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Abstract

Commentators claim that a shortage of skills in South Africa is con-
straining output and that a rise in skill supply would bene�t less skilled
occupations. This assumes or implies skilled and unskilled labour are
complements. Hicks Elasticities of Complementarity and elasticities of
factor price are estimated between capital and �ve occupations. The re-
sults show that skilled/artisanal and unskilled labour are complements
while semi-skilled and unskilled labour are substitutes. These results al-
low for imperfectly elastic product demand, rigid wages and inference on
highly non-linear elasticities. Aggregated estimates suggest More skilled
labour complements Less skilled labour.
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1 Introduction

�Government�s ambition to grow SA�s manufacturing base risks
being stillborn unless the country addresses a worsening skills cri-
sis.� - Paton (2003:18)

The importance of skills to manufacturing is a topical issue in South
Africa, as evidenced by the above quote from a lead article in the Finan-
cial Mail. By stating that artisans, for example welders or toolmakers, are
�essential to every aspect of manufacturing . . . production� and that their
shortage will �severely hinder SA�s ability to deliver on . . . capital invest-
ment projects� (pg 18), Paton implies that artisans and other occupations
are complements in production; that there are limited opportunities for sub-
stitution by other occupations and that the main e¤ect of shortages is to lower
output and thereby demand for all factors.

Over one third of the workforce in South Africa is unemployed (Nattrass,
2004). Although rigid wages play a role, much of this unemployment appears
to be structural in that an oversupply of unskilled labour exists alongside as
many as 500 000 vacancies for skilled workers (The Economist, 2004). These
un�lled vacancies are evidence of skills-shortages constraining output: �lling
them would allow production and employment to rise for all occupations.

Both these observed features of the economy assume or imply that skilled
and unskilled labour are complements and not substitutes in production. If
they are complements, a rise in the supply of skilled workers (in the face of
excess demand for skilled labour) has bene�ts for all occupations, including
the unskilled. If skilled and unskilled labour are substitutes, then unskilled
labour will be worse o¤ if there is a rise in the supply of skilled labour. In
particular, if vacancies for skilled workers are being partially �lled by less
skilled workers, then improved availability of the �rst-choice factor will result
in these suboptimal substitutes losing out.

A major determinant of wage inequality in South Africa is explained by
skill endowments. Increasing the skills of the workforce is seen as a key
requirement for reducing wage inequality (Bhorat, Leibbrandt, Maziya, van
der Berg & Woolard, 2001). People who acquire such skills or training are
likely to earn productivity linked wage increases (Fallon & Lucas, 1998), but
what will happen to those who remain unskilled? If skilled and unskilled
labour are substitutes, training aimed at a limited subsection of the labour
force may actually worsen wage inequality.

In order to encourage �rms to train their workers, the South African Skills
Development Act of 1998 introduced a system where �rms incur a tax on pay-
roll, which is reduced if they equip workers with skills in cooperation with and
recognized by Sector Education Training Authorities (SETAs) (Paton, 2003).
45 898 people were enrolled in such programmes at the start of 2004 and the
number is rising fast (Mdladlana, 2004). It is important to gauge whether
the types of skills being produced are those most conducive to growth and
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most bene�cial to the unskilled. Furthermore, the South African government
intends relaxing immigration requirements and removing unnecessary obsta-
cles (Ellis, 2004). The question is especially pertinent in this case: will skilled
immigration harm or bene�t the unskilled?

The Hicks (1970) elasticity of complementarity (HEC) measures the per-
centage change in the ratio of endogenous factor prices to an exogenous change
in their relative quantities. If the e¤ect is positive, the factors are said to be
q-complements. If the e¤ect is negative, the factors are q-substitutes (Sato
& Koizumi, 1973). Similarly, the cross-elasticities of factor price measure the
percentage change in a factor price in response to an exogenous change in an-
other factor�s quantity. Grant & Hamermesh (1981) examine the interactions
between youths, white women and other workers in the United States. Mak
(2000) studies whether workers with di¤erent education levels are comple-
ments or substitutes in Canada while Vere (2001) estimates the parameters
for skilled and unskilled labour over time in Taiwan.

This paper measures Hicks elasticities of complementarity and cross elas-
ticities between capital and �ve labour occupations. Non-production workers
are divided into managers/professionals and sales/clerical workers. Produc-
tion workers are divided into skilled workers / artisans (like welders or tool-
makers), semi-skilled workers (like machine operators) and unskilled workers.
It estimates a translog production function on detailed �rm-level data to de-
rive the elasticities for South Africa. The relationships of most interest are
within the production occupations as this is where the SETAs hope to con-
tribute the most. We also produce estimates using more aggregated groups,
dividing the labour force into More skilled and Less skilled groups.

All documented empirical work assumes perfectly elastic product demand,
which may cause it to �nd two factors are complements when they are actu-
ally substitutes. Therefore, this paper allows for imperfectly elastic demand.
It also allows for the possibility of one factor having rigid wages. Another rel-
atively novel contribution to this literature is the use of the "Delta" method
to calculate p values for the elasticities, which are non-linear functions of
technological parameters.

The key �nding is that a rise in the supply of the skilled/artisan occupation
will increase unskilled wages while a rise in the supply of semi-skilled workers
will reduce unskilled wages. (Skilled/artisanal and unskilled labour are com-
plements while semi-skilled and unskilled labour are substitutes.) The results
are robust to relatively inelastic demand in the product market. Accounting
for rigid unskilled wages preserves the relationship, suggesting a rise in the
supply of skilled/artisans would raise unskilled employment while a rise in the
supply of semi-skilled workers would lower unskilled employment. The �nd-
ings are consistent with the view that a shortage of artisans is holding back
production and that relieving the shortage will raise demand for unskilled
labour. Aggregated results suggest capital complements more skilled labour
but not less skilled labour and that a rise in the supply of more skilled labour
would raise demand for less skilled labour, but these results are somewhat
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more susceptible to product demand elastiticy and �exible wage assumptions
than the disaggregated results are.

