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1. Motivation and significance

Matrix completion (MC) is a very promising method that is
used extensively in machine learning to fill in the missing data
of an incomplete observation matrix. It has become well-known
since its application in the Netflix Prize problem, i.e., the movie-
ratings matrix in recommender systems [1]. Currently, MC has
been widely applied to many fields [2,3], such as image in-
painting [4], magnetic resonance imaging [5], motion estima-
tion [6], video surveillance and face recognition [7], computer
vision [8,9], traffic sensing [10], synthetic aperture radar (SAR)
imaging [11], Internet of Things (IoT) [12], and integrated radar
and communications [13,14].

MC aims to restore a low-rank matrix which well approxi-
mates observed entries of the incomplete matrix. There are nu-
merous MC methods [2,15], such as nuclear norm minimisation
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https://doi.org/10.1016/j.s0ftx.2023.101500

(e.g., nuclear norm relaxation, robust principal component anal-
ysis (RPCA) [16,17]), matrix factorisation [18], minimum rank
approximation [19], [,-norm minimisation [20], adaptive outlier
pursuing [21], and so on. Singular value thresholding (SVT) [16],
one of the most popular MC methods, is a nuclear norm relaxation
algorithm [22].

Software packages, e.g., Templates for First-Order Conic Solvers
(TFOCS) [23], could be used to carry out the MC by first-order
methods. A nonnegative matrix factorization (NMF) package was
proposed to perform nonnegative matrix completion from partial
observations [24]. A Fortran-based software ID Version 0.4 [25]
computed low-rank approximations by interpolative decompo-
sitions (IDs). The SVT can also be implemented by a MATLAB
wrapper function svt [26]. However, it is known that the SVT
process is computationally demanding due to the need to perform
singular value decomposition (SVD).

Therefore, we developed a GPU accelerated SVT software writ-
ten in Python to perform SVT faster. Comparing with other MC
methods, the SVT algorithm has very good simplicity, robust-
ness, scalability, and flexibility [15]. Comparing with other SVT
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Fig. 1. Diagram of the architecture of gpuSVT.

software packages, our software enhances the computational
speed. In this software, we wrote a python function gpuSVT
based on [16] to implement SVT which calls a function cu-
RandomSVD that provides a Python interface for the function
cusolverDnXgesvdr from the NVIDIA GPU accelerated library cu-
SOLVER. The function cusolverDnXgesvdr implements randomised
k-SVD [27] with high accuracy. By using our software, the pro-
cessing time can be reduced by more than 10 times for large
matrices without changing the accuracy of the final results.
Section 2 describes the architecture and functionalities of this
software. Illustrative examples in image inpainting and traffic
sensing are demonstrated in Section 3. The impact of this soft-
ware is analysed in Section 4. Section 5 presents our conclusions.

2. Software description

This section illustrates the architecture and functionalities of
this software. Sample code snippets are also analysed in this
section. The software is open source available on GitHub [28].

2.1. Software architecture

In this software, we use Python which is one of the most
popular high-level programming languages. CuPy is used for the
GPU-accelerated computing. The CUDA Toolkit library cuSOLVER
is used for the decomposition of the input matrix.

The diagram of the architecture of our software is shown in
Fig. 1. Incomplete matrix/matrices and the corresponding mask
matrix/matrices are inputted. The mask matrix is set to distin-
guish between known and unknown data. The set of indices of
the observed entries is denoted by £2. For a certain position
(i,j) in the image, if (i,j) € £, the mask there will be 1,
denoting “known"; otherwise, the mask there will be 0, denoting
“unknown". If a series of matrices are inputted, the third index
can be introduced apart from the 2-dimensional image.

Mathematically, MC can be expressed as
erlgin rank (X) s.t. Xjj = Ay, (i,)) € 2, (1)

e mxn
where A is the incomplete observed matrix and X is the restored
matrix.

