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code stella. This is done by using a subsidiary expansion of the gyrokinetic equation
in the perpendicular scale length of the turbulence, originally derived by Parra and Barnes
(2015) [23], which allows the use of Fourier basis functions while enabling the effect
of radial profile variation to be included in a perturbative way. Radial variation of the
magnetic geometry is included by utilizing a global extension of the Grad-Shafranov
equation and the Miller equilibrium equations which is obtained through Taylor expansion.
Radial boundary conditions that employ multiple flux-tube simulations are also developed,
serving as a more physically motivated replacement to the conventional Dirichlet radial
boundary conditions that are used in global simulation. It is shown that these new
boundary conditions eliminate much of the numerical artefacts generated near the radial
boundary when expressing a non-periodic function using a spectral basis. We then
benchmark the new approach both linearly and non-linearly using a number of standard
test cases.

© 2022 The Author(s). Published by Elsevier Inc. This is an open access article under the
CC BY license (http://creativecommons.org/licenses/by/4.0/).

1. Introduction

Numerical simulation has been an important tool for plasma physics and fusion research since the inception of particle-
in-cell methods in the 1950s [1]. Subsequent developments, such as the formulation of the gyrokinetic system of equa-
tions [2-4] and flux-tube simulations that employ magnetic-field-following coordinates [5], have enabled computationally
affordable numerical studies of otherwise enormously complex physical systems. These studies have been instrumental in
various discoveries, such as the importance of zonal flows in reducing turbulent transport in axisymmetric systems [6] and
novel plasma modes [7,8]. Gyrokinetic simulations have also successfully matched turbulent heat fluxes from experimental
data [9], have shown the importance of interactions between the ion and electron scales [10], and have been used to predict
new phenomena that have been borne out in experiment [11]. For a review on the history and state of the art of plasma
simulation for fusion science, see White and Goérler [12] and references therein.

Gyrokinetic simulation of tokamak and stellarator plasmas can be divided into two distinct but related paradigms, that of
‘global’ and ‘local’ simulation. In the global paradigm, which was the original approach used in early gyrokinetic studies [13],
the entire physical device (or a finite portion thereof) is modelled, which includes the spatial variation of the magnetic ge-
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ometry and pressure profiles which make up the equilibrium state. This approach has the advantage of being able to capture
effects arising from radial profile variation, such as turbulence spreading [14]. However, due to radial variation in the equi-
librium temperature and magnetic geometry, the gyro-averaging operator becomes spatially dependent, and thus difficult
to calculate; early studies were forced to adopt simplifications that made calculation of the gyroaverage tractable. More
sophisticated, non-spectral gyroaveraging schemes have also been developed [15,16], but these schemes either suffer from
low accuracy or high computational cost [17]. Additionally, global simulations typically use Dirichlet boundary conditions
which nullify perturbations at the radial boundaries. With sufficiently large ‘buffer’ regions at the radial boundaries, such
boundary conditions are hoped to be ‘benign’, though it is unclear what effects they have on physical observables without
detailed studies for each simulation [18]. The ‘local’ paradigm stems from the development of the flux-tube domain [5],
which considers an infinitesimally thin box elongated along a magnetic field line. As the flux-tube samples the equilibrium
profiles at a specific radial location, the gyrokinetic equation becomes homogeneous in the direction perpendicular to the
magnetic field, and so statistical periodicity can be assumed, allowing the use of Fourier spectral methods and thereby per-
mitting an analytical treatment of the gyroaveraging operator. This development led to a number of fixed-grid gyrokinetic
codes (e.g., [19-21]) that can probe the local characteristics of turbulence with high fidelity at only moderate computational
costs. This, however, came at the expense of neglecting any influence from the effects of radial profile variation.

Formally, local gyrokinetics is the (k; L)~! — 0 limit of global gyrokinetics, and numerical studies have indeed shown this
to be the case [22]. Here, k is the inverse scale length of the fluctuations across the magnetic field and L is a characteristic
large-scale size (such as the device minor radius a). Recently, it has been shown by Parra and Barnes [23] that the local
and global approaches to gyrokinetic simulation can be bridged using an appropriate expansion of the gyrokinetic equation,
and that an approach that sits between the local and global paradigms can be formulated. Indeed, radial profile variation
of the pressure has been recently implemented in the flux-tube code CGYRO using periodic triangle waves [24,18]. In this
manuscript, we formulate a new approach to hybrid global-local gyrokinetics that is related to the one laid out in [23],
which includes novel boundary conditions, equilibrium flow shear algorithms, and sources and sinks. We then implement
our approach using an extended version of the gyrokinetic flux-tube code stella [25], benchmark it against a number of
standard linear and nonlinear test cases, and discuss some limitations with regards to the novel radial boundary conditions.

This paper is organized as follows: in §2 we describe the gyrokinetic equation and lay out the theoretical framework that
underlies our approach to global gyrokinetics. The numerical implementation of our approach in the flux-tube code stella
is explained in §3, with additional details on the profile variation of magnetic geometry, the moments of the distribution
function and the fluxes given in Appendix A and Appendix B. In §4 we perform benchmarks of our global approach and
compare it to stella in local operation. We offer concluding remarks in §5.

2. Theoretical model
2.1. Gyrokinetic equation

The stella code numerically solves the first-order § f gyrokinetic equation, which is derived by taking the Vlasov
equation and then imposing the ordering
5f5 w kH Zg@(ﬂ
€N Py ™~ Y Y Y ——

fs Qi ki Ts
where € is the ordering parameter, p, = pref/L, Pref is a reference thermal gyroradius where pref ~ i and pj = v /Qj is the
ion gyroradius, v, is the velocity perpendicular to the magnetic field, fs and § fs are respectively the total and perturbed
distribution function for species s, w is a characteristic frequency of the perturbations, €; is the ion gyrofrequency, k| is the
characteristic inverse scale length of the perturbations along the magnetic field, Z; is the charge number, e is the (positive)
unit charge, ¢ is the electrostatic potential and T is the temperature for species s. This ordering allows one to average
over the fast gyromotion of charged particles in a strong magnetic field, which removes the dependence of the particle
gyrophase. Thus, the dimensionality of phase space is reduced to three spatial dimensions and two velocity dimensions.
Additionally, the fast gyrofrequency timescale is removed from the system. Finally, it is assumed that f; = Fs + § fs, where

Fs is a stationary background Maxwellian distribution given by

3/2 msv?2 B
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Here, s is the species index; ms and n; are the particle mass and density for species s, respectively; v| = b-v; b is the unit
vector along the magnetic field; v is the peculiar velocity in the frame rotating with the plasma at the center of the radial
domain, pus = msvzl/ZB is the magnetic moment; and B is the magnitude of the magnetic field. Neglecting electromagnetic
effects and collisions, and considering only toroidal flow [26], the gyrokinetic equation is given by
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where gs(R, v, s, t) = (8 f)g is the perturbed gyrocenter distribution function for species s, underlines indicate coefficients
that have spatial dependence, (---)g denotes gyroaveraging at constant gyrocenter position R=r — p, p = b x v/ is the
gyroradius vector, s is the gyrofrequency for species s, R is the device major radius, ¢ is the toroidal unit vector, I = RBy
where Br is the toroidal magnetic field strength, €2, is the toroidal rotation which varies across flux surfaces, Vg is the
gradient taken at constant kinetic energy E =msv?/2, the magnetic and E x B drifts are given by

A

b

VMs = — X (&VB—FVﬁIC), (4a)
Q ms
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respectively, c is the speed of light, « =b-Vb is the magnetic field curvature and E and B are the electric and magnetic
fields, respectively. The gyrokinetic equation (3) is boosted to the frame moving along the mean toroidal flow R2.. This
flow is assumed to be subsonic, i.e., RQ; ~ €V, and is allowed to have a strong flow gradient, i.e. RZQ; ~ V¢hi, Where
prime denotes differentiation with respect to r. This ordering implies that the Coriolis and centrifrugal drifts, given by

2v Q2 ~ N N
Vcoriolis,s = Sg b x [(VRR x &) x b] (5a)
s
RQZ .
Vcentrifugal,s = — %) b x VgR (5b)
s

are respectively ordered p, and pf compared to the magnetic drifts, and so are not included in equation (3), while the terms
dealing with perpendicular and parallel flow shear are retained. In order to close equation (3), ¢ must be determined. This
is done using the quasineutrality equation

Zs
> Zeong = Zzs/d3v <<gs>r + S5 (@) — <p)> =0, (6)

where dng is the perturbed gyrocenter density for species s, (--- ) is the gyroaverage taken at constant particle position r
and the Debye length is taken to be much smaller than the electron gyroradius.

The first order § f gyrokinetic equation (3) forms the basis of both conventional global gyrokinetics and local flux-tube
gyrokinetics, the latter being the (k;L)~! — 0 limit of the former [23]. To be more precise, for global gyrokinetics the
geometrical coefficients and background pressure profiles [the underlined terms in (3)] are allowed to vary in all spatial
directions. In addition, the gyroaveraging operator may also have spatial dependence. As (k;L)~! — 0, these terms no
longer vary across turbulent eddies and can thus be treated as constants in the directions perpendicular to the magnetic
field; the only variation of these quantities that persists is along the magnetic field. Local gyrokinetics typically assumes
periodicity in a statistical sense in the perpendicular directions, and thus local flux-tube gyrokinetics is routinely performed
using a pseudo-spectral approach on a Fourier basis and field-line-following Clebsch coordinates o and v, where ¢ is a
flux label, o labels a fieldline, and B = Va x V. The coordinate along the direction of the magnetic field, denoted by z, is
typically chosen in a way to simplify the underlying equations; some examples are the arc length along the magnetic field
line, the toroidal angle ¢ or the poloidal angle 6.

2.2. Subsidiary expansion of the gyrokinetic equation

In practice, while local simulations employ the (k;L)~! — 0 limit, the extent of their radial domains are typically the
size of hundreds of gyroradii and thus cannot be considered ‘small’ when compared to typical device parameters; it is
this largeness of the radial box size that we exploit in order to incorporate profile variation in local flux-tube gyrokinetics.
Defining the parameter A = ¢y/L, where £ is the radial extent of a simulation, we now impose a subsidiary expansion on
the gyrokinetic equation (3) using the ordering

1
e~ — KAKL. 7
kJ_L<< < ()

This ordering allows us to include the effects of profile variation without needing to go to higher order in p,.!

! 1t is worthwhile to point out that most global gyrokinetic codes do not retain all higher order terms in p, e.g., diamagnetic flows [27-30] and the
parallel nonlinearity [31-35].
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In this manuscript, we focus on the radial profile variation found in axisymmetric geometry which is relevant to toka-
maks. We defer the treatment of the ‘full flux surface’ version of stella, which includes azimuthal variation found in
three-dimensional systems relevant to stellarators, to a later publication. For tokamak geometry and equilibria, axisymme-
try implies that, while we only consider profile variation along the magnetic field and across flux surfaces, radially global
stella is also toroidally global, without needing any further consideration of the binormal direction b x V4 (the direction
perpendicular to the magnetic field lying within a flux surface). In order to make stella fully global, one must also in-
clude higher order effects in the parallel physics, such as the parallel nonlinearity (see references in footnote 1) and higher
order parallel derivatives in the particle drifts [36]; these extra terms are not considered in this manuscript.

