1 — ¢, the term [E,, [/;] can be lower bounded

by a constant, denoted with by. Hence, Eq. (4.25) becomes
En[l2] > biEa[(g — 9)7] -

Similar to Section 4.6.3, we have

{ly € by | Enflg) <7} S {ly € b | Eal(g — 9)] <

S =
——

This further implies that
Ro{ly € ly | E,[2) <7} <2LR.{g € H | E,[g°] < bor},

where we recall L is the Lipschitz constant of the loss function /. By appealing to
Lemma 4.5, we obtain an upper bound on R,{g € H | E,[¢?] < byr}. Applying
Lemma 4.8 to the function class [3;, we have that for all [, € Iy and D > 1, with

probability greater than 1 — 9,

" C1 1
*+ —log(=). 4.26
7+ . og(é) ( )
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Moreover, the fixed point 7* can be upper bounded by

h 1 .
< min (b = SOA)
< in (o 2

where by is a constant.

Having this in mind, we turn to the risk decomposition:

D
D D
+ 57 Enll] = 5—7Eull] (4.28)
D
57 Enllgn] — Ellg,] (4.29)
+E[lg,,] -

The term in Eq. (4.28) can be upper bounded by % /2 using the results from
Section 4.6.4. As gé\ € H, we can upper bound Eq. (4.27) using the result from
Eq. (4.26) adjusted to the RKHS H. We repeat the same procedure for Eq. (4.29)
using Eq. (4.26) applied to H. Now, combing these three auxiliary results, we

obtain that with probability greater than 1 — ¢,

12D D
Ell ] < ——7% + =——=V2\+ O(1/n) + E[l,,, ], (4.30)
E By D—-1

where 73, can be upper bounded by

h 1 .
ra, < mi n | bo— — Y 4.31
75, < ming<p< (On—i_‘/n; ) ( )
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4.6.6 Proof of Theorem 4.8

Theorem 4.8. Suppose that Assumption A.1 holds and consider the regression
problem defined with a shift-invariant kernel k, a sample of examples {(x;, y;) }1 1,
and a regularization parameter \. Let s be the number of RFFs in the pool of
features from Algorithm 3, sampled using the spectral measure p(-) from Eq. (2.9)
and the regularization parameter \. Denote with f,;\m the ridge regression estimator
obtained using a regularization parameter \* and a set of RFFs {v;}!" | returned
by Algorithm 3. If

. 16dy,
and m > 5dy log( 6K)’

722 (16dy)
> _~0
S ) log 5

then for all 6 € (0, 1), with probability 1 — 0§, the learning risk of ff,‘L can be upper
bounded by

. 1
E[lf%:] < E[lfﬂ]+4>\+4>\ +0 (%)

Moreover, this upper bound holds for m € Q(-%).

Proof. Suppose the examples {x;,y;}" , are independent and identically dis-
tributed and that the kernel k can be decomposed as in Eq. (2.9). Let {v;}:_;
be an independent sample selected according to p(v). Then, using these s features

we can approximate the kernel as
1 S
s

k(z,y) = z(vi, x)2(vi, y)

i=1

:/Vz(v,x)z(v,y)dp(v), (4.32)

where P is the empirical measure on {v;};_,. Denote the RKHS associated with
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kernel k& by # and suppose that kernel ridge regression was performed with the

approximate kernel k. From Theorem 4.1 and Corollary 4.2, it follows that if

then for all § € (0,1), with probability 1 — 4, the risk convergence rate of the

kernel ridge regression estimator based on RFFs can be upper bounded by

1
Ell}:] < 4)\+O(%> +E[l,] . (4.33)

Note that in Eq. (4.33) we have used the fact that E[/, | differs with E[/;,] by at
most O(1//n). Let f; be the function in the RKHS A achieving the minimal
risk, i.e., E[ly ] = inf ;5 E[l;]. We now treat k as the actual kernel that can be
decomposed via the expectation with respect to the empirical measure in Eq. (4.32)
and re-sample features from the set {v;}5_;, but this time the sampling is performed
using the optimal ridge leverage scores. As k is the actual kernel, it follows from

Eq. (2.14) that the leverage function in this case can be defined by
In(V) = p(v) 2y (%) T (K 4+ n\I) "z, (x) .
Now, observe that

Ix(vy) = p(vi)[ZST(f{ + 02

where [A];; denotes the i-th diagonal element of matrix A. As K = (1/s)Z,Z7,

then the Woodbury inversion lemma implies that

1
I\(v;) = p(vi)[ZsTZs(ngTZs +nA) ;i
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If we let [\(v;) = p;, then the optimal distribution for {v;}{_, is multinomial
with individual probabilities q(v;) = p;/(3_’_, p;). Hence, we can re-sample m
features according to ¢(v) and perform linear ridge regression using the sampled
leverage weighted features. Denoting this estimator with fnﬁ and the corresponding
number of degrees of freedom with d% = TrK(K + n)\)~!, we deduce (using
Theorem 4.1 and Corollary 4.1)

. 1
Ellj] < 4X +0 <%> +E[ly, ], (4.34)

with the number of features [ o< d2, and we again used the fact that E[l;_]| differs
K g fa

from E[/7,.] by at most O(1/y/n).

As f is the function achieving the minimal risk over #, we can conclude that
E[lf.] < E[l;]. Now, combining Egs. (4.33) and (4.34), we obtain the final bound
on E[l 7] O

4.7 Discussion

We have investigated the generalization properties of learning with RFFs in the
context of different kernel methods: kernel ridge regression, support vector ma-
chines, and kernel logistic regression. In particular, we have given generic bounds
on the number of features required for consistency of learning with two sampling
strategies: leverage weighted and plain RFFs. The derived convergence rates
account for the complexity of the target hypothesis and the structure of the RKHS
with respect to the marginal distribution of a data-generating process. In addition
to this, we have also proposed an algorithm for fast approximation of empirical
leverage scores and demonstrated its superiority in both theoretical and empirical

analyses.
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For kernel ridge regression, Avron et al. (2017) and Rudi and Rosasco (2017)
extensively analyze the performance of learning with RFFs. In particular, Avron
et al. (2017) show that o(n) features are enough to guarantee a good estimator in
terms of its empirical risk. The authors of that work also propose a modified data-
dependent sampling distribution and demonstrate that a further reduction in the
number of RFFs is possible for leverage weighted sampling. However, their results
do not provide a convergence rate for the learning risk of the estimator which
could still potentially imply that computational savings come at the expense of
statistical efficiency. Furthermore, the modified sampling distribution can only be
used in the 1D Gaussian kernel case. While Avron et al. (2017) focus on bounding
the empirical risk of an estimator, Rudi and Rosasco (2017) give a comprehensive
study of the generalization properties of RFFs for kernel ridge regression by
bounding the learning risk of an estimator. The latter work for the first time shows
that 2(y/nlog n) features are sufficient to guarantee the (kernel ridge regression)
minimax rate and observes that further improvements to this result are possible
by relying on a data-dependent sampling strategy. However, such a distribution is
defined in a complicated way and it is not clear how one could devise a practical
algorithm by sampling from it. While in our analysis of learning with RFFs we
also bound the learning risk of an estimator, the analysis is not restricted to kernel
ridge regression and covers other kernel methods such as support vector machines
and kernel logistic regression. In addition to this, our derivations are much simpler
compared to Rudi and Rosasco (2017) and provide sharper bounds in some cases.
More specifically, we demonstrate that Q(+/n loglog n) features are sufficient to
attain the minimax rate in the case where eigenvalues of the Gram-matrix have a
geometric/exponential decay. In other cases, we recover the results from Rudi and
Rosasco (2017). Another important difference with respect to this work is that we

consider a data-dependent sampling distribution based on empirical ridge leverage
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scores, showing that it can further reduce the number of features and in this way

provide a more effective estimator.

In addition to the squared error loss, we also investigate the properties of learning
with RFFs using the Lipschitz continuous loss functions and the 0-1 loss function.
Both Rahimi and Recht (2009) and Bach (2017b) study this problem setting and
obtain that 2(n) features are needed to ensure O(1/+/n) learning risk convergence
rate. Moreover, Bach (2017b) define an optimal sampling distribution by referring
to the leverage score function based on the integral operator and show that the
number of features can be significantly reduced when the eigenvalues of a Gram-
matrix exhibit a fast decay. The (2(n) requirement on the number of features
is too restrictive and precludes any computational savings. Also, the optimal
sampling distribution is typically intractable. In our analysis, we demonstrate that a
sharper bound on the requirede number of features than previous work. Moreover,
we provide a much simpler form of the empirical leverage score distribution and
demonstrate that the number of features can be significantly smaller than n, without

incurring any loss of statistical efficiency.

Having given risk convergence rates for learning with RFFs, we provide a fast
and practical algorithm for sampling them in a data-dependent way, such that they
approximate the ridge leverage score distribution. In the kernel ridge regression
setting, our theoretical analysis demonstrates that, compared to spectral measure
sampling, significant computational savings can be achieved while preserving
the statistical properties of the estimators. Furthermore, we verify our findings
empirically on simulated and real-world datasets. An interesting extension of our
empirical analysis would be a thorough and comprehensive comparison of the
proposed leverage weighted sampling scheme to other recently proposed data-
dependent strategies for selecting good features (e.g., Rudi et al., 2018), as well as

a comparison to the Nystrom method.
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4.8 Auxilliary Results

4.8.1 Bernstein Inequality

The next lemma is the matrix Bernstein inequality, cited from (Avron et al., 2017,
Lemma 27) which is a restatement of Corollary 7.3.3 in Tropp (2015) with some

fix in the typos.

Lemma 4.9. (Bernstein inequality, Tropp, 2015, Corollary 7.3.3) Let R be a fixed
dy X dy matrix over the set of complex/real numbers. Suppose that {Rq,--- R, }

is an independent and identically distributed sample of d, X do matrices such that
where L > 0 is a constant independent of the sample. Furthermore, let M1, M,

be semidefinite upper bounds for the matrix-valued variances

Var;[R,] < E[R;R]] < M,

Let m = max(||M ||z, |Ms|2) and d = "M “ppen for ¢ > \/m/n +

2L /3n, we can bound

around its mean using the concentration inequality

_ —ne?/2
P — > e) < 4d _ .
(IR, ~ Rl 2 9 < e (m”Le/g)

121



Department of Statistics Zhu Li University of Oxford

4.8.2 Proof of Lemma 4.6

The following two lemmas are required for our proof of Lemma 4.6.

Lemma 4.10. Suppose that the assumptions from Lemma 4.6 hold and let ¢ >
\/? + %—g with constants m and L (see the proof for explicit definition). If the
number of features

1 2 o 16dg

then for all 6 € (0, 1), with probability greater than 1 — 6,

NI

—el < (K+nM) 2(K — K)(K +nM) "2 < el .

Proof. Following the derivations in Avron et al. (2017), we utilize the matrix
Bernstein concentration inequality to prove the result. More specifically, we

observe that
(K + nAL) 2K (K +nAl) "2 =

1 e , ,
=S (K + 1AL 324, (%) 20,0, (x)7 (K + nAI) 2 =
S
=1
1< _
-> R;=R.,
S “
=1
with
R; = (K + nAl) 2z, (X)Zq., (x)7 (K + nAL) 2 .
Now, observe that

R = E[R;] = (K + nAI) 2K (K + nAI)~2 .
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The operator norm of R;; is equal to
(K + AT, (%), ()T (K + nAT) 72

AS 74.,(X)240,(x)T is a rank one matrix, we have that the operator norm of this

matrix is equal to its trace, i.e.,
IRill2 =
Tr((K + n)\I)_%zq,vi (X)Zq.0,(x)T (K + n)\I)_%) =

PO T (K )32, ()2, (%) (K + nAT) %) —

Q<Ui>

p(vi)rz x)" nAI) "'z, (x)) =
q(vi)T( v (%) (K4 nAl)™ 2, (x))
lq’\((z; =:L; and L,:= Sl;p L,;.

Observe that L, = sup, L; = sup;, l;((:?)) < sup; é((f})) = dj. On the other hand,

R,R/ =
(K + nAT) 224, (%)2,,0, (%) (K + nAD) "'z, (x)
g, (x)T (K 4 nAI) "7 =

p(ZZQ);;\()Ul) (K + n)‘I)_%Zvi <X>Zv¢ (X)T<K + n)‘I)_% =

o plo) “37,, ()2, (x)” nA) "2 =
0 gton (K PAD 7320, (020, ()" (K + nAT)

dlzgzzi (K + nAI) 22, (X) 20, (x)T (K + nAI) "2 |

~—

<

From the latter inequality, we obtain that

E[RRY] < di(K + nAI) 2 K(K + nAI) "2 = M, .
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We also have the following two equalities

At
= M = d"— =: d"d
m = Ml = dy5 3 =
2 Tr(M A1+ nA _

d

We are now ready to apply the matrix Bernstein concentration inequality (Tropp,
2015, Corollary 7.3.3). More specifically, for ¢ > /m/s + 2L/3s and for all
d € (0,1), with probability 1 — §, we have that

_ —s€%/2
P(|R; — Rl[s > ¢€) < 4d _
(IR = Rls > ) < desp (=252 )

—5€2/9
< d—ld)\ S€ /
< Bdy i oxp (d[dl + d2e/3

2
< 1642 SN R
. GdKeX"<dl~<1+2e/3>> =0

In the third line, we have used the assumption that nA < \; and, consequently,

dy € [1/2,1). O

Remark 4.11. We note here that the two considered sampling strategies lead to
two different results. In particular, if we let [(v) = I,(v) then q(v) = I\(v)/dk,
i.e., we are sampling proportional to the ridge leverage scores. Thus, the leverage

weighted RFF's sampler requires
12 16dy,
s> di(= + —)log —% . (4.35)
e 3e o

Alternatively, we can opt for the plain RFF sampling strategy by taking 1 (v) =

22p(v) /N with [\(v) < 22p(v) /). Then, plain RFFs sampling requires

1 2. 16
L oo 10K (4.36)

J
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Thus, the leverage weighted RFFs sampling scheme can dramatically change the
number of features required to achieve a predefined approximation error in the

operator norm.
Lemma 4.11. Let f € H, where H is the RKHS associated with a kernel k. Recall

we have assumed that || f||% < 1,Vf and £, = [f(z1), -+ , f(x,)]". Let K be the

Gram-matrix of the kernel k given by the provided set of instances. Then,
fIK ', < 1.
Proof. Recall that a function f € H can be expressed as:
flz) = /vg(v)z(v, x)p(v)dv (Ve e X), (4.37)

where g € Lo(d7) is a real-valued function with || f||3 equal to the minimum of
9] £2(ar)» over all possible decompositions of f. For a vector a € R", we have

that

a'f,fla= (ffa)Q = (i aif(xi))2
= (S [ ot:tmirtw))’

The third equality is due to the fact that, for all f € #, we have that f(z) =
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J, 9(v)z(v, 2)p(v)dv (Vz € X) and

1f 1l = min 191 ar) -
{g | f(x):fvg(v)Z(w)p(v)dv}

The first inequality, on the other hand, follows from the Cauchy-Schwarz inequality.

