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Abstract

Soft polymer materials that contain liquid-crystal inclusions are used in many re-

sponsive devices, including polymer-dispersed liquid crystals, where the final perfor-

mance depends strongly on the inclusion shape and the director field. This thesis devel-

ops models to describe how liquid-crystal inclusions in soft matrices deform and how

their directors reorient under mechanical loading and external electric fields. It also

studies how polymerisation-induced phase separation (PIPS) can create the inclusion

microstructures that later control the reference state.

The work is primarily based on a variational modelling approach in which the gov-

erning equations follow from a total free energy description, taking into account the

elasticity of the matrix, the spatial variation of liquid crystal order parameter, and the

anchoring effect at the inclusion-matrix interface. These models are implemented with

finite element method in FEniCSx and used in parametric studies. The results show how

the elastocapillary number, anchoring strength, and a dimensionless inclusion volume

control whether the composite becomes effectively stiffer or softer, and when stress can

strongly reorient the director field.

The model is then extended to include electric fields and effects of spontaneous po-

larisation. Predictions are compared against experimental measurements of droplet elon-

gation under electric fields. The simulations show how matrix stiffness and interfacial

constraints control actuation sensitivity, and how electrically driven inclusion deforma-

tion in thin films can generate surface wrinkling with micron-scale amplitudes.

Finally, to link processing to microstructure, a chemo-mechanical phase-field model

is developed for PIPS in liquid-crystal containing reactive mixtures. The model cou-

ples polymerisation kinetics, diffusion-driven demixing, and the appearance of network

elasticity through entanglement. The results identify the Damkohler number and an elas-

ticity ratio as key controls of when phase separation starts and how coarsening proceeds

or stops. Overall, the thesis provides a modelling route that links microstructure forma-

tion, anisotropic interfacial elasticity and electromechanical response in liquid-crystal

polymer composites.
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1 | Introduction

Liquid crystals are states of matter that can flow like liquids but possess a certain degree

of orientational order due to the geometric anisotropy of their constituent molecules

(de Gennes and Prost, 1993). Depending on the microscopic arrangement of the

mesogens, liquid crystals can be classified into different categories such as nematics,

cholesterics and smectics. Figure 1.1 shows sketches of several typical liquid crystal

phases. The simplest type is the nematic phase, which exhibits long-range orientational

order but no long-range positional order of the molecules (Figure 1.1, left). When the

mesogens also exhibit positional ordering in space, the material is termed a smectic liq-

uid crystal (Figure 1.1, middle). When the orientational order is preserved locally but

varies periodically in space, the phase is referred to as a chiral nematic, or cholesteric,

liquid crystal (Figure 1.1, right).

Figure 1.1: Sketches of the nematic, smectic, and cholesteric liquid crystals.

Benefitting from the crystalline ordering of the mesogens, liquid crystals exhibit

anisotropic optical properties, which give rise to many colourful patterns under po-

larised microscopy. These colourful patterns are termed ‘textures’, and some exam-

ples are presented in Figure 1.2. Figure 1.2(a) shows a nematic liquid crystal with a

randomly varying orientation in space, where local orientational order is still observed.

Similarly, smectics (Figure 1.2(b)) exhibit local orientational order as well as a lay-

1



Introduction

ered positional structure. Distortions of smectics therefore not only introduce spatial

disorientation of the molecules, but also bending of the layers. For cholesterics (Fig-

ure 1.2(c)), a fingerprint-like texture is often observed as a result of the helical molecular

field (Andrienko, 2018). On the other hand, the liquid-like behaviour gives the meso-

gens mobility in space, making them very sensitive to external stimuli such as electric

and magnetic fields (Tefelska et al., 2015; Oh-e and Zheng, 2022; Xiao et al., 2022),

interfacial effects (Ma et al., 2019; Khan et al., 2021; Loudet et al., 2022), and me-

chanical stresses (Filip et al., 2006; Bagnani et al., 2019; Novikov and Makarov, 2019).

In particular, liquid crystal materials have been used in displays for decades (Schadt,

1997; Huang et al., 2020; He et al., 2022), because an applied electric field can be used

to control the orientation of the mesogens and thereby modulate the optical properties

in space.

(a) (b) (c)

Figure 1.2: Polarised microphotographs of different types of LCs. (a) Nematic liq-
uid crystal with varying orientation in space (Source:Charles Rosenblatt’s Group); (b)
Smectic liquid crystal (Source: Wikimedia Common; (c) Cholesteric liquid crystal with
its unique ‘fingerprint’-like shape (Source: Benjamin Outram).

Despite the advantages conferred by the mobility of the mesogens, liquid crystals

themselves have poor mechanical properties. It is therefore essential to combine them

with other materials, such as polymers, to exploit their unique responsive behaviour

while ensuring sufficient mechanical strength. Polymer-dispersed liquid crystal (PDLC)

is a typical example of a liquid-crystal composite, in which liquid-crystal microdroplets

are trapped in a polymer matrix. PDLCs have been widely used commercially, for

2

http://liq-xtal.case.edu/
https://commons.wikimedia.org/wiki/File:Liquid_crystal_smectic_texture.jpg
https://www.flickr.com/photos/benjaminoutram/11380005443/in/photostream/


Introduction

example in liquid-crystal displays (Bertocchi et al., 2018) and in smart windows and

screens (Hakemi, 2019; Oh et al., 2022; Meng et al., 2022), since their invention about

thirty years ago. To date, the encapsulation of liquid-crystal inclusions has largely been

limited to stiff matrices, which significantly constrains the potential of liquid-crystal

composites. Recent studies on embedding liquid-crystal inclusions within more flexible

matrices have demonstrated the possibility of designing functional soft materials (Miller

et al., 2014; Bertocchi et al., 2018; Zhu et al., 2014). When liquid-crystal microdroplets

are embedded in a softer matrix, the composite can be used in wearable devices (Guan

et al., 2019; Sang et al., 2022). Similar liquid-crystal droplet-matrix systems are also

found in living cells, bacteria and tissues (Tarafder et al., 2020; Wang et al., 2021; Liu

et al., 2022; Wei et al., 2022), where the polymeric matrices are very soft hydrogels.

To design engineering material with desired material response and describe the

biological system from fundamentals, it is necessary to understand the underpinning

physics of these systems. The complex yet intriguing behaviour is due to the coupling

of different physics. There are in general three main characters in this multiphysics

interplay: the liquid crystal droplet, the matrix, and the interface. The elastic matrix

resists any deformation, and when the elastic matrix is deformed, the inclusion’s inter-

face will change its shape according to the displacement field. This shape change of

the interface in turn reorient the liquid crystal molecules in the inclusions due to the

anisotropic surface tension. This phenomenon is known as the anchoring effect, which

refers to the tendency of liquid crystal molecules to align at a specific angle relative to

the interface. On the other hand, in the bulk, liquid crystal molecules prefer an aligned

state. In the presence of an external electric field, the molecules will then be prone to be

reorient along the direction of the electric field.

The multiphysics aspects outlined above have largely been investigated separately.

Problems involving the interaction between elastic deformation and surface energy are

usually referred to as elastocapillary problems, which have been extensively studied
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since the groundbreaking work of Gurtin and Murdoch (Gurtin and Murdoch, 1975),

and subsequently in a number of theoretical and numerical studies (Duan et al., 2005a,b;

Henann and Bertoldi, 2014; Wang and Henann, 2016; Ghosh and Lopez-Pamies, 2022;

Steinmann, 2008; Javili and Steinmann, 2010).

The problem of determining the orientational ordering of liquid crystals has also

been studied for decades. Two major problems related to our work are the shape-

optimisation problem of liquid-crystal droplets in a liquid and the reorientation of liquid-

crystal molecules under an external electric field. The first problem considers the com-

petition between the anisotropic surface tension induced by anchoring and the distor-

tional elasticity of the liquid-crystal molecules. Classical textbooks like de Gennes and

Prost (1993) and Stewart (2021) presented detailed theories about distortional elasticity

and the anchoring effect as individual problems. In particular, Virga (2019) proposed

variational theories on the coupling of these physics. The second sub-problem has been

investigated extensively in the context of the electro-optical properties of liquid crys-

tals, including the voltage-transmittance relation and the threshold voltage required for

device actuation. The underlying physics in these problems is the balance between

the tendency of liquid-crystal molecules to align with each other and the applied field

(Frisken and Palffy-Muhoray, 1989; Schadt, 1997; Mema et al., 2017).

Although these related problems have been studied in different contexts, the cou-

pling between the elasticity of the matrix and the liquid-crystal field has not yet been

investigated in detail. In this thesis, we aim to address the following gaps in the field by

developing continuum-mechanics models:

Gap 1: Lack of a model describing the mechanical behaviour of liquid-crystal

inclusions in soft matrices When liquid-crystal inclusions are embedded in soft ma-

trices, the mechanical response of the system under external loading depends on the

coupling between the liquid-crystal field, the elasticity of the matrix, and the interface
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between the two materials. In this thesis, we develop a continuum-mechanics-based

theoretical model together with a numerical implementation using the finite element

method. The model is based on the assumption that both the inclusion and the matrix

are incompressible hyperelastic materials. We validate the model by comparing simula-

tion results with existing theoretical and experimental studies of the shape-optimisation

problems mentioned above, which can be recovered as a special case of our formulation.

We then perform a parametric study on the material parameters to gain further insight

into the underlying physics of the coupling behaviour.

Gap 2: Unexplored coupling between matrix elasticity and an external electric

field acting on liquid-crystal inclusions In traditional PDLCs, the polymer matrix is

much stiffer than the liquid-crystal phase, and the inclusions are typically approximately

spherical, so they do not undergo pronounced shape changes. As a result, when an elec-

tric field is applied, the reorientation of the liquid-crystal molecules mainly modifies the

optical response and does not induce significant deformation of the surrounding matrix.

However, when the inclusions are no longer spherical, or when the stiffness contrast

between the liquid crystal and the matrix is reduced, the molecular reorientation can be-

come coupled to the elasticity of the matrix and lead to a measurable electro-mechanical

response. In this thesis, we investigate this electro-mechanical response by extending

the proposed model and analysing the electrostatic properties of the composite for vary-

ing matrix stiffness. A finite element model and a corresponding parametric study are

presented.

Gap 3: Unclear role of polymerisation-induced phase separation coupled with elas-

ticity in PDLC manufacturing By addressing the first two gaps, we obtain a bet-

ter understanding of how elasticity affects the behaviour of the composite in its final,

functional state. However, it remains unclear whether, and in what way, elasticity af-

fects the fabrication of such composites. Typical PDLC devices are manufactured via
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polymerisation-induced phase separation, during which liquid-crystal inclusions nucle-

ate and are encapsulated in the elastic matrix. The nucleation, growth and coalescence

of the liquid-crystal droplets are influenced by the elastic matrix, leading to different

morphologies of the resulting microstructure. This issue is not limited to liquid-crystal

systems but represents a fundamental problem of phase separation in soft materials. We

aim to investigate this chemo-mechanical behaviour by proposing a general theory that

describes the coupling between reaction-diffusion processes, interfacial energy and the

presence of an elastic polymeric matrix.

In the rest of the thesis, a detailed literature review including fundamental theories

will be first introduced in Chapter 2. In Chapter 3, we present the variational theory

of liquid crystal inclusions along with a finite element analysis. The coupling between

electric field and director field of liquid crystal droplets embedded in soft matrices is

illustrated in Chapter 4. In Chapter 5, we propose the chemo-mechanical modelling of

the polymerisation induced phase separation behaviour. In Chapter 6, we summarise

the main findings of this thesis and discuss their implications and limitations. We also

highlight directions for future research and possible extensions of the present modelling

framework.
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In this chapter, fundamental continuum mechanics theories are discussed, along with

a review of the state of the art in the field. Specifically, finite deformation continuum

mechanics is briefly introduced in Section 2.1. Liquid crystal theories, including phase

transition, distortion elasticity and electrostatic response, are discussed in Section 2.2.

Theory regarding surface elasticity is introduced in Section 2.3. In addition, a pedagogi-

cal section introducing classical theories of phase separation is presented in Section 2.4.

Notations and conventions We follow standard notation and conventions throughout

this chapter and the thesis. Einstein’s summation convention is adopted, with indices

ranging from 1 to 3 unless otherwise indicated, so that

aibi =
3∑
i=1

aibi. (2.1)

Bold letters (such as a and A) represent vectors and tensors. With ei as a set of basis

vectors in a Cartesian coordinate system, common tensor operations can be expressed

as

a · b = aibi, A · b = Aijbjei, A : B = AijBij,

a⊗ b = aibjei ⊗ ej, a× b = ϵijkaibjek,

C
... D = CijkDijk (C and D are third order tensors).

(2.2)

Here ϵijk is the Levi-Civita symbol (or permutation symbol), defined such that

ϵijk =



+1, if (i, j, k) = (1, 2, 3), (2, 3, 1) or (3, 1, 2),

−1, if (i, j, k) = (3, 2, 1), (1, 3, 2) or (2, 1, 3),

0, if i = j, j = k, or k = i.

(2.3)
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The second order identity tensor is denoted by I and is given by

I = δijei ⊗ ej, (2.4)

where δij is the Kronecker delta symbol: δij = 1 if i = j, and δij = 0 otherwise.

2.1 Fundamentals of continuum mechanics

In this section, we summarise the basic concepts of continuum mechanics that are re-

quired in the subsequent chapters. The presentation follows standard treatments in the

literature and is restricted to those notions that will be used later, such as kinematics of

finite deformation, balance laws and standard measures of stress and strain. For a more

comprehensive and rigorous theory of continuum mechanics, the reader is referred to

classical textbooks such as Gurtin (1982) and Holzapfel (2002).

2.1.1 Kinematics

Consider a body made of a continuous distribution of matter in space and time. We

denote by B0 the region of space that the body occupies at time t = 0, referred to as

the reference configuration. A point in the reference configuration is described by its

position vector X . For t > 0, the body evolves in space and occupies a new region,

called the current configuration, Bt. A material point in the current configuration is

described by the position vector x. The deformation of the body is described by the

mapping x = φ(X). The associated deformation gradient, which maps line elements

from the initial configuration to the current configuration, is defined as

F = Gradφ(X), (2.5)
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where

Grad (·) = ∂(·)
∂X

(2.6)

is the gradient operator with respect to the reference configuration. Correspondingly,

grad (·) = ∂(·)
∂x

(2.7)

is the gradient operator with respect to the current configuration. The inverse of the

deformation gradient, denoted by f , maps vectors in the current configuration to the

reference configuration and can be written as

f =
∂X

∂x
. (2.8)

For an infinitesimal volume element dV in the reference configuration, its relation to

the corresponding infinitesimal volume element dv in the current configuration can be

written as

dv = J dV, (2.9)

where

J = detF (2.10)

is the determinant of the deformation gradient. To transform an infinitesimal area el-

ement in the reference configuration to the current configuration, the mapping can be

written as

dan = J F−T ·N dA, (2.11)

where n and N are the outward unit normals to the area elements in the current and

reference configurations, respectively. This relation is usually referred to as Nanson’s

formula.

The deformation gradient can be decomposed into an orthogonal tensor and a posi-
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tive definite symmetric tensor by the polar decomposition theorem, and can be written

as

F = RU = V R, (2.12)

where R is a proper orthogonal tensor, i.e. R−1 = RT and detR = 1. The tensors U

and V are the right and left stretch tensors, respectively. The terms “left” and “right”

refer to the fact that these tensors appear on the left or right of R in the decomposition.

This decomposition clearly distinguishes the stretch and rotation of the deformation

gradient; that is, a deformation described by F can be regarded as a stretch U followed

by a rigid body rotation R, or as a rotation R followed by a stretch V . Although

the deformation gradient has an intuitive physical interpretation, it is mathematically

inconvenient because it maps between the reference and current configurations, which

are expressed in different coordinate bases (F = FiJ ei ⊗EJ ). In contrast, the stretch

tensors U and V act within the reference and current configurations, respectively, and

can be written as

U = UIJ EI ⊗EJ , V = Vij ei ⊗ ej. (2.13)

As a result, the stretch tensors admit conventional spectral decompositions and can be

written as

U =
3∑
i=1

λiMi ⊗Mi, V =
3∑
i=1

λimi ⊗mi, (2.14)

where λ1, λ2 and λ3 are the principal stretches of U and V , and Mi and mi are the cor-

responding principal directions in the reference and current configurations, respectively,

with mi = RMi.

It is convenient to introduce the right Cauchy-Green deformation tensor

C = U 2 = F TF , (2.15)
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which gives the square of the local change in distances due to deformation, i.e.

|dx|2 = dX ·C · dX. (2.16)

The eigenvalues of C are the squares of the principal stretches, λ21, λ
2
2, λ

2
3. The invariants

of C are

IC1 = trC = λ21 + λ22 + λ23,

IC2 =
1

2

[
(trC)2 − tr

(
C2

)]
,

IC3 = detC = λ21λ
2
2λ

2
3.

(2.17)

Alternatively, the left Cauchy-Green deformation tensor is defined as

b = V 2 = FF T . (2.18)

This describes the change in distances through

|dX|2 = dx · b−1 · dx. (2.19)

The strain tensors can be written in spectral form as

C =
3∑
i=1

λ2i Mi ⊗Mi, b =
3∑
i=1

λ2i mi ⊗mi. (2.20)

2.1.2 Stress

Consider a surface element of area dA in the reference configuration, with outward unit

normal N , subjected to a surface traction T . The corresponding surface element in the

current configuration is denoted by da, with outward unit normal n, and the traction is
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t. The resultant force on this surface is

df = t da = T dA. (2.21)

From Cauchy’s theorem, in the absence of a prescribed couple on the surface, there exist

second order tensor fields P and σ such that

T = PN , t = σn. (2.22)

Therefore,

σn da = PN dA. (2.23)

Using Nanson’s formula, P can be written as

P = J σF−T . (2.24)

The tensor σ is usually referred to as the true stress or Cauchy stress, and P is termed

the nominal stress or first Piola-Kirchhoff stress1. In the classical theory of non-polar

continua, where body couples and couple stresses are neglected, the balance of angular

momentum implies that σ is symmetric and that P satisfies PF T = FP T .

2.1.3 Balance equations

We present the classical balance equations for a non-polar continuum. Let Vt ⊂ Bt be

any material control volume with boundary ∂Vt and outward unit normal n. Denote

by ρ(x, t) the mass density in the current configuration, by v(x, t) the spatial velocity,

and by b(x, t) the body force per unit current volume. Their referential counterparts

1This terminology is not universal. For example, Ogden defines the nominal stress tensor S such that
the first Piola-Kirchhoff stress tensor is P = ST (Ogden, 2001). In this thesis, we adopt the terminology
defined by Holzapfel (2002).
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are denoted by v0(X, t) and B(X, t), representing the velocity and the body force per

unit reference volume in the reference configuration, respectively. The two pairs are

related in different ways: the referential velocity is simply the pull-back of the spatial

velocity, v0(X, t) = v(φ(X, t), t), whereas the referential body force is transformed

by the volume change, B(X, t) = J(X, t)b(φ(X, t), t).

2.1.3.1 Balance of mass

The balance of mass requires that the total mass of any material volume remains constant

in time,
d

dt

ˆ
Vt

ρ dv = 0. (2.25)

2.1.3.2 Balance of linear momentum

The balance of linear momentum states that the rate of change of total momentum of

any material region Vt equals the sum of the external body forces and surface tractions

acting on it,

d

dt

ˆ
Vt

ρv dv =

ˆ
Vt

b dv +

ˆ
∂Vt

t da =

ˆ
Vt

b dv +

ˆ
∂Vt

σ · n da. (2.26)

Assuming that the density of the material remains constant throughout the deformation,

and using the divergence theorem, we obtain

ˆ
Vt

ρ v̇ dv =

ˆ
Vt

(b+ divσ) dv. (2.27)

Alternatively, expressing the balance in the reference configuration, we can write

ˆ
V0

ρ v̇0 dV =

ˆ
V0

(B + DivP ) dV. (2.28)
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When the system is at equilibrium, the inertia term vanishes and the strong form of the

problem becomes

b+ divσ = 0, B + DivP = 0. (2.29)

2.1.3.3 Balance of angular momentum

The balance of angular momentum states that the rate of change of the total angular mo-

mentum of any material region Vt about a fixed point x0 equals the sum of the moments

of the external body forces and surface tractions about that point. It can be written as

d

dt

ˆ
Vt

r × ρv dv =

ˆ
∂Vt

r × t da+

ˆ
Vt

r × b dv, (2.30)

where r = x − x0. Using Cauchy’s relation t = σn and the divergence theorem, the

right-hand side can be expressed as

ˆ
∂Vt

r × t da+

ˆ
Vt

r × b dv =

ˆ
Vt

(
r × divσ + E : σT + r × b

)
dv, (2.31)

where E is the third order alternating tensor with components ϵijk, such that

(E : σT )i = ϵijkσjk. (2.32)

Reorganising the terms and using the balance of linear momentum ρv̇ = b+ divσ, we

obtain ˆ
Vt

r × (ρv̇ − b− divσ) dv =

ˆ
Vt

ϵijkσjk dv. (2.33)

Since the above relation must hold for all Vt, it follows that

ϵijkσjk = 0. (2.34)
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This relation is satisfied if and only if the Cauchy stress tensor is symmetric. Equiva-

lently, expressing the balance of angular momentum in the reference configuration and

using the relation between P and σ yields the nominal condition

PF T = FP T , (2.35)

which is consistent with the symmetry of σ.

2.2 Continuum theory of liquid crystal

2.2.1 Continuum description

In the present study, we focus only on nematic liquid crystals, which are the simplest

form of liquid crystal. Figure 2.1 shows a nematic liquid crystal in a Cartesian coordi-

nate system. The ellipsoids represent liquid crystal mesogens; m(a) is the unit vector

along the central axis of mesogen a, and d represents the preferred direction of the

nematic. This vector is termed the director d.

Common liquid crystal molecules are non-polar, meaning that the molecules pos-

sess central symmetry. As a consequence, the state of the material is unchanged if all

the vectors m(a) are replaced by −m(a), and a simple vector average of the mesogen

orientations m(a) is zero. Instead, the orientational ordering is described by the second-

order alignment tensor (or Q-tensor)

Q =
1

N

∑
a

(
m(a) ⊗m(a) − I

3

)
, (2.36)

where the summation is performed over N molecules in a representative volume ele-

ment of the liquid crystal phase. Note that this expression can be applied to other types

of liquid crystals to describe their orientational ordering, although additional order pa-
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rameters may be required (e.g. a translational order parameter for smectic liquid crystals

(de Gennes and Prost, 1993)).

Let αi (i = 1, 2, 3) be the principal values of the Q-tensor, with α1 + α2 + α3 = 0,

and let di denote the corresponding principal directions. Due to its traceless property,

the Q-tensor can be expressed as

Q = S1(d1 ⊗ d1) + S2(d2 ⊗ d2)−
S1 + S2

3
I, (2.37)

where the parameters S1 and S2 are related to the principal values by

S1 = 2α1 + α2, S2 = 2α2 + α1. (2.38)

For uniaxial nematic liquid crystals, the Q-tensor is transversely isotropic, which im-

plies that two of its eigenvalues coincide. Without loss of generality, let d1 be the

direction of transverse isotropy, so that α2 = α3 and S2 = 0. The Q-tensor (2.36) then

simplifies to

Q = S

(
d⊗ d− I

3

)
, (2.39)

where d ≡ d1 and S ≡ S1. When all the molecules are perfectly aligned, it is easily

seen from Eqn. (2.37) that S = 1. The case where all molecules are randomly oriented

corresponds to S = 0. Finally, the case where all molecules are isotropically distributed

in a plane perpendicular to d corresponds to S = −1
2
. Thus, the parameter S describes

the degree of alignment of the molecules relative to the director. In general, −1
2
≤

S ≤ 1 (Andrienko, 2018). Figure 2.2 shows the two extreme cases where S = 1

and S = −0.5, representing scenarios where the major and minor axes are perfectly

aligned , respectively. The director d and scalar order parameter S together describe

the average orientation and degree of disorder of the molecules at a point in the nematic

liquid crystal phase.
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Figure 2.1: Orientation of mesogens in a nematic mesophase. m(a) is the unit vector
representing the direction of mesogen i. The director vector d corresponds to the average
molecular alignment.

Figure 2.2: Schematic of nematic systems with scalar order parameter S = 1 (left) and
S = −0.5 (right). The black dots represent ends of the major axes of liquid crystal
molecules.
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2.2.2 Phase transition theories

The orientational ordering of liquid crystals is highly dependent on the environment,

such as temperature and concentration. Under certain conditions, liquid crystals can

undergo an isotropic-nematic (I-N) phase transition. Depending on the control param-

eter that drives the I-N transition, liquid crystals can be categorised as thermotropic or

lyotropic. Thermotropic liquid crystals exhibit an I-N transition primarily as a func-

tion of temperature and are widely used in commercial liquid crystal devices such as

screens and polymer dispersed liquid crystal (PDLC) films (Lu et al., 2024b; Ghosh,

2023; Kamal et al., 2022; Khalid et al., 2021; Ren et al., 2005; Zhang et al., 2020), as

well as in some biomedical applications (Lockwood et al., 2006; Popov et al., 2017).

Lyotropic liquid crystals, on the other hand, exhibit an I-N transition that is mainly con-

trolled by concentration (or composition) and are more commonly seen in biomedical

applications and natural systems, such as drug delivery (Boyd et al., 2006; Liu et al.,

2021), antioxidants (Gangal et al., 2025), and biofilms (Tarafder et al., 2020).

The isotropic-nematic phase transition for thermotropic liquid crystals is driven by

attractive forces between liquid crystal mesogens. Maier and Saupe (Maier and Saupe,

1959) proposed a microscopic mean-field model that describes this behaviour by bal-

ancing orientational entropy against anisotropic attractive interactions. As temperature

decreases, liquid crystal molecules align in order to reduce the anisotropic interaction

energy. The concentration-mediated I-N phase transition in lyotropic liquid crystals is

driven by repulsive forces between liquid crystal mesogens. Onsager (Onsager, 1949)

proposed a microscopic model that takes into account the effect of excluded volume

between two rigid rod-like mesogens. The excluded volume is the region of space that

one molecule cannot enter due to the presence of other molecules. For a pair of meso-

gens, the excluded volume is minimised when the mesogens are aligned with each other

and maximised when they are perpendicular. The mesogens can translate in the system
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only within the space that is not occupied by the excluded volume. As a result, a smaller

excluded volume provides more freedom for translational motion and hence more trans-

lational entropy. When the concentration of mesogens increases, the excluded volume

increases, reducing the free space available for each molecule to explore; therefore, the

mesogens tend to rotate towards alignment in order to gain translational entropy. Details

of the Maier-Saupe and Onsager theories can be found in classical textbooks (de Gennes

and Prost, 1993; Doi, 2013).

Alternatively, a phenomenological macroscopic model was proposed by de Gennes

(de Gennes and Prost, 1993), originally used to describe thermotropic liquid crystals.

In the spirit of Landau theory of phase transitions, given an order parameter that is zero

in the isotropic state and non-zero in the nematic state, we assume that the associated

free energy density is an analytic function of the order parameter tensor Q. This free

energy can be expanded in terms of the invariants of Q near the transition temperature.

A natural choice of such a function is 2

ψIN(Q) = A tr
(
Q2

)
+

2B

3
tr
(
Q3

)
+
C

2

[
tr
(
Q2

)]2
, (2.40)

where A, B, and C are material parameters depending on temperature. For simplicity,

we assume that the dependence on external stimuli enters only through A, so that B and

C are treated as constants. Although the model is more commonly used for thermotropic

liquid crystals (de Gennes and Prost, 1993; Doi, 2013), it has also been applied to ly-

otropic liquid crystals by making A a function of concentration (Moldovan and Puică,

2001). For simplicity, we use temperature here as the external stimulus; as a result, A

can be expressed as

A = α(T − T ∗), (2.41)

where α > 0 is a material parameter independent of temperature, and T ∗ is the reference
2For a three-dimensional symmetric traceless tensor Q, the invariant tr(Q4) is not independent, since

tr(Q4) = 1
2 [tr(Q

2)]2. Hence the fourth-order term is commonly written as [tr(Q2)]2.
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temperature. Note that T ∗ is not the temperature where the phase transition occurs,

which will be illustrated later. It can further be shown that the invariants of Q depend

only on the scalar order parameter S:

tr
(
Q2

)
=

2

3
S2, tr

(
Q3

)
=

2

9
S3,

[
tr
(
Q2

)]2
=

4

9
S4. (2.42)

We can thus obtain the equilibrium values of the scalar order parameter S by minimising

the bulk free energy ψIN with respect to S. This yields three stationary solutions:

S0
eq = 0,

S+
eq =

1

4C

(
−B +

√
B2 − 24AC

)
,

S−
eq =

1

4C

(
−B −

√
B2 − 24AC

)
.

(2.43)

The underlying physics of these stationary points can be interpreted by evaluating

d2ψIN/dS
2 and comparing the corresponding free-energy values. As discussed above,

we assume that the temperature dependence of the Landau-de Gennes free energy enters

only through the linear relation inA. There are three critical values ofA that distinguish

different phase behaviours. The first corresponds to the limit at which non-trivial ne-

matic solutions cease to exist. This occurs when B2 − 24AC = 0, which defines the

nematic spinodal value

Ans =
B2

24C
.

For A > Ans the discriminant B2 − 24AC is negative, so no non-isotropic stationary

points exist and the isotropic state is the only stationary solution. The second critical

value AIN is obtained by requiring the nematic stationary point to have the same free

energy as the isotropic state. Since ψIN(0) = 0, this condition is ψIN(S) = 0 for S ̸= 0.
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Combining this condition with the stationarity condition 3A+BS + 2CS2 = 0 gives

SIN = − B

3C
, AIN =

B2

27C
. (2.44)

Thus, AIN is the value at which the isotropic and nematic states have equal bulk free

energy. This is the first-order transition point because the equilibrium scalar order pa-

rameter jumps discontinuously from S = 0 to SIN.The third critical value is A = 0:

when A < 0, the stationary point S0
eq = 0 is a local maximum, and therefore the

isotropic state becomes unstable and the only stable state is the nematic state.

Let α = 0.05, B = −1, C = 0.6, and ∆T = T − T ∗. The material parameters

here are dimensionless and are only selected to illustrate the theory. With these material

parameters, the critical values are Ans ≈ 0.0694 and AIN = 0.0617. From these critical

values of A, we obtain the corresponding temperature offsets ∆Tns = Ans/α ≈ 1.389

and ∆TIN = AIN/α ≈ 1.235. Figure 2.3(a) shows the relation between the Landau-

de Gennes free energy and the scalar order parameter S. When ∆T < 0 (brown),

the isotropic phase is unstable and S−
eq < 0 corresponds to an oblate nematic branch.

For rod-like systems such as 5CB, this branch is always of higher free energy than

the prolate nematic solution (S+
eq > 0), is not realised experimentally, and will not be

considered further in this thesis. When 0 < ∆T < ∆TIN (red), the isotropic state S0
eq

is metastable and S+
eq is the stable nematic state. When ∆T = ∆TIN (green), the free

energies of the isotropic and nematic phases are identical, indicating coexistence. The

corresponding transition temperature is then

TIN = T ∗ +∆TIN. (2.45)

In the narrow region where ∆TIN < ∆T < ∆Tns (orange), S0
eq is stable and S+

eq is

metastable. When ∆T > ∆Tns, S±
eq are undefined and S0

eq is the only stable phase.

For a uniaxial nematic, Q = S (d⊗ d− I/3), so ψIN depends on S but not on
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Figure 2.3: (a) Relation between Landau-de Gennes free energy and the scalar order
parameter at different temperatures. Parameters: α = 0.05, B = −1, C = 0.6; (b) a
zoom-in near S = 0.

the orientation of the director d. This is not necessarily true in more complex cases

such as smectic and cholesteric liquid crystals. Specific models are required to model

such materials and is beyond the scope of this thesis.Minimisation with respect to d is

therefore trivial: any uniform unit vector d yields the same bulk free energy, and the

preferred direction is determined only when elastic terms and boundary conditions are

taken into account.

The spinodal behaviour of this phase transition is illustrated in Figure 2.4. The figure

shows the equilibrium scalar order parameter Seq as a function of the temperature offset

∆T = T − T ∗. At ∆TIN, the stable state changes discontinuously from the isotropic

branch to the nematic branch, while ∆Tns and ∆T = 0 mark the spinodal limits of the

nematic and isotropic states, respectively.

2.2.3 Distortional elasticity theories

In an unbounded nematic and in the absence of external fields, the thermodynamically

preferred state is spatially uniform: the director is everywhere aligned and the scalar

order parameter takes its equilibrium value. Confinement, surfaces, and external fields

in general induce spatial variation of orientation and degree of order. This spatial vari-
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Figure 2.4: Diagram of the equilibrium scalar order parameter Seq as a function of the
temperature offset ∆T = T − T ∗. The isotropic-nematic transition occurs at ∆TIN,
where the isotropic and nematic minima have equal free energy, while ∆Tns and ∆T =
0 mark the spinodal limits of the nematic and isotropic states, respectively.
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ation introduces an excess free energy to the system, which is usually referred to as the

distortional elastic energy. The distortional elastic energy can be defined based on the

director field and the order parameter, corresponding to director theories and Q tensor

theories, respectively. Here, we make the constitutive assumption that the liquid-crystal

free energy depends on spatial gradients of the orientational order. This gradient depen-

dence represents the elastic cost of director or order-parameter distortions. As a result,

there exists a stress-like power conjugate to grad Q and grad d. This stress like term

plays an important role in coupling problems of liquid crystals.

