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Abstract

In large-scale population genomic data sets, individual chromosomes

are likely to share extended regions of haplotype identity with others

in the sample. Patterns of local haplotype sharing can be highly in-

formative about many processes including historical demography, se-

lection and recombination. However, in outbred diploid populations,

the identification of extended shared haplotypes is not straightfor-

ward, particularly in the presence of low levels of genotyping error.

Here, we introduce a model-based method for accurately detecting ex-

tended haplotype sharing between sets of individuals from unphased

data. We describe two implementations of the algorithm that can be

applied to data sets consisting of thousands of samples. The method

leads naturally to an approach for statistical haplotype estimation,

which is shown to be comparable in accuracy to current methods. By

applying the method to genome-wide SNP data from over 5,000 sam-

ples from the UK we show that the N50 maximal haplotype sharing

between unrelated samples is typically 2cM, consistent with a popu-

lation history of rapid exponential growth that started ∼125 genera-

tions ago. In contrast, within two Greek population isolates of ∼700

individuals the N50 for maximal haplotype sharing is 12.5cM, while

for an unrelated Greek sample of the same size the N50 is 1.3cM. By

assessing the size and geographical distribution of maximal haplotype

sharing within and between all Greek cohorts, we make inference on

the extent of isolatedness of each cohort and on recent migration.

We additionally date recent coancestry to about 10 generations for

the isolates and 90 generations for the unrelated sample, and finally

attempt to date the time of divergence between them.
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Chapter 1

Introduction

In the early 20th century, humans’ increased understanding of natural selection,

mutation and recombination revolutionised our concepts of genetic relatedness.

Moving far beyond basic models of Mendelian transmission, theoretical tools such

as the Wright-Fisher model (Fisher [1930], Wright [1931]) and its extension the

coalescent (Kingman [1982b]) have empowered us to characterize and capture

properties of genetic variation.

As it became possible to genotype individuals experimentally, population ge-

netics necessarily evolved from a theoretical field into one incorporating data sci-

ence. The development of sequencing platforms, such as next generation sequenc-

ing, has only enhanced the need for computational approaches to data analysis.

The majority of these approaches implicitly incorporate a model that captures

the relationship among individuals in a sample.

Aside from such applications that focus on data analysis, more generally, un-

derstanding relatedness is important for two main reasons. First, it provides in-

sight into a population’s demographic history; it determines whether a population

has experienced migration or changes in its effective population size (Palamara

et al. [2012], Palamara and Pe’er [2013], Harris and Nielsen [2013]), for instance.

Second, relatedness patterns within a sample are a confounder in disease associ-

ation studies and can lead to spurious findings if not incorporated in the model
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1.1 What is relatedness and how do we measure it?

testing candidate mutations (Price et al. [2006], Wellcome Trust Case Control

Consortium et al. [2007], International Multiple Sclerosis Genetics Consortium

et al. [2011], Mathieson and McVean [2012]). A large part of the literature is

therefore dedicated to investigating methods that detect relatedness in a way

that allows for it to be accommodated in association tests.

1.1 What is relatedness and how do we measure

it?

So, what is relatedness? Perhaps unsurprisingly, it does not appear like there

is an obvious consensus on how best to define and measure it. Between two

individuals, an intuitive approach to defining it is via the concept of identity by

descent (IBD). Two genes at a locus are IBD if they have been inherited from

a common ancestor and are identical. More closely related individuals will tend

to have a higher proportion of their genome in IBD. IBD contrasts with identity

by state (IBS), which arises when two genes are the same by chance: when their

common ancestor lived too long ago. We can use the IBD approach to define

relatedness between two individuals (A and B, say) as the kinship coefficient:

the probability that a randomly selected gene they carry is IBD. This concept

was pioneered in the early work of Cotterman [1940] and Malécot [1948]. If

A = B, it follows that the kinship coefficient is 1
2

+ f(A), where f(A) is the

inbreeding coefficient for individual A (the probability that the two copies of A,

inherited from the mother and the father, are IBD). Kinship coefficients can be

explicitly defined for close relationships, such as for siblings, uncles and nieces and

others (for examples see Balding et al. [2008], Volume 2, Part 5, Chapter 23). For

more distant pairwise relationships, it is possible to obtain explicit expressions for

kinship by recursively considering possible pedigrees describing their relationship;

this becomes an increasingly harder problem as it is often easy to ignore certain

routes up a pedigree back to the common ancestor. Kinship coefficients are

therefore typically obtained via simulation. For two diploid individuals, there are

4 versions of the gene in question (2 for each person) and there are therefore 15

identity states. When we do not distinguish between copies of the gene carried

2



1.1 What is relatedness and how do we measure it?

by the same person (for example, when only genotype data are available) the

number of identity states collapses to 9 (refer to Balding et al. [2008] for more

details).

Of course, it is useful to consider the notion of kinship in the context of a

pedigree or an unrelated sample, rather than in a pairwise framework. Cockerham

[1971] extended kinship to up to four individuals, and Thompson [1974] up to five.

Karigl [1981] generalised the concept to n individuals by considering the possible

IBD-state partitions of the n genes, defining a recurrence relationship for the

calculation.

Kinship is a useful metric (Kang et al. [2008],Zhang et al. [2009], Rakovski

and Stram [2009], Vilhjalmsson [2012],Hoffman [2013], Pirinen et al. [2013]) that

follows directly from Mendel’s laws of inheritance, but it is by no means the

only summary statistic that can describe the relationship between individuals.

Hamming distance (Hamming [1950]), which looks at the proportion of sites in

IBS between individuals in a region, is another measure for population diversity

(Morrison and De Jong [2002]) and is often used to detect more closely related

individuals (Deza and Deza [2009], Blackburne and Whelan [2012], Howie et al.

[2011], Howie et al. [2012], Zhang et al. [2013]).

An alternative approach to capturing relatedness patterns is Principle Com-

ponent Analysis (PCA). PCA uses genome-wide information to project samples

into orthogonal axes and the distance between samples in PCA space is directly

linked with the TMRCA between them (McVean [2009]). PCA is therefore a sum-

mary of genotype covariance and a measure of relatedness. The first few principle

components are typically used to visually identify structure in a population and

are also used as covariates in disease association studies in order to account for

any cryptic relatedness present; we discuss this further in Section 1.5.

These metrics are useful in many settings but are not informative of the full

genealogy of a sample under study. Nor do they capture the changing relationship

between individuals along the genome. Further, they often fail to distinguish

between various evolutionary processes that give rise to the variation that they

are summarising: there are multiple demographic histories that plausibly give

rise to the same summary statistics and the same distribution of TMRCAs and

therefore also the same distances between individuals in PCA space.

3



1.1 What is relatedness and how do we measure it?

In contrast, the most widely adopted modelling framework for describing re-

latedness within any sample of individuals is the coalescent (reviewed for example

in Balding et al. [2008]) and its extensions. First proposed by Kingman (King-

man [1982a,b,c]), the coalescent extends the Wright Fisher model (Fisher [1930],

Wright [1931]) to reconstruct a sample’s genealogy. The model is a continuous-

time Markov process typically going backwards in time, tracing the coalescence

events between individuals. In each step, two randomly selected individuals (from

the k that are present, say, at any one time) coalesce after an exponential waiting

time; the parameter of the waiting time is
(
k
2

)
. The process thus builds the ge-

nealogical tree of the sample, timing each of the events, and continues until there

is a single ancestor left in the sample. For a full derivation of the coalescent from

the Wright-Fisher model, refer to Balding et al. [2008]. Mutations can then be

added onto the genealogy using a Poisson Process, with the number of mutations

on each branch of the tree being Poisson distributed with parameter depending

on the branch length (bL) and the mutation rate, θ ( θ
2
· bL).

The model can be further extended to incorporate variable population size:

coalescent time is derived by rescaling the discrete time of the Wright-Fisher

model by the effective population size (Ne). Therefore incorporating a changing

population size is straightforward, simply by rescaling according to the population

size at any given time. Intuitively, this follows from the fact that the process

of tracing ancestry in a genealogy does not change when sample size changes.

Instead, individuals are more likely to coalesce when the population size is small,

and therefore only the rate of coalescence is affected over time. As an example,

the effect of exponential growth would be an increasing coalescence rate going

backwards in time, with the individuals nearer the present taking the longest to

find an ancestor. A related generalisation of the model is allowing for structure,

which can be accommodated by controlling the probability with which different

combinations of individuals may coalesce; this is called the structured coalescent.

More details on the generalisation of the coalescent for variable population size

can be found in Balding et al. [2008], Donnelly and Tavare [1995], Marjoram and

Donnelly [1997] and for structure in Herbots [1994], Notohara [1990], Wilkinson-

Herbots [1998], Rousset [1999].
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1.1 What is relatedness and how do we measure it?

The coalescent can be further extended to incorporate recombination (Hudson

[1983], Griffiths and Marjoram [1996, 1997]), using the concept of the ‘ancestral

recombination graph’ (ARG). Recombination splits the ancestry of a lineage into

two and so at any given time in the coalescent process, the number of lineages

present either decreases by 1 (if coalescence occurs) or increases by 1 (if recom-

bination occurs). The process is still a Markov process, but is now a birth-death

process. Overall, multiple recombination events split the ancestry of a sample

over multiple chromosome lineages. At any given time, each lineage present is

considered as before, regardless of whether it has risen from recombination. At

each position there is a single unambiguous marginal genealogical tree, with the

coalescent modelling the relationship between them. These marginal trees are

embedded in the ARG.

In all, the coalescent and its extensions allow us to investigate the factors

that influence the relationship between individuals, such as mutation, recombi-

nation and selection. Crucially, and more relevant to the discussion in this thesis,

it provides a probabilistic framework that allows us to use simulations to make

likelihood-based inference on these relationships and how they change along the

genome. The ability to use simulations is key; in practice little inference is exact

since it is either difficult to derive closed-form expressions for the metrics under

investigation or it is computationally intractable to calculate them. The coales-

cent can more generally be used to understand the historical relationship between

subpopulations. We can similarly make inference on ancestry, for example in ad-

mixed populations.

This provides us with alternative definitions of relatedness (using summary

statistics from the coalescent trees of a sample), such as the time to the most

recent common ancestor (TMRCA) between pairs of individuals at a SNP. The

effect of recombination means that there is no single TMRCA between any two

individuals; rather, this is a relationship that changes at each position along the

genome. Nevertheless, we can distinguish individuals that are closer on any given

marginal genealogical tree, or that are Nearest Neighbours (NNs; individuals be-

tween which the TMRCA is minimal compared to the TMRCA they share with

other individuals. This is more formally discussed in Section 1.6). Therefore, the

coalescent allows us (in theory; practical implementations are often a concern)
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1.1 What is relatedness and how do we measure it?

to unambiguously identify and date the topological relationship between all in-

dividuals in a sample, while tracing how it changes along the genome. In other

words, it provides a framework for measuring and characterizing relatedness.

However, these concepts do not directly contain information about the amount

of allele sharing between individuals. An alternative approach to defining relat-

edness, which merges the concept of kinship with the coalescent is via haplotype

sharing. Haplotype sharing occurs when two individuals carry the same alleles

on the same single chromosome at consecutive SNPs. More closely related in-

dividuals in a sample will share greater proportions of their genome. Moreover,

this sharing will occur in chunks. Average sharing across the entire sample is a

measure of relatedness and can therefore be informative of recent demographic

history (Lawson et al. [2012], Palamara et al. [2012]). It can also be useful in the

imputation of variants from a reference panel (imputation is the statistical esti-

mation of missing variants in a data set; Howie et al. [2009]) and (by identifying

where the breaks in extended haplotype sharing occur) for the study of recom-

bination rate variation (Hinch et al. [2011], Wegmann et al. [2011]). Measures

across sub-populations may be a measure of divergence (Ralph and Coop [2013]),

though it would be necessary to calibrate this as a metric so that absolute val-

ues of sharing can be interpretable with respect to divergence. Moreover, locally

shared haplotype chunks across cases of a particular disease compared to controls

can help narrow down regions containing causal loci for the disease, though this

would typically be effective for highly penetrative variants with large effects that

explain a substantial proportion of the phenotypic variance.

In an idealised situation, where haplotypes are known perfectly, extended

haplotype sharing can be identified through model-based frameworks, for exam-

ple using the hidden Markov model (HMM) approaches underlying BEAGLE

(Browning and Browning [2011a]; we discuss this model more formally in Sec-

tion 1.3. We also briefly introduce HMMs in 1.3.4). However, in outbred diploid

populations, detection of extended haplotype identity is complicated by the un-

phased nature of the data and the presence of genotype errors. Currently, many

algorithms that use extended haplotype sharing, such as the analysis of fine-scale

population structure (Lawson et al. [2012]) and statistical imputation (Howie
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1.2 Identity by descent

et al. [2012]), typically use a two-stage approach of statistical haplotype estima-

tion (with imputation of missing data) followed by analysis.

1.2 Identity by descent

The classic approach to detecting haplotype sharing is using the concept of IBD

which asks whether regions that are shared between individuals do so because

they have been inherited from a common ancestor rather than by chance. IBD

has been extensively used in the literature for the aforementioned applications of

haplotype sharing (Browning and Browning [2012] and others) and it has been

shown to capture relatedness patterns more accurately (for example by detecting

shorter shared haplotype segments) than classic IBS-based approaches (Browning

and Browning [2011a]). Of course, individuals share an ancestor at every position

and it is therefore required to define a historical threshold before which common

inheritance is no longer assumed to be IBD.

We briefly defined IBD when introducing kinship coefficients, and here we

extend the discussion to describe IBD over a region rather than at a single locus.

The probabilities of two individuals carrying the same allele at a locus by descent

which we discussed previously were introduced by Wright (Wright [1921]) but

IBD for a genomic segment was first quantified by Malécot [1948] by averaging

such probabilities across the genome. This is an oversimplication of inheritance

patterns, however, as linkage and linkage disequilibrium dictate that whenever

one locus is in IBD it is highly likely that its surrounding segment is in IBD

as well. IBD is therefore typically considered in chunks and two haplotypes are

said to be in IBD if they carry the same set of alleles that have been inherited

from a common ancestor. If alleles are the same but have not been inherited

from a common ancestor then we have IBS. The length of the shared IBD tract

depends on the number of meioses that have occurred since the common ancestor

and therefore the proportion of the genome shared decreases exponentially (on

average) as the relationship becomes more distant.

The driving assumption underlying IBD detection is that, given that the hap-

lotypes are relatively rare, it is unlikely that two individuals will be carrying
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them by chance. When this is true, IBD can be identified in three different ways

(Browning and Browning [2012]):

1. Using the length of the segment that is shared: if two haplotypes share a

long region at which they are (almost, allowing for some error) identical, it

is unlikely that this will have occurred by chance and therefore IBD can be

deduced,

2. Using haplotype frequency: when haplotypes with frequency below some

predetermined threshold are shared they are said to be in IBD, again be-

cause the probability that this occurs by chance is negligible,

3. Using a population genetics model to directly calculate the probability that

two haplotypes are in IBD.

When might we come across the first two conditions? Under the standard

neutral coalescent model, individuals share an ancestor at every position along the

genome and therefore every position can be said to be in IBD (if the individuals

carry the same alleles) so long as there is no time constraint to the allowed

common ancestry. This is ancient IBD and is typically a harder property to

detect in light of the large number of mutations that will have aggregated over

such time scales and the larger number of recombination events that will have

disrupted any shared IBD tracts.

Consequently, for the case of humans, between completely unrelated samples

IBD is typically expected to be detectable around the loci at which the time

to their common ancestor is as recent as 25-30 generations ago (Browning and

Browning [2011a, 2012]), in which case the length of their shared tracts is ∼1.5-

2cM (Browning and Browning [2010]). In practice the false positive rate for tracts

below 1-1.5cM is too high (Browning and Browning [2011a]), and the expected

sharing should also be adjusted for a variable effective population size. It is often

the case therefore that for samples where recent coalescence events are rare, there

is too little information for IBD detection to be possible unless the sample size

is very large (Palamara et al. [2012]). This latter scenario can only be handled

by methods that are computationally very efficient, like PLINK (Purcell et al.
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[2007]), GERMLINE (Gusev et al. [2011]) and RefineIBD (Browning and Brown-

ing [2013a]). Moreover, though IBD tracts occur rarely in unrelated samples, and

while they might not be very long, across large samples their sum might lead to

considerable aggregate IBD. As such it is in principle possible to therefore use it

as a metric of overall relatedness within and between samples and populations,

hence enabling its applicability to detecting ancestry and making inference on

demographic history (Ralph and Coop [2013]).

In general, the proportion of the genome shared by two individuals separated

by m meioses is 2−(m−1), but the length of an IBD tract is exponentially dis-

tributed with mean 100
m

cM. Therefore between completely unrelated samples very

little IBD is expected to exist; when it does, however, it will typically consist

of long IBD chunks. For example, between fifth cousins there is usually no de-

tectable IBD (the proportion of their genomes shared is 0.00049), but when IBD

is detected it will consist of single IBD tracts of mean length 8.3cM (Browning

and Browning [2012]).

The exact time scale at which IBD is detectable is defined by the sizes of the

chunks that are identified by the method being used. If a method can detect up

to 2cM tracts, then from the above it follows that its limit for IBD detection is

∼25 generations. IBD segments are therefore a special case of shared haplotype

chunks: they do not capture the full length distribution of tracts that are shared

in a population. They further assume a theoretical, historical cut-off point past

which coancestry is not captured (Browning and Browning [2012], Harris and

Nielsen [2013]), whereas haplotype sharing may still exist between completely

unrelated individuals and may be indicative of their TMRCA (Harris and Nielsen

[2013]). Nevertheless, they are currently the most popular equivalent of haplotype

sharing in the literature and have numerous useful applications, that are reviewed

in Browning and Browning [2012] and which we present briefly in a subsequent

subsection.

IBD detection methods are often haplotype-based requiring the statistical

estimation of haplotypes prior to analysis. The presence of phasing errors signif-

icantly decreases power to detect IBD segments (Browning and Browning [2012],

Palamara and Pe’er [2013]). Power is critically linked to genotyping errors as well

(Browning and Browning [2012]), and therefore stringent data quality control is
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essential even for methods that allow some discordance to exist within shared

IBD chunks.

1.2.1 Methods: using a length threshold

IBD consists of genomic regions which are identical. A straightforward approach

to detecting such candidate regions is by searching for IBS in regions that are

too long for IBS to be occurring by chance. IBS in haplotypes occurs when

the alleles carried are identical and for haplotype-based methods identification

of IBD is simply a question of defining a threshold beyond which IBS haplo-

types are called IBD. One method that takes this route is GERMLINE (Gusev

et al. [2009, 2011]). GERMLINE uses a sliding window with a hash table to find

matching haplotypes. The width of the window is inversely proportional to the

phase and genotyping errors (in other words, the mismatches) that the method is

allowed to tolerate. For one mismatch per window the width will be ≈100 SNPs.

GERMLINE is very computationally efficient, yet it is a heuristic approach and

more successful approaches have used it as a starting method before using prob-

abilistic models (Browning and Browning [2013a]). Price et al. [2011] exploit the

long-range phased data from the Icelandic population in order to search for IBD

segments. They split the genome in 2cM chunks and call the segments IBD if

they are identical at >95% of sites (from a 4-way comparison of haplotypes of

two individuals), non-IBD if they match at <85% and unknown otherwise.

Methods following this approach need not be haplotype based. In fact, sev-

eral methods have been proposed that consider length thresholds on genotypes

(Nelson et al. [2006], Miyazawa et al. [2007], Kong et al. [2008], Leibon et al.

[2008], Thomas et al. [2008], Thomas [2010]) all of which set these thresholds

heuristically. For a genotype, a locus between two individuals is always IBS un-

less they carry discordant homozygotes, i.e. if they are incompatible. We discuss

incompatibility in Chapter 2. For common SNPs, the frequency of incompatible

homozygotes is rare and therefore a very large number of SNPs in IBS are re-

quired for IBD to be called confidently. This is further enhanced by LD, which
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increases the probability of seeing segments that are consistently IBS or consis-

tently not in IBS. The heuristic threshold for length therefore depends on the

trade-off between sensitivity and specificity to IBD tracts: an equal weight is

equivalent to about 3cM (Miyazawa et al. [2007]), while 10cM will achieve high

specificity rates (Kong et al. [2008]).

1.2.2 Methods: using haplotype frequency thresholds

Similarly to imposing length thresholds, it is equivalent to consider a threshold

on haplotype frequency: when rare haplotypes are in IBS it is unlikely that they

are shared by chance and may therefore be determined to be IBD. One method

following this approach is BEAGLE fastIBD (Browning and Browning [2011a]),

which uses the BEAGLE LD structure and is an extension of the probabilistic

method BEAGLE IBD. FastIBD uses a sliding window of hash tables, using

multiple estimates of an individual’s haplotypes in order to accommodate the

possibility of phasing errors. The threshold for the haplotype frequency for calling

IBD is user-specified.

Both of these approaches for calling IBD are heuristic and will thus suffer

with identifying short IBD segments (<2cM). It is therefore preferable to consider

probabilistic approaches that are model-based.

1.2.3 Probabilistic methods

Model-based methods for detecting IBD typically employ Hidden Markov Models

(HMM; reviewed in Rabiner [1989] and briefly introduced in Section 2.2). The

hidden states are the IBD status and the number of states depends on whether the

method is haplotype- or genotype-based. Haplotype-based methods will have two

states: either a locus is IBD or it is not. Equivalently, genotype-based methods

have two states (IBD or non-IBD) or three states, one for each of the possible the

number of alleles shared by the two individuals (0, 1 or 2). The exceptions to this

setup are models that may have more hidden states for Jacquard’s nine or fifteen
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IBD states for phased and unphased data respectively. Moreover, probabilistic

methods may or may not incorporate LD in their modelling framework.

For methods that do not consider LD (for example Brown et al. [2012], Huff

et al. [2011], Purcell et al. [2007], Thompson [2008]), variable recombination rates

are accommodated in their modelling framework by measure distances on the ge-

netic scale (cM). However, accuracy can be improved by considering LD and

therefore numerous methods include it (for instance Genovese et al. [2010]). One

accurate approach is BEAGLE IBD (Browning and Browning [2010]) which is the

extension of the BEAGLE software (Browning [2006], Browning and Browning

[2007], Browning [2008a]) to incorporate LD. Although this is a very accurate

method it is not computationally efficient enough to be applicable to thousands

of samples. In contrast RefineIBD (Browning and Browning [2013a], which com-

bines an initial pass using GERMLINE (Gusev et al. [2009, 2011]) followed by a

similar approach to fastIBD (Browning and Browning [2011a]), is a computation-

ally efficient and highly accurate algorithm (Browning and Browning [2013a]).

Alternatively, LD can be incorporated for example by conditioning on the IBD

status not just of the current locus but of nearby SNPs as well (e.g. RELATE,

Albrechtsen et al. [2009]). IBDLD (Han and Abney [2011]) achieves greater accu-

racy by extending this approach and conditioning on twenty neighbouring SNPs.

Hardy-Weinberg equilibrium is typically assumed in all the aforementioned

methods, so that allele frequencies can be used to obtain genotype probabilities,

which in turn are used to calculate the probability of a site-specific IBD status.

To the author’s knowledge, none of the IBD approaches incorporate selection in

their models. This can be problematic under certain conditions as sites that are

selected can appear to be in IBD when in fact they are not (Albrechtsen et al.

[2010]).

So far, the approaches that have been discussed consider IBD between pairs of

samples. In a probabilistic framework it is possible to search for IBD by consid-

ering multiple samples simultaneously. This increases power to detect short IBD

segments as, for a query pair of individuals, we can use information from other

individuals that are IBD with it. One approach in this direction is to consider

IBS across all the individuals in the sample, which can be considered both at the

haplotype level (for example Houwen et al. [1994]) and the genotype level (for
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example Leibon et al. [2008], Thomas et al. [2008], Hansen et al. [2009], Moltke

et al. [2011]). These methods are typically slower, being computationally in-

tractable for large samples. Indicatively, MCMC IBDfinder (Moltke et al. [2011])

has only been run on 15 individuals. In situations where pedigree information for

the sample is known, familial relationships can be used to detect multi-individual

IBD status and thus the process may speed up considerably (for example AL-

ADIN, Albers et al. [2008]). In ALADIN, a clustering approach (Abecasis and

Wigginton [2005], Browning et al. [2004]) allows for LD to be incorporated within

haplotype blocks but not between them.

As previously discussed, IBD tract sharing is a measure of relatedness and

the IBD segments can be used to make inference on numerous applications of

population genetics for which relatedness is relevant. We review these applications

here (following Browning and Browning [2012]).

1.3 Applications of relatedness: Statistical hap-

lotype estimation

Haplotype-based inference is typically more powerful than genotype-based analy-

sis; knowledge of haplotypes allows for more robust inference on selection and re-

combination patterns (see Sabeti et al. [2007] and Fearnhead and Donnelly [2001],

respectively), for example. Haplotype-based analyses as a result can sometimes

be more informative than individual markers in association studies (for example

Akey et al. [2001]) and, in particular, as shown by Schaid [2004], consideration of

clustering of haplotype data is even more powerful regarding low frequency vari-

ants. Similarly, multilocus analyses suitable for whole-genome association stud-

ies should effectively account for the LD structure present in the data, further

highlighting the necessity for use of haplotypes. However, experimental determi-

nation of haplotypes is expensive and time consuming. Instead, haplotypes are

typically estimated statistically from genotypes (Marchini et al. [2006], Browning

and Browning [2011b]).

Haplotype estimation involves the determination of a sequence of alleles that

are carried on the same chromosome from genotype data. In this thesis we will
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assume that all loci are bi-allelic and that therefore the genotypic make-up of an

individual at each locus counts the number of derived alleles that it carries there:

0 if it has two copies of the ancestral allele, 1 if it is heterozygous and 2 if it carries

two derived copies. It follows that phasing is only an issue at heterozygous sites

where it is not obvious which chromosome the derived allele belongs to.

For a genotype sequence that comprises of only one heterozygous site haplo-

type reconstruction is possible unambiguously, up to a permutation of the two

derivatives. As the number of heterozygous sites in the sequence increases how-

ever, the complexity grows exponentially; in particular, for a sequence consisting

of n > 1 heterozygous sites, there are 2n−1 distinct possible haplotype pairs,

often deeming the analytic determination of the phase to be computationally

prohibitive (for example, by calculating the likelihoods of all the possible arrange-

ments), even if it were known how to carry out the computation. This section is

dedicated to exploring statistical methods for the estimation of haplotypes from

genotype data.

1.3.1 Family data

Family-based analyses have several advantages, and many haplotype estimation

methods (for example reviewed in Gao et al. [2009]) have been developed to

accommodate them. Consider first the specific case of trio data, when the the

genotypes of the parents of a query genotype are also known. In this case, phase

can be resolved deterministically by use of the Mendelian inheritance laws (we

revisit this in Sections 2.2.2 and 2.3.2). For example, if the genotype of the father

is 2 and that of the mother is 1, then the ancestral allele must have been inherited

from the mother and therefore belongs to the maternal haplotype. However, if

both parents are heterozygous it is not straightforward to resolve phase in this way

as both parents could have transmitted the mutation. In such cases, knowledge

of other relatives’ genotypes, such as siblings and grandparents (or even more

distant relatives if the genealogy is known) can be used to fill in these gaps by

tracing haplotype sharing across the family.
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This is one example where knowledge of the full pedigree may be useful. It

is often the case that samples consist of pedigrees (and even extended pedigrees)

may also be present amongst a larger sample of unrelated individuals. When the

pedigree of the sample is known, it is possible to use the same Mendelian con-

straints and linkage in order to make inference on phase: we extend the Mendelian

rules that govern inheritance from parents to govern inheritance for grandparents

and so on. This is the concept exploited by the IBD-based methods on unrelated

samples, which estimate pedigrees and linkage via IBD. For example, recently

Kong et al. [2008] (discussed in detail in Section 1.6) developed a method that

phases deterministically using very distant relatives identified by IBD. There are

other similar IBD-based methods presented in Section 1.3.3.

Returning to our discussion of family-based approaches, the set of consistent

haplotype configurations within a pedigree is often very large, particularly when

there are high levels of missing data; developing more sophisticated methods

for estimating phase is therefore necessary. With related individuals statistical

methods can make use of the greater levels of linkage that can be found in the

data: there will not just be IBD present but longer shared chunks that are linked.

As a result, most methods (such as Merlin; Abecasis et al. [2001]) are based

on the Lander-Green algorithm (Lander and Green [1987]), which constructs

a linkage map. Briefly, the Lander-Green algorithm constructs a linkage map

using the Expectation-Maximization (EM) algorithm (Dempster et al. [1977]) to

calculate the recombination fraction between adjacent loci. These recombination

fractions are then used to find the expected number of recombinant meioses for

each meiosis.

Family data, however, are not typically available in most studies and therefore

numerous methods have been developed to estimate haplotypes for unrelated

samples (reviewed in detail in Browning and Browning [2011b] and Marchini

et al. [2006]). Here we will focus on some of these approaches for stochastic

haplotype estimation, all of which rely on some assessment of relatedness within

a sample. Identifying regions where individuals are more closely related enables

haplotype estimation, in that, limited to that environment, these individuals can

be considered as (distant) relatives and would thus be be informative for phasing
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either the way pedigree data are or by allowing the calculation of population-

level variables (for instance, allele frequencies) for their specific, local genetic

background. This is why phasing methods are typically excellent for imputation

(for example Browning [2008b]) and methods are generally developed jointly for

both purposes.

Although here we distinguish between family-based studies and those cater-

ing to unrelated samples, we should note that trends in the literature suggest

that methods are either adapting to accommodate both types (for example De-

laneau et al. [2012]) or incorporate methods that cater to both types, for instance

by exploiting familial relationships within unrelated samples (Kong et al. [2008],

Browning and Browning [2011b]). For example, cryptic relatedness within un-

related samples can be accommodated and exploited with IBD-based methods

leading to more accurate phase calls. The notion of merging methods for pedi-

grees and for unrelated individuals is one of the main themes explored in our

work. Studies which have incorporated family data have achieved better phase

performance (Marchini et al. [2006], O’Connell et al. [2014]); even when treated

as unrelated individuals, relatives will be typically phased more accurately. In

the same spirit, factors such as haplotype diversity and LD levels will typically

influence a method’s performance. Although consistent patterns of performance

on samples of different ethnicities have not been observed (Browning and Brown-

ing [2009], Marchini et al. [2006], Andrés et al. [2007]), imputation results have

shown that including more closely related individuals in the reference sample (for

example individuals of the same population or sub-population) improves imputa-

tion accuracy, particularly for low frequency variants (Huang et al. [2009], Jostins

et al. [2011]). Similarly, for admixed samples, individuals from the ancestral pop-

ulations should be included as well (Andrés et al. [2007]).

1.3.2 Stochastic estimation

The first ever phaser was Clark’s algorithm in 1990 (Clark [1990]), which lists all

possible haplotypes that must be present in a sample for phase to be determined

unambiguously. The method asks whether the genotypes can be resolved using
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any of the haplotypes + a complementary haplotype. The order in which the

initial set of haplotypes is put together obviously affects outcome and the method

is only suitable for tightly linked SNPs.

When SNPs are not tightly linked there may be multiple haplotype assign-

ments consistent with the genotypes, and it was necessary to develop additional

methodology to distinguish the correct ones. For this, the Expectation Maximisa-

tion (EM; Dempster et al. [1977]) was employed (e.g. Excoffier and Slatkin [1995],

Hawley and Kidd [1995], Long et al. [1995]), which conditioned on haplotypes to

maximise the likelihood of the observed genotype. This approach is effective for a

small number of markers but breaks down for a large set of SNPs since the num-

ber of observed haplotypes increases, making the computational time required

intractable and leading to their frequencies becoming too small for direct estima-

tion. As the number of SNPs, n, increases, the number of possible haplotypes

increases and the number of differences between them increases as well. They all

have frequency 1
n

and so all are equally likely. Therefore these methods perform

more poorly since they rely on assessing the similarities between them.

It is possible to extend these methods so that they are applicable to a large

number of markers, employing a sliding window approach, with size varying ac-

cording to LD structure (Excoffier et al. [2003]) or using the partition-ligation

technique introduced by Qin et al. [2002] in HAPLOTYPER. Another approach

for accommodating models to a large set of markers and the correlations between

them is using haplotype blocks (Halperin and Eskin [2004]). This however does

not adequately capture recombination patterns since LD is not limited within

block boundaries and can also vary within them (International HapMap Con-

sortium et al. [2005]). In particular, McVean et al. [2004] and Myers and Grif-

fiths [2003] have demonstrated that recombination rates vary greatly across the

genome and between regions (with high recombination regions named hotspots

and regions of low recombination called coldspots), a characteristic that must

be particularly modelled for in order to achieve accurate haplotype estimates

(Browning and Browning [2011b]). If the correlation between markers is not con-

sidered over an extended region, sampling variation will produce noise, leading

to false correlations between markers and thus inaccurate phasing estimates.

17



1.3 Applications of relatedness: Statistical haplotype estimation

1.3.3 Using IBD

We briefly mentioned the relevance of relatedness on imputation and inference of

selection. Methods that are developed for these applications (particularly IBD-

based methods), are typically used for phasing as well. When two individuals

share an IBD segment, it follows that they are IBD at every position in that

segment and typically these IBD alleles will be carried by the same chromosome,

assuming that recombination has not occurred. Therefore if one of the individuals

is homozygous where the other is heterozygous, this can be informative on the

phase of the heterozygous site using haplotype sharing in the adjacent positions.

That site is then phased relative to these neighbouring positions.

Its effectiveness in imputation follows from the same principle: for both pro-

cesses family data are most powerful and most accurate (Marchini et al. [2006],

Browning and Browning [2009]) and IBD mimics this relationship such that in-

dividuals in IBD can be treated locally like families. If an individual has been

phased using IBD, then imputation can be carried out simply by copying from

the haplotype with which s/he is in IBD. This concept was pioneered by Kong

et al. [2008] with their method Long Range Phasing (LRP), which we discuss in

detail in Section 1.6. Holm et al. [2011] showed the effectiveness of using Kong et

al.’s estimated haplotypes by using them to impute putative rare causal variants,

discovering stronger association signals.

Other methods that use IBD for phasing and/or imputation are BEAGLE

and its derivative, fastIBD (Browning and Browning [2011a]). Palin et al. [2011]’s

graphical model approach is inspired by Kong et al. [2008] but uses an HMM for

detecting IBD introduced by Genovese et al. [2010]. Phasing is then achieved by

using the Min-Sum algorithm (Kschischang et al. [2001]; a similar algorithm to

Viterbi, which we discuss in Section 2.2.3) to identify the most probable haplotype

phase solutions given the IBD relationships.

Finally, since the presence of selection leads to an increase in IBD sharing

(Albrechtsen et al. [2010]), this can be exploited to search for excess sharing as a

signature of selection. Albrechtsen et al. [2010] and Cai et al. [2011] both pursued

this relationship with promising results. The problem with such an approach is

that extended LD is itself a signature of natural selection and might thus lead to
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false-positives: it may not be clear whether IBD is detected because of selection

or high levels of LD in a region.

1.3.4 The coalescent and HMMs

Before continuing our discussion on phasing methods, we briefly review HMMs

(Rabiner [1989]), owing to the variety of population genetics and phasing meth-

ods that incorporate them, including those relevant to this thesis. HMMs are

probabilistic models that are widely used (Yoon [2009]) in biological sequence

analysis. In bioinformatics, they have been used for gene prediction (Munch and

Krogh [2006]), pairwise- and multi- sequence alignment of DNA (Durbin [1998],

Pachter et al. [2002], Lunter et al. [2008]) and RNA (Yoon and Vaidyanathan

[2008]), base calling and modelling DNA sequencing errors (Liang et al. [2007],

Lottaz et al. [2003]) and for prediction of protein structures (Won et al. [2007]).

They have also been used extensively in population genetics, for instance making

inference on selection (Gay et al. [2007], Kern and Haussler [2010], Mathieson and

McVean [2013]), recombination and linkage (Felsenstein and Churchill [1996], Li

and Stephens [2003], Lander and Green [1987], Kruglyak et al. [1996]). For appli-

cations that are more similar to the work presented in this thesis, HMMs have also

been widely used for studying demographic history (Li and Durbin [2011]) and

for making inference on speciation between humans and other primates (Hobolth

et al. [2007], Mailund et al. [2011]). They have also been used extensively for

phasing (Scheet and Stephens [2006], Delaneau et al. [2012]) and in the study of

ancestry in a population (Price et al. [2009], Tang et al. [2006], Patterson et al.

[2004], Hoggart et al. [2004], Montana and Pritchard [2004], Dutheil et al. [2009]).

Some of these latter methods are reviewed in Liu et al. [2013]. Moreover, there

is a variety of types of HMM, with profile-HMMs and pair-HMMs being some of

the more popular examples for biological sequence analysis.

In their basic form, HMMs consist of a set of discrete, unobserved, ‘hidden’

states. In biological sequence analyses this state space is typically finite. The

hidden states form a Markov chain (Norris [1998]) and changes between these
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states are called transitions. In simple Markov chains a first-order Markov prop-

erty applies, and the probability of transitioning to a certain state in the next

step depends only on the current position. HMMs have the additional feature

that these unobserved states are associated with a set of events, called emissions.

Therefore, in an HMM there are two separate stochastic processes that are taking

place: the hidden transitions and the emission process of observed states. This

is why HMMs are often called doubly-embedded stochastic processes (Rabiner

[1989]). Since only the emitted states are visible to the observer, the challenge in

the analyses using HMMs is to make inference on what the underlying sequence

of hidden states may have been, given a set of observed states.

The main appeal behind HMMs is the fact that they are very effective in

modelling the correlation between the hidden states and are further associated

with a set of algorithms that are both computationally efficient (in general) but

are also such that their parameters have useful real-life interpretations. These

key algorithms are the Viterbi algorithm and the Forward/Backward algorithms.

Full details on these algorithms are presented in Chapter 2. Using HMMs we can

calculate the likelihood of the sequence of observed states while further making

inference on the underlying sequence of hidden states that may have emitted the

observations. For example, using the Forward/Backward algorithms for every

hidden state we can calculate the posterior probability of a state at a given posi-

tion. The Viterbi algorithm allows us to find the most likely sequence of hidden

states, given our set of observations. When the transition and emission probabil-

ities are unknown, the Expectation-Maximization (Baum-Welch) algorithm can

be employed to estimate them. This is not relevant to this work and therefore

the Baum-Welch algorithm is not explained further in this thesis.

Returning to our discussion on phasing, phasing techniques achieved a break-

through in accuracy when they incorporated population haplotype frequencies in

their models, allowing models to use similarity and not identity of samples as

well as develop efficient Markov Chain Monte Carlo (MCMC) techniques. This

was possible from the development of methods that approximated the coalescent,

such as McVean and Cardin’s sequentially Markov coalescent (SMC; McVean and

Cardin [2005]), and methods allowing for the approximation of genotype likeli-

hoods given other individuals in the sample like Stephens and Donnelly [2000],

20



1.3 Applications of relatedness: Statistical haplotype estimation

Fearnhead and Donnelly [2001] and the Li and Stephens [2003] method (which we

discuss more at the end of this chapter). The approximate coalescent allows for

HMMs to be used for haplotype estimation, where the hidden states are typically

some representation of the unknown haplotypes that are to be determined, and

the observed data are the genotypes in the sample. These HMMs capitalise on the

fact that mutation and recombination events are infrequent over short genomic

regions and therefore in these regions haplotypes are expected to be similar to

each other. This concept is discussed further in Li and Stephens [2003] and in

the review of haplotype methods by Browning & Browning 2011 (Browning and

Browning [2011b]).

One of the earliest and most prominent and accurate models (Browning and

Browning [2011b], Marchini et al. [2006], Stephens and Donnelly [2003a]) is

PHASE and its extensions (Stephens et al. [2001], Stephens and Donnelly [2003b],

Stephens and Scheet [2005]). PHASE adopts the coalescent in introducing the

concept that haplotypes that we have already seen are more likely than completely

different ones. It employs an MCMC/Gibbs sampling approach achieving hap-

lotype reconstruction by sampling estimates from the equilibrium distribution of

the samples’ haplotypes. Although it achieves high accuracies with an error rate

for simulated data being around 2%, the software is computationally demanding

that would be completely intractable for modern samples. It is furthermore only

appropriate for a limited number of SNPs and regions covering few LD blocks.

The first computationally efficient approach was fastPHASE (Scheet and

Stephens [2006]). FastPHASE employs a haplotype clustering approach which

is more flexible than the traditional LD block-based methods described earlier,

in that cluster membership varies along the genome. This clustering mechanism

forms the basis for an HMM where pairs of individuals comprise of the hid-

den states, representing the haplotypes of the genotype in question. fastPHASE

is computationally much more efficient than PHASE, but this comes with the

penalty of lower accuracy for larger sample sizes.

In 2007, BEAGLE was developed (Browning and Browning [2007], Brown-

ing and Yu [2009]) which accounts heuristically for the variable recombination

patterns in a similar approach to fastPHASE: by applying a localised haplotype-

cluster model that was developed for association testing (Browning [2006]). It
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clusters individuals locally, according to the Markov property and demands that

the haplotypes in the same cluster predict the same alleles in the neighbourhood

of the current site. The number of clusters increases globally with sample size

and locally with increasing LD. Their clustering therefore models the empirical

pattern of LD and sets up an HMM (where the hidden states are clusters of

pairs of individuals from the sample and the observed states the alleles of the

genotype). Along the genotype it is possible to sample from the HMM, using

the Forward/Backwards algorithms (a review of which can be found in Rabiner

[1989] and Section 2.4.1). The best pair of haplotypes, the combination of which

reproduces the genotype in question, can then be identified iteratively. BEAGLE

is an order of magnitude faster than fastPHASE and it is known to be accurate for

large sample sizes but less effective for smaller sample sizes or regions containing

a small number of markers (Browning and Browning [2011b]).

IMPUTE (and its follow-up IMPUTE2; Howie et al. [2009] and Howie et al.

[2011]) was developed as a phasing technique in order to achieve more accurate

genotype imputation. The model starts by guessing phase and then adopts an

MCMC iterative approach to improve its guesses by pooling information across

the sample. During the updating procedure in the MCMC step, a pair of hap-

lotypes is sampled from their conditional distribution, given their genotype, the

haplotype guesses for the other individuals and the haplotypes in a reference

panel. In the iterations, IMPUTE2 uses Hamming distance to select haplotypes

that are similar to the haplotypes of the individual being phased. A very similar

approach to IMPTUEv2 is MACH (Li et al. [2010]). In contrast to IMPUTE2,

MACH uses a random subset of sample haplotypes in the iterations; it internally

calculates recombination and mutation rates (whereas IMPUTE2 requires input

from the user). Both methods use the Li and Stephens [2003] imperfect mosaic

idea to approximate the calculations. In general, IMPUTE2 is considered to be

a slightly more accurate phaser and more computationally efficient than MACH,

though overall BEAGLE is the fastest and also competitively accurate at large

sample sizes (Browning and Browning [2011b]).

In this thesis we will be presenting a phasing approach. Though the methods

described here are not directly comparable to ours, they are efficient phasers and
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we must therefore consider them as alternatives to our model. In our phaser com-

parisons we consider IMPUTE2 and BEAGLE. At the time when the analyses

were carried out they were considered the gold-standard phasing methods, high-

lighting the trade-off between computational efficiency and high accuracies. Since

then however, a new phaser has risen to prominence: Delaneau at al.’s SHAPEIT

(Delaneau et al. [2008], Delaneau et al. [2012], Delaneau et al. [2013]). SHAPEIT

extends the HMMs of IMPUTE2 and MACH to produce a method that scales

linearly with sample size, thus making it computationally very efficient (second

after BEAGLE, Delaneau et al. [2012]). The model splits the region into short

segments (typically including 3 or 4 heterozygous sites) and represents the refer-

ence haplotype data for each segment as a haplotype graph. Its HMM then uses

this collapsed graph as its hidden state space. SHAPEIT also has an efficient

subsampling scheme for obtaining compatible genotypes from the full genotype

sample, which further enhances computational performance. Finally, it has been

extended to incorporate knowledge of family data and of read information and has

been shown to achieve better haplotype estimates than other methods (Delaneau

et al. [2012], Delaneau et al. [2013]).

In terms of phasing performance, SHAPEIT has not been considered here.

More recently however, SHAPEIT has been incorporated in the phasing stage

of IMPUTE2 and it is this version of IMPUTE2 that we have used in Chapter

4. By assessing the ability of the Li and Stephen’s method to detect recent

ancestry using haplotypes estimated by IMPUTE2 compared to other methods

we indirectly infer SHAPEIT’s superiority as a phaser. Refer to Chapters 2 and

4 for more details on this analysis.

1.3.5 Influential variables

There are several factors that may influence the performance of phasers. The

most critical one is sample size: performance of all phasers improves for larger

sample sizes, though relative improvement varies across methods (Browning and

Browning [2011b]). This is true also for methods that are family based (Brown-

ing and Browning [2009]). Some approaches (for example MACH) exhibit less
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dramatic improvements than others (for example, BEAGLE), with sample size

being most impactful for methods that incorporate population haplotype frequen-

cies (Browning and Browning [2007]). It is not obvious how our own phaser uses

population level information. We incorporate knowledge of LD but it is unclear

how our performance will improve with sample size relative to BEAGLE and

IMPUTE2.

Another factor that affects phase quality is marker density. Its effect on ac-

curacy depends on what measure of accuracy is being used. Typically, phaser

comparisons consider the switch rate (an explanation of the switch rate can be

found in Stephens and Donnelly [2003a] and in Chapter 3 of this thesis) which

measures error rate on a per-marker basis. In this case, increasing marker density

is known to improve performance (Browning and Browning [2011b]). An alter-

native approach to assess haplotype estimation, which we also discuss but do not

use here, asks what proportion of the haplotype has been correctly estimated. In

this case, marker density can decrease performance as it increases the number of

positions within a haplotype where an error might occur.

