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Abstract

Exponential Asymptotics in Unsteady and Three-Dimensional Flows
Christoper J. Lustri, Brasenose College
Submitted towards Doctor of Philosophy, Michaelmas Term 2012

The behaviour of free-surface gravity waves on small Froude number fluid flow past some ob-
stacle cannot be determined using ordinary asymptotic power series methods, as the amplitude
of the waves is exponentially small. An exponential asymptotic method is used by Chapman
and Vanden-Broeck (2006) to consider the problem of two-dimensional, steady flow past a sub-
merged obstacle in the small Froude number limit, finding that a steady downstream wavetrain
is switched on rapidly across a curve known as a Stokes line. Here, equivalent wavetrains on
three-dimensional and unsteady flow configurations are considered, and Stokes switching caused
by the interaction between expomnentially small free-surface components is shown to play an

important role in both cases.

The behaviour of free-surface gravity waves is introduced by considering the problem of steady
free-surface flow due to a line source. A steady wavetrain is shown to exist in the far field,
and the behaviour of these waves is compared to existing numerical results. The problem of
unsteady flow over a step is subsequently investigated, with the flow behaviour formulated in
terms of Lagrangian coordinates so that the position of the free surface is fixed. Initially, the
problem is linearized in the step-height, and the steady wavetrain is shown to spread downstream
over time. The position of the wavefront is determined by considering the full Stokes structure
present in the problem. The equivalent fully-nonlinear problem is then considered, with the
position of the Stokes lines, and hence the wavefront, being determined numerically. Finally,
linearized three-dimensional free-surface flow past an obstacle is considered in both the steady
and unsteady case. The surface is shown to contain downstream longitudinal and transverse
waves. These waves are shown to propagate downstream in the unsteady case, with the position

of the wavefront again determined by considering the full Stokes structure of the problem.
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Chapter 1

Introduction

Mathematicians have long known that certain divergent series may, in the limit as some pa-
rameter becomes small or large, be truncated after a finite number of terms in order to provide
useful approximations for the behaviour of some given expression. The modern understanding
of these approximations originated with Henri Poincaré [92], who defined the asymptotic series
representation of a function f(z) as a series with coefficients a, that satisfies

ylirgox"{f(x)—z:z:} — 0, (1.1)

r=0
for fixed, non-negative values of n.
This definition does not preclude the series from being divergent; however, judicious truncation
of the asymptotic series at some finite value of n can produce very precise approximations of the
exact function, if the truncation occurs earlier in the series than the point at which the addition
of extra terms causes the error to increase. Indeed, a divergent asymptotic series truncated
optimally will have a remainder that is exponentially small in the limit as || — oo [9] (where

this refers to a function that is exponentially decreasing in x, such as e~ for example).

The ability to obtain highly accurate approximations led to widespread acceptance of asymptotic
methods in mathematics, and such techniques became particularly important in the study of
physical phenomena. Unfortunately, as noted by Dingle [33], Poincaré’s definition (1.1) contains
a degree of non-uniqueness, as the addition of any exponentially small function of = to f(z)
will produce a different function that still satisfies (1.1). This limitation may seem inherent
to the nature of asymptotic series approximations; however, there have been numerous studies,
listed in [33], which have found that the appropriate exponentially small correction term in
an asymptotic series obtained as the solution to some problem may be determined uniquely.

Consequently, Poincaré’s definition (1.1) is incomplete.

The problem of formally defining asymptotic series so as to allow for unique, exponentially

small remainder terms is discussed at length by Dingle [33], and a more involved definition is



obtained which allows for an asymptotic series to be defined even down to the presence of these
exponentially small terms. For applied mathematicians, however, a more pressing question is
why such terms are necessary in the first place. After all, one of the most useful features of
asymptotic series methods is that highly accurate approximations may be obtained by retaining
only a small number of terms. To motivate the study of these exponentially small terms we turn
to a physical problem that has interested mathematicians for over a century: the behaviour of

water waves.

The theory of water waves may be traced back to Newton, who inferred by analogy that the
frequency of waves on water of infinite depth was inversely proportional to the square root
of the wavelength. For a more detailed review of this work, as well as numerous other early
contributions to the theory of water waves by the likes of Lagrange, Laplace, Green and Airy, see
[31]. Here, we restrict our attention to the problem of water waves caused by gravitational effects
on free-surface flows. Typically, wave behaviour is represented in terms of a nondimensional
quantity known as the Froude number, F', which represents the relative strength of inertial and
gravitational forces in the flow configuration. In the case of flow past some submerged obstacle,
the Froude number is given by

F=—— (1.2)

where g is the acceleration due to gravity, and U and H are representative velocity and length
scales respectively. We are particularly interested in the behaviour of free-surface gravity waves
in the limit that the Froude number becomes small, or when gravitational forces dominate

inertial forces.

Attempts to represent the flow behaviour using an asymptotic series in this limit lead to ap-
parently paradoxical behaviour, in which free-surface gravity waves disappear in the low-Froude
number limit. For example, Ogilvie [85] first noted that, in this limit for flow past a sub-
merged obstruction or surface-piercing object, an asymptotic series in F' failed to capture any
wave behaviour present on the free surface. Peregrine [89] and Forbes [37] also found waveless

free-surface behaviour while investigating a line source or sink in this limit.

However, numerical studies of free-surface gravity waves indicate that small Froude number flow
is, in fact, not waveless. These studies include those performed by Vanden-Broeck and Tuck
[117], and McCue and Forbes [76] on flow past a two-dimensional bow or stern in infinite and
finite depth respectively; Vanden-Broeck el al. [116], and Mekias and Vanden-Broeck [78] on
flow over a line source in infinite and finite depth respectively; Zhang and Zhu [122, 123] on flow
past a submerged semiellipse; Dagan [32] on flow past a thin submerged obstacle; and Doctors
and Dagan [34] for flow past a surface pressure distribution. In each of these investigations,

the computed wave amplitude appears to be exponentially small in the limit that FF — 0.



This behaviour suggests that an asymptotic power series will be insufficient for capturing the
behaviour of the free-surface waves. The wave behaviour is referred to as lying ‘beyond all

orders’ of the asymptotic power series.

Any attempt to determine the behaviour of these waves will therefore rely on determining
the behaviour of the exponentially small remainder term of the asymptotic power series in F.
Fortunately, a range of techniques known as ‘exponential asymptotics’ or ‘hyperasymptotics’
were developed for precisely this purpose, such as in [9, 10, 22, 87]. These methods typically
involve truncating the asymptotic series optimally, giving an exponentially small remainder
term, and then rescaling the equations in order to investigate the behaviour of this term; these

methods will be discussed more thoroughly in Section 1.1.

Using exponential asymptotic methods, Chapman and Vanden-Broeck [27] were able to obtain
the behaviour of exponentially small free-surface waves for steady-state flow over a submerged
two-dimensional obstacle in the small Froude number limit. The purpose of the current inves-
tigation is to extend these methods in order to determine the free-surface wave behaviour of

unsteady (or time-varying) and three-dimensional flow problems.

1.1 Exponential asymptotics

We previously noted that free-surface gravity waves are known to be exponentially small in the
small Froude number limit, and that this property renders them impossible to represent using
ordinary asymptotic series methods. Indeed, using Poincaré’s definition of an asymptotic series
(1.1), they cannot be uniquely determined at all. However, noting that exponentially small
remainder terms can be uniquely determined as a function of the series terms themselves, and
Dingle’s subsequent redefinition of asymptotic series, several studies developed methods that

could be used to find these remainder terms in general.

Berry and Howls [10] described the optimal truncation of a divergent asymptotic series, produc-
ing a remainder which is exponentially small, as ‘superasymptotics’. They subsequently defined
‘hyperasymptotics’ (also known in the literature as ‘exponential asymptotics’ or ‘asymptotics
beyond-all-orders’) as the systematic study of the exponentially small remainder itself. This
process typically involves rescaling the system in question in such a fashion that the remainder
may be expressed as a second asymptotic series (or even simply the first term in such a series),
exponentially small compared even to the original, optimally-truncated series. A number of

these techniques are discussed in the review by Boyd [14].

There are a number of reasons to be interested in the exponentially small terms of an asymptotic

series. As we have previously noted in the context of free-surface gravity waves, exponentially



small terms may contain qualitative behaviour that is not found at any algebraic order in the
small parameter. The review by Boyd [14] lists numerous problems with important features
that are found only on an exponentially small scale, coming from areas such as fluid dynamics,

quantum mechanics and condensed matter physics.

There are also other reasons to investigate these exponentially small remainder terms. In some
cases, such as the Airy function [7] or the complementary error function [87], terms that are
exponentially small in one part of the solution domain are dominant in other parts. Hence,
to fully understand the global complex-plane behaviour of these functions, we must consider
the effect of these contributions. Finally, and perhaps most strikingly, these exponentially
small terms may influence the leading-order behaviour of the problem. This is typically seen
in problems like the Saffman-Taylor fingering problems considered in [19, 21], which produce
a family of solutions that satisfy the leading-order equations. In these problems, the correct
leading-order behaviour may only be selected by considering the behaviour of the exponentially

small terms.

While the free-surface fluid-flow problems presented in this thesis fall into the first of these
categories, it is important to note that the effect of exponentially small contributions on a
problem can be substantial, leading to the efforts that have been made in order to determine

the behaviour of these contributions.

1.1.1 Stokes phenomenon

Using exponential asymptotic methods, Berry [7] was able to investigate the behaviour known
as the Stokes phenomenon, which plays an important role in the current investigation. It was
Stokes [96] who first observed that a function containing multiple exponentials in the complex
plane can contain curves along which the behaviour of the subdominant exponential apparently
changes discontinuously. These curves, known as Stokes lines, occur when one exponential term

is maximally-subdominant compared to another.

In Figure 1.1, we illustrate the effect of Stokes lines on the asymptotic behaviour of the com-
plementary error function as the argument becomes infinite. In this figure, the constant term
changes from two to zero as the imaginary axis is crossed. However, the complementary error
function, and indeed many functions which exhibit Stokes switching, is known to be entire.
Therefore, it is impossible for there to be a discontinuous jump in the complex-plane behaviour

of the function.

As the term switched on across a Stokes line is always exponentially subdominant to the leading
asymptotic contribution, Stokes switching is impossible to investigate using ordinary asymptotic

series methods. Hence, this apparent discontinuity remained unexplained until the advent of
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Figure 1.1: Asymptotic behaviour of erfc(z) for 0 < argz < 7 as |z| — oco. In the blue region, the constant term
is equal to two, while in the red region, the constant is equal to zero. There is a Stokes line following
Im(z) = 0, across which the value of the constant changes.

exponential asymptotic methods. Using these ideas, Berry established that this apparent dis-
continuity in fact took the form of a smooth transition occurring in the neighbourhood of the
Stokes line. In the examples investigated by Berry, this transition took the form of a rapidly-
varying error function. This error-function smoothing is generic, but not completely universal

[18].

Olde Daalhuis et al. [87] expanded on these ideas to develop a general method for determining
Stokes switching behaviour in the solution to ordinary differential equations using optimal trun-
cation and matched asymptotic expansions. This method requires an expression for the general
behaviour of the asymptotic series terms for the solution, which restricts its application to linear
ordinary differential equations for which this behaviour may be determined explicitly. However,
the method was extended by Chapman et al. [22] so that it may be applied to nonlinear ordinary
differential equations. These ideas are used extensively within the current investigation, and are

described in detail in Section 1.3.

1.1.2 Second-generation Stokes phenomenon

The ideas of Olde Daalhuis et al. [87] and Chapman et al. [22] have been subsequently extended
to investigate different classes of problem, such as difference-differential equations [66] and partial
differential equations [12, 20]. Also in the latter category, Chapman and Mortimer [24], and
Howls et al. [56] considered a partial differential equation governing time-varying dendritic
crystal growth. The steady version of this problem gives an ordinary differential equation that
demonstrates Stokes switching, which was examined using exponential asymptotic methods by

Kruskal and Segur [68].

As noted, the unsteady crystal-growth problem takes the form of a partial differential equation



which contains behaviour more complicated than the Stokes switching addressed in [22, 87].
Specifically, the problem contained ‘new’ Stokes lines, described by Berk et al. [6], and ‘vanishing’
Stokes lines, described by Aoki et al. [4]. These features are explained in [24, 56], where they

are described as ‘second-generation’ Stokes lines and ‘higher-order’ Stokes lines respectively.

The behaviour described as ‘second-generation Stokes switching’ occurs when the exponentially
small remainder of an optimally-truncated asymptotic series also takes the form of a divergent
asymptotic series, and hence contains further Stokes structure. This series may therefore be
optimally-truncated and the remainder investigated using exponential asymptotic methods. In
fact, it is entirely possible that a complicated hierarchy of Stokes lines may be present in the

problem, such as those found in [12, 20].

It is important to note that, aside from the fact that the switching occurs within the remainder
term, this behaviour is not distinct from the Stokes switching examined in [24, 56]. It is simply
caused by the interaction between two subdominant contributions, rather than between the
leading-order behaviour and a subdominant contribution. Consequently, it may be investigated
by applying standard late-order term methods to the remainder term. It should also be noted
that this behaviour may become the dominant contribution to the solution in some regions of
the problem domain, and are hence not necessarily subdominant to the leading-order behaviour

everywhere.

Higher-order Stokes lines may be found when multiple Stokes lines intersect at points known
as ‘Stokes-crossing points’. These are Stokes lines across which we do not see the switching
of an exponentially small contribution to the solution, but rather switching of the Stokes lines
themselves. We illustrate this behaviour in Figure 1.2, taken from [24, 56]. This figure shows the
Stokes structure of the time-varying crystal growth problem. The three Stokes lines intersect
at a single point, and we see that two of the Stokes lines terminate at the intersection. The
higher-order Stokes line is represented as a dashed line that also passes through the intersection
point. It is this higher-order Stokes line that ‘switches off” the Stokes lines, causing them to

terminate at this point.

In Chapters 3-5, we will apply similar techniques to those of Chapman and Mortimer [24] to
investigate partial differential equations arising from free-surface fluid flow problems. Each of
these problems will have Stokes lines caused by the interaction between two contributions that
are exponentially subdominant compared to the leading-order behaviour. This interaction will
play an important role in determining how the surface waves propagate over time. Higher-order
Stokes switching will only play a significant role in the unsteady three-dimensional problem

considered in Chapter 5.



<— Stokes Line

Stokes Line —>

Higher-order

Stokes line

Figure 1.2: Stokes structure for the time-varying crystal growth problem investigated in [24, 56], which varies in
s and t. The solid curves represent Stokes lines. The circle indicates the intersection of the Stokes
lines, while the dashed curve represents a higher-order Stokes line that causes the red and black
Stokes lines to terminate.

1.2 Free-surface gravity waves

Some of the earliest work on free-surface gravity waves was performed by Kelvin, who considered
the downstream wave patterns produced by flow over a finite-depth submerged depression or
elevation [62] as well as waves caused by flow past a ship represented as a point singularity in a
moving frame [61]. The representation of obstacles in a potential flow path as singularities was
used in a number of subsequent investigations, many of which involved linearizing the problem
about the undisturbed solution, either through direct linearization of the boundary condition or

by prescribing that the size of the disturbance be small compared to the depth of the obstacle.

A wide range of related problems have been addressed by linearizing the full flow system. For
example, Gazdar determined flow behaviour past various submerged obstacles in a finite-depth
stream [42] and under the surface of a flow with infinite depth [43], representing the obstructions
using singularities. Lamb [70] investigated the behaviour of waves caused by flow past an infinite
cylinder, as did Ursell [110]. Havelock formulated integral expressions for free-surface flow past
a number of submerged obstacles, such as a spheroid [50] and a doublet [48], as well as an
expression for flow past a pressure distribution [49]. King and Bloor found the behaviour of flow
over a step [63] and submerged objects modelled as a source-sink pair [64]. Faltas et al. [35]
investigated flow over a submerged trapezoid, and Abd-el-Malek and Masoud [1] considered flow
over a ramp. King and Bloor [65], Boutros et al. [13], and Hanna [47] all examined free-surface

behaviour for flow over an arbitrary base topography.



1.2.1 Unsteady flow

Each of the studies listed in Section 1.2 considers flow in a steady state, obtained either by
background flow past a stationary obstacle or an obstacle moving at constant speed through
the fluid. Unsteady models for free-surface waves have been studied at length, such as the
Korteweg-de Vries (KdV) equation [67] for weakly nonlinear shallow water waves. Havelock
[52] also directly considered the behaviour of surface waves caused by flow past a submerged
cylinder starting from rest, formulating the wave resistance in terms of an integral equation.
This investigation also noted that the formulation derived in [48] could be applied to unsteady
flows with an obstacle represented as a combination of sources and sinks. John [58] used a
Lagrangian formulation to find steady deep water waves; however, this method (later extended
to more general flow configurations by Longuet-Higgins [73]) could also be applied to unsteady

free-surface flows.

More recently, Cole [28] considered unsteady flow past a small bump, finding an integral expres-
sion for the behaviour of the surface for the linearized problem and solving the full nonlinear
KdV equation numerically. These two regimes were then connected by deriving a quasi-linear
theory. Abou-Dina [2] investigated unsteady gravity waves over a base topography caused by
an initial prescribed free-surface position, using both the linearized theory and computing solu-
tions to the full nonlinear formulation. Xue and Yue [120] computed the unsteady free-surface
behaviour for flow due to an impulsively started point sink over a range of Froude numbers. Zhu
and Zhang [124] also computed nonlinear flows over a submerged obstacle for a range of Froude
numbers. Importantly, this investigation found that for subcritical flows (F' < 1), a submerged
obstacle moving with uniform velocity (equivalent to a stationary obstacle in a uniform flow
field) produced a steady wavetrain that spreads over time. The behaviour of flow due to an
impulsively-started submerged dipole moving with constant velocity may be seen in Figure 1.3

for F =0.5.

Analytical studies of unsteady gravity waves have been performed in several asymptotic limits.
Liu and Tao [71] formulated an integral expression for the far-field wave behaviour caused by
an impulsively-started submerged body, while Lu [74] determined the far-field unsteady wave
behaviour caused by an oscillating Stokeslet. Shen [95] found an asymptotic expression for
unsteady long waves in a three-dimensional shallow channel with arbitrary base topography and
small lateral velocity. Ockendon and Wilmott [84], and Wilmott [119] used matched asymptotic
expansions to determine the behaviour of a free-surface flow past a small spheroid and arbitrary

two-dimensional obstruction respectively, both in the case of arbitrary motion.

A number of asymptotic analyses have been performed in the small-time limit, such as the

problem of flow due to an impulsively-started submerged cylinder [108, 109], a line source [106]



y-1

Figure 1.3: Numerically-calculated free surface for flow due to a submerged dipole with F' = 0.5 at a depth
of one-fifth of the undisturbed depth from the base, taken from [124]. The dipole is moving at
a uniform velocity, having been impulsively started at ¢ = 0. In this case, the undisturbed free-
surface is positioned at y = 1. We see that a steady wavetrain is being generated in the wake of
the obstacle. While there are other transient components to the flow present in this simulation, our
analysis will concentrate on the propagation of steady surface waves in the wake of the submerged
obstacle. Reprinted with permission from Zhang and Zhu [124]. Copyright 1997, American Institute
of Physics.

or sink [97], and a point sink [107]. In addition to the small-time limit, Stokes, Hocking and
Forbes [39] also considered the large-time asymptotic limit for an impulsively-started point
sink submerged in a fluid. None of these investigations, however, determined the small Froude

number wave behaviour of the flow configurations.

1.2.2 Nonlinear flow

The linearized unsteady problem considered in Chapter 3 contains two asymptotic limits: the
limit of small Froude number, and of small obstacle size, denoted as §. However, a formal
power series in § breaks down as F' — 0, because the first correction term in the small §
expansion overtakes the leading-order contribution in small F. Consequently, the two limits do
not commute, and any results obtained by considering the linearized problem cannot simply be

extended to the full nonlinear problem considered in Chapter 4.

This small Froude number non-uniformity is discussed by Salveson [94] and Dagan [32] for
flow past a submerged obstacle, and Zhang and Zhu [122] for flow over submerged topography.

To address this non-uniformity in their small Froude number analysis, Chapman and Vanden-



Broeck [27] determine the free-surface behaviour for both the linearized flow problem and the
full nonlinear flow problem for steady flow over an obstruction. They then show that the two
cases may be connected by a distinguished limit, when the small parameters in the problem

balance appropriately.

The most substantial difficulty that arises in our analysis of the unsteady nonlinear free-surface
behaviour is determining the position of the free boundary. In the linearized problem, the
position of the surface is considered to follow a fixed, known curve; however, this is not possible
when the submerged obstacle is not small. A common method of approaching this problem is
to map the flow domain onto a fixed domain using conformal mapping techniques, such as in
[40]. However, for reasons discussed in Section 3.2.2, this method is not possible in the unsteady
case. Instead, we formulate the problem using Lagrangian coordinates, such as the formulations
given in [16, 69, 91]. In our formulation, appropriate choice of the initial fluid particle-labelling
allows both the free and fixed boundaries to be fixed, and the behaviour of the free surface to

be determined.

1.2.3 Three-dimensional flow

One free-surface problem of particular importance to this investigation is that of flow past
a submerged source in three dimensions. We specifically consider the case when the effect
of the source is small, and therefore the problem may be linearized about the undisturbed
solution. Much of the existing work on this topic involves formulating the surface behaviour
in terms of a double integral using Green’s functions. Havelock [51] formulated an integral
expression by dividing the surface behaviour into separate near-field non-oscillatory and far-field
oscillatory components. Alternative integral expressions of this form were found by Peters [90]
and implicitly by Michell [79]. Noblesse [81, 82] demonstrated that these integral expressions,
as well as several others, could be obtained directly from the original double integral methods
using different transformations. Many of these results, as well as several alternative Green’s

function expressions, are given by Wehausen and Laitone [118].

While none of the listed investigations considered the low Froude number limit, there have been
several studies into a related problem in this limit. Specifically, we refer to the problem of
three-dimensional free-surface flow past a singularity located on the surface. This problem was
first addressed by Kelvin [61], who determined the downstream wave behavior by linearizing
the boundary condition. This investigation found that the downstream waves are restricted to
a wedge with angle of approximately 19.5° from the direction of flow. The wedge contains two
distinct classes of wave: longitudinal waves and transverse waves. Examples of these waves may

be seen in Figure 1.4.
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Figure 1.4: Computed wave patterns past a ship using the expression in [88]. Both the longitudinal and transverse
wave patterns are visible in the downstream wake of the ship.

The problem of infinite-depth flow with a source on the free surface was considered in the small
Froude number limit by studies such as that of Keller [59] and Brandsma [15]. These studies
used geometric ray theory to determine the wave behaviour on the free surface, finding that the
waves algebraically small in F' were contained within a trailing downstream wedge. As in [61],
the wake contained longitudinal and transverse waves. Geometric ray theory is not applicable
when the source moves below the free surface; however, as the singularity responsible for the

ray behaviour is no longer located on the surface and the waves become exponentially small in

F.

1.2.4 Application of exponential asymptotics

Exponential asymptotic methods were first applied to the problem of gravity waves on free-
surface flow over a submerged obstacle in the small Froude number limit by Chapman and
Vanden-Broeck [27], who considered two-dimensional steady flow over a submerged obstacle.
This obstacle led to the presence of a singularity in the flowpath. In this study, the authors
used hodograph mapping methods, similar to that used in [40], to map first from the physical

flowpath to a strip in the complex potential plane, and then to an upper-half mapped plane.

In the mapped system, the equations governing the system were formulated as a Cauchy integral
equation in the body of the flow, and a differential equation governing the free-surface behaviour.
The free surface was analytically-continued, so that exponential asymptotics could be used to
find the Stokes lines and determine the quantity that is switched as they are crossed using the

methodology given in [22, 87]. Using this method, an expression for the free-surface behaviour
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was obtained, finding that the free-surface contains downstream train of exponentially small

gravity waves switched on across a Stokes line.

In Chapter 2, we apply the same methodology to consider the closely-related problem of free-
surface waves caused by steady two-dimensional flow due to a line source, which was omitted in
[27]. Other free-surface gravity wave problems investigated using these ideas include flow past
ships with a single corner [102] and with multiple corners [99], as well as flow over a submerged
bump or trench with inclined edges [75]. In the latter of these studies, several configurations are
produced with trapped-wave solutions, as the exponentially small gravity waves cancel in the

far field.

A similar method was used by Chapman and Vanden-Broeck [26] to determine the behaviour of
free-surface capillary waves in the small surface tension limit, which are also exponentially small.
The two cases were combined by Trinh and Chapman [100, 101] for combined gravity-capillary

waves in linearized and nonlinear flow configurations respectively.

Exponentially small gravity-capillary waves governed by the Korteweg-De Vries equation have
been investigated in numerous studies, such as [17, 46, 45, 93], and more recently by Trinh [98],
who used the exponential asymptotic methodology of [22, 87] to determine the exponentially
small solitary wave behaviour on the surface. Van den Berg and King [112] also considered a
two-parameter model water-wave equation, using exponential asymptotic methods to find an
infinite number of solutions with homoclinic orbits, and hence solitary wave behaviour. These
solutions are characterized by the fact that the solution does not contain exponentially small

waves.

Finally, the use of exponential asymptotic methods has provided insight into a number of other
problems from fluid dynamics. These include the selection of Saffman-Taylor finger width [19, 21|
in the small-surface tension and kinetic undercooling parameter respectively, and the selection

of admissible solutions for van der Waals-driven thin film rupture [25].

1.3 Methodology

Ths investigation will make extensive use of the exponential asymptotic technique developed by
Olde Daalhuis et al. [87] and extended by Chapman et al. [22] for investigating the switching
of exponentially small asymptotic contributions across Stokes lines. We recall that these terms
are typically found in singular perturbation problems containing singularities, which produce

divergent asymptotic series expansions.

The first step in this technique is to express the behaviour in question as an asymptotic power
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series in the small variable, for example
o0
flzye) ~ Z € a,(x) as €— 0.
r=0

Because the series is divergent, it may be truncated optimally in order to minimize the approx-
imation error. To find the optimal truncation point, we follow the commonly-used strategy de-
scribed by Boyd [14] which notes that for some given small parameter ¢, the optimally-truncated
series may usually be found by retaining up to the smallest term in the series expression, but no
further. Boyd notes that this is not a universal law, and indeed that counter-examples may be
constructed. However, it has been proven true for several classes of asymptotic series [30, 29, 86],

and will prove sufficient for use in this investigation.

Unfortunately, determining the smallest term in the series, and consequently the optimal trun-
cation point, is challenging. The method as described by Olde Daalhuis et al. [87] requires a
general form for the asymptotic series coefficients a,.(x). While such a form may be obtained for
the solutions to some classes of problems, such as linear ordinary differential equations, in many
other problems the series terms become algebraically intractable after even a small number of

terms.

To overcome this restriction, Chapman et al. [22] observed that the optimal truncation point
tends to become large in the asymptotic limit. Hence, knowledge of the behaviour of the late-
order terms of the series (that is, the form of a, in the limit that r — 00) is sufficient to truncate
the asymptotic series optimally. Fortunately, the late-order terms of an asymptotic series often
behave in predictable fashion, even if the general form of the series terms is too complicated to

be found explicitly.

In singular perturbation problems, successive terms in the asymptotic series expansion are ob-
tained by repeated differentiation of an earlier term in the series. Hence, the late-order terms
of the resultant divergent asymptotic series diverge as the ratio between a factorial and the

increasing power of a function y, such as

_AL(r+9)

—— as 1 — 00, (1.3)
X

T

where T' is the gamma function defined in [3], and A, v and y are functions that do not depend

on r.

To determine the form of these late-order terms, we note Darboux’s Theorem, given in Dingle
[33] and outlined in Appendix A. This theorem implies that the form of the late-order terms
of a series expansion at a given point of the complex plane is governed by the behaviour of the

nearest singularity or singularities.
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Chapman et al. [22] therefore propose that the form of the late-order terms may be determined
by posing a factorial-over-power ansatz for the late-order terms, such as that given in (1.3), which
is associated with a singularity in the complex plane. From Darboux’s theorem, they conclude
that the correct late-term behaviour may be represented as the sum of these ansatz expressions,
each associated with a different singularity. The global behaviour of the functions A, v and x
may be found by substituting this ansatz directly into the equations governing the asymptotic
series terms, and then matching this behaviour to the local behaviour in the neighbourhood of
the singularity under consideration. Consequently, the function y will be equal to zero at the

singularity in question.

Furthermore, they note that the late-order term behaviour given in (1.3) is related to applying a
WKB ansatz of the form Ae~X/¢. Consequently, the behaviour of x, or the ‘singulant’, will play
an important role in understanding the Stokes line behaviour. Recalling that Stokes switching
will occur when the exponential behaviour is maximally subdominant, we recognize that this
will occur when the singulant is purely real and positive. This is therefore a convenient condition

to determine the possible location of Stokes lines, noted by authors such as [33].

Once the form of the late-order terms is established, we may determine the optimal truncation
point by finding the point at which terms in the series change from decreasing to increasing.
To do so, we find the truncation value at which the ratio of consecutive terms is equal to one.

Truncating the series at this point gives

N-1
flz;e) = Z €"a.(xz) + Ry,
r=0

where N is the optimal truncation point, and Ry is the exponentially small remainder term.

Once the optimally-truncated remainder has been obtained, Olde Daalhuis et al. [87] substitute
the truncated series expression back into the original problem, obtaining an equation for the
exponentially small remainder term itself. The position of Stokes lines are found by determining
the curves along which the remainder term varies rapidly, and the switching behaviour of this

remainder is found by solving the remainder equation in the neighbourhood of Stokes lines.

In this thesis, we will investigate numerous problems which contain no singularities on the
boundary itself; however, there are singularities present when the boundary is analytically-
continued. We recall that the late-order terms in a divergent asymptotic series, and hence
Stokes line behaviour, are governed by the behaviour of the nearest singularity in the complex
plane. Consequently, analytic continuation is necessary for exponential asymptotic methods to
be applied to problems restricted to a real-valued solution domain. In each of the free-surface

fluid flow problems considered throughout this investigation, the singularities that govern the
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Stokes line behaviour are found by analytically continuing the free surface into the complex

plane.

The exponential asymptotic methodology of Olde Daalhuis et al. [87] and Chapman et al. [22]
was developed for investigating ordinary differential equations. Chapman and Mortimer [24]
extended these ideas so that they may be applied to partial differential equations. However,
some extensions to the method were required in order to deal with the second-generation Stokes

lines and higher-order Stokes lines described in Section 1.1.2.

Initially, the method is identical, with the Stokes switching being found by expanding the solution
as an asymptotic power series, applying an ansatz to the late-order terms, optimally truncating
the series, and then determining the behaviour of the exponentially small remainder Ry in the
neighbourhood of the Stokes line. Further Stokes switching may be determined by finding an

asymptotic expansion for the remainder, giving

Ry Ne*X/CZR%)e’" as € — 0,
r=0

where Rs\?) is the original remainder expression. By applying the method of [22, 87] to this

asymptotic series, we can truncate optimally, giving
M-1
Ry =e /3" Ry + S,
r=0

where Sy is the new exponentially subdominant remainder term that may be investigated using

standard exponential asymptotic techniques.

Obviously, it is possible to conceive of problems in which the remainder Sy; may be expanded

as another exponentially subdominant divergent asymptotic series, and so on.

While we will not directly calculate any higher-order Stokes switching in this study, it is worth
noting that Chapman and Mortimer [24] determined that higher-order Stokes lines are found as

a consequence of Stokes switching in the behaviour of the asymptotic series terms a, themselves.

1.4 Thesis Structure

The body of this thesis is divided into four chapters, each of which addresses a different free-

surface fluid flow configuration.

The first of these is Chapter 2, which is divided into two sections, each considering a preliminary
problem relevant to the remainder of the thesis. The first of these problems involves solving
Laplace’s equation on a half-plane with a mixed boundary condition, with a particular emphasis

on finding the solution behaviour on the boundary itself. The boundary condition is chosen such
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that the problem is a singularly-perturbed system with a divergent asymptotic expansion. This
problem serves as a demonstration of the exponential asymptotic technique that will be applied

throughout this investigation.

Additionally, this problem contains a feature that will appear throughout the current investiga-
tion, in that the free-surface contains multiple possible late-order term contributions which are
indistinguishable on the boundary of the problem. To determine which of these contributions is
active on the problem boundary, we introduce a method that involves finding the complex rays
of the singulant equation and matching the rays to the singularities in the analytically-continued

leading-order expression.

The second problem in Chapter 2 involves determining the behaviour of exponentially small
free-surface gravity waves due to a line source in the finite-depth flowpath in the small Froude
number limit. This is a direct extension of the ideas contained in [27] to a case which was
overlooked in that analysis. Using this analysis, we confirm the conjecture made by Mekias
and Vanden-Broeck [78] that exponentially small gravity waves are present in the far field. We
determine the amplitude of these waves, and compare this to numerical data obtained in [78],

finding that the asymptotics accurately predict the amplitude of the waves in this problem.

In Chapter 3, we investigate unsteady linearized two-dimensional flow over a small step with a
prescribed initial condition. We begin by developing a Lagrangian formulation for the flow prob-
lem, with the particle-labelling chosen such that both the free surface and the lower boundary
follow known curves and hence fixing the domain of the problem. While this formulation is not
strictly necessary for the problem considered in Chapter 3, it is important in the corresponding

nonlinear problem.

We apply exponential asymptotic methods to the problem, and find that the free surface has two
distinct exponentially small contributions in the small Froude number limit. The first of these
is a downstream longitudinal wavetrain, identical to that found in the analysis of the steady
system found in [27]. The second is an unsteady component that decays in time, caused by the

initial disturbance to the flow system.

Recalling [24, 56], we determine that the system will also contain Stokes switching caused by
the interaction between exponentially small terms. We therefore apply the methodology given
in [24] to find this switching behaviour. Analysis of the switching terms shows that this be-
haviour switches off the downstream wavetrain in the far field, and that the switching point
moves downstream over time. We therefore conclude that the unsteady flow problem contains
stationary waves that propagate downstream in the small Froude number limit, and that they

tend to the behaviour found in [27] for the steady case in the large-time limit.
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In Chapter 4, we first consider the equivalent nonlinear unsteady problem for flow over a step of
arbitrary height. As the problem is formulated in terms of appropriate Lagrangian coordinates,
the boundaries are fixed and we can therefore apply exponential asymptotic techniques. To
simplify the analysis, we prescribe the step height to be half the width of the channel, and
obtain equations for the late-order terms. Due to the complexity of these equations, we cannot
solve them analytically. Instead, we determine the position of the Stokes lines on the flow
boundary numerically. From the position of these Stokes lines, we conclude that the surface
contains exponentially small gravity waves which propagate over time in a similar manner to

the linearized problem.

In Chapter 5, we determine the behaviour of free-surface gravity waves on infinite-depth steady
and unsteady flow over a submerged source of arbitrary depth in the small Froude number limit.
We consider only the linearized problem, which is a fixed-boundary problem in Eurlerian coordi-
nates. Using exponential asymptotic techniques, we find that the downstream wake consists of
both longitudinal and transverse waves. The longitudinal waves are present in the entire down-
stream flow region; however, they are largest within a wedge that resembles the classic Kelvin
wave pattern [61]. The transverse waves are switched on by the longitudinal wave contribution,

and are restricted to two downstream wedge-like regions.

Furthermore, we show that as the depth of the source tends to zero, the downstream wave pattern
tends to that obtained by Keller [59] in the small Froude number limit, with algebraically-small
longitudinal and transverse waves within the downstream Kelvin wedge and exponentially small

longitudinal waves outside this wedge.

In the time varying case, we find that the three exponentially small surface contributions are
longitudinal waves, transverse waves, and an unsteady ripple that moves downstream with the
flow and decays in time. By comparing the singulants related to all three contributions, we
find each of the curves that satisfy the conditions required to be Stokes lines. Recalling that
higher-order Stokes switching allows Stokes lines to terminate at intersection points, we are able
to determine which Stokes lines are active, and hence the regions of the free surface containing
longitudinal and transverse waves. These regions expand downstream at finite speed, tending

to the steady case in the limit that ¢ — oo.

Finally, in Chapter 6, we summarize our results and discuss future research directions that arise

as a consequence of this investigation.

1.5 Statement of Originality

All work contained in this thesis is original, unless otherwise indicated in the text.

17



Chapter 2

Preliminary Work

2.1 Introduction

In this chapter, we will address two distinct problems which contain features of importance to
subsequent chapters. In doing so we will demonstrate the exponential asymptotic techniques
described in Chapter 1 that will be used throughout this investigation [22, 87] to determine ex-
ponentially small contributions within the solutions to free-surface flow problems. Additionally,
we will solve a free-surface potential flow problem in the limit of small Froude number and show
how these techniques may be applied to determine the behaviour of gravity waves on the free

surface.

The first problem involves solving Laplace’s equation on a half-plane in (z,y) with a mixed
boundary condition on y = 0 that is singular at * = 4i. The mixed boundary condition
contains a small parameter multiplying the derivative term, and this system therefore constitutes
a singular perturbation problem. As there are singularities present in the analytically-contined
boundary behaviour, the solution to the system will contain Stokes lines originating at these
singularities, across which exponentially small behaviour is switched. In order to treat this
system in a similar fashion to the free-surface problems addressed later in this investigation, we

will specifically obtain the behaviour of the solution along the boundary y = 0.

An important feature of this problem is that applying the exponential asymptotic techniques of
[22, 87] directly to the differential equation leads to ambiguity when solving for the late-order
terms. Specifically, we find four possible late-order contributions, two of which contribute to
the late-order behaviour and two of which do not. These terms, however, may be grouped into
pairs (one member of which contributes to the late-order behaviour and one which does not)
that are indistinguishable on the boundary of the problem. Unfortunately, if the contributions

are chosen incorrectly, the behaviour of the system on the boundary will be incorrect. In this
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case, choosing the late-order contributions incorrectly leads to the presence of a singularity in

the solution domain.

We require a method that permits us to determine which late-order terms are present in the
problem, and which are not. We shall resolve this by introducing ideas from complex ray theory.
By obtaining the ray structure of the singulants in the analytically-continued solution domain,
we have sufficient information to compare the possible late-order contributions with the leading-
order solution and determine which contributions will be present in the late-order terms. This
method will be important in the analysis of Chapters 3—-5, where similar ambiguity in the choice

of late-order contributions is present.

The second problem involves determining the behaviour of free-surface gravity waves due to a
submerged line source in the small Froude number limit. In Chapter 1, we discussed previous
studies in which exponential asymptotic methods have been applied to determine the behaviour
of exponentially small gravity waves on free-surface potential flows. Here, we demonstrate the
methodology described by Chapman and Vanden-Broeck [27] for obtaining the behaviour of
these gravity waves in a case overlooked by these previous investigations. Indeed, the authors

in [27] remark that sources do not give rise to Stokes lines, a statement we aim to correct here.

The problem serves not only as an illustration of the manner in which the behaviour of free-
surface gravity waves may be found using exponential asymptotic methods, but may also be
thought of as preceding the work of Chapter 5. In Chapter 5, we consider the behaviour of
free-surface flow over a point source in three dimensions, and hence it is of some importance to

establish the correct behaviour for related systems in two dimensions.

2.2 Illustration of the methodology

To demonstrate the method of exponential asymptotics developed by Olde Daalhuis el at. [87]
and extended by Chapman et al. [22], we will consider the partial differential equation described

by

V24 =0, y >0 (2.1)

1
R

on y =0, (2.2)
in the limit that € — 0, where ¢ is bounded in the solution domain. The solution to this prob-
lem contains exponentially small waves, which we will investigate using exponential asymptotic
methods. To fully characterize the waves in this problem, we will also need to impose a condi-

tion similar to the radiation condition, which will be discussed at the appropriate point in the

subsequent analysis.
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The boundary condition (2.2) was chosen since it contains two features which are present in the
analysis of water waves that follows. Specifically, the problem is singularity perturbed, and the
leading-order problem contains singularities on the boundary when it is analytically continued
to x € C. These singularities, found at x = +i, play an important role in the analysis of the
late-order terms of the solution and hence the exponentially small behaviour present in the
problem.

We will first solve the problem by taking a Fourier transform of the system and evaluating the
Fourier inversion integral using the method of steepest descents [5]. Subsequently, we will solve
the problem using the late-order terms method developed in [22, 87] and described in Section 1.3
and show that the two solutions are equivalent. To accomplish this, we will introduce the idea
of applying complex ray theory, described in [23], to determine which late-order contributions

are present in the late-order analysis.

