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Abstract

The object of this thesis is the study of the decidability properties of linear

dynamical systems, which have fundamental ties to theoretical computer

science, software verification, linear hybrid systems, and control theory.

In particular, we describe a method for deciding the termination of simple

linear loops, partly solving a 10-year-old open problem of Tiwari [88] and

Braverman [20]. We also study the membership problem for semigroups

of matrix exponentials, which we show to be undecidable in general by

reduction from Hilbert’s Tenth Problem, and decidable for all instances

where the matrices defining the semigroup commute. In turn, this entails

the undecidability of the generalised versions of the Continuous Orbit and

Skolem Problems to a multi-matrix setting. We also study point-to-point

controllability for linear time-invariant systems, which is a central problem

in control theory. For discrete-time systems, we show that this problem is

undecidable when the set of controls is non-convex, and at least as hard

as the Skolem Problem even when it is a convex polytope; for continuous-

time systems, we show that this problem reduces to the Continuous Orbit

Problem when the set of controls is a linear subspace, which entails de-

cidability. Finally, we show how to decide whether all solutions of a given

linear ordinary differential equation starting in a given convex polytope

eventually leave it; this problem, which we call the “Polytope Escape

Problem”, relates to the liveness of states in linear hybrid automata.

Our results rely on a number of theorems from number theory, logic, and

algebra, which we introduce in a self-contained way in the preamble to

this thesis, together with a few new mathematical results of independent

interest.
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Chapter 1

Introduction

Dynamical systems have long been of interest to computer scientists. Many problems

related to the behaviour of such systems, including the dynamics of polynomial dif-

ferential equations, finitely generated matrix semigroups, or cellular automata, have

been shown to be Turing-complete. However, despite the fact that some of these

topics were studied over half a century ago, a surprising number of problems remain

open, and we tackle some of them in this thesis.

In particular, we study dynamical systems with an algebraic nature, where the

state space is typically a set of vectors or a set of matrices, and where the evolution

of the system is determined by applying a linear operator to its state. A common

property that is often studied is whether its state may ever reach a certain target.

These systems are often described as discrete- or continuous-time depending on the

nature of their evolution rule.

On the discrete-time front, linear recurrence sequences have been exhaustively

studied. These correspond to sequences where each term is a fixed linear combination

of the previous k terms (k is said to be the order of the linear recurrence sequence).

The Skolem-Mahler-Lech theorem [85, 58, 54, 45] characterises the set of zeroes of

such sequences as the union of finitely many arithmetic progressions and a finite set.

Whilst it is known how to compute these arithmetic progressions [15], the general

problem of determining whether a linear recurrence sequence ever hits zero, known

as the Skolem Problem, remains open, and has been conjectured to be decidable. It

has been shown that, when k ≤ 4, the conjecture does indeed hold [90, in Russian],

but the problem remains open for k ≥ 5. Furthermore, other properties of these

sequences, such as the Positivity Problem [10, 43, 53, 68, 69, 56] (which amounts to

deciding whether a given linear recurrence sequence is always non-negative) and the

Ultimate Positivity Problem [70], have been studied. In particular, these problems

are known to be decidable when k ≤ 5, and have shown to be hard when k ≥ 6, in
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the sense that their decidability would entail a substantial breakthrough in analytic

number theory. Note that the Positivity Problem is at least as hard as Skolem’s

Problem [69], although the reduction causes a quadratic increase in the order of the

sequence. Some of these results will be put to use in Chapter 3, and so we defer

further details until then.

Kannan and Lipton’s Orbit Problem [50], which consists in deciding whether an

orbit of the form (Anx)n∈N ever hits a target point y, was shown to be in PTIME

in 1986. Further generalisations where the target is replaced by a small-dimension

linear subspace [31] or a convex polytope [32] in a small-dimensional space have been

shown to be decidable, but the general instances of these problems are, respectively,

Skolem- and Positivity-hard.

As early as 1947, Markov showed in [60, in Russian] that the membership prob-

lem for finitely generated matrix sub-semigroups of Z6×6 is undecidable. In 1966,

Mikhailova showed in [63, in Russian] that this problem is already undecidable for

matrices in SL(4,Z) (that is, 4× 4 integer matrices of determinant 1). In 1970, Pa-

terson established the undecidability of testing whether the zero matrix belongs to a

given finitely generated sub-semigroup of 3×3 integer matrices [72]. The decidability

of the membership problem for finitely generated semigroups of 2×2 integer matrices

was only established in 2016, by Potapov and Semukhin in [75], and the case with

invertible 3 × 3 integer matrices remains open. Moreover, the membership problem

for finitely generated matrix semigroups of commuting integer matrices was shown to

be decidable in any dimension by Babai, Beals, Cai, Ivanyos, and Luks in [4].

Another interesting problem relates to the study of matrix equations of the form

k∏
i=1

Anii = C ,

which were studied in [11], where it was shown to be undecidable whether they have

any solution. This problem is of a very similar nature to the membership problem

for finitely generated matrix semigroups, but here an order in the matrix products

is enforced. Note that this undecidability result was established by reducing from

Hilbert’s Tenth Problem, as opposed to the Post Correspondence Problem, in simi-

larity to what will frequently happen throughout this dissertation. In fact, we will

need a strengthened version of this result where the matrices A1, . . . , Ak, C are re-

quired to be invertible, as we shall see in Section 6.2.2.

On a different note, the study of continous models of computation started as early

as 1941, when Shannon studied the General Purpose Analog Computer (GPAC). In
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particular, he showed that the class of GPAC-computable functions corresponds to the

set of functions which are components of a solution to an ordinary differential equation

with a polynomial right-hand side [84]. Modulo technicalities, GPAC-computable

functions have been shown to correspond to Turing-computable functions [17, 18], and

even a neat characterisation of PTIME is known. Therefore, it is unsurprising that

researchers have focused on linear ordinary differential equations, where numerous

decidability results have been achieved.

The Continuous Orbit Problem, which amounts to deciding whether the unique

solution of a given linear ordinary differential equation ever reaches a given target

point, has been shown to be decidable in polynomial time [41, 28]. Some work has

also been done on the Continuous Skolem Problem, which analogously to the Orbit

Problem asks whether such a trajectory hits a given hyperplane (instead of a point).

In [12], this problem was shown to be decidable when the ambient vector space has

dimension 2. The dimension 3 case was shown to be decidable in [30], where it was

also shown that, if Schanuel’s conjecture is true, then all cases up to dimension 7 are

decidable. The dimension 9 case was also shown to be hard in a number-theoretic

sense; in particular, decidability would entail a major breakthrough in analytic num-

ber theory. Moreover, the version of this problem with a bounded time-horizon was

shown to be decidable in [34] conditionally on Schanuel’s conjecture being true.

Many other similar problems have been studied, and the reader should refer to

the cited papers for further information, as well as the chapter-specific introductions.
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Chapter 2

Mathematical Background

The objective of this chapter is threefold: to provide a concise overview of a number

of mathematical results that will be put to use throughout this thesis; to acquaint

the reader with a small amount of non-standard mathematical notation; to expose a

few new mathematical results of independent interest.

2.1 Linear Algebra

2.1.1 Jordan Canonical Forms

Let A ∈ Qd×d be a square matrix with rational entries. The minimal polynomial of

A is the unique monic polynomial m(x) ∈ Q[x] of least degree such that m(A) = 0.

By the Cayley-Hamilton Theorem the degree of m is at most the dimension of A.

The set σ(A) of eigenvalues is the set of zeros of m, also known as the spectrum of

A. The index of an eigenvalue λ, denoted by ν(λ), is its multiplicity as a zero of m.

We use ν(A) to denote maxλ∈σ(A) ν(λ): the maximum index over all eigenvalues of

A. An eigenvalue λ is said to be simple if ν(λ) = 1 and repeated otherwise. Given

an eigenvalue λ ∈ σ(A), we say that v ∈ Cd is a generalised eigenvector of A if

v ∈ ker (A− λI)k, for some k ∈ N.

We denote the subspace of Cd spanned by the set of generalised eigenvectors

associated with some eigenvalue λ by Vλ. We denote the subspace of Cd spanned by

the set of generalised eigenvectors associated with some real eigenvalue by Vr. We

likewise denote the subspace of Cd spanned by the set of generalised eigenvectors

associated to eigenvalues with non-zero imaginary part by Vc.
As a consequence of the existence of Jordan Canonical Forms, described later in
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this subsection, each vector v ∈ Cd can be written uniquely as

v =
∑

λ∈σ(A)

vλ, (2.1)

where vλ ∈ Vλ. It follows that v can also be uniquely written as v = vr + vc, where

vr ∈ Vr and vc ∈ Vc.
We will need the following result:

Proposition 2.1. Suppose that v ∈ Rd and that v =
∑

λ∈σ(A)

vλ, where vλ ∈ Vλ. Then

vλ and vλ are component-wise complex conjugates.

Proof. Since A is real, vλ ∈ ker (A− λI)k implies that vλ ∈ ker (A− λI)
k

and hence

that vλ ∈ Vλ. The result follows from the fact that

0 = v − v =
∑

λ∈σ(A)

(vλ − vλ)

and from uniqueness of the decomposition (2.1).

We can write any matrix A ∈ Cd×d as A = Q−1JQ for some invertible matrix Q

and block diagonal Jordan matrix J = diag(J1, . . . , JN), with each block Ji having

the following form: 
λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
...

. . .
...

0 0 0 · · · 1
0 0 0 · · · λ


Moreover, given a rational matrix A, its Jordan Normal Form A = Q−1JQ can be

computed in polynomial time, as shown in [22].

Note that each vector v appearing as a column of the matrix Q−1 is a gener-

alised eigenvector, and that the index ν(λ) of some eigenvalue λ corresponds to the

dimension of the largest Jordan block associated with it.

One can obtain a closed-form expression for powers of block diagonal Jordan

matrices, and use this to get a closed-form expression for the powers of any matrix

A. In fact, if Ji is a k × k Jordan block associated with some eigenvalue λ, then

Jni =


λn nλn−1

(
n
2

)
λn−1 · · ·

(
n
k−1

)
λn−k+1

0 λn nλn−1 · · ·
(
n
k−2

)
λn−k+2

...
...

...
. . .

...
0 0 0 · · · nλn−1

0 0 0 · · · λn

 (2.2)

where
(
n
j

)
is defined to be 0 when n < j.
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2.1.2 Matrix exponentials

Given a matrix A ∈ Cd×d, its exponential is defined as

exp(A) =
∞∑
i=0

Ai

i!
.

The series above always converges, and so the exponential of a matrix is always

well defined. The standard way of computing exp(A) is by finding P ∈ GLd(C)

such that J = P−1AP is in Jordan Canonical Form, and by using the fact that

exp(A) = P exp(J)P−1, where exp(J) is efficiently computable. When A ∈ Qd×d

(where Q denotes the set of algebraic numbers; see Section 2.2.1), P can be taken to

be in GLd(Q); note that, due to Equation (2.2), if

J =


λ 1 0 · · · 0
0 λ 1 · · · 0
...

...
. . . . . .

...
0 0 · · · λ 1
0 0 · · · 0 λ


then

exp(Jt) = exp(λt)


1 t t2

2
· · · tk−1

(k−1)!

0 1 t · · · tk−2

(k−2)!
...

...
. . . . . .

...
0 0 · · · 1 t
0 0 · · · 0 1

 .

Then exp (J) can be obtained by setting t = 1, in particular exp (J)ij = exp(λ)
(j−i)! if

j ≥ i and 0 otherwise.

When A and B commute, then so do exp(A) and exp(B). Moreover, when A and

B have algebraic entries, the converse also holds, as shown in [91]. Also, when A and

B commute, then exp (A) exp (B) = exp (A+B).

Proposition 2.2. Let v lie in the generalised eigenspace Vλ for some λ ∈ σ(A).

Then bT exp(At)v is a linear combination of terms of the form tn exp(λt).

Proof. Note that, if A = Q−1JQ and J = diag(J1, . . . , JN) is a block diagonal Jordan

matrix, then exp(At) = Q−1 exp(Jt)Q and exp(Jt) = diag(exp(J1t), . . . , exp(JN t)).

The result follows by observing that Qv is zero in every component other than those

pertaining the block corresponding to the eigenspace Vλ.
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2.1.3 Matrix logarithms

The matrix B is said to be a logarithm of the matrix A if exp(B) = A. It is well known

that a logarithm of a matrix A exists if and only if A is invertible. However, matrix

logarithms need not be unique. In fact, there exist matrices admitting uncountably

many logarithms. See, for example, [38] and [47].

A matrix is said to be unitriangular if it is triangular and all its diagonal entries

equal 1. Crucially, the following uniqueness result holds:

Theorem 2.3. Given an upper unitriangular matrix M ∈ Cd×d, there exists a unique

strictly upper triangular matrix L such that exp(L) = M . Moreover, the entries of L

lie in the number field Q(Mi,j : 1 ≤ i, j ≤ d).

Proof. Firstly, we show that, for any strictly upper triangular matrix T and for any

1 < m < d and i < j, the term (Tm)i,j is a polynomial in the elements of the set

{Tr,s : s − r < j − i}. This can be seen by induction on m, as each Tm is strictly

upper triangular, and so

(Tm)i,j =
d∑
l=1

(Tm−1)i,lTl,j =

j−1∑
l=i+1

(Tm−1)i,lTl,j.

Finally, we show, by induction on j− i, that each entry Li,j is a polynomial in the

elements of the set

{Mi,j} ∪ {Mr,s : s− r < j − i}.

If j − i ≤ 0, then Li,j = 0, so the claim holds. When j − i > 0, as L is nilpotent (as

it is strictly upper triangular),

Mi,j = exp (L)i,j = Li,j +
d−1∑
m=2

1

m!
(Lm)i,j

⇒ Li,j = Mi,j −
d−1∑
m=2

1

m!
(Lm)i,j.

The result now follows from the induction hypothesis and from our previous claim,

as this argument can be used to both construct such a matrix L and to prove that it

is uniquely determined.
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2.1.4 Properties of commuting matrices

We will now present a useful decomposition of Cd induced by the commuting matrices

A1, . . . , Ak ∈ Cd×d. We remind the read that σ(Ai) denotes the spectrum of the matrix

Ai. In what follows, let

λ = (λ1, . . . , λk) ∈ σ(A1)× · · · × σ(Ak).

The generalised eigenspace of λi of Ai corresponds to ker (Ai − λiI)d, as the sequence

(ker (Ai − λiI)n)n∈N stabilises at most when n = d. With that in mind, we define the

following subspaces of Cd:

Vλ =
k⋂
i=1

ker (Ai − λiI)d.

Also, let Σ = {λ ∈ σ(A1) × · · · × σ(Ak) : Vλ 6= {0}}. Below, Ai �Vλ denotes the

restriction of the linear operator Ai to the linear subspace Vλ, which is invariant under

Ai.

Theorem 2.4. For all λ = (λ1, . . . , λk) ∈ Σ and for all i ∈ {1, . . . , k}, the following

properties hold:

1. Vλ is invariant under Ai.

2. σ(Ai �Vλ) = {λi}.

3. Cd =
⊕
λ∈Σ

Vλ.

Proof. We show, by induction on k, that the subspaces Vλ satisfy the properties

above.

When k = 1, the result follows from the existence of Jordan Canonical Forms.

When k > 1, suppose that σ(Ak) = {µ1, . . . , µm}, and let Uj = ker (Ak − µjI)d, for

j ∈ {1, . . . ,m}. Again, it follows from the existence of Jordan Canonical Forms that

Cd =
m⊕
j=1

Um.

In what follows, i ∈ {1, . . . , k−1} and j ∈ {1, . . . ,m}. Now, as Ak and Ai commute, so

do (Ak−µjI) and Ai. Therefore, for all v ∈ Uj, (Ak − µjI)dAiv = Ai(A− µjI)dv = 0,

so Aiv ∈ Uj, that is, Uj is invariant under Ai. The result follows from applying the

induction hypothesis to the commuting operators Ai �Uj .
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We will also make use of the following well-known result on simultaneous trian-

gularisation of commuting matrices. See, for example, [64].

Theorem 2.5. Given k commuting matrices A1, . . . , Ak ∈ Qd×d
, there exists a matrix

P ∈ GLd(Q) such that P−1AiP is upper triangular for all i ∈ {1, . . . , k}.

2.2 Number Theory

2.2.1 Algebraic Number Theory

In this subsection, we introduce the main concepts in algebraic number theory nec-

essary for understanding the hypothesis of the S-units theorem, stated below. In a

later subsection, we shall justify the application of the aforementioned result in lower-

bounding the dominant terms of linear recurrence sequences. We also briefly explain

how one can effectively manipulate algebraic numbers. Should the reader be seeking

an in-depth course in computational algebraic number theory, they can consult [35].

A complex number α is said to be algebraic if it is a zero of some non-zero poly-

nomial with integer coefficients. Among those polynomials, there exists a unique one

of minimal degree whose coefficients have no common factor and whose leading co-

efficient is positive, and it is said to be the defining polynomial of α, denoted by pα,

and it is always an irreducible polynomial. Moreover, if pα is monic, α is said to be

an algebraic integer. The degree of an algebraic number is defined as the degree of pα,

and its height as the maximum absolute value of the coefficients of pα (also said to be

the height of that polynomial). The zeros of pα are said to be the Galois conjugates

of α. Note that the complex conjugate of α is always a Galois conjugate of α. We

denote the set of algebraic numbers by Q, and the set of algebraic integers by O. For

all α ∈ Q, there exists some n ∈ N such that nα ∈ O. It is well known that Q is

a field and that O is a ring. A complex number that is not algebraic is said to be

transcendental.

A number field of dimension d is a field extension K of Q whose degree as a vector-

space over Q is d. In particular, K ⊆ Q must hold. Recall that, in that case, there

are exactly d monomorphisms σi : K → C whose restriction over Q is the identity

(and therefore these must map elements of K to their Galois conjugates). Given an

algebraic number α, Q(α) denotes the smallest number field containing α. Moreover,

if K = Q(α), then α is said to be a primitive element of K. It is well known that all

number fields have a primitive element.
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The ring of integers OK of a number field K is the set of elements of K that are

algebraic integers, that is, OK = K ∩ O. An ideal of OK is an additive subgroup

of OK that is closed under multiplication by any element of OK . An ideal P is said

to be prime if ab ∈ P implies a ∈ P or b ∈ P. The following theorem is central in

Algebraic Number Theory, and a proof can be found in [86]:

Theorem 2.6. In any ring of integers, ideals can be uniquely factored as products of

prime ideals up to permutation.

The next theorem, by Evertse, van der Poorten, and Schlickewei, was established

in [40, 89] to analyse the growth of linear recurrence sequences. It gives a very strong

lower bound on the magnitude of sums of S-units, as defined below. Its key ingredient

is Schlickewei’s p-adic generalisation [83] of Schmidt’s subspace theorem.

Let S be a finite set of prime ideals of the ring of integers OK of a number field K.

We say that α ∈ OK is an S-unit if all the ideals appearing in the prime factorisation

of (α), that is, the principal ideal in OK generated by α, are in S.

Theorem 2.7 (S-units). Let K be a number field, s be a positive integer, and S

be a finite set of prime ideals of OK. Then for every ε > 0 there exists a constant

C, depending only on s, K, S, and ε, with the following property. For every set of

S-units x1, . . . , xs ∈ OK such that
∑
i∈I
xi 6= 0 for all non-empty I ⊆ {1, . . . , s},

|x1 + · · ·+ xs| ≥ CY Z−ε

where Y = max{|xj| : 1 ≤ j ≤ s} and Z = max{σi(xj) : 1 ≤ j ≤ s, 1 ≤ i ≤ d} and σi

represent the different monomorphisms from K to C.

2.2.1.1 Manipulating algebraic numbers

The following separation bound allows us to effectively represent an arbitrary alge-

braic number by keeping its defining polynomial, a sufficiently accurate estimate for

the zero we want to represent, and an upper bound on the error. We call this its

standard/canonical representation.

Lemma 2.8 (Mignotte). Let f ∈ Z[x]. Then

f(α1) = 0 = f(α2)⇒ |α1 − α2| >
√

6

d(d+1)/2Hd−1
(2.3)

where d and H are respectively the degree and height of f .
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It is well known that arithmetic operations and equality testing on these caninocal

representations can be done in time polynomial on their size, since one can

• compute polynomially many bits of the zeros of any polynomial p ∈ Q[x] in

polynomial time, due to the work of Pan in [71];

• find the defining polynomial of an algebraic number by factoring the polynomial

in its description in polynomial time using the LLL algorithm [55];

• use the sub-resultant algorithm (see Algorithm 3.3.7 in [35]) and the two afore-

mentioned procedures to compute canonical representations of sums, differences,

multiplications, and divisions of canonically represented algebraic numbers.

