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A. J. Williamson, Wadham College

Submitted for the degree of Doctor of Philosophy in Physical and Theoretical Chemistry,
Hilary Term 2011.

The self-assembly of structured particles into monodisperse clusters is a challenge on
the nano-, micro- and even macro-scale. While biological systems are able to self-assemble
with comparative ease, many aspects of this self-assembly are not fully understood. In this
thesis, we look at the strategies and rules that can be applied to encourage the formation
of monodisperse clusters. Though much of the inspiration is biological in nature, the
simulations use a simple minimal patchy particle model and are thus applicable to a wide
range of systems. The topics that this thesis addresses include:

Encapsulation: We show how clusters can be used to encapsulate objects and demon-
strate that such ‘templates’ can be used to control the assembly mechanisms and
enhance the formation of more complex objects.

Hierarchical self-assembly: We investigate the use of hierarchical mechanisms in en-
hancing the formation of clusters. We find that, while we are able to extend the
ranges where we see successful assembly by using a hierarchical assembly pathway, it
does not straightforwardly provide a route to enhance the complexity of structures
that can be formed.

Pore formation: We use our simple model to investigate a particular biological example,
namely the self-assembly and formation of heptameric a-haemolysin pores, and show
that pore insertion is key to rationalising experimental results on this system.

Phase re-entrance: We look at the computation of equilibrium phase diagrams for self-
assembling systems, particularly focusing on the possible presence of an unusual
liquid-vapour phase re-entrance that has been suggested by dynamical simulations,
using a variety of techniques.
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Chapter 1

Introduction

1.1 Overview

The general aim of this thesis is to explore methods of particle design for self-assembling
systems that encourage high yields of correctly formed monodisperse clusters. The bulk of
this thesis uses computer simulations to probe both the kinetics and thermodynamics of self-
assembly. This chapter introduces the background of novel micro- and nano-technological
materials, current research and our interests. As the main inspiration for much of the
research we present here has been biological in nature, we also include a simple introduction
to the biology of proteins and the self-assembled structures they can form. The next chapter

deals with our model system and explains some of the methods used in this thesis in detail.

1.1.1 Aims of the thesis

We use a simple minimal model for particles, which enables us to find general rules of
assembly rather than ones specific to a single system. This simple model is explained in
section 2.1, while some of the possible applications of such a model are looked at in the
following sections of this chapter. The core aim throughout this thesis is to find generally

applicable rules for self-assembling systems. The sub-aims are summarised below:

e To explore simple models of biologically interesting systems.

e To find whether templating is an effective strategy to aid the self-assembly of mon-

odisperse shells.

e To examine the effect of hierarchical assembly pathways, particularly whether they

lead to an enhancement of self-assembly yields.

e To investigate the phase behaviour of self-assembling systems, particularly in regions

of parameter space where self-assembly competes with phase separation.
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1.1.2 Structure of the thesis

The thesis has 7 chapters, each of which deals with a different aspect of self-assembling
systems. After providing an overview of the background (this chapter), we introduce the
model and methods we have used (chapter 2). Then, we look at the use of templating
on both the kinetics and the thermodynamics of our simple model (chapter 3). This
approach is inspired by the self-assembly of a capsid around a virus’s genetic material,
and the background to this work is in the current chapter. The next chapter (chapter
4) deals with the idea of hierarchical self-assembly, inspired by the hierarchical nature of
assembly for many protein complexes. We then look at a complex biological system more
directly: the self-assembly of pores in a membrane (chapter 5) . The model provides a
comparison to the experimental data obtained by the group of Dr Mark Wallace [8]. We
then study the phase behaviour associated with self-assembly, especially phase re-entrance,
using both simulation and theory (chapter 6). The final chapter (chapter 7) summarises
the conclusions from our research.

The next section looks at patchy particles and their synthesis. For any reader without
a biological background, we then give a short introduction to the biology of proteins,
and viruses (section 1.3). Finally, we detail some of the vast body of experimental and
simulation work on self-assembling systems that has been carried out by a number of

groups worldwide.

1.2 Patchy particles

A prime motivation for the current work is the concerted efforts being made by many
groups to develop synthetic methods which produce nano- and micro-particles of colloids
with anisotropic interactions [9]. These have the potential for use in a number of areas,
including the creation of photonic electronic devices [10]. This potential use would require
monodisperse self-assembly of specific structures, which is one of the aims of this thesis.
Much of this work is designed to give a set of design rules and thus a framework for
experimentalists looking to design cluster-forming patchy colloids.

We first look at the current experimental techniques used in synthesis for background,

and to help explain our simulation decisions later in thesis.

1.2.1 Experimental synthesis of “patchy particles”

Synthesising colloids with isotropic interactions occurs daily throughout the world. Milk,
for example, is a colloidal suspension of fat droplets. A colloid is defined as a system made

up of particles or objects that have at least one dimension in the 1nm to 1 pm range [11].
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The development of synthetic methods to produce colloids that are reliably monodisperse
in size has been particularly important [12], and has allowed a wide range of potential
areas to be explored, including the study of fundamental physics within the ‘colloids as
atoms’ paradigm.

In order to go beyond the behaviour seen for monodisperse isotropic colloids and
nanoparticles, there has been much recent interest in developing methods to produce
particles with anisotropic interactions. When these anisotropic interactions involve selective
attractions between different parts of the particle surface, the particles are commonly
referred to as patchy particles. The exploration of the potential behaviour of these particles
is the focus of this thesis. Different ways of creating anisotropic colloids have been recently
reviewed by Glotzer and Solomon [13]. We will cover and explain the basic ideas behind
their dimensions of anisotropy before looking at specific experimental examples.

When looking at producing anisotropic particles, Glotzer and Solomon [13] list eight
possible variables. We extend this to twelve and then divide these into three categories.
It is possible to change the shape, the surface patterns and the clustering of particles
formed from smaller component particles [13]. These are pictorially shown in figure 1.1,

and explained below:

e Surface patterns: This includes the coverage of the patches, the position and
shape of patches (called pattern quantisation by Glotzer and Solomon [13]), and the

number of patches.

e Shape: This covers changing the aspect ratios of the otherwise spherical particles,
any branching that may be present on the particles, the chirality of particles, and

the number of faces on any shaped particle.

e Clustering: When the final particle is made of several bonded components, it is
possible for the ordering, relative shapes, positions and number of components to be

varied.

Recent developments have allowed a number of these variables to be used when produ-
cing anisotropic particles. This has lead to a number of different shapes being produced,
including Janus' [14] and other hemispherically differentiated particles [15]; branched
structures made from both organic molecules and inorganic nano-crystals [16-20]; particles
in the shape of platonic solids [21-23]; and many particles of other shapes [24-26]. Often,
batch production methods are limited in the production of anisotropic particles, and more

recent methods using micro-fluidics have shown promise [26].

! Janus particles are named after the eponymous Roman god: they are “two-faced” particles with
different functionalisation on each face leading to a different type of interaction.
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Figure 1.2: A schematic of Kraft’s synthetic technique (adapted from [27]).

The reasons that certain inorganic nano-crystals can be made to form a given shape is
not fully understood [18], although some techniques have been shown to be very effective
in the production of nano-crystals, including limiting the size and shape with templates
and using capping agents [22]. Our interest is the self-assembly of nano-crystals/colloids
into a given structure, so we do not concentrate much on this area of science here.

Patchy colloids have been experimentally produced with excellent control of the angles
between bonds by Kraft et al [27]. These are produced using some clever science. Divinyl-
benzene cross-linked polystyrene spheres are first made, then these are made to swell by
dissolving extra styrene monomer inside them. The temperature is then raised, which
causes the monomer and cross-linked polymer phases to separate. This phase separation
minimises the free energy, and therefore depends on the wetting angle of the cross-linked
polystyrene spheres and the amount of monomer dissolved. It causes a protrusion of liquid
monomer outside of the seed particle (figure 1.2). If these seed-protrusion moieties are
allowed to come together, they again act to minimise free energy, causing contact between
the cross-linked spheres (figure 1.2): the angle between these contacts is dependent on
the wetting angle and the amount of monomer present. If these are polymerised, then a
patchy particle is formed. As the number of seed-protrusion moieties in a particle may
vary (though the predominant sizes formed may be controlled to some extent by changing
the concentration and time allowed before attempting polymerisation), it is necessary to
separate out the assemblies using centrifugation or similar.

The group of David Pine has demonstrated the utility of methods involving oil-in-

water emulsions [28-30] in creating patchy colloids. They place colloidal microspheres in
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toluene so that they swell, and then emulsify the microspheres in water. On removing the
toluene they are able to create clusters of solid particles which are stabilised by the surface
charge [30]. More recently, they have also demonstrated an approach to the creation of
programmable colloids based on the lock and key principle of enzyme kinetics [31]. They
use a colloidal particle with a spherical cavity (the “lock”) and a colloidal sphere able to
fit into that cavity (the “key”). The “key” can insert only into a correctly-sized “lock” and
this interaction is reversible, and the position of equilibrium may be changed by varying
the temperature (which may changes the size of both the “lock” and the “key”) [31].
Cross-linking polymer spheres by sulphonation [32] has also been shown to be a valid
route to producing patchy colloids of the types we are aiming to simulate. However, all
of the approaches mentioned are in the initial phases of development, and an industrial

process has still not been found.

1.2.2 Applications of patchy particle clusters

As mentioned previously, colloidal spheres are an incredibly common material. New
applications are being found for these substrates, especially in the areas of nanotechnology
and optics [11]. One of the most commonly cited potential applications is that of a
photonic band gap crystal; such three-dimensional photonic band gap materials were
originally postulated in the late 1980s [33, 34].

A photonic band gap material is one which does not permit the transmission of certain
wavelengths of light [34]. It is normally produced from materials whose dielectric constant
varies throughout the material. They have many possible uses in photonic computer
applications [10]. Theoretical calculations have shown that a diamond-like crystal made
from colloidal spheres would create a band gap in the visible spectrum [35]. The creation
of such a structure has been shown possible in simulations of patchy particles [36].

The idea of a photonic band gap seems strange at first, but is no more complicated than
the idea of electronic band gap materials not permitting electrons of certain energies from
existing (which is the underpinning of much of the semi-conductor technology applications
we see today). It is, in fact, for this reason that there is such a great deal of interest in the
production of photonic band gap materials. Photonic band gap materials have possible
uses as logic gates for photons [37]. This would allow computers that use light in their
circuits over electrons, and give a large potential increase in computing power (the speed
of light is orders of magnitude faster than that of electrons in a circuit). In fact, as light is
often used to transmit data between two computers (by the use of optical fibres), photonic
technology in routers and gateways would prevent the need for slow optical to electronic

conversion and the associated loss of data signalling speed [10].
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Other uses

There are many other possible uses for colloidal crystals, including their use in catalysis.
Nano-crystals have a surface on which many reactions can take place, and their small size
means that they have a large surface area to volume ratio, making them cost-effective in
chemical reactors. The strength of certain nano-crystals is that they possess the properties
both of the functional solid state, as well as the advantage of being able to be placed in
solution [38]. Solar energy conversion has been postulated as a possible use for crystals
formed of copper(I) oxide colloidal clusters [39]. Even data storage is seen as a possible
application [22]. In fact, the versatility and scale of colloidal crystals and patchy particles

is incredibly wide, owing to the large range of sizes and materials that can be used [9, 38].

1.3 Biology: a quick primer

This section deals with the basic ideas behind protein and virus biology. The explanations
are brief and are designed only to give the reader an understanding of why we made certain

choices in our simulations and what inspired some of our research in this thesis.

1.3.1 An introduction to the biology of proteins

Proteins are ubiquitous in biology. They can act as catalysts, structural building blocks,
sensors and transporters, to name but a few of their uses. Much of our research has been
inspired by the behaviour of biological systems: it has been argued that a simple patchy
particle model can in fact be used as a minimal model for protein assembly [40], and has in
fact already been used for a variety of tasks, including explaining the evolution of protein
complexes [41], the formation of fibrils [42] and even protein crystallisation [43].

Let us take a look at some of the properties of proteins in order to explain the background

behind many of the inspirations for this thesis and the choices made in simulations.

Structure

Proteins are created from the association of one or more polypeptide chains, with the
possible addition of other rings or groups. Polypeptides are polymers made from amino
acids. These monomers contain both a carboxylic acid group and an amine group. The
ordering of amino acids is controlled by the genetic code of an organism (generally DNA).

Biologists typically use four levels of structure when referring to proteins [44, 45]:

e Primary: The actual ordering of amino acids in a polypeptide chain
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e Secondary: The initial folding of the polypeptide chains into a-helices and (-pleated

sheets
e Tertiary: The folding of the polypeptide chains into more complex shapes

e Quaternary: The final structure composed of one or more polypeptide chains and

any non-polypeptide parts (for example, a haem group in haemoglobin)

Our research is mainly inspired by the aggregation of proteins or polypeptides with each
other to form a final quaternary structure. This can occur between identical polypeptides
(forming a homomeric complex) or polypeptides with different primary structure (forming
a heteromeric complex). The interface between polypeptides is often well-defined, and
can be treated as a patch [46]. In our model, we have effectively assumed that monomeric
proteins fold into their tertiary ground state on a faster timescale than that of self-assembly
into a quaternary structure. While this is true for most protein complexes, we are ignoring
those in which partially-folded proteins may form aggregates [47], and proteins with no
stable monomeric state for which the first assembly step is the dimerisation of two unfolded

polypeptide chains [47, 48].

Intra- and inter-protein bonding

Bonding within a protein can take many different forms. A basic explanation of some of

the common intra- and inter-peptide bonds found in biology is given below [49, 50:

e Hydrogen bonding: This occurs when there is a significant difference in electroneg-
ativity between hydrogen and another atom (normally nitrogen or oxygen). The
uneven sharing of electrons leads to charge separation. This charge separation causes

electrostatic attractions.

e Charged interactions: At physiological pH, certain side groups are charged. These
charged groups can interact through space in a coulombic way. It is important to
note that often, the permittivity relevant to the interactions is not that of the bulk
solvent, as the interaction may occur through other parts of the protein chain, or in

areas where the solvent is organised.

e Covalent bonds: As well as the amide bonds forming the backbone of the protein,
side groups are able to bond to each other. The most common is that of two cysteine
residues forming a bond between two sulphur atoms. This is known as a disulphide

bridge and is a major part of keratin structure.
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e Hydrophobic interactions: As some side groups are non-polar, they do not dis-
solve in water and thus often tend to come together. This is a complex effect with

both entropic and enthalpic factors [51].

Internal degrees of freedom

The actual structure of a protein depends on a number of environmental factors as well
as the identity of the amino acids (primary structure). A change in pH, for example, can
cause the protonation or deprotonation of an amino acid’s side chain, and this thus can
change the charge density and the stability of different conformations [52]. Changes in
connectivity may also occur when the protein binds to a specific substrate; for example, in
the catalytic reaction of co-enzyme B,, the bond between the enzyme and the cobalt of
the colbalamin ring breaks homolytically, changing the conformation of the protein [53].
Changes are also common when proteins with a similar primary structure form a complex

cluster together, especially in virus capsid coat assembly.

Co-operativity

If two or more polypeptides are in close proximity, then changes in internal degrees of
freedom in one polypeptide can influence the energy landscape of another polypeptide’s
internal degrees of freedom. This phenomenon is known as co-operativity. A classical
example of this is the bonding of oxygen to haemoglobin [44]. Haemoglobin is a tetramer
of iron-bound proteins, and the binding of oxygen to one causes the structure of the final
protein to shift in such a way as to permit an oxygen molecule binding to any of the
remaining free haem-sites to be much easier than the initial binding [54]. We look into the

idea of both internal degrees of freedom and co-operativity in chapter 5.

1.3.2 Introduction to viruses

Viruses are not technically “alive” in the standard biological sense of the word [55]. They
are unable to reproduce without a host, do not respire and are unable to move save for
Brownian and other motion of the solvent in which they are carried. Despite this, they
are an excellent example of biological self-assembly in action. Viruses are a very successful
form of self-replicating machinery and are common throughout the world: they have been
found in such diverse environments as the depths of the sea [56] and even boiling geysers
of Yellowstone Park [57].

Viral genomes are of the order of tens of thousands of nucleotides; e.g. the turnip yellow

mosaic virus has 6 318 base pairs [58]). In comparison, the human genome has 2.91 billion
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Figure 1.3: Rod shaped virus (section of a capsid from a tobacco mosaic virus [72]).

base pairs (in the euchromatic portion (gene rich nuclear DNA)) containing an estimated
26 383 genes [59]. The smallest bacterial genome on the other hand is that of Mycoplasma
genitalium, with 580000 base pairs and the ability to express 480 gene products [60]. This
demonstrates that the number of nucleotides, and thus genes, is incredibly small in viruses
when compared to other biotic systems. However, there are some large viruses, and some
small prokaryotes; for example, the Tipula iridescent virus and the Vaccinia virus have
approximately 1.5 x 108 u of DNA, which is greater than that of some bacterial genomes

[61, 62]. Nevertheless, we will not be concentrating on these in this thesis.

Structure

Viruses are incredibly small and simple. Their diameter is of the order of 100 nm [63]. This
compares with the average bacterial cell being on the micron length scale [64], and a human
adipose cell, which has a diameter of approximately 100 um [65]. Viruses consist of a nucleic
acid (which may be RNA or DNA, depending on the type of virus [66]) encapsulated in
a protein coat [67]. Some viruses also have a membrane envelope associated with them
(created from the host’s cell membrane), which has glycoproteins protruding from it, to
allow it to detect binding to a host cell [68].

As mentioned previously, the small size and thus compact genome of some viruses means
that they are only able to contain enough information to encode a few proteins [62, 69], and
this often limits their possible structures and complexity. Despite the limitation of genetic
material storage to code for proteins, viruses come in many shapes and sizes [70, 71] and
are able to self-assemble into monodisperse shapes under a variety of conditions. Viruses
are generally classified into two structural families: rod-shaped viruses (for example, the
tobacco mosaic virus in figure 1.3 [72]) and spherical viruses (figure 1.4). The most common
family of viruses is the spherical viruses [70]. These form protein capsids with icosahedral
symmetry with genetic material encapsulated within. These are the inspiration for our

work on encapsulation (chapter 3).
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Figure 1.4: Different icosahedral viruses reproduced from [70] (top left: bovine papillo-
mavirus type 1 outer capsid, T = 1, made of 60 subunits; top right: bluetongue virus core,
T = 13, made of 780 subunits; bottom: entire structure of the shell of the lipid-containing
bacteriophage PM2, pseudo-T' = 21, made of 1260 subunits in the core). Note that all of
the viruses have different numbers of proteins and connectivity, but have the same overall
symmetry.

As figure 1.4 shows, it is possible to form an icosahedral capsid from a range of different
numbers of protein monomers. Unsurprisingly, only certain values are allowed. The
permitted numbers are best thought of as different ways in which the triangular faces can
be made. They are known as T-numbers. For any virus with a T-number greater than 1,
the proteins which make up each face must occupy a slightly different environment; this
is termed quasi-equivalence [62]. A virus capsid contains 60 x 7' monomers, and 7' may
range from 1 (e.g. satellite tobacco mosaic virus [73]) to 219 (e.g. Phaeocystis pouchetii

virus, PpVO01 [74]).
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Assembly

The assembly of the capsid varies greatly from virus to virus. Some capsids assemble using
the virus’s own genetic material as a template [75], while others form the capsid separately,
then pump the genetic material into the capsid [76]. Section 1.4.1 has a summary of
experimental evidence for the self-assembly of viruses, and the references there are strongly
recommended to anyone interested in understanding the complexities of some viral assembly

routes.

Life-cycle

Viruses have two life-cycles, known as the lytic and the lysogenic life-cycles. The lytic
life-cycle involves the virus hijacking the host cell’s organelles to make many copies of itself
and then causing the host cell to explode and release the viral particles. The lysogenic
cycle involves the virus inserting its genetic material into the DNA of the host, where it
can remain in a dormant state known as a prophage. This means that every time the cell
copies itself, the virus’s genetic code is also copied. Viruses may undergo a lysogenic or
lytic life-cycle as a response to their environment [77], and can easily switch between the

two when the environment changes.

Why do we care?

Understanding how viruses function is interesting for a number of reasons. There is the
obvious fact that if we understand the formation of viruses, then we are more able to
develop anti-viral drugs [78] and indeed recently in vitro experimental screening techniques
have been published for interfering with this process [79, 80].

Empty viral capsids are also used in some vaccines [81]. To the immune system, these
appear far more similar to an active virus than an isolated viral capsid protein (they are
said to be more immunogenic), and thus are more effective in vaccines [82, 83]. Viruses
also have potential uses as cargo carriers in a wide range of scenarios [84-87]. Other uses
of viruses and virus-like particles include applications in immunoassays [88], and even as

tools for finding out the connectivity of the central nervous system [89].

1.4 Experimental work on self-assembly

There is a large body of work on self-assembly. We concentrate mainly on the formation
of mono-disperse structures, of which viral assembly is the archetypal example. Much

research is available on the final products of many self-assembly routes. However, there
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is less experimental data looking at the actual route of self-assembly, and those which do
exist tend to concentrate on a single aspect of assembly (as the actual details are complex).
A small number, however, do look at the overall process of assembly. The important and

interesting areas of research are summarised below.

1.4.1 Viruses

Virus assembly is one of the archetypal examples of monodisperse self-assembly, and is
one of the most well-studied. This interest is both due to the fundamental interest in
understanding how the assembly actually occurs, but also as these are systems of great
pharmaceutical interest (viruses are responsible for many deaths worldwide [90] and very
few successful anti-viral drugs exist, as viral resistance develops rapidly [91]) and are easy
to characterise (they generally crystallise well, which came as a surprise to early researchers
[92]). Studies have shown that some virus capsids are able to form reversibly in vitro in
the absence of a nucleic acid [93]; however, most also require the presence of their genomic
material (presumably because they have evolved to encapsulate their genome). Other
experiments on viruses have shown that the capsid proteins of a virus can interact with its
nucleic acid, thus changing the structure of the RNA and then the pathway of self-assembly
[94]. In fact, the formation pathway changes in the presence of RNA [95].

Viral self-assembly of certain viruses is templated either by their genetic material [94]
or by scaffold proteins [96], and may occur hierarchically [97]: two topics which we examine

in detail in this thesis.

1.4.2 Other biological systems

Many other biological systems also self-assemble. For example, the creation of a new human
life involves a significant amount of self-assembly, both on the intra- and inter-cellular scales.
The formation of many protein complexes occurs by self-assembly [98], even of complex
molecular machinery [99, 100]. A good illustration of the complexity often associated with
such biological self-assembly is the animation of the assembly of the bacterial flagellum
motor producted by the group of Keichi Namba [101].

Although many protein complexes exist and assemble in solution, there are also inter-
esting examples of self-assembly of proteins on membranes. Furthermore, their presence on
a membrane potentially allows much more direct visualization of the assembly mechanism
using single-molecule techniques. For example, in chapter 5, we have attempted to use our
simple model to examine the formation of heptameric pores of a-haemolysin, a system for

which there is particularly interesting recent experimental results [8].
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In the cell DNA is mainly found in its iconic double helical form, which is based on
the ability of complementary sequences of DNA to very reliably self-assemble. However,
this ability to self-assemble is increasingly being used by scientists to create an array of
nano-structures in a way that is easy to program through the DNA sequence. The most
interesting examples of this recent work include the formation of a tetrahedron from four
DNA strands by the Turberfield group in Oxford [102], and the self-assembly of DNA star
motifs into a variety of polyhedra [103-106].

1.4.3 Synthetic systems

The use of directional chemical bonds to form co-ordinated clusters has been well charac-
terised since the development of transition metal chemistry [107]. Recent developments
have meant that actual building blocks can be designed to allow a “Lego” of different base
components. These can be made to assemble into certain high-symmetry clusters by vary-
ing the choice of conditions and precursors in the mixture [108]. The ideas learnt through
self-assembly of chemically bonded species are often applied when designing self-assembling
systems, even to other length scales; this is termed molecule-mimetic chemistry [16]. Much
of the research looks at the possible outcomes and uses of the assembly pathway, rather
than looking at the particulars of the pathway itself.

A more macroscopic and rather interesting example of self-assembly is the so-called
washing machine experiment of Burnley and Cox [109]. They used magnetic interactions
to create a system able to self-assemble into a dodecahedral cluster by use of a templating
mechanism analogous to viral assembly. Their system was placed into a drum and agitated,
and correct assembly of dodecahedra was seen in certain circumstances. The final clusters
were of the order of a few centimetres in diameter. Their results showed that globular,
internal templates (in this case, a bundle of wire wool) increased the size of the clusters
formed, but did not help the overall yield, whereas a flexible, external template did increase

the yield of the target structure. We explore the idea of templating further in chapter 3.

1.5 Simulation work on self-assembly

As mentioned previously, the difficulties of creating perfect patchy colloids particularly
in sufficient quantities and with sufficiently well-defined interactions has meant that the

majority of detailed work in this field is in the area of simulation.
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1.5.1 Within our group and our direct collaborators

Our group is interested in the simulation of patchy particles, in the gas phase (or solution)

and their crystallisation.

Patchy particles

Previous research within our group has looked at a number of areas, including the evolution
of protein complexes [4, 110], the formation of clusters with the use of torsional constraints
[111], the differences in stabilities of certain cluster shapes [112], and looking into the
formation of protein fibres [42].

We have also published a number of papers which form part of the research in this

thesis [6, 7].

Crystallisation

More recently, a member of the group has begun to look at the phenomenon of nucleation

in patchy particles using a novel technique known as forward flux sampling [113, 114].

1.5.2 Other groups

There is a large body of work available on the simulation of self-assembling systems. The
simulation results may be obtained directly by simulating the particles’ change in position
(using molecular dynamics or Monte Carlo, termed direct simulation), or by simulating the

changes in population by the use of kinetic rate equations (termed indirect simulation).

Direct simulation

Research in other groups has covered a wide range of areas, including the assembly of viral
particles. Simulations have mainly concentrated on empty capsids [115-126], with some
simulation work on filled capsids also becoming more common recently [127-130]. Some
all-atom molecular dynamics simulations have even been carried out for 7' =1 viruses [73].

Francesco Sciortino’s group has also researched much into the thermodynamics and
kinetics of patchy particles, including the assembly of binary mixtures of colloidal particles
[131], the importance of fluid-crystal coexistence [132], phase diagrams and the possibility
of phase re-entrance [133]. The group’s articles are strongly recommended to anyone
wishing to get a clear general overview of the subject, especially the recent review article

[134).
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Indirect simulation and theoretical treatment

Other theoreticians have also looked into the assembly of both empty [119, 120, 135-139]
and filled [140-142] viral capsids from this perspective. They generally make an attempt
to fit their results closely to the experimental data available on viruses. We are more
interested in general rules of assembly, so we do not attempt this.

Some recent papers have looked at the use of statistical mechanical models to find
the phase diagrams of patchy particles [143], and we have used a similar approach in

chapter 6.



Chapter 2

Methods and model

2.1 The patchy particle model

Our model, used throughout this project, consists of spherical particles with patches on

W with optional torsional specificity. The

the surface, of a certain Gaussian width, o%
interaction energy, U, of the patchy particles along the inter-particle vector, r, is of a
Lennard-Jones type, modified in the attractive region only by an angular factor U ANG
(equation 2.1). Only the two patches which minimise the angle 6 between the inter-particle
vector, r, and the vector connecting the centre of the particle to the patch on the particle’s
surface, A, are used to calculate interactions; or if different patch types (A, B) are possible,
the pair which minimises U;; is used. The parameters of the potential are the location of
the patches, the size of the particle, o™, and the strength of their interactions. Subscripts

1, j refer to specific particles; ¢, x refer to particle types; and A, B refer to the particle
patch types. The full potential is

LJ LJ
U.. N UAB,(bx rij| < Tpx 91
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Note that only the particle possesses a volume; the patches do not have any true volume,
though they are often diagrammatically shown as such for clarity in this thesis. For particles

of differing sizes, the arithmetic mean is used in the interactions, O'LJ (0'¢¢ + O'XX) /2.

2.1.1 Torsional constraints

Additionally to the energy term imposed by our model on the relative positions of patchy
particles, previous research within the group [41, 42, 111] has used a torsional constraint.
This constraint is multiplicative with the previous angular constraint. Torsional constraints
are common to proteins, which have multiple bonding sites leading to preferred binding
orientations. While much of our work is inspired by biological systems, we have attempted
to look mainly at ways of getting patchy particles to form in the absence of torsional
constraints, as the current generation of experimentally formed patchy colloids is not able
to form torsional interactions [13, 29].

Our particle interaction is modified as follows:

UXB. ox Irij| < ogy
Uij, AB, ¢x(Tij) = NG ToR (2.5)
Ul ox X Uijap X Uijap  |mijl > %x
Uiy AB(rij) = Hij, a(rig)Hji, (i) (2.6)
(SOA i Spref)2
Hij a(rij) = exp | ——“topy — (2.7)
1) 1] Q(GEOR)2

The torsional angle, ¢, is best explained diagrammatically (see figure 2.1). The angle of
interest () is the angle between the projection of the two torsional vectors of the particles
(T') onto a plane perpendicular to the interparticle vector (7).

For torsional vectors T4 p on each particle with an interparticle vector r, we find the
torsional angle (¢) using a number of simple vector calculations. First, we find the unit
vector of the cross products between the interparticle vector () and the two torsion vectors
(T4 and Tp), then find the angle between them. In the event that our reference torsion
angle, pef, is zero, we have the torsional angle. However, if we wish to have the energy

minimum offset (for example, if we are forming a helix), then it it necessary to further use
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Figure 2.1: Torsional angle calculation (adapted from [41]).
vector mathematics to find the direction of the angle.
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This approach is one of many possible methods for finding the torsional angle. An

advantage of this approach is that it is computationally relatively fast to evaluate. The

torsional vectors are normally defined as the average vector of all the patch vectors, though

the program allows several other possibilities, all of which were necessary for modelling

evolution of complexes [41].

2.1.2 Internal degrees of freedom

In order to simulate internal rearrangements in particles, or the binding of an initiator, we

allow the system to be set up with different possible patch configurations for a particle.

A new move type was created that allowed particles to change their ‘internal’ structure

configurations (which includes the number of patches, their position, their types, and even
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the interaction terms and sizes of the particles). We term these moves flipping moves. This

is used and explained in more detail in chapter 5.

2.1.3 Modifying the range of interactions

The initial work has been carried out using a Lennard-Jones potential, as this is a common
model for interactions throughout the chemical and biological world. This has been
extended in a limited number of cases to a Lennard-Jones-esque potential, allowing the
range of the interaction to be varied using a single parameter, /, while keeping the general

shape the same (see equation 2.14).

U;;JE 2F U;;JE F
USE s (rij) = 4eap I 2 (2.14)

|75 |7ij]

The effect of changing the range of interactions is explored in appendix B.

2.2 Simulation techniques

2.2.1 Monte Carlo

A Metropolis Monte Carlo (MC) simulation [144, 145] in the canonical (constant N, V', T')
ensemble was used for the majority of dynamic simulations of the model system. The basic
program used moves that were single particle translations (randomly distributed within
a sphere) and rotations (using a quaternion representation and adding a perturbation),
as well as cluster moves according to the virtual move MC algorithm of Whitelam and

Geissler [146].

What is a Monte Carlo simulation?

Monte Carlo simulations are a common and useful tool not only in computational chemistry,
but also found in such varied fields as physics and finance [147]. Monte Carlo simulations
involve attempting random moves through configuration space, and the choice of whether
to accept or reject them is based on how the system’s properties change. In particle
simulations, it is normal for the energy to be used as the property which helps to determine
whether a move is accepted or rejected. Monte Carlo simulations are generally used to find
thermodynamic averages of properties [145], but they can be adapted to give information
on phase diagrams of systems [148, 149], chemical potential and pressure of a system [150],
and even on the free energies as a function of cluster sizes [151]. The next sections explain

some of the mathematics and methods which underpin this thesis.
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Using Monte Carlo to simulate dynamics

Generally, Monte Carlo simulations are used to find thermodynamic equilibrium data in
molecular simulations. In our coarse-grained models, we want to be able to reproduce
the diffusive dynamics expected of colloids, proteins and nanoparticles in solution. Monte
Carlo simulations using small local moves naturally produce the relaxation of these non-
equilibrium systems (to a time proportionality constant), and are thus ideal for our purposes
[152, 153]. The more cumbersome molecular dynamics methods require significantly more
computer time, as the calculations of forces, the derivatives of the potential energy, are

required [153], and are thus computationally expensive [154].

Requirements of a Monte Carlo simulation

In order for a Monte Carlo simulation to give reliable statistics, it is necessary for a
number of conditions to be met. In this derivation, we label the possible states using the
Greek letters phi (¢) and chi (), the probability of occupying them is labelled v, and
the probability of a transition is known as w. The first of the requirements is that, at
equilibrium, the overall probability of leaving one state must be the same as returning to
it (this is simply the definition of a dynamic equilibrium) [144] (equation 2.15). This is

known as balance.

> w(¢) x 7w — xi) = Y vlxi) x 7(xi — ¢) (2.15)
i i

Keeping to this condition in its broadest form would involve knowledge of many states.
Thus, Monte Carlo algorithms usually also ensure that, at equilibrium, the probability
of a forward step leaving one state for another is exactly the same as the probability
of returning from that new state back again to the original state, a condition known as
detailed balance. This is a sufficient condition, but not a necessary one [155]: it meets the
requirement of balance, but is actually far easier to work with. It is shown mathematically

in equation 2.16.

v(¢) x m(p — x) =v(x) X T(x — ) (2.16)

This mathematical statement of the detailed balance condition allows us to decide on
our acceptance criteria for a given move. The transition probability can be written as the
product of the probability of attempting a given move a(¢ — x) and the probability that
we accept the move, v(¢ — x).

(¢ — x) = ald — x) x (¢ — Xx) (2.17)
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We keep the probability of attempting any forward move to be the same as its reverse
counterpart (i.e. we set (¢ — x) = a(x — ¢)), in accordance with the original Metropolis
algorithm [145, 156]. This allows us to rewrite equation 2.16 in terms of the acceptance
probability, and then to find our acceptance probabilities in terms of the probability of

being in a given state.

V() x v(¢ — x) X a(¢p — x) = v(x) X v(x — @) X a(x — ¢) (2.18)
alp—x)
oy 1 (2.19)
y(p—x)  v(x)
= 9) - o) (2.20)

For a system in the canonical ensemble, the probability of being in a given state is
proportional to the canonical Boltzmann factor exp(—gU) [157], so we know that our

acceptance probability must therefore be

Many possibilities are available that would ensure this ratio is kept. We set that any
step which decreases the energy of the system should be accepted, and any other state

depends on the relative Boltzmann probability [158]; i.e.
(¢ = x) = min |1, e—ﬁwx—%)] . (2.22)

In other ensembles, this may change, as the probability of being in a given state contains
other terms [159]. These are explored in later sections.

The next requirement is that every point of the fitness landscape must be accessible by
the simulation, and there must exist a pathway between any two points. This is known
as ergodicity. For Monte Carlo runs to be valid, there must be an equivalence between
time and ensemble averages, and thus ergodicity is required [160]. In simulations where
there are bottlenecks which do not allow sampling between two states, special methods

are required [150].

Algorithm details

We begin by considering Monte Carlo simulations in the canonical ensemble. Other
ensembles and the way in which they change the algorithm are explored later. As mentioned
previously, a move may be a translation or a rotation of a single particle. In order to ensure

that detailed balance is followed, we must first require that after any forward move, the
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reverse must be possible. This requires that we select our particle to be moved randomly
at each step, and do not sample across particles systematically. It also means that our

maximum move sizes should remain constant.

Generating displacement moves Our program permits displacement moves to be
selected from both within a cube and a sphere, with a set maximum cutoff, £&. We choose
our random move (Az, Ay, A z) using a function which generates random and arbitrary

numbers (R) in the interval [0, 1] as follows:

Az =2¢ x (Ry —0.5) (2.23)
Ay =2 x (R — 0.5) (2.24)
Az =2 x (R —0.5) (2.25)

When selecting a random and arbitrary displacement within a sphere, we tried several
approaches. The first involved the use of quaternions (see section 2.2.1), and the second
(our chosen method) was simply to generate all of our moves within a cube, and then
ignore any move vectors that had a length greater than our maximum step size £&. When
testing these methods for speed, it was found that the latter method was actually fastest
(on average, approximately two random moves need to be generated each time in order to
obtain one within the sphere). Most simulations in this thesis use translational moves that
are randomly chosen from within a sphere; the effect of using moves distributed within a
cube is shown in appendix B.1.

The cluster move algorithm [146] that we also used is discussed in section 2.2.3.

Boundary effects

When simulating a small system, the effect of the edges rapidly becomes relevant. This
is because the proportion of particles near the edge compared to those in the bulk is
unrepresentative in small systems compared to large systems (and we are ultimately
interested in the behaviour of large systems). In order to maximise the efficiency of our
simulations, periodic boundary conditions were used. This periodic boundary means that
the system is treated as an infinite array of boxes with the unit cell equal to our simulation

box. When a particle moves off one edge, it simply reappears on the opposite side.

Cutoff distances

In order to prevent the energy calculations being carried out over an infinitely sized box,

we introduce a cutoff distance and shift the potential so that at this cutoff, there is no
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Figure 2.2: Comparison of different cutoff distances.

interaction between particles. This is known as ‘cutoff and shift’. The potential becomes

LJ, cutoff B LJ,cutoff
UAB, ¢x il < ogy
cutoff and shift (., | _ LJ, cutoff ANG cutoff LJ,cutoff
UijABdx -~ (Tij) = UaB oy X Uijap Iri] | = |ri| 2 oy (2.26)
0 ’Tz‘j’ > |rcut0ff|
LJ,cutoff . . .
where o ox is the shifted Lennard-Jones radius, and
LJ, cutoff __r7LJ . LJ cutoff
UAB,@( (i) = Us: AB,qi)X(TZ]) - Ui AB,qu(T )- (2.27)

As figure 2.2 shows, when we use a short cutoff distance of 2™, we change the shape
of the potential, though not significantly. However, when using larger cutoff distances,
there is little difference. Alternative methods for the cutoff include ¢ matching and depth
matching, but, for the purposes of our simple model system, there is no need to increase
the complexity of the interaction potential. In all our dynamic simulations, we used a
cutoff of at least 3.5 o, which changes the well depth by 0.2%. A smaller cutoff of 2.5 ™
was used for runs involving the Gibbs ensemble (section 2.2.7) and one of 2™ was used

for certain Wang-Landau runs (we consider the effect this has in appendix B.4).

