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1 Introduction

Generalised symmetries [1] provide an elegant tool to deepen our understanding of strongly
coupled physical systems. A key aspect of their power derives from how these symmetries act
on charged operators. Such action is typically implemented via linking, as discussed in [1]
and many subsequent works. However, this is not the sole form of symmetry action. Bulk
topological defects may or may not terminate in a topologically consistent manner on the
charged object. We refer to this collection of data as a defect charge or defect multiplet. Such
action is relevant when discussing extended charged objects, such as boundaries, interfaces

and extended defects of higher codimension.’

'The study of defects, especially conformal ones, has been very fruitful so far. See e.g. [2-4] for some classic
references on the subject.



Xrel l =

Figure 1. SymTFT setup. Left the sandwich construction for the theory X, right the identification
of charged multiplets.

Clearly understanding and characterising the structure of these multiplets is crucial for
addressing the kinematical constraints of symmetry. This note provides a unified description
of multiplets through dimensionally reduced gapped boundary conditions in the Symmetry
TFT, presenting a clear and concrete framework.

We hope that these results can be applied to the description of defect RG flows, for
example by constraining the structure of IR defect multiplets and the permissible transitions
induced by defect deformations.

1.1 (Higher) charges and the SymTFT

Given a symmetry category C,? a natural question is what are its allowed representations/-
multiplets. Mathematically a “representation” is encoded in the correct notion of (higher)
Module Category over C. However, this soon becomes a daunting description and a more
direct computational tool would be welcome.?

A complementary viewpoint is provided by the SymTFT picture [11-14], which identifies

a QFT X with symmetry C with the interval compactification of a triplet:
(Z(C)v gsyrn; Xphys) ) (11)

where Z(C) is the Drinfeld center of C and its objects describe a d + 1 dimensional TFT which
we denote by the same name; &gy, is a canonical Dirichlet gapped boundary condition for
Z(C), which hosts on its worldvolume topological defects £ belonging to the symmetry category
C and Xppys is a free, dynamical boundary condition which couples the dynamics of X to its
symmetry. The above information is usually compressed into a sandwich picture, see figure 1.

The power of this construction is that, apart from the symmetry C, it also encodes
its (higher) representations A. These have been referred to in the existing literature as
generalized charges [15, 16] or higher Tube-algebra [17, 18].# A generalized charge (), L)
is encoded in an object A of the SymTFT connecting the X,ys boundary to a symmetry
defect £ of the same codimension on Zyp,. This describes a charged multiplet residing in
the L-twisted Hilbert space, see figure 1.

The characterization of the complete set A of objects is far from obvious in the bulk
description. For instance, it may also include condensation defects [19]. This description

2For recent reviews on generalized symmetries see e.g. [5, 6].

3For 1-Categories, module categories are textbook material [7], for higher categories, while in principle clear,
has not been fleshed out in full generality. See however [8-10] for material concerning Module 2-Categories.

4Since there is no consensus about which denomination to use we will use the terms generalized /higher
charges/representations/multiplets interchangeably.
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Figure 2. Correspondence between defects and boundary conditions. First we excise a neighbourhood
bounded by ¥ from spacetime to obtain a boundary condition B%. Finally, reducing on the sphere
SP~1 we study a related boundary condition in the dimensionally reduced bulk theory.

formed part of the original SymTFT proposal for charged local operators and was extended
by [16] and [18] to encompass a class of extended defects. The purpose of this note is to
offer an alternative characterization through the lens of gapped boundary conditions, along
with some intriguing physical insights.

We believe this endeavor to be worthwhile, as current methods for addressing such
questions often depend heavily on categorical machinery. In higher-dimensional cases, this
machinery can be extremely abstract or not yet fully developed. Thus, developing a concrete
computational tool holds clear physical interest. Additionally, our approach will standardize
the construction of all types of multiplets, providing a unified perspective on them. Finally,
our methods readily reveal the internal structure of defect operator charges, i.e., charges within
the defect itself, which have not been extensively discussed in the generalized symmetries
literature.

While this Note is mostly of technical nature, we hope to report soon on its interesting
physical applications.

This work leverages heavily on results developed in [20] to describe boundary conditions
in the SymTFT framework. After the present work appeared we learned that several other
groups [21, 22] were pursuing similar ideas.

1.2 Higher representations and boundary conditions

Let us outline our prescription, which we will describe in detail in the next section 2. Recall
that extended defects in QFT often have a “disorder”-type definition as follows. For a
codimension p defect @ with worldvolume ¥, we excise from spacetime a cylindrical region
with boundary 3 = % x $?~1, where S?~! is a (p — 1)-dimensional sphere of radius e centered
around the worldvolume ¥ of the defect. The parameter ¢ is a UV regulator, chosen to
be smaller than any physical scale in the theory. This defines a boundary condition B%
on & corresponding to a defect of type 9.7

If the bulk-defect system is conformal, this can be made precise by mapping ¥ to the
conformal boundary of AdS;_,1 x SP~1, as pioneered by Kapustin [23]. In this case €
is identified with the radial cutoff in AdS. Performing a KK reduction on SP~! connects

5For p = 1, we take S° to be a disjoint union of two points. Following the steps below, one recovers the
well-known fact that interfaces in the theory X are described by boundary conditions in the folded theory
X X X. In this note and will focus mainly on higher codimensional defects.
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Figure 3. Sym TFT setup for a boundary condition (Left) an for a defect (Right).

this to a boundary condition on ¥ for a d — p + 1-dimensional theory. The general setup
is presented in figure 2.

While it is not obvious whether order operators can also be given a similar definition,
it is expected, at least in the conformal setup, that a sort of state-defect correspondence
should continue to hold, although with the needed precautions. See [24] for a recent study.
Nevertheless, besides the obvious complications that arise if conformality is forsaken, as long as
we are interested in the C-symmetry action on & only, it is only the topology of S that matters.

Once this is established, there is a natural guess for the SymTFT description of the
higher representations-charges. A boundary condition B, — a being the label on which the
symmetry representation acts — in the SymTF'T corresponds to the choice of a second gapped
boundary & p stretching between the physical boundary and the “symmetry” topological
boundary Zgym. Their intersection is labelled by an element a of the C module category
corresponding to ¥p [20, 25].°

Similarly, the defect boundary condition B2 on S extends into the bulk to a gapped
boundary condition

Z[SP7]: defined on  x [ = (¥ x I)xSP! (1.2)
———
Ya—pt1

ending on the symmetry b.c. Zgy,. The setup is shown in figure 3.

This can be thought of as a “magnetic” description of the bulk SymTFT defects.” We will
henceforth use the notation P[X] to denote the dimensional reduction of an object P on the
compact manifold Y. Crucially, since the topology around the defect & is fixed, the problem
of understanding the its (higher) charges boils down to the description of gapped boundary
conditions £[SP~1] on a fixed topology Yi—pi1 x SP~L. These form a (very) different set from
universal boundary conditions, which are required to exist on any codimension-one manifold.
Said otherwise, a gapped boundary condition & [SP~!] does not necessarily descend from the
dimensional reduction of a full fledged gapped b.c. £.8 Thus we arrive at our first punchline:

Indeed it is known that module categories M over C are in correspondence with the Lagrangian algebras
%’ in the Drinfeld center Z(C). This is a theorem for symmetries in 1 + 1 dimensional systems and solid
folklore in higher dimensions.

"We thank Andrea Antinucci for discussion on this point.

8 A well known related example is the SymTFT realization of class S theories [26, 27]. In this case the
bulk 7d CS theory admits no gapped boundary conditions on general Ys, however there are various consistent
choices once the Gaiotto curve ¥, is fixed and Ys = Y4 X ¥4, which makes class S theories into absolute QFTs,
contrary to their 6d A" = (2,0) counterpart.



. ] ]
«=[ == O - [E=0
B, M /U[Sp_l]

Figure 4. SymTFT setup for a boundary multiplet (Right) and for a defect multiplet (Left).

A “defect charge” L[SP~1] of codimension p is described by a gapped boundary
condition for the dimensionally reduced SymTFT Z(C)[SP~1].

In most of the following discussion, we will assume that no local topological operators arise
in the compactification Z(C)[SP~!]. When this assumption fails, the prescriptions below will
need to be supplemented by an appropriate projection on the correct “universe”. This is
related to the fact that the reduced SymTFT Z(C)[SP~1] might not have a simple unit (i.e. the
reduced theory is described by a multi-fusion category). We will discuss this at the relevant
steps. Furthermore, in this paper we will mostly be concerned higher-codimensional defects
(p > 1). For p = 1, which describes interfaces, we adopt the convention that S° = {pt} U {pt}
is the disjoint union of two points. The ensuing compactification corresponds to the folding
trick, under which Z(C)[S°] = Z(C K C) with Lsym[5°] = Lsym @ Lsym. This again reduces
to the study of boundary conditions, which are treated in detail in [20].