Moreover, we need to know how to decide whether a given canonically represented

algebraic number α is a root of unity, that is, whether αr = 1 for some r. If that is

the case, then its defining polynomial will be the r-th cyclotomic polynomial, which

has degree φ(r), if r is taken to be minimal, that is, if α is a primitive r-th root of

unity. The following (crude) lower bound on φ(r) allows us to decide this problem

in polynomial time, assuming that the degree of α is given in unary. It follows from

the obvious fact that φ(r) ≥ π(r), where π(r) denotes the number of prime numbers

in the set {1, . . . , r}, and from the fact that π(r) > r/ log(r) >
√
r/2 for r ≥ 17 [78,

Corollary 1]. It can be readily verified that the result below also holds for 1 ≤ r ≤ 16.

Note that much better bounds are known; for example, φ(r) = Ω(r/ log log(r)) [78,

Theorem 15].

Lemma 2.9. Let φ be Euler’s totient function. Then φ(r) ≥
√
r/2. Therefore, if α

has degree n and is a r’th root of unity, then r ≤ 2n2.

Therefore, in order to decide whether an algebraic number α of degree n is a root

of unity, we check whether it is a r-th root of unity, for each r ≤ 2n2. In order to

test whether α is a r-th root of unity, it suffices to see whether gcd(pα, x
r − 1) = pα,

since we know that xr − 1 is the product of each d-th cyclotomic polynomial, with d

ranging over the divisors of r.

2.2.1.2 Integral solutions of linear equations with algebraic coefficients

Consider a non-zero matrix K ∈ Qr×d
and vector k ∈ Qr

. The following proposition

shows how to compute a representation of the set {x ∈ Zd : Kx = k}.

Proposition 2.10. Let S = {x ∈ Zd : Kx = k}. If S 6= ∅, then there exist x0 ∈ Zd

and M ∈ Zd×s such that S = x0 + {My : y ∈ Zs}.
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Proof. Let θ denote a primitive element of the number field generated by the entries

of K and k. Let the degree of this extension, which equals the degree of θ, be D.

Then for x ∈ Zd one can write

Kx = k⇔

(
D−1∑
i=0

Niθ
i

)
x =

D−1∑
i=0

kiθ
i

⇔ Nix = ki,∀i ∈ {0, . . . , D − 1},

for some integer matrices N0, . . . , ND−1 ∈ Zr×d and integer vectors k0, . . . ,kD−1 ∈ Zr.
We take x0 to be any solution of this system, and select the columns of M to be a

minimal set generating

G = {x ∈ Zd : ∀i ∈ {0, . . . , D − 1}, Nix = 0} .

Note that, since G is a subgroup of the finitely generated abelian group Zd, G itself

must be finitely generated.

2.2.2 Transcendental Number Theory

A number of the form

α0 + α1 log(β1) + · · ·+ αn log(βn),

where α0, . . . , αn, β1, . . . , βn are algebraic numbers, is said to be a linear form in

logarithms of algebraic numbers. Note that the set of linear forms in logarithms of

algebraic numbers is closed under addition and under multiplication by algebraic

numbers, as well as under complex conjugation.

The following result, together with Theorem 2.23, yields a method for comparing

linear forms in logarithms of algebraic numbers. Note that there are other theorems

by Alan Baker that would allow us to do this directly, namely by providing lower

bounds on the absolute value of non-zero linear forms in logarithms of algebraic

numbers as a function of the degrees and heights of the defining polynomials of the

algebraic numbers appearing therein; for simplicity, we will not discuss these results

in this thesis. For a proof, see [6] and [7].

Theorem 2.11 (Baker). Let α1, . . . , αm ∈ Q \ {0}. If

log(α1), . . . , log(αm)

are linearly independent over Q, then

1, log(α1), . . . , log(αm)

are linearly independent over Q.
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The theorem below was proved by Ferdinand von Lindemann in 1882, and later

generalised by Karl Weierstrass in what is now known as the Lindemann-Weierstrass

theorem. As a historical note, this result marked the first proof of transcendence of

π, which immediately follows from it.

Theorem 2.12 (Lindemann). If α ∈ Q \ {0}, then eα is transcendental.

We will later present a result that holds if the following conjecture, which gener-

alises many other theorems from transcendental number theorem (including Baker’s

theorem and the Lindemann-Weierstrass theorem), is true.

Conjecture 2.13 (Schanuel). If α1, . . . , αm ∈ C are linearly independent over Q,

then Q(α1, exp(α1), . . . , αm, exp(αm)) has transcendence degree at least m.

Note that the transcendence degree of a field extension of Q is the cardinality of

the largest algebraically independent subset thereof, so having transcendence degree

at least m means that there is a set of at least m elements that satisfies no non-

zero polynomial relation with integer coefficients. Whilst we will not make use of

this conjecture directly, we will use Theorem 2.21, which does rely on Schanuel’s

conjecture being true. Obviously, all conditional results will be marked as such.

2.2.3 Diophantine Approximation

The following result, due to Leopold Kronecker, on simultaneous Diophantine ap-

proximation, generalises Dirichlet’s Approximation Theorem. We denote the group

of additive relations of v ∈ Cd by

A(v) = {z ∈ Zd : z · v ∈ Z}.

Throughout this thesis, dist refers to the l1 distance.

Theorem 2.14 (Kronecker). Let α1, . . . ,αk ∈ Rd and β ∈ Rd. The following are

equivalent:

1. For any ε > 0, there exists n ∈ Nk such that

dist(β +
k∑
i=1

niαi,Zd) ≤ ε.

2. The following relation holds:

k⋂
i=1

A(αi) ⊆ A(β).

13



A proof of this result can be found in [25]. Note that the second condition es-

sentially states that all the integer relations that are satisfied by all the αi are also

satisfied by β.

We will also need the following result, which is a weak form of [51, Corollary 2.8].

Theorem 2.15. Suppose that C = {c1, . . . , ck} ⊆ Rd and that C⊥ ∩ Zd = {0}. Then

for any q ∈ Rd and for any ε > 0 there exist non-negative reals λ1, . . . , λk such that

dist(q +
k∑
i=1

λici,Zd) ≤ ε .

In order to compare Theorem 2.15 to Theorem 2.14, note that

k⋂
i=1

A(ci) = {0} ⇒ {c1, . . . , ck}⊥ ∩ Zd = {0} .

2.3 Logic

2.3.1 First-Order Theory of the Reals

Let x = (x1, . . . , xm) be a vector of m real-valued variables, and let σ(x) be a Boolean

combination of atomic predicates of the form g(x) ∼ 0, where each g(x) is a poly-

nomial with integer coefficients in the variables x, and ∼ is either > or =. The set

of true sentences of the form φ = Q1x1 · · ·Qmxmσ(x), where Qi is either ∃ or ∀, is

called the first-order theory of the reals.

A set S ⊆ Rn is said to be semi-algebraic if it is a Boolean combination of sets

of the form {x ∈ Rn : p(x) ≥ 0}, where p is a polynomial with integer coefficients.

Equivalently, the semi-algebraic sets are those definable by the quantifier-free first-

order formulas over the structure (R, <,+, ·, 0, 1).

Theorem 2.16 (Tarski-Seidenberg). The first-order theory of the reals admits a con-

structive method for quantifier elimination. In particular, it is a decidable theory. [87]

From Theorem 2.16, it follows that the semi-algebraic sets are precisely the first-

order definable sets (that is, the use of quantifiers does not augment the class of

semi-algebraic sets).

We also remark that our standard representation of algebraic numbers, described

in Section 2.2.1.1, allows us to write them explicitly in the first-order theory of the

reals, that is, given α ∈ Q, there exists a sentence σ(x) such that σ(x) is true if
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and only if x = α. Thus, we allow their use when defining semi-algebraic sets, for

simplicity.

The complexity class ∃R is defined as the set of problems having a polynomial-

time many-one reduction to the existential theory of the reals. It was shown in [24]

that ∃R ⊆ PSPACE.

The reader seeking a comprehensive study of the computational complexity of

quantifier elimination may refer to [77] and [9]. We shall make use of the following

result by Basu, Pollack, and Roy [8], which provides an upper bound on the space

complexity of quantifier elimination:

Theorem 2.17. Given a set Q = {q1, . . . , qs} of s polynomials each of degree at most

D, in h+ d variables, and a first-order formula

Φ(x) = Qy1 . . . QyhF (q1(x,y), . . . , qs(x,y)) ,

where Q ∈ {∃,∀}, F is a quantifier-free Boolean combination with atomic elements

of the form qi(x,y) ∼ 0, where ∼∈ {>,=}, there exists a quantifier-free formula

Ψ(x) =
I∧
i=1

Ji∨
j=1

qij(x) ∼ 0 ,

where I ≤ (sD)O(hd), each Ji ≤ (sD)O(d), the degrees of the polynomials qij are

bounded by Dd, and the bit-sizes of the heights of the polynomials in the quantifier-

free formula are only polynomially larger than those of q1, . . . , qs.

We also make use of the following lemmas:

Lemma 2.18. If X ⊆ Rd is semi-algebraic and non-empty, then X ∩Qd 6= ∅.

Proof. We prove this result by strong induction on d. Since X is semi-algebraic,

there exists a quantifier-free sentence in the first-order theory of the reals σ such that

X = {x ∈ Rd | σ(x)}.
Suppose that d > 1. Letting X1 = {xd ∈ R | ∃x1, . . . , xd−1 ∈ Rd−1, σ(x1, . . . , xd)}

and since X1 6= ∅ is semi-algebraic, by the induction hypothesis, there must be

x∗d ∈ Q∩X1. Moreover, we can define X2 = {(x2, . . . , xd) ∈ Rd−1 | σ(x∗1, x2, . . . , xn)},
which is non-empty and semi-algebraic, and again by the induction hypothesis there

exists some (x∗2, . . . , x
∗
d) ∈ Qd−1 ∩X2.

It remains to prove this statement for d = 1. In that case, X must be a finite

union of intervals and points. Clearly Q is dense in any interval, and each of these

isolated points x corresponds to some constraint g(x) = 0, which implies that x must

be algebraic, since g has integer coefficients.
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Lemma 2.19. If X ⊆ Rd is semi-algebraic, then X ∩Qd
is dense in X.

Proof. Pick x ∈ X and ε > 0 arbitrarily. Let y ∈ Qd be such that ‖x − y‖ < ε/2.

Since B(y, ε/2) is semi-algebraic, so must be X ∩ B(y, ε/2), and so this set must

contain an algebraic point, since it is nonempty (x is in it), and that point must

therefore be at distance at most ε from x, by the triangle inequality.

Lemma 2.20. If X ⊆ Rd is semi-algebraic, then so is Cl(X)1.

Proof. Let σ be a sentence in the first-order theory of the reals such that X = {x ∈
Rd | σ(x)}. Whence

Cl(X) = {x ∈ Rd | ∀ε > 0, ∃y ∈ Rd, σ(y) ∧ y ∈ B(x, ε)}.

Finally, we will need the following theorem, shown by MacIntyre and Wilkie [57],

concerning the decidability of the extension of the first-order theory of the reals with

real exponentiation and bounded sin and cos functions.

Theorem 2.21 (Wilkie and MacIntyre). If Schanuel’s conjecture is true, then, for

each n ∈ N, FO(R,+, ·, <,=, exp �R, cos �[0,n], sin �[0,n]) is decidable.

2.3.2 Hilbert’s Tenth Problem

A set S ⊆ Zd is called Diophantine if there exist m ∈ N and p ∈ Z[x1, . . . , xd+m] such

that

S = {x ∈ Zd : ∃y ∈ Zm, p(x,y) = 0} .

Equivalently, Diophantine sets correspond to those that are definable in the existential

branch of the first-order theory of the ring of integers.

In his famous list of 23 problems, Hilbert asked whether there exists an algorithm

for deciding if a given polynomial p ∈ Z[x1, . . . , xd] admits any zero x ∈ Zd; this was

the tenth problem in his list.

The following celebrated theorem, due to Yuri Matiyasevich, settled this question

negatively, namely by showing that it is an undecidable problem; see [62] for a self-

contained proof.

Theorem 2.22 (Matiyasevich). The recursively enumerable subsets of Zd are Dio-

phantine.

1Cl(X) denotes the topological closure of X.
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It is obvious that the converse is also true, namely that all Diophantine sets are

recursively enumerable, which follows from the existence of a computable surjection

mapping N to Zd.
Theorem 2.22 can be seen as a strengthening of the famous Gödel-Rosser incom-

pleteness theorem, which states that the first-order theory of the ring of integers is

undecidable. Namely, this result shows that the existential branch of that theory is

already undecidable.

2.4 Groups of Multiplicative Relations

This section introduces some concepts concerning groups of multiplicative relations

among algebraic numbers. We assume a natural first-order interpretation of the field

of complex numbers in the ordered field of real numbers (in which each complex

number is encoded as a pair comprising its real and imaginary parts). Under this

interpretation we refer to sets of complex numbers as being semi-algebraic and first-

order definable.

Let T = {z ∈ C : |z| = 1}. We define the s-dimensional torus to be Ts, considered

as a group under componentwise multiplication. Then the function x 7→ exp(2πix)

is a homomorphism from the additive group of real numbers to T, with kernel the

subgroup of integers. By abuse of notation, we will also allow exp to be applied

component-wise to a vector of reals.

Given a tuple of algebraic numbers λ = (λ1, . . . , λs) ∈ Ts, we consider how to

effectively represent the orbit

{λn : n ∈ N}.

More precisely, we will give an algebraic representation of the topological closure of

that orbit in Ts.
The group of multiplicative relations of λ, which is an additive subgroup of Zs, is

defined as

L(λ) = {v ∈ Zs : λv = 1} ,

where λv is defined to be λv11 · · ·λvss for v ∈ Zs, that is, exponentiation acts coordi-

natewise.

Since Zs is a free abelian group, its subgroups are also free. In particular, L(λ)

has a finite basis. The following powerful theorem of Masser [61] gives bounds on the

magnitude of the components of such a basis.
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Note that log(α1), . . . , log(αm) are linearly independent over Q if and only if

L(α1, . . . , αm) = {0}.

Together with Theorem 2.11, Masser’s theorem allows us to eliminate all algebraic

relations in the description of linear forms in logarithms of algebraic numbers, and

therefore also to test whether a linear form in logarithms of algebraic numbers is zero.

Theorem 2.23 (Masser). The free abelian group L(λ) has a basis v1, . . . ,vl ∈ Zs

for which

max
1≤i≤l,1≤j≤s

|vi,j| ≤ (D logH)O(s2)

where H and D bound respectively the heights and degrees of all the λi.

Membership of a tuple v ∈ Zs in L(λ) can be computed in polynomial space,

using a decision procedure for the existential theory of the reals. In combination with

Theorem 2.23, it follows that we can compute a basis for L(λ) in polynomial space

by brute-force search (due to Savitch’s theorem [82]).

Corresponding to L(λ), we consider the following multiplicative subgroup of Ts:

T (λ) = {µ ∈ Ts : ∀v ∈ L(λ), µv = 1} .

If B is a basis of L(λ) then we can equivalently characterise T (λ) as

{µ ∈ Ts : ∀v ∈ B, µv = 1} .

Crucially, this finitary characterisation allows us to represent T (λ) as a semi-algebraic

set.

We will use Theorem 2.14 to show that the orbit {λn : n ∈ N} is a dense subset

of T (λ).

Theorem 2.24. Let λ ∈ Ts. Then the orbit {λn : n ∈ N} is a dense subset of T (λ).

Proof. Let µ be an arbitrary element of T (λ), and let θ ∈ Rs be such that λ =

exp(2πiθ) (with exponentiation operating coordinatewise). Notice that λv = 1 if and

only if vTθ ∈ Z. Similarly, we define ψ ∈ Rs to be such that µ = exp(2πiψ). Then

the second condition in the statement of Theorem 2.14 holds for θ and ψ. Thus,

given ε > 0, there exist a non-negative integer n and a vector p ∈ Zs such that

dist(nθ −ψ,p) ≤ ε. Whence

‖λn − µ‖∞ = ‖ exp(2πi(nθ − p))− exp(2πiψ)‖∞ ≤ ‖2π(nθ − p−ψ)‖∞ ≤ 2πε .

Given that ε was arbitrary, it follows that {λn : n ∈ N} is dense in T (λ).
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We will also need the following simple corollary:

Corollary 2.25. Let θ ∈ Rs be such that A(θ) = {0}. Then {exp(2πinθ) : n ∈ N}
is a dense subset of Ts.

Proof. This result follows from the fact that

L(exp(2πiθ)) = A(θ) = {0} .

Therefore, T (λ) = Ts, which establishes the result.

2.5 Linear Recurrence Sequences

A linear recurrence sequence of order k over Q is a sequence (un)n∈N ⊆ Q with the

property that there exist coefficients α1, . . . , αk ∈ Q such that, for all n ≥ k,

un =
k∑
i=1

αiun−i .

Equivalently, due to the Cayley-Hamilton theorem, linear recurrence sequences of

order k correspond to sequences of the form un = bTAnx. When the matrix A is

diagonalisable, the linear recurrence (un)n∈N is said to be simple. The characteristic

roots of u correspond to the eigenvalues of A.

It is well-known that linear recurrence sequences correspond to sequences admit-

ting a representation of the form

un =
k∑
i=1

pi(n)λni (2.4)

where λ1, . . . , λk are the characteristic roots of u, as can easily be shown by considering

the Jordan canonical form of the matricial form of this recurrence.

Moreover, the sequences admitting a representation of the form described in Equa-

tion (2.4), where the polynomials pi are constant, correspond to simple linear recur-

rence sequences.

Finally, if (un)n∈N ⊆ R, then the polynomials pi and constants λi in Equation (2.4)

satisfy the relation

λi = λj ⇒ pi = pj . (2.5)

As an example, the Fibonacci sequence 0, 1, 1, 2, 3, 5, 8, 13, . . . is a simple linear

recurrence sequence of order 2, with recursion rule fn+1 = fn + fn−1. It can also be
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represented in the form

fn =
1√
5

(
1 +
√

5

2

)n

− 1√
5

(
1−
√

5

2

)n

.

For more information on linear recurrence sequences, see [39].

2.5.1 Lower-bounding simple linear recurrence sequences

We are interested in lower-bounding expressions of the form

un =
s∑
j=1

αjλ
n
j (2.6)

satisfying the property of Equation (2.5), where α1, λ1, . . . , αs, λs are algebraic inte-

gers and λ1, . . . , λs have the same absolute value ρ.

Note that eigenvalues of integer-valued matrices are always algebraic integers,

and that all algebraic numbers admit an integer multiple that is an algebraic integer.

Therefore, assuming the αj to be algebraic integers will only worsen the bound we

derive in this subsection by a constant factor, which will be irrelevant.

In order to make use of Theorem 2.7, it is important to understand the set

{n ∈ N : ∃I ⊆ {1, . . . , s},
∑
j∈I

αjλ
n
j = 0} (2.7)

The following well-known theorem characterises the set of zeros of linear recurrence

sequences. In particular, it gives us a sufficient condition for guaranteeing that the

set of zeros of a non-identically zero linear recurrence sequence is finite. Namely,

it suffices that the sequence is non-degenerate, that is, that no ratio of two of its

characteristic roots is a root of unity.

Theorem 2.26 (Skolem-Mahler-Lech). Let (un)n∈N be a linear recurrence sequence.

The set {n ∈ N : un = 0} is a union of a finite set and finitely many arithmetic

progressions. Moreover, if un is non-degenerate, this set is actually finite.

It follows from the Skolem-Mahler-Lech theorem that if un is non-degenerate

then (2.7) must be finite, assuming without loss of generality that∑
j∈I

αjλ
n
j

is never eventually zero.
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We can now apply Theorem 2.7 to get a lower bound on (2.6) that holds for all but

finitely many n, by letting K be the splitting field of the characteristic polynomial

of un, S be the set of prime ideals of the ring of integers of K that appear in the

factorisation of each of the algebraic integers αj and λj, and xj = αjλ
n
j for each j,

making (2.6) a sum of S-units.