Quaternions

In order to represent the current rotational position of a molecule, three parameters
are required. Normally, these are the three Euler angles 1,0, and ¢. There are several
conventions for the naming and definition of these angles; we use the following [161] (for a

particle with internal axes a, b, ¢ situated at a certain rotation in the simulation box’s axes

x? y) Z):
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1: The angle between the x-axis and the vector formed from 2 x &
f: The angle between the particle’s axis ¢ and the simulation box’s axis z.

¢: The angle between the vector formed from 2 x ¢ and the a axis.

Using Euler angles in a simulation requires the calculation of trigonometric functions.
These are slow to calculate on a computer (compared to multiplication) [162], and also
suffer from some numerical inaccuracy.

In order to minimise the need to calculate computationally expensive trigonometric
functions, we used quaternions [163]. A quaternion is a four dimensional vector which is
restricted to being on the surface of a four dimensional sphere (thus giving 3 degrees of
freedom). The standard nomenclature of a quaternion is a four dimensional column matrix
[164] (equation 2.28), or a complex 2-dimensional matrix [165] (equation 2.29). Note that
the multiplication rules are more complicated than simple matrix multiplication for the

column form (see equation 2.34).

q= (2.28)

w + iz +1iz
q= Y (2.29)
—y+iz w—ix
The components can be related to the Euler angles as follows [144] (adapted from

[113]):

w=cos (L) cos [ 2¥ (2.30)
T = sin <62> Ccos <¢2¢> 2.31

(2)=("5") e
y = sin <Z> sin <¢;¢> (2.32)
» = cos <g> sin (ﬁ) (2.33)

When multiplying two quaternion vectors, the following is used [165] (adapted from

[113]):

Ay buw by — azby — ayby — azb,
a b by + azby, + ayb, — azb

ay by by — agb, + ayby, + azby
a b, b, + azby — ayby + azby,
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This is important when rotating a quaternion. The rotation matrix necessary to rotate

by a given quaternion is as follows [165] (adapted from [113]):

2

w? + 22 — y2 —z 2xy — 2wz 2wy + 2xz
R = 2wz + 2xy w? — 2%+ y* — 22 2yz — 2wx (2.35)
2xz — 2wy 2wz 4 2yz w? — 2 —y? 4+ 22

In order to generate a random quaternion, the procedure according to Vesely was used
[163]:
1. Generate a pair of random numbers a; and ag in the range [—1, 1], and repeat until

S1 = a% + a% < 1 (this is actually a computationally faster method than attempting

to find the allowable values after generating the first random number).

2. Generate another pair of random numbers a3 and a4 similarly, with Sy = a% +a? < 1.

1-5;
S

and

3. The quaternion components are given by w = a1, ¢ = ag, y = as X

z=a x,/l_Sl
= ay 5

This procedure has been shown to be approximately five times faster than the equivalent

generation of a random, arbitrary Euler rotation [163]. When combined with the additional
increase in computational efficiency given by the need to calculate fewer trigonometric
functions, it is clear that the use of quaternions is sensible for all particle simulation

applications [166].

Random numbers, seeds and initial configurations

Initially, all particles are placed on an orthorhombic lattice (the size of each side of the
cuboid is chosen such that the maximum amount of space is filled). The particles are
then simulated without attractions (but with the repulsive region of the interactions only)
for 1000 cycles. This ensures that they are randomly placed in the box. In order to
generate random numbers, we used a third party’s code, which used the method reviewed
by Marsaglia et al. [167]. The initial random seeds were either generated as a function of
the instantaneous free memory on a node and the time on the system clock, or taken from
a list of random seeds (ensuring each simulation in a group of runs had a different random

seed).

2.2.2 Ensembles used

When performing simulations, one must choose an intensive and two extensive factors

to keep constant. In statistical mechanics, the selection of these variables is known as
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the ensemble. In order for an ensemble to be useful in a Monte Carlo simulation, the
underlying probability distribution must be time invariant (a Gibbs state). It must also
be possible to get between any two points on the probability surface in a finite number of
steps (the system must be ergodic).

Our program (MCP) can run in three different simple ensemble modes, each one useful

to find out different information about a system.

Canonical ensemble

This ensemble is the one we use the most. Here, the number of particles, the volume
and the temperature are kept constant. This is the equivalent to having a closed system
of constant volume which can exchange energy with a heat bath; for example, a closed
reaction vessel. As explained in section 2.2.1, an acceptance probability for a given move

which maintains detailed balance is given in equation 2.21.

Grand canonical ensemble

In this ensemble, the system is not closed and particles may be exchanged with an
external “reservoir” which is kept at constant chemical potential. An example of a
physical phenomenon equivalent to this ensemble is a surface in contact with a large
reservoir of gas molecules in the atmosphere (which acts as the infinite reservoir). The
Boltzmann probability (v) of being in a state of given chemical potential (1), volume (V)

and temperature (T') is [144]

exp(BuN)VY

V(/'L7N7‘/7T7U)O< A3NN|

exp(—pU). (2.36)

When we make a displacement or rotation move, our acceptance probability remains
unchanged compared to equation 2.21 (as all of the other factors cancel). However, we
additionally have acceptance probabilities for the addition and removal of a particle that

are given by

exp(_ﬁ(Unew — Uold)) x VNnew=Nowa eXp(ﬁM(Nnew - Nold))
NHeW!
Nod!

V(Nold - Nnew) =min |1,
AS(Nnew_ old)

(2.37)
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These can be simplified depending on whether particles are added or removed:

exp (+58u)
(N +1)\3

(N — N —1) =min [1, exp (—BAU — In V) x exp (=) x NX?] (2.39)

Y(N — N +1) =min |1, exp (—FAU +In V) x (2.38)

As most of our systems are at low density, we use a simple insertion technique where
we randomly attempt to place a particle with random orientation and position on addition.
Other insertion methods are also possible for more complex systems [168], but they are

not used here.

Isothermal-isobaric ensemble

This is the isobaric form of the canonical ensemble [169]. Rather than the volume remaining
constant, we fix the pressure. The system is able to change the size of the box; moves
attempting this are known as volume moves. A physical analogue to the simulation would
be a reaction taking place inside a cubic balloon (that had no elastic effects from the
balloon’s skin). The program can change the box keeping all of the edges the same length
(cubic box), or allow the three dimensions to vary independently (orthorhombic box).

The probability of being in a given state in this ensemble is:
v(p, N,V,T,U) o< V¥ exp(—fpV') exp(—BU) (2.40)

Displacement and rotation moves have the same acceptance criterion as the canonical
ensemble (equation 2.21). However, for volume moves, there are two possibilities.

We can sample either the logarithm of the volume (In(V')) or the volume directly (V).
Generally, we used sampling in In(V'), as this means that the size of volume move steps is
varied with the size of the box, and thus gives a better acceptance ratio. When we change
the value of In(V') by a randomly chosen constant, this is the equivalent to multiplying the
volume by a randomly chosen amount.

When generating the move, it is important to remember that we have chosen to set the
probability of generating a move to be equal for any forward or reverse move. Therefore,
for both our sampling schemes, we select the move size to be a random amount in the
interval [—&yol, &vol], added to either the volume or the logarithm of the volume.

The acceptance of a volume move depends on our sampling. When we aim to sample

the volume V', we get the acceptance rule [170]

Y(Vold = Vaew) = min {1, exp {—ﬂ (AU +pAV)+ Nln <‘$ew>} } , (2.41)
old
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while sampling in In(V') yields the acceptance rule [144, 171]

¥(Vold = Vaew) = min {1, exp [—ﬂ (AU +pAV)+ (N +1)In (“/;ew>] } . (2.42)
old

2.2.3 Cluster moves

Although single-particle move Monte Carlo algorithms approximate diffusive dynamics, the
relative diffusion rates of different-sized clusters is incorrect, with larger clusters moving too
slowly. This deficiency would be a particular problem for simulating hierarchical assembly
(chapter 4), where assembly requires intermediates to diffuse sufficiently rapidly. In order
to correct this problem, we used a cluster move system as created by Whitelam and Geissler
[146, 172] that is specifically designed to give more realistic diffusion rates for clusters of
different sizes. The algorithm not only complies with the Monte Carlo requirements for
balance, but goes two steps further and follows super-detailed balance [173]. We derive

and explain it below for the canonical ensemble.

Dynamic cluster formation

The algorithm of Whitelam and Geissler [146, 172] aims to form clusters using a virtual
move Monte Carlo algorithm. It is applicable to pairwise-interacting particles in its simplest
form (described below). It works by attempting to move a single particle, and seeing the
effect this movement has on the interaction energies of individual pairs of particles (within

an interaction cutoff) compared with moving them together. The algorithm is as follows:

1. Select a seed particle ¢ uniformly and randomly and assign a move map (translation

or rotation).
2. Attempt a virtual move from state ¢ to state y.

3. Link particles j and 4 with probability p;; according to
pij(¢ - X) = Ij; max [0’ 1 - €xp <BUgluster - ﬂUferividual)} ’ (2‘43)

where Ilf?- is a binary variable for the interaction between molecules ¢ and j (i.e. it is

is the

1 if they are within the interaction cutoff distance and 0 otherwise), Ugluster

energy of interaction between i and j if the particles move in concert (with the same
move map — this is equal to their interaction energy if they remain still in the case
that they are in an isotropic field), and Ufgdividual is their energy of interaction if

they do not (i.e. i moves while j stays still).

4. Decide whether to reject or accept the move.
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Our detailed balance condition requires that

v(¢) x m(¢p — x) = v(x) x 7(x — ¢). (2.44)

Using the same symbols as before, where v is the probabilty of being in a given state, the

probability of a transition is known as 7 and is equal to the product of the probability of

attempting a given move (¢ — x) and the probability we accept the move, v(¢ — x).
This leads to equation 2.45 (which is similar, but not identical to equation 2.21, as the

probability of generating a move is not the same for all moves).

= ; X (2.45)

We can write our probability of generating a move, a, using equation 2.43. We can
write this as a sum over all probabilities of the possible ways we could build our cluster
(R). Each way of building a cluster is simply the product of the probabilities of generating
a certain seed particle (Wgeed(¢)), not making bonds outside of the cluster (g;; = 1 — pij,
multiplied over all unformed bonds, X), and of making bonds in the cluster (p;;), multiplied

over all formed bonds, Y. This gives us equation 2.46.

R R
alg—x) =), (Wseed(¢) x [T ais(e — x) x [ pis(e — X)) (2.46)
R X Y

If we had to keep track of all of the different ways in which a cluster could be formed,
there would be a lot of calculations needed. Instead, we introduce the idea of super-detailed
balance [173]. In detailed balance, we made sure that the probabilities of a forward and
reverse move between any two states maintained equilibrium. In super-detailed balance,
we go one step further and set the probabilities of completing a forward or reverse move
i a certain way such that we maintain equilibrium. This obeys detailed balance, but
simplifies keeping track of many different routes by which a cluster can be formed or moved.
Our new requirement for super-detailed balance can we written in terms of probabilities of

generating or accepting a move in a certain way, R, which we write as a(¢ — x|R) and

v(¢ — x|R), giving us

v(¢ — x|R)  v(x) _alx — ¢|R)
TS OB~ v(0) ~ alo = xIR) (2.47)
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This leads us to:
R R
a(¢ — X|R) = Weeea(9) x [ [ @:(6 — x) x [[ pis(¢ — x)- (2.48)
X Y

If we have canonical Boltzmann weights, and select our seed particle arbitrarily and

randomly (so that Wieed(¢) = Waeed (X)), then we are able to write equation 2.47 as:

W= XIR) _ U [1% ¢i;(x = ¢) x [T¥ pis(x — ¢)
T1% 4ij(¢ — x) x TT§ pii (6 — x))

(2.49)

We make two further modifications to the probabilities before giving our final acceptance
criterion. As long as we do so symmetrically, we do not affect our super-detailed balance.
The algorithm in its current form will preferentially move larger clusters (as the probability
of picking a particle in a large cluster as the seed is higher than picking one that is not).
This will not mimic diffusive dynamics (which is our aim in our Monte Carlo simulations).
To deal with this, we select a random cutoff size, n., before each move and reject any
move which attempts to move a cluster larger than this. This adds a sharp cutoff function
O(n — n¢) into our acceptance ratios (©(n —n.) is 1 if n < n. and zero otherwise). We
select n. by taking the integer floor of the inverse of a random floating point number R in

1
the range 0 to 1, i.e. n. = Lﬁj This perfectly eliminates the unfair bias (equation 2.50).

R=1

n

P(generation of cluster with size n) o< n x / dR
R=0 (2.50)

x1lVn>1

We also need to deal with some hydrodynamic issues. The equation we have currently
derived allows clusters to move the same distances, regardless of their cross-sectional area.
This does not mimic diffusive dynamics. This is easily rectified by applying Stokes’s laws
(equation 2.51, [146]) to the acceptance rate of the move, and by noting that the effective
radius can be found using equation 2.52 (7 is the unit movement vector (direction of
translation or axis of rotation), r¢ is our centre of mass position vector (for translations) or
moment of inertia vector (for rotations), r; is the position of each particle, and the average
occurs over all N particles in the cluster). Dy is the diffusion coefficient for translational

moves and D, is the diffusion coefficient used in rotational moves. Ry is the size of the
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smallest monomeric particle.

Dy(R) = = =

3? i . (2.51)
Dy(R) = R Dy(Ro) < R)
(R — Ro)? Z [(ri = rc x Al (2.52)

We generally set D,(Ry) = D¢(Rp) =1, as only the relative rates matter.

This gives us our final probability of acceptance as being:

(¢ = x|R) = O(n —nc) X Dy (R)x

1% aii(x — ¢) x [T pis(x — 9)]  (253)
Hﬁ Qij(¢ - X) X ngw@ — X)

min |1, exp (=B(U, — Uy)) X

Early rejection is possible whenever a proposed cluster is greater than the cutoff, n., thus
saving calculations for certain moves.

The algorithm is very effective at avoiding kinetic traps that single particle moves
often fall into, and we have found settings that ensure approximate diffusive dynamics of a
wide range of sizes of clusters. We have a probability of a rotation move being attempted
set to 0.4, the maximum size for a translation set to 0.3¢™, and the maximum size of a

quaternion that is added to induce a rotation set to 0.3.

2.2.4 Umbrella sampling

Umbrella sampling is the standard methodology used to glean information about the
underlying thermodynamics of a system [144, 174]. Every Monte Carlo step’s acceptance
probability is biased by a factor which is a function of an observable of the system. This
order parameter may be, for example, the size of the largest liquid cluster [175], the size
of a growing cluster [112] or the number of triangles in all the clusters.

The technique is used to find the probabilities of being in each state in a way which
overcomes the limitations of certain states being unlikely to be visited. The mathematics

is long, but does not involve any complicated concepts [176], and is explained below.
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Mathematical derivation

The probability of measuring the value of any observable, {2, from all the possible config-

urations of a system, I, can be written as

P(Q) = / P(I, Q)dI (2.54)

to give the canonical partition function.

The expectation of an observable can therefore be written as:

() = / QP(2)dQ (2.55)

- / QP(I',2)dr 402 (2.56)

In a standard canonical Monte Carlo simulation, the probability of a given state is
simply the Boltzmann probability, so we can rewrite the probability using the Kronecker
delta function acting on the value of the observable of a given state (w(I")) and our desired

observable ({2).

P(I,92) = P(I')dq,r) (2.57)
__exp(=pU())

U= Texp(=pu(s)) d5 (255

P(I,02) =6 exp(=UIL)) (2.59)

2.9 T exp(—pU(S)) dS

Thus our overall probability of a given value of an observable can be written using the

Dirac delta function as follows:

_ / P(I)8(2 — w(I)) Al (2.60)

_ Jexp(=BU(I))6(£2 — w(I))dr
[ exp(=pU(S))dS

(2.61)

Our expectation value is therefore:

:/Q/P(F)é((}—w(F))dFdQ (2.62)

[ exp(=BU(I"))d(2 —w(l))dl
-[o f op(—pUE)ds ¢ (2.63)

In umbrella sampling, we are aiming to find out how we have to bias the states which
have a certain value of an observable (the order parameter) in order to ensure that the

probability of visiting all possible values of the observable within a certain range is equal.
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Thence we can find the underlying probability of the states as a function of the order
parameter and the expectation value of the observable.
In order to get uniform sampling over our order parameter, our aim is to bias our

underlying probability distribution by a factor (1) as follows:

lbias, ideal(Q) - m (264)

This would give us new, non-Boltzmann, probabilities of certain states, as follows:

lbias,ideal(g) X exp(—ﬁU(F)) X 597W(F)
J Ibias,ideal (£2(S)) x exp(—=BU(S)) dS

pus(l}$2) = (2.65)

Unfortunately, we do not know the probabilities a priori, and often cannot find them
from direct simulation. This is especially relevant when the values of P({2) are very low,
as we may not visit any states with certain values of the order parameter without some
initial biasing. We need to estimate our parameter and update it until we find a good
estimate of the ideal biasing factor.

In our program, we bias the distribution by a parameter exp(—(z({2)). There are
many other possibilities for this factor; this choice just means we are able to combine the
energy and biasing factor when calculating acceptance. We change the probability of a

given state:

exp(—Bx(£2)) x exp(—=LU(I")) X 60u(r)

I 0= 2.66
P ) = (8 (a(9)))  exp( G0 (9)) 4 (269
Our move acceptance criterion thus becomes:
fy(¢ — X) — min |:]_’ efﬁ(z(ﬂx)*z(ﬂé)) X e*ﬂ(UX*U¢)i| (267)
v(¢ — x) = min [17 e—ﬂ(Ux—U¢+x(9x)—x(%))} (2.68)

After each run, we can estimate the current probability of obtaining certain values
of our order parameter (Pobtained({2)), and thus change the biasing function so that our
next run gives a smoother sampling. Generally, we are only interested in the relative
values of the order parameter; therefore, we can use the number of times we visit each
state (C'(§2) = Pobtained (12) X Neteps) rather than the actual probability. For this derivation,

lbias(£2) = exp(—pz(£2)). The relevant concept is that the more we visit a given state
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relative to the other states, the smaller the biasing factor should become.

 bias, o1d(£2)

lbias, new(\Q) - W (269)
1Og(lbias7 new(Q)) = 1Og(lbias7 old('Q)) - IOg(C(‘Q)) (270)

1Og(lbias7 new(Q)) _ 1Og(lbiaus, old(Q)) _ 108;(0(9))
3 = 3 3 (2.71)

_10g(lbias, new(Q)) . _log(lbias, old(Q)) IOg(C(Q))
3 = 5 + =3 (2.72)
Our biasing factor update is therefore:

Tnenl($2) = 2o (2) + 2BLC2) (2.73)

g

Generally, we limit the maximum value of the change of the biasing factor at each
step to ensure that we do not suffer from hysteresis (and so that the change in bias on
unvisited states is not huge). We also shift the biasing factors so that we do not suffer
from any numerical errors by ending up with incredibly small factors. We then run another
simulation using our new factors and repeat until we find that we have an equal probability
of visiting each value of the order parameter we are interested in. At this point, we have
the correct biasing probability and can thus calculate the underlying probability of a given

value of order parameter simply by remembering that:

1

lbias, ideal(~9> - m (274)
lbias, ideal( ) ( 5x1dea1( )) (2-75)
= P( ) = (ﬁxldeal< )) (276)

It is important in our umbrella sampling that we get not only even sampling, but
also fast exchange between states. This is demonstrated in figures 2.3. Once we get fast
exchange between states, we are able to update our biasing factor without needing to limit
the change in the biasing factor to a maximum.

This is similar to the Wang-Landau algorithm (section 2.2.5), but, rather than updating
the bias at each step, we use the number of visits after each run to estimate the bias
needed, then repeat the simulation with new biasing probabilities until we get fast regular

exchange between the states of interest.
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Order parameter

Monte Carlo cycles

Order parameter

Monte Carlo cycles

Figure 2.3: Changes of the order parameter as a function of Monte Carlo time in a regime
of (a) inadequate exchange and (b) adequate exchange.

2.2.5 The Wang-Landau algorithm

Thermodynamic data have been collected using the Wang-Landau algorithm [148]. The
Wang-Landau method uses a histogram approach to estimating the density of states of
a given system using a probability-biased random walk. This estimate of the density of
states can then be used to calculate simple thermodynamic properties, such as the heat
capacity (see equation 2.78). We initially look at the algorithm in its simplest form, the
canonical ensemble, before expanding to the more complicated mathematics required for
the grand canonical ensemble. It is worth noting that the Wang-Landau algorithm does
not follow detailed balance, though in the limit of a long run (and thus small convergence
factor (f value)), it can be thought of as approximately doing so.

The stages of the Wang-Landau algorithm are as follows:
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1. Set up a visit histogram as a function of energy, H(U), in the range of interest,
and an initial estimate of the density of states as a function of energy, g(U) (in the
original paper, the initial estimate is always flat, but it has been found in this system
that giving an approximate initial profile greatly speeds convergence). Then select an
initial convergence factor f. We used log(f) = 1. Within our program, logarithmic
units are used for the density of states and the convergence factor, G(U) = log(g(U)),
F =1log(f), and F is initialised to 1 (f =e).

2. Take a Monte Carlo type random walk with the acceptance probability ~, according
to equation 2.77 for steps between state ¢ and .

v(¢ — Xx) = min [ : gd’] (2.77)
9x
3. If a move is accepted, then increment the visit histogram H(Uy) = H(U,) + 1,
and multiply the density of states estimate g(U,) by the convergence factor f (or,
equivalently, set G(U,) = G(Uy) + F). Otherwise, increment the original state’s
visit histogram and density of states estimate similarly (H(Uy) = H(Uyg) + 1 and
G(Uy) = G(Uy) + F).

4. Steps 2 and 3 are repeated until the visit histogram H is ‘flat’ (there are several

definitions of flat possible, see below). The visit histogram is then reset and the value

of f decreased as f = \/f .

5. Steps 2 to 4 are repeated until f decreases to below a threshold close to 1. Some
recent work [177] suggested that the value of f should decrease as a simple inverse
function of time if it ever fell below the value of %, where t is the number of Monte
Carlo cycles that have occurred. This was attempted for this system, with only a
minor improvement in efficiency in a few cases (most simulations did not fall below

1
the trigger criterion of f < E)

6. The heat capacity can then be calculated using equation 2.78 or 2.79. Experimentally,
equation 2.79 is less affected by noisy results, but it takes approximately three times
longer to run than post-processing based on equation 2.78. Generally, equation 2.79

is used for final results, but when checking the progress of a run, equation 2.78 is
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used.

0(r) - () = - 2T (2.78)
oU(T)
(T =57 .
o(—80)
(U(T)) = JU x g(U)Qx dU
(T = JU? x g(U) x e=P0)AU
o Q (2.79)
C _ NI
v(T) = -5 y
_(U?) - (U)?
B kT2

The actual calculations assume that the integral and sum are approximately equal
(equation 2.80). This is felt to be a valid approximation for a large number of bins and at

high temperature (see appendix B.5.2).
/ g(U) x e BUAU ~ 3" g(Us) X (Usgr — Us) x 50 (2.80)

The Wang-Landau method was further modified with the use of an automated bin
adaptation algorithm, where the width of each bin was not fixed for the run, but was
rather allowed to adapt to ensure more sampling in areas which carried more information
about the density of states. We allowed the bins to change so that each bin contained
an equal density of information about the system (the bins at energies where there is a
higher density of states were smaller). This gave results that contained less noise, but,
unfortunately, also decreased the speed with which a run could converge on the density of
states (by orders of magnitude).

When defining whether the visit histogram was flat, we tried several different definitions.
The first was that the number of visits in each bin should be within a certain proportion
of the average visits multiplied by the current F-value. This ensured that the criterion
became stricter later in the run. The next possibility was just to ensure that each bin was
visited a certain minimum number of times. This gave a faster decrease of F-value, but
the data appeared noisier. The final (and most effective) definition was to ensure that the

number of visits in each bin were within a certain proportion of the mean number of visits
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(generally, 80 % was used), regardless of the current F-value.

It was found that the visit histogram count should be reset if it was not flat for a
long time (approximately every 10° MC cycles). This occurred because of random poor
sampling at the initial stages and if the reset did not occur, then it took a very long time
for the visit histogram to become flat, and hysteresis was a risk. We later implemented a
mode toggle that allowed only the most recent visits to be taken into account by keeping
track of the visits at each update and having a rolling average. This gave better sampling
under certain conditions, though, in order to ensure fast convergence, more effort had to
be put into keeping track of over how long the averaging should occur for different systems.

We also looked at the effect of changing the way the f-value was updated. Normally,
after the visit histogram is flat, the f-value becomes the square root of its previous value
(F becomes half its previous size). However, it is possible to change the rate at which
we decrease this. By setting a slower decrease of the f-value, the definition of a flat
histogram could be made much looser, thus giving an decrease in the time taken for the
program to converge. In general, it was found that decreasing the F-value by a factor
of 0.5 was actually the most effective method to use in conjunction with the histogram
flatness definition that just required all bin visit-densities to be within 80 % of the mean,
but that with the F-value only being decreased by a factor of 0.9, a method that just
required 1000 visits per bin could be used instead. The overall run time was similar for

simple systems.

Proof of principle

We first tested our implementation of the Wang-Landau algorithm on a system of patchy
particles able to form tetramers. We used this because theoretical heat capacity data had
already been calculated for this system as part of another project [178], assuming the gases
of clusters to be ideal and any vibrations to be harmonic (a similar set of approximations
to those which we use in section 6.6).

The system consisted of 4 patchy particles, each with two orthogonal patches (A and
B), where the A patches only attracted A patches and B patches similarly attracted only B
patches (figure 2.4). The behaviour of this system was studied as a function of the relative
strength of these interactions. Figure 2.5 shows that the theoretical and Wang-Landau
algorithm results are clearly commensurate, thus validating the method within this model
system. As the Wang-Landau algorithm was only run with 4 particles present, it also shows
that it is not necessary to have a large system to find the thermodynamics. This ensures
that we are only sampling a small energy space, and our chapter on encapsulation (chapter

3) uses single complete clusters and estimates from this the thermodynamic behaviour of
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larger systems. We review this further in appendix B.3.1.

Figure 2.4: The cluster used in the test system (a square made of two dimers: we refer to
this as an AABB square or dimer of dimers).

2.2.6 The Wang-Landau algorithm in the grand canonical ensemble

The Wang-Landau algorithm is actually applicable to many different ensembles. The
original implementation used in the program was in the canonical ensemble, sampling over
energy space. It is possible to sample over more than one variable, though this is slow for
complicated systems. We decided to follow the example of Ganzenmiiller and Camp [149],
and use the Wang-Landau algorithm in the grand canonical ensemble, sampling over the
number of particles. This attempts to find a biasing probability for the number of particles
and continues until the probability of visiting each density is approximately equal. The
biasing probability allows the relative values of the canonical partition function, Q(N,V,T),
to be found. These are related to the grand canonical partition function Q(u, V,T') by

[e.9]

Q(p,V,T) =Y Q(N,V,T) x exp(BuN) (2.81)
N=0
and can be used to calculate the grand canonical probability distribution for the number

of particles,
Q(N,V,T) x exp(BuN)

Q(u, V. T)
Unlike the Wang-Landau algorithm in the canonical ensemble, the biasing probability

P(N,V,T) = (2.82)

requires some derivation and explanation. For a given configuration of particles, I', if we
wish to have a uniform sampling of the number of particles, N, then we can define our

biasing probability, ppias(I, N), as follows.

P(I',N)

pbias(Fa N) = P(N)

(2.83)
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Figure 2.5: Comparison of the theoretical (from [178]) and Wang-Landau derived heat
capacities of the tetrameric system.

When we move between two states, ¢ and y, without any bias for generating the moves,
then our standard Monte Carlo detailed balance condition for our acceptance probability,

v, continues to hold. Namely:

pbias(F¢7 N¢>)’Y(¢ —X) = pbias(FX7 Nx)’Y(X — @)
pbias(Fx7Nx):| (2'84)

= v(¢ — x) = min [1,
0= Poias(T. )
We know from statistical mechanics that the Boltzmann probability, P(I", N), is:

VNexp(BuN — BU(I))
NUANQ(u, V,T)

P(I,N) = (2.85)
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The probability of a certain number of particles, P(N), can be written as:

P(N) = / P(I,N)(d)T

~ Q(N,V,T) x exp(BuN)
Q(u, V,T)

(2.86)

Thus we find from equation 2.83 that our biasing probability can be written as:

VNexp(—pU(I))

ias(I, N) = 2.
Pl 6 N) = NN QN V.T)) (257
Thus our acceptance probability is:
QNG V,T) | VMNGARNe  exp(—BU(D)
v(¢ — x) = min |1, (2.88)

QN V,T) " VNN W ™ exp(—U(Ty))

We estimate Q(N, V,T) during our simulation using a similar method to the canonical
Wang-Landau method described in the previous section.

Sampling over the number of particles has significant advantages over continuous energy
distribution, as sampling of a discrete variable is significantly easier to deal with than
for a continuous variable and is also faster. Using a single simulation to find all data in
large systems was slow; thus, we attempted to split the density landscape into smaller,
overlapping sections: a technique known as windowing. This technique does not prevent
ergodicity as it may do when windowing over energy variables. As the algorithm only
allows us to estimate the relative partition functions (Q(N,V,T)), we need to scale our
estimates when we combine the windowed system. This is strongly affected by any noise in
the system, and any effects of the edge of the windowed range are thus amplified. For our
clustering systems, this was not found to be significantly faster than our non-windowed
runs overall (which had a maximum of approximately 500 particles), and required more
computer core time overall (since many runs were needed), though it may be useful for

very large systems.

Derivation

Once we have approximate values for the partition functions Q(N,V,T'), we are able to
calculate the average number densities of the system at different chemical potentials. We

use equation 2.82 for the probability and

) =5"=7 > P(N)xN. (2.89)
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From the dependence of P(N,V,T) and (p) on the chemical potential, it is possible
to locate the coexistence points for liquid-vapour coexistence. At the chemical potential
corresponding to coexistence, (p) will jump between that for liquid and vapour, and the
centre of the transition can be defined as the point at which the two peaks in P(N,V,T)
corresponding to liquid and vapour states have equal area. In practice, this is achieved
by a numerical search. We use a quadrature search technique, where the solution is found
by converging on the correct answer iteratively. We first choose two starting limits for
the chemical potential (one in the low density phase and one in the high density phase),
then we test whether the mean density of the chemical potential between them is nearer
the higher or lower density phase. We then repeat the search using the central chemical
potential and either the original upper or lower limit (keeping the expected density of the
two points in different phases), until the answer is found to the relevant degree of accuracy.
Once the chemical potential at which there is an equal probability of the system being in
either phase is located, we can find the density of the two coexisting phases.

The grand canonical Wang-Landau algorithm may experience some issues based on the
size of the simulation box owing to clustering and the number of particles simulated. We

explain the root of these and their effect in appendix B.3.

Proof of principle

The method was first tested on a Lennard-Jones system to ensure that it recovered
the previously established phase diagram [179]. As can be seen from figure 2.6, our
implementation of the algorithm gives results which agree with the previously established
results from a similar length cutoff (2.5 was used in this case to allow comparison with
the Gibbs ensemble data) when compared to both Gibbs ensemble simulation data ([180]
as cited in [179]), and to the empirical modified Benedict-Webb-Rubin equation [179]
(which is not expected to be accurate near the critical point for cutoffs less that 30).
For simple systems, the grand canonical Wang-Landau method is efficient at computing

thermodynamic data, and our results are in agreement with other calculations.

2.2.7 Gibbs ensemble method

An alternative method to compute liquid-vapour phase behaviour is the Gibbs ensemble
technique, proposed by Panagiotopoulos [181]. The Gibbs ensemble method aims to
simulate two coexisting phases that are in thermodynamic, but not physical contact,
allowing thermodynamic information about both to be obtained simultaneously. This

method removes the issues with forming an interface between two phases (which changes
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Figure 2.6: A plot of density against temperature for the Lennard-Jones system (MBWR
equation from [179], Gibbs ensemble results from [180] as cited in [179]).

the free energy significantly for small simulations), by simulating two boxes which allow
exchange of particles and volume between each other.

In Gibbs ensemble simulations, there are three classes of move possible. The first is
the standard Monte Carlo displacement or rotation. The next is to remove a particle from
one box and place it randomly in the other. The final move class is to change the volume
of the two individual boxes, while conserving the overall volume of the system.

The displacement or rotation of a particle occurs using the same acceptance criterion
as for a canonical ensemble normal move, and is explained in section 2.2.1. Virtual move
Monte Carlo (section 2.2.3) can also be used if required. The displacement and rotation
moves in each box occur independently of each other.

Particle exchange moves occur at the same time in both boxes. It can be thought
of as two grand canonical Monte Carlo exchange moves occurring simultaneously (see
section 2.2.2). First, a particle is selected for removal from one box (here, we use ¢ to
signify the box which loses a particle), and the energy change when the particle is removed
is calculated (AFEy). The next part of the move is to add a particle to box x and calculate
the change in energy (AE,). The overall probability of the move being accepted is the
product of the probabilities of the two components being accepted. Note that terms

involving p cancel, and thus we do not need to specify a chemical potential. From equation
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2.37, we are able to derive the following probabilities:

N, +1
Pagd = exp <_/8AUX Cln X + ) » exp (_;/BM) (2.90)
X A
— on [~ ) _ 3
Prem = exp | —BAUg —In . ) % exp (—fu) X A (2.91)
¢
Yexchange = fadd X Prem (292)
Vo(N, + 1
“Yexchange, accept = min |:17 exp <_,8AU¢ — ﬁAUX —In ¢(X+)>:| (293)
ViNg
(2.94)

Volume moves can be thought of in terms of the isothermal-isobaric ensemble (sec-
tion 2.2.2). Here, we conserve the total volume of both systems. This is again a correlated
move. We need to look at the combined probability of changing the volume of each system.
Again, we have two systems: ¢, which decreases in volume, and y, which increases in
volume, both by the same amount, AV. As in section 2.2.2, there are two possible ways
of making a volume move, by performing a random walk in volume space or the natural

logarithm of volume space. The former gives the following probabilities:

V., + AV
Pgrow = exp |:_ﬂ (AUX + pAV) + NX In (X_"_/>:| (2'95)
X
Vo — AV
Pirink = exp [—ﬂ (AUy — pAV) + Ny In (%)} (2.96)
¢
onl move — Pgrow X Pshrink (297)

Vi + AV Vo — AV
—~— + Nyln —— 2.98
VX e V¢ ﬂ ( )

The random walk in the natural-logarithm-of-volume space, on the other hand, gives the

Yvol move = Min |:17 €xXp <_BAU¢ — ﬁAUX + NX In

following:
Pyrow = €xp [—ﬁ (AU, +pAV)+ (N, +1)In <VX_‘|—/AV>] (2.99)
X
Pirink = exp [—ﬁ (AUy —pAV) 4+ (Ny + 1) 1In <V¢‘—/¢AV)] (2.100)
Pyol move = Pgrow X Pshrink (2.101)

Vy + AV Vi — AV
Yvol move = Min [1, exp <—ﬂAU¢ — BAU, + (Ny +1)In % + (Ny +1)In %)]
X ¢

(2.102)

Note that in both move types, the pressure cancels, and so is not needed to be set for a

move in concert.



46

Chapter 2. Methods and model

kT /e

0.5

—— Standard Lennard-Jones | |
- - - Cut-off and shift at 3.5
Cut-off and shift at 2.5

—0.5|

Figure 2.7: Gibbs cutoff compared to the normal cutoff used in the group.
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Figure 2.8: Proof of principle on the Lennard-Jones system (MBWR equation from [179],
Gibbs ensemble results from [180] and our program).

Proof of principle

In order to ensure that the Gibbs ensemble implementation was working correctly, we tested

it again against the Lennard-Jones system. As the smallest box size which can be simulated

is one which has a side with length 2 X rcytoff, it was necessary to use a smaller cutoff than

usual, but balanced with keeping the shape as close to that of our larger cutoff as possible.

We used a cutoff of 2.5 o, which gives a very similar shape of potential to our normal cutoff

of 3.50 (as demonstrated in figure 2.7). As figure 2.8 shows, the implementation agrees

closely with other Gibbs ensemble runs and the modified Benedict-Webb-Rubin equation.



Chapter 3

Encapsulation

3.1 Introduction

This chapter looks at the use of a central template particle to encourage the formation of
capsid-like entities. Previous research [112] in the group has looked at the use of torsional
constraints to encourage the formation of certain target structures. While this constraint
is useful to prevent kinetic trapping into aggregates and is common to many proteins,
we are more interested in the development of rules that could be used for non-torsional
nano-technological applications. By using a central, encapsulated, template particle, we
were able to form a high yield of clusters even in the absence of torsional constraints.

Other work from the group [46] has also touched on the use of structured shells of
particles building up in layers to form a final structure. This templating was shown to
be effective under certain conditions, but requires high precision control for the design of
particles, so is not looked at in detail here.

First, we explore the biological motivation behind the idea of templating by encapsu-
lation, then apply some of the basic concepts using our model to explore the formation
of a wide variety of clusters. We look into the formation of a system which is possible
without the use of an encapsulating particle or torsional constraints in the potential, the
icosahedron, before moving onto at a system that has been shown to be difficult to form in
the absence of torsional constraints, the dodecahedron. Finally, we take a look at the effect
of changing from a simple, single, wide-patched particle to a non-isotropic narrower patch
and then a central particle with multiple patches.

This chapter is based on a recently published paper [6].
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3.1.1 Terminology

Throughout this chapter, we refer to the particles making up the external surface of
the cluster as shell particles and the encapsulated/template internal particle as the core.
Patches which bind the shell particles together are termed A-patches, those on the shell
particles which bind to the core particle B, and the core particle’s patch(es) are referred to
as C. The Lennard-Jones well depth for interactions between shell particles is referred to
as €44, and that between shell and core particles as egc. Interactions are also described
in terms of the particle type on which the patches are and the particle type to which they
bind; for example, shell-shell interactions refer to A-type patches (they are on the shell
particle and bind to other shell particles), shell-core to B-patches, and core-shell to C-type
patches. The Lennard-Jones diameter of the shell particles is known as JE{‘J, and that of
the core particle as o5’

In all pictures from simulations, the colour scheme for the systems of interest is for
the shell particles to be red with blue being used to represent the location of the patches
which are able to bind together to create the shell structure (A-type patches), while green
is used to show the location of patches of any interaction site on the shell which binds to
the core (B-type patches). The core particles are shown in yellow. Note that the patches
do not have a volume and are just schematically represented as such to show the binding
sites (as demonstrated in figure 3.1).