Genotyping error decreases phaser performance as it directly implies that at

last one of the inferred haplotypes will carry an error where the original genotype

was wrong. One way for methods to hedge against genotyping errors is by using

genotype likelihoods rather than hard genotype calls. Both EM and HMM ap-

proaches can be extended to incorporate likelihoods (Kang et al. [2004], Browning

and Yu [2009]), which has often led to higher accuracies (Browning and Yu [2009],

1000 Genomes Project Consortium et al. [2010], Nielsen et al. [2011]).

Rare variants are often considered harder to phase (Browning and Browning

[2011b]). IBD-based methods (or similar) should, however, correctly capture

their haplotype backgrounds as they are expected to live on longer (and therefore

more easily detectable) shared haplotypes. Similarly, de novo mutations cannot

be statistically estimated, unless the offspring of the individuals carrying them

are available.
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1.4 Applications of relatedness: Demographic

inference

The relationship between individuals in a sample may inform on the historical

relationship among individuals in the population. We already discussed, for in-

stance, how models that use the coalescent can be used to shed light on possible

clustering of individuals, thus informing on population structure. For example,

if certain individuals seem to coalesce with each other before finding common

ancestors with other individuals, this might reveal subgroups in a sample. Simi-

larly, by modelling a changing population size we can detect exponential growth

or historical bottlenecks. For the purposes of this thesis, we will focus on appli-

cations of relatedness on demographic inference by means of haplotype sharing.

The length of IBD segments is inversely proportional to the TMRCA between the

individuals at the region that they share, exploited by methods that attempt to

date historical events (for example Ralph and Coop [2013], Lawson et al. [2012]).

Average pair-wise IBD is a natural metric for relatedness, as we have already

discussed. The main inhibiting factor is that IBD methods are underpowered for

detecting shared segments among unrelated individuals whose common ancestors

typically lived hundreds of generations ago (Browning and Browning [2012]), even

though it has been shown that such shared haplotypes exist in abundance (Gu-

sev et al. [2012]). Still, they may be used to pick up on the segments deriving

from recent ancestry among these samples which is useful for making inference

on recent demographic events.

In fact, Browning and Browning [2011a] showed that the proportion of the

genome that two individuals share in IBD is a more accurate estimate of the true

proportion shared than classic IBS-based methods and Huff et al. [2011] show

that the inferred relationship between individuals is accurate within one meiotic

step if they are up to seventh degree relatives (as for third cousins, for example).

IBD can also be used to infer population structure by showing that there

is excess sharing within sub-populations compared to sharing between them.

Browning and Browning [2011a] showed this with Welsh individuals against other

individuals from the United Kingdom. Palamara et al. [2012] use GERMLINE
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(Gusev et al. [2009]) to obtain IBD estimates, and then express these IBD es-

timates as a function of population demography, thus making inference on the

population structure and demographic history of the Ashkenazi Jews and the

Masai. Palamara and Pe’er [2013] extend this method and explicitly incorporate

migration in their model to analyse the structure in the Masai samples. Soi et al.

[2011] similarly compared African hunting-gathering populations and neighbour-

ing agriculturalist and pastoralist populations.

Ralph and Coop [2013] use long shared IBD chunks to show that even seem-

ingly unrelated individuals across Europe share numerous common ancestors that

are less than 3,000 years old (∼120 generations). To obtain IBD chunks within

and between populations they used fastIBD (Browning and Browning [2011a]),

and were able to identify chunks as small as 0.4cM; dating, however was restricted

to chunks longer than 2cM due to the high error rates expected for chunks of

shorter lengths.

Other examples include Campbell et al. [2012] who used IBD calls (using

GERMLINE; Gusev et al. [2009] and PCA) to distinguish between North African

Jewish and non-Jewish populations, and Gusev et al. [2012] who also extend

GERMLINE (Gusev et al. [2009]) to demonstrate that IBD is more common

than expected by naive models and that it can be used to cluster individuals into

populations and to infer bottlenecks and founder effects.

In parallel to IBD methods, but also in light of their inability to detect shared

segments that are very old, alternative methodologies have been developed for

making inference on demography. Harris and Nielsen [2013] use IBS estimates

from sequence data from Africans and Europeans to estimate the time and mag-

nitude of admixture events, population divergence times and changes in effective

population size. This latter aim highlights another application of IBD detection:

estimating historical changes of the effective population size. In their method,

they use McVean and Cardin’s SMC (McVean and Cardin [2005]) and Marjo-

ram and Wall’s SMC’ (Marjoram and Wall [2006]) to obtain an expression for

the expected IBS tract length distribution in a two-haplotype sample, that ac-

commodates a complex model of demography between two diverged populations.

They can therefore also obtain the entire length spectrum for shared tract lengths,

rather than those which are detectable by IBD. To handle sample sizes greater
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than two, they subsample all pairs from a sample and regard them as indepen-

dent, which may decrease power to detect more recent events. Finally, in the

words of Harris and Nielsen, this approach ‘can distinguish short, extreme popu-

lation bottlenecks from longer, less extreme ones that produce similar reductions

in total genetic diversity’.

However, methods characterising relatedness and ancestry need not go via the

IBS/IBD route at all. PCAdmix (Brisbin [2010], Brisbin et al. [2012]) divides the

genome in small chunks of 10-50kb and within each probabilities admixture are

estimated for individuals in a sample according to their positions in PCA space.

These probabilities are then incorporated in a HMM framework with Viterbi in

order to finalise admixture inference. More methods that detect admixture are

reviewed by Seldin et al. [2011], focusing on their applications in disease mapping.

Other methods are HMM-based, where the hidden states, rather than IBD

status, are alternative indicators of extent of relatedness. Price et al.’s 2009

haplotype-based HAPMIX (Price et al. [2009]), for instance, studies admixture

from two ancestral populations which are set as the hidden states in the model.

Price et al. also highlight the effect of phase errors, which result in spurious

ancestry switches, particularly within regions where a query individual might be

a heterozygote for ancestry. This in turn may lead to an overestimation of the

time since admixture. Lawson et al. [2012] is another haplotype-based HMM that

infers local ancestry patterns; we focus on this model in more detail in Section

1.6.

1.5 Applications of relatedness: Genome-wide

association studies

One of the main applications of human genetics is to identify genetic risk factors

for disease. Many methods have been developed to this end, such as family-based

approaches, but the advent of genotyping and sequencing technologies that al-

low large-scale (both in terms of sample sizes and number of loci considered)
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analyses to take place. Genome-wide association studies (GWAS) search for pu-

tative mutations across the genome, both for continuous traits (such as eQTLs,

cardiometabolic, biochemical information) and binary (case/control status) phe-

notypes. Several methods have been developed for carrying out the association

tests and characterizing the relationship between an individual’s genetic back-

ground and a phenotype and there have been numerous successful detections of

putative loci (Klein et al. [2005], Wellcome Trust Case Control Consortium et al.

[2007], Stranger et al. [2011] and many others).

Some of these approaches make use of the presence of IBD between individu-

als. The concept of using IBD in disease association studies is not new (Houwen

et al. [1994], Meerman et al. [1995]). One of the most straightforward ways of

incorporating IBD knowledge in this context is via IBD mapping: gene mapping

using IBD. IBD mapping lies between linkage analysis with family data and asso-

ciation analysis. Causal loci can be identified by observing whether there is excess

sharing of IBD tracts among cases (Purcell et al. [2007], Bercovici et al. [2010]).

An alternative approach, employed by DASH (Gusev et al. [2011]), clusters indi-

viduals according to IBD status and then tests each cluster for association.

There are two key issues that often overshadow GWAS findings. First, it

is not always possible to make functional interpretations for the mutations that

have been shown to be associated; we do not discuss this further here. Second,

though this has not directly been shown, it is assumed that common variation

(which is typically considered in GWAS) so far only explains a fraction of the

known heritability of most traits (Manolio et al. [2009], Eichler et al. [2010], Zuk

et al. [2012]), and rare variation is therefore considered a significant contributor

to increasing disease risk (Panoutsopoulou et al. [2013]).

Historically less attention was paid to rare variants as by definition only com-

mon variation was reliably genotyped and thus considered in population studies.

New sequencing platforms have now though pushed the boundaries of our ability

to detect genetic variation (e.g. 1000 Genomes Project Consortium et al. [2012])

and more rare variants are being discovered. What is more, de novo assembly and

sequence alignment methods have become more accurate and we are thus better

powered to distinguish rare variants from genotyping error. In the absence of iso-
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lated population data, large sample sizes are necessary for a significant proportion

of the rare variation in a population to be captured by these new technologies.

Most variants are rare (1000 Genomes Project Consortium et al. [2012], Nelson

et al. [2012]) and their introduction and frequency in a population is influenced

by mutation rates, selection and demographic history - with exponential growth,

for example, resulting in a significant increase in their frequency. They have

also been shown to be population specific (for example 1000 Genomes Project

Consortium et al. [2012]), which follows from the fact that they are typically

the result of recent mutations and have thus not had enough time to distribute

uniformly across populations. Most rare variants in coding sequences are also be-

lieved to be deleterious and as a result to be under purifying selection as per the

“common-disease rare-variant” hypothesis, which is why it has been suggested

that they may account to the missing heritability mentioned earlier. Even with

current large sample sizes, traditional statistical association tests (such as those

in SNPTEST; Marchini et al. [2007], Wellcome Trust Case Control Consortium

et al. [2007], Marchini and Howie [2010] and PLINK, (Purcell et al. [2007]) are

underpowered in the case of rare variants. This has led to the development of

specialised statistical techniques (Asimit and Zeggini [2010], Bansal et al. [2010],

Ladouceur et al. [2012]), though their power is also put into question under dif-

ferent association scenarios (Ladouceur et al. [2012]).

Characterizing stratification patterns is key when performing genome-wide

association studies, as unaccounted for excess relatedness within a sample is

known to be a principal cause for false positives, even within largely homoge-

neous populations like the United Kingdom. However, most of the focus for

developing methods that will account for this has also revolved around common

variation (MAF >5%), driven by the “common-disease common-variant” hypoth-

esis. These methods also neglect the fact that rare variants have been shown to

contribute to numerous diseases (e.g. Bodmer and Bonilla [2008], Manolio et al.

[2009]) and are plausibly exhibiting different stratification patterns than common

variants (as a result of them being under purifying selection and being population

specific). Recent studies (for example Babron et al. [2012], Moore et al. [2013a,b])

have confirmed that their stratification patterns are different, and crucially, that
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these patterns are not always well accounted for by the classic correction meth-

ods (such as Principle Component Analysis (PCA) and mixed models; (Mathieson

and McVean [2012], Jiang [2011], Jiang et al. [2013]). Mixed models capture back-

ground polygenic effects using the standard kinship matrix which is effective for

common variation but underpowered for detecting local relationships – relation-

ships between individuals that are more prominent in a particular region of the

genome but not strong genome-wide.

The main advantage of IBD methods versus classical association tests is that

they focus on rare variants. In fact, Browning and Thompson [2012] showed that

IBD mapping is more powerful in detecting association when multiple rare vari-

ants are causal within the same gene. Finally, the boundaries of the IBD segments

provide clear indicators for where sequencing could take place and which indi-

viduals are most likely the carriers, for example for follow-up functional studies

following an association test. A thorough comparison between IBD testing meth-

ods and the classic haplotypic tests can be found in Browning and Thompson

[2012].

There have been some studies that used IBD mapping in unrelated samples

(Albrechtsen et al. [2009], Moltke et al. [2011], Gusev et al. [2011], Francks et al.

[2010]). Although their results have been promising in identifying IBD segments

around known causal loci, IBD mapping has mostly been used with pedigree

data to avoid to the computational expense of linkage-based methods (Wijsman

et al. [2006]). These latter methods are also less reliable when individuals early

in the pedigree have not been genotyped (Brown et al. [2012], Thompson [2000]),

which is typically the case. There are numerous examples of IBD mapping with

pedigrees (for example Glazner and Thompson [2012], Roach et al. [2010]) and a

more formal account of their findings as well as information on other studies can

be found in Browning and Browning [2012].

IBD methods can decrease the effect of confounding by shared environments

among distantly related samples, by allowing the estimation of heritability using

pair-wise genome-wide IBD sharing (Browning and Browning [2013b], Price et al.

[2011], Yang et al. [2010], Zuk et al. [2012]). A caveat here is that these IBD

estimates can sometimes be biased due to population structure (Browning and

Browning [2011c], Goddard et al. [2011]). Finally, by observing which samples
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share IBD segments and assuming that their ancestry is known, it is possible

to distinguish between recurrent mutation and shared ancestry (Girirajan et al.

[2010], Hansen et al. [2009], Hansen et al. [2010]).

1.6 Long Range Phasing

The main bridge between family study designs for phasing and methods applica-

ble to unrelated samples was developed by Kong et al. [2008]. Kong et al. took

advantage of the demographic history of Iceland and a data set that represents a

substantial fraction of the entire population (approximately 10%) in order to con-

struct an IBD-based approach for phasing and imputation, Long Range Phasing

(LRP). Their approach is heuristic and capitalises from the fact that the kin-

ship coefficient between the genotyped samples is high enough for considerable

amounts of IBD to be expected (≈ 10cM). In fact, given that the sample size is

large relative to the size of the underlying population, one would expect multiple

individuals to be in IBD at any given locus or region.

To identify IBD, Kong et al. used the IBS length threshold approach and

identified segments as IBD if they were IBS for at least 1000 consecutive SNPs.

For every query genotype, individuals in IBS (call them I, say) with it were

identified in this way. An individual in IBS with a genotype, will have genotype

IBS and will thus share just one of the two haplotypes of the query individual.

The innovation of Kong et al. was then to split the individuals in I into two

groups, depending on which of the two haplotypes they share with the query

genotype in the region.

These individuals are locally close relatives of the query genotype, Kong et

al. coined the terms ‘surrogate parents’ and ‘pseudo-parents’ to describe them

(an illustration can be found in Figure 1.1). Kong et al.’s innovation is that

these two groups can be randomly assigned to the pseudo-father and pseudo-

mother categories, thus constructing a pseudo-trio. Then, the pseudo-mothers

and the pseudo-fathers can be used to phase the query genotype (the ‘child’) by

transmission, in the same way that real parents would. Having more than one

pseudo-parent in each set therefore increases the power of the approach since only
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one parent in each need be homozygous in order for phase to be assigned. Note

that pseudo-parents can also be of either gender and may further swap groups

along different regions of the child. Moreover, if an individual X is a parent of

individual Y , Y is also a parent of X.

In the absence of recombination (or for regions where it is known that a very

low recombination rate applies), while phasing the ‘child’, the parents can be

phased as well. In light of the entire ‘family’ this extends to phasing the more

distant ‘pseudo-relatives’. This can be useful for instance in cases where the child

and the parents are all heterozygous, while the genotypes of the grandparents are

informative and can then be considered to distinguish phase (see Figure 1.1). For

example, in Figure 1.1B, the fact that one grandparent is homozygous solves the

problem of the triple heterozygote at the bottom left part of the diagram. Part

A of the figure illustrates how several individuals may be assigned the pseudo-

parent role. Individuals in blue are in IBS with the child’s first haplotype, while

individuals in red share the other haplotype.

However, Kong et al.’s justification for relatedness being identified by means

of IBD and IBS stems from the particularly high kinship coefficient that holds for

the Icelandic population that they considered. In particular, they suggest that

for the method to be applicable on a different sample, it must include 1% of the

population under study, which in real terms is still a prohibitively large number of

individuals for most populations. Moreover, the LRP method requires very high

quality genotype data in order for IBD tracts to be identified with hight accuracy.

In fact, within a surrogate parent group it is possible that the pseudo-mothers

and pseudo-fathers are such there are inconsistencies with the query individual:

the two groups may either give multiple phase calls at a site or they may simply

be incompatible with the ‘child’. This could suggest that they have been falsely

identified as IBD individuals, or they may be genotyping errors for instance. Kong

et al. do not discuss how they deal with such cases. In fact, dividing the IBS

surrogate-parents into the two groups is in itself not a straightforward process.

Finally, LRP ignores recombination - incorporating recombination would prevent

the phasing of parents together with the child which leaves open the question of

phasing triple heterozygotes.
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Figure 1.1 A Pseudo Family The figures are from Kong et al. [2008]; Figure A is

Figure 1 in the publication, and Figure B is Figure 4 and has been slightly modified

here. A: Individuals which can be considered as relatives are identified using IBS, and

can be split into pseudo-fathers (blue) and pseudo-mothers (red). They may then be

used for phasing like a real trio. B: A family; the numbers under some individuals are

their genotypes. Each individual can be phased as in A but assuming no recombination,

haplotype estimation of the ‘child’ directly leads to the phasing of the ‘parents’ as well,

and similarly phasing of the ‘grandparents’, since we know which parental haplotype

the child is copying from. In the triple heterozygous case, indicated in the diagram

(shown in orange) the grandparents can be used to resolve ambiguity by tracing down

the haplotypes along which the mutation is transmitted across the 3 generations. In

this example the arrows point to the grand-parental genotypes that may be useful for

phasing the first leaf on the left (the ‘child’ in the trio in question).

1.7 Nearest Neighbours

As an alternative approach for considering genealogical relationships in the sam-

ple that capture patterns of coancestry, we next turn to the work of Lawson et al.
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[2012]. In a sample of unrelated individuals from a population, each haplotype

has one or more genealogical nearest-neighbours (NNs) at a given position along

a chromosome (Figure 1.2). While NNs cannot be directly detected from geno-

type data, pairs of chromosomes with recent common ancestors are likely to also

share extended haplotypes around the position; we illustrate this in Figure 1.2.

In a large sample of unrelated individuals, at each location in the genome, the

two chromosomes in an individual have NN sets that are typically distinct and

a chromosome may have more than one NNs. If it is assumed that over a short

interval (for example, approximately 1Mb in the case of LRP) there is no recom-

bination, in which case the NNs do not change, then extended genetic similarity

or haplotype sharing can be used to identify them.

NN knowledge and the extent of haplotype sharing with them fully captures

the recent relationships between samples. In addition to being informative of

recent demographic events in the same way as IBD, this recent coancestry is also

relevant to rare variants, whose full characterization is often crucial in disease as-

sociation studies, as we previously discussed. The concept of NNs was pioneered

by Lawson et al. [2012] in the development of ChromoPainter and fineSTRUC-

TURE for the detection of shared ancestry and structure within a sample. The

methods assume knowledge of haplotypes and an initial step in their implemen-

tation is statistical haplotype estimation using fastPHASE (Scheet and Stephens

[2006]). The authors warn of the problems that phase errors can lead to, though

this is not quantified.

For each query haplotype, ChromoPainter uses the Li and Stephens [2003]

model (LS; reviewed briefly below) in order to express the haplotype as an im-

perfect mosaic of the other haplotypes in the sample (we explain this terminology

in the next subsection). Averaging over the proportion of sites that the haplotype

is copying from each of the other samples gives a measure of coancestry between

this haplotype and the others. Repeating this for every haplotype produces a

coancestry matrix which contains all the pairwise coancestry values. Lawson et

al. show that this captures the true genealogical relationships well, though an

exact success rate for NN discovery is not provided. FineStructure involves a

Bayesian model that analyses the coancestry matrix, which is a dimensionality

reduction step, in order to determine whether there is structure in the data. In
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1.7 Nearest Neighbours

Figure 1.2 Nearest neighbours The figure shows a marginal genealogical tree for a

sample of haplotypes and an illustration of the genetic variation that has given rise to

it. Rows are different genomic positions. Going along a position, the alternating purple

and yellow indicate the different alleles (assumed 2) that individuals might be carrying.

The horizontal red line goes along the site at which the tree shown is the marginal tree

of the sample. Individuals consist of two haplotypes and are therefore defined by two

leaves on this tree. The dark blue dots are the two haplotypes of one individual in this

sample. Each of the haplotypes is the genealogical sibling of another haplotype in this

tree. These siblings are the Nearest Neighbours (NN). For example, the first dark blue

haplotype has the leaf marked in green as its NN, while the second haplotype has the

light blue leaf as its NN. When the most recent common ancestor of NNs is recent, as

depicted here, NNs are expected to be genetically similar over extended regions around

the current position. This is illustrated by the regions highlighted in dark blue.

addition to identifying clusters and potential admixture, the Bayesian framework

allows for the estimation of coalescence times between groups.
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1.7 Nearest Neighbours

1.7.1 The Li and Stephens model

We end our discussion on ChromoPainter with a brief overview of the Li and

Stephens (LS) model, both to better explain how ChromoPainter works but also

because we will be employing the LS method later in this thesis. Li and Stephens

[2003] developed a model to approximate the probability of observing a new

haplotype, given a set of haplotypes. The motivation behind their model was

to estimate recombination rates between adjacent SNPs, using haplotype data.

Their approach coins the ‘imperfect mosaic’ idea (imperfect due to mutation;

mosaic due to recombination), which describes a query haplotype as a sequence

of genetic chunks copied from the other haplotypes in the sample. The assumption

here is that the query haplotype and the haplotypes it copies from have inherited

their shared genomic material together form a common ancestor.

The recombination rates in the region determine the variety of the mosaic:

regions with hotspots should contain numerous small segments, while regions

of low recombination activity lead to longer inherited chunks. The extent of

imperfection in the mosaic depends on both the mutation rate and the genotyping

error present in the data. Li and Stephens demonstrated that new genotypes can

be simulated using imperfect mosaics of existing existing haplotypes in a sample

(see Figure 1.3). Conversely, it follows that any genotype in a sample can be

expressed as an imperfect mosaic of the remaining genotypes, as h4 in Figure 1.3.

Briefly, LS construct an HMM with hidden states the individual haplotypes

in a sample, and observed states the alleles of the query haplotype. For a query

haplotype, the aim is to select an individual from the sample at each SNP that

the query haplotype ‘copies’ from. Transitions model changes in ancestry and

therefore depend on the recombination rate, ρj at some site j. Following Li and

Stephens [2003], the transition probability from individual i to j from a sample

of size N are as follows:

ti,j =


exp(−ρjdj

N
) + (1− exp(−ρjdj

N
)) · 1

N
if i = j

(1− exp(−ρjdj
N

)) · 1
N

otherwise

where dj is the physical distance between sites j and j + 1.
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1.7 Nearest Neighbours

Figure 1.3 An illustration of the Li and Stephens [2003] imperfect mosaic

model. There are three toy haplotypes (h1-h3) present in this example which are

used to simulate two new haplotypes for an individual. This is achieved by combining

different segments from each of the three haplotypes and putting them together to

form the two new ones (h4A, h4B). The shading shows which haplotypes were selected

for each chunk with the change in segment, illustrating recombination events. In this

diagram, columns represent SNPs, with the white and black dots representing the two

possible alleles for each SNP (assuming a biallelic setup). The copying of the segments

to make h4A and h4B is imperfect as can be seen in the case of the mutations marked

with a star which are not the same colour as on the haplotypes that they have been

‘copied’ from.

Emissions look at whether the query haplotype carries the same allele as the

hidden state at each SNP. In the original paper, the authors use Watterson’s

estimator (Watterson [1975]) for the mutation rate and emission probabilities are

the probabilities that a mutation takes place, using the geometric distribution for

the number of mutations in the genealogy and given the sample size.

The LS method has been used extensively as the basis for more sophisticated

models that characterize ancestry in a sample, such ChromoPainter (Lawson et al.

[2012]), PCAdmix (Brisbin et al. [2012]), HAPGEN (Spencer et al. [2009]), HAP-

SAMPLE (Wright et al. [2007]). It has also been used directly on genotypes and

haplotypes, for example Wang et al. [2013]. It has been shown to approximate
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1.8 This thesis

the probabilities of the full coalescent well and is therefore what is considered

here as the gold-standard for stochastic models that analyse population genetic

data.

1.8 This thesis

Phasing was originally the main motivation behind the work undertaken for this

thesis. We developed a model-based method that captures many of the ideas

of the Kong et al. pseudo-parent approach, but accommodates smaller samples

that are not a significant proportion of the underlying population. Our aim is

therefore to analyse completely unrelated samples. Specifically, we aim to detect

sets of pseudo-trios (mother-father-offspring) using genotype data, allowing for

multiple pseudo-trios for each individual at each position. Our implementation

uses a HMM with hidden states the ordered pairs of individuals, representing

pseudo-parents. Pseudo-parents are allowed to change along the sequence through

a recombination-like process. Unlike Kong et al., we therefore incorporate LD

information in our model.

Our pseudo-parents can be used for phasing following the same principles in-

troduced by Kong et al. We can take this a step further though and additionally

investigate the extent of relatedness between the ‘children’ and the pseudo-parents

that we identify. Similar to Kong et al., we are effectively searching for recent an-

cestry, expecting therefore that the individuals that we identify are close relatives

that share extended haplotypes with the query individuals. Identifying local, and

therefore recent, relatedness is important as it is relevant to rare variation.

A natural question therefore is how close this relationship is between an in-

dividual and the pseudo-parents that we identify and, further, whether we in

fact identify nearest neighbours (NNs) and maximally shared haplotype chunks.

We do not explore the implications of NN knowledge for identifying structure in

this thesis, in the same way as fineStructure. Rather, our approach is limited

just to the initial step of NN identification and is in effect the genotype equiv-

alent of ChromoPainter, though we do not consider averaged ‘time spent’ with

pseudo-parent pairs. In addition to phasing therefore, in this project we consider
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1.8 This thesis

whether regions of extended haplotype identity and NNs, can be detected from

genotype data without prior phasing. To assess our performance, rather than

comparing against ChromoPainter it suffices to consider an implementation of

the LS method and this is the approach that we pursue.

Our method detects extended shared haplotypes with recent ancestors and

by definition these shared haplotypes are IBD. However, we do not model IBD

nor do we threshold the allowed TMRCA or haplotype lengths for our chunks to

be defined. As a result we can obtain the full length distribution of haplotype

sharing among recent relatives. Our method is therefore not directly comparable

to IBD approaches and such a comparison is not considered in this thesis. IBD

accuracy is measured from simulated data in terms of false positive (specificity)

and false negative (sensitivity) IBD detection rates. In contrast, our performance

is assessed via our ability to detect Nearest Neighbours and the sharing that is

expected to exist between them.

The caveat to our HMM-based model is that it suffers computationally both

in terms of speed and memory requirements, making it intractable for sample

sizes greater than even a few hundred individuals. In addition to our HMM, we

therefore develop two related but alternative implementations of our algorithm

that enable the analysis of thousands of samples: a graph-based approach and an

HMM with subsampling (referred to as HMMsub).

In Chapter 2 we introduce the details of our HMM and its two approximations

(graph and HMMsub). We describe how our model was developed and how it is

implemented for the purposes of haplotype estimation. We further explain how

we pursue NN identification and detection of extended shared haplotypes; we call

the joint pursuit of these latter goals as ‘coancestry characterization’.

Chapters 3 and 4 present the results of our performance on phasing and

coancestry characterization respectively, using simulated data. In its current

form our model does not revolutionise the field of statistical haplotype estima-

tion. It does, however, compete with cutting-edge approaches and we will argue

that it is possible to extend it to achieve improved results. We further show that

our model leads to more accurate estimates of extended haplotype sharing than

approaches using pre-phasing and that it can detect NNs at a rate close to the
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1.8 This thesis

theoretical maximum. Our genotype-based HMM has three main advantages over

haplotype-based methods:

1. It is unaffected by phasing errors. Although phasing in large population

data sets can be highly accurate (Browning and Yu [2009], Delaneau et al.

[2012], Kong et al. [2008], Palin et al. [2011], Williams et al. [2012]), some

errors will occur which will inevitably tend to underestimate the true extent

of haplotype identity as phasing errors will interrupt shared genomic chunks.

2. It is better insulated against genotyping error.

3. Even in the absence of errors, haplotype-based methods will prefer to detect

less sharing in favour of finding more NNs when there are several in any

given region. In contrast, our method will prefer to detect long shared

chunks, sometimes selecting genealogical cousins rather than siblings in

order to do so.

In fact, our simulation-based investigation reveals that there is a trade-off be-

tween detecting extended sharing and the most recent ancestry, in particular for

populations that have experienced exponential growth.

Chapter 5 explores the application of our graph method on an unrelated and

two isolated samples from Greece – the HELIC data (www.helic.org), in which

there are about 700 individuals per cohort. Chapter 6 examines the results from

the graph method and HMMsub on 5,144 WTCCC (Wellcome Trust Case Control

Consortium et al. [2007]) British individuals. For both data sets we use the

lengths of the shared haplotype chunks to estimate the TMRCA between an

individual and its NNs. Our work on the Greek isolates illustrates how haplotype

sharing can be used to characterize isolatedness, to explore whether there has

been any migration between the isolates and the unrelated sample and to attempt

to date the time of isolation. By studying the British sample we discover that

haplotype sharing is typically 1.7cM-2cM suggesting that the population must

have undergone rapid exponential growth. Finally, we end with an assessment of

our findings and a discussion on how the current implementation of our method

can be useful in the second main application of relatedness: disease association

studies.
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Aside to the work presented in this thesis, the author has participated in

projects that have contributed to an additional three publications. First, I im-

puted Chromosome 12 variants from the 1000 Genomes data into the ∼7000

WTCCC UK Multiple Sclerosis (MS) cases and controls. The aim was to fine-

map the signal around rs1800693 in the TNFRSF1A gene which was shown to

be associated with MS. Lars Fugger’s lab then worked on understanding the

pathways by which rs1800693 influenced MS in British individuals as well as the

clinical implications of the discovery. They confirmed that the rs1800693 variant

was indeed causal, they characterised the biochemical changes that it leads to and

demonstrated that these changes mimic the effect of TNF-blocking drugs. The re-

sults are published in Gregory et al. [2012]. Following this project, I was involved

in the MS part of the Immunochip project (Cortes and Brown [2011]), where some

200,000 SNPs were carefully selected and genotyped for a large-scale association

study on autoimmune diseases. My involvement saw the genome-wide imputation

of 1000 Genomes variants into ∼45,000 individuals from different populations, fol-

lowed by Bayesian and frequentist association testing using SNPTEST (Marchini

et al. [2007]). By studying the population-specific signals and the meta-analysis

results around the typed hits, we investigated which signals could be fine-mapped

to just a few variants. Our findings were incorporated in International Multiple

Sclerosis Genetics Consortium et al. [2013]. Finally, I contributed to the second

publication of the 1000 Genomes project (1000 Genomes Project Consortium

et al. [2012]). For each population separately, for each variant I examined the

length of the haplotype shared by the individuals that carried that variant. It

was then possible to see how this length depended on variant frequency. As ex-

pected, more common variants lived on shorter shared haplotype chunks, while

rare variants lived on long haplotypes, indicative of the more recent ancestry that

must exist between the individuals that carried them.
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Chapter 2

Model and Methodology

2.1 Method Motivation

We aim to generalise the LRP method (Kong et al. [2008]) through a model-

based approach that identifies pseudo-parents along the genome. Our model is

an HMM that uses genotypes and, by not making assumptions about the levels

of kinship present in the sample, is constructed to accommodate unrelated in-

dividuals. By identifying pseudo-parents we are constructing pseudo-trios which

we may then use for phasing in the same way as Kong et al. We further wish

to investigate whether the pseudo-parents that we identify are in fact local NNs

of the query genotypes. In this way we build the genotype equivalent of Chro-

moPainter (Lawson et al. [2012]), seeking out to characterize coancestry levels in

the sample: both identify most closely related individuals and detect extended

haplotype sharing. In this chapter we will motivate and introduce the model

that we have constructed, its approximations that accommodate large samples

consisting of thousands of individuals and the modifications to our approach that

specialise it either for haplotype estimation or coancestry characterization.

We wish to explore more local relationships and we therefore begin our con-

struction by considering familial relationships. Within a family, a mosaic of
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siblings’ genomes can imperfectly recover their parents’ transmitted haplotypes.

The LS model introduced the concept of identifying a mosaic of individuals in

the sample that collectively reconstruct the genome of a query individual. Here,

we are searching for pseudo-parents (which are pseudo-ancestors, simply more

recent ones) and we can therefore use this imperfect mosaic concept: two im-

perfect mosaics of the individuals in a sample can reconstruct the transmitted

haplotypes of the query individual’s parents. In other words, our search can be

thought of as an extension of the LS method, except we are now searching for two

individuals at any given site. This motivates our modelling framework to be an

HMM where the hidden states at a site are the pairs of individuals in the sample

that act as pseudo-parents rather than a single haplotype acting as the ancestor.

The emitted states constitute the query individual, similar to the LS approach.

The questions of interest then are:

1. Are these pseudo-parents effective for haplotype estimation in the same way

that true parents are?

2. Does each of the pseudo-parents that we have detected in fact contain one

of the two haplotypes that are genealogical NNs of the two haplotypes that

make up our query genotype?

3. Can we use NN identification to estimate haplotype sharing between pairs

of individuals in the sample?

It is not obvious that the same method can effectively address the first two ques-

tions: perhaps searching for representatives (imperfect mosaics) of parents and

representatives of NNs are two different problems. In this thesis we show that

our model can suitably address both, albeit with a change in parameterisation.

Section 2.2 contains full details on the core part of the model that is relevant

to both, namely the details of our HMM and the method by which we identify a

sequence of pseudo-parents along the genome. Section 2.3 presents the details of

the model specific to haplotype estimation. Finally, Section 2.4 focuses on meth-

ods used for finding NNs and estimating haplotype sharing. We also introduce

two ways for approximating our model in order to gain computational efficiency:
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the graph-based method (Section 2.4.2) and an HMM with subsampling (HMM-

sub; Section 2.4.3). We end with a summary of our HMM approach that outlines

our full algorithm, including its application to phasing and coancestry characteri-

zation. Figure 2.7 at the end of this Chapter provides an illustration of the entire

approach.

2.2 The Hidden Markov Model

Given a query individual, we are searching for one pair of individuals (or more)

which we set as the hidden states in our HMM. Our strategy is to use the standard

HMM algorithms to select the most suitable pair at every SNP, depending on their

genotype at that SNP and the genotype carried by the query individual. The

genotypes at each SNP of the query individual therefore constitute the observed

states. In the next few sections we explain our choice for transition probabilities

as well as the different strategies we considered for assessing emissions. We will

also present the main HMM algorithms that we will be considering: the Viterbi

and the Forward/Backward algorithms.

2.2.1 Transition Probabilities

In our model, transitions between hidden states model recombination events:

when one of the parents that the query genotype (the ‘child’) inherits from

changes, this represents a change in ancestry, or alternatively a change in the

genealogical tree. Similarly to the ideas proposed by Li and Stephens [2003], who

describe a sample as a ‘mosaic’ of the ancestral genetic material, here we want

to capture this mosaicism but within the framework of Mendelian inheritance.

Therefore, while in Li and Stephens [2003] a recombination event meant a change

in ‘ancestor’, here a recombination event translates to a change in ‘parent’.

More formally, suppose we have n sequences consisting of L SNPs. These can

be arranged into
(
n
2

)
= m possible pairs of ‘parents’ for the ‘child’. Between two

SNPs, let P (a recomb. event occurs) = r, suppose r to be quite small, and let
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the transition probability from state i to state j at a particular site be denoted

by ti,j. Note that the probability of recombination depends on which pair of

SNPs is being considered, but here we just consider r for simplicity. Suppose

further that when a recombination event does occur, for individuals a and b,

P (a goes to b) = 1
n
, for a, b ∈ {1, . . . , n}. Note that P (a goes to a) = 1

n
> 0. It

follows that, for distinct individuals a, b, c and d:

ti,j =



(1− r)2 +O
(
r
n

)
if i = {a, b}, j = {a, b}

r(1−r)
n

+O
(
r2

n2

)
if i = {a, b}, j = {a, d}

2r2

n2 if i = {a, b}, j = {c, d}

(2.1)

where the first probability is that of no observable recombination occurring, the

second is for one parent in the pair changing and the third for both parents

changing. The error terms arise from the unobservable recombination events:

from the cases where a parent does recombine but the individual it chooses to go

to is itself, or both parents recombine but choose themselves or each other. In

practice the latter scenario of double jumps is disallowed in our implementation

for computational efficiency, but also to reduce the error rate in the case of

phasing. In other words, between any two SNPs we only allow one candidate

parent to change.

2.2.2 Emission Scores

One natural approach for representing the local parent-offspring relationship in

a trio is using the Mendelian transmission (MT) probabilities independently at

every site. The first order Markov property and the conditional independence

of sites imposed by the simple HMM that we are using in fact imposes such an

approach. In practice, transmission from parents to offspring does not occur inde-

pendently site-wise but is governed by linkage and LD patterns. In other words,

what the child inherits at a site is correlated with what was inherited in neigh-

bouring positions due to allelic associations in the population. However, these
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dependence properties although strong are, as we discover, not critical to incor-

porate in our model and therefore using this emission process to describe the fit

of two candidate parents with the query genotype is a reasonable approximation.

Our first choice for emission probabilities are therefore the MT probabilities.

Mendelian transmission (and its extensions, which we will discuss shortly)

however, is not the only way to quantify the fit between two parents and their

offspring. Instead, we could consider a simpler scenario which looks just at com-

patibility: could the offspring’s genotype plausibly have been inherited from the

particular pair of candidate parents? Compatibility scores have been indirectly

used in numerous population genetics models. Compatibility is a similar concept

to IBS in that the pseudo-parents are required to be in IBS with the ‘child’ at

the locus at which they are selected, but also such that the child’s genotype at

that locus has been plausibly inherited from them as a pair. Compatibility is

also similar to Hamming distance, as are kinship coefficients. We discussed how

all these metrics are relatedness metrics in Chapter 1, and there was therefore

strong motivation to consider compatibility emissions (CE) as an alternative to

MT in our model.

More formally, let the score of emitting genotype x ∈ {0, 1, 2} from state i

at site j be denoted as ei,j(x) and suppose the child’s genotype at site j to be

xj, the father’s to be fj and the mother’s mj. Further, let the probability that

a genotyping error or that a mutation has occured at SNP j be equal to εj.

Considering first the Mendelian Transmission Probabilities, we obtain Table 2.1.

In Mendelian transmission, the probability of the triple heterozygote, ζ, is 0.5.

When this is the case, the emission probabilities are such that when the query

genotype is heterozygous (which is the situation in which haplotype estimation

is non-trivial), the HMM places equal weight on selecting parents that are both

also heterozygous as to some of the other compatible genotype combinations (see

Table 2.1). While this is biologically justifiable, it does not deter the construction

of triple heterozygotes, which do not help resolve phase.

As a result, in order to ensure more informative paths are selected, we could

adopt a weighted Mendelian approach, with ζ being significantly reduced to, say,

0.01. By an informative path we mean one where the pseudo-parent pairs that

it consists of are such that they can resolve phase via Mendelian transmission;
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for more details see Section 2.3.2. This weighted Mendelian approach is not

biologically justified, but is a plausible heuristic solution to our problem.

Compatibility emissions (Table 2.2) would suffer from the same problem as

the simple MT case and are therefore also not expected to yield informative

paths for haplotype estimation. They may be efficient nevertheless at capturing

local relatedness structures in the same way that IBS-based metrics are believed

to, enabling our model to identify true genealogical NNs and extended shared

haplotype chunks. Figure 2.1 is an illustration of the emission scores that are

considered, highlighting the changes in the weight associated to different combi-

nations of pseudo-parental and offspring genotypes. In subsequent Chapters we

explore which choices best match the various applications of our method.

Note that in our method the mutation/error probability is kept fixed at 0.01.

This is in fact an error model. Our approach does not incorporate a mutation

model, in that we do not use population- or sample-based estimates to calculate

this error probability. For example, we could have used the more sophisticated

estimate for the mutation rate which is used by ChromoPainter and the original

LS method: Watterson’s estimate (Watterson [1975]). We do not explore such

a strategy here and the reason for this is two-fold. First, simulations (data not

shown) and other work (for instance Moutsianas [2011]; Section 6.9.1, Figure 6.7)

have shown that variable mutation rates have a negligible effect on the fit of LS-

type models (at least in the context of imputation and phasing). Recombination

is what determines the mosaicism, which is the object of interest here, and we

therefore only explore how our results change when the difference in the order of

magnitude between mutation and recombination changes. The second reason for

incorporating an error model is that genotyping errors in contrast do have real

effects in a method’s performance. An error model can guard against them.
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Figure 2.1 Emission probabilities. The diagram shows a 3 by 3 arrangement of

squares. Each of the three rows represents one of the three main emission scores that

we consider: Compatibility emissions, Mendelian probabilities and Weighted Mendelian

probabilities. The 3 main columns are for the 3 possible genotypes ({0, 1, 2}) that a

query individual may carry at a particular SNP. Each individual square comprises of

9 (3 by 3) smaller squares. Without loss of generality, rows and columns represent the

genotype of the pseudo-father and pseudo-mother respectively. Therefore each smaller

square represents a particular pseudo-trio genotype configuration and is coloured ac-

cording to its equivalent emission score. ε =the probability of a genotyping error; ζ =

the probability assigned to the triple heterozygote.
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Table 2.1 Weighted Mendelian emissions. For the classic Mendelian trans-

missions, ζ = 0.5 but for the purpose of phasing we would typically use a weighted

approach with ζ = 0.01, reducing the frequency of triple heterozygotes. Formally, all

equivalent entries over the 3 blocks should sum to 1. Since, however, ε is typically small

(∼ O(10−2)) we adopt these approximations. fj ,mj , xj = paternal, maternal, child’s

genotype at a site j, respectively.

xj = 0 xj = 1 xj = 2

fj,mj 0 1 2 fj,mj 0 1 2 fj,mj 0 1 2

0 1 1
2

ε 0 ε 1
2

1 0 ε2 ε
2

ε

1 1
2

1
4

ε
2

1 1
2

ζ 1
2

1 ε
2

1
4

1
2

2 ε ε
2

ε2 2 1 1
2

ε 2 ε 1
2

1

Table 2.2 Compatibility emissions. These emissions mark whether the query

individual’s genotype at a site j (xj) could have been inherited from a father and

mother with genotypes fj and mj respectively at that site. The maximum score is

obtained when both parents are compatible.

xj = 0 xj = 1 xj = 2

fj,mj 0 1 2 fj,mj 0 1 2 fj,mj 0 1 2

0 1 1 ε 0 ε 1 1 0 ε2 ε ε

1 1 1 ε 1 1 1 1 1 ε 1 1

2 ε ε ε2 2 1 1 ε 2 ε 1 1
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2.2.3 The Viterbi Algorithm - Identifying and Using Pairs

of Individuals

The Viterbi algorithm (an overview of which can be found in Foreman [1992])

identifies the optimal path of hidden states (here the sequence of parent-pairs

along the genome), given the observed sequence. This is the path of hidden

states along sites which, compared to all other combinations of states, will give

our observed sequence the highest achievable likelihood. If xj is the genotype of

the ‘child’ at site j and m is the total number of pairs of candidate parents (
(
n
2

)
),

the algorithm is as follows:

Initialisation: Vi,1 =
1

m
· ei,1(x1) ∀i ∈ [1,m]

Recursion: Vi,j = ei,j(xj)×maxk{Vk,j−1 · tk,i} (2.2)

∀k, i ∈ [1,m], j ∈ [2, L]

Using Equation 2.2 we build the Viterbi matrix V = (Vi,j) , i ∈ {1, . . . ,m}, j ∈
{1, . . . , L}, normalising each column with cj = maxi{Vi,j}, and storing the trace-

back at each step: the best pair (k, j − 1) that should precede each current

pair (i, j) in the recursion step of Equation 2.2. We have that Vi,j is the prob-

ability of the observed sequence until site j given state i and that we arrived

there following its traceback. Note here that this traceback for state i is the

best possible path that can bring us there. In other words, no other path

that ends at i will give the child a greater likelihood. Equivalently, each en-

try in the last column of V is the likelihood of the ‘child’ given the path that

leads to that entry. Without loss of generality, suppose each entry is unique,

i.e. 6 ∃i, k s.t Vi,L = Vk,L ∀i, k ∈ {1, . . . ,m}. We may thus identify the op-

timal path of hidden states by looking at the traceback of state f for which

Vf,L > Vi,L ∀i ∈ [1,m]/f .

The Viterbi algorithm is the backbone of our model: at every SNP it gives us

a single pair of individuals which we hope contains the true NN haplotypes of the

query genotype and/or a set of pseudo-parents which we can use for haplotype

estimation. It is also the computationally expensive part of our model: at every

SNP, to compute the likelihood for a given pair of pseudo-parents requires an
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iteration that scales quadratically with the sample size. We improve on this

by allowing only single transitions (as previously described), yet the algorithm

remains slow even for modest sample sizes.

The remainder of this chapter now splits into two parts. First, we examine the

remaining steps of the algorithm for the purposes of phasing: how do we collect

more paths? How do we use each to phase? How do we combine the predictions

across all of them? Next, we turn to the identification of NNs and detection of

extended haplotype sharing. We explore the F/B algorithms as an alternative to

the Viterbi algorithm for obtaining the posterior distribution on ‘relatedness’ thus

capturing the full relatedness patterns present in the data. Finally, we discuss

two approximations to the Viterbi algorithm: the graph method and the HMM

with subsampling.

2.3 Application 1: Haplotype Estimation

2.3.1 The Second best and other paths

For haplotype estimation we require pairs of candidate parents that are infor-

mative. As discussed earlier, for all of our choices of emission scores we expect

some proportion of SNPs to be unphasable either due to triple heterozygotes

or because the optimal choice of pseudo-parents is incompatible with the query

genotype at some sites. What is more, it is often the case (data not shown) that

the difference in likelihood between the higher ranking paths is small, suggesting

that information across paths might yield more reliable haplotype estimates. We

thus continue with a discussion on the best strategy for collecting more paths.

In principle, a formal approach to this problem would be one that incorporates a

mechanism for identifying a set of paths with decreasing likelihood. We therefore

present the full approach that we developed (independently of Foreman [1992])

here and more particularly, we begin by exploring how the second best path can

be identified (the path with second highest likelihood).
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Suppose the optimal path is called A and the second best path (a suboptimal

path) is called B. B could be the traceback obtained from state k at site L s.t

Vi,L > Vk,L > Vj,L ∀j ∈ [1, L]/{i, k}, i.e. the traceback from the state with the

second highest value in V.,L. However, this is not the only way that the second

best path could have been derived. Recalling the construction of V , it is possible

to find the second best path by considering deviations away from the optimal

path. In the recursion step of Equation 2.2, for each state i, we consider only

the maximal state k, in the previous column as the state we could have come

from. If instead, at a particular site, j, we considered the second best hidden

state, l, for our traceback (rather than the best possible pair at the previous

site), then we could obtain a path which from states L to j follows the traceback

of A and from j backwards follows the traceback of state l. Call this path U .

P (P (U) > P (B)) > 0 and we claim that B and U are the only two candidates

for the second best path.

Consider a path S and let Sj be the hidden state of S at site j. Now, the second

best path either will or will not end at AL. If it does not, then by construction of

the Viterbi algorithm it must be B since BL has the second highest value in V.,L

and B is the best possibly achievable path that ends in BL (recall that we have

assumed that values in V.,L are unique).

