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Abstract

This thesis is composed of papers in two areas: heterotic string model building on
Calabi-Yau manifolds, and bipartite field theory with applications to brane tilings.
However, the two streams share a common topic — string model building on toric
geometry. Toric variety appears as both the ambient space for constructing Calabi-

Yau hyper-surface, and the moduli space of D-brane configurations.

We study heterotic model building on 16 specific Calabi-Yau (CY) manifolds as
hypersurfaces in toric four-folds. These 16 manifolds are the only ones among the
more than half a billion manifolds in the Kreuzer-Skarke (KS) list with a non-trivial
fundamental group. We classify the line bundle models on these manifolds, both for
SU(5) and SO(10) Grand Unified Theories (GUT), which lead to consistent super-
symmetric string vacua and they have three chiral families. In order to apply the
model building to the whole KS list, we then systematically classify the freely-acting
symmetries. For this purpose we develop a method of classifying all freely acting
discrete groups of CY on toric spaces, and generate its weighted projective repre-
sentations. A few new discrete symmetries are found and presented. This is the
first step towards heterotic string model building on CYs constructed by reflexive

polytopes of KS list.

The second part of this thesis emphasises the applications of quiver gauge theory and
dimer models. We generalise the results for quiver theories with low block numbers,
revealing an new intriguing algebraic structure underlying a class of possible super-
conformal fixed points. After explicitly computing the Diophantine equation of five
block cases, we use this structure to re-organize the result in a form that can be
applied to arbitrary block numbers. We argue that these theories can be thought of
as vectors in the root system of the corresponding quiver. In addition to exploring
the block quiver theory, we also compute the large area toric models and their
associated dimer models. We compute the Kasteleyn matrix of the conifolds and
its orbifolds, then turn on the vacuum expectation value (vev.) for massless fields.

New dimer models with large triangulation areas are classified and presented.



Contents

[1__Introduction| 1
(1.1 String Theoryl . . . . . . . . . 1
(1.2 String Compactificationl . . . . . . . . . ... o )
(1.3 Toric Geometry| . . . . . . . . . . 7
(1.4 Brane Tilings| . . . . . . . . . . 9
(L5 Qutline of Thesisl . . . . . . . . . . . . 12

2 Heterotic Model Building: 16 Special Manifolds| 14
2.1 Introduction| . . . . . . . . . 14
2.2 _The base manifolds: sixteen Calabi-Yau three-foldsl . . ... ... ... ... .. 17

221 Theconstructionl . . . . . . . . ... 18
[2.2.2  Some geometrical properties| . . . . .. ..o Lo 20
[2.2.3  Location in the Calabi-Yau landscape|. . . . . . . . ... ... ... ... 23
[2.3  Physical constraints and search algorithm | . . . . . . ... ... ... ... ... 23
[2.3.1 Choice of bundles and gauge group| . . . . .. .. ... ... ... .... 24
[2.3.2  Anomaly cancelation| . . . . . ... ..o 25
[2.3.3  Poly-stability] . . . . ... ... 25
2.34 SU(B) GUT theory| . . . . . . . .. o o 26
2.3.50  SO(10) GUT theory| . . . . . .. .. .. . . 29
[2.3.6  Search algorithm| . . . . . . .. ... 30
R4 Resulfd. . . . ... 31
2.4.1 SU(B) GUT theory| . . . . . . . ... o 31
2.4.2 SO(10) GUT theory| . . . . ... .. . . . 32
243 An SU(5) examplel . . . . . . ..o 32
2.5 Conclusion and outlookl. . . . . . . . . . ... 33



[3 Discrete Symmetries of toric Calabi-Yau manifolds| 35

3.1 Introductionl . . . . . . . . .. 35
[3.2  Construction of discrete symmetries| . . . . . . . ... .. ... ... ... 38
[3.2.1  Conventionl . . . . . . . . . . . 39
[3.2.2  Symmetry group of the toric ambient space] . . . . . .. ... ... ... 41
[3.2.3  Construction of representations of symmetry action| . . . . . . . . . . .. 44
[3.2.4  Smoothness and fixed points| . . . . . . .. ... L. 46

[3.3  Algorithm of classification| . . . . . .. .. ... ... ... ... . 49
3.4 Examples| . . . . .. 49
[3.4.1 A Z, symmetry of tetra-quadric| . . . . . . ... ... L. 50
[3.4.2 A Zo symmetry of bundled tetra-quadric| . . . . ... ... .00 52

8.5 Scanresults . . . . .. 53
[3.5.1 Discrete Symmetries| . . . . . . .. ..o 54
[3.5.1.1 A Zs X Zs discrete symmetry| . . . . . . . ... ... L. 54

B51.2 Scanresultd . . . . .. ..o 57

[3.5.2  Non-freely Acting Examples . . . . . .. ... .. ... ... ... ..., 59
[3.5.2.1 At =3, h* =115. . . . . . ... 60

3.6 Conclusion|. . . . . . . . . e 60

M1 Introductionl . . . . . . . . . 61
(4.2 Block Quivers| . . . . . . . .. 63
[4.2.1  Three-Block Quivers| . . . . . .. ... ... 0o 65
[4.2.2  'The Markov Equation and the Adjacency Matrix| . . . . ... ... ... 67
[4.2.3  'The Markov Equation and the Tits Form|. . . . . . ... ... ... ... 68
[4.2.4  Seiberg Duality and the Affine Weyl Group| . . . .. ... ... ... .. 71

4.3  New Results for Higher Block Number{ . . . . . . .. .. ... ... ... .... 75
4.3.1  Four-Block Modelsl . . . . . ... .o 75
432 Five-Block Modelsl . . . . .. .. . o 7
[4.3.2.1  'The Inequivalent Graphs|. . . . . ... .. ... ... ... ... 7

[4.3.2.2  Detailed Analysis of Typel| . . . . . ... ... ... ... ... 78

[4.3.2.3  Reproducing Known Theories . . . . . . ... ... ... .... 83

[4.3.2.4  Equivalence Classes tor Type I| . . . ... ... ... ... ... 85

[4.3.2.5  Enumeration of Other Types . . . . .. ... ... ... .... 86

[4.3.2.6  Duality Tree for Five-Block Models| . . . . . .. ... ... ... 87

[4.3.3  Summary and Generalization to n-Blocks|. . . . . ... ... ... ... 88

i



> A New Compendium of Brane-Tilings| 92
.1 Introduction| . . . . . . . . 92
[>.2  Dimer Technologyl. . . . . . . . .. .. 93

[5.2.1  D3-Branes Probing Toric CY 3-Folds and Brane Tilings[. . . . . . . . .. 94
[5.2.2  Geometry and Perfect Matchings| . . . . . .. .. ... ... ... .... 95
H.2.3 Partial Resolution and Dimers/ . . . . . . . .. .. ... ... . . 97
[5.2.4  Existing Classifications| . . . . . . . . . . ... .. ... .. ... ... .. 100
5.3  Algorithm and Classification Scheme| . . . . . . . . . ... ... 101
[5.3.1 Algorithm of classification| . . . . . .. ... ... ... ... ... ... . 101
[5.3.2  Computational Modules| . . . . . . ... ... ... 000 103
5.4 A Compendium of Brane Tilings/Dimer Models| . . . . .. ... ... ... ... 104
[5.4.1 Convex toric diagrams| . . . . . . . . . . . . .. 104
.42 New dimer modelsl . . . . .. .. . 105

6 Conclusion| 106

[A Discrete Symmetries| 108
[A.1 Automorphism group of toric variety as ambient space| . . . . . . . .. ... .. 108
[A.2 Symmetries of the Calabi-Yau manifolds and Representation Theory|. . . . . . . 120

[B Brane Tilings| 127
[B.1 Quiver Gauge Theory|. . . . . . . . . . .. . 127
(B.2 Brane tilines and dimer models| . . . . . . . ... ... 0oL 129
[B.3  Dimer model technology| . . . . . . ... .. ... ... oo 132

[C Appendices to Chapter 2| 134
(C.1 Toric Datal . . . . . . . . o 134
[C.2  Base Geometries: Upstairs and Downstairs| . . . . . . . . ... ... .. ... .. 135
C.3 GUT Modeld . . . . . . o 143

(D Appendices to Chapter 4] 146
[D.1 Quivers, an Algebraic Interlude| . . . . . . . ... ..o 00000 146
[D.2 Complementary Results| . . . . ... ... ... ... ... . ... ....... 150

il



(£ Appendices to Chapter 5|
[EI Area 6 Dimer Modeld . . . . . . . . . . ..

(Bibliography|

v



Chapter 1

Introduction

1.1 String Theory

Quantum field theory (QFT) provides us with a combined view of quantum mechanics and
special relativity and it forms the basis of our current understanding of particle physics, in
the form of the standard model of particle physics (SM). On the other hand, general relativity
(GR) gives us a beautiful geometrical view of the universe, where, on the one hand, massive
objects move according to the curvature of space-time and, on the other hand, this curvature
is controlled by the distribution of mass. It would be desirable to unify these two main theories
which are underpinning our current understanding of fundamental physics. However, it turns
out that attempts to quantise gravity using the methods applied in QFT's run into serious prob-
lems. Over the years, string theory has developed into a theory that allows for a unification
of QFT and GR at the quantum level. It turns out that string theory might also resolve some
of the other problems which arise within the SM, such as the hierarchy problem, the origin of

three families of quarks and leptons and their pattern of masses.

String theory is a theory of quantised, relativistic strings which contains only one free parameter
— the string tension 7' which is often expressed in terms of the Regge slope o/ as T' = (2ra’) ™! .
Note that this is the only free parameter in string theory compared to roughly twenty in the
SM (coupling constants, fine structure constant, Weinberg angle etc.) The string can either be
open or closed, where closed strings are vibrating ‘cycles’ and open strings are line intervals
with two endpoints. Let us have a brief look at the bosonic string theory in d-dimensional

Minkowski space-time, which is controlled by the Nambu-Goto action

1
Sne = 5 O//dadﬂ/|det G(X)| .
T 5

The world-sheet ¥ is swept out by the string, parametrised by (o,7), where o and 7 are

the spatial and time parameters, respectively. The integral is the area of ¥ measured with



the induced metric Gop = 0, X" 03X"n,,, where X*(o,7) is the embedding of ¥ into the d-
dimensional space-time with the Minkowski-metric 7,,,, where pu, v = 0,1, ...,d—1. The equation
of motion for this action turns out to be the wave equation 9,0 X* = 0, which implies that the
string wave function is a summation of different vibration modes. Then by bringing in the light

cone coordinates, we can split the general solutions of X into the left mover and right mover:
XMoo, 1) = Xp(r—0)+ X} (T+0),

which greatly simplifies the string mode expansion. The first quantisation of strings leads to
a spectrum of vibrations which is, schematically, of the form a/m? = n € Z=° . The relation
between string theory and particle physics involves identifying these vibrational modes of the
string with individual particles. It turns out that, for all consistent string theories, the zero
modes of the closed string spectrum (that is, the modes for n = 0) always contains a mode
which can be identified with the graviton (a spin two field g,,). Moreover, scattering of these
gravitons within string theory leads to finite answers and, hence, does not have the same prob-
lem that arises for a quantisation of gravity following the rules of QFT. It is in this sense
that string theory is said to provide a quantum theory of gravity. For open strings, one can
impose either Dirichlet (D) or Neumann (N) boundary condition for each end of the string.
The physical meaning of Neumann boundary condition is that the string momentum does not
flow off. However, the Dirichlet boundary condition sets the end of the string fixed, hence
the momentum on the open string is not conserved. Meanwhile, Poincaré invariance demands
that the total space-time momentum of string theory must be conserved. This implies that the
hyper-surfaces swept by the string ends are physical objects, which have been called ‘D-branes’.
The two ends of the open string carry charges in the fundamental representations of the gauge
group (Chan-Paton factors) [1], such that the open string has the quantum numbers of a gauge

field which can be thought of as being localised on the D-brane.

In a theory with only bosonic strings, a tachyon would appear which indicates an instability
of this theory. This can be avoided by involving supersymmetry (SUSY). Supersymmetry, in a
word, is a conjectured symmetry of spacetime which relates bosons (integer valued spin) and
their super-partners, fermions (half integer spin). In the context of string theory, it means
bringing in the superpartners ¢/ (o, 7) of X*(o, 7) by space-time supersymmetry. The fermions
Y on the world-sheet of a closed string can be periodic (Ramond) or anti-periodic (Neveu-
Schwarz) for each chirality. This leads to four different sectors, with the (NS,NS) and (R,R)
sectors leading to bosons and the (NS R) and (R,NS) sectors leading to fermions in a target
space. For the open strings, however, the two chiralities are coupled, which leads to only two

sectors: the NS sector for bosons and R sector for fermions. Quantisation of string theory is only



possible in the critical dimension d..;, where d..; = 10 for the super-string by anomaly can-
cellation. In addition, the spectrum must be truncated by the Gliozzi-Scherk-Olive (GSO) [2]
projection to make sure that the tachyon is projected out and the remaining spectrum provides
equal numbers of bosons and fermions. Combining these features with open or closed strings,

it turns out that five consistent string theories can be constructed, which we now summarise.

The type I string theory is a N/ = 1 theory with 16 super-charges, where both open and closed
strings are involved. The open strings are assigned charges by the Chan-Paton method, giving
rise to gauge theories at the zero mode level. At the quantum level, the consistency condition,
namely the cancellation of quantum anomalies, requires the gauge group to be SO(32). If we
then consider theories with only closed strings, there are two type II theories and heterotic
string theory. The theory with two conserved supercharges of opposite chirality is called type
ITA, and it is left-right symmetric. The type IIB theory involves oriented closed strings and it
is, therefore, a chiral theory. They both have 32 supercharges. The heterotic string theory is
composed of closed strings, but it comes with only 16 super-charges and is a chiral theory. Due
to the fact that left movers and right movers are decoupled, the right-moving modes are the
same as in type II, but the left-moving modes are changed to include a current algebra which

gives rise to gauge fields. From anomaly cancellation, this gauge theory can be either SO(32)
or Eg X Eg.

The five types of strings are linked by a web of dualities [3]. For example, the T-duality implies
that two different geometries are physically equivalent under the transformation R — I?/R,
where one of the dimensions is a circle of radius R and I, = v/o/ is the string length. T-duality
relates the two type II theories to each other and the two heterotic theories to each other.
On the other hand, S-duality relates the strong coupling regime of one theory with the weak
coupling regime of another by means of the transformation gs — 1/g,, where g is the string
coupling. It relates the type I theory to the SO(32) heterotic string and the type IIB to itself.
We can then ask what happens with the two remaining theories, type IIA and heterotic Eg X E,
when g, becomes large. In this case, an additional, eleventh dimension of size g,l, appears. This

leads to a new 11-dimensional theory called M-theory [4].

String theory is still far from fully developed. It has yet to prove that it can make unique,
flawless predictions. The idea of string compactification arises naturally to resolve the discrep-
ancy between the critical dimension D = 10 of the five type discussed above and the number of
observed dimensions d = 4. An “internal” six-dimensional space K with length scales far below

current limits of measurement is introduced such that the total 10-dimensional space time is of



the form M, x K, with four-dimensional Minkovski space M,. In the simplest cases, the metric
on this space needs to satisfy the 10-dimensional Einstein equation subject to vanishing stress
energy. To generate the right amount of supersymmetry, K must allow for a Ricci-flat metric
and is, hence, a Calabi-Yau (CY) manifold [5]. Alternatively, CY manifolds can also be defined
as complex Kahler manifolds with vanishing first Chern class. There are many approaches to
the construction of CY manifolds, yet the largest class remains the CYs constructed over toric
varieties [6]. This type of toric variety could be identified with the weighted projective space,
parametrised by reflexive polygons in lattice space. The CY manifolds of this kind are the first
central objects of this thesis. In the following subsection we will have a detailed discussion of

heterotic string compactification on CY manifolds.

On the other hand, D-branes encode a deep connection between algebra and geometry, where
quiver gauge theory is brought in and of central importance. By placing the D-branes on a
singularity of type C?/I" (where T' is a subgroup of SU(2)) [7], the gauge theory living on
them is encoded by an affine Dynkin diagram. In this picture, fractional branes are mapped
to nodes in the Dynkin diagram while strings stretching between the fractional branes are
mapped to lines in the Dynkin diagram. This connection between the Lie algebras of affine
Dynkin diagrams and the geometry of ALE spaces is known as McKay correspondence [8].
The McKay correspondence can also be realised in other ways. For instance, the Hanany-
Witten setup [9] containing the configuration of NS5-branes with D-branes stretching between
them. Here the NS5-branes are mapped to lines while D-branes stretching between NS5-branes
are mapped to nodes, where lines and nodes are gathered into a graph called a quiver graph.
For these objects, nodes represent gauge groups, oriented arrows between two nodes represent
bifundamental chiral multiplets, and certain closed paths in the quiver (which represent gauge-
invariant operators) represent terms in the superpotential. More importantly, since the branes
are breaking the original supersymmetry (32 supercharges) to 8 supercharges, we then have
a four dimensional N = 2 super-symmetric string theory. Meanwhile, many attempts have
been made to generalise the McKay correspondence from a two-dimensional complex space to
a three-dimensional complex space [10-13]. One option, for example, is to place the D-branes
on a three-dimensional singular Calabi-Yau manifold, for example the conifold and its quotient
space of a finite abelian group. The supersymmetry of the gauge theory living on the D-branes
is now reduced to 4 supercharges (N = 1 supersymmetry). This will be the second central
object of the thesis. In the subsection and appendix [B] we have a detailed introduction of

brane tilings.



This thesis focuses on two topics in the context of string and M-theory: heterotic string com-
pactification and quiver gauge theory on N/ = 1 super-symmetric string theory. However they
all share one common topic — the model building on toric geometry. Toric geometry provides us
with a powerful and intuitive toolbox for string model building. The simple underlying idea of
toric geometry is to parametrise algebraic varieties by integral lattices and this idea has many
applications in a wide range of contexts. In the first part (Chapters 2 and 3) of the thesis, we
explore the string model building on CY manifolds constructed over the toric ambient space,
and develop a method of systematically classifying discrete symmetries. In the second part
(Chapters 4 and 5), we generalise the expression of Diophantine equations for quiver gauge
theory with large number of gauge factors, and classify dimer models with large triangulation
areas. Before that, in the following subsections of Chapter 1, we will summarise the relevant
building blocks in string compactification, as well as the reasons for bringing in Calabi-Yau
manifold and toric geometry. We also introduce the framework of quiver gauge theory, and its
relations to bipartite field theory (BFT) and toric geometry. This will complete the background

for the main Chapters.

1.2 String Compactification

As mentioned earlier, the aim of string phenomenology is to bridge the gap between abstract
algebraic geometrical theories and measurable physics, which requires a careful study of the
low energy effective string action, the corresponding field contents as well as their interactions.
String compactification comes in as a necessary step towards computing effective action and
scattering amplitudes. This procedure usually involves integrating out the internal manifold
and reducing the fields into a lower dimensional spacetime. Recall that the particle spectrum
of a string theory consists of a finite number of massless states and an infinite tower of massive
excitations, and understanding the ground states is the key to understanding low energy exci-

tations.

Kaluza and Klein first proposed a framework [14}/15] where only one extra dimension (S! space)
is reduced. Let us have a quick look at the field contents of N' = 1 supergravity in ten dimen-
sion, which appears in the heterotic string theory with gauge group Eg x Fg or SO(32). The
massless sector consists of Yang-Mills supermultiplets (A9, x*) in the adjoint representations
of the gauge group, and the supergravity multiplets consist of a graviton as the vielbein e4,
an antisymmetric tensor By, a scalar ¢, a gravitino ), and a spinor A. The spinors are
all Majorana-Weyl with 1, left-handed and A right-handed. Capital letters M, N, ... denote

ten-dimensional space-time coordinates, whereas A, B, ... are local Lorentz indices. The Dirac



matrices for ten-dimensional space-time are represented by I'M = eAIT'4. One way to derive the
action in 10 dimensions is to first formulate 11-dimensional supergravity and then perform a
truncation to 10 dimensions. We know from [16] that the 11-dimensional supergravity theory
only involves three different fields: the vielbein e7,, a Majorana gravitino 1,; and a three-form
potential Ap;nyp, where now the indices are 11-valued. In this reduction, the 11D vielbein
decomposes into the 10D vielbein, a vector and a scalar; Aj;yp decomposes into a threeform
Aynp and a two form B,y i.e. Apyrni1; The gravitino decomposes into a pair of Majorana-Weyl
gravitinos ¢, (i = 1,2) and a pair of Majorana-Weyl spinors A" in 10D. The detailed effective

action can be seen in [17], for now we only need to make sure of the field contents.

In the context of the heterotic string, we assume the vacuum to be of the form M, x K, where
My is a 4D Minkowski space and K is a compact 6D manifold. Regarding the geometry of the
internal space, the unbroken N' = 1 super-symmetry implies the Hermitian-Yang-Mills equa-
tions, which has a solution on a Ricci-flat Kahler manifold, or equivalently, the Calabi-Yau
manifold with SU(3) holonomy. The existence of spaces with SU(3) holonomy was conjectured
by Calabi [18] and proved by Yau [19]. In addition, the existence of a non-zero covariant spinor
implies that K has SU(3) holonomy. Very importantly, if K is Kéhler, this will imply that

the line element can be expressed locally in terms of a real scalar function K(z,z) known as

the Kahler potential : ds? = 023 K-dz'dz’, which means every Kéhler metric can be expressed
locally in this form. Therefore the classification of Kahler manifolds becomes a topological

problem.

As for the particle spectrum, the standard embedding (identifying the gauge connection with
spin connection) leads to a four-dimensional theory with Eg gauge group. In the context of
Egs x Eg heterotic string theory, the spin connection of K could be embedded into one of the
Ey factors, and the Ejg unifying group will emerge with chiral superfields arising as fundamen-
tal representations. All known particle interactions are assumed to be unified in the maximal
subgroup H of Fs ® Fg which commutes with I', the structure group. It is usual to embed I'
in Fg and to assume that the maximal subgroup within Eg commuting with I" is the unifying
group. In this context, the other Fjg is the hidden sector communicating only gravitation-
ally with the world of everyday experience and may be the source of supersymmetry breaking
via gaugino condensation. In some sense, the coefficient vector bundles for the holomorphic
forms representing superfields are the associated vector bundles built on the representation of
I', arising when the adjoint Fy ® Fg is broken under I' ® H, with H the unifying group. For
example, we can use the natural SU(3) principal bundle over the Calabi-Yau manifold, essen-

tially equating the spin connection of CY with the vacuum Yang-Mills connection of an SU(3)



subgroup of Eg. This gives us an Fg unifying group along with the other Eg hidden sector.
Under SU(3) x Eg C Eg, the representations split as 248 = (8,1) & (3,27) ¢ (3,27) & (1, 78).
The topological properties of K is crucial in determining the other low-energy properties of the
model. In particular, the Hodge numbers of the manifold determine the number of light chiral
supermultiplets transforming as 27 and 27, and the vacuum structure of the manifold deter-
mines the discrete symmetries of the theory which restrict the allowed Yukawa couplings of the
chiral supermultiplets. More importantly, the number of generations for such a model is one
half of the Euler characteristic of K. If K admits a freely acting discrete symmetry G, we might

also make the compactification on K’ = K /G, as long as K’ has Euler characteristic y = —6 [5].

The unification in addition to the matter contents of the standard model implies that there
is a unified group structure at high energies. There is a simple Lie group G D SU(3) X
SU(2) x U(1) called a GUT group, named after the corresponding high energy theory the
Grand Unified Theory (GUT). The Eg we mentioned above is one option, along others such
as SU(5) and SO(10). For example, by breaking SU(5) into the Standard Model gauge group
(SU(3)ex SU(2), xU(1)y) , the gauge bosons decompose into standard model representations
as 24 — (8,1)y ® (1,3)0 @ (1,1)p & (3,2)_5 & (3,2)5, where the first three terms are the
standard model gauge bosons, and the latter two are exotic gauge bosons. And the matter in
the anti-fundamental representations decomposes as 5 — (3,1)2 @ (1,2)_3 and 10 — (3,2); &
(3,1)_4®(1,1)6. Note that the U(1) charge is normalized to be six times the usual hypercharge
Y € Z/6. These representations form exactly a single generation of the standard model. More
details of the work on SU(4) and SU(5) unifying groups will be summarised in Chapter 2,
where we study line bundle model building on toric four-folds. More work and details of model

building with monad bundles and line bundles can be found in [20-29).

1.3 Toric Geometry

In this section we introduce the applications of toric geometry in string phenomenology, and
the basic construction of toric varieties. The detailed construction and examples of the Batyrev
construction of toric varieties can be found in and appendix [A]

Toric varieties are geometric objects defined by combinatorial information. In algebraic geom-
etry, a toric variety or torus embedding is an algebraic variety containing an algebraic torus T’
(affine variety isomorphic to (C*)",n > 1) as an open dense subset, such that the action of the
torus on itself extends to the whole variety. A nice property of toric varieties is that, the geom-

etry is fully determined by the combinatorics of the associated fan, which makes computations



very tractable.

There are many methods of defining a toric variety. The original motivation is to study the
torus embedding. Given an algebraic torus T, the group of characters Hom (T, C*) forms a lat-
tice. If we have a collection of points A as a subset of this lattice, then each point would give us
a map to C, hence the whole collection determines a map to C4!. By taking the Zariski closure
of the image of this map, one obtains an affine variety and the variety is a torus embedding. In
a similar way one can also produce a projective toric variety by taking the projective closure of

the map.

Another point of view is the following: first define N as a finite ranked lattice of a free abelian
group. Then we define a specific type of cone called a “strongly convex rational polyhedral
cone” in N, with its apex at the origin, generated by a finite number of vectors in N which
contains no line through the origin. For each cone o, its affine toric variety U, is the spectrum
of the semigroup algebra of the dual cone. If further we have a fan as the collection of cones,
then the toric variety of this fan is just the patched variety of all different stratifications of
the corresponding cones. The type of fan studied in this thesis is called a reflexive polytope,
where there is no inner point except the origin inside the fan. The toric varieties defined by

a reflexive polygon and its dual fan are the “mirror partners” in the context of mirror symmetry.

For example, the complex projective plane CP? is represented by three complex homogeneous
coordinates s.t. |21|* + |22|> + |23/ = 1. The scaling of the coordinates implies a U(1) action
as (21, 22,23) ~ e"‘i’(zl, 29, 23). The toric description of CP? can be understood as the following;:
There are three vertices v; = (1,0),v3 = (0,1),v3 = (—1,—1) correspondent to the three

divisors {z; = 0},7 = 1,2,3. In Batyrev construction [30], the toric variety is defined as
X:=(C -2Z)/C)y—,

where r is the number of homogeneous coordinates, n is the number of C* actions and Z is the
zero set of the Stanley-Reisner (SR) ideal. In this case, the zero set is Z = {z; = 2o = z3 = 0},
thus we have CP? := (C® — {2, = 25 = 23 = 0})/(21, 22, 23) v A(21, 22, 23), which recovers the
usual definition of a projective space. In Chapter 2 we have detailed examples of Batyrev con-

struction, and interested readers can refer to [31H33] for more examples on toric geometry.

What is the motivation for constructing toric geometry in string theory? The first reason would

be the construction of Calabi-Yau manifolds in string model building. Over the years people



have managed to construct CY manifolds using different methods, such as complete intersec-
tion Calabi-Yaus (CICYs) in products of projective spaces [34], the elliptic fibred [35] and the
hypersurfaces in toric four-folds [6]. These Calabi-Yau datasets provide a vast number of can-
didate internal three-folds for a realistic model, although many of them may be ruled out even
on the grounds of basic phenomenology. The most impressive list, of course, is the last one
due to Kreuzer-Skarke (KS) [6]. There are in total 473,800,776 ambient toric four-folds, each
coming from a reflexive polytope in 4-dimensions. At least an equal number of CY manifolds

can then be constructed.

On the other hand, toric geometry plays an important role in mirror symmetry [32]. In general,
mirror symmetry refers to a correspondence that maps objects of a certain type — manifolds,
varieties or schemes — to objects of a different type in such a way that the “A-model” of the
original object is exchanged with the “B-model” or the mirrored object. For the CY mani-
fold, as an example, its A-model encodes deformations of the Kéhler structure and its B-model
encodes deformations of its complex structure. On the other hand, one version of mirror sym-
metry, called Batyrev-Borisov [36,[37], interchanges the A-model of CY with its B-model. For
now mirror symmetry still remains a conjecture, but in many cases it is known to hold. In
particular, CY mirror symmetry has been proven whenever the CY is a complete intersection

in a toric variety.

The third reason for us to study the toric construction is due to bipartite field theory (BFT),
where toric varieties arise as the moduli space of D-brane configuration at singularities in
type 1IB string theory. In recent progress on AdS/CFT correspondence, people have tried to
investigate theories of fewer supersymmetries than the celebrated AdSs x S°/N = 4 Yang-
Mills duality by Maldacena [38]. Ome approach is to break supersymmetry by changing the
geometry of the string background, i.e. replacing the AdSs x S° geometry with a different
manifold AdSs x X5, where X5 is a Sasaki-Einstein (SE) manifold in order to preserve N' =1
super-symmetry. Among the possible choices of X5, toric SE manifolds have proven to be very
tractable. They can provide an infinite number of N' = 1 super-symmetric gauge theories
admitting non-trivial infrared superconformal fixed points. In the coming section we will have

a brief introduction to D-brane configurations at toric singularities.

1.4 Brane Tilings

We now discuss string model building in type II theory, where a toric variety appears as the

moduli space of the D-brane configuration. As a general feature, D3-branes located at singu-



lar points of a toric Calabi-Yau cone possess a vacuum space as a toric variety parametrised
by a 2-D diagram. For these models, their gauge group factors and the field contents can be
summarised in a bipartite graph called dimer graph, where black nodes and white nodes are
evenly distributed. The so called bipartite field theory (BFT) refers to the model building
work on toric singularities, and toolboxes such as quiver gauge theory, brane tilings and dimer
technology. In this subsection we will summarise the crucial components of BFT, while the

detailed theory of brane tilings can be found in appendix [B]

When the D-branes in type II string theory are placed on an ALE singularity of ADE type [7],
the corresponding gauge theory can be encoded by the Dynkin diagram where strings stretch-
ing between the fractional branes are mapped to lines in the Dynkin diagram. Since the ALE
singularity breaks one half of the supersymmetry and the D-branes break the further half, this
type of gauge theory has eight supercharges, hence a N’ = 2 supersymmetry. In such a super-
symmetric theory it is enough to specify the gauge group and the matter content in order to fix
the superpotential. Therefore, we have a picture of a Dynkin diagram mapped to the moduli
space of vacua which has the singularity of ADE type. This connection between the Lie algebras
of affine Dynkin diagrams and the geometry of ALE spaces is called McKay correspondence [8],

which has become an important object in string theory.

In addition, McKay correspondence can also be realized under other contexts in string theory.
For example, the Hanany-Witten configuration results in a gauge theory on D-branes encoded
by an Ax_; Dynkin diagram. This is where the quiver graph is introduced. Further, one can
apply S and T duality onto the path algebra of a quiver diagram, resulting in different D-brane
configurations [39,40]. Many attempts have been made to generalise the McKay correspondence
from the two complex dimensional space to three, resulting in N' = 1 super-symmetric theories.
For example, one can extend the 2-dimensional correspondence stated above from D-branes
probing 2-dimensional singular manifold to D-branes probing 3-dimensional singular Calabi-
Yau manifold [41]. Tt turns out that, in a quiver graph, nodes represent gauge groups, oriented
arrows between two nodes represent bifundamental chiral multiplets, and certain closed paths
in the quiver represent the gauge invariant operators, forming the superpotential. There has
been an industry to construct even more classes of such quiver gauge theories, ranging from
orbifolds [42-44], toric singularities [41,45-47] to brane tilings [48-52].

The natural question then arises as whether one could classify the A/ = 1 quiver gauge theories

in a schematic way. One way of organising the quivers is called “blocks”, where several nodes

in a quiver are grouped in a block, yet unlinked between themselves. This method originated
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in the study of del Pezzo surfaces [53], and was further applied to other super-conformal theo-
ries [54-57]. It turns out that many known quiver theories, which often appear with geometries
such as orbifold singularities and del Pezzo surfaces, can have their quiver diagrams contracted
to a succinct block diagram. Moreover, the necessary conditions for such a theory, i.e. vanishing
beta and gamma functions, would translate to an integer equation system called Diophantine
equations. Chapter 4 is aimed at a conjecture of the general properties of Diophantine equa-

tions of a generalised “blocked” quiver.

Brane tilings and dimer models are the other important building blocks of bipartite field theory.
They reflect type IIB configurations of NS5 and D5-branes that are dual to gauge theories on
D3-branes transverse to arbitrary singularities on toric three-folds. In our construction, the
NS5-branes extend in the 0123 directions and wraps a holomorphic curve embedded in the 4567
directions, where the 46 directions are taken to be compact. The D5-branes span the 012346
directions and stretch between the NS5 skeleton, giving rise to a N = 1 four dimensional theory.
The field content is now captured by drawing the brane tiling in the 46 plane. It is bipartite due
to the fact that all its nodes can be coloured in white or black, such that edges only connect
black nodes and white nodes. The following table contains a dictionary explaining the

relation between objects in bipartite field theory:

Gauge theory String theory Quiver graph Brane tiling
SU(N)/U(N) gauge group D-branes Node Polygonal face
String stretched

Chiral multiplet betwoen branes Arrow Edge
Region where Closed path
Superpotential term k strings correspondents to | k-valent Vertex

locally interact | gauge invariant term

Table 1.1: The quiver/brane tiling dictionary

To obtain N/ = 1 super-symmetries in the AdS/CFT picture, one option is to modify the
topology of the string theory background, for instance replacing the S° space with another
manifold X5, leaving us with less field contents and a moduli space with more singularities.
Due to the constraints of A/ = 1 supersymmetry, X5 must be a Sasaki-Einstein manifold,
the simplest definition of which is that metric cone is a Calabi-Yau 3-fold. Hence the metric
should be of the form: ds? = dr* + r?dX?. Usually the Sasaki-Einstein manifold only needs
a single U(1) isometry, for the purpose of R-symmetry. However in our work we mainly focus
on the toric Sasaki-Einsten manifolds (its Calabi-Yau cone admit U(1)? isometries), which are
even more tractable. In addition, the toric moduli space provides us with an infinite number

of N' = 1 super-symmetry gauge theories admitting non-trivial infrared super-conformal fixed
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points, which is essential for our study on brane tilings. Some other classes of geometries we can
use to replace the S° space are: Abelian orbifolds S°/T", where I' ~ Z, or Z,, X Z,,; the conifold
and its orbifolds; the Y74 and L**¢ manifolds. Chapter 5 contains a systematic classification of
dimer models on toric singularities of conifolds, and the interested reader can refer to appendix

for a detailed introduction of quiver theory and brane tilings.

1.5 Outline of Thesis

So far, the former subsections have briefly mentioned the knowledge background relevant to the
work in this thesis. The rest of the thesis will be focused on the concrete discussion of string

compactification on toric geometry as well as the topics in quiver gauge theory.

The systematic overview of the physical and mathematical tools are distributed as follows: in
Chapter 2 and appendix [A] we provide the definitions and examples of the Batyrev construc-
tion of a toric variety, as well as Calabi-Yau hyper-surfaces in toric ambient spaces. Then in
appendix [B] we introduce definitions and examples in quiver gauge theory and brane tilings.

Interested readers could firstly refer to these Chapters for some preparation.

In Chapter 2 we study heterotic model building on 16 specific Calabi-Yau manifolds as hyper-
surfaces in toric four-folds. These 16 manifolds are the only ones among the more than half
a billion manifolds in the Kreuzer-Skarke (KS) list with a non-trivial fundamental group. We
classify the line bundle models on these manifolds, both for SU(5) and SO(10) Grand Unified
Theories (GUT), which lead to consistent supersymmetric string vacua and have three chiral
families. A total of about 29,000 models is found, which constitutes a starting point for detailed
heterotic model building on Calabi-Yau manifolds based on the KS list. In order to apply the
model building to the whole KS list, we then systematically classify the freely-acting symme-
tries in Chapter 3. For this purpose we have developed a method of classifying all freely acting
discrete groups of CY on toric spaces, and generating its weighted projective representations.
The mathematical construction of freely acting symmetries of toric Calabi-Yau is throughly
discussed, as well as the algorithm related to the fixed point set and the smoothness of discrete
actions. We have implemented this algorithm of classifying the discrete symmetry for the KS
list, and found computationally a few new examples of discrete symmetries beyond the known
ones of the 16 special families. This is the first step towards heterotic string model building on

CYs constructed by reflexive polytopes of KS list.
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The second part of this thesis emphasises the applications of quiver gauge theory and dimer
models to A/ = 1 super-conformal theory. Chapter 4 is a generalisation of super-conformal block
quiver gauge theories. We re-derive results for quiver gauge theories with low block numbers
revealing a new intriguing algebraic structure underlying a class of possible superconformal fixed
points of such theories. After explicitly computing the Diophantine equations of five block cases,
we use this structure to re-organize the result in a form that can be applied to arbitrary block
numbers. We argue that these theories can be thought of as vectors in the root system of
the corresponding quiver. And superconformality conditions are shown to be associated with
certain subsets of imaginary roots, which also allows for an interpretation of Seiberg duality as
the action of the affine Weyl group on the root lattice. In addition to exploring the block quiver
theory, we also compute the large area toric models and their associated dimer models. Chapter
5 represents new results of dimer models with number of triangulation areas larger than six.
We applied the recently developed dimer technology, namely computing the Kasteleyn matrix
of the conifolds and its quotient spaces, then turn on the vacuum expectation values (vev.) for
certain fields to approach the expected toric models. We establish and implement this method,
and discover many more intriguing new dimer models. These new dimer models have never
been discussed before and can potentially shed light on string phenomenology for a large class

of toric models.
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Chapter 2

Heterotic Model Building: 16 Special
Manifolds

2.1 Introduction

Over the past few years, a programme of algorithmic string compactification has been estab-
lished where a combination of the latest developments in computer algebra and algebraic ge-
ometry have been utilized to study the compactification of the heterotic string on smooth
Calabi-Yau three-folds with holomorphic vector bundles satsifying the Hermitian Yang-Mills
equations [58,/59]. This is very much in the spirit of the recent advances in applications of
algorithmic geometry to string and particle phenomenology [60-63]. Earlier model building
programmes which have paved the way for the current systematic approach have led to a
relatively small number of models [64-67] which have the particle content of the minimally su-

0% candidate

persymmetric standard model (MSSM). In contrast, in the latest scan [59] over 1
models on complete intersection Calabi-Yau manifolds (CICYs), around 10° heterotic standard

models were produced.

Of the databases of Calabi-Yau three-folds created over the last three decades in attempting to
answer the original question of [34] whether superstring theory can indeed give the real world
of particle physics, the increasingly numerous - and also chronological - sets are the complete
intersections (CICY) in products of projective spaces [34], the elliptically fibred [35] and the
hypersurfaces in toric four-folds [6] (cf. [68] for a brief review). Such Calabi-Yau datasets pro-
vide a vast number of candidate internal three-folds for a realistic model, although many of

them may be ruled out even on the grounds of basic phenomenology.

The most impressive list, of course, is the last, due to Kreuzer-Skarke (KS). These total

473,800,776 ambient toric four-folds, each coming from a reflexive polytope in 4-dimensions.
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Thus there are at least this many Calabi-Yau three-folds. However, since the majority of the
toric ambient spaces are singular and need to be resolved the expected number of Calabi-Yau
three-folds from this set is even higher. The Hodge numbers are invariant under this resolution
and thus have been extracted to produce the famous plot (which we will exhibit later in the
text) of a total of 30,108 distinct Hodge number pairs. To establish stable vector bundles over
this largest known set of Calabi-Yau three-folds is of obvious importance. To truly probe the
“heterotic landscape” of compactifications which give rise to universes with particle physics akin
to ours, one must systematically go beyond the set thus far probed, which had been focused on
the CICYs |20-25}58,59,67] and the elliptic [26,27] sets.

The study of bundles for model building on the KS dataset was initiated in [28] where the
Calabi-Yau manifolds with smooth ambient toric four-folds were isolated and studied in detail.
Interestingly, of the some half-billion manifolds, only 124 have smooth ambient spaces. Bun-
dles which give 3 net generations upon quotienting some potential discrete symmetry and which

satisfy all constraints including, notably, Green-Schwarz anomaly cancellation, were classified.

Subsequently, a bench-mark study was performed by going up in A% of the KS list [29]. Now,
the largest Hodge pairs of any smooth Calabi-Yau three-fold is (h!, h?!) = (491, 11) (with the
mirror having (k™! h®!) = (11,491)), giving the experimental bound of 960 on the absolute
value of the Euler number. In [29], they studied the manifolds up to h'"' = 3, which already has
some 300 manifolds. The space of positive bundles of monad type were constructed on these

spaces.

In any event, the procedure of heterotic compactification is well understood. Given a generically
simply connected Calabi-Yau three-fold X , we need to find a freely-acting discrete symmetry
group I, so that X /T is a smooth quotient. We then need to construct stable I'-equivariant
bundles V on the cover X so that on the quotient X = X /T, V descends to a bona fide bundle
V. It is the cohomology of V', coupled with Wilson lines valued in the group I', that gives us
the particle content which we need to compute. In other words, we need to find Calabi-Yau
manifolds X with non-trivial fundamental group m(X) ~ I'. Often, the manifolds X and X
are referred to as “upstairs” and the “downstairs” manifolds, to emphasize their quotienting

relation.
The simplest set of vector bundles to construct and analyze is that of line bundle sums [24,59].

Hence, an important step is to classify heterotic line bundle models on Calabi-Yau manifolds in

the KS list and extract the ones capable of leading to realistic particle physics. Of course, the
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existence of freely acting groups I' on the Calabi-Yau manifolds is crucial in order to complete
this programme. Unfortunately, these freely-acting symmetries are not systematically known
for the KS manifolds. Indeed, even for the CICY dataset, which had been in existence since
the early 1990s, the symmetry groups were only recently classified using the latest computer
algebra [69]. Are there any manifolds in the KS list with known discrete symmetries? A related
but simpler question is the following: Are there any manifolds in the KS list already possessing
a non-trivial fundamental group? This latter question was already addressed in Ref. [30] and

the answer is remarkable:

Of the some 500 million manifolds in the KS list, only 16 have non-trivial funda-

mental group.

