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Abstract

In this thesis two questions of equilibrium and non-equilibrium prop-
erties in many-body quantum mechanical systems are investigated.

The first part is focused on probability distributions of quantum ob-
servables in many-body quantum systems. After an introduction to
probability distributions, full counting statistics and the transverse field
Ising model we give a brief overview over related experiments and then
derive an expression for the probability distribution of the transverse
field magnetization of a finite subsystem in any Gaussian state. We
study the probability distribution in ground and thermal states as well
as in a non-equilibrium setting after a quantum quench. We find an
analytic expression for the time evolution after the quench and com-
pare to numerics.

The second part of the thesis is concerned with the stability of exact
quasi-particle excitations of an integrable model after weak integra-
bility breaking perturbations are introduced. For this we first discuss
the stability of excitations in integrable systems and then give an in-
troduction to the Heisenberg XXX-model in a magnetic field. After con-
structing exact excitations we calculate the decay rate in leading order
perturbation theory using methods of integrability.
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1
Introduction

A defining property of condensed matter systems is that they are made up of

an enormous number of constituents with complicated interplay between them.

While for most systems the building blocks are the same, the interplay, interac-

tions and environment can produce vastly different “macroscopic” outcomes, dis-

tinguishing metals from insulators, superconductors, magnets or even more exotic

quantum hall liquids or topological insulators. To get an understanding of these

systems it is therefore not important to probe ever more fundamental laws of na-

ture, but to understand emergent phenomena appearing from the interplay of very

simple ingredients.

Despite the vast number of components and the interactions between those,

much more simple theoretical models can capture the essence of the emergent

property of many systems and understanding these models can help us to elu-

cidate condensed matter systems. This at first baffling possibility to learn about

complicated models from toy examples can often be understood by one of the

most important ideas in theoretical physics: the renormalisation group (RG). Sche-

matically the RG reduces the number of degrees of freedom of the model, filtering

out the important ingredients at the energy scales of interest. Coincidentally, by

the RG procedure many real life physical systems turn out to be described by the

same “effective” degrees of freedom and interactions at the energies we observe

them. This is known as universality and is one of the cornerstones of theoretical

physics, enabling us to understand classes of systems without having to know all

their microscopic characteristics.

In particular low dimensional many body quantum systems present a play-

ground for understanding strongly interacting quantum systems andmany-particle
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CHAPTER 1. INTRODUCTION

systems in general. In 1D, strong correlations and collective phenomena are known

to have a particularly strong influence [3]. However despite this, there exist a num-

ber of one dimensional models where analytic progress can be made and exact

solutions are possible, for example by non-local mapping to free systems [4, 5]

or due to an infinite number of symmetries [6, 7]. These exact solutions of physi-

cally important models can help form an understanding of interacting many-body

quantum systems and quantum mechanics in general.

This thesis is divided into two parts. The first part is focused on the proba-

bilistic nature of quantummechanics and its measurement [8], calculating the full

counting statistics of certain operators in a one dimensional model of interacting

spins in a magnetic field.

The second part is concerned with weak integrability breaking, defined as per-

turbing an integrable model with a parametrically small interaction, which takes

the model away from the integrable point. Weak integrability breaking has at-

tracted much interest in recent years in non-equilibrium dynamics, where there

is a dichotomy between the relaxation of integrable and non-integrable theories

after a sudden change of a global parameter (quantum quench) [9–12]. It is an in-

teresting questions what the influence of an integrability breaking perturbation is

on the time evolution (cf. [13] and references therein) and a relation to the decay

of quasi-particles has been proposed [14]. In the first part of the thesis we will

be interested in a related question, however in equilibrium. We will be interested

in the stability of exact quasi-particles of a lattice integrable model when a weak

integrability breaking perturbation is introduced.

The outline of the thesis is as follows: The first part introduces the notion

of the probabilistic nature of measurement in quantum mechanics in Section 2.1

and gives a general strategy to calculate it in a generic system in Section 2.2.

We then motivate the theoretical discussion by briefly outlining some important

experiments of full probability distributions in many-body quantum systems in

Section 2.3. After introducing the transverse field Ising model as a paradigm to

2



CHAPTER 1. INTRODUCTION

calculate full probability distributions in Section 2.4, Section 3.1 gives a detailed

discussion of how to calculate full counting statistics for a general Gaussian den-

sity matrix and certain observables. We then examine probability distributions in

equilibrium in Section 3.2, focus on the time evolution after a quantum quench

in Section 3.3 and derive an analytic formula in Section 3.4 which asymptotically

describes the time evolution of the full probability distribution of a specific ob-

servable.

In the second part we first briefly talk about the stability of integrable excita-

tions in Section 4.2 before introducing a paradigmatic model of integrability: the

Heisenberg XXX-model in Section 4.3. We discuss its solution by means of the

Bethe Ansatz and how to calculate matrix elements using Algebraic Bethe Ansatz

and Inverse Scattering Theory. In Section 5.1 we then motivate why we are inter-

ested in the stability of excitations under a weak integrability breaking perturba-

tion and introduce the framework we are calculating the leading order decay rate

with. We then explicitly construct exact excitations, important for the decay pro-

cess in Section 5.2, find an efficient formula for the decay rate in Section 5.3 and

solve it numerically in Section 5.4.

In Section 6 we give a brief conclusion and outlook for both problems consid-

ered in this thesis.

This thesis is based on the following publications:

• Stefan Groha, Fabian H. L. Essler, Spinon decay in the spin-1/2 Heisenberg

chain with weak next nearest neighbour exchange, J. Phys. A: Math. Theor.

50 334002 (2017)

• Stefan Groha, Fabian H. L. Essler, Pasquale Calabrese, Full Counting Statistics

in the Transverse Field Ising Chain, arXiv:1803.09755 (2018)

Other publications, which are not part of the thesis due to restrictions on the

length thereof:

• Bruno Bertini, Fabian H. L. Essler, Stefan Groha, Neil J. Robinson, Prethermal-
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ization and thermalization in models with weak integrability breaking, Phys.

Rev. Lett. 115, 180601 (2015)

• Bruno Bertini, Fabian H. L. Essler, Stefan Groha, Neil J. Robinson, Thermaliza-

tion and light cones in a model with weak integrability breaking, Phys. Rev.

B 94, 245117 (2016)

• Mario Collura, Fabian H. L. Essler, Stefan Groha, Full counting statistics in the

spin-1/2 Heisenberg XXZ chain, J. Phys. A: Math. Theor. 50 414002 (2017)
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2
Full counting statistics, probability

distributions and the transverse field
Ising model

Contents
2.1 Description of quantum mechanical systems and probabilistic

nature of measurement . . . . . . . . . . . . . . . . . . . . . . . . . 6
2.2 Probability distribution and full counting statistics . . . . . . . . 8
2.3 Experimental measurement of full counting statistics . . . . . . . 12
2.4 The Transverse field Ising model . . . . . . . . . . . . . . . . . . . . 17

2.1 Description of quantummechanical systems and prob-
abilistic nature of measurement

A quantummechanical many-body system ofN particles or spins is fully described

by its quantum mechanical wave function ψ(n1, . . . , nN ; t), which is the projection

of the quantum mechanical state |ψ(t)⟩ onto a preferred basis

ψ(n1, . . . , nN ; t) = ⟨n1, . . . , nN | ψ(t)⟩ (2.1)

where the ni can e.g. be position or spin in the z-direction for particles and spins

respectively. However in the case of interacting many-body systems this full in-

formation is generally not accessible theoretically and as the information needed

to fully specify the wave function grows exponentially with the system size, it is

practically not possible to numerically obtain for a generic state. There are ex-

ceptions, for example states with low entanglement, e.g. ground states of gapped

1D systems (cf. [15–17]) or eigenstates of 1D quantum integrable systems (cf. [6, 18,
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PART I CHAPTER 2. FCS, PROBABILITIES AND THE TFIM

19]). Also experimentally, accessing the wave function is very hard for single parti-

cle quantummechanical objects [20–22], however so far impossible for interacting

many-particle systems. We therefore generically have to resort to measurement

and calculation of quantum mechanical expectation values of observables of in-

terest or correlation functions thereof. Examples include neutron and light scat-

tering experiments measuring spin and charge response functions or conductivity

measurements giving access to current-current correlation functions [23].

A fundamental principle of quantummechanics is the statistical nature ofmea-

surements of observables. Measuring the same observable in identically prepared

systems leads to different measurement outcomes that are described by a prob-

ability distribution that depends on both the state |Ψ⟩ and on the observable

O considered. While expectation values and correlation functions average over

all the fluctuations and give information about the first few moments, the full

probability distribution PrO,|ψ⟩(O) encodes detailed information about quantum

fluctuations in the system. It is of particular interest in situations where the first

few moments do not provide a good description of the distribution (cf. Figure. 2.1).

This happens for example for the probability distribution of the order parameter

µµ− σ µ+ σ O

PrO,|ψ⟩(O)

Figure 2.1: Example of a probability distribution that is not well described by mean
µ and standard deviation σ. Generally every multimodal or flat distribution can
not be characterized just by its first few moments.
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PART I CHAPTER 2. FCS, PROBABILITIES AND THE TFIM

in the XXZ-model at criticality [24].

Quantum mechanical probability distributions in the guise of Full Counting

Statistics (FCS) have been studied for some time in mesoscopic devices [25, 26].

More recently it has become possible to analyse them in systems of ultra-cold

atomic gases [27–32]. This has broken new ground in the sense that one is deal-

ing with (strongly) interacting many-particle systems and a variety of observables,

typically defined on subsystems, can be accessed. This has motivated a number

of theoretical works of FCS in equilibrium states [24, 33–42], and after quantum

quenches [29, 42–46]. A second motivation for studying FCS has been the observa-

tion that in non-interacting fermionic systems with particle number conservation

the FCS of particle number within a subsystem is directly related to the entangle-

ment entropy [47–56] and provides indirect information about the latter.

2.2 Probability distribution and full counting statistics

In the following we want to look at the FCS and probability distribution of certain

observablesO within a state |ψ⟩. Let us further simplify the following discussion by

only considering operators O with discrete spectra, so for example spin operators

acting on a finite subsystem (cf. Fig. 2.2). The outcome of any measurement of this

H1 H2 H3 H4 H5 H6 H7 H8 H9

O

ℓ

Figure 2.2: Pictorial representation of the kind of setup we want to look at. We are
interested in a system with sites, which can be finite or infinite. Each site has a
finite local Hilbert space dimension. The operator is acting on a finite subset of
the system, a subsystem of size ℓ, giving a number of eigenvalues, which is finite,
however generically exponential in the length of the subsystem ℓ. Specifically we
will be interested in spin-1/2 at each site, with some spin operator having support
on ℓ sites.
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PART I CHAPTER 2. FCS, PROBABILITIES AND THE TFIM

observable in any state according to the Born rule [8] is any of the eigenvalues

O1, O2, . . . of the operator O with associated probability:

PrO,|ψ⟩(On) = |⟨on | ψ⟩|2 (2.2)

where |on⟩ is the associated eigenvector to the eigenvalue On and therefore

PrO,|ψ⟩(On) = ⟨ψ| P̂On |ψ⟩ (2.3)

where P̂On is the projection operator on the subspace corresponding to the eigen-

value On, such that we can write

O =
∑
m

OmP̂Om . (2.4)

Let us now define the quantity

PO,|ψ⟩(O) = ⟨ψ| δ(O −O) |ψ⟩ . (2.5)

where δ(x) is the Dirac distribution. Using the plane wave integral representation

of the delta function, we can write this quantity as

PO,|ψ⟩(O) = ⟨ψ|
∫ ∞

−∞

dλ

2π
eiλ(O−O) |ψ⟩

= ⟨ψ|
∫ ∞

−∞

dλ

2π
eiλ(O−

∑
Om

OmP̂Om ) |ψ⟩ . (2.6)

We can now use the properties of the projection operators P̂Om

P̂OmP̂On =P̂Omδmn (2.7)∑
m

P̂Om = 1. (2.8)

These properties imply that any power of the operator (On −O) can be rewritten

as (
O −

∑
m

P̂OmOm

)l

=

(∑
m

P̂Om(O −Om)

)l

=
∑

m1,...,ml

P̂Om1
. . . P̂Oml

(O −Om1) . . . (O −Oml
)

=
∑
m

P̂Om(O −Om)
l (2.9)

9



PART I CHAPTER 2. FCS, PROBABILITIES AND THE TFIM

and therefore we can rewrite the quantity PO,|ψ⟩ as

PO,|ψ⟩(O) ≡⟨ψ| δ(O −O) |ψ⟩

=
∑
m

δ(O −Om) ⟨ψ| P̂Om |ψ⟩

=
∑
m

δ(O −Om) PrO,|ψ⟩(Om) (2.10)

This relation, as well as the Fourier transform of the first line, will be very helpful

in calculating probability distributions for observables later. To compute the first

line of (2.10) it will again be useful to look at the Fourier transform of the proba-

bility distribution. Using the plane wave integral representation of the Dirac delta

distribution we can write

PO,|ψ⟩(O) =

∫ ∞

−∞

dλ

2π
e−iλOχO,|ψ⟩(λ) (2.11)

where χO,|ψ⟩(λ) is defined as

χO,|ψ⟩(λ) = ⟨ψ| eiλO |ψ⟩ (2.12)

and is called the full counting function of the operator O in the state |ψ⟩. For a

hermitian operator O it is easy to see from this definition that

χO,|ψ⟩(λ) =
(
χO,|ψ⟩(−λ)

)∗ (2.13)

χO,|ψ⟩(0) = 1. (2.14)

For a generic operator and wave function, where the operator has finite support

on a finite number of sites with finite Hilbert space dimension on each site (cf.

Figure 2.2), the number of eigenvalues of the operator grows exponentially with

the length of the subsystem. Therefore obtaining the probabilities from (2.10) be-

comes exponentially hard. For large enough subsystems one can however recover

the probability density of the operator O in the state |ψ⟩ by mollifying the delta-

distribution. Using a mollifier ϕε(x), we get∫ ∞

−∞
dx ϕε(x−O)PO,|ψ⟩(x) =

∑
m

ϕε(O −Om) PrO,|ψ⟩(Om) (2.15)

≡PrεO,|ψ⟩(O), (2.16)

10
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where for ε small the mollified probabilities PrεO,|ψ⟩(O) are a good approximation

of the probabilities in an interval of order ε around O. To obtain PO,|ψ⟩(O) from

the generating function the mollification implies

PrεO,|ψ⟩(O) =

∫ ∞

−∞
dx ϕε(x−O)PO,|ψ⟩(x) =

∫ ∞

−∞
dλ ϕ̃ε(O − λ)χO,|ψ⟩(λ) (2.17)

where

ϕ̃ε(O − λ) =

∫ ∞

−∞
dx e−iλxϕε(O − x). (2.18)

Mollifying the delta distribution also effectively reduces the support of the integral

in (2.17) by suppressing large λ, making the integral numerically tractable. As a

possible mollifier ϕε(x) we can use e.g. the Gaussian approximation for a delta

function

ϕε(x) =
1√
2πε

e−
x2

2ε . (2.19)

We will now specify the discussion to spin-1/2 systems and specific operators.

We will be interested in operators defined on a subsystem 1, . . . , ℓ of the form

Oℓ =
ℓ∑
i=1

f(i)σαi . (2.20)

where σαi is a Pauli matrix in α = x, y, z direction on site i and f(i) = 1 or

f(i) = (−1)i, which corresponds to subsystem magnetisation and staggered sub-

system magnetisation respectively. As the Pauli matrices have eigenvalues ±1 the

eigenvalues of Oℓ are integers. There are ℓ + 1 eigenvalues, which are highly de-

generate. Unlike the generic case discussed above, this poses a very special case

that cannot be solved by regularising the delta functions. However we have a

periodicity constraint on χOℓ,|ψ⟩(λ) of the form

χOℓ,|ψ⟩(λ+ π) = (−1)ℓχOℓ,|ψ⟩(λ) (2.21)

11
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With this we can show that

POℓ,|ψ⟩(m) =

∫ ∞

−∞

dλ

2π
e−iλmχOℓ,|ψ⟩(λ)

=
∑
n∈Z

∫ π/2+nπ

−π/2+nπ

dλ

2π
e−iλmχOℓ,|ψ⟩(λ)

=
∑
n∈Z

∫ π/2

−π/2

dλ

2π
e−i(λ−nπ)m(−1)nℓχOℓ,|ψ⟩(λ)

=
∑
n∈Z

einmπ+iπℓn
∫ π/2

−π/2

dλ

2π
e−iλmχOℓ,|ψ⟩(λ)

=

{∑
r∈Z δ(m− 2r + ℓ)× 2

∫ π/2
−π/2

dλ
2π
e−iλ(2r−ℓ)χOℓ,|ψ⟩(λ) for ℓ odd∑

r∈Z δ(m− 2r)× 2
∫ π/2
−π/2

dλ
2π
e−2iλrχOℓ,|ψ⟩(λ) for ℓ even

(2.22)

and therefore comparing with (2.10) we obtain for the probability distribution:

PrOℓ,|ψ⟩(m) =

∫ π/2

−π/2

dλ

π
e−iλmχOℓ,|ψ⟩(λ) (2.23)

It is furthermore useful to note that the FCS is the generating function for the

moments of O:

⟨On⟩ = 1

in
dn

dλn
⟨
eiλO

⟩ ∣∣
λ=0

(2.24)

whereas the logarithm of the generating function is the generating function for

the cumulants Cn:

Cn =
1

in
dn

dλn
ln
⟨
eiλO

⟩ ∣∣
λ=0

. (2.25)

2.3 Experimental measurement of full counting statis-
tics

Asmentioned, quantummechanical probability distributions have been studied in

mesoscopic systems and quantum optics. Examples include the measurement of

fractional charge in fractional quantumHall systems and quantum noise in photon

counting experiments [57–59]. In recent years new interest has been generated

by experiments analysing probability distributions for quantum observables in
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cold atomic gases. These experiments allow for the measurement of the FCS of a

number of observables acting on a large subsystem in (strongly) interacting many-

particle systems in and out of equilibrium in one and two dimensions.

While most experimental works in the early days of cold atom experiments

were focused on weakly interacting bosons, including the creation of Bose Ein-

stein condensation (BEC) [60–62], interference of BECs [63] and atom lasers [64],

the main interest in recent years has been on engineering theoretical strongly cor-

related quantum systems with ultra-cold atom setups. While the former often can

be successfully described by mean field like Gross-Pitaevski equations, the latter

typically probe strongly interacting many-body physics, which is of great interest

to understand quantum aspects of many-body systems. This progress has been

mainly fuelled by major advances in experimental techniques. First and foremost

the possibility to control scattering lengths to be comparable to inter-particle dis-

tances by means of magnetically tuned Feshbach resonances [65, 66] has made

it possible to influence the effective interaction between particles. Furthermore

confinement in optical lattices is a powerful ingredient for engineering quantum

systems. Hereby atoms are placed in a periodic potential created by a standing

laser beam. Changing the intensity of the laser beam can be used to tune the

relative strength between kinetic and interaction energy [67]. Another useful tool

is the ability to reduce the dimensionality of the system by applying strong con-

finement potentials in the “unwanted dimensions”. Having engineered a certain

quantum mechanical system, cold atomic experiments do not only offer certain

experimental techniques mimicking many solid state analogues, e.g. Bragg spec-

troscopy [68] being similar to light and neutron scattering, but there are additional

techniques not available in solid state systems. Some of them prove themselves

useful for the measurement of FCS, e.g. site resolved measurement [69, 70].

In the following we will briefly discuss two experiments motivating the theo-

retical discussion in Section 3.
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2.3.1 Staggered subsystem magnetisation in the Hubbard model

While site resolved measurement is not possible in solid-state systems, ultracold

atom experiments have length scales accessible with high-resolution optical mi-

croscopy [69, 70]. This opens up the possibility of measuring certain observables

on each site of an optical lattice, which is created as described above. In Ref. [71]

this technique is used to extract the probability distribution of the staggered mag-

netisation, which is defined below. The experimental system is well described by

a two-dimensional Hubbard model with the Hamiltonian:

H = −t
∑
σ,⟨i,j⟩

(
c†iσcj,σ + h.c.

)
+ U

∑
i

ni↓ni↑ (2.26)

where the sum ⟨i, j⟩ goes over nearest neighbours, c†iσ , ciσ are fermionic creation

and annihilation operators, niσ = c†iσciσ and the ratio of interaction to hopping

given by U
t
∼ 7.2. At half filling and U

t
≫ 1 the low energy degrees of freedom are

well described just in terms of the spins Sαi = 1
2
c†iβσ

α
βγciγ , with σα the Pauli spin

matrices, with an effective Hamiltonian given by:

H = J
∑
⟨i,j⟩

S⃗i · S⃗j, (2.27)

which is known as the antiferromagnetic Heisenberg model. To set up the ex-

periment a mixture of the two lowest hyperfine states of 6Li, corresponding to

up-spin |↑⟩ and down-spin |↓⟩, are loaded into a trap with a 2d optical square

lattice. After cooling the atoms down to appropriate temperatures, Feshbach res-

onances are used to tune the interaction of the atoms to simulate the 2d Hubbard

model. The charge occupation of the system is measured by rapidly increasing

the lattice depths to pin the atoms at the sites and capturing the fluorescence of

the atoms by high-resolution microscopy, being able to resolve every lattice site

(cf. Fig. 2.3a). The measurement technique does however not distinguish between

empty and doubly occupied sites. As the ratio of interaction to hopping is large

and the experiment is done at half-filling, these sites are however very rare as

14
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(a) Experimental setup for measuring the
charge occupation of the lattice. A subsys-
tem of the cold atomic cloud, where the
density is approximately constant, is mea-
sured with an optical microscope. (Illustra-
tion from [71], slightly modified)

A B

(b) Example realisation of measured occu-
pied or unoccupied sites of the up-spin ori-
entation. The other spin orientation has
been removed. As the interaction is quite
large (Ut ∼ 7.2) and the experiment is done
at half filling the staggered magnetisation
can be calculated by looking at neighbour-
ing sites: corresponds to Szi = +1 and

corresponds to Szi = −1.

long as the temperature is of the order of hopping and not interaction. Further-

more the charge occupation is measured, not the spin of the particles. Therefore

an extra step has to be taken, which removes one spin orientation from the trap,

leaving the other spin orientation untouched. This is realised by using resonant

pulses driving transitions for atoms in one of the hyperfine states, ejecting the re-

spective spin direction. Now from the measured charge occupation the staggered

magnetisation on N2 sites can be calculated:

Ss(N) =
1

N2

(∑
j∈A

Szj −
∑
j∈B

Szj

)
(2.28)

with the sites A and B defined as in Fig. 2.3b. Fig. 2.3b shows a typical measure-

ment of the charge occupation after removal of one of the spin directions. This

measurement is done multiple times for fixed temperatures and the resulting to-

tal magnetisations of each measurements are plotted in a histogram. By the law

of large numbers this histogram approaches the probability distribution of the

staggered magnetisation of the Hubbard model at half filling for U
t
≫ 1. This is

compared to Monte Carlo calculations of the Heisenberg model, which shows a
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good agreement (see Fig. 2.4) [71].

LETTER RESEARCH
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temperature, system size and interactions in this regime21. We can study 
the effect of doping on long-range order in our experiment directly by 
reducing the density of our sample and measuring the spin structure 
factor. Within the region Ω, we add a potential offset with the digital 
micromirror device for controlled hole doping, which is expected to 
also slightly change the temperature. We deduce the hole doping δ from 
the measured single-particle density ns (Methods).

As shown in Fig. 4, the strongest magnetic correlations remain at 
q =  qAFM. Doping gradually suppresses mz

c , broadens the magnetic 
ordering peak in Sz(q) and reduces its weight. Only at δ .! 0 15 do we 
find that mz

c settles to an approximately constant, small value. This 
offset originates from the strong short-range correlations that are 
still present at large dopings (Fig. 4b). When excluding the contri-
butions of d <  2 from mz

c, this offset disappears while the qualitative 
dependence δm ( )z

c  remains approximately the same (Extended Data 
Fig. 5). This finding suggests that for the finite-size, U/t =  7.2 
Hubbard model studied here, strong magnetic correlations persist 
up to a critical hole doping δc ≈  0.15. We note that our data might 
be consistent with incommensurate magnetism, which is commonly 
observed in high-temperature cuprate superconductors30, because 
in our experiment finite-size effects and temperature broadening 
might prevent us from observing resolved peaks at wavevectors  
close to qAFM.

We have realized a quantum antiferromagnet governed by the 
two-dimensional Hubbard Hamiltonian. Our architecture makes it 
possible to vary the doping and temperature, enabling us to explore 
the Hubbard phase diagram in theoretically challenging regimes. 
Attainable parameters are predicted to be sufficient to access the 
conjectured pseudogap21 and stripe-ordered1 phases. At lower  
temperatures T/t ≈  0.05 and dopings δ ≈  0.15, theoretical work indicates  
a transition to a d-wave superconducting state1. Such temperatures 
could be achieved through advanced entropy redistribution schemes. 
Furthermore, entirely novel states of matter are within reach by aug-
menting the Hamiltonian with alternative lattice structures, artificial 
gauge fields and dipolar long-range interactions.