1.3 Defect operator multiplets

Another notable feature of this approach is the ability to describe in an intuitive manner
charged excitations v on a defect @. These include defect-changing interfaces (of codimension
one on the defect worldvolume) as well as defect operators of various dimensionalities. We
will call these defect operator multiplets to avoid confusion.

Again it is useful to review the case of a boundary condition first [20, 28]. Given a
boundary condition B, and the associated topological boundary &g, allowed boundary
multiplets ¢?, are described by topological defects v confined to the &£ boundary and
stretching between Zgym and X,o. See figure 4.

Clearly we can have a # b only if v is of codimension one on &£ . This description has
a number of interesting applications, from the description of boundary changing operators
in CFT [20] (see also [29] for an equivalent characterization when C is a braided category)
to that of massive kinks [21, 28, 30]. A related mathematical description also appears in
the context of anyon chain models [31-33]. The generalization of this prescription to defects
is straightforward, one simply considers objects v[SP~!] confined on the reduced boundary
condition Z[SP~1], see figure 4. We thus arrive at the following prescription:

Defect operator multiplets v are described by topological operators in L[SP~!]
ending on the intersection Ml between Ly and L[SP~1].

The program of understanding higher charges then consists of three steps, similar to
the standard SymTFT picture:
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Figure 5. Wedge compactification allows to describe a boundary condition as a transparent interface
between X and a gapped theory Tg.

i) Classify gapped boundary conditions £[S?~1] for Z(C) on Yg—p41 x SP~L. This clas-
sification can be studied by describing the dimensionally reduced SymTFT on SP~ 1.

This setup has already appeared in [34] to describe the symmetries of dimensionally
reduced QFTs.

ii) Describe the topological junction Mg (sr-1)2,,.,[sp-1] With the symmetry boundary
condition Z¢ym. These describe the module category structure for genuine defect
operators. A similar problem can also be considered for twisted defects, though we do
not explore this in full generality in the present note.

iii) Describe the symmetry action on defect charges and defect operator multiplets.

1.4 Multiplets and TFTs

In [20], it is shown that a boundary condition B, can be viewed as a C-transparent interface
between the theory X and a TFT T with boundary condition a. This follows from the
observation that the wedge compactification between Ly, and & p describes a C-symmetric
gapped phase 7Tp, as discussed in [25, 35-37] (see figure 5).

The theorem from [38, 39] (which can be extended to non-invertible symmetries in 1+1d
by the results of [40]), states that anomalous symmetries do not admit strongly symmetric
boundary conditions, can then be given a straightforward proof.? Specifically, the presence
of a 't Hooft anomaly prohibits a trivial symmetric gapped phase and such a phase would
result in a strongly symmetric interface upon the SymTFT construction.!?

A similar conclusion can be extended to defects by compactifying the SymTFT on SP~1.
The symmetry action on the defect is equivalent to a symmetric interface between the
defect world-volume and a gapped phase T5[SP~!] for the dimensionally reduced symmetry
C[SP~1], with boundary condition a. We comment upon the rich landscape associated to
such a picture in section 5.

The plan for the rest of the note is as follows. In section 2 we introduce the relevant
notation and study the problem of defining boundary conditions for the compactified theory,

9Inspired by [40] we define a strongly symmetric defect to be a defect which is invariant under parallel
fusion with the bulk topological defects. More about this will be explained in section 2.

10This also raises an interesting puzzle, since it is not always possible to saturate 't Hooft anomalies through
gapped phases, as exemplified by the cubic U(1) anomaly or local gravitational anomalies [41]. Understanding
how the SymTFT can describe such instances would be valuable. The author thanks K. Ohmori for highlighting
this point.



in section 3 we give several simple examples of explicit computations. In section 4 we focus
on the multiplet structure for duality defects and its interpretation in the context of GW
operators. In section 5 we discuss the constraints imposed by ’t Hooft anomalies on defect
multiplets, extending [39]. We conclude with a brief discussion of open research directions.

2 Symmetry, multiplets, and gapped boundaries

In this section we will give more details about symmetry action on defects and its SymTFT
description. Since the mathematical framework surrounding these ideas is not completely
developed, some parts will not try to be comprehensive. We however try to amend this in
later sections when we present various explicit examples.

2.1 Symmetry action in QFT

In order to motivate the discussion, let us review two well-known ways in which symmetry
can be implemented on objects in QFT: linking and topological junctions. This will allow
us to justify what we mean by saying that a defect is symmetric or, on the other end of
the spectrum, that it breaks the symmetry. A similar discussion for boundary conditions
is beautifully outlined in [40].

Linking. This type of action is well known since [1]. Given a codimension p defect &, this
can be charged under a d — p-form symmetry G(4~P) 11 The charge is defined by linking the
symmetry generator U with defect through the transverse SP~!:

=u(D)
v Q‘D (2.1)
D D
u € GV being a character. This has a simple interpretation from the dimensional reduction

viewpoint: after reducing on SP~! the linking operator becomes a pointlike object ¢ = U[SP~!]
and its vev on the defect is just the charge:

(D)o = u(D). (2.2)

Topological junctions. On the other end of the spectrum we have the action of topological
defects of the same (or smaller) codimension as @ by parallel fusion. This is better understood
by introducing topological domain walls between a topological defect £ and a dynamical
defect P:

@/

ez (2.3)

1We assume that G is Abelian also when d — p = 0 for simplicity.



We will say that a symmetry L is preserved by 9 if topological junctions e, always leave
the defect invariant 9’ = 9. In codimension one, this corresponds to the notion of strongly
symmetric boundary condition [40]. We will thus denote & as a (strongly) symmetric defect.
Similarly, higher codimension topological defects £(?), with ¢ > p can end on D topologically,

forming a junction with a topological defect ﬁég) on 9. In this case we will say that £®)

is preserved by the defect if it can end topologically on the trivial defect line Itgf). If this
cannot happen, the symmetry is broken by the defect.!?

A defect preserving the whole symmetry category C as per our definition is called C-
symmetric. We will give a SymTFT justification for this definition below.'® Topological
junctions implement a defect symmetry under which defect operators v might be charged:

L

(2.4)

They also feature nontrivial composition properties, which reflect the product structure on
the bulk defects. Given two bulk defects £, £’ and topological junctions ez, e, the bulk
fusion £ x £ = @ qn Nty L induces a defect junction f£., between eg x epr and epn. This
structure continues until we reach point-lke junctions, which are related to each other by
linear maps. For boundary conditions in 1 + 1d the relevant mathematical structure is that
of a C-module category and is nicely summarized in e.g. [7, 21, 40].

Finally, topological defects with ¢ < p can — if d —q > p — 1 — wrap around the
transverse SP~1, giving rise to codimension ¢ defects in the dimensionally reduced description.
These can similarly have topological endpoints on the defect &. Notice that, if instead
d — q < p— 1 the symmetry cannot act on 9.4

2.2 SymTFT description of defect multiplets

We now move to the SymTFT description of defect operators. As already explained in the
Introduction, a defect @ of codimension p belongs to a symmetry multiplet £[SP~!] described
by a gapped boundary condition of the reduced SymTFT Z(C)[SP~!]. Important information
about the multiplet structure of & is encoded in the topological interface Mg (sr-1), 2., .. [57-1]
between the reduced defect b.c. and the symmetry one. This encodes the data of the higher
Module category. We describe its salient features in 2.3. We will often denote this simply
by J as long as there is no risk for confusion. After this, we move onto defect multiplets,

2In certain applications, it might be more natural to define a symmetric defect in the weak sense [40],
that is, by just requiring the existence of a topological junction for the symmetry £ on &. For non-invertible
symmetries, this is a much weaker notion than invariance under fusion. This definition is perfectly acceptable,
as the junction allows to define a symmetry action on the defect Hilbert space. In this paper, however, we will
focus on the description of strong symmetry breaking.

13Notice that this coincides with the standard definition for O-form symmetries acting on boundary conditions,
as we can describe a defect £ which cannot terminate topologically on & as the fusion product £ x 9, which
is a codimension-0 defect for the & multiplet.

4One way to interpret this is that all £ configurations ending on @ can be shrunk topologically.



which describe charged operators and domain walls on which the symmetry C can act. This
will be the content of 2.4. A complementary perspective, as well as some applications,
will be given in [20].

