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Abstract

Turbulence is among the most important unsolved problems of physics. Its numerical
solution is hindered by the extreme number of computational variables needed to
accurately resolve the broad range of length-scales that become relevant during
turbulent flow. It turns out that a similar challenge appears in a completely different
branch of physics. Quantum many-body systems are described by elements of a vector
space whose dimension grows exponentially with the number of particles, making direct
simulation infeasible. However, the actual information contained in realistic quantum
states is typically only polynomially large in the number of particles, which in principle
makes it possible to represent them using a polynomial number of parameters. Tensor
network methods do precisely this for quantum systems with local interactions by
removing unrealised long-distance correlations from the solution space, which in turn
enables accurate simulation of otherwise intractable quantum systems. In this thesis,
a simple tensor network formalism known as the matrix product state (MPS) ansatz
is transferred from quantum physics onto fluid dynamics and used to numerically
examine two paradigmatic turbulent flows: the 2D temporally decaying jet and 3D
collapse of the Taylor-Green vortex. We find both flows to be structured according to
the classical, scale-local view of turbulence, where flow features of disparate scales are
largely uncorrelated. We eliminate these unrealistic interscale correlations from the
solution space through our MPS encoding of the velocity field, and then formulate
a MPS algorithm for simulating turbulence. With this algorithm, we find that the
incompressible Navier-Stokes equations can be accurately solved even when reducing
the number of computational parameters by more than one order of magnitude
compared to traditional direct numerical simulation. The outlook is threefold. Further
work towards harnessing the power of tensor networks for turbulence simulation holds
the promise of computational fluid dynamics calculations that are yet inconceivable
in scale. Moreover, the close connection that our MPS algorithm has to quantum

physics points towards the exciting prospect of solving the Navier-Stokes equations on



a quantum computer. Finally, from a theoretical standpoint, this work also lays the
foundations for studying the structures of turbulence using tensor network theory. One
topic of particular interest here is what tensor network geometry is most appropriate
for turbulence simulations and why. Answering this question will illuminate the
structure of turbulence from a completely new angle, and perhaps help unravel the

old riddle that is predicting the dynamics of turbulent flows.
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Chapter 1

Introduction

Many decades ago, Richard Feynman remarked “turbulence is the last, great unsolved
problem of classical physics” |1]. Being able to model the chaotic motion of fluids
known as turbulence is of paramount importance to understanding nature, as such
flow is ubiquitous and can be found in the atmosphere, the oceans, rivers, stars, and in
both the wake of a car as well as inside the combustion chamber of its engine. However,
modelling turbulence accurately requires overcoming the seemingly insurmountable
challenge of solving the Navier-Stokes equations at high Reynolds numbers (Re).
After two centuries of intense effort, it has become quite clear that purely analytical
approaches are unlikely to be sufficient. The rise of modern computing in the mid
20th century permitted numerical solution of these equations, which initially resulted
in a rapid burst of progress. But by now it is becoming increasingly obvious that
accurate simulation of realistic turbulence is not computationally feasible with the
current approaches of computational fluid dynamics (CFD) |2|. Feynman’s remark

still rings true today.

The central difficulty in simulating turbulence is rooted in its multiscale nature: high
Re flows contain mutually interacting eddies across an extremely broad range of
length and time scales 3, |4]. These spatial scales range from the largest size of the
energy containing eddies ¢ (i.e. the integral scale), to the smallest one, known as
the Kolmogorov microscale 7, and the separation between these scales is £/n ~ Re3/4
according to phenomenological theory [5]. The direct numerical simulation (DNS)
of turbulence therefore requires the number of gridpoints M to scale with Reynolds
number as M ~ (£/1) ~ Re**/* for all the scales in K-dimensional flow to be resolved.

This is a severe scaling which renders DNS infeasible for the scale of Reynolds numbers



encountered in realistic applications. Consider the example in |6]. A transport aircraft
is flying at a cruise speed of u = 250m/s, and altitude of 10%m at which the kinematic
viscosity of air is about v = 3.5- 10> m?s~!. If the plane’s chord length is ¢ = 5m, the

Reynolds number of the airflow around its wing is about

ul 250ms~! - 5m
Re = — — ~ 106, 1.1
T T 3510 5m?s ! (1.1)

DNS of the flow around the wing then requires M =~ (10¢/n)? ~ 10% - Re”* ~ 10'0
spatial gridpoints, which means each second must be discretised by about 10° temporal
gridpoints for numerical stability to be maintained. This means that computing just
a single second of flight time involves operating upon the order of 10*? floating point

numbers, which would take thousands of years even on a 1 teraflop computer!

A broad range of methods have been created in an attempt to remedy this problem.
One such method is that of adaptive mesh refinement [7], which works by allocating
many gridpoints to areas in the computational domain where the fluid is highly
turbulent, and few to the places where the fluid is more laminar. This can result in
computational savings when the turbulence is concentrated in only certain areas of
the domain (e.g. around the trailing edge of an airfoil). Another approach is based
upon the Reynolds decomposition, which is the idea of decomposing the instantaneous
quantities into their time-averaged and fluctuating components. After doing this,
the Navier-Stokes equations can be time-averaged to produce the Reynolds averaged
Navier-Stokes (RANS) equations, which couple mean flow quantities with a turbulence
term. Modelling the turbulence term then allows one to solve the RANS equations for
the mean flow and thus understand the time-averaged properties of the flow. RANS
solvers are widely used in industry due to their modest cost requirements, but struggle
with accuracy [8]. An important method that is often used to deal with multiphase
flows is that of Lagrangian particle tracking |9]. It functions by repeatedly simulating
the trajectory of individual particles (e.g. bubbles, dust, spray) embedded in some
turbulent flow field, and then statistically analysing the results to characterise the

dynamics of the particles within the flow field.

The currently most prominent method (except DNS) is arguably that of large eddy
simulation (LES) [10]. LES was created about half a century ago and works by only
resolving the flow down to some intermediate scale whilst modelling the remaining
“subgrid-scales”. However, since the general coupling between the unresolved and

resolved scales is not fully understood, the currently available LES models are of



limited accuracy and reliability |8, [11]. Both DNS and LES are scale-resolving
approaches, where increasing the number of numerical variables (e.g. grid points)
translates to resolving finer and finer scales. And, while DNS and LES together
arguably form the backbone of modern turbulence simulation [§], neither of them are
able to reliably capture turbulence. Simulating all the scales between ¢ and 7 results
in an unacceptable computational cost (DNS), but restricting the set of scales under

consideration undermines the accuracy of the simulations (LES).

Resolving all the scales of turbulence thus requires an extreme number of computational
variables, making direct simulation of turbulence computationally infeasible. As it
turns out, a similar challenge precludes exact simulation of quantum many-body

physics.

Being able to accurately simulate quantum many-body systems is important for
understanding how the microscopic dynamics of quantum particles lead to macroscopic
phenomena (such as high-T, superconductivity), and as such the quantum many-body
problem lies at the core of modern condensed matter physics. This problem essentially

boils down to solving the Schrédinger equation

0

ihay [2(1)) = H[P(t)), (1.2)
for a general N-particle Hamiltonian H and quantum state

(W) = Y Ciripin (D) [in) li) .- |in) - (1.3)
inigenin
The amplitude of the basis states constituting |¥) is given by the complex (and
exponentially large in N) tensor C', with the state being normalised such that (U|¥) =
1, and |¥) itself lives in the N-particle Hilbert space H. This Hilbert space is composed
of the Hilbert spaces of the N individual particles in the form of

H=HiQHs - QHp, (1.4)

with |ix) € Hj, being a set of orthonormal basis states that span H;. Equation (1.4])
implies the dimensionality of H explodes exponentially into |H| = |H1| - [Hz| ... |Hn]|
which in turn makes |¥) an exponentially large vector. This makes it infeasible to
explicitly store, let alone time-evolve, |¥). For example, H of a magnetic system of
N spin-1/2 particles is spanned by |H| = 2V basis states. Solving this system within

the entirety of H through e.g. exact diagonalisation of H can in the worst case carry



an ~ 8V computational cost, making this algorithm impossible to run on a desktop

machine beyond just N ~ 20 spins.

However, the immensity of the Hilbert space is somewhat of an illusion. While in theory
quantum many-body states live in an exp(N)-sized Hilbert space, in practice often
just a tiny sub-manifold of the Hilbert space is actually accessible during realistic time-
evolution, when starting from some fiducial state (such as a product state or vaccuum
state). Indeed, in [12] it is rigorously shown that only poly(/V) parameters are ever
needed to represent the realistically-occurring statesf'_-] of locally-interacting systems. In
other words, the real information present in these physical quantum many-body states
is polynomially large, albeit the states are embedded in an exponentially-large space.
This opens the possibility of efficiently simulating quantum many-body systems by
restricting oneself to just the polynomially large solution space that encompasses the
realistic states (note, however, that this does not mean all locally-interacting quantum

many-body systems can be efficiently simulated on classical machines).

The most powerful way of targeting this realistic manifold is the quantum computer.
In 1980 Yuri Manin [13|, and later Richard Feynman in 1982 [14], conjectured that
a quantum computer — a computing machine based upon qubits and quantum gates
instead of bits and transistors — would be able to simulate the dynamics of locally-
interacting quantum systems exponentially efficiently such that the computational
cost scales as ~ poly(V) instead of ~ exp(N). This is done by representing the
wavefunction with the qubits of the quantum machine, and then time-evolving this
wavefunction according to some time-dependent Hamiltonian realised through quantum
gates (e.g. lasers on ion-based quantum computers). Seth Lloyd later showed the
conjecture of Manin and Feynman to be true in his 1996 article [15], where he
analytically demonstrated that any local quantum system can be efficiently simulated
on a quantum computer. However, as of today it remains unclear when (if ever) a

fully fault-tolerant quantum computer will be constructed [16].

This lack of quantum computers forces us to make do with schemes running on classical
computers instead. One such method is that of tensor networks, where the wavefunction
is encoded in the form of a tensor network ansatz and time-evolved exclusively
within this representation. Tensor network methods exploit that the entanglement

(a type of correlation) between quantum particles is often highly structured. In

'With “realistically-occurring states”, we refer to quantum states that can be produced in experi-
ments in poly(N) time.



particular in quantum systems where the particles are only entangled locally [17], near-
locally [18] or just weakly [19], all the realistically occurring states will be efficiently
parameterised by tensor network ansitze such as matrix product states (MPSs) |20,
21|, projected entangled pair states (PEPSs) |22, 23] or the multigrid renromalisation
ansatz (MERA) [18], allowing such systems to be simulated at just ~ poly(N) cost in
place of ~ exp(V). This reduction in computational cost enabled by tensor networks
has provided significant insights into antiferromagnetic materials [24], quantum phase

transition dynamics 25|, superconducting systems [26] and quantum chemistry [27].

While tensor networks were born in the field of quantum physics [21], they have
by now migrated into other fields. This includes cosmology [28|, applied numerical
mathematics [29], computer science |30], machine learning [31] and even linguistics [32].

A good overview of these recent trends is provided in [33].

In general, tensor networks work well when correlations in the underlying data are
of a local nature. Local in the sense that each section of the data is only strongly
coupled to another restricted section, as opposed to the whole remainder of the data.
The aforementioned quantum systems where the particles are locally entangled is only

one such example of locality.

Locality (as a seemingly omnipresent concept of physics [34]) in fact also features
prominently in fluid dynamics. In 1941 Kolmogorov postulated that at large Re,
three-dimensional turbulent flows undergo an energy cascade which is scale-local in
the sense that eddies of a given size predominately transfer energy to other eddies of
similar sizes [5]. After decades of debate, strong evidence has been found in favour of
this postulate [35-37]. Furthermore, two-dimensional flows also undergo an energy
cascade affected by locality [38]. Thus, high Re turbulence is characterised by locality
between length scales of flow similarly to how interactions between quantum particles

are local.

If the scale-local nature of interactions in turbulent flows leads to the various length
scales being locally correlated too, it would in turn imply that turbulent flows are
of similar structure to quantum many-body systems where the particles are locally
entangled. Since such (quantum) locality can be efficiently exploited using tensor
networks (as previously discussed), it is natural to ask whether the tensor network
approach can also be used to exploit the scale-locality of turbulence. This is the

central question of this thesis.



1.1 Thesis structure

The manifestation of locality in quantum many-body physics and fluid dynamics is
considered in Chapter [2 The chapter begins with an overall introduction to the
principle of locality in physics and how its presence can be exploited to reduce the
dimensionality of a system. Then it is specifically explained how quantum systems
get structured according to area laws of entanglement when the constituent particles
are strictly locally correlated. Afterwards it is argued that the scale-locality of
turbulence should also impose structure on turbulent fluid fields. This structure is
more closely investigated by measuring the amount of interscale correlations found in
two paradigmatic flows: a 2D Kelvin-Helmholtz instability and the 3D Taylor-Green
vortex. The chapter finishes with a discussion on how the scale-locality of turbulence
can be exploited with MPSs.

Chapter [3| introduces tensor networks in general and the MPS ansatz in particular.
Topics include tensor algebra, how tensor networks can be used for data compression,
what MPSs are and how they can be produced and various other aspects of MPSs
that are relevant to this thesis. The operators used for manipulating MPSs, matrix
product operators, are also covered. The mathematical machinery outlined here is

actively used in the subsequent chapters of the thesis.

Chapter [ presents a framework for encoding turbulence with MPSs. The first two
sections deal with how scalar functions and vector fields can be represented in MPS
form. Then a fine-graining algorithm is presented for prolonging vector fields onto
finer grids, followed by an explanation of how finite difference matrices can be encoded
as matrix product operators, and then finally it is explained how to calculate the
Hadamard (i.e., elementwise) product of two MPSs. Reading Chapter |4|is important to
both mathematically understand how the MPS ansatz is well-adapted to the multiscale
nature of turbulence, and to follow the subsequent derivation of the MPS-based fluid

simulation algorithm in Chapter [5

Our MPS scheme for simulating fluid dynamics is derived in Chapter 5] The chap-
ter begins by reformulating the Navier-Stokes equations into a cost function to be
minimised over the MPS manifold. Then a Runge-Kutta time-marching scheme for
minimising this cost function is derived, followed by a detailed explanation on how this
time-marching scheme can be implemented in practice. The computational complexity

of our MPS algorithm is also discussed in detail. Chapter [5] finishes with a remark on

6



how the MPS algorithm can be easily adjusted to solve Burgers’ equation in place of

the Navier-Stokes equations.

Burgers’ equation is an analytically solvable simplification of the full Navier-Stokes
equations and therefore present an excellent toy-problem on which to evaluate our MPS
algorithm. In this spirit, Chapter [6] revolves around the simulation of 1D shock-waves
evolving under Burgers’ equation. The chapter begins with a general introduction
to the Burgers’ equation and how it can be analytically solved. Burgers’ equation is
known for generating shock-waves at large Reynolds numbers, which are very difficult
for DNS to handle. In the middle of Chapter [f] it is shown analytically that these
shock-waves are easily captured by the MPS representation, and afterwards these

analytical results are confirmed numerically in the final parts of the chapter.

In Chapter [7| the MPS algorithm is used to simulate the two paradigmatic flows of
Chapter [2/at high Reynolds number. The results of these simulations are presented and
discussed, and they indicate that the MPS algorithm is capable of accurately resolving
the turbulence of both the Kelvin-Helmholtz instability and the Taylor-Green vortex
using only a small fraction of the variables required by DNS. It is also considered what
the discarded variables represent and why they are unnecessary for maintaining the

accuracy of the simulations.

We discuss alternative tensor networks for simulating turbulence in Chapter [§| This
includes various geometries that are better than MPSs at capturing correlation between
more distant length scales, and anséatze which are better suited to capture the structure
of interscale correlations we have observed during our investigation of 3D turbulence.

A quantum circuits representation of turbulence is also briefly mentioned.

Chapter [J] concludes our investigation on the utility of using tensor networks to exploit
turbulence structure. The main findings are summarised and it is underlined how they
move the fields of fluid dynamics and tensor networks forward. Suggestions for future

work are made.

1.2 Publications

The central results of this thesis are published in “N. Gourianov, M. Lubasch, S.
Dolgov, Q. Y. van den Berg, H. Babaee, P. Givi, M. Kiffner and D. Jaksch; A
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quantum-inspired approach to exploit turbulence structures; Nature Computational

Science, 2022”. Particularly Chapters 2, 4, 5 and 7 are in large parts based on this
paper.

Additionally, N. Gourianov during his D. Phil. also significantly contributed to the
manuscript “P. Secular, N. Gourianov, M. Lubasch, S. Dolgov, S. R. Clark, D. Jaksch;
Parallel time-dependent variational principle algorithm for matrix product states;

Physical Review B, 2020



Chapter 2

Locality in quantum physics and fluid
dynamics

2.1 Introduction: principle of locality

A central facet of modern physics is the principle of locality. Articulated about two
centuries ago [34], it posits that any interaction between particles must be mediated
by the space separating them. In stark contrast to the old Newtonian ideas of instant
force at a distance (e.g. Newton’s law of gravitation), the principle of locality both
guided Maxwell in his formulation of the laws of electrodynamics and turned out to

be a key axiom in Einstein’s theories of relativity.

The presence of locality in a system induces structure (“structure” in the sense that the
system is governed by a set of constraints). Consider for instance the theory of special
relativity, where locality demands that no signal can travel faster than the speed of
light in vacuum (as otherwise we would be dealing with instantaneous action): this
restriction imposes a causal structure upon the universe that forbids any relationship

between events that are sufficiently separated in spacetime.

Locality also features prominently in both quantum theory and fluid dynamics, albeit
in a different way from special relativity. In special relativity, one must assume
the presence of locality for the causal structure of spacetime to be maintained, as
otherwise, if information could travel faster than the speed of light, it would become
possible for effects to occur before their causes. However, locality in entanglement

and the scale-locality of turbulence instead emerge from the equations of motion,



the Schrodinger equation and the Navier-Stokes equations, respectively. Though this
difference does not change that the presence of locality in a system always leads to

structure.

Because the structure of a system by definition limits its dynamics, it also reduces
the degrees of freedom needed to describe the system. That is, the solution space
within which the states of the system lie is smaller than it would otherwise be, and
this can readily be exploited for simulation by reducing the computational resources
required to both represent the states and time-evolve them. In this way, algorithms
that account for locality can allow for cheaper simulations than more naive schemes
that do not.

2.1.1 Chapter structure

This chapter explores locality-induced structures in quantum many-body physics and
fluid dynamics, and how they can be numerically exploited. Sections[2.2]and [2.3|discuss
how quantum many-body systems become structured according to so-called area laws
whenever the entanglement between particles is local. Tensor network methods were
specifically designed to handle such quantum systems. Moving on, the scale-local
nature of turbulent flows is introduced in Section [2.4] To investigate whether scale-
locality reflects a structure that tensor networks can exploit, in Sections[2.5] [2.6]and
we investigate the interscale correlations of two paradigmatic turbulent flows using
methods of quantum information theory. The results of these investigations imply
that tensor networks can be used to simulate fluid flows using vastly fewer variables
than DNS (i.e., within a data-compressed format), as is discussed in Section . The
chapter is concluded in Section [2.9

2.2 The Schmidt decomposition in quantum theory

In quantum many-body physics, the Schmidt decomposition is often used for studying
the entanglement — i.e. quantum correlation — between different sections of quantum
systems [17], 20, 21]. The Schmidt decomposition is mathematically equivalent to

performing an exact singular value decomposition (SVD) [39] of a complex vector. For
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example, assume that we have an N-particle pure-state

[B) = > Cirigeiy lin) i2) - |in) (2.1)

irig..in
which lives in the N-particle Hilbert SpaC(ﬂH =H1QHo - -@Hy, with |i) € Hy. The
amplitude of the basis states constituting |¥) is given by the complex (and exponentially
large in N) tensor C, with the state being normalised such that (V|U) = 1. If we wish
to study the entanglement between the set of particles 1 to n and the remaining particles
n+ 1 to N, we can bipartition the Hilbert space between sub-system A consisting of

particles 1...n and the complementing sub-system B of particlesn 4+ 1... N as
H=H"@HE, (2.2)

with any state [¥4) of the set of particles 1...n living in #*, while the corresponding
state |UP) of the particles n+1... N lives in HB. By reshaping C into a matrix where
the rows are associated with the states of the particles of A and the columns with
those of B, and then performing an exact SVD between these rows and columns, | V)

will be rewritten as -
O) =) Aa ) [8F) (2.3)
a=1

with the singular values (or Schmidt values) A, being real, non-negative scalars
sorted in descending order: A\; > Xy > -+ > Ap, |[¢2), [¢¥B) being orthonormal
states such that (V7[vg) = (WF|WF) = dap where d,5 is the Kronecker delta and
I = min{|H"|,|HB|} being the Schmidt number. We have now illustrated the Schmidt
decomposition by putting |¥) into the Schmidt-form of Equation ({2.3)).

The Schmidt spectrum A, determines the entanglement between sub-systems A and B.
This entanglement is traditionally measured in units of von Neumann entanglement
entropy
r
Sap=—Y N logy 2. (2.4)
a=1
It is interesting to note that the von Neumann Entropy is at its maximum if A2 = 1/T,

at which point the entropy equals log, I'. Or equivalently,

Sap < log, T, (2.5)

!'Note that we here only refer to the quantum state and Hilbert space as “ N-particle” for the sake
of simplicity; this Hilbert space could just as well represent the states of a quantum system of N
lattice sites, like the Hubbard model, where each lattice site can accommodate multiple particles.
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which implies the maximum entanglement is limited by the volume (i.e. dimensionality)
of the smallest of the two sub-system A and B. Thus, in general, the maximum possible

entanglement entropy a many-body quantum system can contain scales with its volume.