0
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Figure 3 | Full counting statistics of the staggered magnetization 
operator. a, Selected images with one spin component removed 
(chequerboard overlaid to guide the eye) show a large variation in ordering 
strength at the coldest temperature. This variation is a consequence of the 
SU(2) symmetry of the underlying Hamiltonian, which leads to different 
orientations of the staggered spin-ordering vector m̂ relative to the 
measurement axis z, as shown schematically by the spin vectors (red and 
blue arrows) relative to the axis defined by Ŝz(black arrows). b, Measured 
distributions of the staggered magnetization operator, p m( ˆ )z , are plotted at 
different temperatures T/t (histograms). We find excellent agreement with 
quantum Monte Carlo simulations of the Heisenberg model with no free 
fitting parameters (black lines). The figure is based on 2,282 experimental 
realizations.
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Figure 4 | Doping the antiferromagnet. a, We 
dope the system with holes and reduce the 
density from half-filling, with δ. ≤ ≤ .0 0 0 25
(corresponding to 0.95 ≥  ns ≥  0.73). The 
corrected staggered magnetization mz

c  settles at 
the critical hole doping δc ≈  0.15. The trajectory 
followed in this figure is shown schematically in 
the phase diagram in the inset. b, The relative 
strength of the sign-corrected spin correlations 
(− 1)iCd decreases less rapidly with hole doping at 
smaller distances (d =  1.0) than at larger 
distances (d =  3.6). For large doping, only the 
nearest-neighbour correlator is appreciable, so 
this correlation is predominantly responsible for 
the non-zero staggered magnetization away from 
the antiferromagnetic phase. c, We show the spin 
structure factor Sz(q) −  Sz(0), as in Fig. 2c, for 
each doping value. Error bars in a are standard 
deviations of the sampled mean; those in b are 
computed as in Methods. The figure is based on 
1,470 experimental realizations.
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Figure 2.4: Histogram of the staggered subsystem magnetisation at different tem-
peratures. The histograms approach the probability distributions calculated by
Monte Carlo simulations in the Heisenberg model at the respective temperature.
(from [71].)

2.3.2 Non-equilibrium FCS in time of flight experiments

Measurement of probability distributions in cold atom systems is not only possible

in equilibrium, but insights into non-equilibrium evolution of FCS and probability

distributions are possible. The time dependence of probability distributions of

certain quantities was used to reveal prethermalisation of closedweakly perturbed

integrable quantum systems (cf. Ref. [30, 72]).

For this a trapped 1D gas of 87Rb bosons is prepared in the quasi-condensate

regime, which means density fluctuations are suppressed, whereas strong phase

fluctuations, determined by the temperature T and the density of the system, are

present. By quickly changing the trap potential in one of the dimensions orthog-

onal to the 1D system from a single well to a double well potential, the single con-

densate is quickly and coherently split into two uncoupled 1D gases with identical

wave function phase profiles. Thereafter the gases are allowed to evolve in the

double well potential for some time t and then the two condensates are released

from the traps and expand until the clouds overlap. After this, absorption imaging

is used to determine the interference pattern of the densities of the system. When
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the two condensates are coherent, the relative phase between the two clouds

determines the interference fringes. The low energy degrees of freedom are de-

scribed by Luttinger Liquid theory [3], where the wave function of the condensates

α = 1, 2 in both wells are described by wave functions ψB,α(x) ∼ √
ρeiϕα(x)with

densities ρ and phases ϕα(x). Schematically the density after the interference can

then be described as [44, 73]

ρ(x) ∼ ei(ϕ1(x)−ϕ2(x)). (2.29)

The measurement is along the length of the system (see Fig. 2.5), optically inte-

grating over the density. One can show [44] that the modulation of the integrated

fringe contrast along the system is related to the integrated phase density, which

is intuitively clear by looking at the integrated density, again schematically (exact

description: [44, 73]): ∫ L/2

−L/2
dxρ(x) = C(L)eiΦ(L), (2.30)

where C(L) is the quantity of interest. Doing multiple measurements after the

same time t and plotting the resulting fringe contrast squared and normalized in

a histogram, one obtains the probability distribution of interest. The probability

distributions for different times are shown in Fig. 2.6. With these it was shown that

at late times, although the system is not integrable, it does not thermalise. This

shows that non-equilibrium probability distributions of meaningful quantities are

experimentally obtainable and physically interesting.

2.4 The Transverse field Ising model

In the following we consider the spin-1/2 transverse field Isingmodel on an infinite

1D chain with Hamiltonian

H(h) =−
∞∑

j=−∞

[
σxj σ

x
j+1 + hσzj

]
. (2.31)

17



PART I CHAPTER 2. FCS, PROBABILITIES AND THE TFIM

Figure 2.5: In (a) the experimental setup is shown. The two condensates are re-
leased after time t and are freely expanding until they overlap and interfere. This
is called time-of-flight experiment. The resulting interference pattern is measured
along the system direction using absorption measurement, revealing the interfer-
ence pattern. An example pattern is shown in (b) with the fringe contrast, which
clearly shows the modulation. The amplitude of the modulation is the quantity of
interest. (Illustration and plots from [30, 72].)

The ground state phase diagram features ferromagnetic (h < 1) and paramagnetic

(h > 1) phases separated by a quantum critical point in the universality class of

the two-dimensional Ising model [74].

h
0 1

⟨
σxj
⟩
̸= 0

⟨
σxj
⟩
= 0

FM PM
T = 0:

The order parameter that characterizes the transition is the longitudinal magneti-

sation ⟨GS|σxj |GS⟩. At finite temperature spontaneous breaking of theZ2 symmetry

in 1D is forbidden and hence the order present in the ground state at h < 1melts.

In the following we will summarize the relevant steps for diagonalizing the

Hamiltonian (2.31). We will start out discussing finite systems, closely following

the appendix in [75], then introduce the quantities of interest in this chapter and

in the end take the system size L to infinity, utilizing properties of the operators

and expectation values in the TFIM to simplify the discussion.
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Figure 2.6: Probability distributions of the squared fringe contrast at different times
and integration lengths over the system. Different integration lengths are realised
by slicing away parts of the system before measurement (cf. Fig. 2.5). The plots are
extracted from [30].

2.4.1 Diagonalisation of the Transverse Field Ising chain

We consider the Hamiltonian (2.31) on a finite system 1, . . . , L

H = −
L∑
j=1

[
σxj σ

x
j+1 + hσzj

]
(2.32)

with even L and periodic boundary conditions for the spins σαL+1 = σα1 . The TFIC

is mapped to a model of spinless fermions by a Jordan-Wigner transformation

σzj = 1− 2c†jcj , σxj =

j−1∏
l=1

(1− 2c†l cl )(cj + c†j) , (2.33)
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where cj are spinless fermion operators obeying canonical anticommutation rela-

tions {c†j, ck} = δj,k. Substituting into the Hamiltonian we obtain

H(h) =−
L−1∑
j=1

(c†j − cj)(cj+1 + c†j+1)− h(cjc
†
j − c†jcj)

− eiπN̂
(
cL − c†L

)(
c1 + c†1

)
. (2.34)

where the fermion number N̂ is defined as N̂ =
∑N

j=1 c
†
jcj . As [H, N̂ ] = 0 the

Hamiltonian is block-diagonal in terms of the fermions with the two blocks being

characterised by even and odd fermion number. Imposing anti-periodic and pe-

riodic boundary conditions for even and odd fermion number respectively we can

write the Hamiltonian in both sectors as

H(h) =−
L−1∑
j=1

(c†j − cj)(cj+1 + c†j+1)− h(cjc
†
j − c†jcj) (2.35)

where for even fermion number cL+1 = −c1 and cL+1 = c1 for odd fermion num-

ber. In the following we will refer to the sector with even fermion number and

anti-periodic boundary conditions on the fermions as Neveu-Schwarz (NS) sector,

whereas the sector with odd fermion number and periodic boundary conditions

will be called Ramond (R) sector.

The next step towards diagonalizing the transverse field Hamiltonian is a Fourier

transform:

ck =
1√
L

L∑
j=1

cje
ikj (2.36)

Depending on the sector and the associated boundary conditions the momenta

are quantized differently

kNS/Rn =

{
2π(n+1/2)

L
2πn
L

, n = −L
2
, . . . ,

L

2
− 1. (2.37)

To diagonalise the Hamiltonian we introduce Bogoliubov fermions αkNS/R

c
k
NS/R
n

=cos

(
θ
k
NS/R
n

2

)
α
k
NS/R
n

+ i sin

(
θ
k
NS/R
n

2

)
α†
−kNS/R

n

(2.38)

c†
−kNS/R

n

=i sin

(
θ
k
NS/R
n

2

)
α
k
NS/R
n

+ cos

(
θ
k
NS/R
n

2

)
α†
−kNS/R

n

, (2.39)
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where {αk, α†
p} = δp,k for momenta in the same sector and the Bogoliubov angle

is

eiθk =
h− eik√

1 + h2 − 2h cos k
. (2.40)

We can express the Hamiltonian as

HNS =

L/2−1∑
n=−L/2

ε(kNSn )

[
α†
kNS
n
α
kNS
n

− 1

2

]
(2.41)

HR =

L/2−1∑
n=−L/2
n̸=0

ε(kRn )

[
α†
kRn
α
kRn

− 1

2

]
− 2(1− h)

[
α†
0α0 −

1

2

]
(2.42)

in the even and odd fermion sector respectively, where the dispersion relation is

given by

ε(k) =2
√
1 + h2 − 2h cos(k). (2.43)

We see from (2.42) that depending on h > 1 or h < 1 we can obtain different

ground states. This manifests itself in the different phases depending on h > 1

or h < 1 respectively. For h > 1 the extra term in the Ramond sector is positive

and the lowest state in this sector with odd fermion number is the state where

the k = 0 mode is occupied. Therefore the ground state of the full Hamiltonian is

given by the vacuum state in the NS sector:

|GS⟩h>1 = |0⟩NS (2.44)

where the vacuum is defined as the state which is annihilated by application of

any annihilation operator. This is the paramagnetic phase of the TFIM. A complete

set of states is given by

∣∣kNS1 , . . . , kNS2m

⟩
NS

=
2m∏
j=1

α†
kNS
j

|0⟩NS (2.45)

∣∣kR1 , . . . , kR2m+1

⟩
R
=

2m+1∏
j=1

α†
kRj

|0⟩R (2.46)
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for m integer and with momenta kNS/Rj satisfying (2.37) for states in the NS/R sec-

tor respectively. For h < 1 to get a positive energy we perform a particle-hole

transformation α†
0 ↔ α0 and again define the vacuum in the Ramond sector to be

the state which is annihilated by any annihilation operator. Due to the nature of

the particle-hole transformation the new vacuum has odd fermion number and

therefore both NS and R vacuua |0⟩NS and |0⟩R are physical states. A complete set

of states is given by

∣∣kNS1 , . . . , kNS2m

⟩
=

2m∏
j=1

α†
kNS
j

|0⟩NS (2.47)

∣∣kR1 , . . . , kR2m⟩ = 2m∏
j=1

α†
kRj

|0⟩R . (2.48)

The lowest energy states are the two vacuua with the energies of these states are

given by

E(|0⟩NS) = −1

2

L
2
−1∑

n=−L
2

ε(kNSn ) (2.49)

E(|0⟩R) = −1

2

L
2
−1∑

n=−L
2

ε(kRn ) (2.50)

which can be shown to be equal up to corrections, which are exponentially small

in system size and vanish in the large L limit. Therefore for L → ∞, which is the

case of interest for us, we have a ground state degeneracy with the two ground

states given by

|GS⟩(1,2)h<1 =
1√
2
(|0⟩R ± |0⟩NS) (2.51)

Spontaneous symmetry breaking selects one of the ground states characterising

the ferromagnetic phase of the TFIM.

2.4.2 Full Counting Statistics and Generating Function

We are interested in the properties of the smooth and staggered components of

the transverse magnetization of a chain segment of length ℓ < L. These are de-
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fined as

Szu(ℓ) =
ℓ∑

j=1

σzj , Szs (ℓ) =
ℓ∑

j=1

(−1)jσzj . (2.52)

Given a density matrix ρ that specifies the quantum mechanical state of our sys-

tem, the probability distributions for the transverse subsystemmagnetizations are

given in the same way as in Chapter 2.2 by

P (u,s)(m) = Tr
(
ρ δ
(
m− Szu,s(ℓ)

))
. (2.53)

In the following we will focus on the characteristic functions of these probability

distributions, which are defined as

P (u,s)(m) =

∫ ∞

−∞

dλ

2π
e−iλm χ(u,s)(λ, ℓ) ,

χ(u,s)(λ, ℓ) = Tr
[
ρ eiλS

z
u,s
]
. (2.54)

By construction, the expansion of χ(u,s)(λ, ℓ) around λ = 0 generates the moments

of the associated probability distribution. Analogous to the discussion in 2.2 the

following relations are readily inferred from the definition of χ(u,s)(λ, ℓ)

χ(u,s)(λ, ℓ) =
[
χ(u,s)(−λ, ℓ)

]∗
,

χ(u,s)(0, ℓ) = 1 ,

χ(u,s)(λ+ π, ℓ) = (−1)ℓχ(u,s)(λ, ℓ) . (2.55)

These properties imply

P (u,s)(m) =

{
2
∑

r∈Z δ(m− 2r + ℓ)P
(u,s)
w (r − ℓ

2
) if ℓ is odd

2
∑

r∈Z δ(m− 2r)P
(u,s)
w (r) if ℓ is even

(2.56)

where we have defined the weights

P (u,s)
w (r) =

∫ π/2

−π/2

dλ

2π
e−2iλrχ(u,s)(λ, ℓ) . (2.57)

These weights are closely related to the probability distribution of the transverse

smooth and staggered subsystem magnetization as shown in 2.2.
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2.4.3 Expectation values of even operators and L→ ∞

We are interested in expectation values of the form

Tr
(
ρ eiλS

u,s(ℓ)
)
. (2.58)

The complete set of states both for h > 1 and h < 1 split into states in the NS

sector and the R sector, distinguished by the total fermion number N̂ . Therefore

the density matrix ρ, similarly to the Hamiltonian, can be written in block-form

ρ =
∑
i,j

ρNSij |i, NS⟩ ⟨j,NS|+
∑
i,j

ρRij |i, R⟩ ⟨j, R|

+
∑
i,j

ρNS−Rij (|i, R⟩ ⟨j,NS|+ |i, NS⟩ ⟨j, R|) (2.59)

where ρNSij and ρRij are the amplitudes for states from only NS and R sector respec-

tively and ρNS−Rij amplitudes of states connecting both sectors. As an example we

can consider the density matrix corresponding to the ground state in the ferro-

magnetic regime

ρGS,h<1 =
1

2
|0⟩NS NS ⟨0|+

1

2
|0⟩ R R ⟨0| ± 1

2
(|0⟩NS R ⟨0|+ |0⟩ R NS ⟨0|) (2.60)

The fermionic parity operator F = eiπN̂ distinguishes both sectors, which differ by

total fermion number where for a state |NS⟩ from the NS sector F |NS⟩ = |NS⟩

and for a state |R⟩ from the R sector we have F |R⟩ = − |R⟩. Importantly the

operators we are interested in are even under the fermionic parity operator

FeiλSu,s(ℓ)F † = eiλS
u,s(ℓ) (2.61)

and therefore the expectation value can be written as

Tr
(
ρ eiλS

u,s(ℓ)
)
=Tr

[(∑
i,j

ρNSij |i, NS⟩ ⟨j,NS|+
∑
i,j

ρRij |i, R⟩ ⟨j, R|

+
∑
i,j

ρNS−Rij (|i, R⟩ ⟨j,NS|+ |i, NS⟩ ⟨j, R|)
)
eiλS

u,s(ℓ)

]
(2.62)

=
∑

a=NS,R

∑
ij

ρaij ⟨j, a| eiλS
u,s(ℓ) |i, a⟩

+
∑
ij

ρNS−Rij (⟨j, R| eiλSu,s(ℓ) |i, NS⟩+ ⟨j,NS| eiλSu,s(ℓ) |i, R⟩).

(2.63)
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Using that the operator is even under fermionic parity we see that

Tr
(
ρ eiλS

u,s(ℓ)
)
=

∑
a=NS,R

∑
ij

ρaij ⟨j, a| eiλS
u,s(ℓ) |i, a⟩ . (2.64)

In the L → ∞ limit expectation values in the Ramond and Neveu-Schwarz sector

are equal (cf. [76]) and with the correct normalization of the expectation value we

obtain

Tr
(
ρeiλS

u,s(ℓ)
)
= TrNS

(
ρNSe

iλSu,s(ℓ)
)

(2.65)

where we only have to consider states in the NS sector for both trace and density

matrix. In the example given above for the GS of the ferromagnetic phase we

therefore obtain

Tr
(
ρGS,h<1e

iλSu,s(ℓ)
)
= NS ⟨0| eiλS

u,s(ℓ) |0⟩NS . (2.66)

As the Hamiltonian is block-diagonal in the fermion number basis time evolu-

tion does not mix sectors and we only have to consider time evolution in the NS

sector in the large L limit. Therefore we can from now on drop the subscript NS

and go to L → ∞. The transformation between fermions on sites and operators

diagonalizing the Hamiltonian (2.31) is then given by

cj =

∫ π

−π

dk

2π
e−ikj

[
cos(θk/2)αk + i sin(θk/2)α

†
−k

]
, (2.67)

and the Hamiltonian takes the form

H(h) =

∫ π

−π

dk

2π
ε(k)

[
α†
kαk −

1

2

]
, (2.68)

where the dispersion relation is again given by

ε(k) =2
√

1 + h2 − 2h cos(k). (2.69)

For the purpose of taking the expectation value of the operators of interest the

ground state of H(h) is equal to the Bogoliubov vacuum state defined by

αk |0⟩ = 0. (2.70)

and is even under fermionic parity F , which will be useful later.
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From a theoretical point of view calculating the FCS for a given observable

on a sizeable subsystem poses a formidable problem and as a result only very

few exact results are available even in simple equilibrium situations. Even less is

known about FCS after quantum quenches. This motivates reconsidering FCS in the

transverse field Ising chain (TFIC). The TFIC is a key paradigm for quantum phase

transitions [74] and a simple, but non-trivial, many-body system without particle

number conservation and therefore provides an ideal playground for studying FCS

both in and out of equilibrium. Indeed, thanks to the mapping of the TFIC to

a model of non-interacting spinless fermions with pairing term it is possible to

analytically determine ground state and thermal properties, see e.g. [74, 77, 78],

as well as describe the non-equilibrium dynamics of local observables [75, 79–84]

and of the reduced density matrix of a block of adjacent sites [83, 85–87] after a

global quantum quench. A summary of these developments is given in the recent

reviews Refs [76, 88].

In this work we focus on the FCS of the simplest observable, the transverse
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magnetization within a block of ℓ adjacent spins. In the ground state this problem

has been previously analysed in Refs [33, 35] and generic Gaussian states have

been considered as well [38]. We note that the ground state FCS of the longitudinal

magnetization in the field theory limit at the critical point has been determined

in Ref. [34] and the ground state FCS of the subsystem energy was considered in

Ref. [40].

This chapter is organised as follows. In Section 3.1 we provide a novel deriva-

tion of an efficient determinant representation for the FCS in general Z2 invariant

Gaussian states. The result is equivalent to that of Ref. [38]. This result is applied

in Section 3.2 to the determination of the FCS in equilibrium states. In the ground

state we recover the results of Ref. [33]. Our results for the FCS in finite temper-

ature equilibrium states are to the best of our knowledge new. In Section 3.3 we

turn to the main point of interest: the time evolution of the FCS after a global

quantum quench. We consider the situation where the system is prepared in a

pure state at finite energy density and then time evolved with a Hamiltonian that

does not commute with the initial state density matrix, which leads to non-trivial

dynamics. We present explicit results for general “transverse field” quenches as

well as evolution starting from a classical Néel state. The main result of this work

is presented in Section 3.4: an analytic expression for the time evolution of the

FCS after a transverse field quench.

3.1 Generating Function for a general Gaussian state

In this section we show how to obtain the generating function (2.54) for the oper-

ators

Szu(ℓ) =
ℓ∑

j=1

σzj , Szs (ℓ) =
ℓ∑

j=1

(−1)jσzj (3.1)

in a general Gaussian state with a novelmethod that recovers the results of Ref [38].

Our starting point is the realization that (2.54) depends only on the reduced
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density matrix of the block A of ℓ adjacent spins

χ(u,s)(λ, ℓ) = Tr
[
ρ eiλS

z
u,s(ℓ)

]
= Tr

[
ρA e

iλSz
u,s(ℓ)

]
, (3.2)

where the reduced density matrix ρA is defined as the result of tracing out the

complement of A from the density matrix ρ

ρA = TrĀ (ρ) . (3.3)

As the Pauli matrices together with the identity form an orthonormal basis in the

space of operators over C2 the reduced density matrix of a subsystem A that con-

sists of ℓ neighbouring spins at sites i = 1, . . . , ℓ can be expressed in the form

ρA =
1

2ℓ

∑
{α1...αℓ}

Tr(ρ σα1
1 . . . σαℓ

ℓ )σα1
1 . . . σαℓ

ℓ , (3.4)

where αi = 0, x, y, z. In order to proceed we need to specify a convenient basis

of operators. This is provided by Majorana fermions related to the lattice spin

operators by

a2l−1 =

(∏
m<l

σzm

)
σxl , a2l =

(∏
m<l

σzm

)
σyl , σzl = ia2ja2j−1. (3.5)

The Majorana fermions satisfy the algebra

{aj, ak} = 2δj,k . (3.6)

We now restrict our discussion to density matrices that are invariant under the Z2

fermionic parity transformation F , which is given in terms of Pauli operators as

F =
∏∞

i=−∞ σzi and therefore satisfying the relations

Fσzl F = σzl , Fσx,yl F = −σx,yl . (3.7)

In this case the Jordan-Wigner strings cancel and the reduced density matrix (RDM)

is mapped to an operator expressed in terms of Majorana fermions acting on the

same spatial domain

ρA =
1

2ℓ

∑
{µ1...µ2ℓ=0,1}

Tr(ρ aµ11 . . . aµ2ℓ2ℓ ) a
µ2ℓ
2ℓ . . . a

µ1
1 . (3.8)
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We note that the case where FρF ̸= ρ can be dealt with by the method set out in

Ref. [87], however as seen in the discussion in 2.4.3 for the even operators we are

interested in and in the infinite system size limit, we can always work in just one

of the sectors and therefore with a density matrix even under the fermionic parity

operation.

Following Refs. [89–91] we can now show that the reduced density matrix ρA is

Gaussian if the density matrix itself has this property. As we require the density

matrix to be Gaussian, we can use (3.8) and Wick’s theorem to express ρA in terms

of the subsystem correlation matrix ΓAnm

ΓAnm = Tr [ρ aman]− δnm , 1 ≤ m,n ≤ 2ℓ. (3.9)

The RDM (3.8) can be written in an explicit Gaussian form as

ρA =
1

Z
exp

(
1

4

∑
m,n

amWmnan

)
, (3.10)

if all the correlation functions of Majoranas within 1, . . . , ℓ with respect to this

Gaussian density matrix and with respect to the reduced density matrix (3.8) agree.

The matrix W is a skew symmetric 2ℓ × 2ℓ hermitian matrix. As we have a Wick’s

theorem for both cases, we simply have to show that the two-point functions and

therefore the correlation matrices are the same. Let us therefore look at

ΓAnm + δmn =Tr

[
1

Z
exp

(
1

4

∑
i,j

aiWijaj

)
aman

]
. (3.11)

AsW is skew-symmetric we can perform an orthogonal transformation that block

-diagonalises W such that

OTWO = B (3.12)

where

B =


0 λ1

−λ1 0
0 λ2

−λ2 0
. . .

 . (3.13)
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Defining bn ≡
∑

mO
T
nmam, we can rewrite ΓAnm as

ΓAnm + δmn =
∑
k,l

Tr

[
1

Z
exp

(
1

4

∑
i,j

biBijbj

)
blbk

]
OT
lmOnk (3.14)

Due to the block-diagonal structure of B, the blocks in the trace decouple and we

only need to look at a 2× 2 block of the matrix B:

exp

(
1

2
b1B12b2

)
=

(
cosh

B̂

2

)
11

+

(
sinh

B̂

2

)
12

b1b2 (3.15)

with

B̂ =

(
0 B12

−B12 0

)
. (3.16)

Therefore it is easy to see that

ΓAnm + δmn =
∑
k,l

[(
tanh

B

2

)
kl

+ δkl

]
OT
lmOnk

=

(
tanh

W

2

)
nm

+ δmn (3.17)

where we used the orthogonality property to arrive at the second line. Therefore

the matrix W can be related to the correlation matrix (3.9)

tanh
W

2
= ΓA (3.18)

and the reduced density matrix ρA is explicitly Gaussian. Furthermore introducing

the auxiliary “density matrices”

ρ̃(u,s) ≡ 1

Z̃(u,s)
eiλS

z
u,s(ℓ), Z̃(u,s) = Tr

[
eiλS

z
u,s(ℓ)

]
= (2 cos(λ))ℓ. (3.19)

where the “partition function” Z̃(a) ensures the normalisation Tr
(
ρ̃(a)
)
= 1, the

generating function can be written as

χ(u,s)(λ, ℓ) ≡ Z̃ Tr
[
ρA ρ̃

(u,s)
]
, a = u, s. (3.20)

It is easily seen that the auxiliary density matrix ρ̃(u,s)(a) is Gaussian by writing the

operator S(u,s)(ℓ) in terms of fermions following Section 2.4.1. The corresponding
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2ℓ× 2ℓ correlation matrices Γ̃(u,s) of Majorana fermions are given by

Γ̃
(u)
ij = Tr

[
ρ̃(u) ajai

]
=

1

Z̃(u)
Tr

(
ℓ∏

k=1

(cosλ− sinλa2ka2k−1)ajai

)
− δij ,

Γ̃
(s)
ij = Tr

[
ρ̃(s) ajai

]
=

1

Z̃(s)
Tr

[
ℓ∏

k=1

(
cos (λ)− (−1)k sin(λ) a2ka2k−1

)
ajai

]
− δij. (3.21)

The only non-vanishing matrix elements are

Γ̃
(u)
2j,2j−1 = −Γ̃

(u)
2j−1,2j =

1

2 cosλ
Tr [(cosλ− sinλ a2ja2j−1)a2j−1a2j] = − tanλ ,

Γ̃
(s)
2j,2j−1 = −Γ̃

(s)
2j−1,2j

=
1

2 cosλ
Tr
[
(cosλ− (−1)j sinλ a2ja2j−1)a2j−1a2j

]
= −(−1)j tanλ . (3.22)

This implies that Γ̃(u,s) are block-diagonal, e.g.

