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Abstract

Many soft materials consist of rubbery networks of polymer chains held together by crosslinks.

These materials can undergo large elastic deformations, making them attractive to engineer-

ing, biomedical and consumer applications. Their mechanical response is intimately linked to

the architecture of the underlying network. Consequently, understanding and predicting their

behaviour requires models that account for their microstructure. This thesis contributes to

this goal through the development of a comprehensive micromechanical modelling framework

that combines discrete network (DN) simulations with continuum theories, enabling systematic

investigations of elasticity, failure, and chemical degradation in rubber-like materials. In elas-

ticity, we use DN simulations to link network structure to macroscopic mechanical properties,

identifying the distribution of initial chain end-to-end distances as a key factor. Using DN

results as a reference, we further show that many of the underlying assumptions of contin-

uum micromechanics models do not hold. In modelling failure, the DN model augmented with

deterministic chain scission reveals that damage is a localised process significantly impacted

by local microstructural heterogeneities. Our results also show that classical semi-analytical

estimates cannot predict failure in DNs. In chemical degradation, our DN model combined

with stochastic chain scission shows that force-biased chain cleavage accelerates degradation, a

feature captured by the continuum model we proposed. However, DN simulations reveal addi-

tional effects that cannot be reproduced by the continuum model, such as anisotropic damage

and more severe deterioration of elastic properties as scissions become increasingly force-biased.

Altogether, this thesis gives fresh insights into the mechanics of rubbery networks, important

for the development of constitutive theories with improved predictive capabilities.
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Chapter 1

Introduction

Many soft materials, such as elastomers and hydrogels, are rubbery networks consisting of

polymer chains held together by crosslinks (Fig. 1.1). These materials are appealing in a range

of applications due to their remarkable properties, such as high stretchability, low stiffness,

low weight, and biocompatibility. For instance, elastomers are the primary choice in many

engineering applications, such as tyres (Pal et al., 2011; Hashemi et al., 2020), hoses (Mars

and Fatemi, 2002), seals (Patel et al., 2019), and belts (Mars and Fatemi, 2002). Hydrogels

have been extensively used in biomedical applications, ranging from everyday items like di-

apers (Masuda, 1994) and contact lenses (Caló and Khutoryanskiy, 2015), to advanced ones

such as drug delivery (Huebsch et al., 2014; Merino et al., 2015) and tissue engineering (Censi

et al., 2012; Wang et al., 2017; Xue et al., 2021). Moreover, rubbery networks are increasingly

being explored in emerging fields like stretchable electronics (Lee et al., 2018; Bian et al., 2020),

soft robotics (Breger et al., 2015; Coyle et al., 2018) and energy harvesting (Manikkavel et al.,

2020).

Fig. 1.1: Illustration of a rubbery polymer network. In hydrogels, the network is swollen by
water.
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The mechanical behaviour of rubbery networks is intimately linked with the underlying

architecture of the network. For example, the remarkable elasticity and strength exhibited by

tetra-PEG gels have been attributed to their near-ideal structure containing very few structural

defects (e.g. loops and dangling chains) (Sakai et al., 2008; Matsunaga et al., 2009). Therefore,

understanding and predicting the behaviour of rubbery networks requires modelling approaches

that account for their microstructure. Micromechanical models achieve this by adopting a

bottom-up approach, in which the overall macroscopic response is obtained from a description

of the network architecture and the behaviour of individual chains, as illustrated in Fig. 1.2.

Consequently, the predicted macroscopic behaviour reflects both the response of single chains

and their collective deformation when the network is subjected to external loads.

The network architecture plays a central role in micromechanical models, as it controls the

partitioning of forces among the chains. In realistic networks, chains are randomly distributed

in space with varying lengths, and the structure often includes defects. This architectural

complexity presents significant challenges for micromechanical modelling. To circumvent these

difficulties, current continuum micromechanics models for rubber elasticity adopt simplifying

assumptions that reduce the network to a set of representative chains, whose response is av-

eraged over all or specific orientations in space (Wu and Van Der Giessen, 1993; Arruda and

Boyce, 1993; Miehe et al., 2004). As a result, the overall macroscopic response can be obtained

without resolving microstructural features, thus providing a convenient mechanistic modelling

tool. However, this also makes these models intrinsically limited, as the structure of the polymer

network is overlooked.

Discrete Network (DN) models have recently emerged as promising tools to address these

limitations. This mesoscopic approach represents the molecular network as a collection of

springs that mimic the behaviour of single chains. These springs are connected at junction

points, and their positions are dictated by mechanical equilibrium. This approach maintains

the single chain treatment of rubber elasticity while explicitly accounting for the network ar-

chitecture. As such, DN models offer a convenient framework for systematically investigating

the structure-property relationships in soft materials, such as the role of network defects in

mechanical behaviour (Sugimura et al., 2013; Alamé and Brassart, 2020; Wagner et al., 2022;

Araujo et al., 2024a), and the connections between microscopic chain scissions and macroscopic

2



Fig. 1.2: Illustration of the bottom-up modelling strategy employed in micromechanical models
for rubbery networks.

failure (Ghareeb and Elbanna, 2020; Lei and Liu, 2022; Deng et al., 2023).

By explicitly resolving essential microstructural features of the network, DN models serve

as computationally efficient alternatives to high-fidelity molecular dynamics simulations. At

the same time, they can reveal mechanisms inaccessible to conventional continuum approaches.

Moreover, due to their shared theoretical foundations, DNs can serve as a benchmark to assess

and validate assumptions underlying continuum theories. In fact, continuum micromechanics

models can be interpreted as mean-field approximations of DNs. Insights gained from DN

simulations can further guide refinements to existing continuum approaches or support the

development of new constitutive models that better capture the interplay between network

structure and mechanical response (Alamé and Brassart, 2020; Britt and Ehret, 2022; Araujo

et al., 2024a).

The central objective of this thesis is to develop a comprehensive micromechanical modelling

framework capable of addressing multiple scenarios relevant to rubbery networks. Specific

objectives include:

• Developing a general DN-based simulation platform to model the deformation and failure

response of rubber-like materials.

• Investigating how microstructural features govern the macroscopic behaviour of rubbery

networks using the new DN model.

• Assessing the predictive performance and underlying assumptions of continuum microme-

chanics models by benchmarking them against DN results.

• Refining existing continuum approaches or formulating new ones based on insights gained

through DN simulations.
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Taken together, the work presented in this thesis contributes to a deeper understanding

of the mechanics of rubbery networks. By combining discrete and continuum approaches, it

highlights the critical role of network architecture in determining the macroscopic behaviour and

failure mechanisms. The DN-based framework developed here serves both as a predictive tool

and a reference platform for evaluating theoretical assumptions, while the refinements proposed

for the continuum approaches offer a more general foundation for future investigations. These

contributions provide fresh insights that may inform the design and predictive modelling of

advanced soft materials.

The remainder of this thesis is organised as follows. Chapter 2 presents an overview of

modelling strategies for rubbery materials, with emphasis on micromechanical approaches and

their theoretical foundations. A brief discussion of phenomenological models is also included for

completeness. Chapter 3 introduces the new DN-based modelling tool, including the random

network generation algorithm underpinning it. The framework is then used to investigate the

elastic response of rubbery networks and to assess the performance of conventional microme-

chanical models. Chapter 4 incorporates deterministic chain scission into the DN model to

analyse the role of force redistribution in fracture. The failure response obtained from DN sim-

ulations is then compared with predictions from semi-analytical models. Chapter 5 presents an

extension of the DN platform to model chemical degradation in rubbery networks. Predictions

from a state-of-the-art micromechanics-based continuum model are also compared with the

discrete results. Finally, Chapter 6 summarises the key findings and discusses future research

directions.

Supporting publications

• Araujo, L. M., Kryven, I., and Brassart, L. (2024a). Micromechanical modelling of rubbery

networks: The role of chain pre-stretch. International Journal of Non-Linear Mechanics,

166:104834

• Araujo, L. M. and Brassart, L. (2025a). Force-biased chemical degradation in rubbery net-

works: Insights from discrete network simulations. Extreme Mechanics Letters, 77:102344

• Araujo, L. M. and Brassart, L. (2025b). Micromechanical modelling of failure in rubbery

networks: the role of local heterogeneities. Manuscript in preparation
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Chapter 2

Background

This chapter presents the theoretical foundations underpinning rubbery materials modelling

and a detailed overview of the current approaches in this field. While a brief discussion of phe-

nomenological models is included for completeness, we focus on micromechanics-based models.

Both continuum and discrete approaches are discussed, covering elasticity, damage via chain

scission and coupled problems.

2.1 Fundamentals of continuum mechanics

This section introduces the essential concepts and definitions of continuum mechanics that

underpin the theoretical developments presented in this thesis. We outline notations and con-

ventions, kinematic descriptions, balance equations and thermodynamic principles that serve as

the groundwork for the models discussed in subsequent chapters. These fundamentals provide

the theoretical foundation for the models and analyses developed throughout the thesis.

With a few exceptions, bold lowercase and uppercase letters denote vectors and second-

order tensors, respectively, while scalars are represented by regular (non-bold) letters. The

inner product between vectors a and b is written as a · b, and the double contraction between

second-order tensors A and B is denoted by A : B. The Euclidean norm of a vector a is

denoted by ∥a∥. The dyadic (outer) product is expressed by the symbol ⊗. The trace and

determinant of a second-order tensor A are written as tr(A) and det(A), respectively. The

transpose of a tensor A is indicated by a superscript T , as in AT . The second-order identity

tensor is denoted by 1. Additional symbols and operations will be defined in context as they
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Fig. 2.1: Reference configuration B0 and current configuration Bt of a continuum body. The
deformation map χ indicates the position x in the current configuration occupied by a material
point initially located at X in the reference configuration.

arise in subsequent chapters.

2.1.1 Kinematics

We consider a macroscopically homogeneous body described by a continuous distribution of

matter in space and time. The regions of space that the body occupies at different times during

deformation are referred to as configurations. In solid mechanics, it is customary to select one

of these configurations as a reference. We denote this reference configuration by B0, which is

assumed to correspond to time t = 0. The points in B0 are called material points and are

represented by the vector X. The current configuration of the body at a later time t is denoted

by Bt. The deformation of the body at any time t is described by a mapping x = χ(X, t),

which gives the position x currently occupied by the material point initially located at X, as

illustrated in Fig. 2.1.

The local deformation at X is described by the deformation gradient tensor F (X, t):

F (X, t) :=
∂x

∂X
=

∂χ

∂X
, (2.1)

which maps infinitesimal material vectors dX to infinitesimal current vectors dx. Moreover,

the determinant J = det(F (X, t)) > 0 represents the local volume change at X. For brevity,

the explicit dependence on spatial position and time will be omitted in the remainder of this

chapter, unless required for clarity.

The polar decomposition theorem allows the deformation gradient F to be expressed as a

6



combination of a stretch and a rotation:

F = RU = V R, (2.2)

where U and V are the right and left stretch tensors, respectively, and R is a rotation tensor.

The tensors U and V are symmetric and positive-definite, whereas the rotation R satisfies

RTR = RRT = 1 and det(R) = 1. It is often more convenient to work with the right C and

left B Cauchy-Green tensors, defined as:

C := F TF , B := FF T , (2.3)

from which, using Eq. (2.2), it follows that C = U 2 and B = V 2.

Since the stretch tensors U and V are symmetric and positive-definite, they admit the

following spectral decompositions:

U =
3∑
i=1

λi ri ⊗ ri, V =
3∑
i=1

λi li ⊗ li, (2.4)

where the principal stretches λi are the eigenvalues of both U and V , and the principal di-

rections ri and li are the corresponding eigenvectors of U and V , respectively. The principal

directions ri and li form orthonormal bases, i.e., ri · rj = 1 if i = j and 0 otherwise, and

likewise for li. From the spectral representation (2.4) and Eq. (2.2), it follows that ri and li

are related by li = Rri. Next, since C = U 2 and B = V 2, the Cauchy-Green tensors can also

be represented in principal form as:

C =
3∑
i=1

λ2i ri ⊗ ri, B =
3∑
i=1

λ2i li ⊗ li. (2.5)

2.1.2 Balance equations

Let P0 denote a subregion of the reference configuration B0, with N the outward unit

normal to the surface ∂P0 of P0. Consider that P0 is subjected to surface tractions t0(X, t)

(force per unit area in the reference configuration), and a field of body forces b0(X, t) (force

per unit volume in the reference configuration). Neglecting inertial effects, force balance over

7



an infinitesimally small subregion implies the local form:

∇ · P + b0 = 0, (2.6)

where P denotes the first Piola-Kirchhoff stress tensor and ∇· represents the divergence op-

erator taken with respect to the material coordinate X. P and t0 are related by Cauchy’s

relation:

t0 = PN . (2.7)

The balance of angular momentum requires that:

PF T = FP T . (2.8)

We also recall the usual relations between the Cauchy stress tensor σ and the first Piola-

Kirchhoff tensor:

P = JσF−T , σ =
1

J
PF T . (2.9)

Substituting Eq. (2.9) into Eq. (2.8) implies that σ = σT , and hence that the Cauchy stress

tensor is symmetric, as expected.

Problems involving the transport of mobile species require the balance of species mass.

Such problems are particularly relevant for hydrogels, where water migration plays a central

role in the behaviour of the material. In this context, consider that the body in the reference

configuration is in contact with a reservoir of water, and assume that water molecules are

the only relevant mobile species. Let C(X, t) represent the concentration of water molecules

(number of molecules per volume in the reference configuration). The local form of species

mass conservation is given by:

Ċ = ∇ · J , (2.10)

where Ċ denotes the material time derivative of the concentration C, and J(X, t) represents

the nominal water flux (number of molecules per unit area in the reference configuration). Note

that in writing Eq. (2.10) we have neglected any source terms.
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2.1.3 Thermodynamics

Balance equations for the conservation of linear momentum and mass are complemented by

the first and second laws of thermodynamics. For isothermal processes, the first and second

laws are often combined into a single expression to form the free energy imbalance. In this

context, we first introduce the (Helmholtz) free energy ψ(X, t) field (energy per unit volume in

the reference configuration), which physically represents the amount of internal energy available

for mechanical processes at constant temperature. Assuming isothermal conditions and local

thermodynamic equilibrium, the free energy imbalance takes the form:

D = Ẇext − ψ̇ ≥ 0, (2.11)

where ψ̇ is the material time derivative of ψ, Ẇext is the external power input, and D is the net

dissipation. Inequality (2.11) states that any power input at a material point not converted

into free energy changes must be dissipated, for instance, as heat or other internal dissipative

mechanisms (Holzapfel, 2002; Gurtin et al., 2010; Anand and Govindjee, 2020). Equality holds

only in the absence of dissipative processes. In this thesis, the most general form of the external

power input Ẇext considered is:

Ẇext = P : Ḟ + µĊ, (2.12)

where µ is the chemical potential of water, representing the energy flow due to water transport.

The free energy imbalance (2.11) then becomes:

D = P : Ḟ + µĊ − ψ̇ ≥ 0. (2.13)

Materials that undergo negligible volume changes during deformation, like rubbery net-

works (Treloar, 1973; Rubinstein and Colby, 2003; Sakai, 2020), are frequently modelled as

incompressible. Within the thermodynamic framework, incompressibility is introduced as a

constraint on the free energy function ψ. In purely mechanical settings, incompressibility is

expressed by the constraint J = 1. When solvent transport is involved, the incompressibility

condition must account for volume changes arising from water uptake. A commonly adopted
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form is the molecular incompressibility constraint (Hong et al., 2008; Chester and Anand, 2010):

J = 1 + Ω(C − C0), (2.14)

where C and C0 denote the current and initial concentrations of water molecules per volume in

the reference configuration, and Ω is the volume per water molecule. To enforce this constraint,

the free energy is augmented by a Lagrange multiplier P :

ψ → ψ − P (J − 1− Ω(C − C0)). (2.15)

Substituting the augmented free energy (2.15) into Eq. (2.13) yields the modified inequality:

D = P : Ḟ + µĊ − ψ̇ + P (J̇ − ΩĊ) ≥ 0. (2.16)

2.1.4 Constitutive relations

The balance equations and the free energy imbalance are universally valid and independent

of the specific constitution of the material. Constitutive assumptions must be introduced to

describe the mechanical behaviour of a given material or class of materials. These assumptions

specify the particular form of the material time derivative of the free energy ψ̇ in terms of the

relevant state variables. In the most general case considered in the thesis, the thermodynamic

state at a material point X is fully characterised by the deformation gradient F and the

concentration of water molecules C.

The free energy is assumed to depend solely on the state variables, i.e., ψ = ψ(F , C). The

material time derivative ψ̇ is then computed via the chain rule:

ψ̇ =
∂ψ

∂F
: Ḟ +

∂ψ

∂C
: Ċ. (2.17)

The specific functional form of ψ(F , C) depends on the material behaviour under consideration,

but it must satisfy the principle of material objectivity, i.e., it must be invariant under changes

of observer (Noll et al., 1974; Gurtin et al., 2010). Substituting Eq. (2.17) into the free energy

imbalance (2.16) yields the following state laws for the first Piola–Kirchhoff stress tensor P

10



and the chemical potential µ:

P =
∂ψ

∂F
− JPF−T , (2.18)

µ =
∂ψ

∂C
+ ΩP, (2.19)

where we have used the identity J̇ = JF−T : Ḟ . Using Eq. (2.18) in Eq. (2.9) gives the Cauchy

stress tensor as:

σ =
1

J

∂ψ

∂F
F T − P1, (2.20)

which shows that the Lagrange multiplier plays the role of a hydrostatic stress. Importantly,

P is not determined by the constitutive response of the material, but rather by the imposed

boundary conditions.

Considerations of material symmetry can further restrict the specific functional form that

the free energy ψ(F , C) may adopt. If the material is isotropic in the undeformed state,

its mechanical response is independent of the loading direction. The isotropy assumption,

combined with the principle of material objectivity, implies that the free energy ψ must depend

on the deformation gradient F through the principal invariants of the right Cauchy-Green

tensor C:

I1 = tr(C), I2 =
1

2

[
I21 − tr(C2)

]
, I3 = det(C). (2.21)

Under the incompressibility constraint, I3 = 1, which reduces the free energy to a function

of I1 and I2 only. Alternatively, due to the spectral decomposition (2.5), the free energy

can be formulated in terms of the principal stretches λi, which is often more convenient in

micromechanical modelling.

2.2 Phenomenological modelling of rubber elasticity

Before presenting micromechanical models for rubbery networks, we briefly present phe-

nomenological approaches. Although these models can also describe inelastic effects (Shar-

iff, 2014; Anssari-Benam and Hossain, 2024), our focus is restricted to hyperelasticity, where

all deformations are reversible and dissipative mechanisms are absent. Unlike micromechan-

ical models, phenomenological approaches do not seek to reproduce material behaviour from
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molecular-level mechanisms. Instead, they aim to capture the observed elastic response through

mathematical formulations, typically designed to incur minimal computational cost and require

minimal experimental data for calibration. While this makes them appealing for structural-

scale simulations, their associated parameters typically lack clear physical meaning and are

best regarded as curve-fitting tools. Phenomenological hyperelastic models generally assume

isotropy and incompressibility. As described in Section 2.1.4, these assumptions imply that the

free energy density ψ depends on the principal invariants I1 and I2 of the right Cauchy–Green

tensor C, or equivalently, on the principal stretches λ1, λ2, and λ3. Based on this distinc-

tion, phenomenological models are commonly classified as either invariant-based or principal

stretch-based.

2.2.1 Invariant-based models

In an invariant-based model, the free energy is expressed as a function of the invariants I1

and I2, i.e., ψ = ψ(I1, I2). Due to their simple implementation, these approaches are often

preferred over their principal stretch counterparts in finite element codes. However, identifying

an appropriate functional form of ψ(I1, I2) directly from experimental data is not straightfor-

ward (Valanis and Landel, 1967; Treloar, 1973). Although many models neglect the dependence

on I2, it is well established that both invariants are required to accurately capture the behaviour

of soft materials under general loading conditions (Anssari-Benam et al., 2021; Dal et al., 2021).

neo-Hookean model. The neo-Hookean model is the simplest invariant-based model, in

which the free energy depends linearly on the first invariant I1:

ψ =
G

2
(I1 − 3) , (2.22)

where G represents the shear modulus of the material. This model performs well for small

to moderate deformations when appropriately calibrated. However, it becomes increasingly

inaccurate at large deformations, as it fails to reproduce the characteristic upturn observed in

the stress–strain response of rubber-like materials. Phenomenological models depending solely

on I1 are sometimes referred to as generalised neo-Hookean models (Wineman, 2005; Anssari-

Benam and Bucchi, 2021; Anssari-Benam et al., 2021; Horgan, 2021; Kuhl and Goriely, 2024).
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Gent model. The Gent model is a popular generalised neo-Hookean model capable of pre-

dicting the characteristic upturn in the stress-strain curve of rubber-like materials. The free

energy function is given by (Gent, 1996):

ψ = −G
2
Jm log

(
1− I1 − 3

Jm

)
, (2.23)

where Jm is a parameter that sets the maximum admissible value of I1−3. This functional form

emulates the effect of finite chain extensibility typically present in micromechanical models. As

Jm → ∞, Eq. (2.23) converges to the classic neo-Hookean model.

Mooney-Rivlin model. The Mooney–Rivlin model is the simplest formulation that includes

dependence on both I1 and I2. The free energy function is a linear combination of the two

invariants (Mooney, 1940; Rivlin, 1948):

ψ = C10(I1 − 3) + C01(I2 − 3), (2.24)

where C10 and C01 are fitting constants. As I2 is geometrically associated with shape changes

of infinitesimal area elements averaged over orientations (Kearsley, 1989; Kuhl and Goriely,

2024), the Mooney-Rivlin formulation offers better predictions in shear-dominated deformation

modes compared to the neo-Hookean model. However, its validity remains largely restricted to

small and moderate elongations, and its predictions in biaxial loading are too stiff (Boyce and

Arruda, 2000). Eq. (2.24) reduces to the neo-Hookean model when C01 = 0, with C10 identified

as G
2
.

Generalised Rivlin model The generalised Rivlin model expresses the free energy function

as a power series in I1 and I2 (Rivlin and Saunders, 1951):

ψ =
∞∑

i,j=0

Cij(I1 − 3)i (I2 − 3)j , (2.25)

where Cij represent the coefficients of this series. The generalised Rivlin formulation embodies

many of the existing invariant-based models, including Eqs (2.22)-(2.24). However, care must

be taken with the number of terms retained in Eq. (2.25), as increasing the number of terms
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does not necessarily improve accuracy (Ogden, 1972) and may lead to unrealistic behaviour

under loading conditions far from the calibration point (Yeoh, 1997).

2.2.2 Principal stretch-based models

Principal stretch-based models express the free energy as a symmetric function of the princi-

pal stretches λ1, λ2, and λ3, i.e., ψ = ψ(λ1, λ2, λ3). Compared to their invariant-based counter-

parts, principal stretch-based models are more computationally expensive due to the eigenvalue

problem involved in obtaining the principal stretches. However, these models offer simpler an-

alytical structures (Ogden, 1972), and identifying suitable expressions for ψ(λ1, λ2, λ3) from

experimental data is typically more straightforward (Valanis and Landel, 1967). While any

invariant-based model can be recast in principal stretch form, the reverse is not always pos-

sible, as some principal stretch-based formulations do not admit an equivalent expression in

terms of invariants alone.

Valanis-Landel hypothesis. Valanis and Landel (1967) proposed that the free energy func-

tion ψ(λ1 , λ2, λ3) can be additively decomposed into the sum of a function w evaluated at each

principal stretch:

ψ(λ1 , λ2, λ3) = w(λ1) + w(λ2) + w(λ3). (2.26)

This separable form simplifies experimental identification of ψ, as it reduces the problem to

determining a single-variable function. Hypothesis (2.26) has been shown to describe many

rubber-like materials well up to moderate deformations (Valanis and Landel, 1967). The authors

also proposed the following single-parameter form for the free energy valid in this deformation

regime:

ψ = 2G
3∑
i=1

λi(log(λi)− 1). (2.27)

Ogden model. The Ogden model is one of the most widely used principal stretch-based

formulations. The free energy is expressed as:

ψ =
N∑
i=1

µi
αi

(λαi
1 + λαi

2 + λαi
3 − 3) , (2.28)
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where µi and αi are fitting parameters, and N is the number of terms in the series. Good

agreement with the experimental data is usually obtained with N = 2 or N = 3. However,

increasing the number of terms can introduce numerical sensitivity and lead to non-unique sets

of optimal parameters, as multiple combinations may fit the data equally well (Ogden et al.,

2004).

Anssari-Benam model. Anssari-Benam (2023) recently proposed a principal stretch-based

model capable of embodying many phenomenological models:

ψ =

Q∑
i=1

3(ni − 1)

2ni
µiN

[
λαi
1 + λαi

2 + λαi
3 − 3

3N(ni − 1)
− log

(
λαi
1 + λαi

2 + λαi
3 − 3N

3− 3N

)]
, (2.29)

where ni, µi, αi are fitting parameters, Q is the number of terms in the series, and N (not

subscripted) represents the extensibility limit. For Q = 1, Eq. (2.29) converges to the Ogden

model (2.28) as N → ∞, whereas the Gent model is recovered by setting α = 2. Like the Ogden

model, Eq. (2.29) may exhibit parameter non-uniqueness and numerical sensitivity when too

many terms are retained.

2.2.3 Limitations of phenomenological models

Despite their practical appeal, phenomenological models offer limited insights into how mi-

crostructural features govern the mechanical behaviour of rubbery networks. Their parameters

are typically obtained by fitting macroscopic data and lack direct connection to the underlying

molecular architecture. As a result, these models fail to capture effects arising from the inter-

play between the response of individual chains and the heterogeneous structure of the network.

In contrast, micromechanical approaches adopt a bottom-up strategy, where the macroscopic

response emerges from the collective behaviour of individual chains. The next sections establish

the foundations of this modelling framework, starting with the description of the single chain

behaviour.
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2.3 Single chain

2.3.1 Force-extension relationship

The force-extension relationship of an isolated polymer chain forms the fundamental building

block of micromechanical models. Polymer chains consist of long sequences of repeated units,

called monomers, connected by covalent bonds. Due to thermal fluctuations, the torsion angles

between adjacent bonds can vary, giving the chain a high degree of flexibility. This internal

mobility allows the chain to adopt multiple conformations. Consequently, an isolated polymer

chain is intrinsically a stochastic object, governed by the probabilities of its many possible

configurations (Rubinstein and Colby, 2003; Weiner, 2012). These conformations and their

associated probabilities play a central role in the force-extension response of a chain. We

consider ideal chains, in which interactions between monomers far apart along the chain are

neglected, even if they eventually approach each other. Our discussion will be limited to the

Freely Jointed Chain model (FJC), although other ideal chain models exist (see Rubinstein and

Colby (2003) for a detailed overview of such models and their assumptions).

The FJC model is one of the simplest models for ideal chains that captures the finite ex-

tensibility of polymer chains while providing a closed-form expression for the force–extension

relation. Moreover, the concept of equivalent freely jointed chain further offers a unified de-

scription of all ideal polymers (Rubinstein and Colby, 2003). In the FJC model, the chain is

described as a collection of N rigid Kuhn segments of length b that are free to rotate relative

to each other, as illustrated in Fig. 2.2(a). The separation between the ends of the chain is

described by the end-to-end vector r. The maximum possible end-to-end distance is the con-

tour length Nb, which occurs when the chain is fully extended, with all segments aligned in a

straight configuration (Fig. 2.2(b)). The Helmholtz free energy w of a freely jointed chain at a

given end-to-end vector is given by:

w = u− Ts, (2.30)

where u, T and s are the internal energy, absolute temperature, and entropy, respectively. In

ideal chains, the internal energy does not depend on the end-to-end vector, so that without loss
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(a) (b)

Fig. 2.2: (a) A conformation of a chain formed by N freely jointed segments of length b at given
chain end-to-end vector r. To keep the chain ends separated by a distance r = ∥r∥, a force f
needs to be applied to the chain ends. (b) The contour length Nb of the chain represents the
maximum separation distance between the chain ends, which occurs when the segments are all
aligned and in a straight configuration.

of generality, we may write:

w = −Ts. (2.31)

Eq. (2.31) shows that changes in the free energy arise only from entropy variations, which in

turn reflect the configurational changes of the chain.

The entropy of a chain with a given end-to-end vector r depends on the number of accessible

conformations ΩB(r) the chain can adopt via Boltzmann’s entropy equation:

s(r) = kB log ΩB(r), (2.32)

where kB is the Boltzmann constant. The number of conformations and the distribution of

end-to-end vectors P (r) are related through:

P (r) =
ΩB(r)

ΩT

, (2.33)

where ΩT denotes the total number of conformations, i.e., the integral of ΩB(r) over the con-

figurational space Sc. Since ΩT is constant, we can equivalently write Eq. (2.32) in terms of

the distribution P (r):

s(r) = kB logP (r), (2.34)

up to a constant.

There are multiple spatial arrangements of the N segments corresponding to a given end-

to-end vector r. Each arrangement may be viewed as a random walk of N steps of length b. In

the limit of large N , the corresponding distribution of end-to-end vectors P (r) is approximated

17



by a Gaussian distribution (Treloar, 1973; Rubinstein and Colby, 2003; Weiner, 2012):

P (r) =

(
3

2πNb2

)3/2

exp

(
−3

2

r2

Nb2

)
, (2.35)

where r = ∥r∥ is the end-to-end distance. This approximation holds for ideal chains that

are sufficiently long to justify the use of the Central Limit Theorem. Gaussian distributions

like Eq. (2.35) are spherically symmetric, reflecting the lack of orientation bias of the random

walk. This distribution has a maximum when the chain adopts a fully coiled configuration,

i.e., r = 0. On the other hand, the mean square end-to-end distance ⟨r2⟩ ≡ ⟨r · r⟩ is obtained

as Nb2. This implies that the root mean square (rms) end-to-end distance is
√
Nb. Chains

whose distribution of end-to-end vectors may be approximated by Eq. (2.35) are referred to as

Gaussian chains.

Substituting Eqs (2.34) and (2.35) back into Eq. (2.31), we obtain the free energy w of a

Gaussian chain as:

w(r) =
3kBT

2Nb2
r2. (2.36)

The average force ⟨f⟩ needed to maintain the chain ends at a distance r = ∥r∥ is obtained by

differentiating w with respect to r (James and Guth, 1943):

⟨f⟩ = 3kBT

Nb2
r. (2.37)

Eq. (2.37) shows that, on average, Gaussian chains behave as Hookean springs with zero rest

length. However, the Gaussian distribution (2.35) allows for infinitely large end-to-end dis-

tances, assigning a non-zero probability for r ≥ Nb, which is unrealistic. Therefore, Eq. (2.37)

is only valid for long chains that are far from fully extended.

At larger chain extensions, the increasing alignment of the segments needs to be accounted

for in the statistical analysis, leading to non-Gaussian behaviour. In this regime, it is more

convenient to prescribe the force applied to the chain ends rather than the end-to-end vector

(Kuhn and Grün, 1946; Weiner, 2012). Accordingly, the Helmholtz free energy is replaced by

the Gibbs free energy g, given by:

g(f) = −kBT logZ(f), (2.38)
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where Z(f) is the partition function. Z(f) is defined as the integral of Boltzmann factors over

the configurational space. For N freely jointed segments, the partition function is obtained

as (Rubinstein and Colby, 2003; Weiner, 2012):

Z(f) =

(
4π

sinh β

β

)N
, (2.39)

where β = fb
kBT

represents the normalised chain force, and f = ∥f∥ is the chain force magnitude.

Inserting Eq. (2.39) back into Eq. (2.38) gives the Gibbs free energy as:

g(f) = kBTN [β − log (4π sinh β)] , (2.40)

from which the average end-to-end distance ⟨r⟩ can be obtained by differentiation with respect

to f as:

⟨r⟩ = NbL(f), (2.41)

where L(x) = cothx − 1/x is the Langevin function. The inversion of Eq. (2.41) yields the

force-extension relation as:

f =
kBT

b
L−1

( ⟨r⟩
Nb

)
. (2.42)

Eq. (2.42) shows that the force in non-Gaussian chains tends to infinity as the average end-to-

end distance approaches the contour length Nb. For small elongations (⟨r⟩ ⪅ 0.3Nb), Eq. (2.42)

recovers the Gaussian force-extension response. The Helmholtz free energy is derived when the

end-to-end distance is prescribed, which is equivalent to the fixed force case used to obtain

Eq. (2.42) in the long chain limit (Weiner, 2012). Under this assumption, it is possible to show

that the Helmholtz free energy of a non-Gaussian chain is given by (Treloar, 1973; Boyce and

Arruda, 2000):

w(r) = kBTN

[
r

Nb
β + log

(
β

sinh β

)]
, (2.43)

yielding the same functional form for the force-extension relationship as that of Eq. (2.42).

The statistical framework provides force-extension relationships in which the end-to-end

distance is prescribed to obtain the thermal average chain force, or vice versa. For the remainder

of the thesis, we drop this formal distinction and treat Eqs (2.37) and (2.42) as deterministic
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springs. Accordingly, we adopt the following expressions for the Gaussian regime:

w =
3kBT

2Nb2
r2, (2.44)

f =
3kBT

Nb2
r, (2.45)

and for the non-Gaussian regime:

w = kBTN

[
r

Nb
β + log

(
β

sinh β

)]
, (2.46)

f =
kBT

b
L−1

( r

Nb

)
. (2.47)

2.3.2 Chain scission

The FJC model presented in Section 2.3.1 assumes that the free energy of a single chain

w is purely entropic, with variations arising solely from configuration changes of the chain.

