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Abstract

We consider a sequential treatment problem with covariates. Given a realiza-
tion of the covariate vector, instead of targeting the treatment with highest con-
ditional expectation, the decision maker targets the treatment which maximizes a
general functional of the conditional potential outcome distribution, e.g., a condi-
tional quantile, trimmed mean, or a socio-economic functional such as an inequality,
welfare or poverty measure. We develop expected regret lower bounds for this prob-
lem, and construct a near minimax optimal sequential assignment policy.
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1 Introduction

An expanding literature is concerned with statistical treatment rules, important contri-
butions including Chamberlain (2000), Manski (2004), Dehejia (2005), Hirano and Porter

*We are grateful to the Editor, a Co-Editor, and three anonymous referees for their valuable comments.
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(2009), Stoye (2009), Bhattacharya and Dupas (2012), Stoye (2012), Tetenov (2012),
Manski and Tetenov (2016), Kitagawa and Tetenov (2018), Kitagawa and Tetenov (2019),
Manski (2019), Athey and Wager (2021) and Zhou et al. (2021a); cf. also the overview
in Hirano and Porter (2019). These references all study a non-sequential setup, in which
the data set has been sampled before the policy maker enters the picture. The data could
be observational or the outcome of a randomized controlled trial. In any case, the task of
the policy maker in the non-sequential case is to construct policies with good properties
given the data at hand. Sequential policies, on the other hand, allow the policy maker
to enter already in the sampling phase and thus to fine-tune the treatment program as
outcomes are observed. This opens the opportunity to gradually target the sampling
effort where it is most useful, by monitoring the outcomes of the treatments as these
are observed. There has been a recent appreciation of this opportunity in the context of
treatment allocation as witnessed by the works of Kasy and Sautmann (2021) and Kock
et al. (2022), both articles building on the literature on multi-armed bandits. The work
of Currie and MacLeod (2020) studying the factors influencing medical doctors’ optimal
prescription strategies of antidepressants also draws on ideas from sequential decision
making.

The classical multi-armed bandit literature considers a policy maker who attempts to
assign subjects to the treatment with the highest expected outcome, and without observ-
ing covariates. Two strands of developments of this idealized sequential setting that are
particularly relevant for socio-economic problems have attracted much attention: (i) Al-
lowing the decision maker to incorporate a vector of covariates in the assignment of each
subject, cf. Woodroofe (1979), Yang et al. (2002), Rigollet and Zeevi (2010) and Perchet
and Rigollet (2013). This is important as not incorporating individual-specific hetero-
geneity into the policy does not exploit that individuals may react differently to every
treatment. (ii) Problems where instead of targeting the outcome distribution with high-
est expectation, the decision maker is interested in targeting another functional of the
outcome distribution, cf. Maillard (2013), Sani et al. (2012), Vakili and Zhao (2016), Vak-
ili et al. (2018), Zimin et al. (2014), Kock and Thyrsgaard (2017), Tran-Thanh and Yu
(2014), Cassel et al. (2018) and Ma et al. (2020). Of particular relevance for the present
article is the recent paper Kock et al. (2022). In that article a theory for sequential assign-
ment problems was built for a policy maker targeting a general functional of the outcome
distributions of the treatments. The functionals covered include quantiles, moment-based
functionals and a large range of inequality, welfare and poverty measures. However, a set-

ting without covariates was considered.! That targets other than the expected outcome

n fact, in early arXiv versions of Kock et al. (2022), the first version dating back to December 2018,



are relevant in economic decision making has recently been underscored by Bitler et al.
(2006) or Rostek (2010).2

The only article we are aware of to provide regret bounds on a policy for a target other
than the conditional expectation and in the presence of covariates is Kock and Thyrsgaard
(2017). This paper has two limitations: First, it considers the special class of functionals
which can be written as a Lipschitz-continuous function of the conditional mean and the
conditional variance. Many fundamental functionals are not covered by their theory, e.g.,
conditional quantiles or many inequality, welfare and poverty measures. Secondly, regret
lower bounds for functional targets (beyond the mean) are not derived, and thus the
question whether the algorithm they suggest is optimal is left unanswered.

From a technical point-of-view it is non-trivial to incorporate covariate information as the
setting under investigation in the present article allows the covariates to be continuously
distributed. Hence, one can not simply fully condition on the covariates by treating each
of the (infinitely many) values of the covariate vector separately. In the terminology of
Stoye (2009) this would result in “no-data rules” since each value of the covariate vector
would be observed at most once with probability one. Thus, more care needs to be
taken in the construction of good polices, and one needs to clarify which assumptions are
necessary for informative policies to even exist for any given functional of interest.

The goal of the present article is to develop a minimax expected regret optimality theory
for sequential treatment problems with functional targets and covariates. The regret
function we work with is cumulative, and thus has the following properties that are

relevant in many situations:
e Every subject not assigned to the best treatment contributes to the regret.
e A loss incurred for one subject cannot be compensated by future assignments.

Although there are interesting regret notions that do not satisfy these criteria, there
are certainly many situations where every individual matters such that a suboptimal
assignment of one individual can not be nullified by an improved assignment for the next
individual.

Our contributions are as follows. To fix the setup, we begin by investigating which

assumptions are necessary for informative policies to even exist. It turns out that even

a chapter on incorporating covariates is contained, which was later dropped from that paper and builds
the basis for the present article.

2We kindly thank a referee for pointing out another related strand of literature on “distributional
robust policy learning.” In this literature, however, the target is the expected outcome which one intends
to maximize in a distributionally robust way, cf. Si et al. (2020b), Si et al. (2020a), and Zhou et al.
(2021D).



when the conditional potential outcome distributions depend uniformly equicontinuously
on the covariates, i.e., under considerable regularity, no policy with sub-linear maximal
expected regret in the number of assignments exists. Here we note that our cumulative
regret notion implies that no policy will have a worse than linear dependence of regret
in the number of assignments. This insight motivates us to impose a minimally stronger
Holder-equicontinuity assumption. As a consequence, even a slight relaxation of this as-
sumption would imply that every policy incurs the worst-case linear maximal expected
regret. We also show that if a policy does not incorporate covariate information, then its
regret grows linearly even without considering the worst-case regret. We then introduce
the functional upper-confidence-bound (F-UCB) policy in the presence of covariates. This
is a binned version of the F-UCB policy introduced in Kock et al. (2022). Binning con-
tinuous covariates builds on the UCBogram of Rigollet and Zeevi (2010) and the work of
Perchet and Rigollet (2013) who, however, focused exclusively on the conditional mean.
We then establish regret upper bounds for the F-UCB policy and obtain lower bounds,
proving its near minimax expected regret optimality when targeting general functionals.
A challenge that arises when considering general functional targets compared to the set-
ting of targeting the conditional mean in Rigollet and Zeevi (2010) is that we can not rely
on the specific linearity properties of the conditional mean and the ensuing concentra-
tion inequalities for sample averages. Instead, we work under a Lipschitz-type continuity
assumption, which is satisfied by many functionals.

From a technical point-of-view obtaining sharp lower bounds is the greatest challenge:
In contrast to establishing lower bounds for policies targeting the conditional mean, it
does not suffice to simply study regret over Bernoulli distributions. First, many function-
als do not show sufficient variation over these. Second, lower bounds based on Bernoulli
distributions are not informative in settings where one considers continuous outcome dis-
tributions. Hence, the standard arguments for providing lower bounds do not apply and
we provide a novel construction that for any given functional exhibits distributions for
which all policies must incur a high regret. This is challenging since the construction
must obey several smoothness conditions when combining families of conditional distri-
butions into a joint distribution. We stress that the lower bounds are established under
an assumption that essentially only requires the functionals not to be constant over the
set of potential outcome distributions considered. This requirement is very weak, and
thus guarantees that the lower bounds hold even under quite stringent restrictions on the

conditional outcome distributions.



2 The setup and two impossibility results

The observational structure in this paper is the one of a multi-armed bandit problem
with covariates. That is, the subjects to be treated t = 1,...,n arrive sequentially,
and have to be assigned to one out of K > 2 treatments. The assignment decision can
incorporate previously observed outcomes, covariates and randomization. We denote the
potential outcome of assigning subject ¢ to treatment i by Y;;, and assume throughout
that « < Y;; < b, where a < b are real numbers. Let D.4([a,b]) be the set of all
cdfs F' such that F'(a—) = 0 and F(b) = 1. The vector of potential outcomes is denoted
as Y; = (Yi4,...,Yk+); note that per subject only one coordinate of this vector can be
observed. The covariate vector that comes with subject t is denoted by X, and we assume
throughout that X; € [0,1]?. Furthermore, for every ¢, we let G; be a random variable,
which can be used for randomization in assigning the ¢-th subject. Throughout this article,
we assume that (Yy, Xi) = (Yit, ..., Yk, Xt) fort € N are i.i.d.; and we assume that the
sequence of randomizations Gy is i.i.d., and is independent of the sequence (Y;, X;). The
distribution of G; will be referred to as the randomization measure, which we think of as
being fixed, e.g., the uniform distribution on [0, 1]. Note that the dependence structure
within each Y} is not restricted. We denote the distribution of (Y, X;) as Py x, and let Px
be the marginal distribution of X;. The conditional cumulative distribution function (cdf)
of Y;; given X; = z is defined as Fi(y,x) = K'((—o0,y], z), where K' : B(R) x [0,1]? —
[0, 1] denotes a regular conditional distribution of Y;; given X;, where B(R) are the Borel
sets of R. We shall often impose the following condition (cf. Remark 3.5 for a discussion

of discrete covariates).

Assumption 2.1. The distribution Px is absolutely continuous w.r.t. Lebesque measure

on [0,1]¢, with a density that is bounded from below and above by ¢ > 0 and ¢, respectively.

A policy 7 is a triangular array {m,; : n € N,;1 < ¢ < n} of (measurable) functions?,
where the assignment of the ¢-th subject m,; takes as input the covariates X;, previ-
ously observed outcomes, covariates and randomizations (i.e., the complete observational

history), and a randomization G;. We therefore have
t—1
Tt [0, 1] % |[a, 0] x [0,1]* x R| xR —T. (1)

Given a policy m and n € N, the input to m,, is denoted as (Xi, Z;—1,G), where Z;_;
is defined recursively: The first treatment 7, ; is a function of (X, Zy, G1) = (X1, Gy).

3We allow a policy to incorporate n, because a decision maker who knows the number of subjects
to be assigned might want to incorporate this into the assignment mechanism and thus choose different
sequences of assignments for different n.



The second treatment is a function of Xy, of Z1 := (Y, ,(x,,20,61),1» X1, G1), and of G».
For t > 3 we have

Zig = (Ywn,t_l(Xt_l,zt_g,Gt_l),tq, Xi—1,Gia, Zt—2)-

The (t — 1)(d + 2)-dimensional random vector Z;_; can be interpreted as the information

available after the (¢t — 1)-th treatment outcome has been observed.

Remark 2.2. In this article, we do not explicitly study the case of subjects arriving in
batches, i.e., when the decision maker cannot update the policy after every single observa-
tion, but only after the outcomes of all subjects in the current batch have been observed.
If all subjects in the same batch need to be assigned to the same treatment and all batches
are of a comparable size, the variable Y;; may be interpreted as a summary statistic of the
outcomes of batch ¢ when all of its subjects were assigned to treatment 7, e.g., the average
outcome. Likewise, the covariate vector X, can be interpreted as a summary statistic of
the covariates in batch ¢, e.g., the average of the individual covariate vectors. With this
re-interpretation, our results then go through as they are (the assumptions now being

imposed at the level of the summary statistics).