The central benefit of Schmidt decomposing |¥) is that it allows us to systematically
approximate |¥) by truncating the least important singular values. Remember, the
singular values ), are sorted in descending order, while the states [1)4) , [)B) are
orthonormal; this means that if we were to truncate the sum from I' down to some
scalar y < I', we would only keep the x most important orthonormal basis functions,

weighted by their respective singular values. Thus |¥) would be approximated as

= Aalvd) 08, (2.6)
a=1
such that the squared L2-norm error €2 is minimal and equals
& = [|1w) = [®) [[; = (U|0) + (2]®) — ((¥]®) + (2|W))
r X
= D ks (WAUZIEUE) + D Aaks (WAULI0EUE)
a,p=1 a,f=1 (27)
T b% I
= D02 ks (Wawdlvgvd) + wivglvdvd)) = D0 N
a=1 =1 a=x+1

2.3 Area law of entanglement

Remarkably, nature itself sometimes truncates these singular values. Assume now the
sub-systems A and B of Equation are separated by a continuous boundary as
illustrated in Figure [2.1] Consider quantum systems wherein the interactions are local
and a finite gap exists between the energies of the ground state and excited states.
As it turns out, these systems’ low-energy states will normally be characterised by
local entanglement, where particles close to each other entangle while the correlations
between far-away particles is exponentially small [17]. This means that the singular
values in Equation which are associated with long-range entangled modes must be
approximately zero (truncated by nature), which in turn implies that the entanglement
entropy Sap between the two sub-systems scales not with their volume, but rather
with the area separating them. This phenomena is what is known as the area law of
entanglement |17, |19} 40, 41].
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Figure 2.1: An illustration of the area law for 1D and 2D quantum lattice
systems. In area law following systems, the bipartite von Neumann entanglement
entropy scales with the area separating the sub-systems instead of their volumes.
For the 1D system of a, this means that the entanglement entropy Ssp between
sub-systems A and B saturates towards a constant as the lattice lengthens. However,
if the 2D quantum lattice of b starts expanding e.g. vertically, such that the boundary
between sub-systems A and B grows, then the entanglement will grow linearly with L.

In a naive simulation of an N-particle quantum many-body system, for instance
through exact diagonalisation, the solution space equals the exp(N)-sized Hilbert
space. Such a simulation will exactly resolve (up to machine precision) all of the
singular values at all bipartitions of the quantum system. But if nature truncates many
of the singular values, then why should they at all be represented during simulation?
The answer is that they should not — resolving them is a waste of computational
resources. Hence the locality in entanglement of quantum systems leads to a structure
in the quantum state that restricts the number of singular values required to accurately
represent the state. One practical way of discarding these unnecessary singular values
during numerical simulation is by representing the state as a tensor network and
simulating it entirely within such a form, as is explained in detail in the following
Chapter
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Figure 2.2: The turbulent energy cascade. The energy cascade in three-
dimensional space is caricatured in this figure. ¢ and 7 here denote respectively
the integral and Kolmogorov length scales. These scale are related with the Reynolds
number as £/n ~ Re¥/*.

2.4 Scale-locality of the turbulent cascade

While in quantum physics the locality is between particles, in this section we argue

that in fluid dynamics locality appears between length scales of flow.

The poem “Big whirls have little whirls that feed on velocity, and little whirls have lesser
whirls and so on to viscosity” was written over a century ago by Lewis Richardson [42],
yet it still correctly encapsulates how energy is transferred and dissipated in turbulent
flows. The first major analytical explanation of this phenomena is Kolmogorov’s 1941
theory of the turbulent energy cascade [5], which says that energy flows from the
integral spatial and temporal scales to the Kolmogorov microscales (where the energy
is then dissipated) in a scale-local fashion through the intermediate scales. Scale-local
in the sense that flow features at a given scale only interact with flow features that
are roughly of the same scale, which forces the energy to cascade through a succession

of scales, as illustrated in Figure before reaching the dissipative microscale.

The interscale dynamics of turbulence have historically been studied by simply equating
scale with wavenumber [37]. To understand how, however, we first need to define the
equations of motion. If V/(t,7) = S_5 | e;u;(t, ) is the K-dimensional velocity field at
time ¢ and position r within some box of length Ly, then the time-evolution of V (¢, r)

is governed by the Navier-Stokes equations. They assume the fluid is Newtonian and
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viscous, and consist of conservation equations for momentum and mass along with
an equation of state that couples the temperature, density and pressure of the fluid.
Assuming the fluid is water-like, i.e. of constant density, will simplify the equations
without removing their turbulent properties. Doing this results in the incompressible

Navier-Stokes equations

V.V =0,

ov

2.8
o T (V.V)V = -Vp+vV?V, 28)

where p(t, r) is the pressure and v the kinematic viscosity (which is constant throughout

space and time). Now, the Fourier transform of each component of V' gives
it k) = / wi(r, )R dr, (2.9)

with k = Zfil e;k; being the wavenumber. Assuming periodic boundary conditions,
rewriting the velocity field as u; = >, U;(k)e™ ™ and making use of the fact that
the pressure is nothing more than a Lagrange multiplier for the incompressibility
condition [43], in turn transforms Equation into

(% —+ V’k|2>ﬂi(t, k‘) = —i Z kmpz](k) Z aj(tv k/)am(tv k//)v (2'1())

Jym=1 k=k'+k"
with the projector F;; being

kik;

Pij(k) = 0i5 — W’

(2.11)
where 9;; is the Kronecker-delta. Equation (2.10) reveals that the velocity field at
wavenumber k in principle depends upon all possible interactions between wavenumbers
k' and k" as long as k' + k" — k = 0. These so-called triadic wavenumber interactions
offer a perspective on the interscale dynamics occurring within turbulence and have

therefore been the focal point in the theoretical study of the scale-locality of turbulence.

A central question is how close k, k' and k" are to each other when their respective
modes exchange energy amongst themselves [37]. To this end, multiplying with
the complex-conjugated u(t, k) on both sides of Equation (2.10) will result in an

expression for the time-evolution of the energy spectrum E(t, k) = 3 |;(t, k)|*:

(% n 2y\kz\2>E(t, k) =T(t k). (2.12)
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Here the interscale energy transfer function 7'(¢, k) completely determines the coupling

between disparate scales and it equals

K
T k)= Y knPy(R) Y Tn(@ (k)T KT, (213)
jm=1 k=k'+k"

with Im(+) being the imaginary part of a complex quantity.

The nature of T'(¢, k) has been debated for over half a century. Kolmogorov’s scale-local
view of 3D turbulence supposes that energy is exchanged only when k, k' and k" are
close to each other, a view endorsed by the subsequent theories of Obukhov, Onsager
and Heisenberg [44-46|. They proposed that pairs of modes at similar wavenumbers
k' and k" transfer energy to double-sized wavenumbers k ~ 2k’ ~ 2k”, thus driving
the energy cascade by successively transferring energy from large to small scales. This
picture was later refined through detailed calculations by Kraichnan, who found that
the energy transfer between modes at disparate wavenumbers decays as a power-law.

To see this, we define the parameter

max(|kl, k'], [K"])

S(|k|7|k/|’|k”|) - m1n(|k:| ’k)/| ’k//’)v

(2.14)

which gives the disparity between the wavenumbers. Kraichnan showed [47, |48| that
the contribution to the energy cascade flux across |k| from disparate modes decays

asymptotically with the disparity as ~ s~%/3

. The explosion of computing power in the
late 1980s permitted numeric evaluation of these theories, but the simulations turned
out to seemingly claim evidence both in favour [49, 50| and against [51] scale-locality.
In the late 2000s, rigorous studies came out that aimed to settle the controversy in

favour of the scale-local ~ s~%3 view [35-37].

The dominant physical mechanisms behind the three-dimensional energy cascade are
vortex stretching and strain self-amplification. With regards to the former, turbulent
fluctuations tend to on average elongate vortical structures in incompressible flow [52],
and when this happens the law of angular momentum conservation demands the
vortices get thinner (in the sense of a decrease in their radii) and spin faster (akin
to how a figure skater can increase her spin by drawing in her arms). This thinning
energises larger wavenumbers, leading to a transfer of energy from large scales to
small. Vortex stretching has traditionally been thought to be the main mechanism
for transferring energy down the cascade, but it was recently revealed that strain

self-amplification is in fact at least as important [53-55]. Strain self-amplification
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occurs in regions of steep velocity gradients. There, slow-moving fluid is overtaken
by faster fluid, which causes fluid elements to be squeezed into sheet-like bodies
(akin to how a water-filled balloon thrown into a wall gets squeezed before bursting).
This squeezing of fluid parcels serves to energise larger wavenumbers (just as the
aforementioned vortex thinning does), hence helping drive the Kolmogorov energy

cascade.

One might guess that two-dimensional turbulence is merely a simplification of the
3D problem. This is however incorrect, as both vortex stretching and strain self-
amplification vanish in two dimensions [55]. This leaves two remaining mechanisms
for transporting energy between scales that are not mentioned above (due to them
being of little importance in 3D flow compared to vortex stretching and strain self-
amplification), and not only do these two mechanisms not vanish in 2D, they in fact
serve to make the dynamics of 2D flow completely different from 3D. The first of these
processes is vortex merging, where small vortices of like rotation combine to form
larger vortices, and then the larger vortices in turn combine with other similarly large
vortices and so on until the resulting eddies become as large as is possible to fit into the
domain. An important point is that the interaction between the voritces is scale-local
in the sense that small vortices do not interact with large vortices (instead, they simply
get swept along the large ones), but do indeed strongly interact and become deformed
when colliding with similarly-sized vortices [56]. The second important process in 2D
turbulence is that of vortex thinning. When small vortices are caught in larger-scale
strain rates in the flow, the strain-rate tends to flatten (“thin”) the 2D vortex. Kelvin’s
circulation theorem then demands that this leads to a decrease in the velocity around
the vortex, which in turns also reduces its energy. But the energy does not dissipate,
it rather transfers to the large scale flow features responsible for the strain-rate |38].
Furthermore, this mechanism is weakly scale-local [38]. Together, vortex thinning and
merging serve to drive energy up from small scales of flow to larger ones, leading to
what is known as the inverse energy cascade of two-dimensional flow. Thus while

energy flows from large scales to small in 3D flow, it is the complete opposite in 2D.

We have now discussed the scale-locality of high Re flow. In conclusion, it is widely
believed that the 3D Kolmogorov cascade is scale-local, while for 2D fluid dynamics,
the evidence points towards scale-locality being present in a weaker form. Thus the
interactions between the modes corresponding to wavenumbers k' and k” in the RHS
of Egs. and are scale-local in turbulence, though the exact nature of
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these interscale interactions still remains an open research question [37]. But what

about the low Re case?

At low Reynolds numbers, equivalent to large v, the flow turns laminar. Laminar flow
is a highly ordered collection of layers of fluid particles moving in the same direction
without intermixing between the layers. As v gets larger (and increasingly larger scales
become subject to viscous dissipation), the RHS of Egs. and shrink in
amplitude compared to the viscous term, making the interscale interactions decrease
in relative importance. In the limit of v — oo we get the extreme case of unsteady
Stokes flow where the RHS has vanished and the different length scales of flow have
become completely decoupled from one another. Therefore, the Reynolds number
controls the amount of interactions between different length scales of flow. At very low
Re, these interactions are turned off and all different wavenumbers decouple, while
at very high Re the turbulent and multiscald?| flow contains (scale-local) interactions

between the wavenumbers.

The scale-local nature of interactions in fluid dynamics is said to be reflected in a
particular structure of turbulence. When excitations are transferred in a chaotic
chain of steps from wavenumber to wavenumber, the conditions at the large scales
of flow presumably uncouple from the dynamics at the small scales. This is the
reasoning behind the famous universality hypothesis of turbulence, which states that
at a sufficiently high Reynolds number, the dynamics of small-scale flow are universal
and independent of the large scale flow |57, 58|. This universality hypothesis is a main
motivator behind LES. Afterall, if the physics of the small scales are universal across
turbulent flows, it ought to be possible to model them while resolving just the large

scale flow.

In a sense, LES exploits the structure induced by locality to remove unnecessary
variables (i.e., the large wavenumbers) from consideration. Namely, to do data-
compression. Unfortunately however, nobody has yet been able to formulate a
generally valid theory of turbulence and, as such, no single subgrid-scale LES model
exists which is accurate for all flows. The structure of many-body quantum systems
discussed in Section is also imposed by locality, and numerical methods exist
which actively exploit this locality to simulate the physics within vastly reduced (i.e.

data-compressed) solution spaces. A prominent such method that has seen great

2Recall that at high Re the dissipative scale becomes small compared to the integral scale, which
activates the many intermediate flow scales between the integral and dissipative scales.
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success in quantum many-body physics is that of tensor networks, begging the question

of whether they can also be used to exploit the scale-locality of turbulent flows.

2.5 A quantum-inspired scale decomposition

To understand the utility of tensor networks for CFD, we here study the structure
of turbulence from a quantum information perspective. This entails, for the sake of
convenience, using language and terminology taken from quantum theory even though

we are dealing with classical physics.

We begin by investigating the interscale correlations in turbulence, this time not
using a wavenumbers approach as in the previous Section but rather the Schmidt
(or singular value) decomposition [Section to bipartition flow fields into coarse
and fine length scales (though a wavenumbers-based investigation into the interscale

correlations is also provided as a side-note in Appendix .

The very first step is to discretise the computational domain. We discretise each
spatial dimension by 2% gridpoints, where N is a positive integer. In this way, the

velocity field V' (¢,r) becomes discrete functions of position r, ala

Vtrg) = uiltm)es (2.15)

where K is the spatial dimension and e; are Cartesian unit vectors. This computa-
tional grid will now be systematically divided into subgrids by means of the Schmidt

decomposition.

Consider a 1D system (K = 1) and scale all lengths with its spatial dimension Lyqy. Let
us momentarily ignore time. The spatial domain [0, 1] of the velocity w is discretised
with N bits into 2 gridpoints as r, = ¢/2" with ¢ =0,1,...,2Y — 1 (see Figure
for a N = 5 example). This grid can be bipartioned into coarse and fine subgrids.
Let n=1,...,N — 1. Then, for a given n, the coarse subgrid comprises the points
Xy = k/2" with £ =0,...,2" — 1. The spacing between neighbouring points is 2"
and this therefore defines a coarse length scale, as indicated by the red gridpoints
in Figure 2.3] At each coarse grid point X} a fine subgrid is attached with points
v =1/2Y,1=0,1,...,2% " — 1, and adjacent points are separated by the fine
length scale 27V, as the blue gridpoints in Figure In this way, any point r, of the
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Figure 2.3: A 1D grid. A line of length L, is here discretised using a Cartesian grid
with 32 gridpoints. The subgrid structure when decomposing a function u according
to Equation for n = 2, N = 5 is illustrated here. The 4 gridpoints X}, of the
coarse grid are here denoted by the red points. Each X; has a fine subgrid x; of 8
points attached to it, and these points are denoted in blue.

1D grid can be written as r, = X} + x;. Next, the function values u(r,) = u(Xy + ;)
are arranged into a 2" x 2V~ matrix where the rows and columns correspond to
increments along the coarse and fine grids, respectively. Performing an un-truncated
SVD on this matrix gives the exact Schmidt decomposition of u(r,) at bipartition n:

d(n)
=3 NaRa(Xi) falz), rg=Xi+a, (2.16)
a=1

where the Schmidt number d(n) = min(2",2Y") is maximal (due to the SVD being

un-truncated), and the functions R, and f, obey the orthonormality condition of
ZR t Xk>R5 t Xk Zfa t €I f5<t .%‘l) = 6&57 (217)

with d,p being the Kronecker delta. Each product R, f, is weighted by a Schmidt
coefficient A, > 0, and these coefficients appear in descending order A\; > Ay - -+ > Agqp)

The SVD can also be done in an approximate (truncated) manner by setting d(n) =
x < min(27, 2V resulting in

X

u(rg) = v(rg, x) = Z Ao (Xk) fo(21). (2.18)

a=1
Decreasing the Schmidt number to y results in only the y largest singular values and
their associated orthonormal basis functions being kept, ensuring that the error due

to this approximation is minimal in the Frobenius norm (analogously to the quantum
case in Section [2.2)). The total error-squared €? is

FlD )

€ = |lu(ry) —v(re, )3 = Y A2 (2.19)

a=x+1

Truncating the Schmidt decomposition in this manner approximates u in an orthonor-

mal time-dependent basis that evolves with the fluid flow to optimally capture spatially
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Figure 2.4: A quadratic grid. A square with edge length Ly is here discretised
with a 1024 x 1024 grid. The subgrid structure when decomposing a function w;
according to Equation for n = 2, N = 10 is illustrated here. Red dots are the
4 x 4 gridpoints X of the coarse grid. Each blue square attached to the X, indicates
the quadratic subgrid with the 256 x 256 gridpoints x;, of the fine grid.

correlated structures. This is in contrast to classical DNS (as implemented through
e.g. finite difference or spectral methods), where the bases are chosen a priori and
do not automatically adapt to any changes in the structure of the solution, though
somewhat similar to the method of adaptive mesh refinement 7], with the caveat that
adapative mesh refinement removes excess gridpoints from specific locations in the
spatial domain, while truncating singular values removes excess basis functions which

cover the whole spatial domain.

This procedure can be straightforwardly generalised by replacing bits with quarternaries
(2D) or octals (3D), i.e., by replacing 1D line segments with squares (2D) or cubes
(3D). The maximal possible Schmidt number at the n-th bipartition in K dimensions
is in general given by

5P (n) = min(25" 2KW=m), (2.20)

Thus the maximal Schmidt number in 2D is T*P(n) = min(4",47 ") and I'*P(n) =

min(8", 8V~ for 3D.
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To demonstrate, we illustrate in Figure the Schmidt decomposition for a 2D
(K = 2) flow field. Each component u; on this 2V x 2V grid is decomposed into

functions R;, and f;, on a coarse and a fine subgrid, respectively, giving

2D (n)
Ui(t, Tq) = Z Ai,a(t)Ri,a(ty Xk)f@a(t, ml), Ty = Xk + x;. (221)
a=1
The positions X, correspond to a quadratic grid with 2" x 2" points (coarse grid),
and x; correspond to a fine subgrid with 2¥—" x 2¥=" gridpoints. As in the 1D case,
the functions R;, and f;, obey an orthonormality condition and their products are

weighted by the associated Schmidt coefficient A; ,.

2.6 Interscale correlations in turbulence

Let us now employ the Schmidt decomposition to examine interscale correlations
within actual turbulence. To see how, consider the Schmidt spectrum A, (n) at a given
bipartition n of the lattice. If all coefficients A\, for a > 1 were insignificantly small at
this bipartition, then we would essentially be dealing with an uncorrelated product
statd’| where there is no correlation between the length scales that are coarser and finer
than n. While on the other hand if a large number of the coefficients were of large
magnitude [e.g. Ao(n) being a fat-tailed distribution in «], then the state will contain

major amounts of correlation between the aforementioned coarse and fine scales.

We consider the Schmidt spectra of two paradigmatic turbulent flows: the 2D tem-
porally decaying jet (TDJ) [59] and the 3D Taylor-Green vortex (TGV) [60]. The
TDJ comprises a central jet flow in the z-direction that eventually collapses from
the presence of Kelvin-Helmholtz instabilities in the jet’s boundary layers. In the
TGV, a single, large, ordered fluctuation collapses into a turbulent flurry of small scale
structures. While these flows are simple to initialise and simulate, they still exhibit the
core features of turbulence when the Reynolds number is high, making them an ideal
starting point for our investigations into the interscale correlations in turbulent flows.
To this end, DNS of these two flow cases is performed at high Reynolds numbers in
the following Sections [2.6.1] and [2.6.2 and then the Schmidt spectra of the resulting
DNS solutions are examined in Sections 2.6.3 and 2.6.4]

3Note that while the product state exhibits no interscale correlations, it is still highly correlated
in space due to its fine grid dependence being repeated.
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Figure 2.5: DNS of the temporally developing jet flow. Dynamical simulation
of the incompressible Navier-Stokes equations in 2D for a planar jet streaming along
x at Re = 1000. The five snapshots illustrate the velocity field at times t/Ty =
0,0.25,0.75,1.25,1.75 (left to right), Ty. Red corresponds to positive vorticity (counter-
clockwise flow) and blue to negative (clockwise). See Section for the definitions
of Re, Lyox and Ty. The simulation was done on a 1024 x 1024 spatial grid.

2.6.1 Temporally developing jet flow

The 2D TDJ is a classical flow problem centered around the dynamics of a planar
fluid-jet propagating through another fluid. When the jet is perturbed at a sufficiently
high Reynolds number, these perturbation will grow until the vortex sheet rolls up
and forms a turbulent shear layer of interacting vortical structures. These vortices
pair up, orbit each other and merge into larger vortices repeatedly until the shear
layers saturate and become unable to drive further pairings and mergers. As time
goes on, the inverse energy cascade carries energy from small scales to large, resulting

in a collection of increasingly fewer and larger eddies.

The set-up of the TDJ simulations is as follows. Consider a square with edge length

Lyox with periodic boundary conditions and the initial conditions
V(t=0,z,y)=J(y) + D(x,y), (2.22)

where J(y) is the initial jet profile

—e Y~ Ymin ) _ Y~ Ymax )
J(y)—el2 [tanh( . ) tanh( . ) 1] (2.23)

with the streamwise direction along e;. ug is the magnitude of the velocity differential
between the jet and its surroundings, Y, and ymax describe the extent of the jet and

h is the initial thickness of the vortex sheet. These parameters define the time scale
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To = Lpox/uo and Reynolds number Re = ugh/v. In this work, the TDJ simulations
were performed for t/T; € [0,2]. The function

D = 5<€1d1 + 62d2) (224)

in Equation (2.22) is a small disturbance of miscellaneous wave modes needed to
initiate the roll-up of the jet that is statistically homogeneous along e; and divergence

free. D was in this work set to

Lbox (e N2 /B2 (. \2 /12
dl(.fl?,y) =2 2 [(y_ymax)e (Y=Ymax)"/h —I—(y—ymin)e (Y—Ymin) /h}

X [sin(87rx/LbOX) + sin(247x/ Lyox) + sin(67rac/LbOX)},

(2.25)
d2 (Q:, y) =T |:€(yymax)2/h2 + ef(yfymin)Q/h2

X [8os(8Tx/ Liox) + 24 c08(247x / Liox) + 6 co8(672/ Liox) |,

with § = up/(40A) and A = max +/d? + d3. Scaling all lengths with Ly, velocities
T,y
with up and time with Ty, we set ymin = 0.4, Ymax = 0.6, b = 1/200.