However, it is well accepted that chain scission is an energy-dominated process associated with

the elongation of covalent bonds along the chain backbone (Lake and Thomas, 1967; Wang et al.,

2019, 2021; Mao et al., 2017; Mulderrig et al., 2023). As such, the FJC model is fundamentally

incompatible with this energetic description of scission, motivating the development of modified

models that incorporate bond extensibility.

Phenomenological extensions to the FJC model account for energetic contributions by re-

placing the rigid Kuhn segments with deformable ones. Smith et al. (1996) first conceptualised

this idea by directly incorporating two stiffness parameters to capture the transition between

entropic and energetic regimes in the force-extension behaviour of the chain. Inspired by this

work, Mao et al. (2017) augmented the free energy (2.46) with an energetic term that depends

on the bond stretch, thus allowing the length of the segments to vary. In this case, the bond

stretch is obtained by minimising the free energy w under a constant chain stretch. In parallel,

models grounded on statistical mechanics have been developed to obtain extensions to the FJC

model from more fundamental principles. These approaches offer greater flexibility than their

phenomenological counterparts, allowing the inclusion of additional effects such as bond length

fluctuations and more complex bond potentials (Buche and Silberstein, 2021; Buche et al., 2022;

Mulderrig et al., 2023).
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Although both phenomenological and mechanistic extensible FJC models capture the ener-

getic contributions consistent with chain scission, there are a few limitations worth mentioning.

A primary drawback is that the bond stretch is typically obtained by solving an implicit equa-

tion, which introduces additional computational effort. This has motivated the development of

semi-analytical approximations for the bond-stretch to reduce computational cost while main-

taining reasonable accuracy (Li and Bouklas, 2020; Mulderrig et al., 2023). Moreover, atomic

force microscopy (AFM) data and quantum-chemical calculations suggest that the energetic

dominance near chain rupture stems not only from bond stretching but also from bond angle

opening (Hugel et al., 2005; Cai et al., 2019). Therefore, single chain models aiming to accu-

rately describe the energetic regime, and consequently chain scission, should incorporate bond

angle opening effects, as in Lavoie et al. (2020), Guo and Zäıri (2021) and Zhu and Brassart

(2025).

In micromechanical models, chain scission can be described using either rate-independent

or rate-dependent approaches. A commonly adopted rate-independent strategy in both dis-

crete and continuum formulations involves introducing a breaking criterion based on a scission

threshold. For example, in chain models accounting for bond extensibility, scission occurs when

the bond stretch or bond force exceeds a critical value (Lake and Thomas, 1967; Mao et al.,

2017; Li and Bouklas, 2020; Deng et al., 2023). Alternatively, a critical chain elongation can be

used as the cleavage threshold in chain models that neglect energetic effects (Vernerey et al.,

2018; Li and Liu, 2020; Lei et al., 2021, 2025). A key limitation of these rate-independent crite-

ria is that the scission threshold adopted is usually arbitrary, raising doubts about its physical

meaning. Moreover, these approaches cannot be directly applied to rate-dependent problems

without introducing additional, often heuristic, rate-dependent terms (Talamini et al., 2018;

Mao and Anand, 2018; Arunachala et al., 2023; Mousavi et al., 2025).

The rate-dependent approach is based on the interpretation that chain scission is a thermally

activated process governed by reaction kinetics. To illustrate this concept, we consider that

scission is characterised by an activation energy Ub separating the two minima in the double-well

potential illustrated in Fig. 2.3(a). The local maximum corresponds to the unstable transition

state, from which the system can proceed to either energy minima. The distance between

the energy minima and the transition state along the reaction coordinate is referred to as the
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activation length a, which is assumed to be the same for the forward and backward reaction.

When the chain experiences a force f , the force-free energetic landscape tilts, and the energy

barrier for scission becomes Ub − fa (Fig. 2.3(b)). Assuming a single reactive bond per chain

for simplicity, the rate of chain scission under the applied force f is directly obtained from an

Eyring-type model as (Kauzmann and Eyring, 1940; Bell, 1978):

k = γ exp

(
−Ub − fa

kBT

)
= k0 exp

(
fa

kBT

)
, (2.48)

where γ is the attempt frequency, and k0 ≡ γ exp
(
− Ub

kBT

)
represents the force-free scission rate.

An important nuance often overlooked is that the chain force f is identified with the bond force

in writing Eq. (2.48). This equivalence is reasonable when the segments are fully aligned in

single chain models with bond stretching. However, the bond force becomes significant only

at high chain stretches, where energetic effects dominate over entropic ones. Moreover, this

approximation becomes less accurate when bond angle opening effects are present.

In micromechanical models based on a population of chains, chain scission rates are often

converted into chain scission probabilities. For a sufficiently large population of identical chains

subjected to the same force f , the survival probability ps(t), which represents the fraction of

intact chains at time t, is given by ps(t) = exp(−kt). This expression provides a probabilistic

interpretation of the scission rate k, which allows chain breakage to be implemented using

random sampling techniques (Arora et al., 2022; Beech et al., 2023; Araujo and Brassart,

2025a). Alternatively, many models define a chain damage variable governed by an evolution

law that depends on k (Lavoie et al., 2016; Kothari et al., 2018; Ghareeb and Elbanna, 2021),

or directly linked to the survival probability (Guo and Zäıri, 2021; Ogouari et al., 2024a,b).

Experimental evidence supports the interpretation of scission as a thermally activated pro-

cess. For instance, some rubber-like materials exhibit rate-dependent failure in the absence

of noticeable viscoelastic effects (Wang and Fan, 2023; Wang et al., 2024). Force-accelerated

chain scission has been linked with environmental cracking in elastomers (Yang et al., 2019b;

Qari and Cai, 2024), and with the strength of polymers degrading under loads (Zhurkov and

Korsukov, 1974; Bershtein et al., 1977). Recently, the increasing interest in force-reactive bonds

(mechanophores) has further reinforced the kinetic treatment for chain scission (Ducrot et al.,

2014; Wang et al., 2021; Beech et al., 2023; Li and Gong, 2024).
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(a) (b)

Fig. 2.3: (a) Double well potential characterising chain scission as a thermally activated process.
The two minima in the potential define the intact and broken states of the chain, separated by
an energy barrier Ub. The local maximum represents an unstable transition state, from which
the system can proceed to either energy minima. The distance between the minima and the
transition state along the reaction coordinate is the activation length a. (b) When a force f is
applied to the chain ends, the energetic landscape is tilted and the energy barrier for scission
becomes Ub − fa.

2.4 Discrete Networks

Discrete Networks (DNs) are micromechanical modelling approaches that represent a poly-

mer network as a collection of springs, each governed by the force-extension behaviour of an

isolated single chain. The springs are connected at nodes corresponding to crosslinks, whose

positions are determined by mechanical equilibrium. As such, DNs eliminate the need for a

priori assumptions relating deformations at macroscopic and chain levels, as required in the

continuum models discussed later. Moreover, DN models offer a good compromise between

physical fidelity and computational cost, being considerably more efficient than coarse-grained

molecular dynamics simulations, while retaining essential microstructural features.

2.4.1 General framework

The conceptual foundations of the DN framework originate from the statistical mechanics

treatment of polymer networks. Consider a network of n fluctuating phantom1 Gaussian chains

held together by internal junctions and occupying a volume V0 in the reference configuration,

as illustrated in Fig. 2.4. Fixed junctions are used to prevent the network from collapsing

1The term “phantom” indicates that chains interact only through crosslinks, without chain-to-chain inter-
actions.
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Fig. 2.4: Rubbery network composed of fluctuating Gaussian chains held together by internal
junctions. Additional fixed junctions are added to prevent the network from collapsing to a
point due to the zero rest length of the spring behaviour (2.45).

to a point due to the force-extension relation (2.45). These fixed junctions are subjected to

affine displacements corresponding to the macroscopic deformation gradient F . In real rubbery

networks, the network collapse does not occur due to excluded volume effects arising from

intrachain and interchain interactions (Flory, 1979; Bergström and Boyce, 2001; Weiner, 2012).

In swollen networks, local osmotic pressure also contributes to preventing this collapse (Horkay

and Lin, 2009; Wagner et al., 2022).

James and Guth (1943) rigorously demonstrated that the most probable positions of the free

junctions follow affine motion and are governed by the same equations (see Section 3.2.3) that

dictate the equilibrium positions of nodes in a spring network with force-extension behaviour

given by Eq. (2.45). Furthermore, they showed that the fluctuations of the inner junctions

around their most probable position are independent of F . These key results establish an exact

equivalence between a molecular fluctuating network and a mechanical spring network in the

case of Gaussian chains. In the non-Gaussian case, this equivalence holds under the following

assumptions: (i) the most probable positions of the junctions coincide with their thermal

averages, and (ii) fluctuations around the thermal average are independent of F (Wang and

Guth, 1952). While these assumptions are exact for a Gaussian network, they have not been

formally proven for non-Gaussian networks.

The statistical mechanics foundations underlying DN models provide a mechanistic justi-

fication for representing a molecular network by an ensemble of springs. Based on this corre-

spondence, the free energy density (energy per unit volume in the reference configuration) of
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the network is written as:

ψ(F ) =
1

V0

n∑
i=1

wi, (2.49)

where wi represents the free energy of the ith spring2, given by either Eq. (2.45) or Eq. (2.47).

Note that the free energy (2.49) is evaluated at the mechanical equilibrium state of the net-

work, which is found by minimising the energy of the network under a prescribed macroscopic

deformation gradient F .

Eq. (2.49) exactly represents the free energy of a Gaussian fluctuating network, and that of

a non-Gaussian network under the assumptions outlined previously. In the Gaussian case, we

can show that if the network is isotropic, the free energy ψ is expressed as:

ψ(F ) =
1

2
νkT

〈
r20
Nb2

〉
I1, (2.50)

where ν is the number density of chains (per volume in the reference configuration), r0 represents

the end-to-end distance of a chain in the reference configuration, and I1 is the first invariant of

the right Cauchy-Green tensor C. The notation ⟨·⟩ represents the ensemble average:

⟨·⟩ = 1

n

n∑
i=1

(·). (2.51)

Eq. (2.50) has the same functional form as the neo-Hookean model (2.22), up to a constant.

Therefore, we conclude that the shear modulus G of an isotropic network of Gaussian chains

is exactly given by:

G = νkBT

〈
r20
Nb2

〉
= νkBT ⟨λ20⟩, (2.52)

where we have introduced the chain pre-stretch λ0 defined as the ratio between the initial end-to-

end distance and the random-walk distance
√
Nb, i.e., λ0 ≡ r0√

Nb
. Note that no assumptions are

made about the initial end-to-end distance or the number of segments of the chains, highlighting

the generality of Eq. (2.52). In particular, the classical estimate G = νkBT is recovered when

all chains adopt their random-walk distance in the reference configuration.

To obtain the macroscopic stress P e in a DN model, we associate each material point of

an elastic body B0 at equilibrium with a Representative Volume Element (RVE), as illustrated

2We use the words “chain” and “springs” interchangeably from this point forward.
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in Fig. 2.5. The RVE serves as a mesoscale that bridges microscale features with macroscale

response. The RVE is represented by a sufficiently large discrete network, and its nb boundary

nodes are subjected to affine boundary conditions:

xα = FXα, (2.53)

where xα and Xα represent the position of the αth boundary node in the current and reference

configurations, respectively. The reference configuration is identified with the initial configu-

ration, and F = 1 at this stage. In any deformation stage, the network is assumed to be in

equilibrium with external loads. As a fundamental requirement for homogenisation problems

involving RVEs, we impose the energetic consistency between microscale and macroscale (Hill,

1967; Blanco et al., 2016). This implies that the work done by the first Piola-Kirchoff stress P e

over virtual deformations F is equal to the work done by the external forces over compatible

displacements δxα with δF :

P e : δF =
1

V0

nb∑
α=1

fα · δxα, (2.54)

where fα is the reaction force at the αth boundary node. Substituting the affine boundary

condition (2.53) into Eq. (2.54), we arrive at (Kouznetsova, 2002; Andia et al., 2005; Weiner,

2012; Argento et al., 2012; Zündel et al., 2017; Alamé and Brassart, 2020):

P e =
1

V0

nb∑
α=1

fα ⊗Xα. (2.55)

Considering the state law (2.18), particularised for hyperelasticity, we conclude that the first

Piola–Kirchhoff stress tensor P , accounting for incompressibility (J = 1), is given by:

P = P e − JPF−T , P e ≡ ∂ψ

∂F
=

1

V0

nb∑
α=1

fα ⊗Xα. (2.56)

The corresponding Cauchy stress is obtained as:

σ = σe − P1, (2.57)

where σe = (1/J)P eF−T . Note that forces must be applied to the boundary nodes in the
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reference configuration to prevent network collapse due to the force-extension relations (2.45)

and (2.47). Consequently, P e and σe do not vanish in the reference configuration.

Remark 1 Note that homogenised stress tensors P e (Eq. (2.56)) and σe (Eq. (2.57)) are ob-

jective, provided that the network is in equilibrium. Under a superposed rigid body motion of

the current configuration, the boundary positions transform as

x∗
α = c+Qxα, (2.58)

where c and Q are a translation and a rotation, respectively. In general, c and Q can be time-

dependent. The reaction forces transform as f ∗
α = Qfα, while the reference positions Xα are

invariant (Holzapfel, 2002; Gurtin et al., 2010). Substituting into Eq. (2.56) gives

P e∗ = QP e, (2.59)

as required. Moreover, the equilibrium condition
∑

α fα = 0 ensures that P e is independent of

arbitrary origin shifts in the reference configuration, and it implies that the Cauchy stress σe

transforms as

σe∗ = QσeQT . (2.60)

Hence, the homogenised stresses satisfy objectivity and are free of spurious coordinate depen-

dence. For more general discussions of homogenised stresses in molecular and discrete simula-

tions, see Andia et al. (2005) and Zimmerman et al. (2010).

The technique employed to generate the network topology is a key component in a DN

framework, as it dictates the range of architectures accessible for analysis. Regular lattice-based

networks, both in 2D (Deng et al., 2023; Hartquist et al., 2025b) and in 3D (Sugimura et al.,

2013; Deng et al., 2023; Hartquist et al., 2025a), are commonly used due to their simplicity.

However, rubbery networks are intrinsically irregular and inevitably contain topological defects,

raising doubts about the applicability of the conclusions drawn from DN models based on

regular lattices. Another common strategy involves obtaining random network topologies by

connecting the centres of elements in unstructured finite element meshes when they share a

face (3D) or an edge (2D) (Alamé and Brassart, 2019, 2020; Lei et al., 2021; Lei and Liu, 2022).
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Fig. 2.5: Within every material point of the elastic body B0 experiencing external loads, there
exists a Representative Volume Element (RVE) represented by a DN. The input from the
macroscopic scale is the deformation gradient F , from which the macroscopic stress P e is
obtained based on the reaction forces fα, with α = 1, . . . , nb, developed at the boundary nodes
of the DN.

Networks can also be generated from a Voronoi tessellation of points randomly sampled within

the computational domain (Islam and Picu, 2018; Britt and Ehret, 2022). Other methods have

been developed to emulate the gelation process of rubber-like materials (Gusev, 2019; Wagner

et al., 2021, 2022; Assadi et al., 2025). The overall idea of these techniques is to stochastically

place connections between a set of randomly distributed points. A key limitation shared by

many of these network generation strategies is that the end-to-end distance distribution and

the chain density cannot be tuned independently, limiting the range of network architectures

that can be analysed.

The zero rest length of the spring behaviours (2.45) and (2.47) poses a fundamental chal-

lenge in DN models, as it leads to network collapse in the absence of additional forces on

the boundary nodes. As a result, networks cannot have traction-free boundaries in the ref-

erence configuration. One possible solution to this problem is through the inclusion of extra

terms to the free energy that penalise local volume changes within the network. In models

where the network architectures are obtained from finite element meshes, the collapse prob-

lem was avoided by introducing an extra pressure-like field that penalises volume changes of

the elements, solved concurrently with the position of the nodes during the energy minimisa-

tion step (Lei et al., 2021; Lei and Liu, 2022; Li et al., 2024). The major drawback of this

approach is that it relies on the underlying mesh. Recent elegant solutions that bypass this

necessity and retain the penalisation idea involve the definition of regions surrounding each
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node through Voronoi tessellations (Lamont et al., 2025), while others use an underlying grid

to describe a spatially distributed osmotic pressure (Wagner et al., 2022). However, these solu-

tions add more complexity to the model and require more computational effort. Another class

of collapse-prevention approaches consists of the introduction of pair-wise potentials between

the nodes to represent excluded volume effects (Assadi et al., 2025; Wagner and Silberstein,

2025). Nevertheless, selecting a physically appropriate potential remains a non-trivial task.

2.4.2 Elasticity

DNs have been used as tools to gain a fundamental understanding of the elastic response of

rubber-like materials. Since the network topology is incorporated into the DN framework, links

between network structural parameters and their influence on emerging macroscopic proper-

ties can be established to obtain structure-property relationships (Alamé and Brassart, 2019,

2020; Araujo et al., 2024a). In this context, the analytical expression for the shear modulus of

Gaussian networks (Eq. (2.52)) is a central result which has recently been validated through

DN simulations. Notably, this analytical result holds even in networks containing topological

defects, such as dangling ends and loops, as well as a distribution of chain lengths (i.e., poly-

dispersity). Moreover, Eq. (2.52) assisted in elucidating the scaling relations that deviate from

classic rubber elasticity theory, especially in systems where the chain end-to-end distances are

coupled with chain density, such as near-ideal tetra-PEG gels (Sakai et al., 2008; Matsunaga

et al., 2009; Akagi et al., 2013).

In practice, estimating the shear modulus from Eq. (2.52) is not straightforward, as it

requires the ensemble average of the squared chain pre-stretch, which in turn depends on the

knowledge of the network topology. This challenge has motivated the development of mean-

field approaches, where the full network structure is replaced by an effective medium. Examples

include the tree-like structure (Rubinstein and Colby, 2003; Mark and Erman, 2007), as well

as lattice-based models incorporating topological defects (Nishi et al., 2012; Lin et al., 2019)

and polydispersity (Lin et al., 2019).

Beyond structure-property relationships, DNs can also provide insights into how the defor-

mation at the chain level is related to the macroscopic deformation, since chain deformation is

dictated by force balance at the nodes, instead of ad hoc kinematic assumptions. For example,
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deviations from affinity were systematically investigated using DN models (Alamé and Bras-

sart, 2020; Britt and Ehret, 2022; Araujo et al., 2024a). This information is fundamental for

semi-analytical models relying on the affine assumption, as it provides a direct way to evaluate

its validity.

2.4.3 Failure and Fracture

Extending DN models for failure and fracture requires including chain scission in the general

framework outlined in Section 2.4.1. Typically, this is done by deleting chains from the network

that satisfy a deterministic breaking criterion, as discussed in Section 2.3.2. Although straight-

forward to implement, this deterministic formulation limits the corresponding DN model to

rate-independent problems.

In the context of fracture, DNs have been primarily used to investigate the mechanisms

underlying crack propagation in rubber-like materials. Recent works using DN models have

provided new insights into the origins of the discrepancies between the intrinsic fracture energy

predicted by the Lake-Thomas model and the values obtained experimentally for many rubber-

like materials (Lin and Zhao, 2020; Wang et al., 2021; Barney et al., 2022). The presence of

defects intrinsic to polymer networks is one of the proposed explanations for these discrepancies,

which can be accounted for through mean-field models based on the tree-like approximation (Lin

and Zhao, 2020; Barney et al., 2022; Lu et al., 2025). However, crack propagation simulations

using DNs have demonstrated that even defect-free networks exhibit intrinsic fracture energies

that exceed those predicted by the Lake-Thomas model due to the unloading of chains far

from the crack tip (Lei and Liu, 2022; Deng et al., 2023; Hartquist et al., 2025a). These

simulations have also shown that the tortuous crack paths observed in soft materials can be

attributed to network randomness (Lei et al., 2021; Lei and Liu, 2022; Ghareeb and Elbanna,

2020), polydispersity (Ghareeb and Elbanna, 2020), and the preferential scission of weaker

chains (Hartquist et al., 2025b).

Despite the interesting mechanistic insights, the applicability of the conclusions obtained

from DN models for crack propagation remains unclear due to some limitations of the frame-

work. First, the creation of traction-free crack surfaces is not possible in conventional DN

models due to the network collapse problem discussed in Section 2.4.1. This limitation seems
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to have been overlooked by many recent works (Ghareeb and Elbanna, 2020, 2021; Deng et al.,

2023; Hartquist et al., 2025a,b). A notable exception is the work of Lei et al. (2021), who

circumvented this problem by introducing a pressure-like field penalising local volume changes

of the elements of the underlying finite element mesh. While alternative collapse-preventing

solutions relying solely on the position of the nodes exist (see Section 2.4.1), they have been

primarily applied to 2D periodic networks with a relatively small number of chains, leaving

their applicability to fracture problems uncertain. Second, the network architectures consid-

ered in these crack propagation simulations are defect-free, whereas real rubbery networks

inevitably contain defects. Finally, the macroscopic stress quantities obtained in these models

are generally not derived from rigorous homogenisation principles, raising concerns about scale

separation. Ghareeb and Elbanna (2020) partially addressed this issue using a quasi-continuum

approach, relying on the affine deformation of chains. However, a generalisation to the non-

affine case has yet to be developed.

On the other hand, the insights gained from DN models used to simulate failure can be

more reliably extrapolated to real polymer network systems. For example, DNs were used

to systematically evaluate the role of dangling ends (Sugimura et al., 2013), loops (Arora

et al., 2022), and pre-polymer parameters (e.g. molecular weight, functionality) (Wagner et al.,

2022) on key mechanical properties of tetra-PEG gels, such as toughness, peak stress, and

peak stretch. Finally, DNs represent promising tools to identify which fabrication parameters

ultimately control the failure of rubber-like materials (Wagner et al., 2022; Lei et al., 2025).

2.4.4 Rate-dependent problems

To model rate-dependent failure, chain scissions have to be included in DN models follow-

ing the thermally activated interpretation described in Section 2.3.2. Given the probabilistic

nature of scissions in this description, some DN models adopt random sampling methods, such

as Kinetic Monte Carlo, to break chains. The core idea is to transform the scission rates com-

puted from Eq. (2.48) into probabilities, as explained in Section 2.3.2. As such, chain-breaking

is inherently force-biased, as chains carrying large loads are more likely to be selected for scis-

sion. Besides rate-dependent damage (Arora et al., 2022), this approach was recently used

to elucidate the mechanisms underlying the failure of tetra-PEG gels with different fractions
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of strong linkers (Wang et al., 2021; Beech et al., 2023). Other DN models adopted a deter-

ministic approach to account for thermally activated scissions through a damage variable at

the chain level whose evolution depends on the underlying kinetics. These models have been

applied to capture different crack propagation regimes in rate-dependent fracture (Ghareeb and

Elbanna, 2021), and to investigate the role of sacrificial bonds and self-healing mechanisms in

failure (Kothari et al., 2018).

The random sampling approach has also been used to model the rate-dependent response of

networks with reversible bonds (Wagner et al., 2021; Wagner and Vernerey, 2023; Wagner et al.,

2024; Wagner and Silberstein, 2025). The combination of reversible and permanent bonds has

emerged as an effective design strategy to enhance the toughness of rubber-like materials (Gong

et al., 2016; Creton and Ciccotti, 2016; Bai et al., 2018). Beyond synthetic systems, networks

with transient bonds can also describe the dynamic response of biological systems, such as insect

swarms (Peleg et al., 2018; Wagner et al., 2024), as well as certain viscoelastic fluids (Tabuteau

et al., 2009).

While DNs have been extensively used in transient networks and rate-dependent failure,

they have rarely been applied to chemical degradation, which is an important topic in biomed-

ical and sustainability applications (Bryant and Vernerey, 2018; Turner et al., 2022; Bensalem

et al., 2023). In addition to the advantages discussed in the previous sections, modelling chemi-

cal degradation with DN models is appealing for a few reasons. The deterioration of the elastic

properties of the network, quantified by the degraded modulus, was found to play a central

role in the degradation-induced swelling response of hydrogels (Li et al., 2011; Pan and Bras-

sart, 2022). The degraded modulus is typically modelled using mean-field models, which are

also used to predict reverse gelation. However, these mean-field approaches have unclear mi-

cromechanics foundations, and cannot capture force-bias effects beyond the acceleration of the

reaction kinetics. In contrast, DNs explicitly account for the time-evolving network architec-

ture, allowing the degraded modulus to be computed without relying on ad hoc assumptions.

Moreover, the combination of graph theory with DNs enables the direct analysis of network

connectivity during degradation, facilitating the estimation of the reverse gelation threshold.
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2.5 Continuum models

Discrete Networks offer a robust framework for understanding the mechanics of rubber-

like materials, providing mechanistic insights by explicitly accounting for network topology

and chain-level behaviour. However, their computational cost hinders their applicability in

structural-scale simulations. More computationally tractable continuum models can be ob-

tained by adopting approximations that describe the full-field problem in an average sense.

This approach enables the derivation of mechanistic free energy expressions without explic-

itly resolving the network structure. In what follows, we focus our discussion on the so-called

microsphere or full-network models (Treloar, 1954; Wu and Van Der Giessen, 1993).

2.5.1 Microsphere models

2.5.1.1 Network elastic free energy

Microsphere models consider a continuous distribution of chains in space in the reference

configuration. The free energy ψ of the network still takes the general form as in Eq. (2.49).

Each chain is identified by its initial orientation in the reference configuration characterised

by a unit vector n0 = r0
∥r0∥ , with r0 denoting the initial end-to-end vector of the chain. Upon

deformation, the network is subjected to the macroscopic deformation gradient F , and the

end-to-end vector becomes r. To bypass the necessity of having access to the network topology

to evaluate ψ, microsphere models invoke the following assumptions: (i) chains are randomly

oriented in the reference configuration, (ii) chains having the same length N and initial ori-

entation n0 experience the same stretch λc, and (iii) chains of the same length N have the

same initial end-to-end distance r0, i.e., r0 = r0(N). These assumptions allow us to rewrite

Eq. (2.49) as:

ψ(F ) = ν

ˆ
N

pN(N)

¨
Su

w(λc;N) dSu dN, (2.61)

where ν is the chain density and pN is the polydispersity distribution. The notation
˜

Su
(·)dSu

denotes the integration over the unit sphere:

¨
Su

(·) dSu =
1

4π

¨
(·) sin(ϕ) dϕdθ, (2.62)
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Fig. 2.6: The azimuthal θ and polar ϕ angles parametrise the orientation of the initial end-to-
end vector r0 of a chain in spherical coordinates.

where θ and ϕ represent the azimuthal and polar angles in spherical coordinates, respectively,

as illustrated in Fig. 2.6 for the initial end-to-end vector of a chain. When all the chains have

the same length, the network is monodispersed, and Eq. (2.61) simplifies to:

ψ(F ) = ν

¨
Su

w(λc) dSu. (2.63)

Overall, Eqs (2.61) and (2.63) show that the microsphere approach reduces the complex network

architecture to a representative chain whose response is averaged over all orientations.

The integral over orientations present in microsphere models cannot be solved analytically

in general. In practice, such integrals are approximated using quadrature schemes that replace

the continuous orientation space by a set of Q discrete points on the unit sphere. Accordingly,

the integral of a quantity x is approximated as:

¨
Su

x dSu ≈
Q∑
i=1

xiωi, (2.64)

where xi is the evaluation of x at the ith quadrature point and ωi is its corresponding weight.

Many schemes can be found in the literature, and the particular choice depends on the appli-

cation.

2.5.1.2 Micro-macro transition

The assumptions used to reduce the free energy of the network to the more tractable forms

(2.61) and (2.63) do not, on their own, establish the relation between macroscopic deformation

and the deformation experienced by the chains. In microsphere models, this link is typically pos-
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tulated without a clear physical justification. In what follows, we outline the main approaches

used to establish this micro-macro transition.

Affine model In the affine microsphere model, the chain stretch λc is identified with the line

stretch of the continuum for the initial orientation n0:

λc = λaff , λaff = ∥Fn0∥. (2.65)

Provided that the chains remain Gaussian during deformation, the affine stretch (2.65) is mech-

anistically justified, as discussed previously in Section 2.4.2. However, DN simulations have

shown (Alamé and Brassart, 2020; Britt and Ehret, 2022; Araujo et al., 2024a) that this as-

sumption breaks down at larger deformations, where the chains enter the non-Gaussian regime

and non-affine deformation takes place. In these situations, the deformation of the chains is

better described from an energy minimisation perspective.

The three-chain (James and Guth, 1943) and eight-chain (Arruda and Boyce, 1993) models

can be viewed as reductions of the affine microsphere model in which only some orientations

are sampled. The three-chain model only considers the chains that are initially aligned with

the principal stretch directions (Fig. 2.7(a)). For monodispersed networks, the free energy is

expressed as:

ψ(F ) =
ν

3

3∑
i=1

w(λi), (2.66)

where λi are principal stretches. In the eight-chain model, only chains initially aligned with the

diagonals of a cube aligned with the principal stretch directions are considered (Fig. 2.7(b)),

yielding for a monodispersed network:

ψ(F ) = νw(Λ), (2.67)

where:

Λ =

√
I1
3
. (2.68)

It can be shown that the eight-chain stretch Λ corresponds to the root-mean-square affine

stretch. This correspondence has been used to develop semi-analytical solutions for orientation

integrals, thus circumventing the need for quadrature schemes in microsphere models (Beatty,
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(a) (b)

Fig. 2.7: Unit cells corresponding to the (a) three-chain and (b) eight-chain reductions.

2003; Khiêm and Itskov, 2016; Kumar and Brassart, 2023).

Fully-relaxed model In the fully-relaxed microsphere model (Tkachuk and Linder, 2012;

Diani and Le Tallec, 2019; Govindjee et al., 2019; Mulderrig et al., 2021; Araujo et al., 2024a),

the chain deformation is determined by minimising the elastic energy of the network subjected

to a kinematic constraint. Physically, this constraint enforces the consistency between the

macroscopic deformation gradient F and the microscopic deformation averaged over all orien-

tations. Let Fm denote the microscopic deformation such that r = Fmr0, and let n represent

the deformed orientation, expressed as n = r0r. It follows that:

Fm = n⊗ n0. (2.69)

For monodispersed networks, the kinematic constraint takes the form (Tkachuk and Linder,

2012; Govindjee et al., 2019):

F

3
=

¨
Su

n⊗ n0 dSu, (2.70)

while for the polydisperse case, a more intuitive expression is given by (Araujo et al., 2024a):

F

3
=

ˆ
N

pN(N)

¨
Su

n⊗ n0 dSu dN, (2.71)

although other forms have been proposed (Diani and Le Tallec, 2019; Mulderrig et al., 2021).

It can be verified that the affine stretch (2.65) minimises the elastic energy of the network

only in the Gaussian limit. Consequently, the affine and fully-relaxed models predict the same

behaviour in the Gaussian regime.
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Non-affine microsphere model Another non-affine model based on energy minimisation

under a kinematic constraint is the non-affine microsphere model proposed by Miehe et al.

(2004). In this formulation, the chain stretch λc is treated as a fluctuation around the affine

stretch λaff , as:

λc = fλaff , (2.72)

where f is a fluctuation field defined over the unit sphere. This field is obtained by minimising

the elastic energy under the following kinematic constraint in the monodisperse case:

(¨
Su

λpc dSu
)1/p

=

(¨
Su

λpaff dSu
)1/p

, (2.73)

where p is a fitting parameter that controls the degree of non-affinity in the model. Eq. (2.73)

enforces that the p−norm average of the non-affine chain stretches equals that of the affine

stretches. For non-zero fluctuations, it follows from the optimality condition that all chains

experience the same stretch given by the p−norm average of λaff . For the particular case p = 2,

the model reduces to the well-known eight-chain model (Arruda and Boyce, 1993). Moreover, it

can be shown that p impacts the small deformation response of the model, in contrast to fully-

relaxed formulations. Recent works have applied the previous monodisperse results directly to

the polydisperse case (Guo and Zäıri, 2021; Ogouari et al., 2024b,a), based on the assumption

that λc is independent of chain length. A possible generalisation of the constraint (2.73) to

account for the polydispersity distribution pN(N) is:

ˆ
N

pN(N)

(¨
Su

λpc dSu
)1/p

dN =

(¨
Su

λpaff dSu
)1/p

, (2.74)

where the right-hand side is unchanged since the affine stretch is independent of chain length.

Equal-force model The previous non-affine models impose constraints on the microscopic

deformation. Verron and Gros (2017) proposed an alternative approach in the context of poly-

dispersity where the constraint is enforced on the force experienced by the chains. Specifically,

chains of different lengths N but with the same initial orientation n0 are subjected to the same

force. This equal-force constraint leads to the formation of a hybrid chain, in which polydis-

perse chains are assembled under the same force. The free energy ψ is then written as an
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average over orientations of the energy of the hybrid chain, as in Eq. (2.63). The deformation

of the hybrid chain can be affine with the continuum (Verron and Gros, 2017; Li and Bouklas,

2020) or non-affine (Diani and Le Tallec, 2019; Mulderrig et al., 2021). In both cases, the

macroscopic response is governed by the stiffness parameters of the hybrid chain, which in turn

depend on the chain length distribution pN(N). However, it is possible to find a set of different

distributions pN(N) yielding the same effective length of the hybrid chain, but different small

deformation responses (Verron and Gros, 2017; Li and Bouklas, 2020).