The rank minimisation described by Eq. (1) is an NP hard
problem. In the SVT approach, the rank minimisation can be
achieved by solving the problem expressed by

min ||X|, s.t. Po (X) = Pg (A), (2)

where | e ||, denotes the nuclear norm, and the mask operator
Pg can be expressed by

Xii, i,j) e 2
Pe X); = [OU (gth]e)rwise : ()
The problem can then be solved iteratively [16],
Xk — DT (Yk—l) (4)
Yk =y 4 8 Pg (A—XY)

where §; (k > 1) is the scalar step size and the soft-thresholding
operator D, at level T > 0 is expressed by

D, (Y) .= UD, (X)V* = U diag (max (o; — 7,0)) V* (5)

with the r-rank matrix Y = UXV* and ¥ = diag ({oi}ic|1,r]). The
matrix X is low-rank and the matrix Y is sparse. The iterative
process will end when the reconstruction error ¢ reaches the
terminal condition defined by the user. The complete matrix X
and the reconstruction error ¢ are outputted.

The SVD of the matrix Y is the most time-consuming part of
the SVT calculation. To calculate SVD we use the Python function
cuRandomSVD that uses NVIDIA cuSOLVER library to calculate
randomised SVD. There are four inputs in the cuRandomSVD func-
tion, i.e., the matrix to be decomposed, target rank, oversampling
factor (used to guarantee sufficient coverage), and the number of
iterations.

2.2. Software functionalities

The main function of this software is
[X, recon_error| = gpuSVT (A,mask),

where X is the restored matrix, A is the incomplete observed
matrixX, recon_error is the reconstruction error ¢, and mask is
the mask matrix indicating known and unknown elements.

The goal of this software is to complete the missing informa-
tion in the input by doing SVT. An incomplete matrix and the
corresponding mask matrix are needed in each pair of inputs, and
the output will be the complete matrix. Multiple pairs of inputs
can be inputted into the interface of the software at the same
time. It will then perform SVT on them separately.

Generally, the function gpuSVT can be used to minimise the
nuclear norm in applications including, but not limited to, matrix
completion and matrix regression. The soft-thresholding level
7, the scalar step size §, and the terminal conditions (target
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Table 1
Structure of the example.
Item Description
Input ini.mat Accurate value (0 or 1) of the first element of the mask.
pyinp.mat Incomplete matrix.
pymask.mat Mask matrix.
Script gpuSVT_example.py Python code.
Output nnR_gpuSVT0.mat Complete matrix of the first image.

nnR_gpuSVT1.mat
recon_error_gpuSVT0.mat
recon_error_gpuSVT1.mat

Complete matrix of the second image.
Reconstruction error for the completion of the first image.
Reconstruction error for the completion of the second image.

reconstruction error or maximum number of iterations) can be
set by the users.

The function cuRandomSVD can be used to perform randomised
SVD with GPU acceleration. The target rank, the oversampling
factor, and the number of iterations can be set by the users.

2.3. Sample code snippets analysis

The software gpuSVT is open source available on GitHub
page [28]. The folder example on the GitHub page gives a quick
demonstration on how to use this software.

To use our software,! the programme can be built with

conda create —n SVTexample python=3.9
conda activate SVTexample

cd /path/to/src

make

pip install cupy—cuda

pip install scipy

pip install mat4py

Note that the software requires CUDA package and cuSOLVER
library installed.

The example folder includes a programme file
(gpuSVT_example.py) and three example input files (ini.mat, py-
inp.mat, pymask.mat), as shown in Table 1. The inputs are MAT-
LAB files. The data pyinp.mat is the incomplete matrix, where
the first dimension is the number of images in the input data
cube, the second and the third dimensions are the 2-dimensional
incomplete matrix. The data pymask.mat is the mask matrix
corresponding to the incomplete matrix. It is worth noting that
the first element of the mask is set as 0.5 instead of 0 or 1 so that
the Python will recognise the data type as double instead of uint8.
The data ini.mat includes the accurate value (0 or 1) of the first
element of the mask, to rectify the mask matrix. In the example,
the incomplete input matrix are constructed by images with
salt-and-pepper noise. Two pairs of incomplete images and their
masks are included in the example inputs, where the number of
pairs can be adjusted by users’ requirement.