The temporal dynamics of the TDJ for the above set-up are illustrated in Figure 2.5
for Re = 1000. There, the background perturbations in the shear-layer are amplified
(t/To = 0,0.25) leading to the layer rolling up into vortices (¢/Ty = 0.75) which in turn
pair-up and merge and become progressively larger (¢/Ty = 1.25) until /T, = 1.75, at

which point the pairing is terminated.

2.6.2 Taylor-Green vortex flow

Moving on to three dimensional space enables new mechanisms that now make the
energy flow from large scales to small, in the style of Kolmogorov’s energy cascade.
The most famous of these mechanisms is that of vortex stretching, and it is particularly
pronounced in the TGV flow case. There, a single, large, ordered fluctuation grows
increasingly unstable until it eventually breaks down into a chaotic flurry of small scale
structures. Vortex stretching drives the formation of progressively smaller vortices until
the Kolmogorov microscale is reached and they dissipate. As this viscous dissipation
continuously drains kinetic energy (transferring it into thermal energy) from the

system, the flow will decay and settle down as time goes on.
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Figure 2.6: DNS of the 3D Taylor-Green vortex. Dynamical simulation of the
incompressible Navier-Stokes equations in 3D for the TGV flow case at Re = 800.
Vortical structures rendered using the Ay method are shown at times t/Ty =
0,0.2,0.8,1.4,2 (left to right). See Section for the definitions of Re, Ly and Tp.
This simulation was performed using a 256 x 256 x 256 spatial grid.

The TGV simulations are conducted on a cube with edge length Ly, with periodic

boundary conditions. The initial flow field is given as

ur(t = 0,7) = —ugsin(kox) cos(koy) cos(koz) ,
us(t = 0,7) = ug cos(kox) sin(koy) cos(koz) , (2.26)
Ug(t:(),'f’) = 0,

where ug is the velocity amplitude of the initial vortex and its wavenumber is ky =
27/ Lyox- The corresponding energy at ¢t = 0 is Ey = u2/2, the Reynolds number is
defined using the integral scale as Re = wug/(kov) and Tj is set to Ty = Lpex/ug, with
t/To € [0,2].

A DNS of the TGV flow at Re = 800 is illustrated in Figure 2.6 There, the
original vortex (t/Ty = 0) collapses (t/T, = 0.2) into turbulent worm-like structures
(t/Ty = 0.8) that grow progressively more turbulent (¢/7, = 1.4) until eventually
being dissipated by viscosity (¢/Ty = 2).
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2.6.3 Schmidt spectrum

We now investigate the Schmidt spectra of the TGV and TDJ flows.

Let us start with the DNS solutions of the TDJ at Re=1000 shown in Fig. 2.5
Each velocity component u; is decomposed according to Equation at every
bipartition n and at times ¢t = 0.25,0.75,1.25,1.75 in an exact manner, i.e. such
that d(n) = I'*"P(n). This produces the Schmidt spectrum \; ,(n,t), and it is (after
being normalised) illustrated in Figure A contour corresponding to the quantity
dgo(n,t) < T?7P(n) is also included in the plots of this figure. dgg(n,t) is the Schmidt
number at which the L2-norm error of the representation of the whole velocity field
is < 1%. From Figure [2.7]it is clearly seen that dgg(n,t) lie far below their maximal
values for n > 1 for all ¢. This implies that the great majority of Schmidt coefficients
are associated with relatively unimportant modes, which is in turn equivalent to the
interscale correlations of the TDJ flow being limited throughout the course of the
simulation. To be more specific, let yg9 = max dgg(n,t) be defined as the maximal
value of dgg for all n and t. We find that x99 = 25 for the DNS of the TDJ, which is
quite small compared to ['*7P(5) = 45 = 1024.
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Figure 2.7: Schmidt spectrum from DNS of the TDJ. For the TDJ flow at
Re=1000, the Schmidt coefficients \; , obtained from each velocity component u; are
here, after being normalised, shown at times ¢/Ty = 0.25,0.75,1.25, 1.75 (left to right)
for each of the 9 bipartitions available on the 1024 x 1024 DNS grid. The Schmidt
coefficients are normalised such that the sum of their squares equals 1, and are sorted
in descending order. The black, dashed lines denote the dgg(n,t) of Section m
which is the Schmidt number at which the L2-norm error of the representation of the
whole flow field is at least 99% accurate.

We now move on to the DNS of the TGV at Re=800 from Fig. [2.6 Performing
an exact Schmidt decomposition of each of the now three velocity components wu;
at times ¢t = 0.2,0.8,1.4,2, yields the Schmidt spectrum \;,, which is shown (post
normalisation) in Figure 2.8 dgg(n,t) (now of a 3D velocity field) is again much
smaller than its maximal possible value, implying that the interscale correlations are
severely limited also for the 3D TGV flow. Indeed, we find that the yg9 of the TGV
simulations is yg9 = 207, which is small compared to =P (4) = 8% = 4096.
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Figure 2.8: Schmidt spectrum from DNS of the TGV. For the TGV flow at
Re=800, the Schmidt coefficients A; , obtained from each velocity component u; are
here, after being normalised, shown at times ¢/Ty = 0.2,0.8,1.4,2 (left to right) for
each of the 7 bipartitions available on the 256 x 256 x 256 DNS grid. The Schmidt
coefficients are normalised such that the sum of their squares equals 1, and are sorted
in descending order. The black, dashed lines denote the dgg(n,t) of Section m
which is the Schmidt number at which the L2-norm error of the representation of the
whole flow field is at least 99% accurate.
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2.6.4 The von Neumann entanglement entropy

The interscale correlations of the Schmidt spectrum can be directly quantified using
the von Neumann entanglement entropy analogously to how it is used to quantify
entanglement in Section Following the precedent of Equation , if the velocity
component u;(7,, t) has the Schmidt spectrum A; , = \; o(n, t), then its von Neumann

entanglement entropy S;(n,t) can be defined as

TE-D(p)

)\m(n t)Q )\m(n t>2
Si(n,t) = — Z K—D7n : 10g2< K—D7n : : (2.27)
o s st L A, 1)?

Note that the normalisation factor Zg:)(n) Nig(n, t)? = ||ui(t, r,)|3 is just the square

of the L2 norm of the relevant velocity component.

The von Neumann entanglement entropy can be physically interpreted as a type of
uncertainty, or Shannon entropy. In the quantum physics context, the entanglement
entropy quantifies the uncertainty in measurement outcomes of the state of a quantum
sub-system due to its entanglement with the rest of the system. In our fluid dynamics
case, the entanglement entropy quantifies how much a velocity field at a given range of
length scales (e.g. the fine subgrid) varies (i.e., how uncertain it is) due to its coupling

with the flow at the other length scales (e.g. the coarse subrgrid).

The entanglement entropy for the 2D TDJ flow shown in Figure shifts towards
bipartitions between coarser length scales (i.e. lower n) with increasing time. This
behaviour is consistent with a 2D inverse energy cascade [38] where energy is carried
from fine to coarse length scales as time progresses, e.g. through vortex merging. These
dynamics are particularly pronounced for the cross-stream wuy velocity component,
for which a large number of fine scale disturbances become energised by the shear
and grow in size (t/Tp ~ 0.25,0.75) until the eventual collapse of the jet and the
saturation of the shear layer (¢/Ty ~ 1.25,1.75). At later times no further growth
of the disturbances occur. Remarkably, these physics are visible in the dynamics of
the entanglement entropy. At ¢/Ty = 0.25 the entanglement entropy is large for all
bipartitions between n = 1 and n = 7, indicating significant correlations between all
length scales. At later times (t/Ty = 1.25,1.75), when the energy increasingly flows
towards coarser length scales, also the entanglement entropy shifts towards lower n
bipartitions as shown in Figure 2.9h.
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Figure 2.9: Von Neumann entanglement entropy between length scales in
the TDJ and TGV flows. The entanglement entropies S;(n,t) for the velocity
fields u; at each available bipartition n are calculated from the DNS solutions of the
TDJ a and TGV b flows and illustrated at various times t. The 1024 x 1024 grid of
the DNS of the TDJ are bipartitioned along 9 length scales, while 7 bipartitions are
used for the 256 x 256 x 256 grid DNS of the TGV. A symmetry exists between the u;
and uy components of the TGV velocity field, making their entropies overlap within b.

For the 3D TGV flow shown in Figure the opposite happens. There, fine length
scales become energised with increasing time. Correspondingly, the entanglement
entropy increases at larger values of n with time. This increase is consistent with the
hypothesis of a direct energy cascade in 3D turbulent flows |5], where mechanisms such
as vortex stretching transports energy to progressively finer and finer length scales
until the Kolmogorov microscale is reached and the energy starts being dissipated
by viscosity. However, unlike in the 2D TDJ case, the outflow of energy is not
accompanied by a corresponding reduction of interscale correlations. Instead, the
entanglement entropy increases with time for all bipartitions, a result of the increasing

disorder as the TGV collapses into various worm-like vortical structures.
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Figure 2.10: Relation between
amount of interscale correlation
and Reynolds number. Scaling of
Xo9 = maxdgg(n,t), with the Reynolds
number of the 2D TDJ and 3D TGV flows

defined in Sections [2.6.1] and m

e TDJ (2-D)

10! 102 103
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Note that these dynamics of the entropies S;(n,t) for each of the velocity components
u; are all consistent with those of dgg for both the TDJ and TGV. Compare Figures
and to Figure 2.9, where we see how flatter singular values distributions, implying

a high degree of interscale correlation, correspond to larger entanglement entropies.

2.7 Scaling of interscale correlations with Reynolds
number

A fundamental question is how the amount of interscale correlations scales with
Reynolds number, the single parameter (along with initial and boundary conditions, but
these are kept constant here) which fully defines the dynamics of incompressible flows.
To investigate, we calculated how yg9, our main quantifier of interscale correlation,

varies with Re. The resulting plot is provided in Figure 2.10]

Interestingly, in Figure Xo9 saturates in the TDJ case for Re 2 200. This suggests
that the interscale correlations of 2D flows are bounded in a fashion analogous to
quantum correlations of the locally interacting, gapped 1D quantum systems discussed
in Section [2.3] A possible explanation for this might be rooted in the inverse energy
cascade. As the cascade carries energy from the fine scales to the coarse, the flow
field becomes increasingly larger-scale (i.e. smoother) as time moves on. This removal
of the finest flow scales reduces the span of length scales available to correlate with
each other, which consequently keeps the flow scale-local and, by extension, bounds
the amount of interscale correlation. Recall now from Section that increasing

the Reynolds number does not change the overall physics of the energy cascades, it
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only reduces the dissipative microscale n relative to Ly.. Thus once Re is made
sufficiently large to remove dissipation from consideration, only the inverse cascade is
left, and since the fundamental physics behind the inverse cascade do not change with

increasing Re, it stands to reason that yg9 must eventually saturate with Re precisely
as it does in Figure

Yoo increases according to a power law in the 3D case as yg9 ~ Re’™. This is
reminiscent of the polynomial scaling of the separation between the largest and
smallest scales in 3D turbulence, ¢/n ~ Re**, which implies that the number of
variables employed in 3D DNS goes as ~ M ~ Re”*, as discussed in Chapter . By
truncating all Schmidt numbers at every bipartition down to g9, one may define a
new parameterisation wherein the modes associated with the least important Schmidt
coefficients are not resolved. The number of variables required for this d(n) < yg9
representation scales with o9 as Y2, log M, as is explained in the following Section
In the case of the TGV flow, this becomes Re'*?log Re, since yo9 ~ Re’™ and
M ~ Re**.

Assume the TGV scaling behaviours holds for large Re. Then for growing Reynolds
number, the asymptotic ratio between the variables required in the d(n) < xog

parameterisation versus DNS goes as

X2 log M  Re'*?logRe  logRe
T T T RIA T RO

(2.28)

for the 3D TGV flow. Equation (2.28) suggests that as Re grows larger, the above
ratio decays roughly polynomially and thus a smaller and smaller fraction of the
variables used by DNS are actually necessary to represent 3D turbulent flows — a result

that is consistent with the notion of scale-locality imposing structure upon turbulence.

2.8 Exploiting the scale-locality of turbulence

The preceding sections established that turbulent flows can be accurately resolved
at highly restricted Schmidt numbers. This reality, which is a reflection of the scale-
local nature of turbulence, can immediately be exploited for simulation by expressing
each velocity component in the compressed tensor network format known as matrix
product state (MPS) or tensor train decomposition |21} [29]. MPSs represent a natural
approach for systematically restricting the Schmidt numbers of Equation across
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Figure 2.11: Turbulence interscale correlations. a shows the Schmidt numbers
dgg(n,t) on a logarithmic scale such that the decomposition in Equation results
in a 99% accurate representation of DNS solutions to the 2D TDJ at four different
times, on a 1024 x 1024 spatial grid [see Figure . D, indicated by the black dashed
line, is the solution-space of DNS. The grey area W is for solutions on a 256 x 256 grid.
The blue shaded area M is the solution-space when d(n) < xo9 in Equation ,
with x99 = maxdgg(n,t). b Shows dgg(n,t) Schmidt numbers for DNS solutions to the
3D TGV flow at four different times on a 256 x 256 x 256 spatial grid [see Figure .

all n, thus limiting the interscale correlations. The MPS representation comprises

products of N tensors, with the nth tensor corresponding to a length scale of Ly /2"
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and being of dimension d(n — 1) x 25 x d(n), where 2V is the number of gridpoints
in each spatial direction, d(0) = d(N) =1 [62] and d(n) = min (I'*"(n), x) in 2D
and d(n) = min (I'*P(n), x) in 3D. This means the number of variables in the MPS
representation goes as ~ 25Kx2N ~ 25y2]og M, which is only a logarithmic increase
with the total number of gridpoints M, if x is kept constant, resulting in an exponential
reduction in the number of variables parameterising the solution. A detailed outline

of the MPS decomposition for real-space functions is provided in Chapter [4]

The parameter x is known as the bond-dimension and can be freely varied. By reducing
x from its maximal value, the least important interscale correlations are systematically
discarded and the solution space goes from D (of DNS) to the so-called MPS manifold
M(x) C D. x thus controls the amount of interscale correlations resolved in M as

well as the level of compression achieved in the MPS representation.

M(x) is illustrated in Figure 2.11] There, the interscale correlations of the 2D (3D)
flow captured by an MPS with bond-dimension x = 25 (x = 207) correspond to the
MPS manifold in Figure 2.11p (Figure [2.11p). These figures make it clear that to
cover all the relevant length scales of flow, DNS must operate within the wastefully
large D, where unimportant interscale correlations are resolved. In contrast, all the
relevant length scales can be captured within M without having to resolve unimportant
interscale correlations. Further, note that truncating the scales resolved in DNS leads
to a solution space YW C D which is only capable of representing coarse solutions.
Operating within W is ineffectual as many relevant length scales are ignored (as also
illustrated in . On the other hand, M can be truncated (by reducing x) without

affecting the range of length scales it covers.

In order to fully utilise the promised dimensionality reduction of MPS for numerical
simulations on large grids, we have devised a MPS algorithm for simulating fluid
dynamics. This algorithm variationally solves the incompressible Navier-Stokes equa-
tions within the compressed MPS manifold M and is outlined in detail in Chapter
Resulting MPS simulations using it are presented for the TDJ and TGV flow case
towards the end of this thesis, in Chapter
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2.9 Conclusion

Locality is a ubiquitous phenomenon of nature whose presence in physical systems
can induce structure, structure which in turn allows the states of these systems to
be described using fewer variables than would otherwise be the case (i.e., the states
get data-compressed). A prime example of this is how local entanglement between
particles results in area laws that can be exploited by tensor network methods to
facilitate an exponential reduction in the number of variables required for accurate

simulation.

Locality is also a prime characteristic of turbulence. Not in terms of correlations
between quantum particles, but rather between length scales of flow: in turbulent
fluids, energy is transferred between the largest and smallest length scales in a cascade
moving through all the intermediary scales. This scale-local turbulent energy cascade
structures the flow such that eddies of significantly different size become less correlated
with one another. We examined this structure by numerically computing the interscale
correlations present within two paradigmatic turbulent flows, the 2D TDJ and the
3D TGV, using the Schmidt decomposition. Our investigation reveals that both
flows can be accurately represented using relatively low Schmidt numbers, implying
that the amount of correlations present between the scales is limited. Indeed, by
removing unphysical interscale correlations, we find that the 3D TGV flow can be
data-compressed at a ratio scaling with Re as ~ geg%. In the 2D TDJ flow, the
interscale correlations stop increasing with the Reynolds number after a certain point,
implying they are bounded in a fashion reminiscent to how entanglement is limited
in area law following quantum systems. These results reflect the scale-locality of
turbulence and imply that turbulent flows can be accurately simulated in a massively
data-compressed format by simply truncating the least important Schmidt coefficients

from the solution space.

A straightforward approach to restricting the Schmidt numbers (and by extension,
the interscale correlations) in this fashion is the tensor network known as the MPS
ansatz. By representing the flow in the form of MPSs, the scale-locality of turbulence
can be exploited to perform simulations within the highly data-compressed MPS
manifold. Furthermore, the simplicity of MPSs allows us to formulate an elegant
algorithm for solving the Navier-Stokes equations, as shall become apparent in the
coming Chapters [3] [4] and [f|
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Chapter 3

Tensor network theory

3.1 Introduction

In this chapter we momentarily take a step back from fluid dynamics to have a closer
look at tensor networks. The theory described here will be useful in the later chapters
where the tensor network approach is used to formulate a MPS scheme for solving the

incompressible Navier-Stokes equations.

In Ch. [I, we discussed how the states of quantum many-body systems with local
interactions become structured [12| in a way that restricts all physically-occurring
states to a vanishingly small volume of the full Hilbert space. Sometimes, this structure
takes the form of an area law of entanglement 19|, where quantum correlations are
concentrated at the boundaries between different parts of the system [Section [2.3].

Such area laws are often exploited to simulate quantum many-body systems that
would otherwise be intractable due to the exponential size of the Hilbert space. This is
done by restricting the simulation to the tiny part of the Hilbert space that is actually
relevant through the method of tensor networks |17, 20, 21|. Encoding quantum
states in the form of tensor networks and simulating them entirely within this form
allows the systematic elimination of unphysical long-distance correlations from the
computational domain, whilst still resolving the physical short-distance correlations.
This can result in an exponential reduction in the computational complexity compared
to direct methods such as exact diagonalisation, whose solution space is the whole
N-particle Hilbert space. In particular, the ground states of 1D lattice systems with
area law structure are perfectly captured by MPSs |20} 21| while their 2D analogues
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can be captured by PEPSs [22, 23|, permitting these ground states to be computed at
only ~ poly(N) cost instead of ~ exp(NN) cost.

However, the utility of tensor network methods is not restricted to just finding
ground states: they can also be used to efficiently time-evolve quantum systems
with short-range interactions for brief times. The reason why is rooted in the Lieb-
Robinson theorem, which states that the speed at which information propagates
through a quantum system is bounded |21, 63| when particles only locally interact
(though this actually turns out to hold true even for some specific forms of long-range
interactions [64]). This means, assuming the initial state contains no entanglement
between distant particles, that the entanglement between particles will remain short-
range during the first part of the time-evolution, allowing these initial dynamics to be
captured with poly-cost tensor network simulations. Full time-evolution of quantum
systems (even those with just short-range interactions) is however widely believed to

require a quantum computer [65].

Tensor networks also work well for weakly entangled systems in general [19]. For
instance, in quantum phase transitions the bipartite entanglement scales with the
area separating the sub-systems multiplied by the logarithm of the volume of the
smallest sub-system. Not only can such logarithmic violations of the area law still
be handled by the MPS and PEPS ansétze at ~ poly(N) cost, the MERA geometry
is specifically designed to reproduce this logarithmic violation by being inherently
capable of capturing the power law decaying quantum correlation seen in quantum
critical states |18, 66].

MPS, PEPS and MERA are however just a few famous examples of tensor networks.
A whole zoo of alternative geometries exist. For instance, tensor renormalisation
group [67], tensor-entanglement renormalisation group [68], tensor product variational
formulation [69], weighted graph states [70], string-bond states |71], entangled-plaquette
states [72], tree tensor networks |73], continuous MPS [74] and continuous MERA [75].
There also exists infinite-MPS [76, [77] and infinite-PEPS [78] for representing lattice
systems in the thermodynamic limit. Indeed, the branching MERA [79] geometry is
even capable of capturing quantum states states where the bipartite entanglement
scales with the volume of the smallest sub-system (i.e. which follow a volume law

instead of an area law)!

While all of these tensor networks are unique in their own ways, the underlying strategy
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remains identical: by representing the quantum state in tensor network form, the
numerical variables are restricted in an intelligent and systematic manner such that
the simulation is carried within a polynomially large solution space which contains
the realistic quantum states. This, in turn, brings down the computational cost of the

simulation from ~ exp(N) to ~ poly (V).

Finally, it must be mentioned that although tensor networks were born in the field of
quantum information theory, they have by now migrated into other fields. For example,
tensor networks are applied in numerical mathematics [29], computer science [30],
machine learning [31], the study of quantum gravity |28 and even linguistics [32|. For
a more complete overview of the use of tensor networks outside of quantum physics,
see [33].

3.1.1 Chapter structure

In the remainder of this chapter we introduce tensor networks in more concrete terms.
A mathematical and graphical description of tensor networks is provided in Section
Section outlines precisely how quantum many-body states are represented as tensor
networks and why this leads to an exponential reduction in the number of variables.
Then the focus of the chapter shifts toward the simplest of tensor networks, the
MPS ansatz. The MPS vectors are covered in Section [3.4) whilst the matrix product
operators (MPOs) acting upon them are presented in Section [3.5] Finally, the chapter

is concluded in Section [3.6]

3.2 Tensor algebra and tensor diagrams

Let us now take a more concrete consideration of tensor networks. From a compu-
tational perspective, a tensor is essentially just a multidimensional array of complex
numbers. The tensor order denotes the number of indices. For example, an order-0
tensor represents a scalar, order-1 tensor is a vector, an order-2 tensor a matrix, etc.
Furthermore, each of these indices are associated with their own dimension. A tensor
network is then simply a number of tensors which are contracted with each other in
some specific order. For example, let A, be an order-2 tensor which is contracted

through its second index with some order-1 tensor a.. This is nothing other than a
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Figure 3.1: The diagrammatic notation for tensors. In a a vector is denoted,
in b a matrix, in ¢ an order-3 tensor while in d we have an order-4 tensor.

matrix-vector multiplication
d
> Aagag = ba, (3.1)
p=1

resulting in the vector b, with d € Z here being the number of rows of a. Equation (3.1))

represents a very simple tensor network consisting of a matrix contracted with a vector.

