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Abstract 

 

 Free-space optics (FSO), or wireless optical communications, has received extensive research due 

to its promise of practically limitless bandwidths. However, FSO has challenges yet to be met for a cost 

effective realisation. This D.Phil thesis explores a solution using a ferro-electric liquid crystal spatial light 

modulator (FLC SLM) and binary phase holograms to significantly reduce the hardware complexity of an 

FSO system with auto-alignment and turbulence compensation. 

 The theory of binary phase hologram is presented and extended to obtain a new algorithm that is 

suitable for a FLC SLM. The algorithm is able to be used in a demonstration system to broadcast data 

streams to multiple receivers, showing the capability of using FLC SLM to form any beam configuration. 

An FSO transmitter is then developed that uses retro-reflectors as markers for the receivers. The 

transmitter combines an imaging system with the FLC SLM as a reconfigurable beam steering system for 

acquiring the retro-reflector location. The FLC SLM is also used to reduce aberrations in the optics, 

resulting in a significant increase in the transmitted beam power density. The accuracy of the acquisition is 

measured to give a small steering error without the use of a closed loop controller. 

 An optical turbulence simulator, using the principals of binary phase hologram, is constructed to 

simulate optical beam propagation in turbulent conditions. The simulator accurately produces aberrations 

that have the same statistics with the theoretical prediction. Analysis of the phase distortion due to 

turbulence is performed and a wavefront sensorless turbulence compensation method based on the FLC 

SLM gives significant reduction in calculated bit error rates. New scintillation index derivation for multiple 

optical beams is described and then used to demonstrate further decrease in bit error rates.  
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1 Introduction 

 

 

1.1 Free space optics 

 Optical wireless communications, or free-space optics (FSO), has received much interest in the 

past 30 years [1]. Recently, the need for medium range wireless communications technology has 

reinvigorated the field, particularly for solving the ‘last mile’ connectivity problem; the majority of homes 

and businesses are located within one mile of a major telecommunications exchange [2][3][4]. This is 

contributed to by the explosive rise in demand for Internet access and fast local area networks. Wired 

solutions have existed for a long time, including dedicated fibre optic or coaxial cables, with capacity of up 

to 600Mb/s for passive fibre networks [5], and gigabits per second or more for active networks [6]. 

However, the prohibitive costs of rewiring buildings have made this an unpopular solution, unless mass-

rewiring is undertaken [7]. With the advent of asynchronous digital subscriber lines (ADSL) to reuse the 

voice telephone network, this is somewhat alleviated. The demand for faster links will not be met by this 

technology, since the physical limit for ADSL technology has already been reached [8]. Current wireless 

radio networks such as the UMTS, IEEE 802.11 (Wireless LAN), and IEEE 802.16 (WiMAX) standards 

offer relatively low maximum capacity of up to 100 megabits per second [9], mainly due to the limited 

availability of licensable spectrum. 

 Free-space optics is an attractive technology to overcome the bandwidth problems faced with 

wireless radio communications. It uses laser sources with wavelengths from 2µm to 640nm as the carrier 

wave. The most important aspect of using FSO is the unrestricted access to an extremely wide spectrum. 

Moreover, the necessary optoelectronic devices, such as high speed laser modulators and photodetectors, 

are already commercially available for use in optical fibres. High powered lasers can also output large 

optical power with small mass and space, and the beams can easily be collimated, allowing high antenna 

gain [10]. There are challenges, however, that need to be addressed for FSO to be widely deployed. 
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 A typical FSO system is shown in Figure 1, consisting of three subunits: the transmitter, the 

atmosphere, and the receiver. The transmitter contains a laser that is modulated by the binary data stream, 

which is then collimated by the beam expander. The emitted optical beam then propagates though the 

earth’s atmosphere to the receiver. A lens focuses the optical beam onto a detector that converts the 

intensity fluctuations back to data. The narrow optical beam poses a problem for receiver alignment and 

transmission to multiple receivers. Coupled with the limited power output for eye safety, the optical 

beams cannot be expanded to cover large transmission areas and sophisticated beam steering and receiver 

position tracking system is required. 

There is also the problem of optical beam propagation through the atmosphere. Precipitation [11] 

and clear air or atmospheric turbulence [12] can deteriorate the link quality significantly. Simply selecting a 

wavelength that falls within the atmospheric window of low absorption can help with precipitation [11]. 

However, turbulence causes fluctuations in the beam intensity, or scintillation, that exists at all 

wavelengths [13]. An adaptive optics system can be used to compensate for turbulence, which has been 

shown to work well for imaging systems [14]. Progress has been made to use this technique for FSO; 

however, they tend to require extra complexity that will increase the initial cost of link deployment. 

 In this thesis, some of these challenges are met by using a relatively new type of optical wavefront 

modulator, or spatial light modulator (SLM). These devices are used to control the spatial phase 

distribution of the transmitted beam, which can produce wide ranging of optical beam configurations 

when the beam reaches the receiver [15][16]. The flexibility of an SLM reduces the number of parts 

needed for a FSO transmission system, which can potentially reduce the initial cost of the link and 

allowing FSO to be used for wide range of applications. 

 

 

 

 

 

Figure 1: A Typical free space point-to-point optical configuration 

Beam steerer + expander Collector lens Laser Photodiode detector 

Atmosphere 
Data in 

Transmitter Receiver 
Data out 
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1.2  Overview 

 The thesis is split into three parts. The first introduces holographic beam steering from first 

principles. It is then extended to the case of binary phase holograms. Two algorithms are described to find 

optimal binary phase holograms and their performances compared. A number of approaches to improve 

existing methods are then tested numerically and in practice on an optical system. A point-to-multipoint 

transmission is then tested to confirm the method’s effectiveness. 

 The second part consists of implementing an FSO transmission system with automatic receiver 

acquisition using retro-reflecting targets. Holographic beam steering is used to implement optical 

aberration correction and also as a beam expansion system. Software processing is then used to isolate 

these targets and to reduce interference from ambient lighting. Its acquisition performance is then 

measured. 

 The final part evaluates the use of binary phase holograms for atmospheric turbulence simulation, 

as well as a compensation system without the use of a wavefront sensor. A theoretical overview of 

electromagnetic wave propagation in turbulence is presented using the Kolmogorov spectrum and the 

Rytov approximation. These are used to obtain parameters needed to accurately simulate Gaussian optical 

beams with a binary phase only system. A numerical simulation and physical measurements are compared 

for a number of receiver aperture sizes. The system is then extended to wavefront sensorless estimation of 

Zernike modes, which is then used to compensate for the effects of turbulence. Bit error rates are then 

calculated from the scintillation results with and without aperture averaging effects. A multi-beam 

transmission is then numerically evaluated for three different beam geometries, and the bit error rates are 

numerically evaluated for the case of compensated multi-beam configuration. 
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2 Holographic beam steering for binary phase holograms 
 

2.1 Ferroelectric Spatial Light Modulators 

 

A spatial light modulator (SLM) consists of an array of electrically controllable pixels. Each pixel is 

able to modulate the complex amplitude of a light beam incident upon it [17]. An ideal SLM has an 

infinite modulation range for both phase (from 0 to 2mπ ), and amplitude (from -1 to 1) as show in 

Figure 2A.  

 

 

 

 

 

 

 

There are a number of spatial phase modulation devices that are available [18]. Their advantages and 

disadvantages are listed below: 

1. Twisted Nematic liquid crystal display (TNLCD) based SLMs can have very large number of 

modulation states. However, it has been shown that the phase modulation is not uniform, due to 

the amplitude-phase coupling [19]. A diagram of the phase modulation states of a TNLCD is 

shown in Figure 2B. Despite this, its performance as a phase modulator has been demonstrated to 

be good [20], but commercially available products are limited to video rates of 10s of Hertz [21], 

which may be too slow for some purposes. 

2. Micromirrors can also be used as SLMs [22]. Phase modulation is achieved by physical movement 

of mirror pixels, such that the extra distance produces phase modulation. It has been shown that 

Figure 2. (A) Ideal SLM modulation space. (B) Phase only modulation. (C) Binary Phase only 
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in certain configurations the bandwidth of the mirrors is in the region of 60kHz [22]. However, 

they generally have low spatial resolution relative to TNLCD SLMs.   

3. Ferroelectric liquid crystal (FLC) based SLMs have resolutions similar to TNLCD devices [23]. 

They are bistable devices, and can only produce binary phase modulation as shown in Figure 2C. 

Because the ferroelectric liquid crystal molecules are driven with polar voltages, unlike TN liquid 

crystals, they can be driven to high refresh rates. Commercially available devices can operate at 1 

kHz and higher [24]. The drawback from their bipolar molecules is the absence of a defined zero 

voltage state [25]. Each FLC cell needs to have either positive or negative electric field, and this 

will unavoidably cause liquid crystal cell ionisation [17]. A prolonged DC current degrades the 

cells’ switching characteristic permanently. 

 

Of the current commercial devices available at the time of this project, only FLC based devices 

have both the high spatial resolution for beam steering [26] and high refresh rates suitable for atmospheric 

turbulence compensation. These are the main factors for the decision to choose FLC SLM for this Thesis.  

 The FLC SLM that is used throughout the project is a SXGA F-LCOS (Ferroelectric Liquid 

Crystal on Silicon) manufactured by 4th Dimension Displays, which was commercially available in 2008. It 

is capable of displaying an SXGA video signal at 1280x1024 pixel resolution. It is a high refresh rate 

binary phase modulation device. Table 1 shows its specifications. 

 

Spatial Resolution 1280 x 1024 pixels (SXGA) 

Display area dimensions (width x height) 17.43mm x 13.95mm 

Pixel dimensions (width x height) 13.62µm x  13.62µm 

Refresh rate (binary phase modulation) 1.44kHz 

Maximum single video frame display time 100ms 

 
 

Table 1. Specifications for SXGA F-LCOS ferroelectric SLM used in this thesis. 
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2.2 Holographic beam steering 

 

 The process for calculating the required complex amplitude distribution from a required intensity 

pattern can be derived from the equation governing light propagation. The chief mechanism for 

diffraction is the Fresnel diffraction [27]. The Fresnel diffraction integral can be expressed as: 

: 

  (2.2.1) 

 

Where ( ), ,0U ξ η  is the complex amplitude at one plane, ( , , )
Fresnel

U x y z  is the complex amplitude at a 

plane a distance z  from this plane as shown in Figure 3, and λ  is the wavelength of the illumination. 

 

 

 

 

 

 

 

 Ignoring the constant phase factor outside the integral, the Equation (2.2.1) is a Fourier transform 

of the input plane, multiplied by a quadratic phase factor and scaled relative to the wavelength. An 

important observation can be made concerning the quadratic phase factor; it is the inverse of a positive 

lens at its focus. Therefore, if one places a lens in front of the input plane, the quadratic terms cancel, and 

this reduces the relation to a Fourier transform between the two complex planes (shown here without the 

constant phase factor): 

 ( )
( )

2

( , , ) , ,0
j x y

fU x y f U e d d

π
ξ η

λξ η ξ η
∞ − +

−∞
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Figure 3. The optical layout of an optical Fourier Transform. 
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 Therefore, the focal plane of the setup is exactly the Fourier plane of the complex amplitude 

pattern present at the aperture of the lens. The result also allows the intensity distribution in the focal 

plane ( , )U x y  to be calculated by taking the inverse transform of the required amplitude distribution: 

 ( ) ( )
1

, ( , )U U x yξ η
−

= F  (2.2.3) 

Where 
1−

F  denotes the inverse Fourier transform. This complex input pattern ( ),U ξ η  is typically 

called a hologram. For instance, to shift a beam of light to a position ( )', 'x y ; 

 ( )
( )1

2
' '

( ', ')
j x y

fx x y y e

π
ξ η

λδ
− +

− − =F  (2.2.4) 

This is a linear phase tilt, with the phase value proportional to the sum of ( )', 'x yξ η . The 

Fourier transform planes are scaled by ( )
1

fλ
−

. It has been shown that on spatially sampled devices such 

as the SLM, the sampling theorem determines the maximum size of the Fourier plane [27]. The maximum 

first order diffraction angle is derived to be: 

 Max

pixel
d

λ
θ ≃  (2.2.5) 

Where 
Max

θ  is the maximum first order diffraction angle and 
pixel

d  is the pixel spacing distance. The 

maximum size of the Fourier plane, given a focal length of the lens to be f : 

 Max

pixel

f
D

d

λ
≃  (2.2.6) 

Where 
Max

D  is the maximum dimension of the Fourier plane. The smallest beam size at the Fourier plane 

can be shown to follow a similar relation: 

 
Min

SLM

f
D

d

λ
≃  (2.2.7) 

Where 
Min

D  is the minimum beam width at the Fourier plane and 
SLM

d  is the maximum dimension of 

the SLM. 
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 The physical properties of the SLM are then used to estimate the expected dimensions of the 

Fourier plane. Equations(2.2.5), (2.2.6) and (2.2.7) are used to calculate these estimates, and they are 

shown in Table 2, using λ  = 650nm. 

 

Maximum beam divergence angle (rad) 0.0477 rad / 2.7° 

Minimum beam divergence at 1m 47.7mm 

Minimum beam size at 1m 37.3µm x 46.6µm 

 

Although the relationship between the Fourier and the aperture plane of the lens is relatively 

simple, there is a problem representing the complex amplitudes on the SLM, since the majority of SLMs 

can only modulate the phase of the amplitude distribution. Taking the inverse Fourier transform of the 

desired Fourier plane amplitudes and displaying only the phase is not generally insufficient [27]. To make 

matter worse, the FLC SLM device can only display binary phase states of 0 and π . However, a special 

case of single beam steering can be implemented with the limited modulation states. The next section 

analyses this special case, and the implications of binary phase only modulation on the Fourier plane. 

Table 2. Estimates of the beam properties at the focal plane. 
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2.3 Single beam steering 

 

 To steer a beam of light in the focal plane, the hologram at the input plane can be calculated from 

inverse Fourier transforming an impulse at the required beam location. This results in the simplest case of 

single beam steering, which is shown in Equation (2.2.4) to be a continuous phase ramp. Because the 

phase ramp only has varying phase values, binary phase quantisation can be used. Figure 4 shows both the 

continuous and binary quantised phase holograms with their simulated replay intensities. 

 

 

 

 

 

 

 

 

 

  

 The Fourier transform was implemented by using a 2D Fast Fourier transform algorithm built 

into Matlab. The quantisation is performed numerically by assigning all complex values on the right half of 

the argand diagram to have a phase value of 0, and the left to beπ ; 

 
binary

0 if cos 0

otherwise

ψ
ψ

π

>
= 


 (2.3.1) 

Where ψ  is the phase angle of the continuous hologram. 

As shown in Figure 4, the replay of the binary phase hologram has produced another copy of the 

beam with half rotation around the origin. This is due to the ambiguity of the two binary phase states 

Figure 4. Comparison between simulated continuous phase and binary phase holograms, showing their 
respective intensities at the focal plane.  

Fourier 

transform 

Fourier 

transform 
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(Appendix A). This effect is inherent in all binary phase holograms, and only half of the addressable beam 

locations can be used without interference from this effect.  

In addition, although not visible in the diagram due to their low intensities, the replay has 

produced higher diffraction orders. This reduces the power density of the desired beam. Taking average 

values of the intensities at the routed location, the simulated replay produces a beam with an overall 

efficiency of 0.81 compared to the continuous hologram. Taking into account beam duplication, this 

reduces the efficiency further to approximately 0.4. 

The higher diffraction orders can be accounted for the harmonics produced by the quantisation 

(Appendix A). If ( ) ( ), exp ,U x y j x yξ=     is a continuous phase distribution at the aperture plane, a 

quantisation gives: 

 ( ) [ ] [ ]( ), 2 exp expB n

n odd

U x y A jn jnξ ξ
∞

=

= + −∑  (2.3.2) 

where 
( )

1

22 1
n

n
A

nπ

−

−
= . A binary hologram therefore loses much of its diffracted power to these extra 

harmonics. These can be suppressed by using optimisation techniques such as Direct Binary Search and 

the Iterative Fourier Transform. These are described in the next section. 
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2.4 Direct binary search algorithm 

 

It has not been demonstrated that an analytical solution exists for producing an optimised binary 

phase hologram for an arbitrary intensity pattern. However, there exists a family of algorithms that search 

for the optimal solution numerically. One popular implementation is the direct binary search algorithm 

[28]. The algorithm starts with a random distribution of binary phase pixels, and using trial and error, flips 

a pixel one at a time such that its Fourier transform converges to the desired intensity pattern. The 

convergence is calculated by comparing the desired Fourier plane amplitude distribution to the simulated 

replay of the hologram. The details of the algorithm can be seen in Figure 5. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Central to the algorithm is the acceptance criterion accept  and the differential error E∆ . The 

acceptance criterion is a function that decides to accept or reject the changes based on E∆ . Normally, the 

acceptance criterion is to reduce the error, and has the form 

  (2.4.1) 

 

Figure 5. Flow chart of the direct binary search algorithm 

0true E
accept

false otherwise

∆ <
= 


Legend: 
 
BPOH = Binary phase 
only hologram. 
 
U(i,j) = Aperture plane 
phase pattern. 
 
 V(m,n) = Fourier 
plane phase pattern 
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The quantity E∆  is calculated by the differential error function to give an estimate of the error 

change between the new and the old hologram replay. Given that the phase of the amplitude distribution 

in the Fourier plane is unimportant, only the intensity information is used as basis for the error 

calculation. The root mean square of the difference in intensities is normally chosen: 

 

  (2.4.2) 

 

The sign of the differential error function determines if the noise has been reduced after the pixel 

has changed. This decision process is repeated many times while the algorithm cycles though the 

hologram’s pixels. Eventually, the algorithm terminates when the change in error is less than a preset 

amount, or if the number of iterations is too large. Although the algorithm does not search the solution 

space globally, hence it can give results that are trapped within a local minima, it is surprisingly effective 

[29]. Using this algorithm, arbitrary beam shaping is now possible. Figure 6 shows the hologram that 

produces an array of beams that might be used for beam shaping applications. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 6. An example of a binary phase only hologram for an array of beams and its simulated replay. 
For the holograms, white and black pixels indicates 0 and π  phases respectively. 
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2.5 DC balancing for binary phase only holograms 

 

Although the binary phase representation problem has successfully been solved with the direct 

binary search algorithm, the DC balancing required by the choice of FLC SLM has not been satisfactorily 

addressed.  

 In order for a set of holograms to be DC balanced, it must have an equal number of 0 and π  

phase states for every pixel location in a fixed amount of time. A conceptually simple DC balancing 

scheme takes the spatial distribution of pixels and display its inverse in an alternating configuration. They 

are displayed for the same amount of time and average the phase values to zero. This scheme is shown in 

Figure 7. 

 

 

 

 

 

 

 

 

 

Although the phase inversion does not cause any differences in the hologram replay due to 

Babinet’s principle [30], closer inspection reveals that the scheme causes drops in the beam’s intensity 

during the switching between a frame and its inverse. During this transitional period, as each pixel moves 

from 0 to π  or vice versa, it goes through an intermediate state. As this happens, the SLM has a uniform 

phase profile, and it loses the phase modulation properties for a short period of time [24][17]. Without 

spatial phase variations, the light modulated by the SLM falls inside the zero order, and the beam steering 

capability is lost. This is demonstrated in Figure 8. Some phase modulation capability can be retained by 

Figure 7. Schematic diagram of a frame-inverse frame DC balanced input. A video frame (white) is 
immediately followed by its inverse (black). 
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increasing the number of frames in the hologram set. This reduces the number of pixel changes between 

each frame. Figure 9 shows a schematic view of a 4 frames DC balancing scheme. Two half inversions are 

used to produce a balanced set, which requires 4 frames to complete. 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 8. Simple frame inverse-frame scheme. 
(A) Side on view of the SLM and the diffracted light. (B) During the transition to frame’s inverse, the SLM 

assumes uniform phase distribution, and the modulation is lost. (C) Modulation is restored during the 
inverse frame. 

 

Figure 9. A more complex DC balancing scheme. 
(A) Non-inverting frame. (B)-(E) shows the transition with half number of pixels at a time. The 

transition period (B) & (C) allows some phase information to be retained. 

 

(A) (B) (C) 

(A) (B) (C) (D) (E) 



 15 

2.5.1 Numerical simulation of a simple DC balancing scheme 

 

A Matlab model was developed to simulate the decrease in diffraction loss during a frame 

transition. The model compares two adjacent frames and determines the pixels that undergo changes. It 

then inserts a transitional hologram with the changing pixels set to zero. The zero emulates the loss of 

modulation in the real FLC SLM. The model then Fourier transforms the hologram frames, plus the 

transitional holograms, in a sequential order. For each frame, the intensity of the beam at the routed 

location is measured. A simple 4 frames DC balanced set is tested with the model. Figure 10A-G shows a 

test set of holograms and the replay results. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 10. Simulated intensity 
fluctuation for a windowing scheme. 

 

(A) Hologram to be inverted. 
 
(B) Half window inversion. 
 
(C) Full inversion. 
 
(D) Simulated replay of hologram A. 
 
(E) Simulated replay of transitional  
period between hologram A and B. 
 
(F) Simulated replay of hologram B. 
 
(G) The plot of the simulated output 
power of the routed spot as the 
hologram progresses from A to C. 
Vertical axis is normalised to 
percentage 
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 The effect of this simple 4 frames ‘windowing’ scheme on the original beam can be seen in Figure 

10D-F. It can be seen that the discontinuity in the phase pattern in Figure 10B causes distortion to the 

intended beam shape in Figure 10F. The plot of the simulated output power of the routed beam in Figure 

10G shows drops in the intensity due to this distortion. In this case, the loss of modulation due to the 

transitional period of the frames is less than the inefficiency due to balancing holograms, which causes the 

intensity to drop to 5%. The windowing scheme can be shown to be a sub-optimal by analysing the effect 

of the inversion window on the Fourier plane. Using the convolution theorem, when the hologram is 

projected onto the Fourier transformed plane: 

 ( ) ( )( ) ( ) ( )' , , ,win winU x y H U x yξ η= Π × = Π ∗F F  (2.5.1) 

where ( )' ,U x y  is the amplitude in the Fourier plane, 
win

Π  is the window function and ( ),H ξ η  is the 

hologram. The spots are convolved with the point-spread function of the windowing function, and in this 

case, causes spot splitting. 

 Because the windowing function does not have to be a rectangular window, other windowing 

shapes can be used, as long as they satisfy the DC balancing criterion. However, this analysis can be 

extended further to these windowing schemes, which suffer from the same fundamental problem. These 

schemes have their own sets of point spread functions that are not optimised for the hologram being 

displayed. Therefore, the focus now turns to finding an algorithm that can generate an optimised scheme 

such that the beam shape and power density remains close to the original during the transitions. 
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2.5.2 Optimised schemes 

 

 An algorithmic approach based on direct binary search that tailors the balancing scheme to a 

particular hologram was considered in order to solve the problems encountered from using a fixed 

window balancing scheme. The direct binary search belongs to a family of search algorithms that can be 

adapted to varying types of problems. However, it can only optimise a problem with simple constraints 

that can be expressed in the differential error function. Initially, the DC balancing condition could not be 

applied directly to the algorithm. However, by applying the constraint indirectly, it was possible to ensure 

that every hologram in the set generated by the search algorithm remains DC balanced. The DC balance 

constraint was implemented by using an inversion mask, as shown in Figure 11. 

 

 

 

 

 

 

 

 

 

A pre-generated base hologram is produced by using direct binary search. The algorithm then 

applies the mask, and relocates the inversion pixels to produce a second hologram that forms a part of a 

balanced set. The algorithm steps are outlined below: 

1. Initialisation of a rectangle inversion mask. An inversion mask is an array of (1,-1) that has the 

same dimensions as the hologram, as shown in Figure 11. The numbers of 1 and -1 pixels are 

exactly equal. Multiplying the mask with the hologram gives the next hologram to be displayed in 

Figure 11. A graphical representation of the search algorithm initialising, and in progress of the first pass. 
White and black pixels represent 1 and -1 respectively. 

Hologram 

Inversion mask 
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a balanced set. A list of -1 pixel locations is then generated, which is used as a queue for the 

inversion pixels. 

2. Multiply the mask with the hologram, and Fourier transform. Calculate the differential error 

function, based on the same RMS of intensity difference as Equation  (2.4.2). This gives a 

measure of the mask’s optimality. 

3. Take the location of the first -1 pixel in the list, and randomly swap with a 1 pixel. 

4. Calculate the replay and the cost function again. If the cost decreases, which means the mask is 

now more optimal, retain the swap and push the new -1 pixel location into the back of the queue. 

Otherwise, reverse the swap, push the old -1 pixel into the back of the queue and pick a new -1 

pixel. 

5. Jump to (3), until a predefined number of iterations have exceeded. 

 

By starting with half of the mask inverted, once the algorithm halts, the rest of the set can be 

simply computed from the inverse of the first two frames. 

The hologram set produced by this algorithm were then tested on the Matlab model of the SLM.  

Figure 12A-C shows Fourier transforms of a single routed beam balanced by this algorithm. Figure 12D-F 

shows the simulated replay of the hologram, including the transitional period between the holograms. 

Figure 12G shows the intensity of the beam as the hologram progresses though the set. The search 

algorithm has retained the beam shape unlike the windowing scheme. The minimum intensity has now 

increased to 38% of peak intensity value. 