In fact, the 16 covering spaces for these are also in the KS list, and the discrete symmetries I'
thereof are known; in particular, their order |I'| is simply the ratio of the Euler numbers of the
“upstairs” and the “downstairs” manifolds. On these 16 special “downstairs” manifolds one
can then directly build stable bundles or, equivalently, stable equivariant bundles can be built
on the corresponding 16 “upstairs” manifolds. This is the undertaking of our present chapter

and constitutes an important scan over a distinguished subset of the KS database.

We emphasize that we expect many more than the aforementioned 16 manifolds in the KS list
to have freely acting symmetries. However, the quotients of those manifolds do not have a
description as a hypersurface in a toric four-fold and can, therefore, not be found by searching
for non-trivial first fundamental groups in the KS list. Systematic heterotic model building on
this full set of KS manifolds with freely-acting symmetries is the challenging task ahead but

this will have to await a full classification of freely-acting symmetries.

The chapter is organized as follows. We start in Section by describing the 16 special base
three-folds in detail. In Section [3.3] we consider heterotic line bundle models subject to some
phenomenological constraints on these manifolds and the algorithm for a systematic scan over
all such models is laid out. The result of this scan follows in Section and we conclude with

discussion and prospects in Section [2.5]

Nomenclature Unless stated otherwise, we adhere to the following notations in this chapter:

N The 4-dimensional lattice space of A
M The dual lattice space of A°
A Polytope in an auxiliary four-dimensional lattice
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A° Dual polytope of A
An “Downstairs” ambient toric variety constructed from the polytope A
ON Calabi-Yau hypersurface three-fold naturally embedded in Aa

Pic(M) Picard group of holomorphic line bundles on a manifold M

n Number of vertices in the polytope A
Tpel,m Homogeneous coordinates of an ambient toric variety A
D,-i..,  Divisors defined as the vanishing loci of z,

k Dimension of Picard group

o Harmonic (1,1)-form basis elements of H"!(X,Z)

Aa “Upstairs” ambient toric variety associated with Aa

Xa Calabi-Yau hypersurface three-fold naturally embedded in .ANA
ch(V) Chern character of bundle V'

c(V) Chern class of bundle V'

w(V) Mu-slope of bundle V/
ind(V) Index of the Dirac operator twisted by bundle V/

K Kahler cone matrix of a projective variety

2.2 The base manifolds: sixteen Calabi-Yau three-folds

As mentioned above, the largest known class to date of smooth, compact Calabi-Yau three-folds
is constructed as hypersurfaces in a toric ambient four-fold and is often called Kreuzer-Skarke
(KS) data set [6,[70]. The huge database cosists of the toric ambient varieties Aa as well as the
Calabi-Yau hypersurfaces X therein, both of which are combinatorially described by a “reflex-
ive” polytope A living in an auxiliary four-dimensional lattice. The classification of reflexive
four-polytopes had been undertaken and resulted in the data set of 473,800,766 polytopes,
each of which gives rise to one or more Calabi-Yau three-fold geometries. Only 16 spaces in KS
data set carry non-trivial first fundamental groups, which are all of the cyclic form, m =2 Z/pZ,

for p = 2,3,5 [30]. For the heterotic model-building purposes, one is in need of Wilson lines,
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so these 16 Calabi-Yau three-folds form a natural starting point.

More common in heterotic model building is to start from a simply-connected Calabi-Yau three-
fold X with freely-acting discrete symmetry group I' and then form the quotient X = X /T
which represents a Calabi-Yau manifold with first fundamental group equal to I'. Indeed, for
the CICY data set [34], all the 7890 Calabi-Yau three-folds turn out to be simply-connected
and a heavy computer search had to be performed to classify the freely-acting discrete symme-
tries [69]. Typical heterotic models have thus been built firstly on the upstairs CICY X and
have then been descended to the downstairs Calabi-Yau X. A similar approach has also been
taken for the model building based on the KS list carried out in Ref. [29)].

In this chapter, we attempt to construct heterotic models outright from the downstairs ge-
ometry. We shall start in this section by describing some basic geometry of the sixteen toric
Calabi-Yau three-folds X with 71(X) # (). This includes Hodge numbers, Chern classes, in-
tersection rings and Kahler cones. The precise quotient relationship with the corresponding

upstairs three-folds X, as well as the full list of relevant geometries, can be found in Ap-

pendix

2.2.1 The construction

Let us label the sixteen Calabi-Yau three-folds and their ambient toric four-folds by X;—; .. 16
and A;_ ... 16, respectively. They come from the corresponding (reflexive) polytopes A; in an
auxiliary rank-four lattice N, whose vertex information [30] is summarised in Appendix [C.1]
Before describing their geometry in section [2.2.2] partly to set the scene up, we illustrate the
general procedure for the toric construction of Calabi-Yau three-fold, by the explicit example,
X3 C Az and Ajz. For a more detailed introduction, interested readers are kindly referred, e.g.,

to Ref. [2§] and references therein.

Let us first extract the lattice polytope Az from Appendix [C.T}

X1 X2 X3 Tyg Tz Tg X7 A

2 0 0 0 0 0 0 =2
O -1 0 1 -1 0 1 O
o 0 -1 1 -1 1 0 O
1 0 0 1 -1 0 0 -1

It has n = 8 vertices in N ~ Z* leading to 8 homogeneous coordinates z,-; ... g for the ambient

toric four-fold As; the 4 rows of the above matrix describe the 4 projectivisations that reduce
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the complex dimension from 8 down to 4. Next, the dual polytope A3 in the dual lattice M is
constructed as
A :={me M| (muv)>—-1, Yve A3},

and one can easily check that Aj is also a lattice polytope. Then it so turns out that each of
the lattice points in A§ is mapped to a global section of the normal bundle for the embedding,
X3 C Ajs, of the Calabi-Yau three-fold (see Eq. (45) of Ref. [28| for the explicit map). Here, A§
has 41 lattice points and the corresponding 41 sections are obtained as:
2,2 2 2 2,2 2 2 2,2 2,22 2 2 2 2, 2
T3 yglg 5 ToX3zTydg , XL1TXX3LAX5X 5 X1TLT3TLy 5, ToL3XALELELY 5 L1LXITLLTELY
2,22 2 2 2 2, 2 2 2 2,2 2 2 2,2 2 2
LoXlgTglyg 5 X2TXZTAX5TXTLY 5 T1X2XZXYLTLY 5, T2L3LYTELTLY , T3L X7Tg , T1TXoT3Ty ,
2, 2 2,2 2,2 2 2 2 2 2,22 2 2,2
2, 2 2 2 2 2 2, 2
T1X2X3XAT5T7 5 X2AXZTL5XELTLY 5 T1X2XLIXALELELTLY 5 T1X2X3ZT4XELT 5 L2XAT5LGXTILG (2.1)
2.2 2.2 2 2 2 2 2,22 2 2.2 2.2
T1X2T4TgX7X8 , X3X5Lydg , X1LZTAT5L7XY , T1L3L Ty , T3IXAT5LEL7Tg , L1XIT4LEL7IY

2,22 2 2.2..2 2 2 2 2,2 2 2 2.2..2 2
:L‘4:L‘61’7l‘8 B x1$2x5$6 5 x1$2x3$5l‘6x7 5 $1x2$5$6$7$8 P $1$2x4l‘5x6$7 B 331133565337 5

2 2 2 2 2,22 2 2,2 2,22 2 2.2..2.2
T1X3T5LeL7Xg , T1L3TAT5T6Ly , TLglrXg , L1TXAT5TgL7LY , T1XyTgdy , TL{T5Lgly -

which, when linearly combined, give the defining equation for Xj.

Note that as the non-trivial fundamental group is a toric morphism, it is natural to expect that
the KS list also contains the sixteen upstairs geometries, which we denote by X - Z By
construction, the upstairs three-folds Z should admit a freely-acting discrete symmetry I'; so
that X; = ijl /T with m1(X;) = T';. We have indeed found the corresponding upstairs polytopes
A, associated with the sixteen downstairs (see Appendix for their vertex lists). It turns out
that three of the sixteen upstairs Calabi-Yau three-folds X; C A belong to the CICY list [34]:
X, is the quintic three-fold in P*, X, the bi-cubic in P2 x P? and X3 the tetra-quadric in P**.
Although the models in this chapter are constructed over the downstairs manifolds, one can
compare, as a cross-check, the models over X, Xy and X3 with the known results over the
CICYs [22,23].

We finally remark that the ambient toric varieties Aa constructed by the standard toric proce-
dure might in general involve singularities. In order to obtain smooth Calabi-Yau hypersurfaces
X, one must resolve the singularities of the ambient space to a point-like level via “triangula-
tion” of the polytope A in a certain manner [31]. The triangulation splits A maximally and
leads to a partial desingularisation of the toric variety Aa. In principle, there may arise several
different desingularisations for a single toric variety Aa, in which case the number of geometries
increases. Indeed, Xg and X4 turn out to have two and three desingularisations, respectively,

while the other fourteen Calabi-Yau manifolds only have one each.
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2.2.2 Some geometrical properties

Having constructed the Calabi-Yau three-folds in the previous subsection, we now move on to
study their geometrical properties relevant to the heterotic model-building. Instead of describ-
ing all the details in an abstract manner, we continue with the example X3; the Zs-quotient of
the tetra-quadric )?3 in PL**. The detailed prescription for computing the geometric properties
can be found from Appendix B of [28]. Alternatively, one could also make use of the computer
package [71] to extract all the information. The resulting geometry can be summarised as fol-

lows.

Firstly, we have k = rk(Pic(A3)) = 4 and hence, the Picard group is generated by four elements
Jr=1,... 4. One can then choose the basis elements appropriately so that the toric divisors D,—; ...

defined as the vanishing locus of the homogeneous coordinate z, have the following expressions:
Dy =y, Dy =Js, Dy =y, Dy=J1, Ds =1, Dg=Jo, D7 =1J3, Ds =y, (2.2)

where, by abuse of notation, the harmonic (1, 1)-forms J, are also used to denote the basis
of Picard group. Furthermore, unless ambiguities arise, we shall not attempt to carefully
distinguish the harmonic forms of the ambient space from their pullbacks to the hypersurface.

Next, the intersection polynomial of X3 is:
JiJo s+ 1 Sy s+ Ty s Jy 4 Ja J3 sy
which means that the only non-vanishing triple intersections are
di23(X3) = di124(X3) = d134(X3) = doza(X3) = 1

and those obtained by the permutations of the indices above. The Hodge numbers can also be

easily computed:
R (X3) =4, hM3(X3) =36,

leading to the Euler character x(X3) = —64. The second Chern character for the tangent
bundle, which is crucial for the anomaly check, is given by

4
chy(TX) = {12,12,12,12} = Y 120", (2.3)

r=1

in the dual 4-form basis v"="""* defined such that [ J. Av® = ¢;. Finally, the Kéhler cone
matrix K = [K,|, describing the Kéhler cone as the set of all Kéhler parameters t" satysfying
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K, it* >0 forallr=1,...,hM (X)), takes the form

(2.4)

o O O
O O = O
O = O O
_— o O O

thus representing the part of t space with =14 > (.

The reader might have notice that h'!(X3) = 4 = h™!(A3) in this example. In general, however,
h*(X) can be larger than h'!'(A) and a hypersurface of this type is called “non-favourable,”
as we do not have a complete control over all the Kahler forms of X through the simple toric
description of the ambient space A. The notion of favourability means that the Kéhler struc-
ture of the Calabi-Yau hypersurface is entirely descended down from that of the ambient space;
namely, the integral cohomology group of the hypersurface can be realised by a toric morphism
from the ambient space. Amongst the sixteen downstairs geometries X;, only the two, X5
and Xig, turn out to be non-favourable. As we do not completely understand their Kéahler

structure, we will not attempt to build models on either of these two manifolds.

In Appendix [C.2.2] the geometrical properties summarised so far for X3 C Aj are tabulated for
all the downstairs manifolds X; C A;, as well as their upstairs covers )7@ C Zi, 1 =1,...,16.
Another illustration for how to read off the geometry from the table is given in Appendix
for X; C A; and E(Vl C :(1

Let us close this subsection by touching upon an issue with multiple triangulations. As men-
tioned in section [2.2.1] the Calabi-Yau three-folds Xg and X4 turn out to admit two and three
triangulations, respectively. Here we take the former as an example. Its toric data is encoded

in the polytope Ag:
Tr1 X2 I3 T4 Xy Tg X7
-4 0 0 0 2 0 =2

-3 1 0 -1 0 -2 =2 ;
1 01 -1 0 -1 O
-10 0 -1 1 0 -1
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this polytope turns out to admit the following two different star triangulations E],

{{1,2,5,6},{2,3,4,5},{1,2,3,5},{2,4,5,6},{2,4,6,7},{1,2,6,7},
{2,3,4,7},{1,2,3,7},{3,4,6,7},{1,3,6,7},{3,4,5,6},{1,3,5,6} }
{{1,2,5,6},{2,3,4,5},{1,2,3,5},{2,4,5,6},{2,4,6,7},{1,2,6,7},
{2,3,4,7},{1,2,3,7},{4,5,6,7},{1,5,6,7},{3,4,5,7},{1,3,5,7}}

T

72

where triangulations of the polytope Ag are described as a list of four-dimensional cones. For
instance, the first element {1,2,5,6} € T; represents the four-dimensional cone spanned by the

corresponding four vertices:
(—4,-3,1,—-1), (0,1,0,0), (2,0,0,1), (0,—2,—1,0).

It also turns out that the two smooth hypersurfaces, associated with the two triangulations 7;
and 73, have the same intersection structure and the same second Chern class. It is expected in
such a case that the two Calabi-Yau hypersurfaces are connected in the Kahler moduli space.
In other words, the two Kahler cones adjoin along a common facet. Thus, the pair can be
thought of as leading to a single Calabi-Yau three-fold X4, whose Kéhler cone is the union of

the two sub-cones,
2
K(Xs)=J K,
j=1

where K7 and K, are the Kéhler cones of the two hypersurfaces associated with 7; and 75,

respectively (see Ref. [29] for the details). The Kahler cone matrices for the two sub-cones turn

out to be
0 1 0 00 1
K, = 1 0 =2 and Ky = 1 0 =2 ,
0 —1 1 01 -1

and therefore, the Kahler cone matrix for the union can be computed as:

0
K(Xg) = 0
1

o O =
o = O

One can similarly play with Ay4. For this geometry as well it turns out that the three triangu-

lations lead to a single Calabi-Yau three-fold, X4. As for the Kéhler cone, the three sub-cones

are
0 10 00 1 10 0
K=[1-10 K=01 -1 Ki=| -1 0 -1 ], (2.5)
0 —1 1 10 —1 11 0

LA triangulation is star if all maximal simplices contain a common point, in this case reduced to be cones
expanded by four vertices and the origin point. In our notation the origin point is omitted, leaving only the
four indices labeling the vertices.
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and via the simple joining one obtains the Kahler cone of X4:
1 00
KXiu)=1010 : (2.6)
001

In summary, although there are different triangulations for Ag and Aq4, one ends up obtaining

a single geometry each, X4 and X4, respectively.

2.2.3 Location in the Calabi-Yau landscape

Since a very special corner in the landscape of Calabi-Yau three-folds has been chosen, it might
be interesting to see the location of these sixteen, say, in the famous Hodge number plot [72].
Figure shows the Hodge number plot of all the Calabi-Yau three-folds known to date,
together with that of the sixteen manifolds X; and of their mirrors. Some basic topological

data for both downstairs X; and upstairs )71 is also summarized in Table for reference.

=960 —-480 0 480 960
T T T T T

e
e N (14, 78)
500 - . - 500 ‘. b ¥ (

400 - - 400

300 -

o

200 -

- 100

1 I I | \ /
-960 -480 [ 480 960 = % - ¥ - e L 2o

Figure 2.1: The Hodge number plot: {2(hYt — h®1) A + 21} The left figure is for all
the Calabi- Yau three-folds known to date and the right is for the sixteen non-simply-connected
Calabi-Yau three-folds X; as well as their mirrors; the blue round dots are for the original
sizteen and the purple squares are for the mirrors.

2.3 Physical constraints and search algorithm

As indicated in Table[2.1], of the sixteen downstairs three-folds, the first fourteen, X;_; .. 14, turn
out to be favourable and, in this chapter, we shall take the initial step towards the construction
of heterotic line bundle standard models on them. The main difficulty with the two non-
favourable geometries arises from the Kéhler forms which do not descend from the ambient
space; the corresponding components of the Kahler matrix and the triple intersection numbers

are difficult to obtain from the ambient toric data, since the line bundles could be safely
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i v 23] a]s e 7] s o] | 1| 12] 1] 4|15 ] 16|
RO 1] 2 [ 4 [due ]| 3] 3 [ dur | due | 4 4 4 | 5ar | 5t 3 Tot | Tnt
hx) |1 2 | 3 3 | 3 ] 4 4 4 4 4 3 | 5ut | Bur
—x(X;) [ 200 [ 162 | 128 [ 216 [ 160 | 224 | 288 [ 288 [ 96 | 128 | 128 | 160 | 160 | 224 | 96 | 96
—x(X) || 40 | 54 | 64 [ 72 [ 80 | 112|144 | 144 | 48 | 64 | 64 | 80 | 80 | 112 | 48 | 48

nC) | 2 | % | 7 | % | 2 | 2 | 2 | 7

N
N
N
)
N
N
N
)
N
)
N
N
N
N

2

Table 2.1: Picard numbers and Euler characters of the downstairs Calabi-Yau three-folds X;
and their upstairs covers X;, for 1 = 1,...,16. In the last row is also shown the m of the
downstairs manifolds X;. The subscript “nf” for Picard number indicates that the geometry is
non-favourable.

descended down to CY manifolds are coming only from toric divisors, with a smaller number
than the dimension of CY manifold. While for the extra line bundles of CY manifolds, it is
not straight forward to write them out and not possible to compute the triple intersection
numbers since the calculation is essentially done over the toric variety. Therefore, the missing
info makes it impossible to fully check certain consistency conditions of the bundle, notably the

poly-stability condition discussed below.

2.3.1 Choice of bundles and gauge group

Let us begin by discussing the choice of gauge bundle and the resulting four-dimensional gauge
group. First of all, we need to choose a bundle V' with structure group G' which embeds into
the visible Eg gauge group. The resulting low-energy gauge group, H, is the commutant of G
within Fg. As discussed earlier, for V' we would like to consider Whitney sums of line bundles

of the form

V=L, L.=0x(k), (2.7)
a=1

where the line bundles are labeled by integer vectors k, with 2!(X) components k" such that
their first Chern classes can be written as ¢;(L,) = k%J,. The structure group of this line
bundle sum should have an embedding into Es. For this reason, we will demand that ¢; (V) = 0

or, equivalently,
D k=0, (2.8)
a=1

which leads, generically, to the structure group G = S(U(1)"). For n = 4,5 this structure
group embeds into Fg via the subgroup chains S(U(1)?) C SU(4) C Eg and S(U(1)°) C
SU(5) C Eg, respectively. This results in the commutants H = SO(10) x U(1)? for n = 4 and
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H = SU(5)xU(1)* for n = 5. Both, SU(5) and SO(10), are attractive grand unification groups
and they can be further broken to the standard model group after the inclusion of Wilson lines.
Hence, constructing such SU(5) and SO(10) models, subject to further constraints discussed
below, is the first step in the standard heterotic model building programme. The additional
U(1) symmetries turn out to be typically Green-Schwarz anomalous. Hence, the associated

gauge bosons are super massive and of no phenomenological concern.

2.3.2 Anomaly cancelation

In general, anomaly cancelation can be expressed as the topological condition
chy (V) 4 chy(V) — chy(TX) = [C] , (2.9)

where V is the bundle in the observable Fy sector, as discussed, V is its hidden counterpart
and [C] is the homology class of a holomorphic curve, C', wrapped by a five-brane. A simple

way to guarantee that this condition can be satisfied is to require that
co(TX) —co(V) € Mori(X) (2.10)

where Mori(X) is the cone of effective classes of X. Here, we have used that chy(TX) =
—co(T'X) and that chy(V') = —co(V') for bundles V' with ¢;(V') = 0. Provided condition ([2.10))
holds the model can indeed always be completed in an anomaly-free way so that Eq. is
satisfied. Concretely, Eq. guarantees that there exists a complex curve C' with [C] =
co(TX) — ca(V), so that wrapping a five brane on this curve and choosing the hidden bundle
to be trivial will do the job (although other choices involving a non-trivial hidden bundle are
usually possible as well).

To compute the the second Chern class co(V) = co.(V)v" of line bundle sums we can use

the result
]' - s 1.t
CQT<V) = _idrSt aE:1 kaka s (211)

where d,.s are the triple intersection numbers. For the 16 manifolds under consideration these

numbers, as well as the second Chern classes, co(T'X), of the tangent bundle are provided in

Appendix [C.2]

2.3.3 Poly-stability

The Donaldson-Uhlenbeck-Yau theorem states that for a “poly-stable” holomorphic vector bun-

dle V' over a Kahler manifold X, there exists a unique connection satisfying the Hermitian
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Yang-Mills equations. Thus, in order to make the models consistent with supersymmetry, we
need to verify that the sum of holomorphic line bundles is poly-stable.

Poly-stability of a bundle (coherent sheaf) F is defined by means of the slope

1

wF) = rk(F)

/cl(f)/\J/\J, (2.12)

where J is the Kéhler form of the Calabi-Yau three-fold X. The bundle F is called poly-stable

if it decomposes as a direct sum of stable pieces,

F=r.. (2.13)

of equal slope pu(F,) = u(F), for a = 1,--- ,m. In our case, the bundle V splits into the line
bundles L, as in Eq. . Line bundles, however, are trivially stable as they do not have
a proper subsheaf. This feature is one of the reasons why heterotic line bundle models are
technically much easier to deal with than models with non-Abelian structure groups. All that
remains from poly-stability is the conditions on the slopes. Since ¢;(V') = 0, we have pu(V) =0
and, hence, the slopes of all constituent line bundles L, must vanish. This translates into the
conditions

w(Ly) = k'K, =0 where kK, = d, t°t", (2.14)

for a = 1,...,n which must be satisfied simultaneously for Kéhler parameters ¢t" in the interior
of the Kéhler cone. The intersection numbers and the data describing the Kéahler cone for our
16 manifolds is provided in Appendix [C.2]

2.3.4 SU(5) GUT theory

A model with a (rank four or five) line bundle sum ({2.7)) in the observable sector that satisfies the
constraints (2.8)), (2.10) and (2.14)) can be completed to a consistent supersymmetric heterotic

string compactification leading to a four-dimensional N = 1 supergravity with gauge group

SU(5) or SO(10) (times anomalous U (1) factors). Subsequent conditions, which we will impose
shortly, are physical in nature and are intended to single out models with a phenomenologically
attractive particle spectrum. The details of how this is done somewhat depend on the grand
unified group under consideration and we will discuss the two cases in turn, starting with SU(5).
In this case we start with a line bundle sum of rank five (n = 5) and associated structure
group G = S(U(1)®). This leads to a four-dimensional gauge group H = SU(5) x S(U(1)®).
The four-dimensional spectrum consists of the following SU(5) x S(U(1)°) multiplets:

10a 3 ma ) 5a,b ) 5a,b ) ]-a,b . (215)
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Here, the subscripts a,b,--- = 1,...,5 indicate which of the additional U(1) factors in S(U(1)%)
the multiplet is charged under. A 10, (10,) multiplet carries charge 1 (—1) under the a*® U(1)
and is uncharged under the others. A 5,5 (545), where a < b, carries charge 1 (—1) only under
the a'® and b U(1) while the only charges of a singlet 1,,, where a # b, are 1 under the a'®
U(1) and —1 under the b U(1).

The multiplicity of these various multiplets is computed by the dimension of associated coho-

mology groups as given in Table 2.2 The most basic phenomenological constraint to impose

‘ SU(5) x S(U(1)®) repr. ‘ associated cohomology ‘ contained in ‘

10, HY(X, L) HY(X,V)
10, HY(X, L) HY(X, V)
5us HY(X, L, ® Ly) HY(X, A2V)
Bab HY(X,L: ® L) HY(X, A2V
Loy H' (X, L, ® L) H(X,V o V)

Table 2.2: The spectrum of SU(5) models and associated cohomology groups.

on this spectrum is chiral asymmetry of three in the 10-10 sector. This translates into the
condition

ind(V) = -3,

on the index of V' which can be explicitly computed from
1 n
ind(V) = =d, KrESK: 2.16
m ( ) 6 t; a'Vaa ( )
Of course, a similar constraint on the chiral asymmetry should hold in the 5-5 sector. In
general, for a rank m bundle V', we have the relation
ind(A?V) = (m — 4)ind(V) (2.17)

So for the rank five bundles presently considered it follows that ind(A*V) = ind(V'). Hence
the requirement (2.16)) on the chiral asymmetry in the 10-10 sector already implies the cor-
rect chiral asymmetry for the 5-5 multiplets, ind(A2V) = —3, and no additional constraint is

required.

The index constraints imposed so far are necessary but of course not sufficient for a realistic

spectrum. For example, one obvious additional phenomenological requirement would be the
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absence of 10 multiplets which amounts to the vanishing of the associated cohomology group,
that is, h'(X,V*) = 0. However, cohomology calculations are much more involved than index
calculations and currently there is no complete algorithm for calculating line bundle cohomology
on Calabi-Yau hypersurfaces in toric four-folds. For this reason, we will not impose cohomology
constraints on our models in the present chapter, although this will have to be done at a later

stage.

However, working with line bundle sums allows us to impose slightly stronger constraints which
are based on the indices of the individual line bundles. Of course we can express the indices of

V and A2V in terms of the indices of their constituent line bundles as
n

ind(V) =) ind(Ly) , ind(A*V) = ind(L, ® L) , (2.18)

a=1 a<b

where, by the index theorem, the index of an individual line bundle L = Ox(k) is given by
1 1
ind(L) = d,« (616%%'5 + ﬁk“cg'f(TX)) : (2.19)

Suppose that ind(L,) > 0 for one of the line bundles L,. Then, in this sector, there is a chiral
net-surplus of 10 multiplets which is protected by the index and will survive the inclusion of a
Wilson line. Since such 10 multiplets and their standard-model descendants are phenomeno-
logically unwanted we should impose E| that ind(L,) < 0 for all a. Combining this with the
overall constraint on the chiral asymmetry and Eq. this implies that

—3<ind(L,) <0 (2.20)

for all @ = 1,...,5. A similar argument can be made for the 5-5 multiplets. A positive
index, ind(L, ® L;) > 0, would imply chiral 5 multiplets in this sector. They would survive
the Wilson line breaking and lead to unwanted Higgs triplets. Hence, we should require that
ind(L, ® Ly) <0 for all a < b which implies that

—3<ind(L, ® L) <0, (2.21)

for all a < b.
Table summarizes both the consistency constraints explained earlier and the phenomeno-
logical constraints discussed in this subsection. This set of constraints will be used to classify

rank five line bundle models on our 16 Calabi-Yau manifolds.

2The caveat is that line bundle models frequently represent special loci in a larger moduli space of non-
Abelian bundles. Line bundle models with exotic states — vector-like under the GUT group/standard model
group but chiral under the U(1) symmetries — may become realistic when continued into the non-Abelian part
of the moduli space where some or all of the U(1) symmetries are broken. In this case, the exotic states may
become fully vector-like, acquire a mass and are removed from the low-energy spectrum. While this is an entirely
plausible model building route, here we prefer a “cleaner” approach where the spectrum at the Abelian locus
can already lead to a realistic spectrum.
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Physics Background geometry

Gauge group a(V)=0
Anomaly o(TX) — (V) € Mori(X)
Supersymmetry u(Ly) =0, for 1 <a <5
Three generations ind(V) = -3

—3<ind(L,) <0, for1<a<5;
—3<ind(L,® L) <0, for1<a<b<5h

No exotics

Table 2.3: Consistency and phenomenological constraints imposed on rank five line bundle sums

of the form (2.7)).

2.3.5 SO(10) GUT theory

In this case, we start with a line bundle sum (2.7 of rank four (n = 4) with a structure group
G = S(U(1)*). The resulting four-dimensional gauge group is H = SO(10) x S(U(1)*) and the

multiplets under this gauge group which arise are
16, , 16,, 10,5, 1.4 - (2.22)

In analogy to the SU(5) case, the subscripts a,b,--- = 1,...,4 indicate which of the four U(1)
symmetries the multiplet is charged under. A 16, (16,) multiplet carries charge 1 (—1) under
the '™ U(1) symmetry and is uncharged under the others. A 10,; multiplet, where a < b,
carries charge 1 under the a'® and b U(1) symmetry and is otherwise uncharged while a singlet
1,4, where a # b, has charge 1 under the a'™ U(1) and charge —1 under the b™ U(1).

The multiplicity of each of the above multiplets is computed from associate cohomology groups

as indicated in Table 2.4, The three generation condition on the 16-16 multiplets remains the

’ SO(10) x S(U(1)*) repr. ‘ associated cohomology ‘ contained in ‘

16, HY(X, Ly) HY(X,V)
16, HY(X,L?) HY(X,V*)
10, HY (X, L, ® L) HY(X,\2V)
Loy HY (X, L, ® L) HY(X,V V)

Table 2.4: The spectrum of SO(10) models and associated cohomology groups.
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Samme:

ind(V) =-3. (2.23)
For rank four bundles Eq. (2.17) implies that ind(A*V) = 0 so no further constraint needs to

be imposed. In analogy with the SU(5) case, in order to avoid 16 exotics, we should impose
that
—3<ind(L,) <0 (2.24)

for alla =1,...,4. The line bundle indices can be explicitly computed from Eq. (2.19)). The 10
sector is automatically vector-like so no further constraint analogous to Eq. is required.
Table summarizes the consistency constraints explained earlier and the phenomenological
constraints discussed above. These constraints will be used to classify rank four line bundle

sums on our 16 manifolds.

Physics Background geometry
Gauge group a(V)=0
Anomaly cho(TX) — chy(V) € Mori(X)
Supersymmetry u(Ly) =0, for 1 <a<4
Three generations ind(V) = -3
No exotics —3<ind(L,) <0, for1<a<4

Table 2.5: Consistency and phenomenological constraints on rank four line bundles of the

form ([27).

2.3.6 Search algorithm

In principle, the scanning procedure is straight-forward now. We firstly generate all the single
line bundles, L = Ox (k) with entries k" in a certain range and with their index between —3
and 0. Then we compose these line bundles into rank four or five sums imposing the constraints
detailed in Table and respectively, as we go along and at the earliest possible stage.

Which range of line bundle entries k! should we consider in this process? Unfortunately, we are
not aware of a finiteness proof for line bundle sums which satisfy the constraints in Table [2.3
and [2.5] nor do we know how to derive a concrete theoretical bound on the maximal size of
the entries k] from those constraints. Lacking such a bound we proceed computationally. For
a given positive integer kp.x we can find all line bundle models with k" € [—kyax, kmax]. We

do this for increasing values k. = 1,2,3,... and find the viable models for each value. If
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the number of these models does not increase for three consecutive k., values, the search is
considered complete. In this way, we are able to verify finiteness and find the complete set of
viable models for rank five bundles. For rank four, we find the complete set for some of the
manifolds but are limited by computational power for the others.

Finally, there is a practical step for simplifying the bundle search. If the Kahler cone, in the
form given by the original toric data, does not coincide with the positive region where all t" > 0
it is useful to arrange this by a suitable basis transformation. This makes checking certain
properties, such as the effectiveness of a given curve class, easier. We refer to Ref. [2§] for
details.

2.4 Results

In this section, we describe the results of our scans for phenomenologically attractive SU(5)
and SO(10) line bundle GUT models on the 14 favourable Calabi-Yau three-folds out of our 16

special ones.

2.4.1 SU(5) GUT theory

For the rank five line bundle sums we are able to verify finiteness computationally for each
manifold, using the method based on scanning over entries k) with —kyax < k! < Epax for
increasing k.., as explained above. As an illustration, we have plotted the number of viable
models on Xy as a function of k., in Fig. As is evident from the figure, the number
saturates at kn.. = 4 and stays constant thereafter. A similar behaviour is observed for all

other spaces.

# Feasible Models
12

10+

Searching Range

Figure 2.2: The number of viable line-bundle models on Xg as a function of kyax.
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Recall from Table that amongst the favourable base manifolds X;—; ... 14, only X; has Picard
number 1, Xy and X, have Picard number 2, X5, Xg, X7, X5, X4 have Picard number 3, and
X3, X9, X9, X11, X129, X3 have Picard number 4. It turns out that viable models arise on
all the six manifolds with Picard number 4 and on two out of the five manifolds with Picard
number 3, namely Xg and X4, in total 122 models. The number of models for each manifold
is summarized in Table and the explicit line bundle sums are given in Appendix|[C.3] A line
bundle data set can be downloaded from Ref. [73].

‘ [ X[ X ] X35 [ Xu [ X5 [Xe [ Xr [ Xs | Xo | X0 [ Xuu | Xio | Xi3 [ Xyy ][ total |

#SUGB) [ 0] 0 10 JoJ]o]2]0]o0] 12 25 54 1 17 1 122
max. k7] || - | - 4 - - [ 4] -] -1 4 5 5 1 5 1
#SO(10) ][ 0 ] 0 [7017*] 0 | 5 | 13| 0 | 9 | 2207 | 4416~ | 8783~ | 1109~ | 5283~ | 28 || 28870
max. [&7] || - | - 17 | -6 |7 -]4] 15 20 19 21 21 7

Table 2.6: Numbers of viable rank five (SU(5)) and rank four (SO(10)) line bundle models and
mazximal value of |k%| for each base manifold. For the SO(10) cases marked with a star numbers
are converging but have not quite saturated despite the large entries.

2.4.2 SO(10) GUT theory

As in the SU(5) cases, viable models only arise on base manifolds with Picard number greater
than 2. It turns out that amongst the five Picard number 3 manifolds, X7 does not admit any
viable models, and the other four, X5, X4, Xg, X4 admit 5, 13, 9, 28 bundles, respectively.
For all those cases, the scan has saturated according to our criterion and the complete set of
viable models has been found. In total this is 55 models which are listed in Appendix For
the other six manifolds X3, Xg, Xi0, X11, X192, Xi3, all with Picard number four, only Xy is
complete and admits 2207 bundles. For the others, the number of viable bundles is converging
but still growing slowly despite the large range of integer entries. The number of models found
in each case is summarized in Table and the complete data sets can be downloaded from
Ref. |73].

2.4.3 An SU(5) example

To illustrate our results we would like to present explicitly one example from our data set, a three
generation SU(5) GUT theory on the Calabi-Yau manifold Xy. We recall that Xg is a Picard
number four manifold, constructed from eight homogeneous coordinates (see Appendix for
details). From Table [2.6| we can see that there are 12 viable SU(5) models on this manifold,
with line bundle entries in the range —4 < k] < 4.
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Let us consider the first of these models from the table in Appendix which is specified by

a line bundle sum V of the five line bundles
Ly = Ox(—4,0,1,1), Ly = Ox(1,3,—1,-1), Ly= Ly = Ls = Ox(1,-1,0,0).  (2.25)

Evidently, ¢1(V) = 0 and, since three of the line bundles are the same, only two slope-zero
conditions have to be satisfied in the four-dimensional Kahler cone. With the intersection
numbers and Kéhler cone given in Appendix [C.2] we find that this can indeed be achieved.
Further, co(TX) = (12,12,12,4) and, from Eq. (2.11)), c2(V) = (3,5,9, =7) so that co(TX) —
c2(V) = (9,7,3,11) which represents a class in the Mori cone. Hence, the model can be
completed to an anomaly-free model. By construction we have, of course, ind(V') = ind(A?V) =
—3 but, in general, the distribution of this chiral asymmetry over the various line bundle
sector depends on the model. For our example, the only non-zero line bundle cohomologies are
ind(Ly) = —3 and ind(Ls ® L3) = ind(Ls ® Ly) = ind(Ly ® Ls) = —1 which implies a chiral
spectrum

10,, 10,, 10y, 5y, 5o, Bas . (2.26)

Hence, the all three chiral 10 multiplets are charged under the first U(1) symmetry and un-
charged under the others. Although, at this stage, we do not know the charge of the Higgs
multiplet 57 it is clear that all up Yukawa couplings 571010 are forbidden (perturbatively
and at the Abelian locus). Indeed, for those terms to be S(U(1)°) invariant we require a Higgs
multiplet with charge —2 under the first U(1) and uncharged otherwise, a charge pattern which
is not available at the Abelian locus.

We also note from Eq. that the matrix (k7) of line bundle entries has rank two. This
means that two of the four U(1) symmetries are Green-Schwarz anomalous with corresponding
super heavy gauge bosons while the other two are non-anomalous with massless gauge bosons.
Those latter two U(1) symmetries can be spontaneously broken, and their gauge bosons removed
from the low-energy spectrum, by moving away from the line bundle locus (see Ref. [23] for
details).

2.5 Conclusion and outlook

In this chapter, we have studied heterotic model building on the sixteen families of torically
generated Calabi-Yau three-folds with non-trivial first fundamental group [30]. From those 16
manifolds, we have selected the 14 favourable three-folds and we have classified phenomeno-
logically attractive SU(5) and SO(10) line bundle GUT models thereon. Concretely, we have
searched for SU(5) and SO(10) GUT models which are supersymmetric, anomaly free and have

the correct values of the chiral asymmetries to produce a three-family standard model spectrum
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(after subsequent inclusion of a Wilson line). For SU(5) we have succeeded in finding all such
line bundle models on the 14 base spaces, thereby proving finiteness of the class computation-
ally. The result is a total of 122 SU(5) GUT models.

For SO(10) we have obtained a complete classification for all spaces up to Picard number three,
resulting in a total of 55 SO(10) GUT models. For the other six manifolds, all with Picard
number four, only one (Xy) was amenable to a complete classification. For the other five mani-
folds, although the number of models were converging with increasing line bundle entries, they
had not quite saturated even at fairly high values of about k., = 20. We expect that we have
found the vast majority of models on these manifolds with a small fraction containing some
large line bundle entries still missing. Altogether we find 28870 viable SO(10) models. All
models, both for SU(5) and SO(10), can be download from the website [73].

The main technical obstacle to determine the full spectrum of these models — before and af-
ter Wilson line breaking — is the computation of line bundle cohomology on torically defined

Calabi-Yau manifolds. We hope to address this problem in the future.

We consider the present work as the first step in a programme of classifying all line bundle
standard models on the Calabi-Yau manifolds in the Kreuzer-Skarke list. A number of technical
challenges have to be overcome in order to complete this programme, including a classification
of freely-acting symmetries for these Calabi-Yau manifolds and the aforementioned computation

of line bundle cohomology.
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Chapter 3

Discrete Symmetries of toric
Calabi-Yau manifolds

3.1 Introduction

Discrete symmetries of Calabi-Yau (CY) manifolds are important for a number of reasons.
Freely-acting symmetries can be used to form quotient CY manifolds, leading to new CY man-
ifolds with smaller Hodge numbers. Such quotient CY manifolds have been used to fill out the
previous fairly sparse tip of the Hodge number plot [26] and, due to their relatively small mod-
uli spaces, they are useful for string compactifications. Further, most standard constructions
lead to CY manifolds with a trivial first fundamental group. And the freely-acting symmetries
of these manifolds are built from CYs with non-trivial first fundamental groups. Moreover,
the presence of a non-trivial first fundamental group is required for a string compactification
whenever gauge field Wilson lines need to be included. In particular, for CY compactifica-
tions of the heterotic string the inclusion of Wilson lines [74-76] appears to be the only viable
way to arrive at phenomenologically promising models. It is for such compactifications, there-
fore, especially important to know about freely-acting discrete symmetries and this is, in fact,

one of the current “bottlenecks” in the attempt to systematically construct heterotic CY vacua.

The oldest and conceptually simplest set of CY three-folds is the complete intersection of
projective spaces (CICYs), some 7890 manifolds classified in [34]. Over the years, considerable
progress has been made in finding freely-acting symmetries of CICYs, culminating in [69] which
provides a classification of such symmetries which descend from linear actions on the ambient
spaces for the entire CICY dataset. It was found that only 195 of the 7890 manifolds have
freely-acting symmetries of this kind, although many of these 195 manifolds allow for multiple

symmetries. These results have been used to construct new CY quotients with small Hodge
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numbers and to systematically search for physically viable heterotic models on CICYs.

Much less is known about discrete symmetries for the largest known set of CY three-folds,
defined as hypersurfaces in four-dimensional toric varieties (TCY), as classified by Kreuzer and
Skarke in |6]. The main purpose of this chapter is to take a first step towards a classification
of discrete symmetries for these CY three-folds. The Kreuzer-Skarke list consists of about half
a billion reflexive polytopes leading to an even larger number of associated CY manifolds ob-
tained by triangulation. In [77], this process of triangulation has been carried out for all cases
with Picard number h''(X) < 7 and we will be relying on this dataset.

What is currently known about symmetries of TCY manifolds? Batyrev and Kreuzer [30] have
classified all cases with freely-acting symmetries such that the quotient can again be described
as a hypersurface in a toric variety. Surprisingly, among the half a billion reflexive polytopes,
there are only 16 freely-acting symmetries of this kind, associated to 16 of these reflexive poly-
topes. However, in general, the quotient manifold associated to a freely-acting symmetry of a
TCY manifold does not have to be a TCY manifold itself and there is no expectation that these
16 cases provide a complete list of freely-acting symmetries. In fact, this is already clear from
the overlap between the two sets of CICY and TCY three-folds. It is well-known that the quin-
tic in P4, which appears in both data sets, has a freely-acting Zs x Zs symmetry. The quintic
is also among the 16 cases identified by Batyrev and Kreuzer, who identify a freely-acting Zs
symmetry. In other words, only a single Z5 symmetry is “toric” and appears in the classification
of Batyrev and Kreuzer, while the full Zs x Z5 symmetry is not toric and is, hence, not seen in
this way. Further examples of this kind are provided by the bi-cubic in P? x P? (with a toric Zs
symmetry among the 16 cases and a non-toric Zz X Z3 symmetry group) and the tetra-quadric
in P! x P! x P! x P! (with a toric Z, symmetry among the 16 and various larger, non-toric
symmetry groups). These examples certainly show that the 16 spaces identified by Batyrev
and Kreuzer can have larger symmetry groups than the toric ones identified in their paper. It
is also likely that there are more TCY manifolds with freely-acting (but non-toric) symmetries.
As for non-freely acting symmetries, we are not aware of examples for TCY manifolds which

are not CICY manifolds at the same time.

