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Abstract

In this thesis two questions of equilibrium and non-equilibrium prop-
erties in many-body quantum mechanical systems are investigated.

The first part is focused on probability distributions of quantum ob-
servables in many-body quantum systems. After an introduction to
probability distributions, full counting statistics and the transverse field
Ising model we give a brief overview over related experiments and then
derive an expression for the probability distribution of the transverse
field magnetization of a finite subsystem in any Gaussian state. We
study the probability distribution in ground and thermal states as well
as in a non-equilibrium setting after a quantum quench. We find an
analytic expression for the time evolution after the quench and com-
pare to numerics.

The second part of the thesis is concerned with the stability of exact
quasi-particle excitations of an integrable model after weak integra-
bility breaking perturbations are introduced. For this we first discuss
the stability of excitations in integrable systems and then give an in-
troduction to the Heisenberg XXX-model in a magnetic field. After con-
structing exact excitations we calculate the decay rate in leading order
perturbation theory using methods of integrability.
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Introduction

A defining property of condensed matter systems is that they are made up of
an enormous number of constituents with complicated interplay between them.
While for most systems the building blocks are the same, the interplay, interac-
tions and environment can produce vastly different “macroscopic” outcomes, dis-
tinguishing metals from insulators, superconductors, magnets or even more exotic
quantum hall liquids or topological insulators. To get an understanding of these
systems it is therefore not important to probe ever more fundamental laws of na-
ture, but to understand emergent phenomena appearing from the interplay of very
simple ingredients.

Despite the vast number of components and the interactions between those,
much more simple theoretical models can capture the essence of the emergent
property of many systems and understanding these models can help us to elu-
cidate condensed matter systems. This at first baffling possibility to learn about
complicated models from toy examples can often be understood by one of the
most importantideas in theoretical physics: the renormalisation group (RG). Sche-
matically the RG reduces the number of degrees of freedom of the model, filtering
out the important ingredients at the energy scales of interest. Coincidentally, by
the RG procedure many real life physical systems turn out to be described by the
same “effective” degrees of freedom and interactions at the energies we observe
them. This is known as universality and is one of the cornerstones of theoretical
physics, enabling us to understand classes of systems without having to know all
their microscopic characteristics.

In particular low dimensional many body quantum systems present a play-

ground for understanding strongly interacting quantum systems and many-particle
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systems in general. In 1D, strong correlations and collective phenomena are known
to have a particularly strong influence [3]. However despite this, there exista num-
ber of one dimensional models where analytic progress can be made and exact
solutions are possible, for example by non-local mapping to free systems [4, 5]
or due to an infinite number of symmetries [6, 7]. These exact solutions of physi-
cally important models can help form an understanding of interacting many-body
quantum systems and quantum mechanics in general.

This thesis is divided into two parts. The first part is focused on the proba-
bilistic nature of quantum mechanics and its measurement [8], calculating the full
counting statistics of certain operators in a one dimensional model of interacting
spins in a magnetic field.

The second part is concerned with weak integrability breaking, defined as per-
turbing an integrable model with a parametrically small interaction, which takes
the model away from the integrable point. Weak integrability breaking has at-
tracted much interest in recent years in non-equilibrium dynamics, where there
Is a dichotomy between the relaxation of integrable and non-integrable theories
after a sudden change of a global parameter (quantum quench) [9-12]. Itis an in-
teresting questions what the influence of an integrability breaking perturbation is
on the time evolution (cf. [13] and references therein) and a relation to the decay
of quasi-particles has been proposed [14]. In the first part of the thesis we will
be interested in a related question, however in equilibrium. We will be interested
in the stability of exact quasi-particles of a lattice integrable model when a weak
integrability breaking perturbation is introduced.

The outline of the thesis is as follows: The first part introduces the notion
of the probabilistic nature of measurement in quantum mechanics in Section 2.1
and gives a general strategy to calculate it in a generic system in Section 2.2.
We then motivate the theoretical discussion by briefly outlining some important
experiments of full probability distributions in many-body quantum systems in

Section 2.3. After introducing the transverse field Ising model as a paradigm to
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calculate full probability distributions in Section 2.4, Section 3.1 gives a detailed
discussion of how to calculate full counting statistics for a general Gaussian den-
sity matrix and certain observables. We then examine probability distributions in
equilibrium in Section 3.2, focus on the time evolution after a quantum quench
in Section 3.3 and derive an analytic formula in Section 3.4 which asymptotically
describes the time evolution of the full probability distribution of a specific ob-
servable.

In the second part we first briefly talk about the stability of integrable excita-
tions in Section 4.2 before introducing a paradigmatic model of integrability: the
Heisenberg XXX-model in Section 4.3. We discuss its solution by means of the
Bethe Ansatz and how to calculate matrix elements using Algebraic Bethe Ansatz
and Inverse Scattering Theory. In Section 5.1 we then motivate why we are inter-
ested in the stability of excitations under a weak integrability breaking perturba-
tion and introduce the framework we are calculating the leading order decay rate
with. We then explicitly construct exact excitations, important for the decay pro-
cess in Section 5.2, find an efficient formula for the decay rate in Section 5.3 and
solve it numerically in Section 5.4.

In Section 6 we give a brief conclusion and outlook for both problems consid-
ered in this thesis.

This thesis is based on the following publications:

- Stefan Groha, Fabian H. L. Essler, Spinon decay in the spin-1/2 Heisenberg
chain with weak next nearest neighbour exchange, J. Phys. A: Math. Theor.
50 334002 (2017)

- Stefan Groha, Fabian H. L. Essler, Pasquale Calabrese, Full Counting Statistics

in the Transverse Field Ising Chain, arXiv:1803.09755 (2018)

Other publications, which are not part of the thesis due to restrictions on the

length thereof:

- Bruno Bertini, Fabian H. L. Essler, Stefan Groha, Neil J. Robinson, Prethermal-
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ization and thermalization in models with weak integrability breaking, Phys.

Rev. Lett. 115, 180601 (2015)

- Bruno Bertini, Fabian H. L. Essler, Stefan Groha, Neil J. Robinson, Thermaliza-
tion and light cones in a model with weak integrability breaking, Phys. Rev.

B 94, 245117 (2016)

- Mario Collura, Fabian H. L. Essler, Stefan Groha, Full counting statistics in the

spin-1/2 Heisenberg XXZ chain, J. Phys. A: Math. Theor. 50 414002 (2017)
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Full counting statistics, probability
distributions and the transverse field
Ising model
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21 Description of quantum mechanical systems and probabilistic
nature of measurement . . ... ... ... L L. 6
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2.4 The Transverse field Isingmodel . . . .. ... ............ 17

21 Description of quantum mechanical systems and prob-
abilistic nature of measurement

A quantum mechanical many-body system of NV particles or spins is fully described
by its quantum mechanical wave function ¢(n4,...,ny;t), which is the projection

of the quantum mechanical state |¢(t)) onto a preferred basis

(ny,...,nn;t) = (ng,...,ny | (L)) (21)

where the n; can e.g. be position or spin in the z-direction for particles and spins
respectively. However in the case of interacting many-body systems this full in-
formation is generally not accessible theoretically and as the information needed
to fully specify the wave function grows exponentially with the system size, it is
practically not possible to numerically obtain for a generic state. There are ex-
ceptions, for example states with low entanglement, e.g. ground states of gapped

1D systems (cf. [15-17]) or eigenstates of 1D quantum integrable systems (cf. [6, 18,

6
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19]). Also experimentally, accessing the wave function is very hard for single parti-
cle quantum mechanical objects [20-22], however so far impossible for interacting
many-particle systems. We therefore generically have to resort to measurement
and calculation of quantum mechanical expectation values of observables of in-
terest or correlation functions thereof. Examples include neutron and light scat-
tering experiments measuring spin and charge response functions or conductivity
measurements giving access to current-current correlation functions [23].
Afundamental principle of quantum mechanics is the statistical nature of mea-
surements of observables. Measuring the same observable in identically prepared
systems leads to different measurement outcomes that are described by a prob-
ability distribution that depends on both the state |¥) and on the observable
O considered. While expectation values and correlation functions average over
all the fluctuations and give information about the first few moments, the full
probability distribution Pre 4 (O) encodes detailed information about quantum
fluctuations in the system. It is of particular interest in situations where the first
few moments do not provide a good description of the distribution (cf. Figure. 2.1).

This happens for example for the probability distribution of the order parameter

Pro 4 (0)

u;a o u%a O

Figure 2.1: Example of a probability distribution that is not well described by mean
w1 and standard deviation o. Generally every multimodal or flat distribution can
not be characterized just by its first few moments.
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in the XXZ-model at criticality [24].

Quantum mechanical probability distributions in the guise of Full Counting
Statistics (FCS) have been studied for some time in mesoscopic devices [25, 26].
More recently it has become possible to analyse them in systems of ultra-cold
atomic gases [27-32]. This has broken new ground in the sense that one is deal-
ing with (strongly) interacting many-particle systems and a variety of observables,
typically defined on subsystems, can be accessed. This has motivated a number
of theoretical works of FCS in equilibrium states [24, 33-42], and after quantum
quenches [29, 42-46]. A second motivation for studying FCS has been the observa-
tion that in non-interacting fermionic systems with particle number conservation
the FCS of particle number within a subsystem is directly related to the entangle-

ment entropy [47-56] and provides indirect information about the latter.

2.2 Probability distribution and full counting statistics

In the following we want to look at the FCS and probability distribution of certain
observables O within a state |¢). Let us further simplify the following discussion by
only considering operators O with discrete spectra, so for example spin operators

acting on a finite subsystem (cf. Fig. 2.2). The outcome of any measurement of this

O

—_— ) —

Figure 2.2: Pictorial representation of the kind of setup we want to look at. We are
interested in a system with sites, which can be finite or infinite. Each site has a
finite local Hilbert space dimension. The operator is acting on a finite subset of
the system, a subsystem of size ¢, giving a number of eigenvalues, which is finite,
however generically exponential in the length of the subsystem ¢. Specifically we
will be interested in spin-1/2 at each site, with some spin operator having support
on /¢ sites.
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observable in any state according to the Born rule [8] is any of the eigenvalues

O1,0,, ... of the operator O with associated probability:
Pro ) (On) = [(0n | )| (22)
where |o,,) is the associated eigenvector to the eigenvalue O,, and therefore

Proy) (On) = (¥| Po, 1) (2.3)

where Pon Is the projection operator on the subspace corresponding to the eigen-

value O,, such that we can write
0= 0uPo,. (2.4)
Let us now define the quantity

Po 4y (0) = (| 6(O — O) [¥) . (2.5)

where §(z) is the Dirac distribution. Using the plane wave integral representation

of the delta function, we can write this quantity as
CdA ol
Poy(0) = (ul [ GreO-y)
_eo 2T
oo 2m
We can now use the properties of the projection operators Pom

-ZADOmPOn :pomamn (27)
> P, =1. (2.8)

These properties imply that any power of the operator (O,, — O) can be rewritten

as

(0 = Pomom> = (Z Po,, (0 — om))

= Y Po, - P, (0=0y)...(0=0p)
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and therefore we can rewrite the quantity Pe |y as

Pojuy(0) = (| 6(0 — 0) |v)
=Y 6(0 = Oy) (| Po,, v)

=3 "6(0 — 0.) Pro,y(Onm) (210)

This relation, as well as the Fourier transform of the first line, will be very helpful
in calculating probability distributions for observables later. To compute the first
line of (210) it will again be useful to look at the Fourier transform of the proba-
bility distribution. Using the plane wave integral representation of the Dirac delta

distribution we can write

*dx
Po 1y (0) = / gé’_MOXo,m()\) (211)
where xo,4)(A) is defined as
Xojun(A) = (] [v) (212)

and is called the full counting function of the operator O in the state |¢). For a

hermitian operator O it is easy to see from this definition that

Xo(A) = (xou (=) (213)
Xo,)(0) = 1. (214)

For a generic operator and wave function, where the operator has finite support
on a finite number of sites with finite Hilbert space dimension on each site (cf.
Figure 2.2), the number of eigenvalues of the operator grows exponentially with
the length of the subsystem. Therefore obtaining the probabilities from (2.10) be-
comes exponentially hard. For large enough subsystems one can however recover
the probability density of the operator O in the state [¢) by mollifying the delta-

distribution. Using a mollifier ¢.(x), we get

/_ " 4t 6. — O)Poy () =3 62(0 — ) Pro ) (O) (215)

= PraW(O), (216)

10
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where for e small the mollified probabilities Prg, |, (O) are a good approximation
of the probabilities in an interval of order € around O. To obtain Pp 4 (O) from
the generating function the mollification implies

Pro 1) (0) = /°° dz ¢e(z — O)Po yy(z) = /00 dX ¢-(O = N)xo, (M) (217)

o

where

$-(0—\) = / dz e ¢, (0 — ). (218)
Mollifying the delta distribution also effectively reduces the support of the integral
in (217) by suppressing large A\, making the integral numerically tractable. As a

possible mollifier ¢.(x) we can use e.g. the Gaussian approximation for a delta

function
6-(@) = —p—c ¥ (219)
(r) = e 2. .
\2me
We will now specify the discussion to spin-1/2 systems and specific operators.
We will be interested in operators defined on a subsystem 1,...,¢ of the form
J4
Op =Y fli)os. (2.20)
=1

where o is a Pauli matrix in @ = x,y,z direction on site ¢ and f(i) = 1 or
f(i) = (=1)", which corresponds to subsystem magnetisation and staggered sub-
system magnetisation respectively. As the Pauli matrices have eigenvalues £1 the
eigenvalues of O, are integers. There are ¢ + 1 eigenvalues, which are highly de-
generate. Unlike the generic case discussed above, this poses a very special case
that cannot be solved by regularising the delta functions. However we have a

periodicity constraint on xo, 14 () of the form

Xoulwy A+ ) = (1) X0, 1um (N (2.21)

1
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With this we can show that

e dA —iAm
Pog,|w>(m)=/ 2 ¢ A X 0wy ()

m/24nm q\
= Z/ 2—€_Z>\mx(927\¢>(>\)
neZ —7/24+nm i
"y
—i(A—nm)m nt
= Z/ 2T (=) X0, 1w (V)
el —7/2
gy
_ Z emmw—i—uan/ EG_MmXOhW}) (/\)
nez i/
i ZTGZ 5(m B 27,, + g) % 2 f:r7{-32 %efi)\(QT*e)XOblw)()\) fOF é Odd
S Sm o) x 2 fi/ig D207y 6 iy (V) for £ even

(2.22)

and therefore comparing with (2.10) we obtain for the probability distribution:
w/2 d\ 4
Promw(m) :/ —e_ZAmXoL,"w()\) (2.23)
—x/2 T
It is furthermore useful to note that the FCS is the generating function for the

moments of O:
n L d" IO
(O") = Z,—HW@ ) o (2.24)
whereas the logarithm of the generating function is the generating function for

the cumulants C,,;:

C,=——In <ei)‘o> |/\:O' (2.25)

2.3 Experimental measurement of full counting statis-
tics

As mentioned, quantum mechanical probability distributions have been studied in
mesoscopic systems and quantum optics. Examples include the measurement of
fractional charge in fractional quantum Hall systems and quantum noise in photon
counting experiments [57-59]. In recent years new interest has been generated

by experiments analysing probability distributions for quantum observables in

12
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cold atomic gases. These experiments allow for the measurement of the FCS of a
number of observables acting on a large subsystem in (strongly) interacting many-
particle systems in and out of equilibrium in one and two dimensions.

While most experimental works in the early days of cold atom experiments
were focused on weakly interacting bosons, including the creation of Bose Ein-
stein condensation (BEC) [60-62], interference of BECs [63] and atom lasers [64],
the main interest in recent years has been on engineering theoretical strongly cor-
related quantum systems with ultra-cold atom setups. While the former often can
be successfully described by mean field like Gross-Pitaevski equations, the latter
typically probe strongly interacting many-body physics, which is of great interest
to understand quantum aspects of many-body systems. This progress has been
mainly fuelled by major advances in experimental techniques. First and foremost
the possibility to control scattering lengths to be comparable to inter-particle dis-
tances by means of magnetically tuned Feshbach resonances [65, 66] has made
it possible to influence the effective interaction between particles. Furthermore
confinement in optical lattices is a powerful ingredient for engineering quantum
systems. Hereby atoms are placed in a periodic potential created by a standing
laser beam. Changing the intensity of the laser beam can be used to tune the
relative strength between kinetic and interaction energy [67]. Another useful tool
Is the ability to reduce the dimensionality of the system by applying strong con-
finement potentials in the “unwanted dimensions”. Having engineered a certain
quantum mechanical system, cold atomic experiments do not only offer certain
experimental techniques mimicking many solid state analogues, e.g. Bragg spec-
troscopy [68] being similar to light and neutron scattering, but there are additional
techniques not available in solid state systems. Some of them prove themselves
useful for the measurement of FCS, e.g. site resolved measurement [69, 70].

In the following we will briefly discuss two experiments motivating the theo-

retical discussion in Section 3.

13
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2.3.1 Staggered subsystem magnetisation in the Hubbard model

While site resolved measurement is not possible in solid-state systems, ultracold
atom experiments have length scales accessible with high-resolution optical mi-
croscopy [69, 70]. This opens up the possibility of measuring certain observables
on each site of an optical lattice, which is created as described above. In Ref. [71]
this technique is used to extract the probability distribution of the staggered mag-
netisation, which is defined below. The experimental system is well described by

a two-dimensional Hubbard model with the Hamiltonian:

H=—1 Z (cjacm + h.c.) + Uannﬁ (2.26)
o,(3,5) 7

where the sum (i, j) goes over nearest neighbours, ¢!, ¢, are fermionic creation

and annihilation operators, n;, = ¢l ¢, and the ratio of interaction to hopping

10 10

given by ¥ ~ 7.2. At half filling and ¥ > 1 the low energy degrees of freedom are
well described just in terms of the spins S¢ = %cjﬁagvcw, with % the Pauli spin

matrices, with an effective Hamiltonian given by:

H=J7Y 585, (2.27)
(i,4)

which is known as the antiferromagnetic Heisenberg model. To set up the ex-
periment a mixture of the two lowest hyperfine states of °Li, corresponding to
up-spin |1) and down-spin |), are loaded into a trap with a 2d optical square
lattice. After cooling the atoms down to appropriate temperatures, Feshbach res-
onances are used to tune the interaction of the atoms to simulate the 2d Hubbard
model. The charge occupation of the system is measured by rapidly increasing
the lattice depths to pin the atoms at the sites and capturing the fluorescence of
the atoms by high-resolution microscopy, being able to resolve every lattice site
(cf. Fig. 2.3a). The measurement technique does however not distinguish between
empty and doubly occupied sites. As the ratio of interaction to hopping is large

and the experiment is done at half-filling, these sites are however very rare as

14
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Sample, Q Reservoir

u

\|
Y1 N\
f i . =
~ % (b) Example realisation of measured occu-

pied or unoccupied sites of the up-spin ori-
: entation. The other spin orientation has
(a) Experimental setup for measuring the  been removed. As the interaction is quite
charge occupation of the lattice. A subsys-  large (% ~ 7.2) and the experiment is done
tem of the cold atomic cloud, where the  at half filling the staggered magnetisation
density is approximately constant, is mea-  can be calculated by looking at neighbour-
sured with an optical microscope. (Illustra- ing sites: B ] corresponds to §7 = +1 and
tion from [71], slightly modified) <] corresponds to 57 = —1.

long as the temperature is of the order of hopping and not interaction. Further-
more the charge occupation is measured, not the spin of the particles. Therefore
an extra step has to be taken, which removes one spin orientation from the trap,
leaving the other spin orientation untouched. This is realised by using resonant
pulses driving transitions for atoms in one of the hyperfine states, ejecting the re-
spective spin direction. Now from the measured charge occupation the staggered
magnetisation on N? sites can be calculated:

S*(N) = % (Z S s;) (2.28)

jeA jeB

with the sites A and B defined as in Fig. 2.3b. Fig. 2.3b shows a typical measure-
ment of the charge occupation after removal of one of the spin directions. This
measurement is done multiple times for fixed temperatures and the resulting to-
tal magnetisations of each measurements are plotted in a histogram. By the law
of large numbers this histogram approaches the probability distribution of the
staggered magnetisation of the Hubbard model at half filling for ¥ > 1. This is

compared to Monte Carlo calculations of the Heisenberg model, which shows a

15
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good agreement (see Fig. 2.4) [71].

T/t= 0.25 T/t= 0.35

o0 O

41 T/t= 0.64 41 T/t=1.14

A

0 0
-1.0 -05 0.0 0.5 10 -10 -05 00 0.5 1.0
e v

p(r?)
nN
N

Figure 2.4: Histogram of the staggered subsystem magnetisation at different tem-
peratures. The histograms approach the probability distributions calculated by
Monte Carlo simulations in the Heisenberg model at the respective temperature.
(from [71].)

2.3.2 Non-equilibrium FCS in time of flight experiments

Measurement of probability distributions in cold atom systems is not only possible
in equilibrium, but insights into non-equilibrium evolution of FCS and probability
distributions are possible. The time dependence of probability distributions of
certain quantities was used to reveal prethermalisation of closed weakly perturbed
integrable quantum systems (cf. Ref. [30, 72]).