Boundary conditions. Topological boundary conditions for Z(C) are described by (higher)
Lagrangian algebras & of Z(C) [42-44]. Such objects are well characterized for Modular
Tensor Categories, which correspond to a SymTFT description of a 1 4+ 1d system via the
Reshetikhin-Turaev construction. See [45, 46] for reviews aimed at physicists. Intuitively, a
Lagrangian algebra & is a maximal set of defects (and their junctions) which is mutually
undetectable. Maximality implies that all other topological objects are detected (e.g. through
braiding) by &. Decorating the theory with a fine-enough mesh of & describes a generalized
gauging procedure leaving behind a trivial (invertible) theory. This is usually done by choosing
a fine triangulation of spacetime Y. Mutual undetectability assures that the final answer
does not depend on the choice of triangulation, by requiring invariance under the appropriate
Pachner moves. Gauging the symmetry in half spacetime gives rise to a topological domain
wall between the trivial theory and the starting one, which describes the gapped boundary
condition. Given the gapped boundary condition, the structure of & can be reconstructed by
studying the ways in which bulk objects are allowed to terminate on it.

The definition of defect charges requires topological boundary conditions on selected
manifolds with the topology ¥ = Yy_,10 X SP~1 which we specify by a Lagrangian algebra
Z[SP~1] of the dimensionally-reduced SymTFT. This is a much larger set than that of
gapped boundary conditions on generic manifolds, as the dimensional reduction trivializes
several un-detectability constraints. A paradigmatic example is given by Chern-Simons
theory. For concreteness consider U(1)g, with k not a perfect square. This theory does not
admit gapped boundary conditions [42]. However we can also consider its S reduction. This
corresponds to the 1 4+ 1d BF theory for A = Zj, which has k indecomposable topological
boundary conditions. These are the topological line operators in the original CS theory, we
will consider related examples in detail later.

Notice that the initial topological boundary condition Zgym, which is valid on any
manifold, will always descend to a reduced b.c. Lsym [SP~1]. Its Lagrangian algebra object
can be obtained from the higher dimensional one by compactification.

2.3 The junction gﬂg[Sp—l],gsym[Sp—l]: symmetry breaking and C action

It is expected that, in the absence of bulk local topological operators, all boundary conditions
Z[SP~1] allow for topological junctions J with the ZLgym,[SP~!] boundary.'® A topological
junction Mg (sr-1),2,,..[sp-1] describes the defect charge associated to & [SP~1]. This should
be contrasted to case in which the symmetry is group-like, and J# essentially encodes the
a representation space on which the group acts.

The junction will in general not be indecomposable, that is, upon compactification on
given topologies it will host local topological operators. Alternatively, the interface Hilbert
space on certain spatial slices is degenerate.

15This is certainly true for Dijkgraaf-Witten type theories for which these junctions describe discrete gauging
of subgroups of the C symmetry, describing the Morita equivalence class of C.
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Figure 6. Sliding a symmetry operator across the order parameter A\ to prove that the symmetry is
broken by the defect.

We explain below that this splitting signals symmetry breaking by the defect. In the group
theory example, a simple component #, of # is akin to a basis vector in the representation
space. We presently describe the order parameters for such symmetry breaking and how
to extract them from the SymTFT.

Given the algebras ZL[SP~!] and PLgym[SP!] define their intersection:

(2.5)

. . p_l .
L) N Loy [P = { Objects in Z(C)[SP~"| that can terminate }

topologically on both & and Py,

According to the SymTFT description, objects in the intersection are charged under the
C[SP~!] symmetry. Let us pick an object A of codimension ¢ in Z(C)[SP~!] in the intersection,
and allow it to end of both topological boundary conditions simultaneously. Performing the
wedge compactification as in figure 5 and then considering the associated TFT Tg(gp-1) on a

manifold Yy_, 1 = STP=9T1x 3, leads to a degenerate Hilbert space dim (H §d—p—q+1x % ) > 1.
Its states (also called universes) can be described by finding an idempotent basis 7, generated
from Vy = A\[SI Pt

TaTb = Oab Ta - (2.6)

Projection on an eigenstate of m, describes an indecomposable component J#, of the junction
M (5p-1),%,,m[s57-1]- As these objects are charged under the dimensionally reduced C[sP1
symmetry, they act as order parameter for the C[SP~!] breaking, thus forbidding the defect
9 from being strongly symmetric. We thus conclude that

Indecomposable components Mo, of Mepsp-1) 7., [sp-1] ON XX S4=P=1 gre described

sym[
by codimension q bulk operators A ending on both L[SP~'] and Lsym, which act

as order parameters for the broken bulk symmetry.

We now tie this observation with our previous definition of broken defect symmetry.
Consider a line A € L[SP71] N Lgym and a C[SP~!] symmetry defect £ acting on it via
linking on Leym[SP~!] with a nontrivial charge. At least one such defect exists due to A
describing a bulk charged object under C.

We can lift the defect £ into the bulk, albeit in a non-unique manner, by considering the
pre-image p under the map pe_ (s0-1) projecting a bulk operator to a boundary operator.
We then slide the topological operator onto the second gapped boundary £[SP~!], using the

,10,
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Figure 7. Left, Jl as a map between C[SP~!] and C*[SP~1] 4. Right, interval compactification of a
generic map between C and C7,.

projection map pe(gp-1]. As the linking action was nontrivial, it must be that P[sr-1] (1) # 1.
Thus the symmetry operator £ cannot be absorbed by M« (sp-1) 2, [sp-1) and it must describe
a symmetry broken by the defect. The setup is shown in figure 6. This ties up our definition
of broken symmetry with the standard SymTFT picture [36].

The C[SP~!] symmetry acts on the defect & through its topological endpoints e,. These
must satisfy various consistency conditions — which we do not report here — but coincide
with those described on the defect worldvolume. These are packaged in the data of an higher
module category over C[SP~!]. The SymTFT does not give a lot of mileage in determining
them, so we will not describe them in detail in this Note.

2.4 Defect operator multiplets from SymTFT

Next we describe (possibly twisted) defect operator multiplets. Consider topological operators
v confined on the defect boundary £[SP~!]. These form an (higher) category which we
denote by C*[SP~1] 4. Physically, C%, describes the “dual” symmetry obtained form C by
generalized gauging. The specific gauging procedure is encoded in J [40, 47]. The interface
Jl implements a map between the category C[SP~!] and C*[SP~1],4. A generic configuration
of topological defects in this setting is described by a defect doublet (£, v) meeting at the
interface M. We denote their junction by er,. The special case v = 1, which we have
analyzed in the previous subsection, describes symmetries preserved by the defect.'6

Performing interval compactification describes a topological defect £ ending on a non-
topological operator ¢v localized on @, the setup is shown in figure 7. A special instance
of this is when £ = 1 and the interval compactification describes a genuine defect operator
(multiplet). Such multiplet is charged under C, essentially replicating (2.4).

Lines in Cj, have a natural fusion structure, which describes the analogue of the tensor
product for representations. This is extremely useful, as it gives a straightforward manner to
prove selection rules for defect correlators. This will be used in [28] to implement S-matrix
bootstrap for (1+1)d integrable systems with non-invertible symmetries.

All in all, taking into account both symmetries, /# is upgraded to be an element of an
(higher) bi-module category. This mathematical object describes at the same time the action
of the symmetry C[SP~!] on the defect as well as the allowed defect multiplets.

16The existence of the junction will just ensure that the defect is weakly symmetric.

— 11 —



2.5 Defect OPE

Finally, let us describe constraints imposed by the symmetry C on the defect OPE. Consider
a bulk operator O, which can either be local or extended, which carries a charge A € Z(C)
under the symmetry. It is natural to consider its defect OPE:!”

0. 23 2Bt (). (2.7)
¢

We want to understand which defect operator multiplets ¢V are allowed to appear in such
OPE. We start by considering the charge A stretching in the bulk in the presence of the
defect £[SP~1] and perform the compactification. We then push the topological operator
A[SP~!] on the defect boundary and employ the projection map Pg[sp-1) to describe its
boundary OPE, which takes the form:

p—1
P (A7) = S ny o, (2.8)

v

L[SP~1
where n

denotes the number of inequivalent indecomposable junctions between \[SP~!]
and v. Notice that, if a defect is not symmetric, a charged object A can be mapped into
the neutral (v = 1) defect operator multiplet.

For extended defects, the defect OPE also describes which bulk defect can end (non-
topologically) on &. Consider the setup described in figure 8. In the SymTFT bulk we describe
a genuine defect by the green surface stretching horizontally and ending on &gy [SP=1]. To
prescribe the endpoint on & we also need to specify a surface multiplet v. Only if v = 1 is
allowed can the defect terminate. Otherwise, it will continue into a defect operator multiplet
(v, 0v). If D is symmetric, then no charged bulk operator O} is allowed to terminate, as we can

use P to unwind any configuration of bulk symmetry defects £ linking O. We thus conclude:

(Extended) operators Oy charged under C may terminate on D only if the defect
spontaneously breaks the symmetry.