But tensor networks can of course also be far more complicated. Consider for instance

the following contraction

d
Z Aaﬂ’)’BVaECﬂOfﬁDeC = EaBé@a (32)

v,66m=1
where the dimension of each index equals d, which results in the order-4 tensor . Even
for this network of four tensors, it is already challenging to keep track of which index is
being contracted with which. And as the tensor networks becomes more involved, e.g.
when many high-order tensors are contracted with each other through various indices,
it quickly becomes impractical to keep track of the contractions through equations.
Therefore, for the sake of legibility, the convention is to represent tensor contractions

diagrammatically.

In such diagrams the tensors are represented by nodes (which can be of arbitrary
shape — circle, square, triangle, etc.) and their indices as lines (or legs), as drawn in
Figure 3.1} Contracted indices are represented by a line that connects the relevant
tensor pair, whilst uncontracted indices are represented by unconnected lines, as shown
in Figure [3.2] Furthermore, various numerical operations can also straightforwardly

be pictorially represented, such as the SVD and QR decompositions [39] illustrated in

Figure [3.3
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Figure 3.2: Tensor network diagrams representing various contractions. a
denotes a vector-matrix multiplication while in b there is a matrix-matrix multiplica-
tion. The contraction of Equation (3.2)) is pictorially represented in c. d represents
the trace of a matrix-matrix product.

a b

AR

,U SVD U, QR

Wﬁ

Figure 3.3: Diagrammatic representation of two numerical operations. a
denotes a singular values decomposition and b a QR decomposition, both acting on the
same tensor. During both decompositions, the tensor is considered as a matrix with
the left and down indices corresponding to the rows whilst the right index corresponds
to the columns.

Finally, it must be noted that the number of operations which is required to perform
a contraction of a tensor network strongly depends on the order of contractions. For
instance, in Figure , Equation (3.2)) is contracted in two different ways at widely

different computational cost. In general, minimising the cost of a tensor network
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Figure 3.4: Two different strategies for calculating Equation (3.2). The
contraction order utilised in a requires ~ d” operations, whilst that of b needs only
~ d°. All indices are assumed to be of dimension d.

contraction requires one to optimise over all possible contraction orderings. This is in
some cases a computationally hard problem while in other cases easy and intuitive
(e.g. MPS). Keeping in mind that the computational cost is highly dependent on

contraction orders is crucially important when designing tensor network algorithms.

3.3 Exponential compression

In this section we explain how representing states as tensor networks can result in
an exponential reduction in the number of variables. Let us take a quantum state
as our example, e.g. the general many-body quantum state |¥) from Equation (2.1)).
The order-N amplitude tensor C' contains ~ exp(/N) elements, one for each of the
exponentially numerous basis vectors forming the N-particle Hilbert space. The
exponential number of elements contained in C' makes it highly inefficient to describe
many-body states by explicitly specifying each element of C'. However, after reading
Section [3.1] we know that the physically relevant quantum states of many important
quantum systems are restricted to a tiny speck of the full Hilbert space. Therefore, in
these cases, it is not only infeasible to specify each element of C, but also unnecessary.
This is the fundamental idea behind tensor networks: representing an exponentially

large state as a tensor network opens the path to go from an exponentially expensive
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Figure 3.5: Three tensor network decompositions of a tensor. In a we have a
MPS, in b a PEPS whilst ¢ depicts some arbitrary geometry.

description to just a polynomially expensive one, without significantly affecting the
accuracy when the state is structured appropriately (e.g. according to an area law of

entanglement).

Let us discuss the polynomial scaling of tensor networks more concretely. Assume
C is represented in the form of some tensor network like the ones seen in Figure [3.5]

Then the total number of parameters py. of this representation is given by

Ntens

Pt = Y p(t), (3.3)

t=1
with p(¢) the number of parameters in tensor ¢t and Nie,s being the total number of
tensors in the tensor network. In general, Ni.,s must be polynomial in the number of
particles N for the ansatz to make sense, i.e. Niens ~ poly(N). p(t) itself is given by

multiplying the number of elements associated with each index of tensor ¢ as

order(t)

)= ] dt.). (3.4)

where d(t,17) is the dimension of index i, with ¢ running from ¢ = 1 all the way up
to the order of the tensor order(t). Finally, let us now look at the scaling of py. If
X = m‘%X{d(i, t)} is the largest of all the dimensions, then p(t) is bounded by ~ poly(x)
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in the form of
Prot ~ poly(x)poly(V), (3.5)

as long as the order of all tensors is also bounded by some constant. Thus if x is fixed
while N is allowed to increase, the tensor network approximation of C' will achieve

exponential compression.

For such a polynomial tensor network approximation of C' to be accurate, the original
~ exp(NV) coefficients in C' must be highly dependent on each other, i.e. C highly
structured. A famous example of such structure is the bounding of entanglement
according to area laws discussed in Sections [2.3] and [3.1] in which case C' is ideally rep-
resented using e.g. the MPS ansatz in 1-D (Figure B.5) or PEPS in 2-D (Figure [3.5p).
Taking the MPS as an example, it is straightforward to show that the number of
parameters scales as ~ Ngx?, with N being its length and ¢ the dimension of the
open indices when assuming (for the sake of simplicity) that all of them are of the
same dimension g. Yet the contraction of the MPS will yield a tensor containing g
coefficients — thus quantum states of amenable structure can be encoded in the form
of a MPS containing just polynomially many parameters, despite the states living in
exponentially large Hilbert spaces. The same argument applies for PEPS and other

tensor networks.

3.4 Matrix product states

The main tensor network considered in this thesis is the MPS ansatz. The simplicity
of the MPS architecture has turned MPSs into a widely used ansatz backed by a
highly developed mathematical machinery. Examples of powerful MPS algorithms
include the density matrix renormalisation group |81} [82] for calculating ground states
of quantum systems, time-evolving block decimation for time-evolution of quantum
systems wherein the interactions are local [65] and the time-dependant variational
principle for time-evolution with non-local interactions [83]. Various variations of these
schemes also exist such as adaptations to infinite systems [76, 77| and MPI-parallelised
variants [84-86).

While MPS have traditionally been used for simulating either weakly entangled or
area law following 1D lattice systems from quantum many-body physics |17}, [19H21], in

recent years it has also been introduced into the applied numerical mathematics |29
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and computer science [30] communities (where MPSs go under the name of “tensor
trains” or “quantics tensor trains”). In this thesis, MPSs are applied to problems in
fluid dynamics where the relevant states are vector fields made up of time-dependant

scalar functions instead of quantum states.

The text below is structured as follows. First, the MPS decomposition is derived
for a general tensor in Section [3.4.1] Section [3.4.2] addresses the number of variables
available within an MPS. Afterwards, in Section |3.4.3] we discuss the close connection
between MPSs and the Schmidt decomposition of Section [2.2] Finally, for context, we

mention a few exact MPS representations in Section [3.4.4]

3.4.1 Decomposition

The MPS ansatz is traditionally illustrated by simply decomposing a tensor into a
MPS. In this spirit, let A be a order-N tensor with complex-valued elements A;

11%2...IN *

A will now be decomposed into a MPS of N sites with the help of repeated SVDs.

We begin by reshaping A into a matrix where ¢; runs across the rows, whilst 7o, 73, ..., iy
run through the columns. Performing a truncated SVD such that the y largest singular

values are kept results in

Z112 AN R Z U“ 041041 ]‘/212213 ZN[l]' (36>

a;=1
Here S is the so-called singular values matrix and its entries are real and placed
in descending order solely along the diagonal, while U and V are both unitary
matrices. We now multiply S[1] with VT[1] together to form the remainder tensor
R[1] = S[1]VT[1]. These operations are illustrated in the top three rows of Figure

Continuing, we now reshape R[1] such that the multi-index i2a; runs over the rows

whilst the remaining indices run across the columns. Performing another y-restricted
truncated SVD on R[1] yields

<x =<x

1112 an Z Z U“ Uéiaz ]Sawz[ ]Vo:;zm AN [2] (3~7)

a1=1 as=1

See the fourth row of Figure . Analogously to before, multiplying S[2] and V1|[2]
together will form the remainder tensor R[2] = S[2]V1[2], as shown in the fifth row of
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Figure 3.6: Graphical illustration of
the MPS decomposition. The top
row represents the original tensor A; i, .
(cyan). The second row shows the result
of the first SVD between indices ¢; and
(i283 .. .16), with the first tensor U[1] being
marked in blue, the singular values tensor
S[1] in green and the remaining factor V[1]

U s
in cyan. These latter two tensors have been
’ ‘ contracted with each other in the third row,
resulting in the cyan tensor. The fourth row

illustrates the result of the second SVD be-
tween indices iy and isiy ... 1. In this row,
‘U’C°“"a°t U[1] and U]2] are shown in blue, S[2] in
green and VT[2] in cyan. In the fifth row,
’ these have been contracted and produced
the cyan tensor. The sixth row illustrates
the final MPS after another three analogous
SVDs and tensor contractions.

LA A A & &
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Figure [3.6] Doing another truncated SVD results in

<x <x =<x

117/2 ZN Z Z Z Ull U;iaz :IU;BQOQ [3]Sa3a3 [3]‘/&1-37,3 AN [3] (38)
a1=1as=1 az=1
A clear pattern emerges: performing consecutive tensor-reshapes and truncating SVDs
will result in an increasingly long chain of matrix products that approximate A. After
N — 1 such reshapes and truncated SVDs, the result will be

Airiz.ing Z U Uz 0u 2] U [N = 1RGN (39)
{on}=1
with R[N] = S[N]VT[N]. This is the MPS decomposition of A, and it is illustrated
for N = 6 in the very last row of Figure [3.6]

Before moving on, note that the MPS decomposition here is illustrated for solely
pedagogical purposes and is in fact never explicitly carried out in practical algorithms.
This is because the MPS decomposition carries an exponential computational cost in
N (to see why, simply consider the cost of the SVD of VT[| N/2]]), which defeats the
purpose of using tensor networks in the first place. Instead, in actual algorithms, every
MPS is instead initialised either tensor by tensor or through alternative strategies

such as the prolongation algorithm of Section

3.4.2 Number of variables

Employing the above MPS representation can result in enormous data-compression.
Whilst the number of variables needed to describe A exactly scales as ~ exp(N),
the amount of variables contained inside the MPS of Equation (3.9)) goes merely as
~ x2N. Thus, if y is kept constant for increasing N, the compression in the number
of variables becomes exponential (as previously outlined in Section . It must
however be noted that the number of physical variables is in general different from the
number of parameters defining the tensor network. This is because all tensor network
representations, including MPS, contain inherent gauge freedoms at each bond (see

e.g. [86]). In the case of MPS, the exact number of available variables Qyps within
the MPS of Equation (3.9)) is given by

Qurs = Y _ g(n)d(n—1)d(n) = Y d(n)?. (3.10)
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Here g(n) and d(n) < x are, respectively, the physical and internal bond-dimensions
at tensor n. g(n) corresponds to the dimension of the original tensor A along index
in. d(1) and d(N) both equal 1, whilst for 1 < n < N, d(n) equals the number of
singular values kept during the nth singular values decomposition. The first term of
Equation (3.10]) is the total number of parameters contained within the tensors, while
the second is a substraction of the gauge degrees of freedom inherent in the MPS

representation [87|. For a sufficiently large y, the MPS representation of A becomes
exact and Qups = Hfj:l g(n).

3.4.3 Canonical form and Schmidt decomposition

The MPS decomposition is naturally related to the Schmidt decomposition presented
in Section [2.2] This can be seen by exploiting the gauge freedom of tensor networks to
bring the MPS of Equation into a mixed canonical form [21] with the canonical
centre placed at the nth bond:

E 11 io i
%112 an U Ualag ] UOZZL 1an[ ]Sanan

Pt (3.11)
X (Varid I+ )T (Varez, 2D (Vo IND)T

In this form, S is a singular values matrix (whose entries are real and placed along the
diagonal in descending order) whilst U[n] and V[n] are both unitary matrices with

the properties of

(Usaln]) " Ugs ] = dss,

—_

n=0 «

=,

(3.12)

g(n)—1 <x

Vig [n] (V/;'ny [HD* - 5&7,
=1

(]

in=0 f
where (-)* denotes the complex conjugate operation and d,4 is the Kronecker delta.
This mixed canonical form is in practice reached by first doing a “left to right” sweep
across the entire network as described in Section followed by sweeping from
“right to left” through successive SVDs and contractions until the nth bond is reached.
The properties in Equation ensure that the product of the left-unitary tensors

U also produce a single, unitary tensor
UrU=2]... U™ n] = L, i, (3.13)
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whilst the product of the right-unitary tensors V1 results in

(Vi + 1) (Ve +2)T . (VNIN])T = R

Zn+1in+2...i1\] ‘

(3.14)

Furthermore, let now A be the amplitude tensor of some state |¥) such that

iyig...in
W) = Zim“m Ailiyin li1i2 .. iy). | V) is normalised and lives in the complex Hilbert
space of H = H; @ Ho ® ... Hy with |i) € Hy. Combining Equations (3.12) and

(3.13) and (3.14]) along with Equation (3.11)) results in
<X
W) ~ Z LS iy i livin o in) SaaRE iy i Ningtinga - in) - (3.15)
a=1

Defining A\, = Saa and the orthonormal basis functions of [¢2) € H1 @ Ha ® ... Hyp
and Y2 € Hpp1 @ Hpo @ ... Hy as

|¢&4> - L?m...z‘n |i1i2 . Zn) )

o o . (3.16)
|¢5> = Rin+1in+2...i]\z |7’7’b+1ln+2 e ZN) )
allows Equation (3.15)) to be rewritten into
<x
)~ > Aalwd) [d). (3.17)
a=1

which establishes that the mixed canonical form of the MPS of a quantum state is

precisely the Schmidt decomposition of Equation ({2.6]).

This Schmidt decomposition offers a direct insight into why MPSs are an ideal ansatz
for area law following 1D quantum systems. Recall from Section and Figure [2.1
that locally entangled quantum systems follow an area law where the entanglement
entropy Sup of any two bipartitions A and B does not scale with the number of
particles N, but is rather bounded by some sufficiently large constant. This implies,
when seen in the context of Equations and , that a sufficiently large x can
be found that will adequately capture the entanglement entropy of the system for any
N. Thus, quantum states whose entanglement is restricted according to an area law

can be represented exponentially efficiently as an MPS.

3.4.4 Representative power

While increasing y sufficiently much will always make the relationship in Equation (3.9

exact, the MPS representation can in fact also be exact even for quite small y. For
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Figure 3.7: An illustration of the MPO decomposition. The left object is a
tensor representing a 6 site operator. In the right, it has been decomposed into MPO
form.

instance, it was previously discussed in this chapter that 1D quantum systems which
follow area laws are extremely well described by MPS [17, 21). Three famous
1-D examples of this are the GHZ state, which can be written as a xy = 2 MPS, and
the AKLT and Majumdar-Gosh models, whose ground states can both be captured
exactly by MPS of respective bond-dimensions y = 2 and y = 3 . Furthermore,
mathematicians have also shown that various classical functions, such as trigonometric,
polynomial and certain fractal functions, can be exactly represented as MPSs once x
becomes appropriately high [88-90]. For example, any Fourier series f(z) € C,z € R
of order n,

fl@)=Ag+ > Agsin(kx +¢;), Ai ki, ¢ €C, (3.18)

i=1

can be represented exactly with x = 2n + 1, while any polynomial of order n requires

x=n+1.

3.5 Matrix product operators

Just like matrices can operate upon vectors, the so-called matrix product operators
(MPOs) can operate upon MPSs. These tensor networks are defined across the whole
N-site Hilbert space and encompass both local (e.g. a Hadamard gate |91] acting on a
single qubit) and non-local operations (e.g. quantum Ising Hamiltonian [92] coupling
N qubits). The crucial advantage of MPOs is that their variable numbers can grow

logarithmically in the size of the Hilbert space (just as with MPS).
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3.5.1 Decomposition

MPOs can be produced in a manner analogous to the MPS decomposition in Sec-
tion [3.4.1] Let some N-site operator be represented through the order 2N tensor of

Ol ffv\’ An SVD between the first pair of sites of this tensor and the rest results in

OILiz-dn o Z A“Jl Saran ](ijjs JN [2]>T7 (3.19)

$192...IN a11283...0 N
a1=1

with ¢ being the bond-dimension, i.e. maximum number of singular values kept.

Continuing the SVDs in a manner identical to Section [3.4.1| will result in the MPO

OJ1dzin o Z Alljl AZ2J2 2].. CAININ [N]. (3.20)

1112...1N [65)e%) aN-—1
{an}=1

This MPO decomposition is illustrated graphically in Figure [3.7

Note that directly performing this MPO decomposition carries an exponential computa-
tional complexity in N (just as with the MPS decomposition). For actual simulations,
MPOs should not be produced in this manner — instead, they ought to be initialised
tensor by tensor at a polynomial cost. See for instance how we initialise our finite
difference MPOs in Section [4.5

3.5.2 Number of variables

The number of variables contained within the MPO of Equation only grows
polynomially in N when c is set to be constant, which is an exponential reduction
compared to the number of variables within O. This exponential compression is
essentially identical to that of the MPS representation in Sections |3.4.1| and [3.4.2]

For the sake of concreteness we now provide the exact expression for the number of
physical variables in a MPO. Let g(n) be the dimension of the open bond index i,
and h(n) be that of j,, and d(n) < ¢ the dimension of the internal bond index a,.
Then the number of variables of the MPO is given by

F

Quro = Y _ g(m)h(n)d(n—1)d(n) — > d(n)*. (3.21)

1

3
Il
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Here d(1) = d(N) = 1, whilst for 1 < n < N, d(n) equals the number of singular
values kept during the nth singular values decomposition. The first term is the total
number of parameters contained within the MPO, while the second is a substraction
of the gauge degrees of freedom (just as with MPS in Section [3.4.2). For sufficiently
large ¢, Quro = [[._, 9(n)h(n) and the MPO representation of O becomes ezact.

3.5.3 Operating upon matrix product states

The MPO of Equation can operate upon a corresponding N-site MPS at
logarithmic (i.e. ~ poly(N)) cost. To illustrate this, assume for simplicity that the
open bonds of the above MPO and the MPS in Equation all have dimension
g and then connect them together as illustrated in Figure [3.8n. If the respective
bond-dimensions of the MPS and MPO are x and ¢, it is straightforward to show
that the computational cost of performing the contraction in Figure goes as
~ Ng*x*c®. In comparison, if the MPO and MPS were in the form of a matrix
and vector, contracting them would be equivalent to performing a matrix-vector
multiplication at the exponential cost of ~ ¢?V, or ~ ¢" if the matrix happens to be

sparse.

Contracting an MPS with an MPO will, however, lead to its bond-dimension growing
from y to cy. Repeatedly performing such contractions, as is prominently done
in e.g. the time-evolving block decimation algorithm, therefore results in both the
bond-dimension and the computational cost increasing exponentially with runtime.
Fortunately however, ¢y can often (but not always) be truncated back down to x
without significant loss of accuracy. The naive way of doing this is simply setting the
MPS to either left or right canonical form and then performing a sweep of truncating
SVDs [93] at a cost of ~ Ngc3x?3, assuming ¢ < y. A more efficient strategy, which
reduces the cost down to ~ Ngcy?, when ¢ < y, is the zip-up algorithm [93]. The
zip-up algorithm works by sweeping through the MPS-MPO network from left to
right (or vice-versa), where at every step a connected pair of MPS and MPO nodes
are contracted followed by an SVD truncation of the bond-dimension down to an
intermediate Y /&~ 2y (immediately truncating down to y might lead to an unacceptable
loss of accuracy since to the canonical form was broken by the contraction). Upon
reaching the right boundary, a leftwards return sweep of SVDs truncates the bond-
dimension fully down to the original y. Moving on, it is also possible to employ

variational schemes to keep the bond-dimension from increasing. The cost then
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‘U‘ Contract

Figure 3.8: An MPS-MPO contraction. a shows a tensor network consisting of
a six site MPS (circular nodes) connected to a corresponding MPO (square nodes).
The internal bonds of the MPS have dimension y and those of the MPO have ¢, and
so if the contraction shown in b is done exactly, the internal bond-dimension of the
resulting MPS in ¢ becomes cy.

scales as ~ Npoly(g)(c*x? + cx?) [93], with the dependence on ¢ given by how many

variational sites are employed during each update.

MPS-MPO contractions are just one of many MPO operations. Others operations
include MPO-MPO addition, MPO-MPO contractions, elementwise MPO-MPO multi-
plication and so on. There also exist algorithms devised for time-evolving MPOs .
More detailed discussions on these operations are available in e.g. .
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3.6 Conclusion

This chapter covers the background and motivation behind tensor networks. Namely,
that tensor networks originated from quantum theory as a means to represent and
simulate at polynomial cost many-body systems living in exponentially large Hilbert
spaces. A particularly well-known and simple tensor network is the MPS ansatz, which
has seen enormous success in the study of strongly correlated 1-D quantum systems.
MPS is thoroughly covered in this chapter due to it being the central tensor network
used in this thesis. In the next chapter we explain why by demonstrating how fluid

flow fields can be encoded in a scale-by-scale manner using MPSs.
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Chapter 4

Encoding flow fields using matrix
product states

4.1 Introduction

An important problem of quantum physics is how to deal with the N-body quantum
state. While representing it as a vector in Hilbert space is mathematically convenient,
such a representation (as discussed in the previous chapters) is extremely impractical
numerically due to the ~ exp(N) growth of the Hilbert space. Fortunately however,
not all regions of the Hilbert space are created equal: realistic quantum states are
often structured in a manner that restricts them to a tiny, exponentially small fraction
of the full Hilbert space (see Chapter [1] and [12]). The elements of this volume of
realistic states can be numerically encoded and manipulated at ~ poly(/V) cost using
either quantum circuits on quantum machines, or, in certain cases, tensor networks

on classical computers.