 The search algorithm has successfully produced a DC balanced hologram set that improved on 

the simple windowing scheme. The holograms were then tested on a laboratory setup to verify both the 

Matlab model of the SLM and the new hologram set produced by the search algorithm. 
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Figure 12. Simulated intensity fluctuation for a scheme derived using binary search. 

 

(A) The original hologram. 
 
(B) Inversion mask. 
 
(C) Generated half inversion pattern 
 
(D) Simulated replay of hologram A. 
 
(E) Simulated replay of transitional period between Hologram A and C. 
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2.5.3 Experimental Verification 

 

The optimised hologram set was then tested on the FLC SLM. Figure 13 shows the setup used. 

The illumination is provided by a Helium Neon laser with wavelength of 633nm. The laser beam is then 

expanded using a beam expander to illuminate the SLM. The SLM is mounted at an angle, such that the 

beam is reflected on to a Fourier transform lens with 6cm focal length. The beam is then split using a 

beam splitter, such that a copy of the beam is captured by the CCD camera. The remaining beam falls 

inside the aperture of the photodiode detector, the output of which is connected to an oscilloscope. This, 

and the CCD camera was placed at the focal plane of the SLM. The photodiode produces a voltage output 

that is proportional to the light intensity incident on to its sensor. The CCD camera was used to verify the 

intensity pattern at the focal plane. 

 

 

 

 

 

 

 

 

 

The optimised phase pattern produced by the algorithm was designed to shift a single beam 3mm 

from the zero order and was then displayed on the SLM. The photodiode detector is then placed such that 

the aperture coincides with the routed beam 3mm from the zero order. 

Figure 14 shows the oscilloscope trace of the beam intensity from the photodiode detector when 

a frame inverse-frame is used for DC balancing. The intensity dips periodically to zero during the 

transitional period of the frame inversion. Using an optimised scheme generated from the search 

Figure 13. Schematic diagram of an experimental setup for testing DC balancing. 
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algorithm, it is possible to reduce the fluctuations significantly. The output of the photodiode in Figure 15 

shows the intensity fluctuations are now improved using the optimised hologram set. The lowest intensity 

during the transitional period was measured to be 39% of the maximum. However, the algorithm also 

produces frames that are 56% efficient. The average power falling within the photodiode aperture has 

therefore decreased by this scheme. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

The algorithm has been demonstrated to work both in the Matlab model and in a laboratory 

setup. It produces hologram sets that significantly improves the intensity fluctuations observed by the 

frame inverse-frame balancing scheme. However, the search algorithm produces hologram frames that are 

half as efficient as the original hologram. This is found to be due to the large amount of time needed for 

the algorithm. It was necessary to stop the algorithm short of total completion. The next section gives an 

analysis of the algorithm, and possible ways to over come this inefficiency. 

Figure 14. Trace of the output of the photodiode detector for frame inverse-frame scheme. 

Figure 15. Trace of the output of the photodiode detector for the optimised scheme. The percentages show 
the drops in intensity relative to the maximum value. 
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2.5.4 Time estimation of the search algorithm 

 

 Although the search algorithm improved the beam shape during the balancing, it was observed 

that the additional iteration steps introduced by the search require a large computation time. Because the 

efficiency of the hologram increases with the number of iterations undergone by the algorithm, an 

efficient hologram requires longer computation time. The ability for the algorithm to scale with the 

increase in hologram size also depends heavily on the algorithm. It is therefore necessary to analyse the 

search algorithm such that for slow section of the code can be optimised. 

The computation time for an algorithm depends on both the input hologram dimensions and the 

actual implementation of the algorithm. An estimate of the time required can be computed by analysing 

the general structure of the code. This approach is generally called time complexity analysis. 

Time complexity is a function that maps an algorithm’s input data size to the upper bound of 

computation time. It is desirable to have low complexity order, because high complexity order quickly 

requires impractical computation power as the input size increases. In this specific case, the number of 

hologram pixels is likely to determine the time complexity. The algorithm can be broken down into three 

independent sections. For each pixel, where n  is the number of pixels and O  is defined as the order 

operator: 

1. Keeping track of the inversion pixels. This involves the retrieval and reinsertion of pixel locations 

from the queue. This step can be efficiently coded with a linked list, requiring ( )1O  computation 

steps per iteration. 

2. Calculating the Fourier transform plane. The most simplified version of the algorithm uses a Fast 

Fourier transform to obtain the diffraction pattern for each iteration. The transform requires 

( )( )logO n n  steps. However, a more complex scheme using pre-calculated vectors of complex 

angle values uses ( )O n  multiplications. Later refinements to the code included this optimisation. 

3. Calculating the error value between the desired diffracted image, and the resulting image from the 

new hologram. This step requires all the pixels to be computed, resulting in ( )O n  computations 

steps. 
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By adding the computational steps, the upper bound of a single pass of the algorithm becomes 

( )O n . Therefore, for each hologram pixel to be calculated, the algorithm requires of the order of the 

total number of pixels in the hologram. The overall computation time will therefore depend on the 

number of hologram pixels the algorithm requires before it can produce reasonable solution. Since it is 

ideal to have a fixed running time, such that it guarantees to have finished before the next required frame 

begins, a good compromise for the number of iterations was found experimentally to be 4 times the 

number of pixels. The final complexity is therefore ( )n O n×  or ( )2O n . 

The decision to have the algorithm iterate a fixed amount of times per hologram produces the 

inefficiency seen in the laboratory setup. Despite the compromise, the analysis shows that this approach 

will quickly be unable to cope with increasing hologram size, if the computational power available were to 

stay the same. For example, timed runs on an Athlon X2 4800+, 2GB RAM yielded a quickly growing 

computation time. Table 3 shows the runtimes of the search algorithm as the hologram scales from 32x32 

to 1280x1024 pixels. 

32x32 Pixels 0.41s 

64x64 Pixels 3.5s 

128x128 Pixels 51s 

256x256 Pixels 803s (estimated) 

1280x1024 Pixels 3.2x105s (estimated) 

 

The projected run time for a full resolution hologram of 1280x1024 pixels is 3.2x105s, or 3.7 days, 

which is clearly not feasible in practice. The resolution of holograms used in the experiment were 

therefore reduced to 256x256, and then tiled to fill the SLM. 

 To further increase the efficiency of the holograms, a parallel algorithm approach was then 

proposed to decrease the computational time. This approach splits the computation task into smaller 

pieces, such that the number of computations can be concurrently computed by parallel hardware. This 

approach is discussed in the next section. 

Table 3. Run times for the DC balancing search algorithm of various hologram resolutions. 
The algorithm was implemented in Matlab and  ran on an Athlon X2 4800+, 2GB ram. 
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2.5.5 Parallel algorithm 

 

 A parallel implementation of the search algorithm is described in this section. The approach uses 

multiple CPUs to process the data concurrently, thus obtaining increasing improvements to the 

computation time with the additional CPUs.  

 

 

 

 

 

 

 

 

 

 One area of the algorithm that gains parallel computation improvement is in the repeated 

application of the Fourier transform. Without parallel processing, one CPU calculates the changes in the 

Fourier plane due to the pixel update. A modification to this step calculates the Discrete Fourier 

transform in two halves, each of which can be processed independently. This is shown in Figure 16. To 

improve this further, the cost function calculation is also divided in the same fashion. 

In order to calculate the speed up offered by parallel processing, the upper bound is calculated by 

using Amdahl’s law [31]: 

 

( )

1

1

SpeedUp
F

F
N

=

− +

 (2.5.2) 

Where F  is the fraction of the parallel part in terms of the processing usage, and N  is the number of 

parallel processors. For the Amdahl’s law to apply, F and N must be independent, and this is true in the 

case of the modified Discrete Fourier transform and the cost function calculations.  Using the MATLAB 

Figure 16. The parallel algorithm splits the task by assign CPUs for processing a portion of the Fourier 
plane. 
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profile command, the Fourier transform and cost function calculations are shown in Figure 17 to use 83% 

of the CPU. The speed up can be calculated to have an upper bound of 1.71 times faster for 2 processors 

system, and 2.65 times faster for 4 processors.  

 

 

 

 

 

 

 

 

 The concept was then implemented in the search algorithm. Because Matlab does not support 

parallel algorithms, a hybrid implementation using C and Matlab was used. The parallel portion is written 

with an OpenMP construct [32] and compiled with Intel C++ 9.0 compiler [33] for Windows as a 

dynamically linked library for Matlab (.mex file). The Pthreads model  [34] was also investigated; however 

OpenMP performance was significantly better, possibly due to its smaller parallelisation overhead. 

 To gain more computation power from the CPUs, further parallelisation was performed using 

Intel’s SSE2 instruction sets. SSE2 belongs to Single Instruction, Multiple Data (SIMD) parallelisation, or 

vector calculations. SIMD allows highly repetitive computation structures to be processed in large chunks, 

and are usually used in calculating vectors and matrices [35]. SSE2 specification allows up to 4 single 

precision floating-point multiplications in one clock cycle. To implement the algorithm using SSE2, the 

data structure of the hologram had to be processed explicitly in a non-overlapping manner, which was 

achieved by rearranging the inner loops and specifying #pragma tags in the source code. The appropriate 

compiler flags [36] were also expressed at compile time. For maximum performance, the Matlab and the C 

code was converted to single precision only. The compiler was chosen to be Intel C++ 9.0, with 

Figure 17. A time profile of the original binary search algorithm. 
The CPU spends 83% calculating the Fourier transform and the error function. 
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optimisation flags turned on. The run times are given in Table 4 (average of 10 runs for a 256x256 pixels 

hologram). 

1 CPU standard 1 CPU SSE2 2 CPU SSE2 + OpenMP 

688s 399s 257s 

 

 Although the time for the algorithm has improved significantly, it remains too slow for real time 

DC balancing. Beyond a hologram size of 256x256, the underlying scheme converges too slowly for large 

holograms. Further ways to improve computation time were investigated, such as running the search on 

highly parallelised super computers [37], to using graphic units to calculate the required FFT [38]. Both of 

these approaches were too complex to implement reliably. Therefore, this class of algorithm is currently 

too costly to run on current generation of computers. A new algorithm was then proposed to reduce this 

computational cost. 

 

 

 

 

Table 4. Average runtimes of DC balancing search algorithms on parallel hardware. 
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2.6 Phase redundant DC Balancing 

 

 A different approach to DC balancing was taken by observing the results produced by the direct 

search algorithm. There were clear patterns that can be seen from the search algorithm’s output. Shown in 

Figure 18, the search algorithm appears to find the pixels to invert in areas where the structure of the 

hologram is kept intact. Figure 18A and B show two holograms for comparison. Hologram (A) and (B) 

suggests that there is a slight shift of the general grating structure. The shift causes phase shift in the 

Fourier plane, while retaining the same intensity distribution.  

 

 

 

 

 

 

 

 For a single beam steering, the balancing scheme produced by the algorithm is similar to a phase 

scrolling scheme [39][40][41]. Scrolling has been demonstrated as a good scheme for FLC devices by 

retaining the beam shape and produces small modulation loss. It works by spatially shifting the grating 

perpendicular to its direction, and relying on its periodic structure to guarantee an equal number of phase 

states per pixel. Figure 19 shows an example of a 4 frames scheme. However, in principle, scrolling only 

works with phase ramps, since the scrolling direction remains fixed and perpendicular to the grating 

direction. It has not been demonstrated to work in other types of binary holograms. 

 

 

 

 

Figure 18. Comparison of DC balanced phase holograms from 
binary search algorithm 
 
(A) An enlargement of a beam steering hologram. 
 
(B) Binary searched optimal inversion mask. The mask retains the 
original general structure of the phase ramp, but shifted in a 
direction perpendicular to the grating.  

Figure 19. An example of a phase scrolling scheme. The grating is shifted in the perpendicular direction. 

(A) (B) 
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 By observing these behaviours, it is apparent that the most optimal balancing scheme should 

perform the changes around the fringe edges, such that the general structure of the hologram remains the 

same. The new fringe shape would then slowly change into the inverted version of the hologram over a 

number of cycles. Each step needs to ensure that the inverting pixels will account for a balanced sequence. 

 A simpler approach to produce the same result can be considered by reversing the process: 

1. Generate phase ramp for a particular beam location. 

2. Apply a phase shift of φ  to the hologram. 

3. Quantise the hologram, and increaseφ . 

4. Repeat until the phase shift reaches 2π . 

Where φ  is: 

 
2

m

π
φ =  (2.6.1) 

And m  is the total number of frames in the scheme. 

 

 

 

 

 

 

 

 

 

 

 This approach assumes that a continuous phase hologram exists that produces an efficient binary 

phase hologram after quantisation. If this is to be assumed true for the moment, the scheme guarantees 

both optimal replay and a DC balanced hologram set. This can be proven by considering a pixel in the 

continuous hologram. 

Figure 20. Diagram showing a simpler method for producing scrolling scheme. 
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 Figure 21 is an argand diagram of a single phase pixel A. The pixel has a starting phase ofθ . The 

phase of the pixel is then shifted by φ  to B. If φ  is calculated using Equation(2.6.1), pixel A can be 

shifted 1m −  times before the phase value circles back to A. Therefore, there are in total m  unique 

phase values. If m  is an even number, the symmetry would force equal numbers of phase values in the 

left side of the diagram as the right. If the shift is applied throughout the hologram and then quantised 

into binary phases, the resulting hologram set will have the same number of negative as the positive pixels 

in each pixel location. This proves that the DC balancing is achieved using this technique. 

 

 

 

 

 

 

 

 

Because the shifting is applied throughout the hologram by multiplying the hologram with a 

complex number, the Fourier transform of the hologram will also be multiplied by the same constant. 

Therefore, the hologram set will also produce constant intensity in the Fourier plane. 

The assumption of an existence of a continuous hologram that can be quantised to binary phases 

is fulfilled by adopting a different class of binary hologram generation algorithm: the Iterative Fourier 

Transform (IFT). There are many variations of IFT algorithms, with different convergence performances 

[42][43], but the one based on the Gerchberg-Saxton algorithm [44] was chosen due to its simple 

implementation. 

 Figure 22 shows a flow chart of an IFT algorithm. The basic IFT algorithm works by starting 

with a hologram of an inverse Fourier transform of the desired intensity distribution. It then forces 

constraints onto the hologram, in this case, binary phase quantisation, and setting the amplitude to unity. 

It then Fourier transforms the binary hologram to obtain the complex amplitude distribution in the 

Fourier plane. To complete the iteration, the algorithm replaces the amplitudes of the Fourier plane to the 

Figure 21. An argand diagram of a phase pixel in the 

continuous hologram undergoing phase shifting of φ .  

 

Point A represents the original phase of θ .  Point B 

represents shifted phase of θ +φ . 
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desired intensity. This leaves the phase of the Fourier plane intact. The next iteration can then start. 

During the iterations, a differential error function is calculated to determine the halting point. This 

algorithm has been shown to produce reasonable binary phase holograms [42]. 

 

 

 

 

 

 

 

 

 

 

The algorithm is useful in this balancing scheme because it retains the continuous phase 

information before the binary quantisation step. This satisfies the assumption that there exists a 

continuous phase hologram that can be quantised to binary phase effectively. A modification is then made 

to allow phase shifting at the final stage of the algorithm. 

 The application of phase shifts is computationally much quicker than calculating the frames 

explicitly using the method described in Section 2.5.2. This allows the algorithm to be evaluated using 

varying number of hologram frames. For a full resolution of 1280x1024 pixels, using the IFT algorithm 

requires only 17s on an Athlon X2 4800+. Figure 23 shows the power fluctuations due to new the DC 

balancing scheme. The 4 frames scheme in Figure 23A is shown for comparison with the simple 

windowing scheme and search algorithm in the previous section. Figure 23B shows the simulated power 

output using a 24 frames scheme. The fluctuation is now significantly less compared to both window and 

search algorithm schemes. 

 

 

Figure 22. A flow chart of Gerchberg-Saxton based Iterative Fourier Transform Algorithm 
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As the number of frames in a balancing scheme increases, the number of pixel transitions 

decreases, therefore the ripple can be minimised by increasing the number of frames. To test this 

argument, the scheme is extended to a 24 frames scheme. Figure 23B shows a plot of the simulated 

replay’s light intensity for a 24 frames scheme. The beam intensity dips are now almost completely 

suppressed. There is a reduction in refresh rate, however, as one hologram now takes 24 frames to display. 

This reduces the refresh rates to 60Hz. 

In order to test the scheme, the holograms were displayed on the optical setup shown in Figure 

13. The trace of the oscilloscope in Figure 24 shows the beam drops to 89% of its peak intensity. The 

trace also shows no fluctuations in intensity due to hologram efficiencies. 

 

 

 

 

 

 

 

Figure 23. Simulated power fluctuation of the phase redundant balancing scheme. 
(A) 4 frames phase redundant balancing scheme. (B) 24 frames phase redundant balancing scheme. 

Figure 24. Voltage output from the photodiode detector for a 24 frames phase redundant scheme. 
The percentages show the drops in intensity relative to the maximum value. 
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The result shows that the phase redundant scheme is suited for DC balancing binary phase 

holograms. The IFT algorithm provides the necessary continuous phase hologram that can be quantised 

to an efficient hologram. It also requires significantly less computation time than previous approaches. 

With the beam intensity now within acceptable fluctuation levels, it is now possible to send data through 

the steered beam. The next section describes the laboratory setup to test data transmission. 

 

 

2.7 Point-to-point data transmission 

 

 A laboratory setup to test data transmission using the new DC balancing scheme is shown in 

Figure 25. The illumination is provided by a single mode fibre coupled HL6501MG GaAs laser, operating 

at 650nm. The laser operating conditions are set by a laser driver, which provided a constant 60mA direct 

current. This sets the output laser power to 3.2mW. A data stream is provided HP 81130A pseudorandom 

bit stream (PRBS) generator. The two signals are combined by a bias-T, before connecting to the laser. A 

beam expander expands the beam to 10mm diameter, centred on the FLC SLM. The reflected beam then 

passes through a 5m focal length lens with 25mm diameter. 

 

 

 

 

 

 

 

 

 

 

Figure 25. A diagram of the point-to-point data transmission system. 
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The Fourier transform lens transforms the beam onto a receiver with a 2cm diameter aperture. 

The two mirrors are configured to extend distance between the Fourier lens and the receiver to 5m. The 

maximum Fourier plane dimension is calculated to be 24cm at this distance. The focused beam diameter is 

measured to be 1mm. The routed location is 80mm from the optical axis. The receiver is then connected 

to an oscilloscope. The setup is designed to be a 1:20 scaled model of a diffraction limited 100m link. 

A frame inverse-frame and a 24 frames phase redundant balancing scheme were tested. Figure 

26A shows the oscilloscope trace of the receiver’s output for the frame-inverse frame scheme. A large 

drop in optical power can be seen due to the transitions between two successive frames. In contrast, the 

phase redundant DC balancing in Figure 26B has small power fluctuations by comparison. The PRBS rate 

is set to 10Mbps in both cases. 

 

  

 

 

 

 

 

 

The experiment successfully demonstrated the FLC SLM’s ability to establish and route stable 

free-space optical data transmission for data rate of 10Mb/s. In the next section, the SLM is reconfigured 

to display a beam splitting hologram to test a point-to-multipoint transmission system. 

 

 

Figure 26. Oscilloscope trace of the output of point-to-point transmission system. 

 
The time axis scale: 2µs/div. (1) the signal output of the photodiode at 5mV/div. (2) the data signal 

directly from the PRBS generator. 
 

The two traces shows (A) With frame inverse-frame DC balancing. (B) With 24 frames phase redundant 
DC balancing. The PRBS rate is set to 10Mbps. 
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2.8 Point-to-Multipoint Transmission 

 

 Another receiver is placed in the focal plane to allow multipoint reception. Figure 27 shows the 

additional receiver. The laser source is provided by a 850nm GaAs vertical-cavity surface-emitting laser 

(VCSEL), which allows modulation up to 1.25Gbps. A collimator is attached to the front of the laser, and 

provides a collimated beam of 10mm diameter, illuminating the centre of the SLM. The optical power 

output was measured to be 1.5mW at the output of the collimator. The PRBS generator and the laser 

driver are connected directly to the VCSEL. A new balanced set of beam splitting holograms were created 

using the phase redundant algorithm and displayed on the SLM. The routed locations are 80mm and 

40mm from the optical axis. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 Figure 28 shows the output from the two receivers at 15Mbps. The two detectors were able to 

receive the data successfully. The setup was then tested for the maximum bandwidth of the receivers by 

Figure 27. A diagram of a point-to-multipoint data transmission system 
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increasing the bit rate of the PRBS generator to 100Mbps. Figure 29 shows the eye diagrams at the 

outputs of the receivers. The open eyes suggest good reception for both receivers at 100Mbps. 

 

 

 

 

 

 

 

  

 

 

 

 

 

 

 

 

 

 

Figure 28. Output of the two receivers in the point-to-multipoint system at 15Mbps. 
Time axis scale: 1µs/div. (1) Output from receiver A (5mV/div). (2) Output from receiver B (5mV/div). 

Figure 29. Eye diagram from the point-to-multipoint system. Time axis scale: 5ms/div.  
(1) Output from receiver A (5mV/div). (2) Output from receiver B (5mV/div). The two traces shows data 

stream at 100Mbps. 
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2.9 Conclusion 

 

 The requirement for a high refresh rate SLM device narrowed the available choices to a FLC 

SLM. Its high refresh rate is suited to atmospheric wave front compensation as described in [26]. Because 

of ferroelectric liquid crystal’s inherent properties, the FLC can only operate as a binary phase modulation 

device. It also requires a special DC balancing routine to prolong its lifetime. The direct binary search 

algorithm has been demonstrated to solve the binary phase representation problem. The algorithm can 

generate a general intensity pattern at the Fourier plane by directly search the solution space using trial and 

error. 

 Using an FLC device to represent binary phase hologram, DC balancing is a key issue for long 

term stability of the liquid crystal cells. Using a modified binary search algorithm, an optimal DC balancing 

method was found by using phase redundancy in the intensity measurements. Computer simulation of the 

diffracted beam showed significantly reduced intensity fluctuation compared to a simple DC balancing 

method.  

 Point to multipoint data transmission using FLC has now been demonstrated for optical wireless 

transmission over a simulated 100m path length. A link transmission speed of 100Mbps was achieved in 

the laboratory, and likely to be much higher using faster receivers. 

 The new DC balancing technique can now be used in conjunction with an FLC SLM in any 

holographic beam steering system that requires more complex phase pattern. The next chapters reuse this 

result for the implementation of a retro-reflecting acquisition system and an optical turbulence simulator. 
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3 Retro-reflecting location acquisition 

 

 FSO communications is an attractive technology to implement wireless point-to-point 

communications for distances up to a kilometre. Because optical signals from a laser source can be 

transmitted with smaller angular divergence than radio frequencies, high optical power density can be 

achieved. A theoretical evaluation shows that a narrow beam is potentially more secure from detection 

and interception [45]. The signal levels can also be designed to provide power to the receiving devices 

themselves [46][47]. However, the small beam divergence limits the spread of the optical power, requiring 

the receiver to be positioned in line of sight to the transmitter. The acquisition of the receiver position is 

therefore necessary. Automatic receiver position acquisition poses an interesting challenge for most 

practical FSO systems [48][49][50][51]. 

 For short to medium range FSO systems, a simplification to the acquisition process is possible by 

taking advantage of the narrow beam. Using a passive device that reflects the beam back to the transmitter 

would allow the transmitter fitted with an imaging system to detect large intensity that has high likelihood 

of being a receiver. These are called retro-reflectors, and the system would be suitable for areas with low 

ambient lighting. However, since background illumination is also imaged, further software processing is 

necessary.  

 In this chapter, an acquisition system based on a holographic beam steering is described. The 

system is designed for locating receivers fitted with retro-reflecting targets, by means of their retro-

reflected optical return. The holographic beam steering system was also used to correct for optical 

aberrations present in the system to maximise the optical power density in the beam. Software processing 

is then used to obtain likely locations of the retro-reflectors. To calculate the acquisition performance, a 

gradient search algorithm is then used to measure any acquisition errors using an array of retro-reflectors. 
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3.1 Acquisition 

 Acquisition involves accurately determining the two dimensional coordinates of a receiver relative 

to the transmitter. The optical beam divergence angle in an FSO system is generally much smaller than 

radio frequency antenna radiation pattern. A small pointing error can result in large reduction in optical 

power received, therefore sophisticated methods are needed to acquire and steer to the precise location of 

the receiver [52]. There have been two main approaches that are used to autonomously acquire a 

transceiver position: absolute measurement [53] and beam scanning [54]. An absolute measurement of the 

receiver can be made via a positioning system such as a Global Positioning System (GPS). This 

information is then sent to other transceivers via a secondary communication channel, such as a low speed 

radio link. The relative coordinates can then be calculated by subtracting the two absolute positions. This 

method suffers from large errors in absolute position measurements, due to insufficient resolution 

provided by the current generation of GPS devices. There has been work in suppressing this initial error 

by using a feedback control system and a raster scan [53]. Another approach is to use Real-Time-

Kinematic GPS and data from local accelerometers to provide greater absolute position measurement 

accuracy [48]. The main drawback of this approach is that GPS devices can not be placed indoors. 

 Beam scanning uses an optical beam to scan across the transmitter’s field-of-view. A detection 

mechanism differentiates the return signal from a receiver from surrounding object, which is fed back to 

the transmitter. One method is to apply a coded signal to the beam as it scans, such as the transmitter’s 

bearings [55]. Another is to attach a passive optical device such as a retro-reflector to each receiver, and 

image the transmitter’s field of view as shown in Figure 30. 