Our first step will be to set up an algorithm for classifying symmetries, I', of CY three-folds X
which are hyper-surfaces X C A in a four-dimensional toric ambient space A, defined as the
zero set of a polynomial p. More precisely, we will focus on groups I' which can be embedded

into the symmetry group G4 of A. We proceed in the following steps:

e Find the ambient space symmetry group G4 from the toric data for A.

36



e For a given finite group I', study all injective group monomorphisms I' = G 4.

e For each such group monomorphism, find the most general invariant polynomial p.

e Check if the hyper-surface defined by such p is generically smooth.

o [f freely-acting symmetries are desired, check if the symmetry action is fixed point free.

For constructing the freely-acting symmetries, the Euler number, n(X) of the CY manifolds
needs to be divisible by the group order |I'|. A given TCY manifolds X (with n(X) # 0),
therefore, has a finite list of candidate symmetry groups I', each of which can be analysed as
described above. In this way, a complete list of freely-acting symmetry groups (embedded into
G ) can be found for each TCY manifold.

For non freely-acting groups there is no a priori constraint on the group order. The only in-
formation we can use is that the group order must divide the several geometrical invariants of
the CY, hence at least we have an upper bound on the finite groups. Then we apply the above
algorithm (dropping the last step of checking fixed points) for the finite number of groups at
any given group order, starting with group order two and successively increasing up to a desired
maximum. In this way, we can find all symmetries (embedded into G ), freely-acting or not,
until we enumerated all groups within the upper bound. In practice, since symmetry groups
of CY manifolds tend to be small, this can amount to a complete classification provided the

group order can be pushed sufficiently high.

In the present chapter, we undertake first steps towards a classification of symmetries based on
the above algorithm by applying it to all TCY manifolds with A!(X) < 3, some 350 manifolds.
In this way, we find all freely-acting discrete symmetries (which can be embedded into G 4) of
these manifolds. We reproduce all symmetries among these manifolds known from the Batyrev-
Kreuzer classification, as well as those known from the overlap with CICY manifolds. We also
find one new, non-toric symmetry group, Zs X Zs, on one of the 16 manifolds, where one of the
7 sub-groups is the toric symmetry identified by Batyrev-Kreuzer. For the resulting five TCY
manifolds with 2!(X) < 3 and with freely-acting symmetries we also search for additional,

non freely-acting symmetries. Our result for discrete symmetries is summarised in Section [3.5]
We also use our algorithm to construct a freely-acting Z, for a TCY with h''(X) = 6. This

particular TCY is not among the 16 cases identified by Batyrev and Kreuzer, which shows that

there are indeed more manifolds with freely-acting symmetries.
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The outline of the Chapter is as follows. In the next section, we describe the mathematical
background for our algorithm in some detail but at a relatively informal level. Technical details
and proofs can be found in the Appendix [A]l Section sets out the classification algorithm
which is applied to two specific examples in Section [3.4] Our results from the systematic search
of all TCY for h1'(X) < 3 are given in Table [3.1]

3.2 Construction of discrete symmetries

First we review the detailed construction of toric Calabi-Yau in subsection [3.2.1] where the
Calabi-Yau hyper-surface is defined as a co-dimension one sub-variety of a toric four-fold. Then
the discrete symmetries are identified as symmetry actions which keep the downstairs CY a
smooth and non-simply connected manifold. However, before we generate the symmetry ac-
tions, we must decide which finite groups are promising for constructing their representations.
There is no specific result on the general requirements of a discrete symmetry, we hence need
to at least find an upper bound on the group order, and only check the smaller order groups.
To solve this problem, we refer to the original papers on vacuum of superstrings |5,(78}79],
which states that the order of discrete symmetry group must divide the Euler characteristics
and Hirzebruch signatures of the twisted bundle (the product of tangent bundle and normal
bundle TM' ® NM*). The computation of these geometrical indices was well developed and
in fact we only need to require that the order of discrete symmetry group divides the greatest
common divisor (GCD) of the signatures up to a certain order. Therefore, the computation of
GCD of the twisted bundles is the first calculation which helps us to generate a list of finite
groups for further check.

Further, a discrete symmetry of CY is also a symmetry of the toric ambient space, because
the CY is defined by any linear combination of a set of homogeneous monomials on the toric
ambient space. Therefore we could firstly figure out the symmetry group of toric ambient
space, which covers the discrete symmetries of CY hyper-surfaces as subgroups. Then the toric
symmetry group are used to generate a large amount of projective representations, which we

further check to be discrete symmetries or not.

Along the way of establishing the structure of discrete symmetries, we brought in many new
definitions and theorems, which turned out to be rigorous yet tedious, therefore we write the
whole theory in appendix [A] Here we only summarise the most crucial steps of the algorithm.

It turns out that the algorithms could be split into three steps: The computation of symmetry
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group of toric variety; the construction of symmetry actions; the calculation of fixed point set

and smoothness of the symmetry action.

3.2.1 Convention

The Calabi-Yau manifold is defined as a hyper-surface in a toric four-fold as ambient space,
in another word the toric variety constructed from reflexive polytopes. We start out with a
pair of reflexive polytopes denoted by A°, A. The polytope A gives the monomials defining
a Calabi-Yau hypersurface X and is in the M lattice, whereas A° sits in the N-lattice which
also contains the fan of our ambient space. We denote k-dimensional faces of A by ©% and
k-dimensional faces of A° by ©°¥l. The pairing between vectors in N ®@ R and M @R is written
as (n, m). We now have n d-dimensional vectors v; in the N lattice space defining the generators
of the normal fan ¥ C N, namely ¥V = {vy,...,v,}. Choosing the ‘global definition’ of a
toric variety which best suits our purpose, we assign coordinates x = (z1,...,x,) € C" to the

generators v;.

The associated toric variety Py and the Calabi-Yau hypersurface X will be singular for most
reflexive polytopes, and we need to find a (crepant) resolution. In the case of Calabi-Yau
threefolds, such a resolution can always be found by refining the fan ¥’ — X, where ¥/ is a
fan over the simplices (on the boundary of A°) of a maximal fine regular star triangulation of
A° (the corresponding resolution on X is called MPCP in [31]). In the following discussion,
we will refer to maximal fine regular star triangulations simply as triangulations. We denote a
triangulation of a polytope A in terms of its cones of maximal dimension by ¢r(A). In such a
triangulation, we can discard everything happening inside of faces of co-dimension one of A°,
as the corresponding strata will not meet X. This is precisely the approach taken in |77], where

we read out polygons for the toric ambient space.

To actually define the toric variety, we need to gather the information of the triangulation to
define an “invariant set” called zero sets of (C*)" space. Z(I) is a zero set formed by generators

which do not form a cone:

Z(I)={xeC"|z;=0 Vie I} CC" (3.1)

where I is the index set I = {iy,...,i,} C {1,...,n}.
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Another important recipe of the weighted projective space is the charge matrix, which also
characterises the toric action G C (C*)™. If G is the set of all t = (¢y,...,%,) € (C*)" satisfying

Htf"zl forall r=1,...,d,

i=1

we can then write out the linear relations of the vertices

iQIVz’ =0,
i=1

where (¢";) form the Charge matrix Q). Hence, the continuous part, Geon, of G is given by
Geont = {diag(s¥) |s € (C*)" 4} = (C*)" 7. (3.2)

Given the zero sets and toric action, we can express the toric variety as the quotient of an
upstairs space by the toric action.
B Cr - Z(%)

A=— =
g g

The monomials that defines the CY is then associated with lattice point in the dual lattice

(3.3)

polytope defined as:
A :={m e M|(m,v) > —1,Vv € A} (3.4)

The monomials are then in one to one correspondence with the points in m as:

cy(m)= [[ " (3.5)
i=1,..,d

To explain the Batyrev construction described above, let us have a look at the CP? space.
Following our convention, the three vertices £ = {(0,1),(1,0),(—1,—1)} form the reflexive
polytope, for which the dual polygon contains three vertices (2,—1),(—1,2),(—1,—1) and all
the points within. The only linear relation between the vertices gives us the Charge matrix
as (1,1,1), which then translate into the torus action as (x,y,z) ~ X (z,y,2),A € C*. Since
there are 10 points in the dual polygon, we then have 10 monomials forming the CY family,

containing abc, ab?, a*b and a3, where a,b,c € {z,vy, z}.

Example 1. We now have a look at an example toric space of h'! = 2. The normal fan is
composed of 6 vertices as
Vi = (_17 07 07 1)7 Vo = <_17 07 27 O)? V3 = (_17 07 37 _1)7 Vy = (_17 27 07 O)J
V5 = (—1, 37 0, 0), Vg = (1, —1, —1, 0)
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The Charge matrix, encoding the linear relations between the vectors, is summarising the

(o) = 010102
)=\ 101013

i — 2.3 2 : .
We hence have the continuous part as Geonr = {82, 51, S2, $1, S2, $755} = C**. One triangulation

weighted projective structure:

of the polytope is:

tr(A) = {conv[{vy,ve, v3, v4}], conv[{vy, ve, v3, v }], conv[{vy, ve, vy, vs}], conv[{vy, va, v5, Ve }],

COnU[{Ul, VU3, Vg, UG}]a COn/U[{'Ul, Vg, Vs, UG}]7 CO?’LU[{UQ, U3, Vg, U5}]7 COTL’U[{’UQ, U3, Us, U6}]7 COnU[{Ug, Vg4, Us, UG}]}?

where conv means the convex cone formed by the four vertices. Then by counting the incidence
information from triangulation data, we have the zero sets Z(I) = {z1 =23 = 25 = 0} U {xs =
Ty = Tg = O}

Example 2. Another h'"' = 2 example. The six vertices are:

V1= (_1’070’())7‘/2 - (_1’070’ 1)’V3 = (_1707 1,0),V4 = (_1a07 17 1)7
Vs = (_17 17070)7V6 = (3, -1, -1, —1)

() = 011011
)=\ 100111

giving us the fibered P! x P! space. The continuous part of toric action is Gepns = {82, 51, 51, S2, 5152, S152}-

we have the Charge matrix

We then triangulate the polygon as
tr(A) = {conv[{vy, va, vy, v5}], conv[{vy, va, vy, v }], conv[{vy, v, vs, Ve }], conv]{vy, v3, vy, v5}],
conv[{vy, vs, vg, Vg }], conv[{vy, vs3, vs, V6 }], conv[{ve, va, Vs, v }|, conv[{vs, vy, V5, V6 }] }

which gives us the zero set as Z(I) = {xs = 23 = 0} U{z1 = 24 = x5 = 26 = 0}.

3.2.2 Symmetry group of the toric ambient space

Recall that the toric fourfold as the ambient space is defined as A = B/G = {C" — Z(X)}/G.
Our algorithm, intuitively, is sequentially considering the symmetries of zero set Z, the upstairs
space B, then finally the toric action G. Naturally one would think that the symmetry group

of A must combine these three objects, and indeed it is.
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Let us first think of the symmetry structure of the zero set Z. We denote the collection of all

such index sets and corresponding zero sets by
I={Ic{1,...,n}|{vi|i €1} donot formacone}, Z={Z(I)|Ie€T} (3.6)

Our zero set of toric variety is then

z=\Jzu (3.7)

IeT
To avoid redundancies, we drop all zero sets Z(I) from Z which are already contained in larger
zero sets and, correspondingly, all index sets I which contain smaller index sets are dropped

from Z.

Now we claim that, the symmetry group of the zero set P, could be characterised as R/S,
where R is the permutation group which mapped any I € Z to any index set within Z, S
the permutation group mapped each I € T to itself. In another word we define S = {o €
Splo(l) =1, VI eI} CS,,and R={c € S,|o(l) €Z, VI € Z}. In fact the following
sequence splits: 1 — S - R g P — 1, where 7 is the inclusion map and [-] denotes taking the

equivalence class. Hence the equivalent classes in R define the symmetry group P. For detailed

proof of P as order-preserving permutations, see [A.1.1} and [A.1.2].

Example 1. By counting the incidence information, we know that Z = {{1,3,5},{2,4,6}}.
From the definition of S, we know that it contains all the permutations which send the index
set {1,3,5} to either itself or {2,4,6}, and vice versa. Meanwhile R = S3 x S5, with two S3
for both index sets {1,3,5} and {2,4,6}. Therefore P = Sy which exchanges the two index sets.

Example 2. For this example, both S and R are only containing permutations within {2, 3}
and {1,4,5,6}, resulting in P being the identity group.

We now define index sets J and K, which covers all the information we need to compute the
symmetry group of toric ambient space: The index set J is defined as the overlaps of all the
I € Z, namely J = {1,...,n}/ ~, where ~ means i,j are in the same I. We also need
to group the homogeneous coordinates of G, such that we have the index sets K to collect
the same columns in the Charge matrix. Therefore the toric action G could be written as
G = Qxex Gax ()). Given the symmetry group of Z, we state that the symmetry group of G
is Ggp = Pg X Hp, where Hp is the continuous part that mapped each zero set to itself, defined
as Hg = {g € Gp|g(Z(I)) = Z(I), VI € T} C Gp. By further discussion, one realised that
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Cain,0)(G) = @ gex GI(K,C). Then Pg is defined as Rp/Sp, with Rp, Sp, Pp defined as the
isomorphic images of R, S, P into GL(n, C).

Example 1. By combining the incidence information of all the triangulation cones, we realise
J =K = {{6},{2,4},{1,3,5}}. Then Hg = GL({1,3,5},C) x GL({2,4,6},C) = GL(3,C)?,
and P = S5 as the image of P in GL(n,C).

Example 2. We have 7 = K = {{1,4},{2,3},{5,6}}, and Hp = GL({2,3},C)xGL({1,4, 5,6}, C).

Pg for this example is trivial.

The next calculation reflects how does the quotient of B by G constrain the symmetry group of
toric space. From general group theory, we need to compute the normaliser of the toric group G
within the symmetry group Gg. However, it is not straight forward to compute them directly
in G'g, we then firstly try to calculate the normaliser of G in GL(n,C), then intersect Gg. For
the former step, we define the other two permutation groups as R = S, N Ngim,0)(G), S =
Sn N Cain,0)(G), to have R = P x S, where Ngin,c)(G) is the normaliser of G in Gl(n,C) and

C’Gl(n,@)((] ) the commutant. Then in order to intersect Gz, we compute
Ri=RNR, Sa=5SNS, Pi=Rs/Sa, Ra=PsxSa.
Finally it turns out that the symmetry group of G 4 could be expressed as:
Ga=Pax (Ha/G) . (3.8)

where Hy = Hg N CGl(m(c)(g) = ®Jej Gl(J, (C)
Above is the method of computing G 4. Following the two examples in former section, we have:

Example 1. 7 = {{1,3,5},{2,4,6}}, J = K = {{6},{2,4},{1,3,5}}.
Therefore Hy = GL({6},C) x GL({2,4},C) x GL({1,3,5},C)/G.

Example 2. T = {{2,3},{1,4,5,6}}, J = K = {{1,4},{2,3},{5,6}}.

Therefore Hy = GL({1,4},C) x GL({2,3},C) x GL({5,6},C)/G.

One can refer to the section [3.4] for more detailed discussions.
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3.2.3 Construction of representations of symmetry action

We now think about the embedding of the symmetry action I' into the toric symmetry group
G4 as a group homomorphism. We can write R(y) = (n(7y),r(7)), where 7 : I' — P4 and
r: T — H,/G. What are the properties of 7 and r, given that R is a homomorphism? From
the multiplication rule (p, h)(p, }Nl) = (pp, jﬁlhﬁﬁ) in G 4 it follows that

m(vy) = 7(N)7(7) (3.9)
r(vy) = 73 r(r@rA), (3.10)

so that 7 : ' — P4 is a homomorphism and r : I' = H4/G is a m-homomorphism. Therefore
our task would be to firstly generate the permutation representations of the finite symmetry

group, then the corresponding twisted projective representations.

The permutation part = : I'y — P4 C S(K) can be viewed as purely permutations and could
be decomposed into its transitive constituents m;, each of which is a transitive permutation
representation on a subset ; C K. This is equivalent to some representation of P4 by right
multiplication on the cosets of P4/H; for some sub-group H;. More precisely, choosing some
x € K;, the group H; is the stabiliser of z and the permutation representations on P4/H;
and IC; are equivalent via H;v — vyx. So, in essence, constructing the permutation representa-
tions of I' 4 amounts to understanding its sub-group structure. Hence for a certain finite group
G := (g1, ..., gn), we only need to permute all its subgroups, the concrete representation for each

g; would just be the index change of g; — ¢;H;, where H; are chosen from all the subgroups.

A more difficult task is to compute the projective w-twisted representations for a toric variety
as weighted projective spaces. Let’s firstly recall the method in the ordinary projective space.
Assume that we have found a, not necessarily injective, group homomorphism 7 : G — Py4. If
the ambient space is a product of several projective spaces, we then know that m(y) acts tran-
sitively on a number of ‘blocks’ B; with the same size and leaves everything else unchanged.
Also the restriction of () for v € G; to B; defines a representation of G;. We now claim that

it is enough to fix a single r; to recover the whole 7-representation.

Let us hence consider GGy, the stabiliser of the first block, and fix the representation r; : G| —
GL(By,C). To reconstruct the whole action of G we pick a set of group elements ; such that

7(7;)(1) = i. We can make the choice 73 = 1 in G. We can then write any group element as

Y= Ya @i (3.11)
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with h in G, for any i. We can hence think of h to depend on v and 7. To see this, note that
h is given by
| )
h = V() @)V Vi - (3.12)
This is in G; as

= (Ve i) " () () (3.13)
1

We may hence write
R(7) = R(Y( ) RIDR(y; ") (3.14)

for any ¢ and v using an appropriate h. Going through the definitions this means that we can

write
ri(y) = r1(h) (3.15)

This allows us to recover all of the matrices r;() and hence the entire 7-twisted representation.
As we may construct h for any v and 7, the above relation holds for any m-twisted representation
and we only need to find all group homomorphisms 7 : G — P4 and all linear representations

of r; : Gy — GL(K,C) to construct all m-twisted representations.

However, it is not always true that the general m : G — P4 acts transitively on the blocks and
there may be several orbits. In this case, we can repeat the above construction separately for
each orbit Oy and then combine all of the data to find a linear representation R : G — P4 X H 4.
Here, the representation matrix becomes block diagonal with each block acting on the
elements { By} forming the k-th orbit O. Note that neither all of the representations 7 nor all
of the representations rf : GY — GL(By, C) need to be faithful to find a faithful representation
R.

In short, given an action of 7 : G — P4 and in aim of finding all w-twisted representations r(7),

we hence need to
e Find all representations 7 : G — P4, not necessarily faithful.

Find all orbits of the blocks under this action.

For each orbit, pick out a block and call it By. This defines the group G;.

Choose the group elements g;.

Study all linear representations r; (not necessarily faithful) of G; on GL(B;, C).
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e For each such linear representation 1, we may find the corresponding h for each ¢ and ~
using (3.12)). Using this A, we can determine all r;(vy) using (3.15)). This completely fixes

the representation R regarding the orbit under consideration.

e By choosing a linear representation for each orbit, we completely fix the representation
R.

As for the weighted projective space, we claim that the similar method works. See the detailed

discussions in the appendix [A]

3.2.4 Smoothness and fixed points

By definition, we want to check whether the matrix representations generated act freely on the
upstairs CY hyper-surface. The smoothness means that, by gathering the invariant monomi-
als after the symmetry action, the downstairs family is still forming a smooth hyper-surface.

Meanwhile the freely symmetry action must have an empty fixed point set.

For checking the smoothness, a slightly different situation is that we now have toric ambient

space as patches of cones. Recall that for a hyper-surface defined on a single projective space by

polynomial P, we only need to compute its Jacobi ideal as I7 = {P? = g‘;; == %f; = 0}.

In the toric case, we need to check for each patch whether there is a singular point.

Intuitively we assign the singular points into two different types, with the first type preserv-
ing the singular point of the cone itself, the other coming from the polynomial defining the
hyper-surface. More specifically, the first type for each cone o € ¥ is just the point where all
the coordinate z; corresponding to v; vanish. And for this type we only need to compute the
determinant of the vertices forming the cone. The smooth cone must have determinant as 41,

otherwise we could just stop the algorithm.

For the second type, where the cone ¢ itself is smooth, the singular points must be checked via
defining polynomial of the CY. The issue now is that we need to project the CY defined via the
global coordinates into a certain cone. After some discussion, we know that the singularities
arise through fixed points of the group action of G' on C* would turn it into V(o) = C*/G.
And we can lift X C V(o) to a (different) hypersurface X in C* which descends to X via a free
group action of G. Smoothness of the covering space is then equivalent to smoothness of the
quotient. After re-writing the coordinates into the cone, we realise that the same method for a
general projective space still works. Therefore our method for checking the smoothness could

be summarised as follows:
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e Determine the most general invariant family of hypersurface equations (polynomials P)

We denote a generic member of this family by X.

e Loop over all four-dimensional cones o of ¥’ (this is the fan given to us by [77]). Let us

denote the fourﬂ generators of the rays of ¢ by v7,7 =1, ....4.

— find out if the cone is smooth (the determinant of the matrix formed by the v; is
+1). If this is not the case, there is a singularity located at the point of Py, where
all of the coordinates x¢ associated to the v{ vanish. Check if this point meets X,
ie. if 27 = 0,V = 1..4 automatically solves P = 0. If that is the case =+ BREAK
and dump 7(G)

— define P? by setting to unity all coordinates whose corresponding rays are not con-
tained in . Then check if the ideal

ors  0P7

oxg  0x§

17 ={P’ = 0} (3.16)

is empty ('method 17). If not - BREAK and dump r(G)
o If all of the I7 are empty, we have a smooth manifold symmetric under the action r(G)

We then move on to the method of calculating the fixed point set. Denote by II : [ - T the
group projection, by v : Ga — G4 the projection for the ambient space symmetry groups and

by ¢ : A — A the ambient space projection. Evidently, if II(3) = v and R(y) = v o R(%) then

qoR(Y)=R(y)oq. (3.17)

For a 7 € T" define the associated downstairs fixed point set by

F,={a€ A|R(y)a=a}, (3.18)
and its upstairs counterpart by
Ey={acA|R®H)a) € aG} . (3.19)
Then Eq. implies that
q(Fy) = Fug) - (3.20)

We can also define the Calabi-Yau manifolds X C A and its upstairs counterpart X C A such

~

that ¢(X) = X. What we are actually interested in is the intersection of the fixed point sets

!By construction, all cones in question are simplicial.
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with the Calabi-Yau hyper surface, that is F, := F, N X. Their upstairs counterparts are
.7:} :F&ﬂf(. Then
a(F) = F, . (3.21)

What we want is for the Calabi-Yau manifold not to intersect the fixed point set, that is,
we need J, to be empty. From the previous equation this is the same as saying that ]:} is
empty. Let us denote by Ry the block of the representation K corresponding to the set of
coordinates K € K and by zx the corresponding the upstairs coordinates in this block. On
these coordinates the topic group G acts as zx — s zg and, hence, the upstairs fixed point
condition in Eq. can be written as

~

RK<’A}/)ZK = SqKZK (322)

for all K € KC. These equations can be described by an ideal I in the ring C|[z, s] (one may have
to multiply with powers of some parameters s, if the corresponding charges ¢’ are negative, in

order to achieve polynomial form).

Intuitively it is quite apparent that we only have to compute the intersection of zero sets de-
fined by equation. and the Calabi-Yau hyper-surfaces. However two subtleties come as
the following. First of all the Calabi-Yau hyper-surface is not unique, but varies within a huge
family whose defining ideal is linear combination of invariant monomials. In practice it is never
possible to check each Calabi-Yau to confirm the fixed point free property, and it turns out
we could only randomly pick up several CYs and repeat the computation, until there is one or

more Calabi-Yau which doesn’t intersect the ambient fixed point set.

The second subtlety is that, we must exclude the variety defined by the Stanley-Reisner (SR)
ideal from the fixed point set. This is due to the construction of the toric variety as a weighted
projective space, the same reason why we do not consider zero of C"*! in P" space. There are
two SR ideals appearing in our computation: one is used to define the zero set Z of the toric
ambient space, while the other is the zero set correspond to G, and we had to remove both.
As for the practical computation, it is not a good choice to simply compute the saturation of
fixed point equations by the SR ideals, because the variety hence defined does not necessarily
exclude all the points in SR ideal. The reason is that a saturation of different ideals only gives
the topological closure, whereas the saturation of fixed points set and SR varieties are open sets.
Therefore in practice we must compare the two radical ideals of the fixed point equations with

or without the SR ideals, to know exactly whether we have the discrete symmetry as required.
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3.3 Algorithm of classification

We now summarise the whole algorithm classifying the freely acting symmetry for toric Calabi-

yau hyper-surfaces.

I. Prepare the toric four-fold lists. Start with a Hodge number h'!, define the list T}1.1

as all the toric varieties with the chosen h'!.

II. Compute the geometry of TCYs. For each ambient space A in Tj1,1, compute the
GCD of third Chern class and signature of twisted bundles, which gives us the candidate
finite groups as discrete symmetries. In addition, compute the monomials P; defining the

Calabi-Yau hyper-surfaces.

III. Compute the symmetries of ambient space. Compute the toric symmetry group
G 4 as sequentially figuring out Z,7,/C,L. Combining the Charge matrix, we have the
semi-direct product as G4 = Py X (Ha/G)

IV. Generate the representations. For each group G as the candidate, generate the matrix
representations Rg = {71, ..., 7|ry|} following the method in [3.2.3]

V. Check the discrete symmetry actions. For each representation r in R, generate a
few random hyper-surfaces using P;, and compute the list P/ as invariant combinations

of monomials after the symmetry action. Check the smoothness and fixed point set for r.

The detailed implementation is quite lengthy and referred to the appendix [A] As the geometry
of K8 list, we are using the database [77], and we use GAP [80] for the group data of con-
structing the projective representations. The computation system is composed of Mathematica
modules and the AG computation is finished in Singular. The CY hyper-surfaces are generated
with random coefficients of each monomial ranging from 0 to 100. If the computation in Sin-
gular is too complicated over Complex fields, we then alternatively use quite a few finite prime

fields as the base field, to make sure we had the consistent result.

3.4 Examples

We now list a few examples to explain the algorithm and following the steps as in section (3.3]).
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3.4.1 A Z, symmetry of tetra-quadric

The tetra-quadric ambient space falls in the class of CICY, yet it could also be constructed as a
toric 4-fold. We start with tetra-quadric to explain the details of the geometrical data and how
is the algorithm progressed. The Hodge numbers of the tetra-quadric are h'! = 4, hl? = 68,
which we assumed is already prepared in Step I.

Step II: The ambient space is constructed by a reflexive polygon of 8 vertices in the 4-dim

lattice space:

v; = (—1,0,0,0),vo = (—1,0,0,1),v3 = (—1,0,1,0),vy = (—1,1,0,0), (3.23)
Vg — (]., —1,0, 0),V6 = (1,07 —170),V7 = (1,0,0, —1),V8 = (1,0,0,0)

The zero set is then characterised by Z as:

1= {{17 8}7 {27 7}7 {37 6}7 {47 5}}7
Z:{Il :ZL‘g:O}U{l’g:$7:O}U{ZE3:ZE6:O}U{ZL‘4:ZL‘5:0} (324)

Its Charge matrix

00011000
n_ | 00100100
@)=l 0100001 0 (3.25)
100 0O0O0O0T1
gives us the toric action:
g = {{847 S4, 83, 83, 52, S2, 31751} ’8i € (C*} (326)

In general, we cannot expect there to be only one geometry for a certain polytope, because
different triangulations might give rise to different geometries with varied Chow groups and
intersection numbers. Therefore in practice we need to distinguish different triangulations,
even if they might turns out to have equivalent geometries.

We could further compute the Chern classes and Euler number etc. given the intersection
numbers. Since the Hodge number h! = 4, we expect there to be 4 basis elements in the Chow

group and write as J;,i = {1,2,3,4}. Now the intersection number is:

Ji/\Jj/\Jk =2 5i,j,k7i7j;k: 1,...,4 (327)

Further computations tell us that the second Chern class expressed in this base is Cy = 4(J; Jo+
J1Js+ Jods+ J1Jy+ JoJy + J3Jy), while the Euler Characteristic is —128. In addition, the GCD

of Euler number and Hirzebruch signatures of twisted bundles is 16, we hence need to consider
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all the finite groups with order less or equal to 16, such as Zs, Zy, Zo X Zo, Zs, Zo X Z4 and
Zo X (Zsy X Zs) etc. For each of them we need to generate all the m-representations using the
method in former sections.

As for the monomials defining the TCY family, we simply use the formula (3.4), which gives us

81 homogeneous monomials.

Step III. The other piece of information for generating the m-representations is the symmetry

group of toric ambient space. We have
J =K =17={{1,8},{2,7},{3,6},{4,5}} (3.28)
which implies that S = S({1,8}) x S({2,7}) x S({3,6}) x S({4,5}) = (S2)*. Therefore P is

interchanging the four equal length blocks, P = S,.

Following the information of K and 7, the P, is now defined as the quotient of
R4 = permutations of blocks x S 4,

where Sy is just S({1,8}) x S({2,7}) x S({3,6}) x S({4,5}) = (S2)*. Hence P4 = S, in-
terchanging the 4 blocks as the permutation part of the ambient symmetry group. On the

continuous part, we have

H, = GL({1,8),C) x GL({3,7},C) x GL({3,6},C) x GL({4,5},C)/G, (3.29)

which still allows the permutations of variable within each blocks.

Analysing the structure of Hu, we can see that the symmetry action of the CY could be
interchanging the 4 blocks, while remains the action within each block the same. Actually the
symmetry action had already been systematically analysed in the paper [69]. In Step IV. we
generally construct all the matrix representations. For example we can now choose Z4 group

generated by ¢, as

r(Id) =1 r(g?) =

r(g?) = r(gh) = |7 e (3.30)

g3 g3
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where we use Pauli matrices as o1 = (94), 02 = (973") and o3 = (§ % ).

The matrix representations were acting onto the homogeneous variables following the order

K = {21, x5, x2, x7, x5, 6, T4, T5}.

To see whether the above representation acts freely on the CY hyper-surface, we need to use the

Reynolds Operator to pick up the invariant family as consists of 41 invariant monomials defining

the downstairs CY hyper-surface such as x323r3x3, T1T9T3T4T5T6T7Ts, ..., T3T4T5TELETE.

Let’s now pick up r(g1), and write out the fixed point equations:

S§421 — 1 = 0,8428 + 25 = 0, 8309 — 29 = 0, 327 + 27 = 0,
Sox3 — x3 =0, S9w6 + 16 = 0, 5174 — x4 = 0, 81205 + 25 =0

(3.31)
By excluding the zero set
{r1 =25 =0} U{aa =27 =0}U{a3 =26 =0} U{ay =25 =0} U{s; =0},i=1,...,4,

we see that there is no fixed point for the CY family.

3.4.2 A Z, symmetry of bundled tetra-quadric

Another new Z, discrete symmetry that we have found is the Calabi-Yau constructed of 10

homogeneous coordinates/vertices:

Vi = (_]‘7 _17 _]'7 _1)7V2 = (_1707 070)7V3 = (07 _17070)7V4 - (0707 _170)7V5 - (070707 _]->7
Vg = (070707 1),V7 = (Oa 07 170)7V8 = (07 1,0,0)7V9 - (17070a 0)7V10 = (]-a ]-7 17 1)

The Charge matrix is:

0100 0O0O0O0OT1OPO0
001 00O0O0OT1O00O0
0001001000
Q= 0000110000 (3.32)
0111100001
1000011110

The zero set Z is now characterised by Z as:
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T =21p0=0Uxy=29g=0Uz23=205=0Uz4 =27, =0U 25 = 26 = 0U
T1=2¢=x7=0Ux1=25=25=0Uz1 =26 =29 =0U2x; =27 =23 = 0U
T1=T7=29g=0Ux1 =28 =29=0Ux9=23=24 =0Uxy =23 =25 = 0U
To=23=T1p=0Uxso=24=25=0Uxy =24 =210 =0U 2z = 25 = 219 = 0U
T3=T4=25=0Uaxs =24 =210=0Ux3=05=210=0U x4 = 25 = 19 = 0U

ZL’G:ZL'7:.178:OU[Eﬁ:ZE7:[L’9:OUZL‘GZZEg:ZEg:OUZL"y:ZL‘S:ZL‘QZO

(3.33)
thus giving us J = K = {{1}, {2}, {3}, {4}, {5}, {6}, {7}, {8}, {9}, {10}}
with its toric action:
G = {(s6, 5155, $255, $3S5, 5455, S456, 356, S256, 5156, S5)|s; € C*} (3.34)
The Z4 discrete symmetry action is with generator:
r(g1) = {1 > 10, T2 > X9, T3 > Xy, Ty <> Ty, T5 <> Tg} (3.35)

One can check that this is actually a fixed point free action and leaves the quotient CY a smooth

hyper-surface.

3.5 Scan results

The complete search of the KS list is so far not reachable, we hence start from toric CYs
with lower Hodge numbers to more complicated geometries. What’s more the existing 16 CY
families with fundamental groups as discrete symmetries fall into the range A = {2,3, 4,5},
where we also expect the new discrete symmetries to arise. One computational difficulty is
that the algebraic geometrical check of fixed points set is very time consuming, and not easy
for timing. Possible solutions, as mentioned before, would be using a few finite base fields and
random Calabi-Yau surfaces, yet this might go wild during the actual Singular calculations.
Another consideration is, as the group order becomes larger, it caused more resource and time
to generate the representations as well as their Schur covers. Statistically since all the discrete
symmetries known are in the simple form as Zs, Z3, Zs, .., we might first try out the finite groups

of orders less or equal to 4.

We therefore plan to run the systematic scan in the following spirit:
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The geometry data on the Database [77] is including all the triangulations & toric informations
up to At = 6. The number of inequivalent geometries are 39, 306,2014, 13635, 85679... We
firstly test out the 16 families and their known discrete symmetries, which includes the famous
bicubic and tetra-quadric shared by CICY. Then we start with each h'! and the finite groups
with order < 4. Meanwhile we run the fixed point test before the smoothness test because
statistically it is harder for a concrete representation to come with an empty fixed point set.

Once the small ordered groups are finished, we then run the higher ordered groups.

After testing and running the complicated system for months, we can now make some important
statements on the discrete symmetries with A = {2,3,4}, and we do actually find out a few
new discrete symmetries except the known ones. We realises that it is a truly difficult situation
to run into any discrete symmetries if it is not the fundamental group of a toric CY. We hereby
firstly mentioned the new examples we've found out, then describe the details of our scan.
Finally we want to point out a new interesting idea of non-freely acting symmetries and the
possible realisations.

3.5.1 Discrete Symmetries

The example in the former section gives us a new discrete symmetry of hb! = 6.

The scan of all the h''' = 2,3 geometries of finite groups of order less or equal to 4 gives us

only one new freely acting symmetry except the known cases in paper [81] of the 16 families.

3.5.1.1 A 7Z, X Z, discrete symmetry

Consider the reflexive polytope formed by the following vertices:

V1= (_1707070)7V2 = (_1707072)7V3 = (_1707 17 1>7V4 = (_1727 _17 _1>7 (336>
Vs = (_172707 _1)7V6 = (17 _17070)7V7 = (_170707 1)

The zero set is then characterised by Z as:

1= {{1,2},{577},{3,4,6}}, Z = {xl = X9 = 0} U{I5 = T7 = 0} U{Ig =Ty = Tg = O}

(3.37)
The Charge matrix is
0000121
(¢')=100110 20|, (3.38)
1100240

o4



which gives us the toric action

g = {(slsg, S%sgsé, S1, 83, $3, S2, S2)|S1, S2, $3 € C*} (3.39)

The toric ambient space have Hodge numbers as ht'! = 3, h>! = 115.

As for this polytope, we choose the following triangulation:

[U17U37/U4>/U5]7 [Ula U37U47U7]7 [/017 V3, Vs, U6]7 [U17037v67 U7], [Ula U47U5av6]7 [Ula V4, Vg, U7]7

[U27 U3, U4, U5]7 [1)27,0371]47 U7]7 [U27U37U57U6]7 [U27 U3, U67U7]7 [1027,047 Vs, UG]? ['UQ,'U4,'U6,'U7] (34())

which has twelve 4-dim cones. We could compute the Chern classes and Euler number etc.
given the intersection numbers. Since the Hodge number h! = 3, we expect there to be 3 basis
elements in the Chow group and denote them as J;,i = {1,2,3}. Now the intersection numbers

are:

Jl/\JQ/\J;g:Q,Jl/\Jg/\JQ:2,J2/\J1/\J3:2,J2/\J3/\J1:2,
JoNTgN T3 =4, JsNJINJo=2,J3 NJa N Jp =2,
Js Ny NJs = —4, Js N Js A Jy = —4 (3.41)

and the remaining terms vanish. Further computations tell us that the second Chern class
expressed in this base is Cy = 5J2 + 24.J,J + 12J3.J5 — 6J§7 while the Euler Characteristic is
—224. In addition, the GCD of Euler number and Hirzebruch signatures of twisted bundles is 8,
hence the following groups need to be checked: Zy, Zy, Zo X Zg, g, Lo X Zy and Zg X (Zg X Zs).
For each of them we need to generate all the m-representations using the method in former

sections.

The other piece of information for generating the w-representations is the symmetry group of

toric ambient space. We have

J = {{1,2},{5,7},{3,4,6}},
K ={{1,2},{3,4}, {5}, {6}.{7}}, (3.42)
which implies that S = S({1,2}) x S({5,7}) x S({3,4,6}) = Sy x Sy x S5. We also have P
as interchanging the two blocks {1,2} and {5,7} of J, hence P = S,. One might notice that

without the interference from the toric action, the symmetry group is a rather straight forward
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list involving only the triangulation information. However later we could see the changes of

ambient symmetry group contributed from the Charge matrix.

Following the information of K and 7, the P, is not defined as the quotient of
Ra = S({1,2}) x S({3,4) (3.43)

by
Sy = S({1,2}) x S({3,4}), (3.44)

hence we have the trivial P,. However one does notice that H, is now
Hy=GL({1,2},C) x GL({5,7},C) x GL({3,4,6},C)/G, (3.45)

which still allows the permutations of homogeneous variables to appear into the discrete sym-
metry action. The question that remains is just how to construct the explicit matrix represen-

tations of all the possible symmetry groups.

There is only one orbit with two blocks {1,2},{3,4} in G, which means the best chance we can
get permutation representations inside H4/G is the interchanging of {1,2} and {3,4} blocks.

Take Zs X Zo for example, the following generator of Z, as matrix representations could be:

I3
r(gl)z( o1 ) (3.46)
P}

The matrix representations were acting onto the homogeneous variables following the order

’C == {xSa Xey L7, T1,T2,T3, $4}-

The CY hyper-surface upstairs is defined by linear combination of 153 monomials correspon-

St - 84,4 8. 3.4 822 4 4,42 2
dent to each point in the polar polytope, in the form of x{zjz7, v{rsrixs, 250527, . K5x505 07

aixaxh w3rariv, airt... If we calculate the invariant ones after the discrete symmetry action,
we would realise that they form a base of the Calabi-Yau family composed of 50 polynomials
such as zirxirinal, p2xsrera?, ..., xirtad, for which we check the smoothness and fixed point

set.

We now claim that the following matrix representation of Zy X Zs = {1,491, g2, g1g2} is one

discrete symmetry of a generic Calabi-Yau hyper-surface:
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~1I

01

r(Id) = (I7) r(g1) =

01

03

Iy o
7(9192) = 0103 r(ge) = 2 (3.47)
0103

g3

The matrix are acting accordingly on variables {x5, zg, 7, X1, T2, T3, T4 }.

Note that this is not a linear representation but a projective representation, namely the direct
multiplication will not only has 4 elements but 8, however some of them will be reduced by G
action, reflecting the fact that we are working on projective spaces.

Let’s now pick up for example r(g;), and write out the fixed point equations for it.

2 2.2.4
518525 — x5 = 0, 81555306 + w6 = 0, s127 + 27 = 0,

S3T¥1 — T2 = O, S3T¥9 — X1 = 0, S9X3 — Xy = 0, Soly — X3 = 0 (348)
By excluding the zero sets
{$1 :2?2:O}U{{L‘5:$7:0}U{$3:$4:$6:0}U{81:O}U{SQZO}U{S;J,:O}

One can check that there is no fixed point set intersecting the generic Calabi-Yau.
Note that this Calabi-Yau actually resides in the 16 families, however the fundamental group

for it is Zo rather than Zy X Zs, whose matrix representation is:

r(Id) =1 r(g1) = (3.49)

03

This symmetry action is sharing one generator with the new symmetry action that we have
found out, which suggests that even for the 16 families, one can recombine the known discrete

symmetries to get new ones.

