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Abstract

The chromatic number y(G) of a graph G is a funda-
mental parameter, whose study was originally motivated
by applications (y(G) is the minimum number of inter-
nally compatible groups the vertices can be divided into,
if the edges represent incompatibility). As with other
graph parameters, it is also studied from a purely the-
oretical point of view, and here a key question is: what
is its typical value? More precisely, how does x(G,, ; /»),
the chromatic number of a graph chosen uniformly at
random from all graphs on n vertices, behave? This
quantity is a random variable, so one can ask (i) for
upper and lower bounds on its typical values, and (ii)
for bounds on how much it varies: what is the width
(for example, standard deviation) of its distribution? On
(i) there has been considerable progress over the last
45 years; on (ii), which is our focus here, remarkably
little. One would like both upper and lower bounds on
the width of the distribution, and ideally a description
of the (appropriately scaled) limiting distribution. There
is a well-known upper bound of Shamir and Spencer
of order \/E improved slightly by Alon to \/E /logn,
but no non-trivial lower bound was known until 2019,
when the first author proved that the width is at least
nt/4=°Q) for infinitely many n, answering a longstand-
ing question of Bollobés. In this paper we have two main
aims: first, we shall prove a much stronger lower bound
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1770 HECKEL and RIORDAN

on the width. We shall show unconditionally that, for
some values of n, the width is at least n'/2-°)_matching
the upper bounds up to the error term. Moreover, condi-
tional on a recently announced sharper explicit estimate
for the chromatic number, we improve the lower bound
to order \/ﬁ loglog n/ log® n, within a logarithmic factor
of the upper bound. Second, we will describe a num-
ber of conjectures as to what the true behaviour of the
variation in (G, /,) is, and why. The first form of this
conjecture arises from recent work of Bollobas, Heckel,
Morris, Panagiotou, Riordan and Smith. We will also
give much more detailed conjectures, suggesting that
the true width, for the worst case n, matches our lower
bound up to a constant factor. These conjectures also
predict a Gaussian limiting distribution.

MSC 2020
05C15, 05C80 (primary)

1 | INTRODUCTION

Given a graph G, a colouring of G is an assignment of colours to the vertices of G so that no two
adjacent vertices are coloured the same. The smallest number of colours for which this is possible
is called the chromatic number of G, and is denoted by y(G). This graph parameter plays a very
important role in applications, in particular in assignment problems. Here, however, we focus on
x(G) from a theoretical point of view, simply as a natural and fundamental parameter of a graph.

As with any important graph parameter, an interesting question is: what is its typical value, if
we choose G uniformly at random from all graphs on n (labelled) vertices? Also, how much does
the chromatic number fluctuate around this critical value? Given n € N and p € [0, 1], the bino-
mial random graph G,, , is the graph on n labelled vertices where each possible edge is included
independently with probability p, so a uniformly random graph on n vertices is simply G, ; /5.
The question just described was raised (in the sparse setting) by Erd6s and Rényi [11], in one of
their seminal papers which initiated the study of random graphs. Erdés later posed this question
for the dense case, see Bollobas [7]. In this section we first outline the history of this problem,
concentrating on the most relevant results. Then we state our new results. Finally, we present a
number of conjectures as to the true behaviour of ¥(G,, ; /,), in various levels of detail. The basic
conjecture is due to Bollobas, Morris, Panagiotou and Smith together with the present authors;
the finer conjectures are new.

1.1 | Pastresults and questions

In 1975, Grimmett and McDiarmid [14] found the likely order of magnitude of x(G,,, pforo<p<
1 constant. In a landmark contribution in 1987, Bollob4s [5] determined the asymptotic behaviour
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of x(G, ) in this case. In stating this result we follow a standard convention, writing g for 1 — p
and b for 1/q = 1/(1 — p) to make the formulae more compact.

Theorem 1 [5]. Let0 < p < 1 be constant, and let b = 1/(1 — p). With high probability,’

n

G,,)~—.
X(Gnp) 2logy n

Formally, this means that for any constant e > 0, with high probability x(G, ,) is between1 —¢
and 1 + ¢ times the bound on the right-hand side.

Theorem 1 has been sharpened several times [12, 23, 24], most recently in [15].

Theorem 2 [15]. Fix p < 1 — 1/e?. Then, with high probability (whp),

n n
G = !
X( n,p) 210gb7’l—210gb logbn—Zlogbz +O<10g2n) ( )
whereb =1/(1 — p).

For constant p > 1—1/e?, there is a slightly more complicated expression which also
determines x(G, ,) whp up to accuracy 0(10;2 n) [15].

Luczak [19] extended Theorem 1 to the case p — 0, giving a similar expression for x(G, ,)
whenever p > C/n for some large enough constant C.

All the results we have mentioned so far examine the likely value of the chromatic number —
they give increasingly sharp upper or lower bounds for (G, p) which hold with high probability.
A separate line of enquiry asks for the concentration of the chromatic number: even if we cannot
pin down (G, ,) exactly, can we say something about how much it varies?

The starting point for these questions is the classic result of Shamir and Spencer from their 1987
paper [26], in which they pioneered the use of martingale concentration inequalities in probabilis-
tic combinatorics, something which has now become a standard tool in the area. They proved
that for any function p = p(n), the chromatic number of G, , takes one of at most about \/ﬁ
consecutive values whp.

Theorem 3 [26]. Let p = p(n) € (0,1) and w(n) — oo be arbitrary functions. Then there is a
sequence of intervals [s,,, t,,] of length

£, i=t,—s, < \/ﬁw(n)
such that, whp,
X(G, ) € I8y, 1,].
It is not hard to show that for certain extreme values of p = p(n), Theorem 3 is tight: Alon

and Krivelevich [2] note that )((Gn,p) is not concentrated on fewer than @(\/ﬁ) values for p =
1—1/(10n).

T As usual, we say that a sequence (E,,),,cy 0f events holds whp if P(E,) — 1 asn — co.
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For the dense case, where p is constant, Alon gave a slight improvement to intervals of length

about % ([4], Section 7.9, Exercise 3; see also [25]). If p tends to 0 quickly enough, however,

Theorem 3 can be improved considerably.
Shamir and Spencer [26] showed that if p = n=¢ for ¢ € (0, %), then x(G, ) is concentrated on

1
at most about n2~“ log n values. For ¢ > %, they proved concentration on constantly many values.

Luczak [20] showed that if ¢ > g, then x(G, ,) is maximally concentrated: whp it takes one of at
most two consecutive values. Finally, Alon and Krivelevich [2] proved two-point concentration
whenever p < n=¢ with ¢ > % constant.

It should be noted that none of these concentration results gives any information about the loca-
tion of the concentration intervals. In a breakthrough contribution, Achlioptas and Naor [1] found
two explicit values for (G, ,) with p = d/n where d is constant. Later, Coja-Oghlan, Panagiotou

and Steger [10] extended this result to p < n_%_g, giving three explicit values in this case.

In view of strong results asserting sharp concentration of the chromatic number, starting in the
late 1980s Bollobas raised, and he and Erdds disseminated, the opposite question: can we find any
examples where the chromatic number of G, , is not very sharply concentrated? Of course there
are cases where this is trivially true, such as when p = 1 — 1/(10n) as mentioned above. But what
about interesting examples, and what about the most natural special case, p = 1/2?

It took quite a while for this question to appear in print. In an open problems appendix to
the first edition of The Probabilistic Method [3], Erdds asked: can we prove that x(G,;/,) is
not concentrated on constantly many values? Bollobas reiterated this question in [7], asking
for any non-trivial results asserting a lack of concentration. The problem is also discussed
in[2, 6,9, 13, 18].

The first result of this type was recently given by the first author in [16]: it turns out that, at least
for some values of n, the chromatic number of G, ; /, is not concentrated on fewer than about ni
values.

Theorem 4 [16]. Letc < % be a constant, and let ([s,, t,]),51 be a (deterministic) sequence of inter-
vals such that P(x(G,, ;) € [$,,t,]) = 1 as n — co. Then there are infinitely many n such that
t, —s, > n‘

In other words, slightly informally, for ¢ < 1/4 there is no sequence of intervals of length n°
which contain x(G,, ; /,) with high probability.

1.2 | Main results

In this paper, we improve the lower bound in Theorem 4 to an almost optimal one, giving a
lower bound on the concentration interval length which nearly matches the upper bound from
Theorem 3.

Theorem 5. Fix p € (0,1) and c < % and let ([s,,t,]),51 be a (deterministic) sequence of inter-
vals such that [P’()((Gn,p) € [s,, tn]) — 1 as n — oo. Then there are infinitely many n such that
t, — s, >n"

It is clear from the form of the result that Theorem 5 also holds if we replace ¢ with % —0(1) for
some function o(1) which tends to 0 sufficiently slowly. Up to this vanishing term, the exponent

85UB0 |7 SuoWIWoD aAIee.D) a|qeal|dde sy Aq peussnof 8. Ssjole VO ‘8sN JO Se|n oy AkelqiT8uljuO 4|1 UO (SUONIPUOD-PUB-SLUBIALI0D A3 | M Alelq 1puljuoy//:sdny) SuonIpuoD pue swie 1 8y1 88S *[#Z02/T0/ST] uo Ariqiauluo A8|IM ‘8L Aq ¥6.2T'SW|(ZTTT 0T/I0P/WO0d A3 | 1M ARelq | BU 1 |UO"D0SYTRWPUO|//:SANY WoJy POPeo|umoq ‘S ‘€202 ‘0S.LL691T



HOW DOES THE CHROMATIC NUMBER OF A RANDOM GRAPH VARY? | 1773

matches the classic upper bound of \/ﬁ for the concentration interval length given by Shamir and

Spencer, and Alon’s improved upper bound of %.

Considering intervals centred on the expectation of )((Gn’p), Theorem 5 implies (but is not
implied by) a corresponding bound on the variance of x(G,, ;). Concretely, for any ¢ < 1, we do
not have Var(x(G, ,)) = O(n°).

Note that neither Theorem 4 nor Theorem 5 tells us anything about the concentration of the
chromatic number of G, , for any particular n, let alone every n. They only state that whenever
[s,,t,]is a sequence of intervals which contain x(G,, ,) whp, there must be a subsequence of long
intervals. Thus, these results do not rule out the unlikely scenario that the chromatic number
of G, , is spread out over about \/ﬁ values on some sparse subsequence of the integers, and is
one-point concentrated everywhere else.

‘We will prove a stronger result than Theorems 5 and 6. To state this we introduce some notation,
and review some classic results, concerning the independence number of G,, .

A set of vertices is independent in a graph G if there are no edges of G between them; the inde-
pendence number of G, denoted by a(G), is the maximum size of such a set in G. As before, let
g =1-pandb =1/q. For p constant, a(G, ,) can be determined precisely as follows: let

ay = ay(n) 1= 2log, n — 2logy log, n + 2log, (e/2) + 1; ()
then Matula [21, 22] and independently Bollobéas and Erdés [8] proved that
(G, ) = lay +0(1)] whp,
pinning down a(G,, ,) to at most two consecutive values. If we let
a=an) = lam)], 3)
then in fact for most n, whp a(G,,, p) =a.

Given t > 1, we call an independent set of size ¢ a t-set. Let X; count the number of ¢-sets in

Gn,p, and let

M= p(n) 1= E[X,] = <'Z>q@- (4)

If we interpret the formula above suitably for non-integer ¢, then o, (n) is, to a good approximation,
the value of t at which y, = 1. In particular, unless «, is very close to an integer, we expect many
a-sets and no (a + 1)-sets, so it is no surprise that oc(Gn,p) = o whp.

With this notation, we can now state our next, more precise, result.

1—1/e? and € > 0, and let [s,,t,] be a sequence of intervals such that
0.9. Then, for each n such that piy,(n) < n'=¢, there is an integer n* =

AV :ua(n*)(n*)

log n*

Theorem 6. Fix p

P(x(Gpp) € [54,t4])
(1 + o(1))n such that

<
Z

t}’l* _S}’l* > C
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where

logb
C=Clpe =22

and, as usual, b = 1/(1 — p).

Theorem 6 readily implies the case p < 1 — 1/e? of Theorem 5: we simply pick a sequence of
n where 1, is close to n, which is certainly possible; see, for example, [16, Lemma 4]. The case
p > 1—1/e? of Theorem 5 will also follow easily from the proof of Theorem 6 (see the final part
of Section 2.6). We have replaced the assumption that (G, ) is in a certain interval whp with
a weaker concrete assumption, since this is what the proof allows. The specific constant 0.9 is
not optimised.

Theorem 6 still does not imply non-concentration for any particular n — this is a feature of the
method — but for every » it will find some nearby n* where the concentration interval is long.
In many cases we believe that the bound above is tight up to the constant factor, including the
dependence on ¢; see Section 1.3, and in particular Remark 17.

Even stronger bounds

Theorem 5 implies that there are some values of n such that x(G,,, p) is not concentrated on fewer

than n%_o(l) values for some unspecified function o(1). Can this be pushed any further towards
Alon’s upper bound of \/ﬁ / log n? We focus on the case p = %
The main bottleneck is the form of the error term in the estimate (1) in Theorem 2, which we
make essential use of in the proof of Theorem 5. Specifically, we use that we have an explicit
estimate for ¥(G,, /,), and that the derivative (w.r.t. n) of this estimate is sufficiently larger than
1/a(n); see Remark 24 for how this affects the final bound.
Konstantinos Panagiotou and the first author [17] recently announced a sharper explicit

estimate for (G, /,). To state this we need some definitions.