To perform the subsidiary expansion given in (7), we first normalize the gyrokinetic equation to render it dimension-
less. In general there are two ways to do this: have the normalizing quantities vary across flux surfaces or have them
fixed to a reference surface at some radial position ro. While the former is the most economical in terms of the velocity
space resolution required, it introduces additional derivatives to the gyrokinetic equation (including with respect to us) as
well as complicating the multiple flux-tube boundary conditions given in §2.4. The stella code is efficiently parallelized
over velocity space, allowing for large velocity-space grids, and so we opt for normalization at a fixed reference posi-
tion. Denoting reference values using a subscript ‘ref and normalized quantities with a tilde, the normalized quantities are
V=v/vins(ro), V| = V|| /Vins(To), fls = psBrer/msv ths(rO) B= B/Bief, Mg = Ms/Myef, fls = N /Nref, T, = Ts/Trer, I= RBt/aBref,
and Q; = aQ; /Vin ref- Here, vins = +/2T5(r)/ms. We also normalize time to a/vy ref, parallel lengths to a and perpendicular
lengths to prer, where a is the minor radius and Vin rer = v/2Tref/Mrefs Pref = Vih,ref/2ref aNd Qref = €Bef/MiesC. Finally, we
introduce the normalized distribution function and electrostatic potential g = (a/pref)[gs/Fs(0)] exp[—vz(ro)/vfhs(ro)] and
@ = (e /Trep)(a/ Pref), Where v2(r) = vﬁ + 2B(r)us/ms. The normalized gyrokinetic equation is then

BgLs T Q;; V - Vehs(To) - i’ vz <3g5 n (§0~>R Zs Fs(n) oV (TO)/VtZ,S(TO)) _ Vihs (7o) ,ELSIA) 6&8—%
at Vth,ref 0z 9z Ts(r) Fs(To) Vth,ref v
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e V2 (10)/ Vi (ro)
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Ts(r) Vthret Fs(ro) B
where
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The quasineutrality equation is also normalized,
N 21 . Zs F (r) .2 2 . .
Zshis(ro) | d*V— 0 V7 (r0)/Vips(ro) —-¢))=o. 10
XS: sTs( O)/ B2 ((gs>r+ Ts(r) Fs(ro) t (((‘p)R)r (/7) (10)

2.2.1. Radial variation of pressure and magnetic geometry
The expansion in A outlined in §2.1 allows us to incorporate variation of the equilibrium pressure profiles into global
stella by considering their Taylor expansions around a central radial location rg:

dng 1 d%n, 2
ns()=nsro)+ =1 (F—ro)+5 5 (r—ro)+..., (11a)
r=ro r=ro
dT 1 d2T
Ts(r) = ns(ro) + d—rs (r=ro)+5 — 25 (r—ro)+.... (11b)
r=ro

=rg

The inclusion of the new terms ny(r) and T/ (r), where primes denote differentiation with respect to r, modifies the source
of free energy resulting from the gradients of the background distribution function V|g F;. Additionally, the expansion in
A also results in n’ and T’ modifying both the magnetic drift and parallel streaming terms through the adiabatic con-
tribution (Zs/Ts)Fse of the perturbed distribution function. These first derivatives also introduce profile variation of the
quasineutrality equation (6).

While the density profile is specified by ns(rp), nj(ro), n7(ro) (similarly for the temperature profiles), more relevant in
determining growth rates and turbulent amplitudes are the gradient scale lengths L, * = 1 —n;/ns and L l=—T1! </Ts. While
global stella utilizes the second derivatives of the density and temperature, these are not required for proﬁle variation of
the gradient scale lengths:
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n/Z n”
=55 55 (12)
( 4 ) nf U
likewise for temperature, and so profile variation of the growth rates and turbulent amplitudes is expected, even with
n/=T;=0.
Along with radial variation of the background pressure profiles, global stella also includes variation of the magnetic
geometry through the use of an extended Miller equilibrium model [37]. The original Miller equilibrium parameterises a
single axisymmetric flux surface using the model equations

R(r,0) = Ro(r) +rcos(6 + sin@ arcsiné(r)), (13a)
Z(r,0) =k (r)rsin(9), (13b)

where R and Z are the radial and vertical position in cylindrical coordinates, r is the flux surface label, 6 is a poloidal
coordinate, Ry may include the radial displacement of a given flux surface (Shafranov shift), and &(r) and x(r) set the
triangularity and elongation of the flux surface, respectively. In order to calculate the geometrical coefficients of (3), one
must first locally solve the Grad-Shafranov equation. This requires specification of the derivatives R (r), 8'(r), and «’(r),
as well as specification of the safety factor q [defined in (A.4)], the normalized plasma pressure g = 47rp/BfEf, and their
derivatives. Here, p is the species-summed plasma pressure.

To extend the Miller equilibrium model to a global profile, one must ensure that the Grad-Shafranov equation is con-
sistently satisfied over the entire profile; it is not sufficient to evaluate (13) at different radial locations r and then to use
these coefficients to individually solve the Grad-Shafranov equation at these locations. Global stella instead solves the
Grad-Shafranov equation localized at some specified central radius r =rg, and then also its first radial derivative centered at
the same location. This ensures that the geometrical coefficients evolve across the radial domain in a way consistent with
MHD equilibria and with the subsidiary expansion in A outlined in §2.1. This approach requires the specification of the
second radial derivatives q”(r), ¥"(r) and B”(r). Like with the density and the temperature, a non-zero value q”(r) is not
required for profile variation in the shearing parameter § = (r/q)q’(r):

" ’ 2
gl a0 (14)
q q q

The coefficients of (8) that depend on r are now Taylor expanded up to first order, and the resulting equations are given in
§3.1. Detailed calculations of the geometrical coefficients and their derivatives are given in Appendix A.

2.3. Coordinates and the parallel boundary condition

The coordinates used in stella for axisymmetric systems are (X, y,0, v|, is), where 6 is a poloidal coordinate which
signifies the position along a magnetic field line (as used in the Miller equilibrium) and is zero at the outboard midplane.’
The (x, y) coordinates are in the plane perpendicular to B, with the binormal coordinate y being defined in the same way
for both the local and global versions of stella:

A
Y= Bret

where 1 is the poloidal flux function, Bes is a reference magnetic field, « = ¢ — q¥#, ¢ is the toroidal angle and ¢ is the
straight-field-line poloidal angle, given by (A.24).
Currently, stella offers two options for the choice of the radial coordinate x, the first being the poloidal flux function

v,

0
X = 1
T0Bref

¥ —vo). (16)
while the second is the safety factor g,

i ¥’ (ro)

B ref

(g — q0)- (17)

For local stella, v is used as the radial coordinate by default. Conversely, global stella is made to use g as the
radial coordinate in order to simplify the implementation of the parallel boundary condition typically used in flux-tube

2 The reader can refer to Barnes et al. [25] for the use of stella in three-dimensional systems.

5
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simulations [5]. This boundary condition, which is for the 6 dimension,® asserts 27tN periodicity of a quantity A at fixed
toroidal angle ¢, rather than for fixed «,

AW, a(y,t,0=0),0=0)=AW,x(y¥,,0 =2nN), 0 = 271tN). (18)

Here, N is an integer indicating the number of poloidal turns that is chosen as an input parameter for simulation.

To illustrate the difficulty of applying this boundary condition in the general case of arbitrary q profile, we first consider
the local case where v is used as the radial coordinate. Then, with a = ¢ — q()¢, (18) can be expressed in Fourier space
as

Z A(6 = 0)elkv (v —Vo)+ike (@—ao)
kl//vkot

= Z A6 = 2m)elky (0 —b0)+ika (@—ar0)~27eNiky [qo+(da/dy) () o) +(d2a/dy ) (F—v0)*/2+..] (19)
ky ko

In the flux-tube limit, only the first two terms in the Taylor expansion of q(v) ~ qo + dq/dv (¥ — ) are kept, and so the
parallel boundary condition amounts to matching a quantity at either end of the ¢ domain at different radial wavenumber

ky,

Aly ko (0 = 0) = Ck Ak 4 Aky ko (0 = 270), (20)

where Cy = exp(—27Nikyqo) and Aky = 27Nk, (dg/dy). Equation (20) allows for an efficient and straightforward implicit
treatment of the parallel streaming term, which otherwise can set a stringent constraint on the simulation time step. In
practice, as the phase-shift due to Cy is of order p; !, a p,-small adjustment in the radial position of the simulation domain
allows for Cy = 1; this is equivalent to adjusting the positions of the mode rational surfaces that are introduced by the
parallel boundary condition [38,39].

One must keep more terms in the Taylor expansion of q(v) for global simulations, and as a result the parallel boundary
condition cannot be expressed using a simple wavenumber shift. In general, the quantity would have to be inverse-Fourier
transformed to (x, ky) space, have an x-dependent phase shift in the y direction applied, and then Fourier transformed back
into (ky, ky) space, thus coupling all the ky modes at the # boundaries. This complication can be avoided altogether if q is
chosen as the radial coordinate, rather than . In this case, (18) can be expressed in Fourier space as

Z Ak(g — O)eikq(q*qo)ﬁLika(OthlO) — Z Ak(@ — Zﬂ)ei(kq727‘[Nku)(qqu)+ika(Ct*Cl())*ZT[Nikaqg, (21)
kq. ko kq ko

and so now
Akq,ka ©=0)= CkAqu,-Akq,ka (0 =2m), (22)

where Ci = exp(—2nNikyqo) and Akg = 2mtNke. This, however, comes at the cost of only allowing global simulations of
systems with a monotonic g profile. We thus choose g as the radial coordinate for global stella, though alternative
formulations of the parallel boundary condition will be investigated in future work.

For global simulations, the radial coordinate x (equivalently, q) can be related to the physical location r using

aBier q" (ro)
'l/f/

where X = x/prer and (17) has been used for the first equality. Defining Ar =r —rq and keeping terms up to order Ar?, the

physical location in terms of x is given by the positive root of the quadratic equation,

1/2
q/ 5 q// aB f
Ar = 7 [—1 + (1 +2x,0*q72 wr,e . (24)
These results are readily generalized if ¢ is used as the radial coordinate instead.

The extent of the radial domain in ¢ must be chosen to ensure r/a € (0, 1). Note that for q¢” # 0, a grid centered in q

around qo will not be centered in r around rg. By default, global stella constructs the radial grid to be centered in r,
which leads to the two constraint equations

q—qo=ZXps =q'(ro)(r —ro) + (r—ro)*+-- (23)

3 While 6 is used for the parallel coordinate, ¥ is the variable that appears in the definition of . The angles # and ¥ can be made to match at the
inboard midplane (¥(6 = 7t) = 7t and ¥ (9 = —7t) = —71), the location at which the boundary condition is applied in simulation. Therefore, either variable
can be used in the parallel boundary condition.
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> g-(2,y) - ge(z,y) 9+(7,y)
Lboundary
Local flux tube Global Local flux tube
T_ T
L boundary region T -

Fig. 1. Illustration of the novel radial boundary condition which employs multiple flux-tube simulations. The simulations on the left and right, which are
local simulations, are performed concurrently to and independent of the central ‘global’ simulation. At every timestep, information of the distribution
function from the side domains is directly copied into analogous regions in the central domain. This transfer of information is done in specified boundary
regions.

q’ 2 ~ aByer
_2q/ ATy — ATy —X_ 4 v =0,
q// B aB "
37 AT2 + ATy — Xy s —q,$, =0,

where %4 are the left and rightmost values of the % grid, Xy = X_ + fx, £x = £x/pref, and Ary =1, — ro where r is the
rightmost point of the radial grid. Solving this system for Ar and x_ gives

lxpy aB
Ary = xOx ref’ (25a)
2 qvy
. 12 12 " aB
3 o—_=xfq_ xPx 4~ Abref ) (25b)
2 4 q/2 w/
Thus, the physical radial box size ¢, = 2Ary = (aBrer/q' ') lx P« is determined by the input parameters px, Zy and ¢, along
with ' calculated from the Miller geometry (Appendix A). If ¢” =0, then Xx_ = —{,/2 and the grid becomes centered in x

(or q) as well.
2.4. Radial boundary conditions

The global version of stella employs a novel set of radial boundary conditions which feeds information generated from
independent local flux-tube simulations into a central ‘global’ simulation. The aim of these boundary conditions is two-fold:
firstly, we replace the Dirichlet boundary condition typically used in global simulations with a more physically motivated
forcing. By doing so, particle, momentum, and heat fluxes, which are self-consistently generated by local simulation, can
be specified at the boundaries in a statistical sense. The second aim of our novel boundary conditions is that by feeding
in ‘good’ information at the radial boundaries, the Gibbs phenomena that typically arise near a discontinuity when using a
Fourier spectral approach is largely mitigated.