After running the programme,” output files with the names
prefixed by nnR are the complete matrices which are all 2-
dimensional. The output files with the names prefixed by re-
con_error are the reconstruction errors varying with increasing
iterations. Multiple complete matrices and their corresponding
reconstruction errors will be outputted separately.

3. Illustrative examples
To illustrate the use and performance of our software, two

applications, i.e, image inpainting and traffic sensing, are demon-
strated as examples.

1 We run the programme on Ubuntu 20.04.4.
2 The way to use the example is shown on the GitHub page.

3.1. Image inpainting

The software can be applied to restored images with salt-
and-pepper noise mask or character mask. It can also be used to
remove objects (e.g., human) from scenery.

The incomplete images with salt-and-pepper noise are gener-
ated by using MATLAB function imnoise, where the noise density
is set as 0.05. An example is shown in Fig. 2(a)-(d), including in-
put incomplete image, mask, reconstructed complete image, and
reference image. In addition, the incomplete images with floating
characters are generated by randomly typing characters onto the
images. An example of the result of applying our software to this
type of incomplete image is shown in Fig. 2(e)-(h).

Herein, Structural SIMilarity (SSIM) index [30-32] is used to
assess the similarity between the reconstructed image and the
corresponding reference image. If the SSIM between reference
and reconstructed images approaches 1, this indicates that the
reconstructed image restores the features in the reference image
well. Another way to quantitatively assess the quality of the
completion is by comparing the masked part of the reconstructed
image and the masked part of the reference image, as shown
in Fig. 2(i) and (j). Low-Information Similarity Index (LISI) [33]
can be used to compare the similarity between the masked parts,
for the reason that the masked parts are low-information with
large proportion of missing data. If we use SSIM to assess them,
the SSIM will always be close to 1 indicating that the inputs are
very similar. It is more convincing to carry out the assessment by
LISI, since LISI is intensity-sensitive and especially useful to assess
the similarity between the informative parts in low-information
images. When both the SSIM and the LISI approach to 1, it
demonstrates that the reconstructed image restores the features
in the reference image well.

To compare the processing time between the CPU based SVT
code and the GPU version, different sizes of incomplete images
are used as the inputs. Image] [34] is used to resize the input im-
ages. The results are shown in Table 2. SVT runs 10,000 iterations
for each input. In order to measure the processing time we have
averaged and calculated the standard deviation from three runs
for every input.

The processing time for image inpainting is plotted in Fig. 3. It
can be easily seen from the results that the processing time can
be greatly reduced by using our software. For very small images
(e.g., 128x72), the processing time of the GPU code will be longer
than the CPU code due to the transmission of data to the GPU over
the PCle bus. But for larger images, the advantage of the GPU code
is more obvious.

In addition, the GPU-accelerated SVT can also be used to
remove certain objects from an image; in other words, it can
complete the background of an image. Take the images in the
top row of Fig. 4 as examples. The bird/human in these images
can be masked by the masks shown in the middle row and then
completed by our software to obtain the bottom row of Fig. 4.
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Fig. 2. SVT on (a) an incomplete image with salt-and-pepper noise or (e) an incomplete image floating with characters, where (b) and (f) show the masks of them,
respectively. For the salt-and-pepper noise group, the SSIM between (c) the reconstructed complete image and (d) the reference image is 0.9931. For the characters
group, the SSIM between (g) the reconstructed complete image and (h) the reference image is 0.9854. To compare the masked parts in (i) the reconstructed image
and (j) the reference image, the SSIM between them is 0.9989, whereas the LISI between them is 0.9712. Since both the SSIM and the LISI approach 1, it can be
revealed that the reconstructed image restores the features in the reference image well. Note that the reference image is generated by resizing and greying the
original image [29]. The incomplete image is generated by adding in salt-and-pepper noise or characters on the reference image.