Definition 7. A vertex colouring of G is t-bounded if all colour classes have size at most ¢; the
t-bounded chromatic number of G, denoted y,(G), is the minimum number of colours in such
a colouring. By an unordered (t-bounded) k-colouring of a graph G, we mean a partition of V(G)
into k non-empty independent sets (of size at most ¢). We may think of this as an equivalence class
of k-colourings under permuting colours. Let E, ;. , denote the expected number of unordered -
bounded k-colourings of G, ; /. Then the t-bounded first moment threshold of G, , , is defined to
be

k,(n) :=min{k : E,;, > 1} (5)
Note that E,, ,, , = 1, so this definition makes sense.

In [17] it is shown that if @ = a(n) is such that n®! < u,(n) < n'? (where u,(n) is defined in
(4)), then whp

)(a—l(Gn,l/z) =ky1(n) + O(no,gg)‘ (6)
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Unsurprisingly, when p, is not too large, then x,_,(G,,/,) and x(G,,,) are close, and then
(6) (applied with a = a) provides a good bound on the latter. For example, we trivially have that
the expectation of the difference is at most u,, though we will need a much tighter bound (see
Lemma 28). Assuming a much weaker form of a special case of (6), we can prove a stronger lower
bound on the non-concentration interval.

Theorem 8. Suppose that, for any integers n and a = a(n) such that u,(n) = ©(n/log” n), we
have

)(a—1(Gn,1/2) =k,_1(n) +o(nloglogn/ 10g4 n) whp, @)

where k;(n) is defined in (5). Then there is a constant ¢ > 0 so that for any sequence of intervals
[s,.t,] such that P()((Gn,1/2) € [s,.1,]1) > 0.9, there is a sequence of integers n* such that

*loglogn*
e — s 3 o W loBlOB
log® n*

Remark 9. Theorem 8 immediately implies (assuming (7)) a corresponding lower bound on the
variance of Y,, = x(G,, ; s,): writing w,, for n'/2loglogn/ log® n, if we take intervals I,, of length
cw, /2 centred on the mean of Y,,, then there are infinitely many »n such that P(Y,, € I,,) > 0.1,
which implies Var(Y,,) > 0.1(cw, /4)* = Q(w?), so lim sup Var(Y,)/w? > 0.

Aswe shall describe in the next section, we believe that the bound given by Theorem 8 is optimal
up to the constant factor.

1.3 | Conjectured behaviour

The behaviour of the chromatic number of G, ,, is closely linked to that of the number of large
independent sets, and specifically to X, and X,,_; (where X, is the number of independent ¢-sets),
so we take a closer look at the distributions of these random variables.

First consider X,,. Let 8 = 6(n) = log u, / logn, so that

po = 1. ®)
Standard calculations (see [23, Section 3.c]) give
8 =0ay—a+o0(1)e[-o0(1),1+o0(1)]. 9

Thus 6 behaves as shown in Figure 1: when «, is close to an integer, 6 is close to 0. As we increase
n, 6 increases to near 1 (roughly linearly in logn), until «, gets close to the next integer. At this
point a(n) increases by 1 and 8 drops back to near 0.

As for X,_;, note that

a-1»

n
K1 = ®<@#a> = pl*oro, (10)
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0(n)
1 —
0
logn

FIGURE 1 The exponent 6 = 6(n) so that u, = n°. When «,(n) is close to an integer, at(n) = |a,] increases
by 1 and 6 drops from close to 1 to close to 0. Note that one can think of each line segment as graphing the
expected number of ¢-sets of some particular size ¢ (or rather, the log of this divided by log n). These lines extend
above and below the strip shown in the figure, but when we are considering the largest independent set, we jump
from one size to the next as n increases.

It turns out that both X, and X ,_, are approximately Poisson for almost all » (see [6, Theorem
11.9]). In particular, X, and X,,_, are not whp contained in any sequences of intervals shorter than

Vg =n%? and \/u,_, = n1+9/2+0() respectively.

1.3.1 | The Zigzag Conjecture

We are now ready to state a conjecture on the correct length of the concentration interval made by
Bollobds, Heckel, Panagiotou, Morris, Riordan and Smith. The conjecture states that the concen-
tration interval length for ¥(G, ; /2) is essentially the maximum of two proposed lower bounds,
one which comes from fluctuations in X, and one which comes from fluctuations in X,_,, which
we will describe below.

‘We shall consider only the case p = %, for a number of reasons. Firstly, this is the original
question; secondly, this simplifies the formulae somewhat; finally, and most importantly, for
some constant p — in particular when p > 1 — 1/e?> — the chromatic number of G, , behaves
differently to the case p = % (see [15]), so its concentration may well behave differently too.

The chromatic number of G,, ; /, is closely linked to its independence number. Every colour
class in a colouring is an independent set, and so for any graph G on n vertices, y(G) > n/a(G).
In G, ,, this simple bound for the value of the chromatic number is asymptotically correct:
Bollobas’ classic result implies that whp x(G,, ; ;) ~ n/a(G,, ; »), and Theorem 2 states that whp,

n N n
12 "o, —3.89°
ag—1 10g2+o(1) 0

X(Gn,l/Z) =

It is plausible that an optimal colouring of G, ;, contains all or almost all a-sets as colour

classes. To see this heuristically, fix a number k ~ 210'; - of colours. Each essentially different
2

colouring of the vertex set of G,, /2 With k colours corresponds to a profile, that is, a sequence
of sizes for the colour classes. Among all profiles, it turns out that the expected number of
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N

=

logn

FIGURE 2 Exponent of the concentration interval length (in n). The dashed line is the conjectured lower
bound 6/2. The dotted line is the conjectured lower bound (1 — 8)/2. The thicker ‘zigzag’ line is the maximum of
these two lower bounds. The Zigzag Conjecture proposes that the concentration interval length of x(G,,; ,)
fluctuates between n'/*+°() and n'/2+°M along this line.

colourings is maximised if all or almost all a-sets are included as colour classes. More precisely,
the expectation is maximised by unrealisable profiles containing even more «t-sets (order n/ log n).
Although the expected number of colourings with such a profile is large, whp no such colouring
exists, as there are not enough a-sets.

We saw above that X, is approximately Poisson with mean n°. In particular, X, varies by about
\/,u_a = n%2.If the number of available a-sets for our colouring varies by \/,u_a , intuitively the total
number of colours we need should vary by at least about

VEa  nor?

logn - logn’

)

Perhaps it is not immediately clear where the factor log n comes from. One heuristic way to see
this is the following: if there are n%/? fewer a-sets, we can cover n%/2« fewer vertices with a-sets
and need to colour them in colour classes of size a — 1 or less. On average we colour with classes of
size & o — 3.89. So each a-set that we use covers ©(1) extra vertices compared to a typical colour
class, and hence saves ©(1/¢) = ©(1/ log n) colours. This argument is an oversimplification; see
Section 1.3.2 for a detailed discussion.

The first part of the Zigzag Conjecture states that (11) is indeed a lower bound for the
concentration interval length of )((Gn, 1) (see Figure 2).

2
The second part is another conjectured lower bound which comes from the variations of X,_;,

and is slightly trickier to understand. Again fix a number k ~ 3 102 - of colours, and consider the
2

optimal colouring profile, that is, choose the number of colour classes of each possible size so that
the expected number of such colourings is maximised. A reasonable guess is that ¥(G,, ; /) is close
to the smallest k such that, for the optimal colouring profile with k colours, the expected number
of colourings is at least 1; it can be shown that the expected total number of (equivalence classes
under permuting colours of) k-colourings is then not much more than 1.

It turns out that the optimal profile contains [ = ®(n/ logn) colour classes of size a — 1, that
is, some constant proportion of colour classes have this size. We now make some extremely rough

T As before, we actually count partitions into independent sets (with a given profile), rather than colourings.
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estimates on how much the expected number of k-colourings with this profile changes as X,_;
varies, at least in the highest order terms.

Since we pick [ colour classes from the X, _; available (o — 1)-sets, the expected number of k-
colourings with the optimal profile should be roughly proportional to (X"‘l*l) ~ X }z _,- Of course,
in reality, not every choice of I colour classes is possible because not all (o — 1)-sets are disjoint,
but the highest order term should match, or rather, should change in the same way as X,_; varies.

Consider G, ; /, conditioned on some typical values for X,_; which are r ~ \/m apart, first
onX, ; =m = u,_; and thenon X,_; = m —r. In the second case, where we have r fewer (a —
1)-sets, the expected number of k-colourings with optimum profile decreases by a factor of roughly

(m— r)l/ml ~ exp (—rl/m) = exp <—®<m)>. (12)

So how much does the chromatic number increase when X_,_; = m —r compared to the case
X,_, = m?Itcan be shown (see Corollary 39) that adding one colour increases the expected num-
ber of colourings by a factor of size exp(@)(log2 n)). So in order to make up for the decrease in the
expectation in (12), we need to introduce order

__n
VHa—1log’n

additional colours. By (10), note that

o ()~ i)
— L e[ —— )= Z——). (13)
\Ho—i log’n Vi log”*n log*? n
The second part of the Zigzag Conjecture states that (13) is another lower bound for the
concentration interval length of ¥(G,, ; ,) (see Figure 2).

Are counts of a-sets and (a — 1)-sets the only significant sources of non-concentration of the
chromatic number? A recently announced result by the first author and Konstantinos Pana-
giotou [17] strongly suggests this (at least for p = %). Recall that the t-bounded chromatic number
X:(G) is defined like the normal chromatic number except that we only allow colourings in which
all colour classes have size at most t. The announced result is that the (¢ — 2)-bounded chromatic
number of G, ,, withm = % ('2’ ) is two-point concentrated. In other words, once a-sets and (a — 1)-
sets are banned as colour classes, and the number of edges is fixed, the required number of colours
is extremely narrowly concentrated. It is easy to see that, in G, ; ,, the variation in the number of
edges only has a very small effect on the chromatic number, accounting for fluctuations of order
at most log n; see [16, Section 3 | for a simple coupling argument showing this.

The full conjecture, therefore, states that the maximum of the lower bounds (11) and (13) is
indeed the correct concentration interval length for (G, ; /2) — atleast whenever 6(n) is bounded
away from 0 and 1.

Ignoring terms of size n°(!), a simplified statement is the following.

Conjecture 10 (Zigzag Conjecture; Bollobas, Heckel, Morris, Panagiotou, Riordan and Smith).
Set p = % and define 6 = 6(n) as in (8). Let

_ 20n) o mae (120
l—/l(n).—max(z, 5 > (14)

85UB0 |7 SuoWIWoD aAIee.D) a|qeal|dde sy Aq peussnof 8. Ssjole VO ‘8sN JO Se|n oy AkelqiT8uljuO 4|1 UO (SUONIPUOD-PUB-SLUBIALI0D A3 | M Alelq 1puljuoy//:sdny) SuonIpuoD pue swie 1 8y1 88S *[#Z02/T0/ST] uo Ariqiauluo A8|IM ‘8L Aq ¥6.2T'SW|(ZTTT 0T/I0P/WO0d A3 | 1M ARelq | BU 1 |UO"D0SYTRWPUO|//:SANY WoJy POPeo|umoq ‘S ‘€202 ‘0S.LL691T



HOW DOES THE CHROMATIC NUMBER OF A RANDOM GRAPH VARY? | 1779

Then there is a sequence of intervals of length n**°1) which contains x(G,, 1) whp. However, for any
’2

fixed £ > 0 and any sequence (I,,),cx of intervals of length n*~¢, we have

P(X(Gp1/2) €1,) = o).

An analogous statement presumably holds for any constant p € (0,1 — 1/e?], or perhaps p €
(0,1 —1/e?).
Conjecture 10 would imply that the concentration interval length of x(G,,/,) fluctuates

1 1
between ni°W and n2 ™Y as shown in Figure 2.

Theorem 6 almost proves the first lower bound (11) coming from fluctuations in X : we show
that, for any integer n with 6(n) bounded away from 1, there is another integer n* nearby such
that (11) holds. It is of course extremely unlikely that the width of the distribution of (G, , /,) is
significantly different between n and n*, so our result presumably holds for all n, but we cannot
prove this.

1.3.2 | Further conjectures

In this section we state a number of further conjectures refining Conjecture 10. We will explain
the intuition behind these conjectures in the Appendix. So far we have focussed on the width of
the distribution as measured by concentration in an interval; here it will often be more convenient
to work with the variance. Of course we expect these to be equivalent: if Y,, := x(G,, ;) then we
expectthatY,, is concentrated on some sequence of intervals of length 7, ifand only if#, /o, — oo,
where Ui = Var(Y,). However, we do not know this, only the one-way implication that small
variance implies tight concentration.

We start with a conjecture on the worst case concentration width: we believe that, up to a
constant factor, the lower bound given in Theorem 8 is optimal.