 

 

 

 

 

 

Figure 30. Optical layout of retro-reflecting target acquisition system. 
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 During a scan, a large optical power return indicates a likely receiver position. The advantage of 

the system is a large simplification in the acquisition process. Figure 31 summarises this acquisition 

process. There are two intrinsic problems that need to be considered; the determination of retro-reflected 

from ambient light sources, and the non-ideal imager noise and optical characteristics. These are 

investigated in this Chapter. 

 

 

 

 

 

 

 

Figure 31. Flow chart of the retro-reflecting target acquisition process 

Illuminate 
an area 

Capture 
image frame 

Image 
filtering 

Extract likely 
targets 

Coordinate 
transform 

More to scan? 



 40 

3.1.1 Beam steering coordinates system 

 In Section 2.2, the Fresnel integral is used to describe diffraction using the paraxial 

approximation, which is then subsequently simplified to Fourier relations by using a positive lens. The 

coordinates used in a beam steering system are not spatial ( ),x y  but angular ( ),θ φ , since the absolute 

spatial positions would depend on the exact propagating distance L . By using radians, within the paraxial 

approximation: 

 x Lθ≃  (3.1.1) 

The diffraction equation becomes a Fourier transform with an angular form: 

 ( )
( )

2

( , ) , ,0
j

U U e d d

π
θξ φη

λθ φ ξ η ξ η
∞

− +

−∞

= ∫∫  (3.1.2) 

This form does not change the form of the algorithms used to steer the optical beam. Since the pixel size 

of the SLM is finite, a Fourier angular pixel is a convenient normalisation for measuring the angular 

deviation: 

 max2

M

θ
ϕ∆ =  (3.1.3) 

where M  is the number of pixels in a linear dimension of the SLM. This is the angular size 

corresponding to a pixel in the Fourier plane when an FFT is used. 
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3.1.2 Retro-reflecting target scanning 

 

 Figure 32 shows a schematic of the beam steering and acquisition system under consideration. 

The particular design considered was used in a project to transmit data to a small sensor node [46][47]. 

Each node has a retro-reflector and in this chapter, the target acquisition using a retro-reflector is used to 

locate their positions. The same system can be used for any FSO system, by appropriately selecting the 

maximum angular divergence and imaging system to match the design distance. 

 The system can be further divided into three sub-systems; the holographic beam steering, the 

angular magnifier, and the imager. The power budget of the system is analysed in this section. 

 

 

 

 

 

 

 

 

 

 

 

 

 The beam steering subsystem uses an expanded, collimated coherent optical beam from a laser 

source. The beam passes though a beam splitter, and illuminates an SLM, which modulated the spatial 

phase profile of the beam. The beam then passes through a positive Lens A to form the holographic beam 

steering unit. The beam can be steered or shaped using binary phase hologram described in Chapter 2. 

 Lenses B and C form a beam angle magnifier to greatly increase the transmitter’s field of view. 

The beam then passes through another beam splitter and propagates to a retro-reflector at the receiver. 

Figure 32. A model of the transmitter with holographic beam steering and angular magnifier 
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The beam is then retro-reflected, and returns to the beam splitter where it is diverted to an imager. This is 

used to digitise spatial optical intensities coming back to the base station. 

 The transmitter illuminates a retro-reflector by scanning an optical beam across the field-of-view 

(FOV), defined as the angular range accessible by the beam steerer. An imager images any returning 

illumination reflected by the retro-reflectors plus any ambient illumination. The size of the output beam is 

measured in terms of the angular spread. The size is a compromise between the power output levels and 

the sensitivity of the imager. The scanning time can be estimated by considering the power density of a 

uniform retro-reflected beam 
r

p : 

 
4

r
r

a p
p =  (3.1.4) 

where p  is the transmitted beam power density and 
r

a  is the retro-reflecting coefficient. Ideally 
r

a  is 1 

if the reflected beam is reflected back without causing further beam spreading. The factor of 4 is caused 

by loss from the beam splitter in Figure 32. The amount of energy in the static return falling on a sensor 

pixel with an imaging lens diameter of D  and an exposure time of t is therefore: 

 
2

16
r

E D a pt
π

=  (3.1.5) 

 The sensitivity σ  of a sensor pixel is measured as the minimum energy density J/m2 to produce 

the smallest measurable change in its output, usually one bit value. Accounting for quantum efficiency 
q

η  

and pixel area Ap, the minimum exposure time needed to measure the retro-reflected beam becomes: 

 
2

16
p

r q

A
t

D a p

σ

π η
=  (3.1.6) 

A sensitive fast frame rate imager that is used in the system is a Photonfocus MV-D1024-160-CL-8 with 

45mm focal length lens f/0.95. The imager’s parameters are shown in Table 5. 
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Pixel size 10.6µm × 10.6µm 

Pixel area (Ap) 1.1236×10-10m2 

Responsivity 120×103 DN/(J/m2) 

Sensitivity (σ ) 8.33×10-6 J/m2/DN 

Quantum efficiency @ 650nm (
q

η ) 70% 

Lens Diameter (D) 2.6×10-2m 

Retro-reflecting coefficient (ar) ~10% 

 

 The retro-reflecting coefficient is estimated to be 10%, although this value can fluctuate with 

different retro-reflector types. Using these values, the exposure time required is related to the power 

density of the outgoing beam as follows: 

 
101.01 10

t
p

−×
=  (3.1.7) 

The exposure time is therefore inversely proportional to the power density of the optical beam. To 

minimise signal to noise ratio, the power density required has to saturate the imaging sensor. For 8bit 

sensor, this saturation amount is 256 times the minimum power density. The numerical values required are 

shown in Table 6.  

Exposure time Optical power density (J/m2) 
Optical power density 
(J/m2 saturating 8 bit sensor) 

1 ms 1.01×10-7 2.58×10-5 

10 ms 1.01×10-8 2.58×10-6 

100 ms 1.01×10-9 2.58×10-7 

 

 With the exposure time set to 10ms and a beam total power of 20µW for an eye safe power level 

[56], the required beam angular size at different distances can be calculated. Assuming the transmitter total 

field of view of 30° full angle FOV, the percentage of angular coverage per beam is shown in Table 7. 

 

 

Table 5. Imager optical and electrical parameters 

Table 6. Transmitted optical power density needed as a function of imager exposure time. 
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Distance Maximum beam diameter (m) 
Angular spread 
(degrees, full angle) 

Percentage of coverage 
(30° FOV) 

1 m 3.14 145° 480% 

10 m 3.14 35° 117% 

100 m 3.14 3.6° 12% 

 

 Even for lower powered beams, the optical power density needed to saturate the imager is 

relatively small. This allows a large beam size to be used for scanning the full FOV quickly for short 

distances. However, at distances near to 100m, the required search beam spread needs to be small. 

Increasing the exposure time or transmitter power density would allow broader beams to be used. 

 The returned beam is imaged by the imager, and the positions of the returned beams are recorded 

in two dimensional coordinates. The steering angle uses a different coordinate based on the beam angular 

position. These are in general on a different plane to the steering coordinates; therefore a coordinate 

transformation between the two is needed. It is assumed in this chapter that a linear transform would be 

sufficient to map the two. A coordinate transformation between the two based on the perspective 

transform is described in the next section. 

 

 

 

 

 

 

Table 7. Beam angular spread as a function of retro-reflector distance. 
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3.1.3 Imaging and steering coordinates transform 

 

 Retro-reflectors are imaged onto spatially separated pixel locations [47] on the imager. Once the 

retro-reflectors are visible and detected, the locations of these pixels are transformed into steering angles 

for the beam steerer. These can be calculated by finding the perspective transformation between the pixel 

coordinates and the steering angular coordinates [57]. 

 Letting the angular coordinates of the retro-reflectors be ( ),θ φ  and the imager’s pixel 

coordinates to be ( ),X Y , their respective homogeneous coordinates can be written as ( ), ,1θ φ  and 

( ), ,1X Y . In general, the two coordinates are related by a homography matrix H : 
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H  (3.1.8) 

Where all elements in H  are real valued. H  represents a linear transform between the imager and beam 

steerer planes, which maps the required transformation from the imager plane to the steering angular 

plane. W  is the scale of the matrix. Recognising that W  is calculated by the last three elements of H , it 

can be factored out by dividing the right hand side [57]: 
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 (3.1.9) 

( ),θ φ  can then be separated into individual components to give: 
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aX bY c

gX hY
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+ +
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+ +

+ +
=

+ +

 (3.1.10) 

Rearranging and including zero terms: 
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0 0 0

0 0 0

aX bY c d e f gX hY

a b c dX eY f gX hY

θ θ θ

φ φ φ

= + + + + + − −

= + + + + + − −
 (3.1.11) 

Reforming these two equations into matrix form: 
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 (3.1.12) 

More points can be added by stacking matrices into a larger matrix: 
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 (3.1.13) 

There are 8 degrees of freedom, requiring a minimum of 4 unique reference points (calibration points) 

with known coordinates in both imager and beam steerer planes. More points can be used by using a 

pseudo-inverse using singular value decomposition as a solution to H , giving a least squares estimate for 

the matrix elements [58]. This is needed if the coordinates of the reference points have uncertainty. 

 The homography matrix determination, or calibration, process can be summarised with a flow 

chart, as in Figure 33. The process is needed once as long as the transmitter’s optical configuration 

remains fixed. 

  

 

 

Figure 33. Flow chart of imager to beam steering calibration process 

Scan FOV for 
reference targets 

Steer to targets 
manually 

Calculate 
homography matrix 

( ),i iθ φ  ( ),i iX Y  



 47 

3.2 Transmitter implementation 

 

 The transmitter consists of three main subsystems: a holographic beam steerer, a beam angle 

magnifier and an imager as previously shown in Figure 32. Figure 34 shows an image of the transmitter.  

 

 

 

 

 

 

 The base station measures 250mm by 300mm. The designed propagating path length is 15m. The 

hardware, software controller and image processing routines are described in the following sections. 

 

 

 

 

 

Figure 34. A photograph of the transmitter and its components 
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3.2.1 Holographic beam steerer 

 

 Figure 35 shows the holographic beam steering unit. A collimated coherent beam is formed from 

a single mode fibre coupled PTLD655G50-SMFC pigtail laser diode, emitting 10mW at 650nm using a 

modulating current of 70mA. The fibre is attached to a beam expander to provide a large coverage over 

the SLM. The expanded beam shape was measured to be approximately Gaussian, with a beam radius of 

15mm, covering 73% of the active area. The SLM is positioned to provide on axis spatial phase 

modulation using a polarising beam splitter and a half-wave plate.  

 

 

 

 

 

 

 

 

 

 

 A 4th Dimension Display SXGA-R2 is used for the SLM. A square area of 1024x1024 pixels is 

used in the system. Using the results from Section 2.2, the device maximum steering angle is: 

 max 2.7
pixel

d

λ
θ =≃ °  (3.2.1) 

Where λ  is 650nm and 
pixel

d  is the pixel linear dimension. For convenience, the angular resolution of θ  

and φ  are expressed in multiples of single Fourier pixel, ϕ∆  equalling to: 

 -4max2
5.1 10  rads

1024

θ
ϕ∆ = = ×  (3.2.2) 

Figure 35. Details of holographic beam steering unit 
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Polarising beam splitter 

Fourier transform lens (Lens A) 
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3.2.2 Imager and control system 

 

 Figure 36 shows a chart illustrating the connections between the transmitter electronic 

components. The imager consisted of a Photonfocus MV-D1024-160-CL-8 CMOS sensor module (Table 

5). The sensor is then connected to a Matrox PCI-E frame grabber card. The card is housed in a Pentium 

4 3GHz workstation with 2GB of available RAM (Workstation). This is used to control all aspects of the 

transmitter, except for the SLM. The SLM is connected to a display server (Server) on a DVI bus. The 

two computers are connected using an Ethernet network. The server runs a custom application to serve 

display requests from the Workstation.  

 

 

 

 

 

 

 

 

 

 The Matrox frame grabber’s application programming interface (API) used is based on the 

Camera Link standard [59]. This standard allows software control of the imager’s parameters, such as the 

exposure time and frame rates. A wrapper was written in C++ to interface MATLAB functions to the 

imager. The exposure time is set according to the required lighting condition, ranging from 3ms to 20ms. 

 

 

 

 

Figure 36 Schematic diagram of the components used to drive the transmitter. 
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3.2.3 Angular magnifier and optimisation 

 

 Two positive lenses B and C positioned in a Keplerian telescope configuration are used to 

increase the maximum steering angle to match the imager’s field of view of 30°, chosen to correspond to 

the area covered by receivers at 15m. The design process in this section can be used for greater distances. 

 The choice for these two lenses affects the minimum beam size due to aberrations. A Zemax 

simulation is used to find an optimal spacing between the two lenses. The SLM is simulated by a 

continuous phase grating with varying spatial frequency. The distances between the Fourier transform lens 

and the angle magnifier lenses are each optimised with a Damped Least Square algorithm to find the best 

values for these two distances. A manual selection of possible lens combinations resulted in a choice of 

Edmund optics AC127-019-B and AC080-010-B for lens B and C (Figure 37A) for a maximum beam 

angular deflection of 30.2°. The optimised distances are found to be  
f

D  = 92.12mm and 
m

D = 9.96mm, 

producing RMS spot angular sizes of 0.028° on-axis and 0.020° at the maximum for beams propagating 

15m. 

 

 

 

 

 

 

       

 

 

 

 

Figure 37. Retraced diagram of the angular magnifier and the spot diagrams. 
 (A) Distances between three lenses were optimised using Zemax optimisation tool. 

(B) Spot diagram of on-axis beam at 15m. 
(C) Spot diagram of maximum deflection at 15m. 

f
D  m

D  

Lens A 

Lens B Lens C 

(A) 

(C) (B) 
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 To maximise the beam power density, it is necessary to design the angle magnifier such that a 

small beam radius is maintained across the transmitter’s field of view. There has been recent research 

using deformable mirrors to correct for aberrations in wide field-of-view imaging systems to the point of 

diffraction limited performance. Wick and Martinez [60][61] found that spatial distribution of phase 

corrections are necessary for the whole field of view, since the aberration is spatially dependent. A similar 

method is investigated here to optimise the transmitter beam shape using the SLM in the holographic 

beam steerer. 

 It is observed that by optimising the distances to only consider the maximum deflection beam, 

giving 
f

D  = 97.312mm and 
m

D  = 5.620mm, the beam size can be improved significantly. Table 8 shows 

the simulated beam properties for this case. 

 On axis beam Maximum deflected beam 

Spot radius 21mm 1.871mm 

Power density 0.02µW/mm2 2.89µW/mm2
 

Deflection 0° 30.2° 

 

 

 

 

 

 

 

 

 

 

 

Table 8. Simulated beam measurements for maximum-deflection optimised angle magnifier at 15m 

Figure 38. Spot diagrams for (A) on-axis beam (B) max-deflection beam for maximum-deflection 
optimised angle magnifier at 15m propagating distance 

 

(A) (B) 
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 The optimisation is then run using a merit function that uses the on axis beam only, i.e. a beam 

with zero deflection. The new optimal distances becomes 
f

D  = 92.509mm and 
m

D  = 9.713mm. Table 9 

shows the new simulated beam properties and the spot diagrams in Figure 39. 

 On axis beam Maximum deflected beam 

Spot radius 7.651mm 5.265mm 

Power density 0.16µW/mm2 0.34µW/mm2
 

Deflection (full angle) 0° 23.6° 

 

 

 

 

 

 

 

 

 

 

 A simulation was carried out to calculate exactly the aberration compensation was required. The 

model is modified to include a paraxial lens component in contact with the SLM, and its focal length F  is 

set as a variable. F  is then optimised for different values of beam deflection. This configuration simulates 

focusing power applied on to the SLM. Values of 
f

D  and 
m

D  are set to be 97.312mm and 5.620mm, 

giving a good spot radius at maximum deflection. Figure 40A shows a plot of the corrective radius of 

curvature (1/ F ) versus SLM grating frequency S , while the corrected beam radius is plotted in Figure 

40B. 

 

Table 9. Simulated beam measurements for on-axis optimised angle magnifier at 15m 

Figure 39. Spot diagrams for (A) on-axis beam (B) max-deflection beam for maximum-deflection 
optimised angle magnifier at 15m 

(A) (B) 
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 The RMS spot radius has now been significantly reduced compared to Figure 37A-B. The spot 

diagrams are shown in Figure 37C-D. The focusing power 1/ F  is fitted very closely by a quadratic 

function of the grating frequency. 
f

D  is then readjusted to assess the defocus correction for a system 

focused for on-axis beams, giving value of 
f

D  = 97.651mm. Figure 41A shows the 1/ F  versus grating 

frequency S , and the RMS spot sizes and simulated beam radius is plotted in Figure 41B. 

 

 

Figure 40. Plots of maximum-deflection optimised angle magnifier at 15m 
 

(A) Plot of the required 1/ F correction per grating frequency to minimise beam radius. 
(B) Corrected beam radius per grating frequency. 

(C) Spot diagram of corrected on-axis beam 
(D) Spot diagram of corrected maximum-deflection beam 
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 There are no appreciable differences between the two systems in terms of RMS spot sizes and 

absolute value of defocus. Pre-focusing the on-axis beam had the advantage of requiring no defocus 

correction near the axis, where most beam power density was available. The beam RMS radius at distances 

smaller than 15m was then simulated by reducing distance to the surface in Figure 42. The defocus 

adjustment F  was kept at values optimal for 15m distance. 

 

 

 

 

 

 

 

 

In order to generate the defocus correction on the SLM, the same Zernike focusing term is used: 

 ( )
( )

( )2 2

2

2
exp

i d S
focus S j k

N

π 
= + 

 
 (3.2.3) 

Figure 41. Plots of on-axis optimised angle magnifier at 15m 
 

(A) Plot of the required 1/F correction per grating frequency to minimise beam radius. 
(B) Corrected beam radius per grating frequency. 

Figure 42. Simulated beam radius for various propagating distances 
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Where N  is the dimension of the SLM in pixels, parameter d  is related to the paraxial focal length F  

and grating frequency S  by using the quadratic fit from Figure 41A: 

 ( )
( )

( )2 5 80.0229 2.22 10 5.76 10
k

d S k S S
F S

− −= = − − × + ×  (3.2.4) 

The constant k  is found by measuring the relationship between the optimal simulated defocus values to 

actual measured defocus values from the transmitter. The measurement of this constant was made by 

manually selecting values of d  to find minimum spot radius produced by the transmitter. A number of 

points were recorded then plotted against the grating frequency S  in Figure 43. 

 

 

 

 

 

 

 

 

 

 

 

 

 

The measured defocus values compare favourably to those simulated. The constant of proportionality k  

could be estimated by fitting equation (3.2.4) to the data, giving value of: 

 
51.30 10k = ×  (3.2.5) 

Thus the defocus parameter d  is described by: 

 
3 2 32.99 10 2.89 7.5 10d S S

−= − × − × + ×  (3.2.6) 

Figure 43. Plot of manually measured focus correction, fitted with a quadratic fit and best fit obtained from 
simulation. 

Grating frequency S  (lines/µm) 

( )d S  
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Converting the spatial grating frequency to a more convenient unit of angular displacement in multiples of 

ϕ∆  or 5.1x10-4 rads, d becomes: 

 ( ) ( )
2 4 30.214 2.07 10 7.5 10d m mϕ ϕ− −= − ∆ − × ∆ + ×  (3.2.7) 

where m  is the pixel location in the Fourier plane. This function was then incorporated into equation 

(3.2.3) to be applied during SLM grating calculation. The SLM ia then DC balanced as described in the 

previous section. Measurements of the beam power density improvement are described in the next 

section. 

 

3.2.4 Beam power density measurements 

 

 The defocus correction is implemented in the holographic beam steering routine. A DC balancing 

routine was applied afterwards to ensure long term stability of the liquid crystal cells. Figure 44 shows 

uncorrected first order beams illuminating a white screen at a distance 3.5m from the transmitter, with 

varying deflection from the optical axis. A scale was placed near the beam as reference, and the final image 

was adjusted to the same scale. At each steering angle, the total power within the beam was measured 

using a 10mm diameter aperture optical power meter. Total optical power was increased by roughly 1µW. 

 

 

 

 

 

 

 

 

 

Figure 44. (A) Beam intensity profile close to on-axis. (B) Corrected intensity profile. 

(A) (B) 

5mm 5mm 
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Pixel location Uncorrected Power Corrected Power 

(50,50) 

50 2m =  

 

28.2µW 

 

29.25µW 

(100,100) 

100 2m =  

 

28.4µW 

 

29.0µW 

(200,200) 

200 2m =  

 

24.2µW 

 

25.6µW 

(300,300) 

300 2m =  

 

20.4µW 

 

21.6µW 

 

 

 

 

 

 

 

Figure 45. Comparison of uncorrected and corrected 
beam power densities. 
 
(A) Images of beam profile at various distances from 
optical axis with and without correction.  
 
(B) Intensity measurements for uncorrected (green) 
and corrected (blue) beams 

(B) 
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 The improvement in power density can be calculated by finding an estimated beam waists in 

longest (
l

ω ) and shortest axes (
s

ω ) as shown in Figure 44A-B and Figure 46. The power p  is calculated 

using: 

 ( ) 01 1
, 2

2 2
l s

l s

P
p Erf Erfω ω

πω ω

   
=    

   
 (3.2.8) 

where 0P  is the total power measured in Figure 45A. The power densities are tabulated in Table 10, 

showing approximately 65% improvement with a corrected beam, over the uncorrected case. 

 

 

 

 

 

 

  

 

 Beam waists ( ,
l s

ω ω ) mm Beam total Power ( 0P ) 
Beam power density 

( D=2mm) 

3.74, 2.84 28.2 µW 1.49 µW/mm2 (50,50) 

50 2m =  2.86, 2.16 29.25 µW 2.43 µW/mm2 

3.54, 3.27 28.4 µW 1.40 µW/mm2 (100,100) 

100 2m =  2.61, 2.27 29.0 µW 2.51 µW/mm2 

2.79, 4.13 24.2 µW 1.18 µW/mm2 (200,200) 

200 2m =  2.52, 2.14 25.6 µW 2.38 µW/mm2 

2.15, 4.88 20.4 µW 1.05 µW/mm2 (300,300) 

300 2m =  2.89, 2.07 21.6 µW 1.83 µW/mm2 

 

 

Figure 46. Example of Gaussian curve fitting for a beam 
intensity profile. 

Table 10. Beam power density at various angular positions. Figures in bold are for corrected beams. 
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3.2.5 Beam expansion 

 

 The transmitter moves the beam to illuminate retro-reflectors across the field of view. The power 

calculations in Section 3.1.2 suggests that a large beam can be used to speed up the scanning process. The 

beam expansion is then implemented by adding defocus power used in the previous section. The focusing 

power is calculated from the Zernike focus mode in equation (3.2.3). A relationship between the focusing 

power and the beam angular spread is found by physically measuring the beam spread as a function of d . 

 A white sheet of paper was placed 20 cm away from the transmitter to provide a screen for the 

diffused beam. The imager was refocused to image on the screen, and different values of  d  were used to 

expand the beam. A 4th order polynomial was then used to interpolate the data. The half power points 

were recorded as a measure of the beam sizes. Figure 47A-B shows two examples, for 100d =  and 

300d = . The measurements are then plotted with respect to d , as shown in Figure 48. It could be seen 

that the relationship is roughly linear, which led to good linear regression fitting. 

 

                           

Figure 47. Expanded beam intensity profile with defocus parameter d  of (A) 100  (B) 300 
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 The expanded beam is split into multiple beams covering scanning regions of the transmitter’s 

field of view. The beam diameter D  can be calculated by assuming a square region and considering the 

size and number of scanning regions required: 

 
2L

D
n

=  (3.2.9) 

Where L  is the imager’s linear dimension (in this case 1024) and n  is the number of beams used for the 

scan in one axis (Figure 49). The total number of beams is therefore 
2

n . The factor of 2  is required 

due to the diagonal gaps between the beams. When 4n = , D  was calculated to have a value of 362.0 

pixels, which corresponds to d  of 115. This value was chosen to provide sufficient power density while 

minimising the number of scanning regions. When n  is even, the point-reflection symmetry observed in 

using binary phase holograms effectively scan the transmitter’s field of view twice, as shown in Figure 49. 

To detect multiple targets with multiple beams, the frames are integrated to give a single frame for further 

processing. 

 

 

 

 

 

Figure 48. Plot of beam diameter D  against defocus parameter d , fitted with a linear curve. 

D  

d  
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3.2.6 Imager noise measurements 

 The noise sources from the imager can be modelled as a single Gaussian noise souce ( )tn t  [62]. 

Figure 50 shows a schematic diagram of the noise sources with respect to the pixel amplifier. ( ),p tr  is 

the idealised photo voltage generated from one pixel, and ( )' ,p tr  is the amplified voltage fed to an 

analogue to digital converter. The noise sources are separated into temporal and spatial components that 

can be measured independently. 

 

 

 

 

 

 Time dependent noise was measured by taking 100 image frames of a typical ambient lighting 

scene in the laboratory, and an exposure time of 20ms. The imager was set to obtain maximum sensitivity 

and the ambient lighting condition shown in Figure 51 was used for noise measurements. The temporal 

Figure 49. Schematic diagram of a beam scanning across half of the field of view (red) with 4n = . 
Because of point reflection symmetry, the second half plane is also scanned (blue). 