The paper derives the elasticity of factor price, its relationship to the HEC
and how it can be used to allow for rigid unskilled wages in section 2. Section 3
shows how the elasticities are calculated using translog production functions.
Section 4 describes the �rm level data, speci�cation issues and estimation.
Section 5 presents the results and section 6 o¤ers concluding comments.

2 Elasticities of Complementarity and Factor Price

This paper estimates Hicks Elasticities of Complementarity while, for other
motives, Behar (2004) estimates Allen Elasticities of Substitution. With two
factors and constant returns, the one is merely the inverse of the other. For
general cases, the somewhat complex relationships between these two and
other elasticities are explored by Sato & Koizumi (1973) and recently by
Stern (2004). The Allen (1938) Elasticity can be used to examine the impact
of exogenous relative factor price changes on endogenous factor quantities,
holding the prices of other factors constant: the elasticity of factor demand.
On the other hand, the Hicks Elasticity of Complementarity can be used to
measure the e¤ects of exogenous changes in relative factor supply on relative
factor prices. A related concept is the elasticity of factor price, which measures
the e¤ects of changes in one factor quantity on factor prices. This section
provides a derivation of the elasticity of factor price when all factor prices are
�exible before showing how this can be adjusted if unskilled wages are rigid.

All n factor inputs are exogenously supplied to the economy, with factor
prices adjusting to ensure full employment. Economy-wide output (Y ) is de-
termined by factor input quantities (Xi) according to a linearly homogeneous
technology utilized by all h representative �rms in the economy.

Y = f(X1; :::; Xn) = hf(x1; :::; xn) (1)

If not in a small open econonomy, the price (P ) received is determined by
output.

P = P (Y );
@P

@Y
< 0 (2)

Pro�t-maximising �rms pay each input a wage (wi) equal to its marginal
revenue product, which is a function of the supply of all the inputs in the
economy.

wi = P (Y )fi(X1; :::; Xn); fi =
@f

@Xi
> 0 (3)

A change in factor supply has two e¤ects on wages. First, it changes overall
output and hence prices and, second, it changes the marginal rate of technical
substitution given by the production technology, as shown respectively by the
�rst and second terms of (4):

dwi
dXj

=
dP

dY
fifj + Pfij ;where fij =

@2f

@Xi@Xj
; fii < 0 (4)
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Converting to elasticity form:

d logwi
d logXj

=
Xjfifj
wi

dP

dY
+
PfijXj
wi

(5)

=
XjfifjP

wif

1

�
+
fijf

fifj

fifjPXj
fwi

; (6)

where � < 0 is the elasticity of demand in the product market. The Hicks
elasticity of complementarity between factors i andj is:1

Hij =
fijf

fifj
(7)

It can be interpreted as the e¤ect of an exogenous change in factor quan-
tities on the ratio of factor prices, holding other factor quantities constant
(Hicks 1970; Sato & Koizumi, 1973). Factor j�s share of output is:

sj =
fjXj
f

(8)

Together with equation (3), this can be used to rewrite (6) as:

d logwi
d logXj

= �̂ij = sj

�
Hij �

1

j�j

�
(9)

�̂ij is the elasticity of factor price. Equation (9) expresses the percentage
change in the wage of factor i necessary for �rms to alter their input demand
after an 1% exogenous change in the supply of factor j. A rise in the supply
of a factor, for example, works through 3 channels. (i) Because output is de-
termined by the supply of factor inputs, a rise in supply of a factor necessarily
leads to a rise in output and demand for all other factors. ii) However, this
e¤ect is mitigated because a rise in output leads to a fall in product price and
hence a fall in factor demand. iii) Furthermore, the nature of the technologi-
cal relationship between inputs means that, holding output constant, fij Q 0
for n > 2 and i 6= j.

As � !1, there are no price e¤ects, yielding the elasticity of factor price
�ij in the context of perfectly elastic demand. This captures e¤ects i) and iii)
only (Sato & Koizumi, 1973) and is most suited to small open economies.

�ij = sjHij (10)

Equations (9) or (10) can be interpreted as the change in factor returns
necessary for �rms to maintain factor demand equal to the new factor supply;
that is, to accomodate the change in supply of one factor and keep demand
for all factors equal to their (unchanged) supply. �ij will tend to produce

1This is the same value at economy and �rm levels, because f(X1; ::; Xn) = hf(x1;:::; xn),
fi(X1; :::; Xn) = fi(x1;:::; xn) and fij(X1; :::; Xn) = h�1fij(x1;:::; xn) for a linear homoge-
neous technology.
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elasticities that are higher than �̂ij so, unlike other documented work, this
study allows for product price e¤ects. Another potential adjustment to �ij
accommodates the possibility that the wage of one factor is rigid, as discussed
next.