When looking at the yields of different types of cluster, we used an adaptation of a
diagram designed by Villar [178]. These show the kinetic yields of different clusters on a
two-dimensional grid in different colours. The target cluster is coloured red, the equivalent
cluster without a central particle green, and aggregates as blue. An aggregate is defined as
any cluster having 25 or more particles in the icosahedral system, and any with 41 or more
particles in the dodecahedral system (that is, greater than twice the number of particles
in the target cluster’s shell).

The terms ‘centred’ and ‘encapsulated’ are used interchangeably when describing
clusters with a core particle, and the terms ‘uncentred’ and ‘empty’ are used to describe
those without a core particle. The core particle is also referred to as the central particle in

this chapter.

3.2 Biological inspiration

The motivation behind encapsulation came from biological systems, mainly from viruses.
We looked at viruses in detail in the introduction. Viruses come in many forms (see

section 1.3.2), but the inspiration for this section is mainly from the assembly mechanisms
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of certain icosahedral viruses.

While viruses are a source of inspiration for us when looking at encapsulation, the
majority of this chapter is concerned with the formation of clusters without torsional
constraints, and this differs from the formation of viral capsids (which have a torsional
dependence when binding due to the non-rotationally symmetrical positioning / shape of

their sites of interaction).

3.3 Relevant research

3.3.1 Experimental systems

Experiments have shown that virus capsid proteins are not only able to encapsulate their
genome [75], but conditions can be found where they assemble around non-biological
objects, such as nano-particles [182-186]. In such assemblies, the nano-particles mimic the
electrostatic behaviour of the nucleic acid.

As mentioned in chapter 1, some very interesting experimental work has been carried
out by Burnley and Cox [109]. This looked at the use of both a flexible template (thought
to be an analogue to the viral genome) and a globular template (a structureless central
particle). Their findings were that a flexible template gave reasonable yields of correctly
formed target cluster, while a globular template did not. This should be borne in mind
when we examine our results, which clearly show that a structureless globular template is
not only able to encourage assembly, but that, by being structureless and allowing particles
to diffuse across its surface, it permits efficient assembly, especially in the case of the
dodecahedron. We explore the role of this surface diffusion when comparing the assembly
of an isotropic central particle with one with patches and structure (section 3.8.2).

The use of dissolvable templates has been shown by Caruso’s group to be an effective
way of controlling the size, composition, geometry and thickness of the formation of self-
assembling shells [187]. Their method uses a colloidal template particle onto which species
can be adsorbed using layer-by-layer deposition of charged species [188]. By choosing the
material of the components carefully, the central particle can then be dissolved [189] or
thermally decomposed [190], leaving a porous shell of the desired size. Though we are
finding the limits of and useful methods to encourage encapsulated self-assembly, researchers
looking into the application of these rules should consider some of the chemistry carried

out by Caruso et al.
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3.3.2 Simulation and theoretical research

Although less studied, simulations [127-130] and theory [140-142] have begun to address
the assembly of filled viral capsids. Particularly relevant to the work in this chapter are
the simulations of Hagan and co-workers, who have shown that the change in assembly
mechanism from homogeneous nucleation of the capsid proteins in the empty capsid case
to heterogeneous nucleation around a core enhances the ability of the capsids to assemble
[127]. These simulations have modelled the genomic material as a spherical entity that
has an attractive interaction with the capsid proteins. They neglect internal structure and
degrees of freedom of all particles, in particular the core, which is polymeric in vivo in
viruses. Some research has suggested that the polymeric nature of the genome may play an
important role in the self-assembly of viruses. For example, diffusion along an RNA strand
by capsid monomers has been shown to be relevant to the assembly mechanism by use of
theory [141], as it gives a fast one-dimensional diffusion path over which capsid monomers
can be brought together quickly. However, as mentioned previously, some viruses are able
to assemble around a nano-particle core, so the exact nature of the template is not relevant
[182-186]. This chapter concentrates on globular, patched central particles, rather than the
use of polymers for encapsulation, as we are interested in nano-technological applications

rather than modelling viruses.

3.4 Nano-technological applications

As previously mentioned, first-generation patchy colloids and nano-particles are unlikely
to have the torsional component in the potential which is common to protein-protein
interactions. Simulations have indicated that the one-component self-assembly of simple
monodisperse targets is still feasible [111, 112, 191]; however, there can be significant
differences in the mechanisms of assembly and the nature of the kinetic traps compared
to torsionally constrained particles. In particular, the lack of a torsional component in
the interparticle potential to enforce convexity in the growing clusters leads to disordered
aggregation competing with correct assembly [111, 112]. Furthermore, as the size of the
target structure increases, the difficulty of assembly increases much more rapidly when
torsional constraints are not present. For example, the self-assembly of a simple 20-particle
dodecahedron occurs readily with a protein-like potential with torsional constraints [192],
but is impossible without [112].

We show that the use of encapsulating particles is a useful step in allowing the formation
of clusters of certain shapes in the absence of torsional constraints. This work may be

applied to certain pharmaceutical aims. The creation of structured clusters encapsulating
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Figure 3.1: A shell particle and a completed cluster for the centred icosahedra forming
system.

a drug for delivery to a host organism is a desirable aim of much research, as it allows
specific targeting of cells (e.g. cancer tumour cells [193]) while preventing the drug from
being inactivated by the body’s enzymes [194]. The use of DNA clusters able to form
nano-capsules has also recently been shown to be a possible way of encapsulating a drug
compound [195]. The encapsulated cargo acting as the template for formation is a desirable
aim in nano-technological assembly, as it would simplify the synthesis route of the final
capsid.

This research also helps to understand some of the theoretical basis of the current
experimental virus-based nano-technology, which includes use as delivery mechanisms [196],
in immunoassays [88], and even as tools for finding out the connectivity of the central

nervous system [89].

3.5 Icosahedra

Previous work in the group has already characterised the formation of empty icosahedral
clusters [46, 112]. We begin by comparing the formation of empty icosahedral clusters to
the formation of icosahedra around a central shell particle with a single isotropic attractive
patch (which we refer to as [hC'). When not varied, the encapsulated particle had a size
which allowed efficient assembly and packing to occur (the internal particle has a diameter
of 95 % of that of a shell particle). Icosahedral clusters are able to form in the absence of
torsional bonding constraints and the initial investigation aimed to establish the differences

in assembly mechanisms and stability of the two systems.
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Variable
E€BC
EAA

BV

BV

NCOI'e
Nghelt

|,,,cutoff’

¢ (patch noise
parameter)

1

Tors
A

1

Tors
9B
Repeats for dynamic
runs

Number of
Monte Carlo cycles

Maximum number of
complete clusters
simulated

Value

0.35 radians

0.35 radians

0.95 (IhC)
or
1.80 (DdC)

0.15 (o) =3

0 (IhO and DdO)
1/12 (IhC)
1/20 (DAC)

3.5 0% (dynamic)
or
2 o) (Wang-Landau)

100

10 per run (dynamic)
or
1 per run (Wang-Landau)

Table 3.1: Parameters used in the simulations of centred icosahedra and dodecahedra
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3.5.1 Dynamical results

The investigation into the dynamical behaviour explored a large amount of parameter
space. The regions where encapsulated icosahedra form efficiently have been delimited.
We will look at the effect of the different variables in turn before examining the changes in
assembly mechanism that were relevant to this system. All of the kinetic simulations were
run for a million Monte Carlo cycles, and with the use of virtual move Monte Carlo steps
[146]. The parameters used for the moves were those which previous research within the
group had shown gave results the most similar to the diffusional behaviour of small colloid
clusters in water [46] (see appendix D.1.1).

Fach simulation contained 120 shell particles and 10 core particles, allowing a maximum
yield of 10 centred icosahedra. When calculating the yield of clusters, we allowed a
maximum of two defects in our final snapshot (i.e. two bonds that were not formed). A
bond is defined as formed if the energy of attraction between two particles is at least 40 %
of the well depth of perfectly aligned patches. In the cases where the central particle was
not able to form bonds with all of the shell particles (due to size or patch width), we
have also included the yield of clusters which have the correct size (13-mers in the case of
icosahedra: final configurations from the program have shown that these were generally of
the correct shape). All results are taken from the average of 5 runs, each with a different
random seed (see chapter 2 for more details).

Unless otherwise stated, the values in table 3.1 were used for the simulations.

Strength of interactions between the shell and core particles (¢p¢)

We looked at the effect of changing the strength of the interactions between the encapsulated
particle and the external particles, epc. This, unsurprisingly, has a strong effect on the
balance of centred and uncentred icosahedral cluster yields. Figure 3.2 shows the effect of
changing the strength of the interactions on the yield at a variety of temperatures.

At weak patch strengths, the formation of uncentred icosahedra is preferred due to the
gain in free energy by releasing the central particle (entropically favoured while enthalpically
disfavoured). This effect can be seen at patch strength ratios just above 0.2 where, as
the temperature decreases, the predominant structure changes from empty to centred
icosahedra. All other patch strengths have a reasonable window of formation of the centred
target structure, with the window width increasing with increasing patch strength. The
temperature at which the system becomes trapped into aggregates seems little affected by
the change of the interaction strength. This suggests that encapsulation can be applied to

other structures which are normally unable to be formed owing to aggregates acting as a
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Figure 3.2: Plot of successful assembly of the centred icosahedron-forming system as a
function of the interactions between shell and core particles (other settings are given in
table 3.1).

kinetic trap.

Patch widths

As previously mentioned, there are three patch types that are relevant to this system:
the patches which interact to form the shell, A, and those on the shell particle, B, which
interact with the central particle’s patch, C. As the central particle was initially configured
to be anisotropically attractive, we looked at the effect of varying the shell-particle’s A
(shell-shell) and B (shell-core) patches. The patch widths of patches of types A and B

were set at 0.35 unless they were being varied.

Shell-shell patch widths (agw) Figure 3.3 shows the yield when varying the shell-shell
patch width. Unlike the patch strength plots, there are many more limits to successful
assembly visible here. Figure 3.4 labels each of the regions as explained below.

There are two kinetic traps and two regions of thermodynamic instability for our target

cluster.

1. Our first kinetic trap is where large aggregates form. This occurs at low temperature
in the middle ranges of patch width. It is also discouraged at very narrow patch
widths. Here, the monomers become trapped in incorrectly formed clusters part way
through assembly, and these clusters bond together: they are unable to become free

and assemble correctly owing to the lack of thermal energy.
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Figure 3.3: Plot of successful assembly of the centred icosahedron-forming system as a
function of shell-shell patch width (other settings are given in table 3.1).

2. In the second kinetic trap, clusters part-assemble correctly, but all of the monomer

ends up in the intermediates. The system becomes trapped in these part-assembled
clusters which do not aggregate significantly (though some small aggregates are able
to form). We call this arrested formation. This happens at low temperature to

patches which are too narrow to form a liquid.

. The first region of thermodynamic instability for our cluster occurs at very wide shell

patch widths. Here, the system approximates Lennard-Jones spheres. Thus, we do
not get clustering, but rather form liquid droplets. This behaviour is destabilised by
decreasing the patch width. We look at this more in chapter 6.

The second region of thermodynamic instability of our cluster is when the formation
of small aggregates (or monomers) is more favourable than the icosahedral clusters.
This occurs when the free energy of the target clusters is higher than that of the
small aggregates or monomers. This can be due to narrow patch widths, meaning
that there is low entropy of the completed cluster, or weak bonds in the target cluster,

at high temperatures.

The correct formation of clusters is thus a balancing act between the patch width

needed to be sufficiently narrow to destabilise the liquid with respect to the clusters, but

not so narrow as to destabilise the clusters with respect to monomers. The need to consider

both the monomer and liquid phases’ stability with respect to that of the cluster is an

important theme when designing patchy particles.
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Figure 3.4: Schematic diagram to demonstrate the limits of assembly of the centred
icosahedral system as a function of the shell-shell patch width. Labels 1-4 refer to regions
of different types of aggregation, and are explained in the text.

The patch width of the shell-shell interactions is the first variable that we are able to
compare to the non-templated icosahedral cluster forming system (known as IhO), the
results for which are shown in figure 3.5. It is clear that the inclusion of a central particle
greatly increases the range of conditions for which self-assembly is successful. Figure 3.6
shows the yield when we scale the temperature to account for the fact that the energy of
the completed empty cluster is lower than that of the centred system. When compared
with figure 3.3, it is clear that the centred system has an enhanced ability to self-assemble,

especially at lower patch widths.

The effect of using a weaker interaction between shell and core particles In
order to show the effect of competition between centred and uncentred icosahedral clusters,
we decreased the well depth of the interaction between the shell and core particles (ep¢)
to half the strength of the interaction between shell particles (€44). We then examined
the effect on the yield plots as a function of shell-shell patch widths (05" ). The results
can be seen in figure 3.7. It is clear that under these conditions, the kinetic stability of
uncentred clusters becomes relevant at wide patch widths and lower temperature. The
yield of uncentred clusters may be due to the assembly mechanism and is explained in
section 3.5.1. Figure 3.8 shows the yields when we scale the temperature by the ratio of
the energy of the original centred system and the energy of the system with weakened
core-shell interactions. The results demonstrate a decrease in the parameter range at which

we see successful assembly of the centred icosahedron with weakened core-shell interactions
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Figure 3.5: Plot of successful as a function of shell-shell patch width for the uncentred
icosahedra forming system (other settings are given in table 3.1).
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Figure 3.6: Plot of successful assembly for the uncentred icosahedra forming system as a
function of shell-shell patch width with temperature scaled by the ratio of total energies of
the ThO and IhC clusters, to allow better comparison with figure 3.3 (other settings are

given in table 3.1).
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Figure 3.7: Plot of successful assembly as a function of shell-shell patch width with
weakened shell-core interactions (% = 0.5; other settings are given in table 3.1).

€EAA
compared to the original, IhC, system. The decrease in the region of successful assembly

is partly due to trapping in uncentred icosahedra.

Shell-core patch widths (c5V) The patch width of the shell patches which bonded
to the isotropic central particle was found not to limit the yield of icosahedra strongly
(figure 3.9), except at certain extreme values. The yield does not vary strongly between
patch widths of 0.2 and 0. At very wide patch widths, bonding with the central particle no
longer requires shell particles to be facing the correct way, and so the interaction with the
core no longer ensures that the shell grows with the correct curvature. In fact, it is possible
for the core particles to bind to the shell-forming particles with the shell-forming-patches
facing outwards rather than inwards, stabilising the formation of the liquid compared to
the cluster and the monomer. This simultaneously decreases kinetic traps, as a part-formed
cluster can rearrange more easily.

At narrow patch widths, the centred system has decreased entropy compared with
wider patch widths, as less variation in conformation is permitted while being bonded.
This effect destabilises the cluster with respect to the monomer. There is also less chance
that when two particles come into contact they will bond, so narrow patch widths are both

thermodynamically and kinetically limiting. Again, the theme of balance is important.
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Figure 3.8: Plot of successful assembly as a function of shell-shell patch width with
weakened shell-core interactions with temperature scaled to allow simple comparison with

figures 3.6 and 3.3 (63;0 = 0.5; other settings are given in table 3.1).
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Figure 3.9: Plot of successful assembly as a function of shell-core patch widths (other

settings are given in table 3.1).
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Size of the core particle (o’

When defining whether a complete cluster has formed correctly, it is necessary to note
that when the central particle is large compared to the shell particles, the formation of
centred icosahedra is no longer feasible, as the shell particles are unable to form bonds
(which we define as interactions with an energy of at least 40 % of the Lennard-Jones well
depth) both with each other and the central particle (geometrically, this happens when the
diameter of the core particle is greater than 140 % of the diameter of the shell particles).
Similarly, when the central particle has a diameter too small (geometrically, the cutoff is
at about 50 % of the diameter), then it may no longer bond to all of the shell particles,
and instead may either bond to a set of particles close together on one edge or “rattle”
about the cage, moving freely from the centre to the edge. We examine this rattling effect
in section 3.5.2. For this reason, when examining the dependence of assembly yield on the
size of the core particle we consider both our target structure (figure 3.10(a)), and clusters
of size 13 (figure 3.10(b)). The latter 13-mers all appear to be completed clusters but with
the incorrect number of shell-core bonds.

When the core particle is small, the system still forms an appreciable yield of icosahedral
clusters. This yield is interesting, as it is not possible for the small core particles to bond to
all of the shell particles. This result implies that the key process determining the product
that forms is the initial nucleation of an icosahedral cluster on the core, and not the ability
of all particles to bond to the core. In our kinetic yields, we also see the formation of some
clusters with two core particles, though these are rare. The formation of empty icosahedra
competes with centred icosahedra at very small core particle sizes. Although some small
non-icosahedral particles form around the core, they are normally less stable than the
empty icosahedra. This behaviour is different to the dodecahedral system, which we study
later (see section 3.6.1).

At larger core particle sizes, we find that there is a sudden cutoff in the yield of the
centred icosahedron (at a diameter of around 110 % of the shell diameter), but it is not
replaced with uncentred icosahedral clusters. Here, centred clusters which have more than
12-shell particles can form. These clusters correspond to a variety of different structures
stabilised by the strong core-shell interaction. As we use a 12 : 1 stoichiometric mixture of
shell to core particles, sometimes these clusters are not closed owing to the system running
out of shell-monomers, and often this results in there being unbound core particles. An

example configuration found is shown in figure 3.11.
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Figure 3.10: Plot of (a) yield clusters with the correct number of bonds (allowing up to
two defects) and (b) yield of correctly sized clusters as a function of the size of the core
particle for the centred icosahedra-forming system (other settings are given in table 3.1).

Density

The effect of changing the number density of particles was investigated at low densities for
completeness (see figure 3.12). It is clear that changing the density has little effect on the
total maximum yield, though it does broaden the temperature range that gives a reasonable
yield, somewhat due to the reduction in the translational entropy of monomers. At even
higher densities, there is the possibility that other thermodynamic phases, e.g. liquids,
monomer crystals and cluster crystals, could become the stable phase (this possibility is

investigated for some systems in chapter 6, but is not considered in detail here).
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Figure 3.11: An example of the larger structures formed (0%’ /0% = 1.3, kT /e g4 = 0.15;
other settings are given in table 3.1). Note that the structure in the foreground is incomplete,
and that there is an isolated free core particle.
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Figure 3.12: The effect of density on the assembly of the centred system (other settings
are given in table 3.1).
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Assembly mechanism

There is a noticeable change in the mechanisms of assembly for centred and uncentred
icosahedra. Previous work on uncentred icosahedra has shown that there are two mechan-
isms of self-assembly: budding and direct nucleation [46]. In budding, a large cluster forms
initially, and it then subsequently rearranges to release icosahedra.

The centred-templated system showed a preference for a direct nucleation-type mech-
anism (occurring around the core particle), while the uncentred system can also form
under certain conditions by budding. The difference in assembly mechanisms can be seen
in the time resolved yield plots (figure 3.13). Both were run under equivalent conditions
(both have a shell-shell patch width of 0.35, the centred system is run at a temperature
of 0.14e44/k, and the uncentred at the slightly lower temperature of 0.12e€44/k, so that
they both had similar yields). For the uncentred case, the system initially forms aggregates
which then break down to form uncentred icosahedra. For the centred system, on the other
hand, there is only a small transient population of aggregates. At wider patch widths and
low temperatures, however, there was some evidence of an intermediate aggregate stage
for the centred system. It is worthwhile noting that for most viruses, viral proteins are
assembled by nucleation and the budding mechanism is unheard of' [197]. Thus the simple
model is in agreement with experimental data within the region of high yield despite the

lack of torsional constraints in our potential.

Robustness of assembly

As any experimental method to form patchy particles will involve a certain degree of
“polydispersity” in the patch positions, we have also considered the effects of imperfectly
positioning the patches. These were generated by adding a small random quaternion
(Qrandom, of maximum length () to the quaternion representing the ideal position of each
patch on each particle (Qorig), followed by re-normalisation (see section 2.2.1 for details

on quaternions): o 0
. orig random

B |Qorig + Qrandom‘

The level of noise was varied by changing the maximum size of each of the random deviations

Qfin (3.1)

(¢). The random deviation was chosen for each patch in turn, so that they would give
a patch positioning similar to that which is expected to result from mass-produced (and
slightly noisy) patchy particles. This allowed us to see the difference in tolerance to noise
in patch placement.

Figures 3.14 and 3.15 show the effect of noise on the assembly of centred icosahedra;

'Beware that the term ‘budding’ has a different meaning in virology
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Figure 3.13: Yields as a function of time for the (a) centred (k7' = 0.14 € 44; other settings

are given in table 3.1) and (b) uncentred system (kT = 0.12e44; other settings are given
in table 3.1).

again, we show both centred icosahedra and clusters of size 13. Unsurprisingly, the yield
and range of correct assembly decreases as the noise increases. The persistence of 13-mers
over centred icosahedra is due to the patch noise preventing the formation of all nearest-
neighbour inter-particle bonds (again, due to our definition that a bond has an interaction
of at least 40 % of the well-depth). Comparing these data with the uncentred system
(figures 3.16 and 3.17) shows that templated assembly leads of a larger robustness against
noise in particle production. As large scale synthesis is rarely perfect, a higher tolerance to
defects is a useful property for a self-assembling synthetic system to have, again suggesting

that templated self-assembly has significant practical advantages.
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Figure 3.14: The effect of patch noise on the assembly of centred icosahedra (other settings
are given in table 3.1).
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Figure 3.15: The yields of 13-mers formed in the centred icosahedra-forming system as a
function of patch noise (other settings are given in table 3.1).

3.5.2 Wang-Landau results

As explained in detail in section 2.2.5, the use of the Wang-Landau algorithm to find
thermodynamic information about a system is well-established [149, 198]. We use the fact
that the transitions between different states of the system are usually accompanied by
a change in energy, and so can be detected by the presence of a heat capacity peak, to
delimit the regions of thermodynamic stability for different clusters.

We applied the Wang-Landau algorithm to the icosahedral system initially. We aimed
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Figure 3.16: The effect of patch noise of assembly in the uncentred icosahedra-forming
system (other settings are given in table 3.1).
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Figure 3.17: 12-mers formed in noisy assembly in the uncentred icosahedra-forming system

(other settings are given in table 3.1).

to get thermodynamic data to supplement our understanding from our kinetic data. The

results when different factors were changed are summarised below. All of our Wang-Landau

simulations for the centred icosahedron-forming system are for a box containing 13 particles

(12 shell and one core), at a shell number density of 0.15 / (¢4)%. We examine the effect of

using the algorithm for a small system in appendix B.3.1. It was necessary to use a cutoff

of 2 0{1‘], so that the cutoff was less than half the periodic box width for the icosahedral

system. We examine what effect this has on the system in appendix B.4.

Most runs use a minimum energy that is either approximately 2 ¢ above the theoretical
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Figure 3.18: The heat capacity of a system of 12 shell and one core particle as a function
of temperature and strength of the interaction between the core and shell particle (other
settings are given in table 3.1).

minimum, or € below the lowest energy achieved in a dynamic run. We explore the effect
of changing the minimum energy in appendix B.5.1. All runs have at least 200 bins, which
is shown in appendix B.5.2 to be sufficient to allow convergence to a sensible degree of
accuracy in a reasonable time. A mixture of updating mechanisms were used, which did

not affect the outcome; these are described in appendix B.5.3.

Interaction strength

The results (figure 3.18) show the prediction of the Wang-Landau algorithm when we change
the strength of the interactions between the central and shell particles. As expected, they
show an increase in transition temperature with increasing interaction strength.

The transition between monomer gas and icosahedral gas can clearly be seen in the plot
(figure 3.18). At sufficiently low epc/c44, the main transition becomes associated with
the formation of uncentred and not centred icosahedra (this is the region for which the
higher energy transition temperature is no longer dependent on epc/c44 because the gain
in energy when a core particle is in the centre no longer offsets its loss of entropy at this
temperature). Only at much lower temperature do the centred icosahedra become more
thermodynamically favourable. In this range of e /e 44, two transitions are resolved. On
a log plot, at low interaction strengths, two transitions can be seen (figure 3.19). The
one which occurs at the lowest temperature, labelled A, is the centre of the equilibrium
between centred and uncentred icosahedra. The sharper, larger peak, B, is the transition

between uncentred icosahedra and monomers.
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Figure 3.19: The heat capacity at low patch strength (other settings are given in table 3.1).
The peak labelled A corresponds to the equilibrium between centred and uncentred ico-
sahedra. The sharper, larger peak, labelled B, corresponds to the transition between
uncentred icosahedra and monomers.

Relative particle size

The Wang-Landau results for the effect of changing the size of the central particle are
shown in figure 3.20. Between central particles sizes of 0.1 and 0.2 UIIgJ, we see a transition
between uncentred icosahedra and monomers. Then, at core particle sizes between 0.25 and
1.1 Uﬁ‘], we have the equilibrium between our centred target clusters and monomers. Up
until a central particle size of 0.5 UE{], the core particle is generally found towards the edge
of the cluster, whilst at and above a core size of 0.7 O'%J, the particle is found approximately
in the centre of the cluster. At core sizes of 0.55 and 0.6 o', we see wider transitions with
somewhat lower heat capacity peaks, as the particle is able to move between these two
positions (visualisations of dynamic runs confirm this).

At higher core particle sizes, we see a sharp cutoff in our kinetic yield plot and a sudden
change to a mixture of different-sized clusters. This change is reflected in the heat capacity,
which exhibits wider, lower peaks (though this is also affected by the fact that we are only
using 12 shell patches in our run; see appendix B.3.1). The products’ structures are not

monodisperse, as demonstrated in figure 3.11.

Weaker shell-core interactions For weaker core-shell interactions, the centred icosa-
hedron is the most stable structure for a narrow range of core sizes, namely from 0.15 to
0.45 aﬁJ. The big difference from the centred icosahedron-forming system is that above
this range, only uncentred icosahedra form.

It is worthwhile for experimentalists to take note of the decrease in other clusters

present in this system. If they are only able to produce non-monodisperse core particle
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Figure 3.20: The heat capacity of a system of 12 shell and one core particle as a function
of temperature and size of the core particle (other settings are given in table 3.1).

sizes, but wish to have only clusters with a given number of particles, then they should
consider a system with weaker interactions between core and shell. This would allow them
then simply to separate empty and filled clusters, or, by controlling the temperature, they
could configure the system to give only yield of the filled cluster or the monomer (for

0.15644 < kT < 0.17€ 44, only centred icosahedra and monomers are possible).

Patch width

The effect of patch width on the thermodynamics of the system can be seen in figure 3.21.
These 13-particle simulations allow the thermodynamics associated with clustering to be
explored, but cannot capture the thermodynamics associated with competition between
aggregates and clusters. At large patch widths, there is some broadening of the heat
capacity, which is evidence that the behaviour is changing, and kinetic simulations of larger
numbers of particles suggest this may be due to liquid-like aggregates forming. However,
we are unable to tell what is happening owing to our small simulation size. We look at the

issues of larger simulations in appendix B.3.

3.5.3 Simple approximation-based thermodynamics

Our simulation results on the effect of patch strength can be used to test the validity of a
thermodynamic approximation. This approach is further used in the chapter on hierarchical
assembly (chapter 4) for the prediction of assembly mechanisms. A simple diagram of the

thermodynamic equilibrium lines can be created using the following approximations.

1. The relative entropy of a set of clusters is dominated by the positional entropy of

the clusters, such that we can approximate any change in entropy as being directly
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Figure 3.21: The heat capacity of a system of 12 shell and one core particle as a function
of temperature and patch width of the shell-shell interactions (other settings are given in
table 3.1).

proportional to the change in the number of clusters present (n),

AtrsS X Atrsn. (32)

2. The enthalpy of clusters comes entirely from the intra-cluster bonds formed and all
bonds are perfectly formed, such that the change in internal energy comes entirely
from the change in the number of formed bonds (m;;) of each patch pair ij with
bonding energy Fj;,

AU oY Avrgmnij By (3.3)
ij

At the transisition temperature, the change in Helmholtz energy is zero, AysA =

AtrsU — Tog AtrsS = 0. Therefore, the transition temperature, Teq, is predicted to obey

1
T — A TV I 3.4
eq X Agrent %: trsT1lij L5 ( )

To find the proportionality coefficient, we need to know T4, for one set of parameters.
It is then easy to calculate the dependence of T, on the relative interaction strengths of the
different patches. For the centred icosahedral system, we have overlaid the expected shape
of the equilibrium lines diagram over the Wang-Landau heat capacity data (figure 3.22)
as a function of interaction strength, scaled to the middle of the transition from the

Wang-Landau results (figure 3.22), at epc = €44.
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Figure 3.22: Simple approximation of phase boundaries compared to the Wang-Landau
results (other settings are given in table 3.1).

This simple approximation technique exhibits clear agreement with our data. At lower
interaction strengths, there is some divergence from our results, especially the position
of the centred/uncentred icosahedron transition line, but it is clearly a fair approximate

system for finding the transition lines.

3.6 Formation of an otherwise inaccessible shape: the do-

decahedron

Having shown that formation of patchy particle clusters with a target cluster that could
be accessed using other non-torsional assembly methods is possible, we then moved onto
looking at the formation of shapes which previous research has shown are rarely formed for
a variety of reasons [112]. The dodecahedron is the prime example of this type of system,
and one which we consider in detail here.

The formation of a dodecahedral cluster has been shown previously not to be possible
without the use of torsional constraints [112]. The temperatures at which kinetic aggregates
form are above the temperature at which the complete cluster forms. There is no window
in temperature over which the dodecahedron is the only stable species with respect to
monomers. There are only three bonds per particle, so the correct formation of the
structure does not have as much enthalpy per particle as the icosahedral system, and the
loss in entropy is significantly higher (as there are 20 particles in the shell rather than 12
for the same gain in energy of the completed cluster).

With templating, however, we were able to form centred dodecahedral clusters (fig-

ure 3.23) without any torsional constraints being used. An analysis of our findings is given
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Figure 3.23: Centred dodecahedron.

below. We begin by taking a look into the effect of varying the patch width on the yields
of dodecahedra, and then look more at the effects of interaction strength and core particle

size.

3.6.1 Dynamic yields

As with the icosahedral system, we begin by examining how the results of dynamic Monte

Carlo simulations depend on the parameters of our model.

Patch width

The effect of changing the patch width on the yield of dodecahedra was similar to that of
the icosahedral cluster forming system, with the patch widths affecting the formation of
aggregates and clusters in a similar manner. We mainly highlight the differences between
the two systems here. We again had two patch widths which we could change, the shell-shell

interaction, A, and the shell-central particle interaction, B.

Shell-shell patch width (c}V) When varying the patch width of the shell particles, we
found a similar effect to that seen with the icosahedron, but with no interference from the
uncentred system (which is kinetically inaccessible). At wide patch widths, aggregates are
still preferentially formed (figure 3.24). Unlike in the centred icosahedra forming system,
there is a clear white region in figure 3.24 between successful formation of the target cluster
and aggregation at wide patch width where neither aggregates nor dodecahedra are formed.
This region is caused by the formation of non-dodecahedral clusters around a core particle.
An example is shown in figure 3.25. This type of structure is less common in the centred

icosahedra-forming system, as the difference in angle between a triangular and a square
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Figure 3.24: Plot of successful assembly of the centred dodecahedron-forming system as a
function of the shell-shell patch width (other settings are given in table 3.1).

Figure 3.25: An example cluster formed at wide patch widths showing hexagonal and
square faces (kT = 0.1e4p, 04" = 0.6; other settings are given in table 3.1).

face is 0.17 7 radians, whereas to change from a pentagonal face to a square or hexagonal
face (as occurs in a dodecahedron) requires a distortion of only approximately 0.1 7 or
0.06 7 radians, respectively. We analyse the alternative structures in more detail later in

this section.

Shell-core patch width (c5V) As in the icosahedral system, we found that the width
of the patch on the shell particles which pointed to the central particle had little effect
except at extremes (figure 3.26). It is worth noting that the maximum yield occurs across a
wider range of patch widths than for the icosahedral system (figure 3.9), but that, outside
of this range, the yield decreases more quickly than it did for the icosahedral system.

At wide shell-core patch widths, in addition to the structures seen at wide shell-shell
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Figure 3.26: Plot of successful assembly of the centred dodecahedron-forming system as a
function of shell-core patch width (other settings are given in table 3.1).

patch widths (which are less common, but still present), the main competition to assembly
comes from the formation of large clusters with multiple encapsulated cores (figure 3.27).
If the formation of multiply-cored clusters were a problem in practice, then ensuring some
form of repulsion between the cores should help destabilise such structures, and would, in

fact, increase the range over which centred dodecahedra could form.

Comparison with “torsional” results

As we are unable to compare the centred dodecahedron directly with our uncentred non-
torsional system, we look at the effect of varying the torsional patch widths on the uncentred
dodecahedral system here (torsional constraints are explained in section 2.1.1). We vary
the reciprocal of the torsional patch width (03°®), rather than the patch width, so we
can see the effect of having an effectively infinite torsional patch width (equivalent to the
non-torsionally constrained case).

Figure 3.28 demonstrates that torsional constraints in our potential clearly destabilise
the formation of aggregates. It is worthwhile noting that in all cases, the formation of
dodecahedral clusters actually occurred over a narrower range of conditions compared to
our encapsulated system. This shows that, in certain cases, templating is a more effective
approach to ensuring the formation of target clusters than the use of torsional constraints.
However, total repression of aggregation is only possible with narrow torsional patch widths,

so this approach may have advantages in some conditions.
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Figure 3.27: An example cluster formed at wide shell-core patches showing multiple
encapsulated cores (KT = 0.1e4p, agw = (.8; other settings are given in table 3.1).
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Figure 3.28: Plot of successful assembly of the uncentred dodecahedron-forming system
with torsional constraints as a function of the reciprocal of the torsional patch width
(angular patch width fixed at 0.35 radians, other settings are given in table 3.1).
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Figure 3.29: Plot of successful assembly as a function of the interaction strength between
core and shell particles (other settings are given in table 3.1).

Interaction strength

The effect of the strength of the interaction between the core and shell particles (ep¢) in
dodecahedra is more interesting that its icosahedral counterpart. Figure 3.29 is the key to
understanding why templating is a useful strategy. We are able to open up a window where
the temperature of clustering is above the kinetic temperature of aggregation. Increasing
epc increases Ti,s without changing the temperature where aggregates are stable with
respect to monomers, T4, significantly. In order to see a reasonable yield of centred

dodecahedra, the shell-core interaction must be at least 20 % of the shell-shell interaction.

Core particle size

As with icosahedra, the definition of completed centred dodecahedra excludes certain closed
clusters where the central particle is unable to bond to all of the shell particles. However,
unlike in the icosahedral system, all clusters of size 21 are centred dodecahedra. The results
in figure 3.30 show that, unlike in the icosahedral case, the yield of centred dodecahedra
depends strongly on the size of the internal particle, with only a narrow range of sizes
allowing correct assembly. Particles with three patches are likely to have more plasticity
in the structures that they can form (this is exemplified by the wide range of fullerene
structures), and thus the final structure formed in this system depends strongly on the
size of the central particle, which lowers the free energy of a shell with a certain number
of particles.

The dodecahedral system shows further interesting behaviour at small central particle
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Figure 3.30: Plot of successful assembly as a function of the size of the core particle (other
settings are given in table 3.1).

sizes. The system is able to form shells that fit around the central particle, but that are no
longer dodecahedral. Figure 3.31 shows the yield of clusters of relevant sizes as a function
of the size of the internal particle. It is clear that there exists a region where clusters with
between 15 and 17 members are formed in preference to completed dodecahedra, though no
specific sized cluster is ever the only member present. Other sized clusters are also present
in our simulations, and generally those with an even number of shell particles are more
stable than those with an odd number. We consider the thermodynamic stability of these
clusters in section 3.6.2. This behaviour is somewhat similar to results for the assembly
of virus capsids around gold nano-particles, where changes in their packing are seen as
a function of the nano-particle size [183], although these seem to keep their icosahedral
symmetry and just vary the T-number, while our system changes to become less symmetric
at smaller core particle sizes.

As seen before, these smaller clusters can form by straining the bond angle slightly
to form squares as well as pentagons on the surface of the core particle. An example
cluster is shown in figure 3.32(a). The clusters have many different forms, with a different
connectivity of square and pentagonal faces. Generally, two square faces do not share an
edge, as this induces more strain, but some clusters were formed in which this did occur.
At larger core particle sizes, there is similarly a number of larger clusters formed around
the central particle. These have hexagonal and pentagonal faces. An example cluster is

shown in figure 3.32(b).
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Figure 3.31: A smoothed plot of the yields of selected clusters as a function of the relative
size of the internal particle (at kT'/e = 0.11; other settings are given in table 3.1). Note
that yields below 5% are not shown.

(a) (b)

Figure 3.32: An example cluster formed of (a) 15 particles with a core particle of 110 %
the size of the shell particle (k¥T'/e = 0.11), (b) 30 particles with a core particle of 260 %
the size of the shell particle (k7' /e = 0.11). Other settings are given in table 3.1).

3.6.2 Thermodynamic data

Thermodynamic data were obtained using the Wang-Landau algorithm. The effect of
changing the different variables can be seen below. These runs are all completed using
200 bins to sample energy space, as this allows thermodynamic data to be obtained in a
reasonable time. The cutoff for the Wang-Landau runs was 2.5 o'’ (the effect of this is

considered in appendix B.4), and all runs are at a shell number density of 0.15 (¢{")72.

Patch width

The thermodynamic data (figure 3.33) show some different aspects from the icosahedral

system (figure 3.21). Similar to the icosahedral system, as the patch width is decreased, the
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Figure 3.33: The heat capacity of a system of 20 shell and one core particle as a function
of temperature and patch width of the shell particle (other settings are given in table 3.1).

transition temperature decreases because of the lower vibrational entropy of the clusters and
the transition becomes sharper due to the increased entropy difference between monomers
and clusters. The change to the transition at low patch width can be seen in figure 3.34.

