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$FNQRZOHGJHPHQWV

7KLV GLVVHUWDWLRQ ZRXOG QRW KDYH EHHQ SRVVLEOH ZLWKRXW WKH KHOS DQG HQFRXUDJHPHQW
RI PDQ\ SHRSOH� )LUVW DQG IRUHPRVW DPRQJ WKHVH SHRSOH� , ZRXOG OLNH WR WKDQN P\
VXSHUYLVRU -HUHP\ *LEERQV� 'XULQJ P\ WLPH DW 2[IRUG� KH KDV HQFRXUDJHG DQG
UHILQHG P\ UHVHDUFK VW\OH �DQG ZULWLQJ�� DQG KDV VORZO\ PROGHG PH LQWR DQ LQGH�
SHQGHQW UHVHDUFKHU� -HUHP\� ZLWKRXW \RXU VXSSRUW� HQFRXUDJHPHQW� DQG NQRZOHGJH
WKLV GLVVHUWDWLRQ ZRXOG QRW KDYH EHHQ SRVVLEOH� 7KDQN \RX�

7R WKH PHPEHUV RI WKH $OJHEUD RI 3URJUDPPLQJ JURXS� WKDQN \RX IRU SXWWLQJ XS
ZLWK P\ WDONV� DQG DOZD\V SURYLGLQJ LQWHUHVWLQJ LQVLJKWV DQG FRPPHQWV� 0\ ZRUN
DQG SHUVSHFWLYH RQ SURJUDPPLQJ ODQJXDJHV DQG FRPSXWHU VFLHQFH KDV EHQHILWHG
JUHDWO\ IURP WKH LQVLJKWV DQG SHUVSHFWLYHV JOHDQHG IURP RXU PHHWLQJV� , ZLOO WUXO\
PLVV WKHP�

, ZRXOG OLNH WR WKDQN WKH &ODUHQGRQ )XQG IRU JLYLQJ PH WKH ILQDQFLDO DELOLW\ WR UH�
VHDUFK DQG ZULWH WKLV GLVVHUWDWLRQ� ,W LV D VSHFLDO SULYLOHJH WR EH DIIRUGHG WKH IUHHGRP
RI LQWHOOHFWXDO HQTXLU\ WKDW LW SURYLGHV� DQG EHLQJ DEOH WR FRQGXFW UHVHDUFK RQ SUDFWL�
FDOO\ DQ\ VXEMHFW ZLWKRXW KDYLQJ WR ZRUU\ DERXW IXQGLQJ LV WUXO\ LQFUHGLEOH DV D '3KLO
VWXGHQW� )RU WKLV SULYLOHJH� , DP GHHSO\ JUDWHIXO�

7R P\ IDPLO\� WKDQN \RX� <RXU ORYH� HQFRXUDJHPHQW� DQG VXSSRUW WKURXJKRXW P\
OLIH KDV EHHQ FHQWUDO WR PH JHWWLQJ KHUH� 0RP 	 'DG� , FDQQRW QDPH WKH ZD\V WKDW
\RX KDYH VDFULILFHG IRU &KULV DQG PH� DQG , FDQ QHYHU IXOO\ UHSD\ \RX IRU DOO WKDW \RX
KDYH GRQH� &KULV� WKDQN \RX IRU EHLQJ DQ DPD]LQJ EURWKHU� HQFRXUDJLQJ PH WR WDNH
+��� DQG &��� P\ ILUVW VHPHVWHU� DQG IRU LQWURGXFLQJ PH WR 'DQ², ZRXOGQ¶W KDYH
JRWWHQ LQWR FRPSXWHU VFLHQFH ZLWKRXW \RX�

6SHDNLQJ RI EHFRPLQJ D FRPSXWHU VFLHQWLVW� , ZRXOG QRW KDYH NHSW RQ WKH SDWK WR
ZKHUH , DP QRZZLWKRXW WKH KHOS DQG HQFRXUDJHPHQW RI WKH SURIHVVRUV DQG JUDGXDWH
VWXGHQWV GXULQJ P\ WLPH DV DQ XQGHUJUDGXDWH GHJUHH DW ,QGLDQD 8QLYHUVLW\� , ZRXOG
HVSHFLDOO\ OLNH WR WKDQNP\ XQGHUJUDGXDWH VXSHUYLVRU 5\DQ 1HZWRQ ZKR VKRZHGPH
KRZ WR EH D UHVHDUFKHU� DQG :LOOLDP %\UG ZKR VKRZHG PH KRZ WR FRGH� , ZRXOG
DOVR OLNH WR WKDQN 'DQ )ULHGPDQ DQG $PU 6DEU\ IRU WKHLU LQFUHGLEOH VXSSRUW DQG



PHQWRUVKLS WKURXJKRXW P\ XQGHUJUDGXDWH DV ZHOO� )LQDOO\� WKDQN \RX WR WKH 3/
:RQNV� DQG HVSHFLDOO\ &DP� 6SHQVHU� -DLPH� DQG 3UDYHHQ� , RZH \RX DOO D GULQN DW
,PSRUWDQW %XVLQHVV�

7R DOO RI P\ IULHQGV LQ 2[IRUG� \RX KDYH PDGH WKLV SODFH ZKDW LW LV WR PH� DQG LW
ZRXOGQ¶W KDYH EHHQ WKH VDPH ZLWKRXW \RX� 6R WR 6WHIDQ�� $QLN� $GULDQQH� /LEE\�
6KHD� 3DWULFN� 9DOHULR� 2OPR� $YUDKDP� 0D[� /RXLV� :LOO� DQG -XDQ� WKDQN \RX IRU
EHLQJ JUHDW IULHQGV�

7R P\ KRXVHPDWHV� FRPLQJ KRPH WR DOO RI \¶DOO HYHU\ HYHQLQJ ZDV D WUXH SOHDVXUH
DQG MR\ WKURXJKRXWP\ WLPH LQ 2[IRUG²ZH DOO NHSW HDFK RWKHU VDQH E\ JRLQJ FUD]\ LQ
VOLJKWO\ GLIIHUHQW ZD\V� , ZDQW \RX WR NQRZ WKDW , KDYH KDG VRPH RI WKH EHVWPRPHQWV
RI P\ OLIH ZLWK \RX� DQG , FRXOGQ¶W LPDJLQH ZKDW P\ OLIH LQ 2[IRUG ZRXOG KDYH EHHQ
OLNH LI ZH KDGQ¶W PHW LQ �). RI $FODQG RXU ILUVW \HDU� 5HPHPEHU� ZH FDQ DOO EH 'U�
0HGLRFUH�

�6RUU\ EXW , FDQ¶W ILJXUH RXW KRZ WR ZULWH WKH 6� �



$EVWUDFW

,Q WRGD\¶V ZRUOG SDUDOOHOLVP LV XELTXLWRXV� DQG GLIIHUHQW W\SHV RI SDUDOOHO PRGHOV DQG
SURFHVVRUV DUH EHFRPLQJ LQFUHDVLQJO\ FRPPRQ� 0RUHRYHU� ZKLOH RXU SURJUDPV EH�
FRPH LQFUHDVLQJO\ KHWHURJHQHRXV LQ WKH SDUDOOHOLVP WKH\ HPSOR\� XVHU�YLVLEOH SDUDO�
OHOLVP LQ RXU ODQJXDJHV EHFRPHV LQFUHDVLQJO\ KRPRJHQHRXV� ZLWK WKH SDUDOOHOL]DWLRQ
RQXV SXWPRUH DQGPRUH RQ WKH FRPSLOHU RU UXQWLPH� 7KLV LQFUHDVLQJ GLYLGH EHWZHHQ
ZKDW LV VHHQ DQG ZKDW KDSSHQV LQ RXU ODQJXDJHV PDNHV EHLQJ DEOH WR GHWHUPLQH
WKH FRVWV RI UXQQLQJ WKH VDPH SURJUDP RQ GLIIHUHQW W\SHV RI KDUGZDUH HYHUPRUH
LPSRUWDQW� $QG� LQ VXFK D ZRUOG� KDYLQJ WKH PHDQV WR SURILOH SURJUDPV E\ WKHLU
XQGHUO\LQJ VHPDQWLF SURSHUWLHV LV FUXFLDO�

+RZHYHU� ZKLOH WKHUH DUH PHDQV RI VHPDQWLFDOO\ SURILOLQJ SDUDOOHO SURJUDPV ZULWWHQ
IRU WKH &38� WKHUH DUH VWLOO QR PHDQV WR SURILOH DQG UHDVRQ DERXW SDUDOOHO SURJUDPV
WKDW XVH PXOWLSOH W\SHV RI SDUDOOHO SURFHVVRU EDVHG XSRQ WKHLU XQGHUO\LQJ VHPDQWLFV�
,Q WKLV GLVVHUWDWLRQ� ZH VHW RXW WR VROYH WKLV SUREOHP E\ SUHVHQWLQJ D FRVW VHPDQ�
WLF WKHRU\ WKDW DOORZV SURILOLQJ IRU ERWK WLPH DQG VSDFH LQ KHWHURJHQHRXV SDUDOOHO
SURJUDPV� ZKLOH DOVR DOORZLQJ KLJKHU�RUGHU FRQVWUXFWV RQ WKH *38� 6SHFLILFDOO\� LQ
WKLV GLVVHUWDWLRQ ZH GHYHORS FRVW VHPDQWLFV IRU UHJLRQ�EDVHG KHWHURJHQHRXV SDUDOOHO
IXQFWLRQDO SURJUDPPLQJ ODQJXDJHV� :H GR VR E\ GHYHORSLQJ LW IRU D FRUH FDOFXOXV ΛC

G
WKDW LV UHDGLO\ H[WHQGDEOH WR RWKHU IXQFWLRQDO SURJUDPPLQJ ODQJXDJHV�

,Q RUGHU WR GHYHORS D FRVW VHPDQWLFV IRU VXFK D ODQJXDJH� ZH ILUVW GHYHORS D QRYHO FRVW
VHPDQWLFV IRU D UHJLRQ�EDVHG KRPRJHQHRXV�SDUDOOHO IXQFWLRQDO ODQJXDJH UHVLGLQJ
RQ WKH &38� DORQJ ZLWK D QRYHO WUDFH�EDVHG FRVW VHPDQWLFV IRU D VLPLODUO\ UHJLRQ�
EDVHG KRPRJHQHRXV�SDUDOOHO IXQFWLRQDO ODQJXDJH UHVLGLQJ RQ WKH *38� :H WKHQ GH�
YHORS DQG SUHVHQW D ZD\ WR JOXH WRJHWKHU WKHVH WZR ODQJXDJHV WKDW UHVLGH RQ GLIIHU�
HQW FRPSXWDWLRQDO UHDOPV²VWDWLFDOO\� VHPDQWLFDOO\� DQG RSHUDWLRQDOO\²WR DUULYH DW
D UHJLRQ�EDVHG KHWHURJHQHRXV SDUDOOHO ODQJXDJH� DQG D FRVW WKHRU\ WKDW LV DEOH WR
SURILOH SURJUDPV ZULWWHQ LQ WKDW ODQJXDJH� :H WKHQ LPSOHPHQW DQG HYDOXDWH RXU
WKHRU\ DQG VKRZ WKDW LW DFFXUDWHO\ UHIOHFWV WKH UHDO�ZRUOG UXQWLPH FKDUDFWHULVWLFV RI
VRXUFH SURJUDPV�
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� ,QWURGXFWLRQ �
��� 7KHVLV 6WDWHPHQW 	 &RQWULEXWLRQV � � � � � � � � � � � � � � � � � � � � �

� %DFNJURXQG DQG 5HODWHG:RUN �
��� &RVW &DOFXOL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �

����� &RVW 6HPDQWLFV IRU 3DUDOOHO )XQFWLRQDO /DQJXDJHV � � � � � � � ��
����� &RVW 6HPDQWLFV IRU &DFKH %HKDYLRU � � � � � � � � � � � � � � � ��
����� &RVW 6HPDQWLFV IRU 6HOI�$GMXVWLQJ &RPSXWDWLRQ � � � � � � � � ��
����� 2WKHU &RVW 6HPDQWLF 7KHRULHV � � � � � � � � � � � � � � � � � � ��
����� &RVW 7\SHV DQG 1RQ�6HPDQWLFV�%DVHG &RVW 7KHRULHV � � � � � ��

��� 0HPRU\ DQG /D\RXW 7KHRULHV � � � � � � � � � � � � � � � � � � � � � � � ��
����� /LQHDU 2UGHUHG 7\SHV IRU 0HPRU\ DQG 'DWD /D\RXW � � � � � � ��
����� 7\SHV IRU 'DWD /D\RXW ,QIHUHQFH � � � � � � � � � � � � � � � � � ��

��� 5HJLRQ %DVHG 0HPRU\ 0RGHOV � � � � � � � � � � � � � � � � � � � � � � ��
����� ([DPSOH� DQ HIIHFW W\SLQJ V\VWHP IRU WKH 67/& ZLWK UHJLRQV � ��

��� $UFKLWHFWXUDO /D\RXW RI WKH *38 � � � � � � � � � � � � � � � � � � � � � ��
����� /RZ�/HYHO *38 3URJUDPPLQJ 0RGHOV � � � � � � � � � � � � � � ��
����� 0RYLQJ 0HPRU\ %HWZHHQ :RUOGV � � � � � � � � � � � � � � � � ��
����� :DUS 'LYHUJHQFH � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 5%00 IRU +LJK�/HYHO +HWHURJHQHRXV /DQJXDJHV � � � � � � � ��

� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 6\QWD[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� $Q (IIHFW 7\SH 6\VWHP IRU ΛC � � � � � � � � � � � � � � � � � � � � � � � ��

����� 5HJLRQ $QQRWDWLRQV 	 3RO\PRUSKLVP � � � � � � � � � � � � � � ��

YLL



&RQWHQWV YLLL

����� /DWHQW (IIHFWV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� (IIHFW 3RO\PRUSKLVP � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7KH 7\SH 6\VWHP � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7\SLQJ +HDS 9DOXHV � � � � � � � � � � � � � � � � � � � � � � � � ��

��� 0HPRU\ 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 5HJLRQ %DVHG 0HPRU\ 0DQDJHPHQW � � � � � � � � � � � � � � � ��

��� 7KH $EVWUDFW 0DFKLQH 0RGHO � � � � � � � � � � � � � � � � � � � � � � � ��
��� &RVW 6HPDQWLFV IRU ΛC � � � � � � � � � � � � � � � � � � � � � � � � � � � ��

����� &RVW *UDSKV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� %RXQGHG (YROXWLRQV RI WKH 5HJLRQ 6WDFN � � � � � � � � � � � � ��
����� 6HPDQWLF 5XOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 'HWHUPLQLQJ &RVWV � � � � � � � � � � � � � � � � � � � � � � � � � ��

� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 5HVWULFWLQJ ΛC IRU WKH *38 � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7KH *38� $EVWUDFWO\ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� *38 0HPRU\ 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � ���
����� $EVWUDFW 0DFKLQH 0RGHO IRU WKH *38 � � � � � � � � � � � � � � ���
����� 7KH 'LVFUHWH 0HPRU\ 0DFKLQH 0RGHO � � � � � � � � � � � � � � ���
����� 7KH 8QLILHG 0HPRU\ 0DFKLQH 0RGHO � � � � � � � � � � � � � � ���
����� 3XWWLQJ LW DOO 7RJHWKHU� WKH +000RGHO � � � � � � � � � � � � ���

��� *38 &RVW *UDSK &RPELQDWRUV � � � � � � � � � � � � � � � � � � � � � � ���
����� 7KUHDG *UDSKV DQG 0HWD�HGJHV � � � � � � � � � � � � � � � � � ���
����� :DUS *UDSKV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� :DUS 3RROV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HYLFH %R[HV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &RVW 6HPDQWLFV IRU ΛG � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 0HWD /RFDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HDGLQJ DQG :ULWLQJ WR 0HPRU\ � � � � � � � � � � � � � � � � � ���
����� 7KUHDG 6HPDQWLFV � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� *OREDO &RVW 6HPDQWLFV � � � � � � � � � � � � � � � � � � � � � � � ���

��� 6FKHGXOLQJ *38 &RVW *UDSKV � � � � � � � � � � � � � � � � � � � � � � � ���
����� 7KUHDG 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� :DUS 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HYLFH %R[ 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � ���
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����� .HHSLQJ 7UDFN RI WKH 5HJLRQ 6WDFN � � � � � � � � � � � � � � � � ���
��� 'HWHUPLQLQJ &RVWV IURP *38 &RVW *UDSKV � � � � � � � � � � � � � � � ���

� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� &RPELQLQJ ΛC DQG ΛG � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� &RPSXWDWLRQDO :RUOGV � � � � � � � � � � � � � � � � � � � � � � ���
����� 6\QWD[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6\QWD[ DQG 7\SLQJ � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 7UDQVIHUULQJ 0HPRU\ %HWZHHQ &RPSXWDWLRQDO :RUOGV � � � � � � � � � ���
��� &RQQHFWLQJ 0DFKLQHV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� &RVW 6HPDQWLFV IRU ΛC

G � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HWHUPLQLQJ &RVWV � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� :UDSSLQJ 7KLQJV 8S � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LVFXVVLRQ� (IIHFW 3RO\PRUSKLVP � � � � � � � � � � � � � � � � ���
����� 'LVFXVVLRQ� &RVWLQJ RI 'HYLFH %R[HV � � � � � � � � � � � � � � � ���

� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7KH &RPSLODWLRQ 3LSHOLQH � � � � � � � � � � � � � � � � � � � � � � � � � ���

����� 7\SHFKHFNLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 3URILOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 1RUPDOL]DWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� &ORVXUH &RQYHUVLRQ DQG λ�/LIWLQJ � � � � � � � � � � � � � � � � ���
����� 5HW\SLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� ([SOLFLWO\ 3DVVLQJ WKH +HDS � � � � � � � � � � � � � � � � � � � � ���
����� 7KUHDGLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� /RZHULQJ 	 &RGH *HQHUDWLRQ � � � � � � � � � � � � � � � � � � � ���

��� 3URILOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HSUHVHQWLQJ 0HPRU\ � � � � � � � � � � � � � � � � � � � � � � � ���
����� &38 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� *38 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 3ULPLWLYH &RVW 3URYLGHUV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HULYLQJ WKH $735 � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� (YDOXDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� &RPSDULQJ WR 5HDO�:RUOG 5XQWLPHV � � � � � � � � � � � � � � � ���



&RQWHQWV [

� &RQFOXVLRQV DQG )XWXUH :RUN ���
��� /LPLWDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� )XWXUH 'LUHFWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

$SSHQGLFHV

$ ,QGH[ RI 1RWDWLRQ ���

% 3URRIV RI 7KHRUHPV ���
%�� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� 3URRI RI 7KHRUHP %���� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � � � ���
%�� 3URRI RI 7KHRUHP ����� � � � � � � � � � � � � � � � � � � � � � � � � � � ���

5HIHUHQFHV ���



/LVW RI )LJXUHV

��� &RVW FRPELQDWRUV RQ '$*�EDVHG FRVW PRGHOV� � � � � � � � � � � � � � ��
��� +RZ WKH LGHDO FDFKH PRGHO ZRUNV� � � � � � � � � � � � � � � � � � � � � ��
��� 7KUHH GLIIHUHQW ZD\V RI OD\LQJ RXW (1, (2,3))� � � � � � � � � � � � � � � � ��
��� +RZ PHPRU\ LV DOORFDWHG IRU y = (1, (2,3)) XVLQJ WKH ILUVW UHSUHVHQWD�

WLRQ LQ )LJXUH ���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 7KH V\QWD[ IRU D VLPSOH UHJLRQ�EDVHG IXQFWLRQ ODQJXDJH DGDSWHG IURP+HQ�

JOHLQ� 0DNKROP� DQG 1LVV >��@ �3.5� � � � � � � � � � � � � � � � � � � � ��
��� 7KH W\SH� DQG HIIHFW�V\VWHP IRU WKH VLPSOH UHJLRQ�EDVHG ODQJXDJH DGDSWHG

IURP +HQJOHLQ� 0DNKROP� DQG 1LVV >��@ �3.5� � � � � � � � � � � � � � � ��
��� 3DUDOOHO YHFWRU DGGLWLRQ LQ &8'$ & �D� 	 �E�� DQG LQ & XVLQJ 2SHQ03

�F�� 1RWH WKDW LQ �D�ZH DFFHVV WKH DUUD\ XVLQJ WKH WKUHDG LQGH[ i?`2�/A/t
DQG WKXV WKLV FRGH UXQV RQ HDFK WKUHDG� ZKHUHDV LQ LQ �E� ZH DFFHVV
LW EDVHG XSRQ WKH #HQ+F.BK DQG WKHUHIRUH PXOWLSOH UHVXOWV ZLOO EH
FRPSXWHG E\ WKH VDPH WKUHDG� � � � � � � � � � � � � � � � � � � � � � � ��

��� :DUS GLYHUJHQFH GXH WR EUDQFKLQJ LQVWUXFWLRQV� � � � � � � � � � � � � ��

��� 6\QWD[ RI ΛC � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 0HWDIXQFWLRQV RYHU WKH V\QWD[ RI ΛC� � � � � � � � � � � � � � � � � � � � ��
��� 6L]H PHWDIXQFWLRQ RYHU WKH YDOXHV LQ ΛC� 1RWH WKDW ERROHDQ DQG LQWH�

JHU DUUD\V DUH VWRUHG XQER[HG� � � � � � � � � � � � � � � � � � � � � � � ��
��� ([DPSOH DGDSWHG IURP 7RIWH DQG 7DOSLQ >�@ VKRZLQJ KRZ GDQJOLQJ

SRLQWHUV FDQEH FUHDWHG LQ D5%00V\VWHP� ρ1� ρ2� DQG ρ3 DUH DOORFDWHG
RXWVLGH WKLV VHFWLRQ RI FRGH� 7\SHV DUH HOLGHG IRU EUHYLW\� � � � � � � � ��

��� 7UDQVODWLRQ RI WUXQFDWHG HIIHFW SRO\PRUSKLVP WR ΛC� � � � � � � � � � � ��
��� :HOO IRUPHGQHVV UXOHV IRU FRQWH[WV � � � � � � � � � � � � � � � � � � � � ��
��� :HOO IRUPHGQHVV UXOHV IRU UHJLRQV DQG HIIHFWV � � � � � � � � � � � � � � ��
��� :HOO IRUPHGQHVV UXOHV IRU W\SHV � � � � � � � � � � � � � � � � � � � � � ��
��� 7KH EDVH W\SLQJ UXOHV IRU ΛC EDVHG RQ WKH %RXQGHG (IIHFW &DOFXOXV

RI )OXHW DQG 0RUULVHWW >��@ � � � � � � � � � � � � � � � � � � � � � � � � ��

[L
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���� 7KH W\SLQJ UXOHV IRU ΛC �FRQWLQXHG�� � � � � � � � � � � � � � � � � � � � ��
���� 'HILQLWLRQ RI UXQWLPH HQYLURQPHQW SURMHFWLRQ DQG HPEHGGLQJ� � � � � ��
���� 7\SLQJ UXOHV IRU YDOXHV� � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� $OORFDWLRQ DQG 5HDGLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� /D\RXW RI WKH 35$0PRGHO� � � � � � � � � � � � � � � � � � � � � � � � � ��
���� &RVW JUDSK RSHUDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
���� &RVW FRPELQDWRUV RQ '$*�EDVHG FRVW PRGHOV� � � � � � � � � � � � � � ��
���� $OORFDWLRQ DQG 5HDGLQJ &RVWV � � � � � � � � � � � � � � � � � � � � � � � ��
���� &RVW VHPDQWLFV IRU WKH VHULDO SRUWLRQ RI ΛC � � � � � � � � � � � � � � � � ��
���� &RVW 6HPDQWLFV IRU ΛC �&RQW�� � � � � � � � � � � � � � � � � � � � � � � � ��

��� 6\QWD[ RI ΛG � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� /D\RXW RI ERWK WKH '00 DQG 800 PRGHOV� 1RWH KRZ WKH RQO\ GLI�

IHUHQFH LV WKH OD\RXW RI WKH DGGUHVV OLQH� � � � � � � � � � � � � � � � � � ���
��� $GGUHVV JURXSV� DQGKRZ WKH\ UHODWH WR WKHPHPRU\ EDQNV RI WKH'00

PRGHO� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� /D\RXW RI WKH +00PRGHO� � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 'HILQLWLRQV RI WKH DEVWUDFW PDFKLQH VWDWHV XVHG IRU WKH *38� � � � � � ���
��� 7KUHDG JUDSK GHILQLWLRQV� � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7KH YDULRXV VWDJHV DQG OD\HUV WKDW PDNH XS D GHYLFH ER[� (DFK ci LV

D WKUHDG JUDSK� DQG WKH *38 LV DVVXPHG WR KDYH ZDUSV DQG PHPRU\
EDQNV RI ZLGWK w� ZLWK p WKUHDGV SHU ZRUN�JURXS� 7KH VHPDQWLFV RI
WKHVH GHILQLWLRQV DUH H[SODLQHG LQ VXEVHTXHQW VHFWLRQV� � � � � � � � � ���

��� 5HDG DQG ZULWH MXGJHPHQWV IRU WKH *38� 1RWH WKDW WKH ORFDWLRQ WKDW
KDV EHHQ UHDG RU ZULWLQJ LV DOZD\V UHWXUQHG DQG WKDW QR FRVW LV DVVRFL�
DWHG ZLWK WKH DFWXDO MXGJHPHQW� � � � � � � � � � � � � � � � � � � � � � ���

��� /RFDO �WKUHDG� FRVW VHPDQWLFV IRU WKH *38� � � � � � � � � � � � � � � � ���
���� /RFDO �WKUHDG� FRVW VHPDQWLFV IRU WKH *38� �&RQWLQXHG� � � � � � � � � ���
���� *OREDO FRVW VHPDQWLFV IRU WKH *38� � � � � � � � � � � � � � � � � � � � � ���
���� 'HILQLWLRQ RI WKHZDUS VWHS UHODWLRQ LQ WHUPV RI VFKHGXODEOH DQG VFKHG�

XOHG QRGHV DV GHILQHG LQ 6HFWLRQ ������ � � � � � � � � � � � � � � � � � � ���
���� 'HILQLWLRQ RI WKH ZDUS SRRO VWHS UHODWLRQ LQ WHUPV RI ZDUS VWHSV ZKHUH

W (n) = (κ,!,!!,〈Wn, . . . ,Wl+n〉σ )� � � � � � � � � � � � � � � � � � � � � ���
���� 'HILQLWLRQ RI WKH GHYLFH ER[ VWHS UHODWLRQ LQ WHUPV RI ZDUS SRRO VWHSV�

mMxBT ,, a2i U�-#V @= Ua2i �- a2i #V WDNHV D VHW RI WXSOHV DQG
UHWXUQV D WXSOH RI VHWV� � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
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��� 7KH V\QWD[ RI ΛC
G ZLWK WKH V\QWDFWLF FKDQJHV WR ΛC KLJKOLJKWHG� � � � � ���

��� 0RGLILHG W\SLQJ UXOHV IRU ΛC
G EDVHG RQ WKH W\SH V\VWHP IRU ΛC JLYHQ

LQ )LJXUH ���� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 0RGLILHG W\SLQJ UXOHV IRUΛC

G EDVHGRQ WKH W\SH V\VWHPJLYHQ IRUΛC LQ )LJ�
XUH ����� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 7KH SURFHVV E\ ZKLFK D UHJLRQ �R′1� WKDW UHVLGHG RQ G LV PHUJHG EDFN
LQ ZLWK LWV SDUHQW UHJLRQ �R1� WKDW UHVLGHV RQ C� DQG ZKHUH ERWK R1 DQG
R′1 HYROYHG IURP �DUH ERXQGHG HYROXWLRQV RI� D SDUHQW UHJLRQ Rparent DW
WKH WLPH WKH UHJLRQ ZDV FRSLHG WR WKH *38� � � � � � � � � � � � � � � � ���

��� 'HILQLWLRQ RI f̃rv(E,e )� 1RWH WKDW VLQFH e ∈ ΛG ZH GR QRW KDQGOH WKH
H2i`2;BQM QRU WKH QM IRUPV� � � � � � � � � � � � � � � � � � � � � � � ���

��� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO )LERQDFFL
IXQFWLRQV� 2QH XVLQJ RQO\ RQH UHJLRQ� DQG WKH RWKHU XVLQJ D QHZ UH�
JLRQ DW HDFK UHFXUVLYH VWHS� � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU SDUDOOHO DGGLWLRQ RYHU
D VPDOO IL[HG�VL]H DUUD\� 1RWLFH WKDW ZH ULJKWO\ GHWHUPLQH WKDW WKH
FRVW RI UXQQLQJ RQ WKH *38 LV PXFK PRUH FRVWO\� DQG VLPLODUO\� WKDW
WKH XVHIXO DPRXQW RI SDUDOOHOLVP DYDLODEOH WR XV RQ WKH &38 DV ZH XVH
PRUH WKUHDG GRHV QRW KHOS GXH WR WKH FRPSXWDWLRQDO RYHUKHDG RI WKHVH
WKUHDGV� � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO DGGLWLRQ RI
YHFWRUV� 1RWLFH WKDW WKH &38 JUDSK JURZ DOPRVW OLQHDUO\ ZLWK WKH VL]H
RI WKH DUUD\ �UHFDOO WKDW WKH WKUHDGV DUH IL[HG�� ZKLOH WKH *38 FRGH LV
SUHGLFWHG WR VWD\ DOPRVW FRQVWDQW LQ FRPSDULVRQ� � � � � � � � � � � � � ���

��� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO DGGLWLRQ
RI YHFWRUV RQ WKH *38� 2QH �%5$1&+*38680� XVHV D EUDQFKLQJ
RSHUDWLRQ GXULQJ WKH VXPPDWLRQ� WR SHUIRUP DGGLWLRQ RI D GLIIHUHQW
FRQVWDQW EDVHG XSRQ SDULW\ RI WKH HOHPHQWV� 7KH RWKHU �*38680�
VLPSO\ SHUIRUPV VWUDLJKWIRUZDUG DGGLWLRQ� � � � � � � � � � � � � � � � ���

��� 7KH UDWLRV EHWZHHQ XVLQJ RQO\ RQH UHJLRQ DQG PDQ\ �RQH IRU HDFK
UHVXUVLYH FDOO� IRU WKH SDUDOOHO )LERQDFFL IXQFWLRQ ZLWK N = 10� 7KH
EOXH OLQH �³5HDO´� DUH WKH REVHUYHG UDWLRV �ERWK UXQWLPH DQG VSDFH�
IURP WKH H[HFXWLRQ RI WKH FRPSLOHG IXQFWLRQ DW WKH JLYHQ WKUHDG FRXQWV�
7KH RWKHU RUDQJH OLQH �³&DOFXODWHG´� DUH WKH UDWLRV EHWZHHQ WKH FDOFX�
ODWHG VSDFH XVDJH DQG FRPSXWDWLRQDO WLPHV IRU WKLV IXQFWLRQ DW WKH
JLYHQ WKUHDG FRXQWV� � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
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��� 7KH UDWLRV EHWZHHQ YHFWRU DGGLWLRQ RQ WKH &38 DQG *38� 7KH JUHHQ
DQG UHG OLQHV DUH WKH REVHUYHG UDWLRV �ERWK UXQWLPH DQG VSDFH� IURP
WKH H[HFXWLRQ RI WKH FRPSLOHG IXQFWLRQV IRU DGGLWLRQ �&38� *38� DQG
*38 ZLWK EUDQFKLQJ�� 7KH RWKHU RUDQJH DQG EOXH OLQHV DUH WKH UDWLRV
EHWZHHQ WKH FDOFXODWHG VSDFH XVDJH DQG FRPSXWDWLRQDO WLPHV IRU WKH
FRPSLOHG YHFWRU DGGLWLRQ IXQFWLRQV� � � � � � � � � � � � � � � � � � � � ���



/LVW RI $EEUHYLDWLRQV

&38 . . . . . . &HQWUDO 3URFHVVLQJ 8QLW� 1
*38 . . . . . . *UDSKLFDO 3URFHVVLQJ 8QLW� 1
6,07 . . . . . . 6LQJOH ,QVWUXFWLRQ 0XOWLSOH 7KUHDG� 5
*+& . . . . . . *ODVJRZ +DVNHOO &RPSLOHU� 8
'$* . . . . . . 'LUHFWHG $F\FOLF *UDSK� 10
35$0 . . . . . 3DUDOOHO 5DQGRP $FFHVV 0DFKLQH� 12
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'5$0 . . . . . '\QDPLF 5DQGRP $FFHVV 0HPRU\� 45
603 . . . . . . 6WUHDPLQJ 0XOWLSURFHVVRU� 45
$'7 . . . . . . $OJHEUDLF 'DWD 7\SH� 53
3&3 . . . . . . . 3ULPLWLYH &RVW 3URYLGHU� 90
'00 . . . . . . 'LVFUHWH 0HPRU\ 0DFKLQH� 105
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&RQWHQWV
��� 7KHVLV 6WDWHPHQW 	 &RQWULEXWLRQV � � � � � � � � � � � � � � � �

,Q WKH PRGHUQ ZRUOG ZLWK PDQ\ GLIIHUHQW FRPSXWDWLRQDO UHVRXUFHV DYDLODEOH WR WKH

SURJUDPPHU� LW FDQ EH GLIILFXOW WR GHWHUPLQH ZKLFK VKRXOG EH XWLOL]HG IRU D JLYHQ

SURJUDP� )XUWKHUPRUH� DV WKH ODQJXDJHV WKDW DUH XWLOL]HG EHFRPH HYHU IXUWKHU DE�

VWUDFWHG IURP WKH XQGHUO\LQJ SDUDOOHOLVP DQG KDUGZDUH� WKH QHHG IRU V\VWHPV WKDW

FDQ DXWRPDWLFDOO\ GHWHUPLQH WKH FRVWV RI SURJUDPV UXQQLQJ RQ GLIIHUHQW FRPSXWD�

WLRQDO UHVRXUFHV EHFRPHV HYHU JUHDWHU�

,Q RUGHU WR DXWRPDWLFDOO\ GHWHUPLQH WKH FRVWV RI VXFK SURJUDPV� D ZD\ RI GHWHUPLQ�

LQJ WKH FRVWV RI WKHVH SURJUDPV XQGHU GLIIHUHQW FRPSXWDWLRQDO LQWHUSUHWDWLRQV LV

QHHGHG� DQG D FRVW PRGHO SURYLGHV WKH IRUPDO PHDQV E\ ZKLFK ZH FDQPHDVXUH VXFK

FRVWV� $V D VWHS WRZDUGV DQVZHULQJ WKHVH TXHVWLRQV� WKLV GLVVHUWDWLRQ GHYHORSV D FRVW

VHPDQWLF WKHRU\ DQG FRVW PRGHO IRU KLJK�OHYHO IXQFWLRQDO SURJUDPPLQJ ODQJXDJHV

ZLWK KHWHURJHQHRXV SDUDOOHO FRQVWUXFWV�

�



�� ,QWURGXFWLRQ �

$V WKLQJV VWRRG EHIRUH WKH ZRUN SUHVHQWHG KHUH� JLYHQ D SURJUDP WKDW FRXOG UXQ RQ

HLWKHU D &HQWUDO 3URFHVVLQJ 8QLW �&38� RU *UDSKLFV 3URFHVVLQJ 8QLW �*38�� WKH RQO\

PHDQV RI GHWHUPLQLQJZKHUH LW VKRXOG UXQ DUH EDVHG RQ HLWKHU HPSLULFDOO\ HYDOXDWLQJ

PXOWLSOH UXQV RI WKH SURJUDP DQG XVLQJ KHXULVWLFV WR GHWHUPLQH KRZ WKH FRPSXWD�

WLRQ VKRXOG EH GLVWULEXWHG� RU EDVHG SXUHO\ RQ SURJUDPPHU NQRZ�KRZ� LQVWLQFW� DQG

PDQXDO SODFHPHQW� :KLOH WKHVH PHWKRGV FDQ RIWHQ ZRUN ZLWK JRRG UHVXOWV� LI ZH

ZLVK WR EH DEOH WR IRUPDOO\ UHDVRQ DERXW DQG XWLOL]H WKHVH LQ D VHPDQWLFDOO\ VRXQG�

DQG IRUPDO FRQWH[W VXFK ³EHVW JXHVV´� ³JXW IHHOLQJ´� DQG QRQ�DXWRQRPRXV PHWKRGV

ZLOO QRW GR�

,I ZH ZDQW D IRUPDO ZD\ RI UHDVRQLQJ DERXW FRVWV� LQ WKH KRPRJHQHRXV FDVH ZH

DUH DOPRVW VSRLOHG IRU FKRLFH� DQG WKHUH DUH PDQ\ WKHRULHV WKDW KDYH EHHQ TXLWH

ZHOO GHYHORSHG VXFK DV DPRUWL]HG UHVRXUFH DQDO\VLV >�@� VL]HG W\SHV >�@� DQG FRVW

VHPDQWLFV >�±�@� +RZHYHU� DV ZH XVH PRUH PRGHUQ GRPDLQV RI FRPSXWDWLRQ ZH

TXLFNO\ UXQ RXW RI RSWLRQV� LI ZH ZLVK WR DQDO\]H D SDUDOOHO KRPRJHQHRXV SURJUDP�

FRVW VHPDQWLFV >�@� DQG PRUH HPSLULFDO PHWKRGV DUH WKH RQO\ WRROV VWLOO XVHIXO WR XV�

DQG LI ZH WU\ WR DGG DQ\ W\SH RI KHWHURJHQHLW\ ZH ILQG WKDW WKHUH LV QR ZD\ WR VXFFHVV�

IXOO\ SURILOH RXU SURJUDP RWKHU WKDQ WKURXJK HPSLULFDO DQG ³EHVW JXHVV´ PHWKRGV�

0RUHRYHU� DV WKH XVHU�YLVLEOH OLQHV EHWZHHQ KHWHURJHQHRXV SDUWV RI WKH FRPSXWDWLRQ

EHFRPH LQFUHDVLQJO\ EOXUUHG²ZLWK VRPH ODQJXDJHV SUDFWLFDOO\ HOLGLQJ WKH GLVWLQF�

WLRQ EHWZHHQ &38 DQG *38 FRPSXWDWLRQV >�@²RXU ODFN RI DELOLW\ WR IRUPDOO\ SURILOH

KHWHURJHQHRXV SDUDOOHO FRPSXWDWLRQV LV D SUREOHP WKDW ZLOO RQO\ JHW ZRUVH�

%XLOGLQJ RQ WKH ZRUN RI FRVW VHPDQWLFV >�� �@ WKLV GLVVHUWDWLRQ SUHVHQWV D WKHRU\ WKDW

DOORZV SURJUDPPHUV WR IRUPDOO\ DQDO\]H KLJK�OHYHO KHWHURJHQHRXV SDUDOOHO SURJUDPV

DQG DOORZV FRPSLOHU ZULWHUV WR IRUPDOO\ UHDVRQ DERXW� DQG VFRUH WKH RSWLPL]DWLRQV

WKDW WKH\ SHUIRUP GXULQJ WKH FRPSLODWLRQ SURFHVV� :KLOH GHYHORSLQJ VXFK D WKHRU\

RIIHUV D QXPEHU RI DGYDQWDJHV DQG RSHQV XS PDQ\ QHZ RSSRUWXQLWLHV IRU SURJUDP�

PHUV DQG FRPSLOHU ZULWHUV DOLNH� LW DOVR SUHVHQWV D QXPEHU RI FKDOOHQJHV� DQG FDUH
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PXVW EH WDNHQ WR DFFRXQW IRU D QXPEHU RI GLIIHUHQW FRPSXWDWLRQDO SDWWHUQV WKDW FDQ

KDYH VLJQLILFDQW LPSDFWV RQ WKH FRPSXWDWLRQDO FRPSOH[LW\ RI SURJUDPV� ,Q SDUWLF�

XODU� D VXIILFLHQW SURILOLQJ WKHRU\ PXVW EH DEOH WR DFFRXQW IRU WKH FRVW RI PHPRU\

WUDQVIHUV IURP WKH &38 WR WKH *38� IRU WKH GLIIHUHQW FRVWV RI SDUDOOHOLVP RQ WKH

&38 DQG *38� IRU WKH GLIIHUHQW FRVWV DVVRFLDWHG ZLWK WKH VDPH FRPSXWDWLRQDO VWUXF�

WXUHV RQ WKH &38 YHUVXV WKH *38� DQG ILQDOO\� IRU KRZ GLIIHUHQW W\SHV RI GDWD PLJKW

KDYH GLIIHUHQW FRVW LPSOLFDWLRQV RQ WKH &38 DQG WKH *38� 0RUHRYHU� VLQFH ZH DUH

LQWHUHVWHG LQ SURILOLQJ KLJKHU�RUGHU IXQFWLRQDO KHWHURJHQHRXV SDUDOOHO ODQJXDJHV� ZH

QHHG WR EH DEOH HQFRGHKLJKHU�RUGHU FRQVWUXFWV LQ WKH*38�UXQQDEOH VHJPHQWV RI RXU

SURJUDPV� DQG EH DEOH WR WDNH WKHVH LQWR DFFRXQW LQ RXU FRVW V\VWHP�

,Q RUGHU WR DOORZ KLJKHU�RUGHU FRQVWUXFWV RQ WKH *38� ZH XWLOL]H D UHJLRQ�EDVHG

PHPRU\ PRGHO >�@ IRU WKH ODQJXDJH ZH GHYHORS >�� �@� $V ZH ZLOO VHH ODWHU RQ� D

UHJLRQ EDVHGPHPRU\PRGHO QRW RQO\ DOORZV XV WR UHSUHVHQW KLJKHU�RUGHU FRQVWUXFWV

RQ WKH *38� EXW DOVR VLPSOLILHV WKH SURFHVV RI UHDVRQLQJ DERXW VSDFH XVDJH DQG

PHPRU\ WUDQVIHU FRVWV LQ RXU FRVW IUDPHZRUN� )XUWKHUPRUH� WKH XVH RI D UHJLRQ

EDVHG PHPRU\ PDQDJHPHQW V\VWHP PDNHV WKH WKHRU\ SUHVHQWHG UHDGLO\ DSSOLFD�

EOH WR RWKHU UHFHQW GHYHORSPHQWV LQ WKH SURJUDPPLQJ ODQJXDJHV FRPPXQLW\ ERWK

IRU ORZ�OHYHO ODQJXDJHV VXFK DV 5XVW >��@� DQG IRU GLVWULEXWHG FRPSXWLQJ >��� ��@

ZKHUH JURXSLQJ GDWD ZLWK VLPLODU OLIHWLPHV WRJHWKHU FDQ SURYLGH VLJQLILFDQW EHQHILWV

LQ WHUPV RI PHPRU\ WUDQVIHU� UHFODPDWLRQ� DQG VDIHW\ JXDUDQWHHV�

��� 7KHVLV 6WDWHPHQW 	 &RQWULEXWLRQV

7KH WKHVLV VWDWHPHQW IRU WKLV GLVVHUWDWLRQ LV WKH IROORZLQJ�

&RVW VHPDQWLFV DUH D YLDEOH DQG DFFXUDWH PRGHO IRU DQDO\]LQJ DQG SUR�

ILOLQJKLJK�OHYHO KLJKHU�RUGHU KHWHURJHQHRXV SDUDOOHO IXQFWLRQDO ODQJXDJHV�
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)XUWKHU� VXFK FRVW VHPDQWLFV DOORZ WKH GHWHUPLQDWLRQ RI UHODWLYH �SDUDO�

OHO� FRVWV RI SURJUDPV UXQQLQJ RQ HLWKHU WKH &38 RU *38 DQG WKH DELOLW\

WR LQIRUP FRPSXWDWLRQDO SODFHPHQW RI WKHVH SURJUDPV�

:KLOH WKH ZRUN WKDW LV SUHVHQWHG ZLOO SURYLGH WKH DELOLW\ WR GHWHUPLQH UHODWLYH FRVWV

RI SURJUDPV� WKHUH DUH VWLOO D QXPEHU RI GLIIHUHQW GLUHFWLRQV WR WDNH WKLV ZRUN� ,Q WKLV

VHQVH� WKH ZRUN SUHVHQWHG FDQ EH VHHQ DV IRXQGDWLRQDO LQ QDWXUH� WKLV ZRUN SURYLGHV

WKH QHFHVVDU\ WHFKQLTXHV DQGPRGHOV WKDW RWKHU DUHDV FDQ XWLOL]H WR H[WHQG WKHLU ZRUN

WR WDNH LQWR DFFRXQW WKH GLIIHUHQW FRPSXWDWLRQDO DUFKLWHFWXUHV DYDLODEOH WR PRGHUQ�

GD\ SURJUDPPHUV�

,Q SDUWLFXODU� ZKLOH FRVW PRGHOV DQG FRVW VHPDQWLFV FDQ EH XVHIXO LQ DQG RI WKHP�

VHOYHV� WKH\ DUH DOVR ZLGHO\ XVHG DV DQ XQGHUO\LQJ PHDQV RI GHWHUPLQLQJ KRZ PXFK

D JLYHQ ³SURJUDP´ FRVWV� DUHDV VXFK DV &RVW $XWRQRPRXV 0RELOLW\ 6\VWHPV �&$06�

RU DPRUWL]HG FRPSOH[LW\ DQDO\VLV UHTXLUH D FRVW VHPDQWLFV LQ RUGHU WR KDQGOH WKH

FRQFHSW RI ³FRVW´ RI WKH SURJUDPV WKDW WKH\ ZRUN RQ� 2QH RI WKH FRQVHTXHQFHV RI

WKLV GLVVHUWDWLRQ²KDYLQJ D FRVW VHPDQWLFV IRU KHWHURJHQHRXV SDUDOOHOLVP²JLYHV UH�

VHDUFKHUV LQ WKHVH ILHOGV WKH DELOLW\ WR EXLOG RQ WKH ZRUN SUHVHQWHG DQG WDNH LQWR

DFFRXQW KHWHURJHQHRXV SDUDOOHOLVP LQ VXFK V\VWHPV�

7KH UHVW RI WKLV GLVVHUWDWLRQ LV ODLG RXW LQ WKH IROORZLQJ PDQQHU� ,Q &KDSWHU � ZH

JLYH DQ LQ�GHSWK RYHUYLHZ RI WKH FXUUHQW VWDWH RI FRVW VHPDQWLFV� DQG RWKHU PHDQV RI

GHWHUPLQLQJ FRVWV IURPSURJUDPVZLWK WKH DLP RI FUHDWLQJ D QDWXUDO WKRXJKW SURJUHV�

VLRQ LQWR WKH UHVHDUFK� $IWHU WKLV� LQ &KDSWHU �� ZH LQWURGXFH D UHJLRQ�EDVHG SDUDOOHO

ODQJXDJH WKDW ZH ZLOO EH EXLOGLQJ RQ IRU WKH UHVW RI WKH GLVVHUWDWLRQ DQG GHWDLO DQ

HIIHFW�W\SLQJ V\VWHP IRU WKH ODQJXDJH� :H DOVR GHVFULEH WKH OD\RXW RI WKH UHJLRQV�

DQG LQYDULDQWV DERXW WKH UHJLRQ�W\SLQJ V\VWHP DQG WKH UHJLRQ VWDFN DV WKH\ UHODWH

WR WKH FRVW VHPDQWLFV� :H WKHQ SUHVHQW WKH FRVW VHPDQWLFV IRU WKLV ODQJXDJH DQG

LQWURGXFH ZHLJKWHG FRVW JUDSKV DQG WKHLU VFKHGXOLQJ�
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,Q &KDSWHU �� ZH SUHVHQW D FRVW VHPDQWLFV IRU D KLJK�OHYHO SDUDOOHO ODQJXDJH UXQQLQJ

RQ WKH *38²LQGHHG DOPRVW WKH VDPH DV WKH &38 ODQJXDJH ZLWK WKH H[FHSWLRQ RI

UHJLRQ DOORFDWLRQ� $V RSSRVHG WR WKH FRVW VHPDQWLFV WKDW ZH VDZ LQ &KDSWHU �� WKH

FRVW VHPDQWLFV IRU WKH *38 SRUWLRQ RI WKH ODQJXDJH DUH WUDFH EDVHG GXH WR WKH KLJKO\

FRQWH[WXDO FRVW IDFWRUV WKDW QHHG WR EH DFFRXQWHG IRU� ,Q &KDSWHU �� WKH WKHRU\ DQG

ODQJXDJHV WKDW ZHUH LQWURGXFHG LQ &KDSWHUV � DQG � DUH FRPELQHG DQG ZH GHVFULEH

KRZ WR VWDWLFDOO\ UHVWULFW LQYDOLG *38 SRUWLRQV� :H DOVR VKRZ KRZ WR FRQQHFW WKH

WZR XQGHUO\LQJ DEVWUDFW PDFKLQH PRGHOV IRU ERWK WKH &38 DQG WKH *38� DQG KRZ WR

UHDVRQ DERXW PHPRU\ WUDQVIHUV EHWZHHQ WKH &38 DQG *38� $IWHU WKLV� ZH VKRZ KRZ

WR SHUIRUP FRVW DQDO\VLV ZLWKLQ WKH FRPELQHG KHWHURJHQHRXV SDUDOOHO ODQJXDJH� :H

WKHQZUDSXS LQ&KDSWHU � E\SUHVHQWLQJ D SURWRW\SH LPSOHPHQWDWLRQ RI WKH ODQJXDJH�

DQG HYDOXDWLQJ D SURILOLQJ V\VWHPEDVHG RQ WKH WKHRU\ SUHVHQWHG LQ &KDSWHUV ���� DQG

FRQFOXGH ZLWK IXWXUH GLUHFWLRQV DQG SRVVLEOH H[WHQVLRQV RI WKLV ZRUN LQ &KDSWHU ��

$GGLWLRQDOO\� $SSHQGL[ $ FRQWDLQV DQ LQGH[ RI WKH QRWDWLRQ XVHG LQ WKLV GLVVHUWD�

WLRQ�

7R EH VSHFLILF� WKLV GLVVHUWDWLRQ PDNHV WKH IROORZLQJ FRQWULEXWLRQV�

�� :H GHILQH FRVW PRGHOV DQG FRVW VHPDQWLFV IRU UHJLRQ�EDVHG SDUDOOHO ODQJXDJHV

RQ WKH&38�ZHLJKWHG FRVW JUDSKV� DQGSDUDPHWHUL]HG VFKHGXOHV IRU WKHVHZHLJKWHG

FRVW JUDSKV�

�� :H VKRZ KRZ WR GHULYH FRVW PRGHOV IRU PHPRU\ WUDQVIHUV EHWZHHQ KRVW DQG

GHYLFH� DQG KRZ WR PL[ ERWK GHULYHG DQG DEVWUDFW FRVWV�

�� :HGHYHORS D FRVWPRGHO IRU*38DQG6LQJOH ,QVWUXFWLRQ0XOWLSOH 7KUHDG �6,07�

SDUDOOHOLVP WKDW WDNHV LQWR DFFRXQW ZRUN�JURXS VKDUHG PHPRU\ DQG PHPRU\

FKDUDFWHULVWLFV EDVHG RQ D WUDFH�EDVHG FRVW VHPDQWLFV� DQG GHOD\HG FRPSXWD�

WLRQV�
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�� :H GHYHORS D FRVW PRGHO DQG VHPDQWLF WKHRU\ IRU WKH *38 WKDW DOORZV XV WR

SURILOH GHYLFH�VLGH ODXQFKLQJ RI NHUQHOV� RU ³QHVWHG´ *38 SDUDOOHOLVP� NHUQHOV

H[HFXWLQJ RQ WKH *38 FDQ WKHPVHOYHV VSDZQ RWKHU NHUQHOV WR UXQ RQ WKH *38�

�� :H GHYHORS D FRVW PRGHO IRU UHJLRQ�EDVHG IXQFWLRQDO ODQJXDJHV ZLWK KHWHUR�

JHQHRXV SDUDOOHO FRQVWUXFWV� DQG SUHVHQW D FRVW WKHRU\ WKDW WDNHV LQWR DFFRXQW

PHPRU\ WUDQVIHUV DQG FRPSXWDWLRQDO PLJUDWLRQ EHWZHHQ KRVW DQG GHYLFH�



2
%DFNJURXQG DQG 5HODWHG :RUN

&RQWHQWV

��� &RVW &DOFXOL � � � � � � � � � � � � � � � � � � � � � � � � � � � � � �
����� &RVW 6HPDQWLFV IRU 3DUDOOHO )XQFWLRQDO /DQJXDJHV � � � � � � ��
����� &RVW 6HPDQWLFV IRU &DFKH %HKDYLRU � � � � � � � � � � � � � � ��
����� &RVW 6HPDQWLFV IRU 6HOI�$GMXVWLQJ &RPSXWDWLRQ � � � � � � � ��
����� 2WKHU &RVW 6HPDQWLF 7KHRULHV � � � � � � � � � � � � � � � � � ��
����� &RVW 7\SHV DQG 1RQ�6HPDQWLFV�%DVHG &RVW 7KHRULHV � � � � ��

��� 0HPRU\ DQG /D\RXW 7KHRULHV � � � � � � � � � � � � � � � � � � ��
����� /LQHDU 2UGHUHG 7\SHV IRU 0HPRU\ DQG 'DWD /D\RXW � � � � � ��
����� 7\SHV IRU 'DWD /D\RXW ,QIHUHQFH � � � � � � � � � � � � � � � � ��

��� 5HJLRQ %DVHG 0HPRU\ 0RGHOV � � � � � � � � � � � � � � � � � ��
����� ([DPSOH� DQ HIIHFW W\SLQJ V\VWHP IRU WKH 67/& ZLWK UHJLRQV ��

��� $UFKLWHFWXUDO /D\RXW RI WKH *38 � � � � � � � � � � � � � � � � ��
����� /RZ�/HYHO *38 3URJUDPPLQJ 0RGHOV � � � � � � � � � � � � � ��
����� 0RYLQJ 0HPRU\ %HWZHHQ :RUOGV � � � � � � � � � � � � � � � ��
����� :DUS 'LYHUJHQFH � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 5%00 IRU +LJK�/HYHO +HWHURJHQHRXV /DQJXDJHV � � � � � � ��

�
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��� &RVW &DOFXOL

&RVW VHPDQWLFV DV ZH NQRZ WKHP WRGD\ ZHUH LQWURGXFHG E\ 6DQVRP LQ KLV GLVVHUWD�

WLRQ >��@ DQG LQ D SDSHU ZLWK 3H\WRQ -RQHV >�@ DV D ZD\ WR SURILOH KLJKHU�RUGHU OD]\

IXQFWLRQDO ODQJXDJHV� 7KH FRVW�VHPDQWLF�V\VWHP ZDV GHVLJQHG WR KDYH DQ DEVWUDFW²

DQG KHQFH H[WHQVLEOH²QRWLRQ RI FRVW� EH V\QWD[ GLUHFWHG �L�H�� H[WHQVLRQDO DQG FRP�

SRVLWLRQDO�� DQG EDVHG RQ WKH RSHUDWLRQDO VHPDQWLFV RI WKH ODQJXDJH� $W WKLV SRLQW�

WKH PDLQ LQWHUHVW ZDV LQ XVLQJ FRVW VHPDQWLFV FRXSOHG ZLWK FRVW FHQWHUV WKDW WKH

SURJUDPPHU DGGHG WR WKHLU SURJUDP LQ RUGHU WR EHWWHU HQDEOH SURILOLQJ� DV ZHOO DV

WR HQDEOH FRPSLOHU ZULWHUV WR SURYH LQYDULDQFH RI FRVWV �ZLWK UHVSHFW WR WKH XVHU�

DQQRWDWHG FRVW FHQWHUV� XQGHU YDULRXV WUDQVIRUPDWLRQV� +RZHYHU� WKHUH ZDV D VHF�

RQGDU\ JRDO WKDW WKH FRVW VHPDQWLFV IRU D ODQJXDJH ³EH D JXLGH WR LPSOHPHQWHUV DQG D

ILQDO DUELWHU RI REVFXUH FDVHV´ ZKLFK FDQ IUHTXHQWO\ DULVH LQ KLJKHU�RUGHU IXQFWLRQDO

ODQJXDJHV� :KLOH WKH XVH RI FRVW FHQWHUV FRXSOHG ZLWK FRVW VHPDQWLFV LV XVHIXO IURP

D ODQJXDJH�SURILOLQJ SHUVSHFWLYH� WKH\ DUH QRW QHHGHG LI RQH VLPSO\ ZLVKHV WR UHDVRQ

DERXW WKH FRVW RI RQH¶V SURJUDP DV D ZKROH� DQG DV ZH ZLOO VHH ODWHU �FI� 6SRRQKRZHU

HW DO� >�@�� WKH FXUUHQW WHFKQRORJ\ QR ORQJHU UHTXLUHV FRVW FHQWHUV LQ RUGHU WR SURILOH

ODQJXDJHV��

(YHQ WKRXJKXVHU�DQQRWDWHG FRVW�FHQWHUV GLGQRW FRQWLQXH WR EHXVHG LQ FRVW�VHPDQWLF

WKHRULHV� 6DQVRP¶V LGHD RI H[WHQGLQJ WKH RSHUDWLRQDO VHPDQWLFV RI WKH ODQJXDJH WR

WDNH LQWR DFFRXQW WKH FRVWV RI HYDOXDWLRQ ZDV DQ LPSRUWDQW RQH� XS WR WKLV SRLQW�

WKH LGHD RI D IRUPDO FRVW PRGHO IRU D ODQJXDJH �LI WKHUH ZDV VXFK DQ LGHD� ZDV V\Q�

RQ\PRXV ZLWK DXWRPDWLF FRPSOH[LW\ DQDO\VLV� ZLWK PDQ\ SHRSOH IRFXVLQJ RQ KRZ WR

FUHDWH D V\VWHP RI HTXDWLRQV IURP WKH VRXUFH SURJUDP WKDW ZRXOG ODWHU EH VROYHG WR

JLYH WKH RYHUDOO FRPSOH[LW\ RI WKH SURJUDP >��@� 7KLV UHVHDUFK LV PRVW VLPLODU WR WKH

PRGHUQ GD\ XVH RI VL]HG W\SHV� DQG W\SH WKHRULHV IRU FRPSOH[LW\ DQDO\VLV� :H GRQ¶W
�$OWKRXJK LW LV ZRUWK QRWLQJ WKDW *+& XVHV D YHUVLRQ RI WKHVH WR DOORZ WKH XVHU WR SURILOH WKHLU
SURJUDPV >��@�
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XVH DQ\ RI WKHVH PHWKRGV H[SOLFLWO\ LQ WKH GLVVHUWDWLRQ� EXW WKH\ DUH XVHIXO WR NQRZ

LQ WKH EURDGHU FRQWH[W RI IRUPDOL]HG FRVW PRGHOV IRU ODQJXDJHV� :H ZLOO WKHUHIRUH

GLVFXVV VRPH RI WKH KLVWRULFDO� DQG PRUH UHFHQW QRQ�VHPDQWLFV�EDVHG WKHRULHV DQG

KRZ WKH\ ILW LQ ZLWK FRVW VHPDQWLFV EULHIO\ LQ 6HFWLRQ ������

7KH XVXDO SUHVHQWDWLRQ RI D FRVW VHPDQWLFV LV WKURXJK DQ DQQRWDWHG ELJ�VWHS VHPDQ�

WLFV LQ ZKLFK D FRVW �RU FRVWV� DUH DVVRFLDWHG ZLWK HDFK UHGXFWLRQ UXOH� )RU LQVWDQFH�

D UXQ�RI�WKH�PLOO FRVW VHPDQWLFV IRU WKH XQW\SHG λ�FDOFXOXV ZKHUH E; e ⇓ v; c PHDQV

WKDW WKH H[SUHVVLRQ e HYDOXDWHV WR WKH YDOXHv ZLWK FRVW c LQ HQYLURQPHQW EPLJKW ORRN

OLNH�

E (x ) = v

E;x ⇓ v; 1
9DU

E; λx .e ⇓ λx .e; 1
/DP

E; e1 ⇓ λx .e; c1 E; e2 ⇓ v′; c2 E[x &→ v′]; e ⇓ v; c3

E; e1 e2 ⇓ v; c1 + c2 + c3
$SS

:KHUHLQZH VD\ WKDW ORRNLQJ XS D YDULDEOH LQ WKH HQYLURQPHQW DQG UHGXFLQJ D ODPEGD

H[SUHVVLRQ KDYH XQLW FRVW� 7KH FRVW RI DSSO\LQJ e1 WR e2 LV WKH VXP RI WKH FRVWV RI

HYDOXDWLQJ e1 DQG e2 WR YDOXHV� SOXV WKH FRVW RI HYDOXDWLQJ WKH ERG\ RI WKH IXQFWLRQ

LQ WKH HQYLURQPHQW WKDW PDSV x WR WKH UHGXFHG YDOXH RI e2� :KLOH WKHVH UXOHV DUH

UHPDUNDEO\ VLPSOH IRU QRZ� DV ZH ZLOO VHH ODWHU WKHVH VHPDQWLFV FDQ EHFRPH TXLWH

FRPSOH[ GHSHQGLQJ XSRQ WKH FRVWV WKDW ZH ZLVK WR GHVFULEH�

7KH IRUPDOL]DWLRQ RI WKH FRVW RI D SURJUDP LQ WHUPV RI LWV VHPDQWLF FRQWHQWV SHU�

PLWV HDV\ DQDO\WLFDO UHDVRQLQJ DERXW WKDW FRVW� WKH VHPDQWLF UXOHV IRU WKH ODQJXDJH

JLYH D ZD\ WR SUHFLVHO\ DVN DQG WKHQ DQVZHU TXHVWLRQV DERXW HIILFLHQF\ WKDW ZRXOG

RWKHUZLVH EH KDUG� LI QRW LPSRVVLEOH� WR GLVFXVV� 7KH IDFW WKDW WKH FRVW VHPDQWLFV LV

V\QWD[�GLUHFWHG DQG XVHV WKH VRXUFH ODQJXDJH LV FUXFLDO WR WKH HDVH RI UHDVRQLQJ WKDW

D FRVW PRGHO LV PHDQW WR SURYLGH� WKH SURJUDPPHU QHHG QRW WUDQVODWH LQWR²RU HYHQ

XQGHUVWDQG²WKH GHQRWDWLRQDO VHPDQWLFV RU ORZ�OHYHO WUDQVODWLRQV IRU WKHLU ODQJXDJH�
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7KXV WKH SURJUDPPHU �DQG FRPSLOHU� FDQ HDVLO\ DVN DQG DQVZHU HIILFLHQF\ TXHVWLRQV

WKH ZD\ WKH\ KDYH DOZD\V GRQH� E\ ORRNLQJ DW WKH V\QWD[ RI WKH SURJUDP >��@� +RZ�

HYHU� E\ XVLQJ D FRVW VHPDQWLFV� WKH\ FDQ GR WKLV SUHFLVHO\ DQG EH FRQILGHQW LQ WKHLU

FRQFOXVLRQV� 0RUHRYHU� WKH V\QWD[�GLUHFWHG QDWXUH RI WKH VHPDQWLFVPHDQV WKDW FRP�

SLOHU ZULWHUV FDQ HDVLO\ UHDVRQ²IRUPDOO\²DERXW KRZ WKH RSWLPL]DWLRQV WKH\ ZULWH

DIIHFW WKH FRVW RI WKH XQGHUO\LQJ SURJUDP EDVHG XSRQ WKH V\QWDFWLF WUDQVIRUPDWLRQV

WKDW WKH RSWLPL]DWLRQ SHUIRUPV�

&RVW VHPDQWLFV DUH XVHIXO IRU WKH SURJUDPPHU DQG FRPSLOHU ZULWHU WR UHDVRQ DE�

VWUDFWO\ DERXW WKH FRVWV RI D SURJUDP� +RZHYHU� DEVWUDFW FRVWV DUH QRW YHU\ XVHIXO

XQOHVV ZH FDQ VRPHKRZ UHODWH WKHVH DEVWUDFW FRVWV WR PRUH H[SOLFLW FRVWV� ,Q SDUWLFX�

ODU� D FRVW VHPDQWLFV QHHGV WR EH PDSSHG GRZQ WR DQ DEVWUDFW �RU SK\VLFDO� PDFKLQH

PRGHO ZKLOH DW WKH VDPH WLPH SUHVHUYLQJ FRVWV� 7KLV PDSSLQJ RI WKH VRXUFH�OHYHO

DQG DEVWUDFW FRVW VHPDQWLFV WR WKH DEVWUDFW PDFKLQH DPRXQWV WR HQIRUFLQJ WKDW DOO

LPSOHPHQWDWLRQV RI D ODQJXDJH PXVW UHVSHFW WKH VRXUFH�OHYHO FRVW ERXQGV� 7KXV� D

FRPSLOHU SUHVHUYLQJ WKHVH FRVWV PHDQV WKDW ZH FDQ SURYH WLPH DQG UHVRXUFH ERXQGV

RQ WKH ODQJXDJH DQG WKH LPSOHPHQWDWLRQ RI WKDW ODQJXDJH� 7KH FKRLFH RI WKH XQGHUO\�

LQJ DEVWUDFW PDFKLQH LV LPSRUWDQW� VLQFH LW RIWHQ DIIHFWV WKH VWUXFWXUH RI WKH UXOHV IRU

WKH FRVW VHPDQWLFV DV ZHOO DV WKH VWUXFWXUH RI WKH FRVWV WKHPVHOYHV� 7KH VRXUFH�OHYHO

FRVW VHPDQWLFV RI 6DQVRP DQG 3H\WRQ -RQHV >�@ LV QRW DIIHFWHG LQ DQ\ZD\ WKDW VWDQGV

RXW WR WKH UHDGHU� VLQFH WKH XQGHUO\LQJPDFKLQHPRGHO KDV EHHQ GHVLJQHG WR UHSOLFDWH

WKH VRXUFH�OHYHO VHPDQWLFV L�H�� WKHUH DUH QRW WKDW PDQ\ LQWHQVLRQDO SURSHUWLHV RI WKH

SURJUDP WKDW DUH EHLQJ GHVFULEHG E\ WKH FRVWV� $V ZH ZLOO VHH� DV WKH SURSHUWLHV WKDW

ZH ZLVK WR GHVFULEH EHFRPH PRUH LQWHQVLRQDO²VXFK DV SDUDOOHOLVP �6HFWLRQ �������

DQG HVSHFLDOO\ ,�2 HIILFLHQF\ �6HFWLRQ ������²WKH PRUH LPSRUWDQW WKH XQGHUO\LQJ

DEVWUDFW PDFKLQH DQG PDFKLQH PRGHO EHFRPHV� ZLWK IUDJPHQWV RI WKH XQGHUO\LQJ

PDFKLQH DSSHDULQJ DW WLPHV LQ WKH VRXUFH�OHYHO FRVW VHPDQWLFV�
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2QH RI WKH LQWHUHVWLQJ UHVHDUFK TXHVWLRQV WKDW DULVHV KHUH LV WR GHWHUPLQH DPHWULF E\

ZKLFK ZH FDQ GHWHUPLQH ZKHQ FHUWDLQ SURSHUWLHV EHFRPH WRR LQWHQVLRQDO WKXV PDN�

LQJ WKH VRXUFH�OHYHO FRVW VHPDQWLFV XQUHDGDEOH DQG KRZ WR FRPEDW WKLV XQUHDGDELOLW\

DW WKH VDNH RI LQWHQVLRQDOLW\� 7KLV LV RQH RI WKH VHFRQGDU\ TXHVWLRQV WKDW ZH H[SORUH

LQ WKH FRXUVH RI WKLV GLVVHUWDWLRQ�

����� &RVW 6HPDQWLFV IRU3DUDOOHO )XQFWLRQDO/DQJXDJHV

2QH RI WKH PDLQ XVHV RI FRVW VHPDQWLFV VLQFH LWV LQFHSWLRQ KDV EHHQ WR GHVFULEH

SDUDOOHO FRVWV IRU SURJUDPV� $ FRVW�VHPDQWLF DSSURDFK LVZHOO VXLWHG WR WKH FKDOOHQJHV

WKDW SDUDOOHO ODQJXDJHV SUHVHQW VLQFH RQH GRHVQ¶W QHHG DQ XQGHUO\LQJ SDUDOOHO ELJ�

VWHS VHPDQWLFV LQ RUGHU WR GHVFULEH WKH FRVWV RU DPRXQW RI SDUDOOHOLVP IRU D JLYHQ

UHGXFWLRQ VHTXHQFH� ,QVWHDG� WKH SDUDOOHOLVP LV GHVFULEHG E\ WKH FRPELQDWRUV RQ

WKH FRVWV DVVRFLDWHG ZLWK WKH VHPDQWLFV� 7KLV HVVHQWLDOO\ DPRXQWV WR ³SXVKLQJ´ WKH

SDUDOOHOLVP IURP WKH VHPDQWLFV LQWR WKH FRVW PHDVXUHV YLD D 'LUHFWHG $F\FOLF *UDSK

�'$*� �RU� LQ WKH HDUO\ GD\V� YLD VSDZQ�WUHH GHSWK FRXQWHUV�� $V ZH ZLOO VHH� WKLV

UHORFDWLRQ RI SDUDOOHO LQIRUPDWLRQ WR WKH FRVW PHDVXUH OHDGV WR HOHJDQW GHVFULSWLRQV

RI VFKHGXOHV� WLPH� DQG VSDFH�ERXQGV� DQG SRVVLEOH SDUDOOHOLVP�

7KH ILUVW WLPH WKDW FRVW VHPDQWLFV DUH XVHG LQ WKH FRQWH[W RI VWXG\LQJ SDUDOOHOLVP LV

E\ %OHOORFK DQG *UHLQHU >��@ LQ RUGHU WR VWXG\ WKH DPRXQW RI SDUDOOHOLVP LQ HDJHU

VHTXHQWLDO IXQFWLRQDO ODQJXDJHV²VSHFLILFDOO\� WKH λ�FDOFXOXV ZLWK FDOO�E\�YDOXH VH�

PDQWLFV �RU ZKDW %OHOORFK DQG *UHLQHU >��@ FDOO WKH 3$/ PRGHO�� +RZHYHU� LQ RUGHU

WR GR WKLV� WZR FRVW PHDVXUHV DUH XVHG� RQH WR NHHS WUDFN RI WKH WRWDO DPRXQW RI ZRUN

GRQH LQ WKH FRPSXWDWLRQ� DQG WKH RWKHU WR NHHS WUDFN RI WKH SDUDOOHO �VSDZQ�WUHH�

GHSWK RI WKH FRPSXWDWLRQ LQ RUGHU WR VWXG\ WKH DPRXQW RI SDUDOOHOLVP DYDLODEOH� 'XH

WR WKH IDFW WKDW WKH ODQJXDJH LV LQKHUHQWO\ VHULDO� WKH RIIORDGLQJ RI WKH SDUDOOHO�FRVW

UHDVRQLQJ WR WKH FRVW PHDVXUHV IRU WKH VHPDQWLFV LV LGHDO� SXVKLQJ WKH SDUDOOHOLVP

LQWR WKH FRVW PHDVXUHV PHDQV WKDW WKH ³SDUDOOHO´ FRQVWUXFWV LQ WKH ODQJXDJH DUH QR
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ORQJHU GHILQHG E\ WKH UHGXFWLRQ UXOHV� EXW E\ WKH FRPELQDWRUV IRU WKH FRVWV LQ WKH

VHPDQWLFV�

,Q RUGHU WR HIIHFWLYHO\ RIIORDG WKH SDUDOOHOLVP WR WKH FRVW PHDVXUHV� LQWHJHU FRXQWHUV

DUH LQWURGXFHG WKDW WUDFN WKH GHSWK RI WKH VSDZQ�WUHH RI WKH SURJUDP DV ZHOO DV

WKH WRWDO DPRXQW RI ZRUN GRQH �WKLV DV RSSRVHG WR WKH FRVW EHLQJ WKH VSDZQ�WUHHV

WKHPVHOYHV�� &RPELQLQJ SDUDOOHO FRVWV �L�H�� VSDZQ�WUHH GHSWKV� WKHQ DPRXQWV WR

WDNLQJ WKH JUHDWHU RI WKH WZR VSDZQ�WUHH GHSWKV� DQG FRPELQLQJ WKH DPRXQW RI ZRUN

GRQH LQ ERWK VSDZQ�WUHHV LV WKH VXP RI WKH DPRXQWV RI ZRUN GRQH LQ ERWK� $V DQ

H[DPSOH� FRQVLGHU WKH UXOH E; e ⇓ v;w; c ZKLFK LV UHDG DV ³LQ WKH HQYLURQPHQW E� WKH

H[SUHVVLRQ e HYDOXDWHV WR WKH YDOXH v ZLWK ZRUN w DQG VSDZQ�WUHH GHSWK d´� 7KH

DSSOLFDWLRQ UXOH ZRXOG ORRN OLNH WKH IROORZLQJ�

E; e1 ⇓ λx .e;w1;d1 E; e2 ⇓ v′;w2;d2 E[x &→ v′]; e ⇓ v;w3;d3

E; e1 e2 ⇓ v;w1 +w2 +w3 + 2; max(d1,max(d2,d3)) + 2
$SS �����

:KHUH ZH DUH VD\LQJ WKDW WKH DPRXQW RI ZRUN LQ WKH DSSOLFDWLRQ RI e1 WR e2 LV WKH

DPRXQW RI ZRUN WR HYDOXDWH DQG WKHQ DSSO\ ERWK RI H[SUHVVLRQV� DQG WKDW WKH GHSWK

RI WKH VSDZQ�WUHH LV WKH PD[LPXP RI WKH WZR GHSWKV WKDW ZH JHW IURP HYDOXDWLQJ

e1 DQG e2� 7KH DGGLWLRQ RI � WR ERWK WKH ZRUN DQG GHSWK FRVWV LV VR WKDW DQ H[DFW

FRUUHVSRQGHQFH FDQ EH PDGH EHWZHHQ WKH ZRUN DQG VSDZQ�WUHH GHSWK DQG WKH QXP�

EHU RI VWDWHV LQ WKH DEVWUDFW PDFKLQH WKDW LV XVHG WR VLPXODWH HYDOXDWLRQ� 7KLV LV WKH

ILUVW LQVWDQFH ZH VHH RI DQ DUWLIDFW RI WKH XQGHUO\LQJ DEVWUDFW PDFKLQH PRGHO OHDGLQJ

WR D FKDQJH LQ WKH VRXUFH�OHYHO FRVW VHPDQWLFV� +RZHYHU� LQ UHDOLW\ ZH DUH QRW WKDW

FRQFHUQHG ZLWK FRQVWDQWV OLNH WKLV DSSHDULQJ LQ WKH UXOHV �EH\RQG KRZ LW DIIHFWV WKH

ZD\ ZH PDS GRZQ WR WKH DEVWUDFW PDFKLQH� VLQFH ZH DUH RQO\ FRQFHUQHG ZLWK WKH

DV\PSWRWLF FRPSOH[LW\ RI WKH SURJUDP�

0DQ\ WLPHV LW LV XVHIXO WR PDS RQH FRVW VHPDQWLFV WR PXOWLSOH GLIIHUHQW PDFKLQHV LQ

RUGHU WR H[SORUH WKH SRWHQWLDO SDUDOOHOLVP LQ WKH GLIIHUHQWPDFKLQHPRGHOV� DV ZHOO DV

WR SURYH WKH FRUUHFWQHVV RI WKH DEVWUDFW FRVW VHPDQWLFV� ,Q SDUWLFXODU� %OHOORFK DQG
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*UHLQHU >��@ PDS WKH DEVWUDFW FRVW VHPDQWLFV GRZQ WR DQ 6(&' PDFKLQH >��@� DQG

WKHQ WR D SDUDOOHO YHUVLRQ RI WKH 6(&' PDFKLQH²WKH 3�(&' PDFKLQH²LQ ZKLFK WKH

VLQJOH VWDWH RI WKH 6(&' PDFKLQH LV FKDQJHG WR D VHW RI VWDWHV WKDW FDQ EH HYDOXDWHG

LQ SDUDOOHO DW HDFK VWHS� %OHOORFK DQG *UHLQHU WKHQ PDS WKHVH WZR VHSDUDWH DEVWUDFW

PDFKLQH UHSUHVHQWDWLRQV GRZQ WR VHULDO²5$0 >��@²DQG SDUDOOHO²35$0 >��@� EXW�

WHUIO\ QHWZRUN� DQG K\SHUFXEH²PDFKLQH PRGHOV� ,W LV E\ WKLV PDSSLQJ RI WKH DE�

VWUDFW FRVWV WR FRQFUHWH FRVWV WKDW D YHULILHG LPSOHPHQWDWLRQ �ZLWK UHVSHFW WR WKDW

FRVW PRGHO� RI WKH VRXUFH ODQJXDJH FDQ EH H[WUDFWHG�

,W LV LPSRUWDQW WR QRWH DW WKLV SRLQW WKDW WKH SDUDOOHOLVP EHLQJ RIIORDGHG WR WKH FRVWV

�LQ WKH VRXUFH�OHYHO FRVW VHPDQWLFV� IRUFHV WKH XQGHUO\LQJ PDFKLQH PRGHO WR LPSOH�

PHQW FHUWDLQ RSHUDWLRQV LQ SDUDOOHO� (VVHQWLDOO\� WKH SDUDOOHOLVP LQ WKH VRXUFH�OHYHO

FRVWV PHDQV WKDW DQ\ IDLWKIXO FRPSLODWLRQ RI WKH VRXUFH ODQJXDJH WR DQ DEVWUDFW PD�

FKLQH WKDW UHVSHFWV WKRVH FRVWV PXVW LPSOHPHQW WKH SDUDOOHOLVP WKDW ZH GHVLUH LQ WKH

VRXUFH ODQJXDJH� 7KLV LV ZKDW ZH VHH LQ WKH DERYH PDSSLQJV� ILUVW PDSSLQJ GRZQ

WR WKH 6(&' PDFKLQH �WKH GHJHQHUDWH ³VHULDO SDUDOOHO´ FDVH� DQG WKHQ JHQHUDOL]LQJ

WKH VHULDO RSHUDWLRQV RI WKH 6(&' PDFKLQH WR EH SDUDOOHO LQ WKH XQGHUO\LQJ DEVWUDFW

PDFKLQH ZLWK WKH 3�(&' PDFKLQH DQG EXWWHUIO\ DQG K\SHUFXEH QHWZRUNV�

$OWKRXJK WKH FRVW VHPDQWLFV SUHVHQWHG E\ %OHOORFK DQG *UHLQHU >��@ GRHVQ¶W XVH D

'$* WR WUDFN WKH GHSHQGHQFLHV� LQVWHDG FRPELQLQJ FRPSXWDWLRQ GHSWKV YLD WKH max

IXQFWLRQ DQG H[SOLFLWO\ WUDFNLQJ WKH DPRXQW RI ZRUN EHLQJ GRQH YLD D VHSDUDWH FRVW

PHWULF� WKH ILHOG TXLFNO\ PRYHG WR XVLQJ D '$*�EDVHG PRGHO IRU PHDVXULQJ ERWK

ZRUN DQG SDUDOOHOLVP�

7KH ILUVW LQVWDQFH RI XVLQJ '$*V WR NHHS WUDFN RI WKH SDUDOOHOLVP DQG DPRXQW RI

ZRUN GRQH LQ D ODQJXDJH LV E\ %OHOORFK DQG *UHLQHU >��@ ZKR XVH '$*�EDVHG FRVWV

WR GHVFULEH WLPH� DQG VSDFH ERXQGV IRU WKH SDUDOOHO ODQJXDJH 1(6/ >��@� WKH HGJHV

RI WKH '$* UHSUHVHQW FRQWURO GHSHQGHQFLHV DQG WKH QRGHV UHSUHVHQW WKH XQLWV RI

FRPSXWDWLRQ� 7KXV WKH WRWDO DPRXQW RI ZRUN LV WKH QXPEHU RI QRGHV LQ WKH '$*�
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DQG WKH DPRXQW RI SDUDOOHOLVP LV WKH ZLGWK RI WKH '$*� 'HVSLWH WKH IDFW WKDW 1(6/

LV D SDUDOOHO ODQJXDJH� WKH ELJ�VWHS VHPDQWLFV IRU LW LV VWLOO VHTXHQWLDO� RQFH DJDLQ WKH

SDUDOOHOLVP LV FUHDWHG �RU WUDFNHG� YLD WKH FRVW�FRPELQDWRUV IRU WKH ODQJXDJH ZKLFK

ZLOO HQIRUFH SDUDOOHOLVP LQ WKH XQGHUO\LQJ DEVWUDFW PDFKLQH PRGHO�

7KH '$*V WKDW DUH XVHG IRU GHVFULELQJ WKH FRVWV DUH VSHFLDO� LQ WKDW HDFK FRVW д =

(n,n′,D) UHSUHVHQWV D '$* D FRXSOHG ZLWK D XQLTXH LQLWLDO QRGH n DQG XQLTXH WHU�

PLQDO QRGH n′� 7KH FRPELQDWRUV WKDW ZH XVH WR UHSUHVHQW SDUDOOHOLVP LQ WKHVH FRVWV

QRZ FKDQJH IURP WKRVH ZH VDZ HDUOLHU >��@²IURPRQHV WKDW ZRUN RQ LQWHJHUV� WR RQHV

WKDW GHWHUPLQH KRZ'$*V FDQ EHPHUJHG DQG FRPSRVHG� ,Q SDUWLFXODU� WKHUH DUH WZR

PDMRU FRPELQDWRUV� ⊕ RU VHTXHQWLDO FRPSRVLWLRQ� DQG ⊗ RU SDUDOOHO FRPSRVLWLRQ� $Q

HTXLYDOHQW PRGHO IRU WKH H[DPSOH JLYHQ LQ (TXDWLRQ ����� XVLQJ WKHVH FRPELQDWRUV

PLJKW QRZ ORRN OLNH�

E; e1 ⇓ λx .e; c1 E; e2 ⇓ v′; c2 E[x &→ v′]; e ⇓ v; c3

E; e1 e2 ⇓ v; (c1 ⊗ c2) ⊕ c3
$SS

:KHUH ZH DUH VD\LQJ WKDW e1 DQG e2 FDQ EH HYDOXDWHG LQ SDUDOOHO ZLWK FRVWV c1 DQG c2

DQG WKHQ HYDOXDWLRQ KDV WR EH VHULDOL]HG DQG FDQ WKHQ FRQWLQXH ZLWK FRVW c3� 6LQFH

WKH FRVWV DUH '$*V ZLWK XQLTXH LQLWLDO DQG WHUPLQDO QRGHV� WKH ⊕ DQG ⊗ FRPELQD�

WRUV VHUYH DV ZD\V RI PHUJLQJ DQG FRPSRVLQJ WKHVH WZR '$*V� XVLQJ WKH WHUPLQDO

DQG LQLWLDO QRGHV DV WKH MRLQ�SRLQWV IRU WKH QHZ '$*� )RU DQ H[DPSOH RI KRZ WKHVH

FRPELQDWRUV MRLQ WKH WZR FRVW JUDSKV VHH )LJXUH ����

,W LV WKURXJK WKH UHSUHVHQWDWLRQ RI FRVWV E\ '$*V WKDW SDUDOOHOLVP LV RIIORDGHG IURP

WKH VHPDQWLF PRGHO RI WKH ODQJXDJH� DQG RQ WR WKH FRVW PRGHO RI WKH ODQJXDJH� 7KLV

UHSUHVHQWDWLRQ WKHQ SURYLGHV D IUDPHZRUN LQ ZKLFK LW LV HDV\ WR UHDVRQ DERXW WLPH�

ERXQGV VLQFH WKH WRWDO DPRXQW RI WLPH WKDW LV WDNHQ LV SURSRUWLRQDO WR WKH KHLJKW RI WKH

'$*�+RZHYHU� ZKLOH WKH FRPSXWDWLRQ�FRVW'$*VZLOO EH LQYDOXDEOH IRU GHWHUPLQLQJ

SDUDOOHO VSDFH ERXQGV WKH SURFHVV RI GHWHUPLQLQJ WKHP LV QRW DV VLPSOH DV WKDW IRU

WLPH�ERXQGV�
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c1

c1

1

7KH VHULDO FRPSRVLWLRQ RI '$*V c1
DQG c2 JLYHQ E\ c1 ⊕ c2�

n

c1c2

n′

11

1 1

7KH SDUDOOHO FRPSRVLWLRQ RI '$*V c1 = (n1,n′1,c1)
DQG c2 = (n2,n′2,c2) JLYHQ E\ c1 ⊗ c2� 1RWH WKDW ERWK
n DQG n′ DUH QHZO\ FUHDWHG �³IUHVK´� QRGHV LQ WKH
JUDSK�

)LJXUH ���� &RVW FRPELQDWRUV RQ '$*�EDVHG FRVW PRGHOV�

,Q RUGHU WR GHWHUPLQH VSDFH ERXQGV EDVHG XSRQ WKH FRVW VHPDQWLFV� DQ H[WUD FRVW

PHWULF QHHGV WR EH DGGHG WR WUDFN WKH VSDFH WKDW WKH FRPSXWDWLRQ WDNHV� 7KXV� WKH

UXOHV QHHG WR EH XSGDWHG WR WDNH LQWR DFFRXQW WKLV QHZ FRVW WKDW QHHGV WR EHPHDVXUHG�

:H WKHUHIRUH DXJPHQW WKH UXOHV ZLWK ERWK D VWRUH σ DQG D FRVW s WKDW PHDVXUHV WKH

DPRXQW RI VSDFH WKDW WKH UHGXFWLRQ WDNHV� 2XU FRVW�VHPDQWLF MXGJHPHQW QRZ ORRNV

OLNH E;σ ;R; e ⇓ v;σ ′; c; s ZKHUH R LV WKH VHW RI URRW ORFDWLRQV WKDW SRLQW WR WKH GDWD

QHHGHG E\ WKH FRQWLQXDWLRQ� 7KH VSDFH s LV WKHQ GHILQHG LQ WHUPV RI WKH QXPEHU RI

URRW ORFDWLRQV IRU WKH JUDSK DQG WKH FXUUHQW PHPRU\ σ �PXFK OLNH JDUEDJH FROOHF�

WLRQ��

space (R,σ ) =
∑

l∈S

{

|v | LI σ (l ) = v
|FV (e ) | + 2 LI σ (l ) = λx .e

�����

ZKHUH S = ⋃
l∈R locs (l ,σ )� DQG
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locs (c,σ ) = {}
locs (l ,σ ) = {l} ∪ locs (σ (l ),σ )
locs (v,σ ) = ⋃n−1

i=0 locs (vi ,σ )
locs (λx .e,σ ) = ⋃

l∈L locs (l ,σ )
ZKHUH L = E (FV (e ) − {x})

�����

,Q HVVHQFH� WKH space IXQFWLRQ GHWHUPLQHV WKH DPRXQW RI VSDFH UHDFKDEOH IURPD VHW RI

URRW QRGHV R L�H�� WKH VSDFH RI DOO WKLQJV WKDW VWLOO QHHG WR EH NHSW DOLYH �LQ WKH FXUUHQW

FRPSXWDWLRQ JUDSK� VLQFH ZH FRXOG SRVVLEO\ QHHG WR DFFHVV WKHP LQ WKH FRQWLQXDWLRQ�

$OVR� QRWH WKDW ZH KDYH DGGHG YHFWRUV WR RXU ODQJXDJH� 7KLV DGGLWLRQ LV DQ LPSRUWDQW

RQH� VLQFH LQ 1(6/ WKH SDUDOOHOLVP LV QRW LQWURGXFHG E\ WKH λ�FDOFXOXV SDUW RI WKH

ODQJXDJH �L�H�� WKH λ�FDOFXOXV SDUW RI WKH ODQJXDJH LV VHULDO�� ,QVWHDG SDUDOOHOLVP

LV LQWURGXFHG E\ SDUDOOHO DUUD\ FRPSUHKHQVLRQV {e′ : x in e}� DQG YDULRXV SDUDOOHO

DUUD\ RSHUDWLRQV��

1RZ WKDW ERWK WKH UHGXFWLRQ UXOHV KDYH EHHQ DXJPHQWHG WR WUDFN VSDFH� DQG ZH KDYH

GHILQHG WKH space IXQFWLRQ� ZH DUH DEOH WR SUHVHQW D FRVW VHPDQWLFV WKDW WUDFNV QRW

RQO\ WLPH DQG ZRUN EXW DOVR VSDFH�XVDJH�

E;σ ;R; c ⇓ c;σ ; 1; space (R,σ )
&RQVW

E;σ ;R;x ⇓ E (x );σ ; 1; space (R,σ )
9DU

l ! dom(σ )

E;σ ;R; λx .e ⇓ l ;σ [l &→ Clos (E,B,x ,e )]; 1; space (R ∪ {l},σ )
/DP

E;σ ;R ∪ E (FV (e2)); e ⇓ l ;σ1; c1; s1 E;σ1;R ∪ {l}; e2 ⇓ v2;σ2; c2; s2
σ1(l ) = Clos (E′,x′,x ,e ) E′[x′ &→ l ][x &→ v2];σ2;R; e ⇓ v;σ3; c; s

E;σ ;R; e1 e2 ⇓ v;σ3; 1 ⊕ c1 ⊕ c2 ⊕ 1 ⊕ c; max(s1 + 1,s2 + 1,s )
$SS

E;σ ;R ∪ E (FV (e′)); e ⇓ l ;σ0; c; s σ0(l ) = v n = |v | l′ ! dom(σ )
E[x &→ vj ];σj ;R ∪ E (FV (e′) − {x}); e′ ⇓ v′j ;σj+1; cj ; s′j ∀j ∈ {0, . . . ,n − 1}

E;σ ;R; {e′ : x in e} ⇓ l′;σn[l′ &→ v]; c ⊕
(⊗n−1

j=0 1
)
⊕

(⊗
c
)
,max(s,n + max(s′))

(DFK

�)RU WKLV OLWHUDWXUH UHYLHZ� 7KH FRUH RI 1(6/ >��@ LV LQ IDFW ODUJHU DQG LQFOXGHV FRQGLWLRQDOV DQG
RWKHU IRUPV EXW WKLV VXEVHW LV D VXIILFLHQW VXEVHW WR GHVFULEH WKHLU WKHRU\�
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$OO RI WKH UXOHV ZLWK WKH H[FHSWLRQ RI Each DUH IDLUO\ VWUDLJKWIRUZDUG� VLQFH QR SDU�

DOOHOLVP LV LQWURGXFHG LQ WKHP DQG WKH RQO\ FRVW WKDW QHHGV WR EH WUDFNHG LV VSDFH�

7KH Each UXOH KRZHYHU LV PRUH LQWHUHVWLQJ� VLQFH ZH DUH GHDOLQJ ZLWK ERWK WKH LQ�

WURGXFWLRQ RI SDUDOOHOLVP� DQG ZLWK DUUD\V� LQ WKH Each UXOH ZH DUH VD\LQJ WKDW ZH

ILUVW HYDOXDWH WKH H[SUHVVLRQ WR D VHTXHQFH v DQG WKHQ WKH ERG\ e′ LV HYDOXDWHG LQ

WKH HQYLURQPHQW H[WHQGHG ZLWK x &→ vj IRU HDFK YDOXH vj LQ v� (YHQ WKRXJK HDFK

VXEFRPSXWDWLRQ LV LQGHSHQGHQW DQG KHQFH FDQ EH H[HFXWHG LQ SDUDOOHO� WKH VWRUH

LV WKUHDGHG WKURXJK VHULDOO\� 7KLV VHULDOL]DWLRQ RI WKH VWRUHV LQ WKH VHPDQWLFV LV DQ

LPSRUWDQW GHVLJQ GHFLVLRQ� VLQFH LW VSHFLILHV WKDW ZH ZLOO PHDVXUH VSDFH VHTXHQWLDOO\

�HYHQ WKRXJK FRPSXWDWLRQ PD\ KDSSHQ LQ SDUDOOHO�� VLQFH GLIIHUHQW RUGHUV RI H[HFX�

WLRQ FDQ HIIHFW WKH DPRXQW RI VSDFH XVHG E\ WKH SURJUDP�

$W WKLV SRLQW� WKH VHPDQWLFV KDYH EHHQ DXJPHQWHG ZLWK D ZD\ WR PHDVXUH WKH VSDFH

RI WKH FRPSXWDWLRQ JLYHQ D VWRUH DQG D VHW RI URRW ORFDWLRQV� 7KLV WKHQPHDQV WKDW ZH

FDQ DQVZHU TXHVWLRQV DERXW VHULDO VSDFH XVDJH DQG VSDFH�ERXQGV E\ VLPSO\ ORRNLQJ

DW WKH VSDFH FRVW s DW HDFK VWHS RI WKH FRPSXWDWLRQ²LQ WKLV FDVH DW HDFK VWHS WKDW

WKH DEVWUDFW PDFKLQH WDNHV� 7KLV LV IRUPDOL]HG WKURXJK WKH LGHD RI UHDFKDEOH VSDFH

DW D JLYHQ VWHS LQ WKH XQGHUO\LQJ DEVWUDFW PDFKLQH �D SDUDOOHO YHUVLRQ RI WKH &(.