We started with the assumption that all factor prices adjust to ensure full
employment. Given that wages may be rigid in South Africa and that we
do in practice see unskilled unemployment, one can adjust for this using the
methods �rst used by Johnson (1980). In the simple case, where only one
factor�s wage is completely rigid, one can calculate the e¤ect of an exogenous
change in the quantity of another factor on the quantity of that factor. This
means the HEC can be used to infer e¤ects on employment rather than wages
for a particular factor. Following Grant & Hamermesh (1981), assume all
factors�prices are �exible except for unskilled labour, which has wage wu:All
factor quantities are �xed except unskilled labour, which has quantity Xu. We
do not allow for changes in produce price and set P = 1. The marginal
productivity conditions are:

wu= fu(Xu; X2; :::; Xn) (11)

wi= fi(Xu; X2; :::; Xn); i = 2; :::; n (12)

Di¤erentiating the equations with respect to Xj and solving the resulting
system:

dxu
dxj

=
�fuj
fuu

(13)

dwi
dxj

=
�fiufuj + fijfuu

fuu
; i = 2; :::; n (14)

Using equation (8), Xi =
fsi
fi
and, by equation (7), fij =

fifjHij
f . Hence:

d log xu
d log xj

= �uj =
�Hujsj
Huusu

(15)

d logwi
d log xj

= ��ij =
sj (�HiuHuj +HijHuu)

Huu
; i = 2; :::; n (16)

As presented in Grant & Hamermesh (1981), equations (15) and (16)
demand a burdensom calculation of coe¢ cients and p values. However, simply
using (10) can make the computer�s task somewhat easier:

�uj =
��uj
�uu

(17)

��ij = �ij �
�iu�uj
�uu

(18)

It is therefore possible to infer the e¤ects a change in the quantity of
a factor on the quantity of unskilled labour (equation 17) or on the prices
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of other factors, taking unskilled wage rigidity into account (equation 18).
However, before performing any calculations, it is necessary to estimate the
relevant technological coe¢ cients.

3 Elasticities and Translog Production Functions

To �nd the elasticities of interest, we need to estimate the parameters of the
underlying technology. The translog production function, due to Christensen,
Jorgenson & Lau (1973), can be viewed as a second order Taylor approxima-
tion to an unknown technology - with the coe¢ cients being the �rst (�i) and
second (�ij) derivatives of the function in the approximation - or as an exact
production function in its own right (Denny & Fuss, 1977). q is output and is
a function of six disaggregated inputs. We assume representative �rms make
random errors in input selection and usage resulting in orthogonal error term
u.

log q = log�0 +
X
i

�i log xi +
1

2

X
i

X
j

�ij log xi log xj + u; (i; j = 1; :::; 6)

(19)
A twice continuously di¤erentiable production function implies the un-

derlying marginal productivity conditions satisfy the symmetry conditions
�ij = �ji, which are imposed in the construction of the variables. The main
advantage of the translog function for this study is that there are no assump-
tions imposed on the underlying elasticities. Furthermore, separability and
homotheticity are not assumed but tested for and, if accepted, imposed on
the system. Equation (19) is homogeneous of degree k if:X

j

�ij =
X
i

�ij = 0 and
X
i

�i = k (20)

k = 1 implies there are constant returns to scale (Chung, 1994). Tests
of the restrictions (20) and of k = 1 fail to reject the hypothesis of constant
returns in the data, so they are imposed to enhance e¢ ciency. Di¤erentiating
(19) with respect to log xi yields �i +

P
j �ij log xj , but

d log q
d log xi

= @q
@xi

xi
q = si.

Therefore:
si = �i +

X
j

�ij log xj (21)

It is common to estimate the system of equations (21) to improve e¢ ciency
characteristics (Berndt, 1991). However, in this paper�s data, factor shares
are not available, so the parameters estimated in (19) are used to predict si
and calculate elasticities in a translog context: By (3) and (8):

�ij =
xj
wi
:
d

dxj

�
qsi
xi

�
=
�ij
si
+ sj (22)

7



By (10):

Hij =
�ij
sisj

+ 1 (23)

If all �ij = 0, we have a Cobb-Douglas Production Function and Hij = 1.
Furthermore (Binswanger, 1974a):

�ii=
�ii
si
+ si � 1 (24)

Hii=
�ii
s2i
+ 1� 1

si
(25)

The next section discusses the data and method used to estimate equation
(19) and calculate the elasticities.

4 Data, speci�cation and estimation

The National Enterprise Manufacturing Survey (NE survey) is a single cross
section covering the period of 1998. For a thorough analysis of the data, see
Bhorat & Lundall (2002).

One potential drawback of using manufacturing data is that the �rms
in the survey may not be su¢ ciently representative of �rms in the broader
economy. Using evidence from manufacturing for the whole economy would
be invalid if the production technology is fundamentally di¤erent in manu-
facturing compared to other sectors. However, manufacturing is the largest
sector in the South African economy (Bhorat & Hodge, 1999) and includes
a particularly heterogeneous range of economic acivity by international stan-
dards (Wood, 1995), so estimates should be informative regarding the broader
economy. Using the data to make inferences about manufacturing alone would
require relaxing the assumption of perfectly exogenous labour supply at the
cost of far greater complexity. Being fully aware of these issues, Grant &
Hamermesh (1981) also employ cross-sectional manufacturing data. Borjas
(1986) yields the same results from estimates for the whole economy and for
manufacturing alone in the United States.

Key variables are the capital stock and employment numbers by occupa-
tion. The �ve occupations are non-production workers, divided into Man-
agerial/Professional and Sales/Clerical, and production workers, divided into
Skilled/Artisan (technicians, welders), Semi-skilled (machinery operators) and
Unskilled (labourers, security guards). Capital stock is available in currency
(Rand) values. It is not possible to adjust this for capacity utilization directly
but, using data on the actual and maximum average shift length and the num-
ber of shifts per week, it is possible to construct a shift capacity utilization
variable as a reasonable proxy.

The NE dataset has information on what percentage of total costs is com-
prised of raw materials costs, but there is no data on total costs or on raw
materials costs. To derive a measure of raw materials costs, it is necessary to
assume that turnover equals total costs. Instead of multiplying raw materials
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as a percentage of costs by costs to get raw materials costs, raw materials
are multiplied by turnover to get a measure of raw materials costs. Value
added is constructed as sales minus the constructed raw materials. The issue
is whether to regress turnover on the factor inputs and raw materials or value
added on the factor inputs only. Grant & Hamermesh (1981) express output
in terms of capital and four forms of labour, while Mak (2000) does not have
raw materials inputs in her system of share equations. Neither tests the va-
lidity of omitting raw materials. Of the 12 studies listed by Chung (1994),
only three test for value-added separability while Hamermesh (1993) does not
discuss value-added separability in his comprehensive survey. It is likely that
data constraints make this the only option.