For this a trapped 1D gas of 8"Rb bosons is prepared in the quasi-condensate
regime, which means density fluctuations are suppressed, whereas strong phase
fluctuations, determined by the temperature T" and the density of the system, are
present. By quickly changing the trap potential in one of the dimensions orthog-
onal to the 1D system from a single well to a double well potential, the single con-
densate is quickly and coherently split into two uncoupled 1D gases with identical
wave function phase profiles. Thereafter the gases are allowed to evolve in the
double well potential for some time ¢t and then the two condensates are released
from the traps and expand until the clouds overlap. After this, absorption imaging

Is used to determine the interference pattern of the densities of the system. When

16
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the two condensates are coherent, the relative phase between the two clouds
determines the interference fringes. The low energy degrees of freedom are de-
scribed by Luttinger Liquid theory [3], where the wave function of the condensates
a = 1,2 in both wells are described by wave functions ¢p .(z) ~ \/pe®@with
densities p and phases ¢,(z). Schematically the density after the interference can

then be described as [44, 73]

The measurement is along the length of the system (see Fig. 2.5), optically inte-
grating over the density. One can show [44] that the modulation of the integrated
fringe contrast along the system is related to the integrated phase density, which
is intuitively clear by looking at the integrated density, again schematically (exact
description: [44, 73]):
L/2
/ drp(x) = C(L)e™®W®), (2.30)
—L/2
where C(L) is the quantity of interest. Doing multiple measurements after the
same time ¢ and plotting the resulting fringe contrast squared and normalized in
a histogram, one obtains the probability distribution of interest. The probability
distributions for different times are shown in Fig. 2.6. With these it was shown that
at late times, although the system is not integrable, it does not thermalise. This
shows that non-equilibrium probability distributions of meaningful quantities are

experimentally obtainable and physically interesting.

2.4 The Transverse field Ising model

In the following we consider the spin-1/2 transverse field Ising model on an infinite

1D chain with Hamiltonian

H(h)=-— i (0507, + ho?] . (2.31)

j=—00
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100 150 200
pm

Figure 2.5: In (a) the experimental setup is shown. The two condensates are re-
leased after time ¢ and are freely expanding until they overlap and interfere. This
is called time-of-flight experiment. The resulting interference pattern is measured
along the system direction using absorption measurement, revealing the interfer-
ence pattern. An example pattern is shown in (b) with the fringe contrast, which
clearly shows the modulation. The amplitude of the modulation is the quantity of
interest. (Illustration and plots from [30, 72].)

The ground state phase diagram features ferromagnetic (h < 1) and paramagnetic
(h > 1) phases separated by a quantum critical point in the universality class of
the two-dimensional Ising model [74].

(0F) #0 (oF) =

T=0: 1 * > h
0 FM 1 PM

The order parameter that characterizes the transition is the longitudinal magneti-
sation (GS|o7|GS). Atfinite temperature spontaneous breaking of the 7, symmetry
in 1D is forbidden and hence the order present in the ground state at h < 1 melts.

In the following we will summarize the relevant steps for diagonalizing the
Hamiltonian (2.31). We will start out discussing finite systems, closely following
the appendix in [75], then introduce the quantities of interest in this chapter and
in the end take the system size L to infinity, utilizing properties of the operators

and expectation values in the TFIM to simplify the discussion.
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Figure 2.6: Probability distributions of the squared fringe contrast at different times
and integration lengths over the system. Different integration lengths are realised
by slicing away parts of the system before measurement (cf. Fig. 2.5). The plots are
extracted from [30].

2.41 Diagonalisation of the Transverse Field Ising chain

We consider the Hamiltonian (2.31) on a finite system 1,..., L
L
H=— Z [a‘;afﬂ + haﬂ (2.32)
j=1

with even L and periodic boundary conditions for the spins o¢,, = of. The TFIC

is mapped to a model of spinless fermions by a Jordan-Wigner transformation

7j—1
oi=1- 2c}cj , oj = H(l — 2cchl)(cj + c;) , (2.33)
=1
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where ¢; are spinless fermion operators obeying canonical anticommutation rela-

tions {c},ck} = J; . Substituting into the Hamiltonian we obtain

H(h) = — Z(C;r - cj)(ch + C}H) — h(cjc;r- — C;(cj)
1
— e <CL - CTL) <Cl + CI) . (2.34)

where the fermion number N is defined as N = Y% cle;. As [H,N] = 0 the
Hamiltonian is block-diagonal in terms of the fermions with the two blocks being
characterised by even and odd fermion number. Imposing anti-periodic and pe-
riodic boundary conditions for even and odd fermion number respectively we can

write the Hamiltonian in both sectors as

L—1
H(h) =— Z(C;r —¢i)(cj + C;H) - h(cjc;r- - C}L'Cj) (2.35)
7j=1
where for even fermion number ¢, 1 = —¢; and ¢, 1 = ¢; for odd fermion num-

ber. In the following we will refer to the sector with even fermion number and
anti-periodic boundary conditions on the fermions as Neveu-Schwarz (NS) sector,
whereas the sector with odd fermion number and periodic boundary conditions
will be called Ramond (R) sector.

The next step towards diagonalizing the transverse field Hamiltonian is a Fourier

transform:

L
Cp, = —— E c;e™ (2.36)
VL pu

Depending on the sector and the associated boundary conditions the momenta

are quantized differently

2 (n+1/2) I I
KNS/E — L , n=-=,...,=—-1. (2.37)
2mn 2 2
L
To diagonalise the Hamiltonian we introduce Bogoliubov fermions a;~s,/r
ekNS/R o ekNS/R t
CpNs/R = COS ( ”2 ) QNS/R + 7 s8In ( ”2 ) a—kf:]s/R (2.38)
0 NS/R 0 NS/R
. kn kn
CT,kTJ:rS/R =¢sin ( 5 ) QNs/r + COS ( 5 ) aikﬁS/R’ (2.39)
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where {a,,af} = 4,, for momenta in the same sector and the Bogoliubov angle

IS
ik
0 — h—e . (2.40)
V14 h? —2hcosk
We can express the Hamiltonian as
L/2—1 1
Hys= 3 (k) {a;gsaw - 5} (2.4)
n=—L/2
L/2—1 1 1
Hp= Y e(kf) {azﬁaw - 5} —2(1—h) [agao — 5} (2.42)
n=—L/2
n#0

in the even and odd fermion sector respectively, where the dispersion relation is

given by

(k) =2+/1 + h? — 2hcos(k). (2.43)

We see from (2.42) that depending on h > 1 or h < 1 we can obtain different
ground states. This manifests itself in the different phases depending on h > 1
or h < 1 respectively. For h > 1 the extra term in the Ramond sector is positive
and the lowest state in this sector with odd fermion number is the state where
the £ = 0 mode is occupied. Therefore the ground state of the full Hamiltonian is

given by the vacuum state in the NS sector:
1GS)paq = 10) yg (2.44)

where the vacuum is defined as the state which is annihilated by application of
any annihilation operator. This is the paramagnetic phase of the TFIM. A complete

set of states is given by

2m

VSRS Y :Hal];;vs 10) v g (2.45)
j=1
2m+1

’kfa"'vk§m+l>3 = H a;i;% |0>R (246)
j=1
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for m integer and with momenta ijS/R satisfying (2.37) for states in the NS/R sec-

tor respectively. For h < 1 to get a positive energy we perform a particle-hole
transformation of, ++ ay and again define the vacuum in the Ramond sector to be
the state which is annihilated by any annihilation operator. Due to the nature of
the particle-hole transformation the new vacuum has odd fermion number and
therefore both NS and R vacuua |0) , 4 and |0) , are physical states. A complete set

of states is given by

2m
[, k) = [ L el [0) s (2.47)
j=1
2m
[k kfh) =T ke 0)- (248)
j=1
The lowest energy states are the two vacuua with the energies of these states are
given by
!
E([0) yg) = 3 5(]@]?]5) (2.49)
n=—}
!
B(0)g) = =5 > k) (2.50)

which can be shown to be equal up to corrections, which are exponentially small
In system size and vanish in the large L limit. Therefore for L — oo, which is the
case of interest for us, we have a ground state degeneracy with the two ground
states given by

1
V2

Spontaneous symmetry breaking selects one of the ground states characterising

GS)) = —=(10) 5 £ 0) ys) (2.51)

the ferromagnetic phase of the TFIM.

2.4.2  Full Counting Statistics and Generating Function

We are interested in the properties of the smooth and staggered components of

the transverse magnetization of a chain segment of length ¢ < L. These are de-
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fined as , ,
SAO =Yo7,  SHO=) (1Yo (2.52)
j=1 j=1

Given a density matrix p that specifies the quantum mechanical state of our sys-
tem, the probability distributions for the transverse subsystem magnetizations are

given in the same way as in Chapter 2.2 by
P () = Tr(pd(m —S:,(0))) - (2.53)

In the following we will focus on the characteristic functions of these probability

distributions, which are defined as

dN
P(u,s) _ A —idm . (u,s) bW
m) = [ eI,

XU 0 = Tr[peois] (2.54)
By construction, the expansion of x(™* (), ¢) around A = 0 generates the moments

of the associated probability distribution. Analogous to the discussion in 2.2 the

following relations are readily inferred from the definition of x(®9) (), ¢)

X(u,s)()\’@ — [X(u,s)(_)\’é)}* ’
X060 = 1,

AT = (DA (2:55)

These properties imply

B (u,8) e . .
Pl () = § 220l =2t O A=) TS0 o
2 en0(m —2r)Py (1) If £ is even
where we have defined the weights
w/2 )
P = [ eI, 257)
—7/2 27

These weights are closely related to the probability distribution of the transverse

smooth and staggered subsystem magnetization as shown in 2.2.
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2.4.3 Expectation values of even operators and L — oo

We are interested in expectation values of the form

Tr(p eMSu’S(é)) . (2.58)
The complete set of states both for h > 1 and h < 1 split into states in the NS
sector and the R sector, distinguished by the total fermion number N. Therefore
the density matrix p, similarly to the Hamiltonian, can be written in block-form

p—Zp i, NS) (j, NS|+ > pit i, R) (j, R|

i,

—i—ZpNS B(li, R) (j, NS| + |i, NS) (4, R|) (2.59)

where pﬁjV.S and pg‘. are the amphtudes for states from only NS and R sector respec-

NS—R

tively and p;; amplitudes of states connecting both sectors. As an example we

can consider the density matrix corresponding to the ground state in the ferro-
magnetic regime
PGS h<1 = |0> ns ns (0] + = \0> r RO+ = (|0> ns k(0] +10) g ns (0]) (2.60)

The fermionic parity operator F = et distinguishes both sectors, which differ by
total fermion number where for a state |[N.S) from the NS sector F|NS) = |NS)
and for a state |R) from the R sector we have F|R) = —|R). Importantly the

operators we are interested in are even under the fermionic parity operator
Fers O FT = sl (2.61)
and therefore the expectation value can be written as

Tr (,0 ei’\su’s(f)) =Tr

(D" o510 v S) G, NS+ plifis B) (), R
2] 2%

+ZpNS ®(li, R) (j, NS| +|i, NS) <J,RI>) “S“’““] (2.62)

Z sz’j (J,al s i, a)

a=NS,R 1ij
+ZpNS (G, RO i, NS) + (j, NS| 2O i, R)).

(2.63)
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Using that the operator is even under fermionic parity we see that
Te(pe™™O) = D D o l.al X ia). (264)
a=NS,R 1ij
In the L — oo limit expectation values in the Ramond and Neveu-Schwarz sector
are equal (cf. [76]) and with the correct normalization of the expectation value we

obtain
Tr(pei’\su’s(g)) = Tryg (pNSeMS“’S“)) (2.65)

where we only have to consider states in the NS sector for both trace and density
matrix. In the example given above for the GS of the ferromagnetic phase we

therefore obtain
Tr(pasncie™ ) = g (0[O 0) y . (2.66)

As the Hamiltonian is block-diagonal in the fermion number basis time evolu-
tion does not mix sectors and we only have to consider time evolution in the NS
sector in the large L limit. Therefore we can from now on drop the subscript NS
and go to L — oo. The transformation between fermions on sites and operators

diagonalizing the Hamiltonian (2.31) is then given by

cj :/ g—ke_ikj [cos(@k/Q)ak +isin(9k/2)aik} : (2.67)
_p 2T
and the Hamiltonian takes the form
™ dk 1
where the dispersion relation is again given by
(k) =2+/1 + h? — 2hcos(k). (2.69)

For the purpose of taking the expectation value of the operators of interest the

ground state of H(h) is equal to the Bogoliubov vacuum state defined by
o |0) = 0. (2.70)
and is even under fermionic parity F, which will be useful later.

25



Full counting statistics in the
transverse field Ising chain

Contents
31 Generating Function for a general Gaussianstate.. . . ... .. .. 27
3.2 Full counting statistics in equilibrium . . . . . ... ... ...... 35
3.3 Full counting statistics after a quantum quench . ... ...... 39
3.4 Analytic results for the probability distribution . . . .. ... ... 54
3.5 Accuracy of the asymptoticresult . ... ... ... ......... 63
3.A Asymptotics of block Toeplitz matrices . . . ... .......... 70
3.B Perturbation theory around the h — oo limit ... ......... 7

From a theoretical point of view calculating the FCS for a given observable
on a sizeable subsystem poses a formidable problem and as a result only very
few exact results are available even in simple equilibrium situations. Even less is
known about FCS after quantum quenches. This motivates reconsidering FCS in the
transverse field Ising chain (TFIC). The TFIC is a key paradigm for quantum phase
transitions [74] and a simple, but non-trivial, many-body system without particle
number conservation and therefore provides an ideal playground for studying FCS
both in and out of equilibrium. Indeed, thanks to the mapping of the TFIC to
a model of non-interacting spinless fermions with pairing term it is possible to
analytically determine ground state and thermal properties, see e.g. [74, 77, 78],
as well as describe the non-equilibrium dynamics of local observables [75, 79-84]
and of the reduced density matrix of a block of adjacent sites [83, 85-87] after a
global quantum quench. A summary of these developments is given in the recent
reviews Refs [76, 88].

In this work we focus on the FCS of the simplest observable, the transverse
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magnetization within a block of £ adjacent spins. In the ground state this problem
has been previously analysed in Refs [33, 35] and generic Gaussian states have
been considered as well [38]. We note that the ground state FCS of the longitudinal
magnetization in the field theory limit at the critical point has been determined
in Ref. [34] and the ground state FCS of the subsystem energy was considered in
Ref. [40].

This chapter is organised as follows. In Section 3.1 we provide a novel deriva-
tion of an efficient determinant representation for the FCS in general Z, invariant
Gaussian states. The result is equivalent to that of Ref. [38]. This result is applied
in Section 3.2 to the determination of the FCS in equilibrium states. In the ground
state we recover the results of Ref. [33]. Our results for the FCS in finite temper-
ature equilibrium states are to the best of our knowledge new. In Section 3.3 we
turn to the main point of interest: the time evolution of the FCS after a global
quantum quench. We consider the situation where the system is prepared in a
pure state at finite energy density and then time evolved with a Hamiltonian that
does not commute with the initial state density matrix, which leads to non-trivial
dynamics. We present explicit results for general “transverse field” quenches as
well as evolution starting from a classical Néel state. The main result of this work
Is presented in Section 3.4: an analytic expression for the time evolution of the

FCS after a transverse field quench.

3.1 Generating Function for a general Gaussian state

In this section we show how to obtain the generating function (2.54) for the oper-

ators

14 l
Sty =2 o7, SO =3 (=1)0; (31)

j=1
in a general Gaussian state with a novel method that recovers the results of Ref [38].

Our starting point is the realization that (2.54) depends only on the reduced
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density matrix of the block A of ¢ adjacent spins
XN ) = Tr [p e%0sO] = Tr [py e5us0] (3.2)

where the reduced density matrix p, Is defined as the result of tracing out the

complement of A from the density matrix p

pa=Trz(p) . (33)

As the Pauli matrices together with the identity form an orthonormal basis in the
space of operators over C? the reduced density matrix of a subsystem A that con-
sists of £ neighbouring spins at sitesi = 1,...,¢ can be expressed in the form

pa = % Z Tr(p ot ... o)) oft ..o/, (3.4)

{oa...ap}

where a; = 0,z,y,z. In order to proceed we need to specify a convenient basis
of operators. This is provided by Majorana fermions related to the lattice spin
operators by

_ z T _ z Yy z __ s
Qo1 = (H am> oy, Qo = (H 0m> o; . 0] = 1G2;02j_1. (3.5)

m<l m<l

The Majorana fermions satisfy the algebra
{aj, ak} = 2(5ij . (36)

We now restrict our discussion to density matrices that are invariant under the Z,
fermionic parity transformation F, which is given in terms of Pauli operators as

F =TI _ of and therefore satisfying the relations
FoiF =0}, Fo'F =—o". (37)

In this case the Jordan-Wigner strings cancel and the reduced density matrix (RDM)
Is mapped to an operator expressed in terms of Majorana fermions acting on the
same spatial domain

1

A= Z Tr(p ai* ...ab}") abyt . ..af* . (3.8)
{p1...p12¢=0,1}
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We note that the case where FpF # p can be dealt with by the method set out in
Ref. [87], however as seen in the discussion in 2.4.3 for the even operators we are
interested in and in the infinite system size limit, we can always work in just one
of the sectors and therefore with a density matrix even under the fermionic parity
operation.

Following Refs. [89-91] we can now show that the reduced density matrix py4 is
Gaussian if the density matrix itself has this property. As we require the density
matrix to be Gaussian, we can use (3.8) and Wick's theorem to express p4 in terms

of the subsystem correlation matrix '}
2 = Tr[p aman] — 6nm 1<m,n < 2L (3.9)

The RDM (3.8) can be written in an explicit Gaussian form as

1 1
pPA = E exp (Z ;amwmnan> ) (310)
If all the correlation functions of Majoranas within 1,...,¢ with respect to this

Gaussian density matrix and with respect to the reduced density matrix (3.8) agree.
The matrix W is a skew symmetric 2¢ x 2¢ hermitian matrix. As we have a Wick's
theorem for both cases, we simply have to show that the two-point functions and

therefore the correlation matrices are the same. Let us therefore look at

1 1
E exp <Z izjaiWijaj> aman] . (311)

As W is skew-symmetric we can perform an orthogonal transformation that block

A 6, =Tr

-diagonalises W such that

O"WO =B (312)
where
0 N\
A 0
B = 0 A . (313)
X 0
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Defining b, =5, O a,, we can rewrite I';}  as

1 1
— XD (Z ZJ biBijbj> blbk] OF O (314)

Due to the block-diagonal structure of B, the blocks in the trace decouple and we

T/ + Omn = » Tt
k,l

only need to look at a 2 x 2 block of the matrix B:

1 B B
exp (§b1B12b2) = (cosh 5) + (sinh 5) b1bo (315)
11

12

with

5 0 Bis
B- (_ o ) . (316)

Therefore it is easy to see that

B
Fﬁm + O, = Z {(tanh 5) + 6kl:| Olj;nOnk
kl

k.l

() 4o (17)

where we used the orthogonality property to arrive at the second line. Therefore

the matrix W can be related to the correlation matrix (3.9)
w
tanh 5 = r4 (318)

and the reduced density matrix p# is explicitly Gaussian. Furthermore introducing

the auxiliary “density matrices”

Sws) — L iAsz.(0)

: Z("5) = Ty [ei’\‘%’s(@] = (2cos(N))". (319)

where the “partition function” Z(® ensures the normalisation Tr(5@) = 1, the

generating function can be written as
X(“’S)(A,E) =7 Tr [pA ,5(“’5)} ., a=u,S. (3.20)

It is easily seen that the auxiliary density matrix 5(**)(a) is Gaussian by writing the

operator S™#)(¢) in terms of fermions following Section 2.41. The corresponding
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20 x 20 correlation matrices T®#) of Majorana fermions are given by

¢
u 1 .
ng) = Tr [ﬁ(u) aja,} = = Tr <I£[1(cos A — sin )\agkazk_l)ajai> —0ij ,

' — Ty [ﬁs) ajai}

1
= —T1r
7(s)

¢
H (COS (A) — (—=1)*sin()) agka%_1> ajai] — ;- (3.21)

The only non-vanishing matrix elements are

Fg,)2j—1 = —Fg?)_1,2j = oo Tr [(cos A — sin A agjagj—1)agj_1a2;] = —tan X ,
Fg;'?ijl = —Fé‘}),mj
1 A
= ooy [t | (cosA = (=1)’ sin X agjas;—1)azj—1as;
= —(—=1)tan\. (3.22)

This implies that T are block-diagonal, e.g.

oy 0 .
r'®@ = jtanA| 0 oy ... | =itan(\)%,, (3.23)

where o, is the 2 x 2 Pauli matrix.

We have seen that both p, and p® are Gaussian operators in the fermionic
representation of our problem and are univocally determined by the correlation
matrices of the fundamental fermionic operators [89-91]. Moreover, the trace of
the product of Gaussian operators such as (3.2) can be expressed in terms of the
associated correlation matrices [92]. This is a very useful property, see e.g. Ref. [87]
for a related application, that forms the basis of our analysis. We are now in a
position to write down a convenient determinant representation for the generating
functions x™)(X,£). To do so we employ a relation derived in Ref. [92]: given
two Gaussian density matrices p; » with correlation matrices I'y » the trace of their

product is given by

1+1I4
Tr [p1 p2] = :i:\/det (%) , (3.24)
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with a sign ambiguity that needs to be fixed manually from the symmetries of
X (X, €). Applying this relation to our case we arrive at the following determinant

representations

. 1 1+ TAT(@
X( )()\’6) = im det <T> s a=1u,SsS, (325)

where I'* and ') are given in (3.9) and (3.22), (3.23) respectively.

