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ABSTRACT

PHASE SEPARATION IN SOLUTIONS OF LARGE
SPHERICAL PARTICLES

George Jackson Doctor of Philosophy
Exeter College Trinity Term 1986

The effect of large size ratios of solute to solvent on
the «critical properties and phase behaviour of binary
mixtures of spherical particles 1is investigated wusing an
"augmented van der Waals" equation of state. The equation
used 1is essentially a van der Waals equation with an
improved hard sphere repulsive term.

Molecular dynamics and constant-pressure Monte Carlo
simulations of binary mixtures of hard spheres with
different diameter ratios and mole fractions are undertaken
to check the adequacy of the hard sphere equation. Good
agreement is found, even for systems with large differences
in size. Furthermore, many of the hard sphere mixtures
exhibited a transition from a fluid to a solid phase at high
densities.

Phase boundaries are calculated for model mixtures
comprising spheres of different sizes between which there
are long-ranged attractive forces. Particular attention |is
paid to the case in which the ratio of sizes is infinite.
The systems show a wide variety of behaviour that includes
liquid-liquid and gas-gas immiscibility, and the formation
of negative azeotropes. Calculations investigating the
effect of different attractive interactions between the
small and large spheres show that as the magnitude of this

interaction is increased, liquid-liquid immiscibility
becomes the dominant feature of the phase diagram at
moderate temperatures. The extent of 1liquid-liquid

coexistence is greatest at large size differences. These
model systems are shown to reproduce some of the behaviour
of aqueous solutions of surfactants if it is assumed that
the 1large spheres are models of the micelles and the small
spheres models of the solvent molecules.

The properties of binary lattice mixtures of
bifunctional molecules whose ends are chosen to mimic
surfactant and solvent molecules are also briefly
investigated, to determine the effect of the asymmetric
surfactant molecule on the phase separation. Closed-loops
emerge in the phase diagrams as the surfactant character of
one of the species is increased.
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CHAPTER 1

HARD SPHERES AND THEIR MIXTURES

1.1 INTRODUCTION

Colloidal dispersions, micellar solutions and other such
systems, which comprise solute particles that are large
relative to the solvent particles 1in which they are
dispersed, are an ever increasing feature of everyday life.
Indeed, the principal components of these complex systems
are of considerable industrial interest, appearing
commercially as emulsifiers, detergents and solubilizers
etc. The physical and chemical properties of these
solutions seem to be dominated by the large solute-to-
solvent size ratios. They exhibit very interesting phase
behaviour with varying degrees of immiscibility, including
such complex phenomena as Lower Critical Solution
Temperatures (LCST) at low solute densities, as well as

closed coexistence loops.

Very often, for solutions of such systems, the solute
may be approximated by spherical particles in some regions
of the phase diagram, and in certain cases this may be true

even over a relatively large temperature and concentration
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range: NMR line-width and diffusion studies for
zwitterionic betaine sulphate surfactant-water systems
indicate that small spherical micelles are formed which show
no dramatic growth in aggregate size with changes in
temperature and concentration [l1]; in aqueous micellar
solutions of polyoxyethylene surfactants (Ci2Eg), the small
spherical micelles are not appreciably affected by changes
in temperature and are thought to remain virtually unchanged
in size and shape for a range of concentrations [2],(3].
Bearing 1in mind these experimental observations, a possible
approximation for these solutions could involve an equation
of state for mixtures of rigid spheres.

The effect of large size ratios on the phase separation
of binary mixtures of spherical particles has received
little attention in the 1literature. The Flory-Huggins
polymer solution theory (4] treats size differences
specifically in terms of polymer 1linkages and ideal
behaviour. Van Konynenburg and Scott [5] have determined
the critical 1lines and phase equilibria of binary
van der Waals mixtures over a range of attractive
interactions for equal particle diameters dj=d; as well as
some results for djp/d;=1.26. However, 1in the case of
micellar solutions and colloidal dispersions much larger
solute-to-solvent size ratios are encountered. 1In order to
investigate the mechanisms of phase separation in such
systems, this thesis presents theoretical studies of phase
equilibria in binary mixtures of spheres with large diameter

ratios (eg. d3/d;=20/1 and dj/d;=«).



HARD SPHERES AND THEIR MIXTURES Page 3

In this chapter the suitable equations of state for hard
sphere mixtures are discussed, and the equation which is the
the best representation of the hard sphere properties is
chosen. The equation of state's adequacy in reproducing the
exact hard sphere data 1s established in Chapter 2.
Monte Carlo and molecular dynamics simulations are
undertaken for binary mixtures of hard spheres of different
sizes and compositions, and the results are compared with
those calculated using the hard sphere equation. In Chapter
3 the critical point and phase equilibria of a system of
pure hard cores is determined. Throughout the research the
term "hard cores" will refer to systems of hard spheres
between which there are weak but 1long-ranged attractive
interactions. An investigation of the phase equilibria in
binary mixtures of hard cores with large size differences is
undertaken for systems of point particles and spheres in
Chapter 4, and for systems with large but finite size ratios
in Chapter 5. Chapter 6 compares these results with the
equivalent calculations for mixtures of point particles and
van der Waals molecules. Some phase separations in mixtures
distributed on a lattice are also presented in Chapter 7 for
a binary mixture of A-A, solvent molecules, and a-b,
surfactant molecules, to 1investigate the effect of the
asymmetric surfactant molecule on the phase separation.
Finally, Chapter 8 compares the results of the theoretical
calculations with experimental data for équeous solutions of

surfactants.
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1.2 EQUATION OF STATE FOR PURE HARD SPHERES

Systems of hard spheres are of interest in statistical
mechanics because they provide a starting point for
perturbation theories applicable to more realistic
intermolecular potentials, as well as being one of the
simplest systems to -exhibit freezing transitions. An
accurate representation of an assembly of pure rigid spheres
was proposed by Carnahan and Starling [6]. Carnahan and
Starling approximated the reduced virial coefficients of an
accurate reduced virial expansion, obtained from known
virial coefficients, by integers to give an infinite power
series which on summing produced the familiar form of the
equation of state for the compression factor Z in terms of

the reduced density n.

PV 1 +r]+r]2--r13 Ng®

= = r‘ =
NkT (1-rp® ' 6V

ZCS

This equation can be understood as an averaging process
over the compressibility and wvirial results from the
solution of the Percus-Yevick (PY) integral equation [7].
This integral equation for the radial distribution function
was solved explicitly for pure hard spheres by Thiele [8]
and by Werthéim (9]. Two routes are then possible to an
equation of state: the compressibility equation requires
the grand canonical ensemble for its derivation and the

virial -equation relates the pressure to the pair
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distribution function by differentiation of the logarithm of

the configurational integral of the canonical ensemble.
2 2
1+n+n 142n+3n

7t - — 7' =
(1-r) > (1-n) 2

Neither of these equations exhibit$S a phase transition
whereas the computer simulations show that rigid spheres
solidify at high densities. Furthermore, these equations
permit densities in excess of close-packing, n=1vY2/6.
However, in the fluid region both the compressibility and,
to a lesser degree, the wvirial expressions are in close
agreement with machine simulations (Fig. 2.1 of Chapter 2).

Carnahan and Starling observed that taking one third of
the wvirial result and adding to it two thirds of the
compressibility result reproduces the equation obtained from

the accurate virial expansion.

z°5=§z°+‘gzv

This relation is in excellent agreement with
machine-calculated results for pure hard sphere systems,
and, rather surprisingly, the equation 1is superior in
accuracy to the Padé approximant virial expansion on which
it is based [6]. In Section 2.3 of Chapter 2 the Carnahan
and Starling equation 1is compared with the exact data

obtained from molecular dynamics simulations.
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1.3 EQUATIONS OF STATE FOR HARD SPHERE MIXTURES
1.3.1 Mansoori Equation

The Percus-Yevick integral equation for mixtures of hard
spheres was solved explicitly by Lebowitz [10]. Mansoori et
al. [11] generalized the approach of Carnahan and _Starling
to mixtures by using Lebowitz's results to give an accurate
representation of hard sphere mixtures. As expected the
resulting equation of state, and thermodynamic functions
calculated from it, reproduce the computer-calculated data
for mixtures of hard spheres very well at liquid densities,
but it fails to predict the solid transitions (see
Chapter 2). The Mansoori equation is based on an averaging
process over the compressibility and wvirial results and it
is the best analytical equation of state presently‘available
for multicomponent systems of rigid spheres.