Non-affine model without constrained minimisation A new class of non-affine models

has recently emerged where the chain stretch is not obtained from energy minimisation under

kinematic constraints. Instead, the chain stretch is directly defined as (Amores et al., 2021;

Zhan et al., 2023):

λc = U : n0 ⊗ n0 = n0 ·Un0, (2.75)

where U is the right stretch tensor as defined in Eq. (2.2). The chain stretch (2.75) represents

the directional change in length along the initial chain orientation n0, and is generally smaller

than the affine stretch (2.65) due to the stretching in the direction perpendicular to n0. The

affine and non-affine chain stretches coincide when n0 is aligned with one of the principal

directions of U . This new micro-macro transition was found to yield better predictions for

biaxial and shear loads, while only requiring calibration against uniaxial data. Moreover, for

Gaussian chains, it successfully predicts the slope of Mooney plots. However, the physical

interpretation of Eq. (2.75) remains unclear.

2.5.2 Microsphere damage models

In the microsphere framework, chain scission is typically described through a damage vari-

able d ∈ [0, 1] at the chain level, with d = 0 and d = 1 representing the intact and fully-damaged

states, respectively. Damage reduces the elastic energy stored in the network, and this is cap-

tured by a monotonically decreasing degradation function g(d) ∈ [0, 1], with g(0) = 1 and

g(1) = 0. For the polydisperse case, Eq. (2.61) is modified to:

ψ(F ) = ν

ˆ
N

pN(N)

¨
Su

g(d)w(λc;N)dSu dN, (2.76)

38



whereas for monodispersed networks, Eq. (2.63) becomes:

ψ(F ) = ν

¨
Su

g(d)w(λc)dSu. (2.77)

For simplicity, we have considered the chain stretch λc as the only kinematic variable controlling

the effective free energy w of the representative chain in Eqs (2.76) and (2.77). Existing

microsphere damage models differ in the evolution of the damage variable d, the physical

interpretation of d, the form of the degradation function g(d), and the micro-macro transition

used.

The phenomenological extension of the FJC model to include energetic effects motivated the

formulation of damage models in which the evolution of the damage variable d is controlled by

the bond stretch (Mao and Anand, 2018; Talamini et al., 2018; Li and Bouklas, 2020; Mulderrig

et al., 2021; Arunachala et al., 2023, 2024). Many of these models were proposed within a

phase-field framework, in which the degradation function typically adopts the quadratic form

g(d) = (1 − d)2. However, these approaches typically rely on prescribed scission thresholds

to control damage initiation, aligned with the rate-independent cleavage criterion discussed

in Section 2.3.2. Consequently, the physical meaning of d is unclear and mainly represents a

heuristic way to describe the progressive loss of load-bearing capacity in a given orientation.

Microsphere damage models have also been proposed in which the damage variable d is given

a physical interpretation grounded in kinetics, by associating it with the survival probability ps

of a population of identical chains stretched to the same value λc, as in d = 1−ps (Guo and Zäıri,

2021; Ogouari et al., 2024b,a). Since this probability is controlled by the scission kinetics, this

damage variable is also intrinsically rate-dependent. Under this probabilistic interpretation,

the degradation function naturally takes the form g(d) = 1 − d = ps, which simply represents

the fraction of surviving chains at a given orientation.

Building on a similar rationale, Lavoie et al. (2016) proposed a damage model based on the

eighth-chain model (Eq. (2.67)), in which rate-dependent scissions are incorporated into the

evolution of the density of elastically effective chains ν. Specifically, they adopted an evolution
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law that mimics the differential equation of first-order kinetic processes3:

ν̇ = −kν, (2.78)

where k is the scission rate computed from Eq. (2.48) based on the force acting on the represen-

tative chain of the eight-chain model 4. In the context of dynamic networks and multi-network

systems, the decrease in ν has also been used as a macroscopic measure of damage in micro-

sphere models in which damage represents the progressive erosion of the initial distribution of

end-to-end vectors (Vernerey et al., 2018; Lamont et al., 2021).

2.5.3 Limitations

The microsphere framework enables the bottom-up formulation of constitutive models that

are suitable for incorporation into finite element codes for structural-scale simulations. However,

this framework effectively reduces the complex network architecture to an idealised medium

represented by a single chain averaged over all orientations. As such, microsphere models

overlook microstructural features that directly affect the macroscopic behaviour of rubber-like

materials. Moreover, the validity of these assumptions and their physical interpretation remain

unclear. This also raises doubts about the predictions for failure obtained from microsphere

damage models, as they inherit the same foundational simplifications as their purely elastic

counterparts.

Microsphere damage models with orientation-dependent chain deformation are convenient

for modelling anisotropic damage, as damage evolution also depends on orientation. This fea-

ture has been extensively explored to model the Mullins effect (Govindjee and Simo, 1991;

Dargazany and Itskov, 2009; Vernerey et al., 2018; Mulderrig et al., 2021; Diani and Le Tallec,

2019; Khiêm et al., 2019; Bresolin and Vassoler, 2022; Ogouari et al., 2024b), a phenomenon

known for its pronounced anisotropy (Mullins, 1948, 1969; Diani et al., 2009). However, the

same orientation-specific nature of damage also introduces a major limitation when applying

these models to failure problems. Specifically, they cannot predict a fully damaged macroscopic

state in general, leading to a persistent residual elastic energy in some deformation modes (Mul-

3See Chapter 5 for more details.
4Arguing that scission can happen in any of the backbone bonds, the authors multiply the right-hand side

of Eq. (2.78) by the number of Kuhn segments of the chain in the original presentation.
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derrig et al., 2021). This limitation can be readily verified when considering the three-chain

model (Eq. (2.77)) with damage in a volume-preserving uniaxial tension test. Since damage can

only evolve in tension, chains perpendicular to the loading direction remain intact. This effect

becomes more pronounced as more orientations on the unit sphere are sampled. In contrast,

this issue does not occur in microsphere damage models where all chains experience the same

stretch, such as the eight-chain or the non-affine localisation rules (2.73) and (2.74). However,

this advantage comes at the cost of losing the ability to capture anisotropic damage intrinsically.

2.6 Knowledge gaps

Despite increasing interest and recent advances, DNs are still in their infancy, leaving several

unexplored research paths. As described in Section 2.4.1, the network generation technique is

a key component in a DN model, as it limits the type of networks accessible for analysis. Many

network generation methods lack independent control over key network parameters, such as

chain density and initial end-to-end distance distribution. This hinders the development of

generalised structure-property relationships and a deeper understanding of the mechanics of

rubbery networks. Progress in these areas will require the development of more versatile and

flexible network generation techniques capable of exploring a broader region of the design space.

In the context of damage and fracture, many works overlook the role of local heterogeneities

and the evolving network architecture in shaping the failure response of polymer networks.

While some attention was dedicated to the effects induced by structural defects, the impact

of other heterogeneities, whether intrinsic to the network or emerging during loading due to

chain scission, has not been systematically investigated. A deeper understanding of how these

features influence failure progression would help clarify the link between local bond breaking

and macroscopic failure (Ju et al., 2024), and could inform strategies to enhance material

strength (Wang et al., 2021, 2023a). Although thermally activated scissions have been included

in DN models to describe the response of dynamic networks and rate-dependent failure, their

application to chemically induced degradation remains largely unexplored. Extending DN

models to describe the gradual deterioration of rubbery networks could open new avenues for

designing soft materials with tunable mechanical and degradation properties (Li et al., 2011;

Huebsch et al., 2014; Diederich et al., 2017).
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The computational tractability of microsphere-based models makes them appealing, mech-

anistically motivated approaches for structural-scale simulations. However, a systematic and

comprehensive validation of the simplifying assumptions underlying these models is still miss-

ing. Due to their shared theoretical foundations, DNs can serve as a reference platform to

assess and validate these assumptions. Insights gained from this analysis can be further used

to guide the refinement of existing microsphere models or encourage the development of new

tractable micromechanical frameworks.
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Chapter 3

Micromechanical modelling of rubbery

networks: The role of chain pre-stretch

This chapter presents work that has been published as “Araujo, L. M., Kryven, I., and

Brassart, L. (2024a). Micromechanical modelling of rubbery networks: The role of chain pre-

stretch. International Journal of Non-Linear Mechanics, 166:104834”. The study investigates

how the distribution of chain pre-stretches influences the elastic response of rubbery networks

through discrete network simulations. To this end, we developed a novel network generation

algorithm that enables independent control over chain pre-stretch, chain density, and chain

length. Using networks generated with varying input parameters, we established generalised

scaling relations and used discrete network predictions as a reference to critically assess the

accuracy of conventional microsphere-based continuum models. The results highlight that the

pre-stretch distribution plays a central role in determining both the elastic modulus and the

extensibility limit of the material. Furthermore, by systematically evaluating the assumptions

underpinning conventional continuum theories, this work offers new insights to inform the

development of improved micromechanical continuum models. An overview of the open-source

code published alongside the paper is presented in Chapter A.

3.1 Introduction

The mechanical properties of many soft materials such as elastomers and hydrogels primarily

depend on the topology of the underlying network. Accordingly, recent design strategies have
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largely focused on designing network architectures to obtain soft materials with unprecedented

mechanical properties in terms of elasticity, strength, and toughness. Representative examples

are near-ideal tetra-arm PEG hydrogels obtained by crosslinking well-defined four-arm macro-

molecular precursors in solution. These hydrogels show high elasticity and strength, which has

been attributed to their spatially homogeneous network structure with few topological defects

such as dangling ends and entanglements (Sakai et al., 2008; Matsunaga et al., 2009). Alterna-

tively, tough hydrogels have been obtained by incorporating dissipation mechanisms into the

network, such as progressive failure of a secondary network (Gong et al., 2003; Zhou et al.,

2020; Zhao et al., 2021) or the breaking and reforming of physical bonds (Sun et al., 2012;

Ihsan et al., 2013; Zhang et al., 2016). Recently, highly entangled gels have been proposed as

an effective way to increase elasticity and toughness simultaneously (Kim et al., 2021, 2022).

The rational design of advanced soft materials requires modelling tools that can link mechan-

ical properties to the underlying network structure. In this respect, classical semi-analytical

models of rubber elasticity (Treloar, 1973; Boyce and Arruda, 2000) are intrinsically limited,

because they do not explicitly account for the network topology. In recent years, random Dis-

crete Network (DN) models have been proposed to address this limitation. Like in rubber

elasticity theory, chains in DN models are represented by entropic springs, but the partitioning

of the chain stretches is dictated by the condition of mechanical equilibrium at each crosslink

point in a representative network structure comprising many chains. By explicitly representing

the network, DN models allow the systematic investigation of structure-property relationships,

including the role of chain length and crosslink functionality, topological defects (dangling ends,

loops), and damage by bond breakage (Sugimura et al., 2013; Kothari et al., 2018; Gusev, 2019;

Alamé and Brassart, 2019, 2020; Wagner et al., 2022). Recently, DN models have also been

used to investigate crack propagation in hydrogels and elastomers (Ghareeb and Elbanna, 2020;

Lei et al., 2021) and to assess the validity of the Lake-Thomas model (Lei and Liu, 2022; Deng

et al., 2023).

Often overlooked in both analytical and DN modelling studies is the role of initial chain

stretch distribution on the emerging mechanical properties. Since entropic springs have a zero

natural length, they are necessarily subjected to tensile forces in the reference state. This feature

is present in both continuum and DN models based on entropic springs. In continuum models,
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the initial chain end-to-end distance is a model parameter that can be prescribed arbitrarily (it

is usually set to the root-mean-square end-to-end distance of a freely-jointed chain). However,

in DN models the distribution of these forces, and the corresponding stretches, is dictated by

mechanical equilibrium at the junctions, and intrinsically depends on the network topology and

chain density. Consider for example a network of Gaussian chains with N Kuhn segments of

length b. The force-extension relation of a Gaussian chain is given by: f = 3kTr/Nb2, where k

is Boltzmann’s constant, T is the absolute temperature, f is the force and r is the chain end-

to-end distance. The elastic shear modulus G of an isotropic DN is exactly given by (Alamé

and Brassart, 2020):

G = νkT

〈
r20
Nb2

〉
, (3.1)

where ν is the chain density, r0 is the initial end-to-end distance of a chain, and the symbol ⟨·⟩

represents an average over all the chains in the network. Eq. (3.1) shows that increasing the

chain end-to-end distances at fixed ν, N and b results in a stiffer network. The classical affine

model of rubber elasticity Gaff = νkT is recovered only in the special case where all chains adopt

the random walk end-to-end distance
√
Nb in the reference configuration. However, the effect

of the chain pre-stretch distribution on the macroscopic response has not been systematically

explored in DN-based studies.

In light of the above considerations, DN models where the chain end-to-end distance, chain

density and chain length can be controlled independently are desirable. Commonly-used net-

work generation methods are unable to achieve this, because they produce networks where

crosslink points are essentially connected to their nearest neighbours, so that density ν and

initial distance r0 are coupled. Examples include regular lattices in 2D (Lei et al., 2021; Deng

et al., 2023) or 3D (Sugimura et al., 2013), as well as random networks obtained from un-

structured meshes where nodes are identified with crosslink points and edges with polymer

chains (Kothari et al., 2018; Alamé and Brassart, 2019; Lei et al., 2021). 3D random networks

with fourfold coordination can also be obtained by locating crosslink points at the centre of

tetrahedral elements and connecting them through the element faces (Alamé and Brassart,

2020; Lei and Liu, 2022). In any of these methods, increasing the chain density is necessarily

accompanied by a decrease in the initial chain end-to-end distance. This point was raised in

our previous works (Alamé and Brassart, 2019, 2020), where we also showed that this coupling
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leads to scaling relations that differ from those of classical rubber elasticity theory.

The first objective of this work is to systematically investigate structure-property relation-

ships of rubbery networks using DNs, explicitly accounting for the effect of the chain pre-stretch.

To this end, we developed a random network generation algorithm that decouples the average

chain end-to-end distance from the chain density by allowing interpenetration of the chains.

Generalised scaling relations that account for the pre-stretch are proposed. We further use the

DN model to investigate the properties of polydispersed network and show the impact of short

chains on the extensibility limit. We made the codes for the generation of random networks

and subsequent mechanical simulations using the open-source software LAMMPS (Thompson

et al., 2022) freely available on Github repositories (Kryven, 2022; Araujo et al., 2024b).

While DN models are useful to elucidate the role of topology on properties, they remain

too expensive for FE simulations at structural scale, and hence, continuum semi-analytical

theories remain desirable. Therefore, the second objective of this work is to systematically

compare DN predictions to affine and non-affine microsphere models. We show that (sur-

prisingly) affine models overall perform better than non-affine models, but that this is likely

due to the competition between affine assumption and the approximation of uniform initial

chain stretch distribution, which have opposite effects. We also propose extended affine and

non-affine models that account for a pre-stretch distribution, with the non-affine formulation

showing significantly better agreement with DN results.

3.2 Discrete Network model

3.2.1 Chain behaviour

We use the freely-jointed chain model to describe the behaviour of network chains. The

freely-jointed chain model is one of the simplest models for ideal chains capturing the finite

extensibility of polymer chains while providing the force-extension relation in closed form. The

concept of equivalent freely-jointed chain further provides a unified description of all flexible

polymers in the ideal state (Rubinstein and Colby, 2003). For a freely-jointed chain with N

rigid Kuhn segments of length b and a fixed end-to-end distance r, the Helhmoltz free energy
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is given by (Treloar, 1973; Weiner, 2012):

w = NkT

[
rβ

Nb
+ log

(
β

sinh β

)]
with β = L−1

( r

Nb

)
, (3.2)

where L(x) = coth x− 1/x is the Langevin function. The force needed to maintain the end-to-

end distance r is derived from the free energy as f = dw/dr:

f =
kT

b
L−1

( r

Nb

)
. (3.3)

The force vanishes when r = 0, i.e. when the chain adopts a coiled configuration. In the small

extension limit r ≪ Nb, L−1(x) ≈ 3x and the force-extension relation reduces to the linear

expression:

f = 3kT
r

Nb2
, (3.4)

which coincides with the Gaussian chain model. When r approaches the chain contour length

Nb corresponding to the fully-straightened configuration, the force (3.3) tends to infinity. Let

r0 be the chain end-to-end distance in the initial configuration of the network. We define the

chain pre-stretch as the ratio of the chain initial end-to-end distance to the ideal random walk

distance
√
Nb: λ0 = r0/

√
Nb.

3.2.2 Network behaviour

We next consider a network of n freely-jointed chains connected at junction points. In the

DN model, the chains are represented by springs with force-extension relation given by Eq.

(3.3). We make the assumption of a phantom network, i.e. chains in the network only interact

via their junction points. We write Xi and xi the reference and current coordinates of the ith

junction in the network. We further distinguish inner junctions with index i ∈ I = (1, nI) from

boundary junctions with index i ∈ B = (nI + 1, nI + nB), where nI and nB are the number of

inner and boundary junctions, respectively. The displacements of the boundary junctions are

subjected to affine boundary conditions corresponding to the macroscopic deformation gradient

F :

xk = F ·Xk, k ∈ B. (3.5)
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In the reference configuration, F = 1. In the rest of this study, the reference configuration is

identified with the initial configuration.

The positions of the inner junctions are determined from the conditions of force balance at

each inner junction. Let W be the macroscopic free energy density of the network occupying a

volume V0 in the reference configuration. The macroscopic free energy of the network admits

the following variational characterisation:

W (F ) = inf
xk,k∈I

1

V0

∑
i

∑
j>i

w(rij;Nij), (3.6)

where rij is the end-to-end distance of a chain linking junction points i and j: rij = ∥rij∥ with

rij = xi − xj. Nij represents the number of Kuhn segments of that chain, and we formally set

Nij = ∞ when the two junctions are not connected, so that the force along the chain is zero

according to the freely-jointed chain model (3.3). The minimisation in Eq. (3.6) is carried out

over the positions of the inner junctions, while the positions of the boundary junctions are fixed

by the boundary conditions (3.5). Note that the summation on j in Eq. (3.6) extends over

both inner and boundary junctions. The stationarity conditions lead to the requirement that

the sum of the forces at each junction point should be zero. Condition (3.6) must also hold in

the reference configuration of the network with F = 1, so that chain forces are balanced in the

reference configuration.

Let f ek be the reaction force on a boundary junction with k ∈ B. In the following, we use

the superscript e to refer to quantities related to the external reaction forces. We derive an

expression for the macroscopic stress P e conjugated to the macroscopic deformation gradient

F from the condition of equivalence between the (virtual) macroscopic and microscopic works

(Alamé and Brassart, 2020):

V0P
e : δF =

∑
k

f ek · δxk, (3.7)

where the summation extends over all the boundary junctions. Inserting the affine boundary

conditions (3.5), the right-hand side of the above expression rewrites as:

∑
k

f ek · δxk =
∑
k

(f ek ⊗Xk) : δF . (3.8)
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The macroscopic stress is thus identified as:

P e =
1

V0

∑
k

f ek ⊗Xk, (3.9)

and can be interpreted as a first Piola-Kirchhoff stress. P e can alternatively be derived from

the free energy according to:

P e =
∂W

∂F
, (3.10)

which can be verified from Eq. (3.6) taking the stationarity condition on the internal node

positions into account. Note that the stress P e is not zero in the reference configuration,

since external forces must be applied on the boundary nodes to balance the restoring forces

of network chains with non-zero initial end-to-end distance, according to the force-extension

relation (3.3).

In this work, we focus on deformations at constant volume, so that J = det(F ) = 1. As is

standard in the treatment of incompressible hyperelasticity, the incompressibility constraint is

taken into account via a Lagrange multiplier P :

P = P e − JPF−T . (3.11)

The Lagrange multiplier is identified from the boundary conditions. The corresponding Cauchy

stress tensor σ is obtained from the usual formula: σ = (1/J)PF T , giving:

σ = σe − P1, (3.12)

where σe = (1/J)P eF T . Note that σe includes a hydrostatic component and is not deviatoric.

Here we assume that the reference configuration is stress free, so that the Lagrange multiplier

in the reference configuration is identified as P = 1
3
tr(σe). The deviatoric part of the Cauchy

stress, dev(σ) = dev(σe) is zero in the reference configuration provided that the network free

energy is isotropic, see e.g. (Holzapfel, 2002).

49



3.2.3 Gaussian networks

When all the chains are in their Gaussian regime in the reference configuration of the

network, i.e. Eq. (3.4) applies, the free energy of a chain linking junctions i and j can be

expressed as: w(rij;Nij) =
1
2
κijr

2
ij, where κij = 3kT/Nijb

2 is the stiffness of the Gaussian chain.

The corresponding force-extension relation is linear and given by Eq. (3.4). The minimisation

problem (3.6) becomes:

W (F ) = inf
xk,k∈I

1

2V0

∑
i

∑
j>i

κijr
2
ij, (3.13)

and the stationarity condition directly provides the condition of force balance at each inner

junction: ∑
j ̸=i

κijrij = 0, ∀i ∈ I, (3.14)

where the summation on j extends over both inner and boundary junctions. Then, it can be

easily verified that the displacements of the inner junctions are also affine. Indeed, assuming

affine displacements of both inner and boundary junctions in the above equation gives:

∑
j ̸=i

κij(xi − xj) =
∑
j ̸=i

κijF · (Xi −Xj) = F ·
∑
j ̸=i

κij(Xi −Xj) = 0, (3.15)

where the last equality holds provided that the network is equilibrated in the reference configu-

ration. The above equation shows that the affine displacement solution satisfies the stationarity

condition of the minimisation problem and is the (unique) solution of the minimum problem1.

Accounting for the affine displacement of the inner junctions, the free energy of the network

can be rewritten in an explicit form. Here we switch notation and use the subscript α ∈ (1, n)

to denote the αth chain in the network. Writing r0,α the end-to-end vector of chain α in the

reference configuration, and noting that rα = F · r0,α due to the affine motion of the junctions,

1The uniqueness of the solution is based on the following considerations. First, note that the total potential
energy of the spring network can be rewritten as (Weiner, 2012):

W = {x}T [A]{x}+ {B}T {x}+ C,

where {x} is an array containing the coordinates of all the internal nodes, and the matrix [A], array {B} and
constant C depend on the network topology, spring constants and the positions of the boundary nodes. The
quadratic form has a unique minimum if (and only if) it is positive definite, which is indeed the case here, see
(James, 1947; Flory, 1976).
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the energy (3.13) rewrites as:

W (F ) =
1

2V0

∑
α

καr
2
α =

1

2V0

∑
α

καr0,α · (F T · F ) · r0,α =
1

2V0

∑
α

κα(r0,α ⊗ r0,α) : C, (3.16)

where C = F T · F is the right Cauchy-Green strain tensor. If the network is isotropic in the

reference configuration, we must also have that (Weiner, 2012):

∑
α

καr0,α ⊗ r0,α =
1

3

∑
α

καr
2
01. (3.17)

Inserting the above result into Eq. (3.16), we obtain (Weiner, 2012; Alamé and Brassart, 2020):

W (F ) =
1

2
νkT

〈
r20,α
Nb2

〉
I1 ≡

1

2
GI1, (3.18)

where I1 = tr(C) is the first invariant of the right Cauchy-Green tensor, ν = n/V0 is the chain

density, and we have introduced the following notation for the ensemble average over all the

chains in the network:

⟨·⟩ = 1

n

n∑
α=1

(·)α. (3.19)

Eq. (3.18) shows that the energy density of a discrete network of Gaussian springs is of the

neo-Hookean form with shear modulus given by:

G = νkT

〈
r20
Nb2

〉
= νkT ⟨λ20⟩. (3.20)

When all the chains adopt their random-walk end-to-end distance in the reference configuration

of the network, i.e λ0 = 1 for all chains, the modulus recovers the estimate of the classical affine

model of rubber elasticity theory: Gaff = νkT (Treloar, 1973; Rubinstein and Colby, 2003).

Remark 2 In the classical affine model of rubber elasticity theory, as presented for example in

(Treloar, 1973; Rubinstein and Colby, 2003), the assumption of affine deformation of the chains

is made a priori. In contrast, in the DN model of Gaussian chains, the affine deformation of the

chains is an exact result. The classical affine model also relies on the a-priori assumption that all

chains adopt their random-walk end-to-end distance in the initial configuration of the network.

If this assumption is relaxed and the chain initial end-to-end distances are left unspecified, then
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the affine model of rubber elasticity gives (3.20), see Section 5.6 in (Weiner, 2012). However,

for some reason, the effect of a chain pre-stretch distribution on the modulus has been largely

ignored in the literature, and the expression Gaff = νkT is usually retained as that of the ”affine

modulus”, at the expense of the more general form (3.20).

3.2.4 Numerical implementation

The DN model was implemented in LAMMPS (Thompson et al., 2022), treating junction

points as atoms with bond behaviour described by the FJC model implemented in LAMMPS via

C++ user subroutines. For given positions of the boundary junctions set by the affine boundary

conditions (3.5) corresponding to a given deformation gradient F , the equilibrium positions of

the inner junctions are calculated by energy minimisation using the FIRE algorithm (Bitzek

et al., 2006) implemented in LAMMPS. Note that networks are also equilibrated in their refence

configuration with F = 1, as the network generation algorithm (presented in the next section)

does not produce an equilibrated network. The macroscopic stress P e is calculated from the

reaction forces on the boundary nodes according to Eq. (3.9), and the Lagrange multiplier P

in Eq. (3.11) is identified from the boundary conditions.

3.3 Network generation algorithm

We now present a network generation algorithm allowing independent control of the average

chain end-to-end distance, chain length and chain density. The algorithm was inspired by the

work of Kryven and Versendaal (2022), and was implemented in Matlab. Network topologies

in a unit cube are defined by a (theoretical) distribution of chain end-to-end distances in the

reference configuration, taken of the Gaussian form:

pd(d) =
1√
2πs2d

exp

(
−1

2

(
(d− µd)

sd

)2
)
, (3.21)

where µd and sd are the average and standard deviations of the distribution. DNs satisfying the

above distribution are produced by sequentially adding links (chains) between nodes (junction

points) randomly dispersed in the unit cube. For simplicity, we assume that all inner nodes

have a functionality of four, however the algorithm below can be generalised to other, possibly
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non-uniform functionalities. Thus, if fi denotes the available functionality of node i, then fi = 4

for all i ∈ I at the start of the algorithm.

The network generation algorithm, illustrated in Fig. 3.1, involves the following steps:

1. The unit cube is seeded with n/2 randomly distributed nodes using a Poisson disk sam-

pling algorithm to maintain a minimum separation distance δD between nodes (Cook,

1986) (Fig. 3.1(a)). In practice, the distance δD is set as 0.5
(
2
n

)1/3
.

2. A list containing all admissible connection distances dij ≥ 0, dij = dji is created. Here we

assume periodicity and calculate distances between nodes across boundaries. Let gd(r)

be the numerical probability density of the elements of this list. That is, gd(r)dr is the

probability that dij ∈ [r, r + dr).

3. The connection probability pij for each pair of nodes (i, j) with i, j ∈ I is calculated

taking into the account the actual distance dij between the two nodes and the desired

end-to-end distribution, Eq. (3.21),

pij :=
pd(dij)

gd(dij)
fifj. (3.22)

4. From all admissible links, one is chosen using weighted sampling, using pij as the weights

(Fig. 3.1(b)). Suppose the chosen link is (i, j), then the available functionalities of the

nodes involved in this link are updated: fi = fi − 1 and fj = fj − 1.

5. The list of the connection probabilities pij is recalculated using equation (3.22), and, if

the number of placed links is less than n, one goes to Step 4.

6. Once n links have been created by joining the inner nodes, additional nodes are added on

the cube surface at the points where periodic links cross the boundaries (Fig. 3.1(c)). This

process effectively replaces each periodic link by two shorter links. This procedure slightly

changes the final number of chains in the network. However, they do not significantly

impact the final chain density, provided that n is large enough.

All the networks considered in this work contain at least 60000 chains. This number is suffi-

ciently large to ensure a good agreement between the distribution of end-to-end distances in
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Fig. 3.1: Steps involved in the generation of the discrete networks. (a) Seeding of the simu-
lation volume with nodes using Poisson disc sampling with minimal separation distance δD.
(b) Sequential linking of nodes based on a predefined probability of end-to-end distance. (c)
Creation of additional boundary nodes.

the as-generated network and the theoretical distribution Eq. (3.21). Noticeable deviations

were only observed for small prescribed average distances µd with deviations sd large enough

to produce the condition µd− sd < 0. Moreover, the average functionality ⟨fi⟩ of the generated

networks is typically not equal to four due to the presence of boundary nodes. However, 99% of

the inner junctions have fi = 4, demonstrating the robustness of the algorithm to produce net-

works with prescribed functionality, since the boundary nodes are created in a post-processing

phase.

The algorithm produces networks with different degrees of interpenetration, depending on

the chosen values for chain density and average distance µd. By interpenetrated networks,

we mean networks in which the average distance between junctions is larger than the average

nearest-neighbour distance. Specifically, we use the distance between two connected junctions

in a diamond network as a reference for measuring interpenetration. In a unit cube, the distance

between two neighbour junctions in a diamond lattice is given by
√
3

41/3
n−1/3. Thus, we define

the degree of interpenetration ξ as:

ξ =
41/3√
3
n1/3µd, (3.23)

which shows that ξ increases linearly with the average distance µd when the number of chains

is kept constant. For illustration, Fig. 3.2 shows two 2D networks generated with the same

number of chains n = 1000, but different degrees of interpenetration ξ = 1 (a) and ξ = 4 (b).

The deviation sd is the same for both networks: sd = 0.005. Note that in 2D, interpenetration
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(a) (b)

Fig. 3.2: Illustration of 2D networks with different degrees of interpenetration: a) ξ = 1 and
b) ξ = 4. For both networks n = 1000 and sd = 0.005. d represents the end-to-end distance
of a chain in the unit square. The maximum value of 0.15 was observed in Fig. (b), and the
same colour scale was adopted in Fig. (a) to highlight the differences in end-to-end distance
distributions in networks with different degrees of interpenetration.

is measured with respect to a square lattice taken as reference, and the definition of interpen-

etration becomes ξ =
√
2n1/2µd. Networks with higher degrees of interpenetration have more

intricate structures.

After generating the network topologies, the number N of Kuhn segments is assigned to

each chain. For polydispersed networks, N is drawn from a predefined distribution pN(N),

treating N as a continuous random variable. Several probability distribution functions have

been considered in the literature, including normal, log-normal, and exponential distributions

(Wang et al., 2015; Itskov and Knyazeva, 2016; Verron and Gros, 2017; Guo and Zäıri, 2021;

Mulderrig et al., 2021). For illustration, we limit ourselves to the log-normal distribution:

pN(N) =
1

N
√
2πs2

exp

(
−(lnN − µ)2

2s2

)
, (3.24)

where the parameters µ and s are related to the mean µN and standard deviation sN of the

distribution by:

µ = ln

(
µ2
N√

µ2
N + s2N

)
, s2 = ln

(
1 +

s2N
µ2
N

)
. (3.25)

We have verified that the actual chain length distribution of the polydispersed DNs is in good

agreement with the analytical expression (3.24).

Finally, the physical length L0 = (V0)
(1/3) of the simulation volume was determined based
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on the actual chain density ν as:

ν =
n

L3
0

, (3.26)

giving the physical end-to-end distance between nodes as dL0. Effectively, this approach de-

couples the network topology from chain density. Networks with identical topologies (in the

unit cube) but different chain densities can be simulated by simple rescaling of the lengths.

At this stage, chains with (physical) end-to-end distance larger than their contour length Nb

are removed from the simulation volume. Indeed, chains with end-to-end distances exceeding

their contour length may be produced by the network generation algorithm for polydispersed

networks with a broad distribution of chain lengths. In the simulations considered below, the

fraction of chains removed from the simulation never exceeded 5%.

After rescaling, the equilibrated configuration of the as-generated network for a given macro-

scopic deformation was determined, as described in Section 3.2.4. For illustration, Fig. 3.3

shows the (a) as-generated and (b) relaxed (F = 1) configurations of a 3D network generated

with µd = 0.073, sd = 0.015 and n = 10000. The initial relaxation of the network alters the

distribution of the chain end-to-distances, compared to the as-generated structure. Overall,

relaxation tends to decrease the average end-to-end distance and to widen the distribution of

end-to-end distances. To obtain DNs with a desired average end-to-end distance in the ref-

erence, relaxed configuration, a slightly higher average end-to-end distance target has to be

prescribed. Trial-and-error tests suggest that setting the target value as 1.4 times larger than

the desired one suffices to compensate for the relaxation effects.

3.4 Elastic properties of Discrete Networks

We illustrate the mechanical behaviour of discrete networks subjected to uniaxial tension.

Under the assumption of incompressibility, the macroscopic deformation gradient is taken of

the form: F = diag{λ1, λ2, λ3} with λ2 = λ3 = 1/
√
λ1. The Lagrange multiplier P is identified

from the condition σ2 = σ3 = 0. The shear modulus G of the DN is calculated from the
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(a) (b)

Fig. 3.3: Comparison between the as-generated (a) and relaxed (b) configurations of a 3D
DN generated with µd = 0.073, sd = 0.015 and n = 10000 for illustration. Networks used
to calculate the effective properties contain at least 60000 chains. d represents the end-to-end
distance of a chain in the unit cube. The maximum value of 0.16 was observed in Fig. (b),
and the same colour scale was adopted in Fig. (a) to highlight the differences in end-to-end
distance distributions in networks with different degrees of interpenetration.

stress-strain curves as2:

3G = lim
λ1→1

dσ1
dλ1

. (3.27)

The limit extensibility λmax of the DN is defined as the macroscopic stretch at which the

stress tends to infinity. In practice, DN simulations lose convergence before reaching the true

extensibility limit, due to the divergence in the force-extension relation of highly-stretched

chains. As a workaround, λmax is estimated by fitting the DN stress-strain response using a

mathematical expression borrowed from the 3-chain model, and extrapolating this expression

to infinite stress, see (Alamé and Brassart, 2020). For each set of parameters, simulations were

conducted for five DN realisations. Differences in the stress-stretch behaviour of DNs created

with the same input parameters only became noticeable in the later stages of deformation,

where locking effects occur. Therefore, in the following we only show the stress-stretch curve

of one DN realisation.