As shown previously, at larger patch widths, the formation of non-dodecahedral small
clusters becomes possible (figure 3.27), and at very large patch widths, liquid-vapour phase
separation can be seen. Some of these changes are also reflected in the heat capacity data
(note that as the Wang-Landau results are for a 21-particle system, the size of clusters
is inherently restricted). The heat capacity peak splits into two at the point where non-
dodecahedral and dodecahedral clusters are stable (figure 3.35). As the dodecahedral
cluster has less strain (more negative internal energy), but also has slightly lower entropy,
it is the lower peak. At very wide patch widths, we only see one peak, corresponding to
the transition to disordered clusters: the size of these clusters is limited by the number of

particles in the simulation, so this transition may not correspond directly to a transition

in the bulk.

Interaction strength

The effect of changing the strength of the interactions between the core and shell particles
is especially interesting in this system (figure 3.36) compared to the icosahedral system.
At very low interaction strengths, we are able to resolve a marked change in behaviour
(figure 3.37). With a shell-core interaction of 0.1 44, there is a clear, sharp peak, which
we have shown in previous plots to correspond to a transition between monomers and
dodecahedral clusters. At lower interaction strengths, there is a broad peak, which occurs

as a result of the formation of disordered clusters with little structure. These disordered



80 Chapter 3. Encapsulation

10000 N PW _ (3

Cv /k

5000 a

T

0 \ . \ \ .
0 0.05 0.1 0.15 0.2

kT /e 4

Figure 3.34: A plot of the heat capacity at low patch widths (other settings are given in
table 3.1).
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Figure 3.35: A plot of the heat capacity at higher patch widths (other settings are given
in table 3.1).

clusters may not have more than 21 particles in our simulations, so this transition may

not correspond exactly to the transition in a bulk system.

Core particle size

The Wang-Landau algorithm gives much clearer results using different settings from the
previous runs (figure 3.38). These are at a lower resolution and with a higher minimum
energy. The results with the same settings are explained in appendix B.5.1.

As mentioned in the dynamic data section on particle size (section 3.6.1), the lack of
uncentred dodecahedra and the formation of non-dodecahedral clusters formed around a
central particle leads to different behaviour than in our icosahedral system. At very small
core particle sizes, we see one transition corresponding to the formation of unstructured

clusters; again, these are limited by the number of particles in our simulation box. As
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Figure 3.36: The heat capacity of a system of 20 shell and one core particle as a function of
temperature and interaction strength between the shell and core particles (other settings
are given in table 3.1).
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Figure 3.37: A plot of the heat capacity of the dodecahedral system at low core/shell
interaction strength (other settings are given in table 3.1).

we increase the core particle size, we see a region of thermodynamic stability of smaller
non-dodecahedral clusters with a central particle, as predicted by our kinetic results. There
appear to be two transitions, one corresponding to the transition between monomers and
centred, non-dodecahedral clusters (the higher temperature), and one occurs where small
unstructured clusters are formed from the remaining shell particles (see appendix B.5.1 for
further details). Centred dodecahedral clusters are stable where the core particle’s radius
is between 1.5 a%‘] and 2 0'}4“]. This transition is clearer in the diagram in appendix B.5.1,
though it contains many more artefacts as a result of our settings. At very large core
particle sizes, the formation of polydisperse core containing clusters occurs. Using 20 shell
particles may have an effect on the exact location of this transition, but we have clearly

shown it to occur in our dynamic yield plots.
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Figure 3.38: The heat capacity of a system of 20 shell and one core particle as a function
of temperature and the relative size of the core and shell particles (other settings are given
in table 3.1).

3.7 Analysing the structure of the different aggregates

As shown in figure 3.4, there are two main forms of aggregates that we encounter in our
simulation. The first are thermodynamic and a result of phase separation into liquid and
vapour (the density used for simulations lies in the two-phase region of the phase diagram)
that occur at large patch widths, where the potential is becoming close to isotropic. The
second are kinetic aggregates (glass-like) formed as a result of trapping at low temperature.

In this section, we look at the structural differences between the different aggregates,

especially concentrating on the behaviour of the core particle in an encapsulated system.

3.7.1 Icosahedral system

We used the simulation results from our kinetic simulations in which we varied the patch
width of the shell-shell interactions in order to explore the differences in our aggregates’
structures. We first considered the location of the core particle, then looked at the

underlying morphology of some of the aggregates.

Core particle

The core particles can be in fundamentally different environments from the shell particles.
Figure 3.39 shows the location of the core particles as a function of patch width. They show
that generally, the core particle is in the same state as the bulk (figure 3.3), except in the
area in which a liquid-like structure should form. The upper right corners of figures 3.39(a)
and (b) show that the core particles are not as common in the liquid-like aggregates as

the shell particles. They are generally excluded and this can be seen in figure 3.40(b).
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Figure 3.39: Amount of central particles located in (a) the target cluster and aggregates
(b) small clusters (12 or fewer particles) and clusters larger than centred icosahedra but
not large enough to be included as aggregates (14-24 particles). Other settings are given
in table 3.1.

Morphology

The radial distribution functions (RDFs) of the aggregates and the completed target
clusters can be seen in figures 3.41, 3.42 and 3.43. The three clear peaks in the icosahedral
cluster region’s RDF correspond to the correct distances for the shell particles within an
icosahedron. It is interesting that in both the glass and the liquid region, these first three
peaks can be seen, as there is still some icosahedron-like structure present in the aggregates,
though it is less well defined in the liquid than in the glass. At very high patch widths,

the system would recover the Lennard-Jones behaviour, where the liquid does not have
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Figure 3.40: The structure of the (a) glass-forming region (64" = 0.35, kT'/e 44 = 0.05;
other settings are given in table 3.1) and (b) liquid-forming region (o4 = 0.8, kT /e 44 =
0.2; other settings are given in table 3.1). Note the free core particles in the latter case.
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Figure 3.41: Icosahedral forming region radial distribution function (O'}ZW = 0.35,
kT /e 44 = 0.15; other settings are given in table 3.1).

such a clear structure.

The differences in structure can also be seen in figure 3.40. The liquid region has a
number of core particles (shown in yellow) excluded from the aggregate, which is not the
case for the glassy aggregate, and the glassy aggregate has clearer icosahedral cluster-shaped

structure when compared to the liquid.

3.8 Introducing structure to the encapsulated particle

As we are trying to find the most efficient assembly method possible using encapsulated
particles, it is important to explore the effect of changing the interactions and patches of

the central particle. We did this is two ways.
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Figure 3.42: Glass forming region radial distribution function (¢} = 0.35, kT'/e 44 = 0.05;
other settings are given in table 3.1).
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Figure 3.43: Liquid forming region radial distribution function (oW = 0.8, kT/e 44 = 0.2;
other settings are given in table 3.1).

3.8.1 Changing the patch width of the encapsulated particle

Initially, we looked at modifying the encapsulated particle from an isotropic single patch
to a single patch of varying width. The aim was to locate the point at which the curvature
of a partially-formed shell encouraged assembly significantly such that the interaction with
the encapsulating particle was no longer the driving force for further growth. The width
of the patch was originally set to 100 radians. As this is the standard deviation of the
Gaussian in radians, this is equivalent to an isotropic attraction.

By looking at the effect of changing the patch width, we were able to see the surface
coverage needed to encourage clusters to form, and thus to learn something about the

position of the barrier to the formation of the target structure.
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Figure 3.44: Plot of successful assembly of clusters of size 13 as a function of the core-shell
patch (other settings are given in table 3.1).

Icosahedral system

With the icosahedral system, there was competition between the formation of centred and
uncentred icosahedra. In figure 3.44, we plot the yield of clusters of size 13 (which are
all centred icosahedra in shape, though not all shell particles may bind to the core). The
centred cluster was able to form at a wide range of patch widths, suggesting again that the
initial nucleation around the core is the key step causing centred rather than uncentred

icosahedra to form.

Dodecahedral system

In the dodecahedral system, we looked at the effect of wide (figure 3.45) and narrow
patches (figures 3.46). We plot only 21-mers, rather than our true target, as these are all
dodecahedral in shape, but, as before, the central particle is not always able to bond to all
of the shell particles. The absence of competition between centred and uncentred systems
meant that we were able to see the effect of the internal patch more clearly.

It is clear that as long as there is a central particle with a reasonable patch width, it
is possible to form a cluster. Any patch with a width below 2.6 radians on the central
particle is unable to interact with all shell particles simultaneously with an attraction of at
least 50 % of the well depth, and one with a width below 1.4 radians is unable to interact
with an attraction of at least 10 % of the well depth with all shell particles simultaneously.
Yield is seen all the way down to a patch width of 0.8 radians, which cannot interact

significantly with all particles in the cluster, suggesting the presence of the central particle
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Figure 3.45: Plot of successful assembly of 21-mers in the dodecahedral system as a function
of core-shell patch width (other settings are given in table 3.1).

is important for initially templating the growth and that interactions with the growing
cluster not energetic adsorption, are sufficient to lead to completion of the shell. Note
that the excluded volume of the central particle will have some effect in preventing certain
incorrect configurations.

We have shown that it is not important for the attraction of the central particle to be
fully isotropic, provided the patch width is sufficiently wide to encourage the initial correct
curvature of the growing clusters and to provide an efficient energetic stabilisation of the
cluster so that Ttjys > Thge - At narrow patch widths, we also limit the surface diffusion of

particles, which we look at in more detail in the next section.

3.8.2 Using multiple patches

So far, we have looked at isotropic and singly-patched particles as the templating centre, as
this is simpler and likely to be easier to synthesise. As the methods to create patchy particles
become more well-developed, more complicated arrangements and accurate placement of
patches will be possible. Therefore, we examined how a “perfect” template (one with
specific patches that point directly at the shell particles in the target structure) compares
to an isotropic centred particle. By widening the patch widths of the multiply-patched
template particle, we are able to move from a regime of distinct multiple patches back to
the original isotropic system, allowing us to detect if there is a significant change in the
assembly behaviour between the two systems. This system also allows us to examine the

role of surface diffusion in our assembly. As the patches become narrower, we expect that
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of core-shell patch width at lower patch widths (other settings are given in table 3.1).
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Figure 3.47: Core for (a) multiply-patched centred icosahedra-forming system (IhCM), (b)
multiply-patched centred dodecahedra-forming system (DdCM).

surface diffusion of the shell particles on the encapsulating particle will become increasingly
slow, thus perhaps limiting assembly. This effect should become important at different
patch widths for the two different systems we examine here (as the patches will overlap less
well for the icosahedral system than for the dodecahedral system at narrow patch widths).
The effect on surface diffusion, however, may be offset by the fact that particles can only
bind in the correct position for the target structure. The multiply-patched core particles

can be seen in figure 3.47.
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Figure 3.48: Plot of successful assembly as a function of core-shell patch width for the
centred icosahedra-forming system with a multiply-patched core (other settings are given
in table 3.1).

Icosahedral system

The use of a multiply-patched central particle was initially tested on the well-characterised
icosahedral system. The final yields (figure 3.48) show little difference between the unstruc-
tured, isotropically attractive patched system at wide patch widths, and the specifically
designed system. This means that less stringent designs are just as effective in the form-
ation of icosahedral clusters. It is clear that below a patch width of approximately 0.3

radians, the yield is affected for the worse.

Dodecahedral system

We then tested the effect on the dodecahedral system. As this has proved to be effectively
impossible to access in a one-component system without some form of torsional constraint,
we felt it would give more interesting results. It is interesting to note that there was again
little difference between the multiply- and singly-patched central particles (figure 3.49).
This behaviour is somewhat different from what has been shown in the macroscopic case
of forming a dodecahedron from magnetic components [109]. The macroscopic research
showed that perfect templates formed dodecahedra (this is somewhat similar to a multiply-
patched central particle), while the use of a globular template (unstructured, somewhat
like our isotropic central particle) did not give a yield of the target cluster.

The effect of the patch width starts to affect the yields below 0.2 radians for the

dodecahedral system, while in the icosahedral system, it becomes important at patch
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Figure 3.49: Plot of successful assembly as a function of core-shell patch widths for the
centred dodecahedra-forming system with a multiply-patched core (other settings are given
in table 3.1).

widths below 0.3 radians. This effect could be thermodynamic — the target cluster has
lower vibrational entropy as the patches become narrower— or kinetic due to the slower
surface diffusion. Interestingly, for the icosahedral system, it leads to uncentred icosahedra
being preferred at the narrowest patches. However, this is not a feasible alternative for the

dodecahedral system.

3.9 Kinetic stability of centred dodecahedra

As we are interested in the effective stability of completed dodecahedra clusters, we created
a number of systems which had full yield of dodecahedra, and then ran the simulations for
a million Monte Carlo cycles to see if they remained in that state.

We concentrated on a few variables to show the difference between kinetic accessibility
and kinetic stability of the systems. In order to ensure that adequate statistics were
obtained, we used eight different starting configurations of completely formed dodecahedra,
and had three repeats for each configuration (24 runs per point in all). Configurations were
chosen such that they would be kinetically stable for all initial patch widths used. When
considering the effect of the size of the central particle, simulations were only performed for
a central particle that was approximately equal to or smaller than the ideal, as it was not
possible to create a system where both the shell and core particles were bonded correctly

for larger cores.
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Figure 3.50: Stability of formed centred dodecahedra as a function of shell-shell patch
width (other settings are given in table 3.1).

Patch width

Figure 3.50 shows the stability of formed dodecahedra when the patch width is varied.
Compared to figure 3.24, there are no aggregates at low temperature and intermediate
patch width, supporting our previous classification of them as kinetic traps. The liquid
still forms at wide patch width, suggesting that it is indeed a thermodynamic limit, and

clear phase re-entrance is demonstrated (see chapter 6).

Central particle size

We have previously shown that the thermodynamics of the dodecahedral system contains
more complexity as a function of the size of the central particle than the icosahedral system,
owing to the possibility of creating smaller centred clusters with some strain (section 3.6.1).
Our yield plot in figure 3.51 (again only shown for clusters of size 21, all of which are
dodecahedral in shape) supports the existence of a region of stability for the small clusters
we found in the earlier section. The decrease in the upper temperature of reasonable
kinetic stability of the formed centred dodecahedron as the size of the internal particle
decreases can be explained in terms of the existence of the more stable smaller structures
we have seen previously. At very low temperature, we see kinetic trapping into 21-mers, in
the same region as we previously saw aggregates.

It is interesting to note that uncentred dodecahedra are observed at very low core
particle sizes. This formation only occurs in a small region with a very small central

particle, which is able to escape from the shell without interfering with the stability of the
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Figure 3.51: Stability of formed clusters with 21 members (other settings are given in
table 3.1).

completed cluster. Previous research within the group [46] has already looked into the

stability of the formed empty cluster alone.

Interaction strength

When varying the interaction strength, we have shown that the kinetic yield is strongly
dependent on an attraction between the core and shell particles. As figure 3.52 shows, the
kinetic stability of the centred dodecahedra depends again on this attraction. At the point
of there being no attraction, the core particle still remains within the dodecahedron; even
though it is not bonded, it is kinetically stable. This stability is encouraging for the use of
a dissolving core: once the template particle is removed, the structure remains stable over

a certain range, despite it being thermodynamically unstable with respect to aggregation.

3.10 Encapsulation conclusions

In our simulations, we are straightforwardly able to increase the number of particle types
and types of patches, and to introduce specificity into the patch-patch interactions. By
contrast, even though the synthetic strategies for producing patchy particles are rapidly
improving, some of the particles whose behaviour we have analysed here would be very
challenging to synthesise, particularly in terms of the control of patch position and identity.
DNA-mediated interactions provide a potential route to achieve the required specificity
in the patch-patch interactions [199]. However, our results also indicate that the use of

templated self-assembly provides a means to increase greatly the repertoire of structures
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Figure 3.52: Stability of formed centred dodecahedra as a function of patch strength (other
settings are given in table 3.1). Note that the empty dodecahedra found here do contain
the central particle still, but it is not bonded to any of the shell particles.

into which such particles could assemble. We have highlighted several advantages that are
attainable using encapsulation:

Kinetic traps: Aggregation and other traps affect encapsulated systems less than their
uncentred counterparts, and this allows the formation of otherwise inaccessible clusters.
In particular, tuning the strength of the interaction with the template creates conditions
where aggregation does not compete with assembly.

Robustness: Encapsulated systems are more robust to noise in positioning of shell patches
when compared to their uncentred counterparts, and are also able to form when the central
particle is not isotropically attractive.

Simple templating: Simple isotropic templates are sufficient within our model. More
complicated templates with specific interactions did not lead to a better yield than globular

isotropic templates. Thus, particle design is easier than might intuitively be expected.
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Chapter 4

Hierarchical self-assembly

4.1 Introduction

Hierarchical assembly is an assembly pathway in which the final cluster is built from a
non-monomeric intermediate. Hierarchical assembly is ubiquitous in biological systems
[200]. For example, the formation of the turnip crinkle virus follows a pathway of monomers
forming dimers forming hexamers, which are bonded to the genetic material of the virus
[93]. Whether this biological prevalence is due to the evolutionary pathways common to
protein complexes [201] or because of assembly efficiency is unclear. In this chapter, we
look at the utility of hierarchical pathways in ensuring monodisperse assembly.
Hierarchical assembly is also an analogue to multiply-staged chemical synthesis, and

has many similar issues and limits (see section 4.1.4).

4.1.1 Requirements for efficient assembly

When designing a self-assembling system, it should be noted that the difference in free
energies between the target and other competing structures should be maximised. This can
be achieved by increasing the free energy of the competing structures or by decreasing the
free energy of the target structure. These thermodynamic strategies can also be combined
with kinetic ones, encouraging the preferred path of assembly by the use of fast initial
steps. In designing hierarchical assembly, finding the means of speeding up these initial
steps compared to other pathways is one of the elements crucial for success.

There are many kinetic and thermodynamic traps that must be avoided in order to
achieve efficient self-assembly. In the simulation of non-torsional patchy particles, we
have found that the most limiting of these is the kinetic formation of large aggregates
that behave like a glass. This occurs below the (kinetic) aggregation temperature (Thgg),

while clustering occurs below the (thermodynamic) clustering temperature (7T¢y,s). The
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Figure 4.1: A schematic of the assembly of a polio virus. Mechanism based on research by
Hogle [97].

region in parameter space with the clustering temperature at the upper bound and the
aggregation temperature at the lower bound delimits the window of possible successful
cluster formation. In the event that the aggregation temperature is above the clustering
temperature, it is very unlikely that clusters can ever be formed, as may be the case with

certain target structures built in an all-at-once fashion [112].

4.1.2 Experimental research

The classic example of self-assembly is that of a virus capsid (see figure 4.1 and chapter 1),
which is able to form in a wide range of biologically relevant conditions [202], often doing
so in a hierarchical manner with very high yields [203]. This is by no means the only
biologically relevant hierarchically self-assembling system: in fact, the human body is built
of many complicated structures that are formed by similarly hierarchical pathways [200].

DNA-based nano-structures are another area of active research in the scientific com-
munity [204, 205]. Such hierarchically self-assembling systems have great potential for use
in programmable nano-technology [206].

In our investigation into the utility of hierarchical assembly, we looked at the effect of
the choice of intermediates and the design of particles. Our aim was to find a system that

was capable of robustly building a certain cluster across a wide range of conditions.

4.1.3 Simulation-based research

Given that the area of self-assembling synthetic particles is still in its infancy, much of the
current research into the dynamics and methods of assembly is unsurprisingly simulation-

and theory-based [4, 207, 208|.
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Our previous work

Previous work within the group [4] has shown that it is easier for a system to form in the
presence of a torsional constraint and that, in the absence of these constraints, a simple
all-at-once assembly method does not give reasonable yield of certain target structures
[112].

In non-torsionally constrained systems, the free energy of the aggregate is lower than for
those with torsional constraints. A non-torsionally constrained system also has a smaller
barrier to aggregate formation. Thus, the formation of aggregates is thermodynamically
and kinetically more favourable in the absence of torsions. This factor strongly influences
which shapes and sizes of cluster can be formed by patchy particles with non-torsionally
constrained interactions. We examine the effect of this thoroughly in this chapter.

Without a torsional constraint, recent simulations have shown that the use of a central
particle encapsulating the surrounding allows a high yield of certain otherwise inaccessible
cluster shapes (see chapter 3), as it decreases the free energy of the target structure. We
have also shown the utility of building up more complicated structures by encapsulation

of smaller structures inside larger ones [46].

Other work

Other researchers have looked at the utility of self-assembly in forming monodisperse target
structures [13, 208], often using biology as a guide and an inspiration. DNA self-assembly

and simulation is also well documented [209, 210].

4.1.4 Is hierarchical assembly the answer?

Although it is intuitively reasonable that a hierarchical assembling system should give the
ability to assemble things that otherwise would not assemble, whether they can do so in a
quick manner with a high yield of product is not so obvious. We have identified a series of
potential advantages and disadvantages of using a hierarchical assembly route, as detailed

below.

Potential advantages

Control Fine-tuning the yields and rates of simple small steps should permit full control
of the overall process. As the control of simple steps is much easier to deal with than
attempting to balance many factors concurrently, as would be required in an all-at-once
assembly mechanism, this should lead to hierarchically assembling systems being more

readily controlled. Notwithstanding that designing nanoparticles which need to undergo



98 Chapter 4. Hierarchical self-assembly

75 % 75 % 75 %
yield yield yield

Figure 4.2: A schematic of the limiting nature of attrition. Following only three steps with
75 % yield, there is only an overall yield of 42 %.

a series of small steps may add some complexity to their initial manufacture, it is not

expected that this will be an insurmountable barrier to manufacturing.

Ease of pathway selection By designing particles to form the desired intermediates
quickly, it should be possible to disfavour certain structures kinetically, by ensuring that

undesirable pathways are slower.

Potential disadvantages

Attrition The main disadvantage of any multi-stage process is the fact that the losses
at each stage are magnified. This is known as attrition and is exemplified in figure 4.2 for

a simple three-stage process with 75 % yield at each step.

Blocking In addition to the effect of the well-characterised effect of attrition in chemical
synthesis, there are additional issues in nano-particle formation. This is not only because
losses decrease the maximum possible yields, but also because incorrectly formed structures
often actually inhibit the ability of the correctly formed intermediate structures to join
together to form the final structure. If an incorrectly formed structure irreversibly bonds
with a correctly formed structure, neither of them will be able to produce the desired

product. We term this blocking.

Assembly competence In order to minimise attrition, it will be necessary to ensure
that systems are able to form mainly the correct intermediate. This constraint leads to
the idea of assembly competence, best illustrated by example.

A non-assembly competent intermediate is able to form stable structures which are
unable to bond together to form the final structure. For example, the two pentagons in
figure 4.3 demonstrate how two pentagonal intermediates can be produced by different
interaction matrices. The first has a cyclical bond structure (patch A (blue) can only bond
to patch B (green)). The remaining patch in this example (patch C) is coloured yellow.
The interactions are such that a completed pentagon of AB bonds can only form in one

isomer, with all the type-C patches pointing upwards. This is an assembly competent
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Figure 4.3: An example of assembly competent (left) and non-assembly competent (right)
intermediates. The assembly competent intermediate is only able to form a loop with all
of the yellow patches pointing in the same direction, unlike the non-assembly competent
intermediate, which may form in many different ways.

intermediate. On the other hand, the structure on the right of figure 4.3 shows how a naive
attempt to create a hierarchical assembly method can lead to difficulties. The monomers
have three patches: two of type-A (blue) and one of type-C' (yellow). The interactions are
tuned such that patch A can only bond to other patches of type-A. This means that many
different isomeric completed pentagonal intermediates may be formed, with the type-C
patches pointing either up or down, and only one is in fact the useful isomer (with a 1 in 16
chance of this version being assembled). Any misformed intermediates in the non-assembly
competent system could cause blocking and prevent the final structure from being formed
in a high yield.

This effect of assembly competence leads to a requirement that interactions between
monomer building blocks may have to be specified more precisely than in an all-in-one
assembling system. Incorrectly bonded particles in nucleated assembly pathways are able
to dissociate and then reassociate correctly. In hierarchical assembly, this is harder, as the

intermediate is more stable with respect to monomers.

Possible purification steps While we have looked mainly at one-pot type assembly
methods, it is possible for the impact of the attrition to be decreased by using purification
steps in a multi-step synthesis. We look at the effect of such a purification step by
starting our simulations from a box of fully formed intermediates. Naturally, a real-world
purification step, such as centrifugation, would require energy and is thus a disadvantage

in practice.
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4.1.5 Simplified thermodynamics

As shown in section 3.5.3, we are able to estimate the thermodynamic equilibrium points
using simple thermodynamics. These approximations allow us to plot a schematic thermo-
dynamic plot of transition temperature against any of the different bond energies of the
relevant system, giving a feel for the stability regions of different structures and allowing
us to estimate the formation pathways of these structures. We can reasonably assume that
in areas of the phase diagram where the stability of a single type of small intermediate
is greater than that of monomers, a hierarchical-type assembly pathway will be followed,
while in regions where more than one intermediate is more stable, we are likely to see
trapping and a downhill reaction pathway. We test this theory in the following section.
This simple thermodynamic approach is able to estimate the relative temperatures
of different transitions, but not their absolute values. Therefore, we use a transition
temperature obtained from simulation to fix the temperature scale. The point we take
is usually from a simulation where the different interactions are of equal strength where
there is an equal probability of a randomly chosen particle being in our target cluster or
being an unassociated monomer. We can then compare our simplified approximation and

actual simulation yields.

4.1.6 Method

We looked at the yield obtained from reasonable length simulations (106 Monte Carlo
cycles), both with and without the use of torsional constraints in the potential. Initially,
we looked at the effect of changing the patch width when all interactions were the same
strength to find out where the best yields were found, and we then used our schematic
thermodynamic plots in deciding which patch strengths to vary in order to test whether
hierarchically formed structures are easier to form than their non-hierarchical counterparts.

Unless otherwise stated, the values in table 4.1 were used for the simulations.

4.1.7 Yield plots

We again use an adaptation of the yield plots designed by Villar [178]. Red is used for
the target cluster, blue for aggregates (defined as clusters larger than twice the size of the
target cluster), green shows yield of triangles, cyan shows squares, and magenta is used
for dimers. We then plot our expected transition lines onto the diagram. Equilibrium
transitions are shown as solid lines, while those which show the limits of stabilities of small
non-monomeric clusters with respect to monomers are plotted as dotted black lines. These

should correspond approximately to changes in mechanism.
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Variable

PwW

LJ

<=

1
O-Tors

Repeats for dynamic
runs

|,rcutoff |

Number of
Monte Carlo cycles

Maximum number of
target clusters possible

Value

All equal

0.35 radians (icosahedral systems)
or
0.45 radians (other systems)

All equal
0.15 (o10)=3

0 (without torsional constraints)
or
1 (with torsional constraints)

3.5 ¢t (dynamic)
or
2 o) (Wang-Landau)

100

10 per run

(icosahedra and 24-sized clusters)
or

20 per run

(other 12-sized clusters)

Table 4.1: Parameters used in the simulations of the hierarchical systems.

Settings for dynamic runs are in table 4.1. Clusters are classified as formed when they

have the correct number of particles and up to a maximum of 2 unformed bonds in the case

of the icosahedral systems, and one in the case of the other clusters. A bond is defined as

formed if the energy of interaction between two particles is at least 40 % of the well depth.

4.1.8 Images

In all pictures from simulations, the colour scheme for the systems of interest is for the

particles to be shown as red and the locations of the patches are shown in blue (type A),

green (type B), yellow (type C), cyan (type D) and magenta (type E). As in the previous

chapter, although the patches do not have volume, they are schematically represented as

having such for clarity.



102 Chapter 4. Hierarchical self-assembly

4.2 Results

We looked at the formation of a series of different target geometries and the effect that
hierarchical assembly had on the efficiency of self-assembly. We then used the results to
assess the efficiency of hierarchical assembly and to find any generic rules for hierarchical
assembly.

The cluster shapes that we investigated all had identical vertices and could be thought
of as being constructed from regular polygons. We considered two different sizes of clusters:

those formed from 12 patchy particles and those formed from 24 patchy particles.

4.2.1 Twelve-particle systems

Initially, we looked at clusters that were formed from 12 particles. In order to test
hierarchical assembly, we looked at the yields and formation mechanisms of three clusters
with differing numbers of patches per particle. They were the truncated tetrahedron (3
patches per particle), the cuboctahedron (4 patches per particle) and the icosahedron (5
patches per particle). The results are detailed below, commencing with the cluster with

the most bonds per monomer.

Icosahedron

Much of our previous work concentrated on the formation and behaviour of self-assembling
icosahedral clusters [6, 112] Here, we consider a particle design that could potentially allow
icosahedra to form hierarchically from four triangles. The particles are designed so that
the triangles will be assembly competent. We term this system IWC and compare its

behaviour to other self-assembling systems which form icosahedral clusters.

IWC Our assembly competent icosahedron-forming single component hierarchical system
consisted of a patchy particle with 5 patches of 5 different types. The interactions were
configured such that patch A (blue) could only interact with patch B (green), patch C
(yellow) with patch D (cyan) and patch E (magenta) could only interact with other E-type
patches. The completed cluster can be seen in figure 4.4.

We looked at the effect of changing the values of the interactions ecp and egg with
respect to the remaining patch pair e 4p (see figure 4.5). AB interactions are responsible
for the formation of triangles, while CD and EFE patch interactions form the bonds
between them. If eap > ecp and €45 > epg, then there is the possibility of a region in
which hierarchical assembly may occur via an AB triangle intermediate. Equivalently, if

ecp > €ap and ecp > €gg, then a region in which hierarchical assembly may occur via
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Figure 4.4: The IWC-type icosahedron.
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Figure 4.5: TWC yield plot as a function of the interactions which join AB-triangles
together. Ipier 7 refers to the region in which icosahedra are expected to form hierarchically
via triangles, and I, is the region where a nucleation type mechanism is expected. X is
the region where C'D or AB type triangles are both stable intermediates, and Y is the
region where the formation of any bond is downhill in free energy. Settings not specified
in the graph are given in table 4.1.

a C'D triangle intermediate would be expected. Our proposed mechanism for successful

hierarchical assembly of the IWC system is

For the point at which e4p = e¢cp = €gg, we have behaviour similar to our archetypal
icosahedron, where decreasing temperature changes the kinetic phase from monomers to
icosahedra to aggregates. As eop and egg decrease, the clustering temperature Ty and
aggregation temperature 7,4, decrease due to lower energetic stabilisation. At sufficiently

low values of ecp and egp, AB triangles become stable with respect to monomers at
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a higher temperature than icosahedra. The regions where icosahedra are formed are
designated as Inier, T, and L. In the region labelled I, the intermediates are not
stable with respect to monomers, so we expect a nucleation type mechanism of assembly.
Conversely, in the region marked Ipie; T, AB triangles are stable with respect to monomers,
but not with respect to the formation of icosahedra. Therefore, we expect AB triangles to
form as an intermediate to assembly. In the region marked X, both AB and C'D triangles
are stable with respect to monomers, but they are unable to co-assemble successfully into
an icosahedron. Assembly via 4 AB triangles, or via 4 C'D triangles is possible, but a
mixture of triangles may block correct assembly. In the region marked Y, dimers and
triangles are stable with respect to monomers and any bond formation is downhill in free
energy. This leads to blocking by the formation of mixed systems.

The yield plot (figure 4.5) clearly shows good assembly in the regions of nucleation
and hierarchical assembly from one component. However, in regions where more than
one intermediate is more stable than monomers, we see a decrease in yield, and eventual
formation of aggregates. This is because more than one pathway is initially possible and

so we get blocking of assembly.

Hierarchical and non-hierarchical assembling regions The designation of areas in
figure 4.5 as hierarchical or non-hierarchical has been based on simple thermodynamic argu-
ments about the stability of intermediates. To confirm the validity of our approximations,
we show the time evolution of the numbers of monomeric patchy particles as well as the
amount of triangular intermediate and completed clusters that are formed for parameter
values where we expect the dynamics to be hierarchical (figure 4.6(a)) and non-hierarchical
(figure 4.6(b)) on the basis of figure 4.5.

The graphs in figure 4.6 clearly support the classification of figure 4.5 into hierarchical
and non-hierarchical assembly. Both were taken from conditions of similar overall yield. In
figure 4.6(a), the two-step nature of the assembly process is clear, with monomers forming
trimers and then trimers assembling into icosahedra. The peak in the yield of triangles at
10* Monte Carlo cycles in figure 4.6(a) shows its prevalence as an intermediate, while this
peak is missing from the non-hierarchical regime’s pathway (figure 4.6(b)), and trimers are
only one of a series of intermediates that are formed in the pathway to the icosahedra and
have no special stability compared to other intermediates. It is interesting to note that the
number of cycles taken to reach a stable maximum yield was an order of magnitude higher
for the hierarchical assembly region compared to the non-hierarchical region, suggesting
that hierarchical assembly regimes may not be the fastest assembly mechanisms overall.

This difference is perhaps not surprising, given that the hierarchical assembly involves two
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Figure 4.6: Time resolved yields of a run following (a) the hierarchical assembly route
(kT = 0.075¢, ecp/eap = €gr/cap = 0.4) and one following (b) the non-hierarchical

assembly route (kT = 0.105¢, ecp/eap = egr/cap = 0.75) for the IWC system. Settings
not specified are given in table 4.1.

steps and that the diffusion of trimers (as must occur in the second step) is slower than

that of monomers. The graphs are typical for other points in the relevant regions.

IhO versus IWC We compared this IWC system to an icosahedron-forming system
made of particles with 5 equivalent patches (which we term [hO) in order to see the
overall effect of monomers capable of assembling hierarchically compared to clusters which
were not. Each of the patches on one monomer in the ThO system was able to bind to
any other single patch on another monomer. In figure 4.7, we compare the yield as a
function of patch widths and temperatures for these two systems. It is noteworthy that

the region of successful assembly for the IWC system (figure 4.5) occupies a wider range
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Figure 4.7: Comparison of yields of (a) IhO and (b) IWC as a function of patch width.
Settings not specified in the graph are given in table 4.1.

of parameters with assembly enhanced at lower temperature and wider patch width, and
is mainly due to a suppression of aggregation. Aggregation results from the non-torsional
nature of the interactions that allows particles to come together to form structures that
are not on the pathway to icosahedra. In the IWC system, the greater specificity of the
interactions, in particular that they can only form assembly competent triangles, reduces
the number of pathways available to aggregation. This clearly shows that a system able to
form hierarchically has significant advantages over its non-hierarchical analogue. However,
it should be noted that the regions of hierarchical and non-hierarchical assembly for the

IWC system do not show a marked difference in overall yields.
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Figure 4.8: An icosahedron made from IW-type particles.

Figure 4.9: The IW intermediate (left) is not assembly competent, as it can form non-
useful isomers which block assembly that have the same free energy as the correctly formed
intermediate. The IWC intermediate (right), on the other hand, may only form one isomer,
and thus it is assembly competent.

IWC versus IW: The importance of assembly competence In order to explore
the importance of assembly competent intermediates (section 4.1.4), we compared the IWC
system with a non-assembly competent analogue, the IW system. This had monomers
with two patch types (2A[blue|, 3B]green], in the cyclical order AABBB), with each patch
only able to bond to the same type (i.e. A to A and B to B). The target cluster is shown in
figure 4.8. The system can form triangular intermediates held together by AA interactions;
however, there are several isomers possible for such triangles. Those with the remaining
B patches not all on the same side of the triangle (see the example in figure 4.9) have a
structure that is incompatible with further assembly into an icosahedron. These isomers
would be expected to cause some blocking and prevent correct cluster formation in the
hierarchical regime. The intermediate is not assembly competent.

Figure 4.10 shows the yields of triangles, icosahedra and aggregates as a function
of temperature and relative patch strengths and should be compared with figure 4.5.
Figure 4.10 shows that the IW system does not have much successful assembly in the

region where hierarchical assembly might be expected. This behaviour occurs because this
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Figure 4.10: IW yield plot at patch width ¢©"V = 0.35. Labels as in figure 4.5. Settings
not specified in the graph are given in table 4.1.

is the region where non-assembly competent triangles are stable with respect to monomers
(one would estimate that 3/4 of triangles formed are not assembly competent), and so any
that form are unlikely to break-up in this region, as would be necessary if those particles
were to become part of icosahedra. By contrast, in the region where we expect nucleation
to be the main pathway, and no intermediate is stable with respect to monomers, any
non-assembly competent clusters will only exist transiently and so cannot block successful
assembly. Thus, we can conclude that designing the interactions so that intermediates are

assembly competent is vital if hierarchical assembly is to occur.

Cuboctahedron

A cuboctahedron is an Archimedean solid and can be formed from patchy particles with
four bonds per particle (figure 4.11). There are two allowed interactions in our imple-
mentation: those between A and B patches and those between C' and D patches. We
look at two possible constituent clusters: AB triangles and C'D triangles (squares formed
from alternating AB and C'D bonds are also possible, but generally are less stable than
the triangles, which would be expected to form faster). AB triangles are disfavoured
by decreasing the strength of AB interactions with respect to C'D interactions. Thus, a
hierarchical assembly pathway via C'D triangles is expected to become feasible on such a
decrease of AB interaction strength.

Figure 4.12 shows the simulation results and a simple estimate of the assembly pathways
(see section 4.1.5). The window between aggregation and cluster formation, in which the

self-assembly of cuboctahedral clusters was successful, was not as wide as the IWC system.
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Figure 4.11: A cuboctahedron.
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Figure 4.12: Cuboctahedron yield plot. cOpjer,T refers to the region in which icosahedra
are expected to form hierarchically via C'D-triangles, and c¢Oyy. is the region where a
nucleation type mechanism is expected. Y is the region where AB triangles and C'D
triangles are more stable than the monomer. Settings not specified in the graph are given
in table 4.1.

This decrease in the window of successful formation is due to the decrease in the number
of patches, and thus the specificity of the particles. Time-resolved simulations show that,

within the hierarchical region, we still have successful assembly via an intermediate.

Truncated tetrahedron

The truncated tetrahedron is an Archimedean solid which can be formed from a patchy
particle with three patches of three different types (figure 4.13). The interactions were
configured such that A-type patches could only interact with B-type patches and C-type
patches could only interact with other C-patches. By varying the ratio of the strength of
the C'C interactions compared to the AB interactions (ecc/eap) between zero and one,

it is possible to encourage hierarchical assembly via triangular intermediates (varying the
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Figure 4.13: A truncated tetrahedron.