Figure 50. Noise model of a single imager pixel 

A 

( ),p tr  

( )tn t  

( )' ,p tr  +  

+  
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pixel variance measured was 2.485, which corresponded to 0.98% of the maximum brightness level. It can 

be seen from Figure 51B that time dependent noise is also dependent on the luminosity. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 51. Output from the imager and its noise distribution. 
 
(A) Typical well lit scene captured by the imager. (B) Temporal noise variance distribution across the 
same sceme. The scale is in dB. 

(A) (B) 
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3.3 Target acquisition 

 

 In the optical configuration under consideration, the retro-reflector itself return no temporal 

information that can be used to identify the targets. However, the transmitter beams can be modulated for 

determining likely targets. Ambient light received by the imager corrupts this information by introducing 

large areas of high intensity and masking the desired returned intensity. A large amount of the ambient 

intensity can be subtracted from the captured frame, by using the assumption that the ambient light 

remains the same during this time period. Therefore, the difference between two consecutive frames of 

ambient intensity can be assumed to be temporal noise: 

 ( ) ( ) ( ) ( ), , 2ambdiff amb ambp p t p t t n t− + ∆ ≈r r r≃  (3.3.1) 

where ( ),ambp tr  is the intensity reading due to ambient light alone, ( ),ambp t t+ ∆r  is the intensity 

reading for the next frame and ( )n t  is time dependent noise. Since the imager is close to linear, total 

received luminosity is a sum of retro-reflected return intensity and ambient light intensity. If the latter 

frame has no illumination from the transmitter, the difference directly produces only the retro-reflected 

return and noise: 

 ( ) ( ) ( ) ( ) ( ) ( ), , , , , 2diff amb R amb Rp t p t p t p t t p t n t+ − + ∆ ≈ +r r r r r≃  (3.3.2) 

where ( ),Rp tr  is the intensity from the retro-reflector. The return must be large enough to differentiate 

it from the temporal noise. The result of taking the difference between frames can be seen in Figure 52A-

D, showing a scene with a narrow search beam illuminating scattered retro reflector targets under typical 

ambient light. A grating with no phase variation was used to steer the search beam to the 0th order. The 

imager’s exposure time was set to 20ms. The total scan time was measured to be 20 seconds, including the 

image processing time. The retro-reflectors are 1cm2 pieces of commercially available retro-reflecting tape 

placed 2m away from the transmitter. They can be seen to produce a large difference between the frames, 

having pixel values of 237 and 171. By applying a threshold value of 128, any pixels above this has high 

probability of being a retro-reflector.  
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Figure 52. Retro-reflected return with beam illumination. 
 
(A) Scene with no beam. 
(B) Scene with a Gaussian beam illuminating within the circular region. The blue circles indicate the 
location of the retro-reflectors. 
(C) Image from subtracting (A) from (B) 
(D) Magnifying (C) shows retro-reflectors. Their associated maximum pixel values are also shown. 
(E) Same scene as (B) but with white object obscuring the view. 
(F) Subtracted image using (E). Pixel value of large white area is shown. 

237 

171 

158 

(A) (B) 

(C) (D) 

(E) (F) 
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 This method fails when the ambient luminosity changes with time. Figure 52E shows a frame 

obstructed by a white sheet of paper. In this scenario, the second frame is partially blocked. Subtracting 

from the dark frame results in Figure 52F. White regions can be seen clearly. A pixel sampled from a large 

white region has value of 152, thus the threshold value of 128 would not distinguish between the two 

areas. At increasing higher threshold levels, unintended areas are reduced, although with a loss of one 

retro reflector (Figure 53A-C). Using pixel values alone is not enough to distinguish the retro-reflectors 

from the ambient light. A method for distinguishing between these two types of luminosity was then 

investigated, by using morphological filters and knowledge of the shape of retro-reflected return. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 53. Thresholding image obtained from Figure 52.  
(A) At pixel value of 128  (B) At pixel value of 153 (C) At pixel value of 179 has only one retro-reflector 

visible 

(A) (B) 

(C) 



 66 

3.3.1 Morphological filter 

 

 Non-linear filters are useful in cases where feature extraction is required. A simple example of this 

is the median filter, which is effective for extracting an image from a noisy source. Maragos [63] showed 

that Ordered Statistic filters such as a median filter can be represented as a larger non-linear class called 

mathematical morphological filters. A morphological filter is a set of mathematical transformations that 

operates on a signal’s geometrical features locally. It is based on four operators, dilation, erosion, open and 

close, which are used to process a signal with a structuring element. They are spatial non-linear operators 

that can be represented mathematically as Minkowski addition and subtraction [64]: 
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 (3.3.3) 

Where A is usually the signal to be filtered, and B the structuring element. The reflection operator is 

needed, in some way similar to time or space reflection of linear convolution filters. It is possible to 

express these filters in terms of a linear filter kernel [65], but it is more useful to consider their geometrical 

properties. Figure 54 shows the effect of these operators on a binary image, using a structuring element 

5x5 pixels square. The original image contains bright areas with varying geometrical sizes. Dilation and 

erosion are operators that expand light or dark areas with an amount specified by the structuring element. 

Opening and closing reverses these operators as much as possible, except for areas that have been dilated 

or eroded ‘too much’.  
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Figure 54. Examples of morphological 
operations on a 5x5 square pixel 
structuring element. 
 
(A) Original image 
(B) Dilation 
(C) Erosion 
(D) Opening 
(E) Closing 

(A) 

(B) (C) 

(D) (E) 
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The desired effect is to retain areas that are larger than the structuring element (opening leaves dark areas 

unchanged, while closing retains the light areas). It is observed that the opening operator has also 

removed the light line in the middle of the image. Although the examples used are black and white, 

morphological operators are adapted to grey scale images by applying them on the grey scale levels [66]. 

 The large background luminosity can be removed by using an opening operation by a structuring 

element that is slightly larger than static returns from retro-reflectors. Once the background luminosity 

distribution is obtained, this is subtracted from the original image: 

 ( ) ( ) ( ) ( )SR diff diffL L L B= −r r r s�  (3.3.4) 

Where ( )B s  is the structuring element. At distance of 5m and a 45mm focal length lens used with the 

Photonfocus imager, a 10mm x 10mm retro-reflector gave a static return size of 5 pixels in diameter. 

Various sizes for ( )B s  are used to determine the optimal structuring element. Morphological filtering 

was performed in MATLAB using the strel function to generate ( )B s  and imopen for morphological 

opening. A sample of pixels with the highest value from four different regions are used to determine the 

effectiveness of the filter with respect to two static returns, one area with large light background and areas 

with lines. The plot of these values is shown in Figure 55. 

 There are some single pixel artefacts from morphological filtering, shown in Figure 56. These can 

be removed by applying a median filter with 3 x 3 sampling size after the background extraction Figure 57: 

 ( ) ( ) ( ) ( )( )3 3SR diff diff
L medianfilter L L B×= −r r r s�  (3.3.5) 

The median filter reduces both the peak pixel values for static returns and background pixel levels; 

therefore it does not affect the relative values of these quantities. 

 Morphological filtering has been shown to significantly improve the contrast of the imaged retro-

reflectors. The intensity values of the retro-reflectors are now different from the background intensities, 

allowing them to be identified by a threshold in intensity value. These can now be segmented into 

potential target coordinates. 
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Figure 55. Outputs from background subtraction. The plot shows pixel values at different locations as a 
function of the structuring element size 2,3,4, and 5. 

 

Figure 56. Outputs from background subtraction, showing pixels that do not correspond to retro-reflectors. 
Evidence of unwanted large valued pixels due to processing. Two areas are enlarged to show these pixels. 
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Figure 57. Outputs from background subtraction with a median filter applied. The plot shows pixel values at 
different locations as a function of the structuring element size 2,3,4, and 5. 
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3.3.2 Target extraction and labelling 

 

 Once the filtering has been applied, the target detection could then proceed using a segmentation 

algorithm to find clusters of light pixels. The algorithm uses a run-length encoding to find connected 

regions as described in [67]. The algorithm outputs groups of 3 coordinates, corresponding to different 

clusters of light pixels: top-left, bottom-right, and the centroid. The centroid was chosen to be the best 

estimation for the centre of the target. An image of the detected static returns is also displayed on the 

computer screen and the user can identify the targets quickly. 

 

 

An example of having the field of view blocked during the ‘dark frame’ is shown in Figure 58. A 

morphological filter with structuring element of size 5 pixels is used. Figure 59 shows the detected targets 

with this example. 

 

 

 

 

 

Figure 58. Image of processed and labeled retro-reflector targets. 
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 To simulate a time varying ambient light, a white sheet of paper was used to block the view of the 

imager during beam scanning, producing large areas of luminosity which would have caused the 

transmitter to produce false positives as in Figure 59A. By applying suitable morphological filter to 

suppress unwanted luminosity as described previously, the transmitter can obtain the location of retro-

reflector targets despite drastic disturbances as shown in Figure 59B. 

 To complete the target locating process, the transmitter is required to find targets across the 

whole FOV. Figure 60 shows detected retro-reflecting targets scattered across the FOV under normal 

ambient lighting condition. 

 

 

 

 

 

 

 

Figure 59. Image of: (A) Subtracted frame partially blocked with a white paper.  (B) Detected retro-reflector 
locations with partially blocked view. 

(A) (B) 
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Figure 60. Image of acquired retro-reflecting targets using a full field of view scan under ambient lighting. 
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3.3.3 Perspective transform calibration 

 

 In order to correctly steer an optical beam to a detected target, a linear transformation from the 

imager’s plane to the SLM plane was required to map the SLM steering plane from the imager plane. The 

transformation described in section 3.1.3 required at least four reference points to determine the 

homography matrix relating between the two planes. Figure 61 summarises the calibration process. 

 Eight retro-reflecting targets were distributed uniformly across the transmitter field of view. The 

locations of the targets were acquired using the method described in the previous section. Manual beam 

steering was then used to visually direct the optical beam onto the targets. Once the user confirms the 

coordinates, the script then asks for the next target to be steered to. A matrix inversion is then performed 

to obtain the homography matrix 

 

 

 

 

 

 The matrix inversion is implemented with MATLAB’s pseudo-inverse pinv function, which 

computes the Moore-Penrose pseudo-inverse using singular value decomposition. With eight reference 

points, the pseudo-inverse produced an homography matrix: 

 

1.2790 -0.0020 -426.9712

0.0203 -1.6015 829.2054

0.0000 -0.0000 1.0000

 
 =  
  

H  (3.3.6) 

Figure 61. Flow chart of perspective transform calibration 

Locate targets Ask user for 
target selection 

Ask User to steer 
to target 

Calculate inverse 
of matrix  

Select another point? 
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3.3.4 Acquisition error measurements 

 

 The effect of acquisition error on an optical beam is investigated to determine the acquisition 

performance of the system. Acquisition error ε  is calculated from the Euclidian distance of the difference 

between the real angular coordinates of the retro-reflectors relative to the base station, and the estimated 

angular coordinates obtained from the acquisition: 

 ( ) ( )
2 2

' 'ε θ θ φ φ= − + −  (3.3.7) 

where ( ),θ φ  are the real steering coordinates, and ( )', 'θ φ  are estimated. To determine the real angular 

coordinates with the transmitter, a gradient ascent algorithm is implemented to optimise the beam steering 

after acquisition is made. The algorithm assumes that the first approximation for estimating the returned 

beam power is derived by considering a Gaussian beam illuminating a circular retro-reflector, as shown in 

Figure 62. Assuming that the retro-reflector is much larger than any speckle, the returned beam intensity is 

proportional to the area covered by the retro-reflector multiplied by the spatial intensity distribution of the 

illuminating beam. The retro-reflector has a radius of a , and the beam is offset by x∆  relative to the 

retro-reflector’s centre. R  is the distance between the circumference of the retro-reflector from the beam 

axis.  

 

  

 

 

 

 

 

 

Figure 62. When a Gaussian beam is at a different centre to a retro-reflection, a fraction of the beam power is 
reflected. 
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In polar coordinates, the normalised radial intensity of the beam is given as: 

 ( )
2

2 2

0 0

2 2
exp

r
I r

πω ω

 
= − 

 
 (3.3.8) 

Where 0ω  corresponds to the waist radius of the Gaussian beam and r  is the radial coordinate centred 

on the beam axis. The total power contained within the retro-reflector given by Norman [68] for a small 

displacement is: 

 
2 2 2

2 4

0 0

2 4
1 exp 1

a a x
P

ω ω

    − ∆
− +     

    
≃  (3.3.9) 

By assuming that a constant proportion of the optical power that falls within the retro-reflector gets 

reflected back to the base-station, the power received can be plotted as a function of x∆  and 
0

a

ω
 (Figure 

63). 

 

 

 

 

Figure 63. Ratio of intensity return from a circular retro-reflector as a function of deviation normalised to 0ω . 
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Differentiating (3.3.9) results in a negative gradient for all values of 
0

a

ω
, and the function is 

monotonically decreasing with respect to x∆ . A similar result is obtained by exchanging a circular retro-

reflector with a rectangular shaped reflector [69]. Therefore, by moving the beam angular position such 

that the beam moves in the direction of positive intensity gradient, the position is more centred relative to 

the retro-reflector. Individual axis can be separately optimised since the returned intensity is symmetrical 

in both the vertical and horizontal axis. 

 An implementation of a gradient ascent control system is shown in Figure 64. The algorithm was 

implemented as a function in MATLAB. The amount of angular resolution per step of the loop is again 

normalised to a single Fourier plane pixel: 

 -4max2
5.1 10  rads

1024

θ
ϕ∆ = = ×  (3.3.10) 

A regular pattern of retro-reflectors was used to provide a regular distribution of targets, covering a large 

proportion of the transmitter’s FOV. The reflector array contained 9x10 retro-reflectors spread across a 

900x1000mm square grid shown in Figure 65A. The array was then placed 2.5m away from the 

transmitter, covering approximately 70% of the field of view. The transmitter scans the FOV to acquire as 

many targets as possible, which are then optimised individually using the gradient ascent algorithm. An 

interpolated plot of the error values is shown in Figure 65B. The mean steering error was found to be 

0.932 pixel (4.75x10-4 rads) and the variance 0.778 pixel (4.0x10-4 rads). The error is largest at the outer 

edges of the FOV, and smallest in the centre.  
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Figure 64. Gradient search loop for obtaining optimised steering angular coordinates. 

Figure 65. (A) Retro-reflecting array. (B) Contour plot of spatial distribution of acquisition error. The 
bounding box shows the placement of the retro reflecting array. The colour scale is in multiples of 5.1x10-4 

rads 
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3.4 Conclusion 

  

 A retro-reflecting, optical position acquisition system has been described. The system uses an 

optical beam to scan the transmitter’s field of view for a large optical signal. The power budget calculation 

shows that small optical power is required to locate the retro-reflectors, and large beams can be used to 

quickly scan the transmitter’s field of view. Using a holographic beam steering system, the transmitted 

beam was able to dynamically adjust to an optimal scanning size. The system also allowed the beam to be 

optimised with respect to output beam density by applying spatially varying defocus correction to the 

spatial light modulator. An improvement of 65% in power density was demonstrated. 

 An imaging system is used to capture retro-reflected returns. The noise characteristics were 

measured to give temporal and spatial components. Using frame subtraction, spatial noise was found to be 

effectively removed. Temporal noise was measured to have a much smaller variance than spatial noise. 

 Images of illuminated retro-reflectors were then processed using frame subtraction and 

morphological filters to remove ambient illumination. A large disturbance such as a partially blocked beam 

was demonstrated to be removed effectively using this method. The performance of the acquisition 

system was tested using a gradient ascent algorithm and an array of regularly spaced retro-reflectors. The 

system has an overall mean acquisition error of 4.75x10-4 rads. 

 The use of the holographic beam steering system to correct for aberration in the optics is 

extended further to provide corrections for atmospheric distortions in the next chapter. 
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4 Optical Turbulence simulation and compensation 

 

 In this chapter, the effect of atmospheric disturbances on a propagating free-space laser beam is 

investigated. These disturbances can be modelled as clear air turbulence that affects the spatial distribution 

of the refractive index of air. A discussion of the statistical nature of turbulence is first presented. A 

theoretical solution to the beam propagation from the governing Maxell equation is found using a classical 

theory of propagation through random media. Statistical properties are then derived which are used to 

model the severity of fading in this channel. The theoretical limit to bit error rates are then derived for a 

turbulent channel. An optical turbulence simulator consisting of a binary phase SLM is constructed to 

simulate the turbulent atmosphere, providing a test bed for a turbulence compensation system. 

 An adaptive optics system using single receiver intensity measurements is then described and used 

in conjunction with the turbulence simulator to decrease expected fluctuation in received intensity. The 

system estimates the aberrations in the beam path without using a wavefront sensor. Bit error rates are 

then numerically calculated and compared to an uncorrected system. 

 Finally, a multiple beam transmission is investigated using numerical simulation. Different beam 

configurations are tested for the effectiveness in intensity fluctuation reduction. Bit error rates are then 

calculated for multiple beams with and without adaptive optical compensation systems. 
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4.1 Optical turbulence overview 

 The deterious effects of atmospheric disturbance on a propagating laser beam can be shown by a 

simple experiment, with a Helium Neon laser source and a hot air gun. Figure 66A shows a diagram of 

this set up. The hot air gun is used to create a temperature gradient sufficient enough to cause random 

mixing of hot and cold air, creating a region of strong turbulence. The laser beam passes though this 

region, and the beam is captured by an imager. Figure 66B shows the beam with the heat gun off, and 

Figure 66C with the heat gun on. 

 

 

 

 

 

 

 

 

 

 

 

 The beam propagation though turbulence clearly shows the bradening of the beam. This 

broadening causes the decrease of the power density, which increses the signal to noise ratio if the beam is 

used for a communication link. Although it is difficult to show with images, the beam also experiences 

time varying fluctuations, which causes the intensity to scintillate. This scintillation causes further increase 

in the signal to noise ratio of the link. For a given point in the beam profile, these two quantities can be 

Figure 66. An optical turbulence demonstration using a hot air gun as the turbulence source. (A) The 
diagram of the set up. (B) Laser beam without turbulence. (C) Laser beam with turbulence. 
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measured to give two stochastic moments: the mean intensity ( )I r  and the normalised intensity 

variance or scintillation index ( )2

Iσ r : 

 ( )
( ) ( )

( )

22

2

2I

I I

I
σ

−
=

r r
r

r
 (4.1.1) 

These quantities can then be used to estimate the the expected bit error rates of the communication link. 

The aim of this chapter can be summarised as the development of a compensation system that increses 

the mean intensity of the beam and decreases the scintillation index. A model that can describe the 

random processes in an optical turbulence is therefore needed to allow the development of such system. 

 A typical electromagnetic wave propagation theory assumes that the Earth’s atmosphere consists 

of a uniform medium with refractive index close to one at long wavelengths [70]. This assumption is valid 

since there is little interaction between the electric field and the atmospheric fluctuations on a large scale. 

Unfortunately at much smaller optical wavelengths, there exist three phenomena that affect propagation: 

absorption, scattering [71] and refractive-index fluctuation (or optical turbulence) [72][73]. At distances 

considered in this chapter, absorption due to gaseous molecules is considered negligible [74]. Scattering 

constitutes a small and constant attenuation of the intensity in the optical beam, mostly due to small dust 

particulates in the atmosphere [75]. Other extreme weather conditions such as heavy precipitation in 

forms of fog, rain and snow also increases scattering. Increasing the optical power output at the 

transmitter can alleviate this problem over short distances; however temporal dispersion caused by 

multiple scattering is still an on going area of research [76][77]. Optical turbulence on the other hand 

produces strong and fast intensity fluctuations [78][79]. These fluctuations are caused by local differences 

in air temperature in the optical wave propagation path. Various attempts at compensation, or mitigation, 

of atmospheric turbulence effects have been studied over the years [80][81]. Most of this effort has been 

in the use of wavefront sensing to conjugate the phase fluctuation effects at the link receiver.  

 One of the first theoretical treatments of wave propagation through such medium was carried out 

by Kolmogorov [82]. Although the original statistical theory was developed for the velocity field of a fluid, 

it was extended to turbulence caused by temperature fluctuations [83]. This was subsequently identified as 

the most significant mechanism for generation of refractive index fluctuations. A solution of the wave 
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propagation though random medium was derived initially for acoustic waves [84] and later an electro-

magnetic wave solution for weak fluctuation was derived by Tatarskii using a more advanced Rytov 

method [73]. Using a direct approach using parabolic equations [85][86], solutions for strong fluctuation 

have been obtained. Since optical turbulence is a random process, various statistical moments were then 

deduced from these solutions. Properties such as scintillation index (a measure of beam intensity 

fluctuations) and beam mean intensity can then be calculated. 

 Recently, due to availability of spatial light modulators (SLMs), there has been a large effort in 

simulating turbulence in laboratories [87][88][89]. This is in the form of numerical generation of random 

phase distributions with Kolmogorov statistics. The advantage of this approach allows turbulence 

parameters to be repeated, and different tests can be made on the same turbulent conditions. 

 The aim of this chapter is to explore these developments and implement a turbulence mitigation 

system, as a proof of concept for a smart free-space optical communications link. A theoretical 

development of optical turbulence is presented to be used for understanding the decisions made during its 

development. Two different numerical generation schemes for a Kolmogorov phase screen are described 

and compared. The phase screen is then implemented on a computer controlled SLM. The phase 

modulation range of the SLM is described and a novel binary phase method is used to encode large phase 

shifts. Results of a laboratory simulation of laser beam propagation through artificial random medium are 

presented, and compared to theoretical values. Finally, a prototype of wavefront sensorless turbulence 

mitigation system is described and implemented. Scintillation index measurements from this system 

showed significant reduction in bit error rates. 
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4.1.1 Kolmogorov model 

 

 A turbulent flow of a viscous fluid is characterised by a non-dimensional Reynolds number: 

 Re
Vl

ν
=  (4.1.2) 

Where V  is the velocity of the fluid flow, l  is the characteristic dimension of flow, and ν  is the fluid’s 

viscosity. Above a critical value, the flow is considered to be unstable, and turbulent flow is assumed. It 

can be demonstrated that the Reynolds number in a typical air flow near the ground is very large (~105), 

thus the flow is considered highly turbulent. Inside such a flow, an analytical solution can be found using 

Navier-Stokes equations, which describes a fluid flow with a set of partial differential equations. However, 

there has yet to be a report of a successful description of optical turbulence using these first principles.  

 Pioneering work was carried out by Kolmogorov [82] who used dimensional analysis in 

conjunction with a set of statistical postulates to derive a simplified statistical theory of turbulence. In this 

model, two length scales (L0, l0) exist. In between these two scales, turbulence is assumed to be statistically 

homogeneous and isotropic. L0 is the largest scale which this assumption applies; any turbulent structure 

outside this scale is generally undefined. L0 is assumed to grow with the height of the atmosphere. l0 is the 

smallest scale, where turbulent flow begins to vanish. Within this range, a single statistical model can be 

used to describe the random processes using the energy cascade theory in Figure 67. The theory postulates 

that the kinetic energy is injected into the fluid at the largest scale. As the fluid’s velocity reaches a critical 

Reynolds number, an unstable flow begins to form, creating large vortices that break up into independent, 

smaller ones. These flows generate their own unstable flow, breaking up into even smaller vortices. This 

process is iterated until the scale of the vortices reaches length scale l0, where and energy is dissipated by 

viscous friction. Below this scale, turbulence decays rapidly into heat. 

 The rate of energy dissipation into smaller structures is governed by a constant ε . Kolmogorov 

showed this constant uniquely determines the second moment of velocity difference between two points, 

separated by a distance R: 

 ( ) ( ) ( )( )
2 2 /3 2/30 2

V
D R V R V Rε= − =  (4.1.3) 
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Where ( )V R  is the velocity at distance R. 
V

D  is also called the velocity structure function fluctuation. It 

is related to the spatial covariance B  of two points separated by distance R : 

 ( ) ( ) ( )2 0D R B B R= −    (4.1.4) 

Obukhov [83] extended this theory to derive a related expression for temperature fluctuation within the 

fluid: 

 ( ) ( ) ( )( )
2 2 2/30

T T
D R T R T C R= − =  (4.1.5) 

Where ( )T R  is the temperature at distance R , and 
2

T
C  is the temperature structure constant. Again this 

expression is only valid within the same inertial scale range. It was identified that temperature fluctuation 

is the main mechanism for changes in refractive index, i.e. the refractive index caused by pressure 

variation is negligible. By writing the refractive index in the form of: 

 ( ) ( )11n R n R= +  (4.1.6) 

A similar expression for the refractive index structure function with the same power law can be written as: 

 ( ) ( ) ( )( )
2 2 2/3

1 1 0
n n

D R n R n C R= − =  (4.1.7) 

Where 
2

n
C  is the refractive index structure constant that dictates the strength of optical turbulence. The 

physical measurement of 
2

n
C  is therefore important in determining the behaviour of optical propagation. 