The validity of the value added speci�cation, as exposed by Sato (1975),
depends on whether raw materials are separable from the other inputs. Cap-
turing the essential characteristic that changes in raw materials (xr) do not
a¤ect the marginal rate of technical substitution between factors,

�ir = 0; (i = 1; :::; 6), (26)

is a su¢ cient condition for separability of inputs (Berndt & Christensen
(1973a,b). Wald tests for the six restrictions in (26) reject (additive) sepa-
rability. However, non-additive separability of raw materials with respect to
factor pairs i and j holds if (ibid.):

�i
�j
=
�ii
�ij

=
�ji
�jj

=
�ir
�jr

(27)

Wald tests of (27) are not signi�cant for each of our �fteen factor com-
binations, so raw materials is separable from the other inputs and we adopt
the value added speci�cation in this paper.2 With a view to to adopting a
parsimonious more aggregated production function in addition to the disag-
gregated estimates, we also test (26) for the Sales/Clerical group and conse-
quently drop it. We do this because the skill content of this occupation is not
clear and can vary enormously. Furthermore, we test:

�ik = �jk for all k (28)

i and j are the Managerial/Professional and Skilled/Artisan occupations
and k is each of the other occupations. Failure to reject this test means we can
validly aggregate thse occupations into the More skilled group (Fuss, 1977).
Similarly, we can validly aggregate Semi-skilled and Unskilled labour into the
Less skilled group.

Estimating production functions presents the danger of endogeneity bias
because the error term may contain factors observed by the �rms in time
to a¤ect their choice of inputs (Griliches and Mairesse, 1995). The choice

2These tests may be too stringent as they also implicitly test for the exactness of the
functional form of the translog function. See Denny & Fuss (1977) and Blackorby et.al
(1977) for details and alternative tests.
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between Two Stage Least Squares estimation and OLS with proxies clearly
depends on the data. To be a good proxy/control, the variable must be highly
correlated with the missing variable and uncorrelated with the error term. In
contrast, instruments must be uncorrelated with the error term (Wooldridge,
2002). Therefore, the variables in one�s data set can each be either good
instruments or good proxies, but not both.

Among the candidate variables, one can suggest that a variable for market
conditions, which would be correlated to both output and input choice, would
make a good proxy but would not remove the endogenous component from the
input if included in the input�s instrumenting equation. Industry dummies
and variables on export quantities, while controlling for an aspect of the
technology, would also be good proxies. Valid instruments for the inputs are
harder to �nd; recruitment di¢ culty or wages are themselves endogenous to
market conditions and would at best only partially purge the factor input
of its endogeneity. They are also likely to be extremely weak instruments.
Furthermore, wages are not part of the dataset but were constructed using
alternative sources3, making them less e¤ective as instruments.

We �rst estimate equation (19) by OLS with the appropriate proxies used
to control for �rm speci�c technology and other unobservables that in�uence
the choice of factor inputs. The Hausman speci�cation test for endogeneity
compares these estimates with 2SLS regressions, �nding a p value of 0.90 for
the null hypothesis that the coe¢ cients do not di¤er systematically. In other
words, there is no endogeneity bias and there is no need to consider IV in
the �rst place. The di¢ culty with this test is the underlying conjecture that
the IV regression coe¢ cients are consistent. The possibility for this not being
the case is tested using a Hausman type test on the 2SLS regression. The
test does not reject the exogeneity assumption at the 20% level. Besides,
standard errors on each of the factor inputs are six or seven times greater in
the second stage of the 2SLS estimates than for OLS, and the con�dence bands
of the OLS estimates are within those of the 2SLS estimates for every single
variable4. Although these results are most likely driven by the weakness of
the instruments and do not powerfully validate OLS, they certainly motivate
its being preferable to 2SLS.

Estimation by OLS is consistent with a theory that assumes all factor sup-
plies are exogenous, but it could be argued that, in the rigid wage example,
the factor is endogenous and must be instrumented accordingly. Like John-
son (1980) and Grant & Hamermesh (1981), we initially use the same OLS
regression for the rigid wage case as for the �exible wage case. Nonetheless,
we do try to endogenise for the factor with a rigid wage. The di¢ culty in this
application is the (still) large number of endogenous variables that need valid
instruments: the 6-factor example requires 7 instruments (for itself, its square
and its interaction with the other 5 factors). In addition to the instrument
di¢ culties discussed above, it would be theoretically appropriate to use only

3See Behar (2004) for details of the methodology.
4Full details of the estimations are available on request.
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that factor�s wage as a valid instrument. This is because the model implies
that wages, except the rigid wage, are endogenous to output and therefore by
de�nition invalid instruments.

Instead, we perform a manual two stage procedure, where unskilled labour
is predicted using the unskilled wage. The predicted unskilled wage is then
interacted with the other factors to yield predicted higher order terms before
use in the second stage regression5. A similar procedure is followed in the
more aggregated speci�cation for Less skilled labour. It is also feasible to
perform standard 2SLS for the aggregated speci�cation, treating less skilled
labour and its interactions with the other two factors as endogenous. The
results will be discussed under the results section and in the appendix.

