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This paper examines how surface deformations affect thalisgaof a slowly evaporating solvent-
polymer mixture. The destabilising effect of surface-tenwariations arising from evaporation-induced
concentration gradients and the counteracting influenaeezfn gravity and surface tension are incor-
porated into the mathematical model. A linear stabilitylgsia that takes advantage of the separation
between the characteristic time scales of the slowly exgltiase state and the perturbations is carried
out in combination with numerical solutions of the lineadssystem. It is shown that the onset of insta-
bility can occur for Marangoni numbers that are much lowantthe critical value for a non-deformable
surface. Moreover, two types of Marangoni instabilitiepegr in the system: one is associated with the
traditional stationary instability, and the other is anitbsry instability that is not present for a non-
deformable liquid surface. A region of the parameter spauera/ithe oscillatory instability dominates is
identified and used to formulate appropriate conditionsifarre experiments.

Keywords oscillatory Marangoni instability; evaporating films; ttiple scales; WKB approximation.

1. Introduction

Evaporating solvent-polymer mixtures play an importahé io a wide variety of industrial processes
such as painting, inkjet printing, and the fabrication dfpter-based photovoltaic devices; see Howison
et al. (1997); de Gangt al. (2004); Heriot & Jones (2005); ideset al. (2007); Souche & Clarke
(2009). As these mixtures dry they are influenced by sevactbfs including, but not limited to, surface
tension, surface-tension gradients, gravity, and van dmal¥\interactions. In the case when multiple
polymers are blended in a solvent, the change in temperandeomposition that occurs during the
drying process can trigger the onset of phase separatidrinvitie bulk (Moons, 2002). All of these
factors influence the dynamics of the evaporating film and esalt, they can each have a profound
impact on the resulting polymer morphology. For instanegfage tension is known to flatten the
surface of films, whereas van der Waals forces can lead taftare of thin films. For a review on the
dynamics of thin layers of fluid, see Myers (1998); Ostal. (1997); Craster & Matar (2009). Different
industrial applications seek different polymer morphdadsg for example, the polymers that constitute
the photoactive component of organic photovoltaic devitesuld interpenetrate on nanometer scales
(Moons, 2002). Therefore, understanding the relationbkigveen these various physical factors and
the morphology of evaporating solvent-polymer films is @dajrpractical importance.

Evaporating solvent-polymer mixtures that are assumee tedthermal are, in many ways, analo-
gous to films of a pure liquid that are heated from below. M@ectically, evaporation of solvent from
the upper surface can induce a concentration gradientrwitid layer which mimics the temperature
gradient in a fluid on top of a heated substrate. In the caseiiee solvent and the polymer have
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different densities, a concentration gradient can leadutayancy effects in much the same way that
the thermal expansion of a pure liquid can. Furthermore,pomition and temperature can affect the
surface tension of a fluid in the same manner. The close anhletgveen the two systems suggests that
the vast literature on pure liquid films heated from below pesvide useful insight into the dynamics
of evaporating solvent-polymer blends.

The first systematic studies of a pure liquid layer subjetteating from below are the early exper-
iments by Enard (1900, 1901a,b), who showed that certain experirheatalitions can lead to the
onset of convection within the layer. Rayleigh (1916) sujosntly performed a mathematical analy-
sis of Benard’s experiments and found that convection could besdrby thermally-induced density
variations within the fluid layer. However, Block (1956)dashowed that Bnard’s films were too thin
for convection to be driven by density differences, andeadtproposed that convection was caused by
thermally-induced gradients in the surface tension. Bfleipothesis was later verified in a mathemat-
ical analysis by Pearson (1958). Scriven & Sternling (1964¢nded Pearson’s work to the case when
the fluid layer has a deformable surface, but their predidtiat long-wavelength convection should be
observed in films with arbitrarily small Marangoni numbeohtradicted several experimental results;
see Koschmieder (1993). The discrepancy between expdriameintheory was reconciled by Smith
(1966), who showed that gravity stabilises long-wavelerginvection. Further experiments by Betg
al. (1966) highlighted how evaporation can lead to the onset@fmal convection in fluid layers that
are not heated from below. In these systems the temperatadéeegt is caused by evaporative cooling
at the surface of the fluid. An extensive theoretical ingzdton of evaporating layers of pure fluid has
been carried out by Burelbaeh al. (1988). Sultaret al. (2005) extended this work by considering the
diffusion of vapour in the overlying gas. For recent devetents in the field of convective instabilities
in liquid films, see Bodenschaét al. (2000) and Colinegt al. (2001).

In layers of pure fluid that are subject to a vertical tempgeagradient, the instability that is driven
by surface-tension gradients, i.e., the Marangoni inktgbtan either be stationary or oscillatory in
nature. Stationary instabilities are associated with tbeatonic growth or amplification of small dis-
turbances, whereas oscillatory instabilities lead taudinces that grow in a modulated fashion. In the
case of fluid layers with non-deformable upper surfaces,atigal studies by Vidal & Acrivos (1966)
suggested the Marangoni instability had to be stationaytlis was later proven by Vrentas & Vrentas
(2004). However, when the surface of the fluid is deformakdé&ashima (1981) showed that an oscilla-
tory Marangoni instability is possible if the bottom of theiél layer is cooler than the top. Subsequent
studies by Brez-Garta & Carneiro (1991) and Shklyaet al. (2012) found that this was also possible
in systems that are heated from below. Shklyaeal. (2010) has shown the existence of thermally-
driven long-wavelength oscillatory instabilities in lagef pure fluid when the temperature gradient is
induced by evaporation at the free surface.

Given the close connection between layers of pure fluid trasabject to a vertical temperature
gradient and evaporating isothermal solvent-solute mastuit is natural to wonder if the oscillatory
Marangoni instability can occur in the latter system as wigtle experiments with waterborne coatings
by Kojima et al. (1995) might support such a claim. During the drying prot¢asscrests of the initial
surface deformation can become troughs, and troughs camigecrests. This crest-to-trough reversal
has been reported to happen several times during a givenimgoe, and it could represent a standing
wave solution of the governing equations. This reversaldiss been found in drying paint layers,
although usually only one reversal occurs during a giveregrpent; see Overdiep (1986), Howisen
al. (1997), or Wilson (1993) for more details. Further matheoadinvestigations of the reversal have
been carried out by Erest al. (1999) in the framework of lubrication theory and under tesummption
that the solute concentration is uniform across the hei§thefluid layer. Their frozen-mode anal-
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ysis indicates that, for sufficiently large evaporatioresatoscillatory modes can be linearly unstable.
However, their nonlinear simulations show that the systestabilised due to the viscosity of the mix-
ture increasing as solvent is removed and hence the okwnikatlecay. In this paper we will carry out
a systematic linear stability analysis for the governingaipns that includes the effects of long-time
changes to the base state via a method developed in Hennédéyéh (2013) and extended to dewet-
ting rims in Dziwniket al. (2014). Our formulation of the problem does not depend oruhgcation
assumption, hence the analysis captures both long-wavkatsy and short-wave stationary modes
and their competition. Particular attention is paid to iifging regions in parameter space where the
dominant mode of instability is oscillatory. Since gravisyknown to stabilise the long-wavelength
stationary instability in films with deformable surfacese will include it in our model to determine
whether it affects the presence of unstable long-waveteosgtillatory modes as well.

The mathematical analysis of evaporating layers of fluidoimglicated by the fact that the evap-
orative mass loss naturally leads to solutions that depentinee. In the context of linear stability
theory, this often implies that the base state which is pleeid about is time dependent. As a result,
the linearised problem for the perturbations becomes mboramous in the time variable which gen-
erally means that the solution will no longer simply be prtjomal to exgAt). In some instances, such
as in Burelbactet al. (1988), this is not an issue and the linear stability probt=m still be solved
analytically. In other cases the stability problem can lmepdified by seeking a transformation that
separates the space and time variables or by seeking ar#iymsialution in certain time regimes; see
Smolka & Witelski (2009) and Kang & Choi (1997). As mention@dDavis (1976) in the context of
hydrodynamic stability, Floquet theory can be used wherbttee state is periodic in time.

In the situation where the linear stability problem canretieated analytically, one must turn to an
approximate method or make some simplifying assumptionstahe base state. Machrafial. (2011)
treat the stability problem as an initial value problem whie then solved numerically. Doumeatal.
(2010) describe how to find the optimal initial conditionttheaximises the perturbation amplitude at a
given time, and they show that their numerical results agowd agreement with experiment. However,
numerical approaches can quickly become prohibitive ifdi@meter space of the problem is large, and
in this case it becomes highly desirable to have a systemmegibhod for determining the stability of the
system over a wide range of parameter values.

A common approach for simplifying a non-autonomous stgbpiroblem is the so-called frozen-
time method, which is based around the assumption that e diate evolves so slowly that it can be
frozen. That is, the time dependence of the base state ipeldaggnd it is treated as an additional system
parameter. This reduces the stability problem to an auteoismane and it has the advantage of allowing
the usual techniques from linear stability theory to be imgpl However, this approach only provides
information about the instantaneous stability of the peabffor a given base state and therefore, it is
difficult to assess how the stability of the problem changes the long times on which the base state
evolves. Despite this shortcoming, the frozen-time methasl been used in a number of studies of
evaporating mixtures, for example, Machrafial. (2010); Haut & Colinet (2005); Eresat al. (1999),
and in a related work without gravity by Serpetsi & Yiants{@612).

The long-term stability of the problem can be assessed vizenigal simulation, but as Hennessy &
Munch (2013) point out, several authors have noticed a closeaction between the eigenvalues of the
frozen-time linear stability problem and the approximatkigons that are obtained by solving the non-
autonomous stability problem numerically. In particulack (1965) used a WKB-like approach for the
case of time-varying heating to show that the solution tdittearised problem can be approximated by
integrating the largest frozen-time eigenvalue in time @ah taking the exponential. A corresponding
result and the next-order correction were computed for¥ap@ration-driven Marangoni instability by
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Hennessy and Mhch using the method of multiple scales. This approachiisdround the separation
of time scales that occurs when the base state evolves mmwhrdhan perturbations to it. Using their
asymptotic solution, Hennessy andith were able to track the slow changes in the stabilitydabetir
as a binary mixture with a non-deformable surface slowlpevates.