2.2.1 Fourier transform method

We define the Fourier transform and inverse Fourier transform as

qB:/ ¢ e da, ¢:2i/ pe * dk.
—o00 T J -0

Taking the Fourier transform of the system given in (2.1)—(2.2) produces

byy — K’ =0, y>0 (2.3)
€y + ¢ = me ¥l on y=0. (2.4)

Solving the differential equation in (2.3) using the boundary condition given in (2.4) and the

requirement that ¢ be bounded as |y| — oo gives

o=

eIkl (+y)
1 — elk|

The inversion integral becomes

1 [ re—k(+y—iz) 1 /0 k(1+y+iz)
¢:7/ Weidk—k—/ gk
2m 1—¢k 2r J_o 14e€k

In order to apply the method of steepest descents, we set ek = p, resulting in

1 —p(1+y— 11)/6 p(l+y+iz)/e
¢:£/ me SR +7/ e Ap=1L+1, (2.5)

where I; and I refer to the individual integral expressions. The steepest descent path for I
will hence follow the curve satisfying arg(p) = —arg(1 4 iy — iz), while the second will follow the
curve given by arg(p) = arg(1 —iy+ix). These curves will be denoted as C; and Cs respectively.

Both I; and I> contain poles that contribute to the integral expression, at p = 1 and p = —1
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Re(z) <0 Re(z) =0 Re(z) >0

Im(p) Im(p) Im(p)

Re(p) Re(p) Re(p)
(a) Im(z) < 1.
Re(z) < 0 Re(z) =0 Re(z) >0
Im(p) Im(p) Im(p)
Re(p) Re(p) Re(p)

(b) Im(z) > 1.
Figure 2.1: Typical steepest descent paths for I1 in p-space for various complex values of z, given that y > 0,
indicated in bold. If deforming the original path of integration along the real axis requires crossing

the pole at p = 1, then this contribution will be picked up in the steepest descent analysis. When
there are two possible integration paths, both are shown as dotted curves

respectively. It is possible to show that the contribution to the integral for I» are the complex
conjugate of the contribution from I;. We may therefore restrict our attention to I;. Figure 2.1
(a) shows a typical example of C;. If 2 was to take complex values, we would find that this is
only a typical contour for Im(x) < 1. For Im(x) > 1, no pole contribution would be present, as

the integration contour takes the form shown in Figure 2.1 (b).

We restrict our analysis to z € R. Hence, the curve C; passes directly through the pole at p = 1
when x = 0. This is avoided by instead indenting the curve slightly above, or slightly below the
pole. These two options are denoted in Figure 2.1 by dotted curves. If we choose to indent the
curve above the pole, the contribution to the integral from the pole will be present as x — oc.
Alternatively, if we choose to indent the curve below the pole, this contribution will instead be
present as x — —oo. It is at this point in the analysis that we require a far-field condition to

determine the inversion contour.

In typical fluid flow problems involving gravity waves, this far-field behaviour is given by the
radiation condition [27] which states that there must be no upstream gravity waves in the solution
to the problem. Conversely, in capillary wave problems, there must instead be no downstream
capillary waves present in the solution [26]. In our present problem, we choose to specify that
there is no pole contribution present as © — —oo, and therefore that C; is indented below the

pole at p = 1.
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Consequently, Figure 2.1 indicates that the pole will contribute to the integral expression for

Re(z) > 0, given that Im(x) < 1. Therefore,
Il ~ Il,e + SIl,pa

where I  indicates the contribution from the end-point of the first integral, while I; ;, denotes
the contribution from the pole. The coefficient § is known as a Stokes switching parameter,
and indicates whether the pole contribution is present in the solution. The Stokes parameter is

often given by
0 for z < 0,
S=41/2 forx=0, (2.6)
1 for x > 0.

This definition leads to a discontinuity in the solution, which is impossible for an elliptic problem.
In fact, we will find that the Stokes parameter instead switches rapidly in the neighbourhood of

a curve in the solution domain, known as a Stokes line [7].

The end-point contribution I; . may be evaluated in the usual way by expanding the integrand
in (2.5) about p = 0 to give

o0

Lo~ — (L4 p+p?...)erOtutialeqy
€Jo
1 D(n+1)e
2 2 e —iy - 0T 21)

Similarly, we find that the contribution from I, . is given by
s T(n+1)er
Ipe~ - Z # (2.8)

2 = [—i(z +iy +1)]"

To leading order, the combined contribution from the end-points (2.7)—(2.8) is therefore given

by
14y

Io=Tc+Ioe~ m

(2.9)
The pole contribution I; ;, is simply found by applying the residue theorem to obtain

1 e—p(1+y+iz)/e i .
I, = 2miRes —ei,p — 14 = T oQtyia)/e
’ 2e 1—-p €

Knowing that I, is simply the complex conjugate of I; ,, we find that

o
I,=hLp+ Iz~ M o= (Hw)/e i (f)
€ €

We see that the pole contribution is exponentially small in € as € — 0 for y > —1, while the
end-point contributions (2.7)—(2.8) are algebraically small in this limit. Consequently, simply

applying a naive power-series expansion to the original problem would fail to detect the pole
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contribution in the solution domain (y > 0). Finally, the full asymptotic expression for the

solution to (2.1)—(2.2) is given by

I~ T(n+1) 1 — (n+1)e 2miS T
I~ [ 4+8[,~=S e - —(14y) /e g (7) 2.10
ol 2;[1(1’7134—1 2;—1x+1y+1)] + e © S (2.10)

2.2.2 Late-order term analysis

2.2.2.1 Ansatz equations

While the method of steepest descents is able to be applied in order to determine exponentially
small behaviour in many cases, it is only useful when the problem may be formulated as an
integral, such as using transform methods or Green’s functions. The method developed by Olde
Daalhuis et al. [87] and extended by Chapman et al. [22], outlined in Section 1.3, avoids this
requirement by directly analysing the late-order terms of the asymptotic series expansion, which

may be obtained using standard power series methods.

We first express ¢ as a power series in €, giving
oo

¢~y oM. (2.11)
n=0

The resultant system of equations is given by

V2 =, y>0 (2.12)
¢3(/n_1) + (z)(”) =0 on y =0, (213)
1

During the steepest-descent analysis, we obtained an expression for the end-point contributions,
given in (2.9), which may be identified as the first term in the series expression, giving

1+y

) = )
(1+y)? +2?

(2.15)

The domain of the solution is given by the upper-half z-y plane. Despite this restriction, we
analytically continue the boundary of the problem such that x € C. The purpose of this
continuation is to determine the influence of the singularities in the boundary data on the
solution to the problem. Previous investigations on exponential asymptotics, such as [8, 11, 22,
68, 87], have made the important observation that exponentially small behaviour is determined

by the behaviour of a system in the neighbourhood of singularities, as discussed in Chapter 1.

We recall that the reason for this observation is the important role played by the late-order terms
of asymptotic series expansions in determining this exponentially small behaviour. By late-order

terms, we mean the coefficients of ¢(™ in the limit that n — co. Specifically, from [33], we know
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that the form of the late-order terms may be obtained by a careful investigation of the problem
in the neighbourhood of the contributing singularities. With the knowledge of the form of these
late-order terms comes the possibility of optimal truncation of the asymptotic series, ensuring
that the error term is exponentially small in € [8, 87]. Subsequently investigating the remainder
of this optimally-truncated series will then give the behaviour of the exponentially small terms

that we seek to determine.

The boundary condition (2.2), as well as the behaviour of ¢(®) given in (2.14), shows that the
solution contains singularities on the analytically-continued boundary of the problem, located
at x = +i. It is these singularities that will determine the exponentially small asymptotic
behaviour of ¢. It is clear from the form of (2.13) that proceeding from ¢(™~1) to ¢(™ will require
a differentiation step. Consequently, for each singularity contained in ¢~ an equivalent
singularity will be present at the same location in ¢, with the strength of the singularity
increased by one. In fact, given that each term is obtained by successive differentiations, the
strength of the singularity will increase at every order, causing the late-order terms to diverge
as a factorial over a power. Consequently, we may define an WKB-type ansatz for the behaviour

of the late-order terms, using the method described by Chapman et al. [22], giving

T 1 ®,T 1
o D) 0Tl 1)
X1 X2

as n — 0o, (2.16)

where terms of the form ®; and x; are functions of x and y, but not n. The terms x; and x2 are
referred to as singulants, and are defined such that they are equal to zero at z =i and = = —i

respectively; consequently, the late-order terms (2.16) are singular at these points.

The behaviour of the late-order terms at any point in the domain of the problem will generally be
dominated by one term from this ansatz, depending on the relative strength of the singularities.
However, this is not necessarily true everywhere; in fact, we will find that both contributions

have equal strength on the curve given by real x and y = 0.

In order to determine the form of the late-order terms, we will first consider the late-order

contributions associated with the singularity at x = i, writing the ansatz locally as

OI'(n+ )
e

¢(n)

as n — oo,

where Y = 0 at x = i. Applying this ansatz expression to the series form of the governing

equation (2.12) produces

P, l(n+7)  20xaI'(n+7+1) Pxel(n+v+1) n O(x.)°T(n+v+2)

XnJrv Xn+7+1 Xn+7+1 Xn+w+2
0, L(n+7) 28, I(nt+y+1) Oy L(n+y+1) @) Tn+7+2) 0
- XY o X+l B Paman: - X2 +.-=0
(2.17)
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where the omitted terms are subdominant as n — oo in the neighbourhood of x =i. Applying

the ansatz expression to the boundary condition for n > 0 given in (2.13) gives

Pr'(n+~vy+1)  ®,T(n+7v)  Ox,T(n+v+1)
Xn—i—v-&-l - Xn—i—v + Xn—i—v-&-l

Equating the leading-order terms of (2.17) in the limit that n — oo gives

Xa+ x5 =0,
giving the choice of two possible solutions

Xz = Eixy-
Continuing to the next order in n gives

20, X, + 20, Xy + PXaw + Pxyy = 0.
Applying (2.19) to this expression gives
+id, + ¢, =0,

where the sign choice corresponds to the sign chosen in (2.19).

Equating the leading-order terms of the boundary equation (2.18) gives on y =0
Xy = 1, o, =0.
From the relationships given in (2.19) and (2.21), we subsequently find that

Xa = Ei, @, =0,

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

where again, the choice of sign corresponds to the sign chosen in (2.19). We will hence solve for

X using the method of characteristics, with boundary data given by (2.22) on y = 0. Choosing

the case where x, = ix, and x = 0 at = i, applying the method of characteristics to solve the

singulant equation gives
dz 1 dy dx

a7 a " dt_o’

where t is a characteristic variable, with
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Hence

X = f(y +iz),

Xy = f/(y +iz).

Applying the boundary condition x, = 1 on y = 0 gives

fiz) =1,
fliz) =iz + C,
which implies that
x = fly+iz) =i(z — iy — 1), (2.24)

using the fact that x = 0 at x = i. Applying a similar analysis to the case when x, = —ixy
gives

x = fly —iz) = —i(z + iy — i). (2.25)
Hence, solving (2.20) using the condition that y = 0 at = = i, we find that there are two possible

forms for the ansatz caused by the singularity at = = i, given by

OI'(n + )
(n) 00 2.2
’ (FH@—D+yr " ’ (2.26)

where @ is constant on y = 0. To ensure these late-order terms are consistent with the leading-

order singularity, we find v = 1.

Consequently, there are two possible forms which these late-order terms can take. Performing a
similar analysis instead considering the singularity at x = —i gives the form of the ansatz caused
by the corresponding singularity as

™ OL(n+1) as n — 00
(Fi(z +1) + )"+t ’

Hence, there are four valid contributions to the late-order term expressions. From the solution
obtained from the steepest-descents analysis, given in (2.10), we see that two of these contribu-
tions are present in the solution; the contribution associated with y, = i near x = i and the
contribution associated with x, = —i near x = —i. Without the application of integral solution
methods, however, it seems impossible to completely determine which contributions are present

in the late-order expression, and which are not.

In order to resolve this ambiguity, we first consider the nature of the late-order ansatz. Chapman
et al. [22] note that the factorial over power form of the ansatz is related to application of WKB-
type analysis to the late-order terms of the problem. Considering a simple late-order ansatz for

a problem in one variable, such as

_AT(n+7)
Xn+'v

Tn as n — oo,
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Im(x)

Re(z)

Figure 2.2: The path of the four possible rays that may contribute to the late-order terms, originating from
x = #£i. The ray paths passing through y = —1 are denoted by blue curves. These curves do not
intersect the solution domain (given by z,y € R and y > 0, and shaded in light blue). However,
the ray paths passing through y = 1, represented by red curves do intersect the solution domain.
As singularities cannot exist within this domain, these rays must not be active and hence do not
contribute to the late-order terms.

we find that it would be associated with an exponential WKB ansatz with phase —y/e and
amplitude A, indicating that the late-order terms have an associated ray structure. As we
are considering boundary data on an analytically continued free-surface, rather than simply

restricted to the real domain, these rays will be complex [23].
2.2.2.2 Ray theory

Ideally, it should be possible to determine which late-order terms are present and which are not
present directly from the late-term analysis, without resorting to integral transform methods.

In order to achieve this, we must consider the ray behaviour of the late-order terms.

From the characteristic equations (2.23), we see that x is constant along each ray. Hence, the
late-order terms associated with each ray will be singular at all points along the characteristic
that passes through the associated singularity. We may think of this behaviour as the singularity
being ‘propagated’ along the rays originating at the singularity on the analytically-continued

boundary of the problem. The path of the rays originating at £ =i may be seen in Figure 2.2.

By following the ray paths, shown in Figure 2.2, we see that one of the characteristics passes
through the solution domain (z,y € R, y > 0), whereas the other does not. However, the
solution to Laplace’s equation cannot contain singularities within the solution domain [83].

Consequently, the contributions associated with the first characteristic must not be present in
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the late-order terms, given by (2.25). Hence, the only contribution to the late-order terms from
the singularity at * = i comes from terms with characteristics given by (2.24). Applying a
similar analysis to the rays originating at x = —i indicates that only late-order terms associated

with the characteristics given by
x=fly—izr)=y—iz+1

This choice of late-order term contributions is consistent with the result obtained using steepest-

descents analysis, given in (2.10).

More generally, we compare the form of the resultant late-order terms with the leading-order
solution (2.15). Each form of x leads to the late-order terms being singular along a different
ray. The leading-order expression is singular along the curves = +i(y + 1), which is also
the expression for the blue ray paths in Figure 2.2. It was noted in [87] that the location of
singularities remains constant throughout the late-order terms, and that the location of these
singularities is given by the position of the singularities in the early orders. Importantly, the
location of these singularities is given by the rays along which x = 0. Consequently, we may
determine which expressions for x are represented in the late-order terms of the problem by
observing which of the possible forms of y give rays that correspond to the singular curves in

the leading-order behaviour.

Hence, we effectively compare the behaviour of the late-order terms as n — 0 with the leading-
order expression, selecting the late-order terms that give consistency between the expressions. In
this problem, there were four possible singularity contributions; however, only the contributions
that had singularities at (x,y) = (0, —1) were consistent with the leading-order behaviour. This
is similar to the method used in [22] to determine the strength of the singularities in the late-order
terms, however we apply similar ideas to determine not only the strength of the singularities,

but whether they contribute to the late-order terms at all.

2.2.2.3 Inner problem

At this stage, the late-order ansatz terms in (2.16) are almost completely determined. In order
to determine the behaviour of ® in (2.26), we consider the behaviour of the solution to the full
problem given in (2.1)—(2.2) in the neighbourhood of the singularity at z = i. We note that we
are interested in the behaviour of the solution only on y = 0, along which it is known that ® is

constant. The inner problem will be used to determine the value of this constant.

We define the inner variables near z =1 as

|
©

T =1+ €z, Yy = €y, 10}

28



Applying this scaling to (2.1) gives
Paz + bgg = 0, (2.27)
which the boundary condition gives (2.2) gives on § =0

1 1
2% + ez 2iz’

Gy + 0= (2.28)

as € becomes small. Expressing the singulant obtained in (2.24) in these inner coordinates gives

Motivated by the form of the late-order ansatz (2.26), we therefore define a series expansion for
(;AS such that

(;AS ~ Z W, (2.29)

n=0
where qg(”) is a constant to be determined. This series expression clearly satisfies the scaled
governing equation (2.27) for any value chosen for the undetermined constants. Applying this
series expression to the scaled boundary equation (2.28) gives the resultant expression on § =0
o0 n o0 n
o 1 ) n+1)p™
> @it 2@ > ((m_l))m
n=0 Yy n=0 Yy
We may now simply set § = 0 to obtain
S99 L 58 (D
= —1i —_
n=0

pn+l N < pn+2
n=

Matching terms in & as £ — oo gives
- 1
(O
) R
o™ = —ing™ =),

Solving this system gives

g = Lo+ 1
T 9jn+tl

Converting back into the original expressions for ¢ and x, we find that the nth term of the

inner-expansion, given by (2.29) takes the form

€"T(n+1)
i e s (2.30)

Using (2.26), given the contributing singulant is given by (2.24), the nth term of the outer

expansion as x — i takes the form
€"P'(n+ 1)
i”+1(:U _ iy _ i)”+1 '

(2.31)

Matching the outer limit of the inner solution, given in (2.30), with the inner limit of the outer
solution, given in (2.31), gives ® = —1/2. Performing a similar analysis in neighbourhood of

x = —i instead gives ® = 1/2. Hence, we find that the two late-order contributions are given by
I'(n+1) I'(n+1)
(x —iy —i)ntt’ (=)t (z + iy + 1)t

() ~ _ () ~
O = o ~ (232)
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2.2.2.4 Stokes smoothing

Knowing that the form of the late-order terms of the series (2.11) on y = 0 take the form
shown in (2.32), we may continue to follow the method described by Olde Daalhuis et al. [87]
and outlined in Chapter 1. This method involves optimally-truncating the asymptotic series
and obtaining an expression for the exponentially small remainder term. We will first consider
the Stokes line originating at = = i, and then state the equivalent result for the Stokes line

originating at x = —1i, which may be obtained in a similar fashion.

Truncating the asymptotic series expansion for ¢, given in (2.11), gives

N-1

o= ¢ +R,

n=0
where R is the remainder, which will be exponentially small in € when N is chosen such that the
series is truncated optimally. Applying this truncated series to the governing equation given in
(2.1) gives

N-1 N-1

n=0 n=0
giving
Ryr + Ryy = 0. (2.33)

Applying the truncated series expression to the boundary expression obtained in (2.2) gives

N-1 N—1 1
e<7;)¢y € —&—Ry)—&—(;(é € +R>_1—|—x2’ on y=0.

Knowing from (2.13) that ¢(™) = — g(,nfl), we may rewrite this as

€R, + R =N, (2.34)

From Olde Daalhuis et al. [87] and Chapman et al. [22], we know that the quantity that under-
goes switching when Stokes lines are crossed is a multiple of the exponentially small homogeneous
solution to the remainder equations, in this case given by (2.33)—(2.34). Homogeneous solutions

to these equations are given by

que—i(gr:—iy—i)/e7 142ei(m+iy—i-i)/e7
where A; and As are arbitrary constants. Hence, the quantities switched as the Stokes lines are
crossed will be a multiple of these two complex conjugate expressions, each of which is associated
with one of the two late-order forms given in (2.32). We choose to consider the first of these

contributions, noting that the second will produce the equivalent complex conjugate behaviour.

We therefore allow the remainder expression to take the form

R = A(z,y)e@=iv=1),
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Applying this new expression to the governing remainder equation (2.33) gives

1 o
204, + 24, — €(Aye + Ayy)] e @77 —

€
which, to leading order as € — 0 gives A, = —iA,. Consequently, (2.34) now becomes

_iAIe—i(w—iy—i)/e _ EN_1¢(N)7

NTIN(N +1)
21N+1($ _ iy _ i)N+1 ’

(2.35)

We now apply the convenient substitution & — iy —i = re'?. In this coordinate system, N varies
only in r, while the Stokes line follows a curve of constant 6, and hence the variation near the

Stokes line is rapid as 6 is varied. We therefore write
0 ie”? 9

gr v 90
Hence, (2.35) becomes

—if N—lFN 1 NS )
e € (N+1) (17"e ) (2.36)

Ay ~ TN (peit) N1
To proceed, we must determine the value of N which optimally truncates the asymptotic series
expression, hence minimising the magnitude of R for a given e. As discussed in Chapter 1, we
may accomplish this by determining when ratio of the magnitude of successive terms in the
asymptotic series is one, noting that the truncation point NV is large. Hence, we determine the

value of N such that
N+ H(N+1)

g |~ T (2.37)

Applying the ansatz form for ¢(™) to this expression gives the optimal truncation point as
N ~ r/e. An alternative approach to determine the optimal truncation point involves obtaining
the asymptotic value of N that minimises the magnitude of the right-hand side of (2.36). We
find this also gives N ~ r/e.

We therefore set N = r/e + «, where 0 < o < 1, and « is chosen to ensure that N takes an
integer value. Applying this result as well as Stirling’s approximation for the gamma function
[3] to (2.36) gives

Ag ~ gexp (ie + g (i — 1) — (7;1 +19> (E +oa+ 1)> (2.38)
The right-hand side is exponentially small in €, except at § = —7/2, indicating that A varies
rapidly across this curve. Hence, this must be the location of the Stokes line across which
switching occurs. In order to determine the behaviour of the system in the neighbourhood of

this Stokes line, we rescale (2.38) such that 6 = ¢!/ 20. The resultant expression takes the form

0A B iv2mr efTéQ/Q
o6 2¢ '
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Solving this by direct integration gives
/2 NG
A= JVQ 7r/ e~ t/2qt, (2.39)
€ — 00

which gives the jump as the Stokes line is crossed as

[R] = - Ze-ita—iv=i/e (2.40)

€
Dingle [33] notes that the Stokes line will follow the curve along which the singulant is real and
positive, which is equivalent to the statement that § = —7/2. It is easy to see that corresponds
to the curve following * = 0 when y > —1 in the original coordinates. Performing a nearly
identical analysis on the Stokes line originating at x = —i shows that the corresponding Stokes
line follows the same curve, and switches on the quantity

[R]+ — liei(achieri)/e' (241)
€

We see that both exponentially small contributions are of the same magnitude in the limit that
€ — 0 when z is real, and therefore neither dominates the other. Hence, at x = 0, the behaviour
switched as the Stokes line is crossed is given by the sum of the two remainder terms found in
(2.40)—(2.41), given by

(R = 2T ()/e gin (%) ’

- € €
which is identical to the exponentially small switching term given in (2.10). Applying a radiation
condition in the same manner as Section 2.2.1 ensures that the exponentially small behaviour is
present for z > 0 and absent for < 0, hence producing the same exponentially small behaviour

as was obtained using Fourier analysis.

Furthermore, we see from (2.39) that the variation as the Stokes line is crossed is smooth,
varying rapidly in the neighbourhood of width O(e'/?) of the Stokes line itself, contrary to the
commonly-used definition given in (2.6). This smooth switching behaviour is generic [7, 8], and
was not found using the steepest-descents analysis. However, the error-function behaviour of
the exponentially small switching in the neighbourhood of the Stokes line, while generic, is not

universal [18].

Figure 2.3 (a) shows the exponentially small behaviour of the solution, illustrating the switching
behaviour across the Stokes line following the curve x = 0. The Stokes line is shown to divide
the solution region into two sections, with the exponentially small terms being present on the

section corresponding to Re(x) > 0.

However, had we instead selected the late-order terms associated with the singulant term given
in (2.25) and the corresponding complex conjugate term, the resultant Stokes structure would

have been different to that obtained in the previous investigation. In this case, we see that the
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(a) Correct late-order contribution. (b) Incorrect late-order contribution.

Figure 2.3: The Stokes line across which the exponentially small contributions are switched on in the solution to
(2.1)-(2.2), when the late-order terms are chosen in a fashion that is (a) consistent with the leading-
order behaviour, and (b) inconsistent with the leading-order behaviour. In each case, the Stokes line
is shown in red, while the rays corresponding with the selected late-order terms are shown in blue.
The singular behaviour originating at x = +i is propagated along the rays, leading to a singularity
in the solution domain at (z,y) = (0,1) for case (b). In case (a), however, the singularity instead
propagates to the point (z,y) = (0, —1), which is not part of the solution domain.

singulants are real and positive for x = 0 and y < 1. Consequently, the Stokes line would have
followed the curve illustrated in Figure 2.3 (b), which follows the line in the solution domain
beginning at (x,y) = (0,0) and terminating at the point (z,y) = (0, 1), where the corresponding

late-order terms are singular.

2.2.3 Discussion and conclusions

In this section, we constructed a simple differential equation which could be investigated using
exponential asymptotic methods. The problem had a mixed boundary condition applied along
the curve y = 0, which contained singularities at * = £i when the boundary was analytically-
continued into the complex plane. Specifically, we were interested in the behaviour of the solution
on the boundary of the problem, which is analogous to determining the surface behaviour in
a free-surface fluid flow system. The presence of singularities in the analytically-continued
boundary condition ensured that the solution would exhibit Stokes switching, and therefore
that exponentially small contributions to the solution behaviour would switch as Stokes lines in

the solution were crossed.

To observe this Stokes switching, we first solved the system using Fourier transforms and ap-
proximating the resultant inversion integrals using the method of steepest descents. Using this
method, we determined that exponentially small oscillations were switched on in the solution
on the boundary as a Stokes line, intersecting the boundary at x = 0, was crossed. Applying

the same method using late-order term analysis led to ambiguity, as there were four possible
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late-order contributions, only two of which were active, and each of which was indistinguishable
from another on the boundary itself. This issue did not arise in the integral formulation of the
problem, as the two inactive contributions would have caused the Fourier integral to diverge,

and therefore could not be present in the solution.

We resolved this ambiguity by examining the ray structure of the singulant, and hence determin-
ing the curves along which the late-order terms would be singular. This allowed us to determine
which late-order contributions would cause the solution to display singular behaviour within the
solution domain, and hence could not be active. More generally, we may use this ray structure
to match the late-order contributions to equivalent contributions in the leading-order behaviour,
allowing us to determine which late-order contributions are present or absent in a wide range of
problems which contain this particular ambiguity. This method will be used in the free-surface

fluid flow problems considered in Chapters 3-5.

Finally, we completed the exponential asymptotic analysis and determined the behaviour that
was switched as the Stokes line was crossed. This behaviour was consistent with that previously
obtained using Fourier transform methods, but was obtained without having to formulate the

problem in terms of an integral expression.

2.3 Steady flow due to a source

The problem of steady free surface flow due to a line source has an interesting background. For
the geometry of interest here, in which there is a stagnation point directly above the source, a
number of authors apply formal series expansions in the limit that the Froude number vanishes
(see [53, 78] for the finite-depth problem, [38, 41, 89, 116] for the corresponding infinite-depth
problem). In each case the resulting asymptotic solutions are waveless, with the free surface
displaying monotonic behaviour in the far field. Similar waveless solutions for small Froude
numbers are computed numerically in [53] in the finite-depth case and by others in the infinite-

depth case.

However, there is a great deal of numerical evidence that steady flows due to a line source
do exhibit gravity waves on the free surface. In particular, the finite-depth problem is solved
numerically in [54, 78, 113], with results showing a train of periodic waves appears on the free
surface downstream from the source with amplitude increasing with Froude number. Mekias
and Vanden-Broeck [78] explore this dependence by plotting numerical values of log(A) versus
—1/F?, where A is the (dimensionless) wave amplitude and the Froude number, also given in
(1.2) is

F=—. (2.42)

34



Here g is acceleration due to gravity, and U and H are some characteristic velocity and length
scale respectively. They conjecture that

1
A ~ const exp {_Fz ( - ys)} as F —0, (2.43)

T
where gy, is the dimensionless height of the source above the horizontal bottom.

Chapman et al. [27] describe a framework for determining the form of exponentially small gravity
waves for steady two-dimensional free surface flow problems in the limit that the Froude number
F vanishes. The idea is to formulate the problem in terms of a formal power series in F? and
note the series is divergent everywhere [116], with the divergence driven by singularities in the
analytic continuation of the leading order term in the expansion. Anticipating factorial/power
divergence, a WKB-type approach developed by [22] is applied to extract the form of the late-
order terms. Following [33], the Stokes lines that emerge from the singularities are determined
by equating the phases of each late order term with that of the subsequent term. Importantly,
the periodic waves appear downstream from the point at which the Stokes lines intersect the
free surface. The precise form of the exponentially small waves is determined via Stokes lines

smoothing [8, 87].

A key result in [27] is that Stokes lines emerge from singularities that correspond to corners
on solid boundaries of the flow field with in-fluid angles of greater than 27 /3. The example of
free surface flow over a step is treated in some detail, for which the Stokes lines emerge from
the top corner (with in-fluid angle of 37/2) but not the stagnation point (with in-fluid angle of
m/2). In other words, it is the top corner that gives rise to periodic waves on the free surface.
The results complement the earlier study by [63], who apply numerical techniques to the fully
nonlinear problem of free surface flow over a step and transform methods to the corresponding

linear problem (which applies in the limit of vanishingly small step height).

By adapting the framework of Chapman and Vanden-Broeck [27] to hold for flows due to a
line source, we apply techniques in exponential asymptotics to show that, for the finite-depth
problem, there are periodic waves on the free surface for small values of the Froude number, and

obtain an expression for these waves.

2.3.1 Governing equations

We consider steady irrotational flow of an inviscid, incompressible fluid caused by a submerged
line source. Due to the symmetry in the system, this may be treated as a two-dimensional
problem. In order to follow [27] as closely as possible, we set the channel to have finite-depth
in which the mean velocity and channel height in the far field naturally approach the constant

values U and H, respectively. It is assumed that there is a stagnation point on the free surface
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A
Figure 2.4: The dimensionless problem in the physical plane. The flow is symmetric about the y-axis, and so

the left-hand side may be omitted. The shaded region denotes the flow region, with the solid circle
representing the source.

directly above the source. In dimensional variables, the strength of the source is m, so that the

flux of fluid in the far field is m = UH. Thus the Froude number in (2.42) is also defined by

m
VoH?

Motivated by the dimensionless variables used in [27], we immediately scale all lengths with

F =

respect to H/m and velocities with respect to U. Thus the problem depends on two dimensionless
parameters, the Froude number F' and the dimensionless height of the source above the bottom

ys- Again, in order to follow the framework in [27] as closely as possible, we introduce
€ =T1F?, (2.44)

which will act as our small parameter. Note that given the flow is symmetric about the y-axis,
we treat only the fluid region for x > 0. A schematic of the resultant dimensionless system is

shown in Figure 2.4.

As the flow is irrotational, the fluid velocity (u,v) is related to the velocity potential ¢(x,y) by
(u,v) = V¢. Enforcing incompressibility of the fluid thus requires that the potential satisfies
Laplace’s equation

V26 =0

in the flow domain, except at the submerged source where it has the usual logarithmic singularity.

On the free surface we have a dynamic boundary condition given by Bernoulli’s equation
1e(IVo)? —1) +y=m. (2.45)

On the boundaries of the flow region we prescribe a kinematic boundary condition such that

8¢:

5, =0 (2.46)

where n is the normal to the boundary.
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Figure 2.5: Flow region mapped into: (a) the complex potential plane; and (b) the ¢-plane.

The following reformulation of the problem follows [53] and [113]. We define z = x 4 iy and the
complex potential f(z) = ¢ + i), where ¢ is the streamfunction. For definiteness we set f =0
at the stagnation point D (see Figure 2.4), so that ¥y = 0 on the free surface and ¢y = —7 on

the horizontal bottom. The complex velocity is defined as

d—f =u—iv= qe*ie,
dz

where ¢ is the magnitude of the velocity vector, while @ is the angle a streamline makes with
the horizontal; at this stage both ¢ and 6 are real. The flow region in the f-plane is given by
an infinite strip in the region —7 < 1 < 0. The second mapping ¢ = & + in = e transforms

the flow region to the lower-half (-plane, with the source mapping to ¢ = 0, the bottom corner

mapping to ( = —b and the free surface located on n = 0, £ > 1. These mappings are shown in
Figure 2.5.
Since ge~ 1 is an analytic function of ¢, Cauchy’s integral formula may be applied in the ¢(-plane

to give

logq = l][ 6(s) ds,

TS oo §—&
where the dash through the integral sign indicates it is to be treated as a Cauchy Principal
Value integral. For the problem shown in Figure 2.4, we have § = 0 for £ < —b, § = —7/2 for
—b<¢<0and § =m7/2for 0 << 1. Thus we have the integral equation
longélog <(§+big§_1)) +717]{0039(_8)§d5, &E>1. (2.47)

The kinematic boundary condition (2.46) is identically satisfied by setting 1) = constant on
the solid boundaries. To write Bernoulli’s equation (2.45) in terms of our conformally mapped
variable (, we apply the chain rule to give

dz dzdf 1 4

ac T dfac ¢
Thus, on the free boundary n =0, £ > 1, we find

d 1 d 1
&%~ cos 0, Y~ sing. (2.48)

¢ &q d¢ &g
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Taking the derivative of (2.45) with respect to ¢ and applying (2.48) gives the dynamic condition

U £>1. (2.49)

6661201g =

To complete the formulation of the problem, we integrate (2.48) from the points B to C' to give
01

Ys = — /_b 7 dg. (2.50)

Thus we can now think of the two parameters in the problem as being the Froude number F'

and the conformally-mapped parameter b > 0; once the solution is determined, the height of

the source above the bottom is then determined via (2.50). Note that ys — 0 as b — 07; in this

limit the point B merges with C', and some parts of the analysis need to be treated separately.
At this stage the governing equations (2.47) and (2.49) hold only on n = 0, £ > 1; however,

our analysis requires that we analytically continue (2.47) and (2.49) into the lower-half &-plane.

Following [27], we shall use the notation ¢ = £ +in to denote the complexified variable &, so that

1 BY(C—1 1 [ 6
logq+i‘9:2log<(5+2§))+ﬂ/l S(_S)CdS, >0, —oco<&<oo,  (2.51)

d
e(qu—Z = —sinf, n=>0, —oo<g<o0. (2.52)

Together, (2.51) and (2.52) provide governing equations for the analytically-continued free sur-

face in the lower-half {-plane. We emphasise that we are now using ¢ to be the independent
variable for the complex functions ¢(¢) and 6(¢), and not the conformally-mapped plane. Of
course, (2.51) and (2.52) reduce to (2.47) and (2.49) for n = 0, £ > 1, but otherwise, the solution
of (2.51) and (2.52) in the {-plane does not provide the solutions for ¢ and 6 in the flow field.

2.3.2 General exponential asymptotics

We solve (2.51) and (2.52) in the limit ¢ — 0. This section illustrates the framework described
in [27], while the subsequent sections contain the details for the specific problem of flow due to

a line source.

2.3.2.1 Asymptotic power series

We write ¢ and € as the asymptotic expansions

qr Z €"qn, 0 ~ Z €"0,, as e¢—0. (2.53)
n=0 n=0
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The leading order solution for 6 is 6y = 0, while the solution for gy depends on the geometry of

the particular problem in question. The next few terms are calculated using

= (¢ (ilqé? (2.54)
—mﬁé?+q°1wi§?d& (2.55)
02 = — Cqo <QQ1dC + qo ?fg) (2.56)
while subsequent terms in the series are found using the recurrence relationship
% B Qn;gﬂh 4o =—if, + 71T/100 97;(5_)?8, (2.57)
ngddg ddg +2(qogn— 1%{?+ ==, +... (n>3), (2.58)

where the ignored terms are subdominant in the limit n — oo and will not be required in the

subsequent analysis.
2.3.2.2 Late-order terms

We require the behaviour of g, and 6,, in the limit n — co. Following [27], we apply the ansatz

_Ql(n+9)
X"

Or'(n+7)

) on ~ XTH"Y

(2.59)

q7l

0 (2.57)—(2.58). Here, we note that the terms on the right-hand side of (2.57) will exponentially
dominate the integral on the left-hand side. This point is noted in [27], with an argument made

n [102]. We subsequently find as n — oo that (2.58) may be written as
qn ~ —iqobn —iq10p—1+ .. .. (2.60)

Applying the late-order ansatz in (2.59) to (2.58) and (2.60) gives to leading order as n — oo

QI (n+~) i or(n+7) 2dx QT(n47) @F(n+7)

Xn+,y - 0 Xn+,y + B COdC X,,H,,Y - Xn+,y +7

where the omitted terms are small compared to those shown. Simplifying these equations gives

. .. gdx
Q = —igy0O, 1(q8@ = —1. (2.61)

Solving the second of these equations gives

S
—1/CO Zk (2.62)

where (j is the important singularity of go (which turns out to be (y = 0 for the problem here).
At the subsequent order in n, we find that v is constant, while matching at the next order in
(2.58) gives

dQ dy (I1Q
= _2 2 = .
@ aC qoqudC +2901Q = p
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This reduces to
1dQ _ 2dg | 3igx

QA @ dC

which may be solved to obtain

log @Q = 2log qo + 31/ a 7 d¢ + constant.

Rearranging this expression and using the relationship between @ and © given in (2.61) gives
A Cqd¢
Q=—exp|3i /
4@ ¢ )
A 3i 0 (
qO ! / / i , (2.63)
* CqO
iA d
S} 21—3 exp | 3i / @ f
do ¢ o
A ) 01 (
=t qo (¢") 3 / / i : (2.64)
* CQO

where A is a constant that is determined by matching with the inner solution in the neighbour-

hood of the relevant singularity ¢ = (p, and the end-point (* is arbitrary, provided that the

resultant integrals converge (changing (* changes the value of A).
2.3.2.3 Stokes line smoothing

Truncating (2.53) after N terms gives

N-1 N-1
HZZe”qn+RN, q:Ze”9n+SN.
n=0 n=0

Applying this truncated series to the (2.51) and (2.52) shows that the remainders satisfy

Sn €SN

—_— = +...=—iRy, 2.65
do q% o ( )
dSy d
C do—— dC +2 CqO CSN+2€ CQquTC—f— C 1%SN—6N9N+...:—RN. (266)

The homogeneous versions of these equations have solutions QeX/¢ and ©e~X/¢ which motivates
the ansatz

N =AQe X Sy = ABe X/,
where the unknown function A((;e€) is the Stokes multiplier. Applying these remainder forms,

as well as the late-order terms ansatz given in (2.59), to (2.65)—(2.66) and simplifying gives

dA VTl D(N +7)
dC XN+ ’

*HJOC

Writing A as a function of x gives

dA VTl T(N +7)
dy YV '

(2.67)
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Minimising the right-hand side with respect to N gives the optimal truncation point as N ~ |x|/e
as € — 0, and hence we set N = |x|/e + a, where 0 < oo < 1 and « is chosen such that N takes
integer value. As N is a function of |x|, we set x = pe!” (where 9 is not to be confused with the
dependent variable 6). We therefore note that

4 ed

dy p dv¥’
Writing (2.67) in terms of these new variables and using Stirling’s approximation eventually

gives

dA  V2mp'/? P (P
R (-0 (2t )

The right-hand side of this expression is exponentially small except in the neighbourhood of
¥ = 0. Hence, this curve describes the Stokes line, across which A varies rapidly. To examine
the switching parameter in the neighbourhood of the Stokes line, we introduce local coordinates
9 = €/29, which gives

LN 7L

dv €7
Integrating this expression and returning to the outer coordinates, we find that

A= e /2 qt,

omi [VPU/e
€Y /_ 0o
where the lower bound of the integral is chosen by matching the integral to the known upstream
behaviour, where no waves are present. As the Stokes line is crossed, A varies smoothly and
rapidly from 0 to 27i/e?, and therefore contributions are switched on of the form
2mi 2mi

E—:Qe_"/e, G—Z@e—x/i (2.68)
for Ry and Sy, respectively, as ¢ — 0. As these contributions take the form of complex

exponentials, they will cause wave behaviour on the free-surface.

In the above analysis, the governing equations (2.51)—(2.52) were derived by analytically contin-
uing the free surface into the lower-half complex plane. By instead extending into the upper-half
plane, we find a further contribution which is the complex conjugate of (2.68). Adding these
together provides the leading-order behaviour of the exponentially small remainder on the free-

surface, denoted foxp, given as

AT|A] _Reiv) /e Im(x
Ocxp = e"f|(]03|e Re(x)/€ cog <arg® - e( )> . (2.69)

2.3.3 Details for flow due to a line source

The framework summarised in the previous section was essentially taken directly from [27].
Here we consider the specific problem of flow due to a line source, which was not previously

considered.
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2.3.3.1 Early terms

Given that 0y = 0, substituting (2.53) into (2.51) reveals the important leading order solution

1/2(, _ 1\1/2
QOZ(C+b> C(C D ) (2.70)

while (2.54) provides the first correction term

0, — — (A -0b)¢+ 25)(;2; b)'/2(¢ — 1)1/2. (2.71)

These terms are also calculated by [53]. By substituting the result

arctan(b'/?)  3(1—b) b
pre TTac @
(L=b)C+2)(C=DY2(C+B)Y2 ) (1—b—20—2(C— )¢ +b)'V?
23 Og( 1+b )

/100 fl_(sé ds = %((1 =6+ b*)¢* + 8bC(1 — D) + 8b°)

into (2.55)—(2.56) we can also determine the exact forms for the correction terms ¢; and 62, but
for brevity we do not include the full expressions.