The bound implies that f,f/ < K and, consequently, we derive {7 K~'f, < 1. [

Now we are ready to prove Lemma 4.6.

Lemma 4.6. Suppose that Assumption A.1 holds and that the conditions on sam-

pling measure ] from Theorem 4.1 apply as well. If

16d

s > bdjlog 5

then for all 6 € (0,1) and any f € H with ||f||x < 1, with probability greater
than 1 — 6, the following holds

) 1
min { 218~ 2,51 + Ml <20,

For the sake of brevity, we will henceforth use H to denote the hypothesis space
corresponding to this optimization problem. Then, the latter bound can be written

as:

. 1 ~
Sup| <1 )y <ya Il = fall2 < 24

Proof. For any f € H with ||f|x < 1, we write the following optimization

problem:

1
e = ZgBllz + sAIBI3 (4.38)
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The minimizer can be computed as:

11 .

8= E(;ZqTZq +nA)'Z]E,
1 p1 -

= -2, (S22 + 0\,

1 T (1 -1
= ~ZI(K +nAD) ',

S

where the second equality follows from the Woodbury inversion lemma.

Substituting [ into Eq. (4.38), we transform the first part as

1 1 1 ~ _
e~ 2,813 = 6 — 2,20 (K + )

1 .
=—||f, - K(K+ nAI)‘lfxug
n
1 -
— EHm\(K +nAI) |2

= n N T (K + nAI) 7%,
On the other hand, the second part can be transformed as

sA||B]2 = sAslsz(f( +nAD) ' Z,ZT (K + nAL) ',
= MY (K 4+ nA\D) 'K (K + nAI)~'f,
= MI(K + nAD) N K 4 nA)(K 4+ nAI) 7', — nA2f7 (K + nAI)72f,
= MI(K + n\) 7, — n (K 4 nAI) 7, .

Now, summing up the first and the second part, we deduce

1 -
= Z I3 + sNIBI = AT (K + 0,

= MK +n\ I+ K - K)7'f,

1 1, ~ -1 1
= MT(K + nAI)~3 (I 4 (K +nM\) (K - K)(K + nAI)—%> (K +n\)~ 3, .
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From Lemma 4.10, it follows that when
1 2 16d,
> di = + —)1 K
5= l(e2+3e) it )

then (K 4 nAI) "2 (K — K)(K + nAI)"2 = —el.

We can now upper bound the objective function as follows (with e = 1/2)
MI(K +nAD) 7, < MT(K +nA)72(1 - ¢) YK +nAl) " 2f,

=(1—e) "MK +n\)'f, < (1—e) "MK, <2X,

where in the last inequality we have used Lemma 4.11. Therefore, we prove the
first inequality.
For the second claim, we have that

slIBl3 = £ (K +nAD) ™', — nAf] (K +nAD) %,
<fIEK+nA)7H, < (1—e) K, <2.

Hence, the squared norm of our approximated function is bounded by || f||2, <
s||8]|3 < 2. As such, problem (4.38) can now be written as ming(1/n)||f, — f,||3

subject to Hin < s||B|| < 2, which is equivalent to

. 1 ~
infy vz I — Ll

and we have shown that this can be upper bounded by 2. Since we are approxi-

mating any f € H with || f||5 < 1, this can further be written as
. (.
supy r,, <1 fy 7y <2 ﬁfo —f,])5 <2\

4.8.3 Proof of Lemma 4.7 O]

Lemma 4.7. Denote the in-sample prediction of f’\ with
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A

£ = [P @), ) (4.8)

and let {v;};_, be independent samples selected according to a probability density
function q(v), which define the feature matrix Z, and the corresponding RKHS .

Let B A be the solution to the following optimization problem
. 1.
B o= min £ — Z,815 + As| 615,

and denote the in-sample prediction of the resulting hypothesis with f'af‘ = ZqB’\.

Then, we have
1
~ n ~ ~ ~
Proof. By definition, f;\ has the format as f;\ = ZqﬁA, where 5* € R®. In addition,

Y —£ 8 - < ).

T)Tx

definition of f* can be reparameterized by the following optimization problem
- R A - .
B o= ming —[£7 = Z,B5 + s8]l - (4.39)

This gives the closed-form solution of 5* = 1ZT(1Z,ZT + nAI)~'f). As aresult,

we have 1 1
fg? = _Zng(_quqT + ”)‘D_lfa/:\ =K(K+ ”A[)_lfé\ :
s s

Now recall f'? is the in-sample prediction of the KRR estimator f A, so it can be

written as f» = K(K + nAI)~'Y. As a result, we have the following
1

Ly BB B = L BB - KK )R
_ %(y — K(K + nAI)7'Y, (I — K(K +nA) ™)
= %YT(I — K(K 4 nX\) "N — KK + )" HE
< %yT(z —K(K +n\)"HE) (4.40)

= AYT(K +nA) ')
= AYT(K + nA) KK ')

= MMK <\,
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Note that in Eq. (4.40), we have used the fact that
Il — K(K —l—n/\])_1||2 <1.

For the last inequality, since f A € H, we employ Lemma 4.11. 0
4.8.4 Property of Squared Error Loss
In this section, we state the property of square loss function.

Lemma 4.12. (Bartlett et al., 2005, Section 5.2) Let | be the squared error loss
function and ‘H a convex and uniformly bounded hypothesis space. Assume that for
every probability distribution P in a class of data-generating distributions, there is
an fy € H such that E[l;, | = inf ey E[lf]. Then, there exists a constant B > 1

such that for all f € H and for every probability distribution P

E[(f — fn)?] < BE[l; —1y,,] - (4.41)

4.8.5 Proof of Lemma 4.8

Lemma 4.8. Assume {z;,y;}! | is an independent sample from a probability
measure P defined on X X Y, where ) has a bounded range. Let k be a positive

definite kernel with the RKHS H and let 5\1 > e > 5\n be the eigenvalues of

the normalized kernel Gram-matrix. Denote the squared error loss function by

I(f(x),y) = (f(x) —y)* and fix 5 € (0,1). If

" 1/2
) 2 s 2, 1

then for all Iy € ly; and D > 1, with probability 1 — 9,

6D C3 1
E —7r* 4+ —log(=) .
i)+ 2+ L og(5)

D
E <
] < 5
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Moreover, the fixed point v* defined with 7* = @Z;n(f*) can be upper bounded by
h 1 .
A n 1 ‘
< min (oo 4[5 2N
i>h
where e is a constant.

Proof. Tt is easy to see that E[I7] < E[l;]. Hence, we can apply Lemma 4.4 to

function class ly; and obtain that for all [; € [y

D 6D Cs 1
Ell¢| < E — 7" + —log(=
1) < 5o Bally] + 5 + Slog(5)
as long as there is a sub-root function 1, (') such that
- ~ 1
Gulr) = eiRu{ly € star(le,0) | E,17] < 1} + 2 log(5) (4.42)
We have previously demonstrated that
~ 2 (&) 1
R, {ly € star(ly,0) | Enfly] <7} + Elog(g)
<2 LB feH B < err b + Plog()
= “ain e (A Y (4.43)

" 1/2
2 - 1
<2¢L <ﬁ ; min {elfr, )\1}> + %log(g) . (by Lemma 4.5)

Hence, if we choose &n (r) to be equal to the right hand side of Eq. (4.43), then
@En(r) is a sub-root function that satisfies Eq. (4.42). Now, the upper bound on the
fixed point 7* follows from Corollary 6.7 in Bartlett et al. (2005). ]
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Chapter 5 Benign Overfitting and Noisy Fea-

tures

This chapter is based on the following self-contained project Li et al. (2020):

Zhu Li, Weijie Su, and Dino Sejdinovic. Benign overfitting and noisy features.
arXiv preprint arXiv:2008.02901, 2020

Modern machine learning models often exhibit the benign overfitting phenomenon,
which has recently been characterized using the double descent curves. In addition
to the classical U-shaped learning curve, the learning risk undergoes another
descent as we increase the number of parameters beyond a certain threshold. In
this chapter, we examine the conditions under which benign overfitting occurs in
the random feature (RF) models, i.e., in a two-layer neural network with fixed
first layer weights. Adopting a novel view of random features, we show that
benign overfitting emerges because of the noise residing in such features. The
noise may already exist in the data and propagates to the features, or it may be
added by the user to the features directly. Such noise plays an implicit yet crucial
regularization role in the phenomenon. In addition, we derive the explicit trade-off
between the number of parameters and the prediction accuracy, and demonstrate
that overparameterized random feature model can achieve the optimal learning
rate in the minimax sense. Finally, our results indicate that the learning risk for
overparameterized random feature models has multiple, instead of double descent

behavior, which is empirically verified in recent works.
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5.1 Introduction

Conventional learning wisdom suggests that one should carefully balance between
underfitting and overfitting by controlling the capacity of the function class em-
ployed (Friedman et al., 2001). For example, in supervised learning with training
data {(x;, y;)}?_, drawn from a probability measure P defined on X x )/, we learn

a predictor f chosen from some hypothesis space H.:

H = {f(l’) = Zﬁzz(‘r7wz)v 5 = [517"'758] S RS}?

where s represents the number of features in the model. z is some non-linear
function, and wy, ..., ws are the parameters associated with z. In this setting,
traditional learning theory states that one should control the capacity of H either
explicitly (e.g., choosing the right quantity s) or implicitly (e.g., early stopping
or regularization) in order to prevent overfitting and achieve small generalization
error. However, this classical learning theory has been challenged in recent years.
In kernel regression, it has been observed that the lowest prediction error often
occurs when A = 0 (see e.g., Belkin et al. (2018) and Liang et al. (2020a)). In
addition, as demonstrated in Zhang et al. (2016), state-of-the-art deep networks
are often trained to the interpolation regime where estimators perfectly fit the
training data (i.e., they fit perfectly even when the noises are present in the labels,
which indicates overfitting), yet they still generalize well to new examples. This
benign overfitting phenomenon is also observed by interpolating kernel machines
and deep networks even in the presence of significant label noise. Finally, in a
series of insightful papers (Belkin et al., 2019a,b, 2018), it is pointed out that the
prediction accuracy for interpolating models often exhibits the double descent

behavior empirically. In this framework, when the model complexity is small,
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1.e., s < n, we are in the classical learning regime. As s approaches n, the training
risk converges to zero while the true risk grows very large. However, as soon as
s passes the threshold of 7, the true risk starts to decrease again. Empirically, it
is also observed that the minimum true risk achieved as s — oo is lower than the

minimum risk achieved in the s < n regime.

In this chapter, we study the benign overfitting behavior under the noisy feature
setting, i.e., noise that may exist in the covariates = or in the features z(x, w).
Classical learning assumes that the training data {(z;, y;)}!_, are independently
and identically distributed (i.i.d) samples from joint distribution P on which the
true risk is also evaluated. The prediction function is estimated by applying learning
algorithm to the observed x (the covariates) or z(x, w) (the features), where x and
z(x,w) are assumed to have no noise. However, it is well known that noise resides
in the input plays an implicit regularization role and hence significantly improve
generalization performance (Bishop, 1995, 2006; Goodfellow et al., 2016b). For
example, Bishop (1995) show that adding input noise during training can be treated
as adding generalized Tikhonov regularizers. An (1996) study the effect of adding
noise to the inputs, outputs and weights of the multilayer neural network during
training. Their work reveals that input noise is effective in reducing prediction
error for both regression and classification problems. Based on these observations,
Maaten et al. (2013) propose a novel learning algorithm where they deliberately
corrupt training samples with noise that comes from exponential family. Predictors
trained with noisy training data are found to substantially outperform those without
noise. In addition, Zhuo et al. (2015) design a Bayesian feature noising model to
reduce parameter tuning and improve generalization performance. Finally, Liu
et al. (2019) propose the Neural Stochastic Differential Equation network which
injects random noise during training. The Neural SDE network can achieve better

generalization performance and is more robust to adversarial attacks.
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Motivated by the implicit regulariation role played by the feature noise, we consider
a noisy covariates or noisy features regime in the benign overfitting context. The
noise may already exist in the data (e.g., due to imperfect measurement equipment),
or it may be added by the user (as we will elaborate later). In this contribution, we
show that such noise acts as an implicit regularizer and gives rise to the benign
overfitting phenomenon. Bartlett et al. (2020) are the first to propose that noisy
feature might lead to benign overfitting under the linear regression setting. They
show that if both the feature noise and eigenvalues of the covariance operator
exhibit exponential decay, benign overfitting is observed. In Bunea et al. (2020), the
feature noise is taken into account under the linear factor regression setting. They
demonstrate that under appropriate conditions of the feature noise, the learning risk
with interpolation decays, provided that the features and the response are jointly
low-dimensional. In contrast, we study the effect of the covariates noises under the
more general non-linear feature map setting. Through adopting a novel random
feature model with features sampled via Gaussian process formalism, we are not
only able to show that the learning risk of the interpolator decays with much more
relaxed assumptions (as illustrated in Section 5.3), but also demonstrate that the

interpolator can achieve optimal learning rate in the minimax sense.

