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Abstract

Weintroduce Lascar strong types in excellent classes and prove that they coincide with the orbits
of the group generated by automorphisms fixing a model. We define a new independence relation
using Lascar strong types and shthat it is well-behaved over models, as well as over finite sets.
We then deviep simplicity (when this indpendence relation has local character) and show that,
under simplicity, the independence relation satisfies all the properties of nonforking in a stable first
order theory. Further, simplicity for an excellent class, as well as the independence relation itself, is
uniquely determined. Finally, we show that an excellent class is simple if and only if it has extensible
U-rank (excellencedoes not imply simplicity in general). We deduce that any excellent class of
finite U-rank is simple, and that any uncountably categorical excellent class has an expansion with
countably many constants which is simple.
© 2005 Elsevier B.V. All rights reserved.

I ntroduction

Simplicity, in the context of firsorder nodel theory, is a very successful generalisation
of stability; it is characterised by the existence of a well-behaved independence relation
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(given by nonforking) which gives rise to a good dimension theory. Simplicity has also
been developed in contexts beyond first order model theory, with some compactness
and homogeneity for example in Robinson theorigséxisentially closed models2[]],

and Compact Abstract Theorie8][ as well as without compactness in homogeneous
model theory 4]. By simplicity in a nonelementary context, we mean the existence of
an independence relation satisfyiallj the properties of nonforking in a simple first order
theory.

The goal of this paper is to develop simplicity in the context of excellent classes.
Excellence is a model-theoretic property which was discovered by Shelah in his work
around uncountable categoricity for classes of models of a sentercg in[23,24]; it
is the property that primary models exist over certain kinds of countable sets. Excellence
implies the existence of fumodels, which can be used as universal domains, much in
the way that saturated models are usechim first order case and homogeneous models
in homogeneous model theory; full modeldstxand areunique up to isomorphism in
each cardinality, and realise all the realisalfees. Homogeneous umentably categorical
classes are excellentl] or [21]), but Shelah showed using an example of Marclg [
that there are excellent uncountably categorical classes without uncountably homogeneous
modds. Excellent classes are still well-behaved: Shelah proved the parallel to Morley’s
theorem R4]; then Grossberg and Hart proved the Main G&jy the second author
proved a Baldwin—-Lachlan theorem§] introducing aU-rank for types over models
with the usual additivity properties (tHe-rank will be used in this paper); and finally,
together with Shelah, the authors provedeneralisation of Hrushovksi's theorer@i] [
on group configuration11]. In fact, some results of this paper are used Id]][
Excellence is also a key property in the classification of almost free algetsiadore
recently, Zilber rediscovered excellencetis work around complex exponentiation and
guasiminimality [25,2€]. In this conext, he showethat excellence is equivalent to natural
arithmetic conditions47].

The context of excellence assumes a nonelementary versiysiability, but without
compactness, evetp-stability does not imply simplicity (seel[] for exanple). Typically,
extenson may fail, even local character, and theperties that hold oveyereral sets in the
first order case only hold over models. There are, however, interesting examples of simple
excellent classes, e.g., Zilber's pseudo-analytic structi2Bs(jvhich are quasiminimal)
and free groups4] or free algebras (which are almost quasiminimal). More generally,
we prove in thispaper thatvery uncountably categorical excellent class is simple, once
it is expanded withnames for the prime model over the empty set. This shows that
simplicity can play an important réle in understanding uncountably categorical excellent
classes, since simplicity has proved a convenient context in which to generalise the tools of
geometric stability theory (see for examplg][and [9] in homogeneous model theory, and
in a forthcoming paper we show that we can import canonical bases without destroying
simplicity or excellence).

In this paper, we fix an excellent claSsand work inside a large full modelin . We
introducelascar stong typesequdity of two Lascar strong types is the finest invariant
equivalence relation with a bounded number of classes. We prove all the first order results
for Lascar strong types, in particular that Lascar strong types are the orbits of the group of
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strong automorphisms (thoset@morphisms fixing each Lascstrong type) and that the
group of strong automorphisms is generated by the automorphisms fixing a model.

We thenconsidelLascar-splitting which is a version of strong splitting, except that we
have to work with special kinds of indiscernibles (essentially Morley sequences). This
is due to the fact that indisaaible sequences are not so well-behaved at this level of
generality (see below). We introduce ananant and monotone ingendence relation
with built-in extension property (an idea originating ib2] and alsoused in [L(]). This
independence relation satisfies all the alsproperties over models as well as a Pairs
Lemma over all sets, i.e., #is indgpendent fronB over A andb is indgpendent fronBa
over Aa, thenab is indgpendent fromB over A. In addtion, it satisfies natural restricted
versons of extension and local character. Let us explain the use of therésircted
In general, we do not have existence, i.e., it is possible that an eldmmiaty not be
independent from a s&t over the same séh. But, if b is independent fromA over A,
then (1) there is a finit€ < A suchthatb is indgpendent fromA overC (this is resricted
local character); (2) for eacB containingA there isb’ redising tp(b/A) suchthatb’ is
independent fronB over A (this is restricted extension). This independence relation is
especially well-behaved over finite sets:Afis finite andb is indgpendent fromA over
A, then @) if a is indgpendent fromAb over A, thenb is indgpendent fromAa over A
(this is restricted symmetry); (4) for ead containingA there isb’ redising the same
Lascar strong type dsover A suchthatb’ is independent fronB over A (this is resticted
strong extension). By monotonicity, the restriction thas indegpendent fromA over A is
necessary. We can also prove a good stationarity property for Lascar strong types.

As we ponted out, in a general excellent class, there may naarpeindependence
relation satisfying all the first order properties of nonforking (k@ for example), so the
restrictions above are unavoidabThis is in spite of the fact tha€ is w-stable. So we
say that a excdlent class issimpleif the independence relation we introduced has local
character. We are able to show that all the usual properties of nonforking in a stable first
order theory hold for ourndependence relation whea is simple, namely, in addition
to monotonicity, invariance, and local character, we also have finite character, extension,
symmetry, transitivity, and stationarity of &@ar strong types. Furthermore, an excellent
classK is simple if and only ifsomeindependence relation satisfies all these properties,
and the properties themselves characterise the independence relation. Hence, the context
of simplicity does not depend on our definition of the independence relation. We also show
that the behaviour over finite sets entirely determines simplicity.

Finally, we revisit thel -rank. It was shown in]6] that in ageneral excellent class, the
U-rank for types over models is well-behaved. We extendXirank to a complete typp
over an arbitrar set by tke supremum of théJ -rank of types over models extendipgWe
say that'C has extensibl& -rank when the supremum is always achieved by a type over
a model. We prove that an excellent classis simple if and only if it has extensibld-
rank (generalisingd]). We derive two interettng corollaries. Any excellent class of finite
U-rank is simple. Any uncountably categorical excellent class has a countable expansion
which is also simple.

Although many of the results are similar to the first order case, the technology used
to prove them is not. Inhe first order case, it is possible to work inside a compact and
homogeneous model. We do not have any compactness here, unlike Robinson tBgories [
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exigentially closed models20], or Compact Abstract Classe3][ We do not even have

much homogeneity left (in contrast td]], as full models are not evety-homogeneousin
general. Thus, two elements may have the same type over a ub$et without being
automorphic oveA. However, wherAis finite or a model, then the natural semantic notion

of atype overA (as an orbit of the group of automorphisms fixiAgpointwise) has a good
syntactic equivalent as a set of formulas with parameters 8véthis dual aspect is used
repeatedly, and is the chief reason why we can obtain good properties over finite sets or
models in general. Another caeguence of the failure of homogeneity is that indiscernible
sajuences are not so well-behaved; they cannot be extended in general, and a permutation
of their elements does not necessarily extend to an automorphism.

0. Preliminaries

In this section, we remind the reader of a few facts about excellent classes due to Shelah,
which can be found in2324], or in the expository paperl[/] or in Baldwin’s online
book [1]. For simplicity, and without real loss of generality (see the remark below), we
consider the case of the cla§sof atomicmodels of a countable first order thedryi.e.,
M e K ifandonly if M = T and each finite sequencec M realises an isolated type
over the emty set.

So we fix an atomic, excellent clak5and consider a suitably large full mod&in £C.
More preciselywe assume that saisfies the conditions (1)-(VIII) below. We denote by
Aut(¢/C) the goup of automorphisms o fixing C pointwise. The first two conditions
concerrhomogeneity

() ¢ is strongly Rp-homogeneouys.e, if tp(a/C) = tp(b/C), wherea,b € ¢ are
elements an@ C ¢ is finite, then there exist§ € Aut(¢/C) suchthat f (a) = b.

