
Counterfactuals in “agreeing to disagree” type resultsI

Bassel Tarbush
Merton College, University of Oxford
Merton Street, Oxford, OX1 4JD, UK

Abstract

Moses and Nachum (1990) identified conceptual flaws (later echoed by Samet,
2010) in Bacharach’s (1985) generalization of Aumann’s (1976) seminal “agree-
ing to disagree” result by demonstrating that the crucial assumptions of like-
mindedness and the Sure-Thing Principle are not meaningfully expressible
in standard partitional information structures. This paper presents a new
agreement theorem couched in “counterfactual information structures” that
resolves these conceptual flaws. The new version of the Sure-Thing Princi-
ple introduced here, which accounts for beliefs at counterfactual states, is
also shown to sit well with the intuition of the original version proposed by
Savage (1972).
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1. Introduction

Aumann (1976) showed that if agents’ posterior beliefs over some event,
which are obtained from updating over private information, are commonly
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known, then these beliefs must be the same. Bacharach (1985) and Cave
(1983), independently, were the first to generalize this seminal “agreeing to
disagree” result to the non-probabilistic case.1 Specifically, Bacharach iso-
lated the relevant properties that hold both of conditional probabilities and
of the common prior assumption – which drive the original result – and im-
posed them as independent conditions on general decision functions in par-
titional information structures. As such, he was able to isolate and interpret
the assumptions underlying Aumann’s original result as (i) an assumption
of “like-mindedness” and, (ii) an assumption that he claimed is analogous
to requiring the agents’ decision functions to satisfy Savage’s Sure-Thing
Principle (Savage, 1972).

Moses and Nachum (1990) and Samet (2010) pointed out that Bacharach’s
result is conceptually problematic because like-mindedness and the Sure-
Thing Principle do not have a well-defined informational content in parti-
tional information structures. Indeed, in partitional information structures,
the partition elements are the informational primitives and only they have
a well-defined informational content. Now, like-mindedness requires agents
with the same information to take the same action. Technically, Bacharach’s
condition requires defining the decision function of an agent i over the parti-
tion elements of an agent j, but the informational content that j’s partition
element has for i is not well-defined since different agents will typically have
different information partitions. An agent’s decision function is said to sat-
isfy the Sure-Thing Principle if whenever the decision over each element of
a set of disjoint events is x, the decision over the union of all those events is
also x. Since the union of events is intended to capture the notion of being
“more ignorant”, the principle is understood as capturing the intuition that If
an agent i takes the same action in every case in which i is better informed, i
takes the same action in the case in which i is more ignorant. However, there
is no partition element that corresponds to a union of partition elements for
any agent, so the informational content of the union (over which an agent’s
decision function is defined) is not well-defined.

This paper provides a simple solution to the conceptual flaws outlined
above by developing a method that adds “counterfactual states” to any par-
titional information structure. New versions of like-mindedness and of the
Sure-Thing Principle are defined and are shown to be meaningfully express-

1Bonanno and Nehring (1997) and Ménager (2007) survey the “agreeing to disagree”
literature. Bach and Cabessa (2011), Dégremont and Roy (2012), Bach and Perea (2013),
Dominiak and Lefort (2013), Heifetz et al. (2013), Demey (2014), and Bach and Cabessa
(2016) are recent examples of results in this literature.
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ible within the resulting counterfactual structure. Notably, there is no re-
quirement to define an agent’s decision function over another agent’s parti-
tion elements, and the notion of being “more ignorant” (as captured by the
union of partition elements) has a well-defined informational content within
the structure. A new agreement theorem is proved within counterfactual
structures that therefore avoids the conceptual flaws found in Bacharach
(1985).

Furthermore the new version of the Sure-Thing Principle introduced here
is shown to capture the intuition that: If an agent i takes the same action in
every case in which i is better informed, i takes the same action in the case
in which i is secretly “just” more ignorant. It is argued that this version sits
well with the intuition of the original version proposed by Savage (1972).

Finally, the solution to the conceptual flaws presented in this paper is
compared with the solutions of Moses and Nachum (1990), of Aumann and
Hart (2006), and of Samet (2010).

Section 2 presents the basic notation and Section 3 outlines Bacharach’s
original result and its conceptual flaws formally. Section 4 introduces the
counterfactual structures and analyzes their properties. Section 5 provides
new definitions for the Sure-Thing Principle and for like-mindedness, proves
a new agreement theorem within counterfactual structures, and shows how
the approach resolves the conceptual flaws. Section 6 relates the approach
presented here with other solutions proposed in the literature.

2. Information structures: notation

Let Ω denote a finite set of states and N a finite set of agents. A subset
e ⊆ Ω is called an event. For every agent i ∈ N , define a binary relation
Ri ⊆ Ω× Ω, called a reachability relation. The state ω ∈ Ω is said to reach
the state ω′ ∈ Ω if ωRiω′. In terms of interpretation, if ωRiω′, then at
ω, agent i considers the state ω′ possible. An information structure S =
(Ω, N, {Ri}i∈N ) is entirely determined by the state space, the set of agents,
and the reachability relations. A possibility set at state ω for agent i ∈ N is
defined by

bi(ω) = {ω′ ∈ Ω|ωRiω′} (1)

A possibility set bi(ω) is therefore the set of all states that i considers possible
at ω. In terms of notation, let Bi = {bi(ω)|ω ∈ Ω}. For any e ⊆ Ω, define
the simple epistemic operator by

Bi(e) = {ω ∈ Ω|bi(ω) ⊆ e} (2)
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For any e ⊆ Ω, and any G ⊆ N , define the common epistemic operator by,

CG(e) = ∩∞m=1M
m
G (e) (3)

where M1
G(e) = ∩i∈GBi(e) and Mm+1

G (e) = MG(Mm
G (e)) for m ≥ 1. A state

ω′ ∈ Ω is said to be reachable among the agents in G from a state ω ∈ Ω
if there exists a sequence of states ω ≡ ω0, ω1, ω2, ..., ωn ≡ ω′ such that for
each k ∈ {0, 1, ..., n − 1}, there exists an agent i ∈ G such that ωkRiωk+1.
The component TG(ω) of the state ω is the set of all states that are reachable
among the agents in G from ω. The common epistemic operator can be given
an alternative characterization (which is standard and for example follows
Fagin et al., 1995 or Hellman, 2013, p. 12),

CG(e) = {ω ∈ Ω|TG(ω) ⊆ e} (4)

No particular restrictions have yet been imposed on the reachability re-
lations. But it is precisely the restrictions on these relations that determine
the properties that the epistemic operators satisfy and that therefore de-
termine the proper interpretation of the operators. Information structures
S in which the reachability relations are equivalence relations (i.e. reflex-
ive and Euclidean) are the standard “knowledge” or partitional structures.2

(Information structures, as defined above, are therefore more general than
standard partitional structures.) In partitional structures the set Bi parti-
tions the state space, the possibility sets are the partition elements of Bi, and
the simple epistemic operator Bi(.) is interpreted as a knowledge operator be-
cause it satisfies the well-known properties that conventionally characterize
knowledge: Kripke, Consistency, Truth, Positive Introspection, and Negative
Introspection (Aumann, 1976; Bacharach, 1985; Aumann, 1999).3 Similarly,
CG(.) is then interpreted as the familiar common knowledge operator.