Similarly in fluid dynamics, while it is mathematically convenient to represent turbu-
lence as vector fields discretised on a Cartesian grid, it is completely impractical to do
so numerically due to the multiscale nature of turbulent flows: in turbulence, the sepa-
ration between the largest scales [ and the smallest 1 typically goes as ~ [/n ~ Re¥/4,
Thus, straightforwardly discretising a K-dimensional velocity field on a Cartesian
grid will require M ~ (1/n)% ~ Re*!/* gridpoints. This severe scaling with Re will
quickly render M infeasibly large, as demonstrated in the transport aircraft example

of Chapter [I] In essence, representing turbulence on standard grids faces broadly
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similar numerical difficulties to encoding quantum states as vectors in Hilbert space,

due to neither of these representations accounting for underlying physical structuresﬂ

As argued in Chapter[2] physical structures reflecting the phenomena of locality appear
in both turbulence and many-body quantum physics. In many important quantum
systems, locality of interactions between quantum particles leads to the entanglement
between them also becoming local in turn, while a salient feature of turbulent flows
is the scale-locality of the turbulent energy cascade, in the sense that eddies at a
given length scale predominately interact only with other eddies of similar scale.
This scale-locality (as discussed in Section justifies the universality hypothesis of
turbulence, which supposes that as the Reynolds number increases, the eddies at the
finest scales become increasingly uncorrelated to those at the coarse scales, and thus
that the flow dynamics of the finest scales are universal across all flows at sufficiently
high Re. This is reminiscent of a quantum system wherein no entanglement exists
between far-away particles, i.e. where the entanglement is short-range and structured
according to an area law (recall Section [2.3)).

The method of tensor networks is able to simulate many-body quantum systems
at polynomial cost (in contrast to the exponential cost of direct methods) precisely
when the entanglement between particles is local (or just plain weak). Given that
turbulence is itself characterised by locality, but between eddies at different length
scales instead of between quantum particles, it follows that this locality is associated
with flow structures that tensor networks can be used to exploit, as discussed in
Sections through 2.8 Indeed, Section establishes that specifically the MPS
ansatz, the simplest of tensor networks, can be used to encode turbulent flow fields in
a way that systematically discards unimportant interscale correlations, allowing for a

data-compressed representation of turbulence that exploits its scale-local nature.

4.1.1 Chapter structure

Following the suggestions of Section [2.8] this Chapter presents a scale-by-scale MPS
encoding of flow fields that is meant to exploit the scale-local structure of turbulence.
The chapter begins with Section [£.2] where a scale-by-scale decomposition of scalar

functions is described. The decomposition is used in the following Section [4.3] to

!However, recall from Chapters and |3| that there do exist schemes in both computational
quantum physics and computational fluid dynamics that aim at exploiting structure.
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decompose vector fields. The next pair of sections describe procedures required for the
CFD algorithm outlined in Chapter 5} in Section [4.4] a strategy for fine-graining MPS
representations of vector fields is provided. Section [4.5|describes how to represent finite
difference operators as MPOs. Then Section describes how to perform Hadamard
multiplication of two MPSs. Finally, this chapter is concluded in Section [£.7]

4.2 Scalar functions as matrix product states

In this section we derive the MPS decomposition for a general K-dimensional scalar
function f(r). Let us begin by discretising f(r) onto a K-dimensional cube of edge
length Ly, where each spatial dimension is discretised by 2%V gridpoints. The whole
K-dimensional Cartesian grid thus comprises M = 25V gridpoints 7, and f is now
discretised onto the gridpoint vectors r, as f(r,). These r, can be defined through a

tuple of positive integers (¢!, ¢?, ..., ¢") as:

Ty =Lbox ¥ —ve;, ¢ €10,...,28 -1}, (4.1)

i=1
with ¢' simply being the index of the gridpoint in the direction e;. The binary

representation (... ), of these indices ¢' requires N bits,
¢ = (b5, b5, ... by), (4.2)

where b, € {0,1}, n=1,...,N,i € {1,..., K} and b} and b, are the most and least

significant bits, respectively.

The mappings of Equations (4.1) and (4.2) imply that f(r,) can equivalently be
written as a function of the bits, i.e. f(r,) = f(b1,...,bK). There are however many
ways to map b, into r,. Because each bit is associated with a length scale, one sensible

mapping is to combine all indices associated with the same bit into an object

wn = (by, b2, b)), (4.3)

n» -’ n’

such that w, € {0,...,25 — 1}. The object w, is a composed of K bits. Thus for
K =1 it is just a bit, for K = 2 a quartenary, for K = 3 an octal, and so on. This

“sensible” grouping of bits is the one we employ throughout this thesis.

Numerically, f(r,) can be represented in a order K tensor A of M elements as:

f(re) = Apo.axc- (4.4)
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By exploiting the relations in Equations (4.2)) and (4.3)), f(7,) can be reformulated
into

f(Tq) - f(("')l?w?? s 7WN) = Awlwz...wN- (45)

Representing f(r,) in this form is equivalent to decomposing the spatial grid into N
separate length scales — thus we have gone from discretising f in terms of the gridpoint

vectors r, to instead discretising f in terms of length scales w;,.

We now adopt the bra-ket framework of quantum physics. This will become useful
later on as we transfer the machinery of MPS from quantum physics to fluid dynamics.

In this bra-ket form, f(r,) can be expressed as

2K 1
- Z AO’10’2...UN ’010—2 cee UN> 3 (46)

{on}=0

where |0,,) is a vector living in some Hilbert space A" defined through span(A’) =

{10y, ]1),...,|2K — 1)}, with |i) being a set of orthonormal basis vectors such that
(i|j) = &;j. Thus, |u) is an element of the composite Hilbert space A = (A)®N
containing M elements. f(r,) = f(wi,ws,...,wx) is recoverable through the inner-
product of

(Wwe .. WUy = Ayiwg.wn = flwr,wa, ... wnN). (4.7)

Finally, note that while Equation (4.6)) is in the form of a quantum state, in this case

|u) encodes the discretised function f(r,) instead of some quantum state.

The representations of f in Equations (4.5)) and (4.6 show that f = f(wi,ws, ..., wnN)
is an N-dimensional function. The recipe of Section allows A to be represented
in the form of the N-site MPS

<X
Aoy = Y AS[IAZ, 2] AN [N=1]ASY [N], (4.8)
{an}=1

where the tensor A[n] encapsulates f at the Ly /2" length scale and is of dimension
d(n—1)x2K xd(n), with d(n) = min (y, 25", 25V="))  In bra-ket form, Equation (4.8)
becomes
u) =~ [v(x)) =
Stk (4.9)
Do D ABNARLRL AN IN-LATY [N o0z ow)

{an}=1{on}=0
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lv(x)) is now a vector within the MPS manifold of B(x) C A restricted by the

bond-dimension Y.

The number of variables in the MPS representation of f scales as ~ N2Ky2. When
X, K ~ const, this becomes an exponential reduction in N compared to the M = 2KV
variables of the original representation. Furthermore, if x is set to (the maximal
value of) y = 2KN2 B(2KIN/2]) = A and the relationships in Equations
and become exact. Cf. with Equation of Section and note that
2KIN/2l = TK-D(| N/2|). The precise number of variables contained within this MPS

representation is found through Equation ((3.10)).

4.3 Vector fields as matrix product states

Let V(r) = eju;(r) + equa(r) + - - - + exug(r) be a K dimensional continuous vector
field. Following the recipe outlined in the previous Section 4.2 permits the discretisation
of Vinto V — Zfil e; |u;). After doing this, we perform a component by component

MPS decomposition at a pre-chosen bond-dimension Y, resulting in

K K
Z e lu;) ~ Z e; [vi(x)) =
i=1 i=1

<x 2K

K
e > Y AT[LAT,[2,4). . AZY [Ni]|oioa .. on) .

=1 {an}=1{on}=0

(4.10)

The vector field 35 e; |u;) lives in D = A®K, while 3% e, |v;) is in the MPS
manifold M(x) = B(x)®® C D bounded by x. Furthermore, when  is maximal, the
relationship in Equation (4.10) is exact and M = D. We have now generalised the

MPS decomposition to also include vector fields.

4.4 Fine-graining of vector fields

Imagine we want to exploit the exponential compression of the MPS representation to
produce an MPS algorithm of cost ~ poly(N) ~ log(M) for e.g. time-evolving some
initial velocity field. The first step of such an algorithm must be to prepare the initial
MPS. To do this, it is not sufficient to merely discretise the initial vector field V (¢t = 0)

— 2KN

on a cube with M gridpoints and then MPS decompose it, as that would lead
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to a ~ exp(/N) computational cost [Section [3.4.1]. Instead, a ~ poly(N) algorithm for
preparing the initial MPS must be used.

The simplest strategy for efficiently preparing the initial MPS is to write it out tensor-
by-tensor. This is reasonable when the initial state can be expressed as a simple MPS
of limited y, as is the case for e.g. polynomials or Fourier series (see Section (3.4.4)).

When the initial state is more complicated, this strategy becomes infeasible.

A more general strategy is that of fine-graining (or prolongation). The first step
in this strategy goes as follows: the initial velocity field V(¢ = 0,r) = eju(t =
0,r) + equs(t = 0,r) + -+ + egug(t = 0,r) is decomposed into a MPS with bond-
dimension y using the procedure of Section 4.3 but on a rough grid where each
dimension is discretised using 2V% gridpoints instead of the full 2V, with 0 < Nz < N.
This makes V(t = 0,1) — Y1 e; [vF(x)) with

juf Z Z AT LA [2,4] . Aaat [NR,i] |ovos . cong) . (4.11)
{an}=1{on}=0

The cost of this MPS decomposition is ~ min (x*25Vr/2] y2KNr) ~ exp(Ng), which
is still exponential, but in Ny instead of N. The second (and final) step is to use
interpolation to prolongate |v?) onto the full grid wherein each direction is discretised
with 2V gridpoints. The number of gridpoints used to represent every |[vF?) can

straightforwardly be doubled by contracting it with the prolongation MPO

[pm]T1T2 TmTm+1
0102...0m

c oK_1 2K

D D > LaBRRBRR BRI, RET INT . Tai) (0102wl
{ﬁn}zl {Tn}:O {Un}:()
(4.12)

with ¢ being its bond-dimension and L, B and R defined in Equation (4.14) below, as

-1 2K_1
Z > Z N AR AT 200 ADE L [NR] (413)

{an} 1{ﬁn} 1{Jn} O{Tn} 0

T101 RT202 TNRONg TNR+1
L Bﬁoﬁl Bﬁlﬁz BﬁNR_lﬁNRR |7-17-2 s TNR+1> .

However, carrying out this contraction exactly will increase the bond-dimension from
X to ¢y, which is not sustainable for the reasons provided in Section |3.5.3] To keep

the bond-dimension from growing, one can instead employ approximate contractions
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Figure 4.1: Fine-graining of a MPS. The length Np = 3 MPS (circles) in a is a
scalar function on a rough K-dimensional grid wherein each direction is discretised
with 2% gridpoints. In b, the MPS is mapped onto a refined grid where each direction
is discretised with 2V = 25 gridpoints. This is done by applying prolongation MPOs
(triangles and squares) in the manner of Equation N — N = 3 times.

through e.g. the zip-up algorithm (see Section at a cost of ~ Ngex?. Controlling
the bond-dimension in this way whilst performing the contraction in Equation
will fine-grain the initial state by doubling the number of gridpoints (from 2KN=
to 2K2Nr) without altering the bond-dimension. Repeatedly applying this recipe
N — Np times will map the [vF) velocity components onto an ezponentially large grid
(M = 2KN gridpoints) at polynomial cost, thus completing the preparation of the

initial state. The full algorithm is illustrated diagrammatically in Figure [4.1]
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The tensors Lg,, B3, and R;"*' that constitute P™ differ depending on the
geometry and preferred interpolation scheme. For example, in the case of periodic
boundary conditions and K = 1, P™ can be made to perform linear interpolation by

setting every element in the three tensors to zero except

Ly =Ly, =1,
Bl =Bl =1

By =B}y =1, (4.14)
RY =1,

R} = Ry =1/2,

as noted in [62, pp. 588 — 590]. Storing these values requires the bond-dimension of
P™ to be c = 2.

The reason why L, B and R take the values they do in Equation (4.14]) can be
understood by viewing the MPO as a finite state machine [77] whose instructions
are initiated by the right-most tensor R. This means that at the old gridpoints
corresponding to 7,41 =0, R = 1 for 3,, = 1 (and is otherwise zero), which instructs
the remaining tensors B, L to not perform any interpolation. For the new gridpoints
corresponding to 7,41 = 1, however, R = 1/2 for both 5, = 0,1 and it can be
shown that this instructs the remainder of the MPO to calculate the values at the
new gridpoints using second order accurate linear interpolation. A formal recipe for
generating prolongation MPOs with higher-order interpolation is provided in |95, pp.
TAT — 748].

4.5 Differentiation with matrix product operators

While it is now clear how vector fields may be represented in MPS form, to solve
partial differential equations inside the MPS manifold it must also be possible to
differentiate MPSs. In this thesis, all such differentiation is carried out using finite

difference operators recast into the form of MPOs.

In the standard method of finite differences, these operators are represented as sparse
matrices. Recall for instance f(r,) from Equation (4.4) and let f = vec (f(r,)) be an
array populated by every value of the function at each gridpoint 7. Setting K =1

and assuming periodic boundary conditions, the function can be differentiated using
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for example a 2nd-order accurate central finite difference scheme by left-multiplying f

with the matrix

0O -1 0 0 O 00 1
1 O -1 0 0 ... 00
1/2 0 1 0O -1 0 ... 00 O
D= —-— 4.15
Lpox /2N | ¢ : : A ( )
0 0 0 0 O 1 0 -1
_—1 0 0 0 O 0 1 0_

giving the discrete derivative D f.

Such differentiation can also straightforwardly be carried out in the MPS manifold.
Take |v(x)) from Equation (4.9). Assuming, again, K = 1 and periodic boundary
conditions, D from the above Equation (4.15)) can be reformulated into the MPO

DO’lO’Q...O’N —
TIT2...TN

c 1 1
4.16
Z Z Z LQOBZ&)leB;iC;QQ"‘B;I]VVTIIQNR@N |7'17'2...7'N> <O'10'2...0'N|, ( )
{on}=1{mm}=0{on}=0
and contracted with |v(x)) to calculate the derivative D |v(x)). The tensors L7,

TnO T - 3 1
Bare . and Ry constituting D are now given by

Li=Ly=1Is=1,
BY = By = Bif = By} =1,

Bl - B~ BY = B -1 1
1/2 1/2
Ry=—21"  Ry=—1"_,
! Lbox/2N’ 2 Lbox/2N

with the remaining elements all being zero. Storing these values requires the bond-
dimension of D to be ¢ = 3, which, in fact, also holds for K > 1. A general framework
for generating MPOs out of tridiagonal Toeplitz matrices (which is how finite difference
operators are traditional expressed) is provided in |95, pp. 747 — 751]. See also [62,
p. 591] and |96, p. 22| for further information on how the method of finite differences

can be implemented in MPO form.

4.6 Hadamard multiplication

To solve linear partial differential equations in MPS form, it is in principle sufficient to

know how to represent vector fields as MPSs and differentiate them while they are in
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that form. However, the Navier-Stokes equations are nonlinear due to the presence of
the convective term (namely (V.V)V from Equation (2.8))). As will become apparent

in Chapter [f], calculating such terms requires the use of the Hadamard product.

The Hadamard product is nothing other than the elementwise product of two arrays.

If f and g are two arrays of length 2, then the Hadamard product
h=fog (4.18)
between them is defined as
hi = figi, i€ {l,...,2N}, (4.19)
with h;, f; and g; being the ith elements of respectively h, f and g.

This definition carries over for MPSs. To see, let f and g be encoded per Section
into the two respective MPSs

Z Z AZ 1A%, [2]... AZY [N]|ow0s...oN),

{an} 1{0n} 0

l9(x Z Z B BE,,[2] ... BEY  [N]|mime...7N)

{Bn}=1{m}=0

(4.20)

both of bond-dimension y (for the sake of simplicity). The elementwise product

IA(X)) =1 (X)) © lg(x)) (4.21)

between them can straightforwardly be calculated by inserting Kronecker-delta tensors
between each of the N sites of |f(x)) and [g(x)) as

Ih( ) =

<x 2K_-1 9oK_1 92K_1

Z Yood D > ATNAZ, 2. AT V] (4.22)

{an}=1{Bn}=1{0n}=0 {7 }=0 {vn}=0
50’17'10150'27'2112 c 50’NTNUNBgi [1]8235 [2] BEIJYI 1[ ] ’Ulvg e UN) s

with all elements of the Kronecker-delta tensor d;;, equalling zero except when i =
j =k, in which case 9, = 1. Equation (4.22) is illustrated in Figure

The computational cost of calculating |h(x’)) scales with the bond-dimension as ~ y*

when using the zip-up or variational algorithms of Section [3.5.3] These algorithms
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Figure 4.2: Elementwise product between two MPSs. This figure illustrates
the elementwise product of |h) = |f) ® |g) as seen in Equation (4.22) for N = 5. The
red triangles denote Kronecker-delta tensors.

can perform the contraction either exactly or approximately, but doing it exactly will
make the bond-dimension grow to an unacceptable ' = x2. Fortunately, for all the
flow cases discussed in this thesis, we find (using a variational scheme) that these
contractions can be performed approximately such that y' = xy without significantly

affecting accuracy.
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4.7 Conclusion

While the MPS ansatz is traditionally used to simulate quantum systems, this chapter
demonstrates how also flow fields can be encoded in MPS form. The encoding is done
in a scale-by-scale fashion suitable for exploiting the scale-local structures of turbulence
along the lines recommended in Section [2.8] Furthermore, it is also explained how
to fine-grain and differentiate the MPS-encoded flow fields entirely within the MPS
manifold, and perform elementwise multiplication between MPSs. These procedures
open the way for the MPS algorithm of the following Chapter
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Chapter 5

A matrix product state algorithm for
fluid simulation

5.1 Introduction

In this chapter a MPS algorithm is presented for simulating turbulence. Chapter
(Section 2.8 in particular) suggests the MPS ansatz can be used to exploit turbulence
structures, motivating the schemes presented in Chapter {4| for representing and
manipulating velocity fields entirely in MPS form. These schemes are in turn used in
this chapter to create the MPS algorithm for variationally solving the incompressible

Navier-Stokes equations.

5.1.1 Chapter structure

This chapter begins with Section where the incompressible Navier-Stokes equations
are reformulated into a variational problem. An algorithm for solving this problem is
subsequently presented in Section [5.3, and the algorithm’s computational complexity
and arithmetic intensity are then described and demonstrated in Sections [5.4]
and [5.6] Section explains how the algorithm can be easily modified to also solve
Burgers’ equation in place of the Navier-Stokes equations. Finally, the chapter is

rounded off in Section (.8
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5.2 Defining the variational problem

For the MPS algorithm to be accurate, real-space must be discretised in such a way
that all length scales between ¢ and 7 are still resolved. We do this by resolving the
flow V(¢,r) on a K-dimensional Cartesian grid where each of the K spatial dimensions
are discretised with 2V ~ ¢/n gridpoints. Then, following the general framework of
Chapter , we put the incompressible Navier-Stokes equations, i.e. Equations ,

into the form

K
> (Dilui)) =0,
=1
- p (5.1)
(‘)tl +D;lp) + Y (Juj) © Dj |u;) = vD3 |u;)) =0,
j=1

where [Zfil e |uz(t)>] € D is an exact encoding of the flow field in the Hilbert
space D of dimension K2%Y Dy and D} represent respectively the first and sec-
ond derivatives along unit vector e, discretised using eight-order-accurate central

finite difference stencils [97] and ©® is the Hadamard (elementwise multiplication)

operation [Section [4.6].

This discretisation permits us to reformulate the incompressible Navier-Stokes equa-
tions into a variational problem on the MPS manifold. We use the procedure in
Section 4.3 to represent S5 e; |u;(t)) as the MPSs [ZZ L€ |uilt, X)>] eM(x) CD
which is an exact representation if y = TP (| N/2]). After-which we encode D;, and
D? into MPO form per the recipe provided in Section . Note now that the two
coupled Equations are both set to zero. This means they can be recast into the

variational problem of minimising across time and space the cost-function
K K 2
i=1 =1

> e [85?) +> (lo;) © D loy) — vDj !770)]

i=1 j=1

: (5.2)

for the trial solution 3", e; [#:(t, X)) € M to find the solution

Zez lvi(t, x)) = argmin (Z e; |0;) ) (5.3)

ZL 1 e;|v;)
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to the incompressible Navier-Stokes equations on the MPS manifold M. The incom-
pressibility condition is now enforced through the penalty method [98, [99], which
replaces the pressure term (whose role in the original equations is solely that of a
Lagrange multiplier for the incompressibility condition [43]) by the penalty term
|| D)
cient p is set to a sufficiently large number. On a final note, while the nonlinear term

2
that now instead enforces incompressibility when the penalty coeffi-

is here (for the sake of simplicity) represented in convective form as ZjK:l |0;) ©Dj |0;),
the skew-symmetric form Z]K:l [ 12;y®D; |5;) + D;(|9;) ©19;))] should be used during
actual numerical simulation [100].

The exact solution to the incompressible Navier-Stokes equations is found when (2
is minimised all the way down to zero (within machine precision), but this is only
possible when y is maximal. If x is not, what will instead be found is the closest
approximation (per the L2 norm) within the MPS manifold of the actual solution.
The minimum of €) is then no longer necessarily zero, but it can always be quantified

and controlled (through x) such that the approximate solution is accurate.

To simulate fluid flows on computers, time must also be discretised. There are two
straightforward ways of doing this. The first is to expand on the encoding in Section
such that the temporal dimension is discretised with 2V gridpoints similarly to the
spatial dimensions, with the different time-scales being incorporated into MPS tensors
of matching length-scales. This would expand the MPS manifold to cover all of
spacetime and allow the incompressible Navier-Stokes equations to be solved (after
recasting the time-derivative into MPO form) as a boundary value problem. However,
this approach requires knowing beforehand the configurations of the initial and final
flow fields, which is an impractical requirement since typically only the initial field is
known. Therefore, for the sake of simplicity, in this thesis we instead went with the
second (more traditional) option where the incompressible Navier-Stokes equations

are treated as an initial values problem to be solved with a time-marching scheme.