(I) ¢ is model homogeneouse,, if tp(a/M) = tp(b/M), wherea, b € € are elements
andM < ¢ with M| < ||€]|, then here eists f € Aut(€/M) suchthat f (a) = b.

This gives us rather rich automorphism groupst(¢/C). Recall thatC-invariant
means preserved under automorphism@\u¢/C). Note that, in general, we cannot
assume that if tfa/C) = tp(b/C) there isf € Aut(¢€/C) suchthat f (a) = b. Thisisone
of the main additional difficulties when dealing with excellent, rather than homogeneous
classes.

We now onsiderthe notion otypes In gereral, if A C € andp is a conplete type over
A, there mg not bec € ¢ redising p. In fact, if ¢ = p, thenAcis atomic, i.e., tpac/?)
is isolated for anya € A. This gves us a necessary condition for a type to be realise€d in
and is the justification for the next definition.

Definition 0.1. Let A € €. We saythat p € Sa(A) if p is a conplete first order type (in
L(T)) over A and for anyc (in some elementary extension ©f redising p the setAcis

atomic.
The next fact about is a form of saturatin for the gpropriate notion of types; it gives

a gyntactic description of orbits over modelorfuncountable models, the next definition
is equivalent to fullness.

(1 eisfull,i.e, if p e Sp(M), with M < € and||M|| < |€||, thenpis realised ing.
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We now onsiderstability and splitting. Recall thatp € Sa(A) splitsoverC C A if
there ared, e e A with tp(d/C) = tp(e/C) and a formulap (x, y) suchthat¢(x, d) € p
and—¢(x,e) € p.

(IV) €isRp-stable i.e, € realises only countably many types over countable subsets.

(V) If peSg(M), forM < €and||M| < ||€], there exits a finiteC € M suchthat p
does not split ove€.

(VI) The independence relation

ns
A\L Ba
C
defined by tga/C B) does not split over a finite subset@ffor eacha € A, sdisfies
Invariance and Monotonicity, as well as Local Character, Extension, Symmetry, and
Stationarity provided is a model.

Finally, we have two conditions on primary models. Recall that a mbté primary
over Aif M =AU{g :i <a}withtp(ai/AU{aj : j <i}) isisolated for each < «.

(VIl) For eachM < € and finite sequenca € €, there isa primay modelM(a) < €
overM U a.

ns
(VII) Let M, for £ = 0,1, 2 < & with Mg < M1, M. If My L My, then here ejists a
Mo
primary modelM* overM1 U Ma.

We finish this list with a couple of remarks. We first point out some of the important
connections between the conditions (I)—(VIII).

Remark 0.2. First, we work with an atomi& so all models areXg-homogeneous. Thus,

in each cardinality wheré& has a modellC has a stronglyo-homogeneous model (this
almost gives (1)). In order to develop excellence, we work inkgsstable class, i.e., each
modelM € K is Rp-stable. This gives (IV), and adulo some additional assumptions
(for example the amalgamation property, but (lll) is enougty)stability implies that

the independence relation built from nfiting hasgood properties over models (V,
VI). This independence is then used to define excellence, which is a condition on the
existence of a primary model over countable independent systems of models; for example,
in (V1) the system(Mg, M1, M») is indgpendent. It is not clear that these conditions imply
excdlence, which requires the existence airpary models over independent systems

of larger dimensions. Excellence implies (VII) and (VIII), i.e., the existence of primary
models in higher cardinalities can be deduced. Excellence also implies (ll). Finally (I)
and (l1) follows from (IIl) and (VII).

We now say a word on how to deal with nonatomic classes.

Remark 0.3. For the problem of uncountable categoricity, Shelaf] [showed hat it is
enough to consider the case of an atomic class; what this means is that every uncountably
categorical class of models of a sentefice L, ., Or a chss ofD-model for some set

of typesD, can be naturally expanded to form an atomic class of models with the same
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uncountable spectrum. In practice, however, given a clagy-wfodels, for example, we

may notwant to expand it. It is still possible to develop excellence in this setting (ke [

for details); in fact, throughout all the proofs and the statements of this paper, it suffices to
replace ‘models’ with (D, Xg)-homogeneous models’. For example, types @qi&mRg)-
homogeneous models are tedaary for nonspitting, (D, Xg)-homogeneous models are
a-saturated below. Full models realise tyges Sp(M), for M a (D, Xg)-homogeneous
model; wherep € Sp(M) if p € S(M) and for eaclt = p, the setMc realises only types

in D. Forprimary models, we consider insteﬁﬁo-primary(D, Rp)-homogeneous models
(which are primen the class of D, ®g)-homogeneous models), and so forth.

Fromnow on, we work inside the full model, which weuse as a universal domain. All
sets, squences, and models will be assumed to be ingidé size less than| €| (though
we may repeat this for emphasis). Uppercase letteB, C, denote sets; leters like M,
N denote models; and lowercase lettarb, ¢ denote finite sequences.

The next fact follows easily from (l1l) and (V1) and will be used several times in this
paper.

Fact 0.4. Let M* be ful. Let f : M — N be an ismormphism, with M N < M* of size
less than|M*||. Then here exsts ge Aut(M*) extending f.

We now onsider the problem of indiscernible sequences. Indiscernible sequences in
excdlent classes doot necessarily behave as well as in the homogeneous case. For
example, some infinite indiscernible sequences cannot be extended inice example is
given byZ in the quasi-minimal excellent class worked out by Zilber (25 for detals)
to model the behaviour of

0> Z— Cyp>PC* > 0.

Further, it is not clear that a permutatiof the eéments always extends to an
automorphism o€. This is the reason why we introduce the following definition:

Definition 0.5. We say that is strongly indiscernible over Qor strongly C-indiscernible
if for any A, there is aC-indiscernible sequendé extending | of sizei with the property
that any injective map frorlY into |’ extends to an automorphism effixing C pointwise.

We will spend the rest of this section showing that this notion of indiscernibles is
appropriate for our purposes, i.e., it satisfies, at least over finite sets, the sort of properties
that indiscernibles satisfy in the firstder case and in the homogeneous case (58e [
and (] where suchresults are proved for all indiscernibles).

Note that being stronglyC-indiscernible is a&C-invariant notion. Also, ifl is strongly
indiscernible ove€, andl’ € | andC’ C C, thenl’ is strongly indiscernible ove€'.

Recall that(a; : i < «) is aMorley sejuenceor p € S;(M), whereM is a model, if
eachg; &= pand

ns
a Liaj:j<i}, foreachi < «.
M
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It follows from (VI) that| is indiscenible overM andindependent over M.e,,
ns
a L1\ {a}, for eachi < «.
M

The definition of a Morley sequence does not really depend on the particular independence
relation that we use, provided it satisfies monotonicity, stationarity over models and
invariance (see for example Kolesnikdg] or Proposition 2.below). We vill show that
strongly indiscernible sequences coincide with Morley sequences. To see this, we need to
recall a fact also due to Shela?d. We sketch the proof to illustrate the role of (1)—(VIII).

Fact 0.6. Let lUC C €with |I| > A > |C| + Xp. Then here is M < € containing C
of sizeAr and J C | of sizeA™ such that J is a Morlegeguence for some g Sa(M). It
followsthat J is strongly indiscernible over M.

Proof. Let M < € containingC be of sizeir. Construct an increasing and continuous
sguencesM; : i < AT) of models of sizex with Mg = M anda < | suchthat

a € Mj11 \ M;. This ispossible sincd has sizer™. Each type tga; /M) is stationary
and does not split over a finite subset\f by (V) and (VI). Hence, by Fodor’s lemma, we
may assume that none of them split over some finite subdeppénd by the pigeonhole
principle that they do not split over the same finite subs&@fAnother application of the
pigeonhole principle, usingo-stability (1V), shows that we may assume that all tyés
satisfy the same type ovég. Then, (g : i < A ™) is a Morley sguence for tpag/ Mo).

A standard argument now shows thiais Mg-indiscernible. Thus(a; : i < A1) can
be extended to aMp-indiscernible sequendg; : i < w) of any desired size (by simply
extending this Morley sequence, using (V1) and (111)).

