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A B S T R A C T   

The present work is aimed at developing a methodology to predict convective heat transfer of flow bounded by a 
non-isothermal wall, which has been a long-standing issue of interest for Newton’s law of cooling. A framework 
is proposed to centre around the Spectral Heat Transfer Coefficients (SHTC). They are effectively global-to-local 
temperature-heat flux influence coefficients for a small number of low order spectral modes of wall temperature 
disturbances for a range of physically relevant and numerically resolvable length scales. The framework is 
implemented with a unified Fourier spectral method applicable to both spatially periodic and non-periodic wall 
temperature distributions. The Fourier spectral formulation also leads to the zeroth harmonic base mode cor
responding to exactly the standard form of Newton’s law of cooling, thus the method is directly applicable to 
both non-isothermal and isothermal cases, as intended. The method formulations in both 2D and 3D settings and 
the working procedure are presented. All computational case studies for 2D and 3D configurations clearly and 
consistently demonstrate the validity and effectiveness of the proposed framework methodology and method 
implementation.   

1. Introduction 

1.1. General background and problem statement 

Convective heat transfer is of great relevance to a wide range of 
problems. The most widely used treatment/wisdom has been based on 
Newton’s law of cooling. The original form of q ∝ (T-Ta) for heat flux q, 
solid metal temperature T, and ambient air temperature Ta, underlines 
the most fundamental and useful assumption of linearity. The standard 
form for a flow of free stream temperature Tf, bounded by a solid wall of 
surface temperature Tw is: 

q = h
(
Tw − Tf

)
(1.1)  

where the coefficient of proportionality is the heat transfer coefficient 
(HTC). It follows that HTC should be completely determined by flow, 
independent of the wall temperature. Effectively, in this context HTC is 
regarded as a wall-temperature ‘invariant descriptor’ for convective 
heat transfer, the term sometimes used to underscore that HTC and the 
like are only dependant on the fluid mechanics [1]. This has been the 
basic principal wisdom in conventional treatment of convective heat 
transfer. 

Although linearity in terms of HTC independence of Tw may be 
questioned in some cases where the influence of wall temperature 

conditions on fluid flow becomes non-negligible (e.g. [2–5]), it is rec
ognised that for many applications of practical interest, linearity is more 
than adequately justifiable, and thus is taken as the basic assumption 
and a justifiable starting point here for the present work. 

A long-standing issue of more general interest and wider practical 
relevance is related to the temperature distribution over the solid wall 
boundary. It is understood that Newton’s law of cooling in its original 
form had been established experimentally for an isothermal wall (Tw =

constant over the entire wall boundary surface). Although it may be 
tempting to apply it to more general cases, there is no established basis 
for Newton’s law of cooling in its original form to be applicable for non- 
isothermal walls. The simplicity and the power of the linear propor
tionality (thus superpositionality) of Newton’s ‘law’ as we know it 
clearly appeal. However, the applicability of Newton’s law of cooling (in 
its original or extended form) for general non-isothermal cases remains 
one of the major issues in the field of convective heat transfer. There has 
been a long-term quest in search for wall-temperature ‘invariant de
scriptors’ and working methods for convective heat transfer over non- 
isothermal walls, e.g. as overviewed by Moffatt [1]. 

Noticeable however is that the question mark regarding the appli
cability of Newton’s law of cooling does not seem to stop attempts trying 
to apply it to non-isothermal walls. A common mode of applications in 
convective heat transfer is to scale HTC obtained in one condition (e.g. a 
low temperature lab testing or an empirical correlation) to a different 

E-mail address: li.he@eng.ox.ac.uk.  

Contents lists available at ScienceDirect 

International Journal of Heat and Mass Transfer 

journal homepage: www.elsevier.com/locate/ijhmt 

https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557 
Received 28 April 2023; Received in revised form 8 July 2023; Accepted 29 July 2023   

mailto:li.he@eng.ox.ac.uk
www.sciencedirect.com/science/journal/00179310
https://www.elsevier.com/locate/ijhmt
https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557
https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557
https://doi.org/10.1016/j.ijheatmasstransfer.2023.124557
http://crossmark.crossref.org/dialog/?doi=10.1016/j.ijheatmasstransfer.2023.124557&domain=pdf
http://creativecommons.org/licenses/by/4.0/


International Journal of Heat and Mass Transfer 216 (2023) 124557

2

condition (e.g. a high temperature operational condition) through non- 
dimensional parameters (e.g. Nusselt number, Biot number). It is not 
uncommon to see that an HTC obtained in an isothermal condition is 
either directly used in another non-isothermal condition or scaled 
through the non-dimensional parameters to other non-isothermal con
ditions. Sometimes, we may experience rather large uncertainties in the 
HTC scalability or inconsistent Nusselt numbers for seemingly similar 
geometric and flow conditions. In some cases, various measures may be 
identifiable to mitigate the large uncertainties and inconsistency, e.g. by 
finding less sensitive reference or averaged parameters when scaling 
through a non-dimensional one (e.g. [6,7]). A more relevant and 
searching question might be: is HTC in Newton’s law of cooling ‘fit for 
purpose’ fundamentally for the problem in point? 

Here we consider a simple example to see how uncertain an 
isothermal HTC can be if used for a non-isothermal case. Take a simple 
canonical setting of a 2D laminar boundary layer on a flat plate 
(Re=1000 based on the free stream velocity and the plate length). The 
present author computed the heat flux with an in-house CFD code. 
Firstly, two isothermal wall cases are considered, with the second case 
subject to a doubled magnitude of the constant wall temperature 
disturbance (Tw-Tf) of the first one. Fig. 1a shows the streamwise friction 
coefficient distribution, compared against the Blasius analytical solution 
as the basic validation for the calculations. The practically identical 
results of the two cases subject to the two different thermal conditions 
confirm the flow independence of the wall heat transfer, as assumed. 
The local Nusselt number distributions for the two wall temperature 
conditions also show a good linear behaviour and are in good agreement 
with the analytical solution (Fig. 1b). 

However, following the same procedure for the same flow field but 
subject to a streamwise sinusoidal wall temperature profile, we see a 
very different picture (Fig. 2). The agreement in the Nusselt number 

(non-dimensional heat fluxes) between the two different magnitudes of 
the wall temperature disturbances confirm that the cases are still in a 
perfectly linear regime. Note that linearity is a necessary but not suffi
cient condition for the validity of the law of cooling. The results for the 
two non-isothermal cases seemingly show that they are scalable in terms 
of the magnitude. But this observed scalability is only valid for the cases 
with exactly the same non-isothermal wall temperature profile, so it 
would be of little use generally. In fact, the disagreement of the non- 
isothermal case with the isothermal one, as illustrated in Fig. 2, 
cannot be clearer. The differences in Nusselt number (normalised HTC) 
give a direct indication of the level of differences in the heat transfer 
prediction, should the same HTC obtained in the first isothermal case be 
used in the second non-isothermal one. 

Fig. 1. Flat plate boundary layer subject to heat transfer with an isothermal wall.  

Fig. 2. Flat plate boundary layer subject to heat transfer with a non- 
isothermal wall. 
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There should be no doubt that the HTC obtained in an isothermal 
setting is not applicable for non-isothermal conditions with errors 
deemed to be too large to be acceptable in general. The need for alter
native frameworks and working methods for convective heat transfer 
over non-isothermal wall is firmly underlined. 

1.2. Some related work and main outstanding issues 

Ever since Newton’s paper was published 300 years ago, there have 
been numerous publications examining the validity of Newton’s law of 
cooling. Some notable publications have appeared even in the past 60 
years or so (e.g. [8–11], and others as reviewed by Besson [12]). Most of 
them however are mainly focused on its validity and accuracy for an 
experimental isothermal setup with a spatially uniform temperature, as 
much as practically possible, such as a latest example by Maruyama and 
Moriya [13] as recent as in 2021). Suffice to say that there has not been 
any systematically established evidence to challenge the validity of the 
‘law’ as it is for an isothermal wall setting. 

Many practical applications are not isothermal even approximately, 
and the HTC obtained from isothermal conditions (as often the case) are 
not applicable, as illustrated for even a very simple example above. The 
challenge for non-isothermal walls has been long recognised, though 
perhaps not as widely discussed in open literature as one might expect 
given its fundamental and general nature. A notable example is the 
paper by Moffat [1], having clearly and emphatically stated the in
adequacy of the isothermal HTC for non-thermal cases, and stressed the 
need of the quest for a general true wall-temperature ‘invariant 
descriptor’ (as the standard HTC might be regarded or assumed 
conventionally) for convective heat transfer. 