Inference presents particular di¢ culties because the elasticity estimates
are highly non-linear combinations of the coe¢ cients and data (Greene, 2003).
Signi�cant regression coe¢ cients neither imply nor are necessary for signif-
icant elasticities (Anderson & Thursby, 1986). Reviews of empirical work
using translog cost or production functions make no mention of signi�cance
with respect to elasticities (Chung, 1994; Hamermesh, 1993). Some studies do
not report con�dence intervals for the estimates at all (Bergström & Panas,
1992; Chung, 1987; Teal, 2000). Others (Binswanger, 1974b, Mak, 2000) re-
gard the factor shares as �xed and treat the �ij coe¢ cient as the only one
with a con�dence interval, incorrectly inferring signi�cance from a standard
t-statistic.

Analysing famous pioneering translog cost studies, Anderson & Thursby
(1986) �nd that con�dence intervals for many of the elasticity measures span
both the negative and positive orthants, bringing their forceful conclusions
into doubt. They do so after presenting conditions under which Allen Elas-
ticities of Substitution asymptotically follow the normal or ratio-of-normals
distribution, �nding they do so only if the means of the actual factor shares
are used.

This paper does not have the option to adapt the Anderson & Thursby re-
sult as no actual shares are available. It therefore applies the "Delta" method
to the elasticity estimates and uses it to present p values. Before proceeding
to the results, it is important to realise that the p values can be sensitive
to the distributions of the underlying parameters in �nite samples, and must
be treated as indications only. Estimating equation (19) with six inputs is
already asking much of the data, even before using the parameters in fur-
ther complex elasticity calculations. Despite this, the data do yield some
meaningful results, as discussed next.

5Such manual procedures require regressing the endogenous variable on all exogenous
variables including the identifying instrument(s) (Wooldridge, 2002). This is done but the
higher order terms involving unskilled labour are excluded. Omitting the interaction terms
involving unskilled labour in the �rst stage and not performing �rst stage regressions to
identify them means the coe¢ cients in the second stage regression will be inconsistent.
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5 Results

This section presents the regressions and the resulting elasticities. We concen-
trate on the disaggregated estimates in full before motivating and discussing
the more aggregated speci�cation. The full regression results for the six dis-
aggregated inputs are in table 1. The �t is good overall. Furthermore, the
coe¢ cients on all the higher order terms are jointly sugni�cant, which rejects
the null hypothesis that the production function is a Cobb Douglas technol-
ogy. The coe¢ cients generate (statistically signi�cant) positive factor shares
for the representative �rms so the monotinicity conditions (fi > 0) are con-
�rmed. The results of the separability tests are also presented.

Table 2 presents the HEC estimates calculated using equations (21), (23)
and (25). The results show, for example, that a 1% rise in the ratio of man-
agers or professionals to unskilled workers would raise the ratio of unskilled
to managerial/professional wages by 4.47%. Relative rises of this occupation
would in fact help all other forms of labour, making them q complements.
Pairs which are q substitutes are more rare: capital and skilled/artisanal
labour are an example. The results suggest skilled/artisanal and unskilled
labour are big complements while semi-skilled and unskilled labour are sub-
stitutes. While these numbers are best used as inputs in computable general
equilibrium models, the elasticities of factor price, which have the same sign
as the elasticities of complementarity, are of more direct interest.

Table 3 presents �ij - the percentage change in the price of factor i after
a 1% rise in the quantity of factor j, assuming perfectly elastic demand in
the product market, as well as p values (� will be explained shortly). It
is encouraging to report that all own-elasticities are negative and, with the
exceptions of capital and semi-skilled labour, signi�cantly so. Some coe¢ cient
values are virtually zero, suggesting some factors are neither complements nor
substitutes. Other coe¢ cients are imprecisely estimated, partially because of
the estimation and inference procedure, but also because the technology does
not exhibit a strong pattern of complementarity.

However, we do �nd many low p values for the e¤ects on unskilled wages,
which are in any case of most concern for this study. Taken literally, the results
suggest that a 10% rise in the supply of skilled/artisanal labour would lead
to a 7.1% rise in unskilled wages while a similar rise in the supply of semi-
skilled labour would lead to a 10.1% fall in unskilled wages. These e¤ects
are signi�cant and are the key result of this study. In fact, skilled/artisanal
labour complements all other factors, which strongly supports the claim that
the shortage of this labour type is hampering output growth.

The assumption of perfectly elastic demand could be justi�ed given that
South Africa is a small open economy. South Africa is still highly commodity
based and there are strong indications that even manufactured export elas-
ticities are near perfect (Behar & Edwards, 2004). Nonetheless, if product
demand elasticities are not perfect, the estimates will tend to be too positive.
In particular, some factor pairs thought to be complements may indeed be
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Table 1: Production Function Parameter Estimates
Dependent variable: Value Added