2The reachability relations {Ri}i∈N are said to be serial if ∀i ∈ N , ∀ω ∈ Ω, ∃ω′ ∈ Ω,
ωRiω

′, reflexive if ∀i ∈ N , ∀ω ∈ Ω, ωRiω, transitive if ∀i ∈ N , ∀ω, ω′, ω′′ ∈ Ω, if
ωRiω

′ &ω′Riω
′′, then ωRiω

′′, and Euclidean if ∀i ∈ N , ∀ω, ω′, ω′′ ∈ Ω, if ωRiω
′ &ωRiω

′′,
then ω′Riω

′′.
3The properties are given textbook treatments, for example in Fagin et al. (1995);

Chellas (1980), or van Benthem (2010), but are listed here for convenience (noting that
for any e ⊆ Ω, ¬e denotes the set Ω\e): The Kripke property states that if an agent i knows
that e and knows that e implies f , then i must also know that f (Bi(¬e ∪ f) ∩ Bi(e) ⊆
Bi(f)). The Consistency property states that if an agent i knows that e, then i cannot
also know that not e (Bi(e) ⊆ ¬Bi(¬e)). The Truth property states that if an agent i
knows that e, then e must be true (Bi(e) ⊆ e). The Positive Introspection property states
that if an agent i knows that e, then i knows that i knows that e (Bi(e) ⊆ Bi(Bi(e))),
and the Negative Introspection property states that if an agent i does not know that e,
then i knows that i does not know that e (¬Bi(e) ⊆ Bi(¬Bi(e))).
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The epistemic operators were introduced above without particular re-
strictions on the reachability relations to allow for the same formal defini-
tions to be used in the context of non-partitional structures. Notably, the
counterfactual structures presented in Section 4 are non-partitional and the
operators Bi(.) and CG(.) will then be interpreted as belief and common
belief operators respectively.

3. The original result and its conceptual flaws

The original result of Bacharach (1985) was derived in a partitional in-
formation structure S = (Ω, N, {Ri}i∈N ). For every agent i ∈ N , an action
function δi maps from the state space Ω to a set A of actions. The function
δi : Ω→ A therefore specifies agent i’s action at any given state. A decision
function Di for agent i, maps from a field F of subsets of Ω into the set A
of actions. That is,

Di : F → A (5)

Following the terminology of Moses and Nachum (1990), an agent i using the
action function δi is said to follow the decision function Di if for all states
ω ∈ Ω, δi(ω) = Di(bi(ω)).

Definition 1. The decision function Di of agent i satisfies the Sure-Thing
Principle if whenever for all e ∈ E , Di(e) = x then Di(∪e∈Ee) = x, where
E ⊆ F is a non-empty set of disjoint events.

One can think of an event as representing some information and of a
decision over that event as determining the action that is taken as a function
of that information. The union of events “coarsens” the information and
is intended to capture the idea of being “more ignorant”. Bacharach’s Sure-
Thing Principle is therefore intended to capture the intuition that If an agent
i takes the same action in every case in which i is better informed, i takes
the same action in the case in which i is more ignorant.

Definition 2. Agents are said to be like-minded if they have the same
decision function. That is, for any any agents i and j, and any e ∈ F ,
Di(e) = Dj(e).

That is, over the same subsets of states, the agents take the same action if
they are like-minded. This is intended to capture the intuition that given
the same information, the agents would take the same action.
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Bacharach’s agreement theorem can be stated as follows: Let S = (Ω, N, {Ri}i∈N )
be a partitional structure. If the agents i ∈ N are like-minded (Defini-
tion 2) and follow the decision functions {Di}i∈N (as defined in (5)) that
satisfy the Sure-Thing Principle (Definition 1), then for any G ⊆ N , if
CG(∩i∈G{ω′ ∈ Ω|δi(ω′) = xi}) 6= ∅, then xi = xj for all i, j ∈ G. That is,
if the action taken by each member of a group of like-minded agents who
follow decision functions that satisfy the Sure-Thing Principle is common
knowledge among that group, then the members of the group must all take
the same action.

3.1. The conceptual flaws
Definition 3. Let S = (Ω, N, {Ri}i∈N ) be some arbitrary information struc-
ture. An event e is a possible belief for agent i in S if there exists a state
ω ∈ Ω such that e = bi(ω).

When S is a partitional structure, this definition corresponds exactly to e
being what Moses and Nachum (1990) call a “possible state of knowledge”.
The authors identify conceptual flaws in Bacharach’s result by showing that
(1) the Sure-Thing Principle forces decisions to be defined over unions of
possibility sets, but no union of possibility sets can be a possible belief for any
agent (see Moses and Nachum, 1990, Lemma 3.2), and (2) the assumption of
like-mindedness forces the decision function of an agent i to be defined over
the possibility sets of agents j 6= i, but – other than the case when the sets
correspond trivially – these are not possible beliefs for agent i (see Moses
and Nachum, 1990, Lemma 3.3).4 In other words, possible beliefs are the
informational primitives in any information structure and only they have a
well-defined informational content, but Bacharach’s framework requires the
decision function of an agent to be defined over events (such as the union of
partition elements or partition elements of other agents) that are not possible
beliefs for that agent.

4The proofs of Lemmas 3.2 and 3.3 in Moses and Nachum (1990) are reproduced here for
convenience. In each case, suppose that the information structure is partitional. Lemma
3.2: Suppose an event e ⊆ Ω is a possible belief for agent i, so e = bi(ω) for some ω ∈ Ω,
and suppose bi(ω′) ⊆ e for some ω′ ∈ Ω. The set bi(ω′) is not empty (indeed ω′ ∈ bi(ω′)
since the structure is partitional) so bi(ω) ∩ bi(ω′) 6= ∅. Since the structure is partitional,
is follows that bi(ω) = bi(ω

′), so e cannot be the union of two or more distinct possible
beliefs. Lemma 3.3: The only events that are possible beliefs for multiple agents must
also be commonly known. Indeed, if e = bi(ω) = bj(ω

′) then e = C{i,j}(e).
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4. Counterfactual structures

This section presents a method which augments any partitional structure
with counterfactual states. Section 4.1 presents a motivating example that
anticipates the formal definition of the resulting counterfactual structures
(Section 4.2) and the discussions relating to their properties (Sections 4.3 to
4.6).