2.2.3.1 Director theories

A number of classical continuum theories of nematic liquid crystals are formulated in

terms of the director field d(x). The earliest phenomenological description of elastic

distortions in the director field was developed by Oseen and later refined by Frank,

leading to the Oseen-Frank theory of nematic elasticity (Oseen, 1933; Frank, 1958).

Building on this, Ericksen and Leslie extended the framework to include balance laws

and viscous effects, giving rise to the Ericksen and Leslie-Ericksen theories for the

statics and dynamics of nematic liquid crystals (Ericksen, 1961; Leslie, 1979). Modern

presentations and refinements of these director-based theories can be found in standard

textbooks such as de Gennes and Prost (de Gennes and Prost, 1993), Virga (Virga, 2019),

Sonnet and Virga (Sonnet and Virga, 2012), and Stewart (Stewart, 2021), as well as in

review articles such as Andrienko (2018). The theories presented here are mainly drawn

from these references, with the notation adapted for consistency with this thesis. In these

theories, liquid crystal is considered as incompressible fluid, therefore, the volumetric

ratio is J = 1 throughout these theoretical models.

We postulate that the excess free energy due to distortion of the director field per

unit current volume is

ψd = ψd(d, gradd). (2.46)
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This free energy must satisfy the symmetry of a nematic liquid crystal:

ψd(d, gradd) = ψd(−d,−gradd). (2.47)

In addition, since it only describes how distorted the director field is, it should not

depend on the actual orientation of the director:

ψd(d, gradd) = ψd(Rd,R · gradd ·RT ), (2.48)

where R is an arbitrary proper orthogonal tensor. To ensure this, we follow Ericksen

(1961) and impose conditions on the free energy density so that it satisfies the above

requirement of objectivity. Let the rigid body rotation R = R(t) be a function of time,

with R(0) = I , we obtain

Ṙ(0) + ṘT (0) = 0. (2.49)

The statement above can be written as

ψ̇d(0) =
∂ψd
∂d

· Ṙ(0)d+
∂ψd

∂gradd
·
[
Ṙ(0)d− dṘ(0)

]
= Ṙ(0) :

[
∂ψd
∂d

⊗ d+
∂ψd

∂gradd
(gradd)T +

(
∂ψd

∂gradd

)T

gradd

]
= 0.

(2.50)

Since R is proper orthogonal, R(t)RT (t) = I , differentiating this with respect to t

gives

ṘRT +RT Ṙ = 0. (2.51)

Therefore, Ṙ(0) is a skew-symmetric tensor. Eqn (2.50) must hold for any arbitrary R,

and hence the term in square brackets must be symmetric, or equivalently,

ϵijk

(
dj
∂ψd
∂dk

+ dj,l
∂ψd
∂dk,l

+ dl,j
∂ψd
∂dl,k

)
= 0. (2.52)
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Splay Twist Bend

Figure 2.5: Splay, twist and bend distortion modes of liquid crystal

This relation is known as Ericksen’s identity. If a free energy function satisfies this con-

dition, the torque arising from the director field is exactly balanced by the antisymmetric

part of the force stress, so that the net couple on any material sub-body vanishes. In this

sense the continuum is resultant-couple free: only force tractions are needed, and no

independent surface or body couples are present in the theory.

The most widely used constitutive model of director distortional elasticity was pro-

posed by Oseen and Frank. Oseen (Oseen, 1933) first proposed the phenomenological

model that quantifies this excess energy, and later in 1958, Frank (Frank, 1958) com-

pleted the theory. They considered that there are in general four modes of distortion:

splay, twist, bend and saddle-splay, as shown in Figure 2.5 (except the saddle-splay

mode, which cannot be visualised). The Frank-Oseen elastic free energy density is de-

rived by taking into account all four modes of distortion:

ψOF =
1

2
K11(div d)2 +

1

2
K22[d · (curl d)]2 +

1

2
K33[d× (curl d)]2

+K24

[
tr (grad d)2 − (div d)2

]
,

(2.53)

where K11, K22, K33, K24 are material constants corresponding to splay, twist, bend,

and saddle-splay, respectively. We omit the derivation of this free energy density func-

tion, interested readers are referred to the original papers mentioned above or classical

textbooks like de Gennes and Prost (1993); Virga (2019); Stewart (2021), or this very

pedagogical review paper Andrienko (2018). For this free energy to be positive semidef-
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inite, Ericksen (1966) determined the following conditions:

K11 ≥ K24, K22 ≥ K24 ≥ 0, K33 ≥ 0. (2.54)

While the Frank-Oseen free energy quantifies the energetic cost of distortions, a

continuum model is required to clearly state the balance equations and state laws for

the static problem of liquid crystal distortional elasticity. Ericksen (Ericksen, 1962)

proposed a variational theory on the hydrostatic problems of liquid crystal. Here we

adopt the general ideas and assumptions and rederive the variational formulation with

the notations consistent with the thesis. We assume a body subjected to a field of body

force B in B0 (force per unit volume in the reference configuration) and to a field of

external tractions T applied on its external boundary ∂B0. The total potential energy of

the body is given by:

I(φ,d, β, p) =

ˆ
B0

Ψ(F ,d, grad d) dV −
ˆ
B0

B ·φ dV −
ˆ
∂B0

T ·φ dS

+

ˆ
B0

1

2
βJ(d · d− 1) dV +

ˆ
B0

p(J − 1) dV,

(2.55)

where φ is the displacement field, F is the deformation gradient, β is the Lagrange

multiplier constraining the unity of directors, and p is the Lagrange multiplier applying

the incompressibility constraint. In the absence of any elastic strain energy associated

with deformation, the free energy can be written as:

Ψ(F ,d, grad d) = JψOF (d, grad d). (2.56)

We seek to minimise the total potential energy with respect to all admissible fields φ

and d with |d| = 1 and J = 1.
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Variation δφ Consider the first variation φ → φ + εδφ around the true solution

(φ,d, β, p), and define the corresponding variation of the potential energy as:

δφI =
d

dε
[I(φ+ εδφ,d, β, p)]|ε=0. (2.57)

The variation of Ψ writes:

δφΨ = ψOF δφJ + J
∂ψOF
∂grad d

: δφgrad d. (2.58)

Here we list a few useful results derived from Eqn. 5.2, 2.8 and 2.10:

δφF = Grad δφφ,

δφf = −f · δφF · f ,

δφJ = JfT : δφF ,

δφgrad d = Grad d · δφf .

(2.59)

Inserting the results 2.58 - 2.59 back into Eqn. 2.57, we obtain:

ˆ
B0

P : Grad δφ dV −
ˆ
B0

B · δφ dV −
ˆ
∂B0

T · δφ dS = 0, (2.60)

where P represents the first Piola-Kirchhoff stress, given by:

P = JψOFf
T + JσE · fT + JψCd f

T + pJfT , (2.61)

where we have also included the contribution from the constraint:

ψCd =
1

2
β(d · d− 1). (2.62)
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σE denotes the Ericksen stress:

σE = −(grad d)T · ∂ψOF
∂grad d

. (2.63)

It describes the contribution to the mechanical stress arising solely from distortions of

the director field. In other words, gradients of the director d store distortional elastic

energy through the density ψOF (d, gradd), and the associated internal forces are trans-

mitted mechanically via σE .

From Eqn. 2.60, using integration by parts and the divergence theorem, we obtain

the following strong form:

Div P +B = 0 in B0,

P ·N = T on ∂B0.
(2.64)

This is the balance of linear momentum written in the reference configuration: the diver-

gence of the first Piola–Kirchhoff stress P balances the body force density B (per unit

reference volume), and the boundary condition states that the nominal traction transmit-

ted across the boundary equals the prescribed traction T .

Variation δd Consider next variation d → d + ηδd, around the true solution

(φ,d, β, p). We define the corresponding variation of the potential energy as:

δdI =
d

dη
[I(φ,d+ ηδd, β, p)] |η=0. (2.65)

The true solution (φ,d, β, p) must satisfy δdI = 0. This condition yields the following

weak form: ˆ
B0

J [(r + βd) · δd+ s : grad δd] dV = 0, (2.66)
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where s represents the torque stress:

s =
∂ψOF
∂grad d

, (2.67)

and r represents the intrinsic body force:

r =
∂ψOF
∂d

. (2.68)

The quantities s and r play the same role for the director as the stress and body force do

for the deformation in standard continuum mechanics. The torque stress is energetically

conjugate to the director gradient gradd. Physically, s represents the internal moment

per unit area transmitted across an oriented surface due to spatial variations of the direc-

tor. It tends to rotate the director and therefore accounts for the orientational torque. The

vector r acts on the director and is conjugate to d. It represents a distributed tendency

to rotate the director arising from the local dependence of the free energy on d itself, for

example due to external electric or magnetic field energies. The corresponding strong

form is easily obtained using the divergence theorem:

divs− r = βd in Bt, (2.69)

s · n = 0 on ∂Bt. (2.70)

These equations express the balance of torques acting on the director: the divergence of

the microstress s combining with the intrinsic body force r present as a field that pro-

vides a preferred direction for the director. As an analogy, the classical deformational

stress σ is conjugated to the gradient of displacement φ. Its divergence combined with

body force present as a field that provides a preferred direction for the displacement.

Note that the traction-free boundary condition in Eqn. 2.70 is not a universal require-

ment, but follows from our assumption that no external surface microtraction acts on
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the director field. If surface anchoring, electric or magnetic boundary interactions, or

other interfacial energetic effects are included, the natural boundary condition must be

modified accordingly and specified from the associated boundary contribution to the

free energy.

Variation δβ In addition, we consider the variation on the Lagrange multiplier δβ →
β + ξδβ, around the true solution (φ,d, β, p). We define the corresponding variation of

potential energy as:

δβI =
d

dξ
[I(φ,d, β + ξδβ, p)]|ξ=0. (2.71)

The true solution must satisfy δβI = 0, which leads to:

ˆ
B0

J

2
(d · d− 1) dV = 0, (2.72)

or alternatively in the strong form:

|d| = 1 in B0. (2.73)

Variation δp Finally, we consider the variation on the Lagrange multiplier δp → p +

ζδp, around the true solution (φ,d, β, p). We define the corresponding variation of

potential energy as:

δpI =
d

dζ
[I(φ,d, β, p+ ζδp)]|ζ=0, (2.74)

The true solution must satisfy δpI = 0, which leads to:

ˆ
B0

(J − 1) dV = 0, (2.75)

or alternatively in the strong form:

J = 1 in B0. (2.76)
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The governing equations obtained above, though with a different method, are identical

to classical equations obtained by Ericksen and can be found in textbooks (Sonnet and

Virga, 2012; Stewart, 2021).

Physical interpretation of Ericksen stress To better understand the physical mean-

ing of Ericksen’s stress, we introduce a simple example. Consider the one-constant

approximation of the Oseen–Frank energy (Eqn. 2.53),

ψOF =
K

2
|gradd|2, (2.77)

where K is a constant. With this choice,

∂ψOF
∂(gradd)

= K gradd, ⇒ σE = −K (gradd)T (gradd). (2.78)

If the director field is uniform, e.g. d = (1, 0, 0), then gradd = 0, and therefore ψOF =

0 and σE = 0. Consider a layer of liquid crystal 0 < z < h between two rigid plates.

We impose Dirichlet boundary conditions on the top and bottom planes,

d(0) = (1, 0, 0), d(h) = (cos θ0, 0, sin θ0), (2.79)

so that the director must bend through the thickness. This simple setting is illustrated in

Figure 2.6. The imposed mismatch between the director orientations at the two plates

creates a spatial variation of d through the layer. When the plate separation is reduced

while the boundary orientations are kept fixed, the same change in director orientation

must occur over a smaller distance. The director gradient therefore becomes larger,

which increases the Oseen–Frank elastic energy and produces a corresponding elastic

stress contribution.
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rigid plate
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z
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reaction force

h < h

Figure 2.6: Schematic illustration of the physical interpretation of Ericksen stress. A
liquid crystal layer confined between two rigid plates develops a director distortion due
to the imposed anchoring mismatch. Reducing the plate separation increases the director
gradient, leading to a larger orientational elastic stress contribution.

Introduce the parametrisation

d(z) = (cos θ(z), 0, sin θ(z)). (2.80)

Under the one-constant approximation (2.77),

ψOF =
K

2
|gradd|2 = K

2

(
dθ

dz

)2

, (2.81)

since |dd/dz|2 = (θ′)2. Minimising the Oseen–Frank energy subject to the boundary

conditions yields the linear profile

θ(z) =
θ0
h
z, ⇒ θ′ =

θ0
h
. (2.82)
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The Oseen–Frank energy per unit area is

E

A
=

ˆ h

0

ψOF dz =

ˆ h

0

K

2

(
θ0
h

)2

dz =
K θ20
2h

. (2.83)

Suppose a normal load is applied by changing the plate separation h while keeping

θ0 fixed. The nominal normal traction conjugate to h obtained from the Oseen–Frank

energy is

T el
n = − d

dh

(
E

A

)
=

K θ20
2h2

, (2.84)

which is nonzero. For the present one-dimensional distortion, (gradd)T (gradd) =

(θ′)2 ez ⊗ ez, and therefore Ericksen’s stress is

σE = −K
(
θ0
h

)2

ez ⊗ ez. (2.85)

The corresponding traction contribution on the plates is the vector

tE = σEn = −K
(
θ0
h

)2

ez. (2.86)

Including the isotropic contribution associated with the JψOFfT term (cf. Eqn. 2.61),

the Oseen–Frank elastic Cauchy stress may be written as

σel = ψOFI − (gradd)T · ∂ψOF
∂(gradd)

= ψOFI + σE. (2.87)

In this example,

σel
zz = ψOF + σEzz =

K

2
(θ′)2 −K(θ′)2 = −K

2

(
θ0
h

)2

, (2.88)

which is consistent with T el
n =

Kθ20
2h2

. In addition, if incompressibility is enforced via a
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Lagrange multiplier p, the total Cauchy stress is

σ = p I + σel, (2.89)

and p is determined from the mechanical boundary conditions. For traction-free lateral

sides, one requires σn = 0 on surfaces with n = ex and n = ey, which yields

p+ σel
xx = 0 ⇒ p = −ψOF = −K

2

(
θ0
h

)2

. (2.90)

The resulting normal stress on the plates is then

σzz = p+ σel
zz = −K

(
θ0
h

)2

, (2.91)

so that the total normal traction magnitude on the plates scales as |tn| = K(θ0/h)
2 when

the lateral sides are traction-free.

2.2.3.2 Q-tensor theories

Alternatively, the Q-tensor theory, originally proposed by de Gennes (de Gennes and

Prost, 1993), uses spatial variations of Q to describe the excess elastic free energy. The

scalar free energy must be a function of invariants constructed from Q and its spatial

derivatives. Up to second order in gradients, four independent invariants can be formed:

IQ1 = gradQ
... gradQ = Qij,kQij,k,

IQ2 = divQ · divQ = Qij,jQik,k,

IQ3 = Qij,kQik,j,

IQ4 = ϵiklQij Qlj,k.

(2.92)
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The last invariant IQ4 is only relevant for chiral (cholesteric) liquid crystals and gives rise

to a linear gradient term in the free energy. For achiral nematics, it is usually neglected.

In that case, the Q-tensor-based elastic energy density can be written as

ψQ =
L1

2
IQ1 +

L2

2
IQ2 +

L3

2
IQ3 , (2.93)

where L1, L2, and L3 are elastic constants. The governing equations can be obtained

by a variational procedure analogous to that used for the director theory; the derivation

is not presented here. A detailed variational formulation of the Q-tensor theory, and its

relation to the director-based description, will be given in Chapter 3.

The director and Q-tensor theories each have advantages and limitations. Director-

based models such as the Oseen-Frank theory are conceptually simple and computa-

tionally inexpensive: the state of the nematic is described by a unit vector field d, and

the elastic energy involves only a few material constants. They are very effective when

the nematic is strongly ordered, essentially uniaxial, and away from defects or phase

boundaries, which explains their widespread use in classical liquid-crystal device mod-

elling. However, director theories cannot describe variations of the scalar order pa-

rameter, isotropic-nematic interfaces, or the internal structure and finite core energy of

topological defects; they also struggle when biaxiality becomes important. By contrast,

the Q-tensor theory provides a more general continuum description: the symmetric

traceless tensor Q can accommodate changes in the degree of order, biaxial states, and

the isotropic-nematic phase transition within a single framework. In particular, it avoids

singularity close to topological defects, which may arise numerical difficulties using di-

rector thories. The drawback is a larger number of degrees of freedom and elastic coef-

ficients, and consequently a higher computational cost. In contemporary work, director

theories remain popular for macroscopic device-scale modelling with smooth textures,

while Q-tensor models are increasingly preferred for problems involving defects, phase
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transitions, strong confinement, or coupling to additional fields, which is the regime of

interest in this thesis.

2.3 Theories of interfacial effects in elasticity and liquid

crystal

In a heterogeneous system, there naturally exist interfaces separating different media.

The interfacial effects on the overall behaviour of the system cannot be neglected when

the surface area/volume ratio is large, such as small droplets and inclusions in a sur-

rounding medium. Depending on the system, the competition between interfacial be-

haviour and other physics leads to many coupled problems (Style et al., 2013; Sharma

et al., 2003; Jamali et al., 2015; Koizumi et al., 2023; Schimming and Viñals, 2022). In

particular, there are two types of problems that are very close to what we are interested

in: elastocapillary problems and shape optimisation problems of liquid crystal droplets.

The former corresponds to the competition between surface and elasticity, and the latter

describes the balance between surface and the director field of liquid crystal.

2.3.1 Theories of elastocapillarity

The term elastocapillarity refers to problems in which bulk elasticity competes with

capillary forces. Classically, capillarity describes the rise or fall of liquids in narrow

tubes in the absence of external forces. The first and most well-known quantitative

descriptions of capillarity were developed by Young (Young, 1805), who introduced

the concept of the contact angle, and by Laplace (de Laplace, 1808), who derived the

pressure jump across a curved interface; their results are now combined and known as

the Young-Laplace equation. Building on this work, Gibbs established a general vari-

ational thermodynamic framework for interfaces and surface tension (Gibbs, 1878). In
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the spirit of Gibbs’ formulation, Gurtin and Murdoch (Gurtin and Murdoch, 1975) pro-

posed a phenomenological continuum model for surface stress and extended the theory

to non-liquid interfaces, such as solid-fluid and solid-solid interfaces. Interfacial energy

is often negligible at macroscopic scales and was therefore traditionally ignored in en-

gineering mechanics, but it becomes crucial in soft materials and small-scale systems,

which are the focus of elastocapillarity.

For example, in classical composite material models, the size of the inclusions/fibres

is not relevant to the overall material properties. This is because the interfacial energy

can be neglected compared to the elastic strain energy in the bulk material. However,

in certain cases where the inhomogeneities are small and/or the elastic matrix is soft,

the interfacial energy can be comparable to the bulk energy. The first case is common

in nanomaterials and has been studied extensively for decades (Sharma et al., 2003;

Duan et al., 2005a,b). More recently, surface elasticity theories have been extended

to soft materials containing liquid inclusions (Henann and Bertoldi, 2014; Style et al.,

2015a,b; Wang and Henann, 2016; Ghosh and Lopez-Pamies, 2022). Intuitively, or

following classical composite theories, when a liquid inclusion is placed in an elastic

matrix, it should reduce the overall stiffness of the composite, as the shear modulus of

the liquid is negligible. However, Style et al. (2015a) found that when liquid inclusions

are small and the matrix is soft, the composite can be stiffened by the addition of liquid

inclusions. This counter-intuitive behaviour is a result of surface elasticity and can be

characterised through the non-dimensional elastocapillary number, ξ = γ/(GR). Dur-

ing deformation, the inclusion changes shape, which increases the interfacial area and

generates excess surface energy. This excess surface energy provides resistance to the

deformation and leads to the stiffening effect. Numerous models have been developed to

describe surface elasticity theoretically and numerically. Among these theories, Stein-

mann (2008) proposed a general framework based on variational theories for boundary

potentials including not only surfaces, but also lines. The framework was further illus-
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trated through finite element modelling (Javili and Steinmann, 2009, 2010). In particu-

lar, Javili and Steinmann (2010) showed the effect of anisotropic surface energy on the

capillary-induced deformation of soft materials. Although anisotropic surface energy

is uncommon for liquid inclusions, it plays a key role at liquid crystal interfaces, as

illustrated in the next subsection.

2.3.2 Shape optimisation problem of liquid crystal droplets

For heterogeneous systems consisting of liquid crystals, the interface is no longer

isotropic like that of simple liquids. Liquid crystal directors near the interface tend to

orient along the surface with a specific angle, where this direction is usually called the

easy axis. This behaviour is termed the anchoring effect. Anchoring effects can be cat-

egorised into homeotropic and planar, where the easy axis for these cases is the surface

normal and the tangent vector, respectively. For rod-like molecules near a structureless

interface, the anchoring effect is usually planar. Microscopically, this is because when

the rod-like molecules are normal to the interface, there is only one possible placement

option for the molecules, which is entropically unfavourable. The orientational entropy

is maximised when the rod-like molecules are parallel to the interface, so that they

can spin freely within the tangential plane of the interface (Tjipto-Margo and Sullivan,

1988). In addition, when the interaction between the liquid crystal molecules and the

molecules across the interface is attractive (negative interaction potential), it will also

result in planar anchoring, as the interaction energy is minimised when the contact area

between the interface and the liquid crystal is maximised. On the other hand, when the

interaction is repulsive, homeotropic anchoring is expected. In practical applications,

interfaces can be modified through rubbing or grooving, through which the easy axis

can be designed to meet the desired properties.

Due to the anchoring effect, the interfacial energy is anisotropic. A number of

mathematical models have been proposed to describe different interfacial behaviours.
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The simplest form of anisotropic surface energy was proposed by Rapini and Papoular

(1969), and reads

ψRP =
1

2
γ ω sin2 α, (2.94)

where ω is the dimensionless anchoring strength and α is the angle between the di-

rector d and the easy axis. Taking into account the isotropic surface tension, this can

alternatively be written as

ψRP = γ
[
1 + ω(d · n)2

]
. (2.95)

If n is the outer normal vector of the interface, directors prefer to stay aligned with the

interface when ω > 0 and perpendicular to the interface when ω < 0. A large num-

ber of experimental and theoretical studies have been carried out using this expression

(Stelzer et al., 1997; Dozov et al., 2000; Yang et al., 2001; Andrienko and Allen, 2002;

Teixeira de Souza et al., 2009; Willman et al., 2014; Safdari et al., 2021).

One typical problem of interest is finding the shape and director field of a liquid crys-

tal droplet. This problem was first reported by Zocher (Zocher, 1925), who found that

colloids in solution aggregate and form microdroplets that present optical anisotropy

and textures like liquid crystals. These microdroplets are prolate ellipsoids with pointy

ends at their major axes. This shape was later found in other types of liquids such

as tobacco mosaic viruses (Bawden et al., 1936), polypeptides (Robinson, 1956), and

bacterial phages (Tarafder et al., 2020). From experimental observations (Kaznacheev

et al., 2002), liquid crystal droplets with smaller volume tend to be more elongated,

while larger droplets are more spherical.

The first and most classical attempt to describe this phenomenon is through the

Wulff construction for crystalline surfaces (Wulff, 1901). This method was adapted to

solve liquid crystal droplet problems by assuming that the directors are all fixed and

aligned (see Figure 2.7) (Virga, 2019). This model showed that liquid crystal droplets
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Figure 2.7: Sketch of a liquid crystal droplet with postulated fixed directors in a fluid
environment based on Wulff’s construction.

with a homogeneous director field and anisotropic surface tension adopt elongated

shapes with pointed tips. Although the method is qualitatively reasonable for small

droplets, it fails to predict the shapes of larger droplets (Prinsen and van der Schoot,

2003). Prinsen and van der Schoot (2003) and Kaznacheev et al. (2002) proposed a

variational method that prescribes the director field as a set of revolving circular arcs

that meet at the pointed ends of the droplet, defined in terms of the geometrical parame-

ters of the droplet. The equilibrium shape and director field are obtained by minimising

the free energy based on this postulated director field. These models improve the predic-

tions and are able to describe the volume dependence of the droplet shape and director

field, but they remain constrained by the strong assumption underlying the prescribed

director field. In subsequent work, Prinsen and van der Schoot (2004) extended the the-

ory to less restrictive assumptions by introducing an additional parameter in the director

field. These models are very convenient because the director fields are given in explicit

form and can readily yield theoretical solutions without complex numerical methods.

However, they are fundamentally limited by the assumed ansatz for the director field.

Therefore, to obtain more realistic predictions, numerical simulations offer a more di-

rect and detailed description of such a system. For example, Tsige et al. (Tsige et al.,

1999) used atomistic simulations for nanoscopic liquid crystal droplets composed of

assemblies of 26 and 50 5CB molecules, and demonstrated how nematic ordering and
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droplet shape vary with temperature. Bates (Bates, 2003) used Monte Carlo simulations

to model a larger system consisting of 112,000 molecules. While these methods are ver-

satile, they are computationally expensive and often require strong assumptions. More

recently, finite element models have been developed to address this problem. DeBene-

dictis and Atherton (2016) used a staggered approach to model the shape and director

field in turn and obtained the equilibrium shapes of liquid crystal droplets with differ-

ent material parameters in 2D. Adler et al. (2023) developed a similar finite element

model that determines the shape and director field simultaneously and extended it to 3D

predictions. These finite element models are particularly useful for macroscopic liquid

crystal droplets, as they offer realistic descriptions at relatively low computational cost.

2.4 Theory of phase separation

The preceding sections have established the mechanical framework for liquid crystal

droplets: continuum mechanics to describe deformation, liquid-crystal theories to model

the director field, and elastocapillary theory to capture the coupling between elasticity

and interfacial tension. Up to this point, droplets have been treated as pre-formed in-

clusions. In polymer-dispersed liquid crystal (PDLC) materials, however, the droplets

emerge dynamically through phase separation of a LC-polymer mixture. We therefore

now turn to the thermodynamics of phase separation, and in particular polymerisation-

induced phase separation, which sets the size, morphology and distribution of the LC

droplets that the previous theories act upon.

2.4.1 Thermodynamics of phase separation

We describe a binary incompressible mixture of A and B by a single composition vari-

able ϕ ∈ (0, 1), taken as the volume fraction of component A (so that ϕB = 1 − ϕ).

At fixed temperature T , we postulate a homogeneous Helmholtz free energy density
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ψ(ϕ, T ), so that the total Helmholtz free energy of a uniform state occupying volume V

is

Ψ = V ψ(ϕ, T ). (2.96)

Phase separation is driven by non-convexity of ψ(ϕ, T ): if ψ(ϕ, T ) develops a double-

well shape, the system can lower its total free energy by decomposing into two phases

of different compositions.

Local stability (spinodal). Consider small composition fluctuations about a homoge-

neous state ϕ at a fixed temperature T . For each value of T , we define the composition-

dependent free-energy density

ψT (ϕ) := ψ(ϕ, T ). (2.97)

The relevant stability criterion is then determined by the curvature of this function with

respect to ϕ:

ψ′′
T (ϕ) :=

d2ψT
dϕ2

=
∂2ψ

∂ϕ2

∣∣∣∣
T

. (2.98)

A homogeneous state is locally stable if

ψ′′
T (ϕ) > 0, (2.99)

whereas it is unstable to infinitesimal composition fluctuations if

ψ′′
T (ϕ) < 0. (2.100)

The spinodal curve is therefore defined by

ψ′′
T (ϕ) = 0. (2.101)
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Figure 2.8: Schematic free energy Ψ(ϕ) of a binary mixture (solid) and its convex enve-
lope given by the common tangent (dashed). For an overall composition ϕ̄ ∈ (ϕ1, ϕ2),
the homogeneous state is not globally stable: the system lowers its free energy by sepa-
rating into two phases of compositions ϕ1 and ϕ2.

Phase coexistence (binodal / common tangent). When ψ′′ < 0, a homogeneous state

may still reduce its free energy by separating into two phases with compositions ϕ1 and

ϕ2. Let ξ ∈ (0, 1) be the volume fraction of phase 1. Mass conservation gives the lever

rule

ϕ̄ = ξ ϕ1 + (1− ξ)ϕ2, (2.102)

where ϕ̄ is the overall composition. The separated state has free energy density

ψsep(ϕ̄, T ) = ξ ψ(ϕ1, T ) + (1− ξ)ψ(ϕ2, T ), (2.103)

which is the straight line joining (ϕ1, ψ(ϕ1, T )) and (ϕ2, ψ(ϕ2, T )). The equilibrium

coexistence pair (ϕ1, ϕ2) minimises the free energy and is given by the common-tangent

construction (Fig. 2.8). Equivalently, defining the chemical potential

µ(ϕ, T ) =
∂ψ

∂ϕ
(ϕ, T ), (2.104)
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coexistence requires

µ(ϕ1, T ) = µ(ϕ2, T ), (2.105)

ψ(ϕ2, T )− ψ(ϕ1, T ) = µ(ϕ1, T ) (ϕ2 − ϕ1, T ), (2.106)

i.e. the tangent line to ψ(ϕ, T ) has the same slope at ϕ1 and ϕ2 and passes through

both points. We perform this commen-tangent construction for different values of T , at

each temperature we obtain two equilibrium compositions ϕ1(T ) and ϕ2(T ). Plotting

these points in the (ϕ, T ) plane results in the binodal curve, which marks the boundary

between the single-phase and two-phase regions.

2.4.2 Free energy of mixing

We consider an incompressible binary mixture composed of nA molecules of species A

and nB molecules of species B, with molecular volumes vA and vB, respectively. The

total volume is

V = nAvA + nBvB, (2.107)

and the volume fractions are

ϕA =
nAvA
V

, ϕB =
nBvB
V

= 1− ϕA. (2.108)

We follow (Brassart et al., 2016) to write the free energy of mixing as the sum of an

entropic and an interaction contribution.

Entropy of mixing. Before mixing, A and B molecules occupy volumes nAvA and

nBvB, respectively. The numbers of configurations in the isolated pure states and in the
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mixed state are

Wiso = (nAvA)
nA(nBvB)

nB , Wmix = (nAvA + nBvB)
nA+nB = V nA+nB . (2.109)

The entropy change upon mixing is ∆Smix = kB ln(Wmix/Wiso), giving

∆Smix = kB

[
nA ln

(
V

nAvA

)
+ nB ln

(
V

nBvB

)]
= −kB (nA lnϕA + nB lnϕB) .

(2.110)

Dividing by V and using nA/V = ϕA/vA and nB/V = ϕB/vB, the entropic free energy

density becomes

ψent(ϕA, T ) = −T∆Smix

V
= kBT

(
ϕA
vA

lnϕA +
ϕB
vB

lnϕB

)
. (2.111)

Interaction energy contribution Interactions between molecules with different vol-

umes can be captured in a mean-field Flory-Huggins form (Flory, 1942; Huggins, 1942),

which can also be found in classical textbooks (Rubinstein and Colby, 2003; Doi, 2013).

We write the interaction free energy density as

ψint(ϕA, T ) =
kBT

v0
χϕAϕB, (2.112)

where v0 is a chosen reference molecular volume (commonly taken as the solvent molec-

ular volume in polymer solutions) and χ is the dimensionless interaction parameter.

Free energy of mixing. Combining (2.111) and (2.112), we obtain

ψmix(ϕA, T ) = kBT

(
ϕA
vA

lnϕA +
ϕB
vB

lnϕB

)
+
kBT

v0
χϕAϕB. (2.113)
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2.4.3 Mixing of molecules of equal size

Equal-size limit of the general free energy. Starting from the general mixing free

energy (Eqn. 2.113), we consider the special case of molecules of equal size, vA =

vB = v0 = v, and define ϕ := ϕA (so that ϕB = 1 − ϕ). The free energy of mixing

reduces to the classical symmetric Flory–Huggins form

ψmix(ϕ, T ) =
kBT

v

[
ϕ lnϕ+ (1− ϕ) ln(1− ϕ) + χϕ(1− ϕ)

]
. (2.114)

Local stability of a homogeneous state is governed by the curvature ψ′′ = ∂2ψmix/∂ϕ
2.

From Eqn. (2.114),

ψ′′(ϕ, T ) =
kBT

v

(
1

ϕ
+

1

1− ϕ
− 2χ

)
. (2.115)

The critical value of χ corresponding to the spinodal condition is defined by ψ′′ = 0,

i.e.

χsp(ϕ) =
1

2ϕ(1− ϕ)
. (2.116)

For χ < 2, ψ′′(ϕ, T ) > 0 for all ϕ ∈ (0, 1), and the free energy is convex (stable, single

phase). At the critical point

ϕc =
1

2
, χc = 2, (2.117)

the curvature first vanishes. For χ > 2, there exists an interval (ϕa, ϕb) (with ϕa <

1/2 < ϕb) in which ψ′′ < 0 and the homogeneous mixture is unstable (spinodal decom-

position).

