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Abstract

In this thesis, we analyse multilevel collocation methods involving compactly
supported radial basis functions. We focus on linear second-order elliptic bound-
ary value problems as well as Darcy’s problem. While in the former case we
use scalar-valued positive definite functions for constructing multilevel approxi-
mants, in the latter case we use matrix-valued functions that are automatically
divergence-free. A similar result is presented for interpolating divergence-free
vector fields. Even though it had been observed more than a decade ago that
the stationary setting, i. e. when the support radii shrink as fast as the mesh
norm, does not lead to convergence [23], it was up to now an open question
how the support radii should depend on the mesh norm to ensure convergence.
For each case above, we answer this question here thoroughly. Furthermore, we
analyse and improve the stability of the linear systems. And lastly, we examine
the case when the approximant does not lie in the same space as the solution
to the PDE.
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Chapter 1

Introduction

Partial differential equations undoubtedly dominate much of applied and pure math-
ematics. They describe a range of challenging and diverse phenomena in physics,
chemistry, biology, meteorology and even economics. However, finding analytic so-
lutions to partial differential equations (PDEs) is often only feasible for very simple
cases. Therefore, a great part of the literature in numerical analysis is devoted to
solving them computationally [61, 17, 51, 7, 6, 19, 79].

There are several well-established methods to solve PDEs. The most intuitive,
but in some sense least flexible, is the finite difference method (FD). It approximates
derivatives by differential quotients with a small but finite mesh size. Through Taylor
series one often obtains a good estimate for the error, depending on the mesh size.
However, finite difference methods are most commonly used on regular grids and
domains [61]. Spectral methods need to cluster the grid points near the boundary
of the domain. The idea here is to solve a PDE by approximating the solution by
a linear translation of globally supported smooth functions (often a Fourier series).
Obviously, in order to obtain a reasonable approximation this requires either the
solution to be sufficiently smooth or an adaptive strategy [79]. However, when it is
possible to apply these methods, one can often achieve exponential convergence.

Finite element (FEM) and finite volume methods (FVM) can be applied to wider
problem classes. In both cases, one triangulates the domain of interest (which can
be quite arbitrary). In the case of finite element methods, one patches together
local polynomial solutions on each triangle to obtain a global approximant. For
finite volume methods one considers averages on each triangle (or cell). Apart from
triangles, other elements or cells are possible. Either method has its strengths.
Finite element methods are applied to weak formulations of a PDE, which allow
more general nonclassical solutions [7, 6, 19]. Finite volume methods, on the other
hand, are numerically conservative schemes and thus appeal to hyperbolic systems
of conservation laws [51, 61].

In this thesis, however, we want to analyse a relatively new numerical method
to solve partial differential equations. We focus on collocation with radial basis
functions (RBFs) [58, 9, 84, 44, 24, 34, 78, 71, 18, 10, 21, 15, 60], or more generally
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positive definite kernels, in combination with a multilevel residual correction scheme.
The predominant advantage of this method is its flexibility with respect to the
collocation points. These points do not have to be uniformly structured or clustered
near the boundary as is often the case for finite difference or spectral methods,
but they can be – up to a certain extent – arbitrarily scattered. Unlike for finite
volume, finite element or wavelet methods, this approach, however, dispenses with
the expensive generation of a mesh. For this reason it is often referred to as meshless
or meshfree.

Radial basis functions have been used in many different ways to numerically solve
differential equations [46, 33, 23, 4, 48, 11, 37, 28, 12, 31, 36, 86, 74, 16, 30, 70, 29].
Wendland investigated a Galerkin method using radial basis functions [82]. An
advantage of the Galerkin method is that the solution does not need to be as smooth
as it has to be for collocation. However, since the basis functions are radial, it
requires a numerical integration in order to set up the discretised approximations to
the continuous problem and thus introduces an additional error.

There are at least two ways to use collocation to solve differential equations with
radial basis functions. One method was proposed by Kansa [46]. The idea is to ex-
pand the solution in a linear combination of radial basis functions and then apply the
differential equation as well as the corresponding boundary condition, evaluated at
given locations. Since in order to obtain the coefficients of the expansion, one needs
to solve an unsymmetric linear system. This approach is often referred to as unsym-
metric collocation. Even though in practice this method is numerically observed to
converge quite quickly [54], unfortunately, the invertibility of the collocation matrix
is not always guaranteed [43].

Another RBF collocation method includes the differential operator in the ex-
pansion of the numerical solution for all interior nodes [23, 50, 33]. Franke and
Schaback [32] were the first ones to show that the collocation matrix in this case
is symmetric and positive definite (and thus automatically invertible). The idea is
to rephrase this symmetric collocation method in terms of generalised interpolation
[84, Chapter 16], where a general theory is readily available. Due to these reasons,
we will focus on symmetric collocation throughout this thesis. We point out that
even though in this thesis we look at specific classes of PDEs, both approaches can
be used for elliptic, parabolic or hyperbolic PDEs.

In practice, the linear systems one needs to solve to determine the coefficients
in the expansion can become quite large. Radial basis functions are known to suf-
fer from conditioning problems, especially when the linear systems are dense [72].
Several improvements have been suggested. Here, we would like to focus on two
prominent ones. Firstly, we look at compactly supported radial basis functions,
which guarantee that the system we need to solve is sparse. Secondly, we employ
multilevel techniques, where we approximate the residual on gradually finer data
sets. For interior data, the residual refers to the differential operator applied to the
difference of the solution to the PDE and its approximant. On the other hand, for
Dirichlet boundary data it is simply the difference of solution and approximant.
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Figure 1.1: The multilevel collocation approximation (blue) approximates the target solution
(red) on denser data sets. For each level the residual (green) is interpolated on the next finer
data set, using smaller and smaller support radii (second row). The multilevel approximation
is then the sum of these local interpolants.

These multilevel RBF methods work as follows. Suppose we are given succes-
sively denser (but not necessarily nested) data sets, at which the right-hand sides of
our PDE are known, as well as a sequence of gradually shrinking support radii, linked
to the size of the biggest hole in our data sets. We start by constructing an approxi-
mant on the coarsest data set, using a compactly supported basis function having a
large support radius. Then on the next finer data set, we approximate the residual
through (generalised) interpolation, using compactly supported basis functions with
a smaller support radius than the previous one. The sum of the coarse and the finer
approximant interpolates the target function on the finer data set. By iterating
this process, we are able to capture different scales, that might be incorporated in
our target function. Approximants constructed with a large support radius capture
large-scale variations whereas approximants with smaller support radii grasp the
finer details. The sum of all approximants always interpolates the target function
on the finest data set. See Figure 1.1 for a schematic explanation.

Similar multilevel methods have been known to yield excellent results for inter-
polation problems [27]. But it is only recently that convergence and stability proofs
were given [49, 87]. In this thesis, we would like to rigorously prove the correspond-
ing theory for symmetric collocation using radial basis functions. We will focus on
two important classes of PDEs: linear second-order elliptic boundary value problems
as well as Darcy’s problem, a first-order system of PDEs that can be used to model
groundwater flow.

In the late nineties, Fasshauer [23] observed numerically that for symmetric
RBF collocation there is no convergence in the stationary setting, i. e. when the
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support radius at a given level is chosen proportional to the mesh norm of that
level. Additionally, he observed that the algorithm converges if the support radii
approach zero more slowly than the mesh norms. However, he did not study the
precise relationship between mesh norm and support radius needed for convergence.
Here, we explain rigorously how the support radii should depend on the mesh norms.

Finally, we present the structure of the thesis. We finish the first chapter by
explaining the notation and outlining some of the most important tools. In the
second chapter, we explore the theory of positive definite kernels. This includes
their characterisation and properties as well as compactly supported positive definite
kernels. Moreover, the theory of reproducing kernel Hilbert spaces will be developed,
to help analyse the error and the optimality of the interpolation scheme. So-called
sampling inequalities will prove to be useful in later chapters.

The third chapter starts with an introduction to generalised interpolation. As
a special case RBF collocation is discussed. The following chapter is devoted to
multilevel RBF theory. We explain in detail how these multilevel algorithms work.
For this we first discuss (inverse) trace theorems as well as the Sobolev norm for
functions defined on the boundary of a domain. Then, we look at the convergence
theory for the previously studied multilevel interpolation and present new results
concerning multilevel collocation. Numerical examples complement the theory.

In order to reduce the condition numbers of the linear systems that have to be
solved for each level, three strategies will be discussed in the fifth chapter. Firstly, we
prove a smoothing result with several parameters, which extends the one-parameter
smoothing theory by Wahba [80] and secondly we show that a diagonal precondi-
tioning strategy significantly improves negative effects on the condition numbers,
introduced by the chain rule.

Subsequently, we examine an alternating projection method. The key idea is to
further reduce the condition numbers of the level matrices by splitting the inter-
polant into two new interpolants – one that corresponds to the interior and one that
corresponds to the boundary. We adapt a known result [83] that alternating between
these two new interpolants will eventually approximate the original interpolant.

Escape theory, which we discuss in the seventh chapter, justifies the use of RBF
methods when the numerical solution is actually smoother than the analytical one.
The one-shot as well as the multilevel escape theory for second order elliptic bound-
ary value problems will be developed and illustrated with numerical examples. The
eighth chapter then gives an introduction to matrix-valued kernels. The multilevel
RBF theory for matrix-valued kernels in the case of divergence-free interpolation
will be examined.

The ninth chapter builds on the theory of matrix-valued kernels from the previous
chapter. Matrix-valued kernels will be employed to construct numerical solutions to
Darcy’s problem. A multilevel theory as well as an escape theory will be proven.
Lastly, the theory is verified with numerical examples. At the very end of the thesis,
we summarise what has been achieved and point to areas of future research.
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1.1 Notation and Mathematical Tools

Usually, we will denote the space dimension with d, the number of data sites with
N , and choose Ω to be a subset of Rd. The natural numbers N shall not include zero
– if we want to include it, we use the notation N0. Sometimes we denote with i the
imaginary unit and sometimes we use it as a summation index. We will use Landau
symbols to characterise the growth of a function. That is, if a function f(x) has
complexity O(g(x)) for sufficiently large x, we mean there exists a constant C > 0
and a real number x0 such that |f(x)| < C|g(x)| for any x > x0.

We denote with bxc the largest integer less than or equal to x ∈ R and with
dxe the smallest integer bigger than or equal to x. We use ‖ · ‖2 for the Euclidean
norm. The Lp norm is given by ‖f‖pLp(Ω) =

∫
Ω |f(x)|pdx for 1 ≤ p < ∞ and by

‖f‖L∞(Ω) = ess supx∈Ω |f(x)| for p =∞.
We will abbreviate partial derivatives using the multi-index notation. Let α =

(α1, . . . , αd)
T ∈ Nd0 and x = (x1, . . . , xd)

T ∈ Rd, then

Dαf(x) :=
∂|α|

∂α1
1 . . . ∂αdd

f(x) and ωα = ωα1
1 . . . ωαdd

where

|α| := ‖α‖`1 =

d∑
j=1

αj .

For notational convenience, we use symmetric factors in the definition of the
Fourier transform and the inverse Fourier transform.

Definition 1.1

(i) Let f ∈ L1(Rd), then the Fourier transform of f is given by

Ff(ω) = f̂(ω) =
1

(2π)d/2

∫
Rd
f(x)e−ix

Tωdx, ω ∈ Rd.

(ii) Let g ∈ L1(Rd), then we call

F−1g(x) = ǧ(x) =
1

(2π)d/2

∫
Rd
g(ω)eix

Tωdω, x ∈ Rd

the inverse Fourier transform of g.

Sometimes, we will add the space dimension as a subindex Fd so that it becomes
clear which space we integrate over. The definition can be extended to encompass
square integrable functions in the following way. If a family of smooth rapidly
decreasing functions {fn} converges to some function f ∈ L2(Rd), we define its

Fourier transform as the L2(Rd) limit of the Fourier transforms {f̂n}. Existence and
uniqueness follow from the fact that the Fourier transform is a linear and bounded
operator on the set of all smooth rapidly decreasing functions, which is dense in
L2(Rd).

We note a couple of useful properties of the Fourier transform.
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Corollary 1.2 (Properties of the Fourier Transform) Let f, g ∈ L1(Rd), then:

1. The Fourier transform of a function translated by a ∈ Rd is given by

F [f(· − a)](ω) = e−iω
T aFf(ω).

2. The Fourier transform of a function inversely scaled by a > 0 is given by

F [f(·/a)](ω) = adFf(aω).

3. The Fourier transform of the convolution defined by

(f ∗ g)(x) :=

∫
Rd
f(y)g(x− y)dy

is a product of Fourier transforms, namely

F [f ∗ g](ω) = (2π)d/2Ff(ω)Fg(ω).

4. We can swap the Fourier transform in the following integral expression∫
Rd
Ff(x)g(x)dx =

∫
Rd
f(x)Fg(x)dx.

5. If the function x 7→ xkf(x) is L1 integrable, then the Fourier transform of f
is differentiable with respect to its kth component and

F [xkf(·)](ω) = i
∂

∂ωk
Ff(ω).

6. If the function ∂
∂xk

f is L1 integrable, then its Fourier transform is given by

F
[
∂

∂xk
f

]
(ω) = iωkFf(ω).

We will use the last statement repeatedly in subsequent chapters, mainly in its
multi-index version, i. e.

F [Dαf ] (ω) = (iω)αFf(ω).

It is possible to recover a function from its Fourier transform under certain
conditions.

Theorem 1.3 (Fourier Inversion Theorem) If both f and Ff lie in L1(Rd) and f
is continuous, then

f(x) = F−1F(f)(x) = (2π)−d/2
∫
Rd
f̂(ω)eix

Tωdω.
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Proof. See [84, Corollary 5.24].

Moreover, for nonnegative integer k, 1 ≤ p < ∞ and Ω ⊂ Rd let W k
p (Ω) denote

the Sobolev space with differentiability order k and integrability power p. Define for
u ∈W k

p (Ω) the Sobolev (semi-)norms

|u|p
Wk
p (Ω)

=
∑
|α|=k

‖Dαu‖pLp(Ω) and ‖u‖p
Wk
p (Ω)

=
∑
|α|≤k

‖Dαu‖pLp(Ω).

For p =∞ the Sobolev (semi-)norm is given by

|u|Wk
∞(Ω) = sup

|α|=k
‖Dαu‖L∞(Ω) and ‖u‖Wk

∞(Ω) = sup
|α|≤k

‖Dαu‖L∞(Ω).

We will often use the abbreviation Hk(Ω) = W k
2 (Ω) for the case p = 2 to make

clear that we have in fact a Hilbert space. In this case, there is another way to
characterise and generalise Sobolev spaces on the whole Euclidean space via Fourier
transforms by defining

Hσ(Rd) =
{
f ∈ L2(Rd) | f̂(·)(1 + ‖ · ‖22)σ/2 ∈ L2(Rd)

}
,

where 0 < σ < ∞ can denote a fractional positive number [20, Chapter 5]. For
smooth bounded domains Ω ⊂ Rd, one can define Hσ(Ω) as all the functions in
L2(Ω), which can be extended to a function in Hσ(Rd). Another way to define
fractional Sobolev spaces for an open subset Ω is given by

Hσ(Ω) =

{
‖f‖Hbσc(Ω) + sup

|α|=bσc
[Dαf ]σ−bσc,2,Ω

}
,

where the Slobodeckij seminorm [·]θ,p,Ω is defined by

[f ]θ,p,Ω :=

(∫
Ω

∫
Ω

|f(x)− f(y)|p

‖x− y‖θp+d
dx dy

) 1
p

for θ ∈ (0, 1), 1 ≤ p < ∞ and f ∈ Lp(Ω). A very important tool for us will be the
Sobolev embedding theorem, which can be found in [7, Theorem 1.4.6 and Corollary
1.4.7].

Theorem 1.4 (Sobolev Embedding Theorem) Let Ω ⊆ Rd be a bounded domain
with Lipschitz boundary, let k be a positive integer and m a nonnegative integer with
k > m. Furthermore let p be a real number 1 ≤ p <∞ such that

k −m ≥ d when p = 1,

k −m > d/p when p > 1.
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Then there is a positive constant C such that for all u ∈W k
p (Ω)

‖u‖Wm
∞(Ω) ≤ C‖u‖Wk

p (Ω).

Moreover, there is a Cm function in the Lp(Ω) equivalence class of u.

Due to the last statement in the theorem, we will sometimes abuse notation and
write W k

p (Ω) ⊆ Cm(Ω). We will explain what a Lipschitz boundary is in the next
chapter.

Finally, we will repeatedly use the Riesz representation theorem, which can be
found in standard introductions to linear functional analysis such as [91].

Theorem 1.5 (Riesz Representation Theorem) Let H be a Hilbert space with real
base field and inner product (·, ·)H . Denote with H∗ its dual. Then the mapping

J(f)(g) := (g, f)H

for f, g ∈ H defines an isometric isomorphism J : H → H∗, i. e. J is bijective,
‖f‖H = ‖J(f)‖H∗ and J(αf + g) = αJ(f) + J(g) for all f, g ∈ H and α ∈ R.

8



Chapter 2

Scattered Data Approximation
by Positive Definite Functions

In this chapter, we introduce interpolation with positive definite functions, which
serves as an important blueprint for the next chapter, where we turn to generalised
interpolation. Most of this introductory chapter is based on the textbook by Wend-
land [84].

We would like to recover an unknown function f : Rd → R, of which we know only
finitely many samples taken at some discrete data set X = {x1,x2, . . . ,xN} ⊆ Rd.
In order for the interpolation process to work, the least we need to assume regarding
its regularity is continuity. We construct an interpolant of the form

sf,X(x) =

N∑
j=1

αjΦ(x− xj), (2.1)

for some continuous basis function Φ: Rd → R. The real coefficients α1, . . . , αN are
determined from the interpolation conditions

sf,X(xj) = f(xj) for 1 ≤ j ≤ N (2.2)

by solving the linear systemΦ(x1 − x1) . . . Φ(x1 − xN )
...

...
Φ(xN − x1) . . . Φ(xN − xN )


α1

...
αN

 =

 f(x1)
...

f(xN )

 , (2.3)

which we abbreviate with

AΦ,X α = f .

We would like to explain in more detail how to choose the basis function Φ. For
this reason, we will first consider positive definite functions and their properties,
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show some examples, and have a closer look at compactly supported ones. At the
end of the chapter, we will discuss how these approximation techniques relate to
other concepts in functional analysis and how this relationship can be exploited
when examining the error of the interpolation method.

Before we start, however, we point out that the multivariate approximation
space that our interpolant is taken from FΦ,X = span{Φ(· − x) | x ∈ X} depends
on the data X = {x1,x2, . . . ,xN}. This is quite different from the univariate case
of polynomial interpolation where one can build unique interpolants with the help
of the space PN−1(R) = span{xj | j = 0, . . . , N − 1}, which is independent of the
data. Such data-independent spaces have been given a special name.

Definition 2.1 Let Ω ⊆ Rd. A linear subspace of continuous functions V ⊆ C(Ω) is
called an N-dimensional Haar space if for arbitrary data (X, f) for some data set
X = {x1,x2, . . . ,xN} ⊆ Ω and f = (f1, . . . , fN )T ∈ RN there is exactly one function
p ∈ V with

p(xj) = fj for 1 ≤ j ≤ N.

One of the reasons why we look at data-dependent approximation spaces in the
multivariate case is that there are no higher dimensional Haar spaces.

Theorem 2.2 (Mairhuber-Curtis) Let Ω ⊆ Rd contain an interior point. If d ≥ 2,
then there exists no Haar space of dimension N ≥ 2.

The proof of this theorem can be found in the textbook by Wendland [84, The-
orem 2.3].

2.1 Positive Definite Functions

It is obvious that the interpolant sf,X needs to be chosen in such a way that the
corresponding interpolation matrix AΦ,X is invertible. From a numerical point of
view, however, it would be advantageous to have some additional features such as
positive definiteness. This motivates the following definition.

Definition 2.3 A continuous function Φ: Rd → R is called positive semi-definite
on Rd if for all N ∈ N, any finite set X = {x1,x2, ...,xN} ⊆ Rd of pairwise distinct
points, and all α = (α1, ..., αN )T ∈ RN , the quadratic form

N∑
j=1

N∑
k=1

αjαkΦ(xj − xk) (2.4)

is nonnegative. It is called positive definite on Rd if the quadratic form is positive
for all α ∈ RN\{0}.

Conveniently, the definition is made in such a way that a function is positive
(semi-)definite if the interpolation matrix AΦ,X is positive (semi-)definite as well. It
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is also possible to generalise the definition to complex-valued functions, which has
some advantages when employing Fourier transforms. For our purposes, however,
it is enough to restrict ourselves to the case of real-valued functions. From the
definition one can deduce the following properties of a positive semi-definite function.

Theorem 2.4 (Properties of Positive Definite Functions) Let Φ be a positive semi-
definite function, then the following holds:

1. Φ(0) ≥ 0.

2. Φ(−x) = Φ(x) for all x ∈ Rd.

3. Φ is bounded with |Φ(x)| ≤ |Φ(0)| for all x ∈ Rd.

4. Φ(0) = 0 if and only if Φ is the zero function.

5. If Φ1, . . . ,ΦN are positive semi-definite and cj are nonnegative constants then∑N
j=1 cjΦj is also positive semi-definite. If one of the Φj is positive definite

with corresponding coefficient cj > 0, then the whole sum is positive definite.

6. The product of two positive definite functions is positive definite.

Proof. See [84, Theorem 6.2].

Now we can formulate the well-posedness of the interpolation scheme, see for
example [44, Theorem 1].

Theorem 2.5 Let Φ: Rd → R be positive definite. The interpolation problem (2.2)
has a unique solution of the form (2.1).

Proof. From the definition of positive definiteness it follows that the matrix in the
linear system (2.3) is positive definite and thus invertible.

2.1.1 Radial Positive Definite Functions

Often the positive semi-definite functions we are interested in have additional prop-
erties. A very common one is that they only depend on the norm of the argument,
i. e. they are are radial.

Definition 2.6 A function Φ: Rd → R is called radial if there exists a function
φ : [0,∞)→ R with Φ(x) = φ(‖x‖2) for all x ∈ Rd.

With the help of univariate radial positive definite functions one can easily de-
scribe multivariate positive definite functions for any space dimension d.

Definition 2.7 A univariate function φ : [0,∞) → R is called positive semi-
definite on Rd if Φ: Rd → R, defined by Φ(x) = φ(‖x‖2) for all x ∈ Rd, is positive
semi-definite on Rd.

11



Now the term, radial basis function becomes clear. When characterising positive
definite functions their Fourier transform will play an important role. Therefore,
we would like to know how the Fourier transform of a radial function behaves. The
following theorem states that its Fourier transform is a radial function itself.

Theorem 2.8 Suppose Φ ∈ L1(Rd) ∩ C(Rd) is radial with Φ(x) = φ(‖x‖2) for all
x ∈ Rd and some φ : [0,∞) → R. Then its d-variate Fourier transform is radial as
well with

FdΦ(ω) = Fdφ(‖ω‖2) = ‖ω‖−
d−2

2
2

∫ ∞
0

φ(t)t
d
2J d−2

2
(‖ω‖2t)dt,

where Jp is the classical Bessel function of the first kind of order p = d−2
2 defined as

Jp(r) =
∞∑
m=0

(−1)m
(
r
2

)2m+p

m!Γ(p+m+ 1)
.

Proof. See [84, Theorem 5.26].

The theorem has the nice consequence that testing a radial function for pos-
itive definiteness only involves evaluating a one-dimensional integral instead of a
multivariate one as we will see in the next section (Theorem 2.10).

2.1.2 Characterisation of Positive Definite Functions

There are two predominant ways to characterise positive semi-definite functions:
either through Fourier transforms or through completely monotone functions. The
first characterisation is dependent on the space dimension since the Fourier trans-
form consists of Rd-integrals. The second characterisation (often called Bernstein-
Hausdorff-Widder characterisation) is achieved with the help of univariate functions
that help to describe positive definite functions for any given space dimension. As we
will see soon, there exists no compactly supported function that is positive definite
for all space dimensions d. Therefore, we will only discuss the characterisation via
Fourier transforms, which is known as Bochner’s theorem and refer the interested
reader to Chapter 7 in Wendland’s book [84] for the other option.

Bochner’s original result is rather general [84, Theorem 6.6]. It is given for
complex-valued positive semi-definite functions. In this thesis, we are only interested
in real-valued positive definite functions. Therefore, we cite two special versions of
this theorem: one for integrable functions and one for integrable radial functions.

Theorem 2.9 (Bochner’s Theorem for Integrable Functions) Suppose Φ is a con-
tinuous function in L1(Rd). Then Φ is positive definite on Rd if and only if Φ is
bounded and its Fourier transform is nonnegative and nonvanishing.

Proof. See [84, Theorem 6.11].
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Theorem 2.10 (Bochner’s Theorem for Radial Functions) Suppose φ ∈ C([0,∞))
satisfies r 7→ rd−1φ(r) ∈ L1([0,∞)). Then φ is positive definite on Rd if and only if
φ is bounded and its Fourier transform

Fdφ(r) = r−
d−2

2

∫ ∞
0

φ(t)t
d
2J d−2

2
(rt)dt

is nonnegative and nonvanishing.

Proof. Since the function r 7→ rd−1φ(r) is in L1([0,∞)), we can conclude that
Φ(x) := φ(‖x‖2) is in L1(Rd). Since additionally FdΦ(x) = Fdφ(‖x‖2), the result
follows from Theorem 2.9.

2.1.3 Examples

We give three examples of positive definite functions: two globally supported func-
tions and one compactly supported function, which will be of great use when con-
structing compactly supported positive definite functions. We start by showing that
Gaussians

Φα(x) = e−α‖x‖
2
2

for α > 0 are positive definite on Rd. If we look at the Fourier transform of Φ1/2,
we find

FΦ1/2(ω) =
1

(2π)d/2

∫
Rd
e−‖x‖

2
2/2e−ix

Tωdx

=

d∏
k=1

(
1√
2π

∫
R
e−x

2
k/2e−ixkωkdxk

)
=

d∏
k=1

−eω2
k/2 = e−‖ω‖

2
2/2,

where we used and generalised the fact that the Fourier transform of the one-
dimensional Gaussian f(x) = e−x

2/2 is again a Gaussian, i. e. f = f̂ . Now since

FΦα(ω) = F
[
Φ1/2(

√
2α ·)

]
(ω)

=

(
1

2α

)d/2
FΦ1/2

(
ω√
2α

)
=

(
1

2α

)d/2
e−‖ω‖

2
2/(4α)

is positive and Φα is bounded and continuous, we can deduce that Φα is positive
definite on Rd.

Another important family of functions are inverse multiquadrics

Φβ(x) = (1 + ‖x‖22)−β, x ∈ Rd. (2.5)

They are positive definite on Rd for β > 0 [87, Theorem 7.15]. The proof of their
positive definiteness for β > d/2 follows from the fact that the bounded continuous
Φβ is in L1(Rd) and the following theorem.
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(a) Gaussian (b) Inverse multiquadric (c) Power function

Figure 2.1: Three radial basis functions: Gaussian for α = 1, inverse multiquadric for β = 2,
and truncated power function for ` = 2.

Theorem 2.11 The inverse multiquadrics (2.5) possess the nonnegative and non-
vanishing Fourier transform

Φ̂β(ω) =
21−β

Γ(β)
‖ω‖β−d/22 Kd/2−β(‖ω‖2),

where Kν is the modified Bessel function which is defined for ν, z ∈ C as

Kν(z) =

∫ ∞
0

e−z cosh(t) cosh(νt)dt

for | arg(z)| < π/2 and cosh(t) = (et + e−t)/2.

Proof. See [84, Theorem 6.13].

After having seen two examples of globally supported positive definite functions,
we have a look at a positive definite function, which is nonzero only inside a bounded
domain. With the help of this function we will construct positive definite compactly
supported functions of a prescribed smoothness, which automatically have to depend
on the space dimension, as we will see in the next section.

Definition 2.12 Let l ∈ N. For r ≥ 0 the truncated power function is given by

φ`(r) = (max{0, (1− r)})` .

Sometimes we will extend the truncated power function to the whole real line by
even extension. We will often make use of the truncation operator (x)+ = max{0, x}
to shorten the notation to φ`(r) = (1−r)`+. When employing this shortened notation,
it is important to remember that the function is first truncated and then raised to the
power. These functions will play an important role when constructing compactly
supported positive definite functions. It can be shown by employing Bochner’s
theorem that under certain circumstances the truncated power function is a positive
definite function.

Theorem 2.13 The truncated power function φ`(r) is positive definite on Rd if
` ≥ bd/2c+ 1.
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Proof. See [84, Theorem 6.20].

All three radial basis functions are shown in Figure 2.1. The whole next subsec-
tion is devoted to a computationally advantageous class of positive definite functions
with compact support.

2.1.4 Compactly Supported Positive Definite Functions

If we want to employ the scattered data approximation method to real-life prob-
lems, it is necessary to discuss the computational cost. On the one hand, solving a
linear system in N unknowns of the form (2.3) leads to a computational complexity
of O(N3) (at least when employing standard techniques such as Gaussian elimina-
tion). On the other hand, evaluating an interpolant of the form (2.1) leads to a
computational complexity of O(N). Since in practice N ∼ 106 or N ∼ 107 is not
uncommon, we want to reduce the computational cost of solving the linear system
which dominates the complexity. One way to do this is by using compactly supported
positive definite functions.

Definition 2.14 The support of a function f : Rd → R is defined as

supp f = {x ∈ Rd | f(x) 6= 0}
‖·‖2

.

Since supp f ⊆ Rd is closed by definition, the only additional requirement to
obtain a compact support is boundedness due to the Heine-Borel theorem. If the
positive definite function Φ in our interpolant (2.1) has a sufficiently small support,
we can hope for many terms in the sum to be zero. Moreover, the linear system
(2.3) becomes sparse and therefore less expensive to solve.

Sadly, it is impossible to find compactly supported functions that are positive
definite for any space dimension, as the following theorem shows.

Theorem 2.15 If φ : [0,∞)→ R is positive definite on every Rd, then φ(r) 6= 0 for
all r ≥ 0.

Proof. See [84, Theorem 9.2, Corollary 9.3].

From this theorem two consequences arise immediately. A continuous univariate
compactly supported function φ cannot be positive definite on every Rd. If we want
to find a compactly supported positive definite function, it will have to depend on the
space dimension d. This in turn implies that we cannot make use of the Bernstein-
Hausdorff-Widder characterisation of positive definite functions through completely
monotone functions since this theorem describes functions that are positive definite
for all space dimensions d. Therefore, Bochner’s space-dependent characterisation
via nonnegative Fourier transforms (Theorem 2.9 and 2.10) is more appropriate in
this context.

Wendland [81] used the truncated power function φ`(r) = (1−r)`+ to build, with
the help of an integral operator, higher dimensional compactly supported positive
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definite functions from lower dimensional ones. The main advantage of these func-
tions is that they have minimal degree for a given space dimension and smoothness.
This is of computational value because the smaller the degree, the cheaper it is to
evaluate the function. Let us introduce some notation.

Definition 2.16 Using the truncated power function φ`(r) = (1− r)`+, we define

φd,k = Ikφbd/2c+k+1,

where (Iφ)(r) =
∫∞
r tφ(t)dt for r ≥ 0.

We consider the function Iφ to be evenly extended to the whole real line and
note that the integral operator respects functions with compact support. The above
defined Wendland functions have a lot of useful properties.

Theorem 2.17 (Properties of Wendland’s Functions, [84]) The φd,k are radial,
positive definite on Rd and have the form

φd,k(r) =

{
pd,k(r) 0 ≤ r ≤ 1,

0 1 < r,

where pd,k is a univariate polynomial of degree bd/2c+ 3k+ 1. Moreover, the evenly
extended φd,k ∈ C2k(R) are unique up to a constant factor and of minimal possible
degree to achieve positive definiteness for a given space dimension d and smoothness
2k.

We state the first four compactly supported functions of minimal degree that are
positive definite on Rd in the following corollary. In Table 2.1, we list some of them
for specific space dimensions.

Corollary 2.18 The functions φd,k have for 0 ≤ k ≤ 3 the explicit form

φd,0(r) = (1− r)bd/2c+1
+ ,

φd,1(r)
·

= (1− r)`+1
+ [(`+ 1)r + 1],

φd,2(r)
·

= (1− r)`+2
+ [(`2 + 4`+ 3)r2 + (3`+ 6)r + 3],

φd,3(r)
·

= (1− r)`+3
+ [(`3 + 9`2 + 23`+ 15)r3

+ (6`2 + 36`+ 45)r2 + (15`+ 45)r + 15],

where ` = bd/2c+ k + 1 and
·

= denotes equality up to a constant positive factor.

We note that positive definite kernels can be generalised to conditionally positive
definite kernels [44, 84], which allow polynomial reproduction. However, since there
are no compactly supported functions that are conditionally positive definite of
nonvanishing order [84, Theorem 9.1], we do not pursue these functions here any
further.
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d = 1 φ1,0(r) = (1− r)+ C0

φ1,1(r)
·

= (1− r)3
+(3r + 1) C2

φ1,2(r)
·

= (1− r)5
+(8r2 + 5r + 1) C4

d ≤ 3 φd,0(r) = (1− r)2
+ C0

φd,1(r)
·

= (1− r)4
+(4r + 1) C2

φd,2(r)
·

= (1− r)6
+(35r2 + 18r + 3) C4

φd,3(r)
·

= (1− r)8
+(32r3 + 25r2 + 8r + 1) C6

φd,4(r)
·

= (1− r)10
+ (429r4 + 450r3 + 210r2 + 50r + 5) C8

φd,5(r)
·

= (1− r)12
+ (2048r5 + 2697r4 + 1644r3 + 566r2 + 108r + 9) C10

d ≤ 5 φd,0(r) = (1− r)3
+ C0

φd,1(r)
·

= (1− r)5
+(5r + 1) C2

φd,2(r)
·

= (1− r)7
+(16r2 + 7r + 1) C4

Table 2.1: Compactly supported positive definite functions of minimal degree.

2.2 Variational Approach

Previously, we have discussed the basis function Φ: Rd → R which appears in the
interpolant of the form (2.1). Now we would like to take a different point of view,
well-known in approximation theory as well as functional analysis: the variational
approach. We will see that for any positive definite basis function there is a Hilbert
space – the so called native space – such that our interpolant (2.1) is the best
approximation to a given function f with respect to the native space norm. The
first ones to devise this variational setting for (conditionally) positive semi-definite
functions were Madych and Nelson [58]. This setting enables us to analyse the error
of the interpolation scheme in an elegant way.

In the following, we will look at real-valued kernels Φ: Rd × Rd → R rather
than basis functions of the form Φ: Rd → R. Therefore, we adjust our definition of
positive definiteness.

Definition 2.19 A continuous kernel Φ: Ω × Ω → R is called positive semi-
definite on Ω ⊆ Rd if for all N ∈ N, any finite set X = {x1,x2, ...,xN} ⊆ Rd of
pairwise distinct points, and all α = (α1, ..., αN )T ∈ RN the quadratic form

N∑
j=1

N∑
k=1

αjαkΦ(xj ,xk) (2.6)

is nonnegative. The kernel is called positive definite on Rd if the above quadratic
form is positive for all α ∈ RN\{0}.

2.2.1 Reproducing Kernel Hilbert Spaces

We now introduce Hilbert spaces that automatically lead to positive semi-definite
kernels. In the following section, we then discuss the converse, i. e. the fact that
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every positive definite kernel leads to a Hilbert space.

Definition 2.20 Let F be a real Hilbert space of functions f : Ω → R. A function
Φ: Ω× Ω→ R is called a reproducing kernel for F if

(1) Φ(·,y) ∈ F for all y ∈ Ω,

(2) f(y) = (f,Φ(·,y))F for all f ∈ F and y ∈ Ω.

If there exists a reproducing kernel for some Hilbert space, we refer to it as
reproducing kernel Hilbert space. There is a useful characterisation of (sufficiently
smooth) Hilbert function spaces that have a reproducing kernel. We denote with
F∗ the dual space to F .

Theorem 2.21 Suppose F is a real Hilbert space of functions f : Ω → R. Then F
has a reproducing kernel if and only if the point evaluation functionals are continu-
ous, that is δy ∈ F∗ for all y ∈ Ω.

Proof. See [84, Theorem 10.2].

Directly from the definition one obtains the following properties of reproducing
kernels.

Theorem 2.22 Suppose F is a real Hilbert space of functions f : Ω → R with
reproducing kernel Φ: Ω× Ω→ R. Then

(1) Φ is unique,

(2) Φ(x,y) = (Φ(·,x),Φ(·,y))F = (δx, δy)F∗ for x,y ∈ Ω,

(3) Φ(x,y) = Φ(y,x) for x,y ∈ Ω,

(4) Convergence in the Hilbert space norm implies pointwise convergence, i. e.
limn→∞ ‖f − fn‖F = 0 implies limn→∞ |f(x) − fn(x)| = 0 for f, fn ∈ F
and x ∈ Ω.

Proof. See [84, Theorem 10.3].

We conclude this section with the main result, which says that every reproducing
kernel is automatically positive semi-definite.

Theorem 2.23 Suppose F is a real Hilbert space of functions f : Ω → R with
reproducing kernel Φ: Ω × Ω → R. Then Φ is positive semi-definite. It is positive
definite if and only if the point evaluation functionals are linearly independent in
F∗.

Proof. See [84, Theorem 10.4].
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2.2.2 Native Spaces

We have seen that every reproducing kernel is automatically positive semi-definite.
In practice, one would usually pick a kernel Φ: Ω × Ω → R and then ask if there
exists a Hilbert space that has Φ as its reproducing kernel. The following theorem
gives us an idea of how this could be achieved.

Theorem 2.24 Let Φ: Ω × Ω → R be a symmetric positive definite kernel. The
bilinear form N∑

j=1

αjΦ(·,xj),
M∑
k=1

βkΦ(·,yk)


Φ

=

N∑
j=1

M∑
k=1

αjβkΦ(xj ,yk)

defines an inner product on the R-linear space

FΦ(Ω) = span{Φ(·,y) | y ∈ Ω}

Moreover, the pre-Hilbert space FΦ(Ω) has Φ as its reproducing kernel.

Proof. The proof can be found in [84, Theorem 10.7]. Obviously (·, ·)Φ is bilinear
since the summation can be split and merged as needed. It is symmetric as Φ
is assumed to be symmetric. It remains to show positive definiteness. For any
f =

∑N
j=1 αjΦ(·,xj) in FΦ(Ω)\{0} we find

(f, f)Φ =
N∑
j=1

N∑
k=1

αjαkΦ(xj ,xk) > 0,

as Φ is positive definite. We have f ∈ FΦ(Ω) by construction and the reproducing
property follows since for all y ∈ Ω

(f,Φ(·,y))Φ =
N∑
j=1

αjΦ(xj ,y) =
N∑
j=1

αjΦ(y,xj) = f(y)

holds.

So far, we have constructed a pre-Hilbert space. The only ingredient that is
missing in order to obtain a Hilbert space is completeness. Therefore, we form the
completion of this space. It is well known in functional analysis how to construct the
completion of FΦ(Ω) with respect to the space-inherent norm, in this case ‖ · ‖Φ =

(·, ·)1/2
Φ , see for instance the textbook by Yosida [91]. We denote the completion with

FΦ(Ω). The problem, however, is that elements of FΦ(Ω) being equivalence classes
of Cauchy sequences are difficult to work with. However, for our error analysis
in the following section we want to understand what the elements in FΦ(Ω) look
like. Fortunately, we can identify these elements with continuous functions in the
following sense.
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We define the linear mapping

R : FΦ(Ω)→ C(Ω), R(f)(x) := (f,Φ(·,x))Φ,

for which the following lemma holds.

Lemma 2.25 The linear mapping R is well-defined and injective.

Proof. See [84, Lemma 10.8].

Thus, the mapping R is bijective if we restrict the codomain to R(FΦ(Ω)). That
means we can identify the space FΦ(Ω) with a subspace of continuous functions
through R. We give this space a special name.

Definition 2.26 Suppose Φ: Ω × Ω → R is a symmetric positive definite kernel.
We call the space

NΦ(Ω) = R(FΦ(Ω))

the native space of Φ.

Theorem 2.27 Suppose Φ: Ω × Ω → R is a symmetric positive definite kernel.
Then its associated native space NΦ(Ω) carries the inner product

(f, g)NΦ(Ω) = (R−1f,R−1g)Φ

and is a Hilbert space of continuous functions with reproducing kernel Φ. Further-
more, the native space is unique.

Proof. See [84, Theorem 10.10 and Theorem 10.11].

Even though we identified elements in FΦ(Ω) with continuous functions, the
definition of a native space is still rather abstract. In the special case where Ω is the
whole Euclidean space Rd and Φ is translation invariant, i. e. Φ(x,y) = Φ(x − y),
we can express the native space in terms of Fourier transforms.

Theorem 2.28 Suppose Φ ∈ C(Rd)∩L1(Rd) is a real-valued positive definite func-
tion. The space

G =

{
f ∈ L2(Rd) ∩ C(Rd) | f̂√

Φ̂
∈ L2(Rd)

}
with the bilinear form

(f, g)G =
1

(2π)d/2

(
f̂√
Φ̂
,
ĝ√
Φ̂

)
L2(Rd)

=
1

(2π)d/2

∫
Rd

f̂(ω)ĝ(ω)

Φ̂(ω)
dω

is a real Hilbert space with inner product (·, ·)G and reproducing kernel Φ(· − ·).
Hence, by the uniqueness result from Theorem 2.27 we have G = NΦ(·−·)(Ω) and
both inner products coincide.
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Proof. See [84, Theorem 10.12].

For convenience we write from now on NΦ(Ω), instead of NΦ(·−·)(Ω). The the-
orem shows that native spaces for Gaussians and inverse multiquadrics are rather
small. For Gaussians, for instance, the Fourier transform of a function f ∈ NΦ(Rd)
must decay faster than the Fourier transform of a Gaussian (another Gaussian).
However, the native space contains the space of band-limited functions, i. e. func-
tions whose Fourier transforms are compactly supported.

With the previous characterisation of native spaces in mind, even more can be
said about native spaces if the Fourier transform of Φ decays only algebraically at
a rate σ. In this case, the native space turns out to be a Sobolev space,

Hσ(Rd) =
{
f ∈ L2(Rd) | f̂(·)(1 + ‖ · ‖22)σ/2 ∈ L2(Rd)

}
,

which by Theorem 1.4 can be embedded into the space of continuous functions if
the differentiability order σ is bigger than half the space dimension, i. e. σ > d/2.
We summarise our thoughts in the following corollary.

Corollary 2.29 Let σ > d/2. Suppose for Φ ∈ L1(Rd) ∩C(Rd) there are constants
c1, c2 > 0 such that

c1(1 + ‖ω‖22)−σ ≤ Φ̂(ω) ≤ c2(1 + ‖ω‖22)−σ, (2.7)

holds for all ω ∈ Rd. Then the native space NΦ(Rd) corresponding to the function Φ
coincides with the Sobolev space Hσ(Rd), and the native space norm and the Sobolev
norm are equivalent.

Due to the above we will sometimes say that the function Φ generates the Sobolev
space Hσ(Rd). It will become important to understand how far the above result
generalises if we employ a scaled translation-invariant kernel Φδ given by

Φδ(x− y) = δ−dΦ((x− y) /δ).