In our framework, similar to the classical learning, we first transform the covariate
x to a feature vector z(x, w) through a non-linear random map z (parameterized
by w), and then apply regression to the feature vector z(z, w). However, a key
difference in our work is that we assume each feature vector z(x, w) to be corroded
with some noise £. In practice, there are multiple scenarios where the feature
will have noise £. For instance, the noise might already reside in the covariates
z, 1.e., xg, = x + &, giving rise to a noisy feature. Alternatively, a noise term §
could be added deliberately by the user to the feature map z(z, w). For example,

in the neural network setting, once we apply the feature map = to the covariates =,
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a bias term is typically added on top of z(w, ), which can be treated as the noise
term. Finally, in factor regression or principal component regression, z(z, w) is
either assumed to have noise or it is estimated by some algorithm (such as principal
component analysis), which produces noisy features. In order to consider a general
framework and to simplify the notation, we will thereafter write the noisy feature
as ze(xr,w) = z(x,w) + & where z(x,w) is the true feature while £ represents
the noise attached to z(z, w). Regression is then performed on the noisy feature
z¢(x, w). In this setting, we are interested in how the presence of ¢ will affect the
generalization performance of the interpolating estimator. Specifically, we make

the following contributions:

* Novel Construction of Random Feature. We first propose a novel represen-
tation of the random feature models based on Mercer’s decomposition and
Karhunen-Loeve expansion (see Section 5.3.1). This new understanding of
the random features reduces the non-linear learning problem into a linear
regression in the random feature space, and allows us to study the eigen-
spectrum of the sample covariance matrix, which is the key in analyzing the

generalization properties of the interpolator;

 Implicit Regularization of Feature Noise. By assuming ¢ to follow a normal
distribution, Theorem 5.2 establishes a precise relationship between & and
the excess learning risk. This characterization explains how £ can act as
an implicit regularization and prevent the explosion of the excess learning
risk in the overparameterized setting. We remark that when considering
linear regression where P has subgaussian distribution, recent works by
Bartlett et al. (2020) and Bunea et al. (2020) provide alternatives to our
bound in Theorem 5.2. However, our results apply to a more general non-
linear regression setting with many relaxed assumptions regarding the data

generating distribution and the eigenspectrum of the covariance operator (see
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Section 5.3 for more details);

* Minimax Optimal Estimator. Our finite sample analysis reveals the detailed
trade-off between the number of parameters s and the prediction accuracy
represented by the excess learning risk convergence rate. Moreover, under
appropriate conditions, we show that the interpolator can achieve the optimal

learning rate in the minimax sense;

* Multiple Descent Behavior. In Corollary 5.1, we extend our analysis of the
excess learning risk to the case where £ follows a subgaussian distribution.
Our results demonstrate that benign overfitting will occur as long as £ decays
with s at a prescribed rate, while the shape of the distribution is not a key
component in driving the benign overfitting phenomenon. In addition, we
analyze the behavior of the excess learning risk bound from Corollary 5.1
and explicitly show that incorporating feature noise into consideration leads
to multiple descent of the learning risk. In particular, if the number of param-
eter s is beyond the O(n?) order, the learning risk starts to increase again,
complementing the current findings of the double descent phenomenon. Our
results are empirically verified in recent works by Adlam and Pennington

(2020a) and Liang et al. (2020b).

Borrowing from the insight of Mercer’s decomposition and Karhunen-Loeve ex-
pansion, we provide a detailed analysis of the generalization properties of the
interpolator. All of our results apply to both the finite sample and the asymp-
totic case. They are also valid for data of arbitrary dimension. In addition, our
results only impose very weak conditions on the kernel structure, i.e., as long as
its corresponding covariance operator is of trace class (see Assumption A.1). This
is fundamentally different from the existing analysis of non-linear feature map

(Liao et al., 2020; Mei and Montanari, 2019), which only work for the Gaussian
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kernel. More importantly, our results have no specific assumption regarding the
data generation distribution, which is a significant improvement on existing works
(Bartlett et al., 2020; Bunea et al., 2020; Mei and Montanari, 2019), as they often

assume the Gaussian or subgaussian data generating distribution.

5.1.1 Related Work

The benign overfitting phenomenon of the interpolating estimator has drawn much
interest in the machine learning community recently. For example Liang et al.
(2020a) derive the learning risk of the interpolating estimator in kernel ridgeless
regression. They show that with certain properties of the kernel matrix and training
data, there is an implicit regularization coming from the curvature of the kernel
function. A follow-up work (Liang et al., 2020b) further demonstrates that in very
high dimension, kernel interpolator exhibits the multiple descent phenomenon.
Belkin et al. (2019a) experimentally demonstrate the double descent curve in both
linear and non-linear regression cases, and Belkin et al. (2019b) subsequently
provide a finite sample analysis of the excess risk for the interpolating estimator
in some special settings (where it is assumed that the responses and features are
jointly Gaussian). By appealing to random matrix theory, Hastie et al. (2019)
obtain the asymptotic behavior of the prediction accuracy in the linear regression
setting with correlated features, where sample size n and the covariate dimension d
both approach infinity with asymptotic ratio d/n — v € (0, c0). They also study
the asymptotic behavior of the variance term in the random non-linear feature
regression setting. Recently, by letting n, d and s all grow to infinity such that d/n
and n/s remain bounded, Mei and Montanari (2019) derive the double descent
curve in the random feature regression setting and obtain the asymptotic behavior.
Later, Liao et al. (2020) further extend the analysis of Mei and Montanari (2019)

by relaxing the Gaussian assumptions on the data distribution while holding all
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other settings the same. A similar asymptotic behavior of the excess learning risk
is obtained and the precise characterization of double descent is demonstrated.
Finally, in a work that is most related to ours, Bartlett et al. (2020) study the
upper and lower bound on the excess risk by assuming that the covariates belong
to an infinite-dimensional Hilbert space and follow a sub-gaussian distribution.
Through investigating the finite sample learning risk behavior, they explicitly list
the conditions for the overfitted linear model to have decaying excess learning risk.
Intuitively, for infinite dimensional covariates, the covariance operator spectrum
has to decay slowly enough so that the sum of the tail of its eigenvalues is large
compared to n. While for finite dimensional covariates, exponential decay for
both the eigenspectrum of the covariance operator and the noise attached to the

covariates is sufficient to guarantee the consistency of the interpolator.

5.2 Definitions and Notation

5.2.1 Regularised ERM and Kernel Learning

In this section, we provide the necessary definitions and notations as the back-
ground. We first revisit two important definitions of KRR and related notations
from Chapter 2. In KRR, recall we defined the optimal estimating regression

function as

where x and y are random variables with joint distribution P(z,y). Let X =
[#1,...,2,)7 and Y = [y1, - -+ ,y,]" denote the training inputs and outputs. Given

the function f estimated based on (X,Y), we defined the notion of excess risk as a

139



Department of Statistics Zhu Li University of Oxford

measure of its generalization performance:

Rx(f) = BxEyix[(f(x) — £u(x))?|X]. (5.1)

Note that the excess risk is conditional on the training inputs X as emphasized by
our notation Ry . However, when the context is clear, we will drop the subscript

X for brevity.

We also recall from Chapter 2 the KRR problem:

n

o= argmin &S (g — F@)? + Al

fer N4

The solution to the KRR problem can be written as f(z) = K (z, X )(K+nAI)~1Y,
where K (z, X) = [K(z,21),...,K(z,2,)]" and K;; = K(x;, z;) is the Gram-

matrix.

Random Fourier Features We introduce the RFFs approximation for kernel

method in Chapter 2. For translation invariant kernel /i, it can be written as

k(x,y) = / (cos(w”z) 4 b) (cos(w"y) + b) p(b)p(w)dbdw,

where p(b), p(w) are certain probability distributions. As a result, if we sample

bi,...,bs ~ p(v) and wy, ..., ws ~ p(w), we can approximate the kernel as

S

K(z,y) ~ % Z (cos(w] z) + b;) (cos(w]y) + b;) = z. z,.

i=1

We now let | A|| be the L, norm if A is a vector, or the operator norm if A is an

operator. Since Zz, is a random feature vector approximating the kernel k, we use
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these features to perform standard (linear) ridge regression on these features.

Definition 5.1. Given feature vectors and response variables {(z,, y;)}I—,, we

define the random feature regression as
1 7 2112 2
By :=argmin —||Y —Zg||* + As|| 8|7, (5.2)
ﬁERS n

where 7. = Zsys - Za, | € R is the feature matrix.

Informally, we can see that instead of using functions in 4, RFFs approximation
employs functions in the RKHS spanned by the feature matrix Z to perform
learning. As discussed before, we will mainly focus on the interpolator that
perfectly fits the training data in this chapter. However, because there are infinitely
many estimators as such, we will be working with the one that has the minimum

norm defined as following

Definition 5.2. Given feature vectors and response variables {(z,,y;)}?—,, we

define the minimum norm least squares (MNLS) estimator as

min
BERS

BI?, suchthat |ZB —Y|?* = min 1Z8, — Y.
0

By the projection theorem, it is easy to see that the closed-form solution of the

MNLS estimator is
B =7Z(2ZNY = (Z272)'Z7Y, (5.3)

where A' denotes the pseudoinverse for matrix A.

Remark 5.1. We remark that in analyzing the generalization properties of the

RFFs interpolator B a key issue is that the random variables w, ... ,ws are
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embedded in the non-linear feature map cos(-). This non-linear feature embedding
makes the analysis of the eigenspectrum of AN/ significantly hard. In light of this,
we propose a novel way to construct random features in Section 5.3.1 to overcome

this issue.

5.2.2 Bias-Variance Decomposition

The analysis of the excess learning risk often starts with the bias-variance decom-
position. Hence, we present the bias-variance decomposition and introduce some
relevant notations here to ease our following discussion. The following lemma
gives the bias-variance decomposition. Its proof in Appendix 5.6.1 is a simple
non-linear extension of the one in Hastie et al. (2019). Note that instead of working
with Z, we will use a different feature matrix in the rest of the chapter. As a result,

we state the following bias-variance decomposition with an arbitrary feature matrix

Z.

Lemma 5.1. Let 3 be the MNLS estimator as defined in Eq. (5.3) with feature
matrix Z. Let f(x) = z,(W)T 3 be the prediction from the MNLS estimator at a
test point x. Define H as the RKHS spanned by the feature matrix Z and f; as the
best estimator such that f; = argmin ;g Ep(f(z) — y)2. Since fy € H, we let

f(x) = 2,(W)T By, for some (3;; € R®. Define the bias and the variance as

B = B | (Evis ] - £406)) | = Bl W)" 113
Vi = ExVary|X(f X)),
— B { By [l (W) (27 2) 27 (Y ~ f0))[ '}

2
)

where [(X) = [fz(x1), -+, f7(xn)]". In addition, we define the misspecifica-
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tion as
My, == E, {2, (W) (ZTZ)'Z7 (f.(X) — f1(X))} +E. (f.(2) — fz(x))*.

Then the following decomposition of the excess risk of B holds

R(B) <3(Mgr+Bg+ Vg).

We can see that the excess learning risk is comprised of the bias Bp, the variance
V i and the misspecification error M z. While we do not have a thorough under-
standing on how My evolves with the number of parameters s, we can reasonably
assume that M p decreases as we increase s. In addition, M p becomes zero once
H is large enough to contain f,. Finally, we note that even in the classical regime
where we do not overfit, My is small. Hence, in the overfitting regime, it is reason-
able to assume that the excess learning risk is dominated by By and V . Therefore,
our following analysis will mainly focus on By and V i under the assumption that

I € H. In other words, we have Bs = By

5.3 Main Results

5.3.1 Warm Up: Random Feature Approximation

Traditionally, RFFs approximation is a simple way to construct a finite-dimensional
approximation of an infinite-dimensional kernel introduced by (Rahimi and Recht,
2007). However, in this chapter, we propose a new way of constructing random
feature approximation based on Mercer’s decomposition and Karhunen-Loeve
expansion. This novel construction can separate the random feature from the

non-linear feature map and hence reduce the non-linear feature regression to a
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linear one. To the best of our knowledge, this novel perspective on random feature

approximation is new to the literature.

Suppose that we consider kernel regression learning with a continuous kernel
K(-,-) : X x X — R. Then by Mercer’s Theorem (Steinwart and Christmann,

2008), we have the following decomposition
P
K(z,y) =Y Aei@)ey), (5.4)
i=1

where (A, e;)Z, is the eigensystem corresponding to Mercer’s decomposition.
{e;}£ | is an at most countable orthonormal set of Lo(dP) and {\;}L, is a se-
quence of non-increasing strictly positive eigenvalues. Based on Mercer’s decom-
position, we have Karhunen-Loeve expansion theorem (Kanagawa et al., 2018,
Theorem 4.3) (also see (Steinwart, 2019, Lemma 3.3 and 3.7)) for Gaussian Process

with kernel K.

Lemma 5.2. (Karhunen-Loéeve Expansion (Kanagawa et al., 2018, Theorem 4.3))
Let K : X X X — R be a continuous kernel, v be a finite Borel measure with
support on X, and (e;, ;) p be that defined in Eq. (5.4). For a Gaussian process
fx ~ GP(0,K), define

w; = A;lm/f(a:)ei(x)dy(x), i€ P.