0 50 100 0 50 100 0 50 10

0

0 0.25 0.5 0.75 1
ecc/ean

Figure 4.14: Truncated tetrahedron yield plot. The region labelled tTh;e, T is the expected
hierarchical region, # shows the nucleation region. Y is the region where both dimeric
and triangular intermediates are more stable than monomers. Settings not specified in the
graph are given in table 4.1.

inverse ratio between zero and one encourages dimers as an intermediate).

Figure 4.14 shows the results of simulations where the ratio of patch strengths was
varied. Little successful assembly is seen outside of the hierarchical region. The formation
of aggregates occurs across a wide range of the explored region. This prevalence of kinetic
aggregates is due to the low number of bonds per particle. The window of assembly is lower
than the cuboctahedron-forming system, and much lower than the IWC-forming system.
The temperature at which the clusters form is strongly affected by the number of bonds per
particle (clusters are mainly driven by the low internal energy of the target structure and
are not entropically favoured), while the kinetic aggregation temperature is less strongly
affected by the number of patches per particle. The number of possible configurations

of non-overlapping particles that satisfy the energetic requirement for the patches to be
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bonded decreases rapidly as we increase the number of patches that must be bonded. If
we assume that the intermediate forms faster than an aggregate, we can treat it like a
patchy particle, and the strong dependence of the window of formation on the number
of monomer patches becomes amplified. The intermediate of the truncated tetrahedra
has three unbonded patches, while the cuboctahedron’s intermediate has six, and the
IWC-forming system’s intermediate has nine. Thus the number of possible configurations
decreases even faster than it would do for a system unable to form a stable hierarchical

intermediate.

Comparison with a non-hierarchical system When the interaction table of the
truncated tetrahedron is set such that all patches are of type A and are attracted equally
to one another (the non-hierarchical assembling version of the system), then the yield is very
low (less than 2% correctly formed structures under optimal conditions), and aggregation
is more common. While this does not definitively show the utility of hierarchical assembly,
it does show that particles designed to assemble hierarchically into clusters of designed

size and shape can in some instances be more successful than those which are not.

4.2.2 Twenty-four-particle systems

We used the 12-particle cluster forming systems to test the basic principles of hierarch-
ical self-assembly. We were then interested in exploring the potential for hierarchical
self-assembly to extend the range of structures that can form. We looked at a series of
systems which could stably form 24-particle Archimedean clusters. In order of increas-
ing bonds per particle, these are the truncated octahedron (3 patches per monomer),
the rhombicuboctahedron (4 patches per monomer) and the snub cube (5 patches per

monomer).

Truncated octahedron

Our particles which have the potential to assemble hierarchically to form a truncated
octahedron possess three different patch types (4, B and C). The interactions are chosen
such that patch A is attracted to patch B and patch C to patch C (see figure 4.15). Two
hierarchical pathways can be envisaged. Firstly, the system could form squares (stabilised
by AB interactions), six of which could then join together to form a completed truncated
octahedron. Secondly, a completed cluster may form hierarchically with 12 dimers as
intermediates (stabilised by C'C' interactions).

The truncated octahedron cluster represents a challenging target to form. In the

absence of torsional constraints in the potential, truncated octahedra do not form. This
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Figure 4.15: A truncated octahedron.

result is a similar to our findings for the dodecahedron [112], and is the result of the
low number of bonds per particle and wide angles between the patches. With only three
patches per particle, the clustering temperature in the absence of torsions lies below the
kinetic aggregation temperature, and thus there is no temperature window for which
the truncated octahedron will form from monomers. As aggregates form more rapidly,
truncated octahedra never form with an appreciable yield, even in the regions where they

are thermodynamically more stable.

With torsional constraints In the presence of torsional bonding constraints, it is
possible to form truncated octahedra by both hierarchical and non-hierarchical assembly
methods. The torsional constraints repress the formation of large aggregates by increasing
their free energy. Figure 4.16 shows the results for the torsionally constrained bonding
case. Note the suppression of aggregates, even in the low temperature regions where they
are present for our other non-torsional simulations, but that in regions where more than
one pathway is possible, we see trapping of the system into small clusters which are unable

to interact.

Without torsional constraints The yield of truncated octahedra attempting to form
hierarchically, in the absence of torsional constraints, was very low (under 2 %). Therefore,
it was not possible to compile a yield plot. The reason for the low yield could be down to

two possible limiting factors:

1. The rate of formation of productive intermediates is slow compared to other pathways

that form alternative non-productive structures.

2. Assembly from squares into truncated octahedra is slow, and trapping into non-

productive structures is common at this stage.
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Figure 4.16: Yield of truncated octahedra with torsional constraints. # labels the expected
region of nucleation. tOpier s labels the estimated region of hierarchical assembly via
squares. X denotes the region where both dimers and squares are more stable than
monomers. Settings not specified in the graph are given in table 4.1.

In order to test which of these factors was the limiting one, we ran a series of simulations
starting with a system of fully formed squares, along with simulations testing the formation
of squares only (see section 4.2.3). The yield of truncated octahedra for the systems starting
with fully formed intermediates was still low, but improved when compared to the systems
starting from monomers (maximum yields of up to approximately 5% compared to those
less than 2%, respectively). This is perhaps surprising as, in regions where the square
intermediate is stable with respect to the monomers, we can treat the square as a patchy
particle with four patches, and thus we are looking at a regime where six patchy particles
with four patches need to come together to form a final cluster. This pathway is analogous
to the assembly of an octahedral cluster, which forms in good yield. The difference between
the two systems is the larger distance between patches in the square intermediate compared
with the octahedra-forming monomer. The larger distance between patches changes the
number of accessible configurations which satisfy the energetic requirement for the patches
to be bonded without particles overlapping. Also, in simulations, we see that the square
intermediates are able to open up and form long chains which are common to the aggregate
phase, even when we start the particle in this configuration.

The alternative pathway of hierarchical assembly via dimers was also attempted, but
there was again no appreciable yield. This implies that it is not just the choice of
intermediates that is limiting the rate of formation of truncated octahedra, but also the
final desired structure. The wide angle between patches and low number of interactions

per monomer particle favour the formation of aggregates.
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Figure 4.17: A rhombicuboctahedron.

Rhombicuboctahedron

The patchy particles we designed to be potentially capable of forming a stable rhombicuboc-
tahedron had four patches of four different types. Patches A and B are able to bond, as are
patches C and D. By A and B patches alone, the particles form squares, while by C' and
D alone, triangles are formed. By controlling the relative strengths of the interactions, we
can encourage two possible hierarchical routes, and thus compare the strengths of squares
and triangles as intermediates.

Unlike the truncated octahedron case, rhombicuboctahedral clusters could be formed
both with and without torsional bonding constraints. FEach particle had four patches, which
increases the clustering temperature with respect to the kinetic aggregation temperature,
allowing the cluster to be formed both in the presence and in the absence of torsional
constraints. Since the aim of this chapter is to show the utility of hierarchical self-assembly
in the absence of torsional bonding constraints, we have only analysed those simulations
in detail.

Without torsional constraints, there are two possible assembly pathways which allow
hierarchical assembly via assembly competent intermediates. If the interactions between
A and B patches are stronger than those between C' and D patches, then squares are the
expected intermediates, while the inverse favours triangles. Figure 4.18 shows the results
of the two different assembly pathways. It clearly shows that hierarchical assembly with
triangles as an intermediate is more efficient than the pathway with square intermediates.
This difference may be due to less attrition during the formation of triangles compared
with squares (see section 4.2.3 for further investigation of this effect). Note the presence
of aggregates in the square forming regions at low temperature that are absent from the
triangular region.

Hierarchical assembly pathways again give a similar yield to non-hierarchical assembly
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Figure 4.18: Rhombicuboctahedron yield plot at patch width oW = 0.45. rChruc is the
expected nucleation region, rCpjer, 7 and rCpier,s are the expected triangular and square-
intermediate hierarchical assembly regions, and X shows the area where both squares and

triangles are more stable than monomers. Settings not specified in the graph are given in
table 4.1.

regimes. In areas where both triangles and squares are more stable than monomers (the

downhill region), there is little useful assembly, and mainly aggregates form.

Snub cube

Our final 24 particle system is that of a snub cube. To assemble snub cubes, particles
have five patches (labelled A to E). The interactions are configured such that patches A
and B may bond, as may C patches with their own equivalents on other particles, and
D- and E-type patches may also bond. A and B patches alone give square intermediates,
C-patches give dimers, and D- and FE-patches alone give triangles.

Here, we see an even larger window of formation between Ttj,s and Tyge, because the
cluster is stabilised by five patches per particle. Figure 4.20 shows the results of simulations
when the interaction strengths of CC and DFE bonds were varied with respect to AB bonds.
At low CC and DF interaction strengths, hierarchical assembly via squares is encouraged.
The yield in the hierarchical region was poor when compared to rhombicuboctahedra in a
similar region, and is partly due to the formation of strained AB triangles which can then
assembly into distorted icosahedra. At higher temperatures, this competition is not an
issue, as assembly into distorted icosahedra is reversible. However, at lower temperatures
(in the hierarchical assembly regime), the formation of distorted icosahedra results in

kinetic trapping of the intermediate. The existence of kinetic traps is a major issue for the

avs/ry
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Figure 4.19: A snub cube.

ares C
0 50 100 0 50 100 0 50 100

0.15 -

0.1

kT/EAB

0.05

0 0.25 0.5 0.75 1
ECC/EAB = EDE/EAB

Figure 4.20: Snub cube yield plot (square intermediates) at patch width oW = 0.45. sCpuc
is the expected nucleation region, sCpier,s is the expected square-intermediate hierarchical
assembly regions, X shows the area where both squares and triangles are more stable than
monomers, and Y shows the regions where squares, triangles or dimers are more stable
than monomers. Settings not specified in the graph are given in table 4.1.

design of self-assembling systems, and the design of monomers to prevent the formation of

unwanted structures is important.

Is it more important to have a high yield of intermediate or a wide range of
conditions where intermediates can form reliably? Often, when looking at the
yield plots of certain structures as a function of patch width, we see patch widths which
offer very high yield at a narrow range of temperatures (which we term patch width region
of high yield), and others which give a lower yield, but over a wider range (which we term
patch width region of wide yield). Our results so far have been obtained using a patch

width of 0.45 radians (except for the icosahedral results, which were run at 0.35 to enable
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Figure 4.21: Snub cube yield plot (triangular intermediates) at patch width otV = 0.45.
sChuc is the expected nucleation region, sCpier, 1 is the expected triangular-intermediate
hierarchical assembly region, X shows the area where both squares and triangles are more
stable than monomers, and Y shows the regions where squares, triangles or dimers are
more stable than monomers. Settings not specified in the graph are given in table 4.1.

comparison between different systems in regions where there was a reasonable yield), which
corresponds to a regime of wide yield for squares, and to a regime of both wide and high
yield for triangles. In order to see the effect of moving from a regime of wide yield to
one of high yield of the intermediate, we tested the snub cube system’s behaviour at a
patch width of 0.35 radians in a region where we expect hierarchical assembly via squares
(this corresponds to a region with a higher yield of squares, but aggregation of squares
occurs at a higher temperature). Figure 4.22 clearly shows that the hierarchical assembly
region for the narrower patch width is much smaller (see figure 4.20), and the maximum
overall yield remains constant at approximately 95%. This demonstrates that as long
as the intermediate has an appreciable yield, hierarchical formation is possible, and that
the wider the range of appreciable yields, the wider the range of hierarchical assembly.
The maximum yield does not seem to depend on the maximum yield of the hierarchical
intermediate: rather, it is a function of the final structure, and just requires a yield of
correctly formed intermediates above a certain proportion. We look at the differences in

the reliability of different intermediates in the next section.

4.2.3 The importance of intermediate choice

We have shown that it is important to have assembly competent intermediates when we
are trying to follow a hierarchical assembly path. Results on the snub cube system have

shown that the wider the range in which an intermediate forms successfully, the wider the
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Figure 4.22: Snub cube yield plot with a narrower patch width of o*W = 0.35. Regions
are labelled as figure 4.20. Settings not specified in the graph are given in table 4.1.

range in which we can form the target structure hierarchically, and that the maximum
yield of the intermediate is not relevant. On a patch width yield plot, there are three limits

on the formation of a small cluster:

1. The maximum temperature where the cluster is unstable with respect to monomers

(above successful assembly).

2. Where a liquid-like aggregate becomes more stable than the gas of clusters (to the

right of the diagram).

3. Where the formation of kinetic aggregates, including chains, is faster than the correct

formation of monomers (the region in the bottom left of the diagram).

We tested the formation of homomeric-bonding dimers, and cyclically bonding triangles
and squares (which would be assembly competent were they to have another patch). The

results are detailed below.

Dimers

Dimers are able to form successfully across a wide range of conditions (see figure 4.23).
Formation of larger aggregates is simply not possible since, at low patch width, particles
are limited to bonding to only one other particle. However, without the use of some form of
torsional constraint, a dimer is neither an assembly competent nor an assembly-incompetent
intermediate, as it cannot be trapped into either compatible or incompatible geometry

owing to the free rotation about the dimeric bond. This free rotation also means that the
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Figure 4.23: Dimer yield plot. Settings not specified in the graph are given in table 4.1.

[ e

0 50 100 0 50 100

0.05

0.1 0.3 0.5 0.7

O'PW

Figure 4.24: Triangle yield plot. Settings not specified in the graph are given in table 4.1.

complexity of the second step is not much reduced compared to the assembly of targets
directly from monomers. Little gain was seen in regions where hierarchical assembly via

dimers was attempted.

Triangles

Triangles are the smallest and thus probably the fastest forming assembly competent
intermediates. Our results on small clusters show that assembly via triangular intermediates
gives the highest yield. Figure 4.24 shows the yield of triangular intermediates at different
patch widths. It is worth noting that the highest and widest yield regions overlap strongly,

and this is one of the underlying reasons for the effectiveness of triangles as a hierarchical
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intermediate.

Owing to the small internal angle between bonds, the formation of liquid-like aggregates
is disfavoured (and moved to high patch width), though some kinetic aggregates of chains
may still form (seen at narrow patch width at the bottom left). These chains normally
occur when two clusters of size two come into contact with one another and bond, and the
low temperature means that it is difficult for these to break apart, despite the fact that a
triangular cluster and a monomer would be a lower free energy state. The chains, when
formed, are often longer than the width of our simulation box, but none were observed

that bound to themselves.

Squares

In the absence of torsional constraints, the temperature window of formation of squares
is narrow, since the formation of long chain-like aggregates is possible. The formation
of aggregates is more pronounced compared to triangles. One of the reasons for this
aggregation is that once a trimer has assembled, it only requires the correct orientation
of the two bonds to form a third and complete the triangle, whereas once a tetramer has
formed three bonds, it must have the correct orientation of all three bonds for the fourth to
be able to complete the square. The need for three bonds to orientate takes longer than the
two required for the triangle to form. This means that it is more likely for the tetramer to
bind to another cluster and form a chain. Figure 4.25 shows the yield of cluster formation
when the patch width is varied. It should be noted that the patch widths which offer the
highest maximum yield of squares are in the range 0.3-0.4 radians, while patch widths of
0.4-0.5 radians give a lower maximum yield, but a wider range of square formation.

The clustering temperature for the formation of squares is also considerably lower
than that for the formation of triangles. This decrease in clustering temperature can
be explained using the simple thermodynamic arguments with which we have estimated
the transitions throughout this chapter. Both triangles and squares have two bonds per
particle, but the triangles only require three particles per cluster, giving them a higher
entropy when compared to the square clusters.

The weakness of squares as a hierarchical intermediate is clear in all systems that were
placed in conditions where we expected hierarchical assembly via square intermediates.
This poor performance of squares as a hierarchical intermediate is due to the slow formation
of squares compared to aggregate formation and trapping.

An example of a structure formed in the square system can be seen in figure 4.26.
This aggregate is a long chain. Other observed structures included five-membered and

eight-membered rings. The chains were often longer than the periodic simulation box, and
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Figure 4.25: Square yield plot. Settings not specified in the graph are given in table 4.1.

Figure 4.26: Aggregates formed by square-forming particles under certain conditions
(kT = 0.04¢, 0¥V = 0.3). Settings not specified are given in table 4.1.
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so may have interacted weakly with themselves, but a chain which joined to itself was

never observed in the simulations.

4.3 Conclusions

It is clear from the results that hierarchical assembly at one temperature is a feasible
assembly mechanism. However, it usually gives similar maximum yields to non-hierarchical
processes. In particular, it does not seem to offer a pathway to make more complex or more
difficult-to-assemble targets (e.g. truncated octahedra) than using our previous approaches.
As such, it is something of a null result. Although breaking the assembly into two simple
steps seems potentially advantageous, the requirement that the first stage be particularly
efficient to avoid attrition is quite stringent. Furthermore, the second stage involving the
assembly of the intermediate clusters can be more challenging than one would imagine;
e.g. the assembly of six squares into a truncated octahedron barely occurs. Hierarchical
assembly does, however, permit some extension of the available parameter range for the
formation of a target structure, disfavouring the formation of aggregates. The type of
assembly mechanism seems not to be as important as the removal of other competing
structures because of a more specified set of interactions (which acts to reduce the number
of ways aggregates can form and hence their entropy). This can be seen for the IWC and
ThO systems, and the truncated tetrahedral systems.

We have shown that the wider the range of conditions in which an intermediate can
form successfully, the wider the range of hierarchical assembly. The assembly competence of
intermediates is also a key factor. Our general rules are that assembly competent triangular
intermediates and monomer particles with many patches give the widest parameter range

for the formation of a target structure.



Chapter 5

Modelling pore formation

5.1 Introduction

This chapter illustrates how we can use our simple patchy particle systems to model
biological self-assembly. This chapter looks at one such system, namely the formation
of a-haemolysin pores from the Staphylococcus aureus bacterium on a membrane. The
chapter examines the biological background of the formation of the a-haemolysin pores and
then explains how our patchy particle model was augmented to allow self-assembly to occur
on a surface. We compare our results with those seen in experiment, and also use reaction

kinetics to help provide further insight into what might be happening experimentally.

5.2 Motivation

a-Haemolysin pores are heptameric protein complexes which create a channel through a
membrane of many different target cells [211]. These pores are produced by Staphylococcus
aureus and form part of its ability to damage neutrophils and thus evade part of the body’s
immune response to infection [211]. In wvitro, they are found to form spontaneously on
the surface of a membrane. Each monomer is identical and the crystal structure of the
pore can be seen in figure 5.1 (each of the monomers is given a different colour to make
the connectivity clear). In vivo, the barrel (lower region of the right image in figure 5.1)
inserts into and spans the membrane, while the upper rim section is found on the outer
surface of the membrane [212].

We were motivated to study the a-haemolysin system by the experimental research
on the self-assembly of these pores by the Wallace group in Oxford [8]. In particular, the
results showed intriguing features that were not straightforward to interpret mechanistically.

We therefore decided to investigate a simple theoretical model of this system in order to try
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Figure 5.1: a-Haemolysin pore as viewed from the outside of the cell and from the plane
defined by the membrane. The barrel region in the lower region of the right-hand diagram
inserts into the membrane. Image created from the protein database entry for 7TAHL
[213, 214)].

to obtain insights into the mechanism of self-assembly that would aid the interpretation of

the experimental results.

5.2.1 Why is this experimentally interesting?

The Wallace group use fluorescent labelling to track the formation of proteins on a syn-
thetically created phospholipid bilayer. Their results for the a-haemolysin pore only show
the presence of monomeric and heptameric species: no intermediates are observed under
biologically relevant conditions. This is not what is expected by intuition: a single step
process in which 7 monomers must come together to form a pore seems unlikely on the
basis of simple reaction dynamics (see section 5.4.5). The formation of pores appears to
be a rare event, but one that happens rapidly. Pore self-assembly is also highly selective,
with no hexameric or octameric products being observed, as shown by photo-bleaching
experiments [215]. We look into how the experimental results compare with our simple
model and, with some simple reaction pathway considerations, we attempt to explain the
formation of the pore. Experiments on a-haemolysin mutants have shown that assembly
is most likely to occur on the membrane and that a prepore is formed which then inserts
through the membrane [216]. We consider this insertion step as a modification to the energy
landscape given by simulations of our model. If it is indeed a single step insertion process,
then this is a valid approximation. Other experiments have shown that the formation of
the (-barrel stem domain is a co-operative process [217]. We look at this co-operativity
by simulating an internal degree of freedom in our simulation and using a kinetic model

using an activated pathway of assembly.
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5.2.2 General importance of pore-forming toxins

Pore forming toxins are responsible for the death of many people worldwide. They are
responsible for the toxic effects of diseases such as diphtheria [218] and Staphylococcus aureus
infections [219] (including the methicillin and vancomycin resistant strains, commonly
known as MRSA and VRSA).

A better understanding of pore formation may help with the design of possible antibiotic
agents [220]. Bacteria often use peptides capable of forming transient pores to give them a
competitive advantage over other bacteria for scarce food resources. Their pores are often
bacteriocidal, and generally at least bacteriostatic. The pore does not affect the bacterial
strain which produces it, and only prevents other bacteria from growing easily. One of
these peptides, nisin, has been used in a purified form as a food preservative for many

years [221].

5.3 Model details

In order to simulate this system, we had to make a number of changes to our model.

5.3.1 Surface potential

In order to model the membrane, we introduced a surface potential into our model. The
requirements for the potential were that, firstly, the particles would bind more strongly
to the surface than to each other (experimentally, monomers are found first to adsorb
onto the surface and then to assemble [212]), and secondly, that the particles only gained
the full interaction energy when they were suitably orientated with respect to the surface.
The potential we chose was a Lennard-Jones potential in z, the distance of the patchy
particle from the surface, with the attractive part modulated by a Gaussian curve in ¢, the
angle between the plane containing the ring forming patches and the “membrane surface”
(figure 5.2). We used a well depth of 2¢ (twice the well depth of the attractions between

particles), and set the Gaussian to have a standard deviation of 0.1 (this is equivalent to a

patch width of the same value). The full potential is given by

USURF (5 ¢) = 8¢ <<—UZLJ>6 X exp (—?Z) + (UZLJ)12> (5.1)

and its form is depicted in figure 5.2.
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Figure 5.2: Plot of the potential used as a function of z position and rotation ¢. ¢ = 0
is the point at which the pore forming patches are coplanar with the “membrane”. Note
that only a small region is shown. Below z = o). the potential is steeply repulsive for all
values of ¢.

5.3.2 Flipping

As explained previously, proteins are able to change their tertiary structure (section 1.3.1),
and experiments have shown a-haemolysin to do so [217]. In order to allow a simple
simulation of this phenomenon, our model was modified to allow particles to change the
position of their patches. This was implemented by the creation of a new Monte Carlo
move type, which attempted to change a single particle from one type to another. This
move used the standard Metropolis Monte Carlo acceptance criterion (equation 2.22). The
probability of attempting any type of internal rearrangement move was set in the control
file and was initially set such that the probability of attempting a flip move was such that

the expectation was for one flip attempt to be made in every 100 move attempts.

5.4 Heptameric pore formation

The structure of the heptameric ring forming particles is shown in figure 5.3. Each monomer
has two patches: A (blue) and B (green). Each of them can only interact with its opposite
patch on any other particles (an A-B type system). As we were interested in modelling a
biological protein system, we used torsional constraints with a torsional patch width set
at 0.2 (though this had little effect for particles adsorbed on the surface, as an effective
surface orientational constraint already existed owing to the potential).

Initially, we scanned the parameter space of our model to find conditions under which
heptameric rings formed on the surface reliably and in a reasonable time. Interestingly,

a rather narrow patch width, 0.1 radians, had to be used to ensure the product was
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Figure 5.3: The representation of an a-haemolysin pore within our simple model (to be
compared with figure 5.1).

monodisperse. For wider patches, significant numbers of hexamers and octamers were also
found to form, particularly at temperatures close to where self-assembly first occurs. This
is simply because of the relatively similar internal angles in these polygons (128.57° for a
heptagon compared to 120° and 135° for hexagons and octagons, respectively). However,
it illustrates that the interactions between the proteins in the a-haemolysin pore must be
angularly very specific in order to give the monodisperse assembly seen by the Wallace

group [8, 215].

5.4.1 Initial dynamic results

We used the potential described in section 5.3.1. After checking the speed at which the
pore was formed under a wide range of conditions, a system with a volume number density
of 0.1 /(¢"))3 and 49 particles was used initially (this is equivalent to a surface number
density of 0.2 /(¢))2, and the initial dynamic simulations were run for 105 Monte Carlo
cycles. We used a cutoff of 3.5 o™,

We show the yields of different species in figure 5.4. It is clear that, as we intended,
our adsorption temperature (Taqs) is far above our heptamerisation temperature (Tiept)-
At low temperature, we again are faced with the issue of trapped partially formed clusters
(arrested assembly), as we have seen in other simulations before. The aggregates were
somewhat different from those formed in a bulk solution and tended to consist of partially
formed clusters which bonded to each other. We refer to these as Pac-Man chains, as each
partially formed ring appears to “eat” the next in the chain (figure 5.5).

Figure 5.6 shows the yield of heptamers when these simulations are started from fully
formed pores. The results clearly confirm that the partially formed clusters are merely a
kinetic trap. The values of the heptamerisation temperature, Tiept, defined as the point

at which there are equal yields of heptameric rings and monomers, are nearly identical.
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Figure 5.4: Yield of heptamers and number of particles adsorbed in our system when

starting from monomers as a function of temperature after 10° Monte Carlo cycles, in

a 3D box with a simulated surface, using a volume number density of 0.1 /(¢™)3 and
Pw

o " =0.1.

Figure 5.5: An example of the type of partially formed clusters that occur (k7 = 0.03 ¢).
Note that they are able to bond slightly to one another despite the low patch width, and
at low temperature, these Pac-Man chains are common.

The small difference is in part due to the natural noise of the dynamic runs and is also the
result of having finite temperature steps. At the heptamerisation temperature, there is a
significant equilibrium population of clusters that are neither monomeric nor heptameric
(these are mainly dimers and trimers).

The yield of the different structures as a function of time is shown in figure 5.7 for a
regime where the self-assembly of heptameric rings occurs successfully. It can be clearly seen
that assembly occurs by the addition of monomers to growing clusters with a population
of intermediates that evolves to larger sizes as a function of time.

Our results show equilibrium populations of species other than monomers and hep-
tamers, while experimental conditions only have monomers and heptamers present in
the equilibrium populations. Dynamically, we see that the onset of assembly is rapid
and simultaneous (there is a rapid decrease in monomer concentration early on in the
simulations). We also see a relatively long-lived intermediates, which implies that they
are stable with respect to monomers. By contrast, experimental studies show that the

assembly of heptamers is sporadic, but rapid when it does occur [8]. The intermediates
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Figure 5.6: Yield of heptamers and number of particles adsorbed in our system when
starting from formed rings as a function of temperature. Settings as in figure 5.4.
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Figure 5.7: Time resolved yield of intermediates and heptameric rings at a temperature
where a high yield of heptamers is obtained. kT'/e = 0.055.

are unresolvable on the experimental timescale. These differences imply that there is a
free energy barrier that is absent in our model, but is present in the experimental system

that regulates the rate of nucleation. We consider this further in section 5.4.4.

5.4.2 Relevant experimental conditions

The experimental surface number density is of the order of 10 um™2 [8]. With the radius
of the monomer being of the order of 1 nm, this is equivalent to a relative surface number
density of 107° / (¢17)2. We are not able to simulate self-assembly at these densities because
the low collision rate between particles makes it computationally unfeasible. However,

we have considered the effect of lower densities to show that there is no change to the
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Figure 5.8: Yield of heptamers and number of particles adsorbed in our system when

starting from monomers as a function of temperature after 10° Monte Carlo cycles, in a

3D box with a simulated surface, using a surface number density of 0.001 / (¢)? and
Pw

o =0.1.

general patterns of thermodynamic stability. Note that lower densities also lead to much

longer-lived intermediates in our simulations.

5.4.3 Dynamic results at lower densities

We ran simulations at a surface number density 200 times lower than our initial dynamic
runs (i.e. we used ~0.001 / (¢™7)?). In order to get a reasonable yield, we used 108 Monte
Carlo cycles (which required approximately 200 processor core hours per simulation) and
five repeats per point. Figure 5.8 shows the yield when we started from monomers and it
demonstrates a significantly lower yield of heptamers; this is simply due to the amount of
time taken for part-formed heptamers to diffuse over the surface, and this is the reason most
of our runs are carried out at higher densities. Figure 5.9 shows the yields when we start
from formed heptamers and clearly demonstrates that the thermodynamic behaviour is
similar for both densities, and that the limiting factor is simply the diffusion time required
for the less dense system. Thus, we are justified in generalising thermodynamics from our

higher density system, which we are able to simulate in a reasonable time.

5.4.4 Location of the barrier

In the comparison of our dynamic results with experiment, the experimental dynamics seem
to indicate that there is a much larger free energy barrier present than in our simulations.
To examine this issue further, we investigate the nature of the free energy profile for the
heptamer formation in our model. These profiles are computed using umbrella sampling

(see section 2.2.4).
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Figure 5.9: Yield of heptamers and number of particles adsorbed in our system when

starting from formed heptamers as a function of temperature after 10% Monte Carlo cycles,

in a 3D box with a simulated surface, using a a surface density of 0.001 /(c)?, and
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Figure 5.10: Free energy profile for the formation of a heptameric pore at the transition
temperature of 0.078 ¢ /k.

As with previous implementations of umbrella sampling to calculate free energy profiles
for monodisperse self-assembly in our group, we performed the umbrella sampling using a
system with exactly the right number of particles to form a single target structure. We
did this because it is hard to devise an order parameter that can drive the simultaneous
formation of multiple target structures. As our order parameter, we used the size of the
largest cluster. The smaller system size allowed us to use a slightly lower volume number
density of ~0.01 / (¢™7)3 (equivalent to a surface number density of (~0.1/ (¢™7)?), whilst
still being able to achieve equilibrium in a reasonable time.

From our previous yield plots (which were at slightly different densities), we expected

the transition between heptamers and monomers to occur at around a temperature of
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Figure 5.11: Free energy profiles for the formation of a heptameric pore, at temperatures
above, at and below the transition temperature, showing how the barrier changes.

0.075¢/k, and our umbrella sampling runs have found the point of equal probability of
monomer and heptamer to be at 0.078¢/k. The barrier to formation at the transition
temperature is shown in figure 5.10. It is clear that a system containing a dimer as the
largest cluster has a lower free energy than a system of just monomers at this temperature.
The size of the barrier (~5kT) is too small to regulate nucleation, and we therefore see
intermediates in our simulations.

Figure 5.11 shows how the free energy profile changes at temperatures above and
below the transition temperature. Below the heptamerisation temperature, there is always
stabilisation of intermediates with respect to monomers: this means that intermediates are

long-lived.

With an insertion step

Our model of pore assembly is based on the simple formation of a cyclic prepore protein
complex on the surface of the membrane and does not explicitly consider the process of
insertion of the channel of the pore into the membrane. Here, we explore whether this
might be the source of the discrepancies between our model and the experimental results.
Clearly, pore insertion is a complex process involving not only a co-operative rearrangement
of the protein complex, but also a rearrangement of the lipid bilayer. We take a very
simple approach and assume that pore insertion occurs after a heptamer is formed and
that insertion involves a decrease in free energy of magnitude Aj,sA. This approach allows
us to use the data that we have already obtained from our umbrella sampling runs to
describe the equilibrium between the non-inserted species. The relative probabilities of
inserted and non-inserted heptamers are simply related to Aj,sA (this type of pathway is

demonstrated in the next section in figure 5.14).



5.4. Heptameric pore formation 133

10 7
; 1 _Ainsf4
81 110 p2/p1
- ]
o 0 118
< 11— B
< ]
2 11
1000
O,

\ ! ! ! ! ! !
0.08 0.10 0.12 0.14 0.16 0.18 0.20
kTTrans/gAB

Figure 5.12: The required insertion energy and the ratio of probabilities of a randomly
chosen particle being in a dimer or a monomer (p2/p1) when the transition temperature
is varied for our system of heptamer-forming particles based on our umbrella sampling
results of a single cluster at a volume number density of ~0.01 / (¢1)3.

We assume that the configuration corresponding to a given value of our order parameter,
n, is a single cluster of size n with all other paticles being monomeric. We use our umbrella
sampling data to find the insertion energy required for the inserted cluster and a purely
monomeric system to have equal probability as a function of the transition temperature,
Trrans. The results are shown in figure 5.12. The temperature Tryans increases with AjsA,
and the relative probability of a particle being in a dimer or a monomer (p2/p;) decreases
with increasing AjpsA.

The introduction of an insertion free energy allows our model to be in better agreement
with the experimental data in terms of the thermodynamics. Namely, we can tune AjsA
(and thus Tryans) until dimers are negligible compared to monomers at the transition
temperature. Using our data we can predict the proportions of dimers and monomers that
would be expected experimentally. For example, if the gain in free energy of insertion is
the same as the internal energy gain for prepore formation, i.e. —7¢, then ps/p; ~ 0.002
and kT =~ 0.17¢, and thus our insertion energy is ~40 k7.

Although we have not explicitly simulated the dynamics with this addition to the
model, it is clear that it would also help to make the dynamics more consistent with
experiment. The increased free energy barrier for heptamer formation at Tmy.ns would
make pore formation a rarer event. Furthermore, the greater slope of the free-energy
profile would make any intermediates that form short-lived and more likely to fall apart.
Pore-formation events, when monomers happen to come together to form a heptamer that
then inserts, would have to occur rapidly if the intermediate clusters are not simply to fall

apart before the event can happen. This picture of pore-formation as an infrequent but
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rapid event is much more consistent with experiment.

5.4.5 Kinetic modelling

We are able to use the steady state approximation [222] to model the stepwise addition
of monomers. We can initially assume that each step is at equilibrium except for the
last. Note that all concentrations in this section refer to surface concentrations, as do rate
constants, as all reactions take place on the membrane surface.

Our first simple model of the pathway is:

TA S Ay +5A 28 Ay +4A 2 A, +3A e A+ 2A 2 A+ A S AL
k_1 k_2 k_3 k_4 k_s
(5.2)
The rate of the first step is:
d[A

2ol AP~ kalAA] - k(A (5.3

For each subsequent step to form clusters of size ¢ (where ¢ < 7), the rate is:

d[A;

i) A ] — RlAIA] — ko (A (5.4

Using the steady state approximation for all intermediates of size i (where, again, i < 7)

gives:
ki1 [A][Ai—1]
Al = 5.5
This gives the overall form for the rate of formation of our heptameric pore to be:
d[A kikokskakske[A]”
[7]: 1kokskakske Al (5.6)

dt (k2[A] + k—1)(ks[A] + k—2)(ka[A] + k—3)(k5[A] + k—4) (K6[A] + k_5)

We look at a number of limiting possibilities which will allow us to simplify our rate
equation. Note that, as our simulations are in the canonical ensemble, the relevant free
energy is the Helmholtz energy (A). We plot schematics of the shape of the reaction
co-ordinates in the following examples. Note that our reaction pathway consists of stepwise
monomer addition and thus the reaction co-ordinate corresponds to the size of the growing

cluster.

Steeply uphill reaction

If the forward reaction is steeply uphill (figure 5.13), with a hexameric transition state,

we can state that k;[A] < k;—1 (for 1 < ¢ < 5). As our final step may be considered to
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Figure 5.13: Schematic of the free energy of an uphill reaction pathway as a function of
cluster size at the transition temperature.

be more steeply downhill than our reverse reactions, we can also state that kg[A] > k_s.

Thus we are able to simplify equation 5.6 to:

d[A;] _ kikokshakskg[A]”
At k_ik_ok_sk_ske|A]
 kikokskaks[A]°

k_1k_ok_sk_4

(5.7)

This depends on [A] in the sixth order! If we set the first 5 forward reactions to all be
equal (k; = k4 for 1 <i < 6), and the reverse reactions similarly (k_; = k_ for 1 <i < 5),

our equation simplifies to:
d[A;] _ kiks[A]°

a = (5.8)
Or, by setting K =k /k_, we can write:
d[A
[dt7] = ks K*[A]° (5.9)

We can use simple thermodynamics to estimate the energy profile. If we assume that
translational entropy is the most relevant entropic term, and that this is simply proportional
to the number of species present, then the loss in entropy as we increase the size of the
growing cluster can be approximated as the translational entropy of a monomer, and thus
be constant (=~ A,qq5). We can also assume that the gain in internal energy is just the
energy gained by bonds being formed (—& per bond: one bond is formed for the first 5 steps,
and two are formed in the final step). Using these approximations, the initial slope would
be expected to be —e — T'A,qq5, and the final step would have a slope of —2¢ — T'A,44S.

At the transition temperature, Thept, the free energies of the monomeric and heptameric
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systems are equal. Therefore, A(7) — A(1) = 0, and thus 6 x THeptAaddS = —7e, and

Te
AgaaS = — .
ad 6 THept

gives a value of 0.8 ¢, which, using the heptamerisation temperature for non-inserted pores

The height of the barrier is expected to be 5¢ — 5THeptAaddS, this

found in our simulation (kTgept = 0.078¢) is ~ 10kT. This simple barrier is not steep
enough to discourage the formation of intermediates: for example, the free energy of a
system with one dimer would only be ~0.2¢ higher than a system of monomers (which is
~2 kT at our heptamerisation temperature, and thus the probability of a dimer compared

to a monomer is ~3 %). Other factors must therefore be important for this system.

Diffusion limited downhill reaction

If we assume that the reaction is entirely diffusion limited (the fastest we could assume,

allowing bonding to occur rapidly), and that all sizes of clusters can diffuse at the same

rate (this means that k; = kq for 1 <i < 6), then we get the following rate equation:
d[A] kA

At (ka[A] + k1) (ka[A] + k_2) (ka[A] + k_3) (ka[A] + k—_4) (ka[A] + k_5) (5.10)

This still has a strong dependence on concentration (experimentally, the surface concentra-
tion is of the order of 1 x 10'3 particles/m?, which is rather low).