Figure 67. Diagram of the energy cascade theory. 
Length L0 represents the largest turbulence scale, and l0 the smallest. 
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Its measurement can be made by measuring 
2

T
C  using two thermometers separated by a fixed distance, 

and estimating the value of the temperature structure function. Using a relationship given by Owens [90] 

and Andrew [79] it is possible to relate 
2

n
C  with 

2

T
C : 

 2 6 2

2
79 10n T

P
C C

T

− 
= × 
 

 (4.1.8) 

Where P  and T  are the bulk pressure and temperature of the fluid. The value of 
2

n
C  therefore varies 

depending on the atmospheric conditions. A typical value of 
2

n
C  varies from the “weak” condition; 

roughly 10-17 m-2/3 at night, to the “strong” condition, 10-13 m-2/3 during hot days. Height also affects the 

severity of turbulence, since both pressure and temperature are affected. For a ground to ground optical 

link with low angle of elevation, a simplification is made by assuming that 
2

n
C  remains a constant during 

propagation time, and throughout the propagation path. 

 

4.1.2 Refractive index power spectral density 

 For a given a single variate random process with zero mean and well defined covariance ( )B τ , it 

is possible to express the covariance as a Fourier transform of the power spectral density (PSD) ( )S ω : 

 ( ) ( ) i
B S e d

ωττ ω ω
∞

−∞

= ∫  (4.1.9) 

Or similarly the inverse transform is given as: 

 ( ) ( )
1

2

i
S B e d

ωτω τ τ
π

∞
−

−∞

= ∫  (4.1.10) 

The relationship is know as Weiner-Khintchine theorem [91]. The PSD describes the power distribution 

within the random process in the frequency domain. This relationship can then be extended into three 

dimensions to give the three-dimensional PSD ( )Φ K : 

 ( ) ( ) 3iB e d κ= Φ∫∫∫
KRR K  (4.1.11) 
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Where ( ), ,x y z=R  is the position vector, and ( ), ,
x y z

κ κ κ=K  is the spatial frequency. The three-

dimensional PSD ( )Φ K  can be obtained by using the inverse transform: 

 ( ) ( )
3

31

2

iB e d R
π

− 
Φ =  

 
∫∫∫

KRK R  (4.1.12) 

Applying the homogeneous and isotropic condition, and using equation (4.1.4), the structure function can 

be expressed [78] in terms of the three-dimensional PSD, and R = R : 

 ( ) ( )
( )2

0

sin
8 1

R
D R d

R

κ
π κ κ κ

κ

∞  
= Φ − 

 
∫  (4.1.13) 

The inverse transform can be derived with homogeneous and isotropic condition [79]: 

 ( )
( ) ( )2

2 2

0

sin1

4

R dD Rd
R dR

kR dR dR

κ
κ

π κ

∞  
Φ =  

 
∫  (4.1.14) 

 The integral can then be evaluated with Kolmogorov refractive index structure function in (4.1.7), 

simplifying to an integral: 

 ( ) ( )
2

2 / 3

2 3

0

5
sin

18

n

n

C
R R dRκ κ

π κ

∞

Φ = ∫  (4.1.15) 

This can be evaluated analytically to give the well know Kolmogorov spectrum of refraction index 

fluctuation: 

 ( )

2

11/ 3 2 11/ 3

2

0 0

2
5 3

1 13
0.033

36

n

n n

C

C
L l

κ κ κ κ
π

− −

 
Γ  
 Φ = < <≃  (4.1.16) 

The Kolmogorov spectrum is only applicable within the inertial scale range of spatial frequency 

0 0

1 1

L l
κ< < . At higher wave numbers, Tatarskii [72] proposed a modification that truncates the 

spectrum, corresponding to fast decay of vortices of scale smaller than 0l . A more serious problem 

persists at lower wave numbers, where the PSD diverges to infinity at a spatial frequency of zero. A 

reasonable assumption is to allow the power to saturate to a constant value, resulting in so called the Von 

Kármán spectrum [92]. Recently, modifications were proposed as detailed analytical assessment and 
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measurements were made. Hill numerically demonstrated that at high wave numbers a small deviation to 

the -11/3 power is needed [93][94]. Andrew [79] demonstrated an analytical expression that approximates 

this effect. However, these corrections add complexity to the theoretical derivation of statistical 

properties, while producing relatively small correction in most scintillation index calculations. Therefore, 

the Kolmogorov spectrum is the only spectrum used throughout this chapter. 

 

4.1.3 Turbulent channel model 

 

 The free-space optical propagation though a turbulent atmosphere can be viewed as a channel 

model consisting of a random medium with turbulence cells placed along the propagation path. These 

cells cause random refractive index fluctuation, with their PSD corresponding to the Kolmogorov 

spectrum. A transmitter and a receiver is placed between a block of turbulent medium width L , 

containing turbulence cells that are assumed to exist everywhere (Figure 68). The transmitter emits a 

Gaussian beam of a complex amplitude profile, and the receiver consists of a pin hole aperture located on 

the optical axis. Since the medium is extended across the whole optical propagation path, it is called the 

extended medium model.  

 

  

  

 

 

 

 

 

 

 

Figure 68. Turbulent channel model with extended random medium. 
A Gaussian beam is propagated from the transmitter plane to the receiver plane, passing though a random 

medium with Kolmogorov statistics. 
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It is assumed that the medium has sufficiently slow time evolution within the wave propagation time that 

it can be viewed as static. This allows the use of a time independent partial differential equation. Also, the 

optical wavelength used is assumed to be much smaller than the smallest turbulence cell (i.e. 0l λ≫ ), 

thus back scattering is negligible. 

 

4.1.4 Propagation theory through random medium 

 

 With assumptions outlined in the channel model, Maxwell’s equation can be simplified to 

produce a time independent Helmholtz equation [95][79]: 

 ( )2 2 2
k n∇ + =E R E 0  (4.1.17) 

Where E  is the electric field vector along the propagation path, k  is the wave number 2 /π λ  and 

( )n R  is the refractive index of the medium as a function of displacement vector R . 

 There are two approaches that have been found successful in solving the Helmholtz equation 

with a stochastic refractive index. A classical approach was first derived using the Born approximation 

used in theory of quantum scattering [96]. The approximation was further improved by Rytov [79][97] to 

produce well known results that are applicable to weak turbulence conditions. The second approach uses a 

direct approach in conjunction with a parabolic approximation method to derive a result that is suitable 

for both the weak and strong turbulence regime [85][86]. However, the parabolic method cannot produce 

the fourth order statistics needed for scintillation index calculation. Different attempts at extending the 

Rytov method to the strong regime have been described by Andrew [79], although no single theory is 

valid for all regimes. Because of the multiplicity of theories available, a suitable one is used to ensure the 

greatest accuracy. 

 The strength of turbulence is normally classified using a quantitative measure known as the Rytov 

variance [73]: 

 
2 2 7 / 6 11/ 61.23

R n
C k Lσ =  (4.1.18) 
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A medium is considered to be in the weak regime when 
2 1

R
σ < . At larger variance, the assumptions used 

by Rytov can not accurately describe the processes inside the medium. Figure 69 shows a plot of Rytov 

variance against distance with typical 
2

n
C  value of 10-14

 and 10-13 m-2/3 and wavelength of 640nm. At a 

high Cn
2 value corresponding to a very hot day time condition, the Rytov variance reaches one at 400 

meters. As Cn
2 is reduced to 10-14, the distance extends to 1400 meters. This limits Rytov theory to no 

more than 1400m, just suitable for modelling medium distance free-space optical links for last mile 

connectivity. However, measurements observed by Gracheva [98] suggest an existence of saturation as 

turbulence shifts towards the strong regime. The weak fluctuation theory therefore tends to over-estimate 

the intensity fluctuations; this was confirmed by Andrew [79] using numerical simulation and strong 

fluctuation theory. If the results from weak fluctuation theory are treated as an upper bound, in this case 

the use of weak fluctuation theory is appropriate. The rest of the chapter will briefly derive the necessary 

statistical moments needed from this weak fluctuation theory using the Rytov method. 

 

 

 

 

 

 

 

 

 

 

 

Figure 69. Rytov variance 
2

R
σ  as a function of propagating distance and refractive index structure constant 

2

n
C . 

The validity of Rytov approximation is within the region where 
2 1

R
σ < . 
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4.1.5 Rytov method 

 

 The Helmholtz equation in (4.1.17) can be further simplified by ignoring any de-polarisation 

effects caused by the refractive index fluctuation. This allows the vector components to be separated and 

solved individually. A scalar Helmholtz equation in terms of an electric field component U  perpendicular 

to the propagation path is written in the form: 

 ( )2 2 2 0U k n U∇ + =R  (4.1.19) 

If the refractive index is constant, the equation simply reduces to the three-dimensional wave equation for 

the electric field component. The spatial dependence of refractive index produces additional diffractive 

effects as the optical beam propagates through the medium. In air, ( )n R  can be expressed as: 

 ( ) ( )11n n= +R R  (4.1.20) 

Where ( )1n R  is the refractive fluctuation from the nominal value of one. Squaring (4.1.19) and 

approximating by ignoring higher order fluctuation term: 

 ( ) ( )2

11 2n n+R R≃  (4.1.21) 

Assuming that Born approximation applies, this is equivalent to writing the scalar electric field U  as 

summation of ever smaller fluctuations:  

 0 1 2 ...U U U U= + + +  (4.1.22) 

Using perturbation theory, each term is multiplied by corresponding perturbation parameter ε : 

 
2

0 1 2 ...U U U Uε ε= + + +  (4.1.23) 

Applying the same treatment to the refractive index: 

 ( ) ( )2

11 2n nε+R R≃  (4.1.24) 

Inserting (4.1.23) and (4.1.24) into (4.1.19) gives an expression: 

 ( )

( ) ( )

2 2 2 2

0 1 2

2

0 1 2

2 2

1 0 1 12 ( )

U U U

k U U U

k n U n U

ε ε

ε ε

ε ε

∇ + ∇ + ∇ +

+ + + +

= − + +R R

⋯

⋯

⋯

 (4.1.25) 
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Collecting the terms with same orders of ε , the original Helmholtz equation reduces to one 

homogeneous partial differential equation, and a set of inhomogeneous partial differential equations: 

 
( )

( )

2 2

0 0

2 2 2

1 1 1 0

2 2 2

2 2 1 1

0

2

2

U k U

U k U k n U

U k U k n U

∇ + =

∇ + = −

∇ + = −

R

R

⋯

 (4.1.26) 

The first equation is simply the free-space wave propagation without the effects of refractive index 

fluctuations. The solution to this equation is known for plane, spherical and Gaussian beams. The extra 

field contributions have been transformed to inhomogeneous equations that are of standard free-space 

wave propagation; with constant terms on the left hand side and the effects from refractive index have 

been moved to the forcing function. An equation of this form can be solved by Green’s function integral. 

In this case, a paraxial Green’s function leads to a form similar to a Fresnel integral with varying refractive 

index [74]:  

 ( ) ( )
( )

( )
( )

22
1 2

1

0

,
, , exp

2 2

L

m m

ikn zk
U L dz U L ik L z d s

L z L zπ

∞

−

−∞

 −
=  − + 

 − − 
∫ ∫ ∫

s rs
r s  (4.1.27) 

Where m  is the order of the perturbation. It is convenient to write the field perturbation in terms of 

normalised field 
m

φ : 

 ( )
( )
( )0

,
,

,

m

m

U L
L

U L
φ =

r
r

r
 (4.1.28) 

The series solution was shown to deviate from the experimental data other than at very weak turbulence 

regime. Rytov suggested that the field perturbation is physically inaccurate, and an alternative perturbation, 

based on expansion of phase terms, is written instead as: 

 ( ) ( ) ( )( )0, , exp ,U L U L Lψ=r r r  (4.1.29) 

Where ( ), Lψ r  is the complex phase perturbation, consisting of high ordered phase terms: 

 ( ) ( ) ( )1 2, , ,L L Lψ ψ ψ= + +r r r ⋯  (4.1.30) 

Using a first order Maclaurin approximation, the phase terms can be equated to the normalised field 

perturbation in the Born approximation: 
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( ) ( )

( ) ( ) ( )

1 1

2

2 2 1

, ,

1
, , ,

2

L L

L L L

ψ φ

ψ φ φ−

r r

r r r

≃

≃

 (4.1.31) 

 However the refractive index is not an analytical function, but a statistical distribution with 

expected value and covariance function between two points. Using the Riemann-Stieltjes integral [74] the 

stochastic refractive index fluctuation can be expressed in frequency space: 

 ( ) ( ) ( )1 , exp ,n z i d zν
∞

−∞

= ⋅∫ ∫s K s K  (4.1.32) 

Substituting  (4.1.32) into (4.1.27), the expression for phase fluctuation moments can be solved for plane 

and spherical waves [73]. To find a solution for a Gaussian beam, the unperturbed field can be written in 

the form of spot radius 0W  and field phase curvature 0F : 

 ( ) ( )
2 2

0 0 0 2

0 0

,0 ,0 exp
2

r ikr
U U r a

W F

 −
= = − 

 
r  (4.1.33) 

Where 0a  is the initial beam amplitude. The position vector has been converted to a scalar radial term due 

to cylindrical symmetry. Following the approach used by Andrew [79], the transmitter plane complex 

beam parameters are rewritten as: 

 0 0 2

0 0

2
1 ,

L L

F kW
Θ = − Λ =  (4.1.34) 

The beam parameter for the unperturbed field at the receiver plane can then be written as a function of 

these parameters: 

 0 0

2 2 2 2 2

0 0 0 0

2
1 ,

L L

F kW

Θ Λ
Θ = − = Λ = =

Θ + Λ Θ + Λ
 (4.1.35) 

Andrew shows that, by using the framework of Rytov’s solution to weak fluctuation theory, the mean 

intensity at the receiver is given by this radially dependent expression: 

 ( ) ( )
2 2

0 0
12

, exp ,
a W

I r L H r L
W

=     (4.1.36) 

1H  is given by an integral of the refractive index power spectrum density ( )n κΦ : 
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 ( ) ( ) ( )
1 2 2

2 2

1 0

0 0

, 4 2 exp 1n

L
H r L k L d I r d

k

κ ξ
π ξ κ κ ξκ κ

∞   Λ
= Φ Λ − −  

  
∫ ∫  (4.1.37) 

Where k  is spatial frequency, k  is the wave number, L  is the propagation distance, 0I  is the modified 

Bessel function. Using the Kolmogorov spectrum, the integral can be simplified greatly to a standard 

result [99]: 

 ( )
2

2 5/ 6

1 2
, 2.22 1.33R

r
H r L

W
σ

 
Λ − 

 
≃  (4.1.38) 

Where 
2

R
σ  is Rytov variance given in equation (4.1.18). Combining (4.1.36) and (4.1.38), the on axis 

mean intensity becomes: 

 ( )
2 2

2 5 / 60 0

2
0, exp 1.33

R

a W
I L

W
σ = − Λ   (4.1.39) 

The on-axis intensity distribution is a function of only the propagation distance, the strength of the 

turbulence and the unperturbed beam profile. The scintillation index 
2

I
σ  is calculated from the second 

intensity moment: 

 
( ) ( )

( )

( )

( )

22 2

2

2 2

, , ,
1

, ,
I

I r L I r L I r L

I r L I r L
σ

−
= = −  (4.1.40) 

Where the second moment is given by Andrew [79]: 

 ( ) ( ) ( )
22

2, , exp ,I r L I r L H r L=     (4.1.41) 

 

( ) ( )

( )
( )( )

1 2 2
2 2

2

0 0

2

0

, 8 exp

1 1
2 cos

n

L
H r L k L d

k

L
I r d

k

κ ξ
π ξ κ κ

κ ξ ξ
ξκ κ

∞  Λ
= Φ − 

 

  − − Θ
 × Λ −  
    

∫ ∫
 (4.1.42) 

When the Kolmogorov spectrum is used, the expression can be solved by using a Mellin transform and 

contour integral [100]. This method produces a solution in terms of a hypergeometric function. For the 

scintillation index, a solution is given in [74]: 
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 ( )

5 / 6

2 1

2 2

2
5 / 6

1 1 2

5 11 17
3.86 Re , ; ; (1 )

6 6 6
,

5 2
2.64 ;1;

6

I R

i F i

r L
r

F
W

σ σ

   
− − Θ + Λ   
   =

  −
 − Λ   

  

 (4.1.43) 

Where 1 1F  is the confluent hypergeometric function, and 2 1F  is the Gauss hypergeometrical function 

(Appendix B). The scintillation index is therefore a separable function of the Rytov variance and function 

of the Gaussian beam parameters and propagating distance. The 
2 2/

I R
σ σ  ratio therefore determines the 

component of the scintillation index caused by the geometry of the beam propagation. For the on-axis 

only component, the expression reduces to: 

 ( )2 5 / 6 5 / 6 2

2 1

5 11 17 11
0, 3.86 Re , ; ; (1 )

6 6 6 16
I R

L i F iσ σ
  

= − − Θ + Λ − Λ  
  

 (4.1.44) 

By assuming that the beam is collimated ( 0Θ  = 1), the 
2 2/

I R
σ σ  ratio for on axis detector is shown in 

Figure 70. 

 The on axis scintillation index is applicable for a point detector, i.e. a pinhole detector with 

aperture dimension of no significant extent. In practice, the diffraction limit allows an aperture below the 

first Fresnel zone /L k  to be regarded as a point detector [101]. If an aperture is large relative to this 

dimension, scintillation is essentially reduced by an effect called aperture averaging. This is caused by 

overlapping of multiple uncorrelated ‘patches’ of intensity on the aperture. The effect can be modelled by 

calculating the scintillation index across a circular aperture with diameter D  [74]: 

 ( ) ( )
2

2 1

2 2

0

16
, , cos 1

a

D

I I

r r r
D L rB r L dr

D DD D
σ

π
−

  
= − −  

   
∫  (4.1.45) 

where ( ),IB r L  is the circular symmetric normalised covariance function of intensity (Appendix C): 

 ( )
( ) ( )

( ) ( )

, 0,
, 1

, 0,
I

I r L I L
B r L

I r L I L
= −  (4.1.46) 

Andrews [74] showed that ( ),IB r L  is closely approximated by a separable function of the Rytov 

variance and an aperture averaging factor A , defined as a ratio of the aperture averaged scintillation index 

to the point detector scintillation index: 
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( )
( )

2

2

,

0,

aI

I

D L
A

L

σ

σ
=  (4.1.47) 

Numerical integration yields a factor as a function of the collimated beam diffraction parameter 0Λ , D  

and a Fresnel zone size /L k  [74]. For a path distance L  = 1000m, k  = 640nm, curves for the 

aperture averaging factor are shown in Figure 71. 

 

 

 

 

 

 

 

 

 

 

 

 

 

   

 

 

 

 

 

Figure 70. A plot of the ratio of on-axis scintillation index to Rytov variance varies with Gaussian beam 

parameter 0Λ .  

 

Figure 71. Aperture averaging factor A  as a function of aperture size for collimated beam. Parameters are 

L  = 1000m and k  = 640nm. 
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There is a small dependency on the diffractive beam parameter 0Λ . As D  increases the averaging factor 

reduces scintillation up to a factor of 10 or more. 

 A long beam propagation distance can be simulated with a short distance by reducing the beam 

radius 0W  such that the Gaussian beam parameters Θ  and Λ  are the same for both cases. These 

parameters are typically chosen to coincide with the least scintillation index. Inspecting the relationship 

between  
2

R
σ  and scintillation index 

2

I
σ  for a collimated Gaussian beam in Figure 70A, the ideal beam 

profile is achieved when 0 2.5Λ ≈ , corresponding to 
2 2/

I R
σ σ  ratio of 0.25. Using this value, the beam 

radius versus distance curve is plotted in Figure 72.  

 

 

 

 In a laboratory, a long distance link can be simulated by selecting propagating distance L  and 

beam waist 0W  such that they lie along a curve of a particular value of 0Λ . The scintillation properties for 

both cases are then exactly identical under the assumption of weak fluctuation theory. 

Figure 72. Beam radius as a function of propagating distance to maintain 0 2.5Λ =   for minimum 

scintillation index. Wavelength is 640nm. 
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4.1.6 Signal to noise ratio and bit error rates 

 

 Optical scintillation causes random fluctuation in an otherwise constant optical beam. At the 

receiver, data modulated on the optical beam is further modulated by scintillation, causing periods of low 

beam power similar to a fading channel. Fading deteriorates the channel capacity by decreasing the signal 

to noise ratio (SNR). A relationship between the strength of turbulence and the channel capacity is 

therefore needed to determine the performance of a turbulence limited free-space optical link.  

 A typical probabilistic channel model consists of signal 
s

i  from a photodetector, an additive noise 

source 
N

i , and a multiplicative noise source h  caused by intensity fading in the turbulent channel. The 

combination of these signals is sent to a decoder in the form of: 

 
s N

i hi i= +  (4.1.48) 

 
n

i  is usually caused by shot and thermal noise from photodetector components, and it is assumed 

to have zero mean and variance of 
2

N
σ . 

s
i  is assumed to be linearly proportional to the received optical 

power, neglecting any optical turbulence. h  is the fading component by the turbulent channel, with mean 

of 1 and variance of 
2

I
σ  or the scintillation index. The probability density function (PDF) of h  has been 

extensively studied during the early periods of optical turbulence research. The earliest model assumed 

only a first order phase disturbance which, under the Rytov approximation, is a Gaussian process. The 

resulting PDF therefore follows a log-normal function: 

 ( )
( )

2

2

22

1
ln

1 2
exp

22

I

h

II

u

p u
u

σ

σσ π

  
+  

  = −
 
 
 

 (4.1.49) 

where u  is the normalised signal intensity /I I . The log-normal PDF provides a good fit for very weak 

turbulent conditions as shown in Figure 73A. In this case, the scintillation index is below 0.4 [79]. As 

turbulence increases, second order processes start to contribute significantly. This likely not to be 
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Gaussian, and another PDF was proposed using a modification of Nakagami m distribution [102][103], 

called the gamma-gamma distribution: 

 ( )
( )
( ) ( )

( )
2 1

2
2

2

a b

h a bp u u K abu

α β

αβ

α β

+
+

−

−=
Γ Γ

 (4.1.50) 

Where α  and β  are the distribution parameters, which are related to the scintillation index by: 

 2 1 1 1
I

σ
α β αβ

= + +  (4.1.51) 

The parameters can be estimated from the scintillation index and collimated beam parameter 0Λ  using  a 

simplification from [74]: 

 

( )( )( )
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2

7 / 6
2 12 / 5

1

2

5 / 6
12 / 5

0.49
exp 1

1 0.56 1 1/ 1
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exp 1

1 0.69

I
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I

I

σ
α

σ

σ
β

σ

−

−

  
  

= −  
 + + + Λ   

  
  = − 

 +   

 (4.1.52) 

A plot of the gamma-gamma PDF is shown in Figure 73B for different valued of scintillation index.  

 

0.2 0.5 1.0 2.0

0.005

0.010

0.050

0.100

0.500

1.000

 

 

Figure 73. A plot of a log-normal and a gamma-gamma PDFs for 
2

R
σ  = 1. 
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The probability that a channel is in a fade condition is defined as the probability that the normalised 

intensity is below a threshold 
T

F . This is simply the cumulative probability of ( )hp u : 

 ( ) ( )
0

TF

F T hP u F p u du≤ = ∫  (4.1.53) 

The signal to noise ratio can be calculated by first considering the signal to noise ratio of the fadeless 

channel: 

 0

s

N

i
SNR

σ
=  (4.1.54) 

By using the assumption that the noise PDF is normally distributed, the probability of error (bit error rate 

or BER) for an on-off keying (OOK) data stream is given by the well known result: 

 0

0

1

2 2 2

SNR
BER erfc

 
=  

 
 (4.1.55) 

The detection threshold value is set to u  = 0.5. Fading can be thought of a modulation of the noise 

source, and dynamically changes the SNR of the received signal. Multiplying the probability of fading with 

the BER and integrating results in the fading channel BER [104]: 

Figure 74. A plot of Gamma-gamma probability density function for normalised intensity fluctuation 

/I I  at different Rytov variance. 
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 ( )
0

1

2 2 2
F h

SNR u
BER p u erfc du

∞  
=  

 
∫  (4.1.56) 

Where SNR  is the mean or expected SNR due to turbulence. A power calculation of received intensity 

gives the SNR  approximately by Andrew [74]: 

 0

12 / 5 2 20

02

0

1 5.9
1

I I

SNR
SNR

SNRσ σ

=
 Λ

+ + 
+ Λ 

 (4.1.57) 

As SNR0 increases to large values, 
21/ ISNR σ≈ . The minimum BER is therefore scintillation limited 

[105][106]. Using numerical integration, a plot of the minimum BER for OOK against scintillation index 

is shown in Figure 75. 
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A very low scintillation index of 0.01 is required for reliable communication of 10-6 or better. Note that 

this result applies to both a point detector and an aperture averaged signal. Improvements can be made by 

using a large receiver aperture to reduce scintillation as much as possible. Another possibility is the use of 

forward error correction codes [107] such as Reed-Solomon or convolution coding [108] to use time 

diversity, or by taking advantage of the statistical knowledge of the turbulent channel with maximum 

Figure 75. Maximum OOK bit error rates calculated as a function of scintillation index for 0Λ  = 0.1, 0Λ  = 

1 and 0Λ  = 10. 
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likelihood sequence detection [109]. Two to four orders of BER improvements have been reported [107] 

using a combination of these techniques. 