The treatments are evaluated according to a functional T : D.g([a,b]) — R of the
conditional potential outcome distribution, where the conditioning is on the covariates. As
discussed after Assumption 2.3 below, our theory allows the policy maker to use a diverse
set of functionals including many popular inequality, welfare and poverty measures. The
specific functional chosen by the policy maker will depend on the application, and encodes
the particular distributional characteristics the policy maker is interested in. The best
assignment for a subject with covariate vector x € [0,1]? is defined as

7*(x) = min arg max T(F'(-, x)),
€T
where the minimum has been taken as a concrete choice of breaking ties. Thus, the best
assignment for a subject with covariate vector z € [0, 1]¢ is one whose conditional outcome
distribution maximizes the functional of interest T.
We denote the “parameter”-space of all potential conditional cdfs F(-,x) by 2. More

precisely, we assume that
{Fi(;2):i=1,...,K and z € [0,1]"} C 2, (2)

where & is a potentially large and nonparametric subset of D4 ([a, b]). The set Z encodes

the assumptions one is willing to impose on the conditional outcome distributions. For



example, it is sometimes convenient to restrict attention to conditional cdfs that are
sufficiently smooth.

The main assumption on T we work with in the present paper is a Lipschitz-type condi-
tion first introduced in Kock et al. (2022) in a setting without covariates. The assumption
takes the following form, where (F, G) — ||F — G|| denotes the supremum metric on the
set of cdfs on R.

Assumption 2.3. The functional T : D.g([a,b]) — R and the non-empty set 9 C
Deqs([a, b)) satisfy

IT(F) —T(G)| < C|F — G|l forevery F € 2 and every G € D.g([a,b])  (3)
for some C' > 0.

As discussed at length in Appendices E and G of Kock et al. (2022), under suitable as-
sumptions on &, Assumption 2.3 is satisfied, e.g., for quantiles, moment-based function-
als such as the variance, (trimmed) U-functionals, generalized L-functionals (cf. Serfling
(1984)), and many inequality, poverty, and welfare measures important for socio-economic
decision making. The results in Appendix G of Kock et al. (2022) apply more generally,
and can be used to show that Assumption 2.3 is also satisfied for other functionals, e.g.,
the semi-variance. In the present paper we keep the functional abstract and refer the
interested reader to the just-mentioned appendices for examples and detailed discussions.
Finally, we point to Lambert (2001), Chakravarty (2009) or Cowell (2011) for textbook-
treatments of policy relevant functionals. Apart from Assumption 2.3, we shall also impose

the following measurability condition which does not impose any practical restrictions.

Assumption 2.4. For every m € N, the function on [a,b]™ that is defined via x
T(m™! Z;n:l 1{z; <-}), i.e., T evaluated at the empirical cdf corresponding to xq, ..., Ty,

1s Borel measurable.

We now introduce the regret function used in the present paper to compare different

policies. Given a policy 7, we define its (cumulative) regret as
Ry(m) = R,(m; F', ..., F*, X, Zoo1, Gr)

= S [TF O X)) = T(Fre A G X)) |
t=1

This regret function incorporates the notion that every individual matters in the sense
that a suboptimal allocation made for an individual cannot be nullified by later assign-

ments. In the absence of covariates, this type of regret was also used in Kock et al.



(2022).% In other settings going beyond the mean, cumulative regret functions have previ-
ously been used by Maillard (2013), Zimin et al. (2014) and Kock and Thyrsgaard (2017).
Furthermore, Vakili et al. (2018) have stressed the practical importance of cumulative

regret in the context of clinical trials where the loss to each individual must be controlled.

Remark 2.5. If we interpret T(F"(-, X;)) as subject ¢’s subjective utility under uncer-
tainty of treatment i, one may interpret the regret function we work with as that of a
utilitarian planner, who intends to take each subject’s utilities under uncertainty equally
into account while learning what is best for each individual. We owe this interpretation

to a referee.

We evaluate policies based on their worst-case behavior, i.e., we shall study minimax
expected regret properties of policies. Here, the maximum will be taken over sets of
possible joint distributions Py x.

When establishing lower bounds on maximal expected regret, we shall impose the fol-
lowing rather weak condition. It guarantees that there is a minimal amount of variation
in the functional over a small subset of Z (the set of all potential conditional outcome

distributions).

Assumption 2.6. The functional T : D.g([a,b]) — R satisfies Assumption 2.3, and 2

contains two elements Hy and Hsy, such that
Jy=T1Hi+(1—71)Hy € 9  for every T € [0,1],
and such that for some c_ > 0 we have
T(Jn) = T(Jy) > c (o —11) for every y < 1o in [0,1]. (4)

We emphasize that Equation (4) in Assumption 2.6 is satisfied if, e.g., 7 +— T(J;) is
continuously differentiable on [0, 1] with an everywhere positive derivative.

Up to this point no assumption has been imposed on the dependence of the conditional
cdfs Fi(-,x) on z € [0, 1]%. Keeping this dependence unrestricted would allow two subjects
with similar covariates to have completely different conditional outcome distributions. We
now prove that the maximal expected regret of any policy increases linearly in n if the

dependence of F(-, ) on x is not further restricted. It even turns out that this statement

4In the decision problem considered in Kock et al. (2022), one could alternatively try to develop
policies that maximize the functional evaluated at the empirical cdf of all outcomes observed. If the
functional is quasi-convex, this essentially results in the objective of assigning as many subjects to the
best treatment as possible, which is strongly related to minimizing cumulative regret.



continues to hold if one imposes the restriction that subjects with similar covariates have

similar outcome distributions in the sense that
{F'(y,"):i=1,...,K and y € R} is uniformly equicontinuous.’ (5)

The theorem we give next is obtained as an application of the lower bound developed
in Theorem 3.9 of Section 3.2. Recall that Assumption 2.3 (which is a part of Assump-
tion 2.6) implies that T is bounded, from which it follows that no policy will have a

maximal expected regret increasing faster than linearly in n.

Theorem 2.7. Suppose K = 2 and that Assumption 2.6 is satisfied. Then there exists a

constant ¢; > 0, such that for every policy ™ and any randomization measure, we have
supE[R,(7)] > ¢n  for every n € N,

where the supremum is taken over all (Y;, X;) ~ Py x fort =1,...,n, where Py x satisfies

Equations (2) and (5), and where Px is the uniform distribution on [0, 1]%.

Theorem 2.7 thus shows that without imposing further restrictions beyond Equations (2)
and (5) every policy incurs the worst case linear maximal expected regret.

Theorem 2.7 shows that further assumptions beyond the uniform equicontinuity in (5)
are needed in order for policies with non-trivial regret properties to exist. We shall from
now on impose a Holder equicontinuity condition instead. This condition is only slightly
stronger than uniform equicontinuity, but will turn out to be enough to ensure existence
of (near) minimax optimal policies with nontrivial maximal expected regret. Throughout

the article, || - || denotes the Euclidean norm.

Assumption 2.8. There ezist ay € (0,1] and an L > 0, such that for everyi=1,... K

and every y € R, we have
|Fz(y7x1) - Fz(yaxQ)l < L||ZL‘1 - ‘/I;2||’y fOT every Ty, Ty € [07 1]d

Before studying policies that incorporate covariate information, one may wonder (e.g., as
a sanity check of the framework considered) what happens if one uses a policy that ignores
covariates. Our next result shows that—unless the underlying distribution Py, x happens
to be such that the covariates are completely irrelevant for the assignment problem—any

policy that ignores covariates must incur a linear expected regret. Formally, a policy 7 is

®The assumption in Equation (5) imposes that: for every e > 0 there exists a § > 0 such that ||z —
xo|| < 8, for || - || the Euclidean norm, implies |Fi(y,x1) — Fi(y,x2)| < € for every i = 1,..., K and
every y € R.



said to ignore covariates, if there exists another double array 7, : [[a, ] x R] IR T
of measurable functions, such that, for every n and every ¢t = 1,...,n, we have m,, =
7n 1011y, where the function II; projects every w = (z, 2, ¢) in the domain of 7, ; to (%, g), 2
being obtained from z € [[a,b] x [0,1]¢ x R] ! by dropping the (t—1) coordinates taking
values in [0, 1]¢. Note that then, m,(Z;_1,G;) = ﬁn,t(Z,l, Gy), where for t > 2 we have
Zia =Y, Gty Ya zoan G1) and (Zo, Gy) = Gh.

Tn,t—1(Ze—2,Gi-1 ) T 1

Theorem 2.9. Let K = 2, suppose T : Deg([a,b]) — R satisfies Assumption 2.3, and
let Py x satisfy Equation (2) and Assumption 2.8. Define the sets

Ay = {z € [0,1): T(F'(2)) > T(F(, )},
Ay i={z € (0,1 T(F' (- 2)) < T(F(a))}.

Then, there exists a ¢; > 0, such that for every policy ™ ignoring covariates, and any

randomization measure, we have
E[R,(7)] > ¢gmin(Px(A),Px(Az))n  for every n € N. (6)

Thus, the expected regret of any policy ignoring covariates must increase at the worst-
case linear rate in n, for any distribution Py x for which the identity of the best treatment

depends on the covariates in the sense that
min (PX(Al),Px(AQ)) > 0.

The proof of Theorem 2.9 relies on a direct construction rather than the classic technique
for establishing lower bounds by a reduction to a suitable testing problem and an appli-
cation of the Bretagnolle-Huber inequality (as exposited in, e.g., Chapter 2 of Tsybakov
(2009)). As a result of this direct construction, and contrary to all other lower bounds
established in this article, the lower bound in Theorem 2.9 is valid even pointwise, since
it makes a statement about any fixed distribution Py x. That is, the linear increase in

expected regret in (6) is not a result of considering a worst-case scenario.

3 The F-UCB policy in the presence of covariates

We now introduce a version of the F-UCB policy that incorporates covariate information.
This policy generalizes the UCBogram in Rigollet and Zeevi (2010) from the conditional
mean setting to the general functional setup. It also generalizes the F-UCB policy of Kock
et al. (2022) by allowing the policy maker to incorporate covariate information in a setting

where one targets a general functional of the outcome distributions. Since we are studying

10



a setting with continuously distributed covariates, it is not possible to construct policies
with low maximal expected regret by fully conditioning on the infinitely many values of x
based on a fixed number of observations: Such a full conditioning would result in “no-data
rules” as in Stoye (2009) since each value of x € [0, 1] would be observed at most once
with probability one irrespective of n € N. Thus, incorporating covariate information
requires more care. The underlying idea that we use is to categorize subjects into groups
according to the similarity of their covariate vector and to run, separately within each
group, a policy targeting the treatment that is best for the “average” subject in each
group. This will be justified by Assumption 2.8.

Two covariate vectors x; and x4 are considered similar, if they fall into the same element
of a given partition By, 1,..., By ) of [0, 1]¢, where every B, ; is a non-empty Borel
set. Targeting the “on average”-best treatment for each group here means that for B, ;
with Px (B,,;) > 0 our policy targets a treatment that attains maxez T(F}, ;), where F}, ;
is the conditional cdf of Y;; given X; € B, ;, i.e.,

FS0) = gy fy, P00 )

Note that in general argmax;.; T(F), ;) # argmax;c; T(F'(-,z)) even though z € B, ;.
Targeting max;cz T(Ffu) hence results in a bias. The choice of the partition B, 1, ..., B, y(n)
needs to balance this bias against an increase in variance due to having fewer subjects in
each group. This is akin to choosing a bandwidth to balance variance and bias terms in
nonparametric estimation problems.

In order to describe the F-UCB policy in the presence of covariates, we need to introduce

the following notation. For any policy 7 and By, 1, ..., By ) as above let

t

i

Syi(t) = E Lix,€Bn ) moa(XesZoo1,Ga)=i}
s=1

be the number of times that it has assigned treatment 7 to individuals with covariates
in B,; up to time t. On the event {S ;(t) > 0} define the empirical cdf based on the
outcomes of all subjects in {1,...,¢} with covariates in B,, ; that have been assigned to
treatment ¢ as

t

~ 1

Fn,t,j(’z) = SZ (t) Z]]‘{}/i,sgz}]]‘{XSEBn,j> 7"-n,s()(s»Zsfl7C:s):’i}'
n,J s=1

The F-UCB policy with covariates, 7, is described in Policy 1 (where C' is the constant
from Assumption 2.3). We note that it amounts to using the F-UCB policy 7, say,
of Kock et al. (2022) locally on each B, ;. Their policy was defined in a setting without

11



covariates and external randomization. Furthermore, as discussed after Theorem 3.1, we
must carefully deal with the fact that the number of observations falling in each group is
random as it is a function of the covariates. Choosing the tuning parameter § = 2 4+ v/2

minimizes the constant in the uniform upper bounds on expected regret, cf. Theorem 3.1.°

Policy 1: F-UCB policy with covariates 7

Inputs: § > 2, Partition B,,1, ..., B,y of [0,1]% into non-empty Borel sets
Set: N;=1for j=1,...,M(n)
fort=1,...,ndo
for j=1,...,M(n) do
if Xt € Bn,j and Nj S K then
assign (X, Zi—1, Gy) = N;
Nj <— Nj +1
end
if X, e Bn,j and Nj > K then
assign my( Xy, Z;1,Gy) =
min arg max.; {T(Ff;’t_17j) +C,/Blog(N;)/ (281, (t - 1))}
Nj — Nj +1
end
end

end

3.1 Upper bounds on the maximal expected regret of 7 and a

first lower bound

The following theorem gives an upper bound on the maximal expected regret of the
F-UCB Policy 1 in the presence of covariates, and for any choice of partition. This
flexibility may be useful since the policy maker is often constrained in the way groups can
be formed. The result quantifies how the partitioning affects the regret guarantees. We

denote log(z) := max(1,log(x)) for z > 0.