Variable Coe¢ cient p value Variable Coe¢ cient p value
Constant -0.90 0.01 ind2 0.31 0.04
Capital 0.19 0.00 ind3 0.16 0.33
Man/Prof 0.09 0.34 ind4 0.58 0.00
Sale/Cler 0.43 0.00 ind5 0.15 0.33
Skil/Art -0.02 0.71 ind6 0.24 0.15
Semi 0.11 0.08 ind7 0.26 0.07
Un 0.20 0.00 ind8 0.03 0.85
0.5*Capital2 0.09 0.01 ind9 0.23 0.12
Capital*Man/Prof -0.07 0.10 loc2 0.24 0.35
Capital*Sale/Cler 0.04 0.26 loc3 0.09 0.42
Capital*Skil/Art -0.02 0.56 loc4 0.16 0.18
Capital*Semi -0.05 0.12 loc5 0.34 0.19
Capital*Un 0.00 0.97 loc6 -0.38 0.32
0.5*Man/Prof2 -0.04 0.69 loc7 -0.82 0.04
Man/Prof*Sale/Cler -0.01 0.88 loc8 -0.17 0.62
Man/Prof*Skil/Art 0.02 0.71 loc9 0.12 0.31
Man/Prof*Semi 0.04 0.41 exports % 0.27 0.16
Man/Prof*Un 0.06 0.21 raw materials % -0.02 0.00
0.5*Sale/Cle2 0.05 0.56 recruitment ease Man/Prof 0.04 0.59
Sale/Cler*Skil/Art -0.04 0.45 recruitment ease Sale/Cler 0.08 0.18
Sale/Cler*Semi -0.03 0.57 recruitment ease Skil/Art -0.02 0.79
Sale/Cler*Un -0.02 0.60 recruitment ease Semi 0.00 0.99
0.5*Skil/Art2 -0.09 0.08 recruitment ease Un 0.17 0.09
Skil/Art*Semi 0.07 0.05 training % 0.38 0.00
Skil/Art*Un 0.05 0.09 market conditions 0.02 0.10
0.5*Semi2 0.05 0.28 �rm size > 50 employees 0.47 0.00
Semi*Un -0.09 0.00 computer investment % 2.60 0.01
0.5*Un2 0.00 0.96 ownermanaged 0.37 0.02
obs 239 Separability (equations (27) and (28):
"R squared" 0.96 Exclude Sales/Clerical 0.53
Joint test on all �ij = 0 0.02 Aggregate Man/Prof & Skil/Art 0.77

Aggregate Semi & Unskilled 0.69
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Table 2: Hicks Elasticities of Complementarity
Hij = Hji j

Capital Man/Prof Sale/Cler Skil/Art Semi Un
Capital -1.81 -1.13 1.68 -0.23 -3.01 1.07
Man/Prof -1.13 -5.14 0.85 2.10 3.89 4.47

i Sale/Cler 1.68 0.85 -1.22 0.03 0.11 0.14
Skil/Art -0.23 2.10 0.03 -20.82 11.87 7.83
Semi -3.01 3.89 0.11 11.87 -3.28 -13.87
Un 1.07 4.47 0.41 7.83 -13.87 -10.93

Table 3: Elasticities of Factor Price
�ij

i j coef p � i j coef p �

Capital Capital -0.30 0.19 . Skil/Art Capital -0.04 0.92 .
Man/Prof -0.22 0.41 . Man/Prof 0.41 0.48 -0.48
Sale/Cler 0.67 0.01 -0.59 Sale/Cler 0.01 0.99 -39.5
Skil/Art -0.02 0.92 . Skil/Art -1.89 0.01 .
Semi -0.22 0.26 . Semi 0.87 0.12 -0.08
Un 0.09 0.54 -0.94 Un 0.64 0.11 -0.13

Man/Prof Capital -0.19 0.42 . Semi Capital -0.49 0.35 .
Man/Prof -0.99 0.06 . Man/Prof 0.75 0.34 -0.26
Sale/Cler 0.34 0.38 -1.17 Sale/Cler 0.04 0.95 -9.49
Skil/Art 0.19 0.49 -0.48 Skil/Art 1.08 0.11 -0.08
Semi 0.28 0.28 -0.26 Semi -0.24 0.71 .
Un 0.37 0.12 -0.22 Un -1.14 0.14 .

Sale/Cler Capital 0.28 0.01 -0.59 Un Capital 0.17 0.56 -0.94
Man/Prof 0.16 0.36 -1.17 Man/Prof 0.86 0.16 -0.22
Sale/Cler -0.48 0.02 . Sale/Cler 0.16 0.72 -2.46
Skil/Art 0.00 0.99 -39.5 Skil/Art 0.71 0.09 -0.13
Semi 0.01 0.95 -9.49 Semi -1.01 0.05 .
Un 0.03 0.73 -2.46 Un -0.90 0.03 .
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substitutes. No documented studies attempt to allow for this. One reason
may be that, at a macro level, the elasticity is a di¢ cult concept to pin down,
let alone estimate. Rather than impose a value for �, we calculate values of
� that would make �̂ij equal to zero. By (9), � = �H�1

ij for strictly positive
factor shares. If the elasticity is � or less elastic, then �̂ij < 0 even if �ij > 0.
Obviously, for �ij < 0, � > 0, so the calculation is not presented.

The calculations in table 3 yield many relatively high threshold values
of j�j that could easily exceed the true value. If similar thresholds were
to be found with other data, this suggests that many studies �nding two
factors are complements may be doing so misleadingly. This may be so even
for relatively large positive values, as the case of capital and sales/clerical
workers demonstrates. In contrast, demand would have to be highly inelastic
for the managerial/professional and unskilled labour coe¢ cient to change sign.
Furthermore, the calculations strongly suggest skilled/artisanal and unskilled
labour are complements even after accounting for imperfectly elastic product
market demand.

We now investigate the e¤ects of allowing for the e¤ects of rigid wages
on the results. The bottom right corner of table 4 presents the employment
response of unskilled workers to changes in the quantities of other factors
(equation 17) based on the OLS regression in table 1. A 10% rise in the
quantity of skilled/artisanal workers would lead to a 7.9% rise in unskilled
employment while a rise in semi-skilled workers would reduce unskilled em-
ployment. The low p values are telling given the large number of parameters
involved in the calculation.

The rest of table 4 presents the factor price responses of the other �ve
factors (equation 18). There are a few sign switches relative to table 3, but
these were for small coe¢ cients that were not signi�cant. Many of the changes
occur for semi-skilled workers, largely because they are large substitutes for
unskilled labour, showing that elasticities of factor price could be misleading
if there is even one rigid wage. In particular, note that a rise in supply of
semi-skilled workers could even lead to a rise in its own wage. Equation(18)
shows this is more likely for factor i = j if the technology is such that, with
completely �exible wages, the own elasticities of factors i and u are low, and
the two factors are large complements or large substitutes.