Γ̃(u) = i tanλ

 σy 0 . . .
0 σy . . .

. . .

 ≡ i tan(λ)Σy, (3.23)

where σy is the 2× 2 Pauli matrix.

We have seen that both ρA and ρ̃(a) are Gaussian operators in the fermionic

representation of our problem and are univocally determined by the correlation

matrices of the fundamental fermionic operators [89–91]. Moreover, the trace of

the product of Gaussian operators such as (3.2) can be expressed in terms of the

associated correlation matrices [92]. This is a very useful property, see e.g. Ref. [87]

for a related application, that forms the basis of our analysis. We are now in a

position to write down a convenient determinant representation for the generating

functions χ(u,s)(λ, ℓ). To do so we employ a relation derived in Ref. [92]: given

two Gaussian density matrices ρ1,2 with correlation matrices Γ1,2 the trace of their

product is given by

Tr [ρ1 ρ2] = ±

√
det

(
1 + Γ1Γ2

2

)
, (3.24)
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with a sign ambiguity that needs to be fixed manually from the symmetries of

χ(a)(λ, ℓ). Applying this relation to our case we arrive at the following determinant

representations

χ(a)(λ, ℓ) = ± 1

(2 cosλ)ℓ

√√√√det

(
1 + ΓAΓ̃(a)

2

)
, a = u, s , (3.25)

where ΓA and Γ(u,s) are given in (3.9) and (3.22), (3.23) respectively.

3.1.1 Simplifications in special cases

Equation (3.25) has been derived for a general Z2-invariant Gaussian state with

density matrix ρ. If the state is also invariant under translations and reflections

with respect to a site the generating function χ(u)(λ, ℓ) can be simplified further.

Just from translation invariance the correlation matrix assumes a block Toeplitz

form [85, 90]

ΓA =


Π0 Π−1 · · · Π1−ℓ

Π1 Π0
...

... . . . ...
Πℓ−1 · · · · · · Π0

 , Πl =

(
f ool geol
goel f eel

)
, (3.26)

Using translational invariance again we can relate goel and geol

goel = ⟨a1a2l+2⟩ = ⟨a−2l−1a0⟩ = −⟨a0a−2l−1⟩ = −geo−l (3.27)

where the expectation value is defined as ⟨A⟩ = Tr(ρA) and we used translational

invariance as well as the fermionic commutation of the Majorana operators. To

relate f ool to f eel we need the additional reflection symmetry with respect to a site.
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Assuming l > 0 we can write

f ool + δl0 = ⟨a1a2l+1⟩ =

⟨
σx1

l∏
m=1

σzmσ
x
l+1

⟩

=

⟨
σx−1

−1∏
m=−l

σzmσ
x
−l−1

⟩

=

⟨
σxl

l∏
m=1

σzmσ
x
0

⟩

=

⟨
σx0σ

z
0

l−1∏
m=0

σzmσ
x
l σ

z
l

⟩

= −

⟨
σy0

l−1∏
m=0

σzmσ
y
l

⟩
= −⟨a0a2l⟩ = −f eel + δl0, (3.28)

where we used the Jordan-Wignermapping andmapping betweenMajorana fermions

and complex fermions in the first line and reflection symmetry in the second line.

With this we can write the blocks of the Toeplitz matrix as

Πl =

(
−fl gl
−g−l fl

)
, (3.29)

here

gl = Tr
(
ρa2na2n+2l−1

)
= −Tr

(
ρa2n−1a2n−2l

)
,

fl = Tr
(
ρa2na2n+2l

)
− δl0 . (3.30)

Taking advantage of the block diagonal form of the correlation matrix of the aux-

iliary density matrix in (3.23) we can cast the generating function in the form

χ(u)(λ, ℓ) = (2 cosλ)ℓ

√
det

(
1− tan(λ)Γ′

2

)
, (3.31)

where Γ′ is a block Toeplitz matrix

Γ′ =


Π′

0 Π′
−1 · · · Π′

1−ℓ

Π′
1 Π′

0

...
... . . . ...

Π′
ℓ−1 · · · · · · Π′

0

 , Π′
l =

(
gl fl
fl g−l

)
. (3.32)
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3.1.2 Expressions for the first few cumulants

The determinant representation (3.25) of the generating function provides an ef-

ficient way for determining the cumulants of the probability distribution, which is

the main purpose of the function itself. The cumulants are obtained in the usual

way from the series expansions of lnχ(u,s)(λ, ℓ)

lnχ(u,s)(λ, ℓ) =
∞∑
n=1

C
(u,s)
n

n!
(iλ)n. (3.33)

The first few terms of the series expansion are

lnχ(u)(λ, ℓ) = ℓ ln(cosλ)− 1

2

∞∑
n=1

(tanλ)n

n
Tr
[
(Γ̄)

n]
= −ℓλ

2

2
− λ

2
Tr
(
Γ̄
)
− λ2

4
Tr
(
Γ̄2
)

−λ
3

6
(Tr
(
Γ̄3
)
+ Tr

(
Γ̄
)
) +O(λ4) , (3.34)

where we have defined

Γ̄ = −iΓAΣy , (3.35)

with Σy defined in (3.23). The first three cumulants are

C1 =
i

2
Tr
(
Γ̄
)
, C2 = ℓ+

Tr
(
Γ̄2
)

2
, C3 = − i

2
(Tr
(
Γ̄3
)
+ Tr

(
Γ̄
)
). (3.36)

Specifying to the case of density matrices ρ that are invariant under translations

and reflections around a site we have

Tr
(
Γ̄
)
=ℓTr(Π′

0) = 2ℓg0, (3.37)

Tr
(
Γ̄2
)
=ℓTr

( ℓ−1∑
j=0

(2(ℓ− j)− ℓδj0)Π
′
jΠ

′
−j

)
= 2ℓ

ℓ−1∑
j=0

(2(ℓ− j)− ℓδj0)(gjg−j + fjf−j)

=2ℓ

( ℓ−1∑
j=1

(2(ℓ− j))(gjg−j + fjf−j) + ℓg20

)
= 2Tr

(
F 2 +G2

)
, (3.38)

Tr
(
Γ̄3
)
=2Tr

(
G3 + 3F 2G

)
, (3.39)

where F and G are the ℓ× ℓ Toeplitz matrices

G =


g0 g−1 · · · g1−ℓ

g1 g0
...

... . . . ...
gℓ−1 · · · · · · g0

 , F =


f0 f−1 · · · f1−ℓ

f1 f0
...

... . . . ...
fℓ−1 · · · · · · f0

 . (3.40)
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For the first three cumulants we obtain

C1 = iℓg0 , C2 = ℓ+ Tr
(
F 2 +G2

)
, C3 = −i(Tr

(
G3 + 3F 2G

)
+ ℓg0) . (3.41)

It is straightforward to generalise these considerations to higher cumulants be-

cause Tr
(
Γ̄n
)
can always be written as the sum of the traces of products of F and

G.

3.2 Full counting statistics in equilibrium

In this section we analyse the generating function χ(u)(λ, ℓ) obtained from (3.25)

and the associated probability distribution in equilibrium configurations. We first

consider the ground state FCS, which has been previously studied by Cherng and

Demler in [33]. We then turn to the FCS in finite temperature equilibrium states,

which to the best of our knowledge has not been considered in the literature.

3.2.1 Full counting statistics in the ground state

According to the discussion in 2.4.3, the ground state density matrix is Gaussian.

The generating function is therefore of the form (3.31), (3.32) with entries

fl =0, (3.42)

gl =− i

∫ π

−π

dk

2π
e−ikleiθk , (3.43)

where θk is the Bogoliubov angle (2.40). By rearranging rows and columns, Γ̄ can

be brought to a block diagonal form with ℓ × ℓ matrices G and GT (3.40) on the

diagonal and zero otherwise. This allows us to express the generating function as

χ(u)(λ, ℓ) =(2 cosλ)ℓ

√
det

(
1− tan(λ)G

2

)
det

(
1− tan(λ)GT

2

)
=det (cosλ− sin(λ)G) , (3.44)
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This is precisely the result previously obtained by Cherng and Demler [33] by a

different technique. They considered the generating function

χCD(λ, ℓ) =⟨GS|eiλ
∑ℓ

j=1

1−σz
j

2 |GS⟩ = eiλℓ/2χ(u)(−λ/2, ℓ)

=det

(
1 + eiλ

2
+

1− eiλ

2
iG

)
. (3.45)

The Toeplitz determinant (3.44) can be analysed by standard methods [33]. The

symbol of the Toeplitz matrix is defined as in Appendix 3.A. In the case under

consideration it is given by

τ(eik) = cosλ+ ieiθk sinλ. (3.46)

As long as the symbol has zero winding number a straightforward application of

Szegő’s Lemma gives, cf. Appendix 3.A

lim
ℓ→∞

lnχ(u)(λ, ℓ)

ℓ
=

∫ 2π

0

dk

2π
ln(cosλ+ ieiθk sinλ) . (3.47)

For h < 1 and λ > λc(h) the winding number of the symbol is 1 and the above

result gets modified accordingly [35]. For a detailed analysis we refer to Ref. [35].

We note that all cumulants can be obtained from (3.47) since they are defined by

the expansion close to λ = 0. Consequently, the first cumulants are given by

C1 =

∫ π

−π

dk

2π
eiθk ,

C2 =

∫ π

−π

dk

2π
(1− e2iθk),

C3 =

∫ π

−π

dk

2π
2(e3iθk − eiθk),

C4 =

∫ π

−π

dk

2π
2(−1 + 4e2iθk − 3e4iθk). (3.48)

The non-zero values of C3 and C4 show that the probability distribution is non-

Gaussian.

3.2.2 Full counting statistics at finite temperature

We now turn to the FCS in finite temperature equilibrium states, which are partic-

ular examples of Gaussian states, and for which we are not aware of any results
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in the literature. In this case, the correlation matrix has the same structure as for

the ground state, but now

fl = 0, (3.49)

gl = −i
∫ π

−π

dk

2π
e−ikleiθk tanh(βϵk/2) , (3.50)

where ϵk is the dispersion relation (2.43). Since fl = 0, the same simplifications as

in the ground state case apply and the generating function can be expressed as

χ(u)(λ, ℓ) = det (cosλ− sin(λ)G) . (3.51)

In Fig. 3.1 we show P
(u)
w (m) for subsystem size ℓ = 20 and several different temper-

(a) (b)

Figure 3.1: Probability distribution as a function of m for ℓ = 20 and several tem-
peratures at (a) h = 0.5; (b) h = 2.

atures. We employ a log-linear plot in order to make the deviations of the proba-

bility distributions from a Gaussian form (which would correspond to a parabolic

form) more apparent. We can see from Fig. 3.1 (a) that the temperature depen-

dence for h < 1, corresponding to the ferromagnetically ordered phase at zero

temperature, is not very pronounced. In contrast we see a much stronger temper-

ature dependence in the paramagnetic phase, cf. Fig. 3.1 (b). At low temperatures

the probability distribution is as expected asymmetric as a result of the applied

field and is seen to display an even/odd structure. The latter disappears quickly as

temperature is increased, whereas the asymmetry remains until the temperature

exceeds the scale set by the magnetic field.
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(a) (b)

Figure 3.2: Skewness as a function of ℓ for several values of β at (a) h = 0.5 and (b)
h = 2.

(a) (b)

Figure 3.3: Excess kurtosis as a function of subsystem size ℓ for several tempera-
tures and (a) h = 0.5 and (b) h = 2.

In Figs 3.2 and 3.3 we show the skewness and excess kurtosis of the probability

distribution as a function of subsystem size ℓ for a range of temperatures. These

are defined as the thermal expectation values

⟨[ X√
⟨X2⟩β

]3⟩
β
,
⟨[ X√

⟨X2⟩β

]4⟩
β
− 3 , X = Szu(ℓ)− ⟨Szu(ℓ)⟩β . (3.52)

Both skewness and excess kurtosis are non-vanishing for finite β and ℓ, which es-

tablishes that the distribution is not Gaussian. A very peculiar feature is that at

fixed ℓ skewness and excess kurtosis are non-monotonic functions of the temper-

ature in the ferromagnetic phase (cf. Fig. 3.4). Furthermore, we observe that at

a fixed temperature they both tend to zero as the subsystem size ℓ is increased.
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(a) (b)

Figure 3.4: Skewness and excess kurtosis as a function of β at fixed subsystem size
ℓ = 20 in (a) the paramagnetic regime at h = 2 and (b) in the ferromagnetic regime
at h = 0.5. In the ferromagnetic regime we see non-monotonicities in β.

This signals that the corresponding probability distribution approaches a Gaus-

sian. This is expected as for large subsystem sizes the laws of thermodynamics

apply and the probability distribution is then approximately Gaussian with a stan-

dard deviation that scales as
√
ℓ.

3.3 Full counting statistics after a quantum quench

We now turn to the time evolution of the characteristic function χ(u,s)(λ, t) after

quantum quenches. We consider two different classes of initial states:

• We initialize the system in the ground state of H(h0) and time evolve with

H(h). Such transverse field quenches have been studied in detail in the

literature [75, 80–87, 93–102].

• We initialize the system in the Néel state |↑↓↑↓ . . . ↑↓⟩, thus breaking transla-

tional symmetry by one site. This symmetry is restored at late times after the

quench and it is an interesting question how this is reflected in the proba-

bility distributions of observables.
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3.3.1 Transverse field quench h0 −→ h

In this quench protocol both the Hamiltonian and the initial state are transla-

tionally invariant. The characteristic function has the determinant representation

(3.31), (3.32) with [85]

gl = −i
∫ π

−π

dk

2π
e−ikleiθk (cos∆k − i sin∆k cos(2εkt)) (3.53)

fl =

∫ π

−π

dk

2π
e−ikl sin∆k sin(2εkt) , (3.54)

where

eiθk =
h− eik√

1 + h2 − 2h cos k
, cos∆k = 4

hh0 − (h+ h0) cos k + 1

εh(k)εh0(k)
. (3.55)

Using Szegő’s Lemma it is straightforward to obtain the large-ℓ asymptotics in the

initial (t = 0) and stationary (t = ∞) states. The t = 0 result corresponds to a

ground state at field h0 and has been discussed earlier.

3.3.1.1 Behaviour in the stationary state

The late time asymptotics of the generating function can be determined from

Szegő’s Lemma. For quenches into the paramagnetic phase h > 1 it takes the

form

lim
t→∞

lnχ(u)(λ, ℓ, t)

ℓ
=

∫ 2π

0

dk

2π
ln
(
cosλ+ i sinλ cos∆ke

iθk
)
+O(1/ℓ) , ℓ≫ 1.

(3.56)

The O(ℓ−1) corrections also follow from Szegő’s Lemma. The real and imaginary

parts of χ(u)(λ, ℓ, t) (with O(ℓ−1) corrections included) are shown for a transverse

field quench from h0 = 5 to h = 2 and subsystem size ℓ = 100 in Fig. 3.5.

For quenches into the ferromagnetic phase and λ < λc(h0, h), Eq. (3.56) con-

tinues to hold. However, for λ > λc(h0, h) the symbol exhibits non-zero winding

number and the analysis needs to be modified, cf. Appendix 3.A. The probability

distribution in the stationary state is obtained by Fourier transforming χ(u)(λ, ℓ, t).

Examples for several transverse field quenches are shown in Fig. 3.6. We again
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(a) (b)

Figure 3.5: (a) Reχ(u)(λ, ℓ,∞) and Imχ(u)(λ, ℓ,∞) for a quench from h = 5 to h = 2
and subsystem size ℓ = 100.

employ a logarithmic scale to make the deviations from a Gaussian form more

apparent. In Figs 3.7 we plot the skewness and the excess kurtosis of the steady

Figure 3.6: Stationary state probability distribution P (u)
w (m,∞) for a subsystem of

size ℓ = 70 for several transverse field quenches.

state probability distributions for a number of transverse field quenches. We ob-

serve that in all cases both skewness and excess kurtosis tend to zero for large

subsystem sizes. This signals that the probability distributions approach Gaus-

sians in the large-ℓ limit. While the steady states are non-thermal now, they still

exhibit finite correlation lengths. Employing the same arguments as for finite tem-

perature ensembles then implies that the cumulants of Szu(ℓ) are proportional to

ℓ in the large-ℓ limit. This in turn suggests that skewness and excess kurtosis

should scale as ℓ−1/2 and ℓ−1 respectively, while the standard deviation scales as

ℓ1/2. These expectations are in perfect agreement with our findings (cf. Fig. 3.8).
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(a) (b)

Figure 3.7: (a) Skewness and (b) Excess kurtosis of the steady state probability
distribution as functions of subsystem size ℓ for a number of transverse field
quenches.

(a) (b)

Figure 3.8: Cumulants C2 to C6 over subsystem size ℓ for a quench from (a) h = 0.2
to h = 0.8 and (b) h = 3 to h = 1.2. The cumulants are seen to be linear in the
subsystem size ℓ.

3.3.1.2 Scaling collapse

At finite times the FCS and the probability distribution can be computed efficiently

from the determinant representation (3.31). Importantly we observe that for suffi-

ciently large values of ℓ and t there is scaling collapse

χ(u)(λ, ℓ, t) ≈ exp (ℓf(λ, t/ℓ)) , t, ℓ≫ 1. (3.57)

The property (3.57) is an important ingredient in the analytic calculation of the FCS

described in Section 3.4. Several examples of the scaling behaviour of the real part

of the generating function are shown in Figs 3.9, 3.10. The imaginary parts exhibit
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a similar scaling collapse.

(a) (b)

Figure 3.9: Re lnχ(u)(0.1, ℓ, t)/ℓ for several values of ℓ for a quench from (a) h = 0.2
to h = 0.8 and (b) h = 3 to h = 1.2. The data for different subsystem sizes are seen
to collapse at sufficiently late times.

(a) (b)

Figure 3.10: Re lnχ(u)(0.1, ℓ, t)/ℓ for several values of ℓ for a quench from (a) h = 3
to h = 0.2 and (b) h = 0 to h = 20. The data for different subsystem sizes are seen
to collapse at sufficiently late times.

For quenches towards the ferromagnetic regime the scaling collapse for gen-

eral values of λ can be significantly worse, and then really only emerges at rather

large subsystem sizes ℓ, cf. Fig. 3.11. Like in the case of the stationary state dis-

cussed above, c.f. Section 3.3.1.1, there exists a critical value λ̂c(h0, h) of the counting

parameter such that for λ < λ̂c(h0, h) the scaling collapse is excellent, while for

λ > λ̂c(h0, h) no collapse is observed at the times and subsystem sizes of interest

here. Instead after a rapid evolution for short times, an ℓ and λ dependent slow

drift towards the stationary value can be seen for very long times (cf. Fig. 3.12). For
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Figure 3.11: Re lnχ(u)(1.4, ℓ, t)/ℓ for several values of ℓ for a quench from h = 0.2 to
h = 0.8. The data for different subsystem sizes are seen to collapse at sufficiently
late times only for very large subsystem sizes ℓ.

Figure 3.12: Re lnχ(u)(λ, ℓ, t)/ℓ at λ = 1.1 for a quench in the ferromagnetic phase
from h0 = 0 to h = 0.8 as a function of t as well as the stationary value at t →
∞. After a period of short time decay we see a very slow relaxation towards the
stationary value.

the cases we have considered λ̂c(h0, h) coincides with λc(h0, h), which is the value

of the counting parameter above which the symbol has non-zero winding num-

ber. We note however, that in cases like the one shown in Fig. 3.11 the generating

function itself is extremely small and will not give a significant contribution to the

corresponding probability distribution.
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3.3.1.3 Time dependence of the probability distribution

There are basically four different kinds of transverse field quenches and we now

consider them in turn.

1. Quenches within the ferromagnetic phase. For such quenches the probabil-

(a) (b)

Figure 3.13: (a) Probability distribution P
(u)
w (m, t) at times t = 0, 1.7, 3.3, 5.0 after

a quench from h = 0.2 to h = 0.8 for subsystem size ℓ = 70. (b) Probability
distribution P (u)

w (m, t) for the same parameters.

ity distribution remains very narrow and approximately Gaussian through-

out, cf. Fig. 3.13. For the parameters considered the average relaxes quickly

towards its stationary value.

2. Quenches within the paramagnetic phase.

Here the initial probability distribution exhibits an even/odd structure. This

can be understood by doing perturbation theory around the large h0 limit,

cf. Appendix 3.B. After the quench the mean of the probability distribution

broadens and shifts towards smaller values of m. The alternating structure

is initially preserved but then gets smoothed out. At late times P (u)
w (m, t) is

well described by a Gaussian.

3. Quenches from the paramagnetic to the ferromagnetic phase.

Here the probability distribution is initially peaked at a large value of m and

displays an even/odd structure. At later times it broadens and becomes
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(a) (b)

Figure 3.14: (a) Probability distribution P (u)
w (m, t) at times t = 0, 0.2, 1.2, 10.0 after a

quench from h = 3 to h = 1.2 for subsystem size ℓ = 70. (b) Probability distribution
P

(u)
w (m, t) for the same parameters.

(a) (b)

Figure 3.15: (a) Probability distribution P
(u)
w (m, t) at times t = 0, 0.2, 0.7, 3.3, 15.0

after a quench from h = 3 to h = 0.2 for subsystem size ℓ = 70. (b) Probability
distribution P (u)

w (m, t) for the same parameters.

smooth, while relaxing towards its stationary profile in an strongly oscillatory

manner.

4. Quenches from the ferromagnetic to the paramagnetic phase.

In this case the probability distribution shows very little variation in time

and remains narrow and approximately Gaussian throughout the evolution.

It was pointed out in Ref. [99] that the return amplitude exhibits a non-

analyticity at some finite time t∗ after the quantumquench. This phenomenon

was termed a “dynamical phase transition”. Local operators are known to be
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(a) (b)

Figure 3.16: (a) Probability distribution P
(u)
w (m, t) at times t = 0, 2.5, 5.0 after a

quench from h = 0 to h = 10 for subsystem size ℓ = 70. (b) Probability distribution
P

(u)
w (m, t) for the same parameters.

insensitive to this phenomenon [75, 82, 83]. We have investigated the be-

haviour of P (u)
w (m, t) in the vicinity of t∗ but have not observed any unusual

effects (cf. Fig. 3.17). We conclude that the probability distribution for the

smooth subsystem magnetization in the transverse field direction is also in-

sensitive to the “dynamical phase transition”.

Figure 3.17: Probability distribution P (u)
w (m, t) after a quench from h = 0 to h = 2

for subsystem size ℓ = 30. The red lines indicate the times at which the non-
analyticities occur in the Loschmidt echo in a quench across the critical point
(cf. [99])

Again as a measure for non-Gaussianities of the probability distribution during
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the time evolution we can plot Skewness and Kurtosis as a function of time in

Fig. 3.18 for all four quenches. We see that for quenches starting in the param-

agnetic regime Skewness and Kurtosis are large and quickly relax to the values

in the stationary state. This is related to the even-odd effects in the probability

distribution for quenches starting from this phase. For quenches originating in

the ferromagnetic phase both Skewness and Kurtosis are always approximately of

the value in the stationary state.

(a) (b)

Figure 3.18: (a) Skewness and (b) Kurtosis as a function of time for quenches be-
tween the different phases at subsystem size ℓ = 20.

3.3.2 Quench from the Néel state

We now turn to the time evolution of P (u,s)
w (m, t) when the system is initialized in

the Néel state |ψ0⟩ = |↑↓↑↓ . . . ↑↓⟩. This explicitly breaks translational invariance

by one site, but retains invariance under translation by two sites. As a result the

subsystem correlation matrix is now a 4× 4 block-Toeplitz matrix

ΓANéel =


ΠNéel

0 ΠNéel
−1 · · · ΠNéel

1−ℓ/2

ΠNéel
1 ΠNéel

0

...
... . . . ...