The central point recognised is that the wall heat flux at a given 
location can be influenced by other parts of the wall. Thus, the original 
simple form of the Newton’s law of cooling may not be applicable to 
non-isothermal cases. One of the potential candidate methods identified 
then in [1] is ‘Discrete Green’s Function’, first proposed by Hacker & 
Eaton [14]. A principally similar but different approach was also pur
sued earlier by Anderson and Moffat [15]. The discrete Green’s function 
approach was subsequently followed chiefly experimentally in [14–20]. 
The method has been more recently further developed by Eaton [21] 
and Hoffman and Eaton [22]. 

The Green’s function-based formulations do provide complete wall- 
temperature ‘invariant descriptors’, thus are of great potential to be 
advantageous in general over the standard form of Newton’s law of 
cooling. However, Green’s functions (even in a discrete form) are quite 
challenging to generate computationally (and experimentally). Note 
that Green’s functions in a discrete form are effectively local influence 
coefficients at a mesh-size level, as shown by He [23], which may in 
principle be obtainable by computing (or measuring) thermal responses 
to each local temperature impulse disturbance of a mesh-size scale for all 
wall boundary mesh points. Analytical formulations of discrete Green’s 
functions may be generated for simplified configurations and conditions 
(e.g. [21]). 

However, general CFD methods are not quite amendable to directly 
solving the Green’s functions. A fine mesh is commonly used to resolve 
relevant disturbances of small length scales which nevertheless will still 
have to be longer than the mesh-spacing. There is a conundrum for CFD 
both in accuracy and computational cost when directly solving the 
Green’s functions. Firstly, regardless of the mesh density adopted, CFD 
methods inherently lack the differentiating capability to resolve the 
local temperature impulse disturbance in a length-scale of its own mesh 
spacing. Secondly, of all influences from all mesh elements over a wall 
surface, the strongest influence (the largest magnitude of Green’s 
function) on a mesh point may be from the very mesh-element itself. 
Hence, if we take a much coarser partition in setting up the thermal 
impulse disturbances, there will be considerable uncertainties due to the 
low resolution both in the set thermal disturbances and in the computed 
local responses for the mesh point concerned. 

In terms of computational resources required, it will be very costly 
for CFD-type solutions as every mesh point on a wall surface may be 
influenced by all other mesh points on the surface. Consider a 3D 
domain bounded by a discretised solid surface of M and N mesh points in 
the two wall-parallel directions. Direct MxN field calculations are then 
required for generating Green’s functions for MxN surface mesh points. 
Correspondingly there will be a memory increase of (MxN)2. 

1.3. Present aims and work scope 

The present work is motivated by the recognition of the need for new 
working methods in the context of Newton’ law of cooling for non- 
isothermal walls, and the state of art and issues of relevance in the 
Green’s function-based method development. More specifically, if we 
can manage to reduce the problem size of finding Green’s functions by 
one order of magnitude in each wall-parallel direction respectively, we 
shall be able to get equivalently two orders of magnitude reduction in 
the total number of calculations needed and four orders of magnitude 
memory saving. 

In fostering a method development, we intend to have two major 
desired attributes. First, it is underlined that the main difficulty in 
obtaining the Green’s functions directly arises from the locality of the 
functions. Hence, in contrast to the local-to-local short-scale influences 
as in the basic Green’s function formulation, a primary intent of the 
present work is to start from a global large-scale, and refine the scales 
systematically and efficiently to local small but also mesh-resolvable 
scales. 

Secondly the framework should be directly compatible to the basic 
form of Newton’s Law of Cooling for isothermal wall. The working 
method should be directly applicable to an isothermal case simply as an 
extreme end of a general spectrum of non-isothermal cases. Thus, a 
framework method to be developed should seamlessly work for 
isothermal cases in exactly the same way as the conventional HTC based 
method: do not ‘fix’ something which works, as the conventional HTC 
has done so extensively and successfully in such conditions. Hence, the 
framework methodology should also need to be hinged on its direct 
applicability to an isothermal case. It then becomes apparent that we 
should have some insightful understanding in order to address the 
question: how does the conventional HTC work for an isothermal case? 
Although there have been many papers on the validity of the Newton’s 
law of cooling from the perspective of experimental accuracy, rarely has 
a discussion been carried out from a theoretical perspective regarding its 
related underpinning. Therefore, we should take a more fundamental 
close look into the HTC working for an isothermal wall case, in order to 
be in a better position to approach developing a new framework and 
implementation methodology as intended. 

The present paper is organised as follows. Firstly, we will take a close 
and fundamental look at wall bounded convective heat transfer for 
gaining relevantly useful insights into how the convectional HTC works 
for an isothermal wall. Then the Spectral Heat Transfer Coefficients 
(SHTC) will be presented as an extended framework to non-isothermal 
walls. The more detailed method implementations will be discussed 
and followed by several computational examples to demonstrate the 
validity and effectiveness of the present method in 2D and 3D settings of 
general relevance and interest. 

2. Some relevant fundamentals: HTC working for isothermal 
wall 

The aim is to develop a unified framework which is applicable to 
general non-isothermal walls and also functions in the same way as 
Newtons’ law of cooling for isothermal walls. We need to take a close 
look at the latter. A general issue of interest is: what are the difference 
and relation between a global influence and a local performance 
response? More specifically, q, HTC and Tw are all seemingly local pa
rameters, how do they reflect global influence, if any? 
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In keeping with Newton’s law of cooling, it is assumed that the 
thermal field is linear. The corresponding situation can be found in an 
incompressible flow where the energy equation is decoupled from the 
continuity and momentum equations, and as such the temperature 
thermal field is passively driven by the velocity (momentum) field, e.g. 
[23]. For a simpler form of presentation, we express the flow variables in 
vector U. After the flow momentum field is solved independently, U is 
known. The linear energy equation can be simply expressed as: 

∂T
∂t

− L(U, T) = 0 (2.1)  

where L denotes a linear operator for temperature T as the variable with 
the given flow field U. Consider a steady state fluid temperature field 
subject to wall temperature Tw on a solid boundary and a reference 
temperature Tref. A temperature response δT = T- Tref at any point within 
the 3D fluid domain will be proportional to its originating boundary 
disturbance over a wall segment of area δA at a wall temperature 
perturbation δTw = Tw - Tref. 

δT = C(U)δTwδA (2.2)  

where C(U) is a spatially varying coefficient dependant only on the 
already-solved fluid momentum field U and thus is a constant of pro
portionality between the response δT and its source disturbance δTw per 
unit area. The total temperature response to all wall temperature dis
turbances from the entire solid wall boundary of area A can thus be 
obtained by summing up the contributing influences from all boundary 
points (each with its differential area dA) respectively through a 
boundary integration. 

(
T − Tref

)
=

∮A

0

C(U)
(
Tw − Tref

)
dA (2.3) 

The integrand is effectively the local wall temperature disturbance 
weighted by the spatially variant but Tw invariant coefficient. Differ
entiate the equation above (Eq. (2.3)) with respect to the wall normal 
distance nw, assuming a constant thermal conductivity k. We then have 

q =

∮A

0

g(U)
(
Tw − Tref

)
dA (2.4)  

where g(U) = k ∂C(U)

∂nw
. Dimensionally in SI units, g(U) has units of W/ 

m− 4K− 1. If one thinks of a link between g(U) and HTC, the units can be 
simply rewritten as (W/m2/K)/m2. Physically, the term g(U) is the in
fluence of a unit wall temperature disturbance per unit wall area (when 
(Tw − Tref ) = 1 and dA = 1) on heat flux q at a point of interest. Math
ematically, g(U) is Green’s function linking a field response specifically 
to a boundary perturbation disturbance for a linear system as it is 
generally defined. 

The boundary integration (Eq. (2.4)) means that the total influence 
on the heat flux at the point of interest needs to be summed up for all 
differential boundary elements over the entire wall boundary surface A, 
by superposition for the linear system. As such, g(U) can be labelled as a 
local Influence Coefficient (IC) for a boundary point subject to a non-unit 
wall temperature disturbance on a non-unit area. We now consider the 
two types of conditions of primary relevance to the present work. 

For an isothermal wall case (Tw = constant everywhere on the entire 
solid boundary), we then have, 

qw =
(
Tw − Tref

)
∮

g(U)dA (2.5) 

The key point is that the boundary integration now depends only on a 
known momentum field U, and is completely independent of the now 
uniform wall temperature disturbance in this case. We thus can simply 
denote the boundary integration in Eq. (2.5) over the wall surface as h 

(U): 

h(U) =

∮

g(U)dA (2.6) 

Regardless of how the influence coefficient/Green’s function g(U) is 
actually distributed (in a known or unknown form), the most relevant 
point from Eq. (2.6) is that h or HTC only depends on the given flow 
field. We then are able to get the standard form of Newton’s law of 
cooling: 

qw = h(U)
(
Tw − Tref

)
(2.7) 

The physical constraint means that the heat flux needs to diminish 
when the wall temperature disturbance (Tw − Tref ) becomes zero. Thus, 
Tref needs to be the adiabatic wall temperature Tad for the physical 
consistency. 