4.1. Motivating example
Consider a partitional information structure S = (Ω, {a}, Ra) in which

there is a single agent a, the state space is given by Ω = {ω1, ω2}, and the
reachability relation for a is given by Ra = {(ω1, ω1), (ω2, ω2)}. This is a
structure in which agent a knows that the state is ω1 whenever the state is
ω1 and knows that it is ω2 whenever the state is ω2. For sake of argument,
suppose that ω1 is a state in which it is very sunny and ω2 is a state in
which it is raining heavily, and furthermore suppose that in each case, agent
a’s action is to take an umbrella – to shade herself from the sun in one
case and to protect herself from the rain in the other. Since a takes an
umbrella when she knows that it is very sunny and takes an umbrella when
she knows that it is raining heavily, she must, according to the Sure-Thing
Principle, take an umbrella when she believes that it is very sunny or raining
heavily but does not know which. But as discussed in Section 3.1, Moses and
Nachum (1990) rightly point out that since there is no possible belief for a
that corresponds to the union of ω1 and ω2, there is no possible belief for a
within the partitional structure S that captures the information “a believes
that it is very sunny or raining heavily but does not know which”. However,
such a possible belief can exist in an extended structure in which states are
added to S at which a no longer distinguishes between ω1 and ω2.

Specifically, let us consider an extended structure S ′ = (Σ, {a}, R′
a), re-

ferred to as the counterfactual structure of S, in which the extended state
space Σ = Ω ∪ Λ consists of the the original states Ω plus a set of counter-
factual states Λ =

{
λ
{ω1,ω2}
a,ω1 , λ

{ω1,ω2}
a,ω2

}
, and the new reachability relation R′

a

consists of the original relation Ra plus a set of links from the counterfactual
states to the original states. The formal definition of counterfactual struc-
tures is given in Section 4.2, but applied to this case, the new reachability
relation is given by

R′
a = Ra ∪

{(
λ{ω1,ω2}
a,ω1

, ω1

)
,
(
λ{ω1,ω2}
a,ω1

, ω2

)
,
(
λ{ω1,ω2}
a,ω2

, ω1

)
,
(
λ{ω1,ω2}
a,ω2

, ω2

)}
Given the construction of R′

a, the counterfactual state λ
{ω1,ω2}
a,ω1 is interpreted

as the state in which a is made “more ignorant” relative to ω1 (if the actual
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state were ω1) by not distinguishing between the states ω1 and ω2.5 Indeed,
since this counterfactual state reaches both ω1 and ω2, a considers both of the
original states to be possible. In fact, the possibility set at the counterfactual
state is precisely the union of ω1 and ω2. Therefore, there is a possible belief
in the counterfactual structure S ′ that captures the information “a believes
that it is very sunny or raining heavily but does not know which”. The
formal properties that are satisfied by epistemic operators in counterfactual
structures are analyzed in Section 4.3 and the precise formal meaning of
“more ignorance” is analyzed in Section 4.4.

Crucially, agent a always excludes the existence of counterfactual states.
Indeed, no original state in Ω reaches a counterfactual state and no counter-
factual state reaches itself via the reachability relation R′

a. This implies that
a cannot be interpreted as somehow imagining herself to be more ignorant
at a counterfactual state. Rather, if ω1 were the actual state, then a simply
is more ignorant at the counterfactual state λ{ω1,ω2}

a,ω1 than at ω1. Counterfac-
tual states are therefore auxiliary states that allow for the formal inclusion
of a type of information (“more ignorance”) that is missing in the standard
partitional structure, and counterfactual structures allow for a formal charac-
terization of what is meant by “more ignorance”. Since counterfactual states
are excluded by the agents themselves, they can be considered to be “coun-
terfactual” from the point of view of the modeler. The Sure-Thing Principle
within counterfactual structures is later shown to be interpretable, in line
with Savage (1972) or Bacharach (1985), broadly as: “If an agent i takes
the same action in every case when i is better informed, i takes the same
action in the case when i is more ignorant”.6 If counterfactual states were
not excluded by the agents, then the principle may have to be interpreted as
“If an agent i takes the same action in every case when i is better informed,
i takes the same action in the case when i imagines him/herself to be more
ignorant”. In our example, it seems convincing to think that a should take
an umbrella when she does not know whether it is raining heavily or very
sunny (but knows it is one or the other). It is relatively less convincing to
think that a should take an umbrella when she imagines herself not to know
whether it is raining heavily or very sunny.

The definition of counterfactual structures given in Section 4.2 allows
for structures with multiple agents. If a second agent b were added to the
counterfactual structure considered in the example above, b’s reachability

5The other counterfactual state has an analogous interpretation.
6A more refined version of this statement is given in Section 5.
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relation R′
b would link the counterfactual state λ{ω1,ω2}

a,ω1 of agent a to the
original states, and will do so in a manner that guarantees that b’s informa-
tion at that state is exactly the same as the information that b has at the
corresponding original state ω1. The consequence is that when a is “more
ignorant” at the counterfactual state λ{ω1,ω2}

a,ω1 , b believes, at that state, that
a’s information is unchanged relative to the original situation. It is formally
shown in Section 4.5 that a is therefore “secretly” more ignorant at a counter-
factual state. This shows that the construction of counterfactual structures
guarantees that the counterfactual “more ignorance” scenario that is required
by the Sure-Thing Principle applies to agents individually without distorting
the beliefs of others.

4.2. The definition of counterfactual structures
Suppose S = (Ω, N, {Ri}i∈N ) is a partitional structure. For every agent

i ∈ N , define Ii(ω) = {ω′ ∈ Ω|ωRiω′}. Trivially, for each i ∈ N , Ii =
{Ii(ω)|ω ∈ Ω} is a partition of the state space Ω, and Ii(ω) is the equivalence
class of the state ω for agent i. Now define,

Γi = {∪e∈E e|E ⊆ Ii, E 6= ∅} (6)

That is, Γi consists of all the partition elements of i, and of all the possible
unions across those partition elements.7 The set Γi \ Ii therefore consists of
all unions of partition elements for agent i.

Definition 4. Given a partitional structure S = (Ω, N, {Ri}i∈N ), the cor-
responding counterfactual structure S ′ = (Σ, N, {R′

i}i∈N ) has a state space
Σ = Ω ∪ Λ and reachability relations R′

i ⊆ Σ× Ω such that,

1. Λ is a set of counterfactual states which contains a distinct element
λei,ω for each agent i ∈ N , each event e ∈ Γi \ Ii, and each state ω ∈ Ω.

2. For any i ∈ N , R′
i is identical to Ri over Ω× Ω, and

(i) every λei,ω ∈ Λ reaches exactly every state in e via R′
i.

(ii) every λej,ω ∈ Λ (with j 6= i) reaches exactly every state in Ii(ω)
via R′

i.