PDFKLQH >��@� WKDW WKH ODQJXDJH LV PDSSHG GRZQ WR� WKH UHDFKDEOH VSDFH Sr (Qi ,σi ) DW

D VWHS i RI WKH PDFKLQH LV WKH VXP RI

�� WKH TXHXH VSDFH Sq (Qi ) := 1 + |E | + |K | IRU VWDWHV (e,E,K ) ∈ Qi DQG

�� WKH VWRUH VSDFH Sσ (Qi ,σi ) := space (L(Qi ),σi )

ZKHUH L(Qi ) UHWXUQV WKH URRW YDOXHV IRU WKH VWHS i LQ WKH PDFKLQH� :LWK WKLV IRUPDO�

L]DWLRQ� ZH DUH WKHQ DEOH WR VD\ WKDW LI

•E ; •σ ; •R; e ⇓ v;σ ;д; s

LQn VWHSV� WKHQZH FDQ ERXQG WKH VHULDO VSDFH XVHG E\ WKHPDFKLQH IRU VRPH FRQVWDQW

k�
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max
i=1,...,n

Sr (Qi ,σi ) ≤ ks �����

+RZHYHU� ZH DUH QRW \HW DEOH WR DQVZHU TXHVWLRQV DERXW SDUDOOHO VSDFH XVDJH DQG

VSDFH�ERXQGV� ,Q RUGHU WR GR WKDW ZH QHHG WR LQWURGXFH VRPHPRUHPDFKLQHU\�

6LQFH WKH VFKHGXOH ZLWK ZKLFK WDVNV DUH UXQ �DQG WKH IXWXUH WDVNV WKDW DUH VFKHGXOHG�

DIIHFWV WKH QXPEHU RI QRGHV LQ WKH '$* WKDW FDQ EH UXQ DW DQ\ JLYHQPRPHQW LQ WLPH�

WKH VFKHGXOH WKDW ZH FKRRVH FDQ KDYH VLJQLILFDQW HIIHFWV RQ WKH VSDFH XVDJH RI WKH

SURJUDP >�@� 7KXV� EHIRUH ZH FDQ GLVFXVV WKH SDUDOOHO VSDFH XVDJH RI WKH SURJUDP�

ZH QRW RQO\ QHHG WR KDYH D IL[HG ZD\ LQ ZKLFK ZH LQVSHFW WKH VWRUHV LQ D SDUDOOHO

VHWWLQJ �ZKLFK ZH¶YH DOUHDG\ GRQH DERYH� EXW DOVR IL[ D VFKHGXOH IRU WKH WDVNV LQ RXU

'$*� 7KXV� D VFKHGXOLQJ SROLF\ QHHGV WR EH LQWURGXFHG EHIRUHZH FDQ VWDUW DQVZHULQJ

WKH TXHVWLRQ RI ³KRZ PXFK VSDFH LV XVHG DW D JLYHQ VWHS LQ WKH XQGHUO\LQJ DEVWUDFW

PDFKLQH LQ WKH SDUDOOHO FDVH´��

,Q RUGHU WR GLVFXVV WKH VFKHGXOLQJ RI WDVNV LQ WKH FRPSXWDWLRQ '$*� ZH QHHG WR

GHILQH WKH WUDYHUVDOV WKDW ZH FDQ SHUIRUP RQ WKH JUDSK� LQ WKLV FDVH p�WUDYHUVDOV� $ p�

WUDYHUVDO RI D '$* LV D VHTXHQFH RI k ≥ 1 VWHSV� VXFK WKDW IRU HDFK VWHS i� WKHUH LV D VHW

RI QRGHVVi LQ WKH '$* WKDW DUH VFKHGXOHG �L�H�� YLVLWHG� DW WKLV VWHS DQG VXFK WKDW WKH

Vi SDUWLWLRQ WKH '$*� LI n LV DQ DQFHVWRU RI n′ DQG n′ ∈ Vi � WKHQ ∃j < i . n ∈ Vj �L�H�� DOO
DQFHVWRUV RI D QRGH PXVW EH VFKHGXOHG EHIRUH WKH QRGH�� DQG |Vi | ≤ p� $ JUHHG\ p�

WUDYHUVDO EDVHG RQ D 1�WUDYHUVDO T1 LV WKH WUDYHUVDO WKDW VFKHGXOHV WKH ILUVW p HDUOLHVW

QRGHV LQT1� D SUHPDWXUH QRGH WKHQ LV D QRGH WKDW DSSHDUV LQ D SUHIL[ σp RI WKH JUHHG\

p�WUDYHUVDO RI WKH JUDSK� WKDW GRHV QRW DSSHDU LQ WKH SUHIL[ RI WKH JUHHG\ 1�WUDYHUVDO

WKDW FRQWDLQV RQO\ QRGHV LQ σp� :H FDQ QRZ ERXQG WKH QXPEHU RI SUHPDWXUH QRGHV

LQ DQ\ p�WUDYHUVDO� IRU DQ\ '$* RI GHSWK d DQG 1�WUDYHUVDO� WKH PD[LPXP QXPEHU RI

SUHPDWXUH QRGHV LQ WKH JUHHG\ p�WUDYHUVDO LV (d − 1) (p − 1)�
�$V ZH ZLOO VHH WKH VFKHGXOLQJ SROLFLHV FDQ FKDQJH >�@ �L�H�� WKH VSDFH XVDJH FDQ EH SDUDPHWHUL]HG E\
WKH VFKHGXOH�� EXW IRU QRZ WKH VFKHGXOH LV IL[HG�
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1RZ WKDW ZH KDYH QRWLRQV RI p�WUDYHUVDOV DQG SUHPDWXUH QRGHV LQ WKH FRPSXWDWLRQ

'$*²DQGPRVW LPSRUWDQWO\� ERXQGV RQ WKH QXPEHU RI SUHPDWXUH QRGHV LQ D JUHHG\

p�WUDYHUVDO²ZH FDQ WXUQ WR VSDFH ERXQGV LQ WKH SDUDOOHO FDVH� ZH GHILQH WKH VFKHGXOH

IRU WKH FRPSXWDWLRQ '$*дZKHUHA LV DQ DUUD\ WKDW RULJLQDOO\ FRQWDLQV WKH URRW QRGH

RI д E\

�� 6FKHGXOLQJ WKH ILUVW min(p, |A|) QRGHV IURP A

�� 5HSODFH HDFK QHZO\ VFKHGXOHG QRGH E\ LWV UHDG\ FKLOGUHQ� LQ OHIW�WR�ULJKW RUGHU�

LQ SODFH LQ A

�� 5HSHDW VWHSV �� DQG �� XQWLO DOO QRGHV KDYH EHHQ VFKHGXOHG�

7KLV DPRXQWV WR D GHSWK�ILUVW WUDYHUVDO RI WKH JUDSK� ZKHUH ZH DUH DGYDQFLQJ LQ VWHSV

RI DWPRVWp QRGHV DW HDFK VWHS� :H FDQ QRZ VD\ WKDW LI ZH KDYHq SURFHVVHV� DQG

•E ; •σ ; •R; e ⇓ v;σ ;д; s �����

LQ n VWHSV� DQG LI д LV RI GHSWK d WKHQ ZH FDQ ERXQG WKH SDUDOOHO VSDFH XVHG E\ WKH

PDFKLQH IRU VRPH FRQVWDQW k�

max
i=1,...,n

Sr (Qi ,σi ) ≤ k (s + dq) �����

:KLOH WKH IL[LQJ RI D SDUWLFXODU VFKHGXOH IRU WKH FRPSXWDWLRQV LQ WKH '$* ZDV DQ

LPSRUWDQW SDUW RI WKH ZRUN E\ %OHOORFK DQG *UHLQHU >��@� LW LV PRUH UHVWULFWLYH WKDQ

ZH ZRXOG OLNH� 0RUHRYHU� ZH FDQ¶W H[SORUH WKH TXHVWLRQ RI MXVW KRZPXFK RI DQ DIIHFW

WKH VFKHGXOLQJ SROLF\ KDV RQ WKH WLPH� DQG VSDFH�XVDJH RI WKH SURJUDP� 6SRRQKRZHU

HW DO� >�@ H[SORUH H[DFWO\ WKHVH TXHVWLRQV E\ FUHDWLQJ D FRVW�VHPDQWLF IUDPHZRUN IRU

WLPH� DQG VSDFH SURILOLQJ IRU SDUDOOHO IXQFWLRQDO SURJUDPV� ,Q RUGHU WR EH DEOH WR GHDO

ZLWK WKH FRPSOH[LWLHV RI DQVZHULQJ WKH VDPH TXHVWLRQV EXW ZLWK GLIIHUHQW VFKHGXOHV�

ZH QHHG WR XSGDWH WKH ZD\ ZH UHSUHVHQW VSDFH FRVWV LQ WKH VHPDQWLFV�
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:H XSGDWH WKH UHSUHVHQWDWLRQ RI WKH VSDFH FRVW PXFK OLNH WKH ZD\ ZH XSGDWHG WKH

WHPSRUDO FRVW UHSUHVHQWDWLRQ HDUOLHU²IURP D QXPHULF YDOXH WR D '$* RU KHDS JUDSK�

WKH FRVW UHSUHVHQWDWLRQ IRU VSDFH LV QRZ D '$*� ZKHUH WKH QRGHV SRLQW WR WKHLU GDWD

GHSHQGHQFLHV �L�H�� WKH\ SRLQW ³EDFNZDUGV LQ WLPH´�� +RZHYHU� WKLV JUDSK GLIIHUV

IURP WKH FRPSXWDWLRQ '$*� LQ WKDW VRPH QRGHV DUH VKDUHG ZLWK FRPSXWDWLRQ '$*

QRGHV �WKH QRGH WKDW DOORFDWHV WKDW GDWD� DQG WKHUH DUH RWKHUV WKDW DUH QRW VKDUHG²

ORFDWLRQV� 6SHFLILFDOO\� HDFK HGJH LQ WKH KHDS JUDSK UHSUHVHQWV D GHSHQGHQF\ RQ D

YDOXH� 7KXV HGJHV IURP D QRGH n �LQ WKH FRPELQHG KHDS�FRPSXWDWLRQ JUDSK� WR D

ORFDWLRQ ! PHDQV WKDW WKH FRPSXWDWLRQ DW QRGH n GHSHQGV RQ WKH YDOXH IRXQG DW WKH

ORFDWLRQ !� DQG VLPLODUO\� DQ HGJH IURP D ORFDWLRQ !′ WR ! PHDQV WKDW WKH YDOXH DW !′

GHSHQGV RQ WKH YDOXH DW !� 7KH GLVWLQFWLRQ EHWZHHQ WKH WZR W\SHV RI QRGHV LQ WKH

KHDS JUDSK LV LPSRUWDQW LQ UHDVRQLQJ DERXW KRZ VSDFH PD\ EH UHFODLPHG GXULQJ WKH

H[HFXWLRQ RI WKH SURJUDP� DQ HGJH IURP !′ WR ! PHDQV WKDW WKH PHPRU\ DVVRFLDWHG

ZLWK ! FDQ¶W EH UHFODLPHG XQWLO DIWHU !′ LV QR ORQJHU LQ XVH� DQ HGJH IURP n WR !PHDQV

WKDW WKH PHPRU\ DVVRFLDWHG ZLWK ! FDQ¶W EH UHFODLPHG XQWLO WKH H[SUHVVLRQ WKDW n

UHSUHVHQWV KDV EHHQ HYDOXDWHG� 7KH IDFW WKDW ZH DUH VKDULQJ QRGHV EHWZHHQ WKH KHDS

JUDSK DQG WKH FRPSXWDWLRQ JUDSK LV DQ LPSRUWDQW RQH� VLQFH DV ZH ZLOO VHH ODWHU�

WKH UHODWLRQ EHWZHHQ WKH FRPSXWDWLRQ JUDSK DQG WKH KHDS JUDSK ZLOO SURYH FULWLFDO

WR KRZ ZH DQDO\]H WKH VSDFH XVDJH EDVHG XSRQ WKH VFKHGXOLQJ SROLF\ WKDW KDV EHHQ

FKRVHQ�

:KLOHZH DUH IUHHLQJ RXUVHOYHV IURP WKHSUHYLRXV UHVWULFWLRQ RI RQO\ RQH YDOLG VFKHGXO�

LQJ SROLF\� ZH VWLOO QHHG WR UHVWULFW WKH VFKHGXOHV WKDW FRQVWLWXWH YDOLG VFKHGXOLQJ

SROLFLHV IRU WKH FRPSXWDWLRQ JUDSK� 7KLV UHVWULFWLRQ PDQLIHVWV LWVHOI LQ D UHVWULFWLRQ

RQ WKH SDUWLDO RUGHU " WKDW D JLYHQ VFKHGXOH ZLOO LQGXFH� WKH VFKHGXOH RUGHU " IRU WKH

JUDSK д LV GHILQHG RQ д¶V QRGHV VXFK WKDW ∀n ∈ д . n " n� DQG ∀n1,n2 ∈ д . n1 ≺д n2 ⇒
n1 " n2� ZKHUH n1 ≺д n2 PHDQV WKDW n1 LV D SDUHQW RI n2�� 7KLV QRWLRQ RI D VFKHGXOH

EHWZHHQ QRGHV FDQ WKHQ EH HDVLO\ H[WHQGHG WR VFKHGXOH RUGHUV IRU VHWV RI QRGHV�
�7KH RUGHULQJ n1 " n2 FDQ EH UHDG DV ³n1 LV VFKHGXOHG QR ODWHU WKDQ n2´�
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N1 " N2 ⇐⇒ ∀n1 ∈ N1,n2 ∈ N2 . n1 " n2 �����

7KLV WKHQ JLYHV XV D ZD\ WR WDON²JOREDOO\²DERXW DOO RI WKH HYHQWV WKDW RFFXU GXULQJ

WKH HYDOXDWLRQ RI D SURJUDP� +RZHYHU DV ZH ZLOO VHH LQ D PRPHQW� ZKHQ ZH DUH

GLVFXVVLQJ VSDFH XVDJH LW ZLOO EH XVHIXO WR EH DEOH WR UHVWULFW WKH YLHZ DW WLPHV WR RQO\

WKRVH QRGHV WKDW DUH VFKHGXOHG VLPXOWDQHRXVO\ XVLQJ WKH #" RSHUDWRU�

n1 #" n2 ⇐⇒ n1 " n2 ∧ n2 " n1 �����

1RZ WKDW ZH KDYH GHILQHG KRZ D VFKHGXOH LV UHSUHVHQWHG LQ WKH FRPSXWDWLRQ JUDSK�

ZH WXUQ WR EXLOGLQJ WKH WRROV WKDW ZH ZLOO QHHG LQ RUGHU WR PHDVXUH WKH VSDFH WKDW LV

XVHG E\ D FRPSXWDWLRQ XVLQJ RXU QHZ VSDFH DQG VFKHGXOLQJ UHSUHVHQWDWLRQ�

,Q RUGHU WR WDON DERXW KRZ WKH VFKHGXOH DGYDQFHV DFURVV WKH JUDSK� ZH ILUVW SDUWLWLRQ

WKH JUDSK LQWR VHWV RI VLPXOWDQHRXVO\ VFKHGXOHG QRGHV FDOOHG VWHSV�

steps(") = N1, . . . ,Nk VXFK WKDW

∀n ∈ д . ∃i .n ∈ Ni ,
N1 " . . . " Nk ,
∀i . ∀Ni . ∀n1,n2 ∈ Ni . n1 #" n2

�����

)URP WKLV� ZH FDQ WKHQ GHILQH WKH FORVXUH N̂i RI WKH VWHS Ni DV

N̂i =
i⋃

k=1
Nk ������

7KXV ZKLOH DOO WKH QRGHV LQ N̂i DUH QRW QHFHVVDULO\ VFKHGXOHG VLPXOWDQHRXVO\� ZH KDYH

WKDW N̂i " Ni+1� :LWK WKLV IUDPHZRUN� ZH FDQ WKHQ WKLQN RI WKH VFKHGXOH DV GHILQLQJ

D ZDYHIURQW WKDW SURJUHVVHV DFURVV WKH JUDSK �ZKHUH HDFK ³ZDYH´ LV WKH QH[W VWHS

Ni�� 8VLQJ WKLV� ZH FDQ QRZ HDVLO\ GHILQH WKRVH QHZ QRGHV LQ WKH FRPSXWDWLRQ WKDW

EHFRPH DYDLODEOH DW HDFK VWHS RU UHDG\� ZH VD\ WKDW D QRGH n EHFRPHV UHDG\ DW VWHS

Ni+1 LI DOO SDUHQWV RI n DUH LQ N̂i EXW n ! N̂i � $W WKLV SRLQW ZH KDYH EXLOW WKH PDFKLQHU\
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WKDW ZH QHHG LQ RUGHU WR GLVFXVV KRZ WKH VFKHGXOH SURJUHVVHV DFURVV WKH JUDSK� EXW

ZH DUH QRW \HW DEOH WR VWDUW PHDVXULQJ WKH VSDFH�XVDJH�

,Q RUGHU WR VWDUW PHDVXULQJ WKH VSDFH XVDJH RI FRPSXWDWLRQ� ZH QHHG WR XVH WKH WRROV

IRU GHVFULELQJ VFKHGXOHV WKDW ZH KDYH MXVW FUHDWHG DORQJ ZLWK KRZ ZH GHILQHG WKH

FROOHFWLRQ SROLF\ RQ WKH KHDS JUDSK WR VWDUW GHILQLQJ KRZ WKH KHDS JUDSK XVHV VSDFH�

,Q SDUWLFXODU� JLYHQ D VFKHGXOH " ZLWK VWHSV {Ni}ki=1� LI ZH ORRN DW D PRPHQW LQ WLPH

UHSUHVHQWHG E\ Ni WKHQ VLQFH N̂i FRQWDLQV DOO SUHYLRXVO\ VFKHGXOHG QRGHV ZH ZLOO KDYH

WKDW IRU DQ\ HGJH (n,!) LQ WKH KHDS JUDSK WKDW WKLV HGJH ZLOO IDOO LQWR RQH RI WKUHH

FDWHJRULHV�

�� n,! ! N̂i� VLQFH WKH YDOXH DVVRFLDWHG ZLWK ! KDVQ¶W EHHQ DOORFDWHG \HW� WKH HGJH

(n,!) GRHV QRW FRQWULEXWH WR WKH VSDFH XVDJH DW VWHS Ni �

�� n,! ∈ N̂i� WKH VSDFH IRU ! KDV EHHQ DOORFDWHG� EXW WKH XVH RI WKH YDOXH LV LQ WKH

SDVW� 7KHUHIRUH WKH HGJH (n,!) GRHV QRW FRQWULEXWH WR WKH VSDFH XVHG DW VWHS Ni �

�� ! ∈ N̂i DQG n ! N̂i� n UHSUHVHQWV D �SRVVLEOH� IXWXUH XVH RI WKH YDOXH ORFDWHG DW !�

DQG WKHUHIRUH WKH HGJH (n,!) FRQWULEXWHV WR WKH VSDFH XVDJH DW VWHS Ni �

7KLV SDUWLWLRQLQJ RI WKH HGJHV EHWZHHQ QRGHV LQWR WKHVH WKUHH FDWHJRULHV DQG WKH IDFW

WKDW RQO\ WKH HGJHV LQ WKH WKLUG FDWHJRU\ DIIHFW WKH VSDFH XVDJH OHDG XV WR D GHILQLWLRQ

RI D URRW ORFDWLRQ VLPLODU WR ZKDW ZH PLJKW ILQG LQ JDUEDJH FROOHFWLRQ� LI e ⇓ v;д;h

WKHQ WKH URRWV DIWHU VFKHGXOLQJ WKH QRGHV LQ N ZLWK UHVSHFW WR D ORFDWLRQ ! LV WKH VHW

RI QRGHV !′ ∈ N VXFK WKDW HLWKHU ! = !′� RU WKHUH LV DQ HGJH LQ h WKDW OHDGV IURP VRPH

QRGH n RXWVLGH RI N WR !′

rootsh,! (N ) := {

!′ ∈ N | !′ = ! ∨ (∃n.(n,!) ∈ h ∧ n ! N )
} ������

:LWK WKH GHILQLWLRQ RI URRW ORFDWLRQV EHKLQG XV� ZH FDQ QRZ ILQDOO\ WXUQ WR SXWWLQJ

ERXQGV RQ VSDFH XVDJH DV ZH SURJUHVV WKURXJK WKH FRPSXWDWLRQ�
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:KLOH WKH URRW ORFDWLRQV LQ WKH KHDS JUDSK WHOO XV ZKDW YDOXHV DUH LPPHGLDWHO\ UHDFK�

DEOH IURP WKH FXUUHQW SURJUDP VWDWH� ZH QHHG WR EH DEOH WR ORRN SDVW MXVW WKRVH

WKLQJV WKDW DUH LPPHGLDWHO\ UHDFKDEOH LQ RUGHU WR XQGHUVWDQG WKH WRWDO DPRXQW RI

VSDFH XVHG E\ WKH FXUUHQW VWDWH RI WKH SURJUDP� ,Q RUGHU WR GR WKLV� ZH LQWURGXFH

D UHDFKDELOLW\ UHODWLRQ !1 5h !2 ZKLFK VD\V WKDW WKHUH LV D SDWK IURP !1 WR !2 LQ WKH

KHDS JUDSK� :H FDQ QRZ VD\ WKDW WKH VSDFH XVDJH DW D VWHS N LQ WKH KHDS JUDSK RI

D FRPSXWDWLRQ WKDW FRPSXWHV D YDOXH v LV WKH QXPEHU RI QRGHV WKDW DUH UHDFKDEOH

�XQGHU 5h� IURP rootsh,v (Ni )

spacev,h (N ) = &&{! ∈ h | ∃!′ ∈ rootsh,v (N ).! 5h !
}&& ������

)URP ZKLFK ZH FDQ WKHQ VD\ WKDW WKH VSDFH UHTXLUHG E\ D VFKHGXOH " WKDW FRPSXWHV

D YDOXH v LV WKH PD[LPXP VSDFH XVDJH UHTXLUHG E\ DQ\ VWHS LQ WKH VFKHGXOH�

spacev,h (") = max
{

spacev,h (N ) | N ∈ steps(")
}

������

1RZ WKDW ZH KDYH GHILQHG WKH VSDFH XVDJH RI D VFKHGXOH IRU D FRPSXWDWLRQ DQG KHDS

JUDSK� ZH FDQ VWDUW WR UHILQH WKH GHILQLWLRQ RI WKH SHUPLWWHG VFKHGXOHV WR OLPLW RXU�

VHOYHV WR HLWKHU DPRUH UHDOLVWLF FODVV RI VFKHGXOHV� RU WR SDUWLFXODU VFKHGXOLQJ SROLFLHV�

7KH XVH RI JUDSKV WR UHSUHVHQW FRVWV LV EHQHILFLDO KHUH� VLQFH WKLV UHSUHVHQWDWLRQ

DOORZV XV WR VWDWH WKH DGGLWLRQDO VFKHGXOLQJ UHTXLUHPHQWV LQ D VLPSOH DQG FOHDU ZD\�

)RU H[DPSOH ZH FDQ VD\ WKDW D VFKHGXOLQJ SROLF\ " RQ p SURFHVVRUV LV JUHHG\ LI

∀n1,n2.n1 " n2 ⇒ ∃n3.(n3 ≺д n2 ∧ n1 #" n3) ∨ |{n | n #" n1}| = p ������

L�H�� WKDW LI n2 LV VFKHGXOHG DIWHU n1� WKHQ HLWKHU WKHUH ZDV D VHTXHQWLDO GHSHQGHQF\ WR

n2 IURP VRPH RWKHU QRGH n3 WKDW ZDV VFKHGXOHG VLPXOWDQHRXVO\ ZLWK n1 RU WKHUH ZHUH

p−1QRGHV WKDWZHUH VFKHGXOHG VLPXOWDQHRXVO\ZLWKn1� :H FDQ VLPLODUO\ UHFUHDWH WKH

p�WUDYHUVDOV IURP%OHOORFK DQG*UHLQHU >��@� Dp�WUDYHUVDO GHILQHV D VWULFW OLQHDU RUGHU
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<p RQ WKH QRGHV RI WKH FRPSXWDWLRQ JUDSK� ZH FDQ WKHUHIRUH GHQRWH D p�WUDYHUVDO

DV

∀n1,n2.n1 " n2 ⇒ (n1 <p n2) ∨ ∃n3.(n3 ≺д n2 ∧ n1 #" n3) ∨ |{n | n #" n1}| = p ������

2WKHU VFKHGXOHV FDQ EH GHVFULEHG LQ D VLPLODUO\ FRQFLVH PDQQHU� DQG LQ IDFW WKH

VFKHGXOLQJ SROLF\ FDQ EHPDGH H[SOLFLW LQ WKH VRXUFH ODQJXDJH� ZKHUH WKH FRQVWUDLQWV

LQ (TXDWLRQV ���� DQG ���� VHUYH DV H[DPSOHV RI WKH ZD\V DOORZDEOH VFKHGXOHV PD\

EH GHVFULEHG� 7KH IDFW WKDW WKH GHVFULSWLRQV RI VFKHGXOHV DUH UHSUHVHQWHG YLD WKHVH

H[WUD UHVWULFWLRQV RQ WKH FRPSXWDWLRQ DQG KHDS JUDSKV PHDQV WKDW ZH KDYH D SXUHO\

VHPDQWLF PHDQV E\ ZKLFK ZH FDQ GHVFULEH WKH VFKHGXOHV SHUPLWWHG RQ WKH FRPSXWD�

WLRQ�

7KH IDFW WKDW ZH FDQ DOVR GHWHUPLQH WKH VSDFH XVDJH LQ D SXUHO\ VHPDQWLF PDQQHU

EDVHG XSRQ WKHVH UHVWULFWLRQV PHDQV WKDW ZH FDQ QRZ SURILOH D SURJUDP EDVHG HQ�

WLUHO\ XSRQ LWV VHPDQWLFV� ZH QRZKDYH D SXUHO\ VHPDQWLF SURILOLQJ IUDPHZRUN� 7KLV

KDV D QXPEHU RI EHQHILWV� VRPH RI ZKLFK DUH WKDW�

�� :H FDQSURILOH �FORVHG� SURJUDPVZULWWHQ LQ WKH ODQJXDJH LQ DQ LPSOHPHQWDWLRQ

DJQRVWLF PDQQHU�

�� :H FDQ FRPSDUH WKH VHPDQWLF ERXQGV DQG SURILOLQJ UHVXOWV ZLWK WKRVH RI DQ LP�

SOHPHQWDWLRQ WR YHULI\ WKDW WKH LPSOHPHQWDWLRQ FRQIRUPV WR WKH FRVW�VHPDQWLF

VSHFLILFDWLRQ�

�� :H FDQ UHDVRQ DERXW WKH SHUIRUPDQFH RI VFKHGXOLQJ SROLFLHV RU KDUGZDUH FRQ�

ILJXUDWLRQV HYHQ ZLWKRXW IXOO LPSOHPHQWDWLRQV RI WKHVH SROLFLHV RU DFFHVV WR WKH

KDUGZDUH WKDW ZH DUH ZDQWLQJ WR PRGHO�

)RUPRUH LQIRUPDWLRQ RQ KRZ WKH VHPDQWLF SURILOLQJ IUDPHZRUN LV LPSOHPHQWHG DQG

KRZ WKLV FDQ EH XVHG WR ILQG HUURUV DQG SURILOH SURJUDPV DEVWUDFWO\� WKH UHDGHU LV

GLUHFWHG WR 6SRRQKRZHU HW DO� >�@�
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$V ZH KDYH VHHQ� WKHUH KDV EHHQ D JUHDW GHDO RI ZRUN LQ WKH XVH RI FRVW VHPDQWLFV IRU

GHVFULELQJ WKH DPRXQW RI SDUDOOHOLVP LQ D ODQJXDJH� WR SURILOH IRU WLPH DQG VSDFH� DQG

WR SXW WLPH� DQG VSDFH�ERXQGV RQ SDUDOOHO SURJUDPV� :H KDYH VHHQ KRZ GLIIHUHQW

VFKHGXOHV FDQ EH GHVFULEHG LQ WKH FRVW�PRGHOV XVHG� DQG WKH YDULRXV ZD\V LQ ZKLFK

WKH\ DUH HQFRGHG LQ WKH FRVWPRGHO IRU WKH ODQJXDJH� 2QH WKLQJZHKDYH QRW VHHQ KRZ�

HYHU� LV KRZ WKLV ZRUN RQ WLPH� DQG VSDFH�SURILOLQJ� SRVVLEOH SDUDOOHOLVP� DQG VSDFH�

DQG WLPH�ERXQGV LQ WKH KRPRJHQHRXV SDUDOOHO VHWWLQJ UHODWHV WR WKH GLVWULEXWHG� DQG

KHWHURJHQHRXV SDUDOOHO VHWWLQJ� 7R WKH DXWKRU¶V NQRZOHGJH� WKHUH LV QR VXFK ZRUN

RQ FRVW VHPDQWLFV IRU WKH KHWHURJHQHRXV VHWWLQJ� 2QH RI WKH FHQWUDO TXHVWLRQV WKDW

WKLV GLVVHUWDWLRQ VHHNV WR DQVZHU LV KRZ WR FUHDWH PHDQLQJIXO FRVW VHPDQWLFV IRU

KHWHURJHQHRXV SDUDOOHO V\VWHPV�

����� &RVW 6HPDQWLFV IRU &DFKH %HKDYLRU

7R WKH DXWKRU¶V NQRZOHGJH� WKHUH LV RQO\ RQH ZRUN >�@ RQ GHVFULELQJ WKH HIIHFWV RI

PHPRU\ OD\RXW� EDQGZLGWK� DQG ORFDOLW\ LQ D FRVW VHPDQWLF VHWWLQJ� 7KH LQWHUHVWHG

UHDGHU LV GLUHFWHG WKHUH IRU WKH ILQH GHWDLOV RI WKH PRGHO DQG KRZ LW LV UHODWHG WR WKH

PDFKLQH PRGHO WKH\ XVH� +HUH ZH ZLOO IRFXV RQ JLYLQJ D KLJK�OHYHO RYHUYLHZ RI WKH

FRUH LGHDV IRXQG LQ WKDW ZRUN�

2QH RI WKH FHQWUDO LVVXHV ZKHQ ORRNLQJ DW WKH SHUIRUPDQFH RI D SURJUDP LV WKDW RI

FDFKH�ORFDOLW\ DQG ,�2 HIILFLHQF\� DFFHVVLQJ PHPRU\ DW GLIIHUHQW OHYHOV RI WKH PHP�

RU\ KLHUDUFK\ FDQ KDYH PDVVLYH HIIHFWV RQ WKH VSHHG DW ZKLFK WKDW GDWD FDQ EH DF�

FHVVHG� UHDG� DQGZULWWHQ� ,Q RUGHU WR DFFRXQW IRU WKLV GLIIHUHQFH LQ VSHHG� WKH ,�2 >��@

DQG LGHDO�FDFKH >��@PRGHOV KDYH EHHQ FUHDWHG WKDW KDYH D WZR�OHYHOPHPRU\KLHUDUFK\²

D IL[HG�VL]HG SULPDU\PHPRU\ �³WKH FDFKH´�²DQG DQ XQERXQGHG VHFRQGDU\PHPRU\

�³WKH KHDS´�� ,Q WKLV ZD\� WKHVHPRGHOV UHSOLFDWH WKHPHPRU\PRGHOV DQG KLHUDUFKLHV

WKDW PRVW SURJUDPPHUV GHDO ZLWK RQ D GD\�WR�GD\ OHYHO� +RZHYHU� XS WR WKLV SRLQW

WKHUH KDG EHHQ QR ZD\ RI GHVFULELQJ WKH FRVWV RI SURJUDPV LQ WKHVH PDFKLQH PRGHOV�
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7KH PDMRULW\ RI WKHP GHVFULELQJ WKHP �DV ZH VDZ SUHYLRXVO\� LQ WHUPV RI WKH 5$0�

RU 35$0 VHWWLQJ�

6LQFH ZH ZDQW WR GHDO ZLWK WKH FRVW RI WKHPHPRU\PRYHPHQW EHWZHHQ WKH FDFKH DQG

PDLQ PHPRU\� RU PDLQ PHPRU\ DQG GLVN� WKH FRVWV DUH FRQFHUQHG ZLWK WKH QXPEHU

RIPHPRU\ WUDQVIHUV EHWZHHQPDLQPHPRU\ DQG WKH FDFKH RU WKH FDFKH FRPSOH[LW\²

VSHFLILFDOO\ ORDGLQJ DQG HYLFWLRQ IURP D UHDG�FDFKH� DQG DOORFDWLRQ DQG HYLFWLRQ �WR

PDLQ PHPRU\� WR DQG IURP D QXUVHU\ IRU QHZO\ DOORFDWHG REMHFWV� 7KH FRVW RI D

SURJUDP WKHQ LV WKH WRWDO QXPEHU RI WUDQVIHUV IURP WKH FDFKH WR PDLQ PHPRU\� 7KLV

IDOOV LQ OLQH ZLWK ZKDW ZHZRXOG H[SHFW� HYHU\ ORDG LV D FDFKH�PLVV� DQGZHPXVW HYLFW

IURP WKH FDFKH LQ RUGHU WR ORDG QHZ PHPRU\ LQWR FDFKH�

7KH LGHDO�FDFKH PHPRU\ V\VWHP LV SDUDPHWHUL]HG E\ WKH EORFN VL]H B DQG WKH FDFKH

VL]H M = c × B IRU VRPH FRQVWDQW c�� 7KH WUDQVIHUV EHWZHHQ WKH FDFKHV DUH GRQH

DW WKH EORFN OHYHO� RQO\ EORFNV FDQ EH HYLFWHG DQG ORDGHG LQWR WKH FDFKHV� +RZHYHU�

DOORFDWLRQ VL]HV QHHG QRW EH ERXQGHG EHORZ E\ WKH EORFN VL]H� D PHPRU\ µ LV D ILQLWH

PDSSLQJ WKDW DVVLJQV D PHPRU\ REMHFW �D VWDFN IUDPH RU D YDOXH� WR HLWKHU D YDOXH

ORFDWLRQ ! RU D VWDFN ORFDWLRQ s� $ QHLJKERU UHODWLRQ ≡µ LV WKHQ GHILQHG RQ WKHVH

ORFDWLRQV� VXFK WKDW WKH HTXLYDOHQFH FODVVHV RI ≡µ SDUWLWLRQ µ� DQG HDFK HTXLYDOHQFH

FODVV LV RI VL]H B �L�H�� HDFK HTXLYDOHQFH FODVV GHILQHV D EORFN LQ RXUPHPRU\�� *LYHQ D

PHPRU\ µ DQG D EORFN β VXFK WKDW dom(µ)∩dom(β ) = ∅ZH FDQ H[SDQG µ E\ β � µ⊕β � E\
VHWWLQJ LW WR EH WKH PHPRU\ µ′ ZKHUH ! ≡µ ′ !′ LII ! ≡µ !′ RU ! ≡β !′� :H VLPLODUO\ GHQRWH

WKH FRQWUDFWLRQ RI WKH FDFKH ρ E\ D EORFN β �L�H�� DQ HYLFWLRQ WR PDLQ PHPRU\� E\ ρ′�

ZKHUH ρ′ ⊕ β = ρ DQG ZULWH ρ′ = ρ : β � :H KDYH D QXUVHU\ �RU DOORFDWLRQ FDFKH� ν IRU

QHZO\ DOORFDWHG REMHFWV WKDW KDV D OLQHDU RUGHULQJ ≺ν EHWZHHQ WKH ORFDWLRQV FDOOHG WKH
DOORFDWLRQ RUGHULQJ�� DV ZHOO DV D PHDQV RI ILQGLQJ WKH OLYH ORFDWLRQV LQ DQ DOORFDWLRQ

FDFKH ν JLYHQ D URRW VHW RI ORFDWLRQV R� live(R,ν )� )URP WKLV� WKH VFDQ scan(R,ν ) RI D
QXUVHU\ ν ZLWK UHVSHFW WR D VXEVHWR ⊆ dom(ν ) LV WKH EORFN β RI WKH ROGHVW OLYH ORFDWLRQV
�H�J�� FDFKH�OLQH� RU SDJH VL]H�
�:KLFK NHHSV WUDFN RI WKH WHPSRUDO �DQG KHQFH VSDWLDO� ORFDOLW\ RI DOORFDWLRQV LQWR ν �
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CPU

Fast Memory (Cache) Slow Memory (Disk/Heap)

{
{

Cost = 0

Cost = 1

Block

B

B

Block

)LJXUH ���� +RZ WKH LGHDO FDFKH PRGHO ZRUNV�

LQ live(R,ν ) �ZH FDQ GHWHUPLQH WKLV VLQFH ZH KDYH D OLQHDU RUGHU ≺ν RQ ν DQG KHQFH

RQ live(R,ν )�� $ VWRUH σ LV WKHQ GHILQHG DV D WULSOH RI WKH PDLQ PHPRU\ µ� WKH UHDG

FDFKH ρ DQG WKH DOORFDWLRQ FDFKH ν � σ = (µ,ν ,ρ)� $Q H[DPSOH RI KRZ WKH WZR FDFKH�

DQG PDLQ PHPRU\ LQWHUDFW FDQ EH IRXQG LQ )LJXUH ���� )RU PRUH GHWDLOV RQ WKH

PHPRU\ PRGHO� DQG KRZ H[SDQVLRQ DQG FRQWUDFWLRQ ZRUNV� WKH UHDGHU LV UHIHUUHG

WR 0RUULVHWW� )HOOHLVHQ� DQG +DUSHU >��@�

:LWK WKH PHPRU\ KLHUDUFK\ DQG GHWDLOV IRU WKH LGHDO�FDFKH PRGHO EHKLQG XV� ZH

QRZ WXUQ WR KRZ WR UHSUHVHQW WKH FDFKH FRPSOH[LW\ LQ D FRVW VHPDQWLFV� 6LQFH ZH

DUH LQWHUHVWHG LQ WKH FDFKH FRPSOH[LW\ RI SURJUDPV� ZH QHHG WR PDNH WKH DOORFDWLRQ�

HYLFWLRQ� DQG ORDGLQJ RI EORFNV LQWR WKH FDFKHV H[SOLFLW� 0RUHRYHU� WR DFFRXQW IRU WKH

PHPRU\ WUDIILF DULVLQJ IURP WKH LPSOLFLW FRQWURO VWDFN� WKH VHPDQWLFV PXVW HQVXUH
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WKDW DQ\ GDWD WKDW ZRXOG DSSHDU LQ WKH VWDFN LV NHSW DOLYH E\ WKH VHPDQWLFV�� 7KHVH

FRQVLGHUDWLRQV OHDG WR D VHPDQWLFV MXGJHPHQW IRUP σ@e ⇓nR σ ′@!� 7KLV VWDWHV WKDW

WKH H[SUHVVLRQ e ZKHQ HYDOXDWHG LQ WKH VWRUH σ DQG ZLWK URRW ORFDWLRQV R ⊆ dom(σ )

HYDOXDWHV WR D QHZ VWRUH σ ′ DQG WKH YDOXH WKDW e HYDOXDWHV WR FDQ EH IRXQG DW WKH

ORFDWLRQ ! LQ σ ′� 7KH VHPDQWLFV DUH WKDW IRU D FDOO�E\�YDOXH W\SHG 3&) >��@ ODQJXDJH�

ZKHUH IXQFWLRQV NHHS WUDFN RI WKHLU QDPH LQ RUGHU WR DOORZ IRU UHFXUVLRQ�

e ::= x |z | s(e ) | ifz(e; e0;x .e1) | fun(x ,y.e ) | app(e1,e2)

*LYHQ WKLV� ZH WKHQ QHHG WR GHILQH WKH FRVW IRU UHDGLQJ IURP PHPRU\�

σ@! ↓n o@σ

DQG DOORFDWLQJ PHPRU\�

σ@v ↑nR σ ′@!

ZKHUHv LV D YDOXH� DQG o LV D PHPRU\ REMHFW� 7KH UHDG MXGJHPHQW VWDWHV WKDW UHDGLQJ

D ORFDWLRQ ! UHVXOWV LQ D QHZ VWRUH σ ′ DQG UHVXOWV LQ DQ REMHFW o ZLWK FRVW n = 1 RU

n = 0 IRU UHDGLQJ D ORFDWLRQ WKDW LV LQ PHPRU\� RU DOUHDG\ LQ WKH FDFKH UHVSHFWLYHO\��

6LPLODUO\� WKH DOORFDWLRQ MXGJHPHQW VWDWHV WKDW DOORFDWLQJ WKH YDOXH v LQ WKH VWRUH σ

UHVXOWV LQ D PRGLILHG VWRUH σ DQG ORFDWLRQ ! VXFK WKDW ! ∈ dom(σ ′)� DQG LV FKDUJHG

FRVW n = 1 LI WKH DOORFDWLRQ FDXVHV DQ HYLFWLRQ RI EORFN IURP WKH QXUVHU\²RWKHUZLVH

LW LV FKDUJHG n = 0 FRVW� :LWK WKLV LQ PLQG� ZH FDQ SUHVHQW WKH UXOHV IRU ORRNXS DQG

DOORFDWLRQ WKDW PHDVXUH WKH PRYHPHQW RI EORFNV EHWZHHQPHPRU\ KLHUDUFKLHV�

�7KLV RQFH DJDLQ EHWUD\V VRPH RI WKH LQWHQVLRQDO SURSHUWLHV WKDW ZH DUH GHVFULELQJ ZLWK D PRVWO\
H[WHQVLRQDO VHPDQWLFV�

�6LQFH WKLV FDQ ORDG DQG�RU HYLFW FDFKH EORFNV LQ σ �
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_2�/AMR
l ∈ dom(ρ)

(µ,ρ,ν )@! ↓0 (µ,ρ,ν )@ρ (!)
_2�/AMk

l ∈ dom(ν )

(µ,ρ,ν )@! ↓0 (µ,ρ,ν )@ν (!)

_2�/PmiaT�+2
l ! dom(ρ) ∪ dom(ν ) |dom(ρ) | ≤ M − B

(µ,ρ,ν )@! ↓1 (µ,ρ ⊕ [µ,!],ν )@µ (!)

_2�/Pmi1pB+i
l ! dom(ρ) ∪ dom(ν ) |dom(ρ) | = M β ⊆ ρ

(µ,ρ,ν )@! ↓1 (µ,ρ : β ⊕ [µ,!],ν )@µ (!)

�HHQ+LQ1pB+i
|live(R ∪ locs(o),ν ) | < M ! ! dom(ν )

(µ,ρ,ν )@o ↑0R (µ,ρ,ν [! &→ o])@!

�HHQ+1pB+i
live(R ∪ locs(o),ν ) | = M β = scan(R ∪ locs(o),ν ) ! ! dom(ν )

(µ,ρ,ν )@o ↑1R (µ ⊕ β ,ρ, (ν : β )[! &→ o])@!

)RU H[DPSOH� WKH �HHQ+1pB+i UXOH VWDWHV WKDW LI ZH ZLVK WR DOORFDWH D EORFN IRU D QHZ

REMHFW o LQ QXUVHU\ ν � DQG LI ν LV DOUHDG\ DW FDSDFLW\� ZH ILQG WKH ROGHVW OLYH EORFN LQ ν

YLD scan(R ∪ locs(o),ν ) DQG HYLFW LW WR FUHDWH URRP IRU WKH QHZ DOORFDWLRQ RI ! &→ o DQG

ZH FKDUJH WKLV RSHUDWLRQ D FRVW RI 1 VLQFH ZH DUH PRYLQJ D EORFN IURP WKH QXUVHU\ WR

PDLQ PHPRU\� 7KH UHDG MXGJHPHQWV _2�/AMR DQG _2�/AMk VWDWH WKDW UHDGLQJ IURP

FDFKH KDV ]HUR FRVW �VLQFH WKH\ GR QRW KDYH DQ\ HIIHFW RQ WKH PHPRU\ DQG WKHUHIRUH

KDYH ]HUR FDFKH WUDIILF�� 7KH MXGJHPHQWV _2�/PmiaT�+2 DQG _2�/Pmi1pB+i VWDWH WKDW

UHDGLQJ D ORFDWLRQ ! IURP PDLQ PHPRU\ ZLOO WULJJHU D ORDGLQJ RI WKH QHLJKERUKRRG

�EORFN� WKDW WKH ORFDWLRQ LV LQ �LQ PDLQ PHPRU\� LQWR WKH UHDG FDFKH� DQG ZLOO WKHUH�

IRUH LQFXU D FRVW RI RQH VLQFH WKHUH LV FDFKH WUDIILF WKDW LV LQGXFHG� ,I WKH UHDG FDFKH

LV DOUHDG\ IXOO �WKH FDVH RI _2�/Pmi1pB+i� D EORFN PXVW ILUVW EH HYLFWHG IURP WKH UHDG

FDFKH� 1RWH WKDW LQ WKLV V\VWHP WKH HYLFWLRQ VWUDWHJ\ LV QRQ�GHWHUPLQLVWLF� EXW PD\

EH PDGH GHWHUPLQLVWLF WR DJUHH ZLWK RWKHU PRGHOV��

2QH RI WKH FULWLFDO WKLQJV WR QRWH DW WKLV SRLQW LV WKH IDFW WKDW WKH OLYHQHVV RI REMHFWV LQ

WKH DOORFDWLRQ FDFKH FDQ EH GHWHUPLQHGZLWKRXW DFFHVVLQJPDLQPHPRU\ �DQG KHQFH
�)RU PRUH RQ WKLV VHH § 3 RI %OHOORFK DQG +DUSHU >�@�
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QR FDFKH WUDIILF LV LQGXFHG�� 7KLV LQYDULDQW LV HQIRUFHG E\ WKH IDFW WKDW DQ REMHFW LQ

WKH QXUVHU\ FDQQRW EH OLYH VROHO\ EHFDXVH RI D SRLQWHU EDFN WR LW IURP PDLQ PHPRU\

�DQ REMHFW PD\ RQO\ UHIHU WR REMHFWV DOORFDWHG HDUOLHU LQ WKH FRPSXWDWLRQ� DQG QRW WR

REMHFWV LQ WKH IXWXUH� DQG LV D FRQVHTXHQFH RI ERWK LPPXWDELOLW\� DQG WKH H[SOLFLW

DOORFDWLRQ RI VWDFN IUDPHV LQ WKH VHPDQWLFV���

1RZ WKDW WKH PHDQV WR PHDVXUH FDFKH WUDIILF LQGXFHG LQ WKH VWRUH EDVHG RQ WKH

UHDGLQJ DQG ZULWLQJ RI ORFDWLRQV KDV EHHQ GHILQHG� ZH FDQ QRZ JLYH D FRVW VHPDQWLFV

IRU WKH ODQJXDJH WKDW PHDVXUHV FDFKH FRPSOH[LW\�

w2`Q
σ@z ↑nR σ ′@!′

σ@z ⇓nR σ ′@!′

am++

σ@ b (−) ↑nR∪locs (e ′) σ ′@s′ σ ′@e′ ⇓n′R∪{s ′} σ ′′@!′′
σ ′′@ b (!′′) ↑n′′R σ ′′′@!′′′

σ@ b (e′) ⇓n+n′+n′′
R σ ′′′@!′′′

B7xx

σ@ B7x (−; e2,x .e3) ↑n1
R∪locs (e1)

σ1@s1

σ1@e1 ⇓n
′
1

R∪{s1}
σ ′1@!′1

σ ′1@!′1 ↓n
′′
1 σ2@ x σ2@e1 ⇓n2

R σ ′@!′

σ@ B7x (e1; e2;x .e3) ⇓n1+n′1+n′′1 +n2
R σ ′@!′

7mM
σ@ 7mM (x ,y.e ) ↑nR σ ′@!
σ@ 7mM (x ,y.e ) ⇓nR σ ′@!

B7x

σ@ B7x (−; e2,x .e3) ↑n1
R∪locs (e1)

σ1@s1

σ1@e1 ⇓n
′
1

R∪{s1}
σ ′1@!′1

σ ′1@!′1 ↓n
′′
1 σ2@ b (!′′1 ) σ2@[!′′1/x ]e3 ⇓n2

R σ ′@!′

σ@ B7x (e1; e2;x .e3) ⇓n1+n′1+n′′1 +n2
R σ ′@!′

�TT

σ@ �TT (−; e2) ↑n1
R∪locs (e1)

σ1@s1 σ1@e1 ⇓n
′
1

R∪{s1}
σ ′1@!′1

σ ′1@!′1 ↓n
′′
1 σ ′′1 @ 7mM (x ,y.e ) σ ′′1 @ �TT (!′1;−) ↑n

′′′
1

R σ2@s2
σ2@e2 ⇓n2

R∪{s2}
σ ′2@!′2 σ ′2@[!′1,!′2/x ,y]e ⇓n2

R σ ′@!′

σ@ �TT (e1; e2) ⇓n1+n′1+n′′1 +n′′′1 +n2+n′2
R σ ′@!′

��2QFH DJDLQ� ZH VHH VRPH RI WKH LQWHQVLRQDOLW\ RI WKH VHPDQWLFV OHDNLQJ RXW�
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:KHUH� IRU H[DPSOH� WKH UXOH �TT VD\V WKDW ZH QHHG WR HYDOXDWH WKH DSSOLFDWLRQ e1 WR

e2 DQG GHWHUPLQH WKH FDFKH FRPSOH[LW\ LQ WKH VWRUH σ ZLWK URRWV R� ,Q RUGHU WR GR WKLV�

ZH DOORFDWH D VWDFN IUDPH �s1� WKDW UHSUHVHQWV WKH SHQGLQJ HYDOXDWLRQ RI e2 ZKLOH ZH

HYDOXDWH e1� 7KH IUDPH s1 LV QRZ ³OLYH´ �L�H�� DOO RI LWV GDWD PXVW EH NHSW DOLYH� HYHQ

WKRXJK LW GRHVQ¶W RFFXU LQ DQ\ RWKHU H[SUHVVLRQV LQ WKH MXGJHPHQW� :H WKHQ HYDOXDWH

e1 LQ WKH VWRUH WKDW FRQWDLQV WKH s1 VWDFN IUDPH �ZH HQVXUH LW¶V WUHDWHG DV OLYH E\ VHWWLQJ

R = R ∪ {s1}� ZKLFK UHWXUQV D ORFDWLRQ !′1 ZKLFK ZH WKHQ UHDG WR JHW D IXQFWLRQ� :H

WKHQ FUHDWH DQRWKHU IUDPH IRU WKH VXVSHQGHG DSSOLFDWLRQ RI e1� DQG HYDOXDWH e2 ZLWK

s2 DV OLYH� :H WKHQ HYDOXDWH WKH IXQFWLRQ ERG\� UHSODFLQJ WKH ³VHOI´ YDULDEOH E\ !′1
�VR WKDW WKH IXQFWLRQ ERG\ KDV D UHIHUHQFH EDFN WR LWVHOI� DQG WKH DUJXPHQWV WR WKH

IXQFWLRQ E\ !′2� 7KH RYHUDOO FRVW RI WKLV FRPSXWDWLRQ LV WKH VXP RI WKH FRVWV RI HDFK RI

WKH FRPSRQHQW SDUWV� 7KH RWKHU UXOHV FDQ EH UHDG VLPLODUO\�

,I WKH UHDGHU LV LQWHUHVWHG WR VHH KRZ WKLV FRVW VHPDQWLFV LV FRPSLOHG GRZQ WR WKH

DEVWUDFW PDFKLQH� DQG KRZ WKH\ LPSOHPHQW D FRPSLOHU UHIOHFWLQJ WKHVH VHPDQWLFV

WKH GHWDLOV FDQ EH IRXQG LQ %OHOORFK DQG +DUSHU >�� §���@�

8VLQJ WKLV FRVW VHPDQWLFV� %OHOORFK DQG +DUSHU >�@ DUH DEOH WR SURYH WLJKW DV\PS�

WRWLF ERXQGV RQ YDULRXVZHOO�NQRZQ DOJRULWKPV VXFK DV K2`;2aQ`i �O
(
n
B log n

M

)
�� DQG

Fq�vJ2`;2aQ`i �O
(
n
B logM/B n

B

)
�� 7KH\ DUH DOVR DEOH WR VKRZ WKDW WKH FRPPRQ RSWL�

PL]DWLRQ RI EORFNLQJ PDWUL[ PXOWLSOLFDWLRQ KDV WKH GHVLUHG VSHHGXS XVLQJ WKHVH FRVW

VHPDQWLFV� WKH\ DUH DEOH WR SURYH WKDW QDwYH PDWUL[ PXOWLSOLFDWLRQ KDV FRPSOH[LW\

Θ(n3) ZKHUHDV EORFNHG PDWUL[ PXOWLSOLFDWLRQ KDV FRPSOH[LW\ Θ
(

n3

B
√
M

)
� )RU PRUH LQ�

IRUPDWLRQ RQ WKH DOJRULWKPV� DQG DOJRULWKP ERXQGV� DQG KRZ WKH\ JR DERXW SURYLQJ

WKHP� WKH UHDGHU LV UHIHUUHG WR %OHOORFK DQG +DUSHU >�� §�@�

2QH RI WKH LQWHUHVWLQJ IXWXUH SLHFHV RI ZRUN LV WKH PHDVXUHPHQW RI FDFKH FRPSOH[LW\

LQ WKH SUHVHQFH RI SDUDOOHOLVP �DQG GLIIHUHQW W\SHV RI SDUDOOHOLVP�� ,QGHHG� DV ZH

ZLOO VHH WKLV WLHV LQ ZLWK RQH RI WKH FHQWUDO WKHPHV WKDW LQVSLUHG WKLV GLVVHUWDWLRQ�

GHDOLQJ ZLWK PXOWLSOH PHPRU\ KLHUDUFKLHV LQ WKH SDUDOOHO VHWWLQJ� +RZHYHU� GHDOLQJ
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ZLWK FDFKH LQ WKLV PDQQHU LQ WKH SDUDOOHO VHWWLQJ LV GLIILFXOW� DQG EH\RQG WKH VFRSH

RI WKH ZRUN LQ WKLV GLVVHUWDWLRQ� ZH UHIHU WKH LQWULJXHG UHDGHU WR 6HFWLRQ ��� IRU D

EULHI GLVFXVVLRQ RQ SRVVLEOH ZD\V RI GRLQJ WKLV DQG VRPH RI WKH SUREOHPV RQH PD\

HQFRXQWHU LQ WKH SURFHVV�

����� &RVW 6HPDQWLFV IRU 6HOI�$GMXVWLQJ &RPSXWDWLRQ

2QH RI WKH PDMRU IHDWV LQ FRVW VHPDQWLFV KDV EHHQ FUHDWLQJ D FRVW VHPDQWLFV IRU

VHOI�DGMXVWLQJ FRPSXWDWLRQ >��@ DQG KRZ WKH FRVWV YDU\ EDVHG XSRQ WKH XSGDWH WR

WKH FRPSXWDWLRQ� /H\�:LOG� $FDU� DQG )OXHW >�@ GHWDLO KRZ WKH FRVW VHPDQWLFV LV

GHYHORSHG� QRW RQ WKH V\QWD[ RI WKH ODQJXDJH VROHO\� EXW EDVHG XSRQ WKH V\QWD[ SOXV

D W\SH RI HGLW GLVWDQFH IURP WKH SUHYLRXV WUDFH WKDW WKH FRPSXWDWLRQ LV EHJLQ XSGDWHG

RQ�

&UHDWLQJ D FRVW VHPDQWLFV IRU VHOI�DGMXVWLQJ FRPSXWDWLRQ FUHDWHV D QXPEHU RI FKDO�

OHQJHV SULPDULO\ GXH WR WKH LQWHQVLRQDOLW\ RI WKH SURSHUWLHV EHLQJ GHVFULEHG� 7KH

SULPDU\ FKDOOHQJH EHLQJ� ZKHQ XSGDWLQJ D FRPSXWDWLRQ� KRZ GR \RX PHDVXUH WKH

FRVW RI WKH XSGDWH" 7KLV LV SDUWLFXODUO\ KDUG WR GR VLQFH ZH PXVW WKHQ PHDVXUH KRZ

WKH WZR FRPSXWDWLRQV GLIIHU� EXW FDQQRW VLPSO\ ORRN DW WKH VWRUH²VLQFH WKLV LV WRR

ILQH�JUDLQHG DQG ZLOO QRW EH DEOH WR PHDVXUH WKH IXOO DPRXQW RI FRPSXWDWLRQ WKDW

FDQ EH UHXVHG IURP UXQ WR UXQ �H�J�� [1,3] DQG [1,2,3]�� ,Q RUGHU WR JHW DURXQG WKLV WKH

VHPDQWLFV PXVW PHDVXUH WKH FRVW RI XSGDWLQJ WKH FRPSXWDWLRQ EDVHG XSRQ WUDFHV RI

WKH VWRUH RSHUDWLRQV �Tmi� ;2i� b2i� J2K� DV WKH SURJUDP H[HFXWHV� 7KH FRVW LV WKHQ

PHDVXUHG LQ WHUPV RI �HVVHQWLDOO\� WKH ORQJHVW PDWFKLQJ VXEVHTXHQFH EHWZHHQ WKH

WZR WUDFHV� 7KH FRVW d LV WKHQ D WXSOH� d = 〈c1,c2〉 ZKHUH c1 LV WKH DPRXQW RI ZRUN

GLVFDUGHG IURP WKH RULJLQDO WUDFH T1 DQG c2 LV WKH QHZ ZRUN SHUIRUPHG IRU WKH QHZ

UXQ DQG WUDFHT2�

,Q RUGHU WR WUDFN WKH FKDQJHV LQ WKH WUDFH VXIILFLHQWO\� WKH LGHD RI V\QFLQJ DQG VHDUFK�

LQJ LQ WKH WUDFH LV LQWURGXFHG� D VHDUFK WKURXJK WKH WUDFH LV FRQGXFWHG XQWLO D SODFH LV
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IRXQG ZKHUH WKH WZR WUDFHV FDQ EH V\QFHG ZLWK RQH DQRWKHU� 7KH FRVWV DUH WKHQ EXLOW

XS IURP WKH LQGXFWLYH GHILQLWLRQ RI WKHVH WZR V\QFLQJ DQG VHDUFKLQJ ³VWDWHV�´ 2QH

WKLQJ WKDW LV HVSHFLDOO\ ZRUWK QRWLQJ KHUH� LV WKDW WKHUH LV QRQ�GHWHUPLQLVP EXLOW�LQ

WR WKH V\VWHP E\ WKH VHDUFK�V\QF UXOH VLQFH WKLV DOORZV LW WR WUDQVLWLRQ DW DQ\ SRLQW

IURP V\QFLQJ WR VHDUFKLQJ ZKLOH ORRNLQJ WKURXJK WKH VWRUH WUDFHV�

$IWHU WKH GHYHORSPHQW RI D ZD\ WR V\QF DQG VHDUFK RQ WZR FRPSXWDWLRQ� WKH LGHD D

IDLOXUH DFWLRQ WKDW IRUFHV WKH FKDQJLQJ RI VWDWH IURP V\QFLQJ WR VHDUFKLQJ LV LQWUR�

GXFHG� 7KLV WKHQ SHUPLWV V\QFKURQL]LQJ SDUWV RI WKH ERGLHV RI PHPRL]HG IXQFWLRQV�

DQG WKHQ VHDUFKLQJ WKH UHPDLQGHU RI RQH RI WKH ERGLHV DJDLQVW WKH WDLO RI WKH RWKHU

WUDFH� 7KLV HVVHQWLDOO\ DOORZV XV WR EOXU WKH HGJH DURXQG WKH WUDFH RI WKH PHPRL]HG

IXQFWLRQ VR WKDW ZH FDQ UHXVH PRUH RI WKH RULJLQDO FRPSXWDWLRQ�

$ZD\ RI FRPSLOLQJ GRZQ WR D ORZHU�OHYHO ODQJXDJH ZLWK VHOI�DGMXVWLQJ�VHOI�XSGDWLQJ

FRPSXWDWLRQ EXLOW LQ LV LQWURGXFHG� DQG WKH\ VKRZ KRZ WKH VRXUFH ODQJXDJH FDQ EH

WUDQVODWHG GRZQ WR LW ZKLOH SUHVHUYLQJ FRVWV �WKLV LV GRQH YLD UHODWLQJ WUDFHV LQ WKH

VRXUFH ODQJXDJH DQG WKH WDUJHW ODQJXDJH�� $ PHPRL]DWLRQ UXOH �ORRNLQJ XS D SDUW

RI WKH WUDFH WKDW UHSUHVHQWV D FRPSXWDWLRQ GRQH E\ DQ H[SUHVVLRQ e� LV LQWURGXFHG

DQG WKHQ IURP WKLV FKDQJH SURSDJDWLRQ� DQG KRZ²VLQFH WKH WDUJHW ODQJXDJH VWRUH

RSHUDWLRQV FRQWDLQ H[SOLFLW FRQWLQXDWLRQV �DQG LV ZULWWHQ LQ &36�²WKH\ FDQ WU\ DQG

UHFRYHU IURP LQFRQVLVWHQW VWRUH RSHUDWLRQV IURP UXQ�WR�UXQ GHILQHG�

����� 2WKHU &RVW 6HPDQWLF 7KHRULHV

%H\RQG WKH PHWKRGV GLVFXVVHG DERYH WKHUH DUH D QXPEHU RI RWKHU FRVW�VHPDQWLF

WKHRULHV WKDW DUH PRUH VSHFLILF� EXW DUH QRW DV FHQWUDO WR WKH GLVVHUWDWLRQ� :H LQFOXGH

WKHP KHUH IRU UHIHUHQFH�

%OHOORFK� *LEERQV� DQG 0DWLDV >��@� *UHLQHU DQG %OHOORFK >��@� DQG *UHLQHU >��@

SURYH VLPLODU UHVXOWV WR WKRVH RI %OHOORFK DQG *UHLQHU >��@ DQG 6SRRQKRZHU HW DO�
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>�@ H[FHSW ZLWK D YLHZ WRZDUGV VSHFXODWLYH HYDOXDWLRQ >��@� DQG ILQH�JUDLQHG SDUDO�

OHOLVP >��@� 7KH ZRUN RI (QQDOV >��@ LV VLPLODU WR WKH ZRUN GLVFXVVHG HDUOLHU DERXW

WKH UHVXOWV IURP 6DQVRP DQG 3H\WRQ -RQHV >�@� DQG 6SRRQKRZHU HW DO� >�@ ZKHUHLQ

WKH\ GHYHORS D FRVW VHPDQWLFV XVLQJ D FRVW�JUDSK DSSURDFK VLPLODU WR WKDW RI 6SRRQ�

KRZHU HW DO� >�@ LQ RUGHU WR VKRZ WKDW RSWLPLVWLF HYDOXDWLRQ LV IDVWHU �RU DW WKH YHU\

OHDVW� QR VORZHU� WKDQ OD]\ HYDOXDWLRQ� DQG DV D EDVLV IRU WKHLU RQOLQH SURILOLQJ WHFK�

QLTXHV�

:KLOH DOO RI WKH FRVW VHPDQWLFV ZH KDYH VHHQ XS WR WKLV SRLQW KDYH EHHQ EDVHG RQ DQ

RSHUDWLRQDO VHPDQWLFV� WKHUH KDV EHHQ UHFHQW ZRUN RQ FUHDWLQJ D GHQRWDWLRQDO FRVW�

VHPDQWLF WKHRU\� ,Q SDUWLFXODU� 9DQ 6WRQH >��@ UHFHQWO\ FUHDWHG D GHQRWDWLRQDO FRVW

VHPDQWLFV E\ LQWHUSUHWLQJ WKH SURJUDPV LQ FHUWDLQ HQULFKHG FDWHJRULHV� DQG WKURXJK

WKLV LV DEOH WR H[SUHVV FRVWV IRU KLJKHU�RUGHU W\SHV� DQG IRU FDOO�E\�YDOXH DQG FDOO�E\�

QDPH HYDOXDWLRQ VWUDWHJLHV� 'DQQHU� /LFDWD� DQG 5DP\DD >��@ H[WHQG WKLV ZRUN WR

WDNH LQWR DFFRXQW LQGXFWLYHO\ GHILQHG W\SHV�

����� &RVW7\SHVDQG1RQ�6HPDQWLFV�%DVHG&RVW7KHRULHV

6RPH RI WKH RWKHU PHDQV WKDW KDYH EHHQ XVHG LQ RUGHU WR GHVFULEH WKH FRPSOH[LW\

RI SURJUDPV KDYH EHHQ XVLQJ SURJUDP WUDQVIRUPDWLRQV WR FRQYHUW D VRXUFH SURJUDP

LQWR HTXDWLRQV WKDW FRPSXWH WKH RULJLQDO SURJUDP FRPSOH[LW\ >��� ��@� 5HVRXUFH�

DQQRWDWHG W\SHV >�� ��@ DQG VL]HG�W\SHV >�� ��� ��@ KDYH DOVR EHHQ D SRSXODU DQG

XVHIXO PHDQV IRU DXWRPDWLFDOO\ GHVFULELQJ DQG VWXG\LQJ WKH FRPSOH[LW\ RI SURJUDPV�

KRZHYHU� WKH\ WDNH DPRUH VWDWLF DSSURDFK WR WKH GHVFULSWLRQ RI FRVWV� /RLGO DQG+DP�

PRQG >��@ LQWURGXFH D VL]HG W\SH WKHRU\ IRU DQ HDJHU IXQFWLRQDO SDUDOOHO ODQJXDJH�

VSHFLILFDOO\ ORRNLQJ DW EHLQJ DEOH WR LQIHU WKHVH VL]HG W\SHV� DQG WKHQ XVLQJ WKHP WR

GHWHUPLQH WKH FRVW RI HYDOXDWLQJ H[SUHVVLRQV DQGSURYLQJ WLPH DQG VSDFH ERXQGV DQG

WR XVH WKLV LQIRUPDWLRQ WR LQIRUP WKH VFKHGXOLQJ SROLFLHV WKDW DUH XVHG� 2QH RWKHU

LQWHUHVWLQJ H[DPSOH RI SDUDOOHOLVP LQ WKLV DUHD FDQ EH IRXQG LQ WKH ZRUN RI *LPHQH]
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DQG 0RVHU >��@� ZKR XVH WKH LQKHUHQW SDUDOOHOLVP IRXQG LQ LQWHUDFWLRQ QHWV >��@

FRXSOHG ZLWK VL]HG W\SHV WR SURYH FRPSOH[LW\ UHVXOWV LQ DQ H[WHQGHG λ�FDOFXOXV�

$QRWKHU PHDQV RI GHWHUPLQLQJ WKH UHVRXUFH XVH RI ODQJXDJHV KDV EHHQ WKURXJK WKH

XVH RI FRGH LQVWUXPHQWDWLRQ� ,Q SDUWLFXODU WKH &HU&R SURMHFW� ZRUNHG RQ FUHDWLQJ

D ZD\ WR GHWHUPLQH WKH FRVW RI IXQFWLRQV �DQG RI ZKROH SURJUDPV� YLD DQ LQVWUX�

PHQWDWLRQ SURFHVV �VHH H�J�� $PDGLR HW DO� >��@ DQG $PDGLR DQG 5pJLV�*LDQDV >��@��

,Q SDUWLFXODU� WKHLU PHWKRG LQYROYHV DGGLQJ ODEHOV WR WKH VRXUFH FRGH VXFK WKDW DOO

ORRSV DQG IXQFWLRQ FDOOV �DORQJ ZLWK D IHZ RWKHU WKLQJV� PXVW JR WKURXJK D ODEHO� DQG

YHULI\LQJ WKH WUDQVODWLRQ SURFHVV IURP WKH ODEHOHG VRXUFH�FRGH WR DVVHPEO\� 7KH\

WKHQ DQDO\]H WKH QXPEHU RI �DVVHPEO\� LQVWUXFWLRQV H[HFXWHG E\ HDFK ODEHOHG VHFWLRQ

RI FRGH� DQG WKHQ XVH WKLV WR DQQRWDWH WKH VRXUFH FRGH ZLWK FRVW DQQRWDWLRQV�

��� 0HPRU\ DQG /D\RXW 7KHRULHV

����� /LQHDU2UGHUHG7\SHV IRU0HPRU\DQG'DWD/D\RXW

2QH RI WKH FHQWUDO LVVXHV LQ UHDVRQLQJ DERXW FDFKH ORFDOLW\ DQG WKH RYHUKHDG WKDW QRQ�

FDFKH KLWV LQFXU LQ KLJKHU�RUGHU DQG IXQFWLRQDO ODQJXDJHV LV WKH IDFW WKDW WKHUH DUH RI�

WHQPXOWLSOH YDOLG ZD\V RI UHSUHVHQWLQJ D VRXUFH�OHYHO YDOXH LQPHPRU\� )RU H[DPSOH

WDNH WKH H[SUHVVLRQ (1, (2,3))� 7KHQ WKHUH DUH DW OHDVW WKUHH YDOLG ZD\V RI UHSUHVHQWLQJ

WKLV LQ PHPRU\� DOO ZLWK GLIIHUHQW FDFKH FKDUDFWHULVWLFV GHVFULEHG LQ )LJXUH ����

7KLV UHSUHVHQWV D VLPLODU SUREOHP WR RQH WKDW ZH IRXQG LQ FRVW VHPDQWLFV� ZH ZLVK WR

GHVFULEH ORZ�OHYHO DQG LPSOHPHQWDWLRQ SURSHUWLHV DW WKH RSHUDWLRQDO �VRXUFH� OHYHO

LQ WKH ODQJXDJH� ,Q RUGHU WR GHVFULEH WKHVH ORZ�OHYHO GHWDLOV DW D KLJK OHYHO� 3HWHUVHQ

HW DO� >��@ SUHVHQW D W\SH WKHRU\ IRU GHVFULELQJ DW D KLJK�OHYHO KRZ GDWD VWUXFWXUHV

VXFK DV WXSOHV DUH ODLG RXW LQ PHPRU\�

/RRNLQJ DW WKH GLIIHUHQW OD\RXW VWUDWHJLHV LQ )LJXUH ��� ZH VHH WKDW WKHUH DUH RQO\

WZR FHQWUDO SURSHUWLHV WKDW QHHG WR EH GHVFULEHG� DGMDFHQF\ DQG LQGLUHFWLRQ� $V LV
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1
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3

3
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1

)LJXUH ���� 7KUHH GLIIHUHQW ZD\V RI OD\LQJ RXW (1, (2,3))�

WDXJKW LQ LQWURGXFWRU\ DOJRULWKPV FODVVHV� WKHVH WZR SURSHUWLHV RI WKH GDWD FDQ KDYH D

VLJQLILFDQW LPSDFW RQ WKH SHUIRUPDQFH RI WKH SURJUDP� 7KH TXHVWLRQ QRZ EHFRPHV�

KRZ GR ZH NQRZ ZKHQ WZR YDULDEOHV LQ WKH VRXUFH ODQJXDJH WKDW UHIHU WR PHPRU\

DUH DGMDFHQW WR HDFK RWKHU" 7KH DQVZHU WR WKLV OLHV LQ KRZ PHPRU\ LV DOORFDWHG� DQG

DVVRFLDWLQJ WHPSRUDO ORFDOLW\ �L�H�� WKLQJV WKDW ZHUH DOORFDWHG WRJHWKHU²WKLQJV WKDW

DUH DGMDFHQW LQ WKH IURQWLHU� ZLWK VSDWLDO ORFDOLW\ �L�H�� PHPRU\ FHOOV WKDW DUH DGMDFHQW

WR RQH DQRWKHU LQ WKH KHDS�� 7KLV WLHV LQ ZLWK WKH VWDQGDUG PHPRU\ PRGHO LQ ZKLFK

ZH KDYH DQ DOORFDWLRQ SRLQWHU� ZLWK WKH KHDS EHLQJ WR WKH OHIW RI WKH DOORFDWLRQ SRLQWHU�

DQG RXU IURQWLHU �RU IUHH�VSDFH� LV WR WKH ULJKW RI WKH DOORFDWLRQ SRLQWHU� DQG ZKHUH

ZH DUH RQO\ SHUPLWWHG WR DOORFDWH SUHIL[HV RI WKH IURQWLHU LQWR WKH KHDS DV GHVFULEHG

LQ )LJXUH ����

7KLV DVVRFLDWLRQ RI WHPSRUDO DQG VSDWLDO ORFDOLW\ JLYHV ULVH WR WKH LGHD RI DQ RUGHUHG

OLQHDU W\SH WKHRU\ ZKHUHLQ WKH W\SLQJ FRQWH[W Ω LV QRW RQO\ OLQHDU� EXW DOVR RUGHUHG�

ZH FDQ RQO\ XVH K\SRWKHVHV �OLQHDU RUGHUHG W\SH YDULDEOHV� LQ WKH RUGHU LQ ZKLFK WKH\

ZHUH DVVXPHG� 7KLV PHDQV WKDW QRW RQO\ FDQ ZH HQIRUFH WKDW ZH DUH RQO\ PRYLQJ

SUHIL[HV IURP WKH IURQWLHU WR WKH KHDS� EXW ZH FDQ WDON DERXW EHLQJ DEOH WR IXVH

DOORFDWLRQV ZLWK HDFK RWKHU DQG VWDWLFDOO\ JXDUDQWHH WKHVH RSWLPL]DWLRQV YLD WKH W\SH

V\VWHP�
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)LJXUH ���� +RZ PHPRU\ LV DOORFDWHG IRU y = (1, (2,3)) XVLQJ WKH ILUVW UHSUHVHQWDWLRQ
LQ )LJXUH ����

7KH OLQHDU RUGHUHG FRQWH[W WKDW UHSUHVHQWV WKH DOORFDWLRQ IURQWLHU LV WKHQ DFFRPSD�

QLHG E\ D QRQ�RUGHUHG OLQHDU FRQWH[W Γ WKDW PRGHOV PHPRU\ LQ WKH KHDS� 7KH W\SLQJ

UXOHV IRU WKH ODQJXDJH DUH WKHQ SKUDVHG LQ WHUPV RI WKH LQWHUDFWLRQ EHWZHHQ WKHVH

WZR FRQWH[WV� KRZ RQH JRHV DERXW UHPRYLQJ YDULDEOHV IURP WKH RUGHUHG FRQWH[W Ω

DQG DGGLQJ WKHP WR WKH XQRUGHUHG FRQWH[W Γ �L�H�� KRZ WR DOORFDWH PHPRU\ RQWR WKH

KHDS�� DQG KRZ WR GLVFXVV DGMDFHQF\ RI FHOOV LQ PHPRU\�

7KH OLQHDULW\ RI WKH IURQWLHU Ω LV FULWLFDO WR WKH PRYHPHQW RI WKH PHPRU\ IURP WKH

IURQWLHU RQWR WKH KHDS� WKH IDFW WKDW WKH W\SHV DUH OLQHDU HQVXUHV WKDW ZH FDQ FRHUFH

WKH PHPRU\ WR EH RI WKH VDPH W\SH DV WKH PHPRU\ WKDW LV H[SHFWHG� DQG WKDW LW FDQ

WKHQ EH SDFNDJHG XS DV D KHDS YDOXH� 8VLQJ WKLV� FRXSOHG ZLWK WKH RUGHUHG OLQHDULW\�

WKH W\SHV RI H[SUHVVLRQV QRZ HQFRGH QRW RQO\ WKH W\SH DQG DGMDFHQF\ RI PHPRU\�

EXW DOVR ZKHUH WKDW PHPRU\ UHVLGHV �LQ WKH IURQWLHU� RU RQ WKH KHDS�� :LWK WKLV�

FRDOHVFLQJ UHVHUYDWLRQ �L�H�� IXVLQJ DOORFDWLRQ� WKHQ EHFRPHV HDV\ WR H[SUHVV LQ D

ZHOO�W\SHGPDQQHU� 0RUHRYHU� LW LV HDV\ WR GHWHUPLQH IURP WKH W\SH RI DQ H[SUHVVLRQ

ZKHWKHU WZR SRLQWHUV SRLQW WR DGMDFHQW ORFDWLRQV LQ PHPRU\� )RU PRUH LQIRUPDWLRQ�

WKH UHDGHU LV UHIHUUHG WR 3HWHUVHQ HW DO� >��@�
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����� 7\SHV IRU 'DWD /D\RXW ,QIHUHQFH

$QRWKHU LPSDFW RI GDWD OD\RXW EH\RQG VLPSO\ FDFKH ORFDOLW\� LV WKDW RI DOORZLQJ EHWWHU

GDWD SDUDOOHOLVP� ,Q SDUWLFXODU� KRZ GDWD LV ODLG RXW FDQ KDYH GUDVWLF HIIHFWV RQ KRZ

SURJUDPV FDQ PDNH XVH RI 6LQJOH ,QVWUXFWLRQ 0XOWLSOH 'DWD �6,0'� RSHUDWLRQV LQ

ORRSLQJ LWHUDWLRQV� 7KH DPRXQW RI EHQHILW IURP WKHVH RSWLPL]DWLRQV LV ZHOO NQRZQ�

DQG SHRSOH JR WR JUHDW OHQJWKV WR LPSOHPHQW FRPSLOHU RSWLPL]DWLRQV VXFK DV SRO\KH�

GUDO ORRS RSWLPL]DWLRQ >��� ��@ WR DOORZ WKH XVH RI 6,0' RSHUDWLRQV� âLQNDURYV DQG

6FKRO] >��� ��@ SUHVHQW D ZD\ WR LQIHU GDWD OD\RXWV WR EHWWHU DOORZ DXWR�YHFWRUL]DWLRQ

RI FRGH EDVHG RQ D W\SH V\VWHP� ,Q SDUWLFXODU� WKH\ XVH DUUD\V RI W\SHV LQ WKHLU

W\SLQJ HQYLURQPHQW�� WKDW DUH WKHQ UHILQHG WKURXJK WKH W\SH LQIHUHQFH SURFHVV LQ

RUGHU WR LQIHU WKRVH OD\RXWV WKDW ZLOO DOORZ VRPH YHFWRUL]DWLRQ LQ WKH SURJUDP� HDFK

IXQFWLRQ DSSOLFDWLRQ FRUUHODWHV n SRWHQWLDO OD\RXWV LQ WKH FDOOLQJ FRQWH[W ZLWKm SR�

WHQWLDO OD\RXWV LQ WKH FDOOHG FRQWH[W� OLNHZLVH PDS DQG UHGXFH RSHUDWLRQV DORQJ ZLWK

RWKHU SULPLWLYH RSHUDWRUV UHILQH WKH SRVVLEOH OD\RXWV� 7KH SRVVLEOH DFFHSWDEOH GDWD

OD\RXWV FDQ WKHQ EH LQIHUUHG WKURXJK D VWDQGDUG W\SH LQIHUHQFH SURFHVV� 7KLV WKHQ

JLYHV WKH FRPSLOHU DQ DXWRPDWLF ZD\ WR WUDQVIRUP GDWD OD\RXW LQ RUGHU WR DGPLW

EHWWHU YHFWRUL]DWLRQ� 7KH\ SURYH >��@ WKDW WKH DXWRPDWLF WUDQVIRUPDWLRQV GRQH E\

WKH FRPSLOHU XVLQJ WKH LQIRUPDWLRQ JOHDQHG LQ WKHLU W\SH LQIHUHQFH SURFHVV SUHVHUYHV

WKH FRUUHFWQHVV RI WKH VRXUFH SURJUDP� 2QH RI WKH PDLQ DUHDV OHIW XQDQVZHUHG WKDW

WKH\ PHQWLRQ DV IXWXUH ZRUN WKDW ZRXOG PDNH WKHLU ZRUN PRUH SUDFWLFDO LV D D FRVW

PRGHO IRU KRZ WKHVH WUDQVIRUPDWLRQV DIIHFW WKH DPRXQW RI SDUDOOHOLVP DYDLODEOH� ³$OO

WKDW LV PLVVLQJ LV D FRVW PRGHO WR HVWLPDWH DQ H[SHFWHG SHUIRUPDQFH RI WUDQVIRUPHG

SURJUDPV�´ )RU PRUH LQIRUPDWLRQ RQ WKH SURRI DQG WKH W\SH LQIHUHQFH SURFHVV� WKH

UHDGHU LV UHIHUUHG WR âLQNDURYV DQG 6FKRO] >��@�

��(VVHQWLDOO\� WKH HQYLURQPHQW LV D PDWUL[ LQ ZKLFK HDFK FROXPQ UHSUHVHQWV D GLIIHUHQW OD\RXW FRPEL�
QDWLRQ RI WKH GDWD�
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��� 5HJLRQ %DVHG 0HPRU\ 0RGHOV

0HPRU\PDQDJHPHQW LV D FUXFLDO SDUW RI DQ\PRGHUQ ODQJXDJH� PDQ\ WLPHV WKH WRWDO

PHPRU\ DOORFDWHG E\ D SURJUDP DV LW UXQV ZLOO IDU H[FHHG WKH DFWXDO SK\VLFDO PHPRU\

RI WKH FRPSXWHU� 7KXV UHTXLULQJ VRPHZD\ RI UHFODLPLQJPHPRU\ DIWHU LW LV QR ORQJHU

XVHG� &RPPRQ WHFKQLTXHV IRU WKLV DUH WR HLWKHU KDYH WKH XVHU H[SOLFLWO\ PDQDJH WKLV

PHPRU\ �H�J� &�� KDYH D JDUEDJH FROOHFWRU �H�J� -DYD� +DVNHOO�� RU KDYH VRPH NLQG RI

VWDFN�GLVFLSOLQH LQ ZKLFK DOORFDWLRQ DQG GHDOORFDWLRQ DUHPDWFKHG XS EDVHG XSRQ WKH

EORFN VWUXFWXUH RI WKH ODQJXDJH� :KLOH HDFK RI WKHVH PHWKRGV KDV WKHLU RZQ PHULWV�

WKH\ DOVR KDYH SURSHUWLHV WKDW QHHG WR EH WDNHQ LQWR DFFRXQW� XVHU�PDQDJHGPHPRU\

LV GLIILFXOW WR UHDVRQ DERXW DQG HUURUV DQG PHPRU\ OHDNV DUH HDV\ WR LQWURGXFH� EXW

LI GRQH SURSHUO\ FDQ EH WKH PRVW HIILFLHQW PHWKRG� JDUEDJH FROOHFWLRQ IUHHV WKH XVHU

HQWLUHO\ IURP KDYLQJ WR ZRUU\ DERXW GHDOORFDWLQJ VSDFH EXW FDQ FDXVH XQSUHGLFWDEOH

UXQWLPH EHKDYLRU DQG GHOD\V� DQG D VWDFN GLVFLSOLQH SODFHV UHVWULFWLRQV RQ ZKDW FDQ

EH DOORFDWHG� DQG ZKDW FDQ EH UHWXUQHG IURP IXQFWLRQ ERGLHV ZKLOH EHLQJ QHDUO\ DV

HIILFLHQW DV XVHU�PDQDJHG PHPRU\�

,Q RUGHU WR JHW DURXQG WKH VKRUWFRPLQJV RI WKH VWDFN GLVFLSOLQH DSSURDFK ZKLOH DOVR

SUHVHUYLQJ WKH HIILFLHQF\ DVSHFWV RI LW� 7RIWH DQG 7DOSLQ >�@ LQWURGXFHG D QHZ WHFK�

QLTXH IRU W\SH�VDIH PHPRU\ PDQDJHPHQW EDVHG RQ UHJLRQV RI PHPRU\ ZKLFK KDV

PDQ\ RI WKH EHQHILWV RI D VWDFN GLVFLSOLQH PHPRU\ PDQDJHPHQW V\VWHP ZKLOH VL�

PXOWDQHRXVO\ UHPRYLQJ PDQ\ RI WKH UHVWULFWLRQV WKDW WKLV V\VWHP SXW LQ SODFH� ,Q

WKHLU FDOFXOXV� UHJLRQV DUH FRQWLJXRXV DUHDV RIPHPRU\ WKDW KROG KHDS�DOORFDWHG GDWD�

(DFK SLHFH RI GDWD WKDW LV DOORFDWHG LQ WKH KHDS LV WKHQ DQQRWDWHG ZLWK WKH UHJLRQ LQ

ZKLFK LW UHVLGHV� DQG WKH ³SRLQWHU´ WR WKDW REMHFW FRQVLVWV RI WKH UHJLRQ RIIVHW DORQJ

ZLWK WKH RIIVHW LQWR WKH UHJLRQ ZKHUH WKH REMHFW UHVLGHV� (DFK RI WKHVH UHJLRQV DUH

LQWURGXFHG ZLWK D OH[LFDOO\ VFRSHG FRQVWUXFW

H2i`2;BQM ρ BM 2
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DQG WKXV WKH\ KDYH ODVW�LQ�ILUVW�RXW �/,)2� OLIHWLPHV IROORZLQJ WKH EORFN VWUXFWXUH

RI WKH SURJUDP� ,Q WKH H[DPSOH DERYH� D UHJLRQ LQ PHPRU\ FRUUHVSRQGLQJ WR ρ LV

FUHDWHG XSRQ HQWHULQJ WKH H[SUHVVLRQ� DQG IRU WKH GXUDWLRQ RI WKH H[SUHVVLRQ e GDWD

FDQ EH DOORFDWHG LQWR WKH UHJLRQ� $IWHU e KDV HYDOXDWHG WR D YDOXH DOO RI WKH GDWD

DOORFDWHG ZLWKLQ WKH UHJLRQ LV UHFODLPHG� DQG WKH YDOXH LV UHWXUQHG�

:KLOH WKH XQGHUO\LQJPHPRU\ V\VWHP IRU5HJLRQ�%DVHG0HPRU\0DQDJHPHQW �5%00�

LV UDWKHU VWUDLJKWIRUZDUG� HQVXULQJ WKDW WKH ODQJXDJH WKDW XVHV DQ 5%00 V\VWHP

LV VRXQG SUHVHQWV D FKDOOHQJH� D ODQJXDJH LQ ZKLFK RQO\ UHJLRQ FUHDWLRQ IRUPV DUH

DGGHG� DQGQRWKLQJ LV GRQH WR WKH W\SH V\VWHP LV XQVDIH� VLQFH D VWDQGDUG W\SH V\VWHP

FDQQRW FDSWXUH WKH DFFHVVHV WR UHJLRQV IURP WKH HQYLURQPHQW SDUW LQ OH[LFDO FORVXUHV�

LPSRUWDQW SURSHUWLHV RI WKH FRPSXWDWLRQ LWVHOI DUH QRW UHIOHFWHG LQ WKH �W\SHV RI�

WKH YDOXHV SURGXFHG E\ WKRVH FRPSXWDWLRQV� DQG WKXV LQ WKLV VHWWLQJ ZHOO�W\SHG SUR�

JUDPV FRXOG JR ZURQJ� ,Q RUGHU WR HQVXUH WKDW WKH W\SH V\VWHP LV VDIH� DQ HIIHFW W\S�

LQJ V\VWHP LV LQWURGXFHG WKDW WUDFNV WKH UHJLRQV WKDW DUH DEOH WR EH DFFHVVHG GXULQJ

HYDOXDWLRQ� DQG WKURXJK WKLV HQVXUHV WKH VDIHW\ RI WKLV DOORFDWLRQ DQG GHDOORFDWLRQ

VFKHPH� ,Q WKLV VHWWLQJ� WKH W\SHV RI REMHFWV WKDW DUH DOORFDWHG RQ WKH KHDS DUH WKHQ

DQQRWDWHG ZLWK WKH UHJLRQ ZKHUH WKH\ OLYH� )RU H[DPSOH WKH W\SH

(BMi × BMi,ρ)

GHVFULEHV D SDLU RI LQWHJHUV ZKHUH WKH SDLU OLYHV LQ WKH UHJLRQ ρ�

:KLOH UHJLRQV DOORZ XV WR UHDVRQ DERXW ZKHUH GDWD LV DOORFDWHG� UHJLRQ SRO\PRU�

SKLVP DOORZV XV WR DEVWUDFW RYHU WKH UHJLRQV WKDW D FRPSXWDWLRQ PDQLSXODWHV� )XU�

WKHUPRUH� LQ WKH HIIHFW�W\SLQJ V\VWHP� IXQFWLRQ W\SHV LQFOXGH DQ HIIHFW ZKLFK UHFRUGV

WKH VHW RI UHJLRQV WKDW DUH UHDG RU ZULWWHQ WR LQ WKH ERG\ RI WKH IXQFWLRQ²RU� WKH

VHW RI UHJLRQV WKDW PXVW VWLOO EH DOORFDWHG �RU OLYH� IRU WKH FRPSXWDWLRQ WR EH VDIH�

)RU H[DPSOH D IXQFWLRQ 7bi WKDW WDNHV LQ D SDLU RI LQWHJHUV DQG UHWXUQV WKH ILUVW

FRPSRQHQW FRXOG KDYH D W\SH RI WKH IRUP

7bi : ∀ρ . (BMi × BMi,ρ) {ρ}−−−→ BMi



�� %DFNJURXQG DQG 5HODWHG :RUN ��

7KLV IXQFWLRQ LV SRO\PRUSKLF RYHU WKH UHJLRQ ρ ZKHUH WKH SDLU UHVLGHV� VR WKDW WKH

FDOOHU FDQ HIIHFWLYHO\ UH�XVH WKH IXQFWLRQ UHJDUGOHVV RI ZKHUH WKH GDWD ZHUH DOORFDWHG

E\ LQVWDQWLDWLQJ WKH H[SUHVVLRQ ZLWK D UHJLRQ ρ′ H�J� 7bi [ρ′]� +RZHYHU� WKH HIIHFW {ρ}

RQ WKH IXQFWLRQ DUURZ LQGLFDWHV WKDW ZKDWHYHU UHJLRQ ZH LQVWDQWLDWH ρ ZLWKPXVW VWLOO

EH DOLYH ZKHQ 7bi LV FDOOHG LQ RUGHU IRU WKH SURJUDP WR EH W\SH FRUUHFW�

$ XQLTXH IHDWXUH RI WKH W\SLQJ V\VWHP RI 7RIWH DQG 7DOSLQ LV WKDW LW LV OHJDO IRU HYDOX�

DWLRQ WR OHDG WR YDOXHV ZLWK GDQJOLQJ SRLQWHUV� D SRLQWHU WR GDWD LQ D UHJLRQ WKDW KDV

EHHQ UHFODLPHG� &RQVLGHU IRU H[DPSOH WKH IROORZLQJ SURJUDP�

R H2i`2;BQM ρa BM
k H2i ; 4 H2i`2;BQM ρb BM
j H2i T 4 UUR-kV �i ρa- Uj-9V �i ρbV �i ρa BM
9 λ x, mMBi X 7bi(ρa) T
8 BM ; UV

7KH SDLU T DQG LWV ILUVW FRPSRQHQW DUH DOORFDWHG LQ WKH RXWHU UHJLRQ ρa� ZKHUHDV T¶V

VHFRQG FRPSRQHQW LV DOORFDWHG LQ WKH LQQHU UHJLRQ ρb � 7KH FORVXUH ERXQG WR ; LV

D WKXQN WKDW WKHQ FDOOV 7bi RQ WKH SDLU T� +RZHYHU� WKH UHJLRQ ρb LV GHDOORFDWHG

EHIRUH WKH WKXQN ; LV UXQ� DQG WKXV ;¶V FORVXUH FRQWDLQV D GDQJOLQJ SRLQWHU WR DQ

REMHFW WKDW LV QHYHU GHUHIHUHQFHG� DQG WKHUHIRUH GRHV QRW FDXVH DQ H[FHSWLRQ WR EH

UDLVHG� 7KH HIIHFW W\SH V\VWHP LQWURGXFHG E\ 7RIWH DQG 7DOSLQ� LV VWURQJ HQRXJK WR

VKRZ WKDW WKLV FRGH LV VDIH�

:KLOH UHJLRQ SRO\PRUSKLVP DOORZV XV WR H[SUHVV FRPSXWDWLRQV WKDW DUH SRO\PRUSKLF

LQ WKH UHJLRQV WKDW WKH\ XWLOL]H� ZH UXQ LQWR LVVXHV ZKHQ H[SUHVVLQJ KLJKHU�RUGHU

IXQFWLRQV VXFK DV K�T� )RU H[DPSOH� FRQVLGHU WKH IROORZLQJ W\SH IRU K�T�

K�T : (((τ1
φ−→ τ2,ρ1) × ( GBbi τ1,ρ2),ρ3)

φ ′ ∪ φ−−−−−→ ( GBbi τ2,ρ4),ρ5)

6LQFH HDFK IXQFWLRQ W\SH LV DQQRWDWHG ZLWK LWV VHW RI ODWHQW HIIHFWV� WKH W\SH RI WKH

IXQFWLRQ WKDWZH DUHPDSSLQJ RYHU WKH YHFWRUZLOO QHFHVVDULO\ EH GLIIHUHQW EDVHG XSRQ

WKH VHW RI ODWHQW HIIHFWV φ IRU WKH IXQFWLRQ EHLQJ PDSSHG� +RZHYHU� ZKLOH WKH EOXH
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VHFWLRQ RI WKH FRGH LV SRO\PRUSKLF RYHU φ� WKH ODWHQW HIIHFW φ′ ∪ φ LV QRW LQFOXGHG LQ

WKLV SRO\PRUSKLVP� EXW QHYHUWKHOHVV GHSHQGV XSRQ WKH UHJLRQV LQ WKH HIIHFW φ� 7KLV

ODFN RI SRO\PRUSKLVP RYHU φ′ ∪ φ UHVWULFWV WKH W\SH IRU K�T WR IXQFWLRQV WKDW KDYH

ODWHQW HIIHFWV φ� $ GLIIHUHQW GHILQLWLRQ RI K�TZRXOG WKHQ EH QHHGHG IRU HDFK GLIIHUHQW

VHW RI ODWHQW HIIHFWV WKDW PD\ QHHG WR EH KDQGOHG� 7KLV ODFN RI UHXVDELOLW\ RI FRGH

ZRXOG SUHVHQW D VHULRXV LVVXH WR XVHDELOLW\ RI D UHJLRQ�EDVHG ODQJXDJH�

,Q RUGHU WR JHW DURXQG WKLV� DQG DOORZ WUXH SDUDPHWULF SRO\PRUSKLVP LQ 5%00�

EDVHG ODQJXDJHV� 7RIWH DQG 7DOSLQ LQWURGXFH HIIHFW SRO\PRUSKLVP� ZKLFK DOORZV

IXQFWLRQ W\SHV WR EH SRO\PRUSKLF RYHU WKHLU VHW RI ODWHQW HIIHFWV L�H� SRO\PRUSKLF

RYHU WKH UHJLRQV WKDW DUH LQ WKH HIIHFW� :LWK HIIHFW SRO\PRUSKLVP DW RXU GLVSRVDO� ZH

FDQ DQQRWDWH K�T ZLWK WKH IROORZLQJ W\SH�

K�T : (ϵ . (((τ1
ϵ−→ τ2,ρ1) × ( GBbi τ1,ρ2),ρ3)

φ ′∪ϵ−−−→ ( GBbi τ2,ρ4),ρ5),ρ6)

:KHUH ϵ LV DQ HIIHFW YDULDEOH� DQG VHUYHV DV D SODFHKROGHU IRU D VHW RI ODWHQW HIIHFWV�

WKDW FDQ ODWHU EH LQVWDQWLDWHG� H�J� JLYHQ WKH IROORZLQJ HIIHFW

ϵ . {ρ1,ρ3} ∪ ϵ

WKLV FRXOG EH LQVWDQWLDWHG ZLWK ϵ = {ρ2,ρ5} WR JHW WKH IROORZLQJ HIIHFW�

{ρ1,ρ3,ρ2,ρ5}

:LWK WKLV QHZ W\SH� K�T LV QRZ SRO\PRUSKLF LQ WKH ODWHQW HIIHFW RI WKH IXQFWLRQ WKDW

LV EHLQJ PDSSHG� WKH ODWHQW HIIHFW RI WKH K�T LV SDUDPHWHUL]HG E\ WKH ODWHQW HIIHFW RI

WKH IXQFWLRQ EHLQJ PDSSHG� ZKLFK FDQ EH LQVWDQWLDWHG DW WKH FDOO VLWH�

����� ([DPSOH� DQ HIIHFW W\SLQJ V\VWHP IRU WKH 67/& ZLWK
UHJLRQV

,Q WKLV VHFWLRQ ZH SUHVHQW D VLPSOH UHJLRQ�EDVHG ODQJXDJH ZLWK UHJLRQ DQG HIIHFW

SRO\PRUSKLVP DQG LQVWDQWLDWLRQ ZLWK D VLPSOH HIIHFW W\SLQJ V\VWHP EDVHG RQ WKH
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ρ ∈ RegionVariable
ϵ ∈ EffectVariable
r ::= • | ρ
φ ::= {r1, . . . ,rk ,ϵ1, . . . ,ϵn}
e ::= u | x | e e | e[ρ] | H2i`2;BQM ρ BM e
u ::= v | (λx .e ) �i r | (λρ .e ) �i r
v ::= (λx .e )r | (λρ .e )r
Γ ::= · | x : τ ,Γ
τ ::= (τ1

φ−→ τ2,r ) | (Πρ .φ τ ,ρ) | ∀ϵ . τ

)LJXUH���� 7KH V\QWD[ IRU D VLPSOH UHJLRQ�EDVHG IXQFWLRQ ODQJXDJH DGDSWHG IURP+HQJOHLQ�
0DNKROP� DQG 1LVV >��@ �3.5�

W\SH V\VWHP RI 7RIWH DQG 7DOSLQ DQG DGDSWHG IURP +HQJOHLQ� 0DNKROP� DQG 1LVV

>��@� 7KLV ZLOO EH XVHIXO WR XV ODWHU RQ ZKHQ ZH SUHVHQW WKH W\SH V\VWHP IRU RXU

ODQJXDJH�

7KH V\QWD[ RI WKH ODQJXDJH LV JLYHQ LQ )LJXUH ���� 7KH W\SLQJ MXGJHPHQW LV RI WKH

IRUP Γ ? e : τ ,φ ZKLFK LV UHDG ³LQ W\SLQJ FRQWH[W Γ� e KDV W\SH τ ZLWK HIIHFWV φ�´

7KH W\SLQJ MXGJHPHQWV IRU WKH ODQJXDJH DUH JLYHQ LQ )LJXUH ���� Πρ .φ τ ELQGV WKH

UHJLRQ YDULDEOH ρ LQ τ DQG φ� DQG ∀ϵ . τ ELQGV WKH HIIHFW YDULDEOH ϵ LQ τ � 7KH VHW RI

IUHH UHJLRQ YDULDEOHV DQG IUHH HIIHFW YDULDEOHV RI D W\SH τ DUH GHQRWHG E\ frv (τ ) DQG
fev (τ ) UHVSHFWLYHO\� DQG DUH H[WHQGHG WR FRQWH[WV DQG HIIHFWV LQ WKH REYLRXV PDQQHU�

)LQDOO\� WKH FDSWXUH DYRLGLQJ VXEVWLWXWLRQ RI UHJLRQ r IRU WKH UHJLRQ YDULDEOH ρ DQG

WKH HIIHFW φ IRU HIIHFW YDULDEOH ϵ DUH ZULWWHQ [ρ &→ r ] DQG [ϵ &→ φ] UHVSHFWLYHO\�

0RVW RI WKH UXOHV DUH IDLUO\ VHOI�H[SODQDWRU\ ZLWK WKH PRVW LQWHUHVWLQJ RQHV EHLQJ WKH

$SS DQG5$SS UXOHV� 7KH IRUPHU HQVXUHV WKDW WKH �ODWHQW� HIIHFW RI WKH IXQFWLRQ EHLQJ

DSSOLHG LV VXEVXPHG E\ WKH FXUUHQW VHW RI OLYH UHJLRQV WKDW KDYH EHHQ LQIHUUHG VR�IDU

GXULQJ WKH W\SHFKHFNLQJ SURFHVV� 6LPLODUO\ IRU WKH ODWWHU 5$SS UXOH� ZKLFK HQVXUHV

WKDW WKH ERXQGLQJ UHJLRQ φ′ DWWDFKHG WR WKH UHJLRQ DEVWUDFWLRQ LV VXEVXPHG²DIWHU

VXEVWLWXWLRQ RI WKH UHJLRQ ZLWK WKH LQVWDQWLDWLQJ UHJLRQ²E\ WKH FXUUHQW HIIHFW WKDW

KDV EHHQ GHWHUPLQHG IRU WKH H[SUHVVLRQ�
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9DU
Γ(x ) = τ

Γ ? e : τ ,φ

$EV
Γ,x : τ1 ? τ2,φ2 r ∈ φ

Γ ? (λx .e ) �i r : (τ1
φ2−−→ τ2,r ),φ

&ORV
Γ,x : τ1 ? τ2,φ2

Γ ? (λx .e )r : (τ1
φ2−−→ τ2,r ),φ

$SS

Γ ? e0 : (τ1
φ2−−→ τ2,r )

Γ ? e1 : τ1,φ r ∈ φ φ2 ⊂ φ
Γ ? e0 e1 : τ2,φ

5$EV
Γ ? u : τ ,φ′ ρ ! f rv (Γ) r ∈ φ

Γ ? (λρ . u) �i r : (Πρ .φ ′ τ ,r ),φ

5&ORV
Γ ? u : τ ,φ′ ρ ! f rv (Γ)

Γ ? (λρ . u)r : (Πρ .φ ′ τ ,r ),φ

5$SS
Γ ? e : (Πρ .φ ′ τ ,r ),φ

r ∈ φ [ρ &→ r ′]φ′ ⊂ φ
Γ ? e[r ′] : [ρ &→ r ′]τ ,φ

/HW5HJ
Γ ? e : τ , (φ,ρ) ρ ! f rv (Γ,τ )

Γ ? H2i`2;BQM ρ BM e : τ ,φ

(3RO\
Γ ? e : τ ,φ ϵ ! f ev (Γ,φ)

Γ ? e : ∀ϵ . τ ,φ

(,QVW
Γ ? e : ∀ϵ . τ ,φ

Γ ? e : [ϵ &→ φ′]τ ,φ

)LJXUH ���� 7KH W\SH� DQG HIIHFW�V\VWHP IRU WKH VLPSOH UHJLRQ�EDVHG ODQJXDJH DGDSWHG
IURP +HQJOHLQ� 0DNKROP� DQG 1LVV >��@ �3.5�

)RU IXUWKHU LQIRUPDWLRQ RQ UHJLRQ�EDVHG PHPRU\ PDQDJHPHQW ZH UHIHU WKH UHDGHU

WR WKH GHILQLWLYH ZRUN RQ WKH VXEMHFW E\ 7RIWH DQG 7DOSLQ >�@� DQG WKH RYHUYLHZ FKDS�

WHU E\ +HQJOHLQ HW DO� LQ $GYDQFHG 7RSLFV LQ 3URJUDPPLQJ /DQJXDJHV >��@�

��� $UFKLWHFWXUDO /D\RXW RI WKH *38

$ *UDSKLFDO 3URFHVVLQJ 8QLW �*38� LV D VSHFLDOL]HG FLUFXLW RULJLQDOO\ GHVLJQHG WR DF�

FHOHUDWH FRPSXWDWLRQV WKDW EXLOG DQG PDQLSXODWH LPDJHV� +RZHYHU� LQ UHFHQW \HDUV

*38V KDYH VWDUWHG WR EH GHVLJQHG DQG XWLOL]HG WR DFFHOHUDWH PDQ\ GLIIHUHQW FRP�

SXWLQJ DSSOLFDWLRQV RWKHU WKDQ VLPSO\ LPDJH SURFHVVLQJ� LW KDV EHFRPH LQFUHDVLQJO\

FRPPRQ IRU*38V WR EH XWLOL]HG DV D IRUPRI VWUHDPRU YHFWRU SURFHVVRU WKDW UXQ FRP�

SXWDWLRQ NHUQHOV� ,Q DSSOLFDWLRQV WKDW UHTXLUH ODUJH QXPEHUV RI YHFWRU RSHUDWLRQV�
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DQG PDQ\ LQGHSHQGHQW WDVNV� XVLQJ D *38 FDQ LQFUHDVH SHUIRUPDQFH E\ VHYHUDO