If the second best path does end in AL then it must be the best path deviating

away from A at some site j (as proposed by Foreman [1992]). The fact that

at Vi,j we will now have this second best value will have no influence on our

considerations of other paths, other than U , which overlapped with the optimal

path at this entry. This is because any other path, U ′, that will be affected by

the change must, by construction of the Viterbi algorithm, have a likelihood less

than that of B, i.e P (U ′) < P (B), and so is not a candidate for the second best

path.

There remains therefore only the question of which site j ∈ [2, L] is the best

site at which the deviation should occur. Let U j be the path that is derived

from deviating at site j. The path that should be chosen is the one with the

highest relative likelihood. One approach would be to calculate the full relative

likelihood for each and then observe which one is highest after renormalising.

Since, however, each U j is identical to A from sites j to L, instead of comparing
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the suboptimal paths to each other, we may compare their relative likelihood to

that of the optimal path until the deviation site. In other words, we look for the

suboptimal path U j which at site j has relative likelihood that is ‘closest’ to that

of the optimal path. ∀j ∈ [2, L], if Aj = i, we record:

V ′i,j = ei,j(xj)× submaxk{Vk,j−1 · tk,i}/cj (2.3)

(where submax refers to choosing the second highest value), obtaining thus the

new Viterbi score for site (i, j). Let |Aj| = VAj ,j. We choose the path U j that

maximises
V ′i,j
|Aj | . Recall that |Aj| is the likelihood of the query genotype until site

j given that we have followed the path ending at Aj. Taking the ratio of the two

values cancels the effect of the normalising constants and emission probabilities

(which are the same for both paths) and thus allows direct comparison of the

different suboptimal paths. For simplicity we complete Table 2.3, which records

all the above information.

Table 2.3 Searching for U . The table contains a row for every SNP and row j

contains the relevant information for the optimal and suboptimal paths, if the deviation

was to occur at SNP j. Lmax is the likelihood of the optimal path A until the site in

question, |Aj |; Tmax is the state in the previous site (the traceback) that the optimal

path comes from, Aj−1; L
submax is the likelihood of the suboptimal path U until that

site, |Uj |; T submax is the state with the second highest value in the previous column,

Uj−1. Uj = Aj .

Site Lmax Tmax Lsubmax T submax Lsubmax

Lmax

L |AL| AL−1 . . .

L− 1 |AL−1| . . .

L− 2
...

...

2

We choose U j by identifying the row which has the highest value in the last

column of Table 2.3. In practice in this particular setup, we disallow deviations
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from site 2 as otherwise, due to similar values of Viterbi scores being present along

V.,1, most deviations would take place there. For our choice of U , we calculate the

full relative likelihood of this path (by multiplying with the appropriate transition

probabilities and emission probabilities and dividing by the normalising constants,

all of which are already known) and by comparing to the relative likelihood of B,

we identify the second best path for our ‘child’.

It is straightforward to extend this method for finding the third best path by

looking at the second or third highest entries of V.,L and at the paths deviating

away from A, B and U . We can then extend further for the fourth best path and

so on. By “likelihood order” we mean the path’s rank with respect to likelihood:

first order refers to the optimal path, second order refers to the second best path

and so on. We have also been abusing the term “path likelihood” to mean the

observed sequence’s likelihood given the particular path of hidden states. The

number of paths to consider increases with the the order of likelihood that we are

interested in. We will be discussing the methods for using the various suboptimal

paths that we will collect in Section 2.3.3.

Actually, Foreman [1992] independently presented the generalisation of this

strategy for directly obtaining the top K (possibly overlapping) paths by con-

sidering the best K states to have come from in each recursion of the Viterbi

algorithm. We do not adopt this approach as it is considerably more computa-

tionally expensive than the classic Viterbi and would require prohibitively greater

memory requirements during the iterations in Equation 2.2. Even with our cur-

rent setup, vast amounts of RAM (∼30G for a single individual in a sample of

∼350 individuals and for ∼30,000 SNPs) are required for storing the Viterbi and

Traceback arrays. Moreover, for the purposes of phasing we would only typically

use K < 10 (see Chapter 3; Figure 3.7), and what is more, we know (Chapter

3; Figure 3.2) that using a set of less likely paths does not compromise overall

phasing performance. A strict approach to the level of suboptimality incorpo-

rated in the model is unnecessary, at least in terms of maintaining high accuracy.

Foreman’s strategy (and therefore the strategy we also presented here) explicitly

does not guard against paths overlapping, which in some sense in this context

defeats the purpose of collecting them in the first place: more paths are necessary

in order to ensure that we have at least one informative path at each heterozygous
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site. Finally, it is in fact possible to extend our more ad-hoc approach in order

recover these paths after running Equation 2.2. We may in fact iterate back to re-

cover as many suboptimal paths as necessary, while Foreman’s approach demands

in-advance knowledge of the value of K.

We initially implemented the ‘full’ approach to recovering paths in the way just

described. However, our initial results (presented in Chapter 3) do not support

this strategy for phasing performance to be maintained as path likelihood does

not correlate with phase accuracy. In practice, therefore, we only pick the best K

entries from the last column of V . These paths are more informative for phasing

as there is less overlap between them (data not shown). Moreover, since path

likelihood is not correlated with performance it is unnecessary to perform these

more computationally expensive iterations and, what is more, B is much more

often the 2nd best path compared to U (see Chapter 3 for more details). When

there are non-unique entries in V.,L we sample one path uniformly and at random

from the set of paths with the same likelihood order and therefore the K best

paths are each random picks from the top K likelihood sets. It was, however,

worth discussing the ‘correct’, likelihood-based approach for picking paths as it

is not obvious that under complicated demographic histories it will always be the

case that performance will not be affected when using less likely paths.

A heterozygous site is phasable if there is at least one parent-pair in the sample

which is informative at that position. Consequently, for each site that has not

been phased by the top K paths it is possible to identify the best path that will

phase it. To achieve this for each such site j, we select the best informative parent

pair from V.,j and obtain the traceback. To complete the sequence forwards we

rerun the Viterbi algorithm once more with the order of the SNPs reversed and

repeat the procedure. All in all therefore, to ensure a fully phased sequence the

Viterbi algorithm would need to be run twice, collecting the set of K paths and

enriching it as necessary such that there is at least one informative path for every

heterozygous site.

The caveat here is that this procedure requires fully stored Viterbi and trace-

back matrices which has prohibitive memory requirements for even modest sample

sizes when entire chromosomes are being analysed. As a result our present algo-
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rithm will leave some sites unphased. In our implementation, the default value

for K is 10 and any remaining unphased sites are phased randomly.

2.3.2 Phasing with a path of pseudo-parents

We revisit here some of the core concepts of our model for the purpose of phasing.

We have aimed to identify the two individuals from the sample that may represent

the true parents of a query genotype at a SNP. If we have successfully selected

them then it follows that the pseudo-parental genotypes at that site are the

same as the parental genotypes. Phasing a heterozygous site is then achieved by

transmission. For example, if the genotype of the pseudo-mother is 0 and that of

the pseudo-father is 2 then the ‘child’ must have inherited the alternative allele

from the pseudo-paternal haplotype.

More generally, suppose we have an optimal path of pseudo-parents, S =

(M,F ), where M is the sequence of pseudo-mothers and F is the sequence of

pseudo-fathers. Then (M1, F1) is the optimal pair of individuals selected at the

first SNP. Given the genotypes of M and F at each position, we determine the

child’s two haplotypes, (H1, H2), inherited from M and F respectively as demon-

strated in the toy example below (Example 0, Table 2.4).

The example illustrates the two cases that we have already discussed, in which

phasing by transmission is impossible. When both parents carry the same alleles

(first pair of ‘?’s), we have an incompatibility, indicative of a de novo mutation

or genotyping error. If both parents are heterozygous (second pair of ‘?’s) it is

similarly not possible to determine from which parent the child has inherited the

derived allele.

In this example we are assuming that it is straightforward to assign the two

individuals selected at each SNP to the pseudo-mother or pseudo-father group.

This is trivial here because there is a single pair of individuals that is optimal

for the entire sequence. If only one of the parents changes along the sequence at

some SNP j then we can assign the individuals in the two groups unambiguously

in this case as well. To illustrate this, suppose that the optimal pair of individuals

is (A,B ) from site 1 to j and (A,C ) from j to L. Then without loss of generality
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Table 2.4 Example 0: Phasing by transmission. Each site is considered sepa-

rately by determining which parent has transmitted the ancestral allele and which the

derived allele. In cases where this is impossible to distinguish, a prediction cannot be

made and this is marked by a ‘?’ in the diagram. (H1,H2) are the haplotypes of the

child, inherited from M and F respectively.

M : 0 0 1 1

F : 2 0 0 1

child: 1 1 1 1

↓

H1: 0 ? 1 ?

H2: 1 ? 0 ?

Mi = A everywhere (i.e. ∀i ∈ {1, · · · , L}) and Fi = B for i ∈ {1, · · · , j − 1} and

Fi = C for the remainder of the sequence (i.e. i ∈ {j, · · · , L}).
Problems arise if double jumps are allowed to occur: when both parents change

between two adjacent SNPs. In such instances it is impossible to know how best to

align the four sets of transmitted haplotypes into two estimates for the haplotypes

of the ‘child’. Misalignment may then lead to phasing errors. To illustrate this,

consider the toy data from Example 1 below (Table 2.5).

Let the optimal pair of individuals is (A,B) at the first two positions and

(C,D) at the next two. Without loss of generality, there are two possibilities for

aligning the two groups. In the first possibility, M = {A,A,C,C} and therefore

F = {B,B,D,D} and the phasing results are demonstrated in Case 1 of Table

2.6. However, it is equally possible that M = {A,A,D,D} and F = {B,B,C,C}
in which case we get the diagram configurations in Case 2 of Table 2.6. In Case

2, H1 and H2 are as in Case 1 for the first two sites, but then flip over for the next

two. Using our model, it is impossible to infer which of the two is the correct
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Table 2.5 Example 1: A toy data set of genotypes. The data here consists of

four individuals A−D and the query individual, the ‘child’. Genotypes are shown for

four SNPs.

A: 0 0 1 1

B: 2 1 0 1

C: 1 0 2 0

D: 1 0 1 1

child: 1 1 1 1

orientation. This is the reason for which restricting to single jumps is advanta-

geous. When only single transitions are allowed, the optimal path could instead

be (A,B) at the first two sites, then (A,C) at site 3 and (D,C) at the last site.

Then, we unambiguously infer that M = {A,A,A,D} and F = {B,B,C,C} and

the prediction for the child’s haplotypes is now also unambiguous, as illustrated

in Case 3 (Table 2.6).

Note again that this restriction has little effect on the choice of pseudo-parents,

as what previously may have been a double jump (which was a rare event; data

not shown) is typically translated into two (near) consecutive single transitions

(data not shown). In this way, the overall choice of pseudo-parents is negligibly

affected, while allowing for the transmitted haplotypes’ orientation to be resolved.

Finally, recall the second major advantage of single transitions: the restriction of

the hidden states considered during the iterations of the Viterbi algorithm and

the great improvement that follows in computational efficiency.
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Table 2.6 Aligning pseudo-parents and phasing by transmission as

demonstrated in Example 0 (Table 2.4). The parental genotypes for

M and F are obtained using the the data from Example 1 (Table

2.5). Case 1: M = {A,A,C,C}; F = {B,B,D,D}; Case 2: M =

{A,A,D,D}; F = {B,B,C,C}; Case 3: M = {A,A,A,D}; F =

{B,B,C,C}

Case 1

M: 0 0 2 0

F: 2 1 1 1

↓

H1: 0 0 1 0

H2: 1 1 0 1

Case 2

M: 0 0 1 1

F: 2 1 2 0

↓

H1: 0 0 0 1

H2: 1 1 1 0

Case 3

M : 0 0 1 1

F : 2 1 2 0

↓

H1: 0 0 0 1

H2: 1 1 1 0
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2.3.3 Combining path predictions

We have presented how haplotype estimation is achieved when a single path of

pseudo-parents is being used. We must now consider how to phase the query

genotype when multiple pseudo-parental paths have been collected. Each path

when considered in isolation should produce its own pair of haplotype estimates,

though one would hope that overall there will be great consistency across the

different predictions (up to a permutation of the two haplotypes). There are two

different strategies that we may adopt: either via ‘Left to Right’ (LTR) approach

by which a prediction is made at each SNP in turn using all the available paths,

or via a ‘Top to Bottom Scaffolding’ (TTB) approach, in which we initialise the

process with an estimate of the two haplotypes across the whole region and then

update this estimate using the full, separate path predictions.

Both the ‘Left to Right’ and the ‘Top to Bottom Scaffolding’ strategies may

be implemented in various ways and we explored a range of approaches for each.

A detailed description for all the attempted methods follows in the next sub-

subsection, though first we present the method that yielded the most accurate

results and that was used for analysing real data (see Chapter 3). We discovered

that a ‘Left to Right’ approach that puts equal weight on the predictions of each

path at each site was the most accurate and best calibrated method among all

attempted strategies. We call this method the SM (Simple Means) approach, and

also describe it in more detail in the next sub-subsection as a specific instance

of a general Left to Right strategy. In our phaser, therefore, to integrate the

predictions of the optimal and suboptimal surrogate parents into a final pair of

haplotypes we simply choose the orientation of the heterozygote that is favoured

by the greater number of paths at each SNP. The full SM algorithm is given in

Algorithm 1.

Algorithm 1 Combining path predictions: Simple Means

1. Obtain separate haplotype estimates from each path

2. Orientate the path predictions such that all paths agree at the first site and

fix the prediction at that site
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3. For each subsequent site, predict the orientation of the heterozygote by

choosing the one that agrees with most paths

4. For the paths that disagreed with our selection, flip over their predictions

from the current site onwards

5. Record the proportion of informative paths that had agreed, setting it to be

the prediction probability for that site

We have found (see Chapter 3) that the accuracy of a path’s predictions is

largely uncorrelated with the path likelihood and therefore a more sophisticated

weighting scheme for combining path predictions would offer no additional pre-

dictive power. It is therefore no surprise that this is the strategy that performed

best.

2.3.3.1 Other attempted methods

Left to Right Approach

This approach is the generalisation of the SM method, in which we build on

our confidence for the phase of every SNP progressively, using the predictions of

all paths at each location and considering only the SNPs that we have previously

phased. To illustrate this procedure, let Hi = {Hi1,Hi2} be the pair of haplotypes

predicted by path i, suppose we have K paths and L SNPs (at which the child is

heterozygous) and let a bullet represent the predicted sequence until the current

site. Overleaf is an illustration of how the method works.
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An illustration of the left to right approach

site 1 → site 2 → site 3 → · · · → site j → · · · → site L

0 or 1 •0 or •1 •0 or •1 · · · •0 or •1 · · · •0 or •1

H11,1 H11,2 H11,3 · · · H11,j · · · H11,L

H21,1 H21,2 H21,3 · · · H21,j · · · H21,L
...

HK1,1 HK1,2 HK1,3 · · · HK1,j · · · HK1,L

The diagram shows the first haplotype predicted from a set of K paths (rows;

{H11, · · · , HK1}) along L sites (columns). Starting from left to right, at each posi-

tion the paths vote on whether the first haplotype of the child should carry the 0 or the

1 allele. After each prediction and before the next one, the paths are re-aligned such

that they agree on all preceding sites.

We examine each site separately, considering just the sites preceding it. At

every SNP we decide whether the first haplotype should have a 0 or 1 allele and

set that to be our prediction for that site. After the prediction is made, we flip

over the predictions (interchange Hi1 and Hi2) from that site onwards of all the

paths in our collection whose configuration disagreed with the decision made. As

a result, all paths will have the same haplotypes until the current site j, which

accounts for the fact that the predictions of the various paths are unordered and

so could be permutations of each other: what is the ‘first haplotype’ (Hi1) of one

path could initially be the ‘second’ one for another path (Hj2, i 6= j). Re-orienting

the predictions of the paths whenever they disagree with the call made at a SNP

also guards against further phasing errors. This is because assuming our call is

correct, when a path disagrees it suggests that at that position its haplotypes are

arranged with the opposite orientation to our estimated haplotypes. Therefore,

swapping them over ensures that they re-align with our overall prediction. Fol-

lowing this approach ensures that during the iteration all path predictions agree

on phase for all sites until the current one.

To count the votes on the prediction at any one SNP we may:
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1. Simple Means (SM): obtain the simple mean m over all predictions at each

SNP and set this to be the final prediction. This is the best strategy that

we have already described – we are only putting it in the context of similar

approaches here. The probability of making the prediction is max{m,1- m},
i.e. the proportion of the paths that agreed with it. This method performed

best and is the one implemented in our phaser.

2. Weighted Means (WM): use the mean over all predictions at each SNP,

weighted by their relative likelihoods. To obtain a probability for each

prediciton, consider the following. Call a particular phase at a SNP R.

Then one way to score R is by Q2 =
∑

i∈AR
Li, where AR is the set of

paths that favour orientation R and Li is the likelihood of path i. We can

similarly calculate Q−12 for the opposite prediction at that site and then the

probability for our prediction is
max{Q2,Q

−1
2 }

Q2+Q
−1
2

.

3. Best Candidate (BP): at each SNP choose the path with the highest like-

lihood that is informative of phase at that SNP and use just this pair of

parents to phase from. If path j is selected, we set the probability of our

predictions to be
Lj∑
k Lk

.

Top to bottom Scaffolding Approach

Suppose that it is possible to “guess” a consensus pair of haplotypes in ad-

vance, before using all the individual path predictions. In the Top to Bottom

Scaffolding (TTB) approach we revisit our “guess” at each SNP, then modify it

by flipping the orientation of the prediction at each SNP in turn if necessary.

To decide on whether to flip we consider whether our collection of paths support

the current orientation over the previous one for that particular SNP, given the

entire sequence. We use the same annotation as before, with Hi1,j referring to the

first haplotype of path i until site j (so that Hi1,L = Hi1). Considering just the

first haplotype (Hi1), at the top of page 65 is an illustration of this scheme. In

practice, the consensus is initialised by setting it as the prediction of the optimal

path. If there were any unphased sites which can be phased by other paths in

our set, we initialise these by phasing them at random.
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To assess the consensus we consider the following: assuming we knew the true

haplotypes, we would like to add more weight to paths that have predictions closer

to the truth and less weight on paths whose predictions carry more errors. We

define a new score that will incorporate both of these criteria, Q1, and compute it

for each path. Q1 considers the likelihood and the number of switch errors (a type

of phasing error; see Chapter 3, Section 3.2 for the full definition) realised when

comparing a path’s prediction to our prediction until the current site. If K is the

number of paths, Li the likelihood of path i, and si the number of switches that it

leads to when comparing its pair of predictions against our estimated haplotypes

until the current SNP, at each SNP we consider:

Q1 =

∑i=K
i=1 Lisi∑i=K
i=1 Li

(2.4)

by evaluating Q1 at the predictions for the whole sequence. We then recalcu-

late this score considering the whole sequence, but with the orientation of the

predictions of the current SNP reversed (call this second score value Q−11 ). The

orientation that minimises our score is set as the new current prediction, and

an ad-hoc score ∈[0,1] that can be used for calibration is
max{Q1,Q

−1
1 }

Q1+Q
−1
1

. We then

proceed to the next site.

Following the illustration overleaf, at a site j we are trying to decide whether

the first haplotype should have the 0 or 1 allele by considering the predictions

of all the paths over the entire sequence. After deciding for that site and before

examining the next one, we flip over the predictions from that site onwards for the

paths that had the opposite allele. In the toy example the predictions for path H1

would be flipped from sites j to L. In the end, the derived, modified consensus

is our final estimate for the haplotypes of the child. We set the calibration score

at each heterozygous site to be
max{Q1,Q

−1
1 }

Q1+Q
−1
1

.
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An illustration of the Top to Bottom Scaffolding approach

Sites: 1 2 3 · · · j · · · · · · L

Original Consensus: 0 0 1 · · · 1 · · · 0 0 1

Alternative Consensus: 0 0 1 · · · 0 · · · 0 0 1

H11: 0 0 1 · · · 1 · · · 0 0 1

H21: 0 0 1 · · · 0 · · · 0 0 0
...

HK1: 0 0 0 · · · 0 · · · 0 0 1

Obtain first a consensus prediction. Then revisit each SNP and consider an alternative

consensus which has the orientation at the current SNP reversed. The diagram shows

the first haplotype predicted from a set of K paths (rows; {H11, · · · , HK1}) along L

sites (columns). Revisiting SNP j: here the set of paths {H1,· · · ,Hk} would most likely

support the alternative orientation.

2.4 Application 2: Nearest Neighbours and hap-

lotype sharing

So far we have discussed the application of our model to haplotype estimation. We

now consider the details for the alternative scenario where we investigate whether

we identify the query genotype’s NNs at every position along the genome. By ob-

serving the regions over which a NN does not change, we have effectively identified

the region over which the query genotype shares a haplotype with that NN (for an

illustration you may refer back to Figure 1.2). These shared haplotypes are not

necessarily IBD chunks, in that they could be shared with NNs with which the

TMRCA precedes the theoretical threshold assumed by IBD approaches. They

are nevertheless shared chunks in their own right and may be used to characterize

relatedness levels present in a sample.

In this context, collecting suboptimal paths is not useful. Rather, we will dis-

cuss the Forward/Backward algorithms as alternatives to the Viterbi algorithm
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for searching for NNs. Finally, we present two separate methods that were devel-

oped to approximate the full HMM, such that identification of NNs and shared

haplotypes is still accurate, but significantly more computationally efficient. The

two methods are a graph approximation to our HMM and the original HMM

but with a subsampling strategy that massively reduces the state space at each

position.

2.4.1 The Forward/Backward Algorithms

Identifying an individual’s nearest neighbours in a sample can be very useful, as

we have previously discussed. For certain applications, obtaining a single pair

of individuals at every SNP is sufficient for capturing local structure present in

a data set. The Viterbi algorithm achieves precisely this: it identifies a single

best path of individual pairs along the genome and provides a straightforward

method for identifying shared haplotypes between them and the query genotype.

This approach, however, offers no insight on the extent of suboptimality that the

true NNs might have under our model. Finally, it also does not explore the full

posterior distribution of NN-candidacy of all the individuals in the sample. The

posterior of an individual being a NN of the query genotype at a certain posi-

tion is a metric for the relatedness between them at that position. Generalising

therefore over the entire sample, this approach could offer a new measure for local

relatedness. It is therefore of interest to establish whether the Forward/Backward

(F/B) (Rabiner [1989]) characterizes local coancestry at least as effectively as the

Viterbi algorithm.

We employed the F/B algorithms to investigate whether in the cases that the

Viterbi algorithm did not identify the true NNs this was due to chance (that is,

the NNs could have been picked during the iteration but were not due to non-

uniqueness of likelihoods) or whether in fact the posterior of the true NN pair

was suboptimal, suggesting that sampling a path of NNs is in fact unlikely using

our HMM. The F/B algorithms each calculate the likelihood of a path of hidden

states until a site, conditional on the observed sequence from start/end until that
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site. Using the same notation as in Section 2.2.3, the Forward algorithm is:

Initialisation: Fi,1 =
1

m
· ei,1(x1) ∀i ∈ [1,m]

Recursion: Fi,j = ei,j(xj)×
∑
k

{Fk,j−1 · tk,i} ∀k, i ∈ [1,m], j ∈ [2, L]

P (observed sequence) =
k=m∑
k=1

Fk,L.

Similarly, the Backward algorithm is:

Initialisation: Bi,1 = 1 ∀i ∈ [1,m]

Recursion: Bi,j−1 =
∑
k

ek,j(xj)× {Bk,j · ti,k} ∀k, i ∈ [1,m], j ∈ [2, L]

P (observed sequence) =
k=m∑
k=1

ek,1 ·Bk,1 ·
1

m

Then, the posterior probability of being at hidden state i at site j given the

sequence is Pi,j =
Fi,j ·Bi,j∑
k Fk,j ·Bk,j

. It further follows that the posterior of a particular

individual, A say, being a NN at site j is PA
j =

∑
B PB,j ∀B in the remaining

individuals.

The F/B algorithms assess all the choices of pseudo-parents site-wise, pro-

viding the full distribution of posterior probabilities for all individual pairs. In

principle it is possible to look at the set of pairs with maximal posterior at each

site and decode the minimum number of transitions required along the sequence

in order to identify maximum haplotype sharing, in the way that is achievable

using the results from Viterbi. We do not explore this further here.

As with the Viterbi algorithm, in their current implementation the F/B al-

gorithms cannot be implemented on large data sets, both due to speed and due

to memory requirements. A sparse approach would be more tractable, as is our

HMM with subsampling (HMMsub).

2.4.2 The Graph

The algorithm for identifying pseudo-parents has a state-space that scales quadrat-

ically with the number of samples. Consequently, for moderate sample sizes (e.g.
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>1,000 individuals) it becomes impractical to implement, both in terms of speed

but also in terms of memory requirements. For example, for a sample of 400 indi-

viduals for the whole of chromosome 20 (≈ 30,000 SNPs), the algorithm requires

12Gb of RAM and about two weeks to obtain results for a single individual. We

have therefore explored strategies for improving efficiency that enable analysis of

large samples with very little loss of accuracy. This subsection presents the first

such method that was attempted. The method gains computationally by:

1. Using a graph-based method to summarise variation in a data set

2. Prioritising certain pairs of candidate pseudo-parents

Given a starting position a set of genotype sequences can be represented by a

tree structure, T , specifically a suffix tree. Such representations have been used

for haplotype data, for example, in the haplotype-graph approach of BEAGLE

(Browning and Yu [2009]), in imputation of HLA alleles (Dilthey et al. [2013])

and in the representation of extended haplotype structures arising from selective

sweeps (Sabeti et al. [2007]). In this project, we have adopted an equivalent

approach which is genotype-based.

2.4.2.1 Constructing a genotype graph

The genotype tree T is constructed from left to right, starting at the first SNP:

initialise the tree with as many nodes as there are unique genotypes (coded as

0, 1 or 2 copies of the alternative allele) present in the sample at that first SNP.

At every subsequent position j, T is extended by adding one new node for each

unique genotype that follows each of the nodes at j− 1. These nodes are labeled

as Tj,i, i ∈ [1, N ], where N is the total number nodes present at that SNP. The

edges join nodes in adjacent positions such that they represent the observed

combinations of genotypes at these positions. Therefore, nodes Tj−1,∗ and Tj,?

are joined by an edge, if in the data there exists an individual that at j− 1 and j

carries the genotypes represented by these nodes respectively. It follows therefore

that each node will have:

1. One incoming edge, from its parental node,
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2. At least one and up to three outgoing edges.

For an illustration of the construction process refer to Figure 2.2. In the example

in the figure, there are 4 individuals with genotypes at 3 SNPs and a single tree

can be constructed to represent the data (depicted in the middle of the diagram).

There are two unique genotypes present in the sample at SNP 1, namely 0 and

2, and therefore the graph representation of the data is initialised with 2 nodes,

T1,1 and T1,2, each of size 2 (since both carry two individuals, (A,B) and (C,D)

respectively). Looking next at SNP 2, all individuals that had 0 at SNP 1 have

genotype 0 at SNP 2 and therefore node T1,2 is extended, by an edge, to just one

node T2,1, of size 2. In contrast, the 2 individuals that had genotype 2 at SNP 1,

now have genotypes 0 and 2. Therefore T1,2 is extended into two nodes, T2,2 and

T2,3. Following the same logic, we extend again obtaining 4 nodes for SNP 3, at

which point we have identified each individual unambiguously and the iteration

ends. The purpose of the bottom tree in the figure is to illustrate how the node

labelling system works.

We see, therefore, that as the suffix tree grows from left to right away from

the starting position, the number of nodes present at each position increases

until the number of leaves equals the number of samples. Then, the genotype of

every individual may be recovered unambiguously by following up the tree from

the relevant leaf back to the root. In the example in Figure 2.2 a single tree is

sufficient to represent the data for the whole sequence. In general, however, this

is typically not the case; tree size depends on the levels of variation present in the

sample, with lower levels leading to trees that span greater genomic distances.

If a tree ends before the end of the sequence is reached, then a new tree can be

constructed from the ending position (the breakpoint) onwards.

2.4.2.2 Using a genotype graph to select pseudo-parents

The purpose of representing the data in the form of a genotype graph is to redefine

the hidden state-space of candidate pseudo-parents. In the original representation

of the data, the variation present at a SNP j is captured by the full list of

genotypes. Given a tree structure T , however, this variation can be summarised
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Figure 2.2 Building a genotype graph. The figure is split into 3 main parts. At

the top is a toy sample of genotypes, consisting of 4 individuals, A-D over 3 SNPs. The

middle part contains the graph representation of these genotypes while the bottom is

an illustration of the same graph, consisting of node labels: Ti,j is the name of node j on

SNP i. The graph is constructed left to right: at the first SNP there are as many nodes

as there are unique genotypes in the data at that SNP. Each node is then extended to

the right: it is joined by edges to nodes on the next SNP for all the possible genotypes

that can follow the current node, given the data. This is continued until the end of the

sequence is reached (as is the case here) or until all the individuals can be identified

uniquely (as is also the case here).

by the set of nodes Tj,? present at that SNP. In the original HMM we selected

pseudo-parents by considering pairs of individuals; now it is sufficient to consider

pairs of nodes instead. Suppose the number of nodes at j is Nj and that two
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unique nodes are Tj,a and Tj,b (i.e. a, b ∈ {1, · · · , Nj}, a 6= b). Then, the pair of

nodes (Tj,a, Tj,b) represents all the pairings between the individuals that live on

node Tj,a and those that live on Tj,b. A node can pair with itself if it has size ≥2.

Moving along a sequence results in an increase in the number of nodes in the

tree such that the number of states approaches the number of samples. There-

fore, while the number of pairs considered earlier (further to the left) in the tree

is significantly smaller than
(
n
2

)
, this number increases to

(
n
2

)
by the end of the

tree. Nevertheless, even from this change in representation in large parts of the

sequence the state space has been greatly reduced making this a more computa-

tionally tractable approach.

Each pair here is assessed in a similar fashion to assessing individual pairs,

namely by considering an emission score. This score will depend on the genotypes

represented by the two nodes, and by the genotype carried by the ‘child’. Here,

it is not enough to assign an emission score to each node pair separately for each

SNP. Instead, at any given position the score must reflect both the compatibility

at the current position but also the compatibility of the entire traceback of the

two nodes along T leading up to it. Recall from Table 2.2 that the emission score

of a pair of genotypes u, v at a site is eu,v(x), where x is the genotype of the

query individual at that site (u, v, x ∈ {0, 1, 2}). Here, rather than considering

the emission score, we introduce a penalty score, S. At site j, for a pair of nodes,

i say, representing genotypes u and v, we have that pj,i := − log10(eu,v(x)). Then,

if pair i contains nodes whose parental nodes formed pair k at j − 1, the penalty

score for that pair i is Sj,i such that:

Sj,i =

{
pj,i if j = 1
Sj−1,k + pj,i otherwise

(2.5)

Progressing along the tree, nodes whose traceback up the tree has been incom-

patible with the query genotype accumulate higher scores. Note that for pairs

of nodes where no incompatibilities have been encountered S = 0. Higher S

values may reflect multiple single incompatibilities (where one of the nodes in a

pair represents a genotype that is incompatible with the query genotype) and/or

double incompatibilities (where both nodes in a pair are incompatible with the

query genotype).
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An illustration of the how node pairs are used in order to select pseudo-parents

is shown in Figure 2.3, which uses the data and T from the example introduced

in Figure 2.2. At the first SNP there are two nodes, T1,1 and T1,2, each of size

2. Therefore, there are 3 possible node pairings: the two nodes with themselves

((T1,1, T1,1) and (T2,2, T2,2)) and a pair consisting of both of them, (T1,1, T1,2). This

is illustrated in the first column of Figure 2.3. Each pair is assigned its respective

penalty score S1,?. Proceeding to SNP 2, there are 3 nodes in the graph of Figure

2.2, T2,1-T2,3. Therefore, there are 4 possible pairings, illustrated in the second

column of Figure 2.3: T2,1 can pair with itself since it has size > 1 and the other

pairs are of all the nodes pairing with each other. The edges between columns 1

and 2 in Figure 2.3 join each pair of nodes at SNP 2 with the pair of nodes at

SNP 1 that contains its parental nodes. For example, following the bottom part

of Figure 2.2, the parent node of T2,1 is T1,1 and of T2,3 is T1,2. Therefore, in Figure

2.3, the pair (T2,1, T2,3) is joined by an edge to the pair (T1,1, T1,2). Iterating in

this manner, we consider and score all possible pairs of nodes at each SNP. We

may then identify the optimal pair of pseudo-parents for this genomic region by

identifying the pair of leaf nodes (which are unique individuals) with minimum

penalty score S.

In the process described here, when we consider all the pairs of nodes at a SNP

j, we have already computed the penalty scores for their parental pairs of nodes.

We can thus identify pairs of nodes which are unlikely pseudo-parent candidates,

that is, the pairs of nodes whose traceback up the tree has been accumulating

incompatibilities. As we are iterating along, we can therefore improve on efficiency

even further by pruning those parts of the tree that have low likelihood, thus

controlling the growth of the state space. In other words, when we consider

candidate pairs of nodes at every position we can choose to discard some of them

if until our current position they have not demonstrated that they are a good

fit with the query genotype. This heavily reduces the number of pairs of nodes

that need be considered at each SNP. For example, we may keep track of all of

node pairs whose history has no more than X incompatibilities with the query

genotype (X being typically 0 or 1). Once the minimum number of mismatches

exceeds X for all remaining pairs, we reach a breakpoint and the iteration stops at

that position rather than at the end of the tree. The pseudo-parents are identified
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Figure 2.3 Using the graph to select pseudo-parents. The diagram demon-

strates the process for selecting optimal pseudo-parents, continuing from the example

presented in Figure 2.2. At each SNP, nodes here represent the possible pairs of nodes

from the graph in Figure 2.2. Each node here, node i say, at each SNP, j, is assigned

a penalty, Sj,i. pj,i is − log10 of the compatibility emission score (Table 2.2) of pair i,

given the query genotype at j. Edges in this illustration represent the parent-daughter

relationship for the members of the node pairs. Refer to the text for a full explanation

of the example being presented here.

only until that position by sampling uniformly across all optimal pairs of nodes,

and uniformly across all individuals carried by these nodes.

Continuing with the example of Figures 2.2 and 2.3, this pruning process is

illustrated in Figure 2.4. Let pruning take place if a double incompatibility or

two single incompatibilities occur. At SNP 1, the pair (T1,2, T1,2) represents the
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pair of genotypes (2,2) both of which are incompatible with the query genotype

at that site (refer to Figure 2.2 for the toy data). In Figure 2.4 therefore this

pair is not extended at the next site. Similarly, the pair (T1,1, T1,2) has a single

incompatibility, and the pair T2,1, T2,3 has another and therefore the latter is

also not extended at the next site. Overall, therefore, Figure 2.4 depicts the

significant reduction in the state space compared to Figure 2.3, which leads to a

great improvement in computational efficiency.

So far we have described the process for obtaining a pair of pseudo-parents for

the region captured by a single genotype tree, until its breakpoint. As previously

mentioned, however, the breakpoint (or the end of the tree) is unlikely to occur

at the end of the sequence and we must therefore discuss the way for extending

the method forwards, in order to obtain a full path of pseudo-parents. When we

reach the end of the iteration, the process restarts by building a new genotype

tree from the breakpoint (or an earlier position) onwards. The new tree can then

be considered in the same way in order to identify the optimal pair of individuals

for this new region. This new pair could be a different pair to the previous one,

indicating a recombination event. To ensure that only single recombination events

occur, the initialisation of the new tree at the new start site must differ in the

following way:

• There must be 2 nodes, each for the optimal pair of individuals identified

using the preceding tree,

• Then there may be as many more nodes as there are unique genotypes

among the remaining individuals at the start site.

What is more, during the recursion only pairs of nodes including at least one of the

previously-optimal individuals should be considered. This way, we guarantee that

at at least one of them ends up in the new optimal pair derived from the current

genotype tree. This approach ensures only single parent transitions. While this

is not necessary here for computational gains, it contributes to our ability to

detect extended shared haplotype chunks: if we did not impose this condition

then a double jump (a transition where both pseudo-parents change between

adjacent SNPs) might occur by chance (there are multiple NNs and multiple
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Figure 2.4 Pruning the graph to select pseudo-parents. A tree is shown

here to demonstrate how the graph structure representing the toy data from the toy

example in Figure 2.2 is used to select pseudo-parents. The diagram shown here is

the pruned version of the illustration in Figure2.3. Nodes here represent the pair of

nodes from the graph in Figure 2.2 but pairs are included at each site only if they

have not accumulated too many incompatibilities at previous sites. We indicate the

nodes that would have been extended by a cross. Each node here, node i say, at each

SNP, j, is assigned a score. Sj,i = the score of pair i at site j; pj,i is − log10 of the

compatibility emission score (Table 2.2) of pair i, given the query genotype at j. Edges

in this illustration represent this parent-daughter node relationship. Refer to the text

for a full explanation.

optimal pairings and a different one is equally likely to be selected) and therefore

a longer shared chunk will be missed. Moreover, if both parents really do need to

change, just as in the HMM this may be reflected by another breakpoint occurring

soon afterwards; that is, by two nearby single transitions.

We are now in a position to briefly outline the full algorithm for the graph

method:
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Algorithm 2 The graph method

Initialisation:

1: Construct a suffix tree starting at SNP 1

2: Iterate over all pairs of nodes, scoring and pruning until a breakpoint, at SNP

j say, is reached.

3: Identify the optimal pair of individuals, I1 for the region.

Recursion:

1: Set J = j

2: Set K = 1

3: while J 6= L do

4: Construct a suffix tree, starting at J , initialising with separate nodes for

the individuals in IK .

5: Iterate over all pairs of nodes, scoring and pruning until a breakpoint, at

SNP j say, is reached.

6: Set K → K + 1

7: Identify the optimal pair of individuals, IK+1 for the region.

8: Set J = j

9: end while

Termination:

1: Obtain the set of pseudo-mothers and pseudo-fathers using {I1, I2, · · · , IK},
such that only one parent changes at any one time.

2.4.2.3 Subsampling

In our graph implementation, for each genotype tree that is constructed pairs of

nodes are pruned when they accumulate too many incompatibilities with respect

to the target genotype. If it were possible to exclude these nodes in advance

- by removing the appropriate individuals - this would heavily reduce run-time.

This motivates a subsampling approach: if individuals are selected such that they

are compatible with the query genotype over longer regions, then they are most
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likely the ones to end up in the optimal pairs, allowing for the remaining samples

to be discarded safely. This would speed up the algorithm by several orders of

magnitude since:

1. T would now represent fewer individuals and could thus be built more

quickly (for a reminder on how the tree is constructed refer to Figure 2.2).

2. T would now carry fewer nodes and therefore significantly fewer pairs of

nodes would need to be considered at each SNP.

To devise the best subsampling algorithm for the graph method that will

have minimal impact on accuracy, we must first consider how the graph method

works. For each genotype tree, we score pairs of nodes according to some emis-

sion matrix (the approach was demonstrated in Figures 2.3 and 2.4). For NN

detection and for making inference on haplotype sharing we have discovered that

the IBS-inspired compatibility emissions (Table 2.2) perform best (see Chapter

4). It follows, therefore, that any subsampling approach should be one where

the discarded individuals are ones which would have been hugely disfavoured by

the compatibility scoring system. It also follows that were we to use the graph

method for a different application, such as haplotype estimation, where a differ-

ent scoring system is more effective, the current subsampling scheme would not

be suitable.

Adopting therefore a compatibility-based subsampling approach, in order to

prevent loss of accuracy with the graph method, we would need to ensure that:

1. The subsampled individuals are such that they will maximise the distance

until the next breakpoint. Recall that a breakpoint occurs at the SNP along

the genotype tree when all pairs of nodes have accumulated enough incom-

patibilities such that they are deemed unsuitable by that point. Moreover,

recall that one of our aims is to detect maximal haplotype sharing as a proxy

for local relatedness and maximising the distance until the next point is key

for achieving this.

2. All the alleles present in the query genotype until the breakpoint (which is

unknown) are represented in the subsampled set of individuals
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Suppose we have a sample of n individuals, {G1, · · · , Gn}. At SNP j, let the

genotype of Gi be denoted by Gi
j and let the genotype of the query individual,

Q, be denoted by Qj. The alleles of Qj are the two haplotypes of Q at j, and are

denoted by Q1
j and Q2

j . For example, if Qj = 1, then without loss of generality

Q1
j = 0 and Q2

j = 1. Then, following Table 2.2, Qj and Gi
j are compatible if

|Qj −Gi
j|< 2. Define the indicator function:

δji,Q =

{
1 if Gi

j and Qj are compatible
0 otherwise

(2.6)

Finally, let ∆j =
{
G1
j , · · · , Gn

j

}
, the set of genotypes carried by the sample at

SNP j. We say the alleles of Qj are accounted for by ∆j if both alleles of Qj exist

in ∆j (i.e. both Q1
j and Q2

j can be found in ∆j). Note that we exclude singletons

from our analyses in this thesis so that every allele carried by a query genotype

is always carried by at least another individual in the sample. For some subset of

individuals however, it is not obvious that this will always be true. For example,

if Qj = 1, then if all the genotypes in ∆j are 0, they are all compatible with Qj

but the mutation carried by the query individual is not accounted for in that set.

Define a second indicator function:

fQj
(∆j) =

{
1 if Qj is accounted for by ∆j

0 otherwise
(2.7)

Suppose we would like to subsample K individuals (or x% of n), then subsampling

occurs before initialisation and before Step 4 in the recursion step of Algorithm

2. Before each new genotype tree is constructed, subsampling occurs such that

the new tree is built to represent just these selected individuals, with Algorithm

2 then continuing as before. Before a new tree at SNP l ∈ [1, L], the outline for

our algorithm for subsampling a set of individuals, Il is:

1. Order individuals according to their distance to the next incompatibility

with the target

2. Keep only the top K individuals or the top x%.

3. Ensure that all alleles in the target are accounted for until the site of incom-

patibility with the last individual in the subsampled set. For every allele
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that might be absent in the subsample, pick the best (defined by distance to

an incompatibility) individual that carries it from the remaining individuals

and add it to the set.

4. Return the final subsample, Il.

More formally, the pseudo-code for the algorithm is:

Algorithm 3 Subsampling for the graph method

for i ∈ [1, n] do

Set Di = maxj
{
j : δli,Q = 0, j ∈ [1, l]

}
end for

1. Set D̂ =
{
D(n), D(n−1), · · · , D(1)

}
such that D̂k = D(n−k), the kth largest

distance to an incompatibility

2. Order the individuals according to D̂

3. Subsample: Keep the first K individuals and call this set G

4. Set Z = {1, · · · , n} /G
5. Define the current chunk ∈ [l, l + D̂K ]

6. Ensure that all alleles in the current chunk are accounted for:

for j ∈ [l, l + D̂K ] do

∆j =
{
G1
j , · · · , GK

j

}
if fQj

(∆j) = 0 then

1. Order Z in decreasing order according to D̂

2. Set U ⊂ Z such that ∀u ∈ U , the missing allele from Qj ∈ u.

3. Set G = {G,U1}
4. Set Z = {1, · · · , n} /G
5. Set K → K + 1

end if

end for

Set Il = G

The current chunk that is constructed defines the region over which the current

tree can be used for selecting pseudo-parents from the subsampled set. Therefore,
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the current tree is considered either until the end of this chunk, or potentially

earlier, if all the pairs of nodes on the tree have accumulated too many incom-

patibilities.

As already mentioned, we subsample an initial set of individuals at the first

SNP, and then repeat after every breakpoint. Overall, therefore, there may be at

least K subsampled individuals for the iteration until the first breakpoint, and

at least K+2 thereafter. K is a lower bound since it might be necessary to add

more individuals in order to ensure that all relevant alleles of Q are represented in

each chunk. An illustration of the full graph method with subsampling is shown

in Figure 2.5, where K is assumed to be 3.

Assuming that enough of the local variation is captured, removing incompat-

ible genotypes will have little effect on the output of the graph approach as it

does not interfere with the parent-selection process. However, one can imagine

the following scenario as an example of how accuracy could be affected. Suppose

an individual is incompatible with the query genotype close to the starting point

but nowhere else in the previous chunk and nowhere else until the theoretically

most distant breakpoint. This person will have a very low D distance value, de-

spite being compatible with the query genotype overall in that local environment.

In other words, individuals with incompatibilities with the query genotype early

on in the sequence covered by the current T but not elsewhere could be excluded

initially. Had they not however, it is possible that they would ultimately have

been selected as a NN.

This is an inherent limitation of this graph scheme: it is directed in that it

ranks individuals according to their distance to an incompatibility to the right of

the starting position. The effect of this however could be small for two reasons.

Firstly, if an individual is wrongly excluded early on in the sequence, they may

typically be reinserted after the next breakpoint. Secondly, the graph method

is itself directed as well, with results being different when moving left to right

than right to left and sensitive to the start site from which each tree is built.

Therefore our subsampling method is in sync with the way the algorithm operates

and directedness is rather an inherent limitation of the graph method: we may

expect there to be some loss of accuracy because of it, but little or no further loss

due to the subsampling.
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Figure 2.5 Outline of the graph method. The figure illustrates a toy version of

the algorithm for the graph method. For a query genotype and individuals A−H, the

algorithm here is split into three parts: initialisation, recursion step 1 and recursion step

2. The three parts are a result of breakpoints occuring at the end of each preceding part,

indicated by the vertical dotted grey lines. Each part involves subsampling K (here

K = 3) individuals and then building a genotype tree for these individuals, as outlined

in Figure 2.2. The data used to construct the trees illustrated here are not shown.

Each tree is then iterated over in order to select two pseudo-parents and the choice of

pseudo-parents in each case is indicated by labelling the relevant leaves at the end of

the trees. In this example, individuals (A,B) were picked at the end of Initialisation,

(A,G) at the end of Recurions: Step 1 and (D,G) at the end of Recursion: Step 2. We

can therefore unambiguously obtain a sequence of pseudo-mothers and pseudo-fathers,

as illustrated at the bottom of the figure by the red and blue segments. In this example,

there were two recombination events and four shared haplotype chunks. Note that the

trees are initialised differently during the Initialisation and Recursion stages such that

just a single parent can change between breakpoints - refer to text for details.
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The combined application of our graph method and subsampling strategy

enables efficient analysis of large data sets, which would have been impossible

using our original HMM. For example, to infer pseudo-trios for an individual in

a sample of over 5,000 (see Chapter 5) across data on 27,000 SNPs takes c. 200

seconds on a 32Gb, 1.6 Ghz machine. Moreover, the graph implementation, like

the HMM, is fully parallelisable over individuals.