Equilibrium coexistence compositions are determined by the common-tangent con-

struction. Equivalently, defining the chemical potential

µ(ϕ, T ) =
∂ψmix

∂ϕ
=
kBT

v

[
ln

(
ϕ

1− ϕ

)
+ χ(1− 2ϕ)

]
, (2.118)
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Figure 2.9: Flory–Huggins free energy of mixing for equal-size molecules. Top:
ψmix(ϕ) becomes non-convex for χ > 2, and a homogeneous mixture with ϕ ∈ (ϕa, ϕb)
is locally unstable. Bottom: curvature ψ′′(ϕ); the spinodal points ϕa and ϕb are defined
by ψ′′ = 0. Coexistence compositions (binodal points) are determined by the common-
tangent construction on ψmix(ϕ).

two compositions ϕ1 and ϕ2 coexist when

µ(ϕ1, T ) = µ(ϕ2, T ), (2.119)

ψmix(ϕ2, T )− ψmix(ϕ1, T ) = µ(ϕ1, T ) (ϕ2 − ϕ1). (2.120)

For the equal-size model ψmix(ϕ) = ψmix(1−ϕ), so coexistence is symmetric: ϕ2 = 1−
ϕ1. The set of coexistence compositions forms the binodal curve. Figure 2.9 illustrates

the transition from a convex free energy (χ ≤ 2) to a double-well shape (χ > 2),

together with the associated spinodal region.

Phase diagram The binodal (coexistence) and spinodal (instability) curves divide the

(ϕ, χ) plane into three regimes (Fig. 2.10): (i) a stable single-phase region outside the
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Figure 2.10: Phase diagram for the equal-size Flory–Huggins model in the (ϕ, χ) plane.
The spinodal curve is defined by ψ′′(ϕ) = 0 and bounds the region of linear instabil-
ity. The binodal curve is obtained from the common-tangent construction and gives
the equilibrium coexistence compositions. Between binodal and spinodal the mixture is
metastable (nucleation and growth); inside the spinodal it is unstable (spinodal decom-
position).

binodal, where ψmix is globally convex; (ii) a metastable region between binodal and

spinodal, where phase separation requires a finite perturbation and is driven by nucle-

ation and growth; and (iii) an unstable region inside the spinodal, where infinitesimal

fluctuations grow spontaneously and is termed spinodal decomposition. The binodal

and spinodal meet at the critical point (ϕc, χc) = (1/2, 2).

2.4.4 Mixing for polymer solution

In a polymer solution we identify species A as the solvent (s) and species B as the

polymer (p), so that vA = vs and vB = vp. We use the polymer volume fraction ϕ := ϕp

as the composition variable, with ϕs = 1− ϕ.
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Mixing energy for polymer solutions Starting from the general form (Eqn. (2.113))

and choosing the solvent molecular volume as the reference volume v0 = vs. The free

energy density for a polymer solution becomes

ψmix(ϕ, T ) = kBT

(
ϕs
vs

lnϕs +
ϕ

vp
lnϕ

)
+
kBT

vs
χϕsϕ, ϕs = 1− ϕ. (2.121)

If each polymer chain contains xn repeat units of comparable size to the solvent

molecule, we take vp = xnvs. Substituting into Eqn. (2.121) yields the standard

polymer-solution form

ψmix(ϕ, T ) =
kBT

vs

[
ϕs lnϕs +

ϕ

xn
lnϕ+ χ(T )ϕsϕ

]
. (2.122)

which recovers the classical form defined in (Flory, 1942; Huggins, 1942). Compared

with the equal-size case, the entropic contribution from the polymer is reduced by the

factor 1/xn, reflecting the connectivity of monomers within a chain.

Local stability of a homogeneous composition ϕ is governed by the curvature ψ′′ =

∂2ψmix/∂ϕ
2. From Eqn. (2.122),

ψ′′(ϕ, T ) =
kBT

vs

(
1

1− ϕ
+

1

xn ϕ
− 2χ

)
. (2.123)

The critical value of χ corresponding to the spinodal condition is obtained by ψ′′ = 0,

giving

χsp(ϕ; xn) =
1

2

(
1

1− ϕ
+

1

xn ϕ

)
. (2.124)

For fixed χ, increasing xn decreases the stabilising entropic term 1/(xnϕ) and therefore

increases the range of compositions where ψ′′ < 0.

Coexistence compositions ϕ1 and ϕ2 are determined by the common-tangent con-
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struction on ψmix(ϕ, T ). Equivalently, introducing the chemical potential

µ(ϕ, T ) =
∂ψmix

∂ϕ
=
kBT

vs

[
1

xn
(lnϕ+ 1)− (ln(1− ϕ) + 1) + χ(1− 2ϕ)

]
, (2.125)

coexistence satisfies

µ(ϕ1, T ) = µ(ϕ2, T ), (2.126)

ψmix(ϕ2, T )− ψmix(ϕ1, T ) = µ(ϕ1, T )(ϕ2 − ϕ1). (2.127)

Unlike the equal-size case, the polymer-solution free energy is generally asymmetric,

and the two coexisting compositions are therefore not related by symmetry. For a fixed

temperature T , the binodal compositions ϕ1 and ϕ2 are determined using the common-

tangent construction on the free-energy density ψT (ϕ). This requires the chemical po-

tentials of the two phases to be equal and the line connecting the two points on the

free-energy curve to be tangent at both compositions:

ψ′
T (ϕ1) = ψ′

T (ϕ2) =
ψT (ϕ2)− ψT (ϕ1)

ϕ2 − ϕ1

. (2.128)

In practice, these conditions are solved numerically as two nonlinear algebraic equations

for ϕ1 and ϕ2, using initial guesses on the dilute and concentrated sides of the phase-

separating composition range. For example, one may solve the residual equations

R1(ϕ1, ϕ2) = ψ′
T (ϕ1)− ψ′

T (ϕ2) = 0, (2.129)

and

R2(ϕ1, ϕ2) = ψ′
T (ϕ1)−

ψT (ϕ2)− ψT (ϕ1)

ϕ2 − ϕ1

= 0 (2.130)

with a Newton-type or other standard nonlinear root-finding method.

Figure 2.11 illustrates how increasing xn turns a convex ψmix into a double-well

51



Background

0φ1φa φb φ2 1

−0.4

−0.2

0.0

ψ
(φ

)
xn = 1

xn = 3

xn = 5

m1

0φa φb 1

φ

−4

−2

0

2

4

ψ
′′ (
φ

)

Figure 2.11: Flory–Huggins free energy of mixing for polymer solutions (top) and cur-
vature ψ′′(ϕ) (bottom) for increasing degree of polymerisation xn at fixed interaction
parameter χ = 1.3.

shape at fixed χ = 1.3. As xn increases, the polymer entropy term decreases and the

free energy can become non-convex, giving rise to a spinodal interval where ψ′′ <

0. Coexistence compositions are obtained from the common-tangent construction on

ψmix(ϕ).

Phase diagram It is useful to visualise the phase behaviour in the three-dimensional

space {ϕ, χ, xn}. The spinodal surface is given explicitly by Eqn. (2.124); the binodal

surface is obtained from the common-tangent (coexistence) conditions. Figure 2.12

summarises how polymer chain length controls miscibility in the mixing theory. For

each fixed xn, the (ϕ, χ) cross-section recovers the familiar binodal/spinodal structure:

outside the binodal the mixture is stable, between binodal and spinodal it is metastable,

and inside the spinodal it is unstable. As xn increases, the polymer contributes less

entropy to mixing, reflected by the factor 1/xn in the term (ϕ/xn) lnϕ. This loss of
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entropy causes both the binodal and spinodal to move to smaller values of χ and expands

the unstable region, meaning that even interactions that cannot lead to demixing for

equal-size molecules, they can drive demixing once chains become sufficiently long.

In the context of polymerisation-induced phase separation, polymerisation increases xn

in time, so a system may cross the spinodal curve and presents spontaneous demixing

even if χ and the overall composition remain fixed. This phenomenon will be further

discussed in Chap. 5.
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Figure 2.12: (a) Spinodal (blue) and binodal (orange) surfaces for a polymer solution in
{ϕ, χ, xn} space. (b) Representative binodal and spinodal curves at selected xn (corre-
sponding to slices of the surfaces in (a)). Between binodal and spinodal the mixture is
metastable (nucleation and growth); inside the spinodal it is unstable (spinodal decom-
position).

54



3 | Mechanics of liquid crystal inclusions in soft

matrices

This chapter presents work that has been published as Bai and Brassart (2025). This

study investigates the mechanical response of liquid crystal inclusions embedded in

soft matrices. We develop a variational continuum theory for an incompressible neo-

Hookean matrix containing nematic liquid crystal inclusions, with the inclusion dis-

tortional elasticity described by a Landau-de Gennes formulation and anchoring effect

represented through anisotropic surface tension. The theory is implemented numeri-

cally using the FEniCSx finite element code, enabling systematic parametric studies

that clarify how competing physics govern both composite-level stiffening or softening,

and inclusion-level director reorientation under applied mechanical loads. In particular,

we show that the effective stiffness of the composite depends strongly on the elastocap-

illary number and anchoring strength. The associated FEniCSx code has been made

available at https://doi.org/10.5281/zenodo.14770753.

3.1 Introduction

Liquid crystal is a state of matter that can flow like a liquid, but possesses certain orienta-

tional ordering in space due to the geometric anisotropy of the molecules (de Gennes and

Prost, 1993). Due to its mobility, it can respond sensitively to external stimulus like tem-

perature and electric or magnetic fields, and presents orientational-specific behaviour.

In applications, liquid crystal materials are usually combined with stiffer materials to

achieve suitable mechanical properties while preserving the mobility of the liquid crys-

tal phase. For example, Polymer-Dispersed Liquid Crystal (PDLC) consisting of liquid

crystal inclusions dispersed in a polymer matrix are commonly used in applications such

as smart windows (Lu et al., 2024b; Ghosh, 2023; Kamal et al., 2022), photovoltaic de-
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vices (Khalid et al., 2021) and smart lenses (Ren et al., 2005; Zhang et al., 2020). Fig.

3.1 illustrates the microstructure of a PDLC composite. In the liquid crystal phase, the

average orientation of the molecules at a material point is described by the director vec-

tor d. In the applications mentioned above, the in-service deformation is usually very

small, so that the inclusion shape barely changes. Also, the matrix is much stiffer than

the interface or the liquid crystal phase, so that the coupling between elastic deformation

of the matrix and liquid crystal ordering can be neglected.

In recent years, liquid crystal inclusions embedded in soft matrices have been devel-

oped for applications such as sensors, wearable devices and all-solid electrolytes (Song

et al., 2017; Zhang et al., 2023; Froyen and Schenning, 2023; Hadjichristov, 2023),

combining the stimuli-responsiveness and optical properties of the liquid crystal and

the extensibility of the soft polymeric matrix. Liquid crystal inclusions in soft matri-

ces are also observed in nature. For example, filamentous phages produced by bacteria

can self-assemble into liquid crystalline droplets encapsulating the bacteria to protect

them from antibiotics (Tarafder et al., 2020). In these systems, a coupling between the

elastic deformation of the matrix and liquid crystal ordering is expected. For example,

Balenko et al. (2021) studied the mechano-optical properties of cholesteric liquid crys-

tal inclusions embedded in polyurethane (PU). These authors found that liquid crystal

molecules reorient under an applied deformation, resulting in colour change. In their

more recent study, Balenko et al. (2023) also found that the sensitivity of deformation-

induced colour change depends not only on the magnitude of the deformation, but also

on the stiffness of the matrix. We interpret this phenomenon in the following way. When

the elastic matrix is deformed, the displacement field at the matrix/inclusion interface

changes the shape of the inclusion. This shape change of the interface in turn reorients

the liquid crystal molecules in the inclusions through the anchoring of liquid crystal

molecules at the interface. However, a theoretical model describing these coupled phe-

nomena is lacking.
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Figure 3.1: Schematic of a polymer dispersed liquid crystal composite. The liquid
crystal phase consists of elongated molecules, such as 5CB.

Our problem is closely related to the problem of a soft matrix containing liquid in-

clusions. Style et al. (2015a) have shown that a soft silicone matrix (shear modulus

G = 1.7 kPa) containing ionic liquid inclusions is stiffened by liquid inclusions when

the inclusions are small (≤ 6µm). This effect is attributed to the coupling between

matrix elasticity and surface energy of the interface (elasto-capillarity), so that small

inclusions are resistant to deformations that increase their surface area. Elasto-capillary

problems of isotropic liquids have been extensively studied since the foundational work

by Gurtin and Murdoch (1975), followed by theoretical and numerical studies (Duan

et al., 2005a; Style et al., 2015a; Henann and Bertoldi, 2014; Wang and Henann, 2016;

Krichen et al., 2019; Ghosh and Lopez-Pamies, 2022; Zhu and Liu, 2023). Gener-

alised theoretical and computational frameworks have also been proposed to deal with

anisotropic surface energy (Steinmann, 2008; Javili and Steinmann, 2010). A typical

model of anisotropic interfacial energy is the Rapini-Papoular energy model (Rapini

and Papoular, 1969), where the interface not only favours a minimal surface area, but

also penalises the deviation of the surface tangential direction from a preferred direction

(sometimes referred to as "easy axis").

The coupling between liquid crystal ordering and interface deformation has also
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received considerable attention. The orientational ordering of liquid crystals can be de-

scribed by phenomenological continuum models like Ericksen-Leslie (Ericksen, 1962;

Leslie, 1979) and Oseen-Frank (Oseen, 1933; Frank, 1958) director theories, and

Landau-de Gennes (de Gennes and Prost, 1993) order parameter tensor theories, where

the order parameter tensor describes not only the average orientation (director), but also

the ordering of the molecules. For uniaxial nematic liquid crystals, the director field far

from interfaces tends to be uniform. At the interface, the liquid crystal molecules tend

to align parallel to the surface, i.e. the "easy axis" coincides with the director. This so-

called "anchoring effect" introduces a gradient in the director field between the interface

and the far field, which is accompanied by an increase in elastic free energy. The com-

petition between the distortional elastic energy of the liquid crystal and the interfacial

energy ultimately determines the shape of the liquid crystal inclusion. Problems of (ne-

matic) liquid crystal inclusions with free surfaces have long been studied (Casagrande

et al., 1987; Virga, 2019). Kaznacheev et al. (2002) and Prinsen and van der Schoot

(2003, 2004) proposed semi-analytical, approximate approaches by treating the surface

and director fields as revolving circular arcs with different radii. Numerical simula-

tions including Monte Carlo simulations (Bates, 2003) and finite element simulations

(DeBenedictis and Atherton, 2016; Adler et al., 2023) have also been conducted to solve

these problems.

Although the interaction between liquid crystal orientational ordering and interface,

and between the interface and matrix elasticity have been studied separately in different

contexts, the coupling of these two problems has not been investigated. In this chapter,

we propose a continuum mechanics model taking into account all the physics described

above. We look at a model system consisting of an incompressible hyperelastic matrix

containing nematic liquid crystal inclusions modelled by Landau-de Gennes theory. We

follow Steinmann (2008); Javili and Steinmann (2010) on the modelling of a Rapini-

Papoular type interfacial energy (Rapini and Papoular, 1969; Fournier and Galatola,
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2005) to model anchoring. Through a variational formulation of the problem based on

the principle of minimum potential energy, we obtain the weak and strong forms of the

governing equations. The proposed model is then implemented in the FEniCSx finite

element code using a mixed formulation. We first validate our computational model

by comparing its predictions to experimental data, as well as to previous theoretical

estimates for the free liquid crystal droplet problem (Virga, 2019). We then investigate

the effective and microscopic properties of composites made of liquid crystal inclusions

embedded in a soft matrix.

The chapter is organised as follows. In Section 3.2, we present the continuum frame-

work, including kinematics (Section 3.2.1), free energy functions (Section 3.2.2), and

variational formulation (Section 3.2.3). In Section 3.3, we detail how the theory is im-

plemented into a finite element code, where in Section 3.3.1 we define the geometry

and meshes and in Section 3.3.2 we present the mixed finite element formulation of the

problem. We also identify in Sections 3.3.3 and 3.3.4 dimensionless parameters that are

of interest in this study. In Section 3.4, we present numerical results from finite element

simulations, including the determination of the equilibrium shape of a free liquid crystal

droplet in a fluidic environment (Section 3.4.1), and the parametric study on the effect

of dimensionless parameters on the effective mechanical properties of the composite as

well as the coupling effects between external loading and the liquid crystal orientational

ordering (Section 3.4.2). Concluding remarks are given in Section 3.5.

3.2 Theory

3.2.1 Kinematics

We consider a body made of an elastic matrix and a liquid crystal inclusion which takes

the initial, reference configuration B0 at time t = 0, see Fig. 3.2. The subdomains

occupied by the matrix and inclusion are denoted by Bm0 and Bi0, respectively, and are
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Figure 3.2: Schematic of the initial and current configurations for a liquid crystal inclu-
sion embedded in a matrix.

such that B0 = Bm0 ∪ Bi0. The external boundary of the body is denoted by ∂B0, and

its outward unit normal is N e. The interface between the matrix and the inclusion is

denoted by S0, and we write N its unit normal pointing towards the matrix. For the sake

of illustration, the interface is further decomposed into two subsurfaces: S = S1
0 ∪ S2

0 ,

bounded by the closed curve C0 = ∂S1
0 = ∂S2

0 (Henann and Bertoldi, 2014). The

current configuration of the body at time t > 0 is denoted by Bt = Bmt ∪ Bit, with Bmt
and Bit the matrix and inclusion subdomains in the current configuration. The external

boundary in the current configuration is written as ∂Bt and its outward unit normal is

denoted by ne. The matrix-inclusion interface in the current configuration is written as

St = S1
t ∪ S2

t , with Ct = ∂S1
t = ∂S2

t . The unit normal to the interface pointing towards

the matrix in the current configuration is written n.

Let X ∈ B0 and x ∈ Bt be the position vectors of material points in the initial and

current configurations, respectively. These are related by the one-to-one map (we do not

list time as a variable for conciseness):

x = φ(X) (3.1)
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The associated deformation gradient mapping line elements from the initial to the cur-

rent configuration is defined as1:

F = Grad φ(X) (3.2)

The bulk jacobian of the transformation maps volume elements from the initial to the

current configuration: dv = JdV , with J = detF > 0. We also define f = F−1.

We define the (non-invertible) interface deformation gradient mapping line elements

on the interface from the initial to the current configuration as:

F̂ = Ĝrad φ(X) = Grad φ(X) · Î (3.3)

where Î is the surface projection tensor:

Î = I −N ⊗N (3.4)

where I is the unit tensor in the reference configuration. The surface jacobian of the

transformation maps surface elements from the initial to the current configuration: da =

ĴdA, with Ĵ = d̂etF̂ = J |F−T · N |. The latter relation is the scalar version of the

Nanson formula:

nda = JF−T ·NdA (3.5)

where the surface normal in the current configuration can be related to the surface nor-

mal in the reference configuration as:

n =
N · f
|N · f | (3.6)

1We follow the notation convention used in (Steinmann, 2008), where Grad(•) and grad(•) denote the
gradient with respect to the initial and current configurations, respectively. Similarly, Div(•) and div(•)
respectively denote the divergence with respect to the initial and current configurations.
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We also introduce the surface projection operator in the current configuration:

î = i− n⊗ n (3.7)

where i is the unit tensor in the current configuration.

We describe the orientation of each liquid crystal molecule by a unit vector m (see

Fig. 3.1), which is aligned with the major axis of the molecule. For nematic liquid

crystals, the average orientation of the molecules and their degree of alignment in the

liquid crystal phase can be simultaneously described using a second order, traceless,

symmetric tensor Q, defined as (de Gennes and Prost, 1993):

Q =
1

N

∑
i

(
m(i) ⊗m(i) − I

3

)
(3.8)

where the summation is performed over N molecules in a representative volume ele-

ment of the liquid crystal phase. Note that this expression can be applied to other types

of liquid crystals to describe their orientational ordering, although additional order pa-

rameters may be required (e.g. translational order parameter for smectic liquid crystals

(de Gennes and Prost, 1993)). Let αi (i = 1, 2, 3) be the principal values of the Q-

tensor, with α1 +α2 +α3 = 0, and di the corresponding principal directions. Due to its

traceless property, the Q-tensor can be expressed as:

Q = S1(d1 ⊗ d1) + S2(d2 ⊗ d2)−
S1 + S2

3
I (3.9)

where the parameters S1 and S2 are related to the principal values by

S1 = 2α1 + α2, S2 = 2α2 + α1 (3.10)

For uniaxial nematic liquid crystals, the Q-tensor is transversely isotropic, which im-
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plies that two of its eigenvalues coincide. Without loss of generality, let d1 be the direc-

tion of transverse isotropy, so that α2 = α3 and S2 = 0. The Q-tensor (3.9) simplifies

as:

Q = S

(
d⊗ d− I

3

)
(3.11)

where d ≡ d1 and S ≡ S1. When all the molecules are perfectly aligned, it is easily

seen from Eq. (3.8) that S = 1. The case where all molecules are randomly oriented

corresponds to S = 0. Finally, the case where all molecules are isotropically distributed

in a plane perpendicular to d corresponds to S = −1
2
. Thus, the parameter S describes

the degree of alignment of the molecules relative to the director. In general, −1
2
≤ S ≤ 1

(Andrienko, 2018). The director d and scalar order parameter S together describe the

average orientation and degree of disorder of the molecules at a point in the nematic

liquid crystal phase.

3.2.2 Free energy function

Bulk energy The free energy in the bulk (matrix or liquid crystal phase) is additively

decomposed into elastic, distortion and residual contributions:

U(F , grad Q;X) = Ue(F ;X) + UQ(F , grad Q;X) + Ur(F ;X) (3.12)

where Ue is the free energy density of elastic deformation, UQ is the free energy density

associated with distorting the director field, and Ur is the energy density associated

with the residual stress field. The capital letter U represents the free energy per unit

volume in the reference configuration. The parametric dependence in X is used to

indicate that material parameters depend on the phase. The free energy functions used

in this theory are required to be satisfying the principle of objectivity and specifically,

the elastic energy should satisfy the principle of poly-convexity.
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The elastic free energy density is taken of the (incompressible) neo-Hookean form:

Ue(F ;X) =
G(X)

2

[
tr(F T · F )− 3

]
(3.13)

whereG is the shear modulus, taken uniform in each phase: G(X) = Gr when X ∈ Br0
with r = m, i. Following Ghosh and Lopez-Pamies (2022), the liquid crystal inclusion

is treated as a hyperelastic fluid and therefore Gi → 0.

Strictly speaking, the expression in Eqn. 3.13 represents an incompressible Neo-

Hookean energy only when the deformation gradient satisfies the incompressibility con-

straint

J = detF = 1. (3.14)

For a general deformation with J ̸= 1, the isochoric part of the deformation should be

used instead. We define

F̃ = J−1/3F , det F̃ = 1, (3.15)

and the corresponding modified invariant

Ĩ1 = tr
(
F̃ T F̃

)
= J−2/3I1. (3.16)

The Neo-Hookean energy should therefore be interpreted as

Ue =
G(X)

2

(
Ĩ1 − 3

)
. (3.17)

In the incompressible case considered here, the constraint J = 1 is enforced by the

Lagrange multiplier p, so that F̃ = F and Ĩ1 = I1. Therefore, the simpler expression

Ue = G(X)(I1 − 3)/2 is recovered. For convenience, we use F over F̃ in the rest of

the derivation.
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The free energy arising from the spatial variation of the order parameter is given by:

UQ(F , grad Q;X) = JuQ(grad Q;X) (3.18)

where uQ is Landau-de Gennes elastic energy density (energy per unit volume in the

current configuration). For a uniaxial nematic liquid crystal, a free energy form with

three invariant combinations of the gradient of Q is adopted (Mottram and Newton,

2014):

uQ(grad Q;X) =
L1(X)

2
(Qij,kQij,k) +

L2(X)

2
(Qij,jQik,k) +

L3(X)

2
(Qik,jQij,k)

(3.19)

where the index notation Qij,k refer to the gradient with respect to coordinates in the

current configuration. This free energy form has been constructed based on mathe-

matical considerations of objectivity, neglecting higher-order terms. There have been

studies and proofs of the general objectivity constraint of the free energy density func-

tion, which will not be presented in this chapter. Interested readers can refer to Chapter

4 in Sonnet and Virga (2012) and appendices in Zhang et al. (2019b). For simplicity, we

assume that all three terms equally contribute to the excess free energy due to distortion,

so that L1(X) = L2(X) = L3(X) ≡ L(X) (one-constant approximation). We take

L(X) = L when X ∈ Bi0, and L(X) = 0 when X ∈ Bm0 .

Due to the presence of surface tension and spatial variation of the order parame-

ter tensor Q, a residual (first Piola-Kirchhoff) stress field Pr(X) is in general needed

to achieve mechanical equilibrium in the reference configuration. The corresponding

residual energy takes the form:

Ur(F ;X) = Pr(X) : F (3.20)

In the case of spherical liquid inclusions with isotropic surface tension, the residual
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stress field in the inclusion is of the form Pr = pJF−T and balances the isotropic sur-

face tension, where p is the Lagrange multiplier. The corresponding residual energy per

unit volume in the inclusion is simply given by pJ (Ghosh and Lopez-Pamies, 2022).

This result is nothing else than the standard Young-Laplace equation, which describes

balance between the pressure on the inner side of an interface and a uniformly dis-

tributed surface tension. For a liquid inclusion with radius R0, the pressure is p = 2γ
R0

and the residual stress in the matrix vanishes. When the (liquid) inclusion is not spher-

ical, the non-uniform curvature of the interface leads to a non-uniform surface tension,

which drives the inclusion shape towards the spherical shape. Non-spherical inclusion

shape cannot be balanced solely by the pressure in the inclusion and a residual stress

field in the matrix is also required to equilibrate the reference configuration. Similarly,

liquid crystal inclusions of arbitrary shape and anisotropic surface tension generally

require residual stress fields in both the inclusion and the matrix to equilibrate the ref-

erence configuration. The main difference with the liquid inclusion case is that the

residual stress field in the liquid crystal inclusion is no longer a uniformly distributed

pressure, but a stress field taking into account the contribution of the Q-field. In this

work, for simplicity, we will consider that liquid crystal inclusions adopt the free-droplet

shape in the reference state (i.e., the shape that the liquid crystal inclusion would adopt

at equilibrium in a fluidic medium), so that the inclusion residual stress balances the

anisotropic surface tension, and the residual stress in the matrix vanishes. Details about

the determination of the residual stress field will be presented in Section 3.4.2.

Interface energy The interface free energy is taken of the following form:

Û(F̂ ,Q,N) = Ĵ û(Q,n) (3.21)
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where û is the interface energy per unit area in the current configuration, which is taken

of the form:

û(Q,n) = γ
[
1 + ω1 (d · n)2 + ω2

(
S2 − S2

0

)2] (3.22)

where γ is the surface tension, ω1 is the anchoring strength of the director, ω2 is the

anchoring strength of the scalar order parameter and S0 is the preferred scalar order pa-

rameter of the liquid crystal on the surface (Fournier and Galatola, 2005). For a tangen-

tially anchoring interfacial behaviour, the anchoring strength ω1 has to be positive. In

Eq. (3.22), the first term penalises the increase in surface area, the second term promotes

the alignment of the director field with the interface plane. The first two terms together

constitute the classical Rapini-Papoular form of anisotropic surface energy. The third

term is added to specify the preferred scalar order parameter at the interface (Fournier

and Galatola, 2005). Expression (3.22) is commonly adopted to describe interfaces of

droplets bounded by isotropic fluids (Warenghem et al., 1984) or soft polymer inter-

faces (Ramdane et al., 2000). The isotropic surface energy model is recovered simply

by setting ω1 = ω2 = 0.

3.2.3 Variational formulation

We obtain the governing equations for liquid crystal inclusion reinforced composites

starting from a variational formulation of the boundary value problem. We consider a

body subjected to a field of body force B in B0 and to a field of external tractions T

applied on its external boundary ∂B0. The total potential energy of the body is given by:

I(φ,Q, grad Q, p) =

ˆ
B0

U(F , grad Q;X) dV +

ˆ
S0

Û(F ,Q;X,N)dS

+

ˆ
B0

p(J − 1) dV −
ˆ
B0

B ·φ dV −
ˆ
∂B0

T ·φ dS

(3.23)
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where p is a scalar Lagrange multiplier field enforcing the incompressibility constraint

J = 1. On the right-hand side of the above equation, the first term represents the total

energy of the matrix and the inclusion, the second term is the total surface energy of the

interface, the third term is the penalty term associated with incompressibility, and the

last two terms represent the potential energy of the body force and external tractions,

respectively. We seek to find the stationary point of the total potential energy with

respect to all admissible fields φ, Q and p. The tensorial variable Q is required to be

traceless and symmetric, which we do not introduce further weak imposition through

Lagrange multiplier for convenience. The treatment on this restriction is explained in

more details later in Section 3.3.2.

3.2.3.1 Variation δφ

The following derivations are based on similar derivations obtained by Steinmann

(2008) and Javili and Steinmann (2010) for bulk elastic and surface energies, now in-

cluding the orientation energy of liquid crystal following Virga (2019). We consider the

first variation from φ → φ+εδφ around the true solution (φ,Q, p). The corresponding

variation of the potential energy is identified as:

δφI =
d

dε
[I(φ+ εδφ,Q, p)] |ε=0 (3.24)

The true solution corresponds to a stationary point of the functional: δφI = 0, solving

which gives us the following weak form:

ˆ
B0

P : Grad δφ dV +

ˆ
S0

P̂ : Ĝrad δφ dS =

ˆ
B0

B · δφ dV +

ˆ
∂B0

T · δφ dS (3.25)

where P represents the bulk first Piola-Kirchhoff stress, here given by:

P = Pe + pJfT + JuQf
T + JσQ · fT + Pr (3.26)

68



Mechanics of liquid crystal inclusions in soft matrices

where Pe is the stress derived from the elastic strain energy (3.13) and given by:

Pe =
∂Ue
∂F

= G(X)F (3.27)

In Eq. (3.26), p is the Lagrange multiplier arising from the incompressibility constraint.

The term JuQf
T represents the Landau-de Gennes energy in the reference configuration

under given deformation gradient. σQ arises from the distortion of the Q-field, which

is analogous to the Ericksen stress (Ericksen, 1962) and is given by:

σQ = −grad Q⊙ uQ
∂grad Q

(3.28)

or, in index notation:

σQij = −Qkl,i
∂uQ
∂Qkl,j

(3.29)

With uQ of the form (3.19) under the one-constant approximation, the latter expression

becomes:

σQij = −L(X)Qkl,i(Qkl,j + δljQkm,m +Qkj,l) (3.30)

In Eq. (3.25), P̂ represents the surface first Piola-Kirchhoff stress and can be decom-

posed as:

P̂ = Ĵ ûf̂T + n⊗ Ŝ0 (3.31)

where Ŝ0 is the so-called deformational surface shear (Steinmann, 2008):

Ŝ0 = π̂t · Ĵ f̂T with π̂t = − ∂û

∂n
· î (3.32)

Inserting Eq. (3.21) into Eq. (3.32), we obtain:

π̂t = −2γω1 cos⟨d,n⟩(d− cos⟨d,n⟩n)

Ŝ0 = −2Ĵγω1 cos⟨d,n⟩(d− cos⟨d,n⟩n)f̂T
(3.33)
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where ⟨d,n⟩ represents the angle between the director and the surface normal in the

current configuration. The first term in Eq. (3.31) describes the contribution to the

surface stress due to increasing the surface area, and the second term represents the

contribution to the surface stress due to anchoring effects. In the particular case where

ω1 = ω2 = 0, û = γ, and the surface stress reduces to P̂ = Ĵγf̂T .

We illustrate the physical interpretation of surface shear in a simple 2D example in

2D. In a 2D Cartesian coordinate system with basis vectors {ex, ey}, the director field

can be written as: d = cos θex + sin θey, where θ represents the angle between the

director and ex. The liquid crystal is in contact with with a flat surface with normal

vector n = ey. In this case, the deformational surface shear in the current configuration

is obtained as:

π̂t = −γω1 sin 2θex (3.34)

From this expression we can easily see that when θ = kπ/2, k = 0,±1,±2, . . ., π̂t = 0,

which corresponds to cases where the director is either parallel or perpendicular to the

surface. When θ = π/4 + kπ/2, the surface shear reaches its maximum absolute value.

Thus, there exists a tendency for the director field to be reoriented towards the surface

tangential plane, or equivalently, for the surface to be tilted along the director. The

resultant droplet shape and director field are dependent on the relative strength between

the surface and distortional energy.

Using integration by part and the divergence theorem in the bulk and on the interface,

the following strong form can be obtained from Eq. (3.25):

Div P +B = 0 in B0 (3.35)

P ·N = T on ∂B0 (3.36)

D̂iv P̂ = (P i − Pm) ·N on S0 (3.37)

P̂ · N̂1 + P̂ · N̂2 = 0 on C0 (3.38)
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Eqs (3.35)-(3.38) recover the classical mechanics equations in the presence of surface

stresses (Steinmann, 2008). The only difference is the Landau-de Gennes elasticity

contribution included in the expression (3.26) of the total stress. Eq. 3.38 is a result from

surface divergence theorem, and is not used in this chapter. See 3.A.1 for derivations

details of the weak and strong form.

3.2.3.2 Variation δQ

Now we look at the first variation from Q → Q+ ηδQ around the true solution:

δQI =
d

dη
[I(φ,Q+ ηδQ, p)] |η=0 (3.39)

Solving δQI = 0, we arrive at the weak form:

ˆ
Bt

[
sQ

... grad δQ
]
dV +

ˆ
St

∂û

∂Q
: δQdS = 0 (3.40)

where sQ is the torque stress, given by:

sQ =
∂uQ

∂grad Q
(3.41)

The torque stress can be interpreted as an analogue to the elastic stress, except that it

conjugates with the gradient of the order parameter Q. Using Eq. (3.19), the torque

stress specialises as:

sQij,k = Qij,k + δjkQim,m +Qik,j (3.42)

In Eq. (3.40), the operator
... is defined as:

Aijkei ⊗ ej ⊗ ek
... Blmnel ⊗ em ⊗ en = AijkBijk (3.43)

Using again integration by parts and the divergence theorem, the corresponding
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strong form of the governing equations for the order parameter are obtained:

divsQ = 0 in Bt (3.44)

sQ · n+
∂û

∂Q
= 0 on St (3.45)

sQ · n = 0 on ∂Bt (3.46)

Eqs (3.44)-(3.46) recover the governing equations for liquid crystal problems presented

in Sonnet and Virga (2012).