2In practice, the shear modulus was obtained by fitting the stress-strain curve in the small-deformation
region with the following expression (Sorichetti et al., 2021):

σ1 = G

[
(λ− λref)

2 − 1

λ− λref

]
,

where λref is a numerical fitting parameter introduced to compensate for the fact that σ1 is not exactly zero at
λ = 1 in the DN simulations.
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3.4.1 Monodispersed networks

We first consider monodispersed networks with νb3 = 0.001 and N = 100. The networks

were generated by varying µd (or ξ) while keeping the deviation sd = 0.2µd constant. Distribu-

tions pλ0(λ0) of chain pre-stretches λ0 =
r0√
Nb

in the relaxed reference configuration are shown in

Fig. 3.4(a). DN results show that networks generated with higher degrees of interpenetration

exhibit broader pre-stretch distributions. The uniaxial tension response of these networks is

shown in Fig. 3.4(b). Overall, higher degrees of pre-stretch lead to a stiffer response of the

network and to a reduction in the limit extensibility.

Scaling relations for the elastic modulus of networks with three different chain densities and

various average pre-stretches λ̄0 ≡
√

⟨λ20⟩ =
√〈 r20

Nb2

〉
are shown in Fig. 3.4(c). The dashed line

represents the modulus of the corresponding Gaussian network calculated using Eq. (3.20).

As a rule of thumb, chains can be considered to be in their Gaussian regime in the reference

configuration when r0 < 0.3Nb, which for N = 100 approximately corresponds to λ0 < 3.

The agreement between DN predictions and the Gaussian estimate is very good overall. The

discrepancy observed as the average pre-stretch increases is due to the fact that a larger portion

of chains are pre-stretched beyond their Gaussian regime as the average pre-stretch increases,

as seen in Fig. 3.4(a).

The limit extensibility of the networks is shown in Fig. 3.4(d). Considering that the limit

extensibility of the network is reached when chains aligned with the maximum principal stretch

direction reach their contour length, the following scaling relation is suggested: λmax ∼
√
N
λ̄0

(shown as a dashed line). This scaling generalises the classical relation λmax ∼
√
N , which holds

only in the particular case where r0 =
√
Nb and λ0 = 1. This scaling relation is independent

of the chain density, which is verified in the DN simulations.
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Fig. 3.4: a) Probability distributions of chain pre-stretch of Discrete Networks with νb3 = 0.001,
N = 100, and various degrees of interpenetration. b) Uniaxial tension response of the networks.
c) Scaling of the elastic modulus with average pre-stretch in networks with different chain
densities. d) Scaling of the extensibility limit with the average locking stretch.

3.4.2 Polydispersed networks

We next consider polydispersed networks with log-normal chain length distribution. The

topologies of the polydispersed DNs are the same as the topologies of the corresponding

monodispersed DNs with same density considered in Section 3.4.1. These networks all have

the same average number of Kuhn segments per chain, µN = 100 but differ in the spreading of

the chain length distribution. Figs 3.5(a) and (b) show the pre-stretch distribution and uniax-

59



ial stress-stretch response of polydispersed networks Corresponding results for monodispersed

networks with N = 100 are also shown for comparison. The initial slope of the stress-stretch

response is similar in all networks, which is due to the fact that all networks have similar

average pre-stretch λ̄0 and the same chain density. However, the response of polydispersed

networks is stiffer than that of monodispersed networks at large deformation, and the stiffening

effects is more pronounced as the standard deviation in the chain length distribution increases.

The extensibility limit also decreases with an increase in sN . These effects can directly be

attributed to the presence of shorter chains which stiffen the network and reach their own limit

extensibility earlier. Similar trends were observed for other values of the average pre-stretch.

Figs 3.5(c)-(d) shows the elastic modulus and extensibility limit of polydispersed networks

with various degrees of interpenetration (the same ones as in Fig. 3.4a), and thus various

degrees of average pre-stretch. Fig. 3.5(c) shows that the scaling G ∼ λ̄20 still holds, and

that the modulus is still satisfactorily predicted by the Gaussian estimate (3.20), as expected.

However, the accuracy of the Gaussian estimate decreases as the average pre-stretch increases,

due to the presence of chains stretched beyond their Gaussian regime in the initial configuration.

Regarding the extensibility limit (Fig. 3.5(d)), to account for the presence of short chains, we

propose a scaling relation of the form:

λmax ∼ (µN − αsN)
1/2 λ̄−1

0 , (3.28)

where α is a constant. This expression effectively extends the corresponding monodispersed

scaling relation by using an effective number of Kuhn segment Neff = µN−αsN and recovers the

monodispersed scaling relation when sN = 0. The extensibility limits of all considered networks

collapse onto a single master curve when α = 0.2, as shown in Fig. 3.5(d), corresponding to

Neff = 98, 94 and 90 in the cases sN = 10, 30 and 50, respectively.
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Fig. 3.5: a) Probability distribution of chain pre-stretch in polydispersed DNs with νb3 = 0.001,
µN = 100, and various sN . The degree of interpenetration is ξ = 0.98. Uniaxial stress-
stretch responses of these networks. Scaling of (c) the elastic modulus and (d) the ex-
tensibility limit in polydispersed networks with different chain length distributions and dif-
ferent average chain pre-stretch, corresponding to different degrees of interpenetration ξ =
0.98, 1.23, 1.47, 1.72, and 1.96.
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3.5 Microsphere models

DN models allow the detailed investigation of the role of network topology on the network

properties. However, they remain computationally expensive in view of numerical simulations

at the structure scale. For this purpose, continuum constitutive theories remain necessary. In

this Section, we outline several micromechanics based constitutive models of rubber elasticity.

All these models describe individual chains as freely-jointed chains, but differ in the postulated

stretch-partitioning assumption. Our objective is precisely to assess the accuracy of those

stretch-partitioning assumptions, using DN simulations as reference.

We focus on so-called microsphere models, which consider a continuous distribution of chain

orientations. The initial (reference) orientation of a chain is described by the unit vector

n0 = r0/∥r0∥, with r0 the initial end-to-end vector of a chain. In the current configuration

of the network subjected to the macroscopic deformation gradient F , the end-to-end vector

becomes r. Polydispersity is described by the chain length distribution pN . The considered

microsphere models are based on the additional set of assumptions: (i) chains are randomly

oriented in the initial configuration of the network; (ii) chains having the same number of Kuhn

segments all have the same initial end-to-end distance: r0 = r0(N); (iii) chains with the same

initial orientation n0 and having the same number of Kuhn segments N all experience the same

stretch: λc = λc(F ,n0, N). According to this set of assumptions, the elastic free energy of a

network with chain density ν can be expressed as:

W = ν

ˆ
N

pN(N)

¨
Su

w(λc;N)dSudN, (3.29)

where we have used the notation
˜

Su
dSu = 1

4π

´ 2π
0

´ π
0
sin(ϕ)dϕdθ. Fig. 3.6 shows a schematic

representation of the microsphere framework and the meaning of the spherical angles θ and ϕ.

In Eq. (3.29), w is the free energy of a single chain given by the freely-jointed chain model

(3.2). The macroscopic stress P e derived from the free energy (3.29) is given by:

P e = ν

ˆ
N

pN(N)

¨
Su

f(λc, N)r0
∂λc
∂F

dSudN, (3.30)

where f is the chain force. Specific models differ in their assumptions used to calculate λc. In
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Fig. 3.6: Schematic representation of the microsphere model and the meaning of the spherical
angles θ and ϕ.

the following, we consider the affine model (Treloar (1954); Wu and Van Der Giessen (1993);

Itskov and Knyazeva (2016)), the hybrid equal-force model (Verron and Gros (2017)), and

the non-affine fully-relaxed model (Tkachuk and Linder (2012); Diani and Le Tallec (2019);

Govindjee et al. (2019); Mulderrig et al. (2021)).

3.5.1 Affine model

In the affine microsphere model, the chain stretch λc is identified with the (affine) line-stretch

of the continuum for the initial chain direction:

λc = λaff, λaff = ∥Fn0∥. (3.31)

The macroscopic stress (3.30) becomes:

P e = ν

ˆ
N

pN(N)

¨
Su

fr0
λc

F (n0 ⊗ n0)dSudN. (3.32)

The elastic modulus can be readily obtained from the stress-stretch relation, assuming that

all chains are in their Gaussian regime in the initial configuration. Eq. (3.4) for the chain force

can be then used, and the following expression of the modulus is found:

Gaff = νkT

ˆ
N

p(N)
r20
Nb2

dN. (3.33)

This expression is the continuum counterpart of the discrete Gaussian estimate (3.20) and

reduces to the classical value νkT in the particular case where all chains adopt their random
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(a) (b)

Fig. 3.7: Unit cells of the three-chain (a) and eight-chain (b) reductions.

walk end-to-end distance
√
Nb in the initial configuration.

In the affine model, the chain stretch (3.31) is independent of the number of Kuhn segments.

It follows that the limit extensibility is reached when a chain aligned in the maximum principal

stretch direction reaches it contour length: λmax =
(
Nb
r0

)
min

. In the particular case where

r0 =
√
Nb, then λmax =

√
Nmin with Nmin the number of Kuhn segments in the shortest chains.

Three-chain and eight-chain reductions. The three-chain model (Wang and Guth, 1952)

can be seen as a reduction of the microsphere model where only the chains that are initially

aligned with the principal stretch directions are considered. For a monodispersed network, the

elastic energy is given by:

W =
ν

3

3∑
i=1

w(λi). (3.34)

In the eight-chain model (Arruda and Boyce, 1993), only chains aligned with the diagonal of a

cube aligned with the principal stretch directions in the initial configuration are considered:

W = νw(Λc), (3.35)

where Λc =

√
λ21+λ

2
2+λ

3
3

3
. Fig. 3.7 illustrates the unit cells associated with the three-chain and

eight-chain models.

3.5.2 Hybrid equal-force model

In the hybrid equal-force model proposed by Verron and Gros (2017), chains of different

contour lengths that are oriented in the same direction in the initial configuration are assembled
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in series to form a hybrid chain with end-to-end distance R:

R =

ˆ
N

pN(N)r(N) dN, (3.36)

where r(N) denotes the end-to-end distance of a chain with N Kuhn segments in the hybrid

chain. Assuming that all chains in the hybrid chain are subjected to the same force f , Eq.

(3.36) can be rewritten as:

R =

ˆ
N

pN(N)NbL
(
fb

kT

)
dN, (3.37)

where we have used the force-extension relation of the FJC model (3.3). Inverting (3.37) then

gives the force-extension relation of the hybrid chain:

f =
kT

b
L−1

(
R

N̄b

)
, (3.38)

where N̄ is the average number of Kuhn segments in the hybrid chain:

N̄ =

ˆ
N

pN(N)N dN. (3.39)

The stretch of the hybrid chain Λc is identified with the line-stretch of the continuum:

Λc = λaff, (3.40)

where Λc =
R
R0

and the affine stretch was defined in Eq. (3.31). The initial end-to-end distance

of the hybrid chain is defined consistently with Eq. (3.36) as R0 =
´
N
pN(N)r0(N)dN . The

macroscopic stress is directly obtained from Eq. (3.32) applied to a monodispersed network of

hybrid chains with initial end-to-end distance R0:

P e = ν

¨
Su

fR0

Λc
F (n0 ⊗ n0)dSu. (3.41)

Note that the initial end-to-end distances of individual chains cannot be prescribed a-priori, as it

would violate the equal force assumption in the reference configuration. Instead, only the initial

end-to-end distance R0 of the hybrid chain can be prescribed, and the equal-force assumption

gives the initial end-to-end distance of a chain with N Kuhn segments as: r0(N) = (N/N̄)R0.
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The elastic modulus of the hybrid equal-force model (assuming that all chains are in their

Gaussian regime in the initial configuration) is obtained as:

GEF = kTν
R2

0

N̄b2
. (3.42)

The modulus of the hybrid equal-force model reduces to the classical estimate νkT when R0 =
√
N̄b, which corresponds to r0(N) = N√

N̄
b. The maximum extensibility of the hybrid equal-force

model is reached when the hybrid chain aligned with the maximum principal stretch direction

reaches its contour length λmax = N̄b/R0.

Remark 3 Our presentation of the hybrid equal-force model differs from the original presen-

tation by Verron and Gros (2017). These authors introduced a pre-assembly state, where in-

dividual chains adopt an initial end-to-end distance r̃0. Subsequently, the chains are assem-

bled in the hybrid chain while complying with the equal-force constraint. In this view, the

function r̃0(N) can be arbitrarily set, and is used to define the initial pre-assembly length

R̃0 =
´
N
pN(N)r̃0(N)dN . They then assumed that the length of the hybrid chains remained un-

changed during assembly, i.e., R0 = R̃0. In our approach, we do not introduce a pre-assembly

state, and the chains are initially in equilibrium and subjected to the equal-force constraint.

This is consistent with the DN model, where the initial distribution of end-to-end distances

must satisfy the condition of mechanical equilibrium.

3.5.3 Fully-relaxed non-affine model

In the fully-relaxed model, no a-priori assumption is made on the partitioning of stretches

or forces among the chains. Instead, the chain stretches are determined in such a way that

they minimise the total elastic energy of the network subjected to a kinematic constraint. For

a polydispersed network, we take the kinematic constraint of the following form:

1

3
F =

ˆ
N

pN(N)

¨
Su

FmdSudN, (3.43)
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where Fm is the microscopic deformation such that r = Fmr0. Introducing the deformed

orientation vector n, such that r = r0n, we have:

Fm = n⊗ n0. (3.44)

The normalisation factor 1/3 in Eq. (3.43) ensures that F = 1 when n = n0. The deformed ori-

entations n are found by minimising the total elastic energy of the network under the constraint

(3.43):

W = inf
n,π

{
ν

ˆ
N

pN(N)

¨
Su

wdSudN + π :

(
1

3
F −

ˆ
N

pN(N)

¨
Su

n⊗ n0dSudN
)}

, (3.45)

where π is the Lagrange multiplier enforcing the constraint (3.43). The stationary condition

w.r.t. n gives, for each N :

f =
1

νr0
πn0, (3.46)

where f = f n
∥n∥ and f = dw

dr
. Remembering that r0 in general depends on N , Eq. (3.46) shows

that all chains with the same initial orientation are subjected to forces aligned in the same

direction, but with different magnitudes depending on N . Taking the norm of the force, and

using the FJC model (3.3), the end-to-end distance of a chain with initial orientation n0 and

N Kuhn segments can be calculated:

r = NbL
(∥πn0∥b
r0νkT

)
. (3.47)

Taking the stationarity condition into account, the macroscopic stress P e is derived from the

free energy as:

P e =
π

3
. (3.48)

The fully-relaxed model is an implicit model, requiring an iterative procedure to calculate

the macroscopic stress for a given macroscopic deformation gradient F . At each iteration,

the current value of the multiplier π is used to calculate the chain force f for each (n0, N)

according to Eq. (3.46). The corresponding end-to-end distances are obtained from Eq. (3.47)

and the deformed vectors are calculated as n = r
r0

f
f
. Iterations are carried out on the Lagrange

multiplier until the constraint (3.43) is satisfied.
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The minimisation (3.45) must also be carried out in the initial configuration of the network,

so that the relation r0(N) cannot be set arbitrarily. First note that, from Eq. (3.46) the

deformed orientations can be expressed as: n = r
r0

πn0

∥πn0∥ = r
r0

πn0

νr0f
. Using this expression into

the kinematic constraint (3.43), and setting F = 1, r = r0 and n = n0, we obtain the identity:

1 =

ˆ
N

pN(N)

νr0f0
dNπ, (3.49)

where f0 is the force in the reference configuration and we also used the identity
´
Su

n0⊗n0dSu =
1
3
1. Eq. (3.49) identifies the Lagrange multiplier in the reference configuration. Using its

expression back into Eq. (3.46), we obtain the identity:

1

r0f0
=

ˆ
N

pN(N)

r0f0
dN, (3.50)

which implies that the product r0f0 should be the same for all chains with various numbers of

Kuhn segments. If all the chains are in their Gaussian regime in the initial configuration of the

network, Eq. (3.50) becomes:

Nb2

r20
=

ˆ
N

pN(N)
Nb2

r20
dN. (3.51)

The condition then becomes that r20/N should be a constant, independent of N , i.e. r0(N) ∝
√
N . Therefore, without loss of generality, we can write r0(N) = λ0,FR

√
Nb, where λ0,FR is the

(uniform) chain pre-stretch, which can be set arbitrarily. Consistent with our definition of the

chain pre-stretch, the particular case λ0,FR = 1 gives r0(N) =
√
Nb. Note that conditions (3.50)

or (3.51) only need to be satisfied for polydispersed networks. For monodispersed networks, r0

is uniform and the conditions are satisfied automatically, independent of the relation between

r0 and N .

The Gaussian modulus of the fully-relaxed model is obtained following similar derivations.

First, the deformed normal of the Gaussian chain is obtained from Eq. (3.46) and using Eq.

(3.4) for the chain force:

n =
Nb2πn0

3kTνr20
. (3.52)

Inserting this relation into the kinematic constraint (3.43), and noting the relation (3.48), the
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macroscopic stress-stretch relation is obtained:

P e = νkTλ20,FRF , (3.53)

where we also used condition (3.51) on the initial end-to-end distances. The latter equation

identifies the shear modulus as:

GFR = νkTλ20,FR. (3.54)

Importantly, this expression for the modulus agrees with the exact expression for the modulus

of a network of Gaussian chains, Eq. (3.20). In the particular case where r0 =
√
Nb (λ0,FR = 1),

Eq. (3.54) recovers the classical estimate νkT . To the best of our knowledge, an analytical

expression of the maximum extensibility of the fully-relaxed model does not exist.

Remark 4 The kinematic constraint (3.43) for polydispersed networks is different from the

model previously proposed by Diani and Le Tallec (2019) and Mulderrig et al. (2021). These

authors use the following averaging condition:

1

3
F =

´
N
p(N)r0(N)

˜
Su

FmdSudN´
N
p(N)r0(N)dN

. (3.55)

Enforcing this constraint when minimising the elastic energy over the deformed orientations n

then gives the stationary condition:

f =
1

νr̄0
πn0, (3.56)

where r̄0 =
´
N
p(N)r0(N)dN . It follows that all chains with the same initial orientation are

subjected to the same force, independent of N . This is similar to the hybrid equal-force model.

In contrast, the more intuitive constraint (3.43) appears more general as it does not lead to

an equal-force condition. Another difference with the previous formulation is that, with the

constraint (3.55), the relation r0(N) can be set arbitrarily, which might be seen as an advantage

of the formulation. However, it can be verified that the Gaussian elastic modulus is now given

by:

GFR =
νkT r̄20´

N
pN(N)Nb2dN

, (3.57)

with r̄0 defined above, and which in general differs from the exact result (3.20). The exact result

is recovered only in the case of a monodispersed network.
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3.6 Comparison between Discrete Network and micro-

sphere models

In this section, we systematically compare the predictions of the various microsphere models

described in the previous section to DN model predictions taken as reference. Loading con-

ditions are defined through the principal stretches: F = diag(λ1, λ2, λ3). Considered loading

conditions are i) uniaxial tension (λ2 = λ3 = 1√
λ1

and σ2 = σ3 = 0), and ii) biaxial tension

(λ1 = λ2 = 1
λ3

and σ3 = 0). The results for the pure shear case (λ1 = 1
λ2
, λ3 = 1 and σ3 = 0)

are not shown here, as the results are very similar to those in uniaxial tension.

3.6.1 Monodispersed Networks

We first consider monodispersed networks with νb3 = 0.001 and N = 100. In the affine and

fully-relaxed microsphere models, the chain end-to-end distance is uniform and set as r0 =
√
Nb,

so that Gaff = GFR = νkT . Accordingly, DNs were generated to obtain an rms-average pre-

stretch λ̄0 = 1. This ensures that the initial modulus of all models coincide. Note that the

hybrid-equal force model reduces to the affine model in the case of monodispersed networks

and is therefore not considered here.

Predictions of the microsphere and DN models are compared in Fig. 3.8 for the two loading

cases. Predictions of the affine and fully-relaxed model are very similar, with the fully-relaxed

model giving a slightly softer response. Both models underestimate the DN response for all

loading conditions. Interestingly, the 3-chain model provides more accurate predictions than

the affine microsphere model, despite the reduced number of orientations. In contrast, the

8-chain model is too soft. We also note that there is no substantial difference between the

prediction of the 8-chain, affine fully-relaxed models in biaxial tension.

The relative performances of the various models shown in Fig. 3.8 can be related to their

predictions of the chain stretch distribution. Fig. 3.9 shows distributions of the normalised

chain end-to-end distances r
Nb

predicted by the various models at a macroscopic stretch λ1 = 5.5.

Overall, all the models fail to capture the DN distribution. In particular, in the analytical

models the maximum chain stretch over all chain orientations is bounded by r0λ1, whereas

the DN model contains a significant fraction of chains that are stretched beyond this value.
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Fig. 3.8: Comparison between the stress-stretch curves of DN simulations and that of the
affine microsphere model, fully-relaxed model, 3-chain model and 8-chain model in (a) uniaxial
tension, (b) biaxial tension.

We attribute the stiffer response of the DN to the presence of these highly extended chains,

bringing about higher forces. The apparent improved performance of the 3-chain model is then

explained by the fact that this model gives a relatively higher weight to chains aligned with the

first principal stretch direction. Interestingly, the response of the fully-relaxed model is softer

than that of the affine, even though the fraction of highly stretched chains is higher than in

the affine model. The presence of highly extended chains in the DN can be traced back to the

initial distribution of r0, as illustrated in Fig. 3.4(a), which leads to a broader distribution of

stretches in the deformed state. In contrast, all analytical models assume a uniform value of

r0.

A fundamental assumption of the microsphere models is that there is a one-to-one map

between the chain stretch and its initial orientation. To verify whether this one-to-one map is

found in the DN, we directly compare the stretches of chains with the same initial orientation

n0 in the DN to microsphere model estimates. Here we only consider chains that lie in planes

parallel to the loading direction in a uniaxial tension test, with polar angle ϕ = 90◦ ± 0.5◦ and

arbitrary azimuthal angle θ. The stretches and normalised force of individual chains in the DN

subjected to uniaxial tension at λ1 = 5.5 are shown in Figs 3.10(a) and (b) as symbols. The

predictions of the affine and fully relaxed models are also shown as continuous lines. It is clear
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Fig. 3.9: Probability distribution of normalised chain end-to-end distances predicted by various
models at λ1 = 5.5 in (a) uniaxial tension, (b) biaxial tension.

that the orientation-stretch map hypothesised by microsphere models does not hold, as chains

with the same initial orientations do not all see the same stretch in the DN (Fig. 3.10(a)).

Deviations are particularly significant in the loading direction θ = 0◦, with chains experiencing

stretches that are either lower or larger than the macroscopic stretch λ1. However, in the

directions transverse to the loading directions, the orientation-stretch map is more accurate,

and DN predictions agree with microsphere model predictions. Overall, the affine model appears

more accurate than the fully-relaxed model. A larger data scattering is observed in the chain

force (Fig. 3.10(b)). This scattering is a consequence of the non-uniform pre-stretch present in

the DN, such that chains with similar stretch but different r0 experience a different force.

3.6.2 Polydispersed Networks

We next compare predictions of polydispersed microsphere models to DN predictions. We

consider networks with νb3 = 0.001 and log-normal chain length distribution with µN = 100

and sN = 30. In the affine and fully-relaxed microsphere models, the end-to-end distance was

set as r0(N) = λ̄0
√
Nb, where λ̄0 is the rms average pre-stretch in the DN (here, λ̄0 = 1.02).

This choice ensures that the elastic moduli of the DN and the microsphere models coincide. To

recover the DN modulus with the hybrid equal force model, we set R0 = λ̄0
√
N̄b in Eq. (3.42),

72



(a)

0 15 30 45 60 75 90

θ (◦)

0

1

2

3

4

5

f
b

k
T

Affine

Fully-relaxed

DN

(b)

Fig. 3.10: (a) Relation between the chain stretch λc and chain orientation θ for chains in planes
parallel to the loading direction in a uniaxial tension test at λ1 = 5.5. (b) Corresponding
relation between the normalised force fb

kT
and chain orientation θ.

which corresponds to r0 =
Nb√
N̄
λ̄0 according to the equal-force assumption.

Fig. 3.11 compares the predictions of the polydispersed models to the DN response in (a)

uniaxial and (b) biaxial tension. All models show the same modulus as the DN, as expected. All

models underestimate the DN response at large deformation. The affine model being the stiffest,

it is also the most accurate. The reasons behind the underestimation of the microsphere models

are two-fold. First, like in the monodispersed case, the polydispersed DNs have a distribution

of pre-stretches (Fig. 3.5(a)), so that highly stretched chains exist in the initial configuration

and which bring about stronger stiffening at large deformation. The presence of highly pre-

stretched chains is neglected by our choice of r0(N). Second, similar to the monodispersed

case, the assumed one-to-one relationship between chain orientation and stretch underpinning

microsphere models does not hold for polydispersed DNs. This is illustrated in Fig. 3.12,

which shows (a) the chain stretches and (b) the normalised chain forces of chains with with

polar angle ϕ = 90◦ ± 0.5◦ and arbitrary azimuthal angle θ at λ1 = 4.2 in a uniaxial tension

test. In the polydispersed case, the chain force predicted by the affine model depends on the

chain length, whereas in the fully-relaxed model, both the chain stretch and the chain force

depend on the chain length. Model predictions falling between one standard deviation above

and below the mean of the distribution over chain lengths are represented with shaded areas,

with the continuous line representing the mean value. DN values (symbols) clearly show that
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Fig. 3.11: Comparison between DN predictions and microsphere models for polydispersed net-
works in (a) uniaxial tension and (b) biaxial tension.

the assumption of one-to-one relation between chain orientation and chain stretch used in the

microsphere models does not hold (Fig. 3.12(a)), and that the corresponding assumption for

the chain force used in the hybrid equal-force model (not shown here for clarity) does not hold

either. Overall, the affine and fully-relaxed models predict similar chain stretches. However,

the affine model predicts higher chain forces, which explains the stiffer macroscopic response

of the affine model.

The stress-stretch curves of the different microsphere models in Fig. 3.11 show small differ-

ences between them, especially the affine and fully-relaxed models. To investigate the conditions

under which noticeable differences occur, we further compare the predictions of these models

when the standard deviation of the chain length distribution varies. Fig. 3.13 shows the uniax-

ial responses of the three models for sN = 10 (a), sN = 30 (b) and sN = 50 (c). All distributions

had the same mean µN = 100 and the same initial end-to-end distance r0(N) =
√
Nb. For the

equal-force model, we set R0 =
√
N̄b so that all models have the same initial modulus.

Overall, as the chain length distribution widens, the differences between the model predic-

tions become more apparent. Moreover, we note that the affine and fully-relaxed responses

stiffen with increasing chain length dispersion, whereas the equal-force ones remain unchanged.

The discrepancies between affine and fully-relaxed predictions also become more distinguish-

able as sN increases. The insensitivity of the hybrid equal-force model to variation in sN is
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Fig. 3.12: (a) Relation between the chain stretch λc and chain orientation θ for chains in planes
parallel to the loading direction in polydispersed networks (µN = 100, sN = 30) in a uniaxial
tension test at λ1 = 4.2. (b) Corresponding relation between the normalised force fb

kT
and

chain orientation θ. Shaded regions represent model predictions that fall between one standard
deviation above and below the mean of the distribution over chain lengths in the affine and
fully-relaxed models.

a consequence of the choice R0 =
√
N̄b, and the fixed mean chain length µN = 100. In this

scenario, the relevant parameters for the equal-force model become independent of the stan-

dard deviation of the distribution. The growing differences between the affine and fully-relaxed

models with increasing dispersion in the chain length distribution are directly linked to the

increase in the amount of short chains. Non-affine models provide softer predictions, as they

are not directly controlled by the response of the shortest chains.

3.6.3 Accounting for the initial distribution of chain end-to-end dis-

tance in microsphere models

Previous results suggest that the non-uniform pre-stretch distribution existing in DN models

and overlooked by microsphere models is a key factor impacting the performance of analytical

models. To further assess the impact of this simplifying assumption, we developed extended

(monodispersed) microsphere models which account for a distribution of the chain end-to-end
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Fig. 3.13: Effect of the chain length distribution on the uniaxial tension predictions of micro-
sphere models for (a) sN = 10, (b) sN = 30 and (c) sN = 50.

distance. The free energy of the extended microsphere model is given by:

W = ν

ˆ
r0

pr0(r0)

¨
Su

w(λc; r0)dSudr0, (3.58)

where pr0(r0) is the probability density of the end-to-end distance. We have developed affine

and fully-relaxed versions of the extended microsphere models. Derivation details are provided

in Section 3.8.

Figs 3.143(a) and (b) compare the predictions of the affine and fully-relaxed microsphere

models enriched with a pre-stretch distribution to DN reference predictions in uniaxial and

biaxial tension, for νb3 = 0.001 and N = 100. In the microsphere models, the pre-stretch

distribution pr0(r0) was set identical to the numerical distribution extracted from the DN sim-

ulation. As expected, both analytical models have the same small strain response as the DN,

as chains are in their Gaussian regime. At large deformations, the affine prediction is signifi-

cantly stiffer than the DN one, which is attributed to the stiffer response of chains with large

initial pre-stretch. On the other hand, the extended fully-relaxed model underestimates the DN

response, as a result of the relaxation of the affine assumption. Interestingly, the predictions

of the affine and fully-relaxed models are now markedly different at large strains, while their

predictions were very similar in the case of uniform pre-stretch. This suggests that the effect of

non-affine deformation is more pronounced in a network with non-uniform pre-stretch distribu-

tion, so that the fully-relaxed model provides much improved predictions compared to the affine

3This figure differs from the one published in the original paper. An error was identified in the published
version and has been corrected in the thesis. A corrigendum will be submitted following thesis submission.
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Fig. 3.14: Predictions of extended affine and fully-relaxed microsphere models accounting for
a pre-stretch distribution in (a) uniaxial (b) and biaxial tension.

model. Finally, we note that the proposed extensions of the affine and fully-relaxed models still

rely on the assumption that chains with the same pre-stretch and orientation exhibit the same

stretch. Although DN simulations have shown that this assumption is not strictly accurate

(Fig. 3.10), the improved agreement observed in Fig. 3.14 suggests that it may nevertheless

be acceptable when the pre-stretch distribution and non-affine deformation are appropriately

accounted for. However, a key limitation of the fully-relaxed extension remains: the pre-stretch

distribution must be known a priori, which in practice is difficult to estimate without DNs.

3.7 Conclusions

We have developed a DN-based computational framework to systematically investigate

structure-property relationships in rubbery networks. The computational model relies on a

novel random network generation algorithm that enables the independent control of the chain

end-to-end distance and chain density by allowing the interpenetration of chains. Generalised

scaling relations accounting for the chain pre-stretch were proposed for both monodispersed

and polydispersed networks, which recover classical scaling relations of rubber elasticity theory

when chains adopt their random walk end-to-end distance in the initial configuration. Our

numerical results show that the chain pre-stretch is a key parameter controlling the mechani-

cal response of rubbery networks, with a higher average pre-stretch leading to higher modulus
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and reduced maximum extensibility. For polydispersed networks, the short chains control the

strain-stiffening behaviour.

We used the computational DN model to systematically assess the predictive capabilities of

microsphere models under different stretch-partitioning assumptions. Surprisingly, the simpler

affine microsphere model shows the best overall performance, with its three-chain reduction

even giving the best agreement with DN results (in the monodispersed case). The affine as-

sumption appears to compensate for the effect of the initial pre-stretch distribution, which

introduces highly extended chains in the DN and which is overlooked in the microsphere mod-

els. To address this limitation of the microsphere models, we proposed extended affine and

fully-relaxed models which account for a distribution of the chain end-to-end distance. While

the affine extension could not yield accurate predictions, the fully-relaxed extension led to im-

proved agreement, provided that the same pre-stretch distribution as that of the DN is used.

However, obtaining the pre-stretch distribution without relying on DNs remains a practical

challenge for the fully-relaxed model. Our DN simulation results also showed that the one-to-

one map between the chain stretch and its initial orientation, which underpins the microsphere

framework, is inaccurate. This point has recently been made by Britt and Ehret (2022) in the

context of fibre networks. Future works should focus on addressing these limitations, possibly

outside the microsphere framework.

The ability to generate interpenetrated networks is the main difference between the proposed

network generation algorithm and existing network generation methods based on finite element

meshes. An interesting open question is whether polymer networks with controlled degree of

interpenetration can be produced experimentally. We hypothesise that this could be possible

in networks produced by the end-linking reaction of linear or branched macromolecules with

well-defined molecular weight. Assuming that chains in the network adopt the same (root-mean-

square) end-to-end distance as the corresponding free chain at the same polymer concentration,

the length r0 then depends on the number of Kuhn segments N and volume fraction of polymer

precursor ϕ0 following the scaling theory of polymer solutions (Rubinstein and Colby, 2003).