Now by (VII), we can choosé€N; : i < wu) increasing and continuous, such that
No = Mo, Ni < M, andN;;+1 is primary overN; U g. Then by @sting together all
the constuctions ofNj+1 over N; U & and using orthogonality calculus we obtain that
N = in N; is primary overMp U {g : i < u} (see p] for detdls). Thus, any
permutation of(g; : i < w) extends to an automorphism df fixing Mg. By Fact 0.4
this automorphism extendsrther to an automorphism af fixing Mg. This $ows that
(& :i < AT)isstrongly indiscernible oveMy. O

We can now prove the desired characterisation.

Proposition 0.7. | is grongly C-indiscernible if and only if | is the Morley sequence of a
type pe Sa(M) for some mdel M containing C.

Proof. The last two paragraphs of the previous proof show thiatsfthe Morley sequence
of atypep € Sa(M), with M containingC, thenl is strongly C-indiscernible.

Let us prove the converse. Suppose thatstrongly C-indiscernible. By extending if
necessary, we may assume that (a; :i < A1), forsome\ > |C|+Rg. Choose a model
M containingC such tlat somel C | of sizeA™ is a Morley sguence for a complete type
overM (this is possible by the previous fact). Wrile= (a;, : ¢ < A1). Let f € Aut(¢/C)
suchthat f (aj,) = ay, for each¢ < A, which exigs sincel is strongly C-indiscernible.
Thenl is a Morley sguence for tgag/f (M)), and f (M) is a nodel containingc. O
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We now prove a couple of lemmas about strongly indiscernible sequences which will be
used laer. The next lemma will be used in the proof of the Pairs Lemiragosition 2.8

Lemma0.8. Let C C B with B finite. Let(a : i < w) be B-indiscernible and strongly
C-indiscernible. Then, for each & w, there exists a strongly B-indiscernible sequence
(& :i < w)suchhatg = g foreachi<n.

Proof. Let n < w be given. Let(a; : i < w1) be stronglyC-indiscernible extending
(& : 1 < w). By the pigeonhole principle artp-stability (IV), we may assume that

tp(ag...an—1/B) = tp(aj, ... ai,/B), for eachig < -+ <ip—1 < w1.

By the Fact 0.6 thereexids S C wj of size w1 suchthat(a : i € S is strongly
B-indiscernible. The result now follows by stroaghomogeneity off (1) by sending the
nfirstelementsofa :i € S toap,...,an—1 fixing B. O

This next lemma is a technical result used in the prodftedorem 4.7

Lemma 0.9. Let C be finite. There existsmodel N of size less thgrZ || with the following
properties:

(1) Whenevera : i < w) € € is strongly C-indiscernible with @ a1 € N, there is
(& :1 < w1) € N astrongly C-indiscernible sequence with & aj and a = a;.

(2) Whenevela : i < w1) € N is grongly C-indiscernible and is a permutation of
(g : 1 < w1), there eists f € Aut(N/C) extendingo.

Proof. Let . = 2%, We piove thatthere exists dull model N of size »™ satisfying (1)
and (2). We construct an increasing and continuous sequence of full nidiels < A™)
suchthatC € Mg, eachM; has size\., and wkenevera; :i < w) C € with ag, a1 € M is
strongly C-indiscernible, there exist® : i < w1) € M1 strongly C-indiscernible with
ay = ag anda; = ay. Further, we choos#li 1 such that wheneverb; : i < w1) € Mj is
strongly C-indiscernible, there i1 < M1 countable such thab; : i < wj) is a Morley
sequence for tbp/M).

This is possible: ChoosKlg arbitrary of sizex containingC. Having constructedV;,
there are at most choices for(ag, a1) in M;, soonly A many sequence(ai’ o< wr)
to add inM; 1 (we only need to choosmnestrongly indiscernible squence for each pair
(ap, a1)). By Proposition 0.7each strongly indiscernible geence is the Morley sequence
of a type over some model. But, the number of stronGhmndiscernible sequences
(b 1 i < w1)in M; is at mostA™ = A, so we can add all the necessary countable
modeds in M1 without violating the cardinalityequirement. Finally, makind; 1 into
a full model is easy by (Ill) and (IV). At limit, choos#/; full containingUj<i M; (but
actually,lJ; _; Mj is already full).

This is enough: LeN = [ J;_,+ M;. ThenN is full sincex™ is regular. Now, certainly
(1) is satisfied. To see that (2) holds, (bt : i < w1) € N beC-strongly indiscernible.
Then, by regularity, there exists< A™ suchthat(bj : i < w1) € M;. Thus, there is
M < Mj+1 countable such thab; : i < w1) is a Morley sguence for tgbg/M). Then,
any permutation ofb; : i < w1) extends to an automorphisms &f fixing M just like in
the last paraggzh of the proof ofFact 0.6usingFact 0.4 O
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1. Lascar strongtypesand strong automorphisms

In this section, we introduce Lascar strong types for the context of excellent classes.
In the first order case without stability, many of these results were obtained by Kim and
Pillay [14]. For the homogeneous context, this was done first in the stable context by
Hyttinen and Shelahlp] andby Buechler and Lessmand][without stability.

We say thaa set ihoundedf it has size less thape||. Fact 0.6shows that &-invariant
setX isbounded if and only iiX has at mosIC| + Xg elements.

Definition 1.1. We say thata andb have the samé&ascar stong type over Cwritten
Lstp(a/C) = Lstp(b/C), if E(a, b) holds for anyC-invariant equivalence relatioi with
abounded number of classes.

Equality between Lascar strong types oweris clearly aC-invariant equivalence
relaion; we will show in the next few lemmas that it is tfieest Ginvariant equivalence
relation with a bounded number of classes.

Lemmal.2. Let E be a C-invariant equivalence relation with a bounded number of
classes. Let J be strongly indiscernible over C. Thea, ) foranya b € J.

Proof. If not, then—E(a, b) holds for some # bin J. By strong indiscernibility, we may
assume thad has sizg|€||. But now, byC-invariance and strong indiscernibility again, we
have—E(c, d) for anyc # d € J, soE has an unbounded number of equivalence classes,
a montradiction. O

Lemmal.3. Let E be a C-invariant equivalence relation with a bounded number of
classes, then E has at mg§t| + g many classes.

Proof. Let A = |C| + Ro. Suppose thata; : i < A"} are E-inequivalent. ByFact 0.6
there is an infinite] < {g; : i < A"}, which is strongly indiscernible oveZ. But for any
a,b € J, we haveE(a, b), by theprevious lemma, a contradictionO

Before we prove the next corollary, we point out that there are at mbst™® distinct
C-invariant subsets dof. In thehomogeneous case, this is obvious; here, we notice that if
Z is C-invariant, thenZ is aunion of orbits ofAut(¢/C). Now, by Fact 0.6 there are at
most|C| + R distinct orbits (in the given arity) ove®, which implies the conclusion.

Corollary 1.4. The relation Ea, b) given byLstp(a/C) = Lstp(b/C) is the finest C-
invariant equivalence relation with a bounded number of classes.

Proof. It is enough to show that equality of Lascar strong types itself has a bounded
number of classes. As we pointed out, there are at Most® equivalence relations which
areC-invariant. Hence, ifa; : i < A} redise distinct Lascar strong types ower andx is
suitably brge (given by Erds—Rado), there is a subset of s{¥€| + Rp)™ which would

be E-inequivalent for a specifi€-invariant equivalence relation with a bounded number
of classes. This contradicts the previous lemma.

We will refer to the distinct classes under Lascar strong type equalibaasarstrong
types Since the number of complete types over a boundedCsét bounded, equality
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of types is aC-invariant equivalence relation with a bounded number of classes, so if
Lstp(a/C) = Lstp(b/C), then tga/C) = tp(b/C). Further for the sameeaason, there is
f € Aut(€/C) suchthat f (a) = b. We provea bdter result inProposition 1.9elow.

We now introduce the bounded closure of a set.

Definition 1.5. Let C be a set. We say thdt is in the bounded closure of Cwritten
b € bcl(C), if tp(b/C) has a bounded number of realisationgin

Again, Fact 0.6shows thatbcl(C)| < |C| + Ro.

Lemmal6. If p € Si(C) has a bounded number of realisations anda= p. Then,
Lstp(a/C) = Lstp(b/C) if and only if a= b.

Proof. Define E(a, b) if whenevera,b = p thena = b. ThenE is a C-invariant
equivalence relation with a bounded number of classes, so the result follows from
Corollay 1.4 0O

We can in fact prove more:
Lemma 1.7. If Lstp(a/C) = Lstp(b/C) thentp(a/bcl(C)) = tp(b/bcl(C)).