This paper considers the evolution of an evaporating laf/guid with a deformable interface that is
composed of a single non-volatile polymer and a volatileesal. In addition to evaporation influencing
the fluid dynamics of the mixture, we include the action ofijsa surface tension, and surface-tension
gradients in the mathematical model. The strength of thifsets are characterised by a Galileo num-
ber, a capillary number, and a Marangoni number, respdgtiwe neglect the effects of buoyancy and
we assume the fluid is isothermal. The latter assumption fvated by the findings of Bassou & Rharbi
(2009), who show that thermal effects are likely to be srmaévaporating toluene-polystyrene blends.
Recent work by Chauvedt al. (2012) has also shown that evaporation can dampen theriflacap
effects. The precise formulation of the mathematical maglglven in Section 2. We use this model to
investigate possible modes of instability in evaporatiolyent-polymer systems with deformable sur-
faces and therefore, we analyse the system using linealitgtieory. The base state is time dependent
and thus the regular stability techniques do not directlglafHowever, once the base state settles into
a quasi-equilibrium it evolves on the evaporative time saghereas perturbations to it evolve on the
diffusive time scale. Therefore, by assuming that evapmras slow compared to diffusion, these time
scales separate and the quasi-steady base state evolveslower than perturbations to it. This enables
us to invoke the frozen-time method to deduce how the insteattus stability of the base state varies
with the three non-dimensional numbers mentioned aboveh this information we identify param-
eter regimes for which the frozen-time analysis predictinatability, and we use an extension of the
asymptotic solution presented in Hennessy &ridh (2013) to determine the maximum amplification of
disturbances to the base state in the unstable regimes.n@lysa indicates that surface deformations
affect the stability in two ways compared to when the surfac®n-deformable: the onset of instability
can occur at much lower Marangoni numbers and the instabgib be oscillatory in nature. Details of
the mathematical analysis are given in Section 3 and twoat@ns of the asymptotic solution to the
linear stability problem are presented in Appendix A. Onevagion is based on the method of multiple
scales and the other uses the WKB approximation. The redulite linear stability analysis using the
frozen-time and asymptotic methods are given in Sectiondintérpret the results in an experimental
context in Section 5 and we provide experimental conditira$ could lead to the appearance of an
oscillatory instability. A summary and conclusions folliwSection 6.

2. Mathematical model

We are interested in the dynamics of an evaporating layesathermal fluid that is composed of a
volatile solvent and a non-volatile polymer. The fluid lajgeassumed to be of infinite horizontal extent
and it rests on a non-permeable substrate; see Figure 1.eAbevluid layer we assume the existence
of a passive gas layer; that is, we neglect any interactietsden this gas layer and the underlying
fluid. Neglecting this gas layer can be made systematic bingatke so-called one-sided limit of a
two-layer (fluid and gas) model; see Burelbattal. (1988) for more details. The mathematical model
therefore considers the horizontal and vertical companefithe mixture velocity andw, respectively;
the hydrodynamic pressuie and the volume fraction of solvent all of which are functions of the
horizontal coordinatg, the vertical coordinate and timet.
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Solvent-polymer mixture
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FIG. 1. A schematic diagram of the system under consideratioowisng a two-dimensional layer of fluid resting on a non-
permeable substrate. The fluid is composed of a non-volatilgmer and a volatile solvent. The layer has thickrgsst) and
the mixture has horizontal and vertical components of uglaiven byu andw, respectively.

Conservation of solvent and polymer within the fluid layeplias

Ops+0-9s=0, (2.1a)
opp+0-9p=0, (2.1b)

whereps andpp denote the density of the solvent and polymer, respectiaeigds andqp denote the
corresponding mass fluxes. We assume the density of then@xts ps+- pp is constant and we define
the mixture flux ag) = pu = gs+ qp, Whereu = uey + we; is the velocity written in terms of the basis
vectorse, ande;, pointing in thex andz direction, respectively. Adding the two equations in (2xplies
the mixture velocity is divergence free, thus

O.-u=0. (2.2)

The solvent mass flux is assumed to have two contributions:frmm the bulk motion of the mixture
and the other from diffusion into the polymer. Therefore, take gs = psu — DOps, whereD is the
diffusion coefficient of solvent into polymer. By writing éhsolvent density in terms of the solvent
volume fractionps = pc, the conservation equation in (2.1a) becomes

dc+u-Oc = DO, (2.3)

where (2.2) has been used and the diffusion coeffidiehfs been assumed constant. The bulk motion
of the mixture is assumed to be governed by the Stokes egsatio

—Op+p0%u—pge, =0, (2.4)

whereu denotes the kinematic viscosity of the mixture (assumedtemr), and is the acceleration
due to gravity.

The assumption that the mixture is Newtonian with consteabsity and diffusivity is only expected
to be valid during the early stages of the drying process wherpolymer phase is dilute. For later
times, the nonlinear dependence of the viscosity and diffyn the polymer concentration and non-
Newtonian behaviour due to shear thinning are expectedfiigeimce the dynamics of the evaporating
mixture. If the initial polymer concentration is sufficigndilute, however, the mixture will behave
Newtonian during the first stages of the drying process angaiticular, when the instability is first
developing. Thus, a Newtonian fluid model with constantessty is a useful approximation that can
be used to gain basic insight into role of surface deformatend to explore the presence of oscillatory
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instabilities in an evaporating mixture. We therefore eegthese complicated rheological features for
the time being but will discuss them further in the conclasio

The underlying substrate at= 0 is assumed to be non-permeable and therefore, the ustiaixno-
and no-slip conditions apply,

u=w=29,=0. (2.5)

The surface of the fluid layer is denoted by h(x,t) and it is assumed that only the solvent evap-
orates. A rigorous mathematical description of the evapmrgrocess cannot be obtained from our
one-sided model because it neglects the effects of theyingidas layer. Instead, we take a phenomeno-
logical approach and assume the evaporative mass flux i@ipiamal to the solvent concentration at
the surface,

Jevap= KmpPC, (2.6)

whereky, is a mass transfer coefficient. Such relations are commotudies involving evaporating
solvent-solute systems; see Bornsadal. (1989) and Souche & Clarke (2009).
Conservation of total mass across the surface of the fluif layplies that

P(U-€n—Vn) = Qevap (2.7)
wheree, andv,, are the unit normal vector to the surface and the normal itglotthe surface, respec-
tively. These can be written explicitly as

6 — —ohex+ e, v o:h 2.8)

Vit @h? " 1+ (eh)?

Conservation of solvent across the surface yields the tiondi
—pDUOc- e+ pc(u- ey —Vn) = Gevap (2.9)

By combining (2.7) and (2.9), a simplified mass-balance tmrdfor the solvent can be obtained,
namely

—pD0Oc- & = Cevad 1 —C). (2.10)

Deformations in the surface of the fluid layer and gradiemteé surface tension both induce stresses
that must be balanced by the pressure and the viscous strssfluid at the surface. The normal and
tangential stress balances at the interface are given by

—p+pen- (Ou+0uT)-en=—y0-e, (2.11a)
pe-(Ou+0u")-e = dsy, (2.11b)

respectively, where denotes the unit tangent vector to the surfagedenotes differentiation with
respect to the arclength of the surface; grid the surface tension of the fluid, which we take to be a
linearly decreasing function of the solvent concentratibthe surfacey = y — yzp(c—c;). Here,y:
andc; are reference values ampglcharacterises how the surface tension varies with the soldume
fraction. The unit tangent vector is given by

6= &+ oxhe, (2.12)

1+ (0)2°
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Using the expression for the surface tension in (2.11bjgi#te boundary condition
pe-(Ou+0uT)-e = —yplc-a, (2.13)

The initial conditions for the solvent volume fraction ame ffilm thickness are given by

C(Xv Z, O) =G (Xa Z)v h(X, 0) = hi (X) (214)

We define the mean values of the initial conditions as
im & [0 LW dzdx, b= lim + [ h(xd 215
B—L@mz/_Lm/o a(xda hy=im o [ (0 (2.15)

and these will be used in the non-dimensionalisation below.

2.1 Non-dimensionalisation

We scale the spatial dimensions of the problem with the ma#alithickness of the film so that= hpx’
andz= hnZ, where primes are used to denote dimensionless quanfities.is scaled according to the
diffusive time scalet = (h2,/D)t’, and from these we can define a velocity scale souhat D /hpy)u’.
The pressure scale is chosen tqii/hZ, and we write the pressure as the deviation from its hydrigstat
componentp = (uD/h2)(p' — Gaz), where Ga is the Galileo number defined as

_ gty
Ga= D (2.16)
The solvent volume fraction is written as the deviation frissnmean initial valueg¢ = 8 + S¢, where
the scaleSis determined from the boundary condition (2.10), wheigereplaced by3 on the right-hand
side of this condition. This giveS= 63(1— f3), where

Kmhm
= 2.17
5="5 (217)
defines an evaporative Biot number.
With these scalings the bulk equations can be written asr(dfopping the primes)
—Op+D0%u=0, (2.18a)
O-u=0, (2.18b)
dc+u-Oc=D%. (2.18c)
The boundary conditions at= 0 are given by
u=w=9d,c=0, (2.18d)
and at the free surface= h(x,t) they are
u-en—Vnh=0pB[1+93(1-P)c|, (2.18e)
—0Oc-en=[14+0(1—-B)c](1—3pBc), (2.18f)
—p+e,-(Ou+0u') e = —-Gah—Ca 1(1—MaCac)d- &, (2.189)

g -(Ou+0u’) e, = —Mallc-a, (2.18h)
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TABLE 1. Example parameter values taken from the
experiments of Bassou & Rharbi (2009)

Quantity Value Unit
p 1000 kgm~3
u 0.15 Pas
g 9.81 ms—2
D 1.38x 10°° m.s 1
Km 3.53x 1077 m-s
W 0.03 N-m—1
Ve 9.2x10°6 N-m2-kg?t
hm 10 4-14x 103 m
B 0.85 -

where we have chosen = 3. The non-dimensional initial conditions are given by
c(x,z,0) =ci(x,z), h(x,0) =hi(x), (2.18i)

wherec; now has a mean value of zero. For a flat and spatially uniforeil{wixed) initial state, the
initial conditions areci(x,z) = 0 andh;j(x) = 1. The additional non-dimensional numbers that appear
are the capillary number Ca and the Marangoni number Ma, feagktare defined as

car HD o SB1=B)pKn

b D (2.19)
In this paper we assume that> 0 so that the Marangoni numbers are positive. However, ibssible
for binary mixtures to have negative Marangoni numberséf $blute has the effect the lowering the
surface tension of the fluid.

To estimate the size of the non-dimensional numbers, we thasparameters values on the evap-
orating toluene-polystyrene systems studied by Bassou &R12009). Their mixtures often had an
initial solvent volume fraction of8 = 0.85 and they imposed an evaporative fluxggfap= 3 x 104
kg-m~2.s~1. With these two parameter values the mass transfer coetflgiecan be inferred via (2.6)
if cis replaced by3. The density of polystyrene and toluene are 1050nkg® and 867 kgm3, respec-
tively, so we approximate the net density of the mixturgnas 1000 kg m~—3. A diffusion coefficient
for their system can be obtained by interpolating the vafoaed in NaNagarat al. (1992). A list of
the physical parameters in our model, along with their v@lagan be found in Table 1.