Lebowitz's results for a hard sphere mixture of m

components are

(1+8+8%) -3 (y +y,8)

YAl
(1-8)°
3
ZV _ Zc _ _Eﬁﬁ_Z§3
(1-%)
; NG =
with E:an,qlz —, 2 x = 1
1=1 6V 1=1 '

y, = 2 A (d+d) (dd)*
J>1=1
. s n. (dd)"?
J>|=1 k=1 E d

k

y3 _ [z":" (—2_'.) 2/3x1'/3 ]3

A, = Linn)?/810(d ~d)?/d d] (xx) "

P
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where Z=PV/NKT is the compression factor and § the total
reduced density. Nnj 1is the reduced density, d; the hard
sphere diameter and xj; the mole fraction of the jth
component. By taking the appropriate average the Mansoori

equation follows:

zcv=§z°+%—zv

(148489 =38 y, +y,8) -y,&
(1-8)°

ZCV

This average is in agreement with theoretical
calculations by Lebowitz and Rowlinson [12] for mixtures of
hard spheres which indicate the superiority of the
compressibility relation over the virial result.

In the case of a binary mixture of the hard spheres the

Mansoori equation becomes

o (1+8+89) -3 (yl+y25) —y3€3

(1-3)3
2 N d° N.d>
E = z: - + LI _ 2 2
I=1n' r\‘ nz '] rh 6\/ '} nz 6V
(d,~d,) * (d,+d,) x,x, (d?x, +d2x,) ®
y] = P y3 =

3 3
(d‘x1+d2x2)
2, 2 2
d,dz (d‘—dz) (d]xl+d2x2) X X

3 3,2
(d1x]+d2x2)

3 3 .2
(d1x‘+d2x2)

2
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1.3.2 McGlashan Equation

A similar but not identical equation of state for a
mixture of hard spheres has been used for phase equilibrium
calculations by McGlashan et al. [13]. McGlashan started
with the -equation of state for pure rigid spheres obtained
by Carnahan and Starling which is expressed in terms of the
molar volume, Vg, and the sphere size parameter, b, (instead
of the reduced density which incorporates both these
parameters) plus a van der Waals type attractive term,

involving the parameter a.

i V34V 3V bbb’ s mLd®
P = R m m m -
) R 6

The equation was then extended to binary fluid mixtures
by using the "one-fluid" theory of mixtures, redefining the
intrinsic volume parameter b and the attractive parameter a

with those prescribed by van der Waals.

2 2 1/3 1,73 (173
b = b ,x +2b x x +b,x., b, = 2(b b )

= 22 X .+ x 2
a = anx‘+ alZXI 2 T227 2

This is an appropriate approximation in the case of

non-polar, non-reacting components removed from the critical
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point when there are no large differences between the
critical temperatures and molecular sizes of the pure
components. Hence, one would expect the hard sphere
repulsive term of this approximate equation, derived from
the pure hard sphere Carnahan-Starling relation, to be a
less accurate representation of a hard sphere mixture's
properties than the Mansoori et al. equation described

earlier. This point is pursued in the following section.

1.4 VIRIAL COEFFICIENTS

A formal comparison of the Mansoori and McGlashan
expressions for binary mixtures of hard spheres can be
achieved by comparing their corresponding virial

coefficients with the exact hard sphere virial coefficients.

1.4.1 Mansoori Virial Coefficients

By using the binomial expansion, the Mansoori et al.
equation of state is expressed in terms of a power series in

density.

2 = TU+848Y) -38 (y,+y,8) -y, E"] (1438+68%...)
2% = 14 (4-3y) &+ (10-9y -3y ) &% ..
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The second virial coefficient (B) is the coefficient of
the linear terms in density, and the third wvirial
coefficient (C) is the coefficient of terms in density

squared.

B = V(4-3y )&
cv 2 2
cC’ =V (10—9)/‘—3)/2)2
with
2
(d‘—-d2) (d‘+d2) X X,
(d?x1+d2x2)
d. (d. -d.) % (d®x, +d°x.)
d,d, (d,-d, ( X H0X,0 XX

3 3.2
(d‘x‘+d2x2)

2

Yy =
The second virial coefficient is

d -+d 3
B®Y =%ﬂN[d]3x12+2( ]2 2) x]><2+d23><22

The third virial coefficient is

e = 2(emd?) ¥+ 3(2ma3) *;

2

d +d d  +d
+'5'Z72,"2N2[d16+32( 1; 2) 3d‘3—-18( 1; 2) 2d‘4] ><‘2x2

d +d
+§2H2N2[d:+32( ‘; 2) 3d;-18( ]2 2) 2dk:} x\x:
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Therefore, it is clear that the virial coefficients have

the expected form:

2 2
B B“x‘+2812x X +B X,

C

3

3
X +C
me‘+3C”2x 2 +3C ,X 297X 5

1.4.2 Exact Hard Sphere Virial Coefficients

Kihara [14) has calculated the second and third wvirial
coefficients for various systems of unlike molecules
including square well and Lennard-Jones potentials using the
expressions for the coefficients derived from statistical
mechanics (these can be explicitly integrated for such
systems). The results obtained for a binary mixture of
square wells were particularly helpful in our case because
by taking the well depth as zero, a hard sphere potential is
obtained with corresponding expressions for the wvirial
coefficients. Hence, the exact second and third virial
coefficients for a binary mixture of hard spheres derived

from Rihara's square well expressions are quoted as follows:

d .+d
2 3 2 3 2 1 2
B, = £INd*, B, = £INd_, B, = TN (—5—2)

1 3 R At 12

c,,, = 2(2md?) %, c,, = 2(&md?)’

m ~ 8 222

d +d
C,pp = i d 432 (—5-2) *a 218 (52

112

d +d
Crpp = i1 d 832 (52 )

122



HARD SPHERES AND THEIR MIXTURES Page 12

The above results are reproduced by the Mansoori et al.
equation of state, indicating that this hard sphere equation
is correct to the third virial coefficient. This result |is
not unexpected because the equation 1is based on the
Percus-Yevick approximation which is correct to three-centre
interactions but neglects some four-centre interactions. 1In
fact, if the pure Carnahan-Starling hard sphere equation is
expanded in a similar fashion, the fourth virial coefficient
is obtained and it is found to be slightly different to the

exact hard sphere result (see below).

ov o _1a332 . 93 3 243
D™ = 12TINd _32b = 0.28125b" , b = SHNd

D¥*** = 0. 28695b°

Therefore, the Carnahan-Starling hard sphere equation is

not correct to the fourth virial coefficient but has a small

error of 1.97% in D.

1.4.3 McGlashan Virial Coefficients

The virial coefficients for the equation proposed by
McGlashan et al. are obtained in much the same way. If the
repulsive portion of the equation is expanded, an
appropriate power series in density is obtained from which
the wvirial coefficients are determined (Note that the
parameter b in the equation is equivalent to the

corresponding van der Waals parameter b', with b'=4b).
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It is clear that the second virial coefficient 1is the
same as the exact virial coefficient whilst the third virial
coefficient differs from it. In order to quantify this
deviation from the exact result, we can examine the
difference between the exact and the McGlashan third

virial (shown below).

AC = 5oL’ (d -d ) 2[ 8d ¥(2d \+d ) x -15(d 2d ) *

l 2

+8d, *(2d ,+d xzj X X,

It 1s interesting to note that the greater the
difference in the molecular sizes of the two components, the
more the McGlashan equation's third virial coefficient
deviates from the exact result. This observation confirms
that the "one-fluid" approximation mentioned previously does
not hold true when the two components vary in size. In the
case of a binary mixture of equal-sized hard spheres, the
third virial coefficient obtained for the McGlashan equation

reproduces the exact third coefficient.

1.5 CONCLUSION

The arguments in favour and against the two equations of
state investigated are now clear. If the system of interest
involves a binary mixture of hard spheres of equal sizes,
the Mansoori and McGlashan equations are equivalent at all

densities, and both provide a relatively accurate
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representation of hard sphere properties. For binary
mixtures with hard spheres of different sizes, the Mansoori
equation 1is a better representation of the hard sphere
properties than the McGlashan equation, and the superiority
e

of A Mansoori expression is greatest when the difference in
size is large. Therefore, the Mansoori et al. equation
will be better suited to investigate the phase equilibria of
solutions of large spherical particles than the "one-fluid"
expression of McGlashan et al.

In the next chapter the properties of binary hard sphere
mixtures calculated using the Mansoori equation of state are
compared with the exact results of computer simulations. A
special emphasis 1is placed on mixtures with large size

differences to check the Mansoori equation's reliability

under these extreme conditions.



CHAPTER 2

COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES

Only a few problems in statistical mechanics are exactly
soluble, and these 1include systems such as the ideal
monatomic gas, the Einstein crystal, and the two-dimensional
Ising model. In cases where an exact solution is not
possible, or is intractable, a straight-forward
approximation may enable a reasonable analysis of the
problem to be made. The evaluation of the virial expansion
for dilute, imperfect, gases is a good example of the use of
such an approximate scheme. However, many approximate
theories fail when applied to liquids.