RUGHUV RI PDJQLWXGH� DQG LQ PDQ\ ILHOGV VXFK DV PDFKLQH OHDUQLQJ >��@� PHGLFDO

VFLHQFH >��� ��@� ILQDQFH >��@� JUDSKLFV >��@� DQG FRPSXWHU YLVLRQ >��@ *38V KDYH

EHFRPH D GH�IDFWR UHTXLUHPHQW�

7KH *38 FLUFXLW LV GHVLJQHG WR EH D 6LQJOH ,QVWUXFWLRQ 0XOWLSOH 'DWD �6,0'� DU�

FKLWHFWXUH LQ ZKLFK D VLQJOH SURJUDP RSHUDWHV LQ D PDVVLYHO\ SDUDOOHO PDQQHU RYHU

GLIIHUHQW SLHFHV RI GDWD��� +RZHYHU� DW WKH VDPH WLPH� WKH *38 DV D ZKROH DFWV

LQ D 6LQJOH 3URFHVVRU 0XOWLSOH 'DWD RU 630' PDQQHU� D *38 FRQVLVWV RI VHYHUDO

SURFHVVLQJ XQLWV RU 6WUHDPLQJ 0XOWLSURFHVVRUV �603V� HDFK WUDFNLQJ PDQ\ GLIIHU�

HQW WKUHDG FRQWH[WV DW RQFH� DQG WKDW RSHUDWH LQ D 6,0' IDVKLRQ� KRZHYHU HDFK

603 GRHV QRW QHHG WR EH H[HFXWLQJ WKH VDPH LQVWUXFWLRQV DV WKH RWKHU 603V� 7KXV�

ZH FDQ WKLQN RI 603V SURYLGLQJ WDVN SDUDOOHOLVP� ZKLOH WKH WKUHDGV ZLWKLQ HDFK

603 SURYLGH �LQWHUQDO� GDWD SDUDOOHOLVP WR WKH FRPSXWDWLRQV� 7KLV LQWHUQDO GDWD�

SDUDOOHOLVP ZLWKLQ 603V JLYHV WKH LOOXVLRQ WKDW WKH *38 FRQVLVWV RI WKRXVDQGV RI

WKUHDGV²KRZHYHU FRPSDUHG WR &38 WKUHDGV WKHVH *38 WKUHDGV DUH UDWKHU VLPSOH�

*38VPDNH OLWWOH RU QR XVH RI VSHFXODWLRQ RU RXW�RI�RUGHU H[HFXWLRQ� DQG LQVWHDG KLGH

ODWHQF\ E\ VZLWFKLQJ EHWZHHQ WKUHDGV DV WKHLU GHSHQGHQFLHV DUH VDWLVILHG� %HFDXVH RI

WKHVH FRPSXWDWLRQDO FKDUDFWHULVWLFV� ZKLOH *38V FDQ SHUIRUP DQ\ FRPSXWDWLRQ WKDW

D &38 FDQ� *38V DUH QRW DV ZHOO VXLWHG IRU FHUWDLQ W\SHV RI SDUDOOHO FRPSXWDWLRQ DV

PXFK DV &38V DUH� +RZHYHU DV ZDV PHQWLRQHG EHIRUH� ZKHQ WKH SDUDOOHO ZRUNORDG

GRHV ILW WKDW RI D *38 WKH VSHHGXS FDQ EH WUXO\ LPSUHVVLYH GXH WR WKH QXPEHU RI

WKUHDGV²DQG WKH GDWD SDUDOOHOLVP WKDW WKH\ SURYLGH²FRPSDUHG WR WKH &38 DQG WKH

FRPSXWDWLRQDO WKURXJKSXW WKDW WKLV SURYLGHV�

7KH WKUHDGV RI WKH *38 DUH JURXSHG LQWR VHWV RI WKUHDGV FDOOHG WKUHDG EORFNV� DQG

HYHU\ WKUHDGZLWKLQ D WKUHDG EORFN UXQV RQ WKH VDPH 603��� 7KLV JURXSLQJ RI WKUHDGV
��7KH *38 LV DOVR D 6LQJOH ,QVWUXFWLRQ 0XOWLSOH 7KUHDG �6,07� DUFKLWHFWXUH�
��)XUWKHUPRUH� HDFK VHW RI WKUHDGV ZLWKLQ D WKUHDG EORFN LV IXUWKHU EURNHQ XS LQWR LQWR VHWV RI WKUHDGV
FDOOHGZDUSV ZKLFK FRUUHVSRQG WR WKH QXPEHU RI WKUHDGV WKDW ZLOO H[HFXWHG IRU DQ\ RQH ³VWHS´ RI D
603�
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LV LPSRUWDQW GXH WR WKH ZD\ WKDW PHPRU\ LV VWUXFWXUHG RQ WKH *38� PRVW PHPRU\

IDOOV LQWR JOREDO PHPRU\ ZKLFK HYHU\ 603 FDQ VHH� DQG ZKLFK UHVLGHV LQ DQ RII�FKLS

'\QDPLF5DQGRP$FFHVV0HPRU\ �'5$0��+RZHYHU� WKH*38DOVR SURYLGHV D VPDOO

OLPLWHG DPRXQW RI YHU\ IDVW ORFDO PHPRU\ IRU HDFK 603 ZKLFK FDQ EH WKRXJKW RI DV

VLPLODU WR /� FDFKH RQ WKH &38� DQG ZKLOH FKDQJHV WR ORFDO 603 PHPRU\ DUH RQO\

YLVLEOH ZLWKLQ WKH WKUHDG EORFN� FKDQJHV WR JOREDO PHPRU\ FDQ EH VHHQ E\ DQ\ &8'$

�RU 2SHQ&/� WKUHDG��� 7KXV� WKUHDGV ZLWKLQ WKH VDPH WKUHDG EORFN FDQ FRPPXQL�

FDWH ZLWK HDFK RWKHU PXFK IDVWHU XVLQJ WKLV VKDUHG PHPRU\ DQG DWRPLF RSHUDWLRQV

�DPRQJVW RWKHU WKLQJV��

)XUWKHUPRUH� ORFDO 603 RU VKDUHG PHPRU\ LV RUJDQL]HG LQWR EDQNV RI PHPRU\� DQG

HDFKEDQN FDQRQO\ VHUYLFH RQHPHPRU\ UHTXHVW DW D WLPH� ,Q RUGHU WR WU\ DQG LQFUHDVH

WKH PHPRU\ EDQGZLGWK� PHPRU\ DGGUHVVHV DUH LQWHUOHDYHG� DQG RQ PRGHUQ *38V

WKLV LQWHUOHDYLQJ LV XVXDOO\ �� ELWV� DQG WKH WRWDO QXPEHU RI PHPRU\ EDQNV LV IL[HG�

7KLV GLYLVLRQ RI ORFDO PHPRU\ LQWR HTXDOO\�VL]HG EDQNV RI PHPRU\ PHDQV WKDW DQ\

ORDG RU VWRUH RI n DGGUHVVHV LQ ORFDO PHPRU\ WKDW VSDQV DOO n EDQNV RI PHPRU\ FDQ

EH SHUIRUPHG VLPXOWDQHRXVO\²WKXV ZH FDQ JHW XS WR n WLPHV WKH EDQGZLGWK RI D

VLQJOH PHPRU\ EDQN� +RZHYHU� LI D PHPRU\ UHTXHVW KDV PXOWLSOH DGGUHVVHV ZLWKLQ

WKH VDPH PHPRU\ EDQN� WKH DFFHVVHV PXVW EH VHULDOL]HG� )XUWKHUPRUH� WKH *38

ZLOO VSOLW WKH PHPRU\ UHTXHVW LQWR DV IHZ FRQIOLFW�IUHH DGGUHVV VHWV DV SRVVLEOH� DQG

WKHUHIRUH D EDQN FRQIOLFW ZLOO UHGXFH WKH EDQGZLGWK RI ORFDO PHPRU\ E\ WKH QXPEHU

RI FRQIOLFWLQJ DGGUHVVHV�

����� /RZ�/HYHO *38 3URJUDPPLQJ 0RGHOV

2QH RI WKH PRVW FRPPRQ ZD\V WR H[SUHVV FRPSXWDWLRQ RQ *38V LV XVLQJ &8'$� RU

WKH &RPSXWH 8QLILHG 'HYLFH $UFKLWHFWXUH >��@� ZKLFK LV WKH FRPSXWDWLRQDO HQJLQH

IRU 19,',$ *38V� :LWK &8'$� SURJUDPPHUV DUH DEOH WR DFFHVV YLUWXDO LQVWUXFWLRQ
��,Q IDFW� ORFDO 603 PHPRU\ LV DSSUR[LPDWHO\ 100X IDVWHU�
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VHWV DQG PHPRU\ IRU WKH SDUDOOHO FRPSXWDWLRQDO HOHPHQWV RQ 19,',$ *38V� 7KHUH

DUH DOVR RWKHU ZD\V RI H[SUHVVLQJ *38 FRPSXWDWLRQV� VXFK DV ZLWK 2SHQ&/ >��@

WKDW SUHVHQWV VLPLODU ORZ�OHYHO FRQVWUXFWV DV &8'$� EXW XVLQJ GLIIHUHQW WHUPLQRO�

RJ\�

(DFK FRPSXWDWLRQ RQ WKH*38 LV H[SUHVVHG WKURXJK D FRPSXWDWLRQDO NHUQHO LQZKLFK

WKH SURJUDPPHU ZULWHV D VLQJOH SURJUDP WKDW ZLOO UXQ RQ HDFK *38 WKUHDG� 7KLV LV

DV RSSRVHG WR QRUPDO SURJUDPV WKDW H[SOLFLWO\ PDQDJH WKUHDGV ZLWKLQ WKH IXQFWLRQ�

'XH WR HDFK NHUQHO EHLQJ DVVLJQHG WR D WKUHDG� ZLWKLQ HDFK NHUQHO KDV DFFHVV WR LWV

XQLTXH WKUHDG ,' XVXDOO\ WKURXJK D EXLOW�LQ YDULDEOH � i?`2�/A/t LQ WKH FDVH RI

&8'$�� 7R VHH DQ H[DPSOH RI WKLV� FRPSDUH WKH WZR GHILQLWLRQV RI YHFWRU DGGLWLRQ

LQ )LJXUH ���� .HUQHOV DUH QRUPDOO\ ODXQFKHG IURP WKH &38 RU KRVW DQG WKHQ UXQ RQ

WKH*38� KRZHYHU LQ UHFHQW \HDUV ODXQFKLQJ NHUQHOV IURPZLWKLQ NHUQHOV� RUG\QDPLF

SDUDOOHOLVP KDV DOVR EHFRPH SRVVLEOH >��� ��@� :KHQ ODXQFKLQJ D NHUQHO� WKH QXP�

EHU RI WKUHDGV WKDW ZH XVH� DORQJ ZLWK KRZ WKRVH WKUHDGV DUH SDUWLWLRQHG LQWR ZRUN

JURXSV FDQ KDYH D VLJQLILFDQW LPSDFW RQ WKH RYHUDOO UXQWLPH RI WKH NHUQHO� 7KXV�

ZKHQ ODXQFKLQJ D NHUQHO ZH DOVR VSHFLI\ ERWK WKH QXPEHU RI ZRUN JURXSV� DORQJ

ZLWK WKH QXPEHU RI WKUHDGV LQ HDFK ZRUN JURXS �ZKLFK LV D PXOWLSOH RI 32�� 7KXV LQ

&8'$� ZH FRXOG ODXQFK WKH p2+�// NHUQHO ZLWK k ≥ n WKUHDGV� DQG 1 ZRUN JURXS

RYHU YHFWRUV � DQG " DQG UHWXUQLQJ WKH UHVXOW LQ * ZLWK WKH IROORZLQJ

ff G�mM+? � F2`M2H rBi? R rQ`F ;`QmT �M/ F i?`2�/b
p2+�// IIIR- F===U�-"-*- MVc
ff 3 rQ`F ;`QmTb rBi? +2BHBM; Q7 UFf3V i?`2�/b 2�+?
p2+�// III3- UF@RVf3 Y R===U�-"-*- MVc

����� 0RYLQJ 0HPRU\ %HWZHHQ:RUOGV

,Q RUGHU WR UXQ WKLV NHUQHO WKH *38 QHHGV WR EH DEOH WR DFFHVV WKH PHPRU\ IRU WKHVH

YHFWRUV� +RZHYHU� ZKLOH WKH &38 DQG *38 FDQ VKDUH WKH VDPH DGGUHVV VSDFH XVLQJ
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nn;HQ#�Hnn
pQB/ p2+�//UBMi �- BMi "- BMi *- BMi MV &
ff :2i i?2 i?`2�/ BM/2t
BMi B/t 4 i?`2�/A/tXtc
B7 UB/t I MV &
*(B/t) 4 �(B/t) Y "(B/t)c

'
'

�D� 9HFWRU DGGLWLRQ LQ &8'$ RI WZR YHFWRUV � DQG " ERWK RI OHQJWK n� VWRULQJ WKH UHVXOW LQ *�

nn;HQ#�Hnn
pQB/ p2+�//UBMi �- BMi "- BMi *- BMi MV &
ff :2i i?2 i?`2�/ BM/2t
BMi B/t 4 i?`2�/A/tXtc
BMi bi`B/2 4 #HQ+F.BKXtc
7Q` UBMi B 4 B/tc B I Mc B Y4 bi`B/2V &
*(B) 4 �(B) Y "(B)c

'
'

�E� 9HFWRU DGGLWLRQ LQ &8'$ XVLQJ EORFNLQJ�

pQB/ p2+�//JSUBMi �- BMi "- BMi *- BMi MV &
OT`�;K� QKT T�`�HH2H
OT`�;K� QKT 7Q`
7Q` UBMi B/b t 4 yc B I Mc BYYV &
*(B/t) 4 �(B/t) Y "(B/t)c

'
'

�F� 3DUDOOHO YHFWRU DGGLWLRQ LQ 2SHQ03 RI WZR YHFWRUV � DQG " ERWK RI OHQJWK n� VWRULQJ WKH
UHVXOW LQ *�

)LJXUH ���� 3DUDOOHO YHFWRU DGGLWLRQ LQ &8'$ & �D� 	 �E�� DQG LQ & XVLQJ 2SHQ03 �F�� 1RWH
WKDW LQ �D� ZH DFFHVV WKH DUUD\ XVLQJ WKH WKUHDG LQGH[ i?`2�/A/t DQG WKXV WKLV FRGH UXQV
RQ HDFK WKUHDG� ZKHUHDV LQ LQ �E� ZH DFFHVV LW EDVHG XSRQ WKH #HQ+F.BK DQG WKHUHIRUH
PXOWLSOH UHVXOWV ZLOO EH FRPSXWHG E\ WKH VDPH WKUHDG�
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8QLILHG 9LUWXDO $GGUHVVLQJ �89$�� GRLQJ VR FDQ EH LQFUHGLEO\ H[SHQVLYH� WKH PHP�

RU\ IRU WKH &38 DQG *38 LV QRW VKDUHG DQG WKH WZR WRJHWKHU FRQVWLWXWH D YHU\ VLPSOH

GLVWULEXWHG V\VWHP� 7KXV KRZ ZH PLJUDWH PHPRU\ EDFN DQG IRUWK EHWZHHQ WKH &38

DQG WKH *38 LV LPSRUWDQW� ,QGHHG� LI ZH ZDQWHG WR KDYH D VLQJOH DGGUHVV VSDFH DQG

XVHG 89$� WKLV ZRXOG UHTXLUH WKDW ZH ILUVW SLQ PHPRU\ >��@ RQ WKH KRVW� DQG WKH

*38 ZRXOG WKHQ QHHG WR DFFHVV PHPRU\ RYHU WKH 3&,�([SUHVV EXV� ZKLFK KDV ORZ

EDQGZLGWK DQG KLJK ODWHQF\� 7KXV WKLV LV QRW UHDOO\ DQ RSWLRQ IRU JHQHUDO SXUSRVH

*38 FRPSXWDWLRQ�

,Q RUGHU WR JHW DURXQG WKLV SUREOHP WKHUH DUH WZR RSWLRQV DYDLODEOH IRU PDQDJLQJ

PHPRU\ WKDW QHHGV WR EH VKDUHG ZLWK WKH *38�

2SWLRQ �� ([SOLFLW &RS\LQJ 8VLQJ WKLV DSSURDFK HDFK SLHFH RI PHPRU\ IURP

RQH FRPSXWDWLRQDO ZRUOG WKDW LV QHHGHG LQ WKH RWKHU PXVW EH H[SOLFLWO\ FRSLHG DQG�

DIWHU WKH *38 FRPSXWDWLRQ KDV FRPSOHWHG� WUDQVIHUUHG EDFN WR WKH KRVW� 7KXV ZH QR

ORQJHU KDYH D VLQJOH DGGUHVV VSDFH� EXW DW OHDVW WZR �RQH IRU WKH KRVW� DQG RQH IRU HDFK

*38�� ,Q WKLV FDVH� WKH &38 DQG *38 UHSUHVHQW D GLVWULEXWHG V\VWHP LQ WKH IXOOHVW

VHQVH� DQG WKHUHIRUH DQ\ GDWD VWUXFWXUHV WKDW DUH WUDQVIHUUHG EHWZHHQ WKH &38 DQG

*38 �DQG EDFN� PXVW KDYH GHHS FRSLHV SHUIRUPHG RQ WKHP�

8VLQJ WKLV PHWKRG� WKH NHUQHO FDOO DERYH ZRXOG ORRN OLNH WKH IROORZLQJ�

bBx2ni bBx2 4 M  bBx2Q7UBMiVc
BMi � 4 K�HHQ+UbBx2Vc
XXX
BMi  /n�-  /n"-  /n*c
ff �HHQ+�i2 bT�+2 QM i?2 :Sl 7Q` i?2 p2+iQ`b
+m/�J�HHQ+U�/n�- bBx2Vc
+m/�J�HHQ+U�/n"- bBx2Vc
+m/�J�HHQ+U�/n*- bBx2Vc
ff *QTv i?2 BMTmi p2+iQ`b Qp2`
+m/�J2K+TvU/n�- �- bBx2 - +m/�J2K+Tv>QbihQ.2pB+2Vc
+m/�J2K+TvU/n"- "- bBx2 - +m/�J2K+Tv>QbihQ.2pB+2Vc
p2+�// IIIR- F===U/n�-/n"-/n*- MVc
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ff q�Bi 7Q` i?2 F2`M2H iQ +QKTH2i2
+m/�.2pB+2avM+?`QMBx2UVc
ff *QTv i?2 `2bmHi K2KQ`v #�+F iQ i?2 ?Qbi
+m/�J2K+TvU*- /n*- bBx2 - +m/�J2K+Tv.2pB+2hQ>QbiVc
ff 6`22 i?2 K2KQ`v QM i?2 :Sl
+m/�6`22U/n�Vc
+m/�6`22U/n"Vc
+m/�6`22U/n*Vc
XXX
7`22U�Vc

2SWLRQ �� 8QLYHUVDO 0DQDJHG 0HPRU\ 5HFHQW *38V DQG UXQWLPH V\VWHPV

QRZVXSSRUW HLWKHU8QLILHG0DQDJHG0HPRU\ �800� LQ WKH FDVH RI19,',$*38V >��@�

RU KHWHURJHQHRXV 8QLILHG 0HPRU\ $FFHVV �K80$� IRU $0'� %RWK RI WKHVH SURYLGH

D VLQJOH SRRO RI PHPRU\ WKDW LV VKDUHG EHWZHHQ WKH &38 DQG WKH *38� 0RVW LPSRU�

WDQWO\� ZH JHW WKH DGYDQWDJH RI D VLQJOH DGGUHVV VSDFH� DQG WKXV DOZD\V KDYH D VLQJOH

SRLQWHU WR GDWD� 7KLV WKHQ PHDQV WKDW ZKHQ PRYLQJ GDWD IURP RQH FRPSXWDWLRQDO

ZRUOG WR DQRWKHU� ZH QR ORQJHU KDYH WR SHUIRUP GHHS FRSLHV RI WKH GDWD VWUXFWXUHV

WKDW DUH EHLQJ XWLOL]HG RQ WKH *38� ZKHUH SUHYLRXVO\ D IXOO UHWUDFLQJ RI SRLQWHUV

ZRXOG KDYH WR EH GRQH� D VKDOORZ FRS\ ZLOO QRZ VXIILFH� +RZHYHU� DV RSSRVHG WR

89$� LQ ZKLFK D VLQJOH DGGUHVV VSDFH LV DFKLHYHG E\ DFFHVVLQJ KRVW PHPRU\ RYHU WKH

3&,�(� ZLWK 800 �K80$� ZH JHW D VLQJOH DGGUHVV VSDFH� DQG WKH XQGHUO\LQJ V\VWHP

DOVR SURSHUO\ PLJUDWHV PHPRU\ IURP WKH KRVW WR GHYLFH DQG EDFN DJDLQ²WKXV EHLQJ

YDVWO\ PRUH HIILFLHQW WKDQ 89$�

8VLQJ WKHVH XQLILHG PHPRU\ V\VWHPV� PHPRU\ FDQ RQO\ EH DOORFDWHG LQ KRVW FRGH�

EXW ERWK KRVW DQG GHYLFH FRGH FDQ UHDG DQG ZULWH WR WKH PHPRU\��� )XUWKHUPRUH�

XQLILHG PHPRU\ WKDW LV WR EH VKDUHG EHWZHHQ KRVW DQG GHYLFH PXVW EH DOORFDWHG DQG

GHDOORFDWHG E\ VSHFLDO IXQFWLRQV²LQ WKH FDVH RI &8'$� XVLQJ +m/�J�HHQ+J�M�;2/�

��$V ZH ZLOO VHH ODWHU WKLV UHVWULFWLRQ ZLOO EH UHIOHFWHG LQ WKH ODQJXDJH WKDW ZH GHYHORS�
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DQG +m/�6`22 UHVSHFWLYHO\� 8VLQJ WKLV IUDPHZRUN WKH DERYH NHUQHO FDOO FRXOG LQVWHDG

EH ZULWWHQ DV WKH IROORZLQJ�

bBx2ni bBx2 4 M  bBx2Q7UBMiVc
BMi �c
+m/�J�HHQ+J�M�;2/U��- bBx2Vc
XXX
p2+�// IIIR- F===U�-"-*- MVc
ff q�Bi 7Q` i?2 F2`M2H iQ +QKTH2i2
+m/�.2pB+2avM+?`QMBx2UVc
XXX
+m/�6`22U�Vc

:KLOH XQLILHG PHPRU\ DOORZV WKH SURJUDPPHU WR QRW ZRUU\ DERXW KRZ� RU ZKHQ WKH

PHPRU\ LV PLJUDWHG� LW PD\ EH XVHIXO WR FRQWURO ZKHQ WKH PHPRU\ LV PRYHG� ,I QR

KLQWV DUH SURYLGHG SDJHV RI PHPRU\ DUH XVXDOO\ PLJUDWHG EDVHG XSRQ SDJH IDXOWV

�DOWKRXJK RWKHU KHXULVWLFV DUH DOVR XVHG WR PLQLPL]H WKH QXPEHU RI WKHVH DV ZHOO��

%H\RQG WKLV� ZKHUH WKH GDWD VKRXOG EH DOORFDWHG FDQ EH JXLGHG YLD IXQFWLRQV VXFK

DV +m/�J2K�/pBb2UV RU H[SOLFLWO\ PLJUDWHG WR WKH GHYLFH YLD RWKHU PHWKRGV VXFK

DV +m/�J2KS`272i+?�bvM+UV� 7KXV LQ WKLV VHWWLQJ ZH FDQ ERWK KDYH D VLQJOH XQLILHG

DGGUHVV VSDFH� ZKLOH DOVR KDYLQJ FRQWURO RYHU WKH PHPRU\ PRYHPHQW EHWZHHQ WKH

FRPSXWDWLRQDO ZRUOGV� ,I ZHZDQWHG WR SUHIHWFK WKH GDWD XVHG E\ WKH p2+�// NHUQHO

DERYH� ZH FRXOG GR VR E\ LQVHUWLQJ FDOOV WR +m/�J2KS`272i+?�bvM+UV EHIRUH WKH

NHUQHO FDOO� 1RWH KRZHYHU� WKDW ZH GRQ¶W KDYH WR H[SOLFLWO\ ³UH�IHWFK´ WKH GDWD EDFN

IURP WKH *38²WKH ZULWWHQ GDWD LV PLJUDWHG EDFN DW WKH HQG RI WKH NHUQHO�

����� :DUS 'LYHUJHQFH

'XH WR WKH 6,0' QDWXUH RI WKH 603V WKDW FRQVWLWXWH WKH *38� ZH HQFRXQWHU DQ LVVXH

ZKHQGHDOLQJZLWK B7 RU DQ\ W\SH RI EUDQFKLQJ VWDWHPHQWV RQ WKH*38� VLQFH WKUHDGV

LQ D ZDUS H[HFXWH LQ D 6,0' PDQQHU� HDFK ZDUS�VWHS RI DQ 603 FDQ RQO\ KDQGOH

WKUHDGV SHUIRUPLQJ WKH VDPH DFWLRQ RQ PXOWLSOH SLHFHV RI GDWD� +RZHYHU ZKHQ D
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If

ExprB

exprA

…

Warp

)LJXUH ���� :DUS GLYHUJHQFH GXH WR EUDQFKLQJ LQVWUXFWLRQV�

ZDUS HQFRXQWHUV D EUDQFKLQJ VWDWHPHQW VRPH RI WKH WKUHDGV LQ LW PD\ QHHG WR FRP�

SXWH WKH FRQVHTXHQW EUDQFK RI WKH B7� DQG RWKHUV PD\ QHHG WR FRPSXWH WKH DOWHUQDWH

EUDQFK� 1RZ VRPH RI WKH WKUHDGV LQ WKH ZDUS QHHG WR H[HFXWH RQH FRPSXWDWLRQ�

ZKLOH RWKHUV QHHG WR H[HFXWH D GLIIHUHQW FRPSXWDWLRQ� 7KLV LV ZKDW LV FDOOHG ZDUS

GLYHUJHQFH�

7KH *38 KDQGOHV WKLV GLYHUJHQFH RI H[HFXWLRQ SDWKV ZLWKLQ WKH ZDUS E\ VHULDOL]LQJ

WKH GLIIHUHQW H[HFXWLRQ SDWKV SUHVHQW ZLWKLQ WKDW ZDUS� 7KXV LW ILUVW UXQV RQH VHW RI

H[HFXWLRQ SDWKV ZLWKLQ WKH ZDUS� DQG WKHQ UXQV DQRWKHU VHW RI H[HFXWLRQ SDWKV� DQG

WKHQ WKH QH[W HWF� 7KLV VHULDOL]DWLRQ RI WKH H[HFXWLRQ RI WKH WKUHDGV ZLWKLQ WKH ZDUS

FDQ OHDG WR VLJQLILFDQW GHFUHDVHV LQ HIILFLHQF\ RI WKH FRPSXWDWLRQ� ZKDW XVHG WR EH

RQH VLQJOH VWHS RI WKH ZDUS FDQ EHFRPH XS WR 32 �RU WKH VL]H RI WKH ZDUS� VWHSV�
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����� 5%00IRU+LJK�/HYHO+HWHURJHQHRXV/DQJXDJHV

%HVLGHV WKH ORZHU�OHYHO ODQJXDJHV WKDW ZHUH GLVFXVVHG SUHYLRXVO\� WKHUH DUH DOVR D

QXPEHU RI KLJKHU�OHYHO IXQFWLRQDO ODQJXDJHV WKDW DOVR DOORZ *38 SDUDOOHOLVP VXFK

DV +DUODQ >�� �@� &RSSHUKHDG >��@� DQG $FFHOHUDWH >��� ��@ DPRQJVW RWKHUV� +RZ�

HYHU WKH PRVW LQWHUHVWLQJ RQH RI WKHVH WR XV LQ WKLV GLVVHUWDWLRQ ZLOO EH +DUODQ²DQG

VSHFLILFDOO\� LWV XVH RI D UHJLRQ�EDVHGPHPRU\PDQDJHPHQW V\VWHP WR DOORZ IRU KLJK�

OHYHO FRQVWUXFWV VXFK DV $OJHEUDLF 'DWD 7\SHV �$'7V� DQG KLJKHU�RUGHU IXQFWLRQV WR

EH XVHG DFURVV ERWK KRVW DQG GHYLFH VHFWLRQV RI FRGH�

7KH ODWWHU WZR RI WKHVH ODQJXDJHV²&RSSHUKHDG DQG $FFHOHUDWH²FRQVWUDLQ XVHUV WR

ODUJHO\ UHFWDQJXODU DUUD\V VLQFH WKHVH FDQ HDVLO\ EH PDSSHG GRZQ WR WKH XQGHUO\LQJ

*38� +RZHYHU� PDQ\ SUREOHPV GR QRW ILW QLFHO\ LQWR UHFWDQJXODU DUUD\V� DQG RWKHU

GDWD VWUXFWXUHV PD\ EH GHVLUHG� 7R FRPEDW WKLV� +DUODQ XVHV D 5%00 V\VWHP WR

SURYLGH D XQLIRUP PHPRU\ UHSUHVHQWDWLRQ RQ ERWK WKH &38 DQG *38 DQG D PHDQV

IRU HDVLO\ WUDQVIHUULQJ ZKROH GDWD VWUXFWXUHV IURP RQH GHYLFH WR DQRWKHU²E\ WUDQV�

IHUULQJ WKH DSSURSULDWH UHJLRQV RI PHPRU\� ,Q WKLV 5%00 V\VWHP� ZKHQ D NHUQHO

LV LQYRNHG D FRS\ RI HDFK UHJLRQ WKDW FRQWDLQV WKH GDWD VWUXFWXUHV XVHG ZLWKLQ WKDW

NHUQHO UDWKHU WKDQ WU\LQJ WR WUDFH HDFK LQGLYLGXDO HOHPHQW DQG SRLQWHU²PXFK DNLQ

WR ZKDW PXVW EH GRQH E\ D WUDFLQJ JDUEDJH FROOHFWRU�

-XVW DV LQ +DUODQ� ZH ZLOO EH XVLQJ D UHJLRQ�EDVHG V\VWHP IRU WKH ODQJXDJH DQG FRVW

VHPDQWLFV WKDW ZH EXLOG XS LQ WKLV GLVVHUWDWLRQ IRU D KHWHURJHQHRXV V\VWHP ZLWK WKH

YLHZ RI WKH &38�*38 EHLQJ D VSHFLILF W\SH RI GLVWULEXWHG V\VWHP� 7KXV WKLV UHVHDUFK

FDQ EH YLHZHG DV EHLQJ GXDOO\ DSSOLFDEOH WR ERWK WKH &38�*38 V\VWHP YLHZHG DV D

VSHFLDO FDVH RI D GLVWULEXWHG V\VWHP� DQG DV GHYHORSLQJ D FRVW VHPDQWLFV IRU D QRQ�

GLVWULEXWHG PHPRU\ UHJLRQ�EDVHG ODQJXDJH� WKDW FDQ EH H[WHQGHG WR D GLVWULEXWHG

VHWWLQJ ODWHU RQ�



3
&RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG

3DUDOOHO /DQJXDJHV

&RQWHQWV
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� 6\QWD[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
��� $Q (IIHFW 7\SH 6\VWHP IRU ΛC � � � � � � � � � � � � � � � � � � ��

����� 5HJLRQ $QQRWDWLRQV 	 3RO\PRUSKLVP � � � � � � � � � � � � � ��
����� /DWHQW (IIHFWV � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� (IIHFW 3RO\PRUSKLVP � � � � � � � � � � � � � � � � � � � � � � ��
����� 7KH 7\SH 6\VWHP � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 7\SLQJ +HDS 9DOXHV � � � � � � � � � � � � � � � � � � � � � � � ��

��� 0HPRU\ 0RGHO � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 5HJLRQ %DVHG 0HPRU\ 0DQDJHPHQW � � � � � � � � � � � � � � ��

��� 7KH $EVWUDFW 0DFKLQH 0RGHO � � � � � � � � � � � � � � � � � � ��
��� &RVW 6HPDQWLFV IRU ΛC � � � � � � � � � � � � � � � � � � � � � � � ��

����� &RVW *UDSKV � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� %RXQGHG (YROXWLRQV RI WKH 5HJLRQ 6WDFN � � � � � � � � � � � ��
����� 6HPDQWLF 5XOHV � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ��
����� 'HWHUPLQLQJ &RVWV � � � � � � � � � � � � � � � � � � � � � � � � ��

��



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

��� ,QWURGXFWLRQ

$VZH KDYH VHHQ LQ &KDSWHU � WKHUH KDV EHHQ DQ H[WHQVLYH DPRXQW RI ZRUN RQ FUHDWLQJ

FRVW�VHPDQWLF PHWKRGV IRU GHWHUPLQLQJ WLPH� DQG VSDFH�XVDJH IRU JDUEDJH FROOHFWHG

SDUDOOHO ODQJXDJHV� +RZHYHU� DV ZH DOVR VDZ LQ 6HFWLRQ ����� LI ZH ZLVK WR SHUPLW

KLJKHU�RUGHU FRQVWUXFWV WR UHVLGH RQ WKH *38� ZH ZLOO LQVWHDG ZDQW WR XVH D UHJLRQ�

EDVHG PHPRU\ PDQDJHPHQW V\VWHP LQVWHDG RI D QRUPDO JDUEDJH FROOHFWLRQ VWUDWHJ\

LQ RUGHU WR DOORZ HDV\ GHWHUPLQDWLRQ RI ZKLFK SRUWLRQV� DQG WKH DPRXQW RI PHPRU\

WKDW QHHGV WR EH WUDQVIHUUHG WR DQG IURP WKH *38�

7KLV QHHG IRU DQ 5%00�EDVHG ODQJXDJH JLYHV ULVH WR WKH ZRUN LQ WKLV FKDSWHU� 7KXV�

ZH ILUVW GHYHORS D UHJLRQ�EDVHG PHPRU\ V\VWHP IRU D VLPSOH SDUDOOHO ODQJXDJH ΛC�

:H WKHQ GHYHORS D FRVW VHPDQWLFV IRU WKLV ODQJXDJH WKDW FDQ GHWHUPLQH WLPH� DQG

VSDFH�XVDJH²LQFOXGLQJ WKH FRVW RI DOORFDWLQJ DQG GHDOORFDWLQJ UHJLRQV� :H WKHQ

SUHVHQW WKH ILQDO UHVXOWV RI WKLV FKDSWHU LQ 6HFWLRQ ������ D FRVW VHPDQWLFV DQG GHI�

LQLWLRQ RI VFKHGXOLQJ SROLFLHV IRU ΛC WKDW DFFRXQWV IRU QRQ�XQLW FRVWV GXH WR UHJLRQ

DOORFDWLRQV DQG GHDOORFDWLRQV� :H FRQFOXGH WKH FKDSWHU E\ SUHVHQWLQJ WKH NH\ GHIL�

QLWLRQV IRU WLPH DQG VSDFH XVDJH RI D SURJUDP LQ WKH FRVW VHPDQWLFV DV IXQFWLRQV RI

WKH FKRVHQ VFKHGXOLQJ SROLF\ LQ (TXDWLRQV ������ DQG �������

9LHZHG DV SDUW RI WKH ODUJHU DLP RI WKLV GLVVHUWDWLRQ� WKLV FKDSWHU GHYHORSV WKH &38

SRUWLRQ RI WKH ODQJXDJH DQG FRVW�VHPDQWLF V\VWHP IRU WKH ILQDO KHWHURJHQHRXV SDU�

DOOHO ODQJXDJH� 7KLV ODUJHU YLHZ WRZDUGV WKLV FKDSWHU LV LPSRUWDQW VLQFH DW SRLQWV

ZH ZLOO KDYH WR LPSRVH FHUWDLQ UHVWULFWLRQV RQ WKH ODQJXDJH DV ZHOO DV FKDQJH WKH

GHYHORSPHQW RI WKH W\SH� DQG UHJLRQ�V\VWHP LQ VXFK D ZD\ WKDW WKH *38�EDVHG SDUW

RI WKH ODQJXDJH FDQ EH HDVLO\ LQWHJUDWHG�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

��� 6\QWD[

7KH FRUH GHILQLWLRQ RI ΛC LV JLYHQ LQ )LJXUH ���� DQG LV DQ H[WHQGHG IRUP RI WKH ODQ�

JXDJHSUHVHQWHGE\)OXHW DQG0RUULVHWW >��@� ,W FRQVLVWV RI D VWDQGDUGλ�FDOFXOXV DORQJ

ZLWK SDLUV (e1,e2) �i ρ� SDUDOOHO FRPSRVLWLRQ e1‖e2 �i ρ� DUUD\V [e1, . . . ,en] �i ρ� DQG

SDUDOOHO WUDYHUVDOV RI WKHVH DUUD\V T�`K�T f [e1, . . . ,en] �i ρ� (DFK λ�DEVWUDFWLRQ LV

DQQRWDWHG ZLWK WKH VHW RI UHJLRQV WKDW LW XVHV� DQG WKH FORVXUH IRU LW PXVW EH DOORFDWHG

LQ WKH VSHFLILHG UHJLRQ ρ²ZKLFK LV ZK\ FORVXUHV GR QRW FRQWDLQ D UHJLRQ DQQRWDWLRQ�

)XUWKHUPRUH� ZKLOH WKH ODQJXDJH LV SDUWLFXODUO\ VSDUVH IRU D UHJLRQ�EDVHG SDUDOOHO

ODQJXDJH VLQFH ZH ZLVK LW WR EH D XVDEOH LQWHUPHGLDWH ODQJXDJH IRU D FRPSLOHU� ZH

KDYH DOVR GHVLJQHG LW WR EH VXLWDEO\ H[SUHVVLYH VR DV WR DOORZ XV WR IDLUO\ HDVLO\ DQG

GLUHFWO\ H[SUHVV LQWHUHVWLQJ SDUDOOHO FRPSXWDWLRQV ZLWKLQ LW�

7KH YDOXHV RI ΛC FRQVLVW RI LQWHJHUV i� ERROHDQV b� DQG KHDS YDOXHV WKDW FDQ EH VWRUHG

LQ UHJLRQV RI PHPRU\ R� +HDS YDOXHV FRQVLVW RI DUUD\V RI YDOXHV [v1, . . . ,vn]� IXQFWLRQ

FORVXUHV +HQb (x : τ ,e,E) FRQVLVWLQJ RI WKH SDUDPHWHU x : τ � ERG\ e DQG HQYLURQPHQW E

DW WKH WLPH WKH FORVXUHZDV FUHDWHG� ORFDWLRQV LQPHPRU\ !� DQG ILQDOO\ UHJLRQ FORVXUHV

`+HQb (ρ,φ,φ′,u) FRQVLVWLQJ RI WKH UHJLRQ SDUDPHWHU ρ� ERG\ u DQG WKH XSSHU� DQG

ORZHU ERXQGLQJ HIIHFWV φ DQG φ′ IRUu UHVSHFWLYHO\� /RFDWLRQV ! = (r ,o) FRQVLVW RI D UH�

JLRQ QDPH r DORQJZLWK WKH RIIVHW o LQWR WKDW UHJLRQ� 5HJLRQ FORVXUHV `+HQb (ρ,φ,φ′,u)

UHSUHVHQW UHJLRQ�SRO\PRUSKLF FRGH DQG DUH FUHDWHG YLD WKH UHJLRQ DEVWUDFWLRQ IRUP

λρ B φ.φ
′
u �i ρ� WKHVH DUH WKHQ LQVWDQWLDWHG LQ PXFK WKH VDPH ZD\ DV ZH ZRXOG D

IXQFWLRQ FORVXUH YLD WKH UHJLRQ LQVWDQWLDWLRQ IRUP e[ρ] �DQG ZH ZLOO VHH SUHFLVHO\ KRZ

WKLV ZRUNV LQ WKH RSHUDWLRQDO VHPDQWLFV LQ 6HFWLRQ �����

,W LV LPSRUWDQW WR QRWH WKDW ZKLOH WKH GHILQLWLRQ RI ΛC IROORZV TXLWH FORVHO\ WKDW RI

D VWDQGDUG FDOO�E\�YDOXH W\SHG λ�FDOFXOXV ZLWK H[WHQVLRQV IRU UHJLRQV� DOORFDWLRQ

ZLWKLQ UHJLRQV� DQG SDUDOOHO FRPSXWDWLRQ� ΛC GRHV QRW KDYH DQ\ ZD\ RI H[SUHVVLQJ

FRQFXUUHQF\� 7KLV ODFN RI FRQFXUUHQW RSHUDWLRQV LQ WKH ODQJXDJH LV E\ GHVLJQ� WKH



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

i ∈ Z r ∈ RNames f ,x ∈ Vars ζ ,ρ ∈ RVars o ∈ N

! ::= (r ,o) 5HJLRQ /RFDWLRQV
R ::= (ap,s, refcnt,{o1 &→ v1, . . . ,on &→ vn}) 5HJLRQV
S ::= ρ &→ R | S,r &→ R 5HJLRQ 6WDFN
φ ::= {ρ1, . . . ,ρn} (IIHFW 6HWV
τ ::= #QQH | BMi | (µ,ρ) 7\SHV
µ ::= τ1

φ−→ τ2 | τ1 × τ2 | o2+ τ | Πρ B φ.φ ′τ %R[HG 7\SHV
Ω ::= {ρ} | ρ,Ω :RUOG &RQWH[WV
∆ ::= · | ∆,ρ B φ 5HJLRQ &RQVWUDLQWV
Γ ::= · | Γ,x : τ 7\SLQJ &RQWH[WV
e ::= x | i | h`m2 | 6�Hb2 | e1 < e2 | e1 ∗ e2 7HUPV

| B7 e i?2M et 2Hb2 ef
| λx : τ .φe �i ρ | e1 e2
| λζ B φ′.φu �i ρ | e[ρ]
| (e1,e2) �i ρ | 7bi e | bM/ e
| H2i`2;BQM ρ BM e | 7Bt f : τ .u | e1‖e2 �i ρ
| [e1, . . . ,en] �i ρ | T�`K�T e [e1, . . . ,en] �i ρ

u ::= λx : τ .φe �i ρ | λζ B φ′.φu �i ρ $EVWUDFWLRQV
v ::= i | b | (v1,v2) | [v1, . . . ,vn] 9DOXHV

| +HQb (x : τ ,e,E) | `+HQb (ρ,φ,φ′,u) | !

)LJXUH ���� 6\QWD[ RI ΛC

LQWURGXFWLRQ RI FRQFXUUHQW RSHUDWLRQV ZRXOG QRW RQO\ PDNH SURYLQJ UHJLRQ�VDIHW\

JXDUDQWHHV DERXW WKH ODQJXDJHPRUH GLIILFXOW� EXW²DV ZH ZLOO VHH ODWHU²ZRXOGPDNH

UHDVRQLQJ DERXW WKH FRVW FKDUDFWHULVWLFV RI*38GHYLFH VHFWLRQV LQ WKH SURJUDPQHDUO\

LPSRVVLEOH ZKHQ ZH LQWURGXFH WKHP LQ &KDSWHU �� :H WKHUHIRUH OHDYH WKH LQWURGXF�

WLRQ RI FRQFXUUHQF\ WR WKH ODQJXDJH IRU IXWXUH LQYHVWLJDWLRQ�

'XULQJ WKH IRUPDO GHYHORSPHQW RI ΛC ZH ZLOO ILQG D QXPEHU RI PHWDIXQFWLRQV RYHU

WKH V\QWD[ DQG UHJLRQV RI WKH ODQJXDJH XVHIXO� ZH GHILQH frv (e ) DQG fv (e ) WR EH WKH

VHW RI DOO IUHH UHJLRQ YDULDEOHV DQG IUHH YDULDEOHV RFFXUULQJ LQ WKH H[SUHVVLRQ e UH�

VSHFWLYHO\� )XUWKHU� ZH GHILQH DPHWDIXQFWLRQ |v | WKDW JLYHQ D KHDS YDOXHv FDOFXODWHV

WKH VL]H RI v� 7KH GHILQLWLRQV RI ERWK frv (e ) DQG fv (e ) DUH VWUDLJKWIRUZDUG� ZLWK WKH



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

H2i`2;BQM DQG UHJLRQ DEVWUDFWLRQ IRUPV VHUYLQJ DV ELQGHUV IRU UHJLRQ YDULDEOHV LQ

frv (e )� 7KH GHILQLWLRQV RI WKHVH PHWDIXQFWLRQV DUH JLYHQ LQ )LJXUHV ��� DQG ����

��� $Q (IIHFW 7\SH 6\VWHP IRU ΛC

,Q ΛC � DOO PHPRU\ H[LVWV DV SDUW RI VRPH UHJLRQ RI ZKLFK WKHUH DUH WZR W\SHV�

� $ VLQJOH �UHVWULFWHG LQ VL]H� KHDS UHJLRQ ZKLFK H[LVWV IRU WKH HQWLUHW\ RI WKH

SURJUDP� :H GHQRWH WKLV VSHFLDO UHJLRQ E\ ρ� DQG WKLV PDSV WR WKH VWDUWLQJ

UHJLRQ R LQ RXU UHJLRQ VWDFN�

� '\QDPLF UHJLRQV� ZKLFK KDYH OH[LFDOO\ VFRSHG OLIHWLPHV� EXW SHUPLW XQOLPLWHG

DOORFDWLRQ LQWR WKHP�

6WDWLF YDOXHV VXFK DV ERROHDQV DUH DOORFDWHG LQWR WKH KHDS UHJLRQ� DQG DOO RWKHU²

G\QDPLFDOO\�DOORFDWHG²YDOXHV DUH DOORFDWHG LQ G\QDPLF UHJLRQV� :H FDQ VHH WKLV

GLIIHUHQFH LQ DOORFDWLRQ FKDUDFWHULVWLFV IRU VWDWLF YDOXHV LQ WKH UXOHV IRU ERROHDQV LQΛC�

ERROHDQV DUH KHDS DOORFDWHG �DQG KHQFH UHVLGH LQ ρ� DQG DUH WKHUHIRUH QRW DQQRWDWHG

ZLWK D UHJLRQ� +RZHYHU� DOO RWKHU W\SHV DUH G\QDPLFDOO\ DOORFDWHG� DQG WKHUHIRUH

PXVW EH DQQRWDWHGZLWK WKH UHJLRQZKHUH WKH\ UHVLGH� )RU WKH UHVW RI WKLV GLVVHUWDWLRQ

ZKHQ ZH VD\ ³UHJLRQ´ ZH ZLOO PHDQ D G\QDPLFDOO\�DOORFDWHG UHJLRQ XQOHVV RWKHUZLVH

VWDWHG�

(DFK UHJLRQ YDULDEOH LQ WKH SURJUDP LV DVVXPHG WR EH XQLTXH� DQG HDFK UHJLRQ UH�

VLGHV LQ D UHJLRQ VWDFN S�� 5HJLRQV DUH OH[LFDOO\ VFRSHG� DQG DUH LQWURGXFHG YLD WKH

H2i`2;BQM IRUP LQ WKH ODQJXDJH� DQG UHJLRQ YDULDEOHV FDQ EH ERXQG YLD WKH UHJLRQ

DEVWUDFWLRQ IRUP λζ B φ′.φu �i ρ� +RZHYHU� ZKLOH λζ . . . . FDQ ELQG UHJLRQ YDULDEOHV

LW FDQQRW FUHDWH QHZ UHJLRQV LQ PHPRU\� WKXV WKH PHPRU\ IRU D UHJLRQ YDULDEOH LV

GHDOORFDWHG SUHFLVHO\ ZKHQ H[HFXWLRQ OHDYHV WKH VFRSH RI WKH H2i`2;BQM IRUP WKDW
�$VVXPSWLRQ RI XQLTXHQHVV RI UHJLRQ QDPHV GRHV QRW OLPLW WKH ODQJXDJH DW DOO� VLQFH WKLV SURSHUW\ FDQ
EH HDVLO\ HQVXUHG E\ SHUIRUPLQJ α�FRQYHUVLRQ RQ DQ\ RIIHQGLQJ SURJUDP�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

fv (e )
fv (x ) = {x}
fv (i �i ρ) = {}
fv ( h`m2 ) = {}
fv ( 6�Hb2 ) = {}
fv ( B7 e1 i?2M e2 2Hb2 e3) = fv (e1) ∪ fv (e2) ∪ fv (e3)
fv (λx : τ .φ e �i ρ) = fv (e ) \ {x}
fv (e1 e2) = fv (e1) ∪ fv (e2)
fv (λρ B φ′.φ u �i ρ) = fv (u)
fv (

e[ρ]) = fv (e )
fv ((e1,e2) �i ρ) = fv (e1) ∪ fv (e2)
fv ( 7bi e ) = fv (e )
fv ( bM/ e ) = fv (e )
fv ( H2i`2;BQM ρ BM e ) = fv (e )
fv ( 7Bt f : τ .u) = fv (u) \ {f }
fv (e1‖e2 �i ρ) = fv (e1) ∪ fv (e2)

fv ([e1, . . . ,en] �i ρ
) =

n⋃
i=1

fv (ei )

fv ( T�`K�T e [e1, . . . ,en] �i ρ
) = fv (e ) ∪

(
n⋃

i=1
fv (ei )

)

frv (e )
frv (x ) = {}
frv (i �i ρ) = {ρ}
frv ( h`m2 ) = {}
frv ( 6�Hb2 ) = {}
frv ( B7 e1 i?2M e2 2Hb2 e3) = frv (e1) ∪ frv (e2) ∪ frv (e3)
frv (λx : τ .φ e �i ρ) = frv (e ) ∪ {ρ}
frv (e1 e2) = frv (e1) ∪ frv (e2) ∪ {ρ}
frv (λζ B φ′.φ u �i ρ) = (frv (u) ∪ {ρ}) \ {ζ }
frv (

e[ρ]) = frv (e ) ∪ {ρ}
frv ((e1,e2) �i ρ) = frv (e1) ∪ frv (e2) ∪ {ρ}
frv ( 7bi e ) = frv (e )
frv ( bM/ e ) = frv (e )
frv ( H2i`2;BQM ρ BM e ) = frv (e ) \ {ρ}
frv ( 7Bt f : τ .u) = frv (u)
frv (e1‖e2 �i ρ) = frv (e1) ∪ frv (e2) ∪ {ρ}

frv ([e1, . . . ,en] �i ρ
) =

(
n⋃

i=1
frv (ei )

)
∪ {ρ}

frv ( T�`K�T e [e1, . . . ,en] �i ρ
) = frv (e ) ∪

(
n⋃

i=1
frv (ei )

)
∪ {ρ}

)LJXUH ���� 0HWDIXQFWLRQV RYHU WKH V\QWD[ RI ΛC�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

|v |
|i | = 1
|b | = 1
|(v1,v2) | = |v1 | + |v2 | + 1
|[i1, . . . ,in]| = n + 1
|[b1, . . . ,bn]| = n + 1
|[v1, . . . ,vn]| =

(∑n
i=1 |vi |

)
+ n + 1

| +HQb (x : τ ,e,E) | = 1 + |E | + 1
| `+HQb (ρ,φ,φ′,u) | = 2

)LJXUH ���� 6L]H PHWDIXQFWLRQ RYHU WKH YDOXHV LQ ΛC� 1RWH WKDW ERROHDQ DQG LQWHJHU DUUD\V
DUH VWRUHG XQER[HG�

ERXQG LW� ZLWK QR GHDOORFDWLRQ RFFXUULQJ ZKHQ D UHJLRQ YDULDEOH ERXQG E\ D UHJLRQ

DEVWUDFWLRQ IRUP JRHV RXW RI VFRSH�

����� 5HJLRQ $QQRWDWLRQV 	 3RO\PRUSKLVP

2WKHU WKDQ ERROHDQV DQG LQWHJHUV� DOO RWKHU YDOXHV LQ ΛC DUH ER[HG� DQG DOO SRLQWHUV

SRLQW LQWR RQH� DQG RQO\ RQH UHJLRQ� :H WKHUHIRUH DQQRWDWH HDFK ER[HG W\SH ZLWK WKH

UHJLRQ WKDW WKH SRLQWHU SRLQWV WR �L�H� ZKHUH WKH DFWXDO YDOXH LV DOORFDWHG�� WKXV W\SHV

τ DUH HLWKHU #QQH� BMi� RU D ER[HG W\SH µ FRXSOHG ZLWK D UHJLRQ ρ� ,Q RUGHU WR DOORZ

DOORFDWLRQ LQWR GLIIHUHQW UHJLRQV� ΛC KDV UHJLRQ SRO\PRUSKLVP� UHJLRQ DEVWUDFWLRQ

λζ B φ.φ ′u �i ρ LQWURGXFHV D UHJLRQ DEVWUDFWLRQ WKDW LV DOORFDWHG DW ρ� DQG DOORZV WKH

DEVWUDFWLRQ u �ZLWK ODWHQW HIIHFWV φ′� WR EH SRO\PRUSKLF RYHU WKH UHJLRQ ζ � +RZHYHU�

ZH PXVW EH FDUHIXO DERXW WKH DPRXQW RI SRO\PRUSKLVP DOORZHG WKURXJK WKLV IRUP�

ZH QHHG WR HQVXUH WKDW ZKDWHYHU UHJLRQ LQVWDQWLDWHV λζ B φ.φ
′
u �i ρ RXWOLYHV WKH

JLYHQ VHW RI UHJLRQV φ WKDW DUH UHTXLUHG E\u�� 5HJLRQ SRO\PRUSKLVP LV DQ LPSRUWDQW

SURSHUW\ RI ΛC DQG DOORZV SURJUDPV WR PDQLSXODWH ER[HG YDOXHV UHJDUGOHVV RI ZKLFK

UHJLRQ WKH\ PD\ KDYH EHHQ DOORFDWHG LQ� DV ZHOO DV DOORZLQJ SRO\PRUSKLF UHFXUVLRQ�

)XUWKHUPRUH� VLQFH UHJLRQV DGKHUH WR D OH[LFDO VWUXFWXUH� ZH FDQ JXDUDQWHH HTXDOLW\
�,Q D VHQVH φ DFWV DV D ORZHU ERXQG RQ WKH UHJLRQV WKDW WKH LQVWDQWLDWLQJ UHJLRQ PXVW RXWOLYH�
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RI �XQNQRZQ SRO\PRUSKLF� UHJLRQV YLD FRPSDULVRQ RI WKH UHJLRQ YDULDEOH QDPHV LQ

WKH SURJUDP�

:H DOVR LQFOXGH D WHUP IRU IL[HG SRLQWV 7Bt f : τ .u� 6LQFH ΛC LV FDOO�E\�YDOXH� WKH

ERG\ RI WKH 7Bt RSHUDWRU LV UHVWULFWHG WR DQ DEVWUDFWLRQ u� 7R VHH DQ H[DPSOH RI KRZ

SRO\PRUSKLF �UHJLRQ� UHFXUVLRQ FDQ EH SHUIRUPHG XVLQJ WKH 7Bt IRUP DQG UHJLRQ

DEVWUDFWLRQ�LQVWDQWLDWLRQ IRUPV� FRQVLGHU WKH IROORZLQJ GHILQLWLRQ RI WKH )LERQDFFL

IXQFWLRQ ZKLFK XVHV D SDLU RI LQWHJHUV IRU WDEXODWLRQ

R 7Bt 7B#X
k λζ B {ρ,ρp}.{}X
j λ B , BMi X
9 λ T , UBMi × BMi- ρV X
8 B7 B ≤ R
e i?2M bM/ T
d 2Hb2
3 H2i`2;BQM ρ′

N BM U7B#(ρ′) UB @ RVV UbM/ T- 7bi T Y bM/ TV �i ρ′

Ry �i ρ
RR �i ζ
Rk �i ρp

ZKHUH WKH WKH RULJLQDO SDLU LV DOORFDWHG LQ ρp� 5HJLRQ�SRO\PRUSKLF UHFXUVLRQ LV WKHQ

SHUIRUPHG E\ LQVWDQWLDWLQJ WKH UHJLRQ DEVWUDFWLRQZLWKLQ WKH 7Bt RQ OLQH 2ZLWK D QHZ

UHJLRQ DW WKH UHFXUVLYH FDOO VLWH RQ OLQH 9�

����� /DWHQW (IIHFWV

:KLOH UHJLRQV LQ ΛC IROORZ OH[LFDOO\�EDVHG OLIHWLPHV� YDOXHV DOORFDWHG LQ D UHJLRQ ρ GR

QRW QHFHVVDULO\ KDYH WR IROORZ WKLV VFRSLQJ VWUXFWXUH DQG FDQ HVFDSH WKH VFRSH RI ρ�

YDOXHV DOORFDWHG ZLWKLQ D IXQFWLRQ FORVXUH FDQ HVFDSH WKH VFRSLQJ RI WKH H2i`2;BQM

IRUP WKDW WKH\ DUH DOORFDWHG XQGHU� ,Q RUGHU WR VROYH WKLV LVVXH RI YDOXHV EHLQJ DEOH

WR HVFDSH WKH OLIH RI WKHLU EDFNLQJ UHJLRQ� HDFK IXQFWLRQ W\SH τ1 → τ2 LV DQQRWDWHG

ZLWK D VHW RI ODWHQW HIIHFWV φ WKDW GHVFULEH WKH UHJLRQV RI PHPRU\ WKDW DUH XWLOL]HG E\
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R H2i`2;BQM ρ4
k BM H2i`2;BQM ρ5
j BM H2i`2;BQM ρ6
9 BM Uλ tX Uλ vX U7bi t- vV �i ρ1V �i ρ5V
8 UUUR-kV �i ρ2- Uj-9V �i ρ6V �i ρ4V
e U8-eV �i ρ3

)LJXUH ���� ([DPSOH DGDSWHG IURP 7RIWH DQG 7DOSLQ >�@ VKRZLQJ KRZ GDQJOLQJ SRLQWHUV
FDQ EH FUHDWHG LQ D 5%00 V\VWHP� ρ1� ρ2� DQG ρ3 DUH DOORFDWHG RXWVLGH WKLV VHFWLRQ RI FRGH�
7\SHV DUH HOLGHG IRU EUHYLW\�

WKH IXQFWLRQ� 7KXV IXQFWLRQ W\SHV DUH RI WKH IRUP f : τ1
φ−→ τ2 DQG FDQ EH UHDG DV ³f

LV D IXQFWLRQ IURP τ1 WR τ2 ZLWK HIIHFWV φ�´

7KH ODWHQW HIIHFWV IRU D IXQFWLRQ W\SH GHQRWHV WKH VHW RI FXUUHQW UHJLRQV WKDW DUH

DFFHVVHG E\ WKH ERG\ RI WKH IXQFWLRQ²ERWK IRU UHDGLQJ DQG ZULWLQJ� %\ W\SLQJ IXQF�

WLRQV ZLWK WKHLU ODWHQW HIIHFWV ZH DUH OLIWLQJ D FRDUVH PRGHO RI WKH PHPRU\ DFFHVV

FKDUDFWHULVWLFV RI WKH IXQFWLRQ WR WKH W\SH�OHYHO� 7KLV FDQ WKHQ EH XVHG WR VWDWLFDOO\

HQVXUH WKDW WKH UHJLRQV RI PHPRU\ WKDW DUH DFFHVVHG ZLWKLQ D JLYHQ IXQFWLRQ ERG\

DUH YDOLG ZKHUHYHU WKDW IXQFWLRQ PD\ EH DSSOLHG²ZKLOVW DOORZLQJ VXFK WKLQJV DV

GDQJOLQJ SRLQWHUV WR PHPRU\ DV ORQJ DV LW FDQ EH VKRZQ �YLD WKH W\SH V\VWHP� WKDW

WKH PHPRU\ LV QRW DFFHVVHG >�@� $Q H[DPSOH RI WKLV FDQ EH VHHQ LQ WKH FRGH VDPSOH

LQ )LJXUH ��� ZKLFK JLYHV XV WKH IROORZLQJ WKUHH VQDSVKRWV RI WKH UHJLRQ VWDFN GXULQJ

LWV HYDOXDWLRQ� WKH ILUVW DW OLQH � MXVW DIWHU WKH LQQHU FORVXUH KDV EHHQ DOORFDWHG�

r1 r2 r3 r4 r5 r6(1,2) (•, •)(•, •) (3,4)hy, (fst x, y) at ⇢1, {x 7! •}ihy, (fst x, y) at ⇢1, {x 7! •}i

WKH VHFRQG DW OLQH � MXVW EHIRUH WKH FORVXUH LV DSSOLHG�

r1 r2 r3 r4 r5(1,2) (•, •)(•, •) hy, (fst x, y) at ⇢1, {x 7! •}ihy, (fst x, y) at ⇢1, {x 7! •}i
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DQG ILQDOO\ WKH ODVW RQH DIWHU WKH HQWLUH H[SUHVVLRQ KDV UXQ�

r2 r3r1 (1,2)(•, •)(•, •) (5,6)

:H ZDQW WKH FRGH DERYH WR EH W\SH�FRUUHFW� VLQFH ZH FDQ VKRZ WKDW WKH GDQJOLQJ

SRLQWHU FDQ QHYHU EH DFFHVVHG� 7KLV LV SUHFLVHO\ ZKDW WKH ODWHQW HIIHFWV LQ WKH HIIHFW

W\SH V\VWHP DUH PHDQW WR FDSWXUH�

����� (IIHFW 3RO\PRUSKLVP

:KLOH ZH FDQ H[SUHVV UHJLRQ�SRO\PRUSKLF FRGH LQΛC ZH UXQ LQWR LVVXHV ZKHQ WU\LQJ

WR H[SUHVV KLJKHU�RUGHU IXQFWLRQV VXFK DV K�T� 7R VHH WKLV� FRQVLGHU WKH IROORZLQJ

W\SH IRU K�T�

K�T : (((τ1
φ−→ τ2,ζ1) × ( o2+ τ1,ζ2),ζ3)

φ ′ ∪ φ−−−−−→ ( o2+ τ2,ζ4),ζ5)

6LQFH HDFK IXQFWLRQ W\SH LV DQQRWDWHG ZLWK LWV VHW RI ODWHQW HIIHFWV� WKH W\SH RI WKH

IXQFWLRQ EHLQJ PDSSHG RYHU WKH YHFWRU ZLOO QHFHVVDULO\ EH GLIIHUHQW EDVHG XSRQ WKH

VHW RI ODWHQW HIIHFWV IRU WKH IXQFWLRQ EHLQJ PDSSHG� +RZHYHU� ZKLOH WKH EOXH VHFWLRQ

RI WKH FRGH LV SRO\PRUSKLF RYHU φ� WKH ODWHQW HIIHFW φ′ ∪ φ LV QRW LQFOXGHG LQ WKLV

SRO\PRUSKLVP� EXW QHYHUWKHOHVV GHSHQGV XSRQZKDWφ LV� 7KLV ODFN RI SRO\PRUSKLVP

RYHUφ′ ∪ φ UHVWULFWV WKH W\SH IRU K�T WR IXQFWLRQV WKDW KDYH ODWHQW HIIHFWVφ� $ GLIIHUHQW

GHILQLWLRQ RI K�TZRXOG WKHQ EH QHHGHG IRU HDFK GLIIHUHQW VHW RI ODWHQW HIIHFWV WKDWPD\

QHHG WR EH KDQGOHG� 7KLV ODFN RI UHXVDELOLW\ RI FRGH ZRXOG SUHVHQW D VHULRXV LVVXH WR

XVHDELOLW\ RI WKH ODQJXDJH�

$V ZH VDZ LQ 6HFWLRQ ��� LQ RUGHU IRU K�T WR KDYH WUXH SDUDPHWULF SRO\PRUSKLVP� ZH

QHHG WR KDYH SRO\PRUSKLF HIIHFWV �L�H� HIIHFWV WKDW DUH SRO\PRUSKLF RYHU WKH UHJLRQV
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WKDW WKH\ HQFRPSDVV�� ,I ZH ZDQWHG WKLV LQ ΛC� WKH ER[HG W\SHV LQ )LJXUH ��� ZRXOG

QHHG WR EH DPHQGHG ZLWK HIIHFW YDULDEOHV�

µ = . . .
| ϵ . τ (IIHFW SRO\PRUSKLVP
| τ [ϵ &→ φ] (IIHFW LQVWDQWLDWLRQ

�����

DQG HIIHFWV DPHQGHG VR WKDW WKH\ FDQ PDNH XVH RI WKHVH HIIHFW YDULDEOHV�

φ ::= . . . | φ ∪ ϵ �����

DQG ZLWK WKLV XSGDWHG GHILQLWLRQ� ZH FRXOG WKHQ DQQRWDWH K�T ZLWK WKH IROORZLQJ

HIIHFW�SRO\PRUSKLF W\SH�

K�T : (ϵ . (((τ1
ϵ−→ τ2,ζ1) × ( o2+ τ1,ζ2),ζ3)

φ ′∪ϵ−−−→ ( o2+ τ2,ζ4),ζ5),ζ6)

+RZHYHU� LI ZH DGGHG HIIHFW SRO\PRUSKLVP LQ WKLV PDQQHU WR WKH ODQJXDJH ZH ZRXOG

UXQ LQWR LVVXHV ODWHU RQ ZKHQ ZH VWDUW PRYLQJ FRPSXWDWLRQV EHWZHHQ WKH &38 DQG

WKH *38 LQ &KDSWHU ��

$OO LV QRW ORVW KRZHYHU� :KLOH ZH PD\ ODFN IXOO HIIHFW SRO\PRUSKLVP LQ WKH ODQJXDJH�

ODUJH SDUWV RI SRO\PRUSKLVP FDQ VWLOO EH VLPXODWHG E\ FOHYHU XVH RI UHJLRQ DEVWUDFWLRQ

DQG LQVWDQWLDWLRQ� DQG E\ ³WUXQFDWLQJ´ WKH VL]H RI WKH HIIHFWV WKDW ZH DUH SRO\PRUSKLF

RYHU� OLPLWLQJ WKH QXPEHU RI SDUDPHWHUL]HG UHJLRQV DOORZHG LQ WKH HIIHFW� 7KXV

LQΛC WKH W\SH DERYH IRU K�T LV WUDQVODWHG LQWR WKH IROORZLQJ �IRU D 2�WUXQFDWLRQ��

K�T : (Πρ′1 B {}.{ρ} . (Πρ′2 B {}.{ρ} .

(((τ1
{ρ ′1,ρ

′
2}−−−−−−→ τ2,ζ1) × ( o2+ τ1,ζ2),ζ3)

φ ′∪{ρ ′1,ρ ′2}−−−−−−−−→ ( o2+ τ2,ζ4),ζ5),ζ6),ζ6)

7UXQFDWLQJ WKH SRO\PRUSKLVP LQ HIIHFWV WKLV ZD\ DOORZV XV WR WUDQVODWH HIIHFW SRO\�

PRUSKLVP LQ WKH IROORZLQJ PDQQHU� JLYHQ D W\SH τ ′ = (ϵ . τ ,ζ1)� ZH VWDUW E\ ILUVW

UHSODFLQJ WKH HIIHFW YDULDEOH ϵ ZLWK WKH VHW RI DOO SRVVLEOH UHJLRQV WKDW WKH HIIHFW FRXOG

EH LQVWDQWLDWHGZLWK²WKXV LQ WKH FDVH RIn�WUXQFDWHG HIIHFW SRO\PRUSKLVPZH UHSODFH

φ ∪ ϵ ZLWK φ ∪ {ρ1, . . . ,ρn} ZKHUH ρi ! φ� DQG ZKHUH HDFK ³IUHVK´ ρi LV LQWURGXFHG E\
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D UHJLRQ DEVWUDFWLRQ ZLWK QR ERXQG� DQG WKH UHJLRQ DEVWUDFWLRQ LV ER[HG LQ WKH VDPH

UHJLRQ DV WKH HIIHFW DEVWUDFWLRQ�

(Πρ1 B {}{ρ} . . . (Πρn B {}{ρ} . Enτ (τ ,{ϵ &→ {ρ1, . . . ,ρn}),ζ1) . . .,ζ1)

$IWHU WKLV WUDQVODWLRQ� LQVWDQWLDWLQJ DQ HIIHFW YDULDEOH DPRXQWV WR LQVWDQWLDWLRQ E\ D

JLYHQ VHW RI UHJLRQV²WKH VHW RI UHJLRQV WKDW WKH HIIHFW YDULDEOH ϵ VWRRG IRU RULJLQDOO\²

WKXV HIIHFW LQVWDQWLDWLRQ FDQ EH WUDQVODWHG LQWR D VHULHV RI UHJLRQ LQVWDQWLDWLRQV DIWHU

SHUIRUPLQJ WKH DERYH WUDQVODWLRQ RQ HIIHFW�SRO\PRUSKLF FRGH� ,W LV ZRUWK HPSKD�

VL]LQJ WKDW VLQFH HIIHFWV DUH VHWV� ZH FDQ UHSUHVHQW HIIHFW SRO\PRUSKLVP XS WR DQG

LQFOXGLQJ n GLIIHUHQW UHJLRQV RQ DQ n�SRO\PRUSKLF W\SH�

7KH WUDQVODWLRQ GHVFULEHG DERYH LV IRUPDOL]HG LQ )LJXUH ���� ZKHUH ZH DUH WUDQVODW�

LQJ IURP WKH W\SH� DQG HIIHFW V\VWHP GHVFULEHG LQ (TXDWLRQV ����� DQG ����� WR WKH

W\SHV DQG HIIHFWV SUHVHQWHG LQ )LJXUH ���� ,W LV ZRUWK QRWLQJ DJDLQ WKDW ZKLOH ZH FDQ

UHFRYHU D ODUJH DPRXQW RI HIIHFW SRO\PRUSKLVP E\ WKLV WUDQVODWLRQ� ZH GRQ¶W KDYH IXOO

SRO\PRUSKLVP RYHU HIIHFWV� ZH FDQ RQO\ WUDQVODWH HIIHFWV ZLWK D ERXQGHG QXPEHU RI

UHJLRQV LQ WKH HIIHFW VHW� :KLOH WKLV ODFN RI IXOO� XQERXQGHG� HIIHFW SRO\PRUSKLVP

LV VWLOO VRPHZKDW RI D OLPLWDWLRQ� ZH FDQ QHYHUWKHOHVV UHSUHVHQW ODUJH DPRXQWV RI

SRO\PRUSKLVP LQ ΛC DQG ZULWH IXQFWLRQV WKDW DUH IXQFWLRQDOO\ SRO\PRUSKLF ZKLOH

VWLOO DYRLGLQJ WKH GLIILFXOWLHV WKDW FRPH ZLWK IXOO HIIHFW SRO\PRUSKLVP�

����� 7KH 7\SH 6\VWHP

7KH W\SLQJ MXGJHPHQWV IRU WKH W\SH V\VWHPDUH V\QWD[�GLUHFWHG DQG WDNH WKH VWDQGDUG

IRUP IRU D UHJLRQ�W\SLQJ V\VWHP�

Ω;∆; Γ ?H[S e : τ ,φ

ZKHUH Ω LV WKH FXUUHQW VHW RI YDOLG FRPSXWDWLRQDO UHJLRQV� ∆ LV WKH FXUUHQW VHW RI

UHJLRQ FRQVWUDLQWV� Γ LV D PDSSLQJ IURP WHUP YDULDEOHV WR W\SHV� DQG φ LV D VHW RI
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Enτ (τ ,σ )

Enτ ( #QQH ,σ ) = #QQH
Enτ ( BMi ,σ ) = BMi
Enτ ((µ,ρ),σ ) = Enµ (µ,σ ,ρ)

Enµ (µ,σ ,ζ )

Enµ (τ1
φ−→ τ2,σ ,ζ ) =

(
Enτ (τ1,σ )

Enφ (φ,σ )−−−−−−→ Enτ (τ2,σ ),ζ

)

Enµ (τ1 × τ2,σ ,ζ ) = (
Enτ (τ1,σ ) × Enτ (τ2,σ ),ζ

)

Enµ ( o2+ τ ,σ ,ζ ) = ( o2+ Enτ (τ ,σ ),ζ
)

Enµ (Πρ B φ .φ
′
τ ,σ ,ζ ) =

(
Πρ B Enφ (φ,σ ) .E

n
φ (φ

′,σ ) Enτ (τ ,σ ),ζ
)

Enµ (ϵ . τ ,σ ,ζ ) =
(
Πρ1 B {} .{ρ} . . .

(
Πρn B {} .{ρ}

Enτ (τ ,σ [ϵ &→ {ρ1, . . . ,ρn}]),ζ
)
. . . ,ζ

)

ρ1, . . . ,ρn IUHVK, ϵ ! dom(σ )

Enµ (ϵ . τ ,σ ,ζ ) =
(
Πρ1 B {} .{ρ} . . .

(
Πρk B {} .{ρ} Enτ (τ ,σ ),ζ

)
. . . ,ζ

)

ϵ ∈ dom(σ ), σ (ϵ ) = {ρ1, . . . ,ρk}
Enµ (τ [ϵ &→ φ],σ ,ζ ) =

(
Enτ (τ ,σ [ϵ &→ Enφ (φ,σ )]),ζ

)

Enφ (φ,σ )

Enφ ({ρ1, . . . ,ρk},σ ) = {ρ1, . . . ,ρk}
Enφ (φ ∪ ϵ ,σ ) = Enφ (φ,σ ) ∪ σ (ϵ )

)LJXUH ���� 7UDQVODWLRQ RI WUXQFDWHG HIIHFW SRO\PRUSKLVP WR ΛC�

ERXQGLQJ HIIHFWV IRU WKH H[SUHVVLRQ e� DQG LV UHDG ³H[SUHVVLRQ e KDV W\SH τ DQG ERXQG�

LQJ HIIHFWV φ�´ 5HJLRQV LQ ΛC KDYH D QDWXUDO VXEW\SLQJ UHODWLRQVKLS DVVRFLDWHG ZLWK

WKHP GXH WR WKH IDFW WKDW WKH UHJLRQ VWDFN EHKDYHV LQ D /,)2 IDVKLRQ� :H H[SUHVV

WKLV UHODWLRQVKLS IRUPDOO\ WKURXJK WKH MXGJHPHQW Ω;∆ ?UU ρ B ρ′ DQG WKH UHJLRQ

FRQVWUDLQW UHODWLRQVKLS ρ B ρ′� ZKLFK LV UHDG DV ³ρ′ RXWOLYHV ρ�´ DQG WKDW ρ RFFXUV WR

WKH OHIW RI ρ′ LQ WKH �OHIWZDUGV�JURZLQJ� UHJLRQ VWDFN� 6LPLODUO\� Ω;∆ ?UU ρ B φ LV UHDG

DV VD\LQJ WKDW HYHU\ UHJLRQ LQ φ RXWOLYHV ρ�
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&RQWH[W DQG5HJLRQ -XGJHPHQWV 7KH FRQWH[W DQG W\SH ZHOO�IRUPHGQHVV UXOHV

IRU ΛC DUH SUHVHQWHG LQ )LJXUHV ��� WR ��� DQG WKH W\SLQJ MXGJHPHQWV IRU ΛC DUH

SUHVHQWHG LQ)LJXUH ��� DQG)LJXUH ����� 5HJLRQ FRQWH[WVΩ DUH RUGHUHG OLVWV RI UHJLRQ

YDULDEOHV� DQG UHJLRQ FRQVWUDLQW FRQWH[WV ∆ DUH RUGHUHG OLVWV RI UHJLRQ FRQVWUDLQWV�

9DOXH FRQWH[WV Γ DUH OLVWV RI YDULDEOHV DQG W\SHV� 7KH YDULRXV W\SH� FRQWH[W� DQG HIIHFW

ZHOO�IRUPHGQHVV MXGJHPHQWV DUH VXPPDUL]HG LQ WKH IROORZLQJ WDEOH�
-XGJHPHQW 0HDQLQJ
?UHJ Ω 5HJLRQ FRQWH[W Ω LV ZHOO�IRUPHG
Ω ?UFW[W ∆ 5HJLRQ FRQVWUDLQW FRQWH[W ∆ LV ZHOO�IRUPHG
Ω;∆ ?YFW[W Γ 7\SLQJ FRQWH[W Γ LV ZHOO�IRUPHG
?FW[W Ω;∆; Γ;φ ,Q YDOLG FRQWH[WV Ω� ∆� DQG Γ� WKH ODWHQW HIIHFW φ LV ZHOO�IRUPHG�
Ω;∆ ?EW\SH µ 7KH ER[HG W\SH µ LV ZHOO�IRUPHG
Ω ?SODFH ρ 7KH UHJLRQ ρ LV D YDOLG UHJLRQ YDULDEOH LQ Ω
Ω;∆ ?W\SH τ 7KH W\SH τ LV ZHOO�IRUPHG
Ω;∆ ?HII φ 7KH ODWHQW HIIHFW φ LV ZHOO�IRUPHG Z�U�W� Ω DQG ∆
Ω;∆ ?UU ρ B ρ′ ,I UHJLRQ ρ LV DOLYH� WKHQ ρ′ LV OLYH DV ZHOO �UHJLRQ ρ′ RXWOLYHV ρ�
Ω;∆ ?UH ρ B φ ,I UHJLRQ ρ LV DOLYH� WKHQ DOO UHJLRQV LQ φ DUH DOLYH
Ω;∆ ?HU φ D ρ 7KH UHJLRQ ρ LV D UHJLRQ LQ WKH ODWHQW HIIHFW φ
Ω;∆ ?HH φ ⊇ φ′ 7KH ODWHQW HIIHFW VHW φ′ LV D VXEVHW RI WKH ODWHQW HIIHFW φ
∆; Γ ?H[S e : τ ,φ 7KH WHUP e KDV W\SH τ DQG HIIHFWV ERXQGHG E\ φ

DQG ZKHUH reдions (∆) UHWXUQV WKH VHW RI DOO UHJLRQV FRQWDLQHG ZLWKLQ ∆� DQG LV GHILQHG

DV IROORZV�
reдions (·) = {}
reдions (∆,ρ B φ) = reдions (∆) ∪ φ ∪ {ρ}

:KLOH WKH MXGJHPHQWV UHJDUGLQJ WKH ZHOO�IRUPHGQHVV RI WKH YDULRXV FRQWH[WV DQG

W\SHV DUH VWUDLJKWIRUZDUG� WKH MXGJHPHQWV IRU UHJLRQ OLYHQHVV �Ω;∆ ?UU ρ B ρ′ DQG

Ω;∆ ?UH ρ B φ�� UHJLRQ PHPEHUVKLS �Ω;∆ ?HH φ D ρ�� DQG HIIHFW VXEVXPSWLRQ

�Ω;∆ ?HH φ ⊇ φ′� DUH UDWKHU PRUH LQWHUHVWLQJ� ,Q SDUWLFXODU� WKHUH LV D PXWXDOO\ UHFXU�

VLYH UHODWLRQVKLS EHWZHHQ WKH HIIHFW VXEVXPSWLRQ DQG UHJLRQ OLYHQHVV MXGJHPHQWV

WKDW LV LQWURGXFHG YLD WKH IROORZLQJ UXOHV WKDW UHVSHFWLYHO\ DOORZ XV WR ³SLFN RXW´ DQG

MXGJH UHJLRQ OLYHQHVV IURP WKH HIIHFW VXEVXPSWLRQ MXGJHPHQW� DQG DOVR MXGJH HIIHFW

VXEVXPSWLRQ IURP UHJLRQ OLYHQHVV�
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?UHJ Ω

?UHJ {ρ}

?UHJ Ω ρ ∈ RVars
?UHJ ρ,Ω

Ω ?SODFH ρ

?UHJ Ω ρ ∈ Ω
Ω ?SODFH ρ

Ω ?UFW[W ∆

?UFW[W ·

Ω ?UFW[W ∆ ρ ! reдions (∆)
Ω ?SODFH ρ Ω;∆ ?HII φ

Ω ?UFW[W ∆,ρ B φ

Ω;∆ ?YFW[W Γ

Ω ?UFW[W ∆
Ω;∆ ?YFW[W ·

Ω;∆ ?YFW[W Γ Ω;∆ ?W\SH τ
x ! dom(Γ)

Ω;∆ ?YFW[W Γ,x : τ

?FW[W Ω;∆; Γ;φ

Ω;∆ ?YFW[W Γ Ω;∆ ?HII φ
?FW[W Ω; Γ;φ

)LJXUH ���� :HOO IRUPHGQHVV UXOHV IRU FRQWH[WV

Ω ?UFW[W ∆ Ω ?SODFH ρ
∆ ?UH ρ B {ρ1, . . . ,ρi , . . . ,ρn}

Ω;∆ ?UU ρ B ρi

Ω ?UFW[W ∆
Ω;∆ ?UU ρ B ρi i = 1, . . . ,n
Ω;∆ ?UH ρ B {ρ1, . . . ,ρn}

)XUWKHU� QRWH WKDW WKH UXOHV IRU ERWK Ω;∆ ?UU ρ B ρ′ DQG Ω;∆ ?UH ρ B φ VLPSO\

IRUPDOL]H WKH UHIOH[LYH DQG WUDQVLWLYH FORVXUH RI WKH V\QWDFWLF FRQVWUDLQWV SODFHG RQ

∆� DVVHUWLQJ D SDUWLFXODU ³RXWOLYHG E\´ UHODWLRQ EHWZHHQ D UHJLRQ DQG DQ HIIHFW�
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Ω;∆ ?UU ρ B ρ′

Ω ?UFW[W ∆ Ω ?SODFH ρ
∆ ?UH ρ B {ρ1, . . . ,ρi , . . . ,ρn}

Ω;∆ ?UU ρ B ρi
Ω ?SODFH ρ
∆ ?UU ρ B ρ

Ω;∆ ?UU ρ B ρ′ Ω;∆ ?UU ρ′ B ρ′′

Ω;∆ ?UU ρ B ρ′′

Ω;∆ ?UH ρ B φ

Ω ?UFW[W ∆
Ω;∆ ?UU ρ B ρi i = 1, . . . ,n
Ω;∆ ?UH ρ B {ρ1, . . . ,ρn}

Ω;∆ ?HU φ D ρ

Ω ?SODFH ρi
Ω;∆ ?HII {ρ1, . . . ,ρn}

Ω;∆ ?HU {ρ1, . . . ,ρn} D ρi

Ω;∆ ?HH φ ⊇ φ′

Ω;∆ ?HII φ Ω;∆ ?HU φ D ρi
Ω;∆ ?HH φ ⊇ {ρi}ni=1

)LJXUH ���� :HOO IRUPHGQHVV UXOHV IRU UHJLRQV DQG HIIHFWV

7\SLQJ 5XOHV 7KH NH\ MXGJHPHQW LQ DQ\ UHJLRQ FDOFXOXV LV WKH W\SLQJ UXOH IRU

H2i`2;BQM�

Ω;∆ ?W\SH τ ?FW[W Ω;∆; Γ; {ρ1, . . . ,ρn}
ρ,Ω;∆,ρ B {ρ1, . . . ,ρn}; Γ ?H[S e : τ ,{ρ1, . . . ,ρn,ρ}

Ω;∆; Γ ?H[S H2i`2;BQM ρ BM e : τ ,{ρ1, . . . ,ρn}

ZKHUH WKHUH LV DQ LPSOLFLW DQWHFHGHQW WKDW ρ ! reдions (∆)� DQG WKH MXGJHPHQWVΩ;∆ ?W\SH
τ DQG ?FW[W ∆; Γ;φ HQVXUH WKDW ρ GRHV QRW DSSHDU LQ WKH UHVXOW W\SH� RU LQ WKH W\SHV RI

WKH YDOXH HQYLURQPHQW� 7KH QHZ UHJLRQ LV WKHQ UHODWHG WR WKH FXUUHQW VHW RI HIIHFWV φ
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Ω;∆ ?EW\SH µ

Ω;∆ ?W\SH τ1 Ω;∆ ?HII φ Ω;∆ ?W\SH τ2

Ω;∆ ?EW\SH τ1
φ−→ τ2

Ω;∆ ?W\SH τ1 Ω;∆ ?W\SH τ2

Ω;∆ ?EW\SH τ1 × τ2

Ω;∆ ?HII φ′ ρ,Ω;∆,ρ B φ′ ?HII φ ρ,Ω;∆,ρ B φ′ ?W\SH τ
Ω;∆ ?EW\SH Πρ B φ′.φτ

Ω ?SODFH ρ

ρ ∈ Ω
Ω ?SODFH ρ

Ω;∆ ?W\SH τ

Ω ?UFW[W ∆
Ω;∆ ?W\SH BMi

Ω ?UFW[W ∆
Ω;∆ ?W\SH #QQH

Ω;∆ ?EW\SH µ Ω ?SODFH ρ
Ω;∆ ?W\SH (µ,ρ)

Ω;∆ ?HII φ

Ω ?UFW[W ∆ Ω ?SODFH ρi
Ω;∆ ?HII {ρi}ni=1

)LJXUH ���� :HOO IRUPHGQHVV UXOHV IRU W\SHV

E\ DGGLQJ WKH FRQVWUDLQW WKDW ρ LV RXWOLYHG E\ DOO UHJLRQV LQ φ� DQG LV DOVR DGGHG LQ WR

WKH VHW RI HIIHFWV IRU WKH W\SHFKHFNLQJ RI WKH ERG\ RI WKH H2i`2;BQM IRUP�
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Ω;∆; Γ ?H[S e : τ ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S i : BMi ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S e1 : BMi ,φ
Ω;∆; Γ ?H[S e2 : BMi ,φ

Ω;∆; Γ ?H[S e1 ∗ e2 : BMi ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S e1 : BMi ,φ
Ω;∆; Γ ?H[S e2 : BMi ,φ

Ω;∆; Γ ?H[S e1 < e2 : #QQH ,φ
?FW[W Ω;∆; Γ;φ

Ω;∆; Γ ?H[S 6�Hb2 : #QQH ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S h`m2 : #QQH ,φ

Ω;∆; Γ ?H[S eb : #QQH ,φ
Ω;∆; Γ ?H[S et : τ ,φ
Ω;∆; Γ ?H[S ef : τ ,φ

Ω;∆; Γ ?H[S B7 eb i?2M et 2Hb2 ef : τ ,φ

?FW[W Ω;∆; Γ;φ
x ∈ dom(Γ) Γ(x ) = τ

Ω;∆; Γ ?H[S x : τ ,φ

Ω;∆; Γ,x : τ1 ?H[S e′ : τ2,φ′

Ω ?SODFH ρ Ω;∆ ?HU φ D ρ

Ω;∆; Γ ?H[S λx : τ1.φ
′
e′ �i ρ : (τ1

φ ′−→ τ2,ρ),φ

Ω;∆; Γ ?H[S e1 : (τ1
φ ′−→ τ2,ρ),φ

Ω;∆ ?HU φ D ρ
Ω;∆; Γ ?H[S e2 : τ1,φ Ω;∆ ?HH φ ⊇ φ′

Ω;∆; Γ ?H[S e1 e2 : τ2,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S e1 : τ1,φ
Ω;∆; Γ ?H[S e2 : τ2,φ

Ω ?SODFH ρ Ω;∆ ?HU φ D ρ
Ω;∆; Γ ?H[S (e1,e2) �i ρ : (τ1 × τ2,ρ),φ

Ω;∆; Γ ?H[S e : (τ1 × τ2,ρ),φ
Ω;∆ ?HU φ D ρ

Ω;∆; Γ ?H[S 7bi e : τ1,φ

Ω;∆; Γ ?H[S e : (τ1 × τ2,ρ),φ
Ω;∆ ?HU φ D ρ

Ω;∆; Γ ?H[S bM/ e : τ2,φ

)LJXUH ���� 7KH EDVH W\SLQJ UXOHV IRU ΛC EDVHG RQ WKH %RXQGHG (IIHFW &DOFXOXV RI )OXHW DQG
0RUULVHWW >��@
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Ω;∆; Γ ?H[S ei : τ ,φ
Ω ?SODFH ρ Ω;∆ ?HU φ D ρ

Ω;∆; Γ ?H[S [e1, . . . ,en] �i ρ : ( o2+ τ ,ρ),φ

ρ,Ω;∆,ζ B φ′′; Γ ?H[S u′ : τ ,φ′
Ω ?SODFH ρ Ω;∆ ?HU φ D ρ

Ω;∆; Γ ?H[S λ ζ B φ′′.φ
′
u′ �i ρ : (Πζ B φ′′.φ ′τ ,ρ),φ

Ω;∆; Γ ?H[S e : (Πρ B φ′′.φ ′τ ,ρ1),φ Ω;∆ ?HU φ D ρ1
Ω ?SODFH ρ2 Ω;∆ ?UH ρ2 B φ′′ Ω;∆ ?HH φ[ρ2/ρ] ⊇ φ′[ρ2/ρ]

Ω;∆; Γ ?H[S e[ρ2] : τ [ρ2/ρ],φ

Ω;∆; Γ, f : τ ?H[S u : τ ,φ
Ω;∆; Γ ?H[S 7Bt f : τ .u : τ ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γ ?H[S e1 : τ1,φ1 Ω;∆; Γ ?H[S e2 : τ2,φ2

Ω ?SODFH ρ Ω;∆ ?HH φ ⊇ φ1
Ω;∆ ?HU φ D ρ Ω;∆ ?HH φ ⊇ φ2

Ω;∆; Γ ?H[S e1‖e2 �i ρ : (τ1 × τ2,ρ),φ

Ω;∆; Γ ?H[S e : (τ1
φ ′−→ τ2,ρ′),φ Ω ?SODFH ρ′ Ω;∆ ?HH φ ⊇ φ′

Ω;∆; Γ ?H[S ei : τ1,φ Ω;∆ ?HU φ D ρ′ Ω;∆ ?HU φ D ρ
Ω;∆; Γ ?H[S T�`K�T e [e1, . . . ,en] �i ρ : ( o2+ τ2,ρ),φ

Ω;∆ ?W\SH τ ?FW[W Ω;∆; Γ; {ρ1, . . . ,ρn}
ρ,Ω;∆,ρ B {ρ1, . . . ,ρn}; Γ ?H[S e : τ ,{ρ1, . . . ,ρn,ρ}

Ω;∆; Γ ?H[S H2i`2;BQM ρ BM e : τ ,{ρ1, . . . ,ρn}

)LJXUH ����� 7KH W\SLQJ UXOHV IRU ΛC �FRQWLQXHG��

$ VXEWOH²\HW LPSRUWDQW²GLIIHUHQFH DULVHV LQ WKH SDLU DQGSDUDOOHO HYDOXDWLRQ UXOHV�
?FW[W Ω;∆; Γ;φ

Ω;∆; Γ ?H[S e1 : τ1,φ
Ω;∆; Γ ?H[S e2 : τ2,φ

Ω ?SODFH ρ Ω;∆ ?HU φ D ρ
Ω;∆; Γ ?H[S (e1,e2) �i ρ : (τ1 × τ2,ρ),φ

?FW[W Ω;∆; Γ;φ Ω;∆ ?HU φ D ρ Ω ?SODFH ρ
Ω;∆; Γ ?H[S e1 : τ1,φ1 Ω;∆; Γ ?H[S e2 : τ2,φ2

Ω;∆ ?HH φ ⊇ φ1 Ω;∆ ?HH φ ⊇ φ2

Ω;∆; Γ ?H[S e1‖e2 �i ρ : (τ1 × τ2,ρ),φ
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,Q SDUWLFXODU� WKH VHW RI HIIHFWV WKDW DUH LQIHUUHG IRU e1 DQG e2 DUH LQIHUUHG VHSDUDWHO\�

DQG WKHQ MRLQHG WR IRUP φ� 6XFK D φ LV JXDUDQWHHG WR H[LVW VLQFH ZH FDQ DOZD\V WDNH

φ = φ1 ∪ φ2 ∪ {ρ}� ,W LV VWUDLJKWIRUZDUG WR VHH WKDW ZH FRXOG DOVR HOLGH WKH VHSDUDWH

HIIHFW VHWV IRU e1 DQG e2� KRZHYHU NHHSLQJ WKH HIIHFW VHWV IRU SDUDOOHO H[SUHVVLRQV

GLVMRLQW LQ WKLV PDQQHU LV XVHIXO DV WKLV ZLOO SURYLGH D QDWXUDO ZD\ WR VHSDUDWH DQG

UHDVRQ DERXW WKH UHJLRQV XVHG E\ WKH GLIIHUHQW WKUHDGV RI H[HFXWLRQ�

$VPHQWLRQHG HDUOLHU� HDFK DEVWUDFWLRQ FDUULHV ZLWK LW D VHW RI ODWHQW HIIHFWV WKDW GHWDLO

WKH PHPRU\ DFFHVV FKDUDFWHULVWLFV RI WKH DEVWUDFWLRQ� 7KHVH ODWHQW HIIHFWV DUH WKHQ

XVHG LQ WKH WZR DSSOLFDWLRQ MXGJHPHQWV LQ WKH W\SH V\VWHP LQ RUGHU WR HQVXUH WKDW WKH

VHW RI HIIHFWV WKDW DUH LQIHUUHG IRU WKH DSSOLFDWLRQ VXEVXPH WKH ODWHQW HIIHFWV DWWDFKHG

WR WKH DEVWUDFWLRQ WKDW LV EHLQJ DSSOLHG� :H FDQ VHH WKLV LQ WKH UXOH IRU IXQFWLRQ

DSSOLFDWLRQ ZKHUH ZH HQVXUH WKDW WKH ODWHQW HIIHFW RI WKH IXQFWLRQ EHLQJ DSSOLHG LV

VXEVXPHG E\ WKH HIIHFW LQIHUUHG� Ω;∆ ?HH φ ⊃ φ′� ,Q WKH FDVH RI UHJLRQ DSSOLFDWLRQ�

ZH DOVR QHHG WR HQVXUH WKDW WKH UHJLRQ WKDW LV EHLQJ DSSOLHG RXWOLYHV WKH ORZHU�ERXQG

HIIHFWV IRU WKH UHJLRQ DEVWUDFWLRQ WKDW WKH UHJLRQ LV EHLQJ DSSOLHG WR�

����� 7\SLQJ +HDS 9DOXHV

,Q RUGHU WR W\SH KHDS YDOXHV²ZKLFKPD\ FRQWDLQ UHJLRQ YDULDEOHV²ZHQHHG DZD\ WR

FRQQHFW UHJLRQ YDULDEOHV LQΩ WR WKHLU FRUUHVSRQGLQJ UHJLRQQDPHV LQ WKH UHJLRQ VWDFN

S� )XUWKHU� VLQFH YDOXHV FRPH DERXW WKURXJK UHGXFWLRQV VSHFLILHG E\ WKH VHPDQWLFV

RI ΛC DQG DUH WKHPVHOYHV VWRUHG LQ WKH UHJLRQ VWDFN� ZH QHHG D ZD\ RI UHODWLQJ WKH

EHKDYLRU RI UHJLRQV LQ WKH G\QDPLF VHPDQWLFV DQG WKH VWDWLF VHPDQWLFV IRU KHDS

YDOXHV� ,Q RUGHU WR GR WKLV� ZH GHILQH WKH UXQWLPH UHJLRQ FRQWH[W E ZKLFK UHSOLFDWHV

WKHPDSSLQJ RI UHJLRQ YDULDEOHV WR UHJLRQQDPHV WKDWZLOO EH GRQH LQ WKH HQYLURQPHQW

E LQ WKH FRVW VHPDQWLFV� 1RWH WKDW WKH UXQWLPH HQYLURQPHQW EPDSV YDULDEOHV WR KHDS
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embed (E)
embed ([]) = []
embed ((ρ,r ) : rest ) = (BMH ρ,BM` r ) : embed (rest )

proj (E)

proj ([]) = []
proj ((BMH ρ,BMH r ) : rest ) = (ρ,r ) : proj (rest )
proj (x : rest ) = proj (rest )

)LJXUH ����� 'HILQLWLRQ RI UXQWLPH HQYLURQPHQW SURMHFWLRQ DQG HPEHGGLQJ�

YDOXHV� DQG UHJLRQ YDULDEOHV WR UHJLRQ QDPHV E\ WKH IROORZLQJZKHUH+ UHSUHVHQWV WKH

FRSURGXFW�

E : (Vars + RVars) → (v + RNames)

DQG E LV JLYHQ E\ WKH IROORZLQJ PDSSLQJ�

E : RVars→ RNames

:H FDQ WKHUHIRUH HDVLO\ GHILQH WKH HPEHGGLQJ� embed (E)� RI E LQWR E DV ZHOO DV WKH

SURMHFWLRQ� proj (E)� RI E LQWR E� 7KH GHILQLWLRQV RI WKHVH DUH JLYHQ LQ )LJXUH ����

)LJXUH ���� SUHVHQWV WKH UXOHV IRU WKH SULPDU\ MXGJHPHQW E;S; Ω ?YDO v : τ � DV ZHOO

DV MXGJHPHQWV IRU E "← S� E "→ S,E " S� DQG E;S ?YUHJ Ω� 7KH IRUPHU MXGJHPHQW

DVVHUWV WKDW WKH KHDS YDOXHv LV ZHOO�W\SHGZKLOH WKH ODWWHU MXGJHPHQWV H[SUHVV UHJLRQ

VWDFN DQG UXQWLPH UHJLRQ�FRQWH[W FRQVLVWHQF\ UHODWLRQV� FXOPLQDWLQJ LQ E;S ?YUHJ Ω

ZKLFK UHODWHV UXQWLPH UHJLRQ VWDFNV DQG FRQWH[WV ZLWK ZHOO�IRUPHGQHVV RI WKH VWDWLF

UHJLRQ FRQWH[W Ω� 7KH UXOHV IRU E;S; Ω ?YDO v : τ DUH VLPLODU WR WKRVH IRU WKH UHODWHG

WHUPV LQ )LJXUHV ��� DQG ����� 1RWH WKDW WKHUH DUH QR HIIHFWV DVVRFLDWHG ZLWK WKHVH

MXGJHPHQWV� RQFH DQ H[SUHVVLRQ KDV EHHQ HYDOXDWHG WR D YDOXH WKHQ LW QR ORQJHU JLYHV

ULVH WR D FRPSXWDWLRQDO HIIHFW�
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E : RVars→ RNames 5XQWLPH UHJLRQ FRQWH[W

E "→ S := ∀ρ ∈ dom(E) . E (ρ) ∈ dom(S)

E "← S := ∀r ∈ dom(S) . r ∈ range(E)

E " S := E "← S ∧ E "→ S

E;S ?YUHJ Ω

E " S dom(E) = Ω

E;S ?YUHJ Ω

E;S; Ω ?YDO v : τ

E;S ?YUHJ Ω
E;S; Ω ?YDO i : BMi

E;S ?YUHJ Ω
E;S; Ω ?YDO b : #QQH

E;S; Ω ?YDO v1 : τ1 E;S; Ω ?YDO v2 : τ2

E;S; Ω ?YDO (v1,v2) : τ1 × τ2

E;S; Ω ?YDO vi : τ
E;S; Ω ?YDO [v1, . . . ,vn] : o2+ τ

E;S ?YUHJ Ω Ω; ·;x : τ1 ?H[S e : τ2,φ

E;S; Ω ?YDO +HQb (x : τ1,e,E) : τ1
φ−→ τ2

E;S ?YUHJ Ω Ω,ρ; ·,ρ B φ; · ?H[S u : τ ,φ′

E;S; Ω ?YDO `+HQb (ρ,φ,φ′,u) : Πρ B φ.φ ′τ

! = (r ,o) r ∈ dom(S) (ρ,r ) ∈ E
E;S; Ω ?YDO S (!) : τ
E;S; Ω ?YDO ! : (τ ,ρ)

)LJXUH ����� 7\SLQJ UXOHV IRU YDOXHV�
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��� 0HPRU\ 0RGHO