ΠNéel
ℓ/2−1 · · · · · · ΠNéel

0

 , (3.58)
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where we have assumed the subsystem size ℓ to be even and

ΠNéel
l =


⟨a1a4l+1⟩ − δ0l ⟨a2a4l+1⟩ ⟨a3a4l+1⟩ ⟨a0a4l−3⟩

⟨a1a4l+2⟩ ⟨a2a4l+2⟩ − δl0 ⟨a3a4l+2⟩ ⟨a0a4l−2⟩
⟨a1a4l+3⟩ ⟨a2a4l+3⟩ ⟨a3a4l+3⟩ − δl0 ⟨a0a4l−1⟩
⟨a1a4l+4⟩ ⟨a2a4l+4⟩ ⟨a3a4l+4⟩ ⟨a0a4l⟩ − δl0

 . (3.59)

Here the number of degrees of freedom can again be reduced by the symmetries

of the Hamiltonian and initial state, namely translation symmetry by two sites and

reflection symmetry by a site. Using this analogously to the translation invariant

case we obtain

ΠNéel
l =


−f (1)

l g
(1)
l f

(3)
l g

(2)
l

−g(1)−l f
(1)
l −g(2)−l+1 f

(3)
−l+1

−f (3)
−l g

(2)
l−1 −f (2)

l g
(3)
l

−g(2)−l −f (3)
l−1 −g(3)−l f

(2)
l

− δl,01 (3.60)

where

f
(1)
l = ⟨a2a4l+2⟩ (3.61)

f
(2)
l = ⟨a0a4l⟩ (3.62)

f
(3)
l = ⟨a3a4l+1⟩ (3.63)

g
(1)
l = ⟨a2a4l+1⟩ (3.64)

g
(2)
l = ⟨a0a4l−3⟩ (3.65)

g
(3)
l = ⟨a0a4l−1⟩ . (3.66)

Additionally, the initial state is invariant under translation by one site and sub-

sequent spin flip on all spins, given by action of the operator Σ =
∏

j σ
x
j . The

Hamiltonian is not invariant under this operation, however one gets

ΣH(h)Σ = H(−h), (3.67)

relating different two-point functions at opposite magnetic field value. As an ex-

ample we obtain

f
(1)
l (h) = f

(2)
l (−h). (3.68)
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Explicit calculation of the two-point functions shows that these are anti-symmetric

in h ↔ −h and we see that g(1)l = −g(3)l , g(2)l = 0, f (3)
l = f

(3)
−l and f

(2)
l = −f (1)

l .

Therefore there are three remaining independent two point functions and we can

write

ΠNéel
l =


−fl gl hl 0
−g−l fl 0 hl
−h−l 0 fl −gl
0 −h−l g−l −fl

− δl,01 , (3.69)

where the two-point functions are given by

fl − δl0 = i

∫ 2π

0

dk

2π
e−2ijk

[
eiθk cos

(
ε(k + π)t

)
sin
(
ε(k)t

)
−

e−iθk+π cos
(
ε(k)t

)
sin
(
ε(k + π)t

)]
,

gl = i

∫ 2π

0

dk

2π
e−2ijk

[
cos
(
ε(k)t

)
cos
(
ε(k + π)t

)
+

ei(θk+θk+π) sin
(
ε(k)t

)
sin
(
ε(k + π)t

)]
,

hl = i

∫ 2π

0

dk

2π
e−i(2j−1)k

[
e−iθk cos

(
ε(k + π)t

)
sin
(
ε(k)t

)
−

eiθk+π cos
(
ε(k)t

)
sin
(
ε(k + π)t

)]
. (3.70)

In the following we will determine the characteristic functions

χ(u)(λ, ℓ, t) = ⟨ψ0(t)|eiλS
z
u(ℓ)|ψ0(t)⟩ , χ(s)(λ, ℓ, t) = ⟨ψ0(t)|eiλS

z
s (ℓ)|ψ0(t)⟩ , (3.71)

where again we have defined

Szu(ℓ) =
ℓ∑

j=1

σzj , Szs (ℓ) =
ℓ∑

j=1

(−1)jσzj . (3.72)

According to our general discussion in Section 3.1 they have determinant repre-

sentations of the form

χ(u)(λ, ℓ, t) = ±
(
2 cos(λ)

)ℓ√√√√det

(
1 + ΓANéelΓ̃

2

)
,

χ(s)(λ, ℓ, t) = ±
(
2 cos(λ)

)ℓ√√√√det

(
1 + ΓANéelΓ̃

π

2

)
, (3.73)

where Γ̃π2j,2j−1 = −Γ̃π2j−1,2j = − tan(λ)(−1)j and Γ̃2j,2j−1 = −Γ̃π2j−1,2j = − tan(λ)

respectively.
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3.3.2.1 Behaviour in the stationary state

We first consider the probability distributions for a finite subsystem of even size ℓ

in the late time limit. As we will now show, the stationary state for the Néel quench

is locally equivalent to an infinite temperature state. To see this we first note that

the energy of the Néel state is

⟨ψ0|H(h)|ψ0⟩ = 0. (3.74)

We can also look at expectation values of all higher conservation laws. In terms

of spins their explicit representation is given by [76]

I(1,+) = H(h), (3.75)

I(n>1,+) = −J
∑
j

(
Sxxj,j+n + Syyj,j+n−2

)
+ h

(
Sxxj,j+n−1 + Syyj,j+n−1

)
, (3.76)

I(n,−) = −J
∑
j

(
Sxyj,j+n − Syxj,j+n

)
, (3.77)

where n ≥ 1 and

Sαβj,j+ℓ =σ
α
j

[
ℓ−1∏
k=1

σzj+k

]
σβj+ℓ, Syyj,j = −σyj . (3.78)

From these expressions it can immediately be seen that

⟨ψ0|I(n,±)|ψ0⟩ = 0. (3.79)

The vanishing of the expectation value of Hamiltonian and all higher conserved

quantities in the Néel state implies that the conserved Bogoliubov mode occupa-

tion numbers are given by

⟨ψ0|α†
kαk|ψ0⟩ =

1

2
. (3.80)

These characterize an infinite temperature equilibrium state. We conclude that

the system will relax locally [76] to an infinite temperature steady state at late

times after the quench. Using this observation it is then straightforward to work

out the probability distributions P (u)(m, t = ∞) of Szu(ℓ) =
∑ℓ

j=1 σ
z
j and P (s)(m,∞)
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of Szs (ℓ) =
∑ℓ

j=1 (−1)jσzj . As shown in the introduction we have

P (u,s)(m, t = ∞) =

{
2
∑

r∈Z δ(m− 2r + ℓ)P
(u,s)
w (r − ℓ

2
,∞) ℓ odd

2
∑

r∈Z δ(m− 2r)P
(u,s)
w (r,∞) ℓ even

. (3.81)

As we are dealing with an infinite temperature state, we may calculate Pw(r) by

using a grand canonical ensemble and working in the simultaneous eigenbasis of

the σzj ’s. This reduces the calculation of Pw(r) to the combinatorial problem of

how many eigenstates there are for a given eigenvalue of Szu(ℓ) or Szs (ℓ). This is

easily solved in terms of the binomial distribution

P (u)
w (m,∞) = P (s)

w (m,∞) =
1

2ℓ

(
ℓ

ℓ/2−m

)
∼
√

2

ℓπ
exp

(
−2m2

ℓ

)
. (3.82)

The result (3.82) for large ℓ is of course reproduced by applying Szegő’s Lemma for

block Toeplitz matrices to the determinant representations (3.73). This gives

lim
t→∞

lnχ(u)(λ, ℓ, t)

ℓ
=

1

2
ln
(
cos2(λ)

)
+O(1/ℓ) = lim

t→∞

lnχ(s)(λ, ℓ, t)

ℓ
, ℓ≫ 1. (3.83)

Fourier transforming gives the Gaussian form of P (u,s)
w (m,∞) in (3.82).

3.3.2.2 Time dependence

The time dependence of the probability distributions for both Szu(ℓ) and Szs (ℓ) can

now be determined numerically from the determinant representation (3.73). Re-

sults for two values of the transverse field (h = 0.2 and h = 2) are shown in

Figs 3.19, 3.20, 3.21 and 3.22. The probability distribution of Szu(ℓ) initially has a

single peak at m = 0. At later times this peak broadens and relaxes towards the

Gaussian profile (3.82). When quenching to the ferromagnetic phase, cf. Fig. 3.19,

an additional feature emerges: an even/odd structure evolves at short times after

the quench.

The probability distribution of Szs (ℓ) is useful for investigating the restoration of

the translational symmetry. In the initial state P (s)
w (m, t = 0) features a single peak

at m = −ℓ/2, which is a characteristic fingerprint of the classical Néel state (in z-

direction). We first discuss quenches into the ferromagnetic phase. Here at short
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(a) (b)

Figure 3.19: P (u)
w (m, t) for a subsystem of size ℓ = 60 at times t = 0, 1.4, 30.0 for a

system initialized in a Néel state and time evolved with H(h = 0.2). The dotted
lines are the asymptotic probability distributions given in (3.82).

(a) (b)

Figure 3.20: P (u)
w (m, t) for a subsystem of size ℓ = 60 at times t = 0, 1.4, 30.0 for a

system initialized in a Néel state and time evolved withH(h = 2). The dotted lines
are the asymptotic probability distributions given in (3.82).

times after the quench P (s)
w (m, t) develops an even/odd structure and broadens

significantly. The average of the probability distribution oscillates strongly in time

and decays very slowly to its stationary value, which is a Gaussian distribution

centred around m = 0. This shows that translational symmetry is restored very

slowly.

The behaviour for quenches into the paramagnetic phase is broadly similar.

An even/odd structure develops at early times, but is less pronounced that for

quenches to the ferromagnetic phase. The average of P (s)
w (m, t) again oscillates
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(a) (b)

Figure 3.21: P (s)
w (m, t) for a subsystem of size ℓ = 60 at times t = 0, 1.4, 30.0 for a

system initialized in a Néel state and time evolved with H(h = 0.2). The dotted
lines are the asymptotic probability distributions given in (3.82).

strongly around m = 0, but is seen to relax much more quickly than for quenches

to the ferromagnetic phase. Approximate translational symmetry gets restored

more rapidly.

(a) (b)

Figure 3.22: P (s)
w (m, t) for a subsystem of size ℓ = 60 at times t = 0, 1.4, 30.0 for a

system initialized in a Néel state and time evolved withH(h = 2). The dotted lines
are the asymptotic probability distributions given in (3.82).

3.4 Analytic results for the probability distribution

We now restrict our discussion to the particular case of transverse field quenches.

As we have seen above, in this case the characteristic functions χ(u)(λ, ℓ, t) exhibit
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a scaling collapse at late times, cf. (3.57). This suggests that it might be possible to

obtain analytic results for the late time asymptotics by a suitable generalization

of the multi-dimensional stationary state approximation method previously used

to determine the asymptotics of the order parameter two-point function [82] and

the entanglement entropy [86]. As we will see, such a generalization is indeed

possible, even though the case at hand is significantly more complicated.

Our starting point is the following expression

lnχ(u)(λ, ℓ, t) = ℓ ln (cosλ) +
1

2
Tr(ln(1− tanλ Γ′)) , (3.84)

which is derived from (3.31) by using the identity ln (detA) = Tr(ln (A)). The second

term in (3.84) can be expanded in a power series

1

2
Tr(ln(1− tanλ Γ′)) =− 1

2

∞∑
n=1

(
tan(λ)

)n
n

Tr
[
(Γ′)

n]
. (3.85)

This then leads us to examine integer powers (Γ′)n of the correlationmatrix. Unlike

in the case of the order parameter two-point function analysed in [75] odd powers

do not vanish because Γ′ is not a real anti-symmetric matrix. The symbol t′(k)

corresponding to the correlation matrix Γ′ is defined by

(Γ′)ln =

∫ π

−π

dk

2π
ei(l−n)k t̂′(k) . (3.86)

Its explicit expression for a magnetic field quench from h0 to h is

t̂′(k) =

(
−ieiθk(cos∆k − i sin∆k cos(2εkt)) sin∆k sin(2εkt)

sin∆k sin(2εkt) −ie−iθk(cos∆k + i sin∆k cos(2εkt))

)
,

(3.87)

where θk and ∆k have been previous defined in (3.55). Following Ref. [75] we can

represent the trace of powers of the correlation matrix as multiple integrals. For

this let us first look at the second moment. The block matrix elements of Γ2 can

be written as

(
Γ′2)

lm
=

ℓ∑
m=1

Γ′
lmΓ

′
mn =

∫ π

−π

∫ π

−π

d2k

(2π)2
ei(lk1−nk2)t̂′(k1)t̂

′(k2)
ℓ∑

m=1

eim(k1−k2). (3.88)
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Evaluating the sum in a geometric series we can rewrite the sum as an integral:

e−i(ℓ+1)k/2

ℓ∑
m=1

eimk =
eik − ei(ℓ+1)k

1− eik
e−i(ℓ+1)k/2

=
e−iℓk/2 − eiℓk/2

e−ik/2 − eik/2

=
ℓ

2

∫ 1

−1

dξ
k

2 sin(k/2)
eiℓξk/2. (3.89)

This is easy to generalise to general n and one gets

Tr
[
(Γ′)

n]
=

(
ℓ

2

)n ∫ π

−π

dk1 . . . dkn
(2π)n

∫ 1

−1

dξ1 . . . dξn

C
(
k⃗
)
F
(
k⃗
)
exp

(
iℓ

n−1∑
j=0

ξj
2
(kj+1 − kj)

)
, (3.90)

where we have defined k0 ≡ kn and

C(k⃗) =
n−1∏
j=0

kj − kj−1

2 sin [(kj − kj−1)/2]
, F (k⃗) = Tr

(
n−1∏
i=0

t̂′(ki)

)
. (3.91)

We now change variables

ζ0 = ξ1 , ζi = ξi+1 − ξi , i = 1, . . . , n− 1 . (3.92)

The integration ranges in the ζ variables is determined by the constraints

− 1 ≤
k−1∑
j=0

ζj ≤ 1 , k = 1, . . . , n. (3.93)

The integral over ζ0 can now be carried out as the integrand does not depend on

it. This gives

Tr
[
(Γ′)

n]
=

(
ℓ

2

)n ∫ π

−π

dk1 . . . dkn
(2π)n

∫ 1

−1

dζ1 . . . dζn−1 µ(ζ⃗)

C
(
k⃗
)
F
(
k⃗
)
exp

(
−iℓ

n−1∑
j=1

ζj
2
(kj − k0)

)
, (3.94)

where µ({ζ}) is the size of the range of ζ0 under the constraints (3.93)

µ(ζ⃗) = max

[
0, min

0≤j≤n−1

(
1−

j∑
k=1

ζk

)
+ min

0≤j≤n−1

(
1 +

j∑
k=1

ζk

)]
. (3.95)

56



PART I CHAPTER 3. FCS IN THE TFIM

3.4.1 Multi-dimensional stationary phase approximation

For large values of ℓ the integrals can be carried out using a multi-dimensional

stationary phase approximation. As the symbol is independent of ζj the station-

arity conditions for the ζj ’s implies that the leading contribution to (3.94) derives

from the region

kj ≈ k0 , j = 1, . . . , n− 1 . (3.96)

We may thus replace kj with k0 everywhere except in rapidly oscillating terms in

the symbol such as e2iε(kj)t. In [75] this procedure was referred to as localisation

rule. As in [82] application of this rule gives

C(k⃗) ≈ 1 . (3.97)

Obtaining a closed form expression for F (k⃗) is however much more involved than

for the order-parameter two point function studied in Ref. [75]. Looking at the first

terms, here e.g. the first three moments Πn = Tr
(∏n−1

i=0 t̂
′(ki)

)
Π1 =− 2iA cos(c) + 2iB cos(a0) sin(c) (3.98)

Π2 =AB (2 cos (a0) sin(2c) + 2 cos (a1) sin(2c))

+B2 (2 cos (a0) cos (a1) cos(2c) + 2 sin (a0) sin (a1))− 2A2 cos(2c) (3.99)

Π3 =A
2B (−2i cos (a0) sin(3c)− 2i cos (a1) sin(3c)− 2i cos (a2) sin(3c))

+ AB2(−2i cos (a0) cos (a1) cos(3c)− 2i cos (a2) cos (a1) cos(3c)

− 2i cos (a0) cos (a2) cos(3c)− 2i sin (a0) sin (a1) cos(c)

− 2i sin (a0) sin (a2) cos(c)− 2i sin (a1) sin (a2) cos(c))

+B3 (2i cos (a0) cos (a1) cos (a2) sin(3c) + 2i sin (a0) sin (a1) cos (a2) sin(c)

+2i sin (a0) sin (a2) cos (a1) sin(c) + 2i sin (a1) sin (a2) cos (a0) sin(c))

+ 2iA3 cos(3c), (3.100)
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where ai = 2ε(ki)t, c = θk0 , A = cos∆k0 and B = − sin∆k0 , we conjecture that

application of the localization rule to F (k⃗) results in

F (k⃗)
∣∣∣
loc

=2
∑

A1,A2,A3

sign(A1 ∪ A2)(−i)n+S(A1,A2) (cos∆k0)
|A3|(sin∆k0)

|A1|+|A2|

× cos
(
[n− 2q(A1)]θk0 −

π(|A1|+ |A2|)
2

) ∏
i∈A1

sin(2ε(ki)t)
∏
j∈A2

cos(2ε(kj)t) .

(3.101)

Here the sum is over all partitions of the set of integers {0, 1, . . . , n− 1} into three

sets A1, A2 and A3, where the number of elements in A1 is constrained to be even.

The size of the set B = {b1, b2, . . . } is denoted by |B| and we have defined

q(B) = mod n

[ |B|∑
i=1

(−1)i+1bi
]
,

S(A1, A2) =

{
2 if q(A1) ≤ n

2
, mod 2

[
|A1 ∪ A2|

]
= 1 and |A1| > 0,

0 else.
(3.102)

Finally, sign(A) is the sign of the permutation required to bring the (integer) el-

ements of the set A into ascending order. We have explicitly checked (3.101) for

1 ≤ n ≤ 15 but have not been able to find a rigorous proof for it.

We now use the identity (for even k)
k∏
i=1

sin(xi)
k+m∏
j=k+1

cos(xj) =
(−1)

k
2

2k+m

1∑
i1=0

1∑
i2=0

· · ·
1∑

ik+m=0

exp

(
i
k+m∑
j=1

(−1)ijxj + iπ
k∑
j=1

ij

)
,

(3.103)

to rewrite the time-dependent factors in (3.101). This gives

F (k⃗)
∣∣∣
loc

=2
∑

A1,A2,A3

sign(A1 ∪ A2)
(−i)S(A1,A2)+n+|A1|

2|A1|+|A2|
(cos∆k0)

|A3|(sin∆k0)
|A1|+|A2|

× cos
(
[n− 2q(A1)]θk0 −

π(|A1|+ |A2|)
2

)
×

1∑
p1=0

· · ·
1∑

p|A1|+|A2|=0

exp

2it

|A1|+|A2|∑
r=1

(−1)prε(k(A1∪A2)r
) + iπ

|A1|∑
r=1

pr

 ,

(3.104)

where (A)r is the r’th element of the set A and

(A1 ∪ A2)r =

{
(A1)r if r ≤ |A1|,
(A2)r−|A1| if |A1| < r ≤ |A1|+ |A2|.

(3.105)
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Application of the localization rule to (3.94) hence results in an expression of the

form

Tr
[
(Γ′)

n]∣∣∣
loc

= 2

(
ℓ

2

)n ∑
A1,A2,A3

sign(A1 ∪ A2)
(−i)S(A1,A2)+n+|A1|

2|A1|+|A2|

×(cos∆k0)
|A3|(sin∆k0)

|A1|+|A2| cos
(
[n− 2q(A1)]θk0 −

π(|A1|+ |A2|)
2

)
×

1∑
p1=0

· · ·
1∑

p|A1|+|A2|=0

(−1)
∑|A1|

r=1 pr

∫ 1

−1

dζ1 . . . dζn−1 µ(ζ⃗)

∫ π

−π

dk1 . . . dkn
(2π)n

× exp

2it

|A1|+|A2|∑
r=1

(−1)prε(k(A1∪A2)r
)− iℓ

n−1∑
j=1

ζj
2
(kj − k0)

 . (3.106)

In the next step we carry out a multi-dimensional stationary phase approximation

for the 2n−2 integrals over ζ1, . . . , ζn−1 and k1, . . . , kn−1. We will assume that there

is a single saddle point and use∫
dx1 . . . dxk p(x1, . . . , xk)e

iℓq(x1,...,xk) ≈(
2π

ℓ

)k/2
p(x

(0)
1 , . . . , x

(0)
k )√

| detA|
exp

(
iℓq(x

(0)
1 , . . . , x

(0)
k ) +

iπσA
4

)
, (3.107)

where σA the signature of the matrix A (i.e. the difference between the numbers

of positive and negative eigenvalues), which is the Hessian of the function q eval-

uated at the saddle point

Aij =
∂

∂xi

∂

∂xj

∣∣∣∣∣
x⃗=x⃗(0)

q(x1, . . . , xk) . (3.108)

In our case the saddle point conditions are

k
(0)
j = k0 , j = 1, . . . , n− 1 ,

ζ
(0)
j =

{
γA1∪A2,k if j ∈ A1 ∪ A2 ,

0 else ,
(3.109)

where γA,k = 4t
ℓ
(−1)

p
(A)−1

k ε′(k0) and (A1 ∪ A2)
−1 is the inverse of the index-function

(A1 ∪ A2)j defined above. The Hessian A is a matrix of the form

A =
1

2

(
0 I
I M

)
, (3.110)
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and hence we have detA = −41−n and σA = 0. The value of µ(ζ⃗) at the saddle

point for a given sequence {p1, p2, . . . , p|A1|+|A2|} is

µ(ζ⃗(0)) = max

[
0, min

0≤j≤|B|

(
1−

j∑
k=1

γB,k

)
+ min

0≤j≤|B|

(
1 +

j∑
k=1

γB,k

)]
, (3.111)

where B = A1 ∪ A2 − {0}. The saddle point approximation thus gives

Tr
[
(Γ′)

n] ≈ ℓ
∑

A1,A2,A3

sign(A1 ∪ A2)
(−i)S(A1,A2)+n+|A1|

2|A1|+|A2|
(cos∆k0)

|A3|(sin∆k0)
|A1|+|A2|

× cos
(
[n− 2q(A1)]θk0 −

π(|A1|+ |A2|)
2

) 1∑
p1=0

· · ·
1∑

p|A1|+|A2|=0

(−1)
∑|A1|

r=1 pr

×
∫ π

−π

dk0
2π

µ(ζ⃗(0)) exp

−2itε(k0)

|A1∪A2|∑
r=1

(−1)pr

 . (3.112)

The leading contribution to the final integral can then also be determined by a sta-

tionary phase approximation. This shows that all terms with
∑|A1∪A2|

r=1 (−1)pr ̸= 0

are suppressed at late times by a factor of 1/
√
t. Conversely, the leading contribu-

tion to χ(u)(λ, ℓ, t) at late times arises from terms with
∑|A1∪A2|

r=1 (−1)pr = 0, which

requires |A1|+ |A2| to be even.

3.4.1.1 Structure of µ(ζ⃗(0))

At this point it is useful to investigate the structure of µ(ζ⃗(0)) for a given term in

the multiple sum over p1, . . . , p|A1|+|A2| in more detail. For simplicity we focus on a

particular example

|A1| = |A2| = 2 , {p(A1∪A2)
−1
k
|k = 1, . . . , 4} = {0, 1, 0, 1}. (3.113)

In this case we have

µ(ζ⃗(0)) =max
(
0,min(1, 1− 4t

ℓ
ε′(k0)) + min(1, 1 +

4t

ℓ
ε′(k0))

)
=max

(
0, 2− 4t

ℓ
|ε′(k0)|

)
= Θ(ℓ− 2 |vk0 | t)

(
2− 4

t |vk0|
ℓ

)
, (3.114)

where vk0 = ε′(k0) is the group velocity of Bogoliubov fermions at momentum k0

and Θ(x) is the Heaviside step function. The step function in (3.114) is reminiscent
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of the light-cone structure found for two point correlation functions of local oper-

ators [14, 103–105] and entanglement entropies [85, 106, 107]. Repeating the above

exercise for

|A1| = |A2| = m , {p(A1∪A2)
−1
k
|k = 1, . . . , 2m} = {1, 1, . . . , 1︸ ︷︷ ︸

m

, 0, 0, . . . , 0} , (3.115)

leads to the result

µ(ζ⃗(0)) = Θ(ℓ− 2m |vk0| t)
(
2− 4m

t |vk0|
ℓ

)
. (3.116)

All other cases can be worked out analogously and lead to Heaviside step functions

Θ(ℓ− 2m |vk0 | t) withm ∈ N0. We can calculate the moments Tr((Γ′)n) numerically

as a first check of the validity of the saddle point approximation. As we sill have

a sum over the partitions of n numbers for moment Tr((Γ′)n), calculation of large

n becomes computationally expensive very quickly. The moments for n = 5 and

n = 6 are shown in Fig. 3.23 and Fig. 3.24

(a) (b)

Figure 3.23: Moments Tr((Γ′)n) for (a) n = 5 and (b) n = 6 for a transverse field
quench from h0 = 5 to h = 1.5. For moment 5 the imaginary part, whereas for
moment 6 the real part is plotted, the respective other part is 0. The analytic
approximation gives a very good description for almost all times.

