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Abstract

Comparative analysis of derived mutations across human

populations.

Alison Feder, Magdalen College

Msc(res) Thesis, Trinity Term, 2013

Multiple factors, including the rate of mutation of different types, the action

of natural selection, recombination and population history all influence the

distribution of genetic variation within and between populations. Here,

we seek to explore the relative contributions of different factors to notable

aspects of the derived site frequency spectrum in different populations from

the 1000 Genomes Project. Specifically, we ask whether individuals from

different populations carry different numbers of mutations (indicative of

differences in the mutation rate or average generation time of populations)

and whether patterns differ between types of mutation in different sequence

contexts. Our results indicate that the average mutation rate (per year)

in African populations has been slightly, but significantly, higher than in

non-African populations which has led to an enrichment in the number of

derived alleles harbored in African populations. In a departure from the

literature, we find that the non-synonymous mutation load does not vary

between populations. We present weak evidence for differential mutational

processes at CpG sites in African individuals and estimate a TMRCA of

the human population as approximately 3.5 mya. Last, we suggest ways in

which our knowledge of derived alleles can allow us to make improvements

to existing population genetic methods, such as the sequentially Markov

coalescent.
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Glossary

BED file - Annotation file used to specify

areas of the genome with a chromosome number,

start and end position.

Reference SNP Cluster ID (RSID) - Unique

SNP identifier used to aggregate reported poly-

morphisms.

dbSNP - Short polymorphism database

which can be accessed here:

http://www.ncbi.nlm.nih.gov/projects/SNP/

Variant Call Format (VCF) - Data file that

lists polymorphism information across multiple

genomes.

FASTA - Data file listing a string one-letter

codes in order to represent sequence information.
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1

The Importance of Derived

Alleles

As mutations enter the human population over time, they leave patterns that can help

us understand important features of how humans have evolved. Many of these patterns

can be identified in the site frequency spectrum (SFS), which describes the distribution

of alleles at different frequencies in the population. I ask how we can use these patterns

of derived alleles to better understand relationships between human populations.

I start by examining the importance of rare derived variation in genomic analy-

sis and its impact on estimates of demography, population relatedness and the way

we understand selection. From here, I look specifically at the distributions of non-

synonymous derived alleles between populations, and the potential consequences of

those distributions. I then move into a discussion of using derived variation to estimate

the time to the most recent common ancestor (TMRCA) of populations. In combining

these three topics, I introduce and motivate the use of derived variation in helping us

understand human evolution.

1.1 Rare Derived Variation in Genomic Analysis

All derived variants originally enter the populations as single mutations, and thus spend

some time as very rare alleles, even if they confer a strong selective advantage. Whether

these new mutations rise to higher frequencies or remain rare in the population depends

on selection, drift, linkage and demography. We can gain insights into population
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1. THE IMPORTANCE OF DERIVED ALLELES

processes by tracing their contribution in the site frequency spectrum. Since new

variants have not had sufficient time to be affected by ancient selection and demography,

they offer additional important information about recent history in ways that other

derived variation cannot.

1.1.1 Characterization of Rare Variation

Rare variation has been explored recently in a series of exome deep sequencing efforts

conducted by different groups. Tennessen et al (51) sequenced 200 Danish exomes at a

12-fold sequencing depth to create a dataset of over 53,000 coding SNPs. Nelson et al

(39) sequenced 202 drug target genes in 14,002 people to at least 20x coverage. Li et al

(29) sequenced 15,585 human genes to a depth of 111x in 2,440 individuals of European

or African ancestry. Marth et al (33) also report on initial stages of the 1000 Genomes

Exon Pilot project, sequencing around 700 samples of 1000 human genes.

These studies are in agreement about a number of facts: rare variation is common,

population specific and non-synonymous variants are concentrated in the spectrum of

rare alleles.

First, rare variation is common. Nelson et al (39) found that in the drug target

genes, 95% of variants occurred at frequency < 0.5% and as frequently as 1 every 17

and 21 bp in Europeans and Africans respectively. Tennessen et al’s estimation was

only slightly more conservative, suggesting 86% had a minor allele frequency < 0.5%.

Further, Tennessen estimated that 57% of SNPs were singletons (51). Li et al did not

attempt to characterize the very lowest of allele frequencies, but performed extensive

validation to ensure accurate allele information for the sites they did include (29). An

additional targeted re-sequencing effort of 2 genes in 13,715 individuals by Coventry et

al (11) found a five fold increase in singletons over neutral expectations.