 In this section, the turbulent channel is treated in the same way as a typical fading channel. The 

probability density function for such channel follows a gamma-gamma distribution. Because the 

maximum SNR is limited by the scintillation index, the minimum bit error rate is also limited by 

scintillation. Turbulence mitigation schemes are therefore necessary for reliable communication.   
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4.2 Turbulence simulation with phase screens 

 

 The availability of high resolution liquid crystal based SLMs has allowed a new technique for 

simulating turbulence with any given properties in the confine of a laboratory [87]. An SLM acts as a 

phase modulator that mimics the phase distortions experienced by a propagating beam. The phase profile 

is calculated on a computer using a number of algorithms available [110][111][112]. An advantage of using 

computer generated turbulence, compared to other methods such as hot air boxes [113][114] and 

lithographically etched dielectrics [115], is the ease of generating and storing a phase screen with any 

characteristics. The effects of optical turbulence can then be made temporally static. Recent work has 

showed great promise in using this method [87][89]. However, they have all failed to address two 

problems: the finite nature of the propagating beam, specifically of the Gaussian beam, and the limited 

phase modulation depth of a liquid crystal device. 

 In this section, an experimental laboratory turbulence simulation technique is described. The 

propagation path length used is order of magnitudes shorter than the simulated path length, while the 

scintillation index achieved matches closely to theoretical results. The problem of phase modulation depth 

is solved using a binary phase encoding, with numerical simulation to verify the accuracy of the approach. 

Limitations of this approach are also presented.  
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4.2.1 Phase screen channel model  

 

 An extended random medium can effectively be modelled by one or more phase ‘screens’. A 

phase screen is defined as a thin piece of medium that exhibits the same Kolmogorov statistics as an 

extended random medium. When placing a phase screen along the optical propagation path (Figure 76) 

the electric field can be made to experience the same amount of fluctuations as for an extended medium. 

Using results from [79], the equivalent Rytov variance of an extended medium model is given by the usual 

definition: 

 
2 2 7 / 6 11/ 61.23

R n
C k Lσ =  (4.2.1) 

 

 

 

 

 

 

 

 

 

In the phase screen model, due to the limited extent of turbulence in a finite medium, the Rytov variance 

is shown to be modified to an expression [116]: 

 

11/ 6

2 2 7 / 6 11/ 6 2

2

2.25
PS PS

PS
R n

L L
C k L

L L
σ

 
=  

 
 (4.2.2) 

Where 
2

PSnC  is the refractive index structure constant. If the phase screen is assumed to have no 

thickness, for example by using a very thin high refractive index material, the 2/
PS

L L  factor can be 

ignored. Equating the two expressions gives: 

Figure 76. Phase screen channel model, containing a small slice of random medium with Kolmogorov 
statistics. 
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5/ 6

2 221.83
PSn n

L
C C

L

 
=  

 
 (4.2.3) 

The phase shifts can be described by a two dimensional phase structure function. This is derived directly 

from Rytov phase disturbances and considering the complex log amplitude of the mutual coherence 

function ( ) ( )*

1 2, ,U L U Lr r . Using a cylindrical coordinate system, and assuming a spherical wave 

with negligible attenuation, this is reduced to an integral [79]: 

 ( ) ( ) ( )
1

2 2

1 2 0 1 2

0 0

, , 8 1
n

D r r L k L J r r d dφ π κ κ κ κ ξ
∞

 = Φ − − ∫ ∫  (4.2.4) 

which simplifies to a function of separation distance r  [79]: 

 ( )
5 / 32 2, 1.09

n
D r L C k L rφ =  (4.2.5) 

Where r  is the separation distance between two points. This can also be written in terms of atmospheric 

coherence width, or Fried’s parameter 0r  [117]: 

 ( )
5 / 3

0

, 6.88
r

D r L
r

φ

 
=  

 
 (4.2.6) 

Where ( )
3 / 5

2 2

0 0.16
n

r C k L
−

= . Fried’s parameter is a measure of the correlation width of the phase 

fluctuation or the smoothness of the phase fluctuation. For a Gaussian beam wave, the phase structure 

function can be approximated [74] using a correction term a : 

 ( )
( )

5 / 3

11/ 6
0

6.88
,

0.62

ra
D r L

ra
φ

 
=  

+ Λ  
 (4.2.7) 

Where a  is a function of receiver plane phase curvature ( ) ( )8 / 31 / 1a = − Θ − Θ . Figure 77 shows a plot 

of the correction factor for a collimated beam, against transmitter plane beam parameter 0Λ . The factor 

does not change appreciatively with 0Λ , and the phase structure was therefore approximated by simply 

the use of equation (4.2.6). It is convenient to normalise Fried’s parameter to 0/D r , where D  is the 

transmitter aperture diameter, giving a dimensionless metric of the strength of optical turbulence called 

the normalised coherence scale. 
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 Further constraints regarding the propagation of a Gaussian beam, and its field moments [116] 

enforces the location of the phase screen as a function of beam diffractive parameter 0Λ . For collimated 

Gaussian beams, the expression can be simplified to: 

 2

2

0

1
0.67 0.17

1

L

L

 
= −  

+ Λ 
 (4.2.8) 

Where 
2

0 02 /L kWΛ = , k  is the wave number and 0W  is the Gaussian beam waist radius.  

 

Figure 77. Phase structure correction factor ( )
1

11/ 60.62a
−

+ Λ  for a collimated beam as a function of 

transmitter plane beam parameter 0Λ  
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4.2.2 Phase screen generation 

 

 The distribution of phase values on a phase screen is completely described by either its power 

spectral density (PSD) or its structure function. The PSD is essentially a Fourier transform of the spatial 

phase covariance between two points. Therefore, by assuming each spatial frequency is modelled well with 

a normally distributed variable and variance given by the PSD, the phase screen can be calculated [118]. 

However, since a phase screen is in practice sampled into discrete points, a Fast Fourier Transform (FFT) 

algorithm is needed. The periodic nature of FFT has been shown to significantly alter the phase structure 

function, affecting the low frequencies in the spectrum [118]. Padding alleviates the periodicity within a 

small region of the phase screen, but this has been found to be computationally very expensive. 

 Two other methods have been published that over come much of the problems with FFT 

method. The first method uses Zernike decomposition of a Kolmogorov spectrum [111], while the 

second uses spatial midpoint interpolation [110] to gradually increase the resolution of the phase screen. 

Both of these methods are assessed to quantitatively measure the differences in computation complexity 

and accuracy. 

 Zernike polynomials belong to an orthogonal basis of radial and angular functions, and are 

extensively used in wavefront interpolation. There are a number of different definitions for Zernike 

polynomials; however this chapter adopts the definition chosen by Noll [112]: 
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 (4.2.9) 

Where n  and m  are the azimuthal and radial mode numbers as a function of an ordering number j : 
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 (4.2.10) 
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Zernike decomposition of Kolmogorov phase screen can be calculated by cross correlating the modes 

with the phase correlation function [112]: 

 ( ) ( ) ( )
2 2 1 1

0 0 0 0

, , ,
j k j m

a a Z Z B D D d d d d

π π

ρ θ ρ θ ρ ρ ρ ρ θ θ∗ ′ ′ ′ ′ ′= ∫ ∫ ∫ ∫  (4.2.11) 

Where D  is the size of the aperture, and B  is the phase covariance function. By using the relation in 

(4.1.12), the integrals can be evaluated exactly in Fourier space. Noll [112] and Wang [119] derived this 

expression exactly: 
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 (4.2.12) 

Covariance only exists for modes with the same azimuth frequency m  due to orthogonality of 

trigonometric terms. Roddier [111] gave an exact expression for plane waves, giving a sparse covariance 

matrix consisting of mostly diagonal elements. A closed form expression for this matrix is given as a 

function of j  (Appendix D). The matrix for the first 7 modes, excluding constant phase or piston is 

tabulated in Table 11.  

 

0.4557 0 0 0 0 0 0.0144

0 0.4557 0 0 0 0.0144 0

0 0 0.0236 0 0 0 0

0 0 0 0.0236 0 0 0

0 0 0 0 0.0236 0 0

0 0.0144 0 0 0 0.0063 0

0.0144 0 0 0 0 0 0.0063

− 
 − 
 
 
 
 
 

− 
 − 

 

 

 Mode coupling exists, and Zernike polynomials do not form an orthogonal basis with respect to 

the Kolmogorov phase screen. A more convenient basis is in numerical Karhunen-Loève form. The 

Table 11. Zernike modes covariance matrix of a Kolmogorov phase screen. 

j = 2 3 4 5 6 7 8 

2 

3 

4 

5 

6 

7 

8 
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amplitudes for the Karhunen-Loève modes can be generated from the Zernike covariance matrix using 

the singular value decomposition outlined in [111]. A vector of normally distributed random numbers are 

then multiplied and transformed back to the Zernike modes. The Zernike modes are summed and scaled 

by ( )
5 / 3

0/D r  to give the final phase screen.  

 The implementation of the Zernike method is characterised by the generation of two steps in 

computation: pre-generation of covariance and Zernike matrices and the Zernike mode summation. The 

flow chart in Figure 78 summarises these two steps. MATLAB was used to perform the computations. 

The resolution of the phase screen is set to 768x768 pixels, corresponding to the resolution of the SLM 

used. The time needed to generate the sparse covariance matrix for 50 Zernike modes are then recorded. 

The MATLAB SVD routine was used for singular value decomposition. Each of the 50 Zernike modes 

are pre-calculated and stored in a 3 dimensional matrix. The total time needed for pre-calculation is 103 

seconds. Using the 50 pre-calculated modes, generation of each phase screen takes less than 1 second. A 

phase screen generated by using 50 modes is shown in Figure 79. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 78. Flow chart of Zernike phase screen generation. 
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 There are two limitations observed using this method. By inspection, the phase screen is smooth, 

containing no features of scale 0l  as expected from the refractive index structure function. This is likely to 

be due to the limited number of Zernike modes used in the computation. The number of modes needed 

can be calculated by considering the residual mean squared error as an increasing number of Zernike 

modes are used, as given by [112]: 

 

3
-

20.2859 j 1j j∆ ≈ ≫  (4.2.13) 

Where 
j

∆  is the mean squared residuel of phase difference, j  the sum of Zernike modes relative to a 

Kolmogorov phase screen (Figure 80). As more modes are added, the residuel will asymptotically 

approach zero. A large number of modes are therefore required. [87] suggests 120 modes are sufficient. 

 

 

 

 

 

 

 

Figure 79. An example of phase screen generated with 50 modes with 0/ 1D r = . 

 

Figure 80. Mean squared residual phase error as a function total number of Zernike modes. 
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 The second problem encountered was the memory requirement for storing pre-calculated Zernike 

modes. For 50 modes, total memory of 8x7682x50/1048576 = 225Mbytes is required. For 120 modes, the 

memory requirement increases linearly to 540Mbytes. Hu [89] solves this problem by brute force, 

implementing all Zernike calculations ‘on the fly’, using a graphics processing unit (GPU). 

 An alternative method using spatial mid point interpolation (MPI) has been shown to produce a 

good approximation to a Kolmogorov phase screen with a large reduction in computation effort. MPI is 

an iterative method for creating realistic landscapes in computer graphics by exploiting the fractal scaling 

of turbulence, i.e. the structure is identical at any scale [118]. 

 An initial coarse phase screen is produced by numerically integrating the structure function from 

(4.2.5) to obtain a covariance matrix of a small number of points [110]. The points can directly be 

produced by using SVD on the covariance matrix and multiplying the orthogonal basis with a vector of 

normally distributed random numbers. This is numerically intensive, however, so it is pre-calculated once. 

The points form the edges of the phase screen (Figure 81A). 

 An interpolation of these coarse phase screen points can be achieved by considering 4 points 

( ), , ,a b c d  forming a square dimension d . If an interpolation point is placed in the middle ( )m , a linear 

interpolation results in: 

 
4

a b c d
m ε

+ + +
= +  (4.2.14) 

Where ε  is random displacement added after the interpolation (Figure 81B). Lane [118] calculated the 

variance of the interpolated point, and subtracting this from the theoretical calculation using (4.2.5) gives: 

 ( )
5 / 32 0.6091 dε =  (4.2.15) 

For the special case where the new interpolation point is located along an edge, the correction term takes 

different variance (Figure 81C), since: 

 
2

edge

a b
m δ

+
= +  (4.2.16) 

The variance is given as: 

 ( )
5 / 32 0.4471 dδ =  (4.2.17) 



 112 

The process is iterated until desired resolution is obtained. Again, the phase screen is finally scaled with 

( )
5 / 3

0/D r . 

    The MPI algorithm was implemented with MATLAB. A numerical solution to the integral 

given in [110] was used to obtain a covariance of 15x15 points, resulting in a matrix size of 225x225 pixels. 

An SVD() routine was used to decompose the covariance matrix into singular values in a diagonal matrix 

and a transformation matrix. These calculations were needed once, and the matrix was then stored in 

memory. The total time required was 20 minutes. The main MPI routine consists of an interpolator and a 

random displacement corrector. Edge effects were corrected by producing a slightly larger phase screen 

than required and trimmed to the specified dimensions. The total time required for the MPI calculation is 

less than 1 second for a phase screen of 768x768 pixels. An example of the phase screen generated with 

MPI is shown in Figure 81D. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 81. Diagram of the MPI algorithm and the 
resulting phase screen. 

 
(A) Initial phase screen pixels calculated directly 
from spatial covariance function. 

 
(B) New mid point generated by interpolation and 
residual addition.  

 
(C) Edge points with edge interpolation and residual 
addition. 

 
(D) An example of phase screen generated using 

MPI algorithm with 0/D r  = 1. 

(A) 

(D) 

(B) (C) 

 2m ε+  

 2

edge
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 The closeness of the generated phase screen to an ideal Kolmogorov phase screen can be 

estimated using the phase structure function given in equation (4.2.6). Figure 82A plots the numerical 

value of the structure function for three different phase screens calculated using 50 Zernike modes, 120 

Zernike modes, and the MPI algorithm. These were calculated for 1000 random phase screens with 0/D r  

= 1. A theoretical curve (Equation (4.2.6)) is also plotted. The result shows that by more than doubling 

the number of Zernike modes, the expected phase structure improves only slightly. It is interesting to see 

that even though the phase screen generated from the Zernike method is smooth, the structure of points 

close together does not diverge much from theoretical calculation. However, points a long distance away 

experience less variance theoretical values. This is because that high frequency component is missing from 

the phase screen, due to insufficient number of Zernike modes. The MPI algorithm produces a phase 

structure very closely matched to theoretical results. 

 A plot in Figure 82B shows the average maximum amount of phase shift against the strength of 

turbulence from 0/D r  = 1 to 4, using 50 phase screens generated with the MPI algorithm. 

 

  

 

 

 

Figure 82. (A) Numerical values of phase structure function for Zernike and MPI methods as a function of 

point separation. (B) Average maximum phase shifts versus 0/D r . 

(A) (B) 
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4.2.3 Binary phase only implementation of phase screen 

 

 The MPI algorithm was chosen as the most accurate method of generating a continuous phase 

distribution with Kolmogorov statistics. A physical representation of this phase distribution has to have 

enough phase modulation depth to accommodate the range of phase shifts. By using an SLM with 

modulation range of 2π , it is possible to wrap the phase values to within this range [87]. Because the 

high Zernike modes needed to accurately simulate a phase screen, deformable mirrors do not have the 

necessary fidelity for all these modes. They are therefore unsuitable for this application. Therefore, a 

binary phase only Kolmogorov phase screen on a high resolution liquid crystal SLM was suggested as a 

possible solution. 

 Previous studies had shown that using a binary phase hologram, it is possible to generate any 

continuous phase profile [120] by using the optical system in Figure 83A. This is achieved by using a 

binary phase only SLM encoded with a tilted phase distribution. A lens is then used to Fourier transform 

this modulated beam. The first order contains the desired spatial frequency information, which is 

subsequently filtered using a pinhole. The pinhole acts as a band pass spatial filter, removing unwanted 

higher spatial frequencies generated by phase binarisation. A second lens is used to transform filtered 

complex amplitudes back to the desired phase distribution. In this case, the effective phase pattern is 

located on the second lens. 

 

 

 

 

 

 

 

 

Figure 83. Wavefront generation from binary hologram with (A) spatial filter in Fourier domain  
(B) spatial filter in Fresnel domain. 
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 A simplified system overcomes the complexity by removing both lenses. Using Fresnel 

diffraction, the pinhole can be moved to the far field. Figure 83B shows a layout of the proposed optical 

set up. In this case, the effective phase pattern lies on the SLM plane. The beam then exits the SLM and 

propagates a further distance l . If l  is chosen such that the Fresnel number is greater than one: 

 
2

1
a

F
lλ

= ≥  (4.2.18) 

where a  is the size of the SLM, the beam experiences Fresnel diffraction. The complex amplitude 

( ), ,0U x y  after propagation within the Fresnel diffraction distance is given by an integral: 
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 Equivalently, this is written in the form of a Fourier transform, with a convolution kernel of a free space 

impulse response: 
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where ( ),C x y  is a complex phase curvature. If the complex beam amplitude is convolved with a linear 

phase tilt ( )exp 'i xφ , and considering only the x  axis, the integral becomes: 
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∫ ∫ (4.2.21) 

The field is simply translated in the l  plane, and the shift does not affect the distribution of the complex 

amplitude. By expressing binary quantisation of ( )', 0U x  as a summation of higher order terms [26]: 

 ( ), ,
2

n

B

n

n l
U x l U x l

φ

π

∞

=−∞

 
= − 

 
∑  (4.2.22) 

where 
n

U  is self convolution of order n . Phase tilt therefore separates these higher orders spatially, and 

by appropriately selecting the first order in the far field it is possible to obtain the original distribution. A 

numerical simulation of Fresnel diffraction of a phase screen was carried out using the Fresnel diffraction 
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algorithm described in [121]. The flow chart in Figure 84A summarises the algorithm. The algorithm first 

breaks down the propagating distance into small equidistant segments. This is needed due to limited 

sampling resolution of a numerical representation of the free-space impulse response. A circular beam is 

used to simulate a finite extent of a laser beam in a 768x768 pixel array. The path length is set to 3.5 

meters. Positioned in the middle is a binary phase hologram consisting of a continuous phase screen tilted 

with a linear phase shift in the ( ),x y  = (1,1) direction. These settings are used to simulate the phase 

screen model of optical turbulence using 40 separate instances of the phase screen. A square aperture 

100x100 pixel in extent is used to extract only the first order. Figure 84B compares the intensity 

distribution of the propagated beam for a continuous and tilted binary phase screen. These show good 

agreement between the two within the area occupied by the first diffraction order. 

 

 

 

 

 

 

 

 

 

Figure 84.  (A) Fresnel diffraction algorithm.  (B) Measured intensity of Fresnel diffracted beam with 
phase screen, and RMS difference between tilted binary and continuous phase only hologram. 
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4.3 Optical turbulence simulator 

 

 In previous sections, a theoretical review of optical propagation through random medium leads to 

the development of a phase screen channel model. An MPI phase screen generation algorithm is then 

compared with Zernike method, giving a good phase screen distribution compared to theoretical results. 

An optical turbulence simulator (OTS) can now be implemented. 

 The OTS consists of the optical system in Figure 85. An expanded HeNe laser emitting 10mW 

was used for the source. A reflective SLM (SLM A) is placed in the beam path, and is used for beam 

steering and wavefront correction. The SLM can be considered as a mirror for the remainder of this 

section. The beam is then focused and collimated with two positive lenses, reducing the beam size by 10 

times. The output beam can then be closely approximated by a Gaussian shaped beam described in 

section 4.1.5. The choice of these lenses is critical for obtaining a small collimated beam. The beam 

propagates a distance 1L  to a second reflective SLM (SLM B) that is used to display the phase screen 

calculated with MPI algorithm. The beam is then reflected to a detector placed at a distance 2L  from the 

phase screen. The total path length is 1 2L L L+ = . The system is tilted off-axis with a small tilt angle to 

save space. This is assumed to have a negligible effect on the system. 

 

 

 

 

 

 

 

 

 

Figure 85. Optical set up for the optical turbulence simulator with a Kolmogorov phase screen on SLM B. 
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 A Zemax simulation of a number of optical configurations were carried out. The optical 

configuration similar to the retro-reflecting base station in Chapter 2 was reproduced. The collimated 

beam radius was estimated by using the calculated beam radius at a plane 0.1m from the lens aperture. The 

distances between the elements were then optimised against spot radius at a distance of 50m. The optical 

elements consisted of an LA1142 25.4mm diameter positive lens with focal length of 60mm. The focused 

beam was then collimated with a Comar 03 0L 07 microscope objective. They were mounted co-axially 

with an SM1 lens tube system. The distance between the two elements was adjusted manually to achieve a 

collimated beam output, giving a beam radius measuring 1mm. 

 Using the thin phase screen model, the distance of the phase screen relative to the total path 

distance is a function of the Gaussian beam parameter [74]: 

 1

2

0

1
0.67 0.17

1

L L

L

 −
= −  

+ Λ 
 (4.3.1) 

Where 1L  is the distance between the transmitter and the phase screen, and 
2

0 02 /L kWΛ =  is the 

Gaussian beam diffractive parameter. Fixing L  to 3.8m, and the beam diffractive parameter 0Λ  = 0.774, 

the necessary values for 1L  and 2L  are 1.65m and 2.15m respectively. Using equation (4.1.45), the 

2 2/
I R

σ σ  ratio for this point was calculated to be to 0.33. 

 Both SLMs were controlled with a computer. The software and hardware components are shown 

in Figure 86. SLM A is a 4th Dimension Display FLC panel used in previous systems. SLM B is a vertical 

aligned nematic liquid crystal display from Cambridge Correlators, operating as a binary phase modulator. 

The device was masked to a square format, with dimension of 7.5mmx7.5mm at 768×768 pixels. The 

pixel dimension is 9.7µm×9.7µm. 

 The OTS system alignment was made by initially aligning the 0th order beam such that the 

elements are co-axial on the optical axis. A DC balanced hologram was used to generate a 1st order beam, 

with an angular deviation of 0.0125 radians. SLM B was then readjusted to coincide with the first order 

beam, and its angle adjusted to steer the reflected beam to the receiver. A phase screen was generated 

using the MPI algorithm and binarised as described in Section 4.2.3. This resulted in the first order beam 

that is 20mm away from the optical axis. 
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Figure 86. Computing platform for the turbulence simulator. 
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4.3.1 Detectors 

 

 Two different receivers were used to measure the on-axis beam intensity at the receiver. The first 

was a silicon photodiode detector with a 0.8 mm2 active area (DET10A manufactured by Thorlabs). The 

output was fed to a lowpass DC amplifier with bandwidth of 1 kHz. The voltage output from the 

amplifier was then digitised by National Instruments USB-6008 USB ADC. The device communicated 

with the work station using a custom Labview application, which passed the DC value measured to 

MALAB via an internal TCP socket. 

 The photodiode operated in reverse bias with a bias voltage of 12V. The peak DC voltage 

detected was 0.3V using a 10kΩ load resister. High load resistance reduced the detector bandwidth to 

within 1kHz. The amplifier has a DC gain of approximately -100. 

 A calibration of the amplified output voltage to optical power was used to correct for the voltage 

response of the photodiode. Measurements were made using variable power optical source, comparing the 

output from an optical power meter and the voltage output from the photodiode. Figure 87 shows a plot 

of the readings with linear and cubic fitting. 

 

Figure 87. Photodetector output voltage measured against optical power output. Linear and cubit fits are 
shown. 
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 A Canon EOS 20D digital SLR camera forms a second detector type to simulate a large aperture 

photodetector. The camera was used with a Tamron 90mm f/2.8 lens, with a lens diameter of 50mm. To 

avoid saturating the camera sensor, two polarisers were placed in the beam path in a cross polarisation 

configuration. The camera was calibrated to give a linear intensity response by setting the camera to a 

linear contrast setting. An USB connection connected the camera to the work station, using the gphoto2 

library, controlled within MATLAB. A routine was written to control the camera shutter and data transfer. 

Only the red pixel values were used, so the camera behaves effectively as an 8bit CMOS sensor. The 

image pixels are then integrated to obtain pixel values corresponding to the total received intensity. 

 

 

 

 

 

 

 

 

 

 For both configurations, an adjustable aperture is placed in the optical axis in front of the 

detector, ranging from 0.5mm to 15mm. The pin hole was placed in the centre of the 1st order, simulating 

an on-axis detector configuration. The aperture averaging effect could be measured by varying the 

diameter of this aperture. 

   

Figure 88. Camera and software for automatic camera shutter activation 
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4.4 Turbulence simulation results  

 

 The accuracy of the OTS is then tested against theoretical prediction at different turbulence 

conditions. Later, the receiver apertures are then increased to verify the theoretical calculation for the 

aperture averaging effect. 

 The MPI algorithm is used to generate increasing strengths of the Kolmogorov phase screen. The 

Rytov variances and predicted scintillation indices for a point detector are calculated from equation (4.2.3). 

The strength of the turbulence is normalised to 0/D r  , where D  is the width of the SLM B in Figure 85 

and ( )
3 / 5

2 2

0 0.16
n

r C k L
−

=  is Fried’s parameter. The numerical results are tabulated in Table 12. By 

using the Gaussian beam parameter 0Λ  = 0.744 and propagating distance of 3.8m, the scintillation index 

to Rytov variance ratio for this system is 
2 2/ 0.330

I R
σ σ = . 

 

0/D r  
0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 

2

n
C  (10-13) 0.0062 0.0198 0.0390 0.0629 0.0913 0.1237 0.1599 0.1998 

2

R
σ  (Rytov Variance) 0.0349 0.1108 0.2177 0.3516 0.5100 0.6912 0.8936 1.1164 

2

I
σ  (Scintillation index) 0.0115 0.0365 0.0718 0.1160 0.1683 0.2281 0.2949 0.3684 

 

 The simulated path distance and beam waist radius can be applied to longer propagating distances 

by using the definition of 0Λ  in equation (4.1.34). The applicable beam waist radius and transmission 

distance curve is plotted in Figure 89. As an example, the OTS configuration simulates a collimated beam 

waist radius of 1.75cm, propagating a total distance of 1000m. 