Proof. Define E(a, b) if tp(a/bcl(C)) = tp(b/bcl(C)). This is aC-invariant equivalence
relaion, for if f € Aut(¢/C) then f fixes bclC) setwise. FurtherE has a bounded
number of classes singbcl(C)| < |C| + Ro. Herce, byCorollary 1.4 if Lstp(a/C) =
Lstp(b/C) we must havee(a, b). O

We now introducestrong automorphisms

Definition 1.8. We say thatf € Aut(€/C) is a strong automorphism over Gf
Lstp(a/C) = Lstp(f(a)/C), for eacha € €.

We denote Saut¢/C) the gioup of strong automorphisms ov€r It is easy to check
thatSaute¢/C) is anormal subgroup ohut(¢/C). The next proposition shows that Lascar
strong types ovel are the orbits oSaut¢/C), and thathis group is generated by the
automorphisms of fixing a model containingC.

Proposition 1.9. Let a, b be firite sequences. The followiegnditions are equivalent:

(1) Lstp(a/C) = Lstp(b/C).

(2) There exists fe Saut¢/C) suchhat f(a) = b.

(3) Thereisn< w, Mj fori < n,with C € M; < ¢, and § € Aut(¢/M;) suchthat
a= fp_10---0 fo(b).

Proof. (2) implies (1) is by definition. To see that (1) implies (2), Eta, b) hold if there
is f € Saut¢/C) suchthat f (a) = b. This is aC-invariant equivalence relation. Hence
by Corollary 1.4it is enough to show th&E has a bounded number of classes.

There are onlyC| + X many distinct Lascar strong types o¥&rso we can choosé/
bounded containing a realisatioorfeach Lascar strong type ov@rSuppose thata; : i <
(IC| +Ro) "} areE-inequivalent. Byo-stability (IV), there aré # j < (|C|+Rp)™ such
that tp(a; /M) = tp(aj /M). By model homogeneity, there existse Aut(¢/M) suchthat
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f(a) = aj. We clam that f € Saut¢/C): Leta € ¢, and choosea’ € M suchthat
Lstp(a/C) = Lstp(@’/C). Then Lstff (a)/C) = Lstp(f(a’)/C) by C-invariance. But
f(@) = a/, andhence Lstga/C) = Lstp(f (a)/C).

For (1) implies (3), it is enough to check that the relation betwaesmdb defined
by (3) is aC-invariant equivalence relation with a bounded number of classes, which is
easy. For (3) implies (1), it is enough to see that it Aut(¢/M), whereC € M < ¢,
then Lstgb/C) = Lstp(f(b)/C). If b € M, thenb = f(b) and there is nothing to
show. Otherwise, leMg = M. Let M1 be primary oveiMgbf (b). Leta; & tp(b/M) =
tp(f (b)/M) be such that ta1/M1) does not split oveM. Continue inductively to obtain
a Morley ®quence(a; : 0 < i < w). Notice tha both(b,a : 0 < i < w) and
(f(b),a : 0 <i < w) are Morley sequences fordp/M), hence strongly indiscernible
overC with elements in common. This implies that L&pC) = Lstp(f (b)/C). O

It follows that if Lstga/C) = Lstp(b/C) andc € € then there il € ¢ suchthat
Lstp(ac/C) = Lstp(bd/C).

Proposition 1.10. Suppose that & b. Then thedllowing conditions are equivalent:

(1) Lstp(a/C) = Lstp(b/C)
(2) There exists n< w, g and strongly C-indiscernible sequencedar i < n sud that
ag=a,a =b,anda, a1 € J fori <n.

Proof. (2) implies (1) is clear byLemma 1.2 To see that (1) implies (2), letE(a, b)

be the equivalence relation defined by (2). It is easily seen t6-beariant. Hence, by
Corollay 1.4, it is enough to show that it has a bounded number of classes. This is clear: If
{a : 1 < ||€||} wereE-inequivalent, then biract 0.6thereisd C {g :i < ||€|} a Morley
saquence for some stationagy/e Sx(M), whereM containsC. Thus, anya;, a; € J are
E-equivalent, a contradiction.O

The next concept will be useful in understanding the stationarity of the independence
relations we introduce in the next section.

Definition 1.11. We say that anodel isa-satuatedif it realises every Lascar strong type
over a finite subset.

Proposition 1.12. Every model is a-saturated.

Proof. Let M be given. LetC € M be finite. We want to show thd#l realises every
Lascar strong type ové. Without loss of generality, we may assume thhts countable.
Since there are only countably many distinct Lascar strong types ©ye&re can find
a ountableN < € containingC redising all the Lascar strong types ové, that is,
containing a complete set of representatives @eBut N andM are isomorphic ove€,
and moreover byact 0.4 there isan automorphisnt of € sending N into M fixing C
pointwise. IfM did not contain a complete set of representatives,lardM suchthat
Lstp(b/C) # Lstp(a/C) for eacha € M, then f ~1(b) shows thaiN does not contain a
complete set of representatives o@either. O

The previous proposition also shows that the Lascar strong types do not depé&nd on
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2. Lascar-splitting and independence

We first introduce a new independence tela based on stronggitting and strong
indiscernibles.

Definition 2.1. We say thatp € Sa(A) Lascar-splits over Cif there is a strongly
C-indiscernible sequend@; : i < w) and a formulap(x, y) suchthat¢(x,ag) € p,
and—¢ (X, a1) € p.

Clearly, the type tpa/A) Lascar-splits oveC if there is a stronglyC-indiscernible
squenced; : i < w), with ag, a1 € A, such hat tplaag/C) # tp(aay/C). It is obvious
that if p does not split ove€ then p does not Lascar-split ov&. Herce, by (V) for any
p € Sai(M) there exists a finit€ < M suchthat p does not Lascar-split ov€r. Thenext
proposition justifies the name.

Proposition 2.2. Let pe Si(M) and let CC M befinite. Then p Lascar-splits over C if
and only if there are ab € M realising the same Lascastrong type over C ang such
thatg(x,a) € pand—¢(x, b) € p.

Proof. The ‘if’ part follows from Lemma 1.2 since if (& : i < w) is strongly C-
indiscernible withp (x, ag), —¢ (X, a1) € p, then Lstgag/C) = Lstp(a;/C). For the ‘only
if’ part, suppose thgp does not Lascar-split ovel. Suppose thag and J;, fori < n,
witness the fact that Lstp/C) = Lstp(b/C) asProposition 1.1(2). We may assume that
the J’s are countable. By-homogeneity oM we may also assume that all tieare in
M. Suppose thap (x, a) € p. Since each; is strongly C-indiscernible, thew (x, &) € p,
foreachi < n,so¢(x,b) e p. O

The next proposition shows that types over models are stationary for non-Lascar-
splitting.

Proposition 2.3. Suppose that E Sz(M) does not Lascar-split over the finite C M.
For any B containing M there is & ¢ realising p such thatp(a/B) does not Lascar-split
over C. Furtherrore, the typdp(a/B) is unique.

Proof. Without loss of generality, we may assume tB&s a nodelN. Defineq € Sa(N)
as follows. For eacl’ € N, chooseb € M such that Lstpb/C) = Lstp(b’/C). This
is possble sinceM is a-saturated. Then for ea¢tix, y), let ¢ (x, b’) € q if and only if

¢ (x,b) € p. Itiseasy to check tha € S(N), extendsp, anddoes not Lascar-split over
C usingProposition 2.2By fullness of€ (l11), we can finda € € redising g. Uniqueness
of q follows from the asaturation oM (Proposition 1.1pandProposition 2.2 [J

We point out the following connectionfd. ascar-splitting withhounded closure:
Lemma2.4. If a € bcl(C) thentp(a/B) does not Lascar-split over C for any B.

Proof. Suppose, for a contradiction, that(§y B) Lascar-splits ove€. Let A be suitably
large and let(b; : i < X) be stronglyC-indiscernible such thabg,b; € B and
tp(aby/C) # tp(aby/C). We mayassume that {abg/C) + tp(abky/C) for eachi < A. By
strong indiscernibility, for each < 1, there isf; € Aut(¢/C) permuting(b; : j < ) such



122 T. Hyttinen, O. Lessmann / Annals of Pure and Applied Logic 139 (2006) 110-137

that fi (bg) = bj. Leta; = fj(a). Thena # aj fori # j, so tga/C) has an unbounded
number of realisations, a contradictiorl]

We now introduce a new indepenulee relation. It is basedhaon-Lascar-glitting and
has abuilt-in extension property (as irlp] and [10]). We let

alB
C

if there is a finiteC’ C C such that for all D containingC U B there isa’ redising the type
tp(a/BC) such that tp(@’/ D) does not Lascar-split ov&’. We then write

ALB
C

if a. L B for anyfinitea € A.
C

We will show that it satisfies all the usual nonelementary properties of an independence
relation over a model, as well as restricted verss of the expected properties over finite
(and somgmes infinite) sets. We first list a few obvious ones. Notice that Finite Character
is not one of them (we will only be able to prove this result in the next section).