For notational purposes, ωs are used to denote original states in Ω, λs are
used to denote counterfactual states in Λ, and σs are used to denote states
belonging to Σ = Ω ∪ Λ.

7If ρ(Ii) denotes the sigma-algebra generated by the partition Ii, then Γi can equiva-
lently be defined as Γi = ρ(Ii) \ ∅.
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Definition 4 shows that the counterfactual structure S ′ of a partitional
structure S consists of the original state space Ω and of the original reacha-
bility relations over Ω×Ω, and adds to these a set of counterfactual states Λ
such that each element λ ∈ Λ reaches only states in Ω. In particular, starting
from any state σ in Σ only states in Ω are reached via R′

i (for any i ∈ N).
When it is restricted to the original states, R′

i is the original relation Ri.
For any state σ ∈ Σ in a counterfactual structure, the possibility set

bi(σ) is the informational primitive in terms of which the operators Bi(.) and
ultimately CG(.) are defined. The partition elements Ii(ω) of the partition
Ii are defined only over the original state space Ω ⊆ Σ, and were introduced
only for notational convenience. In fact, for any ω ∈ Ω, bi(ω) = Ii(ω).

As discussed in Section 4.4, λei,ω is interpreted as the state in which agent
i is made “more ignorant” relative to ω by no longer distinguishing between
the states in the partition elements the union of which constitutes the event
e. As implied by point 2(ii) in Definition 4, the counterfactual state λej,ω of
agent j (at which j is being made “more ignorant”) reaches every state in
Ii(ω) via the reachability relation R′

i of every agent i 6= j, which has the
consequence of leaving agent i’s information at the counterfactual state of j
unchanged relative to i’s information at the original state ω (Section 4.5).

The motivating example of Section 4.1 is revisited below in a more formal
manner to illustrate Definition 4.

Example 1. Consider a partitional structure S with Ω = {ω1, ω2}, N =
{a, b}, and partitions Ia = {{ω1}, {ω2}} and Ib = {Ω} which are represented
as cells in Figure 1a. Note that Γa = {{ω1}, {ω2},Ω} and Γb = {Ω}. Since
Γb \ Ib is empty, there are no counterfactual states to consider for agent b.
On the other hand, Γa \ Ia = {Ω} so the set of counterfactual states is given
by Λ = {λΩ

a,ω1
, λΩ

a,ω2
}. For agent a each counterfactual state reaches every

state in Ω, and for agent b each counterfactual state λΩ
a,ω reaches every state

in the corresponding partition element Ib(ω), which in this case corresponds
to Ω. The complete counterfactual structure S ′ of S is illustrated in Figure
1b. (For each i ∈ N the relations R′

i \Ri are represented by directed edges.)8

8Consider another example in which there is a partitional structure S with Ω =
{ω1, ω2, ω3}, N = {a, b}, Ia = {{ω1}, {ω2, ω3}}, and Ib = {{ω1}, {ω2}, {ω3}}. In the
counterfactual structure, there is a counterfactual state λ{ω2,ω3}

b,ω2
in which b is made “more

ignorant” relative to ω2 that reaches both ω2 and ω3 via R′
b. However, there is no counter-

factual state λ{ω2,ω3}
b,ω1

. That is, if the actual state were ω1 it is irrelevant for the purposes
of this paper to determine b’s information when he no longer distinguishes between the
states in the partition elements Ib(ω2) and Ib(ω3), neither of which contain the actual
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ω1

a

ω2

b
a

(a) A partitional structure S

ω1

a

ω2

b
a

λΩ
a,ω1

λΩ
a,ω2

a, b
a, ba, b

a, b

(b) The counterfactual structure S ′ of S

Figure 1: A partitional structure and its corresponding counterfactual structure

As discussed in Section 4.3, Bi(.) is interpreted as a “belief” operator
in counterfactual structures. In particular, bi(σ) ⊆ e is interpreted as “i
believes that e at σ”.9 Several facts are worth noting: (1) a cannot distinguish
between ω1 and ω2 at the counterfactual state λΩ

a,ω1
(but a can distinguish

between them at the original state ω1). Therefore a is said to be “more
ignorant” at λΩ

a,ω1
relative to ω1, in a sense to be made precise. (2) At λΩ

a,ω1
,

b believes that a can distinguish between ω1 and ω2. In fact, b’s information
is unchanged relative to his information at the original state ω1, so a was
made “more ignorant” in a manner that is “secret”. Furthermore note that
the Truth property is violated. (3) At λΩ

a,ω1
, a does not believe that {ω1},

but she also does not believe that she does not believe that {ω1}, so Negative
Introspection is also violated. �

The following important remark shows the precise manner in which bi(.)
and Ii(.) are related in counterfactual structures.

Remark 1. Suppose that S ′ = (Σ, N, {R′
i}i∈N ) is the counterfactual struc-

ture of a partitional structure S = (Ω, N, {Ri}i∈N ). (a) For any state σ ∈ Σ,

state. It would also be unclear how to interpret such a state.
9The framework proposed here is purely semantic, so precisely which “basic facts” are

true at the counterfactual states has not been specified. But for sake of argument, suppose
that the fact p (e.g. “It is very sunny”) is true at ω1 but false at ω2, while the fact q is
true at both states. At the counterfactual state λΩ

a,ω1
, a is uncertain as to whether p is

true but still believes that q is true. Whether a’s belief that q is true at the counterfactual
state is correct depends on whether q is in fact true at that state. For simplicity one could
impose that a counterfactual state λe

i,ω is a “metaphysical replica” of the state ω in the
sense that exactly the same basic facts are true at both states.
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bi(σ) ∈ Γi, and (b) for any e ∈ Γi, there is state σ ∈ Σ such that bi(σ) = e.

This essentially states that, in a counterfactual structure, Γi is exactly the
set of all possible beliefs for agent i. As mentioned in the motivating example
(Section 4.1) and as discussed at the end of Section 5, this fact is important
in responding to the flaws raised by Moses and Nachum (1990).

4.3. Properties of the simple epistemic operator in counterfactual structures
In the epistemic logic literature, partitional structures (in which the

reachability relations are equivalence relations) are known as “S5” structures,
while structures in which the reachability relations are serial, transitive, and
Euclidean, are known as “KD45” structures, and finally those in which the
reachability relations are serial and transitive are “KD4” structures. The sim-
ple epistemic operator Bi(.) satisfies Krikpe, Consistency, Positive and Neg-
ative Introspection, but not Truth in KD45 structures, and satisfies Krikpe,
Consistency, and Positive Introspection, but not Negative Introspection or
Truth in KD4 structures (see Fagin et al., 1995).

Remark 2. Suppose that S ′ = (Σ, N, {R′
i}i∈N ) is the counterfactual struc-

ture of a partitional structure S = (Ω, N, {Ri}i∈N ). The reachability rela-
tions {R′

i}i∈N are serial and transitive.