Conjecture 11. Let p € (0,1 —1/e?] be constant, let Y, = x(G, ), let o} = Var(Y,,), and set

nloglogn
._ Ynloglogn )
log* n
Then
. On
0 < limsup — < oo. (16)

n

Moreover, for any constant ¢ > 0 there is a constant d > 0 such that along any sequence of integers
nwith uy,y(n) ~ cn/ log? n we have o,, ~ dw,,.

As noted in Remark 9, Theorem 8 implies the first inequality in (16), subject to (7).
We have a corresponding conjecture for the best case, although we are less confident of this, so
we state only the basic form.
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Conjecture 12. Let p € (0,1 — 1/e?] be constant, let Y,, = X(Gp p), let afl = Var(Y,), and set

_ nl/4

no= 10g7/4n'

17)

Then

0< liminf@ < .
wl’l
In fact, we believe that for most (probably all) n, the chromatic number is asymptotically nor-
mally distributed, with a variance that follows (a refined version of) the graph suggested by the
Zigzag Conjecture. We are least confident about points close to the minima in this graph, which
we call ‘bad’.
Fix a constant § > 0, and call n ‘bad’ if n1/2-9 < Fa(ny(1) < n'/2+3 and ‘good’ otherwise.

Conjecture 13. Let p € (0,1 — 1/e?] be constant, and let Y,, = X(Gy, p). There are functions f(n)
and g(n) such that, at least for ‘good’ n,

Yo— S o N, 1),
g(n)

where N(0, 1) is a standard Gaussian distribution. Moreover, g(n) = n*W+°) ywhere A(n) is defined
in (14).

For good n, the dominant source of the variation should be (as described earlier) the variation in
the number of independent sets of a certain size a = & — 1 or a = a, depending on the parameters.
Specifically, let

a(n) 1= lag(n) —1/2], (18)
so, for good n, we have
pl/2+6+0(1) ¢ ﬂa(n)(”) < p3/2-0+o(),

One can alternatively take this to define a(n). For bad n, at least at a certain transition point that
we do not identify precisely, it is not clear how to define a(n). Indeed, in a certain range two sizes
should contribute. However, the distribution should still be asymptotically normal, since a linear
combination of two Gaussians is Gaussian.

Conjecture 14. Let p € (0,1 — 1/e?] be constant, let Y,, = X(G,, ), and let Z,, be the number of
independent sets of size a(n) in G, ,, where a(n) is defined in (18). Then there are functions f(n),
g(n) such that, for good n,

n,p’

Y,—f(n) Z,-EZ, \ d
s - (Z,2),
g(n) v/ Var(Z,)

where Z ~ N(0,1).
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In other words, knowing f(n) and g(n) (which we do not), the value of Z,, is enough to predict
Y, = x(G,,p) up to an error that is o(g(n)), that is, smaller order than the standard deviation. In
fact, for good n, this o(-) term should be n~?1), We would expect the conclusion of Conjecture 14
to hold outside a much smaller ‘bad’ set, perhaps only having to exclude n such that p,,(n) is
O(h(n)) for some h(n) close to n'/2.

Finally, we believe that, except for ‘bad’ n, we can describe the width of the distribution up to
a constant factor, and in a significant fraction of cases, up to a 1 + o(1) factor. Defining a = a(n)
as above, define x = x(n) by

ta(n) = 22 — @( xn > (19)
a

log’ n
The precise normalisation here is not so important; the second formula is the key one.

Conjecture 15. Define a(n) and x(n) as in (18) and (19). For good n, the function g(n) in
Conjecture 13, or equivalently o,, = \/Var(Y,,), satisfies the following bounds, with ¢, = 2/ log 2:

@) ifx —> 0, then

loglogn + log(1/x)
9(n) ~ /g P ;
cologn

(i) ifx = ©(1), then, defining w,, as in (15),

loglogn
g(n) = @(xfua—g -+ > = O(w,):
log®n

(iii) ifx — oo with x = n°Y, then

VHMa loglogn + logx c nl/zloglogn +logx
. ~c ot =~ it - B

(n) ~
g x colog’n Vxlog*n

and (iv) if x > (log n)€ for some constant C > 0, then

g(n) = @<M> - @(M>

xlog’n V/xlog’n

Note that the four ranges above cover all good n, with some overlap between (iii) and (iv). (The
formula for (iii) applies in case (iv) too, but simplifies to (iv) in that case.) We can give a single
formula applicable in all cases, but it is not clear that this is informative - the transition from case
(i) to cases (iii)/(iv) is rather arbitrary, since in case (ii) we do not even have a guess as to what the
implicit constant should be (as a function of x). Still, defining

loglogn + | log x|

go(n) = \/M_

* e+ x)log’n

in all cases we conjecture that g(n) = ©(gy(n)), with ~ in cases (i) and (iii).
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Remark 16. If log u,/logn is bounded away from 1/2, 1 and 3/2, then the formulae in (i) and
(iv) match our earlier heuristics (11) and (13) up to constant factors. Thus, cases (i) and (iv) of
Conjecture 15 refine the ‘zig’ and ‘zag’ parts of the Zigzag Conjecture. Case (ii), and also case (iii),
interpolate between these parts, describing the conjectured shape of the top of the zigzag curve.
For the bottom, we have not stated a very detailed conjecture, but extrapolating the formulae
in (i) and (iv) suggests that when i,,)(n) = e(/n/ log*? n) and Ba(ny—1(1) = 0(n3/2/1og’* n)
(which is within, and indeed in some sense the centre of, the ‘bad n’ case), then the contribu-
tions from (& — 1)-sets and a-sets to g(n) should both be of order n'/* / log7/ 41, and this is how
Conjecture 12 arises.

Remark 17. The agreement between the lower bound in Theorem 6 and case (i) of Conjecture 15
is in some sense surprisingly strong. The formula for ¢, — s,,» in the former matches ¢g(n*) up to
a constant factor, noting that 1/x is at least approximately n°. Since we may let ¢ tend to zero at
some rate, and the dependence on € matches, this shows that 1/Var(Y,,) = Q(g,(n)) not for every
n, but at least for some n* near any good n with u,(n) < n'=7( where y(n) is a function tending
to zero at a rate that we have not determined. Similarly, it was quite a surprise to us (and not the
case when we first formulated the conjectures) that we can prove a (conditional) lower bound
(Theorem 8) that (for a subsequence) matches the upper bound in Conjecture 11.

A completely satisfactory understanding of the asymptotic distribution of x(G, ;,,) would
involve two further ingredients: we would like to know g(n) (or o,) asymptotically, not just up
to constant factors. It is quite possible that one could read out such a formula from our intuitive
justification of the conjectures above (see the Appendix), though of course we are nowhere near a
proof. The second is that we would of course like to know f(n) up to an additive error of o(g(n)).
This seems to be a much harder problem, for which we do not even have a conjecture. See the
discussion in the Appendix.

The rest of the paper is organised as follows. First, in Section2.1, we outline the general strategy
of the proofs. In Section 2.2 we state and prove a concrete ‘framework lemma’ that formalises this
strategy, essentially giving a conditional result subject to two ingredients. In Section 2.3 we provide
the first ingredient, a simple coupling lemma. The details of the other ingredient vary from case
to case; after some preliminaries in Section 2.4 we provide these, and so prove Theorems 6 and 5,
in Sections 2.5 and 2.6, respectively. The (very much more involved) argument for Theorem 8 is
given in Section 3, with the proof of the key lemmas in Sections 3.1 and 3.2. Finally, we discuss the
intuition behind our more precise conjectures in the Appendix.

2 | PROOFS
2.1 | Proof outline

Before turning to the details, we outline the method, which is in principle simple but involves
significant calculation. Throughout we fix 0 < p < 1. There will be two key ingredients which are
illustrated in Figure 3. First, we take as an input a suitable result establishing whp concentration of
X(G,, p) on some explicit interval f(n) + A(n). Here the interval length 2A(n) will be much larger
than the scale on which we are aiming to establish non-concentration. It will be essential that,

interpolating f(n) to non-integer values, over the range of n that we consider we have % >1/a,
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n

FIGURE 3 Illustration of the basic strategy. We know x(G,, ,) is concentrated in the (wide) grey band
around a function f(n) with slope more than 1/a. A coupling argument shows that for suitable r it is likely that
x(Gy p) < x(G, ) +r, where n’ = n + ar (dotted lines with slope 1/a). If the concentration intervals [s,,, t,,] are
too short, a contradiction results.

where a = a(n) = |ay(n)] as before, and we consider a range of values for n such that a does not
change in this ‘window’. More specifically, we will suppose that

df 1
an = 2 +9
for some 6 > 0.

The second key ingredient is a simple coupling result, Lemma 19 below, and in particular its
consequence, Corollary 21, which states, slightly informally, that for r not too large we may couple
the random graphs G, = G, , and G,y = G, ;4 , 0 that with significant probability (say > 0.4,
though we could write > 0.99 by changing the constants) we have y(G,/) < x(G,) + r. Here we
can take r up to roughly 1/u, (n), the standard deviation of the number X, of a-sets. The intuition
behind this is, roughly speaking, that because the number of a-sets varies by at least r, planting
r extra ones does not affect the distribution of our graph too much. Planting these sets in G,
n’ = n + ar, we can view the graph on the remaining vertices as G,,, giving the coupling.

Suppose for the moment that x(G,) = x(G, ,) were in fact deterministic, equal to some
function fy(n). Then the coupling just described would show that f,(n') < f,(n) +r, that
is, (essentially) that the function f,(n) has slope f(’)(n) at most 1/a. This would lead to a
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contradiction, considering a suitably large range of values of n. Indeed, by our first (concentration)
assumption, | f,(n) — f(n)| < A(n). But (ignoring the variation of A(n) over the relevant window),
a line f(n) with slope 1/ cannot stay this close to a curve f(n) with slope at least 1/« + ¢ for
more than roughly 2A /& consecutive values of n.

Of course, y(G,,) is not deterministic. But in proving our result, we may assume that it is almost
deterministic: for each n, we may assume that y(G,,) is concentrated on some interval [s,,, t,,] of
length #,,. With n’ = n + ar for r not too large, as before, our coupling implies that s,, < t, + 7,
since it is reasonably likely that all inequalities in the chain s,; < ¥(G,y) < ¥(G,) +r <t,+r
hold. In turn, this gives

Sy <S8, + 0, +r.

Can we still get a contradiction? Yes, if the numbers work out correctly. Defining f,(n) = s,,
we see that between n and n’ = n + ar this function has slope

=X ’

ar a ar

Sw =S _ 1 14

soif Z, /(ar) < §/2, say, we will get a contradiction much as before. Hence there must be some n
such that #,, > ard /2. Note that to obtain a strong non-concentration result, we wish to take r as
large as possible.

2.2 | The framework lemma

In this subsection we formalise the outline above in the following lemma. We have replaced var-
ious o(1) bounds here by concrete bounds for definiteness, though in the application we mostly
start with o(1) bounds and take n large enough. In the application we will take a = a(n™) = a(nt),
where a(n) is defined in (3) and [n~, nt] is the range of values of n we consider. Thus a will be
the typical independence number of the relevant graphs G,, .

Lemma 18. Let p, § and A be positive real numbers with p < 1, and let n~ < n* and a be positive

integers. Let I = [n—,n"]. Suppose that the following hold. Firstly, there is some function f(n) such
that for each (integer) n € I we have

P(x(G,p) € [f(n) = A, f(n) + A]) > 0.99. (20)

Secondly, for all (real) n € I we have

d
4.1, 1)
dn = a
Thirdly, for each n € I we have
P(x(Gyp) € [sn,t,]) = 09 (22)
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for some integers s, t,. Fourthly, there is an increasing integer-valued function r(n) such that for
each n € I we have a coupling of G,, , and G, 4,(n),p SUch that

P(X(Grrartnyp) < X(Gpp) +1(n)) > 0.4. (23)
Finally, suppose also that

nt —n~ >5A/8, and nt-—n" > 5ar(nt). (24)

Then there is some integer n € I for which t, — s, > ‘“SVT(").
Proof. We follow the plan described in the previous section, with the minor complication that
we allow r to vary with n; this is not essential, but gives stronger results in some applications.
Throughout we write G,, for G, .

Firstly, for n € I define §, = max{s,,, f(n) — A} and ,, = min{¢,,, f(n) + A}. Then by (20) and
(22) we have

P(x(G,) € [3,.1,]) > 0.89, (25)
and in particular this interval is non-empty, which implies that

I3, — (] < A. (26)
Let us suppose for a contradiction that for every n € I we have

adr(n)

=y <

and note for later that f, — §, < £,,. Now, for any n € I such that n’ = n + ar(n) € I, by (23) and

(25) (applied twice), with probability at least 0.4 — 2 X 0.11 > 0 all three inequalities y(G,) = §,,
x(G,) < i, and y(G,) < x(G,) + r(n) hold. Hence, with positive probability

§n’ < X(Gn’) < X(Gn) + r(n) < fn + l"(l’l),

and in particular §,, < £, + r(n). Since this is a deterministic statement, it always holds. Thus,
recalling that #, — §,, < ¢,,, we have

o . adr(n) 1

Sy <8, +¢, +r(n) <35, +r(n)+ 2( ) _ 5, +(n' — n)<a + %) 27)

Finally, define a sequence (n;)o;<; as follows: let n, = n™ and, given n;, let n;; = n; + ar(n;)
unless this value exceeds n't, in which case we set j =i and stop. Note that by the stopping
condition and the monotonicity of r,

n; >n* —ar(n;) > n* —ar(n®). (28)
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Applying (27) with n = n; (and so n’ = n;,;) for 0 < i < j and telescoping, we see that

- - B
Sn; = Sny S (n; — no)(i + 5).
On the other hand, from (21), f(nj) —f(ng) > (n; — no)(i + 6), so writing h(n) = f(n) —§,, we
have

h(nj) —h(ny) = (nj —ny)d/2.