By inserting these parameter values into the expressiarieéanon-dimensional numbers, we find
that 6, which can be interpreted as the ratio of the diffusive tiroales to the evaporative time scale
hm/km, is bounded between@6 < & < 0.36. This suggests a separation of time scales in the problem
and we will assume throughout the remainder of this papdrdh& 1. The Galileo and Marangoni
numbers can vary by several orders of magnitude owing ta ti@ilinear dependence on the mean
initial film thickness. We find that 14 Ma < 3x 10° and 47< Ga< 1.3 x 10°. The capillary numbers
always remain small, however, and these are boundedd}06® < Ca< 7 x 10~°. The product MaCa
is always expected to be small so we drop these terms frornotineah stress balance (2.18g). Moreover,
we only consider the case Ga 1 in the calculations below.
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3. Analysis

The goal of this paper is to understand how small disturb&mee horizontally-uniform base state
evolve in time. Disturbances that grow indicate the po#iilif an instability in the system. With this
in mind we seek solutions to (2.18) of the form

ux,zt) = u(zt) + ti(z,t)e, (3.1a)
p(x,z,t) = p(zt) + £f(z 1), (3.1b)
c(x,z,t) = C(z,t) + £&(z 1), (3.1c)

h(x,t) = h(t) 4 eh(t)&**, (3.1d)

wheree < 1 is a small parameter representing the initial size of teuddance. Th®(1) contribution
to this solution is called the base state and the associatéables are denoted with bars. TB¢e)
contribution is the disturbance and this is denoted by téegwith tildes.

We insert (3.1) into (2.18) and linearise around sngathus producing a nonline&(1) problem
corresponding to the evolution of the base state, and arlibég) problem that describes the evolution
of the disturbances. This formulation assumes that therthahces remain small enough compared to
the base state for the linearisation to be valid. Thus, weexpur analysis to break down when the
disturbances become so large that nonlinear effects beitopwatant.

3.1 Computation of the base state

The base state is determined from @l) problem, and we find that the fluid problem corresponds to
a hydrostatic situation with solutiom= 0, p = Gah(t). TheO(1) solvent volume fraction satisfies a
diffusion equation

0C=0,€ (3.2a)

with boundary conditions
0,c=0, z=0, (3.2b)
0,6=—[1+0(1-p)c](1-3Bc), z=h(t). (3.2¢)

We assume that the initial base state solvent volume fractioresponds to a well-mixed state, so that
c(z,0)=0.
The free boundary evolves according to

dth=—38B[1+8(1- B)eth(t),b)], (3.2d)

and the initial condition for the base state film thickneds(® = 1.

An analysis of (3.2) shows that there are two time regimegiggroblem. The first occurs when
t = O(1), whereas the second occurs whés large, in particular, wheh= O(6~1). During the first
time regime evaporation leads to the formation of a solubalnolary layer at the upper surface of the
film. This boundary layer grows in thickness until it reacttessubstrate, after which the concentration
profile begins to settle into a quasi-equilibrium. Up to th@nt the mass loss due to evaporation has
not been large enough to cause a significant decrease inrhéhfitkness. The second time regime
describes the quasi-static evolution of the solvent andhina@ing of the fluid layer.
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For very small times it is possible to obtain a closed-forrmpression for the growing boundary
layer. We suppose that 1 and we define a fast time given By= 6%, whereqg > 0. On this time
scale the film thickness remains constant to leading ordesHh(t) = 1. We expect a boundary layer
in the solvent volume fraction at the free surface so we deos®the solution into two parts: an outer
solution valid near the substrate and in the bulk, and arrisoletion valid near the surface. The outer
solution is given trivially byc(zt) = 0, and to find the inner solution we first scale the solventmau
fraction asc = 3%2¢ and letz= 1— 3%2n. The leading-order problem far is given by

(9T¢ :drmd’a (3-3)

subjecttod,¢ =1 atn =0,¢ — 0asn — o, andg =0atT = 0. The solution to this problem can be
found using a Laplace transform and the uniformly-valid posite solution is given by

az,t)(lz)erfc<1\/_4tz) %e*(l’z)z/‘“, t< 1 (3.4)

The solutions for larger times are discussed in detail byrtdssy & Minch (2013), so we only give
an overview of the results here. Whea: O(1) the solution can be found using a Fourier series and it
is given by

1 1 2 2 (-1 2,2
Czt) =22 —t+— S ~—>—e ""tcognmz) 4+ O(d), (3.5a)
6 2 s nZl n?

h(t) = 1+ 0(8). (3.5b)

The boundary layer solution in (3.4) is, in fact, containdthim this solution, so that (3.5) provides a
complete description of the solution in the first time regime

The solution in the second time regime is most convenientiten in terms of the slow time = dt.
The solvent volume fraction is given by

Sz1) =51 (hé?(;)l) - % F(0)2+E(1) + 0(8), (3.62)

whereE is an unspecified function of the slow time (it is not needethalater problems) that satisfies
E(0) = 1/6. The functiorF, which is measure of the gradient in the solvent conceptmats given by

h(t)-1+pB
F(1)= ————. 3.6b
The leading-order film thickness is given implicitly by
h—1+(1—B)log <W) S (3.6¢)

The asymptotic solutions to the base state are compareditenal solutions in Figure 2 for the
example parameter valugs= 0.85 andd = 0.01. Although this hypothetical value @ is slightly
smaller than the experimental values from Bassou & Rhafii¥®, we find that increasing does not
affect the qualitative features of the dynamics. The nucaéscheme is based on a method-of-lines
approach where spatial derivatives are discretised usiitg filifferences and the resulting equations
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FiG. 2. Numerical (solid lines) and asymptotic (symbols) sohs to the base state problem. (a): The short-term behawiou
the base state solvent volume fraction showing, in pasicthe growth of a boundary layer from the surface of the flayer.
(b): The quasi-static evolution of the solvent volume fiawet (c): The evolution of the film thickness. The asymptstdution in
(3.4) is used in panel (a), whereas the O(5~1) asymptotic solution given in (3.6) is used in panels (b)-Rarameter values
aref3 =0.85 andd = 0.01.

are treated as a system of ordinary differential equati@i3Hs). Figure 2 (a) shows the asymptotic
solution for small times given in (3.4) and it highlights tfast growth of a solutal boundary layer from
the free upper surface. The quasi-steady solution to thesbl/olume fraction (3.6a) is presented in
Figure 2 (b), and it can be seen that the concentration psafifeer mainly by an additive constant. The
evolution of the film thickness and a comparison of the qstesdy solution (3.6¢) is shown in Figure
2 (c). From the figure it can be seen that the film thickness irsnelatively constant up up ©(1)
times, after which it slowly decreases to its equilibriuntuesof 1— (3.

Throughout the remainder of the paper we neglect the faslitiansients in the base state and we
consider only its quasi-steady evolution. That is, we asstinat the base state solution is given by (3.6)
for all time. As Figure 2 shows, this solution captures mutthe base state evolution, even fo(1)
times, so this is not too unrealistic of an assumption. Megeothe slow evolution of the base state
can be exploited to simplify th®(e) problem for the perturbations and in particular, it willeall the
problem to be solved using asymptotic methods for slowlysivg problems.

3.2 Linear stability

The O(¢) problem describes the linear stability of the base statee @drturbation to the horizontal
velocity U can be eliminated from this problem via tl¥¢) incompressibility condition which reads
ik(+ d,W = 0. The remaining bulk equations for this problem can be amitis

—k?f+ 07,0 =0, (3.72)
—0,p— K*W+ 3, = 0, (3.7b)
HE+WI,C = —K2E+ 3,L, (3.7¢)

and these are subject to the boundary conditions

W =0 W=0d,E=0 (3.7d)
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atz= 0. The corresponding boundary conditions at the free seirdiae linearised about the base state
film thickness and therefore, at= h(7), we impose

W— ah=6%B(1- B)[E+ (a.0)h], (3.7¢)

(0, £)h+ 0,6 = —8[1— 2B — 25B(1— B)T][E+ (aC)h], (3.7)
— P+ 20 = —(K’Ca * + Ga)h, (3.79)
O W+ K2W = —k?Ma[&+ (8,C)h]. (3.7h)

The pressure disturbanpecan also be eliminated from this problem by combining (3af&) (3.7b) to
yield p = k~20,,3% — d,W. This implies that (3.7b) can be written as

(05— K2)2W =0 (3.8)
and the boundary condition (3.7g) becomes
— 02+ 3K20 W = —k?(K2Ca t + Ga)h. (3.9)
Initial conditions for the problem are given by
&(z,0)=¢&(z), h(0)=Hh;. (3.10)

Throughout the remainder of the paper we neglect tern@ 8§ and higher that appear in the linear
stability problem (3.7) and in particular, in its boundapnditions, which is asymptotically consistent
with using a solution for the base state thaDid) accurate.

3.2.1 Frozen-time analysis In the frozen-time analysis we treat the slow timas a parameter and
not as a time variable. The interpretation of this approxiomais that if the base state evolves slow
enough then it looks approximately constant. This can beenaggmptotically rigorous by treating

as a time variable, taking the lim& — O with t fixed andt = dt, and then considering the leading-
order problem. Under this assumption the linear problerergin (3.7) becomes autonomous and the
dynamics can be deduced from an eigenvalue analysis. Tleuse@k solutions of the form

W(zt) = Ww(z 1)t (3.11a)
&zt) =&z 1), (3.11b)
h(t) = h(t)e* ™, (3.11c)

where A is an eigenvalue corresponding to the instantaneous gnatehof the disturbances at time
T. Inserting (3.11) into (3.7), using (3.2) for the base statel neglecting th®(d) terms yields the
eigenvalue problem given by

(0, K?)2W =0, (3.12a)
Ae—F2l = —K?E+ 3,4, (3.12b)

where ther dependence of andF has not been written for brevity. Boundary conditions fasth
problem are

W= =0d,6=0 (3.12¢)
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along the substrate= 0 and

W—Ah=0, (3.12d)
—Fh+d,6=0, (3.12e)

— 0y W+ 3K20 W = —K?(K2Ca 4 Ga)h, (3.12)
O+ KAW = —Mak?(¢— Fhh), (3.129)

at the linearised free surfage= h(1).
To simplify the eigenvalue problem in (3.12), we rescalevthgables and parameters in a manner
similar to Hennessy & Ninch (2013) by letting

z=h(1)¢, k=h"(1)a, A=h2(1)0, (3.13a)
W=F YDh3(1)W, &=¢, h=F Y1t)h *(1)h (3.13b)
The corresponding rescaled eigenvalue problem is given by
(97¢ —a%)W=0, (3.14a)
o~ (W= —a’¢+ ;¢ (3.14b)
The boundary conditions gt= 0 read
W= de: dzé: 0, (314C)
and at{ = 1 we have
W—oh=0, (3.14d)
~h+9;6=0, (3.14e)
—0;7¢W+ 3820, = —a?(a’C ' + G)h, (3.14f)
7o Wi+ a2 = —a?M(&—h). (3.149)

The numberdM, C, and G that appear in the boundary conditions denote effectivee-tilependent
non-dimensional numbers given by

M=F(1)h(t)Ma, C=h"%1)Ca G=h%(1)Ga (3.15)

WhenTt = 0 these numbers are equivalent to the original non-dimeasjgarameters Ma, Ca, and Ga.
The T dependence now enters this problem through the rescaleeihwembera and the effective
non-dimensional numbefs, C, andM. Thus, understanding how the stability of the base statveso
under changes im is equivalent to understanding how the eigenvatuehanges witha, G, C, and
M. From the rescaling in (3.15) and the definitionFofn (3.6b) we have that the effective Marangoni
numberM monotonically decreases to zerolas> 1 — 3. Thus, the destabilising Marangoni stresses
weaken as the system evolves and we expect that the systeavevitually stabilise.
An examination of (3.14) shows that the problem for the eattivelocityw decouples from the
solvent problem and thus it can be solved to find

W(Z) = WA (&) +Wk(2)h, (3.16)
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whereW; andW are complicated functions df, the parameters, and the wavenuméerhis solution

can be inserted into the bulk equation for the solvent volénaetion (3.14b) which can then be solved
to obtain

€(¢) =Cycosial) +Cysina() +/01 EW(E)D(&;Q)dE, (3.17)

whereC; andC; are constants of integration? = o + a2 is related to the eigenvalue, advis a Green’s
function defined as

cosha({ —1))cosHaé) 0< &<

P(&;¢) = Cosy(a(afs_ml) CZ:)OSI’(GZ) r<f<t (3.18)

asinh(a)

By inserting the solutions fow andc’into the boundary conditions (3.14c), (3.14d), and (3.14a}

by evaluating (3.17) af =1, a linear system can be obtained for the four remaining onvkisCy, Co,

h, andc{1). Setting the determinant of this linear system equal to peswides an additional relation
that can be used to compute the eigenvalmeand in practice this highly nonlinear equation is solved
numerically.