Finally, it should be noted that in its current implementation our graph

method ignores LD information. Recombination affects the initialisation of trees

in the iteration. For example, in cold spots we could choose to initialise the

next tree after a breakpoint such that no change in pseudo-parents is allowed.

Moreover, recombination is the driving force that influences changes in haplo-

type sharing between individuals, and is a main contributor to the variation that

defines local relatedness between individuals. Furthermore, the number of incom-

patibilities, X, that must be accumulated in order to prune nodes and in order

to reach a breakpoint is determined heuristically and is fixed across the genome.

These features suggest that the graph method is a rather crude approximation

of the HMM and hint at the graph method being more susceptible to errors and

less accurate at finding recent coancestry and haplotype sharing than the original

HMM.

2.4.3 An HMM with Subsampling

In light of the graph method’s weaknesses, namely that it is directed and does

not model LD and genotype error rate, in more recent work we developed an

alternative approach that maintains the advantageous properties of the original

HMM but also incorporates some of the computational tricks that were effective

in previous efforts. Rather than using our subsampling approach for the graph

method, we considered how we might apply it within the framework of an HMM.

We call this new method HMMsub.

The subsampling technique ranks individuals according to their distance to an

incompatibility with the query genotype to the right of a given position. In order

to eliminate the directedness of this approach we modified our query and for each
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individual we now consider the sum of its distances to an incompatibility to the

left and to the right of the given position. In other words, we rank individuals

according to their total distance to an incompatibility in both directions around

the position rather than away from it in one direction. In order to apply the

Viterbi algorithm over the whole sequence, the subsampling must have occurred

in advance. We therefore split the region into M + 1 parts by selecting M evenly

spaced SNPs along the sequence, and subsampling individuals around them. The

top K individuals can then be kept around each of these points and the genomic

positions over which they are optimal (i.e. the chunk for these individuals) are

the ones over which these K individuals are ‘all more or less in IBS’. The algo-

rithm should ensure that there is at least one chunk covering each part of the

sequence and we therefore check that chunks overlap. If this does not occur, we

subsample further locally, creating a new chunk for each such region. To ensure

that single transitions from one subsampled set to the next is possible, around

each breakpoint we consider the K individuals that we selected, as well as the

ones from the chunk to the left and to the right of the current chunk.

Let j represent SNP j from a total of L SNPs, and i individual i from a

sample of size n. The process, is summarised in Figure 2.6. In the figure, the

query genotype is labelled by Q and there are 8 individuals in the sample, A−H.

The figure illustrates the 3 main stages of the subsampling process:

1. Subsampling around an initial set of SNPs and defining the chunks around

them. In the example in the figure this is shown by the part labelled ‘Split

and subsample’. Three initial SNPs were selected (marked by the black

arrows), resulting in the construction of 3 (some overlapping in this case)

chunks, C1-C3, each of which has a set of X ≈ K
3

individuals. In this

example we have assumed X = 2. C3 contains 3 individuals (F,G,H) as

more subsampling must have been needed in order for the alleles of Q in

the region of C3 to be accounted for. It is not required that the sets of

individuals are distinct nor that there are no common individuals between

them.

2. Identifying regions of the sequence not covered by these chunks and sub-

sampling at these regions. This is illustrated by the part labelled ‘Adding
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more chunks’. The region of the query genotype in bold was not spanned

by an existing chunk and so a new one (coloured in red) was obtained by

subsampling further at the end of chunk C1. This now gives a total of 4

chunks, C1-C4, with some chunk labels changing to accommodating the new

chunk that has been defined.

3. Merging sets of individuals from adjacent chunks, thus obtaining the ‘Final

State Space’ at each position. Our strategy does not ensure that there

will be overlap between the individuals subsampled in each chunk. We thus

merge adjacent chunks in order to ensure that single transitions are possible

during the Viterbi iteration.

Having subsampled, only individuals marked by crosses (bottom of Figure

2.6) at any given SNP may be considered. The HMM is then used just as in the

original, full case on this constrained hidden state space. Following the notation

and principles in algorithm 3, the pseudo-code for the subsampling follows below:

Algorithm 4 Subsampling for an HMM

Partition the region

Select M equally spaced SNPs along the sequence.

Obtaining initial chunks and subsampling

for j ∈ [1,M ] do

for i ∈ [1, n] do

Dl
i = maxj

{
j : δli,Q = 0, j ∈ [1, j]

}
Dr
i = minj

{
j : δli,Q = 0, j ∈ [j, L]

}
Di = Dl

i +Dr
i

end for

Set D̂ =
{
D(n), D(n−1), · · · , D(1)

}
such that D̂k = D(n−k), the kth largest

distance to an incompatibility

Order the individuals according to D̂

Subsample: Keep the first X individuals and call this set G, such that:

if j ∈ 1, L then
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X = b2K
3
c

else

X = bK
3
c

end if

Set Z = {1, · · · , n} /G
Create a chunk Cj in the range [C l

j, C
r
j ] where:

C l
j = min

{
Dl

(n), · · · , Dl
(n−X+1)

}
Cr
j = min

{
Dr

(n), · · · , Dr
(n−X+1)

}
Ensure that all alleles in the current chunk are accounted for:

for j ∈ [C l
j, C

r
j ] do

∆j =
{
G1
j , · · · , GK

j

}
if fQj

(∆j) = 0 then

Order Z in decreasing order according to D̂

Set U ⊂ Z such that ∀u ∈ U , the missing allele from Qj ∈ u.

Set G = {G,U1}
Set Z = {1, · · · , n} /G
Set K → K + 1

end if

end for

Set ICj
= G, the collection of all subsampled individuals for SNP j and

chunk Cj.

end for

Ensure that every point in the sequence is covered by at least one chunk

Set P = M , the number of chunks

for C ∈ {1, · · · , P} do

j = -1

if C = 1 then

if C l
1 6= 0 then

j = 1

end if

else if C = M then

if Cr
M 6= L then
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j = L

end if

else

if Cr < (C + 1)l then

j = Cr

end if

end if

if j > 0 then

if j ∈ [1, L] then

X = b2K
3
c

else

X = bK
3
c

end if

Subsample X individuals around j and create a new chunk

Set P → P + 1

end if

end for

Merge adjacent subsampled sets to define the set of individuals for each chunk:

for C ∈ {1, · · · , P} do

if C = 0 then

Set K0 = I0 ∪ I1
else if C = P then

Set KP = IP−1 ∪ IP
else

Set KC = I(C−1) ∪ IC ∪ I(C+1)

end if

end for

In practice we select M such that the chosen SNPs are approximately 200kb

apart (though this might change for example with sequencing data), and K, as

with the graph method can safely be set to about 20 individuals. Note that

due to pooling of individuals from adjacent chunks and extra individuals being

selected to account for all alleles present in the child in any given chunk the total
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number of individuals that will be considered at any one part of the sequence is

unknown. Assuming this number is Xj, which is variable for j ∈ {1, · · · , L}, then

the total number of hidden states to iterate over is
(
Xj

2

)
which is still manageable,

independently of the original total sample size. For comparison purposes, to run

over a whole chromosome for 5,000 individuals with the graph method requires

about 3 minutes while HMMsub takes between 15 minutes to 45, depending on

the variation in the size of Xj. HMMsub is also parallelisable over individuals.
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Figure 2.6 Subsampling for an HMM. From top to bottom the figure demon-

strates the subsampling process. Q is the query genotype and there are 8 individuals

in the sample, A−H. The crosses show which individuals are being considered at each

site. The region is initially split into 4 parts, around 3 SNPs marked by the black ar-

rows. Subsampling occurs around these SNPs, obtaining 3 sets of individuals (marked

by crosses) for 3 chunks C1-C3 (marked by the black segements; Step 1). The grey

dashed lines show the chunk boundaries. A part of the sequence (marked in bold on Q)

remains uncovered by C1-C3 and so more local subsampling occurs creating an extra

chunk (red; Step 2). The final set of individuals is obtained by merging of adjacent sets

(Step 3; refer to text).
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2.5 Model Summary

To construct local pseudo-trios, we use a Hidden Markov Model (HMM; Rabiner

[1989] and Section 2.2), where the emissions are the target’s genotypes and the

hidden states are all the
(
n
2

)
pairs of ‘parents’ at each position. The Viterbi

algorithm (Foreman [1992], see Section 2.2.3), which identifies the optimal path

of hidden states, is used to obtain the optimal parent pairs at each site along

the sequence. Transitions between the hidden states (see Section 2.2.1) model

recombination events, where the parent being copied for one haplotype changes,

and emissions at each site are considered as scores of the “goodness-of-fit” of the

candidate parent pair’s genotypes to that of the ‘child’s’.

For identifying NNs, we assess whether the parent pairs in a single maximum

likelihood path (sampled uniformly from all optimal paths) contains the true NNs

at every position. To further explore the full posterior distribution of candidate

parent-pairs, we also consider the Forward/Backward algorithms (Rabiner [1989];

Section 2.4.1), asking whether the pairs of parents with maximum posterior at

each site contained the true NNs. The Viterbi and F/B algorithms by construc-

tion are not expected to yield identical results and it is therefore of interest to

investigate whether one is more effective at identifying NNs than the other.

To measure shared haplotype lengths we record the genetic and physical

chunks over which our optimal choice of pseudo-father and pseudo-mother does

not change: a change in parent signals a break to the haplotype that is being

inherited by transmission from that individual. Therefore, this parent change

marks the end of the haplotype that is being shared between the pseudo-parent

that changed and the query genotype. Further details on our assessment methods

can be found in Chapter 4, while an illustration of this core part of the model

is shown in Figure 2.7. These pseudo-parents and the query genotype also form

pseudo-trios along the sequence, which can then be used to phase by transmission.

Unlike Kong et al., our approach takes recombination into account and does

not phase pseudo-parents while phasing the query genotypes. We also do not

construct pseudo-families. For phasing we must therefore develop a strategy for

making inference at triple heterozygous sites (see the positions marked with ‘?’ in

Figure 2.7) or sites where there are incompatibilities between the parents and the
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‘child’. Our solution for phasing every position along the genome by transmission

is to additionally sample suboptimal pseudo-parent paths. In this way, we may

have multiple pseudo-mother and pseudo-fathers like in Kong et al.’s LRP. In the

absence of singletons in the sample, for every SNP there should exist a candidate

individual in the sample that can be used to phase by transmission.

For each query genotype, suppose we have n individuals remaining in the sam-

ple. Suppose further that the number of SNPs is L. Below we provide an informal

version of our full algorithm.

Algorithm 5 Our Model

1. Run the Viterbi algorithm on pairs of individuals, filling in the Viterbi

matrix. The transition step allows only single jumps to occur such that a

single parent may change between two adjacent SNPs.

2. Identify the best K paths of pseudo-parents by determining the traceback

of the largest K entries in the last column of the Viterbi matrix. For obtaining

a pair of parents at each site K is 1, while for phasing K would typically be

10.

In the context of haplotype estimation the algorithm continues:

3. Phase the query genotype with each path separately in the same way that

phasing is achieved with true trio data (see Section 2.3.2).

4. Combine the separate path predictions into a final pair of haplotypes.

In the first step, only one parent is allowed to change between any two adjacent

SNPs, decreasing the computational burden of considering all possible parent

pairs to O(N) from O(N2). We found that these double jumps occurred extremely

rarely, and could often be replaced by single transitions at adjacent sites (data

not shown). The restriction of the transitions therefore does not influence the
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Figure 2.7 The HMM. Running the Viterbi algorithm on the population sample of

genotypes A-E, we determine at each site which are the two most likely parents for

the query genotype, X. By construction of the HMM, emissions occur independently

site-wise which is an approximation, albeit reasonable, to the true parents-to-offspring

transmission process. Changes in these most likely parents are interpreted as recombi-

nation events, of which there are two in this example (marked by the vertical dotted

grey lines). The chunks over which the pseudo-parents are constant define our shared

haplotype chunks (4 chunks here). Further, we ask whether our choice of pseudo-

parents contain the true nearest neighbours for the haplotypes contained in X. We

then construct the pseudo-trios for each region, and phase as with true trio-data. Some

of the sites are unphasable (marked with “?”) because the most likely parents are

both heterozygous or because they are incompatible with the genotype of the child

(not shown). To discourage this and find informative pairs, we find the most likely par-

ents using weighted Mendelian emission probabilities, which weight against the triple

heterozygote case.
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pseudo-parent selection process. To our knowledge, limiting the transitions in

this way has not been used in other work.

Another advantage of single-parent transitions is that it enables groups of

pseudo-mothers and pseudo-fathers to be aligned relative to each other by con-

sidering which parent they have in common. This avoids unnecessary phasing

errors from occurring at the transition sites. We explain this in full detail in Sec-

tion 2.3.2. While this is less relevant for the case of NN detection and haplotype

sharing, we maintain the single-transition setup for computational purposes and

to ensure that shared haplotype chunks are not unnecessarily disrupted.

Our algorithm and its two computationally efficient extensions run indepen-

dently for each genotype. The choice of pseudo-parents along the sequence for

one individual is deterministic (given the genotypes and assuming uniqueness in

likelihood values at V.,L) and is independent of the pseudo-parents selected for

other individuals. We remind the reader that when there is non-uniqueness of

values, either in the Viterbi matrix or during the traceback process, pairs individ-

uals are selected at random from all pairs with equal likelihood. The process of

phasing by transmission is also deterministic and is carried out in one iteration.

Therefore our method does not update its prediction, as is the case for example

for MCMC based approaches (e.g. Howie et al. [2009]). It thus gains computa-

tional efficiency by allowing its implementation over the entire sample to occur

in parallel. The total run time is therefore comparable to that required for a

single genotype (assuming availability of a large number of processors and linear

memory scaling). Running time is O(N2L), where L is the number of SNPs,

for the entire sample, and O(NL) for a single individual. Memory usage for the

algorithm with storage of the entire Traceback matrix would generally be in the

order of N2L, though it is possible to store it sparsely, reducing this to N2 (or

even further with thinning), allowing for larger datasets.

The consequence of allowing pseudo-parents to be detected independently

for each individual is that surrogate parenthood is no longer a non-directional

relationship like in LRP. This is because the candidacy of an individual for being

a pseudo-parent is judged relative to the other individuals in the sample and not

just on its absolute IBS status with the query genotype.
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Chapter 3

Statistical haplotype estimation

3.1 Overview

The original motivation behind the project described in this thesis was to develop

an algorithm for haplotype estimation from unphased SNP genotype data. The

aim was to generalise the LRP method of Kong et al. [2008] so that smaller sample

sizes of unrelated individuals could be considered, with a method that takes into

account recombination. Our model, an HMM where the hidden states are all the

possible pairs of individuals in the sample (they are all candidate pseudo-parent

pairings), constructs pseudo-trios at each SNP using the Viterbi algorithm to

obtain paths of hidden states along the query individual’s genomic sequence. A

detailed overview of our model for phasing can be found in Chapter 2 but we

revisit some of the main concepts here for the reader’s convenience.

With SNP genotype data on a mother-father-offspring trio, it is possible to

assign haplotype phase (of transmitted alleles) by segregation, unless all three

individuals are heterozygous, or if a de-novo mutation has occurred. Within a

pseudo-trio, we can take an identical approach, with the caveat that where one

of the pseudo-parents changes (by recombination, which is modelled as a hidden

state transition in our HMM), the ‘transmitted’ haplotypes must be linked to-
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gether, which is achieved by restricting only a single parent to change between

any two markers. The importance of this restriction is demonstrated in Section

2.3.2. Where all three individuals are heterozygous, or where there is a Mendelian

inconsistency (due to mutation or genotyping error), the target genotype cannot

be phased (see Figure 2.7 and Section 2.3.2). For this reason, it is advantageous

to combine information from multiple pseudo-parent paths. We therefore obtain

multiple sets of pseudo-parent paths by sampling a single parent-pair path uni-

formly from the set of maximum likelihood paths, then sampling another path

from all paths with the second highest likelihood and so on (Section 2.3.1).

The paths are orientated at the first heterozygous site in the target. At the

next heterozygous site the paths ‘vote’ on the phase of this site relative to the

first. Phase is assigned by a majority vote and the confidence is determined by

the fraction of paths in agreement. Paths are re-orientated by the current SNP

and the process restarts (Section 2.3.3). Our implementation of our model for

phasing is referred to as PACE (available upon request).

In this chapter we describe the analysis that was carried out to investigate

the effectiveness of our method. It consists of two parts:

1. A preliminary investigation using smaller simulated data sets, whose pur-

pose was to distinguish between different versions of our model in order to

identify the best for phasing.

2. A larger scale analysis comparing the final version of our phaser with other

software, both on a variety of simulated data sets and real genotype data.

We first discuss our method for assessing phasing performance.

3.2 Measuring accuracy

In order to be able to carry out comparisons between different versions of our

model and between our model and other methods, we must first define what

we mean by phasing accuracy. When phasing, we predict the two haplotypes,

(Ĥ1, Ĥ2) say, of the query individual at the sites where they are heterozygous.
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At these (biallelic) positions the two haplotypes must be opposites of each other,

i.e. Ĥ1
j = 1 − Ĥ2

j (where Ĥ1
j (∈ {0, 1}) is the allele carried by Ĥ1 at a site j)

since their sum must be 1. In order to determine accuracy, A, without loss of

generality it is therefore sufficient to compare (in some way) the first haplotype

of our prediction (Ĥ1) with the first (H1) of the true pair of haplotypes (H1, H2).

To best illustrate how we could measure accuracy, it is useful to consider the

toy example in Figure 3.1 which compares H1 with Ĥ1. In this example, the

two haplotypes are the same for the first part of the sequence (except for site 3)

and then they are opposites for the remaining sequence. Therefore, there are 2

regions where the haplotypes differ, indicated by the light purple shading. A naive

approach, which counts the proportion of sites where Ĥ1 = H1, is clearly incorrect

as it significantly underestimates phasing performance. Instead, phasers have

traditionally been measuring switch errors (described in Stephens and Donnelly

[2003a]). Switch errors count the ‘cuts and flips’ needed to align a predicted

haplotype with the correct orientations: they occur when the orientation of our

predictions is one way around until a particular site but then is reversed. A ‘cut’

in the diagram is illustrated each time there is a change in the background colour.

As we can see in this example however, two consecutive switches (for instance

before and after site 3) are in fact a single, local error. We would like to distin-

guish such cases (when the orientation of all sites but one is correct) because the

traditional error-counting approach in essence double-counts them. The effect of

this is illustrated in Table 3.1. In this work therefore, rather than counting the

switch error rate, we split this into two error types: the flip error rate (F), which

counts the local, single-position errors, and the phase error rate (P) which counts

errors where the orientation of the haplotypes is reversed at more than one posi-

tions. For our final measure for accuracy, we have A = 1− E, where E = F + P.

In the initial part of our analysis (Section 3.3) we also look at each error type (F

and P) on its own to examine whether it is worth reporting them separately and

indeed distinguish between them when we compare different phasers.
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Figure 3.1 Measuring phasing accuracy. The figure shows the first predicted

haplotype, Ĥ1, of a query individual, and its first true haplotype, H1, at 20 positions

where the individual is heterozygous. The green ticks illustrate the positions at which

the two haplotypes are the same, while the red crosses mark the positions where they

are different. The background shading indicates the changes between regions where

there is agreement and disagreement between the haplotypes. Traditional measures of

accuracy would count an error (a switch error) every time the the shading changes.

In this example there would therefore be 3 errors: before position 3, after position 3

and before position 9. In this thesis, we distinguish the different types of switch errors:

local errors at one site which we call flips, and errors where orientation changes for

more than one site, which we call phase errors.

No. Errors Error Rate

N 7 7
20

= 0.35

S 3 3
20

= 0.15

E 2 2
20

= 0.1

Table 3.1 Defining phasing accuracy. In this table we compare 3 different meth-

ods for measure phasing accuracy: a naive approach (N) which counts the proportion

of sites where two haplotypes are the same (or 1−N if N < 0.5); the traditional switch

error rate, S; our measure, E, which looks at the sum of flips and phase errors. The

values in the table reflect the data from the toy example on Figure 3.1.

96



3.3 Building a phaser

3.3 Building a phaser

With a measure for accuracy, we are now in a position to compare methods and

begin our inference. As described in Chapter 2, while the overall architecture of

the HMM for phasing was well described from the outset of this project there

were several key elements that needed to be determined:

1. How do pseudo-parents compare to real parents when it comes to phasing

by transmission?

2. Which emission matrix is best suited for haplotype estimation?

3. How many sites are left unphased when a single optimal path is used?

4. How effective are suboptimal paths at phasing?

5. How many paths could we consider such that the proportion of unphased

sites and accuracy are jointly minimised and maximised respectively?

6. What is the best method for combining predictions across multiple pseudo-

parent paths?

7. Can we always phase every single heterozygous site?

In what follows we explore each of these questions in turn. First we provide

an overview of the data that were simulated for carrying out these investigations.

3.3.1 Simulated Data

In order to carry out rapid testing of our method, we performed a series of

basic analyses on a series of data sets. We considered relatively small datasets

that are sufficient for distinguishing the strengths and weaknesses of the different

parameterisations and versions of our model. With this in mind, we simulated

100 different data sets, each consisting of 100 haplotypes (50 individuals) over 500

SNPs (∼ 100kb; using a recombination rate of 1.5cM/Mb). Given the small size

of the data, it was unnecessary to use published software for simulating data from

the coalescent. Using such software, like Hudson’s ms (Hudson [2002]) and MaCS
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(Chen et al. [2009]) is necessary for larger samples (and/or more complicated

demographic histories) where data simulation is a much more time-consuming

process and sophisticated approximation techniques need to be employed.

For our purposes here, it was sufficient to use R code from McVean (www.stats.

ox.ac.uk/ mcvean/R/coalescent.r), which implements the standard coalescent

model with recombination and mutation (Hein et al. [2004]) directly. The model

here assumes a constant population size, where coalescent and recombination

events compete for the next event (going backwards in time) which takes place

after an exponentially distributed waiting time. Mutations are then added onto

the simulated Ancestral Recombination Graph (ARG) using a Poisson Process.

This process generates sets of haplotypes. By pairing up each pair of haplo-

types we obtain genotype data. We can therefore phase each individual in turn.

In fact, individuals can be phased in parallel as our model runs independently for

every person. By comparing our predicted haplotypes with the originally simu-

lated data we can assess each of the phasing methods that will be considered.

3.3.2 Real Parents

In order to assess the performance of pseudo-parents for phasing, we must first

benchmark optimal phasing performance by investigating how true parents phase

by Mendelian transmission. Let individual k in a data set be denoted by Gk, con-

sisting of the pair of haplotypes (H1
Gk
, H2

Gk
). Using the simulated data described

in Section 3.3.1, for each data set (of 50 individuals) we constructed real trios,

consisting of a mother, father and child, {M,F,C}, as follows:

Algorithm 6 Generating real trios

for i ∈ [1, 25] do

Set Mi = G2i−1

Set Fi = G2i

Set Ci = H1
Mi

+H1
Fi

Phase Ci by transmission, using Mi and Fi.

Record the proportion of unphased sites.
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end for

In the absence of mutation, as is the case here, there can obviously be no

phasing errors when phasing by transmission. With real data any phasing errors

when using trios and Mendelian transmission will have occurred due to genotyping

error, or de novo mutation whose incidence rate depends on the local, genomic

mutation rate. Instead, it was of interest to obtain a benchmark for the proportion

of unphased sites, U, (in other words, the triple heterozygote incidence rate).

Carrying out this experiment we discover that U stands at 17.7% - this close to
1
6

which is what is expected under the standard neutral model.

This is a very high fail rate for a phaser, suggesting that it was justified to

consider an emission scoring system that will weigh against triple heterozygotes.

Unless a collection of suboptimal paths proves to be particularly efficient at rec-

tifying this issue, these results indicate that the pseudo-parents that our model

selects should in fact not behave like real parents.

This observation begs the question whether our model would choose the real

parents as pseudo-parents, were the former to exist in our sample. To explore

this, for each of the simulated children, and for the Mendelian transmission (MT)

probabilities and compatibility scores (CE) separately we performed the following:

Algorithm 7 Searching for the real parents.

1. Run the Viterbi algorithm

2. Select all optimal paths

3. For each path, record the proportion of sites at which a real parent is a

pseudo-parent

4. For each path, also recorded S and U

We can see from Table 3.2 that neither emission scoring system favours the

real parents - though the percentage is significantly higher for CE (88% vs 11%).

When using CE, however, there are many more optimal paths, increasing the

chances that the real parents are included in the full optimal set.
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%Parents S U

MT 0.11 0.02 0.164

CE 0.88 0.03 0.25

Table 3.2 Finding real parents. The table shows whether the real parents were

included in all optimal pseudo-parent pairs averaged across sites, the switch error rate, S

and the proportion of unphased sites U averaged over all optimal paths, using Mendelian

Transmission (MT) and the Compatibility emissions (CE). The results were obtained

by running our phaser on simulated children when their true parents were included in

the data set as candidate pseudo-parents.

We also observe that when switching to CE from MT, the proportion of un-

phased sites U increase by 1.5 times, and even with Mendelian transmission (MT)

it stands at a high∼ 16%. This confirms that both these emission scoring schemes

are not catered to dealing with triple heterozygotes, further motivating a weighted

approach. Finally, from this initial analysis we can see that MT has a lower error

rate than CE. This, coupled with CE’s significantly higher rate of leaving sites

unphased, is our first piece of evidence against CE’s suitability as a scoring sys-

tem for the application of phasing (while conversely suggesting that it may be

better for finding NNs). We explore the suitability of our three emission scoring

systems more formally in the next subsection.

3.3.3 Picking the emission scores

The choice of emission matrix plays a pivotal role in the construction of the Viterbi

matrix and therefore in the selection of surrogate parents for the ‘child’. In this

section we compare the Mendelian Transmission (MT), our Weighted Mendelian

transmission (WMT) approach and the Compatibility scores (CE) in order to

conclude which among them is best suited for our phaser. For WMT, we have

used ζ = 0.01 (refer to Table 2.1, Section 2.2.2 for more details). In the remainder

of our analysis we no longer use the children that we generated in the previous

section by haplotype transmission. Instead, we take each simulated genotype
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from our data sets in turn, as described in Section 3.3.1 and use the remaining

simulated genotypes from the same data set as candidate pseudo-parents.

In this section, in our analyses we randomly sample a single optimal path

from all optimal paths obtained using the Viterbi algorithm. This was done for

computational efficiency, as the data that has been simulated for this part of

the investigation resulted in multiple paths attaining optimal likelihood, with

all choices of emission matrices. We selected a single path uniformly from all

optimal paths in the last column of the Viterbi matrix and during the traceback

process (see description of Equation 2.2); we have observed that this does not

affect performance (data not shown).

The analysis described here is the only one carried out where double recom-

bination events are allowed (double changes where both pseudo-parents are al-

lowed to change between two adjacent sites; note, these are generally disallowed

to improve phasing accuracy and increase computational efficiency). This was to

confirm that they are extremely rare events and that therefore disallowing them

will have little influence on our performance.

The result here (shown in Table 3.3) allow us to make the following observa-

tions:

• The Mendelian transmission probabilities (MT) reduce the error rate the

most, giving an accuracy, A, of 99.3%.

• The difference in accuracy between MT and the weighted Mendelian model

(WMT) is < 0.5%, which is not a significant difference.

• WMT reduces the frequency of unphasable sites (U) to about a fourth of

the frequency for the simple Mendelian case, which stands at a high 12%.

• The Compatibility emissions (CE) leave a significantly higher proportion of

sites unphased (U), namely ∼ 23%.

• Both WMT and MT outcompete the Compatibility model (CE) which has

a switch error rate, S, almost two to three times greater than for the other

models, primarily due to the considerably larger frequency of flip errors, F.
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MT WMT CE

A 99.3 99 97.7

F 0.2 0.3 1

P 0.5 0.7 1.3

S 0.8 1.1 2.3

U 12.4 2.9 23.3

DB 0 0 0

H 87 12.6 97.7

Table 3.3 Comparing the emission scores. The table shows phasing results (%

values) for the three emission scoring schemes when applying our model to simulated

data. A = 1− E;E = F + P;F = flip error rate; P = phase error rate; S = switch error

rate; DB = the proportion of double recombination events that have occurred over

all heterozygous sites; H =proportion of unphased sites due to triple heterozygotes

(the alternative is double homozygote incompatibilities). MT = Mendelian Transmis-

sion; WMT = Weighted Mendelian Transmission, with ζ = 0.01; CE = Compatibility

emission scores.

• One can speculate that the high proportion of unphased sites is the catalyst

for the flip errors which compromise the accuracy of the CE-based model.

Unphased sites do not contribute to the assessment of the error rate. Re-

calling, however, the ‘flipping’ of the paths whenever they disagree with the

prediction at a given position we can see that when there are multiple un-

phased sites in a row this flipping process might not take place sufficiently

well to ensure that all paths are properly aligned.

• Triple heterozygotes were the principle driver for unphased sites in the MT

and CE cases.

• With WMT, which specifically weighs against triple heterozygotes, most

unphased sites were due to picking parents that were incompatible with the

child at these sites; double minor homozygotes (where both parents were

homozygous for the minor allele) accounted for 84% of unphased sites, and
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major homozygotes (where both parents were homozygous for the major

allele) for 3% of cases.

• In these data, there were no double recombination events.

The above results confirm that MT is the most suitable choice, with respect

to phasing accuracy. However, WMT is a very close second. What is more,

the proportion of extra sites that are phased with a single optimal using WMT

compensates for the slightly decrease in accuracy. Both methods outcompete CE,

which as suspected in Chapter 2, picks paths which are largely uninformative for

haplotype estimation. Considering that our aim is to phase unambiguously all the

heterozygous sites and that the compromise in U is negligibly small, we continued

our investigation using WMT (Table 2.1; ζ=0.01).

3.3.4 The effect of suboptimality

In order to decide how many suboptimal paths we could incorporate in our phaser,

which is necessary for minimising the proportion of sites left unphased, we must

first understand how A relates to path likelihood. As explained in Chapter 2,

by path likelihood we refer to the query genotype’s likelihood, given a certain

path of hidden states (pseudo-parent pairs). By path order we refer to path rank

according to likelihood: first order paths are those achieving maximal likelihood,

second order paths are those with second highest likelihood, and so on.

In this part of our investigation, we continue using the same data sets de-

scribed earlier in this chapter. Here, a series of optimal and suboptimal paths

were considered in order to get a rich set of pseudo-parent sequences of a variety

of likelihoods. For each individual, we proceeded as follows:

Algorithm 8 Investigating path likelihood

1. Collect all paths arising when tracing back from each of the possible parent

pairs at the last SNP (i.e. trace back from each hidden state at the last SNP).

When there were more than one optimal states in the traceback (while running

the Viterbi algorithm), we selected states uniformly.
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2. For each of the paths obtained in Step 1, deviate away from them once, as

described in Section 2.3.1.

3. Use each path to obtain a separate pair of haplotype estimates for the query

genotype.

4. For each path record its likelihood, A and U

Using WMT, the mean accuracy, A, over all paths was 0.978, and the pro-

portion of unphasable sites stood at 0.048. In Figure 3.2 we stratify these obser-

vations according to path likelihood.
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Figure 3.2 The effect of path Likelihood. A: the accuracy, A against path

likelihood. B: the proportion of unphased sites, U against path likelihood. The paths

used were either the paths when starting from each of the hidden states at the last site,

or are the best paths deviating away from them. The bars represent 95% confidence

intervals. C: density curve of path likelihoods.

Figure 3.2 illustrates a striking robustness of the HMM to a decreasing likeli-

hood, with both accuracy, A (Figure 3.2A) and the proportion of unphased sites,

U (Figure 3.2B), remaining constant over all orders of log likelihood. Character-

istically, the figure shows that up to a relative likelihood of approximately 10−25
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there is no apparent trend in accuracy, which remains high at ≈ 98%, close to

the overall mean across paths. The large drop in efficiency, in terms of phasing

capacity, that can be seen for the lowest likelihood as well as the respective rapid

increase in the error rate can be attributed to the fact that (as reflected in Figure

3.2C and the wider confidence intervals in A and B) there were very few paths

obtained in that region (likelihood < 10−18) and so the low performance might

have occurred by chance. Note that this analysis does not represent the space

of all possible paths (i.e. all possible combinations of parent-pairs along sites)

but rather the maximum likelihood paths (and best paths deviating from them)

starting from each parent-pair at the last SNP.

Moreover, if we collect paths sequentially, going down the likelihood orders

until we have collected at least one path that can phase each heterozygous site

we make the following observations:

• In these simulations, the first 25 paths will typically phase ≈ 98.7% of

heterozygous sites

• Although this statement implies that we need quite a large number of paths

to account for all the heterozygous sites of an individual, in > 80% of cases,

> 98% of sites were phased using the top 6 paths

• 72% of individuals were phased entirely using just a single optimal path.

It is more frequently the case, therefore, that most sites are phasable with

only a small number of paths, and that on some occasions quite a large number

is needed (i.e. some sites for some individuals are atypically difficult to phase).

We additionally discover that the path deviating away from the optimal path is

actually second best (has the second highest likelihood) only 1.2% of the time.

In fact, the mean rank of paths deviating away from optimal paths is 35, showing

that there is little support for this strategy. In order to enrich our collection of

paths therefore, in the remaining analyses we only sample from the last column

of the Viterbi matrix. If K paths are to be collected, these will be obtained by

tracing back from the K hidden states associated with the highest K likelihoods

at the last SNP. Whenever there are multiple paths with the same likelihood,
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we sample one uniformly and at random. In all, these findings support employ-

ing as many paths as is necessary, constrained only by computational efficiency

considerations.

3.3.5 Managing suboptimality

In this section we attempt two answer two questions:

1. How many paths should we be collecting?

2. What is the best strategy from those introduced in Section 2.3.3 for com-

bining their predictions into one final pair of haplotypes? The schemes that

we consider are the Left to Right approach, for which there were are three

options: SM, WM and BP, and the Top to Bottom Scaffolding Method

(TTB).

To address these questions, for each scheme that combines path predictions

we consider A, F, P, S, U, the probability (Pr) of the phase calls (defined for

each scheme in Section 2.3.3) and the real accuracy Â, where Â = A · (1−U). In

all computations we use the WMT emissons (Table 2.1; ζ = 0.01) and consider

results when collecting 2, 5, 7 and 10 paths in total. We tabulate the results for

each method and also produce calibration plots using the phase call probabilities.

Calibration plots show the proportion of calls that were made correctly against

the probability of the call. Calls were assumed to be made incorrectly if they

were at a site at which a flip error occurred or where a phase error (change in

orientation) started. A well-calibrated model will be one where the the gradient

between calls and probabilities of a call is 1: this suggests that the probability of

a call is perfectly informative about the accuracy that we should expect for that

call. Finally, we also count the proportion of calls that were obtained within each

bin of prediction probabilities.

As stated in Chapter 2, in the results below we discover that our Simple

Means (SM) strategy from the Left to Right scheme performs best. The results

for SM are shown first, followed by the results from the remaining methods in a

subsequent subsection.
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2 5 7 10

A 98.1 98.3 98.3 98.3

F 0.7 0.7 0.6 0.6

P 1.2 1 1.1 1.1

S 2.3 2 2 2

U 2.2 1.6 1.4 1.3

Pr 97.5 97.8 97.9 97.9

Â 95.9 96.5 96.9 97

Table 3.4 Simple Means scheme for combining path predictions. The

columns are results (%) when considering the 2, 5, 7 and 10 paths associated with the

respectively highest likelihoods at the last SNP. A = 1− E; E = F + P; F = flip error

rate; P = phase error rate; S = switch error rate; U = the proportion of unphased sites;

Pr = probability of the phase calls; Â = A · (1− U), the real accuracy.

The results in Table 3.4 show that as we increase the number of paths, raw

accuracy, A remains constant while the proportion of unphased sites decreases

significantly, particularly when increasing to 5 from 2 paths. This confirms that

adding extra paths to our model will not affect performance, but will rather

improve it by ensuring that a large proportion of heterozygous sites are phased.

Figure 3.3 shows that the SM scheme is well calibrated, with the results lying on

the y = x line, in all of the four cases tested.

3.3.5.1 Other schemes for combining information across paths

Consider first the Top to Bottom Scaffolding method (TTB; Table 3.5). Even

when 10 suboptimal paths are used, A does not go below 97.5%, with a switch

rate, S, maintained around 3%, offering us thus complete freedom on the number

of paths that we can use. We also observe a reduction in proportion of unphasable

sites (U) as order increases, with the proportion decreasing by 50% for 10 paths,

down to 1.3%. We also record ‘the real accuracy’ (Â), which does increase,

suggesting that there is an overall improvement as we include more paths and
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Figure 3.3 Calibration plots for SM. K = the number of paths that have been

collected; Pr = the probability of a phase call. The y-axis shows the proportion of calls

that were correct. The grey dotted lines represent 95% confidence intervals, except

for the top left plot where error bars are depicted instead. In that particular case,

observations were made only with probabilities between 0.5 and 0.6 and above 0.9 (i.e.

either the paths agreed or they didn’t).

phase more sites. The increase, however, is very small, < 0.5%. Calibration is

not optimal for any of the orders considered (Figure 3.4), with the plots being far

from the y = x line. We moreover observe that the distribution of counts among

the intervals is highly skewed, as shown in Figure 3.5, with the overwhelming

majority of predictions having probability > 90%.

We consider now the other versions of the Left to Right approach WM (Table

3.6) and BP (Table 3.7) We also compare our observations here with those seen

for the SM scheme, presented in the previous subsection.

For the BP scheme we must note that all predictions were made with a prob-
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Figure 3.4 Calibration plots for all other path-combining algorithms. K

= the number of paths that have been collected (black = 2; red = 5; green = 7; blue =

10); Pr = the probability of a phase call. The y-axis show the proportion of calls that

were correct and the grey dotted lines represent 95% confidence intervals. The diagonal,

dotted black line is the y = x line. WM = left to right approach using weighted means;

TTB = the Top to Bottom Scaffolding scheme.

ability of > 90%, and consequently no calibration plots were produced. In par-

ticular, for 2 orders, the proportion of correct predictions was 0.97, for 5 orders

it was 0.96, for 7 orders it was 0.97 and finally for 10 orders it was 0.96.

Evidently, the WM mechanism performs efficiently as well, with A not break-

ing down at all as order increases. However its performance does not match the

SM scheme which achieved an accuracy of >98% and a real accuracy reaching

97%, increasing the most (> 1%) as order increases. The WM method also does

not exhibit smooth calibration nor are the confidence intervals on its calibration

plots as tight as for the SM method, which as order increases, moves close to the

y = x line. The BP method performs worst, with A at approximately 95% due

to the high phase error rate; we can therefore easily eliminate this approach.

Overall, we observe that the error rate is maintained, as expected, as we
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2 5 7 10

A 98 97.6 97.5 97.5

F 0.8 1.0 1.0 1.0

P 1.2 1.4 1.4 1.5

S 2.5 2.9 3.0 3.1

U 2.2 1.6 1.4 1.3

Pr 92.6 89.7 89.3 89.3

Â 95.8 96.0 96.1 96.2

Table 3.5 The Top to Bottom Scaffolding Strategy We consider the best 2,5,7,

and 10 paths (tabulated in each column respectively) to obtain measures for assessing

this approach. A = 1 − E; E = F + P; F = flip error rate; P = phase error rate; S =

switch error rate; U = the proportion of unphased sites; Pr = probability of the phase

calls; Â = A · (1− U), the real accuracy.

2 5 7 10

A 98.2 98.1 98.2 98.1

F 0.6 0.7 0.7 0.7

P 1.1 1.1 1.2 1.2

S 2.1 2.2 2.2 2.2

U 2.2 1.6 1.4 1.3

Pr 97.9 98.3 98.5 98.5

Â 96 96.5 96.8 96.8

Table 3.6 Weighted Mean. Each column is for 2, 5, 7 and 10 paths respectively.

A = 1−E; E = F+P; F = flip error rate; P = phase error rate; S = switch error rate; U

= the proportion of unphased sites; Pr = probability of the phase calls; Â = A ·(1−U),

the real accuracy.

consider more paths, while the proportion of unphased sites decreases, though at

a slower rate progressively. The main differences between the methods are with
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Figure 3.5 Calibration counts for the Top to Bottom scaffolding ap-

proach. The figure shows the proportion of counts per probability interval out of all

calls made when combinding information across path using the TTB scheme. Pr =

probability of a phase call; K = the number of suboptimal paths used.

respect to distinguishing between flips and phase errors and for calibration:

• the TTB approach leads to a slightly higher flip error rate (F)

• Calibration is generally poor, due to the highly skewed distribution of counts

within probability intervals, with most predictions having a probability ≥
90%. The exception here is the SM, where the model is, in fact, quite well

calibrated.

We conclude that all our proposed methods, except the BP approach, are

efficient at combining information over the selected paths. Considering just two

paths does decrease the proportion of unphasable sites, yet the main reduction

occurs when we use the best 5 paths. This reduction, however, is for all methods

< 0.5% between the second and tenth likelihood orders.
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2 5 7 10

A 89.4 96.7 97.3 97.3

F 3.7 0.8 0.6 0.6

P 6.9 2.53 2.2 2.2

S 13.5 3.53 2.65 2.6

U 2.2 1.6 1.4 1.3

Pr 30.6 21.9 16.9 12.1

Â 87.4 95.2 95.9 96

Table 3.7 Best Path. Each column is for 2, 5, 7 and 10 paths respectively. A = 1−E;

E = F + P; F = flip error rate; P = phase error rate; S = switch error rate; U = the

proportion of unphased sites; Pr = probability of the phase calls; Â = A · (1− U), the

real accuracy

For all methods, the real accuracy increases with the number of paths, al-

though the rate of increase is relatively poor, with the TTB approach exhibiting

the lowest and (ignoring Best Paths) with SM exhibiting the greatest. We must

further add, that these real accuracies also exceed the real accuracy obtained

just from the optimal paths which is maximal for the WMT and stands at 96.1%

(calculated using the values form Table 3.3). This accentuates the benefit of in-

cluding suboptimal paths in our phaser, aside of the obvious advantage of phasing

more heterozygous sites.

Finally, we note that the high performance of the SM method is a reasonable

conclusion: since path accuracy does not deteriorate with decreasing likelihood

(Figure 3.2), there is no obvious justification for introducing a scoring/weighting

system that uses likelihood to combine predictions across paths. It should there-

fore be no surprise that the scheme that would work best is the one that assigns

equal weight to path ‘votes’.
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3.3.6 Phasing all sites

Finally, the phase of the few sites that remain ambiguous must be accounted

for. To address this issue, for each such SNP one may simply identify the best

path that is informative at that SNP. Given the removal of all the singletons

from our data set, unless it is the case that all individuals are heterozygous at

a particular SNP which should never happen under the assumption of Hardy-

Weinberg equilibrium, there will always be a surrogate pair capable of phasing

every site of the query genotype. To identify the appropriate path, the traceback

from that site backwards can be obtained trivially, as has been performed so far.

To determine the rest of the path forwards, from that SNP until the end of the

sequence, the Viterbi algorithm must be run on the genotype of the child ordered

backwards and with the data rearranged such that SNP order is reversed. We

consider the SM, WM, LTR and TTB at order 2, and also at order 5 for the SM

scheme, in order to test the performance of the proposed strategy.

TTB WM SM 2 SM 5

A 97 97.6 97.6 97.8

F 1.3 1 1 0.9

P 1.7 1.4 1.4 1.3

S 3.5 2.8 2.8 2.3

U 0 0 0 0

Paths 3.337 3.337 3.337 6.020

Table 3.8 Phasing all sites. We used the top 2 orders (and 5 orders for the SM

method; SM5) searching for extra paths to phase all sites. TTB = the Top to Bottom

Scaffolding method; WM = weighted means approach; SM2, SM5 = simple means

approach with 2 and 5 paths respectively; Paths = the total number of paths required

for all sites to be phased; A = 1 − E; E = F + P; F = flip error rate; P = phase error

rate; S = switch error rate; U = the proportion of unphased sites.

As can be seen from Table 3.8, this approach solves the problem of unphasable

sites with a compromise in the error rate at < 0.5%. The overall accuracy, A,
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which now is the real accuracy as well, for all methods is ∼ 97.5%, not far from

the ∼ 98% accuracy of the optimal path., with a mean switch error rate at

around 3%. Turning to the calibration data in Figure 3.6, we observe that with

the exception of the SM method, calibration remains poor, with the confidence

intervals becoming wider as probability decreases especially for the WM scheme.

We thus conclude that the probabilities of our predictions can generally not be

used a indicators of performance, unless the SM approach is used, preferrably

with order 5 or above.
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Figure 3.6 Calibration Plots. Plot A depicts the results for the Top to Bottom

Scaffolding (TTB) and Weighted Means scheme, at order 2, while plot B illustrates the

results for the Simple Means (SM) method at orders 2 and 5. The simulations carried

out ensured that every site is phased. The black dotted diagonal lines are the y = x

lines. The coloured dotted lines are 95% confidence intervals for the results of each

method.

The reader is reminded that in practice this approach for phasing all sites is

intractable computationally as it requires full storage of two Viterbi and Trace-

back matrices. This investigation rather serves as a proof of concept for how the

method could in principle accommodate all heterozygous sites.
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3.3.7 PACE

Having established the preferred emission matrix for phasing, namely the Weighted

Mendelian Transmissions (WT) and the optimal strategy for combining infor-

mation across paths, the SM approach, the final version of our model was re-

implemented in order to create releasable software. The implementation is called

PACE and was developed by Dr Iain Mathieson (https://github.com/mathii/pace).

PACE stores the Viterbi matrix sparsely so that it is significantly more compu-

tationally and memory efficient compared to the naive HMM implementation. In

all other respects, PACE functions as described in Chapter 2.

In order to confirm that PACE maintains the properties discovered earlier in

this chapter, a final simulation investigation was carried out by Dr Mathieson.

Data were simulated as in Section 3.3.1, for two different sample sizes of 50 and

500 genotypes and two different recombination rates: 0.5cM/Mb and 1.5cM/Mb.

It was then of interest to observe how A, our measure of accuracy, and U, the

proportion of unphased sites changed as we increased the number of suboptimal

paths considered.
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Figure 3.7 PACE: Performance as the number of paths increases. A is accuracy

(refer to text in Section 3.2 for the full definition); U is the proportion of unphased

sites; N=number of genotypes; r=recombination rate (cM/Mb).
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Figure 3.7 confirms earlier observations: adding extra paths does not lead

to a deterioration in accuracy, while there is a significant improvement in U.