In the notation of the theorem, we have Y = Ω(ρn). If Λ is an upper bound on

the absolute value of the Galois conjugates of each λj (that is, each σi(λj)), then

Z = O(Λn). Thus, for any ε > 0, we know that

s∑
j=1

αjλ
n
j = Ω(Y Z−ε) = Ω

(
ρnΛ−nε

)
Finally, we note that by picking ε to be sufficiently small we can get ρΛ−ε arbitrarily

close to ρ.

Therefore, for any η < ρ, it is true for sufficiently large n that∣∣∣∣ s∑
j=1

αjλ
n
j

∣∣∣∣ = Ω(ηn) .

2.6 Geometry

2.6.1 Convex Polytopes

A convex polytope is a subset of Rn of the form

P = {x ∈ Rn : Ax ≤ b},

where A is a d×n matrix and b ∈ Rd. When all the entries of A and coordinates of b

are algebraic numbers, the convex polytope P is said to have an algebraic description.

The decision version of linear programming with canonically-defined algebraic

coefficients is in ∃R, as the emptiness of a convex polytope can easily be described

by a sentence of the form ∃x1 · · · ∃xnσ(x).

Finally, we note that even though the decision version of linear programming with

rational coefficients is in PTIME, allowing algebraic coefficients makes things more

complicated. While it has been shown that the decision version of linear programming

with canonically-defined algebraic coefficients is solvable in time polynomial in the size

of the problem instance and in the degree of the smallest number field containing all

algebraic numbers in each instance [1], it turns out that the degree of that extension
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can be exponential in the size of the input2. In other words, the splitting field of the

characteristic polynomial of a matrix can have a degree which is exponential in the

degree of the characteristic polynomial, which makes it hard to place this problem

in PTIME.

We will also make use of the following result:

Theorem 2.27 (Minkowski-Weyl). Any polytope P ⊆ Rd can be written as the sum

of two sets H ⊆ Rd and C ⊆ Rd, where H is a finitely-generated convex hull and C is

a finitely generated cone.

2.6.2 Fourier-Motzkin Elimination

Fourier-Motzkin elimination is a simple method for solving systems of inequalities.

Historically, it was the first algorithm used in solving linear programming, before

more efficient procedures such as the simplex algorithm were discovered. The pro-

cedure consists in isolating one variable at a time and matching all its lower and

upper bounds. Note that this method preserves the set of solutions on the remaining

variables, so a solution of the reduced system can always be extended to a solution

of the original one.

Theorem 2.28. It is decidable whether a given convex polytope P = {x ∈ Rn :

πAx < b}, where the entries of A are all real algebraic numbers and those of b are

real linear forms in logarithms of algebraic numbers, is empty. Moreover, if P is

non-empty one can effectively find a rational vector q ∈ P.

Proof. This is done by using Fourier-Motzkin elimination, isolating each term πxi,

instead of just isolating the variable xi. Note that the coefficients of the terms πxi will

always be algebraic, and the remaining terms will always be linear forms in logarithms

of algebraic numbers, which are closed under multiplication by algebraic numbers, and

which can be effectively compared by using Theorem 2.11 and Theorem 2.23.

2.6.3 Integer Points of Convex Semi-algebraic Sets

Due to Theorem 2.22, it is undecidable whether a given semi-algebraic set S in Rd in-

tersects the integer lattice Zd. However, if one knows that S is convex, undecidability

breaks down, as shown in [51]. This result is central to our approach in Chapter 3.

2For example, consider the sequence of field extensions Q(
√
p1, . . . ,

√
pn), where pi denotes the

i’th prime.
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Theorem 2.29 (Khachiyan and Porkolab). Let W ⊆ Rd be a convex semi-algebraic

set defined by polynomials of degree at most D and that can be represented in space3

S. In that case, if W ∩ Zd 6= ∅, then W must contain an integral point that can be

represented in space SDO(d4).

2.7 Analysis

2.7.1 Laurent polynomials

A multivariate Laurent polynomial is a polynomial in positive and negative powers

of variables z1, . . . , zs with complex coefficients. We are interested in Laurent poly-

nomials of the special form

g(z) =
k∑
j=1

(
cjz1

n1,j . . . zs
ns,j + cjz1

−n1,j . . . zs
−ns,j

)
where c1, . . . , ck ∈ C and n1,1, . . . , ns,k ∈ Z. We call such g self-conjugate Laurent

polynomials. Notice that if a ∈ Ts then g(a) is a real number, so we may regard g as

a function from Ts to R.

We say that g is simple if g has no constant term and each monomial in g mentions

only a single variable.

Lemma 2.30. Let g ∈ C[z±1
1 , . . . , z±1

s ] be a self-conjugate Laurent polynomial that

has no constant term (not necessarily simple). Given θ ∈ Rs such that A(θ) = {0},
define a function f : R≥0 → R by

f(t) = g(exp(2πitθ)) .

Then either f is identically zero, or

lim inf
n→∞

f(n) < 0 ,

where n ranges over the naturals.

Proof. Consider the function h : Rs → R given by x 7→ g(exp(2πix)). We use an

averaging argument to establish that either h is identically zero on Rs or there exist

x? ∈ [0, 1] such that h(x?) < 0.

3Here, the space of the representation of a polynomial is defined to be the sum of the base-2
logarithms of its coefficients.
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Since, for all non-zero integers n,∫ 1

0

exp(2πinx)dx = 0 ,

it follows that ∫
[0,1]s

h(x)dx = 0 .

Suppose that h is not identically zero over Rs and hence not identically zero over

[0, 1]s. Then h cannot be nonnegative on [0, 1]s, since the integral over a set of

positive measure of a continuous nonnegative function that is not identically zero

must be strictly positive. We conclude that there must exist x? ∈ [0, 1]s such that

h(x?) < 0.

By assumption, A(θ) = {0}. By Corollary 2.25 it follows that

{exp(nθ) : n ∈ N}

is dense in Ts and hence has exp(2πix?) as a limit point. Since h is continuous, there

are arbitrarily large n ∈ N for which

f(n) = h(nθ) ≤ 1

2
h(x?) < 0 ,

which proves the result.

Note that this proof could be made constructive by using an effective version of

Kronecker’s Theorem, as studied in [21] and [59], although we do not make use of

this fact in the present thesis.

The following consequence of Lemma 2.30 will be key to proving decidability of

the problem at hand. It is a continuous-time extension of [20, Lemma 4].

Theorem 2.31. Let g ∈ C[z±1
1 , . . . , z±1

s ] be a simple self-conjugate Laurent polynomial

and θ1, . . . , θs be non-zero real numbers. Then either

g(exp(2πitθ1), . . . , exp(2πitθs)) = 0 for all t ∈ R

or

lim inf
n→∞

g(exp(2πinθ1), . . . , exp(2πinθs)) < 0 ,

where n ranges over the naturals.
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Proof. Note that if 1, θ1, . . . , θs are linearly independent over Q then the result follows

from Lemma 2.30. Otherwise, let {θi1 , . . . , θik} be a maximal subset of {θ1, . . . , θs}
such that 1, θi1 , . . . , θik are linearly independent over Q.

Then, for some N ∈ N and each j, one can write

Nθj =

(
m+

k∑
l=1

nlθil

)
,

where m,n1, . . . , nk are integers that depend on j, whilst N does not depend on j. It

follows that for all j and t ∈ R,

exp(2πiNθjt) = exp(2πimt) ·
k∏
l=1

exp(2πinlθilt)

= exp(2πit)m ·
k∏
l=1

exp(2πiθilt)
nl .

In other words, for all j ≥ k+1, exp(2πiNθjt) can be written as a product of positive

and negative powers of the terms

exp(2πit), exp(2πiθi1t), . . . , exp(2πiθikt) .

It follows that there exists a self-conjugate Laurent polynomial h ∈ C[z±1
1 , . . . , z±1

k ],

not necessarily simple, but with zero constant term, such that for all t ∈ R,

g(exp(2πiNθ1t), . . . , exp(2πiNθst)) = h(exp(2πit), exp(2πiθi1t), . . . , exp(2πiθikt)) .

Since 1, θi1 , . . . , θik are linearly independent over Q, the result follows by applying

Lemma 2.30 to h.

In order to compare the asymptotic growth of expressions of the form tn exp(λt),

for λ ∈ R and n ∈ N0, we define ≺ to be the lexicographic order on R× N0, that is,

(η, j) ≺ (ρ,m) iff η < ρ or (η = ρ and j < m) .

Clearly exp(ηt)tj = o(exp(ρt)tm) as t→∞ if and only if (η, j) ≺ (ρ,m).

Definition 2.1. If bT exp(At)v is not identically zero, the maximal (ρ,m) ∈ R×N0

with respect to ≺ for which there is a term tm exp(λt) with <(λ) = ρ in the closed-

form expression for bT exp(At)v is called dominant for bT exp(At)v.

We now derive a useful corollary of Theorem 2.31:
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Corollary 2.32. Consider a function of the form h(t) = bT exp(At)vc, where A ∈
Rd×d, b,vc ∈ Rd, and vc ∈ Vc, with (ρ,m) ∈ R × N0 dominant. If h(t) 6≡ 0, that is,

if it is not identically zero, then we have

−∞ < lim inf
t→∞

h(t)

exp(ρt)tm
< 0 .

Proof. Let <(σ(A)) = {η ∈ R : η + iθ ∈ σ(A), for some θ ∈ R}. Moreover, for

η ∈ <(σ(A)), we define θη = {θ ∈ R>0 : η + iθ ∈ σ(A)}. By abuse of notation,

we also use θη to refer to the vector whose coordinates are exactly the members of

this set, ordered in an increasing way. We note that, due to Proposition 2.1 and

Proposition 2.2, the following holds:

bT exp(At)vc = bT exp(At)
∑

η∈<(σ(A))

∑
θ∈θη

vη+iθ + vη−iθ

=
∑

η∈<(σ(A))

∑
θ∈θη

bT exp(At)vη+iθ

+ bT exp(At)vη+iθ

=
∑

η∈<(σ(A))

ν(A)−1∑
j=0

tj exp(ηt)g(η,j)(exp(iθηt))

for some simple self-conjugate Laurent polynomials g(η,j). Note that

(ρ,m) = max
≺
{(η, j) ∈ R× N0 : g(η,j)(exp(iθηt)) 6≡ 0} .

The result then follows from Theorem 2.31 and the fact that

lim inf
t→∞

h(t)

exp(ρt)tm
= lim inf

t→∞
g(ρ,m)(exp(iθρt)) .
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Chapter 3

Termination of Integer Linear
Loops

3.1 Introduction

Termination is a fundamental decision problem in program verification. In particular,

termination of programs with linear assignments and linear conditionals has been

extensively studied over the last decade. This has led to the development of powerful

techniques to prove termination via synthesis of linear ranking functions [14, 19, 27,

36, 73], many of which have been implemented in software verification tools, such as

Microsoft’s Terminator [37].

A very simple form of imperative programs is simple linear loops, that is, programs

of the form

P1 : x← u; while Bx ≥ c do x← Ax+ a,

where x is vector of variables, u, a, and c are integer vectors, and A and B are

integer matrices of appropriate dimensions. Here the loop guard is a conjunction of

linear inequalities and the loop body consists of a simultaneous affine assignment to

x. If the vectors a and c are both zero then we say that the loop is homogeneous.

Suppose that the vector x has dimension d. We say that P1 terminates on a set

S ⊆ Rd if it terminates for all initial vectors u ∈ S. Tiwari [88] gave a procedure to

decide whether a given simple linear loop terminates on Rd. Later Braverman [20]

showed decidability of termination on Qd. However the most natural problem from

the point of view of program verification is termination on Zd.
While termination on Zd reduces to termination on Qd in the homogeneous case

(by a straightforward scaling argument), termination on Zd in the general case is

stated as an open problem in [13, 20, 88]. The main result of this chapter is a
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procedure to decide termination on Zd for simple linear loops when the assignment

matrix A is diagonalisable. This represents the first substantial progress on this open

problem in over 10 years.

Termination of more complex programs can often be reduced to termination of

simple linear loops (see, e.g., [37] or [88, Section 6]). On the other hand, termination

becomes undecidable for mild generalisations of simple linear loops, for example, al-

lowing the update function in the loop body to be piecewise linear [13]. An interesting

related result is the undecidability of a simple generalisation of the famous Collatz

problem [52], as well as the related “FRACTRAN” computational model, introduced

by John Horton Conway.

To prove our main result we focus on eventual non-termination, where P1 is said

to be eventually non-terminating on u ∈ Zd if, starting from initial value u, after

executing the loop body x← Ax+ a a finite number of times while disregarding the

loop guard we eventually reach a value on which P1 fails to terminate. Recall that A

and a have integer coefficients, so clearly P1 fails to terminate on Zd if and only if it

is eventually non-terminating on some u ∈ Zd.
Given a simple linear loop we show how to compute a convex semi-algebraic

set W ⊆ Rd such that the integer points u ∈ W are precisely the eventually

non-terminating integer initial values. Since it is decidable whether a convex semi-

algebraic set contains an integer point [51], we can decide whether an integer linear

loop is terminating on Zd. Convexity is crucial here: deciding whether an arbitrary

semi-algebraic set contains any integer points is equivalent to Hilbert’s Tenth Prob-

lem, and this is undecidable.

Termination over the set of all integer points is easily seen to be co-NP-hard.

Indeed, if the update function in the loop body is the identity then the loop is non-

terminating if and only if there is an integer point satisfying the guard. Thus non-

termination subsumes integer programming, which is NP-hard.

While our algorithm for deciding termination requires exponential space, it should

be noted that the procedure actually solves a more general problem than merely

determining the existence of a non-terminating integer point (or, equivalently, the

existence of an eventually non-terminating integer point). In fact, up to technicalities,

our algorithm computes a representation of the set of all eventually non-terminating

integer points. For reference, the closely related problem of deciding termination on

the integer points in a given convex polytope is EXPSPACE-hard [13]. By contrast,

even though not stated explicitly in [88] and [20], deciding termination on Rd and Qd

can be reduced in polynomial time to a problem in ∃R, which is within PSPACE.
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As well as making extensive use of algorithms in real algebraic geometry, the

soundness of our decision procedure relies on powerful lower bounds in Diophantine

approximation that generalise Roth’s Theorem. (The need for such bounds in the

inhomogeneous setting was conjectured in the conclusion of [20].) We also use classical

results in number theory, such as the Skolem-Mahler-Lech Theorem [54, 58, 85] on

linear recurrences. Crucially the well-known and notorious ineffectiveness of Roth’s

Theorem (and its higher-dimensional and p-adic generalisations) and Skolem-Mahler-

Lech Theorem is not a problem for deciding eventual non-termination, which is key

to our approach.

3.1.1 Related Work

Consider the termination problem for a homogeneous simple linear loop

P2 : x← u; while Bx ≥ 0 do x← Ax

on a single initial value u ∈ Zd. Each row bT of the matrix B corresponds to a

loop condition bTx ≥ 0. For each such condition, consider the integer sequence

〈xn : n ∈ N〉 defined by xn = bTAnu. Then P2 fails to terminate on an initial value u

if and only if each such sequence 〈xn〉 is positive, i.e., xn ≥ 0 for all n. Each sequence

〈xn〉 considered above is a linear recurrence sequence, as we saw in Section 2.5. Thus

deciding whether a homogeneous simple linear loop terminates on a given initial value

is at least as hard as the Positivity Problem for linear recurrence sequences, that is,

the problem of deciding whether a given linear recurrence sequence has exclusively

non-negative terms.

The Positivity Problem has been studied at least as far back as the 1970s [10, 43,

56, 79, 80]. Thus far decidability is known only for sequences satisfying recurrences

of order 5 or less. It is moreover known that showing decidability at order 6 will nec-

essarily entail breakthroughs in transcendental number theory, specifically significant

new results in Diophantine approximation [69]. Even for simple linear recurrence

sequences, decidability has only been established for order at most 9 [68].

The key difference between studying termination of simple linear loops over Zd

rather than a single initial value is that the former problem can be approached through

eventual termination. In this sense the termination problem is related to the Ultimate

Positivity Problem for linear recurrence sequences, which asks whether all but finitely

many terms of a given sequence are positive [70]. This allows us to bring to bear

powerful non-effective Diophantine-approximation techniques, specifically the S-units

Theorem of Evertse, van der Poorten, and Schlickewei [40, 89]. Such tools enable us
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to obtain decidability of termination for matrices of arbitrary dimension, assuming

diagonalisability.

Chonev et al. [31] study higher dimensional versions of Kannan and Lipton’s Orbit

Problem [50]. These can be seen as versions of the termination problem for linear

loops on a fixed initial value. Chonev et al. use substantially different technology from

that of this chapter, including Baker’s Theorem on linear forms in logarithms [7], and

correspondingly relies on restrictions on the dimension of data in problem instances

to obtain decidability.

Termination of P1 under the assumption that all eigenvalues of A are real was

studied in [76] using spectral techniques. However, as will become clear throughout

the course of this chapter, most of the machinery that we use is needed to tackle

the case where there are both real and complex eigenvalues with the same absolute

value. In the setting of [76], the set of eventually non-terminating points is in fact a

polytope, which can be effectively computed resorting only to straightforward linear

algebra.

While we use spectral and number-theoretic techniques in this chapter, another

well-studied approach for proving termination of linear loops involves designing lin-

ear ranking functions, that is, linear functions from the state space to a well-founded

domain such that each iteration of the loop strictly decreases the value of the rank-

ing function. However, this approach is incomplete: it is not hard to construct an

example of a terminating loop which admits no linear ranking function1. Sound and

relatively complete methods for synthesising linear ranking functions can be found in

[73] and [14]. Whether a linear ranking function exists can be decided in polynomial

time when the state space is Qd [73] and is co-NP-complete when the state space is

Zd [14].

3.2 Overview of Main Results

The main result of this chapter is as follows:

Theorem 3.1. The termination over the integers (as defined in Section 3.1) of simple

linear loops of the form

P1 : x← u; while Bx ≥ c do x← Ax+ a

is decidable in exponential space if A is diagonalisable and in polynomial space if A

has dimension at most 4.
1For example, consider the program while(x ≥ 0){x← −2x + 10}.
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In this section we give a high-level overview of the proof of Theorem 3.1.

Let f : Rd → Rd be the affine function f(x) = Ax+ a computed by the body of

the while loop in P1 and P = {x ∈ Rd : Bx ≥ c} the convex polytope corresponding

to the loop guard. We define the set of non-terminating points to be

NT = {u ∈ Rd : ∀n ∈ N, fn(u) ∈ P} .

Following Braverman [20], we moreover define the set of eventually non-terminating

points to be

ENT = {u ∈ Rd : ∃n ∈ N, fn(u) ∈ NT} .

It is easily seen from the above definitions that both NT and ENT are convex sets.

By definition, P1 is non-terminating on Zd if and only if NT contains an integer

point. It is moreover clear that NT contains an integer point if and only if ENT

contains an integer point.

Recall that a subset of Rd is said to be semi-algebraic if it is a Boolean combination

of sets of the form {x ∈ Rd : p(x) ≥ 0}, where p is a polynomial with integer

coefficients.

Define W ⊆ Rd to be a non-termination witness set (or simply a witness set) if it

satisfies the following two properties (where Q denotes the set of algebraic numbers):

(i) W is convex and semi-algebraic;

(ii) W ∩Qd
= ENT ∩Qd

.

The integer points in a witness set W are precisely the integer points of ENT,

and so P1 is non-terminating on Zd precisely when W contains an integer point. Our

approach to solving the termination problem consists in computing a witness set W

for a given program and then using Theorem 2.29.

Our approach does not attempt to characterise the set ENT directly, but rather

uses the witness set W as a proxy. However, our techniques do allow us to establish

that Cl(ENT ) = Cl(W ), which implies that Cl(ENT ) is semi-algebraic, since the

closure of a semi-algebraic set is semi-algebraic (see Lemma 2.20). A natural question

is whether the set ENT itself is semi-algebraic, which we leave as an open problem.

We next describe some restrictions on linear loops that can be made without loss

of generality for deciding termination; that will ease our upcoming analysis.

We first reduce the problem of computing witness sets in the general case to the

same problem in the homogeneous case. Note that Program P1 terminates on a given
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initial value u ∈ Zd if and only if the homogeneous program P3 below terminates on

initial value (u, 1):

P3 :x←
(
u
1

)
while

(
B −c

)
x ≥ 0 do x←

(
A a
0 1

)
x

Note that if A is diagonalisable then all eigenvalues of

(
A a
0 1

)
are simple, with

the possible exception of the eigenvalue 1. (Recall that an eigenvalue is said to be

simple if it has multiplicity one as a zero of the minimal polynomial of A.) Now if W

is a witness set for program P3 then

{
u ∈ Rd :

(
u
1

)
∈ W

}
is a witness set for P1.