Computer simulations play a very important role in
enabling us to obtain essentially exact results for systems
in statistical mechanics where exact solutions are not
possible and only approximate methods are available. Hence,
a valuable use of computer simulations is to test these
approximate schemes, discriminating between the good and bad
theories. Furthermore, computer generated results verify
the fundamental validity of the underlying conceptual model
when compared with the results of real experiments by

providing a direct route from the microscopic details of the



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 17

system to the macroscopic properties of experimental
interest.

In this chapter binary mixtures of hard spheres of
different sizes and compositions with diameter ratios
ranging from d,/d7=3/5 to dj;/d3=1/20 and for mole fractions
between x2=0 and xp=1 are investigated using computer
simulations. The results are compared with those calculated
from the equation of state for hard sphere mixtures proposed
by Mansoori et al. (see Chapter 1). Although some computer-
generated data are already available for mixtures of hard
spheres, only a few size ratios and compositions have been
examined (see Section 2.4) so that a complete and thorough
testing of the Mansoori equation 1is not possible until
further simulations are undertaken at other size ratios and
mole fractions. Furthermore, since the Mansoori equation of
state 1is wused 1in future chapters to calculate the phase
equilibria and critical points of hard core mixtures with
large size differences (d3/d2=1/20 and d;/d;=0), it was
necessary to check that the equation accurately reproduces
the hard spheres properties, even at these extreme size
ratios.

The random "spinning-of-the-wheel"” Monte Carlo MC
technique is wused to obtain ensemble averages for mixtures
of hard spheres in the canonical NVT ensemble with the
standard canonical Monte Carlo MC(NVT) method, as well as in
the isothermal—isobarif NPT ensemble with constant-pressure
Monte Carlo MC(NPT). Molecular dynamics MD simulations of

hard sphere mixtures are also undertaken which enable a
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comparison with the Mansoori and Monte Carlo results, and
provide dynamical information for the systems of <colliding
spheres. In the following sections these methods of
computer simulation are described briefly, after which the
computer—-generated results for hard sphere mixtures are
presented. There are more detailed descriptions of the

techniques in standard text books (15},{16],[17].

2.1 MONTE CARLO SIMULATIONS

The Monte Carlo method was proposed independently by
Mayer and by von Neumann and Ulam [18]. Mayer suggested
that the method was useful 1in statis tical mechanical
calculations of 1liquids, while Ulam proposed it as a
procedure of general usefulness.

The Monte Carlo technique deals with multi-dimensional
integrals by integrating over a random sampling of points
instead of over a regular array of points. In practice,
however, this method is not useful for high density states
of configurational energy U because configurations with very
low weighting, where exp(-U/kT) is very small, are chosen
with high probability, due to molecular overlaps. To
overcome this problem Metropolis et al. [19] employed a
modified Monte Carlo scheme where instead of choosing
configurations randomly and then weighting them with
exp(~U/kT), they choose configurations with a probability
exp(-U/kT) and weight them evenly. This method is what is

now usually referred to as the Monte Carlo method.
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The original simulations were for systems of hard
spheres and disks in the canonical NVT ensemble. However,
within a few years, Monte Carlo simulations were performed
for Lennard-Jones molecules by Wood and Parker [20] which
allowed the computer-generated data to be compared with the
experimental data of, for example, liquid argon. The
technique of Monte Carlo simulations 1in the canonical

ensemble MC(NVT) is described in the following section.

2.1.1 Canonical NVT Ensemble

The object of the Monte Carlo method in the canonical
ensemble is to evaluate expectation values of a function
f(rN) which depends on the coordinates of the N particles
for a thermodynamic system of volume V in equilibrium at
temperature T. Strictly speaking we have to take the
thermodynamic 1limit with both the number of particles and
volume tending to infinity. The canonical ensemble average

of £ is then given by

[, e (=Y exp (U (=M /KT)
N N
[, drexp (U (= /kT)

<f>NVT=

where U(rN) is the configurational potential. In the
simplest case the average of the configurational potential
is obtained when f is U itself. The multiplicity of the
integral is of the order of 1023’for macroscopic systems and
its evaluation by brute-force methods is extremely difficult

even for systems of a few hundred particles. The
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conventional Monte Carlo brute-force method of Ulam (18] for
evaluating this integral 1is to choose points at random in
all of phase space to produce a number M of different
configurations, 1labelled i from 1 to M. 1In other words we

get a sum of terms

M ' M
<E> = 2 fexpUn/kn/ 2 exp (<U (1) /kT)
je

1 1=1

However, as stated previously, this is very inefficient
except at very low densities because virtually all choices
of i will result in large values of U(i)/kT since we are
quite 1likely to have two particles "overlap". Such states
give rise to wvirtually no contribution to the sum. A
solution to this problem would be to choose configurations
for which exp(-U(i)/kT) is large, but this type of biased
Monte Carlo procedure is extremely difficult.

On the other hand if configuration, i, 1is <chosen with
the probability , exp(-U(i)/kT), then the ensemble average

is simply
M
<f> = me/ M
te=l

The introduction of this Metropolis importance sampling
scheme solves the problem. The next question which arises
is how to sample according to this probability distribution.

There is no unique way of doing this, but a recipe which

is commonly used is the following. An initial
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configuration, i, is chosen and a particle of the system is
selected either «cyclically or at random. The selected
particle is then moved along each axis by random amounts 1in
the interval -8B to +B to produce a new configuration, j.
For molecular systems a random reorientation of the selected
molecule 1is also undertaken. The difﬁerence in energy

between the new and the old configuration is then evaluated:

AU = UG) - UG

This is a relatively fast calculation in terms of
overall computing time because it only involves neighbours
of the particle which moved. If the change 1in energy |is
negative with U(j)<U(i) the move is accepted because j is a
more probable configuration than i, and a bias toward
configurations which contribute more significantly in the
sum is desired. However, in order not to get trapped in one
region of high probability, the move is not necessarily
rejected if U(j)>U(i). A move corresponding to an increase
in energy is accepted with a probability
exp-[(U(Jj)-U(i))/kT]) by comparing the probability with a
number randomly distributed between 0 and 1. If the value
of exp-[(U(3j)-U(i))/kT] is greater than the random number,
the new configuration is accepted. For values of
exp-[(U(3)-U(1))/kT] which are less than the random number,
the move 1is rejected and the system is returned to the
initial confiquration which 1is recounted 1in the sum.

Metropolis et al. [19] and Wood and Parker [20] have shown
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in the language of Markov processes that this procedure
produces a canonical distribution.

By starting with an 1initial configuration such as a
face-centred cubic lattice, and by randomly moving the
particles as described above, equilibrium is achieved. Some
tens of thousands of moves may be required depending on the
system being investigated. Because only a finite system can
be studied, periodic boundary conditions with the usual
minimum image distance interaction are used. This confines
the finite number of molecules to a wunit cubic space,
representing in effect an infinite three-dimensional space
made up of unit translations of the basic cell. The value
of B representing the displacement of each particle is
arbitrary, but is usually chosen to give a success rate for
the moves of the order of 50%. This means that we are
sampling regions of phase space with high probability
configurations for a sufficient amount of "time". Typically
B is about 1/20 of the particle diameter. Once in
equilibrium the ensemble averages are accumulated so that
the sum of the function f(rN) under investigation is
determined for a number of configurations. Good statistics
for the average value of f(rN) are obtained with a large
enough number of moves M. Clearly, this enables any point
in configurational space to be reached so that method is
ergodic.

This general Monte Carlo scheme is simple in the case of
sytems of hard spheres. A particle is chosen and moved at

random, and the sphere's new position is then checked for



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 23

any overlaps with all the other spheres. All trial moves
involving an overlap are immediately rejected since
exp-{(U(j)-U(i))/kT]=0 would be smaller than any random
number betwgen 0 and 1. Equally, all moves which do not
involve overlaps are immediately accepted. As before in the
case of a rejection the old configuration 1is recounted in
the average.

The system of particular interest is a binary mixture of
N hard spheres with N; spheres of size d; and Nj spheres of
size d72 in a given volume V. The initial configuration for
the system 1is generated by randomly distributing the large
and small molecules on a simple face-centred cubic lattice.
However, this limits the approach to a certain density range
because overlaps occur at higher densities. The problem can
be overcome by swelling the sphere diameters throughout the
simulation to higher density states without overlaps, using
various scaling techniques [21]},{22]. This procedure
generates high density configurations which can be used as
starting points in the Monte Carlo simulations. An
alternative and more effective way of obtaining these higher
density configurations involves wusing isothermal-isobaric
NPT Monte Carlo simulations which will be described in
Section 2.1.2.