PACE (and presumably the original implementation) has the expected and useful

property of having an improved phasing performance for the larger sample sizes,

with only a small compromise in accuracy due to a higher recombination rate.

3.3.8 Remarks

In the experiments presented here, only the Viterbi algorithm was used for iden-

tifying suitable pseudo-parents for haplotype estimation. It would have been

possible to instead search for the individuals with maximal posterior at each site,

using the Forward/Backward algorithms. In fact, given that posteriors are com-

puted at every position, it would have been straightforward to obtain the best K

pairs of individuals, and the best most informative pairs at every SNP, making

it possible to phase each heterozygous site without memory restrictions.

However, the fact that path likelihood was shown to have no influence on

phasing performance (see Figure 3.2) suggests that no advantage will be gained

by considering a F/B approach for picking pseudo-parents. The Viterbi algorithm

provides a straightforward way for obtaining sequences of hidden states with

few parent transitions, simplifying pseudo-mother and pseudo-father alignment.

Conversely, a F/B implementation would require a more involved deconvolution

of hidden states with optimal posterior across sites. This is why the Viterbi-based

scheme explored here was considered sufficient.

3.4 Phaser competition

Having finalised the parameters and the algorithm behind our phaser, it is possible

to compare its performance against state-of-the-art algorithms that are available.

At the time when these investigations were carried out, SHAPEIT (Delaneau

et al. [2012]), one of the more competitive methods currently available (Delaneau

et al. [2012], Browning and Browning [2011b]) was not established as a leading
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phaser. As a result, our model was instead compared to the BEAGLE haplotype

graph approach (Browning and Yu [2009]) and the LS-driven MCMC approach

of IMPUTE2 (Howie et al. [2009]).

Both BEAGLE and IMPUTE2 were applied using their default settings. The

comparisons explored here focus exclusively on phasing accuracy and not com-

putational efficiency. Concerning run-time, BEAGLE has a clear advantage, re-

quiring only a few minutes to phase a chromosome for thousands of samples.

IMPUTE2, by comparison, would require a few days. In this thesis, haplotype

estimation was only explored using our full HMM, with single hidden state space

transitions as the only modification to the model for computational efficiency. In

this form, our model cannot be run on more than a few hundred individuals; even

in this case, run time for a single individual would be in the order of a few weeks.

Recall that computations run in parallel across individuals and therefore, given

availability of a cluster, run time for a single individual is indicative of run time

for the whole sample.

For the small sample sizes simulated for the purposes of this investigation,

run time for our phaser was the same order of magnitude as that of IMPUTE2.

A direct comparison is not straightforward as IMPUTE2 is restricted to phasing

all individuals simultaneously via an MCMC approach, whereas our phaser was

run separately per person, with run time being restricted only by the number of

processors available.

3.4.1 Data

We compared the three phasers (PACE, BEAGLE and IMPUTE2) on simu-

lated data and on real data. Data sets were simulated (again using R code

provided by McVean, http://www.stats.ox.ac.uk/ mcvean/R/coalescent.r) for a

variety of sample sizes, N , and recombination rates, r in order to compare

phaser performance as both of these changed. In particular, we considered

N ∈ {10, 50, 75, 100, 200, 500, 1000} and r ∈ {0, 0.25, 0.5, 1, 1.5, 2}, r measured

in cM/Mb. We assumed an effective population size of 10,000.
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The real data considered were chromosomes 6, 20 and X, separately for the

CEU and YRI populations from the HapMap PHASE III (International HapMap

3 Consortium et al. [2010]) project. The HapMap data were selected as at the

time that this investigation was carried out (prior to the 1000 Genomes (1000

Genomes Project Consortium et al. [2010, 2012]) release), it was the only open-

source database of high quality haplotypes; the data underwent rigorous quality

control described, for example, in International HapMap 3 Consortium et al.

[2010] and Moutsianas [2011]. Moreover, the database consisted of trio and duo

samples, allowing for the determination of high quality haplotype estimates that

were mostly determined by transmission, rather than stochastic estimation. Using

such high quality haplotypes is crucial, as they will be used as the true haplotypes

that the phasers’ results will be compared against.

For all chromosomes, we considered the duo, trio and unrelated samples. Us-

ing the duo and trio individuals, we looked at sites that were phased by transmis-

sion, thus obtaining the haplotypes of the children. For chromosomes 6 and 20,

the phasers were then run on these children and on the unrelated samples, but

results were only assessed for the children, for which the high-quality haplotypes

were known. For chromosome 6, we also isolated the HLA region (∼29Mb-33Mb)

and explored how the phasers behaved in that region specifically.

For chromosome X, the haploid male samples were randomly paired to cre-

ate pseudo-diploids. The phasers were then run on the female samples and the

male pseudo-genotypes, but were only assesses on the latter. All in all, for the

CEU population, for chromosomes 6 and 20, 69 individuals were included, of

which 52 were from duos or trios, and for the YRI population, 63 individuals

were considered, of which 54 were assessed. For chromosome X, there were 15

pseudo-diploids, out of 40 individuals for the CEU population, while for the YRI

population 19 pseudo-diploids were obtained, out of 45 individuals. The data are

tabulated in Table 3.9). Just like with all the simulation-based analyses that we

have performed, all singletons are excluded from the real data as well.
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Pop Chr Candidate Parents Children Pseudo-males

CEU aut. 69 52 0

CEU X 40 0 15

YRI aut. 63 54 0

YRI X 45 0 19

Table 3.9 HapMap III data. The table summarises the sample sizes considered

for each analysis. Pop = population; Chr = chromosome; Candidate parents = the

total number of individuals considered as a candidate parents; Children = the number

of individuals within the candidate parent set, which were obtained by transmission

from trio and duo samples and which were the ones whose haplotype estimates were

assessed; Pseudo-males = the number of pseudo-diploids within the candidate parent

set, which were obtained by pairing male haploids and which were the ones whose

haplotype estimates were assessed; aut = autosome, referring to chromosomes 6 and

20 that were considered in this analysis.

3.4.2 Results

Considering first the simulated data (Figure 3.8), we see that the phasers are

comparable, with no method out-competing the other two for all combinations

of sample size, N , and recombination rate, r. When sample size is small and the

recombination rate is low, PACE performs significantly better than the other two

methods. As sample size increases, the methods perform near-identically.

For the higher recombination rate, BEAGLE suffers for small sample sizes,

and PACE suffers for the larger sample sizes, with accuracy not increasing as

fast as for the other methods. When recombination rate increases, BEAGLE and

PACE perform similarly (and worse than IMPUTE2) when sample size is small,

but PACE is the weakest for the larger sample size, with BEAGLE restoring its

accuracy at the level of IMPUTE2.

Overall, IMPUTE2 performs the best for larger samples and is the most robust

to increasing recombination rate, while PACE performs best for smaller samples

and lower recombination rates (Figure 3.8). Results are comparable, however, for

BEAGLE, which is computationally the fastest algorithm. Finally, since only a
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Table 3.10. HapMap III Phasing Results C = CEU; Y = YRI; The values

tabulated for each phaser (Pace, BEAGLE and IMPUTEv2) are the accuracy A

(%). For the X chromosome results from the male individuals were considered,

while for the autosomal chromosomes we considered the results for the parents

from trio data for which true phase was known with greater confidence. Pace

used the top 10 paths with WMT (with ζ = 0.05, however) and the SM

approach. The values in bold indicate the maximum A achieved for the

respective column.

Method C HLA C6 C20 CX Y HLA Y6 Y20 YX

PACE 99.64 98.70 98.29 97.16 99.55 98.06 97.49 95.61

BEAGLE 99.63 98.71 98.28 97.12 99.59 98.04 97.46 95.30

IMPUTE2 99.50 98.88 98.55 96.30 99.55 98.96 98.59 96.15

U 1.48 1.52 1.69 1.63 1.83 4.40 4.99 4.06

small fraction of heterozygous sites remains unphased, we see that phasing these

sites at random makes no difference to PACE’s overall accuracy.

Turning to our results for real data (Table 3.10), we see near-identical per-

formance for all methods. Encouragingly, we obtain near-perfect results over the

HLA region for both populations. Results on other chromosomes are slightly bet-

ter for the CEU population than for the YRI, consistent with the greater diversity

present in the YRI population that makes phasing a more challenging statistical

problem to solve, particularly considering the small sample sizes that are being

considered here. While for the CEU population all methods perform equally well,

IMPUTEv2 outperforms the rest in the case of the YRI population.

3.4.3 Conclusions

PACE does not achieve better results than BEAGLE and IMPUTE2, it is however

a competitive phaser in its own right, particularly for smaller sample sizes and for
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Figure 3.8 Method comparisons. N = number of genotypes in the sample; r

= recombination rate, cM/Mb; A = our measure of accuracy. For Pace we consider

error rate for all phasable sites (solid green) and after phasing any left-over sites at

random (dashed green). Pace uses the top 10 paths with WMT (ζ = 0.01) and the SM

approach.
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regions with lower recombination rate. We observe, however, that while PACE’s

performance improves for larger data sets, it does so less effectively than the other

methods (Figure 3.8). PACE does not directly incorporate the more abundant

population level information that is available when there are more individuals in

the sample. However, as sample size increases we do expect that more individuals

will exist in a sample that will be suitable pseudo-parents. In fact, the TMRCA

with a NN ∼ O( 1
n
) and we therefore expect that with a greater sample size

there will be more people with long-range compatibility. While this might be

true, however, it is not obvious that these will be the individuals that are most

suitable for phasing. In contrast, our results suggest that by using the weighted

Mendelian emissions we are actually selecting individuals with which the MRCA

is further up the genealogical tree of the sample. The number of such individuals

therefore grows more slowly, consistent with our observations, thus explaining the

slower rate of improvement. We explore this in full detail in the next chapter.
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Chapter 4

Finding Nearest Neighbours:

detection and haplotype sharing

4.1 Overview

This chapter explores the model that we have developed in the context of the

detection of recent shared ancestry within an unrelated sample. The successful

application of our HMM in the estimation of haplotypes from genotype data

indirectly demonstrates its ability to identify individuals in the sample that are

closely related with the query genotype locally. The question of characterizing

and establishing this close and local relationship therefore naturally arises: how

are these pseudo-parents related to the query genotype? Are they really close

relatives, in the genealogical sense? What does ‘close’ mean in this context?

In the introduction we discuss how the relationship between individuals in

a sample is fully captured by the ARG of that sample. With this in mind, in

order to fully characterize the coancestry between the query genotype and the

pseudo-parents selected by our model, it would suffice to record:
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1. The number of nodes in the sample’s genealogical tree separating them.

2. Their TMRCA; in other words, the ARG’s branch lengths between them.

3. The length of the haplotypes that they share, which illustrates the distance

over which their relationship in the ARG does not change.

The number of nodes measures relatedness discretely (if all events in a pedigree

are detectable): haplotypes are siblings, cousins and so on, on the genealogical

tree. Conversely, the other two characterize relatedness in a continuous fashion.

These metrics are clearly related and the coalescent model provides a frame-

work for investigating them. However, they are influenced by the demographic

history of a sample, which adds a layer of difficulty in inferring their relationship,

particularly when considering all three simultaneously. Similar to the work of

others (for example Gravel [2012] and Harris and Nielsen [2013]), we are inter-

ested in estimating these metrics and using them as summaries of structure in

a sample. Our model promises to explore patterns of recent relatedness and so

it is important to determine our pseudo-parent measurements with respect to all

three metrics.

However, we can extend this discussion and ask whether the selected pseudo-

parents are in fact the query genotype’s closest relatives (NNs; illustrated in

Figure 1.2) in the sample. Very recent coancestry is informative of relatedness

patterns specific to rare variants and is further informative on recent demographic

history. This does not have to be the case for phasing to be successful but it is of

interest to establish whether our model could be calibrated to specifically aim to

detect NNs in the place of pseudo-parents, if the latter are not NNs already. We

should therefore determine whether each pseudo-parent contains a haplotype that

is one of the query genotype’s haplotypes’ siblings on the marginal genealogical

tree.

The genealogical relationship between individuals in an unrelated sample is

typically unknown. In real data analysis what is instead straightforward to esti-

mate is the extent of haplotype sharing between the individuals. The second ques-

tion that therefore naturally follows is whether haplotype sharing is maximised

between individuals that are NNs. Several methods (Browning and Browning

124



4.1 Overview

[2012], Harris and Nielsen [2013], Kong et al. [2008]), including the one intro-

duced in this thesis attempt to detect local relatedness by searching for extensive

sharing between individuals. It is crucial to understand whether this is actually

a different pursuit than the one for NN detection.

This chapter is split into two main parts. First, we begin our investigation

with a simulation study that explores this relationship between maximal haplo-

type sharing and NN status, assuming the standard coalescent framework. The

coalescent was formalised by Kingman (Kingman [1982a,b,c]; for reviews see Hein

et al. [2004] and Wakeley [2008], among others) and is the most widely used pop-

ulation genetics model. To assess whether a method is effective, we should assess

whether it detects the amount of sharing that is expected and we should explore

who this sharing occurs with. Coalescent simulations allow us to benchmark these

expectations.

In the second part, we use simulated data to explore the behaviour of our

model with respect to the following questions:

1. What is the extent of the relatedness between our selected pseudo-parents

and the query genotype? Further, can we calibrate our method to identify

NNs?

2. Can we detect maximal haplotype sharing? More specifically, is the amount

of haplotype sharing between individuals what is expected on average under

the standard coalescent?

3. How are these questions influenced by the presence of phasing and/or geno-

typing errors in the data?

Haplotype data are rarely obtained experimentally and will therefore carry

errors from the phasing process. These only add to errors incurred from the

genotype-calling stage of data collection. It is important to consider these ques-

tions in this context as haplotype sharing and identifying closer relatives are de-

fined by the similarity between individuals and will thus be affected by erroneous

variation (Browning and Browning [2012], Lawson et al. [2012]).

In our assessment, we considered both the Viterbi and F/B implementations

of our HMM. For the Viterbi implementation, we explored the performance of all
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three options of emission scores. The graph approximation (introduced in Section

2.4.2)and HMMsub (Section 2.4.3) are also incorporated in the investigation here.

4.2 Limits on the ability to detect Nearest Neigh-

bours by means of haplotype sharing

We first consider the relationship between maximal haplotype identity and NN

status. Formally, we say that chromosome j is a NN of chromosome i in the

sample if the time to the most recent common ancestor (TMRCA) of i and j is

less than or equal to the TMRCA of i and any other individual in the sample. NNs

are expected to share extended haplotypes, since the expected shared haplotype

length is inversely proportional to the TMRCA between any two individuals. In

any genealogy, a particular haploid sample will have one or more NNs (the NN

set) at a given position. However, which other sample it shares greatest haplotype

identity with will depend on the rate of mutations (relative to recombination) and

where recombination events occur in the genealogy. If mutation is rare relative to

recombination, or rare variants are not assayed (as is typical of SNP genotype data

sets), then, due to the stochastic nature of recombination, sample-pairs sharing

maximal identity may not be genealogical NNs. For example, if no mutations

occur on the branch separating two NNs with their genealogical cousin and if

this branch is short, then it is possible that recombination events will be such

that a longer haplotype will be shared between an individual and the cousin,

than their NN. In general, there are of course other reasons why NNs may not

be identifiable, for instance insufficient typing that does not reveal enough of the

variation present in a sample and genotyping and phasing errors that disrupt IBD

chunks.

In any case, the question therefore arises of whether maximal haplotype shar-

ing can be used as a proxy for recent relatedness, and for NN status in particular.

Is looking for one the same as looking for the other? Moreover, how much is

the maximal sharing that we expect between a query individual and the person

(whether it is the NN or not) with which they share the most?
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4.2.1 Simulations under the coalescent

To assess the frequency of NN mis-assignment using maximal haplotype identity

we performed coalescent simulations of haploid samples and asked whether the

marginal tree for true NNs remains unchanged over greater distances than for

pairs of more distantly related individuals. The assumption made in this strategy

is that the region over which the TMRCA for two individuals does not change

defines maximal haplotype identity between them. In other words, we ignore the

effect of mutation.

For a sample of size n, we constructed a marginal coalescent tree (e.g. Figures

1.2 and 4.1) assuming the coalescent with constant population size using the

standard approach (Hein et al. [2004]), which we outline in Algorithm 9.

Algorithm 9 Generating a coalescent tree

Set k = n and I = {1, · · · , k}
while k ≥ 2 do

1. Generate u ∼ U(0, 1)

2. Tk = − 2
k(k−1) log(u) {since Tk ∼ E(

(
k
2

)
)}

3. Sample 2 individuals, i, j ∈ [1, k] uniformly and at random from I

4. Set Nk = {i, j}, I = {1, · · · , k} / {i, j} ∪Nk

5. k → k − 1

end while

The coalescent tree, T , is then defined by the sets Nk, k ∈ {n, · · · , 2}. These

are the sets of nodes of the tree which carry the individuals that coalesce at

each time point k. The branch lengths are defined by the exponential random

variables, Tk, which are the waiting times between coalescent events while there

are k individuals present in the sample.

This simulated tree represents the marginal tree for the sample at a certain

position. Ignoring mutations, shared haplotypes between chromosomes are de-

fined by the genomic distance over which the topology of the tree that joins them

does not change. For every pair of chromosomes we should therefore explore dis-

tances to recombination events to the left and to the right of the current marginal

tree.
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Alternatively, we may simulate recombination events in the genealogy first

and then consider which events are relevant to every pair of chromosomes in the

sample. This is the simulation strategy that was adopted here. Given a certain

topology joining two chromosomes, the distance to a recombination event is expo-

nentially distributed, with parameter half of the length of the relevant topology.

The length of the topology is 2×TMRCA between the two chromosomes. This

distance is in units of ρ, the recombination rate at that position. Equivalently,

we can add a distance separately to each branch b of length tb; this distance

∼ E( tb
2

). Then haplotype length is determined by the minimum of each of these

distances. Let B be the space of branches that make up T . The equivalence fol-

lows from a property of the exponential distribution: if L is the total tree length

and L =
∑

b∈B tb, then X ∼ minb∈B (Yb) if X ∼ Exp(L) and Yb ∼ Exp(tb).

Given the marginal coalescent tree T , two distances to recombination events

are simulated for each branch. For each pair of chromosomes, the only part of T

that will influence the length of their shared haplotype is the set of branches that

join them. Suppose this pair is p = {i, j} , i 6= j and denote the set of branches

that join them by Bp. Their shared haplotype will be bounded on the left by the

minimum of all the distances to the left simulated for each of the branches in Bp.

Similarly, the shared haplotype will be bounded on the right by the minimum

of all the distances to the right from the set of those branches. Consequently,

the overall length of this haplotype is the sum of these two distances. Call this

length dp. In this set-up, we are ignoring the possibility of back coalescence

events: cases where two recombinant lineages coalesce back together before any

other events take place. In the absence of mutation, this would make no difference

to the genomic composition of the samples. We are also assuming that all the

recombination events that we are simulating are detectable. The overall algorithm

for the simulation, which is illustrated in Figure 4.1, is as follows:

Algorithm 10 Determining the length of shared haplotypes

Simulate distances to recombination events in the genealogy, B, by considering

each branch separately:
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for b ∈ B do

Generate u1, u2 ∼ U(0, 1)

Set rbl = − 2
tb

log(u1) and rbr = − 2
tb

log(u2)

end for

Next, obtain the length of the shared haplotype for each pair of chromosomes

for i ∈ {1, · · · , n} do

for j ∈ {i+ 1, · · · , n} /i do

Set p = {i, j} and identify Bp, the set of branches joining i and j

Set dl = min{rbl : b ∈ Bp} {This is the left bound}
Set dr = min{rbr : b ∈ Bp} {This is the left bound}
Set di,j = dl + dr

end for

Set Di = maxj(di,j) and NNi
p = j such that Di = di,j {Select an individual

uniformly and at random if there are more than one.}
end for

We record maximal haplotype sharing for each individual so that we can ob-

tain a benchmark for the expected value. This expected value cannot be derived

using the standard exponential distribution as the individual with which the max-

imal haplotype is shared, and therefore their TMRCA, is unknown. Moreover, we

may now ask whether each individual i shares its maximum haplotype chunk, of

length Di, with (any of) its true NNs. In other words we ask whether NNi
p =NN.

In our simulations using Algorithm 10 it is possible that the the branch for

which dl and dr for some chromosome i, is in fact the branch directly above i (a

terminal branch). When this is the case, it is in fact impossible to distinguish

between true NNs and NNi
p. This illustrates how maximal haplotype sharing

can fail in distinguishing NNs with more distantly related individuals and it is

therefore also of interest to investigate how often this is the case.
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Figure 4.1 Adding recombination distances to a coalescent tree. The

diagram shows a coalescent tree (black) for 6 chromosomes (A-F). Each branch has a

distance to a recombination event to the left and to the right, marked by the black

arrows. The top left branch is branch b, of length tb. The distance to the left for

this branch is rlb ∼ E( tb2 ) and the distance to the right is rbr ∼ E( tb2 ), in units of the

recombination rate ρ. For a query genotype, B say, its NN is C and its cousin is A.

For B and some other individual, we select the branches that join them. For example,

for B and C, the branches that join them are highlighted in red; for B and A in green;

B and D in yellow; B and E in purple. For each pair, the highlighted branches are the

ones considered for determining the length of their shared haplotype, dB,?. Refer to

text for a full description.

4.2.2 Simulations under an exponential growth model

If there is NN miss-assignment because of extended haplotype sharing, this will

only be accentuated if there has been exponential growth in the genealogy. The

branch length in a coalescent tree is scaled by the effective population size, Ne.

Therefore, we can change the branch lengths of a coalescent tree that has been

simulated under the constant size model (see Algorithm 9) simply by rescaling

these lengths proportionally to the changes that have occurred to Ne. When there

has been exponential growth, this manifests itself in the topology of the tree by
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extending more recent branch lengths and contracting older ones, thus changing

the tree into a ‘star-like’ shape (Hein et al. [2004]). The difference between siblings

and cousins on the tree is therefore made smaller, and the terminal branches are

longer allowing for more confusion to be possible between NN and NNp.

Assuming an exponential growth model, the effective population size changes

from NS to NB over a growth period G. We have that NS = NB · e−β·G, with the

growth rate β being 1
G
· log(NB

NS
). Coalescent time in the constant size case is:

t̂ = exp(β·G)−1
2NB ·β

and for the case of exponential growth it is transformed to (Hein et al. [2004]):

t̂g = 1
2NBβ

· log(1 + 2NBβt̂)

In our simulations we build the coalescent trees assuming constant population

size and then rescale the branch lengths using these parameters. If t is the time

we are simulating that measures time back in the constant size case, our rescaled

time is tg and:

if t < t̂ then

tg = 1
2NBβ

· log(1 + 2NBβt)

else

tg = t̂g + NS

NB
(t− t̂)

end if

where t̂ and t̂g are the times in the past when growth began for the constant-size

and growth case respectively.

Let Sj =
∑k=j

k=n Tk be the total time until the jth coalescence event in the

constant-size case, and Sgj =
∑k=j

k=n T
g
k be the equivalent time under the growth

model. We use the above transformation to update our algorithm (Algorithm 9

for constant Ne) for obtaining a coalescent tree.

Algorithm 11 Generating a coalescent tree under exponential growth

Set k = n and I = {1, · · · , k}
while k ≥ 2 do

1. Generate u ∼ U(0, 1)
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2. Tk = − 2
k(k−1) log(u) and set Sk =

∑j=k
j=n Tj.

if Sk < t̂ then

3. Sgk = 1
2NBβ

· log(1 + 2NBβSk)

else

3. Sgk = t̂g + NS

NB
(t− t̂)

end if

4. Set T gk = Sgk−S
g
k+1 {The branch length for the current coalescence event}

5. Sample 2 individuals, i, j ∈ [1, k] uniformly and at random from I

6. Set Nk = {i, j}, I = {1, · · · , k} / {i, j} ∪Nk

7. k → k − 1

end while

4.2.3 Results

The simulations described here were carried out for varying sample size n ∈
{10, 50, 100, 200, 500, 750, 1000}, with 1000 repeats for each size, both for the

constant size and exponential growth cases. In the latter scenario we consid-

ered Ne increasing from 10,000 (NS) to NB over G generations, for NB ∈ {1 ×
106, 2× 106, 3× 106, 4× 106} and G ∈ {100, 200, 300, 400}, which reflect a range

of parameters that are plausible for human population history.

Under the constant-size model, we find that in approximately 20% of cases the

sample with maximal identity is not a genealogical NN (Figure 4.2). Moreover,

in 5% of cases it is not possible to distinguish true NNs from others (Figure

4.2 inset). These proportions are largely independent of sample size, with the

observed trends levelling off when there are more than ∼50 chromosomes in a

sample. The rate of convergence to these limits is also surprisingly fast; even

for samples with 25 individuals, there is a significant probability that one shares

their longest haplotype with an individual that is not a NN.

This constant rate of miss-assignment is in fact only constant for the constant-

size case. Under exponential growth (Figure 4.3), detection of NNs becomes even

harder for increasing sample size. The ability to distinguish NNs unambiguously
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Figure 4.2 Constant population size: NN vs NNp. The main figure shows the

proportion of times that the individual for which maximal haplotype sharing is greatest

is actually a NN. Inset: The proportion of times that we cannot distinguish between

NNs and other individuals using maximal haplotype sharing.

also deteriorates under these conditions (Figure 4.3 inset) . Given a fixed sample

size, both of these effects are further accentuated when NB and G increase (Figure

4.4). A larger NB increases the growth rate, β and since G >> 1 when G goes

further back in time there are longer times over which rescaling of branch lengths

can occur. A more prolonged growth period or growth with a greater change in

Ne both accentuate the effects seen in Figure 4.4. In both cases it is reasonable

therefore that the difference between NNs and cousins or other very similar recent

relatives becomes less distinguishable, in terms of the branch lengths that join

them.

It follows that we should look at how different the selected NNps are compared

to the NNs:

1. How much older is the TMRCA with NNp compared to the NN.

2. How does the haplotype length shared with a NN compare to that shared

with NNps?
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Figure 4.3 Exponential growth: NN vs NNp. The main figure shows the

proportion of times that the individual for which maximal haplotype sharing is greatest

is actually a NN. Inset: The proportion of times that we cannot distinguish between

NNs and other individuals using maximal haplotype sharing. The simulations here

used NB = 4× 106 and G = 400.

We discover that the difference between the TMRCA of the true and inferred

NNs is typically small (Figure 4.5) both for the constant-size and the growth

cases, with most observations lying close to the y = x line. For both cases we do

however still see differences, albeit rarely, that are different even by an order of

magnitude. The larger differences in TMRCA peak around the mean. Zooming

into these regions, the insets in Figure 4.5 show the density of the differences,

confirming that in all cases its mass is at about two orders of magnitude smaller

than that of the mean. These finding support the hypothesis that whenever the

true NN is not identified, it is typically in favour of another individual with which

coancestry is almost as recent as with the NN and the shorter haplotypes obtained

with the real NNs is a consequence of the stochasticity of the recombination

process.

Similarly, Figure 4.6 shows that haplotype lengths with NNs and NNps are

also quite similar, with the median of their ratio being mostly at 90% (Figure
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Figure 4.4 Identifying NNs under the coalescent with exponential

growth. We are assuming a model of exponential growth from an effective population

(Ne) that starts at 10,000 and grows over a period of G generations. The diagrams

show the proportional of maximal shared chunks that are shared with a NN (left) and

the proportion of NNs that are indistinguishable from other individuals (right) as a

function of recent Ne and G The different values of G that are considered are illus-

trated by the different colours: blue = 400; green = 300; red = 200; orange = 100. In

our simulations we have used a sample of 1000 haplotypes. The error bars depict 95%

confidence intervals.

4.6 insets). The difference between the chunks is, as expected, greater under

exponential growth. In this case and for the larger sample size, we also observe

that miss-assignment occurs more often when the chunks with the true NNs are

shorter than the observed median (as we would expect).

In practice, consideration of mutations, and in particular rare variants, will

provide additional resolution to relationships and so some improvement on these

observations is expected. Nevertheless, these results demonstrate that there are

fundamental limits on the ability to detect genealogical NNs through extended

haplotype sharing - a result of the inherent stochasticity in the genealogical pro-

cess. These limits are particularly relevant for populations which have experi-

enced population explosion, and similarly bottlenecks, which we know is the case
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for humans. The reduction in the levels of diversity that result from such demo-

graphic histories requires that we distinguish between these metrics of relatedness

(NN relationship or maximal haplotype sharing), particularly when they are the

ones used to make inference on demographic history, timing of historical events

and on disease association studies. In other words, whether we aim to detect NNs

or individuals with which there is maximal haplotype sharing should depend on

the type of inference that we are trying to make.
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Figure 4.5 Differences in TMRCA between NN and NNp Each main figure

shows the TMRCA with an NN against the TMRCA with the NNp for every haplotype

from our simulations. The blue dashed line is the expected mean for the TMRCA with

a NN under the standard coalescent with a constant population size. The red dashed

line is the observed median. We are recording the median here because the variance

in shared haplotype chunks is infinite. The insets show the density of the difference

between the NN TMRCA and NNp TMRCA around the observed mean. The left

column shows the result for constant population size and the right column under a

model of exponential growth (NB = 4 × 106, G = 400). NNp is the maximum chunk

individual.
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Figure 4.6 Differences in shared haplotype lengths between NN and NNp

for haplotype lengths. Each main figure shows the length of the shared haplotype

with an NN against the length with the NNp (which was the maximum attained) for

every chromosome from our simulations. The red dashed line is the observed median of

the length of the shared haplotype with an NN. The insets show the density of the ratio

between the NN length and NNp length around the observed median. The left column

shows the result for constant population size and the right column under a model of

exponential growth (NB = 4× 106, G = 400). NNp is the maximum chunk individual.
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4.3 A statistical method for detecting NNs and

extended haplotype sharing from unphased

genotype data

As a brief reminder, for a query individual our methods’ goal is to identify at

every position along the genome two (or more) other individuals from the sample

who contain chromosomes which are closely related to those in the target. In

fact, we would further like these recent relatives to be genealogical NNs to the

two chromosomes present in the target, or to otherwise explore how closely related

they are.

Following the ideas introduced by Kong et al. [2008], we refer to them as

pseudo-parents. However, unlike the LRP method, we wish to allow for the

pseudo-parents to change along the sequence and for a low degree of divergence

(arising through error or true variation) between the target and pseudo-parental

genomes. We note that, particularly in small sample sizes, both NNs may be

present in a single individual (and occasionally the two target chromosomes could

be NNs of each other). However, this is rare and for most uses of NN information

(for example, haplotype estimation) we wish to constrain the pseudo-parents to

be distinct from each other and from the target.

In view of the results obtained earlier in this chapter, we should investigate

how we fare in the balance between detecting the expected maximal haplotype

sharing versus identifying true NNs. We consider the three different emission pro-

cesses: Mendelian transmission (MT; Table 2.1 with ζ=0.5), weighted Mendelian

transmission (WMT; Table 2.1 with ζ = 0.01) and compatibility (CE; Table

2.2). All three indirectly demonstrated their capacity to detect close relatives by

allowing for the effective estimation of haplotypes (see Chapter 3).

We also allow for a low rate of Mendel-incompatible inheritance patterns (set-

ting ε = 0.01, Tables 2.1 and 2.2). We identify shared haplotype chunks, by

studying the regions over which our choice of pseudo-parents remained constant.

This was illustrated in Figures 2.5 and 2.7. A formal description of our algorithm

and the HMM that we employ (the genotype-HMM), was given in Chapter 2.
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We applied our methods independently for each target individual in simulated

data, excluding the target from the set of possible pseudo-parents. Our adapta-

tion of the Viterbi algorithm (Section 2.2.3) was used to find the set of paths

with the maximum likelihood. Alternatively, we also consider parent-pairs with

maximum posterior probability at each site, by running the Forward/Backward

algorithms (Section 2.4.1).

We also considered the graph approximation of the HMM (Section 2.4.2)

and HMMsub (Section 2.4.3). The graph with its subsampling scheme heuristi-

cally approximates our HMM with compatibility emissions. It is directed in that

whether we start choosing pseudo-parents from left-to-right or vice versa will in-

fluence the final choice of pseudo-parents. HMMsub has only been used for the

implementation of the Viterbi algorithm with CE.

To assess our performance we must first obtain a threshold for optimal perfor-

mance. Our methods are genotype-based but it is haplotypes that carry the most

information on the (dis-)similarity of individuals, their genealogical relationship

and the parts of their genomes that they share. The baseline stochastic method

that uses haplotypes to address the issues discussed here is the Li and Stephens

(LS) algorithm (Li and Stephens [2003]), which was introduced in Section 1.7.1.

The LS algorithm is the basis of ChromoPainter (Lawson et al. [2012]) which

has been successfully used to characterize ancestry and admixture (Lawson et al.

[2012]) and in which the concept of NNs was introduced.

For a given sample of genotypes, the approaches that we consider and assess

in this chapter are:

1. The Viterbi implementation of our HMM using each of the three emission

matrices

2. The F/B implementation of our HMM with compatibility emissions

3. The graph method

4. HMMsub

5. The LS method (Viterbi and F/B) on the original, true haplotypes of the

sample
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6. the LS method (Viterbi and F/B) on haplotypes obtained after phasing

genotypes (obtained from the true haplotypes) using IMPUTEv2 (Howie

et al. [2009]) and BEAGLE (Browning and Yu [2009])

7. All of the above on data that contain genotyping error.

4.3.1 Measuring accuracy

For each genotype in the sample, our methods (genotype-HMM, the graph and

HMMsub) output a single path of genotype pairs at each site, while the LS

approach runs on haplotypes and outputs a sequence of optimal haplotype states.

To make the results comparable, we run the LS methods on each haplotype but

record the genotype individual that the selected haplotype corresponds to.

For a sample of genotypes of size n, for each i ∈ {1, . . . , n} and at each site

j ∈ {1, . . . , L}, we will be using the following notation:

• Gij: the genotype of individual i at site j

• H1
ij and H2

ij: the two haplotypes of Gij

• NNij: the NN of some haplotype Hij (NNij = Hkj, k ∈ {1, . . . , n}/{i})

• GNij(= Gkj): the genotype containing NNij

Therefore, individual Gij has genotype NNs GN1
ij and GN2

ij. At every site j,

for each genotype Gij, each method selects two parental genotypes, denoted by:

• P 1
ij (= Gkj, k ∈ {1, . . . , n}/i); this is the first parent at site j

• P 2
ij (= Gmj,m ∈ {1, . . . , n}/{i, k}); this is the second parent at site j.

For our assessment we would like to check whether
{
P 1
ij, P

2
ij

}
contains

{
GN1

ij, GN
2
ij

}
.

We therefore define the weighted sensitivity, WSn, as the ability of the method

to identify pseudo-parents containing correct NNs:

WSn =
0.5

L
×
j=L∑
j=0

max{[1{P 1
ij∈GN1

ij}+1{P 2
ij∈GN2

ij}], [1{P 2
ij∈GN1

ij}+1{P 1
ij∈GN2

ij}]} (4.1)
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We would also like to assess the distance between the selected pseudo-parents

and the query genotype, especially for the cases when they are not NNs. We

therefore additionally measure:

1. The number of nodes (NMRCA) between the selected parents and the target

individual, and

2. The TMRCA between them.

Between two true NNs, the number of nodes is 1 and the expected TMRCA is 2
n

(Blum and François [2005]). The variance of this TMRCA is, however, infinite

(Janson and Kersting [2011]; we discuss this further in Chapter 5, Section 5.2.2).

Finally, we estimated the shared chunk size between the query genotype and

its surrogate parents. For each parent separately, breakpoints occur when a parent

changes and a shared chunk is defined as the region between two such breaks (see

Figures 2.5 and 2.7). The query individual shares a haplotype chunk with each

of its pseudo-parents. We record the median such length per parent, and then

the mean of these two median values to obtain average haplotype sharing per

person. It is necessary to obtain medians first as the distribution of chunk sizes is

such that variance is infinite (following from the infinite variance of the external

branch lengths of coalescent trees). Similarly, for all haplotype chunks shared

across the entire sample, we obtain the median and the N50. We illustrate the

difference between these metrics in Figure 4.7. The N50 is the median weighted

by physical length: the size of chunk that 50% of sites in a sequence would fall in.

The N50 is equivalent to the median chunk size obtained from our marginal tree

simulations, where we generated chunks around a given position. In this way we

can compare our findings from each method from the simulated data here, with

the expected values obtained from the marginal tree simulations. Note that we

expect some discordance due to the effect of mutation. Mutation was ignored in

the tree simulations but should now influence results in two ways:

1. Reduce the levels of haplotype sharing;

2. Increase power to distinguish NNs from cousins and more distant relatives

in the genealogy.
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Figure 4.7 Measuring average sharing The diagram is a toy illustration of how we

measure average sharing in a sample. The top panel shows the shared haplotype chunks

for two individuals. There are two series of shared chunks for each person, representing

the shared haplotypes of the query individuals with each of its NNs. On the left of each

chunk is its physical length (in Mb, say). For individual 1, the median chunk shared

with each pseudo-parent is 3 and 7 and therefore overall sharing for individual 1 is the

mean of the two: 5. Similarly, overall sharing for individual 2 is 2.625. Across the

sample therefore, the mean per person sharing is 3.8125. An alternative approach to

calculating sharing across the sample is to collect all shared chunks, as illustrated in the

bottom panel and calculating the overall median across them. Here, this is 2.75. The

N50 is the weighted median, with the weights being the physical length of the chunks.

Across all chunks from the sample the N50 is 3.25. In contrast, the per person N50 is

4 (the N50 is calculated for each pseudo-parent as above, then averaged across parents

and samples).

4.3.2 Simulated Data

To assess the accuracy of the algorithm and to compare it to alternative strate-

gies for identifying NNs from unphased genotype data we performed coalescent

simulations across a variety of sample sizes and recombination rates. Our assess-

ment requires full knowledge of the genealogy of a sample and our analysis here

is therefore restricted to just simulated data. We therefore generated haplotypes

using the MaCS software (Chen et al. [2009]), assuming the standard neutral

model, with constant-population size. We generated 100 different data sets each

consisting of 200 haplotypes (100 genotypes) spanning 1Mb. We used a pop-
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ulation scaled mutation rate of 0.01 with no recombination and recombination

rates of 0.25cM/Mb, 2.5cM/Mb and 25cM/Mb. For the two latter cases we also

modified the data by applying a 1% genotyping error. Overall, we considered the

following data sets:

1. 100 data sets with ρ = 0

2. 100 data sets with ρ = 0.25cM/Mb

3. 100 data sets with ρ = 2.5cM/Mb

4. 100 data sets with ρ = 2.5cM/Mb and 1% genotyping error

5. 100 data sets with ρ = 25cM/Mb

6. 100 data sets with ρ = 25cM/Mb and 1% genotyping error

In all, we therefore obtained a collection of haplotype data sets that reflect a

range of recombination and genotyping error rates relevant to human populations.

Singletons are excluded from all our analyses. Just as with our phasing study, we

obtained genotype data by combining each pair of haplotypes. For each individual

in turn we may then run our analyses using the remaining 99 individuals from

the sample. We record:

1. WSn, NMRCA and TMRCA, taking the mean over sites for each metric.

2. The median chunk length and N50 across our samples. This may be mea-

sured either per person or the median across all chunks collected from all

individuals (refer to Figure 4.7). We do not expect both measures to give

the same results due to the skewed distribution of shared haplotype chunks:

smaller chunks are far more numerous and will pull down the median to a

greater extent when the entire sample is considered collectively. For a single

individual, longer shared haplotype chunks with a pseudo-parent dominate

more, and therefore the per person values are expected to be larger.

3. The proportion of times that (any of) the true NNs had maximum posterior

probability, by using the F/B version of our HMM with CE and of the LS

method. We report the mean over sites.
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4. The proportion of the posterior carried by the true NNs; we used the max-

imum posterior achieved by a NN when there were more than one NNs at

a SNP. We report the mean over sites.

On the data sets containing genotyping error, we use the different methods

with their standard parameters in the same way that we use them for the other

data sets. Error is expected to compromise performance and changing parameters

like the error rate might alleviate some of this deterioration. However, with real

data error rates are typically not known, at least not with high accuracy and it

is therefore of interest to explore how the methods cope in the absence of this

knowledge.

For each of these data sets our graph method was used without subsampling.

However, in order to investigate whether subsampling would have had any effect,

for the data sets with ρ = 2.5cM/Mb and no error we ran the graph method for

different values of K (number of individuals subsampled before the construction

of each genotype tree; refer to Figure 2.5 for an outline on how the method works).

Finally, we considered HMMsub aiming to consider about 20 individuals at

each site. We do not investigate the effect of subsampling a different number of

individuals here (we expect this to have a negligible effect). Instead, we consider

two alternative scenarios: subsampling around 10 (H10) and around 300 (H300)

randomly selected sites (refer to Figure 2.6). Our aim is to establish whether this

choice might influence HMMsub’s ability to approximate the full HMM.

4.3.3 Results

With 200 haplotypes and assuming a constant effective population size of 10,000,

from our tree simulations we estimate the expected per person N50 haplotype size

to be at most 1.15cM (meaning that 50% of sites in the genome lie in extended

haplotypes of at least 1.15cM). This is an upper limit as our tree simulations

ignore the effect of mutation (which will disrupt haplotype sharing). In the

absence of genotyping error, the genotype HMM with compatibility emissions,

the graph-based approximation and HMMsub recover haplotype sharing lengths

closest to this expectation across different recombination rates (Figures 4.8A and
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4.9). These genotype-based methods detect haplotype sharing at around ∼0.8cM.

Note that the performance of the graph method is not affected by our subsam-

pling strategy (Table 4.1). This justifies both approaches and suggests that for

K as low as 20 we can expect to detect exactly the same levels of coancestry and

haplotype sharing as when there is no subsampling. There is also no difference

in performance between H10 and H300 (subsampling around 10 and 300 SNPs

respectively for HMMsub) at least for the constant population size scenario in-

vestigated here. The results also highlight that the Mendelian and weighted

Mendelian emissions are unsuitable for detecting shared haplotype chunks, as

they consistently significantly underestimate the extent of sharing and are un-

able to recover extended haplotype chunks. A full summary of the simulation

results is presented in Table 4.2.

Interestingly, this is also true of the LS approach applied to the original hap-

lotypes, though the effect is very small. In contrast, the pre-phasing approaches

also consistently underestimate the extent of haplotype sharing, with the effect

becoming more prominent as recombination rate increases (Figure 4.9 B and C).

The presence of even one phasing error will prevent the methods from detecting

fully shared haplotypes across the region that we simulated, while our HMM with

CE, graph, HMMsub (both versions) and the LS method on the true haplotypes

manage to recover these extended chunks more effectively.

The genotype-based models that use compatibility (and therefore a form of

IBS) are designed to detect maximal haplotype chunk sizes. We would therefore

expect them to potentially choose an individual’s cousin, say, as a pseudo-parent

rather than the actual NN, if the TMRCA with the cousin is close to the TMRCA

with the true NN. This might compromise sensitivity in NN detection but will

result in the recovery of the longer shared haplotype chunks. In fact, our tree

simulations confirmed that this compromise is necessary as maximal sharing not

with a NN occurs 20% of the time (in the absence of mutation, in a constant-size

scenario, which is the case here). Conversely, the LS model may transition more

liberally between NNs when there are many, which is often the case. It may

therefore maintain a higher accuracy for NN detection. The frequent changing

among NN sets however underestimates haplotype sharing and as a result it also

underestimates the relatedness levels in the sample. The compatibility driven
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genotype-based methods, will not switch between NNs within a set, or across

overlapping sets, unless a substantial amount of incompatibilities are accumu-

lated. In fact, for the 2.5cM/Mb case with no errors the full HMM with CE picks

a single pair of parents across the whole region for ∼12% of individuals tested,

while this never happens with LS on the original haplotypes.

With 1% genotyping error, the ability of all methods to detect extended hap-

lotype sharing is reduced (Figure 4.9D), though the proportional reduction is

greater at lower recombination rates (Figures 4.8A, 4.9D). At lower rates the

physical length of shared haplotypes is longer, hence genotype errors are likely to

be more disrupting. In contrast, at higher rates, recombination dominates as the

driver of transitions, weakening the effect of genotyping error. Nevertheless, the

genotype-HMM with CE, HMMsub (both versions) and the graph-approximation

consistently provide the most accurate estimates of extended haplotype sharing

compared to the haplotype-based approaches, though our graph method suffers

substantially more than the HMM approach. Only our genotype-HMM with CE

and HMMsub (both versions) manages to capture some of the longer haplotypes

(Figure 4.9D). The LS method on true haplotypes exhibits some deterioration

though this case highlights the effect of phasing errors even more: the results

from phased haplotypes fair worse than the HMM using MT and WMT emissions.

The latter detect even a few extended haplotypes which are entirely missed by

the LS method on phased haplotypes. We should note however that overall the

LS method using haplotypes obtained from IMPUTE2 consistently achieves mea-

surements closest to those from the true haplotypes, illustrating the high phasing

accuracy of the software.

Finally for the case of 0.25cM/Mb our expected value from our tree simu-

lations does not apply. Here the effect of mutation in distinguishing extended

sharing versus recombination may be much more critical. This effect is being ig-

nored by our tree simulations, while, in contrast, our approaches (both genotype-

and haplotype-based) do incorporate a mutation/error model. What is more, the

total length of the simulated region is only 0.25cM and this is therefore an upper

bound on the detectable lengths.

Turning to the detection of genealogical NNs (Figure 4.8B, Table 4.2), we find

that the genotype-HMM performs best among approaches, reaching the maximal
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ρ K Gn.Dist. Gn.Dist.N50 Ph.Dist.N50 WSn NMRCA TMRCA

20 0.398 1.418 442.788 0.661 1.675 0.032

40 0.398 1.458 451.293 0.658 1.687 0.016

2.5 60 0.397 1.453 453.070 0.658 1.685 0.032

80 0.397 1.444 453.070 0.659 1.685 0.032

100 0.398 1.423 451.130 0.660 1.679 0.032

Table 4.1 The graph method with subsampling. Initial sample size was 100

individuals. ρ = recombination rate (cM/Mb); K = number of individuals subsampled.

Gn.Dist = genetic distance, measured in cM; Ph.Dist = physical haplotype chunk size,

measured in kb. The values shown are to 3 s.f.

value of 0.80 sensitivity (where the set of pairs with maximal posterior probability

are considered from the F/B approach) in almost all cases. The success rate is

even greater than 80% for very low recombination rates, where low-frequency

variants give further resolution to the genealogy as mutation becomes a more

prominent force compared to recombination.