Alternative calculations based on endogenised unskilled labour are pre-
sented in table 9 in the appendix. Of the 30 calculations, only 5 signs di¤er.
Most notably, the e¤ects of semi-skilled and skilled/artisanal labour on the
the unskilled is preserved.

The separability tests have shown it is valid to estimate a production func-
tion in terms of three inputs - Capital, More skilled and Less skilled labour -
instead of six. This may be desirable for various reasons. First, simpler esti-
mates are somewhat less demanding of the data. Second, the vast majority of
models employ "the" elasticity between skilled and unskilled labour, so such
an estimate would be needed to make predictions using those models. This
pertains to applied computable general equilibrium (CGE) models in partic-
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Table 4: Elasticities after adjusting for rigid unskilled wages
i j coef p i j coef p
��ij

Capital Capital -0.28 0.21 Skil/Art Capital 0.09 0.81
Man/Prof -0.14 0.61 Man/Prof 1.03 0.16
Sale/Cler 0.68 0.01 Sale/Cler 0.13 0.82
Skil/Art 0.05 0.82 Skil/Art -1.38 0.05
Semi -0.32 0.24 Semi 0.14 0.84

Man/Prof Capital -0.11 0.61 Semi Capital -0.71 0.32
Man/Prof -0.64 0.35 Man/Prof -0.34 0.79
Sale/Cler 0.40 0.36 Sale/Cler -0.16 0.86
Skil/Art 0.48 0.16 Skil/Art 0.18 0.83
Semi -0.13 0.79 Semi 1.05 0.54

�
Sale/Cler Capital 0.28 0.01 Un Capital 0.19 0.54

Man/Prof 0.20 0.33 Man/Prof 0.96 0.19
Sale/Cler -0.48 0.01 Sale/Cler 0.18 0.72
Skil/Art 0.03 0.83 Skil/Art 0.79 0.08
Semi -0.03 0.85 Semi -1.13 0.12

ular. Third, while many training programmes are aimed at the lower end of
the skill spectrum, it is still important to understand what general rises in the
broad skills of the population would yield for the relatively less skilled. Table
5 presents the estimates of the translog function with Capital, More skilled
labour (Managerial/Professional & Skilled/Artisanal) and Less skilled labour
(Semi-skilled and Unskilled). Control variables are not presented. Despite
the simpler speci�cation, the �t is still good. Tests reject the null hypothesis
that all �ij = 0 and monotinicity is satis�ed.

Table 6 presents Hicks Elasticities of Complementarity6, which intuitively
show Capital and More skilled labour tend to complement each other in pro-
duction while Capital and Less skilled labour appear to substitute each other
in production. This is analagous to the Griliches (1969) concept of capital-
skill-complementarity, where a fall in the price of capital bene�ts higher skilled
labour more than lower skilled labour (or harms higher skilled labour less).
We also �nd a that, even at more aggregated levels, occupations of a higher
skill type tend to complement lower-skilled occupations. This �nding masks
the distinction between Skilled/Artisanal and Managerial/Professional labour
on the one hand and Semi-skilled labour on the other (table 2), but suggests
that a general rise in the economy�s education/skill levels will bene�t those
who remain relatively less skilled.

6Out of the three pairs of Hij (i 6= j), at least two pairs must be positive (Sato &
Koizumi, 1973). These results meet that minimum as opposed to the maxium of three.
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Table 5: Production Function Parameter Estimates (aggregated inputs)
Dependent variable: Value Added
Variable Coe¢ cient p value

Constant -1.25 0.00
Capital 0.46 0.00
More 0.43 0.00
Less 0.10 0.20
0.5*Capital2 0.12 0.00
Capital*More -0.00 0.90
Capital*Less -0.12 0.00
0.5*More2 -0.01 0.84
More*Less 0.01 0.68
0.5*Less2 0.10 0.03
obs 329
"R squared" 0.89
Joint test on all �ij = 0 0.00

Table 6: Hicks Elasticities of Complementarity (aggregated inputs)
Hij = Hji j

Capital More Less
Capital -1.07 0.96 -0.60

i More 0.96 -1.25 1.10
Less -0.60 1.10 -1.17
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Table 7: Elasticities of Factor Price (aggregated inputs)
�ij
i j coef p �

Capital Capital -0.25 0.10 .
More 0.44 0.01 -1.04
Less -0.19 0.29 .

More Capital 0.23 0.01 -1.04
More -0.57 0.00 .
Less 0.34 0.00 -0.90

Less Capital -0.14 0.27 .
More 0.50 0.00 -0.90
Less -0.36 0.02 .

Table 7 presents the elasticities of factor price and the value of � that
would make a positive coe¢ cient negative. It is encouraging to report that
the own elasticities for capital in tables 3 and 7 are similar and relatively
precisely estimated. The own elasticities for the aggregated labour types are
also signi�cantly negative. The results suggest a highly signi�cant positive
e¤ect on less skilled wages after a rise in more skilled labour. However, despite
the generally lower p-values, the positive coe¢ cients would become negative at
quite plausible product demand elasticities of approximately unity. Therefore,
while the precision of �ij will be of use to CGE modellers, the values of � mean
policy inferences regarding the e¤ects of More skilled on Less skilled labour
must be made with some caution.

After adjusting for the possibility that the Less skilled labour market has
rigid wages, we �nd in table 8 that many of the coe¢ cients are close to zero
and are not signi�cant7. Estimates which endogenise Less skilled labour and
its higher order terms are presented in the appendix. Both conventional 2SLS
and the manual procedure analagous to the six-input case yielded implausible
results, including own elasticities of factor price as high as 17.83. In the 2SLS
case, where they are valid, p values were all 0.85 or higher. Returning to
the OLS-based results, capital and labour could be neither complements nor
substitutes in the presence of rigid wages, in contrast to the �exible wages case.
However, the results still suggest a rise in the supply of skilled labour would
lead to a large and statistically signi�cant rise in the quantity of unskilled
employment.