The factor δ−d is chosen to simplify the notation when dealing with the Fourier
transform. If the Fourier transform of Φ satisfies the algebraic decay condition
(2.7), then the Fourier transform Φ̂δ(ω) = Φ̂(δω) satisfies for ω ∈ Rd the following
scaled version of the algebraic decay condition,

c1(1 + δ2‖ω‖22)−σ ≤ Φ̂δ(ω) ≤ c2(1 + δ2‖ω‖22)−σ.

With this estimate in mind, we can deduce that many differently scaled kernels
generate the same Sobolev space, see the following lemma, proven in [87]. It is
possible to relax the condition δ ∈ (0, 1] to δ ∈ (0, δ0] for some δ0 > 0, which would
lead to different equivalence constants c1 and c2, depending on the support radius
δ.
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Lemma 2.30 For every δ ∈ (0, 1], we have NΦδ(Rd) = Hσ(Rd). Additionally, we
have for every g ∈ Hσ(Rd) the following norm equivalence,

c1‖g‖Φδ ≤ ‖g‖Wσ
2 (Rd) ≤ c2δ

−σ‖g‖Φδ ,

with c1, c2 > 0.

As an example, we look at the native spaces of Wendland’s compactly supported
functions. It can be shown that the Fourier transforms of these functions decay
algebraically.

Theorem 2.31 Let Φd,k = φd,k(‖ · ‖2) denote the function induced by the compactly
supported radial basis function of minimal degree that is positive definite on Rd
and in C2k(Rd), see Definition 2.16. In the case of k = 0, we need the additional
requirement of d ≥ 3. Then there exist constants c1, c2 > 0 depending only on d and
k such that

c1(1 + ‖ω‖2)−d−2k−1 ≤ Φ̂d,k(ω) ≤ c2(1 + ‖ω‖2)−d−2k−1

for all ω ∈ Rd.

Proof. See [84, Theorem 10.35].

Note the subtle difference between the two inequalities in Corollary 2.29 and The-
orem 2.31. The first inequality uses the square of the Euclidean norm whereas the
second does not. In particular this implies

NΦd,k(Rd) = Hd/2+k+1/2(Rd),

that is, the native space for these basis functions is a classical Sobolev space.

2.2.3 Error Analysis and Optimality

In this section, we discuss the error of our approximation scheme. When talking
about randomly scattered data it is not entirely obvious how to do this. One way is
to measure the error in terms of the size of the biggest hole in the data set.

Definition 2.32 Suppose Ω ⊆ Rd and X = {x1, . . . ,xN}, then we call

hX,Ω = sup
x∈Ω

min
xj∈X

‖x− xj‖2

the mesh norm or fill distance of Ω. The smallest distance between two points
in X

qX = min
j 6=k
‖xj − xk‖2

is called the separation distance.
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Figure 2.2: For given data sites in a domain (blue dots) the picture shows the mesh norm
(red) and the separation distance (green).

The mesh norm measures the radius of the largest data site free ball that is
entirely contained in Ω, see Figure 2.2. We shall estimate the error and the conver-
gence order in terms of the fill distance hX,Ω. This is achieved by so called sampling
inequalities, which were first proven in [3, 67]. We will need a version which allows
fractional values on the left-hand side. This can be achieved by interpolation of
Sobolev spaces. The following sampling inequality can be found in [86, Theorem
4.6]. It assumes that the domain has a Lipschitz boundary. The definition of a
Lipschitz boundary can be found in [7, Definition 1.4.4].

But since we will work a lot with Lipschitz and even smoother boundaries, we
give a brief and more intuitive introduction here. The definition below is essentially
equivalent to the previously cited one and helps prepare later calculations.

Roughly speaking, we can describe a Lipschitz boundary by patching together
graphs of Lipschitz continuous functions. More precisely, let us assume that we have
a finite cover such that ∂Ω =

⋃N
j=1 Vj for some integer N > 0 and relative open sets

Vj ⊆ ∂Ω ⊆ Rd. Then we say Ω has a Lipschitz boundary if there are bijective
functions ψj : B → Vj such that ψj and ψ−1

j are Lipschitz continuous functions.

Here B denotes the unit ball in d− 1 dimensions B(0, 1) ⊆ Rd−1. The functions ψj
are referred to as charts and the collection {ψj , Vj} is called an atlas. If all functions
ψj and their inverses are actually smoother, for example in Ck,s with k ∈ N0 and
s ∈ [0, 1), then we say the boundary is Ck,s smooth.

Theorem 2.33 (Sampling Inequality for Fractional Norms) Let Ω ⊆ Rd be a
bounded domain with a Lipschitz boundary, 1 < p < ∞, q < ∞ and σ > d/p.
Let X ⊆ Ω be a discrete set with a sufficiently small mesh norm hX,Ω. For each
u ∈W σ

p (Ω) with u|X = 0, we have for 0 ≤ τ ≤ σ − d(1/p− 1/q)+ the estimate

|u|W τ
q (Ω) ≤ Ch

σ−τ−d(1/p−1/q)+

X,Ω |u|Wσ
p (Ω)

where C > 0 is a constant independent of u and hX,Ω.

To make this theorem a bit more concrete, we present two inequalities that can
be proven with its help. Let us suppose we have a kernel Φ that generates the
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Sobolev space Hσ(Rd) for σ > d/2. Then, we have the two special cases

‖f − sf,X‖L2(Ω) ≤ C1h
σ
X,Ω‖f‖Hσ(Ω),

‖f − sf,X‖L∞(Ω) ≤ C2h
σ−d/2
X,Ω ‖f‖Hσ(Ω). (2.8)

The first inequality follows from the previous theorem. Technically, the second
inequality cannot be deduced in the same way since we assumed q < ∞ when
stating the theorem. However, more general results are available to justify this, see
for example [84]. To show that both equations hold, we need to extend the domain
to the whole Euclidean space with the help of extension operators (details can be
found in Chapter 4) and use the norm equivalence between Sobolev space and native
space as well as the following best approximation property for s = 0.

Theorem 2.34 (Best Approximation Property) Suppose that Φ ∈ C(Ω) is a positive
definite function and that f ∈ NΦ(Ω) is known only at X = {x1, . . . ,xN} ⊆ Ω ⊆ Rd.
Then the interpolant sf,X from (2.1) is the best approximation to f from the space
FΦ,X = span{Φ(·−x) | x ∈ X} with respect to the corresponding native space norm.
In particular, we have

‖f − sf,X‖Φ ≤ ‖f − s‖Φ
for all s ∈ FΦ,X . Hence, sf,X is the orthogonal projection of f onto FΦ,X .

Proof. See [84, Theorem 13.1].

Similar to spline interpolants the interpolants of the form (2.1) are optimal among
all interpolants in the native space norm.

Theorem 2.35 (Optimality) Let Ω ⊆ Rd. Suppose that Φ: Ω → R is a positive
definite function. Then the interpolant sf,X from (2.1) for a given function f and
a given data set X = {x1,x2, ...,xN} ⊆ Rd is minimal in the Φ norm among all
functions s ∈ NΦ(Ω) that interpolate the data fj = f(xj) for 1 ≤ j ≤ N . That is,

‖sf,X‖Φ = min{‖s‖Φ | s ∈ NΦ(Ω) with s(xj) = fj , 1 ≤ j ≤ N}.

Proof. See [84, Theorem 13.2].

In this chapter, we have given a thorough introduction to the theory of positive
definite functions, which included their characterisation, some background on kernel
reproducing Hilbert spaces and a discussion of compactly supported radial basis
functions. Since we are eventually interested in constructing a collocation method,
we will discuss how these results transfer to a more general Hilbert space setting in
the next chapter.
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Chapter 3

Collocation

Thus far, we have only discussed a numerical scheme for interpolation. In the intro-
duction, however, we already pointed out that there is a way to use approximation
techniques with positive definite functions in a broader context. In this chapter,
which partially relies on [84, Section 16.1 and Section 16.3], we investigate one way
to do this.

3.1 Generalised Interpolation

In order to generalise the interpolation scheme, we start by going back to the inter-
polant sf,X from (2.1). With the help of the point evaluation functional δx it can
be written

sf,X(x) =
N∑
j=1

αjΦ(x− xj) =
N∑
j=1

αjδ
y
xjΦ(x− y).

The superscript here denotes the argument to which the evaluation functional is
applied, leaving the other one unaltered. We will frequently use this notation, also
for more complicated functionals.

The question now is under which conditions we can still construct a unique and
in some sense best approximant to a generalised interpolation problem if we replace
the point evaluation functional δxj by an arbitrary functional λj .

The natural environment to discuss best approximation properties are Hilbert
spaces. Let H ⊆ C(Ω) denote a Hilbert space of continuous and real-valued func-
tions and H∗ its dual. Furthermore, assume we are given N linearly independent
functionals λ1, . . . , λN ∈ H∗ as well as some target function f ∈ H, of which we
only know fj = λj(f) ∈ R for 1 ≤ j ≤ N . Lastly, let us suppose we are given Riesz
representers vj ∈ H such that λj = (·,vj)H . Then, one can show well-posedness of
the generalised interpolation problem as well as a minimisation property.
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Theorem 3.1 There is a unique interpolant of the form

sf,Λ =

N∑
j=1

αjvj ∈ H, (3.1)

which solves the generalised interpolation problem,

λj(sf,Λ) = fj , (3.2)

and is norm-minimal in the Hilbert space norm, i. e.

‖sf,Λ‖H ≤ ‖s‖H

for all s ∈ H with λj(s) = fj for 1 ≤ j ≤ N .

Proof. See [84, Theorem 16.1].

Even though the function sf,Λ is not an interpolant in the classical sense, we will
sometimes refer to it as an interpolant. This shall remind us of the fact that the
generalised interpolation conditions (3.2) hold.

Corollary 3.2 If H is a Hilbert space with reproducing kernel Φ, we can write the
optimal solution sf,Λ from (3.1) in the following form

sf,Λ(x) =

N∑
j=1

αjλ
y
j Φ(x− y). (3.3)

Proof. This is due to the fact that for Φ(· − x) ∈ H, for some fixed x ∈ Ω, we find

λy
j (Φ(y − x)) = (Φ(· − x),vj)H = (vj ,Φ(· − x))H = vj(x),

where the last equality holds by the reproduction property.

Similar to pure interpolation, we obtain the coefficients of the interpolant (3.3)
by applying (3.2) to it and then solving the linear system

λ
x
1λ

y
1 Φ(x− y) . . . λx

1λ
y
NΦ(x− y)

...
...

λx
Nλ

y
1 Φ(x− y) . . . λx

Nλ
y
NΦ(x− y)


α1

...
αN

 =

 f1
...
fN

 . (3.4)

We abbreviate the system with

AΦ,Λα = f .

Note that this matrix is again symmetric and positive definite, see [84, Theorem
16.1] for details. In the Hilbert space setting, it is also possible to show another
optimality property, which we have shown before in a more specific context, namely
Theorem 2.34.
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Theorem 3.3 (Best Approximation Property for Generalised Interpolants) The
function sf,Λ is the best approximation from the space V = span{v1, . . . ,vN} to
f ∈ H i. e.

‖f − sf,Λ‖H ≤ ‖f − s‖H
for all s ∈ V .

Proof. By (3.2), we have

0 = λj(f)− λj(sf,Λ) = (f − sf,Λ,vj)H

for 1 ≤ j ≤ N , which is just another characterisation of the best approximation in
Euclidean spaces.

3.1.1 Collocation with Positive Definite Functions

In the previous section, we have discussed a rather general Hilbert space setting. In
this thesis we are interested in collocation, which effectively means that we replace
the abstract functionals in the preceding section by differential and boundary oper-
ators. There are two advantages of such a collocation method with positive definite
functions. Firstly, it allows to compute a numerical solution to a PDE even if some
of the boundary data is missing. Then, of course the boundary value problem might
not be well-posed anymore. But even though it is analytically not clear to which
numerical approximation the method converges (since there might not be a unique
solution), one would still obtain a converging method. Secondly, due to the sym-
metric and positive definite discrete system regardless of the underlying problem,
there is some hope that this method even works for convection-dominated problems,
where the standard finite element method produces unwanted oscillatory solutions,
see for example [47, Chapter 9].

3.1.2 Elliptic Boundary Value Problems of Second Order

Finally, we wish to prepare the theoretical background for the multiscale collocation
algorithm, that we wish to prove in the next chapter of this thesis, where we consider
elliptic problems of second order with Dirichlet boundary conditions. We want to
approximate a solution u : Ω → R to an elliptic partial differential equation of the
form

Lu = f in Ω

u = F on ∂Ω,
(3.5)

where L is an elliptic linear differential operator of second order

Lu(x) =
d∑

i,j=1

aij(x)
∂2

∂xi∂xj
u(x) +

d∑
i=1

bi(x)
∂

∂xi
u(x) + c(x)u(x), (3.6)
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which is strictly elliptic on Ω. This means that there exists a constant cE > 0 such
that

cE‖ξ‖22 ≤
d∑

i,j=1

aij(x)ξiξj

for all x ∈ Ω and ξ = (ξ1, . . . , ξd)
T ∈ Rd.

If we assume that u ∈ Hσ(Ω) with σ > 2 + d/2, then Lu is in fact well-defined
since we know by the Sobolev embedding theorem (Theorem 1.4) that Hσ(Ω) ⊆
C2(Ω). We choose a point set X = X1 ∪ X2, consisting of the union of interior
points X1 = {x1, . . . ,xn} in Ω and boundary points X2 = {xn+1, . . . ,xN} on ∂Ω.
Then, we can define linear functionals

λj =

{
δxj ◦ L, 1 ≤ j ≤ n,
δxj , n+ 1 ≤ j ≤ N.

(3.7)

Assuming these functionals Λ = {λ1, . . . , λN} are linearly independent, we can con-
struct (according to Theorem 3.1) a unique Φ norm-minimal interpolant of the form

su,Λ =
N∑
j=1

αjλ
y
j Φ(·,y) =

n∑
j=1

αjL
yΦ(·,xj) +

N∑
j=n+1

αjΦ(·,xj),

that satisfies the generalised interpolation conditions

Lsu,Λ(xj) =f(xj) 1 ≤ j ≤ n,
su,Λ(xj) =g(xj) n+ 1 ≤ j ≤ N.

The superscript in Ly denotes action with respect to the second argument. These
conditions yield a block matrix system of the form(

ALL ALB
ABL ABB

)(
αL
αB

)
=

(
f
F

)
which needs to be solved in order to determine the coefficients. The different parts
of the system are given by

ALL =
(
(δxj ◦ L)x(δxk ◦ L)yΦ(x,y)

)
1≤j,k≤n , ABB = (Φ(xj ,yk))n+1≤j,k≤N ,

ALB =
(
(δxj ◦ L)xΦ(x,xk)

)
1≤j≤n

n+1≤k≤N
, ABL = ATLB,

αL = (αj)1≤j≤n, αB = (αj)n+1≤j≤N ,

f = (f(xj))1≤j≤n, F = (F (xj))n+1≤j≤N .

In the following chapters, we will often drop the Λ and denote the collocation ap-
proximation with su.

We need to make sure that the functionals defined in (3.7) are linearly indepen-
dent for this system to be uniquely solvable. We introduce the notion of a singular
point of a differential operator.
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Definition 3.4 Let L be defined as in (3.6). The point x ∈ Rd is called a singular
point of L if δx ◦ L = 0, i. e. aij(x) = bi(x) = c(x) = 0 for all 1 ≤ i, j ≤ d.

With this definition one can prove the following theorem, which is taken from
[37, Proposition 3.8].

Theorem 3.5 Let L be defined as in (3.6). Let X1 = {x1, . . . ,xn} ⊆ Ω and X2 =
{xn+1, . . . ,xN} ⊆ ∂Ω be two sets of pairwise distinct points such that X1 contains
no singular point of L. Then the functionals defined in (3.7) are linearly independent
over Hσ(Rd) with σ > 2 + d/2.

Due to this theorem, we will assume in the following chapters that the interior
collocation points never contain a singular point of the differential operator L.

So far we have not imposed any restrictions on the coefficients. If we assume that
aij , bi, c ∈ W k−1

∞ (Ω) for k := bσc, then one can verify that L is a bounded operator
from W σ

2 (Ω) to W σ−2
2 (Ω), see Lemma 3.6. However, since (k− 1)− 1 > d/2, we can

again use the Sobolev embedding theorem to conclude that W k−1
∞ ⊆ W k−1

2 (Ω) ⊆
C1(Ω). The proof of the following lemma can be found in a more general context in
[37, Lemma 3.4].

Lemma 3.6 Let σ ∈ R with k := bσc > 2 +d/2. Suppose that the coefficients aij , bi
and c of the operator defined in (3.6) are in W k−1

∞ (Ω). Then L is a bounded operator
from W σ

2 (Ω) to W σ−2
2 (Ω), i. e.

‖Lu‖Wσ−2
2 (Ω) ≤ C‖u‖Wσ

2 (Ω)

for u ∈W σ
2 (Ω).

Note that since the principal coefficients aij of the operator L are differentiable,
we can write the operator in divergence form

Lu(x) =

d∑
i,j=1

∂

∂xj

(
aij(x)

∂

∂xi
u(x)

)
+

d∑
i=1

b̃i(x)
∂

∂xi
u(x) + c(x)u(x), (3.8)

where the coefficients b̃i are not the same as the bi in (3.6). The divergence form
of the elliptic operator has the advantage that it can be applied in a weak sense
to more functions than twice continuously differentiable ones, see for instance [38,
Chapter 8]. For our purposes this is not so important as we will work with functions
in Hσ(Ω), which can be embedded in C2(Ω).

3.1.3 Applying the Differential Operator to a Kernel

When discretising the operator L with the help of a positive definite kernel Φ(x −
y) = φ(‖x − y‖), we need to compute the two expressions LyΦ(x − y) as well as
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LxLyΦ(x− y). First we note the relationships

∂x
j Φ(x− y) =−∂y

j Φ(x− y),

∂y
j ∂

y
kΦ(x− y) = ∂x

j ∂
x
kΦ(x− y),

∂x
j ∂

y
kΦ(x− y) =−∂x

j ∂
x
kΦ(x− y),

∂x
j ∂

y
k ∂

y
` Φ(x− y) =−∂x

j ∂
x
k ∂

y
` Φ(x− y).

Now we apply the operator L to the kernel. We use the nondivergence form (3.6)
for computing this expression. We obtain

LyΦ(x− y) =

 d∑
i,j=1

aij(y)∂y
i ∂

y
j +

d∑
i=1

bi(y)∂y
i + c(y)

Φ(x− y)

as well as

LxLyΦ(x− y) =

[
d∑

i,j,k,`=1

aij(y)ak`(x)∂y
i ∂

y
j ∂

x
k ∂

x
`

+
d∑

i,j,k=1

{aij(x)bk(y)− ajk(y)bi(x)} ∂x
i ∂

x
j ∂

y
k

+
d∑

i,j=1

{aij(y)c(x) + aij(x)c(y)− bi(x)bj(y)} ∂x
i ∂

x
j

+
d∑
i=1

{bi(x)c(y)− bi(y)c(x)} ∂x
i + c(y)c(x)

]
Φ(x− y).

We look at two simplifications of the last expressions. Firstly, assume that the
differential operator only has constant coefficients, then

LxLyΦ(x− y) =[
d∑

i,j,k,`=1

aijak`∂
x
i ∂

x
j ∂

x
k ∂

x
` +

d∑
i,j=1

{2aijc− bibj} ∂x
i ∂

x
j + c2

]
Φ(x− y)

and in the even more special case where the differential operator is given by the
Laplacian, L = ∆, we find

LxLyΦ(x− y) =

d∑
i,j=1

∂x
i ∂

x
i ∂

x
j ∂

x
j Φ(x− y).

Finally, we compute the partial derivatives of a scaled radial function. However,
since for higher dimensions several different cases would need to be considered, we
restrict ourselves to functions of two dimensional arguments here. This already
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yields eight different cases for all derivatives up to fourth order. Setting r = ‖x‖ =√
x2 + y2, we obtain

∂xΦ(εx) = εφ′(εr)
∂r

∂x
,

∂xxΦ(εx) = ε2φ′′(εr)

(
∂r

∂x

)2

+ εφ′(εr)
∂2r

∂x2
,

∂xyΦ(εx) = ε2φ′′(εr)
∂r

∂x

∂r

∂y
+ εφ′(εr)

∂2r

∂x∂y
,

∂x3Φ(εx) = ε3φ′′′(εr)

(
∂r

∂x

)3

+ 3ε2φ′′(εr)
∂r

∂x

∂2r

∂x2
+ εφ′(εr)

∂3r

∂x3
,

∂x2yΦ(εx) = ε3φ′′′(εr)

(
∂r

∂x

)2 ∂r

∂y

+ ε2φ′′(εr)

{
2
∂r

∂x

∂2r

∂x∂y
+
∂r

∂y

∂2r

∂y2

}
+ εφ′(εr)

∂3r

∂x2∂y
,

∂x4Φ(εx) = ε4φ′′′′(εr)

(
∂r

∂x

)4

+ 6ε3φ′′′(εr)

(
∂r

∂x

)2 ∂2r

∂x2

+ ε2φ′′(εr)

{
3

(
∂2r

∂x2

)2

+ 4
∂r

∂x

∂3r

∂x3

}
+ εφ′(εr)

∂4r

∂x4
,

∂x3yΦ(εx) = ε4φ′′′′(εr)

(
∂r

∂x

)3 ∂r

∂y
+ 3ε3φ′′′(εr)

{(
∂r

∂x

)2 ∂2r

∂x∂y
+
∂r

∂x

∂r

∂y

∂2r

∂x2

}

+ ε2φ′′(εr)

{
3
∂2r

∂x∂y

∂2r

∂x2
+ 3

∂r

∂x

∂3r

∂x2∂y
+
∂r

∂y

∂3r

∂x3

}
+ εφ′(εr)

∂4r

∂x3∂y
,

∂x2y2Φ(εx) = ε4φ′′′′(εr)

(
∂r

∂x

)2(∂r
∂y

)2

+ ε3φ′′′(εr)

{
4
∂r

∂x

∂r

∂y

∂2r

∂x∂y
+

(
∂r

∂x

)2 ∂2r

∂y2
+

(
∂r

∂y

)2 ∂2r

∂x2

}

+ ε2φ′′(εr)

{
2

(
∂2r

∂x∂y

)2

+ 2
∂r

∂x

∂3r

∂x∂y2
+ 2

∂r

∂y

∂3r

∂x2∂y
+
∂2r

∂x2

∂2r

∂y2

}

+ εφ′(εr)
∂4r

∂x2∂y2
,

where we have repeatedly used the chain rule.
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The partial derivatives of the Euclidean norm are also easily computed.

∂r

∂x
=
x

r
,

∂r

∂y
=
y

r
,

∂2r

∂x2
=
y2

r3
,

∂2r

∂y2
=
x2

r3
,

∂2r

∂x∂y
= −xy

r3
,

∂4r

∂x4
= −3

y2

r5
− 15

x2y2

r7
,

∂4r

∂x2∂y2
=

2

r3
− 15

y2

r5
+ 15

y4

r7
,

∂4r

∂x3∂y
= −6

xy

r5
+ 15

xy3

r7
.

After having presented the necessary tools in the previous chapters, we can
turn our attention to multilevel radial basis functions techniques to solve partial
differential equations. We start with elliptic boundary value problems.
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Chapter 4

Elliptic Boundary Value
Problems

Even though one-shot RBF methods are successfully used in practice, they suffer
from ill-conditioning. Let us for example consider Franke’s two dimensional test
function [34] for scattered data,

f(x, y) =
3

4
e−1/4((9x−2)2+(9y−2)2) +

3

4
e−1/49(9x+1)2−1/10(9y+1)2

+
1

2
e−1/4((9x−7)2+(9y−3)2) − 1

5
e−(9x−4)2−(9y−7)2

,

which is depicted in Figure 4.1.
We use Gaussians to reconstruct Franke’s functions from uniformly sampled

data. One would expect that this is a sensible choice since Franke’s test function
consists of a linear combination of Gaussians. Even though Gaussians are in theory
globally supported radial basis functions, for practical purposes they decay so fast
that they can be considered to be compactly supported if the domain is sufficiently
large. We will scale the Gaussian basis functions with a shape parameter ε by setting
Φε = Φ(ε·). That is, roughly speaking the shape parameter acts like the inverse of
the previously introduced support radius.

0
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Figure 4.1: Franke’s test function
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N ε = 2 ε = 4 ε = 8 ε = 16 ε = 32

25 1.13e-01 4.06e-02 1.20e-01 2.78e-01 3.53e-01
289 5.26e-02 1.64e-02 4.48e-03 3.46e-02 1.64e-01
1089 6.37e-02 4.76e-04 3.65e-05 3.56e-03 2.95e-02

Table 4.1: L2 errors for RBF interpolation of Franke’s function using Gaussians as basis
functions for different uniform grids and shape parameters.

N ε = 2 ε = 4 ε = 8 ε = 16 ε = 32

25 4.42e+05 1.74e+02 2.74e+00 1.05e+00 1.00e+00
289 3.87e+20 1.72e+17 9.68e+06 1.83e+02 5.19e+00
1089 3.22e+20 1.48e+19 1.36e+18 3.37e+07 4.59e+02

Table 4.2: Condition numbers for RBF interpolation matrices AΦ,X when approximating
Franke’s function with Gaussians as basis functions for different uniform grids and shape
parameters.

Tables 4.1 and 4.2 list the L2 errors and condition numbers for different uniform
grids and shape parameters for this simple test problem. Several problems become
apparent. The reconstruction depends highly on the shape parameter ε. In fact, a
great part of the RBF literature focuses on how to find the optimal shape parameter,
see [24] for example. Moreover, the condition numbers grow drastically when the
amount of data points grows. This has a negative effect on our approximation. If
ε = 2, we can see that the condition numbers have become so large that we cannot
compute accurately any longer. Comparing the L2 error for N = 289 and N = 1089
for instance, we see that the computed errors worsen even though we would expect
them to decrease. Lastly, we note that when the L2 error is low, the condition
numbers are very large.

This last statement is a general concept. Schaback [72] showed for interpolation
problems that it is impossible to keep the condition numbers as well as the error
between interpolant and target function small at the same time. This relationship is
often referred to as trade-off principle. Since for larger and larger systems the cost to
achieve a certain tolerance can be unbearably high, we turn to multilevel strategies
for compactly supported radial basis functions in this chapter to help resolve this
issue.

The convergence proof of the multilevel interpolation algorithm is due to Wend-
land [87]. Previous work has been done on the sphere [49, 50]. Consequently, we
present our convergence proof of a multilevel collocation variant, which was pub-
lished in [22].

4.1 Multilevel Interpolation Algorithm

Unlike Narcowich, Schaback and Ward in [64], we would like the basis functions
to have the same smoothness for each level and not become smoother for finer

34



data sets. The multilevel algorithm we study here relies on two things: gradually
denser data sets X1, X2, . . ., and corresponding scaled positive definite functions. In
our setting, these functions or translation-invariant kernels, will eventually consist
of scaled versions of the previously introduced compactly supported radial basis
functions Φ. For given scaling parameters δj > 0 and a basis function Φ = Φd,k we
define the scaled radial basis function Φj : Rd → R through

Φj(x− y) = δ−dj Φ

(
x− y

δj

)
. (4.1)

It follows that if Φ has support radius one, the Φj have support radius δj . Using these
scaled and translation-invariant Φj as basis functions, we can construct interpolants
sj from the spaces

Vj = span{Φj(· − x) | x ∈ Xj},
just as we have done before, compare with (2.1). In the context of pure interpolation,
we will choose the support radius δj proportional to the corresponding mesh norm,
hj = hXj ,Ω, since in this case convergence is guaranteed as we will see soon. Now
the multilevel algorithm is nothing else than a residual correction scheme.

Algorithm 4.1 (Multilevel Algorithm for Pure Interpolation)

Input: Right-hand side f , number of levels n

Set f0 = 0, e0 = f
for j = 1, . . . , n do

(i) Determine the local correction sj ∈ Vj to ej−1

sj(x) = ej−1(x), x ∈ Xj

(ii) Update the global approximation and the error

fj = fj−1 + sj

ej = ej−1 − sj
end

Output: Approximate solution fn

The algorithm produces a numerical solution by adding residuals on finer data
sets to the first coarse local interpolant. Consequently, we present a collocation
version of this algorithm. It is worth clarifying the notation. The local interpolant
denoted with sj is actually given by the interpolant to the error of the previous level,
i. e. sj = sej−1,Xj = sEej−1,Xj in our previous notation.

Though numerical evidence for the convergence of Algorithm 4.1 had been given
a long time ago by Floater and Iske [27], convergence was not proven until very
recently – first on a sphere [49] and later for bounded domains [87]. We will cite the
latter one here. We point out that similar algorithms have been developed in the
context of globally supported thin plate splines [41, 45].
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Theorem 4.2 (Convergence of Multilevel Interpolation Algorithm) Let Ω ⊆ Rd be
a Lipschitz-bounded domain. Let X1, X2, . . . be a sequence of point sets in Ω with
mesh norms h1, h2, . . . satisfying

cµhj ≤ hj+1 ≤ µhj for j ∈ N (4.2)

with µ ∈ (0, 1), c ∈ (0, 1] and h1 sufficiently small. Let Φ be a positive definite
kernel that decays algebraically, i. e. (2.7) holds for some σ > d/2, which implies
NΦ(Rd) = Hσ(Rd). Let the functions Φj be defined by (4.1) with scale factors
δj = νhj. Furthermore assume 1/h1 ≥ ν ≥ γ/µ with γ > 0. Let the target function
f belong to Hσ(Ω). Then, there exists a constant C1 = C1(γ) > 0 such that for
α = C1µ

σ

‖Eej‖Φj+1 ≤ α‖Eej−1‖Φj for j ∈ N

and hence there exists a constant C > 0 such that

‖f − fn‖L2(Ω) ≤ Cαn‖f‖Hσ(Ω) for n ∈ N.

Thus, the multilevel approximation fn converges linearly to f in the L2 norm if µ is
chosen so small that α = C1µ

σ < 1.

Proof. See [87, Theorem 1].

Note that in the statement of the theorem we make use of an extension operator
E, which we properly define in Section 4.2.1. We also assume the boundary to be
Lipschitz.

The proportional dependence between mesh norms and support radii, δj = νhj ,
has the nice consequence that we can find a bound for the condition numbers of the
different interpolation matrices [49] if we assume the data sets to be quasi-uniform.
That is, mesh norm and separation distance are comparable to each other in the
sense that

qXj ≤ hXj ,Ω ≤ cqXj
for all level j and some constant c > 1.

Theorem 4.3 For quasi-uniform data sets Xj the condition numbers of the inter-
polation matrices AΦj ,Xj are independent of the level.

Proof. See [87] for the statement and [49] for the proof.

4.2 Multilevel Collocation Algorithm

In the previous section, we explained the multilevel algorithm for pure interpolation.
After having introduced in the previous chapter a generalised interpolation scheme,
which can be used to solve partial differential equations of the form (3.5) numerically,
we want to combine the multiscale idea now with the collocation method for elliptic
problems of second order as discussed in Section 3.1.2.
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In order to set up the multiscale approximation scheme for elliptic problems, we
define two (not necessarily nested) point set sequences. Firstly, let X1, X2, X3, . . .
be a sequence of point sets in the bounded domain Ω and secondly let Y1, Y2, Y3, . . .
be a sequence of point sets on the boundary ∂Ω.

Again, using scaled basis functions Φj , given by (4.1) for some scaling param-
eters δj > 0 and a compactly supported radial basis function Φ, we can construct
interpolants sj – this time from the space

LVXj + VYj = span{L2Φj(· − x) | x ∈ Xj}+ span{Φj(· − y) | y ∈ Yj}.

The differential operator L is defined as in (3.6) and applied to the second variable,
hence the subscript. In this setting, we obtain a multilevel algorithm of the following
form.

Algorithm 4.4 (Multilevel Algorithm for Collocation)

Input: Right-hand sides f and F , number of levels n

Set u0 = 0, f0 = f, F0 = F
for j = 1, . . . , n do

(i) Determine the local correction sj ∈ LVXj + VYj to fj−1 and Fj−1

Lsj(x) = fj−1(x), x ∈ Xj

sj(y) = Fj−1(y), y ∈ Yj

(ii) Update the global approximation and the residuals

uj = uj−1 + sj

fj = fj−1 − L(sj |Ω)

Fj = Fj−1 − sj |∂Ω

end

Output: Approximate solution un

We define the error at level j to be the difference between the exact solution and
the global approximant at level j, i. e. ej = u − uj . From this definition and the
algorithm one can easily establish the following identities

uj =

j∑
k=1

sk and ej = u−
j∑

k=1

sk = ej−1 − sj .

Moreover, we find

fj = f − L(uj |Ω) and Fj = F − uj |∂Ω. (4.3)
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The first equation follows by applying the linear operator L to uj |Ω and then adding
it to the interior residual at level j and the second by adding uj |∂Ω to the boundary
residual at level j. Similar to interpolation, the local interpolant denoted with sj is
actually given by the interpolant to the error of the previous level since fj−1(x) =
Lej−1(x) and Fj−1(y) = ej−1(y).

Now, we analyse the convergence of the multilevel collocation algorithm. In
order to prove the result presented in Section 4.2.3, we need two tools that help us
deal with the boundary: an extension operator and (inverse) trace theorems.

4.2.1 Extension Operator

From Theorem 2.28 we know that the native space of a translation-invariant ker-
nel, whose Fourier transform decays algebraically is norm-equivalent to a Sobolev
space defined on the whole Euclidean space. One trick to cope with Sobolev spaces
defined on bounded domains, instead of the whole Euclidean space, is to introduce
an extension operator. The following result can be found in [87, Proposition 1] and
comes originally from [77, Theorem 5, Section 5.3]. Again, we need to assume the
boundary to be Lipschitz.

Lemma 4.5 Suppose Ω ⊆ Rd is open and has a Lipschitz boundary. Let σ ≥ 0.
Then, there exists a linear operator E : W σ

2 (Ω) → W σ
2 (Rd), such that, for all f ∈

W σ
2 (Ω) the two conditions hold

(1) Ef |Ω = f |Ω,

(2) ‖Ef‖Wσ
2 (Rd) ≤ Cσ‖f‖Wσ

2 (Ω)

for some constant Cσ > 0.

4.2.2 Sobolev Norm of Functions Defined on the Boundary

It is obvious that when discussing boundary value problems we need to treat the
boundary differently from the interior. In particular, we need to define the Sobolev
norm on the boundary of Ω. In order to be able to do this, we need to impose
some smoothness restrictions on the boundary. In particular we want Ω to have a
Ck,s boundary with k ∈ N0 and s ∈ [0, 1). We introduced the definition for smooth
boundaries in Section 2.32. An equivalent definition can be found in [89, Definition
2.7].

For smooth boundaries we are able to define the Sobolev norm of a function on
the boundary via charts. If we assume that Ω has a Ck,s boundary, then we are able
to represent the boundary ∂Ω by a finite number of Ck,s diffeomorphisms

ψj : B → Vj for 1 ≤ j ≤ K,

where B = B(0, 1) is the unit ball in Rd−1 and the Vj are open sets in Rd such that

∂Ω ⊂
⋃K
j=1 Vj . With the help of a partition of unity {ωj} with respect to {Vj} we
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can then define the Sobolev norm on the boundary to be

‖u‖Wk
p (∂Ω) =

K∑
j=1

‖(uωj) ◦ ψj‖Wk
p (B).

The Sobolev space W k
p (∂Ω) (all functions for which the above norm is finite) is in-

dependent of the chosen atlas {Vj , ψj} and the partition of unity {ωj}. Even though
the norm depends on these choices, it can be shown that two norms constructed
with different sets of charts are equivalent. Introducing the Sobolev norm on the
boundary via charts enables us to define the mesh norm on the boundary. For some
point set Y ⊆ ∂Ω, we define

hY,∂Ω = max
1≤j≤K

hTj ,B, (4.4)

where Tj = ψ−1
j (Y ∩ Vj) ⊆ B, compare with [37]. If we fixed a different atlas,

we would get an h̃Y,∂Ω which is equivalent to hY,∂Ω. However, since we are mostly
interested in the convergence rates, the equivalence constant would drop out as can
be seen in (4.14).

In order to prove error bounds in the subsequent section, we need two results, well
known in the theory of weak solutions to elliptic PDEs that establish a relationship
between Sobolev norms for the domain Ω as well as Sobolev norms for the boundary
∂Ω. The first result, taken from [89, Theorem 8.7], shows how restricting a function
in W σ

2 (Ω), only defined almost everywhere, to the boundary ∂Ω is feasible.

Lemma 4.6 (Trace Theorem) Suppose Ω ⊆ Rd is a bounded region with a Ck,s

boundary ∂Ω and 1/2 < σ ≤ k + s. Then, there exists a continuous linear operator

T : W σ
2 (Ω)→W

σ−1/2
2 (∂Ω)

such that Tu = u|∂Ω for all u ∈W σ
2 (Ω). This means in particular that the restriction

of u ∈W σ
2 (Ω) to ∂Ω is well-defined, belongs to W

σ−1/2
2 (∂Ω) and satisfies

‖u‖
W
σ−1/2
2 (∂Ω)

≤ C‖u‖Wσ
2 (Ω) (4.5)

for some positive constant C, that is independent of u.

Roughly speaking one could think of the so called trace operator T as a general-
isation of the restriction mapping f 7→ f |∂Ω, which in the case of Sobolev functions
f is not well-defined since ∂Ω is a null set in Rd. It is also possible to generalise the
notion of the extension mapping f |∂Ω 7→ f in a similar fashion with the help of an
inverse operator Z [89, Theorem 8.8].

Lemma 4.7 (Inverse Trace Theorem) Suppose Ω ⊆ Rd is a bounded region with
a Ck,s boundary ∂Ω and 1/2 < σ ≤ k + s. Then, there exists a continuous linear
operator

Z : W
σ−1/2
2 (∂Ω)→W σ

2 (Ω)

such that T ◦ Zu = u for all u ∈ W σ−1/2
2 (∂Ω), where T is the trace operator from

Lemma 4.6.
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4.2.3 Convergence Result

Before we start looking at the multilevel convergence result, we need an auxiliary
result for the L2 error of the solution to the boundary value problem (3.5) and its
collocation approximation (Theorem 4.9).

One important step in the proof of this lemma is to use the solution’s continuous
dependence on the data. We cite the L2 analogue of the maximum principle taken
from [38, Corollary 8.7] here.

Lemma 4.8 (Continuous Dependence on Data in L2 norm) Let u ∈W 1
2 (Ω) satisfy

(3.5) in the weak sense. Define with the help of an inverse trace operator Z the

function φ = ZF ∈ W 1
2 (Ω) for boundary data F ∈ W

1/2
2 (∂Ω). Then we have for

some C̃ > 0 the following estimate

‖u‖W 1
2 (Ω) ≤ C̃

{
‖f‖L2(Ω) + ‖φ‖W 1

2 (Ω)

}
. (4.6)

Now bearing in mind that the inverse trace operator is a continuous and thus
bounded operator, we have

‖φ‖W 1
2 (Ω) = ‖ZF‖W 1

2 (Ω) ≤ c‖F‖W 1/2
2 (∂Ω)

for some positive constant c so that we can rewrite (4.6) to find

‖u‖L2(Ω) ≤ C
{
‖f‖L2(Ω) + ‖F‖

W
1/2
2 (∂Ω)

}
, (4.7)

for some C > 0. Here we also employed the trivial estimate ‖u‖L2(Ω) ≤ ‖u‖W 1
2 (Ω).

In order to prove our main result in this section, it is also possible to directly
use the maximum principle. However, as we will see in the proof of Theorem 4.10,
it is more favourable to have such a bound for the solution to (3.5) in the L2 norm
than in the L∞ norm since the sampling inequality would in the latter case yield an
extra factor of h−d/2, see for example Corollary 2.8.

With estimate (4.7) we can now bound the L2 error between the solution u and
its approximation su. Let hX,Ω denote the mesh norm corresponding to the interior
of the domain Ω and hY,∂Ω denote the mesh norm corresponding to its boundary
∂Ω. Then, the following result for the L2 error holds.

Theorem 4.9 (L2 Error) Assume that δ ∈ (0, 1] and u ∈ W σ
2 (Ω) solves (3.5).

Let the domain Ω have a Ck,s boundary for s ∈ [0, 1) such that σ = k + s and
k := bσc > 2 + d/2. Let the differential operator L from (3.6) be strictly elliptic and
its interior collocation points not contain a singular point. Then the error between
the solution u and its collocation approximation su can be bounded in the L2 norm
by

‖u− su‖L2(Ω) ≤ Cδ−σ{hσ−2
X,Ω + hσ−1

Y,∂Ω}‖Eu‖Φδ
≤ Cδ−σ

{
hσ−2
X,Ω + hσ−1

Y,∂Ω

}
‖u‖Wσ

2 (Ω)

≤ Cδ−σhσ−2‖u‖Wσ
2 (Ω),
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where h = max{hX,Ω, hY,∂Ω}.
Proof. First, we note that by (4.7) we have

‖u− su‖L2(Ω) ≤ C
{
‖Lu− Lsu‖L2(Ω) + ‖u− su‖W 1/2

2 (∂Ω)

}
.

Now we estimate the two terms on the right-hand side separately. With the help of
the sampling inequality, the boundedness of L as well as the norm equivalence for
scaled kernels we obtain for the term corresponding to the interior of the domain
the following bound:

‖Lu− Lsu‖L2(Ω) ≤ Chσ−2
X,Ω‖Lu− Lsu‖Wσ−2

2 (Ω) by Theorem 2.33

≤ Chσ−2
X,Ω‖u− su‖Wσ

2 (Ω) by Lemma 3.6

≤ Chσ−2
X,Ω‖Eu− sEu‖Wσ

2 (Rd) since su = sEu

≤ Chσ−2
X,Ωδ

−σ‖Eu− sEu‖Φδ by Lemma 2.30

≤ Chσ−2
X,Ωδ

−σ‖Eu‖Φδ by optimality.

For the boundary term we use the definition of a Sobolev norm on a boundary,
introduced in Section 4.2.2. The procedure is very similar to the proof of Theorem

3.10 in [37]. For B = B(0, 1) ⊆ Rd−1 we set uj = ((u − su)wj) ◦ ψj ∈ W σ−1/2
2 (B).

Since we want to employ the sampling inequality, it is important to note that the
uj vanish on the Tj . Thus, we find

‖u− su‖2
W

1/2
2 (∂Ω)

=
K∑
j=1

‖uj‖2
W

1/2
2 (B)

≤ C
K∑
j=1

h
2(σ−1)
Tj ,B

‖uj‖2
W
σ−1/2
2 (B)

by Theorem 2.33

≤ Ch2(σ−1)
Y,∂Ω ‖u− su‖2

W
σ−1/2
2 (∂Ω)

≤ Ch2(σ−1)
Y,∂Ω ‖u− su‖2Wσ

2 (Ω) by Lemma 4.6.

