An efficient quantum mechanical method for radical pair recombination reactions

Alan M. Lewis, Thomas P. Fay, and David E. Manolopoulos

Citation: The Journal of Chemical Physics 145, 244101 (2016);
View online: https://doi.org/10.1063/1.4972277

View Table of Contents: http://aip.scitation.org/toc/jcp/145/24
Published by the American Institute of Physics

Articles you may be interested in

Self-consistent implementation of ensemble density functional theory method for multiple strongly correlated
electron pairs

The Journal of Chemical Physics 145, 244104 (2016); 10.1063/1.4972174

Floquet theory of radical pairs in radiofrequency magnetic fields
The Journal of Chemical Physics 145, 124117 (2016); 10.1063/1.4963793

High order path integrals made easy
The Journal of Chemical Physics 145, 234103 (2016); 10.1063/1.4971438

Effective scheme for partitioning covalent bonds in density-functional embedding theory: From molecules to
extended covalent systems

The Journal of Chemical Physics 145, 244103 (2016); 10.1063/1.4972012

Hyperfine interactions and internal rotation in methanol
The Journal of Chemical Physics 145, 244301 (2016); 10.1063/1.4972004

Spin-dependent charge recombination along para-phenylene molecular wires
The Journal of Chemical Physics 147, 064107 (2017); 10.1063/1.4997482

AI P The Journal of
Chemical Physics

PERSPECTIVES



http://oasc12039.247realmedia.com/RealMedia/ads/click_lx.ads/www.aip.org/pt/adcenter/pdfcover_test/L-37/56140772/x01/AIP-PT/JCP_ArticleDL_110117/AIP-3075_JCP_Perspective_Generic_1640x440.jpg/434f71374e315a556e61414141774c75?x
http://aip.scitation.org/author/Lewis%2C+Alan+M
http://aip.scitation.org/author/Fay%2C+Thomas+P
http://aip.scitation.org/author/Manolopoulos%2C+David+E
/loi/jcp
https://doi.org/10.1063/1.4972277
http://aip.scitation.org/toc/jcp/145/24
http://aip.scitation.org/publisher/
http://aip.scitation.org/doi/abs/10.1063/1.4972174
http://aip.scitation.org/doi/abs/10.1063/1.4972174
http://aip.scitation.org/doi/abs/10.1063/1.4963793
http://aip.scitation.org/doi/abs/10.1063/1.4971438
http://aip.scitation.org/doi/abs/10.1063/1.4972012
http://aip.scitation.org/doi/abs/10.1063/1.4972012
http://aip.scitation.org/doi/abs/10.1063/1.4972004
http://aip.scitation.org/doi/abs/10.1063/1.4997482

THE JOURNAL OF CHEMICAL PHYSICS 145, 244101 (2016)

® CrossMark
¢

An efficient quantum mechanical method for radical pair

recombination reactions

Alan M. Lewis, Thomas P. Fay, and David E. Manolopoulos
Physical and Theoretical Chemistry Laboratory, Department of Chemistry, University of Oxford,
South Parks Road, Oxford OX1 3QZ, United Kingdom

(Received 7 October 2016; accepted 3 December 2016; published online 22 December 2016)

The standard quantum mechanical expressions for the singlet and triplet survival probabilities and
product yields of a radical pair recombination reaction involve a trace over the states in a combined
electronic and nuclear spin Hilbert space. If this trace is evaluated deterministically, by performing
a separate time-dependent wavepacket calculation for each initial state in the Hilbert space, the
computational effort scales as O(Z> log Z), where Z is the total number of nuclear spin states. Here
we show that the trace can also be evaluated stochastically, by exploiting the properties of spin
coherent states. This results in a computational effort of O(MZlogZ), where M is the number of
Monte Carlo samples needed for convergence. Example calculations on a strongly coupled radical
pair with Z > 10° show that the singlet yield can be converged to graphical accuracy using just
M = 200 samples, resulting in a speed up by a factor of >5000 over a standard deterministic
calculation. We expect that this factor will greatly facilitate future quantum mechanical simulations
of a wide variety of radical pairs of interest in chemistry and biology. Published by AIP Publishing.