This remark shows that counterfactual structures belong to the class of
KD4 information structures; and the properties of the epistemic operator are
thus easily identified. Because Truth is dropped in counterfactual structures,
the operators Bi(.) and CG(.) must properly be interpreted as belief and
common belief operators respectively.

The fact that Bi(.) satisfies neither Truth nor Negative Introspection is
consistent with the existing literature. For example, in his model of coun-
terfactual reasoning in games, Stalnaker (1996) adopts a KD45 structure (in
which Truth is violated) since by the very nature of counterfactual reasoning
players must be capable of entertaining false beliefs. The fact that Negative
Introspection is dropped is consistent with the insight of Samet (2010) that
it precludes “more ignorance” from being meaningfully expressible in par-
titional structures since it implies that at any partition element, an agent
must know something that the agent does not know at another.10

10To quote Samet (2010): “suppose the agent knows a fact f in state ω and does not
know it in state ω′. Then, she knows in ω′ that she does not know f , while in ω, she
does not know that she does not know f ”. Note that Samet (1990) proves a probabilistic
agreement theorem in information structures in which Negative Introspection is dropped
(though not as a solution to the conceptual flaws that are dealt with here).
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4.4. The interpretation of “ignorance” in counterfactual structures
Proposition 1. Suppose that S ′ = (Σ, N, {R′

i}i∈N ) is the counterfactual
structure of a partitional structure S = (Ω, N, {Ri}i∈N ). For any e ⊆ Ω,
and ω, ω′ ∈ Ω, Ii(ω) ⊆ e and Ii(ω′) ⊆ e if and only if bi(λ

Ii(ω)∪Ii(ω′)
i,ω ) ⊆ e.11

Proposition 1 shows that for any event e, i believes that e at the coun-
terfactual state λIi(ω)∪Ii(ω′)

i,ω if and only if i also believes that e at the states
within each of the partition elements Ii(ω) ∈ Ii and Ii(ω

′) ∈ Ii (where
ω, ω′ ∈ Ω). Informally, if one can call a belief in an event “information”, then
the information that i has at the counterfactual state preserves exactly the
information that is the same across both the partition elements. In this sense,
the information that i has at the counterfactual state is the information that
i would have if i were “just more ignorant” than in the original situation:
The agent is unambiguously more ignorant (with all states in Ii(ω) ∪ Ii(ω′)
being indistinguishable), but also not more ignorant than necessary relative
to the original situation (in the sense that at the counterfactual state it is
not the case that the agent loses information that the agent had at every
state in Ii(ω) ∪ Ii(ω′)).12

Importantly, an agent does not imagine or believe him/herself to be “more
ignorant” at a counterfactual state. An agent simply is more ignorant at a
counterfactual state tout-court. In fact,

11The statement of this proposition is given for the union of two partition elements for
ease of exposition. It is trivially generalizable to the union of multiple partition elements.

12Samet (2010) compares the knowledge of agents i and j at a given state ω by saying
that j is at least as knowledgeable as i at ω if j knows every event that i knows there. In
this paper, the beliefs of a single agent i are compared across states, and i is “just more
ignorant” at the counterfactual state λe

i,ω relative to ω if at every state ω′ ∈ e, i believes
every event that i believes at the counterfactual state.
Let us pause on the meaning of “unambiguously” here: Suppose another agent c is added

to Example 1 with Ic = {{ω1}, {ω2}}. In the original situation, at ω1, a believes that {ω1}
and believes that c knows that {ω1}, and at ω2, a believes that {ω2} and does not believe
that c believes that {ω1}. At the counterfactual state λΩ

a,ω1
, a can no longer distinguish

between ω1 and ω2, but also no longer believes that c believes that {ω1}. It would appear
as though too much information has been lost since one could conceive of a counterfactual
in which a no longer distinguishes between ω1 and ω2 but still believes that c believes that
{ω1}. However such a case would be problematic since a would believe something at the
counterfactual state that she did not previously believe in the original situation (namely,
that c believes that {ω1}), and so a would not unambiguously be more ignorant than in
the original situation.
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Remark 3. Agents in a counterfactual structure commonly exclude the
counterfactual states.13

4.5. The interpretation of “secrecy” in counterfactual structures
In addition to showing that an agent i is “just” more ignorant at a coun-

terfactual state λei,ω, it is also possible to show that i is “secretly” more
ignorant.

Remark 4. Suppose that S ′ = (Σ, N, {R′
i}i∈N ) is the counterfactual struc-

ture of a partitional structure S = (Ω, N, {Ri}i∈N ). For any event h ⊆ Ω,
any ω ∈ Ω, any j ∈ N and any λei,ω ∈ Λ such that i 6= j, bj(λei,ω) ⊆ h if and
only if Ij(ω) ⊆ h.14

This means that at a counterfactual state λei,ω, i may have become “more
ignorant” but the information of any other agent j is unchanged. The infor-
mation at a counterfactual state therefore captures the fact that i is “secretly”
more ignorant. (For example at the state λΩ

a,ω1
in Figure 1b, agent a cannot

distinguish between ω1 and ω2, but agent b believes that a can distinguish
between them.)15

4.6. Further discussion about counterfactual structures
This section briefly relates counterfactual structures to existing models

in epistemic logic and epistemic game theory.
The “impossible-worlds” approach (e.g. Wansing, 1990) augments infor-

mation structures with a new set of states and with modified reachability
relations. The states in the original structure are then referred to as “pos-
sible”, or “normal”, worlds, while the new states are referred to as “impos-
sible”, or “non-normal”. Counterfactual structures can therefore be seen as

13For any state σ ∈ Σ and any group of agents G ⊆ N , suppose σ′ ∈ TG(σ). Since
no counterfactual state reaches itself, and every counterfactual state must reach a state
within Ω, it must be the case that σ′ ∈ Ω.

14Indeed, by the construction of the counterfactual structure, for any agent j 6= i the
state λe

i,ω only reaches the states in Ij(ω) via R′
j , therefore bj(λe

i,ω) = Ij(ω).
15One might wonder whether one could re-define counterfactual structures to include a

counterfactual state for each agent i, each e ∈ Γi \ Ii, and each partition element Ii ∈ Ii,
rather than for each state ω ∈ Ω. But doing so would no longer preserve secrecy: In
the partitional structure of the example given in footnote 8, consider some counterfactual
states in which a is made more ignorant; for example, λΩ

a,{ω1}, and λΩ
a,{ω2,ω3}, each of

which reaches every state in Ω. Since there are only two such counterfactual states but
three partition elements for agent b, there is no obvious way to re-wire these states to the
original ones without altering b’s information.
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specific “impossible-worlds” structures. More recently, “action models” are
being widely used in epistemic logic to formalize how the underlying struc-
ture (both the state space and the reachability relations) must be modified
(by adding or deleting states and re-wiring) to model various protocols by
which agents may gain some new information (Baltag and Moss, 2005). For
example, Van Eijck (2008, Theorem 17) showed that in the case of secretly
gaining new information, a partitional structure would have to be trans-
formed into a KD45 structure. In this paper, the notion of becoming more
ignorant transforms a partitional structure into a KD4 structure.