311 Simplifications in special cases

Equation (3.25) has been derived for a general Z,-invariant Gaussian state with
density matrix p. If the state is also invariant under translations and reflections
with respect to a site the generating function x® (X, ¢) can be simplified further.
Just from translation invariance the correlation matrix assumes a block Toeplitz

form [85, 90]

o Iy -+ Iy
FA _ Hl HO : : H[ _ ( loe glee) ’ (326)
: : 9 l
Hf—l R ce HO

Using translational invariance again we can relate ¢/ and g;°

gloe = <a1a2l+2> = <a—2l—1a0> = - <a0a—2l—1> = —ge,ol (3-27)

where the expectation value is defined as (A) = Tr(pA) and we used translational
invariance as well as the fermionic commutation of the Majorana operators. To

relate fr° to fre we need the additional reflection symmetry with respect to a site.
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Assuming [ > 0 we can write

=
o)
Q
+
=
o
I
=
=
QL
I
x
|
—
Q
=8
Q
SN
Q
_T_‘H
~_

-1
= — <O'g H O',rzno'éy> - — <a0a2l> - _flee + 5[0, (328)

where we used the Jordan-Wigner mapping and mapping between Majorana fermions
and complex fermions in the first line and reflection symmetry in the second line.

With this we can write the blocks of the Toeplitz matrix as

—fi gl)
I, = ) 3.29
: <_g—l Ji (3.29)
here
g = Tr<pa2na2n+21—1) = —Tl"(ﬂa2n—1a2n—2z) )
i = Tf(Pazna2n+21) — o - (3.30)

Taking advantage of the block diagonal form of the correlation matrix of the aux-

iliary density matrix in (3.23) we can cast the generating function in the form

IO WAE (2cos/\)é\/det (%) , (3.31)
where I'" is a block Toeplitz matrix
g, 1, .- I,
| M _ -, ng(% gle>_ (332)
o, .. . I
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31.2 Expressions for the first few cumulants

The determinant representation (3.25) of the generating function provides an ef-
ficient way for determining the cumulants of the probability distribution, which is
the main purpose of the function itself. The cumulants are obtained in the usual

way from the series expansions of In x(“*)(\, £)

u,S - CT(LU,S) - n
Iy 0) = )" (3.33)
n=1
The first few terms of the series expansion are
1 <= (tan \)" _
) - _Z
Inx™(\,€) = {ln(cos\) 5 ; " Tr [(D)"]
DD VRPN L S
= —l5 - 5Tr(r) — ZTr(FQ)
3
(T 4 TH(T)) + OO (3.34)
where we have defined
[=—il'4Y,, (3.35)
with X, defined in (3.23). The first three cumulants are
. B T Fg . B B
O, = %TI(F) . Cy=1(+ % , C3= —%(Tr(F3) + Tr(T)). (3.36)

Specifying to the case of density matrices p that are invariant under translations

and reflections around a site we have

Tr(T) =¢Tx(IIy) = 2(go, (3.37)
-1 -1
Tr(I?) =0 Tr( 3_(2(0-5) - &sjo)H;H'_j) =20 (20— 3) = l50)(9i9-5 + fif-5)
S
—20( - osges + B+ 067) =TT 4 62), (3.38)
Tr(T?) =2Tr(G® + 3F°G) , (3.39)

where F and G are the ¢ x ¢ Toeplitz matrices

dgo g-1 - g1 foo fo1 o fise
a=| " % | F= fiJo ] (340)
Qo1 o foe1 oo o fo
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For the first three cumulants we obtain
Cr=ilgy, Co=(0+Tr(F?+G?) , C3=—i(Tr(G*>+3F°G)+Lg). (341)

It is straightforward to generalise these considerations to higher cumulants be-
cause Tr(f”) can always be written as the sum of the traces of products of F' and

G.

3.2 Full counting statistics in equilibrium

In this section we analyse the generating function y (), ¢) obtained from (3.25)
and the associated probability distribution in equilibrium configurations. We first
consider the ground state FCS, which has been previously studied by Cherng and
Demler in [33]. We then turn to the FCS in finite temperature equilibrium states,

which to the best of our knowledge has not been considered in the literature.

3.21 Full counting statistics in the ground state

According to the discussion in 2.4.3, the ground state density matrix is Gaussian.

The generating function is therefore of the form (3.31), (3.32) with entries

fi =0, (3.42)
Tdk ., .
g =— i/ — Tkl 0 , (3.43)

2T

where 6, is the Bogoliubov angle (2.40). By rearranging rows and columns, ' can
be brought to a block diagonal form with ¢ x ¢ matrices G and GT (3.40) on the

diagonal and zero otherwise. This allows us to express the generating function as

X" (A, £) =(2cos A>e\/det (W) et (W)

=det (cos A — sin(\)G) | (3.44)
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This is precisely the result previously obtained by Cherng and Demler [33] by a

different technique. They considered the generating function

o?
75

xep(\, €) <GS|e“Zﬂl |GS) = e/2\ W (=)/2,0)

1 i\ 1— %)
:det( +2€ i 26 z’G) . (3.45)

The Toeplitz determinant (3.44) can be analysed by standard methods [33]. The
symbol of the Toeplitz matrix is defined as in Appendix 3.A. In the case under

consideration it is given by
T(eik) = cos \ + ie'% sin \. (3.46)

As long as the symbol has zero winding number a straightforward application of

Szegd's Lemma gives, cf. Appendix 3.A

In x™ (X, ¢ " dk :
lim XA /  In(cos A + i€ sin \) . (347)
{—00 14 0 2

m
For h < 1 and A > A.(h) the winding number of the symbol is 1 and the above
result gets modified accordingly [35]. For a detailed analysis we refer to Ref. [35].
We note that all cumulants can be obtained from (3.47) since they are defined by

the expansion close to A = 0. Consequently, the first cumulants are given by

= ;’j ,
c—/%a%»
/7r dk 3@9k . zOk)’
- 27r
/ ' —1 + 4e%i0k — 3eti0r), (3.48)

The non-zero values of C5 and C; show that the probability distribution is non-
Gaussian.

3.2.2 Full counting statistics at finite temperature

We now turn to the FCS in finite temperature equilibrium states, which are partic-

ular examples of Gaussian states, and for which we are not aware of any results
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in the literature. In this case, the correlation matrix has the same structure as for

the ground state, but now

fi=0, (3.49)

Tdk
g = —i/ 2—6”“619’“ tanh(Bex/2) , (3.50)
7r

—T

where ¢, is the dispersion relation (2.43). Since f; = 0, the same simplifications as

in the ground state case apply and the generating function can be expressed as
X\, £) = det (cos A — sin(A\)G) . (3.51)

In Fig. 3.1 we show P&“)(m) for subsystem size ¢ = 20 and several different temper-

10°

= 10 /.; g .
: 7 =0.5 3 7 8 =05
£ # 709 £, e
Es 6 7 —= 3=10 E5 6 /i —— pB=10
=10 /: 1070 A p
// ....... B8=20 J // """" 3=20
1 ——= B =100 , s == =100
10-% 7 108 7
; - - ground state /// - - ground state
........ infinite T /fJ -=-=infinite T

Figure 3.1: Probability distribution as a function of m for £ = 20 and several tem-
peratures at (a) h = 0.5; (b) h = 2.

atures. We employ a log-linear plot in order to make the deviations of the proba-
bility distributions from a Gaussian form (which would correspond to a parabolic
form) more apparent. We can see from Fig. 311 (a) that the temperature depen-
dence for h < 1, corresponding to the ferromagnetically ordered phase at zero
temperature, is not very pronounced. In contrast we see a much stronger temper-
ature dependence in the paramagnetic phase, cf. Fig. 3.1 (b). At low temperatures
the probability distribution is as expected asymmetric as a result of the applied
field and is seen to display an even/odd structure. The latter disappears quickly as
temperature is increased, whereas the asymmetry remains until the temperature

exceeds the scale set by the magnetic field.
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Figure 3.2: Skewness as a function of ¢ for several values of g at(a) h = 0.5 and (b)
h = 2.
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Figure 3.3: Excess kurtosis as a function of subsystem size ¢ for several tempera-
tures and (a) h = 0.5 and (b) h = 2.

In Figs 3.2 and 3.3 we show the skewness and excess kurtosis of the probability
distribution as a function of subsystem size ¢ for a range of temperatures. These

are defined as the thermal expectation values

(bl (e -

Both skewness and excess kurtosis are non-vanishing for finite g and ¢, which es-
tablishes that the distribution is not Gaussian. A very peculiar feature is that at
fixed ¢ skewness and excess kurtosis are non-monotonic functions of the temper-
ature in the ferromagnetic phase (cf. Fig. 3.4). Furthermore, we observe that at

a fixed temperature they both tend to zero as the subsystem size ¢ is increased.
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Kurtosis —0.075

Figure 3.4: Skewness and excess kurtosis as a function of 5 at fixed subsystem size
¢ =20 in (a) the paramagnetic regime at h = 2 and (b) in the ferromagnetic regime
at h = 0.5. In the ferromagnetic regime we see non-monotonicities in .

This signals that the corresponding probability distribution approaches a Gaus-
sian. This is expected as for large subsystem sizes the laws of thermodynamics
apply and the probability distribution is then approximately Gaussian with a stan-

dard deviation that scales as v/7.

3.3 Full counting statistics after a quantum quench

We now turn to the time evolution of the characteristic function x*)(\,t) after

quantum quenches. We consider two different classes of initial states:

- We initialize the system in the ground state of H(hq) and time evolve with
H(h). Such transverse field quenches have been studied in detail in the

literature [75, 80-87, 93-102].

- We initialize the system in the Néel state [t} 1] ... 1), thus breaking transla-
tional symmetry by one site. This symmetry is restored at late times after the
guench and it is an interesting question how this is reflected in the proba-

bility distributions of observables.
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3.31 Transverse field quench hy — h

In this quench protocol both the Hamiltonian and the initial state are transla-
tionally invariant. The characteristic function has the determinant representation
(3.31), (3.32) with [85]

g = —i/ i—ke_iklewk (cos A — isin Ay cos(2¢ext)) (3.53)
. 2T
Tk .
fi= ge sin Ay sin(2e4t) (3.54)
where
) _ ik o 1
00 _ h—e cos A — 4hh0 (h + ho) cos k + (3.55)

V1+h2 —=2hcosk’ en(k)en, (k)
Using Szegd's Lemma it is straightforward to obtain the large-¢ asymptotics in the
initial (¢t = 0) and stationary (t = oo) states. The t = 0 result corresponds to a

ground state at field hy and has been discussed earlier.

3.311 Behaviour in the stationary state

The late time asymptotics of the generating function can be determined from
Szegd's Lemma. For quenches into the paramagnetic phase h > 1 it takes the

form

1 (u) 2 )
lim A 61 = / g—kln (cos A +isin Acos Age™™) +O(1/€), €>> 1.
0 ﬂ-

(3.56)

t—o00 é

The O(¢~1) corrections also follow from Szegd's Lemma. The real and imaginary
parts of x(™ (X, £,t) (with O(¢~1) corrections included) are shown for a transverse
field quench from hg = 5 to h = 2 and subsystem size ¢ = 100 in Fig. 3.5.

For quenches into the ferromagnetic phase and A < A.(ho, h), Eq. (3.56) con-
tinues to hold. However, for A > \.(hg, h) the symbol exhibits non-zero winding
number and the analysis needs to be modified, ¢f. Appendix 3.A. The probability
distribution in the stationary state is obtained by Fourier transforming (X, £, 1).

Examples for several transverse field quenches are shown in Fig. 3.6. We again
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Figure 3.5: (@) Rex™ (), £, 00) and Imy ™ (), £, 00) for a quench from h = 5to h = 2
and subsystem size ¢ = 100.

employ a logarithmic scale to make the deviations from a Gaussian form more

apparent. In Figs 3.7 we plot the skewness and the excess kurtosis of the steady

10°
hy=3,h=12
hy=02 h=08
101 e hy=0,h=10 )
2 —— =3 h=02
I ]
1072
S
%
10~
4 ‘ i
10 50 =T

Figure 3.6: Stationary state probability distribution P{" (m, 00) for a subsystem of
size ¢ = 70 for several transverse field quenches.

state probability distributions for a number of transverse field quenches. We ob-
serve that in all cases both skewness and excess kurtosis tend to zero for large
subsystem sizes. This signals that the probability distributions approach Gaus-
sians in the large-¢ limit. While the steady states are non-thermal now, they still
exhibit finite correlation lengths. Employing the same arguments as for finite tem-
perature ensembles then implies that the cumulants of SZ(¢) are proportional to
¢ in the large-¢ limit. This in turn suggests that skewness and excess kurtosis
should scale as ¢~/2 and ¢! respectively, while the standard deviation scales as

(Y2 These expectations are in perfect agreement with our findings (cf. Fig. 3.8).
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Figure 3.7: (a) Skewness and (b) Excess kurtosis of the steady state probability
distribution as functions of subsystem size ¢ for a number of transverse field
quenches.
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Figure 3.8: Cumulants C, to Cg over subsystem size ¢ for a quench from (a) h = 0.2
to h = 0.8 and (b) h = 3to h = 1.2. The cumulants are seen to be linear in the
subsystem size /.

3.3.1.2 Scaling collapse

At finite times the FCS and the probability distribution can be computed efficiently
from the determinant representation (3.31). Importantly we observe that for suffi-

ciently large values of £ and ¢ there is scaling collapse
XY t) = exp (Cf(N/0) ,  t0>> 1. (3.57)

The property (3.57) is an important ingredient in the analytic calculation of the FCS
described in Section 3.4. Several examples of the scaling behaviour of the real part

of the generating function are shown in Figs 3.9, 310. The imaginary parts exhibit
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a similar scaling collapse.
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Figure 3.9: Reln x((0.1,¢,t)/¢ for several values of ¢ for a quench from (a) h = 0.2
toh =0.8and (b) h = 3to h = 1.2. The data for different subsystem sizes are seen
to collapse at sufficiently late times.
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Figure 310: Reln x((0.1,¢,t)/¢ for several values of ¢ for a quench from (a) h = 3
to h = 0.2 and (b) h = 0 to h = 20. The data for different subsystem sizes are seen
to collapse at sufficiently late times.

For quenches towards the ferromagnetic regime the scaling collapse for gen-
eral values of X can be significantly worse, and then really only emerges at rather
large subsystem sizes ¢, c¢f. Fig. 311. Like in the case of the stationary state dis-
cussed above, c.f. Section 3.311, there exists a critical value S\C(ho, h) of the counting
parameter such that for A < A.(ho, h) the scaling collapse is excellent, while for
A > A (ho, h) no collapse is observed at the times and subsystem sizes of interest
here. Instead after a rapid evolution for short times, an ¢ and A dependent slow

drift towards the stationary value can be seen for very long times (cf. Fig. 312). For
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Figure 3.11: Reln x"(1.4,¢,t)/¢ for several values of ¢ for a quench from h = 0.2 to
h = 0.8. The data for different subsystem sizes are seen to collapse at sufficiently
late times only for very large subsystem sizes /.
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Figure 312: Relnx™ (), ¢,t)/¢ at A = 1.1 for a quench in the ferromagnetic phase
from hy = 0 to h = 0.8 as a function of ¢ as well as the stationary value at ¢ —
oo. After a period of short time decay we see a very slow relaxation towards the

stationary value.

the cases we have considered A (ho, h) coincides with A.(hg, k), which is the value
of the counting parameter above which the symbol has non-zero winding num-
ber. We note however, that in cases like the one shown in Fig. 311 the generating
function itself is extremely small and will not give a significant contribution to the

corresponding probability distribution.
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3.31.3 Time dependence of the probability distribution

There are basically four different kinds of transverse field quenches and we now

consider them in turn.

1. Quenches within the ferromagnetic phase. For such quenches the probabil-

’ 0.12
4 0.10
0.08
b i 0.06 =
? =
0.04
1 0.02
0 20 10 0 10 20 30 0.00
m

(b)

Figure 313: (a) Probability distribution P (m,t) at times ¢ = 0,1.7,3.3,5.0 after
a quench from h = 0.2 to h = 0.8 for subsystem size ¢/ = 70. (b) Probability
distribution Plf,”)(m, t) for the same parameters.

0100 —— g0
t=1.7
0.08 — - 33

— t=5.0

ity distribution remains very narrow and approximately Gaussian through-
out, ¢f. Fig. 313. For the parameters considered the average relaxes quickly

towards its stationary value.

2. Quenches within the paramagnetic phase.

Here the initial probability distribution exhibits an even/odd structure. This
can be understood by doing perturbation theory around the large hq limit,
cf. Appendix 3.B. After the quench the mean of the probability distribution
broadens and shifts towards smaller values of m. The alternating structure
Is initially preserved but then gets smoothed out. At late times P&“)(m,t) IS

well described by a Gaussian.

3. Quenches from the paramagnetic to the ferromagnetic phase.

Here the probability distribution is initially peaked at a large value of m and

displays an even/odd structure. At later times it broadens and becomes
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Figure 314: (a) Probability distribution P{" (m, ¢) at times ¢ = 0,0.2,1.2,10.0 after a
quench from h = 3to h = 1.2 for subsystem size ¢ = 70. (b) Probability distribution

P (m, t) for the same parameters.
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Figure 315: (a) Probability distribution P (m,t) at times ¢ = 0,0.2,0.7,3.3,15.0
after a quench from h = 3 to h = 0.2 for subsystem size ¢ = 70. (b) Probability
distribution PfU“)(m, t) for the same parameters.

smooth, while relaxing towards its stationary profile in an strongly oscillatory

manner.

4, Quenches from the ferromagnetic to the paramagnetic phase.

In this case the probability distribution shows very little variation in time
and remains narrow and approximately Gaussian throughout the evolution.
It was pointed out in Ref. [99] that the return amplitude exhibits a non-
analyticity at some finite time t* after the quantum quench. This phenomenon

was termed a “dynamical phase transition”. Local operators are known to be
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Figure 316: (a) Probability distribution PS"(m,¢) at times t = 0,2.5,5.0 after a
quench from h = 0 to h = 10 for subsystem size ¢ = 70. (b) Probability distribution
Pu(f‘)(m,t) for the same parameters.

insensitive to this phenomenon [75, 82, 83]. We have investigated the be-
haviour of Pé“)(m,t) in the vicinity of ¢* but have not observed any unusual
effects (cf. Fig. 317). We conclude that the probability distribution for the
smooth subsystem magnetization in the transverse field direction is also in-

sensitive to the “dynamical phase transition”.

Figure 317: Probability distribution Pé,u)(m,t) after a quench fromh =0to h = 2
for subsystem size ¢ = 30. The red lines indicate the times at which the non-
analyticities occur in the Loschmidt echo in a quench across the critical point
(cf. [99])

Again as a measure for non-Gaussianities of the probability distribution during
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the time evolution we can plot Skewness and Kurtosis as a function of time in
Fig. 318 for all four quenches. We see that for quenches starting in the param-
agnetic regime Skewness and Kurtosis are large and quickly relax to the values
In the stationary state. This is related to the even-odd effects in the probability
distribution for quenches starting from this phase. For quenches originating in
the ferromagnetic phase both Skewness and Kurtosis are always approximately of

the value in the stationary state.

3 — }Z(;:& h:1.2
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Figure 3.18: (a) Skewness and (b) Kurtosis as a function of time for quenches be-
tween the different phases at subsystem size ¢ = 20.