We conclude that, in order to settle the inhomogeneous case with a diagonalisable

matrix, it suffices to compute a witness set in the case of a homogeneous linear loop

P2 in which the only repeated eigenvalues of the new matrix A are positive and real.

Likewise, to handle the inhomogeneous case for matrices of dimension at most d, it

suffices to be able to compute witness sets in the homogeneous case for matrices of

dimension at most d+ 1.2

We can further simplify the homogeneous case by restricting to loop guards that

consist of a single linear inequality. To see this, first note that program P2 above is

eventually non-terminating on u if and only if, for each row bT of B, program P4

below is eventually non-terminating on u:

P4 : x← u; while bTx ≥ 0 do x← Ax.

Noting that the finite intersection of convex semi-algebraic sets is again convex and

semi-algebraic, we can compute a witness set for P2 as the intersection of witness sets

for each version of P4.

The final simplification concerns the notion of non-degeneracy. We say that matrix

A is degenerate if it has distinct eigenvalues λ1 6= λ2 whose quotient λ1/λ2 is a root

of unity. The order of a root of unity ζ is defined as min{n > 0 : ζn = 1}.
Given an arbitrary matrix A, let L be the least common multiple of all orders

of quotients of distinct eigenvalues of A which are roots of unity. It is known that

L = 2O(d
√

log d) [39, Theorem 1.2]. The looser bound L = 2O(d3
√

log(d)), which would

suffice for our purposes, can be derived as follows. Let g(n) be the largest least

2Note that whilst Braverman [20] shows how to decide termination over the integers for ho-
mogeneous programs with arbitrary update matrices, he does not compute a witness set for such
programs—indeed this remains an open problem since it would enable one to solve termination over
the integers for arbitrary inhomogeneous programs.
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common multiple of any partition of n; the function g(n) is named after Landau, who

showed that

lim
n→∞

ln(g(n)) = (1 + o(1))
√
n ln(n).

The number of quotients of eigenvalues of A that are roots of unity is trivially upper

bounded by d2, and the order of each of them is loosely upper bounded by 2d4,

due to Lemma 2.9 and to the fact that the degree of a quotient of eigenvalues of

A is upper bounded by d2, yielding a 2d6 bound on the sums of the orders of all

quotients of eigenvalues of A that are roots of unity, which entails the upper bound

L ≤ g(2d6) = 2O(d3
√

log(d)).

The eigenvalues of the matrix AL have the form λL for λ an eigenvalue of A, by

the spectral mapping theorem. It follows that AL is non-degenerate, since if λ1, λ2

are eigenvalues of A such that λL1 /λ
L
2 is a root of unity then λ1/λ2 is a root of unity

and hence λL1 /λ
L
2 = 1. Note that all eigenvectors of A are still eigenvectors of AL,

thus, whenever A is diagonalisable, so will AL be.

Now program P4 is eventually non-terminating on u ∈ Zd if and only if program

P5 below is eventually non-terminating on the set {u, Au, . . . , AL−1u}:

P5 : x← v; while bTx ≥ 0 do x← ALx.

Thus if W is a witness set for P5 then
⋂L−1
i=0 {u ∈ Zd : Aiu ∈ W} is a witness set for

P4.

The main technical result of the chapter is the following proposition:

Proposition 3.2. Consider a homogeneous simple linear loop

P4 : x← u; while bTx ≥ 0 do x← Ax,

such that A is non-degenerate. If A has dimension at most 5, we can compute a

witness set for P4 in polynomial space. In the case where all complex eigenvalues of

A are simple, we can compute a witness set for P4 in exponential space.

Bearing in mind that the transformation from P1 to P4 increases the dimension of

A by one and does not introduce repeated complex eigenvalues, it follows from Propo-

sition 3.2 that we can also compute witness sets for simple linear loops of the form P1

under the assumptions of Theorem 3.1, and thus we obtain the decidability part of

Theorem 3.1. The exponential-space bound in Theorem 3.1 is obtained by bounding

the representation of the witness set in Proposition 3.2, as done in Section 3.4.

In the rest of this section we give a brief summary of the proof of Proposition 3.2.

33



To compute a witness set W for P4 we first partition the eigenvalues of the update

matrix A by grouping eigenvalues of equal modulus. Correspondingly we write Rd as

a direct sum Rd = V1 ⊕ · · · ⊕ Vm, where each subspace Vi is the sum of (generalised)

eigenspaces of A associated with eigenvalues of the same modulus. Assume that V1

corresponds to the eigenvalues of maximum modulus, V2 the next greatest modulus,

etc. Then there are two main steps in the construction of W :

1. By analysing multiplicative relationships among eigenvalues of the same mod-

ulus, we show that for each subspace Vi the set ENT ∩ Vi of eventually non-

terminating initial values in Vi is semi-algebraic.

2. Given v ∈ Rd, we can write v = v1 + · · ·+vm, with vi ∈ Vi. Using Theorem 2.7

on S-units, we show that if all entries of v are algebraic numbers then the even-

tual non-termination of P4 on v is determined by its eventual non-termination

on each vi separately. More precisely we look for the first vi such that the

sequence 〈bTAnvi : n ∈ N〉 is infinitely often non-zero. Then P4 is eventually

non-terminating on v if and only if it is eventually non-terminating on vi.

The computability of a witness set W easily follows from items 1 and 2 above.

Our techniques require that the update matrix in the original linear loop P1 either

be diagonalisable or have dimension at most 4. Eliminating these restrictions seems

to require solving the Ultimate Positivity Problem for linear recurrence sequences of

order greater than 5, which in turn requires solving hard open problems in the theory

of Diophantine approximation [69].

3.3 Algorithm for Universal Termination

Our goal in this section is to prove Proposition 3.2, which we restate below. We have

already shown in Section 3.2 that the main result of this chapter, Theorem 3.1, then

follows.

Proposition 3.2. Consider a homogeneous simple linear loop

P4 : x← u; while bTx ≥ 0 do x← Ax,

such that A is non-degenerate. If A has dimension at most 5, we can compute a

witness set for P4 in polynomial space. In the case where all complex eigenvalues of

A are simple, we can compute a witness set for P4 in exponential space.
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Let A have eigenvalues λ1, . . . , λl, with respective indices ν1, . . . , νl. Given u ∈ Rd,

from our observations in Equation (3.1), we can write

bTAnu =
l∑

j=1

νj−1∑
k=0

αTj,kun
kλnj , (3.1)

where the αj,k are vectors of algebraic numbers that do not depend on u, and whose

coordinates are all algebraic numbers lying in the extension field of Q generated by

the eigenvalues of A. Moreover, Equation (3.1) holds for all n ≥ d.

Since the characteristic polynomial of A has integer coefficients (and is monic),

the eigenvalues of A are all algebraic integers. Moreover, since for any positive integer

t > 0 we have that t·bTAnu ≥ 0 if and only if bTAnu ≥ 0, by rescaling we can assume

that the vectors αj,k in (3.1) are comprised of algebraic integers.

Now let us partition the eigenvalues of A into sets S1, . . . , Sm by grouping eigen-

values of equal modulus. Assume that S1 contains eigenvalues of maximum modulus,

S2 eigenvalues of the next greatest modulus, etc. Correspondingly we write Rd as a

direct sum of subspaces Rd = V1 ⊕ · · · ⊕ Vm, where each subspace Vi is the sum of

(generalised) eigenspaces of A associated with eigenvalues in Si. By the assumption

that A is non-degenerate, i.e., that no quotient of two distinct eigenvalues is a root

of unity, Si cannot have both a positive and a negative real eigenvalue of the same

modulus. Thus each set Si contains at most one real eigenvalue.

3.3.1 Eventual Non-Termination on Subspace Vi

We first consider the eventual non-termination of P4 on initial vectors in the subspace

Vi for a fixed i ∈ {1, . . . ,m}. Writing

ENT i := ENT ∩ Vi,

our goal is to show that ENT i is semi-algebraic.

Given u ∈ Vi, membership of u in ENT i can be characterised in terms of the

Ultimate Positivity of the sequence 〈 bTAnu : n ∈ N 〉. More precisely, u ∈ ENT i if

and only if bTAnu ≥ 0 for all but finitely many n. In particular, defining

ZERO := {u ∈ Rd : ∀n ≥ d, bTAnu = 0}

and ZERO i := ZERO ∩ Vi, we have that ZERO i ⊆ ENT i.
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It is easy to see that ZERO i is semi-algebraic. Indeed the uniqueness part of [44,

Proposition 2.11] implies that bTAnu = 0 for all n ≥ d if and only if each term nkλnj

has coefficient zero in the expression (3.1). Thus

ZERO =

{
u ∈ Rd :

l∧
j=1

νj−1∧
k=0

αTj,ku = 0

}
.

is semi-algebraic. Since Vi is a semi-algebraic subset of Rd, being spanned by a subset

of the columns of P , it follows that ZERO i is semi-algebraic.

Proposition 3.3. For each i ∈ {1, . . . ,m}, the set ENT i is semi-algebraic.

Proof. We consider three (overlapping) cases. Under the hypotheses of Proposi-

tion 3.2 at least one of these cases will apply.

Case I: A has dimension at most 5. Assume that A has dimension at most

5. The situations in which Si does not contain a positive real eigenvalue, or all of

the complex eigenvalues in Si are simple, will be handled under Cases II and III,

below. Otherwise, let λ ∈ Si be a complex eigenvalue of index at least 2. Since A has

dimension at most 5, it must be the case that λ and its complex conjugate λ both have

index exactly 2. Let ρ ∈ Si be the positive real eigenvalue. Since A has dimension at

most 5, ρ must be simple. Thus Si = {ρ, λ, λ} contains all the eigenvalues of A.

For u ∈ Vi we can write

bTAnu =
(
α0ρ

n + (β0 + β1n)λn + (β0 + β1n)λn
)T
u ,

for all n ≥ d, where α0 is a vector of real algebraic numbers, β0,β1 are vectors of

complex algebraic numbers.

If βT1u 6= 0, then as n tends to infinity the dominant terms on the right-hand side

above are constant multiples of nλn and nλn. In this case it follows from Theorem 2.31

that bTAnu gets arbitrarily large negative values as n grows, and hence u 6∈ ENT i.

In case βT1u = 0, the argument is a simpler version of the approach in Case III;

however, we include the details of this special case, since the reader may find them

instructive.

Define f : T→ R by

f(z) = αT0u+ βT0uz + βT0uz .

Then bTAnu = ρnf(λn/ρn) for all n ≥ d.
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Since A is assumed to be non-degenerate, λ/ρ is not a root of unity. Thus {λn/ρn :

n ∈ N} is dense in T. It follows that u ∈ ENT if and only if f(z) ≥ 0 for all z ∈ T.

By inspection this last condition is equivalent to αT0u ≥ 2|βT0u|. We conclude that

ENT i =
{
u ∈ Vi : βT1u = 0 ∧αT0u ≥ 2|βT0u|

}
,

and hence ENT i is semi-algebraic.

Case II: Si does not contain a positive real eigenvalue. It follows from The-

orem 2.31 that, if Si does not contain a positive real eigenvalue, then for u ∈ Vi

the sequence bTAnu is either identically zero for n ≥ d or is infinitely often strictly

positive and infinitely often strictly negative. Thus in this case ENT i = ZERO i. But

we have already shown that ZERO i is semi-algebraic.

Case III: all complex eigenvalues in Si are simple. Suppose that all complex

eigenvalues in Si are simple. If Si contains no positive real eigenvalue then Case II

applies. Thus we may assume that Si comprises a positive real eigenvalue ρ of index

t and simple complex eigenvalues λ1, λ1, . . . , λs, λs. Given u ∈ Vi we can write

bTAnu = bTP−1JnPu

=

[
t−1∑
j=0

αjn
jρn +

s∑
j=1

(βjλ
n
j + βjλ

n
j )

]T
u , (3.2)

where the αj and βj are d-dimensional vectors of algebraic numbers, with all coeffi-

cients of each αj being real.

Since ρ = |λ1| = · · · = |λs|, if αTj u 6= 0 for some strictly positive index j, then,

for the largest such index j, the term njρnαTj u is dominating on the right-hand side

of (3.2). In particular, if αTj u > 0 then the sequence bTAnu is ultimately positive

(hence u ∈ ENT i), and if αTj u < 0 then bTAnu is not ultimately positive (hence

u 6∈ ENT i). It follows that{
u ∈ Vi :

t−1∨
j=1

t−1∧
k=j+1

(αTj u > 0 ∧αTku = 0)

}
(3.3)

is a subset of ENT i.

The case that αTj u = 0 for all j = 1, . . . , t − 1 is more subtle since there is no

single dominant term in (3.2); this is where we employ the results of Section 2.4 on

multiplicative relations. In this case we rewrite (3.2) as

bTAnu = ρnf

(
λn1
ρn
, . . . ,

λns
ρn

)T
u , (3.4)
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where f : Ts → Rd is defined by

f(z1, . . . , zs) = α0 +
s∑
j=1

βjzj + βjzj .

Defining µ = (λ1/ρ, . . . , λs/ρ), we furthermore rewrite (3.4) as

bTAnu = ρnf(µn)Tu . (3.5)

By Theorem 2.24, {µn : n ∈ N} is a dense subset of the torus T (µ). Thus the

right-hand side of (3.5) is non-negative for every n if and only if f(z)Tu ≥ 0 for all

z ∈ T (µ). It follows that{
u ∈ Vi : ∀z ∈ T (µ), f(z)Tu ≥ 0

}
. (3.6)

is a subset of ENT i.

In Section 2.4 we observed that the set T (µ) was (effectively) semi-algebraic. It

follows that we can express the condition ∀z ∈ T (µ), f(z)Tu ≥ 0 in the first-order

theory of the reals. By Theorem 2.16, the set of u ∈ Rd satisfying this condition is

semi-algebraic. But now ENT i is the union of the two semi-algebraic sets (3.3) and

(3.6), and therefore ENT i is itself semi-algebraic.

3.3.2 Definition of a Witness Set

Having shown that ZERO i and ENT i are semi-algebraic sets for i = 1, . . . ,m, we

now define a witness set W for the loop P4.

Given u ∈ Rd, write u = u1 + · · ·+ um, with u1 ∈ V1, . . . ,um ∈ Vm. Say that ui

is the dominant component of u if ui 6∈ ZERO i and uj ∈ ZERO j for all j < i. The

intuition is that if ui is dominant then the eventual non-termination of P4 on u is

determined by its eventual non-termination on ui. However, to prove this we need to

assume u ∈ (Q ∩ R)d. Formally, we have

Proposition 3.4. If ui is the dominant component of u ∈ (Q ∩ R)d then u ∈ ENT

if and only if ui ∈ ENT .

Proof. From the fact that ui is dominant, we have

bTAnu = bTAn(u1 + · · ·+ um)

= bTAn(ui + · · ·+ um) (3.7)

for all n ≥ d. Moreover, for each j > i it is clear that |bTAnuj| = O(ndρnj ), where

ρj ≥ 0 is the modulus of the eigenvalues in Sj.
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We now consider three cases, mirroring the proof of Proposition 3.3.

The first case is that A has dimension at most 5. As observed in the proof of

Proposition 3.3, all instances of this case that are not already covered by the second

and third cases are such that Si contains all the eigenvalues of A, and hence ui = u.

In this situation the proposition holds trivially.

The second case is that Si does not contain a positive real eigenvalue. Then it

follows from Theorem 2.31 that there is a constant c < 0 such that bTAnui < cρni for

infinitely many n. In this case neither ui nor u are elements of ENT .

It remains to consider the case that all complex eigenvalues in Si are simple.

Suppose that the dominant term in the expression for bTAnui has the form αnkρni

for some real constant α 6= 0 and k > 0. If α > 0 then both u and ui are in ENT

and if α < 0 then neither u or ui are in ENT .

Otherwise, the positive real eigenvalue in Si is also simple. Specialising the ex-

pression (3.1) to the case at hand, we have that

bTAnui = α0ρ
n
i +

s∑
j=1

βjλ
n
j + βjλnj (3.8)

where α0 and the βj are algebraic-integer constants and ρi, λ1, λ1, . . . , λs, λs ∈ Si. In

this case, letting η = (ρi+ρi+1)/2 (note that ρi+1 < η < ρi), one can use Theorem 2.7

as we did in Section 2.5.1 to show that

bTAnui = Ω(ηn).

Since it holds trivially that, for all j > i, bTAnuj = o(ηn), it follows that

|bTAnuj| = o
(
|bTAnui|

)
.

Therefore, u ∈ ENT if and only if ui ∈ ENT .

Now we define a witness set W for program P4 by

W :=
m⋃
i=1

{u ∈ Rd :ui is the dominant component of u,

ui ∈ ENT} ∪ ZERO .

From the fact that ZERO i, ENT i, and Vi are semi-algebraic for i = 1, . . . ,m, it is

easy to see that W is semi-algebraic. It moreover follows from Proposition 3.4 that

W ∩Qd
= ENT ∩Qd

.

To conclude the proof of Proposition 3.2, it remains to observe that the witness

set W , like the actual set ENT of eventually non-terminating points, is convex.
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Proposition 3.5. The witness set W is convex.

Proof. Suppose y, z ∈ W and let x = λy + (1 − λ)z, where 0 < λ < 1. Moreover,

write x = x1 + · · ·+ xm, where x1 ∈ V1, . . . ,xm ∈ Vm, and likewise for y and z.

If y, z ∈ ZERO then x ∈ ZERO since the latter is a convex set.

Suppose that y ∈ ZERO and zi ∈ ENT is dominant for z for some index i ∈
{1, . . . ,m}. Then xi is dominant for x, and xi ∈ ENT . Thus x ∈ W .

Otherwise, let yi be dominant for y and zj be dominant for z for some i, j ∈
{1, . . . ,m}. Then xk ∈ ZEROk for all k < min{i, j} since ZEROk is convex. Moreover

if k = min{i, j} then yk, zk ∈ ENT k, and hence xk ∈ ENT k by convexity of ENT k.

It follows that x ∈ W .

This concludes the proof of Proposition 3.2. In the remaining part of this section

we show that the topological closures of ENT and W are equal.

The inclusion Cl(W ) ⊆ Cl(ENT ) can be shown using the fact that the set of

algebraic points in any semi-algebraic set is dense in that set, as shown in Lemma 2.19.

From this, we get

Cl(W ) = Cl(W ∩Qd
) = Cl(ENT ∩Qd

) ⊆ Cl(ENT ) ∩ Cl(Qd
) = Cl(ENT ).

The reverse inclusion, Cl(ENT ) ⊆ Cl(W ), can be shown in a similar fashion, but

this time using the fact that ENT ∩Qd
is dense in ENT . Our remaining goal is this

last fact, which is established in Corollary 3.7 below.

We have previously shown that a vector of algebraic numbers u ∈ (Q ∩ R)d is

eventually non-terminating if and only if its dominant component ui is eventually

non-terminating. We now prove a partial result of this nature for general vectors

u ∈ Rd (that is, dropping the algebraicity assumption).

Proposition 3.6. Suppose that u = u1+· · ·+um ∈ Rd, where u1 ∈ V1, . . . ,um ∈ Vm.

Then u ∈ ENT implies that its dominant component ui is also in ENT.

Proof. The only non-trivial case corresponds to the situation in which bTAnui is of

the form (3.8). Let f and µ be as in (3.4), that is, so that bTAnui = ρni f(µn)Tui.

If ui 6∈ ENT , then there exists some constant c < 0 and some z ∈ T (µ) such that

f(z)Tui = c. Therefore, for any ε > 0, bTAnui < (c+ ε)ρni holds for infinitely many

n, due to Theorem 2.24 and to continuity of f , and so u 6∈ ENT .

Corollary 3.7. ENT ∩Qd
is dense in ENT.
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Proof. At several points we will rely on the fact that if X ⊆ Rd is semi-algebraic,

then the algebraic points in X are dense in X, again due to Lemma 2.19.

Fix u ∈ ENT and let ε > 0 be given. We will find v ∈ ENT ∩ Qd
such that

||u− v|| < ε.

The case in which u ∈ ZERO is easy since ZERO is semi-algebraic and so we can

take v to be an algebraic point in ZERO that is suitably close to u.