Then the following are true

1. We have

w; ~N(0,1) and Elww]=d;, 1,5 € P;
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2. Forall x € X and for all finite J C P, we have

E (fK(x) — Zwi)\iﬂei(as)) =k(z,x) — Z )\je?(x);

i€ jeJ

3. If P =N, we have
" 2
lim E (fK(x) - Zwi/\;ﬂei(x)> =0, zeX,
n— o0 P

where the convergence is uniformin x € X.

Based on Karhunen-Logéve expansion and denote w;’s as i.i.d ~ N(0, 1), we can

see that a Gaussian process fx ~ GP(0, K) has the expansion as

P
fr(@) =Y A ei(@)w:
=1

Since kernel K can be infinite-dimensional, i.e., P = o0, to ease the discussion, we
will define a low-rank kernel & that approximates K by only using the top p < P

eigenvalues and eigenvectors of Mercer’s decomposition in our analysis, i.e.,

k(z,y) =Y Aei(@)ely) == V(@) DV (y),

where we denote V() = [e1(x),...,ey(x)]T and D = [\, ..., )]

Now for GP f ~ GP(0, k), we can express it using Karhunen-Lo¢ve expansion
f=VTD"Vw,

where w is a p-dimensional Gaussian random vector with each entry being a
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standard normal random variable. From now on, we will use kernel k, and whenever

we need to refer to K, we will treat K as the limit of £ when p — P.

If we sample {w}2_ iid~w,andlet z(w, .) = VI DY2w® {z(w® )},
are i.i.d sample paths ~ GP(0, k), such that E,, (2(w¥, z)) = 0 and

Ew(2(w",2)2(w, y)) = k(z,y).

In other words, we use z(w'?, -) as the random feature and approximate the kernel

as 1

In addition, we let

W= [wh, . w®] e R V(X) = [V(z1),...,V(z,)]" € R™.

It is easy to verify that k(z,y) = Ey[2,(W)Tz,(W)] and K = E,(ZZ"). In
addition, the MNLS estimator under the new random feature model is similar to

Eq. (5.3) and has the following form
3= (Z"2)'7"Y.
Covariance Operator

Based on the new random feature, we define the following various forms of

covariance operator

* Let X be the population covariance operator of kernel &£ with eigenvalue
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matrix D !

S =E D"V (x)V(x)"D'?};

e Let 3 be the sample estimate of >

The eigenvalue matrix is denoted to be D = diag(\y, ..., A,);

e Let 3¢ be the random feature approximation of 3 with s features

oy 1
¥ = —Z"Z;
n

The eigenvalue matrix is denoted to be D = diag(\S, ..., A%).

5.3.2 Benign Overfitting with Noisy Random Features

In this section, we discuss how the behavior of the excess learning risk of the
MNLS estimator is affected by the noise in the features. We demonstrate how
the new evolution of the excess learning risk leads to benign overfitting and, in
particular, to the double descent phenomenon. In the following discussion, we let
P > p > n, s without loss of generality. In addition, since we are mainly interested

in the overparameterized regime, we let s > n.

As discussed, we consider the noisy feature setting: z¢(x,w) = z(z, w) + £. We
denote the s-dimensional noisy feature as z5(W) = z,(W) + &, where £ =
(€1, ..., &) with &, ... &, i.i.d ~ £. In addition, recall that we define the feature

matrix as Z = [z,,(W), ..., z,, (W)]T. In the noisy setting, we write the noisy

'Note that we use D here because ¥ has the same eigenvalues as Mercer’s decomposition of
kernel k.
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feature matrix as Z; = Z + =, where = = [¢;;] € R"*® with each &;; i.i.d ~ . We
let 7—25 to be the RKHS spanned by the noisy feature matrix Z. Finally, similar to
Eq. (5.3), we write the MNLS estimator for Z; as 35.

We first list our assumptions (which we will use throughout the chapter)

A.1 The RKHS Condition: Assume P = oo and [, K(z,z) dPx(z) = Cp

(0 < Cy < 00);

A.2 Label Noise Condition: X C R%, and y = f.(z) + € with E(¢) = 0, and
Var(e) = 0?;

A.3 Feature Noise Condition: & ~ N(0, %O’%) and 02 = 57, with a > 0.

Assumption A.1 is a weak condition to ensure K is trace class, i.e., Tr(Xx) < oo,
and admits Mercer’s decomposition. A.1 further ensures that the low rank kernel
k has Mercer’s decomposition. A.2 is a standard regression assumption. A.3
describes the shape and size of the feature noise £. As discussed, the assump-
tion of A.3 is motivated by the well known fact that feature noise can help to
regularize (Bartlett et al., 2020; Bishop, 1995; Bunea et al., 2020). We formally
discuss the motivation in Section 5.3.3. Note that we need the variance to be
%03 to ensure that the variance of the feature vector does not explode because

Tr{Var(z$, (W)} > Tr{Var(§)} = sVar(¢) = of.

In the noisy setting, the excess learning risk R(Bg) admits the bias-variance decom-
position similar to Lemma 5.1. We will denote the bias and the variance term as
B¢ and V¢ respectively. We are now ready to present our analysis of the excess

learning risk in the noisy feature regime.

Theorem 5.2. Under Assumptions A.1-3 and suppose we are in the overparame-
terized regime where s > n, denote 11¢ = (Z{Z¢)'Z{ Z; — I. Recall that W is a
p x s matrix with each W i.i.d ~ N'(0,1). Let \yy = ||[WTW]|| and a,b,c > 1
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be some universal constants. Denote )\f = N\ + o5 /n. If we assume that there

exists k* defined as

N 1
k*:min{ogkgn,ZAgz > = } (5.5)
a

i>k )\k—f—l

forany 6 € (0,1), with probability at least 1 — 6 — 6 exp(—n/b) — 5exp(—n/c),

Be < ( sy log 2

Ve < caQTr(E)ﬁ, (5.7)

we have

/n+00> 1T (1”1 65117, (5.6)

where r(X) = Tr(2) /|12 .

Theorem 5.2 explains precisely how & affects the excess learning risk. In fact, the
upper bound of the bias and the variance term indicate that the MNLS estimator
Bg asymptotically achieves the optimal prediction accuracy, i.e., the excess risk

B¢ + V¢ can decay to zero.

Before we analyze the asymptotic behavior of the excess risk, we would like to first
discuss our key assumption: Eq. (5.5). There are two scenarios here: o = 0 and
« > 0. We start with the first one. In this case, o5 = 1 is a constant. Eq. (5.5) states

that there is a &* such that we have " . (XS /X8, +1) = +n. This is equivalent to

§r et g won
NAgy1 + 03 NApegp1 +1 @

i>k* i>k*

Now, if nj\k*ﬂ < 1, we have for each i > k*, (nS\Z + 1)/(n5\k*+1 +1) > %
As aresult, ) >k*()‘£//\k*+l) > (n — k*). If k* < n, there is some universal
1y

constant a, such that 3 (n — k*) > in. To conclude, if we have both k* < n and
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A\ < 1, ng(j\f/S\iH) > 1n. On the other hand, both Tr(X) < oo and
Tr(f]) < 00, implying A, = w1k~ for some constant w; and 1 < v < oo. Based

on different values of ~, there are three different cases

1. v=o0: 3 has finite rank, so there is some d such that \; = 0 for i > d. As
such, if we let k* = d, we can easily see that > . (;\f/S\iH) =(n—d) >

1n.
a

2. v o k: 3 has exponential spectrum decay, i.e., Ay = w; exp(—Fk). Without
loss of generality, we assume w; = 1. Then, if we let £* = logn, it is easy

to see that nAg-y, = < 1. We therefore have 3" ,.(\{/X\5., ) =

n
n+l
s(n—logn) > in.

3. v is a constant: S has polynomial decay, i.e., e = wik™. Again we
assume w; = 1 and if we let k* = n'/7, we have Aj-yy = (n'/7 +1)77 <

(n'/7)=7 < 1. Therefore, we have Y7, (A\f /A, ) < t(n —n'/7) > 1n,

The analysis in the second scenario where o > 0 is similar to the first one. The
key is that there exists k* < n such that nS\k*H < 08. The difference here is that
o2 decays with s at rate o > 0. However, if we control the decay rate « such that
a < 7, we can guarantee the existence of £*. In summary, as long as o < 7, we

can find a £* such that Eq. (5.5) holds.

We are now ready to analyze the asymptotic behavior of the excess risk. We start
with V¢ where we can see that the variance V is governed by s/n*. Thus, if we
let s = o(n?), we have lim,,_,o, V¢ = 0. For the bias Bg, 0 and o7 decay to zero

as long as a > 0. In addition, it is easy to see that A\yy = O(p). Consequently, if
we have lim,,_, <p\/g> /s =0, lim, . B¢ = 0.

Therefore, the following two conditions are required to ensure the convergence of

the excess learning risk
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: P 1 _n-
* hmn—)oo g\/;—07

e s =o(n?).

We can see that if we let s = n° for some vy € (1,2), s > n since lim,,_,, s/n =
oo. In other words, even in the heavily overparameterized model, the excess
learning risk of the MNLS estimator Bg converges, since both B¢ and V¢ converge
to zero. However, our theorem indicates that once s is beyond the order of n?2, the
variance starts to increase again. This result is aligned with the recent study by
Adlam and Pennington (2020a), where the excess risk is found to increase if s is

close to the order of n?.

Optimality We remark that Theorem 5.2 not only establishes the consistency of
the MNLS estimator under the noisy feature setting but also provides the trade-off
between the number of parameters s and the prediction accuracy (as represented
by the excess learning risk convergence rate). In particular, it demonstrates that the

interpolator is able to achieve the minimax optimal learning rate.

The minimax optimal learning rate for linear regression and nonparametric re-
gression such as kernel ridge regression is extensively studied in literature. In
linear regression with number of feature s, when the optimal regression function
parameter is constrained to lie in some ball of R?®, Tsybakov (2003) show that
the minimax optimal learning rate is O(s/n). Later, Mourtada (2019) extend the
analysis to the whole linear function class and demonstrate the minimax optimal
learning rate of O(s/n). By leveraging the statistical levearge scores of the sample,
they further show that the minimax optimal learning rate has a lower bound of
O(s/(n—s+1)). Inkernel ridge regression, Caponnetto and De Vito (2007) shows
that the optimal learning rate for kernel nonparametric learning in the minimax

sense is O(nil/ 2). Furthermore, Rudi and Rosasco (2017) and Li et al. (2019b)
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s p « LEARNING RATE
O(n?) O(n?) a=1 O(%)
O(n logn) O(\/ﬁlog2 77,) a=2 O(loin)

Table 5.1: The trade-off between the learning rate and the number of parameters.

demonstrate the same minimax optimal learning rate in the random Fourier feature

learning framework.

We now look at the excess learning risk of the MNLS estimator, which converges
at O(2 \/g + 572 4 %) rate (note that we use O(p) to represent the order of Ay
and omit the () term because we often have r(X) < n). By letting s = O(n?)
and o = 1, we can see that even in this heavily overparameterized regime, as long
as p/s remains constant, the excess learning risk R(B) converges at the optimal
O(n*%) rate in the minimax sense. In addition, if the effective dimension of the
kernel is small in the sense that p = O(y/nlogn), and if we let s = nlogn and
a = 2, we can achieve an even faster learning rate at O((logn) /n). Note that the

fast learning rate is also achieved in the heavily overparameterized settings because

lim,,_, $/n = co. We have summarized our findings in Table 5.1.

Comparison to Existing Finite Sample Bounds Benign overfitting has attracted
much research interest recently. Currently, there are two main lines of research
addressing the finite sample bounds for the MNLS estimator. The first line (Bartlett
et al., 2020; Bunea et al., 2020) assumes the linear regression setting, while the
second line (Liang et al., 2020a,b) pursues the consistency of non-regularized

kernel regression estimators, assuming high data dimension: d < n*, ¢ > 0.

In the linear regression setting, the work of Bartlett et al. (2020) relates most closely
to our results. Under the assumption that x and y follow a subgaussian distribution,

Bartlett et al. (2020) provide the first finite sample bounds on the consistency of the
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MNLS estimator. Specifically, in the finite dimensional case, if a small amount of
noise is added into the covariates x where both the noise and the eigenspectrum of
Y’ decay exponentially with n, benign overfitting is observed. A noisy feature linear
regression is also considered in Bunea et al. (2020) under the factor regression
models. By assuming that the covariates have a low dimension representation,
Bunea et al. (2020) obtain an improved convergence rate than that in Bartlett
et al. (2020). They also demonstrate that their finite sample bound can apply to
a more general setting. The consistency proof relies on the subgaussian property
of P(z,y). Moreover, Liang et al. (2020a,b) consider the regression with no
regularization in the kernel regression setting and provide a finite sample analysis
of the kernel ridgeless estimator. They are able to demonstrate the consistency of
the kernel ridgeless estimator as long as the dimension d of the data is sufficiently

high, i.e., d < n* for . > 0.

In contrast, our work relaxes the subgaussian assumption on the data generating
distribution, as the results impose no specific assumption on P(x, ). The require-
ment of the exponential decay of the noise and eigenspectrum is also released.
Our results demonstrate that as long as the decay rate of the noise « is smaller
than that of the eigenspectrum v, we would be able to observe benign overfitting.
Hence, our results apply to much more general scenarios where the eigenspectrum
is allowed to decay polynomially. Most importantly, our results not only prove the
consistency of the MNLS estimator, but also provide a detailed trade-off between
the number of parameters s and the prediction accuracy in Theorem 5.2. As dis-
cussed before, the MNLS estimator can obtain the minimax optimal learning rate
in certain cases, which is the first result that demonstrates minimax optimality for
overparameteried models. Finally, we remark that our results are valid for data with
arbitrary dimension and therefore can be applied to both low and high dimensional

settings.