[http://dx.doi.org/10.1063/1.4972277]

. INTRODUCTION

Spin dynamics play an important role in many systems
of biological and chemical interest, such as magnetorecep-
tors,! organic semiconductors,*% and molecular wires.”
The spin-selective behaviour exhibited by these systems is
often explained using the radical pair model, in which two
coupled electron spins interact with a number of hyperfine-
coupled nuclear spins. When this number exceeds twenty or so,
standard quantum mechanical calculations become cripplingly
expensive, and while in some cases semiclassical approxima-
tions have been shown to be accurate,!%~!3 this cannot always
be relied on. As aresult, there is a clear need for a more efficient
quantum mechanical method for describing the spin dynamics
of radical pairs.

A simplified radical pair reaction scheme is given in
Figure 1. The photoexcitation of an organic precursor molecule
produces a radical pair in the singlet state, which can then
undergo intersystem crossing to form the triplet state. The sin-
glet and triplet radical pairs can each recombine, in general at
different rates and forming different products. The intersys-
tem crossing is mediated by hyperfine interactions between
the electron and nuclear spins in each radical and as a result is
affected by the application of an external magnetic field. This
in turn can modify the lifetime of the radical pair and the sin-
glet and triplet recombination yields. The resulting magnetic
field effects (MFEs)'#~!6 are often measured in order to probe
the spin dynamics of the radical pair, but it is usually not pos-
sible to extract the spin-specific rate constants ks and kt from
the experiments alone. More insight can often be gained by
comparing the experimental results to simulations.

The quantum dynamics of the radical pair model is well
understood, and simulations of small spin systems can be
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done routinely.!” However, simulating realistic systems is
often challenging due to the exponential scaling of the size
of the Hilbert space with the number of nuclear spins. Pre-
vious theoretical calculations have been performed either by
neglecting smaller hyperfine couplings to reduce the size
of the Hilbert space'®! or by using semiclassical meth-
ods to avoid the exponential scaling.'®!'> However, neither
approach is entirely reliable for systems with N ~ 20 nuclear
spins, which are commonplace in chemical and biologi-
cal systems. It is not always safe to assume that weakly
coupled nuclear spins make no contribution to the spin
dynamics, and semiclassical approximations are incapable
of capturing subtle quantum mechanical effects such as the
recently discovered “quantum needle” of the avian magnetic
compass.’

We shall therefore now present a new method that dra-
matically improves the efficiency of quantum mechanical
spin dynamics simulations, allowing the treatment of signif-
icantly larger radical pairs. To illustrate this, we shall cal-
culate the singlet yield of a strongly coupled radical pair
involving 20 nuclear spins, over a wide range of magnetic
field strengths. This calculation would be quite impractical
using a standard quantum mechanical method, and while
various semiclassical approximations are applicable to the
problem we shall demonstrate that they are only qualitatively
accurate.

Il. STANDARD THEORY

The general form of the Hamiltonian that governs the
spin dynamics of a radical pair tumbling in solution includes
isotropic Zeeman and hyperfine interactions and an exchange

Published by AIP Publishing.
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FIG. 1. An idealised radical pair recombination reaction. The superscripts S
and T label the singlet and triplet states of the radical pair, respectively; ks and
kt are the recombination rate constants for these states. The curved arrows
represent the hyperfine-mediated intersystem crossing between the singlet and
triplet states.

coupling between the two electron spins

FIZI:Il-i-[:Iz-}-ZJSl'Sz,

N . 1)
Hl' =w~S,-+Za,-ink S,
k=1
Here w = —yB, where vy is the gyromagnetic ratio of the

electron and B is the applied magnetic field, ajx is the hyperfine
coupling constant between the kth nuclear spin and the electron
spin in radical i, I and S; are the corresponding nuclear and
electron spin operators, N; is the number of nuclear spins in the
radical, and J is the exchange coupling constant. Note that we
have neglected the comparatively weak nuclear spin Zeeman
interactions, we have assumed for simplicity that the electrons
in the two radicals have the same gyromagnetic ratio, and we
are working in a unit system in which 7 = 1.

The recombination of the radical pair is conventionally

modelled using the Haberkorn operator?!->?
K= %Sﬁs + %ﬁT, )
where A Lo
Pszzl—Sl-Sg, 3)
Pr=3i48 -6 )

are the projection operators onto the singlet and triplet elec-
tronic subspaces, and ks and kt are the first order rate constants
for the recombination of singlet and triplet states, respectively.
The evolution of the density operator p(f) which describes
the radical pair is then governed by the quantum Liouville
equation”!?3

d A N
2P0 = —ilH. pO] — K, p(0)}, &)

where [A, B] is the commutator and {A, B} the anticommutator
of A and B. This differential equation is satisfied by

p\(t) — e—th—Kt ﬁ(o) e+i1:1t—12t. (6)