Table 2
Processing time for image inpainting.
Size Mask type SVT processing time (sec) Speed up
With CPU With GPU
128 x 72 Salt-and-pepper 22.8913 (0.4121) 75.3691 (0.0260) 0.3037
Character 24.7087 (0.2271) 77.8177 (0.0331) 0.3175
256 x 144 Salt-and-pepper 735.9870 (11.8936) 130.2787 (0.1239) 5.6493
Character 609.9996 (89.5186) 131.1266 (0.0140) 4.6520
512 x 288 Salt-and-pepper 1794.6431 (125.2505) 130.2413 (0.1896) 13.7794
Character 1901.4932 (153.3767) 131.2422 (0.1032) 14.4884
1024 x 576 Salt-and-pepper 4463.3578 (99.6356) 324.1538 (0.0762) 13.7693
Character 4514.2794 (58.7466) 327.1537 (0.2166) 13.7986
1280 x 720 Salt-and-pepper 5662.3376 (157.9425) 346.6708 (0.0575) 16.3335
(HD) Character 5503.4989 (150.5578) 341.0089 (0.0869) 16.1389
1920 x 1080 Salt-and-pepper 4554.3957 (114.2015) 314.7239 (0.1561) 14.4711
(FHD) Character 4318.1432 (127.8061) 335.4067 (0.1426) 12.8743
2560 x 1440 Salt-and-pepper 6692.7427 (225.9960) 595.6270 (0.5137) 11.2365
(QHD) Character 6595.1039 (298.2552) 534.5391 (0.3339) 12.3379
3840 x 2160 Salt-and-pepper 13078.5552 (221.3513) 678.0495 (0.0420) 19.2885
(UHD, 4K) Character 12905.5984 (103.1753) 697.1325 (0.1761) 18.5124
7680 x 4320 Salt-and-pepper 59546.7128 (138.6502) 2114.2858 (0.3037) 28.1640
(8K) Character 58619.8915 (78.2195) 2155.1204 (0.3606) 27.2003

Note: The processing time is represented by “Average (Standard Deviation)”.

3.2. Traffic sensing

In traffic sensing systems, probe vehicles are used to sense
the traffic information [10]. However, some data are missing due
to uneven distribution of probe vehicles or measurement error.
The missing traffic data can be estimated by MC methods. We
apply our software to the traffic data of Interstate 205 (Oregon-
Washington) Southbound (I-205 SB) [37] to complete the missing
data.

Five groups of data are used in this illustration. They are the
traffic data for the five weeks commencing 11 Apr 2022, 18
Apr 2022, 25 Apr 2022, 2 May 2022, and 9 May 2022. Table 3
illustrates the processing results by doing SVT with and without
GPU acceleration on the traffic data of the five weeks. Both results
reach the reconstruction error of 0.01. As shown in the table, the
GPU SVT can be quicker or slower than the CPU SVT, due to the
fact that the size of the data set in this illustration is very small.

Table 3
Processing time of completing the traffic data.

Week Percentage of Processing time (sec) Speed up
commencing missing data With CPU With GPU

11 Apr 2022 4.09% 0.2471 1.0210 0.2420
18 Apr 2022 3.96% 0.2452 0.9331 0.2628
25 Apr 2022 3.91% 1.9470 0.9327 2.0875

2 May 2022 3.88% 0.4080 0.9810 0.4159

9 May 2022 3.87% 2.8137 0.9897 2.8430

This also aligns with the results of very small images which have
been discussed in Section 3.1.