Applying the expression for gg from (2.70) to (2.50) gives

2b1/2
1-b

Ys ~ arctan ( > as €—0, (2.72)

which provides a leading order relationship between the parameter b and the height of the source

above the bottom ys.

2.3.3.2 Location of the Stokes lines

The leading order term (2.70) has a singularity at ¢ = 0 and, since the higher-order problems
are linear, each of the ¢, is also singular there. A Stokes line originates at { = 0 and follows
the path on which successive late-order terms 6,, and ¢, have the same phase, which for our
problem is when yx is real and positive (see [33]). Evaluating (2.62) with (2.70) gives the explicit

expression

e ¢?
i e 27
2[4 7))+ b(1 —b)] 261/2(1 — b)
T DACHDAC-D)YE (14Db)?
—ilog(l_b_QC_z(C+b)l/2(<_ 1)1/2). (2.74)

1—0b—2ibl/2
The real part of y is constant on the free surface, and takes the form

201/2 20'/2(1 — b)
1-b (1+0b)2

Re(x) = m — arctan < &> 1. (2.75)
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Figure 2.6: Contour plot for Im(x) for b = 1 in the complex ¢-plane, with lighter shading indicating a more
positive value. The Stokes line, given by Im(x) = 0, is shown in bold. The point at which it
intersects the free surface (the real axis for & > 1) is the point at which an exponentially small
contribution is switched on.

Significantly, Re(y) > 0 for £ > 1, ensuring that Stokes switching may occur on the free surface
(see [33]). It will be useful to combine (2.72) and (2.75) to give

1
Re(X)Nﬂ—ys+§sin2ys as e—0, &>1.

A contour plot of the imaginary part of y for b = 1 is provided in Figure 2.6 with the Stokes
lines (Im(x) = 0) shown in bold. Since from (2.73) we have

C3
X ~ _W as C — 07 (276)

the Stokes lines emerge from the singularity at ¢ into the lower half-plane at angles —r/3 and
—2m/3. The latter of these is cut off by the scale of the figure, and does not go on to intersect
the free surface n = 0, £ > 1. On the other hand, the former clearly does cross the real axis. For
this particular value of b, the intersection point is {s;, &~ 1.812. More generally, the intersection

point £gy, is a decreasing function of b, with £g7, — 3.2767 as b — 0T, as shown in Figure 2.7(a).

By mapping this back onto the physical plane via (2.48) we can determine the point on the free
surface that is crossed by the Stokes line, denoted by (zsr,ysr). The dependence on zgy, on
the height of the source above the bottom is provided in Figure 2.7(b), where we see that the

waves switch on further downstream as y, decreases.

2.3.3.3 Determining v and A

To determine the value of v in (2.69) we consider the behaviour of the early and late terms as

¢ — 0 and ensure that they are consistent. We note that (2.70) gives

ib1/2
qo ~ R as ¢ —0. (2.77)
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Figure 2.7: Values of (a) £ and (b) zgy, at which the Stokes line intersects the physical free surface as b, and
consequently ys, is varied.

By examining our governing equations we find that, as { — 0,

i 6ib7/2 66ib°
%N*F, Q2NW7 Q3N*Cfov
and so on, so that, with the use of (2.76), we find

i(—l)nunb(3n+1)/2
In ~ (ant

as ¢ —0,

where p, are constants that depend on n. On the other hand, the inner limit of (2.59) is

iAC(_3)n+'Yb(3n+3'y—5)/2F(n +'7)
qn ~ — (3nF37-5

(2.78)

as n — oo and ¢ — 0, where

cmdorm(® [ &) o

Thus matching the powers of {, it must be that v = 2.

We can see from (2.78) that the series rearranges when ¢ = O(e!/3) corresponding to an inner
region near the singularity. We determine A by matching (2.78) with this inner solution at

leading order.

By observing the scalings in (2.76) and (2.77) we define the inner variables

ib1/2 ~ 4-3
C q ) o= 3€b3/27

q= (2.80)

As argued in [23] and [102], (2.51) implies that logq + i ~ log gy in the inner region, so that

using the scalings (2.80), the second governing equation (2.52) becomes

2p? dp
_E 4 pE=p—1 2.81
3y TP, =P L (2.81)

where p = @%. The outer limit of (2.81) is obtained via a series expression for p in the limit that

lo| — oc:

_N e _
p_z (—O’)", pO_]-



Applying this expression for p to (2.81) and matching terms as |o| — oo gives
= 2
Pny1 = Z <j + 3> DjPn—j- (2.82)
j=0
With the values for p,, determined, we can write out the inner solution for ¢? in terms of the

outer variables as

5 = (=D TH(3bY2) pen
a = Z (3n+2 :
n=0

This outer limit of the inner solution is matched with inner limit (2.78) of the outer solution to

give
1 Dn, 0.38

~
~

i .
18C nooo T(n +2)  18C

A= = (2.83)

where the series in (2.82) was evaluated numerically to determine the behaviour of p, in the
large-n limit.

2.3.3.4 Computing the Wave Amplitude

From the preceding analysis, we have v = 2, |A| given by (2.83), and gp ~ 1, Im(x) ~ —log¢ as

& — o00. Since, ¢ ~log€ as & — oo and ¢ ~ x as * — 0o, we have in the far field

X
Boxp ~ 4m|A|e 2e R0/ cos (f + constant) as T — 00,
€

where Re(x) is given in (2.75). Further, we can make the approximation dy/dx ~ 6, so that

written in terms of our Cartesian coordinates and the Froude number F', the wave train is
Yexp ~ 4|A\F_2e_Re(X)/“F2 sin (% + constant) as T — 00. (2.84)
It follows that the actual wave amplitude is of order F—2e=8/F 2, where the constant
B=1- %+%sin2ys.
2.3.3.5 The case b=0

In the limit b — 0T, the height of the source ys; — 0, and the corner point B merges with the

source at C'. As a result, the scalings change for b = 0.

The Stokes line calculations proceed as normal, with x given by (2.74) with b = 0, except now
we have

2
X ~ —§C3/2 as (¢ — 0. (2.85)

A contour plot of Im(x) with b = 0 is shown in Figure 2.8, with the Stokes line Im(x) = 0

indicated by the bold curve. From (2.85) we see that one Stokes lines emerges from ¢ = 0 into
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the lower half-plane, at angle —27/3 (rather than the two curves seen in Figure 2.6 for b > 0,
emerging at angles —m/3 and —27/3).

Some of the working from Section 2.3.3.3 changes. To determine  we note that now go ~ i/¢'/2,
q1 ~ —1/2C2, g2 ~ 3i/2¢7/2, ..., as ¢ — 0, which leads to

1(_1)nl~l/n

q"NC(SnTW as ¢ —0,

where p, are constants that depend on n. The inner limit of (2.59) for b =0 is

iAC(=3/2)" T (n + )
qn ~ — (Bnt3y=5)/2

as n — oo and ¢ — 0, where C' is again given by (2.79). As a result, matching powers of ¢
implies that once again v = 2. To match with the inner region we note that the leading order
behaviour of the nth term of ¢ is

9(~1)"AC(3/2)"T(n + 2)
2<3n/2+1

2%% ~

as n — oo and ¢ — 0.

The inner problem this time is for ¢ = O(¢?/3). The relevant the inner variables are

- i B B 2c3/2
q= ﬁq(a)u - 3¢ 9

which again gives the differential equation (2.81) for p = g*. A near-identical analysis gives the

inner solution for ¢? in terms of the outer variables as

2 _ o~ (CD)™M(3/2) e
7= E:O <3n/2+1 ’
n=

Thus, matching gives
2 . Pn
A=—— lim ——,
9C n—oo I'(n + 2)
where the p, and C' are identical to those given in (2.83). Comparing this result to the equivalent
expression for the general case, given in (2.83), we see that the amplitude of the downstream

wavetrain is larger when b = 0 than would be expected from the general result, due to the fact

that the source is against the boundary rather than located within the flow.

Finally, we note that the general case will transition smoothly to the b = 0 case in a region
of width b = O(¢?/?), at which point the singularity at ¢ = —b enters the inner region of the
problem. This transition region could be investigated in a similar manner to the distinguished

limit investigation in [27]; however, this analysis is omitted here.
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Figure 2.8: Contour plot for Im(x) when b = 0 in the complex {-plane. The Stokes line, given by Im(x) = 0, is
shown in bold. The point at which it intersects the free surface (the real axis for £ > 1) is the point
at which an exponentially small contribution is switched on.

2.3.4 Comparison of results

In Figure 2.9 we present free surface profiles computed by using our results for 61, 62, Oexp,
qo0, ¢1 and gexp to integrate (2.48). The integral expression for C' given in (2.79) was evaluated
numerically by interpreting the expression as an integral over a box in the lower half-plane using

MATLAB’s “quad” function, which applies an adaptive Simpson quadrature.

Note that due to symmetry we only show the right half of the flow field. In Figure 2.9(a), the
profile is for b = 3 and € = 0.1, which from (2.72) gives the height of the source ys ~ 27/3 ~ 2.09.
This example is representative of solutions for b > 1, which are for ys > 7/2 (that is, the source
is located more than halfway up the channel). As explained in [53], the waveless part of the free
surface profiles for b > 1 dip below the free stream level, reach a minimum value, and rise up
before approaching the free stream level in the far field. On the other hand, the profile in Figure
2.9(b) is drawn for b = 0.85, which gives the height as ys ~ 1.49. This profile is representative
of solutions for b < 1 or ys < 7/2 (that, the case in which the source is located less than halfway
up the channel). Here the waveless part of the profile remains above the free stream level with

€01 + €205 < 0 for all z > 0.

In both profiles in Figure 2.9, the point at which the Stokes line intersects the free surface is
marked with a circle. The downstream wavetrain is clearly visible to the right of this marker. In
order to compare with the results in [78], the dependence of the amplitude A of this wavetrain on
the Froude number is shown in Figure 2.10 for two different values of b (and hence y,). These
values of ys correspond to those considered in [78], with the circles denoting the computed
wave amplitudes from their study. The agreement between the asymptotic behaviour and the
numerical solutions is reasonable for the values of F' considered in this figure, becoming more

accurate in the limit that F' — 0.
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Figure 2.9: Free surface profile for a source with (a) b =3 and € = 0.1 and (b) b = 0.85 and € = 0.3, computed
using €1 + €20, + Ocxp. The point at which the Stokes line intersects the free surface is indicated by
a circle, with the wavetrain switched on to the right of this point.

Figure 2.10: Plots of log A versus —1/F2. From top to bottom, the curves are drawn for b = 1.55 (ys ~ 0.57)
and 0.38 (0.357). The circles represent data computed by [78].

2.3.5 Discussion and Conclusions

Using techniques in exponential asymptotics, we have provided a description of the problem of
free surface flow due a line source in a fluid of finite depth in the limit of small Froude number.
We found that the amplitude of the waves scales like F~2e=8/F” in the limit F — 0, where (3 is
a constant related to the height of the source above the bottom. The precise form of these waves
is given in (2.84). We emphasise that it is not possible to extract this information solely from
applying a formal power series, as the waves appear beyond all orders of an algebraic expansion
in F2.

As mentioned in the Introduction, [78] conjecture that the wave amplitude in the far field is
related to the Froude number via (2.43), which is incorrect for two reasons. The first is that
it is out by a factor of F2. The simple explanation for this discrepancy is that Mekias and

Vanden-Broeck plot numerical values of log A versus —1/F?, noting the linear dependence in
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the small Froude number limit. From (2.84) we have
log A b 2log F F—=0
og A~ 45 —2log as —

which, of course, agrees with the scalings observed by Mekias and Vanden-Broeck to leading
order. The second reason is that Mekias and Vanden-Broeck conjecture that the constant 3 is
given by 1 — y,/7, when our calculations suggest the correct value is 1 — y/m + sin(2y,)/27.
These results agree for the special cases of y; = 0 and ys = 7/2, corresponding to a source on

the base of the channel and halfway up the channel respectively.

Our results suggest that for the numerical solutions presented in Hocking and Forbes [53], for
example, the size of the Froude number is such that the downstream waves are too small to
observe in practice. Finally, the analysis provides an explanation as to why solutions with waves
do not arise from the application of a formal power series in F2: the exponentially small waves
appear beyond all orders of the original series expansion and, as such, cannot be captured by

terms that are algebraic in F2.

We emphasise that this work acts to fill in the gap left by [27], who overlooked the possibility
of line sources giving rise to Stokes lines. The mistake arose because although gy ~ const e~/ is

not singular as a function of f, it is singular as a function of the mapped coordinate (.

As is well known, the governing equations for steady ideal fluid flow due to a line source are
equivalent to those for flow due to a line sink (obtained by replacing ¢ with —¢), as the velocity
appears only as its square in Bernoulli’s equation. However, the latter flow has the further
restriction placed by the radiation condition, which does not allow gravity-driven water waves
in the far field. As a consequence, since our solutions have waves on the free surface in the far
field (although, admittedly the waves are exponentially small in the limit F' — 0), these are

strictly applicable for source flow only.

Another way of interpreting our results is that if the flow in Figure 2.4 is right to left (that is,
due to a line sink instead of line source), then the term (2.69) would appear to the left of the
point at which the Stokes line meets the free surface. As gy — 0 in the limit z — 0" on the
free surface, the magnitude of (2.69) would become large at the stagnation point (see [102] for
a similar argument for flow past a semi-infinite stern). Thus our approach shows that there are
no steady subcritical solutions for two-dimensional ideal fluid flow due to a line sink in a fluid

of finite depth with a stagnation point on the free surface directly above the sink.

On the other hand, there is numerical evidence of steady solutions of a different type, with a cusp
on the free surface instead of a stagnation point, such as [55, 77, 114, 115]. However, there is
no zero-Froude-number solution with a cusp, and hence exponential asymptotic methods would

not be of use in determining the behaviour of any free-surface wave behaviour.
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Chapter 3

Linearized Two-Dimensional
Unsteady Flow

3.1 Introduction and Background

Prior to the advent of computers, and the subsequent ubiquity of numerical algorithms for de-
termining free-surface flow behaviour, the linearization of fluid flow problems in the limit as
some submerged obstacle becomes small was a technique commonly applied in order to ap-
proximate flow behaviours. Studies considering free-surface flow around small obstacles include
[36, 40, 63, 64, 65] for steady flow, and [28] for examples of unsteady flow. These studies were
discussed in more detail in Chapter 1, and all share a common theme; in each case the resultant

flow is obtained as a perturbation about the undisturbed solution.

The difficulties involved with finding the behaviour of gravity waves on free surface flows over
an obstacle in the limit of small Froude number were discussed at length in Chapter 1. As noted
in Section 2.3, Chapman and Vanden-Broeck considered the steady version of this problem and
applied exponential asymptotic methods to determine the behaviour of gravity waves on the free
surface of flow over an obstacle [24], both in the linearized and non-linear case. Furthermore, they
determined that, in case of linearized flow over a small semi-infinite step, the results corresponded
with those obtained by King and Bloor [63]. Unsurprisingly, the linearized problem exhibited

much of the same Stokes switching behaviour as the fully nonlinear problem.

It is natural then, when considering the equivalent unsteady problem, to begin with the lin-
earized case. Analysis of the linearized problem will allow us to determine what role the Stokes
phenomenon has to play in the surface wave behaviour, and to understand how these waves
may be calculated. The purpose of this chapter is therefore to understand the behaviour of
free-surface waves that form on linearized two-dimensional potential flow over a small obstacle,

with the nonlinear problem to follow in Chapter 4. For simplicity, we restrict our attention to
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flow over a submerged semi-infinite step, although we shall subsequently make some comments

regarding the equivalent analysis for more general topographies.

As we intend to eventually consider fully nonlinear free-surface flow over a step, we will formu-
late the problem in such a fashion that the boundaries are fixed. This will involve finding a
Lagrangian formulation for the system, where the initial particle labelling is chosen such that
the upper and lower boundaries of the problem both follow known, fixed curves. This parti-
cle labelling will be determined by solving an auxiliary steady fluid-flow problem, obtained by
taking the initial flow configuration, setting the upper boundary to be rigid, and determining
the steady flow behaviour in terms of the fluid potential using complex variable methods. Each
point in the initial flow state from the unsteady problem corresponds to an equivalent point in
the auxiliary problem with an associated complex potential. This complex potential value will
be used as the particle label in the Lagrangian flow formulation, consequently setting the upper

and lower boundaries of the flow to follow known, fixed curves as required.

Lagrangian methods have been applied to free-surface flow problems in previous investigations.
John [58] found exact solutions to several problems by considering analytic functions of a general
Lagrange labelling parameter. This analysis involved beginning with a prescribed analytic func-
tion and solving an inverse problem to determine the flow regime, although it was possible to
prescribe some boundary conditions in some cases. Longuet-Higgins applied similar techniques
to self-similar free-surface flows [72], and as the special case of a more general representation of

free-surface flow in terms of a complex variable [73].

Pierson [91] and Buldakov et al. [16] both formulated two-dimensional free surface flows in terms
of a Lagrangian variable, using the resultant expressions to obtain the behaviour of free-surface
waves in the asymptotic limit that the surface variation is small. Both of these investigations
considered the problem of waves travelling in deep water. Lagrangian formulations have also been
applied to develop numerical methods for determining free-surface flow behaviour by following

individual flow particles, such as in [103].

Upon linearizing the resultant system about the solution for an undisturbed channel, we will find
the wave behaviour on the free surface using two separate methods. The first is to observe that,
when expressed in Eulerian coordinates, the problem will now have a fixed upper boundary.
Consequently, Fourier transforms will be used to solve the system. The second method is the
late-order terms technique discussed in Chapter 1 and demonstrated in Chapter 2, found in

22, 87].

As this problem is a partial differential equation; however, we will find that Stokes lines caused
by the interaction between subdominant free-surface contributions play an important role in

determining the free-surface behaviour of the problem. Following [24], we will observe that
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h~ %X

y=-m

Figure 3.1: Prescribed fluid configuration for flow over a small step. The lower boundary is rigid, while the upper
boundary is free, and governed by Bernoulli’s equation.

these Stokes lines are caused by the Stokes switching of a second, subdominant asymptotic series
expansion in the problem. We will determine the form of the late-order terms of this second series
expansion, and hence obtain the free-surface wave behaviour caused by this Stokes switching.
The combined effect of the Stokes switching associated with the leading-order expression and
the Stokes switching between exponentially subdominant terms will form a complete expression

for the behaviour of the free-surface waves on unsteady flow over a small, semi-infinite step.

3.2 Formulation
3.2.1 Formulation of the Eulerian problem

We consider a time-varying analogue of the specific case of irrotational, incompressible and invis-
cid two-dimensional free-surface flow over a step presented in [27]. The illustrated configuration
has an upstream velocity given by U and a depth of L, with the upstream free-surface located
at y = 0. A step of height h is located on the base of the flow at x = 0. The position of the
free-surface is given by &(x,t). To nondimensionalized the problem, we will scale velocities by
U and lengths by L/m, with time and velocity potential scaled appropriately. The resultant

dimensionless system is shown in Figure 3.1

We will be considering the small Froude number behaviour of the system, and hence define the

small variable € = wF?, where F' is the Froude number as previously defined in (1.2).

In Section 2.3, we observed that the behaviour of two-dimensional steady flow could be described
in terms of a fluid potential ¢(z,y), provided that the flow was irrotational and incompressible.
By allowing ¢ to vary in time, the velocity potential of a time-varying flow may similarly be

defined, giving the governing expression for the flow as
Vi =0, (3.1)

defined within the physical flow region. On the moving free surface, located at y = £(x, t), the
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kinematic boundary condition is given by

¢y = ¢a:€z + gta Y= f(l‘,t). (32)

On the fixed lower boundary, the flow passes over a submerged step, with an upstream depth of

7w and step height of h. Here, the kinematic boundary condition is given by

96 _
on

where 7 is the unit vector normal to the base of the flow.

0,

Applying the Bernoulli condition to obtain a dynamic boundary condition on the free surface
gives
elor +5(02 +05) — 5l +y=0,  y=¢&1), (3.3)

where, as in Section 2.3, ¢ = 7F2. The upstream flow conditions are given by

lim f(x,t) =0, zBIPoo d)m(xa yvt) =0. (34)

r—r—00

Finally, the initial conditions to the flow are defined to be

f(.’lﬁ, 0) = 50(37)7 ¢(a?,y,0) = ¢0($,y)~ (35)

These initial conditions must be compatible with the upstream conditions in (3.4), and ¢o(z,y)
must satisfy Laplace’s equation. We will prescribe the flow at t = 0 to be given by the leading-
order steady-state solution to the problem (that is, the solution for ¢ = 0). Strictly speaking,
we could define this by prescribing £ and & at ¢t = 0, and solving Laplace’s equation would
then give ¢9. However, for simplicity, we instead specify the fluid potential, noting that it must

satisfy Laplace’s equation on the flow domain in order to be a valid initial condition.

The advantage to this choice of initial condition is that the leading-order behaviour as ¢ — 0
is steady, and may therefore easily be computed using complex variable methods. We therefore
denote the fluid potential associated with the appropriate steady-state problem as wg = ¢g+it)yg.
Following an identical analysis to that presented in [27, 63], we find that the leading-order

behaviour in the limit as € — 0 is obtained by solving

dwy <e“’°+1+5>1/2

=0 3.6
dz e~wo 1 (3.6)

where ¢ is a parameter measuring the height of the step in the mapped plane, and is defined in
this fashion in order to be consistent with [27]. Importantly, we note that this is distinct from
the Dirac delta function, which will always be denoted as d(x) in subsequent analysis to avoid

confusion. The leading-order step height h is given by
h~7r(1—(1+5)_1/2>, as € 0. (3.7)

Noting that § is also small, this gives h ~ d7/2. Finally, we also note that the free surface is

flat to leading order as € — 0.
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(a) Steady Flow.

<
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(b) Unsteady Flow.

Figure 3.2: Position of an individual fluid particle on the boundary of (a) steady flow, and (b) unsteady flow at
t = tg and t = tp + At. The fluid particle velocity at each point is denoted by an arrow, while the
particle path in the intervening time segment is shown as a dashed curve. In the steady case, the
fluid velocity component is parallel to the boundary, while in the unsteady case it is not.

3.2.2 Formulation of the Lagrangian problem

In Section 2.3, we defined the complex fluid potential w = ¢ + ity for steady flow due to
a submerged source, and prescribed the boundary of the flow in terms of streamlines. This
formulation fixed the position of the boundaries in complex w-space, and permitted complex
variable methods to be applied to the problem. This is reasonable in the steady case, as the
fluid particle paths follow streamlines, hence fixing the position of the free boundary. However,
this property no longer holds in the unsteady case, in which the fluid particle paths are instead
only instantaneously tangent to streamlines, as noted in [73] and more generally. Hence, the
free surface is not a streamline. Figure 3.2 contains an illustration of the difference between the

steady and unsteady cases.

Although we are unable to directly formulate the problem using the complex potential of the
flow, we wish to retain some of the useful properties of such a representation, particularly the
important property that both the rigid and free boundaries follow fixed curves. Observing that
fluid particles on the boundaries of the flow will always stay on the boundaries, we instead
consider a Lagrangian formulation for the flow. This formulation expresses each fluid particle

in terms of a particle label and the amount of time that has elapsed, given by 7.

The utility of this formulation depends on the choice of particle label. We note that [16, 91]
obtained equivalent fluid equations in Lagrangian form for a general particle labelling scheme;
however, we will rederive these equations with a particular labelling in mind. A common choice

for these coordinates is the initial position of the fluid particle, subsequently denoted here as
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(a,b). A schematic of this formulation is shown in Figure 3.3 (a). While this choice will fix the
free boundary in the mapped plane, it is no longer possible to pose conditions on the rigid lower
boundary without first knowing the velocity of the flow on the boundary itself. Given that the
velocity of the flow is not known a priori, we find that the lower boundary of this problem is
effectively not fixed at all, and we have instead simply moved the free boundary from the surface

to the base of the flow. Clearly, an alternative particle labelling is desirable.

To determine appropriate particle labels, we instead pose an auxiliary problem. We consider
the problem given by steady flow over a step with a rigid upper boundary, fixed at y = 0, in
effect solving the steady equivalent of the initial condition with a rigid boundary in place of the
free surface. As the problem is steady, a complex potential w = ¢ + iYb may be defined on the
flow region, with ¥ = 0 defining the free surface, and ¥ = —7 following the lower boundary of

the problem.

Noting that each value of (a,b) in the initial state of the free-surface flow problem maps to
a unique value of (¢,) in this steady auxiliary problem, we label each point in the original
problem in terms of the equivalent complex potential (with the particle-labelling subsequently
denoted as (p, q), to avoid confusion with standard complex potential representations for fluid
flow). The free surface follows the curve ¢ = 0, while the lower boundary also follows a fixed
curve, given by ¢ = —n. This formulation is illustrated in Figure 3.3 (b). Additionally, we
denote w = p + ig for convenience, but note that w is not to be confused with the complex

potential of the leading-order solution, denoted by wg and seen in (3.6).

The equations for fluid flow in Lagrangian coordinates for potential flow are given by Lamb [69]

as
oa,y) _
9(a,b)
Oar, ) Oyry) _

d(a,b) d(a,b)
where w is the vorticity, and is hence equal to zero in this case. The first of these equations repre-
sents the incompressibility condition on the flow, while the second represents the irrotationality
condition. Applying the mapping from (a,b) to (p, q) gives
d(z,y) _ 9(a,b)

3p.0) ~ 0pa) (3:8)

Oar,z)  Oyr,y) _
d(p,q)  9O(p,q)

Lamb [69] also finds on the free surface that the dynamic condition takes the form

(3.9)

orP vy
+ == —ZrrZa — Yr7Ya>

da e

where P represents the pressure at a particular point on the surface, and again € = 7F2.
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(a) Cartesian particle-labelling

(p,a)

||

(b) Complex potential particle-labelling.

Figure 3.3: Schematic of Lagrangian coordinates using (a) initial position in Cartesian coordinates and (b) com-
plex potential of initial position in the steady auxiliary problem as the particle labelling scheme. In
the second scheme, the lower boundary occurs along constant q. Furthermore, analysis shows that
the behaviour of the flow on the lower boundary in (a) depend upon how much time has elapsed,
which is not the case for (b).

In the case of a free surface with P constant, this gives
€[2r7%a + YrrYal +Ya=0 on  b=0.
Applying the chain rule to obtain the boundary condition in terms of (p, ¢) gives
€277 (@pPa + Tqla) + Yrr (YpPa + Ygda)] + (YpPa + Yqda) =0, (3.10)
which for the prescribed flat initial conditions becomes
€[@rrp + Yrryp] + yp = 0, on ¢=0. (3.11)

The kinematic condition is satisfied automatically on the free surface as a consequence of the
mapping. On the lower boundary, the kinematic boundary condition requires that there is no

flow through ¢ = —7, and is hence given as
TpYr — TrYp =0, on ¢q=-—m. (3.12)

Information about the structure of the step appears in the problem as a consequence of the
mapping between (a,b) and (p,q). At this point, we note that equivalent equations to (3.8)—
(3.9) and (3.11) may be found in [16, 69, 91] in terms of a general Lagrangian particle-labelling
scheme, with the mapping between (a,b) and (p, q) left unspecified.

To evaluate the right-hand side of (3.8), we map from (a, b) to (p, q) using a Schwarz-Christoffel
mapping. This mapping may be constructed by first mapping the physical flow-path seen in
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Figure 3.3 (a) to a half-plane, and subsequently mapping this half-plane to a strip in the (p, q)

exp(—w) 1/2
a—+ib= / <s—|—1+5> ds.
s+1

The Jacobian of this transformation is given by
d(a,b) (e 2P +2(1+8)ePcosq+ (1+6)2 12
op,q) e~2P +2ePcosq+ 1 '
Consequently, the system given in (3.8)—(3.9) becomes

plane, giving

e 2’ +2(1+d)ePcosq+ (1+6)? ) v , (3.13)

e~2P +2e Pcosq+1
Trqp = TrpTq + Yrq¥Yp — Yrplq = 0, (3.14)

LpYq — Tql¥p = (

3.2.3 Linearizing the Lagrangian problem

The fully nonlinear problem defined by (3.11)—(3.14) with appropriate initial conditions will be
considered in Chapter 4. However we first investigate the case where the step is small, even
compared to the Froude number, F. Hence, we specify that 0 < § < ¢ < 1. Linearizing
the problem in § around the solution for unperturbed flow in a channel gives the appropriate
coordinates as

T =p+T+0T, Yy =q+ 07,

and retaining leading-order terms in § gives the linearized problem

1+e Pcos(q)

T T T 20 P cos(q) + (3.15)
Trg—Trp =0, (3.16)
with the dynamic condition on the free boundary given as
€Trr +7,=0 on ¢=0. (3.17)
The kinematic boundary condition requires that
Y=Y, =0 on ¢q=-—m. (3.18)

It is important for subsequent analysis to have an expression for the leading-order behaviour of

the flow. We define a series expression for z = = + iy such that
2o 2O pezM g as € — 0. (3.19)
As the initial conditions were chosen to be the leading-order steady state, we know that the

leading-order solution will simply be the initial condition itself, obtained in (3.6). Hence, this

gives

dw e Yo+ 1494 1/2
dz((())) - < e~wo 4+ 1 ) = f(w()) (320)
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Inverting this expression and linearizing for small § gives

dz© 1) 1
T 0 —
dwg 21+ e wo as 0,
which becomes upon integration
1) .
20 ~ gy + gy — o log (14 e ¥, (3.21)

Now, as the leading-order expression is steady, we know that particle paths will follow stream-

lines, and hence that ¢y = ¢q. The chain rule therefore gives

dd)o dwo dZ(O)

dr — dz(0 dr

The definition of the complex velocity is such that dwg/ dz(® =y — iv, where v and v are the
components of the fluid velocity. Additionally, Lagrangian flow is defined in terms of the fluid
velocity such that dz(®)/dr = u + iv [69]. Consequently, we find that

ddo

2 = f(wn)f* (wo) (322

where the star denotes complex conjugation. Linearizing the resultant expression in § and

integrating, noting that ¢ at 7 = 0 is given by p, gives

(6 ) 61 1 4 2e®0 cos g + e2%0
T ~ —p)—=lo
L A + 2eP cos q + e2P

) as 0 — 0. (3.23)

We see that, to leading order, ¢g9 ~ p + 7. Applying this leading-order expression back into
(3.23) gives

1+ 2eP+7 cos g + e2(P+7) >

¢ + +51
~ T+ =lo
0~P 9 %8 1+ 2eP cos g + e?P

Using this expression in (3.21) gives

)
z(O)N[p+T+iq]—§log

1 4 2eP cos g + 2P
1+ eptT—iq '

Defining z = p 4+ 7 4+ ig + 6z, we find that the leading-order solution to the linearized problem

is given by

_ 1 1+ 2eP cos g + 2P
0 - _=
70 =3 log ( pp— . (3.24)

Importantly, we note that (3.24) is not only the leading-order behaviour, but also the initial

condition for the flow. Hence, we may simply state that

_ 1 1+ercosq+62p B
7= log < = ) at 7=0. (3.25)

We may now integrate the governing equation (3.16) with respect to 7 and use this initial
condition to evaluate the constant of integration. Hence this governing equation may be replaced

by
_ e Psin(q)
Tg— T, = .
17 Y T 1 96 cos (q) +e 2

(3.26)
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Hence equations (3.15), (3.17)—(3.18),(3.25)—(3.26) fully describe the linearized problem in terms
of Lagrangian coordinates, with appropriate initial and boundary conditions. Additionally, the
leading-order behaviour in terms of € is given by (3.24). In the steady problem [27], a radiation
condition is imposed to determine which region of the free surface contains waves. In the

unsteady problem, we instead state that the flow is waveless in the far field.

Late-order term analysis may now be applied to this system, in order to determine the behaviour
of the free surface on the flow. Linearizing the problem allows for a second approach to be
applied. The Eulerian form of the problem, given in (3.1)—(3.6), is made more difficult to solve
by virtue of the presence of a free boundary. However, in the linearized case, this free boundary
may be considered to lie along the line ¥y = 0. Hence, the solution is defined in a fixed domain,

and may be determined using Fourier analysis.

Consequently, we will solve the problem of linearized unsteady flow over a step in Eulerian
coordinates using Fourier transforms, and subsequently in Lagrangian coordinates using late-
order term methods. Comparing these results will show that the two methods produce equivalent

results.

3.3 Method of steepest descents
3.3.1 Formulation of the integral expressions

We linearize the full Eulerian problem, given in (3.1)—(3.6), about the leading-order solution
as 0 — 0. This leading order solutions is simply undisturbed two-dimensional flow through a

channel, and we hence define ¢(z,y,t) and &(x,t) such that
¢ =1x+050, £ = 0¢. (3.27)

Linearizing (3.6) in this limit gives (after first determining the leading order expression in ¢ and
applying it to the problem in an iterative fashion)

dwo ) 2
-0 1"
dz + 2(14e%) +0(%%),

which indicates that
1)
wo ~ 2 + 3 log(1 + e%) + O(6?),

and hence that the initial condition may be written as wy = z + dwg, where
1
Wy ~ 5 log(1 + €*) + O(9). (3.28)

The lower boundary may, when the problem is linearized by the step-height, be represented by

the curve

y=-—-m+ %H(SE),
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where the expression for the step-height is given in (3.7), valid as € — 0, and H(x) represents the
unit step function. This allows for a kinematic boundary condition to be explicitly represented
along the curve y = —m for the linearized problem. We note that this curve is a discontinuous
distribution, and that the derivative will be a Dirac delta function, however this does not lead

to any difficulties in the linearized problem.

Hence, we obtain the full linearized system

Gy + by =0, —T<y<0, (3.29)

6, = 50(x), y= -, (3.30)

by =&, +&5, y =0, (3.31)

e(by + b)) +E=0, y=0, (3.32)

The upstream and initial conditions become

Tr——00 = — 00
We define the Fourier transform such that
i e . 1o
f(k?) = / f(aj)e—lkﬁc dSL‘, f(a?) = 7/ f(k.)elk:c dk.
—00 21 J_

Taking the Fourier transform of the linearized equations (3.29)—(3.33) gives

Sy — k) =0, —m <y <0, (3.34)

¢y =5 y=-m, (3.35)

by = & + k€, y =0, (3.36)

e(py + ikd) + £ =0, y = 0. (3.37)

The initial conditions become

o(k,y,0) = ¢o(k,y),  &(k,0) =0, (3.38)

where ¢o(k,y) is given by the Fourier transform of the initial condition given in (3.28). The
upstream conditions given in (3.33) will be applied during the Fourier inversion process, and

will therefore remain unchanged.

Solving (3.34) in conjunction with the boundary condition (3.35) gives

¢ = % sinh(k(y + 7)) + B(k,t) cosh(k(y + m)).

Applying this expression to (3.36)—(3.37) gives the system

€, = —iké + kB sinh(rk) + g cosh(rk), (3.39)
£ . im sinh(7k)
B — _ikp — T sinhrk) 4
¢ e cosh(rk) ' 2 cosh(rk) (340)
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This expression may be treated as a system of ordinary differential equations, with initial con-

ditions obtained from (3.38) given by
. do(k,0) — 7 sinh (k) /2k
§(k,0) =0, (k. 0) cosh(rk)

(3.41)

Solving this system using variation of parameters gives é as

§=¢u + o,
where
- iem 1 1 sinh(7k) . .. [ksinh(7k)
= "9 kecoshrk — sinh 7k | 2 (1 * ek:cosh(wk)) P <lkt i ecosh(wk))
g (1 s Yoo (v - R
and

- ido(k,0) [eksinhrk ., | ksinh(7k) .. [ksinh(7k) ikt
- \/ TR gy | DT ikt (3,42
brc 2 coshk |OP lt e cosh(mk) oxp | it e cosh(mk) ¢ (342)
Taking the inverse Fourier transform of f g gives
- ie [ 1 sinh(mk) . .. | ksinh(7k)
= — 1 _— — _—
Su 8 /_OO ke cosh mk — sinh wk ( i ek cosh(wk)) P (1k(x b+t e cosh(rk) dk
ie [ 1 sinh(mk) . ., | ksinh(7k)
= 1—y|——~ klx —t) —ity | ———= | dk
+ 8 /_oO ke cosh mk — sinh 7k ( ek cosh(7rk:)> P (l (x=t)—i e cosh(mk)

ie [ 1 ik
—— " dk.
4 /,oo ke cosh 7k — sinh 7k
(3.43)

To invert é 1, we require the Fourier transform of ¢¢(k,0). In Appendix B, we find that

~ ™

Go(k,0) =~ 2k sinh (k)

Hence, applying taking the inverse Fourier transform of (3.42) gives

3 i /°° \/ € . " k sinh(rk) . " k sinh(rk) ke g
=- xp | ity | ———= | —exp | —ity| ———= .
1€ 78 J_ oV kcoshnksinh 7k P e cosh(mk) P e cosh(mk)

(3.44)

We now split the range of integration into two outer integrals and one inner integral. The range
of the inner integral is given by —/e < k < /e, where 0 < € < 8 < 1. The two outer integrals

have ranges given by —oo < k < —f/e and /e < k < oo respectively.

We now determine the behaviour of the outer integrals (3.43)—(3.44) using the method of steepest
descents, setting p = €k. For p > 0 in the outer integral range, we find that

1 2 e sinh(7k)
~ e —_—
kecoshmk —sinhwk  p—1 ’ cosh(mk) ’
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whereas when p < 0,

1 2 e sinh(7k)

kecoshmk —sinhwk  p+1 e cosh(mk)

Consequently, the Fourier inversion integral for £g (3.43) over the outer integral range becomes
Ey~hi+ L+ I3+ I+ 15 + I,

where the outer integrals (I - Is) are given by
i1 1 1
I =- — 1+ — ~ i it d
1 4/6 p— ( +\/ﬁ>exr>(e[lp01+1\/ﬁ]) p,

L= i/;o ﬁ <1 - ;ﬁ) exp (1 fipor — it\/ﬁ]) dp,
I = _i/: L oxp (1 lip(a +m)}) dp,

2 p—1 €
. _B .
i 1 i 1
Iy = - — 1+ — — i —t d
5t () o
. 73 .
1 1 1 1..
Is = [m P <1—> exp (6 [1p02+t\/ﬂ> dp,
-B

1 iz
i 1 1
Is = —% /_OO o exp (e [ip(z — iw)]) dp,

=~ |

with
o1 =x —t+im, oy = —t—Im.

The Fourier inversion integral for (3.44) over the outer integral range subsequently takes the

form

1o~ I+ I + I + I,

where

P
i [P 1.
Iy=—7 — exp ;[lpoz—t\/ﬁ} dp,

Noting that 0 < ¢ < 8 < 1, we may instead evaluate each of the integrals I; - I1y over the

ranges 0 < p < oo and —oo < p < 0 as appropriate.

We note, however, that determining the end-point contribution of these integrals near p = 0
requires considering the behaviour of the inner integral, and will therefore initially be obtained

by considering the appropriate original integral expressions in (3.43) and (3.44).
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3.3.2 Determining the integration contours

We first consider the integrals I - Is. In order to evaluate these integral, we must specify the
location of the branch cuts for the square roots in Iy, I, Iy and I5. Taking the branch cuts in
I, and I, in opposite directions ensures that the sum I; + I3 is purely real. Consequently, we
choose the branch cuts to be the negative imaginary p-axis and the positive imaginary p-axis
respectively. Similarly, we choose the negative imaginary p-axis to be the branch cut for Iy and
the positive imaginary p-axis to be the branch cut for I, in order to ensure that I, + I5 takes

purely real values.

The integral contours may subsequently be deformed according to the method of steepest de-
scents. Applying this method will produce contributions to the integrals from the end-points,
the saddle points and the poles. The contributions from the end-points will always be present

in the final integral expression.
The integrals I; and I3 contain a saddle point located at ps, given by

1 ¢2
Dy = ——5. (3.45)
4 O’%

The integrals I, and I5 also contain a saddle point, located at

1¢2

Ps = 710'75'

Finally, integrals I3 and Is do not contain any saddle points.

Integrals I; - I3 contain poles at p = 1, while integrals I, - I contain poles at p = —1.
Subsequent analysis will show that the integral contributions caused by the singularities in I3
or I will produce waves that propagate either forwards or backwards from the obstruction,
depending on which way the contours are indented around the singularities when z = 0. At
this point, we impose the upstream boundary conditions given in (3.33) and determine that the
poles will produce no contribution as z — —oo. Consequently, we indent the contours I3 and
Ig so that they pass below the pole when x = 0. This configuration will ensure that the waves
produced by these poles propagate in the positive z-direction, and therefore ensure that the

upstream behaviour is waveless, satisfying the far-field wave condition.

Examples of the resultant integration contours calculated for ¢ > 0 may be seen in Figure 3.4
and Figure 3.5. Figure 3.4 shows the change in the contours as the point x = 0 is crossed. The
only contribution change at this point comes in I3 and Ig, in which the poles do not contribute

to the integral expression for z < 0, but do contribute for = > 0.