3.4.2 Result for χ(λ, ℓ, t)

In order to obtain the logarithm of the characteristic function χ(λ, ℓ, t) we now

need to sum over all contributions (3.112) with coefficients given in (3.85). This is
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(a) (b)

Figure 3.24: Moments Tr((Γ′)n) for (a) n = 5 and (b) n = 6 for a transverse field
quench from h0 = 0 to h = 0.8. For moment 5 the imaginary part, whereas for
moment 6 the real part is plotted, the respective other part is 0. The analytic
approximation gives a very good description for almost all times.

a formidable task. It turns out that the structure of Heaviside step functions dis-

cussed above provides a very useful way of organizing the complicated summation

required. The full result can be expressed in the form

lnχ(u)(λ, ℓ, t) ≈ ℓ ln(cosλ) +
ℓ

2

∞∑
n=0

∫ 2π

0

dk0
2π

Θ(ℓ− 2n|vk|t)
[
1− 2n|vk|t

ℓ

]

×
n+1∑
m=0

cos
(
2mε(k0)t

)
fn,m(λ, k0) + C . (3.117)

Here C is a constant that is beyond the accuracy of the stationary phase approxi-

mation and the functions fn,m(λ, k0, t) are given in terms of infinite series. Based

on the first 15 terms in these series we conjecture the following explicit expres-

sions

f0,0(λ, k0) = 2 ln
(
1 + i cos∆k0 tanλe

iθk0
)
,

f1,0(λ, k0) = ln

[
1− sin2∆k0 tan

2 λ(cos θk0 + i cos∆k0 tanλ)
2

(sin2 θk0 + (cos θk0 + i cos∆k0 tanλ)
2)

2

]
,

f2,0(λ, k0) = ln

[
1 +

sin4∆k0 tan
4 λ sin2 θk0(cos θk0 + i cos∆k0 tanλ)

2

((sin2 θk0 + (cos θk0 + i cos∆k0 tanλ)
2)

2 − sin2∆k0 tan
2 λ(cos θk0 + i cos∆k0 tanλ)

2)
2

]
.

(3.118)
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In principle one could determine further terms fn,0 but their contribution turns out

to be negligible for all cases we have considered. The contributions fn,m>0(λ, k0, t)

are more difficult to simplify. While the term f0,1 can still be obtained without

further approximations, in order to obtain closed form expressions for m > 1

we have resorted to an expansion in powers of sin(∆k0). This is expected to give

very accurate results for small quenches, which are defined as producing a small

density of elementary excitations through the quench [75, 82]. The leading terms

are then conjectured to be of the form

f0,1 = −i tan∆k0 ln

[
1 + ieiθk0 cos∆k0 tanλ

1 + ie−iθk0 cos∆k0 tanλ

]
,

f1,1 = tan∆k0

(
i ln

[
1 + ieiθk0 cos∆k0 tanλ

1 + ie−iθk0 cos∆k0 tanλ

]

− 4 cos∆k0 tanλ sin θk0
sin2 θk0 + (cos θk0 + i cos∆k0 tanλ)

2

)
+O(sin3(∆k0)). (3.119)

The expansion coefficient f1,1 is known to order sin3∆k0 , with unknownO(sin5∆k0)

corrections. As we will see below, the contributions described by (3.118) and (3.119)

are sufficient to obtain an extremely accurate description of χ(u)(λ, ℓ, t). The con-

stant C can be fixed by comparing the t→ ∞ limit of (3.117) to the result obtained

previously for the behaviour in the stationary state. For later convenience we de-

fine two approximations as

lnχ(u)
a (λ, ℓ, t) = ℓ ln(cosλ) + ℓ

2

∑2
n=0

∫ 2π

0
dk0
2π

Θ(ℓ− 2n|vk|t)
[
1− 2n|vk|t

ℓ

]
×
∑a

m=0 cos
(
2mε(k0)t

)
fn,m(λ, k0) + C , (3.120)

where a = 1, 2 and where we set f2,1 = 0.

3.5 Accuracy of the asymptotic result

Our analytic result (3.117), (3.118), (3.119) gives the leading contributions in the space-

time scaling limit [75] ℓ, t → ∞, ℓ/t fixed. An important question is how good this

asymptotic result describes the behaviour of χ(u)(λ, ℓ, t) at small and intermedi-

ate times and subsystem sizes. In order to answer this question we now turn to
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a comparison between our analytical results (3.120) and a direct numerical evalu-

ation of the determinant representation (3.31), (3.32). The numerical errors in the

latter are negligible.

3.5.1 Small-λ regime

A representative comparison between the analytical results χ(u)
1,2(λ, ℓ, t) for small

values of λ and numerics is shown in Fig 3.25 and 3.26. We see that χ(u)
1 (λ, ℓ, t)

(a) (b)

Figure 3.25: Real and imaginary parts of the leading approximation χ(u)
1 (λ = 0.1, ℓ =

200, t) for a transverse field quench quench from h = 0 to h = 0.8. The analytic
approximation gives a good description only at late times.

(a) (b)

Figure 3.26: Real and imaginary parts of χ(u)
2 (λ = 0.1, ℓ = 200, t) for a transverse

field quench quench from h = 0 to h = 0.8. The analytical expression (red dashed
line) is seen to be in excellent agreement with the numerical results, which have
negligible errors on the scale of the figure.

reproduces the numerics very well at late times after the quench. In contrast,
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the oscillatory behaviour at short times is clearly not captured. The improved

approximation χ
(u)
2 (λ, ℓ, t) (3.120) is seen to be in excellent agreement with the

numerics.

By construction the oscillatory part of the analytic result is most accurate over

the entire range of the “counting parameter” λ when sin∆k0 is small, i.e. for small

quenches. For quenches where sin∆k0 is no longer small we still find excellent

agreement between the analytic and numerical results as long as tan(λ) is small.

This can be understood by noting that for such values of λ the infinite sum in (3.85)

is dominated by the first few terms, i.e. small values of n. On the other hand,

higher orders of sin∆k0 only emerge for larger values of n. Therefore the leading

order result in sin∆k0 already provides a very good approximation in the small-

tan(λ) regime even when sin∆k0 is not small. This observation is of significant

practical importance: As shown in Fig. 3.27 in a particular example |Reχ(u)(λ, ℓ, t)|

(a) (b)

Figure 3.27: (a) Real and (b) imaginary parts of χ(u)(λ, ℓ = 50, t) as functions of
λ and t for a transverse field quench from h = 5 to h = 1.5. We observe that
the characteristic function is small unless λ is small. The behaviour for quenches
within the ferromagnetic phase and quenches between the phases is similar.

and |Imχ(u)(λ, ℓ, t)| are largest in the vicinity of λ = 0 (except at short times).

This implies that the corresponding probability distribution, which is the object

we are ultimately interested in, will be dominated by the small-λ regime. As a

consequence (3.117), (3.118), (3.119) provide a good approximation for the calculation

of P (u)
w (m) for all quenches.
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3.5.2 Large-λ regime

In the large-λ regime we have to distinguish between the cases where the symbol

in the stationary state has zero or non-zero winding number, c.f. Section 3.3.1.1.

The first case covers quenches to the paramagnetic phase. Here we find that our

analytic result is again in good agreement with numerics. The second scenario

applies to quenches to the ferromagnetic phase and λ > λc(h0, h). We have shown

in Section 3.3.1.2 that there is no good scaling collapse in this regime of counting

parameters for the moderate subsystem sizes and times of interest here. It should

therefore not come as a surprise that the asymptotic result does not provide a

good approximation in this regime. Presumably (3.117), (3.118), (3.119) no longer hold

in this regime because the analytic continuation of the power series expansion of

the logarithm (3.85) becomes non-trivial in this case. In practice the failure of

the analytic approach to give a good account of the generating function in this

parameter regime is irrelevant as χ(u)(λ, ℓ, t) itself is extremely small and makes

a negligible contribution to the probability distribution. As shown in Fig. 3.28, the

main contribution to the latter, which after all is our object of interest, arises from

the small-λ regime of the generating function, which is well approximated by our

analytic expressions.

(a) (b)

Figure 3.28: Real (a) and imaginary (b) parts of χ(u)(λ, ℓ = 50, t) for a quench within
the ferromagnetic phase from h0 = 0.2 to h = 0.8. The dominant contribution to
the probability distribution arises from the small-λ regime.
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3.5.3 Relative errors

In order to provide a more quantitative discussion of the quality of the approxi-

mate results (3.120) we consider the relative errors

r1,2(λ, ℓ, t) =

∣∣∣∣∣1− ln
(
χ
(u)
1,2(λ, ℓ, t)

)
ln
(
χ
(u)
num(λ, ℓ, t)

)∣∣∣∣∣ , (3.121)

where χ(u)
1,2/num(λ, ℓ, t) are respectively the analytic approximations (3.120) and the

result of the numerical computation of the determinant representation (3.31), (3.32).

In Fig. 3.29 we plot the time dependence of the relative errors for a quench from

(a) (b)

Figure 3.29: (a) Relative errors r1,2(λ = 0.1, ℓ = 200, t) for a quench within the
paramagnetic phase from h0 = 5 to h = 1.5. (b) same for r1,2(λ = 1.4, ℓ = 200, t).

(a) (b)

Figure 3.30: (a) Relative errors r1,2(λ = 0.1, ℓ = 200, t) for a quench within the
ferromagnetic phase from h0 = 0 to h = 0.8. (b) same for r1,2(λ = 1.4, ℓ = 200, t).

h0 = 5 to h = 1.5 for a subsystem of size ℓ = 200 and two values of the counting
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parameter λ. The maximal value of sin(∆k0) within the domain of integration ap-

proximately 0.54, which means that higher orders in f1,1 can be important. As we

have argued above, this will be the case if tan(λ) is not small. In Fig. 3.29 (a) λ = 0.1

is taken to be small, and the quality of both approximations χ(u)
1,2(λ, ℓ, t) is seen to

be excellent. In Fig. 3.29 (b) the counting parameter λ = 1.4 is taken to be large.

This leads to a significantly larger error, which is however still fairly small and also

decays in time. We see that the analytic results provide a good approximation for

all values of λ.

We now turn to a parameter regime, in which our analytic results no longer

provide a uniformly good approximation for all values of the counting parameter

λ. Fig. 3.30 shows results for a quench from h0 = 0.2 to h = 0.8. The maximal

value of sin∆k0 in the integration range is now 0.71 so that higher orders in f1,1

can again be important. For small values of λ the relative errors of both analytical

approximations are small and decreasing in time. On the other hand χ(u)
1,2(λ, ℓ, t)

cease to provide accurate approximations for large values of λwith λ > λc(h0, h) as

can be seen in Fig. 3.30 (b). However, we want to stress oncemore that χ(u)(λ, 200, t)

itself is extremely small in this parameter regime and makes only a negligible

contribution to the probability distribution.

3.5.4 Probability distributions

An asymptotic expansion for the probability distribution P (u)
w (m, t) can be obtained

by Fourier transforming the generating function, cf. Eq. (2.57). As expected on the

basis of the discussion above, we find that the analytic result becomes very ac-

curate at sufficiently late times for all quenches. At intermediate and short times

we still find excellent agreement between the analytical and numerical results for

quenches originating the ferromagnetic, see e.g. Fig. 3.31 (a). For quenches from

the paramagnetic phase the analytic result is in excellent agreement with numer-

ics at short and intermediate times as long as the quench is “small”. In practice this

covers all quenches within the paramagnetic phase as long as h is not very close
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(a) (b)

Figure 3.31: Comparison of the asymptotic expression for P (u)
w (m, t) at ℓ = 70 ob-

tained from Eqns (3.117), (3.118), (3.119) (solid lines) to numerics (symbols) for trans-
verse field quenches with (a) h0 = 0.2 and h = 0.8 and (b) h0 = 5 and h = 2. The
agreement is seen to be excellent.

to 1. For other quenches the corrections to the f1,1 term in (3.119) will become sig-

nificant at short and intermediate times. For quenches across the critical point we

again have to distinguish between quenches originating in the paramagnetic and

ferromagnetic phase. For quenches originating in the ferromagnetic phase simi-

larly to a quench within the ferromagnetic phase χ(λ, ℓ, t) is non-vanishing only

close to λ = 0 and therefore all quenches, independent on the size of sin∆k0 are

well described (cf. Fig. 3.32). For quenches originating in the paramagnetic phase

for small times there is a non-vanishing contribution around λ = π
2
as there was

for quenches within the paramagnetic phase. As for quenches across the critical

point sin∆k0 is always large, f1,1 can not be well described as an expansion in

sin∆k0 . Therefore short times do not show excellent agreement any more, how-

ever we see that the smooth part still gives a good description of the numerics.
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(a) (b)

Figure 3.32: Comparison of the asymptotic expression for P (u)
w (m, t) at ℓ = 70 ob-

tained from Eqns (3.117), (3.118), (3.119) (solid lines) to numerics (symbols) for trans-
verse field quenches with (a) h0 = 0 and h = 2 and (b) h0 = 3 and h = 0.2. The
agreement is seen to be excellent in the case for a quench from the ferromag-
netic to the paramagnetic regime. For the quench from the paramagnetic to the
ferromagnetic regime the agreement is slightly worse.

3.A Asymptotics of block Toeplitz matrices

Let Tℓ be a block Toeplitz matrix with elements (Tℓ)ln = tl−n. The symbol τ(eik) of

Tℓ is defined by

tn ≡
∫ 2π

0

dk

2π
τ(eik)e−ink. (3.122)

In cases where the symbol has winding number zero, the large-ℓ asymptotics of

the determinant of Tℓ is (under certain conditions) given by [108]

ln detTℓ = ℓ

∫ 2π

0

dk

2π
ln det

(
τ(eik)

)
+ det

(
T (τ−1)T (τ)

)
+ o(1). (3.123)

Here T (τ) denotes an infinite Toeplitz matrix with symbol τ . In the case where the

block-size is 1, this reduces to the Szegő limit theorem

ln detTℓ = ℓ

∫ 2π

0

dk

2π
ln τ(eik) +

∑
q≥1

q (ln τ)q(ln τ)−q + o(1), (3.124)

where

(ln τ)q =

∫ 2π

0

dk

2π
ln τ(eik)e−ikq . (3.125)
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The large ℓ asymptotics of Toeplitz determinants in cases where the symbol τ has

winding number ±1 is given by [75, 109]

ln detTℓ = ℓ

∫ 2π

0

dk

2π
ln a(eik) +

∑
q≥1

q (ln a)q(ln a)−q+

ln

∫ 2π

0

dk

2π
e−iℓk

a−(e
ik)

a+(eik)
+ o(1) , (3.126)

where

a(eik) ≡ −e∓ikτ(eik) = exp

(
∞∑
j=1

(ln a)±je
±ijk

)
. (3.127)

3.B Perturbation theory around the h→ ∞ limit

We have seen that the probability distributions P (u,s)(m, t) exhibit an even/odd

structure in m for short times after quenches starting in the paramagnetic phase.

In this appendix we show that this structure can be understood in perturbation

theory around the h → ∞ limit. For simplicity we consider the probability distri-

bution P (u)(m) in the ground state at h ≫ 1. In the limit h → ∞ the ground state

is the saturated ferromagnetic state along the transverse field direction

|0⟩(0) = | ↑ . . . ↑⟩ . (3.128)

Hence
(0)⟨0|eiλSz

u(ℓ)|0⟩(0) = eiλℓ . (3.129)

The corresponding probability distribution is a delta function at m = ℓ/2. The

other eigenstates of
∑

j σ
z
j are denoted by |n⟩(0). The leading correction to the gen-

erating function arises at second order in perturbation theory in H1 =
∑

j σ
x
j σ

x
j+1.

The relevant corrections to the ground state are

|0⟩(2) = |0⟩(0) +
∑
n̸=0

|n⟩(0)
(0)⟨n|H1|0⟩(0)

E
(0)
0 − E

(0)
n

− 1

2
|0⟩(0)

∑
n̸=0

∣∣(0)⟨n|H1|0⟩(0)
∣∣2

(E
(0)
n − E

(0)
0 )

2 + . . . (3.130)

71



PART I CHAPTER 3. FCS IN THE TFIM

Substituting this into the expression for the generating function gives

(2)⟨0|eiλSz
u(ℓ)|0⟩(2) = eiλℓ

[
1−

∑
n̸=0

∣∣(0)⟨n|H1|0⟩(0)
∣∣2

(E
(0)
n − E

(0)
0 )

2

]

+
∑
n̸=0

(0)⟨n|eiλSz
u(ℓ)|n⟩(0)

∣∣∣∣∣ (0)⟨n|H1|0⟩(0)

E
(0)
0 − E

(0)
n

∣∣∣∣∣
2

. (3.131)

In order for (0)⟨n|H1|0⟩(0) to be non-zero the product state |n⟩(0) must have precisely

two overturned spins. Let us denote their positions by j and j + 1. For ℓ ≥ 2 we

then have

(0)⟨n|eiλSz
u(ℓ)|n⟩(0) =


eiλ(ℓ−4) if 1 ≤ j < ℓ

eiλ(ℓ−2) if j = 0 or ℓ
eiλℓ else.

(3.132)

This gives

(2)⟨0|eiλSz
u(ℓ)|0⟩(2) = eiλℓ

[
1− ℓ+ 1

16h2

]
+

2

16h2
eiλ(ℓ−2) +

ℓ− 1

16h2
eiλ(ℓ−4) . (3.133)

The corresponding probability distribution is

P (u)(m)

∣∣∣∣∣
PT

=

[
1− ℓ+ 1

16h2

]
δ(m− ℓ/2)

+
2

16h2
δ(m+ 1− ℓ/2) +

ℓ− 1

16h2
δ(m+ 2− ℓ/2). (3.134)

This is seen to exhibit an even/odd effect as the corrections for m = ℓ/2 mod 2

are proportional to the subsystem size. The comparison to the exact probability

distribution is shown in Fig. 3.33.
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Figure 3.33: Comparison of the exact numerical probability distribution to the per-
turbation theory result in the paramagnetic ground state at h = 4 at subsystem
size ℓ = 30. It can be seen that the perturbation theory correctly reproduces the
staggering of the probability distribution.
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4.1 1D is special: Interactions and integrability

Dimensionality plays an important rôle in interacting quantum systems. One of

the key paradigms in three dimensions is Fermi liquid theory. In a nutshell, intro-

ducing weak interactions to a free fermionic theory dresses the bare particles of

the free theory to quasi-particles with the same quantum numbers and a finite,

however very long life time close to the Fermi surface. Importantly, parametri-

cally decreasing the interaction, the quasi-particle adiabatically goes over to the

bare particle of the theory [23]. All physical quantities in the vicinity of the free

theory point in parameter space are then very well described using these quasi-

particles. In contrast to this, introducing interactions in a one dimensional free

fermionic theory can have dramatic effects on the elementary excitations. At low

energies these can not be described by dressed bare particles with the same quan-

tum numbers, but they in fact have a bosonic character. This is known as Luttinger

Liquid theory [3].

Another important distinction of one dimensional quantum systems is the ex-

istence of special points in parameter space, where the system is strongly inter-

acting, yet elementary excitations have infinite life time. In three dimensions this
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is a quality only of free theories. These theories are called integrable theories

and they are generally characterized by the existence of a macroscopic number of

mutually commuting conserved quantities with (quasi-) local [110, 111] densities[
Ĥ(n), Ĥ(m)

]
= 0 (4.1)

where Ĥ(1) is the Hamiltonian and Ĥ(0) the translation operator.

Elementary excitations are generally complicated superpositions of the bare

particles of the theory [19]. They are simultaneous eigenstates of all the conserved

quantities Ĥ(n) and can for large system sizes be described in terms of dressed

momenta p and energies ε(p), which are additive [19, 112]. These excitations are

eigenstates of not only energy and momentum operators, but also of the higher

order conserved quantities. Like for energy and momentum the corresponding

eigenvalues are additive.

4.2 Stability of excitations in integrable systems

In this section we want to briefly motivate why the elementary excitations of an in-

tegrable theory are stable. To this end we consider a one-parameter excitation of

an integrable theory. For a generic theory, where the only conserved quantities are

energy and momentum (or quasi-momentum), the stability of any such excitation

is determined by the overlap of the one-parameter excitation with the contin-

uum of higher-order excitations in the energy-momentum plane. If the overlap is

non-zero, the one-parameter excitation will generally decay into the higher-order

excitations it has overlap with.

We can now look at the energy-momentum relation in an integrable theory.

In general the one-parameter elementary excitation will overlap the continuum

of higher-order excitations (cf. 4.1 in the XXX-model) and the decay is allowed

kinematically. However in the integrable theory there exist not only energy and

momentum conservation, but as mentioned above, there is a macroscopic num-

ber of conserved quantities. For example looking at the potential decay of the
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Figure 4.1: Energy and momentum of a one-parameter excitation in the XXX-model
in red as well as a continuum of three particle excitations. The shading reflects
the density of states of the three-parameter excitations. The explicit construction
will be introduced later. The one-parameter excitation overlaps the three-particle
continua, which for a generic model would imply a finite decay rate for the one-
parameter excitation. The energy of the excitations are O(1) corrections to the
O(L) ground state energy, where L is the size of the system. The plot is normalized
to 0 by subtracting the ground state energy Le.

one-parameter excitation with momentum p and energy ε(p) into a three-particle

excitation with momenta p1, p2 and p3, we not only have energy and momentum

conservation

P : p = p1 + p2 + p3 (4.2)

E : ε(p) =ε(p1) + ε(p2) + ε(p3) (4.3)

but conservation of all the higher conservation laws H(n) with n > 1

Ĥ(n>1) : H(n>1)(p) =H(n>1)(p1) +H(n>1)(p2) +H(n>1)(p3). (4.4)

For the decay to be allowed, there must exist a set of momenta p1, p2, p3 for a given

incoming momentum p, such that all these equations are satisfied simultaneously.

This constitutes an infinite system of equations for only four unknowns, which is

highly over-constrained. As the densities are independent of each other a solution

generically is highly unlikely. For the XXX-model the constraint of the first higher

order conserved quantity is pictorially shown in Fig. 4.2. This motivates why exci-
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Figure 4.2: Revisiting the energy of the one-parameter excitation over momentum
in red and the three particle continua in grey in the left figure, the allowed decay
channels are states of the one-parameter excitations on the red line into three
particle states that overlap the states on the red line in the energy-momentum
plot. These are encircled in blue. The conservation of energy and momentum
therefore restricts the possible decay channels and we can focus on the remain-
ing one-parameter excitations and three particle states for and into which decay
is allowed. For these allowed states we plot the third conserved quantity over mo-
mentum in the right figure. The one-parameter excitation is again plotted as a red
line, while the three particle continua, which are allowed by energy-momentum
conservation, are given by the grey continuum, the shading again signifying the
density of states. We can clearly see that for every new conservation law the
range of momenta where a one particle excitation can decay into three particles
is shrinking. Going to even higher conserved quantities it can be expected that
the allowed phase space for decay shrinks further until no decay is allowed.

tations in integrable systems are stable. The higher order conservation laws are

however only present directly at the integrable point. Any integrability breaking

perturbation will break these higher conservation laws and we expect that excita-

tions, which are stable in the integrable theory but whose decay is kinematically

allowed, to decay. In the following we will specialize to a specific integrable theory,

the XXX-Heisenberg model and will specifically construct excitations on top of the

ground state.
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4.3 The antiferromagnetic XXX-Heisenberg model and
Bethe Ansatz

The spin-1
2
antiferromagnetic XXX-Heisenberg model [6] in a magnetic field is a

paradigm of integrability in strongly interacting quantum systems. While in three

dimensions it is a basicmodel formagnetism, theMermin-Wagner/Hohenberg [113,

114] theorem forbids breaking of continuous symmetry in in 1D-systems and mag-

netic long range order can not develop. Instead quasi long range order is forming,

defined as algebraically decaying two-point spin functions [3, 115]. This signifies an

infinite correlation length and therefore that the system is at a critical point. The

Heisenberg model in 1D shows very interesting physics, like quantum critical be-

haviour, fractionalisation of quantum numbers or domain wall excitations [3, 115,

116], all of which will be important to us in the following. The spin-1
2
Heisenberg

model as a model of a 1D spin chain can be seen to arise from a strong repulsive

interaction between fermions with spin at half filling, described by the Hubbard

model, a simple model for a Mott insulator [18]. Although the Heisenberg model

is a 1D quantum spin chain, it is not only interesting from a theoretical stand-

point, but there are many experimental realisations in metals and crystals [117–

120]. In these experiments materials are used where the interaction between spins

is mainly in one preferred direction, forming a number of quasi-1D chains within

the materials. There is some residual interaction between the chains, but as long

as the energies at which the spin chains are probed is much larger than the in-

teractions between spin chains these interactions can be taken into account by

perturbation theory and the system behaves as if it was one dimensional.

In the following we will briefly sketch the solution of the model, the construc-

tion of eigenstates at finite system sizes and in the thermodynamic limit, as well

as a mathematical tool we will use to calculate matrix elements in the theory.

We start out considering the more general spin-1
2
XXZ-Heisenberg model given
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Figure 4.3: Sketch of the T = 0 phase diagram of the spin-1
2
XXZ Heisenberg chain

in a magnetic field. In the following we will focus on ∆ = 1, where the model is
gapless and critical.

by the Hamiltonian

H(J,∆, h) = J
L∑
j=1

(
Sxj S

x
j+1 + Syj S

y
j+1 +∆SzjS

z
j+1

)
− h

L∑
j=1

Szj . (4.5)

Here J > 0 and Sαj are spin operators with commutation relations

[Sαi , S
β
j ] = iδijεαβγS

γ
i . (4.6)

The spectrum of (4.5) is gapless for |∆| ≤ 1 and |h| < J(1+∆) [19, 112] (cf. Fig. 4.3).

The model can be solved by Bethe Ansatz [6, 121]. The antiferromagnetic XXX-

model we are interested in is recovered from (4.5) by setting ∆ = 1.