The ensemble average of an observable corresponding to
an operator A at time ¢ is given by

A1) =t [p(OAO)] ™
or, using the invariance of a trace to cyclic permutation,
A(n) = e [pOAD)] ®
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where
A(t) — e+[Ht—KtA e—il—?t—l&t' (9)
We may evaluate the trace in Eq. (8) in the basis

{B} ={10) ® M) ® [Mp)}. (10)

Here |®) is the electronic spin state, in which ® can take the
values S, T, To, and T_, representing the singlet and triplet
states, respectively. |M;) is the nuclear spin state of radical i,
given by

M) = [Mi1) ® IMip)® - - ® M, (11)

where My is the projection of the kth nuclear spin in the radical
onto the z axis. In this basis, Eq. (8) becomes

A =) ) Y (O, M1, M p0AN)IO, M1, My),  (12)
(C]

M, M,

where }y, indicates the sum over all possible nuclear spin
states |M;).

In the case of photoexcited radical pairs formed in the sin-
glet state, p(0) = Ps/Z, where Z = TI;; (21 + 1) is the total
number of nuclear spin states in the radical pair. The sum over
®in Eq. (12) can then be evaluated immediately: the only term
that survives is that with ® = S. Defining

1S, M, My; 1) = ¢ H1-K1 1S M, M), (13)

the trace becomes

1 n
A(t) = = S, M, Mj;t|A|S,M;, My; t). 14
()Z;IMZf LM fAIS, M, My; 1), (14)

Therefore, the ensemble average A(¢) can be evaluated by prop-
agating Z wavepackets with orthogonal initial nuclear spin
states and calculating the expectation value of A in each state
at time 7.

The wavepacket propagation in Eq. (13) can be performed
using the short iterative Arnoldi (SIA) method.?* This is a
generalisation of the short iterative Lanczos (SIL) method?
which allows for propagators generated from non-Hermitian
operators, as is the case here. The sparsity of the Hamiltonian
means that Hamiltonian-wavepacket multiplications require
only O(Z log Z) operations,’® and combined with the adap-
tive time step of the SIA method, this leads to very efficient
wavepacket propagation. As a result, the computational time
required to evaluate Eq. (14) scales as O(Z? log Z). In order to
improve this scaling, either the efficiency of the wavepacket
propagation must be improved or fewer propagations must be
carried out. We will now demonstrate that the latter is easily
achieved if the trace in Eq. (8) is evaluated using the Monte
Carlo integration over the coherent spin state basis of the
nuclear spins.

lll. SPIN COHERENT STATES

For a spin with quantum number J, a coherent spin state
|€2;) is obtained by rotating the quantisation axis of the |/, J)
eigenstate of J, to lie in the direction Q = (0, ¢). It is defined

27
as

1Q/) = (cos /2> exp {tan(8/2) T _} 11,7y, (15)
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where 0 < 6 < mand 0 < ¢ < 27. The expectation value of
the angular momentum operator J in state |€2;) corresponds to
a classical vector of length J in the direction €,

(Q151Q)) = In(Q),

16
n(Q) = (sin 6 cos ¢, sin @ sin ¢, cos ) T. (16)

The states {|€2;)} form an overcomplete set, with the
completeness relation®’

2J +1

i=
4r

/dQ|QJ><QJ|- a7

Inserting Eq. (17) into Eq. (14), we find that the sum over M
and M can be replaced by a 2N dimensional integral over the
coherent spin states of each nuclear spin,

1

Ar) = N /d91/d92 (S, Q1,0 1|A]S, Q), Qo: 1),
(4m)
(18)
where N = N1 + N, and
192:) = |€i1) ® [Q2)® - - - ®|Qun;). (19)

Here |Q;) is a coherent spin state of the kth nuclear spin of
radical i and [d€Q; indicates the integral over all possible ori-
entations of each of these coherent spin states. Note that the
factors of (2J + 1) in Eq. (17) cancel with the factor of 1/Z in
Eq. (14).

Eq. (18) provides an expression for the ensemble aver-
age of an observable in terms of a product of integrals over
coherent spin states. These integrals, and hence A(¢), may be
evaluated by Monte Carlo sampling the directions of the initial
nuclear spin states |Q;) from the surfaces of their respective
spheres. If the number of samples M required to converge
the integrals is significantly smaller than Z, the computational
cost of calculating A(¢) will be greatly reduced compared with
a deterministic evaluation of Eq. (14).