From (28) we have n; — n, > nt —n~ —ar(n™). Hence, by (24), we have nj—ny> 4/5)(n*t -

n~) > 4A/6. Thus h(n;) — h(ny) > 2A, which contradicts (26). [l

2.3 | The coupling argument

In this section we present the coupling lemma we shall use. We state it somewhat more generally
than needed here; in the application we will take a = a(n) (the typical independence number of

Gp,p)-

Lemma 19. Let p € (0,1) be constant, letb = 1/(1 — p), and let a = a(n) satisfy 1.011log, n < a <
1001log, n and pu < n'*°, where u = pg(n) = (7)(1 — )G, Then there is a coupling of the random
graphs G, =G, , and G,_, = G,_, , with the property that

1 +0(1)
PV

Proof. Let U be a uniform random subset of V' = [n] of size a. Given U, let P, be the random
graph on V with no edges inside U, in which each of the other (}) — (3) possible edges is present
independently with probability p. Thus P,, is G,, with a random independent a-set ‘planted’. From
the definition, we may realise G,,_, as P,[V \ U]. Furthermore, since U is an independent set in
P,,we have

P(x(G,) < x(G,_)+1) > 1

xX(P,) < x(Gp_p) + 1.

It remains only to show that we can couple the distributions of P,, and G,, to agree with sufficiently
high probability.

The key observation is that P,, has the distribution of G,, ‘size-biased’ by the number X, of inde-
pendent a-sets. To see this, let H be any graph on [n], let gy = P(P,, = H), and let X ,(H) be the
number of independent a-sets in H. For P, = H to hold, our random set U must be independent
in H, which has probability X,(H)/("). Given such a choice of U, exactly the right edges outside
U must be present. Hence

an = x,0(7)

where py = P(G,, = H).

Xq(H)

1
NI X, (H) c
pe(H)(l - p)(z) (2) e(H) _ ane(H)(l - P)G(H ) = Py (29)
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Let 7 be the total variation distance between the distributions of P,, and of G,,. Then

X X, — ul
21 := Y lgy —pul = ), —”—1‘pH=fE[“—],
& Tl M

where the expectation refers to the random graph G,,. Thus by Jensen’s inequality (or by Cauchy-
Schwarz),

47? < #_Z[E[(Xa(Gn) - /")2] = #—2 Var[Xa(Gn)]-

Writing Var[X,(G,,)] as a sum (of covariances of indicator functions) over pairs U, U, of a-sets in
V, the contribution from U, = U, is at most u, while by a standard exercise the contribution from
the remaining terms is O(u?a*/n? + uan(1 — p)*~1), with the two terms corresponding to U, and
U, intersecting in 2 or a — 1 vertices, respectively. Under our assumptions Var[X,(G,)] ~ u, so
51/ (2\/ﬁ). Since G,, and P, can be coupled to agree with probability 1 — 7, this completes the
proof. O

Remark 20. It is perhaps interesting that the proof of our coupling lemma relies on a variance
bound, that is, an upper bound on how much X,(G,,) varies. In the end, we use the lemma to
show, roughly speaking, that y(G,) varies at least a certain amount, because X ,(G,,) does.

Corollary 21. Let p € (0,1) be constant, let b=1/(1—p) and let 1 < a = an) < n satisfy
1.021log, n < a < 991logy, nand u < n*%, where u = u,(n) = (Z)(l - p)(g). Letr < \/u bean inte-
ger. Then if n is large enough, there is a coupling of the random graphs G, = G, , and G, ,,, =
G4ar,p With the property that

P(X(Gnﬂzr) < x(Gy) + V) > 0.4.

Proof. Fori=0,...,r,let n; = n+ ai, and let y; = ('2')(1 — p)(g). In this notation, n, = n, n, =
n+ ar and y, = y. Since r < \/ﬁ < n%% and a < 99log, n, if n is large enough, for all0 < i < 7,

In particular, logn; = logn + O(n=%%1), so 1.01log, n; < a < 100log, n; if n is large enough.
Furthermore, if n is large enough,

a 2
Ui =/«lo<1 +O(%>) =/,zo<1 +O<%>> <n'® <n!®.

So we may apply Lemma 19 to show that, for every i € {1, ..., r}, there is a coupling of the random
graphs G, and G, such that

_1+0(1)>1_1+0(1)

2l 2 u

P(x(Gy) < X(G,,_)+1) 21 (30)

85USD17 SUOWILLOD) BAIIES1D 3|edljdde sy A pauenoh aJe sajo e YO ‘8sn JO S9|nJ 10} ARid13UIUO AB|IAA UO (SUOITIPUOD-PUR-SWLIBIL0D" S| IM"Aleuq 1} uoy//SAy) SUONIPUOD pue swis | 8U) 88S *[20z/T0/ST] uo Ariqiauluo A8(IM 1591 Aq ¥6.2T 'SW (/2T TT 0T/I0p/W0d" A3 | 1M Aleiq 1 pu U0 I0SYTeWPUO |//:Sdny wou papeo|umoq 'S ‘€202 ‘0S.L691T



1788 | HECKEL and RIORDAN

The Gluing Lemma (which is trivial in this finite setting”) implies that there is a joint coupling
of the random graphs Gno, ...,Gnr so that (30) holds for every 1 < i < r. In this coupling, with
probability at least

1_(1+O(1))L>1_1+_(’(1)

2\/;7 2

we have y(G,, ) < X(G,) +r. -

> 0.4

2.4 | Preliminaries for Theorem 6

Fix p < 1—1/e?, and let

n
_ . 31
f)=fpn) 2log, n — 2log, log, n — 2log; 2 o

be the estimate for x(G,, p) given in Theorem 2. Note that
n
f(n) = _
ao(n) —-1- @

where o (n) was defined in (2).

Lemma 22. Treating a, and f as functions of a real-valued input n, we have

af 1 1 1
- = + +0 .
dn  ayn)  ay(n)? <log3 n )

Proof. Elementary calculus! O

Let us note some simple properties of a,(n), a(n) = |ay,(n)], and 6(n), defined in (8). Firstly,
as noted in the introduction (see (9) and Figure 1),

8(n) = ay(n) — a(n) + o(1). (32)

In other words, 6 is essentially the fractional part of «,. Secondly, it is immediate from the
definition that «,(n) is an increasing function of n (for n at least some constant n,), and that

n' ~n= ayn') = ay(n) +o(1). (33)

As outlined in Section 2.2, we will want to compare f’ to 1/a. The following lemma is a
convenient form of the statement, allowing us to conveniently consider all n in a suitable range.

T Given couplings of X and Y and of Y and Z, that is, desired distributions for (X, Y) and for (Y, Z), construct (X, Y, Z) by
starting with Y and, given the value of Y, taking the appropriate conditional distributions for X and for Z — for example,
with conditional independence.
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Lemma 23. Ifn ~ 1/, then

aff _ 1 1-6(n) 1
dnly — a(n) * a(n)? +O<log2n>.

Proof. The case n’ = n is immediate from Lemma 22 and (32). To see the result for n’ ~ n, note
that when we change n by a factor of 1 + o(1), from (33) the expression for f” given in Lemma 22
changes by o(l/aé) =o0(1/ log2 n). O

2.5 | Proof of Theorem 6

Proof of Theorem 6. Throughout we fix p < 1 — 1/e? and € > 0, and consider a positive integer (or
rather a sequence) n such that u(n) 1= py,)(n) < n'=¢, or, equivalently,

6(n)<1—c. (34)

We will find the required n* if n is large enough.

We will apply Lemma 18 with n~ = n. Thus from now on we write n~ for our ‘input’ value of n.
We choose y = y(n™) tending to zero sufficiently slowly for various estimates below to hold, and
will choose n* so that nt < n=(1 + y). Thus the desired condition n* ~ n~ will follow from the
conclusion n* € I = [n~,n*] of Lemma 18.

As noted above, it is immediate from the definition (2) of a,(n) that (i) «, is an increasing
function, and (i) nt ~ n~ implies ay(nt) = ay(n™) + 0(1). From (32), the fractional part of ct;(n ™)
is 8(n~) + o(1), which is at most 1 — €/2, say, if n™ is large enough, which we assume from now
on. Thus a(n*) = a(n™). In other words, the condition (34) ensures that o (n) is not just about to
pass through an integer value as we increase n from n~. Let us write

a=an),

noting that in fact a(n) = aforalln € I.
Let f(n) and A(n) be as in Theorem 2. In particular, the error function A(n) is o(n/ log® n). We
will take

A= rgglx A(n) = o(n~/log®n™). (35)

By Lemma 23 and (34), if n~ is large enough we have f/(n) > 1/a + 6 for all n € I, where

AN — (36)
22> 8log; n-

So far, we have verified the first two conditions of Lemma 18. For the third, by assumption we
have P()((Gn,p) € [s,,1,]) > 0.9, and our aim is to prove a lower bound on some ¢, :=t,, —s,,.
For (23), we take r(n) = |\/u(n)| where u(n) = u,(n) = (Z)(l - p)(;) as usual; note that here
a = a(n). This is clearly an increasing function of n. Moreover, since a ~ 2logy n the first condi-
tion of Corollary 21 holds with room to spare. For the second, for any n € I we have u(n) = n°®
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by definition, and from (32) and (33) we have 8(n) = 6(n~) + 0(1) < 1, s0 u(n) < n < n%8. Hence
Corollary 21 applies, establishing (23).

Finally, from (35) and (36) we have A/§ = o(n™). Also, r(n*) < v/u(n*t) < /n* as above, so
both lower bounds on nt — n™ in (24) are o(n™~), and we can choose n* to satisfy these bounds as
long as y(n) — 0 slowly enough.

Thus, all conditions of Lemma 18 are met, and we conclude that there is some n* € I such that

6 , . eloghb ,
by = S0 2 L2 (0") ~ —E— V(1) ~ ——— V(") = =2 \Ju(n®).

2 4a(n*) 8log, n* 8logn*

This establishes the conclusion of Theorem 6 if n is large enough. O

Remark 24. Let us comment briefly on how the error bound in Theorem 2 affects the final bounds
we obtain. At first sight, it appears to play little role: the interval length we obtain depends on &
(the gradient difference) and r = 1/u(n). However, via (24), if A is large we need to consider a large
range I of possible values of n. This not only weakens the conclusion (finding n* far from n) but
can cause a more serious problem: over the interval I both u(n) and §(n) = f’(n) — 1/a(n) vary, so
if our bound on A is too weak, we will not obtain a useful lower bound on § and the argument will
fail. Conversely, to obtain a final non-concentration length very close to n'/2, we need to consider
values of n such that u(n) is very close to n, which will only be true over a relatively short interval.
So for this we need a better bound on A. We revisit this in Section 3.

2.6 | Proof of Theorem 5

Fix ¢ < 1/2, and suppose that [s,, t,,] is a sequence of intervals which contains x(G,, ,) whp, with
interval lengths #,, :=t, —s,. We will show that there is an integer n* such that Z,. > (n*)",
which suffices to prove Theorem 5.
Let
1-2c 1

s= "€ (0,§>. 37)

It is very easy to see that we can find an arbitrarily large integer n such that
f(n) e 1 —2¢1—¢). (38)

(Recall from (32) that 6 is essentially the fractional part of a(n), which increases smoothly with
n.) By definition of 6(n), this implies that

u(n) = n®™ e (n1=%,n17), (39)

We first consider the case p < 1 — 1/e?; the case p > 1 — 1/e? will follow by some straightforward
modifications which we describe at the end of the proof. By Theorem 6, there is an integer n* ~ n
such that

V u(n*)

e 2 C(e, p) log .