Theorem 3.1. Suppose Assumptions 2.3 and 2.4 hold. Assume further that & is convew.
Consider the F-UCB policy with covariates T, and let V,, j = sup,, . cp, . |21 — 2| be the
diameter of B, j. Then, for c =c(B8,C) = C+\/28+ (B+2)/(8 — 2) it holds that

M(n)

sup E[R,(7)] < Z [c\/KnPX(Bn,j)@(n]P’X(Bn’j)) +2CLV, nPx (B, )|, Vn €N,

(8)

SNote that the policy 7 actually does not incorporate randomization, which we do not suppress
notationally, however.

12



where the supremum is taken over all (Y;, X3) ~ Py x fort =1,...,n, where Py x satisfies
Equation (2) and Assumption 2.8 with L and vy, and where Px, the marginal distribution
of Xy, is fized.”

Each of the summands j = 1,..., M(n) in the upper bound on the maximal expected
regret in Equation (8) consists of two parts: The first part is structurally very similar to
the upper bound of Theorem 4.1 in Kock et al. (2022), which the proof of Theorem 3.1
draws on. The difference is that the total number of subjects to be treated, n, has now
been replaced by nlPx (B, ;), the number of subjects expected to fall into B, ;. Inspection
of the proof shows that the first part of the upper bound in (8) is the regret we expect to
accumulate on B, ;, compared to always assigning the treatment that is best for the “aver-
age subject” in B, ;, i.e., compared to always assigning an element of arg max;., T(Fﬁyj),
where we recall the definition of Ff” from Equation (7). The second part in each sum-
mand in the upper bound in (8) is a bias term: It is the approximation error incurred due
to 7 effectively targeting max;ez T(Fj”) instead of T(F”*(””)(-, :c)) for every x € B,, ;.

The proof of Theorem 3.1 introduces the following challenges compared to that for
conditional mean only in Rigollet and Zeevi (2010) and Perchet and Rigollet (2013).
First, we can not rely on the special linear structure of the conditional mean and the
related concentration inequalities. Second, since Policy 1 relies on using the F-UCB policy
separately for each group, it is important that the Fﬁ,j in (7) belong to (the closure of) &
as the I, ; become the groupwise treatment outcome distributions of interest. Otherwise,
one would not be able to invoke Assumption 2.3 separately for each group. That F} ;
belongs to the closure of & for each j with Px (B, ;) > 0 is established in Lemma A.3 by
an approximation argument relying on the convexity of Z. Finally, we overcome the fact
that the number of subjects falling in each group (that is the sample size for each group)
is random by means of careful conditioning arguments. These arguments are different
from those used for the conditional mean in Rigollet and Zeevi (2010) and Perchet and
Rigollet (2013) as we do not impose a margin condition and cannot make use of the special
linearity structure of the conditional mean, cf. the arguments beginning after (29) in the
proof of Theorem 3.1.

A frequently used class of partitions of [0, 1]¢ are hypercubes, which are obtained by hard
thresholding each coordinate of X;. The so-created groups may not only result in low
regret, but are also relevant due to their simplicity and resemblance to ways of grouping

subjects in practice. More precisely, fix P € N and define for every k = (ky,...,kq) €

"Here Px (B, j)log(nPx (B, ;)) is to be interpreted as 0 in case Px (B, ;) = 0.
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{1,..., P}? the hypercube

—1
{xE[O,l]d:klP gxlj%,lzl,...,d}, (9)

where < is to be interpreted as < for k; = P, and as < otherwise. This defines a partition
of [0,1]¢ into P? hypercubes with side length 1/P each. We now order these hypercubes
lexicographically according to their index vector k, to obtain the corresponding cubic par-
tition B, ..., ijd. The following result specializes Theorem 3.1 to this specific partition

and for a choice of P that will be shown to be optimal below.

Corollary 3.2. Suppose Assumptions 2.3 and 2.4 hold. Assume further that & is con-
ver. Let v € (0,1]. Consider the F-UCB policy with covariates m, based on a cu-
bic partition B, ; = BJP for j = 1,...,M(n) = P?% as defined in Equation (9), and
with P = [nY®*4)] . Then there exists a constant ¢ = c(d, L,~,¢,C, 3) > 0, such that

supE [R,(7)] < cy/Klog(n) n'"F @ for every n € N, (10)

where the supremum is taken over all (Y;, Xi) ~ Py x fort =1,...,n, where Py x satisfies

Equation (2), Assumption 2.1 with € (and any c¢), and Assumption 2.8 with L and .

Corollary 3.2 reveals that it is possible to achieve sublinear (in n) maximal expected
regret under the Holder equicontinuity condition imposed through Assumption 2.8. This
is interesting also in light of Theorem 2.7, which showed that under the slightly weaker
assumption of uniform equicontinuity, every policy has linearly increasing maximal ex-
pected regret. Hence, there is little room for weakening Assumption 2.8. Note that a
“curse of dimensionality” is present, in the sense that the upper bound in Corollary 3.2
gets close to linear in n, as the number of covariates d increases. This is due to the fact
that as a part of the regret minimization, one sequentially estimates the conditional dis-
tributions F(y, -) of the treatment outcomes, where each cdf is a function of d variables.
Finally, we observe that the upper bound is increasing in the number of available treat-
ments K. Intuitively, this is because more observations must be used for experimentation
when more treatments are available.

The partitioning used in Corollary 3.2 results in a near-minimax optimal policy, as we
show in the following theorem, which establishes a lower bound on maximal expected

regret. The statement follows from Theorem 3.9 in Section 3.2 below.

Theorem 3.3. Suppose K = 2 and that Assumption 2.6 is satisfied. Let~y € (0,1]. Then,

for every e € (0,7/(2y + d)), every policy ™ and any randomization measure, we have
sup E[R,(7)] > n'~ T n cc¢(e)  for everyn € N,
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where the supremum is taken over all (Y;, X3) ~ Py x fort =1,...,n, where Py x satisfies
Equation (2), Assumption 2.8 with parameters v and L = 1//17, Px is the uniform

distribution on [0,1]%, and where
¢ M (e) = 641/2E(8d(c_2L) 7@ 4 D)VE)  with  a(e) = (2y + d)e /.

Comparing the lower bound on maximal regret in Theorem 3.3 to the upper bound
on maximal expected regret established in Corollary 3.2 reveals that the F-UCB policy
with a cubic partition and with P = [n!/27+97] is near-optimal: If a policy with strictly
smaller maximal expected regret exists, the order of improvement must be o(n) for all € €
(0,7v/(2y + d)), e.g., logarithmic. In particular this also means that if nothing prohibits
cubic partitioning, not much can be gained from a maximal expected regret point-of-view

in searching for “better” partitions under the given set of assumptions.

Remark 3.4 (Unknown horizon and the doubling trick). The policy @ with cubic par-
titioning P = [n'/*9] as considered in Corollary 3.2, can be used in practice only if
one knows n, i.e., the policy is not “anytime”. If n is unknown, however, one can use the
“doubling trick” to construct a policy with an upper bound on the maximal expected re-
gret that is of the same order as in Corollary 3.2, but with higher multiplicative constants.
In essence, the doubling trick works by “restarting” the policy at times 2™, m € N. We
refer to Shalev-Shwartz (2012) and the recent work by Besson and Kaufmann (2018) for

more details on the doubling trick.

Remark 3.5 (Discrete covariates). We mostly focus on the case of continuous covariates
(although this is not formally required in Theorem 3.1). A natural, and also near minimax
rate-optimal, solution to incorporate discrete covariates would be to fully condition on
these, i.e., to apply the F-UCB policy of Kock et al. (2022) separately for each combination
of discrete covariates. In the present article, we omit formal statements concerning discrete
covariates, but we emphasize that corresponding results can be obtained by conditioning

arguments.

3.2 Optimality properties under the margin condition

Besides mild conditions on Py, our results so far have only assumed that the conditional
distributions of the treatment outcomes are Holder equicontinuous. In particular, the
sets of distributions over which the F-UCB policy has been shown to be optimal does
not restrict the (unknown) similarity of the best and second best treatment. In the
present section, we shall see that in classes of distributions where the best and second

best treatment are “well-separated,” the upper bound on maximal expected regret of the
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F-UCB policy can be lowered (without changing the policy), and that the F-UCB policy
optimally adapts to the degree of similarity of the best and the remaining treatments.

Besides being of interest in their own right, the results in the present section are instru-
mental in proving our impossibility result Theorem 2.7 and to establishing the expected
regret lower bound in Theorem 3.3.

To formally define the well-separateness condition we shall work with, we need to define
for every z € [0,1]¢ the second best treatment 7(z); note that in principle there can
be multiple treatments that are as good as the best treatment 7*(z). For z € [0, 1]¢, if
mingezr T(F'(-,z)) < T(F™@(-,2)), we define the second best treatment as

7% () := min arg max {T(F’(,a:)) CT(F'(-, 7)) < T(F’r*(x)(-,x))} ;
i€
and we set 7f(x) = 1 otherwise, i.e., if all treatments are equally good. We can now

introduce the margin condition.

Assumption 3.6. There exists an « € (0,1) and a Cy > 0, such that®
Px (:1:' € 0,1]4:0 < T(F"@) (., 2)) = T(F™@(,2)) < 5) < Cyd* for all § € [0,1].

The margin condition restricts how likely it is that the best and second best treatment
are close to each other. In particular, it limits the probability of these two treatments
being almost equally good, i.e., being within a d-margin. Assumptions of this type have
previously been used in the works of Mammen and Tsybakov (1999), Tsybakov (2004), and
Audibert and Tsybakov (2007) in the statistics literature. In the context of statistical
treatment rules, the margin condition has recently been used in the work of Kitagawa
and Tetenov (2018), who considered empirical welfare maximization in a static treatment
allocation problem. Finally, the margin condition was used by Rigollet and Zeevi (2010)
and Perchet and Rigollet (2013) in the context of a multi-armed bandit problem targeting
the conditional mean. The proofs of the results in the present section draw on their ideas.

Adding the margin condition, the maximal expected regret of the F-UCB policy based

on cubic partitions can be bounded as follows.

Theorem 3.7. Suppose Assumptions 2.3 and 2.4 hold. Assume further that & is con-
ver. Let v € (0,1]. Consider the F-UCB policy with covariates m, based on a cu-
bic partition B, ; = B]P for j = 1,...,M(n) = P%, as defined in Equation (9), and

8We note that the events in the displayed equation of Assumption 3.6 are not necessarily Borel
measurable. Therefore, Assumption 3.6 implicitly imposes measurability on all events considered. Note,
however, that in case Assumptions 2.3 and 2.8 as well as the inclusion in Equation (2) are assumed, this
measurability condition is easily seen to be satisfied.
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with P = [n'/®7* ] Then there exists a constant ¢ = c(d, L,v, ¢, ¢, C,Cy, o, ) > 0, such
that

_v(+a)

supE [R,(7)] < cKlog(n)n'~2+d  for every n € N, (11)

where the supremum is taken over all (Y;, Xi) ~ Py x fort = 1,...,n, where Py x sat-
isfies Equation (2), Assumption 2.1 with ¢ and ¢, Assumption 2.8 with L and v, and
Assumption 3.6 with o € (0,1) and Cy > 0.