Figure 3.5 illustrates the change in the behaviour of the integral contours as the point z =t is

crossed. At this point, the saddle points in I; and I, change quadrant in complex p-space, and
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x <0 z=0 x>0
Im(p) Im(p) Im(p)
I : F\\\ Re(p) (\\\\ Re(p) (\\\ Re(p)
Im(p) Im(p) Im(p)
[ ] [} [ ]
I : Re(p) Re(p) Re(p)
Im(p) Im(p) Im(p)
I3: Re(p) > Re(p) Re(p)
Im(p) Im(p) Im(p)
Iy: Re(p) Re(p) / 1 Re(p)
Im(p) Im(p) Im(p)
[ ] [ ] [
Is : Re(p) % Re(p) Re(p)
Im(p) Im(p) Im(p)
Ig : Re(p) — Re(p) Re(p)

Figure 3.4: Steepest-descent contours for integrals I; - Ig on either side of x = 0. Saddle points are indicated by
blue circles if the contour passes through the point, and red circles the contour does not. Poles at
p = £1 are indicated by blue crosses if the pole contributes to the integral, and red crosses if the pole
does not. Branch cuts are indicated by hatched lines. As z = 0 is crossed from negative to positive,
the poles in I3 and Ig begin to contribute to the resultant integral expression.
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Figure 3.5: Steepest-descent contours for integrals I1 - Ig on either side of x = ¢. Saddle points are indicated by
blue dots if the contour passes through the point, and red dots the contour does not. If the contour
is switching between the two states, the saddle point is both red and blue. Poles at p = £1 are
indicated by blue crosses if the pole contributes to the integral, and red crosses if the pole does not.
Branch cuts are indicated by hatched lines. As x = 0 is crossed from negative to positive, the poles
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in I3 and I begin to contribute to the solution.
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no longer contribute to the integral expression. However, the saddle points in I, and I5 also
change quadrant so that they do contribute to the integral expression. Consequently, when x =t
is crossed, the saddle contributions from I; and Iy are switched off, but the saddle contributions

from I and I5 are switched on.

Importantly, we also see at some point within the range 0 < x < ¢, the integration contours in I
and I, crossed the poles at p =1 and p = —1 respectively. Hence there is some value of x = x;
such that 0 < xs; < t where these poles switch from not contributing to the integral expression

to producing a contribution. In order to determine the value of x, for Iy, we set

9(p) = ipoa — t/p, (3.46)

and note that the pole for this integral is located at p = —1. The pole is crossed when two
conditions are satisfied; Im(g(ps)) = Im(g(pp)) and Re(g(ps)) < Re(g(pp)), where ps and p, are
the locations of the saddle and pole respectively in complex p-space, and p; is given in (3.45).

Equation (3.46) gives

it
g(ps) = 1;2~
Hence, on the free surface (i.e. x and ¢ real)
wt? t?(x—t
Re(g(p.)) = — n(g(p.) = 7o)

4(x — )2 + 2]’ 4[(x —t)2 + m2]

Knowing that the pole is located at p, = —1, (3.46) gives

Re(g(pp)) = -7, Im(g(py)) = —=.

The value of = at which the pole is crossed by the integral contour, denoted x, is therefore

found by solving

s —t)
Mo -2 1778 —Zs. (3.47)

This equation has three solutions. The first is given by

_ 12120 + (8 — T 4 6my/3(T6r + WP —E))2 2
6 (3 — 72w + 67/3(1671 + 44272 — {1))1/3 3

z

The two remaining solutions are given by

12 — 1272 4 (¢ — 72t7? + 67+/3(167% + 44¢272 — 14))%/3

T23 =

12 (t3 — 72tm2 + 6m+/3(167% + 448272 — ¢4))1/3
1\/§ 12 — 1272 — (t3 — 792 + 67‘(\/3(16774 Y Ad2g2 — t4)>2/3 . o
12 (t?’ — 72t7‘[‘2 —+ 67'('\/3(167(-4 + 44t2’ﬂ'2 — t4))1/3 3 .

An analysis of these solutions shows that as t — oo,
x1 ~t+ O(1/t),
xo ~t/24+ 1+ O(1/1),
x3 ~t/2—m+ O(1/t).
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This behaviour is illustrated in Figure 3.6 (a). However, we also note that the contour from the
saddle point will only cross the pole if the real part of g(p,) is less than the real part of g(ps).

The curve along which these real parts are equal is given by
=1+ 312 —4r2,
and that Stokes switching may therefore only occur when
(x—t)?— 12+ 7°>0. (3.48)

This curve is also illustrated in Figure 3.6 (a), with the region satisfying (3.48) shown as un-
shaded. From this figure, we see that switching will only occur on the smallest of the solutions
at any given point in time. Consequently, region in which the pole contribution is active may be
seen in Figure 3.6 (b). The region of the positive z-t quadrant in which the pole contributions
are active in Iy, Is, Iy and I5 are unshaded. Subsequent analysis will show that these contribu-
tions precisely cancel the pole contributions from I3 and I, meaning that the unshaded region,
denoted as R;, may be interpreted as the region in the positive z-t quadrant in which waves are

present on the free surface.

It is notable that these pole contributions are switched on by contours that pass through the
saddle points, which are in turn switched on by the end-point contributions. This form of Stokes

switching is described in [6] and discussed at length in [24, 56].

The integrals given in I7 - I;g follow identical contours to Is, I3, I5 and I respectively. Each of
these integrals will contain an end-point contribution and a saddle-point contribution that has
an identical Stokes structure to the corresponding previously-investigated integral. Importantly,
these integrals do not have poles at p = +1, and therefore will not generate any pole contributions

in the final asymptotic expression of the solution.

3.3.3 Evaluating the integral contributions

3.3.3.1 End-point contributions

In order to determine the end-point contributions, we would have to scale the integration variable
p by 1/e, which is effectively undoing the transformation used to obtain I; - I19. Hence, we
instead return to the original integral expression given in (3.43). We begin by expanding the
third integral in this expression as a series in € and switching the order of summation and

integration, giving

ie [ 1 " €Tk cosh” k),
—— WAk ~ e dk.
4 [m ke coshmk — sinh 7k Z / sinh"tlrk
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,/ Pole contribution present
/
Re(g(pp)) > Re(g(ps)) /)
S T=1t/2
/
Re(g(pp)) < Re(g(ps)) /)
//
+ x + T
0 50 0 50
(a) Switching curves (b) Pole contributions

Figure 3.6: The curves in (a) illustrate the points at which the real and imaginary parts of g(ps) and g(pp) in
I1, Iz, Is and Ig are equal. The blue curves indicate that the imaginary parts are equal, while the
red curves indicate that the real parts are equal. The shaded region contains all points such that
Re(pp) > Re(ps), hence indicating the region that the poles cannot be switched on by the saddle
points, even when they have equal imaginary part. Pole contributions in these integrals are therefore
switched on only as the far-left of the blue curves is crossed. The effect in the physical domain is
illustrated in (b). Pole contributions are absent in the unshaded region R;, but switched on as the
Stokes line, denoted by a blue curve, is crossed into the shaded region R2. Subsequent analysis will
show that surface waves are present in the solution at points on the free surface that lie within R;.

This expression is an algebraic series in €, which indicates that the exponentially small contri-
butions come from elsewhere in the integral. The late-order terms in this series may be found
by evaluating each integral in the series individually in the limit that n — oo. To perform this,
we consider the O(e"*1) term, expanding it to give
ientl [ kncosh™ ik 4, ientl o0 gn(em™ 4 e~k
- —-e""dk = - — T
4 J_ o sinh" ™ 7k 2 (e™k — e=mk)n+t
In the limit that n — oo, this may be divided into two integrals, giving

ien—i—l © n eTrk' +e—7rk' n - . .
B) / ( 7r<k ik nJ)rl / ket dk +
o (€TF e ) —00

eF dk.

—0o0

i6n+1 i€7L+1

eik:a: dk ~ —

00
/ k7zeik(ar+i7r) dk,
n
(3.49)

where n = O(1/n). Considering only the latter of these integrals, we rewrite this as

n+1 o] X X
/ e log k—ik(z+im) dk.
n

/OO kneik(m—i-i‘n') dk = ie
n 2

i€n+1
2

Defining g(k) = nlogk—ik(z+imr) and solving ¢’ (ks) = 0 shows that this integral passes through

a saddle-point at
in
ks = . 3.50
fox4in ( )

This is a moveable-maximum problem, and the saddle-point contribution may be approximated
by extending the range of integration and making the substitution
in

k= — +nl/2%s,
xr +1m
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giving the contribution as
i€n+1 /oo o™ log k—ik(z+im) dk ~ i6n+1 n ne—n /oo n1/2esz(x+iﬂ)2/2 ds
2 J, 2 —i(z +im) oo ’
et \2rnnte ™
2 [i(x 4 im)t
ientt T'(n+1)
2 [—i(z +im)|?’

~

where the final step identifies the expression as the first term in Stirling’s formula for the gamma
function. Similarly, considering the first integral in (3.49) gives a late-order contribution of

et /_17 enlog k—ik(z—im) dk ~ _i6n+1 F(TL + 1) )
2 o 2 [i(x — im)ntt

These two expressions are complex conjugates, and therefore their sum will be purely real.

Importantly, we note from (3.50) that the position of the saddle satisfies ks = O(n). Hence, we
expect to find that for terms satisfying n = O(1/¢) as € — 0, the form of this contribution may
be correctly obtained by considering the appropriate outer integral, I3, near p = 0, as the saddle

point moves into the outer region.

We therefore consider I3 near p = 0. Applying a Taylor expansion near p = 0, we find that

EE’gN %/0 (1+p+p2—|—...)exp<1 [ip(:C—i—iW)]) dp,

€
where EEJ- is the end-point contribution from I;. By swapping the order of the series and the

integral and evaluating term-by-term, we find that

- i €"T'(n)

o~y ; e (3.51)
Similarly, we find that

- i €"T(n)

$p6™ 5 > i (3.52)

n=

As we expect, the resultant series has the correct form for the late-order terms.

To obtain the behaviour of the remaining end-point contributions, we return to (3.43) and

consider the first integral. Expanding this as a series in € gives

ie [ 1 sinh(mk) . .. | ksinh(7k)
= 1 e SV _ b S
8 /00 ke cosh mk — sinh wk ( * ek cosh(wk)) P <1k(x b+t e cosh(k) dk

i = [ e T1E™ cosh™ Tk | k sinh(rk)
~— _ ik(x —t)+ity | ————= | dk
8 nz::o /_oo snh™ gk T (1 (=1 +i e cosh(mk)
i on [0 ent/2pn=1/2 cogh "2 k sinh(mk)
= ik(x —t)+ity | ———= | dk.
! 8 ngo /—oo sinh" /2 o | ihw =)+ e cosh(mk)
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We consider the O(e"*!) term, which takes the form

s n+1l [e’e] n( mk —nk h
ie / E™(e™ 4 e )" exp(k(x—t)+t k sinh(m k)) k.

4 J_o (e™h —e—mhk)ntl € cosh(rk)

When k > 1/n, this may be divided into two integrals, giving

: n+1l o0 1.n( Tk —7k
ie / kn(e™ 4 ek)n exp<k(xt)+t ke sinh(r k)) "

4 J_o (e™h —e=mh)n+l e cosh(mk)

i " . .. | ksinh(7k)
~—— logk +ik(z —t k+ity| ————= | dk
4 /_OO P (n ogh +ik(z —1) +mk +1 ecosh(wk))

oo . .. [ksinh(mk)
1 loghk +ik(z —t) — 7k + ity | ————= | dk
+ 4/77 exp (” ogk +ik(z —t) — mk +1i €COSh(7T]€)> ’

where, again, n = O(1/n). As in the previous integral, we observe that the saddle point
will satisfy & = O(n). Consequently, as n ~ O(1/e), these late-term contributions may be
obtained by using an end-point analysis on the outer integral. This will be true of the remaining
contributions in (3.43), as well as those of (3.44), and hence we may determine the late-term
behaviour of these contributions simply by investigating end-points of the appropriate integral

from 11 - IlO-

To determine the late-order end-point contributions for the &, we first consider I; and apply

the transformation eu = /p. This gives

Expanding the leading part of the integrand as Taylor series about u = 0 gives

I, = —g (14 eu+ u? +Su® +...) (1 +ieou? — §e2afu4 +. ) et du. (3.53)
0

Switching the order of the integral and the summation and integrating term-by-term (considering

the dominant contribution to come near u = 0) produces
n 7 . n
(2n — ) t ioye
52 S (o) | (%)
We see that this contribution is algebraic in e.
Finally, we apply the transformation eu = /p to the integral I7. This gives
i€

o0
I; = 5/ exp (ieolu2 + iut) du.
0

Again, expanding the leading part of the integrand near u = 0 gives

. o 1 _
I; = %/ (1 +iecyu? — Eezafu‘l +. > e du.
0
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Comparing this expression to (3.53), we see that it exactly cancels out several terms of that

expansion, leaving
L+1I; = —156 / (eu + e2u?® + Sud +...) (1 +ieoiu? — 562<7%u4 +. > e du, (3.54)
0
and hence that
. 00 n j
— — 1 T(2n —j) t\’ io1€
~—= - . 3.55
] ey ()| (-5 (3.55)

Similar algebraic series expressions in € may be found by examining I - Is and Ig - I1¢ and

combining the results appropriately.
3.3.3.2 Saddle point contributions

We now obtain the contribution to the integral expression for the free surface from the saddle
points. In this analysis, we note the position of the square-root branch cuts, and take care to

consider the appropriate branch in each case. Taking I, we define

The saddle point location may be found by solving g4 (ps) = 0, giving

1
ps_4af'

The leading term of the saddle contribution is given by

2me

_ —i it
o | Fy(pg)e? ®)/e — V1701 _ 3.56
6572 g’f(ps) 1(p )e 201 +t exp 4o1€ ’ ( )

where Es,j denotes the saddle-point contribution from I;. Using the same method, we find that

Es,l = _ES,% while the saddle points from I, and I5 give a contribution
- — Vimeoy it?
=— ~— . 3.57
fs,s 55,4 209 +1 €xXp doye ( )

We again note that the contributions from I; and Is are equal to the complex conjugate of
the contribution from I, and I, respectively. From Figure (3.5), we see that when the saddle
contributions from I; and I, switch off at x = ¢, the saddle contributions from I and I5 switch
on. Consequently, we find that the combined saddle contribution from the four integrals is equal

to ES,l + 5514 for x < t and the negative of this expression for = > ¢.

Applying a similar analysis to the saddle points in I7 - Iy gives

‘ e it2
=— ~ ———exp | —
5.8 ST 2./01 N 4o1€ )’

(3.58)
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and

Vime < it ) (3.59)

gs,w = *gs,g ~ % exp doge
Again, we note that the saddle contributions from Iy and Iy switch off at x = ¢, while the
saddle contributions from Ig and Iy switch on at this point. Therefore, the combined saddle
contribution, equal to 55’7 + ES,Q, is present over the solution domain. Combining the saddle
contributions from (3.56)—(3.59) gives the saddle-point contribution to the free surface, g, as

- V —ime t it? Vime t it?
~ S — S 3.60
&s 2./01 \ 201+t 5 €Xp 4o1€ + 2./09 \ 205 +t 5 €Xp 4o9€ )’ ( )

1 if x>t

Ss=<0 if z=t,

-1 if z<t.
It is important to note that this is only the leading-order contribution from the saddle points.
This fact will play an important role in the late-order terms analysis, as further Stokes switching
will be found by considering the late-order terms of the series contribution that is equivalent to

the saddle contributions.

3.3.3.3 Pole contributions

Finally, we determine the contribution from the poles in I - Is. Using Cauchy’s integral formula

(and noting that the integration contour is counter-clockwise with respect to the poles), we find

that
€p = —mellortt)/e Epy = _pe—iloatt)/e
EP,2 = 07 EP,S =0
Epg = 7rei(‘71+t)/6, EP6 — 7re_i(‘72+t)/€,

where EP’ ; refers to the pole contribution from I;. Figure 3.4 shows that EP’S and & p, contribute

to the integral expression for the free surface when z > 0, giving
Eps+Eps = 2me™ /€ cos(z/€).

From the expression given in (3.47) and the Stokes behaviour shown in Figure 3.6 (b), we see
that EPJ and EP, 4, contribute to the free surface expression when the z-t plane position is located

within R;. The contribution from these poles is given by

Ep1+Epy = —2me ™/ cos (f) ;
, , c

72



which exactly cancels the contribution given by ERg and & pe- Consequently, the complete pole
contribution to the free surface expression is given by

£p = 21Spe™ ™/ cos (%) , (3.61)

where

0 otherwise,

sz{l if (x,t) € Ry,

where the region R; is that shown in Figure 3.6. Consequently, exponentially small waves on the
free surface generated by the pole contributions are found within the unshaded region of Figure
3.6 (b). This corresponds to the waves being switched on at = 0, and switched whenever points
satisfying the equation in (3.47) are crossed (that is, when they are switched across Stokes lines).

The amplitude of these waves is consistent with the results obtained in [27, 63].

Combining the expression for the saddle point and pole contributions to the free surface, given
in (3.60) and (3.61) respectively gives the exponentially small component of the free-surface

behaviour as

0/ —ime t it?
gexp ~ - . Ssexp | —————
2V —t+im \2(x +im) —t de(x —t +1im)
o0Vime t it2
+ : . Ssexp | —————
2Vr —t —ir \2(x —im) —t de(x —t —im)

+270Spe™™/ € cos (E) , (3.62)

€

where the free-surface position is expressed in terms of the original coordinates, prior to lin-
earization. This expression is purely real, and contains the full algebraic series in €, as well
as the pole contributions and the leading-order contributions from the saddle points. The sur-
face exhibits exponentially small gravity waves that propagate downstream from = = 0 with a

wavefront positioned at x ~ t/2 — 7w as t — oo.

3.4 Late-order term analysis

As noted previously, many problems, including the original nonlinear problem of time-varying
flow over a step of arbitrary height, cannot be easily expressed in terms of an integral formulation.
In these cases, the method of steepest descents cannot be used to determine the free-surface
behaviour. The exponential asymptotic methods illustrated in Chapter 2, however, may still be

applied in order to investigate the exponentially small waves on the free surface of the flow.

The linearized Eulerian problem given in (3.29)—(3.33) has fixed boundaries on y = 0 and
y = —mw. However, the objective of this analysis is to develop a method that may be applied

to nonlinear flow problems, in addition to the linearized problem under consideration. To this
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end, we consider the linearized version of the Lagrangian formulation given in (3.15)—(3.26), and
establish that the results obtained by analysing the late-order terms of the asymptotic expansion
for small Froude number are equivalent to those obtained in Section 3.3. This method will

subsequently be applied to an example of non-linearized flow in Chapter 4.

3.4.1 Leading-order behaviour

The system of equations in (3.15), (3.17)—(3.18),(3.25)—(3.26) expresses the position of any fluid
particle at Lagrangian time 7, denoted by (x,y) in terms of the time, as well as a coordinate
pair indicating the position of the fluid particle at 7 = 0. This initial particle labelling, denoted
as (p,q) is found by determining the velocity potential and streamfunction associated with the
initial position in the auxiliary steady problem, as seen in Section 3.2. We begin by finding a
power series expression for x and y in the small parameter ¢, setting

T~ i ez, Y~ i My, (3.63)
n=0

n=0

Taking the real and imaginary parts of the leading-order behaviour given in (3.24) on the free

surface ¢ = 0 gives

2% = glog(1+e"*7) ~log(1+¢), 4@ =0. (3.64)

Applying the series expressions given in (3.63) to the governing equations (3.15, 3.26) gives

2 4y =0, (3.65)
x((ln) - yl(,") =0, (3.66)

for n > 0. When n = 0, we find that the inhomogeneous right-hand side and the left-hand
side containing the leading-order terms given in (3.64) are equal, and therefore the equation is

satisfied. Applying the series expressions to the free-surface condition (3.17) gives

2D 4y =0,  n>o0. (3.67)

The leading-order solution contains two singularities in the physical flow path. The first is
found at (p,q) = (—7, —m). This singular behaviour is caused by the presence of the step, and
corresponds directly to the singularity present in the steady problem [27]. Additionally, there
is singular behaviour present in z(®) at (p,q) = (0, —), which convects downstream with the
flow and is a consequence of the sudden disturbance that occurs in the system at 7 = 0. This

singularity is not present in the steady problem.

We now permit p to take complex values, with the intention of investigating the behaviour of

the leading-order solution on the analytically-continued free surface, defined on the region p € C
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Flow Path

—

(»,q) =Z—T, —) (p,q) = (0,—m)

Figure 3.7: Singularities in the leading-order flow behaviour in the physical flow region, shaded in blue. Circles
denote singularities contained within the leading-order flow behaviour.

and ¢ = 0. Near the singularity at p = —7 + im, the leading order behaviour given in (3.24)
takes the form

P ilog(p+7—im). (3.68)

A similar expression may be found near the singularity at p = —7 — im, where
P tlog(p+ 7 +inm).
Near the remaining singularities at p = +im, we find that

20 ~ —log (p — i) as p — im, (3.69)

20 ~ —log (p + i) as p— —im. (3.70)

While the local behaviour on the free surface for the two singularity pairs is of the same form,
we see that the ray structure leading to this behaviour is different in each case. The expression

for 2(9) in (3.24) is singular along curves that satisfy
p+ T —iq = ZLim, p+iq = £im, p —iq = xi.

Figure 3.8 (a) illustrates the rays passing through the singularities at p = —7 4 ir. In the full
leading-order flow behaviour (3.24), we see that these singularities are propagated along the rays
following p + 7 — ig = +im. Hence, there are two rays in the leading-order behaviour passing
through these points along which the behaviour is singular. We therefore expect there to be two
sets of associated late-order terms, each of a which contains a singulant associated with one of

the rays.

However, Figure 3.8 (b) shows the rays passing through the singularities at p = +ir. We see
that the leading-order singularities following the rays p + ig = +im and p — ig = +im both pass
through these two points on the free surface. Hence, there are four rays in total, two of which
intersect the free surface at each of p = +im. Hence, we expect four late-order terms associated

with these singularities, rather than two.
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Im(p) Im(p)
g= q=
p=—T+im p =im
p=-7
Re(p) Re(p)
Flow Path Flow Path
p=—7T—im p = —im
g=-m g=-7
(a) Singularities at p = —7 + im (b) Singularities at p = +ir

Figure 3.8: Curves (or rays) along which the leading order behaviour 2(0) s singular, given that p € C. The
curves in (a) are associated with the singularities at p = —7+im, while those in (b) are associated with
p = Z£in. The rays originating at the physical singularity, located at (p,q) = (0, —7 — 7) and (0, —m)
respectively, are represented by blue lines, while the rays originating at the reflected singularity,
located at (p,q) = (0,—7 + m) and (0, 7) respectively, are shown as red lines. The points at which
these lines intersect with the complex free surface (¢ = 0) are denoted by circles.

Noting the discussion on this topic in Chapter 2, we determine that this ray structure will be
maintained in the late orders of the problem through the behaviour of the singulants. This is
simple for the singularities on the complexified free surface found at p = —7 £ iw, as will find

that of the four possible late-order term singulants, only two may contribute to the problem

Near the singularities at p = im, however, we require the local late-order behaviour to be
composed of two distinct contributions with equal magnitude. Consequently, the prefactors
associated with each of these two late-order contributions must have equal magnitude near
the appropriate singularity on the complex free surface. The same observation can be made

regarding the late-order term behaviour near the singularity at p = —in.

3.4.2 Formulation of ansatz equations

In order to determine the form of the late-order terms, we follow the method described in
Chapter 1 and define a general ansatz for each of (™ and y™ as n — co. Equation (3.67)

(n=1) twice with respect to 7 and integrating

indicates that y(™ is obtained by differentiating z
the resultant expression with respect to p, hence increasing the order of any singularities by one.
The equations (3.65)—(3.66) imply that any singularities in (™ and y(™ will be of the same
order. Consequently, the order of the singularities increases by one in each subsequent term of

the series. It is therefore reasonable to define late-order ansatz forms as

o XLty - wy  YT(+)

Xty Xt (3.71)
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where X, Y, v and x vary in p, ¢ and 7, but not n. Each singularity on the analytically-
continued free surface is investigated individually, with the resultant expressions added together,
as described in [33]. Consequently, xy = 0 at the position of the singularity in question. Applying
these ansatz forms to the governing equations (3.65)—(3.66) and matching to leading order as
n — 00 gives

Xxp+Yxq =0, (3.72)

Xxq—Yx,=0. (3.73)
Applying the ansatz forms from (3.71) to the free-surface condition (3.67) gives to leading order
Xx2-Yx, =0, on ¢q=0. (3.74)

Matching (3.65)—(3.67) to the next order in n gives the result that + is constant. Finally,

continuing to match the governing equations (3.65)—(3.66) gives

X, +Y, =0, (3.75)

X, — Y, =0, (3.76)
while the next order of matching in (3.67) gives

—2X:Xr — XXrr =Y, =0 on ¢=0. (3.77)

The system given in (3.72)—(3.73) only produces constant solutions for y when X = =£iY.
Consequently, there are two possible late-order contributions from any singularity, subsequently

denoted as x; and Y2, and given by

X, =iy, Xy = —iYs, (3.78)
X1,p = iXqu X2,p = _iXQ,qv (379)
X%,T = 71X1,pa X%,‘r = iXQ,pﬂ on q= 07 (380)

with (3.75)—(3.77) also taking the appropriate form for each case.

Hence, (3.78)—(3.80) will be used to determine the form of the late-order terms of the power

series, and hence the exponentially small contributions to the free-surface behaviour.

3.4.3 Analysis of the stationary singularities

We first consider the effect of the stationary singularities on the complexified free surface. These
two singularities in question are located at p = —7 £ im. We restrict the problem entirely to the

free surface by setting the solution domain to be ¢ = 0.
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Using the condition that x = 0 at p = —7 +im, we apply Charpit’s method to the equations for
X1 and x2 given in (3.80). Letting x1, = Pi and x1,» = T4, the resultant Charpit equations for

X1 are given by

dp . dr Xm 2 dP; dT;
- _ — =9T. AL T = = —_— = .81
du du b du L du 0, du 0, (3.81)

where u is the ray parameter. The initial conditions are given by
p(0)=—s—ir, 71(0)=s,  x(0)=0, T?+iP, =0, P —T, =0, (3.82)

where the initial data is parametrized by s. The only nonzero solution to this system is given
by
x1 = —i(p+ 7 —ig+in), (3.83)

where (3.79) was applied in order to determine how y varies with ¢ on the free surface. While
it is strictly possible to set ¢ = 0, the variation of this expression in ¢ will be important in the

context of specifying the ray structure of the late-order terms.

Applying a similar Charpit analysis to the second system in (3.78)—(3.80) gives
X2 =1i(p+ 7 +ig +im). (3.84)

We see that if we set ¢ = 0, x1 = —x2. Consequently, the two singularities provide contributions
of equal magnitude at every point on the analytically-continued free surface. Hence, if we had
not determined which singulant behaviour was consistent with the leading-order behaviour given
in (3.24), as see in Figure 3.8, it would be impossible to determine which form of the singulant is
correct. However, in order to be consistent with the ray structure of the leading-order behaviour,

we determine that the correct singulant form is (3.83).

Applying the singulant expressions given in (3.83)—(3.84) to (3.75)—(3.77) gives
X1(p,q,7) = X1 (p+ 57— iq) - (3.85)

These equations imply that X; (and consequently Y7) are constant along a set of characteristic
curves. The Cauchy data for this problem will be specified by matching with the inner solution in
the neighbourhood of p4+7 = im. As each characteristic of the prefactors in (3.85) passes through
this curve, we conclude that the values for X; and Y; are constants. To determine the value of
these constants, we must obtain the behaviour of the late-order terms in the neighbourhood of

the singularity.

To determine the value of v, we ensure that the singularity strength in the late-order term
behaviour is consistent with the known series terms. The dynamic boundary condition as given

in (3.67) indicates that obtaining y(*) from (%) involves differentiating the expression twice
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with respect to 7 and subsequently integrating with respect to p. The combined effect of this is
to increase the order of the singularity, indicating that y(*) has a singularity of order one. To
ensure that the ansatz (3.71) is consistent with this behaviour as n — 1, given the form of x;

and xo from (3.83)—(3.84), we find that v = 0.
3.4.3.1 Inner problem

To determine the value of the ansatz prefactors, we define a system of inner coordinates near

p+ T = im, given by
eoy = —i(p+ 7 —ig + im), eos =i(p+ 7+ ig + im), A=,

where the free surface is found at oy = —o5. We have retained the variation in ¢, as the equations
involve derivatives in this variable. This gives

o 1i0 io 0 10 10 o i90 io 0

Op " cdor b0’ Dq  €bor €dos D1 cdoi cOoy | ON
The governing equations (3.15)—(3.26) become (keeping only the dominant terms as ¢ — 0)
—1ZTe, +1%oy — Yoy — Yoo = 0, (3.86)

—Zoy = Toy + 1Yo, — 1Yo, = 0. (3.87)
The boundary condition (3.17) becomes
—Zoy01 — Togoy T 2.%0-102 - iygl + iy02 =0, (388)

on o1 = —o2. The leading-order solutions (3.64) take the form

0)

2@ ~ Llog(oy) + 3 log (e),

y(o) =0.
Setting = = %log () + & and y = g gives
& ~ Llog(oy), (3.89)
7 =o0. (3.90)

Knowing the form of the late-order ansatz determined by the outer solutions, we prescribe the

series expression
j:‘@(O)—‘_iﬁ’ QZQ(O)—‘_i&’ (3.91)
n=1 O—{l n=1 O—il
where A,, and B,, are constant. The first governing equation (3.86) becomes (noting that the

leading order solutions #(©) and §(©) will satisfy the equation exactly, and may therefore be

discarded)

o= nd, >, nB, 0
P> = > o = 0
0711+1 0n+1

n=1

n=1 1
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This expression may be matched in the limit that o7 — 0 to give
iA, + B, = 0. (3.92)

Applying the series expressions given in (3.91) to the second of the governing equations (3.87)

gives the same relationship. The boundary condition (3.88) becomes

Znn+1)A, .~=nB, .
=D i) il =0, (3.93)
n=1 71 =171

on o1 + o = 0. Again, we match this behaviour as oy — 0 , giving
—(n-=1)A,-1 +iB, =0, n>1,
From (3.92), this becomes
A, =(n—-1)A,_1, n>1,
from which it is apparent that

By similarly considering the leading-order behaviour of (3.93) as |o1| — o0, using (3.89), we find
that A; = —1/2. Converting the resultant series expression to the original coordinate system

and matching with the outer problem shows that X; = —1/2 and hence that Y7 =1i/2.

Performing a similar analysis near the singularity at p = —7 — im and taking the sum of the

late-order terms gives

w(”) ~ _1 F(n) _ 1 F(n)
s 2fip+7—ig—im]" 2 [ilptr—igtin)]"’ (3.94)
ys ~ = () 1 L(n) (3.95)

2[ilp+71—ig—im)|* 2[-i(p+ T —ig+im)]"*’

(n)

where z¢"” and yg”)

refer to the late-order contributions from the stationary singularities. On
the free surface, given by ¢ = 0, the contribution from the singularity at p + 7 = ir is clearly
equal to the conjugate of the contribution from the singularity at p + 7 = —imr, indicating that

the sum of the terms will be real and positive on the free surface, as we would expect.
3.4.3.2 Stokes smoothing

Rather than consider both contributions in (3.94)-(3.95) separately, we will consider only one
set of late-order term behaviours, noting that considering the other set produces the appropriate
complex conjugate contribution. Specifically, we will consider the exponentially small behaviour

switched on by the late-order terms caused by the singularity at p = —7 + in.

Hence we consider the only the contribution from

6nx(n) ~ _1 F(n) 6ny(n) ~ _i F(?’l)
2 [=i(p+ 7 +im)]"’ 2 [—i(p + 7 + im)]"’
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and subsequently denote x = —i(p + 7 +1in), X = —1/2 and Y = —i/2. Truncating the series

expression given in (3.63) produces

N-1 N-1
T = Zenx(")—FR(N), y= Ze"y(")+S(N),
n=0 n=0

where R®Y) and S™V) denote the truncation error. If the series are truncated optimally, these
error terms will be exponentially small as ¢ — 0. Applying this truncated series expression to

the governing equations (3.15), (3.26) gives

RN + 5V =0, (3.96)
RN — SN) = 0. (3.97)

Applying the truncated series to the boundary equation (3.17) gives
eRUY) 4+ SIN) s Ny (M), (3.98)

The optimally-truncated switching behaviour will be exponentially small, and be a multiple of
the homogeneous solution to (3.96)—(3.98). Applying a WKB ansatz to the homogeneous form
of this system and comparing the result with the ansatz equations (3.78)—(3.80) shows that an

appropriate form for the switching behaviour is given by
RM) ~ AXe X< SN o AyeX/e (3.99)

where A is the Stokes switching parameter that varies rapidly and smoothly in the neighbourhood
of the Stokes line. The resultant expression for (3.98) (incorporating the ansatz expression for

yl(,n) as n — oo from (3.4.3.2) and noting that X =iY") takes the form

_eN XpYT(N +1)

—iY (€A, — 214, +i4,)e X/ ~ e

To leading order as € — 0, this becomes

NT(N+1)

X/€
eX/e,
YN

—2iA; +iA4, ~ —€

We may set u = x. Additionally, we define v such that 2v, — v, = 0. This gives the expression

'v+1
eu/eeN ( + )

A ~J
w ulN+1

(3.100)

Minimising this expression with respect to N in the limit that N is large gives the optimal

truncation as

oy a, (3.101)

€
where 0 < a < 1, and « is chosen such that N is an integer. As N only depends on |x|, we
again set u = re'?, noting that |y| = r, giving

0 ie” 19 9
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Upon applying this transformation, as well as applying the expression for the value of N given
in (3.101), and Stirling’s formula for the gamma function [3], the expression for A, given in

(3.100) becomes

Ay ~ irel exp

(re”)ewa V2 (rfe)r /ot 2o e
€

(Teie)r/e+o¢+1

This equation simplifies to become

9 .
Ag ~1i ﬂexp(zele—i—iﬁ(f+2a+l>+i9).
€ € € €

The right-hand side of this expression is not exponentially small for § = 0, which corresponds
to p+ 7 = 0 on the free surface. Consequently, the Stokes line originating at p = —7 + im passes

through the physical free surface at p = —7. Setting 0 = €l/20 gives
Ay ~ iV 27r1"e_ré2/2,

which becomes upon integration

0+/7/€
A~ivor / e /2dt + 0,

where C' is a constant to be determined using matched asymptotic expansions. Therefore, as
the Stokes line is crossed, A varies rapidly (in a region of width O(e/?)) from 0 to 27. From
(3.99), we now see that

[SMT = 2xiye X/,

Noting that Y = —i/2, the quantity that is switched on as the Stokes line is crossed is given by
[SI+ = mgeT/ccilp)/e, (3.103)

We recall that the late-order terms (3.94)—(3.95) also contain a contribution from the singularity
at p+7 = —im. A similar analysis shows that the resultant expression for the switching behaviour

is equal to the complex conjugate of the expression obtained in (3.103). Hence,
(N) 14+ —7/e p+T —7/e x
[Storll = 2me cos | —— ) ~ 2mde cos (—)
€ €

As there can be no upstream waves (p + 7 < 0), we therefore find that S(N) must be zero in
this region, indicating that C' = 0. Therefore, the form of the downstream waves (p + 7 > 0) is
given by

S ~ 2me™ ™/ cos (f) (3.104)

where S’gg))T switches on rapidly as the Stokes line at p + 7 = 0 is crossed from the upstream
to the downstream region. This gives the amplitude of the downstream waves in the original
coordinate system as

H ~ 2me™ /¢,
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This amplitude is consistent with previous work that has been performed on the case of lin-
earized steady-state flow over a step [27, 63], as well as the waves obtained by investigating
the problem using the method of steepest descents (3.61). Hence, the contribution to the free
surface behaviour from the singularities at p = —7 4 i is equivalent to the contribution to the

steepest descent expression from the poles in I3 and I§.

3.4.4 Analysis of the moving singularities

3.4.4.1 Late-order ansatz

We now consider the singularities in the complex free surface located at p = +7i. Again, we will
apply Charpit’s method to the equations for x; and x2 given in (3.80). However, if the Charpit
system is formulated in the same manner as (3.81)—(3.82), we find that the derivative terms, P;
and 77, are zero. This indicates that the Cauchy data is prescribed along a characteristic curve,
and hence the information never reaches any other part of the solution. Similar behaviour was

exhibited by the partial differential equation investigated within [24].

In a similar manner to this previous work, we prescribe a slightly different condition. Instead
of parametrizing the initial data as a curve in s, we instead prescribe that each characteristic
should pass through the point at which the initial disturbance occurs. In this case, the initial
disturbance to the complex free surface occurs at p = +im and 7 = 0. The variable 77 is instead
unspecified, hence producing a system parametrized in terms of the ray variable u as well as 77,
given by

dp . dr dxi 9 dpP;

e T i LR vl

where v is the ray parameter. The initial conditions are now given by

p(0) = —im, 7(0) =0, x(0) =0, T? +iP; = 0.

Solving this system of differential equations (and noting (3.79) in order to determine the variation

in q) gives
: 2
i T
= 3.105
=y p—ig+irm ( )
The corresponding Charpit system for xo gives
: 2
i T
=\ 3.106
X2 4dp+iq+irm ( )

For simplicity of notation, we shall define p —ig +ir = A; and p+ig+im = Aa. Applying these
singulant expressions to (3.75)—(3.77) gives

_ G1 (T/>\1)
= 7@ ,

_ Ga(7/X9)

X
1 \/E )

Xo
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where G and G are arbitrary functions of a single complex variable. From (3.78), this gives

_iGl (7’/)\1) Yg _ iGQ (T/)\g)

Vi VA2

Assuming that G;(v) ~ gjykj, where g; is some constant, as A; — 0 for j = 1,2, the late-order

Y, =

terms take the general form as A\; — 0 given by

k1 . n+vy1
A g (T) L(n + ) <41A1> .
1 w) o U)o

(n) ( T )’“ L(n+72) (4%)”*%
.T2 ~ gg _— _— .

Ao )\; /2 2
The contribution to the late-order terms from the singularity at p = —in is therefore given by
xgn) + xén). In order to determine the value of «, we consider the behaviour near the singularity

(as 0; — 0) and ensure that it is consistent when n — 0 with the leading-order expression. As
noted in the analysis of the stationary singularities, the behaviour of (%) near p = i contains
only logarithmic singularities at p = +im, and no singularities at 7 = 0. At the next order, z(1)
contains poles of order one at p = £im, and so on. To ensure that the ansatz behaviour as n — 0
near p = —ir is consistent with the early-order terms in the series, the powers of 7 and A\ must

be zero at n = 0. This gives
kjlzk‘g:—l, 71:722—1/2.

In order to simplify subsequent analysis, we define éj = (7/X;)G}, giving the ansatz expressions

as
(n) N élF(n - 1/2) (n) N égl“(n - 1/2)

R o) L I STy Py v L (3.107)

The form of G; may be obtained by matching the ansatz form to the behaviour of the system

near 7 =0, p = —im.
3.4.4.2 Inner problem

In order to consider the problem in the neighbourhood of the singularity at p = im, we define

the inner coordinates

T = €a, —4i\; = €0y, 4idg = €09,
with the free surface defined on o; = —o5. It follows that
—  _ (a — - [« ea’? ea?
Gi=Gi|— |, Go=Ga | — |, X1 = —)» X2 = —" (3~108)
01 () o1 02
and
9 __ 490 40 9 _ 40 49 0 _19
Op € 0oy € 0oy’ dq  €doy  €doy’ or  €da’
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The governing equations (3.15,3.26) now take the form

LT S S SIS S S 100)
¢ for T g tee T Yo T Ve T o 17T exp(—ieoy/4) 1 —exp(ieoz/4) ]|’ '
4 4 4i 4i i 1 1
— Loy — Loy T Yo — Yoo — 3 . - " . A1
¢ ror T (P T e + ¢V 3 [1 —exp(—ieoy/4) 1 —eXp(1602/4):| (3.110)

The free-surface condition (3.17) becomes
1 4i 4i
~Too + —Iy(71 - —Iy(72 =0 on o1+ 02 =0. (3.111)
€ € €

The leading-order behaviour on the free surface given in (3.64) becomes

0 _ _ _ o 1 _ leay
x log(l exp<4)>—|—2log 1—exp 4 Ltea
. 1 .
— log (1 — exp (—?)) + 3 log (1 — exp <—1202 + ea)) , (3.112)

y© =0, (3.113)
where we recall that o1 = —o9 on the free surface. As e — 0, (3.109)—(3.110) become
. . i i
217"01 - 211‘02 - 2:1/01 - 2y02 ~ ;1 - ;27 (3.114)
. . 1 1
—2T5; = 2Ty — 21Yo, + 21y, ~ T T (3.115)

while the boundary equation (3.111) becomes
Taa +41Ys, — 4iys, =0 on o1+ 02 =0. (3.116)
The leading-order behaviour (3.112)—(3.113) near the singularity is therefore
) ~ —1o _leay +llo —ieﬂ—ae =—lo leos —&—llo ieﬂ—ae
B\7a ) T2 T T )T ’
y(o) =0.
Setting x = %loge + I, y =g gives
0 ~ —1lo o +110 —ig—l—a =—1lo 172 +llo ia—z—a (3.117)
S\T1 ) T2\ S\ ) T2\ ’ '
Q(O) —0, (3.118)

while (3.114)—(3.116) remain unchanged. Knowing the inner limit of the late-order terms ansatz

given in (3.108), we set

& A(0)+Z a/Ul By(a/as) . A(o)+z n(a/o1) n(Oé/Uz).