Once the initial configuration of the hard sphere
mixture 1is available at the required density the NVT
Monte Carlo simulation can be undertaken. A particle of
either species 1 or 2 is chosen at random. In Smith and

Lea's original simulations of hard sphere mixtures {23}, the
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spheres of both species are moved a random amount in the
range -B to +B along each coordinate axis. However, when
the two particles are very different in size, the smaller
sphere can be moved a greater distance than the larger
sphere without causing overlaps especially at higher
densities. Hence, if both species are moved 1in the same
random range, moves of the small spheres with a reasonable
acceptance value will most certainly cause overlapping
configurations for equivalent moves of the large spheres.
This problem may result in an inefficient sampling of phase
space, and it can easily be overcome by moving each species
different random amounts. If a sphere of type 1 1s chosen
then it 1is moved a random distance in the range -B) to +Bj
along each axis, and similarly if a sphere of type 2 1is
chosen it is moved another random amount in the range -8 to
+B2. When the sphere is moved, its new position is checked
for any overlaps. The move is rejected if an overlap occurs
and accepted if no overlaps are found, and the ensemble
averages are accumulated. As before B} and By are chosen to
give an acceptance rate of the order of 50%.

The radial distribution function for each pair
interaction can be determined from the Monte Carlo
simulation run. In turn, the thermodynamic properties of
the system of hard spheres can be calculated from a
knowledge of the radial distribution functions. After
identifying the molecules of each species using reference
numbers based on their initial coordinates, the

configurations obtained during the course of the simulation



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 25

are analysed by counting the number of each of the 1-1, 1-2,
and 2-2 molecular pairs whose molecular separations lie in a
series of equal intervals. In practice, this process
requires qguite a lot of computer time so that the
configurations are analysed in this way only about every N/2
moves. The cumulative totals over many configurations
computed separately for each type of pair interaction are
recorded, and after suitable normalization give the pair
distribution functions, gj3, 912 and gj33.

The thermodynamic properties of hard sphere molecules
depend only on the distribution functions evaluated at the
point of contact , obtained by short extrapolations of the
pair distributions. A common extrapolation involves fitting
the best straight line through the data of 1ln(g(r)) against
r using a least squares procedure to give the contact value
of g(d) at a separation of d. For a binary mixture of hard

spheres, the equation of state can be written

PV 2N 4 5 5 3
. = ;\l—E =1+ -g;/— (x;d,g,, (d)) +2x,x,d|,g,, (d ) +x,d,g,, (d,))

where N is the total number of molecules, and x; and x3 are
the mole fractions of species 1 and 2 respectively. gj31(dy)
is the pair distribution function for 1-1 interactions in
the mixture evaluated at contact r=dy, g32(d;12) is the
contact value for the 1-2 pairs evaluated at
r=(dy+dg)/2=d12, and g32(dz) 1is the contact value for the

2-2 pairs at r=dp. Hence, by determining the contact values
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of the pair distribution functions, a canonical NVT
Monte Carlo simulation provides a means of obtaining the
equation of state for a mixture of hard spheres.

It must be noted that by carefully choosing the
configurational weighting probability corresponding to a
particular ensemble, the Monte Carlo method can be
generalized for ensembles other than the canonical ensemble.
In the next section the isothermal-isobaric NPT Monte Carlo

technique is described.

2.1.2 Isothermal-Isobaric NPT Ensemble

In NVT Monte Carlo simulations of hard sphere mixtures,
the equation of state must be calculated from the values of
the radial distribution functions at contact which can only
be estimated by extrapolation. The limited precision of the
resulting estimate introduces a further error 1into the
calculated result. This difficulty can be overcome by
turning to isothermal-isobaric Monte Carlo MC(NPT)
simulations, since the calculation of the equation of state
is more direct in the NPT ensemble. The first
constant-pressure Monte Carlo simulations were performed by
Wood for systems of hard disks and spheres [16],(24],(25],
and the technique was extended by McDonald to cover
continuous potentials for mixtures of Lennard-Jones

molecules [26]),([27]).
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isothermal-isobaric NPT ensemble average of a

f(rN,V) which is a function of the coordinates and

the volume is given by

<F> e

[, dvexp (-PV/KT) [, drf (=M, V) exp (<U (=Y, V) /KT)

®
[, dVexp (=PV/kT) [, drMexp (-U (™, V) /KT)

For computational reasons it is convenient to scale the

coordinates with respect to the length of the simulation

cube L

with S=r/L so that the integrals of r become

integrals of S over the unit cube. The NPT ensemble average

with an additional factor of VN which comes from the volume

element dr becomes

<E>pr =

[, dvexp (-PV/kT) VN[ dsMf (s", V) exp (-U (5", V) /kT)

® N N N
[, dvexp (-PV/kT) VN[, dSMexp (U (", V) /kT)

The Metropolis Monte Carlo scheme for the NPT ensemble

follows

from the ideas discussed in Section 2.1.1 for the

NVT ensemble so that states with a probability

exp [- (PV+U (8", V)) ZkT+NnV]

are chosen. A new configuration j is generated from the

initial

configuration i at a given pressure and temperature

by displacing a molecule randomly and making a random volume

change.

particle

As with the canonical Monte Carlo method the

is moved randomly in the range -8 to +B along each
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axis. Random changes in volume are achieved by varying the
box length L with random distributions chosen between -Bi
and +Bj. As before the choices of values for B and B are
arbitrary and are adjusted by trial and error to give an
acceptance rate of about 50%. To determine whether the new
configuration is accepted or rejected the following quantity

is calculated

AH = TUG)-U@)] + PIVGY=V)]T - NkTUnLV () /V (i) ]

and the value of this function is closely related to the
enthalpy change in moving from state i to j. The move is
accepted with a probability equal to exp(-AH/kT) by a
comparison with a random number between 0 and 1. A move may
proceed with a change in particle position, or a change in
volume or a combination of both. 1In practice a change in
volume is computationally more expensive than a change in
particle position. Consequently, 1in a typical simulation
the volume is changed after about every N particle moves,
where N is the total number of particles.

The constant-pressure Monte Carlo simulation is started
from an initial configuration and run with periodic boundary
conditions until equilibrium 1is achieved and the volume
oscillates around a mean value corresponding to the
pressure. Further configurations are then undertaken to

accumulate the averages.
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This general proceedure is even simpler for hard sphere
systems. In the case of binary mixtures of hard spheres, it
is useful to reduce the volume and pressure with respect to
the diameter of the smaller sphere, d;, such that Pr=Pd?/kT

and Vr=V/d%. The NPT ensemble average then becomes

[, dVexp (<P VIV dsf (s, V) exp (U (8", V) /kT)

<>y = TE
T [, dv exp (-P V)W dS¥exp (-U (S", V) /kT)

Actually, the simulations are carried out using
variables scaled with respect to the box length, L, where

d=d;/L, vr=l/d3 and dVr=-3/d4. In this case <f> is given by

[, didexp (-P d™ d" ™[  ds"f (5", d) exp (-U(S",d) /kT)

< F> e = T
NPT [, didexp-P.d™®d ™[  dstexp (U (S",d) /kT)

The Monte Carlo method is then implemented by generating
a Markov chain of states which has a limiting distribution

proportional to

oxp [-P_ d*-U(S", d) /kT- (3N+4) lnd]

When the system is changed from a state i to a state j,
the change in the function H is calculated in the following

way

AH=[U () =U (i) J+P_[d™ () =d™ (i) TkT+ (BN+4) kTlnld (J) /d (1) ]
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The initial configuration 1is generated by randomly
distributing the N different-sized spheres on a face-centred
cubic lattice inside a cubic box with periodic boundary
conditions. The system's pressure and temperature are
fixed, and the initial volume and density of the system are
chosen to produce a configuration without any overlaps. As
with NVT Monte Carlo simulations, one of the particles is
chosen at random and displaced a random distance in the
range -B; to +B; for species 1, and -By to +B; for species
2. The move 1s rejected 1if it causes an overlap and is
accepted if no overlaps are obtained. After about N moves
with the usual accumulation of averages, a volume change is
undertaken by changing the box length L randomly between -B,
and +Bp,. If the volume change generates Qverlaps the change
is rejected, but if no overlaps are caused the volume change
is accepted with a probability exp(-AH/KT). The
accumulation of averages is implemented in the normal way
after equilibration is achieved.

As with canonical NVT Monte Carlo simulations, the
radial pair distribution functions can be obtained during
the course of the run, and from estimates of their contact
values, the hard sphere mixture's equation of state can be
evaluated. However, with NPT Monte Carlo simulations the
volume and hence the reduced density & of the hard sphere
system is available directly from the average value of the
volume accumulated during the course of the simulation.
Consequently, the errors present in arriving at the equation

of state using the canonical Monte Carlo method are



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 31

by-passed when we turn to the constant-pressure Monte Carlo
method. Although the NPT Monte Carlo method seems superior
to the NVT method because of this, it appears that the
fluctuations of the averages calculated in a NPT simulation
are greater than those associated with the averages 1in an
NVT simulation. In the case of binary mixtures of hard
spheres the errors involved are comparable for the two
ensembles.