Compared to Corollary 3.2 the exponent on n in the upper bound on regret is smaller, the
difference depending on «. Thus, in the presence of Assumption 3.6, the regret guarantee
of the F-UCB policy is stronger, even without incorporating a into the policy. We shall see
in Theorem 3.9 below that the upper bound on maximal expected regret in Theorem 3.7
is optimal in n up to logarithmic factors. Furthermore, the order of the upper bound on
maximal expected regret in Theorem 3.7 is, up to logarithmic factors, the same as the
rate that Rigollet and Zeevi (2010) and Perchet and Rigollet (2013) obtained for the case
of targeting the mean functional. The margin condition also allows us to prove an upper
bound on the expected number of suboptimal assignments made by the F-UCB policy.
We shall define the number of suboptimal assignments for a policy 7 over the course of a

total of n assignments as
So(m) = Sp(m; FYy oo FR X, Z 1, G)
= Z 1 {ﬂ_n,t(Xta thla Gt) Q arg max {T(Fl(a Xt)) ti= 17 s 7K}} :
t=1

We now establish a uniform upper bound on E[S,,(7)] for the F-UCB policy 7 based on

cubic partitions.

Theorem 3.8. Suppose Assumptions 2.3 and 2.4 hold. Assume further that & is con-
ver. Let v € (0,1]. Consider the F-UCB policy with covariates m, based on a cu-
bic partition B, ; = B]j:D for j = 1,...,M(n) = P%, as defined in Equation (9), and
with P = [n'/®7*] " Then there exists a constant ¢ = c(d, L,v, ¢, ¢, C, Cy, a, B) > 0, such
that

supE [S,(7)] < C[K@(n)]lﬁnl*% for every n € N, (12)

where the supremum is taken over all (Y;, Xi) ~ Py x fort =1,...,n, where Py x sat-
isfies Equation (2), Assumption 2.1 with ¢ and ¢, Assumption 2.8 with L and 7, and
Assumption 3.6 with o € (0,1) and Cy > 0.
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The upper bound in Theorem 3.8 is a useful theoretical guarantee, because it limits the
number of subjects who receive suboptimal treatments. As the last result in this section,
we prove that the upper bounds in Theorems 3.7 and 3.8 are near minimax optimal.
This ensures, in particular, that the good behavior of the maximal expected regret of
the F-UCB policy does not come at the price of excessive experimentation, leading to

unnecessarily many suboptimal assignments.

Theorem 3.9. Suppose K = 2 and that Assumption 2.6 is salisfied. Let vy € (0,1]. Then

for every policy ™ and any randomization measure, we have

supE[R, ()] > nl_gim)/ [641“/“(00 + 1)”“] for every n € N, (13)

and
sup E[S,,(7)] > nk%/(ﬁ for every n € N| (14)
where both suprema are taken over all (Y, X)) ~ Pyx for t = 1,...,n, where Py x

satisfies Equation (2), Assumption 2.8 with parameters v and L = 1772 Assumption 3.6
with o € (0,1) and Cy = 8d(c_2L)~*, and where P is the uniform distribution on [0,1]%.

Together with Theorem 3.7, the statement in Equation (13) shows that the F-UCB
policy is near minimax optimal in terms of maximal expected regret. Similarly, together
with Theorem 3.8 the lower bound in Equation (14) proves that the F-UCB policy assigns
the minimal number of suboptimal treatments.

To prove (13) we first use the margin condition to lower bound the expected regret by
the expected number of false assignments (cf. Lemma C.1). This strategy is similar to the
one used by Rigollet and Zeevi (2010) who target the conditional mean functional. Their
proof of the lower bound on maximal expected regret when targeting the conditional mean
is based on considering joint distributions of (Y;, X;) for which the conditional distribu-
tion of Y; given X; is Bernoulli distributed with the success probability being a function
of X;. Thus, they obtain a useful lower bound over all sets & containing such distri-
butions. Depending on the functional considered, however, Bernoulli distributions may
not create sufficient variation in the functional to get good lower bounds. Furthermore,
Bernoulli distributions may not be contained in &, if, e.g., the latter does not contain
discrete distributions, in which case a lower bound derived for Bernoulli distributions is
not informative. For these two reasons, we have tailored the lower bounds in Theorem 3.9
towards the functional and parameter space  under consideration. In particular Step 2
of the proof of Theorem 3.9 establishes, for any functional T satisfying Assumption 2.6,
the existence of a family of joint distributions of (Y;, X;) over which any policy must incur

high maximal expected regret. This family is, of course, a subset of those over which the
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supremum is taken in Theorem 3.9. We stress that a family of joint distributions that
results in useful lower bounds for one functional may not give informative lower bounds
for other functionals. This motivates our general construction which is applicable to a

large set of functionals.

4 Simulation study

In this section we investigate the performance of Policy 1 by simulations. The functional

of interest is the Gini welfare
1
T(F) = /xdF(x) - // (1 — o] dF (1) dF (), (15)

cf. Sen (1974). When targeting this functional a treatment is favorable if it has a high mean
and low dispersion. It follows from Appendix D in Kock et al. (2022) that Assumption 2.3
is satisfied with 2 = D, 4 ([a, b]), which is trivially convex, and with constant C' = 2(b—a).
We study the setting of a single covariate « € [0,1] (i.e., d = 1) and K = 2 treatments.
The covariate is uniformly distributed on [0, 1].

Treatment 1 follows a Beta distribution with shape parameters x + 1 and 1 whereas
Treatment 2 is Beta distributed with shape parameters 2 — x and 1.° Figure 1 shows the
Gini welfare of the two treatments as a function of the covariate z: for small values of z
Treatment 2 is best while Treatment 1 yields the highest welfare for large values of x.
By construction, the two treatments have identical outcome distributions for x = 0.5. A
routine calculation shows that Assumption 2.8 is satisfied with v = 1.

We use n = 50.000 and approximate the expected regret by an average over 1.000 Monte
Carlo replications. Policy 1 is implemented as in Corollary 3.2, resulting in a partition

of [0,1] into 37 intervals of equal length (and near minimax optimal regret). Specifically,

j—1 7 . 36
Bh;=|—=—7/, = for j=1,...,36, and Bhsr=|=—,1
g { 37 37> J a7 { }
such that larger values of x correspond to larger group numbers. The maximization step
in Policy 1 causes no complications as it merely locates the maximum of K = 2 real
numbers. Figure 2 indicates the fraction of subjects that were assigned to Treatment 1 in
each of the 37 groups, i.e., the fraction of subjects assigned to Treatment 1 as a function

of . Among the subjects with large x, a much higher share is assigned to Treatment 1.

9The Beta distribution is a natural choice in the context of the Gini welfare measure as it has a
long history in modeling income distributions; see, for example, Thurow (1970), McDonald (1984) and
McDonald and Ransom (2008).
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Figure 1: Gini welfare of Treatments 1 and 2 as a function of the covariate x.
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Figure 2: Boxplots indicating the fraction of subjects assigned to Treatment 1 in each
group over all 1.000 replications.
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Figure 3: Expected regret as a function of ¢t € {1,...,n}.

This is desirable in light of Figure 1 as Treatment 1 yields the highest welfare for such
subjects and vice versa for subjects with small values of x.
Finally, Figure 3 shows the expected regret as a function of . As anticipated by our

theoretical results, the expected regret accumulates at a decreasing rate.

5 Conclusion

In the present paper we have established lower and upper bounds on maximal expected
regret in a functional sequential assignment problem with covariates. Targeting distribu-
tional characteristics beyond the mean is important for policy makers who are concerned
about inequality, welfare or poverty implications of their decisions.

In practice, the environment and outcome distributions of treatments may change over
time as the treatment is rolled out. Therefore, fruitful avenues to generalize our results
include the development of policies allowing for non-stationary environments, i.e., relaxing

the i.i.d. assumption.

Appendix

A Auxiliary results

We shall use similar notational conventions as discussed in Appendix A of Kock et al.
(2022). We repeat them here for the convenience of the reader: The (unique) probability
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measure on the Borel sets of R corresponding to a cdf F' will be denoted by pp, cf., e.g.,
Folland (1999), p.35. We employ standard notation and terminology concerning stochas-
tic kernels and their semi-direct products as discussed, e.g., in Appendix A.3 of Liese and
Miescke (2008), cf. in particular their Equation A.3. The random variables and vectors
appearing in the proofs are defined on an underlying probability space (2, A, P) with cor-
responding expectation [E. This underlying probability space is assumed to be rich enough
to support all random variables we work with. A generic element of ) shall be denoted
by w. For a definition and proofs of elementary properties of the Kullback-Leibler diver-
gence KL(P, Q) between two probability measures P and @) we refer to Tsybakov (2009).
We use the following general version of a chain rule for Kullback-Leibler divergences. A
proof can be found in Appendix B of Kock et al. (2022).

Lemma A.1 (“Chain rule” for Kullback-Leibler divergence). Let (X,2) and (V,B) be
measurable spaces. Suppose that B is countably generated. Let A,;B : B x X — [0,1] be
stochastic kernels, and let P and Q) be probability measures on (X,2). Then,

KL(A®P,B®Q):/ KL(A(-, z), B(-, 2))dP(z)+KL(P, Q) = KL(A® P,B® P)+KL(P, Q).
(16)

We begin by establishing two auxiliary results that will be useful in the proofs of Theo-
rems 3.1 and 3.7. For n € Nlet B, 1, ..., B, be a partition of [0, 1]¢, where every B, ;
is Borel measurable. Given such a partition, for every j such that Px (B, ) > 0, we
shall denote by F);; an element of {F} ;:i=1,..., K} (see Equation (7) for a definition
of F ;), such that T(F} ;) = maxez T(F}, ;). Furthermore, we often write 7, ,(X;) instead
of m,+(X¢, Z4—1, Gy) in many places throughout the appendix.

Lemma A.2. Suppose that Assumptions 2.3 and 2.8 are satisfied (the latter withy € (0, 1]
and L > 0), and assume that the inclusion in Equation (2) holds. Let By1,...,Byu
be a partition of [0,1]¢, where every B, ; is Borel measurable. As in the statement of
Theorem 3.1, we let Vi, j = sup,, g.ep, ; |T1 — 22l Then, for every i € {1,... K},
every j € {1,..., M} and every pair x and T € B, ;, we have
IT(F'(-,2)) = T(F'(-,2))]| < CLV,),  and [T(F"@(,2)) - T(F"@(-,2))| < CLV,];
(17)

furthermore, if Px (B, ;) > 0 holds, then

IT(EL) = T(F'(-,2)| < CLV,), and [T(F"@(2) - T(F;,)| < CLV,,. (18)
Proof. Fix i, j,  and ¥ as in the statement of the lemma. By Assumption 2.8

|1F (- 2) = F'(-, @)oo < Lz = 2[|” < LV, (19)

Assumption 2.3 and (2) thus imply the first inequality in (17), and the second follows
from

\T(F”*(gﬁ)(-,x)) - T(F’T*(j)(-,f)ﬂ = |max T(F'(-,z)) — max T(F'(-,2))|

1€T 1€T
< max [T(F'(,2)) = T(F'(-,3))] < CLV, ;.
S ’
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Next, assume that Px (B, ;) > 0. For every y € R, from Equation (19), we obtain

EF (y)— F* < —— F" — I dP <LV
F2) = ) € s [ 1P s) = Flwa)ldBa(s) < 2,

n,j

The first inequality in (18) is now a direct consequence of Assumption 2.3 and (2) (noting
that F ; € Degr([a,b])), and the second inequality follows via

T () =T(F;)] = [max T(F( 2) —max T(F )| < max |T(F'(,2)) = T(F, ).