Let us give an example. Consider Maxwell theory in 4d with a boundary and the electric
1-form symmetry U(1)(") [48]. Tt is natural to consider Dirichlet and Neumann boundary
conditions for A. Under the Dirichlet boundary condition the 1-form symmetry is broken by
the boundary. Indeed the Wilson lines can terminate on it freely. The Neumann boundary
condition is symmetric under U(1)™") and Wilson line from the bulk simply become dynamical
boundary Wilson lines.

2.6 Remarks

Local operators and (-1)-form symmetries. Sometimes the SP~! reduction of the
SymTFT Z(C)[SP~!] contains local topological operators. In this case, should one wish to
describe indecomposable defects, Dirichlet boundary conditions must be imposed on them.

"For concreteness we write this formula with a local operator in mind. The coordinates = describe the
defect worldvolume placed at z = 0.
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Figure 8. Top-left: the bulk to defect OPE of a charge A. Top-right, a defect O, ending on 9.
Bottom-left, a defect O, mapped into a nontrivial multiplet v. Bottom right: using a symmetric
defect @ to un-link the symmetry action, implying that charged operators cannot terminate on
symmetric defects.

If this is not done, the defect @ will also host local topological operators, giving rise to
decomposition into universes [49, 50]:

2 =P, (2.9)

obtained by transforming the local topological operators into an idempotent basis. This
will be a recurring theme in many examples.

Similarly, when local operators are present, the bulk also has codimension one magnetic
operators, which generate a bulk zero-form symmetry. On £y, if dynamical, these describe
a (—1)-form symmetry. In the language of defect operators its action on a boundary interface
A describes a twisted sector defect. See figure 9 for a representation. For this reason, we
will not treat invariance under (—1)-form symmetries on the same footing and will not be
required in order to define symmetric defects.

The trivial defect. Let us describe the trivial defect 1,, which is present in any theory
and at any codimension p.

The bulk symmetry C[SP~!] divides into two classes: symmetry operators which do not
span any compactified direction, which we denote by Ly, and symmetry operators which have
undergone compactification, denoted by Lcomp. The former are broken by 1,, since parallel
fusion obviously leads to the defect Ly, while the latter are preserved, as the (generalized)
linking action on the identity defect must be trivial. Thus the interface 4 must correspond to
the regular module category (i.e. complete breaking) for C[SP~1]y and a symmetry-preserving
(in the strong sense) interface for C[S? !|comp. In the bulk SymTFT this has a simple
description: the identity defect descends from the likewise-named identity defect 1, of the
bulk theory Z(C). In the compactification process, all compactified topological defects
X € Z(C)[SP Y comp must be allowed to terminate topologically on the £1[SP~1] b.c., while

,13,
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Figure 9. Left, description of a twisted sector defect in the SymTFT. Right, SP~! compactification
(the dashed line on the left) gives a (—1)-form symmetry acting on the defect boundary condition.

uncompactified defects u € Z(C)[SP~!]o all have Neumann type boundary conditions on the
interface. Notice that the two sets have nontrivial braiding relations between each other,
but cannot braid within a single group. We consider the order parameters for this setup:
as Sﬁsym[Sp_l] N &SP~ = stym[Sp_l]comp. By the former remark, these are blind to
the action of C[SP™1]comp but braid nontrivially with the symmetry generators of C[SP~,
implying its breaking as anticipated.

The case p = 1 of a codimension-1 defects deserves special attention. The S° compact-
ification of Z(C) is Z(C X C) by the folding trick. The symmetry boundary condition is
described by the Lagrangian algebra &gy, ® fym A trivial interface preserves the diag-
onal symmetry Cgiag C C K C (although only in the weak sense!) and is implemented by
the (canonical) diagonal Lagrangian algebra in Z(C K C): Lgiag = @Dr(A\,A). Indeed by
construction only topological defects residing in projection on Ly, [SY] (namely the diagonal
symmetry Cgiag) are allowed to end topologically on the interface. Generic interfaces can
similarly be described using the folding trick.

A compact notation. Given the remarks in 2.3 and 2.4 we will associate to a defect
charge Z[SP7!] a diagram:

os

(2.10)

N

Where — from bottom to top — we indicate:

Ly 5P7] z[sP

i) The symmetry-breaking parameters A describing the indecomposable components of /.
ii) The unbroken symmetry lines L.
iii) The broken symmetry lines S, and their operator multiplets ¢s.
iv) The local defect operator charges v.

This will allow us to concisely present the salient aspects of the following examples.
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3 Examples

We now give some concrete applications of our formalism in various dimensions.

3.1 3d/2d correspondence

We start by exemplifying our methods by studying local charged operators in a 1 4 1d
system. In this case the SymTFT is described by the Drinfeld center Z(C) of the fusion
category C. Boundary conditions on general manifolds are described by Lagrangian algebras
& [46] in Z(C) and the representation under which a genuine operator transforms A = ¢
by a line ¢ belonging to &£.

According to our discussion, these can also be described by boundary conditions for
the reduced theory Z(C)[S!]. The spectrum of operators in this theory is spanned by the
lines A and by local vertex operators:

vy = A[SY], (3.1)

which encode the holonomies around the compactified S'. An indecomposable Dirichlet
boundary condition &[S 11 is specified by consistent vevs for vy:

<U)\>,u = B)\u , (32)

satisfying the fusion algebra:

BruByyu =Y N By (3.3)
)\//

This is clearly just Verlinde’s formula [51], upon the identification:

Sx
By, = —£. 3.4
Ap SO;L ( )
Similarly one can check that:
AX L[S = N§, L[S, (3.5)
w

by using the commutation relations between v, and A. Thus we learn that Dirichlet boundary
conditions correspond to simple lines in Z(C).

Indecomposable boundary conditions in a 2d TFT are in correspondence with local
idempotents 7,: 7, X m, = du, 7, [52] and in our case:

T, = Sou > 5% (3.6)

give such a basis. We conclude that all other boundary conditions can be realized as linear
combinations of the Dirichlet one. Now let us discuss when a Dirichlet boundary condition
£, can terminate on the gy, boundary. To this end let us perform the circle reduction

of the setup, for the symmetry boundary we have (see e.g. [45, 46]):

sym @n)\ g)\ (37)

,15,



since the &,[S'] boundary condition are indecomposable, an interface between the two
exists only if

n, # 0. (3.8)
Thus recovering the usual SymTFT prescription.

3.2 (Twisted) Dijkgraaf-Witten theory

A second example the twisted DW theory for a g-form symmetry based on an abelian group
A, with action:

S = 2mi /Y(cd_q_l U 6bgt1 + w(bq+1)> , (3.9)

where cq_q—1 € CT971(Y,AY) and by41 € C9HH(Y, A), U is the cup product stemming from
the canonical pairing A x AY — R /Z and w represents a possible 't Hooft anomaly for A,
so that, once cq_,—1 is integrated out:

w € H™YBIA,U(1)). (3.10)

In this subsection we will be mainly interested in examples where the twist trivialized after
compactification. We study some selected examples where the twist remains nontrivial in
the latter parts of this section.

Topological defects. In the absence of twist, topological defects are described by the

U, = exp <27ria/cd_q_1) , Va=exp <2m’a/bq+1> . (3.11)

If a twist is present, care is required in defining the magnetic defects U,. In this case, the

operators

magnetic operators are usually non-genuine

Ua[3] exp <2m(—)<q+2><d—q—1>a /Y V(bq+1)> , (3.12)

:0Y =%

where we interpret the integral as en element in AY. The required dressing is determined
by w to ensure gauge invariance. Explicitly consider t(\g, bg+1) defined through w(by41 +

0Aq) = w(bgr1) = Obgr1 U t(Ag, bgy1)-

Gauge invariance requires the following transformation law for c4_4—1:
OnCa—q1 = —(=) TN by 1) (3.13)
Now introduce an inflow action v for ¢ by
V(g1 + 0Ag) = v(bgt1) = 6t(Ag, bgr1) - (3.14)

The magnetic defect (3.12) thus is non-genuine but gauge invariant.'®

18Tn some limiting cases this mechanism allows to “open” up the Vi, defects, trivializing them. This has
been studied in [53] and given a SymTFT perspective in [54].
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In some cases [55-57] an alternative description is possible, in which one retains local
defects U, at the cost of making them non-invertible.

To see this consider a d — ¢ — 1-dimensional TFT 7, with an anomalous g-form symmetry
and anomaly (—)@*+2)(4=4=1)y (), then the combination:

Uy = Uy % Tolbgsr) . (3.15)

is a gauge-invariant, non-invertible defect. Notice that in both cases the electric defects are
not mutually local — either because non-genuine or because of the braiding with the TFT
part — and thus cannot be condensed at the same time.