4.3.1 Coordinate Bethe Ansatz

Eigenstates of the XXZ Hamiltonian (4.5) can be constructed by means of the Bethe

Ansatz [6] for any value of the anisotropy∆. As Sz commutes with the Hamiltonian

it is convenient to work in a sector with a fixed number of down-spins N with

respect to the ferromagnetic state

|0⟩ :=
∣∣∣∣Sz = L

2

⟩
=

L⊗
j=1

|↑⟩j , (4.7)
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which will be used as a reference state in the following. Energy eigenstates with

N down-spins take the form

|N⟩ =
L∑

j1,...,jN=1

a(j1, . . . , jN)
N∏
a=1

S−
ja
|0⟩ , (4.8)

where 1 ≤ j1 < j2 < · · · < jN ≤ L. The wave functions have Bethe Ansatz form [6,

19, 112, 121, 122]

a(j1, . . . , jN) =
∑
P∈SN

(−1)[P ]AP exp

(
i

N∑
a=1

kPaja

)
,

AP =
∏
a<b

(
ei(kPa+kPb

) + 1− 2∆eikPa
)
. (4.9)

The energy of the state with wave function (4.9) is given by

E = J
N∑
a=1

(cos ka −∆)− h

(
L

2
−N

)
. (4.10)

4.3.2 Bethe equation for the XXX model

Imposing periodic boundary conditions on the wave functions (4.9) leads to quan-

tization conditions for the wave numbers ka known as Bethe Ansatz equations

eikaL =
N∏
a̸=b

[
−2∆eika − eika+ikb − 1

2∆eikb − eika+ikb − 1

]
. (4.11)

From here on we set ∆ = 1. It is convenient to introduce rapidity variables λa
defined by

eika =
λa − i/2

λa + i/2
. (4.12)

In terms of the rapidity variables the Bethe Ansatz equations read(
λa − i/2

λa + i/2

)L
=

N∏
b=1
b̸=a

λa − λb − i

λa − λb + i
, a = 1, . . . , N. (4.13)

A standard way of analysing (4.13) is by employing the string hypothesis. The string

hypothesis is an Ansatz for the general solution of the Bethe Ansatz equations and
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can be motivated by looking at fixed N and large L [115]. For N = 2 and a solution

λa with Imλa > 0, the left hand side of the Bethe Ansatz equations (4.13) gets very

large ∣∣∣∣λa − i/2

λa + i/2

∣∣∣∣L ≫ 1. (4.14)

From the right hand side we then see that λa − λb ≈ i, hinting at a structure of

the solutions in the complex plane. Generalising to larger N the string hypothesis

assumes that all solutions of (4.13) are composed of strings of the form

λn,jα = λnα +
i

2
(n+ 1− 2j) + δn,jα , j = 1, . . . , n. (4.15)

Here δn,jα are deviations from “ideal” strings and are assumed to be exponentially

small in system size. While not all solutions can be exactly described by the string

hypothesis [6, 123–125], energy eigenstates at finite magnetisation are believed to

follow the string hypothesis [115].

Let us now consider a solution to (4.13) that contains Mn strings of length n

with corresponding string centres λnα (this implies that
∑

nMnn = N ). Substituting

(4.15) into (4.13) and neglecting the deviations we obtain a set of coupled equations

for the set {λnα}. Taking logarithms we arrive at

Lθ

(
λnα
n

)
= 2πInα +

∑
(m,β) ̸=(n,α)

θnm(λ
n
α − λmβ ). (4.16)

Here Inα are integer or half-odd integers numbers (arising from taking logarithms),

θ(x) = 2 arctan(2x), and

θnm(x) =

{
θ
(
x
2n

)
+ 2

∑n−1
j=1 θ

(
x
2j

)
for m = n

θ
(

x
|n−m|

)
+ 2θ

(
x

|n−m|+2

)
+ . . .+ 2θ

(
x

n+m−2

)
+ θ
(

x
n+m

)
for m ̸= n

.

(4.17)

Equations (4.16) are called Takahashi’s equations. They relate the solutions of

the BAE to a set of integer or half-odd integer numbers, which therefore can be

considered as quantum numbers of our problem. The permitted ranges of the Inα
are [112]

|Inα | ≤
1

2

[
L− 1−

∞∑
m=1

(2min(m,n)− δn,m)Mm

]
. (4.18)
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Energy and momentum of solutions to (4.16) are given by

E =
∞∑
m=1

Mm∑
β=1

(
−πJan(λmβ ) +mh

)
− hL

2
,

P = π
∞∑
m=1

Mm +
∞∑
m=1

Mm∑
β=1

2πImβ
L

(4.19)

where we have defined

an(x) =
1

2π

n

x2 + (n/2)2
. (4.20)

All solutions to Takahashi’s equations correspond to highest weight states of the

spin SU(2) algebra [126]

S+|{λnα}⟩ = 0. (4.21)

A complete set of energy eigenstates is then obtained by acting with the spin

lowering operator on these highest weight states

(
S−)m|{λnα}⟩ , m = 0, 1, . . . , L− 2

∑
n

nMn. (4.22)

4.3.3 Thermodynamic limit and integral equations

We want to consider excitations in the thermodynamic limit of large system sizes

and macroscopic many particles (cf. [19, 112, 115])

L,N → ∞,
N

L
= n = fixed. (4.23)

In this limit and under the string hypothesis many microscopic states are locally

indistinguishable. They can be described by one class of macroscopic state, which,

analogously to ideal Fermi gases, are characterized by densities of particles and

holes. If the number of string centers for a certain string n is ofO(L), the solutions

of (4.16) for the string centers λna are lying dense on the real line.

λna+1 − λna = O(L−1). (4.24)

In the same way as for free fermions on a lattice, the particle and hole densities

are defined as
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• ρn,p(λ)∆λ = number of particles in [λ, λ+∆λ]

• ρn,h(λ)∆λ = number of holes in [λ, λ+∆λ]

where the total density of roots ρn = ρn,p + ρh,p contrary to free fermions is not

constant, but due to the interactions is a function of λ [127]. Let us define the so

called counting function

zn(λ) = θ

(
λ

n

)
− 1

L

∑
(m,β)̸=(n,α)

θnm(λ
n
α − λmβ ). (4.25)

Looking at the Bethe equation (4.16), it is defined such that

zn(λ
n
α) =

2πInα
L

(4.26)

and therefore zn(λ
n
α) − zn(λ

n
β) counts the number of roots between λnα and λnβ .

Going to the thermodynamic limit the counting function can be written as

zn(λ) = θ

(
λ

n

)
−

∞∑
m=1

∫ ∞

−∞
dµθnm(λ− µ)ρm,p(µ), (4.27)

where now zn(λ)− zn(λ+∆λ) counts the number of root between λ and λ+∆λ.

It is therefore related to the density of roots ρn by

dzn(λ)

dλ
= 2πρn(λ). (4.28)

Taking the derivative of (4.27) we obtain

ρn,p(λ) + ρn,h(λ) = an(λ)−
∞∑
m=1

∫ ∞

−∞
dµ Tnm(λ− µ)ρm,p(µ) (4.29)

with

Tnm(λ) = (1− δmn)a|n−m|(λ) + 2a|n−m|+2(λ) + · · ·+ 2an+m−2(λ) + an+m(λ). (4.30)

The energy density of this state is given as

e({ρn,p}) =
∞∑
n=1

∫ ∞

−∞
dλρn,p(λ)(−πJan(λ) + nh). (4.31)

where

εn,0(λ) = (−πJan(λ) + nh) (4.32)

is the bare energy of the bare particles.
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4.3.4 Elements of the Algebraic Bethe Ansatz

Within the Bethe Ansatz framework it is also possible to determine matrix ele-

ments in some integrable theories. These can be obtained using the Algebraic

Bethe Ansatz [19]. In this chapter we will consider the XXZ case with anisotropy

parameter ∆ = cos γ. We can then easily specialize to the isotropic limit ∆ = 1

later. A key object is the monodromy matrix

T (λ) =

(
A(λ) B(λ)
C(λ) D(λ)

)
, (4.33)

where A,B,C,D are operators acting on the Hilbert space of the chain and λ

is known as spectral parameter. The monodromy matrix fulfils the Yang-Baxter

equation

R(λ− µ)(T (λ)⊗ 1)(1⊗ T (µ)) =

(1⊗ T (µ))(T (λ)⊗ 1)R(λ− µ) , (4.34)

where the R-matrix has the form

R(λ, µ) =


1 0 0 0
0 b(λ, µ) c(λ, µ) 0
0 c(λ, µ) b(λ, µ) 0
0 0 0 1

 . (4.35)

If we now choose

b(λ) =
sinh(λ)

sinh(λ+ iγ)
, (4.36)

c(λ) =
sinh(iγ)

sinh(λ+ iγ)
, (4.37)

it can be shown [19] that the trace of the monodromy matrix T generates all

(strictly) local conservation laws of the XXZ-chain with the Hamiltonian being one

of them.

The Yang-Baxter algebra determines intertwining relations for the operators

85



PART II CHAPTER 4. INTEGRABILITY, EXCITATIONS AND THE XXX MODEL

A,B,C,D. For the following, four important ones thereof are given by [19]:

[B(λ), B(µ)] =0 (4.38)

[C(λ), C(µ)] =0 (4.39)

A(λ)B(µ) =b−1(λ− µ) (B(µ)A(λ)− c(λ− µ)B(λ)A(µ)) (4.40)

D(λ)B(µ) =b−1(µ− λ) (B(µ)D(λ)− c(µ− λ)B(λ)D(µ)) (4.41)

Due to the Hamiltonian commuting with the trace of themonodromymatrix, eigen-

states of (4.5) can be constructed as

|λ1, . . . , λN⟩ =
N∏
i=1

B(λi) |0⟩ , (4.42)

where the set of rapidities {λi}i∈{1,...,N} are solutions to the Bethe equations

a(µj)

d(µj)
=
∏
k ̸=j

b(µk − µj)

b(µj − µk)
, j = 1, . . . , N. (4.43)

Here the functions a(λ) and d(λ) arise from the action of the monodromy matrix

on the reference state

A(λ) |0⟩ = a(λ) |0⟩ D(λ) |0⟩ = d(λ) |0⟩ C(λ) |0⟩ = 0 . (4.44)

In the case at hand the functions a(λ) and d(λ) are given by

a(µ) = 1 d(µ) =
(
b(µ− i

γ

2
)
)L
. (4.45)

where L is the length of the system. The isotropic limit ∆ = 1 corresponds to

taking γ → 0, while rescaling the spectral parameters

µj = γλj , λj fixed. (4.46)

This recovers the Bethe Ansatz equations (4.13) from (4.43). The global spin lower-

ing operator is obtained as [126]

− i lim
λ→∞

λB(λ) = S−. (4.47)

Matrix elements of physical operators can then be calculated by a mapping of the

physical operator to the algebraic Bethe Ansatz operators A,B,C,D, the so called
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inverse scattering problem and subsequent calculation of expectation values of

these utilizing the known commutation relations (4.41). For the XXZ model the

inverse scattering relations for the local spin operators are given by [128]:

S−
j =2

j−1∏
i=1

(A+D)(ξi)B(ξj)
L∏

i=j+1

(A+D)(ξi), (4.48)

S+
j =2

j−1∏
i=1

(A+D)(ξi)C(ξj)
L∏

i=j+1

(A+D)(ξi), (4.49)

Szj =− 2

j−1∏
i=1

D(ξj)
L∏

i=j+1

(A+D)(ξi) + 1, (4.50)

where ξi are inhomogeneity parameters, which will be set to iγ/2 in the end. When

calculating matrix elements of these operators, after use of the commutation re-

lations and the action of A,C and D on the reference state |0⟩, one obtains sums

of overlaps of states of the form

⟨{λ} | {µ}⟩ = ⟨λ1, . . . , λN |
N∏
i=1

B(µi) |0⟩ , (4.51)

where only the λi satisfy the Bethe equation, whereas in general the µi do not.

The last step is now to use the Slavnov overlap formula [129]

⟨{λ}|{µ}⟩ = det (H({λ}, {µ}))∏
j>k ϕ(λk − λj)

∏
j<k ϕ(µk − µj)

, (4.52)

where H is a matrix defined as

Hab =
ϕ(iγ)

ϕ(λa − µb)

(
a(µb)

∏
k ̸=a

ϕ(λk − µb + iγ)− d(µb)
∏
k ̸=a

ϕ(λk − µb − iγ)

)
(4.53)

with ϕ(x) = sinh(x). We now have all the ingredients to calculate matrix elements

in the XXZ model.
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5.1 Motivation and decay rate

We have seen that integrable many-particle quantum systems are special in that

they support stable elementary excitations, which typically are related in very com-

plicated ways to the fundamental degrees of freedom. For example, in the Heisen-

berg antiferromagnet the elementary excitations are interacting spin-1/2 objects

called spinons [126, 130], as introduced before. We have shown that these ele-

mentary excitations are protected from decay into multi-particle excitations by

the existence of local integrals of motion, even in cases where decay is kinemat-

ically allowed. We are now interested in introducing a weak integrability break-

ing perturbation, which means we will introduce some interaction parametrically

small in some constant κ. In such situations we have argued that we expect to
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induce particle decay. As the introduction of interactions in one dimensions can

have dramatic effects on the quasi-particles, an important question is how large

the corresponding decay rates are. If they are small, the elementary excitations

of the integrable model will remain a good basis for describing the physics of the

perturbed model. Such questions have been investigated in some detail for inte-

grable quantum field theories [131–134]. The case of integrable lattice models is

considerably harder, and to the best of our knowledge has not been investigated

so far. The added difficulty compared to field theory cases is that the descrip-

tion of the ground and excited states is more complicated, as seen above. The

question of what effects weak integrability breaking perturbations have on the

excitation spectrum of lattice models is also of importance in so-called mobile

impurity approaches to the calculation of threshold singularity exponents in lat-

tice models [135]. As pointed out in Ref. [136] in the context of the Hubbard model,

there exist different formulations of mobile impurity models [137], which corre-

spond to different choices of bases of elementary excitations. One may argue

that for integrable models the “integrable” basis of elementary excitations ought

to be the preferred choice. An obvious question is then whether this remains the

case even if integrability is weakly broken. This is intimately related to how large

the decay rate of the excitations is once a perturbation is applied. For the Hubbard

model the available integrable model technology [18] does not currently permit

to answer this question. We therefore consider the simpler case of the spin-1/2

Heisenberg XXZ chain of length L in a magnetic field h

H(J,∆, h) = J
L∑
j=1

(
Sxj S

x
j+1 + Syj S

y
j+1 +∆SzjS

z
j+1

)
− h

L∑
j=1

Szj . (5.1)

as introduced in Chapter 4.3.

A simple way of perturbing the model away from the integrable point is by

introducing a next nearest neighbour interaction

δH = κ
∑
j

SzjS
z
j+2 . (5.2)
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This interaction destroys integrability, but still commutes with the total spin oper-

ator along the z-axis Sz =
∑

j S
z
j . Hence the z-component of the total spin remains

a good quantum number. In presence of the perturbation spinons cease to be ex-

act elementary excitations and we expect them to acquire a finite life-time. Using

Fermi’s golden rule for small perturbations the decay rate can be expressed in the

form

Γ = 2π
∑
f

|M(i→ f)|2 ρf (Ei) δpf ,pi (5.3)

where Ef and pf (Ei and pi) are the energy and momentum of the final (initial)

state [138], ρf (E) the density of states of the final state and the matrix element

M is given by

M = ⟨f | δH |i⟩ . (5.4)

We are interested in the case where the initial state is an exact one-spinon eigen-

state of (4.5), while the final state is any exact eigenstate of the unperturbed sys-

tem.

Most of our analysis will focus on the isotropic Heisenberg model at∆ = 1 and

h > 0. Other values of ∆ can be treated in the same way. We can consider h < 0

by starting with the reference state where all spins point down |↓↓ · · · ↓⟩.

We first describe the excited states that contribute to the decay rate in Sec-

tion 5.2.3. We then use the Algebraic Bethe Ansatz to obtain explicit expressions

for the matrix elements describing the spinon decay, cf. 5.3. In Section 5.4 we then

numerically determine the contributions of various decay channels to the decay

rate.

5.2 Excitations in the XXX model

5.2.1 What is a spinon?

We will be interested in the low energy excitations of the XXX Heisenberg model.

To get a better understanding, we first present an intuitive way of thinking about
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these excitations, before they will be constructed rigorously. This discussion really

applies to∆ > 1, however it will still be useful for the construction at∆ = 1. While

we saw that eigenstates of the Heisenberg model are complicated superpositions

of product states in a certain spin sector, the ground state of the antiferromagnetic

Heisenberg model at zero magnetic field can be shown to be “morally”, on short

length scales, similar to an anti-ferromagnetic Néel state [3]. In this schematic

picture the bare “particles” are spinflips, also called magnons.

Figure 5.1: Schematic short range order representation of the ground state of the
antiferromagnetic Heisenberg model at zero magnetic field on the left and a bare
excitation of the model (magnon) on the right.

These spin-1 excitations do however not constitute the elementary low en-

ergy excitations of the theory, but these are given by spin-1
2
excitations, called

spinons [130]. In the schematic short-range order picture, where the ground state

is given by the anti-ferromagnetic Néel state, this corresponds to domain wall

configurations.

Spinon

Figure 5.2: Schematic representation of the elementary low energy excitation of
the Heisenberg model at short ranges. The excitation is a spin-1

2
particle called

“spinon”, which in the schematic representation corresponds to a domain-wall
configuration.

We see from this schematic picture, and it can be seen to be true for the more

complicated exact state [112], that spinon excitations come in pairs, as the consec-

utive spin flips creating the domain walls will always create two domain walls. As

we will be interested in the stability of single excitations, one question is how to

obtain an odd number of spinon excitations. For this, let us consider putting the

chain with an odd number of sites on a ring, such that we have periodic boundary
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conditions on the spins. Looking at the schematic picture in Fig. 5.3, we see that

due to the antiferromagnetic structure, there has to be an odd number of domain

walls for the odd length chain.

Spinon

Figure 5.3: Schematic representation of the ground state for an odd length chain
with periodic boundary conditions. Due to the anti-ferromagnetic structure of the
state, there has to be at least one, and always an odd number of domain walls.
This carries over to the more complicated exact energy eigenstates [112].

This can again be shown to be correct also for the more complicated Bethe

Ansatz states and at finite magnetic fields [112].

5.2.2 Exact ground state

Let us first explicitly construct the ground state of the XXX-Heisenberg model. As

in the schematic discussion we take a chain of even length L. Then the ground

state can be shown to be the state with the quantum numbers [112]

I1α = −N + 1

2
+ α, α = 1, . . . , N. (5.5)

Therefore the lowest energy state at a fixed magnetisation is the state where the

Ia are symmetric around 0:

Ij
− 19

2
− 17

2
− 15

2
− 13

2
− 11

2
− 9

2
− 7

2
− 5

2
− 3

2
− 1

2
1
2

3
2

5
2

7
2

9
2

11
2

13
2

15
2

17
2

19
2

Low lying excitations in the same Sz sector are e.g. particle-hole like excitations

created from the ground state and the number of excitations in a chain of even

length can be seen to always be even, as discussed before in the schematic dis-

cussion of the spinon excitations.
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5.2.3 Low lying excitations and spectrum

We are now going to explicitly construct excitations in the finite L XXX-Heisenberg

chain at finite magnetic field and show that these excitations can be seen to be

quasi-particle excitations with additive energies and momenta when going to the

large L limit. In order to have access to single-spinon excitations, as described

above, we need to consider odd chain lengths L. As we just saw, for even values

of L the lowest excitations involve at least two spinons [126].

5.2.3.1 One particle and one hole excitations

For odd L with an odd number N of down spins there are two degenerate lowest

energy states. They are obtained by considering real solutions (1-strings) to the

Bethe Ansatz equations and choosing either

I1α = −N
2

+ α, α = 1, . . . , N, (5.6)

or

I1α = −N
2

+ 1 + α, α = 1, . . . , N, (5.7)

The corresponding configurations of half-odd integers for N = 11 look as follows:

I1α
− 19

2
− 17

2
− 15

2
− 13

2
− 11

2
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2
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2
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2
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2
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2
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2
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2
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The filled quantum numbers corresponding to the filled circles hereby correspond

to the magnon excitations schematically introduced above. The energy density

e(h) of these two states in the thermodynamic limit

L,N → ∞,
N

L
= n = fixed (5.8)

can be expressed, as shown in Chapter 4.3.3, in terms of the solution of a linear

integral equation for the root density ρ1(λ), cf. Ref. [112]

ρ1(λ) = a1(λ)−
∫ B

−B
dη a2 (λ− η) ρ1(η). (5.9)

93



PART II CHAPTER 5. SPINON DECAY

where here and in the following we have dropped the index p of the particle den-

sity. Here the integration boundary B is determined by the density of down spins

n through ∫ B

−B
dλ ρ1(λ) = n. (5.10)

The energy per site is then given by

e(h) =

∫ B

−B
dλ ρ1(λ)ε

(0)
1 (λ), (5.11)

where

ε
(0)
1 (λ) = −Jπa1(λ) + h. (5.12)

The two states above are particular limits of one-parameter “particle-like” and

“hole-like” excitations. The particle excitation corresponds to I1α configurations of

the form

I1α
Ip

whereas the hole-like excitation is obtained by promoting one half-odd integer I1α
in the ground state configuration to the “Fermi edge” that has one fewer half-odd

integer:

I1α
Ih

Both types of excitations involve a single parameter: Ip for the particle excitation

and Ih for the hole excitation. For asymptotically large system sizes L the energies

and momenta of these excitations are given by [112]

Ep = Le+ ε1(λ
p) + o(1), |λp| > B , (5.13)

P p = π + 2π

∫ λp

0

dλ ρ1(λ) +O(L−1) , (5.14)

Eh = Le− ε1(λ
h) + o(1),

∣∣λh∣∣ < B , (5.15)

P h = π − 2π

∫ λh

0

dλ ρ1(λ) +O(L−1) , (5.16)
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Figure 5.4: Energy-momentum dispersion of the one-parameter excitations for dif-
ferent values of the magnetic field h.

where the dressed energy ϵ1(λ) is a solution to the linear integral equation

ε1(λ) = ε
(0)
1 (λ)−

∫ B

−B
dµ a2(µ− λ) ε1(µ). (5.17)

The derivation can be found in Appendix 5.A The rapidities λp and λh are continu-

ous parameters above and below the “Fermi-edge” respectively. They are related

to the parameters Ip and Ih through Takahashi’s equations (4.16).

The excitation energy for a one-spinon excitation can now be extracted by sim-

ply subtracting the extensive part of the energy (which equals the ground state

energy of the Heisenberg chain), which allows us to extract the spinon energy and

momentum

ϵs(λ) = |ε1(λ)|, ps(λ) = π + 2π sgn(|λ| −B)

∫ λ

0

dµ ρ1(µ). (5.18)

The corresponding dispersion relation is plotted for several values of magnetic

field h in Fig. 5.4. The value for themagnetic field is fixed by imposing ε1(B) = 0. We

note that by construction the spinon dispersion is identical to the one extracted

from the two-spinon excitation of the Heisenberg model with even chain lengths

L, apart from a shift in momentum by π.
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5.2.3.2 Excitations involving several particles and/or holes

As δH commutes with Sz , the decay of the single-particle (hole) excitation de-

scribed above can only involve excited states with the same Sz quantum number.

These are obtained in the following ways:

1. One can consider solutions of Takahashi’s equations only involving 1-strings.

These will involve additional particle-hole excitations on top of the 1-spinon

excitation constructed above.

2. One can consider solutions of Takahashi’s equations involving n-strings with

n ≥ 2. As a result of the magnetic field these excitations have a gap.

3. One can consider excitations of the form (4.22) that are not SU(2) highest-

weight states. These again have a gap for h > 0 because

[S−, H(J,∆ = 1, h)] = −hS− (5.19)

As we are dealing with an interacting theory, this leaves us with an infinite num-

ber of possible decay channels, i.e. even to first order in perturbation theory in

κ, a single spinon can decay into excitations involving 3, 5, 7, . . . particles. As in

one dimension the accessible phase space shrinks with the number of particles

involved [139], it is reasonable to assume that the dominant decay channels will

involve excitations with low numbers of particles. In the following we will focus

on excitations involving 3 particles. We have considered a class of five-particle

excitations where we excite two particle- and hole-type excitations in addition to

the one-spinon excitation, and found the corresponding decay rate to be smaller

(see Section 5.4).

“pph-excitation” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I1α looking as follows

I1α
Ih Ip2Ip1
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States of this kind can be thought of as a sub-class of 3-spinon excitations that

involves two particles and one hole, which are parametrized by Ih and Ip1,2 re-

spectively (or equivalently by the corresponding rapidities λh, λp1,2). Energy and

momentum of this excitation are given by

Epph = Le+ ϵs(λ
p
1) + ϵs(λ

p
2) + ϵs(λ

h) + o(1) , (5.20)

P pph = ps(λ
p
1) + ps(λ

p
2) + ps(λ

h) +O(L−1) , (5.21)

where ϵs(λ) and ps(λ) are defined in (5.18). The excitation energy is obtained sub-

tracting the ground state energy, and the corresponding continuum of 3-spinon

excited states is shown in Fig. 5.5a. The grey shading reflects the density of exci-

tations at given values of energy and momentum. Darker regions correspond to

higher densities. The intensity of the shading is obtained by considering large but

finite L and varying Ih and Ip1,2 over all allowed values for a given excitation, and

calculating approximate values of λh, λp1,2 by solving the equations

ps(λ
h) =

2πIh

L
, ps(λ

p
j) =

2πIpj
L

, j = 1, 2. (5.22)

The corresponding approximate excitation energy is then obtained by substituting

these values into (5.21). Each set {Ih, Ip1,2} provides one point in the P pph-Epph-

plane and the collection of all these points generates a shading that reflects the

density of states.