One approach to modeling counterfactuals in epistemic game theory pro-
ceeds in roughly the following manner (e.g. see Halpern, 1999): Define a
“closeness” relation on states. A state ω is said to belong to the event “If
f were the case, then e would be true” if e is true in all the closest states
to ω where f is true. The framework of Halpern (1999) is quite general,
and describes a framework for modeling counterfactuals for essentially any
type of hypothetical situation.16 This paper does not develop a fully fledged
theory of counterfactuals but rather has the modest aim of finding a solu-
tion to the conceptual flaws raised by Moses and Nachum (1990) in a well
specified framework – which requires defining counterfactuals for only very
specific types of events (namely, being “more ignorant”). The approach devel-
oped here is well-suited for this purpose; nevertheless a formal relationship
between this paper and the framework of Halpern (1999) is established in
Appendix A.

5. The agreement theorem in counterfactual structures

Throughout this section, consider a partitional structure S = (Ω, N, {Ri}i∈N ),
and its corresponding counterfactual structure S ′ = (Σ, N, {R′

i}i∈N ). As be-
fore, define Ii(ω) = {ω′ ∈ Ω|ωRiω′}, the partition Ii = {Ii(ω)|ω ∈ Ω}, and
the set Γi for every i ∈ N .

A decision function Di for an agent i ∈ N maps from Γi to a set of
actions A. That is,

Di : Γi → A (7)

An action function δi : Σ → A is now said to follow decision function Di if

16Halpern (2001) similarly employs a “closeness” relation to resolve a debate between
Aumann and Stalnaker on the implications of the common knowledge of substantive ratio-
nality in games of perfect information. Also see Artemov (2010) for a recent application
of the framework.
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for all states σ ∈ Σ, δi(σ) = Di(bi(σ)). This is well-defined by the fact that
for any σ ∈ Σ, bi(σ) ∈ Γi (see Remark 1(a)).

The new definitions for the Sure-Thing Principle and for like-mindedness
are given below.

Definition 5. The decision function Di of agent i satisfies the Sure-Thing
Principle if for any non-empty subset E of Ii, whenever for all e ∈ E , Di(e) =
x then Di(∪e∈Ee) = x.

The domain Γi includes all possible unions of elements of the partition Ii,
so this is well-defined. Furthermore, note that E must be a set of disjoint
events.17 Suppose that over two partition elements Ii(ω) and Ii(ω′), agent i’s
decision function is such that Di(Ii(ω)) = Di(Ii(ω

′)) = x. The Sure-Thing
Principle would require that Di(Ii(ω) ∪ Ii(ω′)) = x. But the informational
content of the union Ii(ω)∪Ii(ω′) is now well-defined within the information
structure by the possibility set bi(λ

Ii(ω)∪Ii(ω′)
i,ω ).

From the discussions in Sections 4.4 and 4.5, one can interpret this ver-
sion of the Sure-Thing Principle as capturing the intuition that If an agent i
takes the same action in every case when i is better informed, i takes the same
action in the case in which i is secretly “just” more ignorant. Importantly,
because the agents in a counterfactual structure commonly exclude the coun-
terfactual states (Remark 3), the decision Di(Ii(ω)∪Ii(ω′)) = x must not be
interpreted as i takes the action x when i imagines him/herself to be more
ignorant than at an original state in Ii(ω)∪Ii(ω′) (by no longer distinguishing
between the states in this union). Rather, the decision Di(Ii(ω)∪Ii(ω′)) = x
should be interpreted as i takes the action x when i is more ignorant than
at an original state in Ii(ω) ∪ Ii(ω′) (by no longer distinguishing between
the states in this union). That is, if Di(Ii(ω)) = Di(Ii(ω

′)) = x then the
decision function Di satisfies the Sure-Thing Principle if it happens to also

17Note that the Sure-Thing Principle is imposed only on events in Ii, which happen to
be disjoint because of the partitionality of the information structure. The condition is not
imposed on all events and there is no imposed requirement that the events be disjoint.
This contrasts with Moses and Nachum (1990) who, in their solution, propose adopting
a version of the Sure-Thing Principle that is imposed on possibly non-disjoint events.
The disjointness of events arises naturally if one thinks of decision functions as being
conditional probabilities. Indeed, if one indexes a decision function by an event e and let
De

i (f) = Pri(e|f), then such a decision function will satisfy the Sure-Thing Principle, since
conditional probabilities satisfy Pr(e|f ∪f ′) = x if Pr(e|f) = Pr(e|f ′) = x when f ∩f ′ = ∅
(see Bacharach, 1985, p. 180). In fact, Cave (1983) notes that conditional probabilities,
expectations, and actions that maximize conditional expectations all naturally satisfy the
Sure-Thing Principle.

16



satisfy Di(Ii(ω)∪ Ii(ω′)) = x regardless of agent i’s unawareness at an orig-
inal state of their counterfactual ignorance. This is compelling: Suppose i
decides to jump off the bridge when i knows that their coin landed face up
and to jump off the bridge when i knows that their coin landed face down.
It seems convincing to think that i must jump off the bridge when i does
not know whether the coin landed face up or face down (i.e. when i is more
ignorant), but it is relatively less convincing to think that i must jump off
the bridge when i imagines him/herself to not know whether the coin landed
face up or face down. Savage’s (1972) principle is better illustrated by the
first case than the second.

This version of the Sure-Thing Principle has some desirable features.
Firstly, the manner in which ignorance is defined, as preserving only the
information that is the same across partition elements, is intuitive. Secondly,
the principle finds its origins in single-agent decision theory (see Savage,
1972), and the fact that the counterfactual situation is one in which the
information of other agents is unchanged means that it is the same principle
that is carried over from the single-agent setting to a multiple-agent setting.

Definition 6. Agents i and j are said to be like-minded if for any e ∈ Γi
and any e′ ∈ Γj , if e = e′ then Di(e) = Dj(e

′).18

This notion of like-mindedness is straightforward: Over the same infor-
mation, like-minded agents take the same action. However, this definition
has an advantage over Bacharach’s: Since the decision function Di of agent
i is now defined only over events in Γi, agent i is not required to consider
which action to take over the possible belief of another agent j.

Theorem 1. Let S ′ = (Σ, N, {R′
i}i∈N ) be the counterfactual structure of a

partitional structure S = (Ω, N, {Ri}i∈N ).
If the agents i ∈ N are like-minded (Definition 6) and follow the decision
functions {Di}i∈N (as defined in (7)) that satisfy the Sure-Thing Principle
(Definition 5), then for any G ⊆ N , if CG(∩i∈G{σ ∈ Σ|δi(σ) = xi}) 6= ∅
then xi = xj for all i, j ∈ G.