Consider for example the 2+1d twisted Zy theory, with twist w(b) = +>b6b. We find
v(b) = §>0b = 18(b). This defect can be terminated by T, = exp (ia/N? [ b), which recovers
the well known description of magnetic defects in the twisted Zy theory [58].

Boundary conditions. The canonical Dirichlet boundary condition fixes by41 at the bound-
ary and corresponds to the condensation of genuine magnetic defects V,, that is:

ZLo={(0,a), € A'}. (3.16)

We will use this as a symmetry boundary condition &gy, = £o. The electric defects U,
— once pulled-back on the boundary — become again genuine and describe the symmetry
generators of A(®):

Lo=Uslg,.- (3.17)

A generic gapped boundary condition [59]'? is described, at the top level, by a subgroup
B C A with trivial anomaly:

wW(bg+1) =dn, if bgp1 € B, (3.18)
whose defects U, are genuine and a trivially linking complement
NB): € AY: pbl=1 VbeB. (3.19)

This assures that all the genuine defects in the bulk braid nontrivially with the condensed
objects. On the gapped boundary electric operators U, are dynamical, but are identified
modulo B. Thus decomposing a = bc, with b € B, we have:

Ualzy = Le, (3.20)

the L. are in general non-invertible. On the other hand, since AY/N(B) ~ BY magnetic
operators in the quotient are dynamical. That is, if a = £7:

Vi = 0. (3.21)

This prescription is incomplete as it admits a choice of symmetry fractionalization for
junctions. For simplicity assume that d — ¢ —1 > ¢ + 1. Then, at a generic junction

19Gee also [60] for a very recent study using a lattice formulation.
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of d — 2q defects Uy, i = 1,...,d — 2q, we can choose a symmetry fractionalization class
E(bry ..., bg_2g) € HT24(B, N(B)).2® This class might be subject to further consistency
conditions depending upon dimensionality.

We denote this boundary condition by:

SRR (3.22)
A special case is d = 2¢, where the magnetic complement takes the form:

(b, (b)) , (3.23)

with 9 (b) a group homomorphism: A — AV such that:
B =1 and p(O)[p] =1, Vb eB. (3.24)
The quantity ¥ (b)['] = x(b,b’) is a bicharacter which satisfies

x(0,0) = (=)"x(V',b) , (3.25)

and encodes a choice of discrete torsion. The A-symmetric boundary condition corresponds
the electric algebra &, which can only exist if w = 0, i.e. the symmetry is anomaly-free.
The reduced theory on SP~! depends nontrivially upon p and ¢q. Let us give an overview
of some relevant cases. We will treat separately selected examples in which the anomaly
does not trivialize in 3.3 and 3.4.

P-1 > q + 1 and p-1 > d-q -1. In this case the reduced theory is trivial. There is only one
boundary condition corresponding to the trivial representation of the A (2 symmetry. One
example is d = 4, p = 4 and ¢ = 1, which describes the action of one-form symmetry on local
operators, which must be trivial as the defect can always be deformed away from the operator.

pP-1 > q + 1 and p-1 < d-q -1. The reduced theory is still of DW type, but now with
a trivial anomaly:

S[Spil] = 2’/Ti/ Cd—gq—p Y (5bq+1 . (326)
Yi_pio

Importantly, we are now free to choose any subgroup B C A to define a gapped boundary
condition, in stark contrast with the case of codimension-one boundaries. The electric
boundary condition:

LalsP, (3.27)

describes a defect preserving the full A symmetry of the bulk theory X, even tough the
symmetry is anomalous. The special case p = d — ¢ instead describes the electric defects
as boundary conditions, via their holonomy:

exp(2micg) = exp(2mia), a € AY. (3.28)

208ee [61, 62] for a physics-oriented review of symmetry-fractionalization and some interesting physical ap-
plications.
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Algebra Preserved symmetry | Defect Charges

Boundary condition || L nm)[SP ] BCA BY ~ AY/N(B)
Objects (Up, V/g) Ly = Ub|S£]B,N(]B) Uy = Vﬂv|if’m,N(B)
Uy
Lq Pa
Ly,

v N
8 sym

Table 1. Structure of the & ¢ defect multiplet in the DW theory, the figure follows the notation of
section 2.

Lue[SP7

As the reduced theory is still DW, we expect all boundary conditions to admit junctions
with &sym, except for the special case of p = d — ¢ + 1 where the same remarks as 3.1 apply.
From a QFT perspective, the appearance of ¢;_,—, in the dimensional reduction describes
the fact that the A (@t symmetry acts on the defect by braiding d — p — 1 directions around
it and fusing along the remaining d — ¢ — 1 along the defect 9.

We also have non-trivial defect operators. Recall that the canonical boundary condition
Psym is Lo. Let us consider the boundary condition £y ¢[SP~1]. Surface operators v, can
terminate on the interface with the symmetry boundary thanks to the Dirichlet boundary
condition, giving rise to operators charged under the boundary symmetry A, of codimension
p+qg—1. On the other hand, electric surfaces £, can pass through the interface. Consequently,
only operators £, that generate the B subgroup of A can terminate on the defect from the
symmetry boundary. From the bulk braiding it follows that:

Lofoy] = (). (3.29)

Thus the defect labelled by & ¢[SP~!] is B-symmetric. This is also the group under which
defect operators are charged. We summarise this in table 1 below.

3.3 2+ 1d, anomalous 1-form symmetry

An example where the nontrivial 't Hooft anomaly matters is the SymTFT for a one-form
symmetry in a 3d theory, we consider for concreteness AN = Zy:

S = 2mi / cU b+ gzp(b) : (3.30)

With B the appropriate generalization of the Pontryagin square operation to open chains [63].
If ged(p, N) =1 the SymTFT is invertible, and there is only a Dirichlet boundary condition
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for b. The set of operators are [53]:

V, = exp (2711'7‘/ b) , U, =exp (2m'n/ c+ 2m'pn/ b) . (3.31)
0 0 3:0¥=x

Line operators U,, = exp(2min [ ¢) while not genuine implement the one-form symmetry
on Lgym:

Unl%aym = L - (3.32)

Line defects. A 3d theory typically hosts nontrivial line defects &, which we describe
by the dimensional reduction:

S[Sl]:27ri/¢U(5b—i—cU5a+anb, qﬁz/lc,a: 1b. (3.33)
s s

A simple line operator requires a Dirichlet boundary condition for ¢:
exp(2mig) = exp(2miq/N) (3.34)

which specifies its one-form symmetry charge. If ged(N,p) = 1, the mixed anomaly term
forces us to choose Dirichlet boundary conditions also for a. Thus on a simple line defect &
with anomalous one-form symmetry ¢ and b are dynamical and describe a domain wall £,,.
We denote this boundary condition by Z,[S 11, Since ¢ is dynamical the one-form symmetry
is spontaneously broken by the line, reflecting the fact that:

LoxDAD, (3.35)

as the fusion product must carry one-form symmetry charge g+np # ¢ mod n. If ged(p, N) =
k # 1 and N = kr we can impose Neumann boundary conditions on the lines V,; =
exp(2mirs [a), s =0,...k— 1, or, equivalently, Dirichlet for U,s. The Zj one-form symmetry
is then unbroken on the defect the lines:

Vg =— V;"S’i/’q[sl] s (336)

describe local operators living on the line @ which are charged under the preserved Zj
one-form symmetry. We summarize the results in table 2.

3.4 3+41d, KOZ defects

KOZ defects [64] are non-invertible symmetries in 3 + 1d. They are defined for — say — a
Zn group by starting with a system having Zg\?) X Zg\lf) symmetry with mixed anomaly:

I = m’p/A USB(B), (3.37)

and gauging the one-form symmetry. The zero-form symmetry defect is upgraded to a
(non-invertible) KOZ defect N satisfying:

NU,=U,N=N, NxN'=Cond(Zy), (3.38)
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Case Algebra (Objects) Preserved A(1) | Charged operators

gcd(N’ p) =1 (627ri¢’ e?ﬂ'ifa) Il %)
ged(N, p) = k (627ri¢’627rikfa’62m’rfc> 7. Vs = Vsl 1]
gq—l—n[sl]
. (;5 =q-+pn
L, L.V,
St ged(p, N) =1
¢ = free o s p=¢q
gsym gq[sl}
Vs
£7§ ng(pa N) - k
N =kr
¢ = free o e p=gq
gsym g‘1 [Sl]

Table 2. Structure of charged defect multiplet for the anomalous 1-form symmetry.

where U, are the (dual) one-form symmetry defects and Cond(Zy) is a condensation defect

21

for the Zy symmetry [19].” The general fusion rules for these defects have been worked

out in [65].