Proposition 2.5. (1) (Invariance).L is invariant under automorphisms @f
(2) (Restricted Local Character) If & B then here eists a finite C < C sud that
C

a.l B.
C/
(3) (Monotonicity) Supposethat€ B < D.Ifal Dthenal Bandal D.
C C B
(4) (Resticted Extension) Let G B. If a.L B and D contains B then there is g=
C
tp(a/B) such hata L D.
C

Proof. (1), (2), and (3) are clear. For (4), using Monotonicity (3), it is enough to show the

result forD = M, a nodel. Sincea L B, there exisiC’ € C finite anda’ |= tp(a/BC)
C
such that tp(a’/M) does not Lascar-split ove€’. Suppose thatD’ containsM. By

Proposition 2.3here exsts auniquea” = tp(a’/M) such that tp(a”/D) does not Lascar-
split overC’. Hercea” .. M by Proposition 2.2and Monotonicity. O
C

Not only is L is Invariant, but more is true: If tta/CB) = tp(a’/CB) thena L B
C
if and only if a’ L B. The next lemma explores a few simple properties of the bounded
C
closure.

Lemma 2.6. Let C befinite.
(1) Ifa € bcl(C) then al B forany B.
C
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(2) Ifa ¢ bcl(C) thena} a.
C
(3) Ifa € bcl(B) \ bcl(C) thena L B.
C
Proof. (1) is immediate byLemma 2.4 For (2, sinceC is finite, theorbit of a under
Aut(¢/C) is unbounded. So bfract 0.6 there exists a stronglg-indiscernible sequence

(& : i < w) swch that eachy is C-automorphic toa. We mayassume that = ap.
Suppose that L a. Leta’ |= tp(a/Ca) suchthata’ L{a : i < w}. Thena’ = a, so
C C

al{a :i < w} and this is a contradiction since(gyC{a; : i < »)}) Lascar-splits over
C

C, sincex = ag andx # aj belongto tga/C{a : i < w}) and(a : i < w) is strongly
C-indiscernible.
For (3), suppose, for a contradiction, thatl. B. Let 8’ = tp(a/CB) suchthat
C

a’ L bcl(B). Buta’ e bcl(B), soa’ | @', contradicting (2). O
C C

We now bok at the behaviour over models. The main point here is that, over models,

ns
this independence relation coincides with the familiar dnelefined vianonsplitting in
(VI). We have stationarity over models (IJymmetry over models (3), and transitivity
when the midle set is a model (4).

Proposition 2.7. (1) (Stationarity over models) Let M be a model. IflaB and b.l B

M M
andtp(a/M) = tp(b/M), thentp(a/B) = tp(b/B).
ns
(2) Let M bea nodel. Then, AL B ifand only if AL B.
M M
(3) If AL B,then BL A.
M M
(4) Let M beamodel andletCc M € D.Ifal M andal D, thenal D.
C M C

(5) If a L B, thenthere is a finite be B suchhata.[ b.
M M

Proof. (1) follows immediately fronProposition 2.3
For (2), he right to left directiong easy: certainly, if tga/MB) does not split over
a finite subseC of M, then tga/M B) does not Lascar-split ov&®. Further for any D
containingM B there isa’ = tp(a/M) such that tp(a’/ D) does not split ove€, herce does
not Lascar-split ove€. But, tp@’/MB) = tp(a/MB) by stationarity (for nonsplitting).
This showsa L B. Now suppose thaa .l B. ChooseC < M finite such that tpa/M)
M M

does not split ove€ and sub thata .l M B (this is possible by Restricted Local Character

C
and Monotonicity fromProposition 2.5 Leta’ = tp(a/M) be such that tfa'/M B) does
not split overC (this is possible since types oveodels are stationary for nonsplitting).
Then tpga’/MB) does not Lascar-split oveE, and hence tga’/MB) = tp(a/MB)
Proposition 2.3This sows that tp(a/M B) does not split over the finite sub<gtof M.
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ns
(3) is true by (2) since Symmetry holds fdr. (4) follows easily fromProposition 2.3
(or (1)). (5) holds again by (2) and is, iadt, easily seen to follow directly from (1).0

We can prove the Pairs Lemma (sometimes called Left Transitivity) when the sets are finite.

Proposition 2.8 (Pairs Lemma. Let C < B with B finite. Assume that & B and
C
b L Ba.Thenahl B.
Ca C

Proof. Assume, fora contradiction, thaab.L B. Herce, there is @ containingB such
C
that whenever’b’ = tp(ab/B) then tga’b’/D) Lascar-splits ove€. By Monotonicity,

we may assume thdd = M is a model. Bydefinition, we can findd’b’ = tp(ab/B)
suchthata’ L M andb’ L Ma'. Let (¢; : i < w) be stronglyC-indiscernible with
C ca
tp(@'b'cy/C) # tp(a’b’'cy/C). We mayassume thatc; : i < w) in M.
We now clam that (¢ : i < w) is indiscenible overCa’: Otherwise for somen < w
and someég < ...in—1 < w we have

E¢@,co....cn-1) and E —¢@, i, ..., G )

Then, the sequenck consisting ofn-element subsequences frdmis clearly strongly

indiscernible ove€, which implies that tga’/C |) Lascar-splits ove€, hercea’ ) M, a

- c
contradiction.

Since(ci : I < w) is strongly indiscernible ove and indiscernible ove€a, by
Lemma 0.8 we can find a stronglyCa’-indiscernible sequendg; : i < w) with co = ¢,
andc; = c;. But this implies that tgb’/Ma’) Lascar-splits ove€ ', whichcontradicts the
factthatt’ L Ma'. O

ca

We can now prove a restricted form of Symmetry over finite sets.

Proposition 2.9 (Resticted Symmetly Let C be finite and suppose thatbC. Ifal b
C

C
then bl a.
C

Proof. Let N be a model containin@. Sinceb L C, thereexigsb’ = tp(b/C) suchthat
C

b’ L N. Choose an automorphisth € Aut(¢/C) suchthat f(b’) = b. Then,b L f(N)

bycl:nvariance. This shows that we can choose a mitlebntainingC suchthatbCJ, M.
Now sincea L b, thereexigs a’ = tp(a/Ch) suchthata’ .l Mb. Thena’ fb by

Monotonicity, sc?by Symmetry over modeBrpposition Z.B)),C\:Ne haveb \I\IZ a’,l\go that
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by Transtivity when the middle set is a modeP(oposition 2.74)), we haveb | a'. Thus
C
b 1 asince tgab/C) = tp(@b/C). O
C

We now onsider the problem of existence and uniqueness of extensions of Lascar
strong types. We first prove Strong Extension wheris finite (note that, without the
finiteness of C € B below, we do not even know whetheBzautomorphic image o&
is indegpendent fromD overC).

Proposition 2.10. Let C € B with B finite. If al B and D contains B, there exists a
C
strong automorphism & Saut¢/B) such hat f(a) L D.
C
Proof. If a € bcl(B), thena € bcl(C), and soca.l D by Lemma 2.6 and theres nothing
C

to prove. Suppose that ¢ bcl(B).
We first chim that there i®’ |= Lstp(a/B) suchthata’ L Ba: Choose(g : i < w1)
C

suchthata; = tp(a/B), a L B{aj : j < i} (this is possible by Restricted Extension).

By Lemma 2.6 we have thab; # a; if i # j. Herce byFact 0.6 we mayassume that
(& : i < w) is strongly B-indiscernible. SinceB is finite, we can choosef € Aut(¢/B)
with f(a) = ap. Hence, without loss of generality we may assume that ag. Now
Lstp(a;/B) = Lstp(ag/B) by Lemma 1.2anda; .l Bag. This $hows the taim.