Where a single best-pair is sampled (as is the case with our implementation

of the Viterbi algorithm; Figure 4.8B), the performance of all methods decreases,

reflecting the sometimes considerable uncertainty over which haplotype has the

greatest extent of identity whenever there are multiple NNs at a site. We see that

HMMsub (both versions) perform at least as well as the full HMM, and inter-

estingly, even better for the 25cM/Mb scenario. Here, the graph-approximation

performs less well, though comparable to pre-phasing by BEAGLE. Pre-phasing

by IMPUTEv2 performs considerably better, typically close to the accuracy on

original haplotypes, again reflecting its high quality phasing. There are several

key observations to make here:

1. The advantage of our compatibility and genotype-based approach over the

haplotype-based LS is less clear

2. There is still a strong effect from phasing errors, with NN miss-assignment

occurring up to 30% more frequently (Figure 4.8B)

3. In the realistic scenario of 2.5cM/Mb, our HMM with CE and HMMsub

(both versions) are distinctly most robust to errors. If we consider posteri-
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ors, there is in fact no effect on the HMM’s ability to detect NNs even in

the higher recombination rate scenario.

4. There is no difference between the two versions of HMMsub.

Finally, apart from the high recombination rate with error scenario, we find

that all approaches perform well in terms of choosing NNs that are genealogically

close, if not true NNs (Figure 4.8 C and D). We further see that when NNs are

not chosen, they will typically not be more distant than a genealogical cousin

or second cousin. While this is representative of the expected behaviour when a

single NN is to be sampled per site, note that these measurements of the TMRCA

and NMRCA do not reflect their distribution of times were we to consider the

full spectrum of posterior probabilities from the F/B algorithm. Since we observe

an improvement in performance, for all methods, using the F/B algorithms we

would expect that the TMRCA and NMRCA to achieve better results over all

the individuals with optimal or near-optimal posteriors.

Indeed, Figure 4.10 which plots the TMRCA of the NN against the TMRCA

of the selected pseudo-parents by each method, shows that our HMM (full and

both versions of HMMsub) with compatibility finds pseudo-parents that are gen-

erally almost as recent as those detected by the LS on true haplotypes. Our

graph method is less competitive in that respect, though still faring well com-

pared to the results from phased haplotypes. In fact, our results show that when

selecting individuals with a TMRCA that is much older than the TMRCA with

a NN (Figures 4.10 and 4.11), this is due to the effect of phasing or genotyp-

ing errors. Moreover, Figure 4.11 confirms our compatibility-based HMM’s (full

and HMMsub) robustness to errors. Our HMM (full and HMMsub) consistently

stays close to the y = x line, which further suggests that though our method may

more often prefer cousins, this happens when the coancestry shared with them

is close to that shared with the NNs; this enables our method to detect maximal

haplotype sharing.

The results confirm that Mendelian-based emission schemes are unsuitable

for this application. The shared haplotype chunks obtained using WMT and MT

are underestimated. Nevertheless, there are still cases when even this scheme is

better than using LS on haplotypes obtained from phasing with BEAGLE and
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our own phaser. This is not to say that MT and WMT do not detect some

recent ancestry: the pseudo-parents from these methods are typically not more

distant than third cousins. The caveat is that these ancestors are consistently

more distant relatives than the ones detected by the other methods, even the

LS on haplotypes obtained by phasing. This is perhaps unsurprising in that we

have discovered (see Chapter 3, Section 3.3.4) that for a homogeneous population

phasing can be effective using a very wide range of suboptimal paths and therefore

very recent ancestry is not a requirement.
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Figure 4.8 Haplotype sharing and finding NNs. We consider the genotype-

HMM with compatibility emissions (CE), the graph method (Gph), HMMsub around

10 SNPs (H10) and around 300 SNPs (H300), and the Li and Stephens algorithm

(Li and Stephens [2003]) applied on true haplotypes (LST) and haplotypes obtained

after phasing with BEAGLE (LSB) or IMPUTE2 (LSI). A) N50 haplotype chunk sizes

averaged across individual. These averages are expected to be slightly inflated compared

to the tree simulations; refer to text for more details. B) Solid bar is WSn as defined

in Equation 4.1 (using the Viterbi optimal path), informally it measure how often the

Viterbi path includes either both NNs or a single NN are found; striped bars are WSn

all candidate pairs with optimal posterior (from Forward/Backward algorithms). C)

TMRCA with detected individuals. D) NMRCA with detected individuals. g.e. =

genotyping error, r= recombination rate (cM/Mb). The black, dotted, horizontal lines

are the values obtained from the tree simulations described in Section 4.2. The results

shown here are from Table 4.2.
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Figure 4.9 Detected shared haplotype chunks. 100 points were sampled at

random from each of the simulated data sets and the length of the chunk shared with

each pseudo-parent around each such point was recorded. Each panel shows the dis-

tribution of shared haplotype chunks obtained from each method. S = the theoretical

results obtained from the tree simulations desribed in Section 4.2; CE = the HMM with

compatibility emissions; H10 = HMMsub with subsampling around 10 SNPs; H300 =

HMMsub with subsampling around 300 SNPs; MT the HMM with Mendelian trans-

mission; WMT = the HMM with weighted Mendelian transmission; Gph = the graph

method; LST = the LS method on true haplotypes; LSP, LSB, LSI = the LS method

on haplotypes estimated using PACE, BEAGLE and IMPUTE2 respectively; g.e. =

genotyping error. Note that we do not expect the results from our tree simulations to

match the results from the methods both because the tree simulations ignore mutation.
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Figure 4.10 TMRCA with a NN vs NNp for ρ = 2.5cM/Mb. 100 points

were sampled at random from each of the simulated data sets and the TMRCAs with

the pseudo-parents (NNp; the mean TMRCA between both pseudo-parents) and the

true NN were recorded. When there were more than one NNs, the miminum TMRCA

was considered. Each main figure shows the TMRCA with an NN against the TMRCA

with the NNp for every haplotype from our simulations. The blue dashed line is the

expected mean for the TMRCA with a NN under the standard coalescent with a con-

stant population size. The red dashed line is the observed mean. The results shown in

each panel are after sampling 10,000 out of all the observations made. CE = the HMM

with compatibility emissions; Gph = the graph method; LST = the LS method on true

haplotypes; LSP, LSB, LSI = the LS method on haplotypes estimated using PACE,

BEAGLE and IMPUTE2 respectively; H10, H300 = HMMsub subsampling around 10

and 300 SNPs respectively.
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Figure 4.11 TMRCA with a NN vs NNp for ρ = 2.5cM/Mb and 1%

genotyping error. 100 points were sampled at random from each of the simulated

data sets and the TMRCAs with the pseudo-parents (NNp; the mean TMRCA between

both pseudo-parents) and the true NN were recorded. When there were more than one

NNs, the miminum TMRCA was considered. Each main figure shows the TMRCA with

an NN against the TMRCA with the NNp for every haplotype from our simulations. The

blue dashed line is the expected mean for the TMRCA with a NN under the standard

coalescent with a constant population size. The red dashed line is the observed mean.

The results shown in each panel are after sampling 10,000 out of all the observations

made. CE = the HMM with compatibility emissions; Gph = the graph method; LST

= the LS method on true haplotypes; LSP, LSB, LSI = the LS method on haplotypes

estimated using PACE, BEAGLE and IMPUTE2 respectively; H10, H300 = HMMsub

subsampling around 10 and 300 SNPs respectively.
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ρ Method GD GD (N50) PD (N50) WSn P
PNN
Popt

NMRCA TMRCA

CT - - 1000 0.894 1.000 1.00 1.11 0.010
MT - - 1000 0.369 0.406 0.83 2.22 0.027
WT - - 1000 0.359 0.375 0.77 2.27 0.028

0 Graph - - 1000 0.894 - - 1.11 0.010
LST - - 999 0.710 1.000 1.00 1.35 0.013
LSP - - 986 0.570 0.580 1.00 1.66 0.017
LSB - - 971 0.65 0.837 1.00 1.47 0.014
LSI - - 1000 0.700 1.00 1.00 1.38 0.013
H300 - - 1000 0.892 - - 1.12 0.010
H10 - - 1000 0.892 - - 1.12 0.010

CT 0.188 0.250 999 0.823 0.993 0.997 1.21 0.012
MT 0.035 0.056 223 0.354 0.349 0.637 2.20 0.029
WT 0.032 0.056 210 0.342 0.333 0.620 2.35 0.030

0.25cM/Mb Graph 0.188 0.250 999 0.812 - - 1.25 0.013
LST 0.068 0.234 937 0.791 0.933 0.980 1.30 0.016
LSP 0.046 0.117 468 0.626 0.685 0.752 1.57 0.018
LSB 0.046 0.146 584 0.701 0.785 0.848 1.43 0.017
LSI 0.058 0.202 806 0.758 0.870 0.920 1.35 0.017
H300 0.188 0.250 999 0.825 - - 1.21 0.011
H10 0.188 0.250 999 0.826 - - 1.21 0.011

CT 0.486 0.822 329 0.729 0.900 0.829 1.441 0.019
MT 0.147 0.253 191 0.483 0.492 0.790 2.02 0.026
WT 0.109 0.187 75 0.433 0.446 0.749 2.21 0.031

2.5cM/Mb Graph 0.397 0.757 303 0.667 - - 1.66 0.034
LST 0.181 0.731 292 0.762 0.820 0.880 1.32 0.015
LSP 0.103 0.292 117 0.580 0.620 0.700 1.76 0.026
LSB 0.134 0.473 190 0.685 0.730 0.800 1.47 0.018
LSI 0.159 0.664 266 0.744 0.790 0.800 1.35 0.015
H300 0.159 0.833 333 0.732 - - 1.44 0.019
H10 0.159 0.833 333 0.732 - - 1.44 0.019

CT 0.372 0.701 280 0.673 0.900 0.820 1.57 0.021
MT 0.143 0.256 102 0.485 0.523 0.828 2.06 0.028
WT 0.103 0.117 72 0.426 0.469 0.774 2.28 0.034

2.5cM/Mb Graph 0.159 0.308 123 0.497 - - 2.15 0.044
1% g.e. LST 0.145 0.291 166 0.568 0.578 0.640 1.82 0.030

LSP 0.081 0.174 70 0.442 0.473 0.540 2.21 0.053
LSB 0.086 0.161 64 0.462 0.479 0.550 2.28 0.058
LSI 0.100 0.191 76 0.520 0.529 0.600 1.89 0.025
H300 0.345 0.610 244 0.646 - - 1.63 0.022
H10 0.345 0.610 244 0.646 - - 1.63 0.022

CT 0.597 1.223 49 0.540 0.830 0.710 2.30 0.08
MT 0.550 1.130 45 0.538 0.840 0.710 2.23 0.076
WT 0.420 0.813 33 0.446 0.600 0.893 2.45 0.084

25cM/Mb Graph 0.685 1.253 50 0.490 - - 2.64 0.113
LST 0.302 1.007 40 0.713 0.740 0.800 1.55 0.025
LSP 0.235 0.457 18 0.483 0.468 0.560 2.35 0.758
LSB 0.271 0.475 19 0.509 0.527 0.640 2.15 0.613
LSI 0.335 0.1014 41 0.367 0.700 0.770 3.68 0.238
H300 0.695 1.312 53 0.597 - - 2.08 0.070
H10 0.695 1.311 52 0.597 - - 2.08 0.070

CT 0.559 1.148 46 0.505 0.830 0.700 2.44 0.089
MT 0.530 1.072 43 0.503 0.663 0.925 2.37 0.083
WT 0.409 0.774 31 0.444 0.576 0.877 2.60 0.094

25cM/Mb Graph 0.633 1.125 45 0.461 - - 2.73 0.121
1% g.e. LST 0.292 0.841 33 0.653 0.648 0.720 1.70 0.041

LSP 0.214 0.372 15 0.424 0.415 0.490 2.61 0.088
LSB 0.247 0.390 16 0.446 0.537 0.640 2.38 0.073
LSI 0.280 0.707 28 0.613 0.696 0.770 1.85 0.049
H300 0.670 1.207 48 0.566 - - 2.19 0.075
H10 0.670 1.207 48 0.566 - - 2.19 0.075

Expectation - 1.15 - 0.81 - - 1.299 0.012
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Table 4.2 Full results on identifying NNs and shared haplotype chunks.

GD = genetic length of shared haplotype chunks (cM); GD (N50) = the N50 of genetic

haplotype lengths (cM); PD = physical length of shared haplotype chunks (kb); WSn

is define in Eq. 4.1; P = the proportion of times the pair of genotype NNs had optimal

posterior; PNN/Popt = the maximum posterior of NNs over the optimal posterior;

NMRCA = number of nodes to a common ancestor; TMRCA = time to a common

ancestor; ρ = recombination rate (cM/Mb); CT = the HMM using compatibility emis-

sions; MT = the HMM using Mendelian transmission; WT = the HMM using weighted

Mendelian transmissions; graph = the graph method; H10, H300 = HMMsub with 10

and 300 SNPs for subsampling respectively; LST = Li and Stephens on the true hap-

lotypes; LSP = Li and Stephens on haplotypes from Pace; LSB = Li and Stephens on

haplotypes from Beagle; LSI = Li and Stephens on haplotypes from IMPUTEv2. All

results except the chunk lengths are mean values over all sites; the chunk lengths are

median values per person and then averaged over the sample.The expected values are

from the tree simulations described in Section 4.2.

4.4 Discussion

In this chapter we have explored two different metrics for detecting and charac-

terising local ancestry: NN status and maximal haplotype sharing. The main

insight gained from this work is that they are not strongly correlated, especially

when the demographic history of the sample under study involves exponential

growth, which we know is the case for humans.

We have seen that haplotype-based methods may be more accurate in NN de-

tection, but this is only true in the absence of genotyping and phasing errors. The

latter significantly undermine the LS method’s ability to detect recent coancestry.

Moreover, haplotype-based methods even without error systematically underes-

timate the extent of haplotype sharing, as is expected given that true NNs will

not always contribute maximal shared haplotypes.

Haplotype sharing is used as the proxy for the TMRCA between individu-

als, with longer haplotypes suggesting a more recent TMRCA. Underestimating

it will inevitably lead to an overestimation of the TMRCA, which in turn will
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suggest that relationships in a sample are older than they really are. This has im-

plications when studying demographic history such as in studies like the HELIC

(www.helic.org; see Chapter 5) or POBI (www.peopleofthebritishisles.org), where

inferring detailed ancestry and dating historical events is relevant.

Our genotype-based models will account for the expected amount of sharing

in the sample, with the equivalent expected increase in NN-miss assignment. We

have shown that the individuals we do identify are still very close relatives, with

TMRCAs typically very close to those with the true NNs. Moreover, if we were

to consider F/B results, the then full set of posterior distributions fully captures

the most recent ancestry more effectively than the haplotype-based methods.

Our HMM with CE consistently produces results similar to those obtained using

the tree simulations. Moreover, HMMsub has near-identical (and in some cases

better) performance to the full HMM, irrespectively of the number of SNPs chosen

for subsampling. Though it is not guaranteed that this will be true under different

demographic scenarios, we confirm that in this case subsampling within the HMM

framework does not affect our effectiveness in characterizing coancestry. The

graph method does not match the HMM’s ability to find NNs, but does find

cousins and recovers the expected maximal sharing (in the absence of error). It is

therefore not obvious that these genotype-based NN-estimates are substantially

suboptimal to the true NNs.

So, which is the better metric? This obviously depends on the application.

Haplotype sharing is highly informative for demographic history. Alternatively,

knowledge of NNs could be useful for inferring stratification. In our final two

chapters we will continue with coancestry characterisation of two real data sets.

We wish to make inference on their demography, to date the average TMRCA

between any two NNs in the sample, to characterize isolatedness and to investigate

migration. In Chapter 5 we explore the isolates and unrelated individuals from

the HELIC project and in Chapter 6 the WTCCC data (Wellcome Trust Case

Control Consortium et al. [2007]).
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Chapter 5

Applications to real data: HELIC

Thus far in this thesis we have explored our method’s ability to detect recent an-

cestry in small homogeneous samples derived from the standard coalescent. We

have discovered that we can cluster individuals according to a recent TMRCA,

albeit not always most recent, while faithfully recovering maximally shared hap-

lotypes. In this chapter we take advantage of these properties and use our graph

method to explore relatedness in the context of two isolated populations that were

genotyped for the HELIC project (HELlenic Isolated Cohorts; www.helic.org).

We note that our HMM with subsampling approach (HMMsub) had not been

developed at the time when the HELIC investigation was carried out.

Isolated populations arise following a founding event, such as a bottleneck,

and are found in geographically and/or culturally isolated regions. In the ab-

sence of gene flow in and out of neighbouring populations, as well as their typical

exposure to a homogeneous set of environmental variables like diet and lifestyle,

isolated populations have unique characteristics that are interesting to study from

a population genetics perspective. For example, the small effective populations

size, that remains small over time, leads to increased levels of homozygosity and

LD. In fact, isolated populations are characterised by reduced phenotypic, envi-

ronmental and genetic heterogeneity (Peltonen et al. [2000], Heutink and Oostra

[2002]) allowing for genetic drift to significantly reduce genetic variability. More
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crucially, under such conditions, drift may lead variants that are otherwise rare

to increase to higher frequencies.

Low-frequency and rare variants have been shown to play an important role

in human phenotypes; we discussed this further in Chapter 1. If such variants

have risen to higher frequencies in isolates due to drift, these isolates may then

empower the detection of any associations that these variants may have with

disease (Pollin et al. [2008], Stacey et al. [2011], Sulem et al. [2011], Zeggini

[2011], Gudmundsson et al. [2012], Jonsson et al. [2012]). However, variants that

are private to the isolate in question may have limited transferability to other

populations and therefore the generalisability of novel associations identified in

isolates is a subject of debate. Isolated populations may still though empower

next generation association studies that focus on this rare variation (Zeggini

[2011]).

The HELIC project entailed the collection of approximately 3,500 samples

from two Greek population isolates. The first population includes 1267 individu-

als from the Pomak villages, which are a set of religiously and culturally isolated

villages in North-east Greece. This isolate is referred to as Pomak in the study.

The second population, which we call MANOLIS and which includes 1100 sam-

ples, is from the area of Anogia in Crete. The MANOLIS individuals are primarily

geographically isolated from the wider Cretan population. In order to represent

and compare against the general Greek population, the TEENAGE (TEENs of

Attica: Genes & Environment) cohort was also considered. This sample was col-

lected in a separate study (Ntalla et al. [2013]) and involved the genotyping of

857 adolescents (13-15 years) from the wider Athens area.

The purpose of the HELIC project was to fully characterise the isolated popu-

lations in terms of the extent of their isolatedness, changes in effective population

size and FST and to inform on their demographic histories. The cohorts were also

tested for enrichment of functional variants. Moreover, by additionally collecting

anthropometric, cardiometabolic, biochemical, haematological and diet-related

information for all samples it was possible to carry out medically-relevant asso-

ciation studies with complex traits, providing a proof of principle of the value

of isolated populations in successfully detecting rare variants of high medical

relevance.
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5.1 Objectives

The analyses were carried out in two main stages, resulting in two publications:

Tachmazidou et al. [2013] and Panoutsopoulou et al. [in prep.]. Tachmazidou et

al. focus on the MANOLIS cohort and identify an association between R19X

(rs76353203) with increased HDL and decreased triglyceride levels (p-value ≈
4.6×10−9, explaining 2.9% of the trait variance). This association had previously

been shown in the Amish founder populations (Pollin et al. [2008]) and was con-

sidered private to that population as its allele frequency in Europeans is 0.05%.

In the MANOLIS individuals however it has reached a frequency of ∼2% (being

carried by ∼3.8% of the population) due to drift, thus allowing for the association

signal to be detectable. Using the UK10K data (www.uk10k.org), Tachmazidou

et al. show that R19X has a single recent origin in Europe, pre-dating the estab-

lishment of the MANOLIS cohort and it must therefore have risen in frequency

separately in the Amish and MANOLIS populations.

Panoutsopoulou et al. will report the genome-wide findings using the geno-

type data of both population isolates. This paper aims to characterise population

structure and isolatedness, report on all association studies undertaken and med-

ically relevant analyses performed and finally compare their allelic architecture

with the TEENAGE cohort. Full details of all the analyses and results may be

found in Tachmazidou et al. [2013] and Panoutsopoulou et al. [in prep.]. In this

chapter we will discuss this author’s contribution: we present the questions that

we considered and the application of and results from our graph method that

addressed them. Our work was also divided into two stages: an initial pass over

Chromosome 11 for the investigation of APOC3 and a subsequent genome-wide

analysis.

5.1 Objectives

In the context of association with disease in the MANOLIS cohort we illustrate

how local haplotype sharing around a putative locus can be informative on struc-

ture within a data set. Though this implementation of our approach does not

directly propose a correction method for stratification that may be present, it

demonstrates how such stratification may be detected even when the locus in
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question is rare. We therefore highlight how such stratification may be captured

and thus potentially corrected by further extensions of our method; we elaborate

on this more extensively in the Discussion (Chapter 7). Identifying any local

structure in this context is crucial as it may be a confounder in the association

of R19X. We further attempt to use haplotype sharing around R19X in order to

estimate a lower bound on the age of the variant. Equivalently to IBD mapping,

we additionally explore whether there is excess shared coancestry among carri-

ers of the R19X variant. Despite its effect size, even in the MANOLIS cohort

R19X remains rare and it is therefore not obvious whether excess sharing will be

detectable.

We generalise our approach in our work for the Panoutsopoulou et al. publi-

cation, considering both isolates and the TEENAGE cohort. By detecting recent

coancestry we aim to characterise the extent of isolatedness for both the MANO-

LIS and the Pomak samples. We further attempt to date recent coancestry by

obtaining estimates for the TMRCA between NNs. The distribution of haplotype

sharing between them informs on any post-divergence gene flow that may have

occurred. Using a heuristic approach, we estimate the TMRCA of NNs between

each isolate and the TEENAGE cohort and attempt to make inference on the

time of divergence.

In all, we explore our method’s ability to characterize stratification within and

between samples and whether choice of NNs and haplotype sharing are mean-

ingful measures for this characterization. Finally, understanding our method’s

limitations, for instance in dating events or in dealing with genotyping error, will

be critical in interpreting our findings in this study. We note that we will be

using our graph method which is susceptible to genotyping error and therefore

any time estimates may underestimate coancestry. Nevertheless, the stringent

quality checks that were carried out, briefly described in Section 5.3 and more

elaborately in Tachmazidou et al. [2013] and Panoutsopoulou et al. [in prep.], as

well as the larger sample size here (compared to our simulations), promise rather

accurate haplotype sharing and therefore time estimates.
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5.2 Methods

We employed our graph method with subsampling. We set K, the number of

individuals subsampled, to 20 and pruned our graph when either a double in-

compatibility or two single incompatibilities were accumulated. For more details

on the graph method, pruning and subsampling refer back to Section 2.4.2. The

method is run for each query genotype against a sample of candidate pseudo-

parents (or NNs), identifying a single best pair of parents at each SNP. Since the

true genealogical history of the three cohorts considered here is unknown, it is

impossible to infer exactly how recent is the shared coancestry between the query

genotype and the selected pseudo-parents. Instead, we infer haplotype sharing by

identifying the genomic chunks over which each pseudo-parent does not change

(haplotype sharing inference is illustrated in Figures 2.5 and 2.7). We explore

the distribution of haplotype sharing along the genome for each cohort and how

it varies between cohorts.

More specifically, for the APOC3 study we analyse Chromosome 11 for the

individuals in the MANOLIS cohort. The objective here is not the characteri-

sation of haplotype sharing patterns generally but rather determining whether

these patterns differ between carriers and non-carriers of the R19X variant. We

record the choices of pseudo-parents and the length of haplotypes shared with

them, while further noting the size of the specific haplotype chunks that carry

R19X. We may thus infer:

1. The TMRCA between carrier NNs at R19X thus estimating a lower bound

for the age of the variant. Our estimate is a lower bound as we are detecting

the most recent ancestry between individuals and any alleles shared between

them must therefore have pre-dated their TMRCA. Note that this is a very

substantial underestimate.

2. The haplotype length around R19X, whether it is significantly different to

sharing elsewhere on the chromosome, and whether it is moreover distinct

between carriers and non-carriers.

3. Whether carriers typically pick other carriers as pseudo-parents more often

than non-carriers at R19X and over the rest of the chromosome.
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4. If there is any stratification within the sample at R19X; we investigate

this by examining the decay of coancestry between carriers and between

non-carriers away from R19X and compare against the expected decay.

We may additionally compare against results at other SNPs on the same

chromosome thus determining whether any stratification is private to R19X

or whether it is a general feature of the MANOLIS sample. More details

on the calculations carried out here are presented in Section 5.2.1.

Significance is assessed for the different cases using the Kolmogorov-Smirnoff test

(Kolmogorov [1933], Smirnov [1948]). Any differences between carriers and non-

carriers found using metrics 1 and 2 would suggest that our method may be useful

in signal detection. We should note, however, that our method would only be

powered to detect this if the coancestry in the region is recent. Though R19X is a

rare variant, Tachmazidou et al. have shown that its age probably pre-dates the

time of isolation from Europeans and therefore we do not in fact expect excess

coancestry in the region. It follows that it is unlikely that we will be able to

detect a significant difference in sharing between carriers and non-carriers unless

there is genome-wide stratification between them. Points 3 and 4 demonstrates

how our method may eliminate the possibility of any detected signal being due

to the confounding effect of structure in the data.

We next consider the genome-wide analyses across all cohorts. We consider

three separate cases:

1. Analysis A: each cohort is analysed separately such that for each individual

the graph method may assess candidate pseudo-parents only from the host

cohort. In this setup we may investigate coancestry within each cohort and

answer questions like:

(a) What is the TMRCA between NNs? A recent TMRCA suggests high

levels of relatedness, and the distribution of TMRCAs may be informa-

tive on the demographic history of the sample. For example, a strong

enrichment for recent ancestry will be the signature of a bottleneck,

whereas a more uniform distribution with older TMRCAs will indicate

lack of isolatedness and a population that follows the standard neutral
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coalescent; there may of course be alternative histories resulting in

similar TMRCA distributions and we can only hope for a qualitative

assessment of demographic history here, in collaboration with findings

using alternative metrics.

(b) What is the distribution of haplotype sharing and how does this in-

form on demographic history? The concerns here are similar to those

for TMRCA, in terms of definitively identifying specific demographic

events. Rather, we hope to identify excess sharing in the isolates as a

qualitative signature of the founding event.

(c) By investigating patterns of haplotype sharing and whether there is

clustering in NN choices, can we determine whether there is stratifica-

tion present in the samples?

2. Analysis B: all cohorts are analysed together allowing for pseudo-parents to

be selected from any of the three cohorts at each SNP. This study allows us

to investigate shared coancestry across the cohorts, which further informs

on the extent of isolatedness. We may measure:

(a) How often NNs are selected from a different cohort to that of the query

genotype and

(b) The length of the haplotypes shared with NNs from each cohort.

As above, different demographic histories may result in different combina-

tions of observations for these two metrics. In the simple scenario of a

founding event with no subsequent gene flow, we would expect a very low

proportion of NNs to be outside the host cohort and any haplotype sharing

with them to be limited. If there has been gene flow, the proportion of non-

host NNs would not increase significantly but we would expect to see longer

haplotypes shared with them. Alternatively, a high proportion of non-host

pseudo-parents with which haplotype sharing has the same distribution as

the host pseudo-parents would be evidence against isolation, while longer

shared haplotypes might be indicative of a more complex demographic his-

tory. While there may be multiple possible more complicated demographies
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consistent with different combinations of observations, the use of both NN

choice in addition to haplotype sharing may help distinguish between some

of them to a greater extent than an IBD approach, say.

3. Analysis C: we consider the MANOLIS and Pomak samples separately,

allowing however pseudo-parents to be selected only from the TEENAGE

cohort. The purpose of this study is:

(a) To obtain benchmark for distant haplotype sharing that is most likely

shared prior to the founding event that gave rise to the isolates. This

can be compared against the results from Analysis B in order to deter-

mine whether non-host NN choices in Analysis B indeed reflect older

coancestry and not post-divergence gene flow events.

(b) To characterise the more distant coancestry that must exist between

the isolates and the general Greek population; when pseudo-parents

are not forcedly selected from the TEENAGE cohort, our method will

never choose to select them since they are by construction more dis-

tantly related individuals with which haplotypes are not maximally

shared.

(c) Estimate a bound on the time of divergence, using the TMRCA with

the TEENAGE NNs. To carry out this analysis we will make assump-

tions on the demographic history of the isolates. We further note that

use of our method for making inference on bottlenecks and isolation

events has not been tested by simulation. Our strategy for this esti-

mation is a heuristic approach, whose purpose is to illustrate potential

applications of our model as well as to offer some initial insight on the

demographic events that may have taken place. We revisit this part

of our analysis and the results that we obtain at the very end of this

Chapter (Section 5.6).

We note here that quantitative comparisons between the different analyses, such

as the extent of haplotype sharing, is not straightforward as sample sizes differ,

albeit not by very much. Nevertheless, it is still possible to compare the TMRCA
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estimated under the different scenarios, as well as to make qualitative statements

about isolatedness and structure.

The TMRCA between two NNs is a property of their relatedness that is site-

specific, dependent on the topology of their marginal genealogy at that site. In

order to fully characterise the distribution of these times it is therefore important

to capture both any genome-wide variation and variation across individuals. We

therefore sampled 100 randomly selected SNPs across the genome and calculated

the TMRCA between each individual and their pseudo-parents at these SNPs

thus obtaining a set of TMRCA observations for each Analysis A-C. The method

for calculating the TMRCA at a locus is presented in section 5.2.2.

5.2.1 The decay of coancestry using carrier status

We are interested in examining the levels of coancestry among carriers of the

R19X variant, compared to those of non-carriers. We would like to calculate the

TMRCA between carrier NNs, thus obtaining a lower bound for the age of the

variant, while further determining whether there is any local structure present in

the sample. We would expect that individuals who carry a rare variant, like R19X,

are more closely related locally than both elsewhere in the chromosome and with

respect to non-carriers of that variant. As a result, at that locus carriers would

typically identify carrier pseudo-parents, while moving away from the variant

the rate of picking another carrier will decrease. More particularly, this rate of

decrease away from the locus is captured by the distance to the left and to the

right at which pseudo-parents change and therefore depends on the probability

of recombination between R19X and each subsequent locus in either direction. In

contrast, for non-carriers we expect no excess relatedness to carriers around R19X.

The rate at which non-carriers therefore pick carriers as pseudo-parents should

be uniform across the chromosome and equal to the background probability of

picking any of the compatible candidate pseudo-parents (some of which will be

carriers) by chance.

For each query genotype we record the number of carrier pseudo-parents (∈
{0, 1, 2}) that it picks at each locus. We call this excess relatedness to carriers,
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and for the carriers we call this R. Across the carrier individuals and the non-

carrier individuals separately, we may thus obtain the mean excess relatedness to

carriers across the chromosome. We may further obtain the expected values for

R using standard coalescent theory.

For a carrier query haplotype, let Rij be the decay of coancestry between sites

i and j, assuming R19X is at j, say. Rij is the probability that between positions i

and j the query haplotype’s NN remains a carrier which is the probability of there

being 0 recombination events times the probability of there being a recombination

event and selecting a carrier to transition to. Following the arguments of Li and

Stephens (Li and Stephens [2003] and Section 1.7.1), it follows that:

Rij = e−2·rij ·g +
c

n
(1− e−2·rij ·g) (5.1)

where rij is the genetic distance between sites i and j, c is the number of carriers,

n is the sample size and g is the TMRCA in generations between the individual

and its NN at j. At R19X and therefore at that position (where i = j) Rij = 1.

The first term in Equation 5.1 is the probability that there is no recombination

event, using the fact that the number of events has a Poisson distribution with

parameter −2rijg. The parameter follows from the fact that the number of re-

combination events that separate two individuals is twice the number of meioses

since their TMRCA, i.e. twice the number of generations between them. We

must also have that recombination occurs in the region between i and j which

has probability proportional to the genetic distance between them. The second

term in Equation 5.1 is the probability of having a recombination event, and then

choosing uniformly over the carrier individuals present in the sample to transition

to.

It is then possible to determine the value of g using the half life of the decay

from our observations. We therefore solve:

1

2
= e−2·r·g +

c

n
(1− e−2·r·g) (5.2)

with r being the genetic length of the half life. We thus obtain an estimate for

the TMRCA between a query haplotype and its haplotype NN for the marginal

genealogy at SNP j. In practice, we set Rij to be the mean number over carriers
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selected by the carriers in the sample divided by two, thus averaging over the two

haplotype NNs at each SNP.

If there is no local structure for carriers, then we expect to see a smooth decay

(on the genetic map) of coancestry away from R19X, following the relationship

described by Equation 5.1. Conversely, any structure will be reflected by excess

relatedness among carriers even further away from the R19X variant.

5.2.2 Another approach for estimating the effective pop-

ulation size and the TMRCA between NNs

Local coancestry around a locus for the purpose of estimating the marginal TM-

RCA does not need to be defined as excess relatedness with the carriers at that

locus. A more general approach simply examines how this coancestry decays away

from it, irrespectively of the status of the query individual and its genotype-NNs.

Following the same arguments as above, for every individual under study we

need only observe how far to the left and to the right we must go until the first

pseudo-parent changes and then until the second pseudo-parent changes. This is

near-equivalent to the approach above which counted the number of carriers se-

lected at each SNP away from a locus: the distance at which this number changes

informs of a recombination event which is the distance recorded here. Averaging

across samples gives us a new observed decay of coancestry that may be used to

date the average local TMRCA.

Our expectation of this decay follows the same distribution as above, with

the caveat that any recombination event that changes the local pseudo-parent

may now involve a transition to any individual in the sample and not a carrier

specifically. The expected decay is therefore:

Rij = e−2·rij ·g +
1

n
(1− e−2·rij ·g) (5.3)

using the same notation as in Equation 5.1. We follow the procedure described

in Equation 5.2 to estimate the TMRCA using the half-life from our observations

at a given locus.

By estimating the TMRCA between NNs we can derive a moment estimator

for the effective population size (Ne) of the underlying population. If n is the
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number of haplotypes in the sample, then the TMRCA between NNs (t say) is

expected to be 2
n
. It follows that the number of generations to the TMRCA,

T (which we can separately estimate using the aforementioned decay approach),

is t · 2Ne. Rearranging we obtain a moment estimator: N̂e = T
2t

. This is of

course a rather crude estimator, not least because we know (see Chapter 4) that

the individuals that we will be identifying are not expected to always be true

NNs but second or third cousins, or perhaps even more distant relatives if there

has been some growth in the history of the population. In fact, this estimator

assumes a constant population size and its accuracy has also not been tested via

simulation. We expect to be slightly overestimating T and therefore Ne and seek

only to make inference on the order of magnitude of its size.

5.2.2.1 Estimating the TMRCA from Simulated Data

To ensure that this newly proposed approach is a valid and reliable way for esti-

mating the TMRCA between NNs in a sample we briefly return to our simulated

data sets. We will consider the graph method, as this is the method that is used

to analyse the real data, and the the full HMM with compatibility emissions (CE)

and HMMsub (with 10 and 300 SNPs for subsampling) as a reference of optimal

performance. We remind the reader that our simulated data sets consist of 100

individuals, simulated over 1Mb and for our purposes here we will consider the

2.5cM/Mb case without errors. For each of the data sets we sample 100 SNPs at

random (excluding the first and last 500 SNPs to avoid edge effects).

At each SNP, we may infer the actual TMRCA between each query indi-

vidual and its true NN and the actual TMRCA with the pseudo-parents that

have been selected at that SNP. At each SNP we therefore have a distribution of

real TMRCA values, which we know are slightly different for NNs and pseudo-

parents (refer to Chapter 4, for example Figure 4.10). As previously mentioned,

the expected branch length between true NNs is 2
n

(Blum and François [2005]),

however the variance is infinite (for example Janson and Kersting [2011]). As a re-

sult, we expect the distribution of TMRCAs between NNs (and pseudo-parents)

to be highly skewed to the right (for example, as shown in Janson and Kerst-

ing [2011]). We additionally remind the reader that this is why the variance of
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shared haplotype chunks is also infinite and we use the median and the N50 as

summary statistics. In this case, we are interested in determining whether the

point-estimates of the TMRCA using the decay approach described in Equation

5.3 capture the properties of this distribution well. We therefore consider:

• Where the point estimate falls in the full distribution of TMRCAs (of true

NNs and pseudo-parents) at each SNP, and

• Whether the point estimate is (almost) equal to the median of the true

TMRCAs.

Our results are illustrated in Figure 5.1. The top panel shows the full results at

two of the randomly selected SNPs. We confirm the highly skewed distribution

of the TMRCAs, and further discover that while extremely old TMRCAs are

possible (though very rare; for example the top right figure where the actual

TMRCA between true NNs at that SNP can go over 30,000 generations) in such

cases the methods fail to recover these extremely short chunks. Encouragingly

though, the point estimates of the TMRCA obtained using the decay approach

(vertical dashed lines) fall just to the right of the spike of the distributions (of both

NNs and pseudo-parents, which are themselves very similar) consistently across

all of the sampled SNPs (results from other SNPs not shown). This suggests that

our point estimator is accurately capturing the mass of this distribution.

Turning to the bottom panel of Figure 5.1, however, where we summarise

the full distributions by their medians, we see that our point-estimator (from

all methods) is poor at predicting the median TMRCA (both for true NNs and

pseudo-parents) at any-one particular SNP. We therefore don’t anticipate the es-

timator to produce accurate estimates at specific SNPs. The figures are in fact

rather noisy and the bulk of the points suggest that the decay-based estimator will

tend to be an overestimate compared to the median of the real TMRCA. These

observations are a signature of the infinite variance property of the original distri-

bution, suggesting that either the longer chunks have a smaller influence on the

point-estimator or that the median of the true TMRCAs is often too susceptible

to the very long tail of the distribution resulting in them being inflated. These

results further draw attention to the inherent difficulty in accurately summarising

a distribution with infinite variance.
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The stars in the figures mark the overall median values. Since true NNs are

not always found, it is expected that there is a discrepancy between the TMRCAs

of NNs and the TMRCAs with pseudo-parents (though, in agreement with our

results from Chapter 4, this discrepancy is small). We can at best therefore hope

that the ‘red’ star for NNp falls close to the y = x line, which is indeed the case.

Overall, therefore, this experiment has shed light into the capabilities of this

approach: while we do not expect to be able to make site-specific statements

regarding the TMRCA between NNs, we are confident that the estimates will ac-

curately capture the genome-wide values. In addition, we note the great similarity

between the results from the graph method and those from the HMM, showing

that using the graph method on the real data should recover the expected TM-

RCA values. We further note the similarities between the TMRCA values for

true NNs and those of pseudo-parents, supporting our approach of assuming in

our subsequent work in this chapter (and the next) that pseudo-parents are NNs.

We finally end with a reminder of the fact that this simulation experiment was

carried out using a constant population size model. Under a growth scenario,

which is realistic for the real data explored in this thesis, we expect the differ-

ence between NNs and pseudo-parents to become smaller. Growth rescales the

branch lengths of the genealogical tree of a sample, resulting in elongated termi-

nal branches. Coalescence events start further back in time and the differences

between genealogical siblings, cousins (etc) become less prominent, especially as

the change in Ne increases or the growth period becomes larger. In this scenario,

it is harder to distinguish between NNs and more distantly related individuals

by means of haplotype sharing (refer to Chapter 4 for details). Under growth,

we would also expect coancestry around a locus to decay more rapidly than in

the constant-size case, indicative of the fact that we expect to see less sharing in

the population (haplotype chunks would be disrupted for instance by the higher

frequency of rare variants).
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Figure 5.1 Estimating the TMRCA from simulated data. We sample SNPs

across simulated data and at each SNP determine a) all TMRCAs between all NNs,

b) all TMRCAs between pseudo-parents (selected by the full HMM with compatibility

emissions (CE), the graph method (Graph) or HMMsub with 10 and 300 SNPs for

subsampling, c) TMRCA point estimates using the decay approach (either from the

CE, Graph or HMMsub results). The top row focuses at two SNPs (left and right). Each

figure shows the density curve for the TMRCAs between true NNs (black), between

pseudo-parents from CE (dark red), from the Graph (green) and HMMsub (dark brown

and orange for 300 and 10 SNPs respectively) at that SNP. The vertical dashed lines

show the TMRCA point estimates using the decay approach. The bottom two rows

panel shows the TMRCA decay point estimates (x-axis) against the median TMRCA

across NNs (blue) and pseudo-parents (brown) for each method. There is a different

point for the results at each SNP.
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5.3 Data and quality control

Genotyping and quality control (QC) were performed separately for the individ-

uals and SNPs in each cohort and full details for both stages may be found in

Tachmazidou et al. [2013] and Panoutsopoulou et al. [in prep.]. SNPs with a

MAF < 1% were excluded and therefore there were no singletons in the data.

In addition to the QC steps carried out by the Zeggini group at the Sanger in-

stitute, I applied a more stringent filter on SNPs and excluded those that failed

the Hardy-Weinberg equilibrium (HWE) test (log-likelihood ratio test, p-value

< 0.001), as well as SNPs that contained too much missing information (>5%).

Overall only the SNPs that passed QC for all three cohorts were used in the

analyses.

Given the nature of the data, the presence of cryptic relatedness in the sam-

ples is not unlikely. This would be picked up by our graph method, resulting in

the detection of longer than expected shared haplotypes, which would inflate our

estimates of coancestry. In order to avoid this effect, the analysis was restricted

to the individuals in each of the three cohorts that exhibited low levels of relat-

edness (all pairwise π̂ <0.2; π̂ is the proportion of sites in IBD between pairs of

individuals, as calculated by PLINK, Purcell et al. [2007]). The resulting datasets

consisted of 754 unrelated individuals in MANOLIS, 567 in Pomak and 707 in

TEENAGE. There were 555,403 SNPs overlapping among the three cohorts. In

the MANOLIS cohort, only 32 individuals were carriers of the R19X variant.

5.4 Results: APOC3

As expected from an isolated population, haplotype sharing over Chromosome 11

is extensive among the MANOLIS individuals, such that the per person median

size of maximal haplotype identity around a randomly sampled chromosomal

location (the N50) is 14.8 Mb (15.3 cM). The per person median chunk size is

2.9Mb (3.8cM). Assuming, these haplotype chunks are IBD it follows that the

number of meioses separating MANOLIS NNs is about 25.
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What is more, the region around the variant does not appear to be differ-

ent from other regions on the chromosome, with haplotype sharing ranging from

<1cM to >30cM (Figure 5.3 inset). However, we also find that sharing is not

greater among carriers than non-carriers (Kolmogorov-Smirnov test p-value=0.8;

Figure 5.2). The limited sharing around the region, coupled with the fact that

there are no differences between carriers and non carriers, suggest that the mu-

tation is old in the sample’s genealogy, consistent with the findings using the

UK10K data. The results further conclude that a study of haplotype chunk sizes

in the form of IBD mapping would not be successful in this case, as expected.
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Figure 5.2 R19X N50. Scatterplot showing the relationship between the N50 of

maximal haplotype sharing for each sample across the chromosome (x-axis) and at the

risk variant (y-axis). Carriers (blue) and non-carriers (green) are shown separately.

Note that carriers and non-carriers show similar patterns (no significant difference,

p>0.05, by Kolmogorov-Smirnov test).

Interestingly, there does not appear to be any statistically significant strati-

fication within this sample (Figure 5.3 inset) across the chromosome. There is

also no evidence for cryptic relatedness, substructure or any extended correlation

between genetic background and carrier status (Figure 5.3), as excess relatedness

decays exponentially away from the risk locus as expected. This illustrates how
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our method can be used to check for local stratification of both common and rare

variants. We have already discussed that this is key in the context of disease

association studies, where classic methods fail to account for stratification of rare

variants. Our method illustrates the local structure of relatedness, confirming

that in this case there is no confounding and that the strength of the association

that was detected is reliable.

Further study of the profile of maximal haplotype identity around R19X re-

veals that it is well-approximated by a model in which the common ancestor to

the genealogical nearest neighbour occurred an average of 4.4 generations ago

(that is, g from Equation 5.1 is 4.4, with a half life of ∼ 7Mb). In light of the

results from simulation Section 5.2.2 we know we should have limited confidence

in the absolute value of this estimate, though we would expect the true median

TMRCA between carrier NNs at this locus to have the same order of magnitude.

This provides a lower bound for the age of the mutation at c. 100 years ago, as-

suming a generation time of 25 years, though the evidence that we have collected

suggests that it is likely to be considerably older. This lower bound therefore does

not improve much on the confidence interval estimated by other methods (0-9ky),

but this very recent TRMCA to a NN is informative of the very close relatedness

among the individuals in this population. Interestingly, around other variants of

the same frequency (such as rs61747005 shown in Figure 5.4, for which there were

30 carriers in the sample), we find greater levels of cryptic relatedness (results are

similar at more loci - data not shown), suggesting that these are typically more

recent. This further highlights how our method can be used to avoid confounding

(for instance at this second locus we would expect deflated p-values).

175



5.4 Results: APOC3

carriers

non carriers

expected decay

of relatedness

1 8.4 19.9 33.8 47 68.2 81.7 96.5 110.9 122.7 133

0 17.9 33.7 49.7 65.2 73.7 89.5 101.7 114.4 133 153.4

0
0
.5

1
1
.5

Position on Chromosome 11
(top−Mb, bottom−cM)

E
x
c
e
s
s
 r

e
la

te
d
n
e
s
s
 t
o
 c

a
rr

ie
rs

Physical Length (Mb) Genetic Length (cM)

Haplotype Sharing

D
e
n
s
it
y

0.022 1.2 65.7

0
0
.2

0
.6

0.0183 1 54.6

0
0
.2

0
.6

Figure 5.3 Excess relatedness with carriers of R19X. The main plot shows

the average number of nearest neighbours that are carriers of the rare risk allele for

carriers (blue) and non-carriers (green). Analysis only for unrelated samples (π̂ < 0.2,

see Methods). The orange line shows the expectation from a model when all most

recent common ancestor events to the nearest neighbour occurred 4.4 generations ago.

y-axis is the average proportion (divided by 2) of parents who are carriers, for carriers

and non-carriers. Inset shows the distributions of maximal shared haplotype length

(on a log scale) in physical (left) and genetic (right) distance for carriers (blue) and

non-carriers (green).
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Figure 5.4 Excess relatedness with carriers of another variant. The figure

shows maximal haplotype sharing around another variant on Chromosome 11 where

the derived allele is at a similar frequency as the risk allele in APOC3 : rs61747005, for

which there were 30 carriers in the sample. The main plot shows the average number

of nearest neighbours that are carriers of the rare risk allele for carriers (blue) and non-

carriers (green). The orange line shows the expectation from a model when all most

recent common ancestor events to the nearest neighbour occurred 4.1 generations ago.