3.2.2 Asymptotic analysis If the base state is “unfrozen” so thatis treated properly as a time vari-
able, then it is possible to construct an asymptotic sabuticthe non-autonomous linear stability prob-
lem (3.7) using the method of multiple scales (Kevorkian &&;4996) or using the WKB approxima-
tion (Bender & Orszag, 1999). These solutions will be umifiyrvalid over long periods of time. Both
cases begin by first eliminating so that (3.7) (without it©(4) and higher contributions) reduces to an
evolution problem of the form

a0 =L(1)U, (3.19)

whereL is a slowly varying linear operator at#(zt) = [&(zt),h(t)]T. We write the boundary condi-
tions asB(r)U~: 0, whereB denotes a linear boundary operator, and the initial camtad] (z,0) =
Ui (Z) = [Ei (Z), hi]T.

The two different asymptotic treatments of this problemgiven in Appendix A so the details will
not be presented here. The results of the two methods araithe snd in both cases the solutldns

written as an eigenfunction expansion of the form
Uzt) =S aitiv(z 1), (3.20)
=1

wherev; denotes thé-th eigenfunction which satisfies
L(T)vi = Ai(T)v, (3.21)

with B(7)v; = 0 on the boundary. The normalisation of these eigenfunstighbe discussed below and
the eigenvalues are labelled according to the size of teairpart; R¢A1} > Re{A2} > ... > Re{An}
asnh — oo. Note that the eigenvalues and eigenfunctions of (3.21ytgxaorrespond to those of the
original frozen-time problem (3.12).
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The asymptotic expression for the coefficieatsn (3.20) are given by

lof ('[) = a“eTl ) +9d 2 /\ajlwij(r) eTJ (t)
ds— e +0(s?), (3.22)

T *)\I(T)
*5; A ® X0 -40)

r VJ| (s) aiji ¥ (0)
where thel; represent additional fast and slow times defined as

ot
Tit)=6"1 /0 A(S)+ oy (s)]ds, 1=12,.... (3.23)

Furthermoreq;; denotes the initial value af,, defined asy; = (v;‘,t]i>T(O), and they; are related to
the slow-time derivatives of the eigenfunctions,

Vil (1) = — (v, 9w (7). (3.24)

Here the dagger denotes complex conjugatigris thel-th adjoint eigenfunction, and,-) is the -
dependent inner product which is defined for two functions- [¢j(2),h;]T, j = 1,2, as

(U1,05) (1) = /0 " &1(2)8}(2) dz+ F2(T)h*(1)he . (3.25)

This unusual choice of inner product is made because it altbe rescaled frozen-time eigenfunctions
in (3.14) to be used in the calculation of inner productsaastof the original eigenfunctions in (3.12).
This can be seen by transforming the functidhsandU, in (3.25) into two new functlong,JJ =
[€i({),h ] , ] = 1,2, using the rescaling in (3.13). The inner product in (3&5) then be written as

(01,0} (1) = (1) [ JRASCISEI TN (3.26)

The rationale behind this approach is that it is computafigradvantageous to use the rescaled eigen-
functions instead of the original ones.

With the inner product defined we can state the normalisatooditions for the eigenfunctions and
their adjoints. These are given by

M(T) =1 (Viow)(T) = &, (3.27)

wheredy denotes the Kronecker delta.

The expansion given in (3.20) and the approximation in (Bc2@stitute an asymptotic solution to
the linear problem given in (3.19), and it is expected to Hel\@ovided the eigenvalues remain well
separated for all time. Merging or crossing of the eigerealtequires a separate asymptotic treatment
and we do not consider this case here. A discussion abouttheagy of this asymptotic solution, as
well as some convergence studies, can be found in Hennessyr&i2013).

4. Results

We divide the results into three main subsections. Firstjrtial stability of the system is explored by
settingt = 0 in the rescaled frozen-time eigenvalue problem (3.14)camaputing curves in parameter
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space for which the real part of the largest eigenvalue isletguzero. In time-independent stability
problems these curves are referred to as neutral stahilityes, and we adopt the same terminology in
this paper. Moreover, we refer to the eigenvalue with thgdsrreal part as the top eigenvalue.

The neutral stability curves separate parameter spacaégtons where the real part of the top
eigenvalue is either positive or negative and, in the cdrtkthe frozen-time analysis, they can be used
to identify regions of parameter space where the base statestantaneously stable or unstable. In
the case when the base state is unstable, these curves cdealsed to infer which instabilities are
occurring at that set of parameter values.

Secondly, once the initial stability of the problem is urgleod, we then attempt to infer how the
stability evolves over long times by examining how the nalgtability curves change with. Finally,
we explore the long-term evolution of disturbances diseating the asymptotic solution presented in
Section 3.2.2.

4.1 Initial stability of the system

We begin by setting = 0 and computing the neutral stability curves which we wri®la= M(a;C, G).
In this form they describe, for a give® and G, the Marangoni numbevl that must be exceeded for
a disturbance with wavenumbarto grow. Alternatively, for a given value d¥l, these curves enable
one to determine the wavenumbers of any growing disturlsanBg combining these two views, it is
possible to determine the value Mfthat must be exceeded for any disturbance to grow at time0,
and hence it possible to ascertain the initial stabilityhaf system.

The stationary neutral stability curves corresponding weeo top eigenvalue can be computed
analytically and are given by

M — 12a3(sinh 22— 2a)(a’C 14 G) @.1)
~ [3acoshasinha— (2a2+ 3)a2 — 3sinlf a-+ 3a3cotha] (a2C~1 + G) + 24a5(a— cotha) '

In the limit C — 0 or G — oo, corresponding to strong surface tension or strong graregpectively,
(4.1) reduces to

M. — 12a%(sinh 22— 2a)
" 3acoshasinha— (2a2+ 3)a? — 3sinifa-+ 3a3cotha’

4.2)

which recovers the results from Hennessy &ith (2013) for non-deformable fluid layers. This limit
will be discussed in more detail below. For finlleandC > 0 we also havé ~ M., for a > 1. Thus,
for large wavenumbers the dynamics of this system are eggeotbe similar to those when the free
surface is non-deformable.

The limiting neutral stability curve in (4.2) is shown as taid line in Figure 3, and this curve
separates th@, M) plane into two distinct regions. For Marangoni numbers \wete critical value of
80, the top eigenvalue of the frozen-time linear stabilitglpem (3.14) is always negative and hence
the base state is always stable. HoweverMor 80, there is a band of wavenumbers:@ < a; (M)
for which the top eigenvalue has a positive real part and #se Istate is unstable. The wavenumbers
a; are those that lie on the neutral stability curve. Moreotrertop eigenvalue is always real when the
free surface is held flat and there are no oscillatory inktilsi (Hennessy & Minch, 2013).

The behaviour of the stationary neutral stability curve @) wavenumbers changes drastically
when bothG < « andC > 0, which is shown by the dashed line in Figure 3 for the exarpptameter



DYNAMICS OF A SLOWLY EVAPORATING SOLVENT-POLYMER MIXTURE 17 of 39

300
2501
2001 a4/
[ |

= 150F

100+ \ i |
@ M,

FIG. 3. Neutral stability curves for non-deformable systenddigsblack) and deformable systems (dashed and dashed-dot)
The solid and dashed curves correspond to locations in gdearspace where the top eigenvalue is zero. The dashedhdot |
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FIG. 4. The dependence of the top two eigenvalues on the distceh@avenumber for various effective Marangoni numberg Th
values ofC andG are chosen to coincide with the neutral stability diagrarfigure 3, thus<C = 0.01 andG = 100. Each value
of M illustrates a qualitatively distinct behaviour of the eigalues and each behaviour characterises a subregion pétteal
stability diagram. See text for full details. The definitsoof theR,; are given in (4.5).
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valuesG = 100 andC = 0.01. In this case the denominator of (4.1) has a zero while tleemator
remains positive, resulting in a singularity in the neustlbility curve whera = ag ~ 0.7. This sin-
gularity divides the neutral stability curve into two secis, and the behaviour of the neutral stability
curves near this point can be characterised by the follotumnigs:

lim M(a;G,C) = —c, lim M(a;G,C) = +oo. (4.3)

a—as a—ad

Thus, the neutral stability curve to the right of the singityeexists only in the upper-quarter plane and
it resembles the shape of a “u” where the left branch is caim&td by the vertical asymptote atand
the right branch tends towards (4.2) for lamyeThe shape of the curve implies the existence of a band
of unstable wavenumbers with positive top eigenvaluesngiseas < ax(M) < a < ag(M). Moreover,
there is a critical value d¥l = Ms ~ 82 such thaty(Ms) = ag(Ms), and this corresponds to the minimum
of the neutral stability curve in the upper-quarter plane.

The other section of the stationary neutral stability cuige to the left of the singularity and it
corresponds to negative values of the Marangoni numbethoAgh this indicates the presence of a
stationary instability whei < 0, we do not investigate this situation here.

To explore the dynamics of the system to the left of the sigiyl and in particular, for small
wavenumbers, we compute a long-wave expansion of the top eigenvalue liyngiit as a power
series ofa and then expanding its characteristic equatiorafer 1. We find that the top eigenvalue has
the form

0 ~ +iaoy +a’0; +ia’os +a*os + 0(a°), (4.43)
where
o1=\/M/2, 0=5M/48—1/2—G/6. (4.4b)

This expansion is valid fo < min{M/2, G-%/2, C~1/4}. The functionsoz andoy are complicated and
no insight is gained by writing them here, although we nott they are real valued whéh > 0. From
this expansion it can be seen that fdr> O the leading-order part of the top eigenvalue is complex
and asM is increased beyontll, = (24+ 8G)/5, the leading-order contribution to the real part of
the eigenvalue changes sign. This indicates there is anothéral stability curve corresponding to
the locations in parameter space where only the real patieotdp eigenvalue is zero. The small-
wavenumber approximation to this curve can be found by sgltie expressiot, + a0z = 0 for M,
and for larger values d it can be computed by a numerical continuation scheme.