3.2.3.3 Variation δp

Finally, we take the first variation from p → p + ξδp, which gives the following condi-

tion: ˆ
B0

(J − 1)δp dV = 0 (3.47)

The corresponding strong form is equivalent to the incompressibility constraint J = 1.

3.2.4 Summary of the governing equations

In summary, the solution of the boundary-value problem for a liquid crystal inclusion in

an elastic matrix subjected to a field of mechanical body forces and surface traction can

be stated as follows.
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Weak form Find (φ,Q, p) that satisfy:

ˆ
B0

P : Grad δφ dV +

ˆ
S0

P̂ : Ĝrad δφ dS −
ˆ
B0

B · δφ dV −
ˆ
∂B0

T · δφ dS = 0

(3.48)ˆ
B0

JsQ
... grad δQ dV +

ˆ
S0

Ĵ
∂û

∂Q
: δQ dS = 0

(3.49)ˆ
B0

(J − 1)δp dV = 0

(3.50)

together with the constitutive relations for P , P̂ , sQ and û.

Strong form Find (φ,Q, p) that satisfy:

Div P +B = 0 in B0 (3.51)

div sQ = 0 in Bt (3.52)

J = 1 in B0 (3.53)

together with the following boundary and interface conditions:

P ·N = T on ∂B0 (3.54)

D̂iv P̂ = (P i − Pm) ·N on S0 (3.55)

sQ · n+
∂û

∂Q
= 0 on St (3.56)

P̂ · N̂1 + P̂ · N̂2 = 0 on C0 (3.57)

and the constitutive relations.
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3.3 Numerical implementation

We have implemented the theory into a finite element code using the open source finite

element library FEniCSx (Alnæs et al., 2015).

3.3.1 Geometry and mesh

We consider a periodic composite consisting of aligned axisymmetric prolate liquid

crystal inclusions arranged on a rectangular lattice (Fig. 3.3). The assumption of

axisymmetric inclusions is motivated by experimental observations reported by Kaz-

nacheev et al. (2002), which show that the shape of the liquid crystal droplet and the

director field are axisymmetric in the natural state. We also assume that the interface

consists of a single smooth surface, i.e. we do not account for line interfaces. Virga

(2019) (Chapter 5) has shown that when the interfacial energy is represented by the

Rapini-Papoular model, there is no line singularity on the interface when the anchor-

ing effect is tangential to the interface (i.e. ω1 > 0). We write ϕ the volume fraction

of the inclusions. The inclusions have semi-major axis a in the z-direction, and semi-

minor axis b in the x- and y-directions. The aspect ratio of the inclusions is defined

as ϵ = a
b
≥ 1. For simplicity, and to reduce the computational cost, we represent the

composite using an axisymmetric Unit Cell (UC) with radius R0 and height 2H0 and

containing a single inclusion at its centre (Fig. 3.3b). We consider the aspect ratio of

the UC to be identical to the inclusion aspect ratio: H0

R0
= ϵ. The volume fraction of

the inclusion is given by ϕ = V i

V
where V i is the inclusion volume and V = 2πH0R

2
0

is the UC volume. The geometry is defined in a cylindrical coordinate system with

origin at the centre of the inclusion and fixed polar angle θ = 0, and with basis vector

{er, ez}. The geometry is discretised in a 2D triangular mesh using the software GMSH

(Geuzaine and Remacle, 2009), accounting for axisymmetry and periodicity, as shown

in Fig. 3.3c. The simulations in this paper use about 400 elements and we have verified
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Figure 3.3: (a) Schematic of the periodic composite; (b) Approximation using axisym-
metric unit cell; (c) 2D finite element mesh.

that the number of elements was sufficient to achieve convergence.

The numerical solution obtained using this 2D axisymmetric UC is an approxima-

tion of the true solution for the composite shown in Fig. 3.3a, and is limited to the case

where the loading conditions are symmetric with respect to the major axis. We adopted

the axisymmetric approximation because it is sufficient to investigate the main coupling

effects in these composites, while keeping the computational cost low. For comparison,

we have also implemented our theory in 3D. We have verified that the 2D axisymmetric

approximation is in good agreement with reference calculations obtained on 3D cells,

see 3.C.

3.3.2 Mixed finite element formulation

As stated in Section 3.2, the variables of the boundary value problem consist of φ, Q

and p, which are vector, tensor and scalar, respectively. We adopt a standard mixed

formulation for the displacement field and pressure field, see Chapter 8 in Boffi et al.

(2013), that is, second order continuous Galerkin elements (CG-2) for the displacement

field and zeroth order (scalar) discrete Galerkin element (DG-0) for the pressure field,

which is proved to be stable for triangular elements. As for the Q-field, using the trace-

less and symmetric nature of Q, we first note that in the 2D axisymmetric case, the
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Q-tensor only has two independent components: the scalar order parameter S and one

independent component of the director d (the other two components are constrained

by the condition |d| = 1 and axisymmetry). We parametrise d using the angle ψ be-

tween the director and the r-axis so that d = cosψer + sinψez. The Q-tensor is then

parametrised in terms of ψ and the scalar order parameter S:

[Q] = S


cos2 ψ − 1

3
0 cosψ sinψ

0 −1

3
0

cosψ sinψ 0 sin2 ψ − 1

3

 (3.58)

We interpolate the scalar functions ψ and S with first-order continuous Galerkin ele-

ments (CG-1). When treating the problem with axisymmetric elements, we also need

expressions of the gradient of vector and tensor fields in cylindrical coordinates. Ex-

pressions for these operators can be found in 3.B. In addition, since state variables ψ

and S are only defined in the inclusion domain, Bi0, we used the package multiphenicsx

(Ballarin, 2024) to restrict the variables within the inclusion subdomain.

3.3.3 Dimensionless parameters

In our parametric study, we focus mainly on the effect of three dimensionless material

parameters: the relative anchoring strength ω1, the dimensionless inclusion volume v

and the elasto-capillary number ξ. The physical meaning of these parameters is de-

scribed below.

The relative anchoring strength ω1 quantifies the relative contributions of surface

anchoring and surface tension, as evident from Eq. (3.22).

The dimensionless volume v characterises the tendency of the director field in an

inclusion of a given size to be distorted as a result of interface anchoring. The ratio of

distortional elastic constant L (energy per length) to the anchoring energy γω1 (energy
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per area) defines a material length, known as the surface extrapolation length (de Gennes

and Prost, 1993):

ℓ =
L

γω1

(3.59)

The surface extrapolation length represents the distance from the actual interface to an

imaginary surface where the director is completely aligned with the surface. In other

words, ℓ sets the length scale for the distortion of the director field due to an anchoring

surface. When ℓ is "large", distortional elasticity prevails over surface anchoring. The

extrapolation length should be compared to the characteristic size of the inclusion. To

this end, the dimensionless inclusion volume (Prinsen and van der Schoot, 2003) is

introduced:

v =
V i

ℓ3
(3.60)

When the inclusion size is small relative to the extrapolation length (v ≪ 1), the di-

rector field is unable to reorient over the inclusion length scale and remains relatively

unaffected by surface anchoring. When the inclusion size is large relative to the extrap-

olation length (v ≫ 1), the director is able to reorient and to align with the interface.

The ability of the director field to anchor at the interface thus depends on the inclusion

size.

The elasto-capillary number ξ is defined as:

ξ =
γ

GmR̃
(3.61)

where R̃ is a characteristic size of the inclusion related to the inclusion volume as:

V i =
4

3
πR̃3 (3.62)

The elasto-capillary number describes the relative strength of surface tension relative

to the elasticity of the matrix. When the elasto-capillary number is small (ξ → 0), the
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matrix deformation is unaffected by the surface tension at the interface. Elasto-capillary

effects become significant (ξ > 1) when the inclusion is small and/or the matrix is soft.

Additional dimensionless parameters are ω2 and S0, which dictate the evolution of

the order parameter S. However, the order parameter does not affect the orientation of

the director field, which is our primary interest in this study. Therefore, in this chapter,

we adopt the value of S0 = 1 and set ω2 = 20 in all our simulations.

3.3.4 Bipolarness

We adopt the concept of "bipolarness" introduced by Prinsen and van der Schoot (2004)

to describe the director field within a liquid crystal droplet. In this representation, the

directors are assumed to be oriented tangentially to revolving circular arcs with equa-

tion:

(r + r0)
2 + z2 = m2 (3.63)

where m is the radius of the circle and r0 > 0 is the distance between the origin and

the centre of the circle, see Fig. 3.4. The intersection of the circular arcs with the

z-axis is denoted ã. The ratio between ã and a can then be used as a measure of the

degree of distortion of the director field inside a droplet. When a
ã
→ 1, the circular

arcs representing the director orientations meet the tips of the droplet, and the director

field inside the droplet is perfectly bipolar. When a
ã
→ 0, the circular arcs are parallel

straight lines, corresponding to complete alignment of the directors inside the droplet.

In practice, we obtain the equation of the circular arcs from finite element simulation

results in the following way. For a given node Pi with coordinates (ri, zi) and director

orientation ψi, Eq. (3.63) particularises as:

(ri + r0i)
2 + z2i = m2

i (3.64)

78



Mechanics of liquid crystal inclusions in soft matrices

Figure 3.4: Approximation of the director field inside the inclusion using circular arcs.
The ratio a

ã
defines the the bipolarness of the director field.

By definition, the director is tangential to the arc at this point, giving:

sin
(
ψi −

π

2

)
=

zi
mi

(3.65)

As shown in the next section, for x > 0 and z > 0, ψ is always larger than π
2
. Eq.

(3.65) gives the radius of the circle mi at node Pi. Substituting into Eq. (3.64) gives the

distance r0i as:

r0i = −ri +
zi

tan(ψi − π
2
)

(3.66)

The distance between the tip of the circular arc and the origin is obtained as:

ãi =
√
m2
i − r02i (3.67)

Since the representation of the director field orientation using circular arcs is not exact,

the distance ãi varies from node to node. Therefore, we consider the average bipolarness

of the director field:
a
¯̃a
=

a

N

N∑
i

1

ãi
(3.68)

where N is the number of nodes in the inclusion domain.
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3.4 Results

In this section, we consider two classes of problems to illustrate the underlying physics

of the composite system through parametric analyses. The first one (Section 3.4.1) is the

free droplet problem, where we investigate the equilibrium shape and director field of a

liquid crystal droplet in an isotropic fluid environment. The second one consists of the

problem of an inclusion embedded in a soft matrix and subjected to external mechanical

loads.

3.4.1 Free droplet

Simulation method When the inclusion is surrounded by a fluidic environment, the

problem reduces to the classical problem of finding the equilibrium shape of a liq-

uid crystal droplet with deformable boundaries (Kaznacheev et al., 2002; Prinsen and

van der Schoot, 2003, 2004). The equilibrium shape of the droplet is then dictated by

the competition between the interfacial energy and the distortional energy of the liquid

crystal. Previously, the numerical modelling on the free droplet problem has been in-

vestigated through Monte Carlo simulations (Bates, 2003), molecular dynamics (Vanzo

et al., 2012), phase field simulations (Diegel and Walker, 2017) as well as staggered al-

gorithms (DeBenedictis and Atherton, 2016; Adler et al., 2023), i.e. iteratively solving

for the order parameter field with a fixed interface, and for the inclusion shape with fixed

order parameter. In contrast, in our approach we obtain the Q-tensor field and the shape

of the inclusion simultaneously for a finite value of the shear modulus Gm = Gi, and

iteratively reduce the moduli until reaching the equilibrium shape, as explained below.

For the reference configuration, we consider a spherical droplet with radius R̃ em-

bedded in a matrix. In the reference configuration, both the matrix and the inclusion are

endowed with bulk elastic energy of the form (3.13), with Gm = Gi = Ginitial, and we

do not consider surface tension. In this case, the reference configuration is at equilib-
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rium without any residual stress inside the droplet, and the order parameter is uniform

in the inclusion. The boundary conditions are:

φr = 0 on Γleft,

φz = 0 on Γbottom,

σ · n = 0 on Γright ∪ Γtop,

ψ =
π

2
,

∂S

∂n
= 0 on Γileft ∪ Γibottom.

(3.69)

Here, we used Dirichlet boundary conditions for the angle ψ on Γileft ∪Γibottom, instead of

the natural boundary condition ∂ψ
∂n

= 0. We have verified that the numerical solution ob-

tained using natural boundary conditions indeed gives ψ = π/2+kπ, k = 0,±1,±2, . . .

(the other admissible solution in terms of symmetry would be ψ = 0+kπ). We adopted

the Dirichlet boundary condition in the parametric study because it facilitated conver-

gence and avoids the multiple solutions of ψ due to periodicity. We then apply the

(anisotropic) surface tension, similar to an external load (Henann and Bertoldi, 2014).

The applied surface tension is ramped gradually to facilitate convergence. Activating

the anisotropic surface tension tends to deform the droplet shape and in turn distorts the

order parameter field, while the droplet deformation is resisted by the elastic matrix.

After having equilibrated the system, we then decrease the shear moduli of both the ma-

trix and the inclusion, and recalculate the new equilibrium shape and director field. The

procedure is repeated for gradually decreasing shear moduli, Gm = Gi → 0, until the

droplet reaches its fully relaxed configuration. In practice, we consider that the droplet

is fully relaxed when the change in its aspect ratio △ϵ between two increments in shear

moduli is smaller than 10−4. Note that during relaxation, the mesh can be distorted sig-

nificantly, causing convergence issues before the tolerance is reached. In such cases, we

re-mesh the domain whenever the solver fails to converge and continue the relaxation

process with the new mesh. We verified that the equilibrium shape of the droplet is
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independent on the volume fraction of the inclusion, as expected.

Comparison to experimental data To validate our model, we compare numerical

predictions to experimental data reported by Kaznacheev et al. (2002) for a dispersion

of 0.33 wt% of vanadium pentoxide in water. In that study, snapshots of equilibrated

droplets in solution were taken, and the aspect ratio and semi-major axis of each droplet

were measured. Material parameters were set as follows: ω1 = 5, γ = 0.003 J/m2

and L = 10−8 J/m, which were fitted to experimental data. Liquid crystal droplets

with varying volume V i (i.e. different characteristic sizes R̃) were simulated. For each

R̃, we calculated the equilibrium semi-major axis a and aspect ratio ϵ = a
b
. We also

calculated the average bipolarness, as described in Section 3.3.4. The comparison be-

tween simulation results and experimental data is shown in Fig. 3.5, showing good

agreement. Results show that, when the volume of the inclusion increases (i.e. the di-

mensionless volume v increases), the aspect ratio decreases and bipolarness increases.

Indeed, increasing the dimensionless volume facilitates the disorientation of the director

field, allowing the droplet to adopt a more circular shape to minimise its surface energy.

In contrast, at small dimensionless volume, the director field remains strongly aligned,

forcing the droplet to adopt a more elongated shape to reduce the cost of interfacial

misalignment.

Parametric study We conducted a parametric study to assess the effect of the rela-

tive anchoring strength ω1 for different values of v, adjusted via the inclusion size R̃ at

constant L = 10−8 J/m and γ = 0.003 J/m2. The evolution of the droplet aspect ratio

is shown as a function of the relative anchoring strength ω1 in Fig. 3.6a for three values

of v, and the corresponding evolution of the bipolarness is shown in Fig. 3.6b. The

figure also shows the estimate obtained using the Wulff’s construction method (Virga,

2019), according to which the equilibrium shape of an incompressible body is obtained

by minimising a known functional. Wulff’s method applies only in the limit v → 0,
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Figure 3.5: Comparison between experimental and finite element simulation results
for the evolution of the droplet shape (aspect ratio, ϵ) with the inclusion size (semi-
major axis a, or dimensionless volume v). Parameters were identified as: ω1 = 5,
γ = 0.003J/m2, and L = 10−8J/m.

corresponding to a perfectly ordered liquid crystal. In the case where ω1 = 0, there is

no cost associated with misaligning the director with the surface and the droplet adopts

a spherical shape (ϵ = 1). Inside the droplet, the director is perfectly aligned to min-

imise the distortional energy and the bipolarness tends to zero. As ω1 increases, due to

anisotropic surface tension, the aspect ratio of the droplet increases and the bipolarness

also increases.

The change of aspect ratio with an increasing dimensionless volume is shown in Fig.

3.6c. For a given anchoring strength, the aspect ratio decreases as the dimensionless

volume increases, and tends to one for v → ∞. We also show the evolution of the

bipolarness of the director field in Fig. 3.6d. The bipolarness tends to zero as v → 0,

because the cost of misaligning the director field becomes much larger than the cost

of misalignment at the interface, and the director field becomes nearly uniform. As v

increases, the director field becomes able to reorient to align with the surface, and the

bipolarness increases.
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Figure 3.6: Predicted evolutions of the aspect ratio ϵ and bipolarness a
¯̃a

as a function
of (a)-(b) the anchoring strength ω1 and (c)-(d) the dimensionless volume v. Other
parameters were set as L = 10−8 J/m and γ = 0.003 J/m2.
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Figure 3.7: Illustration of inclusion shape and director field orientation in liquid crystal
droplets with different anchoring strength and dimensionless volume.

Fig. 3.7 illustrates the shape of the droplet and orientation of the director field for

different combinations of ω1 and v. The contour plots represent the deviation angle

θ = (ψ− π
2
) between the director and the z-axis. Note that the deviation angle was only

calculated in the meshed region x ≥ 0, z ≥ 0, where ψ is larger than ψ
2

, and mirrored

in the three other quadrants for visualisation. When the dimensionless volume is small

(v = 1), the director field is almost uniaxial and aligned with the symmetry axis, and

the deviation angle is close to zero. Increasing the anchoring strength elongates the

droplet, with the appearance of point defects (called "boojums") visible for ω1 = 2.

The droplet is then referred to as "tactoid". As the dimensionless volume increases, the

local deviation angle becomes heterogeneous to reduce misalignment with the interface.

At large v and small ω1, the droplet is able to preserve a roughly spherical shape by

allowing large distortions of the director field near the surface. At large v and large

ω1, the tactoid shape becomes more complex as a result of the competition between

distortional energy and anisotropic surface energy.
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3.4.2 Liquid crystal inclusion in a soft matrix

Reference configuration We hypothesise that inclusions in the composite initially

have the same shape and director field orientation as the corresponding inclusions in a

liquid. By adopting the shape and director field of the fully-relaxed free droplet in the

reference configuration of the composite problem, we ensure that the matrix in the refer-

ence configuration is stress-free. Let QFD be the order parameter and pFD the hydrostatic

pressure in the relaxed free droplet. According to Eq. (3.26), the residual stress Pr that

balances the surface tension and the distortion of the order parameter is given by:

P i
r = uQ(grad QFD)JF−T + JσQ(grad QFD)F−T + pFDJF−T , Pm

r = 0 (3.70)

In practice, we first solve the free droplet problem using the methodology described

in the previous section, and obtain the inclusion shape and the Q-field. We then calcu-

late the residual stress field from Eq. (3.70). Next, we create a new mesh on the free

droplet geometry and interpolate the numerical values of P i
r onto the new mesh. The in-

clusion is then embedded in the soft matrix, and the matrix domain is also meshed. The

self-equilibrated free-droplet embedded in the matrix is used as the reference configura-

tion (with F = I) for subsequent composite simulations. Note that as the interpolation

is performed on two different meshes, it leads to a numerical error. However, we have

verified that the numerical error on the stress field is small so that it does not impact

subsequent results.

Boundary conditions We subject the composite UC to uniaxial tension and compres-

sion tests in the z-direction, which satisfy the condition of axisymmetry. Similar to the

free droplet problem, the composite is subjected to symmetric boundary conditions on
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Γleft = Γileft ∪ Γmleft and Γbottom = Γibottom ∪ Γmbottom:

φx = 0 on Γleft

φz = 0 on Γbottom

ψ =
π

2
,
∂S

∂n
= 0 on Γileft ∪ Γibottom

(3.71)

We apply prescribed displacement boundary conditions on the top edge:

φz = (λz − 1)H0 on Γtop (3.72)

where λz is the stretch in z-direction. The right edge is kept straight to account for

periodicity, and hence interactions between neighbouring inclusions (subject to the ap-

proximation of axisymmetric UC). This constraint is weakly imposed to the edge by

adding the following term to the total potential:

ˆ
Γright

β

(
∂φr
∂z

)
dS (3.73)

where β is a Lagrange multiplier defined only on the right edge using the multiphenicsx

package (Ballarin, 2024).

In the following, we conduct a parametric study to explore the role of various pa-

rameters on the macroscopic response of the composite. We also investigate the effect

of mechanical loads on the orientation of the director field. In the simulations below,

the Landau-de Gennes elastic constant is L = 10−8J/m, and the surface tension is

γ = 0.003J/m2. We vary the value of v by changing the value of R̃. We change the

value of ξ by changing the value of Gm. The volume fraction of the liquid crystal

inclusion is kept constant: ϕ = 0.2.
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Figure 3.8: Normalised stress-stretch curves for composites made of liquid crystal in-
clusions embedded in an elastic matrix under uniaxial tension and compression loading.
Material parameters are: v = 100, ω1 = 0.5

Parametric study We first consider the stress-strain response of the composite sub-

jected to uniaxial tension and compression tests. Fig. 3.8 shows the effective Cauchy

stress σ̄zz (calculated by dividing the resultant force on the top surface by the current

area) normalised by the Young modulus of the matrix (Em = 3Gm), for different values

of ξ. The anchoring strength and the dimensionless volume are ω1 = 0.5 and v = 100.

For comparison, we have also plotted the response of the composite when the inclu-

sion is replaced with an incompressible isotropic liquid and negligible surface tension

(ξ = 0). When ξ = 0.1, the elasto-capillary effect is weak and the response of the com-

posite is softer than that of the matrix and only slightly stiffer than that of a composite

with liquid inclusion and no surface tension effects. As ξ increases by decreasing the

matrix modulus, the composite modulus also decreases, but not as fast as the matrix

modulus, so that for ξ = 10, the composite is stiffer than the matrix. These results

parallel previously-reported results for liquid inclusions in soft matrices, see Style et al.

(2015a,b); Wang and Henann (2016); Ghosh and Lopez-Pamies (2022).

Fig. 3.9 shows the effective Young modulus of the composite in the z-direction,

Ēz, normalised by the matrix modulus as a function of the elasto-capillary number ξ,
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Figure 3.9: Evolution of the normalised effective Young modulus of the composite with
the elasto-capillary number ξ for (a) different values of anchoring strength ω1 at fixed
dimensionless volume v = 100, and (b) different values of dimensionless volume v at
fixed anchoring strength ω1. The insets also compare the response of the composite with
liquid crystal inclusions (continuous lines) to the response of a composite containing
incompressible liquid inclusions with the same shape as in the original composite and
with no surface tension effects (dashed lines).

for different values of the anchoring strength and dimensionless volume. Each combi-

nation (v, ω1) corresponds to a given self-equilibrated configuration of the droplet, as

described in Section 3.4.1, while the elasto-capillary number ξ is varied by changing

the matrix stiffness. As noted previously, the normalised composite modulus increases

with ξ at constant values of v and ω1. For a fixed dimensionless volume (v = 100,

Fig. 3.9a), the effective modulus increases when the anchoring strength increases. This

can be explained based on the difference in aspect ratio of the underlying free droplet:

indeed, the aspect ratio increases from ϵ = 1.08 for ω1 = 0.1 to ϵ = 1.4 for ω = 0.5 (see

also Fig. 3.6). It is well established that the longitudinal modulus of composites rein-

forced by elongated inclusions increases with the inclusion aspect ratio (Lee and Paul,

2005). When ξ tends to zero, the effective modulus of the composite with liquid crystal

inclusion approaches the response of a composite with the same initial inclusion shape

but filled with an isotropic incompressible liquid and no surface tension, as illustrated

in dashed lines in the inset of Fig. 3.9a. This indicates that in the small-ξ limit (reached
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by increasing the matrix modulus), the contributions due to anisotropic surface tension

and distortional energy of the liquid crystal phase are negligible compared to the elastic

energy of the matrix. We have verified that these trends remain the same at smaller

values of v.

For a fixed anchoring strength (ω1 = 0.5, Fig. 3.9b), the effective modulus decreases

when the dimensionless volume decreases at given ξ ≳ 0.15. In this case, the aspect

ratios of the inclusion in the reference configuration are very close: ϵ = 1.49 for v = 1

and ϵ = 1.4 for v = 100. However, the two inclusions differ dramatically in their

initial director orientation: for v = 1, the director field is aligned, whereas for v = 100,

the director field is highly distorted and closely follows the shape of the inclusion, see

Section 3.4.1, Fig. 3.7. Due to a larger orientational mismatch between the director

field and the surface in the case v = 1, stretch-induced elongation of the inclusion

brings about a larger decrease in anisotropic surface energy, and therefore the effective

modulus of the composite is smaller for smaller v. In contrast, at small ξ ≲ 0.15, the

overall response is close to the response of a composite with isotropic incompressible

liquid inclusions and negligible surface tension, as shown in the inset of Fig. 3.9b. We

have verified that these trends remain the same at smaller values of ω1.

We next investigate the effect of mechanical loading on the inclusion shape and

orientation of the director field. Fig. 3.10 shows the inclusion response in the case

where v = 100 and ω1 = 0.5, and for two values of ξ. The reference configuration of

the droplet, corresponding to λz = 1, was previously shown in Fig. 3.7. When ξ = 0.01,

the inclusion shape changes significantly with the external loading in both tension and

compression, while it remains almost unchanged when ξ = 10. The director in the

inclusion is also more prone to reorientation when ξ = 0.01, compared to the case

where ξ = 10 (Fig. 3.10, left). This suggests that the distortion of the director field is

driven by the shape change of the interface. The scalar order parameter becomes smaller

in compression and larger in tension (Fig. 3.10, right), indicating that not only do the
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directors become more aligned when the inclusion is elongated, but at a smaller scale,

the molecules at each material point also become less dispersed. The case of a smaller

anchoring strength (ω1 = 0.1) but same dimensionless volume (v = 100) is illustrated

in Fig. 3.11. The response of the director field under external loading is similar to the

case where ω1 = 0.5, noting that the director and order parameter fields present a larger

spatial gradient in the initial state.

Fig. 3.12 shows the contour plots of deviation angle and scalar order parameter of

inclusions with dimensionless volume v = 1 and anchoring strength ω1 = 0.5. Note

the range of the colour bar (0-2.9 deg for deviation angle and 0.98-1 for scalar order

parameter), indicating that the molecules are almost aligned in the reference configura-

tion, see also Fig. 3.7. In contrast to the previous examples, when the dimensionless

volume is small, the director field becomes more aligned when the composite is being

compressed, while the director field remains almost unchanged in tension. In particular,

when ξ = 10, although the surface is barely deformed, the deviation angle becomes

smaller when the composite is being compressed. We are currently not able to explain

this phenomenon. We note, however, that changes in the order parameter field are very

small (of the order of 1 deg for the deviation angle and 0.01 for the scalar order parame-

ter). Finally, Fig. 3.13 shows the response of the inclusion for v = 1 and ω1 = 0.1. The

effect of elasto-capillary number is the same as in previous results, while the alignment

of the director field due to compression is more significant. Similar to Fig. 3.12, the

changes in the absolute values of deviation angle and scalar order parameter are very

small compared to the cases shown in Figs 3.10 and 3.11.
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Figure 3.10: The response of liquid crystal inclusions in a soft matrix under external
loading. Contour plots of the director deviation angle θ (left) and scalar order parameter
S (right). Material parameters are v = 100 and ω1 = 0.5.
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Figure 3.11: The response of liquid crystal inclusions in a soft matrix under external
loading. Contour plots of the director deviation angle θ (left) and scalar order parameter
S (right). Material parameters are v = 100 and ω1 = 0.1.

Figure 3.12: The response of liquid crystal inclusions in a soft matrix under external
loading. Contour plots of the director deviation angle θ (left) and scalar order parameter
S (right). Material parameters are v = 1 and ω1 = 0.5.
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Figure 3.13: The response of liquid crystal inclusions in a soft matrix under external
loading. Contour plots of the director deviation angle θ (left) and scalar order parameter
S (right). Material parameters are v = 1 and ω1 = 0.1.
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3.5 Conclusions

In this work, we have developed a continuum theory for analysing the coupling between

elasticity, anisotropic surface tension, and orientational order in composites consisting

of nematic liquid crystal inclusions embedded in soft matrices. The theory can also

describe liquid crystal inclusions in liquids as a special case. We have implemented our

theory in the open-source finite element software FEniCSx, in both axisymmetric and

3D, and conducted parametric studies. Key findings regarding the behaviour of liquid

crystal inclusions in soft matrices can be summarised as follows:

• Similar to the case of composites consisting of liquid inclusions in soft matrices,

the inclusions reinforce the matrix when the elastocapillary number is large (ξ >

1), and weaken the composite when the elastocapillary number is small (ξ < 1).

• The reinforcement effect of the liquid crystal inclusion is enhanced by larger an-

choring strength, which primarily follows from a composite effect associated with

different inclusion aspect ratios in the reference configuration. For a given anchor-

ing strength, the reinforcement effect is reduced when the dimensionless volume

is small, due to the alignment of the interface with the director.

• The response of the order parameter field in the inclusion is primarily mediated

by the deformation of the interface. Therefore, it is more sensitive to the external

loading when the elasto-capillary number is small. Reorientation of the director

field is more significant when the dimensionless inclusion volume is large and the

anchoring strength is small.

These results are based on the assumption that the shape and order parameter field of the

liquid crystal inclusion in the reference configuration of the composite are the same as

that of a liquid crystal inclusion with the same properties in a liquid. This may not be ex-

actly the case in experiments, depending on the fabrication method. In addition, results

94



Mechanics of liquid crystal inclusions in soft matrices

for the composite have been obtained assuming a periodic array of aligned inclusions,

loaded along their symmetry axis. Additional numerical studies are need to investigate

more general microstructures and loading conditions. However, the continuum theory

proposed in this work is general and can be used to simulate other scenarios.

The proposed theory and numerical results are relevant for the design of smart com-

posite materials, for example to optimise the director reorientation under applied me-

chanical loads. Conversely, the proposed theoretical and numerical methods could be

used in conjunction with experimental measurements to estimate material parameters

which are difficult to measure directly, for example in natural biological systems. In

future work, the theory will be extended to include the couplings with applied electric

field. The application of electric field may generate considerable deformation, which

could be useful for the design of smart stimuli-responsive materials.
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Appendix 3.A Derivation of the weak and strong form

3.A.1 Variation δφ

Using Eqs. (3.12) and (3.18), the variation of the bulk free energy gives:

δφU =
∂Ue
∂F

: δφF + uLdGδφJ + J
∂uLdG
∂gradQ

... δφgradQ (3.74)

Note the following results:

δφF = Grad δφ (3.75)

δφf = −f · δφF · f (3.76)

δφJ = JfT : δφF (3.77)

δφgrad d = Grad d · δφf (3.78)

Inserting results (3.75)-(3.78) into (3.74) renders the first term on the left hand side of

Eq. (3.25). Using Eqn. (3.21), the variation of the surface free energy gives:

δφÛ = ûδφĴ + Ĵ
∂û

∂n
· δφn (3.79)

Note the following results (Steinmann, 2008):

δφF̂ = Ĝrad δφ (3.80)

δφĴ = Ĵ f̂T : δφF̂ (3.81)

δφn = −n · ĝrad δφ (3.82)
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Using the latter result, we can calculate:

∂û

∂n
· δφn = −[n⊗ ∂û

∂n
· î · f̂T ] : Ĝrad δφ (3.83)

Inserting results (3.80)-(3.83) into Eqn. (3.79) renders the second term on the left hand

side of Eqn. (3.25).