€L Y €L
(20)

[]

Lemma A.3. Suppose Assumption 2.3 is satisfied and that & is convex. Suppose further
that Py x is such that Equation (2) holds, and that Assumption 2.8 is satisfied. Then, for
every Borel set B C [0,1] that satisfies Px(B) > 0 and everyi=1,..., K, the cdf

G; = PX(B)—l/ F'(-,2)dPx () (21)
B
is an element of the closure of 2 C D.g(la,b]) w.r.t. || - ||o
Proof. Let i € {1,...,K}. We construct a sequence of convex combinations of (finitely
many) elements of & that converges to G; in [|-||-distance: To this end, let By, 1, . .., By,
for m € N be a triangular array of partitions of [0,1]¢ into non-empty Borel sub-
sets, such that the maximal diameter v, := sup,_; ;. SUDy s,es,.; 71 — 22 — 0

as m — oo. For simplicity, define the probability measure P* on the Borel sets of R?
by P*(A) = Px(AN B)/Px(B). Write

G = / Fi(-,2)dP*(z i / Fi(-, z)dP* (x). (22)

For every m and every j, pick an z,, ; € By, j. Note that F'(-, x, ;) € 2 by Equation (2).

From Assumption 2.8, we know that for any = € B,, ; we have ||F'(-, 2, ;) — F'(-, 2) |00 <
L||zm,; — x||” < Lv},. Thus,

G - ZP* ) F g ||oo<Z/ [FiC ) = FC ) ool (2) < L], = 0,

(23)

O

B Proofs of results in Section 2

B.1 Proof of Theorem 2.7

Because Assumption 2.8 (for any v € (0,1] and any L > 0) implies the assumption in
Equation (5), the statement follows immediately from the lower bound in Equation (13)
in Theorem 3.9 upon letting v — 0.
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B.2 Proof of Theorem 2.9

If min(Px(A;),Px(A2)) = 0, then the statement in the theorem trivially holds. Hence,
assume that p := min(Px(A;),Px(A42)) > 0. Let n € N and let 7 be a policy that ignores
covariates, i.e., as described before Theorem 2.9. We write 7, ; = m;. Fix a randomization
measure Pg.

As a preparation, for every m € N, define

Ay = {z € [0, 1] : T(F'(-,2)) > m™ + T(F?(-,2))},

Ag = {z € [0, 1] : T(F'(-,2)) +m™ < T(F?(-,2))}.
The sets Ay, Ay and A ,, Aa, for m € N are Borel measurable, because Assumptions 2.3
and 2.8 together with Equation (2) imply the continuity of z — T(F'(-,z)) for i =
1,2. Note that A;,, € Ajms1 and (J,,cn Aim = A; hold for @ = 1,2. Hence, as m —
00, Px(A;m) — Px(4;) for i = 1,2. Because of p > 0, we can conclude the existence of
an m € N such that ps = min(Px(A1m), Px(Az2,m)) > p/2. To prove the inequality in
Equation (6), note that by definition, and since 7 is a policy that does not depend on
covariates, i.e., the -th assignment only depends on the previously observed outcomes

and randomizations, Z;_; and a novel randomization Gy, we have (cf. the discussion and
notation discussed right before the statement of Theorem 2.9) that

Rn(ﬂ-) = Z }T(Fl(" Xt)) - T(F2(" Xt)) |1{W*(Xt)¢frt(2t—1th)}'
t=1

Note furthermore that
[{Xt € Avoy N {721, Gy) # 1}} U [{Xt € Ao} N {72y, Gy) # 2}} (24)
C {n"(X)) # @21, Go)}- (25)
where the union in the first line is a disjoint union. Hence,
Ry(m) > m™! Z <]1A1,m (Xe)Liz, 2,160z + Lz (Xt)]l{frt(Zt_l,Gt);éQ}> :
t=1

Since X, is independent of Z,_; and Gy, the law of iterated expectations implies E(R,, (7)) >
np/(2m).

C Proofs of results in Section 3

C.1 Proof of Theorem 3.1

Fix n € N and let (Y;,X;) ~ Py x for t = 1,...,n, where Py x satisfies Equation (2),
and Assumption 2.8 with L and v. Because n is fixed, we abbreviate B, ; = B;, V,,; =
Vi, M(n) = M, and denote 7,,; = 7;. First, we decompose R, (7T) = Z;‘il R;(7), where

n

Ri(7) = [T(F"E( X)) = T(F™XI(, X)) Lix,en,) (26)

t=1
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where, as often done in the present section, we dropped the argument Z;_; from 7;. Note
furthermore that the policy does not rely on an external randomization G;, which is
therefore suppressed in the notation as well.

Note first that the boundedness of T on 2 (cf. Assumption 2.3) implies E(R;(7)) = 0
for every j such that Px(B;) = 0. Hence, we now fix an index j € {1,..., M}, such
that Py (B;) > 0. Then, recalling the definition of F}, ; in Equation (7), which we here
abbreviate as F ;, each summand in (26) can be written as

[T (X)) = T(F) + T(F)) = TP ) + T ) = TR0 (- X0)| xieny,
(27)
which, by Lemma A.2, is not greater than T(F}) — T(F) 4 2CLV}', and where F}

J
was defined just before Lemma A.2. Therefore, we obtain

n

Ri(m) < 3 [T(F)) = T ) | 1wy + 200V " ixien,y. (28)

t=1 t=1

Obviously, E(>";, Lix,en,3) = nPx(B;). Hence, to prove the theorem, it remains to
show that for ¢ = ¢(f, C') as defined in the statement of the theorem it holds that

E (Z T(F) - T(ﬂ?’”“”)]l{xtew> < o/ KnPx(B)lognPx (B)).  (29)

t=1

To this end we will use a conditioning argument in combination with Theorem 4.1
in Kock et al. (2022). Define for every v = (vy,...,v,) € {0,1}" the event

Q) == {w: Ixepy(w) = v, for t =1,... n}, (30)

and denote f:=>"7" | [T(F}) — T(Fﬁt(Xt))]]l{XtGBj}. Then,

J

E(f)= Y Ellowf)= Y PQ)E(/I20v), (31)

ve{0,1}n ve{0,1}n
where (as usual) we define

PHQ)E(Law) f)  if P(Q(v)) >0,

32
0 else. (32)

E(f12(v)) = {

Fix v # 0. Denote the elements of {s : vy = 1} by t1,..., ¢z, ordered from smallest to
largest. On the event Q(v), i.e., for every w € (v), we can use the definition of 7 (cf. the
description of the F-UCB policy with covariates of display Policy 1) to rewrite

=S {T<F;‘> -7 (Ffs(W“))} , (33)

s=1
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where 7 is the F-UCB policy from Kock et al. (2022), and where W? is defined re-
cursively via W* = (Yz, ,ws-1).,, W) with W° the empty vector (cf. also the dis-

cussion before our Policy 1). Hence, for w € Q(v), f is a function of (Yi,,...,Y:,.),
e, f=H(Y,,..., Y, ), say. We conclude that
E(f|Qv) =E (H (Y, ..., Ye,)|Qv) =B (H(Yy, ..., Y,)), (34)

where the probability measure P corresponding to E is defined as the P-measure with
density P~ (Q(v))1q(). Note that for A; € B(RYX) for i = 1,...,m, we have that P*(Y;, €
Ay, ..., Y, € An) equals

P Q)P (Y, € A1,.... Y, € Ap, Q(v)) = ﬁ P(ESPTJS&GXZ; 2 (35)
= ﬁIP(YtS € A {X:, € B;}). (36)

w
Il
-

Hence, the image measure P¥ o (Y;,,...,Y;, ) is the m-fold product of Q(-) := P(Y; €
J{X: € B;}). Foriid. random K-vectors Yy, ... Y, say, each with distribution Q, it
hence follows from the definition of H that

* * u * s Z:—
E(H(Y, ... Y,,)I00) = E(H(Y;,... Y;) = E <Z T (£ 1>)]> (37
s=1
where Z* = (Y;s(Z*,l),s’ ..., Z% 1) (and where Z§ is the empty vector). The r-th marginal
of Q has cdf F}, which by Lemma A.3 is an element of the closure of 2 C D.4([a, b])

w.r.t. || - ||o, which we here denote as cl(Z). Therefore, it now follows from Theorem 4.1
in Kock et al. (2022), applied with cl(Z) (cf. their Remark 2.3) and with “n = m,” that the

quantity in the previous display, and thus E(f|Q(v)), is not greater than cy/ Kimlog(m).
From (31) (noting that f vanishes on €2(0)) we see that

E(f) <c Y P(Q(v)y/Kmlog(m). (38)

vef{0,1}"

Recall, that m = > v,. Hence, we can interpret m as a random variable on the
set {0, 1}", equipped with the probability mass function p(v) = P(2(v)). Obviously, this
random variable is Bernoulli-distributed with success probability Px(B;) and “sample
size” n. Thus its expectation is nPx (B;). It remains to observe that the function h defined
via - (Kxlog(x))*® is concave on [0, 00), allowing us to apply Jensen’s inequality to
upper bound the right hand side in the previous display by ch(nPx(B;)), which establishes
the statement in Equation (29).

C.2 Proof of Corollary 3.2

Fix n € N, and let (Y}, X;) ~ Py x for t = 1,...,n, where Py x satisfies Equation (2),
Assumption 2.1 with ¢ and ¢, and Assumption 2.8 with L and 7. We shall apply Theo-
rem 3.1 to get an upper bound on E[R, (7)]. The specific partition results in M(n) = P¢
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and V,,; = VdP~!, where P = [n'/®7+9]. Furthermore, from Assumption 2.1, we ob-
tain Px (B, ;) < ¢P~? Therefore, Equation (8) implies the upper bound

E[R.(7)] < (8, C)y/ KnePilog(neP~4) + 2CL(VAP~)'nz, (39)

which (using monotonicity of log, and log(zy) < log(z) + log(y) for positive z and y) is
bounded from above by

c(B,0) \/ K&(1 + log(e))log(n)nP? + 2C Ld"?enP~ < ¢* ( Klog(n)nPd + nP‘”)

(40)
< c*y/ Klog(n) (\/m—l— nP‘”) :
(41)

where ¢* := max|c(3, O)(¢(1 + log(¢)))"/?,2C Ld"/?¢|. From P~ < n~7/(7+d) and p? <
24pd/(27+d) " we obtain the bound

E[R,(7)] < (2% + 1)¢*\/ Klog(n)n'~ 5+, (42)

which proves the theorem.

C.3 Proof of Theorem 3.3

The statement follows from the first lower bound established in Theorem 3.9, upon
setting o = a(e) = (27 + d)e/~ there; note that a(e) is an element of (0,1), be-
cause € € (0,7/(2v + d)) holds by construction.

C.4 Proof of Theorem 3.7

Define ¢; := 4CLd"/? 4+ 1. Recall that P = [n/®* 9], Note first that it suffices to
establish the inequality in Equation (11) for all n large enough (n > ng, say), such
that ¢; P77 < 1 holds (this will allow us to apply Assumption 3.6 with § = ¢; P~ in
the arguments below). To see this, note that, by Assumption 2.3, for all n < ng it
holds (for all random vectors as in the statement of the theorem) that E[R,(7)] < Cny.
Hence, once the claimed inequality in the theorem has been established for all n > ny,
the constant ¢ in the statement of Theorem 3.7 can be chosen large enough to deal
with the initial terms smaller than ng. Hence, fix n > ng. Because n is fixed, we
abbreviate B, ; = B, V,.; = V; = VdP~', and denote 7,,; = 7.