153



Department of Statistics Zhu Li University of Oxford

5.3.3 Motivation

As discussed before, adding the covariates or feature noise is well known to help
improve prediction performance (see e.g. An (1996); Bishop (1995, 2006); Goodfel-
low et al. (2016a)). Motivated by this, we provide a simple mathematical analysis
that demonstrates the regularization effect of covariates and feature noise. The
results arise from analyzing the excess risk of the MNLS estimator in the noiseless
version, i.e., 5’ in Eq. (5.3), and serve as another motivation for considering the
noisy feature z¢(x,w). Proposition 5.1 establishes nearly matching upper and

lower bounds for the excess risk of 3. The proof is listed in Section 5.4.1.

Proposition 5.1. Consider the regression problem Eq. (5.2) with feature matrix Z.
and suppose we are in the overparameterized regime where s > n. Let a, b, c,c > 1

be some universal constants and assume s > n. Let § € (0, 1) and denote

"\
k*:min{ogkgn,zf;kzln}.
a

Akt1

Then with probability greater than 1 — § — 2 exp(—n/c), we have

R(B) = BR +VR7

AW 112 9 14r(%) ,s Tr(X)
bTHHH 1| Bl ||E||\/log( 5 )/n+00 Ez:n—;\(SS)

i>k* 7'

IN

We can also lower bound the risk with probability greater than 1 — 2 exp(—n/c)

(5.9
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Inspecting Eq. (5.8), we can see that the bias term By decays as long as

1
lim <p\/j> /s =0,
pP,S— 00 n

since Ay = O(p). Therefore, if the variance term decays, R(3) decreases to zero.
As a result, Proposition 5.1 states that we need the following conditions for 3 to

obtain optimal prediction accuracy
1. The covariance operator is of trace-class;

2. The sum of the tail eigenvalues of 3 is on the order of N , 1.e., there exists a

k* such that > . A; = ©(n) and lim, , .

1 _
i>k* n = 0.

5 -

nY e N

The first condition is a standard requirement for a typical learning problem, and
the second condition states that we need s to be of order o(n?). While these
two conditions seem reasonable individually, the second condition appears to
be at odds with the first one. Namely, according to the classical concentration
inequality, |2 — 3| — 0 as n — oo. We thus have 37, \; < Tr(X) which
is finite and does not grow with n. However, traditional concentration theory
requires that the observed samples {x;}"; are i.i.d from the marginal distribution
P(z). & = LS DYV, V.EDY? is simply an empirical estimate of & =
[ DV2v, VI DY2dP(x). However, if the feature z(z, w) is corroded with noise &,
the noise will distort the behavior of . We qualitatively discuss the effect of £

below to provide an intuition on how benign overfitting arises.

Recall the definitions of 2, %) and 3¢ in Section 5.3.1. In the noiseless setting,
LI 1777 € R*. As s — o0, S, — 3, implying D* — D. In the noisy

setting, supposing the feature matrix is corroded with some i.i.d noise: Z¢ = Z +Z,
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the covariance matrix now is

- 1 1

3E = ﬁzgzg = E(ZTZ +ETZ24+Z"=+E2"E).
Denote ﬁg as the eigenvalues of f]g As s — 00, we approximately have f)g ~
diag(\ 4+ 02,..., A% + 02). Since \¢ decays, there will be a k* < n, s such that
X5 > 02 Vi < k*. However, X is on the same scale of o2 for all i > k*, in the

sense that X
AP+ Ug

- ~ O(1),foralli,j > k™.
NS+ of

Since 22 has at most n eigenvalues, summing up the tails gives

Z;;k* (A +03)
N1 + 03

~ O(n).

This condition indicates that the sum of the tail eigenvalues of the covariance
matrix f]g is of the order of n, leading to the decay of R(ﬁ~ ). This analysis further
motivates us to quantify how exactly the noise ¢ affects the behavior of the excess

learning risk in Theorem 5.2. Below we provide a sketch of the proof for Theorem

5.2.

Proof. (Sketch of Proof for Theorem 5.2) The proof starts with the Bias-Variance
decomposition. We employ the noisy feature version of Lemma 5.1, where the
excess learning risk is decomposed to the bias term By and the variance term V.
While the treatment of By is relatively standard, the technical part is how to analyze
V. The key is to express V¢ as a sum of the outer product of random vectors with
each entry being i.i.d standard Gaussian random variables. After that, we apply
concentration inequalities to the outer products, which gives us the desired results.

For detailed derivation, please refer to Section 5.4.2. O]
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5.3.4 Benign Overfitting with Subgaussian Noisy Features

Theorem 5.2 demonstrates that if £ is Gaussian with decaying variance, benign
overfitting can be observed. However, Gaussian noise is sometimes a strong
assumption. A close investigation of Theorem 5.2 indicates that the key driving
force of benign overfitting is that o2 decays with s, rather than the shape of £. Hence,
we conjecture that benign overfitting will occur even if we have non-Gaussian
distributions. It transpires that a simple extension of Theorem 5.2 would allow us

to generalize our results to subgaussian noise. Thus, we modify Assumption A.3 to

2
A.3" Feature Noise Condition: £ is a subgaussian in the sense that £ = %Ou, where

ag = s~ % and w is zero mean, unit variance and aﬁ-subgaussian, 1.e.,

E(exp(tu)) < exp (%ﬁﬁ) .

Our results below confirm that benign overfitting can indeed be observed in the

subgaussian noise setting.

Corollary 5.1. Under A.1-3, suppose s > n. Let a,b,c > 1 be some universal

constants. Recall that ;\f = A+ o2 /n. If we assume that there exists k* defined as
. , X 1
k™ = min nggn,g Tz—n , (5.10)
a
i>k Tk+1

forany 6 € (0,1), with probability at least 1 — 6 — 6 exp(—n/b) — 5exp(—n/c),

we have

A 14r(X
Be < b(?wnmmog( " )>/n+oo> MRl G
S

Ve < co®Tr(Y) (5.12)

n?’
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The behavior of the excess learning risk in the subgaussian case is almost identical
to the Gaussian case up to some constant. As discussed in the Gaussian case, the
noise term leads to the asymptotical decay of the learning risk. The results verify
our conjecture that as long as the noise £ decays with s, we will observe benign
overfitting. Corollary 5.1 further confirms that the noise £ in the covariate or the

feature vector can serve as an implicit regularizer to prevent overfitting.

5.3.5 The Double Descent Phenomenon

The classical U-shape learning curve (Friedman et al., 2001, Figure 2.11) has been
greatly challenged recently (Belkin et al., 2019a,b, 2018), because empirically it
is often observed that the relationship between the prediction accuracy and the
complexity of the learning machine exhibits the double descent phenomenon. For
instance, in Figure 5.1 (Belkin et al., 2019a), the double descent curve states that
when we increase the capacity of the hypothesis space H, the excess learning risk
first decreases, but then starts to increase as we keep increasing the model com-
plexity. The excess learning risk increases to the maximum (or potentially diverges
to infinity) at some interpolation threshold. After that, as we keep increasing the
complexity of H, the excess learning risk decreases either to a global minimum or
vanishes to zero. Overall, the behavior of the excess learning risk regarding the

model complexity forms a double descent curve.

The double descent phenomenon has attracted much research interest recently,
although a conclusive explanation has not been proposed. In this section, we try to
explicate how double descent occurs as a result of noisy features through analyzing

the behavior of the excess learning risk in Corollary 5.1.

Before delivering our results, we first state our notation and assumptions. Recall

Lemma 5.1 where we have decomposed the excess learning risk into the misspeci-
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Classical Regime

Interpolation Regime

Risk

Interpolation Threshold
s=n

Number of Parameters

Figure 5.1: The double descent curve.

fication error My (or M in the noisy feature setting), the bias B (or B¢) and the

variance Vg (or V). Corollary 5.1 and the double descent are connected through

analyzing these errors in the noisy feature setting. We now demonstrate the finite

sample behavior of the excess learning risk from Corollary 5.1.

Corollary 5.2. Under Assumptions A.1-3', the behavior of the excess learning risk

R(Bg) can be described as following

a Ifs=n
Be = O(—5) + O(n™), Ve = O(n ™)
b. If s=o(n"), 11 € (1,2)
Be = 0(%n~%) + 0(n™), Ve = O(n2);

S

c. Ifs=0(nn”), v >2
Ve = @(n(w%))_
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Corollary 5.2 describes the precise behavior of the excess learning risk in the
overparameterized regime s > n. Before we give a detailed discussion on that, we
first qualitatively discuss the behavior of the excess learning risk in the underpa-
rameterized regime, i.e., the first U-shape in Figure 5.1. When s < n, Corollary 5.1
indicates that B, = 0 by Lemma 5.9. However, Corollary 5.1 assumes that we are
in the realizable case (f, € 7). When s is small, this is unlikely to happen. As a
result, we have the misspecification error M. In other words, in the finite sample
case where s < n, the excess learning risk is governed by the misspecification error
and the variance. Intuitively, we can see that M, decreases as we increase s, and
typically, when s is small, M dominates the excess learning risk. As we increase
s, M¢ decreases and V¢ increases up to some point, where V starts to dominate
the excess learning risk. Therefore, we will observe that the excess learning risk
initially decreases with s and after some point, it starts to increase with s, which

forms the classical U-shape curve.

When we approach the interpolation threshold where s = n, Corollary 5.2 shows
that the bias term B starts to dominate the excess learning risk by the term
O (p /n®/ 2) , because n, s < p at this point. In particular, if we use kernel K" where

P = o0, the bias By diverges to infinity.

Furthermore, if we keep increasing s so that it passes the interpolation threshold,
the excess learning risk is now dominated by B¢ and V¢, since the misspecification
error becomes negligible. As discussed earlier, if p/(sy/n) converges to zero, and
s = o(n?), both terms vanish to zero asymptotically, driving the learning risk to
its global minimum. In particular, if s = n” with v € (1, 2), the overfitted model
with s > n can still have excess learning risk to converge. In addition, if we keep
increase s such that it is beyond the order of n?, we can see that the variance starts
to increase again. Overall, Corollary 5.2 gives us the precise description of the

double descent curve up to the point where s is within the n? order. Our theoretical
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results are empirically verified by recent findings from Adlam and Pennington

(2020a).

In Figure 5.2, we give a sample path of how our upper bound evolves with the
number of features s. We can see that it closely resembles the double descent curve

in Figure 5.1 from (Belkin et al., 2019a).

5.4 Proofs

In the proof, we use by, by, --- > 1 to denote universal constants in the theorem
statement, and we use ¢y, ¢co, - - - > 1 to denote universal constants in the proof of

the theorems.

5.4.1 Proof of Proposition 5.1

The proof of Proposition 5.1 starts with the analysis of each term in the bias-

Classical Regime Interpolation Regime

Risk

i Interpolation Threshold i Second Increase Threshold
| s=n s=n?

Number of Parameters

Figure 5.2: The evolution of the excess learning risk from Corollary 5.2. Note that
our characterization has the property where the excess learning risk starts to grow
beyond the n? regime, which is aligned with the recent empirical observation of
the triple-double descent learning curve from Adlam and Pennington (2020a).
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Upper Bound of Bias
The following lemma gives the upper bound on the bias term Bp.

Lemma 5.3. The bias can be upper bounded as
[ (WY TIB. PP () < 2P 2 - S 617
Proof. Using the property of pseudoinverse yields
Z'IN = 7Z"Z(1 — (Z"Z)'27Z) = 0.
Hence, we have

1
B = E, {311z, (W)z,(W)TTI4.} = 6,11 (—szw) 115..
S
=B -WISW — ZZ7Z | 113, = B [ ~-WTESW — ~WTSW | I14,,
S n S S
1 - 1 .
= AU (WIS = )W) . < <8P T2 - S [WT W],

Aw -
S L DESEAR

. ]
The following lemma provides an upper bound for || — X||.

Lemma 5.4. Let ¥ and ¥ denote the covariance operator and sample covariance

operator respectively, then for 0 € (0, 1), we have with probability at least 1 — 6,

12 - £ < sy o 2

Tr(S . .
where r(¥) = Hr(ZH) and cy is some universal constant.

Proof. For ¥ — 3, we first notice that>

ZAs p — 00, both 3 and ) are operators. Hence, we have misused the notation ATB to
represent inner product between operator A and B. But our analysis is not affected by this notation.
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1 ] —
— 2 DV2V(X)TV(X)DV2 =2 — = DYy, vTDY?
- (X)"V(X) - Zl Ve, ,

»-N =X

n

=X — %Z o(z)p(xs)" = Z %(Z — p(z:)d(xi)"),

Now we trivially have E(R;) = 0. In addition,

1 by by
Ri<_§]<u]:u]
n n

n
1

L) = o=~

Y

R = —

A
L

As aresult, we have || R;|| <

E(R?) = 5 (2 — o(x)o(z)")’,

- ni {E (6@)o(e)")’ - 280(z)o(@)" + 22},

= % {E(¢(zi)d(z:)")* = 2} = %E (d(z)o(z)T),
= S (6(w)(w)" 9(e)o(w)") < %"Ew(ziwm
IS HiQHQL

Thus we have, > 1" | E(R?) < @I. Hence, we have || Y7 | E(R?)|| < I=1°

n

Using (Minsker, 2017, Operator version of Theorem 3.1), for any § € (0, 1), with

probability greater than 1 — 9, we have

1% - 21 < el tog 2

Upper Bound of Variance:

The upper bound of the variance term Vy is a bit involving, we split it into several

steps. We first note that some simple algebra yield a basic upper bound:
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Vi = / Ec {2 (W) (272)'Z"ee" 2(2"Z)'2,(W)} ,
< 'R, (2(W)'(272)'2,(W))
= 0°E,Tr(z.(W)z,(W)" (Z2"2Z)"),
_ U%Tr (W'E,(D'*V, V) DV*)W (2" Z)")

- oln (W'swW(Z2"2)"),

S

1 1
= o2Tr (WTEW(WT—D1/2V(X)V(X)D1/2W)T) ,
S

S

o? B
- T (WTSWW sW)h)). (5.13)

As point out before, > and S are both positive semidefinite, so they admit eigende-
compostion, denoted as . = VDV7 and & = VDVZ. We now denote w; € R*
to be the i-th column of W7, Since standard normal vector is invariant under

orthonormal transformation,

2
Eq.(5.13) = %Tr (WTVDVTW(WTVDVTW)T )) ,
2

- %Tr (WTDW(WTDW)T)> = %Qé&w;f (WTDW>TWZ-,

.|.
2 P n
o ~
_ E A\ T E \iW; T ; 5.14
2 w; ( sz> W, ( )

note last equality is because we are in the overparameterized regime where s > n,
hence 3 has n non-zero eigenvalues. To control the variance term, we need to
study Eq. (5.14). To this end, we define the following terms:
n n
i=1 i>k
A is a sum of n rank one operator, so it has at most N non-negative eigenvalues.