(@jo)r  (@font YTV (@2/on)"  (a2]oy)"

In the equivalent expression for the stationary singularity, given in (3.91), there was only one

late-order contribution which was dominant in the neighbourhood of the singularity, whereas
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here, there are two terms in the series for # and g. This is due to the ray behaviour seen in

Figure 3.8, in which we see that there are two singular rays which intersect at each of p = +in.

Applying this series expression to the governing fluid equations (3.117)—(3.118) gives

Z{ 4 { a A’ r(afor) n nAn(a/al)} o { a Bj(a/or) n an(O[/O'Q):|

(@2/o1)™  o1(a?/or)" o5 (a%/og)m  oa(a?/oa)"

[aGiniod  rteion] [ o Diore  nbaleioa] |

ot (a®/o)"  o1(a/oy)" 03 (a?/o2)"  oa(a?/o9)"

Matching terms as «/o1 and «/o9 respectively become small gives (for n > 1)

0=—i LO;A;L (i) —nd, (:1)} - [:10; (i) —nC, (00‘1)] : (3.119)
0=i [:ZB; (;) —nB, <:2>} - [;’;D; (;) —nD, (;‘;)] . (3.120)

Applying the series expansion to the boundary equation (3.116) gives for n > 1
0= i An(a/or)  4AnAj(a/o1) | 2n(2n+1)Ax(a/oq)
N o?(a2/o)"  aoi(a?/oq)" a?(a?/op)n
Bl(afoz)  4nBj(a/os) | 2n(2n+1)Bu(a/o2)
o2(a?/o)"  aoa(a? /o)™ a?(a? /o))"

i [_a Culafo) | n@(a/al)} _41 [_a Dy (a/02) nDn<a/aa>] }

n=1

ot (@2/o1)"  oi(a?/or)" o3 (a?/o2)"  o1(a?/o2)"
(3.121)
It is impossible to distinguish between «/o; and «/oy on the free surface, as o7 = —o9, and
the magnitude of both will become small at the same rate. Hence, in order to obtain two
separate equations from (3.121), we cannot simply match as the two variables tend become
large independently. Instead, we recall the reasoning in Section 3.4.1, which claimed that both
contributions must have the same magnitude at all orders of n in order to be consistent with

the leading-order behaviour of the problem.
This condition can only be satisfied if (3.121) is split into

_—

n=1

Al(a/or) dnAl (afo1) 2n(2n+ 1)A,(a/o1)
o3(e?/o))"  aoy(a?/oy)" a?(a?/o1)"
n(

a Cl(afoy) ncn(a/al):| }’

r [ T+ Sy
Bl(a/o3) dnB! (afos) 2n(2n+1)B, (a/ag)l

(a?/o9)™  aoa(a?/og)” a?(a? /o))"

)
D, (0/o2) nDn<a/az>] }

- Sl

—4i
{ 03 (a*/o2)" " a1(a?/oa)"
which ensures that |A,| = |By| and |Cy,| = |D,| (and hence the weighting of the respective ray

contributions) is equal for all orders of n, and therefore consistent with the complex ray structure
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of the problem, and hence the leading-order behaviour z(?). Matching these expressions as |a /o1

and |a/o3| become small gives

_%zAg,l (:) -1 A, () +(2n—2)(2n — 1) A,

(%)

LY1 1 01 01/ ]
—4i {aC’; <O‘) —nC, (O‘) =0, (3.122)

01 01 01/ |

e

o2

4 [O‘D; (0‘) — D, ( a
02 02 02

We will first consider (3.120) and (3.123), setting 8 = a/o1. This gives the equations the series

> =0. (3.123)

coefficients as

0= [BAL(B) = nAn(B)] —1[BC}(B) — nCn(B)],
0= [B2A7_1(B) — 4(n — 1)BA}_1(B) + (2n — 2)(2n — 1) A1 (B)] + 4 [BC},(B) — nCr(B)] -

Solving this system gives

A== f {WHA::_l(ﬁ) —A(n - 1) A, (8)

+ (20— 2)(2n 1)6"1An_1(6)} B+ KB, (3.124)

where Kﬁln) is a constant determined by the initial conditions. Typically, this involves deter-
mining the small-time behaviour of the system, and matching the expression at each order of
n. In the interests of expediency, however, we omit this step and instead simply determine
the appropriate value of KXL) by comparing the expression with the corresponding contribution

from the steepest descent analysis in Section 3.3.

In this case, the equivalent expression in the steepest descents analysis is given by EEJ + EE,%

seen in (3.55). Specifically, this gives the late-order terms of the free-surface position, or y(™).

By comparing this expression with C,, (and hence A,,) at any order of n, we see that specifying

KIE\") is equivalent to specifying the coefficient of the series term associated with j = n at each
(n)

order of e. Consequently, we find that the values for K~ which give the correct late-order term

behaviour are given by

K=o,
(n) 1 F(n)
= — 1_
Kao=qcpym ">

In practice, if we had not performed the steepest-descents analysis previously, we would instead
require an expression for the small-time behaviour of the system near the singularity in order

to obtain these constants.
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Re(z)

Figure 3.9: Integral contour for (3.126) in the complex-z plane.

Consequently, the iterative integral expression (3.124) gives

(=i)T(2n —j) _;
__72411 arn—g+1)ﬁ' (3.125)

While this expression is sufficient to match with the inner limit of the outer solution given in
(3.107), it would be convenient to have a simple closed-form expression for B, as n — oco. In
order to obtain such an expression, we follow [24] and express the summation in (3.125) as a
closed line integral in the complex plane, given by

_ 1) 1 rn—z2 ., =
An =5 2mf{ r(n)r(n_z+1)(4lﬁ) s 4% (3.126)

where the contour C' is any closed curve that contains all integers z such that 2 < z < n.
Consequently, we define C such that it has one end-point fixed at z = 3/2, and the other fixed
at z =n+ 1/2, as seen in Figure 3.9. It may be shown that the integrand decays rapidly away
from these end-points. Hence, the asymptotic expression for the integral contains contributions

from the two end-points, as well as any saddle points relevant to the problem.

This contribution from the end-point at z = 3/2 may be written as

1T(n) 1 /3/2+°°i I(2n — z)
3

Igi~—2

sz T
2 4% o ()" o 4%

J2—00i L(n)T'(n—2z+1) sinmz

where I ; refers to the end-point contribution near z = 3/2 for j =1 and z =n+1/2 for j = 2.
The integrand of each gamma function is always large and positive in the region of interest.

Using Stirling’s formula to approximate the gamma functions for large n therefore gives

(4i8)* dz.

Ig1~—-
’ /2—coi VNI sinmz

1T(n) 1 /3/2+°°i 9—1-zyn
2 47 27 [,

By closing the integrand either to the right or the left and evaluating this as a summation of
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residues, we find

I'(n—1/2 o BT (n—1/2
<4ﬁ/ );(_M) _ (M/ )
_ifT(n—1/2) ipT(n—1/2)

—2y/w(1+ 2ipB) 27

where the sum was taken of all residues such that z > 0, and the value of the residue at z = 1

o0
Iy~ —

(3.127)

subtracted from the result. The contribution was expressed in this form so that the Stokes

switching could be calculated for each of the two terms individually.

Setting z = u + n, the contribution from the end-point at z = n + 1/2 may be written as

;o 1Tm) 1 /UM&M LG
o 1/2-00i D(n)T(1 —u) sin 7w

2 4n 27i
We may expand I'(n — u) and I'(n) using Stirling’s formula, but not I'(1 — u), as the integrand

(4ig) ™

is not necessarily large. This gives

1/2-0i T(1=u) \ n sin Ty
Closing the contour to the right gives a pole contribution of zero, as the poles usually found at
u € Z are removed by the zeros present in 1/I'(1 — u) for u € Z*. The same is true when the
integral is closed to the left, as the contribution from the poles found within 0 < z < n in (3.126)
precisely cancels the contribution from the poles found in the region z < 0. Consequently, there
is no contribution from the second end-point in the final integral expression at leading order for

large n.

Finally, setting z = nv and using a similar method to that found in [24], we see that the integral

(3.126) may be written as
/ F(v; B, n)e"f(”;ﬁ’") dw,
c
where

v Bon) (2—v)log(2 —v) — (1 —v)log(l —v) 4+ vlog(4ip) +imv Im(v) > 0,
vip,n) = . .

(2 —v)log(2 —v) — (1 —v)log(l — v) + vlog(4if) —imv Im(v) > 0.
This transformation sets the end-points of the integral at v = 0 and v = 1. Solving f’(vs) =0
shows that there is a saddle point present in the integral, located at

 2+4ig
T T v ag

Comparing the imaginary part of f(vs) with the imaginary parts of f(0) and f(1) shows that

the steepest descent path does not pass through the saddle point for any 7 > 0. Consequently,
the expression given in (3.127) is the asymptotic behaviour of B,, as n — co. Converting this
into the outer coordinates of the problem gives

N 1(n—1/2) 7 T

A, — .
4 ﬁ T4+ 2\ 8>\1ﬁ

(3.128)
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Matching this to the form of the late-order terms in the outer solution given in (3.108), we find

that
1 T T

- 4\/%7’4-2)\1 B 8A1ﬁ
A similar analysis performed on (3.119) and (3.122) gives

Gy

(3.129)

G, — 1 T _ T
2= 4\/ET+2>\2 8A2ﬁ

Hence, the ansatz expressions in (3.107) for the late order series terms have been completely

determined, and Stokes smoothing may be applied in order to determine the behaviour that is
switched as the Stokes lines are crossed.
Combining the resultant ansatz expressions gives late-order terms that may be expressed as

W GiT(n—1/2) Gyl(n—1/2)
T2 T2 g (—it2/4x)"

6":55") +€

(3.130)

We note, however, that on the free surface (¢ = 0), we have G; = G. Hence, we simplify this

to give B
n n 2GiT'(2n—1/2
2™ 4 i) ~ L%/) (3.131)
(it2/4X1)
Similarly, we find that
ont1, () ant1 ()  AGIT(2n+1/2)
€ +e ~ 3.132
Y1 2 (it2/4)\1>2n+1 ( )

We also note that the late-order terms in the neighbourhood of the singularity at p = ir will
produce a late-order contribution that is the complex conjugate of the late-order terms given in

(3.131)—(3.132), and hence that the combined expression is purely real.

3.4.4.3 Stokes smoothing

We will consider the Stokes contribution switched on by terms given in (3.131)—(3.132). Addi-
tionally, there will be a contribution switched on by corresponding terms associated with the
singularity at p = i on the complex free surface, providing a further contribution which is equal
to the complex conjugate of the contribution caused by the singularity at p = —iw. Hence the
overall contribution will be equal to twice the real part of the contribution under consideration

here.

Furthermore, we note that the expressions given for G found in (3.129) contain two distinct
terms. The Stokes switching behaviour associated with these two terms will be considered
individually, with the resultant expressions subsequently being combined in order to obtain a

single expression for the exponentially small behaviour caused by the singularities at p = —in.
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The late-order terms for the second contribution from the singularity at p = —im were shown to

take the form

62nx(r7.) ~ 62nx54n) + 62n$(Bn), 62n+1y(n) ~ €2n+1y1(4n) + €2n+1ygl)’
where
. 2n . 2n
OB 10(2n-1/2) 4N RO C1T(@2n—1/2) 7 [ 4id
A 2 N3 T4+ 2\ T2 ’ B 4 N3 A1 T2 ’
(3.133)
OB TR V) B G O et yo o _iTCn+1/2) 7 (i 2"“.
A T2 m T2\ T2 ’ B 4 T\ 72
(3.134)

To obtain the optimally-truncated series, we set
N-1 N-1
TA~ Z 62”33%) + RE4N), YA ~ Z 62"+1yf4n) + S;N).
n=0 n=0

Applying this series expression to the governing equations (3.15), (3.26) gives R(N) = —iS(N),

The equation on the free surface (3.17) becomes
N-1 N-1
ey Enalll R+ Y Sy ST, =0,
n=0 n=0

where the derivative is expressed in terms of A1 in order to simplify subsequent analysis. Elim-
inating terms gives

R+ 8¢ ~ Ny () (3.135)
Using similar reasoning to the analysis of the stationary singularity contributions, and recalling
that X7 = 1Y7, we set the remainders to be of the form

ir?

;2
N) _ . N ir
REL‘ ) — iA(Ag, T) exp (—4/\16> , Sf4 ) _ A(A1,T)exp (—4)\16> ,

giving the expression

i

oy, (AT Az 1A+ 2004y, — 2\ €4,) e X/e 2Ny (3.136)

Solving the homogeneous version of (3.136) gives
1 T
A=—B(—).
VA ( A1 )

1
A= \/TB(um), (3.137)

Noting this, we set

where

u=-— v=—. (3.138)
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Using the asymptotic expression for ygN) given in (3.134), the equation becomes

. . . 2N+1
ir? Be-ule 2N ir@eN+1/2) 7 (_41)\1>
4 )\?/2 2 Nis 220+ 7 T2 N
Changing coordinates and rearranging gives

T(2N +1/2)

2N
Bu ~ € g(v)m

eu/e, (3.139)

where
iV
R

g(v) (3.140)

Minimizing the absolute value of the right-hand side of (3.139) with respect to N in the limit
that N — oo gives N ~ |x|/2¢. Setting u = re'® and expressing the optimal truncation as
N =r/e+ «, where 0 < a < 1 to ensure that N is an integer, gives

0 r/et20 I'(r/e+2a+1/2 relf
serteraag(py L0/ 12 e (25),

By ~ ire Jr(rei®)r/er2a+1/z P

This reduces to

1 6
By ~ ig(v)V2rexp {i@—r—w <r+2oz—2> + } .
€ € €

This variation is exponentially small, except where § = 0, meaning that § = 0 corresponds to
Stokes lines in the problem. Furthermore, we see that # = 0 corresponds to 7 = 0 as well as

p = 0, indicating that the Stokes lines are given by these curves. We set # = €'/20, and obtain
. r? o
By ~ ig(v)V2reexp 750 . (3.141)

Integrating this gives

B ~ig(v)V2re (/0

e 0 /249 4 C) : (3.142)
—o0

where C' is a constant typically determined by matching. In this case, however, we note that if
this contribution is active at 7 = 0, it must be equal to zero at this point, as it is not present in
the initial condition. However, as previously noted, 7 = 0 corresponds to § = 0, and therefore
C is defined such that

5 -2 —_
B ~ig(v)V 2’)“6/ e /24d0.
0
Therefore, when the Stokes line is crossed, noting (3.140), we find that B switches such that

2y —ime _2)\1\/ —ime
24 o 2N + T '

[B]T ~ 2ig(v)V/me = —

Recalling (3.137), we therefore find that



Consequently, the quantity switched as the Stokes line is crossed is given by

[S(N)]Jr _ _2\/—i7T6)\1 . _ ir?
A =TT P U )

As in the previous contribution, the combined late-order term behaviour is equal to twice times
the real part of this expression (as there is a second contribution caused by the singularity at
p = im producing complex conjugate behaviour), or

[S(N) I+ ~ 2y/—ime exp (- ir? | 2y/ime)] exp ir2
A, TOTI= 20 + T 4)e 205 + 7 4 ve )’

where A7 is the complex conjugate of A;. Knowing that this must equal zero at the origin (where
7 =0), we find that the contribution is given by
V/—ITeN ir2 \/iTeNt ir2
—mlexp<—17 )— . 1exp<17*)7 0 >0,
S(N) N 21 + T 4\ € 27+ 7 4XTe

ATOT V—imeA; . ir? n \/1TEN] . ir? <0
—— €X — X
o+ P\ e) T o+ P g ) ’

(3.143)

where switching occurs smoothly and rapidly in the neighbourhood of § = 0. From the definition
of 0, we see that this corresponds to the curves 7 = 0 and p = 0. This agrees precisely with the
saddle-point contributions found in (3.58)—(3.59), which was determined for the case ¢ > 0, or
7 > 0 in Lagrangian coordinates.

Performing a similar analysis the late terms defined by a:g) and yg)

N 2v/—irme ir? 2v/ime ir?
[S( ) JT~ —exp| — exp .
BTOT= 7 2y/n dhe) 2/ 4\je

Again, observing that the value of S](3J,VT)OT must be zero on 7 = 0, we find that
V—ime < ir2 ) Vime ( ir?2 ) 90
——exp | — exp — ,
(N) 24/ 1 4)€ 2,/ A} 4X%e

S ~
BTOT \/ﬁe ir? ime o ir? 0 <0
— >4 — — X 3 .

o P\ T ne) oy TP e

gives

(3.144)

On the free surface, Ay = p 4+ ir and A} = p — ir. Hence, the sum of these two expressions,

denoted S%]\c]))T is given by

S(N) \ —ime T . ir2
~ <p | ——
TOT “ou/p+ir \2(p+im) +7 b 4(p+im)e

i 2\/\2/9ieiﬁ (2(10 —iTw) + T> P <4(pii2m)€> ’ (3.145)

for 8 > 0, and

S(N) Y —ime T o 7 ir?
ToT 2vp+ir \2(p+im)+ 71 P 4(p+im)e
— .2
__Vvime T exp | —r— ), (3.146)
2yp—imr \2(p—im)+ 71 4(p —im)e
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for 8 < 0. Given that 6 = arg(x), we see that when 7 >0, 8 > 0 for p > 0 and 6 < 0 for p < 0.
As x ~ p+ 7 in the linearized problem, this therefore gives the same result as the equivalent

terms in the steepest descents analysis, found in (3.60).

3.4.5 Complete Stokes structure

The prefactor for late-order terms related to the moving singularity, given in (3.129) was found
by taking the limit of a series expression (3.125) as n — oo, giving (3.128). However, this limit
was found by performing an asymptotic analysis on the integral (3.126). Consequently, we find
that the limiting expression given in (3.128), and hence the prefactor of the late-order terms,
is actually the first term of a second divergent asymptotic expansion. This second asymptotic

expansion will also display Stokes switching, as described in Chapter 1.

In a similar fashion to the analysis of exponentially subdominant Stokes switching found in [24],
we will determine the behaviour of the exponentially subdominant terms in this second expansion
by optimally-truncating this second asymptotic expansion, and determining the behaviour in the
neighbourhood of the Stokes lines. We define the second asymptotic series, with (3.143) giving

the form of the leading-order term in this series, given on ¢ = 0 by

oo . 9
N n n ir
Sz(ﬁl,%OT ~ Z A (o3, )2 exp (4602> ’ (3.147)
n=0

where o9 = p — irr (correspondingly, o1 = p + im), and

Vimo
AO) gy, 1) = “30s +27' (3.148)

We do not include the behaviour found in (3.144), however a separate analysis of this contribution
shows that it does not generate a series expression, and hence does not produce late-order terms.
For ease of notation, SXY%OT will subsequently be denoted S). Applying this expression to
the homogeneous form of (3.135), which is valid for the combined sum of the two contributions

on the free surface, gives

—ieS) + (M) = 0, (3.149)
giving
1
ALY A =40 4 =, (3.150)
g9 202 2

Using scaling arguments, the solution may be expressed in the form

1 T
e 1n(Z)
USH/Qf o2

The equation (3.150) then reduces to (setting n = 7/07)

nfa(n) +ify_1(n) =0, (3.151)
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while the expression for A() given in (3.148) in this coordinate system becomes

Vir

fo(n) = T

(3.152)

Following [24], we are interested only in the late-order expression for f,. Hence, we prescribe a
late-order ansatz as n — oo of the form

g~ E@L+9)
T V)t

Equation (3.151) now gives (to leading order as n — 00)

nFT(n+~) iVZFT(n+~+1) B
Vnty + Vnty+l =0

which simplifies in the limit that n — oo to give
V+iV} =0,

where V(—2) = 0 in order for the solution to be consistent with (3.152). Solving this equation

for V(n) gives
i

22
4(n+ )%

Vi(n)
which gives
1 [ir? 1 ir?
V = — | — i = — |1 —1 — — .
) P [402 +1(T+02)} o2 [l(erT ) < 4(p—i7f))]
This is clearly the difference between the singulants of the two late-order terms generated by
the stationary and moving singularities respectively, seen by comparing this expression to (3.94)

and (3.131) respectively. Taking (3.151) to the next order as n — oo now gives
vF +2iF,V, +iV,,F =0,

which gives
G=An+2)712
This implies that
A(n +2)7 "1 °T(n + )
[2(n+2)2]n*
and matching this expression with fo as n — 0 in the neighbourhood of n = —2 gives v = 1/2
and A = —i/2. Hence,

an

)

i +1/2)
2 [z +2)2r+1/2

o2

A —

Truncating the series for S(V) given in (3.147) produces

o))

N—1 . 9
S = 3 A (5, 7)1 2 exp <Z> +Q,

n=0
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which gives, when used in (3.149),
N-1
-

: n : n n 1 n n iT2
—ieQrr + Qo5 = Z enti/? |:1€A$_7_) - U—zA(T ) A AE,Q)] exp <4 ) . (3.153)

209 €02

n=0

Noting (3.150), this becomes

2
—MLT+Q@=e”“”@£¥4pr(” )

deoy

P2

4 eN-1/2 [ 4(N=2) LAS_N—l) _ LA(N—l) _ AgN—n exp 7
T o9 209 2 4deoq

) . (3.154)

In order to detect the Stokes switching behaviour, we set
Q= C(UQ,T)e_i(02+T)/€.

The homogeneous system —ieQ,, + Q,, = 0 is solved when C = C(202 + 7). We therefore set

. 2
M2<T+2) , 200+ T
4 02

c=cC = C(u,v).

Equation (3.154) now becomes

dw? <€N+1/2 {iquF(N +3/2) ] | voryo | WEAT(N +1/2)

02 uN13/2 uN+1/2
7\ uAT(N +1/2)  u,, AT(N +1/2) ir2 i(og +7)
T <02> uN+1/2 T uNT1/2 Tl )P g, T :

This reduces to

4iy? o N-1/2 AT'(N +1/2) {quEN
u

i2 T u/e
+1wu. + —ur t+u e
p2 Y ulN+1/2 T ge 71 )

2

C, ~ N-12 ATV £ 1/2) {dV] sule.

uN+1/2 U

It is simple to show that optimal truncation occurs when N ~ |u|/e. Setting the usual transfor-

mation u = rel? and truncating at N = r/e + a gives

o 19 AT(r/e+a+1/2) rel?
~ i0 _r/eta—1/2
Co ~ iree (reif)r/c+a+3/2 (r) exp R

~ ir2eifr/era—1/2 o rel?\ Ay/2n(r/e)/Hee /e
P\ (reif)r/e+a+3/2

—i,/mAexpGe19<r+a+3>+r(ei9r)).
€ € 2 € €

Setting 6 = €'/20 and noting that A = —i/2 gives

-2
Cy ~ Vomrre "0

Integrating this expression shows that the variation as the Stokes line is crossed is given by
[C]T = 2, giving
QU ~ mei(oat)/e
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Recalling again that the complex conjugate expression is also switched as this Stokes line is

crossed, the complete switching behaviour is given by

[Qror]t ~ 2me™ ™/ cos (p:T) ~ 276~ /€ cos (%)

We observe that this will switch the quantity that was switched on by the stationary Stokes
lines, given in (3.104). By comparing the behaviour of the singulants from the stationary and
moving singularities, we see that switching occurs along curves that satisfy

;2

Re [Z‘J <Refi(oz+7)), Im {

ir? .
LMJ = Iml[i(og + 7)]-

The latter of these conditions is equivalent to (3.47) when expressed in terms of Eulerian co-
ordinates, and hence that the waves present on the free surface of the flow are restricted to
the region denoted R; in Figure 3.6 (b). Furthermore, we move from ¢ > 0 to § < 0 as the
relevant Stokes line is crossed, which means that this Stokes contribution precisely cancels the

downstream stationary wavetrain.

Hence, the combined exponentially small behaviour on the free surface may be written as

O/ —ime T ir2
fexp ~ = - Sgexp | —————
2vp+ir \2(p+im)+ 7 de(p + im)
6V/ime T ir?
+ . . Ssexp | —————
2yp—imr \2(p—im)+ 7 de(p —im)
+ 2708Spe” /€ cos (p + T) ,

€

where Sg and Sp are defined as in Section 3.3, with the added condition that instead of switching
instantaneously, the switching is smooth and restricted to the neighbourhood of the Stokes lines
in a region of width O(e'/?). Noting that z ~ p + 7 in the linearized problem, we see that this
gives the same exponentially small behaviour as that obtained using steepest descents, given in

(3.62).

3.5 Discussion and Conclusions

In this chapter, we have calculated the behaviour of waves on the free surface of flow over a small
step. This was performed by linearizing the problem in the step height, and then considering
the problem using two methods. The first of these methods was to apply Fourier transforms to
the Eulerian system, made possible by the fact that linearization causes the free boundary to
be fixed at y = 0. The second was to determine the late-order terms of the series solution to
the Lagrangian system, and apply optimal truncation to look directly at the terms that were

switched on across Stokes lines in the problem.
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Both methods showed that free-surface waves are switched on across an ordinary Stokes line at
x = 0 on the physical free surface (corresponding to p = —7 in the Lagrangian coordinates).
These waves are subsequently switched downstream along Stokes lines that follow curves given
by the smallest real solution to (3.47). This results in a compact region of the flow containing
gravity waves between x = 0 and x ~ ¢/2 for large t. The resultant surface waves are consistent
with those obtained by Chapman & Vanden-Broeck [27] in the steady case, with the time-varying

behaviour tending to the steady behaviour as t — oo.

This problem allows for a number of generalisations. Care must be taken, however, as this
often has the effect of changing the mapping between the physical coordinates and the complex
potential in the auxiliary problem. The right-hand side of the first governing equation, (3.15)
will therefore take a different form, although depending on the choice of initial condition, this

may not be difficult to determine.

We may consider a more general small submerged obstacle without substantially changing the

governing equations. For example, in the case of an inclined step, we find that

dwg (e ™™ +1+49§ 01/2m
dz e~wo 41 ’
where 607 is the inclination of the slope. The leading-order free-surface behaviour in Lagrangian

coordinates becomes
(0) Or +7 Or (0)
V= ——log(1+el) — —=log(1+eP), y*V =0.
2 s

Investigating the late-order terms of this series, we find that the waves on the free surface have
amplitude

H ~ 40;6e7/¢.

In this problem, the expression for the singulants do not change, so the region of the free surface
containing waves is the same as the example studied in this investigation. We may also consider
combinations of inclined steps and bumps, in a similar fashion to [75], and it would be of some
interest to determine the presence of trapped wave solutions due to the interaction between waves
from the contributing singularities. More general base topographies could be considered, such
as smoothly varying boundaries; however, care must be taken to ensure that these topographies

still permit the problem to be linearized about the undisturbed channel solution.

Another natural extension is that of more general initial conditions. In this case, the dynamic
boundary condition given in (3.10) also changes, as many of the terms present in (3.10) will
not necessarily equal zero, as they do in the previous analysis. Nonetheless, if we consider

only problems where the leading-order solution is given by the steady-state solution, which is
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required in order for the linearization to be valid, we obtain the linearized condition given in

(3.17). Consequently, a full late-order term analysis could be applied to the resultant system.

However, the analysis performed in Section 3.3 indicates that the behaviour of the surface waves
themselves is unaffected by the initial condition. This analysis is valid for any initial condition
that may be written in the linearized form given in (3.27). The initial condition has no effect on
the pole contributions, which are responsible for the behaviour of the waves on the free surface.

From this, we conclude that the surface wave behaviour is generic for linearized problems.

Finally, in Section 3.2.2, the fully nonlinear problem of flow over a step was formulated as a
fixed-boundary problem in Lagrangian coordinates. The application of late-order term analysis
to this nonlinear problem is considered in Chapter 4, as well as the limitations of the method

in this case.
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Chapter 4

Nonlinear Two-Dimensional
Unsteady Flow

4.1 Introduction and Background

In Chapter 3, we considered the problem of determining the behaviour of unsteady surface
waves on free-surface flow over a submerged step. We specified that the non-dimensionalized
step-height was small compared to the Froude number, and therefore that the problem could
be linearized in this small height. In this chapter, we will consider flow over a submerged step
when the step-height may no longer be considered small, and therefore the problem cannot be

linearized in this fashion.

In Chapter 1, we described a number of numerical studies into fully-nonlinear free-surface flows
over an obstacle which considered the small Froude number behaviour. In a number of these
studies [32, 94, 122] it was noted that small-disturbance size and small Froude number limits
do not commute, which is to be expected given that the former is a regular perturbation to the
undisturbed problem, while the latter is a singular perturbation. This is known as the small
Froude number nonuniformity. As a consequence of this nonuniformity, we cannot simply extend

the results obtained in Chapter 3 to the equivalent full nonlinear problem.

Indeed, in their study on steady gravity waves, Chapman and Vanden-Broeck [27] compared the
results of the exponential asymptotic analysis for the full nonlinear problem to those of King
and Bloor [63] for linearized flow over a step, finding that the results were not consistent. To
completely describe the behaviour of steady gravity waves flowing over a step, they therefore
solved the linearized problem separately, and then found the distinguished limit that connects the
two cases smoothly when the small parameters balance appropriately (in this case, § = O(F?),
where 0 is defined as in Chapter 3). While we will not be considering the distinguished limit

problem here, this difference does emphasize the importance of considering both the linearized
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problem and the fully nonlinear problem.

Each of the previous studies into exponentially small gravity waves on free-surface flows using
exponential asymptotic methods [27, 75, 102] applied conformal mapping techniques in order to
map the flow region to a half-plane, with the position of the free-surface fixed. This allowed the

subsequent exponential asymptotic analysis to be performed on a specified domain.

In Section 3.2.2, we discussed the reasons that conformal mapping techniques cannot be directly
applied to unsteady problems, due to the difference between pathlines and streamlines in un-
steady flow. To address this, we developed a Lagrangian formulation of flow over a step which
fixed the position of both the free-surface and the rigid base in the mapped plane. This is not
strictly necessary for the linearized problem, as the boundary of the physical flow region is fixed

anyway, but will be of use in the nonlinear problem.

In this chapter, we express the problem of nonlinear flow over a step of arbitrary height using
the Lagrangian coordinate system developed in Section 3.2.2. We expand the flow behaviour as
a power series in € = 7F?2, and find an equation for the leading-order behaviour which is solved
explicitly for one particular value of the step-height parameter. We determine the behaviour of
the relevant singularities in the problem, one set of which is associated with the top of the step
while the other is associated with the initial disturbance. This allows us to define an ansatz
for the late-order terms in the asymptotic series associated with each of these singularities, and

hence determine the behaviour of the singulants in this problem.

We solve the singulant equation numerically to determine the position of Stokes lines on the
free surface, and use this information to determine the region of the free surface on which
exponentially small gravity waves are present. Finally, we optimally truncate the asymptotic

series and determine the surface behaviour that is switched on as the Stokes line is crossed.

4.2 Formulation
4.2.1 Governing equations

The governing equations for fully nonlinear flow over a step of arbitrary height were given in
Chapter 3; however, we will restate them here for convenience. We consider potential flow over
a step of arbitrary height, with distances normalized by the upstream depth L/m, and velocities

by the upstream velocity U. The system is illustrated in Figure 4.1.

The steady leading-order behaviour was obtained in an identical fashion to the completely steady
problem considered in [27], and a similar fashion to that used in Chapter 2 in the analysis of
flow due to a source. This involved determining the steady leading-order behaviour in terms of

the complex potential w, and subsequently mapping the problem into the upper-half  plane,
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Figure 4.1: Prescribed fluid configuration for flow over a step. The lower boundary is rigid, while the upper
boundary is free, and governed by Bernoulli’s equation. The nondimensionalized step height may no
longer be considered a small parameter in the problem.
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Figure 4.2: Flow region mapped into: (a) the complex potential plane; and (b) the ¢-plane.

. In this auxiliary mapped plane, the position of the base of the

using the mapping ( = e~
step is found at ¢ = —1, while the top of the step is located at { = —(1 + ¢), where 6 > 0. By
mapping these points back into the complex potential plane, we see that the top of the step is
therefore located at w = —log(—(1 + §)). This is introduced into the problem explicitly by the

initial condition (3.6). These mappings are illustrated in Figure 4.2.

In the current analysis of time-varying problems, we again note that we are not treating the full
time-varying problem, but rather a steady problem associated with the initial flow configuration,

allowing us to obtain a useful particle-labelling scheme.

For the linearized problem, d, and hence the height of the step, was subsequently taken to be a
small parameter. Here, we no longer consider the the step height to be small. Consequently, we

define the position of the top of the step simply as w = —log(—b), where b > 1.

We define the small parameter € in the same fashion as in previous chapters, so that e = 7F?2.
The governing equations (3.13)—(3.14) become

(b + ePtia)(b + er—ia) 1/2
(1 + ertia)(1 + er—iq)
Trqlp = TrpTq + Yrqlp — Yrplq = 0. (4.2)

LpYq — Lq¥p =
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We find that the Bernoulli condition on the free boundary, given in (3.11) becomes
€(TrrTp +Yrryp) +yp =0 on ¢g=0, (4.3)
and the appropriate kinematic boundary condition on the base, given by (3.12), becomes
TpYr — TrYp = 0, on ¢=-—m. (4.4)
The upstream flow is uniform, giving

lim z=p+r, n y=gq.
oo

lix
p——00 p——

The flow state is initially given by the leading-order steady-state solution to the problem in the

limit that ¢ — 0. This is represented as

z(p,q,0) = zo(p,q),  ¥(P,4,0) = yo(p, q)- (4.5)

where zy and yq describe the appropriate leading-order steady state behaviour in the limit that
€ — 0. In the case of flow over a step, we will find that this has a flat upper boundary, giving
yo(p,0) = 0. This leading-order expression may be obtained in terms of the complex potential
of the steady leading-order behaviour, denoted as wg = ¢g + itby, by solving

dwy (e ™0 + b\ "
= \ews1) o (46)

which was given in (3.20). In the previous chapter we specified that 0 < § < € < 1, and hence
equations (4.1)—(4.6) were linearized in small § prior to the late-order terms analysis. Here, we
instead allow b to take arbitrary value, with € being the only small parameter present in the

problem. Finally, we impose that the flow must be flat in the far field, with no waves present.

4.2.2 Series expansion
We expand the dependent variables as asymptotic power series in €, giving
o0 o0
x ~ Z "z Y~ Z ety as € — 0, (4.7)
n=0 n=0

where we note that z = x + iy, and hence define z(™ as z(™ + iy(™. Applying these series
expressions to the governing equations (4.1)—(4.2) and matching orders of € in the asymptotic

limit gives a system of recurrence relations, taking the general form

3 [0 — 2yl =, (4.8)
j=0
[x,g@xgn*j) — 2z n=9) )y =) _ yér;)yzgnfj)] —0, (4.9)

Jj=0
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for n > 0. The boundary conditions in (4.3)—(4.4) become

[ 0]y 0, g =, (4.10)
§=0
ey o) =0, =@
§=0

for n > 0. Finally, the inhomogeneous leading-order behaviour satisfies the equations

i —ig\y11/2
x(o)y(o) _ x(o)y(o) _ (b + ep+ q)(b -+ eP q)
p Jq q Jp (14 ertia)(1 + er—ia) ’

ral? o D0l + 5Dy YDy = 0.

We recall that the initial condition is chosen to be the leading-order steady-state behaviour, and
consequently that the leading-order expression is steady. Hence, we may obtain z(©) and y(©
using complex variable methods. Setting 20 = z(© + iy we rewrite (4.6) in terms of this

leading-order behaviour and rearrange the equation to give

dz© e~wo 1\ /2
dwg - (e‘wO—i—b) ’

Solving this equation exactly gives
20 = wo —log Ay + b % log Ay + C1, (4.12)
where

Ap=(1+b)e +1+e"(1+e ") /2(b+e ) /2
Ag=2e" + (1+b)+ 2ewobl/2(1 + e*wo)l/z(b—i—e*wo)l/?,

Cy =2log2 —b~/?log (1 + b+ 2b'/2),

where C; is chosen in order to ensure that the upstream boundary condition is satisfied, giving
uniform flow in the upstream far field. This gives z(°) in terms of the steady state velocity

potential and streamfunction. It remains to express these in terms of the Lagrangian variables.

Since the leading-order behaviour is steady, fluid particles will always remain on the same
streamline, giving 1y = ¢. In order to determine an expression for ¢g, we apply the equation
given in (3.22), which gives

dwg b + exp~ (o tia) Y2y exp~(¢0—i0) i
This is difficult to solve over the entire flow region, but on the free surface following the curve

q = 0, it reduces to
dgo [b+ exp %o B
ar m ) ¢|r:0 =D,
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Inverting this equation produces

dr 14 exp~ % | 0
—_— = —_— T|lp=p = V.
deo b+ exp % )’ o=p

Solving this differential equation gives

_¢0—p+b—110 b+e7?
T b B\bred )

Rearranging this gives

¢po=br+p—(b—1)log(k), (4.13)
where k is a nonzero solution to
14 bef(1 — k) — xPe " = 0. (4.14)

Unfortunately, we cannot solve this polynomial in general, although exact solutions may be

found for certain values of b. For example, setting b = 2 allows (4.13) to be evaluated, giving

b = —log (71 1+ 20277 ef%f?p) . (4.15)

Exact solutions for ¢y may also be found for a range of other values for b, and are included in
Appendix C. For simplicity, we will consider only the case b = 2, corresponding to a step of

leading-order height 7/2, or half the undisturbed flow depth.

From (4.12), we find
2 = ¢ — % (1og Ay +1log A7 +27%log Ay +27 '/ log A;) + Gy, (4.16)
y© — g+ % (log A1 —log AF +27Y210g Ay — 272 10g A;) : (4.17)
where

At = 3efo—ia 41 4 e¢>o—iq(1 + e—(¢o—iq))1/2(2 + e—(<¢>o—iq))1/27
A} = 9ePo—ia L 3 4 26¢>07iq21/2(1 + e*((bofiq))l/?(g + e*((bofiq))l/?’
where ¢g is given in (4.15). Finally, we note that A; = A} on the free surface (¢ = 0) for

j =1,2. Hence, 49 = 0 for ¢ = 0, and the free surface is flat to leading order, as we would

expect.

4.2.3 Singularity locations

We recall that the divergence of the asymptotic series in € is caused by singularities on the
analytically-continued free surface. These singularities are present even in early terms of the

series. We therefore allow the variable p to take complex values, as in Chapter 3.
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The leading-order behaviour on the free-surface, obtained by taking ¢ = 0 in (4.16)—(4.17),

contains singularities at p = ps, where
ps = —log (2) +im. (4.18)

In the neighbourhood of this singularity, we find that

2 ~ —% log (p — ps), (4.19)
¢ ~ —log (p — ps)- (4.20)

We also note that the expression for ¢g given in (4.15) contains a square-root term, and hence
a branch point singularity where the radicand is equal to zero, and hence the surface behaviour
is non-analytic. Hence, we determine that there will be singularities in the late-order behaviour
at

ps(7) = =27 + log(—1 £ /1 — exp 27), (4.21)

where Re(ps(7)) = —7. In (4.21), choosing the positive sign indicates the singularity above the
real axis, while choosing the negative sign gives the position of the singularity below. Choosing

the positive sign, we find that

27 _ e27’ 1/2
7~ X~ (23 - 3) (2(1@7”1)2 ’) (0P, (422)

2(1 —e?™ — 1 —e?7) 2 12
(m_ 1)2 (p _ps) )

where Xy and ®( are constants independent of p and 7, and choosing the negative sign would

¢o ~ Po + < (4.23)

give equivalent complex conjugate values. We see that the first singularity pair, given in (4.18),
is constant in 7. This indicates that it is always associated with the same fluid particle, and
therefore convected with the flow. The second singularity pair, given in (4.21), has a real part
given by Re(ps) = —7. We therefore expect this singularity to behave in a similar fashion to the
stationary singularity seen in the linearized problem, remaining above the step. The behaviour

of the four singularities is shown in Figure 4.3.

Using the method of Olde Daalhuis et al. [87], knowledge of the leading-order behaviour of the
problem and the behaviour of the solution in the neighbourhood of the singularities is sufficient

to determine the exponentially small behaviour in question.