Let (Y;, Xt¢) ~ Py x for t = 1,...,n, where Py x satisfies Equation (2), Assumption 2.1
with ¢ and ¢, Assumption 2.8 with L and 7, and Assumption 3.6 with « € (0,1)

y(1+o)

and Cy > 0. We establish E[R,(7)] < cKlog(n)n'~ 2+2 for a constant that depends
on the quantities indicated in the statement of the theorem in five steps:

Step 1: Decomposition of bins into different types. To obtain the desired upper
bound, we shall treat three types of bins separately. An analogous division of bins was

27



also used in Perchet and Rigollet (2013) to establish the properties of their successive
elimination algorithm in a classic bandit problem targeting the distribution with the
highest (conditional) mean. The bins are split into

J = {j e{l,...,P}:3ze€ B, T(F"@(,z) = T(F"D(. 1)) > clp*”} ,
Jo={ie{l,....PY}:3 7€ B T(FO(,2) = T(FO(, )}

T = {j e{l,...,PN 0 < T(F"@(,2)) - T(F*@(..2)) < ;P for all z € B]} .
(43)
The bins corresponding to indices in J, Js, and 7, will be referred to as “well-behaved,”
“strongly ill-behaved” and “weakly ill-behaved” bins, respectively. Note that 7, and J U
Js are clearly disjoint. That J and J, are disjoint is shown in Step 2 below. Hence,
the sets of bins corresponding to indices in 7, J,, J,, constitute a partition of the set of
all P? bins B, and we can thus write

E(R.(7)) = Y E(R;(7)) + D> E(B;(%)) + >_E(R;(7)), (44)
JETs JE€ETw JjeT

where, as in Equation (26), we define

n

Ry(7) = Z [T(Fﬂ*(xt)(,’Xt)) _ T(Fﬁ't(Xt)<.7Xt)):|]I{Xtij}‘ (45)

t=1

Step 2: Strongly ill-behaved bins. For every j € J,, by definition, there exists
a @ € B; such that T(F™@(. 7)) = T(F”u(f)(-,f)). From the definition of 7* it thus
follows that T(F™ @ (-,z)) = T(F'(-,z)) for every i € Z. Therefore, for every z € B; and
every 1 € Z, Lemma A.2 yields
=T(F"D(,2)) = T(F'( ) = [T(ETO(,2) = T(F(-,2))] (46)
< 2CLd*P™ < ;P

First of all, this shows that J and J, are disjoint. Furthermore, from Equations (45)
and (46), we obtain

Z R; (ﬁ) <abP™ Z Z ]l{Xtij}]l{0<T(F”*(Xt)(.,Xt))—T(F”u(Xt)(.,X,g))} (47)
JETs JjETs t=1
S AP Yy e 50 )T (ETE O (X e P} (48)
t=1

From Condition 3.6 we hence obtain:

> E[R;(7)] < anP T Px (0 < T(F7X(, X)) = T(FFX(, X) < o, P77)
j€Ts (49)
< COC}JFO‘TLP_V(HO‘).
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Step 3: Weakly ill-behaved bins. Since {X; € B;} for j € 7, are disjoint subsets of
{0 < T(F™X9(, X)) — T(Fﬂﬁ(Xt)('th)) <P},

we obtain from Condition 3.6, recall that P(X, € B;) > &, that

Ps
|jw\_ < Y P(X, € B) <P(0< T(FTX(, X)) = T(F7XI(, X,)) < e P7)
JE€EITw

< Cycd P, (51)

which yields | 7,,| < (Coc$t/c) P, Using (28) and (29) with V; = vdP~" and Px(B;) <
¢P~4, we obtain (by similar arguments as in Section C.2)

E[R,(7)] < ¢ ( Knlog(n)P~%?* + nP_V_d) : (52)

where ¢ depends on d, L, v, ¢, C, 3, but not on n. Combining (52) with | 7,,| < (Cocl/c) P17
leads to

> E[R;(w)] < ¢'(y/ Knlog(n) P>~ 4 np~10H)), (53)
J€ITw

where ¢’ depends on d, L, v, ¢, ¢, C, Cy, o, 3, but not on n.

Step 4: Well-behaved bins. For every j € J let z; € B; be such that

T(F™ () = T(FP (1)) > e P, (54)

Next, define the following sets of indices (“corresponding to the optimal and suboptimal
treatments given x;”):

= e : T(FTW (. a))) = T(F'(-,z;))},

={el :T(FTW) (. a))) = T(F(-, ;) > a P}
Clearly n*(x;) € Ir and n*(x;) € I? (cf. (54)). Hence I* and I? define a nontrivial

partition of Z. For every j € J we can thus decompose R;(7) defined in Equation (45)
as the sum of

ZZ[ (F (X0 ))—T(Fi('axt))} Lixienylimxo=ips

ze[* t=1

]IO ZZ [ Fﬂ*(Xt) )) — T(Fl(aXt))} ]l{Xtij}]l{ﬁ-t(Xt):i}-

ZGIO t=1

(55)
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Step 4a: A bound for E(R;;(7)). For any ¢ € I} and every z € B; satisfy-
ing T(F™®@)(.,z)) # T(F(-, 7)), the triangle inequality, the definition of 7, and Lemma A.2
yield
0 < T(F™”@ () = T(F7@ (-, z))

S T(FT@ () = T(F(, )

= T(F™@( 2)) = T(F™ @) (- 2;,)) + T(F'(, 2;)) — T(Fi(-,2)) < 2CLd"*P™7 < ¢, P77,

8

the last inequality following from ¢; = 4CLd"/? + 1. But this means (applying the
inequality chain in the previous display twice) that for any i € I7 and every x € B;

T(F™@(. 2)) = T(F'(-,2)) < .P1 (56)

{0:0<T(F™* ) (- 0))=T(F* () (- v)) <1 P~} (‘T)

We deduce

E[Rj,lj (m)] < EZ clP_’y]]'{0<T(F7T*(Xt)(.’Xt))_T(FTFu(Xt)(.’Xt))SCIP*’Y}]]'{XtEBj} < neiP g,
t=1
(57)
where ¢; == P(0 < T(F"XI(-, X,)) — T(F*X)(. X,)) < P, X, € B;), which is
independent of ¢ due to the X; being identically distributed.

Step 4b: A bound for E(ijlg (7)). By Lemma A.2, noting that Px(B;) > cP~% > 0,
for every = € B; and every i € I) we have (abbreviating F, ; by F)

T(F™ (- 2)) = T(F'(- ) < [T(F)) = T(F)| + e, P, (58)

from which it follows that

E[R;0(7)] < Y AIES(i,n,j) + . P Y ES(i,n, j), (50)

.~ 70 : =70
zEIj 1€Ij

where, for every i € I, we let S(i,n,j) == Y./ Lix,enyUm(x,)=iy and Al := T(FY) —
T(F}). We now claim that (this claim will be verified before moving to Step 4c below)

2C?%Blog(enP~?) N p+2

ES(i,n,j) < A o

(60)
Define A; := min;¢ 10 A; We note that A; > 0 follows from inserting z = x; in Equa-

tion (58), and from using the definition of I7. Next, noting that max;c 1 Al < 2C by
Assumption 2.3, and combining Equations (59) and (60), we obtain the bound

E[Rj,zg(ﬁ)] < K202510g(5nP*d) (1 N clPV> - 20)}(?_ (61)

- A A

=Jj =j
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It remains to prove the claim in Equation (60). To this end we apply a conditioning
argument as in the proof of Theorem 3.1. We shall now use some quantities (in particular
the sets Q(v)) that were defined in that proof: Note that

ES(i,n.j)= Y PQ@W)E(S(,n, j)Q@)). (62)

ve{0,1}n

Arguing as in the proof of Theorem 3.1, it is now easy to see that E(S(i,n, j)|Q(v)) can
be written as the expected number of times treatment ¢ is selected in running the F-UCB
policy 7 (without covariates) in a problem with m = ", v, (fixed) i.i.d. inputs with
distribution Q (the marginals of which have a cdf that lies in the closure of Z w.r.t. || - ||o
as a consequence of Lemma A.3). We can hence (cf. Remark 2.3 in Kock et al. (2022))
apply the bound established in Equation (C.19) of Appendix C of Kock et al. (2022), to

the just mentioned problem, to obtain

2C?%Blog(m) B +2

B-2

E(S(i,n,5)|2(v)) < ; . 63
(S(@n, 5)[€(v)) AT 72 (63)
We can now combine the obtained inequality with Equation (62) to see that
2C?Blog(m 2
ESGn) < Y POw) ™ 2 (64)
J

ve{0,1}n
The claim in (60) now follows from Jensen’s inequality, and (cf. the end of the proof of
Theorem 3.1) 3~ c (o 1y P(2(v))m < enP~.
Step 4c: A bound for E(R,(7)) with j € J. For all i € I9 and all z € Bj the triangle
inequality and Lemma A.2 with V; = VAP~ shows that ¢; P~ is smaller than

T(F™ (- a5)) = T(F'(-,2)))]
<T(FT D (L a5)) = T(FT O, )
+ | T(FT O (- 2) = T(F'(-, 2))]
+[T(F (@) = T(F'(,25)))|
<2CLA"?P~7 + |T(F™ @ (., z)) — T(F'(-,z))|.
Recalling that ¢; = 4C' Ld"/? 4+ 1, we obtain
T(F™(,2)) = T(F'(-,2)) > (1 + 2CLd/*) P, (65)

[In particular, since I7 # ) holds, 0 < T(F™@)(., 2)) = T(F™@)(. z)) for all z € Bjifje
J, an observation we shall need later in Step 4d.] For every i € []Q and every x € Bj, (65)
and Lemma A.2 (recalling that Px(B;) > ¢P~% > 0) imply

AL =T(F;) = T(F}) > T(F"@(,2)) = T(F'(-,x)) = 2CLd*P™ > P77 (66)

J
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in particular, for any j € J, we have A; = min,;g;_) A; > P77, Recalling that Rj(ir) =
Rj7jj’f(ﬁ-) + Rj,f}) (7), we combine (57) and (61) (with the just observed A; > P~7) to see
that for any j € J

2C%(c; + 1)K Blog(enP ¢ ) +(a _'_QC)KBL (67)

A, 52

E[R](ﬁ')] < ’n,ClPi'yq]' +
Step 4d: A bound for Z]GJE[R (7)]. Using Equation (67) and | 7| < P¢ we obtain

~ B+2 4 _ 2C2%(c; + 1)K Blog(cnP~4)
JEZJIER c1+2(3’)KﬁTP +ne Py gy N .

JjET JjeJ —J

(68)
Since the B; are disjoint, we obtain, recalling the definition of ¢; after Equation (57), that

nc nc *
P—Vl g; < P—lp(o T(F™ (X)) = T(FT( X)) <P (69)
JjeJ
< COC%—FO(TLP_’Y(I-FO[), (70)

where we used Assumption 3.6 to obtain the last inequality.

To deal with the last sum in the upper bound in (68), we need a better lower bound
on the A;-s than the already available P~7. For notational simplicity, suppose that the
well-behaved bins are indexed as J = {1,2,...,j1} such that 0 < P77 < A; < A, <

<A, FixjeJ. Then, forany k=1,...,j, we claim that:

By C {x L0 < T(F™@(,2)) = T(F™@ (1)) < A, + 20Ld7/2P‘7} .M

To see (71), note that, by definition, there exists an i € Z such that A, = T(F}y)—T(F}).
Given x € By, Lemmas A.2 and A.3 and Remark 2.3 in Kock et al. (2022) yield (the first
inequality following from the observation after Equation (65))

0 < T(F" @ (- 2) = T(F"@ (-, 2)) < T(FT W (- 2)) = T(F(-,2))
<A, +2CLd"*P~
<A;+20Ld*P 77,
and thus z is an element of the set on the right-hand-side of (71). Since all bins Bj

are disjoint and A; + 2CLd"?P~7 < c1A; (obtained by recalling ¢; = 4CLd"? + 1, and
using A; > P~7), the inclusion (71) yields that for any j € J:

Px(z:0 < T(F™@ (., 2)) = T(F"@ (1)) < aA,) ZPX By) > = (72)

Denote j, := max{j € J : A; < 1/c;} (here interpreting the maximum of an empty set
as 0). Then, for each j € {1,..., 72} by Assumption 3.6 :

Py (0 < T(F™X(, X)) = T(FTHN(, X)) < a14y;) < Co(a1ld))™. (73)
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Combining (72), (73), and A; > P77, for any j € {1,...,j2} we obtain the inequality

A; > max (c* (jP_d)l/a, P‘V), with constant ¢, = cl’lgl/aC’O_l/a. Combining this with
the identity A; > 1/c; for j > jp, we obtain that

J1

Z—<me< (/)" P) + ch<zmln< (PU3) ) P

JjeT _] Jj=ja+1

For P := [P% 7] (in fact for any P € {1,...,P?}, and thus in particular for our
particular choice) it holds that

me( (P?/; )l/a P’Y) ZP’Y +c Lpile Z Ve < ¢, pitii-a)

j=1 j=P+1

for ¢, := [2+ ¢, (@' =1)7"], where we used 32 5, j~V/* < (o' - 1)~'P=>"" Hence,
Equations (68) and (69), and the bounds in the previous two displays imply

Z E < R <nP7'y(l+oz) + K@(np*d)Pd + K@(npfd)PdVY(l*a)) ) (74)
jeT

/11

for a constant ¢, say, that depends on d, L, v, ¢, ¢, C,Cy, a and 3, but not on n.