(40)

85UB0 |7 SuoWIWoD aAIee.D) a|qeal|dde sy Aq peussnof 8. Ssjole VO ‘8sN JO Se|n oy AkelqiT8uljuO 4|1 UO (SUONIPUOD-PUB-SLUBIALI0D A3 | M Alelq 1puljuoy//:sdny) SuonIpuoD pue swie 1 8y1 88S *[#Z02/T0/ST] uo Ariqiauluo A8|IM ‘8L Aq ¥6.2T'SW|(ZTTT 0T/I0P/WO0d A3 | 1M ARelq | BU 1 |UO"D0SYTRWPUO|//:SANY WoJy POPeo|umoq ‘S ‘€202 ‘0S.LL691T



HOW DOES THE CHROMATIC NUMBER OF A RANDOM GRAPH VARY? | 1791

As n* ~n, it follows that a,(n*) = ay(n) +o0(1), and so (by (32) and (38)) a(n*) = a(n).
Therefore,

u(n) ~ p(m)(n” fm)™ ™ = ()1 + 0(1)00EM = p(ryn®®) 3 pl 72w = (rry! =2t

From (40) it follows that if n is large enough, then

1—2e+0(1) 1-3¢ .
* E Y *\C
Cpez () 2 >(m7) 2 =(n"),

as required.
Now suppose that p > 1 — 1/e?. So far in this paper, whenever we assumed p < 1 — 1/e?, it was
only to be able to use the estimate for the chromatic number from Theorem 2. More specifically,

we only used that we have some estimate y(G,, p) = f(n) + o » ;’2 n) so that the derivative f’(n) is

sufficiently larger than é; namely that

' 1 1-6 1
F'm) > s+ oo +O<1og2n>' (41)

If p>1—1/e?, [15] gives a more complicated expression which also determines Xx(G, p) up to
an error term of size o( ). Fortunately, if 6 = oy — a + o(1) is close to 1, this estimate takes a

n
log? n

simple form which is given in the following lemma.

Lemma 25. Fixp > 1—1/e% and letu = ﬁ < 1. For all n such that ay(n) — a(n) > u, whp

_n n
x(G,p) = 1 + O(logzn)

Proof. By [15, Theorem 1], whp

___n n
X(Gnp) = y(n) —x, ¥ O(log2 n >’ “2

where y(n) = ay(n) — 1 — u, and, lettingd = y — |y], x, is the smallest non-negative solution to

p(x) ;=1 —-d+x)logl—d+x)+(d—-x)(1—-d)/u<0.

Suppose that qy(n) —a(n) > u. Then |y = |y —1—u| =a—landd =y —|y] = oy —a —u.
In particular, u < 1 — d. Then for 0 < x < d, note that

o(x)=logl—d+x)+1-(1-d)/us1—-(1-d)/u<0.

As ¢(d) = 0, this implies that d is the smallest non-negative solution to ¢(x) < 0, and so x;, = d.
By (42), whp

n n n n n n
x(G, )= +o0 =—+4+0| — |=——+0 .
R <log2n> 7] <log2n> a-—1 <log2n> m
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Let u = @, and fix € > 0. For n large enough, if 6 > u + ¢ then 0y —a =0+ o(1) > u and

Lemma 25 above applies. Let f(n) =

n
a(n)-1"
constant — as we did the proof of Theorem 6 — we have

If we only consider #n in an interval where a(n) is

, 1 1 1 11
F a—-1 a alx—-1) a a2

Comparing this to (41), all our conclusions from the case p < 1 — 1/e? remain valid as long as
0 € (u +¢,1). To prove the statement of Theorem 5, we can assume c is arbitrarily close to % SO
by (37) we can make ¢ arbitrarily small. By (38), we can assume that 6 € (u + ¢, 1). The rest of the
proof of Theorem 5 is unchanged from the case p < 1 —1/e?.

3 | PROOF OF THEOREM 8

In this section we prove our final result, Theorem 8. Throughout, we fix p = % When we use our
assumption (7), we shall state this explicitly. This happens only at one point in the proof of The-
orem 8; the assumption is not needed for any of our lemmas. The overall proof strategy is very
similar to that we used for Theorem 6, based on our Framework Lemma, Lemma 18. Before turn-
ing to the details, let us outline roughly why we choose the parameters that we do, as motivation
for the arguments that follow.

We use the same coupling lemma as before which, in terms of the parameters of Lemma 18,
leads to choosing r = \/u,(n), where a = a(n). As Lemma 18 produces an interval of length at
least adr /2, for a given value of & we want &r to be as large as possible, so we try to choose 7 so
that §(n)v/u,(n) is as large as possible, which turns out to be when u (n) ~ n/ log2 n. For why
this is optimal, see the Appendix.

Aswe shall see below, in this range the difference § between the slope of the chromatic number
and 1/« is quite small, of order ©(loglog n/ log* n). We will consider an interval of values of n
differing by at most a factor 1 + x where x = 1/ logn, so that, over the range of n, u,, which is
roughly proportional to n%, varies by a constant factor. This means that we need our A to be at
most roughly xnd ~ nloglogn/log* n, to satisfy the first condition in (24).

The error bound from the concentration result (7) is much smaller than this. The trouble is that
it applies to the -bounded chromatic number yg, where § = a — 1, not the chromatic number
itself. However, it turns out that, by a first moment argument, we can bound y from below by
kg — O(uy(n)loglogn/ log” n), where kg is the first moment threshold for 8-bounded colourings;
see Definition 7. Since (7) gives xz < kg + o(nloglogn/ log*n)and y < X by definition, we thus
have that (G, , ») is (just) close enough to kg for our argument to work.

Throughout the section we consider (sometimes only integer, sometimes real) values of n in a
set W C R with the following property: W is a disjoint union of intervals, on each of which a(n)
is constant, where a(n) is defined in (2) and (3). In short, a(n) is locally constant on W, formally
meaning that it has derivative zero.

In the following arguments, there are two relevant ways that n varies: within an interval, and
between intervals. When we differentiate with respect to n, we are (by definition) working locally
within an interval, and then o = a(n) is constant. On the other hand, for asymptotics (such as the
bound a(n) = O(logn)), the variation between intervals is relevant.

Intuitively, one can think of n as very large (so that various asymptotic estimates hold), and in
the analysis, in particular the application of the framework lemma, it is only the variation within
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an interval that matters. So one should think of a(n) as a constant (derivative zero) that happens
to be of logarithmic order. Formally, of course, there is no issue: S_Z = 0 on the set W.

The hardest part of the proof turns out to be understanding the behaviour of (a suitable approx-
imation to) kg(n), where § = B(n) = a(n) — 1. The following lemma, proved in the next section,
provides this. Note that we work almost all the time with o — 1 rather than «, so to keep the for-
mulae compact we write § for « — 1. In fact, although we do not need it here, the same method
works with no difficulty for « — 2 also. We prove the more general case since it may be useful
elsewhere, but the reader may wish to simply consider § = o — 1.

Lemma 26. Define § = f(n) = a(n) — i, where a(n) is defined in (3) and i € {1, 2} is constant,
and let W C R consist of a disjoint union of intervals on each of which a(n) is constant. For integer
n € W, define kﬁ(n) as in (5). Then there is a real-valued function k*(n) = k;(n), defined for all
n € W, with the following three properties:

kﬁ(n) =k*(n)+ O(log2 n) for all integern € W,

while for all real n € W we have

log(:uoc(n)(n)) _ 2
logn —loglogn log2

a(n) + —1+0(/logn), (43)

n —
k(n)

and

de*m)\ ™' n 2
< . > = k*(n)+@+0(l/logn).

The (somewhat lengthy) proof of Lemma 26 is given in Section 3.1.

Remark 27. The formula (43) may seem slightly mysterious; we make two observations. Firstly,
a(n) here can be replaced by any integer a(n) such that a(n) = ay(n) + O(1), provided we use the
same a in both places. This follows from the fact that i, /u,_; = ©(logn/n) for a = ay(n) + O(1).
Secondly, a straightforward but rather tedious calculation shows that, for a = a,(n) + O(1), we
have

a(n) +

1
Joga(™ s ( 2 1) 0B 108" 01/ 10gm). (44)

logn —loglogn log 2 2 logn

To make sense of this note that one can interpolate the definition of u,(n) to non-integer values of
a in a natural way. As noted above, the left-hand side is then (roughly) constant for a near «,. Sub-
stitutingin a = a,, we expect y,, to be close to 1. This explains (44) apart from the c loglogn/logn
term. This term is only there because we have taken a simple definition of «,,, rather than solve
M, = 1 very precisely; if we were to do so, we would simply have ay(n) + O(1/ log n) here, but
there would be minor additional complications in other formulae. Finally, we do not use this
expression in (43) because both in the proof and in the application, it is easier to work with a and
U, than with .

Our next lemma, proved in Section 3.2, is the promised lower bound on x(G, ;) in terms
of k;.
B
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Lemma 28. Let ¢ > 0 be constant. Suppose that u, ., (n) = 0(n/ log® n). Then, whp,

loglogn
X(G12) > Kg(n) = (1 + Dty (W) ——2 "
cologn

where ¢, = 2/ log2, and kg(n) is defined in (5), with § = f(n) = a(n) — 1.

At this point we are ready to prove Theorem 8, subject to the (in the first case lengthy) proofs
of Lemmas 26 and 28, given in next two sections.

Proof of Theorem 8. Set ¢, = 2/log2, and let c; be a positive constant with ¢; < % We consider
0
the set

on on
W:={ner : — 5= < () < 12 . (45)
elog®n log®n

This set is easily seen to be a disjoint union of intervals, one for each value of a(n). Our aim is to
show the existence of at least one n in each interval (apart perhaps from the first few) such that
X(G,,1/,) is not too concentrated.

First, we consider the length of a single interval I = [n~,n*] C W. With a = a(n) constant
(asitis over I), u,(n) is proportional to (Z), which is asymptotically n®/a!. It follows easily that
nt = (1 + e)n~ for some ¢ such that (1 + €)* ~ e. This givese ~ 1/a ~ 1/(c,logn™), say. Thus

nt —n~ ~n"/(c,logn).

We will apply Lemma 18 to each interval, with f(n) = k*(n), where k*(n) is as in Lemma 26.
Let 8 = f(n) = a(n) — 1, which is constant on each interval. By Lemma 28 and the definition of
W, whp we have

loglogn c,nloglogn

X(Gp1/2) 2 kg(n) — (1 + 0o(1)g(ny(n) > kg(n) — (1 +0(1))

colog’n colog*n

We have )(ﬁ(Gn’1 /2) = kﬁ(n) + o(nloglogn/ log4 n) whp by our assumption (7).” Thus, whp

c,nloglogn
kg(n) — (1 + 0(1))11# < X(Gp)2) < Xp(Cpa ) < kp(n) +

c;nloglogn
cplog™n cologn .

From Lemma 26 we have k*(n) — kg(n) = O(log® n) for integer n € W, so it follows that for n € T
we have x(G,,,,,) € [f(n) — A, f(n) + A] whp, for some A satisfying

c,h” loglogn~

colog*n-

This establishes the first condition (20) of Lemma 18.%

T This is the only place in the proof where we use (7); the lemmas stated in this section do not rely on it.

The reader may wonder why we take f(n) = k*(n) rather than f(n) = kﬁ(n). The reason is that we do not know precisely
enough how the latter varies.
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We set a = a(n), which is constant over the interval we are considering. For n € W, by
Lemma 26 we have
1 log(te(n) (1))
f'(n) «(n) logn —loglogn (1/logn)
N logn — 2loglogn + O(1)
logn —loglogn

—1+4+0(1/logn)

_ loglogn
=a W + O(1/ logn).

Since a ~ ¢, logn, it follows (using (a —¢)™! = a"'(1—¢/a)™' =a~! +ea=? + ---) that
loglogn

21003
cylog’n

s

F'0) = 2+ 1+ 0(1)

so (21) holds for all n € I for some § satisfying

5~ loglogn~

21003 n—
cylog’n

As usual (22) is part of our assumption; we assume G, ; /, is concentrated like this and our aim
is to give a lower bound on ¢,, — s,, for some n.

As before, condition (23) follows from our coupling result, Corollary 21, taking r(n) =
[V ()], say.

Now A/S ~ cycyn~ /logn~, while ar(n') is O(\/n_—). By choice of ¢; we have 1/c, > 5cyc;, sO
it follows that the inequalities in (24) hold for large enough n.

Thus Lemma 18 implies that for some » in each interval (except perhaps for the first O(1)), we
have

logl ch nloglogn
=50 > 22T 5 (14 o(1)cy logn 2B 08" _ V! eV hi
2 cilog’n24/elogn log® n
where ¢, = \/(:_1 /(2¢q \/E), and we have replaced n~ by n sincen ~ n™. O

3.1 | Proofof Lemma 26

In this section we prove Lemma 26. This will take some time. In principle, this is a matter of
calculation, but it seems to require considerable work, and several tricks, to get the calculations
to come out to the required accuracy. For the reader to refer back to later, we collect in Table 1
some notation used in this and the next section.

The t-bounded first moment threshold k;(n) is defined in terms of E,, ; ,, the expected number
of unordered ¢-bounded k-colourings of G, ; /,. One key idea of the proof is to replace E,  ; by a
simpler quantity, and to define k* as the threshold for this simpler estimate to cross 1. We will sim-
plify in three simple steps, proved together in one lemma (Lemma 29): (i) we replace the expected
number of colourings with a given profile (see below) by a simpler formula, (ii) we replace the
sum over profiles by a maximum, and (iii) we replace the maximum over integer-valued profiles
(a complicated set) by the maximum over a certain region in R,
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1796 HECKEL and RIORDAN

TABLE 1 The various functions involved in defining and approximating the ¢-bounded expectation
threshold. While L, is the key approximation to log(E,, , ,), in different parts of the analysis it turns out to be
much simpler to consider the transformed functions I, and L.