The oscillatory neutral stability curve is shown as the édstot line in Figure 3. This curve
increases monotonically withfrom its value oMy = 165 whera = 0 until it collides with the left-most
branch of the stationary neutral stability curve whnr= 253. Thus, foM > 165, we expect there to
be a band of wavenumbers with complex conjugate eigenvalitbositive real part, thus signifying
the presence of an oscillatory instability in the system.

To understand when each mode of instability occurs and faclhwivavenumbers, we examine the
neutral stability curves shown in Figure 3. These curvegldithe parameter space into four regions,
each of which corresponds to a distinct behaviour of the igprealue as the wavenumbeeis varied.
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These regions are characterised by the effective MaramgonberM and are given by

Rs={M:0<M < Mg}, (4.5a)
Ru1={M: Ms<M < Mo}, (4.5b)
Ri2={M: My <M <253}, (4.5c)
Ruz={M:253<M}, (4.5d)

whereMs ~ 82 andM,, ~ 165 denote the Marangoni numbers associated with the ohibet stationary
and oscillatory instability whe@ = 100 andC = 0.01, respectively. IfiRs the real part of the top eigen-
value is always negative and hence the base state is stalfese values of the Marangoni number. In
the three other regiorR,;, i = 1, 2,3, the real part of the top eigenvalue is positive for someamnawm-
bers. However, the top eigenvalue exhibits markedly difiébehaviour within each of these regions.
This is demonstrated in Figure 4, where the dependence obphvo eigenvalues on the wavenumber
is displayed for three exemplary values of the Marangoni memthat characterise each of the three
regions. From this figure we see that the top eigenvalueshaesysia complex conjugate pair for suf-
ficiently small wavenumbers, but as the wavenumber incestimeimaginary parts eventually vanish,
causing a transition where the complex conjugate pairssiplib two real and distinct eigenvalues. The
sign of the real parts for small wavenumbers and the signeoféhl part when the transition happens
distinguishes the three regions.

In the regionR, 1 (Figure 4 (a)), the complex eigenvalues always have negatial parts includ-
ing when they undergo the transition to real eigenvaluegerAhis transition happens, the largest of
the two eigenvalues grows to become positive, giving risthéostationary instability that occurs for
wavenumbers in the range(M) < a < ag(M).

The behaviour of the top eigenvalueRy» (Figure 4 (b)) is very similar to ifR, 1, except there
is now a small band of wavenumbers given by:@ < as(M) where the real parts of the complex
eigenvalues are positive. Far> a4(M) the behaviour of the top eigenvalue is qualitatively ideaitio
in Ru1-

The regiorR, 3 (Figure 4 (c)) is defined by the fact that the complex eigaresblways have positive
real parts. Thus, when the transition to real eigenvaluesrpthe largest grows to become even more
positive, whereas the smaller of the two decreases, evgnhe&coming negative whea is increased
beyondax(M).

From the analysis of the eigenvalues in these regions, wecoadude that only the stationary
instability occurs irR, 1, whereas both modes of instability occurRp, andR; 3.

We now revisit the non-deformable limit by studying how treautral stability curves collapse onto
the My, curve when surface tension or gravity is strong, i.e., w8er 0 or G — oo, respectively.

It can be shown that the location of the singularity in thaistery neutral stability curve is given
approximately byaZ ~ (—GC+ +/G2C2 +480C)/2 whenC < 1 or G > 1 or when both of these are
true. Furthermore, the wavenumber that marks the minimutheo$tationary neutral stability curve is
given bya. ~ (4725/G)Y* whenG > 1 anda, ~ (945@C)Y/® whenC < 1. Therefore, whe© — 0
or G — oo, both the singularity and the minimum of the stationary redudtability curve tend towards
a=0. The implication is that the entire left branch of this airve., the branch defined by, effectively
vanishes in this limit. Moreover, because the oscillatogytral stability curve exists in the region to
the left of theay branch, it is eliminated in this limit as well. Thus, @s\, 0 orG " «, the region of
complex eigenvalues with positive real parts graduallyniisruntil it is completely eliminated.
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4.1.1 Competing modes of instabilityWhen the parameters are setGe= 0.01 andG = 100, the
previous analysis has shown the existence of complex eafjgew with positive real part when the
disturbance wavenumber is small. While this does indida& it may be possible to observe long-
wavelength oscillatory instabilities in the system, it ispiortant to remember that for a given set of
parameter values, the dominant mode of instability, iféhierone, is determined by the eigenvalue that
has the largest real part over all of the disturbance wavéeusrand the corresponding eigenfunction.
Thus, an examination of Figure 4 reveals that, at leashihjtian oscillatory instability is unlikely to
be observed because the real parts of the complex eigesvataealways much less than the purely
real eigenvalues. To reverse the situation so that thelateril instability is dominant, the complex
eigenvalues need to have real parts that are larger thanutbl/ peal eigenvalues. However, given that
the real eigenvalues appear to grow much more rapidly Mithan the complex eigenvalues (see Figure
4), itis difficult to satisfy this condition if both instalities occur simultaneously for a given Marangoni
number. This suggests that the oscillatory instabilitykiely to be dominant only if its onset occurs at
lower values of the Marangoni number compared to the statjomode. We now investigate whether
such situations actually arise.

The Marangoni numbers that are associated with the onsbedhstabilities are characterised by
the minima of the stationary and oscillatory neutral stgbdurves. The locations of these two minima
depend on the other parameter of the system, namely theiedfé€galileo and capillary numbeis
andC, respectively. Thus, by tuning these parameters it shoelgdssible to induce the oscillatory
instability before the stationary one. We denoteMyandMs the Marangoni numbers that correspond
to the minima of the oscillatory and stationary neutral gitgbcurves, respectively. As previously
mentioned, the oscillatory neutral stability curve canpgraximated for small wavenumbers by solving
the equations, + a04 = 0 for M, where theo; are defined in (4.4). It can be shown that the oscillatory
neutral stability curve has a local minimumat 0, and direct numerical calculations of this curve
shows that this point is, in fact, the global minimum. Theref we have

Mo = 24+BG. (4.6)
5
The minima of the stationary neutral stability curves cartheory, be found directly from (4.1). How-
ever, the wavenumbers that minimise this curve satisfy ebemsome transcendental equation and hence
they must be found numerically.

The parameter dependence of these two minima is shown ine-lga). In particular, both of
these minima are plotted as functions of the Galileo nun@eand several plots dfls are shown for
different values of the capillary numbé&: Thus, for a given value o andG, this figure shows the
two critical Marangoni numbers that correspond to the ons#te two types of instability. Parameter
regimes where only the oscillatory mode of instability ascoan be identified as those which satisfy
Mo(G) < M < Ms(C,G). An examination of Figure 5 (a) shows that for each valu€ofhe curves
Mo = Mo(G) andMs = Ms(G) always intersect at one particular value@fdenoted byG,. Moreover,
for G < Gp(C), the conditionM, < Ms holds. The dependence Gf onC is shown in Figure 5 (b) and
the region under this curve corresponds to the parameteneeghere the oscillatory instability can
potentially be isolated. The non-monotonicity®§ arises because the growthMg§ with decreasinC
(for fixed G) is not monotonic either. As can be seen from Figure 5 (a)edesingC from 101 to 103
increasedVis to approximately 84 for alG. However, as the non-deformable limit must be recovered
as surface tension gets arbitrarily strong, we have that> 80 asC — 0, i.e., Mg eventually begins
to decrease. Setting, = Ms = 80 and solving foiGy, yields Gy ~ 47, which is the asymptote that is
approached in Figure 5 (b) &is decreased to zero. For capillary numbers in the rahgel102,
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FIG. 5. Left (a): Critical Marangoni numbend as a functions of the effective Galileo numi@rand the effective capillary
numberC. The solid black line denotes the Marangoni numbers assatiaith the onset of an oscillatory instability and is
given analytically by (4.6). The dashed lines with symbasate Marangoni numbers associated with the onset of stagio
instabilities. For each value @fthese curves intersect at one particular valu€ oenoted byG,. Right (b): The dependence of
the functionGp on the capillary numbe€. For G < Gy, the inequalityM, < Ms is satisfied. Thus, the region below this curve
corresponds to parameter regimes where it is possible yoimahlice the oscillatory mode of instability.

we have thaGy, is always greater than 47 and the onset of the stationamgtiitisy occurs forM > 80.
Thus, the following rule of thumb can be established: théstary instability can be suppressed and
the oscillatory instability can be induceddf G andM are chosen such that

C<10? G<47, Mo<M <80. 4.7

For small but moderate values®©fi.e., for 102 < C < 1, the value o5, will be less than 47 and the
upper bound oM will have to be replaced by its corresponding valud/gf If G > G, , or if M > M,
the stationary instability is expected to dominate, if itors at all.

4.2 Evolution of the neutral stability curves

Having identified the regions of parameter space where tbilaisry instability is initially dominant,
we now seek to understand how these regions evolve with esaingthe slow time variable. Of
particular interest is determining the persistence ofélgéon where the oscillatory instability dominates,
as this will be important for assessing how likely it is foistinstability to be observed experimentally.

The evolution of the stability regions can be monitored tigho thet dependence of the neutral
stability curves. This dependence can be introduced in gipaly intuitive manner by replacing the
effective non-dimensional numbekd, C, andG with their original, time-independent, counterparts
givenin (3.15). In this case the neutral stability curveslsa written in terms of the original parameters
as

Ma=F~*h~3M (hkh~1Cah®Ga), (4.8)

where ther dependence df andF has been omitted for brevity. For stationary neutral sitghilurves
theM in the above equation is given by (4.1), whereas the osmilfateutral stability curves are com-
puted numerically. In the discussion that follows it is cenient to parameterise the slow evolution of
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the neutral stability curves accordingtiagnstead ofr. The two parameterisations are equivalent owing
to the monotonicity of the functioh(T). _

An example of how the neutral stability curves evolve with base state film thicknekss shown
in Figure 6. The parameter values are€8.01, Ga= 30, andf3 = 0.85, and they are chosen such
that there is a band of Marangoni numbers<58/a < 80 for which only the oscillatory instability
occurs wherr = 0. The figure shows that &sdecreases (corresponding to increagipghe stationary
neutral stability curve moves upward which suggests thathiese values of Ca and Ga, the instability
is weakened as time progresses. This can be seen by fixingeaeMa that lies above the minimum
of the initial stationary neutral stability curve. Asincreases the stationary curve moves upwards and
eventually its minimum will grow beyond the fixed value of Maerefore implying that the stationary
instability no longer occurs for this value of the Marangnnmber. Interestingly, the situation for the
oscillatory neutral stability curve is the opposite, atsteiitially. That is, Figure 6 shows that &s
decreases, the oscillatory curve moves downwards, thugestigg an amplification of this instability.
This amplification can be verified by transforming the longve eigenvalues given in (4.4) into the
original frozen-time eigenvalues via the rescaling in 83.and (3.15), which shows that the real part
increases ag is increased from zero. The downwards motion of the osoifjaturve also means
that some Marangoni numbers that are initially in the stagigme, i.e., those below the value of 53,
can enter the unstable regime. The decrease in the osgilletiove is only temporary, however, and
eventually it begins to increase. Agends towards its steady state value ef &, both neutral stability
curves tend to infinity.