3.5.1.2 Scan results

We now summarise all the discrete symmetries with toric CY of h' < 3 into the following

table B.1k
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charge

# of Hodge i discrete . .
polytope matrix matrix representation
geometry | number symmetry
(transposed)
1
2im
-1 0 0 0 1 L €’ ix
#1 bl =1 -1 0 0 1 1 Z5 = <g1> r(g1) = S i
quintic | M =101 | 1 9 5 9 ) T oo
4 -1 -1 -1 1 T
2im
_ T
o= °” _4dim
e 5
Zs x L
5 s oo ={a ] 24 4 2]
= <91>92> rg1,92) ={ev[ 5 2 5 3 31}
ro1,92) ={es [} 2 3 5 31}
rg1,92) ={ev[ 3 5 ¥ 1 51
ro1,92) ={es[ 5 3 5 & 51}
1
24
B = e 3 )
Zs = (1) o
-1 0 0 o0 0o 1 8
1,1 -1 0 0 1 0 1 r(g1) =
#2 htt =2 -1 0 1 0 10 T ( ﬁ)
: : 1,2 _ -1 1 0 0 1 0 2ix
bi-cubic | h 83 > 1 -1 o0 1o a=| B N
2 0o o0 -1 0 1 Zis X L3 o
1
= (g1, g2) B, j “[1y
v(ql,q»—{ C )k
r(91,92) = { 8 7}
r(91,92) —{ 8 v h
r(91,92) = { B) v}
-1 0 0 0 0 0 1
—1 0 0 1 0 1 1
pbl =3 -1 0 2 o0 0o 0 1 7 .
LA AT N A I Rt o= ()
—1 0 1 0 1 2 0
—1 2 —1 0 1 0 0
1
1.1 -1 0 0 0 0 0 1 L _
44 htt =3 ~1 0 0 2 0 0 1 Ly = <gl> r(g1) = ( L2 - )
1.2 -1 0 1 1 0 1 0
h 115 —1 2 -1 —1 0 1 0 T
-1 2 0o -1 1 0 2 Lo X Lo
1 —1 0 0 2 2 4 o the one in formula (3.47]
—1 0 0 1 1 0 0 = <gl7 gz>
—1 0 0 0 0 0 1
—1 0 1 0 0 1 0
hl’l =3 -1 0 1 1 1 0 O -1
#5 1.2 -1 2 -1 -1 1 0 0 ZQ = <gl> r(g1) = 73
hH* =115 -1 2 -1 o0 0 1 o0 o3
-1 2 0 0 0 0 1 73
1 —1 0 0 2 2 2

Table 3.1: discrete symmetries
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3.5.2 Non-freely Acting Examples

Non-freely acting symmetries are of importance because of the following reason:

Let’s assume that the upstairs CY manifold is denoted by X and the discrete symmetry group
G is not necessarily freely-acting. However the symmetry group has a freely-acting subgroup,
I'y € G, and we have the downstairs CY manifold defined by the quotient X=X /T'¢ with the
projection p : X — X. We also define the normaliser of the freely acting subgroup I'y in G as
I':= Ng(T'y).

The phenomenological considerations would be that vector bundles V' living on X descends
down to a bundle V — X, s.t. V= p*v. If we further assume that V has a G equivariant
structure s.t. downstairs symmetry group lifts to the downstairs bundle, and the upstairs bun-

dle V' has a I' equivariant structure.

Recall that for the vector bundle with structure group H, we have that the effective GUT
group G is the commutant of H within Eg. Under the above assumptions, the low-energy GUT
group G is further broken to the standard model group Ggys by the I'y Wilson line bundle W.
Now the complete downstairs bundle is V & W and the adjoint representation of Fg is now

decomposed under H x Ggp X I'y as:

248 — @i(Ri, Ti,w;) + c.c. . (3.50)
These i-th multiplet type in this decomposition resides in
[HY (X, V) @ wilo, [H'(X,V])®wilo (3.51)

where V; is the induced bundle corresponding to H representation R; and the subscript 0 denotes

the I'y singlets. It appears that the I'; representation content of the relevant cohomologies is
HY X, V)= p®* gy, HY X, V) 2y (3.52)

where p is the regular representation of I'y and v; are arbitrary I'y representation. Therefore
given the I'y as subgroup of I', we could have a refined version of the particle contents. We now
share a few non-freely acting symmetries, giving us the smooth downstairs CY hyper-surface,

but not necessarily fixed point free.
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3.5.2.1 At =3 h* =115

Let us now look at a few smooth action for the example [3.5.1.1 Given the Z, action defined
in|3.5.1.1], there are plenty of smooth actions including the Z, as a subgroup (#4 in the table).

For example the following Zs X Zs representation:

1
—I
r(Id) =1Ir r(g1) = ? o
3
03
1
I -1
7(g2) = < _H2> r(g192) = ? o5 (3.53)
0103071
of which the invariant Calabi-Yau family is the same as the Z, symmetry.
and the following Zs x Zo symmetry:
1
—1I,
’I"(Id) = H7 7"(91) — oy
03
1
1 I
io=| o = (") (3.54)
010301

3.6 Conclusion

In this chapter we brought about the method of systematically constructing the discrete sym-
metry actions as well as computing its fixed point set and checking the smoothness. This is a
rather complicated topic involving toric geometry, representation theory and algebraic geom-
etry computations. The recent progress in [69,/77,[81] made this possible and we found a few
new discrete symmetries, which will be the first step towards string model building on the vast
class of KS list beyond the 16 special families. It is desirable to further apply this method to
ambient spaces of larger Hodge numbers as well as large order finite groups as the candidates

of discrete symmetries.
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Chapter 4

Superconformal Block Quivers, Duality
Trees and Diophantine Equations

4.1 Introduction

Over the last few decades, the study of quiver theories has occupied a prominent position both in
pure mathematics, especially in algebraic geometry and representation theory (cf. e.g., [82-86]),
and in theoretical physics, especially in the AdS/CFT correspondence and in the phenomenol-
ogy of Standard-like models (cf. e.g., [42,44,87-89]). One salient feature is that gauge theories
arising as world-volume quantum field theories living on stacks of branes probing Calabi-Yau
singularities naturally have a product structure for the gauge group as well as bi-fundamental
and adjoint fields realized by open-strings; such generically supersymmetric gauge theories are

thus encoded by quivers.

The dialogue between the world-volume physics and the geometry of the Calabi-Yau singularity
has given us a wealth of new physics and mathematics over the last score of years. There is a
variety of such theories one can construct, or “geometrically engineer”, in this way depending
on the type of branes and the choice of the Calabi-Yau space. Of main interest has been the
construction of (3 4 1)-dimensional gauge theories preserving N' =1 or N/ = 2 supersymme-
tries, which feature centrally to the AdSs/CFTj correspondence [38] and which, of course, are
of some phenomenological concern. There has been an industry to construct even more classes
of such quiver gauge theories with an underlying geometry, ranging from orbifolds [42/-44], to
toric singularities [41,/45-47], as well as their avatars as brane tilings [48-52], to more generic

spaces [90-92]. A myriad of theories have been established and countless successes, recounted.

Let us focus on A/ = 1 theories. Indeed, whereas the N' = 2 Lagrangian is fixed once the matter

content is specified, whereby limiting the possibilities for interaction, the N/ = 1 superpotential
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is an additional ingredient to the matter specified by the quiver. In fact, the F-terms prescribe
formal algebraic relations to the arrows in the quiver, giving rise to so-called labelled quivers
with relations, which has been recently intensely investigated by mathematicians. Furthermore,
a key advantage of N' = 1 is chirality - a desired phenomenological property; in terms of the
quiver, this is reflected by the fact that not every arrow between two nodes has a counter-part
going in the opposite direction. Finally, because of the inherent holographic nature of certain
classes of our gauge theories, they have superconformal fixed points in the infra-red. This is, of
course, reflected by the archetypal example of AdS/CFT, the NV = 4 super-Yang-Mills theory

in (3 + 1)-dimensions from which all our quiver theories geometrically descend.

The natural question thus arises as to whether one could march toward a classification scheme
of the plethora of superconformal N' = 1 quiver gauge theories which have bedecked the litera-
ture. This is, of course, an ambitious goal, especially given the unclassified nature of Calabi-Yau
threefold singularities. Note though that the quivers studied here are more general since they
are not necessarily Calabi-Yau threefolds. In the toric subclass of Calabi-Yau manifolds, due
to the combinatorial nature of the geometry, attempts are under way towards an enumera-
tion [52,/93-96].

The organization of quivers by grouping nodes which are unlinked into so-called “blocks” has
emerged in the study of sheaves over del Pezzo surfaces [53]. This was also applied to the su-
perconformal context over the years [54-57], culminating in a systematic investigation in [87].
Such seemingly innocuous procedure turns out to be very powerful. As demonstrated in [87],
many of the known theories, often corresponding to such complicated geometries as cones over
Hirzebruch surfaces or pseudo del Pezzo surfaces, can have their quiver diagrams contracted to

ones with only a few blocks.

Now, it had been realized that Seiberg duality is a very particular transformation on quiver
theories [46,/47,97] and various geometrical interpretations ranging from Picard-Lefschetz trans-
formations [56] and Weyl group action on the quiver root system [98,/99], to mutations in ex-
ceptional collections of coherent sheaves [55] and to tiltings in the derived category |100}/101]
have been studied. Such a duality is well adapted to the block structure. In addition, the ranks
of the nodes obey Diophantine equations [56}/102] which generalize the Markov equation. The
possible values after a blossoming “tree” of duality transformations all satisfy a Diophantine

equation determined by the geometry.
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Our motivation is clear: First, we wish to continue the study of the taxonomy of N' = 1 quiver
theories, organized by blocks. In [87], the situation up to four-blocks was detailed. The reason
the case study stopped there is because starting from five-blocks, a qualitative difference arises:
it is not clear which cycles enter in the superpotential, and it is not completely clear if an
arbitrary number of Seiberg Dualities leave the quiver chiral. Our first challenge is to address
this issue in a completely algorithmic and exhaustive way. Indeed, in Sec. we will see that

Seiberg duality leaves the models chiral.

This possibility to continue to a higher number of block is only the tip of the iceberg. We shall
see how the representation theory of quivers comes to our aid and offers us a unifying light
under which we could examine the quiver block structure, the assignment of ranks and arrows,
as well as the general form which the Diophantine equations must assume. Thus representation

theory, algebraic geometry and number theory come into full interplay with the physics.

The chapter is organized as follows: We begin in Section by setting the notation of our
problem of classifying block-quivers by illustrating with the known examples of three and four-
blocks. Using the representation theory of quivers, especially a certain bi-linear form called the
Tits form, we show how the Diophantine equation for the three-block model can be retrieved
exactly and what Seiberg duality means in this context, while in the four-block quiver we
unravel a structure that leads to the Diophantine equation which is also present in the three-
block models. Then, in Section we study the first highly non-trivial case of five-block
quivers, which have eluded much of the physics and mathematics literature. We show, despite
the extremely complicated combinatorics, that we can still use the Tits form to organise the
Diophantine equation and shed light into Seiberg duality. We conclude with outlooks in Section
4.4 Of use will be Appendix which is an enlightening but self-contained review of the

rudiments of quiver representation theory which will be used in the chapter.

4.2 Block Quivers

In this section we begin with a brief reminder for the reader of the concept of block quivers,
how Diophantine equations arise from the requirement of existence of superconformal fixed
points, as well as the emergence of representation-theoretic quantities in relation to physical
constraints. We will illustrate with the well-known example of the three-block quivers, under
a new and unifying light. For short, self-contained exposition to some relevant terminology of

quivers, especially from a mathematical perspective, we refer the reader to Appendix [D.1]

63



The central object of our concern is the chiral quiver, by which we mean any quiver diagram
which has no bi-directional arrows (including, in particular, self-adjoining loops which connect a
node to itself). The reason for this restriction will soon be clear; essentially it is because we will
only be dealing with anti-symmetrized adjacency matrices which do not capture the information
of bi-directional arrows. Chirality is a general feature of N’ = 1 quivers which have risen over
the last decade of the AdS/CFT Correspondence belongs to this category. Following [87] we

recall that a block in a chiral quiver diagram is as follows:

Definition A block is a set of nodes among which there are no arrows, such that all nodes in
a block are either heads or tails of arrows connecting them to other blocks. Furthermore, all

nodes within the block have the same rank.

Physically, this simply means that we have organised a set of gauge group factors, all of which
are of equal rank and which have no bi-fundamental fields charged amongst them, into a “block”.
The whole set can then be described as a single node with a multiplicity denoting the cardinality
of the set, and single arrows with multiplicities connecting this block to others. We see, indeed,
that we are dis-allowing arrows which join nodes to themselves. With this convention any chiral
quiver diagram has a block structure with all blocks trivially having multiplicity one. We sketch
these notions with an example in Fig. [£.1, where blocks 1, 2 and 3 respectively consist of the
nodes {1,4,7}, {2,5} and {3,6}. A block quiver can therefore be presented by the following

Figure 4.1: A three-block structured quiver diagram. Quiver nodes in yellow are gathered in block
nodes in violet. The arrows in both pictures denote collectively all possible arrows among the
indicated yellow nodes.

data:
e the number of blocks,
e the number of nodes in each block, and

e the number of arrows connecting any pair of blocks.
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Bearing this in mind, let us set the notation to be adopted in this work:

Notation Blocks are indexed by integers i € {1,2,...n}. We denote the number of
nodes in block ¢ by «; and the number of bi-fundamentals between blocks ¢ and j with
a;j. The orientation of the arrows is taken into account by demanding a;; = —a;;
this is the usual anti-symmetric adjacency matrix (and thus does not encode bi-
directional arrows). Because within each block the nodes are not connected, we can
shrink the adjacency matrix a;; into a block-adjacency matrix which we denote by
qn; clearly g, is a n X n antisymmetric matrix over Z. Moreover, we let the R-charge
of the bi-fundamental field a;; be r;;. Lastly, we write N; = Nx; for the rank of the
gauge group of block 7, with N representing any common divisor of the ranks of all
the blocks.

Now, the main problem of our interest is the following,

Problem: Among all possible data (N;, o, qy,) for block quivers, classify those which

admit a consistent, superconformal quiver gauge theory in (3+1)-dimensions.

The answer to this question, for n = 3, has been given in both the mathematics and the physics
literature [53-56,87].

4.2.1 Three-Block Quivers

We begin by reviewing the physics approach of [87] for n = 3. Given a chiral quiver, like the
right one in Fig. [4.1, we must first clarify the physical constraints that should be imposed in

order to have a sensible superconformal gauge theory.

Anomaly Cancellation: First, one has to make sure that the gauge (triangle ABJ) anomalies
are cancelled. This is equivalent to the condition that the block-reduced rank vector d = {«a;x; }

of the quiver, lies in the kernel of the anti-symmetrized reduced quiver matrix g,:

O ai12 —asy 1T
q3-d=0, @=\| —a2 O a3 ;o di= | agxg ; (4.1)
asy —ag3 0 Q33

where the indices indicate the tail and the head of each arrow respectively. When the matrix
indices are not in agreement with the arrow indices we write a minus sign. Moreover, the quiver
diagram must be free of source and sink configurations where source (sink) is a node with all

incident arrows outgoing (incoming); this fixes an overall orientation of the quiver which we
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choose as counter-clockwise. Now, the kernel of a 3 x 3 antisymmetric matrix is always one

dimensional, and for the given case the basis vector of ker(gsz) is simply

d= asq . (42)

Beta functions: Next, we require the beta functions for each coupling present in the theory
must vanish. The numerators of the beta functions are given by the SU(N) NSVZ formula [103],
which for the ith block reads

=Nt 3 Nfai-D4y S Nlrsg 1), (4.3)
Acadji] Bebifund[i,j]

where r is the R-charge of the fields, which are adjoints (adj) or bi-fundamentals (bifund).
Of course, we only have bi-fundamentals here. Note that for our purpose, considering the
numerators of the beta functions is enough, since the vanishing of the numerators is equivalent
to the vanishing of the whole fraction, given that the denominator is finite.
Furthermore, in [104], it was shown that in a (3 + 1)-dimensional conformal field theory the
gravitational central charges ¢ and a are equal in the large N limit, a result which was further
generalized in [87] to any superconformal quiver gauge theory. There, the authors used this

fact to show that there is an extra condition on the beta functions

li = N;Bi=c—a=0. 4.4
Nl_r>nootrR Z Bi=c—a=0 (4.4)
Gamma functions (marginality): Conformality also requires the gamma functions to van-
ish. Our last physical input thus is the requirement that all the operators in the superpotential
are marginal at the interacting superconformal fixed point, namely that they have R-charge
equal to 2. The possible operators present in the superpotential for the three-block quiver on the
right of Fig. are its cyclic paths and correspond to cubic operators collectively represented
as
X2 X3 X1
with Xij an arrow from block i to block j. The marginality condition then translates to

T12 + Ta3 + 131 = 2. (4.5)

Putting together the requirement (4.5) and the vanishing of the beta functions (4.3) for the
three couplings results in a system of three unknown R-charges which satisfy four equations.

Condition (4.4]) imposes the linear relation among the three beta functions that allows for a
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solution to the system. Substituting (4.2)),(4.5) in (4.4]) results in an equation in terms of the
quiver data:

azy | a3 | aiy

— + — + — = (12023031 - (4.6)

Qaq a2 a3
This is a Diophantine equation in the variables a;; and o;, which are by definition integers.
For a; = ay = a3 = «, (4.6) reduces to the well-studied Markov equation. This equation has
solutions over Z which can be organized in a tree (cf. [102]). This also holds for generic values
of aq, s, a3. More specifically, given a solution (as3, asi, ajz) one can construct an infinite set

of solutions by the following operations:

(041a12a31 — Q23, a3y, a12)
(azs, azi, arz) — { (a23, o@12a23 — azi, ar2) (4.7)

(a23, asi, 3a23a31 — a12)
In [46,/47,/102] it was shown how Seiberg duality can be represented as a quiver duality which
can be described as follows: Pick a node to dualize, say node k; define three sets of arrows,
Qin, Qouy and Q. containing incoming, outgoing and non incident arrows with respect to the
duality vertex; change the orientation of all arrows in @i, U Qou; change the arrows in Qf
as a;; — a;; — a;pag;. Now recall that anomaly cancellation forces the rank of each node
to be proportional to the number of its non incident arrows. This condition in combination
with the operations described above, correctly reproduce the rank of the dualized node as

Ngwl = N — N¢, where the number of flavors of the vertex k is defined as

Np = Z ajpT; = Z i, (4.8)
4, €Qin ak; €Qout

Note that the transformation exactly matches the operations induced by Seiberg duality.
Thus, the latter can be described as the action of the automorphism group on the Markov
tree; we will return to this point on Seiberg duality in the next section. In [87] the solutions
corresponding to the “roots” of the duality trees for generic values of the node multiplicities
were found to be corresponding to all the three-block del Pezzo and pseudo del Pezzo quivers,
as well as two new non-del Pezzo quivers which were dubbed “shrunk”, for it was shown that

they arise from a specific operation (shrinking) on the block quiver.

4.2.2 The Markov Equation and the Adjacency Matrix

Let us now put the Diophantine equation in a form that will be relevant for our investigations
later. Recall that the {i, j}-th first minor M,; of an n x n matrix, is the determinant of the

submatrix with row ¢ and column j deleted while the {i,j}-th cofactor is given by Cj; =
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(=)™ M;;. Because of the anti-symmetry of g3, given in (4.1]), one can see that its minors are

quadratic in the edge multiplicities and the matrix of minors assumes the following simple form:

2
Q33 —a31023 (12023
_ _ 2
M = {MU} = —Q31023 Aasq —a122a31 . (49)
Q12Q23  —Q12a31 a71q

Now, the Diophantine equation (4.6]) can be written as a sum over the cofactors of the adjacency
matrix, weighted by the respective elements of the quiver matrix and the block multiplicities

«;. That is, equation (4.6]) can be represented as

Y Ci[an =Y as(i.5)Ci [[an=0, (4.10)

% n#i 1<J n
where the indices run in {1,2,3}. The reason for writing the Markov equation in this form will
become evident in the next subsection where we clarify its origin using representation theoretic
concepts, while in Section we show that it is a general formula that applies for an arbitrary

odd number of blocks and derive an analogous one for even numbers.

Note that this construction, surprisingly suggests that all the physical input of superconfor-
mality is somehow hidden in the adjacency matrix. For example, this formula does not require
either the superpotential to be marginal or the beta function for every coupling to vanish. The

summation over minors automatically ensures these features!

4.2.3 The Markov Equation and the Tits Form

Equation has been derived in different contexts and via different routes. In the math-
ematics literature, using complete exceptional collections of coherent sheaves over del Pezzo
surfaces [b3], it was derived as a Diophantine equation which the ranks of the exceptional
sheaves should satisfy. In [54,55,(105,|106] these results were independently re-derived and
linked with quiver gauge theories and Seiberg duality thereof, while in [107] this equation was

derived using monodromy.

In this subsection we will show how the generalized Markov equation is related to the Tits form
of the quiver. For the sake of completeness we begin by briefly reviewing the basic facts about
bilinear forms associated with quivers. A nice place where the interested reader can look for

further background material on bilinear forms and the Tits form is |108] and references therein.
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Bilinear Forms on Quivers Given a quiver Q = (Qop, Q1), where Qg denotes the set of
vertices and Qp the set of arrows, one can define a representation of Q as the assignment of a
vector space V; to each vertex ¢ € Qo and a linear map V,, : V;  +— Vj  to each arrow p € Qq,
with the subscripts ¢ and h denoting the tail and the head of an arrow respectively. We call
the vector {dimV;} the representation vector of the quiver. A path algebra, with the product
operation given by concatenation of arrows, can be associated to a quiver. In the cases that
we consider here there is also a set of algebraic relations JF, that the arrows obey, which come
from the F-terms (superpotential) of the gauge theory. Quivers with such relations are called
bounded. The quotient of the path algebra by F yields the so-called F-flat or Jacobian algebra
Aof Q.

On the modules of A, we can define the Fuler form as the alternating bilinear form given by

(dimM, dimN) =) *(—)'dimExt’ (M, N) , (4.11)
i=0
where M, N are A-modules.
In the case of an unbounded quiver, that is, one with no superpotential, the only non zero
Ext groups are those for ¢ = 0,1. Hence the Euler form can be reduced to the bilinear form,
(—,—) : ZQo x ZQo — Z, presented as

(x,y) = Z TilYi — Z Tt(p)Yn(p) » (4.12)
1€Qo pPEQ1

where x = {dimV;}. The symmetrization of (4.12)), referred to as the Cartan form, can be

written as
(x,y) = (x,y) + {y,x) =x"Cgy , (4.13)

where Cg = (¢;))ijeq, 18 a symmetric |Qg| X |Qo| generalized Cartan matrix with Z valued

entries, given by

B 2 — 2#(loops at 1), if i=7
g = { —#tarrows between ¢ and j, if @ #j (4.14)
Last, we define the Tits form which is the quadratic form associated with the Euler form,
1
1Q(x) = (x,x) = Z x? — Z Ti(p)Th(p) = éxTCQx (4.15)
1€Qo PEQ1

We are now in a position to relate these concepts to the block quivers. In order to make use
of the Tits form for our case, we first have to ensure that the higher Ext groups do indeed
vanish. In [53,54], it was shown that the three-block quivers studied here can be represented

by exceptional collections of sheaves over del Pezzo surfaces, which by definition have all the

69



higher Ext groups vanishing, as desired. Therefore, the Tits form for the three-block case of
Fig. using the adjacency matrix (4.1)) reads:

40(x) = qo(x1, 72, w5) = Y &l =Y |as(i, j)|wiz;
i€Qo i<j (4.16)

— 2 2 2
= 1Ty + Qoo + Q33 — A12X1 X201 Oy — A23X2X 3003 — (31 L1 L3 (3

The Markov equation though is given by a slightly modified form. For that, let us consider an
orientation dependent version of (4.16]), which we call gq, (s for “signed”), without the absolute
value in the adjacency matrix elements. As we immediately show this form yields the desired
Diophantine equation whose roots label superconformal gauge theories. We then connect ¢,

with the Tits form gg. For the three-block case it reads:

1Q.(x) = qo(21, 2, 23) = Z v} — Z%(@ﬁ%%
i€Qo i<j (4.17)

2 2 2
= T] + Qo5 + 3T3 — A12T1 T2 Qg — A23T2T3N2(N3 + A31T1 T30 (3.

V203 s s R e, (4.18)
23, Ty = 31, T3 = 12 ~
061K2 ’ 2K2 ’ K2 ’

where K? = 12(9) — (a; + ay + a3) for a del Pezzo(non del Pezzo) quiver [53},87] ensures that

After setting

x; € 7, we are left precisely with the Markov equation (4 ! These conditions are exactly those
found in [53] (cf. Sec 3) in the context of exceptional collections of sheaves and coincide with
the anomaly cancellation . Going back to the matrix of minors , we immediately see
that setting g, = 0 yields the minor summation formula with Cy; = x;2;.

Now, by adding and subtracting the term as;ziz3001003 to , we obtain q¢o = qg, —
2a31r1r300103. Using the fact that we are looking for solutions of the Markov equation, i.e.

qq, = 0, we see that the dimension vector of a superconformal quiver gauge theory satisfies
qo(x1, 2, 23) = —2|q(3, 1) |3 . (4.19)
Using the relations (4.18)) this equation can be rewritten as

qo(x1, 22, 23) = =2/ qasas K2z 2915 (4.20)

with vVajasas K2 € Z. Thus, we arrive at the conclusion that the dimension vectors of super-
conformal gauge theories have a negative Tits forwﬂ
The Tits form is important because it defines the type of a quiver: positive definite, positive

semi-definite and indefinite correspond respectively to finite, tame and wild types (cf. [84]).

1See [109] for the appearance of the Tits form in N = 2 quivers.
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Moreover, together with its extension given by Kac, the Tits form provides the link between

quiver representations and root systems.

We can associate the dimension vector (i.e., the vector whose entries are the ranks of the gauge
group factors) to a root of the root system of the underlying quiver and the Cartan form (4.13)
to the inner product on the root space. The Tits form is therefore the norm-squared of a root
vector. It is a celebrated theorem of Kac (see App. that real roots correspond to quivers
with exactly one indecomposable representation and the norm-squared of the dimension vector
is equal to 1; in contrast, imaginary roots correspond to the case where there are families of

indecomposable representations and the norm-squared is less than or equal to 0.

In light of Kac’s theorem the fact that we have a negative norm means that our choices of
dimension vectors, imposed by superconformality, correspond to imaginary roots of the root
system associated with the quiver. The ranks of superconformal gauge theories form the subset
of such dimension vectors that satisfy (4.19). It would be very interesting to see if these
physically special quiver representations also have special algebraic properties?] which could
shed some light in the study of wild quivers. Since very little is known on that subject we will

not try to address this question here, but will leave it as an interesting comment.

4.2.4 Seiberg Duality and the Affine Weyl Group

In [98] Seiberg duality was interpreted as the action of the affine Weyl group on the root system
of an (affine) A-D-E type quiver diagram. As we now show, in our construction this result can
be generalized to arbitrary three-block quivers. We will later see that this statement actually
holds for any odd block number. Before discussing that let us briefly remind the reader how
one defines the Weyl group of the root system associated to a quiver Q and connects it with
the classification scheme of finite-tame-wild. The idea behind this construction is to think of
the vector space spanned by the dimension vectors of the quiver as a root space of the algebra

associated with the quiver.

For simplicity we write the vertex set as Qo = {1,2,...,n} and denote the corresponding basis
of ZQg as ey, ..., e,. For each vertex i € Qg define an element r; € Aut(ZQg) whose action on

a dimension vector x € ZQq reads

(x,€;)
(ei, €:)

rilx] =x—2 e = X — (X, €;)e; (4.21)

2An example of a root with a special property is a so called Schur root, which corresponds to a dimension
vector of an indecomposable representation [83].
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where the inner product (—, —) is given by the Cartan form (4.13). If there are no loops at
vertex ¢ then we call r; a simple reflection and e; a simple root. One can easily check that a
simple reflection leaves the Tits form invariant. The Weyl group W (Q) of the quiver is
defined as the subgroup of Aut(ZQg) generated by the simple reflections r;.

Let us now adapt this discussion in the three-block quivers depicted in Fig. and see how
Seiberg duality arises in this context. Note that since we allow for arbitrary number of arrows
between two nodes, we are not restricted to an A-D-E quiver diagram. To illustrate the idea
with a simple example, we first focus in the case where all block multiplicities «; are set to one,

and we will then generalize to arbitrary numbers. By writing the Tits form (4.16|) as
L 7
(x,x) = ol Cox

one can read off the Cartan matrix of a three-block quiver. That is:

2 —Q12 —a31
CQ = —Qa12 2 —asgs (422)
—az; —azz 2

In general, one can define a Cartan matrix as C' = 2I — ¢, where ¢ is the adjacency matrix
defined irrespectively of the orientation of the arrows. In our case we have defined g3 as the
antisymmetrized adjacency matrix , hence this relation does not hold. The Cartan matrix
is symmetric, so it is associated to a simply-laced algebra, and it can be easily shown that it is
indefinite. That is it has both positive and negative principal minors. It thus describes some
Kac-Moody algebra of indefinite type, in accordance with the fact that we are dealing with

wild quivers.

To proceed, consider the reflection of a vector x = (1, z9, x3)" with respect to the simple root
e; = (1,0,0)T. We have

a12%T2 + A31%3 — T1
r[x] = x — (221 — a1279 — az1x3)€1 = T ) (4.23)
T3

Recall that x is the dimension vector representing a superconformal gauge theory and Seiberg
duality is described as the transformation and the operations outlined in the paragraph
right below it. In addition, the rank of the node with label “1” is 1 = Ng,, the number of
flavors is given by as Np, = aj12x9 = asjrs while the rank of the dualized node reads
Nguwal = Np — Ne. We thus see that the top component of the right hand side of is the
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rank of the first node when Seiberg dualized, plus a shift. Therefore, we arrive at the following

realization of Seiberg duality in terms of roots:

Sz[X] = Ti[X] — NFiei, (424)

(1332

where S;[x] denotes Seiberg duality of the quiver gauge theory x with respect to node “i
Such an operation is known as an affine reflection. As we now show, affine reflections leave the
Markov equation invariant. Let us demonstrate that by computing the Diophantine equation

for the dualized quiver with block multiplicities equal to one. Recall that the Markov equation
can be written (cf. (4.19)) in the form

(x,x) = —2@1_[ ;.

Using ([4.24]) we find that the norm-squared of a vector dualized with respect to block “i” reads

(Si[x], Si[x]) = —2vVE?a, [ | ;. (4.25)
J#i
where 2} = a;jx; — x; = Np, — N¢,. This nicely demonstrates that the subset of roots that
correspond to superconformal gauge theories is closed under Seiberg duality. In other words,
this results asserts that superconformal gauge theories are special roots of the quiver algebra
and Seiberg duality corresponds to the action of the affine Weyl group on the root system.
We now repeat the discussion for generic three-block quivers. Had we followed the same method

as right above we would have ended up with a Cartan matrix of the form

204 —Q o1 — Q1 i3a3y
CQ = — 102012 20[2 —Ql(X3093 . (426)
—Qroi3ag;  —0i30a3 2003

Recall that a Cartan matrix should have 2’s in the diagonal. The «; factors in are due
to the block reduction of the quiver. In order to construct the correct Cp, we should instead
consider the nodes in each block as independent entries in the adjacency matrix. By doing that
we obtain a matrix of dimension ), a; x > . a; with the desired property. In other words we
consider the Tits form as (> a;)-ary quadratic form, where the first ay variables degenerate to

x1, the second as to x5 and the last a3 to 3. We therefore have
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—Qa12 e —Qa12 —ai3 e —a13
2L,
1
—Qa12 Ce —Qa12 —a13 e —a13
—Qa12 . —Qa12 — Q923 ce —a923
Co = 2L, : (4.27)
—Q12 c. —Q12 —a923 ce —a923
—ai3 c. —Q13 | —Q93 c. — Q923
2L,
3
—ai3 R —a13 | —a93 c. —asgs

The basis vector, with respect to which we are going to reflect, isa = (0,...,0,1,...,1,0,...,0)
———

&%)
with ones in the i-th «; entries and zeros in the rest. This corresponds to duality of block
i. The norm of this root is given by (a,a) = 2a;. The inner product of a generic vector
X = (T1,...,%1,%2,...,Ta,X3,...,2r3) with a is given by

Vv Vv Vv
al sz as

(x,a) = ;(22; — ;o0 — aipoxy)

where j, k index the other two blocks. Using the definition of the flavour number, this expression
reads
(x,a) = 2a;(N¢, — NE,) (4.28)

Using the reflection formula we see that generalizes to
Si[x] = ri[x] — Npa, (4.29)
and computing the norm of the dualized vector, we find that it obeys the relation
(Si[x], Si[x]) = (x,%x) — 20;Ng, (N, — N, ). (4.30)
Using we arrive at the following result

(Si[X], S,L [X]) = —2\/ 0410620(3[(237; H Ty (431)
J#
That is, Seiberg duality corresponds to an affine Weyl reflection for any three-block quiver,

[733))
7

where duality with respect to block maps to reflection with respect to the vector a with

ones in the i-th «; entries and zeros in the rest.
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Summary: In this section we reviewed the concept of block quivers and re-derived results
well-known in both the mathematics and the physics literature for the case of three-block
quivers. We have shown that conformality of the gauge theory, which the quiver encodes, and
anomaly cancellation place constraints on the adjacency and rank data of the quiver, in the
form of a Diophantine equation. For three-blocks, this is a (generalized) Markov equation.

We then recalled standard techniques of representation theory of quivers. In particular, we used
the Tits bilinear form defined on the space of dimension vectors - or root space - of the quiver.
We showed that a signed version of the Tits form is precisely the aforementioned Diophantine
equation. This allowed for a correspondence between superconformal gauge theories and root
vectors of the quiver’s root system. In the ensuing section, we will see that our results persist

for an arbitrary quiver.

Finally, on quiver theories in our context, there is the famous Seiberg duality action. We saw
that this translates to an affine Weyl reflection on the root space and the Diophantine equation
remains invariant. This is in accord with the fact the duality tree of Seiberg-dual theories are

classified by solutions of our Diophantine equation [102].

4.3 New Results for Higher Block Number

Having reviewed the three-block case under a new perspective, one naturally wonders how to
proceed to higher number of blocks. In this section we will generalize our previous discussion to
four- and five-block quivers and then conjecture the form of the superconformality conditions

for any number of blocks.

4.3.1 Four-Block Models

Now, the four-block situation was also addressed in [87] and we refer the reader to the classifica-
tion therein. We remark that because for n = 4, there is a unique choice to draw a quiver with
no sink or source configurations. Furthermore, since we have an antisymmetric matrix of even
dimension as the reduced adjacency matrix, the determinant does not vanish automatically and
the situation is a little more difficult to regard it fully in terms of our quadratic form analysis.
We are able though to unravel a similar structure as a sum of minors for the four block case as

well. The adjacency matrix that we will consider is

0 12 —apz —daiq
_ —ai2 0 Qg3  —024 4.39
qs = 0 ) ( . )
13  —dsg3 34
a4 Agq  —Qa34 0
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such that

det g4 = as1a23 + az1a42 — arzazs = 0, (4-33)

as required for anomaly cancellation. The 3 x 3 first minors of the adjacency matrix vanish
since they are proportional to det q;. Therefore let us consider the 2 x 2 second minors of
where a second minor M;;; is defined as the determinant of the submatrix that results if one
removes the 7,7 rows and the k,[ columns of the original matrix. The relevant minor matrix

for our case is

12 13 14 23 24 34
12 a3, —Q24034 (23034  —A14034 —aA13034 (12034
13 [ —agsa3 a3, —Q23024 Q14024 Q13024  —A12024
Mq4 — 14 23034 — Q23024 0%3 —Q14G23 —Q13023  A12023 (4‘34)
23 —Q714034 A14024 —Q14023 a%4 a13014 —a12014
24 —@13034 13024 —@13023 13014 a%g —Q12G413
34 A12a34 —Qa12024 a12a23 —ai2014 —Q12013 a%g

where the outer column and row indicate the set of rows and columns of the adjacency ma-
trix that are deleted in order to obtain the corresponding element of the minor matrix, e.g.
M, (2,3) = My314 = —aggazs. The Diophantine equation whose solutions are in one to one
correspondence with the superconformal four-block quivers can be written as

S Mii; I am= D (= (&) Mijar [ om+ Y aais)aa(i,)Mija [ [ am =0 (4.35)
1<j m#i,j i#j<k m##i 1<j<k<l m
supplemented by (4.33)), where «; denotes the multiplicity of the i-th block and the indices

run in {1,2,3,4}. By substituting the minors one recovers the Diophantine equation reported
in [87],

2 2 2 2 2 2
ajp + ais I ayy n ass i Aoy n aszy +a12a24a14_a12a23a13
30y Qa0yy Qa(v3 10y [0510%} 058 Qg3 Qg (4.36)
13034014 (23034024 -
- — Q12023034014 = 0
(%) 651

Although this formula seems somehow arbitrarily written there is a check for its validity and
that is the way it reduces to the three-block equation. Let us see what happens when we remove
the block with label one for example. This corresponds to the deletion of the first column and
first row of the adjacency matrix ¢4, leaving us with a three-block model adjacency matrix
identical to g3 in , while we also set a; to zero. From the sum (4.35]) we see that the only

terms remaining are the ones that are not multiplied by «;. These are,

Migpazoy 4 Mz igogay + Mg a0

+ (94(2, 3)M12,13 - Q4(27 4)M12,14 + Q4(3, 4)M13,14) apazoy = 0 (4'37)
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Now the remaining elements of ¢, become entries of g3 as q4(i, j) — g3(i—1,7—1) while the 2 x 2
minors of g4 become the first minors of g3 and together with the sign (—)/** yield the cofactors
of g3 as (—)JJF]“MZ(JQ% — C]('zs]?,kfl' Having this relation in mind one can immediately see that the
formula correctly reduces to ! In the next paragraph we will see that the five-block
Diophantine equation is identical to the three-block one. This statement, in combination with
the fact that the reduction from four to three blocks can be demonstrated using the minor
sum, implies that the formula holds also for six-block quivers where again a summation
of second minors should classify conformal theories. Thus, one can justifiably extrapolate this

claim to any even number of blocks.

In this case though the relation with a bilinear form on the quiver is not clear. Since the
summation over minors suggests a continuation from the three blocks, it is natural to think
that an analogous perspective would be valid for the four blocks too. We leave this investigation

for future work.

4.3.2 Five-Block Models

Let us move on to the next case of n = 5. We are looking for quivers with five blocks where
there are no sink or source configurations. We will readily see that we now encounter a new
situation. For n = 3,4, the possible topologies of such graphs were unique, but this is not the
case for order five and higher. Hence one has to count all such connected sinkless-sourceless
graphs and mod out by topological equivalence, where we consider two graphs equivalent if

they are related by a permutation of the edges and nodes.

4.3.2.1 The Inequivalent Graphs

We find six equivalence classes, the representatives of which we refer to as Type I to VI. We
draw them in Fig. and we also list the oriented cycles which correspond to operators in the
superpotential. The cycle structure of the six types is summarized as follows (outdegree refers

to the number of arrows going out of the node):

7



§ I(0) § I1(1) E I1I (2)
E IV (3) E V(@3) g VI 4)

Figure 4.2: The six inequivalent chiral five-block quivers. The numbers in brackets indicate the
number of clockwise internal (the ones not in the perimeter of the pentagon) arrows.

Cycle counting

e Type I: clockwise outdegrees (starting from mid top) (2,2,2,2,2); 12 cycles; 2 quintics, 5

quartics, 5 cubics

Type II: clockwise outdegrees (2,3,2,1,2); 9 cycles; 1 quintic, 4 quartics, 4 cubics

Type III: clockwise outdegrees (2,3,3,1,1); 7 cycles; 1 quintic, 3 quartics, 3 cubics

Type IV: clockwise outdegrees (2,2,3,1,2); 10 cycles; 3 quintics, 3 quartics, 4 cubics

Type V: clockwise outdegrees (1, 3,3,2,1); 6 cycles; 1 quintic, 2 quartics, 3 cubics

Type VI: clockwise outdegrees (2, 1,2,3,2); 9 cycles; 2 quintics, 3 quartics, 4 cubics

4.3.2.2 Detailed Analysis of Type I

Let us begin with a detailed analysis of Type I, whose block quiver is given in Figure [4.3]

As in the three-block case we are going to impose the following conditions:

1. anomaly cancellation: the dimension vector lies in the kernel of the quiver reduced adja-

cency matrix gs;
2. beta functions: the weighted sum of the beta functions vanish;

3. gamma functions: R-charge of each cycle sums to 2.
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Figure 4.3: The quiver for Type | of the five-block theory.

Now, following our previous notation, the adjacency matrix is

0 a2 @13 —a41 —as
—ai2 0 23 A4  —052
gs = | —a1z —as 0 asq a3
as;  —agy —azg 0 45
as;  asp —azs —ags 0

The first condition then reads (recall that the rank is N; = Nx;):
T _
Gs - (171, oy, 3 T3, Ty, 525) =0,
which translates to

Q171 Q45093 — Q35024 — 52034 = Ay

Qa9 A51034 — Q45013 — Q1035 = Ao

(23051 — G35012 — Q13052 = Ay

X
X
3Tz OC Q45012 — A51024 — Q41052 = A3
gy X
X

Q5T5 A34012 — Q41023 — Q13024 = As.

Note that these equations can be nicely summarized in the following form

1

Ah = g €irigigiais Vigiz Migis -
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Next, using the NSVZ numerators for the beta functions, we find

N
B1=Nz1+ 5 (A5a51(7"51 —1)+Agaq (ra—1)+Asais(ris—1)+Asaia(ria—1)

N
Ba =N932+5 <A1a12(7“12— 1)+ Asas2(rse—1)+Agaq(rog— 1)+ Asags(ras—1

= = =

N
f3=Nux3+— (A2a23(7"23 —1)+Ara3(ri3—1)+Asass (135 —1) + Agaza(rss—1 (4.42)

2
N
Ba =N934+5 <A3a34(r34— 1)+ Asa4(roa—1)+Ajags (a1 — 1)+ Asags(ras —1)

N—

N
/65 = NJI5 -+ E (A1a51(r51 — 1) +A2a52 (7’52 — 1) +A3a35 (7”35 — ].) +A4(I45(T45 — 1)) .