7KLV VHFWLRQ GHVFULEHV WKH PHPRU\PRGHO DQG OD\RXW IRU ΛC DQG GHWDLOV WKH FUHDWLRQ�

OD\RXW� DQG DFFHVV RI UHJLRQV LQ WKH XQGHUO\LQJPHPRU\PRGHO IRU WKH ODQJXDJH� 7KLV

LV D UHJLRQ�EDVHG PHPRU\ PRGHO ZLWK LPPXWDEOH UHJLRQV DQG UHIHUHQFH FRXQWLQJ WR

GHDO ZLWK WDVN SDUDOOHOLVP� :KLOH UHJLRQ�EDVHG PHPRU\ PRGHOV �5%00� KDYH EHHQ

ZHOO�VWXGLHG LQ WKH JHQHUDO VHWWLQJ >�@� UHJLRQ�EDVHG PHPRU\ PRGHOV IRU KHWHURJH�

QHRXV ODQJXDJHV DUH D UHODWLYHO\ QHZ DYHQXH RI UHVHDUFK KDYLQJ RQO\ EHHQ LQWURGXFHG

LQ WKH SDVW WKUHH \HDUV E\ +RON HW DO� >�@ DQG +RON >�@� 6LQFH ΛC LV GHVLJQHG ZLWK WKH

YLHZ WRZDUGV ODWHU RQ EHLQJ JHQHUDOL]HG LQ &KDSWHU � WR D KHWHURJHQHRXV ODQJXDJH�

ZH XVH WKLV UHFHQW ZRUN RQ UHJLRQV WR LQIRUP WKH PHPRU\ PRGHO WKDW LV GHYHORSHG

KHUH�

����� 5HJLRQ %DVHG 0HPRU\ 0DQDJHPHQW

5HSUHVHQWLQJ WKH KHDS DV D VHULHV RI ³KHDSOHWV´ RQ WKH UHJLRQ VWDFN WKDW JURZV DQG

VKULQNV DV ZH HQFRXQWHU H2i`2;BQM IRUPV GXULQJ WKH UHGXFWLRQZLOO JUHDWO\ VLPSOLI\

WKH GHWHUPLQDWLRQ RI WKH VSDFH XVDJH LQ WKH FRVW VHPDQWLFV�� +RZHYHU� LQWURGXFLQJ

D 5%00 V\VWHP HVSHFLDOO\ LQ D SDUDOOHO VHWWLQJ LQWURGXFHV LWV RZQ FKDOOHQJHV WKDW

QHHG WR EH RYHUFRPH� ,Q SDUWLFXODU� ZH QHHG WR EH FDUHIXO DERXW GLVDOORZLQJ UDFH

FRQGLWLRQV IRU DOORFDWLRQ ZLWKLQ UHJLRQV� %HIRUH ZH FDQ FRQTXHU WKHVH FKDOOHQJHV ZH

PXVW ILUVW GHILQH WKH OD\ RI WKH ODQG� :H WKXV VWDUW RXW GHILQLQJ ZKDW H[DFWO\ D UHJLRQ

µLV¶�

'HILQLWLRQ ����� �5HJLRQ�� :HGHILQH D UHJLRQ R WR EH D WXSOH (ap,s, refcnt,ν )ZKHUH�

� ap LV WKH DOORFDWLRQ SRLQWHU IRU WKH UHJLRQ� $FFHVV LV DWRPLF�

� s LV WKH VL]H �LQ E\WHV� RI WKH UHJLRQ� $FFHVV LV DWRPLF�
�$QG DV ZH ZLOO VHH ODWHU� GHWHUPLQLQJ WUDQVIHU FRVWV WR� DQG IURP WKH *38�
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� refcnt LV WKH UHIHUHQFH FRXQW IRU WKH UHJLRQ� $FFHVV LV DWRPLF�

� ν : N→ v LV DPDSSLQJ IURPRIIVHWV o LQ WKH XQGHUO\LQJPHPRU\ IRU WKH UHJLRQ

WR KHDS YDOXHV v� 7KH RIIVHWV DUH ERXQGHG E\ WKH VL]H s RI WKH UHJLRQ�

6LQFH UHJLRQV DUH VLPSO\ D 4�WXSOH RI YDOXHV WR PDQDJH WKH ERRN�NHHSLQJ IRU WKH

XQGHUO\LQJ PHPRU\ RI WKH UHJLRQ� FUHDWLQJ WKHP LV D IDLUO\ VWUDLJKWIRUZDUG SURFHVV

ZLWK WKH H[FHSWLRQ RI LQLWLDOL]LQJ WKH DOORFDWLRQ SRLQWHU� VLQFH ZH PXVW UHFRUG WKH

EDVH RI WKH UHJLRQ �L�H�� ZKHUH WKH UHJLRQ EHJLQV LQ JOREDO PHPRU\� WKLV LQYROYHV LQ

WKH VLPSOHVW FDVH� JOREDO V\QFKURQRXV DFFHVV WR D JOREDO RIIVHW� 7KHUHIRUH LQ RUGHU

WR VLPSOLI\ WKLQJV ZH DVVXPH WKDW FUHDWLRQ RI UHJLRQV LQYROYHV D VLQJXODU DWRPLF

IHWFK�DQG�DGG RQ WKH JOREDO DOORFDWLRQ SRLQWHU �ZKHUH ZH DGG D SUHGHWHUPLQHG EDVH

VL]H allocSize WR WKH JOREDO DOORFDWLRQ SRLQWHU��

%XPSLQJ D JOREDO DOORFDWLRQ SRLQWHU WR GHWHUPLQH DOORFDWLRQ DUHDV IRU QHZ UHJLRQV

LV D QRQ�RSWLPDO DOJRULWKP VLQFH ZH ZLOO TXLFNO\ UXQ RXW RI VSDFH LQ ZKLFK WR FUHDWH

UHJLRQV� ZLWK D EHWWHU VROXWLRQ EHLQJ WR XVH D JOREDO IUHH�OLVW RI VWDUW ORFDWLRQV IRU

UHJLRQV �DQG SXVK DQG SRS WR WKHVH�� :H GR QRW GR WKLV KRZHYHU VLQFH LW LV QRW

FULWLFDO IRU WKH WKHRU\� DQG PHUHO\ FRPSOLFDWHV WKLQJV� :H WKXV PDNH WKH IROORZLQJ

VLPSOLI\LQJ DVVXPSWLRQV DERXW DOORFDWLRQ �DQG GH�DOORFDWLRQ� RI UHJLRQV WKURXJKRXW

WKH UHVW RI WKLV GLVVHUWDWLRQ�

�� $OO FUHDWLRQ RI UHJLRQV LV UDFH�IUHH �HLWKHU WKURXJK D FULWLFDO VHFWLRQ� RU VLQFH

WKH\ FDQ EH FUHDWHG DWRPLFDOO\��

�� 2QFH D UHJLRQ LV SRSSHG IURP WKH UHJLRQ VWDFN WKH SRUWLRQ RI PHPRU\ XVHG E\

WKDW UHJLRQ PD\ QRZ EH XVHG HLWKHU E\ VXUURXQGLQJ UHJLRQV� DQG�RU PD\ EH

XVHG WR FUHDWH RWKHU UHJLRQV�

�� 7KH VL]H RI JOREDO PHPRU\ LV ODUJH HQRXJK WKDW DOO DOORFDWLRQV RI QHZ UHJLRQV

VXFFHHG�
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|v | + ap > |R | o = ap n = max (allocSize, |v | + ap − |R |)
R;v ↓ o@(ap + |v | + 1,s + n, refcnt,ν [o &→ v])

|v | + ap ≤ |R | o = ap
R;v ↓ o@(ap + |v | + 1,s, refcnt,ν [o &→ v])

! = (r ,o) S (r ) = (ap,B,B,ν )
o < ap o ∈ dom(ν ) v = ν (o)

S; ! ↑ v

)LJXUH ����� $OORFDWLRQ DQG 5HDGLQJ

,Q RUGHU WR OHVVHQ WKH QRWDWLRQDO EXUGHQ� ZH VKDOO RIWHQ FRQIODWH WKH UHJLRQ R =

(ap,s, refcnt,ν ) ZLWK LWV XQGHUO\LQJ PHPRU\ ν ZKHUH WKHUH LV QR DPELJXLW\� H�J�� |R | =
|ν |� dom(R) = dom(ν ) HWF�

2QFH D UHJLRQ KDV EHHQ DOORFDWHG� DOORFDWLRQV ZLWKLQ WKDW UHJLRQ VLPSO\ LQYROYH DQ

DWRPLF EXPSLQJ RI WKH UHJLRQ DOORFDWLRQ SRLQWHU� ZLWK WKH RQO\ GLIILFXOW\ DULVLQJ

ZKHQ ZH UXQ RXW RI VSDFH LQ WKH XQGHUO\LQJ PHPRU\ IRU WKH UHJLRQ� ,Q WKH ODWWHU

FDVH ZH H[WHQG WKH H[LVWLQJ UHJLRQ¶V XQGHUO\LQJ PHPRU\ ZLWK HQRXJK VSDFH DQG

WKHQ UHWU\ WKH DOORFDWLRQ�� 7KLV DOORFDWLRQ LQWR UHJLRQV LV IRUPDOL]HG E\ WKH MXGJH�

PHQW R;v ↓ o"@"R′ ZKLFK VD\V WKDW DOORFDWLRQ RI WKH KHDS YDOXHv LV DOORFDWHG DW RIIVHW

o LQ WKH PRGLILHG UHJLRQ R′� :H VLPLODUO\ KDYH D UXOH S; ! ↑ v IRU UHDGLQJ ORFDWLRQV LQ

PHPRU\ ZKLFK VD\V WKDW UHDGLQJ ORFDWLRQ ! UHVXOWV LQ YDOXH v ZLWK UHVSHFW WR UHJLRQ

VWDFN S� 7KH MXGJHPHQWV IRU WKHVH WZR IRUPV FDQ EH IRXQG LQ )LJXUH �����

$ FULWLFDO DVSHFW RI WKH UHJLRQV IRU ΛC LV WKDW WKHLU PHPRU\ LV LPPXWDEOH� )LUVWO\� E\

HQIRUFLQJ LPPXWDELOLW\ DORQJ ZLWK WKH DOORFDWLRQ VWUDWHJ\ ZLWKLQ UHJLRQV� WKH PHP�

RU\ ZLWKLQ D UHJLRQ LV QRW VXEMHFW WR UDFH FRQGLWLRQV� 6HFRQGO\� PDNLQJ UHJLRQV

LPPXWDEOH SURYLGHV WKH LQWHUQDO VWUXFWXUH WKDW ZH ZLOO QHHG ODWHU RQ LQ RUGHU WR

HDVLO\ PHUJH UHJLRQV WKDW KDYH HYROYHG LQ SDUDOOHO RQ ERWK KRVW DQG GHYLFH� GXH WR

LPPXWDELOLW\� GXULQJ WKH PHUJH SURFHVV ZH NQRZ WKDW WKRVH VHFWLRQV RI WKH UHJLRQ
�$V D VLPSOLI\LQJ DVVXPSWLRQ� ZH ZLOO DVVXPH WKDW WKLV VLPSO\ LQYROYHV LQFUHDVLQJ WKH VL]H RI WKH
XQGHUO\LQJ PHPRU\� DQG WKDW ZH GR QRW KDYH WR UHDOORFDWH WKH ZKROH XQGHUO\LQJ PHPRU\ EXIIHU LQ
VRPH RWKHU DUHD RI JOREDO PHPRU\�
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WKDW DUH VKDUHG DFURVV KRVW DQG GHYLFH ZLOO EH WKH VDPH DQG WKHUHIRUH ZH GRQ¶W KDYH

WR ZRUU\ DERXW ³PHUJH FRQIOLFWV�´ ,I ZH DOORZHG PXWDEOH PHPRU\� ZH FRXOG VWLOO

GLVDOORZ UDFH�FRQGLWLRQV IRU DOORFDWLRQ� EXW ZH ZRXOG ORVH WKLV DELOLW\ WR HDVLO\ PHUJH

UHJLRQV WRJHWKHU WKDW KDYH HYROYHG LQ SDUDOOHO RQ ERWK KRVW DQG GHYLFH�

6LQFH WKH B UHODWLRQ QDWXUDOO\ GHILQHV D SUHRUGHU RQ WKH UHJLRQ YDULDEOHV� LW LV QDWXUDO
WR H[SHFW WKDW WKH XQGHUO\LQJ UHJLRQV RIPHPRU\ WKDW WKHVHPDS WRZLOO KDYH D VLPLODU

VWUXFWXUH� ,Q SDUWLFXODU� WKHUH LV D UHODWLRQVKLS EHWZHHQ UHJLRQ YDULDEOHV LQ ∆ DQG WKH

EDFNLQJ UHJLRQV LQ WKH UHJLRQ VWDFN� 7R VHH WKLV� ZH ILUVW GHILQH D UHODWLRQ :≥ RQ WKH

UHJLRQ VWDFN�

'HILQLWLRQ ����� �'HILQLWLRQ RI :≥�� *LYHQ D UHJLRQ VWDFN S� ZH VD\ WKDW S ? R1 :≥
R2 LI WKHUH H[LVW UHJLRQ VWDFNV S1,S2� DQG S3 �DOO SRVVLEO\ HPSW\� VXFK WKDW IRU WKH

FXUUHQW UHJLRQ VWDFN S�

S = S1,r1 &→ R1,S2,r2 &→ R2,S3

,I S ? R1 :≥ R2 ZH VD\ WKDW R1 LV DQ DQFHVWRU RI R2� :H DOVR GHILQH DQ\ UHJLRQ WR EH

DQ DQFHVWRU RI LWVHOI �L�H�� S ? R :≥ R IRU DQ\ UHJLRQ R� �VR :≥ LV D UHIOH[LYH UHODWLRQ��

)XUWKHUPRUH� WKH UHJLRQ VWDFNS IRUPV D ERXQGHG ODWWLFH ZLWK UHVSHFW WR WKLV UHODWLRQ

:≥�

7KHRUHP������ (S, :≥,R,R) IRUPVDERXQGHG ODWWLFHZLWK XSSHU ERXQGR DQG ORZHU

ERXQG R� :KHUH R LV WKH VWDUWLQJ UHJLRQ� DQG R LV WKH UHJLRQ DW WKH WRS RI WKH VWDFN

S�

3URRI� 6HH $SSHQGL[ %�� IRU SURRI� #

��� 7KH $EVWUDFW 0DFKLQH 0RGHO

$V ZDV PHQWLRQHG LQ § 2.1 RI WKH OLWHUDWXUH UHYLHZ� D FRVW VHPDQWLFV LV PHDQW WR EH

DPRVWO\ H[WHQVLRQDO ZD\ RI GHVFULELQJ WKH FRVWV RI SURJUDPV� +RZHYHU� LQ RUGHU WR
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DFWXDOO\ JHW FRQFUHWH FRVWV RXW RI WKHVH PRGHOV D FHUWDLQ DPRXQW RI LQWHQVLRQDOLW\

PXVW EH DGGHG� ,Q SDUWLFXODU� VLQFH ZH ZLVK WR GHVFULEH LQWHQVLRQDO SURSHUWLHV RI

WKH ODQJXDJH ZH QHHG WR DOVR WDNH WKHVH LQWHQVLRQDO SURSHUWLHV RI WKH ODQJXDJH LQWR

DFFRXQW� <HW� ZH VWLOO ZLVK WKH FRVW VHPDQWLFV WR EH DV H[WHQVLRQDO DV SRVVLEOH�

,Q RUGHU WR UHFRQFLOH WKH QHHG IRU LQWHQVLRQDOLW\� ZLWK RXU GHVLUH IRU H[WHQVLRQDOLW\�

ZH SDUDPHWHUL]HG WKH FRVWV WKDW ZH EXLOG XS E\ DQ DEVWUDFW PDFKLQH PRGHO WKDW

GHVFULEHV WKH LQWHQVLRQDO DVSHFWV RI WKH XQGHUO\LQJ PDFKLQH� 7KLV WKHQ DOORZV XV WR

LQMHFW WKH LQWHQVLRQDO DVSHFWV RI FRVWV LQWR RXU �H[WHQVLRQDO� VHPDQWLF PRGHO� ,Q RU�

GHU WR WDNH IXOO DGYDQWDJH RI WKLV SDUDPHWHUL]DWLRQ²ZKLFK ZH ZLOO QHHG LQ &KDSWHU �

ZKHQZH VWDUW WDONLQJ DERXW FRPELQLQJ &38 DQG*38 FRPSXWDWLRQ²WKH FRVW VHPDQ�

WLFV LV GHVFULEHG LQ WHUPV RI D ORZ�OHYHO �ELJ�VWHS� RSHUDWLRQDO VHPDQWLFV ZKLFK UHDGV

DQGZULWHV WR ORFDWLRQV LQPHPRU\�� :H FDQ WKHQ SKUDVH WKH FRVWV WKDW DUH GHULYHG LQ

WHUPV RI WKH DPRXQW RI WLPH LW WDNHV WR DFFHVV� FRPPXQLFDWH� DQG ZULWH WR WKH PHP�

RU\ LQ WKLV DEVWUDFWPDFKLQHPRGHO� 7KLV FRQVFLRXV GHFRXSOLQJ RI WKHPDFKLQHPRGHO

WKDW GHWHUPLQHV WKH ³EDVH´ FRVWV IURP WKH DFWXDO RSHUDWLRQDO�VHPDQWLF GHVFULSWLRQ RI

KRZ WR FRPELQH WKH FRVWV WKDW ZH DFFUXH� PHDQV WKDW WKH DFWXDO FRQFUHWH FRVWV WKDW

ZH HYHQWXDOO\ GHULYH DUH DOZD\V ZLWK UHVSHFW WR D JLYHQ PDFKLQH PRGHO� ZH KDYH

RQH FRVW VHPDQWLFV ZKLFK FDQ EH LQVWDQWLDWHG ZLWK D JLYHQ PDFKLQH PRGHO WR GHULYH

FRQFUHWH FRVWV�

$EVWUDFW PDFKLQH PRGHOV H[LVW IRU PDQ\ GLIIHUHQW DUFKLWHFWXUHV DQG W\SHV RI FRP�

SXWDWLRQDO GHYLFHV �LQGHHG� ZH ZLOO EH XVLQJ RQH RI WKHVH LQ &KDSWHU � WR GHVFULEH

WKH FRVWV WKHUH�� DQG DUH �LQ JHQHUDO� TXLWH ZHOO VWXGLHG DUWLIDFWV� 7KH\ UHSUHVHQW DQ

LPSRUWDQW DEVWUDFWLRQ� VLQFH WKH\ DUH PHDQW WR IDFWRU LQ WKH PDMRU FRQWULEXWRUV WR

PDFKLQH FRVWV VXFK DV PHPRU\ DFFHVV DQG FRPPXQLFDWLRQ FRVWV� ZKLOH DW WKH VDPH

WLPH QRW SURYLGLQJ VXFK D GHWDLOHG WKHRU\ WKDW LW EHFRPHV XQXVDEOH DQG FXPEHU�

VRPH�
�:LWK WKH H[FHSWLRQ RI #QQHV DQG BMiV ZKLFK DUH VWRUHG XQER[HG LQ PHPRU\ EXW VWLOO LQFXU D UHDG�
�ZULWH RYHUKHDG�
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Shared Memory

P1P1 P2P2 P3P3 Pn�2Pn�2 Pn�1Pn�1 PnPn

R1R1 RkRk. . .

. . .
)LJXUH ����� /D\RXW RI WKH 35$0PRGHO�

7KHUH DUH D QXPEHU RI GLIIHUHQW ZHOO�NQRZQ DEVWUDFW PDFKLQH PRGHOV WKDW H[LVW IRU

WKH &38� KRZHYHU� ZHZLOO EH XVLQJ �RQO\� RQH RI WKHPRVW FRPPRQ RI WKHVH KHUH� WKH

3DUDOOHO 5DQGRP $FFHVV 0DFKLQH RU 35$0 >��@ PRGHO ZLWK &RQFXUUHQW 5HDG DQG

&RQFXUUHQW :ULWH �&5&:�� :KLOH RWKHU PRGHOV VXFK DV /RJ3 >��@ DQG %63 >��@ FDQ

EH XVHG� ZH KDYH FKRVHQ WKH 35$0 PRGHO GXH WR LWV VLPSOLFLW\ ZKLOH VWLOO RIIHULQJ

UHODWLYHO\ DFFXUDWH GHVFULSWLRQV RI DV\PSWRWLF FRPSOH[LW\�

7KH 35$0 PRGHO FRQVLVWV RI D VHW RI P SURFHVVRUV WKDW VKDUH D VLQJOH PHPRU\� $Q\

ORFDWLRQ LQ WKLV VKDUHGPHPRU\ FDQ EH DFFHVVHG LQ D VLQJOH XQLW RI WLPH �RQH VLQJOH LQ�

VWUXFWLRQ�� DQG HDFK SURFHVVRU FDQ SHUIRUP DQ DULWKPHWLF� ORJLFDO� RU PHPRU\ DFFHVV

RSHUDWLRQ LQ D VLQJOH WLPH XQLW� 0RUHRYHU HDFK H[HFXWLRQ VWHS SHUIRUPHG E\ D JLYHQ

SURFHVVRU LV V\QFKURQL]HG ZLWK DOO RWKHU FXUUHQWO\ UXQQLQJ SURFHVVRUV� $ GLDJUDP RI

WKH 35$0PRGHO FDQ EH IRXQG LQ )LJXUH �����

7KH PDLQ IDFWRU WKDW ZH DUH XWLOL]LQJ LQ WKH 35$0PRGHO LV WKH IDFW WKDW WKH PHPRU\

DFFHVV WLPHV DUH XQLIRUP� +RZHYHU� DV ZH VDZ LQ 6HFWLRQ ����� DFFHVVLQJ PHPRU\

DW GLIIHUHQW OHYHOV RI WKH PHPRU\ KLHUDUFK\ FDQ KDYH VLJQLILFDQW HIIHFWV RQ WKH VSHHG

DW ZKLFK WKDW GDWD FDQ EH DFFHVVHG� UHDG� DQG ZULWWHQ� 7KXV� LI ZH ZDQWHG WR JHW

PRUH DFFXUDWH FRVW SUHGLFWLRQV ZH FRXOG FKDQJH WKH XQGHUO\LQJ PDFKLQH PRGHO WKDW
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ZH FRQVLGHU WR HLWKHU WKH ,�2 >��@ RU LGHDO�FDFKH >��@ PRGHOV� :KLOH ZH FRXOG SRV�

VLEO\ XVH WKHVH PRUH DGYDQFHG PDFKLQH PRGHOV KHUH LQVWHDG RI WKH 35$0 PRGHO²

ZKLFK ZRXOG JLYH XV WLJKWHU ERXQGV RQ WKH FRVWV WKDW DUH SUHGLFWHG²WKH DPRXQW RI

FRPSOH[LW\ WKDW WKH\ ZRXOG DGG WR WKH FRVW VHPDQWLFV LV VLJQLILFDQW DQG QRW FULWLFDO

WR WKH ZRUN EHLQJ SUHVHQWHG KHUH� DQG VHUYHV WR FRPSOLFDWH WKH H[SRVLWLRQ ZLWKRXW

PXFK SD\RII� :H WKHUHIRUH OHDYH WKH H[SORUDWLRQ RI KRZ WKHVH RWKHUPDFKLQHPRGHOV

PLJKW HIIHFW SURILOLQJ DFFXUDF\ WR IXWXUH LQYHVWLJDWLRQ DQG ZH GLVFXVV WKLV EULHIO\

LQ 6HFWLRQ ����

��� &RVW 6HPDQWLFV IRU ΛC

1RZ WKDW ZH KDYH GHILQHG WKHPDFKLQHPRGHO IRU ΛC� ZH FDQ GHYHORS WKH FRVW WKHRU\�

6LQFH ZH DUH GHDOLQJ ZLWK D SDUDOOHO ODQJXDJH� WKH VFKHGXOLQJ RI WKH WKUHDGV FDQ

GLUHFWO\ DIIHFW WKH VSDFH DQG WLPH XVDJH RI D SURJUDP� ,Q RUGHU WR DFFRXQW IRU WKHVH

GLIIHUHQW VFKHGXOHV� ZH XVH D VLPLODU WHFKQLTXH WR WKDW LQWURGXFHG E\ 6SRRQKRZHU

HW DO� >�@ ZKHUHE\ WKH FRVW VHPDQWLFV EXLOG D VHULHV�SDUDOOHO '$* RI RSHUDWLRQV RQ

ZKLFKZH WKHQ LPSRVH GLIIHUHQW WUDYHUVDO VWUDWHJLHV� :H WKHQ XVH WKHPDFKLQHPRGHO

WKDWZH KDYH MXVW GHILQHG WR GHYHORS FRVWV IRU WKH QRGHV WKDW UHSUHVHQW WKH XQGHUO\LQJ

PHPRU\ DFFHVVHV RI WKH FRPSXWDWLRQ LQ WKH FRVW JUDSK WKDW ZH EXLOG�

����� &RVW *UDSKV

:KLOH ZH XVH VLPLODU WHFKQLTXHV WR ZKDW ZH KDYH VHHQ EHIRUH LQ WKH EXLOGLQJ RI

WKH '$*� ZH PDNH D VOLJKW GHSDUWXUH IURP ZKDW ZH KDYH VHHQ SUHYLRXVO\ LQ &KDS�

WHU �� :KLOH SUHYLRXV WHFKQLTXHV KDYH EXLOW DQ XQZHLJKWHG '$* ZH LQVWHDG EXLOG D

ZHLJKWHG '$* IRU WKH FRVW JUDSK� 7KLV ZHLJKWLQJ RI WKH JUDSK HGJHV LV XVHG WR IDFWRU

LQ WKDW FHUWDLQ ³VLQJOH VWHSV´ �JUDSK HGJHV� LQ WKH FRVW JUDSK PLJKW EH PRUH H[SHQ�

VLYH� VXFK DV DOORFDWLQJ D QHZ UHJLRQ RI PHPRU\� :LWK WKLV JUDSK VWUXFWXUH LQ PLQG�
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α ∈ VVars δ ∈ N
e ::= (α1,α2,δ ) 'LUHFWHG :HLJKWHG (GJHV
V ::= {α1, . . . ,αn} 9HUWH[ 6HW
E ::= {e1, . . . ,en} (GJH 6HW
G,c ::= (α1,α2,V ,E) *UDSKV

[α ] = (α ,α ,{α},∅)
[(α1,α2,δ )] = (α1,α2,{α1,α2},{(α1,α2,δ )})
(α ′1,α1,V ,E) ⊕δ (α ′2,α2,V ′,E ′) = (α ′1,α2,V ∪V ′,E ∪ E ′ ∪ {(α1,α ′2,δ )})

(α ′1,α1,V ,E) ⊗δ ′1 δ ′2
δ1 δ2

(α ′2,α2,V ′,E ′) =
(α ′,α ,V ∪V ′ ∪ {α ′,α},E ∪ E ′ ∪ {(α ′,α ′1,δ

′
1), (α

′,α ′2,δ
′
2), (α1,α ,δ1), (α2,α ,δ2)}) (α ,α ′ IUHVK)

)LJXUH ����� &RVW JUDSK RSHUDWLRQV

ZH GHILQH WKH JUDPPDU IRU JUDSKV DORQJ ZLWK FRUH JUDSK FRPELQDWRUV LQ )LJXUH ����

DQG VKRZ KRZ WKHVH FRPELQDWRUV MRLQ FRVW JUDSKV LQ )LJXUH ����� 0RUH JHQHUDOO\�

WKH QRWDWLRQ� WHUPLQRORJ\� DQG VWUXFWXULQJ RI WKH JUDSKV WKDW ZH XVH GRHV QRW GLIIHU

PXFK IURP VWDQGDUG JUDSK WHUPLQRORJ\�

6LQFH ZH DUHQ¶W FRQFHUQHG ZLWK H[SUHVVLQJ GDWD SDUDOOHOLVP²DQG KHQFH RQO\ QHHG WR

H[SUHVV WDVN SDUDOOHOLVP LQ WKH FRVW JUDSK²WKH JUDSKV WKDW ZH EXLOG VLPSO\ QHHG WR

EH DEOH WR H[SUHVV WZR FRPSXWDWLRQV HLWKHU UXQQLQJ LQ SDUDOOHO RU LQ VHULHV� :H WKXV

RQO\ QHHG WZR FRUH JUDSK FRPELQDWRUV� G1 ⊕δ G2 IRU VHULDO FRPSRVLWLRQ RI JUDSKV

�UXQ RQH FRPSXWDWLRQ DIWHU WKH RWKHU� E\ DQ HGJH ZLWK ZHLJKW δ � DQGG1 ⊗δ
′
1 δ ′2
δ1 δ2

G2 IRU

SDUDOOHO FRPSRVLWLRQ RI WKH JUDSKV �UXQ WKH WZR FRPSXWDWLRQV LQ SDUDOOHO�� ZKHUH δ ′1
DQG δ ′2 UHSUHVHQW WKH ZHLJKWV RI WKH LQFRPLQJ HGJHV WR G1 DQG G2 UHVSHFWLYHO\� DQG

OLNHZLVH δ1 DQG δ2 WKH RXWJRLQJ HGJH ZHLJKWV IRU WKH QHZ HGJHV WKDW DUH DGGHG WR WKH

JUDSK� ,Q WKH FDVH WKDW HDFK HGJH ZHLJKW LV 1� ZH VLPSO\ HOLGH WKHVH ZHLJKWV DQGZULWH

⊕ DQG ⊗�

7KH ORZ�OHYHO �KHDS�ORFDWLRQ�EDVHG� RSHUDWLRQDO VHPDQWLFV IRU WKH ODQJXDJH DUH UH�

VSRQVLEOH IRU EXLOGLQJ WKH FRVW JUDSKV WKDW ZH DQDO\]H WR GHWHUPLQH WKH FRVW RI D
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G1

G1

δ

7KH VHULDO FRPSRVLWLRQ RI '$*V G1
DQGG2 JLYHQ E\G1 ⊕δ G2�

α ′

G1G2

α

δ ′1δ ′2

δ2 δ1

7KH SDUDOOHO FRPSRVLWLRQ RI '$*VG1 DQGG2 JLYHQ
E\ G1 ⊗δ ′1 δ ′2

δ1 δ2
G2 1RWH WKDW ERWK α DQG α ′ DUH QHZO\

FUHDWHG �³IUHVK´� QRGHV LQ WKH JUDSK�

)LJXUH ����� &RVW FRPELQDWRUV RQ '$*�EDVHG FRVW PRGHOV�

SURJUDP� 7KH UXOHV IRU WKH RSHUDWLRQDO VHPDQWLFV DQG KRZ WKH\ EXLOG WKH FRVW JUDSK

DUH SUHVHQWHG LQ )LJXUHV ���� DQG ���� ZKHUH WKH MXGJHPHQW

E;S; e ⇓ v;S′; c

LV UHDG ³LQ HQYLURQPHQW E DQGZLWK UHJLRQ VWDFNS� WKH H[SUHVVLRQ e HYDOXDWHV WR YDOXH
v ZLWK XSGDWHG UHJLRQ VWDFNS′ DQG FRVW JUDSK c�´ 7KH IDFW WKDW WKLV LV D ORZ�OHYHO RSHU�
DWLRQDO VHPDQWLFV LV LPSRUWDQW IRU WKH FRUUHFWQHVV RI WKH WKHRU\� VLQFH WKH XQGHUO\LQJ

FRVWV DUH FDOFXODWHG EDVHG RQ WKH FRVW RI UHDGV DQG ZULWHV WR PHPRU\�

1RZ WKDW ZH DUH LQWHUHVWHG LQ WKH FRVWV RI DOORFDWLRQV� ORRNXSV� DQG GHDOORFDWLRQV� ZH

QHHG WR XSGDWH WKH DOORFDWLRQ MXGJHPHQWV WKDW ZH SUHVHQWHG LQ )LJXUH ���� LQ RUGHU

WR UHIOHFW WKH XQGHUO\LQJ PDFKLQH FRVWV� 7KHVH XSGDWHG MXGJHPHQWV DUH SUHVHQWHG

LQ )LJXUH ���� ZKHUH R;v ↓δ o@R′ LV UHDG DV ³YDOXH v LV DOORFDWHG DW RIIVHW o LQ UHJLRQ

R DQG KDV FRVW δ ∈ N�´ DQG S; ! ↑δ v LV UHDG ³ORRNLQJ XS ORFDWLRQ ! LQ WKH UHJLRQ

VWDFN S KDV YDOXH v DQG FRVW δ ∈ N�´ )XUWKHUPRUH� LQ RUGHU OHVVHQ WKH DPRXQW RI

FDVH DQDO\VLV RI ORRNXSV LQ WKH VHPDQWLFV� ZH H[WHQG WKH ORRNXS MXGJHPHQW WR ZRUN

RYHU YDOXHV S;v ↑δ v ZKLFK ZKHQ JLYHQ D QRQ�ORFDWLRQ YDOXH VLPSO\ UHWXUQV WKDW

YDOXH�
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([SDQG:

n = max (allocSize, |v | + ap − |R |)
|v | + ap > |R | o = ap δ = ∆s (n)

R;v ↓δ o@(ap + |v | + 1,s + n, refcnt,ν [o &→ v])

1R([SDQG:
|v | + ap ≤ |R | o = ap

R;v ↓1 o@(ap + |v | + 1,s, refcnt,ν [o &→ v])

/RRNXS!

! = (r ,o) S (r ) = (ap,B,B,B,ν )
o < ap o ∈ dom(ν ) v = ν (o)

S; ! ↑1 v
/RRNXSv v # !

S;v ↑0 v

)LJXUH ����� $OORFDWLRQ DQG 5HDGLQJ &RVWV

,W LV ZRUWK PHQWLRQLQJ WKDW VLQFH WKH FRVWV WKDW ZH GHWHUPLQH LQ WKH VHPDQWLFV DUH

EDVHG RQ WKH FRVWV WKDW ZH DVVRFLDWH ZLWK WKHVH DOORFDWLRQ MXGJHPHQWV²DQG ZKLFK

WKHPVHOYHV DUH GHULYHG IURP WKH DEVWUDFW PDFKLQH PRGHO²LI ZH ZLVKHG WR XVH D

GLIIHUHQW PDFKLQH PRGHO WR GHWHUPLQH FRVWV ZH ZRXOG GR VR E\ XSGDWLQJ WKH FRVWV

DVVRFLDWHG ZLWK WKHVH DOORFDWLRQ MXGJHPHQWV� ,Q IDFW� ZH ZLOO VHH WKLV LQ &KDSWHU �

ZKHUH ZH ZLOO QHHG WR XSGDWH WKHVH DOORFDWLRQ MXGJHPHQWV WR WDNH LQWR DFFRXQW WKH

FKDUDFWHULVWLFV RI WKH DEVWUDFW PDFKLQH PRGHO IRU WKH *38� �

����� %RXQGHG (YROXWLRQV RI WKH 5HJLRQ 6WDFN

,Q RUGHU WR GLVFXVV WKH HYROXWLRQ RI WKH UHJLRQ VWDFN RYHU WLPH LQ WKH VHPDQWLFV� ZH

LQWURGXFH WKH QRWLRQ RI D ERXQGHG HYROXWLRQ RI WKH UHJLRQ VWDFN� 7KLV LV PHDQW WR

UHSUHVHQW WKH HYROXWLRQ LQ WLPH RI D SUHYLRXV UHJLRQ VWDFN S� VXFK WKDW DQ\ SURJUDP

WKDWZRXOG EH YDOLG LQS LV DOVR YDOLG LQ DQ\ ERXQGHG HYROXWLRQS1 RIS� 7KXV� WKLV HYR�

OXWLRQ FDQ EH YLHZHG DV EHLQJ ERXQGHG E\ WKH VFRSLQJ ERXQGDULHV RI WKH H2i`2;BQM

IRUPV�
�+RZHYHU� LQ RUGHU WR GR WKLV ZH ZLOO QHHG WR LQWURGXFH D ORFDO VWRUH WR WKH VHPDQWLFV� DQG DOORFDWLRQ
MXGJHPHQWV� 7KLV ZRXOG OLNHZLVH EH QHHGHG LI ZH ZHUH WR XVH VRPHWKLQJ OLNH WKH ,�2 RU ,GHDO�&DFKH
PRGHO IRU WKH XQGHUO\LQJ DEVWUDFW PDFKLQH PRGHO IRU WKH &38�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

'HILQLWLRQ ����� �%RXQGHG (YROXWLRQ RI 5HJLRQ 6WDFN�� *LYHQ WZR UHJLRQV VWDFNV

S1 DQG S2� ZH VD\ WKDW S2 LV D ERXQGHG HYROXWLRQ RI S1� RU S1 $ S2 LI ERWK RI WKH

IROORZLQJ KROG�

�� dom(S1) ⊆ dom(S2)

�� /HW (B,s1,B,B) = S1(r ) DQG (B,s2,B,B) = S2(r )� WKHQ s2 ≥ s1 IRU DOO r ∈ dom(S1)�

,W LV ZRUWK QRWLQJ WKDW WKLV GHILQLWLRQ RQO\ ZRUNV GXH WR WKH LPPXWDELOLW\ RI UHJLRQV²

WKH DOORFDWLRQ UXOHV RQO\ LQFUHPHQW WKH VL]H ILHOG RI D UHJLRQ XQWLO WKDW UHJLRQ LV

GHDOORFDWHG� DW ZKLFK SRLQW WKH UHJLRQ YDULDEOH ZLOO QR ORQJHU EH LQ WKH GRPDLQ RI

WKH UHJLRQ VWDFN� ,W LV HDV\ WR VHH WKDW $ LV D UHIOH[LYH� DQWLV\PPHWULF� WUDQVLWLYH

UHODWLRQ�

1RZ JLYHQ WZR UHJLRQ VWDFNV S1 DQG S2 VXFK WKDW HLWKHU S1 $ S2 RU S2 $ S1 ZH

GHILQH WKHLU MRLQ S1 HS2 WR EH JLYHQ E\ WKH IROORZLQJ UXOHV�

S1 HS2 = S1 LI S2 $ S1
S1 HS2 = S2 LI S1 $ S2

7KHRUHP����� �:HOO -RLQHGQHVV�� *LYHQS1 DQGS2 VXFK WKDWS1 $ S2 RUS2 $ S1�

7KHQ S1 HS2 DOZD\V H[LVWV�

3URRI� 6WUDLJKWIRUZDUG FDVH DQDO\VLV RQ WKH GHILQLWLRQ RI S1 HS2 #

7KHRUHP����� �,QYDULDQFH8QGHU %RXQGHG(YROXWLRQV�� /HW E;S; e ⇓ v1;S′; c� DQG
VXFK WKDW trace (S′,v1) = v� /HW S $ S1� 7KHQ E;S1; e ⇓ v2;S′1; c′� DQG trace (S′1,v2) =

v� :KHUH trace LV GHILQHG DV IROORZV�

trace (S,i ) = i
trace (S,b) = b
trace (S, +HQb (x : τ ,e,E)) = +HQb (x : τ ,e,E)
trace (S, `+HQb (ρ,φ,φ′,u)) = `+HQb (ρ,φ,φ′,u)
trace (S, (v1,v2)) = (trace (S,v1),trace (S,v2))
trace (S, [v1, . . . ,vn]) = [trace (S,v1), . . . ,trace (S,vn)]
trace (S,!) = trace (S,S (!))

3URRI� 6HH $SSHQGL[ %�� IRU SURRI� #



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

1RWH WKDW ZKLOH ZH DUH JXDUDQWHHG WR HYDOXDWH WR WKH VDPH UHVXOW v XQGHU ERWK UH�

JLRQ VWDFNV� ZH DUH QRW JXDUDQWHHG WR PDLQWDLQ WKH VDPH FRVW� 7KLV LV GXH WR WKH

IDFW WKDW HYHQ WKRXJK ZH SHUIRUP WKH VDPH DOORFDWLRQV LQ HDFK LQVWDQWLDWLRQ RI WKH

UHJLRQ VWDFN� RQH PLJKW QHHG WR EH UHVL]HG GXULQJ DQ DOORFDWLRQ ZKHUH WKH RWKHU PD\

QRW�

����� 6HPDQWLF 5XOHV

7KH PDMRULW\ RI WKH UXOHV IRU WKH ODQJXDJH DUH TXLWH VLPLODU WR VRPH RI WKH UXOHV WKDW

ZH VDZ LQ &KDSWHU � H[FHSW IRU WKH SDUDOOHO� DQG UHJLRQ FUHDWLRQ UXOHV� VR ZH¶OO IRFXV

RQ H[SODLQLQJ WKRVH LQ WKLV VHFWLRQ DQG OHDYH WKH UHVW RI WKH UHDVRQLQJ DERXW WKH

VLPSOHU UXOHV WR WKH UHDGHU�

5HJLRQ&UHDWLRQ &UHDWLQJ UHJLRQV LQΛC LV GRQH YLD D H2i`2;BQM H[SUHVVLRQ� 7KHUH�

IRUH ZKHQ ZH HQFRXQWHU VXFK D IRUP GXULQJ WKH HYDOXDWLRQ RI D SURJUDP ZH ILUVW

FUHDWH D QHZ UHJLRQ RI EDFNLQJ PHPRU\ RI VL]H allocSize YLD WKH newReдion IRUP DQG

VD\ WKDW FUHDWLQJ WKLV UHJLRQ KDV FRVW δR GHWHUPLQHG E\ WKH IXQFWLRQ ∆a ( |R |)� :H WKHQ

UHGXFH WKH ERG\ RI WKH H2i`2;BQM IRUPZLWK WKH WKH UHJLRQ YDULDEOH ρPDSSLQJ WR WKH

UHJLRQ QDPH r LQ E� ZKLFK WKHQ PDSV WR WKH XQGHUO\LQJ �EDFNLQJ PHPRU\� UHJLRQ LQ

WKH UHJLRQ VWDFN S� 2QFH ZH KDYH ILQLVKHG HYDOXDWLQJ WKH ERG\ e RI WKH H2i`2;BQM

IRUP ZH WKHQ UHPRYH WKH UHJLRQ WKDW ZDV DOORFDWHG�

7KH IXQFWRQ ∆a : N → N GHWHUPLQHV WKH FRVW RI DOORFDWLQJ D QHZ UHJLRQ� +RZHYHU�

KRZ ZH GHWHUPLQH WKLV IXQFWLRQ SUHVHQWV DQ LQWHUHVWLQJ SUREOHP� VLQFH WKH XQGHU�

O\LQJ DEVWUDFW PDFKLQH PRGHO KDV QR VHQVH RI ³EXON DOORFDWLRQ´ OLNH ZKDW LV EHLQJ

SHUIRUPHG KHUH ZH PXVW LQVWHDG WXUQ WR RWKHU PHDQV WR GHWHUPLQH WKLV IXQFWLRQ�

5HFHQW ZRUN E\ 'DV DQG +RIIPDQQ >��@ KDV VKRZQ WKDW ZH FDQ LQIHU VXFK FRVWV

XVLQJPDFKLQH OHDUQLQJ WHFKQLTXHV VXFK DV OLQHDU UHJUHVVLRQ� UREXVW UHJUHVVLRQ� DQG

OHDVW VTXDUHV RQ DQ H[HPSODU\ VHW RI SURJUDPV�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

x ∈ dom(E)

E;S;x ⇓ E (x );S; [α ]
�α IUHVK�

E;S; i ⇓ i;S; [α ]
�α IUHVK�

E;S; e1 ⇓ v1;S1; c1 S1;v1 ↑δ1 i1
E;S1; e2 ⇓ v2;S2; c2 S2;v2 ↑δ2 i2

b = i1 < i2

E;S; e1 < e2 ⇓ b;S2; c1 ⊕δ1 [α1] ⊕ c2 ⊕δ2 [α2]
�α1,α2 IUHVK�

E;S; e1 ⇓ v1;S1; c1 S1;v1 ↑δ1 i1
E;S1; e2 ⇓ v2;S2; c2 S2;v2 ↑δ2 i2

E;S; e1 ∗ e2 ⇓ i1 ∗ i2;S2; c1 ⊕δ1 [α1] ⊕ c2 ⊕δ2 [α2] ⊕ [α3]
�α1,α2,α3 IUHVK�

E;S; h`m2 ⇓ h`m2 ;S; [α ]
�α IUHVK�

E;S; 6�Hb2 ⇓ 6�Hb2 ;S; [α ]
�α IUHVK�

E;S; e1 ⇓ b;S′; c1 S′;b ↑δ h`m2
E;S′; e2 ⇓ v;S′′; c2

E;S; B7 e1 i?2M e2 2Hb2 e3 ⇓ v;S′′; c1 ⊕δ c2

E;S; e1 ⇓ b;S′; c1 S′;b ↑δ 6�Hb2
E;S′; e3 ⇓ v;S′′; c2

E;S; B7 e1 i?2M e2 2Hb2 e3 ⇓ v;S′′; c1 ⊕δ c2

r = E (ρ) R = S (r ) R; +HQb (x : τ ,e,E) ↓δ o@R′

S′ = S[R′/R] ! = (r ,o)

E;S; λx : τ .φe �i ρ ⇓ !;S′; [α1] ⊕δ [α2]
�α1,α2 IUHVK�

E;S; e1 ⇓ !;S1; c1 S1; ! ↑δ +HQb (x : τ ,e,E)
E;S1; e2 ⇓ v1;S2; c2 E[x &→ v1];S2; e ⇓ v2;S3; c3

E;S; e1 e2 ⇓ v2;S3; c1 ⊕δ c2 ⊕ c3

E;S; e1 ⇓ v1;S1; c1 E;S1; e2 ⇓ v2;S2; c2
r = E (ρ) R = S2(r ) R; (v1,v2) ↓δ o@R′ S3 = S2[R′/R] ! = (r ,o)

E;S; (e1,e2) �i ρ ⇓ !;S3; c1 ⊕ c2 ⊕δ [α ]
�α IUHVK�

E;S; e ⇓ !;S′; c1 S′; ! ↑δ (v1,v2)

E;S; 7bi e ⇓ v1;S′; c1 ⊕δ [α ]
�α IUHVK�

E;S; e ⇓ !;S′; c1 S′; ! ↑δ (v1,v2)

E;S; bM/ e ⇓ v2;S′; c1 ⊕δ [α ]
�α IUHVK�

)LJXUH ����� &RVW VHPDQWLFV IRU WKH VHULDO SRUWLRQ RI ΛC



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

r = E (ρ) R = S (r ) R; `+HQb (ρ,φ,φ′,u) ↓δ o@R′

S′ = S[R′/R] ! = (r ,o)

E;S; λρ B φ.φ ′u �i ρ ⇓ !;S′;α1 ⊕δ [α2]
�α1,α2 IUHVK�

E;S; e ⇓ !;S′; c1 S′; ! ↑δ `+HQb (ρ′,φ,φ′,u)
r = E (ρ) E[ρ′ &→ r ];S′;u ⇓ v;S′′; c2

E;S; e[ρ] ⇓ v;S′′; c1 ⊕δ c2

r = E (ρ) R = S (r ) R; +HQb ( f : τ ,u,E[f &→ (r ,o)]) ↓δ o@R′

S′ = S[R′/R] E[f &→ (r ,o)];S′;u ⇓ v′;S′′; c
E;S; 7Bt f : (µ,ρ).u ⇓ v′;S′′; [α1] ⊕δ c

�α IUHVK�

S $ S1 S $ S3
E;S1; e1 ⇓ v1;S2; c1 E;S3; e2 ⇓ v2;S4; c2
S′ = S2 HS4 r = E (ρ) R = S′(r )

R; (v1,v2) ↓δa o@R′ S′′ = S′[R′/R] ! = (r ,o)

E;S; e1‖e2 �i ρ ⇓ !;S′′; (c1 ⊗ c2) ⊕ [α1] ⊕δa [α2]
�α1,α2 IUHVK�

E;Si−1; ei ⇓ vi ;Si ; ci r = E (ρ) R = Sn (r )
R; [v1, . . . ,vn] ↓δ o@R′ ! = (r ,o) S′n = Sn[R′/R]

E;S0; [e1, . . . ,en] �i ρ ⇓ !;S′n;
(⊕

i ci
)
⊕δ [α ]

�α IUHVK�

E;S; f ei ⇓ vi ;S′; ci r = E (ρ) R = S′(r )
R; [v1, . . . ,vn] ↓δa o@R′ S′′ = S′[R′/R]

E;S; T�`K�T f [e1, . . . ,en] �i ρ ⇓ !;S′′; '(
⊗

i

ci)* ⊕ [α1] ⊕δa [α2]
�α1,α2 IUHVK�

R = newReдion(allocSize) r IUHVK r ! dom(S) δR = ∆a ( |R |)
E[ρ &→ r ];S[r &→ R]; e ⇓ v;S′; c S′′ = S′ \ r
E;S; H2i`2;BQM ρ BM e ⇓ v;S′′; [α1] ⊕δR [α2] ⊕ c ⊕ [α3]

�α1,α2,α3 IUHVK�

)LJXUH ����� &RVW 6HPDQWLFV IRU ΛC �&RQW��



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

2QH PLJKW QRZ ULJKWO\ ZRQGHU ZK\ ZH GRQ¶W GR WKLV IRU WKH RWKHU QXPHULF FRVWV LQ

RXU ORRNXS�DOORFDWLRQ UXOHV� :KLOH ZH IHHO DV WKRXJK OHDUQLQJ WKH QXPHULF FRVWV IRU

WKH PDFKLQH PRGHO LV SRVVLEOH� LW DOVR SUHVHQWV D QXPEHU RI FKDOOHQJLQJ SUREOHPV�

WKH ODQJXDJH WKDW 'DV DQG +RIIPDQQ >��@ ORRN DW LV D VHULDO ODQJXDJH� DQG WKXV WKH\

GR QRW KDYH WR ZRUU\ DERXW VFKHGXOH RUGHUV RU VLPLODU LVVXHV LQ WKHLU OHDUQLQJ RI WKH

FRVWV IRU WKH SURJUDPV WKDW WKH\ WUDLQ RQ� +RZHYHU RQFH ZH DGG LQ SDUDOOHOLVP� WKH

SRVVLEOH VHDUFK VSDFH LQFUHDVHV GUDPDWLFDOO\� DQG ZH WKHUHIRUH OHDYH WKLV WR IXWXUH

LQYHVWLJDWLRQ�

(YHQ LQ WKH SUHVHQFH RI SDUDOOHOLVP� ZHZLOO VWLOO QHHG WR EH DEOH WR GHWHUPLQH WKLV FRVW

IXQFWLRQ� $QG IXUWKHUPRUH� ZH ZLOO QHHG D FRXSOH RWKHU FRVW�IXQFWLRQV LQ &KDSWHU �

LQ RUGHU WR GHWHUPLQH WKH FRVW RI WUDQVIHUULQJ FRPSXWDWLRQ IURP RQH FRPSXWDWLRQDO

GHYLFH WR DQRWKHU� :H WKHUHIRUH GHIHU GHWDLOLQJ WKH GHWHUPLQDWLRQ RI MXVW KRZ ZH

FDOFXODWH WKHVH 3ULPLWLYH &RVW 3URYLGHUV �3&3V� DQG JHW DURXQG WKH VHDUFK�VSDFH

H[SORVLRQ GXH WR WKH LQWURGXFWLRQ RI SDUDOOHOLVP XQWLO WKHQ� 7KH NH\ REVHUYDWLRQ WR

NHHS LQPLQG XQWLO WKHQ KRZHYHU LV WKDW DOO RI WKHVH 3&3V UHSUHVHQW UDWKHU ODUJH²DQG

RIWHQ VHULDO²SURFHVVHV ZKLFK PDNHV WKH OHDUQLQJ RI WKHVH VLJQLILFDQWO\ HDVLHU LQ WKH

SDUDOOHO VHWWLQJ�

5HJLRQ $EVWUDFWLRQ 	 ,QVWDQWLDWLRQ 7KHUH LV DQ LPSRUWDQW VWUDWLILFDWLRQ EH�

WZHHQ WKH GLIIHUHQW OHYHOV RI UHSUHVHQWDWLRQ RI UHJLRQ YDULDEOHV WKDW PDNHV LWVHOI DS�

SDUHQW LQ WKH RSHUDWLRQDO VHPDQWLFV� ,Q WKH VRXUFH ODQJXDJH� ZH FDQ RQO\ UHIHUHQFH

UHJLRQV E\ WKHLU UHJLRQ YDULDEOH ρ� DQG WKH UHJLRQ VWDFN S PDSV UHJLRQ QDPHV r WR

UHJLRQV LQ PHPRU\ R� 7KLV VHSDUDWLRQ EHWZHHQ WKH UHJLRQ YDULDEOH IRU D UHJLRQ� DQG

WKH UHJLRQ QDPH IRU D UHJLRQ DULVHV IURP WKH QHHG WR EH DEOH WR UHSUHVHQW D PDQ\�

WR�RQH PDSSLQJ RI UHJLRQ YDULDEOH �LQ WKH VRXUFH ODQJXDJH� WR D VLQJXODU UHJLRQ LQ

PHPRU\ GXH WR UHJLRQ DEVWUDFWLRQ DQG LQVWDQWLDWLRQ� %\ VHSDUDWLQJ WKH UHJLRQQDPHV

LQ WKH UHJLRQ VWDFN IURP WKH UHJLRQ YDULDEOHV LQ WKH ODQJXDJH� ZH DUH HDVLO\ DEOH WR



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

LPSOHPHQW WKLV PDSSLQJ ZLWKRXW FKDQJLQJ WKH UHJLRQ VWDFN� ZH UHSUHVHQW UHJLRQ

LQVWDQWLDWLRQ DQG DEVWUDFWLRQ ZLWKLQ WKH RSHUDWLRQDO VHPDQWLFV E\ XSGDWLQJ WKH HQ�

YLURQPHQW ZLWK D QHZ PDSSLQJ ρ &→ r IRU HYDOXDWLRQ IRU WKH ERG\ RI WKH H[SUHVVLRQ�

:H FDQ VHH WKLV DW ZRUN LQ WKH IROORZLQJ UXOH IRU UHJLRQ LQVWDQWLDWLRQ�

E;S; e ⇓ v;S′; c1 S′;v ↑δ `+HQb (ρ′,φ,φ′,u)
r = E (ρ) E[ρ′ &→ r ];S′;u ⇓ v′;S′′; c2

E;S; e[ρ] ⇓ v′;S′′; [α ] ⊕ c1 ⊕ c2
�α IUHVK�

([SUHVVLQJ 3DUDOOHOLVP LQ WKH 6HPDQWLFV ,W LV LPSRUWDQW WR QRWH WKDW WKH

VHPDQWLFV VKDUHV D JOREDO YLHZ RI WKH UHJLRQ VWDFN²WKXV ZKHQ H[SUHVVLRQV DUH HYDO�

XDWHG LQ SDUDOOHO WKH\ DUH ERWK UHDGLQJ DQG ZULWLQJ WR D VKDUHG SLHFH RI PHPRU\� :H

FDQ VHH WKLV EHLQJ H[SUHVVHG LQ WKH VHPDQWLFV LQ WKH SDUDOOHO UXOHV H�J�

S $ S1 S $ S3
E;S1; e1 ⇓ v1;S2; c1 E;S3; e2 ⇓ v2;S4; c2
S′ = S2 HS4 r = E (ρ) R = S′(r )

R; (v1,v2) ↓δa o@R′;σ1 S′′ = S′[R′/R] ! = (r ,o)

E;S; e1‖e2 �i ρ ⇓ !;S′′; (c1 ⊗ c2) ⊕ [α1] ⊕δa [α2]
�α1,α2 IUHVK� �����

ZKHUH ERWK RI WKH HYDOXDWLRQV LQ UHG DUH HYDOXDWHG LQ SDUDOOHO� 7KLV� DV FRPSDUHG WR

WKH VHPDQWLFV IRU WKH UXOH IRU SDLUV

E;S; e1 ⇓ v1;S1; c1 E;S1; e2 ⇓ v2;S2; c2
r = E (ρ) R = S2(r ) R; (v1,v2) ↓δ o@R′ S3 = S2[R′/R] ! = (r ,o)

E;S; (e1,e2) �i ρ ⇓ !;S3; c1 ⊕ c2 ⊕δ [α ]
�α IUHVK�

ZKHUH WKH ILUVW HYDOXDWLRQ RI e1 LQ EOXH HYDOXDWHV WR D UHJLRQ VWDFN S1� DQG WKHQ WKH

HYDOXDWLRQ �LQ JUHHQ� RI WKH H[SUHVVLRQ e2 KDSSHQV DIWHU WKH HYDOXDWLRQ RI e1 LQ UHJLRQ

VWDFN S1 DQG UHVXOWV LQ D UHJLRQ VWDFN S2�

6WDWLQJ WKDW e1 DQG e2 UXQ LQ SDUDOOHO GRHV QRW QHFHVVDULO\ PHDQ WKDW WKH\ ERWK VWDUW

DQG ILQLVK DW WKH VDPH WLPH �LQ IDFW WKLV ZRXOG EH UDUH�� :H WKHUHIRUH QHHG WR DFFRXQW

IRU WKH IDFW WKDW ERWK WKH VWDUW DQG HQG RI WKH HYDOXDWLRQV RI e1 DQG e2 LQ (TXDWLRQ �����

FDQEH LQWHUOHDYHG� QRQ�VLPXOWDQHRXV� RU HYHQ VHULDO DV WKH\ UHODWH WR WKH UHJLRQ VWDFN�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

,Q RUGHU WR DFFRXQW IRU WKHVH FRPSOH[LWLHV ZH XVH ERXQGLQJ HYROXWLRQV RQ WKH VWDUW�

LQJ UHJLRQ VWDFNV IRU H[SUHVVLRQV WKDW DUH PHDQW WR EH HYDOXDWHG LQ SDUDOOHO� GRLQJ VR

DOORZV XV WR H[SUHVV WKH XQFHUWDLQW\ RI ZKHWKHU RU QRW WKH\ ERWK VWDUW HYDOXDWLRQ DW

S� ZKLOH DOVR DOORZLQJ XV WR H[SUHVV WKH IDFW WKDW WKH VWDUWLQJ UHJLRQ VWDFNV IRU ERWK

e1 DQG e2 HYROYHG IURP S� +RZHYHU� WKLV WKHQ JLYHV XV WZR VHSDUDWH ³KDQGOHV´ WR WKH

UHJLRQ VWDFN LQ WKH UHG VHFWLRQ RI WKH UXOH� DQG ZH QHHG WR EH DEOH WR GHWHUPLQH WKH

ILQDO VWDWHV IRU WKH UHJLRQ VWDFN DIWHU WKHVH SDUDOOHO UHGXFWLRQV KDYH WDNHQ SODFH� ,Q

RUGHU WR GHWHUPLQH WKLV ZH QHHG WR EH DEOH WR WDNH WKH MRLQ RI WKHVH WZR UHJLRQ VWDFNV�

+RZHYHU LQ RUGHU WR GR VR ZH ILUVW QHHG WR EH DEOH WR VKRZ WKDW HLWKHU S2 $ S4 RU

S4 $ S2 LQ RUGHU WR DSSO\ 7KHRUHP ����� WR JHW WKDW S2 HS4 H[LVWV�

3URYLQJ WKDW WKH MRLQ H[LVWV IRU UHJLRQ VWDFNV WKDW KDYH HYROYHG LQ SDUDOOHO UHVWV RQ

WKH IDFW WKDW UHJLRQV DUH OH[LFDOO\ VFRSHG DQG WKDW WKH GHILQLWLRQ RI ⇓ UHVSHFWV WKHVH
UHJLRQ VFRSLQJ UXOHV� 7KH IROORZLQJ WKHRUHP SURYHV H[DFWO\ WKLV DQG� FRXSOHG ZLWK

WUDQVLWLYLW\ RI $� VKRZV WKDW 7KHRUHP ����� FDQ EH DSSOLHG WR S2 DQG S4 LQ (TXD�

WLRQ ������ DQG WKHUHIRUH WKH ILQDO UHJLRQ FDQ DOZD\V EH GHWHUPLQHG DIWHU D VHULHV RI

SDUDOOHO VWHSV E\ WDNLQJ WKH MRLQ RI WKH HQGLQJ VWDFN VWDWHV�

7KHRUHP ����� �%RXQGHGQHVV RI ⇓�� /HW E;S; e ⇓ v;S′; c� 7KHQ S $ S′�

3URRI� 6HH $SSHQGL[ %��� #

����� 6FKHGXOHV

1RZ WKDW ZH KDYH GHILQHG WKH RSHUDWLRQDO VHPDQWLFV IRU ΛC DQG WKH EXLOGLQJ RI FRVW

JUDSKV� ZH QRZ WXUQ WR IDFWRULQJ LQ KRZ GLIIHUHQW VFKHGXOLQJ SROLFLHV FDQ DIIHFW

ZKLFK QRGHV LQ WKH FRVW JUDSK EHFRPH DFWLYH DQG ZKHQ� WKLV LQ WXUQ FDQ KDYH D ODUJH

LPSDFW RQ WKH VSDFH DQG WLPH XVDJH RI WKH SURJUDP�

,Q RUGHU WR SDUDPHWHUL]H FRVW JUDSKV E\ WKH VFKHGXOLQJ SROLF\ WKDW LV FKRVHQ� ZH XVH

D VLPLODU WHFKQLTXH WR WKDW RI 6SRRQKRZHU HW DO� >�@ ZKHUH D VFKHGXOH RUGHU " LV



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

GHILQHG RYHU WKH QRGHV RI WKH FRVW JUDSK� +RZHYHU� VLQFH WKH ZHLJKWV RI WKH HGJHV

LQ WKH FRVW JUDSKV IRU ΛC UHSUHVHQW WKH FRPSXWDWLRQDO FRVW RI WUDYHUVLQJ WKDW HGJH�

D KLJKHU�ZHLJKWHG HGJH ZLOO FDXVH WKH WKUHDG WKDW LV DVVLJQHG WKH VRXUFH QRGH WR QRW

EH VFKHGXODEOH XQWLO WKH QXPEHU RI VWHSV WDNHQ VLQFH WKDW QRGH KDV EHHQ VFKHGXOHG

KDV SDVVHG WKH ZHLJKW RI WKH RXWJRLQJ HGJH RI WKDW QRGH� 7KXVO\� WKH QH[W QRGH ZLOO

QRW EHFRPH VFKHGXODEOH XQWLO WKH QXPEHU RI µWLFNV¶ UHSUHVHQWHG E\ WKDW HGJH KDYH

EHHQ SHUIRUPHG�

:LWK WKLV LQ PLQG� ZH XSGDWH WKH GHILQLWLRQ RI WKH VFKHGXOH RUGHU WKDW ZH ZLOO EH

XVLQJ LQ RUGHU WR WDNH LQWR DFFRXQW WKH ZHLJKWHG HGJHV� 7KLV XSGDWHG VFKHGXOH RUGHU�

WKH ZHLJKWHG VFKHGXOH RUGHU V$;α1 "w α2 DGGV D VHW RI SUHYLRXV VWHS FRQWH[WV V$� �

(DFK VWHS FRQWH[W V$ LQ V$ FRUUHVSRQGV WR D VHW RI VLPXOWDQHRXVO\ VFKHGXOHG QRGHV

V IRU WKH VFKHGXOH� ZKHUH HDFK QRGH LQ WKH VWHS LV FRXSOHG ZLWK WKH VWHS QXPEHU�V�

LQ WKH IXWXUH DW ZKLFK WKH WKUHDG DVVLJQHG WR WKDW QRGH ZLOO ILQLVK DQG EHFRPH XVDEOH

DJDLQ H�J� ZKHQ DOORFDWLQJ PHPRU\ IRU D UHJLRQ ZH ORVH WKDW WKUHDG XQWLO WKH DOORFD�

WLRQ KDV EHHQ SHUIRUPHG�� *LYHQ D VWHS Vk ZH GHILQH WKH VWHS FRQWH[WXDOL]DWLRQ V$k

RI LW DV IROORZV�

{

(α ,δ + i ) &&& α ∈ Vk ,∃α ′ . ((α ′,α ,δ ) ∈ E) ∧ α ′ ∈ Vi ∧ i < k
}

�����

1RWH WKH V$ FDQ� LQ D VHQVH� EH D PXOWLVHW²ZH FDQ KDYH D VLQJOH QRGH PDSSLQJ WR

D QXPEHU RI GLIIHUHQW WLPHV VLQFH WKLV WUDFNV WKH FRVW RI UHDFKLQJ WKH QRGH IURP LWV

SDUHQWV WKDW KDYH EHHQ VFKHGXOHG�

-XVW DV EHIRUH LQ 6HFWLRQ ����� ZLWK VFKHGXOH RUGHUV� D ZHLJKWHG VFKHGXOH RUGHU KDV

WKH IROORZLQJ SURSHUWLHV�

3URSRVLWLRQ ����� �3URSHUWLHV RI:HLJKWHG 6FKHGXOH 2UGHU�� /HW "w EH DZHLJKWHG

VFKHGXOH RUGHU RYHU D FRVW JUDSKG� 7KHQ WKH IROORZLQJ SURSHUWLHV KROG�
�7KH VFKHGXOH RUGHU WKDW ZH VDZ SUHYLRXVO\ LQ 6HFWLRQ ����� FDQ EH VHHQ DV D VSHFLDO FDVH RI WKH
ZHLJKWHG VFKHGXOH RUGHU LQ WKH FDVH WKDW DOO WKH HGJHV KDYH ZHLJKW 1�
�:H ZLOO DVVXPH WKDW VWHS FRQWH[WV DUH ZHOO IRUPHG�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

� ∀α ∈ G . ∀V$ . V$;α "w α�

� ∀α1,α2 ∈ G .. ∀V$ . α1 ≺д α2 ⇒ V$;α1 " α2� ZKHUH ≺д PHDQV WKDW α1 LV D SDUHQW

RI α2�

$QG ZH FDQ H[WHQG WKLV WR VHWV RI QRGHV�

'HILQLWLRQ ����� �6FKHGXOH 2UGHU IRU 1RGH 6HWV��

V$;Vi "w Vi+1 ⇐⇒ ∀α1 ∈ V1,α2 ∈ V2 . V$;α1 " α2,

:LWK WKH VLGH�FRQGLWLRQ WKDW ∀j ≤ i . V$j ∈ V$ LI i > 0�

$QG GHILQH VLPXOWDQHRXVO\ VFKHGXOHG QRGHV DQG DQG VWHSV LQ MXVW WKH VDPH PDQQHU�

'HILQLWLRQ ����� �6LPXOWDQHRXVO\ 6FKHGXOHG 1RGHV��

V$;α1 #" α2 ⇐⇒ V$;α1 "w α2 ∧V$;α2 "w α1

:H WKHQ XVH WKLV WR SDUWLWLRQ WKH JUDSK LQWR VHWV RI VLPXOWDQHRXVO\ VFKHGXOHG QRGHV

RU VWHSV�

steps("w) = V1, . . . ,Vk VXFK WKDW



∃i . ∀α ∈ G . ∃Vi .α ∈ Vi ,
{};V1 "V2,
...

{V$1 , . . . ,V
$
k−1};Vk−1 "Vk ,

∀i . ∀Vi . ∀α1,α2 ∈ Vi . {V$1 , . . . ,V$i };α1 #" α2
�����

)URP WKLV� ZH FDQ WKHQ GHILQH WKH FORVXUH V̂i RI WKH VWHSVi DV

V̂i =
i⋃

k=1
Vk �����

7KXV ZKLOH DOO WKH QRGHV LQ V̂i DUH QRW QHFHVVDULO\ VFKHGXOHG VLPXOWDQHRXVO\� ZH GR

KDYH WKDW

{V$1 , . . . ,V
$
i }; V̂i "Vi+1



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

:LWK WKLV IUDPHZRUN� ZH FDQ WKHQ WKLQN RI WKH VFKHGXOH DV GHILQLQJ D ZDYHIURQW WKDW

SURJUHVVHV DFURVV WKH JUDSK �ZKHUH HDFK ³ZDYH´ LV WKH QH[W VWHS Vi��

1RWH WKDW ZLWK WKLV GHILQLWLRQ LW LV SRVVLEOH WR JHW HPSW\ VWHSV� ,Q IDFW� ZH ZLOO XVH

WKHVH WR RXU DGYDQWDJHPRPHQWDULO\ZKHQ FDOFXODWLQJ WKH FRVW IRU D WUDYHUVDO WKURXJK

WKH JUDSK� $Q HPSW\ VWHSVi ZLOO EH JHQHUDWHG ZKHQ WKHUH DUH QRGHV OHIW WR VFKHGXOH�

\HW QR QRGHV VFKHGXODEOH �DW WKH FXUUHQW VWHS��

∃α ∈ G . α ! V̂i−1 ∧ ∀α ′ ∈ V̂i−1 . {V$1 , . . . ,V
$
i−1};α ′ I"w α �����

2U LQ RWKHU ZRUGV� ZKHQ WKH QRGH LV QRW DEOH WR EH VFKHGXOHG DW WKH FXUUHQW VWHS� EXW

ZLOO ODWHU EHFRPH VFKHGXODEOH�

:HLJKWLQJ 6WHSV 6LQFH WKH FRVW JUDSKV RIΛC DUH ZHLJKWHG� DQG VLQFH WKUHDGV FDQ

FRQWLQXH UXQQLQJ IURP RQH VWHS WR DQRWKHU� FDOFXODWLQJ WKH FRVW RI HDFK VWHS LV QRW

HQWLUHO\ VWUDLJKWIRUZDUG EXW VWLOO UDWKHU HDV\� VLQFH DQRWKHU VWHS ZLOO VWDUW DV VRRQ

DV WKHPLQLPXP ZHLJKW HGJH IURP RQH VWHS WR DQRWKHU LV ILQLVKHG� WKH FRVW RI D VWHS

LV WKH PLQLPXP ZHLJKW HGJH EHWZHHQ HDFK VWHS� DQG 1 LQ WKH FDVH WKDW WKH VWHS LV

HPSW\�

stepw (Vi ) =


0 i = 1
1 i # 1,Vi = ∅
min {δ | αi ∈ Vi , αi−1 ∈ Vi−1, (αi−1,αi ,δ ) ∈ E} RWKHUZLVH

�����

DQG ZLWK WKLV WKH FRVW RI D VHW RI ZH FDQ GHILQH WKH FRVW RI WKH FRPSXWDWLRQ WKXV IDU

L�H�� WKH FRVW RI WKH FRPSXWDWLRQ IRU D JLYHQ VHW RI VWHSV WKURXJK WKH FRVW JUDSK DV

IROORZV�

stepT (V ) =
∑

Vi∈V
stepw (Vi ) �����

7KLV ZLOO WKHQ SURYH XVHIXO IRU GHWHUPLQLQJ ZKHQ D WKUHDG FDQ EHFRPH UXQQDEOH

DJDLQ�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

7KUHDG $YDLODELOLW\ ,Q D V\VWHP ZLWK D ZHLJKWHG VFKHGXOH ZH ORVH WKH LQYDULDQW

WKDW ZH ZLOO DOZD\V KDYH p WKUHDGV LQ D p�WKUHDG V\VWHP� VLQFH WKUHDGV FDQ EH XWLOL]HG

IRUPRUH WKDQ RQH VWHSZHZLOO QRW QHFHVVDULO\ DOZD\V KDYHp WKUHDGV DW HDFK VWHS� :H

WKHUHIRUH QHHG D ZD\ WR GHWHUPLQH WKH QXPEHU RI WKUHDGV DYDLODEOH DW D JLYHQ VWHS

k LQ WKH VFKHGXOH GHILQHG RYHU WKH JUDSK� :H WKXV DUULYH DW WKH IROORZLQJ GHILQLWLRQ

WKDW FDQ EH XVHG LQ WKH VFKHGXOH RUGHU WR GHWHUPLQH KRZPDQ\ WKUHDGV �LQ D p�WKUHDG

V\VWHP� DUH DYDLODEOH EDVHG XSRQ WKH FXUUHQW VWHS FRQWH[W V$ = {V$1 , . . . ,V
$
k }

threads(V$) = p − &&&
{

(α ,l ) | (α ,l ) ∈ V$i ∈ V$,l > stepT ({Vi , . . . ,Vk}) + 1
}&&& ������

$V DQ H[DPSOH RI D ZHLJKWHG VFKHGXOH RUGHU DQG KRZ LW GLIIHUV IURP WKH VFKHGXOH

RUGHU ZH VDZ SUHYLRXVO\� ZH FDQ GHILQH WKH JUHHG\ VFKHGXOLQJ SROLF\ GHILQHG LQ (TXD�

WLRQ ������ DV D ZHLJKWHG VFKHGXOH RUGHU DV IROORZV�

∀α1,α2 . V$;α1 "w α2 ⇒
∃α3 .

(
(α3 ≺д α2) ∧ (α3, j ) ∈ V$i ∈ V$ ∧ k < j

)

∨ &&&{α | V$;α "w α1}
&&& = threads(V$)

������

:KHUH ZH DUH VD\LQJ WKDW D QRGH α1 LV VFKHGXOHG EHIRUH α2 LI WKHUH H[LVWV D SDUHQW

�α3� RI α2 WKDW VWLOO QHHGV WR FRPSOHWH �WKH JUH\HG DUHD�� RU LI WKH VHW RI QRGHV WKDW

KDYH EHHQ VFKHGXOHG ZLWK α1 KDYH WDNHQ XS DOO RI WKH DFWLYH WKUHDGV �WKH QRQ�JUH\HG

VHFWLRQ�� ,I ZH WDNH WKH FRVW JUDSK WR EH XQZHLJKWHG²DOO RI WKH ZHLJKWV LQ WKH JUDSK

WR EH 1²ZH JHW WKDW (α3,i +1) ∈ V$i IRU DQ\ α3� DQG WKHUHIRUH LW KDV DOZD\V ILQLVKHG E\

WKH WLPH ZH FRPH DURXQG²DQG WKXV RQO\ SRVHV D SUREOHP LI α3 DQG α1 DUH VFKHGXOHG

VLPXOWDQHRXVO\� ,Q WKLV FDVH� ZH DUULYH EDFN DW WKH GHILQLWLRQ RI D JUHHG\ VFKHGXOH

LQ (TXDWLRQ �������

∀α1,α2 . V$;α1 "w α2 ⇒
∃α3 .

(
(α3 ≺д α2) ∧ (α3,i + 1) ∈ V$i ∈ V$ ∧ k < i + 1

)
∨ &&&{α | V$;α "w α1}

&&& = threads(V$)
⇐⇒

∃α3 .
(
(α3 ≺д α2) ∧ α3 #" α1

)
∨ &&&{α | V$;α "w α1}

&&& = p

6LQFH ZH KDYH WKDW IRU DOO (α ,k ) ∈ V$i ∈ V$ WKDW k = i + 1� DQG WKHUHIRUH WKDW

threads(V$) = p IRU DOOV$�

$V DQ H[DPSOH� RI KRZ WKHVHZHLJKWHG VFKHGXOHVZRUN� WDNH WKH IROORZLQJ FRVW JUDSK�



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

α1

α2

α3 α4

α5 α6

α7

α8

α9

1

2 10

20

1

1 1

1 1

2

7KHQ ZH KDYH IRU p ≥ 3 WKDW XQGHU WKH VFKHGXOLQJ SROLF\ LQ (TXDWLRQ ������� ZH ZLOO

JHW WKH IROORZLQJ VWHSV�

{α1},{α2},{α3,α4},{α5,α6},{α7},{}6,{α8},{}19,{α9}

ZKHUH WKH VXSHUVFULSWV GHQRWH ³HPSW\ VWHSV´ LQ ZKLFK QR QHZ QRGHV FDQ EH VFKHG�

XOHG�

1RZ WKDW ZH KDYH VSHFLILHG WKH UHSUHVHQWDWLRQ RI VFKHGXOHV DFURVV WKH FRVW JUDSK�

ZH FDQ QRZ WXUQ WR VSHFLI\LQJ KRZ ZH FDQ GHWHUPLQH FRVWV�

����� 'HWHUPLQLQJ &RVWV

,Q RUGHU WR GHWHUPLQH WKH VSDFH XVDJH RI D SURJUDP� ZH XWLOL]H WHFKQLTXHV VLPLODU

WR WKDW RI 6SRRQKRZHU HW DO� >�@ �DQG UHYLHZHG LQ 6HFWLRQ ������� +RZHYHU LQVWHDG



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

RI NHHSLQJ D KHDS JUDSK DQG KDYLQJ D UHDFKDELOLW\ UHODWLRQ RQ WKLV JUDSK WR WUDFN

WKH ORFDWLRQV WKDW QHHG WR EH NHSW DOLYH� ZH LQVWHDG ORRN DW WKH UHJLRQ VWDFN WKDW ZH

PDLQWDLQ DQG EXLOG WKURXJKRXW WKH JUDSK WUDYHUVDO� 0RUHRYHU� VLQFH WKH RSHUDWLRQV

RQ WKH UHJLRQ VWDFN DUH H[SOLFLW QRGHV LQ WKH FRVW JUDSK� WKH UHJLRQ VWDFN DW DQ\ JLYHQ

SRLQW LV FRPSOHWHO\ GHWHUPLQHG E\ WKH FORVXUH RI WKH FXUUHQW FRPSXWDWLRQDO VWHS

ZLWKLQ WKH JUDSK� :H WKXV GHILQH S (Vi ,"w) WR EH WKH UHJLRQ VWDFN DW VWHS i XQGHU

VFKHGXOH "w�

:LWK WKLV GHILQLWLRQ RI D UHJLRQ VWDFN DW VWHS i� ZH WKHQ GHILQH WKH VSDFH XVDJH DW D

JLYHQ VWHS LQ WKH FRPSXWDWLRQ DV WKH WRWDO VSDFH XVHG E\ WKH ORFDWLRQV LQ WKH UHJLRQ

VWDFN DW WKDW VWHS� �L�H�� IRU D JLYHQ VHW RI YHUWLFHV LQ WKH FRVW JUDSK��

space(V ,"w) = |{! ∈ R | R ∈ S (V ,"w)}| =
∑

R∈S (V ,"w )

| R.ν | ������

:H FDQ WKHQ VD\ WKDW WKH VSDFH UHTXLUHG E\ D VFKHGXOH "w WKDW FRPSXWHV YDOXH v DW

ORFDWLRQ ! LV WKH PD[LPXP VSDFH XVDJH UHTXLUHG E\ DQ\ VWHS LQ WKH VFKHGXOH RYHU WKH

'$* IRUPHG E\ WKH FRVW VHPDQWLFV�

spacev ("w) = max {space(Vi ,"w) | Vi ∈ steps("w)} ������

'HWHUPLQLQJ WLPH FRVWV IRU D SURJUDP LV UHODWLYHO\ VWUDLJKWIRUZDUG� VLQFH ZH

KDYH WKH stepw (Vi ) IXQFWLRQ� WKH WRWDO DPRXQW RI WLPH WDNHQ E\ D SURJUDP e XQGHU

VFKHGXOH "w ZLWK FRVW JUDSK G = (α1,α2,V ,E) LV WKH VXP RI WKH WLPH WDNHQ IRU HDFK

VWHS JLYHQ E\ "w WKURXJKG� RU LQ RWKHU ZRUGV

time(e,"w) = stepT (steps("w)) ������

ZKHUH stepw DQG stepT ZHUH GHILQHG LQ (TXDWLRQV ����� DQG ������



�� &RVW 6HPDQWLFV IRU 5HJLRQ�%DVHG 3DUDOOHO /DQJXDJHV ��

$ %ULHI $VLGH� 5HJLRQ /LIHWLPH 3UHVHUYDWLRQ

1RZ WKDW WKH VHPDQWLFV KDV EHHQ GHYHORSHG� ZH FDQ SUHVHQW WKH IROORZLQJ WKHRUHP

WKDW GHWDLOV KRZ WKH W\SH�OHYHO RXWOLYHV UHODWLRQ LV SUHVHUYHG DW WKH WHUP� RU PHPRU\�

OHYHO E\ WKH DQFHVWRU UHODWLRQVKLS �DQG YLFH�YHUVD�� DQG E\ WKH VHPDQWLFV�

7KHRUHP ������ /HW ρ,ρ′ ∈ RVars� DQG e DQ H[SUHVVLRQV VXFK WKDW {ρ}; ·; · ?H[S e :
τ ,φ� DQG ρ,ρ′ ∈ φ� 1RZ WDNH WKH IROORZLQJ GHULYDWLRQ WUHH IRU e�

...

E;S1; e′ ⇓ v′;S2; c
�$�

...

...

{ρ &→ rh}; {rh &→ R}; e ⇓ v;S′; c′ ������

VXFK WKDW ρ,ρ′ ∈ frv (e′)� DQG S1(E (ρ)) = R1� S1(E (ρ′)) = R2� 7KHQ ZH KDYH WKDW

S1 ? R1 :≥ R2 LII Ω;∆ ?UU ρ B ρ′� :KHUH Ω DQG ∆ DUH FRQVWUXFWHG E\ WKH IROORZLQJ

GHULYDWLRQ�
...

Ω;∆; Γ ?H[S e′ : τ ′,φ′
�$$�

...

...

{ρ}; ·; · ?H[S e : τ ,φ ������

)XUWKHUPRUH� ZH KDYH IRU E DQG S1 DV LQ ($) DQG Ω DV LQ ($$) WKDW

proj (E);S1 ?YUHJ Ω

3URRI� 7KH SURRI IROORZV E\ LQGXFWLRQ RQ WKH VWUXFWXUH RI WKH UHJLRQ HQYLURQPHQW�

DQG UHJLRQ VWDFNV� DQG E\ LQVSHFWLRQ RI WKH WKH W\SLQJ UXOHV DQG RSHUDWLRQDO VHPDQ�

WLFV� #



4
&RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP

&RQWHQWV
��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 5HVWULFWLQJ ΛC IRU WKH *38 � � � � � � � � � � � � � � � � � � � � ���
��� 7KH *38� $EVWUDFWO\ � � � � � � � � � � � � � � � � � � � � � � � ���

����� *38 0HPRU\ 0RGHO � � � � � � � � � � � � � � � � � � � � � � � ���
����� $EVWUDFW 0DFKLQH 0RGHO IRU WKH *38 � � � � � � � � � � � � � ���
����� 7KH 'LVFUHWH 0HPRU\ 0DFKLQH 0RGHO � � � � � � � � � � � � � ���
����� 7KH 8QLILHG 0HPRU\ 0DFKLQH 0RGHO � � � � � � � � � � � � � ���
����� 3XWWLQJ LW DOO 7RJHWKHU� WKH +000RGHO � � � � � � � � � � � ���

��� *38 &RVW *UDSK &RPELQDWRUV � � � � � � � � � � � � � � � � � ���
����� 7KUHDG *UDSKV DQG 0HWD�HGJHV � � � � � � � � � � � � � � � � ���
����� :DUS *UDSKV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� :DUS 3RROV � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HYLFH %R[HV � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� &RVW 6HPDQWLFV IRU ΛG � � � � � � � � � � � � � � � � � � � � � � � ���
����� 0HWD /RFDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HDGLQJ DQG :ULWLQJ WR 0HPRU\ � � � � � � � � � � � � � � � � ���
����� 7KUHDG 6HPDQWLFV � � � � � � � � � � � � � � � � � � � � � � � � ���
����� *OREDO &RVW 6HPDQWLFV � � � � � � � � � � � � � � � � � � � � � � ���

��� 6FKHGXOLQJ *38 &RVW *UDSKV � � � � � � � � � � � � � � � � � � ���
����� 7KUHDG 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � ���
����� :DUS 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HYLFH %R[ 6FKHGXOHV � � � � � � � � � � � � � � � � � � � � � � ���
����� .HHSLQJ 7UDFN RI WKH 5HJLRQ 6WDFN � � � � � � � � � � � � � � � ���

���



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

��� 'HWHUPLQLQJ &RVWV IURP *38 &RVW *UDSKV � � � � � � � � � � ���

��� ,QWURGXFWLRQ

1RZ WKDW ZH KDYH GHWDLOHG D WKHRU\ IRU SURILOLQJ UHJLRQ�EDVHG SDUDOOHO ODQJXDJHV

RQ WKH &38� ZH WXUQ RXU DWWHQWLRQ WR GHILQLQJ D FRVW VHPDQWLFV IRU SURILOLQJ UHJLRQ�

EDVHG SDUDOOHO ODQJXDJHV RQ WKH *38� 7KHVH WZR WKHRULHV ZLOO WKHQ VHUYH DV WKH FRQ�

VWLWXHQW SDUWV RI WKH HYHQWXDO KHWHURJHQHRXV SDUDOOHO ODQJXDJH LQ &KDSWHU �� :H

WKXV ZDQW WKH *38 SDUW RI WKH ODQJXDJH²ΛG²WR EH DV VLPLODU DV SRVVLEOH WR WKH &38

SRUWLRQ RI WKH ODQJXDJH²ΛC²KRZHYHUZH QHHG WR UHVWULFW VRPH RI WKH FRPSXWDWLRQDO

IRUPV SHUPLWWHG LQ WKH ODQJXDJH WKDW UXQV RQ WKH *38 IURP ZKDW ZH VDZ LQ WKH

SUHYLRXV FKDSWHU�

%H\RQG VLPSO\ UHVWULFWLQJ WKH ODQJXDJH IRUPV WKDW FDQ UXQ RQ WKH *38� GXH WR WKH LQ�

KHUHQWO\ GLIIHUHQW SDUDOOHO DUFKLWHFWXUHV RI WKH &38 DQG *38 WKH SDUDOOHO FRQVWUXFWV

WKDW ZH HQFRXQWHU LQ WKLV FKDSWHU ZLOO KDYH D VLJQLILFDQW GLIIHUHQFH FRPSXWDWLRQDOO\

FRPSDUHG WR WKH VDPH SDUDOOHO FRQVWUXFWV �V\QWDFWLFDOO\� WKDW ZH VDZ LQΛC� +RZHYHU�

ZH ZLOO UH�XVH D WHFKQLTXH ZH VDZ HDUOLHU RQ WR RXU FRVW VHPDQWLFV LQ RUGHU WR OHVVHQ

WKH EXUGHQ ZKHQ LW EHFRPHV WLPH WR FRPELQH WKHVH WZR SDUWV� ZH VDZ LQ &KDSWHU �

KRZ WKH GHVFULSWLRQ RI SDUDOOHOLVP IURP WKH FRVW SHUVSHFWLYH FRXOG EH SXVKHG IURP

WKH RSHUDWLRQDO�VHPDQWLF GHVFULSWLRQ LQWR WKH FRVW VWUXFWXUH WKDW WKHVH VHPDQWLFV

EXLOG� :H GR WKH VDPH LQ WKLV FKDSWHU IRU RXU *38 ODQJXDJH ΛG DQG UHIOHFW WKH

GLIIHUHQW SDUDOOHO FKDUDFWHULVWLFV RI WKH *38 LQ WKH FRQVWUXFWLRQ RI� DQG VXEVHTXHQW

SURILOLQJ RI WKH FRVW JUDSKVZKLOH DOWHULQJ WKH RSHUDWLRQDO VSHFLILFDWLRQ RI WKHVH IRUPV

DV OLWWOH DV SRVVLEOH�

7KH UHVW RI WKLV FKDSWHU LV VWUXFWXUHG DV IROORZV� ZH ILUVW GHILQH WKH V\QWD[ RI ΛG �6HF�

WLRQ ����� GHVFULEH WKH PDFKLQH DQG PHPRU\ PRGHO WKDW ZH ZLOO EH XVLQJ ZKLFK



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

LV VLJQLILFDQWO\ PRUH FRPSOH[ WKDQ WKH &38 YHUVLRQ WKDW ZH VDZ SUHYLRXVO\ �6HF�

WLRQ ����� LQWURGXFH RXU *38 JUDSK RSHUDWRUV DQG FRPELQDWRUV �6HFWLRQ ����� DQG

GHILQH WKH FRVW VHPDQWLFV WKDW XWLOL]H WKHVH FRPELQDWRUV WR EXLOG XS WKH FRVW JUDSKV

WKDW GHVFULEH WKH XQGHUO\LQJ SDUDOOHO DUFKLWHFWXUH RI WKH *38 �6HFWLRQ �����

:H WKHQ FRQFOXGH WKH FKDSWHU LQ 6HFWLRQV ��� DQG ��� E\ GHILQLQJ WKH GHWHUPLQDWLRQ

RI WLPH DQG VSDFH FRVWV IURP *38 FRVW JUDSKV� ,Q SDUWLFXODU� ZH GHILQH WKH SULPDU\

WLPH FRVW MXGJHPHQW IRU ΛG LQ (TXDWLRQ ������ DV D IXQFWLRQ SDUDPHWUL]HG E\ WKH

VWDUWLQJ VWDWH RI ORFDO PHPRU\ RQ WKH *38� DQG GLVFXVV DQG GHILQH WKH VSDFH FRQ�

VXPSWLRQ IRU ΛG SURJUDPV LQ (TXDWLRQ �������

��� 5HVWULFWLQJ ΛC IRU WKH *38

7KH FRUH GHILQLWLRQ RI ΛG LV JLYHQ LQ )LJXUH ���� DQG LV DOPRVW LGHQWLFDO V\QWDFWLFDOO\

WR WKH ΛC ODQJXDJH WKDW ZH LQWURGXFHG LQ &KDSWHU �� ,W FRQVLVWV RI D VWDQGDUG λ�

FDOFXOXV DORQJ ZLWK SDLUV (e1,e2) �i ρ� SDUDOOHO FRPSRVLWLRQ e1‖e2 �i ρ� DUUD\V

[e1, . . . ,en] �i ρ� DQG SDUDOOHO WUDYHUVDOV RI WKHVH DUUD\V T�`K�T f [e1, . . . ,en] �i ρ�

(DFK λ LV DQQRWDWHG ZLWK WKH VHW RI UHJLRQV WKDW LW XVHV� DQG WKH FORVXUH IRU LW PXVW

EH DOORFDWHG LQ WKH VSHFLILHG UHJLRQ ρ²KHQFH RXU FORVXUHV GR QRW FRQWDLQ D UHJLRQ

DQQRWDWLRQ�

7KH YDOXHV LQ ΛG FRQVLVW RI LQWHJHUV i� ERROHDQV b� DQG KHDS YDOXHV WKDW FDQ EH VWRUHG

LQ WKH UHJLRQV R RI PHPRU\� +HDS YDOXHV FRQVLVW RI DUUD\V RI YDOXHV [v1, . . . ,vn]�

IXQFWLRQ FORVXUHV +HQb (x : τ ,e,E)� ORFDWLRQV LQ PHPRU\ ! = (r ,o)� DQG ILQDOO\ UHJLRQ

FORVXUHV `+HQb (ρ,φ,φ′,u)� /RFDWLRQV ! FRQVLVW RI D UHJLRQQDPH r DORQJZLWK WKH RIIVHW

o LQWR WKDW UHJLRQ� 5HJLRQ FORVXUHV `+HQb (ρ,φ,φ′,u) UHSUHVHQW UHJLRQ�SRO\PRUSKLF

FRGH DQG DUH FUHDWHG YLD WKH UHJLRQ DEVWUDFWLRQ IRUP λρ B φ.φ ′u �i ρ� WKHVH DUH WKHQ

LQVWDQWLDWHG LQ PXFK WKH VDPH ZD\ DV ZH ZRXOG D IXQFWLRQ FORVXUH YLD WKH UHJLRQ

LQVWDQWLDWLRQ IRUP e[ρ]�



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

:KLOH WKH SDUDOOHO FRQVWUXFWV WKDW ZH VHH KHUH DUH WKH VDPH V\QWDFWLFDOO\ DV WKRVH

LQ &KDSWHU �� WKH SDUDOOHO WUDYHUVDO T�`K�T f [e1, . . . ,en] �i ρ KDV D YHU\ GLIIHUHQW

FRPSXWDWLRQDO²DQG KHQFH FRVW²LQWHUSUHWDWLRQ RQ WKH *38� LQ ΛC� WKH SDUDOOHOLVP

LQWURGXFHG E\ T�`K�T FRQVLVWV RI IRUN�MRLQ SDUDOOHOLVP IRU HDFK RI WKH ei WKDW LV

EHLQJ PDSSHG DFURVV ZKHUHDV LQ ΛG �RQ WKH *38� WKLV UHSUHVHQWV GDWD SDUDOOHOLVP

DFURVV WKH ei � :H IRUPDOL]H WKLV GLIIHUHQW SDUDOOHO DQG FRVW VWUXFWXUH RQ WKH *38

LQ 6HFWLRQV ��� WR ���� )XUWKHUPRUH� VLQFHZH GR QRW KDYH IRUN�MRLQ SDUDOOHOLVPRQ WKH

*38 LW GRHV QRW PDNH VHQVH WR VSDUN VXE�NHUQHOV RII IRU D VLQJOH FRPSXWDWLRQ� WKXV

WKH SDUDOOHO FRPSRVLWLRQ RSHUDWRU e1‖e2 GRHV QRW DFWXDOO\ LQWURGXFH DQ\ SDUDOOHOLVP

RQ WKH *38� DQG LQVWHDG LV VHULDOL]HG��

:KLOH WKH V\QWD[ LQ )LJXUH ��� LV DOPRVW LGHQWLFDO WR WKDW RI ΛC� WKHUH LV D FUXFLDO

RPLVVLRQ RI WKH H2i`2;BQM IRUP IURP WKH ODQJXDJH� 7KH SUHFLVH GHYLFH SURSHUWLHV

WKDW LPSRVH WKLV UHVWULFWLRQ RQ WKH *38 DUH GLVFXVVHG LQ 6HFWLRQ ������ +RZHYHU� LW LV

ZRUWK QRWLQJ QRZ WKDW ZKHQ LW EHFRPHV WLPH LQ &KDSWHU � WR FRPELQH WKH &38 DQG

*38SRUWLRQV RI WKH ODQJXDJH� WKLV ODFN RI UHJLRQ FUHDWLRQ RSHUDWLRQV LQ WKH*38SDUW

RI WKH ODQJXDJH ZLOO FUHDWH D QDWXUDO VXEW\SLQJ UHODWLRQ EHWZHHQ &38 DQG *38 FRP�

SXWDWLRQV WKDW ZLOO EH FUXFLDO IRU WKH ODQJXDJH²DOO YDOLG *38 FRPSXWDWLRQV DUH YDOLG

&38 FRPSXWDWLRQV� EXW QRW DOO &38 FRPSXWDWLRQV DUH YDOLG *38 FRPSXWDWLRQV DQG

IXUWKHU� DOO PHPRU\ LV DOORFDWHG RQ WKH &38� 7KLV ZLOO HQIRUFH D QDWXUDO KLHUDUFK\ RQ

KHWHURJHQHRXV SURJUDPV� DOO SURJUDPV VWDUW RQ WKH &38 DIWHU ZKLFK FRPSXWDWLRQV

DUH WKHQ ³SXVKHG´ RYHU WR WKH *38 DQG WKH UHVXOWV ³SXOOHG´ EDFN WR WKH &38 �IURP

WKH *38��

7KH VWDWLF VHPDQWLFV IRU ΛG LV WKH VDPH DV WKDW IRU ΛC ZLWK WKH H[FHSWLRQ WKDW WKHUH

LV QR H2i`2;BQM IRUP� :H WKHUHIRUH UHIHU WKH UHDGHU WR 6HFWLRQV ��� DQG ��� IRU WKH

GHWDLOV RI WKH W\SH V\VWHP IRU ΛG�
�:H FRXOG UHPRYH WKLV IRUP IURP WKH ODQJXDJH EXW ZH ZDQW WKLV ODQJXDJH WR EH DV FORVH DV SRVVLEOH
�V\QWDFWLFDOO\� WR WKDW RI ΛC VR WKDW ODWHU RQ ZH FDQ FRPELQH WKHP PRUH HDVLO\�



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

i ∈ Z r ∈ RNames f ,x ∈ Vars ρ ∈ RVars o ∈ N

! ::= (r ,o) 5HJLRQ /RFDWLRQV
R ::= (ap,s, refcnt,{o1 &→ v1, . . . ,on &→ vn}) 5HJLRQV
S ::= ρ &→ R | S,r &→ R 2UGHUHG 'RPDLQ�5HJLRQ 6WDFN
φ ::= {ρ1, . . . ,ρn} (IIHFW 6HWV
τ ::= #QQH | (µ,ρ) | Πρ B φ.φ ′τ 7\SHV
µ ::= BMi | τ1

φ−→ τ2 | τ1 × τ2 | o2+ τ %R[HG 7\SHV
Ω ::= {ρ} | ρ,Ω :RUOG &RQWH[WV
∆ ::= · | ∆,ρ B φ 5HJLRQ &RQVWUDLQWV
Γ ::= · | Γ,x : τ 7\SLQJ &RQWH[WV
e ::= x | i | h`m2 | 6�Hb2 7HUPV

| e1 < e2 | e1 ∗ e2
| B7 e i?2M et 2Hb2 ef
| λx : τ .φe �i ρ | e1 e2
| λρ B φ′.φu �i ρ | e[ρ]
| (e1,e2) �i ρ | 7bi e | bM/ e
| 7Bt f : τ .u | e1‖e2 �i ρ
| [e1, . . . ,en] �i ρ | T�`K�T e [e1, . . . ,en] �i ρ

u ::= λx : τ .φe �i ρ | λρ B φ′.φu �i ρ $EVWUDFWLRQV
v ::= i | b | (v1,v2) | [v1, . . . ,vn] +HDS 9DOXHV

| +HQb (x : τ ,e,E) | `+HQb (ρ,φ,φ′,u) | !