E, k. Expected number of unordered ¢-bounded k-colourings
k,(n) Threshold where E, , , reaches 1

Ly(n,k,t) Approximation to log(E,, ;. ,) defined in (48)

Ly, k, t) ~Lo(n, k, 1)

Lo(p, k, 1) Defined by L,(n, k, t) = Ly(n/k, k, t)

k*(n) Defined by solving L, = 0 (or L, = 0)

To state and prove the lemma we need some notation. Let 7 = (”i)§:1 denote a t-bounded pro-
file, where n; represents the number of colour classes with i vertices. Let P, ; , denote the set of
all profiles 7 satisfying

n, =k and Z in; = n. (46)

t
i=1 i=1

Thus P, , consists of all profiles corresponding to ¢-bounded k-colourings. Extending to real
values, given positive reals k < n and a positive integer ¢, let

Po =1 (n)i_, €R': (46) holds }.

Two key quantities appearing in many places in our calculation will be

d; 1= 20)i1 (47)
and
t
Ly(n,k,t) := sup 4 nlogn—n+k— Z n; log(n;d;) ». (48)
mep) i=1

As we now show, the latter is a good approximation to log(E,, x ;), where E,  , is the expected
number of unordered ¢-bounded k-colourings of G, , /, (see Definition 7).

Lemma 29. Suppose thatt = t(n) = O(log n). For all (large enough) n and forallk with1 < n/k <
t we have

log(E,, ) = Lo(n, k, t) + O(log* n).

Proof. For a given profile 7, let E be the expected number of unordered colourings with this
profile, so by definition

En,k,t= Z E,.

ﬂePn,k’[
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Since the order of the parts does not matter, there are

1 n!

[1;mit TT; i

ways to partition [n] into k parts with n; of size i for each i (the second fraction is the relevant
multinomial coefficient). Such a partition is indeed an unordered k-colouring if and only if there
are no edges of G,, , /, within the parts. Hence

Let

L, :=nlogn— Y nlognd)—n+k.
i

Then using Stirling’s formula it is easy to see that for any 7 € P, , we have
log(E,) =L, + O(log2 n).

Indeed, this follows by absorbing the (logarithm of) all 4/27zm factors into the error term.
There are at most (n + 1) = exp(O(log® n)) possible profiles, so E, 1, is within this factor of
max, E, . Hence

log(E, 1) = ﬂg})&l){({ t L, + O(log* n). (49)

Now P, , C Pik,t, so the inequality max,ep L; < Ly(n, k,t) holds trivially. It remains to
show the reverse inequality, up to a small error term. For this, let 7 = (ni)ﬁz1 S Pg’k’ , be arbitrary.
Our aim is to find a profile 7" € P, ; , with L_, not too far from L, . To do so, we modify 7 in a series
of small steps. Firstly, round each (non-integer) n; either up or down to the nearest integer, choos-
ing whether to round up or down in such a way that after all such roundings Y n; is unchanged.
At this point, Y in; has changed by no more than Zﬁzl i < t2. We obtain 77’ by making a number
of further changes, each of which consists of altering the size of one class by 1, that is, decreasing
some n; by 1 and increasing either n;_; or n;,; by 1; clearly we can fix the error in )’ in; by at most
t% such changes. In total, we have made O(t?) small changes, each of which consists of altering a
single value n; by at most 1.
Now each d; is at most 21 = exp(0(t?)). Also

ini log(n;d;) = log(n;d;) + 1,
dn;

which is thus O(logn + t?) = O(log2 n) for 1 < n; < n. It is easy to check that n;log(n;d;) is
O(log? n) for 0 < n; < 1. It follows that each of the changes above (changing a single n; by at most
1) changes Y n; log(n;d;) by at most O(log® n). The remaining terms in L, are the same for 7’ as
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1798 | HECKEL and RIORDAN

for 7r, so we conclude that
IL, — L,/| = O(t* log” n) = O(log* n).

Hence L, is within O(log4 n) of the maximum over (integer) profiles 7z, which, combined with
(49), gives the result. L]

At this point it will be convenient to rescale in two ways: we replace each n; by p; = n;/k, the
fraction of colour classes having size i (at least, this is the interpretation when n; is an integer). We
will also divide the logarithm we are considering by k. To formalise this, for ¢ a positive integer
and p a real number with 1 < p < ¢ define

P'p,t={(pi L, €01 : Y p=1 and Zipi=p}-
i i

When p = n/k, this is exactly the set PSL ., rescaled by replacing each n; by p; = n /k. Note
that P'p,t is simply the set of probability distributions (or probability mass functions) on [¢] with
expectation p.

Let t be a positive integer, and p and k positive realswith 1 < p < t. Forp = ( pl-)ﬁ=1 € P'p’t, let

L(p,k.p) := plog(pk) —logk —p+1— Y p;log(p,d;), (50)
i
and define
Ly(p, k,t) := sup L(p,k,p). (51)
pePp,t

Lemma 30. Ift is a positive integer and n and k are positive reals with 1 < n/k < t then
Lo(n, ka t) = kzO(Pa ka t),

where p = n/k.

0

k.t letting p; = n;/k we have

Proof. This is simply a matter of rescaling: for 7 € P

L

n n; n
77[ =% logn — Z EI log(n;d;) — T 1 = plog(pk) — Z piloglkp;d;) —p +1

= plog(pk) — Z p;log(p;d;) —logk —p +1,
i

SiI}CC Y p; = 1. The result follows from the bijection between Pg’k’[ and ﬁp,t given by p; =
n;/k. I
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Corollary 31. Suppose thatt = t(n) = O(logn). For all (large enough) n and for all k with 1 < k <
n/t we have

l0g(E,, ;.;) = kLy(p, k, t) + O(log* n),

where p = n/k.
Proof. Immediate from Lemmas 29 and 30. [l

In the next few lemmas our aim is to study the functions L(p, k, p) and ZO(p, k,t) defined in (50)
and (51). Although, as in Corollary 31, we will eventually evaluate ZO at (n/k,k,t), where n and
k are integers, for the moment this is irrelevant. We are simply studying the functions defined in
(50) and (51), where p and k are real inputs, ¢ is an integer, and p is a vector in ﬁp,t. In particular,
n appears nowhere in these definitions.

We start by studying the location and value of the maximum of L(p, k, p) over p.

Lemma 32. Let 1 < p <t, where t is an integer. Then, for any real k > 1, there is a unique p =
Po: € ﬁp,[ maximising L(p, k, p). This maximising p is independent of k, and is given by

P = ex+iydi—1 (52)

forl <i<t, wherex = x;(p) and y = y,(p) satisfy

~

Y etdt =1 (53)
i=1
and
t
Y ietvd ! = p. (54)
i=1
Furthermore,
Ly(p. k. 1) = plog(pk) —logk — p+1—x — py. (55)

Proof. Throughout the proofk, ¢t and p are fixed, and we are maximising only over p € ﬁp,t' Thus,
the only term in L(p, k, p) that varies is the term

t

f® =Y, —p;log(p,dy).

i=1

Note that k does not appear in this expression. In contrast, p appears implicitly via the constraint
Y ip; = p. Hence the location of the maximum will depend on p and ¢, but not on k.

Now —x log(xd) is strictly concave as a function of x, so viewed as a function on [0, 1], f(p) is
a sum of concave functions and hence concave. It is thus concave also on the domain P'p,t. Thus
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f(p), and hence L(p, k, p), has a unique maximiser p. This maximiser lies in the interior of P‘pJ,
since the derivative of —x log(xd), namely — log(xd) — 1, approaches infinity as x approaches 0.
The second statement now follows easily by the method of Lagrange multipliers, viewing f(p)

as a function on [0, 1], which we wish to maximise subject to the constraints

Zpi=1 and Zipi=p. (56)

Indeed, we have
—— = —log(p;dy) — 1,
so at the maximum there are 1 and u such that
—log(p;d;) —1 =2+ pi
for 1 < i < t. Rearranging and setting y = —u and x = —4 — 1 gives (52). The relations (53) and
(54) follow immediately from the constraints (56).

Finally, to obtain (55) we substitute (52) into the definition of L, noting that for this specific p
we have

Zpi log(p;d;) = Zpi(x +iy) =x+py,
again using (56). O

It is easy to see that, for a given integer ¢, (53) and (54) define x and y uniquely as functions
of p (where 1 < p < t), and furthermore that these functions x(p) = x,(p) and y(p) = y,(p) are
(infinitely) differentiable. Indeed, dividing (54) by (53) gives

Xy ievd!

t iv 3—1
i evd;

i=1

The left-hand side is strictly increasing and (infinitely) differentiable as a function of y, and tends
tolortot asy tends to —oo or +oo, respectively. Having solved this equation to determine y,(po),
we may use (53), say, to find x;(p).

We next investigate the derivatives of Lj,.

Lemma 33. For t fixed the 2-variable function Ly(p, k, t) has partial derivatives

d - _p-1 97 - _
akLO(p, k,t) = X and apLO(p’k’ t) = log(pk) — y,(p).

7o spell this out completely, suppose that at the maximum some p; = 0. To obtain a contradiction it suffices to find
a direction that we can move within FPvp,, in which p; increases. Then for a small enough change in this direction, the
increase in the term —p; log(p;d;) will outweigh the decrease in any other terms. Such a direction exists because P,
certainly contains a point p’ with plf > 0, so we may choose the direction from p to p’.
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Proof. We use (55), recalling that with ¢ fixed x = x,(p) and y = y,(p) depend only on p, not on
k. The formula for the k-derivative is immediate (since then x, y and p are constants). For the
p-derivative by elementary calculus we have

dx,(p)  dy(p)
o P ap

d = _ _4d _ _
%LO(P, k,t) = log(pk) i (x + py) = log(pk) y:(0).

At this point something miraculous-seeming happens: if we differentiate the constraint (53) with
respect to p we obtain

t
Z <dxt(p) + l.dyt(P))ex[(p)+iyt(p)di—1 =0,
&\ dp dp

which, using (53) and (54), simplifies to

0.

d d
x,(p) +p vi(e) _
dp dp

Combined with the formula above, this gives the result. O
So far, it was convenient to work in terms of p and k rather than n and k, because certain
key functions then depended only on p. However, in the end we wish to find a threshold k* as a
function of n, so we now undo this change of variables. Noting/recalling that the definitions (51)
and (48) of Ly(p, k, t) and Ly(n, k, t) do not require n and k to be integers, for ¢ a positive integer
and n and k positive reals with 1 < n/k < t, define
Lo(n,k,t) := Ly(n/k, k, 1), (57)
so, by Lemma 30,

Lo(n, k,t) = kLy(n/k,k,t) = kLy(n, k, t). (58)

Lemma 34. Fort fixed the 2-variable function fo(n, k,t) has partial derivatives

d ~ n n 1 Jd «~ logn —y,(n/k)
@Lo("’ k,t) = —E(logn —-y:(n/k)) + 2k and %Lo(n, k,t) = +
Proof. This is straightforward calculus: using (57) and the Chain Rule we have
0~ nod~+ d ~
—I,=—-——IL,+—L
FTRC = P s
and
0~ 10~
—I,==—L,.
amn " kop ®
The result thus follows from Lemma 33. O
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Our next aim is to find the value of y; it turns out that a fairly crude bound is enough, and for
this we can use a ‘soft’ argument, rather than trying to exactly solve the constraints (53) and (54).

Lemma 35. Suppose thatp =t —©(1) and p > 2.7 Then

y:(p) =log (£2") + O(1).

Proof. Note that y,(p) is defined for any positive integer ¢ and any real p with 1 < p < t. The
statement is that if we restrict the parameter space to (p, ) such that p > 2and ¢ <t — p < C for
some constants C > ¢ > 0, then the difference between y,(p) and log(¢2") is bounded.

Fix, for the moment, p and t with 1 < p < t,andlety = y,(o). Recall that ( pi)l?=1 with p; defined
by (52) is a probability distribution on [t] with mean p.

For 2 < i < t, from (52) we have

d; ey
V: i= —— = ey—l_l = -, 59
d; i2i—1 (59
recalling the definition (47) of d;. In particular, (r;) is a decreasing function of i, so the sequence
(p;) is unimodal. Furthermore, for i = t — O(1) we have

ri=ey®<t—;t>, (60)
where the implicit constants do not depend on ¢ or p. We claim that, uniformly over (p, t) with
t —p =0(1),we have r, = r;(p,t) = ©(1); then (60) gives the result.

To establish the claim suppose first (for a contradiction) that for fixed c, C there exist (o, t) with
¢ <t—p < Csuchthatr, =r(p,t) is arbitrarily large. If r, > D then r; > D for all 2 < i < t, so
(for large D) the sequence p; is rapidly increasing and the mean p of this probability distribution
is very close to t. We thus obtain a contradiction for some D = D(c).

Next suppose that, with ¢ < t — p < C, we may choose p and ¢ such that r, is arbitrarily small.
Since r; = O(r;) for i > t — 2C, say, r; is also small (say < 1/2) for i > t — 2C. Thus p; decreases
rapidly on [t — 2C, t]. If t > 2C + 1 then it follows that the mean of this probability distribution
is less than t — C, a contradiction. If ¢ < 2C + 1 then we conclude that p; decreases rapidly on
the whole domain [1,¢], which implies that the mean is less than 2, again contradicting our
assumptions. O

We also give a useful bound on x + ¢y, in a slightly more general form.
Lemma 36. Supposethatp > 2, thatp =t — ©(1), and thata = t + O(1) is a positive integer. Then
x(p) + ay,(p) = log(d,) + O(D),

where d, is defined in (47).