From this we can deduce

‖u− su‖W 1/2
2 (∂Ω)

≤ Chσ−1
Y,∂Ω‖u− su‖Wσ

2 (Ω)

≤ Chσ−1
Y,∂Ωδ

−σ‖Eu‖Φδ ,

where we used for the second inequality exactly the same last three steps as for the
term ‖Lu− Lsu‖L2(Ω). Thus, by combining both results we can conclude

‖u− su‖L2(Ω) ≤ Cδ−σ{hσ−2
X,Ω + hσ−1

Y,∂Ω}‖Eu‖Φδ
≤ Cδ−σ{hσ−2

X,Ω + hσ−1
Y,∂Ω}‖Eu‖Wσ

2 (Rd) by Lemma 2.30

≤ Cδ−σ{hσ−2
X,Ω + hσ−1

Y,∂Ω}‖u‖Wσ
2 (Ω) by Lemma 4.5

≤ Cδ−σhσ−2‖u‖Wσ
2 (Ω).
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The above result would mean that ideally δ should be fixed if the mesh norm
tends to zero. In this case, however, the band widths of the collocation matrices
grow for smaller grids since there will be more and more points in the support radius
of each basis function. With the help of this error estimate, we are now able to prove
convergence of the multilevel approximation scheme for elliptic partial differential
equations of second order.

Theorem 4.10 (Convergence of the Multilevel Collocation Algorithm) Assume
u ∈W σ

2 (Ω) solves (3.5). Let k := bσc > 2 +d/2. We define two point set sequences.
Let X1, X2, . . . be a sequence of point sets in Ω with mesh norms hX1,Ω, hX2,Ω, . . .
such that the Xj contain no singular point of the operator L and let Y1, Y2, . . .
be a sequence of point sets in ∂Ω with mesh norms hY1,∂Ω, hY2,∂Ω, . . .. Set hj =
max{hXj ,Ω, hYj ,∂Ω} and assume

γµhj ≤ hj+1 ≤ µhj (4.8)

for j = 1, 2, ... and some fixed µ ∈ (0, 1) and γ ∈ (0, 1). Let the domain Ω have a
Ck,s boundary for s ∈ [0, 1) such that σ = k + s and let Φ be a kernel satisfying

c1(1 + ‖ω‖22)−σ ≤ Φ̂(ω) ≤ c2(1 + ‖ω‖22)−σ, ω ∈ Rd,

with two fixed constants 0 < c1 ≤ c2. Define δj =
(
hj
µ

)1− 2
σ

and

Φj(x,y) = Φδj (x,y) = δ−dj Φ((x− y)/δj).

Lastly, let h1 ≤ µ be sufficiently small. Then, there exists a constant C independent
of µ, j and u such that

‖Eej‖Φj+1 ≤ α‖Eej−1‖Φj ,

for j = 1, 2, ... with α = Cµσ−2. Thus, we have the estimate

‖u− un‖L2(Ω) ≤ Cαn‖u‖Wσ
2 (Ω) (4.9)

and the multilevel approximation uk converges to u in the L2 norm if we choose µ
so small that α = Cµσ−2 < 1.

Note that condition (4.8) guarantees that the grids become finer. The parameter
µ can be thought of as the rate at which the grid size decreases.

Proof. First we see that

δj =

(
hj
µ

)1− 2
σ

≤
(
hjhj−1

hj

)1− 2
σ

<

(
hj−1

µ

)1− 2
σ

= δj−1.
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That is, δj < δ1 ≤ 1 since h1 ≤ µ and 1− 2
σ > 0 due to our assumptions. Hence, we

can apply Lemma 2.30. We use the definition of the native space norm to obtain

‖Eej‖2Φj+1
=

1

(2π)d/2

∫
Rd

|Êej(ω)|2

Φ̂j+1(ω)
dω = C

∫
Rd

|Êej(ω)|2

Φ̂(δj+1ω)
dω

≤ C

c1

∫
‖ω‖2≤1/δj+1

|Êej(ω)|2(1 + δ2
j+1‖ω‖22)σdω

+
C

c1

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2(1 + δ2
j+1‖ω‖22)σdω

=: C(I1 + I2).

For the first term I1, we obtain

I1 ≤ 2σ
∫
Rd
|Êej(ω)|2dω = 2σ‖Eej‖2L2(Rd) by Parseval’s identity

≤ C‖ej‖2L2(Ω) = C‖ej−1 − sj‖2L2(Ω) by Lemma 4.5

= C‖ej−1 − sej−1‖2L2(Ω)

≤ Ch2(σ−2)
j δ−2σ

j ‖Eej−1‖2Φj by Theorem 4.9.

Here we have used that sj is in fact equal to sEej−1,Xj . This follows by observing
that for x ∈ Xj and y ∈ Yj , we have

Lsj(x) = fj−1(x) = f(x)− Luj−1(x) = L[u− uj−1](x) = Lej−1(x),

sj(y) = Fj−1(y) = F (y)− uj−1(y) = u(y)− uj−1(y) = ej−1(y),

using the algorithm as well as (4.3). Since

µ2(σ−2) =
h

2(σ−2)
j

δ2σ
j

,

we then have
I1 ≤ Cµ2(σ−2)‖Eej−1‖2Φj .

For the second term I2, we obtain

I2 ≤ 2σδ2σ
j+1

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2‖ω‖2σ2 dω

≤ 2σδ2σ
j+1

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2(1 + ‖ω‖22)σdω

≤ 2σδ2σ
j+1‖Eej‖2Wσ

2 (Rd)

≤ Cδ2σ
j+1‖ej‖2Wσ

2 (Ω)

= Cδ2σ
j+1‖ej−1 − sj‖2Wσ

2 (Ω).
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Now, using again that sj = sEej−1,Xj , this leads to

I2 ≤ Cδ2σ
j+1‖Eej−1 − sEej−1‖2Wσ

2 (Ω)

≤ Cδ2σ
j+1‖Eej−1 − sEej−1‖2Wσ

2 (Rd)

≤ Cδ2σ
j+1δ

−2σ
j ‖Eej−1 − sEej−1‖2Φj

≤ Cδ2σ
j+1δ

−2σ
j ‖Eej−1‖2Φj by optimality

≤ Cµ2(σ−2)‖Eej−1‖2Φj ,

where in the last step we have used(
δj+1

δj

)2σ

=

(
hj+1

hj

)2(σ−2)

≤ µ2(σ−2).

Thus, in total we have

‖Eej‖Φj+1 ≤ Cµσ−2‖Eej−1‖Φj = α‖Eej−1‖Φj , (4.10)

for α := Cµσ−2. From this we can conclude

‖u− un‖L2(Ω) = ‖en‖L2(Ω)

≤ Chσ−2
n δ−σn+1‖Een‖Φn+1 by Theorem 4.9

≤ C‖Een‖Φn+1 ,

where we have used in the last step that

hσ−2
n

δσn+1

=
hσ−2
n

hσ−2
n+1

µσ−2 =

(
hn
hn+1

µ

)σ−2

≤ γ2−σ.

Now applying (4.10) n times, we find

‖u− un‖L2(Ω) ≤ C‖Een‖Φn+1 ≤ Cαn‖Eu‖Wσ
2 (Rd) ≤ Cαn‖u‖Wσ

2 (Ω)

for α = Cµσ−2.

4.3 Numerical Examples

In this section, we provide numerical examples to illustrate the theory. We choose
nested point sets {Xi} ⊆ Ω in the domain as well as nested point sets {Yi} ⊆ ∂Ω on
the boundary, i. e.

X1 ⊆ X2 ⊆ X3 ⊆ . . . ⊆ XF

Y1 ⊆ Y2 ⊆ Y3 ⊆ . . . ⊆ YF ,
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where we specify F ∈ N for each of problem separately. The total number of data
sites at level j is given by the sum of the cardinalities of the point sets for that level,
i. e.

Nj = |Xj |+ |Yj |, for 1 ≤ j ≤ F.

The sets XF and YF are the finest sets that are used for computing the error. We
examine the stationary as well as the nonstationary case. That is, we choose support
radii proportional to the mesh norm as well as nonproportional to it (as suggested
by the convergence theorem), namely

δj = ν (hj/µ)1−2/σ , (4.11)

for hj = max{hXj ,Ω, hYj ,∂Ω} with j ∈ N. Also, we included a proportionality con-
stant ν > 0 and will investigate its influence on the algorithm. These constants have
been chosen by trial and error, bearing in mind that a large constant yields a large
support radius and thus a relatively good approximation at the cost of having to
solve a more ill-conditioned problem (and vice versa). The code used here and in
subsequent chapters partially relies on the code provided by Fasshauer in his text-
book [24]. Since the condition numbers become quite large, they are estimated via
the condest routine in Matlab.

For all examples, we will choose µ = 0.5 and specify ν accordingly in each of
the following subsections. We determine the mesh norm on the new level mostly by
choosing it to be equal to half the mesh norm of the previous level – thus automat-
ically satisfying (4.8), i. e. we have

hj =
hj−1

2
. (4.12)

In Section 4.3.2, however, we also look at unstructured grids. On the finest level,
we approximate the error en between the exact solution u evaluated at the data sites

U = (u|XF , u|YF )T ∈ RNF ,

and its multilevel approximation Ũk ∈ RNF at level k with the root-mean-square
error, a weighted `2 error of the form

Ek = ‖u− uk‖L2(Ω) ≈
‖U − Ũk‖`2√

NF
. (4.13)

When computing the error on the boundary we adjust the equation above by
taking the difference of the boundary vectors in the `2 norm and dividing it by the
square root of |YF |. We point out that even though analytically there is no difference
between the Lp(Ω) and the Lp(Ω) norm, it is still interesting to see how big the
numerically computed difference (which analytically should be zero) is. Therefore,
we include both norms in the following tables.
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We proved convergence of the multilevel algorithm with respect to the mesh
norm if α = Cµσ−2 < 1, see Theorem 4.10. The assumption that the constant α is
less than one, is important since in the inequality (4.9) it is raised to the power k,
where k denotes the level. Theoretically, this is not a problem since we can choose
the discretisation parameter µ to meet this requirement, e. g. µ < (1/C)1/(σ−2). In
practice, however, we do not know the constant C. Therefore we try to verify the
order of convergence numerically. Assuming there exists a β > 0 such that

Ek = Chβk‖u‖Wσ
2 (Ω)

for some C > 0, we can estimate β from two consecutive errors

Ek+1

Ek
=

(
hk+1

hk

)β
,

from which we obtain

β =
log
(
Ek+1

Ek

)
log
(
hk+1

hk

) . (4.14)

We compute the convergence order β with the error given on the domain includ-
ing its boundary Ω. Additionally, it will be of interest to separate the error in the
interior from the error on the boundary.

4.3.1 1D Laplace Problem

We start with a simple 1D Laplace problem with Dirichlet boundary conditions,

u′′ = 0, in Ω = (0, 1)

u(0) = 0,

u(1) = 1.

(L1)

Its analytic solution is given by the identity u(x) = x. We form nested point sets

Xj =

{
1

2j
` : ` = 1, . . . , 2j − 1

}
and Yj = {0, 1}

and choose the support radii according to Theorem 4.10. Note that for this one
dimensional problem the boundary nodes cannot be refined.

We compute the multilevel approximation to the Laplace problem, using two
different basis functions: φ1,2 ∈ C4 and φ1,6 ∈ C12. The errors measured in different
norms are given in Table 4.3 and Table 4.7, respectively. The orders of convergence
can be found in Table 4.4 and Table 4.8, respectively. We remark that through-
out this thesis the condition numbers are estimated values only since the matrices
become quite large.
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N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

5 2−3 8.22e-3 5.31e-2 1.45e-2 5.3e1
9 2−4 1.92e-3 1.44e-2 3.16e-3 1.9e2
17 2−5 4.34e-4 3.42e-3 6.66e-4 7.6e2
33 2−6 1.05e-4 7.63e-4 1.60e-4 3.1e3
65 2−7 2.71e-5 1.69e-4 4.15e-5 1.2e4
129 2−8 7.28e-6 3.83e-5 1.12e-5 5.6e4
257 2−9 1.95e-6 9.13e-6 3.01e-6 2.6e5
513 2−10 5.16e-7 2.27e-6 8.01e-7 1.3e6
1025 2−11 1.35e-7 5.74e-7 2.10e-7 6.5e6

Table 4.3: Convergence study for the Laplace problem (L1) with basis function φ1,2 and
support radii of the form (4.11) for ν = 5.

N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−4 2.10 1.88 2.20 -1.83
17 2−5 2.14 2.07 2.25 -2.00
33 2−6 2.05 2.16 2.09 -2.04
65 2−7 1.95 2.17 1.94 -1.98
129 2−8 1.90 2.14 1.89 -2.17
257 2−9 1.90 2.07 1.90 -2.22
513 2−10 1.92 2.01 1.91 -2.32
1025 2−11 1.93 1.98 1.93 -2.34

Table 4.4: Convergence orders for the Laplace problem (L1) with basis function φ1,2 and
support radii of the form (4.11) for ν = 5.

N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

5 2−3 1.82e-3 1.31e-2 1.82e-3 2.8e1
9 2−4 3.41e-4 3.05e-3 5.92e-4 5.6e1
17 2−5 5.88e-5 6.39e-4 9.54e-5 1.9e2
33 2−6 1.04e-5 1.27e-4 1.61e-5 6.0e2
65 2−7 2.05e-6 2.44e-5 3.22e-6 1.9e3
129 2−8 4.53e-7 4.71e-6 7.28e-7 7.1e3
257 2−9 1.08e-7 9.31e-7 1.76e-7 2.7e4
513 2−10 2.67e-8 1.93e-7 4.38e-8 1.0e5
1025 2−11 6.75e-9 4.24e-8 1.11e-8 4.8e5

Table 4.5: Convergence study for the Laplace problem (L1) with basis function φ1,2 and
support radii of the form (4.11) for ν = 10.
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N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−4 2.41 2.10 2.43 -1.00
17 2−5 2.54 2.25 2.65 -1.73
33 2−6 2.49 2.34 2.56 -1.68
65 2−7 2.35 2.37 2.31 -1.68
129 2−8 2.18 2.37 2.15 -1.90
257 2−9 2.07 2.34 2.05 -1.94
513 2−10 2.01 2.27 2.00 -1.92
1025 2−11 1.99 2.18 1.98 -2.15

Table 4.6: Convergence orders for the Laplace problem (L1) with basis function φ1,2 and
support radii of the form (4.11) for ν = 10.

N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

5 2−3 2.16e-2 1.79e-1 4.45e-2 4.5e2
9 2−4 3.99e-3 4.44e-2 8.60e-3 9.8e3
17 2−5 6.38e-4 9.80e-3 1.40e-3 1.5e5
33 2−6 8.20e-5 1.76e-3 1.80e-4 1.9e6
65 2−7 8.31e-6 2.51e-4 1.82e-5 2.5e7
129 2−8 6.63e-7 2.85e-5 1.45e-6 3.6e8
257 2−9 4.20e-8 2.61e-6 9.14e-8 5.0e9
513 2−10 2.14e-9 1.98e-7 4.64e-9 7.0e10
1025 2−11 8.86e-11 1.28e-8 1.90e-10 1.0e12

Table 4.7: Convergence study for the Laplace problem (L1) with basis function φ1,6 and
support radii of the form (4.11) for ν = 5.

N h ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−4 2.43 2.01 2.37 -4.43
17 2−5 2.64 2.18 2.62 -3.90
33 2−6 2.96 2.48 2.96 -3.68
65 2−7 3.30 2.81 3.31 -3.76
129 2−8 3.65 3.14 3.65 -3.81
257 2−9 3.98 3.45 3.98 -3.81
513 2−10 4.30 3.72 4.30 -3.81
1025 2−11 4.59 3.95 4.61 -3.84

Table 4.8: Convergence orders for the Laplace problem (L1) with basis function φ1,6 and
support radii of the form (4.11) for ν = 5.
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Figure 4.2: Point sets for the interior (blue) and boundary (red) for Poisson problems (P1)
and (P2).

It can be observed that the smoother the basis function, the faster the conver-
gence (in all three norms examined here), but also the faster the condition number
of the level matrices grows. The first observation makes sense, given that the solu-
tion to the ordinary differential equation (L1) is infinitely many times differentiable.
The second observation we examine more closely in Chapter 5, where we discuss
preconditioning strategies.

Somewhat surprising is the fact that the H1 error diminishes as fast as the L∞
and L2 error, when using φ1,2 as basis function. For φ1,6, the H1 error is diminishing
slightly slower – but still faster than one would expect for gradually finer one-shot
solutions [37]. In these cases one usually expects the order for the H1 error to be
reduced by one compared to the L2 convergence order.

Doubling the proportionality constant ν (see Tables 4.5 and 4.6) yields initially
better errors and convergence rates. This reflects the fact that the initial support
radius is bigger and thus we can expect better results. In the long run, however,
these effects seem to level out. The convergence orders for ν = 5 on the finest level
seem to be comparable to the convergence orders for ν = 10 on the finest level.

This numerical example, however, is a rather artificial example as the boundary
consists only of two points. Therefore, we look at two-dimensional problems in the
next section.

4.3.2 2D Poisson Problem

We will look at two different 2D examples to illustrate the convergence of the
multilevel collocation algorithm. More specifically we will look at two Poisson prob-
lems – on a disk and on a square. We will see that both multilevel approximations
for these domains converge quite fast. Technically, only the first example is in the
setting of the theorem since its boundary is sufficiently smooth. However, examining
the convergence proof, we note that the boundary is handled using charts. Therefore,
it is not too surprising that we still achieve convergence on a square domain.

For both examples we compare the convergence obtained through a nonpropor-
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 1 6.21e-2 6.28e-2 8.41e-7 1.80e-1 8.94e-1 1.0e3
25 2−1 1.24e-2 1.25e-2 8.44e-5 5.69e-2 1.86e-2 6.3e4
77 2−2 2.05e-3 2.07e-3 3.56e-5 1.45e-2 4.06e-3 1.0e7
257 2−3 3.13e-4 3.16e-4 1.06e-6 3.10e-3 7.06e-4 9.7e8
921 2−4 3.91e-5 3.95e-5 3.11e-7 5.69e-4 1.01e-4 7.7e10
3461 2−5 4.49e-6 4.53e-6 2.04e-8 9.33e-5 1.20e-5 1.9e13
13361 2−6 4.26e-7 4.30e-7 1.68e-9 1.38e-5 1.20e-6 6.7e14

Table 4.9: Convergence study for the Poisson problem (P1) with basis function φ2,3 and
support radii of the form (4.11) for ν = 3.5.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−1 1.55 1.55 -4.43 1.11 1.51 -3.97
77 2−2 2.60 2.60 1.25 1.98 2.19 -7.32
257 2−3 2.71 2.71 5.08 2.22 2.53 -6.59
921 2−4 3.00 3.00 1.76 2.45 2.80 -6.30
3461 2−5 3.13 3.13 3.93 2.61 3.07 -7.94
13361 2−6 3.40 3.40 3.60 2.76 3.32 -5.15

Table 4.10: Convergence order for the Poisson problem (P1) with basis function φ2,3 and
support radii of the form (4.11) for ν = 3.5.

tional relation between support radii and mesh norms as suggested by the conver-
gence theorem to the effect of a proportional relation. In the latter case, we will
see that the algorithm does not converge. This lack of convergence is rather unfor-
tunate because in the fast-convergent, nonstationary case the condition numbers of
the generalised interpolation matrices are considerably higher than in the stationary
case. Thus, we obtain convergence at the expense of efficiency. Fasshauer observed
this in [23].

We will use φ2,3 ∈ C6 as our basis function for both examples. Other basis
function have been tried as well. As in the 1D case smoother functions yield faster
convergence but also systems with larger condition numbers.

Poisson Problem on a Disk

The first Poisson problem we look at is defined on the unit disk and has zero bound-
ary conditions, that is

∆u = −1 on Ω = B(0, 1)

u = 0 on ∂Ω = {(x, y)T ∈ R2 | x2 + y2 = 1}.
(P1)
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 1 4.38e-2 4.42e-2 2.60e-7 1.28e-1 6.23e-2 3.4e3
25 2−1 1.23e-2 1.24e-2 8.95e-5 5.13e-2 1.73e-2 3.4e4
77 2−2 7.04e-3 7.10e-3 8.95e-5 2.60e-2 1.12e-2 1.3e6
257 2−3 6.60e-3 6.66e-3 8.73e-6 1.95e-2 1.14e-2 2.7e7
921 2−4 6.56e-3 6.62e-3 4.47e-6 1.81e-2 1.15e-2 3.9e8
3461 2−5 6.56e-3 6.62e-3 8.88e-7 1.78e-2 1.15e-2 8.4e9
13361 2−6 6.56e-3 6.62e-3 2.51e-7 1.77e-2 1.15e-2 1.8e11

Table 4.11: Convergence study for the Poisson problem (P1) with basis function φ2,3 and
support radii δ = ν (h/µ) for µ = 0.5 and ν = 3.5.

Its C∞ solution is given by u(x, y) = (1 − x2 − y2)/4. We choose support radii of
the form (4.11) with ν = 3.5 and cover the disk with nested uniform point sets

Xj = Ω ∩HjZ2, where Hj =
1

2j−1

for j ∈ N. This leads to mesh norms

hX1,Ω = 1 and hXj ,Ω =
Hj√

2

for j ∈ N \ {1}. The boundary is covered at level j by 2j+2 uniformly distributed
points given by

Yj =

{
(cos(θk), sin(θk))

T ∈ R2 | θk = 0.1 + k
2π + 0.1

2j+2
, 0 ≤ k ≤ 2j+2 − 1

}
,

see Figure 4.2a. We chose to offset the interval [0, 2π] by 0.1 to add some asymmetry
to the problem. With these two point sets we find for j ∈ N

hYj ,∂Ω =
2π

2j+3
=
π

4

1

2j
<

1

2j
< hXj ,Ω,

where we computed hYj ,∂Ω to be half the geodesic distance between two adjacent
points. Computing the mesh norm on the boundary like this yields an equivalent
norm to the boundary mesh norm defined in (4.4). The previous inequality shows
that (4.12) holds with hj = hXj ,Ω for j ∈ N \ {1}.

In Figure 4.3, one sees the approximation for the first seven levels – we compute
the error on level F = 8. For each level the absolute error is also plotted separately
along with the residual |∆uk − ∆suk |. Where the distance between interior and
boundary nodes is greatest (see Figure 4.2a) four spikes can be observed. This
could be easily mended by putting additional points in these regions.

Tables 4.9 and 4.10 then summarises all necessary parameters and gives an
overview of the errors. The results seem to verify our theoretical convergence re-
sult. We have an excellent convergence order at the cost of linear systems that are
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−1 1.22 1.22 -5.62 0.88 1.23 -2.22
77 2−2 0.80 0.80 3.79 0.98 0.62 -5.19
257 2−3 0.10 0.10 3.36 0.41 -0.03 -4.41
921 2−4 <1e-2 <1e-2 0.97 0.11 <1e-2 -3.86
3461 2−5 <1e-3 <1e-3 2.33 0.03 <1e-3 -4.42
13361 2−6 <1e-4 <1e-4 1.83 0.01 <1e-3 -4.44

Table 4.12: Convergence order for the Poisson problem (P1) with basis function φ2,3 and
support radii δ = ν (h/µ) for µ = 0.5 and ν = 3.5.

increasingly more difficult to solve. Additionally, it can be seen that the L2 error
on the boundary is generally lower than in the interior. This is not surprising since
the second inequality in Theorem 4.9 suggests that

hYj ,∂Ω ≈ h
σ−2
σ−1

Xj ,Ω

is a sensible choice because in that case the interior and the boundary contribute
errors of comparable size to the overall error. This implies that the data sites on
the boundary need not be chosen as densely as in the interior.

We compare in Tables 4.11 and 4.12 our previous results for a scaling of the form
(4.11) with a proportional relationship between the support radii and the mesh
norms. Whereas the algorithm stagnates in the interior, it still converges on the
boundary which is not so surprising since we use pure interpolation there.

Poisson Problem on a Square

The second Poisson problem is taken from [24, Chapter 39] and given by

∆u(x, y) = −5

4
π2 sin(πx) cos(πy/2) on Ω = (0, 1)2,

u(x, y) =

{
sin(πx) on Γ = {(x, y)T ∈ R2 | 0 ≤ x ≤ 1, y = 0}
0 on ∂Ω \ Γ.

(P2)

Its C∞ solution is given by

u(x, y) = sin(πx) cos
(πy

2

)
.

The boundary of the domain is only piecewise smooth and thus technically the
convergence result does not apply. However, the smoothness requirement stems
from the trace theorem and it is not unlikely that it can be weakened to piecewise
smooth boundaries. This is also supported by numerical evidence, which seems to
suggest that convergence extends to piecewise smooth domains as well.
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 7.98e-2 8.04e-2 2.15e-2 4.31e-1 1.49e-1 1.5e3
25 2−2 2.08e-2 2.10e-2 3.99e-3 1.58e-1 3.45e-2 1.0e5
81 2−3 4.58e-3 4.61e-3 5.80e-4 4.92e-2 7.73e-3 2.3e7
289 2−4 8.80e-4 8.86e-4 6.53e-5 1.32e-2 1.41e-3 2.3e9
1089 2−5 1.44e-4 1.45e-4 6.15e-6 3.02e-3 2.09e-4 1.7e11
4225 2−6 2.00e-5 2.01e-5 4.99e-7 6.07e-4 2.92e-5 1.3e13
16641 2−7 2.41e-6 2.42e-6 3.32e-8 1.12e-4 3.71e-6 9.5e14

Table 4.13: Convergence study for the Poisson problem (P2) with basis function φ2,3 and
support radii of the form (4.11) for ν = 2.4.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 1.94 1.94 2.42 1.45 2.11 -6.12
81 2−3 2.19 2.19 2.78 1.68 2.16 -7.78
289 2−4 2.38 2.38 3.15 1.90 2.45 -6.64
1089 2−5 2.62 2.62 3.41 2.13 2.75 -6.25
4225 2−6 2.85 2.85 3.62 2.31 2.84 -6.21
16641 2−7 3.05 3.05 3.91 2.44 2.98 -6.22

Table 4.14: Convergence orders for the Poisson problem (P2) with basis function φ2,3 and
support radii of the form (4.11) for ν = 2.4.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 7.01e-2 7.06e-2 1.81e-2 3.80e-1 1.33e-1 1.5e3
25 2−2 2.98e-2 3.01e-2 4.44e-3 1.94e-1 4.85e-2 5.7e4
81 2−3 2.26e-2 2.28e-2 1.02e-3 1.31e-1 3.97e-2 2.1e6
289 2−4 2.19e-2 2.21e-2 2.22e-4 1.14e-1 3.99e-2 3.8e7
1089 2−5 2.18e-2 2.20e-2 4.77e-5 1.10e-1 4.00e-2 6.2e8
4225 2−6 2.18e-2 2.20e-2 1.03e-5 1.09e-1 4.00e-2 9.9e9
16641 2−7 2.18e-2 2.20e-2 2.11e-6 1.09e-1 4.00e-2 1.6e11

Table 4.15: Convergence study for the Poisson problem (P2) with basis function φ2,3 and
support radii δ = ν (h/µ) for µ = 0.5 and ν = 3.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 1.23 1.23 2.03 0.97 1.46 -5.29
81 2−3 0.40 0.40 2.12 0.56 0.29 -5.19
289 2−4 0.05 0.05 2.20 0.20 0.05 -4.20
1089 2−5 <1e-2 <1e-2 2.21 0.05 <1e-2 -4.02
4225 2−6 <1e-3 <1e-3 2.22 0.01 <1e-3 -4.00
16641 2−7 <1e-4 <1e-4 2.28 <1e-2 <1e-4 -4.00

Table 4.16: Convergence order for the Poisson problem (P2) with basis function φ2,3 and
support radii δ = ν (h/µ) for µ = 0.5 and ν = 3.
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Figure 4.3: The multilevel approximation for seven different levels (left), along with the
absolute error (middle) and residual (right) for problem (P1), to be continued on the next
page.

Again, we choose support radii of the form (4.11) – this time with µ = 0.5 and
ν = 2.4. We cover the closed domain Ω = [0, 1]2 with uniformly distributed nested
point sets (see Figure 4.2b) such that

Xj = Ω ∩HjZ2 and Yj =
[
Ω ∩HjZ2

]
\Xj ,

where Hj = 1/2j for j ≥ 1. Hence, we obtain mesh norms that satisfy (4.12) with

hXj ,Ω =
Hj√

2
and hYj ,∂Ω =

Hj

2
.

In Figure 4.4, one finds again the approximation, the absolute error |uk − suk | and
the residual |∆uk −∆suk | for the first seven levels. The numerical values are given
in Table 4.13 and 4.14, where we computed the error on level F = 8. Even though
the boundary is only piecewise smooth, the algorithm still converges fast.

Again, the condition numbers show an unbounded growth and the error on the
boundary is better than in the interior. Similar to (P1), the algorithm converges on
the boundary but not in the interior when choosing the support radii proportional
to the mesh norm, see Table 4.15 and 4.16.

Comparison with Other Numerical Methods

We briefly discuss how our previous results compare with other methods. In par-
ticular, we focus on the finite element method (FEM). Since multigrid techniques

54



Figure 4.3: The multilevel approximation for seven different levels (left), along with the
absolute error (middle) and residual (right) for problem (P1).
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Figure 4.4: The multilevel approximation for seven different levels (left), along with the
absolute error (middle) and residual (right) for problem (P2), to be continued on the next
page.

for the finite element method only increase the efficiency but not the accuracy of
the numerical solution (see [7, Chapter 6]), we employ the finite element method for
finer and finer triangulations without transferring information between the different
levels.

We solve (P2), discretising the unit square with a regular triangulation. Hence,
if N again denotes the number of interior and boundary data points, then there are
2(
√
N − 1)2 triangles. The boundary nodes are known exactly, therefore, we only

need to solve for the interior nodes. On each triangle we approximate the solution
with a piecewise linear polynomial. Though these basis functions are significantly
less smooth than the basis function we have used for the multilevel RBF collocation
method, they yield systems that have the same number of unknowns. For smoother
finite element basis functions, we would need to solve larger systems.

The finite element method can also be interpreted as a finite difference method,
that approximates the Laplacian by a quotient, namely

∆u(x, y) ≈ u(x−H, y) + u(x+H, y) + u(x, y −H) + u(x, y +H)− 4u(x, y)

H2
,

where H corresponds to the length of the triangles.
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Figure 4.4: The multilevel approximation for seven different levels (left), along with the
absolute error (middle) and residual (right) for problem (P2).
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N H ‖e‖L2(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 1.22e-2 3.65e-2 5
25 2−2 4.58e-3 1.11e-2 15
81 2−3 1.33e-3 3.04e-3 3.7e1
289 2−4 3.54e-4 7.74e-4 1.5e2
1089 2−5 9.14e-5 1.94e-4 6.0e2
4225 2−6 2.32e-5 4.86e-5 2.4e3
16641 2−7 5.85e-6 1.22e-5 9.7e3

Table 4.17: FEM convergence study for Poisson problem (P2) with piecewise linear basis
functions.

N H ‖e‖L2(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 1.41 1.72 -1.59
81 2−3 1.79 1.86 -1.31
289 2−4 1.90 1.97 -2.01
1089 2−5 1.95 1.99 -2.00
4225 2−6 1.98 2.00 -2.00
16641 2−7 1.99 2.00 -2.00

Table 4.18: FEM orders for Poisson problem (P2) with piecewise linear basis functions.

The results are shown in Tables 4.17 and 4.18. The L2 and L∞ errors diminish
quadratically and the condition numbers grow quadratically. These results agree
with the theory [7]. On the one hand, the multilevel RBF collocation method yields
faster convergence rates. On the other hand, the condition numbers also grow con-
siderably faster. It has to be noted that for smoother basis functions, the finite
element method can also achieve faster convergence rates. It seems not unlikely
that smoother FEM basis functions would actually yield similar convergence rates
and lower condition numbers (for bigger systems) than the presented RBF collo-
cation method – at least for simple problems on uniform grids. And this is not
even taking into account how the efficiency can be improved via preconditioning
and multigrid strategies.

The main advantage of the (multilevel) RBF collocation is that it can deal with
unstructured data, without needing to generate a mesh. We will demonstrate this
in the next subsection.

Results for Unstructured Grids

Even though the previous results were given on structured grids, they also hold on
unstructured grids that still satisfy inequality (4.8). An example of such a grid can
be constructed with quasi-random (i. e. seemingly random but actually determinis-
tic) Halton points [42]. The following explanation of Halton points is taken from
Fasshauer’s textbook [24, Appendix A].
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h ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

3.54e-1 7.45e-2 7.51e-2 2.29e-2 3.90e-1 1.42e-2 1.5e3
1.77e-1 2.12e-2 2.14e-2 4.06e-3 1.38e-1 3.64e-2 1.7e5
8.84e-2 2.83e-3 2.85e-3 1.50e-3 3.11e-2 7.43e-3 2.3e7
4.42e-2 4.13e-4 4.16e-4 9.44e-5 5.92e-3 6.55e-4 2.9e9
2.21e-2 5.16e-5 5.20e-5 8.67e-6 1.02e-3 8.66e-5 2.6e11
1.10e-2 6.38e-6 6.43e-6 5.34e-7 1.81e-4 1.07e-5 2.7e13
5.52e-3 9.25e-7 9.32e-7 4.16e-8 2.94e-5 1.62e-6 1.3e15

Table 4.19: Convergence study for the Poisson problem (P2) with basis function φ2,3 and
support radii of the form (4.11) for ν = 2.4 and data sets constructed from Halton points.

h ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

3.54e-1 1.81 1.81 2.49 1.50 1.96 -6.74
1.77e-1 2.90 2.91 1.44 2.14 2.29 -7.45
4.42e-2 2.78 2.78 3.99 2.39 3.50 -6.65
2.21e-2 3.00 3.00 3.44 2.53 2.92 -6.50
1.10e-2 3.02 3.02 4.02 2.50 3.02 -6.69
5.52e-3 2.79 2.79 3.68 2.62 2.72 -5.55

Table 4.20: Convergence study for the Poisson problem (P2) with basis function φ2,3 and
support radii of the form (4.11) for ν = 2.4 and data sets constructed from Halton points.

Every nonnegative integer n can be decomposed uniquely with a prime base p
in the following form

n =
k∑
i=0

aip
i

for some k ∈ N0, where each coefficient ai ∈ N satisfies 0 ≤ ai < p. For example, for
n = 10 and p = 3, we have

10 = 1 · 30 + 0 · 31 + 1 · 32.

That is, k = 2, a0 = a2 = 1 and a1 = 0. Next we map the nonnegative number n to
the interval [0, 1) via the function

hp(n) =

k∑
i=0

ai
pi+1

.

In our example that means

h3(10) =
1

3
+

1

33
=

10

27
∈ [0, 1).

This expression can be used to define a sequence, which is known as a van der Corput
sequence. It is given by

hp,N := {hp(n) | n = 0, 1, 2, . . . , N}.
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Figure 4.5: Blue interior Halton points and red uniform boundary points, 961 and 128 points
respectively.

For example

h3,10 = {0, 1/3, 2/3, 1/9, 4/9, 7/9, 2/9, 5/9, 8/9, 1/27, 10/27}.

To construct a Halton point set in the d-dimensional unit cube [0, 1)d, we take d
(usually distinct) primes p1, . . . , pd and use the resulting van der Corput sequences
hp1,N , . . . , hpd,N as the coordinates of the d-dimensional Halton points. That is the
set of N + 1 Halton points in the unit cube [0, 1)d is given by

Hd,N = {(hp1(n), . . . , hpd(n)) | n = 0, . . . , N}.

Since we have d = 2, we need to specify two primes. We choose p1 = 2 and
p2 = 3. Since Halton points in 1D behave quite regularly, we use equidistant points
on the boundary. See Figure 4.5 for an example of a data set, consisting of interior
Halton and uniform boundary points. We construct Halton points in the interior as
well as equidistant points on the boundary on the finest level and obtain a sequence
of nested sets using the farthest point algorithm [26]. For each level we double the
mesh norm, starting with the smallest. We obtain relatively well-behaved data sets.

The results are displayed in Tables 4.19 and 4.20 for the Poisson problem on
a square (P2). They are relatively comparable to our previous results on regular
grids, see Tables 4.13 and 4.14. They even seem to perform slightly better. This
comes, however, at the expense of a slightly higher condition number. To compute
the errors, we use Halton points on the finest level (F=8). This seems to have an
impact on the errors as the results on the last level seem to deviate from the pattern.
The finest level which we use for evaluation is not automatically as well-behaved as
the previous sets as it is not constructed with the farthest point algorithm. Another
possible explanation for this is that the condition number is too large at the highest
level.

Comparison with One Shot Method

Lastly, we demonstrate the advantage of the multilevel approximation compared to
using simply a symmetric one-shot RBF collocation approach. In Table 4.21, we
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

16641 2−7 9.58e-3 9.66e-3 1.10e-6 4.44e-2 1.92e-2 9.5e14

Table 4.21: Symmetric one-shot RBF collocation method for (P2) with ν = 2.4, δ = 0.20
and φ2,3 as basis function.

compute a one-shot approximation to the Poisson problem (P2) and give the errors
evaluated on the next finest level, consisting of equispaced 66049 data points. We
use φ2,3 as basis function and the same support radius as for the finest level of the
multilevel approximation in Table 4.13. It has to be noted that it is likely that
we would achieve better results with a larger support radius. However, then the
condition numbers become too large to solve the system.

Even though the condition numbers are obviously exactly the same (since the
matrix has not changed), the errors are significantly worse than for the multilevel
approximation of the same level. This naturally comes at the expense of having to
solve six additional but smaller systems.

We have given a rigorous convergence proof of the multilevel collocation algo-
rithm, which was introduced to overcome some of the shortages of the one-shot
method. Nevertheless, the numerical examples in this chapter show that there is
still room for improvement because the condition numbers of the multilevel collo-
cation approximation still grow relatively quickly. Therefore, the next two chapters
are dedicated to regularisation and preconditioning as well as an operator splitting
technique in an effort to improve the conditioning of the problem.
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Chapter 5

Regularisation, Preconditioning
and Alternating Projections

As we have seen in the previous chapter, the multilevel collocation algorithm suffers
from stability problems in the sense that the condition numbers grow for each level.
That means, if we use an iterative method like the conjugate gradient method, that
the number of iteration steps needed to achieve a certain tolerance grows accord-
ingly. Also for direct methods a low condition number is beneficial. Therefore, we
discuss in this chapter how to improve the condition number based on two strategies:
regularisation, preconditioning and operator splittling.

The regularisation technique is due to Wahba [80]. In this thesis, her result will
be extended to several regularisation parameters and generalised error theory will
be presented, which builds on previous results in [85]. The numerical advantages of
a Jacobi preconditioner have been observed by Fasshauer [23]. Here, we will present
a sound numerical proof for the efficiency of the preconditioner. This work has
been published in [22]. The operator splitting is achieved via the alternating pro-
jection method [76], which was first applied to RBFs by Beatson, Light and Billings
in the context of interpolation [2] and by Wendland in the context of generalised
interpolation [83]. We adapt the alternating projection method here to collocation.

5.1 Regularisation

So far we have made the implicit assumption that all the data we use as input for the
multilevel algorithm are exact. In practice, however, this might not be a very sensible
idea as measured data surely contain errors. In this case (generalised) interpolation
is not desirable. To avoid this problem, a promising idea is to minimise the difference
between approximation and exact solution at the data points in some norm plus an
additional penalty constraint. In her book [80], Grace Wahba investigates spline
smoothing, a Tikhonov-type regularisation technique. The idea is that as long as
the penalty constant is small enough, the additional error in solving the system
might be negligible.
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Let us be a bit more precise (and introduce the necessary notation) along the
way. Instead of an interpolation problem we would like to consider for some ε > 0
a penalised least-squares problem of the form

argmin


N∑
j=1

(λj(s)− fj)2 + ε‖s‖2Φ
∣∣s ∈ NΦ(Rd)

 , (5.1)

using the same notation as in Section 3.1. Setting the constant ε to zero would yield
the standard interpolation solution. Unlike for standard Tikhonov regularisation,
the additional term is measured in the native space norm (instead of the Euclidean
norm), which simplifies the analysis. If we think of the native space as a Sobolev
space, the constant ε helps to control how smooth we allow the solution to be.
However, smoothness comes at a price. The bigger ε, the higher the risk of not being
able to approximately satisfy the least-square part. There is a unique minimiser to
this problem.

Theorem 5.1 (One Smoothing Parameter) The unique solution to the minimisation
problem (5.1) is given by

sε(x) =

N∑
j=1

α∗jλ
y
j Φ(x,y), (5.2)

where the coefficients α∗ = (α∗j ) ∈ RN are determined by

[A+ εI]α∗ = f ,

where f = (fj).

Now it becomes clear how the regularisation works from a linear algebra point of
view. If the smallest eigenvalue of the matrix A is so small that solving the standard
interpolation problem is not feasible, this Tikhonov approach helps stabilise the
system by adding ε to the eigenvalues. Even though the proof of this theorem is
well-known (see for example [80, Theorem 1.3.1]), we present it here as we shall
generalise it in the following section.

Proof. We first claim that a solution to the minimisation problem (5.1) comes from
the finite-dimensional space

VΛ := span
{
λy
j Φ(·,y) | 1 ≤ j ≤ N

}
.

To see this let s ∈ NΦ(Rd). Since VΛ is a finite-dimensional (and thus closed)
subspace of the Hilbert space NΦ(Rd), there exists an orthogonal projection which
helps us decompose the native space into VΛ and its orthogonal complement. That
is, we can find s ∈ VΛ and s⊥ ∈ V ⊥Λ such that s = s+ s⊥.
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On the one hand, we deduce, due to the kernel reproduction property and the
fact that s⊥ ∈ V ⊥Λ , that

λj(s) = (s, λy
j Φ(·,y))Φ = (s, λy

j Φ(·,y))Φ + (s⊥, λy
j Φ(·,y))Φ

= (s, λy
j Φ(·,y))Φ = λj(s).

On the other hand, we see that

‖s‖2Φ = (s, s)Φ + 2(s, s⊥)Φ + (s⊥, s⊥)Φ = ‖s‖2Φ + ‖s⊥‖2Φ.

Hence,
N∑
j=1

(λj(s)− fj)2 + ε‖s‖2Φ ≥
N∑
j=1

(λj(s)− fj)2 + ε‖s‖2Φ,

which shows that the orthogonal complement does not contribute to the minimiser
and thus s = s. This insight has the useful consequence that the minimisation
problem is actually of finite nature. We know now that the solution has to be of the
form

s =
N∑
j=1

αjλ
y
j Φ(·,y).

Defining α = (αj), f = (fj) and A = (λx
j λ

y
kΦ(x,y)), problem (5.1) can be written

in terms of vectors and matrices. We would like to minimise

g(α) := ‖Aα− f‖22 + εαTAα.

Forming the normal equations by taking the gradient with respect to α and setting
the resulting equation to zero, we find that the coefficient vector α∗ of the minimiser
sε needs to satisfy

∇αg(α∗) = 2(ATAα∗ −AT f) + 2εAα∗ = 0,

or
(A+ εI)α∗ = f ,

where we have used the fact that AT = A is invertible. Therefore, the penalised
least-square solution (5.2) is an optimiser. Moreover, it is even a minimiser since

Hess(g)(α) = 2ATA+ 2εA

is positive definite. This follows from the fact that the sum of two positive definite
matrices is again positive definite. The product of invertible matrices ATA is positive
definite and εA is positive definite since Φ is a positive definite function and ε is
assumed to be a positive constant.
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5.1.1 General Regularisation Results

The problem with the standard way of smoothing the data is that it allows little
flexibility. If the matrix has intrinsically different blocks (like in our case due to
the interior and boundary part of the PDE) it might be beneficial to add different
smoothing parameters to each block. To develop the theory for this case is the
objective of this section.