3.3.2 Quench from the Néel state

We now turn to the time evolution of P\ (m, t) when the system is initialized in
the Néel state [¢g) = |[T41) ... T4). This explicitly breaks translational invariance
by one site, but retains invariance under translation by two sites. As a result the

subsystem correlation matrix is now a 4 x 4 block-Toeplitz matrix

HNéel HNéel . HNéel
0 -1 1-2/2
Néel Neéel :
Meer = | © | (3.58)
Néel Néel
Hé/g—l Iy
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where we have assumed the subsystem size ¢ to be even and

<G1a4l+1> — do <a2@4z+1> <a3a4z+1> <Goa4173>
HNéel . <a1a4l+2> <aza4l+2> — 010 <a3a4l+2> <aoa4l—2> (3 59)
l - . .
<a1a4z+3> <a2a4z+3> <a3a4l+3> — 010 <a0a4z—1
<a1a4z+4> <a20l4z+4> <a3a4l+4> <a0a4l> —

Here the number of degrees of freedom can again be reduced by the symmetries
of the Hamiltonian and initial state, namely translation symmetry by two sites and
reflection symmetry by a site. Using this analogously to the translation invariant

case we obtain

o 3) (2)
. gl((l) fl(z) i3
- /i f

Néel _ g_ —9_ 111 J11
=1 _ f:_i) g% h lf)) gz((li ~ 801 (3.60)
-95 —hS -9l
where
fl(l) = (agaq42) (3.61)
fz(2) = (apaq) (3.62)
1 = (asaa) (3.63)
95(1) = (a2a4141) (3.64)
91(2) = (apaqy—3) (3.65)
91(3) = (apaq—1) . (3.66)

Additionally, the initial state is invariant under translation by one site and sub-
sequent spin flip on all spins, given by action of the operator ¥ = [];07. The

Hamiltonian is not invariant under this operation, however one gets
SH(h)S = H(—h), (3.67)

relating different two-point functions at opposite magnetic field value. As an ex-

ample we obtain
() = J2(=h). (3.68)
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Explicit calculation of the two-point functions shows that these are anti-symmetric
in h <> —h and we see that g” = —¢®, 4@ =0, f* = @ and ;@ = —fV.
Therefore there are three remaining independent two point functions and we can
write

—Ji hy 0

gi
: —g- 0 h
l _h—l 0 fl —q 1,04+ ( )

0 —hy g1 —fi
where the two-point functions are given by

2w
fi—0n = z/ i—ke_%jk [ew’“ cos (e(k + m)t) sin (e(k)t) —
o 27

—

e 7 cos (e(k)t) sin ((k + W)t)] ,
[Tdk g
g = 2/0 Py [cos (e(k)t) cos (e(k + m)t) +
e Ok t0hen) sin ((k)t) sin (e(k + W)t)i| :
hy = z'/o ’ %ei@jl)k [e’wk cos (e(k + m)t) sin (e(k)t) —
e+ cos (= (k)t) sin (=(k + W)t)} . (3.70)

In the following we will determine the characteristic functions

Xt = o)™ O (t)) . XN 1) = o) Olyo(t)) , (3.71)

where again we have defined
)4 4

S =07, SH0) =) (-1)0;. (3.72)

=1 i=1
According to our general discussion in Section 3.1 they have determinant repre-

sentations of the form

1+04 T
XYW\t = j:(2 cos()\))e det (%) ;
, 1+ I
YO0t = j:(2cos()\)) det Tee , (3.73)
where fgj,Qj—l = _fgj—1,2j = —tan()\)(—l)J and f‘gjﬁgj_l = _fgj—l,Qj = —tan()\)

respectively.
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3.3.21 Behaviour in the stationary state

We first consider the probability distributions for a finite subsystem of even size ¢
in the late time limit. As we will now show, the stationary state for the Néel quench
Is locally equivalent to an infinite temperature state. To see this we first note that

the energy of the Neel state is

(0| H (h)|10) = 0. (3.74)

We can also look at expectation values of all higher conservation laws. In terms

of spins their explicit representation is given by [76]

19 = H(h), (3.75)
[0 = N (S0, 4+ SY h(S7% SY (3.76)
( JJ+n + ]7]+n*2) + ( Jrjt+n—1 + ],]+n71) ) .
J
](m—) - _JZ (Sjgigﬂl - S;'J,gjg‘+n) ’ (3-77)
J

where n > 1 and

/—1
S5e =05 [H 0§+k] oo 575 = —aj. (3.78)
k=1
From these expressions it can immediately be seen that
(ol ™ |gbg) = 0. (3.79)

The vanishing of the expectation value of Hamiltonian and all higher conserved
quantities in the Néel state implies that the conserved Bogoliubov mode occupa-
tion numbers are given by

(Yol ke |tho) = % (3.80)

These characterize an infinite temperature equilibrium state. We conclude that
the system will relax locally [76] to an infinite temperature steady state at late
times after the quench. Using this observation it is then straightforward to work
out the probability distributions P (m, t = oo) of S2(¢) = 32, 0% and P (m, o)

Jj=17"J
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of SZ(¢) = 25:1 (—1)jaj.. As shown in the introduction we have

25y 8(m —2r + ()P (r — £ 00) £ 0dd

29

() : (3.81)
2 ez 0(m —2r)Py (r,00) ¢ even

P9 (m, t = 00) = {

As we are dealing with an infinite temperature state, we may calculate P,(r) by
using a grand canonical ensemble and working in the simultaneous eigenbasis of
the o%'s. This reduces the calculation of P,(r) to the combinatorial problem of
how many eigenstates there are for a given eigenvalue of SZ(¢) or SZ(¢). This is

easily solved in terms of the binomial distribution

1 14 /2 2m?

The result (3.82) for large ¢ is of course reproduced by applying Szegd's Lemma for
block Toeplitz matrices to the determinant representations (3.73). This gives

lim
t—o00

% =5 (cos®(N) +0O(1/f) = lim % L 0>1. (383)
—00

Fourier transforming gives the Gaussian form of P (m, o) in (3.82).

3.3.2.2 Time dependence

The time dependence of the probability distributions for both SZ(¢) and SZ(¢) can
now be determined numerically from the determinant representation (3.73). Re-
sults for two values of the transverse field (h = 0.2 and A = 2) are shown in
Figs 319, 3.20, 3.21 and 3.22. The probability distribution of SZ(¢) initially has a
single peak at m = 0. At later times this peak broadens and relaxes towards the
Gaussian profile (3.82). When quenching to the ferromagnetic phase, ¢f. Fig. 3119,
an additional feature emerges: an even/odd structure evolves at short times after
the quench.

The probability distribution of SZ(¢) is useful for investigating the restoration of
the translational symmetry. In the initial state pY (m,t = 0) features a single peak
at m = —¢/2, which is a characteristic fingerprint of the classical Néel state (in z-

direction). We first discuss quenches into the ferromagnetic phase. Here at short
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Figure 319: P&“)(m,t) for a subsystem of size ¢ = 60 at times ¢t = 0,1.4,30.0 for a
system initialized in a Néel state and time evolved with H(h = 0.2). The dotted
lines are the asymptotic probability distributions given in (3.82).
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Figure 3.20: Pé,“)(m,t) for a subsystem of size ¢/ = 60 at times ¢t = 0,1.4,30.0 for a
system initialized in a Néel state and time evolved with H(h = 2). The dotted lines
are the asymptotic probability distributions given in (3.82).

times after the quench Rff)(m,t) develops an even/odd structure and broadens
significantly. The average of the probability distribution oscillates strongly in time
and decays very slowly to its stationary value, which is a Gaussian distribution
centred around m = 0. This shows that translational symmetry is restored very
slowly.

The behaviour for quenches into the paramagnetic phase is broadly similar.
An even/odd structure develops at early times, but is less pronounced that for

qguenches to the ferromagnetic phase. The average of P&f’(m,t) again oscillates
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Figure 3.21: quf)(m, t) for a subsystem of size ¢ = 60 at times ¢t = 0, 1.4,30.0 for a
system initialized in a Néel state and time evolved with H(h = 0.2). The dotted
lines are the asymptotic probability distributions given in (3.82).

strongly around m = 0, but is seen to relax much more quickly than for quenches

to the ferromagnetic phase. Approximate translational symmetry gets restored
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Figure 3.22: P&s)(m,t) for a subsystem of size ¢ = 60 at times t = 0,1.4,30.0 for a
system initialized in a Néel state and time evolved with H(h = 2). The dotted lines
are the asymptotic probability distributions given in (3.82).

3.4 Analytic results for the probability distribution

We now restrict our discussion to the particular case of transverse field quenches.

As we have seen above, in this case the characteristic functions x (), £, ) exhibit
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a scaling collapse at late times, cf. (3.57). This suggests that it might be possible to
obtain analytic results for the late time asymptotics by a suitable generalization
of the multi-dimensional stationary state approximation method previously used
to determine the asymptotics of the order parameter two-point function [82] and
the entanglement entropy [86]. As we will see, such a generalization is indeed
possible, even though the case at hand is significantly more complicated.

Our starting point is the following expression
Inx"(\,¢,t) = £1n (cos \) + ;Tr(ln(l —tan A IV)) | (3.84)

which is derived from (3.31) by using the identity In (det A) = Tr(In (A)). The second
term in (3.84) can be expanded in a power series

1 1 <= (tan(A "

S Tr(n(l — tan A ")) = — = ; Tr[(I)"] . (3.85)
This then leads us to examine integer powers (I'")" of the correlation matrix. Unlike
in the case of the order parameter two-point function analysed in [75] odd powers
do not vanish because I" is not a real anti-symmetric matrix. The symbol t'(k)
corresponding to the correlation matrix IV is defined by

™ dk )
1), = / ge“l*")’f (k) . (3.86)

Its explicit expression for a magnetic field quench from hg to A is

(k) = —ie™ (cos Ay — i sin Ay, cos(2e4t)) sin Ay, sin(2¢et)
B sin Ay, sin(2ext) —ie~ % (cos Ay + i sin Ay cos(2ext)) )
(3.87)

where 6, and A, have been previous defined in (3.55). Following Ref. [75] we can
represent the trace of powers of the correlation matrix as multiple integrals. For
this let us first look at the second moment. The block matrix elements of I'? can

be written as

)4
(F'Q)lm— meim / / 2e<”ﬂ P (k) (ky) 3 ek (3.88)
—T —T m:1
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Evaluating the sum in a geometric series we can rewrite the sum as an integral:

¢ ik i(0+1)k
—i(6+1)k/2 imk _ € —€ (t+1)
e E et = .
1 — etk

m=1
e—iﬁk/Q . ez‘ék/Q

T e—ik/2 _ pik/2

! / g b, (3.89)
2 ) 2sin(k/2)

o i(l+1)k/2

This is easy to generalise to general n and one gets

o) (3 [ 2 f
C(k) F(k) exp (wZ ki1 — ) (3.90)

where we have defined ky, = &,, and

]% _ k’] 1)/2] F(E) =Tr <1:[ fl(&)) . (3.91)

:1 |

We now change variables

=&, G=&1—&,i=1,...,n—1. (3.92)

The integration ranges in the ¢ variables is determined by the constraints

S

-1
—1<)y <1, k=1,...,n (3.93)

J

Il
o

The integral over {, can now be carried out as the integrand does not depend on

it. This gives

Te[(I")"] —(§> /_:%/_1 ¢ ... dCoy u(C)
C(k) F(k) exp (—Mi %(kj - k0)> . (394)

where u({¢}) is the size of the range of ¢, under the constraints (3.93)

J J
p(Q) = [0 o Juin (1 - ; ck> +, Juin_ (1 + ; @)] . (3.95)
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3.41 Multi-dimensional stationary phase approximation

For large values of ¢ the integrals can be carried out using a multi-dimensional
stationary phase approximation. As the symbol is independent of (; the station-
arity conditions for the ¢;'s implies that the leading contribution to (3.94) derives
from the region

ki~ky, j=1,...,n—1. (3.96)

We may thus replace k; with k, everywhere except in rapidly oscillating terms in
the symbol such as e*¢*3)t. |n [75] this procedure was referred to as localisation

rule. As in [82] application of this rule gives

Ck)~1. (3.97)

-

Obtaining a closed form expression for F(k) is however much more involved than
for the order-parameter two point function studied in Ref. [75]. Looking at the first

terms, here e.g. the first three moments T1,, = Tr (T[}, #(k:))

I, = — 2iAcos(c) + 2iB cos(ag) sin(c) (3.98)
II, =AB (2 cos (ag) sin(2c) + 2 cos (ay) sin(2c))

+ B% (2 cos (ag) cos (a1) cos(2¢) + 2sin (ag) sin (a1)) — 2A% cos(2c) (3.99)
I3 =A?B (—2i cos (ag) sin(3c) — 2i cos (a;) sin(3¢) — 2i cos (ag) sin(3c))

+ AB?(—2i cos (ag) cos (a1) cos(3¢) — 2i cos (az) cos (ay) cos(3c)

— 2i cos (ag) cos (az) cos(3c) — 2isin (ag) sin (a;) cos(c)

— 2i'sin (ag) sin (a2) cos(c) — 2isin (a1) sin (a2) cos(c))

+ B3 (2i cos (ag) cos (ay) cos (ag) sin(3c) + 2i sin (ag) sin (a;) cos (az) sin(c)

+2i sin (ao) sin (az) cos (ay) sin(c) + 2isin (a;) sin (ay) cos (ag) sin(c))

+ 21 A3 cos(3c¢), (3100)
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where a; = 2¢(k;)t, ¢ = 0y,, A = cos Ay, and B = —sin /Ay, we conjecture that
application of the localization rule to F(k) results in

F(k)| =2 Z sign(A; U Ap)(—i)" A4 (cog Ay )48l (sin A, ) Ar1H142

A1,A2,A3

X COS ([n —2q(A1)]0k, —

loc

(| Ar] + [Asf)

> ) I sin((ko)t) T cos(2e(k;)t) -

i€EA] JEA2
(3101)
Here the sum is over all partitions of the set of integers {0, 1,...,n— 1} into three
sets Ay, A, and As, where the number of elements in A; is constrained to be even.

The size of the set B = {b;,bs, ...} Is denoted by |B| and we have defined

|B|
q(B) = mod ”[Z (—1)i+1bi},
=1
. <n _
S(AhAQ) _ {(2) glzéAl) S 5 mod 2“141 UAQl] 1 and ‘A1| > 0(3102)

Finally, sign(A) is the sign of the permutation required to bring the (integer) el-
ements of the set A into ascending order. We have explicitly checked (3101) for
1 <n <15 but have not been able to find a rigorous proof for it.

We now use the identity (for even k)

k+m 5 k+m k
Hsm H cos(z;) 2k+m2 Z Z Z exp ( Z 1)”@ + iW;iJ) ,
=

Jj=k+1 11=012=0 itm =0 7j=1
(3103)

to rewrite the time-dependent factors in (3.101). This gives
(_i)S(A17A2)+n+|A1‘

PR, =2 2. sign(ArU As) — s (cos Agy) 7 (sin Ay, )4
A1,A2,A3
(| Ax] + [As])
X COS ([n —2q(A1)|0k, — %)
1 1 |[A1]+]Az] |A1]
X Z e Z exp | 2it Z (=1)"e(ka,uay),) + i Zpr ,
p1=0  Pla;|+|a,=0 r=1 r=1
(3104)
where (A), is the r'th element of the set A and
A ifr<|A
(AL U Ay = {( 1, Tr< i, (3105)

(Az),_jay 1AL < <AL ]+ [ Ay,
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Application of the localization rule to (3.94) hence results in an expression of the

form

S Azt |

" : (=i
_ 2(5) Z sign(A4; U Ay) ol A1|+|As]

A1,A2,A3

Tr[(F’)n}

loc

X(COS Ako)‘Agl(Sin Ako)‘AlHlAQI cos <[n - 2Q(A1)]‘9k0 - 7r(|Al‘2_|— |A2D>

1

. i, [ o [T dky .. dk,
X Z Z (—1)ZT:1 /;1 dCl ...an,1 IU( )/ 1(27

P1=0  plaj|+|ay=0 -

|A1|+|Az2| n—1 C
xexp | 2it Y (—l)prg(k(AluAQ)r)—MZEJ(@—ko) . (3106)
r=1 j=1

In the next step we carry out a multi-dimensional stationary phase approximation
forthe 2n—2 integrals over (i,...,(,—1 and kq, ..., k,—1. We will assume that there

Is a single saddle point and use
/dxl day, p(xy, .. wg) e @)

o\ F/2 (0 (0) .
(1) P ) exp (Mq(:cgo), o ,:L‘ECO)) + —WZA) . (3107)

¢ /| det A

where o4 the signature of the matrix A (i.e. the difference between the numbers

of positive and negative eigenvalues), which is the Hessian of the function ¢ eval-

uated at the saddle point
o 0

= o, 8_1] q(z1, ..., x) - (3108)

7=7(0)

In our case the saddle point conditions are

= ko, j:17...,n—17

fje A UA
0 {’VAluAZ),k J 1 2, (3109)

0 else

where v, = %(—1)1?“)215’(1{:0) and (A; U A,) " is the inverse of the index-function

(AU A2>j defined above. The Hessian A is a matrix of the form

1/0 I
A=l (1 M) , (3110)
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—

and hence we have det A = —4" and o4 = 0. The value of u(¢) at the saddle

point for a given sequence {pi,ps, ..., Dja, 4|45} IS

J J
70y — max 0, min [1-— + min |1+ (3111)
w(¢™) ? 0<5< B ; VB.k 0siLp ; YB,k )

where B = A; U A, — {0}. The saddle point approximation thus gives

e : (i) A sl (g A1+ Azl
Tr[(IT)"] =~ ¢ Z sign(A; U Ay) ST (cos Agy) " (sin Ay, ) T2
A1,A2,A3

X CoS ([n —2q(A1)]0k, m( 4] + [42]) ) Z Z (_1)2@1' pr

p1=0 PlAy|+]A5|=0
|A1UA2‘

X /_ Cgfo u(C0) exp [ —2ite(ko) Y (1) |. (3112)

r=1
The leading contribution to the final integral can then also be determined by a sta-
tionary phase approximation. This shows that all terms with ZL’SIUAQ‘ (=) #£0
are suppressed at late times by a factor of 1/4/t. Conversely, the leading contribu-
tion to x™ (X, 4,t) at late times arises from terms with S_141242l (1) — 0, which

requires |A;| + |As| to be even.

3.411  Structure of 1(C()

At this point it is useful to investigate the structure of u(g )) for a given term in
the multiple sum over py, ..., pja,|+4,) IN More detail. For simplicity we focus on a

particular example
[Ail = [A2] =2, {pa,uatlk=1,...,4} ={0,1,0,1}. (3113)
In this case we have
u(C1®) = max (o, min(1,1 — %5’(!@)) +min(1,1 + %5’(14;0)))
ax (0, 2 4775 I (ko) ) = Ol — 2|ug, | ) (2 - 4@), (3114)

where v, = €'(ko) is the group velocity of Bogoliubov fermions at momentum kg

and ©(z) is the Heaviside step function. The step function in (3114) is reminiscent
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of the light-cone structure found for two point correlation functions of local oper-
ators [14, 103-105] and entanglement entropies [85, 106, 107]. Repeating the above

exercise for

[Arl = [Ao] =m . {Pa,ua, 2k =1,....2m} = {1,1,...,1,0,0,...,0} , (3M5)
leads to the result
. t
1(C0) = 00 — 2m |vg, | 1) (2 — 4m%) : (3116)

All other cases can be worked out analogously and lead to Heaviside step functions
O(L —2m |vk, | t) with m € Ny. We can calculate the moments Tr((I”)") numerically
as a first check of the validity of the saddle point approximation. As we sill have
a sum over the partitions of n numbers for moment Tr((I”)"), calculation of large
n becomes computationally expensive very quickly. The moments for n = 5 and

n = 6 are shown in Fig. 3.23 and Fig. 3.24

0 R s
|

g

— numerical
analytical

0.0 0.2 0.4 0.6
1/t

(a)

0.8 1.0

—200

—— numerical

analytical

0.0

0.4 0.6 0.8 1.0
t/l

(b)

Figure 3.23: Moments Tr((I")") for (a) n = 5 and (b) n = 6 for a transverse field
quench from hg = 5 to h = 1.5. For moment 5 the imaginary part, whereas for
moment 6 the real part is plotted, the respective other part is 0. The analytic
approximation gives a very good description for almost all times.

3.4.2 Result for x(\, ¢,t)

In order to obtain the logarithm of the characteristic function x(\,¢,t) we now

need to sum over all contributions (3.112) with coefficients given in (3.85). This is
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numerical

numerical

analytical -+ analytical
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E 0 yf‘g‘.f AAAAA 7 \,9%‘;&!’ WM
—50
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Figure 3.24: Moments Tr((I")") for (a) n = 5 and (b) n = 6 for a transverse field
quench from hy = 0 to h = 0.8. For moment 5 the imaginary part, whereas for
moment 6 the real part is plotted, the respective other part is 0. The analytic
approximation gives a very good description for almost all times.

a formidable task. It turns out that the structure of Heaviside step functions dis-
cussed above provides a very useful way of organizing the complicated summation

required. The full result can be expressed in the form

T dk 2n| vyt
In x“(\, €, t) ~ ¢In(cos \) + Z/ —220(¢ — 2n|uy|t) [1— n|2)k| }

n+1

x Y~ cos (2me(ko)t) fam (A, ko) +C . (3117)

m=0

Here C is a constant that is beyond the accuracy of the stationary phase approxi-
mation and the functions f,,..(\, ko, t) are given in terms of infinite series. Based
on the first 15 terms in these series we conjecture the following explicit expres-
sions

f0,0<)\, ko) = 2In (1 + 2 cos Ako tan )\eieko) ’

sin? Ay, tan? A\(cos O, + i cos Ay, tan \)°

f1’0<)\,]€0> = hl 1—

f2’0<)\,]€0) = In 1+

(sin® Oy, + (cos Oy, + i cos Ay, tan /\)2)2

sin? Ay, tan* A sin? 0y, (cos Oy, + i cos Ay, tan \)”

2
((sin? By, + (cos Oy, + i cos A, tan )\)2)2 — sin? Ay, tan® A(cos By, + i cos Ay, tan A)?)
(3118)
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In principle one could determine further terms f,, o but their contribution turns out
to be negligible for all cases we have considered. The contributions f,, m=o(A, ko, t)
are more difficult to simplify. While the term f,, can still be obtained without
further approximations, in order to obtain closed form expressions for m > 1
we have resorted to an expansion in powers of sin(Ay,). This is expected to give
very accurate results for small quenches, which are defined as producing a small
density of elementary excitations through the quench [75, 82]. The leading terms

are then conjectured to be of the form

1 + ik cos Ay, tan \
for = —itanAkoln{ e o ho 220 },

1 + e~ 0 cos Ay, tan A
1 + ie®%0 cos Ay, tan A
1+ ie” "o cos Ay, tan A

fin = tanAyg, (z In [

4 cos A, tan A sin 6y,

- sin? 0o + (€OS Oy, + 1 cos Ay, tan \)

2) + O(sin®(Ag,)).  (3119)

The expansion coefficient f; ; is known to order sin® A, with unknown O(sin® Ay,)
corrections. As we will see below, the contributions described by (3118) and (3.119)
are sufficient to obtain an extremely accurate description of x( (), £,t). The con-
stant C can be fixed by comparing the t — oo limit of (3:117) to the result obtained
previously for the behaviour in the stationary state. For later convenience we de-

fine two approximations as
Iy 6 8) = Clncos A) + £ 52 2T g (¢ — 2n|ut) [1 _ M]
X Yoo _ocos (2me(ko)t) frm(X ko) +C (3120)

where a = 1,2 and where we set fy; = 0.