 

 

Table 12. Numerical values of phase structure constant, Rytov variance, and expected scintillation index for 
a point detector. 
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The statistical measurements are carried out using ensemble mean and variance. The expected intensity for 

a particular 0/D r  value is calculated using: 

 

j

N

I

I
N

=
∑

 (4.4.1) 

where 
j

I  is the intensity measurement for a phase screen, and N  is the total number of phase screens 

used. The scintillation index is calculated from the unbiased population variance estimate: 

 

( )

( )

2

2

2
1

j

N

I

I I

N I
σ

−

=
−

∑
 (4.4.2) 

The accuracy of the OTS can be estimated by calculating the 
2 2/

I R
σ σ  ratio from the measured 

scintillation index.  By considering the 
2

R
σ  as a function of 0/D r  for this particular beam waist and 

propagating distance: 

 ( )
5 / 32

09.03 /
R

D rσ =  (4.4.3) 

The 
2 2/

I R
σ σ  ratio is estimated using: 

 

2

2
9.03I

R

w
σ

σ
=  (4.4.4) 

where w  is the constant of proportionality for a fitted 5/3 power curve of 
2

I
σ  to 0/D r .  

Figure 89. Simulated beam radius as a function of transmission distance corresponding to 0Λ  = 0.744 
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4.4.1 Results for point detector 

 

 The theoretical pinhole detector can be closely approximated by choosing the detector aperture 

diameter to be smaller than the first Fresnel zone of the optical system [79]. The first Fresnel zone size 

p
D  is calculated using the expression: 

 p

L
D

k
=  (4.4.5) 

Figure 90 shows a plot of receiver aperture diameter versus the transmission distance that applies to this 

condition. For propagating distance of 3.8m, the required diameter is 0.64mm or smaller. An aperture 

diameter of 0.5mm diameter is used to satisfy this requirement. Both the silicon photodiode and the 

camera are used to compare the measurement results from the two detectors. 

 

 

 The scintillation index measurement for the silicon photodetector with 0.5mm diameter aperture 

is shown in Figure 91A. 500 phase screens were used per data point. The plot is fitted with a 5/3 power 

curve by using the least square fit. The theoretical prediction from Table 12 is also plotted for comparison. 

Using the fitted curve, the 
2 2/

I R
σ σ  ratio is then measured to be 0.364. The predicted value of 

2 2/
I R

σ σ  

is 0.330, giving a difference of 10%. 

Figure 90. Aperture size corresponding to first Fresnel zone as a function of propagating distance 
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 The measured mean intensity is plotted with predicted values in Figure 91B. The predicted mean 

intensity is calculated using equation (4.1.38). It can be seen that the measured and calculated results are in 

good agreement. 

 

 

Figure 91.  Results of the OTS using 0.5mm diameter aperture and with the photodiode detector 
 

(A) Plot of the measured scintillation versus 0/D r , corresponding to scintillation index result for a point 

detector. Data is fitted with (5/3) power curve. 

(B) Plot of the measured mean detected intensity versus 0/D r  and theoretical prediction. The error bar 

shows one sample standard deviation. 
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The OTS was then tested using the same 0.5mm aperture diameter, but with a camera as the 

photodetector. 120 phase screens were used per data point. Figure 92A shows the measured scintillation 

index fitted with a 5/3 power curve . The measured scintillation index produces a 
2 2/

I R
σ σ  ratio of 

0.334, while the theoretical value is 0.330, giving a difference of 1.2%. 

The mean intensity is then plotted in Figure 92B. The results from the camera produces a 

shallower slope than predicted using equation (4.1.38), although it is within reasonable bounds of 

experimental error due to fewer number of phase screens. Again, the measured result shows good fit to 

theoretical prediction. 

These results clearly show that the OTS can accurately produce the same statistics as predicted by 

the weak turbulence theory. Both silicon detector and the camera produce similar scintillation index 

results, as well as the mean intensity. Measurements for aperture averaging can now be made using a 

detector that accommodates the larger aperture diameter.
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Figure 92. Results of the OTS using 0.5mm diameter aperture and with the camera detector 

 

(A) Plot of the measured scintillation versus 0/D r , corresponding to scintillation index result for a point 

detector. Data is fitted with (5/3) power curve. 

(B) Plot of the measured mean detected intensity versus 0/D r  and theoretical prediction. The error bar 

shows one sample standard deviation. 
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4.4.2 Results for aperture averaged detector 

 

 The effect of aperture averaging is to reduce the scintillation index, as described in Section 4.1.5. 

The aperture averaging factor A  can be predicted using the circular symmetric covariance function of 

intensity (Appendix C) and equation (4.1.45). Two aperture sizes of 0.8mm and 2mm were used with the 

OTS, and compared to the theoretical prediction. Plots in Figure 93A and B show the aperture size versus 

the transmission distance associated with these apertures. 

 

 

 

 For the case of 0.8mm aperture diameter, the silicon detector was used. The scintillation index is 

plotted in Figure 94A and fitted with a 5/3 power curve. The measured 
2 2/

I R
σ σ  ratio found to be 

0.2126, giving the measured aperture averaging value A  of 0.6442. The theoretical value of A  was 

calculated to obtain the value of 0.656. The predicted 
2 2/

I R
σ σ  is therefore 0.2163, corresponding to 3% 

difference to the measured results. The mean intensity is plotted in Figure 94B.  

Figure 93. Aperture size as a function of propagating distance 
(A) 0.8mm diameter aperture (B) 2mm diameter. 

(A) 

(B) 
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Figure 94. Results of the OTS using 0.8mm diameter aperture and with the photodiode detector 
 

(A) Plot of the measured scintillation versus 0/D r , corresponding to scintillation index result for a point 

detector. Data is fitted with (5/3) power curve. Aperture factor A  is 0.656. 

(B) Plot of the measured mean detected intensity versus 0/D r  and theoretical prediction. The error bar 

shows one sample standard deviation. 
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 For the case of 2mm aperture diameter, the silicon detector was unable to accommodate the 

whole of the aperture. Instead, the camera was used for the intensity measurements. Figure 95A plots the 

measured scintillation index, showing the 
2 2/

I R
σ σ  ratio to be 0.0136. The measured value of A  is 

therefore 0.041. The theoretical value of the aperture averaging factor A  is 0.136 in this case, giving the 

predicted 
2 2/

I R
σ σ  ratio of 0.045. The difference between these two is 230%.  

 

 

Figure 95. Results of the OTS using 2mm diameter aperture and with the camera detector 
 

(A) Plot of the measured scintillation versus 0/D r , corresponding to scintillation index result for a point 

detector. Data is fitted with (5/3) power curve. Aperture factor A  is 0.136. 

(B) Plot of the measured mean detected intensity versus 0/D r  and theoretical prediction. The error bar shows 

one sample standard deviation. 
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 For the 2mm aperture diameter, it is clear from Figure 95 A and B that the theoretical results do 

not fit with the scintillation and mean intensity measurements. The measured scintillation index is 

significantly lower than predicted, while the measured mean intensity is significantly higher. Previous 

extended medium measurements under real atmospheric conditions have found the theoretical results to 

agree well with measurement data [122], suggesting that the turbulence simulator cannot be used for large 

apertures. A likely cause is the finite pixel size of the phase screen, which limits the inner scale 0l  that can 

be represented. Since small scale structures affect the large scale beam properties, Andrews showed that 

this can affect the aperture averaging effects [79]. Further aperture averaging measurements were therefore 

limited to a 0.8mm aperture diameter. 

 The OTS has been shown to provide an accurate physical simulation of the turbulent conditions. 

The scintillation index and mean intensity results match well with the theoretical predictions, provided the 

aperture size is small. Binarisation of the phase screen did not pose a problem with the intensity 

measurements. The OTS can now be used to develop a novel adaptive optics system designed to reduce 

the effect of turbulence in the next chapter. 

 



 132 

4.5 Wavefront sensor-less adaptive optics 

 

 Aperture averaging has been shown to reduce scintillation index significantly. Recently, in 

addition to aperture averaging, there has been a large interest in using adaptive optics to compensate the 

phase fluctuations caused by the atmosphere. An adaptive optics (AO) system consists of a wave front 

detector, a phase compensation device (normally an SLM), and a controller that feeds detected wavefront 

distortion back to a phase modulator (phase conjugation). Most AO systems are designed to reduce 

scintillation associated with imaging, for example, phase correction at the receiver aperture to enhance 

focal plane contrast. In a communication system, the desired AO property is to concentrate optical power 

within a receiver aperture, and this must be done at the transmitter (Figure 96). By doing so, it is possible 

to further reduce the scintillation index using multiple transmission beams due to mutually independent 

paths, and this will be discussed in Section 4.6. A key problem with any AO system is how to measure the 

phase disturbance at the receiver, while phase is conjugated at the transmitter. The problem can be 

separated into two parts. 

 

 

 

 

 

 

 

 

 

 

 The first is the phase measurement feedback from the receiver to the transmitter. If a channel is 

severely compromised by fading, it is not possible to send a reliable, high data rate optical signal back to 

Figure 96. A diagram of a typical AO system with feedback loop 
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Plane 

Turbulent 
atmosphere 
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the transmitter. By keeping the bit rate needed for the feedback loop low, this problem might be alleviated 

by using a slow and heavily error corrected optical signal. 

 The second is the limitation of the wavefront phase measurements inside the receiver aperture. At 

a high scintillation index, the beam is likely to be considerably larger than the receiver aperture; therefore 

the sensor can not sample the whole extent of the beam. Also, any practical implementation of the sensor 

has noise and maximum temporal bandwidth that can limit the accuracy of the phase measurements. 

 A proposed AO system with no wavefront sensor is described in this section. The system uses a 

sensorless method to estimate Zernike modes present in the random medium. Zernike modes are efficient 

for interpolating a phase distribution, and only a small number of modes are needed. The method also 

optimises the whole beam, which could result in larger reduction in scintillation. Using the OTS described 

in previous section, the system performance is measured in terms of scintillation index reduction, and the 

mean received intensity. A Bit Error Rate estimation of the channel is then carried out. 

 

 

4.5.1 Wavefront sensor-less Zernike modes estimation 

 

 Up to now, the time dependent component of the phase fluctuation has been assumed to be 

discretised into separate and discrete manifestations. A continuous time dependent evolution of a phase 

fluctuation can cause frequency spreading around the carrier frequency. However, this is usually applicable 

only to acoustic and low frequency radio waves [73][123]. For optical frequencies and moderate 

turbulence, a quasi-static turbulence model can be used to approximate turbulence processes [124]. This 

method, or Taylor’s frozen flow hypothesis [125], assumes turbulent flow to be virtually static within a 

specific time scale. The time scale is proportional to the perpendicular component of the bulk fluid’s 

velocity, in this case the wind speed. During this period, the electric field amplitudes are strongly 

correlated temporally. A typical metric used for this period is Greenwood’s time constant [126][127]:  

 

5 / 6 1/ 6

00.53r D

V
τ

⊥

≈  (4.5.1) 
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Where 0r  is Fried’s parameter, D  is the transmitter diameter and V⊥  is the velocity component 

perpendicular to propagation path. Typical 1km daytime visible FSO links exhibit a correlation time of 1-

2ms [128]. However this can deteriorate to 0.5ms in severe turbulence. An AO system needs to be 

designed so that phase measurements and compensations occur within this time. 

 Assuming that turbulence is static, the beam propagation from an AO system can be modelled as 

shown in Figure 97. 

 

 

 

 

 

 

 

 

 

 The complex field amplitude at the transmitter plane is represented as ( )', ', 0U x y  and at the 

receiver plane ( ), ,U x y L . The random medium is considered to be static, and therefore it is possible to 

write a deterministic expression for phase shift as ( )', ', ,x y x yψ . In effect, this function produces phase 

shifts for a straight line between two points in the transmitter and receiver planes. The SLM modulates the 

transmitted beam with a spatial phase distribution ( )', 'x yφ− . Assuming that the beam width is much 

smaller than L , and initially setting ( )', 'x yφ  to zero, the complex amplitudes can be related using the 

Fresnel diffraction integral (neglecting a constant phase term): 

( ) ( ) ( ) ( ) ( )( )2 2
, , ', ', 0 exp ', ', , exp ' ' ' '

2

ik
U x y L U x y i x y x y x x y y dx dy

L
ψ

 
= − + −     
∫∫

 (4.5.2) 

Figure 97. Channel model of wavefront sensorless AO system, with complex amplitudes and phase shifts 
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The phase fluctuation term ψ  modulates waves traversing a particular straight-line with a phase shift. To 

reduce the multiplicity of paths available, if a pinhole is placed in front of the receiver only waves that 

converge to the aperture contribute to the amplitude calculation. The expression then reduces to: 

 ( ) ( ) ( ) ( )2 20,0, ', ', 0 exp ', ' exp ' ' ' '
2

ik
U L U x y i x y x y dx dy

L
ψ

 
= +     
∫∫  (4.5.3) 

The transmitted amplitude for a Gaussian beam can be closely approximated using a uniform circular 

beam radius 0r  and constant amplitude A . With transformation to cylindrical coordinates, the receiver 

intensity becomes: 

 ( )
0

2
2 2

2

0 0

exp , exp
2

r
ikr

I A i r rdrd
L

π

ψ θ θ
 

=     
 

∫ ∫  (4.5.4) 

If the SLM phase distribution ( ),rφ θ−  is non-zero, and normalising 0/r r r= , the expression becomes: 

 ( ) ( )
2

2 1

2 2

0 0

exp , ,I A i r i r i r rdrd

π

ψ θ α φ θ θ′ ′ ′ = + − ∫ ∫  (4.5.5) 

Where 
2 1

0 0/ 2kr Lα −= Λ≃ , ψ ′  and φ ′  are normalised phase distributions with respect to the beam 

width 0r . Since ψ ′  and φ ′  are phase only functions, they can be decomposed into orthogonal Zernike 

modes [129]. The Zernike decomposition of ψ ′  can be derived by considering the Zernike amplitude 

covariance given in equation (4.2.12). A spherical wave requires a solution to: 
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=

∫ ∫

 (4.5.6) 

The solution was found analytically to be a 3/8 factor different from the plane wave solution given by 

Wang [119] and Roddier [111] (Appendix D). The factor 
2

i rα  can be identified as a Zernike defocus 

mode without piston. Incorporating this factor into ψ ′  reduces the expression to: 
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 ( )
2

2 1

2

0 0

exp ,I A i r rdrd

π

θ θ′= Ψ  ∫ ∫  (4.5.7) 

Where the Ψ  is the phase residual written as a summation of N  Zernike modes: 
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 (4.5.8) 

Because Zernike polynomials are orthogonal, their amplitudes contribute to the intensity value 

independently. For a small phase difference, the intensity fall off is given as a function of Zernike 

amplitudes [129]: 

 
2 2

1

1
N

n

n

I A c
=

 
′≈ − 
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∑  (4.5.9) 

Typically, random phase shifts in the medium causes the intensity to fall below an optimal value. For a 

mode 
m

c , adding a correction in φ ′  with positive and negative Zernike amplitude b , the intensity is 

given by: 
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 (4.5.10) 

The Zernike mode can then be calculated using a quadratic fit to the intensity measurements [130]: 
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+ −
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− +
 (4.5.11) 

Where 0I  is the intensity measurement without phase correction. The step size b  varies with the 

expected Zernike amplitude given by equation (4.5.6). The flow chart in Figure 98 summarises the 

procedure. Zernike mode estimation uses three intensity measurements, 0I , I+  and I− , which are 

measured using a constant step size b . The test aberration step size is chosen to be larger than the 

aberration. For large aberrations, the measured intensity follows a Lorentzian like curve [130] and a 
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quadratic fit does not perform well. As an example, in Figure 99, two quadratic fits from small and large 

aberrations produces highly inaccurate fit. A conservative solution was found by choosing only estimates 

within the bound of two step sizes, as shown in Figure 98.   

 In contrast with spatially sampled devices such as the Shack-Hartmann wavefront sensor [131], 

samples are taken in the time domain. A simple point detector such as a fast photodiode can therefore be 

used for intensity measurements. The number of samples per second required for N  modes is 

( )2 1 /N τ+ , where τ  is Greenwood’s time constant. If 10 modes are required, and τ  = 1ms, the 

minimum sampling frequency is 21 kHz. Although the quadratic fit is not optimal when compared to the 

N -dimensional simplex described by Booth [132], which requires only 1N +  measurements, it does not 

have to iteratively search for the optimal value of phase distortion and reduces the amount of information 

sent to the transmitter. 

  

 

 

 

 

 

 

 

 

 

 

 

Figure 98. Flow chart of wavefront sensorless Zernike mode estimation.  
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Figure 99. Lorentzian function and fitted quadratic from two sample points locations, showing possible 
fitting errors. 
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4.5.2 Optical system layout 

 

 Wavefront sensorless correction was implemented in the optical turbulence simulator (OTS) 

software controller described in the previous section. The flowchart in Figure 101 summarises the 

software controller. The system was initially tested against single Zernike distortions displayed on SLM B.  

 During testing of the optical system, it was discovered that a translational beam misalignment at 

the transmitter can severely disrupt the beam position at the detector. It was expected that due to far-field 

diffraction, the misalignment would not produce a difference. A computer simulation was carried out to 

investigate this effect. First, the on-axis diffracted beam intensity at the detector plane is shown in Figure 

100, A1, B1 and C1 for the case of a tilted binary phase only hologram. With defocus and astigmatism 

applied, the intensity centroid remains in the same position. With the misaligned beam in Figure 100 A2, 

B2 and C2, however, the centroid is clearly translated in the direction of the misalignment. The translation 

is found to be proportional to Zernike amplitude and inversely proportional to the propagating distance. 

As distance increases to far-field Fraunhofer regime, the translation becomes negligible. 

 

 

 

 

Figure 100. Computed Fresnel diffraction for (A1) on-axis and (A2) off-axis circular beam. Zernike modes 
applied: (B) defocus (C) astigmatism. Difference for (D1) defocus and (D2) astigmatism. 
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 The optical layout was changed to Figure 102 by including a steerable mirror for fine beam 

adjustment on SLM B. Manual adjustment was carried out by applying alternating positive and negative 

Zernike modes on SLM B. The tilt mirror was adjusted to minimise translation at the receiver. For SLM 

A, spatially shifting the pixels in software was used to align the phase pattern to the beam axis.  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Figure 101. Software controller with wavefront sensorless Zernike estimation. 

Figure 102. Optical layout of precision beam alignment system for SLM B. 
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 The performance of Zernike correction was measured for modes from j  = 4 (defocus) to j  = 9 

(coma). Tilt was excluded since the on-axis scintillation index does not improve with beam tracking [74].  

Measurements of intensity fall off due to Zernike modes were recorded and plotted in Figure 103. The 

variation is clearly similar to a Lorentzian curve, with the width varying with the mode number. 

 

                    

                    

Figure 103. Intensity measurement as a function of Zernike amplitude for:  (A) Defocus  
(B) Astigmatism 1 (C) Astigmatism 2 (D) Coma X-axis (E) Coma Y-axis 
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 In order to assess the Zernike correction performance, a test using an individual Zernike mode 

correction was carried out. An individual Zernike mode from j  = 4 (defocus) to j  = 10 was displayed 

on to SLM B. The Zernike amplitude was normally distributed with a variance of 4. Wavefront sensorless 

correction was applied using the same Zernike mode on SLM A. Uncorrected and corrected intensities 

were then recorded along with estimated Zernike amplitudes. Zernike mode estimation performance and 

corrected intensity for the defocus mode are shown in Figure 104 A and B. The estimated amplitudes 

closely match the applied amplitudes in most cases. However, due to the large defocus term from free-

space propagation only the negative correction is effective. Results for astigmatism 1 and 2 (corresponding 

to j  = 5 and 6) are shown in Figure 105. 

 

 

 

 

Figure 104. Defocus distortion and correction. 
(A) intensity of uncorrected and corrected beam (B) Zernike amplitude estimates. 
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Figure 105. Astigmatism distortion and correction. 
(A) & (C): Uncorrected and corrected intensity measurements for Astigmatism 1 and 2. 

(B) & (D): Applied and estimated Zernike amplitudes for Astigmatism 1 and 2. 
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 Correction for astigmatism yields a more consistent performance. Corrected intensity fluctuates 

significantly less for both modes. The estimated Zernike amplitude matches the applied modes relatively 

well for the two astigmatisms. 

Figure 106 shows the measured results for coma x and y (mode j  = 7 and 8). The results show 

no reduction in intensity fluctuation, while the mode amplitudes are not accurately estimated. This is due 

to the shape of the function of intensity versus coma mode amplitude being very non-parabolic as shown 

in Figure 103D-E. The fitting error caused is evident from the estimates sometime swinging wildly from 

negative to positive as seen in Figure 106C and D. 

 Due to poor coma estimation performance, modes chosen for adaptive optics optimisation are 

defocus and two astigmatisms. From Table 11 and equation (4.2.13), the lower order Zernike modes are 

dominant in a Kolmogorov phase screen, which suggest that these three modes are sufficient for a 

significant scintillation reduction. A Kolmogorov phase screen was then used to measure the performance 

of the system in real turbulence conditions. 
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Figure 106. Astigmatism distortion and correction. 
(A) & (C): Uncorrected and corrected intensity measurements for Coma x and y 

(B) & (D): Applied and estimated Zernike amplitudes of Coma x and y. 
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4.5.3 Scintillation index results 

 

 Turbulence correction was performed on a weak turbulence condition modelled using 

Kolmogorov phase screens. Turbulence strength ranged from 0/D r  = 0.5 to 4. A 0.5mm pinhole was 

placed in front of the photodiode detector, which behaves as a point detector. Each phase screen was 

estimated using wavefront sensorless estimation for defocus, astigmatism 1 and 2, and the correction 

applied to SLM A. 100 phase screens were used per data point. Figure 107 shows the scintillation index 

versus 0/D r  with and without correction. 

 

 

 The scintillation index is again fitted using with a 5/3 power curve, obtaining a 
2 2/

I R
σ σ  ratio of 

0.214 corrected and 0.385 for uncorrected beams, producing a 44% improvement over the uncorrected 

beam. The intensity variation is plotted in Figure 108. The AO corrected intensity has been smoothed out, 

and significantly decreases the deep fading periods. 

 

Figure 107. Measured scintillation index with and without defocus + astigmatism 1 and 2. 
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 In reality, an FSO system consists of a finite receiver aperture, and aperture averaging must be 

taken into account as well as phase correction. A simulation of aperture averaging was achieved by 

recording the phase screen used to estimate Zernike corrections with the 0.5mm aperture. These were 

then ‘replayed’ with and without the phase corrections obtained in the previous experiment. The aperture 

size is set to 0.8mm. The measured scintillation indices for no correction, correction with point detector, 

and correction with aperture averaging are shown in Figure 109. They are fitted with a 5/3 power curve. 

The intensity variations of corrected aperture averaged case are plotted in Figure 110. Again, deep fade 

periods are reduced with phase correction. 

Figure 108. Intensity measurements of uncorrected intensity (blue) and corrected intensity (red) 

distribution for 0/D r  of 1-4 for (A)-(D) for a 0.5mm aperture. 
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Figure 109. Measured scintillation index with and without defocus and astigmatism 1 and 2, with an 
aperture of 0.8mm, simulating the aperture averaging effect on the corrected beam. 

Figure 110. Intensity measurements of uncorrected intensity (blue) and corrected intensity (red) 

distribution for 0/D r  of 1-4 for (A)-(D) for 0.8mm aperture. 
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 Aperture averaging further reduced the scintillation index to 0.123, or a 68% improvement. 

Recalling Figure 94, aperture averaging alone provides a 41% reduction along with the AO system 

providing a 44% reduction. The reductions combined provide a theoretical reduction of 67%. This 

suggests that the two reduction methods can be considered to provide independent scintillation reduction. 

The maximum bit error rates for the AO system can be calculated using the intensity PDF from equation 

(4.1.56) and (4.1.57), using a log-normal distribution. A plot of the maximum bit error rate for OOK in 

Figure 111 is shown with respect to 0/D r , using 0Λ  = 0.774.  
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 The BER improvement is greatest in weak turbulence, providing two orders of magnitude 

reduction. At stronger turbulence condition the improvements diminishes quickly above 0/D r  of 2, even 

though results show a large improvement in scintillation index. This is because the intensity follows a log-

normal type distribution, thus the difference in the likelihood of a deep fade is small for large scintillation 

index.   

 

Figure 111. Minimum BER for uncorrected, corrected point receiver, and corrected with aperture averaging 

using the 
2 2/

I R
σ σ  ratios. 

Uncorrected 

Corrected, point detector 

Corrected with 0.8mm 
aperture 
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4.6 Multiple Gaussian beams scintillation reduction 

 

 An adaptive optics (AO) system relies on dynamic wavefront correction to compensate for phase 

fluctuations present in the atmosphere. The main assumption for an implementation of AO is the 

availability of phase measurements either directly from the wavefront, using a sensor such as a Shack-

Hartmann, or from indirect Zernike measurement methods described in previous sections. A wavefront 

sensorless AO system shows a significant reduction in scintillation index and subsequently a significant 

decrease in calculated bit error rates. In conjunction with aperture averaging at the receiver, it was shown 

that it is possible to reduce scintillation index even further. However, the atmospheric coherence width 0r  

places a limit to the maximum useful aperture diameter. In practice, even larger scintillation reduction is 

likely to be required for a high availability, long range FSO link.  