A distinct advantage of a constant-pressure Monte Carlo
simulation over a canonical Monte Carlo simulation, and for
that matter a molecular dynamics simulation, 1is the ease
with which it can generate configurations of high density.
Theoretically, any density up to hard sphere close-packing
can be achieved by adjusting the pressure to high enough
values, but practically this can be quite a slow process.
Reduced densities of the order of §&£=0.6 can easily be
attained for binary mixtures of hard spheres varying
substantially in size after a reasonable number of
configurations, such as 500 000. Configurations at these
high densities are difficult to achieve using conventional
NVT Monte Carlo and molecular dynamics techniques, although
tedious scaling procedures have been used [21],[22]. The
high density configurations obtained from the
isothermal-isobaric Monte Carlo simulations can easily be
used as 1initial configurations 1in subsequent molecular

dynamics simulations.
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2.2 MOLECULAR DYNAMICS SIMULATIONS

The first molecular dynamics simulations were performed
by Alder and Wainwright for a hard sphere system [28]. The
molecular dynamics method they describe is specifically for
simulations involving particles with discontinuous
potentials such as hard spheres and square wells [29].
Rahman was the first to describe the application of
molecular dynamics to systems with continuous potentials
such as Lennard-Jones molecules [30].

In a molecular dynamics simulation, a system of N
particles is distributed within a cell of volume V. The
cell is usually cubic in shape, and because the size of the
system which can be studied economically is extremely small,
periodic boundary conditions 1identical to those wused in
Monte Carlo simulations are imposed on the system. The
particles are then assigned velocities selected 1in such a
way as to make the total momentum zero. A Gaussian
distribution for the velocities is usually chosen although
this is not necessary. The trajectories of the particles
are calculated by solving the classical equations of motion
for a system of N molecules. For systems with discontinuous
potentials, the motion of a particle is determined by the
fact that 1its velocity changes suddenly whenever the
distance between it and another particle becomes equal to
the discontinuity in the potential. The account given in
the following section is for a binary mixture of hard

spheres of equal mass, m, but a generalization to other
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discontinuous potentials and masses is straight-forward.

The first aim of molecular dynamics simulations of hard
sphere mixtures is to locate the future collision times with
force-free motion occurring between collisions. This
requires the solution of a quadratic equation representing
the collision time between two particles 1 and j. In a
binary mixture of hard spheres of diameters d) and dj, the
colliding particles can either be of the same species or of
different species. At a time t the position and velocity of
particle i are rj; and vj respectively, and the position and
velocity of particle j are rj and vj. These two particles

will collide at a time t+tjy when

| an (t+t“)| = | PIJ+VIJtIJI = d”

where rj4y=rj-rj, Vjij=vi-vj. dj4=d; if the colliding
particles i and j are of species 1, dij=dz if i and j are of
species 2, and dj4y=djz=(dj+d2)/2 if i and j are particles of
different species. If the above equation is squared then
the expression becomes

2 2 2 2

vV - =

Lt ot 2b,,t,, +r d” 0
with bj4y=rjjvij. By solving this quadratic equation for tjj
subject to the periodic boundary conditions of the box, the

collision time between particles i and j is obtained as

2 2 2 2 /2 , 2
t, = - b, + b -vZ (r? -t )N
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When bjj is positive the two molecules are going away
from each other and no collision occurs. Similarly, in
cases where complex roots are obtained the particles will
not collide. It must be noted that the smaller of the two
roots obtained by solving the quadratic equation represents
impact, whilst the larger root represents the second contact
which would occur if the spheres were penetrable.

At the start of the simulation, a 1list of collision
times is drawn up together with a list of which particles
will be involved in the collisions. The smallest time
t(min) in the list which represents the first collision is
then determined, and all the particles are advanced by
t(min).

The second part of the molecular dynamics simulation
involves a computation of the collision dynamics in order to
determine the velocities of the <colliding pair after the
collision has taken place. The velocity change after a
collision follows from the conservation of energy and linear
momentum, and from the requirement that the impulse acts

along the line of centres. The velocities after a collision

v, (after) = v, (before) + 8vl
v, (after) = v, (before) + 8vJ = v, (before) - 8vl

with the velocity change given by

sv, = b, /d)__ r, = -8

1} contact 1) J
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By evaluating bij at the moment of impact, the velocity
change of the colliding pair is calculated and the their new
velocities are obtained, with the velocities of all the
other particles remaining unaltered. The list of collision
times is then updated for particles other than the colliding
pair by subtracting t(min) from the previously stored
collision times. 1In the case of collisions involving either
of the colliding particles, the new collision times have to
be recalculated. The new value of t(min) for the next
collision 1is then 1located and the procedure is repeated.
Together with the 1list of collision times and the
corresponding 1list of colliding pairs, the other data which
is stored during the simulation are the instantaneous values
of the coordinates and velocities for all the particles.

The fact that the kinetic energy is conserved during the
course of molecular dynamics simulations implies that the
ensemble of interest is the microcanonical NVE ensemble with

the number of particles, the volume and the energy of the

system all constant. This 1implies that the temperature
remains constant with kT=m<v2>/3 where <v2> is the
mean-square velocity. A monitoring of the temperature

during the simulation provides a means of checking the
coding.

In a usual molecular dynamics simulation an
equilibration run is performed to allow the velocities of
the particles to equilibrate. After equilibration the
values of the quantities of interest are accumulated for a

further number of collisions wuntil good statistics are
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obtained. The average values of these quantities are then
determined at the end of the run.
The average value of the pressure can be calculated in a

molecular dynamics simulation by using the virial theorem

PV 1 N

- < 2rF
Nm< V2> '=1PI |>

— - 1

NKT

where F; is the total force acting on particle 1i. In the
case of hard spheres the force between particles acts only
when a collision occurs so that the sum becomes a sum over

the number of collisions occuring in the time Tiotal-

__,_F_)X 1 = z (PlJVlJ) contact - z (blj) contact
N< V2> Ttotal N< V2> Ttotal

NKT

This equation provides an accurate means of calculating
the hard sphere mixture's equation of state. As with
Monte Carlo simulations the pressure can also be calculated
from the values of the radial pair distribution functions at
contact. The contact values are estimated by extrapolating
the pair distribution functions accumulated during the
course of the run. Apart from the fact that calculating the
distribution functions can be relatively expensive in terms
of overall computer time, the estimates of the contact
values introduce an uncertainty which can be large a high
densities. The direct route to the pressure via the wvirial
theorem is a definite advantage of the molecular dynamics

method over the canonical Monte Carlo method.
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The transport properties of the system of hard spheres
can also be examined during a molecular dynamics simulation.

The diffusion coefficient is

D _—_-%J°<v|(t).v|(0) > dt

for a ﬁarticle i with velocity vj. For 1long enough times

this equation reduces to the Einstein relation
il 2 _MsD
D=gzr <l r@-r @ "> =g

where MSD is the mean-square displacement of particle 1 at
time t.

It is common to store particle trajectories which have
not bgen subjected to periodic boundary conditions, but
which represent the actual movement of the molecules in
space. These trajectories are particularly useful in
calculating the self-diffusion coefficient.

In the case of binary mixtures of hard spheres, the
square of the distance moved by each sphere of type 1 or
type 2 in a certain time t is calculated without the use of
periodic boundary conditions. To improve the statisitical
accuracy these averages are computed for each of the N
particles in the simulation, added together for the two
separate sets corresponding to species 1 and 2, and then
divided by the number of particles of each species. The
diffusion coefficients for the small and lérge spheres are
then computed separately by plotting the appropriate values

of the mean-square displacement against time. A least
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squares procedure is wused to fit the best straight line
through the data for each species, and the slope of the
line, 6D, gives the diffusion coefficient, D. An inspection
of the diffusion coefficients obtained in the molecular
dynamics simulations will prove to be very useful in
determining whether the hard sphere system is in a liquid or
solid-like state.

An important advantage of the molecular dynamics method
when compared with the Monte Carlo techniques is that the
molecular dynamics simulations enable the dynamical
properties of the system to be studied. Furthermore, since
all the particles move simultaneously in a molecular
dynamics run, a more efficient sampling of phase space is
achieved than with Monte Carlo simulations which proceed by
only one move at a time. The difference is especially
noticable for high density states when the Monte Carlo
technique explores phase space very slowly due to overlaps.
This ergodic problem will be investigated in the case of
binary hard sphere mixtures in the following sections of
this chapter by comparing the results of molecular dynamics
simulations with those obtained for the same high density
systems using Monte Carlo.