In contrast, the chain density scales as ϕ0
N
. Thus, different degrees of interpenetration could (in

principle) be achieved by tuning the chain length and polymer volume fraction.

In this study we represented network chains as freely-jointed chains. Other models of
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single chain behaviour could also be considered, such as the worm-like chain model, which is

suitable for stiffer (semi-flexible) chains such as DNA. Chain scission could also be considered,

for example by introducing a maximum stretch criterion (Sugimura et al., 2013; Wagner et al.,

2022). Alternatively, an extensible freely-jointed chain model could be used, which also accounts

for the change in internal energy associated with stretching the bonds, and where chain scission

occurs when the bond energy reaches a critical value (Mao et al., 2017; Li and Bouklas, 2020).

By introducing a chain scission criterion, the effect of network topology and chain pre-stretch

on macroscopic strength and limit extensibility could be investigated.

Our DN model relies on the phantom network assumption, according to which chains only

interact via shared crosslinks. However, chains are expected to interact in real networks, in

particular at high polymer volume fraction or when chains are very long. Interactions between

chains could be accounted for in an indirect manner using the tube model, according to which

chain fluctuations are limited to a virtual tube representing topological constraints of other

chains. The reduction in conformational entropy resulting from the tube constraint leads to an

additional contribution to the chain free energy (Doi et al., 1988; Miehe et al., 2004). Several

variations of the tube model have been proposed in the literature, which primarily differ in the

way they evolve the tube diameter with the macroscopic deformation, see our recent work for a

review of various tube formulations (Kumar and Brassart, 2023). In principle, any tube formu-

lation where the tube diameter depends on the chain stretch could be implemented within the

proposed framework. Another approach to describe chain interactions in a more direct man-

ner would be to consider (possibly temporary) crosslinking points representing entanglements

between interpenetrating chains.

Along similar lines, another possible extension of the model could be the modelling of rate-

dependent processes associated with chain interactions. This could be achieved by considering

a viscoelastic force-extension relation at the level of the network chains, possibly in combination

with the tube representation, as proposed by Miehe and Göktepe (2005) in the miscrosphere

context. Force-assisted, rate-dependent chain scission could also be considered, for example

to simulate reversible bond breaking and reforming (Kothari et al., 2018; Wagner et al., 2021)

or chemical degradation (Pan and Brassart, 2022). In all these rate-dependent processes, the

chain pre-stretch (controlling the chain force) and its modulation through the degree of inter-
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penetration is expected to play a role.

As previously mentioned, the DN model is computationally expensive and not suited for

simulations at large scale. Beyond the homogenised analytical models discussed in this work,

another route towards scalability would be to incorporate the proposed DN model within a

quasi-continuum framework, as recently proposed by Ghareeb and Elbanna (2020). In this

framework, the discrete network description is retained in regions of interest, such as near

crack tips where chains are highly stretched, whereas a homogenised continuum description is

used away from these high stretch regions. Such an approach would allow us to investigate the

effect of network topology on fracture toughness, and will be considered in future works.

3.8 Appendix: Extended microsphere models with dis-

tribution of end-to-end distance

We develop extended microsphere models with free energy of the form (3.58), which accounts

for a distribution of initial chain end-to-end distance. Under the affine assumption, the chain

stretch is related to the macroscopic deformation gradient by Eq. (3.31), and the current chain

end-to-end distances can be directly obtained. The macroscopic stress can be obtained in the

usual way:

P e = ν

ˆ
r0

pr0(r0)

¨
Su

fr0
λc

F (n0 ⊗ n0)dSudr0. (3.59)

The Gaussian modulus of this extended affine model is then given by:

GEAff = νkT

ˆ
r0

pr0(r0)
r20
Nb2

dr0, (3.60)

which coincides with the exact expression (3.20) for the modulus of a DN of Gaussian chains,

as required.

We also propose a fully-relaxed version of the microsphere model with initial chain end-to-

end distance distribution. We postulate the the chain stretches should minimise the elastic free

energy (3.58) subjected to the following kinematic constraint:

1

3
F =

ˆ
r0

pr0(r0)r
2
0

¨
Su

n⊗ n0´
r0
pr0(r0)r

2
0dr0

dSudr0. (3.61)
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As shown below, the weighting with r20 was found necessary to ensure that the non-affine model

with pre-stretch distribution recovers the affine modulus in the Gaussian regime, which is the

exact result for a DN of Gaussian chains. The distribution of deformed chain orientations n is

found by solving the minimum problem:

W = inf
n,π

{
ν

ˆ
r0

pr0(r0)

¨
Su

wdSudr0 + π :

[
1

3
F −

ˆ
r0

pr0(r0)r
2
0

¨
Su

n⊗ n0´
r0
pr0(r0)r

2
0dr0

dr0

]}
,

(3.62)

where π is the Lagrange multiplier enforcing the kinematic constraint (3.61). The stationary

condition w.r.t. n gives, for each r0:

f =
r0πn0

ν
´
r0
pr0(r0)r

2
0dr0

, (3.63)

which can be inserted into the constraint (3.61) to obtain an implicit equation for the Lagrange

multiplier π. Once π is known, Eq. (3.48) gives the macroscopic stress. Using the constraint

(3.61) in the initial configuration where F = 1 together with the stationary condition (3.63),

the following condition on the pre-stretch distribution pr0(r0) is obtained:

f0
r0

=

´
r0
pr0(r0)r

2
0dr0´

r0
pr0(r0)

r30
f0
dr0

, (3.64)

where f0 is the chain force in the initial configuration. This relation implies that the ratio f0/r0

should be constant, for all r0. This condition is satisfied for any distribution pr0(r0) provided

that all chains are in their Gaussian regime in the initial configuration, as in this case the chain

force is simply linear in the end-to-end distance. Finally, we derive the expression of the elastic

modulus in the Gaussian regime. Following the same steps as in Section 3.5.3, we obtain:

GEFR = νkT

ˆ
r0

pr0(r0)
r20
Nb2

dr0, (3.65)

which coincides with the exact expression (3.20) for a DN of Gaussian chains. We note that

the specific form (3.61) was required to reach this important result. Using the more intuitive

kinematic constraint F
3

=
´
r0
pr0(r0)

˜
Su

n ⊗ n0dr0 results in a different expression of the

Gaussian modulus.
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Data availability

A Matlab code implementing the Discrete Network generation algorithm is available on

Github (Kryven, 2022). The code for DN simulations of random networks using LAMMPS is

available on a separate Github repository (Araujo et al., 2024b).

82



Chapter 4

Micromechanical modelling of failure

in rubbery networks: the role of local

heterogeneities

This chapter presents the unpublished work entitled “Micromechanical modelling of failure

in rubbery networks: the role of local heterogeneities”. In this study, we analyse the micro-

scopic mechanisms that govern failure in rubbery networks by incorporating deterministic chain

scission into the DN model introduced in Chapter 3. Our results show that scission-induced

force redistribution is key to understanding the macroscopic failure response. By comparing

two classes of bimodal networks, we further demonstrate that failure is more sensitive to chain

strength variability than to chain length variability. Finally, we use DN simulations to assess

the predictive capability of conventional semi-analytical models, highlighting their limitations

and proposing possible directions for refinement. Overall, this work highlights the highly het-

erogeneous and complex nature of failure in rubbery networks.

4.1 Introduction

Rubbery networks, such as elastomers and hydrogels, are found in many modern appli-

cations, from medical implants (Nonoyama and Gong, 2021) and soft electronics (Lee et al.,

2018), to daily goods like tyres (Mars and Fatemi, 2002), diapers (Masuda, 1994), and con-

tact lenses (Caló and Khutoryanskiy, 2015). In many of these applications, the structural
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integrity under mechanical loads is critical, making the strength of rubber-like materials a ma-

jor concern. The underlying network architecture ultimately dictates the mechanical response

of rubbery networks. Consequently, recent design strategies have exploited this connection to

enhance the properties of these materials. For example, the crosslinking of well-defined four-

armed macromonomers has been proposed to generate tetra-PEG gels with superior mechanical

properties, which were attributed to their nearly ideal structure (Sakai et al., 2008; Matsunaga

et al., 2009). Entanglements have been shown to increase resistance to crack growth under

both monotonic and cyclic loading conditions (Kim et al., 2021; Nian et al., 2025). Recently,

the insertion of mechanophores either along the backbone of polymer chains (Wang et al., 2021;

Beech et al., 2023; Li and Gong, 2024) or as crosslinks (Wang et al., 2023a) has emerged as an

effective reactivity-guided strategy to improve strength.

Modelling the mechanical failure in rubbery networks requires a bottom-up approach that

accounts for both the network structure and the behaviour of individual chains. Discrete

Network (DN) models have recently emerged as promising tools that meet these requirements,

providing a more computationally efficient alternative to molecular dynamics while preserving

essential microstructural features of the network (Sugimura et al., 2013; Alamé and Brassart,

2020; Wagner et al., 2022; Deng et al., 2023; Araujo et al., 2024a; Lei et al., 2025). In this

framework, the molecular network is represented by a network of springs with force-extension

behaviour obtained from statistical mechanics. Unlike continuum micromechanics models of

rubber elasticity, the partition of forces and stretches among chains emerges naturally from

mechanical equilibrium, rather than being imposed through ad hoc assumptions. As such,

DNs offer a physically grounded and computationally tractable modelling tool to analyse the

connections between microstructure and macroscopic response of rubber-like materials.

Structure-property relationships in rubbery networks have been extensively investigated

through DN models (Alamé and Brassart, 2020; Wagner et al., 2022; Araujo et al., 2024a; Lei

et al., 2025). In the context of fracture, DNs were recently used in crack propagation simulations

to assess the validity of the Lake-Thomas model (Lei and Liu, 2022; Deng et al., 2023; Hartquist

et al., 2025b,a), and to unveil the microscopic origins of crack paths typically observed in many

soft materials (Ghareeb and Elbanna, 2020; Lei et al., 2021). Fracture simulations using DN

models have provided insights into the role of network imperfections, such as dangling ends
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and loops, in shaping failure behaviour (Sugimura et al., 2013; Arora et al., 2022). These

simulations were also used to elucidate how sacrificial bonds enhance toughness by introducing

additional dissipation (Kothari et al., 2018). Chain scission kinetics have been included in DN

frameworks to model failure in networks composed of chains of different strengths (Beech et al.,

2023), as well as to capture rate-dependent damage and fracture (Kothari et al., 2018; Ghareeb

and Elbanna, 2021; Arora et al., 2022).

Despite these recent contributions, DNs have not yet been fully explored for investigating

the microscopic mechanisms governing failure in rubber-like materials. In this work, we incor-

porate chain scission into the DN framework introduced in our previous work (Araujo et al.,

2024a) to explore how local heterogeneities, beyond structural defects, impact the failure re-

sponse of rubbery networks. We show that fracture is a highly heterogeneous process, even in

defect-free monodispersed networks. Moreover, by comparing two different types of bimodal

networks, we show that a heterogeneous distribution of chain strengths can significantly alter

the failure response of the network. These results provide a fresh perspective on the fracture

of rubbery networks with hybrid chain populations, offering an alternative interpretation of

recently reported findings (Beech et al., 2023; Hartquist et al., 2025b).

While DN models are useful for gaining mechanistic insights into the failure of rubber-

like materials, their computational cost limits their application to structural-scale simulations.

Consequently, continuum micromechanics approaches are still needed. Moreover, conventional

models such as the three-chain (James and Guth, 1943) and eight-chain (Arruda and Boyce,

1993) models are frequently used to estimate the onset of failure in rubbery networks. We assess

the predictive accuracy of these estimates using DNs as a reference. Using the peak in the stress-

stretch response as a failure marker, our analysis shows that continuum models fail to predict

failure, even for perfect networks. This occurs because these models neglect both the intrinsic

heterogeneities of DNs and those that emerge during failure. To address this limitation, we

further propose affine and fully-relaxed microsphere models with chain scission (Mulderrig et al.,

2021; Araujo et al., 2024a), focusing on the monodispersed case. While the affine formulation

yields better estimates for the peak, neither version of the model captures the abrupt stress

drops observed in DN simulations.
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4.2 Discrete Network model

4.2.1 Chain behaviour

The freely-jointed chain (FJC) model is used to describe the mechanical behaviour of indi-

vidual chains in the network. In this model, the free energy of a chain with end-to-end distance

r is given by:

w = NkBT

[
r

Nb
β + log

(
β

sinh β

)]
, β = L−1

( r

Nb

)
, (4.1)

where b is the Kuhn length, N is the number of Kuhn segments, kB is the Boltzmann constant,

and T is the absolute temperature. The Langevin function is defined as L(x) = coth(x)− 1/x.

The force f required to maintain the end-to-end distance r is derived from the free energy as

f = dw
dr
:

f =
kBT

b
L−1

( r

Nb

)
. (4.2)

For small elongations (r ≪ Nb), L(x) ≈ 3x and the force-extension relationship Eq. (4.2)

becomes linear, recovering the Gaussian chain model:

f =
3kBT

Nb2
r. (4.3)

Let r0 denote the end-to-end distance of the chain in the reference configuration of the network.

We then define the chain pre-stretch as the ratio of the initial end-to-end distance to the ideal

random walk distance
√
Nb: λ0 =

r0√
Nb

.

At large chain elongations, the FJC model becomes less accurate since it neglects energetic

effects associated with bond stretching and bond angle opening (Mao et al., 2017; Guo and

Zäıri, 2021; Mulderrig et al., 2023; Zhu and Brassart, 2025). These effects can be incorporated

with more sophisticated models, such as those with stretchable Kuhn segments (Smith et al.,

1996; Mao et al., 2017; Mulderrig et al., 2023). However, the conventional FJC model is adopted

here for its simplicity and computational efficiency, as it provides a closed-form expression for

the force-extension relationship.
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4.2.2 Network behaviour

We consider a network of chemically crosslinked long polymer chains, interacting with each

other only through the crosslinks (phantom network). In the reference configuration, the net-

work is stress-free, with force balance satisfied at each node. In the Discrete Network (DN)

framework, polymer chains are represented as springs connected at nodes, corresponding to the

crosslinks. A representative DN is shown in Fig. 4.1(a).

The macroscopic deformation gradient F is applied to the network by prescribing the dis-

placement of nb boundary nodes according to the affine relation:

xα = FXα, α = (1, nb), (4.4)

where Xα and xα represent the position of the αth boundary node in the reference and current

configurations, respectively. In the reference configuration, F = 1. The position of the ni

interior nodes is found by minimising the energy of the network, which is equivalent to the

force balance requirement at each node. At equilibrium, the macroscopic free energy density

ψe of the network initially occupying a volume V0 in the reference configuration is expressed as:

ψe =
1

V0

n∑
j=1

wj(rj, Nj), (4.5)

where wj, rj and Nj are the free energy, current equilibrium end-to-end distance and number

of Kuhn segments of the jth chain, respectively, and n represents the current number of chains

in the network.

We focus on volume-preserving deformations, imposing the incompressibility constraint J =

det(F ) = 1. This constraint is enforced through a Lagrange multiplier P . Considering virtual

deformations δF and the result δJ = JF−T : δF , the state law for the macroscopic stress

tensor P is obtained from standard thermodynamics as:

P = P e − JPF−T , P e ≡ ∂ψe

∂F
, (4.6)

where P e is the network contribution to the macroscopic stress. Note that the Lagrange

multiplier is identified from the boundary conditions. The Cauchy stress is computed from the
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classical relation σ = (1/J)PF T , giving

σ = σe − P1, σe = (1/J)P eF T . (4.7)

The network contribution P e is obtained as (Alamé and Brassart, 2020):

P e =
1

V0

nb∑
α=1

fα ⊗Xα, (4.8)

where fα is the reaction force at the boundary node α. From Eq. (4.2), it follows that f = 0

only when r = 0, i.e., when the chain is fully coiled. This means that external forces must

be applied to the boundary nodes in the reference configuration to balance the restoring forces

of the chains with non-zero initial end-to-end distances. Therefore, P e is not zero in the

reference configuration. On the other hand, the Lagrange multiplier is identified from Eq. (4.7)

as P = 1
3
tr(σe) in the reference configuration, since the network is initially stress-free and

isotropic.

Chain scission is included through a deterministic scission criterion to capture mechanical

failure. A chain j is considered broken when its current end-to-end distance reaches a specified

fraction ηj of its contour length Njb, i.e., when
rj
Njb

≥ ηj. When scission occurs, the force

balance on the corresponding nodes is disrupted, and the network must be re-equilibrated to

restore mechanical equilibrium.

4.2.3 Numerical procedure

Discrete networks (DNs) are generated within cubic simulation volumes using our in-house

network generation algorithm implemented in MATLAB. This algorithm allows for indepen-

dent control over chain density and end-to-end distance distribution by allowing the chains to

interpenetrate, see Araujo et al. (2024a) for details. As-generated DNs contained at least 50000

chains, which is sufficiently large to ensure that the networks are statistically representative

and isotropic. For each set of input parameters, five independent network realisations were

generated to capture variability in failure behaviour.

DNs are subjected to macroscopic deformation gradients F = diag(λ1, λ2, λ3), where λi

(i = 1, 2, 3) are the principal stretches along the faces of the cube, following Eq. (4.4). We limit
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(a) (b)

Fig. 4.1: (a) Representative discrete network with n = 20000 chains in the equilibrated reference
configuration, showing the initially-heterogeneous distribution of chain end-to-end distances.
(b) Numerical procedure for the fracture of discrete networks.

ourselves to uniaxial tension along direction 1, which implies that λ2 = λ3 = λ−0.5
1 from the

incompressibility constraint. At each time-step, a stretch increment of ∆λ1 = 0.04 was applied

to the equilibrated DNs from the previous time-step. This increment size was selected as a

compromise between computational efficiency and accuracy, after verifying that it results in

converged mechanical behaviour (see Section 4.7 for details). Following the stretch increment,

the boundary nodes are kept fixed while the network is equilibrated using LAMMPS (Thompson

et al., 2022). After each equilibration step, the network is scanned for broken chains. If no

chains meet the breaking criterion, the simulation proceeds to the next time step. However, if

some chains are found to have reached their cleavage thresholds, these chains are removed from

the network, and the system is re-equilibrated. This scission detection and re-equilibration

loop is repeated until no further chain breaking is detected (Ghareeb and Elbanna, 2021; Lei

et al., 2021; Lavoie and Suo, 2024; Lei et al., 2025). Before proceeding to the next time step,

the network is checked for global failure, which was defined as the loss of a continuous path

connecting the faces of the simulation box being pulled apart (Araujo and Brassart, 2025a). At

this point, the network loses connectivity, and the simulation stops. This numerical procedure

is illustrated in Fig. 4.1(b).
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4.2.4 Elastic modulus

The initial Young modulus E0 of the networks can be obtained from the uniaxial deformation

along direction 1 as:

E0 = lim
λ1→1

dσ1
dλ1

, (4.9)

where σ1 is the principal Cauchy stress in direction 1. For an incompressible, isotropic elastic

material, the shear modulus is related to the Young modulus as E0 = 3G0. When all the chains

of the network remain in their Gaussian regime, i.e., r
(j)
0 ≲ 0.3Njb for j = 1, . . . , n, the shear

modulus can be expressed as:

G0 = ν0kBT

〈
r20
Nb2

〉
= ν0kBT ⟨λ20⟩, (4.10)

where ν0 is the initial density of elastically effective chains (number of chains per unit volume

in the reference configuration). The notation ⟨·⟩ represents the ensemble average:

⟨·⟩ = 1

n

n∑
j=1

(·) . (4.11)

Eq. (4.10) is exact provided that the network is isotropic, and its validity was verified in our

previous works (Alamé and Brassart, 2020; Araujo et al., 2024a). Note that Eq. (4.10) only

recovers the classical expression G0 = ν0kBT in the specific case when all chains adopt the

random walk distance
√
Njb in the reference configuration.

4.3 Monodisperse Networks

Monodisperse ideal networks with three different chain lengths N = 100, 150, and 200

were generated at the same normalised chain density ν0b
3 = 1 × 10−3. To isolate the effect of

chain length, all networks were constructed to have approximately the same average pre-stretch

λ̄0 :=
√

⟨λ20⟩ ≈ 1, resulting in nearly identical initial elastic moduli (Eq. (4.10)). The Kuhn

length was fixed at b = 1nm and the temperature at T = 298K. A critical chain scission

threshold of η = 0.8 was used for all chains.

Figs 4.2(a) and (b) show the nominal stress P1 and fraction of broken chains fb as a function
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of the uniaxial stretch λ1 along direction 1, respectively. Each curve in these plots corresponds

to a single DN realisation. The initial overlap of the stress-stretch curves confirms that the

networks essentially have the same initial moduli, as expected from the matched λ̄0. All DNs

exhibit a sharp stress drop before global failure, coinciding with a sudden increase in the number

of broken chains. This suggests that the catastrophic loss of load-bearing capacity stems from

a cascade of chain scissions.

Networks with longer chains sustain higher peak stresses and larger stretches before failure.

This arises from the increased compliance at the chain level. According to Eq. (4.3), the

shorter chains have higher stiffness and carry larger forces in their reference states at constant

pre-stretch. As a result, chain scission occurs earlier in monodispersed networks of short chains.

In contrast, scissions are delayed in DNs with longer chains due to the lower forces these chains

sustain in the reference configuration, allowing the network to accommodate more macroscopic

deformation and reach higher peak stresses. This trend is reflected in the evolution of the

fraction of broken chains in Fig. 4.2(b). It can be seen that there is initially an incubation

period, followed by a progressive increase in scissions before a sharp rise in fb. Notably, the

regions associated with incubation and gradual chain failure consistently span a wider stretch

range for DNs with N = 200. Recently, Lei et al. (2025) reported similar damage accumulation

trends in the context of failure of periodic DNs.

Interestingly, Fig. 4.2(b) shows that loss of connectivity occurs with a relatively low number

of scissions (at most fb ≈ 6.5% for N = 200), well below mean-field estimates for loss of

percolation (fb ≈ 61% for a diamond lattice (Stauffer and Aharony, 2018)). Although our failure

detection method tracks the loss of a spanning path in the network, it differs fundamentally from

classic percolation theory, where chains are removed at random. In our case, scission occurs in

chains that carry large forces exceeding a critical threshold. The large discrepancies with mean-

field predictions likely stem from this selective removal of highly-loaded, connectivity-critical

chains.
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Fig. 4.2: (a) Nominal stress P1 versus uniaxial stretch λ1 for DNs with the same initial chain
density ν0 and nearly identical average pre-stretch λ̄0, but different chain lengths N . (b) Evo-
lution of the fraction of broken chains fb during deformation. For each chain length, five
independent network realisations were simulated to capture the variability in the failure be-
haviour. A uniform critical chain scission threshold of η = 0.8 is used for all chains.

To shed light on the sharp stress drop in Fig. 4.2(a), we examine the evolution of chain

forces during the drop in a representative DN with N = 100. We focus on two populations

of chains: (i) chains that eventually break during the drop, and (ii) chains in the top 10% of

the force distribution (i.e., above the 90th percentile) at the onset of the drop. Note that the

breaking chains are not necessarily a subset of the top-loaded ones. Figs 4.3(a) and (c) show

the evolution of the average normalised chain force favgb

kBT
for these two populations as a function

of the number of equilibration steps. Shaded areas represent one standard deviation around the

mean. The dashed line marks the critical scission threshold, which corresponds to a chain force

of approximately 5.2 in normalised units according to Eq. (4.2), evaluated at r
Nb

= η = 0.8.

Interestingly, Fig. 4.3(a) shows that the breaking chains are initially below the critical

force on average, but their forces rise steadily as the drop progresses, ultimately reaching

the scission threshold. This suggests that scissions among some of the most loaded chains

trigger force redistribution, driving some of them to failure in a cascade. This process can

be visualised in Fig. 4.3(b), which shows snapshots of the breaking chains coloured by their

normalised force at three stages of the drop: the beginning, midpoint, and end (from top to

bottom). These snapshots confirm that scission-induced force redistribution drives subcritical

chains in this set to overstretch and break. In contrast, Fig. 4.3(c) reveals that the average
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force among the initially top-loaded chains decreases as the drop unfolds, indicating a net

unloading effect. The corresponding snapshots in Fig. 4.3(d) illustrate this for the same three

stages shown in Fig. 4.3(b), showing how force is redistributed within this population. Taken

together, Figs 4.3(a)–(d) highlight the localised and complex nature of fracture in rubbery

networks: while a subset of chains reach the scission threshold and break, others are unloaded

as the network re-equilibrates. Overall, these results demonstrate that the sharp stress drops

seen in Fig. 4.2(a) are governed by scission-induced force redistribution, rather than uniform

overstretching.

The scission-induced force redistribution that occurs during the sharp stress drop also ex-

plains the presence of a post-peak regime in the DN model (Fig. 4.2(a)). In experiments, the

sharp drop marks catastrophic specimen failure in the absence of a pre-crack, and no subse-

quent stabilisation is observed (Yang et al., 2019a; Fujiyabu et al., 2022; Nian et al., 2025). In

contrast, the drop does not coincide with global failure in the DN model because the same force

redistribution that drives the scission cascade also limits its extent. The net unloading occur-

ring alongside the cascade (Figs 4.3(a)–(d)) prevents it from spreading through the network

and disrupting connectivity. Therefore, this unloading shields the surviving chains, preserving

network integrity once the cascade ends. As a result, additional stretching is needed to break

connectivity-critical chains and induce global failure.

Semi-analytical models of rubber elasticity are frequently employed to estimate the failure

of polymer networks. These models rely on idealised and simplified representations of the

complex polymer network. Two commonly used examples are the three-chain (James and

Guth, 1943) and the eight-chain (Arruda and Boyce, 1993) models. Fig. 4.4(a) compares one

of the nominal stress-stretch curves of one DN repeat for N = 100, with the ones obtained

from these models. To ensure matching initial elastic moduli, the initial end-to-end distance

r0 of the chains in the semi-analytical approach was set to r0 = λ̄0
√
Nb, where λ̄0 is the

average pre-stretch in the corresponding DN. Among the two, the three-chain model shows

markedly better agreement with the DN response across a broad stretch range, accurately

capturing the initial stiffness and pre-failure elastic behaviour. In contrast, the eight-chain

model systematically underestimates the stress, leading to a softer response even at moderate

deformations. The observed agreement with the three-chain model is consistent with our earlier
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Fig. 4.3: Evolution of the average normalised chain force favgb

kBT
and snapshots of the chains that

break during the drop ((a) and (b)) and top-loaded chains at the onset of the drop ((c) and
(d)). From top to bottom, the snapshots show the chains of the corresponding population at
the beginning, midpoint, and end of the sharp stress drop. Chains are coloured by their chain
force in normalised units. Dashed lines indicate the edges of the simulation box slice shown for
visualisation; the full simulation box extends beyond this region.
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findings, where it was shown to best approximate DN elasticity among conventional semi-

analytical approaches (Araujo et al., 2024a).

The peak in the stress–stretch response is often used to characterise material failure. To

estimate the peak stretch, we assume that failure occurs in the semi-analytical models when the

most critical chain reaches the scission threshold, i.e., r
Nb

= η. In the three-chain representation,

this corresponds to the chain aligned with the loading direction reaching the threshold, yielding:

λpeak =

√
N

λ̄0
η. (4.12)

In the eight-chain model, all chains experience the same stretch given by Λ =

√
λ21+λ

2
2+λ

2
3

3
, and

the peak stretch is obtained by solving:

λ2peak +
2

λpeak
= 3

(√
N

λ̄0
η

)2

, (4.13)

for λpeak. In both models, the corresponding peak stress Ppeak is obtained by evaluating the

constitutive response at the predicted peak stretch.

Figs 4.4(b) and (c) respectively compare the predicted peak stretch and peak stress with

those obtained from DN simulations for different chain lengths. Both semi-analytical models

consistently overestimate λpeak and Ppeak. However, the three-chain model yields better predic-

tions for the peak stretch, with relative errors around 30%, while the eight-chain model exhibits

relative errors of approximately 130%. In contrast, both estimates for the peak stress deviate

considerably from the ones obtained from DN simulations. This occurs because these models

neglect the softening that DNs experience due to the progressive accumulation of broken chains

before the sharp stress drop, as shown in Fig. 4.2(b).

The semi-analytical models used to predict failure implicitly assume an ideal network struc-

ture. This condition is satisfied in our simulations, as the DNs are monodisperse and defect-free

by construction. However, Figs 4.2(b) and (c) show that even under these idealised conditions,

the models fail to accurately predict the onset of failure. This discrepancy arises not only from

heterogeneities developed during failure, but also from an intrinsic heterogeneity present in the

DNs: the distribution of initial end-to-end distances r0, dictated by mechanical equilibrium

(see Fig. 4.1(a)). These findings demonstrate that inaccurate estimates based on conventional
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Fig. 4.4: (a) The nominal stress versus stretch curve from a single DN realisation for N = 100 is
compared to the predictions from the three-chain and eight-chain models. Triangular markers
on the continuum model curves indicate that failure in these models is reached beyond the
y-axis limit. (b) Comparison of peak stretches λpeak from DN simulations and semi-analytical
models. (c) Comparison of peak nominal stresses Ppeak. DN values represent averages over five
realisations, with error bars indicating one standard deviation around the average.

semi-analytical models are not necessarily attributed to structural defects.

In the three-chain and eight-chain models considered previously, as well as in many other

continuum models, it is commonly assumed that the chains deform affinely with the continuum.

The inaccuracy of these models is often attributed to this assumption. DN simulations in

the context of elasticity have shown that this affine approximation becomes progressively less

accurate at large deformations (Alamé and Brassart, 2020; Britt and Ehret, 2022; Araujo et al.,

2024a). To examine whether the introduction of chain scission further amplifies deviations from

affinity, we quantify non-affinity using the parameter Γ, defined as (Alamé and Brassart, 2020):

Γ =
⟨λc − λaff⟩

λ1
, (4.14)

where λc is the actual chain stretch and λaff is the corresponding stretch assuming affine defor-

mation.

Fig. 4.5 shows the evolution of Γ as a function of the uniaxial macroscopic stretch λ1 for

representative DNs of each chain length considered in Fig. 4.2. For comparison, we also include

results from the corresponding purely elastic simulations, in which chain scission is disabled.

Initially, the non-affinity parameter is small across all cases, indicating that most chains deform

affinely at the beginning. As deformation progresses, non-affine effects become significant, and

consequently Γ increases gradually and it closely follows the elastic evolution. However, as
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Fig. 4.5: Evolution of affinity deviation parameter Γ with the applied uniaxial stretch λ1
for representative DNs of each chain length considered in Fig. 4.2. Dashed lines represent
simulations without chain scission.

the sharp stress drop is approached, Γ grows more rapidly than its elastic counterpart. This

acceleration coincides with the smooth growth in the fraction of broken chains fb observed

in Fig. 4.2(b). At the drop, Γ surges due to the scission avalanche and the resulting force

redistribution among the remaining chains. Overall, these results indicate that chain scission

amplifies the non-affine deformation of the chains, which is a mechanism that conventional

semi-analytical models typically overlook.

Beyond the affine assumption, the three-chain and eight-chain models assume the same

initial end-to-end distance for all chains. In contrast, DNs possess a heterogeneous initial

end-to-end distribution, which likely contributes to the poor predictions for the peak obtained

from these models. Motivated by this, we now propose a semi-analytical model inspired by

the damage formulation of Mulderrig et al. (2021) and built upon the extended microsphere

model introduced in our previous work (Araujo et al., 2024a), which explicitly accounts for a

distribution of initial chain end-to-end distances. Accordingly, the free energy of the network

ψ is given by:

ψ = ν0

ˆ
r0

pr0(r0)

¨
Su

H(t)w(λc; r0)dSudr0, (4.15)

where ν0 is the initial chain density, w is the free energy of a chain (Eq. (4.1)), λc = r
r0

is
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the chain stretch, and pr0(r0) represents the distribution of initial end-to-end distances. The

notation
˜

Su
(·)dSu represents the integration over the unit sphere Su:

¨
Su

(·)dSu =
1

4π

¨
(·) sin(ϕ) dϕdθ, (4.16)

where θ and ϕ are the azimuthal and polar angles, respectively. Chain scission is irreversibly

introduced in the model through the history variable (Miehe et al., 2010):

H(t) = H

(
η −max

τ≤t

r(τ)

Nb

)
, (4.17)

where H(x) denotes the Heaviside function. This variable tracks the maximum normalised

elongation r
Nb

experienced by a chain up to time t. If this elongation ever exceeds the scission

threshold η, H(t) is set to 0, indicating that the chain has broken and can no longer carry load.

Otherwise, H(t) = 1, and the chain remains intact. The model is developed in both affine and

fully-relaxed formulations. Further details of the derivation and numerical implementation of

the fully-relaxed case are presented in Section 4.8.

Fig. 4.6(a) compares the predicted nominal stress P1 as a function of the uniaxial stretch λ1

of the continuum models and that of a representative DN with N = 100 previously considered in

Fig. 4.2. For comparison, we also include the response predicted by the three-chain model using

the same average pre-stretch λ̄0 as that of the DN. Since the distribution pr0(r0) was directly

extracted from the DN, the continuum and DN curves initially coincide. At larger deformations,

the continuum predictions deviate from the DN curve due to scissions and intrinsic limitations

of the microsphere framework (see Britt and Ehret (2022) and Araujo et al. (2024a)). In

particular, the proposed models do not capture the sharp stress drop observed in the DN,

instead predicting a progressive loss of load-bearing capacity. Taking the peak in the stress-

stretch response as a failure marker, the extended affine model provides better predictions for

DN failure than its fully-relaxed counterpart and the conventional three-chain and eight-chain

models considered in Fig. 4.4.