The strong form corresponding to the weak form (3.25) is obtained as follows. First

use integration by parts:

ˆ
B0

[Div(δφ · P )− (Div P ) · δφ] dV +

ˆ
S0

[
D̂iv (δφ · P̂ )− (D̂iv P̂ ) · δφ

]
dS

=

ˆ
B0

B · δφ dV +

ˆ
∂B0

T · δφ dS

(3.84)

Then use the divergence theorem in the bulk and on the interface:

ˆ
B0

− [Div P +B] · δφ dV +

ˆ
∂B0

(P ·N − T ) · δφ dS

+

ˆ
S0

[
D̂iv P̂ + P i ·N − Pm ·N

]
· δφ dS = 0

+

ˆ
C0
(P̂ · N̂1 + P̂ · N̂2) · δφ dL = 0

(3.85)

where P i and Pm represent the stress tensor in the inclusion and the matrix, re-

spectively. When using the surface divergence theorem, we have used the fact that

P̂ ·N = 0.
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3.A.2 Variation δQ

The variation of the bulk energy gives:

δQU = JδQuLdG =
∂uLdG
∂Q

: δQ+
∂uLdG
∂grad Q

... grad δQ (3.86)

The variation of the interfacial energy gives:

δQÛ = Ĵ
∂û

∂Q
: δQ (3.87)

Appendix 3.B Expression of operators in cylindrical co-

ordinate system

In cylindrical coordinate system with a basis of (er, eθ, ez), the gradient of an arbi-

trary vector u w.r.t. the coordinates in the reference configuration with an axisymmetric

formulation is:

Grad u =


∂ur
∂R

0
∂ur
∂Z

0
ur
R

0

∂uz
∂R

0
∂uz
∂Z

 (3.88)

The gradient of an arbitrary tensor T is w.r.t. the reference coordinates is:

Grad T =



∂Trr
∂R

0
∂Trz
∂R

0
∂Tθθ
∂R

0

∂Tzr
∂R

0
∂Tzz
∂R




0
Trr − Tθθ

R
0

Trr − Tθθ
R

0
Trz
R

0
Trz
R

0



∂Trr
∂Z

0
∂rz

∂Z

0
∂Tθθ
∂Z

0

∂Tzr
∂Z

0
∂Tzz
∂Z




(3.89)
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Appendix 3.C Finite element simulation with 3D unit

cell

We have also developed finite element code using a 3D prismatic UC, with dimen-

sions {2L0, 2L0, 2H0} in a Cartesian coordinate system. The volume of the UC is

V = 8L2
0H0. Accounting for symmetry, only one quarter of the UC is considered in

the numerical simulations (Fig. 3.14(a)). In 3D, there are three degrees of freedom to

define the tensor Q: two independent components of the director d (the third one is con-

strained by the condition |d| = 1) and the order parameter S. We adopt the following

parametrisation of the director:

d = cos θ cosψ ex + sin θ ey + cos θ sinψ ez (3.90)

where θ is the angle between the director and the x−z plane, and ψ is the angle between

the projection of the director onto the x − z plane and the x-axis. From its definition

(3.11), the order parameter tensor can then be written as:

[Q] = S


cos2 θ cos2 ψ − 1

3
sin θ cos θ cosψ cos2 θ sinψ cosψ

sin θ cos θ cosψ sin2 ψ − 1

3
cos θ sin θ sinψ

cos2 θ sinψ cosψ cos θ sin θ sinψ sin2 θ − 1

3

 (3.91)

The boundary conditions for the 3D UC under uniaxial tension and compression
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write as:

φx = 0 on Γileft ∪ Γmleft

φy = 0 on Γibottom ∪ Γmbottom

φz = 0 on Γback

φz = 2L0(λz − 1) on Γfront

θ = 0, ψ =
π

2
,
∂S

∂n
= 0 on Γileft ∪ Γibottom

(3.92)

The right and top faces of the UC are constrained to remain flat for periodical boundary

condition. This constraint is weakly imposed to the faces by adding the following term

to the total potential:

ˆ
Γright

[
β1

(
∂φx
∂z

)
+ β2

(
∂φx
∂y

)]
dS +

ˆ
Γtop

[
β3

(
∂φy
∂x

)
+ β4

(
∂φy
∂z

)]
dS (3.93)

where β1, β2, β3, β4 are Lagrange multipliers defined on the faces.

Fig. 3.14(b) shows the normalised effective stress-stretch curves for simulations

with 3D UC (scatter) and 2D axisymmetric UC (solid). Material parameters were the

following: Case 1: ω1 = 0.1, v = 1 and ξ = 1 (black curves); Case 2: ω1 = 0.2, v = 1

and ξ = 0.01 (red curves). ϕ = 0.2, γ = 0.003 J/m2, and L = 10−8 for all cases.

Predictions of from both types of UCs are almost identical.
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Figure 3.14: (a) Schematic of 3D unit cell. (b) Comparison between normalised ef-
fective stress-stretch relationships obtained using 2D axisymmetric (solid line) and 3D
(scatter) UCs
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4 | Liquid crystal inclusions in soft matrices un-

der an electric field

This chapter examines the electromechanical response of liquid crystal inclusions em-

bedded in soft matrices subjected to external electric fields. Electric fields promote di-

rector alignment within the inclusion, while interfacial anchoring and matrix elasticity

constrain this reorientation and convert it into a mechanical driving force for inclusion

shape change and matrix deformation. The resulting behaviour is governed by the com-

petition between electrostatic, interfacial, and elastic energy, and can be characterised

using a small set of dimensionless parameters. In particular, the dimensionless inclu-

sion volume and the elastocapillary number control both the sensitivity of the inclu-

sions to the applied field and the magnitude of the induced deformation. These coupled

mechanisms provide a physical basis for designing responsive soft composites in which

electrically driven inclusion deformation can be utilised for functional actuation and

tunable surface morphologies. In particular, comparing to the last chapter, we introduce

novel free energy functions to describe the interfacial behaviours, which significantly

improves the numerical convergence of the system.

4.1 Introduction

Composites consisting of liquid crystal inclusions dispersed within solid matrices have

long been used in engineering applications (Manaila-Maximean, 2021; Hakemi, 2019;

Baratta et al., 2022; Kamal et al., 2022; Aphonin et al., 1993; Ghorapade and Wang,

2024). The design strategy of these devices is to utilise the sensitivity of liquid crystal

molecules to electric fields. Two ingredients are essential: the fluidic nature of the

liquid crystal, which permits reorientation of the director, and the anisotropic dielectric

response, which couples this reorientation to the external field.
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In traditional polymer-dispersed liquid crystal (PDLC) devices with stiff matrices,

the equilibrium orientation of the liquid crystal is governed by a balance between distor-

tion elasticity of the director field, anchoring at the liquid crystal-matrix interface, and

dielectric coupling to the applied field (Wu et al., 1989; Lin et al., 1995; Drzaic, 1995).

The anchoring strength at the interface controls how easily the director can rotate away

from its preferred surface orientation and therefore sets the threshold for field-induced

reorientation. In the strong-anchoring limit, where the extrapolation length is much

smaller than the droplet size, the director is effectively pinned at the interface (Drzaic,

1995; Stewart, 2021). If the applied field favours a different orientation, the direc-

tor must vary spatially to interpolate between the anchoring boundary condition and

the field-preferred orientation. This mismatch generates additional distortional elas-

tic energy, and therefore a larger electric field is required to induce switching of the

director field. The dielectric term provides the driving torque for reorientation which

increases with the strength of the applied field and the anisotropy of the dielectric prop-

erty. Consequently, the threshold field depends not only on anchoring and elastic dis-

tortion penalties but also on the dielectric anisotropy. Overall, electro-optic switching

in PDLCs results from the balance between surface anchoring constraints, bulk elastic

resistance to director gradients, and dielectric alignment under the applied field. The

competition between these surface, bulk, and dielectric contributions determines both

the equilibrium director configuration and the threshold field strength for electro-optic

switching. In general, PDLC-based devices are used either in sensing-type applica-

tions or in actuation-type modulation, such as smart windows. In sensing applications,

changes in the external electric, thermal, or chemical environment induce a reorienta-

tion of the liquid crystal, which in turn modifies the optical properties of the composite,

for example its light transmittance and scattering (Lai et al., 2014; Kim et al., 2012;

Pagidi et al., 2022; Pesch and Vetter, 2025). These changes in transmitted or scattered

intensity can be detected by optical instruments or directly by the naked eye and thus
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serve as the sensing signal. For PDLC devices with stiff matrices, actuation-type mod-

ulation devices mainly refers to optical actuations. The field-induced reorientation is

used directly to switch the composite between a highly scattering, opaque state (field

off) and a more transparent state (field on), enabling applications such as privacy glass

and energy-saving smart windows (Zhang et al., 2019a; Oh et al., 2022; Alghamdi and

Almawgani, 2019; Hemaida et al., 2020; Zhang et al., 2024; Meng et al., 2022; Khalid

et al., 2021).

Recently, related composite systems have been adopted in engineering designs such

as liquid crystal biosensors and liquid crystal-polymer composite electrolytes, in which

the surrounding matrix is soft rather than stiff (Deng et al., 2019; Zhang et al., 2022; Lu

et al., 2024a; Zhang et al., 2023; Sharma et al., 2025; Wu et al., 2022). In this regime,

the elastic strain energy associated with deformation of the matrix can no longer be

neglected. When an external electric field is applied, the liquid crystal molecules re-

orient as in conventional PDLCs, but unlike in the stiff-matrix case, the interface and

the surrounding soft matrix can deform to reduce the excess free energy associated with

interfacial anchoring. This electromechanical coupling between director reorientation,

interfacial shape, and matrix elasticity introduces an additional mode of sensing and

actuation: field-driven reorientation of the liquid crystal can induce appreciable me-

chanical deformation of the composite, which can be exploited either as a mechanical

signal in mechano-sensing concepts or as a basis for soft, mechano-elastic actuation (Yu

et al., 2011, 2014; Cheng et al., 2015) .

A wide range of modelling approaches have been developed to describe the electric

switching in PDLCs. At the device level, phenomenological models relate the field-

dependent optical response to an ensemble of droplets (Drzaic, 1995; Doane et al., 1986;

Bloisi et al., 1997; Cox et al., 1998; Kelly and Palffy-Muhoray, 1994). In these models,

the director field within each droplet is typically represented by an averaged quantity. At

the single-droplet level, continuum theories based on director elasticity, together with
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interfacial anchoring and dielectric coupling, have been used to predict equilibrium di-

rector fields inside droplets (Kaznacheev et al., 2002; Safdari et al., 2021; Shadkami

and Chan, 2023; Rudyak et al., 2013). Some studies have also used Landau–de Gennes

(or Q-tensor) formulations coupled to electrostatics to resolve spatially inhomogeneous

switching and defect dynamics (Mottram and Newton, 2014; Luo et al., 2012). How-

ever, these models either assume a mechanically rigid matrix and a prescribed inclu-

sion shape, or describe liquid-crystal droplets in fluidic environments; consequently, the

coupling between director reorientation, interfacial tractions, and matrix deformation is

neglected. This coupling is essential for describing soft composites containing liquid-

crystal inclusions. The goal of the present work is to address this gap by developing

a unified variational framework for liquid crystal inclusions embedded in a deformable

solid, combining bulk director elasticity, surface anchoring, dielectric coupling, and

matrix elasticity within a finite-element implementation. With the proposed theoretical

and numerical model, we aim to predict both field-induced director realignment and the

accompanying inclusion and matrix deformation.

In this chapter, we first review the basics of dielectric modelling of liquid crys-

tal in Section 4.2. Then we propose the theoretical model in Section 4.3 to describe

the problem, including kinematics, free energy and governing equations obtained from

variational analysis. We illustrate free droplet problems in Section 4.4, and present the

behaviour of liquid crystal inclusions in Section 4.5.

4.2 Polarisation in liquid crystals

Before introducing the full electro-elastic model, we briefly recall the basic notions of

dielectric response in a form that will be used later. In electromagnetism, a dielectric

material or dielectric medium is an electrical insulator in which electric charges cannot

flow freely through the medium as they do in a conductor. Instead of drifting through
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the material, bound charges shift slightly from their average equilibrium positions when

an electric field is applied. This shifting is termed dielectric polarisation. After polari-

sation, positive charges are displaced in the direction of the field, and negative charges

shift in the opposite direction. This creates an internal electric field that reduces the

overall field within the dielectric material and allows energy to be stored in electrostatic

form. This energy storage capacity is governed by the polarisability of the material. For

example, for a dielectric material between the metallic plates of a capacitor, the larger

the polarisability of the dielectric, the more surface charge is present on the plates for a

given electric field strength. Dielectric materials are everywhere in our daily lives, such

as air, pure water, paper, and many polymers. These materials are in general isotropic

dielectrics, i.e. the polarisation behaviour of the material is independent of the orienta-

tion of the applied electric field. However, for liquid crystals and some solid crystals,

the dielectric behaviour is anisotropic, since the shifting of electric charges is usually

easier along the major axis of the liquid crystal molecule than in the perpendicular ori-

entation. One important consequence of dielectric anisotropy is an optically birefringent

response, i.e. different refractive indices for different directions of propagation or polar-

isation of light (de Gennes and Prost, 1993).

The polarisation behaviour mentioned above is termed induced polarisation, as it

only appears in the presence of an external electric field. In addition, certain types

of liquid crystals exhibit polarisation even in the absence of an applied field, which is

termed spontaneous polarisation. Typical spontaneous polarisation mechanisms in liq-

uid crystals include ferroelectric (Chen et al., 2020), flexoelectric (Meyer, 1969), and

order-electric (Barbero et al., 1986) contributions. The existence of ferroelectric liq-

uid crystals was predicted theoretically by Born (Born, 1916), but such phases were

not identified experimentally for almost a century (Lavrentovich, 2020), and were only

recently observed by Chen et al. (Chen et al., 2020). However, ferroelectric polarisa-

tion requires a polar molecular or supramolecular arrangement and therefore breaks the
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Figure 4.1: Schematic of the polarisation mechanisms of (a) wedge-shaped and (b) bent-
core liquid crystal molecules. Adapted from (Meyer, 1969).

classical nematic symmetry assumption that d and −d are equivalent. In this study, we

focus on nematic liquid crystals with apolar molecular order and consequently we do

not consider ferroelectricity in the following.

Flexoelectric polarisation arises when a nematic director field is distorted in space.

In a uniform nematic, microscopic dipoles or polar groups are arranged symmetrically

and their contributions cancel, so the macroscopic polarisation vanishes. When the di-

rector is curved, for example by splay or bend deformations, this symmetry is broken.

Although this phenomenon theoretically exists for all nematic liquid crystals, the de-

gree of polarisation is usually negligible for rod-shaped molecules. On the other hand,

wedge-shaped or bent-core molecules (Figure 4.1) exhibit more significant polarisation

due to spatial variations of the director field. In addition, when the scalar order param-

eter varies in space, e.g. near a nematic-isotropic interface, a defect core or close to

interfaces where the liquid crystal becomes partially disordered, order-electric effects

also contribute to the total polarisation (Barbero et al., 1986; Durand, 1990; Porenta

et al., 2011). In this subsection, we will show classical theories of electrostatics in

liquid crystal, especially the polarisation behaviours in a Q tensor based framework.

In classical electrostatics, the electric field E can be expressed as the gradient of a

scalar electric potential ϕ,

E = −∇ϕ. (4.1)
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The electric displacement field is related to the electric field and the polarisation by

D = ε0E + P , (4.2)

where ε0 is the permittivity of free space and P is the total polarisation density, includ-

ing both induced and spontaneous contributions. The total polarisation P in the material

is written as the sum of an induced contribution and a spontaneous contribution,

P = Pi + Ps, (4.3)

where Pi denotes the polarisation that is induced by the electric field, and Ps collects

spontaneous contributions that may exist without an applied electric field. For a linear

dielectric, the induced polarisation is taken to be proportional to the electric field,

Pi = ε0εrE, (4.4)

where εr is the relative permittivity tensor. For isotropic dielectrics, εr = εrI is a

scalar multiple of the identity, and the induced polarisation is independent of orientation.

For nematic liquid crystals, εr is anisotropic and depends on the local orientational

order (de Gennes and Prost, 1993) and is given by

εr = ε̄I +∆ε∗Q, (4.5)

where Q is the nematic order parameter tensor and ε̄ and ∆ε∗ are material parameters

that characterise the isotropic and anisotropic parts of the permittivity (Mottram and

Newton, 2014). The induced polarisation depends on the liquid crystal configuration

through the anisotropic permittivity, providing the basic coupling between the electro-

statics and the orientational order.

Within a Q-tensor framework, the contribution from flexoelectricity and order elec-
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tricity can be expressed together with an effective spontaneous polarisation that is linear

in the divergence of the order parameter tensor. Following Mottram and Newton (Mot-

tram and Newton, 2014), we adopt the form given by

Ps = ē∇ ·Q, (4.6)

where ē is an effective flexo-order-electric coefficient. This compact expression captures

the spontaneous polarisation arising from spatial variations of the director field and

scalar order parameter, and is convenient for the variational formulation and numerical

implementation developed in the subsequent sections.

4.3 Continuum theory

This section presents the continuum framework used to model a liquid-crystal inclusion

embedded in a deformable solid matrix under an applied electric field. The aim is to

formulate the coupled electro–chemo–mechanical problem in a variational setting. The

presentation is organised as follows. We specify the free-energy contributions (bulk

elasticity, director distortional elasticity, surface anchoring, and dielectric coupling) and

the associated constitutive relations in Section 4.3.2. Finally in Section 4.3.3, we derive

the governing equations and natural boundary/interface conditions by taking variations

of the total potential.

4.3.1 Kinematics

The kinematic framework used in this chapter follows that introduced in Section 3.2.1.

To avoid repetition, only the additional constitutive and coupling assumptions specific

to the present problem are discussed below.
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4.3.2 Free energy

Bulk energy The free energy in the bulk (matrix or liquid crystal phase) is additively

decomposed into elastic, distortion and residual contributions:

U(F ,Q, gradQ, grad ϕ;X) = Ue(F ;X) + UQ(F ,Q, gradQ;X)

+ Ues(F ,Q, gradQ, gradϕ;X) + Ur(F ;X),
(4.7)

where Ue is the free energy density of elastic deformation, UQ is the free energy density

associated with distorting the liquid crystal order, Ues is the energy density due to the

electrostatic field, and Ur is the energy density associated with the residual stress field.

The capital letter U denotes the free energy per unit volume in the reference configura-

tion. The explicit dependence on X indicates that material parameters depend on the

phase.

The elastic free energy density is taken to be of (incompressible) neo-Hookean form:

Ue(F ;X) =
G(X)

2

[
tr(F TF )− 3

]
, (4.8)

where G is the shear modulus, taken to be uniform in each phase: G(X) = Gr when

X ∈ Br0 with r = m, i. Following Ghosh and Lopez-Pamies (2022), the liquid crystal

inclusion is treated as a hyperelastic fluid and therefore Gi → 0.

The free energy associated with the liquid crystal is given by

UQ(F ,Q, gradQ;X) = J uQ(Q, gradQ;X), (4.9)

where uQ is the Landau-de Gennes energy density (energy per unit volume in the cur-

rent configuration). This energy consists of two contributions: a thermotropic energy

dictating the preferred scalar order parameter, and an elastic energy penalising spatial
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variations of the order parameter, i.e.

uQ = utQ + ueQ (4.10)

For uniaxial nematic liquid crystals, the thermotropic energy is written as (Mottram and

Newton, 2014)

utQ(Q;X) = a tr(Q2) +
2b

3
tr(Q3) + c tr(Q4), (4.11)

and the elastic energy as

ueQ(gradQ;X) =
L1(X)

2
Qij,kQij,k +

L2(X)

2
Qij,jQik,k +

L3(X)

2
Qik,jQij,k, (4.12)

where the index notation Qij,k refers to the gradient with respect to coordinates in the

current configuration. This free energy form has been constructed based on mathemat-

ical considerations of objectivity, neglecting higher-order terms. General objectivity

constraints on the free energy density have been studied in detail elsewhere; see, for ex-

ample, Chapter 4 of Sonnet and Virga (2012) and the appendices of Zhang et al. (2019b).

For simplicity, we assume that all three terms contribute equally to the excess free en-

ergy due to distortion, so that L1(X) = L2(X) = L3(X) ≡ LLdG(X) (one-constant

approximation). We take LLdG(X) = LLdG when X ∈ Bi0, and LLdG(X) = 0 when

X ∈ Bm0 .

Remark 1. Unlike Chapter 3, this chapter includes the thermotropic free energy of

the liquid crystal. In Chapter 3, the interface was modelled as having a prescribed

preferred scalar order parameter, which corresponds to a special case of the interfacial

description. Here, this restriction is removed and a more general interfacial energy is

introduced. As a result, the scalar order parameter is no longer directly constrained

by the interfacial term. The thermotropic free energy therefore provides a natural bulk

contribution that regulates the magnitude of the scalar order parameter and determines
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its energetically preferred value.

Due to the presence of surface tension and spatial variations of the order parameter

tensor Q, a residual (first Piola-Kirchhoff) stress field Pr(X) is in general required

to achieve mechanical equilibrium in the reference configuration. The corresponding

residual energy takes the form

Ur(F ;X) = Pr(X) : F . (4.13)

In the case of spherical liquid inclusions with isotropic surface tension, the residual

stress field in the inclusion is of the form Pr = p J F−T and balances the isotropic

surface tension, where p is a hydrostatic pressure. The corresponding residual energy

per unit volume in the inclusion is then simply pJ (Ghosh and Lopez-Pamies, 2022).

The electrostatic free energy density due to an external electric field is expressed as

Ues(F ,Q, gradQ, gradϕ;X) = J ues(Q, gradQ, gradϕ;X), (4.14)

where ues is the electrostatic energy density per unit volume in the current configuration.

In this work, we assume a linear dielectric response, so that the electric displacement is

linearly related to the electric field (Eqn. 4.2). Under this linear dielectric assumption,

the electrostatic contribution to the free-energy density writes

ues = −1

2
D ·E. (4.15)

For a nonlinear dielectric, this quadratic expression is no longer generally valid. In that

case, the electrostatic energy density should instead be written in integral form as

ues(E) = −
ˆ E

0

D(Ẽ) · dẼ, (4.16)
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which reduces to Eqn. 4.15 only when D depends linearly on E. Substituting the

expressions in Section 4.2 (Eqn. 4.1 - Eqn. 4.6) into Eqn. (4.15) we obtain the explicit

form of the electrostatic energy given by

ues = −ε0
2

(
∆ε∗Q+ ε̄ I

)
:
(
gradϕ⊗ gradϕ

)
+ ē divQ · gradϕ. (4.17)

Interface energy The interfacial free energy is taken to be of the form

Û(F̂ ,Q,N) = Ĵ û(Q,n), (4.18)

where û is the interface energy per unit area in the current configuration, taken as

û(Q,n) = γ

[
1 + ω (d · n)2 + α

(
ln Ĵ

)2
]
, (4.19)

with γ the surface tension, ω the anchoring strength of the director, and α a penalis-

ing parameter. In Eqn. (4.19), the first term penalises increases in surface area, and

the second term promotes alignment of the director field with the interface plane. The

first two terms together constitute the classical Rapini-Papoular form of anisotropic sur-

face energy. For better numerical performance, the third term is added to restrict the

surface area from shrinking to zero. This avoids large distortions of elements in fi-

nite element models. Expression (4.19) is commonly adopted to describe interfaces of

droplets bounded by isotropic fluids (Warenghem et al., 1984) or soft polymer interfaces

(Ramdane et al., 2000). It is worth noting that the present formulation differs from that

used in our previous study (Chap. 3), where the term specifying the preferred scalar

order parameter at the interface was removed and this preference was instead enforced

through Eqn. 4.11.
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4.3.3 Variational theory

In this subsection, we derive the governing equations and state laws through a vari-

ational analysis. Similar to Chapter 3, we present the variational formulation of the

electrostatic-mechanical coupling of liquid crystal inclusions in order to obtain the gov-

erning equations. We consider a body subjected to a body force field B in B0 and a

traction field T applied on its external boundary ∂B0. The total potential energy of the

body is given by

I(φ,Q, gradQ, ϕ, grad ϕ.p) =
ˆ
B0

U(F ,Q, gradQ, gradϕ;X) dV

+

ˆ
S0

Û(F ,Q;X,N) dS

+

ˆ
B0

p (J − 1) dV −
ˆ
B0

B ·φ dV −
ˆ
∂B0

T ·φ dS,

(4.20)

where p is a scalar Lagrange multiplier that weakly enforces the incompressibility con-

straint on the domain. For the electric problem, the boundary is decomposed into a

Dirichlet part ΓDϕ and a Neumann part ΓNϕ , such that

ΓDϕ ∪ ΓNϕ = ∂Bt, ΓDϕ ∩ ΓNϕ = ∅. (4.21)

The electric potential is prescribed on ΓDϕ ,

ϕ = ϕ̄ on ΓDϕ , (4.22)

and the admissible variations therefore satisfy

δϕ = 0 on ΓDϕ . (4.23)
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On the remaining part of the boundary, ΓNϕ , the natural boundary condition corresponds

to a prescribed normal electric displacement. In the absence of free surface charge,

this reduces to an electrically insulated condition. The terms on the right-hand side

correspond to the bulk free energy, interfacial energy, constraint potential, and the work

done by external forces. We seek stationary points of the total potential energy I with

respect to admissible variations in the deformation map φ, the order parameter tensor

Q, the electric potential ϕ, and the Lagrange multiplier p.

4.3.3.1 Variation δφ

Consider the first variation φ → φ + ε δφ around the true solution (φ,Q, ϕ, p). The

corresponding variation of the potential energy is

δφI =
d

dε
I(φ+ ε δφ,Q, ϕ, p)

∣∣∣∣
ε=0

. (4.24)

The variation of the bulk energy gives

δφU =
∂Ue
∂F

: δφF +uQ δφJ +J
∂uQ

∂gradQ
... δφgradQ+ues δφJ +J

∂ues
∂gradϕ

δφgradϕ.

(4.25)

Similarly, we obtain

δφF = Grad δφ, (4.26)

δφf = −f · δφF · f , (4.27)

δφJ = J fT : δφF , (4.28)

δφgradQ = GradQ · δφf , (4.29)

δφgradϕ = Gradϕ · δφf . (4.30)

The true solution corresponds to a stationary point of the functional, δφI = 0. In-
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serting Eqs. (4.26)-(4.30) into the variation and collecting terms yields the following

weak form:

ˆ
B0

P : Grad δφ dV +

ˆ
S0

P̂ : Ĝrad δφ dS =

ˆ
B0

B · δφ dV +

ˆ
∂B0

T · δφ dS, (4.31)

where P denotes the bulk first Piola-Kirchhoff stress, given by

P = Pe + pJ fT + JuQ fT + J σQ · fT + Jues f
T + J σes · fT + Pr, (4.32)

where Pe is the stress derived from the elastic strain energy (4.8) and is given by

Pe =
∂Ue
∂F

= G(X)F . (4.33)

In Eqn. (4.32), p physically represents the hydrostatic pressure arising from the incom-

pressibility constraint. The term JuQf
T represents the Landau-de Gennes contribution

in the reference configuration under a given deformation gradient. The tensor σQ arises

from distortions of the Q-field, is analogous to the Ericksen stress (Ericksen, 1962), and

is given by

σQ = − gradQ⊙ ∂uQ
∂gradQ

, (4.34)

or, in index notation,

σQij = −Qkl,i
∂uQ
∂Qkl,j

. (4.35)

The tensor σes is a stress term due to the spatial variation of the electric potential,

σes = − gradϕ · ∂ues
∂gradϕ

. (4.36)

In Eqn. (4.31), P̂ denotes the surface first Piola-Kirchhoff stress and can be decom-

posed as

P̂ = Ĵ û f̂T + n⊗ Ŝ0, (4.37)
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where Ŝ0 is the so-called deformational surface shear (Steinmann, 2008):

Ŝ0 = π̂t · Ĵ f̂T , π̂t = − ∂û

∂n
· î. (4.38)

Using integration by parts and the divergence theorem in the bulk and on the inter-

face, we obtain the following strong form:

DivP +B = 0 in B0, (4.39)

PN = T on ∂B0, (4.40)

D̂iv P̂ = (P i − Pm)N on S0, (4.41)

P̂ N̂1 + P̂ N̂2 = 0 on C0. (4.42)

4.3.3.2 Variation δQ

We now consider the first variation Q → Q+ η δQ around the true solution:

δQI =
d

dη
I(φ,Q+ η δQ, ϕ, p)

∣∣∣∣
η=0

. (4.43)

Enforcing δQI = 0 yields the weak form

ˆ
Bt

(
rQ : δQ+ sQ

... grad δQ
)
dV +

ˆ
St

∂û

∂Q
: δQ dS = 0, (4.44)

where

rQ =
∂ues
∂Q

(4.45)

is the quantity energetically conjugate to the order parameter tensor. If the electrostatic

energy is taken in the form of Eqn. 4.15, rQ can be written as

rQ = −1

2
ε0∆ε

∗ gradϕ⊗ gradϕ = −1

2
ε0∆ε

∗E ⊗E. (4.46)
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Physically, rQ is the dielectric contribution to the molecular field as it represents the

local driving force that tends to align the principal axis of the nematic order parameter

with the electric field when ∆ε∗ > 0, or perpendicular to it when ∆ε∗ < 0. In this

variational equation, rQ therefore plays the role that forces the equilibrium Q towards

the electric field direction.

sQ =
∂uQ

∂gradQ
+

∂ues
∂gradQ

(4.47)

is the torque stress that provides the elastic restoring torque that tends to smooth out

gradients in Q.

The strong form is slightly different from that obtained in the previous chapter due

to the presence of the term rQ, and reads

div sQ − rQ = 0 in Bt, (4.48)

sQ · n+
∂û

∂Q
= 0 on St, (4.49)

sQ · n = 0 on ∂Bt. (4.50)

4.3.3.3 Variation δϕ

Consider now the first variation ϕ→ ϕ+ ξ δϕ around the true solution:

δϕI =
d

dξ
I(φ,Q, ϕ+ ξ δϕ, p)

∣∣∣∣
ξ=0

. (4.51)

Enforcing δϕI = 0 yields the weak form

ˆ
Bt

D · grad δϕ dV = 0, (4.52)
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where

D =
∂ues
∂gradϕ

(4.53)

is the electric displacement. The associated strong form is then

divD = 0 in Bt, (4.54)

ϕ = ϕ̄ on ΓDϕ , (4.55)

D · n = q̄ on ΓNϕ . (4.56)

Here q̄ is the prescribed free surface charge density. In the present simulations, the

non-electrode boundaries are taken to be electrically insulated, so that q̄ = 0 and hence

D · n = 0 on those boundaries.

For example, when an electric field is applied through the thickness, one may take

ϕ = 0 on Γbottom, ϕ = Φ0 on Γtop, (4.57)

with D · n = 0 on the remaining boundaries.

4.3.3.4 Variation δp

Finally, we take the first variation p→ p+ ζ δp, which gives

ˆ
B0

(J − 1) δp dV = 0. (4.58)

The corresponding strong form is equivalent to the incompressibility constraint J = 1.

4.3.4 Mixed finite element formulation

In order to implement this variational theory in a finite element code, we discretise the

electric potential ϕ, the director orientation α, and the scalar order parameter S with
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first-order continuous Galerkin elements (CG-1), the displacement field φ with second-

order continuous Galerkin elements (CG-2), and the hydrostatic pressure p with zeroth-

order discontinuous Galerkin elements (DG-0). The resulting finite element problem is

a coupled mixed variational problem, since all fields are solved simultaneously and the

pressure acts as a Lagrange multiplier enforcing the incompressibility constraint. There-

fore, the displacement-pressure discretisation requires particular care, as an unsuitable

choice may lead to volumetric locking or spurious pressure modes. The CG-2/DG-0

choice is used here to give a richer approximation of the deformation field while rep-

resenting the pressure as an element-wise multiplier. The scalar fields ϕ, α and S are

discretised using CG-1 elements because their weak forms involve the fields and their

first gradients, and this choice provides a simple continuous approximation that is suffi-

cient for the numerical studies considered here. This mixed formulation is implemented

through FEniCSx (Alnæs et al., 2015), and the liquid crystal specific variables are

restricted in the inclusion subdomain with multiphenicsx (Ballarin, 2024).

4.4 Free droplet problem

In this section, we present numerical simulations of a liquid-crystal droplet surrounded

by a fluidic environment taking into account the anisotropic surface tension, the distor-

tional elasticity and the effect of an external electric field. Section 4.4.1 summarises the

experimental setup of Metselaar et al. (2017) and describes the corresponding numerical

implementation, including the geometry, mesh, and boundary conditions used to mimic

the experiments. Section 4.4.2 presents the finite-element results and compares them

with the experimental measurements. Finally, Section 4.4.3 investigates the influence

of spontaneous polarisation by computing the equilibrium droplet shape in the absence

of an applied electric field for a liquid crystal with flexoelectric and order-electric prop-

erties.
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4.4.1 Physical setting and numerical implementation

Experimental motivation In the experiments of Metselaar et al. (2017), a suspen-

sion containing many nematic droplets was placed between two external electrodes

(aluminium foil attached to the outside of the container), and uniform electric fields

of strength E = 0 V/mm, 154 V/mm, and 309 V/mm were applied. Droplets were

imaged under the applied field and the major-axis length L and minor-axis width W

of each droplet were extracted from micrographs, yielding a statistical dataset over a

range of droplet volumes. To compare droplets of different sizes, they used LW 2 as a

scalar measure of droplet size. Approximating the droplet as a prolate spheroid gives

V = (π/6)LW 2, so LW 2 is directly proportional to volume and can be inferred di-

rectly from the reported geometrical measurements. Our numerical setup is designed

to reproduce this configuration at the single-droplet level by imposing a far-field axial

electric field and avoiding any mechanical confinement, enabling a direct comparison

of the predicted and measured droplet dimensions.

Geometry and mesh We model the droplet in an axisymmetric computational do-

main in the (r, z) plane, interpreted as a three-dimensional body of revolution about

the symmetry axis r = 0 (Fig. 4.2). The axisymmetric implementation in FEniCSx

is to simply write the weak from with a cylindrical integral, i.e.
´
F (r)rdr (cf. Sec-

tion 3.3). The droplet is placed on the symmetry axis and the applied electric field is

taken to be aligned with the axial direction (z-direction). This is a simplification of the

experimental configuration considered in Metselaar et al. (2017), where the free droplet

long axes reorient along the field direction. The surrounding medium is truncated us-

ing an outer boundary whose height and radius are set to 20 and 10 times the initial

droplet radius, respectively, which is sufficient to approximate an unbounded fluidic en-

vironment. The mesh is generated using Gmsh and consists of approximately 1 × 103

triangular elements. Local refinement is applied near the droplet interface, and a coarser
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Figure 4.2: Triangular mesh generated for axisymmetric simulations on the free droplet
problem coupled with external electric field.

discretisation is used away from the droplet to reduce computational cost.