)LJXUH ���� 6\QWD[ RI ΛG

��� 7KH *38� $EVWUDFWO\

����� *380HPRU\ 0RGHO

$V ZH VDZ LQ 6HFWLRQ ���� ZKLOH &38 DQG *38 PHPRU\ DUH VLPLODU LQ PDQ\ ZD\V

WKHUH DUH FUXFLDO GLIIHUHQFHV LQ KRZ PHPRU\ DFFHVVHV WDNH SODFH� DQG ZKHUH WKH

GDWD UHVLGHV LQ PHPRU\ DIIHFWV WKH FRVW RI DFFHVV� ,Q SDUWLFXODU� LQ D VLPLODU YHLQ

WR &38 PHPRU\ WKHUH LV D KLHUDUFKLFDO PHPRU\ PRGHO ZKLFK FRQVLVWV RI SULYDWH

ZRUN LWHP PHPRU\� ORFDO ZRUN JURXS PHPRU\� DQG JOREDO RU FRQVWDQW PHPRU\� $V

RSSRVHG WR FDFKHPHPRU\ RQ WKH &38 LQ ZKLFK VHFWLRQV RI PHPRU\ DUH EURXJKW LQWR

RU HYLFWHG IURP WKH FDFKH EDVHG XSRQ PHPRU\ DFFHVV SDWWHUQV� RQ WKH *38 VHFWLRQV

RI PHPRU\ WKDW DUH ORFDO SHUVLVW WKURXJKRXW WKH FRPSXWDWLRQ� )XUWKHUPRUH� ZH ZLOO



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

WDNH WKH VDPH YLHZ WRZDUGV JOREDO PHPRU\ DV +DUODQ >�@ LQ ZKLFK JOREDO DFFHVVHV

DUH XQV\QFKURQL]DEOH� EXW ZH GR KDYH DFFHVV WR DWRPLFV�

3XW WRJHWKHU� WKHVH UHVWULFWLRQV PHDQ WKDW ZH FDQQRW UHVL]H UHJLRQV RQ WKH *38

VLQFH D UHVL]H RSHUDWLRQ ZRXOG UHTXLUH V\QFKURQL]DWLRQ RSHUDWLRQV� UHVL]LQJ D UHJLRQ

UHTXLUHV SRVVLEO\ PXOWLSOH RSHUDWLRQV WR KDSSHQ DWRPLFDOO\ LQ RUGHU WR DYRLG UDFH

FRQGLWLRQV RQ JOREDO PHPRU\� 7KLV PHDQV WKDW ZH DUH RQO\ DEOH WR DOORFDWH IURP WKH

VSDFH DOUHDG\ DYDLODEOH ZLWKLQ WKH UHJLRQ ZKHQ LW LV FRSLHG RYHU WR WKH *38� 7KLV LV

DOVR RQH RI WKH PDLQ UHDVRQV IRU UHVWULFWLQJ UHJLRQ FUHDWLRQ WR EH RQ WKH &38 RQO\�

)XUWKHUPRUH� DVPHQWLRQHG HDUOLHU GLVDOORZLQJ UHVL]LQJ RI UHJLRQV RQ WKH*38PDNHV

WKH SURFHVV RI ³SXOOLQJ´ DQG WKHQ PHUJLQJ WKH *38 UHJLRQ EDFN LQWR LWV SDUHQW &38

UHJLRQ ODWHU RQ LQ &KDSWHU � SRVVLEOH�

2Q WKH *38ZH DVVXPH UHJLRQV DUH UHSUHVHQWHG XVLQJ VWDQGDUGPHPRU\ EXIIHUV DQG

KHQFH UHVLGH LQ JOREDO PHPRU\� H[FHSW IRU D VSHFLILHG VHW RI UHJLRQV WKDW DUH D SULRUL

SODFHG LQ ORFDO PHPRU\ DW WKH VWDUW RI WKH FRPSXWDWLRQ� :KLOH WKLV OHDYHV RSHQ WKH

SRVVLELOLW\ RI RSWLPL]LQJ UHJLRQ SODFHPHQW LQ QRQ�JOREDO PHPRU\ LQ RUGHU WR VSHHG�

XS DFFHVV IURP ZLWKLQ D NHUQHO EDVHG RQ WKH ZRUN RQ ORJLFDO UHJLRQV E\ %DXHU HW

DO� >��@ ZH GR QRW DGGUHVV WKLV KHUH DQG OHDYH LW WR IXWXUH LQYHVWLJDWLRQ²KRZHYHU

WKH FRVW WKHRU\ ZH SUHVHQW GRHV WDNH LQWR DFFRXQW ORFDO �ZRUN JURXS OHYHO� PHPRU\

FKDUDFWHULVWLFV LQ LWV FDOFXODWLRQV�

����� $EVWUDFW 0DFKLQH 0RGHO IRU WKH *38

,Q &KDSWHU � WKH FRVW VHPDQWLFV GHSHQGHG RQ DQ DEVWUDFW PDFKLQH PRGHO WKDW SUR�

YLGHG WKH LQWHQVLRQDO DVSHFWV RI WKH FRVW VHPDQWLFV²WKH EDVH FRVWV IRU PHPRU\ DF�

FHVVHV� +RZHYHU� ZKHUHDV WKHUH DUH D QXPEHU RI GLIIHUHQW PDFKLQH PRGHOV IRU WKH

&38 �DQG WKH PHPRU\ KLHUDUFKLHV VXUURXQGLQJ LW�� ZH KDYH IDU IHZHU DEVWUDFW PD�

FKLQHPRGHOV WR FKRRVH IURP IRU WKH *38� 7KLV LV QRW MXVW GXH WR WKH UHODWLYH QHZQHVV

RI *38 FRPSXWDWLRQ KRZHYHU� DV ZH VDZ LQ 6HFWLRQ ��� WKH PHPRU\ PRGHO IRU WKH
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*38 KDV D QXPEHU RI LQWHUHVWLQJ FKDUDFWHULVWLFV EDVHG XSRQ KRZ �DQG ZKHQ� YDUL�

RXV VHFWLRQV RI PHPRU\ DUH DFFHVVHG DQG EDVHG XSRQ WKH WKUHDGLQJ PRGHO DQG WKLV

UHVWULFWV IUHHGRP ZKHQ GHVLJQLQJ DEVWUDFW PDFKLQHV IRU WKLV DUFKLWHFWXUH�

,Q WKLV ZRUN ZH ZLOO EH XVLQJ WKH +LHUDUFKLFDO 0HPRU\ 0DFKLQH �+00� PRGHO SUH�

VHQWHG E\ 1DNDQR >��@ WRPRGHO WKH *38� 7KLVPRGHO LV EDVHG RQ WZR RWKHUPDFKLQH

PRGHOV WR GHVFULEH WKH OD\RXW RI WKH *38 DV D QXPEHU RI 6WUHDPLQJ0XOWLSURFHVVRUV

�603V� ZLWK ORFDO PHPRU\ WKDW FDQ UHDG DQGZULWH WR D VORZHU JOREDO PHPRU\� 2QH²

WKH'LVFUHWH0HPRU\0DFKLQH �'00� >��@²LV XVHG WR GHVFULEH WKH FKDUDFWHULVWLFV RI

D VLQJOH 603� (DFK RI WKHVH '00PRGHOV DUH WKHQ FRQQHFWHG YLD DQRWKHU PDFKLQH²

WKH 8QLILHG 0DFKLQH 0RGHO �800� >��@� 7KHVH� WRJHWKHU� DEVWUDFWO\ UHSUHVHQW WKH

PHPRU\ DVSHFWV RI WKH *38 WKDW ZH DUH LQWHUHVWHG LQ� WKH *38 LV PDGH XS RI D

QXPEHU RI 603V ZLWK ORFDO PHPRU\ �PRGHOHG E\ WKH '00�ZKLFK FDQ WKHQ LQWHUDFW

ZLWK HDFK RWKHU DQG WKH JOREDOPHPRU\ LQ FHUWDLQ ZD\V �PRGHOHG E\ WKH800��

7KH 800PRGHO LV EDVHG RQ WKH 'LVFUHWH 0HPRU\ 0DFKLQH �'00�²ZH ZLOO WKHUH�

IRUH ILUVW H[SODLQ WKH '00 DQG WKHQ GHULYH WKH 800 IURP WKH '00�

����� 7KH 'LVFUHWH 0HPRU\ 0DFKLQH 0RGHO

7KH'00PRGHO IRU WKH*38 LV SDUDPHWHUL]HG E\ WKH QXPEHU RI WKUHDGVp� WKH ZLGWK

w� DQG WKH ODWHQF\ l � ZKLFK FRUUHVSRQGV WRPHPRU\ EDQNV RI VL]Hw ZLWK �JOREDO� UHDG

DQG ZULWH ODWHQF\ l �� 7KH PHPRU\ LQ WKLV PRGHO LV WKHQ VHSDUDWHG LQWR EDQNV B RI

PHPRU\� ZKHUH

B[j] = {m[j],m[j +w],m[j + 2w], . . .}

GHQRWHV WKH j¶WK EDQN RI PHPRU\ �ZKHUH HDFKm[j] LV D PHPRU\ FHOO�� 0HPRU\ FHOOV

WKDW UHVLGH LQ GLIIHUHQW EDQNV RI PHPRU\ FDQ EH DFFHVVHG LQ XQLW WLPH� DQG l WLPH

XQLWV DUH UHTXLUHG LQ RUGHU WR FRPSOHWH DQ DFFHVV UHTXHVW WR JOREDO PHPRU\� DQG
�$QG ZKHUHw |p�
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Sea of Threads

Memory Management Unit

Mem.B Mem.B Mem.B Mem.B

Address Line Data Line

�D� /D\RXW RI WKH '00PRGHO�

Sea of Threads

Memory Management Unit

Mem.B Mem.B Mem.B Mem.B

Address Line Data Line

�E� /D\RXW RI WKH 800PRGHO�

)LJXUH ���� /D\RXW RI ERWK WKH '00 DQG 800 PRGHOV� 1RWH KRZ WKH RQO\ GLIIHUHQFH LV
WKH OD\RXW RI WKH DGGUHVV OLQH�

FRQWLQXRXV UHTXHVWV DUH SURFHVVHG LQ D SLSHOLQH IDVKLRQ� 7KXV� LW ZRXOG WDNH k + l −1

WLPH XQLWV WR SHUIRUP k FRQWLQXRXV DFFHVV UHTXHVWV WR JOREDO PHPRU\�

7KH PDFKLQH LV DVVXPHG WR KDYH D QXPEHU RI WKUHDGV T (0), . . . ,T (p − 1)� 7KHVH p

WKUHDGV DUH WKHQ SDUWLWLRQHG LQWR p/w ZDUSVW (0), . . . ,W (p/w − 1) VXFK WKDW WKH i ¶WK

ZDUS LV GHILQHG DV

W (i ) = {T (i +w ),T (i ∗w + 1), . . . ,T ((i + 1) ∗w − 1)}

(DFK ZDUSW (i ) LV DFWLYDWHG IRU �SRVVLEOH� PHPRU\ DFFHVV LQ D URXQG�URELQ IDVKLRQ�

2QFH D ZDUS LV DFWLYDWHG� HDFK RI LWV w WKUHDGV WKHQ VHQG PHPRU\ DFFHVV UHTXHVWV

�RQH UHTXHVW SHU WKUHDG� WR WKH PHPRU\ EDQN B� 0RUHRYHU RQFH D JLYHQ WKUHDG KDV

VHQW D PHPRU\ UHTXHVW� LW FDQQRW VHQG DQRWKHU PHPRU\ UHTXHVW XQWLO WKH SUHYLRXV

UHTXHVW KDV EHHQ FRPSOHWHG L�H�� LW PXVW ZDLW l WLPH XQLWV EHWZHHQPHPRU\ UHTXHVWV�

$ GLDJUDP RI WKH '00PRGHO LV JLYHQ LQ )LJXUH ����
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%DQN &RQIOLFWV DQG %URDGFDVWV ,I PRUH WKDQ RQH WKUHDG UHTXHVWV D JLYHQ DG�

GUHVV IURP D PHPRU\ EDQN LQ WKH VDPH VWHS WKLV FUHDWHV D EDQN FRQIOLFW DQG WKH

WKUHDG PXVW ZDLW XQWLO WKH SUHYLRXV PHPRU\ UHTXHVW KDV ILQLVKHG EHIRUH LW FDQ VHQG

LWV UHTXHVW� +RZHYHU� LI DOO WKH WKUHDGV UHTXHVW WKH VDPH DGGUHVV WKHQ WKLV FUHDWHV D

EURDGFDVW DQG RQO\ WKH FRVW IRU RQH PHPRU\ UHTXHVW QHHGV WR EH FKDUJHG�

����� 7KH 8QLILHG 0HPRU\ 0DFKLQH 0RGHO

8QOLNH WKH '00 PRGHO ZKHUH GLVFUHWH RU LQGLYLGXDO PHPRU\ DGGUHVVHV FDQ EH DF�

FHVVHG� WKH800PRGHO RQO\ DOORZV DGGUHVVLQJPHPRU\ EDVHG XSRQ DGGUHVV JURXSV�

7KLV LV PHDQW WR UHIOHFW WKH IDFW WKDW FRDOHVFHG DFFHVVHV WR JOREDO PHPRU\ FDQ EH

FRPELQHG LQWR D VLQJOH UHTXHVW� DQG WKHUHIRUH ZH ZDQW WR WDON DERXW DFFHVVLQJ D

FRQWLJXRXV VHFWLRQ RI PHPRU\ RU DGGUHVV JURXS LQVWHDG RI DGGUHVVLQJ WR D JLYHQ

ORFDWLRQ LQ D JLYHQ PHPRU\ EDQN DV ZH GLG LQ WKH '00 PRGHO� 7KH 800 PRGHO

FDQ EH VHHQ DV EHLQJ GHILQHG LQ WHUPV RI WKH '00PRGHO E\ DGGLQJ DGGUHVV JURXSV

A ZKHUH

A[j] = {m[j ∗w],m[j ∗w + 1], . . . ,m[(j + 1) ∗w − 1]}

GHQRWHV WKH j¶WK DGGUHVV JURXS� 7R VHH KRZ WKHVH UHODWH WR WKH PHPRU\ EDQNV WKDW

ZH VDZ LQ WKH '00 PRGHO� UHFDOO WKDW D PHPRU\ EDQN B[j] ZDV GHILQHG WR EH PDGH

XS RI DGGUHVVHV VSDFHGw DSDUW IURP HDFK RWKHU

B[j] = {m[j],m[j +w],m[j + 2w], . . .}

7KXV DQ DGGUHVV JURXS FDQ EH VHHQ DV WDNLQJ D ³KRUL]RQWDO VOLFH´ DFURVV DOO RI WKH

PHPRU\ EDQNV� 7KLV UHODWLRQVKLS FDQ EH VHHQ LQ )LJXUH ����

6LQFH PHPRU\ FHOOV LQ WKH VDPH DGGUHVV JURXS GR QRW UHVLGH LQ WKH VDPH PHPRU\

EDQN �LQ WKH VHQVH RI WKH '00PRGHO�� DQ DFFHVV WR D VLQJOH DGGUHVV E\ D ZDUS FDQ

EH FRDOHVFHG WR DFFHVV WKH HQWLUH DGGUHVV JURXS VLPXOWDQHRXVO\� 0RUHRYHU� PHPRU\

DFFHVVHV LQ GLIIHUHQW DGGUHVV JURXSV FRVW RQH WLPH XQLW HDFK DIWHU FKDUJLQJ WKH FRVW
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3w

2w

w

0

3w + 1

2w + 1

w + 1

1

4w-2

3w-2

2(w-1)

w-2

4w-1

3w-1

2w-1

w-1 0 . . . w-1

w . . . 2w-1

2w . . . 3w-1

3w . . . 4w-1

B[0] B[1] B[w-2] B[w-1]

A[0]

A[1]

A[2]

A[3]

)LJXUH ���� $GGUHVV JURXSV� DQG KRZ WKH\ UHODWH WR WKH PHPRU\ EDQNV RI WKH '00PRGHO�

l RI D PHPRU\ DFFHVV� DFFHVVLQJ PXOWLSOH PHPRU\ ORFDWLRQV LQ WKH VDPH PHPRU\

EDQN SRVVLEO\ FDXVHV D ODWHQF\ RI l � EXW VLQFH ZH WDNH LQWR DFFRXQW SLSHOLQLQJ RI

LQVWUXFWLRQV WKHVH ZLOO RQO\ WDNH D VLQJOH XQLW RI WLPH DIWHU WKH ILUVW PHPRU\ DFFHVV

FRVW l � :H DOVR KDYH WKH VDPH ZDUS� WKUHDGLQJ� DQG ZDUS�DFFHVV SDWWHUQ DV LQ WKH

'00PRGHO� $ GLDJUDP RI WKH 800PRGHO FDQ EH IRXQG LQ )LJXUH ����

����� 3XWWLQJ LW DOO 7RJHWKHU� WKH +000RGHO

7KH +00 FRQVLVWV RI d '00V� DORQJ ZLWK D VLQJOH 800 DV LOOXVWUDWHG LQ )LJXUH ����

(DFK '00KDVw PHPRU\ EDQNV� WKH 800DOVR KDVw PHPRU\ EDQNV� 7KHPHPRU\

EDQNV IRU HDFK RI WKH '00V LV FDOOHG WKH VKDUHG PHPRU\� DQG WKRVH LQ WKH 800

DUH FDOOHG WKH JOREDO PHPRU\�

(DFK '00 LQ WKH PRGHO ZRUNV LQGHSHQGHQWO\ IURP WKH RWKHUV� 7KUHDGV LQ HDFK

'00DUH SDUWLWLRQHG LQWR ZDUSV RIw WKUHDGV� DQG HDFK ZDUS LV GLVSDWFKHG IRUPHP�

RU\ DFFHVV LQ WXUQ� )XUWKHUPRUH� WKUHDGV FDQ DFFHVV WKH JOREDO PHPRU\ YLD WKH

800 L�H� D ZDUS RI w WKUHDGV LQ D JLYHQ '00 FDQ VHQG PHPRU\ DFFHVV UHTXHVWV

WR JOREDO PHPRU\�
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Sea of Threads

Memory Management Unit

Mem.B Mem.B Mem.B Mem.B

Address Line Data Line

Sea of Threads

Memory Management Unit

Mem.B Mem.B Mem.B Mem.B

Sea of Threads

Memory Management Unit

Mem.B Mem.B Mem.B Mem.B

Memory Management Unit

DMM (local/shared memory) DMM (local/shared memory) DMM (local/shared memory)

Mem.B Mem.B Mem.B Mem.B

UMM (and global memory)

)LJXUH ���� /D\RXW RI WKH +00PRGHO�

7KH VKDUHG PHPRU\ LQ WKH '00V DQG WKH JOREDO PHPRU\ LQ WKH 800 FRUUHVSRQG

WR WKH VKDUHG PHPRU\ RI HDFK 603� DQG WKH JOREDO PHPRU\ RI WKH *38� 6LQFH WKH

VKDUHG PHPRU\ KDV D YHU\ ORZ ODWHQF\ UDWH �1 RU 2 FORFN F\FOHV >��@� ZH VKDOO DVVXPH

WKDW WKH PHPRU\ DFFHVV ODWHQF\ IRU HDFK '00 LV 1� +RZHYHU� WKH ODWHQF\ IRU ³JOREDO

PHPRU\´ RQ WKH *38 LV VLJQLILFDQWO\ KLJKHU� ZLWK ODWHQFLHV IUHTXHQWO\ LQ WKH KXQ�

GUHGV RI FORFN F\FOHV >��@� :H WKHUHIRUH XVH WKH ODWHQF\ SDUDPHWHU l IRU WKH 800 WR

EH WKH ODWHQF\ IRU JOREDO PHPRU\ DFFHVVHV LQ WKH +00�

7KH JOREDO PHPRU\ LQ WKH 800 FDQ KDQGOH UHTXHVWV E\ ZDUSV LQ WKH YDULRXV '00V

LQ WXUQ� DQG UHTXHVWV DUH SURFHVVHG LQ D SLSHOLQH IDVKLRQ� 6LQFH HDFKPHPRU\ UHTXHVW
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m $ {i &→ v, . . .}
Bw (i ) $

{

m[i],m[i +w], . . .}

Aw (i ) $
{

m[i ∗w],m[i ∗w + 1], . . . ,m[(i + 1) ∗w − 1}

DMMl
w (p) $

{

{Bw (i )}i ,{W (i )}p/w−1
i=1 ,l

}

UMMl
w (p) $

{

{Aw (i )}i ,{W (i )}p/w−1
i=1 ,l

}

HMMl
w (p,d ) $

{

{

DMM1
w (p)

}d

i=1 ,UMMl
w (p)

}

)LJXUH ���� 'HILQLWLRQV RI WKH DEVWUDFW PDFKLQH VWDWHV XVHG IRU WKH *38�

WR WKH JOREDO PHPRU\ LQ WKH 800 KDV ODWHQF\ l � LW ZLOO WDNH l XQLWV RI WLPH WR IXOILOO

WKH PHPRU\ DFFHVV UHTXHVW LI DOO RI WKH UHTXHVWV E\ WKH ZDUS DUH LQ WKH VDPH DGGUHVV

JURXS�

7KH VSHFLILFDWLRQ RI WKH '00� 800� DQG +00 DUH SURYLGHG LQ )LJXUH ����

��� *38 &RVW *UDSK &RPELQDWRUV

$V ZH VDZ LQ WKH FRVW VHPDQWLFV IRU ΛC DQG LQ WKH YDULRXV FRVW VHPDQWLFV LQ 6HF�

WLRQ ���� FRVW '$*V DUH XVHIXO IRU UHSUHVHQWLQJ ZKROH SURJUDPV WKDW VWDUW� DQG HQG�

RQ D VLQJOH WKUHDG� 7KXV WKHVH '$*V KDYH D VLQJOH VRXUFH YHUWH[ �ZLWK LQ�GHJUHH

]HUR�� DQG VLQJOH VLQN YHUWH[ �ZLWK RXW�GHJUHH ]HUR� DW DOO WLPHV� 7KLV� KRZHYHU� LV

QRW WKH FDVH RQ WKH *38� SURJUDPV PRVW FHUWDLQO\ GR QRW VWDUW RQ D VLQJOH WKUHDG�

$V VXFK� WKH '$*V IRU ΛG ZLOO QR ORQJHU KDYH D VLQJOH VRXUFH QRU D VLQJOH VLQN YHU�

WH[�

'XH WR WKH KLJK DPRXQW RI SDUDOOHOLVP DQG VSHFLDO PHPRU\ FKDUDFWHULVWLFV RI WKH

*38� WKH VWDQGDUG DSSURDFK RI DQDO\]LQJ FRVWV YLD D QRUPDO FRPSXWDWLRQ JUDSK

VWUXFWXUH DQQRWDWHG ZLWK FRVWV LV LQIHDVLEOH� :H WKHUHIRUH JURXS *38 FRPSXWDWLRQV

LQ WKH FRVW JUDSK EDVHG RQ WKH XQGHUO\LQJ FRPSXWDWLRQDO VWUXFWXUH RI WKH *38� ZH

ILUVW EXLOG XS D WKUHDG�'$* ZLWK D VLQJOH VRXUFH�VLQN UHSUHVHQWLQJ HDFK ZRUN LWHP

�WKUHDG� LQ D ZDUS� HDFK RI WKHVH WKUHDG�'$*V DUH WKHQ FRPELQHG WR FUHDWH D ZDUS

JUDSK� DQG ILQDOO\ HDFK RI WKHVH ZDUS JUDSKV DUH FRPELQHG WR FUHDWH D ZDUS SRRO
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WKDW UHSUHVHQW ZRUN�JURXSV RQ WKH *38� 7KHVH ZDUS SRROV DUH WKHQ SXW WRJHWKHU WR

IRUP D VHW RI JUDSKV WKDW UHSUHVHQW WKH *38 FRPSXWDWLRQ� ZKLFK ZH FDOO D GHYLFH

ER[�

6LQFH WKH WKUHDG JUDSKV WKDW DUH EXLOW UHSUHVHQW WKH LQGLYLGXDO WKUHDGV UXQQLQJ RQ

WKH *38� WKH\ WKHPVHOYHV FDQQRW IRUN RII QHZ WKUHDGV RI FRPSXWDWLRQ� 7KXV WKH

JUDSK FRPELQDWRUV IRU WKUHDG JUDSKV DUH UHVWULFWHG WR VHULDO FRPSRVLWLRQ ⊕ RI WZR

JUDSKV� 5HODWHG WR WKLV� VLQFH ZH QR ORQJHU KDYH IRUN�MRLQ SDUDOOHOLVP ZH QR ORQJHU

KDYH D SDUDOOHO FRPSRVLWLRQ RSHUDWRU ⊗ IRU JUDSKV� ,QVWHDG ZH ZLOO EH FRPSRVLQJ

VHWV RI WKUHDG�JUDSKV �L�H�� D ZDUS SRRO� ZLWK RWKHU VHWV RI WKUHDG�JUDSKV LQ SDUDOOHO

L�H�� FRPSRVLQJ D ZDUS SRRO LQ SDUDOOHO ZLWK DQRWKHU ZDUS SRRO LQ D QRQ�IRUN�MRLQ

PDQQHU� 6LQFH WKH *38 FDQ KDYH PDQ\ RI WKHVH ZRUN JURXSV UXQQLQJ VLPXOWDQH�

RXVO\ IRU D JLYHQ NHUQHO� WKH UHVXOWLQJ FRVW JUDSK EXLOW E\ WKHVH FRPELQDWRUV ZLOO QRW

QHFHVVDULO\ EH D VHULHV�SDUDOOHO� RU URRWHG� '$*�

����� 7KUHDG *UDSKV DQG 0HWD�HGJHV

7KH GHILQLWLRQ RI WKUHDG JUDSKV LV JLYHQ LQ )LJXUH ���� DQG LW LV VLPLODU WR WKH GHIL�

QLWLRQ RI WKH FRVW JUDSKV LQ 6HFWLRQ ����� H[FHSW WKDW ZH QR ORQJHU KDYH WKH SDUDOOHO

FRPSRVLWLRQ RSHUDWRU� DQG WKH HGJHV LQ RXU WKUHDG JUDSKV DUH QR ORQJHU ZHLJKWHG²

DOPRVW �PRUH RQ WKH H[FHSWLRQ WR WKLV LQ D VHFRQG�� $V ZH ZLOO VHH VKRUWO\� WKLV LV GXH

WR WKH IDFW WKDW ZH QR ORQJHU ZDQW WR UHDVRQ DW WKH WKUHDG OHYHO DERXW FRPSXWDWLRQDO

FRVWV EXW LQVWHDG DW WKHZDUS VWHS OHYHO�

6LQFH LW LV OHJDO IRU D WKUHDG WR VSDUN VXE�NHUQHOV ZKLFKPD\ QRW UXQ LPPHGLDWHO\� EXW

RQO\ FDXVH WKH VXEVHTXHQW NHUQHO WR EH SODFHG LQ WKH ³ZRUN�TXHXH´ RI NHUQHOV WKDW WKH

*38QHHGV WR VFKHGXOH²DQG LV WKHUHIRUH VXEMHFW WR D GLIIHUHQW VFKHGXOLQJ SROLF\²ZH

GRQ¶W NQRZZKHQ NHUQHO FDOOV ZLOO FRPSOHWH VXEMHFW WR VRPH RWKHU� JOREDO� NQRZOHGJH

DERXW WKH FRPSXWDWLRQ JUDSK� 6LQFH WKLV VFKHGXOLQJ RI D VXE�NHUQHO DPRXQWV WR D
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GH�IDFWR KRLVWLQJ RI WKH NHUQHO WR WKH WRS�OHYHO� WKH ZDUS SRRO FUHDWHG E\ VXFK D VXE�

NHUQHO ZLOO IRUP DQRWKHU FRPSRQHQW WKDW ZLOO EH FRPSRVHG LQ SDUDOOHO ZLWK WKH UHVW RI

WKH ZDUS SRROV LQ WKH GHYLFH ER[� +RZHYHU� WKH UHVW RI WKH FRPSXWDWLRQ LQ WKH WKUHDG

WKDW VSDUNHG WKH VXE�NHUQHO GHSHQGV RQ WKH YDOXH RI WKLV VXE�NHUQHO� DQG WKXV FDQQRW

FRQWLQXH XQWLO LW KDV ILQLVKHG� 7KXV� LQVWHDG RI LQOLQLQJ NHUQHO�JUDSKV LQ WKH WKUHDG

JUDSK� ZH LQVWHDG PDUN WKH HGJH RI WKH RSHUDWLRQ WKDW VSDUNHG WKH VXE�NHUQHO DV

D PHWD�HGJH WKDW LV WUHDWHG DEVWUDFWO\�� DQG ZLOO ODWHU RQ EH TXLHVFHG E\ RXU JOREDO

VHPDQWLFV DQG WKH VFKHGXOLQJ SROLF\ RQFH WKH NHUQHO WKDW WKH HGJH GHSHQGV XSRQ KDV

EHHQ UXQ�

,W LV LPSRUWDQW WR QRWH WKDW WKH QRGHV LQ WKH '$* WKDW LV IRUPHG E\ WKH WKUHDG JUDSKV

QRZ PDWWHU� 6LQFH ZH QHHG WR HQVXUH WKDW WKH VDPH LQVWUXFWLRQ LV H[HFXWHG IRU HDFK

VWHS RI WKH ZDUS� HDFK QRGH WUDFNV WKH LQGLYLGXDO RSHUDWLRQ WKDW LV EHLQJ SHUIRUPHG²

LQFOXGLQJ PHPRU\ DFFHVVHV²VR WKDW WKH\ FDQ EH XVHG ODWHU RQ IRU SURILOLQJ� 7KH

JUDPPDU IRU JUDSK QRGHV α LV JLYHQ LQ )LJXUH ���� DQG HDFK QRGH LQ WKH JUDSK LV

LPSOLFLWO\ WDJJHG ZLWK D XQLTXH LGHQWLILHU� WKXV WKHUH DUH WZR W\SHV RI HTXDOLW\ WKDW

ZH ZLOO EH XVLQJ RYHU WKUHDG JUDSK QRGHV� UHIHUHQFH HTXDOLW\²GR WKH QRGHV KDYH

WKH VDPH XQLTXH WDJ²DQG VWUXFWXUDO HTXDOLW\²WKH FRQWH[W VKRXOGPDNH FOHDU ZKLFK

HTXDOLW\ ZH DUH XVLQJ EXW ZKHUH LW LVQ¶W ZH ZLOO PHQWLRQ ZKLFK YHUVLRQ RI HTXDOLW\ ZH

DUH XVLQJ H[SOLFLWO\� )XUWKHUPRUH� DV RSSRVHG WR WKH FRVW JUDSKV IRU ΛC LQ &KDSWHU ��

WKUHDG JUDSKV DUH XQZHLJKWHG�

����� :DUS *UDSKV

2QFH ZH KDYH D QXPEHU RI WKUHDG�JUDSKV {c1, . . . ,cw} WKHVH DUH FRPELQHG WR FUHDWH D

ZDUS JUDSK� 7KLV ZDUS JUDSK UHSUHVHQWV D VLQJOH ZDUS RI ZLGWKw RQ WKH *38� DQG

LV WKXV PDGH XS RI D VHW RI WKUHDGV²WKH {c1, . . . ,cw}� 7KXV ZDUS JUDSKV FDQ EH VHHQ
�$V ZH ZLOO VHH ODWHU RQ WKHVH PHWD�HGJHV ZLOO EH FUXFLDO IRU UHVWULFWLQJ VFKHGXOLQJ SROLFLHV WR RQO\
YDOLG RQHV RYHU WKHVH JUDSKV�
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κ ::= uid .HUQHO ,'V
α ::= less | mul | reg | mem[!] | kern[κ] /DEHOV
e ::= (α1,α2,N) | !(α1,α2) 'LUHFWHG �0HWD��(GJHV
V ::= {α1, . . . ,αn} /DEHO 6HW
E ::= {e1, . . . ,en} (GJH 6HW
c ::= (α1,α2,V ,E) 7KUHDG *UDSKV
[α ] = (α ,α ,{α},∅)
[(α1,α2)] = (α1,α2,{α1,α2},{(α1,α2)})
[!(α1,α2)] = (α1,α2,{α1,α2},{!(α1,α2)})
(α ′1,α1,V ,E) ⊕ (α ′2,α2,V ′,E′) = (α ′1,α2,V ∪V ′,E ∪ E′ ∪ {(α1,α ′2)})
(α ′1,α1,V ,E) ⊕! (α ′2,α2,V ′,E′) = (α ′1,α2,V ∪V ′,E ∪ E′ ∪ {!(α1,α ′2)})

)LJXUH ���� 7KUHDG JUDSK GHILQLWLRQV�

DV D VRUW RI ³DGPLQLVWUDWLYH UHGH[´ RI VRUWV WKDW ZH XVH WR JURXS WKUHDGV LQWR D ORJLFDO

FKXQN�

W = {c1, . . . ,cw} �����

����� :DUS 3RROV

(DFK ZRUN�JURXS �RU 603� RQ WKH *38 LVPDGH XS RI D QXPEHU RI ZDUSV� DQG VKDUHV

D ORFDO PHPRU\ VWDWH ZLWK DOO RWKHU ZDUSV LQ WKDW ZRUN�JURXS� 7KXV� RQFH ZH KDYH

D QXPEHU RI ZDUSV W1, . . . ,Wn� WKHVH DUH JURXSHG WRJHWKHU LQWR D VHW RI ZDUSV DORQJ

ZLWK D ORFDO PHPRU\ VWDWH σ ZKLFK WKH\ DOO VKDUH� WKH �XQLTXH� NHUQHO LGHQWLILHU κ IRU

WKH NHUQHO UHSUHVHQWHG E\ WKH ZDUS SRRO� VRPHWKLQJ FDOOHG D PHWD ORFDWLRQ !! �PRUH

RQ WKLV LQ D VHFRQG� DQG ORFDWLRQ ! ZKHUH WKH UHVXOW ZLOO EH EH VWRUHG�

W = (κ,!!,!,〈W1, . . . ,Wn〉σ ) �����

:H FDOO WKHVH ZDUS SRROV� VLQFH GXH WR RXU PDFKLQH PRGHO IRU ZRUN�JURXSV �WKH

800�� DW DQ\ JLYHQ VWHS� RQO\ RQH RI WKHVH ZDUSV FDQ PDNH D VWHS� \HW WKH\ VKDUH

WKH VDPH ORFDO �ZRUN�JURXS OHYHO� PHPRU\ VR LW PDNHV VHQVH WR JURXS WKHP WRJHWKHU

WR PDNH UHDVRQLQJ DERXW WKH VWHSSLQJ UHODWLRQ ODWHU RQ HDVLHU� 7KXV� ZH FDQ YLHZ

WKHVH LQ VRPH VHQVH DV EHLQJ VRPHZKDW VLPLODU WR WKUHDG SRROV WKDW ZH PLJKW VHH LQ

D UXQWLPH�
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a ∈ ValidAddresses ⊂ N
Σ ::= {a1, . . . ,an}
M ::= {Bw (i )}i
L ::= (

M ,
{[a1,a2], . . . [an−1,an]})

σ ::= (L,Σ)
Wi ::= {ci∗w , . . . ,c (i+1)∗w−1}
W (i ) ::= (κ,!!,!,〈Wi , . . . ,Wk〉σ )
K ::= · | κ ↪→ ( f , [ei ],!!) % K
D ::= · | W (i ) &D

)LJXUH ���� 7KH YDULRXV VWDJHV DQG OD\HUV WKDW PDNH XS D GHYLFH ER[� (DFK ci LV D WKUHDG
JUDSK� DQG WKH *38 LV DVVXPHG WR KDYH ZDUSV DQGPHPRU\ EDQNV RI ZLGWKw� ZLWK p WKUHDGV
SHU ZRUN�JURXS� 7KH VHPDQWLFV RI WKHVH GHILQLWLRQV DUH H[SODLQHG LQ VXEVHTXHQW VHFWLRQV�

����� 'HYLFH %R[HV

2QFH ZH KDYH WKH YDULRXV ZDUS SRROVW (1), . . . ,W (n) IRU D JLYHQ ZRUN�JURXS� WKHVH

DUH WKHQ FRPELQHG LQ SDUDOOHO ZLWK WKH RWKHU ZRUNV�JURXSV IRU WKDW NHUQHO XVLQJ

WKH EXON�SDUDOOHO RSHUDWRU &� W & D FDQ EH VHHQ DV SODFLQJ WKH ZRUN JURXSW
³DORQJVLGH´ WKH ZRUN�JURXSV LQD DQG LQGH[LQJ WKHP E\ WKHLU NHUQHO LGκ� 7KH V\QWD[

RI WKH EXON�SDUDOOHO RSHUDWRU� GHYLFH ER[HV� ORFDO PHPRU\ VWDWH� ZDUS SRROV� DQG

ZDUS JUDSKV DUH JLYHQ LQ )LJXUH ���� 7KH VHPDQWLFV RI HDFK RI WKHVH DUH H[SODLQHG

LQ 6HFWLRQV ��� DQG ����

��� &RVW 6HPDQWLFV IRU ΛG

����� 0HWD /RFDWLRQV

5HFDOO WKDW LQ D FRVW JUDSK� HDFK QRGH UHSUHVHQWV DQ LQVWUXFWLRQ� ZLWK WKH HGJHV

EHWZHHQ WKHP UHSUHVHQWLQJ GHSHQGHQFLHV EHWZHHQ WKHVH LQVWUXFWLRQV� )XUWKHUPRUH�

DV RSSRVHG WR WKH FRVW JUDSKV ZH VDZ IRU ΛC� WKH HGJHV LQ RXU FRVW JUDSKV QR ORQJHU

FRQVLVW VROHO\ RI ³QRUPDO´ HGJHV� ZH QRZ DOORZ PHWD�HGJHV WKDW UHSUHVHQW FRQWURO

GHSHQGHQFLHV RQ SURPLVHG�WR�EH�GRQH FRPSXWDWLRQ RYHU ZKLFK WKH FXUUHQW WKUHDG
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KDV QR FRQWURO� 7KXV WKH YDOXHV RI WKHVH SURPLVHG FRPSXWDWLRQV FDQQRW EH NQRZQ

ORFDOO\ LQ D WKUHDG JUDSK� ,QVWHDG� WKH FRPSXWDWLRQ WKDW SURGXFHV WKHVH YDOXHV LV

SDVVHG WR D ZDUS VFKHGXOHU WKDW VFKHGXOHV WKH FRPSXWDWLRQV RXWVLGH RI WKH SXUYLHZ

RI WKH WKUHDG JUDSK� 'XH WR WKLV� WKHUH LV QR ZD\ WR ORFDOO\ GHWHUPLQH ERWK ZKHUH

WKH UHVXOW RI WKH FRPSXWDWLRQ ZLOO EH SODFHG� DQG KRZ PXFK WKH FRPSXWDWLRQ WKDW

ZULWHV WR WKDW ORFDWLRQ FRVWV� 7KH ODWWHU ZLOO EH KDQGOHG LQ 6HFWLRQ ���� DQG WR KDQGOH

WKH IRUPHU� ZH QHHG WR LQWURGXFH D ZD\ WR GHIHU ORRNLQJ DW UHVXOWV RI D FRPSXWDWLRQ

XQWLO WKDW FRPSXWDWLRQ KDV ILQLVKHG²ZKLOH VWLOO DOORZLQJ RXUVHOYHV WR UHDVRQ DERXW

WKLV ORFDWLRQ �DW WKH YHU\ OHDVW� DEVWUDFWO\��

6LQFH WKH RQO\ IRUP LQ ΛG WKDW UHTXLUHV XV WR LQWURGXFH WKHVH ³GHIHUUHG YDOXHV IURP

FRPSXWDWLRQ´ DUH T�`K�T �VLQFH WKHVH DUH WKH RQO\ IRUPV LQ WKH ODQJXDJH WKDW FDQ

ODXQFK NHUQHOV�� ZH RQO\ KDYH WR KDQGOH GHIHUUHG ORFDWLRQV DV RSSRVHG WR GHIHUUHG

YDOXHV LQ JHQHUDOLW\� 6LQFH WKHVH GHIHUUHG ORFDWLRQV DUH GLUHFWO\ WLHG WR PHWD�HGJHV²

WKH FRPSXWDWLRQDO GHSHQGHQF\ WKDW SURGXFHV D PHWD ORFDWLRQ LV JLYHQ E\ D PHWD�

HGJH²ZH FDOO WKHVH GHIHUUHG ORFDWLRQV PHWD ORFDWLRQV� $W WKH WLPH RI FUHDWLRQ RI

WKHVH PHWD ORFDWLRQV !!� ZH NQRZ D FRXSOH RI WKHLU NH\ IHDWXUHV�

�� :H NQRZ WKH UHJLRQ QDPH r �DQG KHQFH WKH UHJLRQ� ZKLFK WKH PHWD ORFDWLRQ

ZLOO UHVROYH RU TXLHVFH WR�

�� :H NQRZ WKH FRPSXWDWLRQ WKDW SURGXFHV WKH PHWD ORFDWLRQ� DQG WKXV FDQ DVVR�

FLDWH WKH TXLHVFHQFH RI WKH HGJH ZLWK WKH FRPSXWDWLRQ WKDW IXOILOOV WKH GHSHQ�

GHQF\ UHSUHVHQWHG E\ WKDW HGJH�

6LQFHZHZLOO QHHG WR KDQGOH WKHVHPHWD ORFDWLRQV DEVWUDFWO\ XQWLO WKH\ KDYH TXLHVFHG�

PHWD ORFDWLRQV KROG ERWK WKH UHJLRQ QDPH r IRU WKH UHJLRQ LQ ZKLFK WKH\ ZLOO EH

DOORFDWHG DORQJZLWK D XQLTXH LGHQWLILHU WKDW ZLOO EH XVHG E\ WKH JOREDO FRVW VHPDQWLFV

WR TXLHVFH WKH HGJH LQ WKH FRVW JUDSK RQFH WKH FRPSXWDWLRQ KDV EHHQ UXQ� 7KHVH

DUH WKHQ XVHG WR SDVV WKH ORFDO LQIRUPDWLRQ NQRZQ LQ WKH ORFDO FRVW VHPDQWLFV WR

WKH JOREDO FRVW VHPDQWLFV WKDW ZLOO ODWHU RQ XVH WKLV LQIRUPDWLRQ� ,W LV ZRUWKZKLOH
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UHPDUNLQJ DW WKLV SRLQW WKDW RXU PHPRU\ MXGJHPHQWV GR QRW KDQGOH PHWD ORFDWLRQV�

VLQFH ZH VKRXOG QHYHU HQFRXQWHU WKHP²VLQFH PHWD�HGJHV DUH WKH RQO\ FRPSXWD�

WLRQV WKDW FDQ SURGXFH PHWD ORFDWLRQV� ZH ZLOO UHVWULFW DOORZDEOH VFKHGXOHV RYHU WKH

FRPSXWDWLRQ JUDSKV VR WKDW PHWD�HGJHV DUH ³XQVFKHGXODEOH´ DQG ZLOO RQO\ EHFRPH

³VFKHGXODEOH´ RQFH WKH HGJH KDV EHHQ TXLHVFHG� +RZHYHU� ZH GR QHHG WR EH DEOH

WR UHFRUG PHWD ORFDWLRQV LQ WKH QRGHV RI WKUHDG JUDSKV �WKHVH ZLOO ODWHU EH UHSODFHG

GXULQJ WKH TXLHVFHQFH RI WKH HGJH�� DQG ZH WKHUHIRUH DPHQG WKH JUDPPDU IRU JUDSK

QRGHV α VR WKDW WKH\ DUH QRZ SHUPLWWHG�

α ::= . . . | mem[!] | mem[!!] �����

-XVW SUHFLVHO\ KRZ WKHVH PHWD�HGJHV DQG PHWD ORFDWLRQV ZLOO EH TXLHVFHG DQG VFKHG�

XOHG ZLOO EH H[SODLQHG LQ 6HFWLRQ ����

����� 5HDGLQJ DQG:ULWLQJ WR 0HPRU\

6LQFH UHDGLQJ DQG ZULWLQJ WR ORFDO PHPRU\ KDV D VLJQLILFDQWO\ GLIIHUHQW FRVW WKDQ

UHDGLQJ DQG ZULWLQJ WR JOREDO PHPRU\� WKH UXOHV IRU UHDGLQJ DQG ZULWLQJ FRVWV ZLOO

QHHG WR WDNH LQWR DFFRXQW ZKHWKHU D JLYHQ PHPRU\ DFFHVV LV WR ORFDO RU JOREDO PHP�

RU\� )XUWKHUPRUH� LQ RUGHU WR EH DEOH WR DFFRXQW IRU EDQN FRQIOLFWV DQG EURDGFDVWV�

ZH ZLOO QHHG WR NHHS WUDFN RI DOO WKH PHPRU\ ORFDWLRQV DFFHVVHG LQ D JLYHQ VWHS RI D

ZDUS YLD D WUDFH Σ�

+RZHYHU� WKH UXOHV LQ WKH FRVW VHPDQWLFV ZLOO QRW EXLOG WKLV WUDFH� ,QVWHDG� WKH WUDFH

ZLOO EH EXLOW EDVHG RQ WKH WUDYHUVDO RYHU WKH FRVW JUDSK GHWHUPLQHG E\ WKH VFKHGXOLQJ

SROLF\ LQ 6HFWLRQ ���� 7KH FRVW RI WKH VWHS RI WKH ZDUS ZLOO WKHQ EH FDOFXODWHG EDVHG

XSRQ WKH �PXOWL�� VHW RIPHPRU\ ORFDWLRQV DFFXPXODWHG LQ WKH WUDFH �6HFWLRQ �����
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5HFDOO QRZ WKDW HDFK QRGH LQ WKH FRVW JUDSK UHSUHVHQWV D VLQJOH LQVWUXFWLRQ� DQG VLQFH

ZH UHFRUGPHPRU\ DFFHVVHV DV QRGHV LQ WKH FRVW JUDSK� WKLV JLYHV ULVH WR WKH IROORZLQJ

DOORFDWLRQ UXOHV IRU UHDGLQJ DQG ZULWLQJ WR PHPRU\�

R;v ↓ o@R′

S;v ↑ v′; !

7KHVH DUH UHDG UHVSHFWLYHO\ DV ³DOORFDWLQJ KHDS YDOXH v LQ UHJLRQ R UHVXOWV LQ DQ XS�

GDWHG UHJLRQR′ DOORFDWHG DW RIIVHW o´� DQG ³UHDGLQJ YDOXHv IURP UHJLRQ VWDFNS UHVXOWV
LQ KHDS YDOXH v′ ZLWK SRVVLEOH PHPRU\ DFFHVV !�´ ZKHUH ZH XVH ! WR UHSUHVHQW HLWKHU

D ORFDWLRQ !²LQ WKH FDVH WKDW ZH DFFHVVHG WKH ORFDWLRQ !²RU QRQ�ORFDWLRQ •!²LQ WKH

FDVH WKDW v ZDV D QRQ�KHDS�DOORFDWHG YDOXH� 1RWH WKDW DV RSSRVHG WR WKH UHDG DQG

ZULWH MXGJHPHQWV WKDW ZH VDZ IRU WKH &38 LQ 6HFWLRQ ����� HDFK DOORFDWLRQ MXGJHPHQW

LV QRW DQQRWDWHG ZLWK D FRVW� ,QVWHDG� HDFK UHDG DQG ZULWH MXGJHPHQW UHWXUQV WKH

ORFDWLRQ DFFHVVHG E\ WKH UHVSHFWLYH UXOH� 7KH WKUHDG VHPDQWLFV LQ 6HFWLRQ ����� ZLOO

WKHQ DQQRWDWH WKH WKUHDG JUDSKV ZLWK WKHVH ORFDWLRQV� ZKLFK ZH ZLOO WKHQ XVH GXULQJ

WUDYHUVDO RI WKH JUDSK WR FDOFXODWH WKH FRVW RI WKH DOORFDWLRQ�

:H SHUIRUP WKLV GHOD\ RI FDOFXODWLQJ WKH FRVWV RI PHPRU\ DFFHVVHG LQ RUGHU WR SXVK

WKH GHWHUPLQDWLRQ RI WKH FRVWV IURP WKH ORFDO²WKUHDG²VHPDQWLFV WR WKH PRUH JOREDO

ZDUS�VHPDQWLFV� GXH WR WKH PHPRU\ FKDUDFWHULVWLFV RI WKH *38� ZH ZLOO QHHG WKH

FRQWH[W RQO\ DYDLODEOH WR XV DW WKH ZDUS�VWHS OHYHO LQ RUGHU WR FDOFXODWH EDQN�FRQIOLFWV

DQG EURDGFDVWV� DQG IXUWKHU� ZH DUHQ¶W LQWHUHVWHG LQ FDOFXODWLQJ WKH FRVW RI HDFK

LQGLYLGXDO WKUHDG VR PXFK DV WKH FRVW IRU HDFK VWHS WKDW LV WDNHQ E\ WKH ZDUS�

����� 7KUHDG 6HPDQWLFV

6LQFH ZH SXVK WKH GHWHUPLQDWLRQ RI FRVWV WR WKH VFKHGXOLQJ SKDVH LQ RXU FRVW VHPDQ�

WLFV� WKH UXOHV IRU RXU WKUHDG�JUDSKV GR QRW UHWXUQ D WUDFH� ,QVWHDG� WKH UXOHV HQFRGH

WKH PHPRU\ DFFHVVHV DQG LQVWUXFWLRQV WKDW DUH SHUIRUPHG LQ WKH QRGHV RI WKH FRVW

JUDSK WKDW LV EXLOW� DQG WKHVH QRGHV ZLOO WKHQ EH XVHG WR EXLOG WKH WUDFH RQFH D JLYHQ
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1R([SDQG:(
|v | + ap > |R |
R;v ↓ 2``

$OORF
|v | + ap ≤ |R | o = ap

R′ = (ap + |v | + 1,s, refcnt,ν [o &→ v])
R;v ↓ o@R′

5HDG9
v # (r ,o)

S;v ↑ v; •!

5HDG
S (r ) = R{ap,B,B,B,ν} o < ap o ∈ dom(ν ) v = ν (o)

S; (r ,o) ↑ v; (r ,o)

)LJXUH ���� 5HDG DQG ZULWH MXGJHPHQWV IRU WKH *38� 1RWH WKDW WKH ORFDWLRQ WKDW KDV EHHQ
UHDG RU ZULWLQJ LV DOZD\V UHWXUQHG DQG WKDW QR FRVW LV DVVRFLDWHG ZLWK WKH DFWXDO MXGJHPHQW�

VHW RI QRGHV KDYH EHHQ VFKHGXOHG� ,QGHHG� LI ZH YLHZ WKH WUDFH DV EHLQJ EXLOW IURP D

JLYHQ WUDYHUVDO RI WKH FRVW JUDSK� LI ZH KDG WKH VHPDQWLF UXOHV EXLOG WKH WUDFH LQVWHDG

RI WKH VFKHGXOH WKLV ZRXOG DPRXQW WR WUDFHV RI WKH H[HFXWLRQ EHLQJ EXLOW IURP WKH

UHVXOW RI D GHSWK�ILUVW WUDYHUVDO RI WKH FRVW JUDSK �VLQFH ZH HYDOXDWH VHULDOO\ XQWLO ZH

KLW D YDOXH LQ RXU ELJ�VWHS VHPDQWLFV�� ,QVWHDG� ZH QHHG WKH WUDFH WR EH WKH UHVXOW RI

D W\SH RI EUHDGWK�ILUVW WUDYHUVDO RYHU WKH JUDSK�

7KH WKUHDG VHPDQWLFV IRU ΛG DUH JLYHQ E\ WKH IROORZLQJ MXGJHPHQW LQ )LJXUHV ���

DQG �����

K;S &&&E e ⇓t v; c &&&S′; K′ �����

ZKLFK LV UHDG DV ³H[SUHVVLRQ e LQ UHJLRQ VWDFNS� ZLWK NHUQHO SRROK� DQG HQYLURQPHQW

E UHGXFHV WR YDOXH v ZLWK FRVW JUDSK c� UHJLRQ VWDFN S′� DQG XSGDWHG NHUQHO SRRO K′�´
$ NHUQHO SRRO K LV JLYHQ E\ D PDSSLQJ IURP XQLTXH NHUQHO LGV κ WR FRPSXWDWLRQV WR

UXQ DV D NHUQHO�

K ::= · | κ ↪→ ( f , [ei ],!!) % K

(DFK NHUQHO WKDW LV HQTXHXHG LQ WKH NHUQHO SRRO LV UHSUHVHQWHG DV D 3�WXSOH RI WKH

H[SUHVVLRQ f WKDW LV WR EH UXQ� WKH SLHFHV RI GDWD [ei ] RQ ZKLFK LW DFWV� DQG WKHPHWD OR�

FDWLRQ !! ZKHUH WKH UHVXOW RI WKH NHUQHO VKRXOG EH VWRUHG� 7KLV HQTXHXLQJ RI D NHUQHO

FDQ EH VHHQ LQ WKH UXOH IRU WKH T�`K�T IRUP RI WKH ODQJXDJH� ZKHUH LQVWHDG RI
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FUHDWLQJ SDUDOOHOLVP LQ WKH FRVW JUDSK c� ZH LQVWHDG HQTXHXH WKH NHUQHO LQ WKH NHUQHO

SRRO WR EH VFKHGXOHG ODWHU RQ� DQG FUHDWH D PHWD�HGJH WKDW ZLOO EH TXLHVFHG RQFH WKH

NHUQHO KDV EHHQ UXQ�

)XUWKHU� VLQFH ZH GR QRW DOORZ DQ\ SDUDOOHOLVP WR RFFXU DW WKH WKUHDG OHYHO� ZH GHJHQ�

HUDWH WKH SDUDOOHO FRPSRVLWLRQ IRUP e1‖e2 VR WKDW WKLV UHVXOWV LQ VHULDO FRPSRVLWLRQ

RI WKH WZR H[SUHVVLRQV� 7KLV PHDQV WKDW HDFK QRGH LQ WKH FRVW JUDSK WKDW LV EXLOW E\

WKH WKUHDG VHPDQWLFV LQ )LJXUHV ��� DQG ���� ZLOO KDYH LQ� DQG RXW�GHJUHH DW PRVW 1�

7KH RYHUDOO VWUDWHJLHV LQ WKH UXOHV IRU WKH WKUHDG VHPDQWLFV DUH IDLUO\ VLPLODU WR WKH

VHPDQWLF UXOHV ZH VDZ IRU ΛC LQ &KDSWHU �� ZLWK WKH H[FHSWLRQ WKDW WKH WKUHDG JUDSKV

DUH XQZHLJKWHG� DQG WKDW ZH DOORZ PHWD�HGJHV� (DFK RI WKHVH PHWD�HGJHV ZLOO WKHQ

EH TXLHVFHG E\ WKH VFKHGXOLQJ SROLF\ RQFH WKH NHUQHO WKDW WKH ORFDWLRQ GHSHQGV XSRQ

KDV EHHQ VFKHGXOHG E\ WKH VFKHGXOLQJ SROLF\�

:H QRZ PRYH RQ WR WKH PRUH LQWHUHVWLQJ DQG VXEWOH SRUWLRQ RI WKH FRVW VHPDQWLFV

IRU WKH *38� WKH FRVW VHPDQWLFV IRU ZDUSV� DQG WKH JOREDO FRVW VHPDQWLFV�

����� *OREDO &RVW 6HPDQWLFV

2XU JOREDO VHPDQWLFV PDNH XVH RI DQ HQYLURQPHQW ZKLFK ZH FDOO D NHUQHO UHVXOW

SRROψ WKDW PDSV �XQLTXH� NHUQHO LGHQWLILHUV WR WKH ORFDWLRQV LQ PHPRU\ ZKHUH WKHLU

UHVXOWV DUH VWRUHG�

7KH JUDPPDU IRUψ LV JLYHQ E\ WKH IROORZLQJ�

ψ ::= {} | ψ ,κ &→ ! �����

:KLOH WKH NHUQHO UHVXOWψ FRXOG EH HOLGHG LQ WKH JOREDO UXOHV ZLWK VRPH FDUHIXO ERRN�

NHHSLQJ� LW ZLOO SURYH XVHIXO LQ WKH QH[W FKDSWHU ZKHQ ZH VWDUW WUDQVIHUULQJ FRPSX�

WDWLRQV EHWZHHQ WKH &38 DQG *38 WR KDYH WKLV PDSSLQJ RI NHUQHO LGV WR ORFDWLRQV

LQ PHPRU\ ZKHUH WKHLU UHVXOWV DUH VWRUHG� ,Q SDUWLFXODU� WKLV DOORZV XV WR HDVLO\
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7KUHDG JUDSKV� K;S &&&E e ⇓t v; c &&&S′; K′

x ∈ dom(E)

K;S &&&E x ⇓t E (x ); [reg]&&&S; K K;S &&&E i ⇓t i; [reg]&&&S′; K

K;S &&&E e1 ⇓t v1; c1
&&&S1; K1 S1;σ ;v1 ↑ i1

K1;S1
&&&E e2 ⇓t v2; c2

&&&S2; K2 S2;v2 ↑ i2
b = i1 < i2

K;S &&&E e1 < e2 ⇓t b; c1 ⊕ [reg] ⊕ c2 ⊕ [reg] ⊕ [less]&&&S2; K2

K;S &&&E e1 ⇓t v1; c1
&&&S1; K1 S1;v1 ↑ i1

K1;S1
&&&E e2 ⇓t v2; c2

&&&S2; K2 S2;v2 ↑ i2
K;S &&&E e1 ∗ e2 ⇓t i1 ∗ i2; c1 ⊕ [reg] ⊕ c2 ⊕ [reg] ⊕ [mul]&&&S2; K2

K;S &&&E h`m2 ⇓t h`m2 ; [reg]&&&S; K K;S &&&E 6�Hb2 ⇓t 6�Hb2 ; [reg]&&&S; K

K;S &&&E e1 ⇓t b; c1
&&&S′; K′ S′;b ↑ h`m2

K;S′ &&&E K′ ⇓t e2; K′′&&&v;S′′c2

K;S &&&E B7 e1 i?2M e2 2Hb2 e3 ⇓t v; c1 ⊕ c2
&&&S′′; K′′

K;S &&&E e1 ⇓t b; c1
&&&S′; K′ S′;b ↑ 6�Hb2

K′;S′ &&&E e3 ⇓t v; c2
&&&S′′; K′′

K;S &&&E B7 e1 i?2M e2 2Hb2 e3 ⇓t v; c1 ⊕ [reg] ⊕ c2
&&&S′′; K′′

r = E (ρ) R = S (r ) R;σ ; +HQb (x : τ ,e,E) ↓ o@R′

S′ = S[R′/R] ! = (r ,o)

K;S &&&E λx : τ .φe �i ρ ⇓t !; [reg] ⊕ [mem[!]]&&&S′; K

K;S &&&E e1 ⇓t !; c1
&&&S1; K1 S1; ! ↑ +HQb (x : τ ,e,E)

K1;S1
&&&E e2 ⇓t v1; c2

&&&S2; K2 K2;S2
&&&E[x &→v1] e ⇓t v2; c3

&&&S3; K3

K;S &&&E e1 e2 ⇓t v2; c1 ⊕ c2 ⊕ [mem[!]] ⊕ c3
&&&S3; K3

)LJXUH ���� /RFDO �WKUHDG� FRVW VHPDQWLFV IRU WKH *38�
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K;S &&&E e1 ⇓t v1; c1
&&&S1; K1 K1;S1

&&&E e2 ⇓t v2; c2
&&&S2; K2

r = E (ρ) R = S2 (r ) R;σ ; (v1,v2) ↓ o@R′ S3 = S2[R′/R] ! = (r ,o)

K;S &&&E (e1,e2) �i ρ ⇓t !; c1 ⊕ c2 ⊕ [mem[!]]&&&S3; K2

K;S &&&E e ⇓t !; c &&&S′; K′ S′; ! ↑ (v1,v2)

K;S &&&E 7bi e ⇓t v1; [mem[!]] ⊕ c ⊕ [reg]&&&S′; K′

K;S &&&E e ⇓t !; c &&&S′; K′ S′; ! ↑ (v1,v2)

K;S &&&E bM/ e ⇓t v2; [mem[!]] ⊕ c ⊕ [reg]&&&S′; K′

r = E (ρ) R = S (r ) R;σ ; `+HQb (ρ,φ,φ ′,u) ↓ o@R′

S′ = S[R′/R] ! = (r ,o)

K;S &&&E λρ B φ.φ′u �i ρ ⇓t !; [reg] ⊕ [mem[!]]&&&S′; K

K;S &&&E e ⇓t !; c1
&&&S′; K′ S′; ! ↑ `+HQb (ρ ′,φ,φ ′,u)

r = E (ρ) K′;S′ &&&E[ρ′&→r ] u ⇓t v; c2
&&&S′′; K′′

K;S &&&E e[ρ] ⇓t v; c1 ⊕ [mem[!]] ⊕ c2
&&&S′′; K′′

r = E (ρ) R = S (r ) R;σ ; +HQb ( f : τ ,u,E[f &→ (r ,o)]) ↓ o@R′

S′ = S[R′/R] K;S′ &&&E[f &→(r ,o)] u ⇓t v; c &&&S′′; K′′

K;S &&&E 7Bt f : (µ,ρ).u ⇓t v; [reg] ⊕ [mem[(r ,o)]] ⊕ c &&&S′′; K′′

Ki−1;Si−1
&&&E ei ⇓t vi ; ci &&&Si ; Ki r = E (ρ) R = Sn (r )

R;σ ; [v1, . . . ,vn ] ↓ o@R′ ! = (r ,o) S′n = Sn [R′/R]

K0;S0
&&&E [e1, . . . ,en ] �i ρ ⇓t !;

(⊕
i ci

)
⊕ [reg] ⊕ [mem[!]]&&&S′n ; Kn

K;S &&&E e1 ⇓t v1; c1
&&&S1; K1 K1;S1

&&&E e2 ⇓t v2; c2
&&&S2; K2

r = E (ρ) R = S2 (r ) R;σ ; (v1,v2) ↓ o@R′ S3 = S2[R′/R] ! = (r ,o)

K;S &&&E e1‖e2 �i ρ ⇓t !; c1 ⊕ c2 ⊕ [reg] ⊕ [mem[!]]&&&S′′; K2

r = E (ρ) (!!,κ IUHVK)

K;S &&&E T�`K�T f [e1, . . . ,en ] �i ρ ⇓t !!; [kern[κ]] ⊕! [mem[!!]]&&&S;κ ↪→ ( f , [ei ],!!) % K

)LJXUH ����� /RFDO �WKUHDG� FRVW VHPDQWLFV IRU WKH *38� �&RQWLQXHG�
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DVVRFLDWH WKH UHVXOW RI WKH NHUQHO WR WKH QRGH LQ WKH WKUHDG JUDSK WKDW VSDUNHG WKDW

VXE�NHUQHO�

������� :DUS 6HPDQWLFV

*LYHQ D QXPEHU RI WKUHDG JUDSKV� WKH ZDUS VHPDQWLFV VHUYH DV D ZD\ IRU XV WR JURXS

FRPSXWDWLRQV WRJHWKHU LQ VXFK D ZD\ WKDW ZH FDQ UHDVRQ DERXW ORFDO PHPRU\ FKDU�

DFWHULVWLFV RQ WKH *38 GXULQJ WKH VFKHGXOLQJ RI WKH JUDSK� )XUWKHUPRUH� WKLV DOORZV

WUDFNLQJ WKH UXQQLQJ RI D VLQJOH ZDUS DW D WLPH� DQG GHWHUPLQLQJ WKH WUDFH IRU WKH

ZDUS DW D JLYHQ VWHS LQ WKH VFKHGXOH�

7KH GHILQLWLRQ RI WKH FRVW VHPDQWLFV IRU ZDUSV LV JLYHQ LQ )LJXUH ����� 6LQFH WKH RQO\

H[SUHVVLRQ WKDW FDQ VSDUN D NHUQHO LV D FDOO WR T�`K�T� WKH ZDUS JUDSK MXGJHPHQW RQO\

WDNHV DQ H[SUHVVLRQ f [ei ] UHSUHVHQWLQJ D NHUQHO LQ ZKLFK f LV WR EH DSSOLHG WR WKH ei

LQ SDUDOOHO� *LYHQ WKLV H[SUHVVLRQ� DQG WKH FXUUHQW UHJLRQ VWDFN S DQG HQYLURQPHQW

E� LW EXLOGV WKUHDG JUDSKV IRU HDFK f ei DQG JURXSV WKHVH WRJHWKHU LQWR D QXPEHU RI

ZDUS JUDSKV Wi WKDW WRJHWKHU FRQVWLWXWH D ZDUS SRRO (κ,!!,!,〈W1, . . . ,Wk〉σ ) UHSUH�

VHQWLQJ WKH NHUQHO f [ei ]� 7KLV LV WKHQ DVVRFLDWHG ZLWK WKH NHUQHO LGHQWLILHU κ� DQG

WKH PHWD ORFDWLRQ !! DQG ORFDWLRQ ! IRU WKH NHUQHO DV ZHOO�

������� .HUQHO 6HPDQWLFV

6LQFH HDFK NHUQHO LV VSDZQHG E\ ILUVW EHLQJ SODFHG LQ WKH NHUQHO SRRO� WKH NHUQHO

JUDSK UXOHV DUH UHVSRQVLEOH IRU FUHDWLQJ WKH NHUQHO JUDSKV IURP WKH NHUQHO SRRO� DQG

DGGLQJ WKHP WR WKH GHYLFH ER[� ,Q WKH FDVH WKDW WKH NHUQHO SRRO LV HPSW\� DQ HPSW\

NHUQHO JUDSK LV JHQHUDWHG� ,Q WKH FDVH WKDW WKHUH LV D NHUQHO ( f , [ei ],!!) LQ K� ZH ILUVW

EXLOG WKH NHUQHO JUDSKV IRU WKH UHVW RI WKH NHUQHO SRRO�

S|K ⇓k ψ ;D|S1
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DIWHU ZKLFK ZH EXLOG WKH ZDUS JUDSK IRU WKH NHUQHO XQGHU TXHVWLRQ�

S1 |rE f [ei ] ⇓w !; 〈W1, . . . ,Wk〉σ |S2; K′ �����

6LQFH WKH EXLOGLQJ RI WKH NHUQHO JUDSK PD\ UHVXOW LQ IXUWKHU NHUQHOV WR UXQ ZKLFK

DUH SODFHG LQ D NHUQHO SRRO K′ LQ (TXDWLRQ ������ ZH WKHQ EXLOG WKH NHUQHO JUDSKV IRU

WKHVH�

S2 |K′ ⇓k ψ ;D′′|S3 �����

$IWHU WKLV� ZH WKHQ XSGDWH WKH NHUQHO UHVXOW SRRO ψ ZLWK WKH PDSSLQJ RI WKH NHUQHO¶V

XQLTXH LGHQWLILHU κ WR WKH ORFDWLRQ ! ZKHUH WKH UHVXOW RI WKH NHUQHO LV VWRUHG� $W WKLV

SRLQW� ZH WKHQ DGG WKH ZDUS SRRO (κ,!!,!,〈W1, . . . ,Wk〉σ ) WR RXU GHYLFH ER[ D′ DORQJ

ZLWK FRPELQLQJ WKH GHYLFH ER[D′′ WKDW ZH JRW IURP (TXDWLRQ ������ DQG UHWXUQ EDFN

RXU XSGDWHG UHJLRQ VWDFN�

2QFH WKLV UXOH KDV FRPSOHWHG� DQG ZH KDYH QR PRUH NHUQHOV LQ RXU NHUQHO SRRO� WKH

GHYLFH ER[ WKDW ZH DUH OHIW ZLWK UHSUHVHQWV WKH FRVW JUDSK IRU WKH FRPSXWDWLRQ DV D

ZKROH RQ WKH *38� DQG WKH NHUQHO UHVXOW SRRO ψ FRQWDLQV ZKHUH WKH UHVXOW RI HDFK

NHUQHO WKDW KDV EHHQ UXQ UHVLGHV�

������� 4XLHVFLQJ &RVW *UDSKV

6LQFH RXU WKUHDG JUDSKV PD\ KDYH PHWD ORFDWLRQV LQ WKHP WKDW QHHG WR EH UHPRYHG

EHIRUH FHUWDLQ QRGHV LQ WKHP ZLOO EHFRPH VFKHGXODEOH� ZH DOVR SURYLGH D ZD\ WR

UHPRYH PHWD ORFDWLRQV IURP WKH JUDSK RQFH WKH NHUQHO KDV EHHQ UXQ� 7KLV ZLOO EH

XVHG E\ WKH VFKHGXOLQJ SROLF\ LQ WKH QH[W VHFWLRQ WR ³XQEORFN´ DQG TXLHVFH QRGHV LQ

WKH WKUHDG JUDSKV RQFH WKH NHUQHOV WKDW WKH\ KDYH FUHDWHG KDYH UHWXUQHG WKHLU UH�

VXOW� 7KH MXGJHPHQW IRU WKHVH WDNHV D TXLHVFHQFH HQYLURQPHQW γ ZKLFK LV D PDSSLQJ

IURPPHWD ORFDWLRQ!! WR ORFDWLRQV ! WRJHWKHU ZLWK D GHYLFH ER[D� ,W WKHQ VXEVWLWXWHV
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:DUS JUDSKV� S|rE f [ei ]ni=1 ⇓w 〈W1, . . . ,Wk〉σ |S′; K

K;S &&&E f ei ⇓t vi ; ci &&&Si ; Ki S′ = S1 H . . . HSn
R = S′(r ) R; [vi ]ni=1 ↓ o@R′ S′′ = S′[R′/R] K = %iKi

Wj = {cjw+1, . . . c (j+1)w} j = 0, . . . , Jn/wK
S|rE f [ei ]ni=1 ⇓w (o,r ); 〈W1, . . . ,WJn/wK〉σ |S′′; K

.HUQHO *UDSKV� S|E K ⇓k ψ ;D|S′

S|E ∅ ⇓k {}; {}|S

S|K ⇓k ψ ;D|S1 (r ,B) = !!
S1 |rE f [ei ] ⇓w !; 〈W1, . . . ,Wk〉σ |S2; K′

S2 |K′ ⇓k ψ ;D′′|S3

S &&&E κ ↪→ ( f , [ei ],!!) % K ⇓k ψ [κ &→ !]; (κ,!!,!,〈W1, . . . ,Wk〉σ ) &D′ &D′′&&&S3

4XLHVFHQFH� γ &&&K ⇓Q D

γ &&&{} ⇓Q {} {} &&&D ⇓Q D
D′ = {c/γ | c ∈ D}

γ &&&D ⇓Q D′

)LJXUH ����� *OREDO FRVW VHPDQWLFV IRU WKH *38�

! IRU !! IRU HDFK WKUHDG JUDSK FRQWDLQHG LQ WKH GHYLFH ER[ {c/γ | c ∈ D}�� ,W LV

LPSRUWDQW WR QRWH WKDW D′ QHHG QRW EH IXOO\ TXLHVFHG DW WKH HQG RI WKLV MXGJHPHQW²

PHWD ORFDWLRQV PD\ VWLOO H[LVW LQ D′�

�1RWH WKDW VLQFH RXUPHWD ORFDWLRQV DUH HDFK DVVLJQHG D XQLTXH LG� ZH GR QRW KDYH WR ZRUU\ DERXW VXFK
WKLQJV DV FDSWXUH�DYRLGLQJ VXEVWLWXWLRQ� DQG FDQ SHUIRUP D VLPSOH VHDUFK DQG UHSODFH RSHUDWLRQ RQ
WKH WKUHDG JUDSKV�
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��� 6FKHGXOLQJ *38 &RVW *UDSKV

6LQFH WKH +00 PRGHO WKDW ZH DUH XVLQJ DV WKH DEVWUDFW PDFKLQH IRU WKH *38 LP�

SRVHV D SDUWLFXODU VFKHGXOH� ZHGRQRW KDYH DVPDQ\RSWLRQV DVZHGLG IRU WKH VFKHGXO�

LQJ RI &38FRVW JUDSKV� +RZHYHU� VFKHGXOLQJ*38FRVW JUDSKV LV QRW HQWLUHO\ VWUDLJKW�

IRUZDUG� ZKLOH WKH +00 PRGHO SURYLGHV XV D PRGHO IRU WKH H[HFXWLRQ RI HDFK NHU�

QHO RQ WKH *38 �DQG KHQFH IRU WKH VFKHGXOLQJ RI HDFK ZDUS�WKUHDG�� LW GRHV QRW

SURYLGH XV D PRGHO RI H[HFXWLRQ LQ ZKLFK ZRUN�LWHPV FDQ HQTXHXH RWKHU NHUQHOV

WR EH H[HFXWHG RQ WKH *38� ,Q RUGHU WR KDQGOH WKHVH GHYLFH�VLGH HQTXHXLQJ RSHU�

DWLRQV RI NHUQHOV� ZH QHHG WR LPSRVH D IXUWKHU VFKHGXOLQJ SROLF\ WKDW WDNHV LQWR

DFFRXQW PHWD ORFDWLRQV VLQFH WKHVH UHSUHVHQW GHYLFH�VLGH HQTXHXHV RI NHUQHOV�

����� 7KUHDG 6FKHGXOHV

6LQFH WKH HGJHV LQ RXU WKUHDG JUDSKV ZKLFK UHSUHVHQW GHSHQGHQFLHV RQ RWKHU NHUQHOV

DUH JLYHQ E\ PHWD�HGJHV ZH ILUVW IRUPDOO\ GHILQH ZKDW LW PHDQV IRU D GHYLFH ER[D WR

QRW KDYH DQ\ UHVXOWV IURP NHUQHOV RXWVWDQGLQJ�

'HILQLWLRQ ������ *LYHQ D GHYLFH ER[D� ZH VD\ WKDWD LV TXLHVFHQW DQG ZULWH D
LI IRU HDFK HGJH ei ∈ D ei LV QRW RI WKH IRUP !(α1,α2) IRU DQ\ α1,α2�

1RZ� LQ RUGHU WR GHWHUPLQH ZKLFK YHUWLFHV LQ D WKUHDG JUDSK DUH VFKHGXODEOH DW D

JLYHQ VWHS RI DZDUS� JLYHQ D VHW RI QRGHV {α1, . . . ,αn}ZHGHILQH WKH VFKHGXODEOH QRGHV

RI {α1, . . . ,αn} RU SP (α ) WR EH JLYHQ E\ WKH IROORZLQJ�

SP (α ) = {α | α # mem[!!],α ∈ α} �����

5HFDOO IURP 6HFWLRQ ����� WKDW ZH GHILQHG WKH �QRQ�ZHLJKWHG� VFKHGXOH RUGHU " RYHU

WKH QRGHV α LQ D WKUHDG JUDSK c DV IROORZV�

�� ∀α ∈ c . α " α � DQG
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�� ∀α1,α2 ∈ c . α1 ≺c α2 ⇒ α1 " α2

ZKHUH ≺c PHDQV WKDW α1 LV D SDUHQW RI α2 LQ WKH WKUHDG JUDSK c� 7KHQ JLYHQ D VHW RI

WKUHDG JUDSKV ci LQ D ZDUS JUDSKW ZH FDQ H[WHQG WKLV UHODWLRQ RQ QRGHV WR D UHODWLRQ

RQ D VHW RI QRGHV²WKH FRQVLGHUDEOH QRGHV²DQG WKURXJK WKLV VD\ ZKHQ D JLYHQ VHW RI

QRGHV α1 FDQ RU QHHG WR EH VFKHGXOHG EHIRUH DQRWKHU VHW RI SRVVLEOH QRGHV α2�

α1 " α2 = ∀α1 ∈ α1,α2 ∈ α2 . α1 " α2 �����

)XUWKHUPRUH� GXH WR WKH QDWXUH RI WKUHDG JUDSKV DQG ≺c ZH KDYH WKH IROORZLQJ SURS�
HUWLHV UHODWLQJ QRGHV LQ RXU WKUHDG JUDSKV DQG WKH QRGHV LQ WKHVH α DQG SP (α )�

7KHRUHP ������ /HW W = {c1, . . . ,cn} EH D ZDUS JUDSK� /HW α EH D VHW RI FRQVLGHU�

DEOH QRGHV� DQG SP (α ) EH LWV VHW RI VFKHGXODEOH QRGHV IRU W� 7KHQ

∀cj ∈ W . &&&{α | α ∈ α ,α ∈ cj}&&& ≤ 1 ������

DQG WKHUHIRUH E\ WKH GHILQLWLRQ RI SP (α ) WKDW

∀cj ∈ W . &&&{α | α ∈ SP (α ),α ∈ cj}&&& ≤ 1 ������

7KLV VWDWHV WKDWZH KDYH DWPRVW RQH QRGH IURPHDFK WKUHDG JUDSK LQ WKH FRQVLGHUDEOH

QRGHV� DQG WKHQFH WKH VFKHGXODEOH QRGHV� DW DQ\ JLYHQ WLPH� ,PSRUWDQWO\� ZH DUH

QRW JXDUDQWHHG WR DOZD\V KDYH D QRGH IURP HYHU\ WKUHDG JUDSK LQ WKHVH VFKHGXODEOH

VHWV� LI WKHUH LV D PHWD�HGJH WKHQ WKH QRGH ZLOO QRW EH VFKHGXODEOH XQWLO LW KDV EHHQ

TXLHVFHG� )URP QRZ RQ ZH ZLOO IUHTXHQWO\ ZULWH SPi IRU WKH VHW RI VFKHGXODEOH QRGHV

IRU D VHW RI QRGHV S (α i )P ��

7KHUH LV D UHDVRQ ZK\ ZH FDOO WKHVH SPi VFKHGXODEOH QRGHV DV RSSRVHG WR VFKHGXOHG

QRGHV� VLQFH WKH *38 LV D 6,0' DUFKLWHFWXUH� ZH PXVW EH UXQQLQJ WKH VDPH LQVWUXF�

WLRQ DW DQ\ JLYHQ VWHS RI D ZDUS W� 7KHUHIRUH ZKHQ JLYHQ VFKHGXODEOH QRGHV SPi ZH

SDUWLWLRQ WKHVH LQWR HTXLYDOHQFH FODVVHV EDVHG XSRQ LQVWUXFWLRQ W\SH ZKLOH LJQRULQJ
�6HH $SSHQGL[ %�� IRU WKH SURRI RI WKLV WKHRUHP�



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

GDWD�VSHFLILF HOHPHQWV RI WKH LQVWUXFWLRQ� WKH HTXLYDOHQFH UHODWLRQ LJQRUHV WKH NHUQHO

LG DQG ORFDWLRQ IRU kern DQG mem LQVWUXFWLRQV UHVSHFWLYHO\�

3DUWLWLRQLQJ WKH QRGHV LQ SPi E\ LQVWUXFWLRQ DOORZV XV WR KDQGOH ZDUS GLYHUJHQFH

HDVLO\ VLQFH WKH ZDUS QHHGV WR SHUIRUP D VWHS IRU HDFK HTXLYDOHQFH FODVV RI SPi � 7KXV

D VHW RI VFKHGXODEOH QRGHV SPi DUH SDUWLWLRQHG LQWR D VHW RI HTXLYDOHQFH FODVVHV RI

VLPXOWDQHRXVO\ VFKHGXOHG QRGHV [Si ]α̇ � 7KH HTXLYDOHQFH FODVVHV [Si ]α̇ SDUWLWLRQ SPi DQG

HDFK HTXLYDOHQFH FODVV FRQWDLQV RQO\ QRGHV ZLWK WKH VDPH LQVWUXFWLRQ �XS WR WKH

HTXLYDOHQFH UHODWLRQ ZH PHQWLRQHG DERYH��

2QFH ZH KDYH SDUWLWLRQHG WKH VFKHGXODEOH QRGHV LQWR HTXLYDOHQFH FODVVHV RI VLPXO�

WDQHRXVO\ VFKHGXOHG QRGHV� HDFK RI WKHVH HTXLYDOHQFH FODVVHV LV UXQ DV D VWHS RI WKH

ZDUS� 7KH RUGHU LQ ZKLFK WKHVH UXQ KRZHYHU� LV XQLPSRUWDQW� E\ 7KHRUHP ����� ZH

KDYH WKDW DW PRVW RQH QRGH IURP DQ\ RQH WKUHDG JUDSK ZLOO EH LQ SPi � DQG KHQFH LQ

DQ\ RI WKH HTXLYDOHQFH FODVVHV� 7KLV WKHQ PHDQV WKDW WKHUH DUH QR HGJHV EHWZHHQ

DQ\ RI WKH QRGHV LQ SPi DQG KHQFH EHWZHHQ DQ\ RI WKH HTXLYDOHQFH FODVVHV� 7KXV WKH

IROORZLQJ HTXDWLRQ KROGV�

∀α1,α2 ∈ SPi . !e ∈ D . e ≡ (α1,α2) ������

������� 'HDOLQJ ZLWK .HUQHOV 	 0HWD�HGJHV

:KHQ D WKUHDG JUDSK QRGH HQTXHXHV DQRWKHU NHUQHO WR H[HFXWH RQ WKH *38� WKLV

FDXVHV D PHWD�HGJH WR EH FUHDWHG LQ WKH WKUHDG JUDSK DORQJ ZLWK PHWD YHUWLFHV� WKDW

FDXVH WKDW WKUHDG JUDSK WR QR ORQJHU EH VFKHGXOHG XQWLO WKH HQTXHXHG NHUQHO KDV

UHWXUQHG LWV UHVXOW� 2QFH WKH NHUQHO KDV UXQ� WKH PHWD ORFDWLRQ LQ WKH GHYLFH ER[ WKDW

FRUUHVSRQGV WR WKDW NHUQHO LV TXLHVFHG� $IWHU WKLV� WKH QRZ�TXLHVFHG QRGH ZLOO EH

LQFOXGHG LQ WKH VFKHGXODEOH QRGHV IRU WKH HQTXHXLQJ NHUQHO�

3URYLGLQJ VRPH PRUH LQWXLWLRQ EHKLQG WKLV SURFHVV� OHW mem[!!] EH D QRGH WKDW LV WKH

VRXUFH RI D PHWD�HGJH � DQG OHW WKH H[HFXWLRQ RI WKH QRGHV LQ D VFKHGXODEOH QRGH VHW
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SPi LQ D ZDUS SRROW UHVROYH WKLV ORFDWLRQ� !! &→ !� 7KHQ DIWHU WKH VFKHGXOLQJ RI WKH

QRGHV LQ SPi � S
P
i+1 = ∅ DQG WKHUHIRUHW = (κ,!!,!,∅)� $W WKLV SRLQW� D TXLHVFHQFH

RSHUDWLRQ LV SHUIRUPHG RQ WKH HQWLUH GHYLFH ER[ D WR UHSODFH DOO RFFXUUHQFHV RI

WKH PHWD ORFDWLRQ !! ZLWK WKH ORFDWLRQ WKDW LW PDSV WR� $W WKLV SRLQW WKH QRGH mem[!!]

LQ TXHVWLRQ KDV EHHQ FKDQJHG WR mem[!]� DQG WKH FRUUHVSRQGLQJ PHWD�HGJH KDV EHHQ

UHPRYHG� 7KLV QRGH ZLOO WKHQ EH DGGHG WR WKH VFKHGXODEOH QRGH VHW WKH QH[W WLPH

WKH ZDUS�WKUHDG DULVHV LQ WKH VFKHGXOH� 7KH LQWHUDFWLRQ EHWZHHQ WKUHDG JUDSKV DQG

ZDUS SRROV LV GHWDLOHG SUHFLVHO\ LQ 6HFWLRQ ������ KRZHYHU� EHIRUH GRLQJ WKDW ZH ILUVW

QHHG WR PDNH DQ LPSRUWDQW GLVWLQFWLRQ EHWZHHQ ZDUSV WKDW FDQQRW EH UXQ \HW KDYH

PRUH ZRUN OHIW WR GR� DQG ZDUSV WKDW KDYH QR PRUH ZRUN WR GR�

������� 8QUXQQDEOH YV� )LQLVKHG:DUSV

6LQFH ZH GR QRW SHUPLW PHWD YHUWLFHV WR EH LQFOXGHG LQ RXU VFKHGXODEOH QRGH VHW� WKH

VFKHGXODEOH QRGHV SPi IRU D ZDUSW DW D VWHS i EHLQJ HPSW\ GRHV QRW QHFHVVDULO\PHDQ

WKDW DOO WKH WKUHDGV LQ WKDWZDUS KDYH ILQLVKHG� 7KXV WKHUH LV DQ LPSRUWDQW GLVWLQFWLRQ

WKDW ZH QHHG WRPDNH EHWZHHQ D ZDUSW EHLQJ XQUXQQDEOH²WKHUH DUH VWLOO QRGHV OHIW

LQ DW OHDVW RQH RI WKH WKUHDGV JUDSKV RI W DW WKDW VWHS� EXW DOO RI WKHP DW WKH FXUUHQW

VWHS DUH PHWD YHUWLFHV²DQG EHLQJ ILQLVKHG²DOO QRGHV LQ DOO WKUHDG JUDSKV LQ W KDYH

EHHQ WUDYHUVHG� 7KH ODWWHU FDVH LV HDV\ WR KDQGOH� LI ZH HQFRXQWHU D ZDUS W WKDW QR

ORQJHU KDV DQ\ QRGHV LQ LW L�H�� ∀ci ∈ W,ci ≡ ∅ ZH PDUN WKH ZDUS DV D ZKROH DV QR

ORQJHU UXQQDEOH E\ VHWWLQJ W = ∅� ,Q WKH FDVH WKDW DOO SRVVLEO\ VFKHGXODEOH QRGHV

ZRXOG EHPHWD YHUWLFHVZHQHHG WR VNLS WU\LQJ WR UXQ WKLVZDUS� DQG WU\ WR ILQG DQRWKHU

ZDUS LQ WKH ZDUS SRRO WR UXQ LQVWHDG� :H FDQ IRUPDOL]H WKHVH QRWLRQV RI XQUXQQDEOH

DQG ILQLVKHG ZDUSV ZLWK WKH IROORZLQJ GHILQLWLRQ�

'HILQLWLRQ ������ /HW W EH D ZDUS ZLWK FRQVLGHUDEOH QRGHV α DQG OHW SP (α ) EH LWV

VFKHGXODEOH QRGHV� 7KHQ ZH VD\ WKDW W LV�
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� ILQLVKHG LI

α ≡ ∅

DQG

� XQUXQQDEOH LI

(α # ∅) ∧ SP (α ) ≡ ∅

����� :DUS 6FKHGXOHV

1RZ WKDW ZH KDYH GHILQHG WKH VFKHGXOLQJ RI WKUHDGV ZLWKLQ HDFK ZDUS� ZH WXUQ WR

WKH VFKHGXOLQJ RI HDFK ZDUS Wi WKDW PDNH XS D ZDUS SRROW � $V RSSRVHG WR WKH

VFKHGXOLQJ RI WKUHDG JUDSKV� WKHVH DUH PXFK OHVV FRPSOLFDWHG VLQFH ZH GR QRW KDYH

WR ZRUU\ DERXW PHWD ORFDWLRQV� DQG WKH VFKHGXOLQJ RI WKHVH LV GLFWDWHG D SULRUL E\ WKH

+00PRGHO WKDW ZH DUH XVLQJ IRU WKH *38�

5HFDOO WKDW WKH +00 PRGHO UHTXLUHV WKDW HDFK ZDUS Wi LV VFKHGXOHG LQ D URXQG�

URELQ IDVKLRQ� WKXV LIW = (κ,!!,!,〈W1, . . . ,Wk〉σ ) WKHQ ZH KDYH WKDW DW ZDUS�VWHS n�

ZDUS Wl ZKHUH l = (n mod k ) + 1 ZLOO UXQ�

:KLOH LW PD\ EH WHPSWLQJ WR UHPRYH ZDUSV IURP WKH ZDUS SRRO RQFH WKH\ KDYH ILQ�

LVKHG� WKLV LV QRW D JRRG LGHD IURP D ERRNNHHSLQJ VWDQGSRLQW� :H LQVWHDG DVVXPH WKH

ZRUVW�FDVH� DQG WKDW WKHVH ILQLVKHG ZDUSV DUH QRW HYLFWHG IURP WKH ZDUS SRRO RQFH

WKH\ KDYH FRPSOHWHG� 7KXV ³UXQQLQJ´ D ILQLVKHG ZDUS ZLOO WDNH XS RQH ZDUS VWHS��

)XUWKHUPRUH� VLQFH WKHUH LV QR ZD\ RI GHWHUPLQLQJ LI D JLYHQ ZDUS LV XQUXQQDEOH

XQWLO LW KDV EHHQ VHOHFWHG IRU UXQQLQJ ZH FKDUJH WKH VFKHGXOLQJ RI DQ XQUXQQDEOH RU

ILQLVKHG ZDUS LQ D ZDUS SRRO WKH VDPH FRVW DV WKDW RI D UXQQDEOH ZDUS�

$V ZDV GLVFXVVHG LQ WKH SUHYLRXV VHFWLRQ� HDFK VWHS RI D ZDUS FDQ DFWXDOO\ EH PDGH

XS RI D QXPEHU RI VWHSV LQ WKH FDVH ZKHUH WKH ZDUS KDV GLYHUJHG� 7KXV ZH PDNH D

GLVWLQFWLRQ EHWZHHQ WKUHDG VWHSV ZKLFK DUH WKH VWHSV WKDW FDQ UXQ LQ SDUDOOHO RQ WKH
�%XW WKHUH ZLOO EH QR RWKHU FRVW EH\RQG WKLV VLQFH WKHUH DUH QR PHPRU\ DFFHVVHV HWF�
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ZDUS� DQG ZDUS VWHSV ZKLFK UHSUHVHQW RQH VWHS RI D ZDUS IURP WKH SHUVSHFWLYH RI

WKH ZDUS SRRO� 7KXV D VLQJOH ZDUS VWHS FDQ EH WKH UHVXOW RI PXOWLSOH WKUHDG VWHSV�

+RZHYHU� VLQFH WKH WKUHDG VWHSV WKDW D ZDUS DW D JLYHQ ZDUS VWHS i WDNHV DUH GHILQHG

E\ WKH QXPEHU RI HTXLYDOHQFH FODVVHV RI VFKHGXOHG QRGHV [Si ]α̇ IRU WKH VFKHGXODEOH

QRGHV SPi DW WKDW ZDUS VWHS� WKH QXPEHU RI WKUHDG VWHSV WKDW ZLOO EH PDGH IRU DQ\

JLYHQ ZDUS VWHS LV ERXQGHG E\ WKH QXPEHU RI LQVWUXFWLRQV WKDW DUH HQFRGHG LQ WKH

WKUHDG JUDSKV�

7R HQFRGH WKLV UHODWLRQ ZH ILUVW DGG D ³WKUHDG JUDSK FRQWH[W´ WR ZDUSV WKDW KROGV WKH

FXUUHQW VHW RI QRGHV XQGHU FRQVLGHUDWLRQ IRU VFKHGXOLQJ LQ HDFK WKUHDG JUDSK� 7KHVH

DUH WKHQ XVHG WR GHWHUPLQH WKH VHW RI QRGHV WKDW UXQ WR SURJUHVV IURP VWHS i WR i + 1�

7KXV ZH GHILQH D ZDUS Wk DW VWHS i DV EHLQJ JLYHQ E\ D WXSOH

Wi
k = (c,α )

ZKHUH c DUH WKH WKUHDG JUDSKV IRU WKH ZDUS� DQG α DUH WKH QRGHV LQ WKH WKUHDG JUDSKV

WKDW VKRXOG EH FRQVLGHUHG IRU VFKHGXOLQJ LQ WKH QH[W VWHS RI WKH ZDUS²L�H� WKH FRQVLG�

HUDEOH QRGHV� ,W LV LPSRUWDQW WR UHFDOO WKDW WKH QRGHV XQGHU FRQVLGHUDWLRQ IRU WKH QH[W

VWHS α DUH QRW WKH VDPH DV WKH VFKHGXODEOH QRGHV SP (α )� SDUWLFXODUO\� α LV SHUPLWWHG

WR FRQWDLQ PHWD ORFDWLRQV ZKHUHDV PHWD ORFDWLRQV FDQQRW RFFXU LQ WKH VFKHGXODEOH

QRGHV�

:H FDQ WKHQ LQWURGXFH D VWHSSLQJ UHODWLRQ IRU ZDUSV EDVHG XSRQ WKLV

Wi
k ⇒ Wi+1

k ; SPi ������

:KLFK WDNHV D ZDUS Wi
k DW D ZDUS VWHS i DQG SHUIRUPV WKUHDG VWHSV IRU HDFK WKUHDG�

�LQVWUXFWLRQ DW WKDW VWHS RI WKH ZDUS� DQG UHWXUQV EDFN WKH VFKHGXODEOH QRGHV SPi WKDW

PDGH XS WKDW ZDUS VWHS DORQJ ZLWK DQ XSGDWHG OLVW RI QRGHV XQGHU FRQVLGHUDWLRQ IRU

VFKHGXOLQJ LQ WKH QH[W VWHS� 7KH UXOHV IRU WKH ZDUS VWHS UHODWLRQ DUH JLYHQ LQ )LJ�

XUH �����
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{α}i " {α}i+1 SPi = SP ({α}i )
Wi+1

k = (c,α i+1) Wi
k = (c,α i )

Wi
k ⇒ Wi+1

k ; SPi

)LJXUH ����� 'HILQLWLRQ RI WKH ZDUS VWHS UHODWLRQ LQ WHUPV RI VFKHGXODEOH DQG VFKHGXOHG
QRGHV DV GHILQHG LQ 6HFWLRQ ������

8VLQJ WKLV� ZH WKHQ GHILQH WKH VWHSSLQJ UHODWLRQ IRU ZDUS SRROVW (n)� $V RSSRVHG WR

WKH UHODWLRQ EHWZHHQ ZDUS� DQG WKUHDG VWHSV� WKHUH LV D RQH�WR�RQH UHODWLRQ EHWZHHQ

ZDUS VWHSV DQG ZDUS SRRO VWHSV� 5HFDOO WKDW D ZDUS SRROW (n) UHSUHVHQWV D NHUQHO�

DQG WKXV ZH QHHG D ZD\ WR GHWHUPLQH ZKHQ WKDW NHUQHO KDV FRPSOHWHG� 7KLV KDSSHQV

SUHFLVHO\ ZKHQ DOO ZDUSV DW WKHLU FXUUHQW VWHS Wik
k LQ WKH ZDUS SRRO DUH ILQLVKHG

L�H��

∀Wik
k ∈W . Wik

k ≡ ∅

7KH UHODWLRQ WDNHV D ZDUS SRRO DW D JLYHQ VWHS l DORQJ ZLWK D ERROHDQ IODJ b WKDW

VD\V ZKHWKHU RU QRW DOO RI WKH ZDUSV LQ WKH ZDUS ER[ KDYH ILQLVKHG RU QRW� DQG UH�

WXUQV WKH ZDUS SRRO DW WKH QH[W VWHS DORQJ ZLWK WKH QRGHV WKDW KDYH EHHQ UXQ DORQJ

ZLWK DQ XSGDWHG ERROHDQ IODJ WKDW LV VHW WR WUXH LI WKH ZDUS WKDW KDV EHHQ ³UXQ´ LV

QRW ILQLVKHG� ,Q WKH FDVH ZKHUH DOO ZDUSV LQ WKH ZDUS SRROW (n) KDYH FRPSOHWHG�

/QM2(κ,!,!!) ZKHUH κ LV WKH NHUQHO LGHQWLILHU� ! LV WKH ORFDWLRQ RI WKH ILQDO UHVXOW� DQG

!! LV WKH PHWD ORFDWLRQ IRU WKH NHUQHO LV UHWXUQHG� :H WKXV DUULYH DW WKH IROORZLQJ

UHODWLRQ IRU RXU ZDUS VWHSV�

b;W (n)i (
(
W (n)i+1; SPi ; b′

)
L /QM2(κ,!,!!) ������

DQG ZKLFK LV GHILQHG LQ )LJXUH ������

�)RU HDVH RI UHDGLQJ ZH ZLOO HOLGH WKH H[SOLFLW H27i DQG `B;?i HPEHGGLQJV LQ WKH UXOHV�
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k = n + (i mod l ) Wik
k ∈W (n)i

Wik
k ⇒ Wik+1

k ;SPi b′ = b ∧ (Wik+1
k ≡ ∅)

b;W (n)i (W (n)i+1;SPi ; b′
i mod l % 0

k = n + (i mod w ) Wik
k ∈W (n)i

Wik
k ⇒ Wik+1

k ; SPi b′ = Wik+1
k ≡ (c,∅)

b;W (n)i (W (n)i+1;SPi ; b′
i mod l ≡ 0

W (n)i =
(
κ,!!,!,〈Win

n , . . . ,Wik
k 〉σ

)

b;W (n)i ( /QM2(κ,!,!!)
(i mod l ≡ 0) ∧ (b ≡ i`m2 )

)LJXUH ����� 'HILQLWLRQ RI WKHZDUS SRRO VWHS UHODWLRQ LQ WHUPV RI ZDUS VWHSV ZKHUHW (n) =
(κ,!,!!,〈Wn , . . . ,Wl+n〉σ )�

����� 'HYLFH %R[ 6FKHGXOHV

6LQFH D GHYLFH ER[ FRQVLVWV RI D QXPEHU RI GLIIHUHQW ZDUS SRROV �RQH IRU HDFK NHUQHO

FXUUHQWO\ H[HFXWLQJ� ZH DOVR GHILQH D VWHSSLQJ UHODWLRQ WKDW UHODWHV ZDUS SRRO VWHSV WR

GHYLFH ER[ VWHSV²VLQFH WKHVH NHUQHOV H[HFXWH LQ SDUDOOHO� D GHYLFH ER[ VWHS FRQVLVWV RI

RQH ZDUS SRRO VWHS IRU HDFK ZDUS SRRO FXUUHQWO\ H[HFXWLQJ LQ WKH GHYLFH ER[� :H DOVR

KDYH WR KDQGOH ZDUS SRRO VWHSV HQTXHXLQJ NHUQHOV� 7KLV JLYHV ULVH WR WKH IROORZLQJ

VWHSSLQJ UHODWLRQ

{κ1, . . . ,κn};D ) D′; {SP1 , . . . ,SPn }; {κ1, . . . ,κn′} ������

:KLFK WDNHV WKH VHW RI FXUUHQWO\ UXQQLQJ ZDUSV {κ1, . . . ,κn} DQG WKH FXUUHQW GHYLFH

ER[� DQG UHWXUQV EDFN DQ XSGDWHG GHYLFH ER[ LQ ZKLFK HDFK ZDUS SRROW (i ) DVVRFL�

DWHG ZLWK κi LQ D LV UXQ DQG KDV VWHSV JLYHQ E\ SPi � $ORQJ ZLWK WKLV LW UHWXUQV WKH VHW

RI VWLOO DFWLYH NHUQHOV DW WKH HQG RI WKH VWHS {κi , . . . ,κn′}� )XUWKHUPRUH� LQ WKH UXOHV

ZH LPSOLFLWO\ XSGDWH WKH ZDUS SRROV ZLWKLQ WKH GHYLFH ER[ IURP RQH VWHS WR WKH QH[W�

7KH UXOHV IRU WKLV UHODWLRQ DUH JLYHQ LQ )LJXUH �����
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∀κ ∈ {κ}, (W (i )j ,b) = D (κ) . b;W (i )j (W (i )j+1; SPi ; b′
κ′′,γ = mMxBT {(κ,!! &→ !) | 7�Hb2 ;W (i )j ( /QM2(κ,!,!!)}
κ′′′ = {κ | kern[κ] ∈ ⋃

i S
P
i } γ | D ⇓Q D′ κ′ = κ \ κ′′ ∪ κ′′′

κ;D ) D′; {SPi1 , . . . ,S
P
in
};κ′

)LJXUH ����� 'HILQLWLRQ RI WKH GHYLFH ER[ VWHS UHODWLRQ LQ WHUPV RI ZDUS SRRO VWHSV�
mMxBT ,, a2i U�-#V @= Ua2i �- a2i #V WDNHV D VHW RI WXSOHV DQG UHWXUQV D WXSOH RI VHWV�

,W LV FUXFLDO WKDW WKLV VWHSSLQJ UHODWLRQ UHWXUQ DQ XSGDWHG GHYLFH ER[� VLQFH RQFH D

NHUQHO KDV ILQLVKHG²WKH ZDUS SRRO WKDW UHSUHVHQWV LW KDV ILQLVKHG²D TXLHVFHQFH RS�

HUDWLRQ QHHGV WR EH SHUIRUPHG RQ WKH GHYLFH ER[ JUDSK LQ RUGHU WR XQEORFN DQ\ RWKHU

ZDUSV²RUPRUH VSHFLILFDOO\ WKUHDGV ZLWKLQ WKH ZDUSV²WKDW GHSHQG XSRQ WKH UHVXOWV

RI WKDW NHUQHO� 7KXV RQFH D NHUQHO KDV ILQLVKHG UXQQLQJ DQG ZH JHW D /QM2(κ,!!,!)