We see that for momenta π(1
2
+m) < ps(λ) < π(3

2
−m) decay of the 1-spinon

excitation is kinematically forbidden, while it is allowed for some values in the

regions ps(λ) > π(3
2
−m) and ps(λ) < π(1

2
+m).

“phh-excitation” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I1α looking as follows

I1α
Ih2Ih1 Ip
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Figure 5.5: Excitation continua (grey) for (a) two particle one hole (b) one parti-
cle two holes (c) three particle and (d) three holes at magnetization m = 3/10.
The 1-spinon dispersion is shown in red. The shading of the continuum reflects
the density of states (see main text). Decay of the single spinon is kinematically
allowed in part of the Brillouin zone.

States of this kind are a sub-class of 3-spinon excitations that involves one particle

and two holes, which are parametrized by Ip and Ih1,2 or equivalently by the cor-

responding rapidities λp, λh1,2. Energy and momentum of this excitation are given

by

Ephh = Le+ ϵs(λ
p) + ϵs(λ

h
1) + ϵs(λ

h
2) + o(1) , (5.23)

P phh = ps(λ
p) + ps(λ

h
1) + ps(λ

h
2) +O(L−1) , (5.24)

where ϵs(λ) and ps(λ) are defined in (5.18). The excitation energy is again obtained

by subtracting the ground state energy and is shown as a function of the total
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momentum in Fig. 5.5b.

“ppp-excitations” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I1α looking as follows

I1α
Ip2Ip1 Ip3

States of this kind are a sub-class of 3-spinon excitations that involves three par-

ticles. Energy and momentum of this excitation are

Eppp = Le+
3∑
j=1

ϵs(λ
p
j) + o(1) , (5.25)

P ppp =
3∑
j=1

ps(λ
p
j) +O(L−1), (5.26)

where ϵs(λ) and ps(λ) are defined in (5.18). The excitation energy is again obtained

by subtracting the ground state energy and is shown as a function of the total

momentum in Fig. 5.5c.

“hhh-excitations” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I1α looking as follows

I1α
Ih3Ih2Ih1

States of this kind are a sub-class of 3-spinon excitations that involves three holes.

Energy and momentum of this excitation are

Ehhh = Le+
3∑
j=1

ϵs(λ
h
j ) + o(1) , (5.27)

P hhh =
3∑
j=1

ps(λ
h
j ) +O(L−1), (5.28)

where ϵs(λ) and ps(λ) are defined in (5.18). The excitation energy is again obtained

by subtracting the ground state energy and is shown as a function of the total

momentum in Fig. 5.5d.
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Excitations involving a single 2-string We now turn to the simplest excitation

involving a single 2-string. This corresponds to solutions of (4.16) withM1 = N−2,

M2 = 1 and configurations of the half-odd integers I1α, I21 of the kind

I1α
Ip

I21

We note that the permitted values for I21 have range

|I21 | ≤
1

2
[L− 2N ] . (5.29)

The excitation is parametrized by the two half-odd integers Ip, I21 or equivalently

the corresponding rapidities λp, λs. Energy and momentum of this excitation are

given by

E2sp = Le+ ϵs(λ
p) + ε2(λ

s) , |λp| > B , (5.30)

P 2sp = ps(λ
p) + p2(λ

s) , (5.31)

where ε2 and p2(λ) are given by [112]

ε2(λ
s) = ε2,0(λ

s)−
∫ B

−B
dµ ε1(µ) (a1(µ− λs) + a3(µ− λs)) .

ps(λ) = θ
(λ
2

)
−
∫ B

−B
dµ θ21(λ− µ) ρ1(µ) (5.32)

and bare energy ε2,0(λ) from 4.3.3. Excitation continua that encompass the two-

particle continuum (5.31) are obtained by adding particle-hole excitations, e.g.

E2s3p2h = Le+
3∑
j=1

ϵs(λ
p
j) +

2∑
k=1

ϵs(λ
h
k) + ε2(λ

s) ,
∣∣λhj ∣∣ < B < |λpk| , (5.33)

P 2s3p2h =
3∑
j=1

ps(λ
p
j) +

2∑
k=1

ps(λ
h
k) + p2(λ

s) . (5.34)

The continuum (5.34) is shown in Fig. 5.6 for several magnetizations. We see that

the single spinon excitation cannot decay into the 2-string excitation for kine-

matic reasons. If we keep on adding particle-hole excitations at small magnetic
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Figure 5.6: One two-string and 3p2h excitation continuum (grey) at magnetization
(a) m = 0.01, (b) m = 0.03, (c) m = 0.05 and (d) m = 0.07, (the corresponding
magnetic fields are h = 0.09, h = 0.26, h = 0.42 and h = 0.58 respectively). The
1-spinon dispersion is shown in red. The shading of the continuum reflects the
density of states (see main text). Decay of the single spinon is kinematically not
allowed.

fields decay of the 1-spinon excitation will eventually become kinematically al-

lowed. However, the decay rate is then expected to be negligible on the basis of

aforementioned phase-space arguments, cf. Ref. [139].

Excitations involving longer strings Excitations involving longer strings have larger

gaps at finite magnetic fields [112]. We expect contributions from decay channels

involving such excitations to be small for the same reasons we put forward in the

2-string case above.

101



PART II CHAPTER 5. SPINON DECAY

Excitations that are not highest weight states As mentioned above, excitations

which are not highest weight states have gaps that are proportional to the mag-

netic field h. Nevertheless, decay of a single spinon into excitations that are not

highest weight states will generally be allowed at sufficiently small h. As an exam-

ple let us consider highest-weight states with M1 = N − 1, Mn≥2 = 0. The lowest

energy states in this sector correspond to integers

I1α = −N
2

+ α, α = 1, . . . , N, (5.35)

or

I1α = −N
2

− 1 + α, α = 1, . . . , N, (5.36)

I1α
−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9

I1α
−9 −8 −7 −6 −5 −4 −3 −2 −1 0 1 2 3 4 5 6 7 8 9

In complete analogy to our discussion above, these can be viewed as particular

limits of a 1-spinon excitation. Acting with the spin lowering operator gives a

1-parameter excited state with a dispersion that equals the 1-spinon dispersion

shifted upwards in energy by h. Hence decay of our 1-spinon excitation into this

particular descendant state is kinematically not allowed. However, if we add an

additional particle-hole pair the situation changes. Let us consider configurations

of integers such as

I1α
Ih Ip2Ip1

States of this kind can be thought of as a sub-class of 3-spinons. Energy and

momentum of the excitation obtained by acting with the spin-lowering operator

on this state are given by

Epph
desc = Le+ ϵs(λ

p
1) + ϵs(λ

p
2) + ϵs(λ

h) + h+ o(1) , (5.37)

P pph
desc = π + ps(λ

p
1) + ps(λ

p
2) + ps(λ

h) +O(L−1) . (5.38)
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Inspection of Fig. 5.5a shows that decay of the 1-spinon excitation into this contin-

uum is kinematically allowed at sufficiently weak fields. However, as will be shown

in 5.B this decay is strongly suppressed for large system sizes L.

5.3 Determinant Formulas for Matrix Elements in the
XXZ chain

In 5.2.3 we have constructed the one spinon quasi-particle excitations with additive

energies and momenta that constitute the low energy excitations of the Heisen-

berg model in the large L limit as complicated superpositions of product states at

finite but large L. Using the Algebraic Bethe Ansatz and inverse scattering we can

now calculate matrix elements involving quasi-particle spinon excitations. The

Algebraic Bethe Ansatz provides a convenient setting for calculating scalar prod-

ucts as well as the norm of Bethe states [129, 140, 141]. Matrix elements can be

analysed by utilizing the expression of local spin operators σzj in terms of the op-

erators A,B,C,D, cf. Ref. [128]. With the help of these relations matrix elements

of spin operators Sαj between eigenstates of the XXZ Hamiltonian were derived in

Ref. [128], and general operators were considered in Ref. [142]. Explicit expressions

for the operator SzjSzj+1 were obtained in Ref. [143]. In the following we will first

consider the XXZ case with anisotropy parameter ∆ = cos γ and only later special-

ize to the isotropic limit ∆ = 1. Generalising the derivation of Ref. [143] we obtain
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(see 5.C for details)

∑
j

⟨λ1, . . . , λN |SzjSzj+2 |µ1, . . . , µM⟩ =

LeiP{λ}+2iP{µ}δP{λ},P{µ}δM,N

{
−ϕ(iγ)

∏
k ϕ(λk + iγ/2)2ϕ(µk + iγ/2)ϕ(µk − iγ/2)−3∏

a>b ϕ(λb − λa)
∏

b>a ϕ(µb − µa)

×
∑
n

An
(
det
(
G(1)
n +B(1)

n

)
+ det

(
G(2)
n +B(2)

n

)
− det

(
G(1)

)
− det

(
G(2)

))
− 1

2

∏
k ϕ(λk + iγ/2)3ϕ(µk − iγ/2)−3∏
a>b ϕ(λb − λa)

∏
a<b ϕ(µb − µa)

×
∑
n=1

∑
m̸=n

Anm [det (Gnm +Bnm)− det (Gnm)]

}
. (5.39)

Here P{λ} is the total momentum of the state parametrized by the rapidities {λj}

P{λ} =
N∑
j=1

[
π + ln

(
λj +

iγ
2

λj − iγ
2

)]
, (5.40)

and

An =
∑
n

d(µn)
ϕ(µn − iγ

2
)

ϕ(µn +
iγ
2
)

∏
i

ϕ(µi − µn − iγ) (5.41)

Hab =
ϕ(iγ)

ϕ(λa − µb)

(
a(µb)

∏
k ̸=a

ϕ(λk − µb + iγ)− d(µb)
∏
k ̸=a

ϕ(λk − µb − iγ)
)
, (5.42)

(G(1)
n )ab =

{
Hab b ̸= n

ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = n

, (5.43)

(G(2)
n )ab =

{
Hab b ̸= n
∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = n
, (5.44)

(B(1)
n )ab = (1− δbn)d(µb)

∏
i ̸=n

ϕ(µi − µb + iγ)ϕ(µb + iγ/2)

×

(
ϕ′(iγ)

ϕ(iγ)
−
∑
d ̸=n

ϕ(iγ)

ϕ(µd − iγ/2)ϕ(µd + iγ/2)
+
∑
d̸=m,n

ϕ′(µd − iγ/2)

ϕ(µd − iγ/2)

−
∑
b

ϕ′(λb + iγ/2)

ϕ(λb + iγ/2)
+

ϕ(iγ)

ϕ(µm + iγ/2)ϕ(µm − iγ/2)

)
, (5.45)

(B(2)
n )ab = (1− δbn)

1

2
d(µb)

∏
i ̸=n

ϕ(µi − µb − iγ)ϕ(µb + iγ)ϕ(iγ)

ϕ(λa + iγ/2)ϕ(λa − iγ/2)
. (5.46)
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Anm = d(µn)ϕ(µn −
iγ

2
)
2

ϕ(µm − iγ

2
)
∏
i

ϕ(µi − µn − iγ) (5.47)

×
∏
j

ϕ(µj − µm + iγ)

[
ϕ(µm − 3iγ

2
)

ϕ(µm − µn − iγ)
−

ϕ(µm + iγ
2
)

ϕ(µm − µn + iγ/2)

]
(5.48)

(Gnm)ab =


Hab b ̸= m,n

ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = m

∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = n

(5.49)

(Bnm)ab = (1− δbm)(1− δbn)d(µb)
∏
i ̸=m,n

ϕ(µi − µb − iγ)ϕ(µb + iγ/2)2ϕ(iγ)

ϕ(λa − iγ/2)ϕ(λa + iγ/2)
. (5.50)

Finally, the function ϕ(λ) is given by

ϕ(λ) =

{
λ ∆ = 1

sinh(λ) |∆| < 1
. (5.51)

In the isotropic case ∆ = 1 of interest to us the matrix element in the rescaled

rapidity variables (4.46) is obtained by simply setting γ = 1 in the above expres-

sions.

5.4 Decay rates

We are now in a position to compute the rates of decay of the one-spinon ex-

citation into the various multi-particle excitations considered above. In practice

the calculation is carried out in a large, finite volume L. The energy eigenstates

are of the form (4.42) and involve N rapidity variables, which constitute a solution

to the Bethe Ansatz equations. We will denote the states corresponding to the

one-spinon and the two-particle one-hole continuum by

|N ; J⟩, |N ; Ip1 , I
p
2 , I

h⟩, (5.52)

Our notations for the respective energies (4.19) are

E(J), Epph(Ip1 , I
p
2 , I

h). (5.53)

Here J and Ip1,2, Ih denote the half-odd integers corresponding to the spinon and

the particles/hole respectively. Other excitations are labelled analogously. The
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decay rate is then given by

Γsp→pph(pJ) ≡ κ2γsp→pph(pJ) = πκ2
∑

Ip1 ,I
p
2 ,I

h

|⟨N ; Ip1 , I
p
2 , I

h|
L∑
j=1

SzjS
z
j+2|N ; J⟩|2

× δJ,Ip1+I
p
2−Ih δ(E

pph(Ip1 , I
p
2 , I

h)− E(J)) , (5.54)

where we have used (4.19) to simplify the momentum conservation delta function.

The momentum pJ of the initial spinon excitation is given by

pJ =

{
2πJ
L

if |J | > N
2
− 1 ,

−2πJ
L

if |J | ≤ N
2
.

(5.55)

We regularize the delta function expressing energy conservation by

δη(x) =
1√
πη
e−(

x
η )

2

, (5.56)

where limη→0 δη(x) = δ(x). For very small η, but still with a sufficient number of

final states in the regime where δη(x) is large, we expect the result to be close to the

answer in the thermodynamic limit. For (5.54) to be finite in the thermodynamic

limit, the matrix elements should scale as L−1. As shown in Fig. 5.7, the decay in L

is very slightly faster than L−2 and is compatible with the functional form

(
M2

pphL
2
)
=
a+ b/L

Lc
, (5.57)

where c is a very small exponent. In the range of lattice lengths accessible to us,

equally good fits can be obtained by replacing Lc by (lnL)c in (5.57). The situation

is analogous to that for the dynamical structure factor [144–151]. For the latter it

was shown that in order to obtain finite results in the thermodynamic limit, an

infinite summation over states that contain additional particle-hole pairs located

at the “Fermi points” ±B was required. On the other hand, the result obtained

by working at a fixed value of L ≈ 1000 and not carrying out this summation was

found to give an excellent approximation to the thermodynamic limit. We expect

the decay rate to behave in an analogous way. In the following we determine the

contributions of the 3-particle excitations described in Section 5.2.3 to the decay

rate for finite system sizes in the range L ∼ 500−1000. We have verified that taking
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Figure 5.7: Scaling of matrix elements with system size L. The initial state contains
one spinon with momentum p = 5.5, while the final state contains three high-
energy excitations with momenta pp = 4.5, pp = 4.65, ph = 3.65. The fit is to the
functional form (5.57) with a = 0.42, b = 5.6, c = 0.044. We have also considered
additional excitations around the Fermi points in the final state as well as different
momenta and found similar behaviour.

into account states with one additional particle-hole excitation gives only small

corrections.

We now fix L and then compute (5.54) for several values of the broadening

η. The decay rates into the excitations considered in Section 5.2.3 are shown in

Figs 5.8a, 5.8b, 5.8c and 5.8d.

We see that the dominant decay channel for a one spinon excitation is decay

into a 3-spinon excitation of pph type. We have argued above excitations involv-

ing higher numbers of particles should give smaller contributions to the decay

rate. In order to check this assumption we have calculated the decay rate into a

5-spinon excitation of type ppphh, which we expect to provide the largest contribu-

tion among the 5-spinon excitations. The result is shown in Fig. 5.9b. As expected

the contribution is small. Moreover, it is mostly due to umklapp-type terms in the

pph-channel, meaning particle-hole type excitations around the “Fermi sea” on

top of the pph-type excitations (cf. Fig. 5.9a).

It is clear from Fig. 5.8 that all other 3-spinon decay channels can be neglected
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Figure 5.8: Coefficients of the decay rate for magnetization m = 3/10 and several
values of the broadening η for (a) pph-type processes for L = 615, (b) phh-type
processes for L = 435, (c) ppp-type processes for L = 455, (d) hhh-type processes
for L = 675.

compared to the pph one. Moreover, the decay rate coefficient is of order unity,

which means that the decay rate itself is small and proportional to the square of

the strength of the integrability breaking perturbation.

5.4.1 Extrapolation to η = 0

The results of the previous section are for finite values of the system size and re-

quire a small, finite regularization parameter η. We will consider the extrapolation

of these results to the thermodynamic limit and η = 0. As we have seen above,

the matrix elements of the perturbing operator scale as L−1 up to multiplicative

corrections that decay algebraically with very small exponent or logarithmically, cf.
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Figure 5.9: Coefficients of the decay rate for magnetization m = 3/10 for (a) pph-
type processes with and without umklapp terms for η = 0.002 at L = 415 and (b)
ppphh-type processes for L = 155 and several values of the broadening η.

Fig. 5.7. We expect that in order to take the thermodynamic limit, one would have

to sum over an infinite number of particle-hole excitations at the Fermi points, in

analogy with available results for the spin-spin correlation function [147–150, 152].

Our situation is more complicated as we need to consider excited states with sev-

eral elementary excitations at finite energies and summing over an infinite number

of particle-hole excitations on top of these is beyond the scope of our work. How-

ever, we note that the main source of finite-size effects in our calculation is the

necessity to have a sufficiently large value of the broadening η. This is required

in order to obtain a good approximation to density of final states ρf (Ei). This im-

poses a restriction η > η0(L) = const/L. Importantly, η0(L) tends to zero much

faster thanM2L2. This allows us to extrapolate our results to η = 0 as follows. We

construct a smooth interpolation function Mcont
pph (p, z

p
1 , z

p
2) for the matrix element

multiplied by L, and then turn the sums over Bethe Ansatz (half-odd) integers into

integrals using the Euler-Maclaurin sum formula. Taking the limit η → 0 results in

γextrasp→pph(p) =
1

4π

∫
D

dzp1

∫
D

dzp2 δ(ϵs(z
p
1) + ϵs(z

p
2) + ϵs(z

p
1 + zp2 − p)− ε1(p))

×
∣∣Mcont

pph (p, z
p
1 , z

p
2)
∣∣2 , (5.58)

whereD is the domain where the one-spinon excitation exists (the interval [π/5, 2π−

π/5] for magnetization m = 3/10). We stress again that we do not claim that this
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integral is the exact form one would get after summing all particle-hole pairs in

the thermodynamic limit, but that the result of such a calculation is expected to

be numerically very close to what is obtained here. One of the integrals can be

carried out using the delta-function, which gives

γextrasp→pph(p) =
1

4π

∫
D

dzp1

∣∣Mcont
pph (p, z

p
1 , z)

∣∣2
|ϵ′s(z) + ϵ′s(z

p
1 + z − p)|

, (5.59)

where z is the solution of the equation ϵs(zp1) + ϵs(z) + ϵs(z
p
1 + z − p) − ε1(p) = 0.

Carrying out the remaining integral numerically leads to the result shown in Fig. 5.10

1.70 1.72 1.74 1.76 1.78
P sp/π

0

1

2

3

4

5

6

γ
sp
→
pp
h

Figure 5.10: Decay rate to the pph-channel for η → 0 at magnetization m = 3/10.
The wiggles are due to the finite size effects of the interpolated matrix element at
L = 615.

5.4.2 Density of kinematically allowed states and finiteness in the
thermodynamic limit

A simpler quantity of interest is the density of final states to which transitions from

the 1-spinon excitation are kinematically allowed. For free fermions this density

of states exhibits a van Hove singularity that leads to logarithmic divergence at
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the threshold [153]. In the thermodynamic limit the pph channel density of kine-

matically relevant states is given by

ρpph(p) =
1

4π

∫
D

dzp1
1

|ϵ′s(z̃) + ϵ′s(z
p
1 + z − p)|

(5.60)

where z is the same as in (5.59). Analogous expressions hold in the other channels.

Results for the various possible types of 3-spinon final states are shown in Fig. 5.11.

We see that densities of states are finite and do not display the kind of singularity

encountered for free fermions.
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Figure 5.11: Density of states for the (a) pph-channel (b) phh-channel, (c) ppp-
channel and (d) hhh-channel in the thermodynamic limit at magnetization m =
3/10.
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5.A Calculation of dressed energy andmomenta for low
energy excitations

In this appendix we briefly discuss how to obtain energies and momenta for the

elementary excitations in the thermodynamic limit [18, 19, 112].

5.A.1 Length-1 strings

Let us first consider excitations over the Fermi-sea like state, which are themselves

length-1 strings. The rapidities of the excitations are then described by the Bethe

Ansatz equations

Lθ(λ(1)α ) = 2πI(1)α +
M∑
β=1

θ(λ(1)α − λ
(1)
β ). (5.61)

The Fermi-sea like state in terms of the quantum numbers I(1)α is described by a

region of occupied quantum numbers

I1α

We are interested in the situation where there are n particle andm hole excitations

on top of the Fermi-sea like state

I1α
Ih2 Ih1Ih3 Ip1Ip2

In the thermodynamic limit the solutions of the Bethe Ansatz equations with quan-

tum numbers of this form will be dense in an interval [−B,B], where B is given

by the number of down-spins or respectively the magnetic field. The additional

particle and hole excitations are parametrized by their rapidities λpi and λhi with

|λpi | > B and
∣∣λhj ∣∣ < B (cf. Fig. 5.12). Let the λ(1)α be the rapidities of the particles in

the sea, we then have

Lθ(λ(1)α ) = 2πI(1)α +
M∑
β=1

θ

(
λ
(1)
α − λ

(1)
β

2

)
+

n∑
i=1

θ

(
λ
(1)
α − λpi

2

)
(5.62)
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λ
−B Bλh1λh2 λh3 λp1λp2

Figure 5.12: As seen in Chapter 4.3.3 and 5.2.3, in the thermodynamic limit the so-
lutions for rapidities of the Bethe equations lie dense on the real line from −B
to B, where B depends on the magnetic field. The low energy states correspond
to excitations over some fermi-sea like state. One particular class of low energy
excitations are given by removing and adding length-1 string excitations.

for these rapidities. We can now go to the thermodynamic limit as outlined in 4.3.3

and we obtain

a1(λ) =

∫ B

−B
dη ρ1,p(η)a2(λ− η)− 1

L

n∑
i=1

a2(λ− λpi ) = ρ1,p(λ) + ρ1,h(λ). (5.63)

The hole density is given from the holes within the sea as [18, 112]

ρ1,h(λ) =
1

L

m∑
j=1

δ(λ− λhj ). (5.64)

We are interested in the O(1) correction to the O(L) energy of the sea like state.

Let us therefore write the particle density as an O(1) and O( 1
L
) part

ρ1,p = ρ
(1)
1,p +

1

L
ρ
(2)
1,p. (5.65)

The O(1) part is easily seen to obey

ρ
(1)
1,p(λ) = a1(λ)−

∫ B

−B
dη ρ

(1)
1,p(η)a2(λ− η). (5.66)

This determines the O(L) piece of the energy

E = L

∫ B

−B
dλ ρ

(1)
1,p(λ) ε1,0(λ), (5.67)

where ε1,0(λ) is the bare energy of the particles as defined in 4.3.3.