3.5 Accuracy of the asymptotic result

Our analytic result (3117), (3118), (3119) gives the leading contributions in the space-
time scaling limit [75] £, — oo, £/t fixed. An important question is how good this
asymptotic result describes the behaviour of x(\,£,t) at small and intermedi-

ate times and subsystem sizes. In order to answer this question we now turn to
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a comparison between our analytical results (3120) and a direct numerical evalu-
ation of the determinant representation (3.31), (3.32). The numerical errors in the

latter are negligible.

3.51 Small-) regime

A representative comparison between the analytical results Xﬁ’f;(/\,é, t) for small

values of A and numerics is shown in Fig 3.25 and 3.26.  We see that \\ (A, ¢,¢)

0.4 .
numerical 0.44 numerical
""""" analytical o analytical
0.2 :
0.42
< 0.0 s
< ﬁv" 040
0.38
—0.4
0.36
0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
t/e t/¢
(a) (b)

Figure 3.25: Real and imaginary parts of the leading approximation Xﬁ“)()\ =0.1,/ =
200, t) for a transverse field quench quench from h = 0 to h = 0.8. The analytic
approximation gives a good description only at late times.

0.4
numerical 0.44 numerical
0.9 -~ analytical -~ analytical
042
; 0.0 3
= 2040
5><—(l.2 vig
Q =
~ =}
0.38
—0.4
0.36
—0.6
0.0 0.2 04 0.6 0.8 1.0 0.0 0.2 0.4 0.6 08 1.0
t/t t/¢
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Figure 3.26: Real and imaginary parts of Xé“)()\ = 0.1,¢ = 200,¢) for a transverse
field quench quench from h = 0 to h = 0.8. The analytical expression (red dashed
line) is seen to be in excellent agreement with the numerical results, which have
negligible errors on the scale of the figure.

reproduces the numerics very well at late times after the quench. In contrast,
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the oscillatory behaviour at short times is clearly not captured. The improved
approximation X2 (>\ ¢,t) (3120) is seen to be in excellent agreement with the
numerics.

By construction the oscillatory part of the analytic result is most accurate over
the entire range of the “counting parameter” A when sin A, is small, i.e. for small
quenches. For quenches where sin Ay, is no longer small we still find excellent
agreement between the analytic and numerical results as long as tan(A) is small.
This can be understood by noting that for such values of A the infinite sum in (3.85)
is dominated by the first few terms, i.e. small values of n. On the other hand,
higher orders of sin Ag, only emerge for larger values of n. Therefore the leading
order result in sin Ay, already provides a very good approximation in the small-
tan(\) regime even when sin A, is not small. This observation is of significant

practical importance: As shown in Fig. 3.27 in a particular example |Rex™ (X, £, 1)|

14 =4
75 0.75
5 0.50
. > 0.25
. 0.00
= =
= =
25 —0.25 £
5 —0.50
75 —0.75
0 0

(a) (b)

Figure 3.27: (a) Real and (b) imaginary parts of x("(\,¢ = 50,t) as functions of
A and t for a transverse field quench from h = 5 to h = 1.5. We observe that
the characteristic function is small unless X is small. The behaviour for quenches
within the ferromagnetic phase and quenches between the phases is similar.

WA 61)

and [Imy™ (), ¢,t)| are largest in the vicinity of A = 0 (except at short times).
This implies that the corresponding probability distribution, which is the object
we are ultimately interested in, will be dominated by the small-\ regime. As a
consequence (3.117), (3.118), (3.119) provide a good approximation for the calculation

of P (m) for all quenches.
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3.5.2 Large-)\ regime

In the large-\ regime we have to distinguish between the cases where the symbol
in the stationary state has zero or non-zero winding number, c.f. Section 3.311.
The first case covers quenches to the paramagnetic phase. Here we find that our
analytic result is again in good agreement with numerics. The second scenario
applies to quenches to the ferromagnetic phase and A > A.(hg, k). We have shown
in Section 3.31.2 that there is no good scaling collapse in this regime of counting
parameters for the moderate subsystem sizes and times of interest here. It should
therefore not come as a surprise that the asymptotic result does not provide a
good approximation in this regime. Presumably (3.117), (3.118), (3119) no longer hold
in this regime because the analytic continuation of the power series expansion of
the logarithm (3.85) becomes non-trivial in this case. In practice the failure of
the analytic approach to give a good account of the generating function in this
parameter regime is irrelevant as y (), ¢,t) itself is extremely small and makes
a negligible contribution to the probability distribution. As shown in Fig. 3.28, the
main contribution to the latter, which after all is our object of interest, arises from

the small-\ regime of the generating function, which is well approximated by our

50
0.8
0.6 ‘
04 =
=
02 < _
00 =
Q
[aet
0.2
0.4
0.6

5 =10 —-05 0.0 0.5 1.0 1.5
A

analytic expressions.

50-
0

-15 =10 -05 0.0 0.5 1.0 1.5
A

(a) (b)

Figure 3.28: Real (a) and imaginary (b) parts of (), ¢ = 50, t) for a quench within
the ferromagnetic phase from hy = 0.2 to h = 0.8. The dominant contribution to
the probability distribution arises from the small-\ regime.
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3.5.3 Relative errors

In order to provide a more quantitative discussion of the quality of the approxi-

mate results (3.120) we consider the relative errors

In (") (A, £, ¢
1— n(X1,2( s Yy )) ‘ : (3,]2,])

ria(N 0, t) =
vl ) In (Xﬁf}m(A, (,1))

where X%)/num(A,é, t) are respectively the analytic approximations (3.120) and the
result of the numerical computation of the determinant representation (3.31), (3.32).

In Fig. 3.29 we plot the time dependence of the relative errors for a quench from

10!

ri( 4, t)
oy e (A, €, t)
1/l =g

_107® " .
=
: \“‘v‘.s\ ~

=

1077

1077

10" 10"

Figure 3.29: (a) Relative errors rio(A = 0.1,/ = 200,t) for a quench within the
paramagnetic phase from hy = 5to h = 1.5. (b) same for ry o(A = 1.4, ¢ = 200, ¢).
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Figure 3.30: (a) Relative errors rio(A = 0.1,£ = 200,¢) for a quench within the
ferromagnetic phase from hy = 0to h = 0.8. (b) same for 7, 2(\ = 1.4, ¢ = 200, ¢).

ho = 5 to h = 1.5 for a subsystem of size £ = 200 and two values of the counting
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parameter A\. The maximal value of sin(Ag,) within the domain of integration ap-
proximately 0.54, which means that higher orders in f;; can be important. As we
have argued above, this will be the case if tan()) is not small. In Fig.3.29 (@) A = 0.1
Is taken to be small, and the quality of both approximations X%()\,ﬁ, t) is seen to
be excellent. In Fig. 3.29 (b) the counting parameter A\ = 1.4 is taken to be large.
This leads to a significantly larger error, which is however still fairly small and also
decays in time. We see that the analytic results provide a good approximation for
all values of A.

We now turn to a parameter regime, in which our analytic results no longer
provide a uniformly good approximation for all values of the counting parameter
A. Fig. 3.30 shows results for a quench from hy = 0.2 to h = 0.8. The maximal
value of sin Ay, in the integration range is now 0.71 so that higher orders in fi,
can again be important. For small values of A the relative errors of both analytical
approximations are small and decreasing in time. On the other hand ng(/\,ﬁ, t)
cease to provide accurate approximations for large values of A with A > A.(hg, h) as
can be seen in Fig.3.30 (b). However, we want to stress once more that x( (), 200, t)
itself is extremely small in this parameter regime and makes only a negligible

contribution to the probability distribution.

3.5.4 Probability distributions

An asymptotic expansion for the probability distribution P&“)(m, t) can be obtained
by Fourier transforming the generating function, cf. Eq. (2.57). As expected on the
basis of the discussion above, we find that the analytic result becomes very ac-
curate at sufficiently late times for all quenches. At intermediate and short times
we still find excellent agreement between the analytical and numerical results for
quenches originating the ferromagnetic, see e.g. Fig. 3.31 (a). For quenches from
the paramagnetic phase the analytic result is in excellent agreement with numer-
ics at short and intermediate times as long as the quench is “small”. In practice this

covers all quenches within the paramagnetic phase as long as h is not very close
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Figure 3.31: Comparison of the asymptotic expression for P&,")(m, t) at £ = 70 ob-
tained from Eqns (3.117), (3118), (3119) (solid lines) to numerics (symbols) for trans-
verse field quenches with (a) hg = 0.2 and h = 0.8 and (b) hy = 5 and h = 2. The
agreement is seen to be excellent.

to 1. For other quenches the corrections to the f;; term in (3.119) will become sig-
nificant at short and intermediate times. For quenches across the critical point we
again have to distinguish between quenches originating in the paramagnetic and
ferromagnetic phase. For quenches originating in the ferromagnetic phase simi-
larly to a quench within the ferromagnetic phase x(A,¢,t) is non-vanishing only
close to A = 0 and therefore all quenches, independent on the size of sin A, are
well described (cf. Fig. 3.32). For quenches originating in the paramagnetic phase
for small times there is a non-vanishing contribution around A = 7 as there was
for quenches within the paramagnetic phase. As for quenches across the critical
point sin Ay, is always large, f;1 can not be well described as an expansion in
sin Ay,. Therefore short times do not show excellent agreement any more, how-

ever we see that the smooth part still gives a good description of the numerics.
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0.125) —— 4 _ 5, numerics 0.10] —— ¢ = 10, numerics
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Figure 3.32: Comparison of the asymptotic expression for P&“)(m,t) at ¢/ = 70 ob-
tained from Eqns (3.117), (3118), (3119) (solid lines) to numerics (symbols) for trans-
verse field quenches with (a) hy = 0 and h = 2 and (b) hg = 3 and h = 0.2. The
agreement is seen to be excellent in the case for a quench from the ferromag-
netic to the paramagnetic regime. For the quench from the paramagnetic to the
ferromagnetic regime the agreement is slightly worse.

3.A Asymptotics of block Toeplitz matrices

Let 7} be a block Toeplitz matrix with elements (13),, = t;—n. The symbol 7(e**) of

T, is defined by
2 dk . -
= —7(e"™)e™"™", 122
tn /o 27T7'(6 )e (3122)

In cases where the symbol has winding number zero, the large-¢ asymptotics of

the determinant of 7} is (under certain conditions) given by [108]
2T dk? . .
Indet T, = e/ 5 Indet (T(e™)) + det (T(=—")T'(7)) + o(1). (3.123)
0 m

Here T'(7) denotes an infinite Toeplitz matrix with symbol 7. In the case where the

block-size is 1, this reduces to the Szegd limit theorem

27 dk )
Indet T) — g/o = In (e + ; g (In7),(In7)_, + o(1), (3124)
where
(InT) = /27r dk In 7(e™*)e~tka (3125)
“ J, 2m ‘ '
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The large ¢ asymptotics of Toeplitz determinants in cases where the symbol 7 has

winding number %1 is given by [75, 109]

27
Indet T, = E/O %lna ey + ;q (Ina),(Ina)_,+

27 ik
ln/ %e_kae,k) +o(1), (3126)

y (e

where
a(e®) = —eThr(e™) = exp (Z (In a)ijeiijk> : (3.127)
j=1

3.B Perturbation theory around the 7 — oo limit

We have seen that the probability distributions P®*) (m,t) exhibit an even/odd
structure in m for short times after quenches starting in the paramagnetic phase.
In this appendix we show that this structure can be understood in perturbation
theory around the h — oo limit. For simplicity we consider the probability distri-
bution P®(m) in the ground state at h > 1. In the limit h — oo the ground state

is the saturated ferromagnetic state along the transverse field direction

0YO = 1. 1), (3128)

Hence

0 (er5a®|0) () = (3129)

The corresponding probability distribution is a delta function at m = ¢/2. The
other eigenstates of ;0 aredenoted by In)(©. The leading correction to the gen-
erating function arises at second order in perturbation theory in Hy; = . o507, ;.

The relevant corrections to the ground state are

H,|0)©®) (n|H,|0)
0)® = [0)@ + 3 )¢ & (O)Z‘ ' 1|0 ‘ +... (3130)
20 - B o (B o)
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Substituting this into the expression for the generating function gives

(n|Hy[0)©*

2

(2) <O’€iAS§(Z)|O>(2) _ Z ‘
n#£0 E(O EOO )

+Z n|ez)\5‘z(€ >( )

n#0

© (n] H0)

| (3131)
2O _ g0

In order for ©(n|H,|0)(® to be non-zero the product state |n)(® must have precisely

two overturned spins. Let us denote their positions by j and j + 1. For £ > 2 we

then have
MY if 1 <<
O (n|eAalO|n) O = & iAE=2)if j = ( or ¢ (3132)
e else.
This gives

N , (+1 2 C—1 5
(2)<0|emsu(£)|0>(2) _ oM {1 . 16h2} + 16h261>\(€ 2) 4 16h26w 4 (3133)

The corresponding probability distribution is

y (+1
PW(m)| = [1 — 16h2] 5(m —£/2)
PT
—1
+ 10 (m+ 1= 4/2) + T 0(m +2 - {/2). (3134)

This is seen to exhibit an even/odd effect as the corrections for m = ¢/2 mod 2
are proportional to the subsystem size. The comparison to the exact probability

distribution is shown in Fig. 3.33.
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Figure 3.33: Comparison of the exact numerical probability distribution to the per-
turbation theory result in the paramagnetic ground state at h = 4 at subsystem
size ¢ = 30. It can be seen that the perturbation theory correctly reproduces the
staggering of the probability distribution.
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41 1D is special: Interactions and integrability

Dimensionality plays an important role in interacting quantum systems. One of
the key paradigms in three dimensions is Fermi liquid theory. In a nutshell, intro-
ducing weak interactions to a free fermionic theory dresses the bare particles of
the free theory to quasi-particles with the same quantum numbers and a finite,
however very long life time close to the Fermi surface. Importantly, parametri-
cally decreasing the interaction, the quasi-particle adiabatically goes over to the
bare particle of the theory [23]. All physical quantities in the vicinity of the free
theory point in parameter space are then very well described using these quasi-
particles. In contrast to this, introducing interactions in a one dimensional free
fermionic theory can have dramatic effects on the elementary excitations. At low
energies these can not be described by dressed bare particles with the same quan-
tum numbers, but they in fact have a bosonic character. This is known as Luttinger
Liquid theory [3].

Another important distinction of one dimensional quantum systems is the ex-
istence of special points in parameter space, where the system is strongly inter-

acting, yet elementary excitations have infinite life time. In three dimensions this
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is a quality only of free theories. These theories are called integrable theories
and they are generally characterized by the existence of a macroscopic number of

mutually commuting conserved quantities with (quasi-) local [110, 111] densities
A ] =0 (47)

where H®Y is the Hamiltonian and H(© the translation operator.

Elementary excitations are generally complicated superpositions of the bare
particles of the theory [19]. They are simultaneous eigenstates of all the conserved
quantities H™ and can for large system sizes be described in terms of dressed
momenta p and energies &(p), which are additive [19, 112]. These excitations are
eigenstates of not only energy and momentum operators, but also of the higher
order conserved quantities. Like for energy and momentum the corresponding

eigenvalues are additive.

4.2 Stability of excitations in integrable systems

In this section we want to briefly motivate why the elementary excitations of an in-
tegrable theory are stable. To this end we consider a one-parameter excitation of
an integrable theory. For a generic theory, where the only conserved quantities are
energy and momentum (or quasi-momentum), the stability of any such excitation
is determined by the overlap of the one-parameter excitation with the contin-
uum of higher-order excitations in the energy-momentum plane. If the overlap is
non-zero, the one-parameter excitation will generally decay into the higher-order
excitations it has overlap with.

We can now look at the energy-momentum relation in an integrable theory.
In general the one-parameter elementary excitation will overlap the continuum
of higher-order excitations (cf. 41 in the XXX-model) and the decay is allowed
kinematically. However in the integrable theory there exist not only energy and
momentum conservation, but as mentioned above, there is a macroscopic num-

ber of conserved quantities. For example looking at the potential decay of the
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0.0 0.5 1.0 1.5 2.0
P/m

Figure 4.1: Energy and momentum of a one-parameter excitation in the XXX-model
in red as well as a continuum of three particle excitations. The shading reflects
the density of states of the three-parameter excitations. The explicit construction
will be introduced later. The one-parameter excitation overlaps the three-particle
continua, which for a generic model would imply a finite decay rate for the one-
parameter excitation. The energy of the excitations are O(1) corrections to the
O(L) ground state energy, where L is the size of the system. The plot is normalized
to 0 by subtracting the ground state energy Le.

one-parameter excitation with momentum p and energy (p) into a three-particle
excitation with momenta py, p» and ps, we not only have energy and momentum

conservation

P p=Dp1+p2+ps (4.2)

e(p) =e(p1) + &(p2) + €(ps) (4.3)
but conservation of all the higher conservation laws H™ with n > 1
H®>D . H">Y(p) =H>D (p) + HO>D(py) + HY (pg). (4.4)

For the decay to be allowed, there must exist a set of momenta py, ps, p3 for a given
incoming momentum p, such that all these equations are satisfied simultaneously.
This constitutes an infinite system of equations for only four unknowns, which is
highly over-constrained. As the densities are independent of each other a solution
generically is highly unlikely. For the XXX-model the constraint of the first higher

order conserved quantity is pictorially shown in Fig. 4.2. This motivates why exci-
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Figure 4.2: Revisiting the energy of the one-parameter excitation over momentum
in red and the three particle continua in grey in the left figure, the allowed decay
channels are states of the one-parameter excitations on the red line into three
particle states that overlap the states on the red line in the energy-momentum
plot. These are encircled in blue. The conservation of energy and momentum
therefore restricts the possible decay channels and we can focus on the remain-
ing one-parameter excitations and three particle states for and into which decay
Is allowed. For these allowed states we plot the third conserved quantity over mo-
mentum in the right figure. The one-parameter excitation is again plotted as a red
line, while the three particle continua, which are allowed by energy-momentum
conservation, are given by the grey continuum, the shading again signifying the
density of states. We can clearly see that for every new conservation law the
range of momenta where a one particle excitation can decay into three particles
Is shrinking. Going to even higher conserved quantities it can be expected that
the allowed phase space for decay shrinks further until no decay is allowed.

tations in integrable systems are stable. The higher order conservation laws are
however only present directly at the integrable point. Any integrability breaking
perturbation will break these higher conservation laws and we expect that excita-
tions, which are stable in the integrable theory but whose decay is kinematically
allowed, to decay. In the following we will specialize to a specific integrable theory,
the XXX-Heisenberg model and will specifically construct excitations on top of the

ground state.
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4.3 The antiferromagnetic XXX-Heisenberg model and
Bethe Ansatz

The spin-3 antiferromagnetic XXX-Heisenberg model [6] in a magnetic field is a
paradigm of integrability in strongly interacting quantum systems. While in three
dimensionsitis a basic model for magnetism, the Mermin-Wagner/Hohenberg[113,
114] theorem forbids breaking of continuous symmetry in in 1.D-systems and mag-
netic long range order can not develop. Instead quasi long range order is forming,
defined as algebraically decaying two-point spin functions [3, 115]. This signifies an
infinite correlation length and therefore that the system is at a critical point. The
Heisenberg model in 1D shows very interesting physics, like quantum critical be-
haviour, fractionalisation of quantum numbers or domain wall excitations [3, 115,
116], all of which will be important to us in the following. The spin-3 Heisenberg
model as a model of a 1D spin chain can be seen to arise from a strong repulsive
interaction between fermions with spin at half filling, described by the Hubbard
model, a simple model for a Mott insulator [18]. Although the Heisenberg model
is a 1D quantum spin chain, it is not only interesting from a theoretical stand-
point, but there are many experimental realisations in metals and crystals [117-
120]. In these experiments materials are used where the interaction between spins
Is mainly in one preferred direction, forming a number of quasi-1D chains within
the materials. There is some residual interaction between the chains, but as long
as the energies at which the spin chains are probed is much larger than the in-
teractions between spin chains these interactions can be taken into account by
perturbation theory and the system behaves as if it was one dimensional.

In the following we will briefly sketch the solution of the model, the construc-
tion of eigenstates at finite system sizes and in the thermodynamic limit, as well
as a mathematical tool we will use to calculate matrix elements in the theory.