C

For thegeneral case, |dD be given containind. Fix a’ | Bawith a’ |= Lstp(a/B).
C
By Restricted Extesion, there isa” = tp(a’/Ba) suchthat a’ L D. Then, by
C

Proposition 1.9here existg € Saut¢/B) suchthatg(a) = a’. Further sinceB is finite,
thereisf € Aut(¢/Ba) suchthat f (a') = a”. Thenf ~logo f € Saut¢/B) by nomdlity
of Saut¢/B) in Aut(¢/B). Then,

a’=f@)=fog@="fogof%a and a’.lD,
C

sowe are done. O

We finish this setion with the problemof uniqueness of the extension, i.e., the
stationarity of Lasar strong types. We first prove a lemma.

Lemma2.11. Let C be finite. Suppose thatt ab. If Lstp(a/C) = Lstp(b/C) then
C
tp(a/Cc) = tp(b/Co).

Proof. Let M be a model containinGab. Letc’ |= tp(c/Cab) suchthatc’ . M. Choose
C
f e Aut(¢/Cab) suchthat f(¢') = c. Herce,c.L f(M) by Invariance, so in particular,
C

tp(c/f (M)) does not Lascar-split oveZ. Since f (M) is a nodel containingCab, and
Lstp(a/C) = Lstp(b/C), we must have tfac/C) = tp(bc/C) by Proposition 2.2 O
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The next proposition is the form of stationarity for Lascar strong types which we can
prove. We call itresticted stationarity for suggestiveness, but here, in contrast to our
previous usage of the term restricted, the restriction does not follow from the conclusion. In
fact, in the homogeneous case, the restriction can be bypassetidsee][10]) due tothe
good behaviour of indiscernibles. Notice, however, that in applications (for exati)e [
this form of stationarity is enough for many purposes.

Proposition 2.12 (Restricted Stationarily Suppose & C. If alc, blc and
C C C
Lstp(a/C) = Lstp(b/C) thentp(a/Cc) = tp(b/Cc).

Proof. Suppose, for a contradiction, that(gy Cc) # tp(b/Cc). ChooseC’ < C finite
suchthatc L C,alc, bl c, and tga/C’c) # tp(b/C’c). By Proposition 2.10and
o c c
a.l c we can choosea’ = Lstp(a/C’c) suchthat a’.l abc By the Pars Lemma
C’ c’
(Proposition 2.8 sinceb L ¢, we must haver’'b L c. Then, by restricted symmetry over
c’ C’
a finite set Proposition 2.9 we have thatc L ba/, sincec.l C'. But Lstp@’/C’) =
c’ C’

Lstp(a/C’) = Lstp(b/C’), so tpa’'c/C’) = tp(bc/C’) by the previous lemma. Thus,
tp(ac/C’) = tp(bc/C’) by choice ofa’. This is acontradiction. O

We finish with two lemmas about independence over finite sets. They will allow us to
characterise simplicity in the next section.

Lemma 2.13. Let C be finite. Suppose that.t C for eachfinite sequence c. If & B,
C C

then there exists a finite & B suchhata.z b.
C

Proof. Assume thati L C. By Proposition 2.10we can finda’ = Lstp(a/C) suchthat
C
a’ L B.Thentga’/CB) # tp(a/CB) sincea’ )L B. Herce, there id € B finite such that
C C
tp(a’/Ch) # tp(a/Cb). Butb L C, soa [ b by Restricted StationarityPfoposition 2.1p
C C

sincea’ L b by Monotonicity. O
C

Lemma 2.14. Suppose that ¢ C for eachfinite C and each finite c. iC; : i < w) is an
C

increasing squence of finite sets and a is given, there existsé such hata.l Cj.1.
Ci

Proof. Suppose, for a contradiction, that for each< «» we havea .J Cj 1. We will

(|
construct an increasing sequence of modkls: i < w) andc suchthat

c.t Mjy1, foreachi < w.
Mi
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This is a contradiction since ¢g/ |_; _,, Mi) does not Lascar-split over a finite subset of
Ui<w Mi ' .

We define anricreasing sequence of modd&fs and accessory seﬁ# ,fori < wand
j <1 such that:

(1) A S Mi < Miys.
2 AIj+1\L M;, fori < j.
Al
(3) Foreach < i,thereisan automorphisrriij € Aut(¢/M;j) suchthat fij (Alj() = Alj(H,
wherej < k <.

Let A8 = Cp and chooseMp any countable model containinGy. Now chooseAiO
according to (2) and (3), which is possible by independence and sisdrgnogeneity.
Now assume that], has been constructed for< | < n. We letAl = A" andMm; be

any countable model containind; _, U A} . Again, choose‘\ij( fork > j such that (2) and
(3) hold (this only uses strong-homogeneity and the propers of indgpendence proved
in Section 2. o

Now, leth; = f! o fi'jll...(a). Clearly tpbj /Mj) = tp(bj/Mj) whenj < i. Thus,
choosec such that tp(c/M;) = tp(b; /M;) for eachi < w. Then,cJ',_ A*tandc L M,

41 -
A AT
so thatc ) M1, thedesired contradiction.d
Mi
3. Simplicity

In the first order case, simplicity is equivalent to the local character of nonforking. This
is the motivation for the next definition.

Definition 3.1. We say thathe excellent clas« is simpleif for eacha and B there is
C C B finite such thaa | B.
cC
There are excellent classes which fail to be simple (recall Shelah’s exampl@)infe
prove a first characterisatiori simplicity. Not only is simplicity equivalent to Existence,
but it is enough to check Existence over finite sets.

Theorem 3.2. K is simple if and only if aL C, for eat a and each finite C.
C

Proof. The left to right direction is clear by Monotonicity. So assume #hdt C for any
C
finite C. By Restricted Local Character, it is enough to show that C for any, possibly
C

infinite, setC.
Suppose, for a contradiction, that) C for somea and (infinite)C. Let Co = 4.

C
By Monotonicity, we havea ., C, so byLemma 2.13here exists a finit€; < C such

Co
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thata ., C;. But, by Monotonicity again, we hava ., C. Continuing inductively, we
Co C1
construct an increasing and continuous sequence of finit€Gets < ) suchthat

a) Ciy1, foreach < w.
Ci

This contradictdemma 2.14 O
An immediate consequence of simplicity is that bounded closure has finite character.

Proposition 3.3. Assume thakC is simple. If ac bcl(B) then there exists a finite € B
such hat a e bcl(C).

Proof. By simplicity, we can choos€ C B finite such that L B. Then, c € bcl(C) by

C
Lemmaz2.6 O

Another immediate consequence is traisharity of Lascar strong types.

Proposition 3.4 (Stationarity of Lascar Strong TypesSuppose that is simpe. Suppose
thatal B and bl B andLstp(a/C) = Lstp(b/C) thentp(a/BC) = tp(b/BC).
C C

Proof. If not, there isc € B such that tp(a/Cc) # tp(b/Cc). Butc.L C by simdicity of
C
IC, whichcontradictProposition 2.12 O

We now show that our independence notiotissges dl the properties of nonforking in
a simple first oder theory. We stawith Symmetry.

Proposition 3.5 (Symmetry. Assume thak is simple. If al b then bl a.
C C

Proof. Let C' € C be firite such than,/ Cb andab\L/C (this later uses simplicity).
Then sinceC’ is finite andb \L/ C’,we hadea \L/ aby Procr:)osition 2.9By the Pas Lemma
(Proposition 2.8 we have t%a(:a\l,/ b for eag:hc € C. Herce byProposition 2.%gain, we
haveb \L/ cafor eachc € C. ThisCimpIies b\L/ Ca by simgicity and Lemma 2.13Thus,
b%a bc):/ Monotonicity. O ¢

Trangtivity over all sets follows from Symmetry and the Pairs Lemma using
Lemma?2.13

Proposition 3.6 (Transtivity). Assume thak is simple. Let AC B C C. Ifa.l B and
A
alC,thenal C.
B A
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Proof. Choose A’ < A finite andB’ < B finite such thataJ// A anda J/, / B. By
Monotonicity, it is enough to show that\L/ C. By Lemma 2.13itA}s enough 'tAozhow that
a.L cfor each finitec € C. By &/mmetrﬁ, it is enough to show that_ a for each finite
C Q/C. Letc € C be finite. Writec = by, withb € B andcyg € C\ B. VVAé/ mayassume that
b containsB’. Then by assumption and Monotonicity, we han/é,/ b as well asa \I/, Co-
SobJ,/ a andcg J/, a by Symmetry. Hence;\L/ a by the Pairs I:AemmaP(ropositic'?an.B
This éompletesf\hl?e proof.0] A

We can finally prove Finite Character.