For theO( 1
L
) corrections of the density of particles we get the integral equation

−
m∑
j=1

δ(λ− λhj )−
n∑
i=1

a2(λ− λpi )−
∫ B

−B
dη ρ

(2)
1,p(η) a2(λ− η) = ρ

(2)
1,p(λ). (5.68)

To obtain the O(1) correction to the energy ∆E we then have to add up the bare

energy of the particle excitations. But as we are dealing with an interacting system,
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we have to add the change of energy the particles and holes exert on the Fermi

sea like state:

∆E =
n∑
i=1

ε1,0(λ
p
i ) +

∫ B

−B
dη ε1,0(η)ρ

(2)
1,p(η) (5.69)

Let us now introduce a linear operator K̂ with positive kernel a2(λ− µ) such that(
K̂ ⋆ ρ

(2)
1,p

)
(λ) =

∫ B

−B
dη a2(λ− η)ρ

(2)
1,p(η). (5.70)

We can then write Eq. (5.68) as

−
m∑
j=1

δ(λ− λhj )−
n∑
i=1

a2(λ− λpi )−
(
K̂ ⋆ ρ

(2)
1,p

)
(λ) = ρ

(2)
1,p(λ). (5.71)

Solving (5.71) formally for ρ(2)1,p and inserting into the expression for ∆E, we obtain

∆E =
n∑
i=1

ε1,0(λ
p
i )−

∫ B

−B
dη ε1,0(η)

(
(1 + K̂)

−1
⋆ aph

)
(η) (5.72)

where

aph(µ) =

(
n∑
i=1

a2(µ− λpi ) +
m∑
j=1

δ(µ− λhj )

)
. (5.73)

Defining the dressed energy as

ε1(λ) =
(
ε1,0 ⋆ (1 + K̂)

−1
)
(λ) (5.74)

and therefore as the solution to the integral equation

ε1(λ) = ε1,0(λ)−
∫ B

−B
dµ ε1(µ)a2(µ− λ), (5.75)

∆E can be written as

∆E =
n∑
i=1

ε1(λ
p
i )−

m∑
j=1

ε1(λ
h
j ). (5.76)

We see that in the thermodynamic limit the energies of the excitations over a

fermi sea like state are additive. The momenta are simply given as the sum over

the quantum numbers. Every one of those quantum numbers and specifically the

quantum number of the particle and hole excitations are given in the thermody-

namic limit up to O( 1
L
) corrections by

p(λ) = π + 2πsgn(|λ| −B)

∫ λ

0

dµ ρ1(µ). (5.77)
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5.A.2 Higher length string excitations

Let us now look at higher string excitations over the fermi-sea like state made

up out of length-1 strings. As we are considering the large system size limit, we

can assume zero string deviations δjαa. Let us specifically look at a length-2 string

excitation over a sea ofM length-1 strings. Under the string hypothesis the string

centers of the excitations are then described by the Bethe Ansatz equations

Lθ

(
λs

2

)
=2πIs +

M∑
β=1

[
θ

(
λs − λ

(1)
β

3

)
+ θ

(
λs − λ

(1)
β

)]
(5.78)

Lθ(λ(1)α ) =2πI(1)α +
M∑
β=1

θ

(
λ
(1)
α − λ

(1)
β

2

)
− θ(λ(1)α − λs)− θ

(
λ
(1)
α − λs

3

)
(5.79)

Going to the thermodynamic limit and splitting the density into O(1) and O( 1
L
)

piece as before, the density of length-1 strings in the sea can be written as

ρ
(2)
1,p(λ) = −

∫ B

−B
dη ρ

(2)
1,p a2(λ− η)− a1(λ− λs)− a3(λ− λs). (5.80)

The O(1) piece of the energy ∆E can then again be written as bare energy of the

length-2 string plus the reaction on the length-1 string sea

∆E = ε2,0(λ
s) +

∫ B

−B
dη ρ

(2)
1,p(η)ε1,0(η). (5.81)

Again formally inverting the equation for the density ρ(2)1,p and substituting into the

equation for ∆E one gets

∆E = ε2(λ
s) (5.82)

with

ε2(λ
s) = ε2,0(λ

s)−
∫ B

−B
dµ ε1(µ)

(
a1(µ− λ(s)) + a3(µ− λs)

)
. (5.83)

The momentum in the thermodynamic limit up to O( 1
L
) corrections can be ob-

tained from the first equation of (5.79) by going to the thermodynamic limit:

ps(λ) = θ

(
λ

2

)
−
∫ B

−B
dµ θ21(λ− µ)ρ1,p(µ) (5.84)

Again also higher string excitations in the thermodynamic limit are additive.
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5.B Matrix elements and suppression for non-highest
weight states

We want to consider the normalised matrix element of δH between a highest

weight state and a non-highest weight state

⟨{λ}| (S+)
k∑

j S
z
jS

z
j+2 |{µ}⟩√

⟨{λ}| (S+S−)k |{λ}⟩
√
⟨{µ} | {µ}⟩

(5.85)

where ⟨{λ}| and |{µ}⟩ are non-normalised highest weight Bethe ansatz states. We

see immediately from the commutation relation

[S+, Szj ] = −S+
j (5.86)

and from the relation for highest weight states S+ |{µ}⟩ = 0 that for k ≥ 3 the ma-

trix element is exactly 0. Furthermore inserting the cyclic shift operator (cf. [126])

exp(iP̂ ) and using

e−iP̂Saj e
iP̂ = Saj+1 a = z,+,− (5.87)

and the fact that the highest weight states are eigenstates of the shift operator

with eigenvalue exp
(
iP{λ}

)
, where P{λ} is the momentum of the highest weight

state, we obtain

⟨{λ}| e−iP̂ eiP̂ (S+)
k
∑
j

SzjS
z
j+2 |{µ}⟩

= ei(P{λ}−P{µ}) ⟨{λ}| (S+)
k
∑
j

SzjS
z
j+2 |{µ}⟩ (5.88)

and therefore we see that the momenta have to coincide for the matrix element to

be non-zero. Using the commutation relation (5.86) we obtain for the normalised
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matrix element for k = 1 and k = 2:

⟨{λ}|S+
∑

j S
z
jS

z
j+2 |{µ}⟩√

⟨{µ} | {µ}⟩ ⟨{λ}|S+S+S−S− |{λ}⟩

=
1√

L− 2(N − 1)

−⟨{λ}|
∑

j S
+
j S

z
j+2 + SzjS

+
j+2 |{µ}⟩√

⟨{µ} | {µ}⟩ ⟨{λ} | {λ}⟩
, (5.89)

⟨{λ}| (S+)
2∑

j S
z
jS

z
j+2 |{µ}⟩√

⟨{µ} | {µ}⟩ ⟨{λ}|S+S+S−S− |{λ}⟩

=
1√

L− 2(N − 1)
√
L− 2(N − 2)

2 ⟨{λ}|
∑

j S
+
j S

+
j+2 |{µ}⟩√

⟨{µ} | {µ}⟩ ⟨{λ} | {λ}⟩
(5.90)

We can now check numerically for solutions of the Bethe equation with same

momenta using similar determinant expression as in (cf. 5.C) for these matrix ele-

ments, that due to the normalization factor the matrix element is suppressed for

large L at finite magnetic field.

5.C Calculation of the next-nearest neighbour spin op-
erator matrix element

We want to calculate the matrix element

⟨{λ}|σzjσzj+2 |{µ}⟩ (5.91)

with |{λ}⟩, |{µ}⟩ Bethe states and {µ}, {λ} satisfying the Bethe equations (4.13). We

do the calculation for all ∆. To obtain the formula for ∆ = 1 the general functions

a and d have to be replaced by the ones mentioned above and γ has to be set to

1 corresponding to the rescaling of {λ} with γ and then taking the limit γ → 0.

The σ operators are given in terms of the elements of the monodromy matrix

A,B,C,D, as obtained in [128]:

σzj = −2

j−1∏
i=1

(A+D)(ξi)D(ξj)
L∏

k=j+1

(A+D)(ξk) + 1, (5.92)

where ξi is an inhomogeneity parameter, introduced at every site in the chain

for technical reasons. We will set ξi → iγ/2 in the end, but will keep them at
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intermediary steps of the calculation. We note that now d(λ) is defined as:

d(λ) =
L∏
l=1

b(λ− ξl) (5.93)

where b(λ) was defined in Eq. (4.37). We then can write the matrix element as:

⟨{λ}|σzjσzj+2 |{µ}⟩ = ⟨{λ}|σzj |{µ}⟩+ ⟨{λ}|σzj+2 |{µ}⟩ − ⟨{λ}|{µ}⟩

+ 4 ⟨{λ}|
j−1∏
i=1

(A+D)(ξi)D(ξj)(A+D)(ξj+1)D(ξj+2)
L∏

k=j+3

(A+D)(ξk) |{µ}⟩ .

(5.94)

The matrix elements and the overlap in the first line are known [128, 129]. How-

ever as we are interested in
∑

j σ
z
jσ

z
j+2 and as |{λ}⟩ and |{µ}⟩ are orthogonal and

eigenstates of σz , we only need to calculate the expression in the second line.

From the Yang-Baxter algebra one can derive the commutation relations between

the operators A,B,C,D and from this one gets ([19]):

A(µ)
N∏
j=1

B(λj) |0⟩ = a(µ)
N∏
j=1

b−1(λj − µ)
N∏
j=1

B(λj) |0⟩

−
N∑
n=1

a(λn)
c(λn − µ)

b(λn − µ)

N∏
j ̸=n

b−1(λj − λn)B(µ)
N∏
j ̸=n

B(λj) |0⟩ , (5.95)

D(µ)
N∏
j=1

B(λj) |0⟩ = d(µ)
N∏
j=1

b−1(µ− λj)
N∏
j=1

B(λj) |0⟩

−
N∑
n=1

d(λn)
c(µ− λn)

b(µ− λn)

N∏
j ̸=n

b−1(λn − λj)B(µ)
N∏
j ̸=n

B(λj) |0⟩ . (5.96)

We furthermore know that
j∏
i=1

(A+D)(ξi) |{λ}⟩ = exp
(
−ijP{λ}

)
|{λ}⟩ , (5.97)

where |{λ}⟩ is a Bethe state and P{λ} is the total momentum of |{λ}⟩ and
L∏
i=1

(A+D)(ξi) |{λ}⟩ = 1. (5.98)

We now need to calculate the matrix element:

D = ⟨{λ}|D(ξj)(A+D)(ξj+1)D(ξj+2) |{µ}⟩ . (5.99)
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Using the commutation relations for A,B,C,D (cf. [19]) we obtain:

D = I + II (5.100)

where I is dependent on simple matrix elements where two rapidities are replaced

with inhomogeneities and II is dependent on a matrix element with three inser-

tions of inhomogeneities:

I =
N∑
a=1

d(µa)c(ξj+2 − µa)

b(ξj+2 − µa)

N∏
i ̸=a

1

b(µa − µi)

{
1

b(ξj+2 − ξj+1)

N∏
i ̸=a

1

b(µi − ξj+1)

×
N∑
b̸=a

d(µb)c(ξj − µb)

b(ξj − µb)b(µb − ξj+2)

N∏
i ̸=a,b

1

b(µb − µi)
⟨{λ}|B(ξj)B(ξj+2)

N∏
j ̸=a,b

B(µj) |0⟩

+
c(ξj+1 − ξj+2)

b(ξj+1 − ξj+2)

N∏
i ̸=a

1

b(µi − ξj+2)

N∑
b ̸=a

d(µb)c(ξj − µb)

b(ξj − µb)

1

b(µb − ξj+1)

×
N∏

i ̸=a,b

1

b(µb − µi)
⟨{λ}|B(ξj)B(ξj+1)

N∏
j ̸=a,b

B(µj) |0⟩

}
,

II =
N∑
a=1

d(µa)c(ξj+2 − µa)

b(ξj+2 − µa)

N∏
i ̸=a

1

b(µa − µi){
N∑
b ̸=a

[
c(µb − ξj+1)

b(µb − ξj+1)

N∏
i ̸=a,b

1

b(µi − µb)

1

b(ξj+2 − µb)

+ d(µb)
c(ξj+1 − µb)

b(ξj+1 − µb)b(µb − ξj+2)

N∏
i ̸=a,b

1

b(µb − µi)

]
N∑

c̸=a,b

d(µc)c(ξj − µc)

b(ξj − µc)b(µc − ξj+1)b(µc − ξj+2)

N∏
i ̸=a,b,c

1

b(µc − µi)

⟨{λ}|B(ξj)B(ξj+1)B(ξj+2)
N∏

i ̸=a,b,c

B(µi) |0⟩

}
. (5.101)

Now we can use Slavnov’s formula [129] for the overlap of two states. One of

the states has to be a Bethe state, the other state can be parametrized by an

arbitrary set of rapidities. Let {λ} be solutions of the Bethe equations (4.13) and

{µ} arbitrary, then one gets:

⟨{λ}|{µ}⟩ = det (H({λ}, {µ}))∏
j>k ϕ(λk − λj)

∏
j<k ϕ(µk − µj)

, (5.102)
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where H is a matrix defined as

Hab =
ϕ(iγ)

ϕ(λa − µb)

(
a(µb)

∏
k ̸=a

ϕ(λk − µb + iγ)− d(µb)
∏
k ̸=a

ϕ(λk − µb − iγ)

)
, (5.103)

with ϕ(x) = x and γ set to 1 in the ∆ = 1 scaling limit.

We will now treat I and II separately.

Part II

For this part, the limit of the ξj, ξj+1 and ξj+2 can be taken separately for the matrix

element and the prefactor. Taking the limit ξi → iγ/2 for the prefactor amounts

to replacing the ξi with iγ/2. For the matrix element we obtain using Slavnov’s

determinant formula:

⟨{λ}|B(ξj)B(ξj+1)B(ξj+2)
∏

i ̸=k,m,n

B(µi) |0⟩ =

det (H({λ}, {µi ̸=k,m,n, ξj, ξj+1, ξj+2}))
(
∏

a>b ϕ(λa − λb)
∏

a<b ϕ(µb − µa))
∣∣
µk→ξj ,µm→ξj+1,µn→ξj+2

, (5.104)

where∏
a<b

ϕ(µb − µa)
∣∣
µk→ξj ,µm→ξj+1,µn→ξj+2

=
ϕ(ξj − ξj+1)ϕ(ξj − ξj+2)ϕ(ξj+1 − ξj+2)

ϕ(µk − µm)ϕ(µk − µn)ϕ(µm − µn)

×
∏

c̸=k,m,n

ϕ(ξj − µc)ϕ(ξj+1 − µc)ϕ(ξj+2 − µc)

ϕ(µk − µc)ϕ(µm − µc)ϕ(µn − µc)

∏
a<b

ϕ(µb − µa),

(5.105)
and in the determinant we have to replace µk → ξj, µm → ξj+1 and µn → ξj+2.

Therefore the important part when taking the limits is:

lim
ξj ,ξj+2→iγ/2

det (H({λ}, {µi ̸=k,m,n, ξj, iγ/2, ξj+2}))
ϕ(ξj − iγ/2)ϕ(ξj − ξj+2)ϕ(iγ/2− ξj+2)

(5.106)

where the limit ξj+1 → iγ/2 is already taken. Let us now take the limit ξj+2 → iγ/2.

We see that both numerator and denominator go to zero here. Therefore using

the rule of l’Hospital we obtain:

lim
ξj ,ξj+2→iγ/2

det (H({λ}, {µi ̸=k,m,n, ξj, iγ/2, ξj+2}))
ϕ(ξj − iγ/2)ϕ(ξj − ξj+2)ϕ(iγ/2− ξj+2)

=

lim
ξj→iγ/2

1

ϕ(ξj − iγ/2)ϕ(ξj − iγ/2)
lim

x→iγ/2

d

dx
det (H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x}))

(5.107)
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Analogous to [154] we can now use a Laplace expansion of the determinant for the

column that is dependent on x and evaluate the derivative and limit:

lim
x→iγ/2

d

dx
det (H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x})) =

= lim
x→iγ/2

d

dx

∑
i

(−1)(n+i)Ci(x) minorni(H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x}))

= lim
x→iγ/2

∑
i

(−1)(n+i)
(

d

dx
Ci(x)

)
minorni(H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x}))

(5.108)

where the minor is not dependent on x and Ci(x) is the ith element of the column

n of the matrix H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x}). Therefore we get:

lim
x→iγ/2

d

dx
det (H({λ}, {µi ̸=k,m,n, ξj, iγ/2, x})) = det

(
H1({λ}, {µ};m,n)

∣∣
µk→ξj

)
(5.109)

with

(H1)ab({λ}, {µ};m,n) =


Hab b ̸= m,n

ϕ(iγ)

ϕ(λa− iγ
2
)ϕ(λa+

iγ
2
)

b = m
ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = n

(5.110)

Repeating this step for the limit ξj → iγ/2 using the rule of l’Hospital twice we

finally obtain:

M
(2)
ijk ≡ lim

ξj ,ξj+1,ξj+2→iγ/2
⟨{λ}|B(ξj)B(ξj+1)B(ξj+2)

∏
i≠k,m,n

B(µi) |0⟩

=
1

2

∏
i

ϕ

(
λi +

iγ

2

)3

ϕ(µm − µn)ϕ(µk − µm)ϕ(µk − µn)

×
∏

c ̸=k,m,n

ϕ(µc − µk)ϕ(µc − µm)ϕ(µc − µn)

ϕ(µc − iγ
2
)
3

× det (H2)∏
a>b ϕ(λb − λa)

∏
a<b ϕ(µb − µa)

(5.111)

where

(H2)ab({λ}, {µ}; k,m, n) =



Hab b ̸= m,n, k
ϕ(iγ)

ϕ(λa− iγ
2
)ϕ(λa+

iγ
2
)

b = m
ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = n

∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = k

(5.112)
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With this we obtain after some algebra:

II = −1

2

∏
k ϕ(λk + iγ/2)3ϕ(µk − iγ/2)−3∏
a>b ϕ(λb − λa)

∏
a<b ϕ(µb − µa)

N∑
n=1

d(µn)ϕ(µn − iγ/2)
∏
i

ϕ(µi − µn − iγ)

∑
m ̸=n

∏
i

ϕ(µi − µm + iγ)ϕ(µm − iγ/2)

[
ϕ(µm − 3iγ/2)

ϕ(µm − µn − iγ)
− ϕ(µm + iγ/2)

ϕ(µm − µm + iγ)

]
∑
k ̸=m,n

d(µk)
∏
i

ϕ(µi − µk − iγ)
ϕ(µk + iγ/2)2

ϕ(µm − µk − iγ)ϕ(µn − µk − iγ)

× det (H2({λ}, {µ}; k,m, n)) (5.113)

Using a Lemma from Laplace’s determinant formula ([143]) we finally obtain:

II = −1

2

∏
k ϕ(λk + iγ/2)3ϕ(µk − iγ/2)−3∏
a>b ϕ(λb − λa)

∏
a<b ϕ(µb − µa)

×
N∑
n=1

∑
m̸=n

Anm [det (Gnm +Bnm)− det (Gnm)] (5.114)

with

Anm = d(µn)ϕ(µn −
iγ

2
)
2

ϕ(µm − iγ

2
)
∏
i

ϕ(µi − µn − iγ) (5.115)

×
∏
j

ϕ(µj − µm + iγ)

[
ϕ(µm − 3iγ

2
)

ϕ(µm − µn − iγ)
−

ϕ(µm + iγ
2
)

ϕ(µm − µn + iγ/2)

]
(5.116)

(Gnm)ab =


Hab b ̸= m,n

ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = m

∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = n

(5.117)

(Bnm)ab = (1− δbm)(1− δbn)d(µb)∏
i ̸=m,n

ϕ(µi − µb − iγ)ϕ(µb + iγ/2)2
ϕ(iγ)

ϕ(λa − iγ/2)ϕ(λa + iγ/2)
(5.118)

Part I

First we can take the limit ξj, ξj+2 → iγ/2. This again just amounts to replacing the

ξj and ξj+2 with iγ/2 in the prefactors and doing a similar analysis for the matrix

element depending on both ξj and ξj+2 as for the part II. However performing the

limit ξj+1 → iγ/2 is a bit more involved, as the limit can not be taken independently

122



PART II CHAPTER 5. SPINON DECAY

for prefactor and matrix elements. This is due to terms∝ 1
ξj+1−iγ/2 appearing in the

prefactors. Doing a consistent series expansion in ξj+1 − iγ/2 again utilizing the

Laplace determinant expansion and then taking the limit ξj+1 → iγ/2 we obtain

after some calculation:

I = −ϕ(iγ)
∏

k ϕ(λk + iγ/2)2ϕ(µk + iγ/2)ϕ(µk − iγ/2)−3∏
a>b ϕ(λb − λa)

∏
b>a ϕ(µb − µa){

N∑
n=1

d(µn)
∏
i

ϕ(µi − µn − iγ)
ϕ(µn − iγ/2)2

ϕ(µn + iγ/2)

×

[∑
m̸=n

d(µm)
∏
i ̸=n

ϕ(µi − µm − iγ)ϕ(µm + iγ/2)(
ϕ′(iγ)

ϕ(iγ)
−
∑
d̸=n

ϕ(iγ)

ϕ(µd − iγ/2)ϕ(µd + iγ/2)
+
∑
d̸=m,n

ϕ′(µd − iγ/2)

ϕ(µd − iγ/2)

−
∑
b

ϕ′(λb + iγ/2)

ϕ(λb + iγ/2)
+

ϕ(iγ)

ϕ(µm + iγ/2)ϕ(µm − iγ/2)

)
det (H3({λ}, {µ};m,n))+

∑
m ̸=n

d(µm)ϕ(µm + iγ/2)
∏
i ̸=n

ϕ(µi − µm − iγ)
1

2
det (H4({λ}, {µ};m,n))

]}
(5.119)

with

(H3)ab =


Hab b ̸= m,n

ϕ(iγ)
ϕ(λa+iγ/2)ϕ(λa−iγ/2) b = m

ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = n

(5.120)

(H4)ab =


Hab b ̸= m,n

ϕ(iγ)
ϕ(λa+iγ/2)ϕ(λa−iγ/2) b = m

∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = n

(5.121)

using the Lemma from Laplace’s determinant formula again, we finally obtain:

I = −ϕ(iγ)
∏

k ϕ(λk + iγ/2)2ϕ(µk + iγ/2)ϕ(µk − iγ/2)−3∏
a>b ϕ(λb − λa)

∏
b>a ϕ(µb − µa)

×
∑
n

An

(
det
(
G(1)
n +B(1)

n

)
+ det

(
G(2)
n +B(2)

n

)
− det

(
G(1)

)
− det

(
G(2)

) )
(5.122)
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where

An =
∑
n

d(µn)
ϕ(µn − iγ

2
)

ϕ(µn +
iγ
2
)

∏
i

ϕ(µi − µn − iγ) (5.123)

(G(1)
n )ab =

{
Hab b ̸= n

ϕ(iγ)ϕ(2λa)

ϕ(λa− iγ
2
)
2
ϕ(λa+

iγ
2
)
2 b = n

(5.124)

(G(2)
n )ab =

{
Hab b ̸= n
∂2

∂x2

(
ϕ(iγ)

ϕ(λa−x)ϕ(λa−x+iγ)

) ∣∣
x= iγ

2

b = n
(5.125)

(B(1)
n )ab = (1− δbn)d(µb)

∏
i ̸=n

ϕ(µi − µb + iγ)ϕ(µb + iγ/2)(
ϕ′(iγ)

ϕ(iγ)
−
∑
d̸=n

ϕ(iγ)

ϕ(µd − iγ/2)ϕ(µd + iγ/2)
+
∑
d̸=m,n

ϕ′(µd − iγ/2)

ϕ(µd − iγ/2)

−
∑
b

ϕ′(λb + iγ/2)

ϕ(λb + iγ/2)
+

ϕ(iγ)

ϕ(µm + iγ/2)ϕ(µm − iγ/2)

)
(5.126)

(B(2)
n )ab = (1− δbn)

1

2
dµb

×
∏
i ̸=n

ϕ(µi − µb − iγ)ϕ(µb + iγ)
ϕ(iγ)

ϕ(λa + iγ/2)ϕ(λa − iγ/2)
(5.127)

Full matrix element

We can now put together the full matrix element. We obtain

∑
j

⟨{λ}|SzjSzj+2 |{µ}⟩ = eiP{λ}+2iP{µ}
∑
j

e−ij(P{λ}−P{µ})D (5.128)

= LeiP{λ}+2iP{µ}δP{λ},P{µ}D (5.129)

where D = I + II.
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6
Concluding remarks

In this thesis we have investigated two interesting problems in one dimensional

many-body quantum systems.

In the first part we have analysed the full counting statistics of the transverse

(staggered) magnetization of a subsystem in the thermodynamic limit of the trans-

verse field Ising chain. We derived a convenient determinant representation for

the corresponding generating functions χ(u,s)(λ, ℓ, t). We first considered the FCS

in equilibrium states and showed that the probability distributions are always

non-Gaussian except in the limit of infinite subsystem size at finite temperature.

We then analysed the FCS after quantum quenches, focussing on transverse field

quenches and evolution starting from a classical Néel state. We first determined

the FCS in the stationary states reached at late times. The probability distributions

are again non Gaussian, except in the limit of infinite subsystem size. We then pre-

sented results for the time evolution of the probability distributions P (u,s)(m, t) for

a variety of quenches. For transverse field quenches originating in the paramag-

netic phase P (u,s)(m, t) showed interesting smoothing and broadening behaviour

in time. In contrast, P (u,s)(m, t) displayed a simpler behaviour for quenches origi-

nating in the ferromagnetic phase. In the case of a Néel quench P (s)(m, t) encoded

detailed information on the restoration of translational invariance. The main re-

sult of our work is analytic expression for the FCS after transverse field quenches

in the space-time scaling limit t, ℓ → ∞, t/ℓ fixed. This was obtained by a gen-

eralization of the multi-dimensional stationary phase approximation method of

Refs [75, 86]. Our final result (3.117) represents the main analytic finding of this

work. We note that the resulting generating function exhibits an interesting mul-

tiple light-cone structure that has no analogue in either correlation functions of
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local observables [82] or in the entanglement entropy [86]. We performed a careful

comparison of the asymptotic expansion with numerical results (that have negli-

gible errors) and found excellent agreement on the level of the probability distri-

butions for all cases considered.

Our work provides the first analytic results for FCS after quantum quenches

and hopefully will pave the way for further studies. Here we have focussed on

the FCS for the transverse magnetization. It would be very interesting to deter-

mine the FCS for the longitudinal magnetization, which is the order parameter

characterizing the Ising quantum phase transition. A more straightforward but in-

teresting extension would be to study certain observables in free fermion models

with long-range hopping and/or pairing [155–157]. Similarly, the probability distri-

bution of the (smooth) subsystem magnetization in the spin-1/2 Heisenberg XXZ

chain should be calculable both at finite temperatures [158] and in the stationary

states after certain quantum quenches [159–167]. For quantum quenches in the

regime where bosonisation provides a good approximation [168] the full time evo-

lution of the probability distribution for certain observables can be obtained in a

straightforward way. Finally, the case of integrable chains of higher spin could be

studied both in equilibrium [169, 170] and after a quench [166, 171].

In the second part we have considered decay rates of the elementary spinon

excitation in the spin-1/2 Heisenberg XXX model in a magnetic field perturbed by

a weak integrability breaking interaction κ
∑

j S
z
jS

z
j+2. We have argued that the

leading contribution arises from three spinon decay and have determined the

corresponding rate. The latter is found to be small, indicating that spinons remain

long-lived excitations in the non-integrable theory. Decay of elementary string

excitations can be analysed in an analogous fashion. This would be particularly

interesting to do in the attractive regime ∆ < 0 of the XXZ chain in a field, where

they play an important role in the dynamics.
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