To understand the relative performances of the affine and fully-relaxed models, we analyse

the evolution of damage in each model. To this end, we introduce the macroscopic damage D,

which serves as a continuum analogue to the fraction of broken chains fb in the DN model. D
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Fig. 4.6: (a) The nominal stress P1 versus stretch λ1 curve from a single DN realisation for
N = 100 is compared to the predictions from the extended affine and extended non-affine
microsphere models with chain scission. Three-chain prediction is also included for reference,
where the triangular marker on the corresponding curve indicates that failure (i.e., the peak)
is reached beyond the y-axis limit. (b) Comparison between the fraction of broken chains fb
and the macroscopic damage D predicted by the extended models. In both figures, triangular
markers on affine and fully-relaxed curves indicate that the corresponding curves extend beyond
the axis limits, but are truncated for visual clarity.

is computed as (Guo and Zäıri, 2021; Mulderrig et al., 2021; Arunachala et al., 2023):

D =

ˆ
r0

pr0(r0)

¨
Su

1−H(t)dSudr0, (4.18)

for both affine and fully-relaxed models. Fig. 4.6(b) shows the evolution of the macroscopic

damage D with the uniaxial stretch λ1. For reference, the evolution of the fraction of broken

chains fb from the DN simulation is also included. As in the DN results, the onset of damage

accumulation is preceded by an incubation period in the continuum models. However, D ex-

hibits a smooth growth once damage initiates in both formulations. In the affine case, chains

with initially large end-to-end distances reach their scission threshold earlier, leading to prema-

ture damage initiation. In contrast, relaxing the affine assumption delays the cleavage of these

chains, postponing the onset of damage accumulation in the fully-relaxed model. Consequently,

the extended affine model experiences earlier softening, leading to better predictions for the

peak observed in the DN simulation. However, this enhanced performance stems from pre-

mature damage initiation rather than a more accurate representation of the underlying failure

process of the DN.
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4.4 Bimodal networks

To explore the effects of other heterogeneities beyond the distribution of initial end-to-end

distances, we considered the failure in uniaxial tension of a network with an underlying bimodal

distribution of chain parameters. Two representative cases are considered: (i) chains of two

distinct chain lengths (short NS and long NL), but uniform strength, and (ii) chains with the

same length, but different scission thresholds (low ηw and high ηs). As a basis to construct both

types of bimodal networks, we take the reference configuration of one of the monodispersed DNs

used in Section 4.3 with N = 100. This ensures that the initial network topology is fixed across

all bimodal simulations. The Kuhn length was fixed at b = 1 nm, the normalised density at

ν0b
3 = 1× 10−3, and the temperature at T = 298 K.

Networks with a bimodal chain length distribution were generated by randomly assigning

each chain in the base network a chain length of NS = 100 or NL = 200, according to a

prescribed fraction φL of long chains. All chains were endowed with the same scission threshold

η = 0.8. For the bimodal strength case, each chain was randomly assigned a scission threshold

of either ηw = 0.4 or ηs = 0.8, based on a prescribed fraction of strong chains φs. In this case,

all chains had the same chain length N = 100, matching that of the monodisperse base network.

To account for statistical variability, five bimodal network realisations were constructed for each

value of φL and φs.

4.4.1 Bimodal chain length distribution

Fig. 4.7 shows (a) the nominal stress P1 and (b) the fraction of broken chains fb as a function

of the applied stretch λ1 in direction 1 for selected values of φL. Each curve corresponds to one

DN realisation. Note that the limiting cases φL = 0 and φL = 1 correspond to monodispersed

networks composed entirely of short and long chains, respectively. As these networks share the

same underlying network architecture based on the monodisperse reference network (φL = 0),

only one curve is shown for each.

We note from Fig. 4.7(a) that the growing population of long chains causes the softening of

the initial deformation response, while increasing the toughness (area under the P1 versus λ1

curve) of the networks by delaying global failure. Similar to the monodisperse case (Fig. 4.2),
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Fig. 4.7: (a) Nominal stress P1 versus uniaxial stretch λ1 in direction 1 of DNs with different
fractions of long chains φL. (b) Corresponding evolution of the fraction of broken chains fb.
Each curve represents the result of one DN repeat at a given φL, except for the end points
φL = 0 and φL = 1, where only one curve is shown.

the sharp stress drop and the surge in the fraction of broken chains are also observed across

different fractions of long chains. Interestingly, Fig. 4.7(b) shows that the fraction of broken

chains required for loss of connectivity is mildly affected by the chain length distribution.

Moreover, the end points φL = 0 and φL = 1 require virtually the same critical value of

fb. These observations suggest that the critical fraction of broken chains required to disrupt

network connectivity is largely insensitive to the chain length distribution.

The contribution of short and long chains to the total fraction of broken chains fb (Fig. 4.7(b))

is non-uniform and varies both with the stage of deformation and the fraction of long chains

φL. To illustrate this, Fig. 4.8 presents a breakdown of individual contributions to fb from

each chain type across different values of φL. Three key deformation stages are considered:

(a) the peak, (b) the end of the sharp stress drop, and (c) loss of connectivity. At the peak

(Fig. 4.8(a)), scissions occur predominantly among the short chains except for φL = 0.9 and

the end point φL = 1. However, the short chains contribute progressively less to the total

amount of scission at the end of the drop (Fig. 4.8(b)), and loss of connectivity (Fig. 4.8(c)) as

the population of long chains grows. In particular, long chains account for a larger fraction of

broken chains when network connectivity is disrupted for φL ≥ 0.7. Fig. 4.8(c) also confirms

that the limiting cases φL = 0 and φL = 1 fail with essentially the same critical value of fb.

To gain more insight into the sharp stress drop observed in Fig. 4.7(a), we examine how
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Fig. 4.8: Breakdown of the total fraction of broken chains fb into individual contributions from
each chain type for different fractions of long chains φL at (a) the peak, (b) the end of the sharp
stress drop, and (c) loss of connectivity. Bars represent the average over five network repeats
at a given value of φL, except for the end points φL = 0 and φL = 1. Error bars indicate one
standard deviation around the mean.

forces redistribute among chains during this event. Analogously to the monodisperse case, we

track the evolution with the number of equilibration steps of the normalised average chain force

favgb

kBT
across two population of chains: (i) those that eventually break during the drop, and (ii)

the top 10% most loaded chains at the drop onset. Figs 4.9(a)-(c) show this evolution for

the breaking chains for representative DNs with φL = 0.4, 0.6 and 0.8, respectively. Initially,

short and long chains carry forces below the scission threshold on average. However, as the drop

unfolds and additional chains break, the redistribution of forces progressively drives more chains

toward the critical breaking threshold. Figs 4.9(d)-(f) show the average chain force evolution

for the corresponding top 10% most loaded chains. Both short and long chains within this

highly loaded population experience comparable force levels and undergo similar unloading

processes as the drop unfolds. This indicates that both chain types actively participate in the

redistribution process underlying the sharp stress drop.

In the monodisperse case, the sharp stress drop was identified as the result of a scission

cascade within a spatially localised cluster of near-critical chains, where the rupture of one or

more chains locally amplifies the forces on neighbouring chains and triggers further breakages.

Figs 4.9(a)-(c) demonstrate that a similar mechanism operates in DNs with a bimodal chain

length distribution.

Fig. 4.7(a) shows that increasing the fraction of long chains softens the initial deformation

response of DNs with a bimodal chain length distribution. To quantitatively analyse this
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Fig. 4.9: Evolution of the normalised average force favgb

kBT
per chain type during the steep stress

drop for bimodal DNs with varying fractions of long chains φL = 0.4 ((a), (d)), 0.6 ((b), (e)),
and 0.8 ((c), (f)). Panels (a)-(c) present this evolution for the chains that eventually break,
while (d)-(f) show the force redistribution among the top 10% most loaded chains at the onset
of the drop. Short and long chains are plotted separately, with shaded regions representing one
standard deviation around the average force. The horizontal dashed line marks the scission
threshold.

softening, we present in Fig. 4.10 the dependence of the initial shear modulus G0 on the fraction

of long chains φL. As expected, the shear modulus decreases with increasing fractions of long,

more compliant chains. For reference, we also include in Fig. 4.10 the classical Voigt (Voigt,

1889) and Reuss (Reuß, 1929) bounds, which provide upper and lower estimates for the effective

shear modulus of composite systems under uniform strain and stress, respectively. Let GS and

GL denote the shear modulus of networks composed entirely of short (φL = 0) and long (φL = 1)

chains, respectively. The Voigt bound is:

GVoigt = φLGL + (1− φL)GS, (4.19)

and the Reuss bound is:

GReuss =

(
φL
GL

+
1− φL
GS

)−1

. (4.20)

103



0.0 0.2 0.4 0.6 0.8 1.0
ϕL

2.0

2.5

3.0

3.5

4.0

4.5

G
0

(k
Pa

)

Voigt
Reuss
DN

Fig. 4.10: Initial shear modulus G0 of DNs with a bimodal chain length distribution as a
function of the fraction of long chains φL. DN data points represent the average over five
network repeats at a given fraction, except for the end points φL = 0 and φL = 1. Error bars
are included but are barely visible. The Voigt and Reuss bounds are also shown as dashed and
dotted lines, respectively.

The shear modulus of the bimodal DNs lies within these theoretical bounds, indicating that

these networks exhibit an intermediate behaviour, not fully described by idealised mixtures

of monodispersed short-chain and long-chain systems governed by uniform strain or stress

conditions.

As in the monodisperse case, we take the peak in the stress-stretch curves as a failure marker

in DNs with bimodal chain length distributions. The dependence of the peak stretch λpeak on

the fraction of long chains φL is shown in Fig. 4.11(a). As expected, increasing the fraction

of long chains enables the networks to sustain larger deformations before reaching the peak.

However, this gain in extensibility is accompanied by a reduction in the initial shear modulus,

as shown in Fig. 4.10. A simple estimate for the peak stretch can be obtained from Eq. (4.12)

in combination with a linear rule of mixtures:

λpeak ≈ (1− φL)λ
S
peak + φLλ

L
peak, (4.21)

where λSpeak and λLpeak are the peak stretches of DNs composed entirely of short (φL = 0)

104



and long chains (φL = 1), respectively. These values are computed from Eq. (4.12) using

the corresponding chain lengths and average pre-stretches. We have verified that the average

initial end-to-end distance r̄0 =
√

⟨r20⟩ remains nearly constant across different fractions of long

chains. Consequently, Eq. (4.21) may be rewritten as:

λpeak ≈
Navgb

r̄0
η, (4.22)

where Navg = φLNL+(1−φL)NS represents the average chain length. The approximation (4.22)

highlights that extensibility increases with the average chain length. An alternative estimate

is provided by considering a hybrid assembly of short and long chains under an equal-force

constraint (Verron and Gros, 2017). The contour length and initial end-to-end distance of the

hybrid chain are given by Navgb and φL
√
NLb + (1 − φL)

√
NSb, respectively. In this case, the

peak stretch occurs when the hybrid chain satisfies the breaking criterion:

λpeak =
Navgη

φL
√
NL + (1− φL)

√
NS

. (4.23)

Estimates (4.21) and (4.23) are compared to DN results in Fig. 4.11(a). Similar to the monodis-

perse case, the rule of mixture prediction systematically overestimates the peak stretches ob-

served in DN simulations, whereas the equal-force one provides better quantitative agreement.

However, this apparent agreement should be interpreted cautiously: the equal-force model as-

sumes that short and long chains adopt their corresponding ideal random-walk distances in the

reference configuration, a condition not satisfied by the present bimodal DNs.

Fig. 4.11(b) shows the dependence of the peak stress Ppeak on the fraction of long chains

φL. Interestingly, P peak is only mildly affected by the chain length distribution and displays a

non-monotonic dependence on φL. In particular, the limiting cases φL = 0 and φL = 1 exhibit

nearly identical peak stresses (approximately 33 kPa), in contrast to the monotonic increase in

Ppeak observed in the previous monodispersed case (Fig. 4.4(c)). This apparent contradiction

can be rationalised for the limiting cases using the three-chain model. When the chain aligned

with the loading direction reaches its scission threshold, the corresponding nominal stress can

be approximated by:

Ppeak ≈
ν0
3
r0fc, (4.24)
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Fig. 4.11: (a) Peak stretch λpeak, and (b) peak nominal stress Ppeak as a function of the fraction
of long chains φL. DN data points represent the average over five network repeats at a given
fraction, except for the end points φL = 0 and φL = 1. Error bars correspond to one standard
deviation around the average.

where fc represents the chain force at the scission threshold, and r0 is the initial end-to-end

distance of the representative chain. Since the chain density and breaking thresholds are fixed,

the peak stress is modulated by r0. For the monodisperse systems discussed in Section 4.3,

r0 ∼
√
N , so longer chains yield higher peak stresses. However, for the limiting cases φL = 0

and φL = 1, the average initial end-to-end distance is essentially the same, resulting in similar

peak stress values despite the different chain compliances.

Note that applying Eq. (4.24) within a weighted structure similar to that of Eq. (4.21)

yields a constant value of Ppeak across all values of φL, since both short and long chains have

the same scission threshold. Alternatively, combining the equal-force model with the approxi-

mation (4.24) leads to a monotonically increasing prediction of Ppeak with φL. Therefore, these

estimates are omitted from Fig. 4.11(b), as neither of them captures the trends observed in DN

results.

4.4.2 Bimodal chain strength distribution

Fig. 4.12 presents (a) the nominal stress P1 and (b) the fraction of broken chains fb as

functions of the stretch along direction 1 for selected fractions of strong chains φs. Each curve

represents the simulation results of one DN realisation. Note that only one curve is shown for
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the limiting cases φs = 0 and φs = 1, since they correspond to DNs composed entirely of weak

chains and strong chains, respectively.

In contrast to DNs with bimodal chain length distributions, increasing the fraction of strong

chains enhances the network toughness (area under the P1 versus λ1 curve) without compromis-

ing the initial deformation response. This is expected, as the scission threshold does not impact

the chain stiffness, leaving the initial shear modulus unchanged (Eq. (4.10)). Fig. 4.12(b) re-

veals another notable distinction: the critical value of fb at which network connectivity is lost

varies considerably with φs.

Remarkably, the sharp stress drop and the sudden rise in the fraction of broken chains are

suppressed for intermediate values of φs. We have verified that these abrupt transitions are less

prominent or absent for fractions φs in the range of 0.4 − 0.6. This suggests that the scission

cascade triggered by force redistribution is attenuated by the growing population of strong

chains. Interestingly, this shielding effect becomes less effective at preventing abrupt loss of

load-bearing capacity as φs increases beyond 0.6, and sharp stress drops reappear. However,

these drops are preceded by a softening regime, during which scissions accumulate progressively

over a broader stretch range. As the limiting case φs = 1 is approached, this softening becomes

less pronounced, and the macroscopic failure response resembles that of a strong-chain system.

Based on these findings, the failure behaviour of DNs with a bimodal strength distribution

can be classified into three regimes: (I) low (φs ≤ 0.3), (II) intermediate (0.4 ≤ φs ≤ 0.6),

and (III) high (φs ≥ 0.7) fractions of strong chains. Regime I is characterised by steep stress

reductions with minimal pre-drop softening. Regime II marks a transition response in which

the sizes of the populations of strong and weak chains are comparable, and the abrupt loss

of load-bearing capacity is suppressed. Regime III features the re-emergence of sharp stress

drops, which are now preceded by a softening phase whose extent decreases as the limiting case

φs = 1 is approached. As shown later, the three regimes can be explained by how forces are

redistributed between weak and strong chains.

Paralleling the analysis for the bimodal chain length case, we now investigate how weak and

strong chains contribute to the total fraction of broken chains fb across different fractions of

strong chains φs. Fig. 4.13 shows the breakdown of fb at three key deformation stages: (a) the

peak, (b) the end of the sharp stress drop, and (c) global failure (loss of connectivity). For DNs
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Fig. 4.12: (a) Nominal stress P1 versus uniaxial stretch λ1 in direction 1 of DNs with different
fractions of strong chains φs. (b) Corresponding evolution of the fraction of broken chains fb.
Each curve represents the result of one DN repeat at a given φs, except for the end points
φs = 0 and φs = 1, where only one curve is shown.

falling within regime II (0.4 ≤ φs ≤ 0.6), where no pronounced stress drop is observed, the

corresponding point in Fig. 4.13(b) represents data extracted at the end of the largest stress

reduction. This allows for a consistent comparison with regimes I and III, where sharp drops

are more clearly defined.

Fig. 4.13 reveals that chain cleavage is consistently dominated by weak chains throughout all

deformation stages. At the peak (Fig. 4.13(a)), strong chains remain virtually intact, and their

contribution becomes noticeable only at the end of the largest stress drop (Fig. 4.13(b)) and at

loss of connectivity (Fig. 4.13(c)), particularly in networks where the strong chains outnumber

weak ones (φs ≥ 0.6). Moreover, Fig. 4.13(c) confirms that the fraction of broken chains needed

to disrupt network connectivity varies considerably with the fraction of strong chains. Notably,

the critical value of fb exhibits a non-monotonic trend, reaching a maximum at φs = 0.6, within

regime II. This provides further evidence that regime II marks a transition zone. Unlike the

bimodal chain length case (Fig. 4.8), the total fraction of broken chains at a given deformation

stage is not uniform across different fractions of strong chains. This observation highlights

the key role that chain strength heterogeneity plays in shaping the failure response of these

networks.

To elucidate the microscopic origins underlying the three regimes, we examine the evolution

of the average normalised chain force favgb

kBT
for chains that are critical to failure. Specifically,
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Fig. 4.13: Breakdown of the total fraction of broken chains fb into individual contributions from
each chain type for different fractions of strong chains φs at (a) the peak, (b) the end of the
largest stress drop, and (c) loss of connectivity. Bars represent the average over five network
repeats at a given value of φs, except for the end points φs = 0 and φs = 1. Error bars indicate
one standard deviation around the mean.

we track two key groups during the most severe stress drop: (i) the chains that eventually

break, and (ii) the top 10% most highly loaded chains at the onset of the drop. Figs 4.14(a)-(c)

show this evolution for the breaking chains of representative DNs with φs = 0.2 (regime I), 0.6

(regime II) and 0.8 (regime III), respectively. For φs = 0.2, only weak chains break during the

stress drop. As in the bimodal chain length case, both weak and strong chains progressively

approach their respective breaking thresholds due to force redistribution triggered by prior

scissions. This suggests that the cascade mechanism is still active, although its macroscopic

manifestation varies across regimes. Figs 4.14(d)-(f) present the corresponding evolution for

the top 10% most loaded chains. Weak chains are absent from these highly loaded groups for

φs = 0.6 and φs = 0.8 due to their lower scission threshold and the greater overall deformation

at which the stress drop occurs. However, the average force carried by strong chains is noticeably

larger and experiences a more severe unloading process in φs = 0.8 compared to φs = 0.6. This

indicates a more active involvement of strong chains in the sharp stress drop at high values of

φs.

Based on these findings, we propose the following rationale underlying the emergence of

the three failure regimes. A steep stress drop requires two key conditions to occur: (i) the

activation of a scission cascade, and (ii) the presence of a sufficiently large and spatially localised

population of near-critical chains that can propagate that cascade. The second condition is

central to understanding the origin of these regimes.
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In regime I (low φs), failure is governed by the weak chains, which are both the majority

and are closer to their breaking thresholds. This facilitates the formation of localised clusters of

critical chains that can sustain a cascade. The network behaves effectively as a monodispersed

weak-chain system.

In regime II (intermediate φs), weak chains remain preferential scission sites, but their

population size is comparable to that of strong chains. As a result, weak chains approaching

failure are increasingly surrounded by strong chains far from scission. This disperses the force

redistribution and inhibits the formation of clusters of critical chains capable of propagating

the cascade. Consequently, scissions are more diffuse, reflected in the absence of sharp stress

drops and the smooth evolution of the fraction of broken chains fb.

In regime III (high φs), weak chains are still the first to break, but they are now the minority

and insufficient to propagate the cascade. The resulting accumulation of diffuse scissions leads

to a softening phase. However, as deformation increases, the strong chains accumulate higher

forces and eventually reach their breaking thresholds. Once a sufficiently large cluster of near-

critical chains becomes vulnerable, a cascade can emerge, producing the delayed but sharp

stress drop observed in this regime.

We now analyse how the resistance of the networks varies with the fraction of strong chains

φs. As before, the peak stretch λpeak and peak nominal stress Ppeak are used as metrics to

quantify this resistance. Fig. 4.15(a) shows the dependence of λpeak on φs. The peak stretch

follows a sigmoid evolution that aligns with the failure regimes outlined previously. In regime I,

λpeak remains nearly constant despite the addition of strong chains. In regime II, λpeak increases

sharply, indicating a transition in the failure response. In regime III, the peak stretch flattens,

suggesting a saturation effect as the network becomes dominated by strong chains. Interestingly,

at φs = 0.8 and φs = 0.9, the peak stretch slightly exceeds that of the fully strong-chain system

(φs = 1). This deviation is likely due to the delay in the onset of catastrophic failure caused by

the diffuse scission of weak chains, which temporarily inhibits cascade formation. Minor random

oscillations may also contribute to this result. The evolution of the peak nominal stress Ppeak

is shown in Fig. 4.15(b). Similar to the peak stretch, the peak nominal stress remains nearly

unchanged for small to intermediate fractions of strong chains (φs < 0.6). However, Ppeak

experiences a less abrupt increase as the strong chains become the majority, growing almost
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Fig. 4.14: Evolution of the normalised average force favgb

kBT
per chain type during the largest stress

drop for bimodal DNs with varying fractions of strong chains φs = 0.2 ((a), (d)), 0.6 ((b), (e)),
and 0.8 ((c), (f)). Panels (a)-(c) present this evolution for the chains that eventually break,
while (d)-(f) show the force redistribution among the top 10% most loaded chains at the onset
of the drop. Weak and strong chains are plotted separately, with shaded regions representing
one standard deviation around the average force. The horizontal dashed line marks the scission
threshold for weak and strong chains.

linearly with φs.

To estimate the peak stretch, we adapt the three-chain estimate (4.12) by assuming a scission

threshold equal to the average chain strength ηavg = (1− φs) ηw + φsηs, yielding:

λpeak ≈
√
N

λ̄0
ηavg, (4.25)

which can then be used to evaluate the corresponding peak nominal stress Ppeak from the

constitutive response of the three-chain model. The resulting predictions for λpeak and Ppeak

are included in Figs 4.15(a) and (b), respectively. For the peak stretch, estimate (4.25) misses

the sigmoid evolution observed in DN simulations. As for the peak nominal stress, the predicted

Ppeak increases more rapidly than observed in the simulations for low to intermediate fractions of

strong chains. As in the previous cases, the semi-analytical predictions consistently overestimate
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Fig. 4.15: (a) Peak stretch λpeak, and (b) peak nominal stress Ppeak as a function of the fraction
of strong chains φs. DN data points represent the average over five network repeats at a given
fraction, except for the end points φs = 0 and φs = 1. Error bars correspond to one standard
deviation around the average. Semi-analytical estimates are also included in both figures.

λpeak and Ppeak.

The contrasting failure behaviours observed for the two bimodal cases investigated arise

from fundamentally different governing mechanisms. For DNs with a bimodal chain length dis-

tribution, short and long chains play similar mechanical roles, and both effectively participate

in the force redistribution process underlying the sharp stress drop. In contrast, the asym-

metric scission thresholds in the bimodal chain strength case allow the strong chains to act as

shields that modulate the formation and propagation of the scission cascades. This leads to

the failure regime transitions that are directly controlled by the chain strength distribution.

Therefore, while both bimodal conditions introduce local heterogeneities in the network, only

chain strength heterogeneity fundamentally alters the failure response of the network.

4.5 Discussion

4.5.1 Monodisperse networks

The failure response of the monodispersed networks consistently exhibited a sharp stress

drop across all chain lengths (Fig. 4.2(a)), which coincided with a surge in the fraction of

broken chains (Fig. 4.2(b)). Sharp stress drops have been experimentally reported in hydrogels
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(Fujiyabu et al., 2022; Kim et al., 2021) and elastomers (Ducrot et al., 2014; Nian et al., 2025).

Similar drops were also recently observed in periodic random DNs (Lei et al., 2025) adopting the

same deterministic chain scission approach as our model. By monitoring the evolution of the

chain force within populations of critical chains of a representative monodispersed network, we

linked this catastrophic event to an avalanche of scissions occurring within a spatially localised

cluster of highly-loaded chains. In these clusters, the scission of one or more chains drives the

overstretching of surrounding chains through force redistribution, which in turn propagates the

scission cascade. Interestingly, Fig. 4.3 showed that this cascade is confined to a small set of

chains, and that the overall effect of force redistribution is the net unloading of the most loaded

chains of the network.

Notably, Fig. 4.2(b) revealed that the peak in the stress-stretch curves is attained after

breaking less than 1% of chains. Additionally, the critical fraction of broken chains required for

loss of connectivity differed considerably from mean-field estimates for loss of percolation. This

contrast suggests that loss of connectivity depends not only on the network topology, but also on

the nature of chain removal. In classical percolation, chains are removed at random, whereas

in our model, chain scission targets those carrying the largest forces. The small fraction of

broken chains required to disrupt network connectivity also indicates that highly loaded chains

are critical to maintain connectivity. We observed a similar trend in a stochastic setting where

scissions were biased by the force carried by individual chains (Araujo and Brassart, 2025a).

Understanding how topological and mechanical heterogeneities jointly influence failure remains

an important avenue for future investigation.

4.5.2 Bimodal networks

The stress-stretch curves of DNs with bimodal chain length distributions (Fig. 4.7(a)) show

a stiffness-toughness conflict: the increase in toughness is accompanied by stiffness reduction.

This conflict is well-known for single-network rubbery materials (Zhou et al., 2020; Kim et al.,

2021; Zhong et al., 2024). In these materials, conventional synthesis methods lead to a coupling:

increasing the chain length to improve toughness requires lowering the chain density, which in

turn reduces the modulus (Zhou et al., 2020; Kim et al., 2021; Wang et al., 2023b). In our

DNs with bimodal chain length distribution, while the chain density remains constant across
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different fractions of long chains, the initial modulus still decreases with increasing average

chain length due to the nearly constant average initial end-to-end distance (Eq. (4.10)). As a

result, the stiffness-toughness conflict persists in these bimodal DNs.

In contrast, Kondo et al. (2013) did not observe this conflict in tetra-PEG gels with bimodal

chain length distribution. Their results showed that these gels become more resistant as the

average chain length increases, without compromising stiffness. They attributed this behaviour

to two key features: (i) the initial end-to-end distances are independent of chain length, and

(ii) short and long chains break simultaneously. In our corresponding bimodal DNs, the first

condition is satisfied, but as shown in Figs 4.8(a) and (b), the second is not. However, according

to Eq. (4.10), a constant modulus would require all chains to adopt their ideal random-walk

distance in the reference configuration, which in turn would violate condition (i). Designing

DNs with bimodal chain length distribution that circumvent the stiffness–toughness conflict

is a necessary step toward understanding the mechanisms behind the behaviour observed in

experimental systems. Whether such networks can be constructed within our current modelling

framework remains an open question.

Contrary to the bimodal chain length case, DNs with a bimodal chain strength distribution

exhibit increased toughness without a reduction in modulus. In practice, this was achieved in

tetra-PEG gels by incorporating mechanophores of different reactivities (i.e., rupture strengths)

into the chains of the network, a modification that does not alter chain stiffness (Wang et al.,

2021; Beech et al., 2023). As a result, these gels show enhanced fracture resistance with increas-

ing fractions of strong chains, while maintaining constant stiffness (Beech et al., 2023; Hartquist

et al., 2025b). Remarkably, gels with a small fraction of weak chains outperformed their purely

strong-chain counterparts in intrinsic fracture energy. A similar, though less pronounced, trend

was observed in the peak stretch of our bimodal DNs (Fig. 4.15(a)). On the other hand, the

sigmoid-like evolution of the peak stretch with increasing fractions of strong chains qualitatively

resembles that reported experimentally for these tetra-PEG gels (Beech et al., 2023).

Beech et al. (2023) and Hartquist et al. (2025b) also proposed DN models to understand

the behaviour of rubbery networks with bimodal chain strength distributions. In the first work,

different chain strengths were included through different reaction rates in the kinetic treatment

for scission used in the framework. In the second, scission was treated deterministically, as in our
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model, with strong and weak chains assigned different critical bond forces via a modified FJC

model. In both works, the breakdown of broken chains by chain type reported closely resembles

our DN simulation results (Fig. 4.13). Although the chain scission treatment adopted by these

studies is aligned with the well-established energetic description of fracture, our findings indicate

that heterogeneity in chain strength alone can govern the failure response of these bimodal

networks. Our DN model does show a slight increase in peak stretch at high strong-chain

fractions compared to the fully strong-chain system, but this increase is modest relative to the

overshoot in intrinsic fracture energy observed experimentally for the previous tetra-PEG gels

with mechanophores. Hartquist et al. (2025b) successfully captured this behaviour by using

idealised 2D lattice structures with a pre-crack. However, such networks neglect the disorder

and structural heterogeneities intrinsic to rubber-like materials. Therefore, it remains unclear

whether their findings can be generalised to real rubbery networks.

4.5.3 Continuum models

Taking the peak as a failure marker, conventional semi-analytical models systematically

overestimated failure resistance when compared to DN simulations. Notably, these models

predicted higher peak stretches and peak nominal stresses even in monodispersed, defect-free

networks. Beyond the complex failure mechanisms captured by the DN model, two key fac-

tors contribute to these discrepancies: (i) the heterogeneous distribution of initial end-to-end

distances, and (ii) the loss of affinity at large deformations (Fig. 4.5). To address both limita-

tions in the monodispersed case, we proposed affine and fully-relaxed microsphere models with

chain scission, incorporating the distribution of initial end-to-end distances. Surprisingly, the

extended affine model provided better estimates for the onset of failure due to the premature

damage initiation caused by affinity. While the fully-relaxed model induces non-affine defor-

mation of the chains, it also delays damage initiation, allowing the network to accommodate

more macroscopic deformation before reaching the peak.

The stress-stretch curves predicted by the extended microsphere models in Fig. 4.6(a) exhibit

a gradual softening after the peak. In fact, the continuation of these curves beyond the axis

of the figure shows that the stress does not vanish, even at very large macroscopic stretches.

This persistent residual stress reveals a fundamental limitation of microsphere damage models
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with orientation-dependent chain deformation for failure and fracture problems. Since chains

only break in tension, chains oriented transversely to the loading direction remain intact and

continue to store elastic energy. As a result, a complete loss of load-bearing capacity cannot

be captured (Mulderrig et al., 2021; Arunachala et al., 2024). Addressing this limitation may

require the development of new continuum micromechanics models beyond the microsphere

framework.

4.6 Conclusions

To summarise, we developed a Discrete Network (DN) model with chain scission to investi-

gate the microscopic mechanisms underlying failure in rubbery networks. This computational

framework was applied to study the failure behaviour of monodisperse networks, as well as

networks with bimodal distributions of chain length and chain strength. The simulation results

also served to evaluate the predictive capabilities of conventional semi-analytical models for

failure onset. The key findings of this study are the following:

• Catastrophic loss of load-bearing capacity is a result of a highly heterogeneous force

redistribution process triggered by chain scission: while some chains overstretch and

break, others unload as the network re-equilibrates.

• A small fraction of broken chains is sufficient to disrupt the connectivity of monodispersed

networks. Introducing a bimodal chain length distribution has a limited impact on this

behaviour, unlike a bimodal chain strength distribution, which significantly alters the

critical fraction of broken chains.

• While chain length heterogeneity has a secondary effect on the failure response of the

corresponding bimodal DNs, heterogeneous scission thresholds significantly impact the

failure behaviour of DNs with a bimodal chain strength distribution, leading to distinct

failure regimes depending on the fraction of strong chains.

• In general, conventional semi-analytical models overestimate the onset of failure. The

proposed extended microsphere model can yield improved predictions, but fails to repro-

duce the sharp stress drops observed in DN simulations due to intrinsic limitations of the

microsphere framework.
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In this work, we considered the FJC model to describe the force-extension relationship at the

chain level for simplicity. However, chain scission is an energy-dominated process, making the

purely entropic formulation of the classic FJC model physically inconsistent. This inconsistency

can be resolved by considering single chain models with bond stretching (Smith et al., 1996;

Mao et al., 2017; Guo and Zäıri, 2021; Mulderrig et al., 2023; Zhu and Brassart, 2025) and

bond angle opening (Guo and Zäıri, 2021; Lavoie et al., 2020; Zhu and Brassart, 2025), which

introduce energetic contributions to the chain free energy. Additionally, chain scissions were

described in our DN model through a deterministic chain scission criterion, which limits the

current framework to rate-independent failure. However, rubber-like materials can exhibit

rate-dependent failure even in the absence of noticeable viscoelastic effects (Hassan et al., 2022;

Wang et al., 2024; Wang and Fan, 2023). Capturing rate-dependent effects will require replacing

the current deterministic scission approach with a stochastic one using the kinetic treatment of

chain scission (Arora et al., 2022; Beech et al., 2023; Araujo and Brassart, 2025a). Addressing

these points will be the focus of future work.