Suppose now that u = u1 + · · · + um, where u1 ∈ V1, . . . ,um ∈ Vm, with ui the

dominant component of u. By Proposition 3.6, u ∈ ENT implies that ui ∈ ENT .

Since ENT ∩ Vi is semi-algebraic, we can pick vi ∈ ENT i ∩Qd
such that

‖vi − ui‖ <
ε

n
.

Similarly, for each j > i, we pick some vj ∈ Vj ∩Qd
for which

‖vj − uj‖ <
ε

n
,

and for each j < i we pick some vj ∈ ZERO j ∩Qd
for which

‖vj − uj‖ <
ε

n
.

Then, letting v = v1 + · · · + vm ∈ Qd
, it follows that ‖u − v‖ < ε. Finally,

by Proposition 3.4 we have v ∈ ENT since vi is the dominant component of v and

vi ∈ ENT by construction.

3.4 Complexity Analysis

The purpose of this section is to justify our previous claims about the complexity of

the algorithm presented in this chapter. We do this by proving the following result.

Proposition 3.8. Our procedure requires space poly(log maxi,j|Aij|, d)poly(d).

Proof. There are three critical steps in our procedure for which a super-polynomial

amount of space is required: when reducing to the case in which A is non-degenerate,

when performing quantifier elimination, and when testing whether the witness set W

intersects the integer lattice.

The last of these steps runs in space SDO(d4), where S denotes the size of the rep-

resentation of the quantifier-free formula defining the witness set W , D denotes the

maximum degree of the polynomials occurring in that formula, and d denotes the di-

mension of the ambient space. Since d remains fixed throughout the procedure (apart
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from an increase by 1 in the reduction to the homogeneous case), it remains to show

that S and D are bounded by an expression of the form poly(log maxi,j|Aij|, d)poly(d).

The reduction to the case in which A is non-degenerate entails an increase by a

factor of poly(log maxi,j|Aij|, d)poly(d) in the size of the formula defining the witness

set W , as the least common multiple of the orders of all ratios of eigenvalues of A

that are roots of unity is L = 2O(d
√

log d) and log maxi,j|ALij| ≤ log(dL maxi,j|Aij|L) =

L log(dmaxi,j|Aij|).
It remains to show that the quantifier-free formula defining the witness set W

in the case where A is non-degenerate takes space poly(log maxi,j|Aij|, d)poly(d) and

involves exclusively polynomials of degree poly(log maxi,j|Aij|, d)poly(d).

Let D0, H0 denote the maximum degree and height across all the eigenvalues of

A, respectively. Then D0 ≤ d and logH0 ≤ log(d! maxi,j|Aij|d) ≤ d log(dmaxi,j|Aij|).
Before performing quantifier elimination, the degree of any polynomial in the defin-

ing formula of the witness set W is bounded by (D0 logH0)O(d2), and the num-

ber of such polynomials is bounded by O(d), by Masser’s theorem. Finally, af-

ter applying quantifier elimination, we know that D ≤ (D0 logH0)O(d3) and that

S ≤ dO(d2)(D0 logH0)O(d4), thanks to Theorem 2.17.

3.5 Conclusion

We have shown decidability of termination of simple linear loops over the integers

under the assumption that the update matrix is diagonalisable, partially answering

an open problem of [88, 20]. As we have explained before, the termination problem

on the same class of linear loops, but for fixed initial values, seems to have a different

character and to be more difficult. In this respect it is interesting to note that there

are other settings in which universal termination is an easier problem than pointwise

termination. For example, universal termination of Petri nets (also known as struc-

tural boundedness) is PTIME-decidable, but the pointwise termination problem is

EXPSPACE-hard.

Braverman conjectured in [20] that it would be necessary that one be able to decide

pointwise termination in order to decide universal termination over the integers. By

contrast, the approach we have taken in this chapter has focused eventual termination:

even for simple linear loops, the question of pointwise termination remains open.

A natural subject for further work would be the extension of our result to instances

with non-diagonalisable matrices, or showing that there are unavoidable number-

theoretic obstacles to proving decidability of this problem, as is the case with Ultimate
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Positivity [69]. Another relevant problem would be the computational complexity

of the termination problem. While there is a large gap between the co-NP lower

complexity bound mentioned in Section 3.1 and the EXPSPACE upper bound of

our procedure, this may be connected with the fact that our procedure computes a

representation of the set of all integer eventually non-terminating points.

Finally, there is the question of whether the respective sets of terminating and

non-terminating points are semi-algebraic. Note that an effective semi-algebraic char-

acterisation of the set of terminating points would allow us to solve the termination

problem over fixed initial values.

43



Chapter 4

Solvability of Matrix-Exponential
Equations

4.1 Introduction

Reachability problems are a staple of theoretical computer science and verification,

one of the best-known examples being the Halting Problem for Turing machines. In

this chapter, our motivation originates from systems that evolve continuously subject

to linear differential equations; such objects arise in the analysis of a range of models,

including linear hybrid automata, continuous-time Markov chains, linear dynamical

systems and cyber-physical systems as they are used in the physical sciences and

engineering—see, e.g., [3].

More precisely, consider a system consisting of a finite number of discrete locations

(or control states), having the property that the continuous variables of interest evolve

in each location according to some linear differential equation of the form ẋ = Ax;

here x is a vector of continuous variables, andA is a square ‘rate’ matrix of appropriate

dimension.1 As is well-known, in each location the closed form solution x(t) to the

differential equation admits a matrix-exponential representation of the form x(t) =

exp(At)x(0). Thus if a system evolves through a series of k locations, each with rate

matrix Ai, and spending time ti ≥ 0 in each location, the overall effect on the initial

configuration x(0) is determined by multiplying by the matrix

k∏
i=1

exp(Aiti) .

A particularly interesting situation arises when the matrices Ai commute; in such

cases, one can show that the order in which the locations are visited (or indeed

1In this motivating example, we assume that there are no discrete resets of the continuous vari-
ables when transitioning between locations.
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whether they are visited only once or several times) is immaterial, the only relevant

data being the total time spent in each location. Natural questions then arise as to

what kinds of linear transformations can thus be achieved by such systems.

The main object of study of this chapter will be the following decision problem:

Definition 4.1. Given square matrices A1, . . . , Ak and C, all of the same dimension,

whose entries are real algebraic numbers, the Matrix-Exponential Semigroup Problem

(MESP) asks whether C a is member of the matrix semigroup generated by

{exp(Aiti) : ti ∈ R, ti ≥ 0, i = 1, . . . , k}.

We will show that MESP is undecidable in general, but decidable when the ma-

trices A1, . . . , Ak commute.

4.1.1 Related Work

In this section, we describe a few decision problems that can be seen as discrete-time

analogues of the questions we deal with in this chapter.

Given k+1 square matricesA1, . . . , Ak, C, all of the same dimension, and with alge-

braic entries, the Matrix Semigroup Membership Problem consists in deciding whether

the matrix C belongs to the multiplicative semigroup generated by A1, . . . , Ak. On

the other hand, given the multiplicative matrix equation

k∏
i=1

Anii = C ,

one may be interested in determining whether it admits a solution n1, . . . , nk ∈ N.

In general, both problems have been shown to be undecidable, in [72] and [11].

When the matrices A1, . . . , Ak commute, the two problems are equivalent, and known

to be decidable [4].

Prior to [4], the case k = 1 was shown to be decidable in [50] and the case k = 2

was shown to be decidable in [23].

See [42] for a relevant survey, and [29] for some interesting related problems.

The following continuous analogue of Kannan and Lipton’s Orbit Problem [50]

was shown to be decidable in [41]:

Definition 4.2 (Continuous Orbit Problem). Given an n×n matrix A with algebraic

entries and two n-dimensional vectors x,y with algebraic coordinates, does there exist

a non-negative real number t such that exp(At)x = y?
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The paper [28] simplifies the argument of [41] and shows polynomial-time decid-

ability. Moreover, a continuous version of Skolem’s Problem was dealt with in [12],

where a decidability result is presented for some instances of the problem.

As mentioned earlier, an important motivation for our work comes from the anal-

ysis of hybrid automata. In addition to [3], excellent background references on the

topic are [49, 48].

4.1.2 Decision Problems

We start by defining three decision problems that will be central to this chapter:

the Matrix-Exponential Problem, the Linear-Exponential Problem, and the Algebraic-

Logarithmic Integer Programming problem. The relation between these problems

will be outlined in Section 4.1.3, but the reader should keep in mind that our ulti-

mate objective is the study of the Matrix-Exponential Semigroup Problem, stated in

Definition 4.1.

Definition 4.3. Given square matrices A1, . . . , Ak and C, all of the same dimension

and with real algebraic entries, the Matrix-Exponential Problem (MEP) consists in

determining whether there exist real numbers t1, . . . , tk ≥ 0 such that

k∏
i=1

exp(Aiti) = C . (4.1)

We will also consider a generalised version of this problem, called the Generalised

MEP, in which the matrices A1, . . . , Ak and C are allowed to have complex algebraic

entries and in which the input to the problem also mentions a polytope P ⊆ R2k

that is specified by linear inequalities with real algebraic coefficients. In the gen-

eralised problem we seek t1, . . . , tk ∈ C that satisfy (4.1) and such that the vector

(<(t1), . . . ,<(tk),=(t1), . . . ,=(tk)) lies in P .

In the case of commuting matrices, the Generalised Matrix-Exponential Problem

can be analysed block-wise, as we shall see in Section 4.3, leading us to the following

problem:

Definition 4.4. An instance of the Linear-Exponential Problem (LEP) consists of a

system of equations

exp

(∑
i∈I

λ
(j)
i ti

)
= cj exp(dj) (j ∈ J), (4.2)
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where I and J are finite index sets, the λ
(j)
i , cj and dj are complex algebraic constants,

and the ti are complex variables, together with a polytope P ⊆ R2k that is specified

by a system of linear inequalities with algebraic coefficients. The problem asks to

determine whether there exist t1, . . . , tk ∈ C that satisfy the system (4.2) and such

that (<(t1), . . . ,<(tk),=(t1), . . . ,=(tk)) lies in P .

To establish decidability of the Linear-Exponential Problem, we reduce it to the

following Algebraic-Logarithmic Integer Programming problem. We remind the reader

that a linear form in logarithms of algebraic numbers is a number of the form β0 +

β1 log(α1) + · · ·+ βm log(αm), where β0, α1, β1, . . . , αm, βm are algebraic numbers and

log denotes a fixed branch of the complex logarithm function.

Definition 4.5. An instance of the Algebraic-Logarithmic Integer Programming Prob-

lem (ALIP) consists of a finite system of equations of the form

Ax ≤ 1

π
b,

where A is an m × n matrix with real algebraic entries and where the coordinates

of b are real linear forms in logarithms of algebraic numbers. The problem asks to

determine whether such a system admits a solution x ∈ Zn.

We will also be interested in the following two problems, which will be shown to

be undecidable by reduction from MESP.

Definition 4.6. Given square matrices A1, . . . , Ak and vectors x,y whose entries

are real algebraic numbers and of matching dimensions, the Generalised Continuous

Orbit Problem (GCOP) consists in deciding whether there exists a matrix C in the

multiplicative matrix semigroup generated by the set {exp(Aiti), ti ≥ 0, i = 1, . . . , k}
such that Cx = y. On the other hand, the Generalised Continuous Skolem Problem

(GCSP) asks whether there exists such a matrix C so that xTCy = 0.

Finally, we revisit the statement of MESP, as MESP is the ultimate object of our

analysis. Note that this can be seen as a continuous analogue of the matrix semigroup

membership problem, introduced in Section 4.1.1.

Definition 4.1. Given square matrices A1, . . . , Ak and C, all of the same dimension,

whose entries are real algebraic numbers, the Matrix-Exponential Semigroup Problem

(MESP) asks whether C a is member of the matrix semigroup generated by

{exp(Aiti) : ti ∈ R, ti ≥ 0, i = 1, . . . , k}.
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4.1.3 Chapter Outline

To help the reader navigate through this chapter, we provide a brief schematic outline

of the results/reductions therein. Our undecidability result will be established by the

following chain of reductions (where HTP refers to Hilbert’s Tenth Problem):

HTP ≤ MEP ≤ MESP ≤ GCOP ≤ GCSP .

On the other hand, the decidability result in the commutative setting will be

established by proving that ALIP is decidable and by the following chain of reductions:

Generalised MEP ≤ LEP ≤ ALIP .

4.2 Example

In the following example, t1, t2 denote fresh variables ranging over the reals. Let

λ1, λ2 ∈ R ∩ Q such that λ1 > λ2 and consider the following commuting matrices

A1, A2 ∈ (R ∩Q)
2×2

:

Ai =

(
λi 1
0 λi

)
, i ∈ {1, 2}.

One can easily see that

exp(Aiti) = exp(λitiI) exp(ti(Ai − λiI))

= exp(λiti) exp

(
0 ti
0 0

)
= exp(λiti)

(
1 ti
0 1

)
, i ∈ {1, 2}.

Let c1, c2 ∈ R ∩Q such that c1, c2 > 0, and let

C =

(
c1 c2

0 c1

)
.

We would like to determine whether there exists a solution t1, t2 ∈ R, t1, t2 ≥ 0 to

exp(A1t1) exp(A2t2) = C.
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This amounts to solving the following system of equations:{
exp(λ1t1 + λ2t2) = c1

(t1 + t2) exp(λ1t1 + λ2t2) = c2

⇔{
exp(t1(λ1 − λ2) + c2

c1
λ2) = c1

t2 = c2
c1
− t1

⇔t1 =
log(c1)− c2

c1
λ2

λ1−λ2

t2 =
c2
c1
λ1−log(c1)

λ1−λ2

Then t1, t2 ≥ 0 holds if and only if

λ2 ≤
c1

c2

log(c1) ≤ λ1.

Whether these inequalities hold amounts to comparing linear forms in logarithms

of algebraic numbers. As we will see, this is decidable.

4.3 Decidability in the Commutative Case

We start this section by reducing the Generalised MEP with commuting matrices to

LEP . The intuition behind it is quite simple: perform a change of basis so that

the matrices A1, . . . , Ak, as well as C, become block-diagonal matrices, with each

block being upper triangular; we can then separate the problem into several sub-

instances, corresponding to the diagonal blocks, and finally make use of our uniqueness

result concerning strictly upper triangular logarithms of upper unitriangular matrices,

established in Theorem 2.3.

Theorem 4.1. The Generalised MEP with commuting matrices reduces to LEP .

Proof. Consider an instance of the generalised MEP, as given in Definition 4.3, with

commuting n× n matrices A1, . . . , Ak and target matrix C.

We first show how to define a matrix P such that each matrix P−1AiP is block

diagonal, i = 1, . . . , k, with each block being moreover upper triangular.

By Theorem 2.4 we can write Cn as a direct sum of subspaces Cn = ⊕bj=1Vj such

that for every subspace Vj and matrix Ai, Vj is an invariant subspace of Ai on which

Ai has a single eigenvalue λ
(j)
i .

Define a matrix Q by picking an algebraic basis for each Vj and successively taking

the vectors of each basis to be the columns of Q. Then, each matrix Q−1AiQ is block-

diagonal, where the j-th block is a matrix B
(j)
i that represents Ai � Vj, j = 1, . . . , b.
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Fixing j ∈ {1, . . . , b}, note that the matrices B
(j)
1 , . . . , B

(j)
k all commute. Thus

we may apply Theorem 2.5 to obtain an algebraic matrix Mj such that each matrix

M−1
j B

(j)
i Mj is upper triangular, i = 1, . . . , k. Thus we can write

M−1
j B

(j)
i Mj = λ

(j)
i I +N

(j)
i

for some strictly upper triangular matrix N
(j)
i .

We define M to be the block-diagonal matrix with blocks M1, . . . ,Mb. Letting

P = QM , it is then the case that P−1AiP is block-diagonal, with the j-th block being

λ
(j)
i I +N

(j)
i for j = 1, . . . , b. Now

k∏
i=1

exp(Aiti) = C ⇔
k∏
i=1

exp(P−1AiPti) = P−1CP. (4.3)

If P−1CP is not block-diagonal, with each block being upper triangular and with

the same entries along the diagonal, then Equation (4.3) has no solution and the

problem instance must be negative. Otherwise, denoting the blocks P−1CP by D(j)

for j ∈ {1, . . . , b}, our problem amounts to simultaneously solving the system of

matrix equations

k∏
i=1

exp
((
λ

(j)
i I +N

(j)
i

)
ti
)

= D(j), j ∈ {1, . . . , b} (4.4)

with one equation for each block.

For each fixed j, the matrices N
(j)
i inherit commutativity from the matrices B

(j)
i ,

so we have

k∏
i=1

exp((λ
(j)
i I +N

(j)
i )ti) = exp

( k∑
i=1

(λ
(j)
i I +N

(j)
i )ti

)
= exp

( k∑
i=1

λ
(j)
i ti
)
· exp

( k∑
i=1

N
(j)
i ti

)
.

Hence the system (4.4) is equivalent to

exp
( k∑
i=1

λ
(j)
i ti
)
· exp

( k∑
i=1

N
(j)
i ti

)
= D(j) (4.5)

for j = 1, . . . , b.

By assumption, the diagonal entries of each matrix D(j) are equal to a unique

value, say c(j). Since the diagonal entries of exp
(∑k

i=1 N
(j)ti

)
are all 1, the equation
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system (4.5) is equivalent to:

exp
( k∑
i=1

λ
(j)
i ti
)

= c(j) and exp
( k∑
i=1

N
(j)
i ti

)
=

1

c(j)
D(j)

for j = 1, . . . , b.

Applying Theorem 2.3, the above system can equivalently be written

exp
( k∑
i=1

λ
(j)
i ti
)

= c(j) and
k∑
i=1

N
(j)
i ti = S(j)

for some effectively computable matrix S(j) with algebraic entries, j = 1, . . . , b.

Except for the additional linear equations, this has the form of an instance of

LEP. However we can eliminate the linear equations by performing a linear change

of variables, i.e., by computing the solution of the system in parametric form. Thus

we finally arrive at an instance of LEP.

In the following result, we essentially solve the system of equations (4.2), reducing

it to the simpler problem that really lies at its heart.

Theorem 4.2. LEP reduces to ALIP.

Proof. Consider an instance of LEP, comprising a system of equations

exp

(
k∑
`=1

λ
(j)
` t`

)
= cj exp(dj) j = 1, . . . , b, (4.6)

and polytope P ⊆ R2k, as described in Definition 4.4.

Throughout this proof, let log denote a fixed logarithm branch that is defined on

all the numbers cj, exp(dj) appearing above, and for which log(−1) = iπ. Note that

if any cj = 0 for some j then (4.6) has no solution. Otherwise, by applying log to

each equation in (4.6), we get

k∑
`=1

λ
(j)
` t` = dj + log(cj) + 2iπnj j = 1, . . . , b, (4.7)

where nj ∈ Z.

The system of equations (4.7) can be written in matrix form as

At ∈ d+ log(c) + 2iπZb ,
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where A is the b× k matrix with Aj,` = λ
(j)
` and log is applied pointwise to vectors.

Now, defining the convex polytope Q ⊆ R2b by

Q = {(<(Ay),=(Ay)) : y ∈ Ck, (<(y),=(y)) ∈ P} ,

it suffices to decide whether the set d+log(c)+2iπZb intersects {x ∈ Cb : (<(x),=(x)) ∈
Q}.

Define f : Rb → Cb by f(v) = d + log(c) + 2iπv, and define a convex polytope

T ⊆ Rb by

T = {v ∈ Rb : (<(f(v)),=(f(v))) ∈ Q} .

The problem then amounts to deciding whether the convex polytope T contains

an integer point. Crucially, the description of the convex polytope T is of the form

πBx ≤ b, for some matrix B and vector b such that the entries of B are real algebraic

and the components of b are real linear forms in logarithms of algebraic numbers. But

this is the form of an instance of ALIP .

We are left with the task of showing that ALIP is decidable. The argument

essentially consists of reducing to a lower-dimensional instance whenever possible,

and eventually either using the fact that the polytope is bounded to test whether

it intersects the integer lattice or using Theorem 2.15 to show that, by a density

argument, it must intersect the integer lattice.

Theorem 4.3. ALIP is decidable.