We start out considering the more general spin-3 XXZ-Heisenberg model given
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2.5
2 [ ferromagnetic Y
(M) #0
1.5 |
~ "
= critical
1 |
0.5} antiferromagnetic
(M) =0
| \ \ |
0 -1 0 1 2 3

Figure 4.3: Sketch of the T' = 0 phase diagram of the spin—% XXZ Heisenberg chain
iIn a magnetic field. In the following we will focus on A = 1, where the model is
gapless and critical.

by the Hamiltonian
L
H(J,A,h) Z SYST + SYSY + ASISE ) —h )Y SE (4.5)
Here J > 0 and S are spin operators with commutation relations
1S, S7] = i6;2a5,S] . (4.6)

The spectrum of (4.5) is gapless for |A| < 1and || < J(1+ A) [19, 112] (cf. Fig. 4.3).
The model can be solved by Bethe Ansatz [6, 121]. The antiferromagnetic XXX-

model we are interested in is recovered from (4.5) by setting A = 1.

431 Coordinate Bethe Ansatz

Eigenstates of the XXZ Hamiltonian (4.5) can be constructed by means of the Bethe
Ansatz [6] for any value of the anisotropy A. As S* commutes with the Hamiltonian
it is convenient to work in a sector with a fixed number of down-spins N with

respect to the ferromagnetic state

|0) ==

_ §> _ @ 19, | (4.7)
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which will be used as a reference state in the following. Energy eigenstates with

N down-spins take the form

|N) = Z a(ji,.- .., jn HS 0) , (4.8)

where 1 < j; < js < --- < jy < L. The wave functions have Bethe Ansatz form [6,

19, 112, 121, 122]

a(jla"'ajN) = Z ( -APeXP< kaaja> )

PESN

Ap =] (€¥rathn) 41— 22¢r). (4.9)

a<b

The energy of the state with wave function (4.9) is given by
al L
E:J;(COSka—A)—h(E—N>. (410)

4.3.2 Bethe equation for the XXX model

Imposing periodic boundary conditions on the wave functions (4.9) leads to quan-

tization conditions for the wave numbers k, known as Bethe Ansatz equations

N . . .

. 2A tka __ pika+iky _ 1

ol =TT | — . (411)
) 2AetRo — etkatiky — 1

From here on we set A = 1. It is convenient to introduce rapidity variables A,
defined by

, Ao — /2
the = 212 412
R W) (412)
In terms of the rapidity variables the Bethe Ansatz equations read
A —1/2\5 Py da— Ay — i
= ) =3 .,a=1,...,N. 413
(Aa+¢/2> leAa—Abﬂ"a e (413)
b#a

A standard way of analysing (4.13) is by employing the string hypothesis. The string

hypothesis is an Ansatz for the general solution of the Bethe Ansatz equations and
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can be motivated by looking at fixed N and large L [115]. For N = 2 and a solution
A, With ImX, > 0, the left hand side of the Bethe Ansatz equations (4.13) gets very

large

L

A 1217 (414)

Ao +1/2

From the right hand side we then see that A\, — A\, ~ 4, hinting at a structure of

the solutions in the complex plane. Generalising to larger N the string hypothesis

assumes that all solutions of (4.13) are composed of strings of the form
T = Xo 4 S(n+1=2) + 000, j=1,...m. (415)

Here 677 are deviations from “ideal” strings and are assumed to be exponentially
small in system size. While not all solutions can be exactly described by the string
hypothesis [6, 123-125], energy eigenstates at finite magnetisation are believed to
follow the string hypothesis [115].

Let us now consider a solution to (413) that contains M, strings of length n
with corresponding string centres AZ (this implies that >~ M,,n = N). Substituting
(415) into (413) and neglecting the deviations we obtain a set of coupled equations
for the set {\2}. Taking logarithms we arrive at

Lo E) =2rl] Orm (AL — A\T). 416
(n S - (476)
Here I" are integer or half-odd integers numbers (arising from taking logarithms),

0(x) = 2arctan(2z), and

Qnm(x) _ 9(%) +2Z?:_110(%) fOFm:n'
0(nZm) +20 (o) + - T 20(ons) +0(35) form#n
(47)

Equations (416) are called Takahashi’s equations. They relate the solutions of
the BAE to a set of integer or half-odd integer numbers, which therefore can be
considered as quantum numbers of our problem. The permitted ranges of the I”
are [112]
| S .
1l <5 [L — 1= (2min(m,n) — 6,m) My | - (418)

m=1
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Energy and momentum of solutions to (4.16) are given by

oo Mm
E = (=7 Jan(AF) 4+ mh) — % ,

P = wiMer > 7 (419)

where we have defined

1 n
an(z) = %m ) (4.20)

All solutions to Takahashi's equations correspond to highest weight states of the
spin SU(2) algebra [126]
STHAY) = 0. (4.21)

A complete set of energy eigenstates is then obtained by acting with the spin

lowering operator on these highest weight states

(S KA, m=01,...,L—=2) nM,. (4.22)

4.3.3 Thermodynamic limit and integral equations

We want to consider excitations in the thermodynamic limit of large system sizes

and macroscopic many particles (cf. [19, 112, 115])
N
L,N — oo, T=n= fixed. (4.23)

In this limit and under the string hypothesis many microscopic states are locally
indistinguishable. They can be described by one class of macroscopic state, which,
analogously to ideal Fermi gases, are characterized by densities of particles and
holes. Ifthe number of string centers for a certain string n is of O(L), the solutions

of (4.16) for the string centers A™ are lying dense on the real line.
A=A =0O(L7Y), (4.24)

In the same way as for free fermions on a lattice, the particle and hole densities

are defined as
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* Pnp(A)AX = number of particles in [\, A + A}

* pun(A)AX = number of holes in [\, A + A)]

where the total density of roots p, = pn, + pnp CONtrary to free fermions is not
constant, but due to the interactions is a function of X [127]. Let us define the so

called counting function

A 1 " m
Zn(N\) =0 (5> -7 > Oum(An = N (4.25)
(m,B)#(n,a)
Looking at the Bethe equation (4.16), it is defined such that
2m "
L(AY) = & 4.26
w(Me) == (4.26)

and therefore z,(\y) — z,(Aj) counts the number of roots between A}, and Aj.

Going to the thermodynamic limit the counting function can be written as

20 =0(2) - ni [ 0= o) (427

where now z,(A) — z,(A + AX) counts the number of root between A and A + A\,
It is therefore related to the density of roots p, by

dzn(N)
D 27pn(N). (4.28)
Taking the derivative of (4.27) we obtain
oo+ ) =000 = Y [ du T = i) (429)
m=1"Y ~X®

with
Tnm()\) = (1 — 5mn)a|n,m‘()\) + 2a|n,m|+2(/\) + -4 2an+m_2()\) + an+m(/\). (4.30)

The energy density of this state is given as

e{pnp}) = / b ANpp p(N) (=7 Jan(N) + nh). (4.31)
where
eno(A) = (—=mJa,(\) + nh) (4.32)

is the bare energy of the bare particles.
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4.3.4 Elements of the Algebraic Bethe Ansatz

Within the Bethe Ansatz framework it is also possible to determine matrix ele-
ments in some integrable theories. These can be obtained using the Algebraic
Bethe Ansatz [19]. In this chapter we will consider the XXZ case with anisotropy
parameter A = cos~y. We can then easily specialize to the isotropic limit A =1

later. A key object is the monodromy matrix

_ (AN B
T(A)_<C(A) D(A)), (4.33)

where A, B,C, D are operators acting on the Hilbert space of the chain and A
Is known as spectral parameter. The monodromy matrix fulfils the Yang-Baxter

equation

RO = p)(TA) @ D1 @ T(n)) =

IT)NTN) @ DR — ), (4.34)
where the R-matrix has the form
1 0 0 0
[0 b(Ap) (A p) O
RO =10 convm bum 0 (435)
0 0 0 1
If we now choose
_ sinh(})
b(A) = sinh(\ + 47)’ (4.36)
_ sinh(iv)
(N = sinh(\ + 4v)’ (4.37)

it can be shown [19] that the trace of the monodromy matrix 7" generates all
(strictly) local conservation laws of the XXZ-chain with the Hamiltonian being one
of them.

The Yang-Baxter algebra determines intertwining relations for the operators
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A, B,C, D. For the following, four important ones thereof are given by [19]:

[B(A), B(u)] =0 (4.38)
[C(A),C ()] =0 (4.39)
AN)B(p) =01 (A = 1) (B(n)A(A) = ¢(X = 1) B A(p)) (4.40)
DOVB() =6~ (5 — A (BG) D) — el — NBOD())  (441)

Due to the Hamiltonian commuting with the trace of the monodromy matrix, eigen-

states of (4.5) can be constructed as

N
M) =[] BOW10) (4.42)
1=1
where the set of rapidities {\:},(, ) are solutions to the Bethe equations
a(p;) Olpw = p3)
= , Jj=1,...,N. (4.43)
d(p5) g b(pj — pur)

Here the functions a(\) and d()) arise from the action of the monodromy matrix

on the reference state
A(A)[0) = a(A) [0) D(A)10) = d(A) |0) C(M)0)=0. (4.44)
In the case at hand the functions a(X) and d(\) are given by

a(y) = 1 () = (bl - @'%))L. (4.45)

where L is the length of the system. The isotropic limit A = 1 corresponds to

taking v — 0, while rescaling the spectral parameters
i =N, Ajfixed. (4.46)

This recovers the Bethe Ansatz equations (4.13) from (4.43). The global spin lower-

ing operator is obtained as [126]

—ilim AB(A\) =5". (4.47)

A—00

Matrix elements of physical operators can then be calculated by a mapping of the

physical operator to the algebraic Bethe Ansatz operators A, B, C, D, the so called
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inverse scattering problem and subsequent calculation of expectation values of
these utilizing the known commutation relations (4.41). For the XXZ model the

inverse scattering relations for the local spin operators are given by [128]:

57 =2[[ta+ D)e)Bee) IT A+ D)e) (4.48)
5 =2 ﬁ(A +D)(&)C(E) ] (A+D)&). (4.49)
S ——2f[D(£j) [T (a+D)&) +1, (4.50)

where &; are inhomogeneity parameters, which will be set to iy/2 in the end. When
calculating matrix elements of these operators, after use of the commutation re-
lations and the action of A, C' and D on the reference state |0), one obtains sums

of overlaps of states of the form

(Y ) = O AN [T Bl 0) (4.51)

=1
where only the \; satisfy the Bethe equation, whereas in general the p; do not.

The last step is now to use the Slavnov overlap formula [129]

det (H({\}, {u})) (4.52)

W) = e = ) T 0l — 1)

where H is a matrix defined as

Hy, = % (a(ub) kl;[a(b()\k — Hp +17y) — d(p) ’g¢()\k = — Z"Y)) (4.53)

with ¢(x) = sinh(x). We now have all the ingredients to calculate matrix elements

in the XXZ model.
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51 Motivation and decay rate

We have seen that integrable many-particle quantum systems are special in that
they support stable elementary excitations, which typically are related in very com-
plicated ways to the fundamental degrees of freedom. For example, in the Heisen-
berg antiferromagnet the elementary excitations are interacting spin-1/2 objects
called spinons [126, 130], as introduced before. We have shown that these ele-
mentary excitations are protected from decay into multi-particle excitations by
the existence of local integrals of motion, even in cases where decay is kinemat-
ically allowed. We are now interested in introducing a weak integrability break-
ing perturbation, which means we will introduce some interaction parametrically

small in some constant . In such situations we have argued that we expect to
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induce particle decay. As the introduction of interactions in one dimensions can
have dramatic effects on the quasi-particles, an important question is how large
the corresponding decay rates are. If they are small, the elementary excitations
of the integrable model will remain a good basis for describing the physics of the
perturbed model. Such questions have been investigated in some detail for inte-
grable quantum field theories [131-134]. The case of integrable lattice models is
considerably harder, and to the best of our knowledge has not been investigated
so far. The added difficulty compared to field theory cases is that the descrip-
tion of the ground and excited states is more complicated, as seen above. The
question of what effects weak integrability breaking perturbations have on the
excitation spectrum of lattice models is also of importance in so-called mobile
Impurity approaches to the calculation of threshold singularity exponents in lat-
tice models [135]. As pointed out in Ref. [136] in the context of the Hubbard model,
there exist different formulations of mobile impurity models [137], which corre-
spond to different choices of bases of elementary excitations. One may argue
that for integrable models the “integrable” basis of elementary excitations ought
to be the preferred choice. An obvious question is then whether this remains the
case even if integrability is weakly broken. This is intimately related to how large
the decay rate of the excitations is once a perturbation is applied. For the Hubbard
model the available integrable model technology [18] does not currently permit
to answer this question. We therefore consider the simpler case of the spin-1/2
Heisenberg XXZ chain of length L in a magnetic field h

L L
H(J,Ah) =Y (S7S%, +S8U8Y, + AS:S: ) —hY _S;. (51)

j=1 7=1
as introduced in Chapter 4.3.
A simple way of perturbing the model away from the integrable point is by

Introducing a next nearest neighbour interaction

0H =r» S;Si,,. (52)
J
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This interaction destroys integrability, but still commutes with the total spin oper-
atoralongthe z-axis 5* = 7. S. Hence the z-component of the total spin remains
a good quantum number. In presence of the perturbation spinons cease to be ex-
act elementary excitations and we expect them to acquire a finite life-time. Using
Fermi’s golden rule for small perturbations the decay rate can be expressed in the

form
[=21 Y IM(i = )P pr(ED) by (53)
f

where E; and p; (E; and p;) are the energy and momentum of the final (initial)
state [138], ps(E) the density of states of the final state and the matrix element
M is given by

M = (f|6H |i) . (5.4)

We are interested in the case where the initial state is an exact one-spinon eigen-
state of (4.5), while the final state is any exact eigenstate of the unperturbed sys-
tem.

Most of our analysis will focus on the isotropic Heisenberg model at A = 1 and
h > 0. Other values of A can be treated in the same way. We can consider h < 0
by starting with the reference state where all spins point down || --- ]).

We first describe the excited states that contribute to the decay rate in Sec-
tion 5.2.3. We then use the Algebraic Bethe Ansatz to obtain explicit expressions
for the matrix elements describing the spinon decay, cf. 5.3. In Section 5.4 we then
numerically determine the contributions of various decay channels to the decay

rate.

5.2 Excitations in the XXX model
5.21 What is a spinon?

We will be interested in the low energy excitations of the XXX Heisenberg model.

To get a better understanding, we first present an intuitive way of thinking about
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these excitations, before they will be constructed rigorously. This discussion really
appliesto A > 1, however it will still be useful for the construction at A = 1. While
we saw that eigenstates of the Heisenberg model are complicated superpositions
of product states in a certain spin sector, the ground state of the antiferromagnetic
Heisenberg model at zero magnetic field can be shown to be “morally”, on short
length scales, similar to an anti-ferromagnetic Néel state [3]. In this schematic

picture the bare “particles” are spinflips, also called magnons.
— i

Figure 51: Schematic short range order representation of the ground state of the
antiferromagnetic Heisenberg model at zero magnetic field on the left and a bare
excitation of the model (magnon) on the right.

These spin-1 excitations do however not constitute the elementary low en-
ergy excitations of the theory, but these are given by spin—% excitations, called
spinons [130]. In the schematic short-range order picture, where the ground state
is given by the anti-ferromagnetic Néel state, this corresponds to domain wall

configurations.

\J — LT
/

Spinon

Figure 5.2: Schematic representation of the elementary low energy excitation of

1

the Heisenberg model at short ranges. The excitation is a spin-3 particle called

“spinon”, which in the schematic representation corresponds to a domain-wall
configuration.

We see from this schematic picture, and it can be seen to be true for the more
complicated exact state [112], that spinon excitations come in pairs, as the consec-
utive spin flips creating the domain walls will always create two domain walls. As
we will be interested in the stability of single excitations, one question is how to
obtain an odd number of spinon excitations. For this, let us consider putting the

chain with an odd number of sites on a ring, such that we have periodic boundary
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conditions on the spins. Looking at the schematic picture in Fig. 5.3, we see that
due to the antiferromagnetic structure, there has to be an odd number of domain

walls for the odd length chain.

- —e

Spinon

Figure 5.3: Schematic representation of the ground state for an odd length chain
with periodic boundary conditions. Due to the anti-ferromagnetic structure of the
state, there has to be at least one, and always an odd number of domain walls.
This carries over to the more complicated exact energy eigenstates [112].

This can again be shown to be correct also for the more complicated Bethe

Ansatz states and at finite magnetic fields [112].

5.2.2 Exact ground state

Let us first explicitly construct the ground state of the XXX-Heisenberg model. As
in the schematic discussion we take a chain of even length L. Then the ground

state can be shown to be the state with the quantum numbers [112]

N+1
I;:—T++a, a=1,...,N. (5.5)
Therefore the lowest energy state at a fixed magnetisation is the state where the

I, are symmetric around 0:

Low lying excitations in the same S* sector are e.g. particle-hole like excitations
created from the ground state and the number of excitations in a chain of even
length can be seen to always be even, as discussed before in the schematic dis-

cussion of the spinon excitations.
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5.2.3 Low lying excitations and spectrum

We are now going to explicitly construct excitations in the finite L XXX-Heisenberg
chain at finite magnetic field and show that these excitations can be seen to be
quasi-particle excitations with additive energies and momenta when going to the
large L limit. In order to have access to single-spinon excitations, as described
above, we need to consider odd chain lengths L. As we just saw, for even values

of L the lowest excitations involve at least two spinons [126].

5.2.31 One particle and one hole excitations

For odd L with an odd number N of down spins there are two degenerate lowest
energy states. They are obtained by considering real solutions (1-strings) to the
Bethe Ansatz equations and choosing either

N
J;:—3+a, a=1,...,N, (5.6)

or
N
Ié:—5+1+04, a=1,...,N, (5.7)
The corresponding configurations of half-odd integers for N = 11 look as follows:

The filled quantum numbers corresponding to the filled circles hereby correspond
to the magnon excitations schematically introduced above. The energy density

e(h) of these two states in the thermodynamic limit
N
LN — oo, 7= n = fixed (5.8)

can be expressed, as shown in Chapter 4.3.3, in terms of the solution of a linear

integral equation for the root density p;(\), ¢f. Ref. [112]
B
p) =a) = [ Ay pn (59)
-B
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where here and in the following we have dropped the index p of the particle den-

sity. Here the integration boundary B is determined by the density of down spins

n through
B
/ dA p1(\) = n. (510)
-B
The energy per site is then given by
B 0
) = [ (), (511
-B
where
e\ = —Jra;(\) + h. (512)

The two states above are particular limits of one-parameter “particle-like” and
“hole-like” excitations. The particle excitation corresponds to I} configurations of

the form

P
——O0-00-00-0000000600606 000600

whereas the hole-like excitation is obtained by promoting one half-odd integer I}
in the ground state configuration to the “Fermi edge” that has one fewer half-odd

integer:
h
m I
Both types of excitations involve a single parameter: I? for the particle excitation

and I" for the hole excitation. For asymptotically large system sizes L the energies

and momenta of these excitations are given by [112]

EP = Le + 1(\P) + o(1), IN| > B, (5.13)
PP =1 421 /Ap dX p1(\) + O(L71) (514)
E" = Le — 81(0/\h) + o(1), I\ < B, (5.5)
Ph :w—zw/okh d\ pi(\) +O(L71) (516)
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Figure 5.4: Energy-momentum dispersion of the one-parameter excitations for dif-
ferent values of the magnetic field h.

where the dressed energy e;(A) is a solution to the linear integral equation

a(\) =20 — /_ . dp as(p— N) 1(p). (517)

The derivation can be found in Appendix 5.A The rapidities \? and A" are continu-
ous parameters above and below the “Fermi-edge” respectively. They are related
to the parameters I? and I" through Takahashi's equations (4.16).

The excitation energy for a one-spinon excitation can now be extracted by sim-
ply subtracting the extensive part of the energy (which equals the ground state
energy of the Heisenberg chain), which allows us to extract the spinon energy and

momentum

A
cN =W p) =2 saA = B) [ dup. (638)

The corresponding dispersion relation is plotted for several values of magnetic
field hin Fig. 5.4. The value for the magnetic field is fixed by imposinge;(B) = 0. We
note that by construction the spinon dispersion is identical to the one extracted
from the two-spinon excitation of the Heisenberg model with even chain lengths

L, apart from a shift in momentum by .
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5.2.3.2 Excitations involving several particles and/or holes

As 6H commutes with S? the decay of the single-particle (hole) excitation de-
scribed above can only involve excited states with the same S* quantum number.

These are obtained in the following ways:

1. One can consider solutions of Takahashi’s equations only involving 1-strings.
These will involve additional particle-hole excitations on top of the 1-spinon

excitation constructed above.

2. One can consider solutions of Takahashi’'s equations involving n-strings with

n > 2. As a result of the magnetic field these excitations have a gap.

3. One can consider excitations of the form (4.22) that are not SU(2) highest-

weight states. These again have a gap for h > 0 because

(S~ H(J,A=1,h)] = —hS~ (519)

As we are dealing with an interacting theory, this leaves us with an infinite num-
ber of possible decay channels, i.e. even to first order in perturbation theory in
k, a single spinon can decay into excitations involving 3,5,7,... particles. As in
one dimension the accessible phase space shrinks with the number of particles
involved [139], it is reasonable to assume that the dominant decay channels will
involve excitations with low numbers of particles. In the following we will focus
on excitations involving 3 particles. We have considered a class of five-particle
excitations where we excite two particle- and hole-type excitations in addition to
the one-spinon excitation, and found the corresponding decay rate to be smaller

(see Section 5.4).