Electric-field loading. The boundary Γleft = Γileft ∪ Γmleft is the axis of symmetry

(r = 0). The boundaries Γtop and Γbottom represent electrodes used to generate an ap-

proximately uniform axial electric field in the far field. Prescribing an electric potential

difference ϕapplied across the height H of the domain corresponds to a nominal field

strength E ≈ ϕapplied/H oriented along the z-direction.

Dirichlet boundary conditions. The imposed Dirichlet boundary conditions are

φr = 0 on Γleft,

ϕ = ϕapplied on Γtop,

φz = 0, ϕ = 0 on Γbottom,

(4.59)
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where φr and φz are the radial and axial displacement components and ϕ is the electric

potential. The condition φr = 0 enforces axisymmetry. The constraint φz = 0 on

Γbottom removes rigid-body translation. The electrical boundary conditions ϕ = ϕapplied

(top) and ϕ = 0 (bottom) impose a prescribed voltage drop, mimicking the externally

applied field used in the experiments.

Natural boundary conditions. The natural boundary conditions are

σ · n = 0 on Γright ∪ Γtop,

tt = 0 onΓleft ∪ Γbottom

∂ϕ

∂n
= 0,

∂ψ

∂n
= 0,

∂S

∂n
= 0 on Γileft ∪ Γright,

(4.60)

where σ is the Cauchy stress and n the outward unit normal. tt = (I − n ⊗ n)σn is

the shear traction. The traction-free condition on right and top boundary along with the

shear-traction free condition represents a droplet in a mechanically unconfined fluidic

environment (no externally applied tractions on the truncated boundary).

Numerical method to obtain equilibrium free droplet shape We adopt the same

approach described in Section 3.3 to obtain the equilibrium shape of the liquid crystal

droplet by gradually reducing the shear modulus of the inclusion and the matrix until

the droplet shape becomes insensitive to the changing elastic modulus.

4.4.2 Theory validation

Our validation and parameter calibration follow the same sequence as Metselaar et al.

(2017). First, we fit the non-dielectric parameters using the zero-field deformation trend.

Specifically, Fig. 4.3(a) compares the experimental L-W relation (scattered points) to

finite-element predictions (solid curves) at E = 0V/mm and is used to identify pa-

rameters other than the dielectric response. In this validation simulation, we do not
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consider the effect of spontaneous polarisation as the liquid crystal material used in the

experiment (chitin) is considered rod shape and show weak flexoelectricity, therefore

ē = 0. The fitted values are LLdG = 10−10 J/m, γ = 10−10 J/mm2 = 10−4 N/m, and

ω = 1, which lie within commonly reported ranges for distortional elasticity and LC-

polymer interfacial energies (Mottram and Newton, 2014; Wu et al., 2006). Second,

Fig. 4.3(b) calibrates the dielectric response at E = 154 V/mm, yielding ∆ε∗ = 11. Fi-

nally, Fig. 4.3(c) shows the predictions by comparing model results to the experimental

dataset at the higher field strength E = 309 V/mm without further parameter adjust-

ment. The close agreement across droplet sizes and field strengths indicates that the

model captures the essential physics governing equilibrium droplet deformation, and it

supports using the calibrated parameters in the subsequent inclusion-in-matrix simula-

tions.

Figures 4.3 and 4.4 together illustrate how the balance between interfacial, elastic

and electric-field effects changes with droplet size and field strength. At zero field,

Fig. 4.3(a) shows that both the length and width increase smoothly with the volumetric

measure LW 2, and the droplets remain moderately elongated. This can be seen more

clearly in Fig. 4.4, where the aspect ratio L/W is essentially constant at a value of about

2 over the full range of LW 2. In this regime the droplet shape is set by the competition

between anisotropic surface tension, which favours a elongated droplet aligned with the

nematic director, and bulk elastic distortions of the director field, which penalise strong

curvature of the director near the interface. Changing the volume only weakly perturbs

this balance, so the aspect ratio is nearly volume-independent.

When an electric field of E = 154 V/mm is applied, Fig. 4.3(b) shows that the be-

haviour becomes strongly size dependent. For small droplets (low LW 2), the simulated

length and width lie close to the zero-field curves, and Fig. 4.4 confirms that the aspect

ratio remains close to 2. In this range, the contribution of the electric field to the free

energy is still small compared with the surface and elastic terms, so the droplet shape
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Figure 4.3: Relation between length and width of the droplet and the volume under
applied electric field with strength (a) E = 0V/mm, (b) E = 154V/mm, (c) E =
309V/mm
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Figure 4.4: Relationship between aspect ratio and the volume of the droplets.

remains essentially unchanged. Beyond a critical effective volume, the curve for the

length starts to deviate markedly from the zero-field trend, while the width increases

only weakly. Correspondingly, the aspect ratio in Fig. 4.4 starts to rise above 2. This

reflects the fact that the electric-field contribution, which scales with droplet volume,

becomes comparable to the interfacial and elastic contributions. The director field then

reorients towards the field direction, and the droplet elongates along the field to reduce

both the anisotropic surface energy and the elastic distortion.

At the higher field E = 309 V/mm, Fig. 4.3(c) demonstrates that this behaviour is

amplified. The deviation of the length from the zero-field trend now occurs at smaller

values of LW 2, and for larger droplets the length grows very rapidly whereas the width

remains almost unchanged. In Fig. 4.4 this appears as a sharp increase of the aspect ratio

with LW 2, reaching values above 5 for the largest droplets considered. The droplets

therefore become highly elongated, indicating that the electric-field term now dominates

the energetic balance over most of the volume range. In other words, as the control

parameters (effective droplet size and field strength) are increased, the system passes

from a regime where the equilibrium shape is governed mainly by surface tension and
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bulk elasticity to a regime where minimisation of the electrostatic energy results in a

more elongated equilibrium configuration.

4.4.3 Effect of spontaneous polarisation

Physical setting and boundary conditions. In this subsection we investigate the ef-

fect of spontaneous polarisation generated by liquid-crystal inhomogeneities (flexoelec-

tric and order-electric contributions) on the equilibrium shape and order parameter field

of a free droplet. In contrast to the validation study in Section 4.4.2, no external elec-

tric field is applied. The equilibrium shape of the droplet is therefore driven purely by

the competition between interfacial energy, bulk liquid-crystal elasticity, and the ad-

ditional electrostatic energy associated with the spontaneous polarisation induced by

order-parameter gradients. Numerically, we use the same axisymmetric geometry as

before. To remove rigid-body motion while keeping the environment mechanically un-

confined, we fix the axial displacement at the bottom boundary and enforce symmetry

on the axis, i.e. φz = 0 on Γbottom and φr = 0 on Γleft, while all other mechanical bound-

aries are traction-free. Electrically, we set the applied potential difference to zero so that

ϕ = 0 on the electrode boundaries, and we impose natural (zero-flux) boundary condi-

tions for the electrostatic on the remaining outer boundaries. This setup ensures that any

non-trivial electric potential and field arise solely from spontaneous polarisation within

the droplet rather than from external loading. The equilibrium shape is obtained by re-

ducing the modulus of the droplet and its surrounding like we did in previous subsection

and Section 3.3.

Figure 4.5 shows the relation between the aspect ratio and the anchoring strength

ω for droplets with ē = 0C/m and ē = 10−10 C/m = 100 pC/m, respectively (typical

values of ē for flexoelectric liquid crystals are within 50 pC/m ∼ 250 pC/m (Skarabot

et al., 2022)). As the anchoring strength increases, the aspect ratio increases in both

cases, indicating more elongated droplets. However, the elongation is much stronger
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Figure 4.5: Relation between aspect ratio and anchoring strength for a relaxed 2D liquid
crystal droplet.

when ē ̸= 0.

This behaviour can be understood as follows. Increasing ω enforces the preferred

director orientation at the interface more strongly, which enhances distortion of the di-

rector field inside the droplet and therefore raises the distortional elastic energy. When

spontaneous polarisation is present, these distortions also generate additional electro-

static energy through the coupling between director gradients and polarisation. As a

result, configurations with strong director distortions become even more energetically

costly when ē is large. The system then reduces its total free energy by adopting a more

uniformly aligned director field in the bulk and deforming the interface further, leading

to a smaller mismatch between the director and the local surface tangent and hence a

more elongated droplet shape.

4.5 Liquid crystal inclusion problem

We now consider liquid-crystal inclusions embedded in a deformable elastic matrix and

study how an applied electric field can be used to (i) reorient the director field inside

the inclusions (sensing) and (ii) generate measurable macroscopic deformation of the
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composite (actuation). The sensing capability is characterised by the sensitivity of the

inclusion director field to the external field, while the actuation capability is quantified

by the field-induced deformation of the inclusion and the resulting deformation of the

surrounding matrix. Two geometries are investigated: a bulk-like composite represented

by a two-dimensional array of repeated unit cells, and a thin composite membrane rep-

resented by a single row of unit cells.

4.5.1 Physical setting and numerical implementation

The composite is modelled in two dimensions under a plane-strain assumption using a

representative volume element (RVE) consisting of an N ×M array of identical unit

cells (Fig. 4.6). Physically, this represents infinitely long liquid crystal fibres embed-

ded in a matrix, and all fields are uniform in the out-of-plane direction. Each unit

cell contains a single liquid-crystal inclusion located at its centre. The inclusion size

is prescribed by an initial radius R0, defined as the radius of a circular inclusion with

the same cross sectional area A0 = πR2
0. This circular geometry is the same initial

shape used in the free-droplet relaxation simulations. The unit-cell width is taken as

L0 = 3R0. In the simulations below we set R0 = 0.1 mm.The height of the unit

cell is chosen as H0/L0 = ϵ0, where ϵ0 denotes the inclusion aspect ratio in the ref-

erence configuration. Unless otherwise stated, the remaining parameters are ω = 1,

LLdG = 10−10 J/m, and γ = 10−7 N/mm = 10−4 N/m. The reference configuration

for the inclusion-in-matrix problem is constructed by first computing the equilibrium

shape of a free droplet through gradually reducing the modulus of the inclusion and the

matrix (cf. Sections 4.4 and 3.4.1). The boundary nodes of this equilibrium droplet

are then used to generate an inclusion of the same shape embedded within the matrix,

after which the coupled electro-elastic equilibrium problem is solved. The array size is

selected based on a convergence study, which confirms that the central-cell response is

insensitive to further increases in N and M , indicating that edge effects are negligible.
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Figure 4.6: Triangular mesh generated for the 2D liquid crystal inclusion simulations
under an applied electric field.
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A more compact formulation would enforce exact periodicity directly on a single unit

cell by means of multi-point constraints (MPC). At the time of writing, MPC functional-

ity for FEniCSx is available via the dolfinx_mpc package, but this is not compatible

with multiphenicsx, which we use to restrict the state variables to the appropriate

subdomains. For this reason, we adopt the larger RVE strategy described above rather

than imposing periodic MPC constraints on a single unit cell.

4.5.2 Response of bulk composite

We first consider a soft composite consisting of nematic liquid-crystal inclusions embed-

ded in an elastic matrix, motivated by electro-responsive materials in which electrically

driven director reorientation within the inclusions can lead to a macroscopic mechan-

ical response. In such systems, the inclusions act as field-responsive micro-actuators:

an applied electric field tends to align the director, thereby altering the balance between

bulk liquid-crystal elasticity and anisotropic interfacial effects, and can drive inclusion

shape changes. These local shape changes transmit tractions to the surrounding matrix

and are, in turn, constrained by the matrix elasticity, which we characterise using the

elastocapillary number χ = GR0/γ. The objectives of the present simulations are to

quantify the sensing response by examining the field sensitivity of the inclusion director

field, and to quantify the actuation response by measuring the inclusion aspect ratio as

a function of the applied field strength.

We investigate this problem using a 7× 7 array of unit cells. To remove rigid-body

motion while keeping the outer boundary otherwise mechanically free, we impose the

following mechanical Dirichlet boundary conditions:

φx = 0 on Γleft,

φy = 0 on Γbottom.
(4.61)
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Here, φx and φy denote the displacement components in the x- and y-directions. The

right and top boundaries is traction-free and no displacement is prescribed. Shear trac-

tions vanish on the left and bottom boundaries where only one displacement component

is constrained, i.e.,

σn = 0 on Γright ∪ Γtop,(
I − n⊗ n

)
σn = 0 on Γleft ∪ Γbottom,

(4.62)

where σ is the Cauchy stress, n is the outward unit normal, and I is the identity tensor.

In the reference configuration, the director field inside the inclusion is predominantly

aligned with the y-direction. To probe the anisotropic electro-mechanical response,

we apply electric fields along both the y- and x-directions by prescribing the electric

potential on opposite outer boundaries:

ϕ = ϕapplied on Γtop or Γright,

ϕ = 0 on Γbottom or Γleft.
(4.63)

On all remaining outer boundaries (i.e. those not used as electrodes), the electric bound-

ary condition is natural and corresponds to electrical insulation (no free surface charge),

which in potential form reads

∂ϕ

∂n
= 0 on the non-electrode boundaries, (4.64)

Imposing a potential difference ϕapplied across a pair of opposite boundaries gen-

erates an approximately uniform far-field electric field within the domain: choosing

Γtop/Γbottom produces a vertical field (along y), whereas choosing Γright/Γleft produces a

horizontal field (along x). In all cases, we report the response of the central unit cell of

the 7 × 7 array, where edge effects are minimal and the environment is approximately

periodic. Therefore, the applied electric field can be obtained from a given far field
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Figure 4.7: Director-field response under a vertically applied electric field. The colour
scale shows the deviation angle between the director and the vertical (y) axis.

electric field strength E by

ϕapplied =


E (7H0), for a vertical field),

E (7L0), for a horizontal field).
(4.65)

In practice, ϕapplied is applied to the electrode boundaries incrementally from 0V using

50 steps.

Vertically applied electric field. Figure 4.7 shows the director field inside the inclu-

sion under a vertical electric field, visualised by the deviation angle between the director

and the y-axis. At zero field (left inclusion), the director configuration is determined

by the competition between anisotropic interfacial effects (surface tension and anchor-

ing) and distortional elasticity. The director is approximately vertical in the interior but

bends near the interface to satisfy the anchoring condition, producing non-zero devia-

tion angles over an interfacial region. When a vertical field is applied (right inclusions),

dielectric coupling favours alignment with the field. As the field increases, the deviation

angle decreases throughout the inclusion and the remaining distortions become confined

to a thin boundary layer close to the interface, where anchoring constraints must still be

satisfied.
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Figure 4.8: Inclusion deformation under a vertically applied electric field. The aspect
ratio is shown as a function of field strength for different elastocapillary numbers χ.

The associated shape response is quantified in Fig. 4.8, which plots the inclusion

aspect ratio as a function of the applied field strength for different elastocapillary num-

bers χ. The aspect ratio increases monotonically, indicating that the inclusion elongates

along the field direction. This elongation reduces the total free energy when the di-

rector is nearly field-aligned in the bulk by adjusting the local surface normals so that

the director is closer to its anchoring-preferred orientation along most of the interface.

Deforming the surrounding elastic matrix provides the primary resistance to this shape

change. The dependence on χ reflects the balance between interfacial energy and matrix

stiffness: larger χ corresponds to stronger capillary effects relative to elastic resistance,

resulting in a larger shape change for the same applied field.

Horizontally applied electric field. When the field is applied along the x-direction,

the director and mechanical responses are qualitatively different. Figure 4.9 shows that

applying a horizontal field drives the director to tilt towards the x-direction, particularly

in the central region of the inclusion. The resulting director pattern becomes shear-like

and loses the left–right symmetry of the zero-field configuration, reflecting a stronger
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Figure 4.9: Director-field response under a horizontally applied electric field. The
colour scale shows the deviation angle between the director and the vertical (y) axis
for the zero-field case (left) and for E = 25V/mm at different elastocapillary numbers
χ.

competition between field alignment in the bulk and anchoring constraints at the inter-

face. This competition is amplified as χ increases because stronger interfacial effects

promote larger distortions.

Figure 4.10 quantifies the corresponding shape change. In contrast to the vertical-

field case, the inclusion aspect ratio decreases with increasing horizontal field strength,

indicating a net shortening along the y-direction (and widening in the field direction).

Physically, as the director is driven towards a more uniform horizontal state, the elon-

gated reference shape becomes unfavourable because large sidewall regions then expe-

rience strong misalignment between the director and the anchoring-preferred tangential

orientation. By flattening, the inclusion reduces the area of these poorly aligned regions

and increases the interfacial area where the director can remain closer to tangential,

thereby lowering the combined anchoring and elastic contributions at the expense of de-

forming the surrounding matrix. For sufficiently large fields the simulations fail to con-

verge, suggesting that more robust numerical strategies would be required to explore the

regime of large director rotations and large deformations under strong horizontal fields.
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Figure 4.10: Inclusion deformation under a horizontally applied electric field. The as-
pect ratio is shown as a function of field strength for different elastocapillary numbers
χ.

4.5.3 Response of composite membrane

We next consider a thin composite membrane consisting of a single row of inclusions

(M = 1) to test whether electrically driven inclusion deformations can be converted into

a controllable surface topography. Surface wrinkling is a widely used mechanism for

creating functional textures, because periodic height modulations can tune optical scat-

tering/reflectance, wettability, adhesion, and transport properties (Chan et al., 2008; Hou

et al., 2019; Liu et al., 2023). For example, surface wrinkles can introduce roughness

at the surface, which amplifies the wettability. Also, a large amplitude and wavelength

ratio of the surface leads to lower adhesion (Davis and Crosby, 2011). Conventional

wrinkling strategies rely on mechanical pre-strain or multilayer/bilayer mismatches;

here, the aim is to assess an alternative actuation route in which the inclusions act as

embedded micro-actuators. When an electric field elongates the inclusions, the result-

ing interfacial tractions load the surrounding matrix non-uniformly and can induce a

periodic displacement of the free surface. The objective of this subsection is therefore
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to quantify (i) whether the induced surface modulation is appreciable in magnitude, and

(ii) how it scales with field strength and with the elastocapillary coupling.

The problem is defined on a 7× 1 unit-cell mesh. To minimise boundary effects, all

surface metrics are extracted from the central unit cells. Rigid-body motion is removed

by fixing the bottom-left corner, and the bottom edge is constrained in the vertical direc-

tion to represent a membrane supported by a rigid substrate (or clamped support) that

prevents vertical displacement. The top surface is traction-free, allowing it to deform

out of plane (in the present 2D setting, in the y-direction). A vertical electric field is ap-

plied along the y-direction by prescribing the electric potential on the outer boundaries

as in the bulk-composite calculations.

Figure 4.11 shows the membrane deformation at E = 70 V/mm for several values

of the elastocapillary number χ. The top panel shows the reference configuration with-

out an electric field. When the field is applied, the inclusions elongate along the field

direction, generating local tractions on the surrounding matrix. Because the inclusions

are arranged periodically in a thin membrane, these tractions lead to a spatially peri-

odic displacement of the top surface, producing a wrinkled profile. As χ increases, the

coupling between interfacial driving and matrix deformation becomes stronger and the

wrinkling amplitude increases.

To quantify this response, we define the wrinkling amplitude Λ as the distance be-

tween the highest and lowest points on the top surface. Since Λ is a peak-to-trough

measure, a single central unit cell contains one peak but two neighbouring troughs; we

therefore compute Λ from the central three unit cells (and average) to capture a com-

plete wavelength while minimising edge effects. Figure 4.12 plots Λ as a function of the

applied electric field for different values of χ. The amplitude increases monotonically

with field strength and is larger for higher χ, as a result of stronger inclusion elongation

and weaker effective resistance of the composite. At E = 70 V/mm, the wrinkling

amplitude reaches values of order 10 µm for the largest χ. This value is sufficient to
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Figure 4.11: Deformation of a composite membrane under a vertically applied electric
field (E = 70V/mm). The top panel shows the reference configuration; the lower pan-
els show the vertical displacement for different elastocapillary numbers χ. The colour
scale indicates the vertical displacement uy.

provide functionalities such as adhesion (Davis and Crosby, 2011) and wetting (Toku-

dome et al., 2012). The wrinkling wavelength is primarily set by the inclusion spacing

and can therefore be tuned by adjusting the unit-cell size.

4.6 Conclusion

In this study, we developed a theoretical model that accounts for the coupling between

electrostatic fields, surface anchoring, elasticity and director distortion. Based on this

theory, we carried out numerical analyses of free-droplet problems and liquid-crystal

inclusion problems using finite element simulations. We validated the model against

experimental measurements of the elongation of liquid-crystal droplets under applied

electric fields. In addition, we showed that, for liquid crystals with asymmetrically

shaped molecules, flexoelectric effects are non-negligible and further promote droplet

elongation, since flexoelectricity favours a more uniformly aligned director field.
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Figure 4.12: Maximum wrinkling amplitude Λ of the membrane as a function of the
applied vertical electric field strength for different elastocapillary parameters χ.

We then used the model to illustrate the electro-mechanical response of liquid-

crystal inclusions embedded in an elastic matrix through two case studies. The first

case examined the response of the composite as a bulk material. Alignment of the di-

rector towards the electric field drives elongation or shortening of the inclusions in order

to reduce the misalignment between the director and the interface. This shape change is

resisted by the elasticity of the surrounding matrix, which is characterised by an elasto-

capillary parameter. In practice, to obtain a more sensitive actuator that produces larger

deformations for a given field, a softer matrix is therefore desirable.

In the second case, we analysed a membrane consisting of a single layer of liquid-

crystal inclusions, mimicking the response of a thin composite film. We showed that,

upon application of an electric field of 70 V/mm, the deformation of the inclusions leads

to surface wrinkling with amplitudes of order 4-10 µm, depending on the elastocapillary

number. This reversible, electrically driven wrinkling points to a promising route for the

design of functional surfaces with tunable topography.
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5 | Chemo-mechanical modelling of polymerisa-

tion induced phase separation

This chapter investigates polymerisation-induced phase separation (PIPS) as a

microstructure-formation mechanism for polymer-dispersed liquid crystals (PDLCs)

and related liquid-crystal polymer composites, with emphasis on how reaction, diffu-

sion, and mechanics jointly determine the evolving morphology. During polymerisa-

tion, an initially homogeneous mixture can be driven from a stable to an unstable ther-

modynamic state, triggering demixing and coarsening that sets the size, spacing, and

connectivity of the emerging inclusions. As curing progresses, the formation of a per-

colated/entangled polymer network introduces elasticity that competes with segregation

and can hinder or arrest ripening, thereby locking in a characteristic microstructural

length scale and residual stress state that determines the overall response of the com-

posite. The resulting morphology evolution is therefore controlled not only by the equi-

librium free energy but also by the relative timescales of polymerisation and diffusion

and by the strength of the emerging elastic resistance. These ideas can be summarised

through key dimensionless groups, including the Damkohler number governing how

rapidly the system is driven into instability and an elasticity ratio governing coarsen-

ing behaviour in the presence of network elasticity. Overall, the chapter provides a

mechanistic process-to-microstructure link for composites such as PDLCs, establishing

a foundation for defining physically meaningful reference states for subsequent liquid-

crystal inclusion simulations and for clarifying the general role of elasticity in phase

separations.
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5.1 Introduction

In the previous chapters, we modelled the mechanical and electro-mechanical response

of liquid crystal inclusions embedded in soft elastic matrices. In those simulations, the

geometry and internal director configuration of the inclusions in the reference configura-

tion were prescribed a priori and chosen to mimic droplets formed in a purely liquid en-

vironment. This assumption is convenient because it leads to a stress-free reference state

for the matrix and simplifies the numerical implementation. However, it also hides the

physical processes by which such microstructures arise in the first place. In many practi-

cal systems, including polymer-dispersed liquid crystals, liquid crystal droplets are gen-

erated in situ by polymerisation-induced phase separation (PIPS) from an initially ho-

mogeneous mixture of reactive species and liquid crystal (Kim et al., 1993; Serbutoviez

et al., 1996; Hoppe et al., 2002; White et al., 2007; Zhu et al., 2014; Zakrzewski et al.,

2023). A natural question is therefore how polymerisation kinetics, phase separation

and the emergence of elasticity interact during PIPS, and how this chemo-mechanical

coupling may influence the resulting microstructure. Addressing this question is not

only important for understanding how droplets form, but also for defining a physically

meaningful reference configuration for subsequent inclusion-response simulations: the

phase-separation stage sets the characteristic length scales, connectivity, and residual

stresses that later govern electro-mechanical actuation. In other words, a PIPS model

provides the missing “microstructure formation” link between a homogeneous precursor

mixture and the prescribed-inclusion geometries adopted in the previous chapters.

PIPS is not unique to liquid crystal composites. Similar mechanisms are found in a

wide range of soft materials and are also observed in natural systems. Examples include

the preparation of porous and macroporous hydrogels for drug delivery and tissue engi-

neering (Guo et al., 2018; Dudaryeva et al., 2025; Müller et al., 2025), the fabrication

of membranes and separation media with controlled pore structures (Taniguchi et al.,
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2013; Dong et al., 2021; Yu et al., 2022; Kirkebæk et al., 2025), and the design of poly-

mer electrolytes and structural energy-storage materials whose morphology is set during

polymerisation (Schulze et al., 2014; Ihrner et al., 2017; Ling et al., 2023; Deshpande

et al., 2024). In all of these systems, a reactive component polymerises within a multi-

component mixture, driving the solution out of its miscible region and triggering phase

separation, while the forming polymer network progressively endows the material with

elasticity. Understanding the coupling between reaction, phase separation and elasticity

is therefore of broad relevance beyond any specific material class and provides a useful

baseline for more specialised models of liquid crystal-containing systems.

From a thermodynamic viewpoint, phase separation in polymer solutions is often

described using a Flory-Huggins mixing free energy, which balances the enthalpic in-

teraction between components against the entropy of mixing. When control parameters

such as temperature, composition or degree of polymerisation move the system into

the unstable region of the phase diagram, composition fluctuations grow and the sys-

tem demixes into coexisting phases (cf. Section 2.4). The kinetics of this process can

be modelled by a Cahn-Hilliard-type equation (Cahn and Hilliard, 1958; Cahn, 1961)

for a scalar composition or phase field, in which the chemical potential derives from

the Flory-Huggins free energy augmented by a gradient (interfacial) term. This frame-

work has been widely used to study liquid-liquid demixing in polymer blends and so-

lutions (Chan and Rey, 1995; Barton et al., 1998; König et al., 2021). In particular, the

same system has also been adopted to model polymerisation-induced phase separation

problems (Chan and Rey, 1996, 1997; Oh and Rey, 2000; Kyu and Chiu, 2001; Vonka

and Kosek, 2012). However, these models do not account for the resistance to droplet

formation and coalescence arising from the surrounding elastic medium, which is es-

sential to describe the system as elasticity is not a fixed background property in PIPS:

the modulus emerges during polymerisation and can compete with phase separation on

comparable time scales. As a result, the evolving network can alter the driving force for
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demixing and introduce mechanical stresses that affect morphology changes. Captur-

ing these effects requires a framework in which polymerisation kinetics, transport, and

mechanics are treated in a single thermodynamically consistent model.

Recent studies have confirmed the effect of elastic energy in phase separation pro-

cesses. Style et al. (Style et al., 2018) investigated the nucleation and growth of liquid

droplets inside a cross-linked polymer network by saturating and swelling the network

with fluid and decreasing the temperature to induce nucleation. They also showed that

the size of liquid droplets in the phase-separated state can be tuned by changing the

cross-link density of the polymer network. Subsequently, Kothari and Cohen (2020)

used an energy-based approach to theoretically investigate the effect of the elastic prop-

erties of the matrix on nucleation-and-growth-type phase separation and showed that

elasticity can postpone not only the formation of liquid inclusions, but also the coales-

cence of droplets due to Ostwald ripening, consistent with the experimental observations

of Style et al. In addition to the suppression of phase separation, elasticity has also been

found to promote the ripening of liquid droplets under certain conditions (Rosowski

et al., 2020). These experimental and theoretical works confirm that elasticity plays

an important role in liquid droplet formation and ripening when droplets are embed-

ded in polymer networks, but the modelling frameworks considered so far are largely

restricted to nucleation-and-growth-type phase separation, where there are either initial

seeds for nucleation sites or initial finite size droplets in the reference configuration.

Whether these findings still hold for spinodal-decomposition-type phase separation re-

mains unclear, because the process begins from a homogeneous reference state and the

morphology develops continuously rather than from pre-existing droplets.

A few very recent finite element formulations have begun to address chemo-

mechanical coupling in phase separation. Soria et al. (Soria et al., 2025) proposed a

Lagrangian theory for phase separation problems involving large deformations and sol-

vent removal. This variational framework was implemented in a finite element code
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and used to visualise the morphology of systems undergoing phase separation driven by

mechanical loading and composition changes. In addition, Oudich et al. (Oudich et al.,

2026) developed a phase field model describing chemo-mechanical coupling in elastic

microphase separation triggered by spinodal decomposition.

These developments confirmed that chemo-mechanical coupling in phase separation

is a rapidly emerging and active research area. However, existing models typically

address either purely diffusive Cahn-Hilliard-type dynamics without elasticity, or elastic

effects in mixtures without explicit polymerisation kinetics. In contrast, the present

work combines a Flory-Huggins-Cahn-Hilliard phase field description with an explicit

polymerisation-induced evolution of an elastic network. To the best of our knowledge,

this proposed model provides one of the first continuum finite element frameworks to

capture the coupled effects of PIPS and elasticity on phase separation morphologies.

In this chapter, we develop a minimal chemo-mechanical continuum model for a

ternary system consisting of monomer, polymer and solvent. Monomer species poly-

merise into longer chains, and beyond a critical extent of reaction the polymer forms

a physically cross-linked network that possesses composition-dependent elasticity. The

total free-energy density is written as the sum of a Flory-Huggins-type mixing contri-

bution, an interfacial contribution that penalises composition gradients, and an elastic

contribution associated with the deformation of the polymer network. Mass conserva-

tion, mechanical equilibrium and thermodynamic consistency are enforced to derive a

coupled set of evolution equations for the composition fields and the displacement field.

To obtain clear mechanistic insight and to enable systematic exploration of param-

eter space, we specialise this framework to a one-dimensional geometry and to an

isotropic interfacial energy. The one-dimensional setting already captures the essen-

tial interplay between diffusion, reaction and elasticity along a confined direction, while

remaining computationally affordable for extensive parametric studies. The use of a

scalar phase field with isotropic surface tension allows us to focus on the generic fea-
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tures of chemo-mechanical coupling during PIPS that are common to a broader class of

polymerising soft materials. The liquid crystal-specific features considered in the previ-

ous chapters can then be viewed as additional layers of complexity to be coupled to this

baseline framework in future work.

We emphasise that the present model does not attempt to predict the detailed shape

and director configuration of individual liquid crystal droplets. Instead, it provides a

first step towards linking the microstructure formation stage of PIPS to the inclusion

problems studied earlier in the thesis, by quantifying how polymerisation kinetics and

the emergence of elasticity influence the evolving composition profile and characteristic

length scales of phase separation. In the final part of the chapter, we outline the corre-

sponding multi-dimensional formulation and weak form, demonstrating that the same

chemo-mechanical framework extends naturally to higher-dimensional geometries and

could be used as the basis for future two- and three-dimensional simulations of phase

separation in elastic media.

The chapter is organised as follows. Section 5.2 introduces the one-dimensional

chemo-mechanical PIPS model and its governing equations. Section 5.4 describes the

numerical implementation, including the weak form and time discretisation. Section 5.5

presents simulation results and parametric studies that illustrate the influence of elastic-

ity and polymerisation on phase separation kinetics and morphology. Finally, in Sec-

tion 5.6 we conclude the results in this chapter along with the relation to the liquid

crystal inclusion problems considered in the previous chapters.

5.2 Theoretical framework

In this section, we outline the general chemo-mechanical continuum framework used

to describe polymerisation-induced phase separation in a ternary mixture of monomer,

polymer and solvent. We adopt a Lagrangian description based on a field of mark-
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ers (Brassart et al., 2016) dispersed throughout the solution, following the ideas of

Darken (Darken, 1948) and Stephenson (Stephenson, 1988) for diffusing and reacting

mixtures. Each marker moves with the mixture and carries the local information on de-

formation and composition. We first present the kinematics and balance laws in a fully

three-dimensional setting. We then specialise the formulation to a one-dimensional ge-

ometry, which may be interpreted as a long tube of unit-square cross section aligned

with the X-axis. In this reduced setting, all fields depend only on the axial coordinate

X and time t, while the deformation and stress state remain three-dimensional due to

the lateral constraints imposed by the rigid side walls.

5.2.1 Kinematics

In a mixture undergoing diffusion and reaction, the number and identity of molecules

contained in a small region of the body are not preserved in time. As a result, the classi-

cal notion of a material particle as a fixed collection of molecules becomes ambiguous.

Following the approach of Darken (Darken, 1948) and Stephenson (Stephenson, 1988),

we introduce a field of markers dispersed throughout the solution. These markers are

imagined to be small enough to follow the motion of the mixture with fidelity, yet large

enough that they do not participate in mixing or reaction themselves. In the present La-

grangian description, each marker is labelled by its position X in the reference configu-

ration and carries information about the local deformation and composition; its current

position is denoted by x(X, t). The motion is thus described by the mapping

x = φ(X, t), (5.1)

and the deformation gradient is defined as

F (X, t) =
∂x

∂X
. (5.2)
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The local volumetric change is given by

Ω =
dV

dV0
= detF , (5.3)

where V0 and V denote, respectively, the reference and current volumes of a small region

surrounding the marker.

Figure 5.1: Schematic illustration of the multiplicative decomposition of the deforma-
tion gradient.