We let p1(A) > -+ > u,(A) to be its eigenvalues. We now study the properties of

these eigenvalues (the proof follows closely from (Bartlett et al., 2020, Lemma 4)).
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Lemma 5.5. Let A = ZZ 1 \; W,w where w; € R® be a random vector with
each entry being i.i.d, unit variance and o ,-subgaussian random variables. There

is a universal constant b, such that with probability at least 1 — 2e~!, we have
> A= A< p(A) < (A <Z)\ + A, (5.15)

where

A=by [ Mi(t+nlog9) + (t-l—nlogQ)Z;\f

=1

Further, there is a universal constant by such that with probability at least 1 —

2 "/b2

1 no . . . no R
i=1

i=1

In addition, with the same probability bound, we have

— Z Ni = badpan < pn(Ap) < (Ap) b Y A+ bodpan. (517

z>1c i>k

Tw; is still o2 -subgaussian, this

Proof. For any unit vector v € R®, we have v
implies that vu;w!v — 1 = (vI'w;)? — 1 is centered and ¢ subexponential.
Applying Lemma 5.11, we have for any unit vector v, there is a universal constant

c1, with probability at least 1 — 2e™",

v Av — ZS\Z <c 5\1t+

i=1

Now since A has at most n non-negative eigenvalues, we let the n dimensional

subspace spanned by A as A", let N, to be the w-net of S"~! with respect to the

165



Department of Statistics Zhu Li University of Oxford

Euclidean distance, where 8" ! is the unit sphere in A". We let w = }l, implying
that |\V,| < 9™. Apply union bound, for every v € N, we have with probability at
least 1 — 2e*

VTAV — Zn: 5\2

i=1

< e | Mt +nlog9) + (t+n10g9)25\22

i=1

By Lemma 5.13, since w = i, for any v € S"!, we have

~

< ey | M(t+nlog9) + (t+n10g9)z;\$ = A.
i=1

n
vl Av — g i
i=1

Thus, with probability 1 — 2e~!, we have

A—zn:iiln < A.

=1

We further simplify A now. Notice that when ¢ < % (t +nlog9) < ¢yn. Hence,

Combining this with Eq. (5.15) yields Eq. (5.16). Using the same proof with Ak
replacing A, we obtain Eq. (5.17). [

Lemma 5.6. For universal constants b, recall the definition of k* as

N o<
k*:min{OSan,ZAD] zbn},

Jj+1
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we then have with probability greater than 1 — 2e™ <,

2 S Tr(X)

i>k*

VR<bO'

Proof. Since A — A;, = Zl 1 Aw;w? is positive semidefinite, we have that
fin(A) > 11, (Ay). By Lemma 5.5, with probability greater than 1 — e ™™/, we can

lower bound the smallest non-zero eigenvalue of A as

n

o ~ 1 ~ ~
pn(A) > pn(Ag) > — Z Ai — CLAR41N.

c
sk

Assuming there is 0 < 7 < n such that Z;;j. 5\1 > cj\jﬂn and ¢ > c%, we have

1 -
ZEZA— Y A= —ZA

C
1>] i>7 €162 1>]

Thus,

VR<Eq <_Z,un 1>\W Wi,

2 p
o 1 “
< — | — E Yy E AW, W
- n <C1c2 i>j z) i—1 e

since w; are standard Gaussian random vector, using Lemma 5.12, we have for

T

some universal constants cs, ¢4, with probability greater than 1 — e—s/cs, w; w; <

css. Hence, if we choose ¢ > c% such that 1 — e /¢ < 1 — ¢=%/%3 then with
probability greater than 1 — 2e~"/¢, we have for k*,
55 Tr(X)

i>k*

Vi <co—
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Lemma 5.7. There exists a universal constant b such that with probability greater
than 1 — 2e™%, we have

Vi > bﬁfﬂ_
ny LA

i>k* N\

Proof. The proof is similar to the upper bound, where the difference is that we use

~

the upper bound of 1i; (A) to obtain the lower bound of V. O
Now equipped with the above tools, we are ready to prove Proposition 5.1.

Proof. For the upper bound, combining Lemma 5.1, 5.3, 5.4 and 5.6 yields the

result. For the lower bound, we simply notice that R(/3) > V x and apply Lemma

5.7 to achieve the result. L]

5.4.2 Proof of Theorem 5.2

We deal with the bias first in the next section.

5.4.2.1 Upper Bound on Bias

We first notice that

B = /X |25 (W) e dP (2) = B, { 55 ez (W)zS (W) T3}

— BT, {Ex(zﬁ,(W)zg(W)T) _ %zgzg} I35

By definition,
lZTZ = l(z +2)7(Z+52) = l(ZTZ +Z2T=2+ 2772 4+ =72)
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Thus,

n
= E.(z5(W)z5(W)") - %ZTZ (5.18)
—lZTE (5.19)
n
—lETZ (5.20)
n
—lETE. (5.21)
n
Upper Bound Eq. (5.18) By definition, we have
25 (W)z5(W)T = (2,(W) +€)(2.(W) + &),
= 2:(W)zo(W)" + 2,(W)E" + €72, (W) +££7.
As aresult, Eq. (5.18) can be written as
E, {zx(W)zx(W)T — %ZTZ} (5.22)
+E,(z,(W)ET) (5.23)
+E, (£2,(W)") (5.24)
+¢¢7. (5.25)

Eq. (5.22) = %(WTEW — WTf]W) its operator norm can be trivially upper
bounded by ATWHZ — ||, where we recall Ay = ||[WTW/||. We now denote
£ = %u, where u € R® with each entry being i.i.d standard normal by definition
of £. Recall that z,(W) = \/%WTD%V(x), we have

2, (W)ET = ?WTD%V(x)uT,

where w(¥) € RP as the i-th column of W. It is easy to see
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p
W(z)TD%V(I) = Z \/Xjej(x)wj(z) € R
J

is a normal random variable. Immediately, we can see that it has mean 0 and
variance Var(wTDzV,) = > 7 Ajej(x)ej(x) = k(w,x). As aresult, we have

wOT D3V () ~ N(0, k(x, z)). Hence,
1 1 L r
WTD§V(.CE) = [W(l)TD§V($)a s >W(S)TD§V(‘7:)] = k’(.flf, LL‘)V,

where v € R® is a Gaussian random vector with each entry being i.i.d ~ N (0, 1).
As a result,
7, (W)E! = @WTD%V(JJ)UT = —/k(z,z)vu’,
s s
Hence, by Lemma 5.14, for some universal constant cy, co, c3, if we let t <

s/cy, then with probability greater than 1 — 2¢~%/°1, we can now upper bound

E.(z,(W)ET) as

E.@WEDI = [[E. (2@ zva”) .
< 2| VEGG2)| lva”],
< ? Co ;Uzuz ;
< ? 006252030'0. (526)

Thus, Eq. (5.23) < c3001. Eq. (5.24) has the same upper bound as Eq. (5.23) since

they have exactly the same eigenvalues.

For Eq. (5.25), we apply Lemma 5.12, ||€£7 || = i'LjuTu, we have ||€€7|| < c302

with probability greater than 1 — =%/, Combining this all together, we have with

170



Department of Statistics Zhu Li University of Oxford

probability greater than 1 — 3e™%/% > 1 — 3¢/, c5 = max{cy, ¢4},

[Eq.(5-18)[| < [[Eq.(5.22)[| + [[Eq.(5.24)[| + [|Eq.(5-23)[| + [|Eq.(5.25)]]

IN

A A
?WHE—ZH + 20500 + c302. (5.27)

Upper Bound Eq. (5.19) & Eq. (5.20) Recall that Z = V(X)D*W, and
> = 1DV (X)TV(X)D? has eigenvalues Ay, - -+ , A, > 0. Hence, %D%V(X)T
has singular values as {&;}", with 62 = \;. And for some orthonormal basis
Ux € RP? and Vy € R™", \/iﬁD%V(X )” must admit singular value decomposi-

tion as
1 1 A
—D2V(X)T =UxDxVx,
\/ﬁ ( ) XHFXVX
where Dy € RP*" is the matrix with diagonal elements being the singular values

and 0 otherwise. Therefore:

1

77z = WTD:V(X)T= = WUty DxVx =
n ny/s (X) \V/ns XTXIX=
1 go (o) _ T

where U = [uy, ..., u,]T € R"™® with each entry being i.i.d ~ A(0, 1).

We would like to apply Lemma 5.15 to the above equation. But we need to consider
the value of {5,}"_; as J; can either be \/;\_Z or —\/5\_1». We can see that w; 1s a
standard Gaussian random vector, —w; and w; have the same distribution. As
a result, without loss of generality, we may assume that o; = Vi, so {6:}14
is non-negative and non-increasing. Now apply Lemma 5.15 and notice that
Soror=3, ), is finite by our assumption, we conclude with probability greater

than 1 — ="/,
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1 —_ (o) L (o)
= ||=ZT=]|| < N < cg——. 5.28
’ n H_S\/ﬁcm\/; =% ©:28)

Upper Bound Eq. (5.21) For this, we simply notice that

n

1 or ol

—===2v'u=>2" E wu; .

n sn SN 4=
1

1
~=Tyz
n

Note that since we are in the overparameterized regime (s > n), UTU has at most
n non-zero eigenvalues. Therefore by Lemma 5.5, Eq. (5.16), with probability
greater than 1 — ¢~/

1

n

=T
)

02 &
0 T
— g wu; ||,
SN 4

(2

Ug - T
< 20 u?
- sn ;ulu’ ’
2 7
< 2 <— 4 cmn) by Eq. (5.16),
sn \ cio
2 2
= 0% <o 20, (5.29)
SN S

Now combine Eq. (5.27), (5.28) and (5.29) and Lemma 5.4, taking the universal
constants ¢ = max{cy, . .., 11 }, with probability greater than 1 — § — 6e~"/°

A 14r (X
Be <« (%nzuwog(#vnm) I 25

2
note that we have omitted the o2, % and %0 terms because they are dominated by

0yp.

5.4.2.2 Upper Bound on Variance

We study the property of the variance V¢. As shown in the following equations,
to obtain the upper bound on the variance, we need to study the properties of the

eigenvalues from %zg‘zg. The key part is to obtain a high probability bound on
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the least positive eigenvalue of the %Zng matrix. As explained later, our core
technique is to express the %Zgzg matrix as a sum of the outer product of i.i.d
Gaussian random vectors. Since the product of the Gaussian random variable
is sub-exponential, we then utilize the concentration inequality bounds for sub-
exponential random variables to obtain the result. Finally, we apply the standard
e-net argument to bound the norm of the %zgzg matrix, which then provides a

lower bound on the least positive eigenvalue of %zgzg.

ng/Ee
X

_ /X Ee{zi(W)T (Z1Z¢)" 2l e€" Z, (zng)*zﬁ(vv)}dp(x),

2
25(W)T (21Z) 27 eH dP(z)

T

< 02/Xz’5 (W)T(28Z¢)' 27 Z¢ (27 Z¢)" 2

— "B, {7 ><ZTZ) (W)},
— R, T [ w)T (zgzg)q},

{ T
— —Tr{]Ex z5(W)T] (%zgzg) }
|

(W)dP(z),

- ol pwinwy] (C2iz:)' ), (530)
+8%2Tr {Ex [2.(W)¢'] (%ZgZ£>T} : (5:31)
+S%2Tr {]Ez [€2.(W)"] (%Zgzs)T} : (5.32)
+3%2Tr {ggT (Sz¢ z£>T} . (5.33)

In order to do that, we first provide a more refined way of studying the eigenvalues

of A = Zf\;l A;w;w? than Lemma 5.5.

Lemma 5.8. Let A = Z?:l )\iwiwiT, where w; € R?® is a random vector with

each entry being i.i.d o2 -subgaussian random variable and {)\;};—, is a sequence
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of non-negative, non-increasing numbers with finite sum Yy . | \; < 0o. Assume

s > n, with probability at least 1 — 2"/,

<ui(A) < +b_bla ;)\ —i——a Ain,
where b,b1,by > 1 are some universal constants. In addition, with the same

probability bound, we have

Z i — —=0o Xein < pin(Ay)

< A 14+ —
pr(Ag) < ( +bb10 ;)\ —I—\/_Ow)\an

Proof. For any unit vector v € R®, we have vI'w; is ¢;02 -subgaussian random
variable. Hence for any v, v’ Av = >~ | \;(vI'w;)?. Applying Lemma 5.11, for
any unit vector v, there is a universal constant c;, a constant ¢ and ¢ > 0, with

probability at least 1 — 2e /<2,

]VTAV—Z)\|<010 max</\1— /—Z)\2><—02 At + tZ)\?
i=1 | =

Now since A has at most n non-negative eigenvalues, we let the n dimensional
subspace spanned by A as A", let N, to be the w-net of S"~! with respect to the
Euclidean distance, where 8" is the unit sphere in A". We let w = 1—11, implying
that |\V,| < 9™. Apply union bound, for every v € N, we have with probability at

least 1 — 2¢t/¢2

TAV—Z)\

By Lemma 5.13, since w = 1, for any v € S"~!, we have

< —02 A (t +nlog9) + \/(t+nlog9)2)\?

i=1
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32
| <224 2 /\1(If+nlog9)+\/(?“F”logg)Z)‘z2 ’

i=1

i=1

_ 8,2 Al(t—l—nlog9)—|—\/(t+nlog9)2)\? = A.