4.7 Appendix A: Effect of stretch increment size

To assess the effect of the stretch increment size ∆λ1, we conducted uniaxial tension simula-

tions with different values of ∆λ1 using one of the monodisperse DNs considered in Section 4.3

with N = 100. The scission threshold was set to η = 0.95, and the temperature T = 298 K.

Figs 4.16(a) and (b) show the nominal stress P1 and the fraction of broken chains fb as functions

of the applied uniaxial stretch λ1, respectively. As the increment size decreases below a certain

threshold, the sharp stress drop emerges consistently and always near the same location. With

further reduction, the curves nearly collapse one on top of the other, with only minor variations

at the terminal point corresponding to global failure. Similar trends are also observed in the

evolution of the fraction of broken chains. We have verified that these observations are not

affected when other scission thresholds are used.

Interestingly, the larger the increment size ∆λ1, the higher the stretch and fraction of

broken chains at global failure. In particular, the largest increment considered yields a bell-

shaped nominal stress–strain curve and a smooth damage accumulation process, indicating a

more gradual failure response. This behaviour reflects the path-dependency of failure: when
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Fig. 4.16: Nominal stress P1 (a) and fraction of broken chains fb as functions of the applied
uniaxial stretch λ1 for different stretch increment sizes ∆λ1 for a representative monodisperse
network with N = 100 and η = 0.95.

increments are too large, many highly loaded chains can be removed in a single step, preventing

the formation of the spatially localised cluster of critically loaded chains within which the

cascade responsible for the sharp drop develops (Fig. 4.3). As a result, the network bypasses

this catastrophic event and can be stretched further, reaching a higher apparent stretchability

and a larger fraction of broken chains before losing connectivity. In contrast, smaller increment

sizes allow clusters to form consistently, leading to sharp stress drops occurring at nearly the

same stretches and close agreement of the terminal points.

4.8 Appendix B: Extended microsphere models with dis-

tribution of end-to-end distance and chain scission

4.8.1 Derivations

We derive the full constitutive response of the extended microsphere models accounting for

chain scission, using the free energy form given in Eq. (4.15). Under the assumption of affine

deformation, the initial chain orientation n0 is mapped by the deformation gradient F to the

current orientation n = Fn0, and the chain stretch can be expressed as λc = ∥Fn0∥. Following

standard thermodynamics, the network contribution P e to the macroscopic stress P (Eq. (4.6))

118



is obtained as:

P e = ν0

ˆ
r0

pr0(r0)

¨
Su

H(t)
fr0
λc

F (n0 ⊗ n0)dSudr0. (4.26)

We also propose a fully-relaxed version of the model to include non-affine effects. Similar

to Mulderrig et al. (2021), we postulate that chain stretches should minimise the free energy of

the network under the following kinematic constraint:

ˆ
r0

pr0(r0)
r20
r̄20

¨
Su

H(t)Fn0 ⊗ n0dSudr0 =
ˆ
r0

pr0(r0)
r20
r̄20

¨
Su

H(t)n⊗ n0dSudr0, (4.27)

where n represents the deformed orientation vector, and r̄20 =
´
r0
pr0(r0)r

2
0dr0. The distribution

of deformed orientations is obtained by solving the minimum problem:

ψ = inf
n,π

{
ν0

ˆ
r0

pr0(r0)

¨
Su

H(t)w dSu dr0 + π :

[ˆ
r0

pr0(r0)
r20
r̄20

¨
Su

H(t)Fn0 ⊗ n0 dSudr0

−
ˆ
r0

pr0(r0)
r20
r̄20

¨
Su

H(t)n⊗ n0 dSudr0
]}

, (4.28)

where π is the Lagrange multiplier enforcing the constraint (4.27). The stationary condition

with respect to n gives, for each r0:

f =
r0
ν0r̄20

πn0, (4.29)

which can be inserted back into Eq. (4.27) to yield an implicit equation to the multiplier π.

Taking the stationary condition into account, the network contribution P e to the macroscopic

stress P is obtained as:

P e =

ˆ
r0

pr0(r0)
r20
r̄20

¨
Su

H(t)πn0 ⊗ n0dSudr0. (4.30)

4.8.2 Implementation of the fully-relaxed model

The fully-relaxed model is implemented using a staggered approach that mimics the quasi-

static procedure employed in the DN simulations (see Fig. 4.1(b)). At initialisation, the end-

to-end distance distribution pr0(r0) is directly extracted from a representative DN. This dis-

tribution is then discretised into nr0 points. For each value of r0 in the discretisation, we
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associate a list I(r0) that encodes the history-dependent indicator function H(t) evaluated

over orientations on the unit sphere. All chains are assumed to be intact at initialisation.

At each macroscopic stretch increment, the implicit equation for the multiplier π is solved

using the list I(r0) from the previous increment. Once π is determined, the distribution of

deformed orientations is evaluated via Eq. (4.29), and I(r0) is updated accordingly to reflect

newly broken chains. If chain scission occurred during this update, the implicit equation for

π is resolved with the updated I(r0), and the cycle repeats: a new π is computed, leading

to a new distribution of deformed orientation and a new list I(r0). This iterative procedure

continues until no additional cleavage is detected.
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Chapter 5

Force-biased chemical degradation in

rubbery networks: insights from

discrete network simulations

This chapter presents work that has been published as “Araujo, L. M. and Brassart, L.

(2025a). Force-biased chemical degradation in rubbery networks: Insights from discrete network

simulations. Extreme Mechanics Letters, 77:102344”. In this investigation, we analyse the force-

biased degradation of rubbery networks using a DN-based framework. Building on the DN

model introduced in Chapter 3, we incorporate a stochastic chain scission algorithm to capture

the effect of force-dependent kinetics on the degradation response of rubber-like materials. Our

results show that force-biased degradation not only accelerates degradation but can also induce

anisotropic damage when degradation occurs under external loads. Finally, we propose a simple

micromechanical continuum model. While this model captures the general trends associated

with force-accelerated degradation, it fails to reproduce many important mechanisms observed

in DN simulations, highlighting the importance of explicitly accounting for network topology

and heterogeneous force distributions.

5.1 Introduction

Rubbery networks are susceptible to chemical degradation when exposed to environmental

factors, such as moisture, oxygen, heat, or light (Lyu and Untereker, 2009; Bensalem et al.,

121



2023). Chemical degradation often involves the breaking of load-bearing polymer chains, leading

to a reduction in mechanical properties such as elasticity, strength and toughness. Conversely,

chemical degradation in rubbery networks can be accelerated by mechanical forces. Under an

applied force, the potential energy landscape of reactive bonds along the polymer chain shifts,

facilitating chain scission by bond rupture (Ribas-Arino and Marx, 2012). Previous experimen-

tal works suggest that force-biased chain scission determines the strength of polymers degrading

under load (Zhurkov and Korsukov, 1974; Bershtein et al., 1977), and could be responsible for

environmental cracking of elastomers (Yang et al., 2019b; Qari and Cai, 2024). Force-assisted

chemical reactions are also exploited by incorporating mechanophores into rubbery networks to

achieve various mechano-responsive effects, such as toughening, self-growth, or directed degra-

dation (Lloyd et al., 2023; Aydonat et al., 2024; Wang and Gong, 2025). In these scenarios,

the evolving structure of the network plays a key role, as it governs the partitioning of forces

among the chains.

In recent years, Discrete Network (DN) computational models have emerged as promising

tools to investigate structure-property relationships in rubbery networks (Kothari et al., 2018;

Alamé and Brassart, 2019; Lei and Liu, 2022; Wagner et al., 2022; Araujo et al., 2024a). In

this approach, the rubbery network is represented as a network of nonlinear springs with force-

extension relationship derived from statistical mechanics considerations. The distribution of

forces among the chains is determined from the condition of force balance at the crosslinks.

Compared to semi-analytical micromechanical models of rubber elasticity, such as the eight-

chain or full-network models (Arruda and Boyce, 1993; Wu and Van Der Giessen, 1993), their

main advantage is that they explicitly account for the network topology and do not require

ad-hoc assumptions regarding the partitioning of the chain stretches. They are also much more

cost-effective than (coarse-grained) molecular dynamics simulations. DN models have been

used to investigate the role of network defects and heterogeneities on the properties of rubbery

networks (Gusev, 2019; Alamé and Brassart, 2019, 2020; Wagner et al., 2022; Araujo et al.,

2024a), as well as their damage and fracture mechanisms (Lei and Liu, 2022; Arora et al., 2022;

Beech et al., 2023; Deng et al., 2023; Li et al., 2024). However, DN models of elastomers and

hydrogels have rarely been exploited in the context of mechanically-activated chemical reaction.

In this work, we combine a DN model with a stochastic chain scission algorithm to inves-
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tigate force-biased chemical degradation in rubbery networks. For the sake of generality, we

consider swollen networks (e.g. hydrogels), where degradation is accompanied by swelling and

mass loss, which are also accounted for in our modelling framework. Examples of applications

include biodegradable hydrogels for biomedical applications such as bioabsorbable implants,

drug delivery and tissue engineering (Bryant and Vernerey, 2018; Turner et al., 2022; Hossein-

zadeh and Ahmadi, 2023), where precise control of the degradation and mechanical properties

is critically needed. Recent experimental evidence suggests that the swelling of cross-linked

networks can generate chain forces that are sufficient to assist bond cleavage reactions (Lee

et al., 2014; Kim et al., 2020; Metze et al., 2023).

We use our DN model to elucidate the role of force-biased degradation kinetics on the

evolution of mechanical and swelling properties. We show that force-biased reaction kinetics

accelerates degradation (as expected), and further that it amplifies the reduction in elastic

modulus for a given number of chain scission events, due to preferential scission of highly-

stretched chains. We also show that force-biased reaction kinetics induces anisotropic damage

when degradation occurs under constraint. These trends cannot be captured by a simple

continuum model based on the commonly used eight-chain assumption, where all chains carry

the same force. Overall, our work demonstrates the potential of DN models to simulate coupled

chemo-mechanical phenomena in rubbery networks and highlights the role of heterogeneous

force distribution in the evolving network on the mechanical and degradation behaviour.

5.2 Discrete network model

5.2.1 Thermodynamics

We consider a network of long polymer chains held together by chemical (non-degradable)

crosslinks. In the reference configuration, taken as the initial, undegraded configuration, the

network is stress-free and the water concentration is C0. The use of a pre-swollen state as a

reference state is convenient to describe hydrogels prepared in solution. In the DN modelling

framework, polymer chains are represented as entropic springs connected at nodes representing

the crosslinks. A representative DN structure is shown in Fig. 5.1. At any degradation stage,
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the free energy associated with stretching the polymer chains in the network is given by:

ψe =
1

V0

n∑
j=1

w(j), (5.1)

where V0 is the volume of the network in the reference configuration, w(k) is the free energy of

the jth chain and n is the current number of chains in the network. The chain behaviour is

described by the freely-jointed chain model:

w = NkBT

[
rβ

Nb
+ log

(
β

sinh β

)]
, β = L−1

( r

Nb

)
, (5.2)

where b is the Kuhn length, N is the number of Kuhn segments, kB is the Boltzmann constant,

T is the absolute temperature, and r is the chain end-to-end distance. The Langevin function

L(x) is defined as L(x) = coth(x) − 1/x. The force needed to maintain a given end-to-end

distance r is derived from the free energy as f = dw
dr
:

f =
kBT

b
L−1

( r

Nb

)
. (5.3)

The end-to-end distance of a chain in the reference configuration is denoted as r0. For small

chain extension r ≪ Nb, the force-extension relation (5.3) reduces to the Gaussian chain model:

f = 3kBT
r

Nb2
. (5.4)

The Gaussian chain approximation holds for r ≲ 0.3Nb. In this work, we limit ourselves to

monodisperse networks where the number of Kuhn segments is the same in each (undegraded)

chain.

We also endow the network with a mixing free energy to describe swelling by absorption

of water. Let C be the nominal concentration of water (number of water molecules per unit

volume in the reference state) and ϕ be the current volume fraction of polymer. The free energy

contribution due to mixing the water molecules with the long polymer chains is given by the

Flory-Huggins model (Flory, 1942; Huggins, 1942):

ψc = µ0C +
kBT

Ω
J [(1− ϕ) log(1− ϕ) + χϕ(1− ϕ)] , (5.5)
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where µ0 is a reference chemical potential for water, Ω is the volume per water molecule, χ

is the affinity parameter, and J ≡ det(F ) is the swelling ratio with respect to the reference

configuration. Note that water molecules are not represented explicitly in the DN framework.

The total free energy of the swollen network is given by ψ = ψe + ψc.

Coupling between rubber elasticity and absorption of water is achieved by assuming molec-

ular incompressibility. The swelling ratio J (ratio of current volume to the volume in the

reference configuration) is then directly related to the current amount of polymer and water by

(Pan and Brassart, 2022):

J = 1−mϕ0 + Ω(C − C0), (5.6)

where ϕ0 represents the polymer volume fraction in the reference configuration. m ≡ Vp0−Vp
Vp0

is

the polymer mass loss fraction, with Vp0 and Vp the reference and current volumes of polymer

(the density of polymer is assumed constant). Thus, Eq. (5.6) accounts for the change in volume

due to releasing polymer chains during degradation, in addition to the change in volume due to

absorption of water. In the initial, reference state, C = C0, m = 0 and J = 1, as required. Also

note the following relation between the polymer volume fraction and the water concentration:

(1− ϕ) = ΩC
J
. In the reference state, J = 1 and (1− ϕ0) = ΩC0.

The network is subjected to a prescribed deformation gradient F , with J = det(F ). The

reference configuration is defined such that F = 1 and C = C0. In the current configuration,

the network is subjected to a macroscopic stress P and is in contact with a reservoir of water

with chemical potential µ. We assume that the network is always at equilibrium with respect

to the applied stress and chemical potential:

P : δF + µδC +Π(δJ − ΩδC)− δψ = 0, (5.7)

where Π represents a Lagrange multiplier enforcing the kinematic constraint (5.6). In writing

Eq. (5.7), we consider virtual deformation and concentration changes (δF , δC) with no chain

degradation or mass loss. Eq. (5.7) means that we do not account for viscoelasticity, and that

we assume chemical equilibrium. This assumption holds considering that water diffusion is

much faster than chemical degradation. Noting the result δJ = JF−T : δF , the state laws for
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the stress and chemical potential are obtained:

P =
∂ψe

∂F
− JΠF−T , (5.8)

µ =
∂ψc

∂C
+ ΩΠ. (5.9)

The Cauchy stress is obtained from the classical relation σ = (1/J)PF T .

The macroscopic deformation F is applied by prescribing the displacement of the nb bound-

ary nodes of the network according to the affine relation:

xα = FXα, α = (1, nb), (5.10)

where Xα and xα respectively represent the coordinates of the αth boundary node in the

reference and current configurations. Consistent with Eq. (5.7), the network is assumed to

be at equilibrium at all times, i.e. force balance is satisfied at each node. The network stress

contribution can then be obtained as (Alamé and Brassart, 2020):

P e ≡ ∂ψe

∂F
=

1

V0

nb∑
α=1

f rα ⊗Xα, (5.11)

where f rα is the reaction force on boundary node α. The corresponding Cauchy stress is given

by σe = (1/J)P eF T . Note that the network stress P e does not vanish in the reference con-

figuration. According to the force extension relation (5.3), a non-zero initial chain end-to-end

distance r0 requires a non-zero chain force, leading to a non-zero macroscopic stress P e ac-

cording to Eq. (5.11). A representative initial distribution of r0 in the equilibrated reference

configuration is shown in Fig. 5.1. Using the Flory-Huggins model (5.5), the state law for the

chemical potential (5.9) can be re-expressed as:

µ = µ0 + kBT
[
log(1− ϕ) + ϕ+ χϕ2

]
+ΠΩ. (5.12)

The Lagrange multiplier Π is determined from the boundary conditions.
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Fig. 5.1: Representative discrete network with n = 20000 chains in the equilibrated reference
configuration, showing the initially-heterogeneous distribution of chain end-to-end distances.

5.2.2 Degradation: Kinetic Monte Carlo algorithm

The kinetics of chain scission by chemical reaction of susceptible backbone bonds is described

using an Eyring-type model (Kauzmann and Eyring, 1940; Bell, 1978):

k = γ exp

(
−Ub − fa

kBT

)
= k0 exp

(
fa

kBT

)
, (5.13)

where γ is the attempt frequency, Ub is the activation energy for bond scission by chemical

reaction in the absence of an applied force, and a is an activation length. k0 ≡ γ exp (−Ub/kBT )

represents the scission rate in the absence of an applied force. In this work, we assume that

each chain contains at most one reactive bond, so that Eq. (5.13) directly provides the chain

scission rate under a given applied force. For chains that do not contain any reactive bond,

the rate constant k0 is simply set to zero. Given a population of n identical chains subjected

to a constant force, the number of surviving chains is described by a first-order kinetic model:

ṅ = −kn, and the survival probability of a chain after time t is given by: ps(t) = exp(−kt).

In writing Eq. (5.13), we have implicitly identified the chain force f with the bond force,

which is a strong approximation. In a real polymer chain, the bond force becomes significant

only when the chain is highly extended under large force, whereas it is negligible when the

chain stretch is small. In this work, we used the (purely entropic) freely-jointed chain model
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to describe the force-extension response of a single chain for simplicity. Since this model does

not provide an estimate of the bond force, the chain force was used in Eq. (5.13). Within

the DN framework, the distinction between bond force and chain force could be captured by

adopting a single-chain model that accounts for energetic effects to the chain behaviour, such as

the extendable freely-jointed chain model (which accounts for stretchable bonds) (Mao et al.,

2017) or the deformable freely-rotating chain model (which accounts for both bond stretching

and bond angle opening) (Zhu and Brassart, 2025). This extension of the DN framework will

be considered in a future work.

In the DN, the distribution of forces among the chains is non-homogeneous, giving a distri-

bution of chain scission rates k(j). Any chain scission event corresponds to a change of state of

the network as a whole. The rate of escape of the network from its current state is given by:

ktot =
n∑
j=1

k(j). (5.14)

The rate ktot represents the total escape rate in a population of identical networks. The survival

probability of the network in its current state is given by: Ps(t) = exp(−ktott), i.e. Ps(t) is the

probability that no chain scission occurs in the network within at time interval t. Equivalently,

(1 − Ps(t)) is the probability that (at least) one chain scission occurs within the same time t.

By definition of the cumulative distribution function, the probability distribution of the time of

first chain scission event P (t) is obtained by integrating the function (1−Ps(t)) (Voter, 2007):

P (t) = ktot exp(−ktott). (5.15)

In the Kinetic Monte Carlo (KMC) algorithm, the degradation process is simulated by

cutting one chain every time interval ∆t, where ∆t is drawn from the probability distribution

of the time of first chain scission (5.15). In practice, this is readily achieved by drawing a

uniformly distributed random number ξ1 ∈]0, 1], and using the following formula (Voter, 2007):

∆t = − 1

ktot
log(ξ1), (5.16)

which is obtained by inverting the cumulative distribution function (1−Ps), also using the fact
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that ξ1 and 1− ξ1 follow the same distribution. The chain j to be broken is randomly selected,

such that it satisfies the following criterion:

j−1∑
1

k(j) < ξ2ktot <

j∑
1

k(j), (5.17)

where ξ2 ∈ [0, 1] is a second uniformly distributed random number. In the case where the chain

force has no effect on the chain scission rate (k(j) = k0), all the chains are equally likely to be

broken according to the selection criterion (5.17). However, when reaction is accelerated by the

chain force, the criterion (5.17) favours the scission of chains experiencing large forces.

5.2.3 Mass loss

We assume that mass loss occurs due to the formation of elastically-ineffective chains, or

chain clusters, and which are detached from the main network due to chain scission. Chain

clusters are identified with the connected components of the network, treated as a graph. Two

connected components of the network (graph) are such that there is no chain (edge) connecting

their respective nodes. Chain clusters are removed from the network if the following two

conditions are met: 1) all the chains in the cluster are elastically ineffective (i.e. they bear

zero force), and 2) the number of chains in the cluster is less than a threshold value nd. The

second condition physically corresponds to the requirement that chain clusters should be small

in comparison to the mesh size to be able to diffuse out of the network. Note that we assume

that diffusion of the clusters is much faster than degradation, and therefore we do not account

for diffusion kinetics.

After removal of a chain cluster, the number of remaining chains n in the network is re-

calculated. We also count the number n1 of complete chains with N Kuhn segments, and the

number n2 of dangling chains with N
2
Kuhn segments, so that n = n1 + n2. The mass loss m

is then calculated as:

m = 1−
(
n1 +

n2

2

)(
n1,0 +

n2,0

2

) , (5.18)

where n0 = n1,0 + n2,0 is the initial number of chains. Eq. (5.18) accounts for the fact that

dangling chains contribute half the mass of a complete chain.
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5.2.4 Numerical procedure

Discrete networks were generated in cubic simulation volumes using our in-house algorithm

implemented in Matlab, which allows control of chain density and end-to-end distance distri-

bution independently by allowing chains to interpenetrate, see Araujo et al. (2024a) for details.

All the crosslinks have a coordination of four, and we do not consider second-order loops. Dis-

crete networks had at least 20000 chains in their initial undegraded state, which is sufficiently

large to ensure that the networks are statistically representative and isotropic.

Networks were subjected to macroscopic deformation gradients F = {λ1, λ2, λ3}, where λi
(i = 1, 2, 3) are the principal stretches along the cube faces, following Eq. (5.10). At every

time step, networks were equilibrated using LAMMPS (Thompson et al., 2022) and the chain

forces were calculated. Network structures were then updated to account for chain scission

and mass loss, following the procedure outlined in Sections 5.2.2 and 5.2.3. We assume that

the network fails at the percolation threshold, also called reverse gelation point, identified here

as the time where there is no continuous chain path connecting any pair of opposing faces

in the simulation volume. At this point, the simulation stops. The stochastic degradation

model was implemented in Python using the networkx library for graph-related operations. In

practice, to reduce the computational cost, mass loss calculation, loss of percolation detection

and network re-equilibration were carried out every 60 chain scission events. We have verified

that this simplification has negligible impact on the numerical results. The numerical steps

are illustrated in Fig. 5.2. The different degradation scenarios considered in this work are

illustrated in Fig. 5.3, and details of the boundary conditions are provided in Appendix 5.6.

As an illustration, the DN model is used to simulate degradation-induced swelling in tetra-PEG

hydrogels in Appendix 5.7, where numerical predictions are also compared to the experimental

data of Li et al. (2011).
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Fig. 5.2: Numerical procedure for coupled mechanics and degradation of discrete networks using
a Kinetic Monte Carlo algorithm.

5.2.5 Degraded elastic modulus

We characterise the effect of chemical degradation on the mechanical properties by calcu-

lating the elastic modulus of the network in the undegraded and degraded states. For uniaxial

deformation along direction 1 at constant water content, λ2 = λ3 = 1/
√
λ1, and the Young

modulus can be calculated as:

E0 = lim
λ1→1

dσ1
dλ1

, (5.19)

where σ1 is the principal Cauchy stress in direction 1. For an incompressible, isotropic elastic

material, the shear modulus is related to the Young modulus by E0 = 3G0. In the particular

case where all the network chains are in their Gaussian regime in the reference configuration,

i.e. r0 ≲ 0.3Nb, the shear modulus can alternatively be calculated as (Alamé and Brassart,

2020):

G0 = ν0kBT

〈
r20
Nb2

〉
, (5.20)

where ν0 is the number density of elastically-effective chains in the undegraded network (number

of chains per unit volume in the reference configuration). The notation ⟨·⟩ denotes the average

over all the chains in the network. Eq. (5.20) is exact provided that the network is isotropic.

The validity of formula (5.20) has been verified in our previous work (Araujo et al., 2024a).

Eq. (5.20) recovers the classical expression G = ν0kBT only in the specific case where the root-
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mean-square average of the chain end-to-end distance is equal to the random walk distance
√
Nb.

We define the elastic moduli of the degraded network w.r.t. to a fictitious ”damaged refer-

ence configuration”, which is obtained by bringing the degraded network to a state with F = 1.

The incompressibility condition (5.6) for J = 1 and the current mass loss fraction m together

dictate the value of C in the degraded configuration. The degraded Young modulus in direction

i can be obtained by subjecting the degraded network to a uniaxial tension test in direction i:

Ei = lim
λ̃i→1

dσi

dλ̃i
, (5.21)

where λ̃i is the principal stretch in direction i measured w.r.t. the damaged reference config-

uration. As shown later, force-induced degradation can result in anisotropic elastic properties

in the damaged state, so that the three degraded Young moduli may differ. In the particular

case where the network remains isotropic in the degraded state, E1 = E2 = E3 ≡ 3G. Further

assuming Gaussian chain behaviour, the degraded shear modulus G can be obtained as:

G = νkBT

〈
r̃20
Nb2

〉
, (5.22)

where ν is the current density of elastically-effective chains (number of chains per unit volume

in the reference configuration), and r̃0 is the end-to-end distance of a chain in the damaged

reference configuration. In general, r̃0 ̸= r0 for a given chain, because the topology of the

degraded network differs from that of the undegraded network, impacting the partitioning of

stretches among the chains and hence the modulus.

5.3 Continuum model

We also consider a simple analytical model and compare its performance against predictions

of the DN model to gain better understanding of the impact of simplifying assumptions. For

simplicity, we neglect mass loss and focus on the effect of degradation on the elastic and swelling

behaviour. Like in the DN model, the mixing energy is described using the Flory-Huggins

model, Eq. (5.5). For the elastic energy of the network, we adopt the eight-chain representation
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(Arruda and Boyce, 1993), which is based on a simplified unit cell of the network consisting of

eight identical freely-jointed chains meeting at its centre. The eight chains all experience the

same stretch, so that the network free energy is simply given by:

ψe = νNkBT

[
rβ

Nb
+ log

(
β

sinh β

)]
, β = L−1

( r

Nb

)
. (5.23)

For a degrading network, the density of elastically-effective chains ν is not constant but de-

creases with the extent of degradation. Consistent with the kinetic model of degradation

introduced in Section 5.2.2, the chain density is taken to evolve following a first-order kinetic

equation (Lavoie et al., 2016):

ν̇ = −νk0 exp
(
fa

kBT

)
, (5.24)

where the chain force is related to the current chain end-to-end distance by the force-extension

relation (5.3). The initial condition is ν = ν0 at t = 0, corresponding to the undegraded

reference state. We also define the ratio η ≡ ν
ν0
.

The chain end-to-end distance in the degraded network is calculated as:

r = Λr̃0, (5.25)

where Λ is the chain stretch, which in the eight-chain representation is given by:

Λ =

√
I1
3
, I1 = λ21 + λ22 + λ23. (5.26)

In Eq. (5.25), r̃0 is the chain end-to-end distance in the degraded reference configuration.

The localisation rule (5.25) thus accounts for the effect of damage on the localisation of chain

stretch. In the reference, undegraded state, r̃0 = r0. As the network degrades, r̃0 evolves. Note

that the continuum damage model is isotropic, since the effect of damage is described via scalar

parameters only: the current density of elastically-effective chains ν and the chain end-to-end

distance in the degraded state r̃0.

The evolution of r̃0 is defined based on the following considerations. First, using the locali-

sation rule (5.25) into the elastic energy (5.23), it can be shown that the elastic shear modulus

of the eight-chain model w.r.t. the reference and degraded reference states are respectively
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given by:

G0 = ν0kBT
r20
Nb2

, (5.27)

and:

G = νkBT
r̃20
Nb2

, (5.28)

which parallel Eqs (5.20) and (5.22) for an (isotropic) DN. In particular, Eqs (5.20) and (5.27)

show that the shear modulus of the eight-chain model coincides with the undegraded DN

modulus provided that r0 is set to the root-mean-square average of the initial chain end-to-end

distance
√
⟨r20⟩ in the DN. The importance of matching the initial chain end-to-end distance in

DN and continuum models for meaningful comparison was highlighted in our previous works

(Alamé and Brassart, 2020; Araujo et al., 2024a). Taking the ratio of Eqs (5.28) and (5.27),

we obtain:

G

G0

= η
r̃20
r20
. (5.29)

For a network of Gaussian chains with fixed volume but decreasing number of chains, the

evolution of the modulus as a function of η can be reasonably well described by the Effective

Medium Approximation (EMA) (Nishi et al., 2012, 2017; Alamé and Brassart, 2020):

G

G0

≈ 2η − 1. (5.30)

Using the EMA into Eq. (5.29), the evolution equation for the reference degraded distance is

obtained:

r̃0
r0

=

√
2η − 1

η
. (5.31)

Under the EMA, the evolution equation (5.31) ensures that the ratio G/G0 predicted by the

eight-chain model and the DN coincide by construction.

Application of the continuum model as an approximation of a given DN simulation involves

the following steps. Consistent with the DN model, the reference state, taken as the initial

undegraded state, corresponds to F = 1 (by definition), C = C0 and P = 0. For a given

initial chain density ν0 (the same as in the corresponding DN model), the chain end-to-end

distance r0 is set to the root-mean-square average of the chain end-to-end distance in the DN,

which ensures that the initial modulus G0 coincides with the DN modulus. Also, r̃0 = r0 in
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the initial, undegraded state. For a given deformation gradient, the chain stretch is calculated

according to Eq. (5.26), and the chain force is calculated using the freely-jointed chain model.

Next, the chain density is evolved according to Eq. (5.24) and η is updated. The degraded

end-to-end distance r̃0 is updated using Eq. (5.31). At each degradation stage, the stress,

chemical potential and Lagrange multiplier are calculated from the state laws (5.8)-(5.9) and

boundary conditions. The simulation is terminated when η = 0.5, corresponding to G = 0

according to the EMA (5.30).

5.4 Results

We use the DN model to investigate the effect of force-assisted chemical degradation on the

mechanical and swelling behaviour of rubbery networks. We also compare DN results semi-

analytical estimates using the continuum model. The following scenarios were considered: a)

free degradation, b) degradation under a constant pre-stretch, and c) degradation under a dead

load, as represented in Fig. 5.3. Material parameters were set as follows: N = 29 and b = 1.1

nm, and ϕ0 = 10%, giving the initial water concentration as C0 = 1−ϕ0
Ω

with Ω = 0.03 nm3.

The initial chain density ν0 was obtained from the initial volume fraction as ν0 = ϕ0/vch, where

vch = Nvm is the volume of a polymer chain and and vm the volume of a Kuhn monomer, set

as vm/Ω = 2.2. Random discrete networks were generated so that the square average initial

end-to-end distance is ⟨r20⟩ ≈ Nb2, so that G0 = ν0kBT according to Eq. (5.20). Finally, we set

χ = 0.45, T = 310 K and k0 = 16.5× 10−4 h−1.

5.4.1 Free degradation

We first consider free degradation, as illustrated in Fig. 5.3(a). At time t = 0+, the unde-

graded network is immersed in a water bath with chemical potential µ = µ0 and instantaneously

swells to its equilibrium value J = J0. At t > 0, the network degrades and swells further, until

it reaches the point of reverse gelation. Details of boundary conditions are given in Appendix

5.6.1. For illustration, snapshots of a discrete network at different stages of degradation are

shown in Fig. 5.4, where the degradation state is quantified by the normalised number of chain

scissions ζ (the ratio of the number of chain scission events to the initial number of chains).

Fig. 5.5(a) shows the evolution of the normalised number of chain scissions ζ for different
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Fig. 5.3: Degradation scenarios considered in this work: (a) free degradation, (b) degradation
under a constant pre-stretch λ1c, and (c) degradation under a dead load P0. Diffusion of water
and detached chain clusters is assumed much faster than degradation.

Fig. 5.4: Visualisation of degradation-induced swelling in the absence of applied stress for
a network with a = 0 and nd = 0. Only the non-broken chains are shown. (a) Reference
configuration of the undegraded network. (b) Equilibrium free-swollen state at the onset of
degradation (ζ = 0). (c)-(f) Equilibrium free-swollen states at different degradation stages: (c)
ζ = 0.1, (d) ζ = 0.2, (e) ζ = 0.4 and (f) ζ = 0.6. The final snapshot represents the state
immediately before loss of percolation.
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Fig. 5.5: (a) Normalised number of chain scissions, (b) normalised swelling ratio, and (c)
normalised degraded shear modulus as a function of time. Continuous lines represent average
DN predictions over 5 repeats, with shaded areas indicating one standard deviation above and
below the average. Dashed lines represent predictions of the eight-chain model.

values of the activation length a and nd = 0 (no mass loss). As expected from the kinetic

model (5.13), increasing a results in accelerated degradation, noting that chains are always

under tension even when the network is subjected to zero stress. The critical value ζc at the

percolation threshold is in good agreement with classical mean-field estimates: ζc ≈ 0.6 for

diamond lattices (Stauffer and Aharony, 2018), and ζc ≈ 0.66 for Bethe lattices (Rubinstein

and Colby, 2003). Accelerated degradation kinetics in turn gives faster swelling (Fig. 5.5(b))

due the reduction in network elasticity, illustrated in Fig. 5.5(c), according to the Flory-

Rehner condition (5.32). Fig. 5.5 also shows the predictions of the continuum model, where

we assumed that η = 1− ζ. The performance of the continuum model is mainly limited by its

ability to capture the elastic modulus, in particular near the percolation threshold. According

to the EMA, the modulus tends to zero for ζ = 0.5, which is significantly lower than the DN

value (Fig. 5.5(c)). As a result, the continuum model overestimates the swelling ratio when ζ

approaches the percolation threshold (Fig. 5.5(b)). The rate of chain scissions is however well

predicted by the continuum model (Fig. 5.5(a)). It is in fact exact in the case a = 0 since the

KMC algorithm is the discrete counterpart of the continuum kinetic model.