Inset shows the distributions of maximal shared haplotype length (on a log scale) in

physical (left) and genetic (right) distance for carriers (blue) and non-carriers (green).
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5.5 Results: A genome-wide analysis of related-

ness, demography and isolatedness

We now turn to the genome-wide analysis for all three cohorts: MANOLIS, Po-

mak and TEENAGE, using just the unrelated individuals. We remind the reader

that we carried out three separate analyses: Analysis A in which our graph

method was run separately on each cohort, Analysis B in which all samples were

considered together and Analysis C where the MANOLIS and Pomak individuals

were asked to select NNs solely from the TEENAGE cohort.

Considering first Analysis A, we find, as expected, a much greater extent

of haplotype sharing in the isolated populations, with the median length of

haplotypes being 1.78cM, 1.42cM and 1.07cM in the Pomak, MANOLIS and

TEENAGE samples respectively (Figure 5.5 lower panel; sampling across all

chunks of all individuals). Consequently, 50% of randomly sampled locations

within the genome lie in shared haplotype lengths of at least 12.4cM, 12.5cM

and 1.3cM respectively (N50 haplotype length; Figure 5.5, lower panel; using all

chunks from all individuals). Interestingly, the distribution of shared haplotype

lengths in the isolates is bimodal (Figure 5.5, top panel), with the two peaks cor-

responding to very recent co-ancestry (within the last few generations) and much

older-co-ancestry (as seen in the TEENAGE population). Since only unrelated

samples have been used in this analysis, it is likely that this difference reflects old

coancestry dating prior to the population founding event.

The high levels of relatedness within the isolates are also reflected by the fact

that they need only ∼3 NNs (with which there is maximal haplotype sharing),

such that their haplotype sharing covers at least 50% of their genomes (Figure

5.6, left panel). By comparison, the TEENAGE samples require ∼20 NNs for the

same length. We discover the greater extent of isolatedness among the Pomak

samples (which is confirmed by other methods carried out in Panoutsopoulou

et al. [in prep.]) when considering 90% coverage (Figure 5.6, right panel): the

Pomak samples require only ∼12 NNs, while results for the MANOLIS are start-

ing to resemble those of the TEENAGE, with the samples in each case requiring

approximately 45 and 55 NNs respectively.

178



5.5 Results: A genome-wide analysis of relatedness, demography and
isolatedness

To investigate whether there is clustering in the data when we remove cohort

labels from the individuals, we proceed with Analysis B. The extent of isolation

of the Pomak and MANOLIS samples is again reflected in that NNs are typically

chosen from within their cohort: 88.4% and 90.5% respectively (Figure 5.7; mean

values are shown in yellow), versus 48.5% for the TEENAGE samples. While

about 10% of the isolates have NNs from the TEENAGE cohort, the shared

haplotype chunks specific to these NNs are significantly shorter, 3-fold and 4-

fold for the MANOLIS and Pomak respectively (Figure 5.8), again suggesting

that typically the inferred coancestry pre-dates the isolation events. The limited

number of larger haplotype chunks (1% of chunks in MANOLIS copied from

TEENAGE are >5cM, 0.5% for the Pomak; Figure 5.8) is indicative of very

limited migration and gene flow events, though we cannot eliminate the possibility

of isolation being established in more than one wave. Our method is only powered

to detect the most recent ancestry and we thus only infer a lower limit on the

time when gene-flow ended.

We finally attempt to date NN coancestry within and between cohorts. To

estimate these ages we fit a model of exponential decay of haplotype sharing

around 100 randomly sampled locations across the genome in Analyses A and C

(Figure 5.9). By indicatively examining one of these SNPs (results are equivalent

at other loci; data not shown) we observe that, as expected, decay in coancestry

is much more rapid between the TEENAGE individuals (panel ‘T’) than for the

isolates (top two panels). In all cases, the observed decay (blue curve) away from

the locus is as expected under the theoretical model (red curve). We do not

attempt any further SNP-specific assessments as we anticipate results to not be

particularly reliable (as per our findings and discussion in Section 5.2.2), but we

do proceed to consider the genome-wide findings.

We find that the median age of NN common ancestors is 8.56 and 8.65 gener-

ations in Pomak and MANOLIS respectively, which is very recent (again as ex-

pected given the extent of isolatedness), but 89.7 generations in the TEENAGE

cohort (Figure 5.10), which is comparable to that observed in other European

populations (data not shown). Using our simple moment-estimator for Ne, these

values imply recent effective population sizes of 2,400, 3,200 and 32,000 for the

three populations respectively. Our values are similar to separate estimates that
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Figure 5.5 Haplotype sharing in the isolates and TEENAGE. Maximal

haplotype sharing between NNs for each cohort. The top panel shows the density

curves for the shared haplotype chunks for Chromosomes 8 (dark green) and 20 (dark

red). Results were similar for the other chromosomes (data not shown). The bottom

panel shows the per chromosome median (dark blue) and N50 (gold), in cM, of all

shared haplotype chunks obtained from all the unrelated individuals in each cohort.

The results shown here are each from Analysis A (refer to text).

were calculated in Panoutsopoulou et al. [in prep.] using a pairwise-LD based

method (the McEvoy approach; McEvoy et al. [2011], Tenesa et al. [2007], Hayes

et al. [2003]). This latter approach estimated recent Ne to be ∼ 8,000 for the iso-

lates and ∼17,000 for TEENAGE (refer to Supp. Figure S7 in the paper for the

full historical results). Overall, we see that the rate of genetic drift in the isolated

populations is approximately 10 times that of the TEENAGE population.

We turn to the coancestry between the isolates and TEENAGE, using the find-

ings from Analysis C and considering recent common ancestors between Pomak-

TEENAGE and MANOLIS-TEENAGE . The median TMRCA is estimated to be

109 and 106 generations respectively, which is significantly older than the 90 gen-

erations of the TMRCA between TEENAGE NNs. The density of the TMRCA

for each case is shifted to the right (Figure 5.10), mostly resembles the density

of the TEENAGE unrelated individuals. The curves illustrate the older coances-

try between these samples, compatible with the hypothesis that their coancestry
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Figure 5.6 An 80-20 study of the isolates and TEENAGE. For each person

we measure the number of pseudo-parents which collectively share 50% (left) of a

chromosome and 90% (right) of a chromosome. We normalise by chromosome length

such that values represent 50% and 90% respectively of the whole genome. Aggregating

across individuals per cohort, the figures show the density curves for each case. Density

values have been normalised such that the density curves across cohorts are comparable.

The results shown here are each from Analysis A (see Methods).

mostly predates the time of isolation.
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Figure 5.7 Choosing NNs across cohorts. The triangle plot shows how often

individuals in each cohort (MANOLIS, red; Pomak, blue; TEENAGE, black) select

NNs from each of the three cohorts when the algorithm was run with all three cohorts

lumped together (Analysis B). The yellow points show the mean values for each cohort.

For example, a MANOLIS individual has NNs that are also MANOLIS 88.3% of the

time, NNs from the Pomak samples 3.8% and TEENAGE 7.8% of the time. The results

are genome-wide means per person. The figure reveals clear clustering, highlighting the

divergence of the two isolates from the general Greek population and from each other.

Moreover, the figure highlights the greater extent of isolatedness for the Pomak samples,

compared to MANOLIS.
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Figure 5.8 Haplotype sharing among cohorts. The figures show density curves

for the haplotype chunks when our graph method is run with all samples lumped

together (Analysis B). Panel A shows the density of chunks shared with NNs that belong

to the same cohort as the query individual (red, M = MANOLIS; blue, P = Pomak;

black, T = TEENAGE). Panel B looks at chunks for the cases where an individual’s NN

is from a different cohort: red = between MANOLIS and TEENAGE; blue = between

Pomak and TEENAGE; black = between TEENAGE and either MANOLIS or Pomak.

Panel C looks at the full density of shared chunk sizes with all of an individual’s NNs,

independently of the NNs’ cohort. The results have been combined across chromosomes

as there was minimal variation among them (data not shown).
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Figure 5.9 A local TMRCA. The decay of haplotype sharing with an individuals

NNs at rs6989467 (randomly selected) on Chromosome 8. The x-axis is position on

Chromosome 8 (physical, Mb and genetic, cM) and the y axis is the number of NNs

that are unchanged (compared against the NN choice at rs6989467), averaged over all

the individuals in the sample. In blue is the observation for each cohort and in red the

expected curve of NN sharing decay (see Methods). The top 3 plots show results when

the algorithm was run on each cohort (MANOLIS = M; Pomak = P; TEENAGE =

T) separately (Analysis A). Here, the mean TMRCA with a NN in MANOLIS is 7.3

generations, among the Pomak individuals it is 6.4 generations, while in the TEENAGE

cohort it is 77.2 generations. The bottom two plots show results for MANOLIS (M vs T)

and for Pomak (P vs T) when forced to pick NNs from the TEENAGE cohort (Analysis

C). In the former case the mean TMRCA to a TEENAGE NN is 100.4 generations (at

this SNP) and in the latter it is 89.2 generations. We have repeated this at another

99 randomly sampled SNPs across the genome obtaining equivalent results; the figures

are omitted.
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Figure 5.10 TMRCA with a NN. Relative density curves showing the estimated

number of generations to the common ancestor between an individual and their nearest-

neighbour. The results are from 100 randomly sampled SNPs from across the genome

for the MANOLIS (M), the Pomak (P), the TEENAGE (T) individuals, each considered

separately (Analysis A), and a scenario where the MANOLIS (M vs T) and the Pomak

(P vs T) individuals each are forced to select NNs from the TEENAGE cohort (Analysis

C).
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5.6 Dating the time of divergence

To end this chapter, we revisit the issue of estimating the time of divergence.

Although we have not tested this approach, we can use our estimates of the

TMRCA between NNs to make some initial heuristic inference on the time of

divergence (Tdiv) between the general Greek population and the isolates from an

ancestral population. Our aim is simply to illustrate the potential application of

our findings in exploring demography by dating events.

We suppose that the TEENAGE cohort has not experienced recent rapid

exponential growth, and further, that Tdiv is not very old. We may then assume a

constant population size model for the TEENAGE cohort from the present until

that time of divergence. The TEENAGE samples represent the general Greek

population and are therefore largely unrelated. We thus expect the TMRCA

between NNs (TTeen) to be significantly older than the time of divergence; more

specifically we will explicitly assume that no coalescence events have occurred in

the TEENAGE cohort since divergence occurred, i.e. TTeen > Tdiv. From this it

follows that the sample size of the TEENAGE cohort has not changed by Tdiv.

Under the aforementioned assumption of a constant-population size, it follows

the the time to a coalescence event between NNs at the present is the same as

the time to a coalescence event between NNs starting from the time of divergence,

Told. In other words, we will be assuming that Told ∼ TTeen.

Analysis A provides us with an estimate of TTeen, using the technique pre-

sented in the previous section. Using the results from Analysis C we may obtain

the TMRCA between NNs in which one individual is from an isolate and the

other is from the general Greek population, Tbetween. Assuming there has been no

gene flow since divergence, which is reasonable (see the Results in Section 5.5 ), it

follows that Tbetween > Tdiv. More particularly, we have that Tbetween = Told +Tdiv

which gives us an estimator for the time of divergence:

Tdiv = Tbetween − TTeen

The overall framework for this approach is illustrated in Figure 5.11.

The critical step in this derivation of this estimator is the approximation

Told ∼ TTeen. If we lift our assumptions about a constant-population sized history
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Figure 5.11 Estimating time of divergence The figure demonstrates the event

of divergence (horizontal dashed line) between an isolate and the TEENAGE cohort

from an ancestral population. Tdiv is the time at which divergence took place. The

brown shaded region represents the genealogy, and includes possible coalescence events

marked by the black lines. The dotted black lines showing a recent coalescence between

TEENAGE NNs before the time of divergence highlight the type of events that we are

assuming have not taken place. The width of each part of the genealogy is proportional

to the effective population size, which is NI for the isolate and Ne for the TEENAGE

cohort and ancestral population. In other words, we are further assuming here that the

effective population size for the TEENAGE cohort does not change going backwards

in time. In this set up we may calculate the TMRCA between TEENAGE NNs. TTeen

(using our Analysis A on the TEENAGE cohort; refer to text) and the TMRCA be-

tween NNs when these involve an individual from an isolate and an individual from the

TEENAGE samples, Tbetween (Analysis C; refer to text). Told is TTeen − Tdiv, the time

to the TMRCA between TEENAGE individuals since divergence. We approximate Told

by TTeen; refer to text for a detailed explanation of this approximation.

then this relationship will not hold. For example, in the case of a bottleneck for

the overall founding population, followed by rapid exponential growth we would

have that Told >> TTeen (and therefore if this is the case here we expect our

assumptions to break down). Given the small deviations from the constant size

model that we expect here, we are probably only slightly underestimating Told
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and our Tdiv is therefore an upper bound, though reasonably close to the true

value. As these assertions have not been confirmed by simulation, we remind the

reader that the purpose of this Section is simply to illustrate potential extensions

and applications of our approach.

Turning to the results, as already mentioned the median TMRCA between

MANOLIS-TEENAGE and Pomak-TEENAGE is estimated to be 109 and 106

generations respectively, suggesting that an upper bound for the time of isolation

is 19 generations and 16 generations respectively. Note again that these estimates

assume a simple model in which separation is a single event, the effective pop-

ulation size of the TEENAGE population has remained constant over time and

that there has been no gene flow between the two isolates and the general Greek

population since isolation began. For example, the data may also be compatible

with a model of older divergence with a low level of more recent migration or a

situation where there were more than one historical waves of migration. A more

formal simulation study built on the assumptions that we have made should in

principle be carried out to test whether the expected values of haplotype shar-

ing, TMRCA between NNs and time of divergence match the findings that we

are discovering here. We finally note that the McEvoy-based approach estimates

divergence to have occurred 39 and 52 generations ago for the MANOLIS and

Pomak samples, which are older than our estimates by slightly more than a factor

of two. Given the high uncertainty in both approaches, this is not considered to

be a large difference.
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Chapter 6

Applications to real data:

WTCCC

The HELIC study demonstrated the graph method’s capabilities in characteriz-

ing recent coancestry within unrelated and isolated samples. Although we have

established the merits of such an investigation, it is nevertheless the case that the

sample sizes of only a few hundred individuals involved in this project are rather

small by modern standards. Genome-wide association studies are now frequently

carried out on cohorts consisting of many thousands of individuals (for example

Wellcome Trust Case Control Consortium et al. [2007], International Multiple

Sclerosis Genetics Consortium et al. [2011], 1000 Genomes Project Consortium

et al. [2012]).

Just like with the HELIC data, even within large data sets, it is not un-

usual to identify pairs of individuals who are related and these are typically

removed from analysis. However, all ‘unrelated’ individuals have genealogical

nearest neighbours and, within a large cohort, the TMRCA between NNs may

be relatively recent. Identifying these individuals will help understand patterns

of local relatedness and latent stratification that may be present in a sample,

even if the extent of this stratification is weak. In fact, numerous studies have
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shown that extensive population substructure may exist within samples (Li et al.

[2008], 1000 Genomes Project Consortium et al. [2012]). The identification of

NNs and the determination of how they change captures an important aspect of

the genome-wide relationships between pairs of individuals, thus reconstructing

the most recent part of their genealogical tree which is relevant for recent demo-

graphic events. Local relatedness is also relevant for rare variants (MAF<5%),

whose importance we have already discussed. Therefore knowledge of NNs and/or

haplotype sharing could be useful in association studies, with haplotype sharing

around rare variants offering insights that could be incorporated in a mixed model

framework.

In light of the above considerations, in this chapter we perform a more ex-

tensive exploration of our methods’ performance using the WTCCC genotype

data which involves ≈5000 unrelated British samples (Wellcome Trust Case Con-

trol Consortium et al. [2007]; more details are presented in section 6.2.1). This

genotype data is mostly limited to common variation and was not selected to

investigate our performance with respect to rare variants; this is one potentially

future application of our model. Rather, the WTCCC data was a suitable choice

for investigating our methods’ behaviour with large sample sizes and for under-

standing the insights that we can derive from this well-studied sample. Here we

further simply wish to illustrate that our methods behave as expected in large

sample sizes, are informative and will therefore potentially accommodate the

aforementioned applications (among others).

Traditionally, an IBD-based approach would be employed to identify haplo-

type sharing. The WTCCC samples that we use here have been shown to have

very little structure (Wellcome Trust Case Control Consortium et al. [2007]) and

is therefore precisely the type of data set where IBD detection is by definition

not possible. Common ancestry, and recent coancestry, do of course exist and we

explore our method as an alternative for detecting it.

The analyses carried out in this chapter were initially to be conducted ex-

clusively using the graph method (see Chapter 2, section 2.4.2). More recently,

however, we developed our HMM with subsampling approach (HMMsub; see

Chapter 2, section 2.4.3), and therefore some of our analyses have been carried

out with this method as well. We initially make use of the WTCCC samples to
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further explore our methods’ properties in a ‘real-data’-based environment. More

specifically, with the graph method we explore the changes in detected haplotype

sharing when we increase the number of incompatibilities required for a break-

point (see Chapter 2, section 2.4.2 for details). Using both the graph method and

the HMMsub we investigate the effects of thinning and error rate on haplotype

sharing. We then consider both methods as alternative approaches to making

inference on the full WTCCC data.

The assumption that we are making is that our baseline full-HMM is capable

of detecting the true levels of sharing present in this sample, and that these

two alternative methods are appropriate approximations of the full model that

can accommodate larger sample sizes. We use them to investigate the levels of

haplotype sharing and the TMRCA between NNs, comparing it to our findings

from the HELIC project. We then use our insights to make inference on the

demographic history of the British population by estimating exponential growth

parameters.

It is however crucial to gain some understanding of how both our approxi-

mation methods actually compare against the full HMM. Running the full HMM

on the WTCCC samples is computationally impossible both due to memory re-

quirements and time required to complete the analysis. What is more, such a

comparison should use very high quality genotypes to control for the effects of

genotyping error. To this end, prior to our extensive WTCCC investigation, we

first consider a small-scale analysis using the 1000 Genomes Omni SNP genotype

data (1000 Genomes Project Consortium et al. [2012]).

6.1 A prequel: 1000 Genomes Omni SNP geno-

types

We consider the European samples from the 1000 Genomes (1000G) Omni SNP

genotype data (1000 Genomes Project Consortium et al. [2012]), consisting of

388 individuals. These are high quality samples that have undergone rigorous

quality controls, described in detail in 1000 Genomes Project Consortium et al.

[2010] and 1000 Genomes Project Consortium et al. [2012], and are thus suitable
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for comparing the performance of our methods: the full HMM against HMMsub

(subsampling around 300 and 1000 randomly selected SNPs for each chromosome)

and the graph method. It is essential to use data with minimal error rate as the

different methods are not expected to be equally robust to genotyping error.

As errors are expected to lead to an underestimation of haplotype sharing, it is

crucial to ensure that any differences in the coancestry estimated by the three

methods is solely due to their respective properties.

Being restricted by the memory requirements and the very low speed of the

full HMM, we only consider results for Chromosome 20 of 10 individuals. We

excluded singletons and any SNPs that fail our HWE log-likelihood ratio test

(thresholding with a pvalue of 10−3) and were left with a total of 38510 SNPs

and indels. We ran our graph method, subsampling 20 individuals after 2 single

incompatibilities or 1 double incompatibility (these are the same settings as those

used in the HELIC study). We used the compatibility emissions for both HMM

implementations. In our HMM with subsampling, subsampling was such that

within each chunk there were approximately 20 individuals.

Given the limited number of individuals that were investigated and the fact

that only a single chromosome was used, we do not aim for this investigation to

be a comprehensive comparison of the two methods. Rather, we hope to gain

insight on the bias that results from the WTCCC study are expected to exhibit.

More specifically, here we measure:

1. The extent of haplotype sharing, as described previously in Chapters 2, 4

and 5.

2. The proportion of sites at which the selected pseudo-parents are incompat-

ible with the query individuals.

3. The number of individuals that are selected as pseudo-parents over the

chromosome.

The current implementation of our full HMM required 30G and 2 weeks to run

for a single individual. Although it is possible to reprogram the algorithm such

that the memory requirements are reduced, it is not possible to further speed up

the algorithm; most of the computational time was spent constructing the Viterbi
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matrix. The run time for the other two methods is slightly variable (depending

on the number of samples considered at every position) but around 2 minutes for

the graph method and half an hour for HMMsub.

6.1.1 Results

The results show that although neither of the two methods replicate the per-

formance of the full HMM, both versions of HMMsub approximate it very well

(Figure 6.1). We will refer to HMMsub with subsampling around 300 SNPs and

1000 SNPs as H300 and H1000 respectively. Across all chunks from all individu-

als, we find that the graph method detects an N50 of 1.05cM, H300 finds 1.15cM

and H1000 finds 1.18. The full HMM, which we assume to be most accurate

in detecting chunk sizes, estimates the N50 to be 1.19cM. The graph method

consistently underestimates sharing across all samples (Figure 6.1 D and E),

probably being very sensitive to even the very low levels of genotyping error that

inevitably must be present in the data. It is interesting that the graph method

changes pseudo-parents more often than the other two methods (Figure 6.1 A and

B), while maintaining the highest proportion of incompatible sites (Figure 6.1C).

Conversely, HMMsub tolerates incompatibilities at a slightly higher rate than the

full HMM (Figure 6.1C). It swaps NNs at a rate between the graph method and

the full HMM (Figure 6.1 A and B), estimating equivalent levels of sharing as

the full HMM (Figure 6.1D). The overall distribution of the shared chunk sizes

detected by the HMM with subsampling closely resembles that of the full HMM

(Figure 6.1E), suggesting that it might still be a reasonable proxy. We notice

that H1000 has not recovered the higher levels of sharing present in the third in-

dividual (Figure 6.1 D) and it therefore appears to slightly underestimate sharing

(Figure 6.1 E). Overall, the graph method and HMMsub can be used, if not to

identify true levels of coancestry, at least to reliably define a lower bound for the

extent of haplotype sharing. Though HMMsub appears to be more accurate, the

graph method remains an order of magnitude faster.

To determine whether indeed H300 and H1000 perform different or whether

the differences observed here are an artefact of the small number of individuals
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selected, we analysed an additional 100 individuals using these two methods. The

results, shown in Figure 6.2 confirm that, like in our results from simulation (see

Chapter 4) there is no difference between the two approaches.

Finally, an inspection of where the NN switches take place across the 10 indi-

viduals along the chromosome, reveals that at the the 10kb- and 100kb-level the

graph method often changes at different positions for each person (Figure 6.3).

Conversely, the full HMM and HMMsub (both versions) will both frequently

choose to change at the same positions for many individuals, in a way that cor-

relates with the genetic map in the region (data not shown). These observations

confirm that it is mostly local recombination rates that dictate pseudo-parent

switching (Figure 6.3). The effect is weaker for the graph method, which is ex-

pected since it does not incorporate LD information in its implementation.
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Figure 6.1 Comparing the three methods on 10 individuals. The figures

show the results obtained by each method (graph, HMMsub – with 300 and 1000

SNPs for subsampling, labelled H300 and H1000 respectively – and the full HMM) on

the 10 Omni genotype individuals that were considered, from Chromosome 20 with

38,509 SNPs. Each time there is a NN change along one of the chromosomes of each

person a new shared chunk is defined. Figure A shows the total such chunks per

person. It is possible that more than one chunks are shared with the same person in

the sample, at different parts of the chromosome. Figure B shows the total number of

unique individuals identified as pseudo-parents by the 3 methods. Figure C shows the

mean proportion of incompatible sites between the query individuals and the selected

pseudo-parents. Figure D shows the N50 (median shared genetic chunk size, weighted

by physical distance) per person; note the log scale. Finally, Figure E contains violin

plots illustrating the distribution of all the shared chunk sizes across all individuals for

each method.
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Figure 6.2 Comparing H300 and H1000 on 100 individuals. The figures

show the results obtained by the two versions of HMMsub – with 300 and 1000 SNPs

for subsampling, labelled H300 and H1000 respectively – on 100 Omni genotype in-

dividuals, from Chromosome 20. Each time there is a NN change along one of the

chromosomes of each person a new shared chunk is defined. Figure A shows the total

such chunks per person, while the inset shows the number of unique pseudo-parents

selected. Figure B shows the mean proportion of incompatible sites between the query

individuals and the selected pseudo-parents. Figures C and D respectively show the

median and the N50 (median shared genetic chunk size, weighted by physical distance)

per person.

196



6.1 A prequel: 1000 Genomes Omni SNP genotypes

#c
ha

ng
es

0
20

40
0

2
4

6
8

0
2

4
6

8
0

4
8

12
0

40
80

0
20

50
0

5
10

15
0

4
8

12
0

4
8

12

cM
/M

b
0

40
80

#c
ha

ng
es

cM
/M

b

Gph H300 H1000 HMM

10kb scale 100kb scale

#c
ha

ng
es

#c
ha

ng
es

#c
ha

ng
es

#c
ha

ng
es

#c
ha

ng
es

#c
ha

ng
es

Figure 6.3 Where do the NNs change? We monitor the physical positions

at which an individual changes NN and summing across individuals we get the total

number of changes occurring at any given site; this is therefore at most 10 in this is case,

given that we disallow double-jumps. Summing across all changes in consecutive 10kb

(left panel) and 100kb (right panel) windows we obtain the total number of changes

for each region. Since it is possible that a person changes NN more than once within

each region, the number of changes may now exceed 10. Gph = results from the graph

method; H300, H1000 = results from our HMM with subsampling with 300 and 1000

SNPs respectively; HMM = results from the full HMM. Finally, the bottom figures

illustrate the recombination rate at each physical position along Chromosome 20.
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6.2 The structure of haplotype identity in a sam-

ple of over 5000 UK individuals

6.2.1 WTCCC: data, aims and methods

The WTCCC data consists of 5144 individuals from the UK, collected as control

samples within the Wellcome Trust Case Control Consortium (www.wtccc.org.uk)

and genotyped on high density SNP arrays. The data has previously undergone

rigorous quality checks, including:

• Checks for missingness, with samples being excluded if they contained more

than 3% missing information

• Exclusion of samples with excess heterozygosity

• Concordance between different sets of genotypes for the same samples, when

these were available

• PCA analysis to confirm uniformity of ancestry and lack of large-scale strat-

ification

• Visual inspection of cluster plots of SNPs and consideration of quality met-

rics from the genotype-caller CHIAMO (Marchini et al. [2007])

• Checks for Hardy-Weinberg equilibrium (using a p-value threshold of 5.7 x

10−7)

We applied an additional test for HWE using a p-value threshold of 10−3 and

are therefore confident that the levels of genotyping error in the data are low.

In additions, we ensured that there was no cryptic relatedness in the sample by

checking whether individuals shared whole chromosomes. This was achieved by

measuring genotype-IBS status across entire chromosomes; any individuals that

were compatible across the whole region (for example because of duplications in

the data) were excluded.

We first consider different subsets of the data to better understand how our

graph method behaves, identifying the factors that influence its performance.
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More specifically, in this real-data setting we explore the effects of sample size,

SNP density and genotyping error. We remind the reader that our subsampling

scheme for the HMM (HMMsub) was developed more recently and has therefore

been included in only a subset of this study. We perform the following analyses:

1. Employing the graph method we consider just Chromosome 12 and only use

the 26,715 SNPs that were genotyped in cases for Multiple Sclerosis from

the 2011 study (International Multiple Sclerosis Genetics Consortium et al.

[2011]). This eliminated approximately 50% of the typed variants. We then

ran the graph method on the entire sample, and on random subsets of 89,

100, 500 and 1000 individuals, recording how haplotype chunk size (median

and N50) changes for each case.

• Using all 5144 individuals for this data, we also explore the effect

of changing our stopping rule for the graph method, which has been

heuristically set to 2 incompatibilities. We investigate the changes in

haplotype sharing when this threshold increases from 1 incompatibility

to 5.

• We considered 89 individuals, as this is the number of British individ-

uals that were sequenced in the Phase 1 of the 1000 Genomes project.

We wish to compare our results from the 89 randomly subsampled

WTCCC individuals to those obtained by running our method on the

whole Chromosome 12 (369,038 SNPs) of the 89 UK individuals from

the 1000 Genomes. Our preparation of the 1000 Genomes data was

the same as that for the WTCCC data, though a repeat analysis with

more rigorous quality checks on the 1000 Genomes data is recom-

mended, owing to the higher genotyping error that is known to be

present in those samples. We therefore expect a decrease in the extent

of haplotype sharing when moving to the 1000 Genomes data.

2. Using Chromosome 22 (16,032 SNPs), we more formally explore the effect of

thinning and genotyping error on haplotype chunk sizes (median and N50).

More specifically, using all 5,144 individuals, we apply a genotyping error of

0.5%, 1% and 2%. In this investigation we consider both the graph method’s
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and HMMsub’s behaviour. For the graph method we maintain a breakpoint

threshold of 2 single incompatibilities or a double incompatibility. For the

case of HMMsub, again we consider subsampling both around 300 SNPs

(H300) and 1000 SNPs (H1000). With both methods we aim to subsample

around 20 individuals at each position. The purpose of our experiment is to

explore how either method performs when the underlying error rate in the

data is unknown. By subsampling SNPs uniformly from the original data

set without error, we further consider thinning by keeping only 90%, 60%,

50% and 30% of SNPs. In principle, some thinning should not influence

the extent of haplotype sharing detected between individuals. However, it

is unclear how well powered the method will be in detecting short chunks

and with thinned genotype data the detection of small chunks might be

even harder. In the case of real data though, an increase in the number of

SNPs increases the number of genotyping errors that may be present (errors

are not necessarily distributed evenly across the chromosomes), leading to

smaller chunk sizes being detected.

In the second part of our investigation, we perform an exploratory genome-

wide analysis of the original WTCCC data using both the graph method and

HMMsub (H300 and H1000), with about 20 individuals per locus for each method.

Lacking knowledge of true NN relationships, our aim is to make inference on

coancestry and demographic history using our detected shared haplotype chunks.

More specifically:

1. We obtain the distribution of maximal haplotype sharing across the genome

and wish to address the following questions:

(a) Can we identify small shared haplotype chunks, those that IBD-based

approaches would be unable to detect?

(b) Are there patterns of excess relatedness present in the sample, genome-

wide or chromosome specific, that might indicate stratification?

(c) What coalescent-based demographic model could plausibly explain the

observed distribution of haplotype sharing? Is it possible to calibrate

the tree-simulations that we describe in Chapter 4, Section 4.2.2 such
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that the simulated haplotype chunks match those observed here? This

would allow us to estimate the exponential growth parameters (current

Ne and number of generations since growth started) relevant to the

British population, thus making inference on its demographic history.

We assume that the effective population size before growth started is

10,000.

2. We map our shared haplotype chunks on the genome, in an approach similar

to IBD mapping: are there regions of excess haplotype sharing, for example?

3. We repeat the approach performed in the HELIC study, and estimate the

TMRCA between NN; by sampling 100 SNPs randomly across the genome,

we use Equation 5.3 to get the full distribution of this TMRCA. How does

the distribution discovered here compare with that of the TEENAGE sam-

ples, which are also unrelated?

6.2.2 Sample size, thinning, error and a first look at hap-

lotype sharing

We consider first the thinned version of Chromosome 12 and explore the size of the

haplotype chunks detected by the graph method, when the threshold of allowed

incompatibilities between the query genotype and candidate pseudo-parents is

raised. Initial experiments had suggested that a stopping-rule of two Mendelian

inconsistencies was sufficient to overcome the low-level of genotyping error in the

data set: results did not change substantially if more (or less) than 2 mismatches

were allowed, as shown in Table 6.1,with the relative increase remaining small

and chunk sizes within the same order of magnitude. Our heuristic choice of two

therefore leads to a reasonable estimation of chunk sizes, while it seems as an

intuitive choice in that it is stringent enough to disallow too much inconsistency,

but flexible to allow some in order to account for mutations and potentially

some of the errors in the data. What is more, we can identify larger chunks for

sequences with many breakpoints, where one parent remains constant while the

other changes much more frequently, suggesting that the choice of when to ‘break’

will not prevent highly related individuals from being discovered.
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Threshold: 1 2 3 4 5

Phys. 0.969 1.090 1.181 1.267 1.347

Phys. N50 1.716 1.812 1.903 1.966 2.047

Gen. 1.482 1.655 1.804 1.914 2.011

Gen. N50 2.04 2.115 2.218 2.306 2.381

Table 6.1 Changing the breakpoint threshold. We use the graph method on

the thinned version of Chromosome 12 from the WTCCC data and consider the size

of detected haplotype chunks as the number of allowed mismatches increases. The

reported values are either medians or N50s. Phys. = physical distances (Mb); Gen. =

genetic distance (cM).

Using our preferred stopping rule of 2 for the graph method, the median length

of maximal haplotype sharing for sample is estimated to be 1.66 cM and the N50

to be 2.1cM (or 1.1 Mb and 1.6Mb respectively). The distribution of maximal

shared haplotype length is highly skewed (Figure 6.4) and the 95th percentile is c.

4 cM. This indicates that some latent relatedness may be present in the sample

These results indicate that NNs within a cohort of even this size are likely to

have a common ancestor over 100 generations ago. Note, however, over the entire

Chromosome 12 it is highly likely that any one individual will have much closer

common ancestors. Indeed, the distribution of the largest NN haplotype length

across the genome, which has a median of 8 cM (Figure 6.4 and 6.5) suggests that

the closest MRCA is typically approximately 57.5 generations ago. It will be

interesting to compare this figure with estimates of TMRCA with a NN obtained

by sampling positions randomly across the genome, which we consider in the next

subsection.

The extent of haplotype sharing is much less than that expected under a

model of constant population size (using the tree simulations described in Chap-

ter 4, median maximal haplotype sharing is expected to be ∼ 60cM; Fig 6.6),

reflecting explosive population growth. The strong deviation of our observed val-

ues for varying sample size, against our expectation from a constant-size model

is further evidence of the fact that this a very strongly growing population. As
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an aside, we also therefore witness a limited effect of sample size in the extent of

haplotype sharing. Interestingly, the parameters of growth estimated from allele

frequency spectrum data (namely a recent Ne of 4×10−6 with growth over 400

generations (Nelson et al. [2012]) also do not agree well. Rather, simulations

from a demographic model in which the current effective population size (Ne)

is approximately 4 million, having increased exponentially over the last 10,000

years from a population size of 10,000 indicate that the median NN haplotype

length in a sample of 10,000 chromosomes should be 0.8cM, just over a third of

the N50 of our observations. Instead, we obtain a better fit using a model which

assumes that growth started about 110 generations ago (Figure 6.4).

The caveat when assessing these findings is that our graph method is in fact

greatly susceptible to genotyping error and thinning. Indeed, when we compare

our findings from 89 subsampled WTCCC individuals to those from the British

1000 Genomes individuals on Chromsome 12 we discover that there is a significant

difference in the results. The median haplotype chunk N50 for the WTCCC

samples is 0.7cM, while for the 1000 Genomes individuals is is 0.23cM - a third of

the size, indicating that of our algorithm breaks and restarts more frequently with

the 1000 Genomes data. Of course the 1000G data is both 14-fold more dense,

but further, given that it is sequence data, it is expected to contain a higher error

rate than the WTCCC genotyped samples. Crucially, it is also richer in rare

variation which refines the patterns of relatedness in the data.

We therefore formally investigate the effects of error and thinning separately.

In this analysis we additionally consider the performance of HMMsub (H300 and

H1000). Table 6.2 presents our findings from Chromosome 22 of the WTCCC

samples, indicating a susceptibility of both the graph method and HMMsub to

both parameters: haplotype sharing decreases with an increasing error rate, while

thinning the data underpowers the methods from distinguishing smaller haplotype

chunks, leading to an overestimation of the sharing that is present. The effects are

more prominent for the N50, which is largely influenced by the longer haplotypes.

Error rate disrupts these longer chunks, thus leading to a greater underestimation

of the N50. Conversely, the lack of power to detect small chunks when the data

is thinned results in the merging of adjacent chunks which inflates the N50.
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Figure 6.4 Haplotype Sharing. The distribution of the haplotype chunks from the

WTCCC data (black). In dark orange: curve obtained from tree simulations, assuming

exponential growth from Ne = 10,000 to Ne = 4 million over 110 generations. In light

orange: curve obtained from tree simulations, assuming exponential growth from Ne

= 10,000 to Ne = 4 million over 400 generations. In blue: curve obtained from tree

simulations, assuming exponential growth from Ne = 10,000 to Ne = 350,000 over 400

generations. The vertical lines are median values for the tree simulations and the N50

from the WTCCC. The black tick marks on the bottom right mark the size of the

largest haplotype chunk estimated for each individual.

Unsurprisingly, although both methods are influenced by error and thinning,

HMMsub (both versions) is significantly more robust to errors than the graph

method, thus confirming that it behaves more closely to what we would expect

from the original, full HMM. Interestingly however, the effect of thinning has a

similar impact on both methods, with a slightly greater inflation seen for the

results from HMMsub. With an average density of a SNP every 2Kb, keeping

only 30% of SNPs results in a vastly sparse data set and it is no surprise that there
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Figure 6.5 Maximal Haplotype Sharing. The distribution of the maximum

haplotype chunks from the WTCCC data achieved for each individual. The median is

8 cM.

is a loss in power to discover shorter shared chunks with either method. Still,

the fact that there is no improvement with HMMsub compared to the graph

method further highlights the effect of our subsampling approach, which is very

similar in both cases. Note that as in previous analyses, H1000 and H300 obtain

near-identical estimates in all scenarios.

Finally, the trend observed from our thinning investigation suggest that the

observations with the 1000 Genomes sequence data are solely the by-product of

the genotyping error present in sequence data. The WTCCC contained only 10%

of SNPs (though a much higher proportion of common variants), yet rather than

increasing, the N50 was decreased by ≈75.5%, highlighting that error rate is most

likely a greater contributing factor to shared haplotype estimation.
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Figure 6.6 Observed and expected haplotype chunks. The expected values

were obtained using our tree simulations for various sample sizes. The observed values

were obtained by randomly subsampling individuals from the WTCCC (chromosome

12; thinned) data and running the graph method, with subsampling. We report the

observed N50s as these correspond to the values obtained by simulation.

6.2.3 Genome-wide analysis: results using the graph and

HMMsub

In light of these preliminary insights, we turn to our genome-wide analysis using

both the graph method and the HMM with subsampling on the full data set.

Studying the full distribution of haplotype chunks across all chromosomes (Fig-

ures 6.7 and 6.8; the full details for the findings for each method are tabulated

in Tables 6.3 and 6.4, we make several key observations:

1. All methods exhibit consistency across chromosomes on the amount of hap-

lotype sharing among individuals (see Figure 6.7 inset: the distribution is

similar across all chromosomes, overlapping for both methods). The shape

of the distribution is as the one observed for the thinned version of Chromo-

some 12 (Figure 6.4) and that of the TEENAGE individuals in the HELIC
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Method Graph H300 H1000

Metric median N50 median N50 median N50

Original 1.12 1.98 1.28 2.56 1.28 2.54

0.5% error 0.99 1.57 1.22 2.26 1.22 2.26

1% error 0.89 1.34 1.17 2.03 1.17 2.03

2% error 0.76 1.04 1.08 1.69 1.08 1.69

90% thinned 1.13 2.05 1.34 2.64 1.33 2.63

60% thinned 1.40 2.38 1.63 3.00 1.62 3.01

50% thinned 1.50 2.54 1.82 3.17 1.82 3.16

30% thinning 2.02 3.19 2.54 3.92 2.53 3.91

Table 6.2 The effect of genotyping error and thinning on the graph

method and HMMsub. The table contains results when an error rate of y% (y ∈
{0.5, 1, 2}) is randomly applied in the data. Then, using the original full Chromsome

22, we randomly subsample SNPs in order to thin the data by leaving x% of SNPs

(x ∈ {30, 50, 60, 90}). In each case we use the graph method and HMMsub with 300

(H300) and 1000 (H1000) SNPs for subsampling to examine the changes in the detected

haplotype chunks. The reported values are either medians or N50s of the genetic chunk

size across all chunks from all individuals, measured in cM.

study (Figure 5.5, top panel, right). We therefore observe the signature of

a homogeneous, unrelated sample that has undergone exponential growth.

2. We observe a decrease in the physical length of haplotype chunks with

decreasing chromosomal length (Tables 6.3 and 6.4). This is expected as

there is an inverse relationship between recombination rate and chromosome

length. There is one crossover event per chromosome per meiosis (Kauppi

et al. [2004]) meaning that for larger chromosomes the candidate region is be

spread over greater distances, decreasing the per base recombination rate.

Since our haplotype chunks are defined by a recombination driven process

we expect to see a reduction in the chunk sizes for shorter chromosomes,

but no changes in genetic length.
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3. The genome-wide N50 obtained using the graph method is 1.64cM (across

all chunks identified for all individuals; 1.79 obtaining medians per person

and then a sample mean), down from the 2.1cM that was found using the

thinned Chromosome 12 (which was thinned by ∼50%). As before, this

highlights the susceptibility of the graph method to thinning. There is a

20% reduction here, which is what we expect (Table 6.2). Despite the higher

SNP density, which enriches variation, thus affecting chunk size, the strong

growth rate of the population would suggest that the NN changes should

happen at a larger scale than the increase in density here. It is more likely

therefore that this reduction is a by-product of our method’s sensitivity to

errors, which would now be more numerous.

4. The results from HMMsub are consistently greater than those from the

graph method (Figures 6.7 and 6.8), as expected in light of our findings

from the 1000 Genomes omni genotype data. This suggests that we may

use these results as a closer estimate of the true levels of sharing present

in the sample. HMMsubs’s greater robustness to error (Table 6.2) and its

tendency to tolerate incompatibilities when it selects pseudo-parents suggest

(Figure 6.1) that this is a better estimate.

5. Both versions of HMMsub achieve very similar results. The N50 calculated

from all chunks obtained by either method is 2.1cM (or 2.27cM per person).

To match an N50 of 1.64cM (estimated using the graph method), our simula-

tions suggest that the growth parameters that would now be most consistent are

a current Ne of 4 million, over 140 generations (Figure 6.7) − only 40 generations

earlier than our previous estimate (Figure 6.4). Conversely, the N50 of 2.1cM

from the HMM with subsampling suggests that the growth period should be 110

generations, with the current Ne being consistently kept at 4 million. We may

thus estimate the growth period to be at most 140 generations, though probably

closer to 110 generations.

We should finally note that in our current simulations we are considering the

effect of growth alone, ignoring bottlenecks. The events that we are examining

are recent and it is therefore not obvious that this is a significant omission. Still,
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Figure 6.7 Haplotype Sharing across chromosomes. The distribution of the

haplotype chunks from the WTCCC data. The main figure shows the results by ag-

gregating all chunks detected across the genome, both for the graph method (blue;

labelled graph) and HMM with subsampling (purple; labelled HMMsub). In dashed

black and dark grey are the curves obtained from our tree simulations with a model

that assumed exponential growth from an effective population size of 10,000 to 4 mil-

lion over a period of G generations. The inset contains the individual density curves

for each chromosome for both methods (graph and HMMsub); they are solely intended

to illustrate that there is in general genome-wide consensus from both methods on the

distribution of chunk sizes and that aggregating results across chromosomes is reason-

able. Equivalent chromosomes have been coloured in the same way for both methods,

using rainbow colours: red for Chromosome 1.

perhaps a model that accounts for the out of Africa bottleneck and the Eurasian

split, both of which are believed to have significantly reduced variation in the

population, would require the more extended growth period of 400 generations

suggested by Nelson et al. [2012] to restore variation to today’s observed levels.
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Figure 6.8 Comparing the per chromosome N50 for H300 and the graph

method. The figure shows the N50 for each chromosome (each point is illustrated by

a star that is coloured differently and is labelled with the same colour) for the HMM

with subsampling with 300 SNPs (H300; x-axis) against the N50 obtained using the

graph method (y-axis). The N50s were calculated by aggregating all chunks across all

individuals. In dotted black is the y = x line. HMMsub with 1000 SNPs produced

near-identical results as H300.

Nevertheless, our assertion of recent and rapid exponential growth is in agree-

ment with our findings for the TMRCA between NNs (Figure 6.9). By sam-

pling 100 randomly selected SNPs across the genome and following the approach

adopted in the HELIC project, we obtain a mean TMRCA of 79.7 (median 53.8)

generations using the graph method and 65.4 generations using the HMMsub ver-

sions (the medians are ∼45.5), which are slightly more recent than the estimated

growth periods, consistent with the rapid growth hypothesis. The values here are

means across all the SNPs used. The distribution of the TMRCA for both cases

also matches that observed for the TEENAGE sample, though with a signifi-

cantly longer tail (the 99% quantile is 296 generations for the graph method and

208.5 for the HMMsub versions), further confirming that this is a homogeneous,

completely unrelated collection of individuals. The mean values here are only up
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to a factor of 2 less than that calculated for the TEENAGE cohort, despite the

fact that we now have just under a 10-fold increase in sample size. This further

supports the argument of rapid exponential growth. Finally, it is still interesting

to observe that for a sample size as large as 5000 samples, one needs to go back

∼1,500 years in order to find a common ancestor between NNs (or more likely,

genealogical cousins).
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Figure 6.9 The TMRCA to a NN. The main figure shows the distribution of the

TMRCA to a NN by sampling 100 points randomly across the genome and measuring

the decay of haplotype sharing around them (refer to text for details); this is the

same approach as that adopted in the HELIC project in Chapter 5. The three density

curves are for the graph method (blue), HMMsub with 300 SNPs (H300; magenta) and

HMMsub with 1000 SNPs (pink; does not show). The two insets illustrate the process

for one such SNP, rs1425894 on chromosome 8; top = results from the graph method;

bottom = results from H300.

Finally, we investigated how haplotype chunk size (physical and genetic)

changed across chromosomes for our two methods. The chunks are generally
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uniform across sites (Figures 6.10, 6.11 and 6.12; only physical lengths shown

here), with major spikes occurring for physical length, as expected, primarily

around the centromeres. Still, there is local variation, for instance an increase in

physical lengths around the HLA on Chromosome 6. Encouragingly, this varia-

tion in sharing is consistently observed with both of the methods that we have

used, with results being remarkably similar genome-wide. There are other ‘sus-

picious’ spikes, for example at 50Mb along Chromosome 3, around 120Mb for

Chromosome 7 and 70Mb on Chromosome 16. Overall, there are non-uniform

fluctuations in haplotype sharing across the genome suggesting that it is worth

investigating whether small increases occur over ‘interesting’ regions and therefore

promoting this approach as an alternative to IBD mapping.
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Figure 6.10 Physical haplotype chunk sizes point-wise across chromo-

somes using the graph method. The red dotted lines outline the centromere.