Step 5: Combining. From Equations (44), (49), (53) and (74) we obtain that E[R,, (7)]
is bounded from above by

/111

CI (nP—y(l—&—a) + /Kn@(TZ)Pd/Q_MX + K@(?’Lp_d)Pd + K@(np—d)Pd-F’Y(l—a)) (75)

for a constant ¢ that depends on d, L,~,¢c,¢ C,Cy, « and 3, but not on n. From P =
[nt/ 2] we get n < P> and obtain

i

E[R,(7)] < %K@(n) <nP_7(1+a) 4 pl/2pd/zmra 2Pd+7(1‘°‘)> (76)
< C////K@(n)]gd—i—fy(l—a)’ (77)

from which the conclusion follows.

C.5 Proof of Theorem 3.8

To prove the theorem we just combine Theorem 3.7 and the following lemma, which allows
one to upper bound the number of suboptimal assignments made by any policy.

Lemma C.1. Suppose Assumptions 2.3 and 3.6 hold. Let Dy > max(2,Cy"), and de-
fine C(a, Dy, Cy) = (1 —1/Dy)/(CoDo)"/*. Then, for any policy w, any randomization
measure, and for all (Y;, X¢) ~ Py x, such that Py x satisfies Equation (2) and Assump-
tion 2.8, it holds that

E[R,(7)] > C(a, Dy, Co)n~1/ (E[Sn(ﬂ)])1+l/a for every n € N. (78)

33



Remark C.2. In Lemma C.1 we impose Assumptions 2.3 and 2.8 and Equation (2) to
guarantee that R,(7) and S, (m) are random variables, and that 7 and 7* are measurable,
cf. also the discussion in the footnote of Assumption 3.6.

Proof. The proof-idea is quite standard and we follow Rigollet and Zeevi (2010): Choose Dy >
max(2,Cy '), implying that 1/(CoDg)** < 1. Let n € N, and let 7 be a policy as defined
in Section 2. We write m,; = m;. Let Pg be a randomization measure. We show that

B[Ry ()] > Cn~ Y/ (B[S, (m)]) " (79)

for C = C(a, Dy, Cy). If E[S,(7)] = 0, (79) trivially holds. Thus, suppose that E[S,,(7)] >
0. Note that for any 6 > 0,

Ro(m) 20 ; ]l{T(F”*(X“(-,Xt))fT(F”ﬁ(Xt)(-,Xt))>6}]l {m(Xt,ZH,Gt)gzargmaxieI{T(Fi(-,Xt))}}

0Sn(m) =0 21 ]1{T(FTF*(Xt>(',Xt))_T(FWﬁ(Xt)(',Xt))gé}]l {m(xt,zt,l,ct)gargmaxieI{T(Fi(.,Xt))}}
t=

O5n(m) =0 ; Ljocripeoiocxoy-rrmion (xin<oy ! {m, .z 1,60 gorgmas,cr (0 x00y

Z 5Sn(7T) — 5 Z ]l{0<T(F7T*(Xt)(',Xt))*T(Fﬂ-u(Xt>(',Xt))S5}’
t=1
where the second equality used that if m (X}, Z,_1, G;) € argmax;c7 {T(F*(-, X;))}, then 0 <
T(F™X9(-, X))~ T(F™X)(-, X)). Choosing § := (E[S,(7)]/(nCoDy))"/* < 1/(CoDo)V/* <
1 (the first inequality following from E[S, (7)] < n), Assumption 3.6 yields

E[R,(7)] > 6(E[S,(m)] — Cond®) = 6(1 — 1/ Do)E[S,(w)] = Cn~/® (E[Snw)])ﬁl/a(so)

which proves (79). O

C.6 Proof of Theorem 3.9

Let  be a policy, let Py be the uniform distribution on [0, 1]%, let P be a randomization
measure, and fix an n € N. To simplify notation, we abbreviate 7, ; = 7. The proof of
the inequalities in (13) and (14) now proceeds in 5 steps:

Step 0: Preliminary observations and some notation. (a) From the maintained
assumptions and Assumption 2.3 (imposed through Assumption 2.6) it follows that

c(ro—m)<T(J,) —T(Jy) <C|Jry, — I, |lcc < C(m2 —71) for every 7 < 75 in [0, 1].

(81)
Let € := 2/\/1_7 < 1/2, set H, := Jijo4, for every v € [—¢,¢|, and define the map h :
[—e,¢] = [h(—¢), h(e)] via v — T(H,); note that h is strictly increasing because of ¢_ > 0
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and the observation in the previous display. (b) The previous display also implies that A
is Lipschitz continuous with constant C, and that h(w) — h(v) > c_(w — v) for ev-
ery v < w in [—¢,¢|; implying that h possesses a Lipschitz-continuous inverse func-
tion h=! : [h(—¢), h(e)] — [—¢, €], say, with constant ¢_'. (c) Note that the map v — H,
(as a map from [—¢, €] to Deg([a,b]) equipped with the supremum metric) is Lipschitz
continuous with constant 1. (d) Finally, we verify that for ¢ := ¢='(0.5% — £2)~/2 we have
(recalling the notational conventions introduced in the first paragraph of the Appendix)

KLY (g, ) < ¢ (T(Hy) — T(H,))  for every v < w in [—e,€]. (82)

By definition T(H,,) — T(H,) = h(w) — h(v). Hence, the statement in (82) follows from
observation (b) once we verify KLY?(jug, , pur,) < (w —v)/+v/0.52 — £2. But the latter is a
simple consequence of Lemma B.3 in Kock et al. (2022) (and is established similarly as
the last claim in Lemma B.4 in Kock et al. (2022)).

Step 1: Construction of a family of functions C. For P € N (to be chosen in Step 4),
let BY, ..., Bgd be the hypercubes defined in (9), and sorted lexicographically; we shall
drop the superscript P in the following. Let ¢;, i = 1,..., P%, denote the center of B;.
Let m := [P?7%], and observe that 1 <m < P9. Next, let &, := {—1,1}", |%,,| = 2™,
and define C,, = C := {f, : 0 € ¥,,}, where for o € %,, we construct f, : [0,1]? — R via

Fole) = h(0) + c-2 Y a0y

for every j € {1,..., P?} we denote ¢;(z) := 4 P7¢(2P(x — ¢;))1,(x), where ¢(z) :=
(1 —||7]|so)?, and [|7]|oe 1= max;<;<q |7;] for z € RY. Note that every f, is continuous.

We now show that every f, is Holder continuous. More precisely, we show that for
every f, € C

|f0<x1) - fa(x2)| < 0—62_1||$1 - IQHW for every Ty, ra € [07 1]d7 (83)

with || - || denoting the Euclidean norm. We note that for any pair xy,zs € [0,1] one
has |p(x1) — ¢(x2)| < ||z1 — 22]|L, < ||z1 — 22||7; the second inequality is obvious, and
the first inequality follows from |p” — ¢7| < |p — ¢|" for p,q > 0 and 0 < v < 1, together
with the reverse triangle inequality. Now, to show (83), we consider two cases: First,
if 21,29 € Bj for j € {1,..., P}, the definition of f, and |¢(x1) — ¢(zq)| < |1 — z2||7
lead to (note that if j > m, the following inequality trivially holds)

[e_e] o (1) = fo(m2)] < |gj(21) — ()] < ii’\xl —x|[” < %Hxl — @7 (84)

We remark that by continuity of f,, equation (84) continues to hold if z; and z, are
elements of the closure of Bj, i.e., of Bj. Secondly, suppose that 1 € Bj,xzo € By
for j # k. Let S := {0x1 + (1 — 0)zs : 0 € [0,1]}. Define y; := argmin_cgp ||z — 22|
and yp := argmin_ gz, ||z — 21]|. Clearly, y; and y, are elements of the boundary of B;
and By, respectively, implying ¢;(y1) = ¢r(y2) = 0. Denote 6; = o; for i = 1,...,m
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and &; = 0 for ¢ > m. We obtain

el folw1) = folxa)| = |oj05(21) — Tnepn(wa)| < | (21) = @5 (ya)] + [@r(ya) — wr(22)]
< 2l — 3l + lly2 — Il

< 27|y — @7,

where for the second inequality we made use of the second inequality in (84) (cf. also the
remark immediately after (84)), and for the third inequality we combined (a” + b7) <
2177 (a+ )7 for 0 < v < 1 and a,b > 0 with ||z; — yi|| + ||ly2 — @2l < ||lz1 — || + ||y1 —
Yo||+||y2 — x2|| = ||z1 — 22||. Since the hypercubes By, ..., Bp« define a partition of [0, 1]
this establishes Equation (83).

Step 2: Construction of probability measures P; indexed by C. Recall from
Observation (b) in Step 0 that h : [—e,e] — [—h(e), h(e)] defined via v — T(H,) per-
mits a Lipschitz-continuous inverse h=! : [h(—¢), h(e)] — [—¢, €|, say, with corresponding
Lipschitz constant ¢_'. By construction, the range of f € C is contained in [h(—¢), h(¢)],
because h(e) — h(0) > c_e and similarly h(0) — h(—e) > c_e. Hence, for every f € C
the composition Ay :=h~'o f:[0,1]¢ — [—¢,¢] is well-defined, and Equation (83) shows
that Ay is Holder-continuous with constant €/2 and exponent . Note that by definition

f@)=h(h"o f(z)=hAs)=T (HAJ,(J;)> for every x € [0,1]* and every f € C.
(85)
We next show that i, () : BR) x [0, 1]¢ — [0,1], defined via B x z Pt a0 (B),
is a stochastic kernel: (i) By definition, py A (e is a probability measure for every x €
[0,1]. (ii) Recall from Observation (c) in Step 0 that ||H, — Hyl|leo < |v — w| for every
pair v, w € [—¢,¢]. From continuity of Ay it follows that x — Ha, ) (c) = Ht ((—o0,])
is continuous (and hence measurable) for every ¢ € R. Since {(—o0,¢| : ¢ € R} is a “n-
system” that generates the Borel o-algebra on R, Lemma 1.40 of Kallenberg (2001) shows
that i, ., (+) - BR) x [0, 1]¢ — [0,1] is a stochastic kernel.
For every f € C, we define the probability measure

IEDf = HHy @ [H’HAf(j &® PX]; (86)

noting that the product in brackets is a semi-direct product. For later reference, we note
that if (Y3, X;) ~ Py, it holds for every z € [0,1]% that F''(-, ) = Hy and F?(-, ) = Ha,(x).
In particular, Equation (2) is satisfied as a consequence of Assumption 2.6. Now, for ev-
eryt =1,...,n, denote by IP’;’ s the probability measure on the Borel sets of RE@+2) induced
by the (recursively defined) random vector Zy = (Yr,(x,,z:1,G0)t> Xt> Gty - -+, Yoy (x1,61).15 X1, G1)
with i.i.d. (Y3, X, Gi) ~ Py ®@Pg. In the sequel, for t = 1,...,n, the symbol 2 will denote
a “generic” element of R(4*2? (ie., a “realization” of the random vector Z;).