SymTFT for KOZ defects. KOZ type defects are described by the SymTFT [57]:

S = 27ri/v3 Uday + ca Udby + gal UB(bs), (3.39)

21 Explicitly, given a 3-surface ¥ and a one-form symmetry A:

Cond(A)= > U(y).

Y € Ha(Z,A)
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where a1, v3, ca, by € CL322(Y, Z ), respectively.?? The gauge transformations of the fields
are [57]:

a1 — a1 + day,

by — by + 51,

c2 — e+ 671 +agUby+ BrUar +apUdp,

v3 — v3 + ovg — pP1 Uby — pB U .

(3.40)

Genuine topological defects are:

W, = exp (2772'/(11) , Up=exp (2m’€/b2> , (3.41)

on the other hand defects for vs and ¢y are non-genuine:

V, = exp <2m'7“/ v + Wirp/ ‘B(bg)) ,
¥ 3 0¥=vy

Us = exp (27ris/ cy — 27r7jps/ a1 U bg) .
ol 3 0X=x

both of them can be made genuine at the expense of introducing additional degrees of freedom

(3.42)

on their worldvolume [56, 57]. Their genuine avatars read:

V, = exp <27TZ"I“/U3> ANTP (by) Us = exp (QWi/CQ> Zn(a1,b2), (3.43)

where AP is the minimal Z,, theory of [53] and Zy is the 2d Zy DW theory.

The KOZ symmetry is described by Dirichlet boundary conditions for a; and cy. Defects
Uy, implement the boundary 1-form symmetry while the bulk V defect becomes the non-
invertible KOZ defect:

N =V |y (3.44)

sym °

The symmetry is anomaly-free, and the Fiber Functor is described by choosing Dirichlet
boundary conditions for vs and by instead.

Line defects (p = 3). We start by describing line defects with this symmetry. They
correspond to an S? reduction:

S[SQ] :27Ti/U1U5(11+b0U562+CoU5b2+27Tip/a1UboUbQ. (3.45)

The new compactified non-genuine defects are

V, = exp (27Ti7“/ U] — 27rirp/ bgbg) ,
0% 3 0¥=v

Us = exp (2772'500 — 27Tips/ b0a1> .
v: 0¥=p

2214 is also possible to add a cubic anomaly term 27ie f a1 U ,B(al)Q, this will not affect the discussion of

(3.46)

defects below as its sphere reduction is trivial. We will also consider only the case ged(p,n) = 1. Generalization
is straighforward but tedious.
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<p twisted pr(m,n—&-pm) [82}

sym
e (bo,co) = (m,n + pm)
1%
(bo, co) = (free,0) e e (by, co) = (m,n)
gsym g(m,n) [52]

Table 3. Generic line multiplet under KOZ symmetry. The twisted symmetry b.c. is defined by the
fusion product £, X Lsym.

Simple lines are dyons described by (bg,cp) = (m,n) Dirichlet boundary conditions, which
we denote by &, ) [S?]. The reduction of Lgym is @,, £ (m,0)[s2] SO the electric boundary
conditions (m,0) describe genuine line operators.

Since by is dynamical we further need to specify Dirichlet boundary conditions for a;
unless m = 0. The KOZ symmetry is thus SSB by these generic lines, and since the V line is
the boundary of an Up,, surface, it acts as a domain wall between (m,n) and (m,n + pm)
dyons. The simple case n = 0,p = 1,m = 1 reproduces the mapping of the fundamental
Wilson line W into an 't Hooft line T as shown by [45].2 Furthermore, since by is dynamical,
we find that this is a twisted sector line, as expected. On the other hand, if m = 0, the line
is free to either preserve or SSB the Z, KOZ symmetry in a standard manner.

Surface defects can also be analyzed in a similar manner, however since the analysis is
quite cumbersome we do not attempt it here. Similar surface defects for duality symmetry
will be discussed in detail in 4.

4 Defect multiplets for (3 4+ 1)d duality symmetry

As the main application, we will consider defect multiplets under the 3 + 1d self-duality
symmetry [64, 68] for p = 2,3 (surface and line defects, respectively). We will make extensive
use of the perspective outlined in [59, 69] through the SymTFT description given in [55, 56],
which we both briefly review.?? These symmetries, especially in higher dimensions, naturally
appear in a variety of critical systems, which can be either free (Maxwell theory) or strongly
interacting (M = 4 SYM at 7 = i. The methods outlined in this section promise to be
relevant for e.g. the classification of allowed surface (Gukov-Witten) operators and their
transformation properties under the bulk symmetry.

There will be two types of duality symmetry at play. The first, associated with invariance
under the gauging of an abelian zero-form symmetry A in 1+ 1 or one-form symmetry A ()
in 3 4+ 1d has been discussed at length in the literature [64, 68, 74-76]. In 3 4+ 1d (which

ZFor N = 2, KOZ is the same as the duality symmetry of (4.3). However, in SU(2) language, (m,n) are
not electric and magnetic charges, but rather electric and dyonic charges. The invariant dyon is (0,1) and
(1,1) is an 't Hooft line. For N > 2 this gives the right transformation law discussed in [66, 67].

24The methods used here can be extended in a straightforward manner to triality [70, 71] and G-ality [72,
73] symmetries.
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is the case we focus on in this presentation) the symmetry is given by an A() invertible
symmetry with generators U, and a duality defect N satisfying:

UN=NU,=N, NNT=Cond(A), (4.1)

where Cond(A) is a condensation defect for the A symmetry [19]. Notably [77], this symmetry
is relevant for N' =4 SYM at 7 = ¢ (for simply laced gauge group), with A the one-form
symmetry group.

Its structure is determined by:

e An Abelian group A.
e A symmetric bicharacter y on A x A.
e A discrete anomaly € € H¥T1(BG,U(1)) where G = Zs, Zy4 is the duality group.?”

These data were discussed in [78] in 1 + 1d and [59, 69] in 3 + 1d. The bicharacter provides
an isomorphism between the symmetries A and AV after the gauging while ¢ is a pure
anomaly for the duality symmetry. In the present work we will consider the case of a trivial
€. The second duality symmetry is a three dimensional one, associated to the gauging of
A© 5 AM [79, 80]. And is described by:

e Two Symn\l/etric bicharacters y1, x2 on A x A providing isomorphisms between A (01
and A(10)"

This will be the symmetry describing surface defects. We now describe their symmetry TFT,
with a focus on the 3 + 1 dimensional case.

4.1 SymTFT for duality symmetry
To construct the SymTFT for the 3+ 1d duality symmetry, we start with A DW theory in 5d:

5’:2m’/b2U662, b e C]Y,AY), ¢ € C*(Y,A). (4.2)

Denoting the dyonic operator exp (2mia [ ba + 2micv [ ¢2) by (a,a), a duality is generated by
an isomorphism p : A — AV via the transformation:

S¢ : ((1, Oé) — (_¢_1(a)> ¢(a)) . (43)
This is equivalent to a symmetric non-degenerate bicharacter xy on A x A defined by:
x(a,b) = ¢(a)[b]. (4.4)

Sy is a zero-form symmetry of the DW theory. The SymTFT for the duality symmetry is
obtained by gauging S with discrete torsion e. This will introduce a futher discrete gauge
field, a € H!(Y,G) and a corresponding magnetic (Gukov-Witten) defect 9.

The canonical Dirichlet boundary condition Zgyy, is a Dirichlet b.c. for ¢ and a. The
boundary projection of ¢ describes the duality defect:

N =Ny

#Depending on the situation, it is more precise to think of this as an element of a bordism group.

(4.5)

sym °
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Gapped boundary conditions. Gapped boundary conditions in Z(C) can be deduced
from those of the DW theory, together with the S, action on them. It is shown in [59, 69, 81]
that duality-invariant gapped boundary conditions in DW(A) give rise to A TFTs which
are invariant under gauging A1) with coupling :

Se-Z[Bl=# > Z[b x(b,B). (4.6)
b € H2(Y,A)

When this happens the duality symmetry is Group Theoretical, i.e. it can be recast as a
2Group after the appropriate discrete gauging. If furthermore the invariant TFT is an SPT,
then the duality symmetry is Anomaly-Free.

Gapped boundary conditions in DW theory are characterized by algebras Zp :

Zp,yp = {(b, ¥(0)B), b€ B, B € N(B)} (4.7)

with
v(0,0) = (B[] =~ (V. b), (4.8)

a symmetric bicharacter and N(B) defined in (3.19). Denoting by Rad, the kernel of 1,
then according to [59] £y 4 is duality-invariant iff

i) N(B) ~ Rad, and
ii) The automorphism o = ¢4 : B/Rad,, — B/Rad,, satisfies:

0?=—1 and ~(bV) = x(c(b),b). (4.9)

Furthermore, the duality symmetry is anomaly-free iff
gBJP ﬂgsymE‘gO:{l}, (4.10)

that is N(B) = 0 and B = A.