Let us further simplify this by looking at the limit where we only see the forward
reaction (i.e. set k_; = 0 for 1 < 4 < 6), and while still keeping the reaction diffusion

limited. This gives us the rate equation:

= kq[A]2 (5.11)

This would allow rapid formation of a pore, and it gives a significantly different rate
dependence on concentration than the uphill model. However, such a kinetic pathway
would not be expected to have monomers persisting for a long time, which is an important

experimental feature of the assembly process [8].

With an insertion step

We modify our previous system to include an irreversible insertion step. A schematic of
the free energy of the reaction coordinate is shown in figure 5.14. The inserted pore is

referred to as A,*. Our model reaction pathway is

TA S Ay 4 5A 2 Ay +AA 2 Ay +3A o A+ 2A 2 A+ A e AL BT ALK
k_1 k_2 k_3 k_a k_s k_g
(5.12)
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Figure 5.14: Schematic of the free energy of a reaction pathway including an insertion step
as a function of cluster size at the transition temperature.

Using the steady state approximation, we are able to estimate the rate of reaction

d[A*] keykokskks kghr[A]7

dt (Ro[A] + k1) (k3[A] 4 k—2) (ka[A] + k—3) (ks[A] + k—a) (k6 [A] + k—5) (k7 + %561)?;)

We assume that the rate constant for insertion is fast compared to all other rates, thus
k7 > k_g, which is a valid approximation, provided the membrane and pore rearrangement
needed for insertion is minimal, and the insertion is steeply downhill. Our rate equation

therefore simplifies to:

d[A,7] _ k1k2k3k4k5k‘6[A]7 (5.14)
dt (k2[A] + k—1)(k3[A] + k—2)(ka[A] + k—3)(ks[A] + k_4)(ke[A] + k_5) '

By using similar approximations to those which we made for a steeply uphill reaction,
we are able to estimate the overall rate of reaction.

We select the insertion free energy, AisA, to be —7e. We define the temperature of
transition (heptamerisation followed by insertion), Tryans, as the temperature at which the
free energies of a system of only monomers and an inserted heptamer are equal. The free
energy gained upon insertion must therefore be equal by definition to the free energy of
the stepwise break down of the non-inserted heptameric cluster. This allows us to write:
AinsA = 7& + 6 Trvans AaddS, and thus AyqqS = —7¢/(3 X Tvans)-

At equilibrium, the forward and reverse rates are equal,

kil Ad[A] = E_i[Assa). (5.15)

The equilibrium constant, K, is defined in terms of the standard surface concentration,



138 Chapter 5. Modelling pore formation

[e], and the concentrations of the relevant species,

(5.16)

We can therefore rewrite our forward rate constant in terms of our equilibrium constant,

reverse rate constant and standard concentration,

ki
o]

Simple thermodynamics states that the equilibrium constant can be calculated using

M (1)),

(5.18)

K; = exp (— T

In order to get a value for the forward rates, we need to define a value for the reverse rates,
which we take to be equal for all reverse reactions, and we set this to k.. We define our
standard concentration as that of the initial monomer surface density in our simulation
(surface density of 0.1 / (¢™7)?), and then use the transition temperature, T'ryans, from
our simulations that corresponds to the insertion energy being 7e (kKT ans ~ 0.17¢). Our
initial rate within this model is ~ 10~ ?%particle (™)) "2k,. Using the monomer radius
of 1nm [8], this would give an initial rate of ~107?®mol dm™2k,. This would allow the
reaction to occur on a reasonable timescale, but does not mean that we would not resolve

intermediates over the proposed reaction pathway.

Activated pathway

An activated pathway means that we expect a change in free energy landscape during
formation. An activated pathway may shift the transition state from a hexamer (as it
is in the uphill pathway) or heptamer (as it may be in the insertion pathway) to any
other sized cluster. An example reaction coordinate is shown in figure 5.15. As long as
the downhill section is steep compared to the initial pathway, then the rate equation will
depend solely on the formation of the n-sized transition state, and will be n-fold dependent
on the concentration of the monomer. This is a possibility for the formation of the pore,
and may give the dynamics observed experimentally. We look at an example of this in the
next section.

The physical interpretation of an activated pathway could be one of two scenarios.

Firstly, the activation could be a rearrangement of the internal structure of a protein
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Figure 5.15: Schematic of the free energy of an activated reaction pathway as a function of
cluster size at the transition temperature. The activated pathway is shown in green, and
the insertion pathway in red.

to a higher energy state that allows binding to occur more strongly between monomers.
Alternatively, the activation could occur by the pore inserting into the membrane at an

earlier stage than we previously assumed (see section 5.6 for further details).

5.5 Including internal rearrangement in simulations

As mentioned in section 1.3.1, biological systems often have an internal degree of freedom
which allows co-operativity to enhance the formation of certain clusters. We examine
whether this may play a role in this system. As can be seen from the structure of the
pore (figure 5.1), there is a strong possibility of internal degrees of freedom leading to co-
operative binding when forming the heptamer, as the stem domains are clearly interlinked
in the final structure. We therefore simulated an internal degree of freedom to test this
theory. Using our simple Monte Carlo model with added flipping moves, we tried a number
of different settings for internal degrees of freedom, most of which were unable to produce
a yield of heptameric pores.

As any change in internal degrees of freedom means that the protein is no longer in its
ground state conformation, we considered the effect of there being a change in the internal
energy between the two states of our model. Our lower energy state had weak isotropic
interactions of strength 0.1¢ (following the example of the Wallace group [8]), while our
narrow-patch state was 0.1 ¢ higher in energy, with the same interactions as our original
heptamer-forming model. The results are shown in figure 5.16. There is clearly a region
where heptamers form, and this suggests that activated assembly via an internal degree of

freedom is a possible mechanism in the formation of the heptameric pore. However, the
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Figure 5.16: Yield of heptamers when starting from monomers in a system with an internal
degree of freedom and a barrier to flipping. The isotropically attractive lower energy
state had attractions of 0.1¢, while the higher energy state (which was 0.1 higher in
energy than the isotropically attractive state) had the same patches and attractions as the
standard model for this chapter.

yield of non-heptameric intermediates is more appreciable at the transition temperature
than it was in our original model. There are many other possible ways in which this
internal degree of freedom could manifest, though many that we tested did not give any
yield of heptamers. In order to estimate the relevant states, some structural calculations

or further biochemical data are needed.

5.6 Discussion of pore formation

We have shown using both simulations and models that there are many possible self-
assembly energy profiles for pore formation. Further experimental data on the behaviour
of a mutant a-haemolysin protein which is unable to form a pore that can insert into the
membrane (for example, that considered in Parker’s review [212]) may help the classification
of pathways. If insertion is indeed the source of the activated behaviour, then the experiment
would need to be performed at a much lower temperature to see the formation of the
prepore, and intermediates should be observed on the simple uphill-type pathway we
originally postulated.

When we consider pore formation in general, there are a few areas of interest:

The insertion of a pore into a membrane may occur at different stages during formation.
For some pores, a single step insertion process of a completed prepore seems possible, though
there would be a need for the phospholipid bilayer to undergo sudden rearrangement. While
this may be possible for small rings, it seems unlikely for larger rings (as the channel of

the central pore is, generally, free from any phospholipids, being hydrophilic in character
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Figure 5.17: Two-dimensional schematic of hydrophobic and hydrophilic regions and strain
induced by membrane rearrangement from early insertion.

[214]). The formation of partly-complete, inserted rings may require a pocket to be formed
in the membrane, with the phospholipids bending back on themselves (demonstrated in
figure 5.17). This would cost free energy. Alternatively, the part-formed channel could
bend back on itself to expose only a hydrophobic outer surface to the membrane (this
would have a strain energy of the ring associated with it, and may involve an internal
degree of freedom).

While the a-haemolysin pore is only seen in heptameric form by photosensitive labelling
and bleaching experiments [8, 215], a low yield of hexameric pre-pores has also been seen in
certain mutants [212]. For larger pores, the formation of only one size of pore seems unlikely,
especially as it would require a very narrow attractive region on a protein (equivalent to
a small patch in our model), which may limit the rate of assembly greatly. Experiments
into larger pores have shown that these pores are not monodisperse and may form stable
structures with a range of sizes; for example, pneumolysin forms pores with 30-50 subunits
[223].

Larger pores would also be expected to form via resolvable intermediates. If the barrier
to formation is too high, then large pores are not expected to be able to form: a less steep

slope means longer lifetimes for intermediates.

5.7 Conclusions

We have demonstrated that our model may be applied to more complicated biological
systems, but that, without further experimental data, it is difficult to classify the behaviour

seen in the current experiments.
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Chapter 6

Re-entrant phase behaviour in

self-assembling systems

6.1 Authorship

This chapter contains collaborative work. The section on the theoretical model (section
6.6) was completed in collaboration with my colleague, Aleks Reinhardt. The work was
approximately equally shared between us, and was submitted for publication in a jointly

authored paper [7].

6.2 Introduction

The characterisation of the self-assembly behaviour of the patchy particle systems studied
in this thesis and previously in our group [46, 192] has raised some interesting questions
about the fluid phase behaviour of these self-assembling systems. These questions can be
most easily understood by thinking about the potential phase behaviour of these systems
as a function of the patch width.

At wide patch widths, the potential is sufficiently close to isotropy that the phase
behaviour is similar to the Lennard-Jones potential with liquid-vapour phase coexistence
occurring at all temperatures below the critical point.

By contrast, at sufficiently narrow patch width, only a chemical equilibrium between a
gas of monomers and a gas of self-assembled clusters is observed.

Of most interest in this chapter is the phase behaviour at patch widths between these
two extremes, where self-assembly and liquid-vapour separation compete. Indications of
what may occur come from results such as figure 6.1, where the nature of the product in

dynamical simulation is shown as a function of patch width and temperature for a fixed
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Figure 6.1: Plot of the mean cluster size for the uncentred icosahedral system showing
simulation evidence of phase re-entrance. At the position of the green arrow it is clear
that decreasing the temperature causes the mean cluster size to increase sharply (vapour
of monomers to liquid), and then decrease (as a vapour of clusters is formed).
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Figure 6.2: A schematic what we were trying to find. The combination of liquid-vapour
coexistence and clustering will change the phase diagram, but we were unsure if the loop
would close. Tgys is the clustering temperature, vy, ve and 1 refer to a vapour of monomers,
a vapour of clusters and a liquid, respectively.

density. At intermediate values of the patch width (e.g. ¢©"V = 0.5) the system passes
from a monomer gas to a region of liquid-vapour coexistence to a gas of clusters as the
temperature is decreased.

If the behaviour suggested in figure 6.1 is representative of the equilibrium behaviour,
then the system exhibits re-entrant phase behaviour with the low temperature cluster gas
phase presumably being stabilised by its lower internal energy compared to the higher
entropy liquid seen at higher temperature. In this chapter we examine what happens
at intermediate patch widths, i.e. when the clustering temperature is below but close to
the monomer gas-liquid transition. Under these conditions we would expect a three way
equilibrium to be set up (see figure 6.2), though we were unsure of what would happen at

high density: would we see the re-entrance loop close off or other behaviour?
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Figure 6.3: A phase-diagram for the Janus particle system as calculated by the Sciortino
group [133]. Note the phase re-entrance.

6.2.1 Other research into phase re-entrance

Clear evidence of re-entrant phase behaviour has also been observed by Sciortino and co-
workers in simulations of Janus particles with a single attractive patch. Certain parameter
ranges lead to a competition between liquid-vapour phase separation and micelle formation
[133, 134] (figure 6.3). In the phase diagrams that they computed, the standard behaviour
of an ever-larger two-phase region in the T-p phase diagram as the temperature is decreased
below the critical point is perturbed by the formation of micelles, shrinking the coexistence
region and shifting it to higher density. However, what happens to this two-phase region
at low temperature (does it end at a critical point, or persist to zero temperature?) is
unclear, because the system instead formed a lamellar phase. In this chapter, our aim
is to address such questions by attempting to calculate complete phase diagrams for the
fluid using both simulations and a simple theoretical model of a system that can both
self-assemble into clusters and exhibit liquid-vapour phase separation.

Re-entrant phase behaviour is of course not limited to patchy particle systems. Indeed,
the classic example of such behaviour is the nicotine-water mixture, which exhibits a
closed loop in its temperature-composition phase diagram with both an upper and a lower
critical solution temperature [222]. Reducing the temperature whilst keeping the mole
fraction of nicotine constant first leads to phase separation, and then to remixing driven
by nicotine-water association. Liquid-liquid immiscibility leading to such phase diagrams
is often attributed to hydrogen bonding [224, 225]. Complete mixing will occur if the
temperature is sufficiently high so as to overcome the enthalpic incompatibility of mixing.
However, at sufficiently low temperatures, miscibility results from the association of the

components to form a complex. Similar considerations have been used to explain re-entrant
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phase behaviour seen in polymer aggregation in water [226], in non-ionic micellar solutions
[227] and in nematic re-entrant phases in liquid crystals [228].

Although the systems of interest in this chapter are not two-component mixtures,
unlike most systems where re-entrant phase behaviour has previously been observed, the
behaviour can nevertheless in some ways be analogous to such systems. The similarities
arise due to the mixing of two states of the same component (monomers and associated
clusters), rather than two components proper. An example of re-entrant phase behaviour
as a function of temperature in a system with a single effective density is ionic association
[229, 230]. When dielectric constants are large, phase separation is driven by the usual
enthalpic incompatibility. With low dielectric constants, coulombic-style phase separation
between a low density (neutral cluster) structured gas phase and a high density (free ion)
liquid phase occurs due to the long-range ionic interactions between the ionic components,
rather than between the ions and the solvent. The formation of ionic clusters is somewhat
similar to the cluster formation in the self-assembling patchy particle system that we
focus upon, and so the re-entrant behaviour (in simple theories of these ionic systems,

banana-shaped coexistence curves are found [229]) may have similar origins.

6.3 Computation of phase diagrams using the Wang-Landau

algorithm

In this section we describe our attempts to compute the phase diagrams for some of the
self-assembling patchy-particle systems that have been studied in our group. There are
a plethora of methods to compute the liquid-vapour phase separation, such as the Gibbs
ensemble and thermodynamic integration. We chose initially to use the Wang-Landau
grand canonical approach described in section 2.2.6. However, applying it to our self-
assembling systems was considerably more challenging than the isotropic Lennard-Jones
test case considered there, because of the competition between self-assembly and phase
separation. It is noteworthy that the Gibbs ensemble phase diagram calculations by the
Sciortino group took an extremely long time to converge for their Janus particle systems

[133].

6.3.1 Octahedra

The first system for which we attempted to compute the phase diagram was a system of
octahedra without a torsional constraint in the interparticle potential. The system was run
using the Wang-Landau algorithm in the grand canonical ensemble. We chose this system

because it was the smallest cluster for which clear evidence of re-entrant phase behaviour
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Figure 6.4: Example of the egg-box 2-D crystalline lamellar structure formed by octahedron-
forming particles in simulations at low temperature (this is from k7 = 0.08e, oWV =0.7,
with N/V = 0.25(c™)73, though it also occurred for many other patch widths and
temperatures).

had been observed in yield plots equivalent to figure 6.1 [112], the hope being that this
would facilitate equilibrium sampling, as the self-assembly of the small target clusters
should be faster than for some of the larger clusters we have considered. The approach was
successful in mapping out the liquid-vapour phase separation for parameter ranges where
the critical point lies significantly above the clustering temperature. However, equilibrium
was particularly difficult to obtain in regions where re-entrance was expected. This was
partly due to the longer time scales associated with clustering, but was further exacerbated
by the presence of other low-temperature phases that we had not envisaged from our initial
investigations. In particular, as with the Janus particles studied by Sciortino [133], we
observed lamellar structures at low temperature. To a first approximation, our particles
also have an attractive side, and a non-attractive side. In the case of the the octahedron-
forming particles, an ordered two-dimensional crystalline lamellar phase can form in which
a particle’s four patches point directly at a patch of its four neighbours on the opposite
face of the lamella (figure 6.4). Also, at intermediate temperatures, the residual attraction

between complete clusters can cause them to form linear aggregates (figure 6.5).

6.3.2 Icosahedra

In order to look at the phenomenon in a system less likely to form crystalline structures
that spanned the box, we chose to study icosahedron-forming particles. Here, the particles
have five patches, and thus they are unlikely to form ordered lamellar phases within our box.
The required 5-fold two-dimensional symmetry would be incommensurate with our periodic
(cubic) box. Though it would be possible to form a crystal based on square-triangle tiling,
it is not feasible to use this lattice in a lamellar phase (unlike the square lattice of the
octahedral system).

Again, we expected to find three phases: a gas of monomers, a gas of clusters, and a

liquid. The simulations took several months to converge, and we report our findings here.
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Figure 6.5: Columnar aggregates formed at narrow patch widths and low temperature
(this is from kT = 0.1, oW = 0.5, with N/V = 0.25(c)73).
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Figure 6.6: Effect of changing patch width on the energy per particle. Note the regular
undulations at low patch widths, this is an effect of a non-infinite system size. kT = 0.12¢.

We have found several limitations with the use of the algorithm on this type of system (see
section 6.3.3). The majority of issues were the result of clustering.

Looking in detail at the free energy per particle (figure 6.6) at a set temperature (here
kT = 0.12¢) at different patch widths, the presence of clustering at narrow patch width
can be clearly seen by the regular oscillations to the free energy per particle visible in the
upper curves. The troughs correspond to an integer number of clusters being formed. In
an infinite system, we would not expect these to be visible and, in fact, when running
the system at a different box size and looking at the density profile, we find that the
peaks move in density space. At wider patch widths, the lowest points in energy no longer
correspond to icosahedral clusters, but are in fact the magic number sized clusters seen for

Lennard-Jones particles [231] (the first two occur at densities corresponding to 13 and 19
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Figure 6.7: A plot of the densities which have a probability greater than 0.01. This is in
a region with a clear phase transition between monomeric gas and liquid phases. Taken
from a run at kT = 0.3, with c*VW = 0.75.

particles). This change of behaviour occurs at wide patch widths as the attractions tend
towards an isotropic (thus Lennard-Jones) type of behaviour. We consider the issue of
clustering and density in section 6.3.3.

The effects of clustering on a finite system mean that it is difficult to distinguish
phase changes and clustering when looking at the probability of densities as a function
of chemical potential. Figure 6.7 shows the densities which had a probability above 0.01
as a function of excess chemical potential (fexcess) at high patch width (O'PW = 0.75) and
high temperature (kT = 0.3¢) below the critical temperature and above the clustering
temperature. This clearly shows a discontinuous change between a low and high density
phase, with a coexistence region. On the other hand, figure 6.8 shows a similar plot but
at low temperature (kT = 0.1¢) and patch width (¢¥'" = 0.4) in a region below the
clustering temperature. The lower temperature system clusters and this leads to certain
densities being more likely, even though there is no phase change. This makes it difficult
to identify actual phase changes. For intermediate values of patch width we are able
to assign liquid-vapour coexistence at higher temperatures, but when we decrease the
temperature below the clustering temperature, we see complicated behaviour that is a
simulation artefact due to our box size. When clustering is present in the system, the data

also take significantly longer to converge (see section 6.3.3).

Grand canonical Wang-Landau results

We were able to find the coexistence points at high temperatures for all systems with a
patch width above 0.5. However, at lower temperatures, the difficulty of differentiating

equilibrium clustering from true phase transitions owing to clusters and box size effects
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Figure 6.8: A plot of the densities which have a probability greater than 0.01. This shows

the difficult in locating a phase change when clustering is present. The regions of stability

occur around an integer number of clusters. Taken from a run at k7T = 0.1¢, and with
PW

o " =04.

(see section 6.3.3) meant that we had to find alternative methods.

The results obtained from the grand canonical Wang-Landau algorithm are shown
later in section 6.4 (figure 6.10) along with the Gibbs ensemble results. These are clearly
commensurate, though the Gibbs algorithm was able to predict to lower temperatures and

was not as strongly affected as the grand canonical Wang-Landau algorithm by clustering.

6.3.3 Issues with the algorithm

There are several unsolved issues with our implementation of the algorithm. We look at

these in this section, and propose some possible solutions which will require future work.

Clustering

The grand canonical Wang-Landau algorithm in its current form is very slow in conditions
where clustering occurs. The main issue is that forming a cluster takes a significant time
(up to 10° cycles, depending on the conditions used), especially when there are many
kinetic aggregates that may trap the system; this produces noise in our sampling and
slows convergence. It is possible that the use of two-dimensional Wang-Landau sampling
across energy and number of particles in the grand canonical ensemble will give better
results and sampling. Runs would need to be carried out at a number of different densities
using canonical-ensemble Wang-Landau simulations, then these results could be used as a
starting point for a two-dimensional energy-density Wang-Landau simulation: the system
would be able to sample energy states at each density easily and thus would be far less

likely to become trapped.
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Discerning discontinuous phase changes and continuous changes of structure

When looking at our grand canonical Wang-Landau simulation data, it is necessary to
be able to tell the difference between a true first-order phase transition (for example,
from a gas to a liquid), and a continuous change (for example, from a monomer gas to a
cluster gas). Generally, a first-order phase transition can be easily identified in chemical
potential /density /probability space, as it shows a discontinuous jump from one density to
another with a small change in chemical potential. This can be clearly seen in figure 6.7.
However, when we have clustering, we often see apparent jumps that do not correspond to
discontinuous phase changes (figure 6.8).

The simplest way to decide whether a phase change is continuous or discontinuous is
to change the size of the simulated system. True phases are unaffected by the number
of particles in the system, and depend only on the density, while clustering or other
equilibrium transitions would depend on the number of particles present, so the densities

of the transitions change when the volume is changed.

Small simulations and the effect of box size

As Ouldridge et al. have shown [232], when attempting to extract bulk properties from
a small simulation, that there are a number of issues which must be taken into account.
We consider these issues in more detail in appendix B.3. We also should note the issue of
the limited size of the simulation box meaning that, within the region where clusters are

formed, predictions of free energy show an unphysical undulating pattern (figure 6.6).

6.4 Gibbs ensemble approach

As there were some clear issues present in our Wang-Landau approach, we ran a number
of Gibbs ensemble runs (see section 2.2.7 for further information) using the above results
as a starting point to help distinguish the effects of clustering and to help locate the limits
of phase transitions. We looked at the parameters for which we expected there to be a
reasonable region for the stability of a liquid. We chose patch widths of 0.6 and 0.7 radians,
and ran a series of Gibbs ensemble runs starting with the two boxes each having a number
density of 0.25 / (¢"7)3. The time evolution of density of an example run is demonstrated
in figure 6.9.

The results obtained by the algorithm (figure 6.10) were only consistent within certain
regions (each set of points is the average from 5 runs of 10° Monte Carlo steps). At
low temperature the formation of large aggregates often caused trapping and thus we

were unable to find the thermodynamic coexisting phases. The re-entrance is clear from
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Figure 6.9: Evolution of density with respect to time in the two boxes of an example of a
single Gibbs ensemble simulation. kT/e = 0.12, ¢*% = 0.6.

the diagram, and there is clear agreement between our grand canonical Wang-Landau
algorithm and Gibbs ensemble results. For the patch width of 0.6 (figure 6.10(a)), at a
number density of 0.15 o2, the Gibbs ensemble results predict that the coexistence region
occurs between k71" ~ 0.13¢ and kT =~ 0.25¢. This is also in agreement with our simulation

data (figure 6.11).

6.5 Dynamic simulation approach

To supplement our understanding and lend more support to the existence of phase re-
entrance we looked at the results from dynamic Monte Carlo runs. We started simulations
from a box full of formed icosahedra and looked at the proportion formed as a function
of patch width. The results from this approach can be seen in figure 6.11. We will only
see aggregates where they are thermodynamically stable. It is clear that we have correctly
assigned the kinetic aggregate region in figure 6.1. and also the liquid. We also notice that
we have to superheat clusters at low patch width to see dissociation, due to slow kinetics.
The liquid-vapour/cluster boundary is slightly shifted in favour of clusters. These results
clearly show phase re-entrance.

Plots run at different densities were strongly affected by the surface energy required
in order to form a liquid / gas mixture. Hence our use of the Gibbs ensemble method (as

explained above).
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Figure 6.10: Temperature-density phase diagram for the icosahedral system for patch
widths of (a) 0.6 radians and (b) 0.7 radians using the Gibbs ensemble (blue) and the
Wang-Landau algorithm in the grand canonical ensemble (red).

6.6 Ab initio approach

This section of work was done in close collaboration with Aleks Reinhardt, Oxford. The
work was completed jointly, with all parts being done equally by each of us. Mathem-
atica was used for numerical calculations using routines written by both of us, and the
mathematical derivations were carried out collaboratively.

Owing to the difficulties encountered in trying to reach equilibrium in our simulations
in the regions of parameter space where we expected to see re-entrance, it was decided
that it would be worthwhile creating a simple mathematical model which would be able to
be used to delimit the stability of phases. As already mentioned, this has been accepted

for publication [7], and an expanded version of the paper makes up this section.
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Figure 6.11: Yield of aggregates and clusters starting from formed clusters using different
patch widths. The white regions corresponds to monomeric gas, the green to a gas of
clusters and the blue to a liquid-vapour coexistence region. Other settings are given in
table 3.1 for the [hO system.

6.6.1 Model

The aim of this research was to use a simple model system that would help to show the
existence of phase re-entrance in our patchy particle system, and that could be used to
estimate their phase diagram. The system can potentially form a vapour of monomers,
a liquid of monomers and a gas of non-interacting monodisperse clusters. We initially
modelled the uncentred icosahedral cluster forming system (as seen in section 3.5.1), but
the approach can easily be generalised to other clusters, as in section 6.6.7.

We chose to model the chemical equilibrium between clusters and monomers using
explicit molecular partition functions, and to treat the vapour-liquid equilibrium as a
van der Waals fluid. Before investigating the three state system, we first look at just
the monomer-cluster equilibrium in section 6.6.2 and the pure van der Waals fluid in

section 6.6.4. We then consider our ‘self-assembling van der Waals fluid’ in section 6.6.5.

6.6.2 Monomer-cluster equilibrium
Partition functions

We first constructed the molecular partition function of an icosahedral cluster using
statistical thermodynamics (in a manner similar to that done previously for a simple model
of tetrameric protein complexes [4, 5]).

Using standard notation, the overall molecular partition function of a cluster is given
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by:

Gclus = Gtrans, clus X Grot, clus X Gvib, clus X €XP [_Eclus/kT] ) (61)

where E,s is the ground state energy of the cluster.
The monomers have both rotational and translational degrees of freedom, but we did
not consider their attractions initially. Therefore, the molecular partition function of the

monomer is given by:

G@mon = Gtrans, mon X {rot, mon (62)

We use o to denote the hard-core diameter of our particle, and, for systems that include
our angular-modified Lennard-Jones potential, we set o) = ¢.

Our model is designed to simulate patchy colloids, which are classical objects. Thus
we ignore all small-scale quantum effects and use classical partition functions throughout

this chapter.

Translational partition functions  The translational partition function is given by:

Gtrans = (63)

Where A is the de Broglie wavelength, and V..o is the free volume in which a particle has

free movement. There are many ways to estimate the free volume term.

Estimation of free volume terms In order to represent the short-range repulsions
between species in the system, we use an excluded volume term in the translational

molecular partition functions of the free volume approximation [229]. This has the form:

Viotal = Viree = Vexe = ), BilVi (6.4)
species, i

Nmon and Ny refer to the number of monomers and the number of clusters in the
system, respectively, while B; is the volume exclusion coefficient of each species. We
denote the monomer coefficient as Bnon = b and the cluster coefficient as Beys = B.
Although there are more accurate functions which describe the effects of excluded volume
better than the simple summation we have chosen [233], we deliberately wish to keep the
partition functions as simple as possible, as we are interested in the generic properties
and phase behaviour resulting from the competition between self-assembly and phase
separation, rather than the detailed behaviour of a specific system. Moreover, we want a
form consistent with the van der Waals description of the fluid (which is important for

section 6.6.5).



156 Chapter 6. Re-entrant phase behaviour in self-assembling systems

We could match the volume exclusion coefficients (B and b) values to the hard-sphere
second virial coefficients; however, this only works well at low densities where higher-order
virial coefficients can be neglected (and actually leads to an unphysical range of possible
densities). Instead, we chose B and b values to correspond to the reciprocals of the
maximum densities of the respective species.

By using the free volume approximation, we chose not to have a cross term (in the case
of the clusters this would be Bpon-clusVmon)- This term would be appropriate if we were
matching to exact hard-sphere second virial coefficients, and in this case Byon-clus can be
related to B and b by the expression:

Buon-cius = (B2 + BY3) /2 (6.5)

mon

This equation is known as the Lorentz expression [234]. However, this form again leads to
unphysical behaviour at higher densities, where it overestimates the volume excluded.

As noted above, we choose the free volume coefficient b to be 1/pmax [229], allowing
the system to span a suitable density range. Throughout this chapter, all densities p refer
to the number densities, p = (N/V), rather than mass densities. We set the maximum
density achievable in the system to o2, and hence b = 1. In our figures we also use the
reduced number density p* = p x o2, and volume per particle v = V/N.

If we consider the maximum density of a system made purely of monomers to equal the
maximum density of a random close-packed system, we can establish the packing fraction,

¢, (the proportion of free space filled):

N - Vmon
¢ B ‘/tot

=pX Vinon

Using a randomly close-packed packing fraction, ¢prcp of &~ 0.64 [235], we get:

1 o3 X

pmax 6 ¢rCP (6.7)
=0.820"

This result suggests that our choice for b is a reasonable approximation. It also means
that the van der Waals critical density (section 6.6.4) is in agreement with that of the

Lennard-Jones fluid.
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The relative values of B and b should be proportional to the cluster and monomer
sizes. To determine the size of the cluster relative to that of the monomer, we assume that
clusters are approximately spherical objects. The radius of a sphere which goes through

all of the points of an icosahedron [236] with edge f is:

r= (/410 + 2v5 ~ 0.95f (6.8)

If the icosahedron is built of monomeric spheres of diameter o (as it is in our case), then
f = 0. However, we also need to take into account the fact that these monomers protrude
out of the icosahedron itself, and so another hard-core radius of these constituent spheres,
0 /2, must be added to the circumradius of the icosahedron to estimate the overall cluster
radius R, giving R = 1.450 (see figure 6.12).

The volume occupied by this sphere relative to the volume occupied by a single particle

is:

Vs~ (1.450)3

Voon  (0/2)° (6.9)
=244

We therefore have a suitable measure of how much bigger the icosahedral cluster is
compared to a single patchy particle, and therefore can estimate the relative sizes of the
excluded volume coefficients as B/b ~ 24. We consider this case and also a few other
values of b in order to characterise more fully the types of phase diagram that may arise.
B/b = 24 is perhaps the most physical of all the values of B which we have used and it is
specific for the icosahedron described. Other values would be relevant to different packing
arrangements of monomers. This study mainly considers B = 24b, B = 12b and, for the
purpose of investigating the topology of curve changing, some values in between. In section
6.6.3, we also consider the ideal case (B =b=0).

For the cluster, we can therefore use

_ V' — BNclus — bNmon
Qtrans, clus = A3

486 kluT 3/2 (6.10)
mw™m
- ( h3 ) (V - BNclus - bNInOn)7

for the monomer, we have

_ V' — BNcus — bNmon
Qtrans, mon — A3

mon (611)
9 kT 3/2
— (mnhg)(v - BNclus - bNmOH)
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Figure 6.12: In an icosahedron, provided the system is incompressible, we calculate the
radius of the circumscribed sphere and then add a further radius of the particle, as shown
in red in the figure. This gives a physically relevant value of B/b to be approximately 24,
as used throughout most of this work.

where A is the de Broglie thermal wavelength, the mass of the icosahedron is 12m (m
being the mass of a monomer), and Ny,on and Ny refer to the number of monomers and

the number of clusters in the system, respectively.

Rotational partition function  The rotational partition function for a spherical rotor

is given by [222]

(6.12)

Grot, spherical =

VI3 8wk >/?
s h? ’

where [ is the moment of inertia about an axis, and s is the symmetry number. Using

point masses we found the moment of inertia about the principal axes of an icosahedron

to be

80mo?

Iclus = 5 _ \/5’ (613)

where, as before, m is the monomer mass and o is the diameter of the monomers. The
symmetry number (s) of an icosahedral cluster is 60 (it has 60 different equivalent rotamers).
We treat the three rotations as equal, and can therefore calculate the rotational partition

function for the icosahedron

Ig’lus’rr <87T2kT>3/2
X

Grot, clus = 2
60 h (6.14)
_ 1’2 |2 (mkTo? 372
I NASE

For a monomer the moment of inertia is:

2
Tnon = gmaz (6.15)
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Thus, overall for the rotational partition function of the monomer, we have
163/277/2 (InonkT)*/?
Grot, mon = 3
sh
6477203 (mkT)3/?
25v/5h3 ’

(6.16)

note that the symmetry number, s, of a monomer is 5, since there are five identical patches

on each monomer.

Vibrational partition function = The monomers in the cluster each have 6 degrees of
freedom (3 translational and 3 rotational). Thus, we have 6 x 12 degrees of freedom overall.
We have already used 3 degrees of freedom in our translational partition function, and 3 in
our rotational partition function. This leaves us with (6 x 12 —6) overall vibrational modes
of the cluster. To keep the model simple, we decided that (3 x 12 — 6) of these degrees of
freedom probe the radial part of the potential, and 3 x 12 probe the orientational degrees of
freedom, and that all the modes of each type have the same spring constant, and therefore
the same angular frequency (w), in a similar fashion to the Einstein model of solids [237].
This level of simplification is reasonable, given some of the other approximations already

used. Hence, we can write the vibrational partition function as:

Qvib = HqVib,i ~ ( ) ( ) . (6.17)

hwrAD hwang

To obtain expressions for wrap and wang, we consider the same interparticle potential as
we use for simulations, which is given in section 2.1, and assume that these two frequencies
are simply related to the second derivatives of this pair potential with respect to the
interparticle distance and particle orientation at the equilibrium geometry of the pair
interaction (for further information see appendix C.2).

In our system we therefore have:

) e 32UANG €
ANG Imon < 86]%2] ekij}:o Imon(O'PW)Q

151

and:
= 2 (222)
m ot ). o1, (6.19)
— 7o x 223 S

mo?
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PW

We used a patch width parameter o of 0.5, as this is the lowest value where we see

re-entrance in our dynamical simulations.

Energy factor Finally, the Boltzmann factor in equation 6.1 reflects the additional
energy obtained as a result of clustering (i.e. the energy of bonding between the patches
of the monomers when arranged in an icosahedron). Ignoring next-neighbour interactions,
the ground state energy of the icosahedron is E.,s = —30¢, since each of the 12 monomers
in an icosahedron is bonded to five other monomers with bond energy ¢.

Overall, the icosahedral cluster molecular partition function is thus given by:

k69m36T69 0.69 (O.PW)36 exp [308/[€T]
Gclus = L7233

} X [V — BNeus — bNmon] % 9.4 x 102 (6.20)

The overall monomer partition function is:

128 %775k:3m303T3

Gmon = 25h6

X [V — BNelus — bNmon) (6.21)

6.6.3 Clustering transition

When looking at the cluster-monomer transition, we make the assumption that only
monomers and icosahedra occur in the system, and that the only reaction was 12A = Aqs
(i.e. we assume that there are no partially formed clusters). Previous work within the
group [111] has shown that this is a fair assumption, given that the free energy of an
icosahedron is considerably lower than any other non-monomeric cluster. This also ignores
the free energy gains possible when several clusters are in contact (this is a secondary effect
for all patch widths).

At equilibrium, the chemical potentials of the individual species, appropriately weighted
by their stoichiometric coefficients, will be equal; in this case, 12tmon = fhelus, Where
pi = —kT'In(q;/N;). We define the centre of this equilibrium as the point at which the
probabilities of a particle being in a cluster or a monomer are equal, which imposes
the condition that the size-weighted number densities are equal (pih,, = 12p5 ). The
temperature at which both conditions are fulfilled is denoted as T¢jys-

These equations are insoluble analytically, and we used Mathematica to minimise
numerically 124mon — felus (Subject to the constraint pmon = 12pc1us) to obtain Tiys, as a
function of the total number density p. The results are plotted in figure 6.13. Note that
the transition between the two states is continuous (see figure 6.14), thus Ty is not a
phase boundary for a first order phase transition, but rather the centre of the chemical

equilibrium where the clusters and monomers are equally probably states.
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In the ideal limit (where particles have no volume, and thus b = 0 and B = 0), the
cluster gas is always more stable than the monomer at low temperature (figure 6.13). This
stability occurs as, at low thermal energy, the internal energy of the clusters resulting from
their bonding is more important than the loss of entropy due to fewer translational degrees
of freedom. As the overall density increases, the clustering temperature (T¢,s) increases
sharply initially before becoming relatively flat. When we introduce excluded volumes into
the monomer-cluster equilibrium, we change the behaviour of the transition line. At low
densities, the excluded volume interactions have little effect and the Tyus(p™) lines initially
follow that for the ideal case. However, as the density increases, the lines are displaced
upwards with respect to the ideal case because the volume term V — BNy — bNon in

the translational partition functions of both monomers and clusters decreases, and this
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destabilises the monomeric state more because it has a greater number of translational
degrees of freedom.

At sufficiently high temperatures, the cluster gas is also more stable in our model. This
feature is an unphysical artefact resulting from our treatment of the bonds as harmonic
oscillators with effectively infinite depth wells (when, in reality, the bonds would be
dissociated at these temperatures). This problem is not an issue for the application of the
model, as we are only interested in significantly lower temperatures where physical cluster
formation and liquid-vapour phase separation occur.

On introducing excluded volumes, we also create a maximum density beyond which our

definition of equilibrium is no longer possible, thus pmoen + Bpclus < 1. We have to keep our

eq

equilibrium condition of pil | = 12p

mon

which allows us to write 12p5 '+ Bpfl - <1, and
therefore the maximum cluster density obtainable which maintains equilibrium (pilqu& max)
must follow (12 + B)pgg max = 1 For the B/b = 24 case, we therefore have pg < 1/36.
This gives us a maximum overall density (p = 12pcus + Pmon) Of two thirds (pil. =
12p30. max T Proon, max = 24Peus, max = 24/36 = 2/3). For the B/b = 12 system, we get
P = 1. These lines are plotted as dotted lines in figure 6.13, and thus denote the point at
which the system would again prefer to be a monomeric rather than a cluster gas. As these
points involve regions of practically no free volume, they become numerically unstable,
and thus difficult to solve numerically using Mathematica (though we can extrapolate the
relative proportions by assuming the free volume is equal to zero). We use our calculations
and an extrapolation to show the changes in the relative proportions of clusters as a
function of overall monomer density in figure 6.14. When we consider the self-assembling
van der Waals fluid in section 6.6.5, we do not need to worry about the issues that occur

when p > 12pc1ys, max, because phase separation intervenes before this density is reached.