IV. A MODEL PROBLEM

In order to investigate this, we have calculated the sin-
glet yield of a particularly demanding radical pair in which
the hyperfine, Zeeman, and electronic exchange interactions
were all chosen to have similar orders of magnitude (the most
strongly coupled scenario). This singlet yield is given by

Dg = kg /OO Ps(r) dt, (20)
0

where Pg(7) is the ensemble average of the singlet probability
at time 7, obtained by substituting A = Pg into Eq. (18). In our
model system, each electron was coupled to ten / = 1/2 nuclear
spins with randomly generated hyperfine coupling constants
uniformly distributed between —1 < a;; < 1 mT; these hyper-
fine constants are listed for completeness in Table 1. The
exchange coupling constant was taken to be J/y = 1.75 mT,
comparable to the effective hyperfine field strength

N;

D@ Iyl + 1) 21)

k=1

J. Chem. Phys. 145, 244101 (2016)

TABLE I. Hyperfine coupling constants in a model radical pair.

k ax/y (mT) ayc/y (mT)
1 —0.999 985 -0.232 996
2 —0.736 925 0.038 833
3 0.511 210 0.661 931
4 —0.082 700 -0.930 856
5 0.065 534 -0.893 077
6 —0.562 082 0.059 400
7 -0.905911 0.342 299
8 0.357 729 -0.984 604
9 0.358 593 -0.233 169
10 0.869 386 -0.866 316

in each radical (Bpyp,1 = 1.72 mT and Bpy,> = 1.74 mT), and
the recombination rate constants were taken to be ks/y
= 0.1mT and k7/y = 1.0 mT.

V. RESULTS AND DISCUSSION

Figure 2 shows how the singlet yield of this model rad-
ical pair converges with increasing M over a wide range of
magnetic field strengths. The results are converged to graphi-
cal accuracy at all field strengths with only M = 200 samples.
Since the total number of nuclear spin states in the radical pair
is Z =1 048 576, this stochastic calculation was >5000 times
faster than the equivalent deterministic calculation.

The form of the MFE on the singlet yield shown in Fig. 2
can be understood by considering the energy levels of the elec-
tronic spin states of the radical pair, shown schematically in

06 T T T T

ool 1
B/mT

FIG. 2. The singlet yield of the model radical pair as a function of the applied
magnetic field strength B, averaged over M initial coherent nuclear spin states.
The two panels compare the results of calculations with M = 100 and M = 200
with those of a well converged calculation with M = 400. The statistical error
bars in the M = 100 and M = 200 results are +e in Eq. (23), with o estimated
from the M samples of ®g(B) at each magnetic field strength B.
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FIG. 3. The energy levels of the spin states of the radical pair as a func-
tion of the strength of the applied magnetic field, B. The effect of hyperfine
interactions has been neglected.

Figure 3. At both zero and high fields, the singlet state is ener-
getically separated from the triplet states, which leads to slow
intersystem crossing. But when w = 2J, the singlet state is
degenerate with the T_ state, and hyperfine mediated intersys-
tem crossing becomes much more efficient. Since the radical
pair is formed in the singlet state, any intersystem crossing will
reduce the singlet yield. Therefore, a minimum is observed in
the singlet yield when w = 2J. This also explains the obser-
vation from the statistical error bars in the top panel of Fig. 2
that the convergence of the Monte Carlo integration is slowest
around the minimum in the singlet yield. Away from reso-
nance, the hyperfine interactions play only a small role in the
spin dynamics, and the singlet yield obtained from each indi-
vidual wavepacket does not vary significantly between Monte
Carlo samples. However, when the intersystem crossing is fast,
the singlet yield depends more strongly on the initial nuclear
spin state, and more samples are required for convergence.

The field-dependent sensitivity of the spin dynamics to
the initial nuclear spin state is illustrated by the distribution of
singlet yields obtained from individual wavepackets,

¢s(91,92)=ks/ (S, R, Q;1|Ps|S, Q), Qo 1) dt. (22)
0

Figure 4 shows a histogram of 1000 evaluations of this single
wavepacket contribution to the singlet yield at three different
magnetic field strengths. This highlights the increased varia-
tion in ¢s when the intersystem crossing becomes more effi-
cient. Nevertheless, even when w = 2/, the number of coherent
spin state samples required to converge the ensemble-averaged
singlet yield is still far smaller than the total number of nuclear
spin states, Z.