Among the specifications (start time, resolution, detector ID,
speed, volume, occupancy, sample size, delay, travel time, vehicle
hours travelled, and vehicle miles travelled) of the highway data,
we analyse the fields of speed and volume as examples [38]. The
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Fig. 3. Average processing time of image inpainting on different sizes of inputs, with (a) linear and (b) logarithmic representations. According to (b), the processing
time of the GPU version is approximately exponential with the increase in the size of input, but much quicker than the CPU version, except for inputs with very

small sizes.
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Fig. 4. SVT to remove certain objects from the images. (Top row) The reference images with bird/human, (middle row) their masks, and (bottom row) the
corresponding reconstructed images without the bird/human. The reference images are generated by resizing and greying the original images [35,36].

fields “speed"” and “volume"” show the average speed and the
number of vehicles (per hour) passing the detector. Since there is
no gold standard data of the real measurement to compare with,
to prove the credibility of the completion results, the tolerance
level of the amount of unknown data in the input needs to be
determined. We can calculate the tolerance level by randomly

masking x% of known data, and then completing it, and finally
comparing the reconstructed complete matrix with the reference
matrix. The mean and standard deviation of the difference be-
tween the reconstructed matrix and the reference matrix for the
traffic data of the week commencing 9 May 2022 are shown in
Fig. 5 as an example. If the tolerance level is set as 10% difference
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data. With the increase in the percentage of mask, the mean of difference between the reconstructed result and reference data increase, with varying in standard
deviation of the difference. The orange dash lines show the tolerance level of the difference, which is set as 10%. The percentage of mask corresponding to the
cross point of the tolerance level and the mean of difference shows the acceptable amount of unknown data. According to the sub-figures, the minimum acceptable
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example due to page limitations).
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Fig. 6. Relative difference between the reconstructed matrix and the original matrix for the real traffic data of (a) speed and (b) volume in the week started by
00.00 on 9 May 2022 are shown as examples. The time axis is in hours. Only weekdays of each week are plotted and analysed. The relative differences show that
regions of rush hour are completed correctly, and regions where data is completely missing cannot be completed because the algorithm will not work with no data.

on average (as shown in the orange dash lines in Fig. 5), the
acceptable percentage of unknown data should be no more than
15% to ensure the tolerance. According to Table 3, the percentage
of missing data in each week is lower than 15%, which indicates
that the reconstructed results of the real data are credible.

Applying our software to the real data of the five weeks, the
completed speed and volume are obtained for each week’s data.
In order to show the contribution of our software in a clearer
way, relative differences are calculated to present the difference
between the incomplete and the complete matrices.

The relative differences in speed and volume between the
reconstructed matrices and the original matrices are shown in
Fig. 6. The relative difference is calculated by (out —in)/in, where
“out” is the average value of speed or volume measured by
different probe vehicles in each time period (lasting for one hour)
in the output of MC, and “in” is that average value in the input
of MC. Only weekdays of each week are plotted and analysed
to reveal the feature of rush hours. If the data of the traffic
information is totally lost in a certain time period, the data in that
time period cannot be completed even when using MC. Moreover,

the characteristics of volume during rush hours become more
obvious by doing MC.

4. Impact

The GPU-accelerated SVT software gives an quick and easy
access for users to minimise the nuclear norm. In other words, the
processing time for large input matrices has been greatly reduced
by using this software and the software is easy to use.

Our software has impact on nuclear norm minimisation, which
contributes to fields such as matrix completion and matrix re-
gression. We have demonstrated the use of this software in image
inpainting and traffic sensing; however, the software can also
be applied to problems in fields such as SAR imaging and IoT.
In addition, the accelerated SVD module within this software
can also be imported by other programmes, which helps to cal-
culate the randomised SVD. Our software greatly increases the
computational speed of SVT, as shown in Fig. 3.
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This software also has impact on wider audiences. The soft-
ware is written in Python which is not only popular for scientific
computation but is also easily used by broader audiences.

5. Conclusions

A GPU accelerated SVT software package, which is written
in Python, is presented in this paper. It can carry out the nu-
clear norm minimisation with high computational speed and high
accuracy. It can be applied to various fields including, but not
limited to, matrix completion. Moreover, the GPU accelerated
SVD module within this SVT package is also importable in other
programmes.

This software package greatly increases the computational
efficiency, comparing with previous work, which is useful in the
big data era. It has impact on scientific studies, technical research,
and wider audiences from different fields.
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