The behaviour of the neutral stability curves can be cagtbseplotting how their minima evolve
with h, and Figure 7 (a) shows this for the case described above G&er0.01, Ga= 30, and3 = 0.85.
In the figure M@ and Mg denote the critical Marangoni numbers associated with thgosary and
oscillatory neutral stability curve, respectively. Thenaifor Ma, can be obtained analytically by
rescaling (4.6) to yield

Mao

B <?usﬁeﬂ7 4.9

" h-1+8 5

and Ma is found numerically. From the figure it is easy to see tha iMereases with time whereas ya
decreases until ~ 0.46, after which it starts to increase rapidly. This behawtwas important physical
consequences as it implies that the initial band of Marangombers for which only the oscillatory
instability occurs is preserved throughout much of the etioh. Thus, if an experiment is performed
that has a Marangoni number within this band, the osciljatostability will not become dominated
by the stationary instability, nor is it expected to quickhabilise. In contrast, the monotonic increase
of Mag with time indicates that the stationary instability willigkly stabilise unless the Marangoni
number is much larger than Ma

An analysis of the analytical expression for jgiven in (4.9) reveals that the oscillatory neutral
stability curves do not always have to decrease initialtyfalct, there is a relationship betwegrand
Ga that determines the initial behaviour of this curve. Ifthimk of Ga as being fixed for a given set
of experiments, then it is possible to define a critical valtithe initial solvent volume fractiof that
separates the two behaviours. In particular, we let

13+ Ga

=3 e (4.10)
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and if Ga> 3/2, then values of such thatB; < 8 < 1 will yield an initially decreasing oscillatory
neutral stability curve. In the case when &8/2 the curve always increases. When$dl., as in the
case of the experiments by Bassou & Rharbi (2009), we favel/3. Figure 7 (b) shows an example
of Ma, increasing with time for the example parameter values of£@a01, Ga= 30, andf = 0.25.
The value off; in this case if3. ~ 0.37.

The results from this analysis indicate that if Ga is chosahat there is an initial band of Marangoni
numbers for which only the oscillatory instability occursdaf 8 is above the critical value defined in
(4.10), then this band of Marangoni numbers will indeed igefer some time, provided that Ma
increases witlt. While it is not easy to formulate analytical conditions athguarantee the increase of
Mas, numerical experiments in the regime €al have suggested this is always the case.

4.3 Disturbance evolution

The analysis based on the frozen-time method has shownekerure of an oscillatory instability and it
enabled us to identify regions in parameter space wherétebility temporarily dominates. We now
use refined methods to study the evolution of disturbance®ie detail. More specifically, we examine
the amplification of disturbances over long periods of tirsieg the asymptotic solution in Section 3.2.2
and by numerically solving (3.19) as an initial value prableThe numerical scheme is similar to the
one used for approximating solutions to the base state;esigadiscretised using second-order finite
differences and the resulting problem is treated as a syst&DESs. We use the long-time asymptotic
solution for the base state (3.6) in the numerical soluticthe linearised problem to be consistent with
our previous analysis. The effects of including transiémthe base state are discussed in Hennessy &
Miinch (2013). Using the asymptotic and numerical solutitmesamplification of a disturbance at time
t is defined as

~ max{||&(z,t) }e, [A(t)]}
A = a6 @ Il i}

(4.11)

where|| - ||~ denotes the usual max norm over the spatial domain. Geyetta! initial condition for
the disturbance is chosen to be the top eigenfunction attim@®. This choice is expected to produce
near-maximal amplifications by minimising the contribusdrom subdominant modes. The asymptotic
solution in Section 3.2.2 is truncated and only the first twamles are considered. This allows us to deal
with the case when the top eigenvalues are a complex comjygdt and both corresponding modes
need to be included in the asymptotic solution.

We first investigate the disturbance amplifications thatltédsom the oscillatory instability. We set
Ma= 70, and take the other parameters to be

Ca=00l, Ga=30, B=085 &=00L (4.12)

These parameters correspond to the situation shown ind-&ywhere disturbances with wavenumbers
that satisfyk < 0.31 are expected to grow in an oscillatory fashion until th&tem begins to stabilise.

Figure 8 shows the evolution of the top two eigenvalues, #a part of disturbance to the film
thickness measured relative to its initial value, and tistudbance amplification when the wavenumber
is set tok = 0.21. This particular wavenumber is chosen because it caynespto the eigenvalue with
the largest real part when= 0. For these parameters values the disturbance is amplifietbbe than
three orders of magnitude before the system begins to isebihich may be large enough for this
instability to be observed experimentally.
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An examination of the top eigenvalues in Figure 8 shows tietbmplex conjugate pair eventually
splits into two distinct real eigenvalues because the imagi parts tend toward zero after an initial
period of growth. This influences the behaviour of the oatidhs and it explains the behaviour of
the disturbance to the film thickness in the middle panel gtifFé 8. More specifically, the increasing
magnitude of the imaginary part of the eigenvalue leads in@ease in the oscillation frequency, but its
eventual decay to zero causes the frequency to decreabthamscillations are completely suppressed.

As the imaginary parts of the top eigenvalues tend toward, 2ee distance between the two eigen-
values decreases as well. At the point where the imaginanyvaaishes, the two eigenvalues are
identical and thus, the asymptotic solution in SectionZtiteaks down. This can be clearly seen in
Figure 8; in particular, as the critical value ofs approached the asymptotic solution diverges. Before
this breakdown occurs, however, the asymptotic solutiotthes the numerical simulation with a very
high degree of accuracy. The stabilisation of the systemthedong-term dynamics are accurately
captured, and the error in the maximum amplification is lbags 0.1%.

For larger values of Ma that still satisfy MaMas, the maximum disturbance amplification caused
by the oscillatory instability can be further increased leltihe onset of the stationary instability is still
inhibited. Thus, by increasing Ma up to this critical valtisipossible to strengthen the oscillatory insta-
bility while maintaining its dominance. For Ma Mas the stationary instability also occurs; however,
the frozen-time analysis suggested this instability gyiskabilises which might allow the oscillatory
instability to remain dominant. Indeed, when Ma0, keeping the other parameters as in (4.12), the
oscillatory mode with wavenumbé&r= 0.3 is amplified by more than four orders of magnitude, whereas
the maximum amplification of a stationary mode with wavenankib= 1.52 is less than eight times its
initial value. The wavenumbdr= 0.3 maximises the real part of the complex eigenvalues vihero,
andk = 1.52 maximises the purely real eigenvalues. As the Marangomber is increased further,
the oscillatory modes still obtain larger overall amplifioas, but the rapid initial growth of the sta-
tionary modes means they obtain larger amplifications incatehamount of time. For example, when
Ma = 100 a stationary mode with wavenumbtker 1.68 obtains a maximum amplification of roughly
5000, whereas an oscillatory mode with wavenumber0.34 has only been amplified by a factor of
about 550 in the same amount time. Figure 9 shows this Situatimore detail. Again, these wavenum-
bers are chosen to maximise the real parts of the eigenvaliest = 0, thus ensuring these modes
have the fastest initial growth. For M& Mas we can conclude that the switch in dominance occurs
not because the stationary modes obtain larger overallificagibns before the stabilisation occurs, but
because they are amplified much more rapidly than the osgilanodes.

The frozen-time analysis predicted that when-530, Ca= 0.01, andB = 0.85, it was possible for
the oscillatory instability to occur for Marangoni numbdhat are less than the initial critical value of
Ma, ~ 53. This raises the question of whether there is a smallécalrMarangoni that could be used
to denote the onset of the instability. In the case when=M&8 andd = 0.01, we find that disturbances
only obtain moderate amplifications with the largest beipgraximately 150. Moreover, the maximum
amplification rapidly decreases with Ma; for example, whea-M45 we have maXA(t) ~ 12 for the
initial disturbances we consider. Therefore, the instiddsl that occur for Ma< Ma, are unlikely to
have any significant physical relevance and the criticaldvigoni number is not expected to be below
its initial value of Mg ~ 53.

We can compare the initial critical Marangoni number of 58tfte example parameters in (4.12)
to the critical value that is predicted when the surface ssia®d to be non-deformable. Hennessy &
Munch (2013) consider this case and they find that the critlale is at least 80. This is considerably



26 of 39 M. G. HENNESSY & A. MUNCH

0.15 2

0.1 1

0.05

Re{\}
Im{\}

-0.05 -2
0

300f [ ]
200 |

= ,
w2 0 / B

Re{}/

numerical
— — -asymptotic ||

_300 L L L L L
0 0.5 1 15 2 2.5 3

6000

numerical
5000 — — - asymptotic

0on

000 [

w B
o
o
o
T

Amplificat
BN
o o
o o
o o

o

FIG. 8. The oscillatory instability. Top (a): The evolution dietreal and imaginary parts of the top two eigenvalues. Midhl):
Evolution of the real part of the disturbance to the film timeks relative to its initial value. Bottom (c): Disturbaraceplification
as a function of time. The asymptotic solution in SectionBt®eaks down and diverges as the imaginary parts of thevages
tend toward zero. Parameter values are-M&0, Ca= 0.01, Ga= 30, 3 = 0.85,5 = 0.01, andk = 0.21. The top eigenfunction
atT = 0 is used as the initial condition.



DYNAMICS OF A SLOWLY EVAPORATING SOLVENT-POLYMER MIXTURE 27 of 39

5000 T T T
——— Stationary
— — = Oscillatory |

4500

4000

3500

Amplification
N N w
o o o
o o o
o o o

:

1500

1000

0 005 01 015 02 025 03 035 04 045 05
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larger than our value of 53, and Figure 5 shows that the aliMarangoni number can likely be made
even smaller by further decreasing Ga. Thus, films with deé&dle upper surfaces are much more
susceptible to Marangoni instabilities, particularly whgravity is weak and surface tension is strong.

5. Application to experiments

The results from the previous section have shown that thentades of instability will always occur
simultaneously for sufficiently large values of the Maramigoumber Ma, but generally in this case
the stationary mode dominates because it amplifies distagzamuch more rapidly than the oscillatory
mode. However, for certain parameters the stationaryhiigtacan be suppressed in the sense that it
occurs at Marangoni numbers that are larger than those déedw®luce the oscillatory instability. This
is found to occur, for instance, when both the capillary aatll€o numbers are small. The correspond-
ing physical situation in this case would have sufficienttpisg surface tension to inhibit the stationary
instability and weak gravitational effects to promote tlseitbatory one. The effects of gravity can be
reduced, for example, by using low-density mixtures or bsfggening experiments in a microgravity
environment.

There are practical limits to how strong the effects of stefeension can be, and this is partly due
to the fact that range of wavenumbers that are in the unstadddlatory regime tends to decrease with
the capillary number. In the extreme case when the capiiangber tends towards zero, this range of
wavenumbers vanishes and the oscillatory instability mgletely suppressed. Thus, if surface tension
is too strong the wavelength of the unstable oscillatory @socbuld be larger than the dimensions of
the vessel containing the mixture. Another aspect to censsdthat strong surface tension will tend to
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reduce the amplitude of surface deflections, perhaps isicig#he difficulty of detecting the presence
of the oscillatory instability.