The key to the above working is that the local wall temperature 
disturbance is the same for the entire wall boundary. Because of this, the 
sum of the local influences (the local temperature disturbance weighted 
by the local influence coefficient) for each and every differential element 
of the entire wall boundary simply becomes the constant temperature 
disturbance weighted by the sum of the influence coefficients. From the 
process of reaching Eq. (2.7), we can conclude that both the flow field 
and wall temperature disturbances over a wall boundary do have global 
influences on a local heat flux. Under an isothermal condition, it just so 
happens that global and local temperature disturbances are now indis
tinguishable, which enables a simple direct summation of the local in
fluence coefficients/Green’s functions, leading to the simple form of the 
HTC in Newton’s law of cooling. 

On the other hand, for a non-isothermal wall, the local heat flux at 
any location of the wall boundary will now have to be explicitly influ
enced by all locations in terms of summed local wall temperature dis
turbances weighted by corresponding local influence coefficients (Eq. 
(2.4)). The equivalent discrete form of the general integral expression 
(Eq. (2.4)) for the heat flux at point (I,J) on a solid wall boundary with 
Mw x Nw discrete wall surface elements is: 

qIJ =
∑Mw

i=1

∑Nw

j=1
gIJ(U)ijΔTijΔAij (2.8)  

where Mw and Nw are the numbers of mesh cells in the two wall parallel 
directions respectively (Fig. 3). gIJ(U)ij is the influence coefficient of 
boundary element (i, j) with regard to the heat flux qIJ of point (I, J). 
Physically, gIJ(U)ij represents the specific influence (per unit tempera
ture disturbance per unit area) from wall boundary mesh element (i, j) of 
area ΔAij. Each mesh element will have an influence coefficient (discrete 
Green’s function). Thus if we directly calculate these discrete Green’s 
functions for an non-isothermal case, Mw x Nw solutions will be needed. 
In contrast, for an isothermal case, only would one calculation be needed 
for the HTC distribution over the wall surface. 

Fig. 3. Discrete wall boundary surface for a 3-D domain.  
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The insights into the working of Newton’s law of cooling for an 
isothermal wall effectively lead to a method development target. The 
question then is: can an integral of the kind for the isothermal case also 
be identified and established for a non-isothermal wall in a principally 
similar manner? 

3. Proposed framework and method: SHTC 

3.1. Framework 

Given the key requirement of capturing the global influences of the 
entire wall boundary on any of its local point, it is proposed to harness a 
spectral approach to achieving this effectively and accurately. A solid 
wall temperature distribution tends to be smooth, typically much 
smoother than that in a fluid domain, due to the strong thermal diffusion 
in solid. Thus, wall temperature is justifiably more amenable to a 
spectral representation. Consider a general discrete spectral approxi
mation of Nm modes for wall temperature disturbances over a wall 
surface, 

ΔT(x, y) =
∑Nm

m=1
CmBm(x, y) (3.1)  

where Bm(x,y) is the basis function of the spectrum for mode m, 
spatially-dependant but wall-temperature independent. Cm is the modal 
coefficient, effectively the magnitude of temperature disturbance for 
mode m. More importantly, Cm is spatially-independent. The super
positionality of the linear thermal system means that we can apply the 
boundary integration to each and every spectral mode separately first 
and sum them up. Given the spectral modal coefficient Cm (m = 1, 2, …, 
Nm) being spatially invariant, we only need to keep the basis function in 
the boundary integral. Thus, the local wall heat flux equation (Eq. (2.4)) 
then becomes: 

q(x, y) =
∑Nm

m=1
Cm

∮A

0

g(U)BmdA (3.2) 

Denote the boundary integral for mode m as Hm(x,y) =
∮ A

0 g(U)BmdA, 
which is spatially variant, but importantly wall temperature invariant, 
leading to: 

q(x, y) =
∑Nm

m=1
Cm Hm (3.3) 

We now have the intended principal expression for heat flux in terms 
of the product of the HTC-like Hm and the temperature disturbance-like 
Cm for spectral mode m. The spectrum can be fixed by Nm solutions. 
Thus, if Nm is much smaller than the total number of boundary mesh 
points, we shall get a significant computational advantage as intended. 
In analogy to the HTC as in Newton’s law of cooling, we call Hm ‘Spectral 
Heat Transfer Coefficient’ (SHTC). 

To determine the value of the SHTC for each mode, we again make 
use of the linearity to decompose the total flux into Nm components 
corresponding to Nm modes respectively. 

q =
∑Nm

m=1
qm (3.4) 

Each mode can be dealt with independently by the mode-balance: 

qm = HmCm , (m = 1, 2, ⋯, Nm), (3.5) 

For a given mode m, we can first compute (or experimentally mea
sure) the wall heat flux distribution qm with a specified wall tempera
ture profile (thus Cm). Then we shall have: 

Hm = qm/Cm (m = 1, 2, ⋯, Nm) (3.6)  

which is in fact similar to working out the HTC from the computed/ 
measured heat flux q and specified wall temperature disturbance ΔTw 
(Eq. (1.1)), h = q/ΔTw. In the following section, we will also find out 
how the first base mode of the SHTC can be formulated to correspond 
exactly to Newton’s law of cooling for an isothermal wall. 

3.2. Fourier mode balance for SHTC 

Fourier spectral methods are shown to be effective in computing 
temporally and spatially varying flows (e.g. [24–26]), as well as 
fluid-solid coupled conjugate heat transfer (e.g. [27,28]). In this section, 
the SHTC methodology will be presented in conjunction with the Fourier 
spectral method. The methodology will be described here for a 2D plane 
fluid domain bounded by a solid wall boundary line for simplicity. We 
will first look at a periodic domain for a full Fourier-series, and then a 
non-periodic one by making use of a half range Fourier-series (‘Fourier 
Cosine Series’). The detailed formulations for a 3D fluid domain boun
ded by a solid wall boundary surface will be given in Appendix B. Both 
2D and 3D results will be presented in Section 4. 

3.2.1. Periodic Fourier series 
Consider a 2D fluid domain bounded by a solid wall with a total of 

MW mesh elements with a 1D streamwise surface coordinate in the x 
direction, considering the 2D boundary surface shown in Fig. 3 with a 
unit length and no variation in the second (y) direction. The wall tem
peratures are taken at the mesh cell centre points. Assume a spatial 
periodicity, the wall temperature disturbance distribution over the wall 
boundary can be represented by a standard Fourier series retaining NF 
harmonics. Wall mesh points are indexed by i, and the corresponding 
spatial locations are marked by angle αi. 

αi = 2πi/Mw , (i= 1, 2, …, MW) (3.7) 

Wall temperature disturbance ΔTi for mesh i (subscript ‘w’ for the 
wall temperature is omitted for simplicity of presentation for the spec
tral method) is expressed as, 

ΔTi = ΔT0 +
∑NF

n=1
(Ancosnαi +Bnsinnαi) (3.8) 

ΔT0 the zeroth harmonic is the spatial average over the entire 
boundary, thus a constant base for all points on the wall. The NF har
monic spectrum is controlled by 2NF + 1 parameters, each corre
sponding to a Fourier mode. Eq. (3.8) can also be expressed as a linear 
sum of 2NF + 1 Fourier modes for the wall temperature disturbance at 
point i: 

ΔTi = ΔT0 +
∑NF

n=1
(ΔTAni +ΔTBni ) (3.9) 

Correspondingly heat flux at mesh point i is decomposed to 2NF + 1 
modes respectively: 

qi = q0i +
∑NF

n=1

(
qAni + qBni

)
(3.10) 

Take a particular note that the heat flux is only decomposed to a 
mode level as in Eq. (3.10), rather than further approximated by a 
Fourier spectrum as for the wall temperature (Eq. (3.8)). This is inten
tional as the wall temperature distribution over a boundary surface 
tends to be much smoother than the heat flux distribution. Also, tech
nically we will only need to decompose heat flux into modes in order to 
make use of the superposition. 

Superpositionality of different modes means that the disturbance 
(input) and response (output) for each mode needs to be balanced in its 
own respectively. Now we make use of the mode balance. Firstly, for the 
zeroth harmonic, the general heat flux equation (Eq. (2.4)) becomes 
(noting ΔT0 is constant over the entire wall boundary) 
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q0i =

∮

g(U)ΔT0dA = ΔT0

∮

g(U)dA (3.11) 

The boundary integral depends only on the flow and is denoted as 
H0i , we then have for mesh point i: 

q0i = H0i ΔT0 (3.12) 

Now we see that the zeroth harmonic mode balance is in exactly the 
same form as Newton’s law of cooling, valid for an isothermal wall, as 
intended. 