We close this step with an important observation: Note that K; ; : B(R) x [0,1]¢ x R x
RE-DEHD defined via

BxxxgXzi_q— pg,(B)I{m(x,z_1,9) =1} + /ULHAf(Qc)(B)]l{ﬂ't(l’,Zt_l,g) =2} (87)
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is a regular conditional distribution of Yz, (x, z_,.q,.¢ given (X;, Gy, Z;—1), and that for
every t = 1,...,n we can therefore write (noting that Z; = (Yz,(x,.z,_.,c0.t Xt, Gt, Zi—1),
interpreting Z, as the empty vector)

P, ;=K ;@ Px QP ® P;j;], (88)

with the convention that in case ¢ = 1 one has to drop the factor ]P’fr_f1 in the previ-

ous display and the “z_;” in Equation (87). Hence, interpreting KL(P!; IP’fr_le ) =10

7"‘7.}“17
in case t = 1, and with the just mentioned “dropping”-convention, the Chain Rule of

Lemma A.1 implies that for fi, fo € C and any ¢t = 1,...,n we have
KL(PY ;. Prp,) = KL (K’t,fl ® [Px @Pc @ P, 1], Kip, ® [Px ®Pe ® P;Tfi])
=KL(P./, Pi ) + KL (f{t,fl ®[Px @Pc @ P, ], Kip, ® [Px @ Pe ® P;jj}l]) ,

the right-hand-side being equal to the sum of KL(P:} P!} ) and

1
7'(-7]817 7f2
/ KL(Kt7f1 ('7 x, 49, Zt—1>7 Kt,fz('7 z, g, Zt—1>>d(]P)X X ]P)G X ]P);Tfll)(xa g, Zt—l)‘
[0,1]¢xRxR(t=1)(d+2)
Using Equation (87) this sum further simplifies to
KL(Pfrjfll’PsrTflz) + /{ 2 KL(UHAfl () MHAf2(1)>d(PX Q Pe ® Pf;fll)(x, g, Zt—l)a
Tt=—
which, noting that IP’f;fll is obtained by a coordinate projection from P7 ., implies

KL (PL . P, )

SKL(P;T]}N]P;T]‘IQ) + /{ ) KL(/JJHAfl (z)?/’I/HAf2(z)>d(]P)X ® ]P)G ® PZ,f1)<x7 9, Zn)'

By induction, it now immediately follows that for every t =1,...,n

t
KL (Pjr,flvpfnfg) < /Z ]l{ﬂi = Q}KL(/’I/HAfl(z)7MHAfQ(z))d(PX ®Pe® Pﬁ,fl)(%g, Zn)
=1

(89)

Step 3: Verifying Assumptions 2.8 and 3.6 for every P;. Fix f = f, € C. To
verify Assumption 2.8 (with v and L = /2 as given in the theorem, cf. Step 0 for the
definition of ¢) for Py, which was defined in (86), note that

1F2( 1) = F2( 2)lloo = 1 Hagzr) = Haynlloo < 1Ag(21) = Ap(a2)] < Lljzy — 2|7,

the first inequality following Observation (c) in Step 0, and the second following from Ay
being Hélder-continuous with constant L = /2 and exponent ~y, as observed in Step 2
right before Equation (85); note further that F*(-, ) = Hy, and that the previous display
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hence trivially holds for F? replaced by F'. Next, to verify Assumption 3.6 (with «
and Cy = 8d[c_e]™® as given in the theorem), it suffices to show (recall that K = 2) that

Py <a: € 0,10 < [T(Ha,w) — T(Hy)| < c_e5> < 8d6% for all 5 >0.  (90)

The statement in (90) is trivial for 6 = 0. Let § > 0. We use Equation (85) to write
[e—e] T (Hayw) = T(Ho)l = Y wy(2),
j=1

where we used that B; N By = () for j # k. Noting that > 7" | @;(z) = 0 for x ¢ U], By,
we obtain

Py (€ 0,120 < [T(Hay) — T(Ho)| < c-28) = 3 Px (v € By : 0 < p5(x) <9),
j=1

which we can write as

mPx (x € By : 6(2P(x — q1)) < 4P78) = m(2P) / Lpesrmayda

[_171]d
= mP_d/ ]1{¢§4p75}d513,
[0,1]¢

where the first equality follows upon substituting u = 2P (z — ¢q1), and the second equality
follows from ¢(x) being invariant to multiplying coordinates of by —1. To upper-bound
the expression to the right in the previous display we consider two cases: If 4P7) > 1,
then

mpP~¢ / Lipzapsyda = mP~4 < 2P < 86%,
0.1]

where we used m = [P?72] < P12 41 < 2P%7 and o € (0,1). On the other hand,
if 4P75 S 1, we write ]l{¢§4pw5} =1- ]1{4p~/5<¢} =1- ]]'{”'Hoo<1_(45)1/’YP} to obtain

mp~¢ A) 1) Lig<aprsydr = mP~ (1 — /[oud L o<1y pydi)

= mP~1 — (1 - (43)/P)’),

which, using (1 — (1 — s5)%) < ds for s € [0,1], m < 2P%¥* P < (46)™*/7 and « € (0, 1),
is bounded from above by

mPYd(40)Y7 < 2dPY(46)Y7 < 2d(46)* < 8do*.

Step 4: Lower bounding the suprema in Equations (13) and (14). We start
with Equation (14). We already know that for every f € C the measure P, satisfies the
inclusion in Equation (2) and Assumptions 2.8 and 3.6. It therefore suffices to verify

iugE(pf@)pG)n [Sn(m)] > nl_%/?ﬁ, (91)
=
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where Ep,gp)» denotes the expectation w.r.t. the product measure @), (P; ® Pg)
(here, we interpret, with some abuse of notation, S, (7) as a function on the range space
of (X;,Y;,Gy) for t = 1,...,n; and we shall denote a generic realization of (X, Y;, Gy) by
(¢, ys, g¢) to make this convention explicit, where we sometimes drop the subindex ¢, if
no confusion can arise).

We first observe that for Py, , denoting f, := [c_g]"![f, — h(0)] = > i, 04, we have

Sn(m) = ZH{T(Fl(‘th)) # T(F*(-,20)), 7 (20) # T, 2021, 90) }

t=1

= Z U{ fo(xe) # 0, 2m(24, 21, g1) — 3 # sign(fo(24))},

where for the second equality we used that 7*(z) = 3/2 +sign(f,(z))/2 (with the conven-
tion that the sign of 0 is —1), and where we recalled from Equation (85) that T(F!(-, z)) #
T(F?(-,z)) is equivalent to f,(z) # 0. Noting that the random vectors X;, Z; 1, and G} are
independent, it follows that their joint distribution equals Py ®Pf;}g ®Pq. Using Tonelli’s
theorem, writing Eq for the expectation w.r.t. Pg, abbreviating 2m(x, 2,_1,9) — 3 =
7i(x, 2,1, 9), and noting that the ¢-th summand in the previous display depends on z
only via z;_1, we can write sup ;e B, gpg)n [Sn(m)] as

up 3 B B [Py (ot Foa) £ 0, e, 21,90 7 sign(fo ()]

G’GEm t= 1

> sup ZZE 'Eg[Px (2 € By : 7i(, 2021, g1) # ;)]

O'EETVLj 1 t=1

n

> imz_:z S B BolPx(n € By w21, 01) £ 05), (92)

t=1 c€X),

where we used that m < P? and Px(z € B; : f,(z) = 0) = 0 (and where we use a corre-
sponding “dropping”-convention for the index ¢t = 1 as introduced after Equation (88)).
For every j € {1,...,m} and t € {1,...,n},

Z B} BalPx(z € B; : #ty(x, 221, 9) # )]

Uezm

= Y ¥ EL} EGPX(xeB (2, ze-1,9) 7 1)),

_JEEm 116{ 11}

where 0_; == (01,...,0j-1,0j41,...,0p) and ai_j = (01,...,0j-1,1,041,...,0m) for i €
{—1,1}. Define for every j € {1,...,m} the probability measure P} via P’ (A) :=
Px(ANB;)/Px(B;) for A € B(R?), and let E% be the corresponding expectation operator.
Recalling Py (B;) = P~%, we obtain for any z,_; € R¢-DE+) and any g € R that

Px({z € B; : #u(x, z1-1,9) # i}) = Py ({a : ®u(w, -1, ) # i})/P?,
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from which we see that the sum over 7 in the penultimate display coincides, for every o_; €
Zm—la with

1

pd e(o,j,t).

1
= ¢l
(93)

Clearly, e(o, j,t) is the sum of the Type 1 and Type 2 error of the test (z,z_1,9) —
1{ﬁt(m’zt71’g):1} for

<Et F L EGEX L oangp=1y + 1~ Ef .]EGE&]l{m,zt_l,g)zl})
_" —J

Hy:Py®@P-!  ®Pg against H1:IP>§(®IP’§”31A®IPG~.

—Jj

Using Theorem 2.2(iii) of Tsybakov (2009), we obtain

1

o N
e(0,:t) = Joxp [KL(By 9P} | @ P, Py 9P} _®IP’G)]

l
1
— Zl exp [—KL (Pjrjfla IP)ET j}gl )i| ’

the equality following, e.g., from the Chain Rule in Lemma A.1.
To upper bound KL (IP’t ! I,Pfrfl ), we will now apply (89) with fi = f,-1 and f, =

fo1 - Note first that filz) = fQ( )forxq_fB and (f1(z), fo(x)) = (h(0)—c_ep;(x), h(0)+

c_ep;(z)) for x € B;, from which it follows from Equations (82) (note that Ay, ;) < Apw
follows from strict monotonicity of h~1, cf. Step 0) and (85) that

[2Cc_ep;(x)]? ifz € B;,

0 if © ¢ B,. (95)

KL(“HAfl (z)’“HAfQ(z)) S {

Since [2(c_ep;(x)]* < [(c_e27tP77]? =: #P~?7 holds for x € B;, Equation (89) delivers

LB B, ) <7 [ S 1{GG0Es o s B ) < 7PN,

—Jj

with G(i,7) = {(7, zn,9) : ¥ € By, mi(7, 2i-1,9) = 2}, Njo_, = 300 1{G(,5)}d(Px ®
Pe®P7, | ). The dependence of N;,_, on 7 has been suppressed. In combination with

Equations (93) and (94) we hence obtain

ZQ] Z Z pd e(o,j,1 >Z Z 4Pdexp[ fP_QWNJFU—j]

t=1 0_j€Ym-1 t=1 0_j€Ym—1
n
= _FPTYN.
= 1pd E exp[ rP Nmﬂ}
0_j€EXm-1

> 2’”’1473[1 exp [ FP’Q'YQ]-] ,
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N

the last inequality following from Jensen’s inequality and g; := 21" 3" .

A 0_j€EXm-1
Furthermore, from the definition of Q], one directly obtains via Tonelli’s theorem that

ZQJ Z Z Z ]Et 1 EG Px(ZE € B 7th(l’7Zt—lagt) 7é Z)]

t= 10'_]€Em 116{ 11}

> Z Z E:,fU:;EG[PX(ZE € Bj i my(x, 21, 1) = 2)]

a,JeEm_l ] t*l
— m—1
= § : Njo_; =2" " 0;

U*jezm—l

Combining the lower bounds in the previous two displays with (92) yields

n

1 — ;
sup E e @pe)n [Sn(7)] = —mZZQi > 5 Zmax (4pd exp [—TP"g;] an) :
=1 t=1

fec J

which can further be lower-bounded by

1 m
ZZ (4?11 eXp[ fP—%Qj} + gj) > % 3(4;;1 exp [ fp—%d +Q)
j=1

> m i f nr [_]
= p- o\ gpay Xplmdte).

This lower bound holds for any P € N and corresponding m = [P%7*]. We now
set P = [(nF/4)Y(@+2)7 and can thus use wexp(—g) + ¢ > w for every ¢ > 0 and
every 0 < w <1 to lower bound the quantity in the last line of the previous display by

1-52
n d+2

16

mn Py n n
> — _P*’ya > = 4 1/(d+2'}’) 1 —yo >
16P? = 16P4 16 = 5l(n7/4) R =

(r/ )42 4 1)

By definition, 7 = [(c_e271]? = [(0.5% —2)71/22271]2. Recalling ¢ = 2/+/17 implies 7 = 4.
Thus, the lower bound in the previous display simplifies to

1- -1
n d+2~

16

271 > plT 7 /32, (96)

This establishes Equation (14). Finally, Lemma C.1 (cf. Step 3, which verifies the assump-
tions needed) with Dy = 2 4+ C;' shows that the lower bound established in Lemma C.1
holds for the corresponding constant (1— (24 Cy')™1)/(2Co +1)Y* > 271(2C, + 1)~V >
2-U+1/e)(Cy + 1)71/*, This version of Lemma C.1 and the already established Equa-
tion (14) proves Equation (13).
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