From the definition of the capillary and Galileo numbers (§2&6) and (2.19)), it is clear that
a simple way to vary the effective strength of surface temsiod gravity is by changing the initial
thickness of the fluid layer. Moreover, from the discussioiSection 4.1.1, the oscillatory instability
has the potential to be dominant when €402 and Ga< 47. Thus, by imposing these conditions
we can determine a range of film thicknesses where the dsciflastability will temporarily dominate
provided the Marangoni number is not too large. This ranggvisn explicitly by

1/3
10D _ < (ﬁ) _ (5.1)
¥ P9

For films that lie outside of this region because they aretiaif gravity causes the onset this instability
to occur at larger Marangoni numbers than the stationatgliigy. If, however,hy, is below the lower
bound in (5.1), then both modes of instability can domindtee dominance is determined by whether
the Galileo number is above or below the particular valug @zfined in Section 4.1.1, and it depends
on the size of the Marangoni number.

If hy is chosen in such a way that the inequality in (5.1) is satisfitten the strength of the
Marangoni effects can be controlled through the evaparatide k,,. For the oscillatory instability
to occur at least initially, the Marangoni number must beatgethan Ma = (244 8Ga)/5. However,
it must be small enough to prevent the onset of the staticimatgbility; thus, Ma< 80 must also be
enforced. These restrictions limit the evaporation rateetbetween the values

<24+86a) uD? 80uD? < D
5 B(1-B)pyehi, B(1-B)pyha, ~ hm’

where the last inequality arises due to our primary assumpiiatd < 1.

To further aid in the observation of the oscillatory instipithe initial solvent volume fractiof® can
be chosen to be larger than the critical valugogiven in (4.10), which requires that Ga3/2. Under
these conditions the critical Marangoni number associaitidthe onset of the oscillatory instability,
Ma,, decreases initially, thus prolonging the duration of tietability.

These results can be discussed in the context of the expagig Bassou & Rharbi (2009) by eval-
uating the inequality in (5.1) using the parameter valugedi in Table 1. For the oscillatory instability
to occur at lower Marangoni numbers than the stationanabiity, the films should have an initial
thickness between 690 nm and 10fh. This range lies slightly outside the thinnest films thatave
studied by Bassou and Rharbi which were 358 initially. In such films the oscillatory instability
would be subdominant which likely explains why only the ista&ry instability was observed in their
experiments.

We can also apply the linear stability results to invesgdghé dynamics of drying paint films; see, for
example, Wilson (1993) and Howiseal. (1997). Although no instabilities are found in these stadie
several observations, namely the crest-to-trough relératis described in the introduction and the
decaying oscillations in numerical simulations, indic#iat the parameters associated with paint films
might be close to the parameter regime where the oscillatstgbility occurs. If we insert the parameter
values from Howisoret al. (1997) into (5.1), we find that the oscillatory instabilityauld be observed
in paint films with an initial thickness between 20n and 298um, provided the Marangoni number
is above the critical value of Ma The paint films studied in the aforementioned referenciésvithin
this range of thicknesses; for examphg, = 60 um is often used as a characteristic value of the initial

<km < (5.2)
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thickness of the layer. According to our theory, howevezsthfilms are linearly stable because of small
Marangoni numbers; we find that Ma1.3 x 10-3 whereas the critical value is Ma~ 5.4. Although
the films have the correct initial thickness for the osdiltsitinstability to occur, they are ultimately
stable which could explain the presence of decaying oficilla and a finite number of reversals.

It would be interesting to perform experiments with evafiatalayers of paint with greater initial
thicknesses and larger evaporation rates. The latter d@uidade possible by, for example, prescribing
an airflow above the layer, although one would have to be icetitat the air does not influence the
dynamics of the film. Both of these factors will lead to lard@arangoni numbers and it might be
possible to surpass the value that is needed to induce tikmsy instability in the system.

6. Summary and conclusion

In this paper the dynamics of an evaporating solvent-potymigture with a deformable surface have
been studied. The evaporation of solvent can lead to ndiemamities in the concentration of solvent
at the surface of the fluid layer and these can induce sutéatsen gradients if the surface tension
depends on the local composition of the mixture. Sufficielatge gradients in the surface tension can
lead to instabilities in the system if they are able to overedhe stabilising effects of viscosity, gravity,
and surface tension.

The onset of instability was investigated mathematicalihin the framework of linear stability
theory. Unlike traditional linear stability problems, thase state is time dependent as a result of evap-
orative mass loss. By assuming that evaporation occurs oach tonger time scale than diffusion,
we find that the quasi-stationary evolution of the base ssateuch slower than the evolution of dis-
turbances to it. We exploit this separation of time scalesttaly the stability of the base state using
frozen-time and asymptotic methods.

The frozen-time method treats the slow time that appearkérbase state as a parameter rather
than a time variable, thus allowing traditional techniqtiresn linear stability theory to be applied.
Using this method is it possible to deduce the instantanstalility of the system over a wide range of
parameter values. The changes in stability that occur dselong periods of time on which the base
state evolves are ascertained using an asymptotic soliltairis uniformly valid for large times. The
asymptotic solution is derived in two different ways usihg tmethod of multiple scales and the WKB
approximation, and it generalises the solution presenyelddnnessy & Minch (2013). We find that
the frozen-time and asymptotic approaches complementahein well, with each method providing
crucial insight into the dynamics that occur within the syst

Our analysis indicates that two modes of instability ocauthie model. One of these is a stationary
mode corresponding to the classic@rrd-Marangoni instability first investigated by Pear§9t68).

In this case, surface tension and/or gravity act to keeputface relatively undeformed. Shear stresses
due to surface-tension gradients cause fluid near the sutdaffow from regions of low surface ten-
sion to high surface tension, i.e., from solvent-rich toseat-depleted regions. Conservation of mass
requires fluid to rise beneath regions of low surface tenaimhsink near regions of high surface ten-
sion, resulting in convection cells. The uprising fluid istriin solvent but as it is pulled across the
surface evaporation depletes it of such. Thus, the regiblmmoand high surface tension persist and
the convective motion is sustained. The second mode oftilisgais oscillatory and is related to the
crest-to-trough reversals that are seen in drying paimrkagnd waterborne coatings. This mode is due
to the combined action of gravity, surface tension, andasertension gradients. When a deformed
film levels under the action of gravity and surface tensibe,doncentration of solvent is higher under
the crests compared to the troughs. This leads to surfas@tegradients that enhance the levelling
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process. Moreover, these gradients are still present wieefiltn becomes flat, and thus fluid is pulled
from regions that used to be crests to regions that used tmbghs. The accumulation and depletion
of fluid causes crests to become troughs and vice-versahamutdcess then repeats itself.

The two modes of instability are found to compete with ead¢tentwith the stationary mode typi-
cally being dominant when both occur for the same parametees. This dominance arises because
short-wave cellular modes are amplified more rapidly thawgdeave deformational modes. However,
in films with strong surface tension, which we characteriga bapillary number condition Ga 102,
the dominance can be reversed if the Marangoni number isondatge. This is due to the fact that
when Ca< 1072, regions of parameter space exist where only the oscijlanarde of instability occurs.

A defining feature of these regions is that the onset of th#latsry mode occurs at lower values of the
Marangoni number compared to the stationary mode. Theesxistand size of these regions depend
sensitively on the effective strength of gravity, as meeguny the Galileo number Ga. This is because
gravity plays a major role in determining the critical Magani number associated with the onset of the
oscillatory instability. Physically, this strong depende corresponds to the fact that surface-tension
gradients have to pull harder to cause a reversal in heauidsflthus, the critical Marangoni number
increases with Ga. The exact relation isga(24+8Ga) /5. On the other hand, gravity does not play
a large role in determining the critical Marangoni numbesoagated with the stationary instability when
surface tension is strong. This is due the fact that, in tlseabe of buoyancy, gravity will only play a
role if the fluid surface is deformed. Strong surface tendimwever, prevents the short-wave cellular
patterns from deforming the surface. For €402, our analysis indicates that Mz 80. Therefore,
the region where the oscillatory instability is isolatedlaas a result, is dominant can be identified as
Ca< 1072, Ga< 47, and(24+8Ga) /5 < Ma < 80. Using these parameter bounds we have determined
experimental conditions such as film thicknesses and eatiporrates that can be used to observe the
oscillatory instability.

The onset of both modes of instability and their persisteave long times is likely to be strongly
influenced by the rheology of the fluid. In this paper we hawiared the mixture remains Newtonian
with a constant viscosity. However, this is generally nogetfor polymer solutions because they exhibit
shear-thinning behaviour after a critical shear rate izedled. Below this critical value the Newto-
nian regime is recovered; see Myers (2005); Chhabra & Ritdwar (2008). As shown by Kulicke
& Kniewske (1984) for polystyrene (PS) and toluene mixtutee critical value of the shear rate can
decrease by several orders of magnitude as the moleculghtaid concentration of polymer increases.
Using their data, we can roughly estimate the relevanceedrsthinning behaviour in this work which
is based on the PS-toluene solutions used by Bassou & RI2®9). The critical shear ratg,i; in a
3% mixture by weight using PS with a (relative) molecular gigiof 33 x 10° is approximately 18
s~1. The PS used by Bassou and Rharbi had a slightly smaller olareweight of 15 x 10°, but the
initial concentration of polymer was often 15% by volume.@P% by weight). If we assume we can
still compare these two mixtures, then a typical shear stans be estimated using (2.18h) to obtain

i~ EMa: kmB(l_B)ch.

~ 5 (6.1)

The order of magnitude of these parameters can be deterrfioradrable 1. Using these to calculate
the shear rate, we find that~ 1 51 < yit. This comparison gives some indication that shear-thgnnin
effects are not important during the early stages of dryimgmvthe instability is developing and it
provides some justification for the Newtonian rheology usetie mathematical model.

In the absence of non-Newtonian effects, the viscosity ofnarly mixture will still depend on
the solute concentration. Previous theoretical works mawdelled the viscosity as an exponentially
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increasing function of the polymer concentration; sd@khet al. (2011) or Ere®t al. (1999). Includ-

ing this dependence in the current model is expected staliiie system because the Marangoni effects
are effectively weakened as the mixture viscosity increase to the depletion of solvent. Indeed, the
main stabilising mechanism in the paint drying simulatiofi€reset al. (1999) seems to be due to
a composition-dependent viscosity. Thus, a more compeetinear stability analysis that includes
realistic fluid rheologies would also aid in determining wWier the oscillatory instability found here is
physically relevant. The asymptotic solution that was\gtiin Appendix A would be a helpful tool

to carry out such an analysis because it can capture the Biwilogical changes that occur during dry-
ing process. This serves to further highlight the usefidreesd wide range of applicability of such a
solution.
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A. Derivation of the asymptotic solution

We seek to construct a uniformly-valid asymptotic solutiethe non-autonomous linear problem given
by

auU =L(1)U, (A.1)

wheret = dt is a slow time withd < 1, andL is a slowly varying linear operator. The solutioncan
be a function of time if this problem corresponds to a syst€é@IBEs, or it can be a function of space
and time if this problem involves a system of PDEs. As we atg ioterested in the temporal behaviour
of the solutionU, we will only write U = U (t). The initial condition for this problem is written as
U(0) = U; and in the case where (A.1) is a PDE system, we suppose theléguoonditions can be
written asB(7)U = 0.