UHVXOW� ZH SHUIRUP D TXLHVFHQFH RSHUDWLRQ ZLWK WKH PHWD ORFDWLRQ !! PDSSLQJ WR !

RQ WKH GHYLFH ER[ �DV GHILQHG LQ )LJXUH ������

����� .HHSLQJ 7UDFN RI WKH 5HJLRQ 6WDFN

5HFDOO WKDW ERWK UHJLRQ FUHDWLRQ YLD WKH H2i`2;BQM IRUP� DQG UHJLRQ H[SDQVLRQ DUH

QRW SHUPLWWHG LQ ΛG �L�H�� RQ WKH *38�� 7KXV� SURILOLQJ SURJUDPV ZULWWHQ LQ ΛG IRU

VSDFH LV D QRQ�LVVXH VLQFH ZH ZLOO DOZD\V EH XVLQJ WKH VDPH DPRXQW RI VSDFH²WKH

VL]H RI WKH UHJLRQ VWDFN �WKDW LV FRSLHG RYHU WR WKH *38� DW WKH VWDUW RI WKH FRPSXWD�

WLRQ�

,Q 6HFWLRQ ����� ZH XVHG WKH IDFW WKDW UHJLRQ VWDFN RSHUDWLRQV ZHUH HQFRGHG LQ WKH

FRVW JUDSKV WKDW ZHUH EXLOW WR GHILQH WKH UHJLRQ VWDFN DW DQ\ SRLQW LQ WKH VFKHGXOH

JLYHQ E\ " DQG WKH FORVXUH RI WKH FXUUHQW VWHSVi LQ WKH FRVW JUDSK� S (Si ,")� :HPLJKW

EH WHPSWHG WR GR WKH VDPH KHUH� +RZHYHU� VLQFH ZH DUH QRW LQWHUHVWHG LQ SURILOLQJ

IRU GLIIHUHQW VFKHGXOHV RQ WKH *38� DQG QHLWKHU GR ZH KDYH WR WDNH LQWR DFFRXQW

UHJLRQ H[SDQVLRQ DQG FUHDWLRQ ZH GR QRW QHHG WR EH QHDUO\ DV FRPSOH[� ,QVWHDG� ZH
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FDQ VLPSO\ WDNH WKH UHJLRQ VWDFN DW WKH HQG RI EXLOGLQJ WKH FRVW JUDSK� ZKLFK ZH

ZLOO GHQRWH E\ Ṡ� DQG XVH WKLV WKURXJKRXW WKH FRVW DQDO\VLV� VLQFH UHJLRQV FDQQRW EH
FUHDWHG� DQG VLQFH WKH H2i`2;BQM IRUP LV OH[LFDOO\ VFRSHG� WKH ILQDO UHJLRQ VWDFN Ṡ
LV D ERXQGHG HYROXWLRQ RI WKH VWDUWLQJ UHJLRQ VWDFN �6HFWLRQ ������ DQG ZH GRQ¶W KDYH

WR ZRUU\ DERXW UHIHUHQFLQJ QRQ�H[LVWHQW UHJLRQV LQ Ṡ WKURXJKRXW DQ\ WUDYHUVDO RI

WKH JUDSK� )XUWKHUPRUH� VLQFH UHJLRQV FDQ¶W EH H[SDQGHG DQG VLQFH WKH VFKHGXOH LV

IL[HG� ZH GRQ¶W QHHG WR WKLQN DERXW SURILOLQJ IRU VSDFH XVDJH ZLWK UHVSHFW WR GLIIHUHQW

VFKHGXOHV�

��� 'HWHUPLQLQJ&RVWV IURP*38&RVW*UDSKV

1RZ WKDW ZH KDYH GHILQHG WKH PDFKLQHU\ WR WUDYHUVH WKH JUDSK UHSUHVHQWLQJ D JLYHQ

VFKHGXOH RI D *38 FRPSXWDWLRQ ZH QHHG WR WXUQ RXU DWWHQWLRQ WR FDOFXODWLQJ WKH FRVW

RI WKH FRPSXWDWLRQ� ,Q WKLV VHFWLRQ ZH GHWDLO KRZ WR GHWHUPLQH WKHVH FRVWV IRU HDFK

VWHS RI WKH *38 FRPSXWDWLRQ� DQG WKXV WKH VXPPDWLRQ RI WKHVH FRVWV ZLOO JLYH XV WKH

FRVW RI WKH FRPSXWDWLRQ DV D ZKROH�

������� 6WHS 7UDFHV

,Q RUGHU WR FDOFXODWH WKH FRVWV RI PHPRU\ DFFHVVHV DQG WR WDNH LQWR DFFRXQW EDQN

FRQIOLFWV DQG EURDGFDVWV� ZH FUHDWH D WUDFH IRU HDFK VFKHGXODEOH VWHS SPi WKDW RFFXUV

LQ D JLYHQ GHYLFH ER[ VWHS� +RZHYHU� VLQFH WUDFHV Σ � )LJXUH ���� DUH GHILQHG DVPXOWL�

VHWV RI DGGUHVVHV a DV RSSRVHG ORFDWLRQV !� DQG VLQFH WKH LQVWUXFWLRQV �WKUHDG JUDSK

QRGHV� LQ SPi UHSUHVHQW PHPRU\ DFFHVVHV DV ORFDWLRQV ! DV RSSRVHG WR DGGUHVVHV a�

ZH QHHG D IXQFWLRQ WKDW GHWHUPLQHV WKH DGGUHVV RI D ORFDWLRQ ! = (r ,o) ZLWK UHVSHFW WR

WKH ILQDO UHJLRQ VWDFN Ṡ� :H WKHUHIRUH GHILQH WKH IXQFWLRQAR (o) WKDW� JLYHQ D UHJLRQ

R DQG DQ RIIVHW o LQWR WKDW UHJLRQ UHWXUQV WKH �JOREDO� DGGUHVV LQ PHPRU\ WKDW WKH

RIIVHW LQWR WKH UHJLRQ FRUUHVSRQGV WR� 7KLV FDQ EH HDVLO\ FDOFXODWHG DV WKH EDVH RIIVHW

IRU WKH UHJLRQ R SOXV WKH RIIVHW o� DQG ZKHUH R = Ṡ (r )�
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:H UHFDOO QRZ WKDW WKH VFKHGXODEOH QRGHV WDNH WKH IROORZLQJ IRUP�

SPi = {α1, . . . ,αn}

ZH FDQ GHILQH WKH WUDFH DW VWHS SPi � RU VWHS WUDFH Σ(SPi ) E\ WDNLQJ WKH ORFDWLRQV IURP

WKH QRGHV LQ SPi WKDW DUH PHPRU\ DFFHVVHV� DQG FRQYHUW WKHP WR DGGUHVVHV�

Σ(SPi ) = {a | αj ∈ SPi ,αj ≡ mem(!),! = (r ,o),a = AṠ (r ) (o)}

,W LV FUXFLDO WKDW PHWD ORFDWLRQV !! DUH QRW HQFRXQWHUHG GXULQJ WKH FUHDWLRQ RI WKHVH

VWHS WUDFHV� VLQFH WKHUH LV QR ZD\ WR GHWHUPLQH ZKHWKHU WKH ORFDWLRQ WKDW LW ZRXOG

UHVROYH WR ZRXOG OHDG WR D EDQN FRQIOLFW� EURDGFDVW� RU QHLWKHU� :H WKHUHIRUH KDYH

WKH IROORZLQJ WKHRUHP WKDW HQVXUHV WKDW ZH GR QRW HQFRXQWHU PHWD ORFDWLRQV GXULQJ

WKH EXLOGLQJ RI WUDFHV�

7KHRUHP������ /HW SPi EH D VFKHGXODEOH VWHS� 7KHQ WKH IROORZLQJ VWDWHPHQW KROGV�

∀α ∈ SPi . α % mem[!!]

3URRI� $ VWUDLJKWIRUZDUG FRQVHTXHQFH RI (TXDWLRQ ������ #

������� 'HWHUPLQLQJ %DQN &RQIOLFWV 	 %URDGFDVWV

,Q RUGHU WR FDOFXODWH WKH FRVW RI D WUDFH� ZH ILUVW GHILQH D IXQFWLRQ [−]B WKDW JLYHV

WKH PHPRU\ EDQN WKDW D JLYHQ DGGUHVV a UHVLGHV LQ� :H GHILQH WKLV IXQFWLRQ IRU

ERWK DGGUHVVHV [a]B DQG ORFDWLRQV [!]ṠB ZKHUH ZH UHFDOO WKDW w LV WKH EDQN ZLGWK IRU

WKH +00 DEVWUDFW PDFKLQH PRGHO �DQG WKDW Ṡ LV WKH ILQDO UHJLRQ VWDFN IRU WKH

SURJUDP��
[a]B = a mod w

[!]ṠB = [AR (o)]B
ZKHUH ! = (r ,o) DQG R = Ṡ (r )

������
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,Q RUGHU WR GHWHUPLQH ZKHWKHU D YDOXH LV HLWKHU ZULWWHQ WR ORFDO PHPRU\ M � )LJ�

XUH ���� RU JOREDO PHPRU\ LQ DOORFDWLRQ MXGJHPHQWV� ZH DOVR NHHS WUDFN RI WKH DG�

GUHVV UDQJH�V� WKDW FRUUHVSRQG WR WKH ORFDO PHPRU\ LQ D ORFDO PHPRU\ VWDWH L �GH�

ILQHG LQ )LJXUH ����� 7KXV ZKHQ ZH VHHN WR FDOFXODWH WKH FRVW RI SHUIRUPLQJ DQ

DOORFDWLRQ RU ORRNXS LQ D UHJLRQ R� ZH ILUVW GHWHUPLQH ZKHWKHU RU QRW WKH DGGUHVV

AR (o) LV ZLWKLQ RQH RI WKH DGGUHVV UDQJHV IRU WKH ORFDO PHPRU\ EDVHG XSRQ WKH ORFDO

PHPRU\ VWDWH L� DQG FKDUJH WKH DFFHVV FRVW RI HLWKHU JOREDOPHPRU\ RU ORFDOPHPRU\�

:H WKXV FUHDWH D IXQFWLRQ localav (L) ZKLFK JLYHQ D ORFDO PHPRU\ VWDWH L� DQ DGGUHVV a

DQG D YDOXH v GHWHUPLQHV ZKHWKHU RU QRW WKH YDOXH v DW DGGUHVV a LV D ORFDO DGGUHVV

ZLWK UHVSHFW WR WKH JLYHQ ORFDO PHPRU\ VWDWH L�

localav ((M ,{l0, . . . ,lk})) = ∃i . a ∈ li ∧ a + |v | ∈ li
ZKHUH li = [ai ,ai+1] ������

:H OLNHZLVH KDYH D IXQFWLRQ localaddra (L) WKDW JLYHQ D ORFDOPHPRU\ VWDWH L DORQJZLWK

DQ DGGUHVV UHWXUQV ZKHWKHU RU QRW WKDW DGGUHVV LV ORFDO

localaddra ((M ,{l0, . . . ,lk})) = ∃Bw (i ) ∈ M . a ∈ Bw (i ) ������

DQG IURP WKLV ZH GHILQH WKH VHW RI ORFDO DGGUHVVHV RI D WUDFH Σ ZLWK UHVSHFW WR L

DV

localaddrs(L,Σ) = {a | localaddra (L),a ∈ Σ} ������

:H WDNH DV DQ LQYDULDQW WKDW LI DQ DGGUHVV LV QRW ORFDO� WKHQ LW PXVW EH JOREDO�

1RZ WKDW ZH KDYH WKHVH IXQFWLRQV� ZH FDQ GHILQH ZKDW LW PHDQV IRU D WUDFH Σ WR KDYH

D EDQN FRQIOLFW� RU D EURDGFDVW ZLWK UHVSHFW WR D ORFDO PHPRU\ VWDWH L� :H VD\ WKDW

WKH WUDFH Σ KDV KDV D EDQN FRQIOLFW RI RUGHU n �RU DQ n�EDQN FRQIOLFW� ZLWK UHVSHFW WR

L DQG ZULWH Bnconf (Σ,L) LI

&&{a | ∃a′ % a ∈ Σ . [a]B ≡ [a′]B, localaddra (L)}&& = n ������
�5HFDOO WKDW RXU UHJLRQV RI PHPRU\ DUH FRQWLJXRXV VHFWLRQV RI PHPRU\� DQG WKXV FDQ EH UHSUHVHQWHG
WKLV ZD\�
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RU� LQ RWKHU ZRUGV� LI WKH WKUHDGV LQ WKH ZDUS WKDW ZDV UXQ KDYH UHTXHVWHG GLIIHUHQW

DGGUHVVHV IURP WKH VDPH PHPRU\ EDQN LQ WKH ORFDO PHPRU\� :H FDQ OLNHZLVH VD\

WKDW Σ KDV D EURDGFDVW ZLWK UHVSHFW WR L DQG ZULWH Bcast (Σ,L) LI

(∀a1,a2 ∈ Σ . a1 ≡ a2) ∧ (∀a ∈ Σ . localaddra (L)) ������

L�H�� LI DOO RI WKH WKUHDGV KDYH UHTXHVWHG WKH VDPH DGGUHVV IURP ORFDO PHPRU\�

6LQFH WKH ORFDO PHPRU\ VWDWH WKDW ZH KDYH LV QRW OLNH FDFKH�PHPRU\ RQ WKH &38 LQ

WKDW LW LV QRW VXEMHFW WR HYLFWLRQ RU ORDGLQJ EDVHG RQ DFFHVV SDWWHUQV� WKH FRVWV WKDW

ZH ZLOO FDOFXODWH IRU D NHUQHO DUH DOO ZLWK UHVSHFW WR D JLYHQ VWDUWLQJ VWDWH IRU WKH ORFDO

PHPRU\ L� ZKLFK ZLOO EH WKH VHW RI UHJLRQV WKDW KDYH EHHQ ORDGHG LQWR ORFDO PHPRU\

EHIRUH WKH NHUQHO UXQV� 7KLV UHIOHFWV EHVW SUDFWLFH LQ *38 SURJUDPPLQJ� ZKHUH

RQH ILUVW ORDGV WKH PHPRU\ WKDW LV QHHGHG �RU DW WKH YHU\ OHDVW� ZLOO EH IUHTXHQWO\

DFFHVVHG� LQWR ORFDOPHPRU\ EHIRUH UXQQLQJ WKH NHUQHO LWVHOI� :H WKHUHIRUH LQWURGXFH

D IXQFWLRQ loadnS ({r1, . . . ,rn}) WKDW JLYHQ D UHJLRQ VWDFN S DORQJ ZLWK D JLYHQ VHW RI

UHJLRQ�QDPHV {r1, . . . ,rn} DWWHPSWV WR ORDG DOO RI WKHVH UHJLRQV LQWR D ORFDO PHPRU\

RI VL]H n� 6LQFH ORFDO PHPRU\ LV ILQLWH loadnS ({r1, . . . ,rn}) LV QRW JXDUDQWHHG WR ORDG

DOO RI WKH UHJLRQV VSHFLILHG� DQG ZH WKHUHIRUH PDNH WKH VLPSOLI\LQJ DVVXPSWLRQ WKDW

HLWKHU DQ HQWLUH UHJLRQ ZLOO EH ORDGHG LQWR ORFDO PHPRU\� RU QRQH RI WKH UHJLRQ ZLOO

EH �L�H� WKH ORDG RSHUDWHV RQ WKH JUDQXODULW\ RI UHJLRQV��

2QFH D JLYHQ VHW RI UHDGV DQG ZULWHV KDYH RFFXUUHG SURGXFLQJ D WUDFH Σ� ZH WKHQ

FDOFXODWH WKH FRVW RI WKH RSHUDWLRQV WKDW UHVXOWHG LQ Σ� 7KLV FDQ EH VHHQ DV EHLQJ

VLPLODU WR WKH ZRUN RI /H\�:LOG� $FDU� DQG )OXHW >�@ ZKR GHILQH WKH FRVW RI D VHOI�

DGMXVWLQJ FRPSXWDWLRQ EDVHG XSRQ WKH WUDFH GLVWDQFH RI WKH KHDS�WUDFH WKDW LV EXLOW

XS E\ WKH FRVW VHPDQWLFV �IRU DQ RYHUYLHZ RI WKLV DSSURDFK VHH 6HFWLRQ ������� +RZ�

HYHU� LQ RXU FDVH ZH DUH QRW LQWHUHVWHG LQ WKH ³GLVWDQFH´ EHWZHHQ WZR KHDS�WUDFHV
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RI WKH FRPSXWDWLRQ�� DQG LQVWHDG LQWHUHVWHG LQ FRPSXWLQJ WKH FRVW EDVHG XSRQ WKH

KHDS�VWDWH WKDW LV UHSUHVHQWHG E\ WKH WUDFH Σ�

:H WKHUHIRUH GHILQH WKH IXQFWLRQ localcostS (Σ,L) WR EH WKH IXQFWLRQ WKDW JLYHQ D ORFDO

PHPRU\ VWDWH L DORQJ ZLWK D WUDFH Σ� DQG D UHJLRQ VWDFN S UHWXUQV D FRVW c ∈ N IRU

WKH PHPRU\ DFFHVVHV UHFRUGHG E\ WKH WUDFH Σ� ,Q RUGHU WR FDOFXODWH WKLV� ZH ILUVW

FDOFXODWH WKH FRVW RI DOO ORFDO PHPRU\ DFFHVVHV LQ Σ� DV ZHOO DV WKH FRVW RI DQ\ EDQN

FRQIOLFWV�

Bnconf (Σ,L) + |localaddrs(L,Σ) |

KRZHYHU� LQ WKH FDVH ZKHUH ZH KDYH D EURDGFDVW Bcast (Σ,L) WKLV FRVW LV 1²VLQFH ZH

KDYH RQO\ DFFHVVHG RQH ORFDO DGGUHVV� :H WKHUHIRUH PXOWLSO\ WKLV E\ 0 LI D EURDGFDVW

KDV WDNHQ SODFH� DQG E\ 1 RWKHUZLVH�

(Bnconf (Σ,L) + |localaddrs(L,Σ) |)(1{False}(Bcast (Σ,L)))

DQG ZH WKHQ QHHG WR WDNH LQWR DFFRXQW DOO RI WKH PHPRU\ DFFHVVHV WR JOREDO PHPRU\

LQ Σ� DQG VLQFH WKHVH DUH SURFHVVHG LQ D SLSHOLQH PDQQHU ZLWK ODWHQF\ l � WKH FRVW RI

DOO RI WKH JOREDO PHPRU\ DFFHVVHV LQ Σ ZLOO EH JLYHQ E\

l + |Σ \ localaddrs(L,Σ) | − 1

:H WKXV JHW WKH ILQDO GHILQLWLRQ RI localcostS (Σ,L) DV EHLQJ JLYHQ E\ WKH IROORZLQJ

IRUPXOD�

localcostS (Σ,L) = (Bnconf (Σ,L)+|localaddrs(L,Σ) |)(1{False}(Bcast (Σ,L)))+l∗|Σ\localaddrs(L,Σ) |

������

�$OWKRXJKZKDWZH DUH GRLQJ KHUH FRXOG EH FRQVLGHUHG D GHJHQHUDWH FDVH� RXU WUDFH RSHUDWLRQV FRQVLVW
VROHO\ RI ³RSHUDWH RQ DGGUHVVa´� DQGZH DUH FDOFXODWLQJ WKH ³WUDFH´ GLVWDQFH EHWZHHQ WKH FXUUHQW KHDS
�³WUDFH´� VWDWH DQG WKH VWDUWLQJ KHDS �³WUDFH´��



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

������� )LQDOL]LQJ &RVWV

1RZ WKDW ZH NQRZ KRZ WR FDOFXODWH WKH FRVW RI PHPRU\ DFFHVVHV IRU HDFK VWHS RI D

ZDUS ZH DOVR DGG LQ DQ DEVWUDFW FRVW RI 1 IRU HDFK QRQ�PHPRU\ LQVWUXFWLRQ LQ WKH

VFKHGXODEOH VWHS SPi � :H WKXV DUULYH DW WKH IROORZLQJ ILQDO GHILQLWLRQ RI WKH FRVW IRU

VFKHGXODEOH VWHS SPi ZLWK UHVSHFW WR D ORFDO PHPRU\ L�

costΛG
(
SPi ,L

)
= localcostṠ

(
Σ(SPi ),L

)
+ ',
(

∑

α̇#mem[!]

&&[Si ]α̇ &&)-*
������

)URP WKLV� ZH FDQ GHILQH WKH FRVW RI D VWHS RI GHYLFH ER[ DV D ZKROH E\ WDNLQJ WKH

VXPPDWLRQ RI WKH FRVWV IRU HDFK VFKHGXODEOH VWHS SPi WKDW LV SURGXFHG E\ WKH GHYLFH

ER[ VWHSSLQJ UHODWLRQ� DORQJ ZLWK DQ DEVWUDFW NHUQHO VFKHGXOLQJ FRVW κsched IRU HDFK

QHZ NHUQHO WKDW LV VFKHGXOHG²RU GH�VFKHGXOHG²GXULQJ WKH VWHS� /HW D GHYLFH ER[D
WDNH WKH IROORZLQJ VWHS�

κ;D ) D′; {SP1 , . . . ,SPn };κ′

DQG ZH GHILQH WKH �FRPSXWDWLRQDO� FRVW RI WKH VWHS RI WKH GHYLFH ER[ WR EH�

costΛG
(
{SP1 , . . . ,S

P
n },L,κ,κ′

)
=

(∑n
j=1 costΛG

(
SPj ,Lj

))

+ κsched ∗ &&&κ \ κ′&&& + κsched ∗ &&&κ′ \ κ&&& ������

ZKHUH L LV GHILQHG WR EH D PDSSLQJ RI NHUQHO LGHQWLILHUV κi WR WKH �D SULRUL GHILQHG�

ORFDO PHPRU\ IRU WKDW NHUQHO Li

L = {κ1 &→ L1, . . . ,κn &→ Ln}

7KHQ JLYHQ WKH VWHSV RI WKH GHYLFH ER[
(
SP1 ,κ1,κ1

′
)
, . . . ,

(
SPn ,κn,κn

′
)
,

:H FDQ GHILQH WKH WRWDO FRVW RI WKH FRPSXWDWLRQ ZLWK UHVSHFW WR D ORFDO PHPRU\ L RQ

WKH *38 WR EH JLYHQ E\

costG(D,L) = '
(

n∑

i=1
costΛG

(
SPi ,L,κi ,κ

′
i

))
* ������



�� &RVW 6HPDQWLFV IRU *38 3DUDOOHOLVP ���

'HWHUPLQLQJ VSDFH FRVW IRU WKH FRPSXWDWLRQ LV WULYLDO� VLQFH UHJLRQV FDQ QHLWKHU EH

FUHDWHG QRU H[SDQGHG RQ WKH *38� WKH VSDFH XVDJH LV VLPSO\ WKH VL]H RI Ṡ� ZKLFK LV

WKH VDPH DV WKH VL]H RI WKH VWDUWLQJ UHJLRQ VWDFN S�

|Ṡ | = |S| ������

:H QRZ PRYH RQ WR FRPELQLQJ WKH FRVW VHPDQWLFV IRU ERWK ΛC DQG ΛG WR DUULYH DW

D FRVW VHPDQWLFV IRU KHWHURJHQHRXV SDUDOOHO �IXQFWLRQDO� SURJUDPPLQJ ODQJXDJHV LQ

WKH QH[W FKDSWHU �&KDSWHU ��� DQG WKHQ GHVFULEH WKH LPSOHPHQWDWLRQ RI WKLV SURILOLQJ

IUDPHZRUN DORQJ ZLWK D SURFHVV IRU GHWHUPLQLQJ WKH DEVWUDFW FRQVWDQW IRU NHUQHO

VFKHGXOLQJ RYHUKHDG ODWHU RQ LQ &KDSWHU ��



5
&RVW 6HPDQWLFV IRU +HWHURJHQHRXV

3DUDOOHO /DQJXDJHV

&RQWHQWV

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� &RPELQLQJ ΛC DQG ΛG � � � � � � � � � � � � � � � � � � � � � � � ���

����� &RPSXWDWLRQDO :RUOGV � � � � � � � � � � � � � � � � � � � � � ���
����� 6\QWD[ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6\QWD[ DQG 7\SLQJ � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 7UDQVIHUULQJ 0HPRU\ %HWZHHQ &RPSXWDWLRQDO :RUOGV � � ���
��� &RQQHFWLQJ 0DFKLQHV � � � � � � � � � � � � � � � � � � � � � � � ���
��� &RVW 6HPDQWLFV IRU ΛC

G � � � � � � � � � � � � � � � � � � � � � � � ���
����� 6FKHGXOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'HWHUPLQLQJ &RVWV � � � � � � � � � � � � � � � � � � � � � � � � ���

��� :UDSSLQJ 7KLQJV 8S � � � � � � � � � � � � � � � � � � � � � � � ���
����� 'LVFXVVLRQ� (IIHFW 3RO\PRUSKLVP � � � � � � � � � � � � � � � ���
����� 'LVFXVVLRQ� &RVWLQJ RI 'HYLFH %R[HV � � � � � � � � � � � � � � ���

���



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

��� ,QWURGXFWLRQ

,Q WKLV FKDSWHU ZH WXUQ WR FRPELQLQJ WKH WZR ODQJXDJHV WKDW ZH KDYH GHILQHG²ΛC IRU

WKH &38� DQG ΛG IRU WKH *38²WR DUULYH DW D SDUDOOHO IXQFWLRQDO ODQJXDJH ΛC
G IRU ERWK

WKH &38 DQG *38� +RZHYHU� LQ RUGHU WR FRPELQH WKHVH WZR ODQJXDJHV LQ D VDIH DQG

UHDVRQDEOH PDQQHU ZH QHHG WR XSGDWH ΛC VOLJKWO\ DQG LQWURGXFH WKH PHFKDQLVPV

ZLWKZKLFKZH FDQ JOXH WRJHWKHU ERWK RI WKHVH ODQJXDJHV VWDWLFDOO\� RSHUDWLRQDOO\� DQG

GHWHUPLQH WKH FRVWV RI PRYLQJ IURP RQH FRPSXWDWLRQDO VHWWLQJ WR WKH RWKHU�

:H VWDUW RXU MRXUQH\ WRZDUGV FRPELQLQJ WKHVH WZR ODQJXDJHV E\ ILUVW GHILQLQJ WKH

ODQJXDJH¶V V\QWD[ �6HFWLRQ ������� $IWHU WKLV ZH SUHVHQW WKH W\SH V\VWHP IRU WKH

FRPELQHG ODQJXDJH DQG LQWURGXFH V\QWDFWLF UHVWULFWLRQV LQ WKH W\SH V\VWHP RYHU WKH

RSHUDWLRQV SHUPLWWHG RQ WKH *38 �6HFWLRQ ������� :H WKHQ OLQN WKHVH WZR ODQJXDJHV

E\ GHILQLQJ PHPRU\ WUDQVIHUDQFH EHWZHHQ WKH &38 DQG *38 FRPSXWDWLRQDO ZRUOGV

�6HFWLRQV ��� DQG �����

:H WKHQ SUHVHQW WKH PDLQ UHVXOW RI WKLV GLVVHUWDWLRQ LQ 6HFWLRQ ���� D FRVW VHPDQ�

WLFV IRU SURILOLQJ ERWK WLPH DQG VSDFH XVDJH IRU SURJUDPV LQ ΛC
G WKDW XVH &38 DQG

*38 SDUDOOHOLVP DQG WKDW LV SDUDPHWUL]HG E\ WKH VFKHGXOLQJ SROLF\ RQ WKH &38� DQG

ORFDO UHJLRQ DOORFDWLRQ RQ WKH *38 � 7KH SULPDU\ GHILQLWLRQV WKDW DUH SUHVHQWHG DUH

IXQFWLRQV IRU WLPH� DQG VSDFH SURILOLQJ XVLQJ WKH FRVW VHPDQWLFV GHYHORSHG� DQG DUH

GHILQHG LQ (TXDWLRQV ������ DQG ������ UHVSHFWLYHO\� :H WKHQ JR RQ WR EULHIO\ GHVFULEH

VRPH RI WKH UHVWULFWLRQV DQG GHVLJQ GHFLVLRQV WKDW ZH KDYHPDGH ERWK IRU ΛC
G� DQG IRU

RXU FRVW JUDSKV LQ 6HFWLRQ ����

��� &RPELQLQJ ΛC DQG ΛG

7KH V\QWD[ RI ΛC
G LV �DOPRVW� H[DFWO\ WKDW RI ΛC RQ WKH &38� DQG ΛG RQ WKH *38�

+RZHYHU� WKHVH WZR ODQJXDJHV DUH QRW WKH VDPH� H�J�� ZKLOH ΛC KDV WKH H2i`2;BQM



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

IRUP ΛG GHOLEHUDWHO\ GRHV QRW� :H WKXV QHHG D ZD\ WR VWDWLFDOO\ DQG V\QWDFWLFDOO\

UHVWULFW WKH FRGH WKDW LV DOORZHG WR UXQ RQ WKH *38� DV FRPSDUHG WR WKH &38� ,Q

RUGHU WR GR WKLV ZH ZLOO XVH WKH QRWLRQ RI FRPSXWDWLRQDO ZRUOGV� RQH²C²IRU WKH

&38 DQG DQRWKHU²G²IRU WKH *38� DQG XVH WKH W\SH V\VWHP WR V\QWDFWLFDOO\ HQIRUFH

WKHVH VHPDQWLF UHVWULFWLRQV�

����� &RPSXWDWLRQDO :RUOGV

&RPSXWDWLRQDO ZRUOGV DUH WKH VWDWLF UHSUHVHQWDWLRQ RI WKH ZRUOG RQ ZKLFK D FRPSX�

WDWLRQ LV UXQ� +RZHYHU DV LW VWDQGVΛC GRHV QRW FRQWDLQ DQ\ IRUPV WKDWZRXOG DOORZXV

WR FKDQJH HLWKHU IURP RQH FRPSXWDWLRQDO FRQWH[W WR DQRWKHU� $QG� VLQFH RXU FRPSX�

WDWLRQV VWDUW RXW RQ WKH &38� ZH QHHG VRPH ZD\ RI PRYLQJ FRPSXWDWLRQ WR WKH *38�

DQG VWRULQJ WKH UHVXOW RI WKDW FRPSXWDWLRQ EDFN RQ WKH &38� 7KLV FRPSXWDWLRQDO

FDSDELOLW\ LV SURYLGHG E\ WKH DGGLWLRQ RI WKH IROORZLQJ IRUP WR ΛC�

QM e �i ρ

7KLV UXQV WKH H[SUHVVLRQ e RQ WKH *38 DQG VWRUHV WKH UHVXOW LQ WKH UHJLRQ ρ WKDW

UHVLGHV RQ WKH &38� 7KLV WKHQ DOORZV XV WR PLJUDWH FRPSXWDWLRQ IURP WKH &38 WR

WKH *38� DV ORQJ DV WKH H[SUHVVLRQ e LV D YDOLG H[SUHVVLRQ LQ ΛG²ZKLFK ZH QHHG WR

HQVXUH ZLWK WKH VWDWLF VHPDQWLFV�

+RZHYHU� WKHUH LV PRUH WKDW QHHGV WR EH GRQH WKDQ VLPSO\ HQVXULQJ WKDW e LV D YDOLG

H[SUHVVLRQ LQ ΛG LQ DQ QM H[SUHVVLRQ� VLQFH ZH QRZ KDYH WZR ZRUOGV RI FRPSX�

WDWLRQ� ERWK ZLWK WKHLU RZQ PHPRU\� DQG VLQFH ZH DUH XVLQJ D UHJLRQ�W\SLQJ V\VWHP�

WKH W\SH V\VWHP PXVW DOVR HQVXUH WKDW WKH UHJLRQ ρ LQWR ZKLFK WKH UHVXOW RI e ZLOO EH

DOORFDWHG UHVLGHV RQ WKH FRUUHFW FRPSXWDWLRQDO ZRUOG²C� ,Q RUGHU WR GR WKLV� HDFK

UHJLRQ YDULDEOH LV DQQRWDWHG ZLWK WKH FRPSXWDWLRQDO ZRUOG RQ ZKLFK WKH EDFNLQJ

UHJLRQ UHVLGHV� $QG� MXVW DV EHIRUH� HDFK UHJLRQ YDULDEOH LQ WKH SURJUDP LV DVVXPHG WR

EHXQLTXH� KRZHYHU QRZ WKLV XQLTXHQHVV LQYDULDQW LV RQO\ XS�WR WKHZRUOG DQQRWDWLRQ



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

L�H�� DOO UHJLRQ YDULDEOHV LQ ΛC DUH XQLTXH� EXW PDQ\ ZLOO GHOLEHUDWHO\ RYHUODS ZLWK

UHJLRQ YDULDEOHV LQ ΛG�

-XVW DV EHIRUH LQ ΛC DQG ΛG� HDFK UHJLRQ UHVLGHV LQ D UHJLRQ VWDFN S� 0RUHRYHU� VLQFH

UHJLRQ YDULDEOHV DUH XQLTXH XS�WR FRPSXWDWLRQDO ZRUOGV� ZH ZLOO XWLOL]H QDPH VKDG�

RZLQJ RI EDFNLQJ UHJLRQ QDPHV ZKHQ WUDQVIHUULQJ IURP RQH FRPSXWDWLRQDO ZRUOG WR

DQRWKHU� DOO UHJLRQV FRSLHG IURP RQH ZRUOG WR DQRWKHU UHWDLQ WKHLU QDPHV� DQG VLQFH

UHJLRQV DUH RQO\ µSXVKHG¶ IURP WKH &38 WR WKH *38� HYHU\ UHJLRQ YDULDEOH RQ WKH

*38 LV XQLTXH DQG KDV WKH VDPH UHJLRQ QDPH DV LWV SDUHQW UHJLRQ RQ WKH &38� $V

ZH ZLOO VHH� WKLV SXUSRVHIXO QDPH VKDGRZLQJ EHWZHHQ &38 DQG *38 UHJLRQ QDPHV

LQ WKH UHJLRQ VWDFNV PDNHV WKH SURFHVV RI WUDQVIHUULQJ FRPSXWDWLRQV IURP RQH ZRUOG

WR DQRWKHU VLPSOHU ODWHU RQ�

����� 6\QWD[

7KH V\QWD[ RI ΛC
G LV �DOPRVW� H[DFWO\ WKDW RI ΛC RQ C� ZLWK WKH DGGLWLRQ RI WKH QM e �i ρ

IRUP� DQG H[DFWO\ ΛG RQ G� 5HJLRQ YDULDEOHV ρ DUH QRZ DQQRWDWHG ZLWK WKH ZRUOG

ω RQ ZKLFK WKH\ UHVLGH� 7KHVH FKDQJHV DUH GHWDLOHG LQ )LJXUH ���� 1HZ ODQJXDJH

H[SUHVVLRQV DUH KLJKOLJKWHG LQ JUD\� DQG H[SUHVVLRQV WKDW FDQ RQO\ EH UXQ RQ WKH

KRVW DUH XQGHUOLQHG�

����� 6\QWD[ DQG 7\SLQJ

:H HQFRGH WKH GHYLFH UHVWULFWLRQV VWDWLFDOO\ LQ WKH ODQJXDJH WKURXJK WKH W\SH V\VWHP�

,Q SDUWLFXODU� ZH VWDWLFDOO\ GLVDOORZ EDG UHJLRQ DFFHVVHV �L�H�� FURVV�GHYLFH UHJLRQ DF�

FHVVHV DQG RXW�RI�VFRSH DFFHVVHV�� LQYDOLG FRPSXWDWLRQV� DQG LQYDOLG FRPSXWDWLRQDO

VWUXFWXUHV RQ G E\ HQULFKLQJ WKH UHJLRQ�W\SLQJ V\VWHP SUHVHQWHG SUHYLRXVO\ LQ 6HF�

WLRQ ���� E\ DQQRWDWLQJ HDFK UHJLRQ YDULDEOH ZLWK WKH ZRUOG RQ ZKLFK WKH EDFNLQJ UH�

JLRQPXVW UHVLGH� DQGPRGLI\LQJ WKH W\SLQJ MXGJHPHQW WR DOVR WUDFN WKH FXUUHQWZRUOG



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

i ∈ Z r ∈ RNames f ,x ∈ Vars ζ ,ρ ∈ RVars o ∈ N

ρω ∈ RVars $QQRWDWHG 5HJLRQ 9DULDEOHV
ω ::= C | G &RPSXWDWLRQDO :RUOGV
! ::= (r ,o) 5HJLRQ /RFDWLRQV
R ::= (ap,s, refcnt,{o1 &→ v1, . . . ,on &→ vn}) 5HJLRQV
S ::= ρ &→ R | S,r &→ R 2UGHUHG 'RPDLQ�5HJLRQ 6WDFN
φ ::= {ρ1

ω , . . . ,ρ
n
ω} (IIHFW 6HWV

τ ::= #QQH | BMi | (µ,ρω ) 7\SHV
µ ::= τ1

φ−→ τ2 | τ1 × τ2 | o2+ τ | Πρω B φ.φ
′
τ %R[HG 7\SHV

Ω ::= {ρ
ω
} | ρω ,Ω :RUOG &RQWH[WV

∆ ::= · | ∆,ρω B φ 5HJLRQ &RQVWUDLQWV
Γ ::= · | Γ,x : τ 7\SLQJ &RQWH[WV
e ::= x | i | h`m2 | 6�Hb2 | e1 < e2 | e1 ∗ e2 7HUPV

| B7 e i?2M et 2Hb2 ef
| λx : τ .φe �i ρω | e1 e2
| λζ B φ′.φu �i ρω | e[ρω ]
| (e1,e2) �i ρω | 7bi e | bM/ e
| 7Bt f : τ .u | e1‖e2 �i ρω
| [e1, . . . ,en] �i ρω | T�`K�T e [e1, . . . ,en] �i ρω
| H2i`2;BQM ρC BM e | QM e �i ρω

u ::= λx : τ .φe �i ρω | λζ B φ′.φu �i ρω $EVWUDFWLRQV
v ::= i | b | (v1,v2) | [v1, . . . ,vn] 9DOXHV

| +HQb (x : τ ,e,E) | `+HQb (ρω ,φ,φ′,u) | !

0HWDIXQFWLRQV �H[WHQGHG�

fv (e ) = . . . (Fiдure 3.2)
fv (QM e �i ρω ) = fv (e )

frv (e ) = . . . (Fiдure 3.2)
frv (QM e �i ρω ) = frv (e ) ∪ {ρω}

)LJXUH ���� 7KH V\QWD[ RI ΛC
G ZLWK WKH V\QWDFWLF FKDQJHV WR ΛC KLJKOLJKWHG�



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

RQ ZKLFK DQ H[SUHVVLRQ LV EHLQJ W\SHFKHFNHG� 8VLQJ ZRUOG�DQQRWDWHG W\SLQJ MXGJH�

PHQWV DQG ZRUOG�DQQRWDWHG UHJLRQ YDULDEOHV� ZH GLVDOORZ ERWK RII�FXUUHQW�ZRUOG

UHJLRQ DFFHVVHV DQG LQYDOLG GHYLFH�VSHFLILF FRPSXWDWLRQDO �ZRUOG� VWUXFWXUHV�

7KH PDQQHU LQ ZKLFK ZH DPHQG WKH W\SH V\VWHP WKDW ZH VDZ HDUOLHU LQ &KDSWHU � LV

LPSRUWDQW� EXW ODUJHO\ VWUDLJKWIRUZDUG� 5HFDOO WKDW WKH W\SLQJ MXGJHPHQW LQWURGXFHG

WKHUH IRU H[SUHVVLRQV e ∈ ΛC WRRN WKH IRUP�

Ω;∆; Γ ?H[S e : τ ,φ

ZKLFK ZDV UHDG ³H[SUHVVLRQ e KDV W\SH τ ZLWK HIIHFW φ LQ FRQWH[WV Ω� ∆� DQG Γ�´ +RZ�

HYHU� VLQFHZH QRZQHHG WR HQVXUH WKDW UHJLRQV WKDW DUH HQFRXQWHUHGZKLOH W\SHFKHFN�

LQJ UHVLGH RQ WKH DSSURSULDWH FRPSXWDWLRQDOZRUOG� ZH DPHQG WKLV MXGJHPHQW VR WKDW

LW WUDFNV WKH FXUUHQW FRPSXWDWLRQDO ZRUOG�

Ω;∆; Γω ?H[S e : τ ,φ

ZKLFK LV UHDG ³H[SUHVVLRQ e KDV W\SH τ DQG HIIHFW φ RQ FRPSXWDWLRQDO ZRUOG ω LQ

FRQWH[WV Ω,∆� DQG Γ�´� $V RSSRVHG WR HDUOLHU� HDFK UHJLRQ YDULDEOH LV QRZ H[SOLFLWO\

µFRORUHG¶ ZLWK WKH ZRUOG RQZKLFK LWV EDFNLQJ UHJLRQ UHVLGHV²ρω²DQG WKXV ZH GR QRW

KDYH H[SOLFLW NLQG MXGJHPHQWV LQ RXU W\SLQJ UXOHV��

:H FDQ WKHQ GHILQH WKH UXOHV IRU WKLV W\SLQJ MXGJHPHQW DV D VWUDLJKWIRUZDUG PRG�

LILFDWLRQ RI WKH W\SLQJ UXOHV LQ 6HFWLRQ ����� IRU ΛC� 7KLV PRGLILHG W\SH V\VWHP LV

SUHVHQWHG LQ )LJXUHV ��� DQG ���� DQG QHZ W\SLQJ UXOHV DUH KLJKOLJKWHG LQ JUH\�� 7KH

RQO\ WZR QRQ�VWUDLJKWIRUZDUG IRUZDUG PRGLILFDWLRQV DUH WKH DGGLWLRQDO UXOHV IRU WKH

DGGLWLRQDO QM H[SUHVVLRQ� DQG WKH UHPRYDO RI WKH UXOH IRU H2i`2;BQM LQ WKH FDVH

WKDW ω LV G�
�5HFDOO IURP 6HFWLRQ ����� WKDW Ω LV WKH FXUUHQW VHW RI YDOLG FRPSXWDWLRQDO UHJLRQV� ∆ LV WKH FXUUHQW VHW
RI UHJLRQ FRQVWUDLQWV� Γ LV D PDSSLQJ IURP WHUP YDULDEOHV WR W\SHV� DQG φ LV D VHW RI ERXQGLQJ HIIHFWV
IRU e�
�7KLV LV VLQFH ZH GRQ¶W WUHDW WKHVH µZRUOG FRORUV¶ DV IXOO NLQGV� EXW WUDFN LW DV PHWD�LQIRUPDWLRQ LQ WKH
W\SH V\VWHP�

�6LQFH RXU UHJLRQV DUH QRZ DQQRWDWHG ZLWK ZRUOGV� ZH ZLOO LQGH[ WKHP E\ VXSHUVFULSWV LQVWHDG RI
VXEVFULSWV VR DV WR DYRLG PXOWLSOH VXEVFULSWV�



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

Ω;∆; Γω ?H[S e : τ ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S i : BMi ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S e1 : BMi ,φ
Ω;∆; Γω ?H[S e2 : BMi ,φ

Ω;∆; Γω ?H[S e1 ∗ e2 : BMi ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S e1 : BMi ,φ
Ω;∆; Γω ?H[S e2 : BMi ,φ

Ω;∆; Γω ?H[S e1 < e2 : #QQH ,φ
?FW[W Ω;∆; Γ;φ

Ω;∆; Γω ?H[S 6�Hb2 : #QQH ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S h`m2 : #QQH ,φ

Ω;∆; Γω ?H[S eb : #QQH ,φ
Ω;∆; Γω ?H[S et : τ ,φ
Ω;∆; Γω ?H[S ef : τ ,φ

Ω;∆; Γω ?H[S B7 eb i?2M et 2Hb2 ef : τ ,φ

?FW[W Ω;∆; Γ;φ
x ∈ dom(Γ) Γ(x ) = τ

Ω;∆; Γω ?H[S x : τ ,φ

Ω;∆; Γ,x : τω1 ?H[S e′ : τ2,φ′

Ω ?SODFH ρω Ω;∆ ?HU φ D ρω

Ω;∆; Γω ?H[S λx : τ1.φ
′
e′ �i ρω : (τ1

φ ′−→ τ2,ρω ),φ

Ω;∆; Γω ?H[S e1 : (τ1
φ ′−→ τ2,ρω ),φ

Ω;∆ ?HU φ D ρω
Ω;∆; Γω ?H[S e2 : τ1,φ Ω;∆ ?HH φ ⊇ φ′

Ω;∆; Γω ?H[S e1 e2 : τ2,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S e1 : τ1,φ
Ω;∆; Γω ?H[S e2 : τ2,φ

Ω ?SODFH ρω Ω;∆ ?HU φ D ρω
Ω;∆; Γω ?H[S (e1,e2) �i ρω : (τ1 × τ2,ρω ),φ

Ω;∆; Γω ?H[S e : (τ1 × τ2,ρω ),φ
Ω;∆ ?HU φ D ρω

Ω;∆; Γω ?H[S 7bi e : τ1,φ

Ω;∆; Γω ?H[S e : (τ1 × τ2,ρω ),φ
Ω;∆ ?HU φ D ρω

Ω;∆; Γω ?H[S bM/ e : τ2,φ

)LJXUH ���� 0RGLILHG W\SLQJ UXOHV IRUΛC
G EDVHG RQ WKH W\SH V\VWHP IRUΛC JLYHQ LQ )LJXUH ����
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Ω;∆; Γω ?H[S ei : τ ,φ
Ω ?SODFH ρω Ω;∆ ?HU φ D ρω

Ω;∆; Γω ?H[S [e1, . . . ,en] �i ρω : ( o2+ τ ,ρω ),φ

ρω ,Ω;∆,ζ B φ′′; Γω ?H[S u′ : τ ,φ′
Ω ?SODFH ρω Ω;∆ ?HU φ D ρω

Ω;∆; Γω ?H[S λ ζ B φ′′.φ
′
u′ �i ρω : (Πζ B φ′′.φ ′τ ,ρω ),φ

Ω;∆; Γω ?H[S e : (Πρω B φ′′.φ
′
τ ,ρ1

ω ),φ Ω;∆ ?HU φ D ρ1
ω

Ω ?SODFH ρ2
ω Ω;∆ ?UH ρ2

ω B φ′′ Ω;∆ ?HH φ[ρ2
ω/ρω ] ⊇ φ′[ρ2

ω/ρω ]
Ω;∆; Γω ?H[S e[ρ2

ω ] : τ [ρ2
ω/ρω ],φ

Ω;∆; Γ, f : τω ?H[S u : τ ,φ
Ω;∆; Γω ?H[S 7Bt f : τ .u : τ ,φ

?FW[W Ω;∆; Γ;φ
Ω;∆; Γω ?H[S e1 : τ1,φ1 Ω;∆; Γω ?H[S e2 : τ2,φ2

Ω ?SODFH ρω Ω;∆ ?HH φ ⊇ φ1
Ω;∆ ?HU φ D ρω Ω;∆ ?HH φ ⊇ φ2

Ω;∆; Γω ?H[S e1‖e2 �i ρω : (τ1 × τ2,ρω ),φ

Ω;∆; Γω ?H[S e : (τ1
φ ′−→ τ2,ρ′ω ),φ Ω ?SODFH ρ′ω Ω;∆ ?HH φ ⊇ φ′

Ω;∆; Γω ?H[S ei : τ1,φ Ω;∆ ?HU φ D ρ′ω Ω;∆ ?HU φ D ρ
Ω;∆; Γω ?H[S T�`K�T e [e1, . . . ,en] �i ρ : ( o2+ τ2,ρ),φ

Ω;∆ ?W\SH τ ?FW[W Ω;∆; Γ; {ρ1
C, . . . ,ρ

n
C}

ρC,Ω;∆,ρC B {ρ1
C, . . . ,ρ

n
C}; ΓC ?H[S e : τ ,{ρ1

C, . . . ,ρ
n
C,ρC}

Ω;∆; ΓC ?H[S H2i`2;BQM ρC BM e : τ ,{ρ1
C, . . . ,ρ

n
C}

{ρiC} = f rv (e ) Ω ?SODFH ρC
ρG,{ρiG}; ρiG B {ρG}; ΓG ?H[S e : (τ ,ρG),φ′

Ω;∆ ?HU φ′[C/G] D ρC Ω;∆ ?HH φ ⊇ φ′[C/G]
Ω;∆; ΓC ?H[S QM e �i ρC : (τ ,ρC),φ

)LJXUH ���� 0RGLILHG W\SLQJ UXOHV IRU ΛC
G EDVHG RQ WKH W\SH V\VWHP JLYHQ IRU ΛC LQ )LJ�

XUH �����
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,Q WKH W\SLQJ UXOH IRU WKH QM H[SUHVVLRQ WKH VXEVWLWXWLRQ φ[ω′/ω] VXEVWLWXWHV HDFK

UHJLRQ YDULDEOH ρω ∈ φ ZLWK WKH VDPH UHJLRQ YDULDEOH ρω ′ ZLWK ZRUOG NLQG ω′� 7KLV

UXOH WKHQ HQIRUFHV WKDW WKHUH DUH QR FURVV�ZRUOG DFFHVVHV� DQG WKDW e ∈ ΛG�

������� 6\QWDFWLF ,QFOXVLRQ

'XH WR WKH IDFW WKDW ZH GR QRW DOORZ FUHDWLRQ RI UHJLRQV LQ ΛG� FRPSXWDWLRQV WKDW UXQ

RQ WKH *38 DORQJ ZLWK WKH PHPRU\ WKRVH FRPSXWDWLRQV UHTXLUH� PXVW EH µSXVKHG¶

WR WKH *38 IURP WKH &38� DQG ODWHU µSXOOHG¶ EDFN WR WKH &38 IURP WKH *38� )XUWKHU�

PRUH� ZH KDYH D �WULYLDO� V\QWDFWLF LQFOXVLRQ RI ΛG LQ ΛC� 7KLV OHDGV WR WKH IROORZLQJ

WKHRUHP�

7KHRUHP ����� �6\QWDFWLF ,QFOXVLRQ�� /HW e EH D FORVHG� ZHOO�IRUPHG H[SUHVVLRQ

LQ ΛC
G� 7KHQ WKH IROORZLQJ VWDWHPHQWV KROG�

� LI Ω;∆; ΓG ?H[S e : τ ,φ WKHQ e ∈ ΛG�

� LI Ω;∆; ΓC ?H[S e : τ ,φ WKHQ e ∈ ΛC�

� LI e ∈ ΛG =⇒ e ∈ ΛC �XS�WR µUH�FRORULQJ¶ RI UHJLRQ YDULDEOHV��

7KLV� DORQJ ZLWK WKH FRPSXWDWLRQDO PRGHO WKDW ZH KDYH EXLOW JLYHV ULVH WR D QDWXUDO

VXEW\SLQJ UHODWLRQVKLS EHWZHHQ ZRUOGV� DQ\ YDOLG SURJUDP RYHU G LV D YDOLG SURJUDP

RYHU C� DQG WKLV LV UHIOHFWHG LQ (3)� :H ZLOO DOVR DEXVH WHUPLQRORJ\ D ELW DQG ZLOO

IUHTXHQWO\ VD\ ΛC WR PHDQ WKRVH SDUWV RI WKH FRPSXWDWLRQ WKDW UXQ RQ WKH &38�

DQG ΛG WR PHDQ WKRVH SDUWV RI WKH FRPSXWDWLRQ WKDW UXQ RQ WKH *38� DQG ΛC
G WR UHIHU

WR WKRVH SRUWLRQV WKDW UHVLGH RQ ERWK DQG FDQ EH PRYHG ³EDFN DQG IRUWK´��

�6HH $SSHQGL[ %�� IRU WKH SURRI RI WKLV WKHRUHP�
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��� 7UDQVIHUULQJ0HPRU\%HWZHHQ&RPSXWDWLRQDO
:RUOGV

,Q WKH W\SH V\VWHP� ZH PRGHOHG PHPRU\ WUDQVIHUV V\QWDFWLFDOO\ E\ FKDQJLQJ WKH

ZRUOG NLQG RI WKH UHJLRQ YDULDEOHV ZLWKLQ DQ QM IRUP� +RZHYHU� WKLV ZLOO QRW

ZRUN RSHUDWLRQDOO\ DQG ZH QHHG WR SLQ GRZQ KRZ PHPRU\ WUDQVIHUV ZRUN LQ WKLV

FRQWH[W� ,Q WKLV VHFWLRQ ZH GR H[DFWO\ WKLV� DQG GHWDLO WKH KDQGOLQJ RI PHPRU\ WUDQV�

IHUV RSHUDWLRQDOO\ ZKLOH OD\LQJ WKH JURXQG ZRUN IRU FDOFXODWLQJ WKH FRVW RI WKHVH

RSHUDWLRQV�

:KLOH LW PD\ EH RSWLPDO WR OD]LO\ WUDQVIHU UHJLRQV DFURVV DV WKH\ DUH QHHGHG E\ WKH

*38 VHFWLRQ RI FRGH >�@� GRLQJ VR FRPSOLFDWHV WKH UHDVRQLQJ IRU PHPRU\ WUDQVIHU

FRVWV LQ RXU VHPDQWLFV� :H WKHUHIRUH WDNH WKH VLPSOHU RSHUDWLRQDO YLHZ WKDW GDWD LV

FRSLHG DQG DOORFDWHG LPPHGLDWHO\ IRU HDFK UHJLRQ WKDW LV QHHGHG E\ WKH H[SUHVVLRQ

WKDW LV WR EH UXQ RQ WKH *38 ZKHQ DQ QM FDOO LV HQFRXQWHUHG� )XUWKHUPRUH� ZH

DVVXPH WKDW WKHVH UHJLRQV DUH LPPHGLDWHO\ GHDOORFDWHG XSRQ FRPSOHWLRQ RI WKH QM

IRUP DQG DIWHU WKH UHTXLVLWH FRSLHV IURP GHYLFH WR KRVW PHPRU\ DUH SHUIRUPHG��

6LQFH DOORFDWLQJ EXIIHUV RQ WKH *38 LV UHODWLYHO\ LQH[SHQVLYH DV FRPSDUHG WR WKH

FRVW RI WUDQVIHUULQJ UHJLRQ FRQWHQWV IURP KRVW WR GHYLFH PHPRU\� ZH DUH QRW RYHUO\

FRQFHUQHG ZLWK FRDOHVFLQJ PHPRU\ WUDQVIHUV DQG WU\LQJ WR QRW GHDOORFDWH GDWD WKDW

PD\ MXVW EH FRSLHG EDFN ODWHU� +RZHYHU� WKLV LV DQ LQWHUHVWLQJ DQG SHUKDSV YDOXDEOH

GLUHFWLRQ IRU IXWXUH ZRUN�

:H FRS\ UHJLRQV IURP WKH KRVW WR WKH GHYLFH DQG YLFH�YHUVD LQ D SLHFHZLVH IDVKLRQ� LI

e LV DQ H[SUHVVLRQ WKDW XVHV �EDFNLQJ� UHJLRQV R1,R2 DQG R3� WKHQ ZH ZLOO JHQHUDWH

D VHSDUDWH FRS\ FDOO� IRU HDFK VHSDUDWH UHJLRQ DW WKH WLPH WKDW WKH QM IRUP LV

HQFRXQWHUHG� 6LQFH WKLV FRS\ LV GRQH µSRLQWZLVH¶ ZLWK UHVSHFW WR HDFK UHJLRQ LQ WKH
�7KXV ZH FDQQRW UHO\ RQ DQ\ UHJLRQ SUH�H[LVWLQJ RQ WKH *38 ZKHQ GHWHUPLQLQJ ZKLFK UHJLRQV QHHG
WR EH WUDQVIHUUHG�

�6XFK DV +m/�J2KS`272i+?�bvM+�
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UHJLRQ VWDFN� ZH QRW RQO\ KDYH WKDW ZH ZLOO SUHVHUYH WKH VDPH ODWWLFH VWUXFWXUH RQ WKH

*38DVZH KDG RQ WKH &38EHWZHHQ WKH FRSLHG UHJLRQV� EXW DOVR WKDW WKH FRPSRVLWLRQ

RI FRSLHV ZLOO SUHVHUYH WKH UHJLRQ VWUXFWXUH WKDW ZH KDYH IURP :≥ L�H�� :≥ LV D ERXQGHG
MRLQ VHPLODWWLFH RQ UHJLRQV� DQG WKH FRS\ IXQFWLRQV FUHDWH D ODWWLFH KRPRPRUSKLVP�

7KLV SUHVHUYDWLRQ RI ODWWLFH VWUXFWXUH WKURXJKRXW WKH PHPRU\ WUDQVIHU SURFHVV LV

FULWLFDO WR WKH VDIHW\ RI RXU ODQJXDJH� LI ZH ORVW WKLV ODWWLFH VWUXFWXUH� RXU UHJLRQV

FRXOG QR ORQJHU UHIOHFW WKH OLYHQHVV SURSHUWLHV WKDW DUH QHHGHG DW WKH W\SH OHYHO RI WKH

SURJUDP²LQ RWKHUZRUGV� LW ZRXOG DOORZZHOO�W\SHG SURJUDPV WR �SRVVLEO\� JRZURQJ�

7KH IDFW WKDW SUHVHUYDWLRQ RI WKH WHUP�OHYHO DQFHVWRU UHODWLRQVKLS �:≥� SUHVHUYHV WKH
W\SH�OHYHO RXWOLYHV �B� UHODWLRQVKLS WKDW ZH UHTXLUH DQG YLFH�YHUVD ZDV IRUPDOL]HG

LQ 7KHRUHP ������ KRZHYHU� ZH QRZ DGG WKH DGGLWLRQDO IROORZLQJ VWDWHPHQW WR WKLV

WKHRUHP LQ RUGHU WR DFFRXQW IRU PXOWLSOH FRPSXWDWLRQ ZRUOGV�

R1 DQG R2 DUH ERWK UHJLRQV RQ WKH VDPH FRPSXWDWLRQDO ZRUOG ω�

WR DUULYH DW WKH IROORZLQJ VWDWHPHQW RI WKH WKHRUHP LQ WKH KHWHURJHQHRXV FDVH�

7KHRUHP ������ /HW ρω ,ρ′ω ∈ RVars� DQG e DQ H[SUHVVLRQ VXFK WKDW {ρ
ω
}; ·; ·ω ?H[S

e : τ ,φ� DQG ρω ,ρ′ω ∈ φ� 1RZ WDNH WKH IROORZLQJ GHULYDWLRQ WUHH IRU e�

...

E;S1; e′ ⇓ v′;S2; c
�$�

...

...

{}; {rh &→ RH}; e ⇓ v;S′; c′ �����

VXFK WKDW ρω ,ρ′ω ∈ f rv (e′)� DQG S1(E (ρω )) = R1� S1(E (ρ′ω )) = R2� 7KHQ ZH KDYH WKDW

S1 ? R1 :≥ R2 LII Ω;∆ ?UU ρ B ρ′� DQG WKDW ERWK R1 DQG R2 UHVLGH RQ ω� $QG� ZKHUH Ω

DQG ∆ DUH FRQVWUXFWHG E\ WKH IROORZLQJ GHULYDWLRQ�

...

Ω;∆; Γω ?H[S e′ : τ ′,φ′
�$$�

...

...

{ρ}; ·; ·ω ?H[S e : τ ,φ �����
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)XUWKHUPRUH� ZH KDYH IRU E DQG S1 DV LQ ($) DQG Ω DV LQ ($$) WKDW

proj (E);S1 ?YUHJ Ω

1RZ WKDW ZH DUH WUDQVIHUULQJ UHJLRQV RI PHPRU\ WR� DQG IURP GHYLFH PHPRU\ DQ�

RWKHU FULWLFDO TXHVWLRQ WR DVN LV ZKHWKHU UHJLRQV WKDW KDYH SRVVLEO\ HYROYHG LQ SDUDOOHO

RQ ERWK &38DQG*38 FDQ KDYH µPHUJH FRQIOLFWV¶ ZKHQ WKH*38 UHJLRQ LV FRSLHG EDFN

WR LWV SDUHQW &38 UHJLRQ� /XFNLO\� GXH WR LPPXWDELOLW\ RI WKH GDWD LQ RXU UHJLRQV� ZH

FDQ SURYH WKDW FRQIOLFWV GR QRW DULVH LQ GHYLFH�WR�KRVW WUDQVIHUV� ,Q RUGHU WR IRUPDOL]H

WKH ODFN RI PHUJH FRQIOLFWV KRZHYHU� ZH ILUVW QHHG WR GHILQH WKH SURFHVV E\ ZKLFK

UHJLRQV DUH PHUJHG EHWZHHQ WKH GHYLFH DQG KRVW�

'HILQLWLRQ ����� �5HJLRQ0HUJLQJ�� /HW R EH D UHJLRQ RQ C DQG R′ EH D FRS\ RI R RQ

G� 7DNH R1 = (ap1,s1, refcnt1,ν1) DQG R′1 = (ap′1,s′1, refcnt′1,ν ′1) WR EH �SRVVLEO\ HPSW\�

HYROXWLRQV RI R DQG R′ UHVSHFWLYHO\� 7KHQ ZH GHILQH WKHPHUJH R2 RI R1 DQG R′1 ZLWK

FRVW δ � ZULWWHQR1;R′1 * R2;δ DV�

δ = costmerge(R1,R′1) R2 = memcpy
G→C

(R′1 \ R1,ap1)

R1;R′1 * R2;δ

ZKHUH memcpy
G→C

LV D QDWLYH ZD\ RI WUDQVIHUULQJ PHPRU\ IURP GHYLFH WR KRVW DQG

costmerge(R1,R′1) LV D SULPLWLYH FRVW IXQFWLRQ WKDW WHOOV XV WKH FRVW RI PHUJLQJ RU µVSOLF�

LQJ¶ R′1 LQWR WKH R1 UHJLRQ� +RZ WKLV 3&3 IRU UHJLRQ VSOLFLQJ LV GHWHUPLQHG LV JLYHQ

LQ 6HFWLRQ ����

)LJXUH ��� LOOXVWUDWHV WKH SURFHVV E\ ZKLFK UHJLRQV DUHPHUJHG� +RZHYHU� LW LV FUXFLDO

WR QRWH WKDW WKH FRVW UHWXUQHG E\ WKLV PHUJH MXGJHPHQW GRHV QRW WDNH LQWR DFFRXQW

WKH FRVW RI WKH memcpy
G→C

RI WKH UHJLRQ IURP WKH *38 WR WKH &38²WKLV ZLOO EH GRQH E\

D VHULHV RI IXQFWLRQV WKDW DUH UHVSRQVLEOH IRU WKH PRYHPHQW RI D VHW RI UHJLRQV IURP

RQH ZRUOG WR DQRWKHU VLQFH ZH ZDQW WR GHWHUPLQH WKH FRVW RI WKH HQWLUH WUDQVIHU� DQG

QRW WKH FRVW RI HDFK LQGLYLGXDO WUDQVIHU�
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RparentRparent

RparentRparent

RparentRparent

R1R1

R0
1R0
1

R1;R0
1 B RR1;R0
1 B R

CC

GG

CC

CGCG

RG
parentRG
parent

TimeTime

)LJXUH ���� 7KH SURFHVV E\ ZKLFK D UHJLRQ �R′1� WKDW UHVLGHG RQ G LV PHUJHG EDFN LQ ZLWK LWV
SDUHQW UHJLRQ �R1� WKDW UHVLGHV RQ C� DQG ZKHUH ERWK R1 DQG R′1 HYROYHG IURP �DUH ERXQGHG
HYROXWLRQV RI� D SDUHQW UHJLRQ Rparent DW WKH WLPH WKH UHJLRQ ZDV FRSLHG WR WKH *38�

:H OLNHZLVH GHILQH D IXQFWLRQ traceMergeR′R (!) DV�

traceMergeR′R (!) = (o′,r )
ZKHUH R = (ap,B,B,B),! = (o,r )
ap′ LV WKH DOORFDWLRQ SRLQWHU DW WKH WLPH WKH UHJLRQ ZDV FRSLHG WR WKH *38
DQG o′ = ap + (o − ap′)

�����

WKDW JLYHQ D ORFDWLRQ ! LQ WKH UHJLRQ R′ WKDW UHVLGHV RQ G� DQG R′¶V SDUHQW UHJLRQ R

RQ C UHWXUQV WKH QHZ ORFDWLRQ IRU ! LQ WKH PHUJHG UHJLRQ �UHVLGLQJ RQ C��

8VLQJ WKLV GHILQLWLRQ RI UHJLRQ�PHUJLQJ� ZH FDQ IRUPDOL]HPHUJH�FRQIOLFW IUHHGRP LQ

WKH GHYLFH�KRVW WUDQVIHU SURFHVV�

7KHRUHP����� �0HUJH &RQIOLFW )UHHGRP�� /HWRp EH WKH SDUHQW UHJLRQ IRUR1�RQC�
DQG R′1�RQ G�� DQG R1;R′1 * R;δ � 7KHQ range(R1) ⊆ range(R) ∧ range(R′1) ⊆ range(R)
DQG ∀o ∈ dom(R1) ∩ dom(R′1).ν1(o) ≡ ν2(o)�



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

3URRI� %\ GHILQLWLRQ RI R1;R′1 * R;δ DQG E\ LPPXWDELOLW\ RI UHJLRQ PHPRU\� 6HH $S�

SHQGL[ %�� IRU D GHWDLOHG SURRI� #

:H QRZ WXUQ WR WKH SURFHVV RI WUDQVIHUULQJ PHPRU\� 7R WKLV HQG ZH GHILQH WZR

IXQFWLRQV� RQH WKDW DOORZV XV WR µSXVK¶ D VHW RI UHJLRQV WR WKH *38� DQG WKH RWKHU

WKDW DOORZV XV WR SXOO D VHW RI UHJLRQV EDFN DQG PHUJH WKHP ZLWK WKHLU SDUHQW UHJLRQ

RQ WKH &38�
push ({r1 → R1, . . . ,rn &→ Rn})
pullSC

(
{r1 &→ R′1, . . . ,rn &→ R′n}

)

$QG WKHVH FDQ HDFK EH GHILQHG VHSDUDWHO\ DV

push
(
{ri &→ Ri}ni=1

)
=

(
λG

tfr ({Ri}
n
i=1),{ri &→ R′i | R′i = memcpy

C→G
(Ri ,oi )}

)
�����

ZKHUH oi LV WKH EDVH RIIVHW IRU UHJLRQ Ri � :H FDQ OLNHZLVH GHILQH pull () WR EH WKH

IROORZLQJ

pullSC

(
{ri &→ R′i}

)
=

(
λC

tfr ({R
′
i}

n
i=1) + ∑n

i=1 δi ,SC{ri &→ R′′i }
)

ZKHUH Ri ;R′i * R′′i ;δi ,Ri = SC(ri )}
�����

ZKHUH WKH R′i UHVLGH RQ G DQG Ri DQG R′′i UHVLGH RQ C� )RU ERWK RI WKHVH IXQFWLRQV� WKH

FRVW RI WKH PHPRU\ WUDQVIHU IURP RQH FRPSXWDWLRQDO ZRUOG WR WKH RWKHU DORQJ ZLWK D

UHJLRQ VWDFN LV UHWXUQHG� ,Q WKH FDVH RI push () WKH UHVXOWLQJ UHJLRQ VWDFN LV QHZ DQG

UHVLGHV RQ G � DQG LQ WKH FDVH RI pullSC

(
r &→ R′

)
� LW UHVXOWV LQ DQ XSGDWH WR WKH UHJLRQ

VWDFN SC LQ ZKLFK HDFK EDFNLQJ UHJLRQ Ri ∈ R �HDFK RI ZKLFK DOUHDG\ UHVLGH RQ C� KDV
EHHQ PHUJHG ZLWK LWV FKLOG UHJLRQ R′i ∈ R′ WKDW UHVLGHG RQ G�

7KH IXQFWLRQV λC
tfr (R) DQG λ

G
tfr (R) DUH ERWK 3&3V� DQG WKHLU GHWHUPLQDWLRQ LV H[WHUQDOO\

GHILQHG� DQG WKH FRVWV OHDUQHG IURP WKH LPSOHPHQWDWLRQ�� 7KHLU GHILQLWLRQ� DQG WKH

GHWHUPLQDWLRQ RI DSSURSULDWH FRVWLQJ IRU WKHP LV GHWDLOHG DORQJ ZLWK RXU RWKHU 3&3V

LQ 6HFWLRQ ����

1RZ WKDW ZH¶YH GHILQHG KRZ WR UHDVRQ DERXW WUDQVIHUULQJ PHPRU\ EHWZHHQ RXU GLI�

IHUHQW FRPSXWDWLRQDO ZRUOGV� ZH PRYH WR FRQQHFWLQJ WKH WZR FRPSXWDWLRQDO ZRUOGV

RSHUDWLRQDOO\�
�L�H�� WKH\ DUH LPSOHPHQWDWLRQ GHSHQGHQW�
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��� &RQQHFWLQJ 0DFKLQHV

&RQQHFWLQJ WKH PDFKLQHV LV TXLWH VWUDLJKWIRUZDUG DW WKLV SRLQW� KRZHYHU ZH JR LQWR

WKH SUHFLVH GHWDLOV RI WKLV FRQQHFWLRQ LQ WKH XQGHUO\LQJ LPSOHPHQWDWLRQ ODWHU RQ

LQ &KDSWHU �� ,Q SDUWLFXODU� VLQFHZH DVVXPH LPSOHPHQWDWLRQ�VSHFLILFPHPRU\ WUDQV�

IHU IXQFWLRQVmemcpy
C→G

DQGmemcpy
G→C

�H�J��PHPRU\ WUDQVIHU IXQFWLRQV IURPHLWKHU RSHQ&/ >��@�

RU &8'$ >��@�� WKH DFWXDO FRQQHFWLRQV EHWZHHQ WKH WZRPDFKLQHPRGHOV DUH VWUDLJKW�

IRUZDUG� ERWK IURP D VHPDQWLF DQG FRVW VWDQGSRLQW ZH YLHZ WKH XQGHUO\LQJ PHP�

RU\ WUDQVIHU IXQFWLRQV DV H[WULQVLF ZD\V RI DFWLQJ RQ PHPRU\ DQG PDFKLQHV� RSHU�

DWLRQDOO\� WKH\ SURYLGH XV D ZD\ WR PRYH D VHW RI UHJLRQV IURP RQH FRPSXWDWLRQDO

ZRUOG WR DQRWKHU� DQG ZH FDQ REVHUYH KRZ PXFK WKH\ FRVW YLD RXU �LPSOHPHQWDWLRQ

VSHFLILF� SULPLWLYH FRVW SURYLGHUV �6HFWLRQ ���� IRU WKRVH WUDQVIHUV� 7KXV ZH GR QRW

ZRUU\ DERXW KRZ WKH WZRPDFKLQH PRGHOV LQWHUDFW ZLWK RQH DQRWKHU EH\RQG WKH IDFW

WKDW ZKHQ ZH WUDQVIHU PHPRU\ IURP C WR G �RU SXOO IURP G WR C�� WKH GDWD WKDW LV
WUDQVIHUUHG ZLOO UHVLGH LQ JOREDO PHPRU\� VRPH RI LW ZLOO EH SODFHG RQ ORFDO PHPRU\

RQ WKH *38� DQG ZH KDYH D ZD\ WR PHDVXUH KRZ PXFK WKLV SURFHVV RI PHPRU\

WUDQVIHUHQFH FRVWV� ,Q D VHQVH� HDFK FRPSXWDWLRQDO ZRUOG LV D EODFN�ER[ WR WKH RWKHU�

ZLWK WKH RQO\PHDQV RI FRPPXQLFDWLRQ EHLQJ WKURXJK WKH QM IRUP²WKURXJKZKLFK

D FRPSXWDWLRQ LV VHQW� DQG WKH UHVXOW UHWXUQHG�

+RZHYHU� GXULQJ WKLV SURFHVV RI WUDQVIHUULQJ PHPRU\ IURP WKH &38 WR WKH *38� WKH

TXHVWLRQ RI GHWHUPLQLQJ ZKLFK UHJLRQV VKRXOG EH SODFHG LQ WKH ORFDO PHPRU\ IRU WKH

NHUQHO FDQ KDYH D VLJQLILFDQW LPSDFW RQ WKH SHUIRUPDQFH RI WKH NHUQHO� ,Q WKLV FDVH�

ZH H[SORLW WKH IDFW WKDW UHJLRQV FDQQRW EH H[SDQGHG RQFH WKH\ KDYH EHHQ WUDQVIHUUHG

WR WKH *38²DQG KHQFH EHIRUH WKH\ DUH ORDGHG LQWR ORFDOPHPRU\²DQG KHQFH FDQQRW

RXWJURZ WKH ORFDO PHPRU\ WKDW LV DYDLODEOH RQFH WKH\ KDYH EHHQ SODFHG� 7KXV RQFH D

UHJLRQ KDV EHHQ ORDGHG LQWR ORFDO �ZRUN�JURXS� PHPRU\ DW WKH VWDUW RI D NHUQHO� WKH

HQWLUH UHJLRQ UHPDLQV LQ ORFDO PHPRU\ IRU WKH OLIH RI WKH NHUQHO FRPSXWDWLRQ� :H JR

LQWR GHWDLO RQ ORDGLQJ VWUDWHJLHV IRU ORFDO UHJLRQV LQ 6HFWLRQ ��������



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

��� &RVW 6HPDQWLFV IRU ΛC
G

6LQFHZH KDYH DOUHDG\ GHILQHG WKH FRVW VHPDQWLFV IRU ERWK WKH &38DQG*38SRUWLRQV

RI WKH ODQJXDJH LQ &KDSWHUV � DQG � UHVSHFWLYHO\� ZH RQO\ QHHG WR GHWDLO KRZ WKHVH

WZR LQWHUDFW ZLWK HDFK RWKHU²WKURXJK WKH QM IRUP�

8SGDWLQJ &RVW *UDSKV 6LQFH WKH QM IRUP SXVKHV WKH FRPSXWDWLRQ SHUIRUPHG

E\ e WR WKH *38� DQG WKH UHVW RI WKH WKUHDG RI H[HFXWLRQPXVW ZDLW XQWLO e KDV ILQLVKHG

H[HFXWLQJ EHIRUH LW FDQ SURFHHG ZH QHHG D ZD\ RI UHSUHVHQWLQJ WKH GHYLFH ER[D WKDW

LV EXLOW E\ WKH QM IRUP LQ WKH FRVW JUDSKV IRU WKH &38 SRUWLRQ RI ΛC
G� ,Q RUGHU WR

DOORZ WKLV� ZH DPHQG WKH JUDPPDU IRU WKH QRGHV LQ WKH FRVW JUDSKV IURP )LJXUH ����

ZLWK DQ DGGLWLRQDO QRGH VWUXFWXUH WKDW HQFRGHV D GHYLFH�ER[ FRPSXWDWLRQ DORQJ ZLWK

SUHVHUYLQJ SLHFHV RI WKH VHPDQWLF FRQWH[W WKDW ZLOO EH QHHGHG ODWHU RQ ZKHQ VFKHGXO�

LQJ DQG FRVWLQJ GHYLFH ER[HV�

α̃ ::= α | (α ,D,κ,e,E,!) �����

DQG ZKHUH GHYLFH ER[ QRGHV (α ,D,κ,e,E,!) DUH WUHDWHG RSDTXHO\ E\ WKH JUDSK FRP�

ELQDWRUV� +RZHYHU� ZKLOH GHYLFH�ER[ QRGHV DUH WUHDWHG RSDTXHO\ E\ WKH &38 JUDSK

FRPELQDWRUV WKH\ FDQQRW EH WUHDWHG RSDTXHO\ E\ WKH VFKHGXOLQJ SROLF\ RYHU ZKLFK

ZLOO QHHG WR EH XSGDWHG LQ 6HFWLRQ ������

6LQFH WKH *38 FRVW VHPDQWLFV WDNHV DQ H[SUHVVLRQ WKDW JHQHUDWHV D NHUQHO ZLWKLQ WKH

QM H[SUHVVLRQ� WKH HQWU\ SRLQW IRU FUHDWLQJ GHYLFH ER[HV LV WKURXJK WKH FRVW UXOHV

IRU GHDOLQJ ZLWK HQTXHXHG NHUQHOV RQ WKH *38 �6HFWLRQ ���������

S|K ⇓k ψ ;D|S1

WKXV ZKHQ ZH HQFRXQWHU DQ QM H[SUHVVLRQ LQ RXU FRVW VHPDQWLFV� ZH QHHG WR EXLOG

WKH UHJLRQ VWDFN IRU WKH *38 FRPSXWDWLRQ S DQG DGG WKH NHUQHO WR WKH NHUQHO SRRO



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

K� DW ZKLFK SRLQW ZH WKHQ XVH WKH UXOHV IURP 6HFWLRQ ��� WR JHQHUDWH WKH GHYLFH ER[�

:LWK WKLV LQ PLQG� ZH DUULYH DW WKH IROORZLQJ GHILQLWLRQ IRU WKH QM �UXOH�

ρC = f rv (e ) rC = E (ρC) RC = S (rC)
(δpush,SG) = push

(
rC &→ RC

)

SG |κ ↪→ ( f , [ei ],!!) ⇓k ψ ;D|{rC → R′}
S $ S′ (δpull,S′C) = pullS′

(
rC &→ R′

)

!G = (o,r ) = ψ (κ) ! = traceMerge{rC→R′}(r )
S′(r ) (!G)

E;S; QM e �i ρC ⇓ !;S′C;α1 ⊕δpush (α2,D,κ,e,E,!) ⊕ α3 ⊕δpull α4
�κ,αi IUHVK� �����

,Q WKLV UXOH ZH ILUVW FROOHFW DQG WUDQVIHU DOO WKH UHJLRQV WKDW WKH H[SUHVVLRQ e WKDW

LV WR UXQ RQ WKH *38 UHTXLUHV �OLQH 1� DIWHU ZKLFK ZH EXLOG WKH GHYLFH ER[ IRU WKH

FRPSXWDWLRQ �OLQH 2�� DQG WKHQ PHUJH WKH UHJLRQ VWDFN RQ WKH *38 DW WKH HQG RI WKH

FRPSXWDWLRQ ZLWK D ERXQGHG HYROXWLRQ RI WKH UHJLRQ VWDFN RQ WKH &38²VLQFH VRPH

RWKHU WKUHDG RQ WKH &38 FRXOG EH PRGLI\LQJ WKH &38 UHJLRQ VWDFN ZKLOH WKH *38

FRPSXWDWLRQ LV UXQQLQJ �OLQH 3�� )LQDOO\� RQ OLQH 4� WKH ORFDWLRQ RQ WKH &38 ZKHUH

WKH UHVXOW RI WKH NHUQHO LV VWRUHG LV FDOFXODWHG XVLQJ WKH traceMerge(B) IXQFWLRQ WKDW

ZH GHILQHG LQ (TXDWLRQ ������

7KH FRVWLQJ VWUXFWXUH IRU WKLV FRPSXWDWLRQ LV UDWKHU LQWHUHVWLQJ� VLQFH WKH FRVW UXOH

IRU WKH *38 VHFWLRQ RI WKH FRGH GRHV QRW UHWXUQ D FRVW IRU XV WR XVH WR ZHLJKW WKH

HGJH LQ WKH &38 FRVW JUDSK� ZH LQVWHDG QHHG WR IDFWRU WKLV LQ LQ WKH FRVW GHULYDWLRQ

RI WKH FRGH LQ RXU VFKHGXOLQJ UHJLPHQ� ,Q SDUWLFXODU� VLQFH WKH FRVW RI D FRVW JUDSK

LV GHWHUPLQHG YLD WKH VFKHGXOLQJ SROLF\� LQVWHDG RI KDYLQJ D VWDWLF HGJH�ZHLJKW LQ

WKH &38 FRVW JUDSK FRQQHFWLQJ WKH VLQN RI WKH GHYLFH ER[ WR WKH UHVW RI WKH JUDSK�

WKLV FRVW ZLOO LQVWHDG EH GHWHUPLQHG G\QDPLFDOO\²RQFH WKH FRPSXWDWLRQ ZLWKLQ WKH

GHYLFH ER[ KDV EHHQ FRVWHG� WKLV ZLOO FRVW ZLOO WKHQ EH XVHG DV WKH ZHLJKW IRU WKH

XQZHLJKWHG HGJH EHWZHHQ WKH GHYLFH ER[ DQG α3 LQ (TXDWLRQ ����� ZKLOH FDOFXODWLQJ

WKH FRVW RI WKH FRPSXWDWLRQ DV D ZKROH�
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����� 6FKHGXOLQJ

:KLOH WKH VFKHGXOLQJ RI WKH FRVW JUDSK UHPDLQV ODUJHO\ XQFKDQJHG IURPZKDW ZH VDZ

HDUOLHU LQ 6HFWLRQ ������ ZH QHHG WR XSGDWH SDUWV RI WKH VFKHGXOLQJ SROLF\ WR WDNH LQWR

DFFRXQW GHYLFH ER[HV LQ WKH JUDSK DQG WKH VFKHGXOLQJ UHVWULFWLRQV DURXQG WKHP� DQG

GHILQH WKH ZD\ ZH FRVW WKHVH GHYLFH ER[HV LQ WKH FRVW JUDSK�

$ 1RWH RQ 3DUDPHWUL]DWLRQ ,Q WKH &38 FRVW JUDSK� ZH DUH LQWHUHVWHG LQ SD�

UDPHWHUL]LQJ WKH FRPSXWDWLRQ E\ WKH WUDYHUVDO RUGHU RI WKH JUDSK� RU LQ RWKHU ZRUGV�

WKH VFKHGXOH LQ ZKLFK WKH FRPSXWDWLRQ LV UXQ� +RZHYHU� IRU *38 FRPSXWDWLRQV�

ZH KDYH D GLIIHUHQW GLPHQVLRQ RI SDUDPHWHUL]DWLRQ� ZKLOH WKH VFKHGXOH LV IL[HG� ZH

LQVWHDG SDUDPHWHUL]H WKH FRVWLQJ RI WKH FRPSXWDWLRQ E\ WKH UHJLRQV WKDW DUH ORDGHG

LQWR �ZRUN JURXS� ORFDO PHPRU\ RQ WKH *38� 6LQFH WKH FRVW DQDO\VLV RI D GHYLFH ER[

LV GHSHQGHQW XSRQ ZKLFK UHJLRQV �DQG KHQFH ZKLFK VHWV RI ORFDWLRQV� UHVLGH LQ ORFDO

ZRUN�JURXS PHPRU\ ZKHQ FRVWLQJ WUDFHV� ZH FDQ ORDG UHJLRQV LQWR ORFDO PHPRU\

DEVWUDFWO\ GXULQJ VFKHGXOLQJ²ZH GRQ¶W QHHG WR SK\VLFDOO\ ORDG UHJLRQV LQWR ORFDO

PHPRU\� LQVWHDG VLPSO\ WUHDWLQJ DGGUHVVHV ZLWKLQ D UHJLRQ DV ORFDO DGGUHVVHV GXULQJ

WKH FRVW DQDO\VLV RI WKH WUDFH GHSHQGLQJ RQ ZKHWKHU RU QRW ZH KDYH µORDGHG¶ WKDW

UHJLRQ LQWR ORFDO PHPRU\ �6HFWLRQ ����� +RZHYHU� ZH QHHG D ZD\ RI GHWHUPLQLQJ

ZKLFK UHJLRQV VKRXOG EH SODFHG LQ ORFDO PHPRU\ IRU WKH H[HFXWLRQ RI HDFK LQGLYLGXDO

NHUQHO WKDW ZH HQFRXQWHU ZKLOH WUDYHUVLQJ WKH FRVW JUDSK�

������� /RDGLQJ 5HJLRQV /RFDOO\

%HFDXVH RI WKH GHVLUH WR SDUDPHWHUL]H PHPRU\ SODFHPHQW RQ WKH *38� MXVW DV ZH

KDYH D VFKHGXOH RUGHU "w IRU DEVWUDFWO\ UHSUHVHQWLQJ VFKHGXOHV IRU WKH SURJUDP UHS�

UHVHQWHG E\ WKH FRVW JUDSK� ZH DOVR ZDQW WR KDYH DQ DEVWUDFW ZD\ RI GHWHUPLQLQJ

ZKLFK UHJLRQV VKRXOG EH SODFHG LQ ORFDO PHPRU\ IRU WKH H[HFXWLRQ RI D JLYHQ NHUQHO�

+RZHYHU� DV RSSRVHG WR WKH VFKHGXOH RUGHU ZKLFK GHILQHV D SUHRUGHU RYHU WKH FRVW
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JUDSK� WKH IXQFWLRQ WKDW ZH QHHG WR KDYH IRU GHWHUPLQLQJ UHJLRQ SODFHPHQW QHHGV

WR EH PRUH DG�KRF LQ QDWXUH� LW QHHGV WR EH DEOH WR H[DPLQH ERWK WKH NHUQHO DQG WKH

UHJLRQ VWDFN DW WKH SRLQW RI WKH FDOO� DQG WR KDYH DFFHVV WR WKH HQYLURQPHQW �LQ RUGHU

WR FRQQHFW UHJLRQ YDULDEOHV LQ WKH SURJUDP WR UHJLRQ QDPHV LQ WKH UHJLRQ VWDFN� DQG

WKH VL]H RI WKH ORFDO PHPRU\ RQ WKH *38�

:LWK WKLV LQPLQG� ZHSDUDPHWHUL]H WKH FRVWPRGHO E\ D IXQFWLRQ determineLocaln (e,S,E)

WKDW� JLYHQ D SURJUDP e� D UHJLRQ VWDFN S� WKH VL]H DYDLODEOH LQ ORFDO ZRUN JURXS

PHPRU\ n� DQG WKH FXUUHQW HQYLURQPHQW E� UHWXUQV D VHW RI UDQNHG UHJLRQV ZKHUH

HDFK UHJLRQ QDPH WKDW RFFXUV IUHH LQ e LV DVVRFLDWHG ZLWK D VFRUH WKDW ZLOO EH XVHG WR

GHWHUPLQH LI LW ZLOO EH ORDGHG LQWR ORFDOPHPRU\ RU QRW� $V DQ H[DPSOH RI VXFK D UDQN�

LQJ KHXULVWLF IXQFWLRQ IRU GHWHUPLQLQJ WKH SODFHPHQW RI UHJLRQV LQWR ORFDO PHPRU\

RQ WKH *38 FRQVLGHU WKH RQH GHILQHG LQ )LJXUH ��� ZKHUH mMBQMqBi? (+) a b XQLRQV

WKH WZR PDSV a DQG b� DQG FRPELQHV WKH YDOXH RI GXSOLFDWH NH\V E\ DGGLWLRQ�

,Q WKLV UDQNLQJ IXQFWLRQ� JLYHQ DQ H[SUHVVLRQ e ∈ ΛG WKDW LV WR EH UXQ RQ WKH *38� ZH

WDNH WKH UDQNHG UHJLRQ YDULDEOHV RI e� f̃rv(E,e )� f̃rv(E,e ) SHUIRUPV D VLPLODU IXQFWLRQ WR

WKH IUHH UHJLRQ YDULDEOH PHWDIXQFWLRQ f rv (e ) WKDW ZDV GHILQHG LQ )LJXUH ���� KRZHYHU

QRZ HDFK UHJLRQ YDULDEOH LV UDQNHG E\ WKH QXPEHU RI UHDG DQG ZULWH RSHUDWLRQV WR

WKH EDFNLQJ UHJLRQ� 2QFH WKLV VHW RI UDQNHG UHJLRQ QDPHV IRU WKH H[SUHVVLRQ KDV

EHHQ GHWHUPLQHG ZH WDNH WKH UHJLRQ VWDFN S LQ ZKLFK HYHU\ UHJLRQ UHVLGHV LQ JOREDO

�*38� PHPRU\ DQG DEVWUDFWO\ ORDG WKHVH LQWR WKH ORFDO PHPRU\ RQ WKH *38 LQ D

UDQNHG RUGHU� 7KLV LV GRQH XVLQJ WKH IXQFWLRQ loadnS ({r1, . . . ,rn}) WKDW ZDV LQWURGXFHG

LQ 6HFWLRQ �������� DQG WKDW ZH ZLOO GHWDLO LQ 6HFWLRQ ��������

2QH FRXOG DOVR XVH PRUH VRSKLVWLFDWHG PHWKRGV EDVHG RQ /RJLFDO 5HJLRQV >��@� RU

LQGHHG E\ XVLQJ WKH FRVW VHPDQWLFV WKDW ZH DUH GHVFULELQJ KHUH DV D VFRULQJ IXQFWLRQ

WR GHFLGH ZKLFK UHJLRQV VKRXOG EH ORDGHG LQWR ORFDO PHPRU\�
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a ∪̇ b = mMBQMqBi? (+) a b
a \̇ r = /2H2i2 r a

f̃rv(E,x ) = {}
f̃rv(E,h`m2) = {}
f̃rv(E,6�Hb2) = {}
f̃rv(E,i �i ρω ) = {(E (ρω ),1)}
f̃rv(E,B7 e1 i?2M e2 2Hb2 e3) = f̃rv(E,e1) ∪̇ f̃rv(E,e2) ∪̇ f̃rv(E,e3)
f̃rv(E,λx : τ .φ e �i ρω ) = f̃rv(E,e ) ∪̇ {(E (ρω ),1)}
f̃rv(E,e1 e2) = f̃rv(E,e1) ∪̇ f̃rv(E,e2)
f̃rv(E,λζω B φ′.φ u �i ρω ) =

(
f̃rv(E,u) ∪̇ {(E (ρω ),1)}

)
\̇{ζω}

f̃rv(E,e[ρω ]) = f̃rv(E,e ) ∪̇ {(E (ρω ),1)}
f̃rv(E, (e1,e2) �i ρω ) = f̃rv(E,e1) ∪̇ f̃rv(E,e2) ∪̇ {(E (ρω ),1)}
f̃rv(E,7bi e ) = f̃rv(E,e )
f̃rv(E,bM/ e ) = f̃rv(E,e )
f̃rv(E,7Bt f : τ .u) = f̃rv(E,u)
f̃rv(E,e1‖e2 �i ρω ) = f̃rv(E,e1) ∪̇ f̃rv(E,e2) ∪̇ {(E (ρω ),1)}

f̃rv(E, [e1, . . . ,en] �i ρ) =
(

ṅ⋃
i=1

f̃rv(E,ei )
)
∪̇ {(E (ρω ),1)}

f̃rv(E,T�`K�T e [e1, . . . ,en] �i ρω ) = f̃rv(E,e ) ∪̇
(

ṅ⋃
i=1

f̃rv(E,ei )
)
∪̇ {(E (ρω ),1)}

)LJXUH ���� 'HILQLWLRQ RI f̃rv(E,e )� 1RWH WKDW VLQFH e ∈ ΛG ZH GR QRW KDQGOH WKH H2i`2;BQM
QRU WKH QM IRUPV�

7R FRQWLQXH RQ ZLWK WKH H[DPSOH� DQ H[DPSOH RI KRZ ZH PLJKW WKHQ XVH WKH f̃rv(E,e )

IXQFWLRQ LQ FRQMXQFWLRQ ZLWK loadnS (r ) LV JLYHQ EHORZ

determineLocaln (e,S,E) = loadnS ({r1, . . . ,rk})
ZKHUH {r1, . . . ,rk} = trimRVars(f̃rv(E,e ),n,S)

ZKHUH i`BK_o�`b FDQ EH GHILQHG DV WKH VHW RI WKH KLJKHVW�UDQNHG UHJLRQV ZKRVH WRWDO

VL]H LV OHVV WKDQ n�

trimRVars({(r1,n1), ..., (rk ,nk )},n,S) =
{r1, . . . ,rt |

∑
i≤t |S (ri ) | ≤ n,∀ni ,1 ≤ i ≤ k . ∀nj > k . ni ≥ nj}

�����
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����� 'HWHUPLQLQJ &RVWV

:LWK WKLV DGGLWLRQDO determineLocaln (e,S,E) IXQFWLRQ IRU SDUDPHWHUL]LQJ WKH ORDGLQJ

RI UHJLRQV LQWR ORFDO PHPRU\ ZKHQ ZH HQFRXQWHU D GHYLFH ER[� ZH FDQ GHILQH KRZ WR

FRVW GHYLFH ER[HV LQ WKH ODUJHU JUDSK WKDW LV EXLOW�XSE\ WKH FRVW VHPDQWLFV IRUΛC
G�

5HFDOO IURP 6HFWLRQ ����� WKDW D ZHLJKWHG VFKHGXOH RYHU WKH JUDSK "w SURGXFHV D

VHULHV RI VWHSV

{V1, . . . ,Vk} = steps("w)

DQG IURP WKLV WKH FRVW RI WKH FRPSXWDWLRQ IURP RQH VWHS WR WKH QH[W FRXOG EH GHILQHG

DV WKHPD[LPXPZHLJKW HGJH EHWZHHQ HDFK VWHS RI WKH FRPSXWDWLRQ DFURVV WKH JUDSK�

DV GHILQHG E\ "w�

stepw (Vi ) =
{

0 i = 1
max {δ | αi ∈ Vi , αi−1 ∈ Vi−1, (αi−1,αi ,δ ) ∈ E} RWKHUZLVH

+RZHYHU ZKLOH WKH GHILQLWLRQ RI steps("w) VWLOO ZRUNV RYHU WKHVH JUDSKV� WKH ZD\ ZH

FDOFXODWH WKH FRVW IURP RQH VWHS RI WKH FRPSXWDWLRQ WR WKH QH[W QR ORQJHU ZRUNV LQ

stepw � ,Q SDUWLFXODU� VLQFH WKH FRVW RI WKH GHYLFH ER[ LV EDVHG XSRQ WKH ORDGLQJ SROLF\

WKDW KDV EHHQ FKRVHQ� ZH QHHG WR XVH WKH XQZHLJKWHG HGJH IURP WKH VLQN RI WKH GHYLFH

ER[ WR G\QDPLFDOO\ LQVHUW WKH FRVW RI WKH GHYLFH ER[ ZLWK UHVSHFW WR WKH JLYHQ ORFDO

ORDG SROLF\ determineLocaln (e,S,E) FKRVHQ� RQFH D ORFDO PHPRU\ VWDWH L KDV EHHQ

FKRVHQ IRU WKH NHUQHO WKH �FRPSXWDWLRQDO� FRVW RI WKH NHUQHO LV WKHQ FDOFXODWHG YLD

costG(D,L) GHILQHG LQ (TXDWLRQ ������ DQG WKLV LV WKHQ XVHG DV WKH ZHLJKW IRU WKH

HGJH FRQQHFWLQJ WKH GHYLFH ER[ WR WKH QH[W QRGH LQ WKH JUDSK�

:H WKXV DUULYH DW WKH IROORZLQJ XSGDWHG GHILQLWLRQ RI stepw � stepH
w � IRU FRVW JUDSKV

WKDW LQFOXGH GHYLFH ER[HV�

stepH
w (Vi ,determineLocaln (B,B,B)) =

{

0 LI i = 1
max ∆i RWKHUZLVH �����
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ZKHUH

∆i =


δ

&&&&&&&&&&

α̃i ∈ Vi ,
˜αi−1 ∈ Vi−1,
˜αi−1 ∈ VVars,

( ˜αi−1, α̃i ,δ ) ∈ E


⋃


costG(D,L)

&&&&&&&&&&

α̃i ∈ Vi ,
˜αi−1 ∈ Vi−1,
˜αi−1 = (α ,D,κ,e,E,!),
L = determineLocaln (e,S (Vi ,"w),E)


7KH OHIW�KDQG VLGH RI WKLV XQLRQ LV WKH VDPH DV WKH VHW WKDW ZH FDOFXODWHG WKH VWHS

ZHLJKW RYHU IRU WKH QRUPDO &38 FRVW JUDSKV� ZKHUHDV WKH ULJKW�KDQG VLGH RI WKH

XQLRQ SHUIRUPV WKH G\QDPLF FRVWLQJ RI WKH *38 FRPSXWDWLRQ LQ WKH FDVH WKDW WKH

HGJH WKDW ZH DUH ORRNLQJ DW LV IURP WKH VLQN RI WKH *38 QRGH�

:LWK WKLV QHZ IXQFWLRQ IRU FDOFXODWLQJ WKH FRVW RI HDFK VWHS LQ WKH FRVW JUDSK� ZH

DUULYH DW WKH IROORZLQJ GHILQLWLRQ IRU WKH WLPH FRVW RI D SURJUDP LQ ΛC
G�

timeH(e,"w,determineLocaln (B,B,B)) =
∑

Vi∈steps("w )

stepH
w (Vi ,determineLocaln (B,B,B))

������

8SGDWLQJ :HLJKWHG 6FKHGXOH 2UGHUV 7KLV G\QDPLF FRVWLQJ OHDGV WR WKH IRO�

ORZLQJ H[WHQVLRQ RI "w WR WDNH LQWR DFFRXQW GHYLFH ER[HV LQ WKH FRVW JUDSK� :KLOH

LQ JHQHUDO WKH VFKHGXOH RUGHU GRHV QRW QHHG WR EH FKDQJHG� WKH ZD\ ZH EXLOG WKH

VWHS FRQWH[WV GRHV QHHG WR FKDQJH LQ RUGHU WR KDQGOH WKH G\QDPLF FRVWLQJ WKDW ZH

SHUIRUP RQ RXWJRLQJ HGJHV IURP D GHYLFH ER[�

5HFDOO IURP (TXDWLRQ ����� WKDW WKH FRQWH[WXDOL]DWLRQ V$i RI D VWHS Vi ZDV GHILQHG

DV
{

(α ,δ + i ) &&& α ∈ Vk ,∃α ′ . ((α ′,α ,δ ) ∈ E) ∧ α ′ ∈ Vi ∧ i < k
}

+RZHYHU� ZLWK WKH G\QDPLF DVVLJQPHQW RI FRVWV IRU WKH RXWJRLQJ HGJH IURP D GHYLFH

ER[� ZH QHHG WR XSGDWH WKLV GHILQLWLRQ RI FRQWH[WXDOL]DWLRQ� ZH QHHG WR DVVLJQ WKH



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

FRVW RI WKH *38 FRPSXWDWLRQ WR WKH HGJH IURP WKH GHYLFH ER[ MXVW DV ZH GLG IRU WKH

ZHLJKWHG VWHS IXQFWLRQ WKDW ZH GHILQHG SUHYLRXVO\�


(α̃ ,δ + i )

&&&&&&&&&&&&&

α̃ ∈ Vk ,
∃α̃ ′ .