Finally, since our graph has twelve oriented cycles which could contribute to the superpotential,
we have twelve equations that the R-charges of the various operators should satisfy in order to

have total R-charge equal to two for each cycle. These are:

T2 + 723+ 734+ 745 +115 = 2 (4.43)
T3+ 714+ T2+ 15 135 = 2 (4.44)
T+ 735+ T3+ = 2 (4.45)
r5+ T4+ T30 +r13 = 2 (4.46)

T15 4+ Tas +rog + 712 = 2 (4.47)
ra+rsatrst+re = 2 (4.48)

Tas + 734+ 7rog + 705 = 2 (4.49)
ris+1r3s+ri3 = 2 (4.50)

Tap +Toa + 725 = 2 (4.51)

T4+ 734 +713 = 2 (4.52)

o5 + T35 + 723 = 2 (4.53)
rg+roa+ra = 2 (4.54)

At this point we are in a situation where we have ten unknown R-charges and seventeen equa-
tions to satisfy, the five beta functions and the twelve R-charge equations. The vanishing of the
beta functions imposes a linear dependence on them reducing the total number of equations to
sixteen while some of the R-charge conditions are linearly dependent on others. In order for
the system to have a solution, one has to choose subsets of R-charge relations of rank six.

Therefore, for Type I five-block quivers one has to make a choice of subsets of gauge invariant
operators to contribute to the superpotential. The choice can be made by suitably adjusting the
couplings of the rest of the operators to zero. In other words, in the five block case supercon-

formality imposes some form of hierarchy among the couplings of the theory. Mathematically,
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this is reflected by the fact that not all of the equations (4.43)) are linearly independent and

they cannot all be satisfied simultaneously.

In total, there are 33 choices of subsets of rank six, each of which can be solved consistently.
We list these sets in Appendix [D.8 Note that each subset is required to have cardinality at
least, but not exactly, six since some of the relations may be linearly dependent on others. For
example the set of R-charge relations number (33) of the collection picks out the relations
(4.43]),(4.45)),(4.46]),(4.47),(4.48),(4.49). The cubic relations are linearly dependent on these so
for this choice one has to set to zero only the coupling of the quintic operatorﬂ .

Y13524013035A52024 041 - (4.55)

That is,

Yazs24 = 0. (4.56)
Doing this enables one to bypass the marginality condition because this quintic term
decouples from the system which now admits a solution. Putting together the requirement of
the vanishing of the weighted sum of the beta functions > N;5; = 0, the anomaly cancellation
(4.40) and the chosen set of marginal operators, we obtain a Diophantine equation in terms of
the quiver data. We will take advantage of the discussions above and cast the equation into a

quadratic form:
A2 A2 A2 A2 A2
L 22 B T D8 — g0 A Ay + agg AsAy a5 AL As + asp Ag As ) (4.57)
an Qi a3 0y Qs

where we recall A; from (4.40) and, in fact, A;4; = Cy; = (=)™ M,;, where Cj; is a cofactor
and M;; is the {4, j} minor of the reduced quiver matrix gs. The RHS of the above equation

can be written in 5 ways,
azaA3As + as1 A1 As + a19A1 Az + asa A As
ass AgAs + as1A1As + ags As Az + ag A1 Ay
a3y Az Ay + ays Ay As + a19A1 Ay + azs AsAs (4.58)
azaAz Ay + as1A1As + agz As Az + agg A Ay
assAgAs + a19A1Ag + agz Az Az + a3 A Az

Re-organizing, as before in the three-block case, we can rewrite (4.57)) as a sum over minors

Mij of qs.
Z Cii HOéj - Zq{’)(i,j)cij HOék =0, (4.59)

i i i<j k

3Note that a term like (4.55]) represents a collection of operators in the superpotential since there are more
than one node in each block.
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where the indices run in {1,2,3,4,5}. Upon considering the fact that the determinant of g
(being an antisymmetric matrix of odd dimension) is zero and that the determinant can be
expressed as an alternating sum of minors along any line or column weighted by the respective
matrix elements, eq. reduces to with the RHS being any of . Written in
this way, this five-block equation is a straightforward generalization of the one found for the

three-block case.

However, this formula is correct only for this specific subset of operators and the ones that
are related to it by permutations and arrow reversals as we will see in subsection 4.3.2.4] This
subset is special in the sense that it is the one with maximal cardinality. In other words it is
the one that requires the lowest number of couplings to be set to zero. As we previously saw,
the only such coupling for this choice of simultaneously marginal operators is .

In this case, one can write the Diophantine equation as the “signed” Tits form of the quiver in

complete analogy with the three-blocks:

Q. (71, w2, T3, T4, T5) = ZOMU? - Z a5 (i, j) oz . (4.60)
i i<j

In other words the dimension vectors for which the resulting gauge theory is superconformal
satisfy

QQ<:L.17Q:27$37:C47$5> = _2 Z |q5<l7j)|az0észx] ) (461>
i<j | ¢5(4,5)<0

where qg is the actual Tits form of the representation. Upon setting z; o H%jai/lj
one arrives at equation . The observation that the equation can be written as a sum of
minors now stems from the Tits form construction. The robustness of our results for the low
block numbers implies that they hold for any block quiver. Before formalizing this conjecture

let us dwell more on this specific case.
Furthermore, one can go on and solve for the R-charges. Solving for the 4 out of 5 beta-

functions in addition to the R-charge marginality conditions we have 10 equations and 10

unknowns. The fifth beta-function will vanish by construction since we have also imposed the
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Diophantine equation. We find the following rational functions:

2 ( As ( n )A n A5)
ro = — — (aqasqa ass)— + asqg—
12 A A, a4s o 4034045 35 ” 34 -
2 A, A A
T3 = ( — a45— + aggass As + (qgao4a45 — 6l52)—4 — a24—5>
A As (8% Qy (0%
2 ( A, ny )A n A A5>
ry = — Q35— Q3093035 — G59) — + G930 — Q93—
14 A A, 35 » 3023035 52 » 2304544 23 -
rs = ass— — (a Q3093034 ) — + Qo3 —
15 LA 34 » 24 3023034 ” 23 »
2 Al A4 A5)
_ A A4 4.62
T'23 A, A, <a45 o + as1 » (asa45a51 + a41) o ( )
2 Ay azagq Ay + agass As — As As
Tog = 1A ( — azs— + as1 — a13—>
2414 Qg a3 Qs
2 Ay Ay Qg4 Ao + gazg A — Ay
r3s = (—a24— — Q41— + G192 )
A3A5 aq 9 iy
2 ( Ay ( n )A N A3)
T a93— — (Qassa a13)— + a19—
45 1A 23 o 2023012 13 - 12 »

with the remaining 2 given by the marginality conditions and (| - -

4.3.2.3 Reproducing Known Theories

Now, since we are doing a classification of consistent superconformal quivers, we need to check
whether theories known in the AdS/CFT literature are special cases. In this subsection we ver-
ify that the toric quiver gauge theories constructed in [52,|94] are indeed a subclass of solutions
of the Diophantine equation presented here. These models, being toric, have the same rank N
in all blocks.

The requirement of equal ranks translates into setting x = % = A2 — A _ A1 _ A5 Thep
1 (%) as (o7} as
the rank of the blocks decouples from the equations as a free parameter and the anomaly

cancellation condition (4.40]) becomes
T _
gs - (o, 2,3, 4,5) = 0.

Since the block multiplicities should lie in the kernel of the adjacency matrix, we must require
that a; = A;. Then equation (4.59) reads

5
E Q — Qi — (L i3A13 + iy — Qai30o3 — Qpialog — i30igazy = 0 (4.63)
i1
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with the rest of the arrows given by the relations

Qo012 + (3013 — Q4G4 Q3023 + (424 — Q1012
as; = sy =
51 ; 52
(6751 Qs
Q1013 + Qo023 — (4034 Qo024 + (3034 — (1G4
ass — s aygs = . (464)
Qs Qs

As can be seen from the quiver diagram these relations are nothing but the requirement of
having equal number of incoming and outgoing arrows for each block. The conditions
where chosen randomly on block five since they fix all its incident arrows in terms of the others.
Given these substitutions, all the cofactors of the new adjacency matrix equal the cofactor Css
of the initial one. This cofactor is the determinant of the four-block matrix that is obtained by
deleting the fifth row and column of g5, or in other words it represents the four-block model
that arises from the five-block one when we remove the fifth node. For consistency we should
therefore demand this determinant to vanish in order to descent to an anomaly free 4b-theory
if we remove a block from a 5b-quiver. The equality of all the cofactors ensures that this will
then be valid for all the 4 x 4 sub-determinants representing all the 4b-models that can arise

by the removal of a node.

The requirement of having A; = 0 does not imply that the block multiplicities are zero as well.
Indeed when deriving this relation right above, we assumed that all the minors of the adjacency
matrix are non zero, meaning that its rank is r[gs] = 4. By imposing the anomaly cancellation
for the sub-quivers we essentially further reduce the rank of the matrix to r[gs] = 2 since we
impose relations for every sub-determinant to vanish. The kernel space of such a matrix is

therefore 3 dimensional and an arbitrary vector reads

g —as52 24 a23

(a7 as1 Q41 —ais

(0%} =« 0 + ﬂ 0 + ai2 , (465)
QY 0 a19 0

(673 a19 0 0

where «, 8,7 are arbitrary positive integers. Given these substitutions for the block multiplic-

ities the Diophantine equation finally reads
a| — asz(aipas; — 1) + asi(Baizagy — 1) + ara(yasias — 1)] +

B laia(aasiasy — 1) + ass(Sarpas — 1) + ag(yaiass — 1)} + (4.66)

vlags(aasiars — 1) + a12(Bagsas — 1) — arz(yaiaass — 1)} =0,

with the rest of the arrows given by

(24013 + Q23041 Q23051 — Q13052 (24051 + Q41052 4
a3q = ; Qg5 = NS : (4.67)
a2 aiz a2
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The known del Pezzo quivers PdP, , dP}! | dP}! | PdP}! , PdP, are solutions of equations
(4.65)),(4.66),(4.67) with («, 5,v) = (1,1,1). For example denoting the solution vector of a

model as

(0417 U, O3, Oy, O5; A12, A13, A41, G451, @23, A24, 52, A34, A35, CL45)

the quiver of the second toric phase of the dP; theory (see Fig. corresponds to
vip =(2,1,1,1,1;1,1,1,1,1,1,0,2,1,1).

For the sake of completeness we present the other solutions of the known superconformal del

Figure 4.4: The quiver of the second toric phase of the del Pezzo 3 theory.

Pezzo quivers.

Vpap, = (1,1,1,1,1;2,0,1,1,2,1,1,1,1,1)
Vb, (1,1,1,1,1;1,1,1,1,2,0,1,2,1,1)
Viar, = (2,1,1,1,1;1,1,1,1,1,1,0,2,1,1)

( )

Vpdp, 171727271;1717171717071717071

4.3.2.4 Equivalence Classes for Type I

As previously mentioned, the five-block case is the first where one has to make a choice of
simultaneously marginal operators in the superpotential. For Type I there are 33 such subsets
of six linearly independent R-charge relations, listed in the Appendix (D.8)), which lead to 33
Diophantine equations. Are any of these equivalent to each other? The answer is positive but
unfortunately not for all. Before discussing that let us clarify what is the equivalence relation.

A n-ary quadratic form can be represented by a symmetric n X n matrix as

= 1

ij=1
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where x is a column vector with entries z; ...z, and C, is the symmetric matrix with elements
Coli, 7) = (ai; + aji)

Two forms are equivalent if their corresponding symmetric matrices are related by a similarity
transformation. This is because if C, = ST -C, - S then all the values of ¢’ are determined from
the values of ¢ as ¢(x) = ¢/(S - x). All the Diophantine equations can be written as quadratic
forms over the variables Ay, ..., A5 defined in (4.40). We thus consider as equivalent two Dio-
phantine equations, corresponding to two different choices of R-charge conditions, if they are
equivalent as quadratic forms. This means that if one solution xq of the former equation is

known then a solution of the latter can be immediately written as yo = .5 - xq.

We find that there are 6 equivalence classes. Although the Diophantine equations are written
as quadratic forms, the do not obey the nice structure of summation over minors, neither are
their Tits forms negative definite. Since this analysis does not give any further insight into
what we have already seen, we list all our results in Appendix [D.2.2] In there the reader can
find the Diophantine equations for each representative choice of R-charge relations for the Type
I quivers. For each choice we also identify which couplings of the superpotential must be set to

Zero.

4.3.2.5 Enumeration of Other Types

We recall from the beginning of the section that there are 6 distinct, topologically inequivalent,
types of five-block quivers and we discussed Type I in detail above. Fortunately, all the other
five Types of quiver diagrams and their equivalence classes, are related to Type I by permu-
tations and orientation reversal operations on the arrows. In other words, all the Diophantine
equations obtained from the various subsets of R-charge marginality conditions for each Type

are equivalent to those of Type I.

We find that Type II, III and V lead to a unique set of simultaneously marginal operators and
are equivalent with Class 4 of Type I, represented by the set (33) of R-charge conditions, which
we discussed in detail in the previous subsections. Types IV and VI have 22 and 11 sets of
simultaneously marginal operators which lead to the same numbers of equations, again related

to the various classes of Type 1. The cycle structure of these quivers are listed in Appendix
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4.3.2.6 Duality Tree for Five-Block Models

Let us now comment on Seiberg duality and see that indeed it leaves our Diophantine equation
invariant. As we saw in section the five-block Diophantine equation is a straightforward
generalization of the three-block one, and thus Seiberg duality is easily seen to correspond to
affine Weyl reflections for the five-block models as well. Let us here focus on the duality as the
set of operations reported in [47] and reviewed in Section 4.2.1] As a bi-product we will find

out that the duality exchanges equations among the six quiver Types that we have.

So let us analyze a specific example for the Type I quiver drawn in Fig. [4.3] where, for simplicity,
all the block multiplicities are set to one. Suppose we want to dualize with respect to node “1”

in the quiver. This amounts to the following operations

a5y — —Aas1, Q41 —> —A41, Q13 — —QA13, A12 — —QA12
(4.69)

Qo4 — G4 — A12G41, A52 — A52 + A12G51, A34 — A34 — (13041, G35 —* A35 — A13A51

Let us assume that
Qo4 > 12041, G52 > Q12G51, A34 > A13041, G35 > A13G51, (4-70)

so that the “dual” arrows do not change direction. Then Seiberg duality leads to the quiver
in the middle quiver of Fig. [1.5] Note that the reversal of the arrows incident to node “1”

I

Figure 4.5: Seiberg duality acting on a quiver of type |. Green arrows are the ones that change
direction. P corresponds to the permutation that brings the middle quiver to its canonical form as
it is defined in Fig. . The top right labels denote the type of each diagram.

changes the cycle structure of the quiver. In order to see of what Type is the dualized graph,
one has to count its oriented cycles. By doing so we find that it is of Type III. The permutation
P = (1)(24)(35) brings the dualized diagram to its canonical form as defined in Fig. [£.2] that is
with a clear counter-clockwise orientation of the “outer” pentagon (the perimeter). Note that
had we violated one of we would have an outcome of another type. Recall that from
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the analysis in section [4.3.2.2f the rank of the node “/” is proportional to A; as in (4.40). The
transformations (4.69)) act on the A’s as follows

Al — Al — a41A4 — CL51A5, A2 — —AQ, Ag — —Ag, A4 — —A4, A5 — —A5. (471)

The minus signs in front of the dual ranks are notational artifacts since they arise due to the
fact that we consider the arrows to change sign when reversed. The anomaly cancellation forces
the dimension vector to be in the kernel of the quiver matrix. The overall minus in the dual
ranks is due to the fact that the duality as we define it on the quiver data reflects this vector
through the origin of the null space of ¢5. This is also evident in the three-block case where
the rank vector is proportional to the vector with entries the non incident arrow of each node
(cf. (£.2)). Had we ended up with a minus sign in the rank of some blocks and positive in the
others, then we would face a real problem, which is certainly not the case for us.

It is straightforward to verify that the transformation A; — ajas Ay + ajas; As — Aq leaves
the five-block Diophantine equation invariant! The best way to see this is to use the last line
of as the RHS of since it involves only arrows that remain unaffected from the
operations . This corresponds exactly to N¢, — Ng, —N¢,. The fact that the determinant
vanishes ensures that the number of flavours is uniquely defined, that is a4 A4 + a5145 =

a12A2 + (113143.

4.3.3 Summary and Generalization to n-Blocks

In this section we have presented our results for block models up to five nodes, including the
known five-block theories on del-Pezzo surfaces. We saw that they are underlined by an iden-
tical algebraic structure as the three-block ones while for four-blocks the situation is slightly
altered. Even though there exists a formula which admits a similar structure as in the odd

cases the connection with representation theoretic concepts is blurry.

Moreover, we illustrated a method for constructing toric five-block theories from lower ones.
The existence of a composition chain 3b = 4b — 5b (b for blocks), together with the unified way
that superconformality conditions appear suggests that for any n there are subsets of theories
that can be reconstructed from lower ones. Finally, we saw how Seiberg duality can be realized

as an action on the bb-quiver that leaves the Diophantine equation invariant.
Unfortunately, due to the exponential increase in complexity we cannot explicitly verify higher-

block quivers but the persistence of the summation over minors formula strongly recommends a

continuation to any quiver. Our highly non-trivial analysis and the robustness of our results for
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the low numbers of blocks leads us to conjecture a generic classification of chiral superconformal

N =1 quiver gauge theories:

CONJECTURE 1 Given a quiver with n = 2l + 1 blocks and the maximal set of simultaneously
marginal operators, the resulting theory admits an interacting superconformal fized point in the
IR if the quiver data, in the notation of Sec (cf. p.6), satisfy the following Diophantine

equation.:
ZC”H% an i,] CZjHak_O (4.72)

7 Jj#i 1<J
where C;; is the (i, j) cofactor of the anti-symmetrized adjacency matriz g, and the indices run
in{1,...,n}.

The dimension vector corresponding to the gauge theory satisfies

(T, ) = =2 Y guli, f)ewoyziz;, (4.73)

i<y | gn(i,5)<0

where qq 1s the Tits form of the quiver. The rank of block i is given by

Mii |14

x; X L, (4.74)
Q;

with M;; being the (i,7), (n — 1) x (n — 1) first minor of q,. The proportionality constant is

fixed so that x; € Z. Therefore, superconformal gauge theories correspond to imaginary roots

of the quiver’s root system. The affine Weyl group that permutes these roots offers a realization

of Seiberg duality in this context.

CONJECTURE 2 Given a quiver with n = 2l blocks and the maximal set of simultaneously
marginal operators, the resulting theory admits an interacting superconformal fized point in the

IR if the quiver data, satisfy the following Diophantine equation:

Z iyl iy iy H Q. — Z ()21, (ia, i3) My iy iy H Qpy, +

iy <ig My i, 11F£12<i3 m#i

+ Z q”(i17i2)qn(i17 n 12, Ham (04 75

iy <oy

where M, is the (ij; kl) second minor of the anti-symmetrized adjacency matriz q, and the
indices run in {1,...,n}.

Having a superconformal 2l-block model the operation of removing one block leads to a super-
conformal (21 — 1)-block model. But the same operation on a (21 + 1)-block quiver results only

i an anomaly free 21-block theory.
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Even though we have calculated explicitly one even-block quiver the way that 40 reduces to 3b
through the minor formula is suggestive for the 6b construction as well. Note that although
the last term in does not participate in the 2l — 1 quiver since it is weighted by all the
node multiplicities «,,, including the one we set to zero in order to descent to 2] — 1-blocks,
the way it is written it reproduces a 2[-order term in the arrow multiplicities which is the order
2l operator in the perimeter of the polygon. That is for example the analogue of the term
12023034014 in ([£.36)). This is because the second minor of a 2{ x 2/ matrix is of order 2/ — 2 in

the arrow multiplicities and together with the quadratic piece yields the term of order 2I.

4.4 Conclusions and Outlook

In this chapter we have organized superconformal chiral quiver theories into block structure
whilst exploring a unified perspective using the representation theory of quivers. The pigeon-
holing of the plethora of quiver theories into block-quivers each block of which contains non-
adjacent nodes dramatically reduces the complexity of the problem and gives a handle on a
step-wise catalogue of the superconformal gauge theories. Many of the complicated geometries
which ordinarily give rise to many product gauge groups, especially Calabi-Yau manifolds as
cones over higher del Pezzo surfaces, now simply belong to the class of 3-, 4- or 5-block models.
Importantly, we have incorporated physical conditions of anomaly-cancellation, conformality
as well as marginality by enforcing all superpotential terms to have R-charge 2, directly into
our scheme; these strong constraints translate to combinatorics. We envision that with further

computer work, we can efficiently classify more and more of quivers with superpotential.

A powerful invariant for a block-quiver is an underlying Diophantine equation which the adja-
cency matrix and the ranks of the nodes must obey. Interpreting the ranks as the dimension
vector of the representation of the quiver, and using the so-call Tits quadratic form thereon, we
have shown how the Diophantine equation arises upto 5-blocks and conjectured a general form.
The exponential increase in complexity of our problem as the number of blocks rises, forbids
us to further support our results by direct computation, but we find it highly non trivial and
suggestive that the first three cases can be attacked in a unified way. The complication of hav-
ing to enumerate the inequivalent graphs for higher block number is one more computational
obstacle. The first few terms in the sequence that counts inequivalent graphs up to seven blocks
are (0,0,1,1,6, 36,356, ...).

For each geometry, there is a tree of Seiberg-dual theories arising by consecutive action on the

various nodes (blocks). The ranks and subsequent adjacency matrices of these dual theories are,
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surprisingly, controlled by this Diophantine equation by precisely being its solutions. Therefore
understanding of this equation is of great significance.

Taking advantage of the presentation of the Diophantine equation as the Tits form of the quiver,
Seiberg duality is seen as Weyl reflections in the space of roots, giving a representation-theoretic
approach, which is not restricted in the A-D-E cases - complementing the usual geometric ones
such as mutation and Picard-Lefshetz monodromy - to the tree of dualities. Indeed, the Dio-

phantine equation is invariant under such Weyl reflections.

Furthermore, we draw a connection between the representation theory of quivers, their Tits
form and N’ = 1, 4-d superconformal gauge theories for quivers with odd number of blocks.
In the case of tame quivers, a type under which many of our models fall into, the zeros of
the Tits form control the indecomposable representations which are in correspondence with the
imaginary roots of the underlying root system. In the notorious case of wild quivers though, the
correspondence between roots and indecomposable representations is not any more a bijection.
We demonstrated that there is a connection between the zeros of the Tits form for any case and
superconformal gauge theories. For the quivers with an even number of blocks the situation
is more blur. We could not identify a clear connection with a bilinear form but we managed
to show that the in that case as well, the polynomial invariant that controls superconformal
fixed points, can be presented as a sum over minors of the adjacency matrix. We leave further

investigation of these cases for future work.

In addition to fitting further known theories into our context, which also includes a huge class of
known examples, there is much left to do. Given the conjectural forms of the Diophantine equa-
tions and block structures, we can reverse engineer the subsequent quivers with superpotential.
We can do this by finding the explicit moduli space of vacua from the quiver data and find
Calabi-Yau geometries, the world-volume theories of the D-branes probing which are not yet
known. Within the toric sub-class, which comprises most of the known examples to AdS/CFT,
there is an interpretation in terms of brane-tilings where the ranks of all nodes are equal, our
classification frame-work thus also gets simplified. It would be interesting to investigate this
class in further detail as well as to further explore, understand and develop our representation
theoretic approach to the problem of enumerating superconformal theories and their relation

to the underlying root system of the quiver diagram.
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Chapter 5

A New Compendium of Brane-Tilings

5.1 Introduction

One of the most fertile testing-grounds for the physics of the AdS/CFT Correspondence and
the mathematics of singularity resolutions and quiver representation theory has been the study
of 4-dimensional supersymmetric gauge theories whose moduli space of vacua is an affine toric
Calabi-Yau threefold M, which has a conical singularity over a Sasaki-Einstein manifold of one
less real dimension. In this setup, one can think of the gauge theory as being geometrically
engineered by a setup of type IIB branes “probing” the singularity M, or, T-duality-wise, as
being furnished by a Hanany-Witten configuration of type IIA branes.

More than a decade has passed since the first systematic treatment of the question “what is the
gauge theory given an arbitrary toric diagram?” [46], and a tremendous number of enlightening
lessons have been learnt. These have included, in the physics community, the understanding
that toric duality is Seiberg duality [47,(97] as well as subsequently relations to cluster muta-
tion |110], the manifestation in mirror symmetry and tropical geometry [51], the connection
with Grothendieck’s dessins d’enfants and certain isogenies of elliptic curves [111-113], the

proposition of specular duality [114] and the advent of bipartite field theories [115H117].

In parallel, in the pure mathematics community, this dialogue between the gauge theory and
the geometry and combinatorics of M has engendered such new directions in Calabi-Yau al-
gebras and quiver representations [118-124], the non-commutative crepant resolutions of toric

singularities [125-129], geometric perspective on cluster algebras [130-132].

The high-light of this long development and indeed the inspiration for most of the above story
is, of course, the realisation that the quiver representation, with superpotential, of the gauge

theory whose vacuum moduli space is an affine toric Calabi-Yau threefold is graph dual to a
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bipartite graph on a torus, known as a dimer model or a brane-tiling of the doubly period

plane [49-51]. This will thus be the motivation of our story.

From a computational perspective, one would like a useful catalogue of quiver gauge theories
and associated Calabi-Yau geometries, namely a database of pairs (@, D) where @ is a quiver
with superpotential expressed as a bipartite graph on the torus and D is the toric diagram of
the CY3 which is a convex integer polygon. Ideally, we would like further properties such as
R~charges, j-invariants for the dessins, etc. and these will be added in due course. It should
be emphasized that () and D are not in bijection, and many different, consistent (s have the

same D; the set of such @) are Seiberg duals.

Indeed, to have this catalogue was the old desire of |[46] and the so-called Inverse Algorithm was
devised to extract the quiver and superpotential via partial resolution of the orbifold C/Z,, x Z,
to D. The chief bottle-neck to that method was the exponential-running time of find dual cones
needed for the partial resolutions. The recently developed dimer technology leads to the ad-
vantage that the quiver and superpotential are combined into a single object [133]. And the
first catalogue of this kind, based on the number of superpotential terms, i.e., the number of

black-white pairs was implemented in [94].

Although illustrative and helpful, the existing data is still limited: only up to 3 dimer pairs,
meaning 6 terms in the superpotential, could be reached. Moreover, since the mapping from
@ to D is many to one, it is perhaps more natural to proceed with the classification from the
geometry side. Bearing these in mind and with the advances in computational algebra and
combinatorial geometry tailored for gauge theories [134], a clear path is strewn before us. It is
the purpose of this chapter to push the boundaries of computation and to provide as compre-
hensive database as possible. We will march forward, in increasing area of the toric diagram
D, and use a combination of dimer methodology and Higgsing in field theory, to obtain the

various dual phases of gauge theories flowing to the Calabi-Yau geometry associated to D.

5.2 Dimer Technology

In this section we present a lighting review of brane tiling technology. In order to set up the
stage for our computations, we also review the basics of the connection between brane tilings

and geometry and the implementation of partial resolution in terms of them.
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5.2.1 D3-Branes Probing Toric CY 3-Folds and Brane Tilings

It is by now well-established that the world-volume gauge theories of a stack of D3-branes prob-
ing an affine toric Calabi-Yau 3-fold is described by so-called brane tilings. This is by far the
largest class of examples studied in the AdS/CFT correspondence: the world-volume theory
is a 3+1-dimensional CFT and the transverse Calabi-Yau directions are cones over Sasaki-
Einstein 5-manifolds such as S®. The physics of the gauge theory is encoded by a bipartite
graph drawn on T2, equivalently, by a tiling of the doubly periodic plane; the mathematics of

the non-compact Calabi-Yau 3-fold is captured by a toric diagram, which is a convex lattice

polygon. []

The key relation is that given the gauge theory, which generically is a quiver theory with super-
potential, one can compute its vacuum moduli space (defined by F-flatness and D-flatness) as
the Calabi-Yau 3-fold M with toric diagram D, this has traditionally been called the Forward
Algorithm; and vice versa, the Inverse Algorithm [46] is when once given a toric diagram D,
one attempts to construct a gauge theory which is the world-volume gauge theory of D-branes

probing M.

The gauge theory can be readily extracted from the bipartite tiling as follows. Consider the

fundamental domain (the unit cell of a torus),

1. Each inequivalent polygonal face (say labeled by @) corresponds to a U(NV;) gauge group

factor in a product gauge group structure;

2. Choose an orientation, say black/white nodes corresponds to clockwise/counterclockwise

respectively;

3. Each inequivalent edge corresponds to a bifundamental field X;; of U(N;) x U(N;) if it
neighbours faces i and j along our direction chosen (i could equal to 7 whereupon Xj; is
an adjoint field of U(N;));

4. Each black/white node corresponds to a monomial term in the polynomial superpotential
W by multiplying the edges adjacent to the nodes, the overall sign in front of the monomial

is +/- according to our orientation;

LAn affine toric variety of complex dimension n is usually described by a convex polyhedral cone in R™ but
the Calabi-Yau condition imposes the extra condition that the end-points of the vector generators of the cone
are co-hyperplanar. Thus for threefolds, the toric diagram can be taken to be a convex lattice polygon in the
plane.
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5. The graph dual of the bipartite graph is the periodic version of the quiver diagram of the
gauge theory.

The archetypal example is given by the so-called Fy(I) theory, whose vacuum moduli space is
Fy, the complex Calabi-Yau cone over P! x P!: we present the brane-tiling and the equivalent

quiver /superpotential data as follows:

Tiling Quiver ‘ Toric Diagram
O O 1 X,lL',2 2
2 1 I 2 1 2 o0
Y . .
3 4 l 3 4 3 Xi, Xi,
2 1 2 1 2
I 3 4 l 3 4 3 4 Xi, 3
[ 2 1 [ 2 1 [ 2 '
—O0—o—0—=o W = ekt X: X5 X3, X%

We see that there are 4 gauge group factors and for convenience we take all N; = 1, we have
an U(1)* theory. There are 8 edges, denoting the 8 fields Xiigfora=1,2andi=1,234
modulo 4. Finally, expanding out the Levi-Civita symbols, there are 4 monomial terms in the

superpotential, 2 each of +/- signs.

5.2.2 Geometry and Perfect Matchings

Perfect matchings are combinatorial objects that play a central role in the study of bipartite
graphs. A perfect matching p is defined as a collection of edges in the brane tiling such that

every node is the endpoint of exactly one edge in p.

Perfect matching substantially simplify the connection between brane tilings and geometry. Let
us consider the following map between chiral fields in the quiver X;, equivalently edges in the

brane tiling, and perfect matchings p,
pn=1

with ¢ as the total number of perfect matchings [49]. The P-matrix summarize the edge content

of perfect matchings and is defined as follows

_ 1 if Xl € Pu
PZ'“_{ 0 if Xi ¢ p, (5:2)
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A remarkable feature of the map in (5.1)) is that when chiral fields are expressed in terms of
perfect matching variables in this way, all F-terms automatically vanish. Perfect matchings
are thus in correspondence with fields in the GLSM description of the toric CY 3-fold, namely

points in its toric diagram.

Perfect matchings and the toric diagram can be efficiently determined using the Kasteleyn
matriz K. We define K as the adjacency matrix of the graph in which rows are indexed by
black nodes and columns are indexed by white nodes, i.e. for every edge X; in the bipartite
graph between nodes b, and w,, we introduce a contribution X; to the K, entry. In addition,
whenever an edge crosses the boundary of the unit cell in the z and/or y directions, we add z*!
and y*! weights, respectively. The exponents are positive or negative depending on whether
the crossing occurs in the positive or negative direction, which is determined by orienting edges

from white to black nodes.

Let us illustrate these ideas with an example. shows the quiver diagram for the suspended
pinch point (SPP). The superpotential is

W = X12X21X22 - X22X23X32 + X13X23X31X32 - X12X13X21X31 . (53)

Figure 5.1: Quiver diagram for SPP.

All this information is encoded in the brane tiling shown in [5.2]

The superpotential has four terms, which are represented in the brane tiling by two white

and two black nodes. We have labeled the nodes in blue to facilitate the construction of the

Kasteleyn matrix. It is given by

wl] w[2]

K= b[1] Xy Xoz+ Xsax (5.4)
b2] | Xio+ Xz | Xqy+ Xizay
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Figure 5.2: Brane tiling for SPP.

The determinant of the Kasteleyn matrix generates the perfect matchings. In this case, we get
det K = —X12X03 — (X1 Xo3 + X12X32) @ — X1 X3p 27 + X0 X351 2y + Xi3Xo0 2%y, (5.5)

Every monomial in this expression corresponds to a perfect matching. Furthermore, the powers
of x and y indicate their position in the toric diagram, as shown in [5.5] The perfect matching

can be summarized in the P-matrix as follows

P1 D2 P3 Pa Ps Do

X0 0 0 0 1 1
X1 0 1 0 0 O

B X0 1 0 1 0 0

P= X3/ 1 1 0 0 0 O (5’6)
X0 0 1 1 0 0
X353/10 0 0 0 1 O
X310 0 0 0 0 1
Ps Ps

o
|91 P2, Ps3 P4

Figure 5.3: Toric diagram for SPP. We indicate the perfect matching associated to each point.

5.2.3 Partial Resolution and Dimers

Brane tilings completely solved the problem of finding the gauge theory associated to a generic

toric CY 3-fold and vice versa. There are well established procedures for going from brane
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tilings to geometry and in the opposite direction, the fast forward [49] and fast inverse al-
gorithms [b1], respectively. One of the main goals to this chapter is to develop a practical
approach to determine the brane tiling associated to a general toric diagram. While the fast
inverse algorithm provides an answer to this question, its automation is challenging. We thus

opt for an alternative approach, which admits a rather simple computer implementation.

Our strategy will be to perform partial resolution, which translates to higgsing in the gauge
theory. In terms of brane tilings, it corresponds to removing the edges associated to the fields
acquiring non-zero vevs. We will exploit the map between perfect matchings and fields in the
gauge theory to systematically identify the vevs that are turned on when certain points in the

toric diagram are deleted.

Any geometry for which the brane tiling is known can be used as the starting point for
partial resolution. In this work we always denote the conifold as C. There are two canon-
ical classes of initial theories that have been broadly used in the literature. The first one
is C?/(Zx x Zyr) orbifolds, with the two generators of the orbifold group acting on C? as:
(X,Y,2) = (e?/NX, e ?"/NY, Z) and (X,Y, Z) = (X, e?™/MY, e=?7/M 7) The resulting toric
diagram is shown in [5.4la, and the corresponding brane tiling is an hexagonal lattice with an
N x M unit cell. Partial resolutions from C/(Zy x Zys) have been considered in e.g. [48]. The
second standard class of starting points are Zy x Zj, orbifolds of the conifold C. Given the
defining equation for the conifold xy = uv, the two generators of the orbifold group act as fol-
lows: (z,y,u,v) = (2/Ng, e 2™/Ny vy, v) and (x,y,u,v) = (2,1, e?/My, e=27/My). The toric
diagram for this class of geometries is shown in [5.4lb and the brane tiling is a square lattice

with an N x M unit cell. We will adopt the orbifolds of the conifold as our initial theories.

*—o
N ° N o o
‘ oMo 7 ‘ oMo '
(2) (b)

Figure 5.4: Toric diagrams for: a) C?/(Zy X Zy) and b) C/(Zy x Zys). We will use the second
class of geometries as the starting points of partial resolution.
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We now illustrate the dimer implementation of partial resolution with an explicit example.
Let us derive the brane tiling for the SPP from a C/(Zy x Zj;) orbifold. Considering the
toric diagrams, it is clear that it would be sufficient to start from C/Z,. However, in order to
demonstrate the methods in a more involved partial resolutions, let us use C/(Zy X Zs) as the
initial theory. The brane tiling for C/(Zy X Zy) is shown in

Figure 5.5: Brane tiling for C/(Zy X Zs).

The Kasteleyn matrix is given by

| wl] w2 w3 w[]
b1} | X3 Xz Xpn Xu
K = b[Z] X51 Yy X25 X16 Y X62 . (57)

b[3] | Xsrz Xgzz Xpu Xug
bl4] | Xrsay Xsgsx Xery Xse

We obtain the perfect matchings by computing its determinant. They are summarized in the
following P-matrix:

(0,0)] (1,0) | (2,0) | (1,1) (2,1) (2,2) 1(0,2)| (1,2) |(2,2)
P1 |P2 P3| P4 |P5 Pe6|P7 P8 P9 Pio P11 P12 P13 P14 P15 Pie P17 P18 |P19 P20 | P21 | P22 P23 | P24
1 1 0 0 1 0 o o0 o0 o 1 O 1 OO0 O 0 0 O 0

Xs| O 1.0 1 }jO O 1.0 0 1 0 0 O O O O O0]1 O 0 0 0 0
Xe2| O |2 O} 1 |O OO OO 1T O O O 1 1T 0 0 0|0 1 0 0 0 0
X¢7| O O O} O |1 OJO O 1 1 O O O O 1 O O OO0 O 1 0 1 0
Xz 11 0 0 (O 1000 O 1 0 1 1 0 0 0 O0]0 O 0 0 0 0
Xz 0 O O O jJO OO OO O O 1 1 1 0 0 0 0|0 1 0 1 0 1
Xg3| O O O O jO OO OO O O O O O 1 0 1 1|0 1 0 0 1 1
Xg| 1 (O 1} O |O 1O OO OC O O O O O 1 1 1|0 O 0 0 0 0

(5.8)

2There are other brane tilings for C/(Za x Z2), which correspond to additional toric phases obtained from
this one by Seiberg duality.
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where in the top row we have indicated the corresponding point in the toric diagram, which is
shown in figure. 5.6 The significance of the rows that are highlighted in blue will be discussed

sSoon.

P21 P22> P23 P24
@ @ ®
Ps.Ps @ @ @ Di9> Do
p7 ERRRS p18
@ © O
P P2 D3 P4

Figure 5.6: Toric diagram for C/(Zy x Zs). We indicate the perfect matching associated to each
point and a possible embedding of the SPP toric diagram (in red).

According to (5.1]), we should regard chiral fields as products of perfect matchings. The vev
of a chiral field is the product of the vevs of its perfect matching constituents. Then, a chiral
field gets a vev and is removed from the brane tiling only when all the perfect matchings that
contain it get a vev. Therefore, what we want here is to remove certain fields contained in the
perfect matchings ps, pe, Pa1, P22, P23, P24, While keeping the five red toric points in figure. [5.6 If
we delete the five fields marked by blue bars in P matrix, the SPP dimer will be recovered. And

the superpotential is written out by counting only the terms containing the remained fields:

W = —X19X13X21 X371 + X12X21 X9 + X13X03X31 X390 — X099 X03X39 (5.9)

5.2.4 Existing Classifications

A plethora of explicit brane tilings have been constructed in the literature. Below we summarize
the existing systematic classifications of classes of models. Several additional scattered examples

exist.

e Del Pezzo surfaces. The brane tilings for all toric phases for toric del Pezzo surfaces dFP,,,

n =20,...3, have been classified.

e Abelian orbifolds of the conifold. More generally, it is straightforward to construct the

brane tilings for abelian orbifolds of arbitrary geometries by appropriately enlarging the
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unit cell. The geometric action of the orbifold group is encoded in the periodicity con-
ditions. However, a systematic classification of the orbifold possibilities of geometries

beyond conifold does not currently exist.

e The YP4 and L**¢ infinite families [135]. In fact the YP4 theories are fully contained
within the L%¢ class. The toric diagram for these geometries have four external edges.
Explicit metrics for the Y74 and L**¢ Sasaki-Einstein manifolds can be constructed, and
the gauge theories for these geometries had a substantial impact in the AdS5;/CFT, corre-
spondence with AN/ = 1 supersymmetry. It allowed for refined tests of the correspondence

for the infinite classes of dual pairs.

e The X7 family. The toric diagram for these geometries have five external edges. While
the classification in [136] was not performed in the language of brane tilings, it is straight-

forward to translate it.

5.3 Algorithm and Classification Scheme

5.3.1 Algorithm of classification

Having reviewed the problem to some detail as well as presented the available databases, it is
clear that a much more comprehensive catalogue of brane-tiling/dimer models is needed. Given
that our method of Higgsing will produce consistent models, it is expedient to start to identify
the relevant toric geometries, order by order, and construct the gauge theory corresponding to

the geometry. Specifically, our strategy is as follows

1. First classify all the toric diagrams (convex polygons) up to SL(2;Z) transformation,
against the number of triangulation area N. In this chapter we focus on cases with
N =6,7,8.

2. For each toric diagram, construct the rectangular dimer model as our starting point.

(a) Place the toric diagram into a lattice space (2-dimensional), such that it is minimally
covered by a m x n rectangular lattice. This is to make sure we only need to remove

the least number of points from the rectangular toric diagram.

(b) Draw a brane tiling with m rows and n columns of black nodes and white nodes,
namely altogether 2mn nodes in the unit cell of torus. Label the nodes as by, ..., b,
and wy, ..., Wy, and label the faces (gauge factors) in the tiling as fi, ..., fomn. Nat-
urally we label the fields in the tilings as Xy, r,, where f; denote the inward face of
the field, f; the outward face.
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(c¢) Construct the Kasteleyn matrix K of the rectangular dimer.

(d) Compute the perfect matchings of the rectangular dimer, as P;,i = 1, ...#(perfect matchings).
3. Compute the higgsings to reach the target toric diagram.

(a) List the points to delete from the rectangular toric diagram as Pts = {pty, ..., pts}.

(b) We know from K that which perfect matchings are mapped to which toric points,
hence we write down two lists: the perfect matchings to delete delPfs = {pg,, ..., pa, },

and the perfect matchings to keep rePfs = {p,,, ..., p,, }.
(c) Decide which fields should be removed.

i. Initialise the one-length choices as opts = {{ X}, }}, where i, j are ranging the

indices of all faces.

ii. For each element in opts, test whether it removes all the perfect matchings
in delPfs while keeping all perfect matchings in rePfs. Delete the unwanted

elements from opts.
iii. Insert the fields Xy, into each element of opts, as the new definition of opts.
iv. Repeat the step (ii) until opts remains unchanged.
v. If within the elements of opts, one is the subset of another, then remove the

subset. This is to make sure we always delete as many fields as possible from

the dimer.