Next, consider the Fourier mode balance for the nth harmonic of two 
components. For the cosine term, given that An, the coefficient 
(magnitude) of temperature disturbance, is constant over the entire wall 
boundary, we have 

qAni =

∮

g(U)ΔTAndA = An(

∮

g(U)cosnαdA) (3.13) 

Note also that the boundary integral (
∮

g(U)cosnαdA) depends only 
on the flow and the spatially variant but known basis function. We thus 
denote the boundary integral as HAni , then we have for mesh point i: 

qAni = HAni An (3.14a) 

Following the mode balance procedure similarly for the sine 
component, we have 

qBni = HBni Bn (3.14b) 

Therefore, we can represent the local flux at point i in form of a sum 
of 2NF +1 terms of corresponding Fourier spectral modes: 

qi = H0i ΔT0 +
∑NF

n=1
(HAni An +HBni Bn) (3.15) 

It means that if we use the spectrum to construct heat flux for any 
given non-isothermal wall temperature distributions as we use HTC for q 
with Newton’s law of cooling for an isothermal wall, we need to 
determine the 2NF +1 SHTCs. 

It is useful to be reminded that the first term (zeroth harmonic) 
corresponds to the isothermal condition as in Newton’s law of cooling. 
All terms share the common feature that the proportionality coefficients 
are local, but the temperature disturbances (in terms of either the base 
average wall temperature disturbance or the magnitudes of all harmonic 
coefficients) are all global. Thus we are able to globally set influences in 
a range of length scales, as intended. 

3.2.2. Half-range non-periodic Fourier series 
The standard Fourier series is applicable to periodic problems. A non- 

periodic distribution can however be viewed as one half of a periodic 
one with the other half being simply mirrored symmetrically (He [29]). 
In a recent effort in implementing a Chebyshev spectrum for a 
non-periodic spectral mapping (Chen and He [30]), it appears that the 
half-range Fourier Series is actually equivalent to a Chebyshev spectrum 
(as clarified with the derivation in Appendix A). Given this and based on 
the previous experience, the present author favours treating both peri
odic and non-periodic problems all under a unified Fourier spectrum, 
while the latter is easily taken as an option of the same method for a 
reduced domain. 

The half-range Fourier series does have some tangible advantages. 
The symmetry for the mirrored full period distribution means that only 
those cosine terms are present, thus it is also called the cosine, or the 
even-functions Fourier series. In the context of our SHTC methodology, 
the corresponding Fourier spectrum for the wall temperature distur
bances becomes: 

ΔTi = ΔT0 +
∑NF

n=1
Ancosnαi (3.16) 

Consequently, we will only need NF+1 parameters to determine. 

Correspondingly we follow the same analysis for the SHTC by keeping 
only the cosine terms. Then we will have the heat flux for mesh point i 
as: 

qi = H0i ΔT0 +
∑NF

n=1
HAni An (3.17) 

Therefore, only do we need NF + 1 SHTCs to be determined if we use 
this spectral option to construct a local heat flux. Compared to the full 
periodic spectrum, this is a nearly 50% reduction in the number of so
lutions required. 

The above formulations are presented for a 2D fluid domain bounded 
by a wall boundary line. The same framework and principal procedure 
are applicable for 3D cases with a 2D boundary surface. A double Fourier 
series will be adopted for 3D cases with detailed formulations provided 
in Appendix B. It is worth noting however that for a 3D case, a cosine 
Fourier series for a non-periodic domain in the two wall-parallel di
rections will lead to a reduction in the number of solutions required by a 
factor of 4, which is quite significant. 

3.3. Working procedure 

The methodology has been implemented in conjunction with a 3D 
Compressible Navier-Stokes CFD solver developed, validated and 
applied by the author and his colleagues for various problems and test 
cases documented in many publications over more than 30 years. 

In relation to the SHTC working procedures, we have two parts. The 
first is how to generate the SHTC. This is prerequisite regardless of ap
plications. The second part to be discussed is about a common appli
cation scenario of using the generated SHTC as boundary condition in 
solving the conduction equation for a temperature field of a solid- 
domain. 

3.3.1. Generation of SHTC (fluid-domain only) 
Given the fundamental assumption of a linear thermal field, each of 

the multiple spectral modes of boundary disturbances can be completely 
separately processed and the effects can be superimposed. For a Fourier 
spectrum with NF harmonics, we process each of the 2NF+1 modes 
independently. Note that the disturbances of these modes are all global 
covering the entire wall boundary. A CFD solution for any specified 
mode will enable to determine the weighting coefficient in the form of 
SHTC for the mode and for the given flow field. so that we will be able to 
reconstruct local heat fluxes for any other wall temperature 
distributions. 

For the low speed flow test cases considered, the inlet stagnation 
temperature T01 is taken as the reference fluid temperature Tref, shown 
to be a good approximation of the adiabatic wall temperature. The 
magnitude of the temperature disturbance (Tw-T01) should be small 
enough so that the temperature response will be well within a linear 
regime even when we solve nonlinear compressible flow equations, but 
also large enough so that the physical responses are much larger than 
computer machine errors (or experimental noise). In the present work, 
temperature disturbances of 3–5% are judged to be sufficiently 
adequate. 

Because of the linear superpositionality, the SHTC for different 
modes can be generated completely separately in principle and in 
practice. As a matter of fact, we can run 2NF+1 CFD solutions in parallel 
in different computer cores with a serial CFD code, as the author has 
done. 

More specifically, we consider how the SHTC generation process will 
proceed in terms of specified wall temperature disturbances for mesh 
point i (i = 1, 2, …, Mw) for a wall boundary with Mw points, as follows.  

i) For the zeroth harmonic (the overall average ‘isothermal’ mode):  
Specify a constant ΔT0 =(Tw-T01) and solve q0i; Postprocess H0i= q0i/ 
ΔT0. 
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ii) For the nth harmonic (two modes): 
a) Cosine mode: Specify ΔTAni = An cos(nαi) and solve qAni; Post

process HAni= qAni /An  
b) Sine mode: Specify ΔTBni = Bn sin(nαj) and solve qBni; Postprocess 

HBni = qBni /Bn 

The corresponding solution process for creating the SHTC in a fluid 
domain with specified wall temperature spectral profiles is charted in 
Fig. 4. 

3.3.2. Conduction solution with SHTC (solid-domain only) 
In terms of applications, SHTC can be used in various ways similarly 

to the conventional HTC. An example is the internal cooling or heating 
designs for thermal management of a fluid-solid coupled system. A 
common requirement in such cases is to predict the solid domain tem
perature field for a given flow field. Although a fluid-solid coupled 
conjugate heat transfer (CHT) calculation can be carried out, a solid- 
domain-only calculation with a given set of SHTC (similar to a given 
HTC) would be much more efficient, particularly in a design analysis 
needing a large number of evaluations. 

Given the way SHTCs are generated in the fluid-domain-only setting 
at different combined forms/’wave shapes’ of wall temperature distri
butions, SHTCs effectively serve to decouple a fluid-solid coupled CHT 
system. If SHTCs generated are sufficiently accurate, they should be able 
to be effectively used to reconstruct a coupled CHT solution by serving 
as boundary condition for a solid-conduction solution in a setting with 
only a solid-domain. And this seemingly decoupled solution procedure 
has also been implemented and tested in the present work. 

An extra enabler for this SHTC-solid solution is a spatial Fourier 
transform for the wall-temperature. Again, consider a 2D solid domain 
with a wall boundary of Mw mesh points (Fig. 3). During the solution we 
need to apply the convective boundary condition for all mesh points at 
the wall boundary line. For the given SHTCs and fluid reference tem
perature, we need to specify the heat flux (Neumann) boundary condi
tion for the solid temperature field. And the heat flux needs to be 
updated at each iteration step. 

More specifically at each iteration of the present explicit time- 
marching method for the solid conduction solution, we first update 
the interior temperature field. Then by using the same wall-normal 
gradient from interior solved points we extrapolate from the two adja
cent mesh cell-centre points to get the wall temperatures Tw. 

Tw = 1.5Tw+1 − 0.5Tw+2 (3.18) 

The temperature disturbance based on the extrapolated wall tem
perature (ΔT=Tw-Tref) will then be used for the Fourier transform 

ΔT0 =
1

Mw

∑Mw

i=1
ΔTi (3.19)  

An =
2

Mw

∑Mw

i=1
ΔTicos(nαi), (n= 1, 2,…, NF) (3.20)  

Bn =
2

Mw

∑Mw

i=1
ΔTisin(nαi), (n= 1, 2,…, NF) (3.21) 

Eqs. (3.19), (3.20) and (3.21) give the modal amplitudes (all 
spatially invariant) for the 2NF + 1 modes of the wall temperatures. With 
these global wall temperature shape parameters and the given SHTCs, 
we can then construct to update the wall heat fluxes for all mesh points 
on the boundary (Eq. (3.17)) at each iteration during the solid con
duction solution. 