Proposition 3.7 (Finite Chamacter). Assume thafC is simple. Let AB, C be sets such

thatal b for eachfinite ac Aand be B. Then AL B.
C C

Proof. Suppose tha# .} B. By defirition, there isa € A suchthata.J B. By simdicity,
C C

we can choos&€’ C C finite such that L C. Now, for eachb € CB, we havea .l b by
c’ Cc’
Transtivity ( Proposition 3.psinceby assumptiora .l b. Herce, byLemma 2.13ve have

a L B. This contradicts Monotonicity. O
C/
We summarise our results about the main propertied af the next therem. By Local
Chaiacter we really meaRo-Local Character.
Theorem 3.8. Assume thak is simple. Then,L satisfies the follwing properties:

(1) (Invariance) If AL B then f(A) L f(B)foran f e Aut(¢).
C f(C)
(2) (Finite Chamcter) AL B if and only if al b for any finite ac A and finite be B.
C C

C D
(4) (Local Character) For any finite a and any B there exists a finitecCB sud that

al B.
C

(3) (Monotonicity) If AL BandC< D € Cu B then AL D and AL B.
C

(5) (Extension) For any a, C and B containing C thefe=atp(a/C) such hata.l B.
(6) (Symmetry) AL B if and only if B.L A. ©

(7) (Transtivity) Lgt BcCcD.If AiC and AL D, then AL D.

(8) (Stationarity over models) Let M I?E>e a modgtptal/M) =Btp(a2/M) and Bg#/l/ B,

for ¢ = 1, 2, thentp(a1/B) = tp(az/B).
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(9) (Stationarity of Lascar strong types) lstp(a;/C) = Lstp(ap/C) and & L B, for
C
¢ =1, 2, thentp(a;/B) = tp(az/B).

Proof. Invariance is Proposition 2.61), Finite Character isProposition 3.7 and
Monotonicity is given byProposition 2.83). For Local Character, it is the definition
of simgicity. As for Extension, ifa, A € B are given, sincea l A, there exigds
A
a’ = tp(a/A) suchthat a’ L B by Proposition 2.64). Symmetry isProposition 3.5
A

using Rnite Character, Transitivity i$roposition 3.6 and Statbnarity overmodsds is
Proposition 2.71). Stationarity of Lascar strong types is giveroposition 3.4 O

We finish this setion by showing that, lik in the firstorder casel4], the definition of
the independence relation is uniquely deteredrby its properties, and that simplicity is
equivalent to the existence of some independence relation with those properties.

Theorem 3.9. Let K be an excellent classiC is simple if and only if there exists
an independence relation on the subsetsfafatisfying Invariance, Finite Character,
Monotonicity, Local Characte Extension, Symmetry, Transitivity, and Stationarity over
models. Moreover, the independence relation coincides with

Proof. Theorem 3.&hows that| satisfies all the desired properties whéis simple.
Let us prove the converse. Assume that there exists an independence relation, denoted

(A
L, on the sibsets of¢ saisfying the listed properties. Recall that satisfies Invariance,
Restricted Local Character, Restricted Extension, and MonotoniBitgigosition 2.5 We
will show that

n _

al B ifandonlyif a.l B.
C C

This implies thatC is simple, as well as the last sentence. We prove a few claims towards
the full result.

(A
Claim. Let C befinite. If a L B thentp(a/C B) does not Lascar-split over C.
C

Proof. Suppose, for a contradiction, that(gy C B) Lascar-splits ove€ and let(b; : i <

w) be a stronglC-indiscernible sequence, willg, b1 € BCand tpaby/C) # tp(aby/C).
(A
By Monotonicity, we have thaa L bobi. Now, let p(x, bp, b1) = tp(a/Choby). By

Lascar-splittingp(x, bo, b)) U p(x,cl:al, bo) is contradictory.

Let A = (2%)*, and choosdb; : i < 1) a stongC-indiscernible sequence extending
(bj :i < w). Thus, forany < j <k, thetype p(x, bj, bj) U p(x, bj, bx) is contradictory
(use an automorphism fixing sendingbj, bj, bk to bo, by, by fixing C). Now choose a
countable mode\ containingC. By Invariance (sinceC is finite) and Extension, for each

(A
i,j < Athere isai’j redising p(x, bi, bj) suchthatai’j L MU{by : £ < A}. By w-stability
' T C
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and Erdds—Rado, there exists an infinite &€ A such that tp(a{j /M) = tp(a ,/M) for

anyi < j andk < ¢ from S. Choosé < j < kfrom S. Then, by stationarity over models
(A

for L, we have t|()a1-”j /Chibjby) = tp(a}»k/Ch bjbyk). But this implies thata{j realises

p(x, bi, bj) U p(x, bj, by), a ontradiction. O

We can now prove the left to right direction.

(A
Claim. If A L B then AL B.
C C

Proof. By definition of A L B, it is enough to show thaa | B for each finitea e A. Fix
C C
. . (A) . .
a € Aand choos€’ C C finite such thaa L B. Let D containC U B. By Extersion and
C/
e . . (A) . .
Transtivity there existsa’ = tp(a/C) suchthata’ .l D. By theprevious claim tga’/D)
C/

does not Lascar-split ov€l'. Herce,a .l B by definition. O
C/

Finally, we prove the converse:

(A
Claim. If A L Bthen AL B.
C C

(A)
Proof. By Finite Character of L and definition of L, it is enough to show this foA finite.
(A
So, assume thak = a is finite and thaf L. B. Suppose, for a contradiction, thatl B.
C C

(A)
Thena .} b for some finiteb € B by Finite Character. Ther.l b by Monotonicity of
C C
L and there i<C’ € C finite such that L b by Restricted Local Character. Then, by
C/

A A
Monotonicity of L we have thaa .L b.

!/

Notice that tgb/C’) must be unbounded: By Extension, theraig= tp(a/C’) such

(A
thata’ L bcl(C"). SinceC’ is finite, there existsf e Aut(¢/C’) suchthat f (&) = a.
C/
(A
Hencea .l bcl(C’) by Invariance, sincef fixes bclC’) setwise. This implies that ¢
C/
bcl(C") by Monotonicity.
(A
Now chooseb; : i < w) a drongly C-indiscernible sequence witly = b, whichis.| -
independent. By definition af , wecan finda’ |= tp(a/C’bp) suchthata’ L{bj :i < w}.
C/
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Then, tga’/C’ U {bj : i < w}) does not Lascar-split ove®’ and hence t@'by/C’) =

(A
tp(a’bj /C) for eachi < w. By Invariance, ths implies thata’ ). bj, for each < . But
C/
(A
then, by Symmetry and Transitivity we hamé N2 b;, for each < w. This
C'Ufbj:j<i}

(A
contradicts Local Characteraf. O

This finishes the proof. O

4. U-rank and simplicity

In this section, we establish another characterisation of simplicity and deduce from it
(and [L6]) that uncountably categorical excellent classes are essentially simple.

We recall the definition of th&J-rank from [L6] (notice that defiing theU-rank with
splitting or Lascar splitting is immaterial becauseRsbposition 2.8)): For p € Sa(M),
we defineU (p) > « by induction on the ordinat.

e U(p) = 0 foranyp € Sa(M), for ary modelM.
e U(p) > o + lifthereexigs N, with M < N, anda = p suchthatU (tp(a/N)) > «
anda .} N.
M

e For alimit «, we sethatU (p) > « if U(p) > B for eachg < «.

We say thatU(p) = ¢ if U(p) > a butU(p) # o + 1, andU (p) = oo if U(p) > « for
each ordinat.
We abrevateU (a/M) for U (tp(a/M)). Thenext two facts are proved il ]:

Fact 4.1. Let KC be an excellent class and M K.

(D U@/M) < oo.
(2) If K isuncountably categorical, then@/M) < w.

Fact 4.2. Let M < N.
(1) U(a/N) < U(a/M).
(2) Ua/M) =U(a/N) if and only ifal N.
M
We now etend thel -rank to types over aitrary sets. For a s&€ and a finite sequence
a, we let
U(tp(a/C)) = supU (b/M) : bredises tga/C), M € K containsC}.

As before, we writeJ (a/C) for U (tp(a/C)). Thenext lemma shows that we can either
fix the model, or fix the realisation:

Lemma4.3. Let C befinite.
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(1) Let M be a nodel containing C. Then
U@/C) =supgU (/M) : b =tpa/C)}.
(2) U(a/C) =supgU(a/M) : M e K contains G.