Instead of (5.1), let us consider the minimisation problem

argmin


N∑
k=1

 N∑
j=1

pkj [λj(s)− fj ]

2

+ ε‖s‖2Φ
∣∣∣∣s ∈ NΦ(Rd)

 , (5.3)

for some pkj ∈ R. Again, there exists a unique minimiser to this problem.

Theorem 5.2 (Different Smoothing Parameters) The unique solution to the min-
imisation problem (5.3) is given by

sε(x) =
N∑
j=1

α∗jλ
y
j Φ(x,y), (5.4)

where the coefficients α∗ = (α∗j ) ∈ Rd are determined by

(A+ εP−1P−T )α∗ = f .

Here the matrix P = (pkj)1≤k,j≤N is assumed to be invertible.

Note that for convenience we have used the same notation as before for the
solution to the minimisation problem. Even though it would be more accurate to
use sPε , we prefer to keep the notation simple and drop the superscript P here. This
should not cause problems since the following theory is based on (5.4) exclusively
except when explicitly stated otherwise.

Proof. As in the proof of Theorem 5.1, we can deduce that the minimiser lies in the

finite-dimensional space VΛ = span
{∑N

j=1 αjλ
y
j Φ(·,y)

}
, i. e. it is of the form (5.4).

If we exploit again the finite dimensionality, the minimisation problem (5.3)
reduces to finding the minimum of

g(α) := ‖P (Aα− f)‖22 + εαTAα.

We introduce the abbreviations Ã = PA and f̃ = P f . Taking the gradient with
respect to α and setting the resulting equation to zero, we find that the coefficient
vector of the minimiser sε needs to satisfy

∇αg(α∗) = 2
(
ÃT Ãα∗ − ÃT f̃

)
+ 2εAα∗ = 0.
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Note we have
A = ATP TP−T = (PA)TP−T = ÃTP−T .

Therefore, we obtain after dividing by two and applying Ã−T from the left

Ãα∗ − f̃ + εP−Tα∗ = 0,

or in other words
(PAP T + εI)P−Tα∗ = P f .

After left multiplication by P−1 this yields the desired result,

(A+ εP−1P−T )α∗ = f .

Since
Hess(g)(α) = 2ÃT Ã+ 2εA

is positive definite, we have indeed found the unique minimiser.

This result can now be used to regularise different parts of the matrix A in
different ways. For example, in the case of a diagonal matrix P , the following
corollary holds.

Corollary 5.3 Let P be a diagonal matrix with

P =
√
εdiag(1/

√
ε1, . . . , 1/

√
εN ) (5.5)

for some εi > 0. Then problem (5.3) is equivalent to solving

argmin


N∑
j=1

1

εj
[λj(s)− fj ]2 + ‖s‖2Φ

∣∣∣∣s ∈ NΦ(Rd)

 (5.6)

and the solution is given by

sε(x) =

N∑
j=1

α∗jλ
y
j Φ(x,y),

where the coefficients α∗ are determined from the linear system

(A+ diag(ε1, . . . , εN ))α∗ = f .
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5.1.2 Error of the Regularised Interpolant

After proving the general regularisation result, we turn our attention to error esti-
mates. For a one-shot approximation to the solution of a partial differential equation
with just one smoothing parameter this has been analysed by Wendland, see [85].
Here we extend the result to a scale-dependent kernel and various smoothing pa-
rameters, more specifically to the case where P is given by (5.5).

We need an approximate sampling inequality, namely

|u|Lp(Ω) ≤ C
{
h
σ−d(1/q−1/p)+

X,Ω |u|Wσ
q (Ω) + max

x∈X
|u(x)|

}
, (5.7)

where u is the solution to the PDE. This result can be found in [85] and applies
to approximate interpolation, unlike Theorem 2.33. It holds for 1 ≤ p, q ≤ ∞
and σ > d/2. The domain Ω needs to satisfy an interior cone condition (see [84,
Definition 3.6]), which is automatically satisfied if we assume the boundary to be
Lipschitz. Earlier results on approximate sampling inequalities can be found in
[88]. Using the extension operator E from the previous chapter, we can prove the
following theorem.

Lemma 5.4 Let Φδ be a scale-dependent translation-invariant kernel that generates
Hσ(Rd) and {λj}Nj=1 be a family of linearly independent functionals over Hσ(Rd).
For sε, the solution to (5.6), we have for any 1 ≤ j ≤ N

|λj(sε)− λj(u)| ≤ max
1≤k≤N

√
εk‖Eu‖Φδ and ‖Eu− sε‖Φδ ≤ 2‖Eu‖Φδ

where u ∈ Hσ(Ω) is the solution to (3.6).

Proof. The proof is similar to [85, Lemma 5.1]. Since Eu ∈ Hσ(Rd) = NΦδ(Rd), we
can substitute it into (5.6). However, the minimiser sε of the penalised least-squares
problem must yield a value that is smaller or equal. Therefore, we deduce

max

{
min

1≤k≤N

1

εk
|λj(sε)− λj(u)|2, ‖sε‖2Φδ

}

≤

 N∑
j=1

1

εj
|λj(sε)− λj(u)|

2

+ ‖sε‖2Φδ

≤

 N∑
j=1

1

εj
|λj(s)− λj(u)|

2

+ ‖s‖2Φδ

for all s ∈ Hσ(Rd). In particular, the last inequality holds for the choice s = Eu.
Thus, we have

|λj(sε)− λj(u)|2 ≤ 1

min1≤k≤N 1/εk
‖Eu‖2Φδ = max

1≤k≤N
εk‖Eu‖2Φδ
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as well as
‖sε‖Φδ ≤ ‖Eu‖Φδ .

The assertion follows by taking the square root in the former case and using the
triangle inequality in the latter.

Now we can prove the following error estimates for regularised RBF collocation,
which generalise the one-shot results in [85, Theorem 5.2]. We will use the notation
from Section 3.1.1.

Theorem 5.5 Let the domain Ω ⊆ Rd have a Ck,s boundary for s ∈ [0, 1) such that
σ = k + s and k := bσc > 2 + d/2. Let L be the strictly elliptic differential operator
defined in (3.6). Then, we have for 1 ≤ p ≤ ∞ the following error estimates

‖Lu− Lsε‖Lp(Ω) ≤ C
{
δ−σh

σ−2−(d/2−d/p)+

X1,Ω
+ max

1≤k≤n

√
εk

}
‖u‖Hσ(Ω),

‖u− sε‖Lp(∂Ω) ≤ C
{
δ−σh

σ−1/2−(d−1)(1/2−1/p)+

X2,∂Ω + max
n+1≤k≤N

√
εk

}
‖u‖Hσ(Ω).

Proof. We start with the first inequality corresponding to the interior part. Using
the approximate sampling inequality (5.7), we find

‖Lu− Lsε‖Lp(Ω) ≤ Ch
σ−2−(d/2−d/p)+

X1,Ω
‖Lu− Lsε‖Wσ−2

2 (Ω) + max
1≤j≤n

|λj(sε − u)|.

Estimating the first term separately, we see that

‖Lu− Lsε‖Wσ−2
2 (Ω) ≤ C‖u− sε‖Wσ

2 (Ω) by Lemma 3.6

= C‖Eu− sε‖Wσ
2 (Ω)

≤ C‖Eu− sε‖Wσ
2 (Rd)

≤ Cδ−σ‖Eu− sε‖Φδ by Lemma 2.30

≤ 2Cδ−σ‖Eu‖Φδ by Lemma 5.4.

Note, that we had to use Lemma 5.4 as unlike before no optimality condition holds.
The second term yields by Lemma 5.4

max
1≤j≤n

|λj(u− sε)| ≤ max
1≤k≤n

√
εk‖Eu‖Φδ .

Thus, in total we have

‖Lu− Lsε‖Lp(Ω) ≤ C
{
δ−σh

σ−2−(d/2−d/p)+

X1,Ω
+ max

1≤k≤n

√
εk

}
‖Eu‖Φδ

≤ C
{
δ−σh

σ−2−(d/2−d/p)+

X1,Ω
+ max

1≤k≤n

√
εk

}
‖u‖Wσ

2 (Ω).
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For the boundary part we need an atlas, just as in Section 4.2.2. Using the same

notation as there, we set for simplicity uj = ((u − sε)wj) ◦ ψj ∈ W σ−1/2
2 (B). For

Tj = ψ−1
j (X2 ∩ Vj) ⊂ B = B(0, 1) ⊂ Rd−1 define T =

⋃K
j=1 Tj . This time the

approximate sampling inequality yields

‖uj‖Lp(B) ≤ C
{
h
σ−1/2−(d−1)(1/2−1/p)+

Tj ,B
‖uj‖Wσ−1/2

2 (B)
+ max

t∈T
|uj(t)|

}
.

In order to estimate the second term on the left-hand side, choose some arbitrary
t∗ ∈ T and define a boundary node through y∗ = ψj(t

∗) ∈ X2. We have

|uj(t∗)| = |(u− sε)(y∗)wj(y∗)| ≤ |(u− sε)(y∗)| ≤ max
n+1≤k≤N

√
εk‖Eu‖Φδ

≤ C max
n+1≤k≤N

√
εk‖u‖Wσ

2 (Ω).

The last step follows again from Lemma 2.30. The second to last step follows from
Lemma 5.4 for the point evaluation functional δx∗ . Thus we have the estimate

max
t∈T
|uj(t)| ≤ C max

n+1≤k≤N

√
εk‖u‖Wσ

2 (Ω). (5.8)

Using the definition of the Sobolev norm on the boundary (again as defined in
Section 4.2.2) of the domain Ω and setting M = maxn+1≤k≤N

√
εk, we can now see

for 1 ≤ p <∞ that

‖u− sε‖pLp(∂Ω) =
K∑
j=1

‖uj‖pLp(B)

≤ C
K∑
j=1

{
h
σ−1/2−(d−1)(1/2−1/p)+

Tj ,B
‖uj‖Wσ−1/2

2 (B)
+ max

t∈T
|uj(t)|

}p
≤ C

{
h

(σ−1/2−(d−1)(1/2−1/p)+)
X2,∂Ω ‖u− sε‖Wσ−1/2

2 (∂Ω)
+M‖u‖Wσ

2 (Ω)

}p
≤ C

{
h

(σ−1/2−(d−1)(1/2−1/p)+)
X2,∂Ω ‖u− sε‖Wσ

2 (Ω) +M‖u‖Wσ
2 (Ω)

}p
≤ C

{
δ−σh

(σ−1/2−(d−1)(1/2−1/p)+)
X2,∂Ω ‖u− sε‖Φδ +M‖u‖Wσ

2 (Ω)

}p
≤ 2C

{
δ−σh

(σ−1/2−(d−1)(1/2−1/p)+)
X2,∂Ω ‖u‖Φδ +M‖u‖Wσ

2 (Ω)

}p
≤ C

{
δ−σh

(σ−1/2−(d−1)(1/2−1/p)+)
X2,∂Ω + max

n+1≤k≤N

√
εk

}p
‖u‖pWσ

2 (Ω),

where we have used the general sampling inequality (5.7), the Minkowski inequality,
the norm equivalence between the `p and `1 norm, the trace theorem, Lemma 2.30
and inequality (5.8). The case p =∞ is treated similarly.

We can simplify the above theorem by just looking at the L2 error and a uniform
regularisation of interior and boundary.
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

9 2−1 1.04e-1 1.05e-1 6.05e-2 5.07e-1 1.56e-1 1.1e1
25 2−2 2.37e-2 2.39e-2 1.13e-2 1.94e-1 3.81e-2 4.4e1
81 2−3 5.00e-3 5.03e-3 2.82e-3 6.27e-2 1.02e-2 1.2e2
289 2−4 9.01e-4 9.02e-4 7.95e-4 1.82e-2 3.46e-3 4.5e2
1089 2−5 1.36e-4 1.34e-4 2.53e-4 4.97e-3 1.44e-3 2.4e3
4225 2−6 2.08e-5 1.82e-5 8.21e-5 1.48e-3 5.60e-4 1.1e4
16641 2−7 4.57e-6 3.33e-6 2.52e-5 5.03e-4 2.05e-6 5.0e4

Table 5.1: Convergence study for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-1.

Corollary 5.6 (L2 Error) Let sε solve (5.6). Suppose εk = εI for 1 ≤ k ≤ n and
εk = εB for n+ 1 ≤ k ≤ N . The L2 error is given by

‖Lu− Lsε‖L2(Ω) ≤ C
{
hσ−2
X1,Ω

δ−σ +
√
εI

}
‖u‖Hσ(Ω),

‖u− sε‖L2(∂Ω) ≤ C
{
h
σ−1/2
X2,∂Ωδ

−σ +
√
εB

}
‖u‖Hσ(Ω).

5.1.3 Numerical Examples

Finally, we examine the influence of regularisation parameters. Theorem 5.7 shows
that the asymptotic behaviour of the smallest eigenvalue is dictated by the bound-
ary operator, the identity. We focus on stabilising the smallest eigenvalue since
perturbing the largest eigenvalue by adding a small enough constant (so that the
approximation error does not become too big) will be negligible. Therefore, we
consider the preconditioned and regularised collocation matrix

Ã = PAΛP +

(
ε1In,n 0

0T ε2IN−n,N−n

)
with ε1 = 0 and different choices for ε2. The matrix Ik,k denotes the k-dimensional
identity and P is diagonal preconditioner from (5.13). We give numerical results for
the multilevel collocation algorithm for the test problem (P2) from Chapter 4 using
Ã. Tables 5.1-5.6 state the errors and condition numbers as well as the corresponding
order for ε1 = 0 and different choices of ε2.

Not surprisingly, once the boundary error becomes as small as the parameter ε2

the boundary error is affected first. On the other hand, the effect on the condition
numbers is impressive. Even small boundary parameters lead to a considerable
improvement.
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

25 2−2 2.13 2.13 2.43 1.38 2.03 -2.06
81 2−3 2.24 2.25 2.00 1.63 1.91 -1.49
289 2−4 2.47 2.48 1.83 1.79 1.55 -1.88
1089 2−5 2.72 2.76 1.65 1.87 1.27 -2.40
4225 2−6 2.71 2.87 1.63 1.75 1.36 -2.14
16641 2−7 2.19 2.45 1.70 1.56 1.45 -2.26

Table 5.2: Convergence orders for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-1.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

9 2−1 8.00e-2 8.06e-2 2.17e-2 4.32e-1 1.49e-1 1.5e1
25 2−2 2.09e-2 2.11e-2 4.14e-3 1.59e-1 2.09e-2 1.7e2
81 2−3 4.60e-3 4.63e-3 6.57e-4 4.97e-2 7.73e-3 3.2e3
289 2−4 8.85e-4 8.92e-4 1.04e-5 1.34e-2 1.41e-3 1.5e4
1089 2−5 1.44e-4 1.46e-4 1.84e-5 3.10e-3 2.09e-4 3.7e4
4225 2−6 2.00e-5 2.02e-5 3.19e-6 6.31e-4 3.19e-5 9.0e4
16641 2−7 2.41e-6 2.42e-6 6.02e-7 1.19e-4 6.14e-6 1.9e5

Table 5.3: Convergence study for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-3.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

25 2−2 1.94 1.94 2.40 1.44 2.11 -3.47
81 2−3 2.18 2.18 2.65 1.67 2.16 -4.28
289 2−4 2.38 2.38 2.65 1.89 2.45 -2.17
1089 2−5 2.62 2.62 2.50 2.11 2.76 -1.36
4225 2−6 2.85 2.85 2.53 2.30 2.71 -1.27
16641 2−7 3.06 3.06 2.40 2.40 2.38 -1.11

Table 5.4: Convergence orders for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-3.
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

9 2−1 7.98e-2 8.04e-2 2.15e-2 4.31e-1 1.49e-1 1.5e1
25 2−2 2.08e-2 2.10e-2 3.99e-3 1.58e-1 3.45e-2 1.7e2
81 2−3 4.58e-3 4.61e-3 5.81e-4 4.92e-2 7.73e-3 4.6e3
289 2−4 8.80e-4 8.87e-4 6.60e-5 1.32e-2 1.41e-3 7.9e4
1089 2−5 1.44e-4 1.45e-4 6.66e-6 3.02e-3 2.09e-4 9.3e5
4225 2−6 2.00e-5 2.01e-5 7.55e-7 6.09e-4 2.93e-5 4.6e6
16641 2−7 2.41e-6 2.43e-6 1.05e-7 1.13e-4 3.72e-6 1.2e7

Table 5.5: Convergence study for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-5.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(Ã)

25 2−2 1.94 1.94 2.43 1.45 2.11 -3.51
81 2−3 2.19 2.19 2.78 1.68 2.16 -4.74
289 2−4 2.38 2.38 3.14 1.90 2.45 -4.12
1089 2−5 2.61 2.61 3.31 2.13 2.75 -3.55
4225 2−6 2.85 2.85 3.14 2.31 2.84 -2.30
16641 2−7 3.05 3.05 2.84 2.43 2.98 -1.43

Table 5.6: Convergence orders for the regularised Poisson problem (P2) with basis function
φ2,3 and support radii of the form (4.11) for ν = 2.4. The regularisation parameters are
ε1 = 0 and ε2 =1e-5.
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5.2 Preconditioning the Level Matrices

In this section, we investigate how the condition numbers of the level collocation
matrices depend on the support radius as well as the separation distance. Through-
out this section, we will use the separation distance rather than the mesh norm since
it is more natural in the context of condition numbers. Hence, if we want to have
statements on both convergence and conditioning we will implicitly assume that the
data sets are quasi-uniform, i.e. that the separation distance and the mesh norm
are of comparable size.

In the case of pure interpolation choosing the support radii proportional to the
corresponding mesh norms had the positive side effect that the condition numbers
of each interpolation matrix could be bounded independently of the level, see The-
orem 4.3. Unfortunately, this does not hold for the collocation matrices, where the
support radii are no longer proportional to the mesh norms to achieve convergence.
Moreover, even if we look at a proportional dependence, the condition numbers of the
collocation matrices cannot be bounded independently of the level either. However,
in both cases a simple diagonal preconditioner significantly improves the bounds on
the condition numbers, see Section 5.2.2.

To simplify the analysis, we will drop the index for the current level. We will
continue to use the notation introduced at the beginning of Section 3.1.1. We will
denote the interior collocation points by x1, . . . ,xn ∈ Ω and the boundary collocation
points by xn+1, . . . ,xN ∈ ∂Ω. The set of all collocation points will now be denoted
by X = {x1, . . . ,xN} and its separation distance by qX . The functionals λj are
then given by (3.7). Remember that the operator L, which we use to construct
the interior functionals, is a second-order strictly elliptic differential operator. The
collocation matrix is given by

AΛ = (λx
j λ

y
kΦδ(x− y)) ∈ RN×N .

Since any constant factor in the definition of the scaled basis function will cancel
out when it comes to the order of the condition number, from now on, we simply
define the scaled basis function by

Φδ := Φ(·/δ).

for δ > 0.
It will turn out that a linear relationship between support radius and separation

distance leads to condition numbers that are not independent of the level – unlike
for pure interpolation [87, Theorem 4]. For this reason, we investigate also a simple
diagonal preconditioner as suggested in [23].

To follow up the ideas of that paper, we will derive estimates for general scalings
and then specify the results for the two specific choices δ = cqX (stationary setting)

and δ = cq
1−2/σ
X (nonstationary setting). While the first choice does not lead to a

convergent scheme, it is still interesting in itself since Fasshauer observed that the
simple preconditioning strategy leads to level-independent condition numbers, which
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we will prove here. The latter choice corresponds to the nonstationary situation for
which we proved convergence of the scheme in Theorem 4.10.

In this section, we will follow ideas developed in [85]. In that paper, a Sobolev
space Hσ(Rd) was called feasible if it contained a compactly supported function
Φ satisfying (2.7). This was necessary at that time. Since then, a series of new
compactly supported radial basis functions have emerged, so that, for example, it is
now known that every Hσ(Rd) with σ ∈ N, σ > d+1

2 is norm-equivalent to a native
space with a compactly supported reproducing kernel, see [14, Corollary 2.5].

In our context, however, we are only working in Sobolev spaces with a compactly
supported reproducing kernel, since we are using this kernel to build our approx-
imation spaces. Nonetheless, we will state and prove our stability estimates more
generally also for non-compactly supported radial basis functions, as long as they
are reproducing kernels to a native space which is norm-equivalent to Hσ(Rd), which
is also norm-equivalent to a native space with a compactly supported reproducing
kernel.

5.2.1 Condition Number of the Collocation Matrix

We have the following first result.

Theorem 5.7 (Condition Number of Collocation Matrix) Consider the Sobolev
space Hσ(Rd) with σ > d/2 + 2. Suppose Φ has a Fourier transform which satisfies
(2.7). Let Φδ = Φ(·/δ) with 0 < δ ≤ 1. Suppose L is a linear, strictly elliptic,
bounded, second order differential operator. Then, for sufficiently small δ the con-
dition number of the collocation matrix AΛ can be bounded by

cond(AΛ) ≤ Cδ−4

(
1 +

2δ

qX

)d( δ

qX

)2σ−d
,

with a constant C > 0 independent of X and δ.

Proof. We estimate the smallest and the largest eigenvalue of AΛ. We first prove
for the smallest eigenvalue that

λmin(AΛ) ≥ C
(qX
δ

)2σ−d

holds for a constant C > 0 independent of X and δ. Using the functionals λj
introduced in (3.7), we are done once we can prove that the following bound for the
quadratic form exists

βTAΛβ =

N∑
j,k=1

βjβkλ
x
j λ

y
kΦδ(x− y) ≥ C

(qX
δ

)2σ−d
‖β‖22

for all β ∈ RN .
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Due to the discussion before the beginning of this section we know there exists
a function Ψ with compact support in the unit ball B(0, 1) ⊆ Rd, whose Fourier
transform satisfies for some c1, c2 > 0 the decay condition

c1(1 + ‖ω‖22)−σ ≤ Ψ̂(ω) ≤ c2(1 + ‖ω‖22)−σ

for all ω ∈ Rd. If we set Ψε = Ψ(·/ε), it follows for 0 < ε ≤ 1 that

Ψ̂ε(ω) = εdΨ̂(εω) ≤ c2ε
d(1 + ‖εω‖22)−σ ≤ c2ε

d−2σ(1 + ‖ω‖22)−σ.

Combining this result with (2.7), we obtain

Φ̂(ω) ≥ c1(Φ)

c2(Ψ)
ε2σ−dΨ̂ε(ω). (5.9)

Now we compute by Theorem 1.3

βTAΛβ =

N∑
j,k=1

βjβkλ
x
j λ

y
kΦδ(x− y)

=
1

(2π)d/2

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Φ̂δ(ω)ei(x−y)Tωdω

=
1

(2π)d/2

N∑
j,k=1

δdβjβkλ
x
j λ

y
k

∫
Rd

Φ̂(δω)ei(x−y)Tωdω

=
1

(2π)d/2

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Φ̂(η)ei(x−y)Tη/δdη

=
1

(2π)d/2

∫
Rd

Φ̂(η)

∣∣∣∣∣∣
N∑
j=1

βjλ
x
j e
ix
T η
δ

∣∣∣∣∣∣
2

dη.
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Using estimate (5.9), we can derive the bound:

βTAΛβ ≥
1

(2π)d/2
c1(Φ)

c2(Ψ)
ε2σ−d

∫
Rd

Ψ̂ε(η)

∣∣∣∣∣∣
N∑
j=1

βjλ
x
j e
ix
T η
δ

∣∣∣∣∣∣
2

dη

=
1

(2π)d/2
c1(Φ)

c2(Ψ)
ε2σ−d

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Ψ̂ε(η)ei
(x−y)T η

δ dη

=
1

(2π)d/2
c1(Φ)

c2(Ψ)
ε2σ−dδd

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Ψ̂ε(δω)ei(x−y)Tωdω

=
1

(2π)d/2
c1(Φ)

c2(Ψ)
(εδ)dε2σ−d

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Ψ̂(εδω)ei(x−y)Tωdω

=
1

(2π)d/2
c1(Φ)

c2(Ψ)
ε2σ−d

N∑
j,k=1

βjβkλ
x
j λ

y
k

∫
Rd

Ψ̂εδ(ω)ei(x−y)Tωdω

=
c1(Φ)

c2(Ψ)
ε2σ−d

N∑
j,k=1

βjβkλ
x
j λ

y
kΨεδ(x− y).

If we choose εδ = qX , we only sum over diagonal elements. Thus we find

βTAΛβ ≥
c1(Φ)

c2(Ψ)

(qX
δ

)2σ−d


n∑
j=1

β2
jλ

x
j λ

y
j ΨqX (x− y) +

N∑
j=n+1

β2
jΨqX (0)

 . (5.10)

Let us have a closer look at the first sum. For 1 ≤ m ≤ n we compute

λx
mλ

y
mΨqX (x− y) = q−4

X

d∑
i,j=1

d∑
k,`=1

aij(xm)ak`(xm)
∂4Ψ(0)

∂xi∂xj∂xk∂x`

+ q−2
X

d∑
i,j=1

[2aij(xm)c(xm)− bi(xm)bj(xm)]
∂2Ψ(0)

∂xi∂xj

+ c(xm)2Ψ(0).

For the first term on the right-hand side, note that expressing the derivatives using
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the inverse Fourier transform and then the strict ellipticity of the operator yields

d∑
i,j=1

d∑
k,`=1

aij(xm)ak`(xm)
∂4Ψ(0)

∂xi∂xj∂xk∂x`

=
1

(2π)d/2

∫
Rd

Ψ̂(ω)

 d∑
i,j=1

aij(xm)ωiωj

 d∑
k,`=1

ak`(xm)ωjωk

 dω

≥
c2
E

(2π)d/2

∫
Rd
‖ω‖42Ψ̂(ω)dω

≥
c2
Ec1(Ψ)

(2π)d/2

∫
Rd
‖ω‖42(1 + ‖ω‖22)−σdω

=: C1 > 0.

Note that the last integral is indeed finite since σ > d/2 + 2. We introduce the
abbreviations

A := max
1≤i,j≤d

‖aij‖L∞(Ω), B := max
1≤k≤d

‖bk‖L∞(Ω) and C := ‖c‖L∞(Ω).

Using the inverse triangle inequality, the previous estimates and the boundedness of
the coefficients, we obtain

|λx
mλ

y
mΨqX (x− y)|

≥ q−4
X C1 − q−2

X d2 max
1≤i,j≤d

∣∣∣∣ ∂2

∂xi∂xj
Ψ(0)

∣∣∣∣ [2AC +B2
]
− CΨ(0).

Note that here A denotes a scalar while AΛ denotes the collocation matrix. For
sufficiently small qX the leading term dominates the rest and we can derive

|λx
mλ

y
mΨqX (x− y)| ≥ C̃1q

−4
X (5.11)

with a C̃1 > 0, which remains true for all qX ∈ (0, 1).
Thus, using ΨqX (0) = Ψ(0) and putting everything together we have for qX

small enough

βTAΛβ ≥
c1(Φ)

c2(Ψ)
min{Ψ(0), C̃1q

−4
X }

(qX
δ

)2σ−d
‖β‖22

= CΨ(0)
(qX
δ

)2σ−d
‖β‖22.

Next, we will investigate the largest eigenvalue λmax = λmax(AΛ) of the colloca-
tion matrix. The Gershgorin theorem asserts that we can find at least one index j
such that

|λmax − λx
j λ

y
j Φδ(x− y)| ≤

N∑
k=1
k 6=j

|λx
j λ

y
kΦδ(x− y)|
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holds, which yields by the inverse triangle inequality for the modulus

|λmax| ≤
N∑
k=1

|λx
j λ

y
kΦδ(x− y)|.

Now bearing in mind that Φδ has support in the ball B(0, δ), we notice that some of
the terms vanish. More precisely we only need to sum over the amount of nonzero
entries in the jth row

nj := |{k ∈ N : ‖xj − xk‖2 < δ}| .

In order to find an upper bound on nj , we define balls with radius qX/2 and centre
xk

B(xk, qX/2) = {x ∈ Rd : ‖x− xk‖2 < qX/2}.

If we only consider k taken from the index set

Ij = {` ∈ N : ‖xj − x`‖2 < δ},

the balls B(xk, qX/2) are disjoint from one another and⋃
k∈Ij

B(xk, qX/2) ⊆ B(xj , δ + qX/2).

Thus, we can conclude

nj(qX/2)d vol (B(0, 1)) =
∑
k∈Ij

vol (B(xk, qX/2)) = vol

⋃
k∈Ij

B(xk, qX/2)


≤ vol (B(xj , δ + qX/2)) = (δ + qX/2)d vol (B(0, 1)) .

This leads to the estimate

nj ≤
(
δ + qX/2

qX/2

)d
=

(
1 +

2δ

qX

)d
.

Now we can bound the largest eigenvalue by

|λmax| ≤
N∑
k=1

|λx
j λ

y
kΦδ(x− y)|

≤ nj max
1≤k≤N

{
|λx
j λ

y
kΦδ(x− y)|

}
(5.12)

≤
(

1 +
2δ

qX

)d
max

{
Φ(0), δ−2|LΦ(0)|, δ−4|L2Φ(0)|

}
.
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That is, for sufficiently small support radius δ, the largest eigenvalue can be bounded
by

|λmax| ≤ Cδ−4

(
1 +

2δ

qX

)d
for some C > 0 which is independent of X and δ. Combining the results for the
smallest and the largest eigenvalue we find for the condition number

cond(AΛ) =
λmax(AΛ)

λmin(AΛ)
≤ Cδ−4

(
1 +

2δ

qX

)d( δ

qX

)2σ−d

for some C > 0 which is independent of X and δ.

The proof of the previous theorem shows in particular that the asymptotic be-
haviour of the largest eigenvalue is dictated by the differential operator. On the
other hand, the behaviour of the smallest eigenvalue is dictated by the boundary
operator, the identity. As a consequence of this general result, we can now discuss

the two cases δ = cqX and δ = cq
1−2/σ
X .

Corollary 5.8 1. In the stationary setting δ = cqX , where the support radius is
proportional to the separation distance, the condition number of the collocation
matrix can be bounded by

cond(AΛ) ≤ Cδ−4 = Cq−4
X .

2. In the nonstationary setting δ = cq
1−2/σ
X , where the support radius tends to

zero more slowly than the separation distance, the condition number of the
collocation matrix can be bounded by

cond(AΛ) ≤ Cδ−4q−4
X = Cq

−8+ 8
σ

X .

Even though the collocation method does not converge for the first relationship,
it still serves as an important reference case. A condition number growing like q−4

for a symmetric collocation matrix is not unexpected since we apply a second order
differential operator to the kernel twice. The growth of the condition number in the
nonstationary setting, however, is unacceptable since we need σ = d/2 + 2. Hence,
in the next section, we will discuss a simple, but nonetheless to a certain extent
successful, preconditioning technique.

5.2.2 Diagonal Preconditioner

In [23], it was suggested that one reason for the ill-conditioning was the different
scaling of the different parts of the collocation matrix with respect to the support
radius. While the diagonal part corresponding to the inner points scales like O(δ−4),
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the diagonal part corresponding to the boundary points scales like O(1) and the off-
diagonal entries scale like O(δ−2).

An easy way of resolving this problem is to employ a diagonal preconditioner.
Hence, we define the diagonal matrix P = (pjk)1≤j,k≤N by

pjk = 0 j 6= k

pjj = pj = δ2 1 ≤ j ≤ n
pjj = pj = 1 n+ 1 ≤ j ≤ N.

(5.13)

This preconditioner leads to notably better condition numbers.

Theorem 5.9 (Condition Number of Preconditioned Collocation Matrix) Consider
the Sobolev space Hσ(Rd) with σ > d/2 + 2. Suppose Φ has a Fourier transform
which satisfies (2.7). Let Φδ = Φ(·/δ) with 0 < δ ≤ 1. Suppose L is a linear, strictly
elliptic, bounded, second order differential operator. Assume that qX ≤ δ. Then, for
sufficiently small δ and qX , the condition number of the preconditioned collocation
matrix can be bounded by

cond(PAΛP ) ≤ C
(

1 +
2δ

qX

)d( δ

qX

)2σ−d

with a constant C > 0 independent of X, qX and δ.

Proof. Once again, we estimate the smallest and the largest eigenvalue of the matrix,
which this time is given by PAΛP . Noting that

βTPAΛPβ =

N∑
j,k=1

(pjβj)(pkβk)λ
x
j λ

y
kΦδ(x− y),

we can directly use most of the computations from the proof of Theorem 5.7.
First of all, if we follow the initial steps to estimate the smallest eigenvalue,

(5.10) becomes

βTPAΛPβ

≥ c1(Φ)

c2(Ψ)

(qX
δ

)2σ−d


n∑
j=1

p2
jβ

2
jλ

x
j λ

y
j ΨqX (x− y) +

N∑
j=n+1

p2
jβ

2
jΨqX (0)

 .

As done previously, we have a closer look at the first sum. Taking into account that
we have here pj = δ2, we can conclude for 1 ≤ m ≤ n that

p2
mλ

x
mλ

y
mΨqX (x− y) =

(
δ

qX

)4 d∑
i,j=1

d∑
k,`=1

aij(xm)ak`(xm)
∂4Ψ(0)

∂xi∂xj∂xk∂x`

+ δ4q−2
X

d∑
i,j=1

[2aij(xm)c(xm)− bi(xm)bj(xm)]
∂2Ψ(0)

∂xi∂xj

+ δ4c(xm)2Ψ(0),

80



which then leads to the bound

p2
m|λx

mλ
y
mΨqX (x− y)| ≥ C1

(
δ

qX

)4

− C2δ
2

[(
δ

qX

)2

+ δ2

]
.

If both δ and qX go to zero, this leads eventually to a bound of the form

p2
m|λx

mλ
y
mΨqX (x− y)| ≥ C̃1

(
δ

qX

)4

≥ C̃1

since we assumed δ/qX ≥ 1, which means that δ must not go to zero faster than qX .
In this situation, we find for the quadratic form

N∑
j,k=1

pjpkβjβkλ
x
j λ

y
kΦδ(x− y) ≥ c1(Φ)

c2(Ψ)
min{Ψ(0), C̃1}

(qX
δ

)2σ−d
‖β‖22

= C
(qX
δ

)2σ−d
‖β‖22,

and hence for the smallest eigenvalue:

λmin(PAΛP ) ≥ C
(qX
δ

)2σ−d
.

The investigation of the largest eigenvalue λmax = λmax(PAΛP ) is again done as
in the proof of Theorem 5.7. Hence, equation (5.12) now becomes

|λmax| ≤
N∑
k=1

pjpk|λx
j λ

y
kΦδ(x− y)|

≤ nj max
1≤k≤N

{
pjpk|λx

j λ
y
kΦδ(x− y)|

}
≤
(

1 +
2δ

qX

)d
max

1≤k≤N

{
pjpk|λx

j λ
y
kΦδ(x− y)|

}
.

We need to distinguish three cases to bound the maximum: Both indices j and k lie
between 1 and n, only one of them does and neither of them does. In the first case,
since Φ ∈ C4(Rd) we find a constant cLL > 0 such that

|λx
j λ

y
kΦδ(x− y)|

≤ δ−4

∣∣∣∣∣∣
d∑

`,m=1

d∑
r,s=1

a`m(xj)ars(xk)
∂4Φ((xj − xk)/δ)

∂x`∂xm∂xr∂xs

∣∣∣∣∣∣+O(δ−3)

≤ δ−4cLL +O(δ−3).
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Similarly, in the second case, we find a constant cL > 0 such that

|λx
j λ

y
kΦδ(x− y)| ≤ δ−2cL +O(δ−1).

In the third case, we just need to remember that |Φ(x)| ≤ Φ(0) for all x ∈ Rd, i. e.

|λx
j λ

y
kΦδ(x− y)| = |Φδ(xj − xk)| ≤ Φ(0).

All three bounds on |λx
j λ

y
kΦδ(x− y)| are independent of the indices j and k. Thus,

we find

|λmax|

≤
(

1 +
2δ

qX

)d
max

{
Φ(0), δ2

[
δ−2cL +O(δ−1)

]
, δ4
[
δ−4cLL +O(δ−3)

]}
=

(
1 +

2δ

qX

)d
max {Φ(0), cL +O(δ), cLL +O(δ)} .

That is, for a sufficiently small support radius δ, the largest eigenvalue can be
bounded by

|λmax| ≤ C
(

1 +
2δ

qX

)d
for some C > 0 which is independent of X and δ ∈ (0, 1]. Combining the result for
the smallest and the largest eigenvalue we find for the condition number

cond(PAΛP ) =
λmax(PAΛP )

λmin(PAΛP )
≤ C

(
1 +

2δ

qX

)d( δ

qX

)2σ−d

for some C > 0 which is independent of X and δ.

As before, we take a closer look at the two cases δ = cqX and δ = cq
1−2/σ
X . In

both cases we can assume that qX ≤ δ such that we can apply the theorem.

Corollary 5.10 1. In the stationary setting δ = cqX , where the support radius is
proportional to the separation distance, the condition number of the collocation
matrix can be bounded by

cond(PAΛP ) ≤ C.

2. In the nonstationary setting δ = cq
1−2/σ
X , where the support radius tends to

zero more slowly than the separation distance, the condition number of the
collocation matrix can be bounded by

cond(PAΛP ) ≤ Cq−4
X .

Hence, through the proposed diagonal preconditioner we were able to improve
the condition numbers considerably. Whereas they became independent of the scale
for the stationary setting, they became at least independent of the smoothness index
of the Sobolev space σ for the nonstationary setting. In the latter case, the exponent
reflects the fact that we apply the second-order differential operator twice.
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N h κ(A) order κ(PAP ) order κ(P̃AP̃ ) order

5 2−3 5.3e1 — 4.4e3 — 8.9e0 —
9 2−4 1.9e2 -1.83 6.7e3 -0.62 1.8e1 -1.02
17 2−5 7.6e2 -2.00 1.1e4 -0.72 5.2e1 -1.53
33 2−6 3.1e3 -2.04 1.9e4 -0.75 1.5e2 -1.55
65 2−7 1.2e4 -1.98 3.0e4 -0.67 4.2e2 -1.46
129 2−8 5.6e4 -2.17 5.4e4 -0.86 1.3e3 -1.60
257 2−9 2.6e5 -2.22 1.0e5 -0.92 3.9e3 -1.60
513 2−10 1.3e6 -2.32 2.1e5 -1.04 1.1e4 -1.53
1025 2−11 6.5e6 -2.34 4.5e5 -1.12 3.4e4 -1.59
2049 2−12 3.1e7 -2.25 9.6e5 -1.08 7.6e4 -1.17

Table 5.7: Condition numbers and their orders for the multilevel algorithm applied to
Laplace problem (L1) on uniform grids for a basis function φ1,2 and proportionality constant
ν = 5.

N κ(A) order κ(PAP ) order κ(P̃AP̃ ) order

9 1.5e+03 — 2.2e+04 — 1.5e+01 —
25 1.0e+05 -6.12 3.4e+05 -3.93 1.7e+02 -3.51
81 2.3e+07 -7.78 1.6e+07 -5.57 4.6e+03 -4.74
289 2.3e+09 -6.65 3.4e+08 -4.43 8.3e+04 -4.18
1089 1.7e+11 -6.25 5.6e+09 -4.03 1.4e+06 -4.01
4225 1.3e+13 -6.21 8.9e+10 -3.99 2.1e+07 -3.98
16641 9.5e+14 -6.21 1.4e+12 -3.99 3.4e+08 -3.99
66049 7.1e+16 -6.22 2.3e+13 -3.99 5.4e+09 -3.99

Table 5.8: Condition numbers and their orders for the multilevel algorithm applied to Poisson
problem (P2) on uniform grids.

5.2.3 Numerical Examples

We verify the theoretical results for diagonal preconditioners for the previously stud-
ied numerical problems (L1) and (P2) from Chapter 4. There have been studies by
Fasshauer [23] as well.

We have computed the condition number of the unpreconditioned matrix, κ(A)
and the corresponding order as well as the condition number of the preconditioned
matrix κ(PAP ) and its order. In the latter case, the actual condition number
can further be reduced by using a slightly changed preconditioner P̃ , which is also
a diagonal matrix. This time, however, the diagonal entries are given by pj =
1/
√
ajj . Note that the analysis given in Theorems 5.7 and 5.9 remains valid since

this preconditioner differs from the other one just by constant factors. Thus, the
order achieved by this preconditioner remains the same as the order achieved by the
other one.

The theoretical results from Corollaries 5.8 and 5.10 suggest that the condition
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number of the collocation matrix should behave for the one-dimensional Laplace

problem (L1) like q
−8+8/σ
X = q−5.3

X since σ = 3 for the basis function Φ1,2. For the

two-dimensional Poisson problem (P2), we expect the behaviour q
−8+8/σ
X = q−6.2

X

since σ = 4.5 for the basis function Φ2,3. In both cases the condition numbers of the
diagonally preconditioned collocation matrices should not grow faster than q−4

X .
Table 5.7 shows the results of our computation for the one-dimensional Laplace

problem (L1) and Table 5.8 for the two-dimensional Poisson problem (P2). For the
one-dimensional problem the condition numbers seem to be better than the bound.
For the two dimensional problem, however, they behave according to the bound.

5.3 Combining Regularisation and Preconditioning

In this section, we briefly discuss how smoothing and preconditioning can be com-
bined. We will first precondition and then regularise the system. In theory it is also
possible to do it the other way around but then the analysis becomes harder. We
will highlight two important special cases, that reduce to regularisation with various
penalty parameters. Therefore, the theory of Section 5.1 applies.

Suppose we want to precondition the system

Aα̃ = f

with a symmetric and invertible preconditioner M = MT in the following way

MAM
(
M−1α̃

)
= M f

and then smooth it with one regularisation parameter ε > 0, i. e. we need to solve

(MAM + εI)
(
M−1α

)
= M f .

Then premultiplying the equation with M−1 shows(
A+ εM−2

)
α = f

and the combined problem reduces to a regularisation problem with regularisation
matrix P = M , see Theorem 5.2. Whereas the second to last equation is more
useful from a numerical point of view since the condition number of MAM + εI is
hopefully low, the last equation helps us to interpret the condition.

Lemma 5.11 Preconditioning and regularisation with one parameter reduces to gen-
eralised regularisation from Section 5.1.

Let us assume we want to regularise a preconditioned system with an arbitrary
diagonal smoothing matrix, for example

P̃ = diag(ε̃1, . . . , ε̃N ),
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with some ε̃i > 0, that is we want to solve(
MAM + P̃

) (
M−1α

)
= M f .

If we additionally assume that M is diagonal and defined through

M−1 = diag(κ1, . . . , κN )

then the combined problem is equivalent to solving(
A+ diag(ε̃1κ

2
1, . . . , ε̃Nκ

2
N )
)
α = f .

This implies that the combined problem reduces to a regularisation problem with
diagonal smoothing matrix with entries εi = ε̃iκ

2
i , see Corollary 5.3. Again, we

summarise this thought.

Lemma 5.12 Preconditioning with a diagonal matrix and diagonal regularisation
with several parameters is equivalent to diagonal regularisation (with a different reg-
ularisation matrix).

Hence, if we want to have an additional benefit through the combination of
preconditioning and regularisation, we need to look at more sophisticated precondi-
tioners.

5.4 Alternating Projection Method

In this section, we discuss another approach to overcome the growing condition
numbers of the linear systems that arise in the multilevel collocation algorithm.
The key idea is to reduce the computational work by approximating the collocation
interpolant by splitting it into its interior and boundary part. Instead of solving a
block system once, one then has to solve two systems (several times). The splitting
is achieved by adapting the rather general alternating projection algorithm. We
need the abstract notion of an angle between closed subspaces of a Hilbert space.