It should be added that for the half-range Fourier series, all the sine 
terms will disappear. The corresponding number of spectral modes will 
be reduced to NF + 1 with only Eqs. (3.19) and (3.20) being needed in 
updating the wall temperature spectral representation during the solu
tion. The corresponding flow-chart for carrying out the wall temperature 
Fourier transform and setting the wall heat flux boundary condition with 
the SHTC for a solid domain solution is given in Fig. 5. 

4. Case studies for support 

Computations are carried out principally for concept-proof purposes. 

Fig. 4. Parallel Workflow of Multiple CFD runs for generating SHTC.  
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Some specific aims are:  

i) To examine the validity and accuracy of SHTC generation in a 
decoupled fluid-domain;  

ii) To examine the sensitivity to number of spectral modes retained;  
iii) To examine the capability and accuracy of the fluid-domain-only 

generated SHTC in predicting the CHT coupling in a solid- 
domain-only setting;  

iv) To examine the effectiveness of the half-range Fourier SHTC for 
nonperiodic, as well as for periodic wall temperature 
distributions;  

v) To test and demonstrate the methodology and implementation 
for 3-D cases. 

4.1. Generating SHTC (Fluid-domain only) 

For a flat plat laminar boundary layer (Re=1000), a fluid domain 
consists of a small inviscid inlet sub-domain of 200 × 41 points followed 
by the wall bounded main flow sub-domain with 200 × 200 mesh. We 
test the half-range Fourier series with only cosine terms to generate 
SHTC. For NF harmonics we thus only need NF + 1 CFD runs for the NF +

1 globally specified cosine wall temperature profiles respectively. The 
corresponding calculated wall heat fluxes on all mesh points of the wall 
boundary and the input known coefficients (magnitudes) of the cosine 
wall temperature profiles for the NF + 1 modes will simply provide the 
SHTC for all Mw mesh points on the wall boundary: 

Hi = H0i +
∑NF

n=1
HAni, (i= 1, 2, ……., Mw) (4.1) 

The basic concept-proof of the SHTC can be shown by using the 
generated SHTCs for different and un-sinusoidal wall temperature dis
tributions. We compare the wall heat-fluxes directly computed by the 
CFD, with those constructed through the SHTC based on the Fourier 
transformed wall temperatures for the NF + 1 modes. We also examine 
the sensitivity of the spectral representation to the number of modes 
(harmonics), which is a closely relevant issue for spectral methods in 

general. 
It should be commented that for examining the validity of any wall 

temperature ‘invariant descriptors’ (e.g. HTC, SHTC or full discrete 
Green’s functions), it is important to test the wall heat flux construction 
by using some wall temperature profiles very different from those which 
are used to generate the ‘invariant descriptors‘ in the first place. This is 
due to the simple fact that the construction of the total heat flux or each 
of linearly summed components all follows a same general form of a 
temperature difference weighted by the descriptor/influence coeffi
cient. Hence the sensitivity and errors of the descriptor may only show 
up adequately in the constructed heat fluxes if sufficiently different 
temperature disturbances are provided. The earlier discussion around 
Fig. 2 shows just how a linearity-led superpositionality may indicate a 
seemingly strong scalability for the heat fluxes calculated by recon
struction. But the HTC obtained in that case is only valid for the same 
wall temperature profile, thus is a poor descriptor. Therefore, it seems 
imperative that we have to test the SHTC generated with the group of 
sinusoidal wall temperature profiles in completely different wall tem
perature conditions, as presented and discussed in the following. 

First, we examine a streamwise non-periodic wall temperature pro
file. Fig. 6 shows the mode/harmonic sensitivity of the spectral 
approximation for the heat flux distribution along the plate, which is the 
viscous wall. The flux is nondimensionalised by qref = T01kf/L with the 
inlet flow stagnation temperature T01, the inlet fluid thermal conduc
tivity kf and the plate length L. Fig. 7 shows the specified and spectrally 
constructed wall temperature differences normalised by the inlet stag
nation temperature. The spectral representation is shown to converge 
very quickly with the number of harmonics/modes. We aim for the 
required number of modes to be one order of magnitude smaller than the 
number of wall boundary mesh points (200 in this case). We can see that 
10 modes are shown to be sufficient for a practically mode-independent 
heat flux prediction. A higher number of modes will only result in a very 
minor improvement. Also shown in Figs. 6 and 7 are the target refer
ences: the directly computed heat fluxes and the directly specified wall 
temperature distributions. Good comparisons between the targets and 
the spectral approximations are clearly demonstrated. 

Given the reduced number of modes (thus flow solutions) required 
for generating SHTC when the half-range Fourier series option is used, it 
is of interest to see how the option performs for a periodic case. In 
practical applications, it may not always be easy, nor desirable, to pre
determine if the wall-temperature distributions will be periodic or not, 
particularly when the wall temperatures are part of the solution for a 
fluid-solid coupled system. It will therefore be preferable that we use a 
unified method option without needing to make the periodicity 
assumption. 

We thus consider a spatially periodic trapezoidal wall temperature 
profile to be spectrally approximated with the half-range Fourier series. 
Fig. 8 shows the mode/harmonic sensitivity for the heat fluxes, Fig. 9 
shows the corresponding results for the wall temperatures. Both show 

Fig. 5. Flowchart of iteration stepping for solid-domain solution with SHTC.  

Fig. 6. Harmonic sensitivity of heat fluxes (non-periodic Tw profile).  
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rapid mode/harmonic convergence and the results with 10 harmonics 
are shown in satisfactory agreement with the directly computed heat 
fluxes (Fig. 8) and the directly specified periodic but non-sinusoidal 
target wall temperature distribution (Fig. 9). 

4.2. Solid-domain SHTC solution vs. fully coupled CHT 

For convective heat transfer, a common application scenario is to 
predict the temperature field of a solid domain. This is also how New
ton’s law of cooling with given HTC and Tf is commonly used as 
boundary condition for a solution to the conduction equation in a solid- 
domain-only setting. We would thus like to examine if the SHTC may 
play the same role as the conventional HTC but with a much improved 
accuracy for a non-isothermal solid domain. The reference target is a 
fluid-solid coupled conjugate heat transfer (CHT) solution. 

Some observational comments should be made here first. In the 
context of a coupled CHT solution, a question would naturally arise: how 
can the SHTC generated in a fluid-only setting possibly capture any 
coupling interference between the fluid domain and an absent solid 
domain? The question may also be translated to: what do the SHTC 
actually mean or represent? 

Fundamentally, the proportional relation between heat flux and wall 
temperature difference as in Newton’s law of cooling effectively makes 
the proportionality coefficient HTC act as a transfer function between 
the two. Clearly this wall temperature-flux transfer function relation is 
established completely for flow convection in a fluid-domain-only 
setting as Newton’s law of cooling is meant to be. On the other hand, 
we should also be reminded that for a fluid-solid coupled conjugate heat 
transfer system, there is a basic physical constraint for the temperature 
and flux continuity across the fluid-solid interface, as articulated by 
Perelman [31]. It follows then that the temperature-flux transfer 

function on the wall boundary established in a fluid-only setting, should 
be equally applicable to the solid side of the boundary for the solid 
domain, if the two domains are coupled. Therefore, the wall 
temperature-heat flux relation in the solid domain is expected to behave 
the same way (in the same proportionality) as that established in the 
fluid-domain-only setting. It can thus be argued coherently in the pre
sent work that there should be a continuity of the temperature-heat flux 
transfer function across the fluid-solid interface (regardless of which 
side of the interface the transfer function is originated initially). 

For the present case, multiple terms of SHTC can be simply regarded 
as multiple transfer functions. The same reasoning for the standard HTC 
as a single value transfer function should apply for each and every mode 
of the spectrum, based on superpositionality. As a matter of fact, the 
equality of a wall temperature-flux transfer function across a fluid-solid 
interface was used effectively by He and Oldfield [32] and He [27]. In 
these previous works, a transfer function established in a solid-domain 
only setting for transient heat transfer experiments (Schultz and Jones, 
[33]) was effectively applied also to the fluid side in formulating a 
semi-analytical unsteady CHT interface method. For the present work, 
the SHTC generated in a fluid-only setting as a set of transfer functions 
should thus equally dictate how the temperature disturbance and heat 
flux are correlated in proportion on the wall boundary of the 
solid-domain-only setting. Given the same reference fluid temperature, a 
solid domain with the SHTC as the boundary condition should in prin
ciple produce a solution directly comparable to a target fluid-solid 
coupled CHT solution. 