As with the canonical NVT Monte Carlo method, when the
spheres of the mixture are very different in size, it is
difficult to obtain initial high density configurations for
molecular dynamics simulations by randomly placing particles
on a lattice. This is because overlaps will occur as the

density is 1increased. The isothermal-isobaric NPT method
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described in Section 2.1.2 overcomes this problem. By
adjusting the pressure in an NPT Monte Carlo simulation to a
value corresponding to a high density state, the initial low
density configuration equilibrates during the course of the
simulation to the appropriate high density configuration.
The high density configurations of hard sphere mixtures
Obtained by the constant-pressure Monte Carlo method can
then be used as the initial high density configurations for
molecular dynamics simulations.

The use of the isothermal-isobaric NPT Monte Carlo
method in parallel with the molecular dynamics method
provides a very powerful technique to investigate the
properties of mixtures of hard spheres. Before the results
of Monte Carlo and molecular dynamics simulations for binary
hard sphere mixtures are discussed, a brief survey of the
data available for the pure hard sphere system is

undertaken.
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2.3 PURE HARD SPHERES

The first canonical NVT ensemble Monte Carlo simulations
of a pure hard sphere system were performed by Rosenbluth
and Rosenbluth on the Los Alamos MANIAC computer [31].
These results were later found to be in error by Wood and
Jacobson [32] who repeated the NVT Monte Carlo simulations
and found that at high enough densities, N>0.49, there was a
phase transition from a 1liquid to a solid. Alder and
Wainwright's molecular dynamics simulations [28],[33] also
showed this phase transition. It appears that the initial
Rosenbluth results do not predict this behaviour because of
the inadequate chain length used in the simulations.

Thorough NVT Monte Carlo hard sphere simulations by
Hoover and Ree [34] confirmed the existence of a definite
first order phase transition where the fluid and solid
phases are in thermodynamic equilibrium. The structure of
the pure hard sphere system changes dramatically when the
density is increased beyond the transition point as clusters
of molecules start solidifying into a close-packed
face-centred cubic crystal lattice. The system's radial
distribution function above the solid transition density
shows the characteristic peaks associated with a
face-centred cubic arrangement [35].

In Figure 2.1 the molecular dynamics MD results of Alder
are compared with the empirical Carnahan-Starling CS
equation of state for pure hard spheres, and with the

Percus-Yevick compressibility PY. and virial PYy equations.
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These equations are discussed in more detail in Section 1.2
of Chapter 1. It 1is clear that none of the equations of
state showsthe transition to the solid phase which |is
predicted by the computer simulations at about N=0.49 and
Z=10.3. It must be noted that a molecular theory €£for the
freezing of hard spheres proposed by Haymet [36] also
predicts a transition from a liquid to a face-centred cubic
solid, in good agreement with computer simulations.

However, along the 1liquid branch of the curve, the
Carnahan-Starling equation accurately describes the
behaviour of the hard sphere system far better than either
the Percus-Yevick compressibility or wvirial equations.
Consequently, the Carnahan-Starling equation 1is a very
convenient starting point in thermodynamic calculations of

pure hard core systems as will be described in Chapter 3.
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2.4 BINARY MIXTURES OF HARD SPHERES

Computer results for a few binary mixtures of hard
spheres have already been reported in the literature. NVT
Monte Carlo simulations of hard sphere mixtures were first
performed by Smith and Lea [23)] for an equimolar mixture
X1=x2=0.5 with a diameter ratio of dy/d1=5/3, and
Rotenberg [(37] later carried out Monte Carlo simulations for
equimolar mixtures with a diameter ratio d;/d;=11/10. Fries
and Hansen [22] have undertaken NVT Monte Carlo simulations
for hard sphere mixtures with d3/d;=3/1 and d3/d41=2/1 in the
dilute regime of the larger spheres, i.e. x3<0.1. The
first molecular dynamics simulations of binary mixtures of
hard spheres were reported by Alder (38] also for an
equimolar mixture but this time for a size ratio of
dp/d;=3/1.

The existing computer-generated results are in excellent
agreement with the Mansoori et al. [11] equation of state
for hard sphere mixtures described 1in Section 1.3 of
Chapter 1. However, only a limited number of systems have
been studies for a small range of diameter ratios and mole
fractions. Because the Mansoori equation 1is wused in
subsequent parts of the research to calculate the
thermodynamic properties of hard core mixtures with the
diameter of one component much larger than the other, it is
important to check .the hard sphere equation for diameter
ratios ranging from d3/dj=1 to about d3/d1=20/1 and for mole

fractions 1in the range 0 to 1. Hence, a more systematic
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study of binary hard sphere mixtures using
isothermal-isobaric NPT Monte Carlo and molecular dynamics
simulations is undertaken especially at high densities.

Broadly speaking it is true to say that bulk properties
calculated by computer simulations are weakly dependent on
the size of the system for N>100 with the errors no larger
than the 1inevitable statistical errors. Consequently, all
the simulations reported in the following sections were for
systems with a total of 108 particles in a cubic box.

For the constant-pressure NPT Monte Carlo simulations,
the systems were initially equilibrated for between 500 000
and 1 500 000 configurations depending on the density.
After equilibration the program was run for a further
1 500 000 to 2 000 000 configurations to accumulate the
averages. A random change in volume was performed during
the simulation for every 100 configurations. The
computation of 500 000 configurations represented a computer
time of about 2 hours on the VAX 11/785 at Oxford.

High density configurations were obtained using the NPT
Monte Carlo technique and wused to start off the molecular
dynamics runs. After an equilibration of about 50 000
collisions for the molecular dynamics simulations, the
averages were accumulated for between 150 000 and 300 000
collisions depending on the system. 150 000 collisions
represented about 2 hours of VAX 11/785 time. Simulations
involving the calculation of the radial pair distribution
functions had to be run for longer times to achieve

reasonable statistics.
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2.4.1 The Equation Of State

In this section the results of the simulations are
compared with the corresponding values calculated from the
Mansoori equation shown as the solid curve 1in all the
figures. The values of the compression factor Z=PV/NKT for
binary hard sphere mixtures with diameter ratios dy/d1=5/3,
3/1, 5/1 and 20/1 are examined at various compositions x3
and reduced densities §. Results are presented for mole
fractions of x»=7/108=0.0648, 11/108=0.1019, 54/108=0.5, and
97/108=0.8981 with reduced densities up to about §&=0.6.
High density states are primarily investigated because in
this region the deviations of the Mansoori equation from the
exact results are expected to be the greatest. The
Monte Carlo statistical error in the compression factor 2
was of the order 1-2%. Similarly, Z obtained from molecular
dynamics simulations suffered from a statistical error of
about 1-2% at moderate densities although for lower

densities the error-bars were smaller.

2.4.1.1 System With dp/d4;=11/10 -

The system with a size ratio dp/d;=11/10 was examined by
Rotenberg [37]. As expected this mixture's properties do
not depart significantly from the corresponding properties
of the pure hard sphere system described in Section 2.3
because of the small difference in size between the two
spheres. For liquid densities the computer results are in

good agreement with the Mansoori equation, and as with the
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pure rigid spheres, the 1liquid-solid phase transition
appears at a reduced density of §£=0.49. Systems with more
significant size differences are investigated in more

detail.

2.4.1.2 System With d3/d;=5/3 -

The results of isothermal-isobaric Monte Carlo MC(NPT)
and molecular dynamics MD simulations for binary hard sphere
mixtures with d/d4;=5/3 at various mole fractions are shown
in Figs. 2.2-2.4. The solid curves in these figures are
calculated using the Mansoori equation of state with the
appropriate values of the size ratio and composition.

Fig. 2.2 displays the compression factor Z=PV/NkKT as a
function of reduced density § for a dilute mole fraction of
the larger spheres, i.e. x2=0.1019. The Mansoori equation
accurately predicts the exact Monte Carlo and molecular
dynamics data shown as triangles and squares respectively
for values of the reduced density below about £=0.55.
However, the equation marginally underestimates the value of
Z as the density 1is increased above 0.55, and hence the
equation is expected to be a less accurate representation of
the hard sphere system's properties at these higher
densities. The solid transition is not observed at this
mole fraction. The fact that the NPT Monte Carlo results
are consistent with those obtained by molecular dynamics
indicates that Monte Carlo phase space'. is sampled
adequately, and there does not seem to be an ergodic problem

even at high densities.
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The results for the equimolar mixture x9=0.5 with
dp/d1=5/3 are depicted in Fig. 2.3. Smith and Lea's
canonical Monte Carlo MC(NVT) data [23] shown as circles,
and the constant-pressure Monte Carlo MC(NPT) and molecular
dynamics MD results represented as triangles and squares
respectively, are compared with the curve obtained from the
Mansoori equation. The accuracy of the Monte Carlo results
is comparable to that of the molecular dynamics data as well
as being in good agreement with the Mansoori equation. The
equation's ability to predict the hard sphere properties is
maintained over the whole density range covered and no solid
transition is observed.