 An interesting development in recent years has been the use of partially coherent beams as a way 

to reduce effects of turbulence on a propagating optical beam [133][74]. The technique originated from an 

observation that the expected scintillation index from weak to moderate regime is much greater than in 

very strong turbulence. Clifford [134] used simplified assumptions of spatial coherence loss to verify 

experimental results with theoretical calculations. Since then, there has been on going research into using 

artificially created partially incoherent beams to further reduce the effects of atmospheric effects 

[135][136][137]. Large reductions are theoretically possible for weak turbulence regime [136]. 

 Two problems are apparent in using this technique. First, a partially incoherent beam is created 

using a random phase screen at the transmitter as shown in Figure 112A. The phase screen time constant 

must be smaller than the receiver time constant for scintillation reduction to occur [74]. For high speed 

optical links, the time constant is in the range of nanoseconds, which is a challenge to create a changing 

phase screen at this rate. Second, the incoherent nature of the transmitted beam means adaptive optics 

and other wavefront measurements can not be made. Therefore, only aperture averaging is possible at the 

receiver.  

 Many commercial products use a form of partially coherent beam with good results [138]. It was 

found that using two or more laser sources that are not coherent with respect to one another reduces the 
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scintillation index. Peleg [139] was able to derive analytical equations for calculating the scintillation index 

of two mutually incoherent Gaussian beams set up as in Figure 112B. This is achieved in practice using 

two laser sources with slightly different wavelengths. By placing the beams on parallel paths, significant 

scintillation reduction was shown theoretically and experimentally [140]. Using a numerical wavefront 

simulator, Xiao [141] suggests that changing the beam geometrical configuration can have a large and 

beneficial impact on the scintillation index. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 In this section, the use of multiple Gaussian beams to reduce scintillation index in weak 

turbulence conditions is investigated. Theoretical derivations are given, based on Peleg [139] for parallel 

beam configurations. This is then extended to give new sets of analytical equations for scintillation index 

calculation of converging and diverging Gaussian beams. Numerical integration results are then presented 

Figure 112. Diagrams of (A) Partially coherent beam using phase screen at the transmitter. 
(B) Parallel mutually incoherent beams 
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and compared. Finally, bit error rates are calculated for multiple Gaussian beams, with and without 

adaptive optics correction described in previous section. 
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4.6.1 Multiple Gaussian beams 

 

 For the configuration in Figure 112B, the total electric field at the transmitter for N  multiple 

Gaussian beams can be written as: 

 ( )
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where r  is the two dimensional positional vector and 
j

d  is the two dimensional beam displacement 

vector from the optical axis. 0W , k  and 0F  are the beam radius, wave vector and beam curvature as 

defined in Section 4.1.5. Time dependent components are neglected since the beam frequency differences 

results in beat frequencies that are much higher than the bandwidth of the receiver. The Gaussian beam 

parameters Θ  and Λ  follow the same definition as Section 4.1.5. Using the Rytov approximation, and 

letting = −
j j

r r d , the total field at the receiver is written as perturbed fields: 
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Because the beams are mutually incoherent, the intensity can be written as a summation of individual 

intensities since any mutually coherent parts are zero-averaged at the beat frequency. Assuming a receiver 

with a  uniform optical spectral response, the expression becomes: 
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The scintillation index can then be written as first and second intensity moments: 
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 (4.6.4) 

From the Rytov method in Section 4.1.5, the mean intensity term can be approximated using a 

Kolmogorov spectrum: 
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where 
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Λ
 is the average beam radius at the receiver and 

R j
σ  is the Rytov variance for specific 

j
k . For the second moment, self terms that can again be expressed by using results from Section 4.1.5: 
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Since there is an area of beam overlap, Peleg [139] derived the cross terms using a modification to the 

standard Rytov approximation, taking into account the differences in position and wave number: 
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where 2 jm
E , 2mj

E  and 3 jm
E  are complex phase moments given as: 
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where ( )( )1 1
j j j

iγ ξ= − − Θ + Λ , 0J  is Bessel function of the first kind, and 1
z

L
ξ = −  where z  is 

the distance from the transmitter. Numerical results can be obtained by considering two Gaussian beams 

with separation distance of 2d  in the y-axis (Figure 112). Using a collimated beam width of 0.01m, L  = 

1000m, 1λ  = 1000nm, and 2λ  = 1010nm, the scintillation index for a set of turbulence strengths is 

plotted in Figure 113. It can be seen that a turbulence reduction of 0.6 is obtained at a separation distance 

of 2.3cm for all turbulence strengths. At large separations, the scintillation index increases rapidly due to 

the large radial scintillation index from the standard Gaussian beam results. 

 

 

 

A modification to the beam geometry was suggested by [141] to point the beams directly into the 

receiver aperture instead of parallel propagation. Numerical wavefront simulation suggests a reduction in 

separation distance sensitivity. Figure 114 shows the converging two beam geometry.  

 

 

 

Figure 113. Plot of scintillation index against separation distance between two Gaussian beams for various 
strengths of turbulence 
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The beams separation distance can be approximated as a function of ξ  by using the definition 1
z

L
ξ = −  

in Equation (4.6.8). The complex phase moments for converging Gaussian beams therefore are 

represented as: 
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 (4.6.9) 

 

Another beam geometry that can be considered is a diverging beam case, where two beams originate from 

a single aperture. The beams are tilted off axis such that beams are overlapped over the receiver aperture 

as shown in Figure 115. 

Figure 114. Two Gaussian beams pointing to the receiver (converging beams) 
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A similar expression can be obtained for diverging beams: 
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Using numerical integration, it is possible to estimate the scintillation index. Figure 117 shows a plot of 

the scintillation index for a point receiver for increasing value of beam separation distance d , with a 
2

n
C  

value of 3x10-15. The dashed line indicates the lowest possible scintillation index by considering 

independent paths between the beams, for example when separation distance is large: 

Figure 115. Two Gaussian beams pointing away from the receiver (diverging beams) 
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The curve for converging beams matches results published using numerical wavefront simulation [141] for 

beam separation of 5cm or less. The scintillation index is found to be less sensitive from changes in 

separation distance compared to parallel beams, while requiring twice as large a separation distance, at 

5.1cm. A larger distance is found to increase the scintillation. This is possibly due to the break down of 

the approximation used to obtain equation (4.6.9) at large beam distances, and the effect is not present in 

[141]. The minimum scintillation indexes for both cases are approximately the same as statistically 

independent beams. Divergent beams are found to produce little scintillation index reduction, however a 

small minimum is observed at separation distance of 1.2cm.  

Figure 116. Plot of scintillation index against separation distance between two Gaussian beams with 
parallel, convergent and divergent different beam geometries. 

 



 159 

 The beam configuration can be extended to more than 2 beams. The scintillation index for 

parallel, convergent and divergent 4 beams symmetrically distributed around the optical axis with 

wavelengths of 1.00, 1.01, 1.02 and 1.03 µm are plotted in Figure 117. 

 

 

With four beams, all configurations obtain reduction in scintillation index relative to two beams. 

Again, the minimum scintillation indexes for parallel and convergent beams are approximately the same as 

independent beams. The separation distance for minimum scintillation with parallel beams has been 

increased to 3.2cm, and for convergent beams to 6.4cm. 

 

Figure 117. Plot of scintillation index against separation distance between four Gaussian beams with 
parallel, convergent and divergent beam geometries. 
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4.6.2 Bit Error Rates for multiple beams 

 

 For a greater number of beams, the integration for cross terms grows as a function of number of 

beams squared. The computation time can therefore increase quickly. A lower bound for converging 

beams using independent beam paths using Equation (4.6.11) can then be used to estimate the scintillation 

index. Assuming that the effect of differences in beam wavelengths is negligible, the expression for 

scintillation index is reduced to having zero covariance: 
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where N  is the number of beams. 

 The separation distance d  needed to produce independent beams can be estimated by 

considering the minimum a  distance between adjacent beams as the transmitters are packed uniformly 

around a circle with radius d : 

 sina d
N

π 
=  
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 (4.6.13) 

 

 

 

 

 

 

a  can be approximated to be the separation distance for two converging Gaussian beams to produce 

scintillation index close to 2

indepI
σ , which is found to be 0.05m for the beam diameter and propagating 

distance considered in Section 4.6.1. Figure 119 shows a plot of d  as a function of N . 

 

Figure 118. Radially arranged transmitters centred on the optical axis and their relative distances. 
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The minimum BER can then be estimated using (4.1.56), (4.1.57) and a Log-normal distribution using the 

number of independent optical beams as shown in Figure 120. The optical turbulence simulator in Section 

4.5.3 demonstrated the AO system’s ability to independently reduce scintillation index with respect to 

aperture averaging. Using this result, a further scintillation index reduction by a factor of 3 (Section 4.5.3) 

can also be applied to each beam independently. 
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Figure 119. Plot of separation distance d  for a radially uniformly distributed transmitters around a circle 

radius d . 

Figure 120. Minimum BER using independent beams with and with out AO correction as a function of the 

number of converging beams ( N ). 
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The minimum BER is reduced significantly by using an AO correction since the number of corrections 

increases with the number of beams. However, this might be unfeasible in reality since all corrections 

must be performed within the turbulence time scale. 

 

4.7 Conclusion 

 

 A brief overview of Rytov weak fluctuation theory and relevant results has been presented. 

Numerical calculations for scintillation index and mean intensity for collimated beam gave very high bit 

error rates. An optical turbulence simulator consisting of a binary SLM has been implemented. The 

measured scintillation index and mean intensity due to Kolmogorov phase screen agree well with the weak 

fluctuation theory. The simulator also showed good aperture averaging factor agreement for smaller 

aperture diameters, but at a large diameter the scintillation index is found to be much smaller than 

predicted. 

 A wavefront sensorless adaptive optics system has been described and tested. By breaking down 

Kolmogorov phase screen into Zernike modes, the system was able to correct astigmatism and performed 

reasonably well for defocus distortion. The system was subjected to simulated turbulence and found to 

reduce scintillation by 44%. With aperture averaging, the performance increased to 68%. Bit error rates 

were calculated to give two orders of magnitude increase in performance for low turbulence strength. At 

high turbulence strengths, the BER improvement has been found to be roughly a factor of two.  

 Using multiple Gaussian beams, scintillation index expression for parallel, convergent and 

divergent beams were described as a function of their separation distances. Numerical results show that 

for parallel and convergent beams, significant scintillation index reduction was observed. At large 

separation, convergent beams were found to be statistically independent and the scintillation index 

expression can be greatly simplified. Bit error rates were found to be reduced by multiple beams, and can 

be improved significantly in conjunction when used with AO system. It is therefore evident that multiple 

methods are needed to reduce the bit error rates to suitable levels. 
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5 Conclusion and future work 

 

5.1 Conclusion 

 A high resolution ferro-electric liquid crystal display (FLC) device has been shown to function as 

a spatial light modulator for various free-space optical applications. These include holographic beam 

steering and forming, optical aberration compensation for transmitted beam, turbulent atmosphere 

simulation adaptive optics turbulence compensation system. The majority of the initial work revolved 

around binary phase modulation of FLC devices. Traditional binary hologram generation algorithms do 

not take DC balancing of the liquid crystal cells in to account, which can deteriorate the cell’s optical 

switching performance. By multiple small phase shifts during hologram generation stage, the cells can be 

DC balanced while producing very small intensity drop during balancing process. This is a key property 

for allowing complex phase patterns to be used on the FLC. 

 Numerical and physical demonstration of the DC balancing method’s effectiveness was carried 

out for single and multiple steered beams, achieving intensity drops of less than 11 percent between 

hologram frames. A free-space broadcast to two receivers was also demonstrated for communications 

bitrates. 

 By using the new DC balancing algorithm, a holographic beam steerer was designed and 

implemented for image based retro-reflecting target acquisition system. The beam steerer was used as a 

novel approach to correct for aberrations in beam angle magnifier, resulting in an increase in the 

transmitted beam power density. A software control system for acquisition and beam coordinate 

transform was also described. A software image processing routine that uses morphological filters to 

decrease the effects of ambient light was implemented and tested. The accuracy of the acquisition system 

was tested using an array of retro-reflectors, resulting in a measured mean acquisition error of 4.0x10-4 

radians. 

 The effects of atmospheric turbulence were then investigated for Gaussian beam transmission in 

weak turbulent condition using Rytov approximation and Kolmogorov spectrum. A novel optical 
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turbulence simulator was described. A binary phase screen was used with the conjunction of a receiver 

aperture to produce the same beam intensity as a continuous phase distribution. Scintillation index and 

intensity measurements were made which agreed well with theoretical prediction. 

 An adaptive optics turbulence compensation method was then described. It used wavefront 

sensorless Zernike modes estimation to simplify the phase aberration measurements. This allowed very 

simple point receiver to be used instead of more a complex wavefront sensing scheme. The optical 

turbulence simulator was then tested with the new adaptive optics system under various turbulence 

strengths. It showed a significant reduction in scintillation index. With aperture averaging effect, the 

scintillation index was reduced even further. The result indicated that the two methods for scintillation 

reduction can be regarded as independent. The minimum bit error rates were then calculated for these 

conditions. 

 Finally, multiple transmitted beam configurations were described. By using beams with different 

wavelengths, the expression for parallel was derived, and then extended to give new analytical expressions 

for the converging and diverging beams. The scintillation indices for all cases were found to depend on 

the separation distance, with different minima corresponding to their geometry. In the converging beams 

case, it was further found that the beams could be approximated to follow independent beam paths at a 

large separation distance. This reasoning was backed by the beams to have independent statistics, and 

therefore they could be independently corrected with an adaptive optics system. A numerical estimate of 

such system shows the reduction of the bit error rates to be significant. The combination of adaptive 

optics system and multiple mutually incoherent beams is therefore potentially a powerful technique to 

achieve higher link capacity. 
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5.2 Future work 

 

5.2.1 Binary phase hologram 

 Currently the computation time for the holograms is too long, leading to unacceptable beam 

steering performance for a real FSO system. In the case of the Iterative Fourier Transform algorithm, the 

speed of the Fast Fourier Transform is the bottle neck. Preliminary work has been done to use a Graphics 

Processing Unit (GPU) to accelerate FFT and optimising the memory access pattern such that all 

computation can be done on the GPU. The computation time was reduced to less than one second, 

compared to 17s on dual core CPU, using NVIDIA 8800GT and CUDA 2.2 library. A higher performing 

FFT on GPU implementation has now been published [142], which should lead to even faster calculation 

using IFT. The Direct Binary Search holds a promising future as the best algorithm for generating binary 

holograms [143]. Therefore, a GPU accelerated version will enable higher efficiencies at reasonable 

computation time. 

 A higher bit rate transmission test may be necessary to demonstrate the DC balancing scheme’s 

efficiency, by using higher a speed laser source and modulator. 

 Binary holograms generate unwanted orders that can compromise the secrecy of the 

communication link. Suppression of unwanted orders may be necessary by using a FLC SLM in 

conjunction with a passive phase screen [144].  

  

5.2.2 Retro-reflecting location acquisition 

 In order to decrease the acquisition error using retro-reflector targets, and reduce confusion from 

illuminated retro-reflecting materials such as road signs in an outdoor environment, a real FSO system 

using retro-reflecting location acquisition will require a retro-reflector design that can be distinguished 

using spatial information alone. In Chapter 3, a morphological filter was developed to reduce the effect of 

background illumination from ambient lighting by selectively subtract large areas of illumination. An 

extension may be used to place the retro reflectors in a pattern that can be recognised by software. An 
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example might be a circular ring of constant size as shown in Figure 121. This extra spatial information 

may reduce the likelihood of false positive and the acquisition error. 

 

 

 

 

 

 

 

 The aberration correction in the transmitter’s optics could be calculated automatically by using 

Zernike mode estimation used in Chapter 4. Higher Zernike modes should improve the optical power 

density of the out going beam. 

 The gradient search algorithm used for measuring the steering error may be adapted to the 

controller for dynamic beam tracking. Currently the gradient search feedback loop is not optimised as a 

tracking controller.   

 

5.2.3 Optical turbulence simulator 

 Currently, the optical turbulence simulator requires a calculation time in the range of seconds per 

manifestation of a phase screen. As reported in Chapter 4, real time phase screen calculation has been 

achieved by using inferior Zernike mode decomposition. A GPU accelerated MPI algorithm is technically 

possible, allowing accurate and fast implementation. With the fast switching time offered by FLC SLM, 

accurate real time turbulence simulator may be used in conjunction with a transmitter-receiver pair to test 

bit error rates under wide ranging turbulent conditions. 

 The weak phase fluctuation model of the turbulent atmosphere limits the range of the 

applicability for the calculations used in Chapter 4. A strong fluctuation model exists that predicts lower 

scintillation index than Rytov theory at large Rytov variance; however, spatial coherence reduction needs 

to be considered as well. This affects the accuracy phase screen approximation, such as the one used in 

Receiver aperture 

Retro-reflectors 

Figure 121. Possible retro-reflector arrangement to reduce probability of false positives and reduction in 
acquisition error 
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the optical turbulence simulator. An improved system must therefore incorporate the reduction in the 

beam coherence [79]. 

 Time evolution of turbulence eddies has largely been ignored by considering only individual 

manifestations of phase screens. Although this would give the worst case scenario which is sufficient for 

bit error rates calculation, time evolution might be useful of frequency domain signal analysis and filter 

design. Some work has been done in this area, by using Taylor’s frozen flow analysis to approximate 

crosswind flow in conjunction with Zernike mode decomposition. An MPI based approach may give 

more accurate phase screen that improves on the existing solution. 

 

5.2.4 Wavefront sensorless adaptive optics 

 The wavefront sensorless adaptive optics system described in Chapter 4 requires a feedback link 

from the receiver to the transmitter. For a completely wireless optical solution, a protocol is necessary to 

transmit this feedback data in timely manner. The development would need to consider error correction 

codes that can be processed within the turbulence timescale, despite large scintillation index. 

 The Zernike mode estimation does not take time evolution of the phase fluctuation, which may 

allow lower number of mode estimation to be made. This would require the development of a time 

dependent optical turbulence simulator as previously described. 

  The aperture averaging effect was demonstrated to offer independent reduction in scintillation 

index from the adaptive optics. However, further reduction in scintillation in necessary to meet the bit 

error rates of a typical requirement of 10-9 or better. Time diversity error correction codes have been used 

to further reduce the effect of scintillation index even further in simulation. Further investigation is 

needed to assess the effectiveness of coding with an adaptive optics system and aperture averaging. 

 For a practical implementation of the adaptive optics system, the optical beam needed to estimate 

the Zernike modes must be separate from the data carrying beam. The beams have to be aligned co-

linearly such that they both experience the same path. A possible solution is to use different polarisation 

states for the beams. A possible arrangement of this system is shown in Figure 122. The two FLC SLMs 
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controls the polarisation state independently. The modulated beam is then recombined to form a single 

beam as it leaves the transmitter. 

 

 

 

 

 

 

 

 

 

 

 

5.2.5 Multiple Gaussian beams 

 The use of multiple beams shows substantial reduction in the predicted scintillation index. By 

applying an adaptive optics system per individual beam, it is possible to reduce scintillation index even 

further. Since there is a practical limit of the number of beams, other ways of exploiting the spatial 

diversity in a multiple beam configuration should allow even lower bit error rates. An example is to use 

multiple emitters and multiple receivers, or MIMO, in conjunction with temporal diversity to produce 

efficient coding schemes.  

 

Unpolarised laser source 

Half-wave plate 

Polarising beam splitter 

FLC SLM A 

Recombined beam 

Small aperture detector 

Receiver 

Figure 122. A possible co-linear arrangement of Zernike mode estimation and data carrying beams 

FLC SLM B 
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7 Appendix A: Binarisation of  phase holograms 
 

 Consider a binary amplitude-only filter that approximates a continuous complex function ( )H u  

(the following derivation is done only in one dimension, but would equally apply to two dimensions.) 

 

  (7.1.1) 

 

where ( )arg H uξ =    . This is equivalent to assigning a 1 if a real part of function is greater than zero, 

and 0 otherwise. Generally this is the same form as a step function 

 

  (7.1.2) 

 

Laplace transforming this function gives rise to ( )
1

G s
s

= . 

Substituting ( )cosx ξ=  and apply inverse Laplace transform 
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Expanding the exponential into infinite series, it is possible to obtain an exact solution to the integral 
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The expression for binary phase becomes 
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And finally expanding the cos terms into their sums of exponentials 
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  (7.1.7) 

 

It clearly shows that the phase quantisation results in a superposition of various orders of 

continuous phase of the function. It also shows that there is an equal component of the complex conjugate 

of the phase function, which causes binary holograms to duplicate an image with 180° rotation around the 

origin. 
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8 Appendix B: Hypergeometric functions 

 

 Recently, due to the increasing popularity of computer assisted analytical integration methods, 

hypergeometrical functions are becoming more popular as a standard solution. This is particularly due to 

the use of Mellin transform based decomposition [100]. A hypergeometric function is defined by the 

algebraic series, where the coefficients are the parameters of the function. Many elementary functions are 

special cases of these functions, and fast algorithms exist for calculating hypergeometric functions. Two 

functions are used in this thesis, the confluent hypergeometric function and Gauss hypergeometrical 

function. 

8.1 Confluent hypergeometric function 

The confluent hypergeometric function 1 1F  is defined as: 
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a z
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and ( )
n

a  is the Pochhammer symbol: 
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8.2 Gauss hypergeometrical function 

The Gauss hypergeometrical function  2 1F  is defined as: 

 

( )
( ) ( )

( )

( )
( ) ( )
( ) ( )

( )

( ) ( )
( ) ( )

( )

2 1

0

2 1 1

1

, ; ; where 1
!

1
, ; ; ,1 ;1 ;

1
,1 ;1 ; otherwise

n

n n

n n

a

a

a b z
F a b c z z

c n

c b a
F a b c z z F a c a b a

b c a z

c a b
z F b c b a b

a c b z

∞

=

−

−

= <

Γ Γ −  
= − − + − + 

Γ Γ −  

Γ Γ −  
+ − − + − + 

Γ Γ −  

∑

(8.1.3) 



 184 

9 Appendix C: Covariance function of  Intensity 

 

The fourth order cross coherence function is defined by Andrews as [74]: 
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(9.1.1) 

where ( ),U Lr  is the electric field amplitude, and r  is the 2D position vector from the beam axis. The 

quantity 2E  and 3E  are defined as: 
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(9.1.2) 

A simplification can be made by assuming that only the intensity of the field is needed. For a circular 

symmetric case, the covariance function of intensity is written as a function of the radial distance from the 

optical axis: 

 ( ) ( ) ( ) ( ) ( ) ( )0, , 0, 0, , ,I L I r L U L U L U r L U r L∗ ∗=  (9.1.3) 

Substituting equation (9.1.3) into equation (9.1.1) and (9.1.2) gives: 

 ( ) ( ) ( ) ( ) ( ) ( ){ }2 30, , 0, , exp 2 0, , 2 Re 0, ,I L I r L I L I r L E r L E r L = +  (9.1.4) 

where 2E  and 3E  are now simplified to: 
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10 Appendix D: Zernike modes covariance matrix for 

Kolmogorov spectrum 

 

Zernike modes are orthogonal polynomials within a unit circle. They can be used to describe optical phase 

aberrations in polar coordinates. The modes can be written as a function of mode number j : 
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where n  and m  are related to j  using: 
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 (10.1.2) 

The Fourier transform Q  can be written as [112]: 
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 (10.1.3) 

In a turbulent atmosphere, and considering plane wave propagation, the covariance between the Zernike 

modes are calculated with: 
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where ( ),B D Dρ ρ ′  is the phase covariance function defined in Equation (4.1.4). Noll showed [112] this 

can be calculated in Fourier space by rewriting the covariance to: 

 ( ) ( ) ( )
2 2 1 1

0 0 0 0

, , ,
j k j k

a a Q Q dkdk d d

π π

κ φ κ φ κ κ φ φ∗ ′ ′ ′ ′ ′= Φ∫ ∫ ∫ ∫  (10.1.5) 

where ( ),κ κ ′Φ  is a delta-correlated Kolmogorov spectrum: 
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where R  is the diameter of the phase screen in consideration, and 0r  is Fried’s parameter. The integral 

can be further simplified by considering the orthogonality of ( )sin mφ  and ( )cos mφ  terms, and 

substitution of (10.1.3) into (10.1.5) [119]: 
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The solution is found to be: 
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For spherical wave propagation, the integral is replaced with [79][12]: 

 

( )( ) ( )( )

( )( ) ( )( )
( )

2 / 2

1
1 111/ 3

22
0

0.0144 1 1 1

2 1 2 1
( )

1

0 otherwise

j k j

j k

n n n

j k

j k j k

n n

n n

a a m m
J k J k

k k dkd
k

π

π ξ π ξ
ξ

ξ

+ −

+−

+ + −



= =
− − 

× 
− 

=

∫ ∫

(10.1.9) 



 188 

This is accounted by considering the propagation of a Gaussian beam and setting the beam parameters to 

the spherical case. The solution is found to be: 
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Dividing Equation (10.1.10) by (10.1.8) give the ratio of  3/8 between parallel and spherical beams exactly. 