This analysis also explains why the stochastic integration
over coherent spin states is so efficient. Since the singlet yield
is bounded between zero and one, the maximum possible stan-
dard deviation in the distribution of ¢g is o = 1/2. In practice,
the distribution is confined to a smaller range, and so has a
smaller standard deviation. When performing a Monte Carlo
integration with random sampling, the standard deviation is
related to the standard (statistical) error in the integral, €, and
the number of samples, M, by?®

€=——. (23)

M
Therefore, the necessarily small standard deviation in the dis-
tribution of singlet yields means that only a small number of
samples are required for convergence. We expect this observa-
tion to be general, since the observables of interest in radical

J. Chem. Phys. 145, 244101 (2016)

300 T I T I T I T
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o =0.049
200 — 1
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1 | | 1
0 T I T T I T
- n=2J
c =0.085
[&]
[
(0]
g L
o
Qo
- 100
| I 1
0 T I T I T I T
- o=4J A
o =0.058
200 — _ —
i \ﬂd" _
0 1 ] ] 1
0 0.25 0.5 0.75 1
23

FIG. 4. Histograms of 1000 single wavepacket singlet yields, ¢s, of the model
radical pair at three different applied magnetic field strengths. The standard
deviations of the distributions are also given.

pair spin dynamics calculations are invariably probabilities or
yields, which must be bounded between zero and one. As a
result, the stochastic approach should be applicable to a wide
range of radical pair observables. While the precise number of
samples required to obtain converged results will doubtlessly
vary from system to system, it seems likely that for radical pairs
with N > 10 nuclear spins, M will be significantly smaller than
the number of nuclear spin states.

In order to establish whether a fully quantum mechani-
cal simulation is necessary to describe systems of this type,
we have also applied two semiclassical methods to this model
problem. Figure 5 compares the converged quantum mechan-
ical (QM) results with those obtained using the original semi-
classical theory of Schulten and Wolynes (SW),!* adapted
to the calculation of radical pair singlet yields as described
in Ref. 13, and an improved semiclassical (SC) theory that
takes the nuclear spin precession into account.'’:'? Unsur-
prisingly, the improved SC theory performs better than SW
theory across the whole range of magnetic field strengths.
However, neither method is quantitatively accurate. Clearly, in
this case, where the hyperfine interactions, exchange coupling,
and triplet recombination rate are all of a similar magnitude,
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FIG. 5. The singlet yield of the model radical pair as a function of the mag-
netic field strength B, calculated using the present quantum mechanical (QM)
approach, the semiclassical (SC) method presented in Refs. 11 and 12, and a
variant of the Schulten-Wolynes (SW)!? theory outlined in Ref. 13.

semiclassical models are not accurate enough to capture the
fine details of the spin dynamics.

Finally, as an alternative to the method presented here, we
have considered the possibility of stochastically sampling M
and M in order to evaluate the sums in Eq. (14). We found
that the convergence was much slower than when sampling
coherent spin states. The reason for this lies in the fact that the
Hamiltonian in Eq. (1) commutes with the total spin projec-
tion operator, J, = =5 z +8 20+ ik It This divides the Hilbert
space into sectors of different M;, which all contribute inde-
pendently to ®s. Since the state |S, M, M) is an eigenstate
of J., each choice of M; and M, samples only a single sector
of the total Hilbert space. By contrast, each coherent spin state
includes some contribution from every M; sector in the space.
If anisotropic hyperfine coupling or dipolar coupling was intro-
duced, the Hamiltonian would no longer commute with J 2
and so we expect that the convergence of results obtained by
stochastically sampling the eigenstates of J, would be faster.
Nonetheless, we would still expect the results from sampling
coherent spin states to converge at least as quickly.

VI. CONCLUSIONS AND FUTURE WORK

In this paper, we have demonstrated that it is possible to
accurately simulate the spin dynamics of radical pairs contain-
ing all physically relevant couplings between the electron spins
and at least 20 nuclear spins. This is the typical size of a radi-
cal pair that arises in many interesting problems in chemistry
and biology. We have also shown that semiclassical methods
are not always quantitatively accurate for this size of system,
although they are expected to become more accurate for larger
spin systems.'®"!3 In future work, we shall use the present
method to analyse the results of the intriguing experiments
of Wasielewski and co-workers’~® on spin-dependent charge

J. Chem. Phys. 145, 244101 (2016)

recombination along molecular wires,”’ and also show how
the electron spin relaxation can be incorporated in the present
theory by including the molecular motions that induce it.°
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