Proof. We are given a convex polytope P = {x ∈ Rd : πAx ≤ b}, where the

coordinates b are linear forms in logarithms of algebraic numbers, and need to decide

whether this polytope intersects Zd. Throughout this proof, log denotes the logarithm

branch picked at the beginning of the proof of Theorem 4.2. We start by eliminating

linear dependencies between the logarithms appearing in the vector b, using Masser’s

Theorem. For example, suppose that

bi = r0 + r1 log(s1) + · · ·+ rk log(sk), r0, r1, s1, . . . , rk, sk ∈ Q.

Due to Theorem 2.11, there exists a non-trivial linear relation with algebraic coef-

ficients amongs log(−1), log(s1), . . . , log(sk) if and only if there is one with integer

coefficients. But such integer relations can be computed, since

n0 log(−1) + n1 log(s1) + · · ·+ nk log(sk) = 0⇔

(−1)n0sn1
1 · · · s

nk
k = 1
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and since the group of multiplicative relations L(−1, s1, . . . , sk) can be effectively

computed. Whenever L(−1, s1, . . . , sk) contains a non-zero vector, we use it to elim-

inate an unnecessary log(si) term, although never eliminating log(−1). When this

process is over, we can see whether each term bi/π is algebraic or transcendental: it

is algebraic if bi = α log(−1), α ∈ Q, and transcendental otherwise.

Now, when x ∈ Zd, Ax is a vector with algebraic coefficients, so whenever bi/π is

transcendental we may alter P by replacing ≤ by < in the i-th inequality, preserving

its intersection with Zd. On the other hand, whenever bi/π is algebraic, we split our

problem into two: in the first one, P is altered to force equality on the i-th constraint

(that is, replacing ≤ by =), and in the second we force strict inequality (that is,

replacing ≤ by <). We do this for all i, so that no ≤ is left in any problem instance,

leaving us with finitely many polytopes, each defined by constraints of the form

Kx = k (k ∈ Qd1
)

Mx <m (m ∈ Qd2
)

Fx < f (f ∈
(
R \Q

)d3
)

where K,M,F are matrices with algebraic entries. Before proceeding, we eliminate

all such empty polytopes; note that emptiness can be decided via Fourier-Motzkin

elimination, as shown in Theorem 2.28.

The idea of the next step is to reduce the dimension of all the problem instances

at hand until we are left with a number of new instances with full-dimensional open

convex polytopes, of the same form as the original one, apart from the fact that

all inequalities in their definitions will be strict. To do that, we use the equations

Kx = k to eliminate variables: note that, whenever there is an integer solution,

Kx = k,x ∈ Zd ⇔ x = x0 +Mz,

where M is a matrix with integer entries, x0 is an integer vector and z ranges over

integer vectors over a smaller dimension space, wherein we also define the polytope

Q = {y : x0 +My ∈ P}.

Having now eliminated all equality constraints, we are left with a finite set of

polytopes of the form P = {x ∈ Rd : πAx < b} that are either empty or full-

dimensional and open, and wish to decide whether they intersect the integer lattice of

the corresponding space (different instances may lie in spaces of different dimensions,

of course). Note that, when P is non-empty, we can use Fourier-Motzkin elimination
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to find a vector q ∈ Qd in its interior, and ε > 0 such that the closed ball of centre q

and radius ε with respect to the l1 norm, which we call B, is contained in P .

The next step is to consider the Minkowski-Weyl decomposition of P , namely

P = H + C, where H is the convex hull of finitely many points of P (which we need

not compute) and C = {x ∈ Rd : Ax ≤ 0} is a cone with an algebraic description.

Note that P is bounded if and only if C = {0}, in which case the problem at hand is

simple: consider the polytope Q with an algebraic description obtained by rounding

up each coordinate of b/π, which has the same conic part as P and which contains

P , and therefore is bounded; finally, compute a bound on Q (such a bound can be

defined in the first-order theory of the reals), which is also a bound on P , and test

the integer points within that bound for membership in P . Otherwise,

C = {α1c1 + · · ·+ αkck : α1, . . . , αk ≥ 0},

where c1, . . . , ck ∈ Qd
are the extremal rays of C. Note that q + C ⊆ P and that

B + C ⊆ P .

Now we consider a variation of an argument which appears in [51]. Consider the

computable set

L = C⊥ ∩ Zd .

If L = {0} then due to Theorem 2.15 it must be the case that there exist non-

negative reals λ1, . . . , λk such that

dist

(
q +

k∑
i=1

λici,Zd
)
≤ ε,

and we know that P ∩ Zd 6= ∅ from the fact that the closed ball B of centre q and

radius ε with respect to the l1 norm is contained in P .

On the other hand, if L 6= {0}, let z ∈ L \ {0}. Since H is a bounded subset of

Rn, the set

{zTx : x ∈ P} = {zTx : x ∈ H}

is a bounded subset of R. Therefore there exist a, b ∈ Z such that

∀x ∈ P , a ≤ zTx ≤ b,

so we can reduce our problem to b−a+1 smaller-dimensional instances by finding the

integer points of {x ∈ P : zTx = i}, for i ∈ {a, . . . , b}. Note that we have seen earlier

in the proof how to reduce the dimension of the ambient space when the polytope P
is contained in an affine hyperplane.
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4.4 Undecidability of the Non-Commutative Case

In this section we show that the Matrix-Exponential Problem is undecidable in the

case of non-commuting matrices. We show undecidability for the most fundamental

variant of the problem, as given in Definition 4.3, in which the matrices have real

entries and the variables ti range over the non-negative reals. Recall that this problem

is decidable in the commutative case by the results of the previous section.

4.4.1 Matrix-Exponential Problem with Constraints

The proof of undecidability in the non-commutative case is by reduction from Hilbert’s

Tenth Problem. The reduction proceeds via several intermediate problems. These

problems are obtained by augmenting MEP with various classes of arithmetic con-

straints on the real variables that appear in the statement of the problem.

Definition 4.7. We consider the following three classes of arithmetic constraints over

real variables t1, t2, . . .:

• EπZ comprises constraints of the form ti ∈ α + βπZ, where α and β 6= 0 are

real-valued constants such that cos(2αβ−1), β are both algebraic numbers.

• E+ comprises linear equations of the form α1t1 + · · ·+αntn = α0, for α0, . . . , αn

real algebraic constants.

• E× comprises equations of the form t` = titj.

A class of constraints E ⊆ EπZ ∪ E+ ∪ E× induces a generalisation of the MEP

problem as follows:

Definition 4.8 (MEP with Constraints). Given a class of constraints E ⊆ EπZ ∪
E+ ∪ E×, the problem MEP(E) is as follows. An instance consists of real algebraic

matrices A1, . . . , Ak, C and a finite set of constraints E ⊆ E on real variables t1, . . . , tk.

The question is whether there exist non-negative real values for t1, . . . , tk such that∏k
i=1 e

Aiti = C and the constraints E are all satisfied.

Note that in the above definition of MEP(E) the set of constraints E only mentions

real variables t1, . . . , tk appearing in the matrix equation
∏k

i=1 e
Aiti = C. However,

without loss of generality, we can allow constraints to mention fresh variables ti, for

i > k, since we can always define a corresponding matrix Ai = 0 for such variables for

then eAiti = I has no effect on the matrix product. In other words, we can without

loss of generality have constraints in E with existentially quantified variables. In

particular, we have the following useful observations:
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• We can express inequality constraints of the form ti 6= α in E+ ∪ E× by using

fresh variables tj, t`. Indeed ti 6= α is satisfied whenever there exist values of tj

and t` such that ti = tj + α and tjt` = 1.

• By using fresh variables, E+∪E× can express polynomial constraints of the form

P (t1, . . . , tn) = t for P a polynomial with integer coefficients.

We illustrate the above two observations in an example.

Example. Consider the problem, given matrices A1, A2 and C, to decide whether there

exist t1, t2 ≥ 0 such that

eA1t1eA2t2 = C and t21 − 1 = t2, t2 6= 0 .

This is equivalent to the following instance of MEP(E+ ∪ E×): decide whether there

exist t1, . . . , t5 ≥ 0 such that

5∏
i=1

eAiti = C and t1t1 = t3, t3 − 1 = t2, t2t4 = t5, t5 = 1

where A1, A2 and C are as above and A3 = A4 = A5 = 0.

We will make heavy use of the following proposition to combine several instances

of the constrained MEP into a single instance by combining matrices block-wise.

Proposition 4.4. Given real algebraic matrices A1, . . . , Ak, C and A′1, . . . , A
′
k, C

′,

there exist real algebraic matrices A′′1, . . . , A
′′
k, C

′′ such that for all t1, . . . , tk:

k∏
i=1

eA
′′
i ti = C ′′ ⇔

(
k∏
i=1

eAiti = C

)
∧

(
k∏
i=1

eA
′
iti = C ′

)
.

Proof. For any i ∈ {1, . . . , k}, define

A′′i =

[
Ai 0
0 A′i

]
, C ′′ =

[
C 0
0 C ′

]
.

The result follows because the matrix exponential can be computed block-wise (as is

clear from its power series definition):

k∏
i=1

eA
′′
i ti =

k∏
i=1

[
eAiti 0

0 eA
′
iti

]
=

[∏k
i=1 e

Aiti 0

0
∏k

i=1 e
A′iti

]
.
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We remark that in the statement of Proposition 4.4 the two matrix equations that

are combined are over the same set of variables. However, we can clearly combine

any two matrix equations for which the common variables appear in the same order

in the respective products.

The core of the reduction is to show that the constraints in EπZ, E+ and E× do

not make the MEP problem harder: one can always encode them using the matrix

product equation.

Proposition 4.5. MEP(EπZ ∪ E+ ∪ E×) reduces to MEP(E+ ∪ E×).

Proof. Let A1, . . . , Ak, C be real algebraic matrices and E ⊆ EπZ ∪ E+ ∪ E× a finite

set of constraints on real variables t1, . . . , tk. Since E is finite it suffices to show how

to eliminate a single constraint in EπZ ∩ E from E.

Let tj ∈ α + βπZ be a constraint in E. By definition of EπZ we have that

cos(2αβ−1), sin(2αβ−1) and β 6= 0 are real algebraic. Now define the following extra

matrices:

A′j =

[
0 2β−1

−2β−1 0

]
, C ′ =

[
cos(2αβ−1) sin(2αβ−1)
− sin(2αβ−1) cos(2αβ−1)

]
.

Our assumptions ensure that A′j and C ′ are both real algebraic.

We now have the following chain of equivalences:

eA
′
jtj = C ′ ⇔

[
cos(2tjβ

−1) sin(2tjβ
−1)

− sin(2tjβ
−1) cos(2tjβ

−1)

]
= C ′

⇔ cos(2tjβ
−1) = cos(2αβ−1)

∧ sin(2tjβ
−1) = sin(2αβ−1)

⇔ 2β−1tj ≡ 2αβ−1 mod 2π

⇔ tj ∈ α + βπZ.

Thus the additional matrix equation eA
′
jtj = C ′ is equivalent to the constraint tj ∈

α + βπZ. Applying Proposition 4.4 we can thus eliminate this constraint.

Proposition 4.6. MEP(E+ ∪ E×) reduces to MEP(E+).

Proof. Let A1, . . . , Ak, C be real algebraic matrices and E ⊆ E+ ∪ E× a finite set of

constraints on variables t1, . . . , tk. We proceed as above, showing how to remove each

constraint in E× from E. In so doing we potentially increase the number of matrices

and add new constraints from E+.
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Let tl = titj be an equation in E. To eliminate this equation the first step is to

introduce fresh variables x, x′, y, y′, z and add the constraints

ti = x, tj = y, t` = z,

which are all in E+. We now add a new matrix equation over the fresh variables

x, x′, y, y′, z that is equivalent to the constraint xy = z. Since this matrix equation

involves a new set of variables we are free to the set the order of the matrix products,

which is crucial to express the desired constraint.

The key gadget is the following matrix product equation, which holds for any

x, x′, y, y′, z > 0:1 0 −z
0 1 0
0 0 1

1 0 0
0 1 −y′
0 0 1

1 x 0
0 1 0
0 0 1

1 0 0
0 1 y
0 0 1

1 −x′ 0
0 1 0
0 0 1

 =

1 x− x′ z − xy
0 1 y − y′
0 0 1

 .
Notice that each of the matrices on the left-hand side of the above equation has a

single non-zero off-diagonal entry. Crucially each matrix of this form can be expressed

as an exponential. Indeed we can write the above equation as a matrix-exponential

product

eB1zeB2y′eB3xeB4yeB5x′ =

1 x− x′ z − xy
0 1 y − y′
0 0 1


for matrices

B1 =

0 0 −1
0 0 0
0 0 0

 B3 =

0 1 0
0 0 0
0 0 0

 B5 =

0 −1 0
0 0 0
0 0 0



B2 =

0 0 0
0 0 −1
0 0 0

 B4 =

0 0 0
0 0 1
0 0 0



Thus the constraint xy = z can be expressed as

eB1zeB2y′eB3xeB4yeB5x′ = I . (4.8)

Again, we can apply Proposition 4.4 to combine the equation (4.8) with the matrix

equation from the original problem instance and thus encode the constraint z = xy.

Proposition 4.7. MEP(E+) reduces to MEP.
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Proof. Let A1, . . . , Ak, C be real algebraic matrices and E ⊆ E+ a set of constraints.

We proceed as above, showing how to eliminate each constraint from E that lies in

E+, while preserving the set of solutions of the instance.

Let β +
∑k

i=1 αiti = 0 be an equation in E. Recall that β, α1, . . . , αk are real

algebraic. Define the extra matrices A′1, . . . , A
′
k and C ′ as follows:

A′i =

[
0 αi
0 0

]
, C ′ =

[
1 −β
0 1

]
.

Our assumptions ensure that A′1, . . . , A
′
k and C ′ are all real algebraic. Furthermore,

the following extra product equation becomes:

k∏
i=1

eA
′
iti = C ⇔

k∏
i=1

[
1 αiti
0 1

]
=

[
1 −β
0 1

]

⇔
k∑
i=1

αiti = −β .

Combining Proposition 4.5, Proposition 4.6, and Proposition 4.7 we have:

Proposition 4.8. MEP(EπZ ∪ E+ ∪ E×) reduces to MEP.

4.4.2 Reduction from Hilbert’s Tenth Problem

Theorem 4.9. MEP is undecidable in the non-commutative case.

Proof. We have seen in the previous section that the problem MEP(EπZ ∪ E+ ∪ E×)

reduces to MEP without constraints. Thus it suffices to reduce Hilbert’s Tenth Prob-

lem to MEP(EπZ ∪ E+ ∪ E×). In fact the matrix equation will not play a role in the

target of this reduction, only the additional constraints!

Let P be a polynomial of total degree d in k variables with integer coefficients.

From P we build a homogeneous polynomial Q, by adding a new variable λ:

Q(x, λ) = λdP
(x1

λ
, . . . ,

xk
λ

)
.

Note that Q still has integer coefficients. Furthermore, we have the relationship

Q(x, 1) = P (x).

As we have seen previously, it is easy to encode Q with constraints, in the sense

that we can compute a finite set of constraints EQ ⊆ E+ ∪ E× mentioning variables
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t0, . . . , tm, λ such that E is satisfied if and only if t0 = Q(t1, . . . , tk, λ). Note that EQ

may need to mention variables other than t1, . . . , tk to do that. Another finite set of

equations EπZ ⊆ EπZ is used to encode that t1, . . . , tk, λ ∈ πZ. Finally, E= ⊆ E+ ∪ E×
is used to encode t0 = 0 and 1 6 λ 6 4. The latter is done by adding the polynomial

equations λ = 1 +α2 and λ = 4−β2 for some α and β. Finally we have the following

chain of equivalences:

∃t0, . . . , λ > 0 s.t. EQ ∪ EπZ ∪ E= is satisfied

⇔ ∃t1, . . . , λ > 0 s.t. 0 = Q(t1, . . . , tk, λ)

∧ t1, . . . , tk, λ ∈ πZ ∧ 1 6 λ 6 4

⇔ ∃n1, . . . , nk ∈ N s.t. 0 = Q(πn1, . . . , πnk, π)

⇔ ∃n1, . . . , nk ∈ N s.t. 0 = πdQ(n1, . . . , nk, 1)

⇔ ∃n1, . . . , nk ∈ N s.t. 0 = P (n1, . . . , nk).

4.4.3 Enforcing a matrix product order

In this section, we will present a gadget matrix-exponential semigroup that can enforce

a certain partial order on the matrices reaching a particular target. This will be

useful to establish the reduction MEP ≤ MESP. More precisely, we will exhibit

five matrices W,X, Y, Z and G such that any product G =
∏p

i=1 e
Aiti where ti > 0

and Ai ∈ {W,X, Y, Z} is such that all the “X” appear before the “Y ”. Define the

following matrices:

W =

0 0 0
0 1 0
0 0 2

 , X =

0 0 0
0 0 1
0 0 0

 , Z =

0 0 0
0 −1 0
0 0 −2

 ,
Y =

0 1 0
0 0 0
0 0 0

 , G =

1 1 0
0 1 1
0 0 1

 .

One easily computes the exponentials W,X, Y, Z:

eWt =

1 0 0
0 et 0
0 0 e2t

 , eXt =

1 0 0
0 1 t
0 0 1

 , eY t =

1 t 0
0 1 0
0 0 1

 , eZt =

1 0 0
0 e−t 0
0 0 e−2t

 .
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The crux of the proof will be based on the following asymmetry between X and

Y , which leaves the top right corner zero in one case but nonzero in the other. As we

will later observe, once the top right corner is nonzero, it cannot be cleared.

eXteY u =

1 u 0
0 1 t
0 0 1

 , eY teXu =

1 u tu
0 1 t
0 0 1

 .
Proposition 4.10. If there exist p ∈ N, Ai ∈ {W,X, Y, Z} and ti > 0, for i ∈
{1, . . . , p}, such that

∏p
i=1 e

Aiti = G, then the product contains at least one2 “X” and

one “Y ”, and all the “X” appear before the “Y ”. Formally, there exist i and j such

that Ai = X and Aj = Y , and for any such choice we have i < j.

Proof. First observe that any such product is always an upper triangular matrix with

non-negative entries (because all the matrices have non-negative entries) and positive

entries on the diagonal. Let M be such a matrix; we denote its coefficients by 0 if

they are zero and + if they are positive. The following automaton should be read

as follows: an arrow from M to M ′ annotated with A means that any product of a

matrix of the shape of M by eAt with t > 0 will give a matrix with the shape of M ′.

Note that the empty product gives the identity. One easily checks that the following

transitions hold.

+ 0 0
0 + 0
0 0 +



+ 0 0
0 + +
0 0 +

 + + 0
0 + +
0 0 +


+ + 0

0 + 0
0 0 +



+ + +
0 + +
0 0 +


X

Y

Y X

X

W,Z W,Z, Y

W,Z,X W,Z, Y W,X, Y, Z

Starting from the identity and applying the different products eAiti in the automaton,

it is clear that the only way to reach a matrix of the shape of G is to have all the

“X” before “Y ”. Formally, by contradiction, if there were i < j such that Ai = Y

2Note that this is not entirely trivial because we required only positive ti in the product.
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and Aj = X then by the automaton, we would end up with a matrix where the top

right corner is nonzero, which contradicts G =
∏p

i=1 e
Aiti .

The previous lemma shows that this semigroup enforces a partial order on the

matrices in products that reach the matrix G. The next lemma shows that G can

indeed be reached using this kind of products, essentially proving that G belongs to

this semigroup.

Proposition 4.11. For any positive real t, there exists a non-negative real u such

that

eWueXteY teZu = G or eZueXteY teWu = G.

Proof. Consider the following products for an arbitrary u > 0:

eWueXteY teZu =

1 0 0
0 eu 0
0 0 e2u

1 t 0
0 1 t
0 0 1

1 0 0
0 e−u 0
0 0 e−2u


=

1 0 0
0 eu 0
0 0 e2u

1 te−u 0
0 e−u te−2u

0 0 e−2u


=

1 te−u 0
0 1 te−u

0 0 1

 ,
and

eZueXteY teWu =

1 teu 0
0 1 teu

0 0 1

 .
If t > 1 then choosing u = ln t > 0 in the first product gives G, otherwise choosing

u = ln 1
t
> 0 in the second product gives G.

4.4.4 Undecidability of the semigroup problem

We will now show the undecidability of MESP. First, we remind the reader of Defi-

nition 4.1.

Definition 4.1. Given square matrices A1, . . . , Ak and C, all of the same dimension,

whose entries are real algebraic numbers, the Matrix-Exponential Semigroup Problem

(MESP) asks whether C a is member of the matrix semigroup generated by

{exp(Aiti) : ti ∈ R, ti ≥ 0, i = 1, . . . , k}.
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In short, the difference is that we do not fix the order of the matrices in the

product, and that each matrix may be used more than once. We will now show the

following key result.