4.3 Late-order term analysis

The next stage in the problem is to use the system of recurrence relations given in (4.8)—(4.10)

to determine the form of the late-order terms of the series given in (4.7). To accomplish this, we
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Figure 4.3: Position of early-order singularities on the analytically-continued free surface. The positions of the
singularities at 7 = 0 are shown as circles. The first singularity pair is stationary, while the second
moves as T is varied, following the path indicated by the arrows.

again follow Chapman et al. [22] and define an ansatz for the late-order terms, taking the form

L) XT'(n+7) Y YI(n+7)

. o as n — 00. (4.24)

Applying this expression to the recurrence relationships given in (4.8)—(4.9) and taking the

leading-order behaviour in the limit that n — oo gives

_XXpy((ZO) — quxz(’)O) + quy;z(;O) + YprSIO) — 0’ (425)
~ X xpr ) + Xxe ool = Y xexpu” + Y xrxay” = 0. (4.26)

This system only has nonzero solutions when

X = +iY, (4.27)

(0)

O — xpul® = i(xpal” — xgzl?), (4.28)

qup

where the upper and lower sign choices correspond, which shall function as the convention for
the remainder of this chapter unless otherwise noted. The Bernoulli condition as expressed in
(4.10) gives

Xxgxl(jo) — Yxiyl()o) —Yx,=0 on ¢q=0.

Noting that yz(,o) is zero on the free boundary, this reduces to
—xp £izVyZ =0. (4.29)
Continuing to the next order in n as n — oo, (4.10) gives on ¢ =0
Qx;O)XTXT +iX, + [x;O)XTT + 2@, + xf(mz(,l) + iyzf,l))]X =0. (4.30)
The characteristics of this equation are given by

dX _ (0)

d d
T =9y,2®, L= 2%+ 2Dx, + X2 (@) £ iy,

du = TP qu T du
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where u is the characteristic parameter. Cauchy data will be obtained by matching the solution
in the inner limit of the singularities in the analytically-continued free surface. The position
of these singularities are given for the stationary and moving singularities in (4.21) and (4.18)

respectively. The paths of the prefactor characteristics are therefore given by

dr .
@ = :FQIII(;O) X7

4.3.1 Local singulant behaviour

4.3.1.1 Stationary singularity

We may determine the behaviour of the singulant terms in the neighbourhood of the relevant
singularities. We first consider the stationary singularity, the location of which is given in (4.21).

The local behaviour for 2(®) and ¢ was given in (4.22)(4.23), and will be denoted here as

2O ~ Xo+ Xa(7)(p — ps(7)) /2, (4.31)

¢ ~ o + @1(7)(p — ps(1))"/?, (4.32)

where the full form of the prefactor terms X; and ®; are those given in (4.22)—(4.23). We set

the form of x as
X ~ A(T)(p — ps(7))". (4.33)

Applying these expressions to the boundary condition on ¢ = 0 given in (4.29) produces

aA(T)(p —ps(7))* " £ %Xl(T)(p — po(7) V2 [—apl (M) AT (0 — ps (1)) + ... =0,

where the omitted terms are small as p — ps(7). These terms only balance when o = 3/2,

which gives
4i
3X1(r) (P4 (7))*

Therefore, on the free surface (¢ = 0) in the neighbourhood of the singularity at p = ps(7), the

A(r) ==+

singulant behaviour is given by
41( p—ps(1))*?

A eI AR (4.34)

4.3.1.2 Moving singularity

We now determine the behaviour of the singulant terms in the neighbourhood of the moving
singularities, located at p; = —log(2) £ iw. In this case, the local behaviour of 2 and ¢ is
given in (4.19) and (4.20) respectively. In this case, however, setting the local behaviour of x to

take the form prescribed in (4.33) will not produce a nonzero solution. Instead, we set
X ~ B(r) [log(p — ps))”
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Applying this local behaviour to the boundary condition on ¢ = 0 given in (4.29) gives

_ B(n)Bllog(p — p))” " | V2B (1))* [log(p — p.))”

(p_ps) 2(p_ps)

+...=0,

where the omitted terms are small as p — ps(7). Balancing terms in this limit gives § = —1,
and an expression for B(7) given as

L2

B(r)+ =%

(B'(1))* =0.

In the full Charpit analysis, we will set x = 0 at p = p; and 7 = 0. The latter condition may be

used to uniquely solve this differential equation, giving

iv2r?
B(r)=+ R

Therefore, on the free surface (¢ = 0) in the neighbourhood of the singularity at p = ps, the

singulant behaviour is given by
i\/§7'2

* Tos =) (4.35)

4.4 Finding the Stokes lines

From the behaviour of the singulant, we may determine potential locations for Stokes lines on
the analytically-continued free surface. Specifically, from [33], we know that Stokes lines may
be present when

Re(x) > 0, Im(x) = 0.

However, due to the possible existence of higher-order Stokes switching [22, 56], these conditions
are not sufficient for a Stokes line to exist. Furthermore, we know that additional Stokes lines

may exist when

Im(x1) — Im(x2) =0,

where y; and xo are the singulants related to late-order terms from two distinct singularity
contributions. When switching of this nature occurs, the behaviour associated with the singulant
with greater real part on the Stokes line is the term that switches across the Stokes line (that

is, the more subdominant of the two late-order behaviours).

4.4.1 Charpit analysis

Unfortunately, the singulant equation given in (4.29) is not simple to solve. We therefore turn to
a numerical approach. The singulant equation will be formulated in terms of ray equations with
appropriate boundary conditions using Charpit’s method. The Charpit equations will then be

integrated numerically in order to determine the behaviour of each singulant on the free surface.
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Setting x, = P and x, = T, expressing (4.29) in Charpit form gives

dp dr .. (o dx _ . (o)q2
T 1, = +2iz,"'T, = +iz, 17,
dT . dP .
G TG = (130)

where u is the Charpit parameter. Since the last equation decouples, only the first four of these

equations will be required in order to determine the position of the Stokes lines.
4.4.1.1 Stationary singularity

We first consider the singulant caused by the stationary singularity, the location of which is

given in (4.21). In this case, the initial conditions are given by

p(0)=ps(s), 7(0)=s  x(0)=0,
—P(0) £iz)T2(0) =0,  pL(s)P(0) +T(0) =0, (4.37)

where s parametrises the Cauchy data, xéo) denotes to the value of 2(°) when p = p(0) and

7 =17(0), and ps is defined in (4.21). Solving the final two equations gives
i
xO,p ps<s>
In conjunction with the system of ordinary differential equations given in (4.36), this system

fully defines the behaviour of the singulant associated with the stationary singularity. Potential

Stokes lines may now be found by searching the solution for points on which

Re(x) > 0, Im(p) = Im(7) = Im(x) = 0. (4.39)
4.4.1.2 Moving singularity

We now consider the Charpit formulation for the singulant caused by the moving singularity, the
location of which is given in (4.18). As in the linearized case, we again find that the standard
Charpit formulation will lead to boundary data being prescribed along a characteristic curve,
and hence that the system is not uniquely determined. Specifically, we find that T'= P = 0,
and therefore that boundary information never propagates away from this curve. Instead, we
again prescribe the rays to pass through the singularity at the point of the initial disturbance,
given by p = ps and 7 = 0. This eliminates the reliance on s, but instead allows T'(0) to be

specified arbitrarily. Hence, this gives the initial conditions as

07200y = 0, (4.40)

p(0) = —log(2) £ i, 7(0) =0, x(0) =0, iy,

where T'(0) remains unspecified. For ease of notation, we shall subsequently refer to this param-

eter using the subscript Tj.
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Hence, rather than being parametrized in terms of s and ¢, as in the case of the stationary
singularity, we find that this system is parametrized in terms of Ty and ¢. Again, in conjunction
with the system of ordinary differential equations given in (4.36), this system may be used to
determine the behaviour of the singulant associated with the moving singularity in the flow.

Potential Stokes lines satisfy the same conditions as in the previous case, given in (4.39).

4.4.1.3 Complete Stokes structure

Finding the curve across which Stokes switching between the two exponentially subdominant
contributions requires the evaluation of the both singulant associated with the stationary singu-
larity, using (4.36)—(4.38), and the singulant associated with the moving singularity, using (4.36)
and (4.40). This may be thought of as one system parametrized in terms of s, Tp, t; and to,
where the subscript indicates whether the parameter is associated with the first or the second

Charpit system.

The Stokes line may be found by searching the solutions to both systems for points which satisfy

Re(pl) = Re(pg), Re(ﬁ) = RG(TQ),

Im(p1) = Im(p2) =0, Im(7y) = Im(72) =0, Im(x1) = Im(x2).

If the dominant contribution (that is, the contribution for which x has smaller real part) is
active at the location of a curve satisfying these conditions, the curve will be a Stokes line, and

Stokes switching will occur in the subdominant contribution.

4.4.2 Numerical Investigation

4.4.2.1 First-generation Stokes lines

In order to determine the points where the Stokes lines intersect the free surface, we first develop
a method to solve the ordinary differential equation systems given in (4.36) with the boundary
data specified in (4.37) and (4.40). The first system describes the behaviour associated with
the stationary singularity, and the second describes the behaviour associated with the moving

singularity. These systems will subsequently be denoted as system one and two respectively.

There are four unknown parameters in these systems. In system one, the four parameters are
the real and imaginary parts of s and wu respectively. In system two, the four parameters are
instead the real and imaginary parts of v and Tp. In both cases, we may eliminate one of these

parameters by integrating the first equation in (4.36), giving

p = —u+p(0).
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This allows for u to be expressed in terms of p and p(0) (where p(0) is a function of s in
system one, and a constant in system two). Knowing that p must be real, we are able to
instead parametrize system one and two using the real-valued quantity p in place of the real
and imaginary parts of u, reducing the number of parameters in the problem by one. To avoid
confusion with the path of the integral contour the complex p-domain, we will refer to this
quantity as penq. We shall subsequently refer to the real and imaginary parts of s and Ty as

s =sg +isy and Ty = Ty + iTor respectively.

Solving these systems involves integrating the ray equations (4.36) along a curve connecting the
boundary data (prescribed at the location of the singularity on the complexified free surface,
or p,) to the point penq on the physical free surface. However, noting that the ray equations
contain xéo) and xé?, we see that these terms will become singular at ps. To avoid this difficulty,
rather than integrating along a curve beginning at ps, we instead integrate from a point in the
neighbourhood of the singularity, denoted pgiary. The appropriate boundary data is obtained

using local values of z(®) and ¥, given in (4.22) and (4.34) for the stationary singularity, and

(4.19) and (4.35) for the moving singularity.

We now numerically integrate the ray equations along a curve in the complex p-domain con-
necting pstart t0 Pend. For simplicity, we integrate along a line parallel to the imaginary p-axis
until the real axis is reached, and then along the real axis to the point p = penq. Unfortunately,
as the partial derivatives of 2(9) contain numerous branch cuts within the parameter space, we

must take care to check that the correct branch is chosen when this occurs.

Using this algorithm for solving the ray equations numerically given a set of parameters, we
search for points in the solutions to systems one and two that satisfy the conditions given in
(4.39) using parameter sweeps. In system one, we select values for the sg and s; and solve
the system of differential equations for a range of values for p until a point is found satisfying
Im(x) = 0 and Re(x) > 0, subsequently denoted psiokes (it is certainly possible that multiple
points satisfying this condition may exist, or none at all; however, this does not cause difficulties
in the current investigation, if care is taken). This process is repeated over a prescribed range
of the complex s-plane, so that each point is associated with a single value for psiokes indicating

the position of the Stokes surface associated with s = sg + isj.

We proceed by determining the value of 7 for each of the resultant points in the s-space. Hence,
each value for s is associated with a value of psiokes and 7 on which Im(x) = 0. In many cases
7 will be complex-valued, and hence the points on the Stokes surface corresponding to these
values of s do not intersect the physical free surface. However, some values of s produce values
of 7 that satisfy Im(7) = 0. Consequently, these values of s are associated with points on the

physical free-surface, with corresponding real values for psiokes and 7. In Figure 4.4 (a), we show
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(a) System 1 (b) System 2
Figure 4.4: Curves in (a) complex s-space and (b) complex T-space along which the Stokes surface intersects the
physical free surface in system 1 and system 2 respectively. Each point on the curve has an associated

value for psiokes and 7 indicating the point on the free-surface where this intersection occurs. These
values are displayed for selected points.

the path in a portion of the complex s-plane along which Im(7) = 0 is satisfied. Once this path
is known, the point at which the Stokes surface intersects the physical free surface may easily

be obtained by finding the values associated with pstokes and 7 along that curve.

A similar technique is used to find Stokes lines within system two, with the problem being
parametrized in terms of Tor and Tp; rather than sg and s;. In Figure 4.4 (b), we illustrate
the curve in Tp-space along which Im(7) = 0, and hence correspond to a curve along which the

Stokes surface intersects the free surface.

With the position of the Stokes lines known in p and s, it is a simple matter to obtain the
value for Re(7) along this curve. Hence, we are able to describe the position of the Stokes
line in p-7 space, shown in Figure 4.5 (a). Using (4.16), we find the position of the potential
Stokes line in x-t space, shown in Figure 4.5 (b). We see that the Stokes line associated with
the stationary singularity intersects the free surface approximately above the step, while the
intersection point caused by the Stokes line associated with the moving singularity propagates
downstream. This is similar to the equivalent Stokes structure in the linear problem given in
Chapter 3. By comparing the linear and nonlinear results, we infer that the potential Stokes
lines in the nonlinear problem are active for 7 > 0, and that the Stokes line associated with
the stationary singularity generates free-surface gravity waves that propagate downstream from
the step, while the Stokes line associated with the moving singularity produces an unsteady

free-surface contribution that is active everywhere and decays with time.
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(a) Lagrangian coordinates (b) Physical coordinates
Figure 4.5: First-generation Stokes lines in the (a) Lagrangian and (b) physical coordinate systems. The blue
curves are the Stokes lines associated with the stationary singularity, while the red curves are the
Stokes lines associated with the propagating singularity. Comparing this figure with the Stokes
structure obtained by investigating the linearized problem, we infer that gravity waves are switched
on as the blue curve is crossed from left to right. In the absence of any interaction between the

exponentially subdominant contributions, this would imply that surface waves are present in the
shaded region of the figures.

4.4.2.2 Complete Stokes structure

The position of the Stokes line associated with the interaction between the exponentially small
stationary and moving free-surface contributions may be found by integrating the ray equations
as previously described. However, we now solve both system one and system two simultaneously,

finding solutions for a prescribed p that satisfy
Re(m1) =Re(r2) =0,  Im(m) =Im(r2) =0,  Im(x1)=Im(x2).

Fortunately, we are able to obtain one point satisfying these conditions by noting when the two
Stokes lines cross in Figure 4.5. We then perform a parameter sweep over a range of values for
sr, S1, Tor and Ty; for specified values of p, searching for solutions that satisfy all of these

conditions.

The resultant position of the Stokes line may be seen in p-7 space in Figure 4.6 (a), and in
2-t space in Figure 4.6 (b). Knowing that Stokes lines cause the subdominant contribution to
switch, we conclude that the waves that are switched on across the first Stokes line will be
switched off again as the this Stokes line is crossed. As this Stokes line moves in time, this
will take the form of a propagating wavefront, similar to that obtained in Chapter 3 for the
linearized problem. Therefore, we find that the free-surface gravity waves will be restricted to

the shaded regions in Figure 4.6.
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(a) Lagrangian coordinates (b) Physical coordinates

Figure 4.6: Stokes structure for the nonlinear problem of free-surface flow over a step in (a) Lagrangian and
(b) physical coordinates. The Stokes lines caused by the leading-order behaviour are as described
in Figure 4.6, while the dashed curve represents the Stokes lines caused by interaction between the
two exponentially subdominant contributions. Noting that these Stokes lines will switch off the
subdominant of the two free-surface contributions, we determine that the exponentially small gravity
waves are switched on as the blue Stokes line is crossed, and are switched off again across the dashed
Stokes line. This leads to the propagation of the steady free-surface waves in time. The shaded region
indicates the region in which waves are present in the solution.

4.5 Optimal truncation and Stokes smoothing

Typically, we would now solve the prefactor equation given in (4.30) using the local behaviour
in the neighbourhood of the singularities as boundary data for the characteristic equations. We
omit this step, as any solution to the prefactor equation would require knowledge of z(*) and

vy, which would be extremely difficult to obtain analytically.

However, even without an analytical expression for the prefactor or even the singulant, we
may still optimally truncate the asymptotic power series prescribed in (4.7) and apply Stokes
smoothing in the vicinity of Stokes lines to determine the form of the resultant free-surface

behaviour in terms of ® and y.

Truncating the series expression in (4.7) gives

N-1 N-1
x = Ze"ac(")—FR(N), y= Zeny(n)+S(N),
n=0 n=0

where RY) and SV) represent the remainder term of the series after truncation. Applying this

series expression to the governing equations (4.1)—(4.2) gives

YORM 205Ny O g _ @M g, (4.41)
0 N 0 N 0 N 0 N
2 ORM) 4 2O R _40) ROV _ (O p(N)

+ylD SN 4 OGN _ O gN) _ (g1 =0, (4.42)
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where the omitted terms are small as e — 0. Finally, the kinematic boundary condition (4.4)
becomes

208N 4 yORE) _ OGNy RN 1 =0, (4.43)

on ¢ = 0, where the omitted terms are again small as ¢ — 0. Applying this series expression

to the free-surface equation (4.3) and applying the recurrence relation (4.10) to eliminate terms

leaves
N—-1
3 et (xz()n) RO 1 5 RN 4 gy (m) S;N>y§’;)) Le ( RIMRIY) 4 5 Sgp)
n=0

+eV (a0 4 2 QafN Y 4y N0y (O 4y Oy N 4y O 4 g,

We simplify this expression further by retaining only the largest contributions in the limit that
N — o0, using (4.24), as well as the largest terms containing exponentially small remainders.

This gives

TT

€ [azg))R(fp + x(T()T)RI(QN)} + € [xl()l)RgX) + y},”SSP} + SI()N) ~ —eN;L’I()O):E(Nfl), (4.44)

on ¢ = 0. Furthermore, in the limit that n — oo, keeping only the dominant terms in the

recurrence relation (4.10) implies that
xz(,o)x(;;_l) ~ —y]g”) as n — 00,
and hence that (4.44) may be rewritten as

€ xl(,O)RgX) + x(TOT)RI()N)} +é2 [a:g)R(N) + ylgl)sii’) + SI()N) ~ Ny, (4.45)

TT P
on g =0.

By considering the homogeneous version the full system given in (4.41)—(4.44) in the limit that
€ — 0, and applying a exponential WKB ansatz in a similar fashion to the equivalent step in

Chapter 3, we find that the exponentially small remainder term may be written as
RN~ AXe X/ SN L Aye /e, (4.46)

where, as usual, A is the Stokes switching parameter that varies rapidly in the neighbourhood
of Stokes lines on the complexified free surface. Applying these expressions for the remainder
terms to (4.45), as well as the late-order ansatz given in (4.24), we find after some cancellation

using (4.29) and (4.30) that

Yx,I'(N +1
ApY _ 21,]()0)ATXXT ~ _eNex/e Xp (N+;:_’Y + FY)
X

Recalling that X = +iY’, we divide throughout by Y to obtain the convenient form

Ve XLV +147)

- (0
Ay T 21x§, )XTAT ~ NI )

(4.47)
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Using the method of characteristics, we find that the solution varies along rays satisfying

dr .
o 0.

We define a new coordinate system (u,v) such that
U=, vp F Qixéo)xq.vf = 0.

In these coordinates, (4.47) becomes

_eNex/e XPF(N +1+ ’Y)

. 2
AuXp - 21AuXT ~ uN+1+y

Using the eikonal equation (4.29), this becomes

~ 6]\/'e'u,/e]'—‘(‘N’ +1 +’7)
uN+1+v

Ay

By minimising the right-hand side of this expression with respect to N in the limit that € — 0,
we find that the optimal truncation point is given by N ~ |x|/e. Setting u = re!, N =r/e +a
with 0 < a < 1, and applying Stirling’s formula gives

i 2rr {r

;(619_1)_19<£+a+1+’y>+19}.

The right-hand side is exponentially small except along the Stokes lines, which follow § = 0.
Setting 6 = 61/29, we obtain

iv2mr exp (—ré2/2)

0 &

Hence we find that

. NG )
A=Ay 2”/ e /2 dt,

and consequently that the quantity switched on as the Stokes line is crossed is given by

[t =2

€Y
Using (4.46), we therefore find that the contribution to the free-surface behaviour obtained as
the Stokes line is crossed is given by

2miY
[Stor]t = 7; e X/ e, (4.48)

where we have included the complex conjugate contribution, obtaining purely real behaviour on

the free-surface of the flow.
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4.6 Discussion and conclusions

In this section, we attempted to extend the results obtained in Chapter 3 for free-surface flow
linearized about small step height to the full nonlinear problem for arbitrary step height. We
formulated the system in terms of Lagrangian coordinates chosen so that the free boundary
followed ¢ = 0 and the fixed boundary followed ¢ = —7 in the mapped plane. The problem

could therefore be treated as a fixed boundary problem in this mapped plane.

Unfortunately, this formulation produced a system which could not be explicitly solved for
the leading-order behaviour except for a set of isolated values of the step-height. In order to
proceed with the analysis, we set the step-height parameter to b = 2. Examining the leading-
order behaviour showed that there were two singularity pairs on the complexified free surface,
given in (4.18) and (4.21). The first of these was associated with the singularity in the flowpath
at the top of the step, while the second propagated with the flow and was caused by the initial

disturbance at ¢t = 0.

We subsequently followed [22] and prescribed an ansatz for the late-order terms of the asymptotic
series governing the flow behaviour. Equations were obtained for the singulant and prefactor in
this ansatz. Due to the cumbersome nature of the expressions for the leading-order behaviour
these could not be solved analytically, although we were able to obtain the local behaviour of the
singulants in the neighbourhood of the singularity. Instead, we determined the position of the
Stokes lines on the free surface by solving the singulant equation numerically with appropriate

boundary data and searching for points on the curve satisfying Im(y) = 0 and Re(x) > 0.

In Chapter 3, we found that the travelling wavefront for the linearized case was caused by Stokes
switching across which the unsteady free-surface contribution switched off the free-surface grav-
ity waves. We therefore used similar numerical methods to obtain a numerical approximation
for the equivalent Stokes line in the nonlinear case. This enabled us to obtain the full Stokes
structure on the free surface, presented in Figure 4.6. Specifically, we were able to show the

expanding wave region on the surface.

It is possible that further numerical work could be performed such as finding the behaviour of x,
and therefore the phase of the surface waves, over the region in which these waves are present.
However, this is not a simple task, as the ray equations given in (4.36) contain numerous branch
cuts and hence care must be taken to ensure that the integration path remains on the correct
sheet. The numerical results obtained in this chapter were produced by performing parameter
sweeps; however, the development of more sophisticated numerical methods for tracking Stokes

lines given the appropriate ray equations would be of some interest.
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Finally, we optimally-truncated the asymptotic series for the flow behaviour and found an ex-
pression for the free-surface behaviour switched across Stokes lines in terms of the singulant and

prefactor.

Any extensions to this work would be limited by the difficulty of finding useful expressions
for the leading-order behaviour of the system. We did note in Appendix C several values of b
for which closed-form leading-order behaviour can be obtained. Additionally, it is possible to
obtain leading-order behaviour for some cases of a downwards step in the flowpath. It is likely
that closed-form leading order solutions may be obtained in some cases for other geometries,
such as flow over an inclined step (as in [75]) or possibly even past a surface-piercing object
(as in [102]). Nonetheless, it seems that the Lagrangian formulation developed in Section 3.2.2
of limited utility in the investigation of free-surface flows due to the complicated nature of the

resultant algebraic expressions.
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Chapter 5

Three-Dimensional Flow

5.1 Introduction

In this chapter, we consider the problem of linearized three-dimensional flow past a singularity
in the case of small Froude number, considering both steady and unsteady cases. We will apply
exponential asymptotic analysis in order to describe the gravity waves present on the free surface
when the Froude number is small. Linearizing the problem allows us to fix the position of the

free surface, and we may therefore simply consider the problem in Eulerian coordinates.

Linearized three-dimensional flow problems have been studied in a number of previous investi-
gations, many of which are described in Chapter 1. Some of the earliest work was performed
by Kelvin [61], who first showed using the method of stationary phase that a moving pressure
source the surface of the flow produced downstream gravity waves within a wedge with angle
of approximately 19.3° from the horizontal. This wedge contained two distinct classes of wave
behaviour. The first was a wave field that propagated backwards along the direction of the
motion of the source, subsequently described as longitudinal waves. The second was a wave field
that propagated approximately perpendicularly to the direction of motion. known as transverse
waves. The two classes of waves are illustrated in Figure 5.1. Keller [59] showed that this was
true in the small F' limit using geometric ray theory, which was possible due to the fact that

the surface waves are not exponentially small for a point disturbance on the surface of the flow.

The problem of linearized flow past a point obstacle submerged underneath the surface has also
been investigated at length. These investigations typically involve formulating the solution as an
integral using Green’s functions with a linearized free-surface condition. The most well-known
of these is the integral formulation for steady flow past a submerged point source obtained by
Havelock [51] and also given in Wehausen and Laitone [118]. Alternative integral expressions
were obtained by Peters [90] and Michell [79]. These studies, as well as others, are discussed

in Chapter 1. The numerical evaluation of the resultant integral expressions forms the basis
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Figure 5.1: Computed wave patterns past a ship using the expression given in [88]. Both the longitudinal and
transverse wave patterns are visible in the downstream wake of the ship. This figure was also shown
in Chapter 1; however, we reproduce it here for convenience.

of many algorithms for determining the behaviour of free-surface flows in three dimensions, for
example in [80, 105]. In Sections 5.2.6 and 5.3.5, we shall formulate and evaluate similar integral

expressions for the free-surface behaviour to compare with the results of our asymptotic analysis.

In this investigation, we are interested in determining the small Froude number behaviour of the
free surface. As in the analysis of the two-dimensional problem [27], the gravity waves will be
exponentially small in the Froude number. We therefore determine the behaviour of these waves
by applying the exponential asymptotic techniques of [87] and [22] directly to the governing

equations of the system.

The chapter is divided into two sections. The first section is concerned with steady flow over a
submerged point source, linearized by the strength of the source. Using exponential asymptotic
methods, we will show that the exponentially small longitudinal waves are switched on by the
leading order behaviour, and are present in the entire downstream region of the flow. We
will subsequently derive an expression for the behaviour of these waves, and compare it to a
numerical solution of the linearized system. Furthermore, we will show that the longitudinal
wave contribution switches on exponentially subdominant transverse waves, which are restricted
to two wedge-like regions in the downstream region. Finally, we will show that these results are

consistent with those of Keller [59] as the source approaches the surface of the flow.

The second section involves considering an identical flow geometry, but in the unsteady case.
Here, we prescribe an initial waveless behaviour on the flow, and allow it to evolve over ¢ > 0.

As in Chapter 3, we will find that there are unsteady late-order contributions caused by the
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disturbance at t = 0. By examining the Stokes structure of the resultant system, we will show
that both the longitudinal and transverse waves are switched by this unsteady contribution, and

spread downstream as time increases, and tend to the steady-state behaviour as t — oo.

5.2 Steady Flow
5.2.1 Formulation

We consider the steady-state problem of mean flow past a submerged point source in three
dimensions. In order that the problem may be linearized about the undisturbed solution, we
consider the strength of the source to be small. We note that adjusting the problem to consider
flow over some other variety of singularity simply requires adjusting the prescribed behaviour of
the flow near the singularity. Hence, the analysis performed in this section is not substantially
altered by changing the behaviour of the singularity, such as considering flow over a submerged

doublet.

5.2.1.1 Full problem

We consider a mean three-dimensional potential free-surface flow of infinite depth with a sub-
merged point source at depth h and upstream flow velocity U. The Froude number is given

as

v
V9L’

where ¢ is gravity and L is an appropriate length scale, as defined in Chapter 1 in (1.2). We

F=

normalize the velocities in the problem by the upstream flow velocity. Usually we would nor-
malize the lengths in the problem by h, but here we will instead use an unspecified length scale,
so that the behaviour of the surface as h is varied becomes more easily apparent. Additionally,
using this scaling, the problem becomes equivalent in the limit that A — 0 to that posed in
previous work by Keller [59]. We may therefore compare results from this previous study with

those found in the current investigation.

As in the two-dimensional case, the flow potential ¢(z,y, z) is governed by Laplace’s equation
with dynamic and kinematic boundary conditions on the free-surface. We set the Froude number
to be small, defining ¢ = F? and requiring 0 < € < 1. The source is chosen to have strength
0 in the scaled system, where 0 < & < e. This allows the problem to be linearized in J, and
formulated as a fixed-boundary problem in Eulerian coordinates that may be investigated using
a power series approach in small e. The position of the free surface is given by z = £(z,y). This

configuration may be seen in Figure 5.2.
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z=§&(z,y) ﬂ

Flow Direction (0,0, —h)
_— Source

Figure 5.2: Prescribed fluid configuration for three-dimensional flow over a source. The shaded region represents
the position of the free surface, and the cross represents the position of the source. The flow region
lies below the free surface, and the mean flow is moving from left to right, with flow velocity U in
the unscaled problem.

The governing equation is given by
V3¢ =0, —00 < z < &(z,y). (5.1)

On z = &(z,y), the kinematic and dynamic boundary conditions are, respectively,

1
SeIVOP 1) +E=0, 2=y (53)
The far-field conditions are
Pr — 1 as T — —00, (5.4)
¢r — 1 as y — too, (5.5)
¢Gp — 1 as z — —00. (5.6)

and the potential becomes singular near (z,y,z) = (0,0, —h) as

0

Am(22 + Y2 + (z + h)2)1/2 (5.7)

¢ ~

The nature of the submerged obstacle is represented in the problem by this potential condition.
Hence, changing the form of the singularity (to a doublet, for example) causes this local be-
haviour to change. In Section 5.2.7, we will demonstrate this by instead considering flow over a

submerged doublet, rather than a source.

Finally, we require a radiation condition, which ensures that the gravity waves may only be

present downstream from the singularity.
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We previously noted that as h — 0 and the singularity moves onto the surface of the flow, this
problem tends to the ship wave problem investigated by Keller [59] using geometric ray theory.
Consequently, the problem of a submerged source or obstacle may be thought of as an extension
to this work which incorporates the theory of complex rays [23]. In this case, the singularity
is now located on the complexified free surface, and it is this singular behaviour that generates

the downstream surface waves.

5.2.1.2 Linearization
Linearizing about the undisturbed solution in terms of § involves setting
¢=z+d9, £ = 0¢.
At leading order in §, the governing equation (5.1) simply becomes
V34 =0, —00 < 2 < 0. (5.8)

The free-surface boundary conditions now apply on z = 0, with the linearized versions of (5.2)

and (5.3) respectively taking the form

&z - 51; = 07 Z = 07 (59)
€p, +& =0, z=0. (5.10)

The far-field conditions (5.4)-(5.6) imply that ¢ — 0 as z — —o0, y — Foo and z — —o0.

Finally, the singularity condition given in (5.7) becomes

— 1
¢~ 47r(x2+y2+(z+h)2)1/2

as (x,y,2) — (0,0,—h). (5.11)

The system described in (5.8)—(5.11) completely specifies the linearized version of the three-
dimensional problem shown in Figure (5.2), with the addition of a radiation condition, spec-
ifying that gravity waves may only propagate downstream. The bars in these equations will
subsequently be omitted, in the understanding that all subsequent analysis on this problem is

to be performed on the linearized system, rather than the full nonlinear problem.

Finally, we analytically continue the free surface such that x,y € C, with the free surface still
defined as the surface satisfying z = 0. This does not change the form of equations (5.8)—(5.11),
but it does mean that the two-dimensional physical free surface is a subset of a four-dimensional

complexified free surface.
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5.2.1.3 Series expression

In order for exponential asymptotic techniques to be applied, the fluid potential and free-surface

position must be expressed in terms of a power series in €, given by
G el )y e, (5.12)
n=0 n=0
Applying this expression to (5.8) gives
VM =0, —oo<z<0. (5.13)

The boundary conditions on the free-surface become

o —¢eM =0,  2=0, (5.14)
oV e =0  z=0,. (5.15)

The far-field behaviour tends to zero at all orders of n, and the singularity condition (5.11)
becomes
1

¢(0) ~
dm(x? +y2 + (2 + h)?)1/2

as (z,y,2z) = (0,0,—h). (5.16)

The leading-order solution to (5.13)—(5.16) may be found using the method of images [83], and
is obtained by taking the sum of the fundamental solution for a source located at (0,0, —h) and

the fundamental solution for a source reflected across the free surface and located at (0,0, h).

This gives
1 1
0) — © =0, 5.17
¢ 4 (2% + y% + (2 + h)?)1/2 * 4 (2% + y% + (2 — h)?)1/2’ ¢ (5.17)
Using (5.15), we therefore find that
1) * (5.18)

- 27 (22 + y2 + h2)3/2°
Through repeated iterations of (5.14)—(5.15), we find that the position of singularities in subse-
quent terms of the series (5.12) remains constant, while the power of the singularity increases

at each order, as we expect for such a problem.

5.2.2 Late-Order Ansatz

In order to optimally truncate the asymptotic series prescribed in (5.12), we must determine
the form of the late-order terms in the same fashion as previous chapters. As usual, we choose

an appropriate ansatz for the late-order terms of factorial-over-power form [22], giving

o o 2@y +7) oy | E@ )L +y)

, 5.19
@y, o) @y, 07 (5-19)
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We note that v could potentially also be a function of x,y and z; however, this will not be
the case in this problem. Additionally, in order that the singularities are consistent with the

leading-order solution (5.17), we note that the singulant, x, satisfies
x=0 on 2?2 +y* 4+ (z+h)? =0, (5.20)

where the sign chosen depends upon the singularity under consideration. Recalling that x and
y are permitted to take complex values, we see that this defines a surface on which x = 0.
Irrespective of which singularity is under consideration, this surface intersects the complexified

free surface at points satisfying z2? + 3% + h% = 0.

It is important to note that the expression for €™ is restricted to z = 0, as it describes the
free-surface position. This does not pose a problem for the subsequent analysis, but does ensure
that care must be taken at each stage to determine whether we are considering the full flow

region, or just the free surface.

5.2.2.1 Calculating the singulant

Applying the ansatz expressions in (5.19) to the governing equation (5.13) and taking the first

two orders as n — oo gives

Xa+xe+x:=0, (5.21)

Z(Dme + 2(I>yXy + 2¢)ZXZ = _(Xwac + Xyy + Xzz)7 (5.22)
while the boundary conditions on z = 0 become to leading order

—XP+==0, (5.23)

—X:® + x2E=0. (5.24)
The system in (5.23)-(5.24) has nonzero solutions when
Xz = Xa-
Combining this result with (5.21) gives an eikonal equation for x on the free surface,
Xa + X3+ xp=0. (5.25)

We recall that the leading-order behaviour (5.17) contains singularities at 22 +y? + (2 £ h)? = 0,
and that these singularities must be present in the late-order terms of the series. This means
that the singulant is equal to zero on the complexified free surface at all points satisfying the
condition that 22 + 32 + h? = 0. Using this boundary condition, (5.25) may be solved using
Charpit’s method. By setting h = 0, we obtain the formulation given in [59] for the application
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of geometric ray theory to surface waves generated by a thin ship, given there in terms of the
wave vector k = Vs, where s is the phase function of the surface waves and is equivalent to
ix in our notation. The behaviour of the phase function found in [59] will be compared to the

results of the current analysis for x in the limit that A — 0 in Section 5.2.5.

Solving (5.25) using Charpit’s method requires setting x, = P and x, = Q. In this case, we
define u to be the characteristic variable, and parametrize the initial data using s. The system

to be solved is subsequently given by

dx dy dx
— =4P3 4+ 2P ) — =2p1 5.26
du + b du Q? du ) ( )
where P and @ satisfy
d
PryP2LQ?=0 P+Pg=o, (5.27)

ds

and the initial condition specified in (5.20) is parametrized as
Ty = 8, Yo = Eiv/s2 + h2, xo = 0. (5.28)

We note that this is only one of many possible parameterizations, and indeed it may seem more
natural to use

xo = ihsin(s), Yo = ih cos(s), Xo = 0. (5.29)

However, the conditions in (5.28) ensure that the analysis required to obtain the solution is
restricted to elementary algebraic manipulations. Were the conditions given in (5.29) used, the
same results could be obtained; however, the intervening analysis would be more complicated

due to the presence of trigonometric functions.

With some algebraic manipulation, we find that the possible ray contributions are given by

. 2’;;1“ (5.30)
where v is one of ,
U= im (5.31)
and s is any one of the four solutions to
(z% +y?)s* + dxh?s® + (h22? + 4h?y? + 4h*)s? + 4h*zs + (4y°h* + 4h°) = 0. (5.32)

This produces eight possible expressions for the singulant (the four solutions of (5.32) and the
choice of sign in (5.30)), corresponding to eight possible sets of late-order behaviour in the
problem. Contour plots illustrating the behaviour of these singulant terms are presented in
Figures 5.3-5.4 for h = 1. We have labelled the singulants according to their behaviour on the

physical free surface, where xr; for j = 1,2, 3,4 are associated with longitudinal waves on the
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free surface (seen in Figure 5.5), while xr; for j = 1,2, 3, 4 are associated with transverse waves

(seen in Figure 5.9).

Each of these expressions satisfies Im(x) = 0 along the curve = = 0; however, only the behaviour
illustrated in Figure 5.3 satisfies Re(y) > 0 along this curve. Given that both of these conditions
must be satisfied along a first-generation Stokes line [33], we see that Stokes switching is only

possible in these four cases.

The initial condition (5.17) contains two singularities, each of which we expect will correspond
with one of the eight possible singulant expressions. Importantly, we know that any free-surface
behaviour switched on across Stokes lines must be exponentially small in the entire region of the
free surface which it is active. This is only possible if Re(x) > 0 for all of 2 > 0. This condition

is satisfied by the singulants illustrated in Figure 5.3, but not those shown in Figure 5.4.

Knowing that any contribution switched across the Stokes lines must only be present in the
downstream region due to the radiation condition, we therefore determine that the free-surface
contains an exponentially small contribution associated with late-order terms having singulant
behaviour illustrated in Figure 5.3 that is switched on as the curve = 0 is crossed from the neg-
ative to the positive side. We also note that while the remaining contributions are not switched
on by the leading-order behaviour, it is still possible that they may produce contributions to the
free-surface behaviour due to the interaction between exponentially small contributions. This

possibility will be considered in Section 5.2.4.

Additionally, while the values of x in Figures 5.3-5.4 were calculated for h = 1, the conclusions
drawn regarding ray contributions are valid for all h. This is a consequence of the observation
that the depth of the source is the only length parameter in the problem, and may therefore be

scaled freely to take arbitrary value.

5.2.2.2 Finding the prefactor

In order to obtain a complete expression for the steady downstream longitudinal free-surface
waves, we require an expression for the prefactors, ® and =. To find the prefactor equation, we

consider the next order in (5.14)—(5.15) as n — co. From (5.23), we obtain
= =\, ®. (5.33)

Care must be taken at this stage of the analysis. In the prescribed ansatz for the late order

terms, (5.19), the prefactors are actually leading-order terms in a power series as n — 0o, or

1
<I>:<I>0+;<I>1+..., E=E0+-Z1+.... (5.34)

128



Re(x)
Yy

|
i

-2 0 2 4

|
W~

|
N}

(a) Contour plots for xr1

|
W

-2 0 2 4

|
~

-2 0 2 4

(b) Contour plots for xr2

|
=

-2 0 2 4

|
~

-2 0 2 4

(c) Contour plots for x13

|
i

-2 0 2 4

|
~

-2 0 2 4

(d) Contour plots for x74
Figure 5.3: Singulants obtained by solving (5.25) with boundary data (5.28). This figure shows the four singulants
that satisfy both Im(x) = 0 and Re(x) > 0 along the curve z = 0. Hence, the associated late-order

contributions associated with these singulants may lead to Stokes switching behaviour on the free
surface.
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Figure 5.4: Singulants obtained by solving (5.25) with boundary data (5.28). This figure shows the four singulants
that satisfy Im(x) = 0 on z = 0 but have Re(x) < 0 along this line. Hence there can be no Stokes

switching caused by the interaction between the leading-order contribution and the contributions
generated by the associated late-order terms.
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This was not important in the leading-order equations given in (5.21)—(5.24), and hence was not
considered in the associated analysis. However, these terms do become relevant when considering
the next order in (5.14)—(5.15) as n — oco. Applying the late-order ansatz to (5.21)—(5.24) and

taking the next order as n — oo now gives

_XQ:(I)I + q’O,x + E1 = 07

—Xz®1 + Po - + X2E1 — Ep, = 0.
This system only has nontrivial solutions when
X;L'(I)O,x - (I)O,z + E‘O,]) =0.