Second, rare variation is private. Nelson et al (39) found that more than 75% of the

alleles in their sample were present in only one or two individuals. Tennessen et al (51)

observed that even excluding singletons, 58% of coding SNPs were population specific,

and that the frequency of singletons (by definition private) varied between populations,

with Africans having only 49.3% singletons compared to Europeans’ 50.7% singletons.

Marth et al (33) examined allele sharing between populations at low, mid and high

frequencies in the coding regions of the 1000 Genomes exon pilot and compared them

to the same allele frequency classes in intergenic regions from the HapMap3 ENCODE
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1.1 Rare Derived Variation in Genomic Analysis

resequencing project. They found that while genic and intergenic regions had similar

levels of allele sharing in mid and high frequency sites, there was significantly less

sharing in low frequency (< 1%) alleles in genic regions than in intergenic regions.

This observation suggests that these coding variants are comparatively younger than

their low frequency intergenic counterparts, possibly because of purifying selection.

All these studies have agreed that rare variation is of significant functional impor-

tance. Non-synonymous variants are enriched at low frequencies in a way that is not

seen at higher frequencies, highlighting how functional constraint can prevent functional

variants from rising in incidence (39). Li et al found a 1.8 excess of non-synonymous

mutations over synonymous mutations in the low-frequency range (2-5%) (29). Ten-

nessen et al estimated that 95.7% of functionally important SNPs in their sample were

rare (51) and addressed the importance of purifying selection in creating this pattern.

They estimated the functional consequences of non-synonymous SNPs and found that

they were negatively correlated with allele frequency, suggesting that rare variation is

more functionally important (51). Marth et al (33) found that whereas 63% of mis-

sense mutations had allele frequencies < 1%, only 53% of silent variants fell into this

category.

1.1.2 Sources of Rare Variation

The prevalence of rare variation is often attributed to explosive population growth

over the past several thousand years (Figure 1.1), with estimates ranging from a more

conservative 0.23 (0.16-0.34)% per generation growth over the past 26,400 (21,700-

30,700) years (18) to very rapid 9.4 (4.5-14.5)% per generation growth over the past

1,400 (900 - 2,800) years (11), and many estimates falling in between.

In particular, extreme recent population growth leads to an excess of the very rarest

variants, with predictions given that SNPs at frequency of > 5% have been segregating

for more than 10,000 years (25). This rapid growth has resulted in an increase in rare

variants, with new variants not yet having time to spread in the population (11, 25).

If a population of constant size is given sufficient time, mutation and selection will

eventually reach an equilibrium. The dynamics in a growing population are more

complicated. The larger the population, the more efficacious selection is when compared

to drift. Resultantly, deleterious mutations decrease more quickly in relative frequency

when compared to neutral mutations. However, since all individuals in a growing
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1. THE IMPORTANCE OF DERIVED ALLELES

Figure 1.1: Explosive population size estimates as a function of time. - From
Keinan A, Clark AG: Recent explosive human population growth has resulted in
an excess of rare genetic variants. Science 2012, 336(6082):740-743. Reprinted with
permission from AAAS.
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1.1 Rare Derived Variation in Genomic Analysis

population are having more offspring on average, more deleterious alleles are still passed

along. In this way, although selection acts more strongly against deleterious alleles in

an expanding population, they persist in the population longer given that there are a

greater number of alleles in total.

Theoretical models also suggest the conditions under which rare variants can be

maintained in the population. Pritchard proposed a model for complex disease suscep-

tibility loci under weak selection and found that there are fewer mid frequency alleles

than expected under neutrality (41). Eyre-Walker introduced a model in which mu-

tations have both an effect on selection and also a pleiotropic effect on other alleles.

Under this model, pleiotropy can keep mutations at low frequency (13).

1.1.3 Problems associated with working with rare variation

Rare variation has become increasingly important over the past several years. This has

represented a shift in perspective from 2006, when Hinds et al’s paper characterizing

the spectrum of variation suggested that common variants explained more phenotypic

variance than rare ones and were therefore more useful diagnostically (22). As genome-

wide association studies have failed to find common loci that explain a large proportion

of the heritability, rare variation represents a new avenue through which to find disease-

associated alleles (46). However, working with rare variation is not easy.

At the sequencing level, current technology requires significant depth on many indi-

viduals in different populations in order to ascertain accurate allele frequency estimates.

It can be difficult to balance newly discovered genotypes versus false positives gener-

ated from sequencing errors. An allele found only once in a population can be difficult

to distinguish from a sequencing error. Although this can be resolved by sequencing

individuals at greater depths (11), this can be costly. Accurate allele calls must be done

across many individuals to permit discovery of very low frequency variants. Further,

even if a SNP is present and discovered, there may be some bias against calling a rare

allele (2).