We chose an explicit Runge-Kutta 2 time-marching scheme with which to solve the
variational problem. If the initial and final times are set to t = 0 and ¢ = T}, time can

be discretised into

ty=qAt, ¢=0,1,...,T/At, (5.4)
with the number of timesteps Ty/At € Z*. This allows the time derivative in
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Equation ([5.2)) to be approximated to first-order as

O10:(1)) _ [0iltg1)) = [0i(Ly))
ot At '

(5.5)

Two such steps can then be compounded into a single explicit midpoint Runge-Kutta

2 step:

Zel |00 = argmln C) (Z e; |;) Zez lvi(t, X:ez lvi(t, At/Q) ,

= 1 e’b‘vl>

Ze,h), +1)) = argmln © (Z e; |0;) Zel lvi(t, Ze,|005 At)

i= 1ellv’b

(5.6)

where |0;) = |9;(x)) is now independent of time and with the variational function ©

given through

K 2
> D)
=1

9 (5.7)

(il |0) Zez\al Zezmz : >:u

=1

Zei [M + Z (18;) © D; 18;) — VDJQ' |5z>)]

=1

=1

Performing T’y /At such Runge-Kutta 2 steps will result in a solution that approximately

minimises €2 to second-order accuracy in time.

5.3 Solving the variational problem

Let us now derive the variational algorithm that solves Equation ({5.7]). The first step

is to expand the equation into
K
> (o

I(—IT%)

(T vy o pyla) - vl ) ‘Z>}+

13]-> . (03];)

D!D, .
;

)@ D, |8) - v’ |ﬂ,->) (5.8)

where [...] denotes the remaining part of © that is independent of |0;) (the contents

of [...] will later vanish during differentiation). Let now |7;) be in a canonical form
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with canonical centre at site n, i.e.

2K_1 <x

= > > UDLAUZ,, 2,4 U2 In = LiCg (0]
{00}=0 {an}=1

X (Ve In4+ 1) (Ve n+2,d) . (VI NS i) ouos . on),

OnOn41 n4+10n42 aN—1

(5.9)

with the unitary tensors U and VT respectively satisfying the left and right orthonormal-
ity conditions of Section [3.4.3] For ease of notation, we now define |3;) = 1) [c') ),

where

2K

7y = Y UTLAU(2,4].. .U [0 = 1,i] |o10a. .. ono1)
{or}=1

) = (Vortin + 1) (Voreein + 2,4) T (VO IN, i) opaons . con), (5.10)
2K 1

) =Y O nillow) -

on=1

Lastly, note that D; is a skew-symmetric operator in the sense that Dj = —D,. These
definitions allow us to rewrite Equation (5.8) into

K
@:Z{_ Z?l’?’DD‘lj]j>

ij=1
(riciP|lpciry)  (rialy

i “1 Y . + 7“1 zl(_L(_l’L> +|,8]>®Dj|5z>_VDjz|5z>) (511)

T

T

+( 'O‘Z>+\6]>®D\@> D?\@)) ”Z;’>}+

Now, the minimum of © is found at the stationary point where the gradient of © with
regards to its variational variables vanishes. Here the variational variables in question

are the tensors constituting Zfil e; |7;), and so we require that

00

W - O (512)

simultaneously for all n and 7. The solution to Equation (5.12)) is given by

n ey
(riro,l; |Z{IUTDD s ﬂ—g

j=1 T
;)
-

(5.13)

1199 gy o by 18 + vD? |8 } o,
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which can be rearranged into

K
Co[n,i] — pr* Y (rionl| DiD; |1,y Con [, ]

j=1

B (5.14)
= (o) — 7 (o] S { 18,)© Dy |8 +vD? |3 }

Jj=1

after making use of the fact that (r{?|{?r]") = 1.

Solving Equation ([5.14]) will locally minimise © with respect to the nth tensor of the

1th flow component. We define
H,L-Gj" = <T':L0'nl?’ Dsz ‘l;LO'nT';L> s

al™ = C%"[n, i,

p (5.15)
B = (rfoullos) — 7 {rioulf| ) { 18;) © D |8;) + v D3 |6:) }
j=1
matrix H from elements H7". Inserting c, B and H into Equation (5.14)) gives a set

of linear equations for a

and collect these into vectors o = vec(ai™), 8 = vec(S") while constructing the

(1- pAPH) o= 8. (5.16)
—H is here a positive semi-definite matrix, as can be seen by considering

K K

—o'Ho ==Y (5| DiD; |t5) = Y (Dyt| D;iy) . (5.17)
ij=1 ij=1

Because ijzl (D;t5| D;0;) =~ | V.V |5 > 0, H must be negative semi-definite, making

(1 — uAt*H) as a whole positive definite (recall that At, > 0). Furthermore, it

can be shown that constructing H costs O (Nx*), while computing its action on

costs just O (Nx?). We therefore employed the iterative method of conjugate gradient

descent (CGD) [101] to solve the linear problem of Equation (5.16]).

The global minimum of © can be obtained by adapting well-established techniques
for calculating the ground state energy of quantum many-body systems. We start
with S°%  e; [3) in right-canonical form and minimise © with respect to the n = 1
tensor using Equation . Similarly to the density matrix renormalisation group
(DMRG) algorithm [21], we subsequently perform a QR decomposition on site n = 1
and shift the canonical centre to site n = 2, and optimise © with respect to n = 2.

We iterate this procedure and sweep through the sites of Zfil €;|0) up until n = N,
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and then sweep back to n = 1. After a certain number of such sweeps, convergence

will be achieved and the minimum of © found.

The above minimisation procedure will complete a single Runge-Kutta 2 timestep per
Equation (5.6) and time-evolve the flow field from ¢ = ¢, to t = t,41. After Ty/At such
timesteps, the algorithm will have solved the incompressible Navier-Stokes equations

within the MPS manifold of M(x) to second order accuracy in time.

5.4 Computational complexity

The computational complexity of our algorithm for each individual timestep is a
product of the computational cost of the global sweeps multiplied with that of the
local minimisations. Let m; be the average number of sweeps required for the
minimisation of © to converge, and ¢ be the cost associated with shifting the canonical
centre as described at the end of Section and ¢ the computational cost of a local
minimisation. Then the scaling will be O [; N (q + ¢)] because the cost of the sweeps
scales linearly with the number of matrices swept, which is N. Shifting the canonical
centre rightwards from matrix n to n 4+ 1 (or leftwards, to n — 1) is done in two parts.
First, a QR decomposition is performed, followed by a tensor contraction between the
upper triangular matrix and the next site. It is straightforward to show [21] that the

cost of both goes as ~ x?, which in turn implies ¢ ~ x3.

The computational cost of the local minimisation equals the cost needed to first
explicitly calculate 3 in Equation plus the subsequent cost associated with the
CGD iterations needed to solve Equation . Regarding the latter, let my be the
mean number of iterations CGD requires to converge to the solution of Equation
within the desired precision. The cost of these iterations is then on average a product
of My and the cost of computing the action of H on . The last operation can be
executed as a tensor contraction where the matrix H is never explicitly formulated,
but, instead, the tensor network of H« is contracted using standard tensor contraction
techniques [17] at O(x?) cost. Calculating 3 is however more expensive due to each
B; containing the nonlinear advective term ZJKZI |8;) © D;|B;). Straightforwardly
constructing it requires the use of tensor contractions that scale as ~ x*, as noted in

Section [4.6] Thus the full cost of each local minimisation step goes as ¢ ~ x* + T x>
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The above implies the computational complexity of each timestep to be
O[miN(q+c)] = O [mN (x* + x*(const + my)] . (5.18)

The numerical precision is controlled by m; and m,. However, in our experience, the
number of sweeps or CGD iterations required to achieve a given precision does not
change with increasing N or Reynolds number. Dropping these prefactors along with

the non-dominant terms leads to the total computational complexity of
O [N (x* + x*(const +my) | = O (Ny*) (5.19)

per timestep. This complexity is equivalent to O(x*log M), since the number of
gridpoints M is related with N through M = 2X¥  This is compared with the
O(M log M) computational complexity of DNS [see Appendix |[A|for more details|.

This quartic scaling in y is a central bottleneck of our algorithm; though it might be
possible to resolve it. As already mentioned, we compute the elementwise product
in the advective term directly at a cost of ~ y*. However, this elementwise product
can also be estimated at a cost of ~ x? using the sampling algorithm of [102, Step 2,
Section 4], which will bring down the cost of calculating Eszl |8;) ©® Dj |B;), and by
extension also the cost of whole variational algorithm, down to just ~ y3. It is however
unclear how accurately the sampling algorithm would estimate ZjK:l 1B;) © D;|B:),
and the sampling algorithm is also difficult to implement. For these reasons, we leave
it to future work to explore whether this sampling algorithm can be used to speed up

our variational scheme.

5.5 Demonstration of computational scaling

Among the most interesting aspects of the MPS algorithm is how the computational
complexity of our variational algorithm scales logarithmically with M. To practically
demonstrate this scaling, Figure [5.1| plots the actual CPU time our algorithm requires
to perform 10 timesteps simulating the 2-D Navier-Stokes equation at various values of
M and x. The simulations were all carried out on a MacBook Pro (Retina, 15-inch,
Mid 2015) running macOS v. 11.6on a 64-bit 2,5 GHz Quad-Core i7 CPU with
16 GB 1600 MHz DDR3 RAM, using C code compiled with a GCC/6.5.0 compiler on
03 optimisation, with the underlying linear algebra operations being performed by

IMKL/2017 routines. Note how all the curves in the figure saturate for sufficiently
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Figure 5.1: Demonstration of MPS computational scaling. 10 timesteps of
the 2-D Navier-Stokes equations were simulated with our MPS algorithm. The CPU
time (in seconds) required to perform these 10 timesteps is plotted for five values of x
against eight different grid-sizes.

many gridpoints; this implies a sub-polynomial scaling in M of the computational

complexity that is consistent with Equation ((5.19)).

5.6 Arithmetic intensity of the algorithm

For completeness we also briefly discuss how memory-efficient our algorithm is. This
can be done by studying a quantity known as the arithmetic intensity I. [ is the
ratio between the amount of arithmetic operations performed (in units of FLOPs) to
the required memory traffic (in bytes) of an algorithm. Many algorithms running on
modern computing systems are memory bound in the sense that their performance is
limited by memory bandwidth rather than computing power. Thus, algorithms with a
high value of I can more optimally utilize modern hardware than those with a low
arithmetic intensity. The main sub-routines of our algorithm are QR decomposition,

matrix-matrix multiplication, matrix-vector multiplication and matrix-reshapes. Let
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us denote their respective arithmetic intensities as Iqr, Im-m, Im-v and Iy,.,. When
operating on matrices of size m x m, or vectors of size m, the intensities of these

schemes go as:

]QR ~ m,
Ipem ~ m,
(5.20)

I, ~ const,

I, ~ const.

As discussed in Section [5.4] our algorithmic cost is dominated by the calculation of the
nonlinear term. This in practice boils down to repeatedly performing matrix-matrix
multiplications between pairs of non-square matrices of type (const - x?) x x and

X X (const - x). Theoretically, the arithmetic intensity of such operations goes as

N oY)
O (x2%(x + const))

= 0(x) (5.21)

for large x when memory is efficiently utilised. If, however, the memory is not efficiently
utilised due to shortcomings in either hardware (e.g. inadequate cache size) or software
(e.g. failure to use cache blocking), the scaling in Equation (5.21]) will fail to hold.

Fortunately, the problem of matrix-matrix multiplication is among the most important
and thoroughly studied problems of numerical linear algebra. Highly optimised
hardware (along with the associated software) beyond standard central processing
units exist for such operations, ranging from graphics processing units [103| to even
tensor processing units [104} 105]. Thus, the dominant operation of our algorithm
is characterised by a high I. This in turn makes our algorithm capable of efficiently

utilising the power of modern parallelised computing hardware.

5.7 Burgers’ equation

The Burgers’ equation (explained in detail in the following Section can be solved
in place of the incompressible Navier-Stokes equations by trivially modifying the
algorithm. Setting ;1 = 0 will remove the incompressibility condition from consideration
such that the algorithm just solves the momentum equations without the pressure
term (whose role is anyway just to enforce incompressibility), which is nothing more

than Burgers’ equation.
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We note that setting p = 0 increases the performance of our algorithm. When p = 0,
we get that my = 1 because the CGD procedure used to solve Equation is
replaced by the much cheaper substitution a = 3. This is an unsurprising result, given
that the solutions of the Navier-Stokes equation are complicated and turbulent, whilst
those of the Burgers’ equation are simple and non-turbulent. However, the advective
term must still be computed, hence the computational scaling of the algorithm remains

~ x*log M.

5.8 Conclusion

In this chapter an MPS algorithm for simulating fluid flows has been derived. The
derivation is based upon using the MPS encoding of Chapter [ to solve the incom-
pressible Navier-Stokes equations (or Burgers’ equation if g = 0) on the MPS manifold
with a variational scheme. The cost of the scheme scales as ~ x*log M, albeit it might
be viable to bring the scaling down to ~ x3log M (as discussed in Section , which

we leave to future work to investigate.

In Chapter [2|it is asserted that the scale-local structure of turbulence allows for it to
be accurately simulated within the MPS manifold whilst using far fewer variables than
DNS. This assertion can be tested in practice with the MPS algorithm formulated
here, and this is in fact precisely what is done in Chapter [/} But before looking at
actual turbulent flow, we investigate the efficacy of our algorithm in the following
Chapter [6] by setting p = 0 and simulating the much simpler fluid dynamics of Burgers’

equation.
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Chapter 6

Simulating shock waves

6.1 Introduction: Burgers’ equation

A central difficulty in the study of fluids is that their dynamics are simultaneously
nonlinear and (spatially) non-local. Take the case of a Newtonian, incompressible
fluid, whose governing equations are the incompressible Navier-Stokes equations of
Equation . The advective term (V.V)V in these equations induces nonlinearity.
As for the non-locality, consider that the speed of sound in a fluid is given by the
derivative of the pressure field with regards to the fluid density. Because the density
is constant in an incompressible fluid, the speed of sound becomes infinite and
thus information is transferred non-locally in space. This non-locality is enforced
through the pressure, which serves as a Lagrange-multiplier for the incompressibility
condition [43].

In Jan Burgers’ 1948 study of turbulence [106], he simplified the incompressible Navier-
Stokes equations by removing the pressure term and thus eliminating the non-locality.

This resulted in what is now known as Burgers’ equation:

aa—\; +(V.V)V =uvV?V. (6.1)

Equation (66.1)) is typically studied in 1D (one spatial coordinate = and time), giving

ou ou 9%u

du Ou _ Ou 2
ot " Yox Vox? (6.2)

with u(x, t) being the sole velocity component of flow. Burgers’ idea was that removing

the non-locality will make solving the equations feasible while hopefully still preserving
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at least some of the features of turbulence due to the remaining nonlinearity. However,
this hypothesis unfortunately turned out to be false. Some years later Hopf |107] and
Cole [108| demonstrated that Burgers’ equation can be mapped into a standard linear
heat equation (which has a known analytical solution) that embodies none of the core
features of turbulence (i.e., chaos, rapid mixing and multiscale physics). However,
Burgers’ equation remains important in turbulence research precisely because it is
analytically solvable while still containing the nonlinear advective term. These features
make it an excellent testbed for new numerical methods, since the results of numerical
simulations of Burgers’ equation can straightforwardly and directly be compared

against analytical solutions.

6.1.1 Chapter structure

We use that Burgers’ equation is analytically solveable to evaluate the utility of using
tensor networks for simulating fluid flows. First we present the known mathematical
solution of the 1D Burgers’ equation in Section for arbitrary initial conditions.
We then narrow down by using the § function as the initial flow field, which generate
so-called “hump solutions” to Burgers’ equation. They are derived analytically in
Section Then, in Section [6.4]it is shown that tensor networks are able to represent
all hump solutions with exponential efficiency. In particular, in the asymptotic limit of
v — 0, these hump solutions become triangular waves, i.e. prototypical shock waves.
An exact MPS description of these triangular waves is provided in Section where
it turns out the bond-dimension is independent of the grid size. This result implies
that shock waves are simulateable within a highly (exponentially) compressed MPS
manifold, and this is confirmed through actual such simulations in Section [6.6 The
chapter concludes in Section [6.7]

6.2 General analytical solution of Burgers’ equation

We now present the analytical solution to the 1D Burgers’ equation. By defining a
function w = w(x,t) via
10w 5 0log(w)

u(z,t) = —2v—
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also known as the Hopf-Cole transformation [107} [108|, Equation ([6.2)) simplifies to

the heat equation
Ow 0%w
— =v—". 6.4
ot ~ " ox? (6.4)

The heat equation has the general mathematical solution

_(z—a)?

wi da, (6.5)

w(z, t) =

2\/7w

where w(a, 0) denotes the initial condition at time ¢ = 0. w(«, 0) is obtained from the

initial condition to Burgers’ equation u(z,0) by inverting Equation (6.3) for ¢ = 0:
w(z,0) =e" 2 o wly0)dy, (6.6)

where a can be chosen freely. Combining the above equations results in the following

solution to Burgers’ equation:

lf :c—oz)‘4w: da

(z—a)?

, 6.7
fi’° (e O P o

u(z,t) =

where w(a, 0) represents the initial condition defined in Equation (6.6)).

6.3 Analytical solution for initial ¢ function

Following [109], we now investigate the so-called hump solution to Burgers’ equation.

It is produced when using the ¢ function initial condition of
u(z,0) = upd(z — xp), (6.8)
where 1 is a normalising constant. Plugging this into Equation gives
w(z,0) = e~ 2 Ja Sy=z0)dy, (6.9)

Now we choose a = x(y + €, where € denotes an infinitesimally small positive number,
so that

(6.10)

The integration is now split into two parts as:

00 “ o 0o
/ w(a,O)...dOz:eZg/ ...doz+/ ...da. (6.11)
—00 —00 To+e€
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We from now on ignore € to simplify the notation. The evaluation of the integral in the
denominator of Equation (6.7)) is straightforward, and the integral in the numerator
can be evaluated by making use of the substitution 8 = (z — «)/(2v/vt). Ultimately,

these calculations lead to the result

ug (z—=g)?
20 — 1 - vt
u(z,t) = \f (2 — L)e™ (6.12)

b/ + 5 (e — erfo(222)

where erfe(z) = (2/v/7) [ exp(—a?)da is the complementary error function.

We now analyse the solution (6.12)) in the limit of ¥ — 0. First consider x < xg, for
which

. T — o
lim erfc< ) =2, x<ux,
v—0
- 2vvt (6.13)
limerfc(x_xo) =1, z=x
L0 9 /—Vt ) 0>
making Equation (6.12)) become
limu(z,t) =0, =z <x. (6.14)

v—0

For x > xy we use the x — oo asymptotic expansion of the complementary error

function ,
erfe(z) = eﬁx + Oz %), (6.15)
so that for v — 0
T —x e’(zfmg
erfe| —=2 ) ~ 2\/%—Vt, xr > xg, 6.16
() Ve — ) ’ (618)

which transforms Equation (6.12)) into

ug (z—m0)?
v (ezv —1)e™
u(x,t) = \/; P (6.17)
ug e~ 4dvt
ﬁ+ V l/t(€2l’ — 1)W
It is observed that
. _ (z—=q)?
hrr(l]e wi =0, x> x,
v—
(z—aq)?
1in(1] (e?u vt > =00, Tg<x<xy+ V2uUt,
v—
' — (6.18)
hr% ez avt =1, x=x9+ V2upt,
v—
. u, _(zfa: )2
hH(l) (623 73 ) =0, z>z9+ vV2upt.
v—
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Using these limit solutions in Equation (6.17)) gives that in the limit v — 0:

u(z,t) = x—tzvo’ To < T < T+ V2upt,

u(x,t) =0, otherwise.

(6.19)

As v grows large, it is straightforward to show that Equation (6.12]) approaches the

Gaussian
Uy — _(z—=zg)?

e~ awi . 6.20
2Vt ( )

And for v — oo, this Gaussian will approach a uniform function with an amplitude

u(z,t) =

tending towards zero.

6.4 Solutions in matrix product state form

The Burgers’ equation can be solved with exponential efficiency in the number of grid
points through the MPS framework. Recall the MPS representation of Section and
consider it for a 1D function discretised with M = 2V gridpoints. In this case, the
physical index in Equation (4.3)) collapses to the range w, = b. € {0,1}, which means
that all grid points can be defined as r, = z, = ¢/2", where ¢ = 0,1,...,2Y — 1. In
the following text we show that both the aforementioned § hump initial flow condition

and the later flow it develops into can both be efficiently represented in MPS form.

Let us begin with the MPS representation of the § hump. The initial discretised
d-function wug(z,) = ued(¢ — j) with normalising constant u, and peak position
j=1(b1,...,bn)2, by, € {0,1} can be exactly represented as a MPS per Equation (4.8)).
The bond-dimension of this MPS is just x = 1 and its tensors A[n] are given by

Aél;Jll [1] _ { Up, W1 = bl, and AZ):[TL] _ { ].7 Wp = bn’ (621)

0, otherwise, 0, otherwise,

forn=2,...,N.

Time evolving this initial § function according to Burgers’ equation results in the
solution of Equation . For very large v, this solution becomes a Gaussian (tending
towards a uniform function as ¥ — c0), which has an exponentially convergent MPS
approximation [110]. For 0 < v < oo it can be shown that the function of Equation (6.7))
remains holomorphic in x, and hence regularity arguments similar to those in [111]

can be used to prove an exponential convergence of the polynomial approximation
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of Equation . In turn, polynomials of degree p sampled on an equidistant grid
admit an exact MPS representation |88, Thm. 6] with y < p+ 1, and hence this MPS
is also an exponentially converging approximation of Equation . The solution for
v — 0 is a triangular wave which has an exact MPS representation of bond-dimension
X = 3, as proven in Section [6.5]

Therefore, we conclude that the MPS description of solutions of the initial values
problem considered here are exponentially convergent in the number of variables used.
In other words, a MPS scheme would require exponentially fewer variables than e.g. a
standard finite difference scheme, as illustrated in the following section for the case of

v — 0.