4. Check the consistency of the new dimer model. For each higgsing ansatz in opts, we
remove the edges and re-draw the dimer model, then compute the zig-zag paths. If there
is self-intersect in the zig-zag paths, then the model is not consistent. Otherwise we treat

the model as a good ansatz of higgsing.

5. Merge the 2-valent vertices. This is because those are massive fields that will be integrated

out.

6. Compute the quiver graph and super-potential of the new dimer model. This is straight-

forward once we re-drew the dimer.

As a remark, the consistency check makes sure that the given higgsing properly assigns R
charges to the fields. In fact, not all the bipartite periodic graphs on the two-torus correspond
to a geometrically consistent brane tiling and a well behaved four-dimensional N = 1 quiver
gauge theory, where by ‘well behaved” we mean that the brane tiling could uniquely decide

the R-charges, chiral ring and moduli space. Luckily, the in-consistency of a brane tiling is
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revealed by the fact that the zig-zag paths of it contains self-intersections. Therefore the most
convenient check of the consistency is to compute the zig-zag paths of a brane tiling, which
we implemented into our computational package. Though, there could be different angles ap-
proaching the consistency, especially under the mathematical context. Interesting readers can
check [137-140] for a full story in consistency check. Considering that the method in [137]
involves computing zig-zag paths, which is also useful for computing the dual quiver for future

work, we hereby followed their notation for zig-zag paths.

5.3.2 Computational Modules

We now introduce the Mathematica modules implemented as a computational system of any
brane tiling. So far this package is for a standard Unix environment, where the default directory
of storing the intermediate output is the user’s home directory $HOME. As introduced in former
sections, we always start with rectangular brane tilings, and since its K matrix and perfect
matchings are simply following the counting of edges, vertices, unit cell etc., we then organise
these calculations into one module called RecDimerModels[m,n], where m and n means the
brane tiling is for the geometry C/Z,, X Z,. In turn the module will print the dimer graph
and Kasteleyn matrix, where all the objects are labeled, with fields that thread the unit cell
highlighted by green dotted lines. Meanwhile the intermediate data, including the decoding of
faces, labelling of fields etc., are stored in the file $HOME. dimer .model . tmp.txt. Next we want
a module which tells us the perfect matchings of the rectangular dimer, which is implemented
as ToricInfo [KM], where the only input is the K matrix, with output as perfect matchings and
toric diagram. For quickly checking the triangulation of a 2-dim toric diagram, we also provide
TriangDimer [ToricPts] as a modified version of DelaunayMesh[] object by Mathematica,
where one can view the triangulation and number of areas of a certain toric diagram. For
computing the higgsing ansatz, we implemented the module RemovePoints [KM,Ptsremove],
which loads the data in $HOME.dimer .model. tmp.txt, and returns all the possible partial reso-
lutions for the toric diagram with points we want to delete (Ptsremove). This is the most time
consuming step, even though we have used parallel computing and an optimised algorithm to
enumerate all the pairs of edges. The output will be in the form of a list containing all the hig-
gsing ansatz (HiggsAntz). However, once we have all the higgsing ansatz, it is straight-forward
to compute the final dimer model by using HiggsingDimer [RemoveAntz] to compute the final
brane tiling along with the quiver graph, super-potential terms, toric diagram and consistency

property. Zig-zag paths are provided for this module. We also provide another version called
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HiggsingDimerNew[RemoveAntz] to integrate out the 2-valent vertices and re-labelling the in-

dices.

A brief summary of the classification algorithm is listed in Algorithm

Algorithm 1 Algorithm for classifying dimer models of certain triangulation areas

Initialise Models as empty set. > used as storing physical models.
Load PSets as all the inequivalent toric diagrams with a given area number.
for polytope in PSets do
Define K'matriz by using RecDimerModels [m,n]
> m,n must expand the rectangular lattice which covers polytope.
Define ptsremove as the set containing points to be removed from the rectangular toric
diagram.
Compute HiggsAntz as all the vev. ansatz by using
RemovePoints [ Kmatrix, ptsremove]
for higgsantz in HiggsAntz do
> use HiggsingDimer [] to check the consistency and compute field contents.
if HiggsingDimer [K'matriz,higgsantz] makes sure the model is consistent. then
Use HiggsingDimer [K'matrix, higgsantz] to compute quiver and superpotential
for each higgsantz
Save quiver and superpotential into Models
end if
end for
end for
> Then check the equivalency between models in Models.

Given the powerful computing system of all the D3-brane dimers, we could try to enumerate
as more dimer models as possible, even work out a complete classification of dimer systems
according to the areas of toric diagrams. With the result in paper [141], we have all the convex
polytopes with certain triangulation areas. Therefore we can try to firstly generate a rectangu-
lar dimer model which covers the expected toric diagram, then calculate the Higgsing models
using our dimer system. Finally we could classify all the physical models with certain number

of gauge groups.

5.4 A Compendium of Brane Tilings/Dimer Models

5.4.1 Convex toric diagrams

In the paper [141], Folk’s formula is applied in order to systematically generate all the in-
equivalent polytopes, in the sense that the equivalent polytopes are linked via a SL(2,7Z)
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transformation. From toric side we also know that the equivalent toric diagrams give rise
to the same moduli space. The natural progression of this classification is to fix the area of
the triangulation, then enumerating all the possible shapes. In the paper there are results for

toric diagrams of the number of areas as 6 and 7, we further classified the polytopes with area 8.

There are 13 and 11 inequivalent convex polytopes in area 6 and 7 cases, respectively [141]. We
implemented Folk’s formula and classified the 27 inequivalent polytopes with area as 8. The
results are listed into appendix

5.4.2 New dimer models

Among the 13 shapes of area as 6, most are toric diagrams of L**¢ type, which are not listed
in this thesis. The dP, and dP; appear with multiple phases. For toric diagrams with area as
7, there are five new dimer models not yet classified. For toric diagrams with area 8, instead of
computing the original polygons, we provide the SL(2,Z) equivalent models by shrinking the
original toric diagrams into the smaller lattices. The results are listed in appendix [E. 1]
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Chapter 6

Conclusion

We have collected results on String compactification over toric geometry and D-brane gauge
theories. We studied heterotic model building on the sixteen families of torically generated
Calabi-Yau three-folds with non-trivial fundamental groups and selected the 14 favourable
three-folds and we have classified phenomenologically attractive SU(5) and SO(10) line bundle
GUT models thereon. For SU(5) we have succeeded in finding all such line bundle models
on the 14 base spaces, thereby proving finiteness of the class computationally. The result is a
total of 122 SU(5) GUT models. For SO(10) we have obtained a complete classification for all
spaces up to Picard number three, resulting in a total of 55 SO(10) GUT models. For the other
six manifolds, all with Picard number four, only one was amenable to a complete classification.
For the other five manifolds, although the number of models were converging with increasing
line bundle entries, they had not quite saturated even at fairly high values of about k... = 20.
We expect that we have found the vast majority of models on these manifolds with a small
fraction containing some large line bundle entries still missing. Altogether we find 28870 viable
SO(10) models.

We also systematically studied the discrete symmetry of Calabi-Yau manifolds over toric four-
folds. By setting up an algorithm for classifying symmetries, we undertook first steps to all
TCY manifolds with 2Y'(X) < 3, some 350 manifolds. In this way, we find all freely-acting
discrete symmetries (which can be embedded into G4) of these manifolds. We reproduce all
symmetries among these manifolds known from the Batyrev Kreuzer classification, as well as
those known from the overlap with CICY manifolds. We also find one new, non-toric symmetry
group, Zo X Zso, on one of the 16 manifolds, where one of the Z, sub-groups is the toric sym-
metry identified by Batyrev Kreuzer. For the resulting five TCY manifolds with A (X) < 3
and with freely-acting symmetries we also search for additional, non freely-acting symmetries.

The method can be applied to larger h''' geometries in future.
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Moving on to quiver gauge theory, we have organized superconformal chiral quiver theories
into block structure whilst exploring a unified perspective using the representation theory of
quivers. Many of the complicated geometries which ordinarily give rise to many product gauge
groups, especially Calabi-Yau manifolds as cones over higher del Pezzo surfaces, now simply
belong to the class of 3-, 4- or 5-block models. By incorporating physical conditions of anomaly-
cancellation, conformality as well as marginality by enforcing all superpotential terms to have
R-charge 2, we have shown how the Diophantine equation arises up to 5-blocks and conjec-
tured a general form. The exponential increase in complexity of our problem as the number
of blocks rises, forbids us to further support our results by direct computation, but we find it
highly non trivial and suggestive that the first three cases can be attacked in a unified way.
The complication of having to enumerate the inequivalent graphs for higher block number is
one more computational obstacle. We further draw a connection between the representation
theory of quivers, their Tits form and A/ = 1, 4-d superconformal gauge theories for quivers
with odd number of blocks. In the following research we could choose to reverse engineer the
subsequent quivers with superpotential. We can do this by finding the explicit moduli space of
vacua from the quiver data and find Calabi-Yau geometries, the world-volume theories of the

D-branes probing which are not yet known.

Lastly, we aimed at providing a useful catalogue of quiver gauge theories and associated Calabi-
Yau geometries, i.e., a database of pairs (), D) where @) is a quiver with superpotential ex-
pressed as a bipartite graph on the torus and D is the toric diagram of the CY three-fold
which is a convex integer polygon. We automated the dimer technology and explored the dimer
models for toric diagrams with the number of triangulation areas larger than 6. Many new
dimer models have been classified and well prepared for the further phenomenological study.
The dimer system we presented is extremely useful for the computation of dimer models of
toric type, and is the first computational system ever to have these functionalities on D-brane

configurations.
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Appendix A

Discrete Symmetries

A.1 Automorphism group of toric variety as ambient
space
A.1.1 Zero set and permutation group

We've defined the following permutation groups in sub-section [3.2.2]

S={oceS,|lcl)=1,VIe€I}CS,, (A.1)
which leaves all sets I in Z invariant individually. Another subgroup of S, is
R={oceS,|o(l)eZ, VI€I}CS,, (A.2)

the group of permutations which maps the sets I € Z into each other. Clearly, S is a sub-group
of R. Tt is actually a normal sub-group since for s € S and r € R we have rsr~'(I) = I and,

hence, rsr~! € S. We can, therefore, define the quotient group
P=R/S, (A.3)

which can be thought of as the group of permutations on Z, induced from permutations in .5,,.

We can write down the short exact group sequence
s R Y
l1-S—-R—=>P—1. (A.4)

where 1 is the inclusion map and || denotes taking the equivalence class. We now show that
this sequence splits.
We begin with the

Remark Denote by Z¢ = {{1,...,n}\I| I € Z} the complementary sets. Then the groups S

and R are the same for Z and for Z¢. This simply follows from the fact that a set I is invariant
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(is mapped to another set I’) under a permutation ¢ € S, if and only if the complement

{1,...,n}\] is invariant (is mapped to {1,...,n}\I’) under o.

The complication is that the subsets in Z can overlap. It is, therefore, useful to split the set

{1,...,n} up in a different way. Define an equivalence relation on {1,...,n} by
i ~ j:< i and j are contained in the same sets I € 7 . (A.5)

I denote the equivalence classes by J = {1,...,n}/ ~ and it follows that

{1....n}=JJ (A.6)

JeJ

as a disjoint union. Note that for a J € J and I € Z with J N T # 0 it follows that J C I.
Indeed, if j € JN I and k € J then k£ ~ j and, hence, k and j must be contained in the same
sets of Z. Since j € J it follow that k € J, so that J C I. This means every [ € Z can be
written as a disjoint union

= |J J. (A7)

JeJ,JNI#D

Lemma A.1.1 Fors € S it follows that s(J) = J for all J € J. Further, for r € R it follows
that r(J) € J forall J € J.

Proof For the first part consider a set J € J, a permutation s € S and any j € J. Assume
that 7 is contained in precisely the sets Iy,...,I, € Z. Hence, s(i) € s(Iy) = Ix, so that s(j) is
also contained in Iy,...,I, € Z. Also, s(j) cannot be contained in any other I € Z, which is
not among Iy, ..., I, € Z, since j would have to be in I in this case. This implies that i ~ s(j),
so s(j) € J and, hence s(J) C J. Since s is injective and J is a finite set this means s(J) = J.
For the second part, again focus on a J € J and a permutation » € R. Pick a 7 € J and call
J € J the equivalence class of the image r(j). I want to show that r(J) C J. Let k € J, so that
j and k are contained in the same sets Iy, ..., 1, € Z. Then, both r(j) and r(k) are contained
in 7(I1),...,7(I,) € T and in no further I € Z. This means that r(k) ~ r(5), so r(k) € J and,
hence, 7(J) C J. Further, every [ € J is the image under r of 7~(I) € .J, so that r(J) = J. O

We can now understand the structure of the stabilizer group S.

Theorem A.1.2 The stabilizer group S is given by S = @ ;c,S(J), where S(J) is the group

of permutations on the set J.

Proof From Lemma (A.1.1)) it is clear that S C @ ., S(J). Conversely, let s € &, S(J),
so that s(J) = J for all J € J. Since, from Eq. (A.7)), every I € Z can be written as a union of
certain J € J it follows that s(/) = I for all I € Z, so s € S and, hence, @ ,.,S(J) C S. O
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Returning to the general story, we call a permutation r € R order-preserving iff for all J € J
and all 4,7 € J with ¢ < j it follows that (i) < r(j). In other words, such permutations
preserve the natural ordering of the numbers 1,...,n but only within each set J € J. The set

of all order-preserving permutations forms a sub-group of R which I denote by P’.

Lemma A.1.3 Fach equivalence class p € P contains exactly one order-preserving permuta-

tion in P'.

Proof For existence, consider an arbitrary representative s € p of an equivalence class p € P
and consider the restriction s|; : J — s(J) to any J € J. We can find a permutation r; € S(J)
of J such that s|; o r; has the order-preserving property. The maps r; : J — J combine into
permutation a r € S,, which, from Theorem is an element of the stabilizer group S. Then,
sor € p and it is order-preserving.

For uniqueness, consider two permutations s,s € p which are both order-preserving. This
means than r = so5 ! isin S that is, r|; € S(J) is a permutation of J. For 4,5 € J with i < j
we have r(i) < r(j) which means that r|; = id;. This is true for all J € J so that r = id and,
5.0

hence, s =

This result means that we can define a group isomorphism 7 : P — P’ C R which assigns to a
class p € P the unique order-preserving permutation 7(p) € p. Of course, [7(p)] = p, so T splits
the sequence (|A.4). This means that R is a semi-direct product

RPxS (A.8)
with the isomorphism ¢ : P x S — R defined by ¢((p,s)) = 7(p)s and the multiplication in
P xS

(p,5)(P,3) = (pp, D" sP3) - (A.9)
So we can determine P = P’ by finding the permutations in .S,, which map the sets Z into each

other (that is, which are elements of R) and are order-preserving. The group R can then be
obtained from S and P by forming the semi-direct product (A.8).

A.1.2 Invariance group of C" — 7

We now discuss the structure of GGg. First note that there is an obvious embedding S, —
Gl(n, C) defined by o(e;) = e,(;), with the standard unit vectors e;. Hence, the above subgroups
S, R, P' C S,, have isomorphic images in Gl(n, C) which we denote by Sg, Rg, Pg, respectively.
In fact, from the definition of S| R, P it is clear that Sg, Rg, Pg leave the zero set Z invariant

and are, hence, sup-groups of GGg. Another obvious sub-group of Gp is
Hp ={geGplg(Z(I)) =2(I), VI €I} C Gp, (A.10)
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that is, the sub-group which leaves the components Z(I) of the zero set invariant individually.
Clearly, Sg C Hp.

Lemma A.1.4 For g € G we have g(Z(I)) € Z for all I € Z, that is, elements of Gg map

zero sets Z(I) into other zero sets.

Proof For g € G, the image g(Z(I)) is a vector-space of the same dimension as Z(I). But
the only vector spaces contained in Z are the Z(I) and their sub-spaces, so g(Z(I)) must be
contained in some Z(I'). Say that Z(I') = g(Z(I)) & X, for some vector space X. Then
g Y Z(I")) = Z(I) ® g~'(X) which, by the same argument applied to g~*, should be a subset

of some Z(I). This means that Z(I) C Z(I) but, since we have dropped trivial zero sets which

are already contained in others, it follows that Z(I) = Z(I). So we have Z(I) ® g '(X) C
Z(I) = Z(I) which means that ¢g~'(X) = 0 and, hence, X = 0. Therefore, g(Z(I)) = Z(I'). O

Lemma A.1.5 The group Gg can be decomposed as Ggp = Pg Hg. Further, Hg is a normal
sub-group of Gg and P N Hp = 1.

Proof For the first part of the statement, consider a g € G and its restriction g; : Z(I) —
Z(I") = g(Z(I)) to the zero set Z(I). We can find a permutation matrix r; : Z(I) — Z(I')
which maps the standard basis {e; |i ¢ I} of Z(I) into the basis {e;|i ¢ I'} of Z(I'). Clearly,
h; = r7togr: Z(I) — Z(I) and g; = 170 h;. The maps r; can be made consistent on
intersections of zero sets since g(Z(I) N Z(1")) = g(Z(1)) N g(Z(I')). Hence, the r; can be
combined to a map r € Gl(n,C) with r|z) = r; which permutes the standard basis vectors e;
and maps zero sets Z(I) into each other, so r € Rp. Further, defining h=r"1lo g it follows
that h € Hg. From the previous section, we know that we can write r = ps, where p € P and
s € Sg. Finally, with h = sh € Hp we have g = ph, where p € Pz and h € Hp.

To show that Hpg is a normal sub-group of G, consider a n € Hg and a ¢ = ph € Gg. Then
gng~t = phnh~'p~! = ph/p~!, where b’ = hnh™' € Hp. Hence, gng=(Z(I)) = ph/p~(Z(I)) =
Z(I), so gng™' € Hp.

Finally, from the definition of R it is clear that Rg N Hg = Sp. But Sp contains precisely one

order-preserving element, the identity. O

The result of the previous Lemma shows that Gp is a semi-direct product Gg = P x Hp.
If we denote by ¢ : P — Pp the isomorphism between order-preserving permutations in P and
corresponding Gl(n,C) matrices, then a pair (p,h) € P x Hg is mapped to ¢(p)h € Gp and

the multiplication in P x Hp is
(0, 1)(B. h) = (p, $(5) " hd(B)h) . (A.11)

111



We have already understood the permutation group P and how to compute it from the basic
data. I remains to consider Hg. To this end, let me define the group
G(J) =@ GCLJ.C), (A.12)
JeJ
where GI(J,C) is the general linear group acting in the directions of the coordinates x; =
(z;]j € J). Recall that the sets J were defined around Eq. (A.5). The elements of can
be viewed as block-diagonal n x n matrices with the blocks corresponding to the coordinates

XJ-
Lemma A.1.6 It follows that G(J) C Hp.

Proof From Eq. (A.7) we know that every set I € Z can be written as a disjoint union I = J J
of some J € J. It follows that Z(I) = Z(UJ) = NZ(J). The transformations (A.12]) leave all
Z(J) and, hence, Z(I) invariant so that G(J) C Hg. O

Unfortunately, Hp can be larger than G(J). In general we know that the zero sets Z(I) and
their intersections Z(11)N---NZ(1,) = Z(I;U- - -U1,) have to be invariant under transformations

h = (h;j) € Hp. This implies, for any union I; U--- U I, that
hzj:OfOl'ZeleJUIp, jE(IlLJU[p)C <A13)

We call a zero set Z and associated set J regular if for every J € J and all i € J, j € J¢ there
exists an [ € Z with i € I but j ¢ I. Then we have:

Theorem A.1.7 If the zero set T is reqular then G(J) = Hp.

Proof Focus on a specific J € J and fix a¢ € J and a j € J° From regularity there exists an
I € 7 such that i € [ and j € I¢. Applying for I and I means that h;; = 0. Since %
and j were arbitrary this means that h;; = 0 for all 7 € J and all j € J°.

Now consider an ¢ € J¢ and a 7 € J. We know that J¢ is the disjoint union of the other J, so
i € J C Jefor a particular J € J. Regularity, applied to J, means that there exists an I € 7
with ¢ € I and j € I°. As before, (A.13) applied to I leads to h;; = 0. Since %, j were arbitrary
this means that h;; = 0 for all 7 € J¢ and all j € J.

In summary, for all J € J we have h;; =0ifi € Jand j € J°orifi € J°and j € J. This
means that h € G(J), so Hg C G(J). The opposite inclusion has already been shown in the
previous Lemma, so G(J) = Hg. O

Therefore the complete symmetry group of B = C" — 7 is
Gp =2 PxG(J) (A.14)

and P and Hp for the examples are given as follows.
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A.1.3 Normalizer in GL(n,C)

In order to find the symmetry group G4 of the toric space we need to compute the normalizer
of the toric group G within G, the symmetry group of the upstairs space. This is relatively
easy if the group elements of G are proportional to the unit matrix within each block of
G'p. In order to sort this out it is instructive to first deal with a related - but simpler - problem,
namely to compute the normalizer of G within Gl(n, C).

To this end it is useful to split the various coordinate directions up into disjoint blocks K =

{K|K C{1,...,n}}, collecting the directions with the same charges q;, such that

G = Q) Gar(K) (A.15)

Kek
where Gg, (K) = {s9% 1x||s € (C*)""%} consists of matrices proportional to the unit matrix
and by qg I denote the charge in the directions in K. As usual, we think of the symmetric
group S, as being embedded into GL(n,C) via o(e;) = e,(; for o € S,. We would like to work

out the normalizer
Nain,0)(G) = {9 € Gl(n,C) | gG = Gg} = {g € GI(n,C) |Vy € G F7€ G : gy =79} . (A.16)
It is also useful to introduce the commutant
Cainc)(9) = {g € Gl(n,C) [ gy =19 VY € G}, (A.17)
of G within Gl(n,C). We also introduce the sub-groups of S,, defined by
R =S, N Naino)(G), S =5,NCainc)(9) , (A.18)

consisting of permutations which normalize or commute G, respectively. I start by characterizing

the groups R and § in a different way which is more useful for practical calculations.

Lemma A.1.8 i) R C R = {0 € S,|0(K) € K VK € K}, ii) S = {0 € S,|o(K) =
K VK € K}

Proof i) Consider a permutation o € S,, which normalizes G so that for all 4 € G there exists
a4y € G such that yo = 04 with v = diag(s%) and 4 = diag(s%). It follows that §% = g%
for all 4, so that ¥ = diag(s®®). Consider all i € K for a given block K, so that q; = q.
Then s = §9% for all 7 € K. This only works if all g,y = qx are equal, so that o(i) € K’
for all i € K. Hence, o(K) C K’ € K. Applying the same argument to o~ and K’ leads to
o~ Y(K'") C K, so combined we have o(K) = K'.

ii) Clearly, permutations which only act within blocks are in the commutant. Conversely,

permutations in the commutant have to be block-diagonal from Schur’s Lemma. O
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So, S is the set of permutations of directions within each block and R contains permutations
of blocks and within blocks. Unfortunately, the group R we are actually interested in can be
genuinely smaller than R. If there are more blocks than variables s it might happen that a
permutation of these blocks cannot be compensated by a choice of § in the normalizer condition.
Clearly, S C R is a sub-group and indeed a normal sub-group so that we can define the quotient

group
P=R/S. (A.19)

There is a monomorphism P — R which involves assigning to an element of P the element of
R which permutes the blocks in K in the same way and preserves the natural order in each
block K € K. In this way,

R=PxS. (A.20)

We are now ready for the following theorem.

Theorem A.1.9 The normalizer can be expressed in terms of the commutant as Nain,c)(G) =
P Cain,0)(G), Caimn,c)(G) is a normal sub-group of Naim,c)(G) and P N Cain,c)(G) = 1.

Proof We begin by showing that every matrix g =€ Nain,c)(G) can be written as a product
of a permutation and a matrix in the commutant. First, g = (g;;) € Nain,c)(G) means that
for all v € G there exists a ¥ € G such that gy = 9. Write v = diag(y;) and 5 = diag(x;)
where y; = s% and x; = §%. Then it follows that g;;(x; — x;) = 0 for all ¢, j. The matrix g is
invertible which means that for every row ¢ there exists a column j with g;; # 0 and, moreover,
for each row we can choose a different column. This means there exists a permutation o € S,
so that gi,-1(5) # 0 for all ¢. In order to satisfy the normalized condition we then need that

Xi = Xo-1()- Now define ¢ = o~ lg so that ¢ = oc. The normalizer condition then reads
cye™! = 07150 = diag(X, ;) = diag(x;) = v and, hence, ¢ € Cgin,c)(G) is in the commutant.
This shows that every ¢ in the normalizer can be written as ¢ = oc with ¢ € S, and ¢ in the
commutant. With this decomposition, the normalizer condition, gy = yg becomes oy = o
which shows that, in fact, 0 € R. Further we know that every r € R can be written as r = ps,
where p € P and s € S, so that g = rc = psc. But both s, ¢ and their product sc are in the
commutant. This proves the decomposition Ngip,c)(G) = P Cain,c)(G)-

We now need to show that Cgip,,c)(G) is a normal sub-group of Ngip,,c)(G). Choose a ¢ in the

1. .
1 /=% is in the

commutant and ¢ = pc in the normalizer. Then gcg™! = pcp~! where ¢ = ccc
commutant, so we need to show that pép~! is also in the commutant, that is pép~ty = ypép~!
for all v+ € G. This is equivalent to ¢y = J¢ where ¥ = p~'yp. However, 7 has the same
block-structure than elements in G (as the action of p permutes the blocks) so that ¢ and ¥

indeed commute.
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Finally, since the action p~!yp of a p € P on v € G permutes the blocks of 7, it follows that the
only p € P for which p~'yp =~ is, in fact, p = 1, so that Ngi,c)(G) and P N Cain,c)(G) = 1.
O

So, in summary, we have found that the normalizer can be expressed in terms of the commutant

as
Nainc)(G) =P x Cain,)(9) (A.21)

and the latter, by means of Schur’s Lemma, can be written as

Caimo)(9) = Q) GI(K,C) . (A.22)

Kek

A.1.4 Invariance group of the toric ambient space A

In order to find the symmetry group G4 of the toric ambient space we have to compute the

normalizer Ng,(G). Clearly, this normalizer is given by
N, (9) = G N Naigno)(9) - (A.23)

The two groups on the right-hand side have been explicitly determined in the previous two
sections, so our remaining task is to express their intersection in a useful form. Both groups
have a similar structure in that they relate to a block-decomposition of the n coordinates and
consist of a semi-direct product of a permutation group which exchanges the blocks times block-
diagonal matrices which generate general linear transformations within each block. However,
the block-decomposition is in general different for the two cases. The group Gg relates to the

block-decomposition 7 which follows from the structure of the zero set and is given by

Gp=Pwx Hp, Hp=@Q)GCIJ,C). (A.24)
JeJg
The group Nein,c)(G), on the other hand, relates to the block-decomposition K which follows

from the toric group G and is given by

Neino)(G) = P % Caine)(G) . Caine)(G) = R) GI(K,C) . (A.25)
Kek
The complication is that the block-decompositions J and K are not necessarily identical. It is,
therefore, useful to define the refined block-decomposition given as the intersection of J and
IC defined by
L={L=JNK|JeJ,Kek, L#0}. (A.26)
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We introduce the usual collection of groups associated to this block-decomposition. First, there

are the block-diagonal matrices in

Hy =) GIL,C) . (A.27)

Lel

Then we have the stabilizer group, S, and the block-permutation group, R, defined by
Se={ceS,|o(L)y=L VLeLl}, R={ceS,|o(l)eLl VYLeLl}. (A.28)
As usual, we can then form the quotient and the semi-direct product
Pr=R;/S;, Rr=P:xS;. (A.29)
From the definition of the various block structures is it clear that
Hy = Hp N Cain,0)(9) (A.30)

and we expect this to be the continuous part of Ng,(G). We also define the intersection of the

permutation groups

Ri=RNR, Sa=5SNS, Pi=Ra/Sa, Ra=PsxSa. (A.31)
The two sets of discrete groups relate in the following way.
Lemma A.1.10 i) Ry C Ry, ii) Sx = Sg, iii) Py C P.

Proof i) Consider a r € RNR so that r(J) € J for all J € J and r(K) € K for all K € K.
Then, for any L = JNK € L we have r(L) = r(JNK) =r(J)Nr(K) so that r(L) € L. Hence,
RNR CR,.

ii) “C”: For s € SNS we have s(J) = J for all J € J and s(K) = K for all K € K. Then, for
all L=JNK e L wehave s(L)=s(JNK)=s(J)Ns(K)=JNK =L, so that s € 5.
“D7: Let s € Sg, hence s(L) = L for all L € L. Every J € J can be written as a disjoint
union J = (J;.; .9 L and likewise every K € K as K = ;. ;x4 L- Hence, since all L are
left invariant by s so are all J and K and it follows that s € SN S.

iii) This follows directly from i) and ii). O

Theorem A.1.11 The normalizer group N¢,(G) can be written as Ng,(G) = RaHa.

Proof “O”: Considera g =rh € RyH,, wherer € Ry = RNRand h € Hy = HgNCain,c)(G).
It follows that rh € RHp = Gg and rh € RCqimn,c) = Nain,c)(9) and, hence, g = rh € Ng,(G).
“C”: Start with a g € Ng,(G) = G N Nain,c)(G) which can be written as g = ph = ©é with
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pE€ P heHg meP, éc Canmey(G). It follows that 7'p = ¢h™' € Cane)(G)Hs.
Since 7~ !p is a permutation it follows that 7=!p € SS which is the set of permutations in
Cain,0)(9)Hp (I am not completely sure this conclusion is correct. To be checked!). Write
7 p =051, where 0 € S and s € S, so that ps = om = 7. Since ps € R and mo € R it follows
that v € RNR = Ry. Define h = s'h € Hzand c = 0 1¢ € Cain,c)(G so that g = yh = 7c.
It follows that h = ¢ € Hp N Cain,c)(9 = Ha and, therefore g = vh € RyH4. Box

It is now clear that we can write Ng,(G) as a semi-direct product
Ne(G) = Pax Hy (A.32)

by dividing out the group S4. To find the invariance group, G4, of the toric space we have to
divide this by G which results in

GA:PA[X(HA/Q). (A33)

This completes the calculation of G 4.

A.1.5 The automorphism group of a toric variety revisited

The toric divisors x; correspond to elements of ¥'(1) and hence lattice points on A°. We denote

the lattice points by v; for ¢ € {1,--- ,n}. The toric variety can be presented as
Py = (C" — Z)/(C*)" (A.34)

Here, Z is the SR-ideal, containing collections I € Z of v; not contained in a common cone of

Y. The C* action is described by charge vectors q; and acts as

2 > sty (A.35)
forr=1---n—d and s, € C*. We also collectively denote st = Ai(Sr). The components ¢! of

the charge vectors [[] satisfy

S wila) =0. (4.36)

%

LOur notation is such that a charge vector contains all of the charges under the (n — d) C* action on a single
homogeneous coordinate x;.
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A.1.5.1 The set K

Let us first consider the set K. Its elements K are sets containing a collection of indices
{1,..,n} such that q; = q; for all i, j in a specific K. As we discuss now, this has fairly strong

implications for any two ¢, j in the same K.

Theorem A.1.12 On a simply connected toric variety, any two lattice points v; and v; on A°
for which q; = q; are vertices of A°. Furthermore, there exist points c; inside of @Eg] as well

ey 3] ‘ B
as aj; inside of @j for which a;; = —aj;.

Proof From the equality of q; and q; it follows that the corresponding divisors D; and D, are

linearly equivalent. As all linear equivalences take the form

n

> (aij, vk) D =0 (A.37)

for some vector a;; in M ® R, there must be a vector «;; such that
<Oél'j, 'U,L'> =1 <Oéij, 'Uj> =1 <Oéij,?]k> =0VEk 7é ’l,j <A38)

For a simply connected toric variety, the set of all vectors v; generate the lattice N (see e.g.
[Fulton, sect 3.2.]). Hence a first consequence of this is that «;; is contained in the dual lattice
M. Furthermore, the above implies that it is a lattice point on A, as (a;;,vg) > —1 for all
points v, on A°. (w;,vg) =0 V k # 4, j implies that all vy, except v; and v; are contained in a
three-dimensional hyperplane of N ® R passing through the origin. As A° is four-dimensional
and the convex hull of all of the v, it follows that v; and v; must be above and below this
hyperplane, so that they must be vertices. In this case implies that o; is inside the dual

three-dimensional face of v;, @E’} and a;; = —ay; is inside @Eﬂ.

The above provides an alternative algorithm for determining the set IC: all indices [ correspond-
ing to non-vertices v; form sets K; = {l}. For any vertex v;, we have to find the interior points of
the dual face @?]. If the negative of such an interior point is also inside of a three-dimensional
face @E)’] (defining a dual vertex v; of A°) there is a set K € K containing both ¢ and j. This
defines an equivalence relation ~x and the equivalence classes are precisely the K € K.

This way of thinking is supposed to be particularly useful for polytopes A° with many integral

points, where many points (all non-vertices) can never occur in any non-trivial set K € K.
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A.1.5.2 The set J

The data exploited in the last paragraph only depends on the structure of the polytopes A°
and A. Let us now consider the triangulation data. We collect the generators of the SR ideal
into a sets [ € Z. Then we construct a refinement J of Z, i.e. every set J € J is contained in
one I € 7, in the following way: the sets J are the equivalence classes under the equivalence
relation

j~g1 4> iand j are contained in the same sets [ € 7. (A.39)

In other words, J is obtained by first forming all intersections between sets in Z and then

discarding sets which are already containing smaller sets.

Lemma A.1.13 If all cones in a fan X' are symmetrical with respect to exchanging i <> j then

i~z .

Proof To see this, all we have to do is go through the construction of J from the data of
cones. We first find the SR ideal by forming the complement of the set of cones in the power
set of {1,---,n}. By construction this will be symmetrical under ¢ <» j. But then also the set
of generators Z enjoys the same symmetry so that ¢ and j are in the equivalence class in J as

claimed.
Theorem A.1.14 If D; = Dj, so that i ~x j, it follows that i ~z j.

Proof Due to the lemma, it is sufficient to show that any triangulation of the polytope A°
is such that the collection of cones is symmetric under the exchange i <» j. First of all, the
triangulation ¢r(A°) is completely fixed in terms of its cones of maximal (i.e. 4) dimension.
Every one of these cones is spanned by four linearly independent vectors in N. If such a cone
contains both v; and v; among its generators, there is nothing to show, as this is symmetric
in ¢ and j. A cone which just contains v; but not v; is hence spanned by v; and three vectors
Uky s Uky s Uk, 101 the plane orthogonal to «;;. This means the cone in question has a face (which is a
three-dimensional cone) spanned only by vy, , vy, , U,. For a fan constructed from a triangulation,
every three-dimensional cone is the intersection of precisely two four-dimensional cones. Hence
there must be another four-dimensional cone spanned by vy, , vg,, Vg, and another vector. The
only vector which turns vy, , vg,, vy, into a four-dimensional cone (besides v;) is v;. Hence there

is a cone {1, ky, ks, k3} as well.

As a direct consequence of the above, J is a refinement of IC (the converse is wrong, i.e. K # J
in general) for any triangulation. This means that the set £L = K N J = K is ultimately

independent of which triangulation is chosen for A° !
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A.2 Symmetries of the Calabi-Yau manifolds and Rep-
resentation Theory

A.2.1 Twisted linear representations

Before considering the more difficult problem of finding all projective m-twisted representations,
let us discuss how we can manage to find all w-twisted linear representations of a group G.
Such representations can be constructed from appropriate linear representation, see [69] for a
discussion in a similar context.

To start the construction, let us assume that we have found a, not necessarily injective, group

homomorphism

WIG—)PA (A40)

and ask how we can find all compatible w-twisted representations satisfying . Furthermore,
we assume for simplicity that 7(y) acts transitively on a number of 'blocks’ B; (of course all
of these have the same size) and leaves everything else unchanged. We will discuss the general
case below.

Labelling the relevant blocks by B; by ¢ = 1...k, we can single out one of the blocks and consider
its stabilizer G; C G. Note that the restriction of () for v € G; to B; defines a representation
of G;. Let us call these representations r; : G; — GL(B;,C). An equivalent description is to

write the representation R(7) as a product of two matrices

R(y) = 7(y) - diag(ri(v),--- ,7a(7) - (A.41)

As we explain in the following, is enough to fix a single of the r; to recover the whole m-twisted
representation . Let us hence consider Gy, the stabilizer of the first block, and fix the
representation r : Gy — GL(Bjy,C). To reconstruct the whole action of G we pick a set of
group elements ~; such that m(v;)(1) = i. We can make the choice 73 = 1 in G. We can then

write any group element as

Y= Yehvi (A.42)
with A in Gy, for any i. We can hence think of A to depend on ~ and i. To see this, note that
h is given by

h = '77:(17)(1-)7%‘ . (A.43)

This is in G as

= T(Yr(n@) () (@) (A.44)
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We may hence write
R(7) = R(Yx ) RIDR(y; ") (A.45)

for any ¢ and v using an appropriate h. Going through the definitions this means that we can

write
ri(y) = ri(h) (A.46)

This allows us to recover all of the matrices r;(y) and hence the entire m-twisted representation.
As we may construct h for any v and 7, the above relation holds for any m-twisted representation
and we only need to find all group homomorphisms 7 : G — P4 and all linear representations
of r; : Gy — GL(K,C) to construct all m-twisted representations.

In general, it is not true, however, that m : G — P, acts transitively on the blocks and there
may be several orbits. In this case, we can do the above construction separately for each orbit
O}, and then combine all of the data to find a linear representation R : G — P, x H,. Here, the
representation matrix becomes block diagonal with each block acting on the elements
{By} forming the k-th orbit Oj.

Note that neither all of the representations 7 nor all of the representations ¥ : G¥ — GL(By, C)
need to be faithful to find a faithful representation R.

If we are given an action of 7 : G — P4 and want to find all m-twisted representations r(7), we

hence need to
e Find all representations 7 : G — Py, not necessarily faithful.
e Find all orbits of the blocks under this action.
e For each orbit, pick out a block and call it B;. This defines the group Gj.
e Choose the group elements g;.
e Study all linear representations r; (not necessarily faithful) of G; on GL(B;,C).

e For each such linear representation 7y, we may find the corresponding h for each i and

v using (A.43). Using this h, we can determine all r;(y) using (A.46|). This completely
fixes the representation R regarding the orbit under consideration.

e By choosing a linear representation for each orbit, we completely fix the representation
R.

Note: as we are led to consider non-faithful representations, not all resulting R will be faithful
as well. This means it will be better to start with the largest possible groups G when considering

a specific model and exclude subgroup as those will already be dealt with automatically.
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A.2.2 Toric representations

Then how do we get the group homomorphisms if we replace C* with a correlated blocked
(C*)"™ action? We claim that it is valid to combine different projective representations for each
block(free and correlated ones as well), and checking two more conditions to remove the invalid

ones.

Assuming we have in total n blocks, with d blocks correlated to the other (n — d) blocks(G =
(C*)"=9), then by repeating the standard schur cover trick we have (7,1, fi,é;,es,hs,7;) defined for
the ¢-th block, then by combining the correspondent representations we write out our generalized
representation as

7 = Diag(7y, T2, ..., )

Firstly our 7 is a group homomorphism from I'y — H4/G: From the above discussion, we know
in the upstairs level 7(k,v) = @(k)h(y)l(7y), with each object diagonally blocked. Now 7 is a

proper group homomorphism, because

P((k,7) (k7)) = Pe(y, 1)k, 7) = dlely, RR)R (YY)
= ¢(e(7, 7)o (k) (k) h(v)1(77)
= L DR RO, 7 (k)b (k) (A47)
= F IR R(T) (k) (k)
= o(k)S(k)h(MPFN()(F)
Notice that this is the same as #(k,7)7(k,7) = ¢(k)o(k)h(y)h(F)(7)I(7), then 7 is a proper
group homomorphism. Automatically 7 = 7(7) is a group homomorphism since both 7 and 7

Then we claim that the sufficient condition of the consistency check is the following:
Pk, )Pk, 7)€ G (A.48)

This is because given the same -, varying k would not change the identification of 7(v) in-
side 7(k, fy), namely 7(k,v) = #(k,7) for all k,k € K, then by definition of # we have

P(k, )Pk, 7) " €G.

The last question is, how do we identify different upstairs linear representation to be the same,

when they both are projected down to the correspondent projective representations.
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Two projective representations 7y and 7, are equivalent only when there exist a automorphism
P of the homogeneous coordinate space and a function 6 : I'y — G, such that for each v € 'y,
we have P(71(7y)) = 0(7)(72(7)P). Inserting the definition of 7 = 7(7(k,)), we would then
have

P(a(P(k1,7)) = 0(7) (7 (Fa(k2, 7)) P) (A.49)
We see that choosing different k; and k, are equivalent to bringing in another factor into 6,
namely 6 is ki, ko dependent. However in the sense of equivalent representation, we could just
make one convenient choice of ki, ky for each v, checking the formula . That would be

enough to help us removing the redundancies.

A.2.2.1 Surjectivety of ¢

In this section we discuss how to recover all projective representations from linear representa-

tions in the case of 'correlated blocks’. More specifically, we are interested in maps
r—[[GL.c)/g (A.50)

where G is (C*)"* c C*"
The idea of the proof will be the following: we already know that J is surjective in the standard
case, so we will show that this implies that it also surjective in the more general case we are

interested in.

A.2.2.2 Recap of the standard story

In the standard case of projective representations we can lift every
r:T— [[GL,C)/cr, (A.51)

to a linear representation of its Schur cover

15K - —1 (A.52)
ie.

P:T— [[GL(d,C) (A.53)
by writing

7k, ) = e(B)h(1)I(7) (A.54)

if 0 is surjective.