18In contrast with the previous definition, agents are not simply said to be like-minded
if they have the “same” decision functions since the domains of the decision functions will
now typically be different for different agents.
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5.1. Discussion
Although Theorem 1 might appear to have similarities with that of

Bacharach (1985), it is conceptually entirely distinct.19 In particular, the
theorem is obtained while avoiding the conceptual flaws that were discussed
in Section 3: Remark 1 shows that in counterfactual structures, the domain
of the decision function of every agent is exactly the set of all possible be-
liefs for that agent. Indeed, the decision functions are defined over unions of
partition elements, but these are possible beliefs for the agents because, for
every such union, there exists a counterfactual state at which the possibility
set is precisely that union. The first point in the conceptual flaws raised by
Moses and Nachum (1990, Lemma 3.2) is therefore avoided. Regarding the
second point (Moses and Nachum, 1990, Lemma 3.3), the decision function
Di of agent i is now defined only over events in Γi. As mentioned above,
there is therefore no requirement for the function to determine the agent’s
action in the case where the event corresponds to another agent’s possible
belief.20

6. Relation to alternative solutions

Moses and Nachum (1990) propose a solution to the conceptual flaws
that they found in the result of Bacharach (1985). Essentially, they define
a “relevance projection”, which maps from sets of states to the “relevant
information” at that set of states (Moses and Nachum, 1990, p. 158). They
then impose conditions on this projection and on the decision functions to
derive a new agreement theorem. However, it is not always obvious how
a projection satisfying their conditions ought to be found. In contrast, the
approach presented here offers a constructive method of obtaining a structure
in which the analysis can be carried out.21

19Note that the proof of the theorem itself does not have to rely on the counterfactual
structure. Indeed, with the appropriate restrictions, one could have stated the result
as holding in standard partitional structures. However, it is the fact that the decision
functions are embedded in the larger structure that allows for a proper interpretation of
the information over which the decisions are defined.

20 Bacharach (1985) required decisions to be defined over arbitrary events rather than
over possible beliefs (see Definition 5) because he required decisions to be defined over
unions of partition elements (and these cannot be possible beliefs in partitional structures).
In contrast, Definition 7 requires decisions to be defined only over possible beliefs for the
agents but these can be unions of partition elements in counterfactual structures.

21Note that the counterfactual structures along with the decision functions (as defined in
(7)) do satisfy properties that resemble, in spirit, the conditions imposed on the relevance
projection.
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Aumann and Hart (2006) also propose a solution using a purely syntac-
tic approach (which expresses information by means of a syntactic language
comprising purely syntactic statements such as propositions). To derive their
result, Aumann and Hart (2006) impose a condition, which is not imposed
here, that higher-order information must be irrelevant to the agents’ deci-
sions. If first-order information refers to the information that agents have
about the “basic facts”, such as “It is raining”, then second-order information
refers to the information that an agent i has about an agent j’s information
about the “basic facts”, and third-order information refers to the informa-
tion that i has about j’s information about k’s information about the “basic
facts”, and so on. The restriction of Aumann and Hart (2006) requires agents’
decision functions to not depend on anything above first-order information.
But one can easily imagine scenarios in which higher-order information is
relevant. Indeed, any situation in which an agent’s decision depends on the
information of another agent will suffice.22

Finally, Samet (2010) presented an ingenious solution to the conceptual
flaws by redefining the Sure-Thing Principle entirely. Roughly, Samet’s “In-
terpersonal Sure-Thing Principle” states that if agent i knows that agent
j is more informed than i is, and knows that j’s action is x, then i takes
action x. Combining this with the assumption of the existence of an “epis-
temic dummy” – an agent who is less informed than every other agent –
Samet (2010) proves a new agreement theorem in partitional structures. In-
formally, the proof proceeds as follows: Suppose i takes action x and j takes
action y. There is an epistemic dummy k, so by the Interpersonal Sure-Thing
Principle, k must take the same action as i and as j, but k cannot take two
distinct actions, therefore x = y. Obviously, Theorem 1 does not require
the existence of an epistemic dummy, and unlike the version of the Sure-
Thing Principle presented here (Definition 5), the Interpersonal Sure-Thing
Principle does not have a straightforward single-agent version.

22Consider a situation in which agent a is an analyst, and agent b requires some advice.
Agent b is willing to pay a to obtain some advice if and only if b knows that a is more
informed than b is. Here, b’s decision does not depend on b’s information regarding “basic
facts”, but on high-order knowledge; namely, on b knowing that a is more informed than
b.
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7. Appendix A: Relation to Halpern (1999)

For any state ω ∈ Ω, event e ⊆ Ω, and agent i, Halpern (1999) defines a
selection function fi(ω, e), which maps into events, that identifies the closest
states to ω in which the event e is true for agent i. The framework then
admits conditional events with the introduction of a binary operator >i over
events, which is defined as

h >i e = {ω ∈ Ω : fi(ω, h) ⊆ e} (8)

In this case, ω ∈ h >i e if the closest states to ω in which h is true all
satisfy e for agent i. For events e, h ⊆ Ω and each agent i, Halpern (1999)
then defines a conditional epistemic operator K̄h

i (e) = ¬Ki(¬h) >i Ki(e),
where Ki(e) = {ω ∈ Ω : Ii(ω) ⊆ e} corresponds to the simple epistemic
operator Bi(.) when it is defined over the set of states Ω in a partitional or
counterfactual information structure. The event K̄h

i (e) is read as “if agent i
considered h to be possible, then i would have known e”.

Now, let S ′ = (Σ, N, {R′
i}i∈N ) be the counterfactual structure of a par-

titional structure S = (Ω, N, {Ri}i∈N ). For any agent i, h ∈ Γi \ Ii, and any
event e ⊆ Ω, define the operator Zhi (e) = {ω ∈ Ω : bi(λ

h
i,ω) ⊆ e}. So Zhi (e)

is the set of states in Ω for which there is a counterfactual state in which i
believes e when i no longer distinguishes among the states in h.

Claim 1. Within S ′, suppose that for agent i, every h ∈ Γi \ Ii and every
state ω ∈ h, the selection function of Halpern (1999) satisfies

fi(ω,¬Ki(¬h)) = h (9)

Then for any i ∈ N , h ∈ Γi \ Ii, and for any e ⊆ Ω, K̄h
i (e) = Zhi (e).23

Proof. By defintion Zhi (e) = {ω ∈ Ω : bi(λ
h
i,ω) ⊆ e} and K̄h

i (e) = {ω ∈
Ω : fi(ω,¬Ki(¬h)) ⊆ Ki(e)}. But for any h ∈ Γi \ Ii and any ω ∈ h,
bi(λ

h
i,ω) = fi(ω,¬Ki(¬h)) = h. Since h is a union of partition elements for

i, h ⊆ e if and only if h ⊆ Ki(e). Therefore K̄h
i (e) = Zhi (e).