When the mole fraction 1is increased to x3=0.8981 a
transition from a 1liquid to a solid-like phase is seen at
higher densities. Fig. 2.4 summarizes the behaviour seen
for the system dy/d;=5/3 with x2=0.8981. The
constant-pressure Monte Carlo MC(NPT) results and the
molecular dynamics MD results follow the liquid branch of
the Mansoori equation up to the solid transition at a
reduced density of about £=0.52 and a compression factor of
Z=13.5. Above the transition density the Mansoori equation
overestimates the value of the compression factor while the
exact results follow the solid branch of the curve. A
systematic investigation of the solid transition for systems

of different-sized spheres is undertaken in Section 2.4.2.
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d,/d,= 5/3 v — MCINPT)

x,= 0.1019 o - MD

2S5 4

Fig. 2.2 The equation of state for a binary mixture of hard
spheres, The NPT Monte Carlo and molecular dynamics data
are represented by triangles and squares respectively, and
the solid curve represents the Mansoori equation.
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The circles are the Monte Carlo results of Smith and Lea.
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Fig. 2.4 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics data
are the triangles and squares respectively, and the solid
curve represents the Mansoori equation.



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 51

2.4.1.3 System With dp/d;=3/1 -

The canonical Monte Carlo MC(NVT) results of Fries and
Hansen [22] and the molecular dynamics MD data of Alder [38]
at mole fractions of x3=0.06 and x3=0.5 respectively are
complemented with constant-pressure Monte Carlo MC(NPT) and
further molecular dynamics calculations. It must be noted
that for 108 particles the Fries composition of x5=0.06 is
not possible so that the next closest mole fraction of
x2=0.0648 was used.

The simulation data 1is compared with the Mansoori
equation's results in Figs. 2.5-2.7. Fig. 2.5 represents a
system with dp/d1=3/1 and x2=0.0648. It is interesting to
note that the NVT Monte Carlo data are consistent with the
NPT Monte Carlo results. The computer and Mansoori results
are in good agreement although a small deviation occurs at
higher densities.

The system with x3=0.5 is depicted in Fig. 2.6. Alder's
molecular dynamics results are compared with
isothermal-isobaric Monte Carlo MC(NPT) data, and also with
the Mansoori equation. The agreement is good, within about
2%, even up to densities of the order of £=0.6.

Fig. 2.7 shows the results obtained for a composition of
x2=0.8981. Again the Mansoori results are seen to be
consistent with the computer data along the liquid branch of
the curve. At a density of about £=0.53 and a compression
factor of Z=14.2 there is a transitidn from the 1liquid to
the solid, and the Mansoori equation fails to predict this

behaviour.
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x,= 0. 0648 o - MC(NVT)

Fig. 2.5 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo data and the Fries NVT

Monte Carlo results are represented by triangles and circles

respectively, and the solid curve represents the Mansoori

equation.
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Fig. 2.6 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo data and Alder's molecular
dynamics results are the triangles and squares respectively.
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Fig. 2.7 The equation of state for a binary mixture ?f hard
spheres. The NPT Monte Carlo and molecular dynamics data
are the triangles and squares respectively, and the solid
curve represents the Mansoori equation.
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2.4.1.4 System With d/d1=5/1 -

The equation of state of a binary mixture of hard
spheres with a size ratio of dj/d;=5/1 1is examined in
Figs. 2.8-2.10. Fig. 2.8 for a mole fraction of x5=0.1019
compares the results of molecular dynamics and
constant-pressure NPT Monte Carlo simulations with the curve
obtained using the Mansoori equation. At low densities the
equation is in good agreement with the computer data, but
negative deviations occur at densities above about £=0.5
when the Mansoori equation starts underestimating the exact
values of Z.

A liquid-solid transition 1is seen for the equimolar
composition of x3=0.5 in Fig. 2.9. The hard sphere equation
predicts the mixture's properties in the liquid regime, but
fails at a solid transition density of about £=0.52 and a
compression factor of Z=9.0. The equation overestimates the
values of Z for densities along the solid branch of the
curve.

The behaviour of the system with a composition x2=0.8981
is very similar to that of the equimolar mixture with a good
agreement between the Mansoori results and the computer data
up to the solid transition density. This occurs at about

£=0.53 and 2=13.5 as shown in Fig. 2.10.
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Fig. 2.8 The equation of state for a binary mixture of
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Fig. 2.9 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics results
are the triangles and squares respectively.
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Fig. 2.10 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics data
are the triangles and squares respectively, and the solid
curve represents the Mansoori equation.
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2.4.1.5 System With dp/d;=20/1 -

The final system investigated was the mixture with a
diameter ratio of d3/d4;=20/1 shown in Figs. 2.11-2.13.
Fig. 2.11 is for a mole fraction of x2=0.1019 from which it
is clear that the Mansoori equation is a good representation
of the hard sphere properties up to a density of about £=0.5
after which it starts to underestimate the compression
factor gquite markedly. This 1is consistent with the
molecular dynamics contact values obtained for the radial
distribution functions which are all higher than the
corresponding Percus-Yevick values (see Section 2.4.2.4).

The equimolar mixture is shown in Fig. 2.12 with a solid
transition at about &=0.49 and Z=6.9. Similarly for the
system with x2=0.8981 of Fig. 2.13, the transition from the
liquid to the solid occurs at a reduced density of £=0.53
and Z7=14.0. These systems indicate that the Mansoori
equation offers a good prediction of a binary hard sphere
mixture's properties for fluid densities up to the solid
transition even when the two spheres are very different in
size.

A preliminary study of solid transitions in hard sphere
mixtures is undertaken 1in the following section from an
investigation of the system's dynamical and structural
properties, The transport properties are analysed by
following the self-diffusion coefficients of each component
in the mixture, and the system's structure is examined with

the help of the radial pair distribution functions.
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Fig. 2.11 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics results
are represented by triangles and squares Trespectively, and
the solid curve represents the Mansoori equation.
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Fig. 2.12 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics results
are the triangles and squares respectively.
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Fig. 2.13 The equation of state for a binary mixture of hard
spheres. The NPT Monte Carlo and molecular dynamics data
are the triangles and squares respectively, and the solid
curve represents the Mansoori equation.
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2.4.2 The Solid Transition

The study of a system's dynamical properties can provide
an insight into its structural state. The root-mean-square,
RMS, displacement as a function of time indicates the extent
a particle has moved, and is obtained by taking the square
root of the mean-square displacement, MSD. As described in
Section 2.2, the self-diffusion coefficient can be obtained
from the slope of the mean-square displacement by using the
Einstein relation. An alternative route to the diffusion
coefficient involves a time integration of the velocity
autocorrelation function, but the oscillatory behaviour of
the function's long tail usually results in a considerable
error in evaluating the integral. 1In practice, the Einstein
diffusion coefficients obtained from the molecular dynamics
simulations presented in this section had a statistical
error of the order of 5-10%. The diffusion coefficients
calculated for the dilute species suffered considerably
because of poor statistics.

For a fluid-like state, the particle's mean-square
displacement will vary linearly with time, and the slope of
the curve gives the value of the diffusion coefficient.
However, in a solid-like state the particle's mean-square
displacement will tend to oscillate about a mean value so
that the net diffusion coefficient approaches zero. Thus by
analysing the mean-square displacement for each species 1in
the binary mixture during the course of the simulation it is

possible to determine whether the system is in a liquid- or
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solid-like state.

A more direct route to the structural state of the
system 1is possible from a knowledge of the radial pair
distribution function. The distribution functions can be
used to determine the 1local short-range order in a fluid
with the smooth peaks in the curve representing smeared out
shells of first-nearest neighbours, second-nearest
neighbours, etc. In a sense these peaks are remnants of the
order found in the solid where the radial distribution
function is represented by a series of sharp peaks. An
evaluation of the distribution functions gj3, 912, and g3
for binary hard sphere mixtures enables one to determine
whether the system 1is in a fluid or solid state. Because
obtaining the distribution functions using molecular
dynamics is expensive 1in terms of computer time, the only
system whose structure has been investigated in this way is
the binary mixture with dp/d1=20/1.