Thus, with probability 1 — 2e~*/°2, we have

A— Zmn

=1
We further simplify A now. Notice that when ¢ < n, (¢t + nlog9) < ¢4n. Hence,

<A.

€3 2 - 2
A< — A A
< \/6_20w CaN1 + C4n; i N
C3 2 -
S — 0 C4)\1TL + C47L)\1 )\z s
v V2
C3 o C4CGTL>\1 1 - r+y
< — A — A euse /ry < ,
< czaw C4AITL + 9 2C6; ) (weu )
L2 (oA + — ZA
= — CrA1N
€2 =1

Therefore, with probability 1 — 2¢~"/2 we have:

(1— CS;_ Z/\ —ﬁa 2 0 < in(A)

<m(A) < (1+ CS\/_ Z)\ +—0' A

Using the same proof with Ay replacing A, we obtain the bound for ,,(Ax) and
1 (Ag). L

We first investigate the property of \/LE(Z + Z). As discussed before, for some

orthonormal basis Uy € RP*? and Vy € R, \/LED%V(X )T must admit singular
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value decomposition as

1 . o
—D:V(X)' =UxD
Jn (X) xDxVyx,

where Dy € RP*" is the matrix with diagonal elements being the singular values

{6}, and 0 otherwise. As a result, we can write
1 1
—7Z=—=V
vn Vn

Since Gaussian random variable is invariant under orthogonal transformation, we

(X)D2W = VyDLUxW.

can further simplify the above equation as

1 ~ A
—7 =VxDYW.
N

In addition, the singular value matrix Dy € RP" has only n diagonal entry being
non-zero, if we let Dx = diag[dy, . .., d,] € R™*™, then equivalently, we can write

1 ~
—7Z =VxDxW.
n

Note that the W in the last equation represents a n X s Gaussian random matrix.

Therefore,

Lzig= L (v %0y) =Ly 0
%(Z+H)—\/§<VXDXW+\/EU)_\/§VX <DXW+\/EU>.

It is easy to see that Dx W + \/—HU is an X s Gaussian random matrix. Its ¢, j-th

entry can be written as o; W;; + \‘;—%UU. It is a Gaussian random variable with

2
mean O and variance \; + %0 Hence, we can write

1
—(Z+52) =

3

Lo (he%1) ' w
N n '

Finally, we have
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*(Z+2)(Z+E) = W7 D+081 W i X+03 wiw!
n n n ¢

Note that A¢ has at most n positive eigenvalues since we are in the overparam-
eterized regime. Now we apply Lemma 5.8 to A with 02 = 1, we have with

probability greater than 1 — 2e~™/°1,

1 o C3 «
(A9 > 1, (A7) > (1——)) X - ¢—z_1xiﬂn,

= M+l 10 G \/an )

>k

e (= )i X o (5.34)
_ = — N . .
- @12 =% )‘i-&-l Ve

v

Since we assume that 37, A5 /AL, = S0 (A + 02/n)/(Mesr + 03 /n) > in.

If we adjust ¢; > 1 such that <(1 — C1162))cm - j—%n) > én, we then have that

3 L
fin(A®) = —-n.

Now for Eq. (5.30), with probability greater than 1 — e/,

- so? 71 (S \T
Eq.(3:30) = “-Tr B, [2,(W)z,(W) ](ﬁzgzg)
2 T
_ J—Tr{WTEW (52?25) }
n n
o? T S e \ 1 0% & 7 (S re \T
= ZTeiUTDU (S ZfZ) =73 A (>z{z) u.
o’ ST R T
< T (5282) YAl (5.35)
P R zp:)\ 2Tr(%)
—< = ;= r(X)—.
= C5n CgS o~ i C70 2
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Note for Eq. (5.35), Zle )\iuiTui is a weighted sum of x? random variables, with
weights given by the )\; in block size of s. Hence, if we let ¢ < s/cg, Lemma 5.11

gives that with probability 1 — 2¢77,

p p
Z Aulu; < s Z A; + bmax ¢ A\t
i=1 i=1

stzp:/\f :
i=1
P P P p
< SZ)\i‘i‘bmaX{tZ)\m@Z)\i} < CGSZ/\i.
i=1 i=1 i=1 i=1

Also, with probability greater than 1 — e~/

Eq.(5.31) = - s {§T< ZTZ§> zx(W)}

w e (Saz) iw }H

so?
< —

502 s -

< —fin <_Zgzi> HEx(fTZI(W))” )
n n
so2 (1 17!

< — 9 —n C1000 (by Eq. (5.26)),
n Cs

_ 2 5

= C110 EUO.

Finally, with probability greater than 1 — e~ V/¢12

Eq.(5.33) = %‘QTr {§§T (gzgzg)f} = 3%2 {ST (%Z{zg)Tﬁ}

2 1 -1 1 -1
< Sifo {—n} < Si@uTu {—n} (by Lemma 5.12)
Cs

n s Cg

0 SO8

= c130°—"
n2

Combining above all together, if we choose ¢ = max{cy, ... }, then with probabil-

ity greater than 1 — 5¢~"/¢

S

Ve < co®Tr(X) .

n

Note that we have omitted the 5"20 , SZQO terms because they are strictly dominated
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by the % term.

5.5 Discussion

The benign overfitting phenomenon has attracted great research interest since it
was first observed by Zhang et al. (2016) and Belkin et al. (2019a, 2018). Our
work continues the lines of work of Belkin et al. (2019b), Bartlett et al. (2020), and
Hastie et al. (2019), and focuses on developing a theoretical understanding of this
phenomenon. Through analyzing the learning risk of the MNLS estimator, we first
provide a nearly matching upper and lower bound for the excess learning risk and
point out one possible cause of benign overfitting: the noise £ in the covariates or
in the feature vectors. Moreover, we discover that £ plays an important implicit
regularization role during learning. By incorporating £ into our analysis, we
explicitly derive how the learning risk is affected by £. We also provide a detailed
trade-off between the number of parameters and the learning rate, which further
demonstrates the optimality in the minimax sense for the MNLS estimator. Our
results may shed light on the theoretical understandings of modern deep learning,
which open doors for future studies on the design of deep learning architectures.
Furthermore, our results can apply to any finite sample data size or asymptotic case
with arbitrary data dimension. They rely on very weak assumptions of the kernel

and require almost no assumption about the data generating distribution.

We believe that several extensions are worth exploring. First, although our results
shed light on the two-layer neural network with fixed first layer weights, we would
like to understand what would happen if we could optimize the first layer weights,
i.e., optimizing W in our model. Second, in the existing literature, there are many
tools in analyzing neural network optimization with connection to its generalization

error. Examples include the transport map formulation (Suzuki, 2020), the mean-
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field analysis (Mei et al., 2018; Sirignano and Spiliopoulos, 2020), and the neural
tangent kernel (Du et al., 2019; Jacot et al., 2018). How to utilize these tools in
investigating the effect of the noise £ during neural network training would be an
interesting direction. Another direction is to analyze the noise ¢ in models with

different loss functions.

5.6 Auxilliary Results

5.6.1 Bias-Variance trade-off: Unrealizable Case

Proof. We decompose the excess risk as follows:

R()=Ea (@)~ 1)) = Ba (mew)"B — ()
= Eoc {z(W)"(272)'2"Y — f(@) + [fa(o) = f(2)]}
< 3B,z (W) (Z72)'ZT (f(X) +€) — fy@)} = A

+ 3{E{z(W)" (2" Z) 2" (£.(X) = f5(0))}* + E. (f.(2) = fz(@))’} := M.

Now we can see that the risk has been decomposed into the A term and the

misspecification error term M g. For the A term, we can further decompose it into:

2

A=E, {2, (W) (Z"2) 27 (f(X) + ) — 2.(w) By |
—E,, {zx(W)T (272) 27 + z.(w)" (272)'Z"Z — I) ﬁﬂ}g ,

= | ll2.(W)"[(Z"2)'2"Z — 1] B3| *dP(x)
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5.6.2 Bias-related Inequaity

Lemma 5.9. Let Z € R™* be a feature matrix. Recall 11 = (ZTZ)'Z'Z — I, we

have ||I1|| = 0, if s < n; Otherwise, ||I1|| < 1.

Proof. Incase s < n, we have (ZTZ)" = (ZTZ)~1. Asaresult |[TI|| = 0. If s > n,
by (Hastie et al., 2019, Lemma 1), we know that I — (Z7Z)TZ"Z is a projection
onto the null space of Z. Hence, if we pick any vector from that space, we have

(I —(Z"Z)'ZTZ)v = v. Thus,

I —(Z"Z)'Z"Z| < 1.

5.6.3 Probability Bound on Sequences and Matrix Norms

Lemma 5.10. Let z, y be centered o>-subgaussian and 05 -subgaussian random

variables respectively, i.e.,

2
0.2

E(exp(te)) < exp(Z4),  Elexp(ty)) < exp(21).

We then have that, for a universal constant b, the product of x and y is a centered

bo,o,-subexponential random variable, i.e.,
E(exp(tzy)) < exp(b’oao,t?).

Proof. We compute the moment generating function directly,

E(exp(tzy)) = E {E <eXp(twy) ‘y) } ,

2
)

2 -2
o 0,
< exp | == L2
~ p(122 ’

= exp(coio t?),
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provided |t| < (co,0,)~". Note that for the last inequality, we have used the results

from (Vershynin, 2018, Proposition 2.5.2). O]

Below are two concentration results for subexponential and subgaussian random

variables from (Bartlett et al., 2020, Corollary S.6 & S.7).

Lemma 5.11. Suppose we have a sequence of non-increasing and non-negative
numbers {\;}32, such that )_";° | \; < co. In addition, we have a sequence of i.i.d
centered, o-subexponential random variables {£;}32,, then there is a universal

constant b such that for probability greater than 1 — 2e™', t > 0, we have

< bomax | Mt, [t N

Lemma 5.12. let w € R" be a random vector with each coordinate being a mean 0,

}:&&

unit variance, o2 -subgaussian random variable. Then there is a universal constant

b such that with probability greater than 1 — 2¢™!, we have
HMP§n+wiG+Vﬁ)

In particular, if t < -,
[wll* < bn,
for some universal constants by, bs.

Lemma 5.13 are from (Bartlett et al., 2020, Lemma S.8).

Lemma 5.13. (e-net argument) Let A € R™™ be a symmetric matrix, and N is

an e-net on the unit sphere S"~! with € < % Then we have

JA|l < (1 —€)*max |a” Aa| .
acNe

182



Department of Statistics Zhu Li University of Oxford

Lemma 5.14. Ler {w;}2,,{u;}32, be two sequences of i.i.d random variables
distributed as standard normal. Moreover, let {\;}2, be a sequence of non-
negative, non-increasing numbers such that > ;- | \? < oo. Then with probability

greater than 1 — 2e™!, we have

— [ o\t + /bthv <Z)\wlul<b1>\1t+ /bthv
=1

Proof. Using Markov Inequality and for any 7 > 0, we have that
Z)\ wiu; > t) = P(exp(r Z)kui > ™)

—Tt H E TN w%u2

1 1
= | [(— )¢ 1
e . (1 — (T)\i)Q) (by Lemma 5.17)

= exp(—7t — %glog(l = (T2)%),

provided 7); < 1. Now for any = € (0, 1),

o1
log(l1 —x) = — —dt
(1—x) T
|
> — ——dt
- /0(1—75)2

oz
o 1-2z

As a result
exp(—7t — = 3 log(1 = (A)?)
2 =1 l

< exp(—T1t — Z —%)

< exp(— Tt+ QZ)\Q

2

T 1
< — —§ | log(= —
< exp{ Tt + WD A+ 2)\1[0g( + A1) — og(T )\1)]}
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Note that for the last inequality, we have % — A1 > 0, since 7A; < 1. Now we let

72 1 1
e S N ] M) = log(= — A
r=T 1— ()2 2 2)\1[05%( + A1) — Og(r )],

we have

T 9 1 1
t==— )\IZ/\——log + A1) — log(;—M)].

T

Optimize over 7‘1, this gives

/ )2
_l:\/>\%—|— )\%Zz Z'
Xz
1

Checking the conditions, we see that 7\; = \; <)\% + 1/ )\%ZTAQ) < 1, imply-

ing 77! is a valid choice. Now with this choice, some simple algebra shows that

there are constants ¢y, ¢, such that

t<cihzx+ ICQxZ/\ZZ.
Z Nwiu; > ez + | |eax Z A | <exp(—x).
i—1 V i

For the lower bound we use the symmetry of Gaussian distribution as

i=1 =1
=1
=1

This gives
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We complete the proof by using the union bound for the probability for both the

upper and lower bound. [

Lemma 5.15. Let {w;}°, and {u;}32, be two sequence of random vectors where
the entry of each w; € R™ and u; € R" is i.i.d N'(0,1). Furthermore, let {\;}3°,
be a non-negative sequence such that {\?}2°, is non-increasing and Y _,_, \? < oc.
Denote A =", , \iw;ul. Let pq(A) >, -+ ;> u,(A) be its eigenvalues. Then

with probability at least 1 — 2e~"/" we have
—byn < 1, (A) < pa(A) < bon.