(
(α̃ ′, α̃ ,δ ) ∈ E

)
,

α̃ ′ ∈ Vi ,
i < k , α̃ ,
α̃ ′ ∈ VVars

⋃


(α̃ ,i + costG(D,L))

&&&&&&&&&&&&&

α̃ ∈ Vk ,
∃α̃ ′ .

(
(α̃ ′, α̃ ,δ ) ∈ E

)
,

α̃ ′ ∈ Vi ,
α̃ ′ = (α1,D,κ,e,E,!),
L = determineLocaln (e,S (Vi ,"w),E)



������

������� 6SDFH &RVWV

&DOFXODWLQJ WKH VSDFH FRVW RI DΛC
G SURJUDPKRZHYHU²ZKLOH VWUDLJKWIRUZDUG²LV VOLJKWO\

PRUH QXDQFHG WKDQZKDW ZH VDZ IRU ERWKΛC DQGΛG� ZHZDQW WR UHWXUQ ERWK WKH WRWDO

VSDFH XVHG IRU WKH &38 SRUWLRQ RI WKH FRPSXWDWLRQ� DORQJ ZLWK WKH VSDFH XVHG IRU

WKH *38 SRUWLRQ RI WKH FRPSXWDWLRQ� 7KXV WKH VSDFH FRVW IXQFWLRQ UHWXUQV D WXSOH RI

FRVWV²RQH IRU WKH &38 DQG WKH RWKHU IRU WKH *38²LQVWHDG RI D VLQJOH FRVW OLNH ZH

KDYH VHHQ WKXV IDU�

7KH &38 VSDFH FRVW LV GHWHUPLQHG MXVW DV EHIRUH� EHLQJ GHILQHG DV WKH KLJK ZDWHU

PDUN RI WKH VSDFH WDNHQ E\ WKH UHJLRQ VWDFN �ZKLFK UHVLGHV RQ WKH &38��

spaceC("w) = max {space(Vi ,"w) | Vi ∈ steps("w)} ������

6LQFH UHJLRQV FDQQRW EH UHVL]HG RQ WKH *38� ZH FDQ GHILQH WKH VSDFH FRVW RI WKH *38

SRUWLRQ RI WKH FRPSXWDWLRQ E\ WDNLQJ WKH PD[LPXP RI WKH PHPRU\ WUDQVIHUUHG WR

WKH *38 DW WKH VWDUW RI HDFK GHYLFH ER[� 7KLV FDQ HDVLO\ EH GHWHUPLQHG E\ WDNLQJ WKH



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

IUHH UHJLRQ YDULDEOHV LQ WKH H[SUHVVLRQ WR EH UXQ� DQG VXPPLQJ XS WKH VL]H RI WKH

EDFNLQJ UHJLRQV�

spaceD (α̃ ,"w) =


0 LI α̃ ∈ VVars∑
ρ∈ f rv (e )

&&S (α̃ ,"w) (E (ρ))&& α̃ = (α ,D,κ,e,E,!) ������

ZKHUH ZH GHILQH

S (α̃ ,"w) = S (V ,"w), VXFK WKDW α̃ ∈ V , DQGV ∈ steps("w)

:LWK WKLV ZH FDQ WKHQ GHILQH WKH VSDFH XVDJH RI WKH *38 SRUWLRQ RI WKH FRGH WR EH WKH

PD[LPXP YDOXH WDNHQ E\ spaceD IRU DOO QRGHV LQ WKH FRPSXWDWLRQDO JUDSKG�

spaceG("w) = max{spaceD (α̃ ,"w) | α̃ ∈ G} ������

:H WKHQ GHILQH WKH VSDFH FRVW IXQFWLRQ IRU WKH HQWLUH FRPSXWDWLRQ WR EH WKH WXSOH RI

ERWK spaceC DQG spaceG RYHU WKH FRPSXWDWLRQ JUDSK XQGHU D VFKHGXOH "w�

spaceC
G("w) =

(
spaceC("w),spaceG("w)

)
������

1RWH WKDW IRU GHWHUPLQLQJ VSDFH FRVWV� WKH ORFDO ORDG SROLF\ FKRVHQ IRU GHYLFH ER[HV

GRHV QRW IDFWRU LQWR WKH HTXDWLRQ�V�� QR PDWWHU ZKLFK ZD\ ZH PD\ ORDG UHJLRQV

LQWR ORFDO PHPRU\ RQ WKH *38 �L�H�� ZKDW ZH XVH IRU determineLocalB(B,B,B)� ZH ZLOO
DOZD\V QHHG WR ORDG WKH VDPH UHJLRQV� DQG KHQFH� WKH VDPH DPRXQW RI PHPRU\ RQWR

WKH *38�

��� :UDSSLQJ 7KLQJV 8S

����� 'LVFXVVLRQ� (IIHFW 3RO\PRUSKLVP

$V ZH PHQWLRQHG SUHYLRXVO\ ZH GR QRW KDYH IXOO HIIHFW SRO\PRUSKLVP LQ ΛC� DQG

KHQFH LQ ΛC
G� 7KLV LV EHFDXVH ZKHQ ZH WUDQVIHU IXQFWLRQV IURP WKH &38 WR WKH *38�

ZH QHHG WR EH DEOH WR GHWHUPLQH WKH VHW RI UHJLRQV WKDW DOVR QHHG WR EH WUDQVIHUUHG



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

EDVHG XSRQ D WHUP�OHYHO IXQFWLRQ� DV RSSRVHG WR RQH WKDW DOVR RSHUDWHV RYHU W\SHV�

7KXV ZKHQ ZH SHUIRUP HIIHFW WUXQFDWLRQ LQ )LJXUH ���� ZH DUH QRW RQO\ SHUIRUPLQJ D

W\SH�OHYHO WUDQVIRUPDWLRQ� EXW DOVR D WHUP�OHYHO RQH� IRU HDFK UHJLRQ DEVWUDFWLRQ WKDW

ZH LQWURGXFH DW WKH W\SH�OHYHO� ZH DOVR LQWURGXFH D WHUP�OHYHO UHJLRQ DEVWUDFWLRQ �DQG

LQVWDQWLDWLRQ�� 'XH WR WKLV WUDQVIRUPDWLRQ ZH FDQ JDWKHU WKH IUHH UHJLRQ YDULDEOHV DV

D SXUHO\ WHUP�OHYHO IXQFWLRQ� DV RSSRVHG WR RQH WKDW PXVW RSHUDWH RYHU ERWK W\SHV

DQG WHUPV� DQG HQVXUHV WKDW ZH ZLOO QRW QHHG WR LQVWDQWLDWH DQ\ HIIHFW SRO\PRUSKLF

FRGH ZLWK UHJLRQV WKDW ZH KDYH QRW GHWHUPLQHG DV QHHGHG E\ WKH FRPSXWDWLRQ WKDW

UXQV RQ WKH *38�

����� 'LVFXVVLRQ� &RVWLQJ RI 'HYLFH %R[HV

7KH G\QDPLF FRVWLQJ RI GHYLFH ER[HV LQ WKH FRVW JUDSK� DORQJ ZLWK WKH FDOFXODWLRQ RI

WKH PHPRU\ WUDQVIHU FRVWV WR� DQG IURP� WKH *38� UHTXLUHV WKDW ZH KDYH DW OHDVW RQH

YHUWH[ RI WKH FRVW JUDSK WKDW LV µRQ¶ WKH &38 SUHFHGLQJ WKH GHYLFH ER[� DORQJ ZLWK

DW OHDVW WZR WKDW VXFFHHG LW� 7KXV� LQ RUGHU WR SURSHUO\ FRVW GHYLFH ER[HV� WKHUH LV

D FUXFLDO ZHOO�IRUPHGQHVV SURSHUW\ WKDW ZH UHTXLUH� FRVW JUDSKV PXVW DOZD\V VWDUW�

DQG ILQLVK� RQ WKH &38� 6LQFH WKH RQO\ QRGHV WKDW DUH LQ VVars DUH QRUPDO FRPSX�

WDWLRQDO QRGHV WKDW DULVH IURP ΛC²DQG KHQFH UHSUHVHQW FRPSXWDWLRQ SHUIRUPHG RQ

WKH &38²ZH DUULYH DW WKH IROORZLQJ ZHOO�IRUPHGQHVV WKHRUHP IRU FRVW JUDSKV LQ ΛC
G�

7KHRUHP ����� �:HOO )RUPHGQHVV RI &RVW *UDSKV�� /HW G = (α̃1, α̃2,V ,E) EH D FRVW

JUDSK IRU ΛC
G� 7KHQ

α̃1 ∈ VVars ∧ α̃2 ∈ VVars

L�H�� ERWK WKH VRXUFH DQG VLQN QRGHV RI DQ\ FRVW JUDSK ZLOO EH LQ VVars� DQG KHQFH

µUHVLGH¶ RQ WKH &38�



�� &RVW 6HPDQWLFV IRU +HWHURJHQHRXV 3DUDOOHO /DQJXDJHV ���

3URRI� 7KLV LV HDVLO\ VKRZQ E\ LQVSHFWLRQ RI WKH UXOHV IRU WKH FRVW VHPDQWLFV²LQ

SDUWLFXODU WKDW IRU HYHU\ UXOH WKH FRVW JUDSK FUHDWHG DOZD\V KDV VRXUFH DQG VLQN LQ

VVars� :H WKHQ LQGXFW RQ WKH FRQVWUXFWLRQ RI WKH FRVW JUDSKV E\ VKRZLQJ IRU DQ\

WZR FRVW JUDSKVG1 DQGG2 IRU ZKLFK WKH WKHRUHP KROGV� WKDW WKH WKHRUHP DOVR KROGV

IRUG1 ⊕ G2 DQGG1 ⊗ G2� #



6
,PSOHPHQWDWLRQ DQG (YDOXDWLRQ

&RQWHQWV

��� ,QWURGXFWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� 7KH &RPSLODWLRQ 3LSHOLQH � � � � � � � � � � � � � � � � � � � � ���

����� 7\SHFKHFNLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 3URILOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 1RUPDOL]DWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� &ORVXUH &RQYHUVLRQ DQG λ�/LIWLQJ � � � � � � � � � � � � � � � ���
����� 5HW\SLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� ([SOLFLWO\ 3DVVLQJ WKH +HDS � � � � � � � � � � � � � � � � � � � ���
����� 7KUHDGLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� /RZHULQJ 	 &RGH *HQHUDWLRQ � � � � � � � � � � � � � � � � � � ���

��� 3URILOLQJ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� 5HSUHVHQWLQJ 0HPRU\ � � � � � � � � � � � � � � � � � � � � � � ���
����� &38 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� *38 � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���

��� 3ULPLWLYH &RVW 3URYLGHUV � � � � � � � � � � � � � � � � � � � � � ���
����� 'HULYLQJ WKH $735 � � � � � � � � � � � � � � � � � � � � � � � � ���

��� (YDOXDWLRQ � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
����� &RPSDULQJ WR 5HDO�:RUOG 5XQWLPHV � � � � � � � � � � � � � � ���

���



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

��� ,QWURGXFWLRQ

,Q WKLV FKDSWHU ZH GHVFULEH D SURRI RI FRQFHSW LPSOHPHQWDWLRQ RI ΛC
G� DQG SURYLGH

D EULHI HYDOXDWLRQ RI WKH FRVW IUDPHZRUN WKDW ZH KDYH GHYHORSHG� :H ILUVW JLYH DQ

RYHUYLHZ RI WKH FRPSLOHU IRU ΛC
G DQG WKH FRPSLODWLRQ WHFKQLTXHV WKDW ZH XWLOL]H �6HF�

WLRQ ���� DIWHU ZKLFK ZH SURYLGH DQ LQ�GHSWK GLVFXVVLRQ 6HFWLRQ ��� RI WKH LPSOHPHQ�

WDWLRQ DQG GHWDLOV RI WKH SURILOLQJ WKHRU\ DQG V\VWHP WKDW ZHUH SUHVHQWHG LQ &KDS�

WHUV � WR �� :H WKHQ GLVFXVV WKH GHWHUPLQDWLRQ RI RXU SULPLWLYH FRVW SURYLGHUV �6HF�

WLRQ ����� DQG FRQFOXGH E\ HYDOXDWLQJ WKH HIILFDF\ RI WKH FRVW IUDPHZRUN WKDW ZH KDYH

GHYHORSHG DJDLQVW WKH NQRZQ UHDO�ZRUOG FRVWV RI WKHVH SURJUDPV LQ 6HFWLRQ ���� )XU�

WKHU� VLQFH WKH WKHRU\ WKDW ZH KDYH EXLOW GHWHUPLQHV WKH DEVWUDFW FRVW RI D SURJUDP�

ZH H[DPLQH WKH HIILFDF\ RI RXU IUDPHZRUN IRU GHWHUPLQLQJ UHDO�ZRUOG EHKDYLRU E\

PHDVXULQJ WKH UDWLR RI WKH DEVWUDFW FRVWV LQIHUUHG IRU SURJUDPV UXQQLQJ RQ WKH &38

DQG WKH *38 WR WKH UHDO�ZRUOG UXQWLPHV RI WKHVH VDPH SURJUDPV LQ 6HFWLRQV ���

DQG ������

��� 7KH &RPSLODWLRQ 3LSHOLQH

7KH FRPSLODWLRQ IRU ΛC
G� LV ODUJHO\ VWUDLJKWIRUZDUG DQG GRHV QRW SUHVHQW DQ\ SDUWLFX�

ODUO\ GLIILFXOW� RU SUHYLRXVO\ XQHQFRXQWHUHG LPSOHPHQWDWLRQ FKDOOHQJHV� 7KH FRPSL�

ODWLRQ FRQVLVWV RI WKH IROORZLQJ SDVVHV�

����� 7\SHFKHFNLQJ

7KLV SDVV YHULILHV WKH W\SLQJ DQG HIIHFW SURSHUWLHV IRU ΛC
G EDVHG RQ WKH W\SH V\VWHP

LQ )LJXUHV ��� DQG ���� 7KH LPSOHPHQWDWLRQ LV VWUDLJKWIRUZDUG DQG IROORZV UHDGLO\

IURP WKH W\SLQJ UXOHV WKDW KDYH EHHQ JLYHQ IRU ΛC
G� %H\RQG FKHFNLQJ WKH W\SHV IRU WKH

ODQJXDJH� WKLV SDVV DOVR DQQRWDWHV HDFK H[SUHVVLRQ LQ WKH $67 ZLWK WKH H[SUHVVLRQ¶V



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

W\SH� 7KXV� DIWHU WKLV SDVV HDFK H[SUHVVLRQ e ZLOO EH DQQRWDWHG ZLWK D W\SH τ � 1RWD�

WLRQDOO\� ZH UHIHU WR WKH H[SUHVVLRQ e DORQJ ZLWK LWV W\SH DV eτ � DQG LQ WKH FDVH ZKHUH

ZH DUH MXVW UHIHUULQJ WR WKH H[SUHVVLRQ �ZLWKRXW UHJDUG WR LWV W\SH� DV e� 7KLV W\SLQJ

LQIRUPDWLRQ ZLOO WKHQ EH XVHG ODWHU RQ E\ RWKHU FRPSLODWLRQ SKDVHV�

����� 3URILOLQJ

,Q WKLV SDVV ZH SHUIRUP VHPDQWLF SURILOLQJ EDVHG XSRQ WKH WKHRU\ GHVFULEHG LQ &KDS�

WHUV � WR �� :H JR LQWR GHWDLO RQ WKH LPSOHPHQWDWLRQ RI WKLV LQ 6HFWLRQ ����

����� 1RUPDOL]DWLRQ

,Q WKLV SDVV ZH SHUIRUP $�QRUPDOL]DWLRQ >��@� ZKLFK GHILQHV HDFK LQWHUPHGLDWH UH�

VXOW RI D FRPSXWDWLRQ DV D YDULDEOH� )RU H[DPSOH LI ZH KDG WKH IROORZLQJ H[SUHVVLRQ

EHIRUH WKLV SDVV�

2τ1
1 Y 2τ2

2 @ 2τ3
3

7KHQ DIWHU SHUIRUPLQJ QRUPDOL]DWLRQ RI WKLV WHUP� ZHZRXOG JHW WKH IROORZLQJ H[SUHV�

VLRQ

H2i t1 , τ1 4 21 BM
H2i t2 , τ2 4 22 BM
H2i t3 , τ3 4 23 BM
t1 Y t2 @ t3

ZKHUH WKH xi DUH IUHVK� DQG ZKHUH ZH XWLOL]H WKH W\SLQJ DQQRWDWLRQV WKDW ZH KDYH

SODFHG RQ WKH $67 IURP WKH SUHYLRXV SDVV WR GHWHUPLQH WKH τi ZKHQ ELQGLQJ WR WKH

H[SUHVVLRQ ei �

�:KLFK LV VLPLODU WR� DQG LV VRPHWLPHV FDOOHG .�QRUPDOL]DWLRQ >��@�



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

������� &RQVWDQW )ROGLQJ

,Q WKLV SDVV ZH FRPSXWH EDVLF DULWKPHWLF H[SUHVVLRQV WKDW DUH DOUHDG\ NQRZQ DW

FRPSLOH WLPH� )RU H[DPSOH� LI ZH KDG WKH IROORZLQJ H[SUHVVLRQ

H2i t , BMi 4 R BM
H2i v , BMi 4 k BM
t Y v

WKHQ DIWHU FRQVWDQW IROGLQJ ZH ZRXOG JHW j IRU WKLV H[SUHVVLRQ� 0RUH FDQ EH UHDG

DERXW FRQVWDQW IROGLQJ LQ 0XFKQLFN HW DO� >��@�

)XUWKHUPRUH� ZKHQZH HQFRXQWHU D SDUDOOHO WXSOH IRUP e1‖e2 �i ρ ZH FRQYHUW WKLV LQWR

D SDUDOOHO OHW� RU TH2i IRUP ZKLFK WDNHV WZR ELQGHUV²RQH IRU HDFK ILHOG RI WKH WXSOH²

DQG ELQGV WKHVH WR WKH QRUPDOL]DWLRQ RI e1� DQG e2 UHVSHFWLYHO\� 7KXV ZH WUDQVIRUP D

SDUDOOHO WXSOH eτ1
1 ‖e

τ2
2 �i ρ LQWR WKH IROORZLQJ H[SUHVVLRQ

TH2i t , τ1 4 MQ`K�HBx2 21
T�`rBi? v , τ2 4 MQ`K�HBx2 22 BM
(K�F2hmTH2Ut , τ1- v , τ2V) ! ρ

DQG ZKHUH ZH GLIIHUHQWLDWH SULPLWLYH IXQFWLRQ FDOOV WR WKH UXQWLPH� IURP RWKHU IXQF�

WLRQ FDOOV E\ ZUDSSLQJ WKHP LQ VTXDUH EUDFNHWV�

����� &ORVXUH &RQYHUVLRQ DQG λ�/LIWLQJ

7KLV SDVV SHUIRUPV ERWK FORVXUH FRQYHUVLRQ DQG λ�OLIWLQJ� :KLOH WKH LPSOHPHQWDWLRQ

RI WKLV FDQ VRPHWLPHV EH QRQ�WULYLDO� WKH OLWHUDWXUH DQG DOJRULWKPV IRU ERWK RI WKHVH

DUH TXLWH H[WHQVLYH� VR ZH UHIHU UHDGHUV LQWHUHVWHG RQ UHDGLQJ PRUH DERXW WKLV WR

H�J� 0LQDPLGH� 0RUULVHWW� DQG +DUSHU >��@ DQG -RKQVVRQ >��@�

+RZHYHU� ZKLOH WKH LPSOHPHQWDWLRQ LV UHODWLYHO\ VWUDLJKWIRUZDUG� LW LV LPSRUWDQW WR

KLJKOLJKW WKDW DW WKLV SRLQW LQ WKH FRPSLODWLRQ SURFHVV ZH KDYH DOUHDG\ YHULILHG WKH

VDIHW\ RI WKH UHJLRQ DEVWUDFWLRQV DQG LQVWDQWLDWLRQV LQ WKH W\SHFKHFNLQJ SDVV� 'XH

WR WKLV� ZH FDQ HUDVH WKH UHJLRQ ERXQGV IRU DEVWUDFWLRQV DQG WUHDW WKHP DV QRUPDO
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DEVWUDFWLRQ DQG LQVWDQWLDWLRQ IRUPV ELQGLQJ UHJLRQ YDULDEOHV� 7KXV DIWHU WKLV SDVV

ZH QR ORQJHU KDYH UHJLRQ DEVWUDFWLRQ RU LQVWDQWLDWLRQ IRUPV� DQG LQVWHDG UHSODFH

WKHVH ZLWK QRUPDO IXQFWLRQ FORVXUHV �RYHU WKH UHJLRQ DEVWUDFWLRQ YDULDEOH� DQG DS�

SOLFDWLRQV�

7KH DERYH WUDQVIRUPDWLRQ FRUUHODWHV WR WKH HYHQWXDO UXQWLPH UHSUHVHQWDWLRQ RI UH�

JLRQ DEVWUDFWLRQV DQG LQVWDQWLDWLRQV LQ RXU EDFNHQG� +RZHYHU� FRS\LQJ UHJLRQV DW

HDFK FDOO�VLWH LV ERWK KLJKO\ LQHIILFLHQW� DQG YLRODWHV RXU FRVW VHPDQWLFV IRU WKH ODQ�

JXDJH� 7KXV ZH PDUN WKH FORVXUHV WKDW DULVH IURP UHJLRQ DEVWUDFWLRQV VR WKDW ODWHU

RQ ZH FDQ HQVXUH WKDW WKHVH SDUDPHWHUV DUH SDVVHG E\ UHIHUHQFH LQ WKH UHVXOWLQJ

FRGH��

+RZHYHU� ZH DUH QRW GRQH ZLWK WUDQVIRUPLQJ UHJLRQ DEVWUDFWLRQV MXVW \HW� 5HFDOO

WKDW LQ WKH GHILQLWLRQ RI ΛC
G WKDW ZH KDYH WKH IROORZLQJ JUDPPDU SURGXFWLRQV�

e ::= . . . | λζ B φ′.φu �i ρ | . . .
u ::= λx : τ .φe �i ρ | λζ B φ′.φu �i ρ

,PSRUWDQWO\� WKLVPHDQV WKDW ZLWKLQ HDFK UHJLRQ DEVWUDFWLRQ� WKH RQO\ WKLQJV WKDW FDQ

RFFXU LPPHGLDWHO\ DUH HLWKHU DQRWKHU UHJLRQ DEVWUDFWLRQ� RU D QRUPDO λ�DEVWUDFWLRQ�

)XUWKHUPRUH� ZH PXVW HYHQWXDOO\ ERWWRP RXW DW D λ�DEVWUDFWLRQ� 8VLQJ WKLV� DQG

VLQFH ZH FRQYHUW UHJLRQ DEVWUDFWLRQV LQWR FORVXUHV� ZH FDQ IXVH WKH FORVXUHV WKDW

ZH ZRXOG JHQHUDWH IRU DQ\ UHJLRQ DEVWUDFWLRQV ZLWK WKH XQGHUO\LQJ WHUP�DEVWUDFWLRQ

WKDW WKH ERG\ RI WKH DEVWUDFWLRQ UHVROYHV WR� 7KXV� IRU H[DPSOH� JLYHQ WKH IROORZLQJ

SURJUDP �ZKHUH ρ′ LV D YDOLG UHJLRQ YDULDEOH�

R λ ρ1 XXX X
k λ ρ2 XXX X
j λ t , XXX X
9 2
8 �i ρ′ �i ρ′ �i ρ′

�)XUWKHUPRUH� NQRZLQJ ZKLFK DUJXPHQWV QHHG WR EH SDVVHG E\ UHIHUHQFH ZLOO DOVR EH LPSRUWDQW ZKHQ
SHUIRUPLQJ WKUHDGLQJ� VLQFH ZH QHHG WR H[SOLFLWO\ SDVV E\ UHIHUHQFH DW WKH FDOO�VLWH�
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ZH IXVH UHJLRQ DEVWUDFWLRQV RQ OLQH 1 DQG 2 LQWR WKH XQGHUO\LQJ ODPEGD WHUP RQ OLQH

3� UHPRYLQJ WKH ERXQGLQJ HIIHFWV� DQG W\SLQJ WKH UHJLRQ YDULDEOHV DV UHIHUHQFHV WR

WKH UHJLRQ W\SH `2;BQM ZKLFK ZH LQWURGXFH DW WKLV SRLQW LQ WKH FRPSLODWLRQ SURFHVV�

:H WKXV DUULYH DW WKH IROORZLQJ IRU WKH DERYH H[DPSOH�

λ Uρ1 , `27U_2;BQMVV Uρ2 , `27U_2;BQMVV Ut , XXV X
2 �i ρ′

DQG FUHDWH WKH FORVXUH IRU WKLV WHUP�

����� 5HW\SLQJ

$IWHU ZH KDYH FRQYHUWHG WKH FORVXUHV IRU RXU SURJUDP� WKH UHVXOWLQJ $67 PD\ EH LOO�

W\SHG²IXQFWLRQ W\SHV QRZ QHHG WR EH FRQYHUWHG WR FORVXUH W\SHV LQ WKH FDVH WKDW WKH\

FORVH RYHU IUHH YDULDEOHV� DQG RWKHUV PD\ UHPDLQ SULPLWLYH IXQFWLRQ W\SHV LQ WKH FDVH

WKDW WKH IXQFWLRQ GRHV QRW FORVH RYHU DQ\ IUHH YDULDEOHV� VLQFH ZH FDQ XVH D IXQFWLRQ

SRLQWHU �GLUHFW�FDOO� LQVWHDG RI FUHDWLQJ D FORVXUH LQ WKH JHQHUDWHG FRGH� 3HUIRUPLQJ

UHW\SLQJ LV D VWUDLJKWIRUZDUG SDVV LQ WKH FRPSLOHU� DQG FRQVLVWV RI NHHSLQJ WUDFN

RI WKH IXQFWLRQ V\PEROV WKDW ZH KDYH FRQYHUWHG WR FORVXUHV DQG WKRVH WKDW FDQ EH

UHSUHVHQWHG DV SULPLWLYH IXQFWLRQV LQ RXU EDFNHQG� :H WKHQ WUDYHUVH WKH $67 DQG

SRVVLEO\ FKDQJH WKH W\SH RI WKDW YDULDEOH EDVHG XSRQ WKH WKH W\SLQJ HQYLURQPHQW WKDW

ZH KDYH NHSW IURP FORVXUH FRQYHUVLRQ�

����� ([SOLFLWO\ 3DVVLQJ WKH +HDS

5HFDOO IURP 6HFWLRQ ��� WKDW ZH KDYH D VSHFLDO VLQJOH UHJLRQ ρ WKDW LV UHVWULFWHG LQ

VL]H� DQG WKDW LV DFFHVVLEOH IURP DOO SDUWV RI WKH SURJUDP²WKH ³KHDS´� 2QH RSWLRQ IRU

UHSUHVHQWLQJ WKLV LQ WKH JHQHUDWHG FRGH LV WKURXJK D UHJLRQ WKDW LV JOREDOO\ VFRSHG�

+RZHYHU� GRLQJ VR SUHVHQWV WZR SUREOHPV� ILUVWO\� WKLV ZRXOGPHDQ KDYLQJ D JOREDOO\

VFRSHG YDULDEOH WKDW PD\ KDYH SDUDOOHO UHDGV DQG ZULWHV LQ WKH JHQHUDWHG FRGH� DQG
�1RWH WKDW DW WKLV SRLQW� ZH DOVR VWDUW DOORZLQJ PXOWL�DUJXPHQW IXQFWLRQV LQ WKH $67�
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VHFRQGO\ KDYLQJ VXFK D JOREDO YDULDEOH SUHVHQWV SUREOHPV ZKHQ UXQQLQJ D KHWHUR�

JHQHRXV SURJUDP²ZH QHHG WKLV VKDUHG KHDS YDULDEOH WR EH ERWK D GHYLFH DQG KRVW

YDULDEOH� KRZHYHU� KDYLQJ VXFK D JOREDOO\ VFRSHG YDULDEOH LV QRW VXSSRUWHG LQ PRVW

YHUVLRQV RI &8'$� 7R JHW DURXQG WKLV SUREOHP� IRU DQ\ IXQFWLRQ WKDW DFFHVVHV ρ� ZH

DGG DQ H[WUD ³KHDS´ SDUDPHWHU� DQG WKHQ WUDQVLWLYHO\ FORVH WKH FDOO JUDSK WR ELQG WKH

KHDS�

$V DQ H[DPSOH� WDNH WKH IROORZLQJ VRXUFH SURJUDP LQ ΛC
G�

Uλ t , BMi &?2�T' Ut-kV �i ?2�TV �i ?2�T

WKLV WKHQ FRPSLOHV WR WKH IROORZLQJ VQLSSHW RI FRGH� LQ D *�OLNH $67 MXVW EHIRUH WKLV

SDVV UXQV�
/27 7ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMiV &

(K�F2hmTH2Ut,AMi- k,AMiV) ! n?2�Tn
' 6_11 UV(n?2�Tn)

/27 K�BM , XXX UV &
H2i 7`2b?nB/nk , XXX 4 &

*HQb&7ni2KT 6_11Un?2�TnV' ! n?2�Tn
' BM &

7`2b?nB/nk
'

'

+RZHYHU� D SUREOHP DULVHV LQ WKLV WUDQVIRUPDWLRQ� WKH KHDS YDULDEOH n?2�Tn LV QRW

GHILQHG ZLWKLQ WKH ERG\ RI 7ni2KT� LQGHHG� LW VKRZV XS LQ WKH IUHH UHJLRQ YDULDEOHV

WKDW ZH DQQRWDWH HDFK IXQFWLRQ ZLWK GXULQJ WKH FRPSLODWLRQ SURFHVV� ZH WKHUHIRUH

DGG DQ H[WUD SDUDPHWHU n?2�Tn WR 7ni2KT WR PDNH WKLV FRGH YDOLG�� :H WKHQ UHFRUG

WKLV DGGLWLRQDO SDUDPHWHU� DQG WUDYHUVH WKH $67� FKDQJLQJ HDFK FDOO VLWH WR 7ni2KT WR

DOVR SDVV WKURXJK WKH n?2�Tn SDUDPHWHU� 7DNLQJ WKLV LQWR DFFRXQW� ZH ZLOO DUULYH DW

WKH IROORZLQJ FRGH DIWHU WKLV SDVV UXQV�
/27 7ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMi- n?2�Tn , `27U_2;BQMVV &

(K�F2hmTH2Ut,AMi- k,AMiV) ! n?2�Tn
' 6_11 UV()

�1RWH WKDW ZH ZH DUH QR ORQJHU UHVWULFWHG E\ WKH VRXUFH $67 DW WKLV SRLQW LQ WKH FRPSLODWLRQ SURFHVV²
LQ SDUWLFXODU ZH DUH DOORZHG WR KDYH PXOWL�DUJXPHQW IXQFWLRQV�
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/27 K�BM UV &
H2i 7`2b?nB/nk , XXX 4 &

*HQb&7ni2KT 6_11UV' ! n?2�Tn
' BM &

7`2b?nB/nk
'

'

,W LV LPSRUWDQW WR QRWH WKDW ZH VSHFLDO�FDVH WKH ³PDLQ´ IXQFWLRQ� VLQFH ZH ZLOO FUHDWH

WKH KHDS UHJLRQ DW WKH YHU\ EHJLQQLQJ RI WKLV IXQFWLRQ� 7KXV ZH GR QRW QHHG WR DGG D

SDUDPHWHU IRU WKH KHDS UHJLRQ�

:KLOH WKH DERYH PHWKRG EDVHG XSRQ IUHH YDULDEOHV ZRUNV IRU PDQ\ FDVHV� VLPSO\

DGGLQJ D SDUDPHWHU WR ELQG WKH KHDS UHJLRQ LQ HDFK IXQFWLRQ LQ ZKLFK n?2�Tn RFFXUV

IUHH LV QRW JRRG HQRXJK� ,QGHHG� FRQVLGHU WKH IROORZLQJ VRXUFH SURJUDP�
H2i 7 , BMi → UUUBMi- BMiV- ?2�TV- &?2�T'V- ?2�T 4
λ t , BMi &?2�T' Ut-kV �i ?2�T �i ?2�T

BM
H2i ? , BMi → UUUBMi- BMiV- ?2�TV- &?2�T'V- ?2�T 4
λ t , BMi &?2�T' 7 t �i ?2�T

BM
? R

DQG LWV FRUUHVSRQGLQJ FRPSLODWLRQ EHIRUH WKLV SDVV�
/27 ?ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMiV &
7ni2KTUtV

' 6_11 UV()

/27 7ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMiV &
(K�F2hmTH2Ut,AMi- k,AMiV) ! n?2�Tn

' 6_11 UV(n?2�Tn)

/27 K�BM , UUAMi- AMiV- n?2�TnV UV &
?ni2KTURV

'

,Q WKLV FDVH ZH KDYH RQH IXQFWLRQ²?ni2KT²WKDW� ZKLOH n?2�Tn GRHV QRW RFFXU IUHH

ZLWKLQ LWV ERG\� DIWHU WKH WUDQVIRUPDWLRQ WR ERWK 7ni2KT DQG LWV FDOO�VLWHV� LW GRHV

LQGHHG RFFXU IUHH� ,QGHHG� ZH ZRXOG JHW WKH IROORZLQJ LQYDOLG FRGH XVLQJ WKH DERYH

SROLF\ IRU GHWHUPLQLQJ ZKHQ WR DGG KHDS�UHJLRQ SDUDPHWHUV�
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/27 ?ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMiV &
7ni2KTUt- n?2�TnV

' 6_11 UV()

/27 7ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMi- n?2�Tn , `27U_2;BQMVV &
(K�F2hmTH2Ut,AMi- k,AMiV) ! n?2�Tn

' 6_11 UV (n?2�Tn)

/27 K�BM UUAMi- AMiV- n?2�TnV UV &
?ni2KTURV

'

:H FRXOG VROYH WKLV SUREOHP E\ LWHUDWLYHO\ UH�WUDYHUVLQJ DQG UHZULWLQJ FDOO�VLWHV XQWLO

ZH UHDFK D IL[HG SRLQW �ZLWK UHVSHFW WR WKH WUDQVIRUPHG $67�� EXW WKHUH LV D PXFK

HDVLHU DQG PRUH HIILFLHQW VROXWLRQ WR WKLV SUREOHP� ZH DPHQG WKH FULWHULD WR GHWHU�

PLQH ZKHQ WR DGG D KHDS DUJXPHQW WR WKH IXQFWLRQ f WR EH HLWKHU WKDW n?2�Tn RFFXUV

IUHH ZLWKLQ WKH ERG\ RI f � RU� WKHUH H[LVWV D FDOO�VLWH h(x1, . . . ,xn ) ZLWKLQ WKH ERG\ RI

f VXFK WKDW WKH FDOO�VLWH RI h LV UHZULWWHQ� 7KLV FDQ EH VHHQ DV SUH�HPSWLQJ WKH IDFW

WKDW LQ WKH UHZULWLQJ RI WKH FDOO WR h WKDW ZH DUH WKHQ FUHDWLQJ D IUHH�YDULDEOH ZLWK WKH

KHDS YDULDEOH� ZH WKHQ WKUHDG WKLV WKURXJK WR DOO FDOOLQJ IXQFWLRQV �DQG WKHLU FDOOLQJ

IXQFWLRQV HWF� XQWLO ZH KLW K�BM LQ ZKLFK n?2�Tn LV LQ VFRSH�� 8VLQJ WKLV PHWKRG� ZH

DUULYH DW WKH IROORZLQJ YDOLG FRGH�

/27 ?ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMi- n?2�Tn , `27U_2;BQMVV &
7ni2KTUt- n?2�TnV

' 6_11 UV()

/27 7ni2KT , UUAMi- AMiV- n?2�TnV Ut , AMi- n?2�Tn , `27U_2;BQMVV &
(K�F2hmTH2Ut,AMi- k,AMiV) ! n?2�Tn

' 6_11 UV()

/27 K�BM UUAMi- AMiV- n?2�TnV UV &
?ni2KTUR- n?2�TnV

'

,QGHHG� E\ HDJHUO\ UHZULWLQJ IXQFWLRQV WKDW ZH HQFRXQWHU DV DSSOLFDWLRQV DV ZH WUD�

YHUVH WKH $67� ZH DUULYH DW D RQH�SDVV� OLQHDU�WLPH VROXWLRQ WR WKLV SUREOHP�
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����� 7KUHDGLQJ

7KLV SDVV PDSV WKH SDUDOOHO RSHUDWRUV LQ ΛC
G²e1‖e2 DQG T�`7Q`²WR WKHLU XQGHUO\LQJ

SDUDOOHO SULPLWLYHV� +RZHYHU� ZH QHHG WR DOVR WDNH LQWR DFFRXQW WKH IDFW WKDW WKHVH

ZLOO PDS GLIIHUHQWO\ EDVHG XSRQ ZKHWKHU RU QRW ZH DUH ZLWKLQ DQ QM IURP LQ WKH

ODQJXDJH� :H WKHUHIRUH VHSDUDWH RXU KDQGOLQJ LQWR WZR FDVHV�

)XUWKHUPRUH� LQ WKLV SDVV ZH PRYH WR DQ LPSHUDWLYH $67� DQG ZH WKHUHIRUH VWUDWLI\

WKH $67 LQWR VWDWHPHQWV �WKDW KDYH QR UHWXUQ YDOXH�� DQG H[SUHVVLRQV WKDW UHWXUQ D

YDOXH� )XUWKHUPRUH� GXULQJ WKLV SDVV ZH ZLOO QHHG WR QRW RQO\ MXVW ³UHWXUQ´ H[SUHV�

VLRQ YDOXHV� EXW PD\ QHHG WR LQVWHDG UHWXUQ LW WKURXJK VHWWLQJ VRPH YDULDEOH� 7KXV

ZKHQZH HQFRXQWHU DQ H[SUHVVLRQ LQ D VWDWHPHQW FRQWH[W ZH QHHG DZD\ WR GHWHUPLQH

MXVW KRZ WKDW H[SUHVVLRQ¶V YDOXH VKRXOG EH UHWXUQHG� :H GR VR E\ SDVVLQJ D IXQFWLRQ

IURP WKH FDOOLQJ FRQWH[W WKDW ZKHQ DSSOLHG WR DQ H[SUHVVLRQ SURGXFHV WKH FRUUHFW

UHWXUQ VWDWHPHQW� 7KXV WKH SDVV²[[e,ret ]]S²IRU FRQYHUWLQJ IURP WKH SUHYLRXV $67 WR

WKLV QHZ VWUDWLILHG RQH WDNHV WZR DUJXPHQWV� WKH ILUVW EHLQJ WKH H[SUHVVLRQ WKDW ZH

DUH SURFHVVLQJ� DQG WKH VHFRQG WKH IXQFWLRQ WKDW ZH DSSO\ WR DQ H[SUHVVLRQ WKDW ZH

HQFRXQWHU LQ D VWDWHPHQW FRQWH[W�

2XWVLGH DQ QM IRUP ² RQ WKH &38 )RU WKH SDUDOOHO WXSOH RSHUDWRU� WKLV LV WKH

VSDZQLQJ RI WZR WDVNV� FRXSOHG ZLWK D V\QFLQJ �RU MRLQLQJ� RI WKH WZR� IROORZHG E\

FUHDWLQJ D WXSOH� :H WKXV SHUIRUP WKH IROORZLQJ WUDQVIRUPDWLRQ� *LYHQ WKH IROORZLQJ

SURJUDP VWUXFWXUH
TH2i t , τ1 4 21
T�`rBi? v , τ2 4 22 BM
(K�F2hmTH2Ut,τ1- v,τ2V) ! ρ

ZH WKHQ SXOO e1 DQG e2 LQWR WKHLU RZQ WRS�OHYHO IXQFWLRQV E\ ZUDSSLQJ WKHP LQ D

IXQFWLRQZKRVH SDUDPHWHUV FORVH RYHU ERWK WKH IUHH WHUPDQG UHJLRQ YDULDEOHV LQ HDFK

RI WKH WHUPV� DQG QDPH WKH IXQFWLRQ EDVHG XSRQ WKH QDPH �x RU y� WKDW LV SDVVHG LQ�

7KXV JLYHQ DQ H[SUHVVLRQ e DORQJ ZLWK WKH QDPH IRU WKH IXQFWLRQ f � DQG WKH UHWXUQ
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W\SH τ ZH JHQHUDWH D WRS�OHYHO IXQFWLRQ EDVHG RQ WKH IROORZLQJ �UHFDOO WKDW [[e,ret ]]S LV

UHFXUUHQFH WR WKH WRS�OHYHO RI WKH SDVV��
/27 7U7p1 , τ1- XXX- 7`p1 , `27U_2;BQMV- XXX- `2inp�` , Ti`Uτ VV &

[[2- λ t , τ →  `2inp�` 4 t]]S
'

/LVWLQJ ���� +RLVWLQJ RI D WKUHDG H[SUHVVLRQ WR WKH WRS�OHYHO�

ZKHUH {fvi} = f v ([[e,B]]S) DQG {frvi} = f rv ([[e,B]]S� 1RWH WKDW ZH DUH SDVVLQJ WKH UH�

VXOW RI WKH WKUHDG FRPSXWDWLRQ LQ DV WKH ODVW SDUDPHWHU WR WKHVH IXQFWLRQV²DQG LV GXH

WR WKH XQGHUO\LQJ WKUHDG��WDVN� IXQFWLRQV WKDW ZH XVH LQ WKH SDUDOOHO UXQWLPH�

$IWHU KDYLQJ KRLVWHG ERWK e1 DQG e2 LQWR WKHLU RZQ WRS�OHYHO IXQFWLRQV²fx DQG fy

UHVSHFWLYHO\²ZH WUDQVIRUP WKH RULJLQDO SURJUDP LQWR WKH IROORZLQJ
t , τ1c
v , τ2c
t^ , h?`2�/ 4 i?`2�/U7x - 7px1- XXX- `27U7`px1V- XXX- �//`UtVVc
v^ , h?`2�/ 4 i?`2�/U7y- 7py1- XXX- `27U7`py1V- XXX- �//`UvVVc
DQBMUt^- v^Vc
(K�F2hmTH2Ut,τ1- v,τ2V) ! ρ

ZKHUH t^ DQG v^ DUH IUHVK�

:H SHUIRUP D VLPLODU WUDQVIRUPDWLRQ ZKHQ HQFRXQWHULQJ D T�`K�T WHUP� KRZHYHU

LQVWHDG RI FUHDWLQJ RQO\ WZR WKUHDGV²RQH IRU HDFK FRPSRQHQW RI WKH SDLU²ZH FUHDWH

D WKUHDG IRU HDFK HOHPHQW LQ WKH DUUD\�� 7KXV JLYHQ WKH IROORZLQJ VRXUFH H[SUHV�

VLRQ

T�`K�T 2 (2i)ni=1 �i ρ

/LVWLQJ ���� 3DUDOOHO PDS H[SUHVVLRQ EHIRUH WUDQVIRUPDWLRQ�

ZH ILUVW WUDQVIRUP e LQ WKH VDPH ZD\ WKDW ZH GLG IRU WKH SDUDOOHO�WXSOH IRUP� DQG

WKHQ XV WKLV QHZO\�FUHDWHG IXQFWLRQ²7ni�bF²ZLWKLQ WKH ORRS ERG\ WKDW ZH JHQHUDWH�

7KLV ORRS WUDYHUVHV WKH DUUD\� DQG VSDUNV RII D WDVN IRU HDFK HOHPHQW DIWHU ZKLFK ZH
�1RWH WKDW ZH GR QRW ZRUU\ DERXW JUDQXODULW\ FRQWUROV DURXQG WKH DPRXQW RI SDUDOOHOLVP� DQG OHDYH
WKLV LQVWHDG WR WKH QXPEHU RI XQGHUO\LQJ WKUHDGV WKDW ZH DOORZ LQ RXU WDVN UXQWLPH WR FRQWURO WKH
³WUXH´ DPRXQW RI SDUDOOHOLVP WKDW LV SUHVHQW�
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UH�WUDYHUVH WKH DUUD\ MRLQLQJ DOO WKH WDVNV WKDW ZHUH VSDUNHG� :H WKXV DUULYH DW WKH

IROORZLQJ�
i?`2�/b , (h?`2�/)c
`2i , (AMi) 4 �HHQ+(AMi- ρ)UMVc
7Q`UAMi BM/2t 4 yc BM/2t I Mc YYBM/2tV &

`2inHQ+�H , `27UAMiV 4 `2i(BM/2t)c
BMnHQ+�H , AMi 4 �``(BM/2t)c
i?`2�/b(BM/2t) 4 i?`2�/U7ni�bF- BMnHQ+�H - `27UρV- �//`U`2inHQ+�HVVc

'c
7Q`UBMi BM/2t 4 yc BM/2t I Mc YYBM/2tV &

DQBMUi?`2�/b(BM/2t)c
'

:LWKLQ DQ QM IRUP 5HFDOO IURP 6HFWLRQ ������ WKDW ZKHQ ZH HQFRXQWHU D SDUDOOHO

WXSOH IRUP e1‖e2 �i ρ GXULQJ QRUPDOL]DWLRQ� ZH VLPSO\ HOLGH WKH WUDQVIRUPDWLRQ WR

D TH2i� DQG LQVWHDG WUDQVIRUP WKLV LQWR D QRUPDO WXSOH IRUP� 7KXV ZH RQO\ QHHG WR

KDQGOH WKH T�`K�T FDVH ZKHQ RQ WKH *38²SDUWLFXODUO\� JHQHUDWLQJ WKH NHUQHO DQG

NHUQHO FDOO� 7KXV ZKHQ ZH HQFRXQWHU D T�`K�T IRUP DV LQ /LVWLQJ ��� ZKLOH ZLWKLQ

DQ QM IRUP� ZH SHUIRUP WZR RSHUDWLRQV� 7KH ILUVW� LV KRLVWLQJ WKH IXQFWLRQ e WKDW LV

EHLQJ PDSSHG LQWR D YDOLG NHUQHO IXQFWLRQ� 7KLV LV HDVLO\ GRQH E\ WUDQVIRUPLQJ WKH

DERYH T�`K�T IRUP LQWR WKH IROORZLQJ�
/27F2`M 7niKTU�``nBM , `27U(AMi)V- `2i , `27U(AMi)V- �``nH2M , AMi-

7p1 , τ1- XXX- 7`p1 , `27U_2;BQMV- XXXV &
iB/ , AMi 4 i?`2�/A/tXtc
bi`B/2 , AMi 4 #HQ+F.BKXtc
7Q` UBMi BM/2t 4 iB/c BM/2t I �``nH2Mc BM/2t Y4 bi`B/2V&

7thU�``nBM(BM/2t)- 7p1- XXX- 7`p1- XXX- �//`U`2i(BM/2t)VVc
'

'

DQG ZKHUH 7th LV JHQHUDWHG IURP e DV LQ /LVWLQJ ���� DQG ZKHUH {fvi} = f v ([[e,B]]S)

DQG {frvi} = f rv ([[e,B]]S DV EHIRUH�

2QFH ZH KDYH WUDQVIRUPHG WKH H[SUHVVLRQ LQWR D NHUQHO LQ WKLV PDQQHU� ZH WKHQ

UHSODFH WKH T�`K�T ZLWK WKH NHUQHO FDOO WR WKLV NHUQHO� SDVVLQJ DORQJ WKH DSSURSULDWH

IUHH WHUP� DQG UHJLRQ� YDULDEOHV�
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`2i , (AMi) 4 �HHQ+(AMi- ρ)UMVc
7niKTIIIMmK"-MmKh?===U(2)ni=1- `27U`2iV- M- 7p1- XXX- `27U7`p1V- XXXVc
bvM+?`QMBx2c

:KHUH ZH UHFDOO IURP 6HFWLRQ ����� WKDW MmK" VSHFLILHV WKH QXPEHU RI WKUHDG EORFNV�

DQG MmKh? VSHFLILHV WKH QXPEHU RI WKUHDGV SHU WKUHDG WKUHDG EORFN� )XUWKHUPRUH�

UHFDOO WKDW DW WKH VWDUW RI DQ QM IRUP WKDW ZH WUDQVIHU RYHU DOO UHJLRQV QHHGHG IRU

WKH FRPSXWDWLRQ ZLWKLQ WKH QM IRUP� DQG PHUJH WKHVH UHJLRQV EDFN LQWR WKHLU SDUHQW

�KRVW� UHJLRQV DW WKH HQG RI WKH VFRSH RI WKH QM IRUP� :H WKHUHIRUH GR QRW QHHG WR

ZRUU\ DERXW WUDQVIHUULQJ PHPRU\ WR DQG IURP WKH NHUQHO DW WKH VWDUW DQG HQG RI WKH

NHUQHO FDOO�

����� /RZHULQJ 	 &RGH *HQHUDWLRQ

$IWHU ZH KDYH FRQYHUWHG WKH FRGH LQWR DQ LPSHUDWLYH $67� ZH WKHQ SHUIRUP D VWUDLJKW�

IRUZDUG WUDQVODWLRQ RI WKLV LPSHUDWLYH $67 LQWR D UHVWULFWHG VXEVHW RI WKH *YYRR $67

DORQJ ZLWK NHUQHOV� 'XULQJ WKLV ORZHULQJ� ZH SUH�GHFODUH WKH ILHOGV DQG PHWKRGV RI

VWUXFWV EHIRUH JHQHUDWLQJ WKH DFWXDO PHWKRG GHILQLWLRQV²WKLV LV WR DOORZ �PXWXDOO\�

UHFXUVLYH IXQFWLRQV DQG VWUXFW GHILQLWLRQV LQ WKH JHQHUDWHG FRGH��

%H\RQG WKLV� ZH DOVR UHPRYH H2i`2;BQM IRUPV DW WKLV SRLQW� DQG FRQYHUW WKHP WR

DOORFDWLRQVZLWKLQ D EORFN LQ WKH JHQHUDWHG FRGH²WKXVZH GR QRW QHHG WRZRUU\ DERXW

PDQXDOO\ LQVHUWLQJ D GHVWUXFWRU DW WKH HQG RI WKH EORFN� DQG LQVWHDG WKH &��PHPRU\

PDQDJHU ZLOO DXWRPDWLFDOO\ XVH WKH UHJLRQ�DOORFDWRU¶V GHVWUXFWRU ZKHQ WKH UHJLRQ

YDULDEOH OHDYHV VFRSH�

H2i`2;BQM ρ BM 2
=⇒

&
_2;BQM ρ 4 +`2�i2n`2;BQMUVc
2^c

'

�6LQFH ZH XVH VWUXFWV ZLWK PHWKRGV WR UHSUHVHQW FORVXUHV LQ WKH JHQHUDWHG FRGH� JHWWLQJ LQWR WKH
VLWXDWLRQ LQ ZKLFK ZH JHQHUDWH PXWXDOO\ UHFXUVLYH VWUXFW GHILQLWLRQV LV LQ�IDFW TXLWH HDV\�
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:KLOH LQ WKLV VHFWLRQ ZH¶YH SURYLGHG DQ RYHUYLHZ RI PRVW RI WKH SDVVHV LQ WKH FRP�

SLOHU� ZH KDYH QRW GHVFULEHG WKH LPSOHPHQWDWLRQ RI WKH SURILOLQJ V\VWHP� ,Q WKH

QH[W WZR VHFWLRQV� ZH ZLOO GLYH LQWR WKH LPSOHPHQWDWLRQ RI WKH VHPDQWLF SURILOLQJ

V\VWHP �EDVHG XSRQ WKH FRVW VHPDQWLFV GHVFULEHG LQ WKH SUHYLRXV WKUHH FKDSWHUV��

DIWHU ZKLFK ZH¶OO PRYH RQ WR GHWHUPLQDWLRQ RI 3&3V�

��� 3URILOLQJ

6LQFH WKH FRPSLOHU VHUYHV DV D WHVW�EHG IRU WKH SURILOLQJ WKHRU\ WKDW ZH KDYH GHYHO�

RSHG LQ &KDSWHUV � WR �� WKHVH SDVVHV DUH ULJKWO\ WKH PRVW FRPSOLFDWHG DQG WKRXJKW�

LQWHQVLYH RI WKH ZKROH FRPSLODWLRQ SLSHOLQH� :H ILUVW WDNH D ORRN DW KRZ ZH �DE�

VWUDFWO\� UHSUHVHQW PHPRU\ LQ WKLV V\VWHP�

����� 5HSUHVHQWLQJ 0HPRU\

6LQFH ΛC
G LV D UHJLRQ�EDVHG ODQJXDJH� ZH UHSUHVHQW WKH DEVWUDFW PHPRU\ LQ WKH SUR�

ILOLQJ V\VWHP DV D VWDFN RI UHJLRQV� ZLWK HDFK UHJLRQ KROGLQJ WKH FXUUHQW DOORFDWLRQ

SRLQWHU� VL]H� DQG XQGHUO\LQJ PHPRU\ �DV GHILQHG LQ 'HILQLWLRQ ������� (DFK SLHFH RI

PHPRU\ LV D PDSSLQJ RI RIIVHWV �BMiV� WR YDOXHV v �DV GHILQHG LQ )LJXUH ���� ZKLFK

ZH UHSUHVHQW DV o�HXi LQ WKH LPSOHPHQWDWLRQ� 7KXV ZH KDYH WKH IROORZLQJ W\SHV IRU

WKH PHPRU\ V\VWHP�
ivT2 K2KQ`v 4 UBMi- o�HXiV >�b?i#HXi

ivT2 `2;BQM 4 &
�HHQ+�iBQMnTi` , BMic
bBx2 , BMic
K2KQ`v , K2KQ`vc

'

8VLQJ WKLV� ZH UHSUHVHQW WKH UHJLRQ VWDFN DV D FODVV LQ 2&DPO ZLWK WKH IROORZLQJ

PHWKRGV DQG W\SHV�
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ivT2 `2;BQMnbi�+FnBMi2`M�H 4 U_2;XM�K2- `2;BQMV >�b?i#HXi
+H�bb `2;nbi�+F 4 Q#D2+i

p�H Kmi�#H2 biF , `2;BQMnbi�+FnBMi2`M�H 4 XXX
p�H Kmi�#H2 M�K2nbi�+F , _2;XM�K2 ai�+FXi 4 XXX
p�H �HHQ+n�Ki 4 XXX
U Smb? � `2;BQMfM�K2 QMiQ i?2 `2;BQM bi�+F  V
K2i?Q/ Tmb? U`M�K2, _2;XM�K2V U`2;, `2;BQMV, mMBi 4 XXX
U lT/�i2 i?2 mM/2`HvBM; `2;BQMX lb2/ 7Q` *Slf:Sl K2`;BM;  V
K2i?Q/ mT/�i2nmM/2`HvBM;n`2;BQM U`M�K2, _2;XM�K2V U`2;, `2;BQMV, mMBi 4 XXX
U SQT `2;BQM Q77 `2;BQM bi�+F  V
K2i?Q/ TQT UV , mMBi 4 XXX
U J2K#2`b?BT [m2`v Q7 `2;BQM bi�+F  V
K2i?Q/ ?�b U`M�K2, _2;XM�K2V, #QQH 4 XXX
U :2i mM/2`HvBM; `2;BQM 7Q` `2;BQM M�K2  V
K2i?Q/ ;2in`; U`M�K2, _2;XM�K2V, `2;BQM 4 XXX
U :2i p�Hm2 biQ`2/ �i � HQ+�iBQM  V
K2i?Q/ ;2i UU`M�K2- BM/2tV, o�HXHQ+V, o�HXi 4 XXX
U :2i +m``2Mi �HHQ+�iBQM Ti` 7Q` #�+FBM; `2;BQM  V
K2i?Q/ �HHQ+nTi` U`M�K2, _2;XM�K2V, BMi 4 XXX
U �HHQ+�i2 p�Hm2 p BM `2;BQM `M�K2 BM i?2 `2;BQM bi�+F  V
K2i?Q/ �HHQ+ Up, o�HXiV U`M�K2, _2;XM�K2V, BMi 4 XXX

2M/

1RWH KRZ LQWHUQDO UHSUHVHQWDWLRQ RI WKH UHJLRQ VWDFN LV XVLQJ D KDVKWDEOH IURP UHJLRQ

QDPHV WR UHJLRQV LQVWHDG RI DQ DFWXDO VWDFN²WKLV LV WR DOORZ XV WR VHDUFK DQG ORRNXS

UHJLRQV E\ WKHLU QDPH ZKHQ DOORFDWLQJ RU ORRNLQJ XS YDOXHV� +RZHYHU� LQ RUGHU WR

HPXODWH WKH ),)2 EHKDYLRU WKDW ZH QHHG RI WKH UHJLRQ VWDFN� ZH DOVR NHHS D VWDFN RI

UHJLRQ QDPHV LQWHUQDOO\²WKXV ZKHQ SXVKLQJ D UHJLRQ RQWR WKH VWDFN ZH ERWK SXVK

WKH QDPH RQ WR WKH QDPH VWDFN� DQG WKHQ LQVHUW WKDW QDPH DORQJ ZLWK LWV EDFNLQJ

UHJLRQ LQWR WKH KDVKWDEOH�

:LWK WKLV GHILQLWLRQ RI WKH UHJLRQ VWDFN� DQG WKH PHWKRGV DYDLODEOH WR XV� ZH QRZ

PRYH RQ WR WKH &38 SURILOLQJ LPSOHPHQWDWLRQ�

����� &38

7KH &38 LPSOHPHQWDWLRQ RI WKH SURILOLQJ IUDPHZRUN IROORZV LQ D UHODWLYHO\ VWUDLJKW�

IRUZDUG PDQQHU IURP WKH FRVW UXOHV GHWDLOHG LQ &KDSWHU �� 7KXV WKLV SDVV FRQVLVWV

SULPDULO\ RI WKH IXQFWLRQ WR EXLOG WKH FRVW JUDSK EDVHG XSRQ WKH FRVW VHPDQWLFV�



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

H2i `2+ #mBH/n+Qbin;`�T? U2Mp, 2MpV U2, �biXiV, +Qbin;`�T?  o�HXi

:KHUH D FRVW JUDSK W\SH LV GHILQHG DV D SURGXFW W\SH FRQVLVWLQJ RI D VLQJOH VRXUFH

DQG VLQN YHUWH[ DORQJ ZLWK D VHW RI YHUWLFHV DQG HGJHV WKDW PDNH XS WKH JUDSK�
ivT2 +Qbin;`�T? 4 &
b`+ , p2`i2tc
bBMF , p2`i2tc
p2`iB+2b , o2`i2ta2iXic
2/;2b , 1/;2a2iXic

'

$QG� MXVW DV LQ WKH UXOHV IRU WKH FRVW VHPDQWLFV WKDW ZH SUHVHQWHG LQ 6HFWLRQ �����

LQ ZKLFK WKH HQYLURQPHQW WKDW PDSSHG YDULDEOHV WR YDOXHV� DQG UHJLRQ YDULDEOHV WR

WKHLU XQGHUO\LQJ UHJLRQ QDPHV WKH HQYLURQPHQW KHUH FRQVLVWV RI WZR VHWV RI PDS�

SLQJV�
ivT2 2Mp 4 &
`2;BQMb , _2;XM�K2 _J�TXic
p�`B�#H2b , o�HXi aJ�TXic

'

7R VHH KRZ WKH LPSOHPHQWDWLRQ RI WKH UXOHV UHODWHV WR WKH FRVW VHPDQWLFV� WDNH DV DQ

H[DPSOH WKH IROORZLQJ WZR UXOHV IURP)LJXUH ����²WKH ILUVW IRU WKH T�`K�T RSHUDWLRQ�

DQG WKH VHFRQG IRU UHJLRQ DOORFDWLRQ�FUHDWLRQ�

E;S; f ei ⇓ vi ;S′; ci r = E (ρ) R = S′(r )
R; [v1, . . . ,vn] ↓δa o@R′ S′′ = S′[R′/R]

E;S; T�`K�T f [e1, . . . ,en] �i ρ ⇓ !;S′′; '(
⊗

i

ci)* ⊕ [α1] ⊕δa [α2]
�α1,α2 IUHVK� �����

R = newReдion(allocSize) r IUHVK r ! dom(S)
δR = ∆a ( |R |) E[ρ &→ r ];S[r &→ R]; e ⇓ v;S′; c S′′ = S′ \ r

E;S; H2i`2;BQM ρ BM e ⇓ v;S′′; [α1] ⊕δR [α2] ⊕ c ⊕ [α3]
�αi IUHVK� �����

7KH UXOH IRU UHJLRQ FUHDWLRQ LQ #mBH/n+Qbin;`�T? LV LPSOHPHQWHG E\ WKH IROORZLQJ

VQLSSHW RI FRGH� &RPSDUH WKLV WR WKH UXOH IRU H2i`2;BQM� LQ (TXDWLRQ �����
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% �XG2i_2;U`2;- 2V → U H2i`2;BQM ` BM 2  V
U *`2�i2 � 7`2b? #�+FBM; `2;BQM M�K2  V

H2i `M�K2 4 _2;X7`2b?n`M�K2 UV BM
U �HHQ+�i2 M2r `2;BQM �M/ Tmb? Bi QM iQ `2;BQM bi�+F  V
H2i M2rn`2;BQM 4 J2KQ`vXM2rn`2;BQM UV BM
U `2;BQMnbi�+F Bb ;HQ#�H  V
`2;BQMnbi�+FOTmb? `M�K2 M2rn`2;BQMc
U *�H+mH�i2 i?2 +Qbi Q7 i?2 `2;BQM �HHQ+�iBQM mbBM; S*S  V
H2i +Qbi 4 S`BK*QbibX`2;n+Qbi M2rn`2;BQM BM
U 1ti2M/ `2;BQM 2MpB`QMK2Mi rBi? K�TTBM; Q7 `2; → `M�K2

�M/ #mBH/ i?2 +Qbi ;`�T?X  V
H2i ;- p 4 #mBH/n+Qbin;`�T? U2ti2M/n`2Mp `2; `M�K2 2MpV 2 BM
U 1M/ Q7 b+QT2- bQ TQT Q77 `2;BQM bi�+F  V
`2;BQMnbi�+FOTQTc
U7`2b?nbBM;H2n2/;2 +QbiV YXY U; YXY 7`2b?n2KTivn;`�T?V- p

$V DQRWKHU²PRUH FRPSOLFDWHG²H[DPSOH� WKH LPSOHPHQWDWLRQ RI WKH T�`K�T UXOH LQ

#mBH/n+Qbin;`�T? LV LPSOHPHQWHG E\ WKH IROORZLQJ VQLSSHW RI FRGH� DQG LW WRR� FDQ

ODUJHO\ EH UHDG RII IURP WKH T�`K�T UXOH LQ (TXDWLRQ ������
% �XS�`J�TU2- �``- `2;V → U T�`K�T 2 �`` �i `2;  V
U #mBH/ i?2 +Qbi ;`�T?b 7Q` 2 �M/ i?2 �``�v  V
H2i ;+HQb- +HQbp 4 #mBH/n+Qbin;`�T? 2Mp 2 BM
H2i ;- p 4 #mBH/n+Qbin;`�T? 2Mp �`` BM
U :2i i?2 mM/2`HvBM; �``�v  V
#2;BM K�i+? HQQFmTnp�H p rBi?
% +QbiR- o�HXo�`` pb →
U J�F2 bm`2 i?2 i?BM; #2BM; K�TT2/ Bb � 7mM+iBQM U+HQbm`2V  V

#2;BM K�i+? HQQFmTnp�H +HQbp rBi?
% +Qbik- o�HXo*HQbUt- iv- 2- 2Mp^V →

H2i 2Mp^ 4 &2Mp rBi? p�`B�#H2b 4 2Mp^' BM
H2i ;b- pb 4 GBbiXbTHBi #2;BM
U "mBH/ � +Qbi ;`�T? 7Q` 2�+? i?`2�/ BM i?2 T�``�v  V

GBbiXK�T #2;BM 7mM p →
#mBH/n+Qbin;`�T? U2ti2M/np2Mp t p 2Mp^V 2

2M/ pb
2M/ BM

H2i pH 4 o�HXo�`` pb BM
U �MMQi�i2 i?2 p2`i2t rBi? Bib p�Hm2b bBx2  V
H2i �HHQ+n2/;2nMK 4 �MMQi�i2np2`i2tnrnbBx2 pH BM
U �HHQ+�i2 i?2 p�Hm2  V
H2i �+Qbi- HQ+ 4 �HHQ+ 2Mp pH `2; BM
U *Qbi ;`�T? #27Q`2 `mMMBM;  V
H2i 7n2/;2 4 7`2b?nbBM;H2n2/;2 +QbiR BM
H2i T`2n;`�T? 4 ;+HQb YXY Ub+QKTQb2nr 7n2/;2 7`2b?n2KTivn;`�T? +QbikV BM
U *Qbi ;`�T? 7Q` i?2 `mMMBM; Q7 i?2 T�`K�T  V
H2i T�`K�Tn;`�T? 4 GBbiX7QH/nH27i #2;BM 7mM �++ ;`T? →
�++  X ;`T?

2M/ 7`2b?n2KTivn;`�T? ;b BM
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U *Qbi ;`�T? 7Q` �7i2` i?2 T�`K�T  V
H2i +QMin2/;2 4 7`2b?nbBM;H2n2/;2 �HHQ+n2/;2nMK �+Qbi BM
T`2n;`�T? YXY UT�`K�Tn;`�T? YXY +QMin2/;2V- o�HXoGQ+ HQ+

% n- p → 7�BHrBi? XXX
2M/

% n-p → 7�BHrBi? XXX
2M/

:KHUH b+QKTQb2nr ;R ;k r2B;?i WDNHV WZR FRVW JUDSKV ;R DQG ;k DQG UHWXUQV WKHLUZHLJKWHG

VHULDO FRPSRVLWLRQ DV GHILQHG LQ )LJXUH ����� )XUWKHUPRUH� LW LV FUXFLDO WR QRWH WKDW

ZH DQQRWDWH DOORFDWLRQ YHUWLFHV LQ WKH JUDSK ZLWK WKH VL]H RI WKH YDOXH EHLQJ DOOR�

FDWHG DV ZHOO²WKLV ZLOO SURYH FUXFLDO ODWHU RQ GXULQJ VFKHGXOLQJ ZKHQ ZH ZDQW WR

GHWHUPLQH WKH DPRXQW RI VSDFH DOORFDWHG DW D JLYHQ VWHS LQ WKH VFKHGXOH DFURVV WKH

JUDSK�

������� 5HSUHVHQWLQJ 6FKHGXOHV

+DYLQJ GLVFXVVHG WKH EXLOGLQJ RI WKH FRVW JUDSKV� ZH PRYH WR WKH LPSOHPHQWDWLRQ RI

VFKHGXOHV �VFKHGXOH RUGHUV� RYHU WKH FRVW JUDSKV�

5HFDOO IURP 6HFWLRQ ����� WKDW D VWHS FRQWH[W LV D VHW RI YHUWH[ DQG LQWHJHU�PXOWLVHW

SDLUV²ZKHUH HDFK LQWHJHU UHSUHVHQWV WKH VWHS LQ WKH IXWXUH WKDW WKH WKUHDG DVVLJQHG

WR WKH SDUHQW RI WKDW YHUWH[ ZLOO ILQLVK LWV FRPSXWDWLRQ� 7KXV ZKHQ WKH LQWHJHU PXO�

WLVHW DVVLJQHG WR WKH YHUWH[ LV HPSW\� RU ZKHQ WKH FXUUHQW VWHS LV JUHDWHU WKDQ DOO

LQWHJHUV LQ WKH PXOWLVHW� WKDW YHUWH[ EHFRPHV VFKHGXODEOH� )XUWKHUPRUH UHFDOO WKDW

WKH FRVW RI D VWHS ZLWK UHVSHFW WR D VFKHGXOH LV FDOFXODWHG E\ WDNLQJ WKH PD[LPXP

RYHU WKH ZHLJKWV RI WKH HGJHV WUDYHUVHG LQ WKDW VWHS�

stepT (V ) =
∑

Vi∈V
stepw (Vi )

:H UHSUHVHQW ERWK WKH VWHS FRQWH[WV DQG WKH SDLULQJ RI ILQLVKHG YHUWLFHV ZLWK WKHLU

ZHLJKWV E\ WKH IROORZLQJ W\SHV
ivT2 +Qbi 4 BMi
ivT2 p+ 4 p2`i2t  +Qbi
ivT2 bi2Tn+QMi2ti 4 UBMi HBbiV oJ�TXi
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6LQFH WKH VWHS FRQWH[W UHSUHVHQWV DW ZKLFK VWHS WKH WKUHDGV QHHGHG WR VFKHGXOH WKH

YHUWH[ FRPSOHWH� WKH VFKHGXOLQJ RI D FRVW JUDSK FDQ EH VHHQ DV VLPLODU WR WRSRORJLFDO

VRUWLQJ RI ZHLJKWHG '$*V� +RZHYHU WKHUH DUH VRPH FUXFLDO GLIIHUHQFHV� 3DUWLFXODUO\�

WRSRORJLFDO VRUWLQJ LV QRW FRQFHUQHG ZLWK VHWV RI VLPXOWDQHRXVO\ VFKHGXOHG QRGHV²

KRZHYHU ZLWK RXU VFKHGXOLQJ SROLF\ WKLV LV JLYHQ E\ WKH VFKHGXOH RUGHU ZKLFK WHOOV

XV KRZ WR GHWHUPLQH ZKLFK QRGHV VKRXOG EH FKRVHQ IURP D �SRVVLEO\� p + k QXPEHU

RI DYDLODEOH QRGHV LQ D p�WKUHDG V\VWHP L�H� WKLV WHOOV XV DPRQJ RWKHU WKLQJV KRZ WR

EUHDN WLHV EHWZHHQ QRGHV ZKHQ WUDYHUVLQJ WKH FRVW JUDSK�

:LWK WKLV NQRZOHGJH ZH FDQ GHWDLO WKH IXQFWLRQ WKDW WUDYHUVHV WKH JUDSK DQG EXLOGV

WKH VHWV RI VLPXOWDQHRXVO\ VFKHGXOHG QRGHV�
R H2i b+?2/mH2n;`�T? U;, ;`�T?V UMmKni?`2�/b, BMiV
k Ub+?2/mH2, p+ HBbi → BMi → bi2Tn+QMi2ti → p+ HBbi  p+ HBbiV,
j Up2`i2t HBbi  +QbiV HBbi 4
9 H2i `2+ bi2T Ubi2Tn+iti, bi2Tn+QMi2tiV Ubi2Tn�++, Up2`i2t HBbi  +QbiV HBbiV
8 Ub+?2/mH2/nMQ/2b, p+ HBbiV U`2K�BMBM;nMQ/2b, p+ HBbiV U+m``nbi2T, BMiV 4
e U _2KQp2 i?`2�/b i?�i 7BMBb?2/ �i i?Bb bi2T  V
d H2i Tbi2Tn+iti 4 T`mM2nbi2Tn+QMi2ti bi2Tn+iti +m``nbi2T BM
3 U A7 i?2`2 �`2 MQ KQ`2 b+?2/mH2/ MQ/2b- Q` �Mv MQ/2b H27i iQ b+?2/mH2  V
N B7 b+?2/mH2/nMQ/2b 4 () �� `2K�BMBM;nMQ/2b 4 () ��
Ry U �M/ r2 /QM^i ?�p2 �Mv Qmibi�M/BM; i?`2�/b  V
RR oJ�TXBbn2KTiv Tbi2Tn+iti i?2M
Rk U h?2M r2 �`2 /QM2 b+?2/mHBM; i?2 ;`�T?- bQ `2im`M i?2 bi2Tb  V
Rj i?2M bi2Tn�++
R9 2Hb2
R8 U �/p�M+2 i?2 7`QMiB2` #v HQQFBM; �i �HH p2`iB+2b i?�i +QmH/ #2 M2ti  V
Re H2i M2tinbi2T 4 GBbiXK�T 7bi b+?2/mH2/nMQ/2b
Rd %= 7mM t → ;2inb+?2/mH�#H2nMQ/2b ; t Tbi2Tn+iti
R3 BM
RN U Smi i?2 M2r MQ/2b BM rBi? i?2 T`2pBQmbHv mMb+?2/mH2/nMQ/2b  V
ky H2i b+?2/mH�#H2nMQ/2b 4 `2K�BMBM;nMQ/2b ! M2tinbi2T BM
kR U b+?2/mH2 i?2 MQ/2b iQ `mMX J�v MQi #2 �#H2 iQ b+?2/mH2 �HH Q7 i?2K  V
kk H2i M2rnb+?2/mH2/nMQ/2b- mMb+?2/mH2/nMQ/2b 4
kj b+?2/mH2 b+?2/mH�#H2nMQ/2b MmKni?`2�/b Tbi2Tn+iti
k9 BM
k8 U *�H+mH�i2 i?2 bi2T +Qbi 7Q` i?2 bi2T i?�i r2 T2`7Q`K2/ ?2`2X  V
ke H2i bi2Tn+Qbi 4 GBbiX7QH/nH27i K�t y UGBbiXK�T bM/ b+?2/mH2/nMQ/2bV BM
kd U :2i i?2 KBMBKmK +Qbi Q7 �/p�M+BM; i?Bb bi2T  V
k3 H2i KBMnbi2Tn+Qbi 4 GBbiX7QH/nH27i KBM K�tnBMi UK�T bM/ b+?2/mH2/nMQ/2bV BM
kN U Smi �HH i?2 bBKmHi�M2QmbHv b+?2/mH2/ p2`iB+2b iQ;2i?2`X  V
jy H2i b+?2/mH2/np2`iB+2b 4 UK�T 7bi b+?2/mH2/nMQ/2b- bi2Tn+QbiV,,bi2Tn�++ BM
jR U _2+m`b2 iQ F22T QM b+?2/mHBM;  V
jk H2i bi2Tn+iti 4 �//nMQ/2b M2rnb+?2/mH2/nMQ/2b bi2Tn+iti +m``nbi2T BM



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

jj H2i bi2Tn+Qbi 4 +m``nbi2T Y KBMnbi2Tn+Qbi BM
j9 bi2T bi2Tn+iti b+?2/mH2/np2`iB+2b M2rnb+?2/mH2/nMQ/2b mMb+?2/mH2/nMQ/2b

bi2Tn+Qbi
j8 BM
je bi2T UoJ�TXbBM;H2iQM ;Xb`+ (y)V () (U;Xb`+- yV) () R

(YHQ WKRXJK ZH FDQ WKLQN RI WKH VFKHGXOLQJ RI WKH JUDSK DV EHLQJ VLPLODU WR D WRSR�

ORJLFDO RUGHU� ZH DFWXDOO\ ZULWH LQ D VLPLODU IDVKLRQ WR D EUHDGWK�ILUVW VHDUFK ZKHUH

ZH NHHS WUDFN RI D IURQWLHU DV ZH SURJUHVV DFURVV WKH IXQFWLRQ� $QG� WKLV FDQ EH VHHQ

DV KDYLQJ TXLWH D QXPEHU RI VLPLODULWLHV WR VHDUFK VWUDWHJLHV IRU JUDSKV �VXFK DV A$�

VHDUFK� ZKHUH ZH XVH D ³VFRULQJ´ IXQFWLRQ²WKH VFKHGXOH LQ WKLV FDVH²WR GHWHUPLQH

ZKLFK QRGHV WR SURJUHVV WR QH[W�

*RLQJ WKURXJK WKLV IXQFWLRQ LQ PRUH GHWDLO� RQ OLQH 9� ZH SUXQH WKH VWHS FRQWH[W YLD

WKH T`mM2nbi2Tn+QMi2ti IXQFWLRQ²VLQFH WKH FRQWH[W FRQWDLQV WKH VHW RI WKUHDGV WKDW

QHHG WR ILQLVK EHIRUH D JLYHQ YHUWH[ FDQ UXQ� ZH UHPRYH WKHVH WKUHDGV IURP WKH WKUHDG

FRQWH[W LI WKH FXUUHQW VWHS LV JUHDWHU WKDQ RU HTXDO WKH VWHS DW ZKLFK WKH WKUHDG LV

VXSSRVHG WR ILQLVK�
H2i T`mM2nbi2Tn+QMi2ti U+iti, bi2Tn+QMi2tiV Ubi2T, BMiV, bi2Tn+QMi2ti 4

oJ�TX7QH/ #2;BM 7mM pit +QmMib �++ →
K�i+? GBbiX7BHi2` U7mM B → bi2T I BV +QmMib rBi?
% () → �++ U LQ KQ`2 Qmibi�M/BM; i?`2�/b  V
% H → oJ�TX�// pit H �++ U aiBHH Qmibi�M/BM;  V

2M/ +iti oJ�TX2KTiv

$IWHU ZH KDYH SUXQHG RXU VWHS FRQWH[W� ZH WKHQ GHWHUPLQH ZKHWKHU RU QRW ZH DUH

ILQLVKHG VFKHGXOLQJ WKH JUDSK RQ OLQHV 11 − 16� ,I WKHUH VWLOO UHPDLQ QRGHV LQ WKH

JUDSK OHIW WR VFKHGXOH� ZH ILUVW WU\ WR DGYDQFH WKH IURQWLHU RI WKH JUDSK EDVHG XSRQ

WKH QRGHV WKDW ZHUH VFKHGXOHG LQ WKH SUHYLRXV VWHS �JLYHQ E\ b+?2/mH2/nMQ/2b� RQ OLQH

19� DQG ZKHUH ;2inb+?2/mH�#H2nMQ/2b LV GHILQHG DV IROORZV
H2i ;2inb+?2/mH�#H2nMQ/2b U;, ;`�T?V Upb, p2`i2t HBbiV
Ubi2Tn+iti, bi2Tn+QMi2tiV, Up2`i2t  +QbiV HBbi 4
U h?2 p2`i2t Bb b+?2/mH�#H2 B7 i?2`2 �`2 MQ T�`2Mib TQBMiBM; iQ Bi  V
H2i Bbnb+?2/mH�#H2 pit 4 oJ�TXK2K pit bi2Tn+iti %= MQi BM
1a2iX7QH/ #2;BM 7mM UpR- pk- r2B;?iV �++ →
U pR ?�b �H`2�/v #22M b+?2/mH2/- #mi +�M pk MQr `mM\  V

B7 GBbiXK2K pR pb �� UBbnb+?2/mH�#H2 pkV i?2M Upk- r2B;?iV,,�++ 2Hb2 �++
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2M/ ;X2/;2b ()

2QFH ZH KDYH DGYDQFHG WKH IURQWLHU RI WKH JUDSK EDVHG XSRQ ZKDW QRGHV KDYH QRZ

SRVVLEO\ EHFRPH VFKHGXODEOH DIWHU WKH SUHYLRXV VWHS UXQV� ZH DGG WKLV WR WKH VHW RI

VFKHGXODEOH QRGHV²ZKLFK DUH WKHVH SOXV WKH QRGHV WKDW ZHUH DEOH WR EH VFKHGXOHG

RQ WKH SUHYLRXV VWHS� \HW ZHUH QRW VFKHGXOHG �OLQH 21��

2QFH ZH KDYH WKLV ILQDO VHW RI VFKHGXODEOH QRGHV� ZH SDVV WKLV WR WKH VFKHGXOLQJ

IXQFWLRQ WKDW ZLOO GHWHUPLQH ZKLFK QRGHV ZLOO EH VFKHGXOHG IRU WKH QH[W VWHS RQ OLQH

23²WKLV LV WKH IXQFWLRQ WKDW LV WKH VFKHGXOH RUGHU LQ 6HFWLRQ ������ $V DQ H[DPSOH RI

ZKDW RQH RI WKHVH VFKHGXOH RUGHUV ZRXOG ORRN OLNH� UHFDOO WKH JUHHG\ VFKHGXOH WKDW

ZH GHILQHG LQ (TXDWLRQ ������� +RZHYHU� DV RSSRVHG WR WKHUH ZKHUH ZH QHHGHG WR

LQFOXGH WKH IDFW WKDW QR GHSHQGHQFLHV UHPDLQHG LQ RUGHU IRU D QRGH WR EH VFKHGXODEOH�

ZKHQ LPSOHPHQWLQJ D VFKHGXOH ZH GR QRW QHHG WR LQFOXGH WKLV ORJLF� WKH JUHHG\ p�

WUDYHUVDO VFKHGXOH RUGHU FDQ EH GHILQHG WKXVO\�
H2i ;`22/vnT Upb, p+ HBbiV UMmKni?`2�/b, BMiV Upnbi�`, bi2Tn+QMi2tiV, p+ HBbi  p+

HBbi 4
H2i MmKni?`2�/b 4 ;2inMmKn�p�BHni?`2�/bnT`mM2/ MmKni?`2�/b pnbi�` BM
HBbinbTHBin�i MmKni?`2�/b pb

$IWHU WKLV ZH FDOFXODWH WKH PLQLPXP VWHS FRVW� DQG DGG WKH QRZ VFKHGXOHG WKUHDGV

LQWR WKH VWHS FRQWH[W �OLQH 31��
H2i �//nMQ/2b UM2rHvnb+?2/mH2/, p+ HBbiV Ubi2Tn+iti, bi2Tn+QMi2tiV U+m``nbi2T, BMiV

, bi2Tn+QMi2ti 4
GBbiX7QH/nH27i #2;BM 7mM �++ Up- +V →

K�i+? oJ�TX7BM/nQTi p bi2Tn+iti rBi?
% LQM2 → oJ�TX�// p (+ Y +m``nbi2T) �++
% aQK2 +b → oJ�TX�// p UU+ Y +m``nbi2TV,,+bV �++

2M/ bi2Tn+iti M2rHvnb+?2/mH2/

������� 'HWHUPLQLQJ FRVWV

2QFH ZH KDYH FUHDWHG WKH VWHSV DFURVV WKH FRVW JUDSK IRU D JLYHQ VFKHGXOH� GHWHUPLQ�

LQJ WKH FRVW LV VWUDLJKWIRUZDUG²FRQVLVWLQJ RI VXPPLQJ WKH FRVW IRU HDFK VWHS�
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H2i +�H+niQi�HniBK2 Ubi2Tb, Up2`i2t HBbi  +QbiV HBbiV, +Qbi 4
GBbiX7QH/nH27i U7mM iQi�Hn+Qbi Un- +QbiV → iQi�Hn+Qbi Y +QbiV y bi2Tb

:KHQ SURILOLQJ D SURJUDP WKHUH DUH WZR VSDFH PHWULFV WKDW ZH UHSRUW� WKH ILUVW XVHG

VSDFH LV WKH DPRXQW RI VSDFH XVHG E\ WKH YDOXHV WKDW KDYH EHHQ DOORFDWHG XS WR WKDW

SRLQW LQ WKH SURJUDP� WKH VHFRQG DOORFDWHG VSDFH LV WKH VSDFH WKDW LV DOORFDWHG IRU

UHJLRQV �UHJDUGOHVV RI ZKHWKHU RU QRW WKDW VSDFH FRQWDLQV YDOXHV� XS WR WKDW SRLQW LQ

WKH SURJUDP� 7KXV D IUHVKO\ DOORFDWHG �DQG XQXVHG� UHJLRQ ZRXOG KDYH XVHG VSDFH

32� DQG DOORFDWHG VSDFH 32 + allocSize� 3XW DQRWKHU ZD\� UHFDOOLQJ WKH GHILQLWLRQ RI

VSDFH DW D VWHSV ZLWK UHVSHFW WR D VFKHGXOH "w IURP (TXDWLRQ �������

space(V ,"w) = |{! ∈ R | R ∈ S (V ,"w)}| =
∑

R∈S (V ,"w )

| R.ν | �����

ZKLFK WDNHV WKH XVHG VSDFH DFURVV D VFKHGXOH� :H FDQ OLNHZLVH HDVLO\ GHILQH WKH

DOORFDWHG VSDFH DW D VWHS WR EH JLYHQ E\

∑

R∈S (V ,"w )

| R | �����

6LQFH ZH DQQRWDWH YHUWLFHV WKDW LQYROYH DOORFDWLRQ LQ WKH FRVW JUDSK ZLWK WKH VL]H RI

WKH YDOXH EHLQJ DOORFDWHG� ZH FDQ HDVLO\ GHWHUPLQH WKH DPRXQW RI VSDFH WDNHQ DV ZH

WUDYHUVH WKH FRVW JUDSK� E\ DFFXPXODWLQJ WKHVH DOORFDWLRQ VL]HV E\ WKH UHJLRQ LQZKLFK

WKH\ DUH DOORFDWHG� DQG WKHQ UHPRYLQJ WKHP ZKHQ WKH UHJLRQ LV GHDOORFDWHG²ZKLFK

UHFDOO IURP RXU FRVW VHPDQWLFV LV DOVR UHSUHVHQWHG DV D QRGH LQ WKH FRVW JUDSK� 'HWHU�

PLQLQJ WKH VSDFH XVHG DW D JLYHQ VWHS DFURVV WKH VFKHGXOH LV JLYHQ E\ WKH IROORZLQJ

SLHFH RI FRGH�
H2i +�H+nbT�+2n�inbi2T UUp2`iB+2b- nV, p2`i2t HBbi  +QbiV
U+m``n`2;BQMb, +Qbi aJ�TXiV, +Qbi  +Qbi aJ�TXi 4
H2i M2rn`2;nMQ/2b 4 �//n`2;BQMb p2`iB+2b +m``n`2;BQMb BM
H2i /2�HHQ+�i2/nMQ/2b 4 `2KQp2n`2;BQMb p2`iB+2b M2rn`2;nMQ/2b BM
H2i M2rnbi2T 4 �//n�HHQ+b p2`iB+2b /2�HHQ+�i2/nMQ/2b BM
H2i +Qbi 4 J�TXbmKnp�Hm2b M2rnbi2T BM
+Qbi- M2rnbi2T

�7KH VL]H RI WKH ERRNNHHSLQJ ILHOGV IRU WKH UHJLRQ�
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ZLWK ZKLFK ZH FDQ HDVLO\ GHILQH WKH VSDFH RI WKH VFKHGXOH RYHU WKH FRVW JUDSK WR EH

WKH PD[LPXP �FRPSXWHG UHFXUVLYHO\� RI WKH VHW RI VWHSV LQ WKH WUDYHUVDO�
H2i +�H+niQi�HnbT�+2 Up+, Up2`i2t HBbi  +QbiV HBbiV, +Qbi 4
H2i `2+ +�H+ Up+, Up2`i2t HBbi  +QbiV HBbiV Ubi2T, +Qbi aJ�TXiV U+m``n+Qbi, +QbiV

, +Qbi 4
K�i+? p+ rBi?
% () → +m``n+Qbi
% p,,pb →

H2i +Qbi- M2rnbi2T 4 +�H+nbT�+2n�inbi2T p bi2T BM
K�t +Qbi +m``n+Qbi %= +�H+ pb M2rnbi2T

BM +�H+ p+ UaJ�TXbBM;H2iQM U_2;XT`BMinMK ?2�Tn`M�K2V S`BK*QbibX#�b2n�HHQ+nbBx2V y

&RPSXWLQJ WKH DOORFDWHG VSDFH IRU D VFKHGXOH LV OLNHZLVH TXLWH HDV\ DQG IDU PRUH

VWUDLJKWIRUZDUG WKDQ WKLV�

����� *38

,Q WKLV VHFWLRQ ZH GHWDLO WKH LPSOHPHQWDWLRQ RI WKH *38 FRVW VHPDQWLFV� ,Q RUGHU WR

GR WKLV� ZH VWDUW ZLWK WKH W\SHV WKDW ZH FUHDWH� :H ILUVW GHILQH WKH VHW RI LQVWUXFWLRQV

WKDW PDNH XS WKH WKUHDG JUDSKV�
ivT2 BMbi` 4 G2bb % JmH % �// % JBMmb % 1[

% E2`M Q7 F2`MnB/
% Smi Q7 o�HXHQ+
% :2i Q7 o�HXHQ+
% J2i�Smi Q7 o�HXK2i�nHQ+�iBQM
% J2i�:2i Q7 o�HXK2i�nHQ+�iBQM
% �MMQi�i2/ Q7 BMi  BMbi`
% LQJ2K�++2bb

DQGZKHUHZHGHILQH D K2i�nHQ+�iBQM WR EH D XQLTXH LG FRXSOHGZLWK D UHJLRQQDPH�
ivT2 K2i�nHQ+�iBQM 4 &
mB/, bi`BM;c
`2;BQMnM�K2, _2;XM�K2c

'

$IWHU WKLV� ZH GHILQH WKH JUDSK VWUXFWXUHV DQG SDUWLWLRQV EDVHG XSRQ WKH GHILQLWLRQ

RI *38 WKUHDG JUDSKV LQ 6HFWLRQ ����
R U hvT2 Q7 � F2`M2H A.  V
k ivT2 F2`MnB/ 4 bi`BM;
j U _2T`2b2Mib �M 2Mi`v BM i?2 F2`M2H TQQH Ub22 a2+iBQM 9X8XjV  V
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9 ivT2 F2`MnTQQHn2Mi`v 4 &
8 7mM+, �biXic
e �`` , �biXic
d KHQ+, o�HXK2i�nHQ+�iBQMc
3 '
N ivT2 i?`2�/n;`�T? 4 BMbi` HBbi
Ry ivT2 F2`M2HnTQQH 4 F2`MnTQQHn2Mi`v aJ�TXi
RR ivT2 r�`Tn;`�T? 4 & i?`2�/b, i?`2�/n;`�T? HBbic '
Rk ivT2 r�`TnTQQH 4 &
Rj r�`Tb, Ur�`Tn;`�T? `27V HBbic
R9 U h`�+Fb i?2 +m``2Mi 7Q+mbBM; bi`�i2;v 7Q` r�`T
R8 b+?2/mH2bX lb2/ /m`BM; i?2 b+?2/mHBM; TQ`iBQMX  V
Re +m``2Min7Q+ , BMic
Rd U h?2 HQ+�H K2KQ`v i?�i r2 rBHH #2 mbBM;- �HQM; rBi? i?2 K2KQ`v i`�+2
R3 i?�i r2 rBHH �++mKmH�i2X lb2/ 7Q` b+?2/mHBM;X  V
RN HQ+�HnK2KQ`v, Aa2iXi  h`�+2Xic
ky F2`MnB/ , F2`MnB/c
kR K2i�nHQ+ , o�HXK2i�nHQ+�iBQMc
kk `2bQHp2nHQ+ , o�HXHQ+c
kj '
k9 ivT2 /2pB+2n#Qt 4 &
k8 U h?2 b2i Q7 r�`Tb i?�i K�F2 mT i?Bb /2pB+2 #Qt  V
ke r�`Tb, Ur�`TnTQQH `27V aJ�TXic
kd U am#biBimiBQM 7`QK K2i� HQ+�iBQMb iQ HQ+�iBQMb i?�i r2 BM b+?2/mHBM;  V
k3 [2Mp , o�HXHQ+ aJ�TXic
kN F2`Mb, aa2iXic
jy '

:LWK WKHVH W\SH GHILQLWLRQV� ZH FDQ WKHQ GHILQH WKH IXQFWLRQ WKDW EXLOGV WKH WKUHDG

JUDSKV IRU D ΛG H[SUHVVLRQ�
H2i `2+ #mBH/ni?`2�/n;`�T? U2Mp, 2MpV U2, �biXiV, i?`2�/n;`�T?  o�HXi

:KLFK MXVW DV ZLWK WKH IXQFWLRQ WKDW EXLOGV WKH FRVW JUDSKV IRU ΛC UHWXUQV D FRVW

JUDSK²LQ WKLV FDVH D WKUHDG JUDSK²DORQJ ZLWK WKH YDOXH�

$V D VLPSOH H[DPSOH RQ KRZ ZH EXLOG WKHVH WKUHDG JUDSKV� UHFDOO WKH PXOWLSOLFDWLRQ

UXOH IURP )LJXUH ���

K;S &&&E e1 ⇓t v1; c1
&&&S1; K1 S1;v1 ↑ i1

K1;S1
&&&E e2 ⇓t v2; c2

&&&S2; K2 S2;v2 ↑ i2
K;S &&&E e1 ∗ e2 ⇓t i1 ∗ i2; c1 ⊕ [reg] ⊕ c2 ⊕ [reg] ⊕ [mul]&&&S2; K2

ZKLFK FRUUHVSRQGV WR WKH IROORZLQJSDWWHUQPDWFK FODXVH LQ WKH GHILQLWLRQ RI #mBH/ni?`2�/n;`�T?
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% �XJmHU2R- 2kV →
H2i ;R- pR 4 #mBH/ni?`2�/n;`�T? 2Mp 2R BM
H2i ;k- pk 4 #mBH/ni?`2�/n;`�T? 2Mp 2k BM
H2i +Qbi- p 4 pnKmH pR pk BM
;R ! MQK2K ,, ;k ! MQK2K ,, (JmH)- p

:KHQ GHDOLQJ ZLWK T�`K�TV²L�H� NHUQHOV²KRZHYHU� ZH QHHG WR KDYH DFFHVV WR D

�JOREDO� NHUQHO SRRO F2`MnTQQH WKDW ZH FDQ DGG WR� WKDW LV D PDSSLQJ IURP �XQLTXH�

F2`MnB/V WR F2`MnTQQHn2Mi`vV� :H WKHQ DGG NHUQHOV HIIHFWIXOO\ WR WKLV JOREDO NHUQHO

SRRO YLD DQ �//nF2`M2H IXQFWLRQ� :LWK WKLV NQRZOHGJH ZH FDQ SUHVHQW WKH UXOH IRU

T�`K�TV LQ #mBH/ni?`2�/n;`�T?�
% �XS�`J�TU2- �``- U_2;X_ `2;VV →

H2i FB/ 4 M2rnF2`MnB/ UV BM
H2i mB/ 4 _2;X7`2b? UV BM
H2i KHQ+ 4 o�HX& mB/c `2;BQMnM�K2 4 _2;X_L�K2 `2;c ' BM
H2i F2`Mn2Mi`v 4 & 7mM+ 4 2c �`` 4 �``c KHQ+ 4 KHQ+c ' BM
�//nF2`M2H FB/ F2`Mn2Mi`vc
(E2`M FB/c J2i�Smi KHQ+)- o�HXoJGQ+ KHQ+

:KLFK FDQ EH UHDGLO\ UHDG RII IURP WKH T�`K�T UXOH LQ WKH FRVW VHPDQWLFV�

r = E (ρ) (!!,κ IUHVK)

K;S &&&E T�`K�T f [e1, . . . ,en ] �i ρ ⇓t !!; [kern[κ]] ⊕! [mem[!!]]&&&S;κ ↪→ ( f , [ei ],!!) % K

6LPLODUO\ WR WKH FRVW VHPDQWLFV ZKHUH ZH KDG D UXOH IRU FUHDWLQJ ZDUS SRROV LQ )LJ�

XUH ����� ZH DOVR KDYH D IXQFWLRQ WKDW UHIOHFWV WKLV UXOH²WKDW WDNHV DQ HQWU\ LQ WKH

NHUQHO SRRO DQG EXLOGV D ZDUS SRRO IRU WKH NHUQHO SRRO HQWU\�
H2i #mBH/nr�`TnTQQH U2Mp, 2MpV UF2`MnB/, F2`MnB/V UF2`M, F2`MnTQQHn2Mi`vV,

r�`TnTQQH  o�HXi

6LQFH WKH NHUQHO SRRO LV JOREDO� ZH DOVR KDYH D IXQFWLRQ WKDW WDNHV DQ\ NHUQHOV WKDW

KDYH EHHQ DGGHG WR WKH NHUQHO SRRO DQG JHQHUDWHV D ZDUS SRRO IRU HDFK NHUQHO HQWU\

LQ WKH NHUQHO SRRO²DQG LWHUDWLYHO\ NHHSV GRLQJ VR XQWLO QRPRUH HQWULHV UHPDLQ LQ WKH

NHUQHO SRRO� 7KLV IXQFWLRQ LV GHILQHG E\ WKH UXOH IRU GHYLFH ER[HV LQ )LJXUH ���� WKDW

WDNHV DQ HQYLURQPHQW DQG NHHSV JHQHUDWLQJZDUS SRROV XQWLO QRPRUH HQWULHV UHPDLQ�
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1RWH WKDW WKLV LWHUDWLYH SURFHVV LV UHTXLUHG VLQFH NHUQHOV FDQ VSDUN VXE�NHUQHOV²

WKXV WKH EXLOGLQJ RI RQH ZDUS SRRO �ZKLFK UHSUHVHQWV D NHUQHO� FRXOG WKHQ FDXVH

WKH FUHDWLRQ RI DQRWKHU ZDUS SRRO �DQRWKHU NHUQHO�� 7KLV LV JLYHQ E\ WKH IROORZLQJ

IXQFWLRQ�
H2i `2+ #mBH/n/2pB+2n#Qt U2Mp, 2MpV, /2pB+2n#Qt  o�HXi 4

K�i+? aJ�TXKBMn#BM/BM;nQTi 5F2`MnTQQH rBi?
% LQM2 → &r�`Tb 4 aJ�TX2KTivc [2Mp 4 aJ�TX2KTivc F2`Mb 4 aa2iX2KTivc'- o�HXoAMi
R

% aQK2 UF2`MnB/- F2`Mn2Mi`vV →
U _2KQp2 i?2 F2`M2H 7`QK i?2 F2`M2H TQQH  V
F2`MnTQQH ,4 aJ�TX`2KQp2 F2`MnB/ 5F2`MnTQQHc
U "mBH/ i?2 `2bi Q7 i?2 r�`T ;`�T?  V
H2i /#- n 4 #mBH/n/2pB+2n#Qt 2Mp BM
H2i r�`Tn;`�T?- `2bQHp2/nHQ+ 4 #mBH/nr�`TnTQQH 2Mp F2`MnB/ F2`Mn2Mi`v BM
& r�`Tb 4 aJ�TX�// F2`MnB/ U`27 r�`Tn;`�T?V /#Xr�`Tbc
[2Mp 4 aJ�TX�// F2`Mn2Mi`vXKHQ+Xo�HXmB/ UHQ+nQ7np�H `2bQHp2/nHQ+V /#X[2Mpc
F2`Mb 4 aa2iX2KTivc