The angle between two closed subspaces U1 and U2 of a Hilbert space H is given
by

cosα := sup
{

(u, v)|u ∈ U1 ∩ U⊥, v ∈ U2 ∩ U⊥, ‖u‖, ‖v‖ ≤ 1
}
,

where U := U1 ∩U2. Smith, Solomon and Wagner proved the following convergence
result, [76, Theorem 2.2].

Theorem 5.13 (Alternating Projection Method in Hilbert Spaces) Suppose we
are given orthogonal projections Q1, . . . ,Qk onto closed subspaces U1, . . . , Uk of a
Hilbert space H with norm ‖ · ‖ = (·, ·)1/2. Define U :=

⋂k
j=1 Uj and let Q : H → U

be the orthogonal projection onto U . Finally, let αj be the angle between the Uj and

Aj :=
⋂k
i=j+1 Ui. Then for any f ∈ H

‖(Qk . . .Q1)`f −Qf‖ ≤ c`‖f −Qf‖,
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where

c ≤

1−
k−1∏
j=1

sin2 αj

1/2

. (5.14)

We remark that two extreme cases are possible. On the one hand, if all angles
are π/2, then the constant c is zero. In this case, however, we do not have to prove
anything. Therefore, we exclude this case. On the other hand, we have the more
critical case that one of the angles is zero, which means the constant c is one. In
this case, we cannot expect convergence. However, in the particular case we are
interested in here, it is possible to show that we have indeed c < 1.

Smith et al. applied the general Hilbert space result to computed tomography.
Beatson, Billings and Light [2] were the first ones to adapt the algorithm to RBF
interpolation. They, however, needed some moderate assumptions on the point
sets, which are automatically satisfied when adapting the theory to multilevel RBF
collocation. Wendland then extended their result to generalised interpolation in
[83]. We study collocation here. Though the algorithm converges theoretically, in
practice the convergence is rather slow.

5.4.1 One-Shot Projection Collocation Method

For the one-shot projection collocation method, we consider the two projections

PL : NΦ(Rd)→ LVX := span{LΦ(·,x) | x ∈ X}
PB : NΦ(Rd)→ VY := span{Φ(·,y) | y ∈ Y }.

Here Y ⊆ ∂Ω and X ⊆ Ω denote the interior collocation points and the boundary
points.

It will be useful to dwell on the operator PL a bit longer. Let us suppose
sL =

∑n
i=1 αiL

y
i Φ(·,y) ∈ LVX , where Ly

i = δxj ◦ L. The unknown coefficients are
determined from

LsL|X = Lu|X (5.15)

for the solution u to the elliptic boundary value problem (3.5). Then, by Theorem
3.3, we have

‖Eu− sL‖Φ ≤ ‖Eu− w‖Φ
for all w ∈ LVX . Another way to express the best approximation in Hilbert spaces
is via the projection operator PL which is characterised by

PLEu = sL.

To simplify the notation in the algorithm below, we write PBF = PB(u|∂Ω)
instead of PBEu for the projection on VY . In order to remind us of the fact that the
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coefficients of the best approximation are determined by the generalised interpolation
condition (5.15), we will even slightly abuse notation and write PLf = PL(Lu)
instead of PLEu when projecting on LVX .

Now, we can state the one-shot projection algorithm.

Algorithm 5.14 (One-Shot Alternating Projections Algorithm)

Input: Right-hand sides f and F , number of iterations n

Set u0 = 0, f0 = f, F0 = F
for j = 1, . . . , n do

Projection on LVX

(a) Determine the local correction s2j−1 = PL(f2j−2) ∈ LVX to f2j−2 from

Ls2j−1|X = f2j−2|X

(b) Update the global approximation and the residuals

u2j−1 = u2j−2 + s2j−1

f2j−1 = f2j−2 − L(s2j−1|Ω)

F2j−1 = F2j−2 − s2j−1|∂Ω

Projection on VY

(c) Determine the local correction s2j = PB(F2j−1) ∈ VY to F2j−1 from

s2j |Y = F2j−1|Y

(d) Update the global approximation and the residuals

u2j = u2j−1 + s2j

f2j = f2j−1 − L(s2j |Ω)

F2j = F2j−1 − s2j |∂Ω

end

Output: Approximate solution u2n

We define the error at level j to be the difference between the exact solution and
the global approximant at level j, i. e. ej = Eu − uj . From this definition and the
algorithm one can easily establish the following identities

uj =

j∑
k=1

sk and ej = Eu−
j∑

k=1

sk = ej−1 − sj = (I − P`)ej−1,
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where ` = L if j is odd and ` = B if j is even. Thus, one obtains for the error of the
final approximation

e2n = (I − PB)(I − PL) . . . (I − PB)(I − PL)︸ ︷︷ ︸
2n

Ee0.

That is, for each level we make two errors, one for projecting on LVX and one for
projecting on VY . Defining the orthogonal projections

QL : NΦ(Rd)→ LV ⊥X and QB : NΦ(Rd)→ V ⊥Y

through
QL = I − PL and QB = I − PB,

we can rewrite the error in the following way,

e2n = [QBQL]nEu

since e0 = u. Previously, in the case of RBF collocation, we have worked with a
projection of the form

P : NΦ(Rd)→W := LVX + VY ,

which is given by our generalised interpolant (see Section 3.1.1), i e.

sEu = PEu.

Setting Q = I −P, which yields the projection onto W⊥, we can write the error for
RBF collocation as

ec = Eu− sEu = (I − P)Eu = QEu.

Now it becomes obvious what the alternating projection algorithm does. It tries to
approximate the collocation error ec by splitting the error operator Q into two error
operators QL and QB. The hope is that for n large enough,

Q ≈ [QBQL
]n
. (5.16)

Theorem 5.16 will indeed help to justify this hope. But before we state and
prove the convergence result, we make a couple of smaller observations.

Lemma 5.15 Let Φ be a reproducing kernel. Then

1. LV ⊥X =
{
g ∈ NΦ(Rd)|Lg(x) = 0 for x ∈ X

}
,

2. V ⊥Y =
{
g ∈ NΦ(Rd)|g(y) = 0 for y ∈ Y

}
,

3. W⊥ = LV ⊥X ∩ V ⊥Y .

88



Proof.

1. Take an arbitrary element f from LVX , that is we can write it in the form
f(x) =

∑N
k=1 αkLΦ(x,xk). Now, for any g ∈ NΦ(Rd) we have by the repro-

ducing kernel property

(f, g)Φ =
N∑
k=1

αk(g, LΦ(·,xk))Φ =
N∑
k=1

αkLg(xk).

If Lg vanishes on X, then the equation implies that (f, g)Φj = 0 for all f ∈
NΦ(Rd), i. e. g ∈ LV ⊥X . On the other hand, if g ∈ LV ⊥X , then for the special
choice of f = LΦ(·,xk) the above equation will give Lg(xk) = 0 for all k.

2. Follows similarly.

3. The space LVX + VY is a direct sum since the functionals generating it are
linearly independent. Thus we can define the orthogonal complement on it.
Now we readily compute

W⊥ = (LVX + VY )⊥ = LV ⊥X ∩ V ⊥Y .

We have the following convergence result, which is analogous to the interpolation
case, [2, Theorem 3.5].

Theorem 5.16 (Convergence of Algorithm 5.14) Let Eu ∈ Hσ(Rd) and Φ be a
kernel such that its native space is norm-equivalent to Hσ(Rd). Denote by u(n) = u2n

the global approximant of Algorithm 5.14 after n completed cycles. Then there exists
a constant c ∈ (0, 1) such that

‖sEu − u(n)‖Φ ≤ cn‖Eu‖Φ,

where sEu is the one-shot RBF collocation approximant from Section 3.1.1.

Proof. As initial values we use f0 = L(sEu|Ω) and F0 = sEu|∂Ω for Algorithm 5.14.
We set e(n) := e2n = sEu − u(n) and in particular e(0) = sEu. Using the notation
from Theorem 5.13, we have

` = 2, Q1 = QL and Q2 = QB

as well as

U1 = LV ⊥X , U2 = V ⊥Y , A1 =

2⋂
i=2

Ui = U2 and U = U1 ∩ U2 = W⊥,
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where the last equality follows from Lemma 5.15. Since Q projects therefore on
W⊥ and sEu lies by definition in W , we know that QsEu = 0. Hence, we have by
Theorems 5.13 and 3.1,

‖sEu − u(n)‖Φ = ‖e(n)‖Φ = ‖ [QBQL]n sEu‖Φ
= ‖ [QBQL]n sEu −QsEu‖Φ
≤ cn‖sEu −QsEu‖Φ
= cn‖sEu‖Φ
≤ cn‖Eu‖Φ,

for c defined as in (5.14). Now it remains to show that the constant c is strictly less
than one. To prove this, we first make the observation that it is possible to find
nonzero functions in both LV ⊥X ∩W and V ⊥Y ∩W . Define, for instance, the function
sL ∈W by

sL =
∑
j

αjL2Φ(· − xj) + Φ(· − y1)

for some coefficients αj ∈ R, xj ∈ X and y1 ∈ Y . Here, the subindex denotes
to which argument the operator is applied. Then by Lemma 5.15 the statement
sL ∈ LV ⊥X is equivalent to LsL vanishing on all x ∈ X, which implies∑

j

αjL1L2Φ(x− xj) = −L1Φ(x− y1)

for all x ∈ X. Since the kernel L1L2Φ leads to a positive definite matrix, we have a
unique nonvanishing solution sL ∈ LV ⊥X ∩W . A similar approach shows that there
exists a nonzero function in V ⊥Y ∩W .

For the angle α1 between U1 and A1, we need to compute the expression

(U1 ∩A1)⊥ = (LV ⊥X ∩ V ⊥Y )⊥ =
(
W⊥

)⊥
= W.

If α1 = 0 (which would imply that c = 1), we have cos(α1) = 1 or

1 = sup
{

(u, v)Φ

∣∣∣u ∈ LV ⊥X ∩W, v ∈ V ⊥Y ∩W with ‖u‖Φ, ‖v‖Φ ≤ 1
}
.

The set of which the supremum is taken is in fact the closed unit ball in the finite-
dimensional space (LV ⊥X ∩W )× (V ⊥Y ∩W ). Hence, it is compact. Since additionally
the inner product is continuous, we can deduce that the supremum is attained. In
other words, there must exist a u∗ ∈ LV ⊥X ∩W and a v∗ ∈ V ⊥Y ∩W with ‖u∗‖Φ ≤ 1,
‖v∗‖Φ ≤ 1 and (u∗, v∗)Φ = 1. If at least one of the two functions has norm less than
one, we have by the Cauchy-Schwarz inequality the contradiction

1 = (u∗, v∗)Φ ≤ ‖u∗‖Φ‖v∗‖Φ < 1.
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Hence, ‖u∗‖Φ = ‖v∗‖Φ = 1. Equality in the Cauchy-Schwarz inequality is only
achieved when both functions are linearly dependent, or here u∗ = v∗. That is u∗

must lie in

(LV ⊥X ∩W ) ∩ (V ⊥Y ∩W ) = (LV ⊥X ∩ V ⊥Y ) ∩W = W⊥ ∩W = {0} .

But u∗ = 0 contradicts ‖u∗‖Φ = 1. Therefore, c < 1.

So we can use this projection algorithm to approximate the local solutions of
the collocation RBF algorithm. In this case, each level j would yield a constant
cj ∈ (0, 1) and we would need to iterate, say kj times to approximate the current
projection well enough in the sense of (5.16). It would be advantageous if we can
show that these kj are independent of the level i. e. kj = k for all j because that
implies that the different projection operators do not depend on the point sets.
However, the numerical test runs in the next section seem to suggest that this is not
the case.

5.4.2 Numerical Examples

The previous results unfortunately only say something about the convergence speed
in terms of the unknown constant c. Therefore, we are interested in numerical
examples to examine how fast different one-shot solutions are approximated by al-
ternating between the interior and the boundary in the sense of (5.16). We do that
for six different one-shot solutions on successively finer grids. Figure 5.1 shows the
results for several levels, where the one-shot solutions are taken from Example (P2)
in Chapter 4 with proportionality constant ν = 2.4.

The convergence speed of the the L2 error is estimated via the ansatz g(n) = aebn

for a, b ∈ R. Whereas the first two approximations of the one-shot collocation so-
lution reach machine precision within one hundred iterations, it becomes gradually
more difficult to approximate the one-shot solution via alternating projections for
finer grids. However, the condition numbers of the interior matrices ALL and the
boundary matrices ABB are considerably lower than the one-shot saddle-point col-
location matrices. Also, the condition numbers of the interior are several orders of
magnitude lower than the condition numbers of the boundary matrices, see Table
5.10. This is advantageous since the interior matrices are a lot bigger than the
boundary matrices but not unexpected. Indeed, these results fit in well with the
theoretical observations in [85].

We estimate the constant c from Theorem 5.16 numerically as follows. Let us
assume that the kernels Φj = δ−dΦ(·/δ) generate Hσ(Rd). Assuming that the L2

error behaves according to our ansatz, we deduce for some real constants a and b
that

g(n) = aebn ≈ ‖e(n)‖L2(Ω) ≤ ‖e(n)‖L2(Rd) = C1‖e(n)‖Hσ(Rd),

where

C1 :=
‖e(n)‖L2(Rd)

‖e(n)‖Hσ(Rd)

≤ 1
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Figure 5.1: L2 errors of the alternating projection approximations to six different one-shot
nonstationary approximations. The red lines indicate which parts of the graphs were used
for determining a and b.

can be bounded independently of n. Then using the norm equivalence constant C2

between native space norm and Sobolev space Hσ(Rd), which is also independent of
n, we find by Theorem 5.16

g(n) ≤ C1C2δ
−σ‖e(n)‖Φj = C1C2δ

−σ‖(QBQL)nsEu −QsEu‖Φj
≤ C1C2δ

−σcn‖sEu‖Φj .

By taking the logarithm and assuming equality for the above equation, we are able
to establish a relationship between our estimates for a and b as well as the unknown
constant c. We have

log(g(n)) = log(a) + bn = log(C1C2δ
−σ‖sEu‖Φj ) + log(c)n.

That is, we have a = C1C2δ
−σ‖sEu‖Φj and c = eb.

We have collected the values for the constant c for the nonstationary setting for
problem (P2) from Chapter 4 in Table 5.9. Unfortunately, for finer grids the values
for c are getting closer to one. This might be due to the fact that we alternate
between interpolants which are built from O(Nd) and O(Nd−1) points respectively,
assuming that we cover the square domain with N ×N points. This unfortunately
seems to lead to spaces LV ⊥Xj and V ⊥Yj which are not very orthogonal to each other.
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grids 5x5 9x9 17x17 33x33 65x65 129x129

c 0.36 0.61 0.77 0.88 0.94 0.97

Table 5.9: Estimated values for the constant c from Theorem 5.16 for several nonstationary
one-shot collocation approximations based on Example (P2).

N κ(A) order κ(ALL) order κ(ABB) order

9 1.5e+03 — 1.0e+00 — 3.7e+02 —
25 1.0e+05 -6.12 5.2e+00 -2.39 9.0e+01 +2.02
81 2.3e+07 -7.78 8.7e+01 -4.05 1.9e+03 -4.40
289 2.3e+09 -6.65 4.7e+02 -2.45 2.7e+04 -3.85
1089 1.7e+11 -6.25 2.3e+03 -2.28 3.3e+05 -3.57
4225 1.3e+13 -6.21 1.1e+04 -2.22 3.8e+06 -3.54
16641 9.5e+14 -6.21 4.8e+04 -2.16 4.4e+07 -3.54

Table 5.10: Comparision of condition numbers.

In this chapter, we have investigated three different ways to reduce the compu-
tational cost of the multilevel collocation algorithm: preconditioning, regularisation
and the alternating projection method. It turns out that a combination of the first
two proved to be particularly powerful. The alternating projection method runs into
difficulties probably due to the fact that we alternate between (generalised) inter-
polants of different size. Throughout the previous chapters, we assumed that the
analytic solution to the PDE and its numerical approximation lie in the same spaces.
In the next chapter, we consider the case where this is not guaranteed anymore.

93



Chapter 6

Escape Theory for Elliptic
Boundary Value Problems

In this chapter, we discuss the so-called escape theory for elliptic boundary value
problems [66, 62, 8, 63, 52, 68, 53]. We wish to escape the native space in the sense
that the smoothness of the solution of the PDE shall not be necessarily linked to the
smoothness of the basis functions. To be a bit more precise, let us assume we have a
solution of a second order elliptic boundary value problem, u ∈ Hβ(Ω). However, its
approximant su shall be in Hσ(Ω) with σ ≥ β > d/2+2. In this chapter, we analyse
the error ‖u − su‖L2(Ω). Note that because the solution lies in a rougher space, we
cannot bound the error by Chσ−2‖u‖Hσ(Ω) as we have done before. However, it is

possible to show a corresponding result in the weaker Hβ norm. For the proof, we
have to make a detour by approximating the solution u with a band-limited function
uρ for some ρ > 0. Band-limited functions allow us to bound stronger Sobolev norms
by weaker ones. Whereas the reverse is always true, bounding stronger norms by
weaker ones does not work for arbitrary functions. Hence, we focus on functions
whose Fourier transform is compactly supported.

We will first establish the escape theory for one-shot collocation and then extend
it to multilevel collocation. Both results are original, building on the general escape
theory introduced by Narcowich and Ward [66].

6.1 One-Shot Collocation

We turn now to one-shot escape theory for second order elliptic operators. Define
the reproducing kernel Ψ: Rd → R by its Fourier transform given through

Ψ̂(ω) = (1 + ‖ω‖22)−β.

Then, we automatically haveNΨ(Rd) = Hβ(Rd). We begin with a relatively abstract
result, which is proven in [68]. This result will be the key to proving an error
estimate, where the solution of the PDE and its numerical solution lie in different
spaces.
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Theorem 6.1 Let Y be a Banach space over the real or complex numbers, V be a
subspace of Y and Z∗ a finite dimensional subspace of Y∗, the dual space of Y. If
for every λ∗ ∈ Z∗ and some γ > 1 independent of λ∗ the inequality

‖λ∗‖Y∗ ≤ γ‖λ∗|V‖V∗

holds, then there exists for y ∈ Y a near-best approximation v ∈ V such that v
interpolates y on Z∗. That is, v possesses the following two properties

1. λ∗(y) = λ∗(v) for all λ∗ ∈ Z∗ and

2. ‖y − v‖Y ≤ (1 + 2γ) minv∈V ‖y − v‖Y .

We want to adjust this abstract result to our particular application. Remember
that we want to numerically solve the PDE

Lu = f in Ω,

u = F on ∂Ω,

by constructing linear functionals of the form

λj =

{
δxj ◦ L, 1 ≤ j ≤ n,
δxj , n+ 1 ≤ j ≤ N,

for a differential operator of the form (3.6). Here, we assume to be given a point
set X = X1 ∪X2 consisting of interior points X1 = {x1, . . . ,xn} ⊆ Ω and boundary
points X2 = {xn+1, . . . ,xN} ⊆ ∂Ω. Then we have the following spaces

Z∗ρ = span{ρ−2λ1, . . . , ρ
−2λn, λn+1, . . . , λN},

Y = Hβ(Rd) = NΨ(Rd),
V = Bρ = {u ∈ L2(Rd) | supp û ⊆ B(0, ρ)},

(6.1)

for some ρ > 0. That is, we choose Z∗ρ to be the span of the (partially scaled)
linear functionals, Y to be the native space with reproducing kernel Ψ and V the
set of band-limited functions or more precisely the set of functions whose Fourier
transform is supported in the ball with radius ρ > 0. Indeed the assumptions that
Theorem 6.1 needs can be verified in our setting, see Lemma 6.3. For its proof it
will be useful to find an expression κj(ω) such that

F [λy
j Ψ(· − y)](ω) = κj(ω)(FΨ)(ω)

holds. We compute

F [λy
j Ψ(· − y)](ω) = (2π)−d/2

∫
Rd
λy
j

[
Ψ(x− y)e−ix

Tω
]
dx

= (2π)−d/2
∫
Rd
λy
j

[
Ψ(z)e−i(z+y)Tω

]
dz

= λy
j (e−iy

Tω)(FΨ)(ω)

=: κj(ω)(FΨ)(ω).

(6.2)

95



By Corollary 1.2, we find

κj(ω) = λy
j (e−iy

Tω) =

{
e−iω

Txj
∑
|α|≤2 dα(xj)(−iω)α for 1 ≤ j ≤ n,

e−iω
Txj for n+ 1 ≤ j ≤ N,

where we introduced for 1 ≤ k, l ≤ d and 1 ≤ j ≤ N the notation

dα(xj) =


akl(xj) if α = ek + el,

bk(xj) if α = ek,

c(xj) if α = 0.

With this definition, we can prove the following useful lemma.

Lemma 6.2 We have

∫
Rd

∣∣∣∣∣∣αj
N∑
j=1

κj(ω)

∣∣∣∣∣∣
2

Ψ̂(ω)dω = (2π)d/2
N∑

j,k=1

αjαkλ
x
j λ

y
kΨ(x− y).

Proof. Using the Fourier inversion theorem, we obtain

N∑
j,k=1

αjαkλ
x
j λ

y
kΨ(x− y)

=
N∑

j,k=1

αjαkλ
x
j λ

y
k

[
(2π)−d/2

∫
Rd
ei(x−y)TωΨ̂(ω)

]
dω

= (2π)−d/2
∫
Rd

N∑
j,k=1

αjαkλ
x
j λ

y
k (ei(x−y)Tω)Ψ̂(ω)dω

= (2π)−d/2
∫
Rd

(
N∑
k=1

αkκk(ω)

) N∑
j=1

αjκj(ω)

Ψ̂(ω)dω

= (2π)−d/2
∫
Rd

∣∣∣∣∣∣
N∑
j=1

αjκj(ω)

∣∣∣∣∣∣
2

Ψ̂(ω)dω.

Finally, we can show that the assumption in Theorem 6.1 is true.

Lemma 6.3 There exists a constant ρ > 0 such that the inequality in Theorem 6.1
holds for the spaces defined in (6.1) with γ = 2, i. e. we have

‖λ‖Y∗ ≤ 2‖λ∗|V‖V∗ . (6.3)
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Proof. We start by giving meaning to both abstract norms ‖λ∗‖Y∗ as well as ‖λ∗|V‖V∗
when choosing the spaces like in (6.1). Let λ ∈ Z∗ρ , that means for some α̃j ∈ R it
can be written as a linear combination,

λ =
n∑
j=1

α̃jρ
−2λj +

N∑
j=n+1

α̃jλj =
N∑
j=1

αjλj .

In order to keep the notation as simple as possible, we have introduced the abbre-
viation

αj =

{
ρ−2α̃j if 1 ≤ j ≤ n,
α̃j if n+ 1 ≤ j ≤ N.

We introduce the notation α = P α̃, where P = (pjk) is given by
pjk = 0 if j 6= k,

pjj = ρ−2 if 1 ≤ j ≤ n,
pjj = 1 if n+ 1 ≤ j ≤ N.

By Corollary 3.2, we know that the Riesz representer gλ of this functional λ can be
written as

gλ =

N∑
j=1

αjλ
y
j Ψ(·,y).

That is, by the Riesz representation theorem, we have

‖λ‖2NΨ(Rd)∗ = ‖gλ‖2NΨ(Rd) =
N∑

j,k=1

αjαkλ
x
j λ

y
kΨ(x,y).

In order to understand the norm ‖λ∗|V‖V∗ , let f ∈ Bρ ⊆ NΨ(Rd) and compute

λ(f) = (f, gλ)Ψ = (2π)−d/2
∫
Rd

f̂(ω)ĝλ(ω)

Ψ̂(ω)
dω

= (2π)−d/2
∫
‖ω‖2≤ρ

f̂(ω)ĝλ(ω)

Ψ̂(ω)
dω

= (2π)−d/2
∫
Rd

f̂(ω)χρ(ω)ĝλ(ω)

Ψ̂(ω)
dω

= (f, gρλ)Ψ,

where we have introduced the characteristic function χρ(ω) = χB(0,ρ)(ω) as well as
the band-limited function gρλ, which is defined so that for its Fourier transform the

relation ĝρλ = ĝλχρ holds. Since Bρ is a subspace of NΨ(Rd), it follows that

‖λ∗|Bρ‖(Bρ)∗ = sup
0 6=f∈Bρ

|λ(f)|
‖f‖Ψ

= sup
06=f∈Bρ

(f, gρλ)Ψ

‖f‖Ψ
= ‖gρλ‖Ψ,
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where the last equality holds because for the left-hand side the Cauchy-Schwarz
inequality yields an upper bound, which is attained exactly for f = gρλ ∈ B

ρ. Having
translated the abstract statement (6.3), we need to show for our concrete example
here, that

‖gλ‖Ψ ≤ 2‖gρλ‖Ψ
holds for some sufficiently large ρ > 0. We will show that

‖gλ − gρλ‖Ψ ≤
1

2
‖gλ‖Ψ, (6.4)

then the required result follows immediately because

‖gρλ‖Ψ ≥ ‖gλ‖Ψ − ‖gλ − g
ρ
λ‖Ψ

≥ ‖gλ‖Ψ −
1

2
‖gλ‖Ψ =

1

2
‖gλ‖Ψ.

By (6.2) and the definition of gλ, we find

‖gλ − gρλ‖
2
Ψ =

∫
‖ω‖2≥ρ

|ĝλ(ω)|2

Ψ̂(ω)
dω

=

∫
‖ω‖2≥ρ

∣∣∣∣∣∣
N∑
j=1

αjκj(ω)

∣∣∣∣∣∣
2

Ψ̂(ω)dω

=

∫
‖ω‖2≥ρ

∣∣∣∑N
j=1 αjκj(ω)

∣∣∣2
(1 + ‖ω‖22)β

dω

= ρd
∫
‖η‖2≥1

∣∣∣∑N
j=1 αjκj(ρη)

∣∣∣2
(1 + ρ2‖η‖22)β

dη.

Since for ‖η‖ ≥ 1, we have

(1 + ρ2‖η‖22)−β ≤ 2βρ−2β(1 + ‖η‖22)−β,

we deduce the bound

‖gλ − gρλ‖
2
Ψ ≤ 2βρd−2β

∫
‖η‖2≥1

∣∣∣∑N
j=1 αjκj(ρη)

∣∣∣2
(1 + ‖η‖22)β

dη

≤ Cρd−2β

∫
Rd

∣∣∣∑N
j=1 αjκj(ρη)

∣∣∣2
(1 + ‖η‖22)β

dη

= Cρd−2β

∫
Rd

∣∣∣∣∣∣
N∑
j=1

αjκj(ρη)

∣∣∣∣∣∣
2

Ψ̂(η)dη.
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Now, we can employ Lemma 6.2, to find

‖gλ − gρλ‖
2
Ψ ≤ C(2π)d/2ρd−2β

N∑
j,k=1

αjαkλ
x
j λ

y
kΨ(ρx− ρy)

= Cρd−2β
N∑

j,k=1

αjαkλ
x
j λ

y
kΨ 1

ρ
(x− y),

where Ψδ = Ψ(·/δ). If we choose 1
ρ ≤ q, we are left with summing over diagonal

elements only, i. e.

‖gλ−gρλ‖
2
Ψ

≤ Cρd−2β
N∑
j=1

α2
jλ

x
j λ

y
j Ψ 1

ρ
(x− y)

≤ Cρd−2β


n∑
j=1

α̃2
jρ
−4λx

j λ
y
j Ψ 1

ρ
(x− y) +

N∑
j=n+1

α̃2
jλ

x
j λ

y
j Ψ 1

ρ
(x− y)


≤ Cρd−2β‖α̃‖22 max{ρ−4(ρ4L2Ψ(0)),Ψ(0)}
≤ Cρd−2β‖α̃‖22,

where we have used that Ψ 1
ρ
(0) = Ψ(0). Now we are only left with estimating ‖α̃‖22.

Since

λmin(PAΛP )‖α̃‖22 ≤ α̃
TPAΛP α̃

= (P α̃)TAΛ(P α̃)

= αTAΛα

= ‖gλ‖2Ψ,

we obtain from the proof of Theorem 5.9, which bounds the smallest eigenvalue of
a diagonally preconditioned collocation matrix that

‖α̃‖22 ≤
1

λmin(PAΛP )
‖gλ‖2Ψ ≤ Cqd−2β‖gλ‖2Ψ.

Note the matrix AΛ = (λx
j λ

y
kΨ(x − y)) is not scaled and thus the support radius

does not appear in the inequality. This implies

‖gλ − gρλ‖
2
Ψ ≤ C̃(ρq)d−2β‖gλ‖2Ψ

for some C̃ > 0. If we now choose ρq ≥ max
{

1, (4C̃)1/(2β−d)
}

=: m, we finally end

up with

‖gλ − gρλ‖
2
Ψ ≤

1

4
‖gλ‖2Ψ,

and taking the square root on both sides completes the proof.
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Thus by having verified the assumptions of Theorem 6.1, we can now deduce that
for all v ∈ NΨ(Rd) = Hβ(Rd), there exists a vρ ∈ Bρ such that for all 1 ≤ j ≤ N

λj(v) = λj(vρ) and ‖v − vρ‖Ψ ≤ 5 min
wρ∈Bρ

‖v − wρ‖Ψ. (6.5)

We can use the norm equivalence of the Ψ norm to the Sobolev norm to simplify
the inequality. We obtain

λj(v) = λj(vρ) and ‖v − vρ‖Hβ(Rd) ≤ 5 min
wρ∈Bρ

‖v − wρ‖Hβ(Rd). (6.6)

However, we have to bear in mind that for scaled kernels Ψδ, one needs to be a bit
more careful since the scale δ will appear in the inequality. Also, note that the ρ−2

cancels in the case of interior functionals. From the last inequality we can derive by
setting wρ = 0 and using the inverse triangle inequality that

‖vρ‖Hβ(Rd) ≤ 6‖v‖Hβ(Rd). (6.7)

Note that vρ and v are defined on the whole Euclidean space Rd and not just on
Ω. With this result we can now bound the error between analytical and numerical
solution when both solutions come from different spaces.

Theorem 6.4 (L2 Error in Escape Case) Let Ω have a Ck,s boundary with k ∈ N0

and s ∈ [0, 1) and h = max{hX,Ω, hY,∂Ω} < 1. Let the kernel Φ generate the Sobolev
space Hσ(Rd). Under the assumptions above we can bound the error for some C > 0
independent of ρ, h and q by

‖u− su‖L2(Ω) ≤ Chβ−2

{
1 +

(
h

q

)σ−β}
‖u‖

Wβ
2 (Ω)

= Chβ−2‖u‖
Wβ

2 (Ω)

if the mesh ratio h/q is bounded.

Proof. We employ the L2 analogue of the maximum principle (4.7) to split the error
into an interior and a boundary error

‖u− su‖L2(Ω) ≤ C
{
‖Lu− Lsu‖L2(Ω) + ‖u− su‖W 1/2

2 (∂Ω)

}
.

We look at both errors separately. Let uρ ∈ Bρ with

ρ = m/q,

i. e. Lemma 6.3 holds with m defined as in the proof. Due to (6.6), we know that su =
suρ holds. Using the sampling inequality (Theorem 2.33), the triangle inequality and
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the fact that the differential operator is bounded, we obtain

‖Lu− Lsu‖L2(Ω) ≤ Ch
β−2
X,Ω‖Lu− Lsu‖Wβ−2

2 (Ω)

≤ Chβ−2
X,Ω

{
‖Lu− Luρ‖Wβ−2

2 (Ω)
+ ‖Luρ − Lsuρ‖Wβ−2

2 (Ω)

}
≤ Chβ−2

X,Ω

{
‖Lu− Luρ‖Wβ−2

2 (Ω)
+ hσ−βX,Ω ‖Luρ − Lsuρ‖Wσ−2

2 (Ω)

}
≤ Chβ−2

X,Ω

{
‖u− uρ‖Wβ

2 (Ω)
+ hσ−βX,Ω ‖uρ − suρ‖Wσ

2 (Ω)

}
.

Now we turn to the boundary error. Similar to the proof of Theorem 4.9, we have
for the boundary error

‖u− su‖W 1/2
2 (∂Ω)

≤ Chβ−1
Y,∂Ω‖u− su‖Wβ−1/2

2 (∂Ω)
.

As before, we deduce from the above inequality that

‖u− su‖W 1/2
2 (∂Ω)

≤ Chβ−1
Y,∂Ω

{
‖u− uρ‖Wβ−1/2

2 (∂Ω)
+ ‖uρ − suρ‖Wβ−1/2

2 (∂Ω)

}
≤ Chβ−1

Y,∂Ω

{
‖u− uρ‖Wβ−1/2

2 (∂Ω)
+ hσ−βY,∂Ω‖uρ − suρ‖Wσ−1/2

2 (∂Ω)

}
≤ Chβ−1

Y,∂Ω

{
‖u− uρ‖Wβ

2 (Ω)
+ hσ−βY,∂Ω‖uρ − suρ‖Wσ

2 (Ω)

}
,

where in the second step we have used the sampling inequality and in the last step
the trace theorem (Lemma 4.6). Setting h = max{hX,Ω, hY,∂Ω} < 1 and combining
both error estimates, we find

‖u− su‖L2(Ω) ≤ Chβ−2
{
‖Eu− uρ‖Wβ

2 (Rd)
+ hσ−β‖uρ − suρ‖Wσ

2 (Rd)

}
.

Again, we estimate the two terms separately. From Lemma 6.3, we know

‖Eu− uρ‖Wβ
2 (Rd)

≤ 5‖Eu‖
Wβ

2 (Rd)
≤ C‖u‖

Wβ
2 (Ω)

thus giving us a bound for the first term. For the second term, we first note that
since ρ ≥ 1

‖uρ‖2Wσ
2 (Rd) = (2π)−d/2

∫
‖ω‖2≤ρ

|ûρ(ω)|2

(1 + ‖ω‖22)−σ
dω

= (2π)−d/2
∫
‖ω‖2≤ρ

|ûρ(ω)|2(1 + ‖ω‖22)β(1 + ‖ω‖22)σ−βdω

≤ (2π)−d/2(1 + ρ2)σ−β‖uρ‖2Wβ
2 (Rd)

≤ (2π)−d/22σ−βρ2σ−2β‖uρ‖2Wβ
2 (Rd)

= Cρ2σ−2β‖uρ‖2Wβ
2 (Rd)

.

101



This is the crucial inequality that states that for band-limited functions we can
bound stronger norms by weaker ones. Employing optimality, the above result and
inequality (6.7), we now find

hσ−β‖uρ − suρ‖Wσ
2 (Rd) ≤ Chσ−β‖uρ‖Wσ

2 (Rd)

≤ Chσ−βρσ−β‖uρ‖Wβ
2 (Rd)

≤ 6Chσ−βρσ−β‖Eu‖
Wβ

2 (Rd)

= Cmσ−β
(
h

q

)σ−β
‖Eu‖

Wβ
2 (Rd)

≤ C
(
h

q

)σ−β
‖u‖

Wβ
2 (Ω)

,

where in the second to the last step we have made use of our specific choice of ρ.
Putting everything together, we find the desired result

‖u− su‖L2(Ω) ≤ Chβ−2

{
1 +

(
h

q

)σ−β}
‖u‖

Wβ
2 (Ω)

= Chβ−2‖u‖
Wβ

2 (Ω)
.

The last step follows from our assumption that the mesh ratio h/q is bounded.

6.2 Multilevel Collocation

Now we turn to translation-invariant kernels that depend on a scale δ > 0. We
define

Ψδ(x) = δ−dΨ(x/δ).

Then, by Corollary 1.2 we know that Ψ̂δ(ω) = Ψ̂(δω) holds. Furthermore, Ψδ shall
generate Hβ(Rd) and Φδ shall generate Hσ(Rd). Our goal is to extend Lemma 6.3
to scaled kernels.

Lemma 6.5 Let u ∈ Hβ(Ω), β > d/2+2, solve (3.5). Furthermore let X = X1∪X2

be a finite subset where X1 ⊂ Ω and X2 ⊂ ∂Ω with a separation distance qX . Let
X1 consist of n interior and X2 of N −n boundary points. Finally let δ ∈ (0, 1] and
ρ ≥ mδ/qX , where m ≥ 1 is defined as in the proof of Lemma 6.3. Then there exists
a function uρ/δ ∈ Bρ/δ with

1. λk(u) = λk(uρ/δ) for 1 ≤ k ≤ N and

2. ‖Eu− uρ/δ‖Ψδ ≤ 5‖Eu‖Ψδ .

102



Proof. In order to simplify our notation, let us scale the extended solution to the
PDE. Therefore, we define v ∈ Hβ(Rd) by v(x) = δd/2Eu(δx). The Fourier trans-

form is given by v̂(ω) = δ−d/2Êu(ω/δ). Now we define a scaled data set of the
form

Z = {z1, . . . , zN} = X/δ = {x/δ ∈ X},
which has a scaled separation distance qZ = qX/δ as well as a scaled differential
operator

L̃ =
d∑

i,j=1

ãij∂ij +
d∑
i=1

b̃i∂i + c,

where

ãij =
aij
δ2

and b̃i =
bi
δ
.

The coefficients aij , bi and c come from the differential operator (3.6). Since v ∈
Hβ(Rd), Lemma 6.3 assures the existence of a vρ ∈ Bρ such that

λZj (v) = λZj (vρ) and ‖v − vρ‖Hβ(Rd) ≤ 5‖v‖Hβ(Rd), (6.8)

where

λZj =

{
δzj ◦ L̃, 1 ≤ j ≤ n,
δzj , n+ 1 ≤ j ≤ N.

Now we define uρ/δ(x) = δ−d/2vρ(x/δ) with Fourier transform ûρ/δ(ω) = δd/2v̂ρ(δω).

Since vρ ∈ Bρ, we have uρ/δ ∈ Bρ/δ. Furthermore, for 1 ≤ k ≤ n we compute

L[uρ/δ](xk) = δ−d/2L[vρ(·/δ)](xk)

= δ−d/2

 d∑
i,j=1

aij(·/δ)∂ij [vρ(·/δ)] +
d∑
i=1

bi(·/δ)∂i[vρ(·/δ)] + c(·/δ)vρ(·/δ)

 (xk)

= δ−d/2

 d∑
i,j=1

aij
δ2
∂ij [vρ] +

d∑
i=1

bi
δ
∂i[vρ] + cvρ

 (xk/δ)

= δ−d/2L̃Z [vρ](zk).

Now by (6.8), we find

L[uρ/δ](xk) = δ−d/2L̃Z [v](zk) = L̃Z [Eu(δ·)](zk)

=

 d∑
i,j=1

ãij(δ·)∂ij [Eu(δ·)] +

d∑
i=1

b̃i(δ·)∂i[Eu(δ·)] + c(δ·)Eu(δ·)

 (zk)

=

 d∑
i,j=1

aij∂ij [Eu] +

d∑
i=1

bi∂i[Eu] + cEu

 (δzk)

= L[Eu](xk).
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For the boundary functionals, i. e. n+ 1 ≤ k ≤ N , we deduce

uρ/δ(xk) = δ−d/2vρ(xk/δ) = δ−d/2vρ(zk) = δ−d/2v(zk) = Eu(δzk) = Eu(xk),

again by (6.8). That is, we have now proven the generalised interpolation property

λk(uρ/δ) = λk(Eu)

for 1 ≤ k ≤ N . The inequality in (6.8) yields the second assertion, once we can
show that

‖v − vρ‖Hβ(Rd) = ‖Eu− uρ/δ‖Ψδ and ‖v‖Hβ(Rd) = ‖Eu‖Ψδ .

The first equality follows from

‖v − vρ‖2Hβ(Rd) = (2π)−d/2
∫
Rd
| ̂(v − vρ)(ω)|2

(
1 + ‖ω‖22

)β
dω

= (2π)−d/2δ−d
∫
Rd
|Êu(ω/δ)− ûρ/δ(ω/δ)|2

(
1 + ‖ω‖22

)β
dω

= (2π)−d/2
∫
Rd
|Êu(ω)− ûρ/δ(ω)|2

(
1 + δ2‖ω‖22

)β
dω

= (2π)−d/2
∫
Rd

|Êu(ω)− ûρ/δ(ω)|2

Ψ̂(δω)
dω

= ‖Eu− uρ/δ‖2Ψδ

and similarly one obtains the second equality from

‖v‖2Hβ(Rd) = (2π)−d/2
∫
Rd
|v̂(ω)|2

(
1 + ‖ω‖22

)β
dω

= (2π)−d/2δ−d
∫
Rd
|Êu(ω/δ)|2

(
1 + ‖ω‖22

)β
dω

= (2π)−d/2
∫
Rd
|Êu(ω)|2

(
1 + δ2‖ω‖22

)β
dω

= ‖Eu‖2Ψδ .

We need to be able to bound the Φδ norm by the Ψδ norm. In some sense this is
an inverse error bound because the kernel Φδ corresponds to the smoother Sobolev
space Hσ(Rd) and the kernel Ψδ to the rougher space Hβ(Rd). The following lemma
comes from [87, Lemma 5].

Lemma 6.6 Under the assumptions and using the same notation of Lemma 6.5
with qX ≤ δ, we have

‖uρ/δ‖Φδ ≤ Cρ
σ−β‖Eu‖Ψδ .
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Finally we bound the L2 error between numerical and analytical solution to the
PDE in such a way that the dependences on the mesh norm and the scale become
obvious. These results will be the key element in our convergence proof of the
multilevel algorithm for rougher target functions. Note that the constant ρ that
controls the support of the Fourier transform is dependent on the scale δ.

Theorem 6.7 Let Ω ⊆ Rd be a bounded domain with a Ck,s boundary for k ∈ N0

and s ∈ [0, 1). Assume the mesh ratio h/q is bounded, ρ = mδ/q and q ≤ δ. Then

‖u− su‖L2(Ω) ≤ Chβ−2δ−β‖Eu‖Ψδ

for h = max{hX,Ω, hY,∂Ω}.

Proof. Just as in the proof of Theorem 6.4, we obtain for uρ/δ ∈ Bρ/δ

‖u− su‖L2(Ω) ≤ Chβ−2
{
‖Eu− uρ/δ‖Wβ

2 (Rd)
+ hσ−β‖uρ/δ − suρ/δ‖Wσ

2 (Rd)

}
.

This time we need to be a bit more careful when using the near-best approxima-
tion property. It actually holds only in the Ψδ norm. However, when using the
norm equivalence between the Ψδ norm and the Sobolev norm we introduce a scale-
dependent constant. More precisely, we obtain

‖u− su‖L2(Ω) ≤ Chβ−2
{
δ−β‖Eu− uρ/δ‖Ψδ + hσ−βδ−σ‖uρ/δ − suρ/δ‖Φδ

}
.

We can bound the first norm by Lemma 6.5, i. e.

‖Eu− uρ/δ‖Ψδ ≤ 5‖Eu‖Ψδ .

For the second norm, we deduce by optimality, Lemma 6.6 and our assumption on
ρ that

hσ−βδ−σ‖uρ/δ − suρ/δ‖Φδ ≤ h
σ−βδ−σ‖uρ/δ‖Φδ

≤ Chσ−βδ−σρσ−β‖Eu‖Ψδ

= Chσ−βδ−σ
(
m
δ

q

)σ−β
‖Eu‖Ψδ

= C

(
m
h

q

)σ−β
δ−β‖Eu‖Ψδ .