The novel radial boundary condition, which is illustrated in Fig. 1, works as follows: a boundary region is specified for
each flux-tube domain with a given number of radial collocation points Npoundary and radial width lboundary; the domains of
the local simulations each contain a single instance of this boundary, while the central domain contains a boundary on each
radial end. Then, at every timestep (or, alternatively, every Runge-Kutta explicit and implicit substep), information from the
distribution functions in the left and right domains (g5 and gsr, respectively) is copied directly into the boundary region
of the distribution function of the central domain:

Es(X+x)=gsL(X+Xx_1), (26a)
gs(;( + ;‘+ - Zbounda\ry) = gS,R(52 + ?~<+,R - I:boundary), (26b)

for 0 <Xx < Zboundary. The locations of the boundary regions here are chosen to be consistent with the parallel boundary
condition: while local simulations employing the parallel boundary condition are periodic in the radial direction, they are
not homogeneous due to the appearance of mode rational surfaces at distinct radial locations. We stress here that these
radial locations remain equally spaced due to our choice of q as the radial coordinate, regardless of the profile of the
magnetic safety factor. The placement of the boundary regions outlined in (26) and illustrated in Fig. 1 ensures that these
mode rational surfaces line up correctly when the parallel-boundary phase shift C, is chosen to be consistent in every
domain (see §2.3). Intuitively, the size of the Zboundary must be larger than the largest Larmor radius contained in the
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simulation in order for information not to leak through the edge of the radial simulation domain. Numerical tests show that
physical observables such as the heat flux converge once the boundary layer size meets this criteria, and that numerical
instabilities may appear if the region is too small.

The two auxiliary local simulations are seeded with different initial conditions than the central domain and all three
are run concurrently with the same timestep (which may be adjusted during the simulation based on the CFL constraint).
Currently, in order to avoid interpolation when mapping onto the central domain, the left and right domains use the same
grid resolution and spacing in the parallel and binormal coordinates, and also share the same velocity space grid. While
the grid spacing in the radial direction must also match, the left and right simulation domain are free to have different
radial extents. While this set-up effectively triples the computational cost of the equivalent local simulation, it does so in
an embarrassingly parallel way; a fact of which the parallelism of stella readily takes advantage.

3. Numerical implementation
3.1. Simulation equations

Global stella uses a pseudospectral approach to integrate the gyrokinetic equation. Here, the linear terms with con-
stant coefficients are evaluated in Fourier space, while nonlinear terms and terms with radial profile variation are evaluated

in real space. The Fourier transformed gyrokinetic equation, including the radial variation terms resulting from the Taylor
expansion outlined in §2.2, is

085 PR L UL 08ks | Zs Jo(@s(0)Pk (2w o) | _ Vibs(0) 5 f s OB
ot ' Vth, ref 0z Ts(ro) 0z Vth, ref 8V||

.~ Zs
+iwp s (gk st = 00 Jo(ak s(ro))@gre™" (rO)/ths(r°)> + (i@y ks + i@ k,5) Jo(a,5) Pre + Nie,s

s(ro

_ Vths(ro)‘?” (i]ﬁf)%‘? aglj,s 4o Zs aJO(al(,sfrO))(ﬁke_VZ(rO)/VchS(rO) n Vths(To) - (i) 6@) /.‘?.agk,s
Vth,ref 0z Ts(ro) 0z Vth,ref

— — + = =
Vih, ref 0z Fs(ro) Ts(ro) 9z

Ts

! 5 —v2(r0)/ Vs (o) / 5
—VthS(TOLI\b VZX[<FS(r)> 0 Jo(ag,s(ro)) P Zse™" VO Tinst0 Zs ajo(a"’swke—vz(ro)/ths(rO)}

N Zs
- X [(le,k,s)/ (gk s+ 7 (

s(ro

2 2
Fs(r) Zoe vV 10)/Vips(ro) Zs , ,
—-X < = ) i@ te.s Jo (k.5 (70)) Pk ——————— | — i@p s X | =—— J§(@p.s)Pree " 70/ Vins(T0)
T Ts(ro)

2 2 A .~ .~ ! o~
)]O(ak sro)gre™" (m)/vt‘“(m)ﬂ —-X [((lw*,k,s + i@ ke 5) Jo(aks)) <Pk]

s Fs(ro)
+ (MNis)'s (27)

where all quantities that depend on r have been evaluated at ro. Here, as = (sTs/Z2)"/%k 7, /B, k% =k 22 VX2 +
2kxky P2(VX-Vy) + k2 02 Vy|?,

- aTs(r 92 U =
@p.tes = ﬂ (vﬁb X K + fish x VB) < (ky pref VY + kx prefVX) . (28a)
ZsB(r)
k Bordy e 2(ro) /v, (o) dF;
oy s = 2Pt el £ 2 : o) (28b)
2 Y’ da Fs(ro) dr |
3 [Msqa . _ 2002 oo~
W le,s = —Ky Pref 7 = E e’ (rO)/VthS(rO)J/E, (28¢)
N
Ve = (r/q)(d2; /dr)(a/ v rer), and the nonlinear term for when g is the radial coordinate is given by
Bres dy dx ¢’ - 1. - 1. . 1. -
Nies = % da d_q w,}—k I:]:k (lkyprefjo(ak,s)(l)k) T ! (lkxprefgk,s) -7 ! (lkxprefjo(ak,s)wk) T ! (lkyprefgk,s)] )
(29)

where J an - enote e forward and inverse Fourier trans orms, respec ively.
here Fj and F, ' denote the f d and F transf pectively.
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The terms dealing with radial profile variation are denoted using a prime; here,

F " Fs[n, T,(E 5 B’
(i(r)>:~—s[ﬁ+—5<———)—“5 } (30a)
Ts T Lns  Ts \Ts 2 Ts
(1 dFs(r) >/_ 1 {n;’ n.2 +(T;’ T;2><E 3) T2 E N T usB’'
v oodr |g)  y'lns  n? Ts T2 T, 2 T2 Ts  Ts Ts
n, T.(E 3\[n, T.(E 3\ usB ¢’
Ses(Z 2242 (=-2)- — | lF, 30b
+[ns+n T, 2 n5+Ts T, 2 T, v |]° (300)
~(q" " Bresdy dx ¢’ 1 /. N . 1. -
(Mc,s)/ =X <? - % Nies + %aaw.}—k T ! (lkyprefXJE)(ak,s)Wk) T ! (lkxprefgk,s)
- ]_—’:1 (ikxpref)?]é(ak,s)(;bk) ]:];1 (ikyprefgk,s) ], (30c)
(kz )/ B’
]6(ak,s) = —J1(x,s)0x s _12_ i K (30d)
kq B

In these equations, tildes have been suppressed for fractional terms that are dimensionless. The other radial profile terms
dealing with the magnetic geometry (see §2.2.1) are computed in Appendix A. The radial operator X applies the r profile
to all the terms appearing to the right of it, and is defined as

i'("')ifk{(rclamped—rO)]:k_]{"'}}v (31)
where
r(x- + zboundary) 3’27 <X<x_+ zboundﬁ\ry,
T'clamped = TEX) X_+ Lboundgry <X<Xx, — Lboundarys (32)
r(x, — Lboundary) Xy — Lboundary < X <Xy

We use this definition of r¢amped in order to render the evolution of gs within the radial boundary region as consistent
as possible between the three simulation domains. Global stella also includes an option to employ the radial boundary
conditions suggested by Candy et al. [24,18] by using a triangle waveform in the definition of (31). Additionally, both ap-
proaches can be combined in order to further mitigate Gibbs phenomena in the higher radial derivatives of the distribution
function and electrostatic potential. This is done by placing one of the boundary regions of the central domain into the
middle of the box.

Adding global effects as a next-order correction in a Taylor expansion provides two advantages over using arbitrary pro-
file variation: Firstly, as all the global terms utilize the same spatial operator X, it greatly reduces the number of Fourier
transforms needed to implement the terms numerically. Secondly, as only quadratic variations of the kinetic and magnetic
geometry profiles are added, there are fewer free parameters needed to specify the physical system, and so the problem
of flux-matching’ global simulations to experimental results is somewhat simplified. Future versions of global stella will
aim to allow arbitrary profile variation in both the kinetic and magnetic profiles, though the planned inclusion of electro-
magnetic effects will make this a more challenging task.

The Fourier-transformed quasineutrality equation is

- 2 - L~ - Zs 2 2 N
Ziis(ro)—= [ d¥y | djis B e s (T + = eV I/ Vins o) ( 12(qp ) — 1 )
; sTis ( 0)7[1/2/ ||/ s <Jo( k,s(10) &k.s (o) (Jo( k,s) )<Pk

A i 2 (. (.. -/, B’ i
=-— XZans(To)m/.dVH /dMsB{ <Jo(ak,s) + EJo(ﬂk,s)) 8k.s

Zs _ —v20) Vi) (12 ng , Tg (E 5) B’ ~ B 2Jo(@k,s)Jo(ar.s) | -

Bt BN ths ars) — 1) | 2425 (= =2 )+ 2 (1-2jaB) - 22Xk T Tks) .

Ts(rO) (JO( k’S) ) Ng TS TS 2 ( Hs ) 1-— ](z)(ak,s) i
(33)

Solving quasineutrality requires special considerations, which are given in §3.3.

Some comments on the Fourier transforms in the spatial operator X are in order. The inclusion of terms with a linear
profile r — ry introduces the effect of profile shearing, which results in the advection of the radial wavenumber of a mode
in Fourier space [18]. In the case of a positive advection speed in ky, a mode’s radial wavenumber may reach the maximal
radial wavenumber resolved in the simulation, kx max. If no other steps are taken, it will then unphysically wrap around to
the opposite extreme at ky min = —kx,max. (For negative advection speed in ky, wrap-around from ky min to kx max will instead
occur.) This is related to the phenomena of aliasing which could occur when the distribution function g s and electrostatic
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potential ¢y, are inverse Fourier transformed to real space in order to calculate the nonlinear term N s. To avoid aliasing by
the nonlinear term, some form of dealiasing is performed, the conventional method being the ‘2/3rds approach’ [40], where
8k.s and gy are inverse Fourier transformed onto a grid with 50% more collocation points in each Fourier transformed
dimension than the number of corresponding Fourier modes. This approach to dealiasing for the nonlinear term can be
justified as a spectral cut-off of the distribution function and electrostatic potential that can be enforced with sufficient
(hyper)viscosity, and thus their truncation when transforming back to Fourier space should not have any significant effect.
However, this approach is unsuitable for the operator X, as truncation of the discontinuous function r — ro introduces
Gibbs phenomena which results in numerical artefacts when convolved with another term. Additionally, in our experience
dealiasing by spectral cut-off does not prevent wrap-around.

The Fourier transforms that appear in the spatial operator X" are thus performed without any additional padding, relying
only on hyper-dissipation (§3.6) to prevent radial wavenumber wrap-around due to profile shearing. This approach can be
justified by the smallness of profile shearing due to X': while (r —rg)/a is of order A, profile shearing depends on its
derivative d (r — ro)/dx, which is formally of order p, <« A. The hyper-dissipative damping rate at the radial wavenumber
grid boundaries can then be made to be faster than the rate at which a radial mode advects across of radial wavenumber
cell of width Aky = 27t/¢x.

3.2. Integration scheme
The stella code, either in local flux-tube or global operation, employs an operator-split time integration scheme that

alleviates the timestep constraint caused by the fast parallel electron dynamics. In the local version, this scheme comprises
three main steps [25],

agk,s _ agk,s + agk,s + 8gk,s (34)
ot a Jq at /), at )4’
where
98k, . - . Zs Fs(r) _.2 2 . -
< S) = —1Wp ks (gk,s + JO(ak,s)@kTs eV (rO)/V‘hS(r0)> — lwy ks Jo(ak,s) Pk — Nk, (35a)
at /4 T Fs(ro)
<3§k,s) _ Vth,s(rO)'a b.VB agk,s (35b)
= s+ =
at 2 Vth, ref BVH
<agk,s> __ Vih,s(ro) V||i) .z (agk,s 4 9 Jo(ak,s) Pk é Fs(r) e—vz(rg)/vfhs(ro)> . (35¢)
ot /3 Vih, ref 0z 0z Ts Fs(ro)

The first step, which includes the magnetic and E x B drifts, is an explicit step which utilizes a strong stability preserving,
third-order Runge-Kutta method. The next two steps, which respectively perform the parallel acceleration and streaming, are
done implicitly. Additional implicit steps, such as those performing equilibrium flow shear or applying dissipative operators,
can also be included in the time integration scheme.

Global stella incorporates global effects by computing the terms on the right-hand-side of (27) that account for the
radial variation of pressure and magnetic geometry, and including them in the explicit step given by (35a). The explicit
treatment of the radial corrections is not expected to place a limit on the time step, provided A is not too large; indeed, we
have found this to be the case for the ion scale simulations that we have performed. Finally, while the parallel streaming
term (35c) can in principle be calculated implicitly for global stella, for reasons detailed in §3.3 this term is calculated
explicitly by default, as well as for all the numerical benchmarks performed in this paper; future versions of stella will
include implicit global algorithms for the parallel dynamics.