Having found the solvability condition we now omit the subscripts and denote =y = = and
®y = @, as we are only interested in finding the leading-order behaviour of the prefactor. This
gives

XzPo =P, — Eq. (5.35)

Combining (5.35), as well as (5.33), with (5.22) gives
(4X2 + 2X2) P2 + 2Xy Py = —(Xaw + Xyy + 6X2 Xaz) D (5.36)

This equation may be solved using the method of characteristics, giving the ray equations (with

characteristic variable u) as

d
- = 4X§ + 2an
du

de

= 2Xy, du = —(Xaaz + Xyy + GXQQEXI:L’)(I)’ (5.37)

4
dut
The first two equations govern the ray paths, and are identical to those produced by applying
Charpit’s method to the singulant equation, given in (5.26). This allows (5.37) to be rewritten

in terms of the Charpit variables as

d
S uptyop,
du

dy do 9
= = — = —(P,s, + + 6P*P,s,)dP .
T 2Q, ™ (Pssg + Qssy + 6 582) D, (5.38)

noting that P and @ are independent of ¢. From the Charpit analysis performed in the previous
section, we know that

h ihv/s2 + h?

P=+- == 5.39
" Q s (539)

where the combination of signs depends on the chosen value of yy and the chosen root of (5.27).

Integrating the ray equations in (5.37) gives
r=(4P*+2P)u+s,  y=2Qu=Eiy/s2+ h2 (5.40)

At this stage, we choose the positive sign, as it is this choice that leads to the expressions for x

that govern the real free-surface waves, represented in Figure 5.3. Taking the partial derivative
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of these equations with respect to z produces a system of equations for s, and u,, which may

be solved to give

B st(h? + s?)

~ h2(6hus? + 4h3u + s1)’
Similarly, taking the partial derivative of the equations given in (5.40) with respect to y and

(5.41)

Sz

solving the resultant system gives
is3(2h? + s2)Vh2 + 52
Sy = — ,
Y h2(6hus? + 4h3u + s%)
Applying the expressions given in (5.39), (5.41) and (5.42) to the third equation in (5.38) gives

(5.42)

a differential equation in u that may be solved to give

54 1/2
P = . 4
(5.0 = 205.0) g gt (5.43)

Selecting the corresponding expressions for s and u in terms of z and y from (5.31) and (5.32)
gives the solution in terms of the physical coordinates 2 and y. To find an expression for ®(s,0),

the behaviour of the system in the neighbourhood of v = 0 must be computed.

5.2.2.3 Inner problem

To solve the inner problem, we first consider the behaviour of the singulant caused by the

singularity at 22 + 32 + (2 + h)? = 0 near the singularity itself. Setting
X~ f(z,y,2)(@® +y* + (2 + h)H)? as 22 +y*+ (2 +h)? =0,
and equating dominant terms in (5.25), we find that o = 1 and

flz,y,2) = :I:%. (5.44)

Similarly, considering the behaviour of the singulant caused by the singularity at 2% +y2 + (2 —

h)? = 0 (denoted xr2) near the singularity also gives a = 1 and

flz,y,2) = i%. (5.45)

In the prefactor equation (5.43), we see that the unknown coefficient is a function of s. From
(5.40), it follows that s ~ x near the singularity at ¢ = 0. Hence, we define a system of inner

coordinates given by

€0y = (> +y*+(z—h)?), eor= % (22 +y*+(z+h)?), A=z (5.46)

212

The partial derivatives subsequently become

0 [ hx 0 hx 0 0
ax:_)\Qe_Q/\gl]am+ )\26—2)\02}%—#8/\,
o _[w] o fwyo

Ay | N%] doy A2e| Ooy’

0 (h(z+h)] O h(z—h)] 0

92 | AZe ] o1 { A2e ] oy
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To leading order, the linearized governing equation (5.8) becomes (omitting the bars)

Ul¢a101 - 02¢0202 + )‘(b)\og - )\(b/\al =0,

where terms containing derivatives with respect to both o1 and o9 were disregarded due to the

form of the inner expansion, (5.50). Furthermore, we find that

e(o1 — 02)
4h ’

z ~
and hence disregarding terms that are small compared to the leading-order behaviour leaves

2>\201¢a101 + 2/\202¢0202 - hqﬁ/\ﬁz + hd))\tn =0.

Similarly, the boundary conditions (5.9)-(5.10) become

h h

quoj - Xqﬁo'z - €0’1 - 50'2 = O on o1 = —02, (547)
h h
1001+ 10 HE=0  on 01 =0 (5.48)

Finally, by expressing the leading-order behaviour (5.17) in terms of the local variables, we find

that
h1/2 1 h1/2 1

4\/571.61/2)\1/2 Ui/Q + 4\/57761/2/\1/2 0;/27

We now define the series expansion near the singularity on the complexified free surface as

o | 2¢a(MT(n +1/2)
; 5 ~ Z [ c a_n-:ll/?
1

n=0

¢ ~ €0 = . (5.49)

b~ Z an(A n—|—1/2)+ bn(M)T(n +1/2) . (5.50)

1/2 1/2
n+/ 0721+/

where the latter expression is only valid on the free-surface itself, where o7y = 05. The factor of
two is included for subsequent algebraic convenience, and has no effect on the solution to the
problem as ¢, is still unknown at this stage. From (5.49), we have
h1/2 h1/2
—— b= @
44/27\1/2 427 \L/2

We are interested in the behaviour of the terms on the complexified free surface in the neigh-

ag(A) = =0. (5.51)

bourhood of the singularity at z? + 32 + h? = 0, or 0; = 03 = 0. Consequently, we apply the

series expression to (5.47), giving on 1 = 09

n+1/2)a,l'(n+ 3/2) (n+1/2)b,T'(n+ 3/2)
)\Z n+3/2 )\Z n+3/2

h = 2(n+1/2)c,I(n +3/2)
*XZ o3/ =0.

Matching as o1 — 0 gives

h
X(an —by) + 2¢, =0, n > 0. (5.52)
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Applying the series expansion to (5.48) gives on the free surface

h & 1/2)a,T'(n+3/2) h 1/2)b,T(n+3/2) <= 2¢,T 1/2
_72(”+/)‘1 (”JF/)_iz(”*/) (”+/)+Z c (n+/)207
by n+3/2 by n+3/2 n+1/2
n=0 (o5} n=0 g4 n=0 1
Matching terms similarly gives
h
——(an + by) + 2¢n41 =0, n > 0. (5.53)

A

We are primarily interested in the behaviour on the complexified free-surface; however, restrict-
ing the domain in this fashion means that it is impossible to distinguish between the contributions
from the series in o1 and the series in o5. Again, we notice that the two contributions have equal
magnitude in (5.49), and hence using the same arguments as in previous chapters, we specify
that |a,| = |by| in order to maintain consistency with the lower-order terms in the asymptotic
series. This may only be accomplished if we divide the two equations given in (5.52)—(5.53) into

four equations such that

ha,, h(in+1/2)a,
=0 A =0,
hb,, h(n+1/2)b,
e —cn =0, —7( )\/ ) +cnt1 =0.

We will consider only the equations involving a,, and ¢, simply noting that this system implies
that b, = (—1)"a,. Eliminating ¢,, from this system gives

apl'(n +1/2)

w1 = (n+1/2)a, = 222
Hence, using the expression for ag given in (5.51), we may match the local series expression
given in (5.50) with the prefactor given in (5.43). Noting that A is the local expression for s in

the outer solution, we find that
h1/2

Amwsl/2\/21

Hence, we are able to completely describe the late-order behaviour of terms in (5.12).

®(s,0) = (5.54)

5.2.3 Stokes Smoothing

Upon obtaining the form of the late-order terms, given by (5.19), the asymptotic series given in

(5.12) may be truncated to give

N-1 N-1
¢ = Z "¢ + RV €= Z e 4 V)
n=0 n=0

where N will be chosen in order to minimize the remainder of the asymptotic approximations,

given by R™N) and SV). Applying this series expression to (5.13) gives
VZRW) =, (5.55)
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while the dynamic boundary conditions (5.9)—-(5.10) become

RWN) — s(N) — ¢, (5.56)
eRWN) 4 SN — N e() (5.57)

having made use of the relationship in (5.15) and the fact that £ (0) = 0. The homogeneous form
of (5.55)—(5.57) is satisfied as e — 0 by

RN~ @exei/e gN) o Zemxua/e

obtained by applying an ansatz to the homogeneous system (5.55)—(5.57). The choice of x11
simply ensures we are obtaining the correct late-order term behaviour. For the remainder of
this section, we shall omit the subscript and simply refer to this singulant as y. We therefore

set the remainder terms for the inhomogeneous problem to take the form
RW) = A®e—x/¢ SV) = A=ZeX/¢, (5.58)

where A is the usual Stokes switching parameter. Applying these expressions to (5.57) while
noting (5.33) gives
€[A,® + AD, e X/ = NeW),

Applying the late-order ansatz gives

NEL(N +1/2)

€[4, ® + AD,Je X/ ~ (VHL/2

Motivated by the homogeneous solution, we set u = x, v = y and apply (5.33) to obtain

Nt Xe TN £ 1/2)

AuX:v(I) + A‘I)qu; = uN+1/2 s

which becomes

PR AL ES e
Taking the derivative of the right-hand side of this expression and equating to zero as in the
previous chapters, we find that the optimal truncation point is given by N ~ |x|/e in the limit
that € — 0. As usual, we change coordinates such that u = re'. The effect of this transformation

on the partial derivative was given in (2.2.2.4). Consequently, we set N = r/e + « so that it

takes integer value. Using Stirling’s formula on the resultant expression gives

AOJF/M)HNI'QWTeXp(T(ew1)i9<r+o¢;)).
€ € €

)

This variation is exponentially small, except in the neighbourhood of the Stokes line, given by

6 = 0. To investigate the behaviour in the vicinity of the Stokes line itself, we set 6 = ¢'/26.
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Knowing that the prefactor ® does not vary rapidly in the neighbourhood of the Stokes line,

and hence that ®, is small compared to A, we obtain

o~ i\/%e—ﬂp/ 2
é c :
Upon integration, this becomes

2 0+/7/€ )
ANi,/l/ e 24t + O,
€ — 00

where C' is the constant to be determined using matched asymptotic expansions. As the Stokes

A

line is crossed, we therefore find that the value of A varies rapidly from 0 to 2mi/e'/2. Knowing
that there are no waves present in the upstream far field, we determine that the constant is zero,
and hence waves are present only downstream. From (5.58), we therefore find that the variation

in the free surface is given by

iz
(St = Sz, (5.59)

€
As in previous chapters, we observe that there are two active contributions to the late-order
terms, and that performing a similar analysis on the contribution associated with x s gives
late-order terms taking the complex conjugate value of those obtained in (5.59). Hence, the full
late-order expression is given by

S = AT {Re(E) sin (Im(X)) + Im(Z) cos (Im(X)ﬂ e ReC0)/e, (5.60)

61/2 € €

where a bar indicates complex conjugation. As there are no waves present upstream, we find
that gravity waves of the form given in (5.60) are present on the free-surface of the flow. Figure
5.5 illustrates the behaviour of these waves for ¢ = 0.15, h = 1. Along the curve y = 0, we find
that the far-field behaviour is given by

1/2
oo~ (o) e (1)), (5.61)

8mex

We recall from Figure 5.3 that the Stokes line intersects the free surface along the curve z = 0.
Despite this, we see that the waves appear to be restricted to a wedge behind the source with
an angle to the horizontal of approximately the Kelvin angle. We find that the apparently-flat
regions of the surface actually contain exponentially small wave behaviour which switches when

the Stokes line is crossed; however, their comparative size renders them unable to be seen.

Many previous investigations, such as that of Kelvin [61], and more recently in the small F
limit by Keller [59], have found that when a source is present on the surface of the flow, the
resultant Kelvin waves will be restricted to a wedge with angles of 19.3° to the horizontal. Keller
demonstrated this result using geometric ray theory by showing that the solution only contained

real rays within this wedge. In Section 5.2.5, we will demonstrate that, as in the case for flow
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Figure 5.5: Exponentially small contribution to the free-surface behaviour with ¢ = 0.15 and h = 1, given in
(5.60). The waves switches on rapidly across the curve x = 0 and generates waves on the positive
side of the Stokes line. These waves appear to be restricted to a wedge-shaped region of the domain,
but are in fact present for all z > 0. In the regions of the surface that appear flat, the waves are
simply exponentially small compared to the visible waves within the wedge.

over a submerged source, there exist exponentially subdominant waves outside of this wedge
region when x > 0 caused by complex rays [23] that were not considered in the geometric ray

analysis.

5.2.4 Complete Stokes structure

5.2.4.1 Stokes Structure

In Figure 5.3, four possible contributions were shown. We saw that xr; and xpo were switched
on by the leading-order behaviour, and produce a downstream train of longitudinal gravity
waves. Here, we will show that this contribution generates further Stokes lines, across which
contributions from xr; and xr2 will be switched on. These contributions will produce transverse

waves on the free-surface.

Stokes switching will occur on curves satisfying Im(xr1) = Im(x71) and Re(xz1) < Re(xr1).
Along these curves, the same conditions will also be satisfied by xr2 and x72, which are the

respective complex conjugate expressions.

To fully illustrate the Stokes behaviour in this problem, we examine the behaviour of the Stokes
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Im(y)
4
Im(x71) = Im(x72) =0

Im(xr1) = Im(xr2) Im(xr1) = Im(x71)

Re(xz1) = Re(xrz2) Re(xr1) = Re(xr1)

Re(xr2) = Re(XT1)71 Re(xr2) = Re(xr2)

Im(xr2) = Im(x71) Im(xr2) = Im(xr2)

—4

Figure 5.6: Stokes structure for flow over a source of depth h = 1, where x = 10 and y € C. Turning points and
singularities are represented by circles and crosses respectively. Active Stokes lines are shown as solid
black curves, while inactive Stokes lines are shown as dashed black curves. Only anti-Stokes lines
that are relevant to the Stokes structure of the problem are illustrated, represented as red curves.
Stokes and anti-Stokes lines that follow the real and imaginary axis are shown in bold for clarity.

lines for y € C and fixed z. In Figure 5.6, we see that pattern of Stokes lines and anti-Stokes lines
present in the analytically-continued solution to the problem at x = 10. The solution contains
four turning points, denoted as circles, and two singularities, denoted as crosses. From each
turning point emerges three possible Stokes lines, shown in black, and three anti-Stokes lines,
shown in red. Two of the Stokes lines emerging from each turning point end at a singularity,
and the remaining Stokes line continues towards Re(y) — +oo without crossing the real axis.
We will subsequently show these Stokes lines to be inactive, and they hence are illustrated in

Figure 5.6 as dashed black curves to emphasize this distinction.

Finally, there is a Stokes line following Re(y) = 0, across which x71 and x72 are switched by
the leading-order behaviour, although we shall subsequently show in Figure 5.7 that they are

not active for —1 < Im(y) < 1.

In Figure 5.7, we consider one turning point in isolation, noting which of the interacting con-
tributions are dominant or subdominant at each point. In the neighbourhood of the caustic,
the interaction of the singulant terms has the Stokes structure of an Airy function, with three
anti-Stokes lines and three Stokes lines (one of which is inactive) intersecting. There must also
be a branch cut across which the labels of x71 and x71 switch, which we position so that it does

not intersect the physical free surface.
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d:ixr1, S:XT1

g Re(y)

Figure 5.7: Stokes switching in the first quadrant about a caustic. Active Stokes lines are shown as solid black
curves, while the inactive Stokes line is shown as a dashed curve. There is a Stokes line present on
the imaginary axis, shown as a thick black curve. The red lines indicate anti-Stokes lines, and the
dotted line represents a branch cut. In the neighbourhood of the caustic, the singulant behaves as
an Airy function. In each region, the active singulant contributions are indicated, and allocated the
letter ’s’ or ’d’ to denote either subdominance or dominance with respect to the other contribution.
The real axis represents the free surface, and we see that the contribution associated with xr1 is
present on the entire free surface, while that associated with x1 is restricted to a finite region.

Between the two active Stokes lines, both xr1 and x71 contribute to the free-surface behaviour.
Below this region, only the contribution associated with y 1 is present. Above this region, the
contribution associated with 1 is present, although it is switched off in the second quadrant
by the Stokes line following Im(y) = 0. Hence the free-surface contribution associated with x 1
is present on the entire free surface, while the contribution associated with yr; is restricted
to a finite region. Similar behaviour is exhibited by interacting singulant contributions in each
quadrant, as seen in Figure 5.6, meaning that all four contributions are active between the two
active Stokes lines, but only exponentially small contributions associated with xr; and xro are

present over the full downstream free surface for x > 0.

Figure 5.8 illustrates the location of these Stokes lines for a range of values of h. These con-
tributions will be restricted to two separate regions on either side of y = 0. As h increases the
waves switch on further downstream, and as h tends to zero, the downstream wave region tends
to a wedge. For each of these values for h, Re(xr1) and Re(xr2) are both positive over the
downstream wave region in which they contribute to the free-surface behaviour. Consequently,
the transverse waves on the free-surface are always exponentially small in this region. In the
limit that A — 0 this is no longer true, as Re(x71) = Re(xr2) = 0 inside the downstream wave

region; this case will be considered in more detail in Section 5.2.5.
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Figure 5.8: Curves along which Im(xr1) = Im(xr1) and Re(xr1) < Re(xr1) for a range of values of h. These
curves are Stokes lines, and exponentially small transverse wave behaviour is switched on as they
are crossed from the upstream to the downstream region. The transverse waves are exponentially
subdominant to the longitudinal waves over the entire region in which they are active. As h tends to

zero, the region in which transverse waves are present tends to a wedge, as predicted by Keller [59].
As h increases, the waves are switched on further downstream.

5.2.4.2 Surface Behaviour

In Figure 5.9 we show the phase of free-surface waves (given by Im(xr1,2)) that switch across
the Stokes lines illustrated in Figure 5.8 for h = 1. It is apparent here that these are transverse

waves, moving outwards from the z-axis.

Finally, in Figure 5.10, we illustrate the behaviour of the free surface for h = 1 by taking
€~ et 4 26 4 &exp, Where the final term represents the exponentially small contribution
to the free surface behaviour given in (5.60). We have not included the transverse waves in this
figure as they are exponentially small even compared to the longitudinal waves, and they would

not be visible on this scale.

5.2.5 Varying the source depth

By comparing the behaviour of x as h is varied, we may draw conclusions about the behaviour of
the longitudinal wavetrain as the depth of the source is varied. We therefore take cross-sections
of xr1,2 along the line x = 3 for various values of h, as illustrated in Figure 5.11. From this
figure, we see that the Re(xr1,2) decreases as h is decreased. Consequently, the amplitude of

the longitudinal waves on the free surface decreases as the depth of the source increases.

The effect of the source depth on the location of the Stokes lines across which the transverse

waves are switched was exhibited in Figure 5.8. Here, we noted that as the depth increases, the

140



10 +

—10 +

4 4
+ +

0 10 20 30

Figure 5.9: Equal-phase lines for the free-surface behaviour associated with x71 and x72 for h = 1, represented
as black curves. This behaviour takes the form of transverse waves which are subdominant to the
longitudinal waves illustrated in Figure 5.5, and is switched on across Stokes lines, shown as blue
curves. The contribution is active on the shaded region of the free surface. For reference, the Kelvin
wedge is illustrated as a dashed curve.

e
o

Figure 5.10: Illustration of the free-surface behaviour for flow past a point source with h = 1 and ¢ = 0.15
with the leading-order behaviour removed, where the resultant surface is approximated as £ =
€M 4 2¢(2) 4 &exp- The steady downstream wavetrain is clearly visible in this flow regime.
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Figure 5.11: Cross-section of Re(x1,2) along the line = 10 for h = 0,0.1,...,1. As the depth of the source
decreases, the size of the singulant also decreases, and hence the waves become larger in amplitude.
At h = 0, the singulant may be divided into a purely real part in a finite region about y = 0, and
complex parts that lie outside this region. This is consistent with previous work on Kelvin waves
(59, 61].

transverse waves are switched on further downstream, and that this switching region tends to a
wedge in the limit that h — 0. The effect of varying the source depth on the amplitude of the
free-surface transverse waves is dependent on the specified location; however, it is important to
note that Re(xr1,2) is greater than Re(xr1,2) in regions where transverse waves are present on

the free surface, with the exception of the zero-depth case.

5.2.5.1 Zero source depth

The problem of ship waves caused by a source on the surface of the flow has been posed in
previous investigations, such as [59, 61], in which it was found that the surface waves will be
algebraic in a wedge defined by |y/z| < arctan (23/2) and x > 0. Hence, this implies that that
the singulant will be purely imaginary in this region. Solving (5.26) in conjunction with the first

condition given in (5.27) and the boundary conditions

.’L'():O, 90:0> X0:07
we find that for h = 0, the singulant is given by
_aPz
X o1

where « is a solution to

dy*at + (2% + 4y*)a® + (22 +y?) = 0.
We find that « has purely imaginary solutions for |y/x| < arctan (23/ 2), and therefore that x is
also purely imaginary in this region. Noting that the corresponding free-surface contributions are
only switched on in the downstream wave region, this is therefore consistent with the ship-wave

behaviour obtained in previous investigations of flow past a source positioned on the surface. In
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Figure 5.12: Cross-section of (a) Re(x) and (b) Im(x) for each singulant expression with h = 0 and =z > 0.
The value yp is given by yo = x arctan (23/ 2). Each singulant is purely imaginary in the range
—yo < y < Yo, meaning that the surface behaviour is not exponentially small. Outside of this
wedge, we see that any free-surface contribution due to xr1,2 would be exponentially small, while
any contribution due to x71,2 would be exponentially large.

Figure 5.13, we illustrate the behaviour of each of the four singulant contributions at h = 0, for
a fixed value of > 0. As noted, all four contributions are purely imaginary within the range
ly/x| < arctan (23/2), which implies that any resultant waves present on the free surface within

this wedge are of algebraic order.

Figure 5.13 illustrates the full Stokes structure of the problem for fixed x > 0, with y permitted
to take complex values. In comparing this structure to that illustrated in Figure 5.7, we see that
the turning points have coalesced on the physical free-surface. In order for this behaviour to
be consistent with the h > 0 case, we determine that the contribution associated with x71 2 is
present between the two turning points, and hence is restricted to the wedge on the free surface
defined by |y/z| < arctan (23/2). This is consistent with the limiting behaviour of the Stokes

lines demonstrated in Figure 5.8.

The contribution associated with 1,2, however, is present for all > 0, switching in the same
manner as the corresponding contributions for A > 0. The resultant waves are of algebraic order

within the region defined by |y/z| < arctan (23/2), but exponentially small outside of this wedge.

These results are consistent with those of Ursell [111], who determined that near the curve
y = 0, the linearized problem would display infinitely decreasing wavelength. This is confirmed
in Figure 5.12, where Im(y) — oo along y = 0. Furthermore, Ursell showed that the wave
behaviour near the critical angle took the form of Airy function. This may be seen in Figure

5.13, showing that the turning points intersect the free-surface on the critical angle when h = 0.
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Im(y)

Im(xr1) = Im(x12) =0

Im(xr1) = Im(x72) Im(xz1) = Im(x71)

Re(xr1) = Re(xr2) Re(xr1) = Re(xr1)
X 4'1 Re(y)

Re(xrz2) = Re(xr1) Re(xr2) = Re(xr2)

Im(xr2) = Im(xr1) Im(xr2) = Im(xT2)

Figure 5.13: Stokes structure for flow over a source with h = 0, for x > 0 and y € C. Turning points and
singularities are represented by circles and crosses respectively. Active Stokes lines are shown as
solid black curves, while inactive Stokes lines are shown as dashed black curves. Only anti-Stokes
lines that are relevant to the Stokes structure of the problem are illustrated, represented as red
curves.

5.2.6 Numerical calculations

5.2.6.1 Formulating an integral expression

In order to verify the asymptotic results obtained in Section 5.2.3, we will compare them to
numerical solutions to the system described in (5.8)—(5.11). These solutions will be obtained by
computing the solution to a double integral formulation for the free-surface behaviour. We will
formulate the integral expression here, but we note that many similar integral expressions have
been found in previous work, such as [81]. We set

1 1 .
@R R @it Gy T

The resultant governing equation is given by

V3 =0, (5.62)
with boundary conditions given by
. 1
€y + & = —¢ @ T LR z=0, (5.63)
q;z — & =0, z=0. (5.64)

Finally, the far-field conditions determine that (2) — 0 far from the source. Taking the Fourier
transform of (5.62) with respect to « and y (with the resultant expression given in terms of the

Fourier variables k and [ respectively) gives



where p = Vk? +12. Noting that the solution must decay in the limit that z — —oo, this

differential equation may be solved to give
& = Ak, 1)e", (5.65)

Taking the Fourier transform of the boundary conditions (5.63-(5.64) gives

= . ].
ik + € = —ike Foy {27?(:1:2 7 +h2)1/2} . 2=0,

gz_lkg:(L z=0.

Using the expression given in (5.65), this becomes

= 1
A e = ke S [27r(x2 Tt h2>1/2} ’ (5:00)
—ik€ =0. (5.67)

Calculating the Fourier transform of the right-hand side of the first equation gives

efiszily dz dy

Foy [%(zhry 2+ 2 1/2} / / x2+y + h2)1/2

Representing (x,y) and (k,1) in terms of polar coordinates (r,6) and (p, ¢) respectively gives

1 2m r ;
Fa _ —irpcos(6—¢) do d
Y {2#(;1;2 +y?+ h?)lﬂl /0 /0 2r(r2 + h2)1/2° T

[ rdo(pr)
= /0 (r2 1 h2)1/2 dr,

e~ rh

Y

p

where the final line was obtained using the appropriate integral identity from [44].

Solving (5.66) - (5.67) for the free-surface behaviour therefore gives

ikee—Ph
k2

€=

Taking the inverse Fourier transform, we find that

ik .
== / / lpee el dkdl (5.68)
7 o P—€

We note that this integral is singular along the curve p = k2. In order to evaluate this integral
numerically, we would prefer this curve to follow a straight line. Hence, we first transform into

polar coordinates as before, giving

*Tipcospee P Lo
T 4n? / / 1 — epcos? ¢e e a0 dp. (569)

Setting p = u/ cos? ¢, we finally obtain

12 iue iur cos(6 — ¢) — uh
T an? dud ,
dr? /o ]é (1 — eu)cos? ¢ P ( cos2 ¢ ) udg, (5.70)
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where we see that the integrand is singular along v = 1/¢ and hence that the inner integral may
be treated as a Cauchy principal value integral about this point, which we have noted explicitly.
Additionally, we note that there are removable singularities along ¢ = 7/2 and ¢ = 37/2, which

do not cause any numerical difficulties.

This integral is substantially more complicated than the forms given in (5.68)—(5.69). However,
the fact that the integrand is singular along a straight line ensures that it is more simple to

solve using standard numerical integration in two dimensions.
5.2.6.2 Comparison of results

In order to evaluate (5.70) numerically for given values of h and e, we truncate the integral

domain in the u-direction and split it into two regions, given by

D1 ={(u,¢):ue (0,1/e—A), ¢ € (0,27m)},

D2={(u,¢) :u€ (1/e+ A, ux), ¢ € (0,2m)},

where A is a small constant used to approximate the Cauchy principal value integral, and s, is
the truncation point. Typical values used in this investigation are A =1 x 107° and us = 50.
On each domain, we evaluate the two-dimensional integral numerically using the inbuilt MATLAB

integrator, which uses two-dimensional quadrature techniques.

Figure 5.14 compares the far-field amplitude predicted by the asymptotic analysis along the line
y = 0 with numerical results. Specifically, we compare the amplitude of the expression in (5.61),
denoted by H, with the numerically-calculated solution for a range of values of €. It is clear that

the asymptotic results provide an accurate approximation for the exact wave behaviour.

5.2.7 Changing the singularity

Extending the results that were obtained for flow past a point source in order to consider flow
past similar obstacles simply a different analysis of the inner problem, considered in (5.2.2.3).
The late-order ansatz given in (5.19) is therefore largely unchanged, with the singulant taking
the same form, and the prefactor form (5.43) differing only in terms of the function obtained
from the local analysis, given in (5.54), and the value of . Consequently, the late-order term

behaviour will always take the form

. 4 1/2
(N) 14+ 27X e s e
[Stor]= = 2(5,0) 2l <6hus2 + 4h3u + s4> e, (5.71)

where expressions for s, u and x were given in Section 5.2.2.1, and again, x denotes xpi.

This behaviour always switches across a Stokes line that follows the curve x = 0, producing
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Figure 5.14: Comparison of asymptotic and numerical values for the far-field gravity wave amplitude along y = 0,
scaled by the strength of the source, for varying values of (a) ¢ and (b) 1/e. The source is fixed
at depth h = 1. The solid line represents the asymptotic value for the amplitude, given in (5.61),
multiplied by /2 so that it takes a constant value in the far field. The slope of the line in (b)
is equal to —h, which may be seen by noting the value of the singulant in the far field. The
circles represent the equivalent value obtained from numerical solutions to the exact problem. The
asymptotic results provide an accurate approximation to the exact solution.

downstream waves, and the Stokes switching proceeds in the same fashion as found in Section

5.2.4.

For example, to consider flow past a dipole, we replace the singularity condition given in (5.11).

In cylindrical coordinates, the dipole condition is given by

- cos f
¢ 4m(x? +y2 4 (2 + h)?) as  (r,z) = (0,—h).

Writing this in Cartesian coordinates, we obtain

5o — Y !
dm/22 + 2 2% +y? 4 (2 + D)2

We find that the leading-order solution, equivalent to that given in (5.17), instead becomes

as (x,y,2z) — (0,0,—h).

dr/22+ 2 22+ 2+ (2 + )2 2?2+ Y2+ (2 —h)?

Matching the order of the singularity in the late-order ansatz to this leading-order expression
gives v = 1. As noted, the form of the singulant and the global contribution to the prefactor

are both identical to the problem of flow over a source.

To solve the inner problem, we express ¢(°) in terms of the local coordinates given in (5.46). In

the neighbourhood of the singularity, this gives

h2 + \2 h h2 + \2 h
o0~/ + —1/ + . (5.72)
h?  8meA2oy h?  8meA2oy
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We now define series of a similar form to that given in (5.50), adjusting the power of the
singularities to be consistent with (5.72). A similar series analysis to that performed in Section
5.2.2.3 eventually gives

ant1 = apl'(n + 1),

h2+ X2 h
W =\ "5 e
[h2+s2 h

Applying these results to the general expression given in (5.71) gives the quantity that switches

where

and consequently implies that

across the Stokes line as

[S(N) ]Jr _ iXLl,ac (h2+52)34 1/2e_XL1/6+CC
TOT -~ 4es? \ 6hus? + 4h3u + st o

The location of the Stokes lines are not affected by the inner problem, and hence the Stokes lines
follow the curve x = 0, with the waves being switched on such that they are present downstream

from this line.

Furthermore, as we have effectively calculated the Green’s function for a point singularity,
we could easily extend this analysis to determine the free-surface behaviour for flow over any

distribution of singularities.

5.3 Unsteady Flow

In this section we will again consider linearized three-dimensional flow over a submerged source;
however, we will instead consider the unsteady problem rather than the steady-state problem
considered in Section 5.2. We will consider an identical flow configuration to that shown in
Figure 5.2, with the state of the flow prescribed at ¢ = 0. As in Chapter 3, we will set this initial

condition to be the leading-order steady state of the flow, which was given in (5.17).

We will determine the behaviour of the singulants associated with the late-order terms caused
by the initial flow disturbance. These terms are equivalent to the behaviour found in Section
3.4.4 in the analysis of the two-dimensional problem. These singulants will be compared with
those associated with both the longitudinal and transverse waves to determine the full Stokes
structure present on the free surface. The location of these Stokes lines will be used to determine

the regions of the free surface that contain these waves as time is varied.
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5.3.1 Formulation

5.3.1.1 Governing Equations
In the unsteady case, the governing equation of the flow does not change, and hence is given by
Vi =0, -0 < z < &(z,y). (5.74)

The kinematic and dynamic boundary conditions are now respectively

1
56(@% + Vo] —1)+¢=0, z={(z,y). (5.76)
The far-field conditions are
hr — 1 as T — —00, (5.77)
¢hr — 1 as Yy — oo, (5.78)
dr — 1 as z — —o0. (5.79)

The source is located at (x,y,z) = (0,0, —h) at all points in time, and therefore the potential

becomes singular near this point for all ¢, giving

1)
- dm(22 +y2 + (2 + h)2)1/2

10) as (x,y,2,t) — (0,0, —h,t). (5.80)

We denote the initial flow conditions as ¢ = ¢¢ and £ = £y. For simplicity, we set the initial
condition to be the leading-order solution to the steady-state problem, given in (5.17). We

therefore have

) )
@@+ IR (@@ P T (2 - )

$o = & =0. (5.81)

As the problem is unsteady, instead of a radiation condition, we again impose that the flow is

flat in the far field.

5.3.1.2 Linearization

Linearising the problem about the undisturbed solution for small § again involves setting
¢=z+ 99, £ = 0¢.

The governing equation (5.74) again becomes

Vi =0, —00 < 2 <0. (5.82)
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As in the steady analysis, the free-surface boundary conditions now apply on z = 0, with the

linearized versions of (5.75) and (5.76) respectively taking the form

$z - (gar +Et) = Oa = 07 (583)
(o, +¢,)+E=0, 2z=0. (5.84)

The far-field conditions (5.77)—(5.79) again become ¢ — 0 as x — —o0, y — +00 and z — —oo0.

The singularity condition (5.80) gives for all ¢

1
dm(x? +y2 + (2 + h)?)1/2

¢ —

as (z,y,2,t) = (0,0,—h,t). (5.85)

The initial conditions given in (5.81) now take the form

— 1 1 —
- = 0. 5.86
¢0 4w(m2+y2+(z+h)2)1/2 + 471_(1,2_'_2/2_'_(2_}1)2)1/27 50 ( )

5.3.1.3 Series Expression

Again, the fluid potential and free-surface position are expressed in terms of a power series in €,

given by
T, By e, (587
n=0 n=0
Applying this expression to (5.82) gives an identical governing equation to the steady case,
V2™ =, —c0<z2<0, n>0. (5.88)

The boundary conditions on the free surface (5.83) - (5.84) become

o) — (€ €M) =0, 2=0, n=0 (5.89)

(6D 4o V) 4 =0, 2=0, n>0, (5.90)

where the latter condition is replaced by &(®) = 0 on the boundary for the n = 0 case. The
far-field conditions are enforced at all orders of n, and the singularity condition (5.85) for all ¢
is given by

1

(0)
o = Am(z?2 +y2 + (2 + h)2)1/2

as (x,y,2,t) — (0,0, —h,t).

As this initial condition (5.86) is simply the leading-order steady state solution, the leading-order

behaviour remains steady. Therefore, the leading-order behaviour is simply given by

1 1
@+ G W (@ g - R

50 = €O — .
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5.3.1.4 Unsteady Singularity

In order for the system to exhibit unsteady behaviour, we note that there must be another
singularity that is not immediately apparent in the leading-order behaviour. In Chapter 3, we
found that the unsteady exponentially small behaviour on the free surface was generated by
a singularity that was located at the disturbance in the flowpath at ¢ = 0 and subsequently
propagated with the flow. In order to demonstrate that the same behaviour may be found
in the three-dimensional problem, we will identify the lowest-order asymptotic contribution in

which this singularity may be found.

To find this contribution, we consider the homogeneous problem without enforcing the source
condition. This allows us to use standard Fourier methods, and to isolate the effect of the initial
disturbance on the flow. To emphasize this distinction, we will formulate this problem in terms
of ¢E and é , where these represent the flow behaviour caused by the initial disturbance only,

neglecting the continuing effect of the source.

The governing equation remains

Vi =0, —00 < 2 <0. (5.91)
The boundary conditions become

(po+d)+E=0, 2=0, (5.93)

and QAS decays in the far field of the domain. The initial conditions on the free surface are given

on z =0 by
1

T (@ 4 2 + )2

Taking the Fourier transform in « and y, where k and [ are the corresponding Fourier variables,

Po §o=0 (5.94)

of the governing equation (5.91)

where p = Vk2 4+ [? and two bars denotes taking the double Fourier transform. Noting that Z

decays as z — —o00, we obtain

&= A(k,1,t)e”. (5.95)

Taking the Fourier transform of the boundary conditions (5.92)—(5.93) and applying (5.95) to

the resultant expression gives

AdkA+eA +E=0, 2=0, (5.96)

pA—iké -, =0, z=0. (5.97)
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Finally, taking the Fourier transform of the initial condition on the free surface (5.94), using the
appropriate integral identity from [44], gives
e—rh =

EO:AU@LO):_ 0 ) 50:0

Using these initial conditions on A and E, we solve (5.96)—(5.97) to obtain
1/2
ie / |: ita/p/e _efit p/e:| efphfikt
4p1/2 ’

MH

Taking the inverse Fourier transform, we find

R 1 00 00 161/2 . . . . .
f — 472/ / i [elt ple e—lt p/e} e—ph—lktelkx+1ly dk dl.
T J—co S =0 2P

Setting (x,y) and (k,l) in terms of polar coordinates (r,0) and (p, ¢) respectively gives

27
/ / 11\6/7 _ e—it p/6:| e—ph—itpcos ¢>eipr cos(0—¢) d¢ dp
7T

Evaluating the inner integral gives

ég: / 1\8/@ [eit ple _ e—it p/6:| eiphJO(p(T _ t)) dp,
0 7T

where Jy is the Bessel function of the first kind. Setting p = eu?, we obtain the form
2,2 00 ;2,2
£= / rw e_E“QhJo(euz(r —t))e' du — / L e_“‘tho(eu2(r —t))e " du.

Making the transformation p = eu? and applying Laplace’s method to find the contribution to
é from the end-point of these integrals at u = 0, denoted by fE, gives

- €2

S (595)
which is clearly singular at ¢ = 0. Consequently, the free-surface behaviour contains a singularity
at t = 0 which only appears in terms that are O(e¢2). This is the singularity that generates
unsteady variation on the free surface. We emphasize that this is not a full representation of

the asymptotic contributions at this order, but rather a single contribution that contains the

singular behaviour which produces unsteady exponentially small behaviour on the free surface.

5.3.2 Late-Order Ansatz

Again, we define an ansatz for terms in the series (5.87) as n — oo

¢(n) ~
x(z,y, z, t)n 7 x(x,y,0, )"+

, (5.99)

which is identical to (5.99), aside from the possibility that the coefficients may vary in t. Again,
it is simple to show that ~ is constant. Additionally, we again note that y = 0 at the location

of the singularity under consideration on the analytically-continued free surface.
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Applying the ansatz expressions in (5.99) to the governing equation (5.88) and taking the first
two orders as n — oo gives
Xa X, + X2 =0, (5.100)

20, X, + 20y Xy + 2P X2 = —(Xaw + Xyy + Xz2)s (5.101)
while the boundary conditions (5.89)—(5.90) become at leading order
—(xa®+ X ®)+E=0, 2=0,
P+ (X2E+x:2) =0, z=0.
This system of equations has nonzero solutions when

(Xz + x2)* = X (5.102)

Combining this result with (5.100) gives the eikonal equation, valid on the free surface, as
(e +xe)* +x2 + x5 =0. (5.103)

In order to find a useful form for the prefactor equation, we again consider the full prefactor
series in n as n — oo and take the boundary conditions to the next order in n. The resultant

system only has nontrivial solutions when
P, = (Xo + Xe)(Po + Pt) + (Eo + Eo).

Applying this expression, as well as (5.102), to the prefactor equation (5.101) allows for the

resultant expression to be rearranged into

(2Xx +4(xz + Xt)g) Py + 2xy Py + (X + Xt)g(I)t =

— (Xaw + Xyy + 6(xz + Xt)* (Xaz + 2Xat + Xtt)) ©, (5.104)

which is valid on the free surface of the flow. As in the steady problem, this equation has the
same ray structure as the singulant equation (5.103). We will not solve the prefactor equation
for this problem, but some discussion of the method that would be used to do so may be found

in Appendix D.