This condition will be irrelevant in the end; o and t will be order log . It is needed only to rule out values of p very close
to 1.
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Proof. We continue the argument in the proof of the previous lemma. As shown there, defining
r; asin (59), we have r; = O(r,) = ©(1) for i =t — O(1). Since (p;) is a probability distribution on
[t] with mean p, it follows that p, = ©(1). Indeed, if p; = o(1) then we would have p; = o(1) for
i =t — O(1), contradicting that the mean p is within O(1) of ¢.

Now (purely as a notational convenience) extend the definition of p; to i > ¢ also, taking p; =
e’“”ydl._1 as in (52), with x = x,(p) and y = y,(p). Then (59) holds for i > ¢ too, and (from this
equation) we have r; = O(r,) for i =t + O(1). Hence p, = O(p;) = ©(1). Taking logs,

log(p,) = x,(p) + ay,(p) —log(d,) = O(1),
giving the result. O

We will be interested in the -bounded chromatic number where § = a(n) — i = ay(n) + O(1),
for i = 1 (the important case for us) or i = 2. It will turn out that the relevant values of p (the
average colour-class size) are of the form 8 — ©(1). The next corollary gives the value of y in this
key case.

Corollary 37. Suppose that t = t(n) = ay(n) + O(1) is an integer. Uniformly over all n and all real
p = 2such thatt — p = ©(1) we have

¥:(p) = 2logn — loglogn + O(1). (61)

Proof. We apply Lemma 35, noting that, recalling (2), for ¢t = ay(n) + O(1) we have 2! =
0(n?/log* n). O

Using this value of y,(p), and Lemma 36, we can estimate L, (or L, which is the same function
reparametrised). Recall that Eo is defined by dividing L, (a good approximation to the logarithm
of the expected number of ¢-bounded k-colourings) by k, so the +O(1) error below corresponds
in the end to a factor exp(O(k)) = exp(O(n/ log n)).

Lemma 38. Suppose that k < n are positive reals, and t < a are positive integers, such that a,t =
ag(n)+0Q1)and2 < n/k =t —0O(1). Then

To(n, k, ) = <a —o—1- @) (log n — loglog 1) + log(u, (1)) + O(1), (62)

where p = n/k and, as usual, u,(n) = (2)2_(3) is the expected number of independent a-sets in

Gn,1/2-

Proof. Let p = n/k, soby assumption p > 2and ¢t — p = ©(1). By the formula (55) from Lemma 32
we have

L:= fo(n,k,t) = fo(p,k,t) =plogn—logk—p+1—(x+ay)+(a—p)y,
where x = x,(p) and y,(p). By Lemma 36 we have

x + ay = log(d,) + O(1).
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1804 | HECKEL and RIORDAN

Since

(") ® .t
Ma(n) <a>2 a|2(g) da’

we have log(d,,) = alogn — log(u,(n)) + o(1). Thus
L =plogn—logk —p—alogn +log(u,(n)) + (a — p)y + O(1)
= (a — p)(y — logn) + log(u,(n)) —logk — p + O(1). (63)
Now by assumption
p=n/k=t—-001) = ayn)+0@1) =2log, n — 2log, logn + O(1),

since log, n = ©(log n). Thus
= —2 _(logn —loglogn) + O(1)
p= Tog2 g glog .

Also, crudely, k = n/p = ©(n/logn), so
logk = logn — loglogn + O(1).
Substituting the last two formulae into (63), we have

L =(a—-p)y —logn)+ log(u,(n)) — <1 + @)(logn —loglogn) + O(1).

Finally, note that a — p = O(1) and that, from (61), y = 2logn — loglogn + O(1). Thus

L= (a —p—1-— )(log n —loglogn) + log(u,(n)) + O(1),

log2
as claimed. O

We can also use the value of y from Corollary 37 to give approximate bounds on the partial
derivatives of L, and L, = L, /k.

Corollary 39. Suppose thatt = t(n) = ay(n) + O(1) is an integer. Uniformly over all k < n/2 such
that k = n/(t — ©(1)) we have

3 ~ log’ n 3 ~ log’ n
—Ly(n,k,t) =0 , —Ly(n,k,t) =—-0
ok O(n ) < n ) an O(n ) ( n

and

d 2 2
akLO("’ k,t)= _log2 log“ n + O(log nloglog n).
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Proof. Note that the dependence of ¢ on n is only relevant for the asymptotics; by definition of
partial derivative, we hold ¢ constant when differentiating. Also, in theend t = a(n) — 1 or a(n) —
2 will be locally constant. The bounds on the partial derivatives of fo follow by substituting the
value y = 2logn + O(loglogn) ~ 2logn from (61) into the conclusion of Lemma 34, noting that
n/k = ay(n) + O(1) = 2log, n + O(loglogn) ~ 2log, n.

For Ly(n, k,t) = kfo(n, k,t), calculating slightly more precisely,

0 0, ~ ~ d~ =~ n n
@Lo = @(kLo) =L, + kﬁL0 =L, + E(y[(n/k) —logn) + e 1
=T+ Z logn + O(lognloglogn) = L, + é log? n + O(log n loglog n).
The result follows since fo(n, k,t) = O(log n) by Lemma 38. O

For the rest of the section we consider a function 8(n) satisfying the following assumptions; the
upper bound on f is of no particular significance.

Assumption 40. The function g is defined on a subset W of R which is a union of intervals, and
is constant on each interval. Furthermore, for some constant ¢ > 0 we have

2
ag(n) —1— @ +e < B(n) < ap(n) + 100

for all large enough n.

Note in the assumptions of Lemma 26, we specified f(n) = a(n) — 1 or f(n) = a(n) — 2. These
both satisfy Assumption 40, since 8 > oy — 3 and 2/log2 > 2. Forn € W let

I = n n
" |B—¢/4 ay—100]

Recall that Ly(n, k, t) = kfo(n, k,t), so one is zero if and only if the other is.

Lemma 41. For each large enough (real) n € W there is a unique k* = k*(n) € I, such that

Lo,k (), Bm)) = 0 = Lo(n k* (), B(m). (64
Furthermore,
n__ 2 log (ki) ()
ke(n) w1 log 2 " logn — loglogn +001/logn),

and if n is an integer then k*(n) — kg(n) = O(log?® n).

Proof. Keeping n fixed, from Corollary 39, if n is large enough, then fo(n, k, B(n))is strictly increas-
ing as a function of k € I,,, with derivative ©(log® n/n). This implies uniqueness of k*(1) once we
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1806 | HECKEL and RIORDAN

show existence. Define k, = ky(n) by

n 2 log(lua(n)(n))
—=an)—1- .
k, log2  logn —loglogn

Then, recalling that g, (n) = n®™W~-%W+W we have n/k, = ay(n) — 1 —2/log2 + o(1) <
B(n) —¢e/2,s0 k, € I,, with ¢/4 room to spare.

By Lemma 38 we have fo(n, ko, B(n)) = O(1); we chose k;, so that the main term in (62) vanishes,
leaving only the error term. Since, as a function of k, I, has derivative ©(log® n/n), it follows
immediately that k*(n) exists, and that k*(n) — ky(n) = O(n/ log® n). Since k* and k, are of order
n/logn, this translates to n/k* = n/k, + O(1/ log n), proving the first statement.

For the second statement, recall the bound

log(E,, i 5) = kLo(n, k, B) + O(log* n) (65)

given by Corollary 31 and (58). Consider k = k*(n) + x, where x will be of larger order than log” n
but not too large (say o(n/ log” n)). Then from the derivative bound, fo(n, k,B) = ©(xlog® n/n),
sokLy(n, k, 3) = ©(x log® n). For x of the magnitude indicated this quantity is w(log* n). Choosing
such an x so thatk is an integer, from (65) we conclude thatlog(E,, i g) > 0,s0kg(n) < k = k*(n) +
X. A similar argument with x negative shows that kﬁ(n) =k*(n) + O(log2 n). O

Lemma 42. The function k*(n) is differentiable on W, and its derivative satisfies

de*m)\ ™' n 2
< T ) —k*(n)+@+0(l/logn).

Proof. The Implicit Function Theorem, applied to the continuously (in fact, infinitely) differ-

entiable function fo(n,k, t) with t fixed tells us that k*(n), defined by fo(n,k*,ﬁ(n)) =0, is
oLy ;9L

differentiable, and that its derivative is — 5/ 5 Writing p for n/k, by Lemma 34 and Corollary 37
the reciprocal of the derivative is thus
oL, 0L, n p—1 p+0(1)

ok" on k logn—yg(p) P logn —loglogn + O(1)
Now p = ay(n) + O(1) = 2log, n — 2log, log, n + O(1), so the last fraction above is

2log,n —2log,log,n+0(1)  2log,n —2log,log, n + O(1)
logn —loglogn + O(1) a (log2)(log, n — log, log, n) + O(1)

since log x = (log2)log, x, and hence loglogn = log(log, n) + O(1) = (log2) log, log, n + O(1).
The result follows. O

Together, Lemmas 41 and 42 imply Lemma 26, so the proof of Lemma 26 is complete.
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3.2 | Proofof Lemma 28

We shall prove the following sharper form of Lemma 28, since it seems that the lower bound here
is perhaps quite close to the truth (see the discussion in the Appendix), so this might be useful
elsewhere.

Lemma 43. Suppose that log® n < Kamy(n) = O(n/ log? n). Then, whp,

ulogv
a(logn —loglogn)’

X(Gpip2) 2 k*(n) — (1 +¢)

where o = a(n), u = u(n) = pyyy(n), v = (n/logn)/u, € = e(n) = 0(1/logv) - 0, and k*(n) =
k;(n) is defined in Lemma 41.

Before giving the proof, we note that the result we need, Lemma 28, follows.
Proof of Lemma 28. This is immediate from Lemma 43, noting that by assumption v(n) as defined
there is @(logn), so logv ~ loglogn, recalling that a(n) ~ ¢, log n, and noting that by Lemma 41,
kg — k*(n) = O(log2 n), which is much smaller than the error term we are aiming for. O
Proof of Lemma 43. Let
d=C/logv,
where C > 3 is a constant that we will specify later. Let k, = |k*(n) — d|, where

ulogv

d=(1+56 ,
( )oc(logn —loglogn)

so our aim is to show that whp x(G,, ; ;) > k. To do this, it suffices to show that whp G, ; /, hasno
proper k,-colouring. Note for later that k*(n) = @(n/ log n) while, recalling our assumptions on
u, we have d = O(u/ logn) = O(n/ log® n). Thus, crudely, d = o(k* / logn) and it follows easily
that

n/ky = n/k*(n)+ o(1). (66)

Let a =a(n). By assumption, u := u,(n)=0n/ log® n), so Uer1(n) = O(ulogn/n) =
O(1/logn) — 0, and whp G, ; /, contains no independent sets of size a + 1. Thus it suffices to
show that whp G, , /, has no a-bounded k-colouring.

We will group the potential colourings (or, more precisely, partitions into independent sets),
according to the number m of a-sets included. Let

mt = u(1+ 95).
Recalling that X, the number of independent a-sets, has mean u and variance O(u), we know

from Chebyshev’s inequality that whp X, < m*. Thus it suffices to show that whp G, ; /> hasno
a-bounded k,-colouring using at most m* a-sets.
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Let C,, denote the number of partitions of [n] = V(G,, ;) into exactly k, independent sets of
which exactly m have size « and none has size larger than «. We claim that, if n is large enough,
for each m < m* we have

E[C,,] < 1/n. (67)

Assuming this, then summing over the m* + 1 = O(u) = o(n) values of m and applying Markov’s
inequality, the proof is complete. Thus it suffices to prove (67).

Now a potential colouring/partition of the type counted by C,, may be described as follows:
we pick an unordered m-tuple of disjoint a-vertex subsets of [n], and then we pick a partition P
of the remaining n — am vertices into k, — m parts of size at most a — 1. The partition gives a
legal colouring if and only if the m a-sets are independent, and P induces a legal colouring of the
corresponding subgraph of G. Hence,

F[C, ] = % (Z) <n ; OC) <Vl - (n;— 1)06)2—m(g)En_am,k0_m’a_l,

where E, s, is the expected number of {-bounded unordered k’-colourings of G,y ; /,. Hence,
bounding each binomial coefficient above by ("), we have
Ium

En—am,ko—m,a—l .