To verify the validity, accuracy and effectiveness of the SHTC 
method in this regard, a comparative case study is set up. Two calcu
lations are compared. The first is a fully coupled CHT solution with a 
computational domain setup as shown in Fig. 10. The fluid domain 
configuration and inflow conditions are the same as in the previous 
fluid-domain-only setting, presented in Section 4.1 (flat plate laminar 
boundary layer of Re=1000). A solid domain is now added directly 
interfacing with the fluid wall boundary. The solid material is stainless 
steel with density 8000 kg/m3, specific heat capacity 500 J/kg/K, and 
thermal conductivity 15.7 W/m/K. At the bottom side of the solid 
domain, a constant cooling heat flux of q/qref = 3.5 (qref=T01 kf / L) is 
applied between 60% and 70% plate length. Other parts of the bottom 
wall and side walls of the solid are subject to an adiabatic condition. 
Hence, the wall temperature distributions will be completely different 
from those used for generating the SHTC in Section 4.1. The second 
calculation is carried out for the solid-domain-only setup. In this case, 
the solid-domain top boundary will be subject to the boundary condition 
with the SHTC generated with the half-range Fourier spectrum. The inlet 
stagnation temperature is also taken as the reference fluid temperature. 
Both the CHT and solid-domain-only cases are subject to the same 
specified heat flux patch at the bottom boundary of the solid domain. 

Fig. 11 shows the temperatures contours of the two solutions. For the 
CHT solution (Fig. 11a), the contours in the fluid domain are in the 
stagnation temperature. We can see a clear tendency that the tempera
ture contour lines are biased toward downstream once reaching the fluid 
side (Fig. 11a), which is expected due to the dominant convection in the 
fluid domain. On the other hand, in the solid domain, the temperature 
disturbances are diffused largely equally in all directions, manifested by 
the symmetrical contour pattern in the up- and down-stream directions. 
The overall good agreement in temperatures between the solid-domain- 
only solution with the SHTC (Fig. 11b) and the solid part of the fully 
coupled CHT solution (Fig. 11a) is clearly achieved. 

Now we look at more detailed comparisons between different solu
tions. Fig. 12 shows the heat flux distributions at the fluid-solid interface 
for the CHT solution (Fig. 11a) which is also the top boundary for the 
solid-domain-only solution (Fig. 11b). Fig. 13 shows the comparison in 
the corresponding calculated wall temperatures. Here in addition to the 
CHT solution as the target reference, three solid-domain-only solutions 
are included for comparison. The two SHTC solutions with 10 harmonics 
and 20 harmonics respectively are included to indicate the mode/ 

Fig. 7. Harmonic sensitivity of wall temperature (non-periodic Tw profile).  

Fig. 8. Harmonic sensitivity of heat fluxes (periodic Tw profile).  
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harmonic convergence. 
Additional to the two solid solutions with the SHTCs, a third solid- 

domain solution with only the zeroth harmonic mode SHTC is also 
included. It must be noted that for this third solid-domain solution, the 
temperature difference used in constructing the local heat flux is spe
cifically taken to be the local temperature difference, rather than the 
overall spatial average temperature difference as the zeroth harmonic 
mode of the SHTC is supposed to be. This third solid-domain solution 
using the local temperature difference is in fact the same as that 
commonly adopted in the standard form of Newton’s law of cooling, it is 
thus labelled as ‘Isothermal HTC with local ΔTw’ in the result compar
isons presented in the figures. It is very clear that the conventional HTC 
based solution can lead to significant errors when used in this non- 
isothermal case. The maximum errors for the present case are about 
35% for the heat flux (Fig. 12), and about 75% for the wall temperature 
(Fig. 13). These levels of errors are most likely to be regarded as unac
ceptably high for many applications. 

All the results clearly and consistently demonstrate that the present 
SHTC method leads to a qualitatively marked improvement over the 
conventional HTC based prediction. The question of whether or not the 

SHTC created in a fluid-only setting can properly capture the fluid-solid 
coupling is answered positively and definitively. 

It should be highlighted that the SHTC results show a good har
monic/mode convergence. Be reminded that in these cases, the number 
of harmonics is almost the same as the number of modes, as only the 

Fig. 9. Harmonic sensitivity of wall temperatures (periodic Tw profile).  

Fig. 10. Fluid-solid coupled domain for target reference CHT solution.  
Fig. 11. Temperature field comparison between CHT and solid-SHTC solutions.  

Fig. 12. Comparison of wall heat fluxes computed by different models.  
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half-range Fourier-series is used. For the present case of 200 mesh points 
over the solid wall boundary (the interface for the CHT), we see that the 
SHTC solution with 20 harmonic modes (requiring 21 CFD solutions for 
generating the SHTC) leads to an excellent agreement. In fact, the SHTC 
solution with only 10 harmonics (requiting 11 CFD solutions), gives a 
quite satisfactory comparison with the target CHT solutions (Figs. 12, 
13). Hence for 2D cases, we are able to make an order of magnitude 
reduction in number of required CFD solutions in comparison to a direct 
method of solving the influence coefficients/Green’s functions. For 3D 
cases, the SHTC solutions should correspondingly be expected to lead to 
a reduction in number of CFD solutions by two orders of magnitude, as 
will be shown next. 

4.3. Three dimensional cases 

The 2D cases presented above serve well as a concept-proof for the 
SHTC framework and principal methodology. The same procedure is 
applicable to 3D cases. The main difference is that a double Fourier 
series in the two wall-parallel directions (Fig. 3) will be used for 3D cases 
with the detailed formulations presented in Appendix B. 

To validate the implementation and demonstrate the 3D application 
potential, we consider an annulus sector configuration with an outer 
fluid layer and an inner solid layer (Fig. 14a). The flow is laminar subject 
to a uniform axial inlet flow (Re=1000 based on the axial domain 
length). The outer boundary of the fluid domain is subject to an inviscid 
wall and the inner boundary is a viscous wall interfacing with the solid 
domain. The solid material is the same stainless steel as that used in the 
2D cases. The numbers of mesh points for the fluid domain are 100, 100 
and 60 in the axial, tangential and radial directions respectively. The 
corresponding ones for the solid domain are 100, 100, and 40 respec
tively, with the mesh density indicated in the close-up view of the 
computational domain (Fig. 14b). The wall boundary/interface surface 
is thus covered by MwxNw=100 × 100 mesh cells, as indicated in Fig. 3. 

The mesh spacing of the fluid domain is refined towards the wall to 
resolve the boundary layer as usual. Attention is also drawn to the 
streamwise mesh spacing distribution, also refined towards the inlet in 
the near wall region (as indicated in the closeup, Fig. 14b). Hence the 
mesh on the wall surface is non-uniformly spaced as normally the case in 
practical applications. It is relevant to note that for a discrete Fourier 
spectral representation, a very useful and fundamental property is the 
orthogonality between different modes. The mode orthogonality re
quires the interval of the sample points in the angular space to be uni
form, and this requirement can be easily met when implemented 
accordingly for 2D (Eq. (3.7)) and 3D (Eqs. (A.9) and (A.10), 
Appendix B) cases regardless of the wall-mesh spacing distributions. 

In terms of the 3D cases, we first consider the fluid-domain-only 
setting for generating the STHC following the working procedure as 
described in Section 3.3.1. Take a non-periodic distribution as one half 
period approximated by the half-range Fourier spectrum in each of the 
two wall-parallel directions respectively. We then need to retain only the 
cosine x cosine terms in the double-Fourier series (Appendix B). The 
corresponding number of SHTC modes will be (MF+1)(NF+1) when we 
retain MF harmonics in the x direction and NF harmonics in the y di
rection respectively (Fig. 3). Thus for the present case with 100 × 100 
wall surface mesh points, a motivational consideration as stated in the 
introduction is to see if we can establish an adequately accurate SHTC 
set with the number of harmonics (modes) smaller than 10 in each di
rection, so that the total number of CFD solutions needed will be in the 
order of, or smaller than 10 × 10. In the present case, we take 6 har
monic modes in each of the two wall-parallel directions respectively. In 
total, 49 CFD solutions are run for generating the corresponding set of 
SHTC. The base zeroth harmonic mode is for the overall averaged 
temperature disturbance over the entire wall boundary, corresponding 
to an isothermal condition. Thus, the SHTC term for the base zeroth 
harmonic is also denoted as ‘Isothermal HTC’ as for the 2D test cases 
presented earlier. 

Having generated the SHTC set with 6 × 6 harmonics (7 × 7 modes), 
we now are in the position to perform the solid-domain-only calcula
tions for different and unknown wall temperature distributions under 
different thermal boundary conditions. Consider two local heating 
conditions for the inner wall boundary of the solid domain. The first one 
is subject to a heating patch of q/qref=3.5 located between 20% and 40% 
streamwise length and 20%–40% span on the inner boundary surface of 
the solid domain, labelled as ‘frontal heating’. In the second case, the 
heating patch of the same size is placed at the middle of the inner 
boundary surface on top of a constant base heat flux of q/qref = 0.35 
applied to the entire inner boundary surface, denoted as ‘middle heat
ing’. The heating patch on the bottom inner boundary of the solid 
domain can be seen from the bottom surface view in Fig. 14. It is worth 
noting that even when the heating is applied in a very non-smooth 
fashion (a constant heat flux applied on the small square area of the 

Fig. 13. Comparison of wall temperatures computed by different models.  