5.3.3 Solving the Singulant Equation

5.3.3.1 Steady Singularity

Solving (5.103) using Charpit’s method requires setting x, = P, x, = @ and x; = R. In this
case, we define u to be the characteristic variable, and parametrize the initial data (zo, Yo, Xo
and tg) in terms of two variables, r and s. The Charpit system consequently takes the form

dx dy dt
— =4(P 342P — =2 —
du (P+R)"+2P, du @ du

d
= 4(P + R)?, ﬁ = —2P2 —2Q%, (5.105)
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where P and @ satisfy

(P+R)*+ P +Q*=0, (5.106)

89:0 8:1./0 8t0 o

8%‘0 8y0 8t0 o
5 P+ 5, @+ 5 B=0. (5.108)

Initially, we consider the contribution by the singularity located at the source. This gives
zo=s,  yo=Fi(s>+h?)2 to=r, Yo = 0. (5.109)

Hence (5.107)-(5.108) become

is@

LS (s2 + h2)1/2

=0, R=0. (5.110)

Comparing (5.105)—(5.110) to the equivalent analysis for the steady problem, given in (5.26)—
(5.28), we see that the current Charpit analysis will produce an identical result to that obtained
in the analysis of the steady problem. Noting that y is therefore steady, we find that the
prefactor equation (5.104) reduces to that obtained in the steady case, shown in (5.36). The
inner analysis proceeds in an identical fashion, and we therefore find that the exponentially
small contribution to the unsteady free-surface behaviour switched on as a consequence of the

source is identical to that found in the steady problem, described in Section 5.2.
5.3.3.2 Unsteady Singularity

In Section 5.3.1.4, we determined that the solution contains asymptotic contributions with a
singularity at ¢ = 0, such as the contribution shown in (5.98). In a similar fashion to [24], as
well as the analysis for the two-dimensional unsteady problem in Chapter 3, we impose that the
rays all pass through the point of the flow disturbance, z? + y? + h? = 0, at ¢t = 0. Hence, the
boundary conditions for the Charpit system described in (5.105)—(5.108) become

T = s, yo = Hi(s>+ hHY2, t5=0, xo=0. (5.111)
In this case, we may simply omit (5.108) from the system, instead allowing R to be arbitrary.
Solving this system gives

2 fh2 — E 2,2~ P
(z—t)%+y . (z—1)?+y (5.112)

XU1 = — ) TR R XU2 = — ] TN
ah (iy + 02 = L) ah (—iy + 2 — 07
2 2 h2(z—t)? 2 2 h2(z—t)2
__ YR e I A VA L7 - 113
Xu3 = : —— e\ Xva = : —e (5.113)
ah (iy + /02 - 2252 ) ah (—iy + b2 - 2200 )

The real and imaginary parts of each of these singulants are shown in Figure 5.15.
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Figure 5.15: Contour plots of the real and imaginary parts of xy1 to xy4 for h = 1 and ¢ = 10. Each of the four
singulant expressions satisfies Im(x) = 0 only at « = ¢. Only the singulants shown in (a) and (b)
have Re(x) > 0 on the free surface, and hence lead to exponentially small free-surface contributions.
These contributions are therefore always present, while the free-surface contributions associated
with (c) and (d) are not present.
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In Figure 5.15, we see that each of these singulants satisfies Im(x) = 0 at the point = = ¢
only. Hence they produce free-surface behaviour that is either active everywhere or inactive
everywhere on the free surface. We see that only xy1 and xpo satisfy Re(x) > 0, and hence
produce exponentially small free-surface behaviour. We therefore conclude that late-order terms
associated with xy1 and xpy2 are present in the problem, while late-order terms associated with

xus and x4 are not.

Finally, we note that there are four more solutions to the system (5.105)—(5.108) with boundary
data (5.111). We neglect these solutions as they cannot possibly lead to an exponentially small

contribution to the free-surface behaviour, and hence cannot be active on the free surface.

5.3.4 Complete Stokes structure

5.3.4.1 Longitudinal Waves

We first consider the interaction between the unsteady free-surface contribution described in
Section 5.3.3.2. In Figure 5.16, we show the curves along which x1 and yy; have equal real
and imaginary parts, giving the location of anti-Stokes lines and Stokes lines respectively. From
this figure, we see that there are two potential Stokes lines on the free surface, separated by an
anti-Stokes line. On the left-hand side of the anti-Stokes line, Re(xr1) > Re(xv1), and therefore
longitudinal waves are switched across the Stokes line in this region. However, on the right-hand
side of the anti-Stokes line, Re(xu1) > Re(xr1). Consequently, the unsteady behaviour does

not switch the longitudinal waves as the Stokes line in this region of the free surface is crossed.

We therefore conclude that longitudinal waves are switched on across the Stokes line along x = 0
as in Section 5.2, and switched off as the Stokes line under investigation here is crossed. Figure
5.17 illustrates the wave region for a range of values of ¢ with A = 1. We see that the wavefront
tends to x — oo as t — oo. In fact, by comparing the behaviour of xr; and xy1 as x — oo, it

may be seen that the position of the wavefront along the curve y = 0 (denoted zy) is given by

t
xf~§ as t — 0.

We note that this wave propagation behaviour is similar to the that exhibited by the two-

dimensional unsteady problem described in Section 3.4.4.

5.3.4.2 Transverse Waves

Determining the unsteady behaviour of the free-surface transverse waves is more complicated,
as they may interact with both the unsteady free-surface behaviour and the steady longitudinal
free-surface waves. We expect that as ¢ — oo, the behaviour of the transverse waves will tend

to that described in Section 5.2.4.
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Figure 5.16: This figure illustrates Stokes and anti-Stokes lines caused by interactions between the late-order
terms corresponding to xr1 and xyp for ¢ = 30 and h = 1. The solid lines indicate Stokes lines,
while the dashed line indicates an anti-Stokes line. The unsteady free-surface contribution associated
with xp1 is always present. In Section 5.2, it was shown that steady longitudinal waves associated
with xr1 are switched across as Stokes line following x = 0. Here, we find that this behaviour is
switched off by the unsteady contribution as Stokes line 1 is crossed. Stokes line 2 must be inactive,
as the longitudinal contribution would dominate the unsteady contribution if it were present in this
region. Hence, the longitudinal waves are present only in the shaded region of the free surface. An
identical figure would be obtained by considering interactions between xr2 and xpy2

In Figure 5.18, we illustrate all of the potential Stokes lines involving the transverse wave
contribution for ¢ = 35 and h = 1, as well as relevant anti-Stokes lines. We recall that the
unsteady contribution is present everywhere on the free surface, while the longitudinal wave
contribution is present only to the left of the Stokes line caused by the interaction between
the two. The Stokes line across which transverse waves are switched by longitudinal waves is
identical to that obtained in the steady case found in Section 5.2.4. There are two possible Stokes
lines across which transverse waves may be switched by the unsteady behaviour. However, as
in the longitudinal case, these two possible Stokes lines are separated by an anti-Stokes line. By
comparing the real parts of the singulants in each of these regions, we see that the unsteady
behaviour may only switch the transverse wave behaviour on the left-hand side of the anti-Stokes

line.

In Figure 5.21, there are two points at which the Stokes lines all intersect. In order for the
transverse waves to be switched in such a fashion that they occupy a finite region of the free
surface and tend to the steady solution as ¢ — 0o, some of the Stokes lines must switch off at
these intersection points, or Stokes crossing points, due to higher-order Stokes switching [24, 56].
Hence, the region of the free-surface containing transverse waves must be either that shown in
Figure 5.19 (a) or (b). To determine which case is correct, we set Re(y) = 3 and examine the
Stokes behaviour when y is permitted to take complex values, shown in Figure 5.20. We see that
if the second case is true, the Stokes line in Figure 5.21 on the right-hand side of the anti-Stokes

line must be active, which is not possible. Hence, transverse waves are restricted to the region
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Figure 5.17: Position of the Stokes line associated with the longitudinal wavefront as t is varied, shown as bold
curves. The steady free-surface longitudinal waves from Figure 5.5 are shown; however, only those
to the left of the wavefront at a given time are present on the surface in the unsteady case. We also
note that the waves are switched on across the curve z = 0 for all time.

illustrated in Figure 5.19 (a).

Finally, in Figure 5.21 we illustrate the behaviour of this region as ¢ increases. The transverse
wave region clearly expands over time, and does tend to the steady state behaviour obtained in

Section 5.2.4.

5.3.5 Numerical comparison

5.3.5.1 Integral Formulation

In order to verify the unsteady free-surface behaviour, we compare the position of the longitudi-
nal wavefront to a numerical solution for the free-surface behaviour. We obtain this free-surface
behaviour by formulating the solution to (5.74)—(5.81) in terms of a double integral which may
be evaluated using standard numerical methods. Again, while we will formulate the double in-
tegral expression here, we note that similar integral expressions have been obtained in previous

investigations, such as [52].

As in the steady case, we set
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Figure 5.18: Possible Stokes lines on the free-surface for unsteady flow over a source of depth h = 1 at ¢ = 35. The
black curve corresponds to Im(xr1) = Im(xy1). The red curve corresponds to Im(xr1) = Im(x71).
The solid blue curve corresponds to Im(x71) = Im(xy1). The dashed blue curve corresponds to the
anti-Stokes line given by Re(x71) = Re(xv1). The steady free-surface transverse-wave contribution
associated with 71 can only be switched on by the unsteady free-surface contribution associated
with xy1 when Re(xr1) > Re(xu1), and hence the labelled Stokes line cannot be active.
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Figure 5.19: The region of the free surface in Figure 5.18 containing transverse waves must be either (a) Case 1
or (b) Case 2. These are the only possibilities that restrict the transverse waves to a finite region of
the free surface and tend to the steady behaviour obtained in Section 5.2.4 as t — co. In each case,

active Stokes lines are represented as solid curves, while relevant inactive Stokes lines are shown as
dashed curves.
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Figure 5.20: Stokes structure on the complexified free surface associated with Figure 5.18, along the curve y = 3,
with Stokes lines that are known to be inactive not shown. White circles represent the Stokes
crossing points at which Stokes lines are switched off, noting that there are other intersection points
present where this does not occur. Blue, red and black circles represent points at which the blue, red
and black Stokes lines intersect the physical free surface. The two blue Stokes lines which appear
unconnected in Figure 5.18 are in fact shown to be part of a single Stokes surface. Hence, knowing
that the Stokes line cannot be active at points when it crosses an anti-Stokes line, we conclude that
the bold region of this Stokes line is active, and hence that the transverse wave contribution to the
free-surface behaviour is active in the shaded region. This corresponds to Case 1 in Figure 5.19.
Finally, the red Stokes lines intersect at a caustic. The inactive Stokes line originating from this
caustic is illustrated here, and shown as a dotted curve.

The resultant governing equation is given by

V24 =0, (5.114)
with boundary conditions given by
be + & = ! =0 5.115
(bt 00+ 8=~ | omr iz o270 (5.115)
(lgz — (& + gt) =0, z=0. (5.116)

Finally, the far-field conditions determine that qg — 0 far from the source, and the initial
condition is simply

6=0, £€=0, at t=0. (5.117)

Taking the Fourier transform of (5.114) with respect to « and y (with the resultant expression

given in terms of the Fourier variables k and [ respectively) gives

(bzz _p2$:O7

where p = Vk? +12. Noting that the solution must decay in the limit that z — —oo, this

differential equation may be solved to give
&= Ak, 1,t)e?. (5.118)

160



10 7 10 A L7
/// \\
. \
- 5
0 e e xT 0 S B xT
0 10 20 30 40 0 10 20 30 40
(a) t =15 (b) t = 30
Yy y
- /)"
/// /’(/
10 A T 10 1
0 : ; ey © 0 : - ———— @
0 10 20 30 40 0 10 20 30 40
(c) t =45 (d) t =60

Figure 5.21: The region of the free-surface containing an exponentially small transverse wave contribution as ¢
is varied. Transverse waves are present in the shaded regions only.

Taking the Fourier transform of the boundary conditions (5.115-(5.116) and using the expression
n (5.118) gives

= ikee—Ph
kA + Ay +E= - (5.119)
p

—ikE—E, =0, (5.120)

which is identical to (5.66)—(5.67) except for the inclusion of time-varying terms. From the

initial conditions in (5.117), we see that
A=0, £€=0, at t=0,

and may therefore solve (5.119)—(5.120) to obtain
= ikee—Ph : : :
_ k itn/p/€ —k —it p/e] —ikt —9 }
€= 50— { [0+ kye)e VoI + (o~ k/ep)e e p
We formulate the inverse Fourier transform integral, again representing (z,y) and (k,!) in terms
of polar coordinates (r,6) and (p, ¢), giving
_ 2m h
= iep cos(gp)e™" {{ it/p/e
1 P
= || e {0 st
+(1 — cos(¢)/ep)e p/e} eitpeos(@) _ 2p}ei’"°°s(‘9—¢) dp de. (5.121)
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This integral is singular along the curve 1 — epcos?(¢). To simplify the numerical evaluation of
this double integral, we again set the singular curve to follow a straight line. In this case, we

apply the transformation u = pcos?(¢), giving

= 2m jeue—uh/ cos®(¢)
&= 872 / / cos3 V(1 — euw)

+ (1 _ COS(QJ)) cu ) e— ity/u/ecos?(¢) ] —itu/ cos(p) _ }eiurcos(e—qb)/cosz(d)) du d¢

(1 + cos(o) €u¢)) eitm

cos?(

cos?(¢)
(5.122)
As before, this integral is substantially more complicated than the form given in (5.121). Again,
the fact that the integrand is singular along a straight line allows the double integral to be solved

using standard numerical integration in two dimensions.
5.3.5.2 Comparison of results

In order to evaluate (5.122) numerically for given values of h and e, we again truncate the

integral domain in the u-direction and split it into two regions, given by

D1 = {(u,¢) :u € (0,1/e — A), ¢ € (0,2m)},
D2 ={(u,¢) :u € (1/e+ A, ux), ¢ € (0,2m)},

where A is a small constant used to approximate the Cauchy principal value integral, and
Uso is the truncation point. Typical values used in this investigation are A = 1 x 107° and
Uso = 500. On each domain, we evaluate the two-dimensional integral numerically using the
inbuilt MATLAB integrator, which uses two-dimensional quadrature techniques. A number of

sample surface profiles along y = 0 may be seen in Figure 5.23.

In these profiles, we have labelled the unsteady contribution, taking the form of an expanding
ripple. The propagating longitudinal wavetrain is apparent, and we note that the transverse
waves are not present along the curve y = 0. In Figure 5.23, we compare the position of the
wavetrain obtained numerically with the behaviour predicted by the asymptotic solution. In
Section 5.3.4.1, we predicted that the longitudinal waves would switch off across a Stokes line
that intersects the free surface, in an inner region with width of O(¢'/2). The point at which
this Stokes line intersects the free-surface is indicated in Figure 5.23 by a dashed line. We
see that there is a strong agreement between the asymptotic prediction for the position of the

propagating wavefront and that obtained in the numerical solution.

Finally, in Figure 5.24, we illustrate the numerically-obtained free-surface behaviour for flow
over a source with depth h =1 and € = 0.15, at t = 10. Both the propagating ripple caused by

the initial disturbance and the longitudinal waves are visible in this figure. From Figure 5.21
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Figure 5.22: Numerically-calculated profiles of the free surface associated with flow over a source of depth h =1

with € = 0.15 along y = 0 as t is varied, with the leading-order behaviour removed. The unsteady
contribution, labelled in (e), takes the form of an expanding ripple which both moves downstream
along the line y = 0 and propagates outwards with the flow velocity. This behaviour has the effect
of the upstream front of the ripple remaining at x 0 and the downstream front being located
about z = 2t. The center of the expanding ripple (where Im(xy;) = 0) is denoted by a black circle
in each figure. The longitudinal wave contribution is apparent by ¢ = 10, and is indicated in (h).
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Figure 5.23: Comparison between the numerically-obtained free-surface for flow over a source of depth h = 1 with

e = 0.15 (with the leading-order behaviour removed) and the position of the wavefront predicted
using exponential asymptotic analysis. The dashed line indicates the point at which the Stokes
line intersects the free-surface along y = 0. The asymptotic analysis predicts that the longitudinal
waves are switched off smoothly in a region of width O(e!/2) as this point is crossed. The computed
wavefront agrees strongly with the asymptotic results.
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Figure 5.24: Numerically-calculated free surface for flow over a source of depth h = 1 with ¢ = 0.15 at t = 10 in
three dimensions, with the leading-order behaviour removed.

(a), we see that transverse waves are not yet present on the free surface at ¢ = 10; however, they
are too small to be visible on this scale even when sufficient time has elapsed for these waves to

be present on the surface.

5.4 Discussion and conclusions

In this chapter, we calculated the behaviour of waves on the free surface of flow over a point
source in three dimensions. We considered the source to be weak, and therefore linearized the
problem about the undisturbed solution. We first considered the steady problem, in which the
flow behaviour was assumed not to vary in time, and subsequently the unsteady problem, in
which the flow was started at ¢ = 0 from a prescribed initial condition. As in the analysis in
Chapters 3 and 4, we set this initial condition to be the leading-order steady-state behaviour
in order to simplify the subsequent analysis. We subsequently applied the exponential asymp-
totic techniques of [22, 24, 87] in order to determine the behaviour of the resultant free-surface
waves. Again, we found that Stokes switching caused be the interaction between exponentially
subdominant free-surface contributions plays an important role in the behaviour of the flow,

both in the steady and unsteady case.

In the analysis of the steady problem, we found that longitudinal waves were switched on across
the curve z = 0, and were present in the entire right-half plane. From a late-order terms
analysis, we found the form of these waves in general, and obtained a simple expression for
the wave amplitude in the far-field along y = 0. The behaviour of these waves may be seen in
Figure 5.5. While the longitudinal wave contribution is present in the entire right-half plane,
the amplitude of the waves decays away from the x-axis so that the visible waves appear to be

restricted to a wedge.
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The far-field amplitude of these longitudinal waves was compared to numerical solutions to the
linearized equations in Figure 5.14. The numerical results were obtained by formulating the
solution to the linearized system as an integral equation using methods similar to those given
in [51, 81] and evaluating the integral numerically. The comparison showed good agreement

between the asymptotic and numerical results.

By comparing the singulants associated with the transverse wave and longitudinal wave con-
tribtuions, we found that transverse waves were switched on across Stokes lines containing
approximately wedge-shaped regions on either side of the curve y = 0, as seen in Figure 5.8.
While we did not compute the prefactor associated with this behaviour, knowledge of the sin-
gulant is sufficient to determine the phase of the waves produced by this contribution. Hence,
we have determined that, in the steady-state problem, the leading-order behaviour switches
on the downstream longitudinal waves, and these waves switch on a subdominant downstream

transverse wavetrain.

We then showed that, in the limit A — 0, this analysis agrees with the small Froude number
behaviour found by Keller [59] when the singularity is located on the free-surface. In this case, the
longitudinal waves are only algebraically-small (having Re(x) = 0) within a downstream wedge
bounded by the curves y = +xarctan(23/2), and exponentially small outside of this wedge.
Furthermore, the wedge also contains algebraically-small transverse wave behaviour which is
not present outside of the wedge. This is caused by the existence of Airy-type behaviour along
the edge of the wedge region, which was noted by Ursell [111]. Finally, we observed that the
nature of the point singularity could easily be changed, with the only impact on the late-order
terms coming about due to the local matching of the prefactor near the singularity. This was

demonstrated when the behaviour of free-surface longitudinal waves over a doublet was obtained.

The unsteady problem was then formulated, and it was observed that allowing the problem to
vary in time produced another set of singularities in the problem, found at ¢ = 0. As in [24]
and the analysis of Chapter 3, we determine that this singularity is associated with the initial
disturbance to the flow. Therefore, the rays of the singulant must all pass through the singularity
(located at z2 + y? + (z £ h)2 = 0) at t = 0. This produced a third set of exponentially small
wave behaviour present everywhere on the free surface, denoted as the unsteady free-surface
contribution. By comparing the singulants of the unsteady, longitudinal and transverse wave
behaviours, we were able to determine the region surface on which the longitudinal and transverse

waves were present at any point in time.

Finally, we compared the position of the longitudinal wavefront along y = 0 predicted by the

asymptotics with numerical solutions to the unsteady flow problem. The numerical solutions
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were again obtained by formulating an integral expression for the surface behaviour and com-
puting the solution to the integrals. As in the steady case, the asymptotic and numerical results

showed good agreement.

It would be interesting to consider other linearized geometries, such as flow past a finite line
source, or a narrow submerged obstruction. It would be expected that flow past a finite line
source would tend to the results found in Chapter 3 as the length of the source became large.
As long as leading-order solutions could be obtained, this analysis should not require substantial

changes to the methods described in this chapter.

In Chapter 4, we considered the nonlinear equivalent to the two-dimensional unsteady linearized
problem examined in Chapter 3. Similarly, the most natural extension to the work of this chapter
is to consider the behaviour of nonlinear three-dimensional flows. In addressing this problem,
however, we again find that the boundary is not fixed in Eulerian coordinates. In Chapter 4,
we circumvented this difficulty by formulating the problem in terms of Lagrangian coordinates,
where the particle labels were given in terms of the solution to an auxiliary steady problem in

terms of the complex potential.

Unfortunately, while Lagrangian formulations for three-dimensional flow problems are well-
known [69, 121] and used frequently in numerical methods that involve the tracking of fluid
particles [103], determining an appropriate particle-labelling scheme is substantially more diffi-
cult in three dimensions where complex variable methods may no longer be applied. One possible
solution to this difficulty is to consider the use of Clebsch potentials, such as in [57]. However,
Clebsch potential formulations are degenerate in the zero vorticity case, which is precisely the
case which we hope to consider. Other complex potential-type formulations for three dimen-
sional potential flow exist [60], and it is possible that these may be applicable to the problem

under investigation.
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Chapter 6

Conclusions

In this study, we applied exponential asymptotic methods in order to extend the results of
Chapman and Vanden-Broeck [27] for gravity waves on steady free-surface flow in two dimensions
to more general flow configurations. We considered linearized and fully nonlinear unsteady two-
dimensional flows, as well as steady and unsteady three-dimensional flows. In each of these
cases, we described the downstream wavetrain caused by flow over some submerged obstacle
in the small Froude number limit. As the waves were exponentially small, we applied the
exponential asymptotic technique developed by Olde Daalhuis et al. [87] and extended by
Chapman et al. [22]. Furthermore, in each case, we found that Stokes switching caused by the
interaction between exponentially subdominant free-surface contributions played an important
role in describing the free-surface behaviour, which we obtained using the technique developed
by Chapman and Mortimer [24]. In unsteady problems, these Stokes lines determine the position
of the propagating wavefront, while in three-dimensional problems, they determine the location

of the various classes of waves present on the surface.

6.1 Review

In Chapter 2, we considered two problems of relevance to the remainder of the thesis. The
first of these problems was solving a differential equation constructed to share several features
with the free-surface flow problems considered in subsequent chapters. The system satisfied
Laplace’s equation in the upper half-plane, with a mixed boundary condition imposed along the
curve y = 0. The boundary condition was chosen to contain a singular perturbation, as well
as to contain singularities in the analytic continuation of the boundary, located at z = +i. We
chose specifically to determine the behaviour of the solution on the boundary itself, which is
equivalent to finding the free-surface behaviour in the fluid flow problems addressed later in this

investigation.
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As the system produced a singular perturbation, the resultant asymptotic series expansion
was divergent, containing Stokes lines between the two singularities on analytically-continued
boundary. This problem served as an illustration of the exponential asymptotic methodology
developed by Olde Daalhuis et al. [87] and extended by Chapman et al. [22], which were used
to determine the behaviour that was switched as the Stokes line was crossed. In this problem,
as in the the fluid flow problems studied throughout this investigation, we found that there was
ambiguity in the form of the late-order terms. In this case, there were four possible late-order
term contributions, two of which were present in the problem. However, on the boundary itself,

these active contributions were indistinguishable from the inactive contributions.

To resolve this ambiguity, we solved the complex ray equations for the singulant behaviour.
Consequently, we noted that two of the late-order contributions led to singularities being present
in the solution domain, which is impossible for an elliptic problem. More generally, we observed
that in situations such as this, we may resolve the ambiguity by comparing the form of the late-
order singulants (and hence, the late-order terms themselves) with the leading-order behaviour
and ensuring the two are consistent. This is a similar process to determining the power of the
late-order singularity in [22], except we also determine which singularities are present in the first

place.

The second problem in Chapter 2 was chosen to illustrate the behaviour of exponentially small
gravity waves on free-surface flows with small Froude number. Specifically, we consider the
problem of flow due to a line source, overlooked in the general analysis of [27]. In this prob-
lem, as in [27], we applied exponential asymptotic late-order term methods to determine that
exponentially small gravity waves are switched on in the far field as Stokes lines are crossed.
We determined the form of these waves, and compared the wave amplitude to numerical results
from [78], finding good agreement between the numerical and asymptotic results that improved

as the Froude number became small.

In Chapter 3, we began our investigation into unsteady free-surface fluid flow over a submerged
step. However, the general method for determining free-surface gravity waves given in [27] relies
upon complex variable techniques that cannot be applied to the unsteady problem. Instead, we
fixed the boundaries by formulating the problem in terms of Lagrangian coordinates, as in [16,
69]. Using Cartesian particle-labeling would have fixed the free-surface, but this would no longer
be true of the flow base. Instead, we considered the initial flow configuration and solved it as if
it were a steady, fixed-boundary problem, obtaining the fluid potential and streamfunction. We
then used these quantities to uniquely label each fluid particle at ¢ = 0, producing a Lagrangian

system in which the boundaries were fixed. This was not strictly necessary for the linearized

168



problem considered in the remainder of Chapter 3, however it became important for the full

nonlinear version of the problem addressed in Chapter 4.

We subsequently used exponential asymptotic methods to determine the late-order contributions
to the asymptotic series behaviour, finding contributions associated with the singularity at the
top of the step, and the initial disturbance to the flow at ¢ = 0. The singularities associated
with the step generated Stokes lines which intersected the free-surface above the step itself, while
the singularities associated with the initial disturbance produced Stokes lines that propagated
downstream with the flow. Both of these sets of late-order terms led to exponentially small
waves on the free surface of the flow, which exhibited switching behaviour as the Stokes lines
were crossed. The first gave the downstream wavetrain observed in the steady case in [27], while
the second produced transient behaviour which was present on the entirety of the free surface,

and decayed in time.

Following [24], we determined the Stokes switching caused by the interaction between the two
different contributions. This analysis produced Stokes lines which intersected the free-surface at
x ~t/2 ast — oo, across which the downstream wavetrain was switched off. We therefore found
that these waves do not appear instantaneously, but rather propagate downstream from the
singularity, tending to the steady-state behaviour as ¢ — co. These results were compared with
the asymptotic solution obtained by solving the linearized equations using Fourier transforms,

and using the method of steepest descents to evaluate the Fourier inversion integral.

In Chapter 4, we considered fully nonlinear unsteady flow over a submerged step, using the
Lagrangian formulation developed in Chapter 3. We found that the system could not be ex-
plicitly solved for the leading-order behaviour except for particularly convenient values for the
step-height parameter b. To proceed with the analysis, we set b = 2, and obtained the resultant
leading-order behaviour. We then followed [27], posing an ansatz for the late-order terms, and
obtained equations governing the singulant and prefactor in this ansatz. While we were not
able to solve these equations analytically, we used numerical methods to determine the position
of the Stokes lines on the free-surface. Having obtained the Stokes structure, we were able to
determine the region of the free-surface containing exponentially small gravity waves in this
problem. Finally, we determined the optimal truncation point and performed Stokes smoothing
in order to determine the behaviour of the free-surface waves, with the result expressed in terms

of the singulant and prefactor.

Chapter 5 was divided into two sections. The first section considered steady free-surface flow
over a submerged point source. As we were considering only the linearized case for a small
flow disturbance, we formulated the problem in terms of Eulerian coordinates, giving a fixed-

boundary problem. We found that the asymptotic series behaviour switched on downstream
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longitudinal waves across a Stokes line following x = 0, which were present in the entire down-
stream region. These waves were largest within a wedge-shaped region that originated above the
singularity. Furthermore, we found that the longitudinal waves switched on a further transverse
wave contribution across Stokes lines, which was exponentially subdominant to both the origi-
nal asymptotic series behaviour and the longitudinal waves themselves. We then determined an
expression for the prefactor associated with the longitudinal waves, and used Stokes switching
to determine the downstream wave behaviour. We subsequently determined the far-field wave
amplitude along y = 0, and compared this with the equivalent numerical free-surface behaviour,

obtaining good agreement between the two.

We compared these results in the limit that the source approaches the surface to those obtained
by Keller [59], who considered the problem of low Froude number flow past a source positioned
on the surface itself. Keller used geometric ray theory to show that the free-surface contained
algebraically-small longitudinal and transverse gravity waves within the Kelvin wedge behind
the source. In our analysis, we found that as the source reaches the free-surface, both classes
of waves do become algebraically small within the Kelvin wedge, and that exponentially small
longitudinal waves are present within the downstream region outside of the wedge. Furthermore,
we noted that this analysis may easily be adjusted to consider different singularities simply
by changing the inner problem, and illustrated how this could be performed for flow past a
doublet. We also observed that, as we are effectively finding the Green’s function for flow past
a singularity, the results could easily be extended to be applied to any distribution of point

singularities.

The second problem considered in Chapter 5 was that of unsteady linearized flow past a sub-
merged source. As in the two-dimensional case considered in Chapter 3, this introduced a new
exponentially small free-surface contribution associated with the initial disturbance to the system
at ¢ = 0. By comparing the singulants associated with the unsteady, longitudinal and transverse
wave contributions, we determined the flow region in which each of the wave contributions could
be found at a given time. We first considered only the unsteady and longitudinal wave interac-
tions, finding that the longitudinal wavefront position was given by = ~ ¢/2 as t — oo, tending
to the steady-state behaviour found earlier in the chapter. Subsequently, we illustrated the full
Stokes structure of the problem, and, noting that higher-order Stokes switching can only occur
at Stokes line intersection points, determined the free-surface region that contained transverse
waves at any given time. This region also tended to the appropriate transverse wave region

obtained from the steady-state problem.

Finally, we compared the position of the longitudinal wavefront along y = 0 predicted by the

asymptotic analysis with a numerical simulation of the free-surface behaviour for a range of
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values of t. This comparison found good agreement between the analytical and numerical results.

6.2 Further work

The analysis performed in this investigation can be extended in a number of ways, many of

which involve determining the behaviour of flow over geometries not considered in this analysis.

In Chapter 2, we considered free-surface waves due to flow over a line source in finite depth. The
two most natural ways to extend this problem are flow over a line source in fluid of infinite depth,
and flow over a point source in fluid of either infinite or finite depth. In the first case, we could
omit the second conformal mapping, and perform the exponential asymptotic analysis directly
on the complex potential representation of the flow system, as the domain in this representation
is an entire half-plane. While the latter two cases are three-dimensional problems, they may be
represented in two-dimensional axisymmetric form, and could therefore be investigated using

similar techniques to those used here.

The investigation of unsteady flow problems performed in Chapters 3 and 4 could be extended
to consider a range of different flow geometries. We discussed some extensions of the linearized
results in Chapter 3, such as flow over an small, inclined step. We could also consider singularities
of a different nature, such as a line source or a smoothed step, or bases that generate multiple
singularities. Indeed, the base could be prescribed to have any number of submerged small steps
and dips, or even small, smooth variations, without invalidating the linearization process. It
would be interesting to consider the interaction between the unsteady free-surface contributions

associated with multiple singularities, such as the trapped waves found in [75].

In the unsteady, nonlinear flow problem considered in Chapter 4, it would be of interest to
determine the first-order correction terms to the flow, and subsequently the prefactor behaviour.
This would result in the downstream wavetrain behaviour being completely determined, using

the form of the Stokes-switching behaviour obtained in (4.48).

It would be of great interest if this analysis could be extended to a range of geometries, however
this possibility is limited by the necessity of determining the leading-order behaviour in the
Lagrangian formulation, which may not necessarily be possible. Indeed, even the leading-order
behaviour for flow over a step can only be found for particularly convenient values of b. Fur-
thermore, as the formulation of the Lagrangian governing equations is dependent on the flow
geometry, changing the geometry would require re-evaluation of the governing equations them-
selves. Nonetheless, this does not completely preclude the possibility that similar methods may
be applied to other geometries; at the very least, it would be interesting to consider flow over a

downwards step, or a step with a value of b given in Appendix C.
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The analysis of Chapter 5 could also be extended to a number of previously unconsidered infinite-
depth geometries, such as flow over a finite line source. Furthermore, we could represent multiple
obstacles as a distribution of singularities, and hence determine the manner in which their wave
patterns interfere. Furthermore, we could suggest arrangements that minimize wave resistance,
such as the ‘Weinblum’ catamaran or other multihull configurations discussed in [105, 104].
We could also obtain equivalent free-surface behaviour for finite-depth flow configurations using

similar techniques.

We previously discussed the possibility of considering the equivalent fully nonlinear three-
dimensional steady and unsteady flow problem; however, this is more complicated than the
equivalent two-dimensional extension. Equivalent equations for the Lagrangian formulation of
three-dimensional flow are well-known [69, 121], and given an appropriate particle-labeling, it is
likely that the asymptotic analysis may be performed in a similar fashion to that given in Chap-
ter 4. However, in the two-dimensional analysis of the nonlinear problem, the particle-labeling
was found using complex variable techniques which are not valid in three dimensions. Hence,
we require a particle-labeling scheme that fixes both the free-surface and the position of the

obstacle.

One possible solution is to consider a particle-labeling scheme that utilizes Clebsch potentials
[57]. However, Clebsch potentials become degenerate in the zero vorticity case, which means
that this application would not be trivial. Other complex potential-type formulations for three-
dimensional potential flow exist [60], and it is possible that these may allow the fluid particles

to be labeled in an appropriate fashion.

Finally, we note that each of the flow problems considered within this investigation neglected
surface tension. It would be interesting to consider equivalent results for capillary waves, such as
[26], or even combining gravity and surface tension effects to consider gravity-capillary waves,
as in [100, 101]. Each of the listed studies considers only the steady, two-dimensional case.
However, it is likely that similar ideas to those used in this study could be applied to consider

more general flow configurations.

While we have determined free-surface gravity wave behaviour in a range of flow configurations,
we emphasize that many open problems and unsolved configurations remain. However, the tech-
niques developed by this investigation for unsteady and three-dimensional flows, as well as the
important observation that the interaction between exponentially small free-surface contribu-
tions produces Stokes lines that play an important role in each of these problems, should be of

use in any further investigation into low Froude number free-surface flows.
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Appendix A

Darboux’s Theorem

Here we summarize the explanation of Darboux’s Theorem given by Dingle [33]. This result is
important for determining the behaviour of late-order terms in an asymptotic series, as it states
that the behaviour of late-order series terms at any point in the complex plane is governed by

the nearest singularities in the complex plane.

We are given some function ¢(f) which converges within a circle in the complex plane centered

on zero, and may therefore be expanded in this circle as a Taylor-Maclaurin series given by
¢(f) = arf" (A1)
r=0

Let f; represent a singular point lying on or outside the circle of convergence. This singularity

may be a pole or branch point, but not an essential singularity. Near the singularity, we obtain

o) ~ oi(H)(fi = £)7, (A-2)

where p; is the order of the singularity, and the coefficient ¢;(f) any be expanded as a Taylor

series about f;, giving

(fi = 1)?

oi(f) = ¢i(fi) — (fi = Hoi(fi) + 5 oY (fi) =

Hence, if we expand (A.2) to determine the coefficient of " and compare this with the series

(A.1), we find that the contribution to a, from the singularity at f = f; is given by

L(r +pi) {¢‘_ pi—1
T(r+ DT () f77 U r+pi-

for late coefficients such that » > p;. The behaviour of a, in the limit that r — oo will

contain contributions from every singularity in the complex plane; however, the factor f] in
the denominator ensures that the dominant contribution will come from those singularities for

which |f;| is smallest, or those lying on the circle of convergence.

Consequently, to determine the late-order terms of an asymptotic series at any point, we need

only determine the contribution from the nearest singularities in the complex plane.
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Appendix B

Finding the Fourier Transform of
the Initial Condition

Taking the Fourier transform of the initial condition given in (3.29) on y = 0, we obtain
bo(k,0) :/OO %log(l—i—em)eik“ dz. (B.1)
In order for the integral in this expression to converge in the upper half-plane, we require
0 < Im(k) < 1. The integrand has poles at © = £(2n + 1)xi for integer values of n. Due to
the logarithm term, the integrand also has branch cuts originating from each of these poles,
which shall be defined to follow the paths in Figure B.1, although the result of the integral will
be independent of the orientation of the cuts. To evaluate the integral, we deform the integral
contour into the upper half-plane, as shown by the contour C in Figure B.1. This deformation
is valid for Re(k) > 0. For Re(k) < 0, the contour would instead be deformed into the lower
half-plane, shown by the contour C5 in Figure B.1. Evaluating the integral along this contour

will give an identical result.

We see that contributions to the integral will arise due to the integration along the branch cuts.
Along the branch originating at * = —(2n + 1)i, we consider the sum of the integral on either
side of the cut. Using (2n + 1)7i™ to indicate a point just above the cut, and (2n + 1)7i~ to

indicate a point just below it, we see that this contribution is given by

(2n+1)wit 1 .
/ l log(|1 + ) - 7;] da

oo+ (2n+1)wit 2
oo+ (2n+1)mwi~ 1 i
—|—/ —log(|]1 +¢€*]) + —

(2n+1)mi— 2 2

e1ka: dx,

which simply becomes

—miett 4z =

/(2n+1)7ri 7.‘,e(2n+1)k7r
oo+ (2n+1)wi k .
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Figure B.1: Possible contour deformations for (B.1). The blue contour in the upper-half plane C; is the appro-
priate choice for Re(k) > 0, while the red contour C> in the lower-half plane is the appropriate choice
for Re(k) < 0. Branch cuts are indicated by dashed lines and singularities are indicated by filled

circles.

The sum of the branch-cut contributions is therefore given by

i We(?n«kl)kﬂ' _ T
o k 2k sinh (7k)
Consequently, we find that (B.1) evaluates to become
- ™
9o(k.0) = — 5 (rk)’
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Appendix C

Exact solutions for the
leading-order flow potential

Here, we provide exact solutions to (4.14) for a range of discrete values of b. Exact solutions
may, in general, be found for any value of b that causes the polynomial in (4.14) to have integer
order less than or equal to four. We consider only values of b that are associated with upward
steps in the flowpath (that is, b > 1); however, exact solutions also exist for many values of b
that lead to downward steps (0 < b < 1). This list is not exhaustive; an exact solution for o was
calculated for b = 4/3; however, it was too cumbersome to be represented here. It is possible

that there may exist other values of b such that exact solutions to (4.14) may be obtained.

Exact solutions for k when b = 3/2,2,3 and 4 are shown in Table C.1. The values given in the

table may be used to obtain the steady-state fluid potential for each case using (4.13).
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Appendix D

Finding the prefactor for
unsteady three-dimensional flow

For unsteady, three-dimensional flow, the equation for the prefactor was given in (5.104). As
in the steady case, we obtain a form using the method of characteristics. Defining u as the

characteristic variable, the ray equation formulation of this problem becomes

dzx dy dt

Tu = 206 +x0)” + 2, T = 2w qu = 20 +x)”, (D.1)
do

a = _(Xaca: + Xyy + G(Xa: + Xt)Z(Xaca: + 2Xat + Xtt))(l)a (D~2)

with boundary conditions are parametrized by s and given by
Ty =8, yo = Fi(s® + h*)"/?, to =0, Dy = Po(s),

where ®(s) is obtained by considering the behaviour in the neighbourhood of the singularity.
Again, we will choose the positive sign for ¢y, and note that the opposite choice would give the
complex conjugate contribution. We notice that the equations governing the ray behaviour are

identical to those of the singulant equation (5.105), hence giving

dx - dy dt
= = 4P 31op = =2 — = 4(P 3 D.
Toap+rP+2p, o2q, T =aP+RY, (D.3)
do
o= (Pt @ +6(P+ R)*(P, + 2R, + R;))®. (D.4)
We may rewrite (D.4) in terms of independent variables as
do
3 = —(Pese+ PrRo+ Qssy + QrRy +6(P + R)?(Pssy + PrRy + 2R, + R,))®,  (D.5)

where the form of P and ) are obtained as a product of the analysis in Section 5.2.2.1. To

determine s, and R, we integrate (D.3) to obtain
r = (4(P(R,s) + R)®> + 2P(R, s))u + s,
y = 2Q(R, s)u +i(s* + h*)1/2

t = 4(P(R,s) + R)3u.
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Taking the partial derivative of each equation with respect to = gives a system of equations

taking the form

1= (1+2uP,(146(P+ R)?))s, + (2Pr + 12(P + R)?(Pg + 1))uR, + (4(P + R)3 + 2P)u,,

is
0= <2qu + (.92—|—h2)1/2> Sg + QQRqu + QQ’UJI,

0 =3uPss, + 3(Pr + 1)uR, + (P + R)u,,

which may be solved to find s,, R; and u; in terms of R, s and u. Similarly, taking the partial
derivatives with respect to y and ¢ give similar systems of equations that may be solved to obtain

sy, Ry and uy, and s;, R; and u; respectively. Consequently, (D.5) may be written in the form

do
@ = 9(57 R7 u)@,

which may in principle be solved using direct integration along each ray, with the arbitrary
constant being related to the inner solution in the neighbourhood of the singularity. In practice,

however, this integral is too complicated to be evaluated analytically. Hence, we leave the

prefactor in integral form, giving

u
®(s, R,u) = Py(s, R,0) exp (/ g(s, R,u') du’) ,
0

where the form of s, R and u were computed when solving the singulant equation in Section
5.3.3.2, and ®¢(s, R,0) is found by matching this outer solution with the inner expansion near

the singularity.
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