When the duality-invariant algebra exists, one is free to impose Dirichlet boundary
conditions on M instead, corresponding to “gauging” the duality symmetry.

According to [59], it is also quite simple to describe the topological operators confined
on B ,. Let us consider only the case of a Fiber Functor. On the boundary condition
< gﬂﬁ, where D stands for the Dirichlet boundary condition for a, the symmetry is a split
2-Group with action ¢ and mixed ’t Hooft anomaly:

I:2m’/AUU B (B), (4.11)

where By, is the quadratic refinement of the symmetric form ¢ (B)(B’). Gauging A to reach
the Fiber Functor description gives a “non-invertible” 3-Group, described by surface operators:

Waa=U,+ Ua(a) , (4.12)
and an invertible line operator:

H, (4.13)
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which can emanate from pointlike intersections of W5 ,. The objects give charges for the
one-form symmetry and the duality symmetry respectively. The presence of a 3Group impacts
the fusion structure of defect multiplet operators on a symmetric boundary condition. The
simplest example is the case of A = Zs, ¢ = 1, the symmetric defect corresponding to
the dyonic boundary condition generated by the (1,1) anyon. In this case o is trivial and
one simply finds the 3-Group:

dS = PB(B). (4.14)

Pictorially, on the four dimensional boundary two Wy surfaces —charged under the one-form
symmetry- intersect at a point. From here a duality charge H; emanates. Projecting this
picture on J# we find that the intersection between two charged line operators ¢; at the
boundary of Wy carries non-trivial duality charge, see figure 10. We now extend this logic to
line and surface operators by performing the appropriate dimensional reductions.

4.2 Line multiplets (p = 3)

First let us classify line operators. The reduced DW theory is simply:
S[S?] = 2rmi / bo U 8¢ + co U Sbs . (4.15)
Dirichlet boundary conditions correspond to specified holonomies:
exp(2miby) = exp(2micr), exp(2micy) = exp(2mia), (4.16)

these describe a dyon with charges (a, o). The canonical boundary condition ZLgym[S?] is
Dirichlet for both ¢y and ¢y and indeed an electric surface:

Uy, = exp <2m'a/b> , (4.17)
can attach to a line giving it charge a. The dyon is duality invariant only if:

—¢7(a)=a, ¢(a)=a, (4.18)

that is: 2a = 0 and a = ¢(a). This admits solutions iff A contains order two elements. This
immediately shows that even an anomaly-free symmetry can forbid a (charged) invariant line.
The first example is A = Z5, with ¢ = 1. In this case the condition 02 = —1 boils down to
—1 being a quadratic residue mod 5, which has solutions o = 2,3. On the other hand, since
5 is an odd integer, the equation 2a = 0 has only the trivial solution.

4.3 Surface multiplets (p = 2)

Similarly we can study the dimensional reduction on S! of the DW theory:
S[SY] = 2 / by U Ses + ¢y U Sbs. (4.19)

Denoting the surface and line operators by a quadruple (a1, ag; ag; ae) = (a1;a2) the braiding
between a line and a surface is given by:

Bl(a1, a1), (a2, az)] = aifaz]as *a1] . (4.20)
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Which defines an alternating pairing between A x AY = A and its dual.
The duality symmetry acts on the quadruple (a1, aq;ag,as) by:

S¢ : (al,al;ag,ag) — (—¢_1(041)7¢(a1)3 _¢_1(a2)a¢(a2))7

(4.21)
(a1;a9) — (2(a1); (az)) .

and thus implements a 3d duality symmetry with the special choice xy1 = x2 = x. A
Lagrangian algebra SﬁBﬂp,% is described by first choosing a subgroup B C A of surface
operators?” and completing the spectrum with line operators in N (B):

3]371/,:{(,3,1)), b € B, 8 € N(B)} (4.22)

Furthermore we have a choice of fractionalization of surface junctions. At a three-valent
junction labelled by by, bs we can insert a line operator (b, b2) € N(B). The invariant
information in 1 is contained in a fractionalization class ¢ € H?(B, N (B)).?

The symmetry in this case is always group-theoretical [79], indeed the algebras:

Zo ={(a;0),a € A}, and

(4.23)
Za ={(0;a),a € A},

are always duality-invariant. They however break part of the symmetry generated by b;
and bo respectively.

Duality-invariant algebras. A generic duality-invariant algebra must satisfy:
o(B)=B, ®(N(B))=N(B), (4.24)

where the second condition follows automatically if the first is satisfied. Furthermore v
must transform covariantly under duality:

O~ (¢(®(b1), B(by)) = ¥(b1, ba). (4.25)

Lastly, we describe the Fiber-Functor. We first need B = {(b,0(b)),b € B}, with Rad(#) = 0.
To determine N (B) notice that the braiding between an algebra surface and a generic
line is:

o[t} 6~ (b)]a], (4.26)

so N(B) contains B in this case. Furthermore, if N(B) # 0, lines of the form (0, 3) are
also present in N(B), but this would contradict the assumption of a Fiber Functor. We
conclude that B = A and N(B) = B since it saturates its dimension. Finally studying the

26Here we will suppress the S' dependence to ease the notation a bit. All the algebras appearing are
intended in the dimensionally reduced theory.

2"Notice that this contains the algebras in the uncompactified theory by default.

28Tn particular we will need the case B = N(B) = Z,, in which case 4 is just the Bockstein map:

by + by — [bl + bgmod(n)]
n

(b1, b2) =
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braiding between lines and surfaces under duality we recover the conditions (4.9). In terms of
0 we have 0100 = 0. This essentially gives back the dimensional reduction of the 4d Fiber
Functors. After the dimensional reduction, however, there can be nontrivial duality-invariant
classes 1, so there are always at least as many symmetric defects as boundary conditions.

To conclude we notice that, for a duality-invariant algebra, further data might be needed
in order to specify it completely. In [59] these were described as an equivariantization of
£ .29 This describes a way in which the duality symmetry acts on the algebra data. In 3 4 1
dimensions such characterization is incomplete, but it includes symmetry fractionalization
classes. Importantly, in choosing such data, we must be sure that the Z4 anomaly for the
duality symmetry remains trivial. This greatly restricts the possible choices and we will
not study it in detail in this work.

Example: SU(2). Let us study concretely the example of A = Zs, which is relevant for e.g.
SU(2) YM at 7 =i. The map ¢ = 1 is the identity one. A = Zy x Zs2 has five subgroups:

B = {2, x 2,24 23", 2,0} . (4.27)

The first and last entries describe the algebras &g and &£ A, respectively which are duality-
invariant. 74 is completed by an isomorphic Z4 at the level of lines, into an algebra:

Lwoyw ={(a,0;,d',0), a,d € A}. (4.28)

There are two fractionalization classes, which are both duality-invariant:

ai + as — a1 + ag mod(2)]
2

Yolar,a2) =0, 1(ar,a2) = mod (2). (4.29)

The algebras £ ¢y are mapped by duality to £ av)y. Finally we study the dyonic
algebra Zp ,, generated by the dyon (1, 1), for which N(D) = D. Again we have two duality
invariant fractionalization classes. So we have two Fiber-Functors:

Zpo, Zp1- (4.30)

We summarize the duality action on the 8 boundary conditions in the following diagram:

C %o Z (4,000 < a0
Z0,av),0 Z0.av)1 (4.31)

C Za C Zpyo Zpi1 . D

and the pattern of broken symmetry in table 4. Notice that the presence of a duality-invariant
class 9 is very special to Z9 among cyclic groups. Once can show by inspection that, for
higher n, the class £3 is mapped to —k/(3, with k2 = —1mod(n). For symmetric defects, after

298ee also [69] for a complementary perspective.
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Algebra Zo|LA|ZL 00| ZL@n0)1|ZL0av)0|Z0av)1|LD0|LD,1
VAR X\v| v v X X v |V
VA% X/ v X X v |V
Duality VIV X X X X v |/
# Defect Vacual| 2 | 1 2 2 4 4 1 1

Table 4. Symmetries preserved by defect multiplets. Fiber Functors (symmetric defects) are in
yellow. We also give the number of vacua on the defect.

gauging the duality symmetry in the bulk, we can impose Neumann boundary conditions on
the gauge field a, which then describes a local duality-charged operator on the defect. Upon
this counting we find 10 surface defect multiplets for the SU(2) duality symmetry:

2s™ 2N, (Q(A,o),oﬂ@i”(o,mmﬂ), Sfﬁﬁfl, (4.32)

the symmetric defects being gg 0/1°
Our results admits an interpretation in terms of 3d TFTs. Let us denote the background
gauge fields for 0- and 1-form symmetries by A and B respectively. Up to unimportant

normalization factors we have the following map between algebras and 3d partition functions:*°
Lo+ (A) Za «— §(B)
g(&,O)’O +—1 g(A,O),l < eXp (27’1’2 / A3)

(4.33)
g(O,AV),O <— (5(/1)5(3) g(()’A\/)’l <—— 5(14)(5(3)

$D70 < exp <27TZ/AB) QDJ < exp (QFi/(AB-i-AS)) .