3.3. Quasineutrality

At every integration sub-step that involves the electrostatic potential, the quasineutrality equation (10) must be used
to recompute @y using the updated value of gy s. This involves performing a velocity-space integration of the distribution
function, and then an inversion of the spectral double-gyro-average operator

Q= [@vze/or (1 ). (36)
S

The latter step is trivial in local flux-tube simulations as the operator is a diagonal operator in k-6 space. In global operation,
the quasineutrality equation including global profile variation can be expressed as

~ v !~ 2 = ~ R 4 v n/ U s
O+ 2O P = 3 Y2 [ vy [ di {B(ro)Jo(ak,s(ro»gk,s + & [(B Jotaes) + BJytaes) gk,s} }

(37)
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where
= 2 v djis B 2 5(r0) 2 —v2(10)/ V(1)
e= ZS: py5 /dV”dH«s B(ro)Z; To(r0) (1 - ]O(ak,s(rO))) e ths70) | (38a)
2 5 e B fis(ro) 2 2
0 =Y —_ | d¥ydis B(rg)Z2= 1-J? v2(rp) /vZ,,(ro)
stnuz/ Vydits B(ro) Zg Fo(r0) ( .]o(ak,s(ro))) e ths (70) ¢

mOOTI(E S\ LB o\ 2Jo@s) )
[nerTs (Ts 2)+ 5 (1-208) - } O
Y

Solving the quasineutrality equation (37) requires two steps: first the velocity integration of g s is carried out (which
includes taking the radial variation of B, k; and v, into account). The second step is then solving for ¢. However, the
Fourier transforms that appear on the left-hand-side of (37) add the complication that every radial mode couples together,
and so global stella offers the user two options in solving for ¢: a perturbative approach and an exact approach.

In the former, the electrostatic potential is decomposed into two pieces @, = @o + @1, where

1 2 - o~ -

o= g iy 02 [ 491 [ dicBro) Jotks o)V (10)/2s(ro) B (39)
1 . . 5 oL - A Y

pr=g® (2/n1/2>;zsns<¢fo> f dv) f djts 8k.sB Jo(aso) (% +5 - 6) : (40)

Here, ¢p is the electrostatic potential obtained in the p,, A — 0 limit, while ¢ is obtained by grouping the perturbative
correction X (®'¢p) together with the radial corrections of the gyroaverage and velocity integration of gj s. This new term,
@1, is then included as an additional set of terms in the explicit step (35a). As the variation of ¢ is now included as a
correction to the gyrokinetic equation, the zeroth-order portion of the parallel streaming term can remain implicit, and no
further change in the response matrix approach is needed. The main drawback of the perturbative approach is sensitivity
to any near-cancellations of 1 — jg(akys) at low wavenumbers, which is particularly problematic for ky =0 zonal modes as
information in higher wavenumber modes (for which jg(ak,s) — 1 is not small) may transfer to larger scales due to Fourier
convolution with r — rg, and so the A < 1 expansion may break down even for moderately small A.
Solving (37) exactly entails finding a solution to the linear equation

Q.-9, =G, (41)

where @ =0 + X©' is the complete quasineutrality operator, ¢, is the column vector comprised of all ky modes of
¢k at a given z location and binormal mode-number ky, and G is the right-hand-side of (37) expressed as a column
vector. Solving (41) can be done efficiently through the use of an LU decomposition and back substitution [41]. Thus, ¢
encompasses all the radial variation in the quasineutrality equation. (Radial variation of the gyroaveraging of ¢ appearing
in the gyrokinetic equation is still treated separately.) This approach unfortunately has the drawback of complicating the
implicit solve of the parallel streaming term: the tridiagonal solve of (35c¢) couples all modes connected by the parallel
boundary condition, while the quasineutrality equation couples all modes radially, and so for a given binormal mode-
number ky, all radial and parallel grid points are coupled, resulting in a linear equation with a matrix of size (NxN>)?,
where Ny is the number of radial modes and N; is the number of grid points in the parallel direction. Currently, when the
full solve of quasineutrality is employed, global stella solves the parallel streaming term explicitly, though future versions
of the code will include a modified response matrix algorithm that incorporates the exact quasineutrality equation.

Another complication that is introduced in the A expansion is the coupling of the ¢y_o mode—which determines the
parallel electric field Ej—to other k # 0 modes in the gyrokinetic equation. In the local limit, this mode does not enter
the E x B nonlinearity nor does the non-linearity act on it; rather, it enters only in the parallel streaming term leAz-V,
which is one-point in Fourier space in the local limit, and so the k = 0 mode can be neglected.* In the global limit, the
k =0 mode of both the gyrokinetic and quasineutrality equations involve many k # 0 modes, and so ¢g—g should be solved
self-consistently.

The ease of determining ¢y—o relies on how the species are treated; for cases with both kinetic ions and electrons,
@r—o is entirely absent in the quasineutrality equation as J; = ]é —1=0 for k=0, and so gk—o must be determined from
the parallel streaming term, using the k = 0 quasineutrality equation at every z location as its own solvability condition.
This is most conveniently done when the parallel streaming is handled implicitly, and so the current version of global
stella, which calculates this term explicitly, zeros out ¢g—_o. Future versions with the implicit parallel solve will aim to
self-consistently evolve this mode.

4 Formally, this mode cannot be described in the flux-tube limit, as it does not obey the ordering (k, L)™' <« 1.
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In the case of adiabatic ions or electrons, ¢k—g enters the quasineutrality equation through the Boltzmann response of
the adiabatic species. For adiabatic ions with Boltzmann response én;/n; = (Z;e/T;)¢, including this mode is straightforward
and equation (41) for ky =0 can be used as-is. For adiabatic electrons, a modified Boltzmann response is used for the
electron density,

dne q .
e T T (0 —(@)y). (42)
where the flux surface average (A), of a quantity A is given by
fdyfdsz fd}’fdzj(rO)A I'clamped — / / ( fdzj’(r0)>

~ d dzA — ], 43
[dy [dzg  [dy[dzJ(r) * fdyfdzJ(ro) v | dzA (T o) J(rO)fdzJ(ro) (43)

where 7 and J’ are given in Appendix A. Quasineutrality for the k;, =0 mode then takes the form

Q-9 —G=~C- (@, — (), (44)

Ay =

where @ now excludes the electron response and C = fie/Te + x (fie/Te)'. The electron Boltzmann response (42) now
imposes a solvability constraint on the quasineutrality equation

(@-@p)y —(G)y =0. (45)

Formally, this equation is over-determined: (45) provides Ny equations for Ny —1 unknowns (@0 .k,=0(2)). While (45) can
be made to be satisfied by the initial conditions, errors are introduced by the coupling of multiple flux-tube simulations
needed for the novel radial boundary conditions; the gyroaveraging of gj s and @ that appears in (37) will sample points
within the physical and boundary regions of the central domain when performed near the boundary. This results in discrep-
ancies of ¢y within the boundary regions between the central and auxiliary flux-tube domains, which then leads to errors
in (45). To circumvent this issue, we include a correction term in the quasineutrality equation as

Q-9 — G — (@@ — G)y)x, = —C(Pp — (Pu)y): (46)
where

Ky ;‘Jr*Lboundary

TH(X) / N / o
A =F — d dxF, (A 47
(Akdx, = Fie Ky(ﬁx—ZLboundary)O y X F,. (Ar) (47)

X_ +Lboundary

is the perpendicular areal average within the physical region, and

b 1 x + Zboundar <X<Xy— zb ndary»
TH = v ) oundary 4
*x) {0 otherwise, (48)

is a top-hat function that excludes the boundary region. Equatlon (46) can then be solved after imposing a gauge potential,
which we choose to be ko (C- koko @)y =0, where ko is the unit column vector for the k = 0 modes. The coupling of
the k =0 modes to and from modes with k # 0 is O(A), and so the effect of the k =0 modes on physical observables is
O(A?). Numerical tests confirm the scaling of |@r—o| ~ A, and so we expect the impact of the correction introduced in (46)
to be small.

3.4. Sources and sinks

When the novel radial boundary condition is used for global simulations in stella, a mismatch of flux between the
left and right simulation domains results in a pile-up or deficit of particles and heat in the central domain (the net flux
of toroidal angular momentum in an up-down symmetric local simulation with no mean flow shear is zero, see Parra
et al. [42]). This necessitates the inclusion of a source or sink in the central domain. Global stella is equipped with two
types of sinks: one based on a Krook-type operator and a new projection-based operator that exploits the scale-separated
nature of our § f approach.

The Krook type operator, commonly employed in global simulations, is of the form

pd = FS = ~even
Dx(8k,s) = —Vs <<gﬁvfn - g; </ d*v Jos8p.s > > > ) (49)
s v LIRS

where vs sets the strength of the source operator, Fs = (vfhS /nref) Fs,
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8s = [ék,s(vn) + 8ies(—v] (50)

is the even-in-v component of the distribution function, (---)x, is given by (47), and

. Jodt'exp(t'/s)(: )
fot dt’ exp(t’/Ts)

is an exponentially-weighted time average, where ts sets the averaging window [18]. The Krook operator given by (49)
is similar to that advocated by McMillan et al. [43], where the even-in-v| portion of gi is used in order to conserve
momentum, and the zeroth moment of g is subtracted in order to avoid introducing density perturbations on a flux
surface. This operator is then included as an additional term on the right-hand-side of (27), and operates only on the ky, =0
modes. This, along with the time-averaging, ensures that this operator only affects the large-scale, long-time build up of
particles and energy. The time-averaging procedure (51) can be implemented numerically in a way that minimizes storage
requirements, necessitating only an additional array the size of g,‘yzo,s that conglomerates all the information needed from
the previous timesteps.

The projection-operator-based sink, provided as a more physically-motivated alternative to the standard Krook operator,
is rooted in the § f gyrokinetic formalism. Here, the full distribution function f is decomposed into a large-scale, long-time
component F and a small-scale, short-time component § f. There then exists a suitable large-scale, long-time transport
average (---)t such that (f)y =F and (6 f); =0. The § f gyrokinetic equation can then be obtained from

0sf _af [of
7_5_<¥>T‘

(51)

It is this concept on which we base the projection-operator sink. Like the Krook-operator above, we let (---)r = ((---)x, )t-
This operator is then applied to the entire right-hand-side of the gyrokinetic equation, resulting in

98s _ 08s  Zse . O(PIRY | Ms2o 0gs
vib-Vz + —F 4+ —b-VB— —v \% —|— FV
or =l ( 0z T, S ez ) mg oy MsT| VLSS sVilpir
a Zse 0 a
— (VE)R-V 185 — (VE)R- V| Fs—( —vb-Vz 98s | 2 )r yBsh.vplss
0z T 0z ms av)
Zse
— VMs - VJ_gs+T_FsVJ_((P>R —(VE)R-V18s— (VE)R-V|Fs) (53)
N
T
This operator is simple to implement numerically: one first calculates the distribution function for the next timestep gﬁ*;lmt
as one normally would without any sinks, and then the actual distribution function at the next time step g;:*sl is given by
sn+1 _ zntl 5+l i
gk s gk s,int At" <(gk,s,int - g;t,s)/At'>T‘i€[0’n] ’ (54)

where At is the (possibly time dependent) simulation time step at step i separating g, s and g’+1 Apart from being a
more physically motivated sink, this method also has the advantage of only requiring one parameter to be specified, s,
which must be chosen to be longer than any microscopic time-scale of interest; in practice, we find for global simulations
that A= (a/vi) <15 < p;l(a/vthi) is sufficient for convergence.