Proof. For any unit vector v € R™, we have that both vI'w; and v’ u; are indepen-

dent and distributed as A/(0, 1). Using Lemma 5.14, we have with 1 — 2¢™*,

vIAv| = | Z Aviwaul v

1=1

S Cl)\lt + /C2t Z )‘22

Now we apply the e-net method to S"~* with € = 1, implying |[N,| < 9. This

gives

|A||l < esAi(t +nlog9) + c4\/(t + nlog9) ZA?-

Now when ¢t < & Hence, we have

Al < cshin+ ez [n > A2
=1

Since >, A? < oo, we can further simplify that || A]] < cgn. O

Lemma 5.16. Let {w;}°, and {u;}2, be two sequence of random vectors where
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the entry of each w; € R"™ and u; € R" are i.i.d centered, unit variance c?

and o2-subgaussian random variables. Furthermore, let {)\;}°, be a sequence
of non-negative, non-increasing numbers such that >, \? < oo. Denote
A= \wauy. Let iy(A) >,--- > p,(A) be its eigenvalues. Then with

probability at least 1 — e /"', we have
_bQUwaun S ,LLTL(A) S ﬂl(A) S bQUwUun-

Proof. The proof is similar to Lemma 5.15 by noticing that for any unit vector

v € R, VTW,»uiT

v 1S a c;0,,0,-subexponential random variable according to
Lemma 5.10. Applying Lemma 5.11 and e-net argument to every unit vector in
S"~! yields our results. O

5.6.4 Moment Generating Function of Product of Random Vari-

ables
Lemma 5.17. Let x,y be two independent random variables from N (0, 1), then

the moment generating function of the product is as following

1
sz(t) = m?

provided t < 1.

Proof. By definition, assuming ¢ < 1, we have

1 [o.¢] o 12 y2
E(e"™) = 2—/ / e~ 7 7 7 dady,
T
/ / exp ( (2% — 2txy)) dxdy,

1
= — 6’7621’ exp( —(x —ty) )d:cdy,

1 [ 1
=—— [ exp <——(1 — %)y ) dy,

l\D
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5.6.5 Proof of Corollary 5.1

The proof is similar to the proof of Theorem 5.2 except we will use a different
concentration inequality. As usual, we start with bias-variance decomposition. In
the subgaussian scenario, the bias-viarance decomposition is exactly the same as
that in the Gaussian case, with the only difference being the shape of the noise. As
a result, we will adopt the same notation as in Section 5.4.2 except that the noise is

now o2o2-subgaussian.

5.6.5.1 Upper Bound on Bias

1
Be = 66711 {E. (oW (W) - 2202 b e

E. (Z§<W>Z§(W)T) - %Zgzﬁ =E, {ZI(W)Zm<W)T - %ZTZ} )

+Em<zr(w)€T) + Er(gzx(W)T) + £€T7
lET

Lgre 1
n

=Ty _ =
n

— e

We need to upper bound E, (z,(W)E7), &%, 2Z"= and =7 =.

Firstly, for E,(z,(W)¢T), we have

7, (W)E! = ?WTD%V}CUT = ? k(x,z)vu’.

where we recall v € R® is a vector with each entry being i.i.d ~ N(0, 1) and

u € R* is a vector with each entry being i.i.d o2-subgaussian. We can upper bound

187



Department of Statistics Zhu Li University of Oxford

E,(z,(W)ET) with probability greater than 1 — e~/ as
oy
. z(W)gD)|| < 2 | VE. (kG 2))|| Iwa |

k(z,x))

Vi 5

o
< 20 0

Coces, By LemmaS5.16andletn =1

= C309.

Secondly, for ££7, ||€€T || = €7€ = éHuH2 < ¢408 with probability greater than
1 — ™%/ by Lemma 5.12.

Moreover, for %ZTE, using the rotation invariance for subgaussian distribution, we

similarly have

| —
N

Now each entry of w; is 1-subgaussian and u; is o2-subgaussian, applying Lemma

5.16, with probability greater than 1 — e~/ we obtain

' c7aun /Z)\ 08007 < 09%

Finally, for —”T” by appealing to (Bartlett et al., 2020, Lemma 4), which is

l:Tz

n

the subgaussian version of Lemma 5.5 and asserts that || > u,uf|| < ¢;on with

probability greater than 1 — e~*/°11, we can upper bound
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Combining above results together, with probability greater than 1 — § — e~/ we

upper bound the bias as

A 14r(X
B, < c{?wnmu/log( A ))/”+Uo} It 21

5.6.5.2 Upper Bound on Variance

2

o T
Ve = ?Tr{]EI [2,(W)z,(W)"] (%zg zg) }

+%2Tr {Ex |2.(W)ET] (%Z?ZE)T} ;

2 1

s {E €2, (W)T] (gzzzg)T} 7

0.2 T 1 T T
+ET1’ ff (EZEZS) ,

Through similar analysis to the Gaussian case, use Eq. (5.10), we can also have
that Mn(%zgzg) > %n Following the similar argument as in the Gaussian case we

can upper bound the variance with probability greater than 1 — e~"/¢

2 s
Ve <co Tr(E)ﬁ.

5.6.6 Proof of Corollary 5.2

Proof. Proof of Corollary 5.2 is simply applying o = O(s™®) into Eq. (5.11) and
Eq. (5.12). ]
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Chapter 6 Conclusion

This thesis contributes towards the theoretical understanding of random feature
methods in two folds. First, it treats the random feature models as a way to speed
up kernel methods. As previously discussed, kernel methods often suffer from
the massive computational cost which is typically on the order of O(n?) or even
O(n?) (where n is the number of data points). This is prohibitive in the modern
big data era. As a result, Rahimi and Recht (2007) propose the RFFs methods to
speed up the computation. Despite its empirical success, the exact computation-
accuracy trade-off of the RFFs methods remains unclear. In the first part of the
thesis (Chapters 3 and 4), we tackle this problem from two different perspectives
and provide a detailed analysis on the trade-off between the computational cost (the
number of features required) and the statistical prediction accuracy (the learning
rate) in the cases of both regression and classification. Apart from being a simply
low rank approximation method, recent studies (Belkin et al., 2019b; Liao et al.,
2020; Mei and Montanari, 2019) view the random feature methods as a two-layer
neural network with fixed first layer weights. This view provides us with a flexible
framework to theoretically analyze the generalization properties of neural networks
and serves as the foundation towards explaining superior empirical performance
of modern deep learning. The second part of our thesis (Chapter 5) adopts this
view and attempts to understand the recent double descent phenomenon discovered
in the context of deep learning. Our results explain how double descent happens
as a result of the noise in the features under the random feature framework and
potentially shed light on how to understand the phenomenon in the deep learning

framework.
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6.1 Summary of Contributions

RFFs are first introduced as an efficient way to approximate the kernel matrix
and hence to speed up the computation of many kernel methods. As such, a
clear understanding of the trade-off between computational cost and statistical
accuracy is of paramount importance when employing RFFs in practice. To this
end, Chapter 3 provides an initial analysis on this problem from the kernel matrix
approximation perspective. Specifically, we first derive a precise relationship
between the expected maximum kernel matrix error due to RFFs and the number
of features, which demonstrates that the kernel matrix approximation K using
RFFs is a consistent estimator of the original kernel matrix K. Subsequently, we
characterize how the excess learning risk of the RFFs estimator from KRR evolves
as we increase the number of features. We are able to show that as long as the
number of features is on the order of O(n), the excess learning risk converges to
zero at the same minimax rate as that in the case of the kernel ridge regression
estimator. Hence, we prove that the RFFs regression estimator is also consistent.
Finally, we apply the similar analysis to the more involved distribution regression
setting and show that both the RFFs kernel matrix approximation and the RFFs

estimator in distribution regression setting are consistent.

Despite the consistency proof, one problem of our analysis in Chapter 3 is that
we are not able to theoretically verify the efficacy of RFFs estimators. In partic-
ular, whether RFFs can reduce computational cost without incurring any loss in
prediction accuracy is not clear. In light of this, Chapter 4 is devoted to addressing
this issue through directly analyzing the learning risk. We first devise a theoretical
framework that allows us to conduct a unified analysis of the generalization proper-
ties of RFFs estimators from both regression and classification. In regression, we

show that Q(y/n log n) features are enough to guarantee the minimax learning rate
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of the kernel ridge regression estimator if we use the plain RFFs sampling scheme.
We further demonstrate that the required number of features can be reduced sig-
nificantly when we use the leverage weighted sampling method. In addition, we
prove that a sharp O(1/n) learning rate is possible under the regression setting.
In particular, RFFs regression estimators can obtain O(1/n) learning rate with
only Q(logn loglogn) features if the eigenspectrum of the kernel Gram-matrix
displays exponential decay and the leverage weighted RFFs sampling is used. Our
theoretical framework can also extend to the study of the computation and accuracy
trade-off in the classification setting with various loss functions such as Lipschitz
continuous loss and 0-1 loss. For plain RFFs sampling method, our results improve
upon the existing results when the eigenspectrum of the kernel matrix has finite
rank or exhibits exponential decay. Moreover, when leverage weighted RFFs sam-
pling is employed in the classification setting, we provide a detailed analysis for
the computational cost and prediction accuracy trade-off. Our results demonstrate
that the RFFs estimators can not only reduce the computation time (£2(1) features
when eigenspectrum has finite rank), but also enjoy a fast learning rate (O(1/n)).
Finally, we propose a fast algorithm to generate feature samples that come from the
approximated leverage score distribution. We empirically verify that this algorithm
can provide a significant reduction in prediction time compared with the original
RFFs method without incurring any extra loss. We also give a rigorous proof
that demonstrates the trade-off between the computational cost and the statistical

accuracy of the proposed algorithm.

In Chapter 5, we adopt the view that RFFs can be treated as the two-layer neural
network with fixed first layer weights, and attempt to examine the conditions under
which the double descent and benign overfitting phenomena arise. By incorporating
the Gaussian feature noise £ into our model, our first result states that £ can serve

as the implicit regularizer that prevents the divergence of the learning risk even in

192



Department of Statistics Zhu Li University of Oxford

the case where the number of parameters is much larger than that of the data points.
We also provide a finite sample analysis of the excess learning risk for the MNLS
estimator which demonstrates that it is possible for overparameterized estimator
to obtain minimax optimal learning rate. Subsequently, we relax the Gaussian
feature noise assumption into the case of subgaussian class of distributions, thereby
extending our results into a more general setting. Finally, we derive the evolution
of the upper bound of the excess learning risk and show that the learning risk
undergoes a multiple descent, instead of a double descent behavior. While requiring
a very weak assumption on the kernel structure, our results explain the possible
driving force of the benign overfitting phenomenon under no specific assumption

on the data generating distribution.

6.2 Future Research

Although we address some of the important questions for random feature methods,
several problems on the theoretical properties of random features remain unclear.
An example is whether we can obtain a sharper trade-off between the computational
cost and the prediction accuracy of RFFs estimators in the classification setting
when the plain RFFs sampling is used. Our previous results demonstrate that it
is possible for the RFFs estimators to achieve the fast O(1/+/n) or even O(1/n)
learning rate. However, to obtain these learning rate, one has to sample at least
)(n) features using plain RFFs sampling. This result means that we would not
asymptotically benefit from any computational savings, while empirically (Li et al.,
2019b; Rahimi and Recht, 2007; Rudi et al., 2017) we observe that the RFFs
can indeed dramatically reduce the computational cost even in the classification
setting. Therefore, we lack a critical understanding of how RFFs can help to reduce

the computational cost in the classification setting with plain RFFs sampling. In
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addition, sampling features according to the leverage score can provide a promising
way to further reduce the computational cost. However, it is generally costly to
compute these leverage scores. As such, how to efficiently construct leverage

scored features in the context of classification is an interesting future direction.

Furthermore, RFFs are widely adopted in hypothesis testing problems (Jitkrittum
et al., 2017; Zhang et al., 2018), which is another frequent use of kernel methods.
In particular, Zhang et al. (2018) provide an extensive study of the computational
cost and testing power trade-off in the context of RFFs approximation. Through a
variety of experiments, they are able to demonstrate that the RFFs approximation
can give comparable testing performance with the original kernel hypothesis testing
while significantly reducing the computation and memory requirement. However,
a key question to the RFFs hypothesis testing is whether we could provide any
theoretical guarantees of the testing power given a certain number of features used
in the approximation. Currently, there are no explicit analyses on the computation
and test power trade-off in literature and this can be an interesting future direction
to pursue. In addition, our analysis reveals that the usage of weighted RFFs
sampling based on the leverage scores allows one to sample less features while
achieving the same learning rate in both regression and classification. However,
the use of leverage score is not explored in the context of hypothesis testing.
One could empirically explore whether weighted RFFs sampling can provide any
computational gain in kernel hypothesis testing, and theoretically examine the

computation and testing power trade-off under the weighted sampling scheme.

In Chapter 5, we utilize the random feature model as a proxy to two-layer neural
network to study its generalization properties. Although we derive many theoret-
ical results in the random feature regime, this regime has certain limitations. In
particular, while assuming the first layer of weights as fixed, we omit the effect of

the whole optimization procedure. However, optimizing the first layer weights is
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known to play an important role in the prediction of neural network models. Hence,
it is critical to investigate the neural network models with optimized features.
Specifically, one would like to discover how double descent and benign overfitting
arise in the optimized regime. Moreover, in the study of the overparameterized
random feature model, we demonstrate that feature noise, whether it resides in the
covariates itself or whether it is manually added by user, is the key driving force for
the double descent and the benign overfitting phenomena, as long as the number of
features is on the order o(n?). However, a recent study by Adlam and Pennington
(2020a) discovers that the learning curve undergoes another descent beyond the
Q(n?) regime. Hence, it would be interesting to understand how this happens and
how we could explain this multiple descent phenomenon as the current regime only

predicts the cases up to o(n?).
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