For each individual at each SNP we calculate the size of the chunk that the SNP falls

in. The values shown are per-base medians across individuals. The y-axis is chunk

size in Mb; we have imposed an upper limit of 10Mb and only the chunks around the

centromeres surpass it (which is an artefact). The x-axis shows position along each

chromosome (Mb).
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Figure 6.11 Physical haplotype chunk sizes point-wise across chromo-

somes using HMMsub with 300 SNPs. The red dotted lines outline the cen-

tromere. For each individual at each SNP we calculate the size of the chunk that the

SNP falls in. The values shown are per-base medians across individuals. The y-axis is

chunk size in Mb; we have imposed an upper limit of 10Mb and only the chunks around

the centromeres surpass it (which is an artefact). The x-axis shows position along each

chromosome (Mb).
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Figure 6.12 Physical haplotype chunk sizes point-wise across chromo-

somes using HMMsub with 1000 SNPs. The red dotted lines outline the

centromere. For each individual at each SNP we calculate the size of the chunk that

the SNP falls in. The values shown are per-base medians across individuals. The y-

axis is chunk size in Mb; we have imposed an upper limit of 10Mb and only the chunks

around the centromeres surpass it (which is an artefact). The x-axis shows position

along each chromosome (Mb).
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Chr SNPs L(Mb) L(cM) Ph.(N50) Gen.(N50)

1 84135 249.22 286.28 1.73 1.87

2 82978 243.09 268.84 1.83 1.76

3 68397 197.87 223.36 1.74 1.72

4 60317 191.03 214.69 1.89 1.77

5 61892 180.72 204.09 1.76 1.64

6 64435 171.05 192.04 1.71 1.61

7 54926 159.13 187.22 1.65 1.69

8 52997 146.3 168 1.70 1.59

9 45288 141.11 166.36 1.72 1.81

10 51623 135.5 181.14 1.59 1.76

11 50206 134.95 158.22 1.61 1.58

12 49753 133.78 174.68 1.55 1.80

13 36272 115.11 125.71 1.52 1.76

14 33164 107.29 120.2 1.50 1.74

15 30538 102.51 141.86 1.43 2.02

16 31980 90.16 134.04 1.47 1.73

17 29826 81.05 128.49 1.39 1.81

18 28751 78.02 117.71 1.37 1.80

19 22729 59.1 107.73 1.27 2.33

20 25346 62.95 108.27 1.17 1.79

21 13840 48.1 62.79 1.17 1.72

22 16031 51.23 74.11 1.09 1.98

Table 6.3 Full results obtained using the graph method. Chr = chromosome;

SNPs = the number of SNPs on the chromosomes; L(cM) = the genetic length of the

chromosome; L(Mb) = the physical length of the chromosome; Ph. = physical length

of the detected shared haplotype chunks; Gen. = the genetic length of the haplotype

chunks. The results for the chunk sizes shown here are means over all the values

calculated per person. These (median and N50) are expected to be different to the

median and N50 values obtained by aggregating all chunks across all individuals for

each chromosome.
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Chr SNPs L(Mb) L(cM) Ph.(N50) Gen.(N50)

1 84135 249.22 286.28 2.18 2.39

2 82978 243.09 268.84 2.32 2.26

3 68397 197.87 223.36 2.22 2.19

4 60317 191.03 214.69 2.34 2.24

5 61892 180.72 204.09 2.24 2.12

6 64435 171.05 192.04 2.18 2.10

7 54926 159.13 187.22 2.07 2.14

8 52997 146.3 168 2.13 2.04

9 45288 141.11 166.36 2.16 2.21

10 51623 135.5 181.14 1.96 2.22

11 50206 134.95 158.22 2.04 2.04

12 49753 133.78 174.68 1.97 2.27

13 36272 115.11 125.71 1.84 2.18

14 33164 107.29 120.2 1.83 2.18

15 30538 102.51 141.86 1.79 2.52

16 31980 90.16 134.04 1.86 2.16

17 29826 81.05 128.49 1.70 2.26

18 28751 78.02 117.71 1.69 2.21

19 22729 59.1 107.73 1.72 3.07

20 25346 62.95 108.27 1.51 2.31

21 13840 48.1 62.79 1.49 2.18

22 16031 51.23 74.11 1.38 2.56

Table 6.4 Full results obtained using HMMsub with 300 SNPs. Chr =

chromosome; SNPs = the number of SNPs on the chromosomes; L(cM) = the genetic

length of the chromosome; L(Mb) = the physical length of the chromosome; Ph. =

physical length of the detected shared haplotype chunks; Gen. = the genetic length of

the haplotype chunks. The results for the chunk sizes shown here are means over all

the values calculated per person. These (median and N50) are expected to be different

to the median and N50 values obtained by aggregating all chunks across all individuals

for each chromosome.
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Chr SNPs L(Mb) L(cM) Ph.(N50) Gen.(N50)

1 84135 249.22 286.28 2.19 2.41

2 82978 243.09 268.84 2.32 2.26

3 68397 197.87 223.36 2.22 2.19

4 60317 191.03 214.69 2.35 2.24

5 61892 180.72 204.09 2.24 2.13

6 64435 171.05 192.04 2.20 2.12

7 54926 159.13 187.22 2.06 2.14

8 52997 146.3 168 2.16 2.07

9 45288 141.11 166.36 2.16 2.23

10 51623 135.5 181.14 1.99 2.24

11 50206 134.95 158.22 2.04 2.04

12 49753 133.78 174.68 1.97 2.28

13 36272 115.11 125.71 1.84 2.18

14 33164 107.29 120.2 1.84 2.19

15 30538 102.51 141.86 1.79 2.52

16 31980 90.16 134.04 1.85 2.15

17 29826 81.05 128.49 1.72 2.28

18 28751 78.02 117.71 1.71 2.23

19 22729 59.1 107.73 1.73 3.11

20 25346 62.95 108.27 1.50 2.29

21 13840 48.1 62.79 1.49 2.18

22 16031 51.23 74.11 1.37 2.54

Table 6.5 Full results obtained using HMMsub with 1000 SNPs. Chr =

chromosome; SNPs = the number of SNPs on the chromosomes; L(cM) = the genetic

length of the chromosome; L(Mb) = the physical length of the chromosome; Ph. =

physical length of the detected shared haplotype chunks; Gen. = the genetic length of

the haplotype chunks. The results for the chunk sizes shown here are means over all

the values calculated per person. These (median and N50) are expected to be different

to the median and N50 values obtained by aggregating all chunks across all individuals

for each chromosome.
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Chapter 7

Discussion

In this thesis we have presented the method that we have developed for detecting

and measuring coancestry among unrelated individuals. Our method, inspired

by the work of Kong et al. [2008] and ChromoPainter (Lawson et al. [2012]), uses

a Hidden Markov Model and aims to characterize recent relatedness by search-

ing for pairs of individuals at each SNP that are most closely related to a query

individual. Following Kong et al. and Lawson et al. we call these individuals

Nearest Neighbours (NNs) or pseudo-parents. Our HMM is genotype-based and

therefore avoids the need for initial haplotype estimation. The hidden states

are all the pairs of individuals present in the sample, and each query individual

constitutes the observed states. Transition probabilities model recombination be-

tween adjacent SNPs and for the purposes of detecting coancestry we adopt an

emission model that looks at the compatibility between each candidate pair of

individuals and the query genotype at each SNP. Our emissions do not incorpo-

rate a mutation model but rather have a fixed probability for the occurrence of

incompatibilities that reflects the genotyping error that might be present in the

data. By studying the NN choices made by individuals in a sample we may make

inference on stratification patterns and on the level of coancestry that is present.

Using NN knowledge we can additionally calculate the extent of haplotype shar-

ing between them. Haplotype sharing offers insight on the levels of relatedness
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within a sample, as it is correlated with the TMRCA between NNs and may fur-

ther provide clues regarding the genomic location of mutations associated with

disease risk.

Aside from the practical applications of our approach, we hope that our model

will add to the discussion of how best to define and quantify relatedness. We have

used our method to explore the various ways in which individuals relate to each

other. Our simulations demonstrated that there is a difference between Near-

est Neighbours (NNs) and individuals between which there is maximal haplotype

sharing; in fact, we discovered that in a population where Ne is constant, maximal

haplotype sharing occurs with a NN only at ≈80% of sites. This upper limit is

significantly reduced when the sample under study has experienced exponential

growth. In light of these observations, we showed that our method detects close

to the expected maximal haplotype sharing by identifying NNs (though lower

estimates are expected due to the presence of mutations), contrasting the per-

formance of a haplotype-based approach, regardless of whether the haplotypes

were real or estimated. When the true NNs were not detected, the alternative

individuals that were selected had TMRCAs that were similar to what we would

expect. What is more, our genotype-based method was significantly more robust

to moderate levels of genotyping errors. We have seen how phasing errors lead

to an underestimation of relatedness. With real data switch errors on average

occur every Mb, which is shorter than the haplotype chunks that should be de-

tected to infer recent coancestry, an effect that has been observed in the literature

(for example Browning and Browning [2012]), but which has not previously been

quantified. This is not to say, of course, that with the evident improvement of

phasing methods this issue will persist in the future.

The principle limitation of our HMM is the fact that its computational speed

scales quadratically with the sample size, making it intractable even for a mod-

erate size of a few hundred individuals. With modern data sets containing a few

thousand individuals and with an outlook of sequencing hundreds of thousands

more (if not millions), our HMM is an inadequate approach for analysing sam-

ples. For this reason we developed two alternative methods for approximating

the original model: the graph method and HMMsub. Both are parallelisable over
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individuals, similar to the HMM, therefore allowing for the computation time for

the entire sample to be comparable to that of a single individual.

The graph method was developed first. In this approach, a genotype sample is

represented in the form of a suffix tree. By considering pairs of nodes on the tree

rather than pairs of individuals, we limit the size of the state space considered at

each SNP. We further reduce the number of calculations by introducing a sub-

sampling scheme in which samples are excluded in advance from the suffix tree if

they are incompatible with the query genotype at too many positions. The graph

method is faster than the original HMM by several orders of magnitude, making

it an appropriate algorithm for analysing large samples. For a chromosome of size

30,000 SNPs the graph method requires ≈3 minutes per person using a sample

of 5,000 individuals. While the method recovers the expected amount of sharing

within a sample, it is less successful at detecting NNs. Rather, it detects slightly

more distantly related individuals. Moreover, the graph method is susceptible

to genotyping errors, though its performance is generally at least as efficient as

haplotype-based approaches. Finally, the graph method has the inherent limi-

tation of being directed, with results expected to be slightly different were the

method to be applied right-to-left than left-to-right.

We hoped to bridge some of the graph method’s computational advantages

with the more effective HMM framework. As an alternative to the graph method,

we therefore more recently developed HMMsub: our original HMM with a sub-

sampling approach very similar to that adopted in the graph method. HMMsub

is not as fast as the graph method, nor very memory efficient, but it remains

computationally efficient so that it is tractable on large sample sizes. For a chro-

mosome of size 30,000 SNPs, HMMsub requires about half an hour per person

for the same sample of 5,000 individuals. This method proved to be more robust

to errors than the graph method and in simulations and the small 1000 Genomes

omni genotype sample the approach obtains haplotype estimates very close to

those obtained by the full HMM. Moreover, these observations stand regardless

(within reason) of the number of SNPs used for subsampling (though this might

not hold under different demographic scenarios).

It is clear, therefore, that while the original HMM has very useful proper-

ties and achieves the desirable accuracy both in terms of finding closely related
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individuals and recovering the sharing between them, the question of develop-

ing a more computationally and memory efficient version of the method remains

open. Nevertheless, from the results that we have collected using our current

methods on both simulated and real data we remain confident about the validity

of our findings. Looking ahead, however, we would recommend the development

of alternative methodologies that capture the properties of the original HMM.

These might be in the form of extensions of the currently suggested approaches

(for example by improving the subsampling and implementation of HMMsub or

experimenting with the graph method’s stopping rule). In our view the critical

criteria are that a new method be robust to errors in order to accurately esti-

mate sharing. It is also advantageous to be able to detect more closely or more

distantly related pseudo-parents by a change in parameterisation, similar to our

full HMM.

Interestingly, we discovered that our full HMM achieves this with a change the

emission matrix. By changing the emission matrix in our HMM from compatibility-

based to a weighted Mendelian scheme, rather than detecting NNs we can climb

higher up in the genealogical tree of the sample and search for individuals that

are suitable for phasing.

The remainder of this discussion is dedicated to consolidating our insights on

phasing and coancestry characterisation, as well as addressing some implications

of our work. We end with possible applications of our approach in investigating

disease risk.

7.1 A few final remarks on phasing

Using the weighted Mendelian emissions, our HMM (which we call PACE) proved

to be a competitive phaser, with similar performance to other cutting-edge meth-

ods. Because of timing, we did not compare PACE to SHAPEIT Delaneau et al.

[2012], which we anticipate is a superior phasing algorithm. However, we could

make a case that an approach like ours could be used to construct the Scaffold

that SHAPEIT requires to initialise. For example, when sample sizes are small we

have demonstrated that our method performs more competitively than BEAGLE.
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We have also not explored additional ways of implementing our method to

phasing. For example, one might use knowledge of NNs to resolve ambiguity

around triple heterozygote sites. We could alternatively adopt Kong et al.’s ap-

proach of phasing pseudo-parents as well and using knowledge of their haplotypes

to resolve triple heterozygotes. Both of these suggestions imply incorporating a

post-analysis strategy that ignores unphased sites and then uses new knowledge

to resolve ambiguity at those sites. An alternative implementation of our HMM

to phasing could have been via the Forward/Backward algorithms, which we have

shown are effective at detecting coancestry. In this scenario we would need to

develop a mechanism for joining the phase estimates that the most likely pseudo-

parents make at each individual site.

Finally, we have not explored the graph method and HMMsub as poten-

tial haplotype estimation methods. These latter methods were developed more

recently and are designed to detect recent relatedness, using the compatibility

emission system. In their current implementation they are therefore unsuitable

for phasing, as we expect them to leave a very large number of sites unphased.

Overall, our findings revealed that accuracy is not correlated with path like-

lihood. We should clarify, however, that our results and conclusions for phasing

apply in the setting where there is a single homogeneous population, without any

structure or admixture. If the latter scenarios were the case, one can imagine that

suboptimality might in fact influence performance. To illustrate this, consider the

simpler case of a population which is a mixutre of two sub-populations, A and

B. If a query individual comes from population A, and the number of pairs of

pseudo-parents that are purely from A is < K (the number of suboptimal paths

that we are collecting), then the algorithm will be forced to select paths that

include individuals from population B. It is not obvious that in this case these

latter suboptimal paths would be as suitable for phasing as our findings suggest.

In fact, if the query genotype is the only individual of type A, there is no way of

determining in advance whether even a single optimal path is in fact a good fit.

This highlights a weakness of the method: we do not have a measure of

‘goodness-of-fit’ for phasing for each of the Viterbi paths. That is to say that

we have not yet discovered a metric that indicates how well a certain path of

pseudo-parents is expected to phase a query genotype. More generally, we do not
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have a way to objectively measure the suitability of a pair of individuals as NNs

or pseudo-parents outside the F/B framework. In studies involving less homoge-

neous populations, this would be essential in order to ensure that expectations

regarding accuracy and ‘goodness-of-fit’ are well managed.

7.2 A few final remarks on relatedness in pop-

ulations

Returning to the detection of coancestry, we have discussed how NN information

might be used in the spatial analysis of genetic variation. Even if common varia-

tion shows little differentiation across a region, both theoretical (Mathieson and

McVean [2012]) and empirical (1000 Genomes Project Consortium et al. [2012])

analyses show that rare variants can have a highly localised distribution. If so,

it should follow that the NNs detected using rare variant information are also

highly localised. Whether there is a substantial advantage in avoiding phasing

remains to be seen. It is clear, however, that where estimates of NN haplotype

length are important in the analysis of population history (for example, in dating

events), there is a clear advantage in avoiding even low levels of switch errors.

We have employed the approximations to our full HMM to determine the

distribution of extended haplotype identity within a large sample of unrelated in-

dividuals and used our findings to characterise coancestry for two real data stud-

ies. In the HELIC project, we used the graph method to compare two different

isolated populations to their ancestral, general sample of unrelated individuals.

Our inference on haplotype sharing highlighted the special nature of the two iso-

lates, revealing their high levels of relatedness and very recent coancestry. For

example, haplotype sharing within the isolates is 10-fold greater than within the

TEENAGE cohort. We further discovered that the TMRCA between NNs from

the unrelated sample is approximately 90 generations ago, while within either of

the isolates it is as recent as 10. By detecting NN clustering, with each cohort

overwhelmingly selecting NNs from within the same cohort, we illustrated this

additional feature of our method that can be used to understand relatedness and
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stratification patterns in a cohort. Finally, we used our results to make infer-

ence on migration and on the TMRCA between NNs. We showed that while our

method does not predict the TMRCA between NNs at specific loci accurately,

it does effectively capture the overall properties of the distribution of the TMR-

CAs. We further consistently discovered greater levels of isolatedness among the

Pomak individuals, compared to MANOLIS. We finally proposed a novel method

for dating separation, though the accuracy of this approach has not been vali-

dated by simulation. A more sophisticated investigation on demographic history,

migration and ancestry would require a more bespoke modelling approach which

we believe falls outside the scope of the work necessary for the completion of this

thesis.

Nevertheless, we can be confident about the main conclusions emerging from

our analysis. Our findings were consistent with the results from all other methods

used in the HELIC publications, with the only deviations occurring in the dating

of events. Our time estimates are consistently lower than those obtained form

other methods (for example using McEvoy et al. [2011]). Aside from the inherent

differences between the approaches and the fact that estimates of the time of

demographic events always involve large uncertainties (which we think might

justify the differences seen here), we finally note that our estimates are not point

estimates of the time of the event. Rather, since we are detecting the most recent

coancestry, we are only estimating bounds on those times.

More generally, the results obtained in the HELIC project illustrate how a

method like ours could be applied in a setting where ancestry or stratification

patterns are unknown. It may equivalently be used to study how the joint in-

ference of NN status and the extent of haplotype sharing correlate with varying

levels of isolatedness or certain types of demographic history.

Contrasting the HELIC analysis, we used the graph method and HMMsub

to quantify the distribution of extended haplotype identity within the sample of

∼5,000 unrelated UK individuals from the WTCCC study (Wellcome Trust Case

Control Consortium et al. [2007]). We demonstrated our methods’ applicability to

a large, modern data set in which the classic IBD approach could fail. We recover

extended sharing of up to ∼10cM but also detect small chunks of < 0.5cM and

estimate an average TMRCA between NNs to be as recent as ∼50 generations

225



7.2 A few final remarks on relatedness in populations

ago. Though not discussed here, we did look for NN clustering in the WTCCC

data and found none, supporting further the evidence in the literature for lack of

stratification in this cohort.

In addition, we used tree simulations from the coalescent to estimate the ex-

tent of exponential growth experienced by the UK population. In light of the

limitations of the graph method and HMMsub, we bounded the growth period

between 110 and 140 generations, rather than obtaining a single point estimate.

Still, this remains a rather tight bound, clearly contrasting the alternative esti-

mate of 400 generations suggested by Nelson et al. [2012]. Whether our haplotype-

based approach is more accurate over their approach that uses a site frequency

spectrum remains to be seen. It would also be interesting, though this is not

attempted here, to compare our approach to detecting haplotype sharing to one

which identifies shared haplotype chunks using sharing of rare variants, both

from genotypes or from haplotypes. Such work has been recently undertaken by

Mathieson and McVean [2014]. For European samples they date recent coancestry

between 50-160 generations (TMRCA between individuals carrying doubletons),

in agreement with our observations here. Our results are also consistent with

the average TMRCA of ∼120 generations between unrelated Europeans that was

calculated by Ralph and Coop [2013].

In all, we hope to have demonstrated the usefulness of our approach for mak-

ing inference both on recent coancestry and on historical demographic events. In

our real data analyses, we recovered the expected properties and characteristics

of the populations under study, highlighting the advantages of our method in

cases where ancestry is unknown or where haplotype errors might be especially

damaging. Our results indicate our method’s applicability to studies where geo-

graphical stratification will play a greater role, such as the POBI project (Winney

et al. [2012]). In the same spirit, it would be of interest to explore changes in

haplotype sharing between populations, for instance by comparing findings for

the different populations in the 1000G data. Would we, for example, observe less

sharing for the Yoruba population as expected? What is the TMRCA between

NNs in each cohort and how could we use the TMRCA across cohorts to date

migration? Similarly, in such projects where geographical information is known,
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one can also investigate how shared chunk size correlates with geographical dis-

tance. Could our NN estimates be used to estimate time since divergence between

different (sub-)clusters? Could inference of haplotype sharing be similarly em-

ployed to distinguish between cluster-specific demographic histories, perhaps as

an alternative to methods like Harris and Nielsen [2013], or as a test of whether

these shared chunks can indeed be used as an indicator of relatedness? These

approaches are inspired by our most recent work with the HELIC data, in which

we employed a crude, first-principles method for estimating the time of diver-

gence between the isolates and the TEENAGE cohort. As mentioned, a more

sophisticated modelling strategy should be developed, or a more dedicated simu-

lation study should be undertaken to understand the efficacy and the limitations

of this implementation of our method. We therefore do not expect our method

to be able to fully address the questions raised here, but suggest that it could be

used to complement or bound estimates obtained by other methods (for example

Harris and Nielsen [2013], Mathieson and McVean [2014]).

A more immediate extension of our current implementation is the construction

of a coancestry matrix–the genotype equivalent of the matrix obtained by Chro-

moPainter (Lawson et al. [2012]). It would be interesting to determine whether

our genotype-based matrix is a good summary of global relatedness between indi-

viduals. One would be tempted to apply the post-analysis of fineStructure (Law-

son et al. [2012]) to infer whether such a matrix correlates well with stratification

patterns in a sample. Seeing as our method focuses on local patterns of coancestry,

it is not obvious whether it is best constructed by averaging the ‘time-spent copy-

ing’ individuals (in the same fashion as ChromoPainter). Perhaps an approach

which highlights locally shared chunks between individuals (who might not copy

each other elsewhere) is more suitable. We note that the non-symmetrical na-

ture of choosing NNs/pseudo-parents using our algorithm might add a layer of

complication to the interpretability of this matrix.

We further highlight the fact that a more intuitive approach for building a

coancestry matrix is to make use of posterior probabilities obtained using the For-

ward/Backward algorithms, rather than those obtained by the Viterbi approach.

We remind the reader that our initial results using the Forward/Backward ap-

proach were promising, capturing coancestry between multiple individuals (not
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just pairs) and thus offering a better representation of relatedness among sam-

ples. Assuming we had at hand an efficient implementation of our HMM that

allowed for the Forward/Backward algorithms to be computed for large samples,

posterior probabilities would be obtained at each SNP and we would still need to

investigate the most effective way for summarising them over a region or a whole

chromosome.

7.3 Outlook: Disease Risk

We end this discussion with a few remarks on the potential applications of our

method to the analysis of disease risk. We have already discussed what is well

known regarding the importance of understanding stratification patterns within

cohorts, particularly in the case of rare variation. We envisage multiple ways by

which our method directly lends itself to association studies, making use of the

two main features that we calculate: pseudo-parent/NN status and haplotype

sharing.

We have demonstrated already the use of haplotype sharing as an alternative

to IBD mapping in our analysis of the HELIC and WTCCC data. Excess sharing

among cases is likely to be detectable only in cases of highly penetrative variants

or with variants with very large effects (for instance failing in such cases as the

APOC3). However, there is a solid case to be made in favour of an approach

that looks at haplotype sharing approach rather than IBD methods, for example

when unrelated individuals are considered and levels of IBD are expected to be

very low. In fact, most successful uses of IBD mapping for making inference on

disease risk have involved pedigrees (as discuss in Chapter 1).

A second application might make use of the genotype-based coancestry ma-

trix introduced previously. Mixed model approaches to discovering associations

make use of a variance-covariance matrix that accounts for global relatedness

patterns among the individuals under study. This variance-covariance matrix is

typically constructed using genome-wide kinship estimates which capture large-

scale environmental effects but which do not account for any local patterns due to
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stratification of rare variation. A coancestry matrix constructed using just local

information might solve the issue of differential stratification of rare variants.

Finally, we might make use of the NN estimates directly. Mother-father-

offspring trios provide the key structure in family-based association tests, which

are robust to population stratification. Similar ideas using pseudo-parents could

potentially be used to provide robustness against fine-scale stratification in the

analysis of case control data. In the absence of trio data, tests like the TDT (Spiel-

man et al. [1993]) could be applied using pseudo-trios. For example, cases could

select pseudo-parents from among controls, allowing thus the ‘non-transmitted’

alleles to be used as a control against the ‘transmitted’ ones.

Interestingly, a relatedness variance-covariance matrix that uses our pseudo-

parent estimates could bridge the TDT with logistic regression models. Whether

such an approach has good power and robustness remains to be seen. Nonethe-

less, there may be multiple ways of exploiting NN structures in the analysis of

genetic risk to provide a more fine-grained view of geographical differentiation

than methods based on patterns of allele sharing (including PCA and current

mixed models).
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editors, Progress in Population Genetics and Human Evolution, pages 107–131.

Springer-Verlag, 1997. 4

Paul Marjoram and Jeff D Wall. Fast “coalescent” simulation. BMC genetics, 7

(1):16, 2006. 26

Iain Mathieson and Gil McVean. Differential confounding of rare and common

variants in spatially structured populations. Nature genetics, 44(3):243–246,

2012. 2, 30, 224

Iain Mathieson and Gil McVean. Estimating selection coefficients in spatially

structured populations from time series data of allele frequencies. Genetics,

193(3):973–984, 2013. 19

245



BIBLIOGRAPHY

Iain Mathieson and Gil McVean. Demography and the age of rare variants.

submitted and under review by PLoS Genetics, 2014. URL http://arxiv.

org/abs/1401.4181. 226, 227

Brian P McEvoy, Joseph E Powell, Michael E Goddard, and Peter M Visscher.

Human population dispersal “Out of Africa” estimated from linkage disequi-

librium and allele frequencies of SNPs. Genome research, 21(6):821–829, 2011.

180, 225

Gilean AT McVean. URL http://www.stats.ox.ac.uk/~mcvean/R/

coalescent.r. R code. 98, 117

Gilean AT McVean. A genealogical interpretation of principal components anal-

ysis. PLoS Genetics, 5(10):e1000686, 2009. 3

Gilean AT McVean and Niall J Cardin. Approximating the coalescent with re-

combination. Philosophical Transactions of the Royal Society B: Biological

Sciences, 360(1459):1387–1393, 2005. 20, 26

Gilean AT McVean, Simon R Myers, Sarah Hunt, Panos Deloukas, David R

Bentley, and Peter Donnelly. The fine-scale structure of recombination rate

variation in the human genome. Science, 304(5670):581–584, 2004. 17

GJ Meerman, MA Meulen, and LA Sandkuijl. Perspectives of identity by descent

(IBD) mapping in founder populations. Clinical & Experimental Allergy, 25

(s2):97–102, 1995. 28

Hitoshi Miyazawa, Masaaki Kato, Takuya Awata, Masakazu Kohda, Hiroyasu

Iwasa, Nobuyuki Koyama, Tomoaki Tanaka, Shunei Kyo, Yasushi Okazaki,

Koichi Hagiwara, et al. Homozygosity haplotype allows a genomewide search

for the autosomal segments shared among patients. The American Journal of

Human Genetics, 80(6):1090–1102, 2007. 10, 11

Ida Moltke, Anders Albrechtsen, Thomas vO Hansen, Finn C Nielsen, and Ras-

mus Nielsen. A method for detecting IBD regions simultaneously in multiple

individualswith applications to disease genetics. Genome research, 21(7):1168–

1180, 2011. 13, 30

246

http://arxiv.org/abs/1401.4181
http://arxiv.org/abs/1401.4181
http://www.stats.ox.ac.uk/~mcvean/R/coalescent.r
http://www.stats.ox.ac.uk/~mcvean/R/coalescent.r


BIBLIOGRAPHY

Giovanni Montana and Jonathan K Pritchard. Statistical tests for admixture

mapping with case-control and cases-only data. The American Journal of Hu-

man Genetics, 75(5):771–789, 2004. 19

Carrie B Moore, John R Wallace, Alex T Frase, Sarah A Pendergrass, and Mary-

lyn D Ritchie. Using biobin to explore rare variant population stratification.

In Pacific Symposium on Biocomputing. World Scientific, 2013a. 29

Carrie B Moore, John R Wallace, Daniel J Wolfe, Alex T Frase, Sarah A Pender-

grass, Kenneth M Weiss, and Marylyn D Ritchie. Low frequency variants,

collapsed based on biological knowledge, uncover complexity of population

stratification in 1000 genomes project data. PLoS genetics, 9(12):e1003959,

2013b. 29

Ronald W Morrison and Kenneth A De Jong. Measurement of population diver-

sity. In Artificial Evolution, pages 31–41. Springer, 2002. 3

Loukas Moutsianas. Imputation aided analysis of the association between au-

toimmune diseases and the MHC. PhD thesis, Oxford University, 2011. 47,

118

Kasper Munch and Anders Krogh. Automatic generation of gene finders for

eukaryotic species. BMC bioinformatics, 7(1):263, 2006. 19

Simon R Myers and Robert C Griffiths. Bounds on the minimum number of

recombination events in a sample history. Genetics, 163(1):375–394, 2003. 17

Matthew R Nelson, Daniel Wegmann, Margaret G Ehm, Darren Kessner,

Pamela St Jean, Claudio Verzilli, Judong Shen, Zhengzheng Tang, Silviu-Alin

Bacanu, Dana Fraser, et al. An abundance of rare functional variants in 202

drug target genes sequenced in 14,002 people. Science, 337(6090):100–104,

2012. 29, 203, 209, 226

S Nelson, B Merriman, Z Chen, M Ogdie, J Stone, and S Strom. Applications of

pedigree-free identity-by-descent mapping to localizing disease genes. American

Society of Human Genetics Annual Conference, 2006. URL http://www.ashg.

org/genetics/ashg06s/f20776.htm. 10

247

http://www.ashg.org/genetics/ashg06s/f20776.htm
http://www.ashg.org/genetics/ashg06s/f20776.htm


BIBLIOGRAPHY

Rasmus Nielsen, Joshua S Paul, Anders Albrechtsen, and Yun S Song. Geno-

type and SNP calling from next-generation sequencing data. Nature Reviews

Genetics, 12(6):443–451, 2011. 24

James R Norris. Markov chains. Cambridge university press, 1998. 19

M Notohara. The coalescent and the genealogical process in geographically struc-

tured population. Journal of mathematical biology, 29(1):59–75, 1990. 4

Ioanna Ntalla, Margarita Giannakopoulou, Panagiota Vlachou, Kalliope Gian-

nitsopoulou, Vasiliki Gkesou, Chrysoula Makridi, Maria Marougka, Georgia

Mikou, Kyriaki Ntaoutidou, Eirini Prountzou, et al. Body composition and

eating behaviours in relation to dieting involvement in a sample of urban greek

adolescents from the teenage (teens of attica: Genes & environment) study.

Public health nutrition, pages 1–8, 2013. 159

Jared O’Connell, Deepti Gurdasani, Olivier Delaneau, Nicola Pirastu, Sheila

Ulivi, Massimiliano Cocca, Michela Traglia, Jie Huang, Jennifer E Huffman,

Igor Rudan, et al. A general approach for haplotype phasing across the full

spectrum of relatedness. PLoS genetics, 10(4):e1004234, 2014. 16

Lior Pachter, Marina Alexandersson, and Simon Cawley. Applications of gen-

eralized pair hidden markov models to alignment and gene finding problems.

Journal of Computational Biology, 9(2):389–399, 2002. 19

Pier Francesco Palamara and Itsik Pe’er. Inference of historical migration rates

via haplotype sharing. Bioinformatics, 29(13):i180–i188, 2013. 1, 9, 26

Pier Francesco Palamara, Todd Lencz, Ariel Darvasi, and Itsik Pe’er. Length

distributions of identity by descent reveal fine-scale demographic history. The

American Journal of Human Genetics, 91(5):809–822, 2012. 1, 6, 8, 25

Kimmo Palin, Harry Campbell, Alan F Wright, James F Wilson, and Richard

Durbin. Identity-by-descent-based phasing and imputation in founder popula-

tions using graphical models. Genetic epidemiology, 35(8):853–860, 2011. 18,

40

248



BIBLIOGRAPHY

Kalliope Panoutsopoulou, Ioanna Tachmazidou, and Eleftheria Zeggini. In search

of low-frequency and rare variants affecting complex traits. Human molecular

genetics, 22(R1):R16–R21, 2013. 28

Kalliope Panoutsopoulou, Konstantinos Hatzikotoulas, Dionysia Kiara Xi-

fara, Vincenza Colonna, Aliki-Eleni Farmaki, Graham RS Ritchie, Lorraine

Southam, Arthur Gilly, Ioanna Tachmazidou, Segun Fatumo, Angela Matchan,

Nigel W Rayner, J Huang, Ioanna Ntalla, Chrysoula Kiagiadaki, Manjin-

der Sandhu, Gilean AT McVean, Emmanouil Tsafantakis, Maria Karaleftheri,

George Dedoussis, and Eleftheria Zeggini. Genetic characterisation of two greek

population isolates. in prep. 160, 161, 173, 178, 180

Nick Patterson, Neil Hattangadi, Barton Lane, Kirk E Lohmueller, David A

Hafler, Jorge R Oksenberg, Stephen L Hauser, Michael W Smith, Stephen J

OBrien, David Altshuler, et al. Methods for high-density admixture mapping

of disease genes. The American Journal of Human Genetics, 74(5):979–1000,

2004. 19

Leena Peltonen, Aarno Palotie, and Kenneth Lange. Use of population isolates

for mapping complex traits. Nature Reviews Genetics, 1(3):182–190, 2000. 158

Matti Pirinen, Peter Donnelly, Chris CA Spencer, et al. Efficient computation

with a linear mixed model on large-scale data sets with applications to genetic

studies. The Annals of Applied Statistics, 7(1):369–390, 2013. 3

Toni I Pollin, Coleen M Damcott, Haiqing Shen, Sandra H Ott, John Shelton,

Richard B Horenstein, Wendy Post, John C McLenithan, Lawrence F Bielak,

Patricia A Peyser, et al. A null mutation in human APOC3 confers a favorable

plasma lipid profile and apparent cardioprotection. Science, 322(5908):1702–

1705, 2008. 159, 160

Alkes L Price, Nick J Patterson, Robert M Plenge, Michael E Weinblatt, Nancy A

Shadick, and David Reich. Principal components analysis corrects for strat-

ification in genome-wide association studies. Nature genetics, 38(8):904–909,

2006. 2

249



BIBLIOGRAPHY

Alkes L Price, Arti Tandon, Nick Patterson, Kathleen C Barnes, Nicholas Rafaels,

Ingo Ruczinski, Terri H Beaty, Rasika Mathias, David Reich, and Simon Myers.

Sensitive detection of chromosomal segments of distinct ancestry in admixed

populations. PLoS genetics, 5(6):e1000519, 2009. 19, 27

Alkes L Price, Agnar Helgason, Gudmar Thorleifsson, Steven A McCarroll, Au-

gustine Kong, and Kari Stefansson. Single-tissue and cross-tissue heritability

of gene expression via identity-by-descent in related or unrelated individuals.

PLoS genetics, 7(2):e1001317, 2011. 10, 30

Shaun Purcell, Benjamin Neale, Kathe Todd-Brown, Lori Thomas, Manuel AR

Ferreira, David Bender, Julian Maller, Pamela Sklar, Paul IW De Bakker,

Mark J Daly, et al. PLINK: a tool set for whole-genome association and

population-based linkage analyses. The American Journal of Human Genetics,

81(3):559–575, 2007. 8, 12, 28, 29, 173

Zhaohui S Qin, Tianhua Niu, and Jun S Liu. Partition-ligation–expectation-

maximization algorithm for haplotype inference with single-nucleotide poly-

morphisms. American journal of human genetics, 71(5):1242, 2002. 17

Lawrence Rabiner. A tutorial on hidden markov models and selected applications

in speech recognition. Proceedings of the IEEE, 77(2):257–286, 1989. 11, 19,

20, 22, 66, 89

Cyril S Rakovski and Daniel O Stram. A kinship-based modification of the ar-

mitage trend test to address hidden population structure and small differential

genotyping errors. PLoS one, 4(6):e5825, 2009. 3

Peter Ralph and Graham Coop. The geography of recent genetic ancestry across

Europe. PLoS biology, 11(5):e1001555, 2013. 6, 9, 25, 26, 226

Jared C Roach, Gustavo Glusman, Arian FA Smit, Chad D Huff, Robert Hubley,

Paul T Shannon, Lee Rowen, Krishna P Pant, Nathan Goodman, Michael

Bamshad, et al. Analysis of genetic inheritance in a family quartet by whole-

genome sequencing. Science, 328(5978):636–639, 2010. 30

250



BIBLIOGRAPHY

François Rousset. Genetic differentiation in populations with different classes of

individuals. Theoretical population biology, 55(3):297–308, 1999. 4

Pardis C Sabeti, Patrick Varilly, Ben Fry, Jason Lohmueller, Elizabeth Hostetter,

Chris Cotsapas, Xiaohui Xie, Elizabeth H Byrne, Steven A McCarroll, Rachelle

Gaudet, et al. Genome-wide detection and characterization of positive selection

in human populations. Nature, 449(7164):913–918, 2007. 13, 68

Daniel J Schaid. Evaluating associations of haplotypes with traits. Genetic

epidemiology, 27(4):348–364, 2004. 13

Paul Scheet and Matthew Stephens. A fast and flexible statistical model for large-

scale population genotype data: applications to inferring missing genotypes and

haplotypic phase. The American Journal of Human Genetics, 78(4):629–644,

2006. 19, 21, 34

Michael F Seldin, Bogdan Pasaniuc, and Alkes L Price. New approaches to

disease mapping in admixed populations. Nature Reviews Genetics, 12(8):523–

528, 2011. 27

Nickolay Smirnov. Table for estimating the goodness of fit of empirical distribu-

tions. The Annals of Mathematical Statistics, pages 279–281, 1948. 163

S Soi, L Scheinfeldt, C Lambert, J Hirbo, A Ranciaro, S Thompson, J M Bodo,

A Froment, M Ibrahim, A. Juma, T Nyambo, S Omar, and C Wambebe.

Demographic histories of African hunting-gathering populations inferred from

genome-wide SNP variation. American Society of Human Genetics An-

nual Conference, 2011. URL http://www.ichg2011.org/cgi-bin/ichg11s?

author=Soi&sort=ptimes&sbutton=Detail&absno=21450&sid=564811. 26

Chris CA Spencer, Zhan Su, Peter Donnelly, and Jonathan Marchini. Design-

ing genome-wide association studies: sample size, power, imputation, and the

choice of genotyping chip. PLoS genetics, 5(5):e1000477, 2009. 37

Richard S Spielman, Ralph E McGinnis, and Warren J Ewens. Transmission

test for linkage disequilibrium: the insulin gene region and insulin-dependent

251

http://www.ichg2011.org/cgi-bin/ichg11s?author=Soi&sort=ptimes&sbutton=Detail&absno=21450&sid=564811
http://www.ichg2011.org/cgi-bin/ichg11s?author=Soi&sort=ptimes&sbutton=Detail&absno=21450&sid=564811


BIBLIOGRAPHY

diabetes mellitus (iddm). American journal of human genetics, 52(3):506, 1993.

229

Simon N Stacey, Patrick Sulem, Aslaug Jonasdottir, Gisli Masson, Julius Gud-

mundsson, Daniel F Gudbjartsson, Olafur T Magnusson, Sigurjon A Gudjon-

sson, Bardur Sigurgeirsson, Kristin Thorisdottir, et al. A germline variant in

the tp53 polyadenylation signal confers cancer susceptibility. Nature genetics,

43(11):1098–1103, 2011. 159

Matthew Stephens and Peter Donnelly. Inference in molecular population genet-

ics. Journal of the Royal Statistical Society: Series B (Statistical Methodology),

62(4):605–635, 2000. 20

Matthew Stephens and Peter Donnelly. A comparison of bayesian methods for

haplotype reconstruction from population genotype data. The American Jour-

nal of Human Genetics, 73(5):1162–1169, 2003a. 21, 24, 95

Matthew Stephens and Peter Donnelly. A comparison of bayesian methods for

haplotype reconstruction from population genotype data. The American Jour-

nal of Human Genetics, 73(5):1162–1169, 2003b. 21

Matthew Stephens and Paul Scheet. Accounting for decay of linkage disequi-

librium in haplotype inference and missing-data imputation. The American

Journal of Human Genetics, 76(3):449–462, 2005. 21

Matthew Stephens, Nicholas J Smith, and Peter Donnelly. A new statistical

method for haplotype reconstruction from population data. The American

Journal of Human Genetics, 68(4):978–989, 2001. 21

Barbara E Stranger, Eli A Stahl, and Towfique Raj. Progress and promise of

genome-wide association studies for human complex trait genetics. Genetics,

187(2):367–383, 2011. 28

Patrick Sulem, Daniel F Gudbjartsson, G Bragi Walters, Hafdis T Helgadottir,

Agnar Helgason, Sigurjon A Gudjonsson, Carlo Zanon, Soren Besenbacher,

Gyda Bjornsdottir, Olafur T Magnusson, et al. Identification of low-frequency

252



BIBLIOGRAPHY

variants associated with gout and serum uric acid levels. Nature genetics, 43

(11):1127–1130, 2011. 159

Ioanna Tachmazidou, George Dedoussis, Lorraine Southam, Aliki-Eleni Farmaki,

Graham RS Ritchie, Dionysia Kiara Xifara, Angela Matchan, Konstantinos

Hatzikotoulas, Nigel W Rayner, Yuan Chen, et al. A rare functional cardio-

protective apoc3 variant has risen in frequency in distinct population isolates.

Nature communications, 4, 2013. 160, 161, 173

Hua Tang, Marc Coram, Pei Wang, Xiaofeng Zhu, and Neil Risch. Reconstruct-

ing genetic ancestry blocks in admixed individuals. The American Journal of

Human Genetics, 79(1):1–12, 2006. 19

Albert Tenesa, Pau Navarro, Ben J Hayes, David L Duffy, Geraldine M Clarke,

Mike E Goddard, and Peter M Visscher. Recent human effective population

size estimated from linkage disequilibrium. Genome research, 17(4):520–526,

2007. 180

Alun Thomas. Assessment of SNP streak statistics using gene drop simulation

with linkage disequilibrium. Genetic epidemiology, 34(2):119–124, 2010. 10

Alun Thomas, Nicola J Camp, James M Farnham, Kristina Allen-Brady, and

Lisa A Cannon-Albright. Shared genomic segment analysis. Mapping disease

predisposition genes in extended pedigrees using SNP genotype assays. Annals

of human genetics, 72(2):279–287, 2008. 10, 13

EA Thompson. Gene identities and multiple relationships. Biometrics, 30(4):

667, 1974. 3

Elizabeth A Thompson. Statistical inference from genetic data on pedigrees. In

NSF-CBMS regional conference series in probability and statistics, pages i–169.

JSTOR, 2000. 30

Elizabeth A Thompson. The IBD process along four chromosomes. Theoretical

population biology, 73(3):369–373, 2008. 12

253



BIBLIOGRAPHY

Bjarni J Vilhjalmsson, 2012. URL https://github.com/bvilhjal/mixmogam.

mixmogam, Commit a40f3e2c95. 3

John Wakeley. Coalescent theory. Roberts & Company, 2008. 125

Yi Wang, James Lu, Jin Yu, Richard A Gibbs, and Fuli Yu. An integrative variant

analysis pipeline for accurate genotype/haplotype inference in population NGS

data. Genome research, 23(5):833–842, 2013. 37

GA Watterson. On the number of segregating sites in genetical models without

recombination. Theoretical population biology, 7(2):256–276, 1975. 37, 47

Daniel Wegmann, Darren E Kessner, Krishna R Veeramah, Rasika A Mathias,

Dan L Nicolae, Lisa R Yanek, Yan V Sun, Dara G Torgerson, Nicholas Rafaels,

Thomas Mosley, et al. Recombination rates in admixed individuals identified

by ancestry-based inference. Nature genetics, 43(9):847–853, 2011. 6

Wellcome Trust Case Control Consortium, Paul R Burton, David G Clayton,

Lon R Cardon, Nick Craddock, Panos Deloukas, Audrey Duncanson, Do-

minic P Kwiatkowski, Mark I McCarthy, Willem H Ouwehand, Nilesh J

Samani, et al. Genome-wide association study of 14,000 cases of seven common

diseases and 3,000 shared controls. Nature, 447(7145):661–678, 2007. 2, 28, 29,

40, 157, 189, 190, 225

Ellen M Wijsman, Joseph H Rothstein, and Elizabeth A Thompson. Multi-

point linkage analysis with many multiallelic or dense diallelic markers: Markov

chain–monte carlo provides practical approaches for genome scans on general

pedigrees. The American Journal of Human Genetics, 79(5):846–858, 2006. 30

Hilde M Wilkinson-Herbots. Genealogy and subpopulation differentiation under

various models of population structure. Journal of Mathematical Biology, 37

(6):535–585, 1998. 4

Amy L Williams, Nick Patterson, Joseph Glessner, Hakon Hakonarson, and David

Reich. Phasing of many thousands of genotyped samples. The American Jour-

nal of Human Genetics, 91(2):238–251, 2012. 40

254

https://github.com/bvilhjal/mixmogam


BIBLIOGRAPHY

Bruce Winney, Abdelhamid Boumertit, Tammy Day, Dan Davison, Chikodi

Echeta, Irina Evseeva, Katarzyna Hutnik, Stephen Leslie, Kristin Nicodemus,

Ellen C Royrvik, et al. People of the british isles: preliminary analysis of geno-

types and surnames in a UK-control population. European Journal of Human

Genetics, 20(2):203–210, 2012. 226

Kyoung-Jae Won, Thomas Hamelryck, Adam Prügel-Bennett, and Anders Krogh.
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