The asymptotic solution to this problem will first be derivezing the method of multiple scales. An
introductory discussion on this method can be found in Be&d@rszag (1999) whereas an advanced
treatment can be found in Kevorkian & Cole (1996). The deivapresented here will be similar
to two-step approach taken by Hennessy &ridh (2013) where the solutids is first projected into
the eigenfunctions df and then the resulting system of ODEs is approximately sobging multiple
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scales. However, we are able to obtain a slightly more génesalt by not restricting our derivation
to the top two eigenmodes, i.e., we consider all of the modesrmt just the two corresponding to
the eigenvalues with largest and second-largest real. gautthermore, we consider the case when the
eigenvalues are complex.

To begin the derivation, we assume that the spectrumn @fith possiblyB) is discrete, that the
eigenvalues are distinct for each valuetgfand that the eigenfunctions form a complete set. Under
these assumptions, we can write the solutioas

U =3 atw), (A2)
=1

wherey; is a slowly varying eigenfunction given by
L(T)wi (1) = A(T)vi(1), (A.3)

and possiblB(7)v; = 0. Here); denotes thé-th eigenvalue and these are ordered according to the size
of their real part. That is, we assume{Re} > Re{A2} > ... > Re{An} asn — ». We also define the
adjoint eigenproblem as

L*(1)vi (1) = AT (Ow (1), (A.4)

where the dagger denotes complex conjugaticris the adjoint of the linear operator in (A.1), and
denotes the adjoint eigenfunction. The eigenfunctionstheid adjoints are normalised according to

M) =1, (Vi wi)(T) =, (A.5)

where &, denotes the Kronecker delta axd-) denotes a possibly-dependent inner product. We
assume that the second argument in the inner product is esrophjugated in the operation.

By inserting the solution in (A.2) into (A.1) and taking theer product with the adjoint eigenfunc-
tions, we find that the functiong; satisfy system of ODEs given by

& ORI =03 Da . 1=12... #6)

where they; are defined as
Vi (1) = —(vi,0w) (7). (A7)

The initial conditions for this system are given ty(0) = a;; = (vi',U;)T(0).

We now invoke the method of multiple scales to obtain an apprate solution to the ODE system
in (A.6). However, the application of the method is not gfhdforward for this system because the
timet is not an appropriate time variable; see page 558 of Benders&ag (1999) for an exemplary
discussion about this. We therefore introduce several meestl;,| = 1,2, ..., that will replace. These
times are defined as

ot
T = 5—1/0 A(S)+ oy (9)ds, 1=12,.... (A.8)
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Using these new time variables, we writgt) asa (1, T), where the argumenit without any subscript
denotes dependence on each of the time8y applying the chain rule, the ODE system in (A.6) can
be written as

520 Z ©) 8 (0] G~ A 1)+ S (1) = 5;»4, o, 1=12..,  (A9)

where the initial condition now reads (0,0) = a;;. We now treat all of the time variables, namely
T1, To, ..., Ty, N — oo, s independent variables, and following Kevorkian ancesée Kevorkian &
Cole, 1996, pg. 395), we expand eaghas an asymptotic series of the form

a(1,T) = a1, T) + > 5"a " (1,T). (A.10)
n=1

The initial conditions now readl(o)(o, 0) = a;; and af”)(o, 0) =0 for all n and alll. We insert this
expansion into the system (A.9), collect power®pand solve each problem sequentially.
The leading-order problem is given by

90° o
0—T| —a,” =0, (A.11)
which has the solution
(1, T) =R()e", (A12)

whereR (0) = aj;. The determination df comes from eliminating secular terms in 1B€d) problem.
This problem is given by

da 1 H
ZA, a+, —noP =— T'+;M,P, el (A.13)

where we have omitted the explicit dependence of the vafimgions on the slow time for notational
convenience. We can treat this equation as a first order bgpePDE and hence we can rewrite it in
terms of its bicharacteristics. We therefore [&t/di§ = A; and write (A.13) as

da®
¢

,\laf)‘;?emg;mpj@j{ (A.14)
]

where we make the remark that thelerivative ofal(l) is only a partial derivative because this function
still depends orr. From this new equation it is easy to see that any terms tleapmportional to

exp(A &) will lead to secular terms in the solution fafl) and hence they need to be eliminated. This
implies that function$] are constants given by

H(T)ECY”. (A.15)

The equation in (A.14) can be solved using an integratintpfaand the solution, upon rewriting it in
terms of the timeg), is given by

m(l)(T,T) = 12 Ajl(irji)wi_szr)en +Qi(1)el. (A.16)
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The functiongQ; have initial conditions given by

< ajiyj(0)
I NCET) (A7)

and they are determined by eliminating the secular termsotiti@rwise occur in th€©(52) problem.
This problem is given by

B

Using the same approach as before, the terms that lead ttasgcin the solution fororl(2> can be
identified as the terms that are proportional to(@x$) once (A.16) is inserted into this equation and it
is written in terms of its bicharacteristics. The elimiiatof these terms yields the following differential
equation forQ;:

0% @_ da,” W, &, & aat

a2 wi(My(r)
dr _a|.J A(T) = Aj(1) (A.19)
which can be solved to obtain
- T Wi (9 (s) %m@)]
1) = aji ds— . A.20
QO=2 1% fy M&-18 " X0 -40) (420
Therefore, the multiple-scales solution for inecan be written as
e iss M
ai(t) = ajie +5;)\' - 7/\|(T)el
il (S) %m@)]T 2
+0 VitS gs el +0(5?), (A.21)
; A,<s> MCEZO) R

wheret = dt and theT, are given in (A.8). When this solution is combined with thgegifunction
expansion in (A.2), we effectively have a multiple-scalppraximation to the original linear problem
in (A.1).

A.1 An alternative derivation using the WKB method

The asymptotic solution presented above can also be dausied the WKB approximation (Bender
& Orszag, 1999). This may be a more useful approach whengrignresolve the situation when
eigenvalues momentarily become identical; however, we @caddress this issue here. We start by
considering the slowly varying linear problem of the form

au
ot

with & < 1, subject to the initial conditiod (0) = U; and possibly with slowly-varying boundary condi-
tions given byB(7)U = 0. We now write the problem exclusively in terms of the slaweit by making

= L(at)U, (A.22)
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the change of variable= 511, thus giving
ou
6— =
ot
We suppose that the solutibhcan be written in the form of the usual WKB ansatz, namely

L(1)U. (A.23)

U(1) = @(1)e?V/?, (A.24)

where itis assumed thatdepends only om and satisfies the initial conditiop(0) = 0. The function®
can depend on other independent variables such as spawg datnot explicitly write this dependence.
By inserting this solution into (A.23) the problem becomes

0@ do
The functions® and g are expanded as asymptotic series of the form
o(1) = 00(1) + 50V (1) + 5203 (1) + 0(5%), (A.26a)
o(1) = 99 (1) + 8¢V (1) + 6%9?) (1) + O(8°), (A.26b)

whereg" (0) = 0 for all values of, and by collecting powers af a sequence of sub-problems can be
formulated.
TheO(1) problem is given by
d(p(o)

700 =100, (A.27)

and it follows that®© is an eigenfunction of. andd; ¢'? is equal to the corresponding eigenvalue.
We let

() =au(r), 9% = [ Ads (A.28)

wherey is thel-th eigenfunction ot that satisfiesvi,v;) = 1, A is the corresponding eigenfunction,
andai is a normalisation factor.
The leading-order solution fdy is obtained by summing over all of the eigenmodes to give

U(r)= Iian exp UOT/M(S) ds} vi(T)+O(0). (A.29)

By imposing the initial condition and taking the inner protwith the (normalised) adjoint eigenfunc-
tions it follows that

aii = (v, U)(0). (A.30)

Here we have assumed that the adjoint eigenfunctions aneatised according tv;,vk) = djk, where
Ojk is the Kronecker delta.
Proceeding further, th©(d) problem is given by

000 de »0 de©

@ — LW
T + ar + ar ® Lo\, (A.31)
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By making use of (A.28) this problem can be written as

ovi deW
(y_ov 499

ot~ dr
wherel is the identity operator. The operator on the left-hand sidihis equation is clearly singular;
thus, for a solution to exist the Fredholm solvability cdimi must be satisfied. Imposing this condition
provides an equation fapY). More specifically, we take the inner product of the rightdhaide of
(A.32) withv{ and we find that

(L—Al)® (A.32)

0 (1) = /0 " (9)ds (A.33)

whereyj (1) = — (v}, d:vi) (1) for all j andk.
The solution fordM) can be found via an eigenfunction expansion. We let

V(1) = ay iaj (T)vj(T) (A.34)
=

and by inserting this into (A.32), the coefficient functicere straightforward to obtain. In particular,
we find

o yil (7) :
a,(r)ffm, j £l (A.35)

The functiona (7) cannot be determined from this problem, so we proceed todkeander.
The O(62) problem is given by

oo dp®@ do®
(0)
ot + dr T+ dr

and for this equation to admit a solution the right-hand smlest satisfy a similar Fredholm solvability
condition. Taking the inner product of the right-hand sifl¢036) with v;" yields a differential equation
for @@ which can be solved to obtain

(1) — a(0) —a(m S [ JEWE
W20 =a0)-am-3 L rene s (A37)

(L=A @ = oM, (A.36)

To proceed further, we insert thi&(1) andO(d) solutions along with (A.37) into the WKB ansatz
(A.24) and we expand the exponential as

exp(d’l(p@ + oY+ 59?4 0(62)) =(1+6¢?) exp(é*lqo(o) + <p<1>) +0(8%).  (A.38)

This allows the unknown functiog (1) to be eliminated from the problem. However, its initial valu
& (0) still appears, and this is chosen below to satisfy the irgbadition.
The solutionJ is obtained by summing over all of the modes to obtain

8

U(r) = an{(1+6a|())v| +5;% ()

pa T

Ai(s)

)
<;/ Vu (s) ds)v.(r)]ewuro(éz)’ (A.39)
j
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whereT, is defined as

Ti(r)=05"" /O ' [Al(s) + 3y ()] ds.

To simplify this solution we write it is an eigenfunction exgsion of the form
U =S ai(tv(n),
=1
wherea|(0) = a;; for all values ofl. Using the fact that
< il o [« QiVi AW
|;a“< M=2p ) Z ( s A=A )V“

we find that the functiona; are given by

o (1) = @i (1+ o (0 +6;)\ a“”’ TJ(U
o S a ” OO 4\ i) 4 o2,
(T
By imposing the initial conditior; (0) = aj; we can solve fog (0), thus yielding

i s M0 n
a|(1) = ajie +5;A-r —AI(T)e]

v| Wi (D) aiji¥j (0) (1
+5(; / j Tds_/\j((J))J/\|(O))eT()+O(62)’

which is equivalent to the expression obtained using thénatkdf multiple scales.
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