That is, combining both estimates we find that

‖u− su‖L2(Ω) ≤ Chβ−2δ−β

{
1 +

(
m
h

q

)σ−β}
‖Eu‖Ψδ .

Finally the assertion follows since we assumed the mesh ratio h/q to be bounded.
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The proof of the above theorem implies in particular the following corollary.

Corollary 6.8 Under the same asumptions as above we have

‖u− su‖Hβ(Ω) ≤ ‖Eu− sEu‖Hβ(Rd) ≤ Cδ−β
{

1 +

(
m
h

q

)σ−β}
‖Eu‖Ψδ .

Proof. Optimality and the triangle inequality implies

‖Eu− sEu‖Hβ(Rd) ≤ ‖Eu− uρ/δ‖Hβ(Rd) + ‖uρ/δ − suρ/δ‖Hσ(Rd).

Then we only need to follow the same steps as in the proof above.

Now, we can state and prove the following convergence theorem for the multilevel
algorithm for rougher target functions. The proof is similar to the proof for smooth
target functions, see Theorem 4.10. The main difference is that we have to use our
bound on the L2 error obtained through the near-best approximation property since
optimality in the smoother Φ norm is not available.

Theorem 6.9 Assume u ∈ W β
2 (Ω) solves (3.5). Let k := bβc > 2 + d/2 and the

domain Ω have a Ck,s boundary with β = k+s for s ∈ [0, 1). We define two point set
sequences. Firstly, let X1, X2, . . . be a sequence of point sets in Ω with mesh norms
hX1,Ω, hX2,Ω, . . . such that the Xj contain no singular point of the operator L and let
Y1, Y2, . . . be a sequence of point sets in ∂Ω with mesh norms hY1,∂Ω, hY2,∂Ω, . . .. Set
hj = max{hXj ,Ω, hYj ,∂Ω} and assume

γµhj ≤ hj+1 ≤ µhj (6.9)

for j = 1, 2, ... and some fixed µ ∈ (0, 1) and γ ∈ (0, 1) as well as the quasi uniformity
condition

qj ≤ hj ≤ cqj
where qj = qXj∪Yj for j = 1, 2, . . . and c > 0. Let Φ be a kernel satisfying

c1(1 + ‖ω‖22)−σ ≤ Φ̂(ω) ≤ c2(1 + ‖ω‖22)−σ, ω ∈ Rd,

with two fixed constants 0 < c1 ≤ c2. Define δj =
(
hj
µ

)1− 2
β

and

Ψj(x− y) = Ψδj (x− y) = δ−dj Ψ((x− y)/δj),

where Ψ is a kernel generating Hβ(Rd), defined via its Fourier transform

Ψ̂(ω) = (1 + ‖ω‖22)−β, ω ∈ Rd

with σ ≥ β > d/2 + 2. Lastly, let h1 ≤ µ be sufficiently small. Then, there exists a
constant C independent of µ, j and u such that

‖Eej‖Ψj+1 ≤ α‖Eej−1‖Ψj ,
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for j = 1, 2, ... with α = Cµβ−2. Thus, we have the estimate

‖u− un‖L2(Ω) ≤ Cαn‖Een‖Hβ(Ω)

and the multiscale approximation un converges to u in the L2 norm if we choose µ
so small that α = C0µ

β−2 < 1.

Proof. First we see that

δj =

(
hj
µ

)1− 2
β

≤
(
hjhj−1

hj

)1− 2
β

<

(
hj−1

µ

)1− 2
β

= δj−1.

That is δj < δ1 ≤ 1 since h1 ≤ µ and 1− 2
β > 0 due to our assumptions. Hence we

can apply Lemma 2.30. We use the definition of the native space norm to obtain

‖Eej‖2Ψj+1
=

∫
Rd
|Êej(ω)|2(1 + δ2

j+1‖ω‖22)βdω =: I1 + I2

with

I1 =

∫
‖ω‖2≤1/δj+1

|Êej(ω)|2(1 + δ2
j+1‖ω‖22)βdω

I2 =

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2(1 + δ2
j+1‖ω‖22)βdω.

For the first term I1, we obtain

I1 ≤ 2β
∫
Rd
|Êej(ω)|2dω = 2β‖Eej‖2L2(Rd) by Parseval’s identity

≤ C‖ej‖2L2(Ω) by definition of E

≤ Ch2(β−2)
j δ−2β

j ‖Eej−1‖2Ψj by Theorem 6.7

= Cµ2(β−2)‖Eej−1‖2Ψj ,

where in the last step we have used

µ2(β−2) =
h

2(β−2)
j

δ2β
j

.

For the second term I2, we obtain
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I2 ≤ 2βδ2β
j+1

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2‖ω‖2β2 dω

≤ 2βδ2β
j+1

∫
‖ω‖2≥1/δj+1

|Êej(ω)|2(1 + ‖ω‖22)βdω

≤ 2βδ2β
j+1‖Eej‖

2
Wβ

2 (Rd)

≤ Cδ2β
j+1‖ej‖

2
Wβ

2 (Ω)
= Cδ2β

j+1‖Eej−1 − sEej−1‖2Wβ
2 (Ω)

≤ Cδ2β
j+1‖Eej−1 − sEej−1‖2Wβ

2 (Rd)

≤ Cδ2β
j+1δ

−2β
j ‖Eej−1‖2Ψj by Corollary 6.8

≤ Cµ2(β−2)‖Eej−1‖2Ψj ,

where in the last step we have used(
δj+1

δj

)2β

=

(
hj+1

hj

)2(β−2)

≤ µ2(β−2).

Thus, in total we have

‖Eej‖Ψj+1 ≤ C0µ
β−2‖Eej−1‖Ψj ≤ α‖Eej−1‖Ψj , (6.10)

with α = C0µ
β−2. From this we can conclude

‖u− un‖L2(Ω) = ‖en‖L2(Ω)

≤ Chβ−2
n δ−βn+1‖Een‖Ψn+1 by Theorem 6.7

≤ C‖Een‖Ψn+1 ,

where we have used in the last step that

hβ−2
n

δβn+1

=

(
hn
hn+1

)β−2

µβ−2 ≤
(

1

γµ

)β−2

µβ−2 = γ2−β.

Now applying (6.10) n times, we find

‖u− un‖L2(Ω) ≤ C‖Een‖Ψn+1 ≤ Cαn‖Eu‖Wβ
2 (Rd)

≤ Cαn‖u‖
Wβ

2 (Ω)
.
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6.3 Numerical Examples

Finally, we present a numerical example. We would like to solve a Poisson problem
with Dirichlet boundary conditions. However, this time the solution to the elliptic
PDE is supposed to lie in a rougher space than the numerical solution. We achieve
this by creating the right-hand side from the relatively rough basis function φ2,1,
namely from the boundary value problem

∆u(x, y) = ∆φ2,1(r(x, y)) in Ω = (0, 1)2,

u(x, y) = φ2,1(r(x, y)) on ∂Ω,
(6.11)

where r(x, y) =
√

(x− x0)2 + (y − y0)2/γ with x0 = y0 = γ = 0.5.
As we know from Theorem 2.31, Φd,k generates Hτ (Rd) where τ = d/2+k+1/2.

Since

‖Φd,k‖2Hα(Rd) =

∫
Rd
|Φ̂d,k(ω)|2(1 + ‖ω‖2)αdω

≤ C
∫
Rd

(1 + ‖ω‖2)−2τ (1 + ‖ω‖2)αdω

= C

∫ ∞
0

(1 + r2)−2τ (1 + r2)αrd−1dr

<∞

if α < 2τ −d/2, we see that the solution to (6.11), i. e. u = φ2,1, lies in Hα(R2) with
α < 4.

On the other hand, we choose as basis function for the numerical solution φ2,4 ∈
Nφ2,4(R2) = H5.5(R2) so that u /∈ Nφ2,4(R2). Even though the theorem is only
proven for a relationship which is arbitrarily close to

δ = (h/µ)1−2/β ,

where we have set β = sup{α < 4} = 4, we choose for our example the relationship

δ = (h/µ)1−2/σ

with σ = 5.5. Since in the second case the support radii shrink faster than in
the first case, the condition numbers will be lower. Unfortunately, the convergence
proof works only for the former relationship. This is due to the following observation.
When examining I1 in the proof of the convergence theorem, we need to be able to
bound hβ−2/δβ, which for the second relationship yields

hβ−2

δβ
= µβ−2β/σh−2+2β/σ = µβ−2

(µ
h

)2ε/σ
,

where we have set β = σ − ε for some ε > 0. However, for fixed µ this will tend
to infinity as h decreases. So as long as µ is smaller than the mesh norm on the
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N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 1.97e+0 1.99e0 5.05e-2 9.30e0 4.14e0 1.5e3
25 2−2 6.51e-1 6.56e-1 6.73e-3 3.33e0 1.69e0 7.5e4
81 2−3 9.65e-2 9.73e-2 6.52e-4 5.28e-1 3.13e-1 1.3e7
289 2−4 1.34e-2 1.35e-2 8.01e-5 8.42e-2 5.01e-2 1.8e9
1089 2−5 1.84e-3 1.85e-3 7.86e-6 1.50e-2 7.60e-3 1.6e11
4225 2−6 2.40e-4 2.42e-4 6.17e-7 2.83e-3 1.11e-3 1.4e13
16641 2−7 2.95e-5 2.98e-5 3.68e-8 5.24e-4 1.55e-4 1.3e15

Table 6.1: Convergence study for the Poisson problem (6.11) with basis function φ2,4 and

support radii δ = ν (h/µ)
1−2/5.5

for µ = 0.5 and ν = 2.4.

N H ‖e‖L2(Ω) ‖e‖L2(Ω) ‖e‖L2(∂Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 1.60 1.60 2.91 1.48 1.29 -5.69
81 2−3 2.75 2.75 3.37 2.66 2.43 -6.53
289 2−4 2.84 2.84 3.03 2.65 2.64 -7.03
1089 2−5 2.87 2.87 3.35 2.49 2.72 -6.48
4225 2−6 2.93 2.93 3.67 2.41 2.78 -6.51
16641 2−7 3.02 3.02 4.07 2.43 2.83 -6.53

Table 6.2: Convergence order for the Poisson problem (6.11) with basis function φ2,4 and

support radii δ = ν (h/µ)
1−2/5.5

for µ = 0.5 and ν = 2.4.

finest level, the bound will not blow up. This seems to be the case in our numerical
example. Using the second relationship between mesh norm and support radii we
still obtain convergence – at least for all seven levels considered here.

The results can be seen in Tables 6.1 and 6.2. We achieve a decent convergence
rate, which is comparable to the nonescape case. The final error and residual as well
as the behaviour of the L2 error and the condition number are depicted in Figure
6.1. The blue line corresponds to the unpreconditioned case and the red line to a
Jacobi preconditioner.
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(a) Error on finest level (b) Residual on finest level
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Figure 6.1: Multilevel approximation to (6.11) with basis function Φ2,4.
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Chapter 7

Matrix-Valued Kernels

In this chapter, we introduce positive definite matrix-valued kernels, which we will
eventually use to construct divergence-free kernels [65, 56, 57, 55, 36, 35]. Thus, this
chapter serves mainly as an introduction to help us propose a numerical multilevel
method for solving Darcy’s problem subsequently. At the end, we prove the con-
vergence of a multilevel method, which can be used to approximate divergence-free
vector fields.

The theory for positive definite matrix-valued kernels was originally developed by
Narcowich and Ward in [65]. We will follow an approach by Fuselier for introducing
the theory [36, 35], which mimics some of the ideas from the scalar-valued case.

In the final two chapters, we will slightly deviate from earlier notation and de-
note with bold capital Greek letters matrix-valued and with lower-case Greek letters
scalar-valued kernels. Previously, we used capital and lower-case letters to distin-
guish between kernels that take vectors or scalars as input.

7.1 Positive Definite Matrix-Valued Kernels

Let us start by making a reasonable generalisation of positive definite scalar-valued
kernels.

Definition 7.1 A continuous matrix-valued kernel Φ : Rd → Rn×n is called posi-
tive definite if it is even, Φ(−x) = Φ(x), symmetric, Φ(x) = Φ(x)T , and if

N∑
j,k=1

αTj Φ(xj − xk)αk > 0

for all pairwise distinct xj ∈ Rd and all nonvanishing αj ∈ Rn.

We will be mainly interested in two specific examples for matrix-valued positive
definite kernels. Let φ, ψ : Rd → R be positive definite functions and φ ∈ C2(Rd).
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Then we define

Φc : Rd → Rd×d, Φc := −∇∇Tφ

Φ̃ : Rd → Rd×d, Φ̃ := (−∆I +∇∇T )φ (7.1)

Φ : Rd → R(d+1)×(d+1), Φ :=

(
Φ̃ 0
0T ψ

)
=: Φ̃⊗ ψ,

where ∆ is the Laplacian, ∇ the gradient and I the d-dimensional identity matrix.
The component-wise Fourier transforms of Φc and Φ̃ are given by

Φ̂c(ω) = ωωT φ̂(ω) and
̂̃
Φ(ω) =

(
‖ω‖22I − ωωT

)
φ̂(ω).

For just two space dimensions the kernel Φ̃ takes the form

Φ =

(
−∂22 ∂12

∂21 −∂11

)
φ =

(
−x2

2
r2 φ
′′(r)− x2

1
r3 φ
′(r) x1x2

r2 φ′′(r)− x1x2
r3 φ′(r)

x1x2
r2 φ′′(r)− x1x2

r3 φ′(r) −x2
1
r2 φ
′′(r)− x2

2
r3 φ
′(r)

)
,

where r =
√
x2

1 + x2
2. Therefore, it is obvious that these kernels are not radial.

Nevertheless, they are commonly referred to as matrix-valued radial basis functions.
All of the above kernels are indeed positive definite in the sense of Definition 7.1.
The proof of the following theorem can partially be found in [35].

Theorem 7.2 Let φ ∈W 2
1 (Rd)∩C2(Rd) and ψ be positive definite. Then the kernels

Φc, Φ̃ and Φ are positive definite.

Proof. We start with Φ̃. We want to use the inverse Fourier transform theorem
(Theorem 1.3). Any function can be recovered through the inverse Fourier transform
if it is continuous and both the function and its Fourier transform are L1 integrable.
Since φ ∈ W 2

1 (Rd) ∩ C2(Rd), we have ∂i∂jφ ∈ L1(Rd) ∩ C(Rd) and in particular
−∆φ ∈ L1(Rd) ∩ C(Rd). Additionally, the Fourier transform

−̂∆φ(ω) = −
d∑
i=1

∂̂2φ

∂x2
i

(ω) =
d∑
i=1

ω2
i φ̂(ω) = ‖ω‖22φ̂(ω)

is nonnegative and nonvanishing, which implies that −∆φ is positive definite. By

Corollary 6.12 from [84], we deduce that −̂∆φ ∈ L1(Rd). Since

|ωiωjφ̂(ω)| ≤ ‖ω‖22φ̂(ω)

we have that ωiωjφ̂(ω) = ∂̂i∂jφ ∈ L1(Rd). Thus Φ̃ can be recovered through its
inverse Fourier transform.

Denoting with (·)∗ the complex conjugate transpose, we can compute for cj ∈ Rd
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N∑
j,k=1

cTj Φ̃(xj − xk)ck = (−2π)d/2
∑
j,k

cTj

(∫
Rd

̂̃
Φ(ω)eix

T
j ωe−ix

T
k ω

)
ckdω

= (−2π)d/2
∫
Rd

∑
j

cje
−ixTj ω

∗(I − ωωT
‖ω‖22

)
φ̂(ω)‖ω‖22

(∑
k

cke
−ixTk ω

)
dω

= (−2π)d/2
∫
Rd

∑
j

cje
−ixTj ω

∗(I − ωωT
‖ω‖22

)2

φ̂(ω)‖ω‖22

(∑
k

cke
−ixTk ω

)
dω

= (−2π)d/2
∫
Rd

∥∥∥∥∥∥
(
I − ωω

T

‖ω‖22

)∑
j

cje
−ixTj ω

∥∥∥∥∥∥
2

2

φ̂(ω)‖ω‖22dω

≥ 0.

We have used the fact that
(
I − ωωT

‖ω‖22

)
is a Hermitian projection matrix and hence

satisfies for ω 6= 0(
I − ωω

T

‖ω‖22

)
=

(
I − ωω

T

‖ω‖22

)2

=

(
I − ωω

T

‖ω‖22

)∗(
I − ωω

T

‖ω‖22

)
,

as well as the observation that by Corollary 1.2 the Fourier transform of the matrix-
valued kernel Φ̃ is given by

̂̃
Φ(ω) = i2(−‖ω‖22I + ωωT )φ̂(ω) =

(
I − ωω

T

‖ω‖22

)
φ̂(ω)‖ω‖22. (7.2)

It remains to show that if the sum of quadratic forms is zero, then all coefficient
vectors cj are zero. By our previous calculations this reduces to showing that if the
function f : Rd \ {0} → Cd defined by

f(ω) :=

(
I − ωω

T

‖ω‖22

) N∑
j=1

cje
−ixTj ω

is zero on Rd then all cj = 0 for j = 1, . . . , N .
Consider some function g : Rd → R that can be recovered through Fourier inver-

sion (that is g ∈ C(Rd) ∩ L1(Rd) and ĝ ∈ L1(Rd)). Additionally, the same shall be
true for all second partial derivatives of g.
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Then, we have

0 = f(ω) = f(ω)ĝ(ω) =
N∑
j=1

(
‖ω‖22I − ωωT

)
e−ix

T
j ω ĝ(ω)cj

=

N∑
j=1

(
‖ω‖22I − ωωT

) ̂g(· − xj)(ω)cj

= −

 N∑
j=1

[∆I −∇∇T ]g(· − xj)cj

̂
(ω).

Through Fourier inversion we obtain

h(x) :=
N∑
j=1

[∆I −∇∇T ]g(x− xj)cj = 0̌ = 0.

Denote with cji the ith component of the vector cj and introduce a short-hand
notation for the components of the operator matrix, namely let

(djk)1≤j,k≤d = ∆I −∇∇T .

Our goal is now to show that c11 = 0. The other components follow similarly. Up
to now, we made only very few assumptions on g. Suppose g has compact support
with support radius smaller than minj 6=k ‖xj − xk‖ and additionally fulfills the d2

Hermite-Birkhoff interpolation conditions

dk1g(0) = 1 and dkjg(0) = 0 (7.3)

for all k = 1, . . . , d and j = 2, . . . , d. Then we have due to the compact support

0 = h(x1) =

N∑
j=1

[∆I −∇∇T ]g(x1 − xj)cj = [∆I −∇∇T ]g(0)c1

or componentwise for any k

0 =
N∑
j=1

dkjg(0)c1j = dk1g(0)c11 = c11,

where the last two equalities follow from our Hermite-Birkhoff interpolation condi-
tions. The existence of such a function g follows from Hermite-Birkhoff theory [84,
Theorems 16.4, 16.5]. The positive definiteness of Φc can be shown analogously. For
a proof see [35, Theorem 1].

Lastly Φ is positive definite because Φ̃ and ψ are. Let cj = (c̃j , cj)
T ∈ Rd+1.

Then
N∑

j,k=1

cTj Φ(xj − xk)ck =
N∑

j,k=1

{
c̃Tj Φ̃(xj − xk)c̃k + cjψ(xj − xk)ck

}
> 0.
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We will call a vector-valued function f : Rd → Rd divergence-free if

div(f) = ∇ · f = 0.

We will call it curl-free if there exists a scalar-valued function f : R→ R such that

grad(f) = ∇f = f .

In agreement with the previous definition we use the notation

curl(f) = 0

if such a function exists. If we take the gradient of the scalar-valued function ∂iφ
we obtain

grad(∂iφ) =

∂1i
...
∂di

φ,

which is the ith column of Φc. This means that Φc consists of curl-free columns.
Similarly, if we form the divergence of the ith column of Φ̃, we see that

div(Φ̃i) =
[
∂1i1 + . . .+ ∂(i−1)i(i−1) + ∂i(−∆ + ∂ii) + ∂(i+1)i(i+1) + . . .+ ∂did

]
φ

= [∂i∆− ∂i∆]φ = 0.

Thus, Φ̃ has divergence-free columns.

7.1.1 Native Spaces for Matrix-Valued Kernels

We would like to introduce native spaces for matrix-valued kernels. We will follow
here mostly ideas from [36]. It is possible to develop a similar Hilbert space theory
as in the scalar-valued case. Define the function space

FΦ(Ω) :=


N∑
j=1

Φ(· − xj)αj | xj ∈ Ω,αj ∈ Rn


and equip it with the inner product N∑
j=1

Φ(· − xj)αj ,
M∑
k=1

Φ(· − yk)βk


Φ

:=
N∑
j=1

M∑
k=1

αTj Φ(xj − yk)βk.

Note that the bilinear form is indeed an inner product since Φ is assumed to be
symmetric and positive definite.
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There is also a kernel reproduction property. For f =
∑N

j=1 Φ(·−xj)αj ∈ FΦ(Ω)
and α ∈ Rn we find

(f ,Φ(· − x)α)Φ =

 N∑
j=1

Φ(· − xj)αj ,Φ(· − x)α


Φ

=

N∑
j=1

αTj Φ(xj − x)α

=
N∑
j=1

αTΦ(xj − x)Tαj

=

N∑
j=1

αTΦ(x− xj)αj = f(x)Tα,

(7.4)

where we have used the definition of the inner product as well as the fact that a
positive definite Φ is symmetric and even.

As in the scalar-valued case, we form the closure with respect to the norm induced
by the inner product and denote it with FΦ(Ω), i. e.

FΦ(Ω) := FΦ(Ω)
‖·‖Φ

.

Again, it is not obvious what these abstract elements in the completion actually
mean. But the scalar-valued case gives a good indication what to do. To interpret
these elements as functions we define for an element f ∈ FΦ(Ω) the function value

fj(x) := (f ,Φ(· − x)ej)Φ

where ej denotes the jth canonical unit vector. Now we can interpret the abstract
elements from the completion as continuous functions by defining a linear mapping
R : FΦ(Ω)→ C(Ω,Rn), whose jth component (1 ≤ j ≤ n) is given by

R(f)j(x) := fj(x) = (f ,Φ(· − x)ej)Φ .

We make several remarks. Firstly, R(f)(x) defines actually a continuous function
because for each component we find

|R(f)j(x)−R(f)j(y)| = (f , (Φ(· − x)−Φ(· − y))ej)Φ

≤ ‖f‖Φ‖(Φ(· − x)−Φ(· − y))ej‖Φ,

where
‖(Φ(· − x)−Φ(· − y))ej‖2Φ = 2eTj Φ(0)ej − 2eTj Φ(x− y)ej .

Thus as x tends to y, R(f)j(x) tends to R(f)j(y) as Φ is assumed to be continuous.
Therefore each component of R(f) is continuous, which implies that R(f) defines a
continuous function itself.
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Furthermore, for f ∈ FΦ(Ω) we have

R(f)j(x) = (f ,Φ(· − x)ej)Φ = f(x)Tej or R(f) = f (7.5)

by the kernel reproduction property for functions from FΦ(Ω), see equation (7.4).
Lastly, we note that R is injective.

Lemma 7.3 The mapping R : FΦ(Ω)→ C(Ω,Rn) is injective.

Proof. For f ∈ FΦ(Ω) consider R(f) = 0. By the definition of the mapping we
immediately deduce

(f ,Φ(· − x)ej)Φ = 0

for all x ∈ Ω and 1 ≤ j ≤ n. Thus f is perpendicular to the space FΦ(Ω). Since f
lies in the closure of FΦ(Ω), we can find a sequence fn in it that converges to f . For
each fn ∈ FΦ(Ω) the perpendicularity implies

0 = (f , fn)Φ .

After taking the limit and using the continuity of inner products, we then have
‖f‖2Φ = 0 or f = 0.

The injectivity means that R : FΦ(Ω) → R(FΦ(Ω)) ⊆ C(Ω,Rn) is actually a
bijective mapping and we can identify each abstract element from FΦ(Ω) with a
continuous function from R(FΦ(Ω)). Just as in the scalar-valued case, this motivates
us to define the native space as the image of R.

Definition 7.4 The native space of a positive definite matrix-valued kernel Φ is
defined by

NΦ(Ω) := R(FΦ(Ω)).

It is equipped with the inner product

(f ,g)NΦ(Ω) :=
(
R−1f , R−1g

)
Φ
.

To simplify notation we will sometimes use (·, ·)Φ instead of (·, ·)NΦ(Ω) and ‖ · ‖Φ
instead of ‖ · ‖NΦ(Ω). Since we work only with positive definite functions (and not
conditionally positive definite functions) it should be clear what is meant.

As in the scalar-valued case, the native space is unique [35, Proposition 1]. We
can also extend the kernel reproduction property (7.4) to the native space.

Lemma 7.5 (Kernel Reproduction Properties) For f ∈ NΦ(Ω),α ∈ Rn and x ∈ Ω
we have

Φ(· − x)α ∈ NΦ(Ω),

(f ,Φ(· − x)α)Φ = f(x)Tα.
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Proof. For the second property let f ∈ NΦ(Ω) then there exists a unique g ∈ FΦ(Ω)
such that R(g) = f . We compute for 1 ≤ j ≤ n

f(x)Tej = [R(g)(x)]Tej = (g,Φ(· − x)ej)Φ =
(
R−1f ,Φ(· − x)ej

)
Φ

= (f ,Φ(· − x)ej)NΦ(Ω) ,

where in the last step we have used that R (and thus R−1 as well) leaves Φ(· −x)ej
unaltered, see equation (7.5). This also immediately implies the first property.

Thus the native space is a Hilbert space of continuous functions on the domain
Ω with reproducing kernel Φ.

7.1.2 Alternative Characterisation of Native Spaces

In Chapter 2, we have seen that the native space of a scalar-valued translation-
invariant kernel φ ∈ C(Rd) ∩ L1(Rd) can be characterised by

Nφ(Rd) =

{
f ∈ L2(Rd) ∩ C(Rd) |

∫
Rd

|f̂(ω)|2

φ̂(ω)
dω <∞

}
,

equipped with an inner product

(f, g)Nφ(Rd) := (2π)−d/2
∫
Rd

ĝ(ω)f̂(ω)

φ̂(ω)
dω.

Unfortunately, the seemingly natural generalisation to matrix-valued kernel

(f ,g)NΦ(Rd) := (−2π)d/2
∫
Rd

ĝ(ω)∗Φ̂(ω)−1f̂(ω)dω

would only work if Φ̂(ω) was invertible for all ω ∈ Rd. However, since

̂̃
Φ(ω) =

(
‖ω‖22I − ωωT

)
φ̂(ω) and Φ̂c(ω) = ωωT φ̂(ω)

have rank d− 1 and 1 respectively, these matrices are not invertible for any ω ∈ Rd.
Therefore, Fuselier [36] suggested considering the Moore-Penrose inverse, which we
denote with Φ̂(ω)+.

The Moore-Penrose inverse [39] for some matrix A ∈ Rn×m is defined as the
matrix A+ ∈ Rm×n, which satisfies the following four conditions

1. AA+A = A,

2. A+AA+ = A+,

3. (AA+)∗ = AA+,

4. (A+A)∗ = A+A.
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This generalised inverse always exists and is unique. With the help of the Moore-
Penrose inverse, the inner product would be given by

(f ,g)NΦ(Rd) := (2π)−d/2
∫
Rd

ĝ(ω)∗Φ̂(ω)+f̂(ω)dω. (7.6)

Obviously we need to exclude those functions whose Fourier transforms are perpen-
dicular to the columns of Φ̂(ω)+. Otherwise the inner product would not be positive
definite. It will turn out in the following discussion below that for the native space
corresponding to the kernel Φ̃ we will only allow divergence-free functions. On the
other hand, for the native space belonging to Φc we only allow curl-free functions.

We compute the Moore-Penrose inverse for
̂̃
Φ(ω). The properties of the Moore-

Penrose inverse used in the following discussion can be found in [5]. Its singular
value decomposition coincides with the eigenvalue decomposition, since it is a square,
symmetric and positive semi-definite matrix, see (7.7) and (7.8). Thus there has to
be a decomposition of the form

̂̃
Φ(ω) = UΣUT

where U is a d × d matrix that consists of eigenvectors ui corresponding to non-
negative eigenvalues σi, which Σ has as diagonal entries, i. e. Σ = diag(σ1, . . . , σd).
Note that in this special case we have d = n. It is relatively easy to compute the
eigenvectors and their corresponding eigenvalues.

If ω = 0, then
̂̃
Φ(ω) is the zero matrix, whose pseudo inverse is again the zero

matrix. Let ω 6= 0. If we choose d−1 orthonormal vectors ui that are perpendicular
to ω, then we can compute

̂̃
Φ(ω)ui =

(
‖ω‖22I − ωωt

)
φ̂(ω)ui = φ̂(ω)‖ω‖22ui. (7.7)

Therefore, the ui are d− 1 orthonormal eigenvectors with positive eigenvalues σi =
φ̂(ω)‖ω‖22 for i = 1, . . . , d− 1. On the other hand, we have

̂̃
Φ(ω)ω = 0 (7.8)

and hence ud = ω/‖ω‖2 is a unit-norm eigenvector with corresponding eigenvalue
σd = 0. Hence, we have

U = (u1, . . . ,ud−1,ω/‖ω‖2) .

Now, we are able to compute the Moore-Penrose inverse. Using the properties
that for an invertible matrix A+ = A−1 and that (AB)+ = B+A+ if either A has
orthonormal columns or B has orthonormal rows, we compute

̂̃
Φ(ω)+ =

(
UΣUT

)+
= (UT )+Σ+U+ = UΣ+UT .
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For a diagonal matrix we obtain the pseudo inverse by taking the reciprocal of each
nonzero element, leaving zero elements unaltered. Hence we can proceed

̂̃
Φ(ω)+ =

1

φ̂(ω)‖ω‖22
U


1

. . .

1
0




uT1
...

uTd−1

ωT /‖ω‖2

 =
1

φ̂(ω)‖ω‖22
U


uT1
...

uTd−1

0T



=
1

φ̂(ω)‖ω‖22
U

UT −


0T1
...

0Td−1

ωT /‖ω‖2




=
1

φ̂(ω)‖ω‖22

I − (u1, . . . , ud−1, ω/‖ω‖2
)


0T1
...

0Td−1

ωT /‖ω‖2




=
1

φ̂(ω)‖ω‖22

I −
ω1/‖ω‖22ωT

...
ωd/‖ω‖22ωT


 =

1

φ̂(ω)‖ω‖22

[
I − ωω

T

‖ω‖22

]
.

Thus, we have shown the first part of the following lemma.

Lemma 7.6 (Pseudo Inverses) For ω 6= 0, we have

̂̃
Φ(ω)+ =

1

φ̂(ω)‖ω‖22

[
I − ωω

T

‖ω‖22

]
,

Φ̂c(ω)+ =
1

φ̂(ω)‖ω‖22

ωωT

‖ω‖22
.

The second part can be shown analogously to the above. Finally, we can state two
useful characterisations of the native spaces of Φ̃ and Φc. The vector function space
L2(Rd) and C(Rd) mean that each component function lies in L2(Rd) or C(Rd),
respectively. A thorough definition follows in the Section 7.1.3.

Theorem 7.7 (Characterisation of Native Spaces) Suppose the positive definite
kernel φ lies in W 2

1 (Rd) ∩ C2(Rd). Then the native space of the divergence-free
kernel is given by

N
Φ̃

(Rd) =

{
f ∈ L2(Rd) ∩C(Rd) |

∫
Rd

‖f̂(ω)‖22
‖ω‖22φ̂(ω)

dω <∞,div(f) = 0

}
and the native space of the curl-free kernel is given by

NΦc(Rd) =

{
f ∈ L2(Rd) ∩C(Rd) |

∫
Rd

‖f̂(ω)‖22
‖ω‖22φ̂(ω)

dω <∞, curl(f) = 0

}
.
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That means we have the same norm for both native spaces

‖f‖2N
Φ̃

(Rd) = ‖f‖2NΦc (Rd) = (2π)−d/2
∫
Rd

‖f̂(ω)‖22
‖ω‖22φ̂(ω)

.

Proofs of this can be found in [36, Theorem 2 and 3] as well as in [86, Theorem
3.4]. The spaces consist of different elements but are supplied with the same norm.
Remember that we need to make sure that the bilinear form (7.6) is positive definite.
Hence, we want to exclude the Fourier transforms of all nontrivial functions that lie

in the nullspace of Φ̂
+

(ω). In other words, we want to consider only those Fourier

transformed functions for which Φ̂
+

(ω) acts like the inverse, i. e.

Φ̂(ω)Φ̂
+

(ω)f̂(ω) = f̂(ω).

The first native space in Theorem 7.7 consists only of divergence-free functions. In
terms of Fourier transforms, that means these functions need to satisfy ωT f̂(ω) = 0.
In this case the above identity indeed holds:

̂̃
Φ(ω)

̂̃
Φ

+

(ω)f̂(ω) =

(
I − ωω

T

‖ω‖22

)2

f̂(ω) =

(
I − ωω

T

‖ω‖22

)
f̂(ω) = f̂(ω).

On the other hand, the second native space consists only of curl-free functions.
In terms of Fourier transforms, that means these functions need to satisfy f̂(ω) =
ωĥ(ω) for some scalar-valued function h. Again, we can compute

Φ̂c(ω)Φ̂c
+

(ω)f̂(ω) =

(
ωωT

‖ω‖22

)2

f̂(ω) =

(
ωωT

‖ω‖22

)
ωĥ(ω) = ωĥ(ω) = f̂(ω).

Lastly, we state a theorem that characterises matrix-valued kernels that have a
tensor product nature. The theorem can be found in [86, Proposition 3.9].

Theorem 7.8 Assume that φ, ψ : Rd → R are positive definite and additionally let
φ ∈ W 2

1 (Rd) ∩ C2(Rd). Then, the native space of the kernel Φ = Φ̃ ⊗ ψ, with Φ̃
defined as in (7.1), is given by

NΦ(Rd) = N
Φ̃

(Rd)×Nψ(Rd)

with its norm for some f = (fu, fp)
T given by

‖f‖2NΦ(Rd) = ‖fu‖2N
Φ̃

(Rd) + ‖fp‖2Nψ(Rd)

= (2π)−d/2
∫
Rd

[
‖f̂u(ω)‖22
‖ω‖22φ̂(ω)

+
|f̂p(ω)|2

ψ̂(ω)

]
dω.
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7.1.3 Native Spaces as Sobolev Spaces

As in the scalar-valued case, it is possible to interpret the native space under some
assumptions as some type of Sobolev space. From Chapter 2 we know that the
native space of a scalar-valued function is norm-equivalent to a classical Sobolev
space if the Fourier transform of the kernel has algebraic decay, see Corollary 2.29.

We define the vector-valued Sobolev space Wσ
r (Ω) to consist of those vector

functions u = (u1, . . . , ud)
T : Ω → Rd for which each component lies in the scalar-

valued Sobolev space W σ
r (Ω). A norm on the vector-valued Sobolev space can be

defined with the help of the scalar-valued Sobolev norm in the following way

‖u‖Wσ
r (Ω) =


(∑d

j=1 ‖uj‖rWσ
r (Ω)

)1/r
for 1 ≤ r <∞,

max1≤j≤d ‖uj‖Wσ
∞(Ω) for r =∞.

This means we take the discrete `r norm of the Sobolev norms of each component
for the vector function u. Furthermore, for r = 2 we will use the notation Hσ(Ω) =
Wσ

2 (Ω). We introduce divergence-free and curl-free Sobolev spaces,

Hσ(Rd, div) =
{

f ∈ Hσ(Rd) | div(f) = 0
}
,

Hσ(Rd, curl) =
{

f ∈ Hσ(Rd) | curl(f) = 0
}
.

With the help of the spaces we define

H̃σ(Rd) =

{
f ∈ Hσ(Rd) |

∫
Rd

‖f̂(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1dω <∞

}
,

H̃σ(Rd, div) =

{
f ∈ Hσ(Rd,div) |

∫
Rd

‖f̂(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1dω <∞

}
,

H̃σ(Rd, curl) =

{
f ∈ Hσ(Rd, curl) |

∫
Rd

‖f̂(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1dω <∞

}
.

All the spaces introduced in this section are obviously related. Let us consider a
divergence-free velocity u, which lies in the space H̃σ(Rd, div) for some σ > 0. This
space, however, is a subspace of Hσ(Rd). Therefore, we may sometimes write u in
the Hσ(Rd) norm as well. Moreover, the following lemma holds:

Lemma 7.9 (Relationship between different Sobolev Norms) We can bound the
Hσ(Rd) norm as follows:

‖u‖Hσ(Rd) ≤ ‖u‖H̃σ(Rd)
.
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Proof. Using the definition, we obtain

‖u‖2Hσ(Rd) =
n∑
j=1

‖uj‖2Hσ(Rd) =
n∑
j=1

∫
Rd
|ûj(ω)|2(1 + ‖ω‖22)σdω

=

∫
Rd

n∑
j=1

|ûj(ω)|2(1 + ‖ω‖22)σdω

=

∫
Rd
‖û(ω)‖22(1 + ‖ω‖22)σdω

≤
∫
Rd

‖û(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1dω

= ‖u‖
H̃σ(Rd)

,

where we have used that 1 ≤ 1+‖ω‖22
‖ω‖22

.

Now we are able to state another characterisation of the native spaces that we
discussed so far.

Theorem 7.10 (Native Spaces as Sobolev Spaces) Let φ generate Hσ+1(Rd) and
ψ generate Hτ (Rd), i. e. Nφ(Rd) = Hσ+1(Rd) and Nψ(Rd) = Hτ (Rd). Then, the
native spaces can be characterised through

N
Φ̃

(Rd) = H̃σ(Rd, div),

NΦc(Rd) = H̃σ(Rd, curl),

NΦ(Rd) = H̃σ(Rd, div)×Hτ (Rd).

Proofs can be found in [36, 86].
We finish this section by introducing a vector-valued extension operator since

again we are mostly interested in bounded domains and therefore need to extend
our locally defined Sobolev functions to functions defined on the whole Euclidean
space. The following result is taken from [86, Proposition 3.8.]. We denote the
scalar-valued extension operator, which we have introduced in Section 4.2.1, now
with ES to avoid confusion.

Proposition 7.11 (Extension Operator) Suppose either d = 2 or d = 3. Let
σ, τ ≥ 0 and let Ω ⊆ Rd be a simply-connected domain with Ck,1 boundary, where
k ≥ σ is some integer. Then there exists a continuous operator

E = (Ẽdiv, ES) : Hσ(Ω, div)×Hτ (Ω)→ H̃σ(Rd, div)×Hτ (Rd)

such that

1. Ev|Ω = v|Ω for all v = (u, p) ∈ Hσ(Ω, div)×Hτ (Ω),

2. ‖Ẽdivu‖
H̃σ(Rd,div)

+ ‖ESp‖Hτ (Rd) ≤ C
(
‖u‖Hσ(Ω,div) + ‖p‖Hτ (Ω)

)
,

for some C > 0.
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7.1.4 Reconstruction Problem

The following discussion is well-known from the theory of scalar-valued kernels which
can easily be extended to matrix-valued kernels [86]. We provide it nevertheless
to remind us of some of the key results. Suppose we want to reconstruct data
f1, . . . , fN ∈ Rn at scattered data points X = {x1, . . . ,xN} ⊂ Rd. For some coeffi-
cient vectors αj , we can set up a vector-valued interpolant of the form

sf ,X :=

N∑
j=1

Φ(· − xj)αj (7.9)

and apply to it the interpolation conditions

sf ,X(xk) = fk (7.10)

for k = 1, . . . , N . This means we have to solve the nN × nN block matrix systemΦ(x1 − x1) . . . Φ(x1 − xN )
...

...
Φ(xN − x1) . . . Φ(xN − xN )


α1

...
αN

 =

 f1
...

fN


or in abbreviated form

AΦ,Xα = f . (7.11)

Note that for β = (β1, . . . ,βN )T ∈ RnN , we have

βTAΦ,Xβ =

N∑
j,k=1

βTj Φ(xj − xk)βk > 0,

since Φ is a positive definite kernel. Therefore, the matrix is positive definite and the
interpolant (7.9) with coefficient vectors determined by (7.11) exists and is unique.

Assuming the data are generated by fj = f(xj), the interpolant sf ,X is the best
approximation in

VX =


N∑
j=1

Φ(· − xj)βj | βj ∈ Rn
 .

This is a direct consequence from Lemma 7.5 because for any g =
∑N

j=1 Φ(·−xj)βj ∈
VX we deduce the best approximation property

(f − sf ,X ,g)Φ =
N∑
j=1

(
f − sf ,X ,Φ(· − xj)βj

)
Φ

=

N∑
j=1

[f(xj)− sf ,X(xj)]
T βj = 0,
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where we have used the interpolation condition (7.10) in the last step. This best
approximation property immediately implies two stability results. Namely,

‖f − sf ,X‖Φ ≤ ‖f‖Φ and ‖sf ,X‖Φ ≤ ‖f‖Φ.

The first inequality follows from the best approximation property for g = sf ,X as
well as the Cauchy-Schwarz inequality

‖f − sf ,X‖2Φ = (f − sf ,X , f − sf ,X)Φ = (f − sf ,X , f)Φ ≤ ‖f − sf ,X‖Φ‖f‖Φ.

Similarly, we obtain the second inequality from

‖sf ,X‖2Φ = (sf ,X , sf ,X)Φ + (f − sf ,X , sf ,X)Φ = (f , sf ,X)Φ ≤ ‖sf ,X‖Φ‖f‖Φ.

7.2 Multilevel Divergence-Free Interpolation

In this section, we develop the multilevel interpolation theory for matrix-valued
kernels. Although for interpolation it would be enough to examine scaled versions
of the kernel Φ̃, we will now look at combined kernels. Discussing these more general
kernels will be useful when we turn to solving Darcy’s problem in the next chapter.
The necessary results for this chapter are then obtained as a byproduct. As for
scalar-valued kernels, we can define the scaled matrix-valued kernels

Φδ,ε :=

(
Φ̃δ 0
0T ψε

)
: Rd → R(d+1)×(d+1), (7.12)

where

Φ̃δ := (−∆I +∇∇T )φδ,

φδ(x) = δ−dφ(x/δ) and ψε(x) = ε−dψ(x/ε).

If both scales are in fact identical, i. e. δ = ε, we will shorten the notation and
write Φδ instead of Φδ,δ. For a start, we need to understand how the native space
norm of a matrix-valued kernel that depends on a scale is related to the appropriate
Sobolev norms. Assume we have two kernels φ, ψ : Rd → R whose Fourier transforms
satisfy for positive σ, τ the following algebraic decay conditions

c1(1 + ‖ω‖22)−σ−1 ≤ φ̂(ω) ≤ c2(1 + ‖ω‖22)−σ−1

and
c3(1 + ‖ω‖22)−τ ≤ ψ̂(ω) ≤ c4(1 + ‖ω‖22)−τ

for c1, c2, c3, c4 > 0. Hence, φ generates Hσ+1(Rd) and ψ generates Hτ (Rd).
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Lemma 7.12 (Norm Equivalence for Scaled Matrix-Valued Kernels) Let δ, ε ∈
(0, δc]. Let φ generate Hσ+1(Rd) and ψ generate Hτ (Rd). Then

N
Φ̃δ

(Rd)×Nψε(Rd) = H̃σ(Rd,div)×Hτ (Rd)

and for every w = (wu, wp) ∈ H̃σ(Rd,div)×Hτ (Rd), we have

C1

{
‖wu‖2N

Φ̃δ
(Rd) + ‖wp‖2Nψε (Rd)

}
≤ ‖wu‖2H̃σ(Rd,div)

+ ‖wp‖2Hτ (Rd),

C2

{
δ−2(σ+1)‖wu‖2N

Φ̃δ
(Rd) + ε−2τ‖wp‖2Nψε (Rd)

}
≥ ‖wu‖2H̃σ(Rd,div)

+ ‖wp‖2Hτ (Rd)

for two positive constants C1, C2.