“pph-excitation” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I looking as follows

v I Iy
——O000 0000000600060 0 0600 —]!

96



PART I CHAPTER 5. SPINON DECAY

States of this kind can be thought of as a sub-class of 3-spinon excitations that
involves two particles and one hole, which are parametrized by I" and I7, re-
spectively (or equivalently by the corresponding rapidities A", A7 ,). Energy and

momentum of this excitation are given by

EP" = Le 4 €,(\)) + €,(A5) + &,(\") + o(1) , (5.20)

PP = p (AD) + ps(AB) + ps(A") + O(L7Y) | (5.21)

where e,()\) and p,(\) are defined in (518). The excitation energy is obtained sub-
tracting the ground state energy, and the corresponding continuum of 3-spinon
excited states is shown in Fig. 5.5a. The grey shading reflects the density of exci-
tations at given values of energy and momentum. Darker regions correspond to
higher densities. The intensity of the shading is obtained by considering large but
finite L and varying I" and I7, over all allowed values for a given excitation, and

calculating approximate values of A", A7 , by solving the equations

ps(\) = —L, j=1,2. (5.22)

The corresponding approximate excitation energy is then obtained by substituting
these values into (5.21). Each set {I",I7,} provides one point in the prrh-Epeh-
plane and the collection of all these points generates a shading that reflects the
density of states.

We see that for momenta 7(3 + m) < ps(\) < (3 —m) decay of the 1-spinon
excitation is kinematically forbidden, while it is allowed for some values in the

regions py(A) > m(3 —m) and p,(\) < 7(3 +m).

“phh-excitation” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I looking as follows

Ip Ik IP "
—O0000C060006600 0606060600 6O0—I,
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0.0 0.5 1.0 15 2.0 0.0 0.5 1.0 15 2.0
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Figure 5.5: Excitation continua (grey) for (a) two particle one hole (b) one parti-
cle two holes (c) three particle and (d) three holes at magnetization m = 3/10.
The 1-spinon dispersion is shown in red. The shading of the continuum reflects
the density of states (see main text). Decay of the single spinon is kinematically
allowed in part of the Brillouin zone.

States of this kind are a sub-class of 3-spinon excitations that involves one particle
and two holes, which are parametrized by I? and I', or equivalently by the cor-
responding rapidities A?, A} ,. Energy and momentum of this excitation are given
by

EM = Le + (W) + ,(A}) + &(M) + o(1) (5.23)

PP = py(W) + ps(A7) + ps(Ng) + O(L7H) | (5.24)

where e,(\) and p,()\) are defined in (5.18). The excitation energy is again obtained

by subtracting the ground state energy and is shown as a function of the total
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momentum in Fig. 5.5b.

“ppp-excitations” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers Il looking as follows

I Iy Iy X
I

«

States of this kind are a sub-class of 3-spinon excitations that involves three par-

ticles. Energy and momentum of this excitation are

3
EP” =Le+ Y e, (X)) +o(1) (5.25)
j=1
3
PP =" p (M) + O(L™), (5.26)
j=1

where e,(\) and p,(\) are defined in (518). The excitation energy is again obtained
by subtracting the ground state energy and is shown as a function of the total

momentum in Fig. 5.5¢.

“hhh-excitations” This excitation involves only 1-strings and corresponds to con-

figurations of the (half-odd) integers I looking as follows

Iy 7 .

o

States of this kind are a sub-class of 3-spinon excitations that involves three holes.

Energy and momentum of this excitation are

3
E"" = Le+ ) e\ +o(1), (5.27)
j=1
3
PR =N "p (A + O(L7), (5.28)
j=1

where e,(\) and p,(\) are defined in (518). The excitation energy is again obtained
by subtracting the ground state energy and is shown as a function of the total

momentum in Fig. 5.5d.
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Excitations involving a single 2-string We now turn to the simplest excitation
involving a single 2-string. This corresponds to solutions of (416) with M; = N —2,

M, =1 and configurations of the half-odd integers I}, I? of the kind

[P
— 0000000000000 OO eO0O—]!

—0000008000—1If

We note that the permitted values for I? have range
9 1
|17 < 5 [L—2N]. (5.29)

The excitation is parametrized by the two half-odd integers I?, I? or equivalently
the corresponding rapidities A\?, A\*. Energy and momentum of this excitation are

given by

E* = Le + ¢,(\) + e2(X°),  |\|> B, (5.30)

PP = p (AP) + pa(N) (5.31)
where g5 and pa()) are given by [112]

£2(A°) = e20(N°) — /_B dper(p) (ar(p — A°) + as(p — A°)).

p) = 0(3) [ a0 i) (532

and bare energy e,0(A) from 4.3.3. Excitation continua that encompass the two-

particle continuum (5.31) are obtained by adding particle-hole excitations, e.g.

3 2
B2 = Lo 43 e, (V) + 3 6 (M) + 22(X), N <B <M, (533)
j=1 k=1
3
p2s3p2h _ AP A\ S (5.34)
=) " pul j)+zps( b+ p2a(N) . :
j=1 k=1

The continuum (5.34) is shown in Fig. 5.6 for several magnetizations. We see that
the single spinon excitation cannot decay into the 2-string excitation for kine-

matic reasons. If we keep on adding particle-hole excitations at small magnetic
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Figure 5.6: One two-string and 3p2h excitation continuum (grey) at magnetization
(@ m = 0.01, (b) m = 0.03, (c) m = 0.05 and (d) m = 0.07, (the corresponding
magnetic fields are h = 0.09, h = 0.26, h = 0.42 and h = 0.58 respectively). The
1-spinon dispersion is shown in red. The shading of the continuum reflects the
density of states (see main text). Decay of the single spinon is kinematically not
allowed.

fields decay of the 1-spinon excitation will eventually become kinematically al-
lowed. However, the decay rate is then expected to be negligible on the basis of

aforementioned phase-space arguments, cf. Ref. [139].

Excitationsinvolving longer strings  Excitations involving longer strings have larger
gaps at finite magnetic fields [112]. We expect contributions from decay channels
involving such excitations to be small for the same reasons we put forward in the

2-string case above.
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Excitations that are not highest weight states As mentioned above, excitations
which are not highest weight states have gaps that are proportional to the mag-
netic field h. Nevertheless, decay of a single spinon into excitations that are not
highest weight states will generally be allowed at sufficiently small h. As an exam-
ple let us consider highest-weight states with M; = N — 1, M,>, = 0. The lowest

energy states in this sector correspond to integers

N
J;:—5+a, a=1,...,N, (5.35)
or
N
[Olé:—g—l—i—oz, a=1,...,N, (5.36)
— 0000000000000 OO 0O0O0—]!

In complete analogy to our discussion above, these can be viewed as particular
limits of a 1-spinon excitation. Acting with the spin lowering operator gives a
1-parameter excited state with a dispersion that equals the 1-spinon dispersion
shifted upwards in energy by h. Hence decay of our 1-spinon excitation into this
particular descendant state is kinematically not allowed. However, if we add an
additional particle-hole pair the situation changes. Let us consider configurations

of integers such as
v " Iy
———0-0000 0606060006066 000e60——]!
States of this kind can be thought of as a sub-class of 3-spinons. Energy and
momentum of the excitation obtained by acting with the spin-lowering operator

on this state are given by

Eltg. = Le + ¢,(A)) + ,(A8) + €, (\") + b+ o(1) (537)

desc

P = 7 4 ps (M) + ps(A3) + ps(N") + O(L 7). (538)

desc
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Inspection of Fig. 5.5a shows that decay of the 1-spinon excitation into this contin-
uum is kinematically allowed at sufficiently weak fields. However, as will be shown

in 5.B this decay is strongly suppressed for large system sizes L.

5.3 Determinant Formulas for Matrix Elements in the
XXZ chain

In 5.2.3 we have constructed the one spinon quasi-particle excitations with additive
energies and momenta that constitute the low energy excitations of the Heisen-
berg model in the large L limit as complicated superpositions of product states at
finite but large L. Using the Algebraic Bethe Ansatz and inverse scattering we can
now calculate matrix elements involving quasi-particle spinon excitations. The
Algebraic Bethe Ansatz provides a convenient setting for calculating scalar prod-
ucts as well as the norm of Bethe states [129, 140, 141]. Matrix elements can be
analysed by utilizing the expression of local spin operators o7 in terms of the op-
erators A, B,C, D, cf. Ref. [128]. With the help of these relations matrix elements
of spin operators S§ between eigenstates of the XXZ Hamiltonian were derived in
Ref. [128], and general operators were considered in Ref. [142]. Explicit expressions
for the operator 5752, , were obtained in Ref. [143]. In the following we will first
consider the XXZ case with anisotropy parameter A = cos~ and only later special-

ize to the isotropic limit A = 1. Generalising the derivation of Ref. [143] we obtain
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(see 5.C for details)

Z<A17.. )\N| ]+2|M17"'7,U’M>:

J

LeiP{,\}+2iP{M6P{)\}’P{M6M7N {—qb(W) [T, oA\ + i7/2)2¢(ﬂk +i7/2)p (i — i7/2) 7

Ha>b ¢(/\b - ) Hb>a gb(/v‘b - :ua)
x> Ay (det (G + BY) + det (G + BY) — det (GV) — det (G?)))

LT 0O + v/2) 0 (s — i7/2) 7
2 Ha>b (Mo — Aa) Ha<b Dy — fha)

X Z Z A [det (Grm + Bpm) — det (Gnm)]} . (5.39)

n=1 m#n

Here Py, is the total momentum of the state parametrized by the rapidities {;}

N 7
Ppy=> |7+ (M) : (5.40)
j=1 >‘j 2
and
qb Ol — )
d(fin — (5.41)
Z tn) O(pn +2) H¢
Hab:M<a (110) H¢ Ak — o +i7y) — d( ngﬁ (A — o — W)) (5.42)
gb(}‘a - Mb) kta k+a
H, b
(GA) o = { e iZ : (543)
$0a—2) 9(Nat+2)”
Hab b 7£ n
(G = { . i , (5.44)
'\ (i) ey b=n
(BD) gy, = (1= 6un)d(ps) [ [ #(1ss — 11 + i) (11 + i7/2)
¢(i7) ¢ (g — iv/2)
< (7) Z < P(ha — 17/2)d(pa + iv/2) +d§n A(pa —17/2)
@' (N + Z"V/Q o(1)
- : 5.45
Z O+ 17/2) " st + 7/2)0(pr i7/2)> 545)
7)

(5.46)

2y _ 1 Ot = i = 17) Pt + 1) (i
(B®),, = (1 — 5bn)§d(ub) g O f; ¢7/2)¢(AZ —1i7/2)
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A = d(p) (110 = 5) Syt = 5) [T 601 = pn = 1) (5.47)
Qb(,um - 3177) (b(:um + %)
X H Wy = pm + ) | S T o = T (5.48)
Hgp b#m,n
(Grim) gy = aﬁ()\afg))f;(z;\\:i%f -m (5.49)

b=n

2 ( (i) >| ,
922 \ p(Aa—z)p(Aa—z+i7) IZ%

(Bam)ap = (1= 8m)(1 = 8on)d(s) ] Hu idb’: b:g)g%‘(”gf{jg(m) . (5.50)

i#Em,n

Finally, the function ¢(\) is given by

A A=1
o) = {sinh(A) Al <1 (5.51)

In the isotropic case A = 1 of interest to us the matrix element in the rescaled
rapidity variables (4.46) is obtained by simply setting v = 1 in the above expres-

sions.

5.4 Decay rates

We are now in a position to compute the rates of decay of the one-spinon ex-
citation into the various multi-particle excitations considered above. In practice
the calculation is carried out in a large, finite volume L. The energy eigenstates
are of the form (4.42) and involve N rapidity variables, which constitute a solution
to the Bethe Ansatz equations. We will denote the states corresponding to the

one-spinon and the two-particle one-hole continuum by

INo ), NI IS I, (5.52)
Our notations for the respective energies (4.19) are

E(J), EPM(IP I3 1M). (5.53)

Here J and I7,, I" denote the half-odd integers corresponding to the spinon and

the particles/hole respectively. Other excitations are labelled analogously. The

105



PART I CHAPTER 5. SPINON DECAY

decay rate is then given by

L
Lopppn (D7) = K*%spoppn(pg) = 7K Z |<N;If,[§,]h|ZS;S;+2|N;J>|2

P12, 1" j=1

X O pqn_mn 6(EPPMIP ID 1) — E(J)) , (5.54)

where we have used (4.19) to simplify the momentum conservation delta function.
The momentum p; of the initial spinon excitation is given by

g > Y —1
pJ:{ p o T>g =l (5.55)
?.

-4 if 1J] <

We regularize the delta function expressing energy conservation by

oy(x) = \/;776@)27 (5.56)

where lim, o 0, (z) = é(x). For very small n, but still with a sufficient number of

final states in the regime where §,(x) is large, we expect the result to be close to the
answer in the thermodynamic limit. For (5.54) to be finite in the thermodynamic
limit, the matrix elements should scale as L=!. As shown in Fig. 5.7, the decay in L

is very slightly faster than L=2 and is compatible with the functional form

(5.57)

where ¢ is a very small exponent. In the range of lattice lengths accessible to us,
equally good fits can be obtained by replacing L¢ by (In L) in (5.57). The situation
is analogous to that for the dynamical structure factor [144-151]. For the latter it
was shown that in order to obtain finite results in the thermodynamic limit, an
infinite summation over states that contain additional particle-hole pairs located
at the “Fermi points” B was required. On the other hand, the result obtained
by working at a fixed value of L ~ 1000 and not carrying out this summation was
found to give an excellent approximation to the thermodynamic limit. We expect
the decay rate to behave in an analogous way. In the following we determine the
contributions of the 3-particle excitations described in Section 5.2.3 to the decay

rate for finite system sizes in the range L ~ 500—1000. We have verified that taking
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. —  Fit |
+ ++ Numerical data

0 500 1000 1500 2000 2500
L

Figure 5.7: Scaling of matrix elements with system size L. The initial state contains
one spinon with momentum p = 5.5, while the final state contains three high-
energy excitations with momenta p, = 4.5,p, = 4.65,p, = 3.65. The fit is to the
functional form (5.57) with a = 0.42, b = 5.6, ¢ = 0.044. We have also considered
additional excitations around the Fermi points in the final state as well as different
momenta and found similar behaviour.

Into account states with one additional particle-hole excitation gives only small
corrections.

We now fix L and then compute (5.54) for several values of the broadening
n. The decay rates into the excitations considered in Section 5.2.3 are shown in
Figs 5.8a, 5.8b, 5.8¢ and 5.8d.

We see that the dominant decay channel for a one spinon excitation is decay
into a 3-spinon excitation of pph type. We have argued above excitations involv-
ing higher numbers of particles should give smaller contributions to the decay
rate. In order to check this assumption we have calculated the decay rate into a
5-spinon excitation of type ppphh, which we expect to provide the largest contribu-
tion among the 5-spinon excitations. The result is shown in Fig. 5.9b. As expected
the contribution is small. Moreover, it is mostly due to umklapp-type terms in the
pph-channel, meaning particle-hole type excitations around the “Fermi sea” on
top of the pph-type excitations (cf Fig. 5.9a).

It is clear from Fig. 5.8 that all other 3-spinon decay channels can be neglected
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8
7 r 0004 ““““““““ ,,7 — 0015
o 0.003| 7 =001
107 £ — p=0005| e
L4 L0.002 e
21 0.001f
1 [ e P ~3
0.000 : ‘ ‘
? o 70 I 50 1.60 1.65 1.70 1.75 1.80
. . PSP/W. . P/
@) ©)
0.0020
0.0015
N
£0.0010
0.0000 9 -
1.20 1.25 1.30 1.35 1.40
P/
(d)

Figure 5.8: Coefficients of the decay rate for magnetization m = 3/10 and several
values of the broadening n for (a) pph-type processes for L = 615, (b) phh-type
processes for L = 435, (c) ppp-type processes for L = 455, (d) hhh-type processes
for L = 675.

compared to the pph one. Moreover, the decay rate coefficient is of order unity,
which means that the decay rate itself is small and proportional to the square of

the strength of the integrability breaking perturbation.

5.41 Extrapolationton =0

The results of the previous section are for finite values of the system size and re-
quire a small, finite regularization parameter . We will consider the extrapolation
of these results to the thermodynamic limit and n = 0. As we have seen above,
the matrix elements of the perturbing operator scale as L=! up to multiplicative

corrections that decay algebraically with very small exponent or logarithmically, cf.
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Figure 5.9: Coefficients of the decay rate for magnetization m = 3/10 for (a) pph-
type processes with and without umklapp terms for n = 0.002 at L = 415 and (b)
ppphh-type processes for L = 155 and several values of the broadening n.

Fig. 5.7. We expect that in order to take the thermodynamic limit, one would have
to sum over an infinite number of particle-hole excitations at the Fermi points, in
analogy with available results for the spin-spin correlation function [147-150, 152].
Our situation is more complicated as we need to consider excited states with sev-
eral elementary excitations at finite energies and summing over an infinite number
of particle-hole excitations on top of these is beyond the scope of our work. How-
ever, we note that the main source of finite-size effects in our calculation is the
necessity to have a sufficiently large value of the broadening n. This is required
in order to obtain a good approximation to density of final states p;(E;). This im-
poses a restriction n > no(L) = const/L. Importantly, no(L) tends to zero much
faster than M2L2. This allows us to extrapolate our results to n = 0 as follows. We
construct a smooth interpolation function M%) (p, 27, 25) for the matrix element
multiplied by L, and then turn the sums over Bethe Ansatz (half-odd) integers into

integrals using the Euler-Maclaurin sum formula. Taking the limit n — 0 results in
extra 1
%pt—mph(p) = in /D dzy / dzh 0(es(2]) + €5(25) + e5(2) + 25 — p) —e1(p))
2
x [Moit (v, 21, )| (5.58)

where D isthe domain where the one-spinon excitation exists (the interval [r/5, 2m—

7 /5] for magnetization m = 3/10). We stress again that we do not claim that this
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integral is the exact form one would get after summing all particle-hole pairs in
the thermodynamic limit, but that the result of such a calculation is expected to
be numerically very close to what is obtained here. One of the integrals can be

carried out using the delta-function, which gives

2
,_yextra (p) — i / dzp }M;g?lt(pa Zfa Z)‘ (5 59)
sprvph dm Jp T ei(z) F e+ 2 = p)| ’

where z is the solution of the equation es(z7) + €s(2) + es(2) + 2 — p) — e1(p) = 0.

Carrying outthe remaining integral numerically leads to the result shown in Fig. 510

Y sp—pph
w

1.70 1.72 1.74 1.76 1.78
P /x

Figure 510: Decay rate to the pph-channel for n — 0 at magnetization m = 3/10.
The wiggles are due to the finite size effects of the interpolated matrix element at
L =615.

5.4.2 Density of kinematically allowed states and finiteness in the
thermodynamic limit

A simpler quantity of interest is the density of final states to which transitions from
the 1-spinon excitation are kinematically allowed. For free fermions this density

of states exhibits a van Hove singularity that leads to logarithmic divergence at
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the threshold [153]. In the thermodynamic limit the pph channel density of kine-

matically relevant states is given by

1 1
= — [ d2¥ 5.60
n0) = 32 | 4 e (560
where z is the same as in (5.59). Analogous expressions hold in the other channels.
Results for the various possible types of 3-spinon final states are shown in Fig. 5.11.

We see that densities of states are finite and do not display the kind of singularity

encountered for free fermions.

6
5
T4
1
o5 3
R
1
170 1.72 1.74 176 1.78 1.80 12 1.3 14 1.5 16 17 18 19
PP /r P /r
(a) (b)
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Figure 511: Density of states for the (a) pph-channel (b) phh-channel, (c) ppp-
channel and (d) hhh-channel in the thermodynamic limit at magnetization m =
3/10.
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5.A Calculation of dressed energy and momenta for low
energy excitations

In this appendix we briefly discuss how to obtain energies and momenta for the

elementary excitations in the thermodynamic limit [18, 19, 112].

5.A1 Length-1strings

Let us first consider excitations over the Fermi-sea like state, which are themselves
length-1 strings. The rapidities of the excitations are then described by the Bethe
Ansatz equations

M
LAY =271 + 3" oA = AY). (5.61)
B=1
The Fermi-sea like state in terms of the quantum numbers 1" is described by a

region of occupied quantum numbers

Il

[0

We are interested in the situation where there are n particle and m hole excitations

on top of the Fermi-sea like state

i s oI i .
—O0—0 000000006600 O OO O0O—— o

In the thermodynamic limit the solutions of the Bethe Ansatz equations with quan-
tum numbers of this form will be dense in an interval [-B, B], where B is given
by the number of down-spins or respectively the magnetic field. The additional
particle and hole excitations are parametrized by their rapidities A and A with

APl > B and |\!| < B (cf. Fig.512). Let the A be the rapidities of the particles in

the sea, we then have

M )\511) . /\(1) n )\(1) Y
LOAY) =271 +> 6 (TB> +) 0 (“T> (5.62)
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AL —B Ab Al A B AP
@ N N N @ A

Figure 512: As seen in Chapter 4.3.3 and 5.2.3, in the thermodynamic limit the so-
lutions for rapidities of the Bethe equations lie dense on the real line from —B
to B, where B depends on the magnetic field. The low energy states correspond
to excitations over some fermi-sea like state. One particular class of low energy
excitations are given by removing and adding length-1 string excitations.

for these rapidities. We can now go to the thermodynamic limit as outlined in 4.3.3

and we obtain

n

) = [ dnpuplnoan =) = 3 aah =) = 0+ s (563)

i=1

The hole density is given from the holes within the sea as [18, 112]
pra(A Z (A= A0. (5.64)

We are interested in the O(1) correction to the O(L) energy of the sea like state.