When employing the multiple-flux-tube radial boundary condition, discrepancies between the turbulence supplied by the
auxiliary simulations and that of the central domain may sometimes result in strong shear layers just outside the boundary
region. In order to mitigate these shear layers, global stella supplies localized Krook-type sinks which can operate inside
a subregion of length Lk of the boundary region in order to smooth the transition between the supplied turbulence and the
modelled turbulence in the central region. These operators take the form

_ ~ nx—x_— ;boundary)(gs,L(IQ) —85(X)) x_+ (Lboundary — L) <Xx<X_+ Lboundary
DBC[gkyS(x)] =\ N(X — X4 + Lpoundary) (&s,R(X) — &5(X)) X4 — Lpoundary < X < X4 — (Lboundary —Ly) (55)
0 elsewhere

where 7n(x) = vpc[1 — (1 — e~ 3Uk=XD/Lky /(1 — e=3)] and vpc sets the strength of the operator. In practice, vgc is chosen to
be comparable to the growth rate of the fastest growing mode over all three domains. When these Krook operators are
used in simulations with the novel boundary condition, g5 and gsr are only directly copied into the Krook-free portion of
the boundary region. Like the case with lboundary, the size of the Krook damping region should be similar to the size of the
largest Larmor orbit contained in the simulation.
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3.5. Equilibrium flow shear

The local version of stella currently implements equilibrium flow shear using the discrete wavenumber-shift method
formulated by Hammett et al. [44] and includes the nonlinear corrections advocated by McMillan et al. [45] which renders
the scheme semi-continuous.

The wavenumber advection method is based on the fact that for a linear background velocity profile vg o y = yeX, where
yE is the shear rate, the advection equation

g 0g
— — +... 56
" +VE,0,y(X)ay + (56)

is equivalent to solving the system with a time-dependent ky,

d
8 —kyyetky) . (57)

For gyrokinetic codes employing an implicit integration scheme, having a time-dependent k, would require a recalculation
of the response matrices at every simulation time step, and thus would be prohibitively expensive computationally. The
wavenumber shift approach instead remaps the distribution function discretely. To determine when and how this remapping
occurs, we define a ky-dependent marker wavenumber k (t) = —ky Yt that evolves in time. Whenever |k} (t) — k,’;(t;rev)l >
Aky/2, where

tprev—i-AtE/z) B 1]’ (58)

Eprev = ALE |:ﬂoor < AL 5

tprev(ky) is the time of the previous remapping for binormal wavenumber ky, Atg = |Aky/ygky| is the nominal time be-
tween remappings for binormal wavenumber ky, and Aky is the radial wavenumber grid spacing, then information of the
distribution function gy s at radial wavenumber ky is transferred to radial wavenumber ky — sign(yYe)nshist Akx, i.e.,

n+1

|
gkx—Sign(]/E)nshiftAkx,ky - gkx,ky ’ (59)

where ngpife = round[ |k () — k§ (tjre,)|/Akx] is the number of radial wavenumbers by which the distribution function is to
be shifted. This remapping, if it is to occur, is done at the beginning of a simulation time step before any other term in the
gyrokinetic equation is calculated. This scheme, which leaves the radial wavenumber grid unchanged, ensures that ky on
the fixed grid is as close to the continuous time ky(t) = kx(t = 0) + k;(t) as possible. Note that the k, =0 zonal modes are
unaffected by this shearing, and so do not require remapping.

It has been recently shown that the accuracy of the wavenumber advection scheme can be improved by incorporating
a continuously varying ky, as well as a continuous flow shear, into the numerical integration of the nonlinear terms that
appear in the gyrokinetic equation [45,46]. These modifications are done to avoid the problem where modes at different ky
that are initially uncoupled nonlinearly become coupled due to staggered remapping. As the nonlinear terms are typically
integrated using an explicit scheme, these modifications can be made at little extra computational cost, and are implemented
in a straightforward manner: first, the substitution ky — ky —ky Vg (t — tprey) is made for every ky appearing in the nonlinear
term.” Second, a phase-shift to 8k.s and ¢y is applied by multiplying an appropriate prefactor,

@k, (X) = @i, () exp[—iky YEX(E — thre,)]- (60)

This renders the effects of shearing semi-continuous. Once the nonlinear term is calculated, the result is divided by this
prefactor, and the numerical integration then proceeds as usual.

The global version of stella employs a continuous form of equilibrium flow shear, which simply adds flow shear as a
background linear profile. While this approach has been used in gyrofluid simulation in the past [47], it has the disadvantage
of introducing a region of very strong shear at the radial boundaries of the simulation where the shear profile experiences
a discontinuity, and thus results in excessive levels of turbulence stabilization. This drawback can be avoided entirely by
utilizing the novel boundary conditions detailed in §2.4; as the boundary regions are replenished with ‘good’ information
at every time step, the effects of the large amounts of shear at the profile discontinuities is reduced. When this approach
is used, the shear rate is made continuous across all three domains by using the wavenumber shift approach, along with
nonlinear corrections, in the left and right domains. Prior to communicating information of the left and right distribution
functions, g5 and gsr are multiplied by the phase factor given in (60) in order to render the shearing semi-continuous.
These distribution functions are then Doppler shifted in order to match the velocities at the boundaries of the central
domain. After these steps are performed, the information can be copied as usual.

5 This substitution is not made in the Jo Bessel functions that appear in the nonlinear term. This is not needed, however, to avoid spurious cross-coupling
between uncorrelated modes.
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Like the spatial operator X detailed in §3.1, the continuous approach to flow-shear space suffers the drawback of wrap-
around, where a mode at one extreme of the radial wavenumber grid gets transferred to the opposite extreme, rather than
moving off-grid. In the discrete wavenumber shift approach, which is done in ky-ky, space, the wrap-around problem is
easily avoided: information of the distribution function that gets sheared off the radial wavenumber grid is simply zeroed
out. In the global version of equilibrium shear, which is done in x-k, space, a mode at ky max would unphysically wrap
around to —ky max if no additional steps were taken. Unlike the shearing resulting from the p,-small terms due to radial
profile variation, the shearing from the equilibrium flow is of order unity, and so one cannot rely on hyper-dissipation alone
to prevent wrap-around. Fortunately, the advection speed vy, = —yrky due to equilibrium flow shear is well defined for
every ky, and is uniform across the entire z domain. We thus prevent wrap-around with global shear by zeroing out the
distribution function at ky = *kx max over the same ky-dependent frequency that a sheared mode takes to cross a single
cell in the radial wavenumber grid, i.e., whenever |k} (t) — k,’j(t;‘,;‘ev)l > Aky, where t;;‘ev = Atg floor(tprey/Atg) and tprey
here refers to the last time a mode at k, was zeroed out. We have found that this largely eliminates any wrap-around of
information across the boundaries of the ky grid.

3.6. Hyper dissipation

A fourth-order hyper-dissipation operator is used in stella in order to prevent a pile-up of energy at small perpen-
dicular scales due to turbulent cascade. This operator, which is applied to the distribution function as an additional implicit
step in the operator splitting scheme, has the form

1

&n+1 = b} (6])

&n»
14 AtDnyperlk? 1o/ max(k2 oo D12

L, hyper

2

where Dpyper is an adjustable coefficient which sets the strength of the dissipation and k L hyper

the squared perpendicular wavenumber. For local stella,

(kx,ky) is some measure of

kihyper = kf_ = k,2(|Vx|2 + 2kyky (VX -Vy) + ki [Vy|? (62)

is the physical squared perpendicular wavenumber. The geometrical coefficients |Vx|2, Vx-Vy, and |Vy|? vary in ¢, and
ensure continuity across the parallel boundary for modes connected by the parallel boundary condition (§2.3). These
coefficients, however, also vary radially along with the geometric profile variation, thus complicating the application of
hyper-dissipation for global simulations. This difficulty can be avoided by using an alternative definition for k| nyper:

2 kz ky =0, (63)
Lhyper = 1 k211 + A(6 — 60)%] ky #0,
where 6g = ky/ky is the ballooning angle and A =1 when q is used as the x coordinate.® This form of ki_’hyper retains

the & dependence that ensures continuity across the parallel boundary, while doing away with the radial variation of the
geometrical coefficients. In practice, the results of a nonlinear simulation should be insensitive to the exact form of the
hyper-dissipation operator, provided the small perpendicular scales are well resolved.

4. Numerical benchmarks

In this section we perform a variety of tests in order to demonstrate the efficacy of our new approach to global gyroki-
netics; namely, that of the novel radial boundary conditions and the inclusion of next-order corrections in the underlying
gyrokinetic equations. Unless otherwise noted, all simulations used standard Cyclone Base Case (CBC) parameters which are
tabulated in Table 1, and we define p, = pref/a. Additionally, the values Ny and Ny refer to the number of modes resolved
in the radial and binormal direction after 2/3 dealiasing, and so the number of collocation points when calculating the
nonlinear terms is effectively larger by a factor of 3/2. This dealiasing is not performed during the communication of the
novel radial boundary condition, and so the boundary size Npoundary Should be compared with Ny, rather than 3Ny/2.

4.1. Continuity of the radial boundary conditions

To test the performance of the new radial boundary conditions, we perform a simulation using CBC parameters without
any profile variation (o, = A =0) in order to demonstrate continuity between the physical domains. This simulation uses
adiabatic electrons, 85 dealiased modes in each of the radial and binormal directions, 32 points along the magnetic field, 24
points in the parallel velocity space, 6 points in it space, and Dpyper = 0.05. The boundary regions in the center domain each
use ten co-location points, and the boundary Krook operator is applied in the inner eight points with vk(a/vh ref) = 0.5.

6 Qur definition of the ballooning angle differs from the standard one, 6y = kx/kyS, as we use q as the radial coordinate instead of .
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Table 1
Parameters of the Cyclone Base Case (CBC).
input parameter value input parameter value
mi/mref 1
14
1 (o) /Mref 1 ? 0.796
Ti(ro)/ Tref 1 K 1.
nj/ne 1 P 0
Ti/Te 1 5 0
Ro/Ln; = —(Ro/ni)n; 22 s 0
Ro/L1, = 7(R0/Ti)Ti’ 6.9 8 0
€=rp/a 0.5 , 0
Ro/a 2.77778 p
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Fig. 2. Snapshot of the electrostatic potential in the perpendicular plane situated at the outboard midplane for a simulation using CBC parameters with no
radial profile variation. Dashed lines denote the simulation domain boundaries.
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Fig. 3. Ion heat fluxes in each domain of a multiple-domain nonlinear simulation without radial profile variation (p, = 0).

Each flux-tube domain is seeded with small amplitude random noise, and after a period of exponential growth in the initial
linear regime, the nonlinearity becomes dynamically important and the domains reach a saturated turbulent state. No other
sources or sinks are used in these simulations.

Fig. 2 shows a snapshot of the electrostatic potential for each simulation domain in the perpendicular plane situated
at the outboard midplane. As no radial profile variation is included in these simulations, the statistical characteristics of
the turbulence in each simulation domain should be identical to one-another. Indeed, the cross-section of ¢ shows similar
turbulence across all the domains, without any spurious behaviour occurring near the domain boundaries. The heat fluxes
in each domain are also shown in Fig. 3 to be statistically identical, and the linear growth rates (not shown) are also
consistent. The novel radial boundary condition is thus shown to be well behaved. An expression for the heat flux is given
in Appendix B.

4.2. Equilibrium flow shear

Our global implementation of equilibrium flow shear is tested by comparing the resulting fluxes to those obtained by
local flux-tube simulations using the standard wavenumber shift method [44] along with non-linear corrections [45]. Unlike
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Fig. 4. Comparison of the total heat flux (left) and momentum flux (right) between a local flux-tube simulation (yellow line) and a global simulation (blue
line) with no profile variation (p, = 0) across a range of shear rates yg. Each simulation employs both parallel and perpendicular flow shear. Black squares
denote results from the global simulation without the zeroing out described in the last paragraph of §3.5. (For interpretation of the colours in the figure(s),
the reader is referred to the web version of this article.)

radial profile variation, equilibrium flow shear is not a p.-small effect, and so these tests are performed without other
global effects (i.e. p, = A =0).

In these tests, our global simulations use the CBC parameters and a resolution of (Ny, Nz, Ny, N,) = (21, 16, 24, 6). The
side domains use Ny =43 with a radial extent of £, = 62.8; while the central domain uses Ny = 85 dealiased modes with
a radial extent of ¢y, = 125p;. The boundary regions use 16 cells each, with a Krook operator applied on the outer 10 cells
with a damping rate of 0.2. If the Krook operator is not used, then shear layers can develop at the interfaces of the boundary
region which may counteract the effect of the background flow shear. The local simulations use the same parameters as the
central domain in the global simulation, and adiabatic electrons are employed throughout. No other sources or sinks are
used in the simulations.