6.6.4 Standard van der Waals fluid

The canonical partition function for a van der Waals (vdW) monatomic fluid is given by

[151] (where a and b are positive constants):

1 (2mmkT BN? apN
Q= <h2> (V — Nb)Y exp [/ST} (6.22)

This expression is analogous to that for an ideal gas, but with an excluded volume term

(Nb) and an attractive exponential term. From the canonical partition function, we can
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Figure 6.14: The relative proportion of monomers and clusters in the equilibrium mixture
is shown as a function of the density at kT'/e = 0.2 for B/b = 24. The function (12p}, —
Pron)/P" takes the value —1 when only monomers are present, +1 when only clusters
are in the system, and 0 at the centre of the clustering transition (i.e. on the Tyus(p™)
line). Vertical dotted lines indicate p* at the maximum cluster density 1205 max, the
maximum equilibrium density py;.! and the maximum monomer density ppon max> @S
labelled. The solid line is calculated from the partition functions, whilst the dashed line is

the extrapolation for the regime where the clusters fill as much volume as they can.

find the Helmholtz energy (A), pressure (p) and chemical potential (u) using:

A=—kThhQ (6.23)
p=—(0A/OV)r, N (6.24)
1= (0A/ON)y, 7 (6.25)

Our molecular partition function can be derived from the canonical partition function
(needed for the system in section 6.6.5, where we include an additional rotational term) by

using the identity for indistinguishable identical particles [158]:

o
Thus: 3/2)
2rmkT ap
Gvaw = <h2> (V= Nb)exp | 2] (6.27)

We are interested in the liquid and gas phases of our system, and their coexistence

points. We wish to find the binodals (points at which the thermodynamically preferred
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phase changes), as well as the spinodals (the points at which one phase ceases to be
mechanically stable (metastable), and thus the system would be unstable with respect to
density fluctuations).

When we are trying to find the coexistence points between the liquid and gas phases
(i.e. the phase transition line), we could use the common method of Maxwell construction.
This scheme involves plotting the pressure against volume per particle for a temperature
below the critical point, and finding a line, parallel to the z-axis, which encloses equal areas
of the two van der Waals loops on either side of the line (figure 6.15(a)). Unfortunately,
van der Waals loops do not always exist in more complicated systems [229, 230], and the
calculations of areas is computationally expensive. So, instead, we calculate the chemical
potential (1) and the pressure (p), and parametrically plot these two quantities against
each other to determine the binodal and spinodal points. At coexistence, the two phases
have the same chemical potential and, whenever a given chemical potential has two (or
more) different pressures associated with it, the stable phase is the one with the largest
pressure (maximum entropy and therefore favoured by the second law of thermodynamics)
[229, 238]. This method is demonstrated in figure 6.15(b).

The resulting phase diagram for the van der Waals fluid is shown in figure 6.16.
Unsurprisingly the results from the Maxwell construction and the equality of the chemical

potentials are in full agreement.

6.6.5 Self-assembling van der Waals fluid

We now wish to calculate the phase diagram of a ‘self-assembling’ van der Waals fluid,
where monomers can either assemble into clusters (which we model as having no attractive
interactions) or condense to form a liquid. We use the partition functions of the cluster
(equation 6.20) and a modified version of the partition function for the van der Waals
fluid. In our self-assembling system, we add a rotational degree of freedom to the partition
function (as we did for monomers in the previous section), adjust the value of a to give
a similar behaviour to that which we find in our model from simulations (which is a = ¢,
though we vary this later), and change the volume term to exclude volume taken up by the
cluster (using the free volume approximation [229]). We chose a with the aim of ensuring
that the critical van der Waals temperature kT, = 8a/27b is near to, but greater than,
the clustering temperature (at the critical density). Our choice gives a reduced critical
temperature (kTcit/e) of approximately 0.30 for the pure van der Waals fluid and our
clustering temperature at the critical density (kTeius(perit)/€) is approximately 0.23 (in

the absence of liquid formation (i.e. @ = 0)). This gives us the following as our molecular
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Figure 6.15: Methods to locate coexistence. (a) Maxwell equal areas construction, and (b)
a plot of pressure as a function of chemical potential. B denotes the binodals and S the
spinodals.

partition function for the van der Waals fluid:

2rmkT ¥/? ep1  64n7203(mkT)3/?
v = V_bNmon _BNcus e 6.28
QvdW ( 32 > ( lus) €XP [sz} X N ( )

Coexistence curve

To calculate coexistence we use the chemical potential equivalence approach (demonstrated
in figure 6.15(b)). As before (section 6.6.2), we assume that the only relevant reaction
in the system is 12A = Ajs. We then use our overall partition functions to find the
coexistence curves for the combined system (with van der Waals monomers and clusters
in equilibrium). For equilibrium, we again set the chemical potentials, weighted by the

stoichiometric coefficients, to be equal (piclus = 1244mon). The system of equations must
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Figure 6.16: The binodals of a van der Waals fluid by chemical potential equivalence
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be solved numerically (as they are analytically insoluble owing to the interdependence
between the cluster and monomer density). When finding the pressure, p, as a function of
the chemical potential, we chose a chemical potential ;1 and used Mathematica to minimise
the absolute differences of the variables we wanted to be equal (i.e. we minimise both
|ttetus — 12pmon| and |pcius/12 + ftmon — 24]) by varying both pmon and perys). We used the
constraints that the free volume must not be negative (V' — BN,jys — bNeys > 0), and that
each density must be positive (pmon = 0 and peys > 0). These constraints are equivalent to
requiring that we have physical densities, that ficus & 12mon (the system is at equilibrium)
and that pcus & 124 (the system has the desired chemical potential). We only recorded
values which gave an error term (which is the amount by which the two equations above
are not equal) of less than 107%, though generally the error was significantly less. With
values for the densities calculated, the pressure was calculated using the equations 6.23
and 6.24, and noting that the total Helmholtz energy is the sum of the free energies of each
component. By performing these calculations at different temperatures, we were able to
construct a phase diagram (figure 6.18). This part of the project required a large number
of workarounds to deal with numerical instabilities and multiple solutions of the equations,

and took approximately 6 months to complete.

6.6.6 Stability criteria

As mentioned previously, metastable states exist where a phase may persist and be kinet-

ically stable within a region where they are thermodynamically unstable. We can delimit
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(d) and (f)) curves for the self-assembling van der Waals fluid at reduced temperatures of
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points, where the derivative of the pressure with respect to the volume is either zero
or infinity, are also shown with the labelling and colour-coding matching that used in

figure 6.18. a =¢, b=0>, oW = 0.5, B/b = 24.
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the regions of mechanical stability on a plot of pressure and volume. Where the gradient of
the p-v curve is positive, we have mechanical instability. Figure 6.17(c) shows that in our
model at some temperatures there are two regions of mechanical instability (between A and
B, and C and D), with an unusual central region of mechanical stability (between B and C)
and two regions that are mechanically stable and thermodynamically unstable between the
higher-density binodal and point A, and between point D and the lower-density binodal.

Unlike the standard van der Waals model, we also have to check for compositional
stability, i.e. whether fluctuations away from the equilibrium composition of monomers
and clusters are stable. To derive the limits of compositional stability, we start from the

fundamental equation for the Helmholtz free energy, which may be written as:

dA = —pdV — SdAT + pmon ANVmon + felus A NVeclus (6.29)

The number of monomers and cluster are not independent, since N = 12N¢yus + Nmon

therefore dN = 12dN¢jus + dNVmon. This allows us to rewrite equation 6.29 as:

dA= —pdV — SAT + ptmon AN + (Jictus — 12ftmon) dNejus (6.30)
So overall:
0A
= letus — 12fbmon, 6.31
<6NcluS>N,V,T petus g ( )

which must be zero at equilibrium, and the second derivative is our condition for composi-

tional stability:

8214 a(ﬂclus - 12,U'mon)
— | = 0. 6.32
<8N2 > ( ONclus >N,V,T g ( )

clus
We have evaluated this stability criterion at all of the relevant equilibrium points of the
combined system. The system is compositionally unstable along the line BC, and thus the

mechanical stability in this region is not relevant.

6.6.7 Phase diagrams

The phase diagram we obtained is shown in figure 6.18. Re-entrant phase behaviour is
clearly demonstrated for densities 0.05 ¢ 3 SpPs05 o3, As the temperature decreases at
constant density within this range, the system first undergoes a transition from a monomeric
fluid to a two-phase liquid-vapour coexistence region, and then as the temperature is further
decreased, to a gas of icosahedral clusters.

As in section 6.6.3, we also calculate the clustering transition temperature, Tiius(p).

With liquid formation being favourable at high densities, however, the clustering transition
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Figure 6.18: The T-p* phase diagram for the self-assembling van der Waals fluid. Lettered
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Figure 6.19: The region of T-p phase diagram for the self-assembling van der Waals fluid
where we see a change in the regime. The binodals are plotted for the overall density, as
well as for clusters and monomers. For comparison the curve for the van der Waals binodal
is also shown as a dotted line.

curve does not monotonically increase in temperature as the density increases, but instead
goes through a maximum and then gradually decreases, such that it reaches the maximum
permissible density pSl  at kT/e = 0, as shown in figure 6.18.

The densities of the monomer and cluster species at equilibrium for the binodal in the
re-entrance region are shown in figure 6.19, along with the binodal for the pure van der
Waals system for comparison. The figure clearly shows that the divergence from van der
Waals-like behaviour occurs when the clusters begin to be formed and that the system

quickly changes from being mainly monomer to being dominated by clusters.

It should be noted that, at high temperatures, we see the self-assembling van der Waals
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fluid exhibiting liquid-vapour coexistence behaviour exactly as we do for the pure van
der Waals fluid, and the binodals of the self-assembling fluid follow those of the van der
Waals fluid (the cluster density is very low as we are far above the clustering temperature).
This liquid-vapour phase separation is driven by the attractions between monomers. In
this region, the phase boundary exhibits a positive gradient in the p-T phase diagram
(figure 6.20). The slope is given by the Clapeyron equation [222]:

% o AtrsI_I o AtrsS
dT B TtrsAtrsV B AtrsV

(6.33)

Since the entropy, enthalpy and volume changes are all negative for the vapour-liquid
transition, the resulting slope is naturally positive.

On the other hand, at sufficiently low temperature, we have an appreciable yield of
clusters. Since Tis(p) lies at lower density than the van der Waals binodal, at a given
temperature, as we increase the density of the system, the vapour forms clusters before it
reaches the point at which it would otherwise have become phase separated. As we have
no inter-cluster attractions in our model, the vapour is now stable and does not phase
separate.

If we further increase the density of this system, we approach the maximum density of
clusters, and thus packing constraints become important. If the density is to move beyond
12pclus, max and remain homogeneous, the system must form a monomer-cluster mixture
with the proportion of monomers increasing with p. However, unlike in section 6.6.3, there
is a strong tendency for the system to de-mix (which is preferred for monomers as there is
a lack of attractions between clusters and monomers). This de-mixing is a density-driven
transition, and the position of the lower-density binodal varies little with temperature
in this regime. The vapour phase is now lower in internal energy than the liquid due to
the strong bonding within the clusters, so the enthalpy change associated with vapour-
liquid transition is now positive. The volume change is, of course, still negative. Using
the Clapeyron equation (equation 6.33), we can therefore explain why the cluster-liquid
transition has a negative slope in the p-T' diagram (figure 6.20).

Note that both the solubility of monomers in the cluster fluid and of clusters in the
monomeric liquid is very low. For example, at kT = 0.08¢, pmon = 3.44 x 1077 03 at the
lower-density binodal (p = 0.498 0~?), and perus = 7.28 x 107" 672 at the higher-density
binodal (p = 0.9550 ). Such small numbers lead to serious numeric difficulties unless
using a package with the ability to deal with this range of magnitudes, and is one of the
reasons for our use of Mathematica over Fortran.

The crossover between regimes of van der Waals-like behaviour and density-driven
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Figure 6.20: The p-T phase diagram for the self-assembling van der Waals fluid. The
critical point is labelled ‘CP’. The centre of the equilibrium between monomers and clusters
(Teius) is also plotted (thick dotted line).

de-mixing occurs at temperatures near to the crossing of Teus(p) and the van der Waals
binodal. This crossover leads to a rapid increase in the density of the low-density binodal
with decreasing temperature until 12pc1ys, max i approached. The width of this crossover
regime reflects the width of the monomer-cluster equilibrium. The change in slope occurs
slightly above T, as the vapour first begins to cluster. Initially, when monomers are
still in the majority at the binodal, the transition is still driven by the attractions between
the monomers, and the binodal occurs when the monomer density reaches the density of
the binodal for the pure van der Waals system. However, as clusters begin to predominate
in the coexisting mixture, the phase transition is driven more by the cluster-monomer
de-mixing, and occurs when the monomer density reaches a critical (but low) solubility.
This is demonstrated in figure 6.19.

These changes in the phase diagram are also reflected in the p-v and p-p diagrams
(figure 6.17). For temperatures below the critical point, but above the clustering temper-
ature (0.23¢/k < T < Tgit), we observe van der Waals-like p-v and p-p curves. However,
below this temperature, even though not yet in the region of re-entrance, we can observe
additional metastable closed cluster-rich curves in both p-v and p-p plots (figure 6.17(a)
and (b)). As the temperature decreases, the cluster-rich loop merges with the van der
Waals curve causing back-bending in the p-v plane, and thus exhibiting two additional
spinodal points compared to the situation in the pure van der Waals case.

Unlike in the pure van der Waals system, spinodals are not as straightforward to
determine as binodals. We numerically found derivatives of pressure with respect to
volume using p-v phase diagrams as a starting point. The compositional stability criterion

(section 6.6.6) was also calculated. Unusual spinodal lines that occur outside of the binodals
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can be seen in figure 6.17(c) (point B). Using the compositional stability criterion from
equation (6.32), we can see that these unusual regions, although mechanically stable, are
kinetically compositionally unstable, and therefore are not true limits of kinetic stability.
The physically relevant spinodals are therefore those labelled A and B in the van der
Waals-like region of the phase diagram, and then D instead of B in lower regions (labels

from figure 6.20); these are plotted in figure 6.18.

Changing the relative size of clusters and monomers

For our first test system, where B/b = 24, we have re-entrance, but, at all temperatures
below Tt.it, there is always a density range for which phase separation occurs. We now
consider how the topology of the phase diagram changes when we vary the parameters
of the model. In particular we want to investigate whether the phase separation at low
temperature can be removed, and, if so, what is the form of the phase diagram: would the
system exhibit a closed loop in the p-T plane, similar to the nicotine-water mixture? We
looked at lower ratios of B/b; as this determines pecius, max, and hence where the onset of
density-driven phase separation occurs. Initially, as B/b decreases, the clusters are able to
pack more efficiently and the lower-density binodal moves to higher density. This decrease
of B/b does not lead to any major change in the topology of the phase diagram. However,
when the binodal associated with the cluster fluid meets and crosses the binodal associated
with the monomeric liquid, we see a different topology at lower temperature entirely.
Figure 6.22(a) illustrates the type of phase diagram that results and is for B/b = 12.5.
We note that this scenario does not lead to a lower critical point; rather, at the point
marked A in the phase diagram, there are two coexisting fluids with the same density, but
which differ significantly in other characteristics. We have a monomeric liquid with high
entropy, and a dense cluster fluid with low internal energy. These two fluids do not evolve
continuously into each other as point A is approached (as would need to be the case for
there to be a critical point), but instead retain their separate identities. Similarly, point B
corresponds to a point with two coexisting fluids with the same density, but it also has
phase separation between a cluster gas and a monomeric liquid.

For B/b = 12.5, at both point A and point B, the change in volume (AV') is zero.
Thus, by the Clapeyron equation (equation 6.33), dp/dT — oo. We therefore have two
points at which the tangent to the coexistence curve in the p-T" phase diagram is vertical
(figure 6.21). The lower pressure one corresponds to point A, and the higher one to point
B. After point A, the coexisting cluster fluid is more dense than the monomer liquid, and
so dp/dT is positive. However, as B/b > 12, the clusters still pack less efficiently, and

so, at low temperatures, and densities beyond 12pc1us, max there must again be a region of
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Figure 6.21: The p-T phase diagram for the self-assembling van der Waals fluid at different
values of B/b.

de-mixing, because of the lack of attraction between clusters and monomers. The slope of
the p-T' phase boundary corresponding to this de-mixing region is negative. Interestingly,
for this phase diagram topology, there is a temperature range (0.19 < kT'/e 5 0.21 for
B/b = 12.5) where there are three fluid-fluid phase transitions as the system pressure
changes (figure 6.21).

Finally, at B/b = 12, there is a further change in the phase diagram topology (fig-
ure 6.22(b)), because at this point monomers can no longer pack more efficiently than
clusters, so we will not see a density driven phase separation. As B/b is decreased from 12.5
to 12, point B moves to higher temperatures, and the density range for the low temperature
cluster-fluid/monomeric liquid de-mixing becomes smaller before eventually disappearing

at B/b=12.

Changing the liquid-vapour critical point

We then considered how the phase behaviour of the system changes as the position of the
critical point is varied. For the pure van der Waals fluid T4 = 8a/27b, and so, for a
given B, Tt is determined by the value of a. In our model of the monomer-icosahedron
equilibrium, Ty is determined by o"W. In contrast to our theoretical model, simulated
patchy particle systems do not have independent a and o* " variables; rather, the position
of the critical point changes with the patch width (and the number of patches) [239, 240].
For example, it can be seen from figure 6.1 that the temperature range associated with
liquid-vapour coexistence decreases as o v decreases. Here, we choose to vary one of the
parameters (a) whilst keeping the other one (6FW) fixed.

The phase diagrams for a variety of values of a are shown in figure 6.23. For

a = ¢eo® and a = 0.8¢0, the van der Waals critical temperatures (kTeit = 0.296e and
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compared with the dotted red line representing the pure van der Waals binodal. The labels
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¢’, ‘m’, ‘I’ and ‘f’ refer to cluster gas, monomer gas, liquid and super-critical fluid states,
respectively.

kTt = 0.237¢, respectively) are above the clustering temperature at the critical density
(kT s (perit) =~ 0.23¢), and van der Waals behaviour is observed at high temperatures.
When the critical temperature descends below the clustering temperature, we nevertheless
continue to observe a bending of the binodal curve to lower densities in the region where
liquid-vapour coexistence previously took place. However, this feature is not some remnant
of the liquid-vapour transition, but is instead associated with de-mixing in the vicinity of
Teus(p). At Tes, there is an equal probability of particles being monomeric or as part of
clusters; however, if p and a are sufficiently large, the system will not form a homogeneous
mixture, but will instead de-mix. The narrowness in temperature of this feature is associ-
ated with the sharpness with which the chemical equilibrium shifts between being monomer

dominated to being cluster dominated as the temperature decreases. As a decreases, there
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Figure 6.23: A T-p* phase diagram for the self-assembling van der Waals fluid with a
selection of values for the van der Waals attractive parameter.

is a progressively smaller de-mixing driving force and so the size of this feature decreases.
Note that these changes lead to a non-monotonic dependence of T¢ix on a, because Tgpit
initially increases as peqit increases, mirroring the dependence of Tiys on p (figure 6.13).
As a becomes smaller still, the clusters and monomers begin to be able to mix at high
temperatures because less entropy of mixing is required to overcome the enthalpic mixing
incompatibility. Hence, T¢.it again begins to decrease. However, even at a small value of a,
e.g. a = 0.05e0 in figure 6.23, there is still a substantial region of de-mixing. As a tends to
zero, the de-mixing regime disappears, recovering the monomer-cluster equilibrium studied

in section 6.6.2.

Other shapes of clusters

Obviously, icosahedra are not the only clusters possible, and our approach can be generalised
to many other forms of cluster. We looked at tetrahedral cluster forming particles to
demonstrate the flexibility of our theoretical model, and to illustrate how the phase
diagram changes.

The equations should be modified as follows.

1. The number of particles in the cluster is 4.

2. The moment of inertia of a tetrahedron about the principal axes is I = 4mo?.
3. The mass of the cluster is 4m.

4. The symmetry number of a tetrahedron is 12.

5. The symmetry number of a monomer is 3.
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Figure 6.24: A T-p* phase diagram for the self-assembling van der Waals fluid forming
tetrahedral clusters. The solid line is the binodal curve, whilst the thin dotted line
represents the pure van der Waals system binodal. The thick dashed line is the clustering
temperature, Teius(p*), for this system. The labels ‘c’, ‘m’, ‘I’ and ‘f” refer to cluster gas,
monomer gas, liquid and super-critical fluid states, respectively. a/e = 0.6, B/b = 11.

6. There are 6 radial, and 12 angular vibrational modes.
7. The ground state energy of the tetrahedron is —6e.

8. The circumradius of a tetrahedron with edge length o is r = /3/80 [236], thus we
use B/b=11.

This B/bratio gives the maximum particle density associated with clusters of 4pjys, a0 =
4/11 =~ 0.36.

As part of our derivation, we assume that the tetrahedra pack approximately like spheres.
This may sound far-fetched, but recent research in fact confirms that the maximum packing
fractions of tetrahedra and spheres are in fact very similar [241]. In order to take into
account that we only have three patches per particle instead of five, we also scale the value
of the interaction parameter a to 3/5 of that used for the icosahedron-forming system.

The phase diagram for the tetrahedral system is depicted in figure 6.24. As was
expected, the behaviour of the system is similar to the icosahedral system. However, the
clustering temperature is significantly lower due to the lower energetic driving force to
form clusters. Similarly, the crossover between the liquid-vapour and de-mixing regimes
occurs over a wider temperature range due to the greater width of the monomer-cluster

equilibrium, which in turn arises from the smaller size of the clusters.
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Figure 6.25: A schematic T-p* phase diagram to illustrate the potential effects of crystal-
lisation on the phase diagram in figure 6.18.

Inclusion of crystallisation

Our theoretical model completely neglects the formation of any crystalline phase. This
choice was made because we were most fundamentally interested in the fluid behaviour
of our system, and how re-entrance would be resolved at higher densities. However, in
reality crystallisation (of both monomers and clusters) will have a major effect of the phase
diagrams. There are precedents for cluster crystals; for example, icosahedral virus particles
are often observed to form crystals when they are densely packed in cells [242]. We can
construct a schematic phase diagram illustrating the potential effects of crystallisation by
assuming hard-sphere crystallisation of both components. This approximation is expected
to be quite reasonable for the clusters, as all the attractive patches are involved in the
cluster bonds, though for monomers it is not so clear that this is a reasonable approximation,
because of the potential effects of the patches on crystal stability and form.

As we used a value for the B and b parameters that was just the inverse of the maximum
density of our fluid, when we now look at crystallisation, we need to find a hard sphere
effective radius. If we assume that the maximum density of the cluster fluid is the random
close packed density, we can scale the fluid-crystal coexistence packing fractions as follows:

¢HS
X = X x Pclus, max (634)
¢HS
RCP

where the subscript X refers to either the higher or lower density fluid-coexistence, the
superscript HS refers to hard spheres, and RCP refers to randomly close packed.

For hard spheres, fluid-crystal coexistence occurs at packing fractions of ¢ = 0.494 and
¢ = 0.545 [243] and the random close packing density is ¢hep = 0.64 [235]. For our system

3

our maximum cluster fluid density, pecius, max, 15 1/2407°. We can use these with our
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above equation to find the densities of fluid-crystal coexistence. The maximum hard-sphere
crystalline packing fraction, ¢ = 0.74 [244], allows us to estimate an upper density limit for
the stability of the cluster crystal. We use the clustering temperature to estimate an upper
temperature stability limit for the cluster crystal. The resulting schematic phase diagram
is shown in figure 6.25. Note that this phase diagram has a second triple point associated
with the disappearance of the cluster crystal phase, as well as the usual one associated
with the disappearance of the liquid phase. We have not attempted to consider the effect
of other possible phases on the phase diagram, such as the lamellar phase observed for
Janus particles [133, 134] and the two-dimensional crystalline lamellae seen in simulations

of our octahedron-forming patchy particles (figure 6.4).

6.7 Comparison of theoretical and simulation results

For most of the parameterisations of our model that we have considered, there is a range
of densities that, on decreasing the temperature at constant density there is a series of
transitions from a monomer fluid, to a liquid-gas phase-separated mixture, and then to
a gas of clusters. Thus, re-entrant phase behaviour is a robust feature of our model, in
agreement with our group’s simulation results for patchy colloidal particles [111, 112], and
the Janus particle simulations of Sciortino and co-workers [133, 134], both of which showed
evidence of re-entrant phase behaviour.

There are, however, significant differences in the shape of the re-entrant region, which
can be seen in figure 6.26. In the theoretical model, the lower-density binodal is predicted
to increase in density at the region of re-entrance more quickly than the simulations predict.
The simulation data also does not predict as sharp a change in the higher-density binodal
as the theoretical model does, though we have not been able to simulate the higher-density
binodal at sufficiently low temperatures to be able to see if there is a significant divergence
between the two methods. These differences are partly due to limits in the theoretical
description of the system. Firstly, we have assumed that clusters form either completely
or not at all, 7.e. only a single size of clusters can be formed. While the probability of
observing partly-formed clusters along our monomer-cluster equilibrium line is small [111],
at temperatures above the clustering transition, we do observe some small clusters. These
small clusters mean that the width of the transition between monomers and clusters is
wider than predicted by theory; this increased width may be partly responsible for the
less steep changes in the lower-density binodal in our simulated systems compared to our
theoretical model.

Our theoretical model is also limited in the use of the free volume approximation [229].



6.7. Comparison of theoretical and simulation results 179

(a) +\ +\

24 + - | X Grand canonical Wang-Landau
. +jt>< * + + Gibbs ensemblge
0.22 K ¥ |
- -
w 0.2 K K i
5 |+ -
= 0.18 |+ + |
0.16 7++ ++ i
IS +

0.14 |
++ | | | \i

OA
(@)
)
©
e
(@)
(@)}

0.8
( LJ)3 N/V
(b)
0.3 B —_— g =1e
—— a=0.8¢
a=0.71l¢e
0.25 |1 |— a=0.54¢
L — a=0.2¢
| i =0.05
S 0.2 a=005¢
0.15 1
0.1p ! ! ! ! ! L
0 0.2 0.4 0.6 0.8 1

(O’LJ)3 N/V

Figure 6.26: Phase diagrams for the icosahedral system for patch widths of 0.6 (above)
using simulation based methods and 0.5 (below) using the theoretical model. Note the
differences in behaviour when phase re-entrance occurs.

This approximation is not flexible enough to capture fully both the high- and the low-
density behaviour (we choose B and b values appropriate to the high-density limit). There
are also issues when the density of clusters approaches the high-density limit. The free
volume approximation predicts that the translational partition function of both clusters
and monomers should tend to zero as the free volume tends to zero. However, because of
the large differences in size between monomers and icosahedral clusters, even when the
clusters are close-packed, there would still be space available for the monomers in the gaps
between the packed clusters. In other words, the translational partition function of the
monomers should not tend to zero as the translational partition function of the clusters
does. However, such correlation effects associated with the positions of the particles are

not simple to take into account.
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In our theoretical model, we also assume that the clusters pack like hard spheres. This
assumption, which is responsible for the near vertical slope of the lower-density binodal
in the low-temperature de-mixing regime, may be reasonable for monodisperse clusters
that have a well-defined shape and are held together by specific bonds (although for our
patchy particle potential, the clusters will be compressible). However, this assumed cluster
incompressibility may be a significant factor in the mismatch in the detailed shape of our
phase diagrams compared to those obtained in the simulations by Sciortino and co-workers
[133, 134], where clusters are much more deformable, as well as not being monodisperse.
In their computed phase diagrams, they observe the coexistence curve moving to higher
densities with decreasing temperature considerably more gradually than we do.

Finally, by assuming we can model the monomeric liquid and vapour phases as a van
der Waals fluid, we introduce another limit to our model. In this model, the critical density
has a fixed value (depending only on the free volume parameter b), whereas we know that
in patchy particle models, the critical point varies with both the patch width and the
patch number [239, 240]. This deficiency is probably not so important for the qualitative
shape of the phase diagram, especially as we are most concerned in this chapter with the
behaviour at lower temperature associated with the onset of clustering.

These are perhaps some of the reasons for the lack of quantitative agreement in the
shape of the diagrams. Nevertheless, we have demonstrated that our simple model allows
efficient probing of phase diagrams which are in general agreement with both our and
others’ simulation results. It is easily applicable to other systems and, with the current
advancements in materials chemistry, will be a useful method by which synthetic chemists

are able to work out the behaviour of their patchy particle systems.

6.8 Conclusions

The utility of methods such as the Gibbs ensemble method has been shown, along with the
grand canonical ensemble Wang-Landau algorithm. The limitations of the grand canonical
Wang-Landau have been demonstrated, and the ways in which they can be improved has
been highlighted. We have also shown that it is possible to predict the phase behaviour of
patchy particles using a simple theoretical model, with good general agreement.

The existence of phase re-entrance in our system has been shown, along with some

evidence of the topology of the loop. We note that the loop does not appear to close.



Chapter 7

Conclusions

7.1 Summary of aims

Our aims for this research were to find generally applicable rules for self-assembling systems.

The sub-aims are summarised below:
e To explore simple models of biologically interesting systems.

e To find whether templating is an effective strategy to aid the self-assembly of mon-

odisperse shells.

e To examine the effect of hierarchical assembly pathways, particularly whether they

lead to an enhancement of self-assembly yields.

e To investigate the phase behaviour of self-assembling systems, particularly in regions

of parameter space where self-assembly competes with phase separation.

7.2 Conclusions

We have clearly shown that there are a number of generally applicable rules to self-assembly.

Our conclusions are summarised below for each of our chapters.

7.2.1 Encapsulation

The use of templating particles has a number of obvious advantages over other self-assembly
routes:

Kinetic traps: Aggregation and other traps affect encapsulated systems less than their
uncentred counterparts, and this allows the formation of otherwise inaccessible clusters.

In particular, tuning the strength of the interaction with the template creates conditions



182 Chapter 7. Conclusions

where aggregation does not compete with assembly.

Robustness: Encapsulated systems are more robust to noise in the positioning of shell
patches when compared to their uncentred counterparts, and are also able to form when
the central particle is not isotropically attractive.

We have also shown that simple isotropic templating is sufficient within our model.
More complicated templates with specific interactions did not lead to a better yield than
globular isotropic templates. Thus, particle design is easier than might intuitively be

expected.

7.2.2 Hierarchical assembly

Hierarchical assembly, although a feasible assembly mechanism, only usually gives similar
maximum yields to non-hierarchical processes and has not allowed us to make significantly
more complex targets. Hierarchical assembly does, however, permit some extension of the
available temperature range for formation of target structure, disfavouring the formation
of liquids and aggregates, although this is probably more due to the removal of other
competing structures by setting more complicated interactions and patch types than the
hierarchical nature of the assembly mechanism. The assembly competence of intermediates
is a key factor. Our results suggest that the hierarchical nature of many biological self-
assembled structures, such as protein complexes and virus capsids, may be less to do with

enabling efficient assembly and more to do with evolutionary history.

7.2.3 Pore formation

We have demonstrated that our model may be applied to more complicated biological
systems. However, further experimental data is needed to pin down fully the nature of the
assembly mechanism, such as the self-assembly of protein complexes on a membrane. Our
results showed that pore formation cannot be viewed simply as the assembly of a cyclic
complex, and that the effect on the thermodynamics of the insertion of the complex into

the membrane needs to be accounted for to reconcile our results with experiments.

7.2.4 Thermodynamic limits of self-assembly

The utility of methods such as the Gibbs ensemble method has been shown, along with
the grand canonical ensemble Wang-Landau algorithm. However, computing the phase
diagram in the presence of re-entrance is extremely challenging due to the long time scales
needed to reach equilibrium, and preliminary results have only so far been obtained.

We have also shown that it is possible to predict the phase behaviour of patchy particles
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using a theoretical model, with good general agreement. The existence of phase re-entrance
in the temperature-density phase diagram in our system has been demonstrated along with
some scenarios for the possible topology of the phase diagram in the presence of re-entrance.

We note that the re-entrance does not lead to a closed loop in the phase diagram.

7.3 Future work

This thesis sets up the basis for possible future work in a number of areas, some of which

are detailed below.

7.3.1 Phase re-entrance

The work on phase re-entrance in clustering systems has shown the presence of interesting
and complex behaviour. Further work needs to be done on finding methods of improving
the convergence of the grand canonical Wang-Landau algorithm, and/or applying new
approaches to these systems in order to compute the complete phase diagram. The thermo-
dynamic behaviour of the re-entrance at low temperature is especially interesting. Further
theoretical modelling with intermediate-sized species being included in the equilibrium

would also be an interesting area to expand this work.

7.3.2 Internal degrees of freedom

The group of Chengde Mao have pioneered the use of DNA star motifs [245-247] to
create two-dimensional honeycomb, square and hexagonal lattices [103—105] and also three-
dimensional finite clusters [106] (including tetrahedra, cubes, dodecahedra, icosahedra
and buckyballs). These motifs may be considered to be patchy particles with a torsional
constraint in their interactions. Each arm of DNA has a sticky end, so the motifs have
a defined valence but, unlike simple patchy particles, the patch positions are not fixed
and the motifs are somewhat flexible. This would be an ideal area to apply the internal
degree of freedom module of the program, and, with the correct coarse-graining, would

allow much information to be obtained about these systems.
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Appendices

The following appendices contain more technical information relevant to the project that
may be useful to the more specialist reader, along with some results that are interesting,

but not as directly relevant to our self-assembling systems as those in the main section.



Appendix A

Clusters simulated

A number different shaped clusters were simulated during this project, and this appendix
gives details about all of them. In the pictures, the colour scheme is for the first particle
type to be shown as red and the locations of its patches are shown in blue (type-A), green
(type-B), yellow (type-C'), cyan (type-D) and magenta (type-E). The second particle type
(if present) is shown in yellow with orange patches (if present). The patches do not have

volume, but rather they are schematically represented as such.

DS - Dimer of dimers

Particles: 4 particles, all of the same type
Patches: 2 patches per monomer, A and B
Bonds: 4 bonds, of two types A-A and B-B

Comments: Wang-Landau test system

IhO - Uncentred icosahedron

Particles: 12 particles, all of the same type

Patches: 5 patches per monomer, all of the same

(type-A)
Bonds: 30 bonds, all type A-A

Comments: Simple icosahedron
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IhC - Centred icosahedron

Patches:

Bonds:

Comments:

Particles:

13 particles, 12 shell and 1 core

6 patches per shell monomer (5 type-A, 1
type-B), 1 patch per core particle
(type-C)

42 bonds, 30 A-A, 12 B-C

Encapsulation test sytem

IhCM - Multiply-patched core, centred icosahedron

Particles:

Patches:

Bonds:

Comments:

DdO - Uncentred dodecahedron

Particles:

Patches:

Bonds:

Comments:

DdC - Centred dodecahedron

Particles:

Patches:

Bonds:

Comments:

13 particles, 12 shell and 1 core

6 patches per shell monomer (5 type-A4, 1
type-B), 12 patches per core particle

(type-C)
42 bonds, 30 A-A, 12 B-C

Encapsulation test system

20 particles, all of the same time

3 patches per monomer, all of the same

type (type-A)
30 bonds, all type A-A

Kinetically inaccessible target

21 particles, 20 shell and 1 core

4 patches per shell monomer (3 type-A, 1

type-B), 1 patch per core monomer
50 bonds, 30 type A-A, 20 type B-C

Encapsulation test system
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DdCM - Multiply-patched core, centred dodecahedron

Particles: 21 particles, 20 shell and 1 core

Patches: 4 patches per shell monomer (3 type-A, 1

type-B), 20 patches per core monomer
Bonds: 50 bonds, 30 type A-A, 20 type B-C

Comments: FEncapsulation test system

HD - Dimer

Particles: 2 particles, all of the same type
Patches: 1 patches (type-A)

Bonds: 1 bond, of type A-A

Comments: Hierarchical intermediate (also possible

with different bond types)
HT - Triangle
Particles: 3 particles, all of the same type
Patches: 2 patches per monomer, A and B
Bonds: 3 bonds, all of type A-B

Comments: Assembly-competent hierarchical

intermediate

HS - Square

Particles: 4 particles, all of the same type
Patches: 2 patches per monomer, A and B
Bonds: 4 bonds, all of type A-B

Comments: Assembly-competent hierarchical

intermediate

cé
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IWC - Assembly-competent hierarchically forming icosahedron

Particles:

Patches:

Bonds:

Comments:

12 particles, all of the same type

5 patches per monomer, 1 each of types

Ato E

30 bonds, 12 of type A-B, 12 of type
C-D, 6 of type E-E

Hierarchical assembly target

IW - Non-assembly competent hierarchically forming icosahedron

Particles:

Patches:

Bonds:

Comments:

cO - Cuboctahedron

Particles:

Patches:

Bonds:

Comments:

12 particles, all of the same type

5 patches per monomer, 2 type-A and 3
type-B

30 bonds, 12 of type A-A, 18 of type
B-B

Hierarchical assembly target

12 particles, all of the same type
4 patches per monomer, of types A to D

24 bonds, 12 A-B and 12 C-D

Hierarchical assembly target
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tT - Truncated tetrahedron

tO - Truncated octahedron

rC - Rhombicuboctahedron

Particles:

Patches:

Bonds:

Comments:

Particles:

Patches:

Bonds:

Comments:

Particles:

Patches:

Bonds:

Comments:

12 particles, all of the same type
3 patches per monomer, of types A to C
18 bonds, 12 A-B and 6 C-C

Hierarchical assembly target

24 particles, all of the same type
3 patches per monomer, of types A to C
36 bonds, 24 A-B and 12 C-C

Hierarchical assembly target

24 particles, all of the same type
4 patches per monomer, of types A to D
48 bonds, 24 A-B and 24 C-D

Hierarchical assembly target
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sC - Snub cube

P7 - Heptameric Pore

Oh - Octahedron

Particles:

Patches:

Bonds:

Comments:

Particles:

Patches:

Bonds:

Comments:

Particles:

Patches:

Bonds:

Comments:

24 particles, all of the same type
5 patches per monomer, of types A to E
60 bonds, 24 A-B, 12 C-C and 24 D-E

Hierarchical assembly target

7 particles, all of the same type
2 patches per monomer, A and B
7 bonds, all type A-B

Model of a protein complex

6 particles, all of the same type
4 patches per monomer, all type A

12 bonds all of type A-A

Forms complicated liquid-crystal-like

structures



Appendix B

Other areas of interest

This appendix contains the results of several small sub-projects, each of which is rather
self-contained, but nevertheless interesting. The projects include the effect of changing
several parameters in the simulation setup, and show that our results are general and thus
our conclusions are applicable to self-assembling patchy systems in general, and not just
our model. We also look at the use of using graphics processors (using CUDA) to run our

simulations rather than central processing units (using Fortran).