The analytical solution for the radial distribution
function of the Percus-Yevick equation for additive hard
sphere mixtures was given by Lebowitz [10]. This method is
tedious and can be greatly simplified by using Perram's
reformulation of the Ornstein-Zernike equation [39]. In
effect only a few tens of lines of computer code are
required. However, the contact values of the distribution
functions obtained from the Percus-Yevick equation using the
method of Perram are too low compared with computer results,
and the analytical solution oscillates out of phase with

respect to the exact results. The wusual Verlet-Weis
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scheme [40) can then be used to correct these difficiencies,
and the results are in good agreement with the computer
data. Lee and Levesque [41] have summarized an equivalent
Verlet-Weis fit upon the hard sphere solution given by

Lebowitz.

2.4.2.1 System With dp/d1=5/3 -

The binary hard sphere mixture with d;/d;=5/3 at a mole
fraction of x2=0.1019 showed no solid transition even when
the system's density was increased to about §£=0.6. The
root-mean-square displacement, RMS, for both the small, 1,
and the large, 2, spheres at a density of §£=0.52 are
displayed in Fig. 2.14 in units of the diameter of the small
sphere dy. t represents the absolute time 1in units of
/(d%m/kT). The corresponding mean-square displacements,
MSD, for the two species are also shown in Fig. 2.14. It is
clear that the plots of the mean-square displacement against
time are virtually linear, indicating that the mixture is in
a fluid state. An estimate of the diffusion coefficient D
is obtained by fitting the best straight 1line through the
data using a least squares procedure the slope of which
gives 6D. The variation of the diffusion coefficients of
species 1, Dj, and species 2, Dy, with density is shown in
Fig. 2.15. The transport coefficients decrease continuously
as the density is increased indicating that no abrupt phase
transition has occured.

The root-mean-square displacement, RMS, and mean-square

displacement, MSD, for both species in an equimolar x2=0.5
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mixture with dp/d1=5/3 are displayed 1in Fig. 2.16 at a
density of §£=0.54. As expected from the results in
Section 2.4.1.2, the motion corresponds to a system in a
liquid-like state. The fact that no transition occurs is
consistent with the smooth variation of the diffusion
coefficients with increasing density (Fig. 2.17).

A transition from a liquid state to a solid state is
seen for the system with d5/d41=5/3 at a higher mole fraction
of the 1larger spheres, x3=0.8981. Fig. 2.18 shows the
root-mean-square and mean-square displacements for a density
of £=0.48 in a liquid state, and Fig. 2.19 displays the
results for a solid density §&=0.6 above the phase
transition. The mean-square displacements, MSD, of the
small, 1, and large, 2, species vary virtually linearly with
time when the system 1is in a 1liquid state as seen in
Fig. 2.18. However, it is <clear from Fig. 2.19 for a
density corresponding to the solid phase that the
mean-square displacements of both species 1 and 2 oscillate
about a mean value indicating that both types of spheres
have frozen into a crystal lattice.

The liquid-solid phase transition for this mixture with
x2=0.8981 is <characterized by a discontinuity 1in the
variation of the diffusion coefficients as shown in
Fig. 2.20. .The diffusion coefficients of species 1 and 2
show a discontinuity at the transition density of §=0.52
beyond which they effectively become zero as the whole
system solidifies. The abrupt behaviour of the diffusion

coefficient can be used to locate the transition density.
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Fig. 2.15 The self-diffusion coefficients of species 1, D,
and species 2, D, as a function of density, £, for a binary
mixture of hard spheres.
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Fig. 2.17 The self-diffusion coefficients of species 1, Dj,
and species 2, Dy, as a function of density, &, for a binary

mixture of hard spheres.
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Fig. 2.20 The self-diffusion coefficients of species 1, Dj,
and species 2, Dy, as a function of density, £, for a binary
mixture of hard spheres.
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2.4.2.2 System With dp/d;=3/1 -

The behaviour of a mixture of hard spheres with a
diameter ratio of d3/d;=3/1 is qualitatively similar to the
mixture with d/d1=5/3 described in the previous section.
At mole fractions of x3=0.0648 and x2=0.5, the mixture
remains fluid-like even at high densities as shown in
Fig. 21 and Fig. 22 respectively, and no transition to the
solid is seen.

However, when the composition of the 1large spheres is
increased to a value of 0.8981, a solid transition occurs at
a density of about £=0.53. Fig. 23 displays the
root—-mean-square and mean-square displacements of each
species for a liquid density of §£=0.45. As expected the
motion of‘ the small and the large spheres is liquid-like.
At a density of £=0.6009 above the solid transition, the
root-mean-square displacement of species 2 obtains
solid-like characteristics as the large spheres freeze 1into
a crystal lattice (see Fig. 2.24). It appears that the
smaller species 1 is still free to move between the spaces
of the lattice formed by the large spheres although the
motion is severely impeded causing the small sphere to
remain at given lattice sites for a moderate amount of time.
The corresponding discontinuity in the diffusion coefficient
of species 2 at the liquid-solid transition density of
£=0.53 can be seen in Fig. 2.25. Unlike the mixture with
d,/d1=5/3 and x=0.8981 the diffusion coefficient of species
1 does not become zero at the transtion density, although

the transport coefficient for species 2 does.
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Fig. 2.22 The root-mean-square displacement RMS and
mean-square displacement MSD for each species of a binary
hard sphere mixture.



COMPUTER SIMULATIONS OF HARD SPHERE MIXTURES Page 77

40

RMS d7d = 371
(d) 30 ¢+ X2: 0. 8981
& = 0. 4500

20 +

10 +

1200

MSD
(d°) %o 1

600 +

Species |

300 -

200

MSD
(d°)

160 +

120 4

0 + - -+ -t
0 4 8 12 16 20

TIME, ¢

Fig. 2.23 The root-mean-square displacement RMS and
mean-square displacement MSD for each species of a binary

hard sphere mixture.
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hard sphere mixture.
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Fig. 2.25 The self-diffusion coefficients of species 1, Dj,
and species 2, Dy, as a function of density, &, for a binary
mixture of hard spheres,
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2.4.2.3 System With dp/d;=5/1 -

The solid transition is not seen in simulations of the
d2/d1=5/1 hard sphere mixture when a large proportion of the
spheres are small. Fig. 2.26 displays the dynamical
properties of a system with a mole fraction of x3=0.1019 at
a density of £=0.5575. The motion of the particles remains
liquid-like even at high densities.

Fig. 2.27 shows the root-mean-square and mean-square
displacements for an equimolar mixture x2=0.5 at a reduced
density of £=0.45. This corresponds to a state along the
liquid branch of the curve in Fig. 2.9. This mixture
exhibits a transition from a liquid to a solid phase at a
density of about §=0.52, and Fig. 2.28 represents a solid
density of £=0.5747 above the transition point. Although
the small spheres 1 move quite freely, the large spheres 2
are confined to a solid 1lattice with the characteristic
oscillation of the mean-square displacement about an average
value. The small but non-negligible overall diffusion of
the large particles is apparently due to lattice
dislocations when the particle moves sharply f£from one
position in the 1lattice to another. The density of the
phase transition 1is represented by the characteristic
discontinuity in the diffusion coefficient Dy as seen in

Fig. 2.29.
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Fig. 2.26 The root—-mean-square displacement RMS and

mean-square displacement MSD for each species of a binary
hard sphere mixture.
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hard sphere mixture.
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Fig. 2.29 The self-diffusion coefficients of species 1, Dj,
and species 2, Dp, as a function of density, £, for a binary

mixture of hard spheres.
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Fig. 2.32 The self-diffusion coefficients of species 1, Dy,
and species 2, D7, as a function of density, &, for a binary
mixture of hard spheres.
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The dp/d1=5/1 hard sphere mixture corresponding to a
mole fraction of x7=0.8981 also displays a solid transition.
Fig. 2.30 and Fig. 2.31 display the motion of the particles
for densities representing a liquid state, §£=0.45, and solid
state, £=0.5657, respectively. The transition from liquid
to solid occurs at a density of &£=0.53 corresponding to the
break in the transport coefficient of species 2 seen in
Fig. 2.32, indicating that the small spheres move in the

spaces of the lattice formed by the large spheres.

2.4.2.4 System With d5/d4;=20/1 -

The solid transitions occumwing in binary hard sphere
mixtures with a diameter ratio of d3/d;=20/1 are
investigated in this section. The results of the dynamical
studies are complemented with an investigation of the
system's structure from an analysis of the radial
distribution functions. The solid curves in the figures for
the radial distribution functions are obtained using
Perram's method with a Verlet-Weis type correction. The
corresponding distribution functions obtained from molecular
dynamics simulations are represented by squares.

When the proportion of the large spheres in the mixture
is relatively small, no transition to the solid is observed.
The system with a mole fraction of x3=0.1019 does not attain
any solid-like structure even at high densities. The
mean-square displacementsfor each species at a density of
£=0.5580 shown in Fig. 2.33 suggest that the particles are

free to move in a fluid environment.
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Fig. 2.34 The radial pair distribution functions for binary
mixtures of hard spheres.
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