Fig. 4 shows the total heat flux (left) and parallel momentum flux (right) for the global implementation of flow shear
(yellow line) along with the result from local flux-tube simulations (blue line). Expressions for these fluxes are given in
Appendix B. These results reveal that our global implementation of flow shear compares well to the more standard method.
Also included in this plot as black squares are the results from simulations of using global flow shear without the periodical
zeroing-out of information at the boundary. As argued in §3.1 and §3.5, the results are insensitive to this zeroing for small
values of shearing due to the presence of finite hyper-dissipation. However, for large flow shear the information can escape
this hyper-dissipation, thus causing an over-prediction of both heat and momentum flux when the zeroing-out dealiasing
routine is not performed; this over-prediction worsens as shearing is increased.

4.3. Consistency of the first derivatives

Our approach to global gyrokinetics involves the Taylor expansion of the geometrical coefficients (given in Appendix A),
as well as the density and temperature profiles. This introduces various additional terms in the gyrokinetic and quasineutral-
ity equations, as well as the gyro-averaging operator. In order to verify the implementation of these terms, we compare the
geometrical coefficients computed in two separate local flux-tube simulations; one simulation is performed at a displaced
radial location r =rg + Ar4 that does not employ the additional terms in the Taylor expansion, and a simulation located
at r =rp which then employs these additional terms to evaluate the coefficients at ro + Ar; (thus placing the flux tube at
r =ro+ Ary ). We then compute the absolute error between the geometrical coefficients of the two simulations and plot this
as a function of p, (equivalently, A); proper implementation of the terms resulting from the first-order Taylor expansion
results in a scaling of the absolute error with p2. Plotted in Fig. 5 is the error scaling of various geometrical coefficients
with p, which do indeed exhibit a ,of scaling for a broad range of p,. While this figure only displays a few geometrical
coefficients, these scalings have also been verified for all other geometrical coefficients, as well as for terms resulting from
radial variation in density and pressure. As a final note, the error scalings for some quantities in Fig. 5 do break from the
02 scaling for A > 0.3; however, for these order-unity values of A the Taylor expansion is expected to breakdown.

4.4. Convergence to the (k; L)~! — 0 limit

Local flux-tube gyrokinetics is obtained by formally taking the (k; L)' — 0 limit of the gyrokinetic equations [23]. Thus,
a stringent test that all global gyrokinetic codes must pass is to prove convergence to local gyrokinetic simulations in the
(k1 L)~ — 0 limit, which can be done by letting A tend towards zero. We test this convergence in stella using the Cy-
clone Base Case parameters with adiabatic electrons, as well as the additional second derivatives q”a®> =5, n”(a%/n) = —1,
T/ (a®/T;) = —4. These second derivatives have been chosen in order to provide appreciable modification to the gradient
scale lengths as A approaches order unity. The multiple flux-tube boundary conditions are employed, and each simulation
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Fig. 6. (left) Time-averaged growth rate of the volume-average ion heat flux as a function of p, for radially global linear simulations. Dotted line indicates
the growth rate of a local linear simulation centered at r/a = 0.5. (right) Time- and volume-averaged ion heat flux in a saturated turbulent state for radially
global nonlinear simulations. Error bars denote the standard error of the mean. Solid line indicates the time- and volume-averaged heat flux of a local
nonlinear simulation centered at r/a = 0.5, while the dotted lines denote the standard error of the mean for that simulation. Here, p. = pref/a.

domain has a resolution of (Nx, Nz, Ny, Ny,) = (43,24, 12, 48), a single poloidal turn and a radial extent in terms of gyro-
radii of ¢x = 60p;. The size of the radial boundary is 4 collocation points. The spatial resolution is held fixed between the
simulations, and so as p, is increased, the physical region of the device that is sampled (as a portion of the minor radius
a) is also increased. Sources or sinks are not needed in linear simulations since profile relaxation is a nonlinear effect, and
so sources or sinks are not used in the linear simulations reported in this section. Each domain is seeded with a single
kypi = 0.2 mode which, in a linear simulation, decouples from other modes with different binormal wavenumber. As the
system evolves, the growth rate of the volume-averaged heat flux (Appendix B) eventually reaches a constant value, which
is plotted in the left panel of Fig. 6 as a function of p.. The global simulations are indeed shown to converge to the local
result, which is denoted in the figure with a dotted line. Apart from the largest value of p, at which the A expansion
begins to breakdown, this growth rate is nearly a monotonically increasing function of p,. This is due to the radial domain
sampling regions of larger R/Lt near the outer edge of the torus, an effect that disappears as p, and thus the radial extent
in terms of r, is decreased. Additional simulations for o, =0.002 where N, Ny, and Ny, are separately halved have been
performed to ensure convergence of the growth rates.

We also perform a (k; L)~! — 0 convergence test for nonlinear simulations by comparing the time- and volume-averaged
ion heat flux of the saturated turbulent state. This is performed using the same parameters as in the linear simulations of
the previous paragraph, but with the resolution of (Ny, Ny, Nz, Ny, Ny,) = (171,85, 16, 8, 48). Additionally, the simulations
employ the projection-based source with 7s(vp rer/@) = 50, and no boundary-region Krook operator. The results of these
simulations are shown on the right panel of Fig. 6, along with the result of a nonlinear flux-tube simulation performed at
r/a =0.5. While the heat flux signals are much noisier than the growth rates of the linear simulations, convergence in o,
is indeed demonstrated for small enough p,.

Finally, in order to showcase the utility of the hybrid global-local approach, we perform a (k; L)~! — 0 convergence test
where the physical region of the device that is sampled is held fixed, rather than the box size in terms of the number of
gyroradii. Three sets of simulations are used, employing the multiple-flux-tube boundary condition, the periodic-triangle-
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Fig. 7. lon heat fluxes as a function of p, for simulations where the sampled physical region is held fixed. Included are simulations which use a multiple-
flux-tube radial boundary condition (purple line, §2.4), the periodic triangle wave boundary condition (green line, [18]), as well as Dirichlet boundary
conditions (blue line). Fluxes are time averaged over the saturated states and volume averaged within the center half of the simulation domain. The dotted
line is the result of a local simulation located at r/a = 0.5, while the shaded region denotes the standard error of that mean.

wave boundary condition detailed in Candy et al. [18], as well are Dirichlet boundary condition. The numerical resolution for
these simulations are (Ny, N;, N, Ny) = (43, 16, 8, 36). The radial resolution for the simulations employing the multiple-
flux-tube and Dirichlet boundary conditions are Ny =43, 171, 341 for p_! =250, 500, 1000, 2000, respectively, while using
a boundary size of four collocation points for p; ! =250 and eight for the remaining three values of p,. Additionally, the
boundary Krook operator is applied to half of those points for these simulations. Dirichlet boundaries are applied similarly
to the multiple-flux-tube approach, but with zeroes instead of information sourced from auxiliary local simulations. The
simulations employing the periodic triangle wave boundary condition have radial box sizes and resolutions that are twice
as large as the other two analogous cases, but do not need to use auxiliary flux-tube simulations or a boundary-region
Krook operator. All simulations employ the Krook-based source with Ts(vin rer/a) = 50 and vk(a/vin ref) = 0.15. We note
that the periodic triangle simulations twice the computational resources to perform compared to analogous the simulations
employing Dirichlet boundary conditions, while the multiple flux-tube simulations requires three times as much, though this
can be mitigated in the future by using smaller radial domains in the auxiliary simulations and appropriate load balancing.

The results from these simulations are given in Fig. 7, which displays the ion heat flux as a function of p,. Here, heat
fluxes are time-averaged over the saturated state, while volume-averaged over the half-domain centered around r/a = 0.5;
for the simulations employing periodic triangle wave boundary conditions, this is the half-domain of the physical region
of the simulation, which is the left half of the simulation domain. We see from Fig. 7 that the simulations using multiple
flux-tube and triangle wave boundary conditions agree with local result for p, at least as large as p, ~ 1/250, while the
simulations employing Dirichlet boundary conditions significantly underpredict the fluxes for p, 1 < 500. This archetypal
under-prediction of the fluxes relative to the local result is often attributed to global effects, such as profile shearing, that
are absent in local codes: The results shown here instead indicate that the artificial damping of fluctuations associated
with Dirichlet boundary conditions is responsible for the reduction in flux with p,. Such a concern has already been raised
in Candy et al. [18], who found a similar insensitivity of the heat flux to variation of p, when using the periodic-triangle-
wave boundary condition.

4.5. Rosenbluth-Hinton tests

A standard benchmark for gyrokinetic codes is the Rosenbluth-Hinton test [48], which verifies the implementation of the
parallel streaming terms, the radial magnetic drifts and the k, = 0 mode in the kj p; — 0 limit. In this test, the residual
level of a zonal electrostatic perturbation that has been damped by collisionless processes is measured and compared to the
theoretical prediction for large aspect ratio circular geometry:

-1
RHyc = % = [l +q%(1.64+0.5/€ + 0.3616)/ﬁ] . (64)
This residual level, originally calculated by Rosenbluth and Hinton [48], was given to higher accuracy in € and q by Xiao
and Catto [49].

To perform the Rosenbluth-Hinton test using global stella, we run a multiple flux-tube linear simulation with velocity
space resolution (Ny,, Ny) = (192,6), N = 128, Ny =43 for the side domains and Ny = 85 for the central domain. The
radial extent of the side domains is £x = 300p; while for the center it is £x = 600p;. Flat density and temperature profiles
are used for all simulations, while the magnetic geometry is taken from the CBC, along with q”a? = 0.5 and p, = 0.0002
(A = 0.12). Each boundary region uses eight collocation points and no dissipation is used, and adiabatic electrons are
employed. Simulations are initialized with a single large-wavelength ky i = 27t/300 mode, and after some time a residual
level is eventually maintained. The left panel of Fig. 8 shows the residual level of the zonal flow at the center of the middle
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Fig. 9. Evolution of the box-averaged temperature as a function of time from simulations using a variety of sources, as well as a simulation with no source.
Simulations with sources where time averaging is performed using a short-time (long-time) window are denoted with solid (dash-dotted) lines. Simulations
in the top panel are performed with the Krook operator in the boundary region, while simulations in the bottom panel are performed without this operator.

domain (at p = 0.5) along with the analytical prediction given by (64) (this denoted with a dotted line). It is clear that
global stella captures the correct residual level at the center of the domain.

While the original Rosenbluth-Hinton calculation is performed in the local limit, we can let (8) be a function of r through
€ and q and ascertain how well stella attains this ‘global’ version of the residual level. The right panel of Fig. 8 displays
the final zonal potential at the end of the simulation (purple line), as well as the initial potential profile scaled by the
predicted residual fraction given by (64) (green line). At least at this modest p,, the global simulation captures the correct
residual level over the entire domain.

4.6. Sources and sinks

In general, sources and sinks are required for global nonlinear simulations because a mismatch of flux between the
two boundaries can lead to an accumulation or deficit of particles, momentum and heat in the central domain. Our scale-
separated approach to global gyrokinetics involves a novel projection operator source that is detailed in §3.4. Here, we
demonstrate the efficacy of this new source by comparing it to global simulations using a more conventional Krook-based
source, as well as comparing it to global simulations that do not employ sources. These simulations use CBC parameters
with adiabatic electrons along with q”a? =5, n”(a%/n) = —1 and Ti”(az/Ti) = —4. The spatial and velocity resolution for
each domain is (Nx, Ny, Nz, Ny, N‘,H) = (85, 85,16, 8,48), Dhyper = 0.2, and p, = 1073 for the central domain. The binormal

20



D.A. St-Onge, M. Barnes and EI. Parra Journal of Computational Physics 468 (2022) 111498

1.6 3 3 3 3 4
15 1 BN 135 =
1.4 L 13 =
5]

1.3 - 125 =
1.2 - 12 2
2

1.1 - 115 B
e

1F ‘ L 11 £

3 £

0.9F Poar ‘ 4 0.5 9:/
0.8 | | | | | i ~

L I I I I I i L 0
0.44 0.46 0.48 0/.5 0.52 0.54 0.56 0.42 0.44 0.46 0.48 0/5 0.52 0.54 0.56 0.58
r/a r/a

Fig. 10. (left) Radial profile of the equilibrium density and temperature, and magnetic safety factor q. (right) Radial profile of the total flux-surface-averaged
heat flux Q (solid line) from a global stella simulation using CBC parameters with p, = 10~3. Shaded areas on the left and right denote the boundary
regions of the central flux tube. Yellow crosses denote local simulations performed at the specified radial location. Vertical error bars and blue shaded area
encompassing the solid line are calculated using the standard error of the mean appropriate for a continuous time signal. The asymmetry of the size of the
boundary regions in the physical r/a space is due to q” # 0.

extent for all domains is £, = 207tp;(ro) while the radial extent is £x = (6/2m)¢,. Each boundary region is comprised of six
collocation points.