Theorem 4.12. MESP is undecidable in the non-commutative case.

Proof. We have seen in the previous section that MEP is undecidable in the non-

commutative case. Thus it suffices to reduce MEP to MESP to show undecidability.

Let A1, . . . , Ak, C ∈ Qn×n
be an instance of MEP. Denote by Im the identity of

size m, 0m the zero matrix of size m. Recall the 3× 3 matrices W,X, Y, Z,G, defined

in Section 4.4.3. For every i ∈ {2, . . . , k − 1}, define the following matrices:

Bi =


Ai

03(i−2)

Y
X

03(k−1−i)

 , B′i =


0n

03(i−2)

Y
X

03(k−1−i)

 .
We also define the matrices matrices

B1 =

A1

X
03(k−2)

 , B′1 =

0n
X

03(k−2)

 ,
Bk =

A1

03(k−2)

Y

 , B′k =

0n
03(k−2)

Y

 ,

and, for every i ∈ {1, . . . , k − 1},

Wi =


0n

03(i−1)

W
03(k−1−i)

 , Zi =


0n

03(i−1)

Z
03(k−1−i)

 .
Finally, we define the target matrix:

C ′ =


C

G
. . .

G

 .
We can now define our MESP instance as follows, the target matrix is C ′ and the

semigroup G is generated by{
eBiti , eB

′
iti : ti > 0, i = 1, . . . , k

}
∪
{
eWiti , eZiti : ti > 0, i = 1, . . . , k − 1

}
.
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We claim the original instance of MEP is satisfiable if and only if C ′ ∈ G. Let us

examine both direction independently.

Assume that the MEP instance is satisfiable. Then there exist t1, . . . , tk > 0 such

that:
k∏
i=1

eAiti = C.

Define τ = max{t1, . . . , tk} + 1 (note that τ > 0) and t′i = τ − ti > 0 for every

i ∈ {1, . . . , k}. A straightforward calculation shows that:

k∏
i=1

(
eBitieB

′
it
′
i

)
=


∏k

i=1 e
Aiti

eXτeY τ

. . .

eXτeY τ



=


C

U
. . .

U

 ,
where U = eXτeY τ . Apply Proposition 4.11 to get λ > 0 such that either eWλUeZλ =

G or eZλUeWλ = G. In the first case, conclude by checking that

k−1∏
i=1

eWiλ

k∏
i=1

(
eBitieB

′
it
′
i

) k−1∏
i=1

eZiλ =


C

G
. . .

G

 = C ′.

In the second case, exchange the Wi and Zi to get same result. This concludes the

proof that the MESP instance is satisfiable, since all the products belong to G.

Assume that the MESP instance is satisfiable. Then there exists t1, . . . , tm > 0 (we

can always take them positive) and M1, . . . ,Mm ∈
{
Bi, B

′
i : i = 1, . . . , k} ∪

{
Wi, Zi :

i = 1, . . . , k − 1
}

such that
m∏
j=1

eMjtj = C ′. (4.9)

Observe that by construction, this product has the following form:

m∏
j=1

eMjtj =


V

U1

. . .

Uk−1

 ,
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where V belongs to the semigroup generated by {eAit : t > 0} and Ui belongs to the

semigroup generated by {eWt, eXt, eY t, eZt : t > 0}. Since (4.9) implies that Ui = G,

we can apply Proposition 4.10 to get each product producing Ui must have all its

“X” before its “Y ”. Furthermore, each Ui must contain at least one X and one Y in

its product. For any i ∈ {1, . . . , k}, let ki (resp., k′i) denote the first (resp., last) index

j such that Mj = Bi or B′i. Those indices exists because of the proposition since at

least one Bi or Bi’ must appear for every i to get both an X and a Y in each product

giving Ui. Obviously ki 6 k′i by definition. We now claim that the proposition implies

that:

k1 6 k′1 < k2 6 k′2 < k3 · · · < kk−1 6 k′k−1.

Indeed, Proposition 4.10 ensures that in the product giving U1, all the “X” appear

before the “Y ”, but the only matrices that contribute some X to U1 are B1 and B′1,

and the only matrices that contribute some Y to U1 are B2 and B′2. Thus k′1 < k2,

i.e. the last “X” coming from B1 or B′1 is before the first “Y ” coming from B2 or

B′2. A similar reasoning ensures that k′2 < k3 and so on. This shows that for any

i ∈ {1, . . . , k}, if Mj = Bi then j ∈ {ki, . . . , k′i}. Thus all the B1 appear before the

B2 which appear before the B3 and so on. However, since the Bi are the only ones

to contribute to V , then V must be of the form:

V =
k∏
i=1

eAit
′
i ,

where t′i > 0 is the sum of all tj such that Mj = Bi. Finally V = C, so the instance

of MEP is satisfiable.

4.5 Generalised Continuous Orbit and Skolem Prob-

lems

We start by recalling the definition of the Generalised Continuous Orbit and Skolem

Problems.

Definition 4.6. Given square matrices A1, . . . , Ak and vectors x,y whose entries

are real algebraic numbers and of matching dimensions, the Generalised Continuous

Orbit Problem (GCOP) consists in deciding whether there exists a matrix C in the

multiplicative matrix semigroup generated by the set {exp(Aiti), ti ≥ 0, i = 1, . . . , k}
such that Cx = y. On the other hand, the Generalised Continuous Skolem Problem

(GCSP) asks whether there exists such a matrix C so that xTCy = 0.
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We will now prove that these are both undecidable.

Theorem 4.13. The Generalised Continuous Orbit Problem is undecidable.

Proof. This can be shown by reduction from MESP. In particular, given square ma-

trices B1, . . . , Bk, C, we construct matrices A1, . . . , Ak and vectors x,y for which

k∏
i=1

exp(Biti) = C ⇔
k∏
i=1

exp(Aiti)x = y. (4.10)

Let c1, . . . , cn be the columns of C, from left to right, and let e1, . . . , en denote the

canonical basis of Rn. Then (4.10) can be achieved by setting, for each i ∈ {1, . . . , n},

Ai =

Bi · · · 0
...

. . .
...

0 · · · Bi

 ,

as well as

x =

e1
...
en

 and y =

c1
...
cn

 .

Finally, we show the last result of the present chapter.

Theorem 4.14. The Generalised Continuous Skolem Problem is undecidable.

Proof. This can be shown by reduction from the Generalised Continuous Orbit Prob-

lem. Similarly to what we did in the previous proof, we will define matrices C1, . . . , Ck

and vectors w, z such that

k∏
i=1

exp(Aiti)x = y ⇔ wT

k∏
i=1

exp(Citi)z = 0 .

Let e1, . . . , en denote the canonical basis of Rn. Moreover, let

Bi =

(
Ai 0
0 0

)
,uj =

(
ej
−ej

)
,v =

(
x
y

)
and

Ci =

Bi ⊗ I + I ⊗Bi · · · 0
...

. . .
...

0 · · · Bi ⊗ I + I ⊗Bi

 .
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Then

k∏
i=1

exp(Aiti)x = y

⇔
n∑
j=1

(
uTj

k∏
i=1

exp(Biti)v

)2

= 0

⇔
n∑
j=1

(
(uj ⊗ uj)T

k∏
i=1

(exp(Biti)⊗ exp(Biti)) (v ⊗ v)

)
= 0

⇔
n∑
j=1

(
(uj ⊗ uj)T

k∏
i=1

exp ((Bi ⊗ I + I ⊗Bi)ti) (v ⊗ v)

)
= 0

⇔

(u1 ⊗ u1)T

...

(un ⊗ un)T


T

k∏
i=1

exp(Citi)

v ⊗ v...
v ⊗ v

 = 0.

The result then follows by taking

w =

(u1 ⊗ u1)T

...

(un ⊗ un)T

 and z =

v ⊗ v...
v ⊗ v

 .

4.6 Turing-degree of MESP

We are interested in classifying the Turing-degree of MESP. We will place MESP

in the first level of the arithmetical hierarchy conditionally on Schanuel’s conjecture

being true (Theorem 4.16), and in the second level unconditionally (Theorem 4.15).

Given a set A, we define A(0) to be A, and for each n ≥ 1 we inductively define

A(n+1) as the Halting Problem for Turing machines with access to an oracle for solving

A(n). We call A(n) the n-th Turing jump of A.

We have already seen that ∅(1) ≤MESP holds.

Theorem 4.15. MESP ≤ ∅(2).

Proof. Consider the functions

fw(t) =

∥∥∥∥∥∥
|w|∏
i=1

exp(Awiti)− C

∥∥∥∥∥∥
2

2

, w ∈ {1, . . . , k}?
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and note that each fw is an exponential-polynomial which has the non-negative reals

as co-domain. Clearly, this instance of MESP is positive if and only if some fw has a

tangential zero.

Before proceeding, note that exponential-polynomials are closed under differenti-

ation, and that they are computable functions.

Let b : N→ {1, . . . , k}? be any computable surjection.

For each n ∈ N and w ∈ {b(1), . . . , b(n)}, consider the Turing machine Aw,n

which does the following: for each m ∈ N, partition [0, n]|w| in an uniform grid, with

mesh size m−1, and compute the approximate value of fw with error at most m−1 at

each grid point; if it is ever the case that all the approximate values of fw are greater

than

(
1 +

Lw,n
√
|w|

2

)
m−1 (where Lw,n is an upper bound on ‖∇fw‖ �[0,n], which we

can compute by using the triangle inequality and the monotonicity of the exponential

function), Aw,n halts. Due to the Mean Value Theorem and to the compactness of

[0, n], Aw,n halts if and only if fw �[0,n] does not have zeroes. Thus, the instance of

MESP is positive if and only if some Aw,n loops.

Now, consider the Turing machine B with access to a Halting Problem oracle (that

is, a ∅(1) oracle) which, for each n ∈ N and w ∈ {b(1), . . . , b(n)}, uses the oracle to

decide whether Aw,n halts; if that is ever not the case, B halts. Finally, note that B

halts if and only if the MESP instance in consideration is positive.

Moreover, the following result holds.

Theorem 4.16. If Schanuel’s conjecture is true, MESP ≤ ∅(1).

Proof. Let fw,w ∈ {1, . . . , k}? be as in the proof of Theorem 4.15. Consider the

Turing Machine T which, for each n ∈ N andw ∈ {b(1), . . . , b(n)}, uses Theorem 2.21

to decide whether fw admits a zero in the region [0, n]|w|, and halts when such a zero

is found. Then T halts if and only if the instance of MESP under consideration is

positive.

4.7 Conclusion

We have shown that the Matrix-Exponential Problem is undecidable in general, but

decidable when the matrices A1, . . . , Ak commute. We have also showed that the

Matrix-Exponential Semigroup Problem is undecidable, by designing a gadget to

enforce an order in the products, and derived the undecidability of the generalised

versions of the Continuous Orbit and Continuous Skolem Problems to a multi-matrix
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setting. This is analogous to what was known for the discrete version of this problem,

in which the matrix exponentials eAt are replaced by matrix powers An. Finally,

we show that these problems are in Σ1 if Schanuel’s conjecture is true, and in Σ2

unconditionally. It would be interesting to show membership in Σ1 unconditionally.

In the discrete version of the problem, membership in Σ1 follows trivially from the

countability of the space of candidate solutions.

It would be interesting to look at possibly decidable restrictions of the MEP/MESP,

for example the case where k = 2 with a non-commuting pair of matrices, which was

shown to be decidable for the discrete analogue of this problem in [11]. Bounding the

dimension of the ambient vector space could also yield decidability, which has been

partly accomplished in the discrete case in [75].

Finally, deriving upper and lower bounds for the computational complexity of the

commutative case of this problem would also be a worthwhile task.
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Chapter 5

The Polytope Escape Problem

5.1 Introduction

In ambient space Rd, a continuous linear dynamical system is a trajectory x(t), where

t ranges over the non-negative reals, defined by a differential equation ẋ(t) = f(x(t))

in which the function f is affine or linear. If the initial point x(0) is given, the dif-

ferential equation uniquely defines the entire trajectory. (Linear) dynamical systems

have been extensively studied in mathematics, physics, and engineering, and more re-

cently have played an increasingly important role in computer science, notably in the

modelling and analysis of cyber-physical systems; a recent and authoritative textbook

on the matter is [3].

In the study of dynamical systems, particularly from the perspective of control

theory, considerable attention has been given to the study of invariant sets, i.e.,

subsets of Rd from which no trajectory can escape; see, e.g., [26, 16, 5, 81]. Our focus

in the present chapter is on sets with the dual property that no trajectory remains

trapped. Such sets play a key role in analysing liveness properties in cyber-physical

systems (see, for instance, [3]): discrete progress is ensured by guaranteeing that all

trajectories (i.e., from any initial starting point) must eventually reach a point at

which they ‘escape’ (temporarily or permanently) the set in question.

More precisely, given an affine function f : Rd → Rd and a convex polytope

P ⊆ Rd, both specified using rational coefficients encoded in binary, we consider the

Polytope Escape Problem, which asks whether there is some point x0 in P for which

the corresponding trajectory of the solution to the differential equation{
ẋ(t) = f(x(t))

x(0) = x0
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is entirely contained in P . Our main result is to show that this problem is decidable

by reducing it in polynomial time to the decision version of linear programming with

real algebraic coefficients, which itself reduces in polynomial time to deciding the

truth of a sentence in the first-order theory of the reals, a problem whose complexity

is known to lie between NP and PSPACE [24]. Our algorithm makes use of spectral

techniques and relies, among others, on tools from Diophantine approximation.

It is interesting to note that a seemingly closely related problem, that of deter-

mining whether a given trajectory of a linear dynamical system ever hits a given

hyperplane (also known as the Continuous Skolem Problem), is not known to be de-

cidable; see, in particular, [12, 34, 33]. When the target is instead taken to be a single

point (rather than a hyperplane), the corresponding reachability question (known as

the Continuous Orbit Problem) can be decided in polynomial time [41].

5.2 Main Results

The Polytope Escape Problem for continuous linear dynamical systems consists of

deciding, given an affine function f : Rd → Rd and a convex polytope P ⊆ Rd,

whether there exists an initial point x0 ∈ P for which the trajectory of the unique

solution to the differential equation ẋ(t) = f(x(t)),x(0) = x0, t ≥ 0, is entirely

contained in P . A starting point x0 ∈ P is said to be trapped if the trajectory of

the corresponding solution is contained in P , and eventually trapped if the trajectory

of the corresponding solution contains a trapped point. Therefore, the Polytope

Escape Problem amounts to deciding whether a trapped point exists, which in turn

is equivalent to deciding whether an eventually trapped point exists.

The goal of this section is to prove the following result:

Theorem 5.1. The Polytope Escape Problem is polynomial-time reducible to the de-

cision version of linear programming with algebraic coefficients.

A d-dimensional instance of the Polytope Escape Problem is a pair (f,P), where

f : Rd → Rd is an affine function and P ⊆ Rd is a convex polytope. In this formulation

we assume that all numbers involved in the definition of f and P are rational.1

1The assumption of rationality is required to justify some of our complexity claims (e.g., Jor-
dan canonical forms are only known to be polynomial-time computable for matrices with rational
coordinates). Nevertheless, our procedure remains valid in a more general setting, and in fact, the
overall ∃R complexity of our algorithm would not be affected if one allowed real algebraic numbers
when defining problem instances.
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An instance (f,P) of the Polytope Escape Problem is said to be homogeneous if

f is a linear function and P is a convex polytope cone (in particular, x ∈ P , α > 0⇒
αx ∈ P).

The restriction of the Polytope Escape Problem to homogeneous instances is called

the homogeneous Polytope Escape Problem.

Lemma 5.2. The Polytope Escape Problem is polynomial-time reducible to the ho-

mogeneous Polytope Escape Problem.

Proof. Let (f,P) be an instance of the Polytope Escape Problem in Rd, and write

f(x) = Ax+ a and P = {x ∈ Rd : B1x > b1 ∧B2x ≥ b2} .

Now define

A′ =

(
A a
0T 0

)
, B′1 =

(
B1 −b1

0T 1

)
, B′2 =

(
B2 −b2

)
,

P ′ =
{(
x
y

)
∈ Rd+1 : B′1

(
x
y

)
> 0 ∧B′2

(
x
y

)
≥ 0

}
,

and

g

(
x
y

)
= A′

(
x
y

)
.

Then (g,P ′) is a homogeneous instance of the Polytope Escape Problem.

It is clear that x(t) satisfies the differential equation ẋ(t) = f(x(t)) if and only if(
x(t)

1

)
satisfies the differential equation

(
ẋ
ẏ

)
= g

(
x
y

)
. In general, in any trajectory(

x
y

)
that satisfies this last differential equation, the y-component must be constant.

We claim that (f,P) is a positive instance of the Polytope Escape Problem if and

only if (g,P ′) is a positive instance. Indeed, if the point x0 ∈ Rd is trapped in (f,P)

then the point

(
x0

1

)
is trapped in (g,P ′). Conversely, suppose that

(
x0

y0

)
is trapped

in (g,P ′). Then, since B′1

(
x0

y0

)
> 0, we must have y0 > 0. Scaling, it follows that(

y−1
0 x0

1

)
is also trapped in (g,P ′). This implies that y−1

0 x0 is trapped in (f,P).

We remind the reader that the unique solution to the differential equation ẋ(t) =

f(x(t)),x(0) = x0, t ≥ 0, where f(x) = Ax, is given by x(t) = exp(At)x0.

In this setting, the sets of trapped and eventually trapped points are, respectively,

T = {x0 ∈ Rd : ∀t ≥ 0, exp(At)x0 ∈ P}

ET = {x0 ∈ Rd : ∃t ≥ 0, exp(At)x0 ∈ T}.
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Note that both T and ET are convex subsets of Rd.

Lemma 5.3. The homogeneous Polytope Escape Problem is polynomial-time reducible

to the decision version of linear programming with algebraic coefficients.

Proof. Let x0 = xr0 +xc0, where xr0 ∈ Vr and xc0 ∈ Vc. We start by showing that if x0

lies in the set T of trapped points then its component xr0 in the real eigenspace Vr lies

in the set ET of eventually trapped points. Due to the fact that the intersection of

finitely many convex polytopes is still a convex polytope, it suffices to prove this claim

for the case when P is defined by a single inequality—say P = {x ∈ Rd : bTx . 0},
where . is either > or ≥.

We may assume that bT exp(At)xc0 is not identically zero, as in that case

bT exp(At)x0 ≡ bT exp(At)xr0

and our claim holds trivially. Also, if x0 ∈ T , it cannot hold that bT exp(At)xr0 ≡ 0,

since bT exp(At)xc0 is negative infinitely often by Corollary 2.32.

Suppose that x0 ∈ T and let (ρ,m) and (η, j) be the dominant indices for

bT exp(At)xr0 and bT exp(At)xc0 respectively. Then by Proposition 2.2 we have

bT exp(At)xr0 = exp(ρt)tm(c+ o(1)) (5.1)

as t → ∞, where c is a non-zero real number. We will show that c > 0, from which

it follows that xr0 ∈ ET .

It must hold that (η, j) � (ρ,m). Indeed, if (η, j) � (ρ,m), then, as t→∞,

bT exp(At)x0 = exp(ηt)tj

(
bT exp(At)xc0

exp(ηt)tj︸ ︷︷ ︸
A

+o(1)

)
,

but the limit inferior of the term A above is strictly negative by Corollary 2.32,

contradicting the fact that x0 ∈ T .

If (η, j) = (ρ,m), then, as t→∞,

bT exp(At)x0 = exp(ρt)tm
(
c+

bT exp(At)xc0
exp(ρt)tm

+ o(1)

)
,

and by invoking Corollary 2.32 as above, it follows that c > 0.

Finally, if (η, j) ≺ (ρ,m), then, as t→∞,

bT exp(At)xc0 = exp(ρt)tm · o(1) , (5.2)
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and hence, by (5.1) and (5.2), it follows that

bT exp(At)x0 = exp(ρt)tm (c+ o(1)) .

From the fact that x0 ∈ T and that c 6= 0 we must have c > 0.

In all cases it holds that c > 0 and hence xr0 ∈ ET .

Having argued that ET 6= ∅ iff ET ∩ Vr 6= ∅, we will now show that the set

ET ∩ Vr is a convex polytope that we can efficiently compute. As before, it suffices

to prove this claim for the case when P = {x ∈ Rd : bTx . 0} (where . is either > or

≥).