Let us therefore write the particle density as an O(1) and O(7) part
1
prLo = P+ T 0L (5.65)
The O(1) part is easily seen to obey
(1) v (1)
Ao =a) = [ dnplmantr - o). (5.66)
This determines the O(L) piece of the energy
B 1
E=1L / i dX pi) () e10(N), (5.67)

where 1 5()\) is the bare energy of the particles as defined in 4.3.3.
For the O(1) corrections of the density of particles we get the integral equation

=) I =A) =Y a(A = A - / dn p’)(n) ax(A —n) = p)(A).  (568)

j=1 i=1
To obtain the O(1) correction to the energy AE we then have to add up the bare

energy of the particle excitations. But as we are dealing with an interacting system,
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we have to add the change of energy the particles and holes exert on the Fermi

sea like state:

n B
AE =Y eo(X) + / dn e10(n)pt)(n) (5.69)
—B

i=1

Let us now introduce a linear operator & with positive kernel as(\ — 1) such that

() 0= [ anasr ot (570)

We can then write Eq. (5.68) as
- Z(S(/\ — A - Za2 (A — D) — (K*pl p) ) = o2 0. (5.71)

Solving (5.71) formally for p ) and inserting into the expression for AE, we obtain

AE =3 e10(0) - / "y eraln) ((L+ K) wapm) () (5.72)
— _
where
apn (1) = (Zn: as(p— A)) + Zm: o(p — A?)) : (573)
i=1 j=1
Defining the dressed energy as
e1()) = (51,0 w (14 f()*l) \) (5.74)
and therefore as the solution to the integral equation
S0 =10 - [ z At e1(m)as( — N, (5.75)
AF can be written as
= zn: e1(\D) — f: er (D). (5.76)
i=1 j=1

We see that in the thermodynamic limit the energies of the excitations over a
fermi sea like state are additive. The momenta are simply given as the sum over
the quantum numbers. Every one of those quantum numbers and specifically the
quantum number of the particle and hole excitations are given in the thermody-

namic limit up to O(1) corrections by
A
p() =7+ 2msgn( = B) [ du pu(o). (577)
0
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5.A.2 Higher length string excitations

Let us now look at higher string excitations over the fermi-sea like state made
up out of length-1 strings. As we are considering the large system size limit, we
can assume zero string deviations 47,. Let us specifically look at a length-2 string
excitation over a sea of M length-1 strings. Under the string hypothesis the string

centers of the excitations are then described by the Bethe Ansatz equations

P M 2\ — )\(1)
Lo (3> =27I*+> |0 (Tﬁ) +6 (/\S - Aé”)] (5.78)
B=1

Mo (A =AY NORY
LOAY) =271 +> 6 (%) — 0D — X -0 (%) (5.79)
B=1

Going to the thermodynamic limit and splitting the density into O(1) and O(3)

piece as before, the density of length-1 strings in the sea can be written as
2 B 2
PO = _/ dn P2 as(A —n) — ar(A — A*) — ag(A — X°). (5.80)
-B

The O(1) piece of the energy AFE can then again be written as bare energy of the

length-2 string plus the reaction on the length-1 string sea

B
AE = e29(\%) +/ dn P2 (m)ero(n). (5.81)
B

Again formally inverting the equation for the density pﬁ), and substituting into the

equation for AE one gets
AE = g,()\%) (5.82)

with
B
£9(A*) = e90(\%) — / dp g1 (p) (ar(p — A+ ag(p— A%). (5.83)
-B
The momentum in the thermodynamic limit up to (9(%) corrections can be ob-

tained from the first equation of (5.79) by going to the thermodynamic limit:

ps(A) =0 (%) - /_ Z dpe 021 (A — p)p1p(1t) (5.84)

Again also higher string excitations in the thermodynamic limit are additive.
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5.B  Matrix elements and suppression for non-highest
weight states

We want to consider the normalised matrix element of éH between a highest

weight state and a non-highest weight state

A (59, 5257, |{u))
VI SHS ) TN/ T T

where ({\}| and |[{u}) are non-normalised highest weight Bethe ansatz states. We

(5.85)

see immediately from the commutation relation
[S*,85] = =S} (5.86)

and from the relation for highest weight states S* [{x}) = 0 that for £ > 3 the ma-
trix element is exactly 0. Furthermore inserting the cyclic shift operator (cf. [126])

exp(iP) and using
e_iﬁ'S;e“5 =541 a=z,+,— (5.87)

and the fact that the highest weight states are eigenstates of the shift operator
with eigenvalue exp (iPp;), where Py is the momentum of the highest weight

state, we obtain
(N e PeP(5T) 8282, [{u})
j
_ ei(P{A}—P{u}) <{)\}| (S-i-)k Z S;S;_ﬂ |{N}> (5.88)
j

and therefore we see that the momenta have to coincide for the matrix element to

be non-zero. Using the commutation relation (5.86) we obtain for the normalised
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matrix element for k =1and k = 2:

HAHST22; 57570 {ud)
V{u} e} (A STSTS=57 [{A})
1 — ({2, 57 e + 575512 [{nd)

VI a1 o ron (589
(O (SYE S, 5285, [}
VA G (15575 5 T00)
OIS SISl

1
VI 2N = DVL=2(N = 2) V{u} [{s) (3 TOD
We can now check numerically for solutions of the Bethe equation with same
momenta using similar determinant expression as in (cf. 5.C) for these matrix ele-
ments, that due to the normalization factor the matrix element is suppressed for

large L at finite magnetic field.

5.C Calculation of the next-nearest neighbour spin op-
erator matrix element

We want to calculate the matrix element

{Aojoie [{ud) (5.91)

with [{\}), |[{u}) Bethe states and {u}, {\} satisfying the Bethe equations (4.13). We
do the calculation for all A. To obtain the formula for A = 1 the general functions
a and d have to be replaced by the ones mentioned above and ~ has to be set to
1 corresponding to the rescaling of {\} with v and then taking the limit v — 0.
The o operators are given in terms of the elements of the monodromy matrix

A, B,C, D, as obtained in [128]:

oj =2 i (A+D)(&)D(&) ] (A+D)(&) +1. (5.92)
i=1 k=j+1

where & Is an inhomogeneity parameter, introduced at every site in the chain

for technical reasons. We will set & — iy/2 in the end, but will keep them at
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intermediary steps of the calculation. We note that now d(\) is defined as:

L
() =[x -&) (593)
=1
where b(\) was defined in Eq. (4.37). We then can write the matrix element as:

{AY ojogs {ud) = (A of Hih) + (A 070 Hid) = (AT D)

+4({AH f[(A + D)(&)D(E)(A+ D)(€41) D(Ej42) H (A+ D)(&) {ut) -

(5.94)
The matrix elements and the overlap in the first line are known [128, 129]. How-
ever as we are interested in } . 0507, , and as [{A}) and [{u}) are orthogonal and
eigenstates of o* we only need to calculate the expression in the second line.
From the Yang-Baxter algebra one can derive the commutation relations between

the operators A, B, C, D and from this one gets ([19]):

HB )10) = a(p Hb (A — p

Z
EZ HE

YOy = M) HB (5.95)

n=1 n j#n Jj#n

N
N D; N
H B(uw) [[ B 10). (596)
j#n J#n
We furthermore know that

J

H(A +D)(&) {A}) = exp (—ijPiy) {A}) (5.97)
where |{\}) is a Bethe state and Py, is the total momentum of [{A}) and
[T+ D) 1A = 1. (598)

i=1

We now need to calculate the matrix element:

= {MH DIEN A+ D)) D(E12) [{n}) - (5.99)
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Using the commutation relations for A, B, C, D (cf. [19]) we obtain:
D=T1+1I (5100)

where | is dependent on simple matrix elements where two rapidities are replaced
with inhomogeneities and Il is dependent on a matrix element with three inser-

tions of inhomogeneities:

N

:XN:dﬂa fy+2—,ua H 1 H 1
a1 b(&jv2 — ta) ia b(p b(&jr2 — &) ia b(pi — &j41)
x Z “l’) fV[ (A B(§)B(Gs) ﬁ B(u;)10)
b §g+2) itab b(Mb - Mz‘) ’ ’ j#ab ’
n c(&r1 — &v2) ﬂ Y d(pp)c(&5 — 1p) 1
b(&j1 = &v2) 1 fg+2) W& — ) by — &)
N
X H {)‘}|B(€] B(&) [ B(uy)10) }
i#a, b Jj#a,b
i ua £]+2 ;ua H
a=1 §]+2 - :ua b
N el — 641) T 1 1
{ ; [ §g+1) '71;[717 b(Mz‘ - ,ub) b(§j+2 - Mb)
N
d (&1 — o) 1
i (Mb)b(fﬂl = 1)b(p = &j2) o Dlps — pi)
i (1e)e(&; — pe) S
o b(&; — pe)b(pre — Ei1)b(pte — Ejv2) irobe b(pe — f1:)
N
(A B()B(&41)B(&e2) [ B 10) } (5101)
i#a,b,c

Now we can use Slavnov's formula [129] for the overlap of two states. One of
the states has to be a Bethe state, the other state can be parametrized by an
arbitrary set of rapidities. Let {\} be solutions of the Bethe equations (413) and
{u} arbitrary, then one gets:

det (H({\}, {1})) (5102)

W) = e = ) T 0l — 1)
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where H is a matrix defined as

Hyy, = % (a(ﬂb) Igﬁb()\k = pp +iy) — d(p) kl;laﬁb(/\k — My — W)) , (5103)

with ¢(z) = z and v setto 1 in the A = 1 scaling limit.

We will now treat | and Il separately.

Part Il

For this part, the limit of the &;, ;41 and &2 can be taken separately for the matrix
element and the prefactor. Taking the limit § — ivy/2 for the prefactor amounts
to replacing the & with iy/2. For the matrix element we obtain using Slavnov's
determinant formula:

({AH B(&)B(&+1)B(&j+2) H B(p;)|0) =

i#k,mmn
det (H({A\}, {thitkmny §js €1y Ejaa))) (5104)
(Ha>b (b()\a - Ab) Ha<b ¢(Nb - :U’ll)) |Mk_>5j’“m_>§j+17“n_>§j+2

where

B _ 0§ = §)0(E — §i12) 91 — &jva)
] Ot = tim )1tk = i) (pim — fin)

a<b

A& — 1) D(Ej1 — 1) 9wz — 1) _
; lflnn Pt — e)P(thm — ) P(pin — fte) E,qb(u” fa),

(5.105)
and in the determinant we have to replace p — &, ptm — &i41 and p, — o

Therefore the important part when taking the limits is:

- det (H({A} {ptignmons §5217/2, &j42}))
1 .

where the limit ;1 — iv/2is already taken. Let us now take the limit §; o — ivy/2.

We see that both numerator and denominator go to zero here. Therefore using

the rule of I'Hospital we obtain:
det (H<{>‘}a {,ui;ék,m,na fja 2'7/27 §j+2}))

lim =
6622 3(& — 17)2)0(E; — E512)8(17/2 — &1 42)
) 1 ) d .
s O /D06 — 7172) e dp O A iz &7 2’(“”“}” )
5107
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Analogous to [154] we can now use a Laplace expansion of the determinant for the

column that is dependent on x and evaluate the derivative and limit:

d
lim d_ det (H({/\}7 {,uiyék,m,na gju i7/27 ZE})) =

x—iy/2 AT
d

= lim =3 (<) Ci(a) minor(H (A {tptmns &5:9/2 1)

a—iv/2 dx

: nti) [ d : .
= lim, 3 0 (3500 ) MInOEA(H (AL, (s 51772, 1)

(5108)
where the minor is not dependent on x and C;(z) is the ith element of the column

n of the matrix H({\}, {itizkmn, &5, 17/2, x}). Therefore we get:

i det (H((A}, {poptmn. .17/2 1)) = det (H(0A, {npimo)] )

x—iy/2 AT
(5109)
with
Hg, b#m,n
B(iv) b=m
(H1) o ({M ) {uim,n) = € 50n—2)60mt ) (5110)
$(1)0(2a) b

6(a—5) 0(Nat+3)
Repeating this step for the limit {; — /2 using the rule of 'Hospital twice we

finally obtain:

M3 = lim (D BE)BE)BE ) [ Bw)0)

§5,€5+1,85+217/2 iLkmn
1 vy s
% H (e — i) D(pre — ) (e — fin)

3

ctk,mmn ¢(MC - %)
det (HQ)
X (5111)
Ha>b qb()‘b - )‘a) Ha<b ¢<Mb - ,Ua)
where
(H,, b#m,n,k
B(iv) _
dAa—L)d(Na+3) b=m
(H2) o ({A}, {u}s kymyn) = ¢(w)2¢(2xa) i b—n (5112)
Aa=F) d(Aat3)
\ 8:(:2 ((i)()\a—a: )\a—:c+z'y)> |x:% =k
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With this we obtain after some algebra:

O LTT O+ iv/2)° 6 — w/2 .
= _5 Hj>b ¢()\b - >\a) Ha<b Qb My — Z d MTL a 27/2) H QS(M

ST 60 — s + i) (tim — i7/2) { ¢( o 3@7/2) O +/2) 1

Ot — fin = 1Y) Ot — pon + 1)

d(ux +iv/2)°
d —_
k;ﬂ Hi H Plui = = 17) G (m — 1 — 7)o, — 11, — i)

x det (Ho({\}, {i}; k,m,n)) (5113)

Using a Lemma from Laplace’s determinant formula ([143]) we finally obtain:

1T, O +i7/2) b — i7/2) ™"

IM=—
2 Ha>b (b(Ab - )‘a> Ha<b ¢(/v‘b - Na)
N
X > > Apy [det (G + Bum) — det (G )] (5114)
n=1 m#n
with
w
Anm = d(pn) B (n = ) H (1 (5115)
. ¢(#m - &_7) ¢(,Um + %)
. _ , 5116
. 1:[ Py = pon +7) G(ftam — fin — 1Y) (o — fn +77/2) (5116)
H, b#m,n
(Grim)ap = § 500 (j)) ;?A . oy =m (5:117)
5 (d»(xfzﬁfai—mﬂw) Lg b=n
(Bnm)ab = (1 - 6bm)(1 - 5bn)d<:ub)
TT 60— o — i)l +7/2)° ) (5118)

P(Aa — 7/2)p(Aa +i7/2)

i#Emyn

Part |

First we can take the limit¢;, €42 — i7v/2. This again just amounts to replacing the
& and &4 with 47/2 in the prefactors and doing a similar analysis for the matrix
element depending on both ¢; and &, as for the part Il. However performing the

limit&;.1 — 4y/2isabitmore involved, as the limit can not be taken independently
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for prefactor and matrix elements. This is due to terms o

Wappearmgm the

prefactors. Doing a consistent series expansion in ;41 — iy/2 again utilizing the

Laplace determinant expansion and then taking the limit §;.; — iv/2 we obtain

after some calculation:

I, o\ + iv/2)

O +7/2) By, — iv/2)~°

I=—¢(iv)
{Z d(ﬂn) H ¢(N -
X [Z d(pm) [ T o

Ha>b ¢()\b B

Aa) [Tipsa (k6 — Ha)

QS(NTZ B i'7/2)2

= G+ 10/2)

i = i — 1Y) O+ 77/2)

¢'(in) 3 ¢(i7) Z &' (pa —iv/2)
O(17) ot Hpa = iv/2)d(na+ i7/2) B(pg —7/2)
@' (X + 27/2 (1) )
. , det (Hz({\},{u};m,n)) +
Z S T s e e 7 det sk {ukmn))
. 1
> (i) + i7/2) [ ] S — i) det (Ha({A}, {ut; m, n))] } (5119)
m#n i#En
with
(H,, b#m,n
#(iv) _
(Hs)a, = § a0ura/mopeid 0= (5120)
O(i7)9(2ha) I
)4 __
\ ¢()\a_%) d’()‘a"r‘%)
(Hab b#m,n
#(iv) _
(H4)ab = ¢(Aa+i'y/2);(>\a—i»y/2) b=m (5121)
02 B(iy) ) ‘ i b=n
\ dx2 d(Aa—2)p(Ag—2+i7) z=4

using the Lemma from Laplace’s determinant formula again, we finally obtain:

I = —é(iv) 1 oA + i7/2)2¢(ﬂk + iy /2) s, — iv/2) "
Ha>b ¢(/\b - ) Hb>a ( - Ha)
x 3 An((det (G + BY) + det (G2 + BY)

— det (GW) — det (G?) )
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where
¢<,un - ﬂ) .
Ay =Y d(p,)————2= i— i — 1 (5123)
zn: ( )¢(un+%) 1:[¢>(u fn — 1Y)
Hab b 7£ n
(G = { 6(17)9(2a) b—n (5124)
6Oa—) 60Na+3)’
Hab b 7é n
(an))ab = { 92 o) b— (5125)
92 (d’()\a_w)d)()\a—l"i‘i'y)) ‘I:% =n
(B) gy = (1= Spm)d(us) [ [ (s — 11 + i) (s + 7/2)
i£En
¢'(iv (i) #' (pa —17/2)
<¢( ) Z “ O(pa = 17/2)P(pta + iv/2) Z Ha—i7/2)
/\b +1i7/2) 2 O(tm + 17/2)d(pm — i7/2)
(BT(L2))ab (1 - 5bn)%dﬂb
0 1 T P — o) — (5127)
i#n 925()‘@ + 1'7/2)¢(>\a - 27/2)
Full matrix element
We can now put together the full matrix element. We obtain
> ({8585, {p}) = PPy e =Fu)p (5128)
j j
= Le!" 2 wgp  p D (5129)

where D =1+ 11
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Concluding remarks

In this thesis we have investigated two interesting problems in one dimensional
many-body quantum systems.

In the first part we have analysed the full counting statistics of the transverse
(staggered) magnetization of a subsystem in the thermodynamic limit of the trans-
verse field Ising chain. We derived a convenient determinant representation for
the corresponding generating functions x(®*)(X, ¢,t). We first considered the FCS
in equilibrium states and showed that the probability distributions are always
non-Gaussian except in the limit of infinite subsystem size at finite temperature.
We then analysed the FCS after quantum quenches, focussing on transverse field
quenches and evolution starting from a classical Néel state. We first determined
the FCS in the stationary states reached at late times. The probability distributions
are again non Gaussian, except in the limit of infinite subsystem size. We then pre-
sented results for the time evolution of the probability distributions P(*) (m, t) for
a variety of quenches. For transverse field quenches originating in the paramag-
netic phase P™*)(m,t) showed interesting smoothing and broadening behaviour
in time. In contrast, P(“*)(m, t) displayed a simpler behaviour for quenches origi-
nating in the ferromagnetic phase. In the case of a Néel quench P (m,t) encoded
detailed information on the restoration of translational invariance. The main re-
sult of our work is analytic expression for the FCS after transverse field quenches
in the space-time scaling limit t,¢ — oo, t/¢ fixed. This was obtained by a gen-
eralization of the multi-dimensional stationary phase approximation method of
Refs [75, 86]. Our final result (3.117) represents the main analytic finding of this
work. We note that the resulting generating function exhibits an interesting mul-

tiple light-cone structure that has no analogue in either correlation functions of
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local observables [82] or in the entanglement entropy [86]. We performed a careful
comparison of the asymptotic expansion with numerical results (that have negli-
gible errors) and found excellent agreement on the level of the probability distri-
butions for all cases considered.

Our work provides the first analytic results for FCS after quantum quenches
and hopefully will pave the way for further studies. Here we have focussed on
the FCS for the transverse magnetization. It would be very interesting to deter-
mine the FCS for the longitudinal magnetization, which is the order parameter
characterizing the Ising quantum phase transition. A more straightforward but in-
teresting extension would be to study certain observables in free fermion models
with long-range hopping and/or pairing [155-157]. Similarly, the probability distri-
bution of the (smooth) subsystem magnetization in the spin-1/2 Heisenberg XXZ
chain should be calculable both at finite temperatures [158] and in the stationary
states after certain quantum quenches [159-167]. For quantum quenches in the
regime where bosonisation provides a good approximation [168] the full time evo-
lution of the probability distribution for certain observables can be obtained in a
straightforward way. Finally, the case of integrable chains of higher spin could be
studied both in equilibrium [169, 170] and after a quench [166, 171].

In the second part we have considered decay rates of the elementary spinon
excitation in the spin-1/2 Heisenberg XXX model in a magnetic field perturbed by
a weak integrability breaking interaction ), 57S7 ,. We have argued that the
leading contribution arises from three spinon decay and have determined the
corresponding rate. The latter is found to be small, indicating that spinons remain
long-lived excitations in the non-integrable theory. Decay of elementary string
excitations can be analysed in an analogous fashion. This would be particularly
interesting to do in the attractive regime A < 0 of the XXZ chain in a field, where

they play an important role in the dynamics.
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