The box-averaged ion temperatures fluctuations from these simulations are plotted in Fig. 9 as a function of time. The
black solid line denotes the simulation with no sources, while the orange and blue lines denote simulations with the
projection-type and Krook-type sinks, respectively. Simulations in the top panel apply the Krook operator to the three
points facing the physical region with vgc = 0.1, while the simulations in the bottom do not. For the given simulation
parameters, the turbulence is strongest in the rightmost domain, resulting in a strong right-going radial flux of heat. As a
result, the simulation with no sources and sinks results in an unbounded secular decrease of temperature. On the other
hand, simulations employing sources and sinks with long-windowed time averaging eventually asymptote to finite values.
These values for the projection-type operator converge as the averaging window size is increased, and are sufficiently small
to prevent profile relaxation. In the case of the Krook-operator source, the box-averaged ion temperature eventually decays
to zero, though the details on how this happens is sensitive to the precise values of vs and 7s. In practice, one should choose
a averaging window size that is longer than any of the turbulent timescales of interests; for our global simulations, this is
roughly A= (a/ve) < 75 < p;l(a/vthi). Thus, Fig. 9 indicates that both the Krook-based and projection-operator-based
sources are equally effective at controlling the box-averaged temperature in the simulation domain.

4.7. Radial heat flux profiles

As a final test of our global approach to gyrokinetics, we compare the radial profile of the ion-temperature-gradient-
driven nonlinear heat flux (Appendix B) resulting from a global simulation to the heat fluxes obtained at multiple radial
positions with local simulations. These simulations use CBC parameters with adiabatic electrons along with q”a® =5,
n”(@*/n) = —1 and Ti”(az/Ti) = —4. These parameters result in the radial profiles displayed in the left panel of Fig. 10. The
spatial and velocity resolution for each domain is (Nx, Ny, Nz, N, NVH) = (171,85, 16, 8, 48), Dhyper = 0.2, and p, = 1073
for the central domain. The binormal extent for all domains is £y, = 207p;(ro) while the radial extent is £y = (6/2m)£,. Each
boundary region is comprised of ten collocation points, with the Krook operator being applied to the six points facing the
physical region with vgc = 0.1. The projection operator source is employed in the centre domain within the physical region
with an averaging window time of 7s(Vh ref/a) = 50.

The resulting radial profile of the heat flux is plotted in the right panel of Fig. 10, which displays the long-time average
after the turbulence has reached a saturated state. Additionally, the results of five separate local simulations are plotted
using crosses. The shaded region and error bars of the local results are calculated from the standard deviation of the mean
for a continuous signal, i.e., the standard deviation divided by +/tave/tauto, Where taye is the time window of the averaging
and tauto is the autocorrelation time of the signal. Boundary regions are denoted by the shaded areas, and the profile is given
as a function of the minor radius r. Like the simulations from the previous section, the resulting turbulence is stronger on
the right side of the simulation domain, which results in a much larger heat flux. Similar to the results given by Candy
et al. [18], the heat flux of the global simulation across the radial domain captures the radial variation of the heat fluxes
resulting from by local simulations, with some minor mismatch near the boundaries. These discrepancies can be the result
of a number of effects, such as profile shearing [47] and turbulence spreading [14]. With regards to the latter, the separation
between any two local simulations in Fig. 10 is approximately a single poloidal gyroradius ppo1 = (B/Bp)porer, Where Bp is
the poloidal magnetic field strength, and so Fig. 10 is consistent with turbulence spreading across eddies that have a radial
extent on the order of ppo [50]. In-depth studies of both profile shearing and turbulence spreading our global approach to
gyrokinetics are ongoing, and will be reported in a future publication.
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5. Conclusion

The gyrokinetic flux-tube code stella has been extended to allow for radially global simulations using a novel hybrid
approach that retains the use of a spectral basis. While this is not the first code to take a hybrid approach to global
gyrokinetics [18], what makes stella unique are the novel radial boundary conditions that couple multiple flux-tube
simulations; a subsidiary expansion of the gyrokinetic equation [23] that incorporates the effects of radial profile variation
in every term, rather than just w,; and next-order corrections in the magnetic geometry using an extended form of the
Miller equilibrium equations. These new features have been benchmarked using a number of standard test cases, and are
readily applicable to a wide variety of physical problems, such as turbulence spreading [14,51], and the generation of
intrinsic rotation due to the breaking of symmetries in the gyrokinetic equation [50,52-54]. We stress that while our novel
radial boundary condition provides a more physically motivated alternative to the standard Dirichlet boundary condition, it
does not obviate the need for Krook-type operators which smoothly connect the buffer regions to the physical one.

Global stella could be usefully extended to include electromagnetic effects and arbitrary profile variation using an
equilibrium solver such as EFIT [55]. These additions would respectively enable global simulation of high-g8 tokamaks and
regions of high pressure gradients such as the tokamak pedestal, the latter of which may require the resolution of p,-
small physical effects with high fidelity. Finally, integrating the non-perturbative solution of quasineutrality with stella’s
implicit solver of the parallel streaming term will lead to significant numerical savings when performing global simulation
with kinetic electron effects, and may enable global multiscale simulations with relatively modest computational costs [10].

As a concluding remark, while we offer an approach to global gyrokinetics using flux-tubes, it is not the only one.
Spectral methods for non-periodic domains has long been an important subject of research [56-59], and spectrally accurate
gyroaveraging schemes for non-periodic domains have also been recently developed [17]. While still in its infancy, hybrid
global-local gyrokinetics will offer a physically robust and computationally efficient complement to the already vast array of
global gyrokinetic codes available to the plasma physics community.
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Appendix A. Computation of geometrical coefficients using Miller equilibria

In this appendix we calculate the geometrical coefficients B, b-vz b-VB, IVx2, [Vy|2, |[Vx-Vy|, bx VB -Vy, bxr-vx
and b x k -Vy in axisymmetric geometry using the Grad-Shafranov equation,
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g (V¥ _ 4 p2dp  dl
RV-<F>_ AR I (A1)

We derive the geometrical coefficients using (q, ¢, ) coordinates, where o and 6 are defined below. These coordinates can
be related to the numerical coordinates (x, y, z) using equations (15), (17),

¥’ (ro)

Vx=—"-Vq, (A.2a)
Bret
I

yy=Y g, (A.2b)
Bret

along with z=6.” The Miller equilibrium is given by equations (13). In general, an axisymmetric magnetic field can be
expressed as

B=V¢xVy +I1()Ve. (A.3)
The safety factor q is in general defined as
2 2
q=%/de%=% d@%, (A4)
0 0

where we have used 7' =B-V0=V0.V¢ xVy and B-V¢ =1(y)|V¢|> =1(y)/R2.
Since r is a flux label, ¥ (r,0) = ¥ (r). To derive an expression for ¥/, where prime denotes differentiation with respect
to r, from B-V6 we get

B-Vo=71=vy'Vr.Vo x V¢, (A.5)
or
VAN (A6)
where Jfl = Vr.V60 x V¢. Then, using equation (A.4) to solve for v/,
| 27 7
'=— [do =l A7
v 2mq R2 (A7)
0

From properties of the reciprocal basis vectors [60], we also have the useful identities

vz~ B 132\, (9RY? (A83)
-2 () () | &

R2
2 _ 72 72
Vo2 = 7 (z R ) (A.8b)
R(? [ _,dR dZ
Vreve=— (rz) (R’— + z’—> , (A8C)
N a0 a0
and
VA R
=R(RR—-7—). A9
Ir ( 26 a6 ) (A.9)
Also needed are the first partial derivatives of (13),
R’ = R{ + cos(6 + sinf arcsin §(r)) — rsin@ sin(0 + sin arcsin 8 (r))(arcsin §(r))’, (A.10a)
Z' = ('r4+K)siné, (A.10Db)
oR
7] = —sin(@ + sin@ arcsin 5 (r)) (1 + cos O arcsin §(r)), (A.10c)
9z
8= K (r)rcosé. (A.10d)

7 While the calculations in this section are done with g as the radial coordinate in mind, the geometrical coefficients resulting when v is used as a radial
coordinate can be obtained by using Vq = (dq/dy)Vy where needed.
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A.1. Zeroth order coefficients

We now begin calculating geometrical coefficients. From (A.3),

1
B2 = = () + Vv ). (A11)
while the gradient of B is
oB
VB=VrB’+V98—0. (A12)

The partial derivative of B (and any other quantity in this appendix) with respect to 6 is calculated in stella using
second-order finite differencing. The radial derivative of B, on the other hand, must be obtained by

B = BLZ (11’ %(WW)/) - B:/, (A13)
where

(|Va/f|2)’=2[|w|2( ;)w’z(;) (%%+%%)} (A14)
and we have defined J=v'J' = J/ — J-¢" /¥’. We can evaluate both J and I’ using the Grad-Shafranov equation,

II'= 47 R?*p' — |Vr)?y'y" — R*y/?V . (:;) (A15)

where " can be obtained from equation (A.7),

2
I/ q/ I ‘71’ ’
”=<7 q)w +2ﬂq @ (R2> ' o

The last term of (A.15) can be readily calculated,

viyx 1 [1[/0z aR\21l 1 or,
- ) 2

where
1 ,OR ,0Z
T, = 7 R — ey +7Z'— 9 (A.18a)
r
d 3 dR'dR  _,8°R 97 9Z 8%z
Iz _ Iz 3 — +R— + — 7— (A18b)
a6 jr 26 jr a6 960 302 T 90 90 062
We now eliminate " by combining (A.15) and (A.16),
1’ ? 4 R? "R 1[5 "9 T Y
T r
1+ p/+(1__ —(Zvr?) - 2| - /de iy I (A19)
Vy2Z) " vyt T g ViR g [\ R2 00 | 2mqy’ R2
0

Multiplying by 7;/R?, integrating over 6 and using (A.7) gives I’ in terms of known quantities,

27T
T I?
7/“ <1+|V1ﬁlz>
0
T lang . T (q 2R 1 (1 [702\% [or\?] or,
=_/de<|va _F<E+ >+|Vr|2[ [(89> +<¥> } _ED’ (#-20)
0

where J/ has cancelled. Using the above expression, we can express the remaining unknown term of the Grad-Shafranov

equation [left hand side of (A.1)] in terms of known quantities; from
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/
v J' EVA aR\? " or
v.(¥)- -2 |V1ﬂ|+£ IZN L (BRNF| e (A21)
R R Tr T2 a6 Jr 00
we have
R [ 7 iy 1 [ ez aR\2|  or
J= 4 — -2 A22
|Vr|2iw'2< i )+$[( >+<89” 89] (A-22)
We now express the magnetic field B = Va x Vi using Clebsch coordinates by introducing the variable o = ¢ — qv
Using (A.3), we find the requirement
av
—qa—eVewale;“. (A.23)
Taking the scalar product with V¢ and integrating,
N 0
- / de’i, (A.24)
q R?
0
which leads to
r q I 9 TV
Y ==--= z9+—[de’ = . (A.25)
I q q R2
0
Thus,
Va=V 94+ vr— Ty, A.26
a=V—(q0+qv) r_WF (A.26)
We can now readily calculate
/
Va-Vo=—(q9+qd)Vr- VG—WFWM (A.27a)
/ / 2 L7r
Va-Vr=—(q9+q0)|Vr|* - ;Rfv Vo, (A.27b)
1 Tr I Jgr
Vo> = 2 +(q'0 +qv ) |Vr|? +27_ (@9 +qv)Vr-vo + (1/// R2> Vo2 (A.27¢)
This allows us to calculate k%,
K =k2 (q’zﬁ§|Vr|2 +2q'9%Va-Vr+ |Va|2) , (A.28)
where we have defined the ballooning angle 99 =kq/kq and kg = (' (ro)/Bref)kx. For zonal modes with ky =0
ki =kaq'?|Vr|*. (A.29)
We also calculate the gradient B drift,
R BB/ w/
Va-bxVB=— re [(V(x Vr) (Va -V0) — Vr-Vo|Va| ] (A.30a)
W B a0
Vq- beB_——Ib Vo —, (A.30Db)
/24 96’
and the curvature drift,
A A A ~ VB
Vq-bx (b-Vb)=Vq-b x R (A31a)
(A.31Db)

A~ A VB 4m
Vb x (b-Vh) = Va-bx = + 25 Ly
By’
This completes the zeroth order in A calculations of the geometrical coefficients
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A.2. First-order coefficients

In this section we calculate the radial derivatives of the geometrical coefficients B, b-Vz b-VB, VX2, VY%, |Vx-Vy],
bx VB -Vy, bxk-Vxand bxk -Vy. These radial derivatives are needed for global simulation. Note that these coefficients
are correct for arbitrary aspect ratio; previously a number of these coefficients have been calculated in the large aspect ratio
limit by Wilson et al. [61].