This claim shows that when the selection function satisfies Equation (9),
the operator Zhi (e) corresponds precisely to the operator K̄h

i (e) of Halpern
(1999) – at least, when agents condition over events that are unions of par-
tition elements (that is, over events h ∈ Γi \ Ii). Equation (9) does not

23The fact that the selection function equals h only for ω ∈ h reflects the reasoning
outlined in the example given in footnote 8.
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fully define the selection function since it does not assign value a fi(ω, h) for
every possible event h. But for the purposes of this paper it only matters
to identify the information that agents would have for a very particular set
of hypothetical events – namely those in which they are made “more igno-
rant” –, so other types of hypothetical event are ignored. Furthermore, the
approach adopted in this paper allows for a detailed focus on the properties
of hypothetical events in which agents are “more ignorant” such as “secrecy”.

8. Appendix B: Proofs

Proof of Remark 2. Consider an arbitrary i ∈ N , and suppose σ ∈ Σ. If
σ ∈ Ω, then σ belongs to some equivalence class within Ii. If σ ∈ Λ, then by
construction of R′

i, there exists some ω ∈ Ω such that σR′
iω. In either case,

there exists some ω ∈ Σ such that σR′
iω. To establish transitivity, suppose

σ, ω′, ω′′ ∈ Σ such that σR′
iω

′ and ω′R′
iω

′′. If σ ∈ Ω, then σ, ω′, and ω′′ all
belong to the same equivalence class, and therefore σR′

iω
′′. If σ ∈ Λ, then

since σR′
iω

′, it follows that ω′ ∈ Ω, and since ω′R′
iω

′′ it follows that ω′′ and
ω′ belong to the same partition element Ii(ω′). But by construction of the
counterfactual states, since σ reaches ω′, it must also reach every state that
belongs to the equivalence class of ω′. It follows that σR′

iω
′′.

Proof of Remark 1. For any original state ω ∈ Ω, bi(ω) = Ii(ω) since the
reachability relations R′

i and Ri are identical over Ω × Ω. For any counter-
factual state λei,ω ∈ Λ, bi(λei,ω) is a union of partition elements in Ii since
any event e ∈ Γi \Ii is a union of partition elements and λei,ω reaches exactly
all states in e via R′

i. And, for any λej,ω ∈ Λ (with j 6= i), bi(λej,ω) = Ii(ω)
since λej,ω reaches exactly every state in Ii(ω) via R′

i. All the above implies
that (a) for any state σ ∈ Σ, bi(σ) ∈ Γi. Conversely, consider any e ∈ Γi.
If e is a partition element in Ii then trivially, there is a state ω ∈ Ω such
that e = Ii(ω) = bi(ω). On the other hand, suppose e is a union of partition
elements (so e ∈ Γi \ Ii). Then there is a counterfactual state λei,ω that
reaches exactly every state in e via R′

i, so bi(λ
e
i,ω) = e. Therefore, (b) for

any e ∈ Γi, there exists a state σ ∈ Σ such that bi(σ) = e.

Proof of Proposition 1. By definition of Γi, Ii(ω), Ii(ω
′) ∈ Γi and Ii(ω) ∪

Ii(ω
′) ∈ Γi. By construction of the counterfactual structure, the state

λ
Ii(ω)∪Ii(ω′)
i,ω reaches exactly every state in Ii(ω) ∪ Ii(ω′) via R′

i. Therefore,

bi(λ
Ii(ω)∪Ii(ω′)
i,ω ) = Ii(ω) ∪ Ii(ω′). Now suppose Ii(ω) ⊆ e and Ii(ω′) ⊆ e. So,
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Ii(ω) ∪ Ii(ω′) ⊆ e. Then clearly, bi(λ
Ii(ω)∪Ii(ω′)
i,ω ) ⊆ e. For the converse, sup-

pose bi(λ
Ii(ω)∪Ii(ω′)
i,ω ) ⊆ e. Then Ii(ω) ∪ Ii(ω′) ⊆ e. It follows that Ii(ω) ⊆ e

and Ii(ω′) ⊆ e.

Lemma 1. Suppose that S ′ = (Σ, N, {R′
i}i∈N ) is the counterfactual structure

of a partitional structure S = (Ω, N, {Ri}i∈N ). For any σ ∈ Σ, G ⊆ N , and
i ∈ G, ∪ω∈TG(σ)bi(ω) = TG(σ).

Proof of Lemma 1. Let σ ∈ Σ. Suppose that ω′ ∈ ∪ω∈TG(σ)bi(ω). Then,
ω′ ∈ bi(ω) for some ω ∈ TG(σ). So ωRiω′, and by definition of TG(.), ω
is reachable from σ. It follows that ω′ is reachable from σ, so ω′ ∈ TG(σ).
For the converse, suppose ω′ ∈ TG(σ). Since no counterfactual state reaches
itself, and every counterfactual state must reach a state within Ω, it must
be the case that ω′ ∈ Ω. Since bi(.) and Ii(.) coincide over Ω, it follows
that ω′ ∈ Ii(ω′) = bi(ω

′). So, for some ω′′ ∈ TG(σ), ω′ ∈ bi(ω′′). That is,
ω′ ∈ ∪ω∈TG(σ)bi(ω).

Proof of Theorem 1. Suppose that ω ∈ CG(∩i∈G{σ ∈ Σ|δi(σ) = xi}). Then,
for every i ∈ G, TG(ω) ⊆ {σ ∈ Σ|δi(σ) = xi}. Let us focus on agent i. This
means that δi(σ) = xi for every σ ∈ TG(ω). By Lemma 1, ∪ω′∈TG(ω)bi(ω

′) =
TG(ω). This implies that TG(ω) is a (non-empty) set of disjoint possibility
sets bi(ω′) such that ω′ ∈ TG(ω). This implies that Di(bi(ω

′)) = xi for every
possibility set bi(ω′) that is a subset of TG(ω). Note that for any ω′ ∈ TG(ω),
since no counterfactual state reaches itself, and every counterfactual state
must reach a state within Ω, it must be the case that ω′ ∈ Ω. Also since
bi(.) and Ii(.) coincide over Ω, for any ω′ ∈ Ω, bi(ω′) = Ii(ω

′). From this,
it follows that {bi(ω′)|ω′ ∈ TG(ω)} ⊆ Ii, and by the Sure-Thing Principle,
it follows that Di(TG(ω)) = xi. A similar argument for any other agent j
leads to the conclusion that Dj(TG(ω)) = xj . But since any agents i, j ∈ G
are like-minded, it follows that xi = Di(TG(ω)) = Dj(TG(ω)) = xj for all
i, j ∈ G.
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