B.1 Changing the move type

Past research in the group [46] has looked into the effect of cluster moves [146] (see section
2.2.3) rather than single-particle moves. However, the moves were rotations or random
displacements in a cube: this biases the system to make larger moves (to make a small
move requires three random numbers to be small). Our move types are explained in section
2.2.1. A small test into the effect of using moves randomly distributed in a cube was carried
out (all other simulations in this thesis use moves randomly distributed in a sphere). All
thermodynamic properties of the system would not be expected to change when using
a different move type (as detailed balance is followed by the program). However, the
dynamics may be affected. We consider this effect here. Both methods of generating a
translational move used the same maximum move size of 0.3 0™ (in each dimension for
the cubic moves, thus the maximum move size is ~ 0.5, in total for the spherically

symmetric moves), thus the mean size of move was greater for the cubic moves.

B.1.1 Centred icosahedra system

We tested the formation of the centred icosahedral cluster-forming model, described in

chapter 3, using the two different methods of selecting translational moves with the virtual
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Figure B.1: The yield of simulations in the centred icosahedron forming system as a function
of patch width of the shell-shell interactions and temperature, using moves distributed
evenly in (a) a sphere and (b) a cube. Other settings are the same as in table 3.1.

move Monte Carlo algorithm of Geissler and Whitelam [146]. We considered a variety of
different patch widths examining both the time resolved and final yields. The yield plots
are shown in figure B.1. They clearly show that there is no major difference in dynamic
yield between the two different move types. The slight differences in the aggregates that
can be seen at low temperatures and patch widths of around 0.55 radians can be explained
in terms of the size of the maximum move. It is easier for smaller clusters to aggregate
when longer cluster moves are possible, this is especially important when they are initially
forming.

The effect on the actual dynamics can be seen in our time resolved plots in figure B.2.
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Figure B.2: The yield as a function of time for kT = 0.14 ¢ for the centred icosahedron

forming system using moves distributed evenly in (a) a sphere and (b) a cube. Other
settings are the same as in table 3.1.

The plots show a slight change in the dynamics, with the cube moves taking longer to form
the target cluster. The time scale of aggregate formation is, however, similar for both cube

and spherically-distributed moves.

B.2 Changing the range of interaction

Some initial previous work [46] suggested that changing the range of the interactions in
a simple patchy model can have a profound effect on the behaviour of a simple system.
Furthermore, the range of the interaction potential can generally be tuned in colloidal
systems. In this section we look more into this effect on the uncentred and centred

icosahedron-forming systems. The range of interactions is a delicate balancing act: although
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Figure B.3: Example interaction energy curves for different powers of the Lennard-Jones-
type potential, note that F = 6 corresponds to Lennard-Jones.

long range interactions stabilise all structures, they do so for aggregates, glasses and other
high density structures more strongly than they do for a gas of clusters.

Figure B.3 shows the different interaction energy curves for different ranges of inter-
action. In the case of the longer ranged interactions a cutoff of 4.5 0 was used during
the simulations. The potentials are named according to the value of the exponents of the
attractive and repulsive parts (equation B.1). In this section we just consider the effect of

changing one parameter f such that the interactions LJy oy are defined as:

i -2 (2) - (2] .

Figures B.4 and B.6 show the yield for a range of range of interactions. The interaction
has only a small effect for values of F greater than four in both the case of the centred
and the uncentred system. However, at lower values of F (longer range interactions), the

behaviour of the two systems differs slightly.

Uncentred system

The uncentred system shows aggregation occurs for all temperatures tested at low values
of F. While at values of 4 and above formation of uncentred icosahedron seems to be the
stable structure. The aggregate that is formed at low F values can be seen in figure B.5(a)
and (b), and it is fundamentally different in structure from the open kinetic aggregates that
we normally see in our simulations (figure B.5(c)). It is also interesting that, in the regime
of correct particle formation, the kinetic aggregation temperature does not significantly

change with increasing f. The formation temperature of the target clusters, on the other
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Figure B.4: Yield plot as a function of temperature and the exponent F in the uncentred
system. The settings used are the same as those for the IThO system in table 3.1.

(a) (b) (c)

Figure B.5: The aggregate found at low values of f, as viewed from the (a) outside and
(b) the centre. The configuration was taken from a run at a temperature of 0.15¢/k with
F = 2. (c) Shows the aggregate found at higher values of f. Note the more open structure
compared with those formed for longer range interactions. The configuration is taken from
a run at a temperature of 0.05¢/k with f = 6.

hand, does decrease slightly as we shorten the range of the interactions. This is most likely
due to the decrease in entropy of the formed clusters.

All particles in the aggregate formed at long range interactions (figure B.5 (a) and (b))
are positioned with the patches facing towards the centre of the aggregate. They build in
layers with patches pointing towards other patches, but the distance between particles is
larger than is normally seen in the Lennard-Jones-range (f = 6) potential, as the distance

at which the minimum value of the potential occurs is longer.
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Figure B.6: Yield plot as a function of temperature and the exponent F in the uncentred
system. The settings used are the same as those for the IhC system in table 3.1.

Centred system

Similarly, in the centred system, long range interactions (low f regime) encourage aggregate
formation. The effect of the longer range interactions outside of this aggregate forming
region is to increase the transition temperature. Again the aggregates formed at low
temperature are different for the short range and long range interactions (figure B.7(b) and
(c)). With longer range interactions we get an increase in the number of large clusters with
multiple core particles (figures B.7(a) and (b)), as opposed to the more open aggregate
structure formed with shorter range interactions that involve chains and partially complete
icosahedra (figure B.7(c)). There are a number of pentagonal faces present on the aggregates
formed for longer range-interactions (figure B.7(a) and (b)), while only triangular faces are
seen in the aggregates formed for shorter range interactions (figure B.7(c)) It is interesting
that our low temperature kinetic aggregates (figure B.7(b)) for longer range interactions
are generally smaller than the aggregates formed at higher temperature (where they are
more liquid like and form around all available core particles, figure B.7(a)). Unlike the

uncentred system the shell particles mainly form a monolayer around the core particles.

B.3 Effects of system size on simulations

Other research within our group has looked at the possible effects of attempting to extract
bulk properties from small systems [232]. For our self-assembling clustering system the most
relevant of these is the effect of the size of the box on our density of states. If we consider

the differences in states for a choice of boxes, one which contains a maximum of one cluster
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(a) (b) (c)

Figure B.7: The aggregate found at f of (a) and (b) 2, (¢) 6. Taken from a runs at
temperatures of (a) 0.14e/k, (b) and (c) 0.05¢/k.

® @ @ o @
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Figure B.8: Schematic of the issues with a small box size. (a) Small box with periodic
boundary shown for one repeat, (b) Larger box with two particles in an example setup
that would be included in our periodic smaller box, (c¢) Larger box in a configuration that
is not included when we use a smaller box.

(box A), and another with the same density of particles that can contain a maximum
of two clusters (box B). We generally assume that the states which we sample with box
A follow the behaviour of the larger system, especially thanks to the periodic boundary
condition (figure B.8(a) and (b)). However, this assumes that there is no asymmetry in
the overall configurations of our larger box. For example, if states where both particles
in our box B are within the same half of the box (figure B.8(c)) are important to our
thermodynamics and kinetics, then we do not get good sampling by using a small box
with a periodic boundary condition. This section deals with the impact of this system size

effect on dynamics and thermodynamics in our simulations.

B.3.1 The Wang-Landau algorithm and the effect of system size

We explored the thermodynamic consequences of this effect, first using the canonical
ensemble Wang-Landau algorithm. We considered the centred icosahedral system with
a number of different numbers of particles, but with the same number density (N/V =
0.15 (¢7)73); all other simulations settings are given in table 3.1. We used 200 bins for

every 29 ¢ covered, and set the minimum energy to —29 ¢ per possible completed cluster.
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Figure B.9: Changes in the heat capacity for a maximum of one or two completed clusters
in the centred icosahedral system showing a clear splitting of the peak into two when two
clusters are present.

This ensured that the resolution of the bins was the same for all runs. The results for the
algorithm are rather interesting. When we increase the system so that it may have two
completed clusters, rather than the usual one, we see a splitting of the peak. These two
peaks correspond to transitions between boxes with zero and one completed cluster, and
one and two completed clusters (figure B.9). These transitions are still centred around the
transition temperature from the single cluster, and have a similar integral under each peak
(as the transitions have a similar change in energy). When we further increase the system
size, we find that larger boxes, which have a higher maximum number of clusters, have more
peaks, but these tend to overlap more and more as the system size increases before giving
a broad peak (made up of many small peaks overlapping), as is shown in figure B.10. The
centre of the peaks remain in approximately the same position throughout. Therefore, our
use of a single cluster gives approximately the same transition temperature, but without
the need to simulate hundreds of particles required to see a single broad peak, and we
are able to converge results in the shortest possible time (the time for convergence scales
approximately as the square of the number of clusters, owing to the increase in the number
of bins and configurations which need to be sampled). Multiple peaks corresponding to a
single transition are seen in the flipping system we examine in section B.6.1.

Our Wang-Landau runs do not correctly take the behaviour of aggregation into account
(this is normally a situation where most particles end up in a single large cluster on one
side of the box, as in figure B.8(c)). However, Wang-Landau runs of larger sizes of system
which attempted to simulate regions where aggregation occurs kinetically were unable to

converge within six months.
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Figure B.10: The heat capacity for a maximum of one or nine completed clusters in the
centred icosahedral system showing the broadening of the peak and the overlap of the
smaller peaks as more clusters are present.
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Figure B.11: Heat capacity for non-integer numbers of clusters.

Incomplete clusters

We also investigated the heat capacity predicted by the Wang-Landau algorithm when the
number of particles is not an integer multiple of the cluster size. We examined the centred
icosahedral system, this time with 18 shell particles, and either one or two central particles.
The results (figure B.11) show that we slightly shift the transition temperature of our
completed cluster, but that we also add a second, smaller, peak. This peak corresponds
to the part formation of an icosahedral cluster. Small peaks like this are seen in the high

resolution heat capacity of the centred dodecahedral system in section B.5.1.
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Figure B.12: Yields of icosahedra and aggregates in the uncentred system as a function of
the maximum number of clusters possible.

B.3.2 Size effects on the grand canonical Wang-Landau algorithm

As mentioned in section 6.3.3, in a Grand Canonical simulation with clustering there is
an effect of the system size. If we have a continuous transition between monomers and
clusters, then, for a non-infinite system below the clustering temperature, the densities
which correspond to an integer number of clusters will appear more stable than those which
do not. Preliminary results show a number of islands of stability which change density if
the box size is changed. It is possible to thus uncover which phase changes are continuous
and which are discontinuous, by rerunning the box at a different density. This doubles the

computation time required compared to a single run, and is very sensitive to any noise.

B.3.3 Effects of system size on dynamic yields

We examined the effect of the system size on the dynamics of formation for the uncentred
icosahedral system. While keeping the number density constant at 0.15 (O‘LJ)_3, we ran a
number of repeats for simulation boxes which had a different number of particles in. We
always kept the total number of particles divisible exactly by 12, so that a yield of 100%
was possible in all cases. The results can be seen in figure B.12. This clearly shows that
there is not a strong effect of the system size on the dynamic yields, though for systems
with only one or two possible clusters we see no “aggregates” (as our definition of aggregate

is for a cluster to have more than 25 particles, this is unsurprising).
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B.4 The effect of changing the cutoff distance on the kinet-

ics and thermodynamics of the system

In our simulations, we generally cut off the potential at 3.5 and shifted the potential
up so that there was no interaction at this distance (see section 2.2.1). However, it was
necessary with certain systems to use a smaller cutoff distance (the cutoff distance must
be less than or equal to half the box length, so if we use a small number of particles, but
keep the density constant, we need to decrease our cutoff distance). The cutoff distance
being small was especially an issue when we were interested in the thermodynamics of a
single cluster (for example, in umbrella sampling or the Wang-Landau algorithm), or were
using volume moves (in, for example, the Gibbs ensemble).

Some work into the effect of changing the cutoff of a potential on Lennard Jones particles
has been carried out [179], and the effect of the cutoff has been shown to be noticeable in
mean field treatment of this system below 3 o). We can make a few approximations to
estimate the effect of the cutoff with and without patches, and then run some simulations
to test how this affects the results.

Table B.1 shows the value of the energy at the cutoff distance at a range of cutoff
distances, which is equal to the change compared to the non-cutoff case of the minimum
value of the interaction that occurs in the cutoff and shift potential (see section 2.2.1).
The changes in energies are small in all cases. However, changing the cutoff distance
also means that the attractions between all particles outside of this range are no longer
included in our energy calculations. We can estimate this effect by assuming the number
density at distances beyond the cutoff distance is constant and equal to that of the bulk
(pouie = 0.15/(¢")3 in our simulations). We then integrate from the cutoff to infinite
distance (the third column in table B.1). We find the approximate energies lost due to our
cutoff choice. Provided the densities of the particles outside the cutoff are approximately
constant, then we would just expect the changing cutoff to scale the temperature slightly.

In clustering systems, the density outside of the cutoff is not necessarily simply that
of the bulk, because we may form a cluster. For the icosahedron, at its minimum energy
conformation, the distance between nearest neighbours 1.12 0™, between next-nearest
neighbours is 1.82 0™, and between opposite vertices is 2.14 o). For a system that has
formed clusters, the radial distribution function clearly shows that there is a density
considerably different from the bulk at these distances (figure B.13). This leads us to
expect that a system with a cutoff distance of 20™ may exhibit different behaviour.
However, we have assumed a Lennard-Jones like behaviour for all of our particles, without

any angular modulation. When we include the fact that patches from particles on opposite
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2 —0.0615 —0.3125

2.5 —0.0163 —0.1606

3 —0.0055 —0.0930

3.5 —0.0022 —0.0586

4 —0.0010 —0.0393

4.5 —0.0005 —0.0276

) —0.0003 —0.0201

Table B.1: Cutoff energies.
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Figure B.13: Icosahedral forming region radial distribution function (af\w = 0.35,
kT /e 44 = 0.15, other settings are given in table 3.1).

vertices are not pointing towards each other, then this effect is significantly lower. For
example, for our uncentred icosahedron-forming model (IhO) using a patch width of 0.35
radians (which we used for our standard model), then the interaction energy between pairs
of particles on opposite vertices is of the order of 10™°¢. Even for a patch width of 0.8
radians (the widest used), this effect only accounts for approximately 1072 ¢.

We can explore what effect the cutoff distance has on our model by looking at the
yields and thermodynamics of a simple system (we have chosen the uncentred icosahedron

in this case).

B.4.1 Dynamic effects

Figure B.14 is a plot of the yield of uncentred icosahedra as a function of temperature

and cutoff distance (other settings as in table 3.1). At values of cutoff (|r<"t°f|)

greater
than 30" there is no difference in yield. Below this level there is a slight decrease in
the temperature of transition between monomers and clusters. This is the pattern we

would expect from the underlying mathematics. As mentioned previously, the change in
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Figure B.14: Yield plot of temperature and cutoff distance. All other settings are given in
table 3.1.

transition temperature, even for small cutoffs, are primarily due to the change in well depth
caused by the cut and shift nature of our potential, rather than the cutoff causing a major
change in behaviour. We do not expect the cutoff to change the dynamics fundamentally

at this density.

B.4.2 Thermodynamic effects

In order to find the effect of the cutoff distance on the heat capacity, we used a lower
number density of 0.025/ (JLJ)S on an uncentred icosahedral forming system. This density
allowed the simulation of a single cluster and thus our investigation into the effect of the
cutoff distance was not complicated by effects due to the formation of multiple clusters
(section B.3.1). For cutoff lengths above 2.75¢™ there is no change in the predicted
transition temperature. For shorter cutoff lengths we see a slight suppression of transition
temperature, similar to the results of our dynamic runs. There is no marked change in
behaviour. This supports our use of a shorter cutoff for our Wang-Landau runs, as the

effect is just to shift the temperature slightly.

B.5 Wang-Landau specific simulation settings

There are many variables available when running a simulation in the Wang-Landau al-
gorithm. In this section we investigate some of these settings and compare the predictions

of the algorithm and the time taken for convergence.
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Figure B.15: Plot of heat capacity, temperature and cutoff. All other settings are given in
table 3.1.

B.5.1 The effect of changing the minimum energy measured

When using the Wang-Landau algorithm it is necessary to decide on a minimum energy
that will be included in the histogram estimates. This energy needs to be accessible on the
time scale of the runs (so cannot be too low as the density of states decreases rapidly at
low energies), and must also not exclude regions with a high density of states, otherwise
we would be cutting off information relevant to our heat capacity calculations. We first
examine the simple behaviour that is demonstrated by the uncentred icosahedron, and then
consider the more complicated effects of the minimum energy on the centred dodecahedra

system.

Uncentred icosahedra-forming system

We systematically looked at the uncentred icosahedral system, modifying the lower energy
bound for the Wang-Landau algorithm run. The theoretical minimum in energy is —30¢,
and in a normal dynamic run the energy gets to a value of approximately —27¢. All runs
that were tested with a minimum energy below —28 ¢ did not converge within six months.
This slow convergence is due to the low density of states associated with this region meaning
that there is little probability of attempting moves into the region. The results are shown in
figure B.16. They show some minor divergence, but no major changes for minimum Wang-
Landau energies between —28 ¢ and —22 ¢, which is a significant range. The predicted heat
capacities when higher minimum energies were used were less accurate and showed wider
peaks. The time taken for convergence of the algorithm was approximately constant for all
runs with minimum energies above —26 ¢ (the run time was limited by the number of bins,

rather than the energy landscape). However, compared to the run with a minimum energy
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Figure B.16: The heat capacity of a system of 12 icosahedral shell particles as a function

of temperature and the minimum energy used in the Wang-Landau run. All other settings
are given in table 3.1.

of —26¢, it took approximately twice as long for a run with a minimum Wang-Landau
energy of —27¢ to converge, and four times as long for a run with a minimum energy of
—28¢ to converge. Since the prediction of the clustering temperature is unchanged by the
minimum Wang-Landau energy in this region, it is possible to have significantly shorter

simulations by using a higher minimum energy.

Heat capacity at low temperature Generally, we have been looking at the heat
capacity to find the transition temperatures between different cluster types. The heat
capacity of the formed cluster can also be found using the Wang-Landau algorithm. In
figure B.16, and our other heat capacity diagrams, this shows as a pink tinge that continues
to low temperatures (the heat capacity of the empty icosahedron is approximately 34 k,
compared to a peak of approximately 4000 k). Figure B.16 shows that this information is
not available for all minimum energies, and in order for the algorithm to predict the heat
capacity at low temperatures, we need to have a much lower minimum energy than we
need to accurately place the transition temperature. However, this greatly increases the
time required to run the simulations, so we do not normally attempt to find this, except
when we are interested in trying to find the nature of the species.

The heat capacity at even lower temperature also isn’t well modelled in our runs.
At very low temperature, even when we use a low minimum energy, we see a strange
peak and then the heat capacity decreases to zero. This occurs due to the finite bin
size. At low temperature the approximation that summation and integration are the same
(equation 2.80) breaks down and as a results the predicted heat capacity become ill-behaved

(the algorithm predicts similar heat capacity to that of a two level quantised system). This



226 Appendix B. Other areas of interest

is moved to below a temperature of 0.05¢/k by the use of a very low minimum energy (it
needs to be —28¢ for this system), but, as long as the system clusters, the peak is small

and has a distinctive shape that allows easy identification.

Centred dodecahedra-forming system

Unfortunately the predictions of the Wang-Landau algorithm do not always vary so simply
as a function of the minimum histogram energy. For the centred dodecahedra-forming
system, this complicated behaviour is exemplified when we consider the predictions of
the algorithm at different relative sizes of core and shell particles. We initially ran the
system at a variety of internal particle sizes using a minimum Wang-Landau energy of
-25 £44 (figure B.17(a)), which gave results in under a few hours’ computing time (though
this is quite a high minimum energy to use). We then used a varying minimum Wang-
Landau energy based on the value achieved during the dynamic runs (figure B.17(b)),
these took significantly longer to run (it took approximately 3 months of processor time
per simulation), but should have given more accurate results.

The overall shapes of the two figures are clearly similar, but, surprisingly, there appears
to be more noise in the system with a lower minimum energy. This apparent noise has
two main components. Firstly, we resolve the transitions between clusters with between 15
and 19 particles that simulations have shown exist in this system; our previous minimum
energy was above the minimum energy of some of the more strained clusters, and thus did
not resolve the transitions. Secondly, these smaller centred clusters do not use all particles
in the box, and as we have shown in section B.3.1, this leads to a second peak in the heat
capacity that is just an artefact corresponding to clustering of the remaining particles. In
this case, this is simply an unstructured cluster similar to that found at very small central
particle sizes. A few runs with large numbers of particles were also attempted, but they
had many more peaks, most of which could not be so easily separated. Figure B.18 shows
the transition lines and relevant regions (estimated using kinetic data). Note that our
diagram excludes the formation of larger centred clusters seen in the simulations owing to
the number of particles simulated.

These results clearly show that the minimum energy can have an effect on our heat
capacity prediction, but that the general behaviour is identifiable even when we use a high

minimum energy.

B.5.2 The effect of changing the number of bins

The number of bins used for the energies would be expected to have a large impact on

the resolution of the algorithm. When we started using the Wang-Landau algorithm (on
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Figure B.17: The heat capacity of a system of 20 shell and one core particle as a function
of temperature and interaction strength between the shell and core particles with (a) a
minimum Wang-Landau energy of -25 €44 and (b) a varying minimum Wang-Landau
energy based on the value achieved during the dynamic runs. Other settings are the same
as table 3.1.

the centred icosahedra-forming system) 20,000 bins were used to attempt to minimise the
limiting effects of this resolution, and the width of the bins was permitted to change so
that, in areas where the density of states was higher, better resolution was obtained. This
meant that, in order to get a reasonable quality of data, it took many months of computing
time for each point to be calculated. We compared the effect of using fixed width bins and
changing the number of bins on the quality of results obtained, and the time taken for the
algorithm to converge. Figure B.19 shows the difference in results for the heat capacity
when 20000 or 200 bins are used for the centred icosahedral system. The results do not

differ in any significant way. We also tested the uncentred system for a variety of numbers
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Figure B.18: Approximate relevant transition lines overlaid onto the heat capacity plot for
a system of 20 shell and one core particle as a function of temperature and interaction
strength between the shell and core particles with a variable minimum energy. The labels
denote: (a) the aggregate region, (b) the region of small centred clusters (and monomers),
(c) the region of small centred clusters and unstructured uncentred clusters, (d) the region
of successful centred dodecahedron assembly, (e) the region where we see unstructured
uncentred clusters (we expect more structure in the heat capacity of this region, but other
runs have not been able to resolve this), and (f) the monomer gas region.

of bins, and this did not show an effect as long as the number of bins was greater than 100.

More surprising is the time taken for the convergence of the algorithm. At low numbers
of bins the time taken for convergence is actually longer than for higher numbers of bins!
For the uncentred icosahedra-forming system the fastest convergence was seen with 200
bins, with more bins having a steadily increasing time for convergence in proportion to

the number of bins.

Low temperature effects

As mentioned in section B.5.1, the heat capacity at very low temperature can become ill
behaved. It is not just the minimum energy that is relevant but also the number of bins
used. The more bins that are present, and the lower in energy they sample, the lower the
temperature at which the algorithm predicts strange heat capacity behaviour. Since we
are normally just looking for the location of the transition, and using many bins and low
energy means the algorithm takes considerably longer, we generally used 200 bins for most

of our runs.

B.5.3 Flat histograms and the Wang-Landau algorithm

The time taken for the Wang-Landau algorithm to complete is also strongly dependent on

the choice of definition of a flat histogram. If we wait for the visit histogram to become truly
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Figure B.19: Comparison of predicted heat capacity for differing numbers of bins for the
centred icosahedra forming system.

flat then convergence takes an infinite time, even though the results would be expected
to give the clearest picture. In fact, owing to the nature of the algorithm, it is possible
to have the simple requirement that all bins have within 90% of the mean visits as the
condition for “flatness” without affecting the final outcome. Simpler rules, for example,
that each bin must just be visited a thousand or so times give similar final results, but
may take longer to converge as the F-value decreases quickly at the start so more visits
are needed later, if random noise causes uneven initial visits (thus an uneven estimate of

the density of states).

B.6 Using an internal degree of freedom in a simulation

As mentioned in section 1.3.1, proteins may effectively possess an internal degree of freedom,
which allows them to change the nature of their inter-protein interactions. Although the
first generation of patchy particles is not expected to have this internal degree of freedom,
we look at the utility of the principle of internal degrees of freedom for some self-assembling

systems.

B.6.1 Different final target structures

We first looked at creating a system which could form either an icosahedron, or a tetrahed-
ron, depending on the state of the internal degree of freedom. The monomer conformation
which formed a tetrahedron was set to be lower in energy than the icosahedra-forming
conformation, and the difference in energy is Up, — Urq = AtransU-. Thermodynamically,
we expect the icosahedron to be more stable at lower temperatures, but the tetrahedron

should be able to form more quickly when both have the same energies. We aimed to create
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a system able to change between states with different stable monodisperse clusters present.
We varied the relative internal energies of the two forms. Particles were only attracted to
other particles which had the same configuration, and the interactions for the attractions
were equal in both configurations (44 = epp). We looked at the dynamic yields when a
system was started in a box full of tetrahedra or icosahedra forming particles, and these
can be seen in figure B.20.

Figure B.20(a) shows that the formation of tetrahedra occurs at transition energies
above 0.2 €44. Below this energy, we are able to form both tetrahedra and icosahedra.
It should be noted that the temperature below which we normally see aggregates for the
uncentred icosahedral system is at approximately 0.1 €44/k (see figure 3.5), which is
the same temperature that we see aggregates in this system where we have no internal
energy change between the two states. The aggregates formed have similar structure,
and indeed most particles are in the higher energy state (which would be expected to
form an icosahedron). We investigated whether the formation of tetrahedra was kinetic or
thermodynamic in origin by simulating the equivalent system, but starting each particle as
an icosahedron-forming particle (figure B.20(b)). This system shows a different behaviour
in the low temperature region when the transition energy is low. We then looked at the
thermodynamics using the Wang-Landau algorithm.

The thermodynamics of the system can be seen in figure B.21. The thermodynamics
suggest a slightly different transition pattern to our kinetic runs. When the transition
energies are 0.3 €44, we see only a transition to tetrahedra (note, that this transition is
wide as we are, in effect, simulating the formation of 3 tetrahedra, thus have some size
effects (see section B.3 for more details)). When the transition energy is below 0.25 £ 44,
we see a single transition between icosahedra and monomers only. This suggests that the
tetrahedra we see formed in this region are a kinetic trap, caused by the rapid assembly;
once part of a complete cluster has formed, it is too energetically costly for particles to

change their internal structure.

B.6.2 Encapsulation and flipping

Chapter 3 deals with some of the uses of encapsulation to improve the yield of self-
assembling structures. Using the centred icosahedral system described in section 3.5, we
designed a system where the monomer could have one of two states, being either a core or
a shell particle (with the shell particle being lower in energy, and being the initial state for
all particles).

Figure B.22 clearly shows that the centred icosahedral system is stable where the energy

gap is below a flipping energy of 2.75¢44. This is energy much lower than one would expect
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Figure B.20: Yield of icosahedra and tetrahedra starting from (a) a box of tetrahedra
forming particles and (b) a box of icosahedra forming particles as a function of energy

N
difference of the two states. o* %V = 0.35, v = 0.15 (ULJ)_3, U — Urqg = AtransU.

from simple energetic arguments (there is a possible gain of 7& when a bonded shell particle
turns into a core particle and becomes fully bonded). This may be a useful property for
particles to have, though we appreciate that this type of behaviour in a man-made system
is far in advance of current experimental science.

The thermodynamics of this system were not run, owing to the possible effect of the
number of particles in a small simulation box. If 13 particles were run, then the system
would be unfairly biased towards forming a centred icosahedron, while if 12 particles

were run, the system would be unable to form a centred icosahedron. If we were to use
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Figure B.21: Plot of the heat capacity of the icosahedra / tetrahedra forming flipping
system as a function of the energy difference of the two states.
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Figure B.22: Yields of centred and uncentred icosahedra when particles may flip between
being shell and core particles as a function of the energy of transition. This simulation
uses 130 particles and all other settings are given in table 3.1.

larger boxes then we would have significantly longer times for convergence, as well as wide

transitions that may overlap with the region of interest (see section B.3 for further details).

B.7 The use of graphics processors in patchy particle Monte-
Carlo simulations
Recent technological and software developments have led to a sudden increase in the ease

of programming for the multi-parallel units within graphics cards [248]. General-purpose

computing on graphics processing units (GPGPU) programming, as the paradigm has
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come to be known, involves making use of the hugely parallel nature of graphics cards to
run calculations.

We used a CUDA port of a simple test version of our code and ran it on nVidia graphics
chips. This is an area for future development, and we just present initial results that prove
the method is viable. Thanks is given to the Oxford supercomputing centre for the use of
their skynet cluster for use in some of the initial testing. All of our test runs use single
precision floating point numbers, as the implementation of faster double precision floating
point libraries and processing methods for GPGPU programming were still in development.
A single precision floating point number has approximately 8 significant figures of accuracy
for most numbers and calculations [249], which is sufficient for our needs.

We looked at the difference in the speeds of calculating the energy of particles in a
model Lennard-Jones system using a single core of an AMD Opteron™ 2350 processor
(with a clock speed of approximately 2 GHz) with either a Fortran or C version of the
calculation code, to using a single nVidia Quadro FX 370 graphics card (driver version
185.18.08, core clock speed 360 MHz) and a CUDA ported version. Both were run on the
same desktop computer, which was temporarily removed from the network and run with
few other programs. We chose random positions and rotations of 1024 particles, then found
the difference in time when calculating the energy of a different number of particles in
turn (a different number of “moves” being attempted with the energy of just the “moved”
particle being calculated) between the two different architectures. The particle which was
“moved” was simply the step number modulo the number of particles, since this ensured
that there were no effects due to random number generation. In order to ensure that the
calculations were performed in every step, in was necessary to disable certain optimisations
in the compiler. The time taken in the CUDA case includes the time required to copy
all of the data between the graphics and main memory. GPU computation is fast for
highly parallelisable runs, however, it is not for highly branched programs. The energy
calculations of Lennard-Jones spheres is parallelisable, while calculations of cluster sizes
and other analyses are not expected to be.

The results are shown in figure B.23, and clearly show that the CUDA implementation
is faster than the Fortran implementation for large numbers of steps. However, at low
step numbers the time taken to copy data to/from the graphics card becomes significant.
GPU programming may not therefore be suitable for runs which required a high level of
branching at each step (e.g. umbrella sampling of cluster size). The plot in figure B.24
shows the ratio of times taken, with a logarithmic x-axis. The plot shows that at least
100 GPU-steps need to occur before the contents of the memory of the graphics card

and motherboard are copied to each other, in order for us to get a speed advantage over
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Figure B.23: Time taken to calculate the energy of one particle interacting with all other
particles in a system of 1024 particles a certain number of times (equivalent to a certain
number of moves) for the Fortran and CUDA programs

1.6 | |— t(Fortan)/t(CUDA)

14} :

1.2 2

Ratio

0.8} i

T VY S Y S I W T A N A I T N B A AN T1 R W A N1 R R S R NUT1 |

10° 10" 102 10* 10* 10° 105 107
“Steps”

Figure B.24: Ratio of times taken to calculate the energy one particle with all other
particles in a system of 1024 particles a certain number of times (equivalent to a certain
number of moves) using the Fortran and CUDA versions of the programs.

the CPU-only implementation. Combining CPU and GPGPU programs is easy, though
requires some memory coordination. We can see that an approximate upper limit in
increasing the speed of the program is a factor of 1.7. This is an impressive increase, but
the time required to fully re-implement the code means that this is not as significant as it

appears at first.

B.7.1 Conclusions on GPGPU programming

The results clearly show that there is utility in GPU programming, and that it would
be worthwhile implementing future code to use this more effectively. There are, however,

several barriers to use including the need to learn a new programming language fully
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(especially one that is still changing), and new issues involving memory usage and thread
occupancies. Anyone who is interested in learning more about this should read the plethora
of information available on the nVidia website dedicated to CUDA [250], and we recommend
that they also consider using the newly standardised openCL programming language too

[251].

B.8 Conclusions

We have shown that changing the parameters we have used for our simulations does not
strongly modify general behaviour. While the temperature of clustering may change slightly,
the overall behaviour generally remains the same (clustering happens, and encapsulation
gives correct formation over a wider range of conditions than non-encapsulated assembly).
At certain extremes we have found the formation of aggregates occurs more easily, and
that we are able to destabilise thermodynamic liquid phases by decreasing the interaction
range.

We have also shown that our choices for our settings for our Wang-Landau thermody-
namic runs agree with other settings, and that our settings give faster convergence than
many others, though sometimes at the expense of predicting the low temperature heat
capacity somewhat inaccurately.

We have shown that internal degrees of freedom may be used to give some interesting
properties, and to create meta-stable states that persist for a long while. This behaviour
may have many useful applications, for example, it could be used as an indicator as
to whether a blood product has been kept in reasonable conditions. If the icosahedral-
tetrahedral flipping system were created with mainly tetrahedra formed, then it would
remain so until the product were heated and then cooled, when icosahedra would form.
If these states had different measurable properties (colour would be ideal, though the
chemistry required may be complex), then this would make an excellent indicator.

The use of general purpose graphics processor units programming has been shown to
give a speed up compared to our current CPU runs. This is worth further investigating,

and will hopefully be taken on as a project by a new member of the group.
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Mathematical derivations

This appendix deals with some details of mathematical derivations that are skipped over

in the text.

C.1 Heat capacity as the variance of energy

The heat capacity at constant volume can be described as the differentital of the expectation
value of in internal energy with respect to the temperature, i.e.:

oU(T))

Cy = o |,

(C.1)

We know that the expectation of the energy can be written in terms of an integral over

the energy, the density of states (g(U)) and the Boltzmann factor,

_ JU x g(U) x eURDqU

u((r , C.2
(1)) o (C2)
and that the partition function, @, also depends on the temperature,
Q(T) = / (U x UM g, (C.3)
We rewrite equation C.2 in a simpler form, as:
o(T)
un) = ) CA4
W) = 5 (C.4)
We can then differentiate this using the product rule,
T 0% 1
T TR o
or |y or|y, QorT|y,
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We find the value of each part, using the chain rule multiple times:
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Similarly, we can see that:

w
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Thus, our overall equation is:
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C.2 Angular frequencies in partition functions

We can use the standard identity of the angular frequency (where p is the effective mass,
i.e. the reduced mass in the case of vibrational motion, and the moment of inertia in the

case of torsional motion) [252]:

w= /- (C.9)

We can similarly use the standard equation for the spring constant (k), relating to degree

of freedom, X [252]:
0*U
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Thus the angular frequencies are given by:

19°U
2
=—— A1
w L 9X? (C.11)
In our system we therefore have:
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For bending motion, the relevant derivative is that with respect to angle, and so we must

replace the reduced mass with the moment of inertia in equation C.11. Thus,
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Appendix D

Program information

D.1 MCP

The program central to this thesis (MCP) is based on MCPatches by A W Wilber [46].
Approximately 25 % of the code derives directly from MCPatches. It is maintained on an
svn repository with the whole group contributing and maintaining the code base. The
majority of the current version of the code has been written by myself, Alex Wilber and
Aleks Reinhardt. Other contributors include Jessica Andréani, Eva Noya, Parvinder Thiara,

Gabriel Villar, Matthew Llewelyn-Jones, Trinidad Méndez-Morales, and Jonathan Doye.

D.1.1 Settings for approximate diffusional behaviour

In order for the Monte Carlo moves to give results which mimic diffusion the following
settings were used [46]. Maximum move size was set to 0.3 ¢, the maximum rotation
move size 0.3 (this is the maximum length of the quaternion which is added and then the

whole new quaternion normalised), probability of attempting a rotation move was 0.4.

D.1.2 A note on compilers

We used the Intel Fortran compiler, version 9.1 (20060818). This has a few bugs that
people should be aware of if attempting to use it. The most interesting bug was found
when attempting Gibbs Ensemble volume moves. If the change in move size (deltaV) is
randomly chosen, and the new edge length of box A (newSideA) and B (newSideB) was

calculated using

newSideA = (0ldVolA-deltaV)**(1.0/3.0) and 1)
D.1
newSideB = (0ldVolB+deltaV)**(1.0/3.0),
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then there is a systematic error of the order of 107* in the total volume at each step. In a
standard length run this could cause an error in the volume of up to 50 % if left unchecked.
Forcing all intermediate values calculated to be double precision changes the error to a

random error with maximum size of approximately 1079,

D.2 Other programs used

Visualisations of our system and other proteins were created using VMD [253]. The output
of the program was in protein databank format [213]. The images were rendered using
POV-Ray [254], and edited using the GIMP.

Perl was used as a scripting language to deal with the vast amounts of data produced
by the runs. The scripts were maintained by the group on its Subversion repository, and
are available on request.

This thesis was produced using pdfIATEX. Many illustrations were produced using
PGF /TikZ, Gnuplot and ImageMagick.



Appendix E

Publications

References [4-7] include work from this thesis.
References [1-3] are papers to which I contributed during my DPhil by assisting other

groups which have been accepted for publication.
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