Here, I(7) is a lift of 7 to GL(d,C (we can think of these as some matrices) which satisfy

{IF) = FO D) s (A.55)



for f a factor set f: ' x ' = C*. Note that two such lifts [, l'are equivalent if we can find a
h :T"— C* such that

h(NI(y) =1'(7) (A.56)

F'(n3) = F Dh)AF) A () (A.57)

In more abstract language, this is expressed as saying that f and f’ define the same class in
H?(T,C*).
The extension ({A.52)) can be defined by fixing the factor set e : I' x I' — K in the multiplication

rule
(k, ) (k, 7) = (kke(v,%),77) - (A.58)

The question is no if we can 'undo’ the factor set f (which measures the departure of 7 from
being a linear representation) by enlarging the group I' to [ and studying linear reps of that.
As discussed in the last section, if we can find ¢ € Hom(K,C*) (i.e. ¢ can be used to map
e(v,5) — f(v,%) and we can think of ¢(k) as a being proportional to the unit matrix) and
h() such that

e(e(v, 7)) = f(v. NARF) R () (A.59)

holds for every factor set f(7,7) our choice of e(v,7) is good enough. The central statement
is now that the Schur cover using the Schur multiplier is precisely such that this holds. Hence
using the Schur cover we can lift every projective represetation to the linear one ((A.54).

Question: how does that work in practice ?

e We never compile a list of ’all’ representations but pick out representatives (sorry for the
lack of a better term) corresponding to equivalent representations. How can we be sure

the one we choose for 7 are enough to project to all inequivalent representations 7 7

e Somewhat related: If we choose an arbitrary linear representation of I' and also fix some
projection to I', are we then guaranteed that elements of the subgroup K are represented

by elements of C* 7

A.2.2.3 The case of independent blocks

Let us now discuss the next more complicated cases, representations

r:T — [[GL(d:,C)/C (A.60)
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i.e. we have a number of independent blocks. First of all, if we are given such a representation
and a lift (), (A.55) implies that fisamap f: ' xI' = (C*)". We can think of f as a matrix

f(v,7) = ®lgxa;ci(7,7) (A.61)

i.e. it is block diagonal and each block is proportional to the unit matrix. We can of course

rewrite

ICRIRS | BHCH) (A.62)
Ji(v, ) = La;xa,ci(7, 7) @i La; xa, (A.63)

where now f; : I' x I' = C*.

Clearly, equivalent f(v,%) are again related by . This equivalence is derived using the
action of (C*)" on the homogeneous coordinates and we may consider each of the n actions
in turn and denote the corresponding map h; : I' — C* h;(y). This gives rise to a similar
decomposition into A(y) = [ hi(y) with h; : I' — C*. With this we find that f(v,5), f'(v,7)
define the same class in H?(T', (C*)") if all of the f; and f! define the same class in H?*(T',C*)

FOn3) = [y, Mha()ha(3) R (v7) (A.64)

We now use the same Schur cover as before, (i.e. we have the same exact sequence (A.52)) and
e:I'xT'— K), and consider maps ¢, which now maps ¢ : K — (C*)". Asis f(v,7), ¢(k) will
be a block-diagonal matrix with each block proportional to the unit matrix. We can hence also

decompose ¢ into homomorphisms ¢; : K — C*,
p(k) =[] w:(k) (A.65)
0i(k) = La;xa,pi(k) i L, xd; (A.66)

We are now ready to confront (A.59)) for this setup. As we have decomposed @, h, f in the same
way, a solution to the generalization of (A.59|) can be found if we can solve

ei(e(7,7)) = fi(v, 7)hi(V)hi (V)R (v7) (A.67)

The existence of such h;,¢; for each f(v,%) is already implied if e(y,7) originates from the

standard Schur cover, so that we are done and the same construction applies here !
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A.2.2.4 The case of dependent blocks

We are now ready to confront the real case of interest, i.e. representations

7. — /(€ (A.68)

[[cLd. c)

where the j-th C*s acts as a matrix

Cj = @lgxa ;" (A.69)

J
on the homogeneous coordinates. The integers n,;, are the charges of the corresponding ho-
mogeneous coordinates. The decomposition (|A.62)) used in the last section is the special case
where n;; = d;;. We can repeat the analysis of the last section, but use the decomposition into

matrices C; instead.

The maps relevant to our problem are now

@ K — (C"F (A.70)
fIxD — (CH"*k (A.71)
h:I — (C*)"* (A.72)

As before, we may think of these as matrices, which however now must all be of the form
II¢ (A.73)
J

in order to map to (C*)"~* = G. As before, we can hence decompose everything into matrices
of the form C; and solve the generalized version of (A.59)) by solving

ei(e(v, 7)) = f;(v, V) h;(V)hi(3)h; H (v7) (A.74)

Again, all of the maps appearing in the above equation are defined in the same way as for the

standard case

0 K = C* (A.75)
fi TxT —C* (A.76)
h; T — C* (A.77)

there exists a solution by the general theory. Hence any G-projective representation (|A.68|) can

be lifted to a linear representation of I’ by

F(k,v) = @(k)h(7)l(7) (A.78)

126



Appendix B

Brane Tilings

B.1 Quiver Gauge Theory

Over the last few decades, the study of quiver theories has occupied a prominent position both in
pure mathematics, especially in algebraic geometry and representation theory (cf. e.g., [82-86]),
and in theoretical physics, especially in the AdS/CFT correspondence and in the phenomenol-
ogy of standard-like models (cf. e.g., [42,/44,87-89]). Quiver gauge groups are characterised
by multiple gauge groups and matter contents transforming as 2-index tensor representations.
They are usually defined in terms of a directed graph, where the vertices correspond to the
gauge groups, and edges correspond to matter fields. In the simplest quiver, all the gauge
groups are U(N) or SU(N) groups, assuming the vector spaces of each node are of equal rank.
One salient feature is that gauge theories arising as world-volume quantum field theories living
on stacks of branes probing Calabi-Yau singularities naturally have a product structure for the

gauge group as well as bi-fundamentals.

The computations on quiver gauge theory depends on the quiver diagram and its path algebra.
A Quiver diagram is defined as a pair Q =(Qp, Q1) where Qq is a finite set of vertices and Q; is
a finite set of oriented edges connecting these vertices. For p € Q; we let h(p) to denote the
vertex attached to the head of the arrow and t(p) the one attached to the tail. A path in Q is a
sequence r = pj ... p, of arrows such that h(p;11) = t(p;). Moreover, for each vertex i € Qg we
consider a trivial path e; which starts and ends at . The path algebra k@) associated with the
quiver is the k-algebra whose basis is the collection of paths and with the product rule given
by concatenation of the paths and k is some ground number field, usually taken to be C. The

rule of multiplication is

x.yz{ ry, it hy) = t(x)

0, otherwise .
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For example, the path algebra of the Jordan quiver is infinite dimensional, with the basis set
being {eq, p, p?, p3,...}. The algebra is isomorphic to the polynomial ring k[t]. An A, quiver
has a basis given by the paths {ey, es, €3, 0, 3,7, Ba, v5, ay,vBa, . ..}. Note that other combi-
nations of arrows are not allowed, for example ya = 0 since h(«) # t(7y). This quiver has also
a superpotential given by the unique cycle S = ySa. The Jacobian ideal is the one generated

by the following relations, which form the zero paths, 0,5 =8 ,03S5 = ay ,0,S = Ba.

2

o

Figure B.1: The Jordan quiver. Figure B.2: The A, quiver.

In this work we focus on N' = 1 super-symmetry theories. This means the directed edge of the
graph denote the NV = 1 chiral multiplets: the arrow between two vertices corresponds to a
chiral multiplet in the bifundamental representation (N, N) of the U(N) x U(N) gauge groups
in the endpoints of the arrow, where N is the number of D-branes. The directed edges of the
graph specify the N' = 1 chiral multiplets: an arrow between two vertices corresponds to a
chiral multiple in the bi-fundamental representation (N, N) of the U(N) x U(N) gauge groups
at the two endpoints of the arrow, and an arrow from a vertex to itself corresponds to a field
in the adjoint representation of that single group. In some sense a quiver is usually considered

as an abstract graph, not embedded in any particular space, but the topology of it is important.

Now we have a look at the basic properties of N'= 1 quivers. The D-terms of the gauge theory
can be read off as follows: to each U(1) € U(N) gauge group factor, there is an associated

D-term constraint on the vaccum moduli space, s.t. > Q%|X;|? = (%, where the sum is over

all quiver fields X;, and )¢ is the charge of the field Xz under the a’th gauge group up to the
N-th U(1) gauge group. The fields in the fundamental representation of U(N) have charge
+1, those in the anti-fundamental have —1, and those in the adjoint have charge 0 and do
not contribute. (* are Fayet-Iliopolous parameters, which are real numbers. The requirement
of a super-symmetric vacuum is » (% = 0. In a word, the charge assignment agrees with
the incidence matrix of the quiver, which is Q¢ = d(a, tail(i)) — d(a, head(i)), where 0 is the
Kronecker delta function. Then the exact Novikov-Shifman-Vainshtein-Zakharov (NSVZ) beta
function beta function for the gauge couplings g, of quiver gauge theory is

Blon) = — g (B 5 (1= 0) (B.1)

872 i€a
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where the sum is over all chiral multiplets transforming under the gauge group a, and ~; is the
anomalous dimension of the field X;, namely the conformal dimension as A(X;) =1+ %fyi =
3 R(X;) where R(X;) is the R-charge of X;. The statement of the super-conformal invariance is
that all S-functions vanish, namely > (1—7;) = 6, which gives us > (1—R(X;)) = 2. Therefore,
the super-potential is then in genei"eaci the function of gauge—inval?iant operators which form a
closed loop on the quiver graph, due to the gauge invariance, and transform with R-charge
two. For the proper quiver graph, the super-potential is fixed by the requirement of invariance
under the symmetries of the CY geometry, which consists of interactions invariant under global

symmetries on the D3-branes.

The importance of quiver gauge theory is that it represents the D-brane configuration filling
transverse spacetime and wrapping cycles of the internal CY space. For now we consider a
stack of D3-branes located at a special type of singular point of a toric Calabi-Yau cone. The
super-potential is completely fixed by the requirement of invariance under the symmetries on
the D3-branes. In a sense, the main reason for studying brane tilings is that any theory admit-

ting a U(1)? global symmetry falls into this class.

N = 1 quiver gauge theories were first studied in string theory by Douglas and Moore [42],
who exploited the toric structure of the quiver gauge theory moduli space by constructing a
change of variables parametrizing it as the moduli space of an abelian gauged linear sigma
model. Many authors followed up on this work, extending the analysis to more general toric
singularities and studying the properties of the resulting models [46-48./94}/116,,135,(137,/142,143].

B.2 Brane tilines and dimer models

In this section we exploit two additional structures that appear in toric quiver theories which
help us to obtain some highly non-trivial simplifications. We first reformulate the quiver and
super-potential as a tiling of a T2 by polygons (brane tiling), then we introduce the crucial

components of a dimer model.

The key idea behind brane tiling is to regard the terms in the super-potential as the terms
defining plaquettes, i.e. forming the boundary of polygons. When a field appears in more than
one term, the plaquettes are glued together along the corresponding edge. For the most general
quiver theories the resulting object does not seem to have interesting structure, but precisely

for the toric quiver theories it simplifies dramatically. Thus, the plaquette tiling we form from

129



a toric quiver theory is a polygonal tiling of a Riemann surface without boundary, called the
planar quiver. The dual graph of it is called brane tiling. The opposite signs of super-potential
terms imply that adjacent faces in the tiling could be labelled by opposite signs. Since the tiling
admits an orientation, the Riemann surface is then also orientable. What’s more the genus of

this Riemann surface should be 2, because super-conformality tells us that > (1 — R.) = 2,
ecV;
where the sum is over edges bounding a plaquette. We then sum it over all the vertices and

faces, giving us Np — Ng+ Ny = 2—2¢g = 0, namely the tiling has genus 1 and is topologically a
T? space. Therefore we have combined the information of the super-potential and quiver graph
into a tiling embedded into a T? space. Now each face in the tiling represents a U(N) gauge
group. Recall that in the super-potential we have the alternating signs for two terms sharing
the same field, this suggest that the tiling is a bipartite graph: each vertex is only connected
to vertices of the opposite sign, or we can simply set the convention as referring to positive and

negative vertices as black and white nodes.

For example the quiver graph of C?/Z? x Z?* theory is the following:

Figure B.3: The C3/Z? x Z? quiver.

By counting the loops in this quiver, we write down the super-potential as:

W = — X13X04 X320 X1 + X13X37.X51 X75 — X16X05X51X62 + X16X41Xe67X74 + X204 X8 X62 X536
+ Xo5 X320 X58 Xg3 — X37.X48 X74 Xg3 — X58X67X75 X356 ’

where X;; means the fundamental representation between the ¢ — th and j — th gauge factor.
The brane tiling mapped to the T2 is presented in fig The pink square denotes the unit cell
of the torus, black and white nodes are evenly distributed and labeled. There are eight areas,
which precisely correspondent to the gauge factors in quiver graph. Actually, the brane tiling is
simply the dual graph of the planar quiver. We now have the following dictionary summarising

the relation between quiver gauge theory, the planar quiver and brane tiling:
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w1 w3 w1
oW oW

Figure B.4: The C3?/Z? x Z* dimer model.

Gauge theory Quiver | Planar quiver Brane tiling
SU(N)/U(N) gauge group | Node Vertex Polygonal face
Chiral multiplet Arrow Edge Edge
Superpotential term Loops | Polygonal face Vertex

Table B.1: The quiver/brane tiling dictionary

So far we have developed a quick way of understanding the mathematical structure of quivers
and brane tiling. The motivation of a quiver is to represent the chiral multiplets in the field
content, but what is the physical meaning of the dimer model? In a word, they are NS5 and D5-
brane configurations that are dual to gauge theories on D3-branes. In the type IIB construction,
the NS5-brane extends in the 0123 directions and wraps a holomorphic curve embedding in the
4567 direction (the 46 directions are compact). Db5-branes span the 012346 directions and
stretch inside the holes in the NS5 skeleton. Therefore the D5-branes are bounded by NS5-
branes in the 46 directions, leading to a four dimensional low energy theory. This is how the
important physics is captured by drawing the brane tilings in the 46 plane: For a N' = 1 four
dimensional theory, there could be a different number of D5-branes N; in each stack, which
leads to a product gauge group [[ SU(Ny). Strings stretching between D5-branes in a given
stack correspond to the gauge bosons, while strings connecting D5-branes in adjacent stacks
correspond to states in bifundamental representations, which also appear in quiver gauge theory.
We call this whole framework bipartite field theory, because the nodes in the dimer model could
be equally assigned as white or black. Due to the fact that each bifundamental field appears
exactly twice in the superpotential, the underlying geometry must then be an affine toric variety.

This is the actual reason for us to systematically classify dimer models via toric geometry.
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B.3 Dimer model technology

As analysed in the previous section, we are especially interested in dimers of toric geome-
try (graphs defined on the torus 7?). Here we develop some powerful computational tools

called dimer technology.

Given a bipartite graph, one problem of interest is to count the number of perfect matchings of
the graph. A perfect matching of a bipartite graph is a subset of edges such that every vertex in
the graph is an endpoint of precisely one edge in the set. In this manner a dimer model could
be understood as the statistical mechanics of a system of random perfect matchings. Under
the dictionary in the last section, the vertices are the super-potential terms of the quiver the-
ory, and a perfect matching is to choose one field in each super-potential terms which appears
linearly. In this sense the question of finding homogeneous transformations of W is the same

as enumerating the perfect matchings of the bipartite graph.

We could also define the weighted adjacency matriz A, whose rows and columns index the black

and white vertices, with entries as:

A — Dok afj for each edge k connecting vertex i to vertex j
Ea 0 otherwise

where afj € R* are formal variables labelling the edges, called edge weights. This matrix A

specifies the connectivity of the dimer, which completely determines it as an abstract graph.

Many important properties of the dimer model are governed by the Kasteleyn matriz K(z,w),
a weighted and signed adjacency matrix of the graph with the rows indexed by the white nodes,
and the columns indexed by the black nodes. Now choose a representative of the two primitive
winding cycles of the torus, called ~,, and ~,. One usually choose the paths to be the boundary
of the fundamental domain, but in fact any independent choice will suffice and turn out to be

physically irrelevant. The Kasteleyn matrix is then defined as:

§ : k <a”,"/z> <a o Yw>

where < am,yz > is the intersection number of the edge represented by aw and the oriented
contour -y, respectively. It takes the value 41,0, depending on whether the edge crosses v with
positive or negative orientation, or does not cross v. K matrix is the basic object we need to
use to recover the D3-brane linear sigma models, which describe the classical and semiclassical

moduli space of the quiver gauge theory. The determinant of this matrix P(z,w) = det K is
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a Laurent polynomial called the characteristic polynomial of the dimer model, which provides
the link between dimer models and toric geometry. For example, if we denote the conifold as
C, the Kasteleyn matrix of C/Zy X Zs is the following:

X13 X32 X41 X24

yXs1  Xos yXie Xeo
K= B.2
Xz vXgz Xou Xug ( )

ryX7zs xXss yXer Xge

Given the Kasteleyn matrix, it is very easy to calculate the perfect matchings and toric di-
agram: simply take the determinant of K matrix as the characteristic polynomial, then each

coefficient is a perfect matching and the powers of x and y are mapped to points in toric diagram.

All the perfect matchings of C/Zy X Zs:

X/P
X13
X16
Xoa
X25
X32
X37
Xa1
Xug
X551
Xs8
Xe2
Xe7
Xr7a
Xr7s
Xsg3
Xs6

Y
Y
o

Pig Pia Pis Pig P17 Pig Pig Pao P21
1 0 0 0 0 1

—
)
¥
@
=

(B.3)

coococorrRroOORROOOCOO
coocoroorroOr0000O,T
OHHOOOO0OO00O0O0O0OKKOW
coroo0O0OOROOROOROT
OorooOROOROOOOOROON
cocococoorocooco~roorrol
orroorooorooo0o0o000p
HOOHOOOOOOOOROO R
ccoror~roocOOOOCOCORD
~rocoooCcOoCOORROROOO
cocorcoorocooroo Y
FooOrOOCO~0OO—000 oM
cooccocororoocOoOOR
coococoorRr~rRrROOOOO
CoOO0OROOOOORORROO
coocorrOOCOORROOCO
cCoorRrOCORROOOOOROO
corococoocORROOROCOO
CORROOOCOOO0OOR~O
OCOrRrHOFROOOOOHRHOOO
crocorrOOCOOOCOOOCO
~rocoocOoCOOCOR~ROORO
»—A»—‘OOOOOOOOOOOO»—H—‘;U
mFrocoCcOOROROOOOOOW

The perfect matchings are named as P;. We can also work out the correspondence between

each toric points and perfect matchings:

{2,2}—>P3,{2,]_}—)—Pﬁ—P7,{2,0}—>P1,{1,2}—>—P4—P5, (B4)
{1,1} = P13 — Piy+ P15 — Pig + Pi7 + Pis — Pig+ Pay + Py + Poy — Pag + Poy
{1,0}—>—Pg—Plo,{O,Q}—)PQ,{O,l}—)—P11—P12,{0,0}—>P8

This gives us the two by two square toric diagram for as the lattice defining C/Zsy X Zo.
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Appendix C

Appendices to Chapter 2

C.1 Toric Data
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7 Vertices of A; Vertices of A;
T To I3 T4 Ts Tg I7 xry X2 X3 X4 Ty Xg X7
-1 1 -1 -1 -1 -1 -1 2 0 0 4 0 4 2
8 2 -1 0 0 0 0 0 -2 1 0 1 -1 0 0
-1 0 2 0 2 0 1 -1 0 0 3 -1 2 1
o 0o 0 1 -1 0 0 -1 0 1 2 o0 1 1
Tyl T2 T3 T4 Tz T Ty Tg T T2 T3 T4 T T Ty T
3 -1 -1 -1 1 -1 -1 1 -4 4 0 0 0 0 2 -2
9 0 0 0 1 -1 0 -1 2 0 0 0 -1 1 -1
-2 2 0 0 0 0 1 -1 o 1 1 0o 0 -2 1 -1
-1 0 1 0 0 O 0 1 0 0 1 -1 -1 0 o0
X1 T2 T3 T4 Ty Te T7 I8 Ty T2 X3 T4 X5 Tg Ty Ty
-1 1 -1 -1 1 -1 -1 -1 0 -4 0 0 2 0 0 -2
10 0 -1 2 0 0 0 1 -1 1 2 -1 0 0 1 o0
2 0 0 0 -1 0 1 0 o0 -1 0 -1 1 0 o0 -1
-1 0 0 1 0 © 0 -1 0 1 0 0 1 1 o0
x1 To I3 T4 Ty Tg Ty T8 ry X2 X3 X4 Tz Tg X7 X8
1 1 1 -1 -1 -1 -1 -1 0 0 0 2 -2 0 0 O0
11 o0 0 -1 0 0 1 0 0 1 -1 0 0 0 0 -1 -1
0 -1 0 0O o0 0 1 o0 o0 1 -1 0 0 1 -1 o0
-1 0 0 0 2 0 1 o0 1 0 1 -1 0 -1 0
Tyl T2 T3 T4 Tz T Ty Tg Tl T2 T3 T4 T5 T T7 TS
-1 1 1 -1 -1 -1 -1 -1 0 0 -2 0 0 2 0 O
12 0 0 -1 0 0 1 0 O o 1 0 -1 -3 0 -2 -1
2 -1 0 0 0 0 o0 1 1 0 0 -1 -1 0 -1 0
-1 0 0 O 2 0 1 0 0 0 -1 -1 1 1 o0 ©
X1 T2 T3 T4 Ty Te T7 X8 ry T2 X3 T4 X5 Tg Ty XY
1T -1 -1 -1 -1 1 -1 -1 0 0 0 -2 2 0 0 0
13 0 0 0 1 0 -1 0 0 -1 -1 2 0 0 0 3 1
-1 2 0 0 2 0 0 1 0o -1 0 -1 1 0 1 o0
o 0 1 0 -1 0 0 O -1 0 1 o0 o0 1 2 1
T To I3 T4 Ts Ig I7 x1 rog X3 T4 Ts XTg XT7
1 -1 -1 -1 -1 -1 -1 0 0 0 -2 2 0 o0
14 -1 2 0 2 0 2 o0 -1 -1 2 2 0 0 3
0o -1 1 0 0 -1 1 0 -1 0 -1 1 o0 1
o 0 1 0 0 -1 0 -1 0 1 2 0 1 2
x1 To I3 T4 Ty Te Ty T ry X2 X3 T4 X5 X X7 X8
-1 3 -1 -1 -1 -1 -1 1 -4 0 4 -4 0 -4 —2 2
15 2 -2 0 0 0 0 1 -1 -1 0 2 -3 0 -2 -1 1
0 -1 1 0 0 0 0 O -2 1 1 -2 0 -2 -1 1
-1 0 0 O 2 1 0 0 -1 0 0 -1 1 -1 0 O
X1 T2 T3 T4 Ty Te T7 X8 Ty X2 X3 T4 X5 T T7 XS
-3 -1 -1 -1 -1 -1 -1 1 4 0 0 0 -4 -4 2 -2
16 -1 1 0 0 0 0 0 0 2 0 0 1 -3 -2 1 -1
-2 0 0 2 0 2 1 -1 1 1 0 0 -2 -2 1 -1
o 0 1 0 0 -1 0 O o 0o 1 1 -1 -1 0 0

Table C.1: The sizteen pairs (fA\;, A;) of reflexive four-polytopes, for i = 1,--- 16, each pair
leading to the upstairs Calabi-Yau geometry X; C A; and the downstairs geometry X; C A;
with m(X;) # 0. The polytopes are described in terms of their integral vertices.

C.2 Base Geometries: Upstairs and Downstairs

In this Appendix, we analyse the quotient relationship between the 16 upstairs manifolds X; C
E and the corresponding 16 downstairs manifolds X; C A; whose defining polytopes were given

in the previous Appendix. In addition, some geometrical properties of these manifolds relevant
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to model building will also be discussed.

C.2.1 An Illustrative Example: the Quintic three-fold

Amongst the sixteen pairs is the quintic manifold )71 and its Zs quotient X7, which we take as
an illustrative example. The corresponding two polytopes A; and A; have 5 vertices each.
Firstly, the vertices of A; for the quintic three-fold X; can be read off from Table :

Bi By &y F4 @y
i -1 -1 -1 -1
-1 0 1 0 o0 |, (C.1)
-1 1 0 0 0
-1 0 0 1 0

where #,_; ... 5 are the homogeneous coordinates on the ambient space P*. The polytope E/l
naturally leads to the usual 126 quintic monomials in Z,; these generate the defining polynomial
of the quintic Calabi-Yau three-fold )71

Similarly, the vertices of A; for the quotiented quintic X; = )f(vl /Zs are given as follows:

al Ty X3 X4 Iy
0O -5 0 0 5

4 1 0 3 0 |, (C.2)
2 0 1 1 0
1 -1 0 -1 1

where z,-;.. 5 are again the homogeneous coordinates on the corresponding toric ambient
space. As for the generators of the defining polynomial, the polytope A; leads to the following

26 monomials in xz,:

5 3 2,.2 3 2.2 3 5 5 2 2
XoX3Ty , T1T3T5 , XXXy , T{T2T5 , LX3Ty , T1X2T3T4X5 , T{X3Ly , T3T4Tjy , (03)

2,.2 3 5 3 2,2 3 2.2 3 5
ToXiTE , T1Taxy , T] , TIT3Ty , T1T3Ty, T1Taxy , TITiTs , T3TiTs , Ty .

Now, by demanding that the 26 monomials be invariant, we find the following phase rotation
rule

2im 4im 6im 8im

{Z) = 21, Tg > €5 x9, T3 > €5 13, Ty > €5 3y, T5 —> €5 Tp}, (C4)

which links the two sets of homogeneous coordinates.

This phase rotation relates the two manifolds )A(/l and X; tightly. Not only the Laurant poly-
nomials are explicitly connected, it turns out that the integral cohomology groups are also very
much similar under the phase rotation.

As an example illustrating the precise relation between upstairs and downstairs space, consider

one of the 126 monomials, 77573, defining the upstairs ambient space of the quintic )z If we
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. . . ) e~ e 2im dir
transform this monomial using the rules in Eq. (C.4) we obtain 77575 — z1(e5 x9)3%¢ 5 23 =

r17523. The phase independence of the result means that this is one of the 26 monomials which
define the downstairs manifold X; = )?/1 /Zs. The remaining 25 downstairs monomials can be
obtained by applying this procedure systematically to all upstairs monomials E|

We next turn to some relevant base geometries, most of which can be easily extracted from
PALP [71]. Let us start from upstairs. Firstly, the Picard group of 3(: is generated by a single

element jl and all the toric divisors are rationally equivalent to j1:
Dlzjb le2:j17 D3:j17 E4:j17 DE'):jl .

Note that we do not carefully distinguish harmonic (1, 1)-forms from divisors unless ambiguities
arise. The intersection polynomial is:

517
which means that d111(5{1) = 5. In general, the coefficient of the monomial term jrjsjt in

the intersection polynomial is the value of d,.q(X), without any symmetry factors. Finally, the

Hodge numbers are:
WUHXD) =1, RMA(X) =101,

leading to the Euler character X()?/l) = —200.
As for the downstairs manifold X7, the Zs-quotient of the quintic 5\(/1, the Picard group is again

spanned by a single element .J; and the toric divisors are all equivalent:
Dy=Ji, Doy=Jy, D3=J1, Dy=J1, Ds=J; .

The intersection polynomial is given as:
I
and hence, dq11(X7) = 1. Finally, the Hodge numbers are:

hl’l(Xl) = 1, hl’z(Xl) =21

and the Euler character x(X;) = —40.
Note that the intersection polynomial of X; is equal to that of )z divided by 5, the order of
the discrete group Zs. This remains true for all the fourteen favorable manifolds X;—; ... 14 in

an appropriate basis of Hb1.

'In some cases, an additional permutation of the downstairs homogeneous coordinate has to be included,
as in some of the examples in Table. [C:2] This is to ensure that the linear relationships between divisors and
integral basis are literally the same for both the upstairs and the downstairs manifolds.
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C.2.2 Summary of the Base Geometries

For the remaining fifteen cases, the phase rotations of the homogeneous coordinates are not as
straight-forward as in the quintic example. One needs to make use of some combinatorial tricks
to figure out the explicit results. In some cases, permutations are also required to make the
upstairs and the downstairs intersection polynomials proportional to each other. In Table [C.2]
we summarise the complete results for all the sixteen pairs of geometries. For each pair, we
first present the phase rotation map between upstairs and downstairs coordinates (and the
permutation of the coordinates if required). The base geometries of 3(: and X; then follow
in order: number of generating monomialsﬂ toric divisors in terms of the (1,1)-form basis
elements, intersection polynomial. The Hodge numbers h'' and h?*!, as well as the Euler
character y of the manifold X are presented using the notation [X ]21.,17,12,1' In addition, the
second Chern class ¢o(7X) and Kéhler cone matrix K for the downstairs manifolds are also
being listed. The Kahler cone is then given by all Kéhler parameters satisfying K,t* > 0 for

all r.

Base Geometries: Upstairs and Downstairs

44 o 8im

) N - 2im - din 6im - 8ir
Pair 1: {Z; = @1, Ty — €75 X9, T3 — €5 X3, Ty —> €5 Ty, Ty —> €5 T5}

1,101 )
[Xl] —200 #(monomials) = 126

Dlzjh D2:j11 D3:j17 D4:j17 D5:j1

5J3

1,21
[Xl]fy40 #(monomials) = 26

Dy =J1,D2 =J2,D3 = J2,Dy = J1,D5 = J1,D¢ = J2

J13

c2(TX) = (10) K=(1)

2im 4im 2im 4im

Pair 2: {Z) — @1, T4 — €73 x4, T5 — €3 x5, Tg —> To, T3 —> €3 T3, Tg —> €3 Tg}

2,83 .
[X2]7162 #(monomials) = 100

3J Jo+3J1 J2

2,29
[XQ]—’54 #(monomials) = 34

Dy =J1, Do =J1, D3 =J1, Dy =J1, Ds = J1

J2 Jo + J1 J2

ea(TX) = (12, 12) K = ( 01 )

2For simplicity, we do not attempt to explicitly show the generating monomials and only give the number of
viable terms. However, the idea should be clear from the quintic example in section
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Base Geometries: Upstairs and Downstairs

Pair 3: {‘%1 — Glﬂ.Tl, 532 — €Z7rl’2, Zf'3 — eiﬂIL’g, 534 — 61W$4, i‘5 — Is, ‘%6 — Tg, i‘7 — Ty, 5:8 — l’g}

4,68
[X3]—7128 #(monomials) = 81

Dy =J4, Dy = J3,D3 = Jo, Dy = J1, D5 = J1, Dg = Jo, D7 = J3, Dg = Ju

251 Jo s+ 201 Joda+ 201 Js Ja+2 0o J3 Jy

4
[X?)] !22 #(monomials) = 26

D1 = Js, Dy = J3,Dg = J2,Dq = J1,D5 = J1, D¢ = J2, D7 = J3, Dg = Ju

JiJadz+JrJaJa+ J1J3 s+ J2 J3 Js

e2(TX) = (12,12,12,12) K=

o O O
o = O O
= O O O
o O = O

4im o 4a

. - - 2in - aim - 2im - iz
Pair 4: {Z; — x1, To > €73 9, Ty —> €3 T4, T3 —> T3, Ts —> €3 Ty, Tg —> €3 Tg}

4,112
[X4]J216 #(monomials) = 145

D1 =J1,De =3J14 Ja, D3 =3J1 + Jo, Dy = J1, D5 = J1, D6 = Jo

3J%J2—9J1 J3 42773

2,38
[X4]—772 #(monomials) = 49

Dy =J1,D2 =3J1+4J2,d3=3J1+J2,D4 = J1,D5 = J1,Dg = J2

J2Jy—3J1J2+9J3

e2(TX) = (12, —6) K= ( 0 1 )

Pair 5: {Z1 — €™z, To — € xg, Ty — €™ w3, Tg — ¢ g, Ty —> Ty, Ts —> Ty}

{z3 = x5, x5 = 3}

3,83 .
[X5]716O #(monomials) = 105

D1 =J1,Ds = Jo,D3 =41 +2J3,D4 = J1,D5 = Jo, Dg = 2.J1 —2Ja + J3, D7 = J3

2j1j2j3+4j1j§—4j2j§—16j§

3,43 .
[X5] —80 #(monomials) = 53

Dy =J3,Dy=J1,D3=J1,Dy4=J3,D5 =4Jo+2J3,Dg =—2J, +2Jo+ J3,D7 = J3

JiJoJs —2J1 J2 +2J2 J2 —8J3

c2(TX) = (12,12,4) K=

o = O
o o =
o

Pair 6: {Z1 — €™xy, To — €™ xy, Ty — €™ w3, Ty — T xy, T5 — T5, T — To}

{1 = 5,25 — 21,03 = 14,24 — X3}

3,115 )
[Xfi] —224 #(monomials) = 153
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Base Geometries: Upstairs and Downstairs

Di=2J1+J3,Da =4J1+2J2+2J3,D3 = J1, D4 = J2, D5 = J1, D = Jo, D7 = J3

2j1j2j3—4j2j§

3,59 .
[Xﬁ] —112 #(monomials) = 77

Dy =J1,Da=4J1+2J5+2J3,D3 =Jo,Dy = J1,D5 =2J1 + J3,Dg = Jo, D7 = J3

J1Ja J3 —2J2 J2

c2(TX) = (12,12,0)

0o 1 =2 0o 0 1 1 0 O
K1: 1 0 0 ,K2: 1 0 -2 aKjoin: 0 1 0
0o 0 1 0o 1 -1 0 0 1

Pair 7: {1 — exy, Ty — €™y, T3 — €Tx3, Ty — €™y}

{1 = 5,25 — 21,29 — T3, T3 — Ta}

4,148 )
[X7]7288 #(monomials) = 126

Di=2Ji+Jo,Dy=4J1 +2Jo+J3, D3 =8J1 +4Jo+2J3,D4 = J1,D5 = J1, D6 = Jo, D7 = J3

2J1JoJs —4J3 J3 —4J1 J2 + 16 J3

3,75
[X7]—7144 #(monomials) = 26

Dy =J1,D2=8J1+4J2+2J3,D3 =4J1+2J2+ J3,D4 = J1,D5 =2J1 + J2, D¢ = J2, D7 = J3

J1J2Js —2J2 03 —2J1 J2 +8.J3

1 —2 0
ca(TX) = (12,0, —4) K=o o 1
0 1 -2

Pair 8: {Z1 — € w1, Ty — € ag, Ty — € a3, Ty — €71y}

4,148 )
[X8]7288 #(monomials) = 201

Di=201+2Ja+Js,Da=4J, +4Js+2J3,D3 = Jo, Dy = J1, D5 = J1, D = Jo, D7 = J3

2J1Jo s —4Jy J2 — 42 J2 + 163

3,75
[XS]—’144 #(monomials) = 101

Dy =2J14+2Jo+J3,Do=4J14+4J2+2J3,D3 = Jo,Dy = J1,D5 = J1,De = Jo, D7 = J3

J1J2Js —2J1J3 — 202 J2 +8J3

0 0 1
c2(TX) = (12,12, —4) K=|1 0 -2
0 1 -2
Pair 9: {1 — €21, Ty — € ag, Ty — €Tay, Ir — € g}
{333 — Tg, Tg —7 553}
1,52
[X9]—796 #(monomials) = 57

Dy =J1,Dy=J3,D3 = J1,D4 = Jo, D5 = Jo, Dg = J3, D7 =2.J1 — 23 + Ja, Ds = Ju
2j1

j2j3+4j1j2j4+2j1 j3j4+4j1 j278j2j4274j3j3716j2
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Base Geometries: Upstairs and Downstairs

4,28
[X9]—748 #(monomials) = 29

Dy =J3,Dy =J1,D3=J1,Ds=Jo, D5 =Jo,Dg=J3, D7 =—2J1 +2J3+ Jg,Dg = Jy

J1J2J3+J1J3J4+2J2J3J4—2J1J§—4J2JZ+2J3JZ—8J§’

1 0 0
00 0 1
TX) = (12,12,12,4 K-

e2(TX) = (12,12,12,4) PP
0 1.0 0

Pair 10: {7 — €a1, To — "1y, T3 — €a3, T5 — w5}

{21 = 29, mp = 21, 27 — 28, 25 = 77}
1,68 -

[X10]7128 #(monomials) = 81

Dl:th?:2j2+j47f)3:j27D4:jl,D5=2j1+j3,D6:j27[~)7:j37D8:j4

2j1j2j3—4j2j§+2j1 j2j4—4j1j2

4,36
[Xlo]—’64 #(monomials) = 41

Dy =2J2+J3,D2 =J1,D3 = J2,D4 = J1,D5 =2J1 + Jy, D¢ = J2, D7 = J3,Dg = Ju

J1JaJs —2J1J2 + J1 Jo Jy —2J3 J?