'- `2bQHp2/nHQ+

,PSRUWDQWO\� WKLV IXQFWLRQ GRHV QRW WDNH D NHUQHO SRRO HQWU\ WR FRQVWUXFW WKH GHYLFH

ER[ IRU WKH NHUQHO²UHFDOO WKDW WKH NHUQHO SRRO LV D JOREDO PXWDEOH SRRO WKDW LV HI�

IHFWHG�

������� 6FKHGXOLQJ

2QFH D GHYLFH ER[� RU GHYLFH ER[HV KDYH EHHQ EXLOW� ZH FDQ VFKHGXOH DQG SURILOH WKH

GHYLFH ER[ EDVHG XSRQ WKH WKHRU\ LQ 6HFWLRQ ����

,Q RUGHU WR SHUIRUP WKH VFKHGXOLQJ RI D VHW RI WKUHDG JUDSKV DV GHILQHG LQ 6HFWLRQ �����

ZH FUHDWH D PRGXOH ZLWK WKH IROORZLQJ VLJQDWXUH�
R KQ/mH2 h?`2�/a+?2/ 4 bi`m+i
k U q2 /BbiBM;mBb? i?2 ivT2 Q7 b+?2/mH�#H2 pXbX +QMbB/2`�#H2 MQ/2b 2p2M
j i?Qm;? i?2v ?�p2 i?2 b�K2 mM/2`HvBM; `2T`2b2Mi�iBQMX  V
9 ivT2 b+?2/nbi2T 4 BMbi` HBbi
8 ivT2 +QMbnbi2T 4 BMbi` HBbi
e U am#bi 7Q` [mB2b+2M+2 Qp2` � i?`2�/ ;`�T?  V
d H2i bm#bi [2Mp i;`�T? 4 XXX
3 U ZmB2b+2 � i?`2�/ ;`�T?  V
N H2i [mB2b+2 Ur, r�`Tn;`�T?V U[2Mp, o�HXHQ+ aJ�TXiV, r�`Tn;`�T? 4 XXX
Ry H2i +QMbB/2`�#H2nMQ/2b Ur, r�`Tn;`�T?V, +QMbnbi2T 4 XXX
RR H2i b+?2/mH�#H2nMQ/2b Ur, r�`Tn;`�T?V, b+?2/nbi2T 4 XXX



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

Rk H2i b+?2/mH�#H2nMQ/2bn7`QK U+QMbB/2`�#H2nMQ/2b, +QMbnbi2TV, b+?2/nbi2T 4 XXX
Rj H2i Bbn7BMBb?2/ Ur, r�`Tn;`�T?V, #QQH 4 XXX
R9 U .27 9XeXk  V
R8 H2i BbnmM`mMM�#H2 Ur, r�`Tn;`�T?V, #QQH 4 XXX
Re H2i T2`7Q`Knbi2Tnr Ur, r�`Tn;`�T?V UMQ/2b, b+?2/nbi2TV, r�`Tn;`�T?  b+?2/nbi2T 4

XXX
Rd H2i T2`7Q`Knbi2T Ur, r�`Tn;`�T?V, r�`Tn;`�T?  b+?2/nbi2T 4 XXX
R3 2M/

7KH DERYH PRGXOH FDQ EH VHHQ DV DFFRPSOLVKLQJ WKH WDVN GHVFULEHG DV ³JLYHQ D ZDUS

JUDSK� SHUIRUP RQH VWHS RI WKDW ZDUS JUDSK�´ +RZHYHU� VLQFH ZH FDQ KDYH PDQ\

ZDUSV WKDW QHHG WR UXQ LQ D VSHFLILF RUGHU LQ RUGHU WR DJUHH ZLWK RXU DEVWUDFWPDFKLQH

PRGHO� ZH DOVR QHHG WR KDYH D PRGXOH WKDW KDQGOHV ZDUS SRROV� :LWK WKLV YLHZSRLQW�

ZH LPSOHPHQW WKH VFKHGXOLQJ RI WKHVH ZDUSV LQ WKH FRQWH[W RI D ZDUS SRRO LQ WKH IRO�

ORZLQJ PRGXOH� ,W WDNHV FDUH WR PRYH WKH IRFXV WR WKH FRUUHFW ZDUS DIWHU SHUIRUPLQJ

D ZDUS VWHS� DQG WKHQ FDOOV RXW WR WKH h?`2�/a+?2/XOHU WR SHUIRUP WKH DFWXDO VWHS IRU

HDFK WKUHDG ZLWKLQ WKDW ZDUS JUDSK��

R U a+?2/mHBM; Q7 � r�`T TQQH  V
k KQ/mH2 q�`TSQQHa+?2/ 4 bi`m+i
j H2i Bbn7BMBb?2/ Ur, r�`TnTQQHV, #QQH 4 XX
9 H2i [mB2b+2 UrT, r�`TnTQQHV U[2Mp, o�HXHQ+ aJ�TXiV, r�`TnTQQH 4 XXX
8 H2i T2`7Q`Knbi2T Ur, r�`TnTQQHV, r�`TnTQQH  h?`2�/a+?2/Xb+?2/nbi2T 4 XXX
e 2M/

6LQFH D NHUQHO LV UHSUHVHQWHG DV D ZDUS SRRO� WKLV WKHQ SURYLGHV XV D ZD\ WR UXQ D

VLQJOH NHUQHO� +RZHYHU� ZH DOVR QHHG WR EH DEOH WR GHDO ZLWK PXOWLSOH NHUQHOV� DQG

SDUWLFXODUO\ VXE�NHUQHOV� 7KLV LV SHUIRUPHG E\ WKH E2`Ma+?2/PRGXOH WKDW KDQGOHV WKH

VFKHGXOLQJ RI PXOWLSOH NHUQHOV EDVHG XSRQ WKH WKHRU\ LQ 6HFWLRQ ������
R KQ/mH2 Ea+?2/ 4 bi`m+i
k U .2i2`KBM2 B7 �HH +QKTmi�iBQM 7Q` � /2pB+2 #Qt ?�b `mMX  V
j H2i Bbn7BMBb?2/ U/, /2pB+2n#QtV, #QQH 4 XXX
9 U q2 7B`bi mT/�i2 i?2 [2Mp 7Q` i?2 ."- �M/ i?2M r2 T2`7Q`K [mB2b+2M+2
8  QT2`�iBQMb QM i?2 `2biX  V
e H2i [mB2b+2n/# U/, /2pB+2n#QtV U7BMBb?2/nF2`Mb, r�`TnTQQH HBbiV, /2pB+2n#Qt 4 XXX
d H2i T2`7Q`Knbi2T U/, /2pB+2n#QtV, /2pB+2n#Qt  h?`2�/a+?2/Xb+?2/nbi2T HBbi 4 XXX
3 H2i `mM U/, /2pB+2n#QtV, Uh?`2�/a+?2/Xb+?2/nbi2T HBbi  aa2iXi  aa2iXiV HBbi 4

XXX
N 2M/

�5HFDOO WKDW WKH r�`Tb ILHOG ZLWKLQ WKH GHILQLWLRQ RI D r�`TnTQQH DUH PXWDEOH�
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:LWK WKH DERYH GHILQLWLRQV RQ KRZ WR VFKHGXOH GHYLFH ER[HV� ZH QRZ WXUQ WR WKH

LPSOHPHQWDWLRQ RI PHPRU\ RQ WKH *38²ERWK UHSUHVHQWLQJ WKH PHPRU\� DQG WKH

GLIIHUHQW ZD\V WKDW UHJLRQV FDQ EH ORDGHG LQWR ZRUN�JURXS ORFDO PHPRU\�

������� 5HSUHVHQWLQJ *380HPRU\

8QOLNH &38PHPRU\ LQ WKH FRVWPRGHO ZH KDYH EXLOW� LQ ZKLFKZH GRQ¶W KDYH WRZRUU\

DERXW WKDWPDQ\ IDFWRUV WKDW FDQ DIIHFW WKH RYHUDOO FRVW RI WKH FRPSXWDWLRQ� ZLWK*38

PHPRU\ZH QHHG WR IDFWRU LQ VXFK WKLQJV DV JOREDO YHUVXV ORFDOPHPRU\ ODWHQF\� EDQN

ZLGWK� DQG ZRUG ZLGWK� 6LQFH WKH FRVWV WKDW ZH FDOFXODWH GHSHQG XSRQ EDQN FRQIOLFWV

RU EURDGFDVWV� WKH ODWWHU WZR SRLQWV FDQ SOD\ DQ LPSRUWDQW IDFWRU LQ WKH FDOFXODWLRQ

RI FRVWV� ,Q RUGHU WR GR WKLV� ZH LPSOHPHQW *38 PHPRU\ DV ZH GLG &38 PHPRU\

LQ 6HFWLRQ ����� YLD DQ 2&DPO FODVV ZLWK WKH IROORZLQJ VLJQDWXUH�
R +H�bb ;TmnK2KQ`v 4 Q#D2+i
k p�H Kmi�#H2 HQ+�Hn`2;BQMb, aa2iXi
j p�H Kmi�#H2 Q77b2ib , BMi aJ�TXi
9 p�H Kmi�#H2 ;TmnK2K, J2KQ`vX`2;BQMnbi�+F
8 p�H Kmi�#H2 #�MFnrB/i? , BMi
e p�H Kmi�#H2 ;HQ#�HnH�i2M+v , BMi
d p�H rQ`/nrB/i?
3
N K2i?Q/ b2in#�MFnrB/i? Ur, BMiV, mMBi
Ry K2i?Q/ b2in;HQ#�HnH�i2M+v UH, BMiV, mMBi
RR K2i?Q/ ;2in#�MFnrB/i?, BMi
Rk K2i?Q/ ;2in;HQ#�HnH�i2M+v, BMi
Rj K2i?Q/ HQ�/nK2KnHQ+�H U`2;b, _2;XM�K2 HBbiV U`bi�+F, J2KQ`vX`2;nbi�+FV, mMBi
R9 K2i?Q/ HQ�/nK2K U`2;b, _2;XM�K2 HBbiV U`bi�+F, J2KQ`vX`2;nbi�+FV, mMBi
R8 K2i?Q/ BbnHQ+�HnHQ+ UU_2;X_L�K2 `M�K2- Q77b2iV, o�HXHQ+V, #QQH
Re K2i?Q/ BbnHQ+�H UBMbi`, BMbi`V, #QQH
Rd K2i?Q/ +�H+nQ77b2i UU_2;X_L�K2 `M�K2- Q77b2iV, o�HXHQ+V, BMi
R3 2M/

7KLV FODVV VHUYHV DV D ZUDSSHU DURXQG D UHJLRQ VWDFN �;TmnK2K� ZKHUH ZH DEVWUDFWO\

NHHS WUDFN RI ZKLFK UHJLRQV UHVLGH LQ ORFDO�VKDUHG PHPRU\ �YLD WKH HQ+�Hn`2;BQMb

ILHOG� ZLWKRXW ORDGLQJ WKHVH UHJLRQV LQWR D VHSDUDWH RI VHFWLRQ RI PHPRU\²ZH FDQ

WKHQ TXHU\ ZKHWKHU RU QRW LQVWUXFWLRQV �SDUWLFXODUO\ TmiV RU ;2iV� DFFHVV ORFDO PHP�

RU\ RU QRW� DQG ZKHWKHU JLYHQ ORFDWLRQV DUH ORFDO WRR� :LWK WKLV UHSUHVHQWDWLRQ RI WKH
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ORFDOPHPRU\� UHSUHVHQWLQJ GLIIHUHQW ORDGLQJ VWUDWHJLHV EHFRPHV IDLUO\ VWUDLJKWIRUZDUG²

DOO LW UHTXLUHV LV FKDQJLQJ WKH UHJLRQV WKDW DUH DGGHG WR WKH HQ+�Hn`2;BQMb VHW� DQG ZH

GRQ¶W DFWXDOO\ KDYH WR FKDQJH WKH PHPRU\� 7KLV DVSHFW LV FUXFLDO� VLQFH ZLWK WKLV

VHWXS ZH FDQ EXLOG XS D QXPEHU RI WUDFHV ZLWK WKH VFKHGXOHV WKDW ZH GHILQHG DERYH�

DQG WKHQ YDU\ ZKLFK UHJLRQV DUH ORDGHG LQWR ORFDO PHPRU\� %HFDXVH RI WKLV ZKHQ LW

FRPHV WR GHWHUPLQLQJ WKH FRVW RI D WUDFH ZH FDQ VLPSO\ DVN ZKLFK ORDGLQJ FRQILJX�

UDWLRQV DUH EHVW IRU WKDW FRPSXWDWLRQ HDVLO\ DQG UHODWLYHO\ HIILFLHQWO\²DOO ZH KDYH WR

GR LV FKDQJH WKH VHW RI ORFDO UHJLRQV DQG UH�DQDO\]H DQG UH�FRVW WKH WUDFHV�

������� 7UDFHV DQG &RVWV

5HFDOO IURP 6HFWLRQ ��� WKDW WKH DFWXDO GHWHUPLQDWLRQ RI WKH FRVW RI WKH FRPSXWDWLRQ

LV GRQH E\ DQDO\]LQJ WKH PHPRU\ WUDFHV WKDW DUH EXLOW XS IURP VFKHGXOLQJ WKH GHYLFH

ER[� 6R EHIRUH ZH FDQ GHWDLO WKH LPSOHPHQWDWLRQ RI WKH FRVW DQDO\VLV IRU WKHVH WUDFHV�

ZH ILUVW QHHG WR GHWDLO WKH LPSOHPHQWDWLRQ RI WKH WUDFHV EDVHG XSRQ WKRVH ZH VDZ

LQ 6HFWLRQV ����� DQG ��������
KQ/mH2 h`�+2 4 bi`m+i

ivT2 i 4 BMbi` HBbi
H2i Tmi Ui`�+2, iV UH, o�HXHQ+V , i 4 XXX
H2i ;2i Ui`�+2, iV UH, o�HXHQ+V , i 4 XXX
H2i ?�bnTmi Ui`�+2, iV UH, o�HXHQ+V, #QQH 4 XXX
H2i ?�bn;2i Ui`�+2, iV UH, o�HXHQ+V, #QQH 4 XXX
H2i 2KTiv, i 4 ()
H2i r2�Fn2[ UBMbi`R, BMbi`V UBMbi`k, BMbi`V, #QQH 4

K�i+? BMbi`R- BMbi`k rBi?
XXX
% E2`M n - E2`M n
% Smi n - Smi n
% J2i�:2i n - J2i�:2i n
% �MMQi�i2/ n- �MMQi�i2/ n → i`m2
% n → 7�Hb2

2M/

:LWK WKLV GHILQLWLRQ RI D WUDFH� ZH FDQ WKHQ LPSOHPHQW WKH FRVW DQDO\VLV RYHU WKHVH

WUDFHV ZLWK WKH IROORZLQJ PRGXOH WKDW LV SDUDPHWHUL]HG E\ WKH VHW RI ORFDO UHJLRQV²

VLQFH WKH FRVWLQJ RI WUDFHV LQ 6HFWLRQ ��� LV SDUDPHWHUL]HG E\ WKH VHW RI UHJLRQV WKDW
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DUH ORDGHG LQWR ORFDO PHPRU\� 7KH FRVW DQDO\VLV RI WKHVH PHPRU\ WUDFHV LV LPSOH�

PHQWHG E\ WKH IROORZLQJ PRGXOH GHILQLWLRQ�
KQ/mH2 �M�Hvx2h`�+2 4 bi`m+i

H2i HQ+bnQ7ni`�+2 Ui`�+2, h`�+2XiV, o�HXHQ+ HBbi 4
H2i Bbn#+�bi UK2K, ;TmnK2KQ`vV UHQ+b, o�HXHQ+ HBbiV, #QQH 4
U q2 `2im`M y ?2`2 iQ bB;MB7v i?�i i?2`2 �`2 MQ #�MF +QM7HB+ib  V
H2i Bbn#+QM7 UK2K, ;TmnK2KQ`vV UHQ+b, o�HXHQ+ HBbiV, BMi 4
H2i HQ+�Hn�//`b UK2K, ;TmnK2KQ`vV Ui`�+2, o�HXHQ+ HBbiV, o�HXHQ+ HBbi 4
H2i ;HQ#�Hn�//`b UK2K, ;TmnK2KQ`vV Ui`�+2, o�HXHQ+ HBbiV, o�HXHQ+ HBbi 4
U ;2i QTb �M/ 7Q`K i?2 2[mBp +H�bb2b U+7X bBKmHi�M2QmbHv b+?2/mH2/ MQ/2b BM
9XeXRV  V

H2i QTbnQ7ni`�+2 Ui`�+2, h`�+2XiV, BMi 4
U 1ZX 9Xky  V
H2i i`�+2n+Qbi UK2K, ;TmnK2KQ`vV Ui`�+2, o�HXHQ+ HBbiV, BMi 4
U 1ZX 9XkR  V
H2i bi2Tn+Qbi UK2K, ;TmnK2KQ`vV Ubi2T, qa+?2/Xb+?2/nbi2TV, BMi 4
H2i /2pB+2n#Qtn+Qbi UK2K, ;TmnK2KQ`vV UH, Uqa+?2/Xb+?2/nbi2T HBbi  aa2iXi  aa2iX
iV HBbiV, BMi 4

2M/

��� 3ULPLWLYH &RVW 3URYLGHUV

:KLOH WKLV GLVVHUWDWLRQ LV FRQFHUQHGZLWK LQIHUULQJ DEVWUDFW FRVWV IRU SURJUDPV� WKHUH

LV DQ LPSRUWDQW GLVWLQFWLRQ WKDW QHHGV WR EH PDGH EHWZHHQ LQWHUQDO DQG H[WHUQDO

FRVWV� $ SDUDOOHO FDQ EH GUDZQEHWZHHQ WKHVH H[WHUQDO FRVWV²WKDW DUH JLYHQ E\3&3V²

DQG WKH ,2 PRQDG LQ +DVNHOO� WKH ,2 PRQDG DOORZV D SXUH SURJUDP WR LQWHUDFW ZLWK

WKH RXWVLGH ZRUOG� DQG WKH 3&3V DOORZ RXU FRVWV WR LQWHUDFW ZLWK DFWLRQV RXWVLGH WKH

VFRSH RU ZRUOG RI WKH SURJUDP LWVHOI� )XUWKHU� WKHVH H[WHUQDO FRVWV DUH RQHV WKDW DUH

LPSOHPHQWDWLRQ GHSHQGHQW� DQG WKHUHIRUH QHHG WR EH µOLIWHG¶ IURP WKH LPSOHPHQWD�

WLRQ �WKLV FKDSWHU� LQWR WKH WKHRU\ WKDW ZH KDYH GHYHORSHG LQ WKH ODVW WZR FKDSWHUV� $V

RSSRVHG WR LQWHUQDO FRVWV ZKLFK DUH QRW �DV� GHSHQGHQW XSRQ WKH RXWVLGH ZRUOG�

7KLV SDUDOOHO RI 3&3V DQG LQWHUDFWLRQ FDQ EH VHHQ LQ WKH 3&3V WKDW ZH KDYH XVHG

WKURXJKRXW WKLV GLVVHUWDWLRQ� WKH ∆a 3&3 IRU DOORFDWLRQ RI UHJLRQV²LQWHUDFWLRQ ZLWK

WKHPHPRU\ DOORFDWRU RXWVLGH RI RXU FRPSXWDWLRQDOZRUOG²WKH3&3V λC
tfr (R) DQGλ

G
tfr (R)

IRU WUDQVIHUULQJ UHJLRQV EHWZHHQ WKH KRVW DQG GHYLFH²LQWHUDFWLRQZLWK WKH008 IRU



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

WKH *38 DQG WKH &38� DORQJ ZLWK WKH KDUGZDUH PHPRU\ EXV²DQG ILQDOO\ WKH 3&3

costmerge(R,R′) IRU PHUJLQJ UHJLRQV WRJHWKHU ZKHQ WUDQVIHUULQJ D UHJLRQ IURP GHYLFH

WR KRVW�

7KHUH DUH D QXPEHU RI ZD\V WR GHWHUPLQH KRZ PXFK D SULPLWLYH RSHUDWLRQ VKRXOG

FRVW²DQG KHQFH ZKDW WKH 3&3 VKRXOG EH IRU WKH SULPLWLYH²DQG WKHUH DUH D QXPEHU

RI FRQVLGHUDWLRQV WKDW QHHG WR EH WDNHQ LQWR DFFRXQW LQ GHWHUPLQLQJ MXVW KRZ ZH

VKRXOG GHULYH WKH 3&3 FRVW VLQFH HDFK RI WKHP KDV YDULRXV XSVLGHV DQG GRZQVLGHV�

7KH WKUHH PDLQ SRVVLELOLWLHV IRU GHWHUPLQLQJ WKHP DUH WKH IROORZLQJ�

� $QDO\WLF� :H NQRZ WKH WLPH WDNHQ E\ D JLYHQ RSHUDWLRQ VXFK DV WKH UDWH DW

ZKLFKPHPRU\ FDQEH WUDQVIHUUHG DFURVV WKHPHPRU\ EXV� RU WKH WLPH LW WDNHV WR

SHUIRUPRQH DGG RUPXOWLSOLFDWLRQ²FDOO LWT²DQGZH FRXOG WKHQ GHILQH WKH FRVW

RI WKH 3&3 EDVHG XSRQ WKLV H�J� LQ WKH FDVH RI PHPRU\ WUDQVIHUV WKH FRVW ZRXOG

EH WKH VXP RI WKH VL]HV RI WKH UHJLRQV EHLQJ WUDQVIHUUHG GLYLGHG E\ WKH UDWH RI

WUDQVIHU ∑
i |Ri |/TmemTfer� +RZHYHU� XVLQJ VXFK D PHWKRG GRHV QRW DOORZ XV WR

WDNH LQWR DFFRXQW VXFK WKLQJV DV WKDW WUDQVIHUULQJ D QXPEHU RI QRQ�FRQWLJXRXV

VHJPHQWV RI PHPRU\ LV VORZHU WKDQ WUDQVIHUULQJ D QXPEHU RI FRQWLJXRXV VHJ�

PHQWV�

� (PSLULFDO� ,Q WKLV FDVH ZH OHDUQ WKH FRVW RI WKHVH WUDQVIHUV XVLQJ D VPDOO

DQG VLPSOH VHW RI FRVW VHPDQWLF UXOHV DQG WKH PHWKRGV SUHVHQWHG E\ 'DV DQG

+RIIPDQQ >��@ WR SHUIRUP OLQHDU UHJUHVVLRQ DQG ILOO LQ WKH FRVW KROHV RI WKH FRVW

VHPDQWLFV IRU WKH 3&3V LQ RUGHU WR JLYH DQ DFFXUDWH FRVWLQJ PHWKRG� +RZHYHU

WKLV KDV WKH GRZQVLGH RI ERWK EHLQJ TXLWH KHDY\ZHLJKW� DQG VXIIHUV IURP QRW

EHLQJ DEVWUDFW HQRXJK� VLQFH WKH RWKHU QRQ�3&3 JHQHUDWHG FRVWV DUH DEVWUDFW

ZH QHHG WRPDNH VXUH WKDW ZH GR QRW RYHUZHLJKW WKH LQIHUUHG FRVWV ZLWK UHVSHFW

WR 3&3V ZKLFK PD\ YHU\ ZHOO KDSSHQ LI ZH GHWHUPLQH 3&3V LQ WKLV PDQQHU� RU

HYHQ LI ZH GHWHUPLQH WKHP DQDO\WLFDOO\�
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� )XOO\ $EVWUDFW� ,Q WKLV VHWWLQJ� ZH GR QRW VHHN WR WLH WKH FRVW RI WKHVH 3&3V WR

WKH FRVW RI WKH XQGHUO\LQJ RSHUDWLRQ DW DOO²MXVW DV ZH VDLG WKDW WKLQJV VXFK DV

DGGLWLRQ RU WKH OLNH KDYH DQ DEVWUDFW FRVW RI 1� ZH FRXOG OLNHZLVH VD\ WKDW D 3&3

IRU H�J� PHPRU\ DOORFDWLRQZLOO KDYH DEVWUDFW FRVW 0.1 WLPHV WKH QXPEHU RI E\WHV

LQ WKH DOORFDWLRQ� +RZHYHU� WKLV KDV WKH SUREOHP RI EHLQJ WRR DEVWUDFW²VLQFH

ZH ORVH DOO WUDFN RI UHDOLW\ LQ WKH SURFHVV�

$V ZH VHH WKHUH DUH D QXPEHU RI SRVVLELOLWLHV WKDW HDFK KDYH WKHLU RZQ DGYDQWDJHV�

DQG GLVDGYDQWDJHV� ,Q RUGHU WR JHW WKH EHVW RI HYHU\WKLQJ²D 3&3 WKDW LV DEVWUDFW

HQRXJK WR QRW VNHZ WKH FRVW DQDO\VLV RI WKH SURJUDPV WRR PXFK WRZDUGV PHPRU\

DOORFDWLRQ DQG WUDQVIHUV �LQ HLWKHU GLUHFWLRQ�� \HW LV DFFXUDWH HQRXJK WR EH XVHIXO²

ZH WDNH D K\EULG DSSURDFK WR WKH GHWHUPLQDWLRQ RI 3&3V� ZH ILUVW VFDOH WKH DQDO\WLF

FRVW RI SULPLWLYH RSHUDWLRQV IRU ZKLFK ZH GRQ¶W QHHG D 3&3±VXFK DV DGGLWLRQ DQG

PXOWLSOLFDWLRQ²DQG WKHQ GLYLGH WKLV DQDO\WLF FRVW E\ WKH DEVWUDFW FRVW DV GHILQHG E\

RXU FRVW VHPDQWLFV WR DUULYH DW DEVWUDFW WR SULPLWLYH UDWLR �$735� RU VFDOH IDFWRU�

6LQFH WKH DQDO\WLF FRVW IRU WKLQJV VXFK DV PHPRU\ DOORFDWLRQ RU PHPRU\ WUDQVIHUV LV

QRW DOZD\V UHDGLO\ DYDLODEOH� ZH ZLOO WKHQ XVH DQ HPSLULFDO DSSURDFK WR JDWKHU WKH

FRVWV IRU PHPRU\ DOORFDWLRQ DQG WUDQVIHUV� +RZHYHU� LQ WKH FDVH ZKHUH FRQVWDQWV

DUH DOUHDG\ NQRZQ WKHVH FRXOG EH XVHG MXVW DV ZHOO WRR�

,Q WKH QH[W SRUWLRQ RI WKLV VHFWLRQ ZH ZLOO GHWDLO WKH H[DFW PHWKRGV ZH XVH WR GH�

WHUPLQH HDFK 3&3 WKDW ZH KDYH QHHGHG WKURXJKRXW WKLV GLVVHUWDWLRQ� ∆a IRU UHJLRQ

DOORFDWLRQV� costmerge(R,R′) IRU UHJLRQPHUJLQJ� DQG ILQDOO\ λC
tfr (R) DQG λ

G
tfr (R) IRU WUDQV�

IHUULQJ UHJLRQV EHWZHHQ FRPSXWDWLRQDO ZRUOGV� %XW ILUVW� ZH GHWDLO WKH GHULYDWLRQ RI

DQ $735�

����� 'HULYLQJ WKH $735

7KH $735 LV D ZD\ IRU XV WR UHODWH WKH UHDO�ZRUOG FRVWV RI DQ RSHUDWLRQ WR WKH LQIHUUHG

DEVWUDFW FRVW E\ PHDVXULQJ WKH UDWLR EHWZHHQ WKH LQIHUUHG DEVWUDFW FRVWV IURP RXU
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FRVW VHPDQWLFV� DQG WKH DFWXDO RSHUDWLRQV IRU SULPLWLYHV LQ RXU ODQJXDJH WKDW GR QRW

UHO\ RQ 3&3V²WKXV ZH PXVW GHWHUPLQH WKH $735 IURP SULPLWLYH RSHUDWLRQV WKDW GR

QRW LQYROYH DQ\ PHPRU\ RSHUDWLRQV VXFK DV H�J� + DQG ∗�

6LQFH WKH DQDO\WLF FRVW IRU VXFK SULPLWLYH RSHUDWLRQV DUH JHQHUDOO\ ZHOO NQRZQ IRU

PRVW� LI QRW DOO� KDUGZDUH FRQILJXUDWLRQV ZH FDQ VDIHO\ DVVXPH WKH H[LVWHQFH RI FRQ�

VWDQWV IRU RXU SULPLWLYH RSHUDWLRQV� Tmul�Tadd�Tless HWF� )XUWKHUPRUH VLQFHZH DVVLJQ

WKH DEVWUDFW FRVW RI 1 WR HDFK RI WKHVH SULPLWLYHV LQ RXU FRVW VHPDQWLFV� WKH $735

IRU HDFK SULPLWLYH LV TXLWH HDVLO\ GHWHUPLQHG RQFH ZH KDYH WKHVH DQDO\WLF FRVWV� LW LV

VLPSO\ WKH UHFLSURFDO RI WKH DQDO\WLF FRVW 1
Top

��

2QFH ZH KDYH WKH $735 IRU HDFK SULPLWLYH RSHUDWLRQ LQ WKH ODQJXDJH� ZH WKHQ WDNH

WKH DYHUDJH RI WKHVH RSHUDWLRQV WR DUULYH DW WKH $735 WKDW ZH ZLOO XVH IRU WKH VHFRQG

SDUW RI WKH SURFHVV²VFDOLQJ WKH FRVW FRQVWDQWV LQIHUUHG IURP WKH HPSLULFDO FRVW VH�

PDQWLFV� +RZHYHU� EHIRUH GRLQJ WKLV ZH QHHG WR GHWDLO MXVW KRZ ZH GHWHUPLQH WKH

HPSLULFDO FRVWV�

$OORFDWLRQ &RVWV 7KH PHDVXUHPHQW RI WKH HPSLULFDO FRVWV IRU DOORFDWLRQV LV LQ�

IHUUHG E\ WDNLQJ WKH DYHUDJH RI 100 DOORFDWLRQV RI WZR W\SHV� WKH ILUVW EHLQJ DOORFDWLRQ

RI D QHZ UHJLRQ RI PHPRU\ ∆a� DQG WKH VHFRQG� H[SDQVLRQ RI UHJLRQV IRU ∆s � 6LQFH

ZH DOZD\V DOORFDWH DQG H[SDQG RXU UHJLRQV E\ D PLQLPXP VL]H JLYHQ E\ allocSize� WKH

WLPH IRU HDFK DOORFDWLRQ LV PHDVXUHG ZKHQ DOORFDWLQJ RU H[SDQGLQJ E\ allocSize� 7KH

GHILQLWLRQV RI ERWK RI WKHVH DUH JLYHQ E\ WKH IROORZLQJ XQGHUO\LQJ FRVW UXOHV��

alloc (allocSize)
newReдion(allocSize) ⇓l c̃ alloc

realloc (R,allocSize)
expand (R,allocSize) ⇓l c̃ realloc �����

�6LQFH WKH FRVW RI DQ RSHUDWLRQ FDQQRW EH ]HUR� ZH GRQ¶W QHHG WR ZRUU\ DERXW GLYLVLRQ E\ ]HUR LVVXHV
LQ WKH WDNLQJ RI WKH UHFLSURFDO�

��:H GHQRWH FRVW VHPDQWLF UXOHV LQ ZKLFK ZH QHHG WR OHDUQ WKH FRVWV EDVHG XSRQ OLQHDU UHJUHVVLRQ
ZLWK WKH RSHUDWRU ⇓l�
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:LWK WKHVH ZH FDQ WKHQ GHILQH ERWK GHOWD ∆a DQG ∆s DV IROORZV²VLQFH ZH DOZD\V

DOORFDWH DQG H[SDQG LQ allocSize FKXQNV�

∆a (n) $ i ∗ c̃ alloc ZKHUH i = Jn/allocSizeK
∆s (n) $ i ∗ c̃ realloc ZKHUH i = Jn/allocSizeK �����

:KLOH WKH GHWHUPLQDWLRQ RI WKH HPSLULFDO FRVWV IRU DOORFDWLRQ DUH TXLWH VWUDLJKWIRU�

ZDUG� WKH GHWHUPLQDWLRQ IRU PHPRU\ WUDQVIHUV LV D ELW PRUH FRPSOLFDWHG� :H FDQ

IRUPDOO\ VWDWH ZKDW ZH QHHG HDVLO\� JLYHQ D VHW RI UHJLRQ {R1, . . . ,Rn} RQ WKH KRVW�

ZH ZDQW WR GHWHUPLQH WKH FRVW RI WUDQVIHUULQJ WKHVH UHJLRQV WR WKH GHYLFH� $QG�

VLPLODUO\� WKH RWKHU GLUHFWLRQ IURP GHYLFH WR KRVW� 7KH SUREOHP DULVHV LQ WKH QRQ�

FRPSRVLWLRQDOLW\ RI WKH FRVWV IRU WKLV FRVW²WKH FRVW RI WUDQVIHUULQJ D QXPEHU RI UH�

JLRQV LV QRW QHFHVVDULO\ WKH VXP RI WKH FRVW RI WUDQVIHUULQJ HDFK LQGLYLGXDO UHJLRQ�

:H WKHUHIRUH QHHG WR JHW D ELW PRUH QXDQFHG LQ RXU LQIHUHQFH RI WKH FRVW IRU WKLV

RSHUDWLRQ�

1DLYHO\� ZH FRXOG VWDWH WKDW LI WUDQVIHUULQJ D UHJLRQ KDV D FRVW c� WKHQ WUDQVIHUULQJ D

VHW RI UHJLRQV {R1, . . . ,Rn} ZRXOG KDYH WKH FRVW


∑

i

|Ri | ∗ c


KRZHYHU� ZKHQ WUDQVIHUULQJPXOWLSOH UHJLRQV� WKH HQWLUH WUDQVIHU FDQ UHVXOW LQ D ORZHU

FRVW SHU UHJLRQ� 6LQFH ZH GR QRW ZDQW WKH FRVW IXQFWLRQ RU GHWHUPLQDWLRQ WR EH YHU\

FRPSOLFDWHG� WKLV SUREOHP FDQ EH VHHQ DV DVNLQJ WKH TXHVWLRQ� JLYHQ D SHU�UHJLRQ

FRVW c DQG D VHW RI UHJLRQV WR WUDQVIHU� GHULYH D VXLWDEOH FRQVWDQW c′ VXFK WKDW WKH FRVW

RI WKH WUDQVIHU RI WKH UHJLRQV LV JLYHQ E\ WKH IROORZLQJ VXP�

'
(

∑

i

|Ri | ∗ c

)
* + c′

:LWK WKLV LQ PLQG ZH DUULYH DW WKH IROORZLQJ FRVW VHPDQWLFV WR LQIHU WKH FRVW RI WKHVH

WUDQVIHUV �LQ WKH µVW\OH¶ RI 'DV DQG +RIIPDQQ >��@�� 7KH ILUVW� IRU GHWHUPLQLQJ WKH
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FRVW RI D VLQJOH PHPRU\ WUDQVIHU IURP KRVW WR GHYLFH� DQG WKH VHFRQG IRU WUDQVIHUULQJ

PHPRU\ IURP GHYLFH WR KRVW�

memTransferToDevice(R,R′)
transferG (R) ⇓l c̃ mdev

memTransferToHost(R′,R)
transferC (R) ⇓l c̃ mhost �����

:LWK WKLV� ZH FDQ WKHQ GHWHUPLQH WKH FRVW IRU WKH WUDQVIHU RI WKH VHW RI UHJLRQV

transferG (Ri ) ⇓l ci Ri ∈ R
transferG (

R
)
⇓ (

∑
i ci ) + c̃ tdev

transferC (Ri ) ⇓l ci Ri ∈ R
transferC (

R
)
⇓ (

∑
i ci ) + c̃ thost �����

ZKHUH ERWK c̃ tdev DQG c̃ thost DUH FRVW FRQVWDQWV WKDW QHHG WR EH OHDUQHG�

,Q RUGHU IRU WKH FRVW IXQFWLRQV WR WDNH LQWR DFFRXQW VXFK WKLQJV DV WUDQVIHUULQJ WZR

UHJLRQV WKDW DUH QH[W WR HDFK RWKHU LQ PHPRU\� EHIRUH XVLQJ ERWK transferC (
R
)
DQG

transferG (
R
)
WR GHWHUPLQH WKH FRVW RI WKH λC

tfr (R) DQG λ
G
tfr (R) 3&3V UHVSHFWLYHO\� ZH ILUVW

QHHG WR GHWHUPLQH DQ\ UHJLRQV WKDW UHVLGH QH[W WR HDFK RWKHU LQ PHPRU\� DQG WUHDW

ERWK RI UHJLRQV DV D VLQJOH UHJLRQ ZKHQ GHWHUPLQLQJ WKH FRVW IURP WKH XQGHUO\LQJ

WUDQVIHU FRVW IXQFWLRQ� 7R GR WKLV� ZH ILUVW GHILQH D SUHGLFDWH isNbr (R,R′) WKDW JLYHQ
WZR UHJLRQV GHWHUPLQHV LI WKH WZR FRQVWLWXWH D FRQWLJXRXV VHFWLRQ RI PHPRU\�

'HILQLWLRQ ������ *LYHQ WZR UHJLRQV R DQG R′ ZH GHILQH WKH SUHGLFDWH isNbr (R,R′)
WR EH WKH IROORZLQJ

isNbr (
R,R′

) = (
base + s + wordBsize ≡ base′) ∨ (

base′ + s′ + wordBsize ≡ base)

ZKHUH R = (base,ap,s, refcnt,ν )� R′ = (base′,ap′,s′, refcnt′,ν ′)� DQG wordBsize LV WKH

DOLJQPHQW EHLQJ XVHG�

DQG LQ WKH FDVH WKDW WZR UHJLRQV RIPHPRU\ R1 DQGR2 QHLJKERU HDFK RWKHU� ZH GHQRWH

WKLV E\R1+R2 DQG LI WKH WZR UHJLRQV DUH QRW QHLJKERUV WKHQ QRWKLQJ LV UHWXUQHG�

:LWK WKHVH GHILQLWLRQV� ZH FDQ QRZ GHILQH WKH 3&3V IRU WUDQVIHUULQJ PHPRU\� *LYHQ

D VHW RI UHJLRQV {R1, . . . ,Rn} WR WUDQVIHU� ZH ILUVW FRPELQH DOO UHJLRQV WKDW DUH QHLJK�

ERUV�

coalesce
(
R
)

= {R | R,R′ ∈ R . R + R′} ∪ {R | R ∈ R . !R′ ∈ R . isNbr (
R,R′

)
} �����



�� ,PSOHPHQWDWLRQ DQG (YDOXDWLRQ ���

$IWHU ZH KDYH FRDOHVFHG QHLJKERULQJ UHJLRQV LQ WKLV PDQQHU� ZH WKHQ FDOO WKH UHVSHF�

WLYH XQGHUO\LQJ FRVW IXQFWLRQV� :H WKXV KDYH WKH IROORZLQJ GHILQLWLRQV IRU WUDQVIHU

IXQFWLRQV

λC
tfr (R) = transferC (

coalesce
(
R
))

������

DQG

λG
tfr (R) = transferG (

coalesce
(
R
))

������

0HUJH &RVWV 7KH PHUJLQJ RI WZR UHJLRQV R1 DQG R′1 FDQ EH VHHQ DV D FRXSOLQJ RI

WZR RSHUDWLRQV²ILUVW SRVVLEO\ H[SDQGLQJ R1 WR WDNH LQWR DFFRXQW WKH ³GHOWD´ IURP

WKH RULJLQDO SDUHQW UHJLRQ� DQG WKHQ FRS\LQJ WKLV GHOWD WR WKH SDUHQW UHJLRQ��� 6LQFH

LQ UHDOLW\ WKH FRSLHV IURP WKH *38 WR WKH &38 DUH ³VKDUGHG´ LQ WKH VHQVH WKDW RQO\

WKH QHZ SRUWLRQ RI PHPRU\ LV FRSLHG EDFN IURP GHYLFH� DQG VLQFH ZH DUH DOUHDG\

WDNLQJ LQWR DFFRXQW WKH FRVW RI WUDQVIHUULQJ WKH PHPRU\� WKH PHUJH FRVW LV VLPSO\

WKH FRVW RI D SRVVLEOH UHDOORFDWLRQ� 6LQFH WKH PHPRU\ WUDQVIHU SODFHV WKH PHPRU\

GLUHFWO\ LQWR WKH SUHDOORFDWHG PHPRU\� WKH FRVW RI DQ\ FRS\LQJ WKDW QHHGV WR EH GRQH

LV LV FRYHUHG E\ WKH WUDQVIHUHQFH FRVW� 7KXV WKH ILQDO FRVWLQJ RI WKLV LV VLPSO\ WKDW RI

SRVVLEOH UHDOORFDWLRQ� ��

:H WKXV DUULYH DW WKH IROORZLQJ GHILQLWLRQ IRU WKH costmerge(R,R′) 3&3� ZKHUH ZH E\

FRQYHQWLRQ SODFH WKH GHYLFH UHJLRQ RQ WKH 5+6�

ν = R.ν \ R′.ν i = calcExpand (R,ν ) expand (R,i ) ⇓l c
costmerge(R,R′) ⇓l c

������

DQG ZKHUH calcExpand (R,ν ) LV GHILQHG DV IROORZV

calcExpand (R,ν ) $
{

i . i |allocSize ∧ (i > |ν | − ( |R | − R.ap)) LI |ν | > |R | − R.ap
0 RWKHUZLVH

��:H PD\ EH WHPSWHG WR DUJXH WKDW UHDOORFDWLRQ LV QRW QHHGHG� KRZHYHU ZKLOH WKH UHJLRQ FDQQRW
H[SDQG RQ WKH *38� VLQFH ZH DOORZ SDUDOOHO DFFHVV �DQG DOORFDWLRQ� WR WKH SDUHQW UHJLRQV ZKLOH WKH
*38 LV UXQQLQJ� WKLV PD\ EH DOORFDWHG LQWR DQG WKHUH PD\ QRW EH VSDFH OHIW ZKHQ WUDQVIHUULQJ EDFN
WR WKH KRVW�

��1RWH WKDW LW LV FUXFLDO WKDW ZH DUH PHUJLQJ UHJLRQV LQ ZKLFK RQH LV D SDUHQW RI WKH RWKHU�
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WKDW UHWXUQV WKH DPRXQW WKDW WKH UHJLRQ QHHGV WR EH H[SDQGHG LQ RUGHU WR KDQGOH WKH

QHZ PHPRU\ WKDW QHHGV WR EH SODFHG LQ LW DW WKH JUDQXODULW\ RI allocSize�

.HUQHO 6FKHGXOLQJ &RVWV :HDOVR QHHG WR GHWHUPLQH WKH DEVWUDFW FRVWκsched IRU

VFKHGXOLQJ D NHUQHO WR UXQ RQ WKH *38� 6LQFH ZH DOUHDG\ WDNH LQWR DFFRXQW WKH PHP�

RU\ WUDQVIHU RYHUKHDG EHWZHHQ KRVW DQG GHYLFH� WKLV 3&3 LV PHDQW WR UHSUHVHQW RQO\

WKH IXQGDPHQWDO RYHUKHDG RI ODXQFKLQJ D NHUQHO� ,Q RUGHU WRPHDVXUH WKLV RYHUKHDG

ZH PHDVXUH WKH RYHUKHDG RI ODXQFKLQJ DQ HPSW\ NHUQHO ZLWK QR PHPRU\ WUDQVIHUV

RU FRPSXWDWLRQ RQ WKH *38� DQG ZKLFK ZH ZLOO ZULWH DV kernLaunch()� 7KH UXOH IRU
GHWHUPLQLQJ κsched LV JLYHQ E\ WKH IROORZLQJ UXOH�

kernLaunch() ⇓l κsched
������

6LQFH DOO RI WKH VHPDQWLF UXOHV WKDW ZH KDYH SUHVHQWHG IRU GHWHUPLQLQJ RXU 3&3V

DUH VWUDLJKWIRUZDUG� DQG VLQFH WKH LPSOHPHQWDWLRQ DQG OHDUQLQJ RI FRVWV c̃ IROORZV

LPPHGLDWHO\ IURP 'DV DQG +RIIPDQQ >��@� ZH GR QRW JR LQWR GHWDLO RQ WKH SUHFLVH

LPSOHPHQWDWLRQ RI WKHVH UXOHV� :H QRZ WXUQ RXU DWWHQWLRQ WR HYDOXDWLQJ WKH HIILFDF\

RI WKH FRVW WKHRU\ E\ HYDOXDWLQJ LW RQ VRPH H[DPSOH SURJUDPV�

��� (YDOXDWLRQ

6LQFH WKH FRVWV WKDW ZH DUH GHDOLQJ ZLWK DUH DEVWUDFW� HYDOXDWLQJ WKH HIILFDF\ RI WKH

FRVW VHPDQWLFV LQ WHUPV RI SUHGLFWLQJ H[DFW UXQWLPH FRVWV RI SURJUDPV RU VSDFH XVDJH

ZRXOG EH LQFRUUHFW� ,QVWHDG� ZH DUH LQWHUHVWHG LQ PHDVXULQJ WKH DV\PSWRWLF FRVWV RU

ERXQGV RI SURJUDPV XVLQJ WKHVH VHPDQWLFV� DQG KRZ WKHVH DV\PSWRWLF ERXQGV DQG

FRVWV GLIIHU EHWZHHQ XVLQJ WKH &38 DQG *38 WR SHUIRUP WKH FRPSXWDWLRQ� 7R WKLV

HQG ZH GHPRQVWUDWH WKH HIILFDF\ RI RXU FRVW VHPDQWLFV DV WKH\ DUH LPSOHPHQWHG LQ

WKH FRPSLOHU RQ D VPDOO VHW RI H[DPSOH SURJUDPV� SDUDOOHO DQG VHULDO )LERQDFFL� DQG

YHFWRU DGGLWLRQ RI YDULRXV VL]HV� (DFK RI WKH SURJUDPV WKDW ZH KDYH XVHG LV GHVLJQHG
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WR GHPRQVWUDWH D SDUWLFXODU DVSHFW RI WKH FRVW VHPDQWLF V\VWHP WKDW ZH KDYH GHYHO�

RSHG� ,Q SDUWLFXODU� WKDW ZH DUH DEOH WR GHWHUPLQH WKH IROORZLQJ NH\ FKDUDFWHULVWLFV

RI LQSXW SURJUDPV�

� :H DUH DEOH WR GHWHUPLQH ZKHQ WKH LQSXW LV WRR VPDOO WR HIIHFWLYHO\ XWLOL]H DOO RI

WKH DYDLODEOH WDVN SDUDOOHOLVP RQ WKH &38�

� :H DUH DUH DEOH WR GHWHUPLQH WKDW SURJUDPV ZKLFK RQ WKHLU VXUIDFH PD\ VHHP

DPHQDEOH WR *38 DFFHOHUDWLRQ� DFWXDOO\ ZLOO EH PRUH FRVWO\ WR UXQ RQ WKH *38

FRPSDUHG WR FRPSXWLQJ ORFDOO\ RQ WKH &38� )XUWKHU WR WKLV� ZH DUH DOVR DEOH WR

FDOFXODWH DW ZKLFK VWDJH WKH LQSXW EHFRPHV ODUJH HQRXJK IRU WKH PRYHPHQW RI

WKH FRPSXWDWLRQ WR WKH *38 WR EH XVHIXO�

� :H DUH DEOH WR DFFXUDWHO\ GHWHUPLQH WKH VSDFH WUDGHRIIV ZLWK *38 DFFHOHUDWLRQ�

(DFK SURJUDP LQ WKH HYDOXDWLRQ EHORZ ZDV UXQ RQ D ,QWHO�5� &RUH�70� L������+.

&38#����*+]&38DQG19,',$*H)RUFH*7���0ZLWK ����0%95$0*38�

)LJXUH ��� VKRZV WKH FDOFXODWHG UXQWLPHV DQG VSDFH XVDJHV RI WZR GLIIHUHQW YHUVLRQV

RI WKH SDUDOOHO )LERQDFFL IXQFWLRQ� RQH XVLQJ RQO\ RQH UHJLRQ IRU WKH HQWLUHW\ RI

WKH FRPSXWDWLRQ²DQG WKXV DOORFDWLQJ DOO FORVXUHV LQ RQH UHJLRQ RI PHPRU\ IRU WKH

HQWLUH FRPSXWDWLRQ� DQG WKH RWKHU XVLQJ D QHZ UHJLRQ WR DOORFDWH WKH FORVXUH DW HDFK

UHFXUVLYH FDOO� :H VHH WKH IROORZLQJ FRPSXWDWLRQDO SURSHUWLHV IURP WKHVH JUDSKV�

ILUVW� ZH VHH WKDW HYHQ WKRXJK WKH DOORFDWLRQ RYHUKHDG RI FUHDWLQJ DQG GHOHWLQJ D

UHJLRQ IRU HDFK UHFXUVLYH FDOO LPSRVHV D VLJQLILFDQW RYHUKHDG WR WKH FRPSXWDWLRQ� DV

WKH QXPEHU RI WKUHDGV JURZV� WKLV RYHUKHDG EHFRPHV OHVV DSSDUHQW²ZKLFK PDNHV

VHQVH VLQFH DOORFDWLRQ ODWHQF\ FDQ EH PDVNHG RQ RQH WKUHDG ZKLOH RWKHU WKUHDGV

SHUIRUP XVHIXO FRPSXWDWLRQ� :H DOVR VHH WKDW DV WKH WKUHDG QXPEHUV JURZ� WKH VL]H

RI WKH VLQJOH UHJLRQ JURZV DV WKHQXPEHU RI WKUHDGV JURZ²WKLV DOVR KROGVZLWK UHDOLW\�

WKH IURQWLHU RI WKH WKH FRPSXWDWLRQ JURZV FRQVLGHUDEO\ LQ LWV SRVVLEOH ZLGWK DV WKH

QXPEHU RI WKUHDGV JURZV� DQG WKHUHIRUH WKH QXPEHU RI DFWLYH QRGHV LQ WKH JUDSK

JURZV±DORQJ ZLWK WKH VSDFH WKDW WKHVH WKUHDG FRQWH[WV WDNH XS� )XUWKHUPRUH� WKLV
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LV FRPSRXQGHG E\ WKH IDFW WKDW WKH PHPRU\ LV QHYHU GHDOORFDWHG� DQG WKXV HYHQ LI

WKH DPRXQW RI PHPRU\ XVHG PD\ RQO\ JURZ D OLWWOH ELW DW HDFK VWHS� RYHU WKH FRXUVH

RI WKH FRPSXWDWLRQ WKLV DPRXQWV WR D FRQVLGHUDEOH DPRXQW RI PHPRU\� WKH VL]H

RI WKH PHPRU\ LV QRW MXVW WKH ³KLJK ZDWHU PDUN´ EXW WKH HQWLUHW\ RI WKH PHPRU\

DOORFDWHG�

$V FRPSDUHG WR WKH VLQJOH�UHJLRQ IXQFWLRQ� WKH VL]H RI WKH PHPRU\ XVHG LQ WKHPDQ\�

UHJLRQ YHUVLRQ JURZV RQO\ VOLJKWO\²ZKLOH WKH ZLGWK RI SRVVLEOH WKUHDGVPD\ LQFUHDVH�

ZH DOVR UHPRYH ROG PHPRU\ DV IXQFWLRQ FDOOV UHWXUQ� 7KXV WKH VSDFH XVHG LV QRW

FRPSRXQGHG DV VLJQLILFDQWO\ DV LQ WKH VLQJOH UHJLRQ YHUVLRQ RI WKH FRGH� WKH PHPRU\

XVDJH KHUH LV RQO\ WKH ³KLJK ZDWHU PDUN´ RI WKH PHPRU\ XVHG GXULQJ WKH FRPSXWD�

WLRQ�

)LJXUHV ��� DQG ��� FRPSDUH WKH XVH RI T�`K�T RQ ERWK D IL[HG VL]H DUUD\ ZLWK D

YDU\LQJ QXPEHU RI WKUHDGV �)LJXUH ���� DQG D YDU\LQJ�VL]H DUUD\ ZLWK D IL[HG QXPEHU

RI WKUHDGV� :H DOVR VHH D FRXSOH RWKHU NH\ SURSHUWLHV IURP WKHVH JUDSKV� LQ SDUWLFXODU�

LQ )LJXUH ��� ZH DUH DEOH WR GHWHUPLQH WKDW WKH DUUD\ LV WRR VPDOO IRU WKUHDG�EDVHG

�&38�WDVN�EDVHG� SDUDOOHOLVP WR EH HIIHFWLYH²VKRZLQJ D VSHHGXS RI OHVV WKDQ ���

IURP 1 WKUHDG WR 64 WKUHDGV� DQG� WKH V\VWHP LV DOVR DEOH WR GHWHUPLQH WKDW WKH DUUD\

LV WRR VPDOO WR EH DPHQDEOH WR *38 DFFHOHUDWLRQ²DQG LQ SDUWLFXODU WKDW WKH WUDQVIHU

FRVWV ZRXOG IDU RXWZHLJK DQ\ FRPSXWDWLRQDO EHQHILWV�

,Q WKH VHFRQG RI WKHVH JUDSKV LQ ZKLFK ZH YDU\ WKH VL]H RI WKH LQSXW DUUD\ DV RSSRVHG

WR WKH QXPEHU RI WKUHDGV� ZH DOVR VHH WKDW WKH DV\PSWRWLF JURZWK RI WKH FRPSXWD�

WLRQ JURZV VLJQLILFDQWO\ VORZHU IRU WKH *38 DGGLWLRQ DV FRPSDUHG WR WKH &38�EDVHG

FRPSXWDWLRQ� ,Q SDUWLFXODU� ZKLOH WKH &38 FRPSXWDWLRQ JURZV LQ D OLQHDU PDQQHU

ZLWK WKH VL]H RI WKH LQSXW WKH SUHGLFWHG *38 SHUIRUPDQFH IRU WKLV FRGH LV VXE�OLQHDU�

:H DOVR VHH LQ WKLV FRGH� WKDW WKH DGGLWLRQDO PHPRU\ UHTXLUHG E\ WKH *38 WR VWRUH

DQG FRPSXWH RYHU WKH YHFWRU WKDW WKH VL]H RI WKH *38�EDVHG SURJUDP DSSUR[LPDWHO\

GRXEOHV LQ VL]H WR WKDW RI WKH &38�EDVHG SURJUDP�
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Parallel Fibonacci with N = 8

Number of Threads Number of Threads

Parallel Fibonacci with N = 10

Number of Threads Number of Threads

)LJXUH ���� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO )LERQDFFL IXQFWLRQV�
2QH XVLQJ RQO\ RQH UHJLRQ� DQG WKH RWKHU XVLQJ D QHZ UHJLRQ DW HDFK UHFXUVLYH VWHS�
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Parallel addition over a small vector of fixed size

Number of Threads Number of Threads

)LJXUH ���� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU SDUDOOHO DGGLWLRQ RYHU D VPDOO
IL[HG�VL]H DUUD\� 1RWLFH WKDW ZH ULJKWO\ GHWHUPLQH WKDW WKH FRVW RI UXQQLQJ RQ WKH *38 LV
PXFK PRUH FRVWO\� DQG VLPLODUO\� WKDW WKH XVHIXO DPRXQW RI SDUDOOHOLVP DYDLODEOH WR XV RQ
WKH &38 DV ZH XVH PRUH WKUHDG GRHV QRW KHOS GXH WR WKH FRPSXWDWLRQDO RYHUKHDG RI WKHVH
WKUHDGV�

:H DOVR FRPSDUH WZR GLIIHUHQW W\SHV RI YHFWRU DGGLWLRQ RQ WKH *38� RQH LQ ZKLFK ZH

VLPSO\ DGG WKH WZR QXPEHUV� DQG DQRWKHU LQ ZKLFK ZH SHUIRUP D VLPSOH EUDQFK�

LQJ RSHUDWLRQ EDVHG XSRQ WKH GDWD IURP WKH YHFWRU±WKLV ZLOO WKHQ FDXVH D ZDUS�

GLYHUJHQFH RQ WKH *38 FRGH� :H FDQ VHH WKH UHVXOWV RI WKLV LQ )LJXUH ���� $V ZH VHH

ZKLOH WKH VSDFH LV H[DFWO\ WKH VDPH IRU WKH WZR� WKHLU UXQWLPHV GLIIHU E\ D QRWLFHDEOH

DPRXQW� DERXW ��� :KLOH WKLV DPRXQW LV QRW WRR JUHDW� WKLV GLYHUJHQFH DPRXQW LV WR

EH H[SHFWHG� WKH OHQJWK RI DQ\ JLYHQ GLYHUJHQW SDWK RQ WKH *38 KDV RQO\ OHQJWK RQH

DQG WKXV ZH DW PRVW ZRXOG QHHG WR SHUIRUP WZLFH DV PDQ\ ZDUS VWHSV IRU DQ\ JLYHQ

ZDUS VWHS�
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Parallel addition over a vector for NumThreads = 8

Size of Array Size of Array

)LJXUH ���� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO DGGLWLRQ RI YHFWRUV�
1RWLFH WKDW WKH &38 JUDSK JURZ DOPRVW OLQHDUO\ ZLWK WKH VL]H RI WKH DUUD\ �UHFDOO WKDW WKH
WKUHDGV DUH IL[HG�� ZKLOH WKH *38 FRGH LV SUHGLFWHG WR VWD\ DOPRVW FRQVWDQW LQ FRPSDULVRQ�

����� &RPSDULQJ WR 5HDO�:RUOG 5XQWLPHV

,Q WKLV VHFWLRQ DQG LQ )LJXUHV ��� DQG ���� ZH FRPSDUH WKH DEVWUDFW QXPEHUV WKDW ZH

JHQHUDWHG LQ WKH SUHYLRXV VHFWLRQ� WR WKH DFWXDO UXQWLPHV� DQG VSDFH XVDJHV RI WKHVH

VDPH SURJUDPV WKDW ZH REVHUYHZKHQ UXQQLQJ WKHP� ,W LV LPSRUWDQW WR WDNH QRWH WKDW

WKH HYDOXDWLRQ WDNHV SODFH LQ WHUPV RI UDWLRV RI FRVWV DV RSSRVHG WR UHDO�ZRUOG FRVWV�

7KLV LV VLQFH ZKLOH RXU FRVW VHPDQWLFV DUH PHDQW WR UHSUHVHQW WKH FRVWV RI SURJUDPV�

WKHVH FRVWV DUH DEVWUDFW� 7KHUHIRUH LQ RUGHU WR KDQGOH WKLV LVVXH RI H[DPLQLQJ WKH

DFFXUDF\ RI WKH SUHGLFWHG DEVWUDFW FRVWV ZLWK UHDO�ZRUOG FRVWV� ZH XVH WKH IDFW WKDW

E\ FRPSDULQJ WKH UDWLRV RI UXQWLPHV WKH XQGHUO\LQJ �UHODWLYH� PDJQLWXGHV RI FRVWV

ODUJHO\ FDQFHO RXW� DQG ZH DUH OHIW ZLWK WKH DFWXDO EHKDYLRU RI RQH SURJUDP ZLWK UH�

VSHFW WR DQRWKHU� 7KXV� WR GHWHUPLQH WKH DFFXUDF\ RI WKH SURILOLQJ IUDPHZRUNZH SORW
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Parallel addition over a vector with divergence

Size of Array Size of Array

)LJXUH ���� &DOFXODWHG FRPSXWDWLRQDO DQG VSDFH XVDJH IRU WKH SDUDOOHO DGGLWLRQ RI YHFWRUV
RQ WKH *38� 2QH �%5$1&+*38680� XVHV D EUDQFKLQJ RSHUDWLRQ GXULQJ WKH VXPPDWLRQ�
WR SHUIRUP DGGLWLRQ RI D GLIIHUHQW FRQVWDQW EDVHG XSRQ SDULW\ RI WKH HOHPHQWV� 7KH RWKHU
�*38680� VLPSO\ SHUIRUPV VWUDLJKWIRUZDUG DGGLWLRQ�

WKH UDWLR RI abstractCost (p1)/abstractCost (p2) IRU WZR SURJUDP YDULDQWV p1 DQG p2� DQG

SORW WKH VDPH UDWLRV realWorldCost (p1)/realWorldCost (p2) IRU HDFK RI WKH SURJUDP¶V

REVHUYHG UXQWLPHV� :H XVH WKH SURJUDPV WKDW ZH ORRNHG DW LQ WKH SUHYLRXV VHFWLRQ

IRU WKLV FRPSDULVRQ DV ZHOO�

)LJXUH ��� SUHVHQWV WKH SORWV IRU WKH UXQWLPH DQG VSDFH XVDJH RI WKH SDUDOOHO )L�

ERQDFFL IXQFWLRQ YDULDQWV WKDWZH VDZSUHYLRXVO\ LQ )LJXUH ���� +RZHYHU� WKLV WLPH LQ�

VWHDG RI SORWWLQJ WKH UXQWLPH RU SUHGLFWHG UXQWLPHV DQG VSDFH XVDJH� ZH LQVWHDG SORW

WKH UDWLR RI WKH SUHGLFWHG UXQWLPHV DQG VSDFH XVDJH RI WKH WZR GLIIHUHQW )LERQDFFL

IXQFWLRQV� DORQJ ZLWK WKH SORW RI WKH UDWLRV RI WKH REVHUYHG UXQWLPHV IRU WKHVH VDPH

IXQFWLRQV�
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Calculated v.s. Real-World costs for Parfib, N = 10

Number of Threads Number of Threads

)LJXUH ���� 7KH UDWLRV EHWZHHQ XVLQJ RQO\ RQH UHJLRQ DQG PDQ\ �RQH IRU HDFK UHVXUVLYH
FDOO� IRU WKH SDUDOOHO )LERQDFFL IXQFWLRQ ZLWK N = 10� 7KH EOXH OLQH �³5HDO´� DUH WKH REVHUYHG
UDWLRV �ERWK UXQWLPH DQG VSDFH� IURP WKH H[HFXWLRQ RI WKH FRPSLOHG IXQFWLRQ DW WKH JLYHQ
WKUHDG FRXQWV� 7KH RWKHU RUDQJH OLQH �³&DOFXODWHG´� DUH WKH UDWLRV EHWZHHQ WKH FDOFXODWHG
VSDFH XVDJH DQG FRPSXWDWLRQDO WLPHV IRU WKLV IXQFWLRQ DW WKH JLYHQ WKUHDG FRXQWV�

)LJXUH ��� OLNHZLVH SUHVHQWV WKH SORWV RI WKH UDWLRV IRU WKH GLIIHUHQW YHUVLRQV RI SDU�

DOOHO YHFWRU DGGLWLRQ� $V ZH FDQ VHH IURP WKH SORW� ZKLOH WKH RYHUDOO UDWLRV UHPDLQ

IDLUO\ DFFXUDWH� WKH SUHGLFWHG UXQWLPHV DURXQG ZDUS�GLYHUJHQFH IRU WKH *38 GR QRW

IXOO\ PDWFK WKDW RI WKH *38²DV ZLWQHVVHG E\ WKH IDFW WKDW RXU DFFXUDF\ LV RII E\ 29%

LQ SDUWLFXODU VLQFH ZH DUH QRW DEOH WR IDFWRU LQ WKH VORZGRZQ GXH WR ZDUS�GLYHUJHQFH

HQRXJK DQG DOVR GR QRW IDFWRU LQ WKH XQSUHGLFWDELOLW\ RI FRPSXWDWLRQDO WLPH WKDW

DULVHV IURP WKLV DV ZHOO� +RZHYHU� ZKLOH ZH DUH QRW DEOH WR UHSUHVHQW WKH GLIIHUHQFH

LQ UXQWLPHV EHWZHHQ ZDUS�GLYHUJHQW FRGH ZLWK FRPSOHWH DFFXUDF\� ZH VWLOO VHH WKDW

WKH FRVW VHPDQWLFV DUH VWLOO DEOH WR UHIOHFW WKHVH *38�UHODWHG DUWLIDFWV ZLWK VRPH

SHUVSLFDFLW\ LQWR WKH FDOFXODWHG FRVW�
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Calculated v.s. Real-World costs for Variable-size Array Addition

Size of Array Size of Array

)LJXUH ���� 7KH UDWLRV EHWZHHQ YHFWRU DGGLWLRQ RQ WKH &38 DQG *38� 7KH JUHHQ DQG UHG
OLQHV DUH WKH REVHUYHG UDWLRV �ERWK UXQWLPH DQG VSDFH� IURP WKH H[HFXWLRQ RI WKH FRPSLOHG
IXQFWLRQV IRU DGGLWLRQ �&38� *38� DQG *38 ZLWK EUDQFKLQJ�� 7KH RWKHU RUDQJH DQG EOXH
OLQHV DUH WKH UDWLRV EHWZHHQ WKH FDOFXODWHG VSDFH XVDJH DQG FRPSXWDWLRQDO WLPHV IRU WKH
FRPSLOHG YHFWRU DGGLWLRQ IXQFWLRQV�

:H FDQ VHH IURP WKHVH UHVXOWV� WKDW ZKLOH WKH SUHGLFWHG FRVWV DUH QRW DFFXUDWH DW

WKH OHYHO RI FRPSXWDWLRQDO F\FOHV� WKH UDWLRV RI WKH FDOFXODWHG FRVWV DV FRPSDUHG

WR WKH UDWLRV RI WKH REVHUYHG FRVWV DUH JHQHUDOO\ TXLWH DFFXUDWH� ZLWK DQ DYHUDJH

GLIIHUHQFH LQ UDWLRV RI 7% DQG 3.5% IRU WLPH DQG VSDFH UHVSHFWLYHO\ IRU WKH )LERQDFFL

IXQFWLRQ YDULDQWV� DQG 4.2% DQG 9.7% IRU WLPH DQG VSDFH IRU &38�*38DQG 29.4% DQG

6.3% IRU *38� DQG *38 DGGLWLRQ ZLWK EUDQFKLQJ IRU WKH YDULDEOH VL]H DUUD\ DGGLWLRQ

SURJUDPV�
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&RQWHQWV
��� /LPLWDWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � � � � � ���
��� )XWXUH 'LUHFWLRQV � � � � � � � � � � � � � � � � � � � � � � � � � ���

$W WKH EHJLQQLQJ RI WKLV GLVVHUWDWLRQ ZH K\SRWKHVL]HG WKDW

&RVW VHPDQWLFV DUH D YLDEOH DQG DFFXUDWH PRGHO IRU DQDO\]LQJ DQG SUR�

ILOLQJKLJK�OHYHO KLJKHU�RUGHU KHWHURJHQHRXV SDUDOOHO IXQFWLRQDO ODQJXDJHV�

)XUWKHU� VXFK FRVW VHPDQWLFV DOORZ WKH GHWHUPLQDWLRQ RI UHODWLYH �SDUDO�

OHO� FRVWV RI SURJUDPV UXQQLQJ RQ HLWKHU WKH &38 RU *38 DQG WKH DELOLW\

WR LQIRUP FRPSXWDWLRQDO SODFHPHQW RI WKHVH SURJUDPV�

DQG LQ WKLV GLVVHUWDWLRQ ZH KDYH EXLOW D FRVW VHPDQWLFV IRU D UHJLRQ�EDVHG KHWHUR�

JHQHRXV SDUDOOHO IXQFWLRQDO ODQJXDJH �&KDSWHUV � WR ��� DQG VKRZQ WKDW WKHVH FRVW

VHPDQWLFV DUH ERWK LPSOHPHQWDEOH� DQG IDLWKIXO WR GHVFULELQJ WKH DEVWUDFW FRVW RI

FRPSXWDWLRQV LQ WKLV VHWWLQJ �&KDSWHU ��� ,Q RUGHU WR EXLOG WKHVH FRVW VHPDQWLFV�

ZH KDYH GHYHORSHG D QXPEHU RI QHZ WHFKQLTXHV LQ RUGHU WR UHSUHVHQW UHJLRQ�EDVHG

���
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ODQJXDJHV RQ WKH &38 DQG WKH ZHLJKWHG FRVW JUDSKV WKDW WKH\ HQWDLO� DORQJ ZLWK

FRQVWUXFWLRQV IRU UHSUHVHQWLQJ SDUDOOHOLVP DQG FRPSXWDWLRQ RQ WKH *38 WKDW WDNHV

LQWR DFFRXQW QHVWHG SDUDOOHOLVP� DQG VKDUHG ZRUN�JURXS PHPRU\�

7KH ZRUN WKDW ZH KDYH SUHVHQWHG FDQ EH VHHQ DV IRXQGDWLRQDO LQ QDWXUH� D FRVW VH�

PDQWLFV VHUYHV DV D EDVH RQ ZKLFK RWKHU ZRUN FDQ EH EXLOW DQG H[WHQGHG� 7KXV D

QXPEHU RI IXWXUH GLUHFWLRQV DQG DSSOLFDWLRQV DUH RSHQHG XS E\ WKLV ZRUN� 3DUWLFX�

ODUO\� VLQFHPDQ\ RWKHU DUHDV UHTXLUH D FRVW VHPDQWLFV DV D ZD\ WR KDQGOH WKH FRQFHSW

RI FRVW RI WKH SURJUDPV WKDW WKH\ ZRUN RQ� KDYLQJ D FRVW VHPDQWLFV IRU KHWHURJHQHRXV

SDUDOOHOLVP DOORZV UHVHDUFKHUV LQ WKHVH ILHOGV WR WDNH LQWR DFFRXQW KHWHURJHQHRXV

SDUDOOHOLVP� :H GLVFXVV VRPH RI WKHVH IXWXUH GLUHFWLRQV� DQG KRZ WKH\ WLH LQ WR WKLV

ZRUN LQ 6HFWLRQ ���� +RZHYHU� ZKLOH ZH KDYH WKH H[SDQGHG WKH DSSOLFDELOLW\ RI FRVW

VHPDQWLFV WR QHZ GRPDLQV E\ WKH UHVHDUFK WKDW ZH KDYH SUHVHQWHG� WKHUH DUH VWLOO

D QXPEHU RI OLPLWDWLRQV DQG WKLQJV WKDW ZH GR QRW WDNH LQWR DFFRXQW� ,Q WKH QH[W

VHFWLRQ� ZH EULHIO\ VXPPDUL]H VRPH RI WKHVH OLPLWDWLRQV�

��� /LPLWDWLRQV

0XOWLSOH &38V DQG *38V ,Q WKH FXUUHQW VHWWLQJ WKH FRVW VHPDQWLFV IRU ΛC
G DV�

VXPHV WKDW WKHUH LV RQH KRVW �&38� DQG RQH GHYLFH �*38� LQ WKH V\VWHP� 2QH FRXOG

H[WHQG WKH WKHRU\ DQG LPSOHPHQWDWLRQ WR WDNH LQWR DFFRXQW PXOWLSOH &38�*38 GH�

YLFHV� KRZHYHU� WKH WKHRU\ DQG LPSOHPHQWDWLRQ ZRXOG QHHG WR EH H[WHQGHG LQ RUGHU

WR WDNH LQWR DFFRXQW PXOWLSOH FRPSXWDWLRQDO ZRUOGV LQ ERWK WKH W\SH V\VWHP DQG

VHPDQWLFV� $V ZHOO� WKHUH PLJKW EH GLIIHUHQW WUDQVIHUHQFH UDWHV EHWZHHQ GLIIHUHQW

KRVW�GHYLFH FRPELQDWLRQV WKDW QHHGV WR EH WDNHQ LQWR DFFRXQW� )XUWKHU� WKH WKHRU\

IRU UHJLRQPHUJLQJ DQGPHPRU\ WUDQVIHUV UHOLHV RQ WKH IDFW WKDW WKH NHUQHOZLOO DOZD\V

UHWXUQ WR WKH KRVW WKDW VSDUNHG LW� DQG WKHUHIRUH RQO\ WKH GHOWD QHHGV WR EH PHUJHG

EDFN� ,Q D PXOWL�GHYLFH VHWWLQJ ZH PD\ ORVH WKH NH\ LQYDULDQW� DQG WKH WKHRU\ ZRXOG

QHHG WR EH XSGDWHG WR KDQGOH WKLV�
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0HPRU\ +LHUDUFKLHV RQ WKH &38 :KLOH ZH WDNH LQWR DFFRXQW WKH GLIIHUHQW

KLHUDUFKLHV RI PHPRU\ RQ WKH *38� ZH GR QRW WDNH WKLV LQWR DFFRXQW RQ WKH &38

SRUWLRQ RI WKH ODQJXDJH� DQG IRU JRRG UHDVRQ� ZKLOH WKH *38 GRHV QRW KDYH FDFKH

HYLFWLRQ�ORDGLQJ SROLFLHV EDVHG XSRQ PHPRU\ DFFHVVHV� WKH YDULRXV FDFKHV RQ WKH

&38 GR� 'XH WR WKLV SROLF\� LQ WKH SUHVHQFH RI SDUDOOHOLVP GHWHUPLQLQJ ZKLFK OR�

FDWLRQV UHVLGH LQ FDFKH EHFRPHV LPSRVVLEOH WR KDQGOH LQ D VWDQGDUG FRVWLQJ IUDPH�

ZRUN�� GXH WR WKH IDFW WKDW PXOWLSOH WKUHDGV RI H[HFXWLRQ DUH QRQ�GHWHUPLQLVWLF LQ

WKHLU H[HFXWLRQ� WKH ORDGLQJ DQG HYLFWLRQ RI VHFWLRQV RI PHPRU\ IURP FDFKH LV DOVR

QRQ�GHWHUPLQLVWLF²DQG ZKLFK VHFWLRQV RI PHPRU\ UHVLGH LQ FDFKH�

)XOO *380HPRU\ +LHUDUFK\ /LNHZLVH� LQ RUGHU WR VLPSOLI\ WKH WKHRU\� ZH GR

QRW WDNH LQWR DFFRXQW WKH IXOO PHPRU\ KLHUDUFK\ RQ WKH *38 �FRQVWDQW�WH[WXUH DQG

WKUHDG ORFDO�� DQG GR QRW KDQGOH VKLIWLQJ RI ZKLFK UHJLRQV UHVLGH LQ WKLV ORFDOPHPRU\

GXULQJ WKH FRPSXWDWLRQ�� 1RU GR ZH KDQGOH ORDGLQJ RI SDUWLDO UHJLRQV RI PHPRU\

LQWR VKDUHG PHPRU\� DQG ZH RQO\ PRGHO WKH ORDGLQJ RI HQWLUH UHJLRQV�

��� )XWXUH 'LUHFWLRQV

7KHUH DUH D QXPEHU RI IXWXUH GLUHFWLRQV WR EH H[SORUHG IURP WKLV ZRUN� DQG WKDW KDYH

FRPH XS LQ WKH SURFHVV RI WKH UHVHDUFK WKDW KDV EHHQ SUHVHQWHG� :H SURYLGH D EULHI

V\QRSVLV RI HDFK RI WKHVH� DQG WKH SRVVLEOH ZD\V WKDW ZH WKLQN WKLV ZRUN FRXOG EH

H[WHQGHG LQ WKHVH GLUHFWLRQV�

�6HH 6HFWLRQ ��� IRU D SRVVLEOH ZD\ DURXQG WKLV E\ XVLQJ D QRYHO QRQ�VWDQGDUG FRVWLQJ SROLF\�
�1RWH WKDW WKLV LV GLIIHUHQW IURP WKH &38 FDFKH FDVH VLQFH ZH ZRXOG EH PDNLQJ WKH FKRLFH DV WR ZKHQ
WKH PHPRU\ VKRXOG EH PRYHG DURXQG DV RSSRVHG WR WKLV EHLQJ QRQ�GHWHUPLQLVWLFDOO\ FKRVHQ IRU XV
E\ WKH WKUHDGV�
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&RXSOLQJ 'DWD /D\RXW ZLWK &RVW 6HPDQWLFV

&RVW VHPDQWLFV DUH QHHGHG IRU DPRUWL]HG FRPSOH[LW\ DQDO\VLV� +RZHYHU WR WKH DX�

WKRU¶V NQRZOHGJH QRQH RI WKHVH V\VWHPV IRU DPRUWL]HG FRPSOH[LW\ DQDO\VLV WDNH LQWR

DFFRXQW GDWD OD\RXW LQ WKH XQGHUO\LQJ FRVWV DQG KHQFH FDQQRW WDNH WKLV LQWR DFFRXQW

LQ WKHLU VWDWLF²W\SH�OHYHO²LQIRUPDWLRQ� ([WHQGLQJ WKH ZRUN WKDW ZH KDYH SUHVHQWHG

WR XVH D OD\RXW �DQG 5%00��EDVHG W\SH V\VWHP FRXOG DOORZ GDWD�OD\RXW DZDUH DPRU�

WL]HG FRPSOH[LW\ DQDO\VLV IRU KHWHURJHQHRXV SDUDOOHO ODQJXDJHV�

0RYLQJ WR WKH GLVWULEXWHG VHWWLQJ

7KH &38�*38 FDQ EH VHHQ DV D VSHFLDO�FDVH RI D GLVWULEXWHG V\VWHP� 7KXV ODUJH

SRUWLRQV RI WKH ZRUN LQ WKLV GLVVHUWDWLRQ VKRXOG EH DEOH WR EH H[WHQGHG WR WKH GLV�

WULEXWHG VHWWLQJ ZLWKRXW WRR PXFK ZRUN²LQ SDUWLFXODU GLVWULEXWHG PHPRU\ SDUDO�

OHOLVP� 'HYHORSLQJ D FRVW VHPDQWLFV IRU GLVWULEXWHGPHPRU\ SDUDOOHOLVP LQ WKLV PDQ�

QHU FRXOG WKHQ DOORZ DVNLQJ DQG DQVZHULQJ VXFK TXHVWLRQV DV ³LV LWPRUH FRVW HIILFLHQW

WR FRPSXWH ORFDOO\� RU WR SODFH WKH FRPSXWDWLRQ LQ SDUDOOHO RQ D GLIIHUHQW PDFKLQH"´

)XUWKHUPRUH� WKLV FRXOG EH WLHG LQ WR VWDUW DGGLQJ GLVWULEXWHG FRVW W\SHV LQ ZKLFK

ERXQGV RI GLVWULEXWHG SDUDOOHO SURJUDPV FRXOG EH DXWRPDWLFDOO\ YHULILHG DW FRPSLOD�

WLRQ �W\SHFKHFNLQJ��

&RVW 0RELOLW\ 6NHOHWRQV IRU &38�*38 DQG 'LVWULEXWHG SUR�
JUDPV

$XWRQRPRXV 0RELOLW\ 3URJUDPV �$03V� VXFK DV -R&DPO >��@ PD\ PLJUDWH FRP�

SXWDWLRQ IURP RQH SDUW RI D GLVWULEXWHG FRPSXWDWLRQ WR DQRWKHU EDVHG XSRQ D G\�

QDPLF GHWHUPLQDWLRQ RI ZKHUH RQ WKH QHWZRUN�FOXVWHU LV WKH EHVW SODFH WR SHUIRUP

WKH FRPSXWDWLRQ� 7R H[WHQG WKLV ZRUN WR QR ORQJHU UHTXLUH DQ H[SOLFLW FRVW PRGHO�

FRVW DQQRWDWLRQV� RU PRELOLW\ GHFLVLRQ IXQFWLRQ 'HQJ� 0LFKDHOVRQ� DQG 7ULQGHU >��@
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SUHVHQW &RVWHG $XWRQRPRXV0RELOLW\ 6NHOHWRQV �&$0V� >��� ��@ WKDW FDQ GHWHUPLQH

ZKHUH WR PLJUDWH FRPSXWDWLRQV EDVHG XSRQ D DXWRPDWLF FRQWLQXDWLRQ FRVW DQDO\]HU�

+RZHYHU LQ RUGHU WR GHWHUPLQH WKH FRVW RI WKH FRQWLQXDWLRQV D FRVW VHPDQWLFV LV

UHTXLUHG�

:KLOH ZH KDYHQ¶W FUHDWHG FRVW HTXDWLRQV� RU D FRQWLQXDWLRQ�EDVHG FRVW VHPDQWLFV LQ

WKLV GLVVHUWDWLRQ� WKH FRVW VHPDQWLFV DQG WKH WKHRU\ WKDW ZH KDYH GHYHORSHG VKRXOG

EH UHDGLO\ H[WHQGDEOH WR WKLV VHWWLQJ� 8VLQJ VXFK D FRVW VHPDQWLFV ZRXOG DOORZ &$0V

V\VWHPV WR EH DEOH WR EH XVHG LQ KHWHURJHQHRXV VHWWLQJV�

3DJLQJ 3ROLFLHV� /RFDO 0HPRU\� DQG 'LVWULEXWLRQ�EDVHG FRVW
VHPDQWLFV

7KH ,�2 PRGHO FDQ EH XVHG IRU PRUH WKDQ MXVW HPXODWLQJ D FDFKH²LW FDQ EH XVHG IRU

HPXODWLQJ KLHUDUFKLFDO V\VWHPV²LQ SDUWLFXODU� WKH GLIIHUHQFH EHWZHHQPDLQPHPRU\

DQG RQ�GLVN PHPRU\� +RZHYHU� LQ WKH SUHVHQFH RI SDUDOOHOLVP WKHUH DUH LVVXHV WKDW

QHHG WR EH KDQGOHG� WDNLQJ LQWR DFFRXQW VKDUHG ZRUN�JURXS PHPRU\ RQ WKH *38
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7KLV DSSHQGL[ GHWDLOV WKH SURRIV IRU WKH WKHRUHPV WKDW ZH KDYH LQ WKH UHVW RI WKH

GLVVHUWDWLRQ�

%�� 3URRI RI 7KHRUHP �����

7KHRUHP %���� �%RXQGHGQHVV RI ⇓�� /HW E;S; e ⇓ !;S′; c� 7KHQ S $ S′�

3URRI� 7KH SURRI IROORZV LPPHGLDWHO\ IURP WKH IROORZLQJ REVHUYDWLRQV DERXW UHJLRQ

VWDFNV� DQG WKH VHPDQWLF UXOHV±VSHFLILFDOO\ WKH H2i`2;BQM UXOH�

� 7KH PHPRU\ ZLWKLQ UHJLRQV LV LPPXWDEOH� DQG

���
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� WKH RQO\ LQWURGXFWLRQ IRUP IRU UHJLRQV LV WKH H2i`2;BQM IRUP�

:LWK WKHVH WZR REVHUYDWLRQV WKH SURRI IROORZV DOPRVW LPPHGLDWHO\� E\ LQVSHFWLRQ RI

WKH H2i`2;BQM UXOH LQ )LJXUH ����� ZH VHH WKDW WKH UHJLRQ r LQWURGXFHG WR WKH UHJLRQ

VWDFNS ZKHQ HYDOXDWLQJ e LV UHPRYHG IURP WKH UHJLRQ VWDFNS′ LQ WKH UHVXOWLQJ UHJLRQ
VWDFN S′ IURP WKH H[HFXWLRQ� 6LQFH QR RWKHU VHPDQWLF UXOHV FDQ LQWURGXFH RU UHPRYH

UHJLRQV IURP WKH UHJLRQ VWDFN� ZH KDYH WKDW dom(S) ⊆ dom(S′)� 7KH VHFRQG SDUW�

WKDW |S′(r ) | ≥ |S (r ) | IRU DOO r ∈ dom(S) IROORZV LPPHGLDWHO\ IURP LPPXWDELOLW\ RI

UHJLRQV� #

%�� 3URRI RI 7KHRUHP �����

7KHRUHP%����� (S, :≥,R,R) IRUPVDERXQGHG ODWWLFHZLWK XSSHU ERXQGR DQG ORZHU

ERXQG R� :KHUH R LV WKH VWDUWLQJ UHJLRQ� DQG R LV WKH UHJLRQ DW WKH WRS RI WKH VWDFN

S�

3URRI�

5HIOH[LYLW\ 7KLV IROORZV LPPHGLDWHO\ IURP WKH GHILQLWLRQ RI :≥�

7UDQVLWLYLW\ ,I S ? R1 :≥ R2 DQG S ? R2 :≥ R3� WKHQ E\ WKH GHILQLWLRQ RI :≥ ZH

KDYH WKDW S PXVW KDYH WKH IROORZLQJ VWUXFWXUH�

S = S1,r1 &→ R1,S2,r2 &→ R2,S3,r3 &→ R3,S4

IURP ZKLFK ZH KDYH WKDW S ? R1 :≥ R3�

$QWLV\PPHWU\ ,I S ? R1 :≥ R2 WKHQ S PXVW KDYH WKH IROORZLQJ VWUXFWXUH�

S = S1,r1 &→ R1,S2,r2 &→ R2,S3

/LNHZLVH� LI DQG S ? R2 :≥ R1� WKHQ S PXVW KDYH WKH IROORZLQJ VWUXFWXUH�

S = S1,r2 &→ R2,S2,r1 &→ R1,S3
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%XW WKH RQO\ ZD\ WKDW WKLV UHJLRQ VWDFN VWUXFWXUH FDQ KDSSHQ LV LI R1 LV WKH VDPH

UHJLRQ DV R2�

0HHW /HW R1 DQG R2 EH UHJLRQV LQ S� 7KHQ ZH KDYH E\ WKH GHILQLWLRQ RI :≥
ZLWK UHVSHFW WR WKH UHJLRQ VWDFN S WKDW HLWKHU S ? R1 :≥ R2 RU S ? R2 :≥ R1�

:LWKRXW ORVV RI JHQHUDOLW\� ZH ZLOO DVVXPH WKDW S ? R1 :≥ R2� 1RZ WDNH R2 DV

WKHPHHW �WKXV D ORZHU ERXQG H[LVWV�� 7R VHH WKDW WKLV LV WKH JUHDWHVW VXFK ORZHU

ERXQG� DVVXPH IRU FRQWUDGLFWLRQ WKDW WKHUH H[LVWHG DQRWKHU UHJLRQ R′ VXFK WKDW

S ? R1 :≥ R′� S ? R2 :≥ R′� DQG S ? R′ :≥ R2� 7KHQ ZH KDYH E\ WKH DQWLV\PPHWU\

RI :≥ WKDW R′ ≡ R2� 7KXV R2 LV WKH PHHW RI WKH WZR�

-RLQ6LPLODU UHDVRQLQJ WR WKHPHHW FDVH� EXW WDNLQJ WKH JUHDWHU LQVWHDG RI OHVVHU

UHJLRQ�

%RXQGHGQHVV 7R VHH WKDW WKLV ODWWLFH LV ERXQGHG� WDNH ⊥ = R DQG N HTXDO WR

WKH ILUVW HOHPHQW LQ S±FDOO WKLV R� 7KHQ ZH KDYH E\ WKH GHILQLWLRQ RI WKH UXOHV

IRU DGGLQJ HOHPHQWV WR S� DQG E\ WKH GHILQLWLRQ RI :≥ WKDW ∀R ∈ range(S) . S ?
R :≥ R� DQG OLNHZLVH WKDW ∀R ∈ range(S) . S ? R :≥ R�

#

%�� 3URRI RI 7KHRUHP %����

7KHRUHP%���� �,QYDULDQFH8QGHU %RXQGHG(YROXWLRQV�� /HW E;S; e ⇓ v1;S′; c� DQG
VXFK WKDW trace (S′,v1) = v� /HW S $ S1� 7KHQ E;S1; e ⇓ v2;S′1; c′� DQG trace (S′1,v2) =

v� :KHUH trace LV GHILQHG DV IROORZV�

trace (S,i ) = i
trace (S,b) = b
trace (S, +HQb (x : τ ,e,E)) = +HQb (x : τ ,e,E)
trace (S, `+HQb (ρ,φ,φ′,u)) = `+HQb (ρ,φ,φ′,u)
trace (S, (v1,v2)) = (trace (S,v1),trace (S,v2))
trace (S, [v1, . . . ,vn]) = [trace (S,v1), . . . ,trace (S,vn)]
trace (S,!) = trace (S,S (!))
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3URRI� :HSURFHHG E\ LQGXFWLRQ RQ WKH VWUXFWXUH RI WKH LQSXW H[SUHVVLRQ� DQG LQVSHF�

WLRQ RI WKH RSHUDWLRQDO VHPDQWLFV� $VVXPH WKDW E;S; e ⇓ !;S′; c DQG WKDW E;S1; e ⇓

!′;S′1; c′� :H SURFHHG E\ FDVH DQDO\VLV RQ WKH H[SUHVVLRQV e WKDW FDQ UHVXOW LQ D ORFD�

WLRQ�

e = λx : τ .φe′ %\GHILQLWLRQ RI WKH UHGXFWLRQ UXOH IRU FORVXUHV� ZH WKHQKDYH WKDWS′(!) = +HQb (x :

τ ,e′,E)� DQG WKDW S′1(!′) = +HQb (x : τ ,e′,E)� 7KHUHIRUH ZH KDYH WKDW

trace (S′,!) = trace (S′,S′(!))
= trace (S′, +HQb (x : τ ,e′,E))
= +HQb (x : τ ,e′,E)
= trace (S′1, +HQb (x : τ ,e′,E))
= trace (S′1,S′1(!′))
= trace (S′1,!)

e = (e1,e2) �i ρ %\ WKH GHILQLWLRQ RI WKH UHGXFWLRQ UXOH IRU SDLUV� ZH KDYH WKDW

�� E;S; e1 ⇓ v1;S′′; c1� E;S1; e1 ⇓ v′1;S′′1 ; c′1 DQG LQGXFWLYHO\ WKDW trace (S′′,v1) =

trace (S′′1 ,v′1)� :H OLNHZLVH KDYH WKH VDPH IRU e2�

�� E;S′′; e2 ⇓ v2;S′′′; c2� E;S′′1 ; e1 ⇓ v′2;S′′′1 ; c′2 DQG LQGXFWLYHO\ WKDW trace (S′′′,v2) =

trace (S′′′1 ,v
′
2)�

3URFHHGLQJ E\ LQVSHFWLRQ RI WKH SDLU UXOH ZH WKHQ KDYH WKDW

S′ = S′′′(E (ρ))[! &→ (v1,v2] �%���

DQG WKDW

S′1 = S′′′1 (E (ρ))[!′ &→ (v′1,v
′
2] �%���

6LQFH WKH ! ! v1,! ! v2� DQG !′ ! v′1,!′ ! v′2 LW LV HDV\ WR VHH WKDW ZH FDQ UHSODFH

S′′ DQG S′′′ LQ �� E\ S′� DQG S′′1 ,S′′′1 E\ S′1 DV ZHOO� :LWK WKLV ZH WKHQ KDYH WKDW

trace (S′′′,v2) = trace (S′,v2) = trace (S′′′1 ,v
′
2) = trace (S′1,v′2)

trace (S′′,v1) = trace (S′,v1) = trace (S′′1 ,v′1) = trace (S′1,v′1)
�%���
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:H WKHUHIRUH KDYH WKDW

trace (S′,!) = E\ GHI� RI trace
trace (S′,S′(!)) = E\ (TXDWLRQ �%��� DQG GHI� RI trace
trace (S′, (v1,v2)) = E\ (TXDWLRQ �%��� DQG GHI� RI trace
trace (S′1, (v′1,v′2)) = E\ (TXDWLRQ �%���
trace (S′1,S′1(!′)) = E\ GHI� RI trace
trace (S′1,!′) =

7KH UHDVRQLQJ LV VLPLODU IRU WKH RWKHU FDVHV� VR ZH RPLW WKHP KHUH� #

%�� 3URRI RI 7KHRUHP �����

7KHRUHP %����� /HW W = {c1, . . . ,cn} EH D ZDUS JUDSK� /HW α EH D VHW RI FRQVLGHU�

DEOH QRGHV� DQG SP (α ) EH LWV VHW RI VFKHGXODEOH QRGHV IRU W� 7KHQ

∀cj ∈ W . &&&{α | α ∈ α ,α ∈ cj}&&& ≤ 1 �%���

DQG WKHUHIRUH E\ WKH GHILQLWLRQ RI SP (α ) WKDW

∀cj ∈ W . &&&{α | α ∈ SP (α ),α ∈ cj}&&& ≤ 1 �%���

3URRI� /HW cj ∈ W EH D WKUHDG JUDSK� :H ZDQW WR VKRZ WKDW DW PRVW 1 α ∈ α FDQ EH LQ

cj � $VVXPH IRU FRQWUDGLFWLRQ WKDW WKHUH H[LVW WZR αi ∈ α VXFK WKDW α1,α2 ∈ cj � %\ WKH

GHILQLWLRQ RI WKH WKUHDG JUDSK FRPELQDWRUV LQ )LJXUH ���� ZH KDYH WKDW HLWKHU α1 LV D

SDUHQW RI α2 RU WKDW α2 LV D SDUHQW RI α1� :LWKRXW ORVV RI JHQHUDOLW\� DVVXPH WKDW α2

LV D SDUHQW RI α1� +RZHYHU� E\ WKH GHILQLWLRQ RI FRQVLGHUDEOH QRGHV� DQ\ WZR QRGHV

LQ α FDQQRW EH D SDUHQW RI DQ\ RI WKH RWKHUV� EXW VLQFH α2 LV D SDUHQW RI α1 WKLV LV D

FRQWUDGLFWLRQ�

7KH VHFRQG VWDWHPHQW FDQ EH VHHQ HDVLO\ E\ QRWLQJ WKDW SP (α ) ⊆ α DQG WKHUHIRUH WKH

VDPH DUJXPHQW KROGV RYHU WKLV VHW DV LW GRHV RYHU α � #
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%�� 3URRI RI 7KHRUHP �����

7KHRUHP %���� �6\QWDFWLF ,QFOXVLRQ�� /HW e EH D FORVHG� ZHOO�IRUPHG H[SUHVVLRQ

LQ ΛC
G� 7KHQ WKH IROORZLQJ VWDWHPHQWV KROG�

� Ω;∆; ΓG ?H[S e : τ ,φ WKHQ e ∈ ΛG�

� Ω;∆; ΓC ?H[S e : τ ,φ WKHQ e ∈ ΛC�

� e ∈ ΛG =⇒ e ∈ ΛC �XS�WR µUH�FRORULQJ¶ RI UHJLRQV YDULDEOHV��

3URRI� 7KH ILUVW WZR VWDWHPHQWV DUH D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH W\SLQJ

UXOHV²LQ SDUWLFXODU WKDW RXU W\SLQJ UXOHV IRU ΛC DQG ΛG RQO\ DOORZ V\QWDFWLFDOO\ YDOLG

SURJUDPV� 2WKHUZLVH WKHVH SURJUDPV ZRXOG IDLO WR W\SHFKHFN�

7R VHH WKDW ΛG ⊆ ΛC LV D VWUDLJKWIRUZDUG FRQVHTXHQFH RI WKH W\SLQJ UXOHV IRU ΛC

DQGΛG²LQVSHFWLQJ WKH W\SLQJ UXOHV IRU WKH WZR ODQJXDJHV VKRZV WKDW DQ\ H[SUHVVLRQ

e WKDW ZRXOG W\SHFKHFN XQGHU ΛG ZRXOG DOVR W\SHFKHFN XQGHU ΛC� 7R VHH WKDW WKH

LQFOXVLRQ GRHV QRW JR WKH RWKHU ZD\ VLPSO\ WDNH e = H2i`2;BQM e′ in ρ� WKHUH LV QR

W\SLQJ IRU WKLV H[SUHVVLRQ XQGHU WKH W\SLQJ UXOHV IRU ΛG� EXW RQH GRHV H[LVW IRU IRU

WKLV H[SUHVVLRQ LQ ΛC� #

%�� 3URRI RI 7KHRUHP �����

7KHRUHP%���� �0HUJH &RQIOLFW )UHHGRP�� /HWRp EH WKH SDUHQW UHJLRQ IRUR1�RQC�
DQG R′1�RQ G�� DQG R1;R′1 * R;δ � 7KHQ range(R1) ⊆ range(R) ∧ range(R′1) ⊆ range(R)
DQG ∀o ∈ dom(R1) ∩ dom(R′1).ν1(o) ≡ ν2(o)�

3URRI� range(R1) ⊆ range(R) IROORZV IURP WKHGHILQLWLRQ RI WKHPHUJH RSHUDWLRQ LQ'HI�

LQLWLRQ ������ WKH GHILQLWLRQ RI DOORFDWLRQ LQWR UHJLRQV LQ 'HILQLWLRQ ������ DQG WKH

GHILQLWLRQ RI LPDJH RI D UHODWLRQ� 0RUH SUHFLVHO\� UHFDOO WKDW YDOXHV FDQ RQO\ EHHQ DOOR�

FDWHG XS WR WKH FXUUHQW DOORFDWLRQ SRLQWHU IRU WKH UHJLRQ R1²ap1²DQG WKDW WKHPHUJH
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RSHUDWLRQ GRHV QRW DIIHFW DGGUHVVHV EHORZ ap1 �DV WKH PHUJH RSHUDWLRQ SHUIRUPV D

PHPFRS\ VWDUWLQJ DW ap1�� 7KHUHIRUH WKH PHPRU\ LQ ν1 UHPDLQV XQWRXFKHG DIWHU WKH

PHUJH RSHUDWLRQ� DQG KHQFH LQ WKH UHVXOWLQJ PHPRU\ ν RI R� :H WKHUHIRUH KDYH WKDW

dom(ν1) ⊆ dom(ν ) DQG WKHUHIRUH range(R1) = range(ν1) ⊆ range(ν ) = range(R) VLQFH
WKH LPDJH RI D VXEVHW RI D UHODWLRQ LV D VXEVHW RI WKH LPDJH�

7R VHH WKDW range(R′1) ⊆ range(R) ZH ILUVW XVH WKH GHILQLWLRQ RI memcpy
G→C

� WR JHW WKDW

range(R′1 \R1) = range(R′1) \ range(R1)� :H WKHQ KDYH E\ WKH DUJXPHQW LQ WKH SUHYLRXV

SDUDJUDSK WKDW range(R1) ⊆ range(R) DQG E\ WKH GHILQLWLRQ RI WKH PHUJH RSHUDWLRQ

WKDW (range(R′1) \ range(R1)) ⊆ range(R)� 1RZ� ZH KDYH WKDW

(range(R′1) \ range(R1)) ∪ (range(R′1) ∩ range(R1)) = range(R′1) �%���

6LQFH range(R′1)∩range(R1) ⊆ range(R1)� ZH WKHQ KDYH E\ (TXDWLRQ �%��� WKDW range(R′1)
LV WKH XQLRQ RI WZR VHWV LQ range(R) DQG WKHUHIRUH WKDW range(R′1) ⊆ range(R)�

:H OLNHZLVH KDYH E\ WKH GHILQLWLRQ RI WKH PHUJH RSHUDWLRQ DQG E\ WKH LPPXWDELOLW\

RI UHJLRQV WKDW ∀o . o ∈ dom(R1)∩dom(R′1) =⇒ o ∈ dom(Rp )� 7KHUHIRUH νp (o) = v� :H

WKHQ KDYH E\ LPPXWDELOLW\ WKDW WKLV YDOXH FDQQRW KDYH FKDQJHG RU EHHQ GHDOORFDWHG

LQ HLWKHU RI LWV HYROXWLRQV R1 DQG R′1 �VLQFH WKHVH DUH ERWK ERXQGHG HYROXWLRQV RI WKH

SDUHQW UHJLRQ Rp�� 7KHUHIRUH ∀o ∈ dom(R1) ∩ dom(R′1).ν1(o) ≡ ν2(o)� #

�,Q SDUWLFXODU� WKDW memcpy
G→C

LV ��� DQG RQWR�
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