Problems finding and calling rare variants in the sequencing stage are also found in

the sampling stages of study creation. Because much variation in a population is private

(51), populations must be sampled widely and diversely in order to reveal rare variants.

The HapMap Consortium attempted to use discovered polymorphism in one population

to find new variants in another. Because of the amount of private variation, the study
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1. THE IMPORTANCE OF DERIVED ALLELES

found low power to use other populations to find new alleles citeAltshuler:2010qd. In

some respects, this can be considered a positive result, in that more sampling leads

to discovery of more variants. Nelson et al found that the rate of variant discovery

remained nearly constant with increasing sample size (39).

On top of sequencing and sampling problems, statistical errors can occur that fur-

ther exacerbate the difficulty of calling rare variants. To address this, Li et al (29)

develop an unbiased estimator of allele frequencies integrating error rates and variation

in coverage, which they use to determine allele frequencies in the population. However,

their method is only reliable for SNPs at greater than 2% frequency, again highlight-

ing the difficulty of inferring allele frequencies at the extremes of the spectrum. The

HapMap Consortium also encountered allele frequency calling difficulties when they

found significant differences in called allele frequency distributions between the first

and second phases of the HapMap Project (26).

Further, misidentification of ancestral alleles results in having a folded site frequency

spectrum and biased analysis. This can occur in situations documented in (21).

1.1.4 Importance of Rare Variation

For the above reasons and because of the previous scarcity of data , rare variants have

seldom been used in the analysis of genomes and the study of how populations relate

to each other. However, rare variation can provide a variety of insights.

First, although the frequency of common variants is influenced via linkage to nearby

SNPs, new variants have not had time to be significantly affected by their background.

As such, rare allele frequencies can act well as a proxy for age of mutation (15). How-

ever, blindly using rare variation as a molecular clock comes with its own problems,

given that a large number of substitutions are unobserved (21), and can lead to bi-

ased results when performing analyses such as estimating the time to the most recent

common ancestor (4).

Rare variants are useful in the exploration of human demography, as their signal

provides information about recent history not readily available in more common vari-

ants. Several studies have used shared rare genetic variation in order to disentangle

human demographic patterns over the last several thousand years (17, 18, 25, 39).

The presence of this rare variation further highlights the need to integrate demogra-

phy into population genetic methods (39, 40). However, outside of simply estimating
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1.2 Non-synonymous Population Load

demographic parameters, rare variation has been used more directly though looking at

how alleles shared between populations can explain the age of mutations and haplotype

sharing (2, 15).

Rare variation is often cited as a potential way to resolve the missing heritability

question (32). In Nelson et al’s study of drug target genes, rare variants were tested

for association with their corresponding drug-targeted disease, but no statistically sig-

nificant associations were found (39). This provides some evidence that including rare

variation in association studies will not resolve all missing heritability concerns.

1.2 Non-synonymous Population Load

As noted in the introduction, the proportion of non-synonymous variants is higher

among very rare alleles. Non-synonymous mutations sometimes result in changes that

affect the amino acid composition of a protein and therefore they can have damaging

effects on protein function. While not all non-synonymous substitutions are deleterious,

these functional changes represent an opportunity to understand the role that purifying

selection plays in human evolution.

An interest in deleterious non-synonymous mutations has existed in the literature

for many years, since Moreton predicted in 1956 that a human genome carries several

lethal mutations in heterozygote form (37). Since then, much work has been dedicated

to establishing the extent of non-synonymous and deleterious mutations.

1.2.1 Number of non-synonymous alleles in a human genome

Multiple approaches have yielded similar estimates for the non-synonymous mutation

load in a human genome. Sunyaev et al (47) estimate around 2,000 deleterious muta-

tions in a human diploid genome, reasoning that non-synonymous mutations happen

about once every 1,000 amino acids. Given an estimate 45,000 proteins with on average

500 amino acids per protein, 20,000 amino acids would be altered. With an estimated

10% of SNPs resulting in a deleterious change, the average number of deleterious muta-

tions in a human diploid genome is around 2000 (47). Empirical estimates have found

between 796 and 837 deleterious alleles in a sample of three individuals (9).
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1. THE IMPORTANCE OF DERIVED ALLELES

1.2.2 Non-synonymous alleles vary by population

It has been noted that there are between population differences in the numbers of

non-synonymous and presumably deleterious alleles in a human genome. Lohmueller

et al (31) examined a cohort of 15 African American and 20 European American indi-

viduals and categorized synonymous and non-synonymous SNPs as shared or private.