Proof. We first consider the upper bound. If δ ≤ 1, then

(1 + ‖ω‖22)σ+1 = δ−2(σ+1)(δ2 + ‖δω‖22)σ+1 ≤ δ−2(σ+1)(1 + ‖δω‖22)σ+1.

On the other hand if 1 < δ ≤ δc, we can simply use

(1 + ‖ω‖22)σ+1 < (1 + ‖δω‖22)σ+1 ≤ δ−2(σ+1)δ2(σ+1)
c (1 + ‖δω‖22)σ+1.

With both estimates we can then deduce for m = max{1, δσ+1
c , δτc }

‖wu‖2H̃σ(Rd,div)
+ ‖wp‖2Hτ (Rd)

= (2π)−d/2
∫
Rd

{
‖ŵu(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1 + |ŵp(ω)|2(1 + ‖ω‖22)τ
}
dω

≤ m2

(2π)d/2

∫
Rd

{
‖ŵu(ω)‖22
δ2(σ+1)‖ω‖22

(1 + ‖δω‖22)σ+1 +
|ŵp(ω)|2

ε2τ
(1 + ‖εω‖22)τ

}
dω

≤ m2 max{c2, c4}(2π)−d/2
∫
Rd

{
δ−2(σ+1) ‖ŵu(ω)‖22

‖ω‖22φ̂(δω)
+ ε−2τ |ŵp(ω)|2

ψ̂(εω)

}
dω

= m2 max{c2, c4}(2π)−d/2
∫
Rd

{
δ−2(σ+1) ‖ŵu(ω)‖22

‖ω‖22φ̂δ(ω)
+ ε−2τ |ŵp(ω)|2

ψ̂ε(ω)

}
dω

= C2

{
δ−2(σ+1)‖wu‖2N

Φ̃δ
(Rd) + ε−2τ‖wp‖2Nψε (Rd)

}
,

where C2 = m2 max{c2, c4}. For the lower bound, again, we distinguish between
two cases. If δ ≤ 1, then we have

(1 + ‖ω‖22)σ+1 ≥ (1 + ‖δω‖22)σ+1.

On the other hand, for 1 < δ ≤ δc, we have

(1 + ‖ω‖22)σ+1 = δ−2(σ+1)(δ2 + ‖δω‖22)σ+1 > δ−2(σ+1)
c (1 + ‖δω‖22)σ+1.
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Similarly, for k = min{1, δ−σ−1
c , δ−τc }, we then find

‖wu‖2H̃σ(Rd,div)
+ ‖wp‖2Hτ (Rd)

≥ k2(2π)−d/2
∫
Rd

{
‖ŵu(ω)‖22
‖ω‖22

(1 + ‖δω‖22)σ+1 + |ŵp(ω)|2(1 + ‖εω‖22)τ
}
dω

≥ min{c1, c3}k2(2π)−d/2
∫
Rd

{
‖ŵu(ω)‖22
‖ω‖22φ̂δ(ω)

+
|ŵp(ω)|2

ψ̂ε(ω)

}
dω

= C1

{
‖wu‖2N

Φ̃δ
(Rd) + ‖wp‖2Nψε (Rd)

}
,

where C1 = k2 min{c1, c3}.

We can adjust the previous lemma to our specific needs.

Lemma 7.13 Let δ ∈ (0, δc]. Let both φ and ψ generate Hσ+1(Rd). Then N
Φ̃δ

(Rd)×
Nψδ(Rd) = H̃σ(Rd,div)×Hσ+1(Rd) and for every w = (wu, wp) that lies in the space

H̃σ(Rd, div)×Hσ+1(Rd), there exist two positive constants C1, C2 such that√
C1‖w‖NΦδ

(Rd) ≤ ‖wu‖H̃σ(Rd,div)
+ ‖wp‖Hσ+1(Rd) ≤

√
2C2δ

−σ−1‖w‖NΦδ
(Rd).

Proof. Lemma 7.12 yields√
C1‖w‖NΦδ

(Rd) ≤
√
‖wu‖2

H̃σ(Rd,div)
+ ‖wp‖2Hσ+1(Rd)

≤
√
C2δ

−σ−1‖w‖NΦδ
(Rd).

Now we use the norm equivalence between the `1 and `2 norm, i. e. the fact that for
a, b > 0 we have

1√
2

(a+ b) ≤
√
a2 + b2 ≤ a+ b.

If there is no scalar component in Lemma 7.12, we automatically obtain for
u ∈ H̃σ(Rd,div) that

C1‖u‖N
Φ̃δ

(Rd) ≤ ‖u‖H̃σ(Rd,div)
≤ C2δ

−(σ+1)‖u‖N
Φ̃δ

(Rd), (7.13)

where C1 and C2 are again some positive constants independent of the scale δ.
Another ingredient of the multilevel convergence proof consists of sampling in-

equalities for vector-valued functions. In preparation for the next chapter we state
two versions. Both come from and are proven in [86].

Lemma 7.14 (Vector-Valued Sampling Inequality for Interior) Let Ω ⊆ Rd be a
domain with Lipschitz boundary. Furthermore, let 1 < r < ∞ and σ, η ∈ R with
σ > d/2 and 0 ≤ η ≤ σ − d(1/2− 1/r)+. Assume that u ∈ Hσ(Ω) satisfies u|X = 0
on a discrete set X ⊆ Ω with a sufficiently small fill distance hX,Ω. Then,

‖u‖Wη
r (Ω) ≤ Ch

σ−η−d(1/2−1/r)+

X,Ω ‖u‖Hσ(Ω)

for some C > 0.
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Lemma 7.15 (Vector-Valued Sampling Inequality for Boundary) Let Ω ⊆ Rd be a
domain with a Ck,s boundary for k ∈ N0 and 0 < s ≤ 1. Furthermore, let 1 < r <∞
and σ := k + s > d/2 and 0 ≤ η ≤ σ − 1/2 − (d − 1)(1/2 − 1/r)+. Assume that
u ∈ Hσ(Ω) satisfies u|Y = 0 on a discrete set Y ⊆ Ω with a sufficiently small fill
distance hY,∂Ω. Then,

‖u‖Wη
r (∂Ω) ≤ Ch

σ−1/2−η−(d−1)(1/2−1/r)+

Y,∂Ω ‖u‖Hσ(Ω)

for some C > 0.

Finally, we need a lemma from [13].

Lemma 7.16 Assume u ∈ Hσ(Ω, div) with σ > 0. Then∫
Rd

‖̂̃Edivu(ω)‖22
‖ω‖22

dω ≤ C‖u‖2L2(Ω).

7.2.1 Symmetric Multilevel Interpolation Algorithm

Suppose we are given a sequence of point sets in Ω, namely X1, X2, . . ., with decreas-
ing mesh norms hX1,Ω, hX2,Ω, . . .. From these mesh norms we construct support radii
so that

δj = βh
σ
σ+1

j

for some proportionality constant β > 0. In order to simplify the notation for the
rest of the chapter, we drop the tilde and denote the divergence-free matrix-valued
kernels by

Φ = (−∆I +∇∇T )φ.

This should not be confused with the combined kernel we have introduced earlier and
we will use again in the next chapter. With this definition we define scaled kernels
via Φj = Φδj = (−∆I + ∇∇T )φδ where φδ(x) = δ−dφ(x/δ). The vector-valued
divergence-free interpolants sj come from the space

Vj = span{Φj(· − x)|x ∈ Xj}.

Now, we can state the symmetric multilevel interpolation algorithm for matrix-
valued kernels, which reconstructs some divergence-free target function u by a resid-
ual correction scheme.

Algorithm 7.17 (Symmetric Multilevel Interpolation Algorithm)

Input: Right-hand side u with div(u) = 0 and number of levels n

Set u0 = 0 and e0 = u. For j = 1, . . . , n do

(i) Determine the local correction sj ∈ Vj to ej−1 on Xj

sj(x) = ej−1(x) x ∈ Xj
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(ii) Update the global approximation and the residuals

uj = uj−1 + sj

ej = ej−1 − sj

end

Output: Approximate solution un to u

The residual in this case is in fact the error between the solution u and its jth
multiscale approximation uj , i. e.

ej = u− uj .

This algorithm converges indeed.

Theorem 7.18 (Convergence of Multilevel Interpolation Algorithm)
Let σ > d/2, u ∈ Hσ(Ω,div) and X1, X2, . . . be a sequence of point sets in Ω with
mesh norms hX1,Ω, hX2,Ω, . . .. Assume

γµhj ≤ hj+1 ≤ µhj (7.14)

for j = 1, 2, ... and some fixed µ ∈ (0, 1) and γ ∈ (0, 1). Suppose that the kernel Φ is
chosen such that NΦ(Rd) = H̃σ(Rd, div). This means in particular that φ generates
Hσ+1(Rd). Define

δj =

(
hj
µ

) σ
σ+1

as well as Φj = Φδj = (−∆I +∇∇T )φδj

with φδ = δ−dφ(·/δ). Lastly, let h1 ≤ µ be sufficiently small. Then, there exists a
positive constant C independent of µ, j and u such that

‖Ẽdivej‖Φj+1 ≤ α‖Ẽdivej−1‖Φj , (7.15)

for j = 1, 2, ... with α = Cµσ. Thus, we have the estimates

‖u− uk‖L2(Ω) ≤ Cαk‖u‖Hσ(Ω)

and in particular the multiscale approximation uk converges to u in the L2 norm if
we choose µ so small that α < 1.

Proof. It is easy to verify that the support radii are monotonically decreasing. We
compute

‖Edivej‖2Φj+1
= (2π)−d/2

∫
Rd

‖Êdivej(ω)‖22
‖ω‖22φ̂j+1(ω)

dω

≤ 1

c1
(2π)−d/2

∫
Rd

‖Êdivej(ω)‖22
‖ω‖22

(1 + ‖δj+1ω‖22)σ+1dω

=:
1

c1
(2π)−d/2(I1 + I2),
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where we introduced the notation

I1 =

∫
‖ω‖2≤ 1

δj+1

‖Êdivej(ω)‖22
‖ω‖22

(1 + ‖δj+1ω‖22)σ+1dω

I2 =

∫
‖ω‖2≥ 1

δj+1

‖Êdivej(ω)‖22
‖ω‖22

(1 + ‖δj+1ω‖22)σ+1dω.

To bound these two integrals we start with the following observation that

‖ej‖2Hσ(Ω) = ‖ej−1 − sej−1‖2Hσ(Ω)

= ‖Edivej−1 − sEdivej−1‖2Hσ(Ω)

≤ ‖Edivej−1 − sEdivej−1‖2Hσ(Rd)

≤ ‖Edivej−1 − sEdivej−1‖2H̃σ(Rd)

≤ Cδ−2(σ+1)
j ‖Edivej−1 − sEdivej−1‖2Φj

≤ Cδ−2(σ+1)
j ‖Edivej−1‖2Φj

.

(7.16)

Here we have used the definition of ej , the facts that Edivej−1 = ej−1 on Ω and
that the interpolant sej−1 equals sEdivej−1 as well as Lemma 7.9, Lemma 7.12 and
the best approximation property of the interpolant.

For the first integral, I1, we have δj+1‖ω‖2 ≤ 1 and thus by Lemma 7.16, the
sampling inequality (Lemma 7.14) and (7.16), it follows that

I1 ≤ 2σ+1

∫
‖ω‖2≤ 1

δj+1

‖Êdivej(ω)‖22
‖ω‖22

dω

≤ C‖ej‖2L2(Ω)

≤ Ch2σ
j ‖ej‖2Hσ(Ω)

≤ Ch2σ
j δ
−2(σ+1)
j ‖Edivej−1‖2Φj

= C1µ
2σ‖Edivej−1‖2Φj

,

using also that by definition we have

hσj

δσ+1
j

= µσ.

Now we turn to the second integral I2. Since δj+1‖ω‖2 ≥ 1, we find

(1 + δ2
j+1‖ω‖22)σ+1 ≤ (2δ2

j+1‖ω‖22)σ+1 ≤ 2σ+1δ
2(σ+1)
j+1 (1 + ‖ω‖22)σ+1
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and consequently, using Proposition 7.11 and (7.16) once again, gives

I2 ≤ 2σ+1δ
2(σ+1)
j+1

∫
Rd

‖Edivej(ω)‖22
‖ω‖22

(1 + ‖ω‖22)σ+1dω

= 2σ+1δ
2(σ+1)
j+1 ‖Edivej‖H̃σ(Rd,div)

≤ Cδ2(σ+1)
j+1 ‖ej‖2Hσ(Ω)

≤ C(δj+1/δj)
2(σ+1)‖Edivej−1‖2Φj

≤ C2µ
2σ‖Edivej−1‖2Φj

.

In the last step we have used(
δj+1

δj

)σ+1

=

(
hj+1

µ

)σ ( µ

hj

)σ
=

(
hj+1

hj

)σ
≤ µσ.

Combining both estimates now yields (7.15) with

α =

√
1

c1
(2π)−d/2(C1 + C2)1/2µσ = Cµσ.

It follows by the sampling inequality and Lemma 7.12 that

‖u− un‖2L2(Ω) = ‖en‖2L2(Ω) ≤ Ch
2σ
n ‖en‖2Hσ(Ω)

≤ Ch2σ
n δ
−2(σ+1)
n+1 ‖Ediven‖2Φn+1

= C‖Ediven‖2Φn+1
,

where we have used the fact that

hσn
δσ+1
n+1

= µσ
(

hn
hn+1

)σ
≤ µσ

(
1

µγ

)σ
= γ−σ.

Applying (7.15), n times we can conclude

‖u− un‖2L2(Ω) ≤ Cα
2n‖Edive0‖2Φ1

= Cα2n‖Edivu‖2Φ1

≤ Cα2n‖u‖2Hσ(Ω).

In contrast to the multilevel interpolation with scalar-valued kernels from Section
4.1, the multilevel interpolation of divergence-free fields with matrix-valued kernels
is shown to converge only for a (mildly) nonproportional relationship between mesh
norm and support radius. In fact, as we will see in the next section, a proportional
relationship does not lead to convergence. The nonproportionality is introduced via
the native space norm for matrix-valued kernels (as can be seen in Lemma 7.12).

132



0 0.2 0.4 0.6 0.8 1

0

0.2

0.4

0.6

0.8

1

u
1

u 2

(a) Vector field u

Figure 7.1: The divergence-free vector field (7.17) after seven levels, using a basis function
φ2,3, µ = 0.5 and ν = 2.5.

7.2.2 Numerical Example

We run a numerical example for a divergence-free vector field of the form

u(x, y) =

(
−2x3y
3x2y2

)
(7.17)

on the closed unit square Ω = [0, 1]2. Note, that the vector field is indeed divergence-
free. As for example (P2) in Chapter 4, we choose regular nested grids. As basis
function we employ φ2,3 (i. e. σ + 1 = 4.5). Furthermore, we use a proportionality
constant ν = 2.5 and support radii of the form

δ = νh
σ
σ+1 = νh

7
9 (7.18)

for some ν > 0. As the numerical results in Tables 7.1 and 7.2 show, the numerical
solution converges. Note the number N is actually referring to the amount of data
points. The systems that need to be solved are actually twice as big, since u consists
of two components. The final multilevel interpolant and the errors are depicted in
Figures 7.2 and 7.1.

Tables 7.3 and 7.4 show the results for the stationary case, i. e.

δ = νh. (7.19)

In this case, the algorithm eventually stagnates.
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N H ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 1.83e-1 1.53e0 6.11e-1 1.3e2
25 2−2 3.35e-2 5.00e-1 2.19e-1 9.2e2
81 2−3 5.62e-3 1.65e-1 6.19e-2 5.5e3
289 2−4 1.02e-3 6.13e-2 1.75e-2 2.4e4
1089 2−5 1.91e-4 2.46e-2 4.80e-3 9.1e4
4225 2−6 3.37e-5 1.02e-2 1.17e-3 2.9e5
16641 2−7 5.29e-6 4.47e-3 2.81e-4 8.3e5

Table 7.1: Convergence study multilevel interpolation of divergence-free vector field (7.17)
with basis function φ2,3 and support radii (7.18) where ν = 2.5.

N H ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 2.45 1.61 1.48 -2.83
81 2−3 2.57 1.60 1.83 -2.58
289 2−4 2.46 1.43 1.83 -2.12
1089 2−5 2.42 1.31 1.86 -1.93
4225 2−6 2.50 1.27 2.04 -1.69
16641 2−7 2.67 1.20 2.05 -1.50

Table 7.2: Orders for multilevel interpolation of divergence-free vector field (7.17) with basis
function φ2,3 and support radii (7.18) where ν = 2.5.

N H ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

9 2−1 2.00e-1 1.70e0 6.18e-1 9.4e1
25 2−2 4.10e-2 6.11e-1 2.72e-1 2.3e2
81 2−4 7.88e-3 2.28e-1 8.69e-2 3.9e2
289 2−4 1.68e-3 9.77e-2 2.56e-2 5.2e2
1089 2−5 5.44e-4 6.22e-2 7.00e-3 6.1e2
4225 2−6 3.90e-4 8.54e-2 1.62e-3 6.7e2
16641 2−7 4.15e-4 1.66e-2 9.85e-4 6.6e2

Table 7.3: Convergence study multilevel interpolation of divergence-free vector field (7.17)
with basis function φ2,3 and support radii (7.19) where ν = 2.5.

N H ‖e‖L2(Ω) ‖e‖H1(Ω) ‖e‖L∞(Ω) cond(A)

25 2−2 2.28 1.47 1.18 -1.29
81 2−3 2.38 1.42 1.65 -0.78
289 2−4 2.23 1.22 1.76 -0.41
1089 2−5 1.63 0.65 1.87 -0.23
4225 2−6 0.48 -0.45 2.11 -0.12
16641 2−7 -0.09 2.37 0.72 0.02

Table 7.4: Orders for multilevel interpolation of divergence-free vector field (7.17) with basis
function φ2,3 and support radii (7.19) where ν = 2.5.
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(a) u1 (b) u2

(c) e1 (d) e2

Figure 7.2: Both components of multilevel approximation and corresponding errors of
divergence-free vector field (7.17) after seven levels, using a basis function φ2,3, µ = 0.5
and ν = 2.5.
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Chapter 8

Darcy’s Problem

After having introduced divergence-free kernels in the previous chapter, we study
now a multilevel technique to solve Darcy’s problem. Convergence is shown for
smooth and rough target functions. Previous work has focussed on the one-shot
error theory [74, 75], which we generalise to scale-dependent kernels here to prove
the convergence of a meshless multilevel collocation algorithm. We give a short
introduction to Darcy’s problem based on ideas from [73].

8.1 Introduction to Darcy’s Problem

Darcy’s law is an empirical relationship used to describe fluid flow through porous
media. It was derived by the French mathematician Henry Darcy in the middle of
the 19th century. Through a series of experiments, Darcy made the observation that
the flow rate Q (measured in m3/s) of liquid through a pipe behaves like

Q = −KAh2 − h1

L
,

where K (in units m/s) is the hydraulic conductivity, A (in m2) the cross-sectional
area of the pipe, and L (in m) the length over which there exists a pressure drop
from h2 to h1 (both measured in m). If we assume that h2 > h1, then the minus
sign accounts for the fact that the liquid flows from the region of high pressure to
the region of lower pressure.

More generally, we obtain

q = −K
µ
∇p,

where K is the permeability tensor, which from a mathematical perspective can be
represented as a matrix [1, 73]. It is possible to derive Darcy’s law in its generalised
form from the Navier-Stokes equations for anisotropic media [69]. This motivates the
following problem, which we would like to solve numerically. We generalise Darcy’s
law even more by introducing a forcing term and supplement it with Neumann
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boundary conditions, which ensures well-posedness for this first-order problem. Note
also that we have absorbed the viscosity into the tensor.

Assume for some open bounded domain Ω ⊆ Rd, we are given the right-hand
sides f and g. We then want to determine the velocity field u : Ω → R and the
pressure p : Ω→ R that are governed by the equations

u +K∇p = f in Ω, (8.1)

u · n = g · n on ∂Ω, (8.2)

where n denotes the outer unit normal vector to the boundary ∂Ω. Often we will
abbreviate the first equation with

Lv = f ,

where v = (u, p). Since the pressure p is only determined up to a real constant, we
will work in the quotient space Hσ(Ω)/R and define the norm

‖p‖Hσ(Ω)/R := inf
c∈R
‖p+ c‖Hσ(Ω).

However, since this notation is rather tedious, we will often implicitly take a repre-
senter p such that

‖p‖Hσ(Ω)/R = ‖p‖Hσ(Ω).

Furthermore, let us assume that the fluid flow is incompressible. From the con-
servation of mass one can derive the equivalent condition that the velocity vector
field is incompressible, i. e.

∇ · u = 0 in Ω. (8.3)

Combining the equations, (8.1) and (8.3), yields Darcy’s problem. Due to the diver-
gence theorem, the incompressibility condition implies a compatibility condition∫

∂Ω
g · n dS = 0.

The tensor K : Ω→ Rd×d shall be symmetric and strictly elliptic, in the sense that
there exists a constant c0 > 0 such that

ξTK(x)ξ ≥ c0‖ξ‖22 (8.4)

for ξ ∈ Rd and x ∈ Ω.
Analogously to the continuous dependence on the data for second order elliptic

differential operators, the right-hand side data for Darcy’s problem also controls the
solution in the following way. For a proof see [74].

Theorem 8.1 (Continuous Dependence on Data) Let Ω be a bounded open sub-
set of Rd with Cdσe+1,1 boundary ∂Ω. Assume that f ∈ Wσ+1

r (Ω) and that g ∈
W

σ+1−1/r
r (∂Ω) for 1 < r <∞ and σ ≥ 0 with

∫
∂Ω g ·n dS = 0. Furthermore, let the
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permeability tensor K = (Kij) satisfy (8.4), K = KT and Kij ∈ W σ+1
r (Ω). Then,

the velocity component of the solution to Darcy’s problem u lies in Wσ+1
r (Ω) and

the pressure component p lies in W σ+2
r (Ω)/R. The following relationship holds

‖u‖
Wη+1

r (Ω)
+ ‖p‖

W η+2
r (Ω)/R ≤ C

(
‖f‖

Wη+1
r (Ω)

+ ‖g · n‖
W

η+1−1/r
r (∂Ω)

)
for 0 ≤ η ≤ σ and some C > 0.

8.2 Generalised Interpolation for Matrix-Valued Ker-
nels

We want to construct approximants to systems of partial differential equations.
Therefore, we introduce generalised interpolation for matrix-valued kernels Φ.

We denote with NΦ(Ω)∗ the dual space of the native space, i. e. the set of all
continuous functionals mapping the native space to the real numbers. Suppose
λ ∈ NΦ(Ω)∗, then the Riesz representation theorem asserts that there exists a
unique Riesz representer gλ ∈ NΦ(Ω)∗ such that

λ(f) = (f ,gλ)Φ

for all f ∈ NΦ(Ω). If we make the specific choice of f = Φ(· − x)α ∈ NΦ(Ω), then
by the reproduction property (Lemma 7.5), we deduce from the above equation that

λ(Φ(· − x)α) = gλ(x)Tα.

If we insert for α the jth canonical unit basis vector ej , we see that the functional
λ maps the jth column of the matrix Φ(· − x) to the jth component of the Riesz
representer. Hence, if we define λyΦ(x − y) as the application of the functional λ
to each column, we readily see that gλ = λyΦ(· − y) and

λ(f) = (f , λyΦ(· − y))Φ,

which can be interpreted as a generalised reproduction property. From it we can,
similarly to the scalar-valued case, derive an optimal recovery result [74, Proposition
2.6].

Theorem 8.2 Let Φ : Ω ⊂ Rd → Rn×n be a positive definite, matrix-valued ker-
nel. Furthermore, let λ1, . . . , λN ∈ NΦ(Ω)∗ be linearly independent functionals and
f1, . . . , fN ∈ R given data. Then, the minimisation problem

min{‖s‖NΦ(Ω) | s ∈ NΦ(Ω), λj(s) = fj , 1 ≤ j ≤ N}

has a unique solution, which is given by

sf =

N∑
j=1

αjλ
y
j Φ(· − y).
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The real coefficients αj are uniquely determined by the generalised interpolation con-
ditions

λk(sf ) = fk

for 1 ≤ k ≤ N .

8.3 RBF Discretisation of Darcy’s Problem

Now we would like to apply the rather general previous section to Darcy’s prob-
lem. We choose interior points X = {x1, . . . ,xN} ⊆ Ω and boundary points
Y = {y1, . . . ,yM} ⊆ ∂Ω. For the combined vector v = (u, p), we define interior
functionals

λ
(i)
j (v) = ui(xj) + (K∇p)i(xj)

= ui(xj) +

d∑
k=1

Kik(xj)
∂

∂xk
p(xj)

(8.5)

for the component index 1 ≤ i ≤ d and the data index 1 ≤ j ≤ N . For the boundary,
we define

λ
(d+1)
j (v) =

d∑
k=1

uk(yj)nk(yj) (8.6)

for 1 ≤ j ≤ M . That means the norm-minimal interpolant from Theorem 8.2 is
given by

sv(x) =

d∑
i=1

N∑
j=1

α
(i)
j (λ

(i)
j )yΦ(x− y) +

M∑
j=1

βj(λ
(d+1)
j )yΦ(x− y). (8.7)

Here, Φ denotes the combined kernel from (7.1). For the theory to work, we
need to know that the functionals are linearly independent. This is indeed true and
not difficult to show, see the proof of Theorem 2.7 in [74]. We quote the theorem
here as it summarises our knowledge thus far.

Theorem 8.3 Let Ω ⊂ Rd with a Ck,1 boundary, where k ≥ 1. Assume that
the functions φ, ψ : Rd → R are positive definite and chosen such that NΦ(Rd) =
H̃σ(Rd, div) × Hσ+1(Rd) with σ > d/2. Then, the interpolant sv = (su, sp) from
(8.7) is well-defined and uniquely determined by the interpolation conditions (8.5)
and (8.6). It satisfies Lsv(xj) = f(xj) with Lv := u + K∇p and su(yj) · n(yj) =
g(yj) · n(yj) and is divergence-free in Rd, ∇ · su = 0.

The error of this discretisation scheme has been discussed in [74]. We omit the
details here as we will prove a more general result for scaled kernels, see Theorem
8.6.
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Lastly, we focus on the two dimensional case, d = 2, and take the specific form
of the kernel Φ into account, see (7.1). The functionals for the first component, for
example, take the form

(λ
(1)
j )yΦ(x− y) =

 −∂22φ(x− xj)
∂12φ(x− xj)

(K∇yψ)1(x− xj)

T

,

where ∇y is taken with respect to the second argument. Correspondingly, ∇x will
be taken with respect to the first argument. For this two dimensional problem we
interpret v = (uT , p) as a row vector. The interpolant then takes the form

s(uT ,p)(x) =

N∑
j=1

α
(1)
j

 −∂22φ(x− xj)
∂12φ(x− xj)

(K∇yψ)1(x− xj)

T

+

N∑
j=1

α
(2)
j

 ∂21φ(x− xj)
−∂11φ(x− xj)

(K∇yψ)2(x− xj)

T

+
M∑
j=1

βj

−∂22φ(x− yj)n1(yj) + ∂21φ(x− yj)n2(yj)
∂12φ(x− yj)n1(yj)− ∂11φ(x− yj)n2(yj)

0

T

.

We determine the coefficients from the interpolation conditions

Ls(uT ,p)(xk) = f(xk) and su(y`) · n(y`) = g(y`) · n(y`)

for 1 ≤ k ≤ N and 1 ≤ ` ≤ M , where we have set Lv := u + K∇p. The first
equation yields

Ls(uT ,p)(xk) =

N∑
j=1

α
(1)
j

(
−∂22φ(xk − xj)
∂12φ(xk − xj)

)
+

N∑
j=1

α
(2)
j

(
∂21φ(xk − xj)
−∂11φ(xk − xj)

)

+
M∑
j=1

βj

(
−∂22φ(xk − yj)n1(yj) + ∂21φ(xk − yj)n2(yj)
∂12φ(xk − yj)n1(yj)− ∂11φ(xk − yj)n2(yj)

)

+K∇x

 N∑
j=1

α
(1)
j (K∇yψ)1(xk − xj) +

N∑
j=1

α
(2)
j (K∇yψ)2(xk − xj)


= f(xk).

The second equation follows similarly. That is, we need to solve a block system
of the form A11 A12 A13

A21 A22 A23

A31 A32 A33

α1

α2

β

 =

f1

f2

f3


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with

A11 = [−∂22φ(xk − xj) + (K∇x)1(K∇yψ)1(xk − xj)]1≤k,j≤N

A12 = A21 = [∂12φ(xk − xj) + (K∇x)1(K∇yψ)2(xk − xj)]1≤k,j≤N

A22 = [−∂11φ(xk − xj) + (K∇x)2(K∇yψ)2(xk − xj)]1≤k,j≤N

A13 = AT31 = [−∂22φ(xk − y`)n1(y`) + ∂21φ(xk − y`)n2(y`)]1≤k≤N,1≤`≤M

A23 = AT32 = [∂12φ(xk − y`)n1(y`)− ∂11φ(xk − y`)n2(y`)]1≤k≤N,1≤`≤M

A33 = [n1(yk) (−∂22φ(yk − y`)n1(y`) + ∂21φ(yk − y`)n2(y`))

+n2(yk) (∂12φ(yk − y`)n1(y`)− ∂11φ(yk − y`)n2(y`))]1≤k,`≤M

as well as
α1 = (α1j)1≤j≤N ,α2 = (α2j)1≤j≤N ,β = (β`)1≤`≤M

and

f1 = (f1(xk))1≤k≤N , f2 = (f2(xk))1≤k≤N , f3 = (g(y`) · n(y`))1≤`≤M .

We note that if the permeability tensor K is the identity and φ = ψ, we au-
tomatically have two zero blocks, namely A12 = A21 because the partial derivative
with respect to y2 introduces via the chain rule a minus sign.

8.4 Multilevel Theory

Now, we would like to develop the multilevel theory for Darcy’s problem.
The goal is to find an error bound for the analytical solution and its collocation

approximation of Darcy’s problem if the underlying kernels depend on a scale δ > 0.
In order to estimate the overall error for Darcy’s problem, we split it into a boundary
and interior error and consider both errors separately. The following proposition
generalises Proposition 3.4 from [74] by extending it to scaled kernels.

Proposition 8.4 (Interior Error for Darcy’s Problem) Let Ω ⊆ Rd for d = 2, 3
be simply connected and open with a Cdσe+1,1 boundary ∂Ω for some σ > d/2.
Let the permeability tensor K = (Kij) be strictly elliptic on Ω (i. e. satisfy (8.4))
with K = KT and components Kij in Hσ(Ω). Assume that f ∈ Hσ+1(Ω), g ∈
Hσ+1/2(∂Ω) and the compatability condition

∫
∂Ω g · ndS = 0. Suppose that the

kernel Φδ is chosen such that NΦδ
(Rd) = H̃σ(Rd, div) × Hσ+1(Rd). Then for 0 ≤

η ≤ σ − d(1/2− 1/r)+ − 1 and for 1 < r <∞, we have

‖Lv−Lsv‖Wη+1
r (Ω)

≤ Cδ−σ−1h
σ−η−1−d(1/2−1/r)+

X,Ω ‖Ev − sEv‖NΦδ
(Rd)

≤ Cδ−σ−1h
σ−η−1−d(1/2−1/r)+

X,Ω ‖Ev‖NΦδ
(Rd)

≤ Cδ−σ−1h
σ−η−1−d(1/2−1/r)+

X,Ω

(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
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for some C > 0 independent of the mesh norm as well as u and su.

Proof. We pick a representer p of the equivalence class that in a slight abuse of
notation we call p as well so that

‖p‖Hσ+1(Ω) = ‖p‖Hσ+1(Ω)/R

and note that on Ω the generalised interpolant sv coincides with the generalised
interpolant to the extended Ev = (Ẽdivu, ESp) ∈ H̃σ(Rd,div) × Hσ+1(Rd). We
compute

‖Lv − Lsv‖Hσ(Ω) = ‖LEv − LsEv‖Hσ(Ω)

≤ ‖Ẽdivu− s
Ẽdivu

‖Hσ(Rd) + ‖K(∇ESp−∇sESp)‖Hσ(Rd)

≤ ‖Ẽdivu− s
Ẽdivu

‖Hσ(Rd) + C‖ESp− sESp‖Hσ+1(Rd),

where we have used the Sobolev product theorem [59, Lemma 3.4 (ii)] several times,
which states that if σ > d/2, we have for two scalar-valued functions u, v the in-
equality

‖uv‖Hσ(Rd) ≤ C‖u‖Hσ(Rd)‖v‖Hσ(Rd)

for some constant C > 0 independent of u and v. Then we can deduce by Lemma
7.13, the optimality in the NΦδ

(Rd) norm, the continuous dependence on the data
(Theorem 8.1) as well as properties of the extension operators that

‖Lv − Lsv‖Hσ(Ω) ≤ ‖Ẽdivu− s
Ẽdivu

‖
H̃σ(Rd,div)

+ C‖ESp− sESp‖Hσ+1(Rd)

≤ Cδ−σ−1‖Ev − sEv‖NΦδ
(Rd)

≤ Cδ−σ−1‖Ev‖NΦδ
(Rd)

≤ Cδ−σ−1
(
‖Ẽdivu‖

H̃σ(Rd,div)
+ ‖ESp‖Hσ+1(Rd)

)
≤ Cδ−σ−1

(
‖u‖Hσ(Ω) + ‖p‖Hσ+1(Ω)

)
≤ Cδ−σ−1

(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
.

For the error on the boundary, we again start by taking the corresponding propo-
sition (Proposition 3.6) from [74] and extend the result to scaled kernels.

Proposition 8.5 (Boundary Error for Darcy’s Problem) Let d = 2, 3 and σ > d/2.
Assume that Ω, K, f and g satisfy the same smoothness assumptions as in Proposi-
tion 8.4. Suppose that the kernel Φδ is chosen such that NΦδ

(Rd) = H̃σ(Rd, div)×
Hσ+1(Rd).
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Then

‖(u− su) · n‖
W

η+1−1/r
r (∂Ω)

≤ Cδ−σ−1h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω ‖Ev − sEv‖NΦδ
(Rd)

≤ Cδ−σ−1h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω ‖Ev‖NΦδ
(Rd)

≤ Cδ−σ−1h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω

(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
for some C > 0 independent of the mesh norm as well as u and su and 1 < r <∞
and 0 ≤ η ≤ σ − 1/2− (d− 1)(1/2− 1/r)+ − 1 + 1/r.

Proof. Just as in the proof of Proposition 3.6 from [74] we derive

‖(u− su) · n‖
W

η+1−1/r
r (∂Ω)

≤ Chσ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω ‖u− su‖Hσ(Ω).

Now we can use the same reasoning as for the proof of Proposition 8.4 to conclude
that

‖u− su‖Hσ(Ω) ≤ Cδ−σ−1‖Ev − sEv‖NΦδ
(Rd)

≤ Cδ−σ−1‖Ev‖NΦδ
(Rd)

≤ Cδ−σ−1
(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
.

Theorem 8.6 (Error for Darcy’s Problem) Let Ω be an open, bounded, simply
connected subset of Rd with a Cdσe+1,1 boundary ∂Ω where d = 2, 3 for some σ > d/2.
Let the permeability tensor K = (Kij) be strictly elliptic on Ω (i. e. satisfy (8.4))
with K = KT and components Kij in Hσ(Ω). Assume that the data f ∈ Hσ+1(Ω),
g ∈ Hσ+1/2(∂Ω) and

∫
∂Ω g · ndS = 0. Suppose that the kernel Φδ is chosen such

that NΦδ
(Rd) = H̃σ(Rd, div) × Hσ+1(Rd). Then, we can bound the error between

analytical solution and collocation approximant as follows

‖u− su‖Wη+1
r (Ω)

+ ‖p− sp‖W η+2
r (Ω)/R

≤ Cδ−σ−1
(
h
σ−η−1−d(1/2−1/r)+

X,Ω + h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω

)
× ‖Ev − sEv‖NΦδ

(Rd)

≤ Cδ−σ−1
(
h
σ−η−1−d(1/2−1/r)+

X,Ω + h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω

)
× ‖Ev‖NΦδ

(Rd)

≤ Cδ−σ−1
(
h
σ−η−1−d(1/2−1/r)+

X,Ω + h
σ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω

)
×
(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
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for 1 < r < ∞ and 0 ≤ η ≤ σ − d(1/2 − 1/r)+ − 1 and some constant C > 0 that
is independent of both mesh norms, the analytical solution as well as its collocation
approximation. Note that optimality is not used for the first inequality.

Proof. Theorem 8.1 asserts

‖u− su‖Wη+1
r (Ω)

+ ‖p− sp‖W η+2
r (Ω)/R

≤ C
(
‖L(v − sv)‖

Wη+1
r (Ω)

+ ‖(u− su) · n‖
W

η+1−1/r
r (∂Ω)

)
.

Using Propositions 8.4 and 8.5, completes the proof.

Corollary 8.7 Under the same assumptions as above, r = 2 and h := hX,Ω ≈ hY,∂Ω,
the above result simplifies to

‖u− su‖Hη+1(Ω) + ‖p− sp‖Hη+2(Ω)/R

≤ Cδ−σ−1hσ−η−1‖Ev − sEv‖NΦδ
(Rd)

≤ Cδ−σ−1hσ−η−1‖Ev‖NΦδ
(Rd)

≤ Cδ−σ−1hσ−η−1
(
‖f‖Hσ(Ω) + ‖g · n‖Hσ−1/2(∂Ω)

)
.

Symmetric Multilevel Collocation Algorithm

Suppose we are given a sequence of point sets in Ω, namely X1, X2, . . ., with de-
creasing mesh norms hX1,Ω, hX2,Ω, . . . as well as a sequence of point sets on ∂Ω
denoted by Y1, Y2, . . . with corresponding decreasing mesh norms hY1,∂Ω, hY2,∂Ω, . . ..
Set hj = max{hXj ,Ω, hYj ,∂Ω}. With these mesh norms we construct support radii of
the form

δj = βh
σ−1
σ+1

j

for some proportionality constant β > 0 and define scaled matrix-valued kernels
Φj = Φδj as in (7.12), where Φ denotes the combined kernel (7.1). Then we can
define interpolants sj from the space

LVXj + VYj = span{L2Φj(· − x)|x ∈ Xj}+ span{Φj(· − y)|y ∈ Yj}.

Here L2 denotes action with respect to the second argument.

Algorithm 8.8 (Multilevel Algorithm for Darcy’s Problem)

Input: Right-hand sides f and g · n, number of levels n

Set v0 = 0, f0 = f ,g0 · n = g · n and for j = 1, . . . , n do

(i) Determine sj ∈ LVXj + VYj to fj−1 on Xj and gj−1 · n on Yj , i. e,

Lsj(x) = fj−1(x), x ∈ Xj

(sj · n)(y) = (gj−1 · n)(y), y ∈ Yj
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(ii) Update the global approximation and the residuals

vj = vj−1 + sj

fj = fj−1 − L(sj |Ω)

(gj · n) = (gj−1 · n)− (sj · n)|∂Ω

end

Output: Approximate solution vn to v = (u, p)

We define the error between the solution v = (u, p) and its jth multiscale ap-
proximation vj through

ej = v − vj .

With eu,j and ep,j we denote the velocity component and the pressure component
of the error at level j. We show that the algorithm converges.

Theorem 8.9 (Convergence of Multilevel Collocation Algorithm)
Let d = 2, 3 and σ > d/2. Assume that Ω, K, f and g satisfy the same smooth-
ness assumptions as in Theorem 8.6. We define two point set sequences. Firstly,
let X1, X2, . . . be a sequence of point sets in Ω with mesh norms hX1,Ω, hX2,Ω, . . .
and secondly let Y1, Y2, . . . be a sequence of point sets on ∂Ω with mesh norms
hY1,∂Ω, hY2,∂Ω, . . .. Set hj = max{hXj ,Ω, hYj ,∂Ω} and assume

γµhj ≤ hj+1 ≤ µhj (8.8)

for j = 1, 2, ... and some fixed µ ∈ (0, 1) and γ ∈ (0, 1). Suppose that the kernel Φ
from (7.1) is chosen such that NΦ(Rd) = H̃σ(Rd, div) ×Hσ+1(Rd). This means in
particular that the functions φ and ψ are positive definite and both functions generate
Hσ+1(Rd). Define

δj =

(
hj
µ

)σ−1
σ+1

as well as Φj = Φδj .

Lastly, let h1 ≤ µ be sufficiently small. Then, there exists a constant C independent
of µ, j and u such that

‖Eej‖Φj+1 ≤ α‖Eej−1‖Φj , (8.9)

for j = 1, 2, ... with α = Cµσ−1. Thus, we have the estimates

‖v − vk‖L2(Ω) ≤ Cαk
(
‖u‖Hσ(Ω) + ‖p‖Hσ+1(Ω)

)
and in particular the multiscale approximation vk converges to v in the L2 norm if
we choose µ so small that α < 1.
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Remark 8.10 Since d = 2, 3 and σ > d/2, we have

0 < σ − 1.

Therefore, it is indeed possible to find a µ ∈ (0, 1) such that α < 1.

Proof. The support radii are monotonically decreasing. Instead of working with
equivalence classes, we pick a representer for the pressure component and denote it
with p as well. We compute

‖Eej‖2NΦj+1
(Rd) = (2π)−d/2

∫
Rd

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22φ̂j+1(ω)

+
|ÊSep,j(ω)|2

ψ̂j+1(ω)

 dω

≤ max

{
1

c1
,

1

c3

}

(2π)−d/2
∫
Rd

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ | ̂ESep,j(ω)|2
 (1 + ‖δj+1ω‖22)σ+1dω

=: C(2π)−d/2(I1 + I2),

where we introduced the notation

I1 =

∫
‖ω‖2≤ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j(ω)|2
 (1 + ‖δj+1ω‖22)σ+1dω

I2 =

∫
‖ω‖2≥ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j(ω)|2
 (1 + ‖δj+1ω‖22)σ+1dω.

For the first integral we have δj+1‖ω‖2 ≤ 1. We combine this estimate with Lemma
7.16, Parseval’s identity and Corollary 8.7.
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We can then compute

I1 ≤ 2σ+1

∫
‖ω‖2≤ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j(ω)|2
 dω

≤ C
{
‖eu,j‖2L2(Ω) + ‖ÊSep,j‖2L2(Rd)

}
= C

{
‖eu,j‖2L2(Ω) + ‖ESep,j‖2L2(Rd)

}
≤ C

{
‖eu,j‖2L2(Ω) + ‖ep,j‖2L2(Ω)

}
≤ C

{
‖eu,j‖2H1(Ω) + ‖ep,j‖2H2(Ω)

}
≤ C

{
‖eu,j‖H1(Ω) + ‖ep,j‖H2(Ω)

}2

= C
{
‖eu,j−1 − seu,j−1‖H1(Ω) + ‖ep,j−1 − sep,j−1‖H2(Ω)

}2

≤ Cδ−2(σ+1)
j h

2(σ−1)
j ‖Eej−1 − sEej−1‖2NΦj

(Rd)

≤ Cδ−2(σ+1)
j h

2(σ−1)
j ‖Eej−1‖2NΦj

(Rd)

= C1µ
2(σ−1)‖Eej−1‖2NΦj

(Rd).