To begin, note that the radial derivative of B is already given by (A.13). The radial derivative of the next two geometrical
coefficients can also be readily calculated:

(b -Ve)’ —_b.vo (E + %) , (A32a)
o AN B’ 0B (B J
(b-VB) —b.ve [¥_¥<E+§)]' (A:32b)

In order to calculate the radial derivative of the remaining terms, J' and I” will need to be determined; this is done using
the radial derivative of the equations derived from the Grad-Shafranov equation, viz. (A.20),

27 27
I Tr 12 r [ 12 (U J 2R (Vy]? g 2R
—JdoZE(1+——)+= | do = —pr = 27 @ =
I RZ( +|wf|2)+1/ RZ[IVWZ ITE TR T wer )T\ TR
0 0
27 7 2R" R’ 2 q// q/ 2 2R’ q/ ._7/ 2R’
:/d@—; 2= ) +- (%) +(=+2) (= -=
R R R q q R q TIr R
0
27 ,
+/d9 1 a1 R,aR N Z,az 2 [OROR’ N YA VA
Ivr2 |90 | 7 30 30 J-\ 90 90 ' 96 96
0

27

/ Vi !/ 2/
—fde 4npj2r (p_/ J (IVt//Iz) ) (A33)
IV \p" T Vi
and (A.22),
SR 0T [ (1 T 2R (VY
R2 "~ R3 +R2|Vw|2 [1 1 (1 +$ R V|2 ﬂ
< 1 {a [1 ( JOR /az” 2 <3R aR’ azaz’>}>/
——1=|=(R—+7Z=||-=(——+——
|Vri2 |90 | J 90 90 T\ 96 96 36 90
/ Vi / 2\/
- 47[p{r <g/ J (IVw|2) ) (A.34)
IVl \p" T V|

where the derivative of equation (A.14) gives
" R / R" (RN\*> J JT

\Y 2) =2<———><V 2)+2V 2 ——<_> T s
(vl w = o) (Vur) +2vel | = () -5+

) Ry \?| /R’ 2+8R8R”+ 3z’ 2+azaz”+2 8R8R’+8282’ R J
Tr 30 30 90 30 30 90 30 90 90 a0 J\R )|

(A.35)

The quantities ¢” and 7/, the latter given by

irl _ JrR’ RN% +R/BZ, _Z//% _ Z/B—R/
R R2 a0 a6 a0 36’

can be related to one-another through J, a known quantity. For global stella the quantity ¥ (a flux-function) is given
as an input parameter provided by the user, and so (A.36) serves as a constraint in determining R” and Z”; one then only
needs an additional constraint to determine both R” and Z”. We choose this constraint to take the form

oR aZ

R'—+27Z"'— =0, A37
a0 + 00 ( )

(A.36)
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which results in

1 R\?0zZ[J (T R 8z’ AR
R/ — A R B I R, 728 A38
|Vr[2 (jr) 36 |:R (Jr R) a0 T ae} (A.382)
1 R\% 4R "R YA R’
P RN RV (T R\ _ Q32 59k (A.38b)
v \7/) 96| R\ 7% R 36 36

Apart from ", both ¢ and p” must also be specified for global simulation; these are taken to be additional input param-
eters.
The next few terms radial derivatives required for global simulation are

/ R 7 R\2/8ROR 9Z9Z\ |
Vi) =2 v =~ - — — 4 = , A.39a
(' ') [' |<R jr>+<jr) (ae 00 0 ae)_ ( )
’
(Va-Vr) = — <|Vr|2> ¢ +q9") — |Vr220'q + "0 +qv")
I I/ ! 2R/ " T
- RZ{;/ [(Vr-VQ)’—}—Vr-V@ <7+§_7_%) , (A.39D)
r J
2\’ 2R’ 2 2\’ 2 1
(1IVaP) =25 + @2+ (IVr12) +2VrP@? +9'02q? +vq" +q9")
ZIJP’ i " Vi / / /
T 2y Vr-VoQRo'q +9q" +qv") + (@O + 'q)(Vr-Ve)
l/ j/ 2R/ w//
+Vr.-voqv + v’ <—+—r————>
(q )| 7 7R v
IJ 2 ’ I/ J/ ZR/ I/I”
+(R212,> [<|V0|2) +2|veP? <7+7;_T_? . (A39¢)
Needed for these term are
R T R\?/_,dR AR’ EYA B4
Vreve)Y =2vr.Vo [ — -2 - (=) (P2 + R — + 2" 2 +72/°2 ), A.40
(Vr-vo) ' (R j) (Jr>< 0 N te et ae) (A40a)
/ R 2 R/ !
(|V9|2) —2 <7> [R’R” 177"+ (R’2 i z’z) <E _ %)} , (A.40b)
r r
(Vo -VO) =—@q +qd)(Vr-ve)
IJ / I/ j/ 2R/ "
_Vr-VOQRqY +9q" +q0") — sz/:/ [(|ve|2) ok (7 T %)] (A.40c)
and

[
I oy ) G S AN
ool fard(r s g Y oy
q R "% q R I I Tr

0

J 2 J ]/[// q// q/>2 2R" (R/>2
- =) — = — — ) - 21 — . A4
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With these, the radial derivative of the perpendicular wavenumber is given by

I / I
(k) =K { (1Va?) +260[q' (Var- V1) +q'Vear-Vr] +63 |:q/2 (1vri2) + 2q/q“|Vr|2] } : (A42)
The radial derivatives of the VB drift terms, are given by
.~ VBY I N ~ / R I B ”
Vg-bx — ) =———1|q"b-VB+q' (b-VB) +q'b-VB .8 _v , (A.43a)
B By’ I B v

. VB\ B’ y’B 1 [dB 3B’ 2B’ 3B
Vabx Y B) B VB 1B G xB.Vo) + Vax B-Vo -2 20|, (A.43Db)
B v w2 B2| a0 30 B 00
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where
,ll,// 2 7
(VaxB-V) = WVO[ xB-VO+y' [(V(x V) (Vo -Vo) — |V Vr-VQ] (A.44)
and
B’ — 1 240+ - (|V1//| ) I+ 1 <|VW|2>/ B’ " 2R’ BR’ (R n B R (A45)
BR2 2 B R R R B R/’ ’
Likewise, the radial derivative of the curvature drift is given by
b vs " . VvB\ B . VB
—x—Va| ==(Va:-bx — | — = |Va-bx — |, (A.46a)
B B B B B2 B
471 p 47rp’ p’ v 2B

This completes the first order in A calculations of the geometrical coefficients.
Appendix B. Moments of g, s and their fluxes incorporating radial profile variation

In this section we document the expressions for various moments of the distribution function, along with their fluxes,
appropriate for the expansion detailed in §2.2. The moments considered here are the fluctuating density éns, parallel velocity
8uys, and temperature §Ts, which are given in their normalized forms by

Zs Fg(r) .2 2 -
S s = / dv /d,us (]Osgk e s I's (f<2)s — eV (m)/"ms(”’)gok) , (B.1a)
Ts Fs(ro)

(Sﬁu,k,s=/d‘7\\/dﬂs T/zéfoﬁugk,s, (B.1b)

. .~ 3 Zs Fg(r) 2 2 -
8Ts =3 f dv, / dfisB TZB <Vﬁ +2/1sB — 5) (JoSgker ; FS( )(155 —De™’ <f°)/”rhs<f°>gok>, (B.1c)
sts

where Jos = Jo(aks). The Taylor expanding the above equations to first order yields

S s ~ fdvufd,u,s <105gks+ = (J§s — e 7"2”")/‘/3“5“0)@1:)

il o fon o (542

z _ (B 2] T, Fl
+ T—Sués — eV 00/ V10 gy (E 5 J Ce F—S) } } (B.2a)
0s N S
It
sy, ks~/dVH/dMs 1/zBJOsVHgks+X[/dV||/dMs 1/23105V||gks<3 + Jgs . (B.2b)
S
3 - 2 2 -
8Ttes ~ _/dVH /dﬂs (VH +2/15B — 5) (]Osgk,s + T—S(](Z)s —e™ (TO)/"ths(rU)(pk)
S
_ . 3 _ J0 2sB’
+ X /dV /d <V +2 B-*) S+~—~
{ I dits =575 | +2/4sB =2 Jos&k,s JOS V4 21,5 - 372
) .
+ 5(15 — 1)e v’ (0/Virs0) g B + 2o T + Fs + 2“—5?/ , (B.2¢)
Ts B jg—1 Ts Fs  vl428-3)2

where the coefficients that depend on space are evaluated at r =rp and
F} B n, n T, (E 3 UsB’
Fs ng  Ts\Ts 2 Ts

Equations (B.2) are correct to first order in A.

The relevant fluxes that accompany these moments are the flux of particles I's, toroidal angular moment ITg, and energy
Qs, which are given in their normalized flux-surface-averaged forms by

(B.3)
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N o2 . vy L Zs(@)g Fs() 22
:</dv/d“‘nl/zB(‘”’"<|V¢f|>%)<gs+ noRe ) (B4
) (w2 (don (die 25556 [5e. Y o Zs(@le FsO) a0
<Hs>w—<msR /dvn/dusnuzB(v-V{) <VE'<|VW|)¢O)<gS+ N~ 0)/Ves {10 r w, (B.4b)

~ _ ﬁls ~ ~ 2 - ~2 ~ 5 ~ V'(// ~ ZS<¢>R Fs(r) —vz(r )/V? o)
<Qs>(/f—<7/d1//d/is WB(VH‘i‘zMSB) <V5om) <gs+ 3 %e 0)/Vins (o r ]//,

(B.4c)

where (---),, is the flux-surface average performed on an infinitesimally thin flux surface located at r =rp. Note that
the contribution from the un-gyroaveraged ¢ to that would normally appear as a third term under the gyroaverages in
equations (B.4) [cf. equations (B.2)] vanishes upon integration over y. The particle and heat fluxes are readily expanded,
leading to

- - 2B 1. - _ . Zs 5 . _2 2
r> ~ /dv /d“ — =Ty (iky pret@ic) Fy | JosBies + = Josdwe™ " 10 Vs 10
Iy < I 5711/2<|Vr|>¢O k ( y re‘P) Kk s&k,s 7, 0s®

]0 — jO s Ts,
+ 2| Josi ( £ ) 1 2 g2 e ) R : (B.5a)
|: B Jos T os B jOs Fs T _
r=ro \b
2B(v? +2MsB) z Fs(r) 2 2
~ I £s Ts e~V (10)/Vig(ro)
dv ik 0)/Vths
< / H/ Ms ——F— = 1/2(|Vr|)¢0 c ( ypref(/)k) {JOsgks FS(r )]05
1 . (B 2158’ Jo
+X| Joskks| -+ 5—=+ "
|:] sEk.s ( B vﬁ +2sB  Jos
Zs 5 - 20 VP (o) 105 2fisB’ F. T!
+25 J2 eV 0 Va0 e & : (B.5b)
Ts s B .]Os Vﬁ+2MgB Fs Ts r=rol
The flux of toroidal angular momentum can be decomposed into two pieces, ITs = ITys + IT 5, where
VHI
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These have Taylor expansions
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Z I
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S k,s 1/}
where
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Volume-averaging can be done by integrating over the volume using the volume element dV = (y'/q")Jdfdadq. Note that
dV is also Taylor expanded, giving

dVv ~ %jd@dadq [1 + (relamped — o) (l + vo_ q—ﬂ ) (B.9)
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