Interestingly, force-biased reaction (a > 0) leads to a larger reduction in the elastic modulus

compared to the random chain scission case (a = 0) at the same degradation state ζ. This

effect is shown in Fig. 5.6(a), where the evolution of degraded modulus is represented as a

function of ζ. This directly contradicts the EMA (5.30), which assumes that the modulus

reduction is one-to-one related to ζ. This additional kinetic effect on the modulus predicted
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Fig. 5.6: (a) Normalised shear modulus as a function of the normalised number of chain scissions
for different values of a. (b) Probability density of normalised chain end-to-end distance r√

Nb

in undegraded (ζ = 0) and degraded networks (ζ = 0.3) for different values of activation length
a. The chain end-to-end distance predicted using the eight-chain model is shown as a vertical
dashed line.

by the DN model can be rationalised as follows. In random networks, the distribution of chain

end-to-end distances and chain forces is heterogeneous. According to Eqs (5.20) and (5.22),

the highly-stretched chains have a larger contribution to the elastic modulus. When a > 0,

these highly-stretched chains are also more likely to be cut, therefore leading to a larger drop

in modulus. This effect is illustrated in Fig. 5.6(b), which shows the probability distribution

of chain end-to-end distance in undegraded (ζ = 0) and degraded networks (ζ = 0.3), for

different values of a. As a increases, the distribution of chain end-to-end distances shifts to

the left. Thus, force-biased degradation impacts the degradation pathway at the network level,

which in turn leads to a reduced elastic modulus for the same number of chain scissions. This

effect cannot be predicted by the continuum model, which assumes that all chains experience

the same stretch and hence the same force. The effect of kinetics on network degradation

is also apparent from the dependence of ζc on the activation length a. Close examination of

Fig. 5.5 shows that ζc decreases as a increases. This suggests that chains experiencing larger

forces, and which are degraded preferentially when a > 0, are also more critical to the network

connectivity. This phenomenon is closely related to the percolation of networks in which links

are added or removed with a bias, which is a topic of current research (Spencer and Wormald,

2007; Achlioptas et al., 2009).

We next examine the role of mass loss on degradation-induced swelling, as predicted by the
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Fig. 5.7: DN predictions of (a) the normalised swelling ratio and (b) mass loss fraction as a
function of time for different critical cluster sizes. The case nd = 0 corresponds to no mass loss,
whereas the case nd = ∞ corresponds to the case where clusters of any size can diffuse. (c)
DN predictions of the mass loss fraction for a = 0 and a = b and two different critical cluster
sizes. Lines represent the average DN predictions over 5 repeats, with shaded areas indicating
one standard deviation above and below the average.

DN model. Fig. 5.7 shows the evolution of (a) normalised swelling ration J/J0 and (b) mass

loss fraction as a function of time for a = 0 and different critical cluster sizes nd (similar trends

are seen for a > 0). As expected, increasing nd results in faster mass loss with no impact on the

modulus (results not shown), since only elastically-ineffective clusters are removed. According

to the Flory-Rehner condition (5.32), mass loss reduces the amount of swelling. Fig. 5.7(c)

shows the mass loss fraction as a function of the normalised number of chain scissions ζ for two

different critical cluster sizes and two values of the activation length. Results show that mass

loss is largely independent of a for a given number of chain scissions ζ and given cluster size

nd. Note, however, that loss of percolation is reached at a lower value of ζ in the case where

a > 0, as previously observed in the case where nd = 0.

5.4.2 Constrained degradation

Force-assisted degradation is expected to play a role in scenarios where degradation occurs

under applied external forces. To illustrate this, we first consider degradation under a prescribed

stretch, as illustrated in Fig. 5.3(b). At t = 0+, the hydrogel is subjected to a uniaxial stretch

λ1c and let to swell freely in the two transverse directions to reach the equilibrium swelling ratio

J0. For t > 0, the hydrogel degrades while maintaining the applied stretch λ1c. Details of the

boundary conditions are given in Section 5.6.2.

Fig. 5.8 shows the time evolution of (a) the normalised number of chain scissions ζ, (b)

139



0 70 140 210 280 350
t (h)

0.0

0.1

0.2

0.3

0.4

0.5

0.6
ζ

λ1c = 1.1
λ1c = 2.0
λ1c = 3.0
8-chain

(a)

0 70 140 210 280 350
t (h)

0

2

4

6

8

10

J

λ1c = 1.1
λ1c = 2.0
λ1c = 3.0
8-chain

(b)

0 70 140 210 280 350
t (h)

−50

0

50

100

150

200

250

P 1
(k

Pa
)

λ1c = 1.1
λ1c = 2.0
λ1c = 3.0
8-chain

(c)

Fig. 5.8: (a) Normalised number of chain scissions, (b) swelling ratio, and (c) nominal stress
P1 as a function of time. Continuous lines represent the average DN predictions over 5 repeats,
with shaded areas indicating one standard deviation above and below the average. Dashed lines
represent predictions of the eight-chain model.

the swelling ratio J and (c) the nominal stress P1 for three different values of the applied

pre-stretch λ1c, a = b and no mass loss (nd = 0). DN simulation results show an acceleration

of the number of chain scissions with increasing pre-stretch, which directly follows from force-

biased reaction kinetics (5.13). Like in the free-degradation case, DN results suggest that the

percolation threshold ζc decreases with increasing pre-stretch. Accelerated degradation in turn

leads to faster swelling and faster stress relaxation as λ1c increases. In the case where λ1c = 1.1,

the evolution of P1 is non-monotonic, which results from the competition between reduction

in elasticity and swelling. The pre-stretch value λ1c = 1.1 was selected so that is corresponds

to the free swelling stretch, i.e. P1 = 0 at t = 0+. As the network starts to degrade under

constant stretch λ1c, a compressive state of stress develops since further swelling of the gel is

hindered by the applied stretch. However, as degradation progresses, the elasticity of the gel

reduces and the stress tends to zero. For λ1c = 2 and λ1c = 3, the applied pre-stretch is larger

than the free-swelling stretch. Consequently, both degradation-induced swelling and elasticity

reduction tend to decrease the stress, and P1 monotonically relaxes to zero. Fig. 5.8 also shows

the predictions of the continuum model. Overall, the continuum model is in good agreement

with the DN model at early degradation stages, while deviations become more significant at

advanced degradation stages. We conducted the same numerical experiments in the presence

of mass loss. Similar to the free degradation case, mass loss does not impact the stress, but

hinders swelling (results not shown for brevity). We also found that the activation length no

significant impact on mass loss.
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Fig. 5.9: (a) Stress-stretch curves of a network previously degraded for 80 hours under a constant
stretch λ1c = 3. for a = b and a = 0. Stretches λ̃i are measured relative to the degraded reference
configuration. The responses of the undegraded network and that of a network with a = 0 and
degraded up to the same value of ζ are also shown for comparison. (b) In a spherical coordinate
system, the orientation of a chain in the reference configuration can be described by the polar
and azimuthal angles (φ, θ). The distribution of θ for the broken chains for ζ = 0.3 and a = b
shows that chains aligned with the loading direction (θ = 0◦ ± 180◦) are preferentially broken,
whereas the distribution is uniform for a = 0.

Force-biased degradation introduces anisotropy in the elastic properties. Fig. 5.9(a) shows

the uniaxial stress-stretch response of networks previously subjected to constrained degradation

with λ1c = 3 for 80 hours, corresponding to ζ = 0.3. Uniaxial tension tests in direction 1 and

2 were performed w.r.t. to the degraded reference configuration. As expected, we observe

anisotropy in the elastic response of degraded networks under force-accelerated kinetics in

networks with a = b, with a softer response in direction 1 compared to direction 2. The figure

also shows the response of the undegraded network, as well as that of a network with a = 0

and the same extent of degradation, ζ = 0.3, which remains isotropic. The origin of anisotropic

behaviour in the case a = b is due to the preferential cutting of chains initially aligned in

direction 1, whereas random cutting occurs in the case a = 0, see Fig. 5.9(b). In experiments,

anisotropic behaviour of the degraded network could be used to probe whether force-assisted

degradation occurs or not.

Finally, we consider degradation of a network under under a dead load, as illustrated in

Fig. 5.3(c). At t = 0+, the hydrogel is subjected to a constant nominal stress P0 in direction 1

and let to swell under zero stress in the other two directions. For t > 0, the hydrogel degrades

under the constant dead load, see Section 5.6.3 for details of boundary conditions. Fig. 5.10
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Fig. 5.10: (a) Normalised number of chain scissions, (b) swelling ratio, and (c) stretch as a
function of time. Continuous lines represent the average DN predictions over 5 repeats, with
shaded areas indicating one standard deviation above and below the average. Dashed lines
represent predictions of the eight-chain model.

shows (a) the normalised number of chain scissions, (b) the swelling ratio J and (c) the stretch

λ1 as a function of time in the case where a = b and different values of the dead load P0. Mass

loss is neglected for simplicity (nd = 0). Note that we used relatively small dead loads, because

larger dead load values led to convergence issues in the numerical model. As a result, results

in Fig. 5.10(a) show only a slight acceleration in the number of scission events as P0 increases.

However, the results indicate a decrease in the percolation threshold ζc with increasing loads,

consistent with the previous degradation scenarios analysed. Despite the moderate acceleration

in the number of scission events, the swelling ratio J and the stretch λ1 evolve more rapidly with

increasing dead load. Highly-stretched chains contributing the most to the network stiffness

are more likely to break when a > 0, which in turn impacts the values of λ1 and J . Predictions

of the continuum model are also shown in Fig. 5.10. Like in the previous degradation cases,

the continuum model has a good initial agreement with DN results, which is progressively lost

as the percolation threshold is approached.

5.5 Conclusions

Force-biased degradation in rubbery networks was simulated in discrete networks using a

Kinetic Monte Carlo (KMC) algorithm. By explicitly describing the evolving network structure,

discrete networks naturally account for heterogeneous force distribution among the chains,

which is turn impacts the local kinetics of chain scission. The discrete network model was also
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used to simulate mass loss following detachment of chain clusters from the main network. While

this work focused on monodisperse network for simplicity, the computational model could be

readily extended to polydisperse networks (Araujo et al., 2024a) or double networks (Li et al.,

2024). The KMC algorithm could also be generalised to account for multiple reactive bonds

along each chain, or for bonds with different reaction rate constants (Beech et al., 2023).

We have used the computational model to investigate the effect of force bias on free and

constrained degradation. Key findings of this study are the following:

1. Force-biased reaction kinetics (a > 0) leads to a faster reduction in elastic modulus

compared to the random case (a = 0), which in turn leads to faster swelling.

2. Furthermore, for a given degradation stage (i.e. a given number of chain scissions), the

reduction in modulus is more significant in the case of force-biased degradation, because

chains bearing larger loads are cut preferentially. Loss of percolation also requires a

smaller number of chain scission events with force-biased degradation.

3. Force-biased reaction kinetics induces damage anisotropy when degradation occurs under

external loads. We propose that anisotropy in the elastic properties after degradation

under loads could be used to experimentally verify whether reaction kinetics is biased by

forces or not.

We also developed a simple micromechanics-based continuum model, building on the widely

used 8-chain representation (Arruda and Boyce, 1993) combined with a rate-dependent chain

scission model following Lavoie et al. (2016). The effect of damage by chain scission on the

modulus was captured using an Effective Medium Approximation (Nishi et al., 2012), which

holds at early degradation stages (Alamé and Brassart, 2019), but fails to capture reverse

gelation. This limitation of the EMA was identified in our previous work (Pan and Brassart,

2022). Advanced models are needed to describe the reduction in modulus with degradation

up to the point of reverse gelation, and ideally such models should be micromechanics-based.

Better predictions have been obtained based on tree-like theory (Li et al., 2011; Pan and

Brassart, 2022), however the micromechanics-basis of these approaches is unclear and therefore

they remain largely phenomenological. Another intrinsic limitation of a continuum model based

on the eight-chain representation is that it does not account for the heterogeneous chain force
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distribution. To address this issue, a model that explicitly accounts for the distribution of chain

stretches and its evolution during degradation should be adopted, and non-affine localisation

rules for the chain stretch should be considered, see e.g. (Vernerey et al., 2018; Diani and

Le Tallec, 2019; Mulderrig et al., 2021; Araujo et al., 2024a). The model should also be able to

describe anisotropic damage.

5.6 Appendix A: Details of boundary conditions

5.6.1 Free degradation

Degradation-induced swelling of a network under no external loads is illustrated in Fig.

5.3(a). The deformation gradient is of the form F = λs1, where λs is the swelling stretch, and

J = λ3s. At time t = 0+, the undegraded network is immersed in a water bath with µ = µ0

and instantaneously swells to its equilibrium value, J = J0. As the network degrades (t > 0),

its elastic modulus decreases and the equilibrium swelling ratio increases. Affine boundary

conditions corresponding to the current swelling stretch are applied according to Eq. (5.10).

For isotropic, free swelling, σ = 0 and the network stress is of the form σe = σe1. The state

law (5.8) identifies the Lagrange multiplier as Π = σe = 1
λ2s

∂ψe

∂λs
, which can be calculated for a

given value of λs from the reaction forces on the DN according to Eq. (5.11). The state law

(5.12) provides:

0 = kBT
[
log(1− ϕ) + ϕ+ χϕ2

]
+ Ωσe, (5.32)

where we recall that (1− ϕ) = ΩC/J and J = λ3s is related to water concentration (and mass

loss fraction) by the incompressibility condition (5.6). At each time step, Eq. (5.32) is solved

iteratively for λs using the scipy.optimize library in Python, adjusting the affine boundary

conditions (5.10). Eq. (5.32) is equivalent to the Flory-Rehner model (Flory and Rehner, 1943),

according to which equilibrium swelling follows from the balance of elastic and mixing energies.

Simulations are interrupted when the percolation criterion is met, corresponding to a critical

number of chain scissions ζc.
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5.6.2 Degradation under a constant stretch

Degradation of a network subjected to a constant stretch is illustrated in Fig. 5.3(b). At

t = 0+, the network is subjected to a uniaxial stretch λ1c and let to swell freely in the two

transverse directions: σ2 = σ3 = 0 to reach the equilibrium swelling ratio J0. For t > 0, the

network degrades while maintaining the applied stretch λ1c. The Lagrange multiplier during

degradation is obtained from Eq. (5.8): σe2 = Π, and the stretches in the transverse directions

λ2 = λ3 are obtained from the state law (5.12):

0 = kBT
[
log(1− ϕ) + ϕ+ χϕ2

]
+ Ωσe2. (5.33)

Similar to the free swelling case, Eq. (5.33) is solved iteratively for the transverse stretches.

The true stress in the direction of the applied stretch is given by σ1 = σe1 − Π = σe1 − σe2, and

the corresponding nominal stress is calculated as:

P1 = λ22 (σ
e
1 − σe2) . (5.34)

5.6.3 Swelling under a dead load

Degradation-induced swelling of a hydrogel under a dead load is illustrated in Fig. 5.3(c).

At t = 0+, the network is subjected to a constant nominal stress P0 in direction 1 and let to

swell under zero stress in other two directions: σ2 = σ3 = 0. For t > 0, the network degrades

under the constant dead load. The equilibrium state of the gel is found by solving the following

system of equations:

P0 =
J

λ1
(σe1 − Π) , (5.35)

0 = σe2 − Π, (5.36)

0 = kBT
[
ln(1− ϕ) + ϕ+ χϕ2

]
+ ΩΠ, (5.37)

for the three unknowns λ1, λ2 and Π.
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5.7 Appendix B: Application to tetra-PEG hydrogels

To illustrate the DN modelling framework capability using realistic parameters, we compare

its predictions to experimental data for tetra-PEG hydrogels with tunable degradability devel-

oped by Li et al. (2011). These gels were formed by the crosslinking in solution of four-arm

PEG macromolecules with well-defined arm length, leading to near-ideal network structures

(Sakai et al., 2008). Degradability of the hydrogel was achieved by functionalising a given frac-

tion of the tetra-arm precursors with degradable ester bonds. The ester bonds can react with

water molecules, causing hydrolytic chain scission. In the experiments, as-prepared hydrogels

with different fractions rdeg of degradable chains were immersed in a water bath, and let to

swell freely as hydrolytic degradation proceeds, and the swelling ratio as a function of time was

recorded.

Material parameters used in the DN model were directly obtained from experimental testing

conditions whenever possible. The molecular weight of the four-arm precursors was Mw = 10

kDa in the experiments, giving nm = Mw

2M1
= 113 PEG monomers per chain (a chain consists of

two arms of the four-arm macromolecule precursor), withM1 = 44 g/mol the molar mass of one

PEG molecule. The contour length of each chain was estimated as Lc = nmlp, where lp = 0.28

nm is the projected monomer length in the trans-trans-gauche configuration (Oesterhelt et al.,

1999). The Kuhn length of PEG was set to b = 1.1 nm (Dittmore et al., 2011), giving the

number of Kuhn segments as N = Lc/b = 29. The volume per water molecule was set to

Ω = 3 × 10−29 m3, the temperature was set to T = 310 K and the Flory-Huggins interaction

parameter was set to χ = 0.45 (Li et al., 2011). To simplify parameter identification, we

neglected the effect of force-assisted degradation and set a = 0. In fact, it is unclear from the

literature whether hydrolytic degradation of ester bonds is activated by force or not (Akbulatov

et al., 2013; Wang et al., 2022; Lei et al., 2023). Answering this question is outside the scope of

this paper. In the DN simulations, the only fitting parameters were the reaction rate constant

k0 and the critical cluster size for mass loss, nd.

Perfect random networks were generated with chain density given by:

ν∗ =
2ϕ0ρNa

Mw

, (5.38)
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where ρ = 1.12 g/cm3 is the density of PEG, ϕ0 = 0.053 is the volume fraction of polymer

(Li et al., 2011), and Na is the Avogadro number. The average end-to-end distance between

crosslinks in the random network was set to the corresponding distance in a diamond lattice at

the same density ν∗, ⟨r0⟩ ≈
√
3

41/3
(ν∗)−1/3 (Matsunaga et al., 2009) using our network generation

algorithm allowing independent control of chain density and average chain end-to-end distance

(Araujo et al., 2024a). Next, connectivity defects were introduced by randomly cutting a

fraction (1−p0) of the chains, with p0 = 0.86 (Li et al., 2011), creating dangling ends. Finally, a

fraction rdeg of the chains was flagged as degradable. In the equilibrated reference configuration,

the average end-to-end distance of the chains was ⟨r0⟩ ≈ 0.96
√
Nb.

Degradation-induced swelling was simulated by instantaneously swelling the undegraded

network to its equilibrium value under chemical potential µ = µ0 at time t = 0+, and then

letting the network degrade and swell further for t > 0, see Fig. 5.3(a). Fig 5.11(a) shows the

normalised swelling ratio J
J0

predicted by the model for tetra-PEG gels with varying fractions

of degradable chains rdeg, where J0 is the equilibrium swelling ratio at t = 0+. The reaction

constants, fitted for each curve, are listed in Table 5.1, and we set nd = 4 in all simulations. The

model generally produces satisfactory predictions at all values of rdeg, and the fitted k0 are all

relatively close, consistent with a single reaction mechanism. Simulations were interrupted upon

reaching the percolation transition, which occurred before the experimental final degradation

time. However, simulations stopped close to the point where the experimental curve sharply

increases, which is an indication of reverse gelation in the experiments. Figs. 5.11(b) and (c)

respectively show the predicted evolution of the mass loss m and normalised shear modulus G
G0

(experimental data were not reported for these quantities). Overall, model predictions appear

reasonable, indicating that gels with a lower fraction of degradable chains display slower mass

loss and modulus reduction.
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Fig. 5.11: Degradation behaviour of tetra-PEG hydrogels with different fractions of degradable
chains rdeg: (a) normalised swelling ratio, (b) mass loss fraction, and (c) normalised degraded
shear modulus. Continuous lines represent the average response of five DN simulations, and
symbols are experimental data taken from (Li et al., 2011).

Table 5.1: Fitted values of the reaction constant k0 for different fractions of degradable chains
rdeg. The average reaction constant over all rdeg is k0 = 15.1× 10−4 h−1.

Fraction of degradable chains rdeg Reaction constant k0 (h−1)
1.0 16.5× 10−4

0.88 14.5× 10−4

0.81 15.0× 10−4

0.69 15.5× 10−4

0.63 14.0× 10−4
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Chapter 6

Conclusions

6.1 Overview

The central objective of this thesis was the development of a comprehensive micromechanical

modelling framework capable of addressing multiple physical scenarios relevant to rubber-like

materials. DNs formed the foundation of this framework. By explicitly accounting for the

network topology, our DN model enabled a systematic investigation of the relationships between

macroscopic response and microstructural features. Moreover, DNs allowed us to access chain-

level information during deformation, providing detailed insights into how individual chains

respond to macroscopic loading. This information was fundamental for systematically assessing

existing continuum semi-analytical models and for extending them to reflect the insights gained

from DN simulations.

In Chapter 3, we focused on the elasticity of rubbery networks. Using a newly developed

network generation algorithm that allows independent control of chain density and end-to-end

distance, we analysed the elastic behaviour of network architectures previously inaccessible to

many of the existing network generation techniques. Our results highlight the central role that

the initial end-to-end distance distribution plays in the macroscopic response of the network.

We further proposed generalised structure-property relationships for the shear modulus and the

limit of extensibility of the networks. In a second effort, we used DNs as a tool to benchmark

conventional semi-analytical approaches based on the microsphere framework. Discrepancies

between discrete and continuum approaches were attributed to two main factors: loss of affin-

ity at large deformation, and the heterogeneous distribution of initial end-to-end distances.
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Interestingly, extending the fully-relaxed model to account for the distribution of initial end-

to-end distances led to improved agreement with DN results compared to the affine extension.

However, a practical limitation of the extended fully-relaxed model is that it requires prior

knowledge of this distribution, which is not readily available without DN simulations. A fur-

ther limitation shared by both extensions is the assumed one-to-one map between chain stretch

and initial orientation, which does not hold in DN models.

In Chapter 4, we analysed the mechanical failure of rubbery networks. To that end, chain

scission was included in the DN model through a deterministic breaking criterion. With the

extended DN platform, we conducted a series of uniaxial tension simulations to elucidate the

microscopic mechanisms governing failure. By analysing the evolution of the network topol-

ogy in key deformation stages, we established a direct link between the catastrophic loss of

load-bearing capacity and cascades of scission triggered by force redistribution within spatially

localised clusters of highly loaded chains. Our analysis further showed that chain scissions

amplify the non-affine effects already observed at larger elongations in the elastic case. We

also examined the failure of networks with bimodal distributions of either chain length or chain

strength. While the overall failure response of DNs with bimodal chain length distribution re-

sembled that of their monodispersed counterparts, three distinct failure regimes were observed

in the bimodal chain strength case. These regimes emerged from the preferential scission of

weak chains and the shielding effect provided by strong ones, which delayed the onset of catas-

trophic failure or prevented it in some cases. A second objective of this study was to evaluate

whether semi-analytical models could capture the failure behaviour observed in DN simulations.

Notably, these models consistently failed to capture the onset of failure, even in defect-free net-

works. Improved agreement was obtained by considering the affine and fully-relaxed models

enriched with the distribution of initial end-to-end distances. However, fully-damaged states

could not be predicted by these extended models.

In Chapter 5, we examined the chemical degradation of rubber-like materials. To that

end, we combined our DN framework with a stochastic scission algorithm incorporating force-

dependent kinetics. We used hydrogels as a model system, where degradation is accompanied

by swelling and mass loss, both of which were included in our model. Our results showed

that force-biased chain scission accelerates degradation while amplifying modulus erosion for
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the same number of scission events. Additionally, fewer scissions were needed to cause loss

of percolation under force-biased conditions. Remarkably, degradation-induced anisotropy was

observed in networks degrading under loads when scissions were force-biased. Finally, we

formulated a simple micromechanics-based model by combining the eight-chain model with

a rate-dependent chain scission damage law and a mean-field approach to capture the effect

of degradation on the elastic modulus. While the continuum model successfully captured the

acceleration of degradation caused by force-dependent kinetics, it could not predict degradation-

induced anisotropy because damage was described through a scalar quantity. Moreover, the

mean-field approach we used treated the degraded modulus as a function of the scission count

alone. In contrast, DN results showed larger modulus reductions for the same number of scission

events as force-biased effects increased.

6.2 Scope and limitations

Despite the new insights gained into the mechanics of rubbery networks from a bottom-up

perspective, our micromechanical modelling framework also has limitations. In particular, few

quantitative comparisons were made between the predictions yielded by our new DN model and

experimental data. In fact, this is a general challenge faced by DN approaches (Sugimura et al.,

2013; Kothari et al., 2018; Ghareeb and Elbanna, 2020; Alamé and Brassart, 2020; Lei et al.,

2021; Britt and Ehret, 2022). A key obstacle to direct validation is the limited knowledge of

the actual microstructure of rubber-like materials and the uncertainty over whether synthesis

parameters can be reliably used to construct network topologies. For instance, the distribution

of initial end-to-end distances, chain density, and distribution of chain lengths are rarely known

a priori, yet they are essential inputs in our framework. Although some approximations may

be invoked to infer this information from preparation parameters (Rubinstein and Colby, 2003;

Mark and Erman, 2007; Wang et al., 2023b), it remains unclear how representative the resulting

structures are of real materials. As a result, direct comparison between DN predictions and

experimental data is not straightforward. When such attempts are made, they often rely on

fitting parameters that lack a clear link to microstructure (Wagner et al., 2022; Araujo and

Brassart, 2025a; Lei et al., 2025), or on ad hoc rescalings (Beech et al., 2023; Hartquist et al.,

2025b).
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Nevertheless, despite the current challenges in direct experimental validation, our DN-based

modelling tool offers improvements over previous approaches that may facilitate future exper-

imental comparisons, especially in systems where the microstructure is well controlled. A no-

table example is tetra-PEG gels, which are often employed as model systems to test theoretical

assumptions because of their near-ideal structure with few defects. These gels are synthe-

sised by AB-type crosslink-coupling of star-like macromonomers with well-defined molecular

weight, enabling independent tuning of chain density and chain length (Sakai et al., 2008;

Akagi et al., 2013; Kondo et al., 2014). Since the initial end-to-end distance of a free chain

in solution can be related to its chain length (Rubinstein and Colby, 2003; Sakai, 2020), the

new network generation algorithm introduced in this thesis offers a promising tool to inves-

tigate microscopic mechanisms underlying the macroscopic response of tetra-PEG gels. Such

insights could inform the development of new theoretical assumptions to rationalise experi-

mental trends and serve as a benchmark for existing ones. Moreover, the structure–property

relationships obtained from our DN model could provide estimates of the expected properties

of gels synthesised with a given set of preparation parameters. Finally, the network generation

algorithm could also be adapted to represent rubber-like materials produced by conventional

synthesis routes, where chain density and chain length are coupled, such as free-radical poly-

merisation of hydrogels (Yang et al., 2019a; Kim et al., 2021; Wang et al., 2023b) and random

crosslink vulcanisation of elastomers (Treloar, 1973; Mark and Erman, 2007).

6.3 Future research directions

This thesis provided new insights into various aspects of the mechanistic modelling of soft

materials. However, several key challenges remain before the framework developed here can

be fully representative of real rubbery networks. One major simplification throughout this

work was the assumption that the networks are composed of phantom chains, which can inter-

penetrate freely. In reality, this interpenetration creates entanglements, which have important

consequences for the macroscopic response of the network (Doi et al., 1988; Rubinstein and

Colby, 2003). Overall, entanglements act as topological constraints restricting the number of

accessible conformations to a fluctuating chain. One way to indirectly account for entangle-

ment effects without substantially changing the current DN model is to modify the single chain
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behaviour through tube models (Doi et al., 1988; Miehe et al., 2004; Darabi and Itskov, 2021;

Kumar and Brassart, 2023). The general idea of these models is that the fluctuations of a free

chain are confined to a fictitious tube that evolves with chain deformation, leading to an addi-

tional contribution to the chain free energy. A more direct alternative is to place slip links at

chain intersections, which allow us to explicitly account for entanglements (Assadi et al., 2025).

These links fix the spatial position where the chains interpenetrate, while allowing segments to

slide through, thus controlling tension transmission and disentanglement. This approach opens

a promising path to investigate how entanglements influence viscoelasticity and toughening.

The single chain behaviours we adopted, combined with the phantom chain hypothesis,

required initial forces on the boundary nodes to prevent the network from collapsing to a

point. These initial forces prevented us from running our mechanical failure simulations until a

complete loss of load-bearing capacity (i.e., zero stress) could be achieved. They also hindered

our ability to use the DN model for crack propagation problems, as we were unable to create

traction-free crack surfaces. Given the network generation technique used in this work, the

most promising strategy to solve the collapse problem is to include volumetric contributions to

the free energy of the network that penalise local volume changes around the nodes. Lamont

et al. (2025) recently proposed an interesting approach in that direction. Inspired by models

for cell growth (Barton et al., 2017), these authors used Voronoi tessellation to define cells

associated with each node in the network. Accordingly, the volumetric energy contribution is

linked to the relative changes in the size of the cells as the network is deformed. An important

feature introduced by this idea is that the volumetric interactions between the nodes are not

pairwise, unlike the excluded volume potentials used in molecular dynamics. However, this

approach would need to be adapted to our purposes, since it has only been tested on relatively

small 2D periodic networks.

Many rubber-like materials experience a stress softening process known as the Mullins ef-

fect (Mullins, 1948; Diani et al., 2009), in which there is a deterioration of the elastic properties

when the material is loaded for the first time. This phenomenon typically manifests as hystere-

sis in the stress-stretch response under cyclic loading conditions. In multi-network elastomers

and hydrogels, the Mullins effect is associated with the breaking of chains in secondary brittle

networks (Ducrot et al., 2014; Mai et al., 2019; Zhou et al., 2020). Such hysteresis arising from
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chain scission could readily be analysed using our DN model in cyclic loading. In contrast, the

Mullins effect in carbon-filled rubbers is believed to stem from the debonding of polymer chains

from filler particles (Diani et al., 2009; Diaz et al., 2014), leading to an increase in the effective

length of the chains. Capturing this damage mechanism within the DN model would require

explicitly introducing the filler particles into the network and modelling their interactions with

the polymer chains. Incorporating these features would also enable a quantitative assessment

of strain amplification effects induced by the fillers (Mullins and Tobin, 1965; Govindjee, 1997;

Bergström and Boyce, 1999).

Throughout this thesis, we have consistently shown that microsphere models fail to capture

several mechanisms revealed by DN simulations. The simplifying assumptions underlying these

models were among the reasons attributed to that. In particular, we showed an intrinsic flaw

in the microsphere concept: the assumption of a one-to-one map between chain stretch and

its initial orientation does not hold in general. This finding encourages the development of

new continuum micromechanics approaches out of the microsphere framework. Britt and Ehret

(2022) proposed an interesting approach in which the network free energy is formulated as a

power series in the moments of the chain stretch distribution. However, this approach still

requires ad hoc assumptions and depends on calibration against a ground-truth model, such as

a DN simulation, which may limit its use in practice.

To conclude, while damage-induced anisotropy emerges naturally in microsphere damage

models, it proves to be problematic for failure and fracture applications. These models predict

a persistent residual elastic energy in some deformation modes, which prevents them from

capturing the catastrophic loss of load-bearing capacity observed in DNs and experiments. A

general solution grounded in micromechanics that resolves this issue remains an open question.

Interestingly, the direction-dependent damage observed in microsphere models is one of the key

elements missing from the continuum model for chemical degradation introduced in Chapter 5.

However, adopting a microsphere damage model for degradation introduces new challenges.

Specifically, the relationship between the degraded modulus and the extent of degradation

becomes more complex. Addressing the limitations identified across both mechanical damage

and chemical degradation will likely require the development of a new generation of continuum

micromechanics models.

154



Appendix A

Overview of the GitHub code

This appendix presents an overview of the open-source code available on GitHub, published

alongside the paper “Araujo, L. M., Kryven, I., and Brassart, L. (2024a). Micromechanical mod-

elling of rubbery networks: The role of chain pre-stretch. International Journal of Non-Linear

Mechanics, 166:104834”. A detailed description of the code is available in the “README.md”

file available on GitHub. The code contains two main building blocks: (i) the network gener-

ation block, and (ii) the simulation block. In the network generation step, the user defines a

set of parameters required to construct the discrete network. These include, for example, the

number of nodes, chain density, average end-to-end distance, and the polydispersity distribu-

tion. Once generated, the network geometry is saved to a text file, which serves as input for

the simulation module.

Before starting the simulation, the user has to specify some simulation parameters. The

main ones are the loading type (e.g., uniaxial, biaxial), the chain model (e.g., Gaussian, non-

Gaussian), the target stretch, and the size of the stretch increment. The simulation begins

with an initial equilibration step, ensuring force balance at every interior node in the reference

configuration. The network is then incrementally deformed according to the prescribed loading

type and stretch increment size. After each increment, the network is re-equilibrated. If conver-

gence is not achieved during this step, the simulation terminates. Otherwise, the macroscopic

stress is computed, and the current macroscopic stretch is compared to the target stretch. The

simulation continues until the target stretch is reached or convergence fails. Fig. A.1 shows a

summary of the workflow implemented in the code to simulate the elastic response of Discrete

Networks.
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Fig. A.1: Flowchart summarising the main steps in the elastic simulations of Discrete Networks
implemented in the open source code available on GitHub.
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