6.5 Triangular waves as matrix product states

We now demonstrate the exponential advantage that the MPS ansatz can provide
over DNS for the v — 0 triangular-wave solution of Equation by analytically
deriving its MPS representation. This limit solution is a prototypical shock wave and
(as all shock waves) it is discontinuous, which slows down the convergence of both
polynomial and Fourier approximations. In contrast, a MPS with a bond-dimension

of just 3 can represent this function exactly, as we shall now see.

Definition. A Heaviside vector of length J € N with step position j € Z is defined

element-wise as

: L, ¢<
] . Y )
00 = { 0, otherwise, (6.22)

for g € {0,1,...,J —1}.

Definition. A unit vector at position j, with j € {0,...,J — 1}, J € N, is defined

element-wise as

; Log=y
J . 7 Y
%= { 0, otherwise, (6.23)

for g € {0,...,J —1}.

Lemma. Let j = (by,...,by)2 and ¢ = (w1, ..., wn)2, With b,,w, € {0,1}. Then the

j-th Heaviside vector can be written as the MPS

W1...WN
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with bond-dimensions d(n) =2, n=1,..., N — 1, where

TO) = [eby o', (6.25)
b by —1
b _ ewT; ew:ll
form=2,...,N —1, and
b N
T.X[N] = { 1N} ) (6.27)

Proof. Consider two indices first, and prove that 6% = g% =1 4 92 b1 .

e If w; > by, we obtain 0, as expected from (|6.22]).
o If w; = by, we get 03}2 This becomes 0 when wy > by, and 1 when wsy < bs.

o If wy < by, we are left with 62! = 1.

All cases are thus in agreement with ((6.24]) for N = 2. Multiplying the last two factors
of the Heaviside MPS gives

by—1—1 by ON-1 bn—1,bn
bn_ b Qw 1 +9wN Con_1| __ Qw _1,w
TN N = 1TN[N] = { N L ] = { " N} : (6.28)
Similarly, assuming that
br...by
TS [n] -« TUN[N] = { wﬂiww] : (6.29)

gives the induction step for T'[n — 1]--- T[N], and eventually, since T5[1] is just one

row,
b b by...b
Twi []‘] U wa [N] - ewll...wNN’ (630)
as expected.
Definition. A vector whose elements are z, = ¢ = (wy, ..., wy)2 can be expressed by
the MPS N
. _ 1 24w, wN
RS P I et [ I

of bond-dimension x = 2, per [88].
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Theorem. A triangular wave vector with elements

WO — Xq . gor---bN (632)

w1...WN W1...WN

can be written as a MPS of bond-dimension y =3, n=1,...,N — 1.

Proof. Multiplying the MPS X, . with 02'-’~ tensor by tensor will result in a

MPS /W[l] . /W[N ] of bond-dimension 4. However, this decomposition is redundant.

For example, the first factor reads

/WEM = [ebl 63}12]\[_10.)1 95}1—1 95}11—12N—1w1}7 (6.33)

w1

albeit e wy = bie’! which means that

e 1 b12N71 0 0
Worlt] = [ely ot on2¥tw ] jo 0 1 0f. (6.34)
h e "0 0 01
1] -~
Rb1[1]

W11] (of bond-dimension 3) can be considered the first non-redundant MPS tensor of
wb-dy - Multiplying R[1] with W[2] will continue the reduction and produce W [2].

Ww1...WN

Assuming that W1],...,W[n — 1] have already been obtained, the next step gives
R=1[n — 1JWh[n] :=

€b" 2anw €b" ebnfl 2anw an,1
1oy 000 e 0 ot |, (6.35)
0 0 1 0
0O 0 01 0 0 1 oN=ny,
0 0 1
where ¢,_; is a scalar, with ¢; = 6;2V~!. This gives
R=1ln — 1]Wrn[n] =
ei’}; (2N="b, + cn_l)efj; (95’};;1 (2N, + cn_l)Qg’Zfl ) (6.36)
0 0 1 oN=ny,
0 0 0 1

Notice that the first two columns are linearly dependent, allowing us to rewrite the

above expression into

R=1[n — 1JWh[n] =

er gt (2N 7w, 4 )0 [ 28T 4 00 0
0 1 ON=ny, 0 0 10 (6.37)
0 0 1 0 0 0 1
Wi’?’,ﬁ, [n] Rbnv[n]
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Since R[n] is identical to R[n— 1] except for the element ¢, = 2¥~"b, +¢,_; at position
(1,2), the recursion can continue all the way until /W[N |. This will result in the factors

W (n| of bond-dimensions 3 that together form the non-redundant representation of

bi...by

wwl...wN :

6.6 Simulation in matrix product state manifold

The analytical results of the previous sections are now checked numerically. We do
this by using the MPS algorithm of Section to time-evolve the ¢ hump initial
condition under Burgers’ equation at large v and compare the results against DNS.
Furthermore, to stress that an extremely dense grid is required to correctly resolve
shock waves as previously pointed out in Section , under-resolved DNS (URDNS)
is also performed on overly coarse grids that fail to cover the finest length scales of
the flow (see Appendix [A|for a more involved explanation of URDNS and DNS).

The set-up of our simulations is as follows. Burgers’ equation is solved within the
spatial domain of x € [0,1) and temporal domain ¢ € [0,1]. The initial § hump is

approximated using the Gaussian function

Ug o (Z*IO

u(z, 0) = 72) e wobl(e — o), (6.38)

2mo

where ug = 1, 1y = 1/2 and ¢ = 1073/4/2. The viscosity is set to v = 1.3 x 10°,
for which DNS requires a spatial grid of M = 8192 points to resolve all relevant
scales. The MPS simulations were carried out on this underlying grid at various

bond-dimensions.

The flows resulting from the simulations are shown in Figure for DNS, MPS (at
various bond-dimensions) and URDNS (at different grid sizes). From this figure, it is
clear that all the URDNS calculations using 2048 grid points or less are unreliable,
as can be seen from the numerical oscillations around the shock at t = 1/10. This is
especially the case for the 512 grid, where the oscillations visibly propagate through
time. In comparison, the MPS simulations are consistently accurate except for the very
lowest bond-dimension (y = 2). Especially the x > 4 simulations are indistinguishable
from DNS with the naked eye.

As Burgers’ equation is non-chaotic, the accuracy of each simulation can be quantified

by evaluating how close the final velocity field is to the DNS solution. We do this in
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two ways. First, we calculate the normalised distance in the L2-norm between the
velocity field of the DNS solution at t = 1 to the velocity fields calculated through
URDNS and MPS:

| us (et = ) = ot = )de
p(s,c) = oot = 12 . (6.39)

Since the DNS solution is nearly exact, p(s, c) can be used to gauge the accuracy of
scheme s at compression ratio ¢, and is tabulated in Table for the simulations in
Figure[6.1] From the table we see that URDNS at ¢ = 1:8 is already about thrice as
inaccurate as MPS at ¢ = 1:52, which is in accord with the above discussion. Secondly,

we also measured the power spectrum F(k) at t = 1 for each simulation. E(k) is
defined as

1
B(k) = Lfatk. D
1 (6.40)
Ak, 1) = / w(, e 2 dy
0

and is plotted in Figure [6.2]

Compression | Scheme | Inaccuracy

1:4 URDNS 0.0003

1:8 URDNS 0.0122
1:16 URDNS 0.5151
1:26 MPS 0.0006
1:52 MPS 0.0043
1:85 MPS 0.0703
1:171 MPS 0.6727

Table 6.1: Quantitative evaluation of the accuracy of MPS and URDNS
simulations for the 1D Burgers’ equation shockwave. The quantity p(s,c) of
Equation (6.39]) is tabulated here, which measures how distant in the L2-norm the
u(z,t = 1) velocity field calculated through DNS is to that of URDNS and MPS. The
nearer p(s,c) is to 0, the closer the solution of the scheme in question is to the correct
solution given by DNS.

The power spectrums in Figure further substantiate that MPS is much more
accurate than URDNS. The minimum bond-dimension required for reasonable accuracy
is (unsurprisingly) y = 3, while going up to x = 4 results in a solution at DNS-level
accuracy until about k =~ 103. y = 4 is equivalent to operating entirely within a MPS
manifold parameterised by only 1:52 as many variables as that of the DNS solution

space. In comparison, URDNS at the 512 grid (1:16 data compression ratio) fails
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completely, while the accuracy of the MPS scheme only truly breaks down at y = 2

(1:171 data compression ratio).

The results in Table [6.1] and Figures and [6.2) confirm the assertion made in
Section that y = 3 is sufficient for MPS to accurately simulate a triangular wave.
In the figures we see that the shock wave is overall correctly resolved and time-evolved,
albeit with some numerical artefacts occurring due to v not being exactly set to zero.
Letting M — 0o, 0 — 0 and v — 0 should make the y = 3 MPS simulations converge

to a perfectly resolved triangular wave.
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Figure 6.1: Shock wave formation under the 1D Burgers’ equation. Here an
initial 6 hump flow profile results in the formation of a shock wave. The black curves
correspond to the field at t = 1/10, blue to ¢t = 1/2 and cyan to t = 1. In the left
column, the simulations were performed using DNS (8192 spatial grid) and URDNS
(at 2048, 1024 and 512 spatial grids). The simulations in the right columns are from
MPS (at bond-dimensions x = 6,4,3,2). The compression ratio in the number of
variables compared to DNS is marked in parentheses.
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Figure 6.2: Power spectrum of shock wave formed under Burgers’ equation.
Power spectra are shown for DNS, URDNS and MPS simulations at ¢ = 1 for the
shock wave which results when time-evolving a 0 hump initial flow field under the 1D
Burgers’ equation. DNS was done at a 8192 spatial grid. The power spectra have been
normalised by the total kinetic energy present at each flow field. The compression
ratio in the number of variables compared to DNS is marked in parentheses.
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6.7 Conclusion

This chapter investigates the efficacy of the MPS ansatz by considering a 1D shock
wave evolving under Burgers’ equation. The equation is first solved using the well-
known Hopf-Cole transformation, after which it is investigated how well the resulting
solution can be encoded in MPS form. It turns out that for a delta-hump initial
condition, the MPS representation should achieve exponential data-compression. This
data-compression is then studied numerically by considering the asymptotic limit of
v — 0, where the solution converges to a triangular wave, i.e. a prototypical shock
wave. While such solutions are extremely challenging to resolve using standard DNS
schemes, it turns out they can be accurately represented by MPSs of bond-dimension
X = 3. This makes the MPS algorithm scale exponentially better than DNS for this
flow case, since the computational cost of DNS is here ~ M [Appendix |[A] whilst that
of the MPS is ~ y*log M [Section [5.4].

These results indicate that the structure of flow governed by Burgers’ equation can be
well-represented in MPS form, a promising first check on the effectiveness of MPS for
CFD. The natural next step is to employ the MPS algorithm to simulate the more

realistic Navier-Stokes equations.
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Chapter 7

Simulating turbulence with matrix
product states

7.1 Introduction

The preceding chapters have finally put us in the position to use MPSs to exploit
the structures of turbulence for simulation. Chapter |2 argues that turbulence is
characterised by scale-local structures which can be resolved using a specific scale-
by-scale MPS encoding. This encoding is defined in detail in Chapter [4] and then
used in Chapter [5| to formulate an algorithm for simulating fluid dynamics within the
data-compressed MPS format. And now that the efficacy of the MPS algorithm is

demonstrated in Chapter [6] we can finally use it to simulate turbulence.

We consider the turbulent TDJ and TGV flows of Chapter [2] Because these two flow
cases contain scale-local structure that can be captured by the MPS decomposition
(recall Figure and Section , it should be possible to accurately simulate
these flows in MPS manifolds M(x) at highly limited bond-dimensions x. To test
this assertion, we perform MPS simulations at various x and compare the resulting
accuracy against DNS. Reducing y is equivalent to decreasing the number of variables
parameterising the MPS solution, and the analog to reducing the bond-dimension in
DNS is to perform URDNS on a coarse grid that does not cover all relevant length
scales (as a side-note, URDNS can be considered to be the simplest form of LES — see
Appendix . For a fair comparison, we therefore choose for every y a corresponding
URDNS grid such that both methods parameterise the solution with approximately

the same number of variables.
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7.1.1 Chapter structure

The MPS, URDNS and DNS simulations are compared qualitatively for the TDJ
and TGV flows in Sections and while in the following Section a more
quantitative comparison is provided. The main findings of this chapter are summarised
and put into a larger context in Section

7.2 2D turbulence: temporally developing jet

We begin by considering the accuracy of MPS relative to DNS for the TDJ flow
described in Section In the units defined there, we set the penalty coefficient for
MPS simulations to be pu = 6.25 x 10%. The results for the different solvers are shown
in Figure[7.1] The top row in Figure corresponds to DNS and illustrates how
the background perturbations in the shear-layer are amplified (¢/7y = 0.25) until the
layer rolls up into vortices which in turn pair-up and merge into progressively larger
vortices (t/Ty = 0.75,1.25) until /T, = 1.75, when pairing is terminated.

The stress exerted upon the mean flow by turbulent fluctuations is given by the

Reynolds stress tensor
Tij(yv t) = <u;u;> ) (7'1)
where u; = u;—(u), is the fluctuating part of the velocity component and (-) denotes the

ensemble-average across the statistically homogeneous streamwise direction: (u), =

Lbox
! [ wi(z,y,t)dz. The 715 component is plotted in Figure . The famous

Lpox

Boussinesq approximation, used in LES and RANS, models 715 as
N 8<U1> i (9<u2>

dy oxr '’
and interestingly, in Figure the Reynolds stresses are largely of the opposite sign

—T12

(7.2)

to the mean streamwise velocity gradients along the cross-stream direction, which is
in accord with the Boussinesq approximation. The exception is when vortex pairing is
terminated and the growth of the shear-layer is temporarily paused. It is important
that ensemble-averaged quantities such as 715 are correctly resolved if the simulation

is to be physically valid.

Let us now compare the accuracy between the MPS and URDNS simulations. Rows 2-4
in Figure show MPS results for y = 33,74 and 118, corresponding to compression
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Figure 7.1: 2D Temporally developing jet. Dynamical simulation of the in-
compressible Navier-Stokes equations in 2D for a planar jet streaming along = with
Re = 1000 per the flow-conditions defined in Section [2.6.1l a shows snapshots of
the vorticity and velocity fields taken at t/Ty = 0.25,0.75,1.25,1.75 (left to right).
Red corresponds to positive vorticity (counter-clockwise flow) and blue to negative
(clockwise). Top row corresponds to DNS results (also plotted in Figure on
a quadratic 2!9 x 210 grid. Rows 2-4 are MPS results with different maximal bond
dimensions x. Bottom three rows are for URDNS on quadratic grids as indicated.
b Reynolds stress 75 [see Equation (7.1))] between the streamwise and cross-stream
directions as a function of time and y coordinate. Red (blue) corresponds to positive
(negative) stress.

ratios of approximately 1:64, 1:16 and 1:8 compared to DNS, respectively. These
results show that the large-scale dynamics of the jet are correctly captured by all the
MPS simulations, with x = 74 and 118 practically indistinguishable from DNS. The
bottom three rows in Figure show the URDNS results for different grid sizes. We
find that the 362% grid (corresponding to xy = 118) is only accurate until ¢/Tj ~ 1.2
while the lower-resolution URDNS already fails at t/T ~ 0.75. This is observed in
both the instantaneous vorticity dynamics results and the Reynolds-stresses. The

MPS algorithm achieves a much higher accuracy than URDNS for the same number
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of variables (see Table|7.1| for quantitative results). This result can also be understood
in terms of the interscale correlations shown in Figure [2.11h, where the domain
corresponding to URDNS on the 2562 grid is shown by the grey-shaded area W. A
significant amount of correlations present in the DNS solutions are outside of W,

which is consistent with our finding that URDNS cannot accurately represent the
DNS solutions.

7.3 3D turbulence: Taylor-Green vortex

We now move on the TGV flow outlined in Section [2.6.2] In the units defined there,
i = 2.5 x 10° in all the MPS simulations. The top row in Figure corresponds to
DNS and illustrates how the original vortex collapses (/T = 0.2) into turbulent worm-
like structures (¢/7p = 0.8) which become progressively more turbulent (t/7y = 1.4)
until viscosity eventually dissipates these vortical structures (¢/Ty = 2). Rows 2-4 and
5-7 in Figure correspond to the results of our MPS algorithm and to URDNS,
respectively. The bond dimension and grid sizes have been chosen such that the
compression ratios compared to DNS are approximately 1:25 (rows 2 and 5), 1:49
(rows 3 and 6) and 1:78 (rows 4 and 7). While MPS produces a solution comparable
to DNS for a compression ratio of 1:49 (x = 128), the corresponding URDNS results
clearly deviate from DNS. Discrepancies between URDNS and DNS are even visible
for the largest URDNS grid (compression 1:25).

A more quantitative analysis of the performance of MPS vs. URDNS is shown in
Figure [7.2p. In the non-DNS simulations, a portion of the energy is erroncously lost to
numerical diffusion. The amount of numerical diffusion can be measured by comparing

the observed kinetic energy dissipation

1d 2
e(t) = —55/‘V(r,t)| dr (7.3)
v
to the physical global dissipation (enstrophy)
C(t) = V/ IV x V(r,t)[dr, (7.4)
%

where we integrate over the whole space V. ( is related to the viscous dissipation of

kinetic energy [112]|. For incompressible flows with periodic boundary conditions, the
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Figure 7.2: 3D Taylor-
Green vortex. Dynamical
simulations of the incompress-
ible Navier-Stokes equations
in 3D for the Taylor-Green
vortex at Re 800 for
the parameters defined in

Section [2.6.2 a Vortical
structures rendered using
the standard Mo method

are shown at times
t/Ty = 0.2,0.8,1.4,2 (left to
right). Top row is for DNS
on a 2% x 28 x 28 grid (also
plotted in Figure . Rows
2-4 are for MPS simulations
with different y, and bottom
three rows are for URDNS
on cubic grids as indicated.
b shows the enstrophy ((t)
(asterisks/crosses/circles)
and the energy dissipation
€(t) (lines) as a function of
time, with Ej being the total
energy at t = 0.



incompressible Navier-Stokes equations imply e(t) = ((t), however, restricting the
solution space results in numerical diffusion that violates this equality. The () versus
((t) predictions for MPS at x > 128 are consistent with both the DNS results here
and in previous work [60]. We find that the MPS simulations with x = 128 and 192
dissipate the energy more accurately than any of the URDNS results, especially for
t/Ty > 1.4, see Table As in the 2D case, this outcome is in line with the interscale
correlations shown in Figure 2.11b, where the domain corresponding to URDNS on
the 643 grid is shown by the grey-shaded area V. The bipartitions at n = 5,6, 7 are
associated with comparatively large Schmidt numbers for ¢/T, > 0.8, and hence these

interscale correlations cannot be captured by URDNS.

7.4 Quantitative comparison between simulations

Here we provide a more quantitative comparison between the MPS and URDNS
accuracy. The accuracy of MPS and URDNS simulations are gauged by comparing
the ensemble-aggregated quantities of Figures and against DNS (statistical
quantities such as these are needed for the comparisons to be rigorous, due to the chaotic

nature of turbulence). In this section, we quantify this comparison by integrating the
discrepancy DNS has to MPS and URDNS in Figures and [7.2p.

The visual difference between the Figure Reynolds stress of DNS (row 1) to that
of MPS (rows 2-4) and URDNS (rows 5-7) can be numerically evaluated through the

variable

4Lpox/5 270 DNS(
Y. t) — 735 (y, £)]” dydt
o(s,c) = f Lbox/5 70 12 55 (7.5)

Lo (0.0) — i (00|

with s being the scheme in question and ¢ the compression ratio of said scheme
compared to DNS. o(s,¢) quantifies the root-mean-square of the wvisual difference
between the subplots in Figure , and the closer o(s,c) is to 0, the nearer the
Reynolds stress in question is to that of DNS. o(s, ¢) is tabulated in Table and
it indicates MPS is more accurate than URDNS when the same number of variables
is used in both schemes to parameterise the solution. The difference is particularly

striking at ¢ = 1:8, where o(MPS, 1:8) is less than a twentieth of ¢(URDNS, 1:8).
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We also quantify the accuracy of URDNS and MPS against DNS for the TGV flow by
integrating the numerical diffusion |((¢) — €(t)| of Figure [7.2b. This is equivalent to

1

(o) = 5 [ 1t — st (7.6)

when normalised by the initial total kinetic energy Ey. The lower e(s, ¢) is, the better
is the accuracy of the relevant simulation. e(s, c) is tabulated in Table [7.1] where the
errors of the MPS and URDNS simulations are compared to the (small) error of DNS,
which is e(DNS) = 0.0020, equivalent to = 0.2% of the initial kinetic energy being
lost to the (unphysical) numerical diffusion during the course of the entire simulation.
From the table we see that MPS does relatively well compared to URDNS, with both
e(MPS, 1:25) and e(MPS, 1:49) being below 10%, which is in accord with the assertion
that MPS is capable of capturing the key properties of the TGV flow, despite the

presence of fine-scale noise.

Case | Compression | Scheme | Inaccuracy
TDJ 1:1 DNS 0
TDJ 1:8 MPS 0.0119
TDJ 1:8 URDNS 0.2612
TDJ 1:16 MPS 0.0485
TDJ 1:16 URDNS 0.3333
TDJ 1:64 MPS 0.2404
TDJ 1:64 URDNS 0.3201
TGV 1:1 DNS 0.0020
TGV 1:25 MPS 0.0385
TGV 1:25 URDNS 0.1599
TGV 1:49 MPS 0.0844
TGV 1:49 URDNS 0.2133
TGV 1:78 MPS 0.2618
TGV 1:78 URDNS 0.4563

Table 7.1: Quantitative comparison between MPS and URDNS simulations
for the TDJ and TGV flow cases. The rows corresponding to the TDJ flow
tabulate o(s,c), as defined in Equation (7.5). o(s,c) measures the discrepancy of
the URDNS and MPS Reynolds stresses to that of DNS in Figure [7.Ip. The TGV
flow case rows tabulate e(s, ¢), which is defined in Equation and represents the
total numerical diffusion in Figure[7.2b. The nearer o(s, c) or e(s, ¢) is to 0, the more
accurate the simulation in question is.
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7.5 Conclusion

The results of this chapter demonstrate that the paradigmatic TDJ and TGV flows
contain scale-local structure that can be exploited with MPSs. The structures is
reflected in the limited amount of interscale correlations present in these turbulent
flows (recall Figure and is the reason why the MPS simulations remain highly
accurate even at low y. On the other hand, coarsening the grid and running URDNS

fails to accurately simulate any of the flow cases.