This classification has obvious applications to the study of e.g. Gukov-Witten operators in
N =4 SYM at 7 = i and we hope to report on this soon [82].

Let us also highlight some differences with respect to the top dimensional case i.e. boundary
conditions. For the SU(2) theory (on spin manifolds) there are three types of boundary
conditions / TFTs [83, 84], described by

Lo, L, Ly, (4.34)

30The difference between the choice of fractionalization classes at the level of partition functions is immaterial
on orientable manifolds, we write down the A% expression to orient the reader.
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corresponding to Zgl) gauge theory and the spin TFTs exp (% J ‘B(B)), s=0,1for £y,
and &£ D> respectively. The first two TFTs are exchanged under duality, while the third is the
Fiber Functor. Including also the action of one-form symmetry, the allowed representations
are a triplet and a singlet.

The story for GW operators is different: for example we can either have doublets under
the Zy symmetry (such as Z¢ and £a) or doublet under the duality symmetry (£ 4 0)0
and £y 0)1). Notice that even if some defects are duality-invariant, the defect N can
act nontrivially on the vacua. Consider £, which has two defect vacua |+). Consistency
implies that:

NE) =|+)+1]-). (4.35)

Importantly, such representation is forbidden for a purely two dimensional duality action [76].
Focusing on GW operators in SU(2) gauge theory [85, 86] the SSB of the zero-form symmetry
implies that, in an electric description, the o model only couples to SO(3) C SU(2). Parallel
fusion with the bulk one-form symmetry defects gives rise to a new GW operator.

The defect multiplet structure. Let us comment on the multiplet structure on the two
symmetric defects and how to distinguish them. The group theoretical-symmetry confined
on Sﬁg is by (Zéo) X Z§1)> X Zg, with an anomaly:

I= 2m'/A U(BiBy+9B}), ¢=0,1. (4.36)

This can be derived from an S* reduction of (4.1) [59] with minor changes. If we make the Zs
gauge field dynamical A we will describe the set of topological operators on the Fiber-Functor
boundary condition. There background 2-form S for the dual symmetry satisfies [87]:

dS = B1By + YB3 . (4.37)

This is a special case of a 2Group. The topological operators describe the following charge
multiplets:

e Topological defects W; and surface defects Wy associated to By and Bj respectively,
describe local Oy and line O; local and line multiplets charged under the defect zero
and one-form symmetry.

e Line defects Hy, associated to the background S, describe local defect multiplets hg
charged under the duality symmetry.

The first term in the 2Group structure has the following interpretation: the cup product
B1 B, is activated once a surface Ws intersects a line W; on the gapped boundary condition.
From this intersection a line H; emanates. Projecting this onto the boundary shows that
pushing Oy onto O; decorates the local operator on the line with a duality charge. The
last term instead is a standard 2Group structure, describing how different resolutions of
a 4-valent O line junction on the defect leave behind a duality charge 1. We summarize
the two processes in figure 10.
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Figure 10. Above, interpretation of the 2Group stucture on the symmetric boundary condition.
Below, its projection onto the physical surface defect.

Example: SU(3). We also briefly outline an anomalous example, with A = Z3. It is simple
to see [84] that in this case we have no duality-invariant SPT, so we expect no symmetric
GW defect to be allowed.

The story for the algebras Lo, LA, Z£(4,0),p and £ av), is essentially the same. In
this case we have 1, = nf(a1,a2) with n = 0,1,2 and  the Bockstein map. The duality
action exchanges Z (4 o)y With & v g)y and L avyy with £y g) 41, so that it squares
to charge conjugation.

Importantly, there are now two diagonal subgroups, D; and Ds, generated by (1,1) and
(1,2), respectively. This time they are exchanged under duality. We conclude that indeed
there is no room for a symmetric GW operator in SU(3) SYM at 7 = i.

5 ’t Hooft anomalies and obstructions to symmetric defects

There has been some debate in recent years about the correct generalization of the concept
of an 't Hooft anomaly for a non-invertible symmetry. While for an invertible symmetry I’
an 't Hooft anomaly is both an obstruction to gauging I' and to flow to a trivially gapped
I'-symmetric phase (an SPT), in the non-invertible case the two concepts do not coincide.
Indeed it turns out that the latter — which in technical terms describes a Fiber Functor for
the symmetry category — is stronger than the former [40]. The relevance of Fiber Functors
was pointed out in [78]. Fiber Functors also describe C-symmetric boundary conditions
described by (higher) C module categories with a single simple object.

Thus, it is possible to interpret the presence of an 't Hooft anomaly (i.e. the lack of a Fiber
Functor) as an obstruction to define a C-symmetric boundary condition. This obstruction has
been decribed in [38] for continuous symmetries and in [39] for discrete ones. Similar arguments
also work in the case of interfaces, but what about extended defects of higher codimension?
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The “magnetic” description introduced in the present paper gives a clear — albeit
formal — answer:

A theory admits symmetric defects D of codimension p iff the reduced symmetry
C[SP~Y admits a Fiber Functor.

For invertible symmetries I' with 't Hooft anomaly w this implies that a symmetric defect
D can exist if the dimensionally reduced anomaly vanishes, i.e.

w[SP~1) = dn. (5.1)

A simple application concerns Z,, anomalies for zero-form symmetries, which trivialise upon
dimensional reduction on any sphere SP~!. This implies that, while Z,-invariant boundary
conditions are generically forbidden, Z,-symmetric defects can (and will) exist.

In section 3.3 we have found a different example, in which the dimensionally reduced
anomaly does not trivialize. In that case, it implied that line operators cannot remain
invariant after fusion with one-form symmetry generators.

In section 4.3 we have instead shown an example where the number of symmetric defects
is higher than the one for codimension one boundary conditions. The further splitting is
completely due to the dimensional reduction procedure.

Finally it is worth remarking that this reasoning may fail if the reduced SymTFT has local
topological operators. In this case insisting on having a indecomposable boundary condition
often forbids the presence of a Fiber Functor, even if the top dimensional theory was anomaly
free. This is because the Fiber Functor boundary condition, once dimensionally reduced,
typically is not indecomposable. We have seen examples of this phenomenon in 3.1 and 4.2.

6 Conclusions and future directions

In this Note we have give an alternative characterization of the realization of (general-
ized /higher) charges for categorical symmetry by analyzing gapped boundary conditions in
the dimensionally-reduced SymTFT. We have given various examples of the strengths of
our approach, which is especially suitable if the SymTFT has can be given a Lagrangian
description. While this work was mostly intended as a proof-of-concept, several interesting
open questions remain:

e (Clearly the description provided in this Note is far from complete. Especially for higher
categories the full layered structure of higher representations should come into play at
some point. We have seen some glimpse of it in (4.3).

e The existence of higher charges does not imply that they necessarily are realized in
a given physical theory. Thus the study of dynamical examples is paramount. In
such context, the symmetry action on a defect and its defect operators should imply
constraints and identities for e.g. the defect index [88].

e In [89] the authors have explained how characterize possible symmetry-preserving
defect transitions in terms of algebra embeddings. This clearly extends to defect by
dimensional reduction. It would be interesting to apply this to physically relevant
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systems [90-95] for recent studies of RG flows on defects and boundaries in different
contexts.

e Similarly, the SymTFT is extremely useful in describing the nontrivial properties of
charged massive scattering [28, 30] in (1 + 1)d, such as modifications to the crossing
symmetry.3! The formalism outlined here gives a natural avenue to generalize these
properties to more interesting higher-dimensional systems.

e In this Note we have only studied the sphere reduction on SP~!, describing isolated
defects. It is likely that reductions on manifolds with non-trivial topology can describe
interesting configurations, such as defect junctions.

e Another natural generalization concerns the study of systems where the UV symmetry
does not act faithfully on the gapless IR degrees of freedom. The way in which the
kernel of this map is realized can be nontrivial and gives rise to (intrinsically) gapless
SPTs [100-102]. Their SymTFT realization is known in 1+1 d [25, 89, 103] and also in
341d [104]. A defect igSPT prevents the defect to be screened by defect RG without
incurring in spontaneous symmetry breaking.

e Recently a SymTFT description of continuous symmetries (including some non-invertible
ones) has been developed [105, 106]. Out methods can be adapted to describe e.g. the
p = 2 surface charges in QED.
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