We have used the fact that the interpolant is norm-minimal with respect to the NΦj

norm. Since δj+1‖ω‖2 ≥ 1, we find

(1 + δ2
j+1‖ω‖22)σ+1 ≤ (2δ2

j+1‖ω‖22)σ+1 ≤ 2σ+1µ2(σ−1)(1 + δ2
j ‖ω‖22)σ+1

and consequently

I2 ≤ Cµ2(σ−1)‖Eej‖2NΦj
(Rd)

= Cµ2(σ−1)‖Eej−1 − sEej−1‖2NΦj
(Rd)

≤ C2µ
2(σ−1)‖Eej−1‖2NΦj

(Rd).

In the last step we have used again the fact that the interpolant is norm-minimal in
the NΦj norm. Combining both estimates now yields (8.9) with

α =
√
C(2π)−d/2(C1 + C2)1/2µσ−1 = Cµσ−1.
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With the help of this monotonicity result and Corollary 8.7, we can bound

‖v − vn‖2L2(Ω) = ‖en−1 − sn‖2L2(Ω)

= ‖en−1 − sen−1‖2L2(Ω)

≤ ‖en−1 − sen−1‖2H1(Ω)

= ‖eu,n−1 − seu,n−1‖2H1(Ω) + ‖ep,n−1 − sep,n−1‖2H1(Ω)

≤ ‖eu,n−1 − seu,n−1‖2H1(Ω) + ‖ep,n−1 − sep,n−1‖2H2(Ω)

≤
(
‖eu,n−1 − seu,n−1‖H1(Ω) + ‖ep,n−1 − sep,n−1‖H2(Ω)

)2
≤ Cδ−σ−1

n+1 hσ−1
n ‖Een−1 − sEen−1‖2NΦδn+1

(Rd)

= C‖Een−1 − sEen−1‖2NΦδn+1
(Rd)

= C‖Een‖NΦδn+1
(Rd),

where we have used the fact that

hσ−1
n

δσ+1
n+1

= µσ−1

(
hn
hn+1

)σ−1

≤ µσ−1

(
1

µγ

)σ−1

= γ1−σ.

Then picking a representer p such that ‖p‖Hσ+1(Ω) = ‖p‖Hσ+1(Ω)/R, we obtain

‖v − vn‖2L2(Ω) ≤ C‖Een‖2NΦδn+1
(Rd)

≤ Cα2n‖Ee0‖2NΦδ1
(Rd)

= Cα2n‖Ev‖2NΦδ1
(Rd)

≤ Cα2n
(
‖Ẽdivu‖

H̃σ(Rd,div)
+ ‖ESp‖Hσ+1(Rd)

)2

≤ Cα2n
(
‖u‖

H̃σ(Ω,div)
+ ‖p‖Hσ+1(Ω)

)2

≤ Cα2n
(
‖u‖Hσ(Ω) + ‖p‖Hσ+1(Ω)

)2
.

8.5 Multilevel Escape Theory

As in previous chapters, it is possible to generalise these ideas to the case where the
approximant and the solution to Darcy’s problem lie in different spaces. We use the
one-shot theory developed by Schräder and Wendland in [75].

We define the kernel Ks through its Fourier transform given by

K̂s(ω) := (1 + ‖ω‖22)−s,

148



which is thus the canonical reproducing kernel for Hs(Rd). For two kernels Kt and
Ks, we can again introduce a scaled matrix-valued kernel

Ks,t
δ :=

(
K̃s
δ 0

0T Kt
δ

)
: Rd → R(d+1)×(d+1),

with

K̃s
δ := (−∆I +∇∇T )Ks+1

δ and Kt
δ := δ−dKt(·/δ).

We extend the spaces of band-limited functions to vector-valued functions

Bρ :=
{

f ∈ L2(Rd) | supp f̂ ⊆ B(0, ρ)
}
,

B̃ρ :=

{
f ∈ Bρ |

∫
Rd

‖f̂(ω)‖22
‖ω‖22

dω <∞

}
,

B̃ρ
div :=

{
f ∈ B̃ρ | ωT f(ω) = 0

}
.

The following lemma in the form below is from [75] and comes originally from
[36, Lemma 2].

Lemma 8.11 Let qX = 1/2 minj 6=k ‖xj−xk‖2 be the separation radius of the discrete

set X = {x1, . . . ,xN}. Let g =
∑N

j=1 K̃σ(· − xj)αj and σ > d/2. Define gρ by
ĝρ = ĝχρ, where χρ is the characteristic function of the ball B(0, ρ). Then, there

exists a constant κ ≥ 24
(
π(d+2)(d+3)d

4(d−1) Γ2(d+2
d )
)1/(d+1)

=: C̃, which is independent of

X and all αj, such that for ρ = κ/qX we have

Iρ := ‖g − gρ‖H̃σ(Rd)
≤ 1

2
‖g‖

H̃σ(Rd)
.

Theorem 8.12 (Band-limited Approximation of Darcy Solution) Let X ⊆ Ω denote
the interior collocation points and Y ⊆ ∂Ω the boundary collocation points. Let
ρu, ρp > C̃δ/q, where C̃ is chosen as in Lemma 8.11 and q = qX∪Y . Then, for

v = (u, p) ∈ H̃τ (Rd,div) × Hσ(Rd) there exists a function vρ/δ = (uρu/δ, pρu/δ) ∈
B̃
ρu/δ
div ×B

ρp/δ such that

1. Lv|X = Lvρ/δ|X , (u · n)|Y = (uρu/δ · n)|Y ,

2. δ−2‖u− uρu/δ‖2N
K̃τ
δ

(Rd)
+ ‖p− pρp/δ‖2NKσ

δ
(Rd)

≤ 25

(
δ−2‖u‖2N

K̃τ
δ

(Rd)
+ ‖p‖2NKσ

δ
(Rd)

)
.

Proof. Define w(x) = δd/2v(δx) ∈ H̃τ (Rd, div)×Hσ(Rd), then its Fourier transform
satisfies ŵ(ω) = δ−d/2v̂(ω/δ). Now define a scaled data set

Z = Z1 + Z2 = (X ∪ Y )/δ = {s/δ | s ∈ X ∪ Y },
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which implies qZ = qX∪Y /δ = q/δ and thus ρu, ρp > C̃δ/q = C̃/qZ , as well as a
scaled operator

L̃(u, p) := u + K̃∇p := u + 1/δK∇p,

where K is the permeability tensor from (8.1). By Theorem 3.5 from [75] we know
that there is a wρ = (uρu , pρp) ∈ B̃ρu

div ×B
ρp such that

L̃w|Z1 = L̃wρ|Z1 , (wu · n)|Z2 = (uρu · n)|Z2 , and (8.10)

‖w −wρ‖H̃τ (Rd,div)×Hσ(Rd)
≤ 5

(
‖wu‖2H̃τ (Rd,div)

+ ‖wp‖2Hσ(Rd)

)1/2
. (8.11)

We define vρ/δ ≡ (uρu/δ, pρp/δ) := δ−d/2wρ(·/δ) which lies per definition B̃
ρu/δ
div ×

Bρp/δ and with Fourier transform v̂ρ/δ(ω) = δδ/2ŵρ(δω). Now we check the inter-
polation properties. For 1 ≤ k ≤ N we have

L[vρ/δ](xk) = δ−d/2L [wρ(·/δ)] (xk)

= δ−d/2
[
uρu(·/δ) +K(·/δ)∇pρp(·/δ)

]
(xk)

= δ−d/2
[
uρu + 1/δK∇pρp

]
(xk/δ)

= δ−d/2L̃ [wρ] (zk).

Now by (8.10), we find

L[vρ/δ](xk) = δ−d/2L̃ [w] (zk) = L̃ [v(δ·)] (zk)

=
[
u(δ·) + K̃(δ·)∇p(δ·)

]
(zk)

= [u +K∇p] (δzk)

= L [v] (xk).

Similarly, we have for the boundary

(uρu/δ
· n)|Y = δ−d/2(uρu

· n)(·/δ)|Y = δ−d/2(wu · n)|Z2 = (u · n)(δ·)|Z2 = (u · n)|Y .

We are done once we can show that the near-best approximation property holds. It
follows from (8.11).
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We compute

‖w −wρ‖2H̃τ (Rd,div)×Hσ(Rd)
= ‖wu − uρu‖2H̃τ (Rd,div)

+ ‖wp − pρp‖2Hσ(Rd)

= (2π)−d/2
∫
Rd

{
‖ ̂(wu − uρu)(ω)‖22
‖ω‖22(1 + ‖ω‖22)−τ−1

+
| ̂(wp − pρp)(ω)|2

(1 + ‖ω‖22)−σ

}
dω

= (2π)−d/2δ−d
∫
Rd

{
‖(û− ûρu/δ)(ω/δ)‖22
‖ω‖22(1 + ‖ω‖22)−τ−1

+
|(p̂− p̂ρp/δ)(ω/δ)|2

(1 + ‖ω‖22)−σ

}
dω

= (2π)−d/2
∫
Rd

{
‖(û− ûρu/δ)(ω)‖22
‖δω‖22(1 + ‖δω‖22)−τ−1

+
|(p̂− p̂ρp/δ)(ω)|2

(1 + ‖δω‖22)−σ

}
dω

= (2π)−d/2
∫
Rd

{
‖(û− ûρu/δ)(ω)‖22
‖δω‖22K̂τ+1(δω)

+
|(p̂− p̂ρp/δ)(ω)|2

K̂σ(δω)

}
dω

= (2π)−d/2
∫
Rd

‖(û− ûρu/δ)(ω)‖22
‖δω‖22K̂

τ+1
δ (ω)

+
|(p̂− p̂ρp/δ)(ω)|2

K̂σ
δ (ω)

 dω

= δ−2‖u− uρu/δ‖
2
N

K̃τ
δ

(Rd) + ‖p− pρp/δ‖
2
NKσ

δ
(Rd).

In the same fashion we derive

‖w‖2
H̃τ (Rd,div)×Hσ(Rd)

= δ−2‖u‖2N
K̃τ
δ

(Rd) + ‖p‖2NKσ
δ

(Rd)

and thus combining both results, we find

δ−2‖u− uρu/δ‖
2
N

K̃τ
δ

(Rd) + ‖p− pρp/δ‖
2
NKσ

δ
(Rd) ≤ 25

(
δ−2‖u‖2N

K̃τ
δ

(Rd) + ‖p‖2NKσ
δ

(Rd)

)
.

We need an inverse estimate to establish our main result, a bound on the error
between analytical solution and its multilevel collocation approximation. This again
generalises and is closely related to work done in [74].

Lemma 8.13 (Inverse Estimate) Let φ and ψ generate Hσ+1(Rd) and σ ≥ β > d/2.
Then, for ρ = (ρu, ρp) with min{ρu, ρp} ≥ 1, we have

‖vρ/δ‖NΦδ
(Rd) ≤ C

(
ρσ−βu ‖[vρ/δ]u‖N

K̃
β
δ

(Rd) + ρσ−βp ‖[vρ/δ]p‖N
K
β+1
δ

(Rd)

)
.
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Proof. We compute

‖vρ/δ‖2NΦδ
(Rd)

= (2π)−d/2

(∫
‖ω‖2≤ρu/δ

‖̂[vρ/δ]u(ω)‖22
‖ω‖22φ̂δ(ω)

dω +

∫
‖ω‖2≤ρp/δ

|̂[vρ/δ]p(ω)|2

ψ̂δ(ω)
dω

)

= (2π)−d/2

(∫
‖ω‖2≤ρu/δ

‖̂[vρ/δ]u(ω)‖22
‖ω‖22φ̂(δω)

dω +

∫
‖ω‖2≤ρp/δ

|̂[vρ/δ]p(ω)|2

ψ̂(δω)
dω

)

≤ C(2π)−d/2

(∫
‖ω‖2≤ρu/δ

‖̂[vρ/δ]u(ω)‖22
‖ω‖22

(1 + ‖δω‖22)σ+1dω

+

∫
‖ω‖2≤ρp/δ

|̂[vρ/δ]p(ω)|2(1 + ‖δω‖22)σ+1dω

)
.

Now we use twice the fact that if ‖δω‖22 ≤ r2 for some r ≥ 1, we can deduce

(1 + ‖δω‖22)σ+1 = (1 + ‖δω‖22)σ−β1/K̂β+1(δω) = (1 + ‖δω‖22)σ−β1/K̂β+1
δ (ω)

≤ (1 + r2)σ−β1/K̂β+1
δ (ω) ≤ 2σ−βr2(σ−β)1/K̂β+1

δ (ω).

This leads to

‖vρ/δ‖2NΦδ
(Rd) ≤ C

(
ρ

2(σ−β)
u ‖[vρ/δ]u‖2N

K̃
β
δ

(Rd) + ρ2(σ−β)
p ‖[vρ/δ]p‖2N

K
β+1
δ

(Rd)

)
.

The assertion follows from the norm equivalence between the `1 and the `2 norm.

Theorem 8.14 (Error for Multilevel Collocation Approximation to Darcy’s Problem
in Escape Case) Let δ ≤ 1 and Ω be a bounded, simply connected, open subset of Rd,
for d = 2, 3, with a Cdβe+1,1 boundary ∂Ω. Suppose that the kernel Φδ is chosen such
that its native space NΦδ

(Rd) = H̃σ(Rd,div)×Hσ+1(Rd) and the permeability tensor
K = (Kij) satisfies (8.4), K = KT and Kij ∈ Hβ(Ω). Furthermore, assume that the
data satisfy f ∈ Hβ+1(Ω),g ∈ Hβ+1/2(∂Ω) and

∫
∂Ω g · ndS = 0 with σ ≥ β > d/2.

Lastly, let ρu = ρp = (C̃+ ε)δ/q > 1 for some ε > 0 (independent of δ and q) and C̃
chosen as in Lemma 8.11 and q = qX∪Y for the interior collocation set X and the
boundary collocation set Y .

Then, the error between collocation approximation and the analytical solution
can be bounded by

‖u− su‖Wη+1
r (Ω)

+ ‖p− sp‖W η+2
r (Ω)/R

≤ Cδ−β−1
(
h
β−η−1−d(1/2−1/r)+

X,Ω + h
β−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω

)
(

1 +
hσ−βX,Ω + hσ−βY,∂Ω

qσ−β

)(
δ−1‖Ẽdivu‖N

K̃
β+1
δ

(Rd)
+ ‖ESp‖N

K
β
δ

(Rd)

)
for 1 < r <∞ and 0 ≤ η ≤ β − d(1/2− 1/r)+ − 1.
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Proof. Let v = (u, p) be the combined vector of velocity and pressure and p a
representer for the pressure such that ‖p‖

W η+2
r (Ω)

= ‖p‖
W η+2
r (Ω)/R.

Using the solution’s continuous dependence on the given data (Theorem 8.1), we
can derive for the difference v − sv

‖u− su‖Wη+1
r (Ω)

+ ‖p− sp‖W η+2
r (Ω)

≤ C
(
‖Lv − Lsv‖Wη+1

r (Ω)
+ ‖(u− su) · n‖

W
η+1−1/r
r (∂Ω)

)
for all 0 ≤ η ≤ β. Since we have

(Lv − Lsv)|X = 0 and [(u− su) · n]|Y = 0,

we can employ the corresponding sampling inequalities for the interior of the domain
(Lemma 7.14) and for its boundary (Lemma 7.15). We will start with the interior
error. The sampling inequality yields

‖Lv − Lsv‖Wη+1
r (Ω)

≤ Chβ−η−1−d(1/2−1/r)+

X,Ω ‖Lv − Lsv‖Hβ(Ω).

Since we have already shown in the proof of Proposition 8.4 that ‖K∇p‖Hβ(Ω) ≤
C‖p‖Hβ+1(Ω), we deduce

‖Lv − Lsv‖Hβ(Ω) ≤ C(‖u− su‖Hβ(Ω) + ‖p− sp‖Hβ+1(Ω))

≤ C‖v − sv‖Hβ(Ω)×Hβ+1(Ω).

The last step follows from the norm equivalence between the `1 and the `2 norm.
Now, with the help of the extension operator we extend the function v to Ev ∈
H̃β(Rd, div)×Hβ+1(Rd). By Theorem 8.12, we find a band-limited approximation
vρ/δ to Ev, which helps us to establish the bound

‖v − sv‖Hβ(Ω)×Hβ+1(Ω)

= ‖Ev − sEv‖Hβ(Ω)×Hβ+1(Ω)

≤ ‖Ev − vρ/δ‖Hβ(Ω)×Hβ+1(Ω) + ‖vρ/δ − sEv‖Hβ(Ω)×Hβ+1(Ω). (8.12)

We estimate both terms on the right-hand side separately. We start with the first
term on the right-hand side.
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By Lemma 7.13 and the near-best approximation property (Theorem 8.12), we ob-
tain

‖Ev − vρ/δ‖Hβ(Ω)×Hβ+1(Ω) =
(
‖Ẽdivu− uρu/δ‖

2
Hβ(Ω) + ‖ESp− pρp/δ‖

2
Hβ+1(Ω)

)1/2

≤ ‖Ẽdivu− uρu/δ‖Hβ(Rd) + ‖ESp− pρp/δ‖Hβ+1(Rd)

≤
√

2C2δ
−β−1‖Ev − vρ/δ‖N

Kβ,β+1 (Rd)

≤
√

2C2δ
−β−1

(
δ−2‖Ẽdivu− uρu/δ‖

2
N

K̃
β
δ

(Rd) + ‖ESp− pρp/δ‖
2
N
K
β+1
δ

(Rd)

)1/2

≤ 5
√

2C2δ
−β−1

(
δ−2‖Ẽdivu‖2N

K̃
β
δ

(Rd) + ‖ESp‖2N
K
β+1
δ

(Rd)

)1/2

≤ Cδ−β−1

(
δ−1‖Ẽdivu‖N

K̃
β
δ

(Rd) + ‖ESp‖N
K
β+1
δ

(Rd)

)
.

(8.13)

Now we turn to the other term in (8.12). Since vρ/δ interpolates v in the sense that

Lvρ/δ|X = Lv|X and (vρ/δ · n)|Y = (v · n)|Y ,

we can deduce that the collocation approximations of vρ/δ and the extended Ev are
the same, i. e. svρ/δ

= sEv. Therefore we can employ Theorem 8.6, to obtain the
following result

‖vρ/δ − sEv‖Hβ(Ω)×Hβ+1(Ω) = ‖vρ/δ − svρ/δ
‖Hβ(Ω)×Hβ+1(Ω)

≤ Cδ−σ−1
(
hσ−βX,Ω + hσ−βY,∂Ω

)
‖vρ/δ‖NΦδ(Rd)

.

Now we can use our inverse estimates (Lemma 8.13), our assumptions on ρu and ρp
as well as Theorem 8.12 to bound the left-hand side to derive

‖vρ/δ‖NΦδ(Rd)
≤ C(ρσ−βu ‖uρu/δ‖N

K̃
β
δ

(Rd) + ρσ−βp ‖pρp/δ‖N
K
β+1
δ

(Rd))

= Cqβ−σδσ−β(‖uρu/δ‖N
K̃
β
δ

(Rd) + ‖pρp/δ‖N
K
β+1
δ

(Rd))

≤ Cqβ−σδσ−β(δ−1‖uρu/δ‖N
K̃
β
δ

(Rd) + ‖pρp/δ‖N
K
β+1
δ

(Rd))

≤ 6Cqβ−σδσ−β(δ−1‖Ẽdivu‖N
K̃
β
δ

(Rd) + ‖ESp‖N
K
β+1
δ

(Rd)).

where we have used the fact that δ ≤ 1. Combining both estimates, we have

‖Lv − Lsv‖Hβ(Ω)

≤ Cδ−β−1

(
1 +

hσ−βX,Ω + hσ−βY,∂Ω

qσ−β

)(
δ−1‖Ẽdivu‖N

K̃
β
δ

(Rd) + ‖ESp‖N
K
β+1
δ

(Rd)

)
.
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For the boundary part, we note as in [74, Proof of Proposition 3.6] that the
normal unit vector can be extended to the interior of Ω by a function ñ ∈ Hdβe(Ω)
that additionally satisfies ñ|∂Ω = n|∂Ω. Thus, we can deduce with the sampling
inequality for the boundary of Ω that

‖(u− su) · n‖
W
η+1−1/r
r (∂Ω)

≤ Chβ−η−1−1/2+1/r−(d−1)(1/2−1/r)+

Y,∂Ω ‖(u− su) · ñ‖Hβ(Ω).

Since by [74, Proof of Proposition 3.6], we also have

‖(u− su) · ñ‖Hβ(Ω) ≤ ‖ñ‖Hβ(Ω)‖u− su‖Hβ(Ω) ≤ C‖u− su‖Hβ(Ω)

≤ C‖v − sv‖Hβ(Ω)×Hβ+1(Ω),

we can employ the same steps as for the interior part to derive

‖v − sv‖Hβ(Ω)×Hβ+1(Ω)

≤ δ−β−1

(
1 +

hσ−βX,Ω + hσ−βY,∂Ω

qσ−β

)(
δ−1‖Ẽdivu‖N

K̃
β
δ

(Rd) + ‖ESp‖N
K
β+1
δ

(Rd)

)
,

which finishes the proof.

Corollary 8.15 Under the same assumptions as above let the ratio

hσ−βX,Ω + hσ−βY,∂Ω

qσ−β

be bounded and h = hX,Ω ≈ hY,∂Ω. Then

‖u− su‖H1(Ω) + ‖p− sp‖H2(Ω)/R ≤ Cδ−β−2hβ−1‖Ev‖N
K
β,β+1
δ

(Rd)
.

Comparing the bound on the error with our previous error estimate Corollary 8.7,
we note that there is an additional scale δ, which leads to a slightly different scaling
in the following convergence theorem compared to Theorem 8.9. Also, in the proof
we need that β−2 is positive hence our condition on β becomes slightly stronger than
in the nonescape case. The additional scale was introduced when approximating the
solution to Darcy’s problem with a band-limited function, Theorem 8.12.

Theorem 8.16 (Convergence of Multilevel Collocation Algorithm in Escape Case)
Let d = 2, 3 and Ω be a bounded, simply connected, open subset of Rd with a Cdβe+1,1

boundary. Let the permeability tensor K = (Kij) be strictly elliptic on Ω (i. e. satisfy
(8.4)) with K = KT and components Kij in Hβ(Ω). Assume that the data satisfy
f ∈ Hβ+1(Ω), g ∈ Hβ+1/2(∂Ω) and

∫
∂Ω g · n dS = 0, where σ ≥ β > 1 + ε+ d/2 for

ε > 0 arbitrarily small. We define two point set sequences. Firstly, let X1, X2, . . .
be a sequence of point sets in Ω with mesh norms hX1,Ω, hX2,Ω, . . . and secondly let
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Y1, Y2, . . . be a sequence of point sets on ∂Ω with mesh norms hY1,∂Ω, hY2,∂Ω, . . .. Set
hj = max{hXj ,Ω, hYj ,∂Ω} and assume

γµhj ≤ hj+1 ≤ µhj (8.14)

for j = 1, 2, ... and some fixed µ ∈ (0, 1) and γ ∈ (0, 1) as well as

qj ≤ hj ≤ cqj
for c > 0 and qj = qXj∪Yj with j = 1, 2, .... Suppose that the kernel Φ from (7.1) is

chosen such that NΦ(Rd) = H̃σ(Rd, div)×Hσ+1(Rd). This means in particular that
the functions φ and ψ are positive definite and both functions generate Hσ+1(Rd).
Define

δj =

(
hj
µ

)β−1
β+2

as well as Kj = Kβ,β+1
δj

and Kj = Kβ+1
δj

.

Lastly, let h1 ≤ µ be sufficiently small. Then, there exists a constant C independent
of µ, j and u such that

‖Eej‖Kj+1 ≤ α‖Eej−1‖Kj , (8.15)

for j = 1, 2, ... with α = Cµ
(β−1)(β−2)

β+2 . Thus, we have the estimates

‖v − vk‖L2(Ω) ≤ Cαk
(
‖u‖Hβ(Ω) + ‖p‖Hβ+1(Ω)

)
and in particular the multiscale approximation vk converges to v in the L2 norm if
we choose µ so small that α < 1.

Proof. The support radii are monotonically decreasing. Instead of working with
equivalence classes, we pick a representer for the pressure component and denote it
with p as well. We compute

‖Eej‖2Kj+1
= (2π)−d/2

∫
Rd

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22K̂j+1(ω)

+
|ÊSep,j(ω)|2

K̂j+1(ω)

 dω

= (2π)−d/2
∫
Rd

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ | ̂ESep,j(ω)|2
 (1 + ‖δj+1ω‖22)β+1dω

=: C(2π)−d/2(I1 + I2)

where we introduced the notation

I1 =

∫
‖w‖2≤ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j(ω)|2
 (1 + ‖δj+1ω‖22)β+1dω

I2 =

∫
‖w‖2≥ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j(ω)|2
 (1 + ‖δj+1ω‖22)β+1dω.
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For the first integral we use δj+1‖ω‖2 ≤ 1 and thus by Lemma 7.16, Parseval’s
identity, Corollary 8.15

I1 ≤ 2β+1

∫
‖w‖2≤ 1

δj+1

‖
̂

Ẽdiveu,j(ω)‖22
‖ω‖22

+ ÊSep,j(ω)

 dω

≤ C
{
‖eu,j‖2L2(Ω) + ‖ÊSep,j‖2L2(Rd)

}
= C

{
‖eu,j‖2L2(Ω) + ‖ESep,j‖2L2(Rd)

}
≤ C

{
‖eu,j‖2L2(Ω) + ‖ep,j‖2L2(Ω)

}
≤ C

{
‖eu,j‖2H1(Ω) + ‖ep,j‖2H2(Ω)

}
≤ C

{
‖eu,j‖H1(Ω) + ‖ep,j‖H2(Ω)

}2

= C
{
‖eu,j−1 − seu,j−1‖H1(Ω) + ‖ep,j−1 − sep,j−1‖H2(Ω)

}2

≤ Cδ−2(β+2)
j h

2(β−1)
j ‖Eej−1‖2Kj

= C1µ
2(β−1)‖Eej−1‖2Kj

.

Note that in the nonescape case we were able to use the optimality in native space
norm. Here we need Theorem 8.14, which relied on the near-best approximation
property for band-limited functions. Since δj+1‖ω‖2 ≥ 1, we find

(1 + δ2
j+1‖ω‖22)β+1 ≤ 2β+1δ

2(β+1)
j+1 ‖ω‖2(β+1)

2 ≤ 2β+1δ
2(β+1)
j+1 (1 + ‖ω‖22)β+1.

Consequently by Theorem 8.14, the quasi-uniformity assumption and the fact that
δj ≤ 1 we deduce

I2 ≤ 2β+1δ
2(β+1)
j+1

∫
Rd

‖ ̂
Ẽdiveu,j(ω)‖22
‖ω‖22

+ |ÊSep,j |2
 (1 + ‖ω‖22)β+1dω

≤ Cδ2(β+1)
j+1

{
‖Ẽdiveu,j‖2H̃β(Rd)

+ ‖ESep,j‖2Hβ+1(Rd)

}
≤ Cδ2(β+1)

j+1

{
‖eu,j‖2H̃β(Ω)

+ ‖ep,j‖2Hβ+1(Ω)

}
= Cδ

2(β+1)
j+1

{
‖eu,j−1 − seu,j−1‖2H̃β(Ω)

+ ‖ep,j−1 − sep,j−1‖2Hβ+1(Ω)

}
≤ Cδ2(β+1)

j+1 δ
−2(β−1)
j

(
1 +

(
hj
qj

)σ−β){
δ−2
j ‖Ẽdiveu,j−1‖2K̃β

δj

+ ‖ESep,j−1‖2Kβ+1
δj

}
≤ Cδ2(β+1)

j+1 δ
−2(β−2)
j ‖Eej−1‖2Kj

≤ Cµ
2(β−1)(β−2)

β+2 ‖Eej−1‖2Kj
,
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using that for hj+1/µ ≤ hj ≤ 1 we have

δβ+1
j+1

δβ−2
j

=

[
(hj+1/µ)

β−1
β+2

]β+1

[
(hj/µ)

β−1
β+2

]β−2
≤

[
(hj+1/µ)

β−1
β+2

(hj/µ)
β−1
β+2

]β−2

≤ µ
(β−1)(β−2)

β+2 .

Note that for d = 2 or d = 3

β − 2 = β − 1− 1 > d/2 + ε− 1 ≥ ε > 0.

Hence, we have

µβ−1 ≤ µ
(β−1)(β−2)

β+2 .

Combining both estimates now yields (8.15) with

α =
√
C(2π)−d/2(C1 + C2)1/2µ

(β−1)(β−2)
β+2 = Cµ

(β−1)(β−2)
β+2 .

By Theorem 8.6, we can bound

‖v − vn‖2L2(Ω) = ‖en−1 − sn‖2L2(Ω)

= ‖en−1 − sen−1‖2L2(Ω)

≤ ‖en−1 − sen−1‖2H1(Ω)

= ‖eu,n−1 − seu,n−1‖2H1(Ω) + ‖ep,n−1 − sep,n−1‖2H1(Ω)

≤ ‖eu,n−1 − seu,n−1‖2H1(Ω) + ‖ep,n−1 − sep,n−1‖2H2(Ω)

≤
(
‖eu,n−1 − seu,n−1‖H1(Ω) + ‖ep,n−1 − sep,n−1‖H2(Ω)

)2
≤ Cδ−2(β+2)

n+1 h2(β−1)
n ‖Een−1 − sEen−1‖2Kn+1(Rd)

= C‖Een−1 − sEen−1‖2Kn+1(Rd)

= C‖Een‖Kn+1(Rd),

where we have used the fact that

hβ−1
n

δβ+2
n+1

= µβ−1

(
hn
hn+1

)β−1

≤ µβ−1

(
1

µγ

)β−1

= γ1−β.

Then picking a representer p such that ‖p‖Hβ+1(Ω) = ‖p‖Hβ+1(Ω)/R, we obtain

‖v − vn‖2L2(Ω) ≤ C‖Een‖2Kn+1(Rd)

≤ Cα2n‖Ev‖2K1(Rd)

≤ Cα2n
(
‖Ẽdivu‖

H̃β(Rd,div)
+ ‖ESp‖Hβ+1(Rd)

)2

≤ Cα2n
(
‖u‖

H̃β(Ω,div)
+ ‖p‖Hβ+1(Ω)

)2

≤ Cα2n
(
‖u‖Hβ(Ω) + ‖p‖Hβ+1(Ω)

)2
.
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In this chapter, we have discussed the convergence of a multilevel algorithm for
smooth solutions of Darcy’s problem and one for rough solutions of Darcy’s problem.
The relationship between mesh norm and support radius differs in both cases. Hence,
we examine numerical test problems to provide us with an insight of how relevant
the new scaling for rough target functions is.

8.6 Numerical Examples

8.6.1 Multilevel Collocation

On the unit square Ω = (0, 1)2, we solve the following special case of Darcy’s problem
numerically

u(x, y)−∇p(x, y) = (−2x3y + 3x2y2, 3x2y2 + 2x3y)T in Ω,

∇ · u = 0 in Ω,

u(x, y) · n(x, y) = −2x3y2n1(x, y) + 3x2y2n2(x, y) on ∂Ω.

(8.16)

The analytic solution is given by

u(x, y) =

(
−2x3y2

3x2y2

)
and p(x, y) = x3y2 + c,

where c is some real number. We use φ2,3 = φ = ψ, which generates H4.5(Rd). That
is, σ + 1 = 4.5 or σ = 3.5. This means that

δ = ν(h/µ)
σ−1
σ+1 = ν(h/µ)5/9.

We use uniform and more arbitrary data sets. For the latter, we start with a
Halton point set on the finest level and construct nested data sets using the Farthest
Point Algorithm, just as done before in Chapter 4. As Halton points in 1D are
distributed quite uniformly anyway, we use uniform data points on the boundary.
The results can be found in Tables 8.1 and 8.2 as well as 8.3 and 8.4.

Figures 8.1 and 8.2 show the multilevel collocation approximation after seven
levels on uniform data sets.

8.6.2 Multilevel Escape Collocation

We choose f and g in this example such that the true solution of the velocity and
the pressure are

u(x, y) =

(
−∂y
∂x

)
φ2,1(r), and p(x, y) = x3y2 + c, (8.17)

where c > 0 and r =
√

(x− x0)2 + (y − y0)2/γ with x0 = y0 = γ = 0.5. In
this example the permeability tensor K shall be given by the identity matrix. We
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N H ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

10 2−1 4.86e-1 2.17e-0 2.78e-0 7.23e-1 2.86e-0 1.4e3
34 2−2 1.68e-1 1.27e-0 1.80e-0 3.21e-1 2.17e-0 2.2e4
130 2−3 4.60e-2 5.84e-1 9.45e-1 9.88e-2 1.24e-1 3.0e5
514 2−4 1.02e-2 2.11e-1 4.08e-1 2.30e-2 5.36e-1 4.6e6
2050 2−5 1.89e-3 6.13e-2 1.48e-1 4.37e-3 1.81e-1 6.3e7
8194 2−6 3.12e-4 1.48e-2 4.70e-2 7.30e-4 5.05e-2 6.5e8
32770 2−7 4.83e-5 3.09e-3 1.38e-2 1.15e-4 1.19e-2 6.3e9

Table 8.1: Convergence study for Darcy’s problem with basis function φ2,3 and support radii
δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4 on uniform data sets.

N H ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

34 2−2 1.53 0.77 0.62 1.17 0.40 -4.04
130 2−3 1.87 1.12 0.93 1.70 0.81 -3.75
514 2−4 2.18 1.48 1.21 2.10 1.21 -3.92
2050 2−5 2.43 1.78 1.46 2.40 1.56 -3.78
8194 2−6 2.60 2.05 1.65 2.58 1.85 -3.37
32770 2−7 2.69 2.26 1.77 2.66 2.08 -3.27

Table 8.2: Approximation orders for Darcy’s problem with basis function φ2,3 and support
radii δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4 on uniform data sets.

N h ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

9 3.54e-1 5.21e-1 2.21e-0 2.86e-0 7.82e-1 2.91e-0 1.3e3
27 1.77e-1 1.58e-1 1.25e-0 1.80e-0 2.91e-1 2.04e-0 2.4e4
96 8.84e-2 4.23e-2 5.75e-1 9.20e-1 7.79e-2 1.07e-0 8.1e4
358 4.42e-2 8.14e-3 1.99e-1 3.65e-1 1.49e-2 4.02e-1 2.8e6
1369 2.21e-2 1.27e-3 5.50e-2 1.14e-1 2.57e-3 1.14e-1 1.9e7
5227 1.10e-2 2.10e-4 1.44e-2 3.61e-2 4.05e-4 3.21e-2 2.9e8
19345 5.52e-3 2.34e-5 2.68e-3 8.39e-3 7.17e-4 8.94e-3 2.9e9

Table 8.3: Convergence study for Darcy’s problem with basis function φ2,3 and support radii
δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4. The data sets are constructed from Halton points.

N h ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

27 3.54e-1 1.72 0.82 0.66 1.43 0.51 -4.20
96 1.77e-1 1.90 1.12 0.97 1.90 0.93 -1.74
358 8.84e-2 2.38 1.53 1.33 2.39 1.41 -5.12
1369 4.42e-2 2.69 1.85 1.68 2.53 1.81 -2.75
5227 2.21e-2 2.59 1.94 1.66 2.67 1.83 -3.96
19345 5.52e-3 3.16 2.43 2.10 2.50 1.84 -3.32

Table 8.4: Approximation orders for Darcy’s problem with basis function φ2,3 and support
radii δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4. The data sets are constructed from Halton
points.
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N H ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

10 2−1 1.72e0 4.23e0 1.80e1 6.92e-1 2.98e0 1.4e3
34 2−2 1.38e0 3.00e0 1.53e1 1.09e0 3.79e0 2.2e4
130 2−3 1.19e-1 6.44e-1 3.19e0 1.26e-1 1.52e0 3.0e5
514 2−4 1.74e-2 1.62e-1 8.75e-1 2.77e-2 6.37e-1 4.6e6
2050 2−5 2.83e-3 4.05e-2 2.56e-1 5.14e-3 2.09e-1 6.3e7
8194 2−6 4.20e-4 9.40e-3 7.24e-2 8.45e-4 5.71e-2 6.5e8
32770 2−7 5.84e-5 2.35e-3 2.07e-2 1.32e-4 1.33e-2 6.3e9

Table 8.5: Convergence study for Darcy’s problem with basis function φ2,3 and support radii
δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4 on uniform data sets. We approximate a rough solution
in Hβ+1(Ω) with β < 2.

N H ‖eu‖L2 ‖eu‖L∞ ‖eu‖H1 ‖∇ep‖L2 ‖∇ep‖L∞ κ(A)

34 2−2 0.32 0.50 0.24 -0.65 -0.35 -4.04
130 2−3 3.53 2.22 2.26 3.11 1.32 -3.75
514 2−4 2.78 1.99 1.87 2.19 1.25 -3.93
2050 2−5 2.62 2.00 1.77 2.43 1.61 -3.78
8194 2−6 2.75 2.11 1.82 2.60 1.87 -3.37
32770 2−7 2.84 2.00 1.81 2.68 2.10 -3.27

Table 8.6: Approximation orders for Darcy’s problem with basis function φ2,3 and support
radii δ = ν(h/µ)5/9 for µ = 0.5 and ν = 4 on uniform data sets. We approximate a rough
solution in Hβ+1(Ω) with β < 2.

recall from Chapter 6, that φ2,1 lies in Hα(Rd) with α < 2τ − d/2, where τ :=
d/2 + k + 1/2 = 2.5. That is, due to the derivative in our definition of the solution
to Darcy’s problem, we have u ∈ Hβ+1(Ω) for β < 2.

In this case, Theorem 8.16 guarantees convergence for

δ = νh
β−1
β+2 .

Choosing the supremum β = 2, we would have an exponent of 1/4. However, we try
the scaling from the previous, nonescape case, namely

δ = νh
σ−1
σ+1 .

Since σ + 1 = 4.5, this yields an exponent of 5/9. Tables 8.5 and 8.6 show the
results. Here, the errors for the velocity and pressure are given by eu = u− su and
ep = p − sp, respectively. Even though we use a weaker scaling, in the sense that
the support radii tend faster to zero than Theorem 8.16 suggests, we still seem to
obtain convergence.

Figures 8.3 and 8.4 show the multilevel collocation approximation after seven
levels.
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(a) u1 (b) u2

(c) e1 (d) e2

(e) (Lu)1 (f) (Lu)2

Figure 8.1: Both components of multilevel approximation, corresponding errors and residuals
of Darcy’s problem (8.16) after seven levels, using a basis function φ2,3, µ = 0.5 and ν = 4
on uniform data.
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(a) Pressure p
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Figure 8.2: Pressure p and vector field u of Darcy’s problem (8.16) after seven levels, using
a basis function φ2,3, µ = 0.5 and ν = 4 on uniform data.
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(a) u1 (b) u2
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Figure 8.3: Both components of multilevel approximation, corresponding errors and residuals
of Darcy’s problem with data generated from (8.17) after seven levels, using a basis function
φ2,3, µ = 0.5 and ν = 4 on uniform data.
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Figure 8.4: Pressure p and vector field u of Darcy’s problem with data generated from (8.17)
after seven levels, using a basis function φ2,3, µ = 0.5 and ν = 4 on uniform data.
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Chapter 9

Summary and Future Work

In this thesis, we have analysed a multilevel collocation approach involving com-
pactly supported radial basis functions from a theoretical as well as numerical point
of view. The key idea is to approximate the residual on increasinlgly finer levels.
After introducing the necessary theory of reproducing kernel Hilbert spaces, we fo-
cussed on linear second-order elliptic boundary problems as well as Darcy’s problem,
often used in physical applications to model groundwater flow. Whereas in the for-
mer case we used scalar-valued positive definite kernels for constructing multilevel
approximants, in the latter case we used divergence-free matrix-valued kernels. We
then developed a multilevel theory and were able to show convergence results. A
similar result was presented for interpolating divergence-free vector fields.

Even though it had been observed more than a decade ago that the stationary
setting, i. e. when the support radii shrink as fast as the mesh norm, does not lead
to convergence, it was up to now an open question how the support radii should
depend on the mesh norm to ensure convergence. For each of the above cases this
question has been answered.

As opposed to multilevel interpolation schemes, the condition numbers of multi-
level collocation matrices are not independent of the scale. We gave explicit bounds
on their growth and focused on three improvements. Firstly, a diagonal precondi-
tioner helped to significantly improve the theoretical and numerical results for the
condition numbers. Secondly, we generalised Wahba’s regularisation theory to the
case where several smoothing parameters (here one for the boundary and one for the
interior) are involved. This also led to better bounds for the condition numbers – in
fact this regularisation technique could be interpreted as a special preconditioning
strategy. And lastly, we used the alternating projection method to approximate the
block collocation matrix by alternating between two smaller systems.

The standard multilevel convergence results require the solution to the PDE
and its numerical approximation to be in the same Sobolev space. This might be
undesirable if the smoothness of the PDE is not known a priori. Therefore, so-called
escape results were investigated and proven to converge. The numerical results
corroborate (where possible) the theoretical findings.
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Finally, we discuss future research areas. There are several possibilities to extend
the work in this thesis:

(1) Even though we were able to show convergence of the multilevel collocation
methods presented in this thesis, theoretically verifying the numerically ob-
served approximation orders remains still an open problem.

(2) The diagonal preconditioner investigated in Chapter 5 was shown to improve
the condition number considerably. Yet, there is still room for improvement.
For example, one could try a sparse approximate inverse preconditioner [40].
Possibly this could be combined with a completely different approach by
Jerome and Fasshauer. In [25], they introduce a smoothing operator, which
might be used to overcome the difficulty that the differential operator leads to
a nonproportional relationship between mesh norm and support radius.

(3) RBFs have been successfully used for advection problems [4, 90]. One advan-
tage of the collocation method presented here is that even problems where
convection dominates diffusion would be approximated by discrete symmetric
and positive definite linear systems. Hence, numerically challenging problems
like boundary layers theoretically could be solved by a relatively well-behaved
system – unlike for finite difference or finite element methods, which run into
difficulties here. This could be exploited. But possibly even then an adaptive
strategy is needed.

(4) So far the angle in the alternating projection method was only shown to be
nonzero. However, it would be more useful to have a closed expression of the
angle or at least reliable bounds.

(5) One could also discuss the stability of the level matrices for multilevel collo-
cation for Darcy’s problem. But since one-shot results are readily available in
[74], it should be possible to extend these to multilevel collocation matrices.
Since Darcy’s problem is a first-order PDE system, the bound on the condi-
tion number should be slightly better than for second-order elliptic collocation.
This I could already verify with numerical results. However, the analysis will
be complicated by the fact that the multilevel collocation method for Darcy’s
problem is based on matrix-valued kernels.
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