In what follows, we let [K] denote the set {0, . . . , K − 1}. We can write

bT exp(At) =
∑

(η,j)∈σ(A)×[ν(A)]

exp(ηt)tjuT(η,j) ,

where uT(η,j) is the vector of coefficients of tj exp(ηt) in bT exp(At).

Note that if x ∈ Vr and (η, j) ∈ (σ(A)\R)×N0, then uT(η,j)x = 0, as uT(η,j)x is the

coefficient of tj exp(ηt) in bT exp(At)x, and Vr is invariant under exp(At). Moreover,

ET ∩ Vr = (B ∩ C) ∪

{
{0} if . is ≥;

∅ if . is >;

where

B =
⋂

(η,j)∈(σ(A)\R)×[ν(A)]

{x ∈ Rd : uT(η,j)x = 0}

C =
⋃

(η,j)∈(σ(A)∩R)×[ν(A)]

[
{x ∈ Rd : uT(η,j)x > 0}∩

⋂
(ρ,m)�(η,j)

{x ∈ Rd : uT(ρ,m)x = 0}
]
.

The set ET ∩ Vr can be seen to be convex from the above characterisation. Al-

ternatively, note that ET can be shown to be convex from its definition and that

Vr is convex, therefore so must be their intersection. Thus ET ∩ Vr must be a

convex polytope whose definition possibly involves canonically-represented real alge-

braic numbers, and the Polytope Escape Problem reduces to testing this polytope for

non-emptiness.
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5.3 Conclusion

We have shown that the Polytope Escape Problem for continuous-time linear dy-

namical systems is decidable, and in fact, polynomial-time reducible to the decision

problem for the existential theory of real closed fields. Given an instance of the prob-

lem (f,P), with f an affine map, our decision procedure involves analysing the real

eigenstructure of the linear operator g(x) := f(x) − f(0). In fact, we showed that

all complex eigenvalues could essentially be ignored for the purposes of deciding this

problem.

Interestingly, the seemingly closely related question of whether a given single

trajectory of a linear dynamical system remains trapped within a given polytope, on

the other hand, appears to be considerably more challenging and is not known to be

decidable. In that instance, it seems that the influence of the complex eigenstructure

cannot simply be discarded.
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Chapter 6

Reachability for Linear
Time-Invariant Control Systems

6.1 Introduction

In this chapter, we study a basic problem in control theory, namely the point-to-point

controllability problem for both continuous- and discrete-time linear time-invariant

(henceforth LTI) systems.

A discrete-time LTI system (xn)n∈N ⊆ Rd with control set U ⊆ Rd satisfies the

evolution rule xn+1 = Axn + un, where A is a d × d matrix and un ∈ U . In words,

the next state xn+1 of the system is obtained by applying a time-invariant linear

function to the previous state xn and adding a control un from a time-invariant set

U of controls.

Given two points s, t ∈ Rd, the point-to-point controllability question for discrete-

time LTI systems consists in deciding whether there exist n ∈ N and (ui)
n−1
i=0 ⊆ U

such that x0 = s and xn = t.

We show that this problem is undecidable when U is non-convex (in particular,

when it is a finite union of convex polytopes) and that there is a reduction from

Skolem’s Problem when U is a convex polytope. This contrasts with the case where

U is a linear subspace, in which case the problem reduces to the Orbit Problem,

known to be decidable [46].

Similarly to the discrete case, a continuous-time LTI system x(t) ⊆ Rd with

control set U ⊆ Rd is a function satisfying the evolution rule ẋ(t) = Ax(t) + u(t)

where A is a d×d matrix and u is a measurable function with codomain U . The point-

to-point controllability question for continuous-time LTI systems consists in deciding

whether there exist t ≥ 0 and u : [0, t]→ U such that x(0) = s and x(t) = t.
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We show that this problem is in PTIME when U is a linear subspace, by present-

ing a polynomial-time reduction to the Continuous Orbit Problem, which is known

to be in PTIME [28].

A survey of computational complexity results in control theory can be found

in [16].

6.2 Discrete-time systems

6.2.1 Hard Instances

In this section, we present a hardness result for the point-to-point controllability

problem for LTI systems where the set of admissible controls is a compact convex

polytope.

We recall that Skolem’s problem and the Positivity Problem are two long-standing

open problems, whose decidability has not yet been determined. It is known that

the Positivity Problem is Skolem-hard [69]. Instead of reducing from the Positivity

Problem directly, we shall proceed by reducing from the following problem, which has

been shown to be Positivity-hard in [2]:

Definition 6.1. Given a column-stochastic matrix M ∈ Qd×d and a number r ∈
Q ∩ [0, 1], the Markov Reachability Problem consists in determining whether there

exists a number n ∈ N such that (Mn)1,2 ≥ r.

We will now show the following result:

Theorem 6.1. The point-to-point controllability problem for LTI systems whose set

of admissible controls are compact convex polytopes is Positivity-hard.

Proof. Given a column-stochastic matrix M ∈ Qd×d and a number r ∈ Q ∩ [0, 1],

we define the matrix A = diag(M, 0, 0, 1) ∈ Q(d+3)×(d+3) and the compact convex

polytope

P = {(−x, y,x · 1,x · 1),x ≥ 0,x · 1 ≤ 1, 0 ≤ y ≤ x · e1} ⊆ Rd+3,

as well as the source s = (e2, 0, 0, 0) ∈ Qd+3 and target t = (0, r, 1, 1) ∈ Qd+3.

First, suppose that there exists n ∈ N such that (Mn)1,2 ≥ r. Consider the

sequence of controls (ui)
i=n−1
i=0 ⊆ P given by u0 = · · · = un−2 = 0 and un−1 is

the element from P corresponding to x = Mne2 and y = r. This sequence clearly

controls s to t.
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On the other hand, suppose there exists a sequence (ui)
i=n−1
i=0 controlling s to t.

From the fact that the coordinates d + 2 and d + 3 of t are equal, and noting that

multiplying by the matrix A erases coordinate d+2 but not d+3, it follows that un−1

is the only non-zero control, that is, u0 = · · · = un−2 = 0. Therefore, at time n− 1,

we will be in state (Mn−1e2, 0, 0, 0), and the only way to reach t in the remaining step

is to take un−1 ∈ P with x = Mne2 and y = r, otherwise one of the first d coordinates

will be non-zero. It then follows that (Mn)1,2 ≥ r, by looking at coordinate d+1.

6.2.2 Encoding Hilbert’s Tenth Problem

Given k+1 invertible matricesA1, . . . , Ak, C ∈ Qd×d, the Generalised Matrix Powering

Problem for invertible matrices consists in deciding whether there exist n1, . . . , nk ∈ Z
such that

k∏
i=1

Anii = C.

The techniques used to show the next result are very similar to those employed

in Section 4.4. This result is a strengthening of [11], which we will need in the proof

of Theorem 6.4.

Theorem 6.2. The Generalised Matrix Powering Problem for invertible matrices is

undecidable.

Proof. We will show this result by reducing from Hilbert’s Tenth Problem. Given a

polynomial p ∈ Z[n1, . . . , nk], it is easy to express p(n1, . . . , nk) as a conjunction of

relations of the following form (noting that we may need to introduce fresh variables):

• z = k, where k ∈ Z

• z = x+ y

• z = xy.

We start by showing how to encode each of these constraints as an instance of the

Generalised Matrix Powering Problem for invertible matrices. Firstly, note that

z = k ⇔
(

1 1
0 1

)z
=

(
1 k
0 1

)
.

Secondly, note that

z = x+ y ⇔
(

1 1
0 1

)x(
1 1
0 1

)y (
1 −1
0 1

)z
=

(
1 0
0 1

)
.
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Thirdly, note that

z = xy ⇔ ∃x′, y′ ∈ Z,

1 0 0
0 1 0
0 0 1

 =

1 x− x′ z − xy
0 1 y − y′
0 0 1


and that the latter matrix is just equal to1 0 −1

0 1 0
0 0 1

z1 0 0
0 1 −1
0 0 1

y′1 1 0
0 1 0
0 0 1

x1 0 0
0 1 1
0 0 1

y1 −1 0
0 1 0
0 0 1

x′

.

Finally, conjunction can be achieved by making use of separate matrix blocks:

k∏
i=1

Anii = C ∧
k∏
i=1

Bni
i = D ⇔

k∏
i=1

(
Ai 0
0 Bi

)ni
=

(
C 0
0 D

)
.

Definition 6.2. Given invertible matrices A1, . . . , Ak ∈ Qd×d and two non-zero vec-

tors x,y ∈ Qd, the vector reachability problem for invertible matrices consists in

deciding whether there exist n1, . . . , nk ∈ Z such that

k∏
i=1

Anii x = y.

Note that this problem is similar to the Generalised Orbit Problem, which was

shown to be decidable when A1, . . . , Ak ∈ SL(2,Z) [74], but here we fix the order in

which we multiply the matrices A1, . . . , Ak.

Theorem 6.3. The vector reachability problem for invertible matrices is undecidable.

Proof. This can be shown by reduction from the generalised matrix powering problem

for invertible matrices. In particular, given invertible matrices A1, . . . , Ak, B ∈ Qd×d,

letting b1, . . . , bd denote the columns of B, and letting e1, . . . , ed denote the canonical

basis of Rd, the result follows from the fact that

k∏
i=1

Anii = B ⇔
k∏
i=1

Ai · · · 0
...

. . .
...

0 · · · Ai


nie1

...
ed

 =

b1
...
bd

 .
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6.2.3 Undecidable instances

The goal of this section is to prove the following result.

Theorem 6.4. The point-to-point controllability problem for LTI systems whose sets

of admissible controls are disjoint unions of finitely many closed convex polytopes is

undecidable.

Proof. We prove this by reduction from the vector reachability problem for invertible

matrices (defined in Section 6.2.2).

Let A1, . . . , Ak ∈ Qd×d be invertible matrices and x,y ∈ Qd be non-zero vectors.

For each i ∈ {1, . . . , k}, we define

Bi =

Id 0 0
0 Ai 0
0 0 A−1

i


and M = diag(Bk, . . . , B1, Id, 1) ∈ Q((3k+1)d+1)×((3k+1)d+1).

Moreover, we let, for each i ∈ {1, . . . , k},

P(1)
i = {0}3(k−i)d × {(−z, z,0,0), z ∈ Rd} × {0}3(i−1)d × {1} ⊆ R(3k+1)d+1

P(2)
i = {0}3(k−i)d × {(−z,0, z,0), z ∈ Rd} × {0}3(i−1)d × {1} ⊆ R(3k+1)d+1

Q(1)
i = {0}3(k−i)d × {(0,−z,0, z), z ∈ Rd} × {0}3(i−1)d × {1} ⊆ R(3k+1)d+1

Q(2)
i = {0}3(k−i)d × {(0,0,−z, z), z ∈ Rd} × {0}3(i−1)d × {1} ⊆ R(3k+1)d+1.

We also let Pi = P(1)
i ∪̇P

(2)
i and Qi = Q(1)

i ∪̇Q
(2)
i . We define the set of admissible

controls as

U =
k⋃
i=1

(Pi∪̇Qi) ∪̇{0}.

Finally, defining s = (x,0, . . . ,0, 0), and t = (0, . . . ,0,y, 2k), it holds that s can be

controlled to t if and only if there exist n1, . . . , nk ∈ Z \ {0} such that

k∏
i=1

Anii x = y.

For the “if” implication, suppose that such n1, . . . , nk exist. We can use precisely

2k non-zero controls, which will correspond to times t1 = 0, t2 = |n1|, t3 = |n1| +
1, . . . , t2k−1 = |n1| + · · · + |nk−1| + k − 1, t2k = |n1| + · · · + |nk| + k − 1. For each
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i ∈ {0, . . . , k − 1}, ut2i+1
will belong P(1)

k−i or P(2)
k−i when nk−i ≥ 0 and nk−i < 0

respectively, with

z =
k∏

j=k−i+1

A
nj
j x.

On the other hand, for each i ∈ {0, . . . , k − 1}, ut2i+2
will belong to Q(1)

k−i or Q(2)
k−i

when nk−i ≥ 0 and nk−i < 0 respectively, with

z =
k∏

j=k−i

A
nj
j x.

It is clear that this sequence controls s to t.

We now proceed to showing the more challenging “only if” implication. We first

note that, for any sequence controlling s to t, for all i ∈ {1, . . . , k}, there exists

r ∈ {1, 2} such that both P(r)
i and Q(r)

i are used exactly once each and that both

P(3−r)
i and Q(3−r)

i are never used. This claim is easy to prove: s has a non-zero

component in the first block (of dimension d), whilst t does not, and so we need to

use an element of P1 to make that component 0. As a result of that, either the second

or third block will have a non-zero component, which needs to be cleared in order

to hit t, and therefore an element of Q1 needs to be used. Afterwards, we will have

a non-zero component in the fourth block, which again needs to be cleared (unless

k = 1, of course). The same argument can then be applied inductively. That each

Pi and each Qi can only be used once follows from the fact that we can only use 2k

controls over all, and that each needs to be used at least once.

We suppose, for notational simplicity and without loss of generality (as Ai and

A−1
i can be exchanged), that all used controls come from the P(1)

i and Q(1)
i . We also

suppose that these controls are taken with z = ui and z = vi respectively (the reader

may refer to the definition of the control set for clarifying this notation). After the

controls are applied (whatever their order), for some n1,m1, . . . , nk,mk ∈ N 1, we will

be the following state:

(−uk, Ankk uk − A
mk
k vk,0,vk − uk−1, . . . ,v2 − u1, A

n1
1 u1 − Am1

1 v1,0,v1, 2k) .

For this to be equal to t, the following needs to hold:

y = v1 = An1−m1
1 u1 = An1−m1

1 v2 = An1−m1
1 An2−m2

2 u2 = · · · =
k∏
i=1

Ani−mii x.

This concludes our proof.

1Note that ni corresponds to the number of steps since a control from Pi was applied, whilst mi

corresponds to the number of steps since a control from Qi was applied.
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6.3 Continuous-time systems

6.3.1 Decidable Instances: Reducing to the Continuous Or-
bit Problem

Given two matrices A ∈ Rn×n and B ∈ Rn×d, consider the following differential

equation:

ẋ(t) = Ax(t) +Bu(t). (6.1)

We recall that the continuous point-to-point controllability problem for linear time-

invariant (LTI) systems amounts to deciding whether, given initial and target points

s, t ∈ Rn, there exists a real T ≥ 0 and a measurable function u(t) : [0, T ]→ Rd such

that the unique solution to Equation (6.1) starting at x(0) = s satisfies x(T ) = t.

We will show that this problem is decidable in polynomial time, by reduction to

the Continuous Orbit Problem. The Continuous Orbit Problem consists of deciding

whether, given initial and target points s, t ∈ Rn and a matrix A ∈ Rn×n, the unique

solution x(t) = exp(At)s of the differential equation{
ẋ(t) = Ax(t)

x(0) = s
(6.2)

ever hits t. This problem was shown to be decidable in polynomial time in [41, 28].

Before proceeding, we prove a few simple definitions and preliminary results.

Lemma 6.5. The solution to Equation (6.1) is given by

x(t) = exp(At)

(
x(0) +

∫ t

0

exp(−Ay)Bu(y) dy

)
.

Proof. Let z(t) = exp(−At)x(t). Then

ż(t) = −Az(t) + exp(−At)ẋ(t)

= −A exp(At)x(t) + exp(−At)Ax(t) + exp(−At)Bu(t)

= exp(−At)Bu(t)

⇒ x(t) = exp(At)z(t) = exp(At)

(
x(0) +

∫ t

0

exp(−Ay)Bu(y) dy

)
.

Lemma 6.6. Let V be a vector subspace of Rn and f : R+
0 → V be a measurable

function. Then, for any t ≥ 0,
∫ t

0
f(y)dy ∈ V.
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Proof. Let r ∈ V⊥. Then

rT
∫ t

0

f(y) dy =

∫ t

0

rTf(y) dy =

∫ t

0

0 dy = 0

and therefore
∫ t

0
f(y)dy ∈ (V⊥)

⊥
= V , because V is closed.

The matrix

C =
(
B AB A2B · · · An−1B

)
(6.3)

is called the controllability matrix for the LTI system defined in Equation (6.1). We

will denote its image by =(C).

Lemma 6.7. The following are equivalent:

1. r ∈ =(C)⊥.

2. rT exp(−Ay)B is identically zero on [0,∞).

3. There exists T > 0 for which rT exp(−Ay)B is identically zero on [0, T ].

Proof. We show that (1) ⇒ (2) and that (3) ⇒ (1). It is trivial that (2) ⇒ (3). By

the Cayley-Hamilton Theorem, r ∈ =(C)⊥ ⇒ rTAkB = 0 for any k ≥ 0. The first

implication follows from the power series definition of matrix exponentials. For the

second implication, note that if f(y) , rT exp(−Ay)B is identically zero on [0, T ]

then 0 = f (k)(0) = rT (−A)kB.

Proposition 6.8. For any T ≥ 0 and v ∈ =(C), there exists a piecewise constant

function u : [0, T ]→ Rd such that∫ T

0

exp(−Ay)Bu(y) dy = v. (6.4)

Proof. Let H denote the space of piecewise constant functions mapping [0, T ] to Rd,

and consider the function g : H → V defined by

g(u) =

∫ T

0

exp(−Ay)Bu(y) dy.

It is clear from Lemma 6.6 and from Lemma 6.7 that =(g) ⊆ =(C). To show the

converse containment, let r ∈ =(g)⊥. Then, for all u : [0, T ]→ Rd,

0 = rT
∫ T

0

exp(−Ay)Bu(y) dy =

∫ T

0

rT exp(−Ay)Bu(y) dy

and therefore rT exp(−Ay)B must by identically zero on [0, T ], due to the arbitrarity

of u. Thus, we can conclude from Lemma 6.7 that r ∈ =(C)⊥, which implies that

=(g)⊥ ⊆ =(C)⊥, due to the arbitrarity of r, implying that =(g) = =(C).
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We can finally prove the main result of this section.

Theorem 6.9. The continuous point-to-point controllability problem for LTI sys-

tems reduces to the continuous orbit problem in polynomial time, and therefore is in

PTIME.

Proof. Consider the quotient vector space Rn/=(C). Noting that =(C) is invariant

under A, A induces a well-defined linear operator on Rn/=(C). We claim that t+=(C)

is in the orbit of s + =(C) by A if and only if we can control Equation (6.1) from s

to t.

If we can control Equation (6.1) from s to t then, due to Lemma 6.5, there exists

T > 0 such that

t = x(T ) = exp(AT )

(
s+

∫ T

0

exp(−Ay)Bu(y) dy

)
for some control function u : [0, T ]→ Rd, so

t+ =(C) = exp(AT )(s+ =(C)),

as ∫ T

0

exp(−Ay)Bu(y) dy ∈ =(C)

due to Lemma 6.6.

On the other hand, suppose that t+=(C) is in the orbit of s+=(C) by A. Then,

there exist T > 0 and v1,v2 ∈ =(C) such that

t+ v2 = exp(At) (s+ v1) .

Due to Equation (6.4), there exists a control function u : [0, T ]→ Rd such that∫ T

0

exp(−Ay)Bu(y) dy = v1 − exp(−AT )v2

and so

x(T ) = exp(AT )

(
s+

∫ T

0

exp(−Ay)Bu(y) dy

)
= exp(AT ) (s+ v1 − exp(−AT )v2)

= exp(AT ) (s+ v1)− v2 = t.
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6.4 Conclusion

Complete state controllability for LTI systems has long been characterised by Kalman’s

criterion, which states that such a system is controllable (that is, any state can be

controlled to any other one in finite time) if and only if the controllability matrix has

full row rank. We studied the hardness of deciding controllability for a given pair

of states. In particular, if the set of controls is rich enough (finite union of convex

polytopes), we showed that this problem is undecidable by encoding Hilbert’s Tenth

Problem. Even when the set of controls is a convex polytope, we proved Skolem-

hardness (actually, we proved Positivity-hardness, which is stronger). The problem

becomes decidable when the set of controls is a linear subspace, by reduction to the

Continuous Orbit Problem.

It would be interesting to get a tighter characterisation of the hardness of this

problem when the set of controls is a convex polytope, either by showing undecidabil-

ity, or by giving an algorithm that queries an oracle to a more famous open problem,

such as the Positivity Problem.
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