We decompose the deformation into elastic and inelastic parts (see Figure 5.1),

where the former is associated with the distortion of the elastic polymer network and

the latter with composition changes of the solution. The total deformation gradient is

written in the multiplicative form

F = FeFi, (5.4)

where Fi denotes the inelastic deformation gradient associated with local swelling in-
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duced by composition changes, and Fe denotes the elastic deformation gradient of the

polymer network from the swollen intermediate configuration to the current configura-

tion.

The corresponding volumetric change satisfies

Ω = ΩeΩi, (5.5)

where Ωe = detFe and Ωi = detFi are the elastic and inelastic volume changes,

respectively. In this study, we assume that all species, including the elastic network, are

individually incompressible. As a consequence, the elastic response of the solution is

isochoric, so that

Ωe = 1, (5.6)

and hence

Ω = Ωi. (5.7)

In this formulation, Fi is not introduced as an independent internal variable with

a separate phenomenological evolution law. Instead, it is determined by molecular in-

compressibility. Under the isotropic swelling assumption,

Fi = Ω
1/3
i I. (5.8)

Therefore, once the local composition is known, Fi is determined algebraically through

the swelling ratio Ωi. The time derivative of Fi is consequently inherited from the time

dependence of Ωi, rather than prescribed independently. In particular,

ḞiF
−1
i =

1

3

Ω̇i

Ωi

I. (5.9)
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This point is important in the Coleman–Noll procedure. Since

Fe = FF−1
i , (5.10)

its material time derivative is

Ḟe = Ḟ F−1
i − FeḞiF

−1
i . (5.11)

If Fi were treated as an independent internal variable, the dissipation inequality would

introduce a thermodynamic force conjugate to Ḟi and an additional evolution law would

be required. In the present formulation, however, Fi is constrained by molecular incom-

pressibility and its evolution follows from the mass balance equations and polymerisa-

tion kinetics.

For the composition, we define the nominal number concentrations of monomer,

polymer and water per unit reference volume as Cm(X, t), Cp(X, t) and Cw(X, t),

respectively. The corresponding nominal volume fractions per unit reference volume

are

Φm = vmCm, Φp = vpCp, Φw = vwCw, (5.12)

where vm, vp and vw are the molecular volumes of monomer, polymer and water. We

assume that the molar volumes remain constant throughout deformation and diffusion,

and that the molecular volumes of monomer and water are identical, vm = vw = v.

In this chapter, we assume that the polymer molecules are monodisperse, that is, each

polymer molecule consists of xn monomers. Within each marker, the degree of poly-

merisation for all polymers are the same, while it can vary spatially in different markers.

The molecular volume of polymer is vp = xnv, and we obtain

xn =
Φp

vCp
. (5.13)
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The volumes of each species contained in V are

Vm = ΦmV0, Vp = ΦpV0, Vw = ΦwV0, (5.14)

and the total current volume is

V = Vm + Vp + Vw. (5.15)

The inelastic volumetric change can then be written as

Ωi =
V

V0
=
Vm + Vp + Vw

V0
= Φm + Φp + Φw. (5.16)

The true volume fractions are related to the nominal ones by

ϕi =
Φi

Ω
, i ∈ {m, p, w}, (5.17)

and satisfy the local incompressibility constraint

ϕm + ϕp + ϕw = 1. (5.18)

Given our monodisperse assumption of the polymer, the number of polymer chains

per unit reference volume is equal to the nominal concentration of initiators. In this

study, we assume that the concentration of polymer chains is constant, so that

Cp = C0
p = const., (5.19)

where C0
p = Cp|t=0 is the initial nominal number concentration of polymer chains.

Combining this with Eqn. 5.13 allows us to express the degree of polymerisation in
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terms of the polymer volume fraction as

xn =
Φp

C0
pv
. (5.20)

5.2.2 Balance laws

Conservation of mass For any marker occupying a region V0 in the reference config-

uration, the rate of change of the total amount of each species within this region equals

the net influx of that species through the boundary plus any sources inside the region.

The conservation of mass can therefore be written as

d

dt

ˆ
V0

Cm(X, t) dV = −
ˆ
∂V0

Jm ·N dS +

ˆ
V0

Rm dV,

d

dt

ˆ
V0

Cw(X, t) dV = −
ˆ
∂V0

Jw ·N dS,

d

dt

ˆ
V0

Φp(X, t) dV =

ˆ
V0

R̃p dV,

(5.21)

where Ji is the nominal flux vector of species i (number of molecules crossing a unit

area per unit time, per unit reference volume), Rm is the number of monomers produced

per unit reference volume and per unit time, and R̃p is the volumetric source term asso-

ciated with the growth of the polymer phase. In Eqn. 5.21 we have assumed that water

does not participate in reactions and that polymer chains cannot diffuse, so that Rw = 0

and Jp = 0.

Applying the divergence theorem gives

ˆ
V0

(
∂Cm
∂t

+DivJm −Rm

)
dV = 0,

ˆ
V0

(
∂Cw
∂t

+DivJw

)
dV = 0,

ˆ
V0

(
∂Φp

∂t
− R̃p

)
dV = 0.

(5.22)
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Since these relations must hold for any arbitrary region V0, we obtain the local forms

∂Cm
∂t

+DivJm = Rm,

∂Cw
∂t

+DivJw = 0,

∂Φp

∂t
= R̃p.

(5.23)

We describe the reaction behaviour by introducing the extent of reaction p(X, t), which

represents the number of reactions per unit reference volume. The production rate of

monomer can then be written as

Rm = −ṗ, R̃p = vṗ. (5.24)

Since there are no diffusive terms for polymers, the polymer volume fraction and the

extent of reaction are algebraically coupled. Using the relation between the degree of

polymerisation xn and the polymer content (Eqn. 5.19 and 5.20), we also have

ẋn =
ṗ

C0
p

. (5.25)

Balance of linear and angular momentum We work in the reference configuration

and neglect inertia. For a marker occupying a region V0 and subjected to a field of

surface tractions T (X, t) and body forces B(X, t), the balance of linear momentum

reads

DivP +B = 0 in V0, (5.26)

where P is the first Piola-Kirchhoff stress tensor. The nominal traction on a surface

with unit outward normal N in the reference configuration is

T = P N . (5.27)
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The balance of angular momentum implies that the couple resulting from stresses van-

ishes. In the present formulation, this is expressed by

P F T = F P T , (5.28)

which in turn ensures the symmetry of the associated Cauchy stress tensor σ. The

relation between P and σ is

P = ΩσF−T , σ = Ω−1 P F T . (5.29)

5.2.3 Free energy imbalance

We now formulate the second law of thermodynamics. Under isothermal conditions,

the rate of change of the free energy stored in an arbitrary volume V0 of the reference

configuration is bounded by the external power input. In nominal form, this inequality

reads

d

dt

ˆ
V0

ΨdV ≤
ˆ
V0

B · v dV +

ˆ
∂V0

T · v dS

−
ˆ
∂V0

µm Jm ·N dS −
ˆ
∂V0

µw Jw ·N dS

+

ˆ
V0

Π
(
Ω̇− v Ċw − v Ċm − v ṗ

)
dV,

(5.30)

where Ψ is the free energy per unit reference volume, µi is the chemical potential of

species i, v(X, t) = φ̇(X, t) is the material velocity, B is the body force per unit

reference volume, and T is the nominal traction. The first and second terms on the

right-hand side represent the external mechanical power due to body forces and surface

tractions, respectively. The third and fourth terms correspond to the chemical power

associated with diffusion of monomer and water through the boundary. The last term
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enforces the incompressibility constraint (cf. Eqn. 5.16)

Ω = v Cm + v Cw + Φp = v Cm + v Cw + v p, (5.31)

through the Lagrange multiplier Π.

Applying the divergence theorem to the mechanical and chemical flux terms and

using the transport theorem, we obtain

ˆ
V0

Ψ̇ dV ≤
ˆ
V0

(B +DivP ) · v dV

+

ˆ
V0

(
P : Ḟ − µmDivJm − Jm ·Gradµm

)
dV

+

ˆ
V0

(−µw DivJw − Jw ·Gradµw) dV

+

ˆ
V0

Π
(
Ω̇− v Ċw − v Ċm − v ṗ

)
dV.

(5.32)

Using the local balance of linear momentum (Eqn. 5.26) and the conservation of mass

(Eqn. 5.23), the inequality can be rewritten in local form as

Ψ̇ ≤ P : Ḟ + µm Ċm + µw Ċw − µmRm − Jm ·Gradµm − Jw ·Gradµw

+Π
(
Ω̇− v Ċw − v Ċm − v ṗ

)
.

(5.33)

In our system, the free energy per unit reference volume Ψ is taken as a function of

the deformation gradient, the local composition fields, and the gradient of the water

concentration,

Ψ = Ψ(F , Cm, Cw, p, GradCw) . (5.34)

Here the gradient term accounts for the interfacial energy between water-poor and -rich
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regions. The material time derivative of Ψ is

Ψ̇ =
∂Ψ

∂F
: Ḟ +

∂Ψ

∂Cm
Ċm +

∂Ψ

∂Cw
Ċw +

∂Ψ

∂p
ṗ+

∂Ψ

∂(GradCw)
·Grad Ċw. (5.35)

For convenience, we introduce the microstress

ξw :=
∂Ψ

∂(GradCw)
. (5.36)

Using the product rule a ·Grad b = Div(a b)− (Diva) b, we rewrite

ξw ·Grad Ċw = Div(ξw Ċw)− (Div ξw) Ċw, (5.37)

and therefore

Ψ̇ =
∂Ψ

∂F
: Ḟ +

∂Ψ

∂Cm
Ċm +

(
∂Ψ

∂Cw
−Div ξw

)
Ċw +

∂Ψ

∂p
ṗ+Div

(
ξw Ċw

)
. (5.38)

Substituting this into inequality 5.33 gives(
P − ∂Ψ

∂F
+ ΩΠF−T

)
: Ḟ +

(
µm − ∂Ψ

∂Cm
− vΠ

)
Ċm

+

(
µw − ∂Ψ

∂Cw
+Div ξw − vΠ

)
Ċw − µmRm −

(
∂Ψ

∂p
+ vΠ

)
ṗ

−Div
(
ξw Ċw

)
− Jm ·Gradµm − Jw ·Gradµw ≥ 0.

(5.39)

The divergence term Div(ξw Ċw) is not a new bulk constitutive assumption, but the

surface power associated with the gradient contribution. This can be shown by integrat-

ing the local inequality over an arbitrary part V0 and using the divergence theorem, it

contributes the boundary term

ˆ
V0

Div(ξw Ċw) dV =

ˆ
∂V0

(ξw ·N) Ċw dA, (5.40)
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where ξw ·N plays the role of a microtraction conjugate to Ċw. There are several ways

of treating this term in the literature, Gurtin (1996) proposed a balance law for this mi-

crotraction such that this boundary term vanishes in the absence of any other body force

conjugated with Ċw. Soria et al. (2025) assumed that there exists an “extra entropy flux”

(denoted by W in their formulation) is associated with the flux of additional fields of

Cw, and this extra entropy flux is taken exactly as W = ξwĊw, which cancelled the

contribution of this term in the inequality. Here we adopt the balance theory in Gurtin

(1996) and assume a microtraction free boundary condition and omit the boundary con-

tribution.

We neglect viscoelasticity of the polymer network and therefore require that the

dissipation due to elastic deformation vanishes. This yields the constitutive relation

P =
∂Ψ

∂F
− ΩΠF−T . (5.41)

We also assume that the system is always at local chemical equilibrium with respect to

changes in Cm and Cw, so that

µm =
∂Ψ

∂Cm
+ vΠ,

µw =
∂Ψ

∂Cw
−Div ξw + vΠ.

(5.42)

The Lagrange multiplier Π enforces molecular incompressibility and acts as a pressure-

like contribution to the chemical potentials: vΠ is the work needed to accommodate

one additional molecule under the local volume constraint. The term −Div ξw is the

capillarity contribution generated by the gradient part of the free energy, penalising

spatial variations of Cw and providing the chemical driving force that smooths diffuse

interfaces.

156



Chemo-mechanical modelling of polymerisation induced phase separation

Dissipation associated with polymerisation. Using Rm = −ṗ, the contribution of

the reaction to the dissipation inequality becomes

Dr =

(
µm − vΠ− ∂Ψ

∂p

)
ṗ ≥ 0. (5.43)

The quantity in brackets,

A := µm − vΠ− ∂Ψ

∂p
=

∂Ψ

∂Cm
− ∂Ψ

∂p
, (5.44)

is the thermodynamic driving force (affinity) for polymerisation. A reaction event lo-

cally decreases Cm and increases p (equivalently Φp = vp), and A measures the cor-

responding change in free energy per unit extent of reaction. Admissible kinetics must

satisfy A ṗ ≥ 0 for all states. In a general near-equilibrium setting, one may prescribe

ṗ = L(A) with L(A)A ≥ 0.

Dissipation due to diffusion. The remaining bulk dissipation is due to diffusion,

Dd = −Jm ·Gradµm − Jw ·Gradµw ≥ 0, (5.45)

which shows that diffusion is driven by gradients of chemical potential.

5.2.4 Free energy

We define the free energy of the system per unit reference volume, Ψ as

Ψ(F , Cm, Cw, p,GradCw) = Ψel(F , p) + Ψmix(F , Cm, Cw, p) + Ψint(F ,GradCw),

(5.46)

where Ψel, Ψmix and Ψint represent the elastic, mixing and interfacial contributions to

the free energy, respectively.
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Elastic energy During PIPS, monomers are incorporated into polymer chains that

grow from initiator sites, so that both the polymer content and the chain length increase

with time. At early times the chains are short and the mixture behaves essentially as a

viscous solution with negligible elastic resistance. Once the chains become sufficiently

long, they form physical entanglements. On time scales shorter than disentanglement,

these entanglements act as temporary cross-links and give rise to a rubber-like (neo-

Hookean) elastic response. We therefore model the elastic contribution to the free en-

ergy per unit reference volume as

Ψel(F , p;C
0
p) = Ω

G(ϕp, xn)

2

(
Ie1 − 3

)
, (5.47)

where

Ie1 = tr
(
F T
e Fe

)
(5.48)

is the first invariant of the elastic left Cauchy-Green tensor, ϕp is the true polymer vol-

ume fraction, and G(ϕp, xn) is the shear modulus of the entangled network in the cur-

rent configuration. To specify G(ϕp, xn), we adopt the classical entanglement-network

description of semi-dilute polymer solutions (Doi and Edwards, 1988; Colby and Ru-

binstein, 1990; Rubinstein and Colby, 2003).

The elastic response of an entangled polymer melt (i.e. at polymer volume fraction

ϕp = 1, with no solvent present) exhibits a rubbery plateau in linear viscoelasticity:

over an intermediate range of frequencies, the storage modulus G′(ω) becomes approx-

imately frequency-independent because the deformation is resisted primarily by topo-

logical entanglements rather than by the flow. We denote this plateau value by G∞(1),

where the argument (1) indicates evaluation in the pure polymer state (ϕp = 1) and the

superscript “∞” is conventional notation for the plateau modulus rather than a literal

limit.

In the entanglement picture, G∞(1) is proportional to the number density of entan-
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glement strands and can be written as

G∞(1) =
ρ kBTNA

Me(1)
=

ρRT

Me(1)
, (5.49)

where ρ is the mass density of the pure polymer melt, NA is Avogadro’s number, and

R = kBNA is the gas constant. Here Me(1) is the molar mass of polymer contained

in one entanglement strand in pure polymer. Introducing the monomer molar mass M0,

we write

Me(1) = xe(1)M0, (5.50)

where xe(1) is the number of monomers between entanglements in the melt. For poly-

mer solutions (ϕp < 1, i.e. when solvent is present), dilution reduces the density of en-

tanglement strands and therefore lowers the plateau modulus. In the semi-dilute regime

(where polymer chains can meat each other but the system is still solvent-rich), a widely

used scaling law expresses this concentration dependence as (Rubinstein and Colby,

2003)

G∞(ϕp) ≈ G∞(1)ϕ2.3
p . (5.51)

It is often convenient to reformulate the same concentration dependence in terms of

an effective entanglement strand length. Interpreting G∞(ϕp) through the melt rela-

tion 5.49 but with a concentration-dependent strand molar mass Me(ϕp), and using the

approximation ρ(ϕp) ≃ ρϕp (polymer mass per unit current volume), we obtain

ρϕpRT

Me(ϕp)
∼ ρRT

Me(1)
ϕ2.3
p ⇒ Me(ϕp) ∼Me(1)ϕ

−1.3
p , (5.52)

since Me(ϕp) = xe(ϕp)M0,

xe(ϕp) = xe(1)ϕ
−1.3
p . (5.53)

The plateau modulus is physically meaningful only when the polymer chains are
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long enough to contain at least one entanglement strand, i.e. when xn ≳ xe(ϕp). To

capture this onset of elasticity during polymerisation, we introduce a smooth gating

function that depends on the ratio xn/xe(ϕp):

gx =
1

1 + exp

[
−xn/xe(ϕp)− 1

ηx

] , (5.54)

where ηx controls the smoothness of the transition. When xn < xe(ϕp) the chains are

too short to form an entangled network and gx → 0; when xn ≫ xe(ϕp) the network

response is governed by the entanglement strand length and gx → 1.

In the present model we multiplicatively combine Eqn. 5.51 and 5.54 to express the

shear modulus as

G(ϕp, xn) = G∞(1) gx

(
xn

xe(ϕp)

)
ϕ2.3
p , (5.55)

where ϕp and xn can be calculated base on p and C0
p through Eqn. 5.20 and 5.25. In the

present model, the monomer volume v and the intial polymer number concentration C0
p

are fixed by the chemistry and the chosen initial composition. The density of the melt ρ

can be easily measured. The plateau modulus of the melt can be measured from rheo-

logical tests on the polymer melt. The relation between the degree of polymerisation of

the entanglement strand and the plateau modulus is given by Eqn. 5.49. Consequently,

the only quantity that is not directly prescribed by the intial conditions is the entangle-

ment length xe(1), which we can calculate through the measured or chosen value of G∞

using Eqns. 5.49 and 5.50.

In the illustrative parameter set used below, we adopt the inverse viewpoint:

we choose a representative entanglement length xe(1) = 20, together with ρ =

1000 kg m−3, M0 = 50 g mol−1 and T = 300 K. The implied melt plateau modulus is

G∞(1) =
ρRT

xe(1)M0

≈ 2.5× 106 Pa, (5.56)
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Figure 5.2: Evolution of the shear modulus with increasing true polymer volume frac-
tion for different initial chain (initiator) concentrations C0

p .

which lies within the range typically observed for soft entangled polymer networks

(Rubinstein and Colby, 2003). Figure 5.2 illustrates how the shear modulus develops as

polymerisation proceeds for different initial chain number densities C0
p . In this illustra-

tive test, we consider a two-species system where the mixture consists only monomer

and polymer molecules. For each polymer volume fraction data point, we calculate the

degree of polymerisation from Eqn. 5.20. At low ϕp, the modulus remains essentially

zero because the chains are too short to form entanglements (gx ≃ 0). As ϕp increases

and xn becomes comparable to xe(ϕp), the modulus rises sharply. Increasing C0
p delays

the onset of elasticity to larger ϕp because a higher chain number density yields shorter

chains at fixed polymer content. At high ϕp the curves collapse onto the same ϕ2.3
p trend,

showing that once the network is well entangled the stiffness is controlled primarily by

polymer concentration and chemistry, rather than by C0
p .
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Mixing energy We adopt a Flory-Huggins-type mixing free energy for the ternary

system (cf. Section 2.4). We write

Ψmix(F , Cm, Cw, p) = Ωψmix(ϕm, ϕw, ϕp, xn) + µ0Cw

= µ0Cw +
ΩkBT

v

(
ϕm lnϕm +

ϕp
xn

lnϕp + ϕw lnϕw

+ χmpϕmϕp + χmwϕmϕw + χpwϕpϕw

)
,

(5.57)

where χij (i, j = m, p, w, i ̸= j) denotes the Flory-Huggins interaction parameter be-

tween species i and j, and xn is the (local) degree of polymerisation. µ0 is the chemical

potential of pure water, included as a reference level. With this choice, in the pure-water

limit (ϕw = 1) the mixing contribution vanishes and Ψmix → µ0Cw. In the present

ternary system we neglect monomer-polymer interactions (χmp = 0) and assume that

monomer and polymer interact identically with water (χmw = χpw = χ). Substituting

5.17 into 5.57 gives the nominal form

Ψmix =
kBT

v

[
Φm ln

(
Φm

Ω

)
+

Φp

xn
ln

(
Φp

Ω

)
+ Φw ln

(
Φw

Ω

)
+ χ

Φw

Ω
(Φm + Φp)

]
,

(5.58)

where xn(X, t) is treated as a known local field determined by the polymerisation ki-

netics and the initial chain number concentration (see Eqn. 5.20).

Interfacial energy In addition to the bulk mixing contribution, phase separation be-

tween water and the organic components (monomer + polymer) gives rise to an interfa-

cial energy cost. We choose the nominal water concentration Cw as the order parameter

and penalise its spatial gradients through

Ψint = κ |GradCw|2, (5.59)
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where κ is an interfacial parameter. Smaller values of κ correspond to narrower diffuse

interfaces, whereas larger values of κ favour smoother composition profiles.

5.2.5 Kinetic models

Diffusion We distinguish between the true fluxes in the current configuration and

the nominal fluxes in the reference configuration. Let jm and jw denote the fluxes

of monomer and water per unit current area. We assume that diffusion in the current

configuration is driven by gradients of the chemical potentials,

jm = −Mm gradµm, jw = −Mw gradµw, (5.60)

where Mm > 0 and Mw > 0 are scalar mobilities and grad(·) denotes the spatial gradi-

ent.

In the material description, the balance laws are written in terms of the nominal

fluxes Jm and Jw, defined per unit reference area. These are related to the spatial fluxes

by

Ji = ΩF−1ji, i ∈ {m,w}, (5.61)

and the gradients are related by

grad (·) = F−T Grad (·). (5.62)

Combining these relations, we obtain the constitutive laws for the nominal fluxes,

Jm = −ΩMm F−1F−T Gradµm,

Jw = −ΩMw F
−1F−T Gradµw.

(5.63)

Thus, diffusion is isotropic in the current configuration but appears with an effective

mobility tensor ΩMi F
−1F−T in the reference configuration, reflecting the geometric
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distortion introduced by the deformation. Substituting these expressions into the dissi-

pation inequality 5.45 yields

Dd = ΩMm (Gradµm)TF−1F−TGradµm + ΩMw (Gradµw)TF−1F−TGradµw ≥ 0,

(5.64)

which is guaranteed because F−1F−T is positive definite and Mm,Mw > 0.

Reaction In the present work, we adopt a simple kinetic model that is commonly used

for irreversible, monomer-limited polymerisation (Chan and Rey, 1995), namely

ṗ = k Cm, k > 0, ifA > 0,

p = 0, otherwise.

(5.65)

In addition, we assume that the system starts from a solution of monomer and water

only, i.e. p|t=0 = 0. As a result, combining the relations Eqn. 5.23 and 5.24, the

polymer volume fraction can be written as

Φp = vp. (5.66)

5.3 One-dimensional governing equations and constitu-

tive relations

We specialise the general framework to the one-dimensional tube geometry used in

the numerical examples. The reference domain is the interval X ∈ (0, L). The tube

has a unit-square cross section; the lateral walls are rigid and frictionless, so that all

fields depend only on X and t and there is no transverse deformation. Accordingly, the

deformation gradient takes the diagonal form F = diag(λ, 1, 1). From the definition of
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deformation gradient (Eqn. 5.2), the axial stretch writes

λ(X, t) = 1 +
∂u

∂X
, Ω(X, t) = detF = λ(X, t). (5.67)

Conservation of mass Specialising from Eqn. 5.23, the monomer and water balances

in the reference configuration are

∂Cm
∂t

+
∂Jm
∂X

= −ṗ,
∂Cw
∂t

+
∂Jw
∂X

= 0,

(5.68)

with Eqn. 5.65 as the local kinetic law for polymerisation. The nominal fluxes write as

Jm = −Mm λ
−1 ∂µm

∂X
, Jw = −Mw λ

−1 ∂µw
∂X

. (5.69)

Balance of linear momentum and incompressibility constraint Molecular incom-

pressibility reduces in 1D to the local algebraic relation

λ = Φm + Φw + Φp = vCm + vCw + vp, (5.70)

Hence λ is determined pointwise by the composition fields and the extent of reaction.

Mechanical equilibrium in the tube implies ∂XP11 = 0. With a traction-free end at

X = L, P11(L, t) = 0, we obtain P11 = 0. Using the constitutive relation P =

∂Ψ/∂F −ΩΠF−T and the diagonal form of F , the condition P11 = 0 yields the local

identification

Π =
∂Ψ

∂λ
, (5.71)

so that the Lagrange multiplier Π is also eliminated from the PDE system.
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Chemical potentials (mixed Cahn-Hilliard form). The free energy per unit refer-

ence volume has the one-dimensional dependence

Ψ = Ψ(λ, Cm, Cw, p, ∂XCw) , (5.72)

where the gradient term represents the interfacial contribution. The chemical potentials

follow from the thermodynamic framework as

µm =
∂Ψ

∂Cm
+ vΠ, (5.73)

and

µw =
∂Ψ

∂Cw
+ vΠ− ∂

∂X

(
∂Ψ

∂(∂XCw)

)
, (5.74)

with Π given locally by Eqn. 5.71 and λ by Eqn. 5.70. Introducing µm and µw as

additional unknowns yields a mixed formulation that avoids fourth-order derivatives in

the transport equations.

Boundary conditions. Unless stated otherwise, we impose impermeable (no-flux)

conditions for monomer and water at the boundaries of the one-dimensional reference

domain X ∈ (0, L), i.e. Jm = 0 and Jw = 0 at X = 0 and X = L. In addition, the

gradient contribution in the free energy introduces the microstress ξw = ∂Ψ/∂(∂XCw)

(cf. Eqn. 5.36), and we apply the associated natural boundary condition (vanishing

microtraction)

ξw = 0 at X = 0, L. (5.75)

To mimic a sample in contact with an external water bath, we extend the closed-system

formulation to an open system by allowing solvent exchange across a selected boundary

(take the right boundary here for example). All bulk equations and constitutive relations

remain unchanged; only the water-transport boundary condition at X = L is modi-
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fied. Rather than prescribing µw = µbath
w strictly, which can generate a thin boundary

layer when µw contains logarithmic Flory-Huggins terms and thereby lead to numerical

difficulties, we adopt the Robin exchange condition

Jw = h
(
µw − µbath

w

)
at X = L, (5.76)

with coefficient h > 0, while retaining Jw = 0 at X = 0. In the limit h→ ∞, Eqn. 5.76

approaches the Dirichlet condition µw = µbath
w at X = L.

The bath chemical potential µbath
w is an externally prescribed boundary value. To

represent a homogeneous pure-water reservoir, we choose µbath
w to be consistent with the

Flory-Huggins free energy convention adopted in Eqn. 5.57. With the added reference

term µ0Cw, the chemical potential of water in a homogeneous pure-water state (ϕw = 1)

reduces to the reference value µ0.We set µ0 = 0 so that µbath
w = 0 in all simulations. We

use the same value h = 10mol2J−1m−2s−1 in all open-system simulations.

5.4 Time discretisation and weak formulation

In this section we seek a numerical solution of the one-dimensional PIPS model on

X ∈ (0, L). For clarity, we first summarise the governing equations in strong form and

list the constitutive relations required to close the system.

The transport problem consists of the conservation of monomer and water

∂Cm
∂t

+
∂Jm
∂X

= −ṗ,
∂Cw
∂t

+
∂Jw
∂X

= 0,

(5.77)

with nominal fluxes Jm and Jw defined in Eqn. 5.69. Polymerisation is modelled locally

through the kinetic law

ṗ = k Cm, (5.78)
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so that p(X, t) evolves pointwise without spatial fluxes.

To avoid fourth-order derivatives associated with the gradient contribution in the free

energy, we adopt a mixed formulation in which the chemical potentials µm and µw are

treated as additional unknown fields and constrained by their constitutive definitions,

µm =
∂Ψ

∂Cm
+ vΠ,

µw =
∂Ψ

∂Cw
+ vΠ− ∂

∂X

(
∂Ψ

∂(∂XCw)

)
,

(5.79)

where the free energy density Ψ(λ,Cm, Cw, p, ∂XCw) is given in Section 5.2.4 by

Eqns. 5.47, 5.57, and 5.59. We will further discuss the advantages of using this mixed

formulation later in Section 5.4.2. The stretch λ (with Ω = λ) and the Lagrange multi-

plier Π enforcing molecular incompressibility are determined pointwise from the con-

straint and the local constitutive relation

λ = vCm + vCw + vp, Π =
∂Ψ

∂λ
, (5.80)

see Eqn. 5.71. We next discretise Eqns. 5.77-5.80 in time and derive the corresponding

weak form used in the finite element implementation.

5.4.1 Time discretisation

We discretise the one-dimensional system Eqns. 5.77-5.80 in time. Let tn+1 = tn+∆t.

For any quantity a we define the mid-point value

amid := 1
2

(
an+1 + an

)
. (5.81)

We evaluate the fluxes and reaction source at the mid-point using Crank-Nicholson

method, which offers a higher order accuracy in time than using backward Euler
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method (LeVeque, 2007). The monomer and water balances are discretised as

Cn+1
m − Cn

m

∆t
+
∂Jmid

m

∂X
= − k Cmid

m , (5.82)

Cn+1
w − Cn

w

∆t
+
∂Jmid

w

∂X
= 0, (5.83)

with mid-point fluxes

Jmid
m = −Mm (λmid)−1 ∂µ

mid
m

∂X
, Jmid

w = −Mw (λ
mid)−1 ∂µ

mid
w

∂X
. (5.84)

The chemical potentials are enforced at tn+1 through

µn+1
m =

∂Ψ

∂Cm

∣∣∣
n+1

+ vΠn+1, (5.85)

µn+1
w =

∂Ψ

∂Cw

∣∣∣
n+1

+ vΠn+1 − ∂

∂X

(
∂Ψ

∂(∂XCw)

∣∣∣
n+1

)
. (5.86)

The extent of reaction is advanced algebraically with the mid-point reaction term to

ensure consistency with the conservation equations,

pn+1 = pn +∆t k Cmid
m . (5.87)

5.4.2 Weak formulation

At each time step we solve for the four fields (Cn+1
m , Cn+1

w , µn+1
m , µn+1

w ) in a coupled

system. Keeping both the concentrations and chemical potentials as primary (nodal)

unknowns gives a mixed Cahn-Hilliard-type formulation: eliminating µ would result

in a fourth-order equation in Cw requiring C1-continuous approximations, whereas the

mixed form produces only second-order spatial operators that can be discretised with

standard C0 finite elements (such as Lagrange elements) (Gurtin, 1996; Soria et al.,
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2025).

We introduce test functions Ĉm, Ĉw, µ̂m, µ̂w. Starting from the time-discretised

strong forms in Section 5.4.1, we obtain the weak form by multiplying the PDEs

(Eqns 5.82, 5.83, 5.85, 5.86) by the corresponding test functions and integrating over

(0, L):

ˆ L

0

(
Cn+1
m − Cn

m

∆t
+
∂Jmid

m

∂X
+ k Cmid

m

)
Ĉm dX = 0,

ˆ L

0

(
Cn+1
w − Cn

w

∆t
+
∂Jmid

w

∂X

)
Ĉw dX = 0,

ˆ L

0

(
µn+1
m − ∂Ψ

∂Cm

∣∣∣∣
n+1

− vΠn+1

)
µ̂m dX = 0,

ˆ L

0

(
µn+1
w − ∂Ψ

∂Cw

∣∣∣∣
n+1

− vΠn+1 +
∂

∂X

(
∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

))
µ̂w dX = 0.

(5.88)

Integrating by parts gives

ˆ L

0

Cn+1
m − Cn

m

∆t
Ĉm dX −

ˆ L

0

Jmid
m

∂Ĉm
∂X

dX +
[
Jmid
m Ĉm

]L
0
+

ˆ L

0

k Cmid
m Ĉm dX = 0,

ˆ L

0

Cn+1
w − Cn

w

∆t
Ĉw dX −

ˆ L

0

Jmid
w

∂Ĉw
∂X

dX +
[
Jmid
w Ĉw

]L
0
= 0,

ˆ L

0

(
µn+1
m − ∂Ψ

∂Cm

∣∣∣∣
n+1

− vΠn+1

)
µ̂m dX = 0,

ˆ L

0

(
µn+1
w − ∂Ψ

∂Cw

∣∣∣∣
n+1

− vΠn+1

)
µ̂w dX

−
ˆ L

0

∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

∂µ̂w
∂X

dX +

[
∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

µ̂w

]L
0

= 0.

(5.89)
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Imposing the boundary conditions stated in Section 5.3 (Eqn. 5.75) gives

[
Jmid
m Ĉm

]L
0
= 0,[

∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

µ̂w

]L
0

= 0,
(5.90)

and for the water flux term (Eqn. 5.76),

[
Jmid
w Ĉw

]L
0
= 0 closed system,[

Jmid
w Ĉw

]L
0
= h

(
µmid
w − µbath

w

)
Ĉw

∣∣∣
X=L

open system, with Jw = 0 at X = 0.