Proof. (2) is clear by strong»-homogeneity off (I). The key point of (1) is to show that
for anyb = tp(a/C) andN containingC, thereexigsc = tp(a/C) suchthat

U(b/N) = U(c/M).

So, letb andN be given as above. First, there exists< N countable containin@ such
thatb \L/ N. By w-homogeneity oM and strongo-homogeneity o, we mayassume that
bN gNM. By extensbn over models, we can findl = tp(b/N’) suchthatc J,/ M. Now
¢ E tp(a/C), andby Fact 4.2 we have: N

Ub/N) =Ub/N)=U(/N)=Uc/M). O

TheU-rank is clearly invariaty and notice also thal (a/C) < U(a’/B) if B < C and
a = tp(a’/B). We make thdollowing definition.

Definition 4.4. We say thatC hasextengble U-rankif for each finiteC and eacla and
M e K containingC, there isb redising tp(a/C) suchthat

U(a/C) = U(b/M).

We firstshow if K is simple, thenC has extensibl&) -rank. The converse will be the

direction of interest. Grossberg and Halt proved thenext fact for the independence
ns

nation L. By Proposition 2.12), this holds forl as well.

Fact 4.5 (Dominancg. Ifa L B and M is primary over MU B thenal M’.
M M

Proposition 4.6. Assume thatC is simple. If aL M, with C € M ¢ K, then U(a/C) =
C
U (a/M). It follows that/C has extensible U -rank.

Proof. The second sentence f@rfinite implies that'C has extensiblé&) -rank justlike in
Lemma4.3
Now assume . M. We want to Row thatU (a/C) = U (a/M). First, it is enough to
C
show this forC finite: Leta andC be given. By simplicitya L. C for some finiteC’ < C.
C/
By Transitivity, we havea L M. Then
C/
U(a/C) = U(a/C) = U(a/M),

henceifU(a/C’) = U(a/M), we haveld (a/C) = U(a/M).
So assume, inddition, thatC is finite. SincdJ (a/C) > U (a/M), itis enough to show
by induction onx thatU (a/C) > « impliesU (a/M) > «. Fora = 0 or alimit ordinal,
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there is nothing to prove. Suppose thiia/C) > «+ 1. ThenU (a/N) > o« + 1 for some
N containingC. By defintion, there existdN’, such hatN < N” and

alN.
N

Sincea .l M, we haveM L Ca by Symmetry, so that by Extension and finitenes€of
C
there isf € Aut(¢/Ca) suchthat f (M) L N’a. Thus, without loss of generality, we may
C

assume that

M L Na.
C

Then,a .l MN’ by Symmetry and Monotonicity. And by excellence (VIII) sinkel N’
N’ N

ns
by Monotonicity (and thusv L N’ by Proposition 2.{2)), there exists a primary model
N

M’ overM U N’. By Dominance andi .. MN’, we have that
N/

al M.
N/

Thus,U(a/M’) = U(a/N’) > « by Fact 4.2 But, we also hava ., M’ (for otherwise
M

al M’, soa.l M’ by Transtivity and soa .l N’ by Monotonicity, which contradicts the
M C N
choice ofN’). HenceU (a/M) > « + 1 by definition of theU-rank. This finishes the

proof. O

The example of the class free groupeX) on infinitely many generatorX is an atomic
uncountably categorical, excellent class (even homogeneous) which is simple, uncountably
categorical and therefore has extenslbleank. However, thé& -rank is not continuous in
the first ader sense sincl (X = X) := SURgx)U(@/¥) = w, andby Fact4.1the
ordinalw cannot be achieved (setq for detals).

We now $ow the converse.

Theorem 4.7. K is simple if and only ifC has extensible U -rank.

Proof. We have aleady shown that i is simple, therkC has extensibl& -rank. We show
the converse. Assume thidthas extensible) -rank. To show thakC is simple, it is enough
to show that L C for anya and finiteC by Theorem 3.2

C
Let C be finte anda be given. FixN a bounded model containing satisfying the
conditions (1) and (2) oLemma 0.9 Since K has extensibléJ-rank, we can choose
b & tp(a/C) suchthat

U(a/C) = U(b/N).
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It is enough to show that tp/N) does not Lascar-split ovér, as ths implies thab [ N
C
by Proposition 2.3sob L C and thusa L C since tga/C) = tp(b/C)).
C

Suppose, for a Con?radiction, thay : i < w) is strongly C-indiscernible, with
ag,a1 € N, and tgag/Ch) # tp(a1/Cbh). By assumptia (1) of Lemma 0.90on N, we
may assume thalg; : i < w) is the begnning of a stronglyC-indiscernible sequence
(g : 1 < w1) which is contained inN. We mayalso &sume that

tp(ai /Ch) # tp(ap/Cb), for eachi > 0.

By assumgon (2) of Lemma 0.%n N, for eachi < w1, wecan choosd; € Aut(N/C)
permuting(a : i < w1) suchthat f; (ag) = a;. By Fact 0.4 for each < w1, wecan choose
gi € Aut(¢/C) extending fi. Then, lettingb; = gj (b), we have

tp(bi /N) # tp(bj /N),  fori < j < w1.
Now letM < N be a countable model containifg Then since
Ubi/C)=U(bi/N) and U(bi/N) < U(bi/M),
we havel (bj/N) = U (bj /M) so thaty; L N, foreach < w1 by Fact 4.2 By stdionarity
of types over modeldroposition 2.3 Wl\él must have
tp(bi /M) # tp(bj /M),  fori < j < s,
but this ontradicts thedp-stability of € (IV). O

So, when he excellent clask is simple, theU-rank over complete types behaves in
a dmilar way to the first order case. The property of extensibility of theank extends
to types over all sets (biProposition 4.5 and we can easily derive the usual additivity
properties of theU-rank for types over arbitrary sets from this using the additivity
properties over models (sekq and [8]). Our proofs also show:

Remark 4.8. Let K be excellent. Suppose thatl. C for each finiteC. Thenk is simple.
C

We finish this @per with two promised corollaries.
Definition 4.9. We say thaan excdent, atomic clas¥C hasfinite U -rankif
sugU (a/M) : M € K, aasihgletor} < w.
The next corollary was obtained i8][for the homogeneous case.
Corollary 4.10. Let K be an excellent atomic class with finite U -rank. THeis simple.
Proof. Recall the followingU -rank equality from [L6] (Theorem 3.9):
U(a/M(b)) + U (b/M) < U(ab/M) < U(a/M(b)) & U(b/M), *)

where M(b) is a primay model over Mb, and & is the natural sum of ordinals,
which agrees with usual addition when the ordinals involved are finite. Assume that
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supgU(@/M) : M € K,aasnhgletor} = k < w. Then it is easy to show, by induction
on the aity of a, Lemma 4.3and ¢) that

sugU(@/M): M e K,ae€ €"} =nk < w.

It follows immediately that the supremum is achieved and sokthads extensible) -rank,
so is simple by the previous theorent]

As we pointed out, not all uncountably categorical excellent classes havelfimigank;
neverthdess, all such classes are still essentially simple:

Corollary 4.11. Let T be a countable theory and let D be a diagram. Assume that the class
KC of (D, Rg)-homogeneous models is excellent (or homogeneous).idfuncountably
categorical, then an expansion @& with countably many constants is uncountably
categorical, excellent (resp. homogeneous), and simple.

Proof. ConsiderT’ = Th(¢€, M), whereM is theunique countabléD, Xg)-homogeneous
model and¢ is a large full nodel (or a large homogeneous model in the homogeneous
case). LetD’ be the diagram o€ is the expanded language, and I&f be the tass of
(D’, Rp)-homogenous models. Observe that ifs homogeneous, then any expans@n
with names forM is still homogeneous. So i washomogeneous (i.e., D is good), then
s0 isK’ (resp. so iD’). Similarly, if ¢ is full, then¢” is full also (as types oveiD, Ro)-
homogeneous models are stationary), and it is not difficult to see tkasiéxcellent, then
so isk”’. Furthermore, uncountable categoricity is preserved sMégcountable. Now, by
Theorem 3.10 of]€], in K we have that) (tp(a/M)) < o for anya € €. It follows that
U(tp(a/MC)) < U(tp(a/M)) < n, for ary setC, as in theprevious proof. This implies
thatK’ has extensiblé -rank, soK' is simple byTheorem 4.7 O
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