00 1 0
e2(TX) = (12,12,0,0) [ 8 (1) —02 (1)
1 0 0 -2

Pair 11: {Z) — a1, Ty — € wy, Ty — €Ty, Ty — Ty}

{IQ — Ty, Ty — To, Ty — T7, T7 —> ZL’5}

4,68 -
[Xll]—128 #(monomials) = 81

Dy =2J1 4 J4,Ds = J3,D3 = Jo, Dy = J1, D5 = J1, Dg = Ja, D7 = J3,Dg = Js

2j1 j2j3+2j1 j2j4+2j1j3j4—4j2j2—4j3j2

4
[X11]J22 #(monomials) = 41

Dy =2J3+ Ja,D2 = J3,D3 = Jo, D4 = J1,D5 = J1,D6 = J2, D7 = J3,Dg = Ja

JidoJs+ J1dsJa+ Jo g s —2J1 J2 — 202 J2

1 0 0 O
0 1 0 O
TX) = (12,12,12,0 K—
el )= ) 0 0 O 1
0O 0 1 -2
Pair 12: {fl — GW.Tl, Ty — 6”1132, T3 — 6”1’3, Ty — 6”.174}
5,85 )
[X12]7160 #(monomials) = 105

Dl :2j1+j3,D2 :4j1+2j3+j4,D3:j27[~)4:j17D5:j17[~)6 =j2,D7=j3,D3 :j4

2j1j2j3—4j2j§+2j1j3j4—4j§j4—4j1j42+16j2

4,44
[X12]—780 #(monomials) = 53
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Base Geometries: Upstairs and Downstairs

D1 =2J1+J3, D2 =4J1 +2J3+ Jg, D3 = J2, Dy = J1,D5 = J1, D¢ = J2, D7 = J3,Dg = Jy

JiJads —2J2 J2+ J1JsJs —2J2 0y —2J1J2 +8J3

0 1 0 0

1 —2
eo(TX) = (12, 12,0, —4) K=, g ) (1)

0 0 1 -2

Pair 13: {Z; — €™ xy, To — € xy, T3 — ™3, Ty — a4}

{.’13'5 — Tg, Tg — £I§'5}

5,85 )
[X13] —160 #(monomials) = 105

Dy =2J1+2Js+Ja, D2 =J3,D3 = J1,D4 = Jo, D5 = J1,D6 = Jo, D7 = J3,Dg = Js

2j1j2j3+2j1j3j4—4j1j2—4j3jf+16j2

4,44
[X13]—y80 #(monomials) = 53

Dy =2J2+2J3+ Jy, D2 =J3,D3 = J2,Dy = J1,D5 = J1,D6 = J2, D7 = J3,Ds = Jy

J1J2J3+J2J3J472J2J272:]3]24’8:]2

1 0 O
0O 0 O 1
TX) = (12,12,12, —4 K=
el )=t ) 0 1 -2
0o 0 1 -2
Pair 14: {Z) — €y, To — €y, T3 — €xs, Ty — €1y}
3,115
[X14]—7224 #(monomials) = 153
D1 =2J1 +2Ja42J3,Ds = J3, D3 = Jo, Dy = J1,D5 = J1, Dg = Jo, D7 = J3
2j1 jz j3
3,59 -
[X14]7112 #(monomials) = 77
D1 =2J1+2J2+2J3,D9 = J3,D3 = Jo,D4 = J1,D5 = J1,Dg = Jo, D7 = J3
J1 J2 J3
e2(TX) = (12,12,12)
0 1 0 0 0 1 1 0 0 1 0 O
K1 - 1 -1 0 ’ K2 - 0 1 -1 ) K3 = -1 0 1 ) Kjoin = 0 1 0
0o -1 1 1 0 -1 -1 1 0 0O 0 1

Table C.2: Summary of the Calabi-Yau three-fold geometries, for both upstairs manifolds ij,
and downstairs manifolds X;. The phase rotation rule (together with the permutation if needed)
is specified at the start of each geometry pair. The Hodge numbers h'' and h*', as well as the
Euler Character x of the manifold X are presented as [X,-]Zl’l’hQ’l. Further geometrical proper-
ties follow in order: number of generating monomials, Picard group structure and intersection

polynomial, as well as co(TX;) and Kdhler cone matriz for the downstairs spaces.
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C.3 GUT Models

Downstairs Rank-5 GUT Models

4,36
[X3] 764

7T1(X3) = ZQ

{(-1, 2, 2, 0),(0, -1, 1, 0),(0, -1, 1, 0),(0, 0, -3, 1),(1, 0, -1, -1)}

{(-1, 1, 3, 0),(0, 1, -1, 0),(0, 1, -1, 0),(0, 1, -1, 0),(1, -4, 0, 0)}

{(-1, 1, 3, 0),(0, 1, -1, 0),(0, 1, -1, 0),(0, -4, 0, 1),(1, 1, -1, -1)}

{(-1, 1, 2, 0),(0, 1, -1, 0),(0, 1, -1, 0),(0, -4, 0, 1),(1, 1, 0, -1)}

{(-1, 1, 1, 0),(0, 1, 1, -2),(0, -1, 0, 1),(0, -1, 0, 1),(1, 0, -2, 0)}

{(-1, 0, 1, 0),(-1, 1, 0, -1),(-1, 0, 1, 0),(1, 0, 0, -1),(2, -1, -2, 2)}

{(-1,0, 1, 0),(-1, 0, 1, 0),(-1, 0, 1, 0),(1, 1, -1, -2),(2, -1, -2, 2)}

{(-1,0, 1, 0),(-1, 1, -1, 0),(0, 1, 2, -2),(1, -1, -1, 1),(1, -1, -1, 1)}

{(-1,1,1,-1),(-2, -1, 1, 1),(-1, 1, 1, -1),(2, 1, -2, 0),(2, -2, -1, 1)}

{(-1,1, 1, -1),(-1, 1, 1, -1),(-1, 1, 1, -1),(1, -3, -1, 2),(2, 0, -2, 1)}

350 —
(X6 7719 Wl(XG) = Lo
{(-3, 0, 1), (0, 3, -1), (1, -1, 0), (1, -1, 0), (1, -1, 0)} {(-1,1,0), (-1, 1,0), (-1, 1, 0), (1, -4, 1), (2, 1, -1)}
1,98
[(Xo|is m(Xo) = Zy

{(-4,0, 1, 1),(1, 3, -1, -1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-3, 1, -1, 1),(0, 2, 1, -1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-3, 1, 0, 1),(0, 2, 0, -1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-2, 3,0, -1),(-1, 0, 0, 1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-2, 1, 1, 0),(-1, -2, 2, 1),(1, 1, -1, -1),(1, 0, -1, 0),(1, 0, -1, 0)}

{(-2, 0,0, 1),(-1, 3, 0, -1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-2, 1,0, 1),(-1, 2, 0, -1),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-2,0, 1, 2),(-1, 3, -1, -2),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, -1, -1, 1),(4, -2, 1, -1)}

{(-1, 1,0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(0, -4, 1, 1),(3, 1, -1, -1)}

{(-1, 1, 3, 0),(0, 1, -1, 0),(0, 1, -1, 0),(0, 1, -1, 0),(1, -4, 0, 0)}

{(-1, -4, 2, 1),(0, 1, -1, 0),(0, 1, -1, 0),(0, 1, -1, 0),(1, 1, 1, -1)}

4,36
[X10] 264

7T1(X10) =1y

{(-3, 4, 2,-1),(1, -1, -1, 0),(1, -1, -1, 0),(1, -1, -1, 0),(0, -1, 1, 1)}

{(-3,4,2,-2),(1, -1, -1, 1),(1, -1, -1, 1),(1, -1, -1, 1),(0, -1, 1, -1)}

{(-4,3,2,-1),(2, -2, -1, 1),(2, -2, -1, 1),(2, -2, -1, 1),(-2, 3, 1, -2)}

{(-2, 1, 2, 1),(5, -4, -2, 2),(-1, 1, 0, -1),(-1, 1, 0, -1),(-1, 1, 0, -1)}

{(0, 1, 2,-2),(1, -1, -1, 1),(1, -1, -1, 1),(1, -1, -1, 1),(-3, 2, 1, -1)}

{(-1, 1, 1, 0),(1, 0, -2, -1),(2, -3, -1, 1),(-1, 1, 1, 0),(-1, 1, 1, 0)}

{(-3, 1, 1, 0),(0, -1, -1, 1),(1, -1, 0, 0),(1, -1, 0, 0),(1, 2, 0, -1)}

{(-4, 1, 1, 0),(2, -2, -1, 1),(1, -1, 0, 0),(1, -1, 0, 0),(0, 3, 0, -1)}

{(-4, 1,1, 0),(2, -1, -1, 1),(1, -1, 0, 0),(1, -1, 0, 0),(0, 2, 0, -1)}

{(-4, 1, 1, 0),(1, 2, -1, 0),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(-2,1, 1, -1),(2, 1, -1, 0),(1, -1, 0, 0),(1, -1, 0, 0),(-2, 0, 0, 1)}

{(-1,0, 1, 1),(2, -1, -2, 0),(3, -3, -1, 1),(-2, 2, 1, -1),(-2, 2, 1, -1)}

{(-1, 0, 1, 0),(0, 0, -1, 1),(0, 0, -1, 1),(1, -1, 0, 0),(0, 1, 1, -2)}

{(0, -1, 1, 1),(1, 0, -2, 0),(-1, 1, -1, 1),(0, 0, 1, -1),(0, 0, 1, -1)}

{(0, -3, 1, 0),(3, 0, -1, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0)}

{(0, -3, 1, 0),(1, 0, -1, 1),(1, 1, 0, -1),(-1, 1, 0, 0),(-1, 1, 0, 0)}

{(-1, 2,0, 1),(1, -2, -3, 2),(0, 0, 1, -1),(0, 0, 1, -1),(0, 0, 1, -1)}

{(-1, 1,0, 0),(1, 0, -2, 1),(0, -1, 0, 1),(0, 0, 1, -1),(0, 0, 1, -1)}

{(-1, 1,0, 0),(2, 1, -1, 0),(1, -3, 0, 1),(-1, 1, 0, 0),(-1, 0, 1, -1)}

{(-3, 0,0, 1),(1, 1, -1, 0),(1, -1, 0, 0),(1, -1, 0, 0),(0, 1, 1, -1)}

{(-3, 0,0, 1),(1, 2, -1, 0),(1, -1, 0, 0),(1, -1, 0, 0),(0, 0, 1, -1)}

{(0, -1, 0, 1),(3, -2, -2, 1),(1, -1, 0, 0),(-2, 2, 1, -1),(-2, 2, 1, -1)}

{(-1, 0, -1, 2),(1, O, -2, 1),(0, O, 1, -1),(0, O, 1, -1),(0, O, 1, -1)}

{(-1,0,-1, 1),(4, -3, -2, 2),(-1, 1, 1, -1),(-1, 1, 1, -1),(-1, 1, 1, -1)}

{(1,0,-2,2),(2,-3, -1, 1),(-1, 1, 1, -1),(-1, 1, 1, -1),(-1, 1, 1, -1)}

136
[X11] 74

Wl(Xu) =7y

{(2,2,-1,-1), (-3, 0, 1, 0), (-1, 0, 0, 1), (1, -1, 0, 0), (1, -1, 0, 0)}

{(2,2,-3,-1), (-2, 1, 0, 1), (0, -1, 1, 0), (0, -1, 1, 0), (0, -1, 1, 0)}

{(2,2,-3,-1), (-1, -1, 1, 1), (-1, 0, 1, 0), (-1, 0, 1, 0), (1, -1, 0, 0)}

{(2,2,-3,-2), (-2, 1,0, -1), (0, -1, 1, 1), (0, -1, 1, 1), (0, -1, 1, 1)}

{1, 3,-1,0), (-4, 0, 1, 0), (1, -1, 0, 0), (1, -1, 0, 0), (1, -1, 0, 0)}

{1, 3,-1,-1), (-4, 0, 1, 1), (1, -1, 0, 0), (1, -1, 0, 0), (1, -1, 0, 0)}

{1, 2,-1,0), (-4, 0, 1, 1), (1, -1, 0, 0), (1, -1, 0, 0), (1, 0, 0, -1)}

{1, 2,-3,-1), (-1, -1, 2, 1), (-1, -1, 2, 1), (0, 2, -1, -2), (1, -2, 0, 1)}

{1, 2,-4,-1), (-1, -1, 2, 1), (-1, -1, 2, 1), (-1, -1, 2, 1), (2, 1, -2, -2)}

{1, 2,-2,-2), (-1, -1, 2, 1), (-1, -1, 2, 1), (0, 1, -1, 0), (1, -1, -1, 0)}

{1, 1,-2,0), (-2,0, 1, 1), (0, -1, 1, 0), (0, -1, 1, 0), (1, 1, -1, -1)}

{1, 1,-1,-1), (-4, 0, 1, 1), (1, -1, 2, 0), (1, 0, -1, 0), (1, 0, -1, 0)}

{1, 1,-2,-1), (-4,0, 1, 1), (1, -1, 3, 0), (1, 0, -1, 0), (1, 0, -1, 0)}

{1, 1,-2,-1), (-3, -1, 3, 1), (0, -2, 3, 2), (1, 1, -2, -1), (1, 1, -2, -1)}

continued in the next page
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Downstairs Rank-5 GUT Models

{1, 1,-2,-1), (-3, -1, 3, 2), (0,-2, 3, 1), (1, 1, -2, -1), (1, 1, -2, -1)}

{1, 1,-2,-1), (-2,-1, 3, 1), (-1, 1, -1, 1), (1, -2, 2, 0), (1, 1, -2, -1)}

{1, 1,-2,-1), (-2, 0, 3, 1), (0, -1, 1, 0), (0, -1, 0, 1), (1, 1, -2, -1)}

{(1,1,-3,-1), (-1, 0, 1, 1), (-1, 0, 1, 1), (-1, 0, 1, 1), (2, -1, 0, -2)}

{1, 1,-3,-2), (-1, 0, 1, 0), (-1, 0, 1, 0), (-1, 0, 1, 0), (2, -1, 0, 2)}

{(0, 3, 0,-1), (-1, -1, 2, 1), (0, -1, 1, 0), (0, -1, 1, 0), (1, 0, -4, 0)}

{(0, 3,0, -1), (0, -1, 1, 0), (0, -1, 1, 0), (0, -1, 1, 0), (0, 0, -3, 1)}

{(0,2,-1,1), (-3, 1, 1, 2), (1, -1, 0, -1), (1, -1, 0, -1), (1, -1, O, -1)}

{(0, 2, 1, -1), (-1, -1, 1, 1), (0, 1, -1, 0), (0, 1, -1, 0), (1, -3, 0, 0)}

{(0, 2, 1, -1), (-1, 0, 0, 1), (0, -1, 1, 0), (0, -1, 1, 0), (1, O, -3, 0)}

{(0, 2,0, -1), (-1, 0, 2, 1), (0, -1, 1, 0), (0, -1, 1, 0), (1, O, -4, 0)}

{(, 2, -1, -2), (-3, 1, 1, -1), (1, -1, 0, 1), (1, -1, 0, 1), (1, -1, 0, 1)}

{(0, 1,-1,0), (-2, -1, 2, 1), (0, 1, -1, 0), (0, 1, -1, 0), (2, -2, 1, -1)}

{(0, 1, -1, 0), (-2, 0, 1, 1), (0, 1, -1, 0), (1, -2, 1, 0), (1, 0, 0, -1)}

{(0, 1,-1,0), (-2, 2, 1, -1), (0, -1, 0, 1), (1, -1, 0, 0), (1, -1, 0, 0)}

{(0, 1,-1,0), (-2, 2, 1, 1), (0, -1, 0, 1), (1, -1, 0, -1), (1, -1, O, -1)}

{(0, 1, -1, 0), (-1, -2, 4, 2), (0, 1, -1, 0), (0, 1, -1, 0), (1, -1, -1, -2)}

{(0, 1, -1, 0), (-1, 0, 1, 0), (-1, 0, 0, 1), (0, 1, -1, 0), (2, -2, 1, -1)}

{(o, 1, -1, 0), (-1, 1, 3, 0), (O, 1, -1, 0), (O, 1, -1, O0), (1, -4, 0, 0)} {(o, 1, -1, 0), (-1, 1, 0, 1), (O, 1, 2, -1), (O, 1, -1, 0), (1, -4, 0, 0)}
{(o, 1, -1, 0), (-1, 1, 1, 1), (0, 1, 1, -1), (O, 1, -1, O0), (1, -4, 0, 0)} {(o, 1, -1, 0), (-1, 2, 2, 0), (O, -3, 1, 1), (0O, 1, -1, 0), (1, -1, -1, -1)}
{(o, 1, -1, 0), (0, -4, 1, 1), (0, 1, 2, -1), (0, 1, -1, 0), (0, 1, -1, 0)} {(o, 1, -4, 0), (-1, 0, 1, 0), (-1, O, 1, 0), (-1, 0, 1, 0), (3, -1, 1, 0)}
{(o, 1, 0, -1), (-2, 1, 1, 0), (0, O, -1, 1), (1, -1, O, O0), (1, -1, 0, 0)} {(o, 1, 0, -1), (-1, 0, 1, 0), (-1, 0, 1, 0), (O, O, -3, 1), (2, -1, 1, 0)}

{(0, 1, -1, -1), (-3, -1, 3, 1), (0, 1, -1, -1), (0, 1, -1, -1), (3, -2, 0, 2)}

{(0, 1, -1, -1), (-2, -2, 5, 2), (0, 1, -1, -1), (O, 1, -1, -1), (2, -1, -2, 1)}

{(0, 1, -1, -1), (-2, -1, 2, 1), (0, 1, -1, -1), (0, 1, -1, -1), (2, -2, 1, 2)}

{(0, 1, -1, -1), (-1, -2, 4, 2), (0, 1, -1, -1), (0, 1, -1, -1), (1, -1, -1, 1)}

{(0, 1, -2, -1), (-1, 0, 1, 0), (-1, 0, 1, 0), (0, 0, -2, 1), (2, -1, 2, 0)}

{(0, 1, 0,-2), (-3, 2,0, -1), (1, -1, 0, 1), (1, -1, 0, 1), (1, -1, 0, 1)}

{(0, 1,0,-2), (-1, 0, 1, 0), (-1, 1, -1, 0), (1, -1, 0, 1), (1, -1, 0, 1)}

{(0, 1,0,-2), (-1, 1,0, 1), (-1, 1, 0, 1), (1, -2, 1, -1), (1, -1, -1, 1)}

{(0,0,-3,1), (-1, 0, 1, 0), (-1, 0, 1, 0), (-1, 1, 0, -1), (3, -1, 1, 0)}

{(-1,2,-1,1), (-2, 2, 1, 0), (1, -2, 0, 1), (1, -1, 0, -1), (1, -1, 0, -1)}

{¢-1,2,-2,1), (-2, 1, 2, 2), (1, -1, 0, -1), (1, -1, 0, -1), (1, -1, 0, -1)}

{(¢-1,2,-2,-3), (-2,1,2,0), (1,-1, 0, 1), (1, -1, 0, 1), (1, -1, 0, 1)}

{(-1,1,-1,2), (-2, 2, 1, 1), (1, -1, 0, -1), (1, -1, 0, -1), (1, -1, 0, -1)}

{(-1,1,-1, 1), (-2, 2, 1, -1), (1, -1, 0, 0), (1, -1, 0, 0), (1, -1, 0, 0)}

TI7
[X12)2g0 m(X12) = Zs
{(1, -4, 1, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(2, 1, -1, 0) }
117
[X13]2go m(Xi3) = Zo

{3, 1, -1, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(0, -4, 1, 0)}

{(3,-1, 1, 0),(-1, 0, 1, 0),(-1, 0, 1, 0),(-1, 0, 1, 0),(0, 1, -4, 0)}

{3, 1,-1,-1),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(0, -4, 1, 1)}

{(3,-1, 1, -1),(-1, 0, 1, 0),(-1, 0, 1, 0),(-1, 0, 1, 0),(0, 1, -4, 1)}

{(2, 1, -4, -1),(-1, 0, 1, 0),(-1, 0, 1, 0),(-1, 0, 1, 0),(1, -1, 1, 1)}

{(2,-4,1,-1),(-1, 1, 0, 0),(-1, 1, 0, 0),(-1, 1, 0, 0),(1, 1, -1, 1)}

{(1,3,-1,0),(-4, 0, 1, 0),(1, -1, 0, 0),(1, -1, 0, 0),(1, -1, 0, 0)}

{(1,0,-1,0),(-4, 1, 0, 0),(1, -1, 3, 0),(1, 0, -1, 0),(1, 0, -1, 0)}

{1, 0,-1,0),(-4, 1, 0, 1),(1, -1, 3, -1),(1, 0, -1, 0),(1, 0, -1, 0)}

{1, 0,-1,0),(-2, 1, 0, -1),(-1, -1, 3, 1),(1, 0, -1, 0),(1, 0, -1, 0)}

{1, 0,-3,0),(-1, 1, 1, 1),(0, 1, 0, -1),(0, -1, 1, 0),(0, -1, 1, 0)}

{1, 0, -4, 0),(-1, 3, 1, 0),(0, -1, 1, 0),(0, -1, 1, 0),(0, -1, 1, 0)}

{(1,-1,0,0),(-4, 0, 1, 1),(1, 3, -1, -1),(1, -1, 0, 0),(1, -1, 0, 0)}

{(1, -1, 0, 0),(-3, 5, -1, 2),(0, -2, 1, -2),(1, -1, 0, 0),(1, -1, 0, 0)}

{(1,-1,0,0),(-2, 0, 1, -1),(-1, 3, -1, 1),(1, -1, 0, 0),(1, -1, 0, 0) }

{1, -3, 0, 0),(-1, 1, 1, 1),(0, 0, 1, -1),(0, 1, -1, 0),(0, 1, -1, 0)}

{(1, -4, 0, 0),(-1, 1, 3, 0),(0, 1, -1, 0),(0, 1, -1, 0),(0, 1, -1, 0)}

[X14]3,59

7Tl(X14) =1y

—112
{(-1, 1, 3), (0, 1, -1), (0, 1, -1), (0, 1, -1), (1, -4, 0)}

Table C.3: Heterotic SU(5)-GUT models on the downstairs Calabi-Yau three-folds [X;
with m # ¢. The superscripts and the subscript denote, respectively, Hodge numbers and Euler
character of the Calabi-Yau base. The gauge bundle of each model is a Whitney sum of five line

bundles.
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X

144
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Downstairs Rank-4 GUT Models

TT3
[X5] 780

7T1(X5) = ZQ

{(3,3,-1), (-2, 2, 0), (1, -1, 0), (-2, -4, 1)}

{@3,3,-1), (1, -1, 0), (2, -2, 0), (-6, 0, 1)}

{(5,1,-1), (-2, 2, 0), (-1, 1, 0), (-2, -4, 1)}

{(5, 1, -1), (-2, 2, 0), (3, -3, 0), (-6, 0, 1)}

{(5, 1, -1), (-1, 1, 0), (2, -2, 0), (-6, 0, 1}

3,09
[X6] 119

m1(Xe) = Zo

{(2, 1,-1), (-1, 1, 0), (-2, 2, 0), (1, -4, )}

{(6, 1, -1), (-2, 1, 0), (-4, 2, 0), (0, -4, 1)}

{(3,2,-1), (3, -3, 0), (-2, 2, 0), (-4, -1, D)}

{(3,2,-1), (2, -2, 0), (-1, 1, 0), (-4, -1, D)}

{(3,2,-1), (1, -1, 0), (-4, 4, 0), (0, -5, 1)}

{3, 2,-1), (-1, 1, 0), (-2, 2, 0), (0, -5, 1)}

{(0, 3, -1), (2, -2, 0), (1, -1, 0), (-3, 0, 1)}

{(0, 3,-1), (1, -1, 0), (-2, 2, 0), (1, -4, 1)}

{1, 4,-1), (4, -4, 0), (-1, 1, 0), (-4, -1, 1)}

{1, 4,-1), (2,-2,0), (1, -1, 0), (-4, -1, 1)}

{1, 4, -1), (2, -2, 0), (-3, 3, 0), (0, -5, 1)}

{1, 4,-1), (1, -1, 0), (-2, 2, 0), (0, -5, 1)}

{(0, 7, -1), (2, -4, 0), (1, -2, 0), (-3, -1, 1}

3,75
[XS]—144

’/Tl(Xg) = Zg

{(1, -3, 1), (2, -2, 0), (-3, 3, 0), (0, 2, -1)}

{(1,-3,1), (1, -1, 0), (-2, 2, 0), (0, 2, -1)}

{(1,-3, 1), (1, -1, 0), (2, 0, -1), (-4, 4, 0)}

{(1,-3, 1), (-1, 1, 0), (-2, 2, 0), (2, 0, -1)}

{(4,-4,0), (-3, 1, 1), (-1, 1, 0), (0, 2, -1)}

{(4,-4,0), (-3, 1, 1), (2, 0, -1), (-3, 3, 0)}

{(3,-3,0), (-3, 1, 1), (-2, 2, 0), (2, 0, -1)}

{(2,-2,0), (-3, 1, 1), (1, -1, 0), (0, 2, -1)}

{(2,-2,0), (-3, 1, 1), (-1, 1, 0), (2, 0, -1}

3,59
[X14] 7770

7T1(X14) = Lo

{1, -1,-5), (0, 2, -2), (0, -3, 3), (-1, 2, )}

{1, -1,-5), (0, 1, -1), (0, -2, 2), (-1, 2, 4)}

{(1, -1, -5), (0, 1, -1), (-1, 4, 2), (0, -4, 4)}

{(1, -1, -5), (0, -1, 1), (0, -2, 2), (-1, 4, 2)}

{(-1, 1,-5), (2, 0, -2), (-3, 0, 3), (2, -1, 4)}

{(-1, 1,-5), (1, 0, -1), (4, -1, 2), (-4, 0, 4)}

{(-1, 1,-5), (1, 0, -1), (-2, 0, 2), (2, -1, 4)}

{(-1, 1,-5), (-1, 0, 1), (4, -1, 2), (-2, 0, 2)}

{(1, -1, -4), (0, -2, 1), (-1, 7, 1), (0, -4, 2)}

{(1, 0, -4), (0, 2, -2), (0, -3, 3), (-1, 1, 3)}

{(1, 0, -4), (0, 1, -1), (0, -2, 2), (-1, 1, 3)}

{(1, 0, -4), (0, -1, 1), (-1, 3, 1), (0, -2, 2)}

{(2, 0,-4), (1,0, -2), (-4, 1, -1), (1, -1, 7)}

{(4, 0, -4), (-5, 1, -1), (-1, 0, 1), (2, -1, 4)}

{(-1, 1, -4), (7, -1, 1), (-2, 0, 1), (-4, 0, 2)}

{(0, 1, -4), (2, 0, -2), (1, -1, 3), (-3, 0, 3)}

{(0, 1, -4), (1, 0, -1), (-2, 0, 2), (1, -1, 3)}

{(0, 1, -4), (3, -1, 1), (-1, 0, 1), (-2, 0, 2)}

{(0, 2, -4), (0, 1, -2), (1, -4, -1), (-1, 1, 1)}

{(0, 4, -4), (1, -5, -1), (0, -1, 1), (-1, 2, 4}

{(3,0,-3), (-5, 1, -1), (4, -1, 2), (-2, 0, 2)}

{(3,0,-3), (-4, 1, 0), (3, -1, 1), (-2, 0, 2)}

{(0, 3, -3), (1, -5, -1), (0, -2, 2), (-1, 4, 2)}

{(0, 3, -3), (1, -4, 0), (-1, 3, 1), (0, -2, 2)}

{(2,0,-2), (1,0,-1), (-5, 1, -1), (2, -1, 4)}

{(2,0,-2), (1,0, -1), (-4, 1, 0), (1, -1, 3)}

{(2,0,-2), (-5, 1, -1), (-1, 0, 1), (4, -1, 2)}

{(2,0,-2), (-4, 1, 0), (3, -1, 1), (-1, 0, 1}

Table C.4: Heterotic SO(10)-GUT models on the Calabi- Yau three-folds [Xi]fcl’l’hm with h*' =3
and m # ¢. The superscripts and the subscript denote, respectively, Hodge numbers and Fuler
character of the Calabi-Yau base. The gauge bundle of each model is a Whitney sum of four
line bundles.
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Appendix D

Appendices to Chapter 4

D.1 Quivers, an Algebraic Interlude

In this appendix, we give, in an as self-contained fashion as possible, some rudiments on the
representation theory of quiver. The interested reader is referred to [82-85| for a more in depth
presentation of this material and to [88] for considerations in the gauge-theoretic context.

A quiver diagram is defined as a pair Q =(Qp, Q1) where Qq is a finite set of vertices and
Q; is a finite set of oriented edges connecting these vertices. For p € Q; we let h(p) to denote
the vertex attached to the head of the arrow and t(p) the one to the tail. A path in Q is a
sequence T = py ... p, of arrows such that h(p;11) = t(p;). Moreover, for each vertex i € Qg we
consider a trivial path e; which starts and ends in 7. The path algebra k() associated with the
quiver is the k-algebra whose basis is the collection of paths and with the product rule given
by concatenation of the paths and k is some ground number field, usually taken to be C. That

is, the multiplication is

o)y, i h(y) =t(x)
v y_{ 0, otherwise . (D-1)

An important class of quivers consists of the ones that are endowed with a superpotential. The
superpotential is the set of all cyclic paths in the quiver diagram. One can formally define
a derivative with respect to arrows, acting on these cyclic paths. The set of derivatives of all
cyclic paths with respect to all their constituent arrows forms an ideal called the Jacobian ideal.
The quotient of the path algebra by the Jacobian ideal is referred to as the Jacobian algebra.
We call such a quiver with superpotential a bounded quiver since it is bounded by zero-relations,
while in the absence of a superpotential we refer to the quiver as unbounded.

Let us illustrate these definitions with two simple examples.

The Jordan quiver. The path algebra of the Jordan quiver is infinite dimensional, with the

basis set being {ey, p, p?, p>,...}. The algebra is isomorphic to the polynomial ring kl[t].
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Figure D.1: The Jordan quiver.

Figure D.2: The oriented A, quiver.

A quiver with relations. The path algebra of the quiver depicted in Fig. has a basis
given by the paths {ej, ez, €3, , 5,7, Ba,v5,avy,vBa,...}. Note that other combinations of
arrows are not allowed, for example yao = 0 since h(a) # t(7). This quiver has also a super-
potential given by the unique cycle S = vfa. The Jacobian ideal is the one generated by the

following relations, which form the zero paths,

0.8 =78, 0S8 =ay, 0,5=pa

D.1.1 Quiver Representations

A representation of a quiver is the assignment of a vector space V; to each vertex i € Qg and a
linear map V,, : Vi =+ V), to each edge p € Qq. Different representations of a given quiver
are different sets of vector spaces and morphisms that one can assign to each vertex or edge

respectively. The dimension vector is defined as follows,
dy = (dim Vi, ..., dimV,) € Z% (D.2)

where n is the number of vector spaces. This is just the vector labelling the ranks.
Clearly, there are infinite representations, since there are infinite dimension vectors, but one
does not need to classify them. A key notion is that of indecomposable representations of a

given quiver. Let V = (V;,V,), W = (W;,W,) be two representations of a quiver Q , where
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Latin indices denote vertices and Greek, edges. Define a direct sum of two representations as
VeWw = {(V@ W), (V@W)p}
where the resulting vector space set is
VeWw):=V,eW, (D.3)
and the resulting map set (V@ W), : (V& W)y, = (V& W)
(V& W),((v,w0)) = (Vo) Wylw)), v € Vi, w € Wiy, (D.4)

A representation V' is trivial if V; = 0, V i € Qo and simple if its only subrepresentation is
the trivial and itself in complete analogy with the group theoretical definitions. In addition, a
representation V' is decomposable if it is isomorphic to W @ U for some W, U € Rep,(Q), and
indecomposable otherwise. It is an important fact that every representation of a quiver diagram
has a unique, up to isomorphism, decomposition into indecomposable representations.

Thus, one needs only classify the indecomposable representations of a quiver diagram.

Let us once more illustrate the above notions with two simple examples:

An unbounded linear quiver.

o—

This diagram has the following indecomposable representations U, V, W, where
{2k, Uy=0,U,=0} ,{Vi=0, Vo =k, V, =0} ,{W) =k, Wo=k W,=1}. (D.5)
Therefore, any representation Z = {Z;, Zy; Z,} of Q is isomorphic to
Z=Uq VP W (D.6)
with U =U & ... @ U. The positive integers «, 3, are related to the rank of the morphism

«
Z, and the dimensions of the vector spaces Z; and Z5 as follows. Since the spaces on the LHS
are isomorphic to the direct sum on the RHS for each value of the index 4, the dimension vectors
must be the same. Denoting the dimension of a vector space A; as dim(A4;) = d;, where A runs

over all four representations, namely U, V, Z, W we have
dleé—F'Y and dgzﬁ‘i"y
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The exponent v is the rank ¢ of the morphism Z,. Solving the above equations we find
a =d; — o, f=dy— 0. Thus, the decomposition of any representation Z of this quiver, with

dimension vector dz = (dy,ds), is
72U VR g . (D.7)

Note how dz governs the decomposition.

The bounded A, quiver. The quiver with relations depicted in Fig. falls under the
category of gentle algebras [86,144]. A gentle algebra is defined as the one that has the following

properties:
(C1) At each point of Q start at most two arrows and stop at most two arrows.
(C2) The ideal of zero relations [ is generated by paths of length 2.

(C3) For each arrow [ there is at most one arrow a and at most one arrow  such that af € I
and By € I.

(C4) For each arrow [ there is at most one arrow a and at most one arrow v such that af ¢ I
and By ¢ 1.

The representation theory of these quivers is well studied. Their indecomposable representations
fall under two categories, the string modules and the band modules. Denoting by A the Jacobian
algebra, a string is by definition a reduced walk w in A avoiding the zero-relations. A string
is cyclic if the first and the last vertex coincide. A band is defined to be a cyclic string b such
that each power b is a string, but b itself is not a proper power of some string c. The string
module M (w) is obtained from the string w by replacing each vertex that belongs to the walk
by a copy of the field k. The dimension vector dimM (w) of M (w) is obtained by counting how
often the string w passes through each vertex x of the quiver Q . Similarly, each band b in A
gives rise to a family of band modules M (b). All string and band modules are indecomposable,
and in fact every indecomposable A—module is either a string module M (w) or a band module
M (b). For the Ay quiver we have the following string modules: {eq, €5, e3} of zero length giving
rise to dimension vectors {(1,0,0), (0,1,0), (0,0,1)} and {a, 8,7} of unit length giving rise
to dimension vectors {(0,1,1), (1,0,1), (1,1,0)} respectively. Note that there are no band
modules since any walk of length greater than one contains the zero relations.

Let us close this section by stating two important theorems on quiver representations:

Gabriel’s Theorem.
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o A quiver is of finite type if and only if the underlying graph is a union of Dynkin graphs
of type A,D or F.

o A quiver is of tame type if and only if the underlying graph is a union of Dynkin graphs
of type A,D or E and extended Dynkin diagrams of type fl, DorkE.

e The isomorphism classes of indecomposable representations of a quiver Q of finite type
are in one-to-one correspondence with the positive roots of the root system associated to

the underlying graph of Q . The correspondence is given by

Vi Y dy(i)a
1€Qo
where a; is the i-th positive root and by graph is meant the set of edges and vertices without

considering the orientations in each case.

Kac’s Theorem. Let Q be an arbitrary quiver. The dimension vectors of indecomposable rep-
resentations of Q correspond to positive roots of the root system of the underlying graph of Q .
Real roots correspond to dimension vectors for which there is exactly one indecomposable rep-
resentation, while imaginary roots correspond to dimension vectors for which there are families
of indecomposable representations. If a positive root v is real, then q(a) = 1. If it is imaginary,
then q(a) < 0.

D.2 Complementary Results

In this Appendix, we list the results obtained for the rest of the quivers. We list the cycle
structure of each Type as well as all the possible consistent subsets of choices which could
satisfy the constraints of the sum of R-charges of each cycle equalling to 2, for Types I, IV and
VT of the five-block quiver. Each set is given as a reference to the equation number in the text

and consists of 6 members because, as explained, we need a rank six linear space.
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There are 33 possible choices:

{ (@A), (E50), (E51), (@52). (E53). (T59)}
o (@A), (E45), (£47), (E39), (Z49). (450) )
s{([(£.44), (£.45), (£.48), (£.49), (£.50), (£.51)}
{([.44), [£.45), [4.46), [{.47), (.48), [@.51)}
o (£.44), (£.45), (£.46), (£.47), (£.49), (£.52)}
u{([E44), (£.45), (£.46), (£.48), (£.49), (£.51)}
1s{(£.44), (£.47), (£.48), (£.49), (£.52), (£.53)}
1s{([(1.49), (£.46), (1.47), {.48), (.29), (4.50) }
1r{([@.44), (4.46), (4.4]), ([4.49), (4.50), (4.51) }
23{ ([4.43), (4.44), (4.45)), (4.49), (4.52), (4.54)}
25{ (4.43), (4.44), (4.45)), (4.46)), (4.47), (4.48)}
2{ ([&.43), (&.44), (£.45), (£.46), (£.48), (£.49)}
20{ ([&.43)), (#.44), (£.47), (.48), (£.50), (£.53)}
s1{ ([&.43), (*.44), (£.46), (£.47), (£.48), (£.49)}
ss{ (4.43), (4.45), ([4.46)), (4.47), (4.48), (4.49)}

D.2.1 Subsets of Marginal Operators for Type I

{(49), (£45), (£37), (E48), (750). (E51)}

o{([-44), (1.45), (1.47), (4.49), (4.50), (1.54)}

of (4.44)), (&.45)), (4.46), ([4.47), (4.51)), (*52)}

s{ (4.44)), (4.45)), (4.46), ([4.47), (4.48), (.49)}

10f{ (4.44)), (£.45)), (4.46), (4.48), (@.53)), (#.54)}
12{ (4.44)), (£.45), (4.46), (4.49), @51), (#.52)}
1af{ (4.44)), (£.46), (4.47), (@.48), [@.50), (51)}
16 (4.44)), (£.46), (4.47), (4.49), (E50), (#52)}
1s{ (4.43)), (&.44), ([4.50), (@.51), [E53), (@.54)}
20{ (4.43)), (4.44), ([4.50), (4.51)), (4.52), (&.54)}
= (£33), (E49), (435), (447). (538), (E49)}
24{ (#.43)), (4.44), ([4.45)), [@.46)), (&.51)), (4.54)}
26{ ([4.43)), (4.44), ([4.45), (4.46)), (4.47), (4.49)}
2s{ (#.43)), (4.44), [4.51)), [@.52), (#.53), (4.54)}
so{ (4.43), ([4.44), [@.47), (+.49), (£.50), (4.52)}
s2{ (4.43), ([4.44), [@.46)), (#.48), (&.51), [4.53)}

D.2.2 Equivalence Classes for Type I Quivers.

Here we list the the Diophantine equations which represent each class within Type I. Recall
that we consider two equations equivalent if they are equivalent as quadratic forms. The six

equivalence classes are

Class 1: Dioy(4), Dioy(10), Dioy(12), Dioy(13), Dioy(14), Dio,(22), Dioy(25),
Dio,(26), Dioy(27), Dioy(31)
(

Class 2: Dio(18), Dio1(19), Dio1(20), Dioy(21), Dio1(28)

Class 3: Dio1(23), Dioy(24), Dio1(29), Dio1(30), Dioy(32)

Class 4: Dio(1), Dioy(2), Dioy(5), Dioy(6), Dio1(16), Dioy(17), Dioy(33)
Class 5: Dioy(3), Dioy(7), Dio1(9), Dioy(11), Dioy(15)

Class 6: Dio(8)

where n in Dioj(n) refers to the n-th set of R-charge relations accordmg to the numbermg of
. Writing the diagonal part of the quadratic form as Q! = Ap L+ 5 A3 i A3 e A i A3 , the

representative Diophantine equations are as follows:
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Class 1 : Set 10

Q{O = %AT
Class 2 : Set 28
Qgs = %AT
Class 3 : Set 32
Qé? = %AT
Class 4 : Set 1
Q= AT

aq

Q12

2(113

Q41

a3

Q51

a7

a21

Q41

12

Qg

Q42

2@12

(8%

Q24

a1

(%)

Q24

152

2a13 a4

a13

35

@13

Q42

aq1

Q24

Q51

35

(D.10)

(D.11)



Class 5 : Set 11

— 0 2&13 0 0
1
2
0 — 2@23 24 0
«
i _ Lo N
Q= §A 2013 2as3 o 0 0 [A (D.12)
0 Q924 0 —_—
Qg
0 0 0 0o —

Class 6 : Set 8

6
04_1 0 a3y 0 as1
0 —_— 0 5@24 0
1 6
Qé = QAT a3y 0 — 6@34 5&35 A (D].?))
3

6
0 5@24 6@34 —_— 0

Oy 6
as1 0 5&35 0 —
Q5
where A is the column vector with entries Ay, ..., A5 defined in (4.40)).

With respect to the above classes, we tabulate below the couplings that have to be set to zero

for each set of R-charge relations so that it admits a solution to the marginality condition:

Class 1

Class 2

Class 3

Class 4

In the first class of Diophantine equations one has to set the couplings of the operators
depicted in Fig. to zero together with the quintic operator formed by the outer
pentagon of the quiver. The setting of this figure corresponds to the set 22 of . Then
by rotating four times according to the rotational symmetries of the dihedral group on
the pentagon, one gets the zero couplings corresponding to sets 25, 26, 27, 31 respectively.

For the rest five sets of class 1 the couplings to be set to zero are depicted in Fig. [D.4]
This figure corresponds to set 4 and by rotating four times one gets the couplings of sets
10,12, 13, 14.

The five equations of class 2 are described by setting to zero the five quadratic operators

and one out of five cubics each time.

For class 3 the initial set of zero couplings, corresponding to set 23, is depicted in Fig.[D.5]

The rest can be found by rotating as previously.

For class 4 and set 1 we set to zero the coupling of the quintic operator formed by external

lines as well as all the quadratic operators, while for set 33 we set to zero only the other
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Figure D.3: A sketch of the operators whose couplings are set to zero. The configuration given by
the superposition of the three images corresponds to the set 22 of class 1. Sets 25, 26,27, 31 can
be found by four consecutive rotations.

Figure D.5: Set 23 of class 3. Sets 24,29,30,32 can be found by rotating.

quintic operator formed by the internal lines of the quiver diagram. Note that this set is
the unique one with maximal cardinality. For the rest five sets of class 4 we start by the

configuration of Fig. corresponding to set 2 and rotate consecutively.

Class 5 For class 5 the initial configuration to be rotated is depicted in Fig. and corresponds
to set 3.

Class 6 Finally, class 6 contains only one set of simultaneously marginal operators. It corresponds
to setting the coupling of the “outer” quintic operator as well as all the cubic operators

to zero.
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Figure D.6: Set 2 of class 4. Sets 5,6,16,17 can be found by rotating this configuration.

Figure D.7: Set 3 of class 5. Sets 7,9,11,15 can be found by rotating this configuration.

D.2.3 Properties of Other Types

Here we present the structure of the superpotential through the R-charge relations for rest of

the five-block quivers.

Type II, 11T and V The R-charge relations for Type II are:

T43 + 754 + 715 + 721 + 732 =
T15 + 753 + 732 +121 =
T43 +T54 715 + 731 =
r43 +To1 + 732 +714 =
T43 + 54 + 32 + 125 = (D.14)
r43 + 732 + 1oy =

5 +T53 + 131 =

Tos + 132 + 153 =

N NNN NN NN

T43 + 731+ T4 =

For Type III we have:
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T43 + 754 + 715 + 712 +T23 =
715 +Ta5 T3 + 713 =
r3q+1rog+ 112+ ra =
T34+ T45 + To3 +1ros = (D.15)

T45 +T43 735 =

T43 +To3 + T4 =

N NN NN

43 + T4+ 713 =

and for Type V:

T34 + 745 +T15 +T12 + 123 =
Tis + 745 + T34 + 713 =
T34 + Tag + To3 + To5 = (D.16)
Tas + T34 + T35 =

T34 +To3 + T4 =

NNNND NN

Tis + T+ 7145 =

These relations when more than 6 they are linearly dependent, leading to unique Diophantine

equations related to the Type I special subset (33) discussed in detail in the main part of the
paper.

Type IV The R-charge relations for this type are:

T34+ 745 + 715+ 712+ 123 = 2 (D.17)
Tsa + 715+ 713+ T2a+ 15 = 2 (D.18)
Tsa+ T2+ Tt rss 5 = 2 (D.19)
T34+ 135 + 7o + 705 = 2 (D.20)

T3q +Tas + 715 +7r13 = 2 (D.21)

r3a + T2+ rog 11 = 2 (D.22)

T5 + 725 + 712 = 2 (D.23)

T3q + T4 + 735 = 2 (D.24)

T34+ T3+ 120 = 2 (D.25)

rag+ T3+ e = 2 (D.26)
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Out of these 10 R-charge equations one can choose 22 sets of six linearly independent which

lead to 22 Diophantine equations.
These are:

.{(D-19), (D-20), (D-22), (D-23), (D-24), (D.26) }
+{(D-18), (D.19), (D.23), (D.24), (D.26), (D.25)}

s{(D.13), (D.19), (D.22), (D.23), (D.24), (D.26)}

{019, (D.19), (0:23), (02). (0.20), (D.23))
o{ (019, (019), (D20), (D21), (022). (D.23)}

I

2{(D-13), (D-20), (D-21), (D-23), (D.26), (D.25)}
+{(D-18), (D.19), (D.20), (D.21), (D.22), (D.23)}

G{Ma m‘% M7 (]TQ?’D’ (]T%I% (]D_%D}
S{W’ m‘% mv Ma (ITMD7 (]D_%D}

All subsets are related to the Type I equivalence classes.

Type VI The R-charge relations for the last type are

T34+ 745 + 715 + 712 + 723 =
712 + 713 + 735 + T45 + T'24
T15 + T45 + 724 + 712

ro5 + T35 + 1712 + 713

r13 + 735 + 745 + 714

T34 + T45 + T35

T12 + T3 + 713

715 + T45 + 714

s +7To5 +T12 =

10{m7m7 D.21 ’M7mvm}
12{m7m7m7m’mam}
14{m7m7m7m’mam}
16{M7M7M7M7M7(’D_25D}
18{(D.17), (D.1§), (D.19), (D-20), (D-21), (D-23) }
ZO{GWD?(IWD:(IWD’ M7M> D.23 }
22{W7M7M7M7W‘)>MD}
2 (D.27)

) (D.28)

) (D.29)

— 9 (D.30)

' (D.31)

' (D.32)

_ (D.33)

. (D.34)

2 (D.35)

Out of these equations one can pick 11 sets of 6 linearly independent, which lead to 11 Dio-
phantine equations. All subsets are again related to the Type I equivalence classes. These

are:
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Appendix E

Appendices to Chapter 5

E.1 Area 6 Dimer Models

Toric Diagram Toric Points

w

(=R =Rl V]
=R R S S

type W terms Dimer Model
’ V6] S

—X13X21X32 —X14Xu5X51 —Xo26X42X64
—X26X32X63 —X13X35X51 —Xu5Xs56X64
X13X35X51 X45X56X64 X26X32X63
X13X21X32 X14X45X51 Xo6X42X64
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E.4 Inequivalent Convex Polytopes of area 8
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