(5.91)

Substituting these into Eqn. 5.89:

ˆ L

0

Cn+1
m − Cn

m

∆t
Ĉm dX −

ˆ L

0

Jmid
m

∂Ĉm
∂X

dX +

ˆ L

0

k Cmid
m Ĉm dX = 0,

ˆ L

0

Cn+1
w − Cn

w

∆t
Ĉw dX −

ˆ L

0

Jmid
w

∂Ĉw
∂X

dX + h
(
µmid
w − µbath

w

)
Ĉw

∣∣∣
X=L

= 0,

ˆ L

0

(
µn+1
m − ∂Ψ

∂Cm

∣∣∣∣
n+1

− vΠn+1

)
µ̂m dX = 0,

ˆ L

0

(
µn+1
w − ∂Ψ

∂Cw

∣∣∣∣
n+1

− vΠn+1

)
µ̂w dX −

ˆ L

0

∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

∂µ̂w
∂X

dX = 0.

(5.92)

This reduces to the weak form for closed systems when h = 0. Finally, inserting the

time-discretised form for the nominal fluxes (Eqn. 5.84), the fully coupled weak prob-
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lem is: find (Cn+1
m , Cn+1

w , µn+1
m , µn+1

w ) such that for all (Ĉm, Ĉw, µ̂m, µ̂w),

ˆ L

0

Cn+1
m − Cn

m

∆t
Ĉm dX +

ˆ L

0

Mm(λ
mid)−1∂µ

mid
m

∂X

∂Ĉm
∂X

dX +

ˆ L

0

k Cmid
m Ĉm dX = 0,

ˆ L

0

Cn+1
w − Cn

w

∆t
Ĉw dX +

ˆ L

0

Mw(λ
mid)−1∂µ

mid
w

∂X

∂Ĉw
∂X

dX = 0,

ˆ L

0

(
µn+1
m − ∂Ψ

∂Cm

∣∣∣∣
n+1

− vΠn+1

)
µ̂m dX = 0,

ˆ L

0

(
µn+1
w − ∂Ψ

∂Cw

∣∣∣∣
n+1

− vΠn+1

)
µ̂w dX +

ˆ L

0

∂Ψ

∂(∂XCw)

∣∣∣∣
n+1

∂µ̂w
∂X

dX = 0.

(5.93)

5.5 One-dimensional finite element example

We now present numerical results for the one-dimensional finite element model intro-

duced above. The governing equations are discretised on the unit interval L = 1,m. In

this section, we first introduce the practical details of numerical implementation using

FEniCSx software (Alnæs et al., 2015) in Section 5.5.1. In Section 5.5.2, we intro-

duce the dimensionless parameters that are relevant to the problem. In Section 5.5.3 and

Section 5.5.4, we show numerical results of closed and open systems, respectively.

5.5.1 Numerical implementation

The one-dimensional reference domain B0 with L = 0.1m is discretised by a uniform

mesh of Ne = 100 intervals. We adopt an adaptive time stepping scheme where the

initial time step is ∆t = 10−6s and the maximum allowed time step is ∆t = 0.01s.

The time step is increased by 1.2 if the previous time step uses iterations fewer than

5, and shrink by 0.5 if the previous step is not converged. Representative simulations

were repeated on refined meshes (Ne = 200, 400) and reduced time steps. The solu-

tion is considered converged as changes in key outputs, such as the polymer volume-
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fraction profile ϕp(X, t) at selected times, are negligible under further refinement. Since

we adopt a mixed formulation for the Cahn-Hilliard equation, such that all fields only

require first spatial derivatives and are approximated in the same C0-conforming first-

order Lagrange function space (CG-1). To trigger the phase separation in the system,

we prescribe a compositional noise for water concentration at t = 0 s with an amplitude

of 1% of the initial water concentration.

5.5.2 Dimensionless parameters

To interpret the coupling between elasticity, mixing and reaction-diffusion, we introduce

two dimensionless groups that will be used throughout the remainder of this chapter.

For clarity, Table 5.1 summarises the material and numerical parameters used in the

simulations and indicates which quantities are held fixed across all runs and which are

varied to change the dimensionless groups.

We define the characteristic mixing energy density

E∗ =
RT

v
. (5.94)

The elasticity ratio is then

re =
G∞(1)

E∗ , (5.95)

which measures the strength of the polymer network elasticity relative to the thermody-

namic driving force for demixing. In the parametric studies reported below, re is varied

by changing the plateau modulus scale G∞(1) while keeping T and v fixed.

To characterise the competition between diffusion and polymerisation, we define

a reference diffusivity by introducing a reference chemical-potential scale RT and a

reference concentration Cref ,

Dref =
M RT

Cref

. (5.96)

173



Chemo-mechanical modelling of polymerisation induced phase separation

Table 5.1: Material and numerical parameters used in the simulations of Chapter 5. Un-
less stated otherwise, parameters are held fixed at the values listed here. The parameters
varied in the re and Da sweeps are G∞(1) and k, respectively.

Symbol Meaning Value
L domain length 1m
T absolute temperature 300 K
R gas constant 8.3145 Jmol−1K−1

kB Boltzmann constant 1.38064852× 10−23 JK−1

v monomer molar volume 5× 10−4m3/mol

C0
m initial monomer concentration (= Cref) 1000mol/m3

C0
w initial water concentration 1000mol/m3

Mm monomer mobility 0.005mol2J−1m−1s−1

Mw water mobility 0.005mol2J−1m−1s−1

κ gradient coefficient 10−4 Jm5mol−2

χ Flory-Huggins interaction parameter(s) 1.5
G∞(1) plateau modulus scale (varied to set re) Dependent on re
k reaction rate constant (varied to set Da) Dependent on Da
h exchange coefficient (open system) 10 mol2 J−1m−2 s−1

µbath
w bath chemical potential 0

The associated characteristic times are

tdiff =
L2

Dref

, treact =
1

k
, (5.97)

and the Damkohler number is

Da =
tdiff
treact

=
kL2

Dref

=
kL2Cref

M RT
. (5.98)

We choose Cref = C0
m unless stated otherwise. In the parametric study, Da is varied by

changing the reaction rate constant k while keeping L(= 1m), M , T and Cref fixed.

The dimensionless groups re and Da will be used in the next sections to organise the

parameter space and to compare morphologies and timescales across simulations on a

common basis.
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Figure 5.3: Profiles of the true polymer volume fraction ϕp(X, t) across the domain at
different times for re = 0.5, 1, and 2.

5.5.3 PIPS in a closed system

Effect of elasticity We first analyse the effect of elasticity on the PIPS process with

Da = 1 in a closed system. The initial monomer and water concentrations are Cm =

Cw = 1000 molm−3. The molar volumes of monomer and water are vm = vw =

v = 5 × 10−4 m3mol−1. The initial number concentration of polymer chains is C0
p =

10 molm−3. The gradient-energy coefficient is κ = 10−4 Jm5mol−2, and the interaction

parameter between polymer/monomer and water is χ = 1.5. Figure 5.3 shows the

profiles of the true polymer volume fraction ϕp at selected times for systems with re =

0.5, 1, and 2. As polymerisation proceeds (e.g. t = 50 s), the reaction changes the

local thermodynamics and small composition fluctuations are amplified once the system

becomes unstable. At this stage, the characteristic wavelength is nearly identical for all

re. By t ≈ 200 s, the solutions enter a coarsening regime consistent with Ostwald

ripening. At later times (t ≈ 350 s-1000 s), the system approaches a quasi-equilibrium

state and the profiles vary only weakly.

To further quantify the evolving morphology, we track the interface number Nint(t)

and the phase contrast ∆ϕp(t) = ϕrich
p (t)− ϕpoor

p (t). The interface number is estimated

175



Chemo-mechanical modelling of polymerisation induced phase separation

by counting the number of crossings of ϕp(X, t) with its spatial mean. To obtain rep-

resentative “rich” and “poor” values that are insensitive to the diffuse interfacial width,

we define ϕrich
p (t) as the spatial mean of the upper tail of the ϕp distribution (here the top

5% of grid values), and ϕpoor
p (t) as the mean of the lower tail (bottom 5%). Figure 5.4

shows the temporal evolution of these metrics. The stepwise decrease of Nint(t) reflects

discrete ripening events in which a narrow domain collapses and a pair of interfaces is

removed. During phase separation, reducing interfacial area lowers the gradient-energy

contribution, which results in eliminating of interfaces. When elasticity is coupled to

composition through the local volume change λ and an composition dependent modulus,

the chemical potential acquires an additional mechanical contribution. Physically, con-

verting a small domain into its neighbours requires not only redistributing material but

also accommodating the associated local swelling, i.e. the domain interiors and interfa-

cial regions have different λ, so interface motion modifies the displacement field and the

associated elastic energy. Increasing re strengthens this chemo-mechanical feedback, so

the available chemical potential to drop to drive interface motion is reduced: diffusion

that would increase segregation or eliminate a domain is opposed by an elastic penalty

associated with swelling or shrinking. As a result, interface migration becomes slower

and the domain-elimination events occur less frequently within the simulated time win-

dow, leaving a finer morphology (larger Nint) at late times even though the interfacial

energy alone would favour further coarsening.

The phase-contrast curves show that ∆ϕp(t) increases rapidly after the onset of in-

stability, which is due to the formation and sharpening of polymer-rich and polymer-

poor domains. For re = 0.5 and 1, the contrast grows monotonically and then reach

equilibrium at later times. The stiffest case (re = 2) differs at later times because strong

elasticity restricts the solvent redistribution required to further deepen segregation. For

a large modulus, the swelling driven water uptake (or expulsion) is strongly resisted

because it would introduce more excessive elastic energy. Consequently, the composi-
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Figure 5.4: Evolution of (a) the number of interfaces Nint(t) and (b) the phase contrast
ϕrich
p (t)− ϕpoor

p (t) for Da = 1.

tion in polymer-rich regions changes only weakly once the initial pattern has formed,

while polymerisation continues throughout the domain and gradually increases ϕpoor
p (t)

in the polymer-poor regions. As ϕpoor
p (t) rises under this mechanical constraint, the dif-

ference ∆ϕp(t) = ϕrich
p (t)− ϕpoor

p (t) decreases, producing the observed non-monotonic

evolution for re = 2.

It can also be seen that the onset times of the phase separation across the three cases

are similar. In this model the onset is primarily controlled by the polymerisation-driven

change in the mixing energy, whereas the elastic modulus remains small at early conver-

sion due to the weak entanglement. Elasticity therefore has only a weak influence on the

time at which fluctuations begin to grow, but it strongly affects the subsequent growth

rate and coarsening kinetics once appreciable segregation and deformation mismatch

have developed and elastic modulus is large enough.

These trends can be explained by inspecting the energetic evolution during PIPS.

Figure 5.5 shows the mixing, interfacial, and elastic energy contributions as functions

of time. The mixing energy first decreases and then increases. The initial decrease is

associated with the diffusion-driven smoothing of the prescribed compositional noise,
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Figure 5.5: Evolution of (a) mixing energy, (b) interfacial energy, and (c) elastic energy
for different re at Da = 1.

whereas the later increase is due to continued polymerisation, which reduces the entropy

of mixing. The interfacial energy increases rapidly at early times as interfaces are cre-

ated, and then gradually reaches a plateau as coarsening reduces interfacial area. Larger

re suppresses phase separation and yields a smaller interfacial-energy contribution at

long times. The elastic energy initially increases with a similar trend across cases and

then reaches different equilibrium values. Notably, the equilibrium value of Ψel is not

monotonic in re. This arises from competing effects: increasing re raises the energetic

penalty per unit deformation, while simultaneously suppressing the composition-driven

deformation itself. In this parametric study, re = 1 corresponds to an intermediate

regime where the system still develops appreciable strains, yet the stiffness is suffi-

ciently large that these strains contribute significant elastic energy.

Effect of Damkohler number We next investigate the role of reaction-diffusion com-

petition by sweeping the Damkohler number Da at fixed elasticity (re = 1), while keep-

ing all other parameters identical to the previous section. Figure 5.6 shows snapshots

of ϕp(X, t) for Da = 0.5, 1, and 2 at selected times. By t ≈ 50 s, polymerisation has

modified the thermodynamic driving force sufficiently that composition fluctuations be-

gin to grow. For Da = 2, the profile is already more irregular by this time, indicating an

earlier onset of the phase separation process. From t ≈ 200 s onwards, the morphology
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Figure 5.6: Profiles of the true polymer volume fraction ϕp(X, t) across the domain at
different times for Da = 0.5, 1, and 2.

evolves through coarsening: the pattern becomes less regular and changes mainly via

domain elimination events. At later times (t ≈ 500-1000 s), these elimination events

become less frequent and the morphology changes only weakly over time.

We quantify these trends using the same morphological metrics as shown in Fig-

ure 5.7. In Figure 5.7(a), the onset of interface elimination occurs earlier for larger Da

as a result of faster polymerisation relative to diffusion. By the end of the simulation,

the interface number becomes essentially identical across all three cases, suggesting that

within the explored range Da mainly affects the transient kinetics rather than the final

morphology at fixed elasticity. Figure 5.7(b) shows that the phase contrast rises rapidly

from near zero once phase separation begins, and reaches similar equilibrium values.

Larger Da results in a slightly smaller equilibrium value for the phase contrast.

Figure 5.8 shows the evolution of the mixing, interfacial, and elastic energy con-

tributions for different Da. The mixing contribution increases monotonically and ap-

proaches a plateau, reflecting the progressive loss of mixing entropy during polymerisa-

tion. Larger Da leads to an earlier rise because polymerisation proceeds faster relative

to diffusion. The interfacial energy increases rapidly at early times as interfaces form,
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Figure 5.7: Evolution of (a) the number of interfaces Nint(t) and (b) the phase contrast
ϕrich
p (t)− ϕpoor

p (t) for re = 1.
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Figure 5.8: Evolution of (a) mixing energy, (b) interfacial energy, and (c) elastic energy
for different Da at re = 1.
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representing interface rearrangements and elimination events, and then saturates to a

equilibrium value. Finally, the elastic energy in larger Da cases reach equilibrium ear-

lier.

The Da and re parametric studies are used here to separate kinetic effects from

mechanical control of the equilibrium morphology. In the present one-dimensional sim-

ulations, both Nint(t) and ∆ϕp(t) approach approximately constant values by the end

of the simulation, which we interpret as an equilibrium state. Larger Da triggers earlier

growth of composition fluctuations and earlier interface elimination events, but the in-

terface number and overall morphology become similar across the cases considered as

the system approaches equilibrium. This indicates that, once the system has entered the

two-phase regime, the equilibrium morphology is only weakly sensitive to the quench

rate within the explored range. By contrast, varying re produces persistent differences

up to equilibrium. Increasing re reduces the attainable phase contrast ∆ϕp by penalising

composition driven swelling, while simultaneously hindering interface rearrangements

and slowing domain elimination, thereby preserving a finer morphology at equilibrium.

Taken together, the figures show that Da mainly controls when phase separation and

coarsening occur, whereas re controls the equilibrium balance between microstructure

fineness and segregation amplitude. In the present parameter range, an intermediate

re = 1 provides the most favourable compromise between retaining multiple domains

and sustaining a meaningful contrast.

5.5.4 PIPS in an open system (water reservoir)

To mimic a sample in contact with an external water bath, we extend the closed-system

formulation to an open system by allowing solvent exchange across the right boundary

via the reservoir condition introduced earlier with Eqn. 5.76. In this subsection, we

consider Da = 1 and vary the elasticity ratio re.

Figure 5.9 shows the evolution of the true polymer volume fraction ϕp(X, t) for
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Figure 5.9: Profiles of the true polymer volume fraction ϕp(X, t) across the domain
at different times for re = 0.5, 1, and 2 under the water-reservoir boundary condition
(Da = 1).

re = 0.5, 1, and 2 under the water-reservoir boundary condition. By t ≈ 50 s, phase

separation is already evident. The early-stage amplitude depends strongly on elasticity:

smaller re produces a larger contrast between polymer-rich and polymer-poor regions.

By t ≈ 100 s, the profiles become less regular as domains interact and some local

features begin to merge or disappear.

From t ≈ 200 s onward, the morphology evolves through discrete interface-

elimination events. In the stiffest case (re = 2), small amplitude oscillations are pro-

gressively absorbed and the profile evolves toward a small number of broad regions. A

distinctive feature of the open system is the emergence of a persistent boundary influ-

ence at late times: fixing the water chemical potential at the reservoir boundary drives

solvent exchange, which alters the local swelling behaviour and therefore the true vol-

ume fractions. This leads to increasingly tilted long-time profiles (t ≈ 500-1000 s), with

a polymer-poor region preferentially developing close to the reservoir side. Increasing

re still suppresses the peak-to-trough contrast by penalising swelling mismatch, and in

addition it reduces the strength of the reservoir-induced asymmetry, where the polymer-

poor region remains farther away from the right boundary.
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The corresponding morphological metrics are shown in Figure 5.10. Compared with

the closed system (Figure 5.3), the dependence of the equilibrium interface number on

elasticity is reversed: in the open system, Nint(t) decreases with increasing re, so the

stiffest network approaches a morphology with fewer interfaces. This behaviour re-

flects the fact that the reservoir breaks mass conservation, imposing a sustained solvent-

exchange and swelling bias near the boundary. Under strong elasticity, repeatedly ac-

commodating swelling mismatch across many alternating domains becomes energeti-

cally costly, so the system lowers its total free energy by forming fewer macroscopic

regions. Figure 5.10(b) shows that the phase contrast rises rapidly after onset and then

approaches a plateau. Increasing re reduces the attainable contrast, due to the mechani-

cal penalty for swelling mismatch. Notably, the reservoir elevates the equilibrium con-

trast in the stiffest case (re = 2) compared with the closed system (from ∼ 0.1 to ∼ 0.3),

indicating that solvent exchange can enhance the effective driving force for demixing

even when elasticity suppresses segregation in the closed setting. Once this contrast is

enforced by the bath, a stiffer network can lower its energetic cost primarily by reducing

the number of interfaces, consistent with the observed decrease of equilibriumNint with

re.

Finally, Figure 5.11 directly compares ϕp(X, t) between the open and closed sys-

tems for re = 0.5 and 2. At early times (t ≈ 50-100 s), the profiles are similar, indi-

cating that the initial wavelength selection is governed mainly by the thermodynamic

instability created by polymerisation induced mixing energy changes. At later times,

the closed system remains approximately spatially symmetric and coarsens without a

preferred location, whereas the open system develops a pronounced boundary bias due

to solvent exchange. This bias is strongest in the softer case (re = 0.5), where the reser-

voir drives substantial reorganisation and boundary-biased segregation, and it is weaker

for re = 2, where elastic resistance limits swelling-driven redistribution.

183



Chemo-mechanical modelling of polymerisation induced phase separation

0 200 400 600 800 1000

t

0

10

20

30

40

N
in

t
(t

)

(a)

re = 0.5

re = 1

re = 2

0 200 400 600 800 1000

t

0.0

0.2

0.4

0.6

0.8

φ
ri

ch
p

(t
)
−
φ

p
o
o
r

p
(t

)
(b)

Figure 5.10: Evolution of (a) the number of interfaces Nint(t) and (b) the phase contrast
ϕrich
p (t) − ϕpoor

p (t) for re = 0.5, 1, and 2 under the water-reservoir boundary condition
(Da = 1).

X
0.0

0.5

1.0

φ
p
(X
,t

)

t = 0 s

re = 0.5 (closed)

re = 0.5 (open)

re = 2 (closed)

re = 2 (open)

X

t = 50 s

X

t = 100 s

0.0 0.5 1.0

X

0.0

0.5

1.0
t = 200 s

0.0 0.5 1.0

X

t = 500 s

0.0 0.5 1.0

X

t = 1000 s

Figure 5.11: Comparison of ϕp(X, t) profiles between the open (water-reservoir) and
closed systems for re = 0.5 and 2 at Da = 1. Solid lines denote the closed system and
dashed lines denote the open system.

184



Chemo-mechanical modelling of polymerisation induced phase separation

5.6 Conclusion

In this chapter we developed a thermodynamically consistent chemo-mechanical con-

tinuum framework for polymerisation-induced phase separation (PIPS) in a ternary

monomer-polymer-solvent mixture. Polymerisation, diffusion-driven demixing, and the

emergence of elasticity were treated within a single free-energy formulation, in which

the nominal free energy comprises a Flory-Huggins mixing term, a Cahn-Hilliard-type

gradient penalty, and an elastic contribution associated with an evolving polymer net-

work. Rather than prescribing elasticity a priori, the shear modulus was allowed to

develop dynamically as a function of composition and chain growth through a smooth

entanglement “gate”. This provides a physically meaningful bridge between an ini-

tially homogeneous precursor mixture and the mechanically stressed, phase-separated

microstructures that motivate the prescribed-inclusion simulations of earlier chapters.

Specialising the general three-dimensional theory to a one-dimensional tube geom-

etry enabled a clear interpretation of the multiphysics coupling and an efficient finite

element implementation. In this reduced setting we performed systematic parametric

studies and characterised morphology using two simple measures: the interface count

Nint(t) and the phase-contrast amplitude ∆ϕp(t). Two dimensionless parameters were

introduced to interpret the results: the elasticity ratio re, measuring mechanical penalty

relative to the mixing-energy scale, and the Damkohler number Da, measuring the rela-

tive rate of polymerisation and diffusive relaxation. In the closed system, increasing re

hindered interface rearrangements and slowed the discrete domain-elimination events

associated with coarsening, leading to a finer morphology at the expense of reduced

phase contrast. By contrast, varying Da primarily shifted the timing of pattern devel-

opment: larger Da promoted earlier phase separation, while the equilibrium interface

count and overall morphology at fixed elasticity were only weakly affected within the

range considered.
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Introducing solvent exchange through a water-reservoir boundary condition altered

the equilibrium behaviour. The reservoir breaks global mass conservation and imposes a

sustained chemical-potential bias, which is reflected in asymmetric equilibrium profiles.

In this open system the dependence of the equilibrium interface count on elasticity is

reversed: for larger re the system lowers its total energetic cost by eliminating interfaces

and forming fewer, broader regions, rather than maintaining many weakly segregated

domains. Although larger re continues to suppress segregation by penalising swelling

mismatch, the reservoir can elevate the equilibrium phase contrast, and the stiffest cases

therefore reduce interfacial area more aggressively, leading to smaller equilibrium Nint.

This demonstrates that the equilibrium outcome is a coupled consequence of mechanics,

thermodynamics, and boundary-mediated mass exchange.

Finally, while the present one-dimensional model does not resolve the detailed

shapes or director configurations of liquid crystal droplets, it establishes the missing

microstructure-formation link absent from the prescribed-inclusion studies of earlier

chapters. In particular, it provides a route to define physically meaningful reference

configurations for subsequent electromechanical actuation simulations, including the

characteristic length scale, connectivity, and residual-stress state inherited from forma-

tion. The general weak form outlined in this chapter extends naturally to two and three

dimensions, where future work can address morphology and coarsening in realistic ge-

ometries, anisotropic interfacial effects, and liquid-crystal-specific thermodynamics.
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6.1 Overview

In this thesis, we developed theoretical and numerical models to describe the response

of liquid crystal inclusions embedded in soft matrices. This response arises from a mul-

tiphysics interplay between the liquid-crystal orientational tensor field, the mechanical

deformation of the surrounding elastic matrix, the interfacial energy at the inclusion-

matrix boundary, and (when present) externally applied electric fields. To isolate and

quantify the roles of these coupled mechanisms, we employed variational formulations,

from which the governing equations follow naturally and the associated driving forces

admit clear physical interpretations. Building on these formulations, we implemented

corresponding numerical models to validate the theory and to elucidate the coupled be-

haviour through systematic parametric studies.

In Chapter 3, we examined the mechanical response of liquid crystal inclusions in

soft matrices. We developed a continuum theory that couples the liquid-crystal order-

parameter field, anisotropic surface tension, and matrix elasticity, and implemented it

in the open-source finite element framework FEniCSx in both axisymmetric and three

dimensional cases. The simulations confirm that, analogous to simple liquid inclusions,

liquid crystal inclusions can reinforce the effective stiffness of the composite in the

regime of a large elastocapillary number. This reinforcement is enhanced by stronger

anchoring, which increases the inclusion aspect ratio in the reference configuration and

strengthens shape-induced load transfer. For a fixed anchoring strength, the reinforce-

ment effect weakens as the dimensionless inclusion volume decreases. In contrast, the

response of the order-parameter field is mediated primarily through interface deforma-

tion and is therefore more sensitive to external loading when the elastocapillary number

is small. In this regime, the director field undergoes more pronounced reorientation for

larger dimensionless inclusion volumes and weaker anchoring strengths, consistent with
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reduced interfacial constraints and greater compliance of the inclusion-matrix boundary.

In Chapter 4, we investigated the electromechanical response of liquid crystal inclu-

sions. Building on the same variational modelling framework, we incorporated electric-

field coupling and implemented the resulting governing equations in a finite element

code. We first validated the model against experimental measurements of liquid crys-

tal droplet elongation under applied electric fields. We further showed that for liquid

crystals with asymmetrically shaped molecules, flexoelectricity (i.e. spontaneous polar-

isation induced by director gradients) can have non-negligible effects on the equilibrium

droplet shape and can promote additional droplet elongation. The validated model was

then used to analyse liquid crystal inclusions embedded in an elastic matrix through

two case studies. In the first case, we examined the composite response as an effective

bulk material. Electric-field-induced director alignment drives inclusion elongation or

shortening, depending on the orientation of the applied field, to reduce misalignment

between the director and the inclusion-matrix interface. This shape change is resisted

by the elasticity of the surrounding matrix, which is characterised by the elastocapillary

number. The simulations confirm that, for a given field strength, a softer matrix pro-

duces a larger inclusion deformation and therefore yields a more sensitive actuator. In

the second case, we modelled a thin composite membrane consisting of a single layer of

liquid crystal inclusions to represent a thin film architecture. Under an applied electric

field, inclusion deformation generates surface wrinkling with amplitudes on the order of

several microns, depending on the elastocapillary number. This electrically driven wrin-

kling provides a promising route for designing functional surfaces with tunable surface

topography. In such systems, the electric field acts as an external control parameter that

changes the internal director configuration and the associated stresses. These stresses

can then drive mechanical deformations at the free surface or, leading to the formation

of wrinkles. Since the amplitude, wavelength, and orientation of the wrinkles depend

on the strength of the electric field, the elasticity of the surrounding matrix, and the
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anchoring conditions at the interface, the resulting surface morphology can in principle

be adjusted by appropriate material design. This provides a mechanism for creating

adaptive surfaces whose roughness, optical response, wettability, adhesion, or frictional

properties can be controlled by an applied voltage.

In Chapter 5, we established a thermodynamically consistent chemo-mechanical

framework for polymerisation-induced phase separation (PIPS) in a ternary monomer-

polymer-solvent mixture, taking into account polymerisation kinetics and the emer-

gence of elasticity within a single free-energy formulation. We specialised the theory to

one-dimensional finite-element simulations and interpreted the results using two mor-

phology measures: the interface countNint(t) and the phase-contrast amplitude ∆ϕp(t).

From parametric studies in the elasticity ratio re and the Damköhler number Da, we

showed that Da controls how rapidly the system is driven into instability, while re gov-

erns the subsequent coarsening-contrast trade-off. Stiffer networks tend to suppress

segregation while hindering ripening. Introducing a water-reservoir boundary condition

further showed that boundary-mediated mass exchange can qualitatively alter long-time

outcomes, strengthening segregation but favouring fewer, broader domains in stiff sys-

tems. Overall, the chapter provides the missing microstructure-formation link needed to

define physically meaningful reference states, including length scale, connectivity, and

residual stress. It also points to natural extensions of the framework to 2D-3D geome-

tries and liquid-crystal-specific physics in future work.

6.2 Future work

The models developed in this thesis provide a unified variational foundation for describ-

ing electromechanical liquid crystal inclusions and chemo-mechanical microstructure

formation during PIPS. Several directions can further enhance predictive capability and

strengthen the link to fabrication and device performance. The overarching goal of fu-
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ture work is to develop an end-to-end framework that connects processing conditions,

evolving microstructure, and field-driven functionality within a thermodynamically con-

sistent setting.

A direct extension of Chapter 5 is to carry the chemo-mechanical PIPS framework

to two and three dimensions. Higher-dimensional simulations are essential for captur-

ing connectivity changes, droplet topology, and coalescence pathways that cannot be

represented in 1D. In particular, 2D-3D computations would enable quantitative pre-

dictions of characteristic length scales, domain-size distributions, and connectivity met-

rics, and would allow systematic investigation of how elasticity activation near gela-

tion arrests coarsening in realistic morphologies. A practical next step is to retain the

same free-energy structure and extend the current 1D implementation to 2D and 3D,

with attention to numerical robustness. This includes adopting adaptive time stepping

based on residual and energy decay. In addition, it will be important to explore al-

ternative elasticity-activation laws around gelation, for example by comparing smooth

sigmoid activation, percolation-inspired thresholds, and conversion-dependent modulus

laws, and by testing their impact on arrest length scales and residual stress patterns.

The 1D measures Nint(t) and ∆ϕp(t) provide clear physical interpretation and are con-

venient for parameter sweeps, but more descriptors are necessary in 2D-3D. Future

work will therefore introduce more parameters of morphology metrics, including cor-

relation lengths extracted from structure factors, domain-size distributions, interfacial

area density, percolation and connectivity measures. These metrics would allow direct

comparison between coarsening laws in the pre-gelation/entanglement regime and ar-

rested morphologies post-gelation/entanglement, and would provide a clearer bridge to

experimental observables such as droplet size histograms and connectivity of LC-rich

domains.

With 2D-3D numerical methods in place, a key next step is to connect microstructure

formation to the liquid crystal inclusion problems described in Chapter 3 and Chapter 4.
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Within the present modelling philosophy, this can be achieved by embedding liquid-

crystal-specific physics into the phase-separation framework, for example by introduc-

ing an order parameter in the liquid-crystal-rich domains, anisotropic surface energies

at the evolving polymer-liquid-crystal interface, and electrostatic couplings that act dur-

ing or after phase separation. This would yield a process-to-function pathway in which

curing conditions (e.g. Da, boundary exchange, and gelation threshold) determine inclu-

sion morphology, which then controls field-driven deformation and functional surface

response. An important modelling objective is to define physically meaningful refer-

ence configurations for subsequent actuation calculations, including the distribution of

inclusion shapes, the residual stress state, and the length scale set by arrested coarsening.

The current work assumes a single LC phase and neglects the isotropic-nematic

transition. Incorporating phase-transition physics into the present framework is a natural

extension, particularly for systems in which temperature or composition changes can

trigger nematic ordering. Practically, this can be achieved by coupling the phase-field

composition variables to a Landau-de Gennes LC free energy and allowing the LC order

parameter to vary depending on local thermodynamic state. Such an extension would

enable investigation of co-evolving phase separation and ordering kinetics, including

the possibility of order-driven interface instabilities and defect-mediated coarsening.

Beyond PDLCs, this direction is also relevant for modelling complex soft and biological

systems where active or passive liquid-crystalline ordering is coupled to mechanics and

composition (Tarafder et al., 2020).

In addition, many soft matrices relevant to PDLC fabrication and hydrogel-like sys-

tems exhibit pronounced viscoelastic behaviour. Incorporating viscoelasticity into the

matrix and liquid crystal response would enable the model to describe time-dependent

stress relaxation during coarsening and under electric-field actuation, and to distinguish

between transient and quasi-equilibrium deformation modes. Liquid crystals are also

intrinsically dissipative materials (Sonnet and Virga, 2012), and time-dependent switch-
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ing is a key functionality metric for LC devices (Luo et al., 2012). Therefore, an im-

portant future direction is to augment the present variational formulation with a dissi-

pation potential consistent with Ericksen-Leslie-type theories and Landau-de Gennes

theories (Leslie, 1979; Sonnet and Virga, 2012; Zhang et al., 2019b). This would al-

low prediction of switching times, hysteresis under cyclic loading, and rate-dependent

shape changes in inclusions and membranes, thereby extending the current equilibrium-

focused studies to dynamic device operation.

The water-reservoir boundary condition studied in Chapter 5 demonstrates that

boundary-mediated mass exchange can qualitatively alter long-time microstructure. Fu-

ture work should broaden this aspect by considering additional open-system mech-

anisms such as spatially varying mobility, concentration-dependent diffusivity, and

non-uniform polymerisation rates that mimic curing gradients (e.g. realistic systems

in photo-polymerisation). These effects can generate spatially heterogeneous gelation

times and therefore spatially heterogeneous stiffness, which may strongly bias mor-

phology selection and residual stress. Extending the framework to include such het-

erogeneities would provide a direction to study how processing protocols and boundary

conditions can be used as controls for microstructure engineering.

While this thesis focused on morphology, mechanics, and electromechanical defor-

mation, the ultimate application of liquid-crystal composites is often defined by optical

performance. A natural next step is to link predicted inclusion shapes and director fields

to optical scattering or homogenised electro-optical models, for example by extracting

effective refractive-index distributions and computing transmittance, haze, or switching

thresholds. For membrane architectures, coupling computed topography to contact, ad-

hesion, or wetting models would quantify how electrically driven wrinkling translates

into functional surface behaviour. These additions would allow the framework to pre-

dict not only deformation but also application-relevant metrics, thereby enabling more

direct design decisions guided by measurable performance targets.
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Finally, the numerical framework developed here enables systematic design studies.

In particular, inclusion geometry, spacing, and boundary constraints can be optimised to

maximise actuation sensitivity or to programme surface-mode shapes in thin films. In

future work, this can be pursued through parametric studies guided by non-dimensional

groups (e.g. elastocapillary number, anchoring strength, and field strength), as well as

through optimisation methods that target specific objectives such as maximum wrinkle

amplitude, prescribed wavelength selection, or minimal required voltage. These infor-

mations can be useful to identify robust design methods for tunable, field-responsive

soft composites.
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