7The symmetry in results is no coincidence. According to Sato & Koizumi (1973),P
j "ij = 0: This can be veri�ed in all the calculations presented. The result implies:P

j "
�
ij = 0. In the 3 factor case, it is easy to show. Using equation (18) ,

"�ij = �"
�
ii implies:

"ii + "ij =
"iu("ui+"uj)

�uu
.

Therefore, using Sato & Koizumi�s result, it implies:
"iu� "iu�uu

�uu
= 0.

Q.E.D
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Table 8: Elasticities after allowing for rigid wages (aggregated inputs)
i j coef p

��ij
Capital Capital -0.18 0.49

More 0.18 0.49
More Capital 0.09 0.52

More -0.09 0.52
�
Less Capital -0.39 0.39

More 1.39 0.00

6 Conclusion

The key �nding is that a rise in the supply of skilled workers / artisans will
lead to a rise in demand for unskilled labour while a rise in the supply of semi-
skilled workers will lead to a fall in demand for unskilled labour. These results
are statistically signi�cant, account for imperfectly elastic product market
demand and allow for rigid unskilled wages. For other factor combinations,
assuming perfectly elastic demand can predict factors are complements when
they are in fact substitutes, while not accounting for rigid wages can also lead
to the incorrect sign. Estimates of aggregated inputs also �nd More skilled
and Less skilled labour are q complements.

However, a few cautions are in order. This cross section of �rms is be-
ing used to simulate supply e¤ects that necessarily will only take place over
time. Moreover, much restructuring took place since the early 1990s and has
continued beyond the sample period, meaning the nature of technological re-
lationships may have changed since then. In addition, the predicted static
e¤ects assume no change in technology choice, which can be endogenous to
the supply of skilled labour. There is theoretical and empirical evidence that
increased skill supply produces more technologies that encourage �rms to de-
mand more skilled labour, with negative consequences for those remaining
unskilled (Acemoglu, 1998, 2003). Finally, the paramaters estimated only tell
us about the macro e¤ects of exogenous supply changes to the extent that
the manufacturing technology is similar to that of other sectors.

Nonetheless, the estimated values have some clear policy implications.
The �ndings suggest that there is indeed a shortage of artisans and that ad-
dressing this shortage would expand output and bene�t those who remain
unskilled. There is therefore cause for serious concern because prospective
artisans make up a low proportion of those being trained (Paton, 2003). By
producing semi-skilled workers, these training programs may raise unskilled
unemployment. The highly disaggregated South African data has demon-
strated a feature that may apply to other middle-income countries as well.
Policy-makers in those countries could well need to think very carefully about
which types of skills they wish to produce if they want to create positive
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spillovers for their unskilled labour.
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Appendix: Instrumenting for Endogenous factors

Table 9 shows the elasticities endogenising unskilled labour and after ad-
justing for rigid unskilled wages in the six factor case. In the �rst stage regres-
sion, unskilled labour was predicted using other factor types and their higher
order interactions (not those involving unskilled labour), unskilled wages and
various controls. The second stage regression uses predicted unskilled labour
and its interactions with the other factors. p values are not valid given this
procedure. The results are consistent with those based on OLS estimates.

Table 10 presents the calculations in the three factor case based on con-
ventional 2SLS, where unskilled wages, semi-skilled wages and �ve measures
of recruitment di¢ culty are used as instruments for Less skilled labour and
its three higher order terms. The �rst stage regression for Less skilled labour
shows plausible signs including signi�cantly negative unskilled wages (but in-
signi�cantly positive semi-skilled wages). The results �nd evidence for com-
plementarity between skilled and unskilled labour, but the evidence is very
weak given the high p values. Furthermore, the elasticities, especially the
own-elasticities, are implausibly high.

Table 11 presents the calculations based on a manual two stage procedure.
Less skilled labour is predicted using other factor types and their higher order
interactions (not those involving Less skilled labour), unskilled and semi-
skilled wages as well as various controls. Predicted values are interacted with
other factor inputs to generate predicted higher order terms. p values are
not valid given this procedure. While lower than for 2SLS , the values are
still implausibly high. More skilled and Less skilled labour are found to be
substitutes.
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Table 9: Elasticities after adjusting for rigid unskilled wages (manual two
stage procedure)

i j coef i j coef
��ij

Capital Capital -0.13 Skil/Art Capital 0.06
Man/Prof -0.21 Man/Prof 1.04
Sale/Cler 0.24 Sale/Cler 0.22
Skil/Art 0.03 Skil/Art -0.88
Semi 0.07 Semi -0.44

Man/Prof Capital -0.23 Semi Capital 0.09
Man/Prof 0.27 Man/Prof -1.30
Sale/Cler 0.49 Sale/Cler -0.35
Skil/Art 0.54 Skil/Art -0.28
Semi -1.07 Semi 1.83

�
Sale/Cler Capital 0.13 Un Capital -0.27

Man/Prof 0.24 Man/Prof 1.80
Sale/Cler -0.29 Sale/Cler 0.48
Skil/Art 0.06 Skil/Art 0.89
Semi -0.14 Semi -1.91

Table 10: Aggregated elasticities after allowing for rigid wages (2SLS)
i j coef p

��ij
Capital Capital 17.83 0.87

More -17.83 0.87
More Capital -6.50 0.85

More 6.50 0.85
�
Less Capital -5.51 0.87

More 6.50 0.85
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Table 11: Aggregated elasticities after allowing for rigid wages (manual two
stage procedure)

i j coef
��ij
Capital Capital 9.80

More -9.80
More Capital -3.17

More 3.17
�
Less Capital -1.35

More -2.35
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