E[C,,] < oy

Taking logs, and using the standard bound u/m! < e* (the former is one term in the expansion
of the latter), we see that

log E[C,,] < u+10gE,,
where B, 1= E, o ko—ma-1-
Fortunately, we have a good approximation for logE,,. Recalling (66) and noting from
Lemma 41 that n/k*(n) < a(n) —2/log2 < a(n) — 2, we have n/k, < o — 1 for n large enough,

and it follows that

n—am n
— << —<a-1

Thus we can apply Lemma 29 to conclude that
logE,, = Ly(n —am,ky, — m,a — 1) + O(log* n),
where L is defined in (48).
Unfortunately we do not have a direct formula for L, sufficiently accurate for our present pur-
pose. Fortunately, however, we do have indirect bounds, expressed in terms of k*(n), defined in

Lemma 41. Note that we will consider a range of values n’ satisfying n’ € I, where

I=[n—-amt,nl.
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Since am™ = O(ap) = O(n/ logn), it follows easily that u,(n’) = @(u) for all such n’. In partic-
ular, a(n’) = a does not vary over this range of n’, and it makes sense to consider k*(n’) as in
Lemma 41, defined with 8 = a — 1, as a function of n’.

By definition Ly(n — am, k*(n — am),a — 1) = 0 (see (64)). From the last part of Corollary 39
we thus have

Ly(n —am,ky — m,a — 1) ~ ¢y log® n(ky — m — k*(n — am)), (68)
where ¢, = 2/log2. Since k, is defined in terms of k*(n), the next step is to consider how k*(n’)

varies as n’ varies between n and n — am.
Now by Lemma 26, for n’ € I we have

—1+0(1/logn"),

di )\ _ L loa(u(n)
dn’ - logn’ —loglogn’

recalling thata(n’) = aforalln’ € I. Forn’ € I we havelogn’ = logn + o(1) and, as noted above,
U, (n") = O(w). It follows that

1
o8y + 0(1/logn),

* (1) -1 I
(dk(n)> a2 110(1/logn)=a-

dn’ a logn — loglogn logn — loglogn
recalling that v = (n/logn)/u. Thus,

logv
logn —loglogn’

<dk*(n’ )
dn’

-1
) >a—(1+9)

provided the constant C appearing in the definition of § is chosen large enough.
We now take the reciprocal. Using the expansion (¢ — x)™! = a7 '(1 = x/a)! = a1 + xa ™2 +
... we see that for n’ € I we have

dk*(n’) 1

logv
_ < —
dn’ a

+(1+26 .
( )ocz(log n —loglogn)

For any m < m™ this estimate applies for all n’ in the interval (n — am,n) C I, so it follows
immediately that

mlogv

k*(n)—k*(n—am) <m+ (1 +25) .
a(logn — loglogn)

Hence

ko—m—k*(n—am) =k, —k*(n) — m+ (k*(n) — k*(n — am))
< —d—-m+ (k*(n) — k*(n — am))

mlogv

<—-d+(1+25
( )oc(logn —loglogn)
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1810 HECKEL and RIORDAN

ulogv
a(logn —loglogn)

<—d+(1+49)

B dulogv
= a(logn —loglogn)
alogn’

where in the last three steps we used the fact that m < m™ = (1 + §)u, then the definition of d,
and finally the definition of 6.
Hence, from (68), if n is large enough

Lo(n —am,ky — m,a — 1) < —0.99c, log> n < —0.98Cu < -2y,

alogn

recalling that C > 3.
Putting the pieces together, we have

log E[C,,] < pt — 2u + O(log* n) ~ —p,

recalling that u > log® n by assumption. Thus, if n is large enough, E[C,,] < 1/n with plenty of
room to spare, giving (67). Thus the proof of Lemma 28, and hence of Theorem 8, is complete. []

APPENDIX: INTUITION BEHIND CONJECTURES

In this section we motivate the more refined conjectures in Section 1.3.2. There are two basic start-
ing points, both described previously, so we only recall them briefly. Firstly, the very first guess at
the chromatic number is from the ‘expectation threshold’, the least k such that the expected num-
ber of partitions into k independent sets is larger than 1. In calculating this, since there are rather
few profiles (a list specifying how many independent sets have each possible size) to consider, one
can consider only the optimal profile.

This intuition fails immediately when we look at independent sets of size a: the naive ‘optimal
profile’ is ‘unachievable’ because it would like us to use ®(n/ log n) independent sets of size «,
but the actual number X, will be close to x, which (for most n) will be much smaller than this.
So the first approximation is to consider a-sets separately, expecting (since the naive optimum is
to use many more than there are) that we will use as many as we can, and then considering the
expectation threshold for colourings without a-sets.

This same ‘unachievability’ phenomenon can also arise with (o — 1)-sets; again, the optimal
profile would like to use ®(n/logn) of them. There are certainly enough present, but not nec-
essarily enough disjoint ones. Numerical calculations carried out by the first author suggest that
this is an issue for u,_;(n) up to around n'**o for some small positive constant x;,.

As in Section 1.3.2, to avoid a discontinuity when a changes, from now on we work in terms of
a = a(n), chosen so that u,(n) is between n'/2+¢ and n3/2-9 for some positive 5. We only consider
the ‘good’ n, for which such an a exists. Then a = a or « — 1. In the latter case u,(n) is at most
n'/2=%_ For us, the independent sets of size @ = a + 1 can be ignored in this case: there may be
enough of them to affect the chromatic number significantly, but the standard deviation of X,
is at most around n'/4, which is smaller than any of our predictions for g(n). Heuristically, we
include all ar-sets in our colouring, but do not need to consider them any further.
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As outlined above, our main heuristic (we discuss another below) is as follows: to colour we
choose as large as possible a collection C of disjoint independent sets of size a. Then we assume
that the rest of the graph can be coloured with colour classes of size a — 1 as predicted by the
relevant expectation threshold. Let us write m for X, the number of independent sets of size
a, which will typically be u, plus or minus order \/,u_a, recalling that the distribution of X, is
approximately Poisson, and hence asymptotically Gaussian when u, — co. We write ¢ for the size
of C. Somewhat informally, we need to understand: (I) roughly how big ¢ is, and (hence) roughly
how much ¢ varies as m varies, and (IT) how much a given change in ¢ affects the (a — 1)-bounded
chromatic number of the remaining graph G where n’ = n —ta.

Let us rescale by writing

n',p»

m= Z;C—zn and = 23:—2".
Rather than consider the actual distribution of independent sets of size a, we work heuristically
in the random hypergraph model H,(m), or rather the essentially equivalent variant where the
m hyperedges are chosen independently and uniformly from all a-sets. Since two a-sets intersect
with probability ~ a?/n, we see that on average one a-set intersects ~ 2x others.
Casel:x = o(1), thatis,m = o(n/ log2 n). Then almost all a-sets intersect no others, so we have
t ~ m. Moreover, if we add an extra a-set, it is very likely to be disjoint from the current maximum
matching, so (somewhat informally)
dy _ dt

_—

dx ~ dm

Case 2: x = ©(1). Here it is hard to say anything very precise, but it is nevertheless clear that
t = ®(m), since we still have a constant fraction of a-sets that intersect no others. Certainly we
expect that for some’ well-behaved increasing function A : (0, %) — (0, 00) we have y ~ h(x),
and hence

dy

o=~ = e

Case 3: x — oo. This case is more difficult, but for our heuristic we assume that the maximum
matching is at least approximately given by the first moment threshold in the random hypergraph,

that is, by solving
<m> (g, o1
t) (n)

where (), is the falling factorial n! /(n — k)!, and the ratio above is the probability that t randomly
chosen a-sets are disjoint. In turn this gives

logx —logy + 1+ 0(1) = y(1 + O(at/n)) = 6(), (A1)

T One can probably describe h in terms of the size of the largest independent set in a suitable random graph G, ,, /n> but
it is not clear that this adds much. In any case, we believe we understand the asymptotic behaviour as x — 0 or x — oo
from cases 1 and 3.
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1812 | HECKEL and RIORDAN

and we arrive at

y =0(ogx) and j—z =0(1/x),

with the implicit constants being 1 + o(1) when x = n°®.

Let us now turn to (IT), considering how the (a — 1)-bounded chromatic number of the rest of
the graph, which we treat simply as Gy, s n' = n — at, varies as t, and hence n’, varies. Heuristi-
cally, we assume the actual number of colours needed will be essentially the relevant first moment
threshold, or rather the approximation k* from Lemma 26.

If there are n’ vertices left, then for each extra vertex covered by a-sets we expect to need
%: | .= fewer colours. We temporarily write y for the reciprocal of this quantity. From Lemma 26
and Remark 27 (which tells us that we can replace a(n) by a in (43)) we have

log 4 (n')
=a-1 1/logn’
r=a +10gn’—loglogn’ +0(1/logn’)
1 /
=a—l+M+O(l/logn)

logn —loglogn

since we will always have n’ = @(n).
It is convenient to work in terms of ., = O(u, logn/n). Let &’ = p,,,(n’), then

log
= —— +0(1/1
r=a+ logn — loglogn +0(1/logn)

1 /
=a+(1+ 0(1))_0g/1 ,
logn

since we will see later that —log ¢/ is at minimum at least w(1) (in fact at least order log log n).
This gives

* 1 4
e JNYC ) -y
dn a?logn

So each extra a-set in the matching should save a times this many colours, minus the one used
for the set itself, giving ‘benefit’ (per a-set used)

g “logd  —logy
alogn ¢ log’n

where ¢, = 2/ log2.
Now

Mai1(n) = O(uy(n)logn/n) = ©(x/logn).

In all cases, writing = for agreement up to constant factors,

!’

M
,L£a+1(l’l)

~ (A ) 2 ) = (1~ at/n) =1 -2y/a).
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In cases 1 and 2, where x and hence y are O(1), this is ®(1) and hence irrelevant. In these cases
we thus have ' = ©@(x/ logn), so —logu’ ~ loglogn + | log x|. Thus

log1 +1
B~ oglogn |ogx|'

colog’n

In case 3, when x grows but not too quickly, say x = n°D then ¥y = o(logn) and hence, from
(A1), y ~logx. Then
/

u

———— ~ (1 -2y/a)* = exp(—(2 + 0(1)) log x),
:ua+1(n)

so i’ is roughly 1/(x log n), with asymptotic agreement in the logarithms. In this case we thus
obtain
loglogn + log x

B
colog’n

Finally, if x is at least n*("), then cruder estimates give u’ = n=?1), so —log 4’ = ©(log x). In this

case
1
B=o0 2 ).
log’n

In all cases, multiplying 4/u,, our estimate for how much the number m of independent a-sets

varies, by g—i = ;—y;, and then by B, gives our estimate for g(n), the standard deviation of x(G,,, p).

A.1 | Complications

In this subsection we discuss a number of issues that arise when attempting to understand the
behaviour of x(G, ,) even more precisely. First, we should note that in any attempt at proving
Conjecture 15, there are major problems with the heuristic above. The key one is that, hav-
ing removed some collection of independent a-sets, the graph that remains certainly does not
have the same distribution as G, ,, for appropriate n’. But even at the intuitive level, there are
additional complications.

For one thing, the alert reader may have noticed that our heuristic above does not make sense in
case 3when x is too large, in particular when i, > n'*, the point up to which the naive optimum
profile wants us to use more disjoint a-sets than can be found. Here we justify our prediction
rather by the heuristic in Section 1.3.1. With ¢ fixed, then as m = X, varies, the number of ways
of choosing t (disjoint) a-sets varies, and this translates into variation in the chromatic number.
Fortunately, for u, = n'*9( the two predictions agree within a constant factor, so we do not need
to resolve exactly how they interact.

This same effect arises in other cases, however. Suppose we have a strategy for partially colour-
ing with a-sets where we use a slightly smaller than maximum matching, so there are N > 1
choices for this matching. Then we might expect to find a colouring if the expected number of
(a — 1)-bounded colourings of the remaining n’ vertices is roughly 1/N. As noted earlier, from
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1814 | HECKEL and RIORDAN

Corollary 39, for given n’ we should expect the extra N choices to lead to a reduction in k* of
around log N /(c, log? n’) = ©(log N/ log” n).

Considering the simpler case in which almost all a-sets are disjoint, we have N ~ (’;1) so there
is a large increase in the number of choices for leaving out the first few a-sets. Our calculations
suggest that in this range we will leave out order @(,ui log n/n) a-sets from a maximum matching.
This will affect the chromatic number significantly, but we do not expect it to lead to a significant
change in the variance of the chromatic number.

A further issue is that in our case x — oo, the first moment threshold is not a terribly good esti-
mate of the size of a maximum matching of a-sets. In the case where x does not grow too quickly,
a heuristic explanation is the following. Since two a-sets intersect with probability 7, ~ a?/n, we
expect ¢ a-sets to be disjoint with probability around exp(—m, (;) ). However, there is some variabil-
ity in the number M of overlapping pairs of a-sets. This quantity, which is of order M, = (’;) a’/n,

varies by around A = \/J\TO. If we condition on this number, then our new heuristic for the
probability ¢ a-sets are disjoint is exp(—n'(g)) where 7 = M /(")) = mo(1 + A/M,). This variation
may well be significant, and it leads to a situation where the overall expectation of the num-
ber of t-matchings (collections of ¢ disjoint a-sets) is dominated by the contribution from the
case where M is atypically small. Hence the first moment will not be an accurate guide to the
existence of a t-matching. We do not explore this further here since it does not seem to affect
g(n). However, this, and more complicated such effects, would (at least in some cases) alter
f(n) by a significant amount. Thus the problem of predicting, let alone proving, a ‘full result’

d
(x(Gp,p) — f(n))/+/g(n) - N(0,1) with explicit functions f and g seems extremely difficult.
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