Fig. 14. 3-D annular fluid-solid coupled configuration.  
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inner surface), the solid temperatures still look quite smooth even 
around the heating area, due to the very strong local thermal diffusion in 
solid. 

The temperature distributions on the top surface (wall boundary/ 
interface) of the solid domain can be seen in Fig. 15 for the frontal 
heating case. Three solutions are compared: the fluid-solid coupled 
conjugate heat transfer (CHT, Fig. 15a), the solid-domain solution with 
the present SHTC of 6 × 6 harmonics (Fig. 15b) and the solid-domain 
solution with the zeroth harmonic mode SHTC and local temperature 
difference, which effectively is in the standard form of Newton’s law of 
cooling, denoted as ‘Isothermal HTC with local ΔTw’ (Fig. 15c). 

We can see that for the 3D configuration, the new SHTC as the 
boundary condition for a solid-domain-only (Fig. 15b) captures quite 
accurately the fluid-solid thermal coupling in good agreement with the 
fully coupled CHT solution (Fig. 15a). The conventional use of the HTC 
certainly leads to noticeable differences (Fig. 15c). More detailed com
parisons of the streamwise wall temperature distributions are taken on 
an axial cut-plane through the middle of the heating patch, as shown in 
Fig. 16. While the SHTC and CHT solutions are in good agreement, the 
discrepancies between the conventional HTC solution and the reference 
target CHT solution are up to 15–20%, higher towards the downstream 
locations, attributable to the accumulated convective temperature ‘his
tory effect’ (He [23]). 

For the second case of the heating patch at the middle in addition to a 
constant base flux heating on the bottom boundary, Fig. 17 shows the 
top surface view of the temperature contours of the solid domain. Again, 
we see that the same set of the SHTC generated for a specified set of 
simple sinusoidal wall temperature profiles can produce a very good 
solid temperature solution in comparison with the target fully coupled 
CHT solution for completely different thermal boundary conditions. In 
this case, the differences between the conventional HTC based method 
(Fig. 16c) and the reference CHT solution are larger. This may be 
attributed to two different aspects of the temperature ‘history effect’. 
Firstly, the base constant flux heating over the whole bottom boundary 
surface should have a larger accumulated convective ‘history effect’ on 
the peak temperature region at a more downstream location as in this 
case. An additional factor may be due to the difference in the thermal 
disturbance propagation between a fluid domain and a solid one. The 
travelling of temperature disturbances in a fluid domain will be largely 
convective, thus markedly directional from upstream to downstream as 
a convection is meant to be. In a solid domain however, the disturbances 
only travel by diffusion and thus to both flow upstream and downstream 
directions equally. When the fluid and solid domains are coupled, the 
solid domain provides a distinctive extra path for temperature distur
bances to influence upstream by changing the wall temperature in an 
upstream region through the strong thermal diffusion in solid (He [23]). 
This distinctive fluid-solid coupling effect is well captured by the SHTC. 

Fig. 18 shows the streamwise wall temperature distributions taken 
on an axial cut-plane through the middle of the heating patch. The 
streamwise error distribution of the conventional HTC based calculation 
(‘Isothermal HTC with local ΔTw’ vs. ‘CHT’ in Fig 18) for this middle 

domain heating case can be usefully compared to that for the frontal 
heating case (Fig. 16). The middle heating case shows a stronger ‘history 
effect’ manifested in consistently higher overpredicted wall tempera
tures by the conventional HTC based solution for the whole streamwise 
boundary surface length, as well as higher peak errors (about 25–30%, 
as shown in Fig. 18), compared to the frontal heating case (Fig. 16). 

Overall, the computational results presented and discussed above for 
the 2D and 3D cases all serve very well as a strong concept-proof of the 
present SHTC method and are clearly indicative of its application po
tential. More specifically, the present 3D cases do demonstrate that the 
proposed Spectral Heat Transfer Coefficient approach can indeed reduce 
the number of CFD solutions required by two orders of magnitude 
compared to a direct method of solving the influence coefficients/ 
Green’s functions. 

5. Concluding remarks 

It has long been recognised that Newton’s law of cooling works well 
for isothermal walls as in the condition at which Newton first tested and 
established the simple proportional relation for heat flux and tempera
ture difference: q ∝ (Twall- Tambient). However, its applicability to non- 
isothermal walls can be regarded as varying from being uncertain to 
very poor. A full description with local influence coefficients/Green’s 
functions is generally difficult and costly to implement, chiefly caused 
by the locality of Green’s functions: relating a local disturbance to a local 
response. In considering a possible alternative framework and working 
method, we would like to first ask some seemingly simple questions: 
why should Newton’s law of cooling work for an isothermal wall (or 
what is the corresponding theoretical underpinning)? More specifically, 
what does Twall mean, a local or global disturburbance? And what does 
the proportionality (HTC as we know it) represent: a local or global 
influence? 

A close look at a linear thermal system for wall bounded flow clearly 
indicates that Twall and HTC represent global disturbances and global 

Fig. 15. Wall surface temperature contours computed by different models (‘frontal heating’).  

Fig. 16. Streamwise wall temperature distributions computed by different 
models (taken from an axial cut-plane through the middle point of the heat
ing patch). 
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influences respectively. The simple form of Newton’s law of cooling is 
theoretically hinged on the spatially invariant temperature disturbance 
as in an isothermal wall setting. The myth of the HTC working in this 
case seems to be rooted in global and local wall temperature distur
bances becoming indistinguishable for an isothermal wall. 

In contrast to solving the local-local influence-response as in a direct 
Green’s function approach limited by the locality, it is proposed that the 
new method should instead approach the problem globally. The wall 
temperature disturbances can be set globally, starting from a long 
length-scale for the whole domain, refined systematically and efficiently 
to shorter but still mesh-resolvable scales. In addition, it is also intended 
that the framework formulation and working method should be usefully 
reduced to exactly the same form as Newton’s law of cooling for an 
isothermal case. As such we shall have a unified framework and working 
method applicable to both non-isothermal wall and isothermal wall 
cases. The latter can simply be regarded as a temperature disturbance of 
an infinite length-scale. 

Given the background and motivational considerations, a framework 
is proposed centred around ‘Spectral Heat Transfer Coefficient’ (SHTC). 
Wall temperature disturbances, being much smoother by the much 
stronger thermal diffusion in solid than those in fluid, are naturally 
suited for a spectral modelling accurately and effectively with only a 
small number of spectral modes. Each SHTC term corresponding to one 
spectral mode can be worked out simply and independently given the 
superpositionality. 

The framework is implemented in a Fourier spectral method, and the 
SHTC can be obtained by a harmonic mode balance in a straightforward 

way. The baseline full-range Fourier series is for a spatially periodic wall 
temperature distribution. It is also shown very usefully that a half-range 
Fourier series model is directly equivalent to a Chebyshev spectral 
method. Thus, the present Fourier method is applicable to both periodic 
and non-periodic wall temperature distributions. 

The corresponding working procedure and formulations in both 2D 
and 3D settings are presented. Computational examples for both 2D and 
3D cases clearly and consistently demonstrate the validity and effec
tiveness of the proposed framework and working method 
implementation. 

It should be commented that although the present work approaches 
the problem computationally, the proposed SHTC should also be rele
vant to experimental convective heat transfer. Experimental setups for 
obtaining discrete Green’s functions/local influence coefficients are 
non-trivial, similarly restricted by the locality of Green’s functions. In 
the SHTC framework, one may have a relatively simple and robust 
steady experimental setup. A solid wall may be heated/cooled in a si
nusoidal form of different wave lengths and the corresponding heat 
fluxes can be measured once a sufficent thermal equilibrium state is 
reached. The influence coefficients in a spectral form (SHTC) for 
different wavelengths/modes can then be simply obtained respectively. 
The envisaged experimental setup should expectedly have much 
reduced experimental errors/uncertainties associated with the diffi
culties in achieving the locality required by Green’s functions. 