The inaccuracy of URDNS exemplifies the incongruence between scale-resolving CFD
approaches (i.e. DNS/URDNS, LES) and the multiscale nature of turbulence. While
coarsening the grid removes from the solution space only the smallest and least energetic
eddies, these flow-structures are still important in realistic flow, since they interact
and correlate with larger eddies and thus help drive turbulent flow (as Figure

shows). Removing them from consideration therefore leads to inaccuracy.

In contrast, our structure-resolving MPS scheme does not truncate any length scales.
It instead discards large amounts of unphysical interscale correlations (i.e. the upper
triangles where d(n) > yg9 in Figure 2.11)) from the solution space, thus reducing the

dimensionality of turbulence simulations without significantly impacting accuracy.

The structure-resolving properties of MPSs can reduce computational costs. The
computational cost of our MPS algorithm goes as ~ x*log M, as explained in Sec-
tion . Resolving down to the Kolmogorov microscale requires M ~ (£/ n)K ~ Re*K/4
grid points. Assuming y ~ Re”, the overall MPS algorithm scales as ~ Re*” log Re.
Comparing this to the cost of DNS, which is ~ M log M ~ Re* /*1og Re [Appendix,
implies the MPS algorithm outperforms DNS when v < 3K/16. For our 2D example,
Figure suggests v ~ 0 which leads to an exponential speedup of the MPS algo-
rithm over DNS for sufficiently large Re. For the TGV flow v =~ 0.71, which is larger
than 3K/16. However, we note that numerical methods for manipulating tensors are
an active field of research and that it might be viable to reduce the cost of our MPS
algorithm along the lines discussed in Section [5.4]
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Chapter 8

Alternative tensor network geometries

8.1 Introduction

The previous Chapter [7] demonstrates that turbulence can be simulated in a highly
data-compressed MPS form. But the MPS ansatz is only one specific type of tensor

network that can be used to exploit turbulence structures.

The MPS structure is ideal for capturing correlations between nearby sites (i.e. nearest-
neighbour correlation) regardless of whether the sites represent length scales or
quantum particles. This is due to the connectivity of MPS solely being between
neighbouring sites (see e.g. Figure ) However, in actual turbulent flows, it cannot
always be expected that these correlations are strictly nearest-neighbour. In Section
it is noted that while turbulent interactions are considered “scale-local” due to them
decaying polynomially with separation in scale, this polynomial decay still means that
all the scales interact with each-other to a non-negligible extent. Such interactions
might generate relatively long-range correlations that are challenging to capture with
MPS (as seen in Figure for the 3D TGV flow case), motivating the need to

consider more complicated tensor network geometries for simulating turbulence.

8.1.1 Chapter structure

Many tensor network geometries exist (both known and unknown) that might poten-
tially be useful for representing turbulence. For the sake of simplicity, we only provide

a discussion on two geometries: tree tensor networks (TTNs) in Section and the
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Figure 8.1: Three possible decompositions from one tensor. In a, an eight-
order tensor has been decomposed into an N = 8 MPS where only the nearest
neighbours are connected. In b, the same tensor has been decomposed into a TTN,
which connects distant sites. The MERA decomposition is shown in ¢. Note both the
increased connectivity compared to MPS and TTN, as well as the presence of loops.

multiscale entanglement renormalisation ansatz (MERA) in Section [8.3] The ideal
ansatz must be capable of perfectly capturing the correlation structure of turbulent

flows, as is discussed in Section [8.4. The chapter is concluded in Section [8.5

8.2 Tree tensor networks

It is noted in the above that the MPS connectivity is ideally suited for resolving nearest-
neighbour correlations, while more long-range correlations necessitate alternative tensor
network geometries that connect more distant sites. The TTN , is one
such geometry and it is illustrated in Figure [8.Ip. The tree structure has much better
connectivity between distant sites than the MPS geometry. For instance in Figure [8.1]
to move from the TTN site associated with the first (leftmost) open bond to that which

is associated with the last (rightmost) open bond, one only needs to pass through four
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closed bonds, while in the equivalent eight-site MPS one would have to pass through
seven closed bonds. This advantage might allow TTNs to represent turbulent flows

with a lower bond dimension y than MPS.

However, compared to MPSs the increased connectivity of TTNs has two drawbacks.
First, it decreases the connectivity between neighbouring sites. To see, consider the
second site in the TTN of Figure . Moving from the second to third (neigh-
bouring) site requires going through four bonds, which is significantly longer than a
corresponding move in the MPS of Figure [8.Th. This disadvantage in connectivity
between neighbouring sites increases with N as ~ log N and is in discord with the
scale-local nature of turbulence. The second drawback is that manipulating TTNs is
in general more computationally expensive than manipulating MPSs. For instance,
the computational cost of just putting a TTN into canonical form is ~ Nx* 73|, while

doing the same for MPS only costs ~ N?.

8.3 Multiscale entanglement renormalisation ansatz

The MERA network generalises TTNs and is illustrated in Figure [8.Ic. MERA
connects distant sites (just like TTNs) while simultaneously maintaining connectivity
between neighbouring sites (like MPS). This connectivity allows MERA to capture
correlations that are both near and distant, and should enable MERA networks to
represent turbulent flow fields with a lower bond-dimension than MPS, especially if

the correlations are long-range.

However, the increased connectivity of MERA unfortunately leads to the presence
of loops (e.g. it is possible to walk along the outer edge of the MERA to form a
triangular loop). These loops create various numerical difficulties, such as making
it impossible to straightforwardly Schmidt-decompose the network and truncate the
bond dimension in a globally optimal manner, that require complicated numerical
methods to resolve [115]. Furthermore, contracting MERA networks is in general very

expensive [116].
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8.4 Structure of interscale correlation in turbulence

Till now we have only evaluated tensor network anséatze based upon their connectivity.
In addition to connectivity, it is also important to understand how the bond dimension
X required to represent turbulence must scale with increasing Reynolds number. The
case of MPS, for instance, is illustrated in Figure [2.10] of Section [2.7] for both the
TDJ and TGV flows. Let us investigate what this tells us about the structure of
the interscale correlations in these flows and what tensor network geometry is most

appropriate for representing turbulence.

Consider Figure [2.10] in the context of the von Neumann entanglement entropy
(previously outlined in Sections and . Equations and imply that the
entanglement entropy is at most S(n,t) < logd(n). Applying the MPS ansatz and
setting d(n) < x gives

S(n,t) <logx. (8.1)

In the case of the TDJ flow, Figure implies that the bond dimension required
to resolve the flow at 99% accuracy within M saturates with Re as y ~ const. This
indicates

Smax ~ log x ~ const, (8.2)

with Spax = ma;x[S (n,t)]. When the entanglement entropy saturates with the system
n

)

size like this, Equation implies that the MPS representation becomes exponen-
tially more efficient than that of DNS. This is the case for both this 2D TDJ flow
example and for 1D quantum systems behaving according to the area law (Section .
For the TGV flow, Figure implies that the bond dimension must go as xy ~ Re’™
if the flow is to be resolved at 99% accuracy within M. This indicates

0.71

Smax ~ log Re™"" ~ log Re. (8.3)

Furthermore, Kolmogorov’s theory states that the number of gridpoints 8" scales with
Reynolds number as 8V ~ Re”/4. Inserting these into Equation (8.3)) gives

Sinax ~ log 8V 0TV L (8.4)

which means the entanglement entropy scales linearly in the number of sites N (or
equivalently, in the number of length scales). This Sy ~ N scaling is known as a
volume law, since the entanglement entropy increases with the overall size (“volume”)

of the MPS.
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A volume law can be effectively captured by neither MPSs, TTNs nor MERA. TTNs,
like MPSs, are ideal only when Sp., ~ const, whilst MERA can at most handle
Smax ~ log N.

There do however exist more sophisticated ansidtze capable of capturing entanglement
entropy increasing like it does in Equation . The most obvious example is the 2D
generalisation of MPS, PEPS, which exploits that what seems like a volume law on a
1D MPS lattice, could actually be an area law on a 2D PEPS lattice. Furthermore,
the PEPS geometry is far better suited at representing correlations between distant
sites than is MPS [17], which (similarly to TTNs and MERA) might be useful for
representing turbulent flow fields characterised by significant correlation between
faraway scales. The branching MERA [79] is another example of a tensor network
scheme capable of efficiently capturing volume laws, but only when the entanglement
is structured in a specific way. Quantum computers might also be useful, given that
they are intrinsically able to represent large amounts of entanglement. To this end,
a tensor network inspired ansatz capable of representing velocity fields on quantum
hardware is described in [117, |118|. If an ansatz is found that precisely matches the
structure of the TGV flow, the bond-dimension (or number of variational parameters,
in the case of quantum circuits) would increase sub-polynomially with Re instead
of the y ~ poly(Re) scaling when MPSs, TTNs or MERA are used to encode the
velocity field.

8.5 Conclusion

In this chapter it is briefly discussed what advantages alternative tensor network
geometries hold over MPSs for encoding turbulence. We find that TTNs and MERA
networks allow for better connectivity between distant length scales, and might there-
fore require lower bond-dimensions than MPSs to perform accurate fluids simulations.
Furthermore, the PEPS and branching MERA geometries are capable of capturing
the entanglement entropy scaling observed in the TGV case, which could in the
best case allow PEPS and branching-MERA to simulate 3D flows such as the TGV
using a bond-dimension which scales exponentially better with Re than the MPS
bond-dimension. However, while these alternative geometries might require lower
bond-dimensions during simulation, algorithms based upon them are significantly more

complicated to implement and are much more computationally expensive to use than
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the MPS scheme of this thesis. We leave it to future work to decide on whether these
alternative candidates are truly better suited at encoding and simulating turbulence
than the MPS ansatz.
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Chapter 9

Conclusion and outlook

This thesis demonstrates that tensor networks are capable of efficiently taking ad-
vantage of the structure of turbulence. The scale-local nature of turbulence often
leads to correlations between distant length scales being limited, which we capitalise
on by encoding the different length scales of flow into individual tensors on MPS
chains where the bond-dimension y is limited. The number of variables required
by the MPS encoding goes as ~ x?log(f/n), allowing us to circumvent a central
roadblock of traditional scale-resolving CFD methods, namely their inability to resolve
the extremely broad range of length scales between ¢ and 7 that typically becomes
energised during turbulence (e.g. DNS requires ~ (£/n)¥ variables to accurately
represent K—dimensional flow). When the flow can be accurately described at low x,
the logarithmic scaling of our encoding opens the possibility for MPS simulations of

fluid dynamics that are exponentially faster than traditional CFD.

We investigated the practical utility of MPSs for CFD by formulating a variational
MPS algorithm whose cost scales as ~ x*log(¢/n) and used it to simulate fluid
dynamics in one, two and three dimensions. Our algorithm was first used to simulate
the shock-waves generated by Burgers’ equations (a non-turbulent simplification of
the Navier-Stokes equations). For this problem, we showed both analytically and
numerically that the MPS scheme only requires xy = 3 to maintain accuracy, making
it exponentially advantageous compared to DNS. Moving on, we then simulated the
2D Kelvin-Helmholtz instability. The results indicate that MPSs can also here be
used to exponentially reduce the computational cost compared to DNS. It would be
interesting to investigate whether this is just a unique case for the TDJ flow or if it

is a more general property of 2D turbulence, because if this exponential reduction
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in cost is indeed general, it would have significant practical consequences in e.g.
the simulation of atmospheric flows. We also investigated the turbulent collapse
of the 3D Taylor-Green vortex, which we found our MPS encoding can accurately
capture using just a tiny fraction of the variables required by DNS. For this specific
flow case, however, the MPS representation required an overly large y to maintain
accuracy and therefore our MPS algorithm was unable to demonstrate any reduction in
computational complexity compared to DNS. This issue might potentially be overcome
by following the steps outlined in Section to reduce the scaling in y of our MPS
scheme down to ~ x?log(¢/n).

If traditional CFD approaches (e.g. DNS, LES) are scale-resolving, tensor networks
methods are instead structure-resolving. Structure-resolving methodologies are those
which represent flow in terms of turbulent structures that span all scales between /¢
and 7, and have previously been used for analysing turbulence [119] (i.e., diagnostics),
but not simulating it (i.e., prediction). Simulating turbulence with structure-resolving
schemes has historically been hampered by difficulties in identifying physically valid
structures with which to represent the flow [117] |119]. Our scheme overcomes this
problem by representing the flow in terms of a MPS structure that is valid when the
flow is scale-locally correlated. As such, this MPS algorithm is to our knowledge the

first structure-resolving scheme capable of robustly simulating turbulent flows.

Our MPS encoding captures the scale-local aspect of the structure of turbulence;
however, other aspects might be better exploited using alternative ansétze. For
instance, MPS can turn numerically inefficient when correlations between distant
scales become relevant, because then a very large y will be needed to maintain an
accurate description of the flow. In such cases, y might be reduced by switching
to tensor networks that better connect distant length scales together, like TTNs or
MERA. However, for any of these networks to encode the observed 3D turbulence
accurately, the required bond-dimension must still scale as x ~ poly(Re) [Section [8.4].
It might be possible to drastically reduce this scaling, possibly even down to x ~ const,
if an ansatz is found that corresponds precisely to the structure of turbulence (like
how the MPS ansatz matches the structure of low-energy states of certain quantum
systems). A good starting point might be to investigate how well PEPS and branching
MERA can encode the 3D TGV flow [Section [8.4].

The utility of tensor networks in fluid dynamics goes beyond the incompressible Navier-

Stokes equations. Future avenues of investigation for MPSs include compressible
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flows, in which the Mach number is an important parameter, and transport of scalar
quantities under both passive and chemically reactive conditions where the effects
of Prandtl, Peclet and Damkohler numbers [120] must be taken into account. It
would be interesting to examine how these parameters affect the fidelity of low xy MPS
simulations. Furthermore, as tensor network methods are naturally suited to tackle
high-dimensional problems, their applicability to the transported probability density
function (PDF) of turbulent reactive flows [121] should be considered. In these flows,
in addition to temporal and spatial variations, the PDF is a function of the three-
dimensional velocity field along with the pertinent scalar variables (energy, pressure
and species mass fractions) [122]. With just 10 species (a very simple chemical kinetics
model), the unsteady PDF must be resolved in a 17-dimensional space. High-fidelity
modelling and simulation of such complex flows can potentially be enabled through a

well-chosen tensor network ansatz.

The close connection of our tensor network-based approach to quantum physics points
towards the prospect of solving the Navier-Stokes equations on a quantum com-
puter [117, 123]. Recently, several algorithms for solving nonlinear partial differential
equations on quantum computers have been proposed 118|124} |125]. The elegant
scheme of [124] linearises nonlinear differential equations by exploiting the connection
between the nonlinear Schrédinger equation and the (linear) Schrodinger equation
governing Bose-Einstein condensates. In the highly rigorous study of [125], nonlinear
differential equations are mapped into higher-dimensional linear problems using Car-
leman linearisation. The advantage of these two schemes is that their linearisations
allows them to leverage exponentially efficient [126-128| quantum methods for solving
linear differential equations. The disadvantage is that they can only be expected to
remain accurate when the nonlinearity is weak, i.e. for low Re in the context of the
Navier-Stokes equations. One approach that might not be limited to low Re however,
is that of [118]. This work introduces a tensor network based programming paradigm
for quantum computers that allows our MPS algorithm to be ported onto quantum
hardware. This would involve encoding the flow fields as quantum states and using the
formalism of [129] to minimise Equation (5.7)) on quantum computers. Carrying out
this minimisation within the MPS manifold will immediately reduce the scaling with
bond-dimension to ~ y2. Further, the variational manifold available to a quantum
circuit is more general than just the MPS manifold [118] due to the intrinsic ability of
quantum computers to represent large amounts of entanglement, and so the accuracy

of our algorithm should also improve when it is run on quantum hardware.
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In summary, our work demonstrates that tensor network methods can be used to
efficiently exploit the structures of turbulence to simulate fluid dynamics on both
classical and quantum hardware. Future work along this avenue holds the promise
of enabling large-scale CFD calculations that are well beyond the scope of current

approaches.
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Appendix A

Direct numerical simulation algorithm

We here briefly outline our DNS scheme. To solve the incompressible Navier-Stokes
equations, it employs second-order Runge-Kutta temporal discretisation combined
with an eighth-order central finite difference discretisation of the spatial derivatives [97]
on a Cartesian grid to solve Burgers’ equation, whilst enforcing the incompressibility
condition by continuously projecting the velocity field onto the divergence-free subspace
as per Chorin’s method [130]. Disabling this projection step will result in the algorithm

simply solving Burgers’ equation in place of the incompressible Navier-Stokes equations.

The computational cost of the DNS scheme is ~ Mlog M. This is because it is
dominated by the projection step, which is performed through repeated fast Fourier
transform and inverse fast Fourier transforms that scale as ~ M log M. In comparison,
the matrix-vector multiplications in the DNS algorithm (which is all that is needed to
solve Burgers’ equation) scale as just ~ M when the sparsity of the finite difference

stencils is exploited.

If there are just enough gridpoints to resolve all scales from ¢ to 7, the scheme is

true DNS and solves the incompressible Navier-Stokes equations ezactly within a

sufficiently large solution space D (see Figures[2.11j and [2.11p). If the finest scales are

removed however (without invoking any subgrid scale model) such that the smallest
remaining resolved scale is significantly larger than 7, then the scheme becomes an
URDNS operating within the scale-restricted W C D. The Navier-Stokes equations
cannot be solved exactly within W due to the finest scales being subject to unphysical
numerical dissipation. In comparison, the MPS algorithm operates within the MPS

manifold of M C D where the interscale correlations are limited while all the scales
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between ¢ and 7 are still present.

URDNS can be considered as the most basic form of large eddy simulations |8}, |10} [11],

where no explicit models are employed to account for the disregarded subgrid scales.
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Appendix B

Two-point correlations between
wavenumbers

Recall that in Section [2.4] we argued that fluid flows are characterised by scale-local
interactions which in turn should lead to scale-local correlations. This scale-locality
can be illustrated by studying the two-point correlations between various scales in

wavenumber space in the above two flow cases. Let u be the velocity fluctuation
u;(t771) = ui<tvr) - <u1> (t)7 (B1>

with (-) representing an averaging along all real-space directions in which the flow is
statistically homogeneous. For the 2D TDJ, that would be along the x-axis, whilst for
the 3D TGV flow this would be along all axes due to the isotropy of the flow. @} is

the Fourier transform of the i-th flow component,

u,(t, k) :/u;(t,r)e_ik’rdr, (B.2)
v

with V being the relevant spatial domain. The two-point correlation can then be

expressed through the tensor

Cis(t, 5) = [ At e+ ok) (@ (¢, k)" dk, (B.3)

with V being the Fourier domain.

Before continuing, we briefly remark on the side that C;; is linked to the energy of the

flow. To see, let E;; be the inverse Fourier transform of Cj; as
1 .
Byt r) = — / Cis(t, 5K)e P+ dok. (BA)
2 Jy
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E;; and Cj; must now be a Fourier transform pair, which implies that

Czj<t,5k) = / Eij(t,r)e*iék'rdr. (B5)
1%

Setting ¢ = j and dk = 0 in Eqgs. (B.3)) and (B.5) instantly gives
[Pk~ [ £, (B.6)
v v
allowing us to set
Eyu(t,r) = [uf?(t,r). (B.7)

Therefore, the Fourier-space two-point correlations of any component of the turbulent
velocity fluctuations is simply the Fourier transform of the real-space distribution of

the turbulent kinetic energy of said componentﬂ

Moving on, we now normalise C;; in the traditional manner by dividing it with the

standard deviations of the fluctuations, giving

, Gyt k)
Cl(t, k) = NI O) (B.8)

The Schwartz inequality now commands that Cj; < 1. At this point, recall that we are

only interested in the potential scale-locality of correlations between different scales,
yet Equation (B.8) also contains information on the direction of dk. Let us simplify
our analysis by eliminating this directional information by integrating Equation (B.8))

over spheres S of radii |dk|:
cij(t,|0k]) = jl{C'{j(t,ék)dS(|5k|). (B.9)

The resulting correlation tensor ¢;;(t,|dk|) is now a normalised object describing the

autocorrelation between wavenumbers.

Let us now use this tensor to study the inter-wavenumber correlations within the
TDJ and TGV flows of Sections [2.6.1 and [2.6.2] In Figures and the diagonal
components of c(t, |0k|) are plotted for the TDJ and TGV flows at various times ¢ /7.
The immediate observation is that c(t, |0k|) significantly decays with increasing |0k|
in all cases. In all the TDJ and TGV plots, except the TGV plot at time ¢/T, = 0.2,

the correlations remain steady until about |dk| ~ 10', but afterwards decay at a rate

of about two to three orders of magnitude per wavenumber decade. Thus once the

I This result is essentially a restatement of the Wiener-Khinchin theorem.
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Figure B.1: Wavenumber autocorrelations of the 2D TDJ. The autocorrela-
tions tensor ¢;;(t,|dk|), as defined in Equation (B.9), is plotted across wavenumber-
separations |0k| for i = j at four different times.

instabilities of the TDJ and TGV flows lead to the large-scale structures collapsing
into turbulence, the wavenumbers remain correlated for only about a decade. This
points to the correlations between different scales being scale-local, in line with the
scale-locality of turbulent interactions [Section [2.4]. Furthermore, this scale-local
nature of ¢(t, |0k|) illustrates the aforementioned universality hypothesis of turbulence:
when c(t, |0k|) consistently decays with increasing |dk|, the motions at large and small

scales become increasingly unrelated to each other.
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Figure B.2: Wavenumber autocorrelations of the 3D TGV. The autocorrela-
tions tensor ¢;;(t,|0k|), as defined in Equation (B.9), is plotted across wavenumber-
separations |0k| for i = j at four different times.
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