Further validations, demonstrations and applications are expected in 
future. 
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Appendix A. Equivalence of Half-range Fourier and Chebyshev spectral modelling 

Start with the half-range Fourier series of NF harmonics for a non-periodic function in a continuous angular domain (0< θ <π). A function f can be 
expressed as: 

f (θ) =
∑NF

n=0
ancosnθ = f0 +

∑NF

n=1
ancosnθ (A.1)  

an =
2
π

∫π

0

f (θ)cos(nθ)dθ, (n= 1, 2, …, NF) (A.2) 

The corresponding discrete angular domain of ND mesh cells is: 

θi = 2πi/ND, (i= 1, 2, …, ND) (A.3) 

Then the discrete Fourier representation of f at point θi becomes: 

fi(θi) = f0 +
∑NF

n=1
ancosnθi 

The corresponding Fourier harmonic coefficients can be obtained by: 

f0 =
1

ND

∑ND

i=1
fi (A.4a)  

an =
2

ND

∑ND

i=1
ficos(nθi), (n= 1, 2, …, NF) (A.4b) 

Now we examine a Chebyshev spectral representation (‘the polynomial of the first kind’) for function f(x) in domain (− 1 < x < 1). For a polynomial 
of NC degrees (Trefethen [34], Boyd [35]): 

f (x) =
∑NC

k=0
ckTk(x) = f0 +

∑NC

k=1
ckTk(x) (A.5)  

ck =
2
π

∫1

− 1

f (x)Tk(x)
̅̅̅̅̅̅̅̅̅̅̅̅̅
1 − x2

√ dx (A.6)  

where ck is the coefficient for kth degree and Tk(x) is the corresponding basis function. 

Take x = cosφ, (0 <φ < π), then it can be shown that Eq. (A.6) becomes, ck = 2
π

∫π

0

f(cosφ)Tk(cosφ)dφ. 

Given the definition of the polynomial of the first kind: Tk(cosφ) = coskφ, we have: ck = 2
π

∫π

0

f(cosφ)cos(kφ)dφ. 

Take the corresponding discrete angular domain of ND mesh cells for φ as: 

φj = 2πj
/

ND, (j = 1, 2, ⋯, ND) (A.7) 

And f at discrete point φj is denoted as fj, (j = 1, 2, …, ND), then the discrete form of the integral for the Chebyshev spectral coefficients becomes: 

f0 =
1

ND

∑ND

j=1
fj (A.8a)  

ck =
2

ND

∑ND

j=1
fjcos(kφi), (k= 1, 2,…, NC) (A.8b) 

Comparing Eq. A.8 with Eq. A.4, we can see that if the number of harmonics (NF) of the Fourier series is taken to be the same as the degrees (NC) of 
the Chebyshev polynomial, coefficient ck will then correspond exactly to an. Therefore, the two spectral representations are equivalent to each other. 

Appendix B. SHTC formulations for three-dimensional applications 

The SHTC formulations are introduced in the main text for a 2D domain with a 1D wall boundary for simplicity. Here we present the formulations 
for a 3D domain with a 2D wall boundary surface (Fig. 3). The same principal procedure as in the 2D setting also applies to a 3D setting. The key 
difference is that we will need to use a double Fourier series for a 3D case, rather than a single Fourier series in a 2D case. 
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Consider now a 3D fluid domain bounded by a solid wall with MW mesh cells in the x direction and NW mesh cells in the y direction respectively 
(Fig. 3). The wall temperatures are taken at the mesh cell centre points. Assume a spatial periodicity in both wall-parallel directions. The wall 
temperature disturbance distribution over the wall boundary can be represented by a double Fourier series retaining MF harmonics in x and NF 
harmonics in y respectively. Wall mesh points are indexed by i, j and the corresponding spatial locations are marked by angles αi and βj: 

αi = 2πi/Mw, (i= 1, 2, …, MW) (A.9)  

βj = 2πj
/

Nw (j= 1, 2, …, NW) (A.10) 

Wall temperature disturbance ΔTij for mesh cell i, j is expressed as 

ΔTij = ΔT0 +
∑MF ,NF

m=0, n=0, (m+n≥1)

Λmn
(
Amncosmαicosnβj +Bmnsinmαicosnβj +Cmncosmαisinnβj +Dmnsinmαisinnβj

)

Λmn =
1
2
, (m= 0 and n> 0, or n= 0 and m> 0)

Λmn = 1, (m> 0 and n> 0) (A.11) 

ΔT0 the zeroth harmonic is the spatial average over the entire boundary, thus a constant base for all wall mesh points equivalent to that for an 
isothermal case. The MF x NF harmonic spectrum is controlled by (2MF+1) (2NF+1) parameters, each corresponding to a Fourier mode. The wall 
temperature disturbance can also be expressed as a linear sum of (2MF+1) (2NF + 1) Fourier modes for the wall temperature at mesh point i,j: 

ΔTij = ΔT0 +
∑MF ,NF

m=0, n=0 (m+n≥1)

(ΔTAmn + ΔTBmn + ΔTCmn + ΔTDmn)ij (A.12) 

Correspondingly heat flux at mesh point i,j is decomposed to (2MF+1) (2NF + 1) modes respectively: 

qij = q0ij +
∑MF ,NF

m=0, n=0,(m+n≥1)

(qAmn + qBmn + qCmn + qDmn)ij (A.13) 

The mode balance for the zeroth harmonic is similar to that in the 2D setting (Eq. (3.12)): 

q0ij = H0ij ΔT0 (A.14) 

Now we see that the zeroth harmonic mode balance for a 3D case is also in exactly the same original form as Newton’s law of cooling for an 
isothermal wall, as intended. 

The Fourier mode balance for the mth harmonic in x and the nth harmonic in y now includes 4 components. Following the mode balance procedure 
similarly to a 2D case, now for mesh point i,j, we have: 

qAmnij = HAmnij Amn (A.15a)  

qBmnij = HBmnij Bmn (A.15b)  

qCmnij = HCmnij Cmn (A.15c)  

qDmnij = HDmnij Dmn (A.15d) 

We can then express the local heat flux at point i, j in form of a sum of (2MF+1) (2NF + 1) terms of corresponding Fourier spectral modes: 

qij = H0ij ΔT0 +
∑MF ,NF

m=0, n=0 (m+n≥1)

(
HAmnij Amn +HBmnij Bmn +HCmnij Cmn +HDmnij Dmn

)
(A.16) 

When we use the half-range Fourier series in both x and y directions, all terms involving sine functions will disappear. Effectively, we have only 
about a quarter of the original full range terms to be covered. The number of Fourier modes is then reduced from (2MF+1) (2NF + 1) to (MF+1) (NF +

1). The problem size is reduced to about 25% of the full range one, so is the number of CFD solutions needed to fix the corresponding SHTC. 
The working procedure will also be similar to that for a 2D situation. 
Firstly, for the generation of the SHTC in a fluid-domain-only-setting, the zeroth harmonic (the overall average ‘isothermal’ mode) is exactly the 

same as that for the 2D. For the mth harmonic in x and the nth harmonic in y, we now have 4 modes for mesh point i,j:  

a) CosineConsine mode: Specify (ΔTAmn)ij = Amn cos(mαi) cos(nβj) and solve (qAmn)ij; Postprocess (HAmn)ij= (qAmn)ij /Amn  
b) SineCosine mode: Specify (ΔTBmn)ij = Bmn sin(mαi) cos(nβj) and solve (qBmn)ij; Postprocess (HBmn)ij= (qBmn)ij /Bmn  
c) CosineSine mode: Specify (ΔTCmn)ij = Cmn cos(mαi) sin(nβj) and solve (qCmn)ij; Postprocess (HCmn)ij= (qCmn)ij /Cmn  
d) SineSine mode: Specify (ΔTDmn)ij = Dmn sin(mαi) sin(nβj) and solve (qDmn)ij; Postprocess (HDmn)ij= (qDmn)ij /Dmn 

Secondly, for a conduction solution with the SHTC in a solid-domain-only setting, the same procedure is followed as in the 2D setting. The main 
thing to note is the different discrete forms of the formulations in a 3D setting for those coefficients (magnitudes) of the Fourier modes for wall 
temperature disturbances: 

ΔT0 =
1

MwNw

∑Mw ,Nw

i=1,j=1
ΔTij (A.17)  
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Amn =
4

MwNw

∑Mw ,Nw

i=1,j=1
ΔTijcos(mαi)cos

(
nβj

)
(A.18a)  

Bmn =
4

MwNw

∑Mw ,Nw

i=1,j=1
ΔTijsin(mαi)cos

(
nβj

)
(A.18b)  

Cmn =
4

MwNw

∑Mw ,Nw

i=1,j=1
ΔTijcos(mαi)sin

(
nβj

)
(A.18c)  

Dmn =
4

MwNw

∑Mw ,Nw

i=1,j=1
ΔTijsin(mαi)sin

(
nβj

)
(A.18d)  

(0 ≤ m ≤ MF, 0 ≤ n ≤ NF and m+ n ≥ 1)

Again, when we adopt the half-range spectrum in both directions, only will Amn (Eq. (A.18a)) need to be retained, the other three in Eq. A.18 are all 
zero, leading to a very significant reduction in computing effort required. 
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