They found that although there were more derived alleles among both synonymous and

non-synonymous mutations in the African American individuals than in the European

Americans, European Americans had a higher proportion of private alleles categorized

as non-synonymous (55.4% compared to 47%). Further, this was paired with decreased

heterozygosity within the European American sample, suggesting that more of these

variants are present in multiple copies. They then performed a forward simulation and

found that in an out-of-Africa model with uniform selective effects, simulated European

populations had more deleterious alleles ”surf” to high frequency as the population

quickly grew, resulting in overall accrual of deleterious mutations similar to those seen

in the data (31).

The results of other studies support Lohmueller et al (31). Boyko et al concen-

trated mainly on estimating the distribution of fitness effects in different populations,

but they reached similar conclusions about the number of non-synonymous mutations

in European populations. Interestingly, they also found no evidence to suggest that the

distribution of fitness effects differed between African Americans and European Ameri-

cans. As in Lohmueller et al, this suggests the important role differing population sizes

play in evolutionary dynamics (7), as opposed to just selective effects.

Chun et al (9) examined the number of derived alleles in two individuals of Euro-

pean ancestry and one of Asian ancestry. They found that the estimated number of

deleterious alleles among the three individuals ranged from 796 to 837, with the Asian

individual presenting the highest number of derived deleterious alleles in their sample.

While not analogous to the result posited by Lohmueller et al, this estimate suggests

that different-populations may carry different numbers of deleterious alleles. However,

with this small a sample, it may not be possible to draw a rpbust conclusion. Fu et

al found that in their sample of 6515 exomes, 54.7% of European American genes and

only 37.5% of African American genes harbor a new SNP deleterious to the function of

the gene (15).
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1.3 Derived Variation as a Predictor of Time to Most Recent Common
Ancestor

Chun and Fay (10) explored the effect of hitchhiking on the number of derived alleles

in a population and found evidence that both supports and contradicts Lohmueller et

al’s results. Their analysis focused on the ratio of non-synonymous alleles that were

deleterious to those that were non-deleteirous in regions linked to positively selected

sites. They hypothesized that there would be an enrichment in deleterious alleles in

these regions, since purifying selection would compete against positive selection. In

using differently sized iHS (44) haplotype regions as filters for surrounding SNPs, they

observed that there was an enrichment in the ratio of deleterious to non-deleterious

non-synonymous SNPs around genes under positive selection in European populations,

but no such enrichment existed in Asian and African populations. This suggests that

hitchhiking has played a greater role in raising the number of derived alleles in European

populations, compared with African populations.

However, when using a different parametrization for the area linked to positive

selection, Chun and Fay found that all three populations were enriched for deleterious

alleles. Further, they go on to note that while hitchhiking and positive selection do

influence deleterious alleles, the effect is relatively minor (10).

This and other studies were equivocal about differences in the numbers of non-

synonymous deleterious alleles in populations. In an early study of SNP patterns,

Halushka et al (19) noted that estimates of nucleotide diversity were greater in African

American samples than European American samples at synonymous, non-synonymous

and non-coding SNPs. However, because this analysis was done only in a sample of 75

human genes related to blood pressure homeostasis and nearby noncoding regions, it

may not be legitimate to generalize this result to the rest of the genome.

1.3 Derived Variation as a Predictor of Time to Most Re-

cent Common Ancestor

The time to the most recent common ancestor or TMRCA (Figure 1.2) is an important

population parameter that is of interest to geneticists, anthropologists, archaeologists

and other researchers of human populations. Variation arising since the most recent

common ancestor offers important clues into the timescale of human polymorphism.

Archaeological records date the oldest fossils of anatomically modern humans to

about 196 kya (± 2 ky) (30). It is not possible to tell, however, if this fossil is a most

9



1. THE IMPORTANCE OF DERIVED ALLELES

TMRCA

Figure 1.2: Time to Most Recent Common Ancestor - The grey line represents the
time at which all sequences in a sample will have coalesced.

recent common ancestor for humanity or even an ancestor at all. In estimating the

time to the most recent common ancestor, genetic data can be of particular use.

Most methods of TMRCA estimation rely on integrating sequence divergence, an

estimate of recombination rate and the molecular clock hypothesis, which notes the

linear accrual of mutations over time, and was used by Kimura in the seminal paper on

neutral theory (27). Although the molecular clock is used in most of these estimates,

a recent survey of mitochondrial DNA has noted that divergence from the molecular

clock can sometimes be strong (4).

Caution must be used when generalizing predictions made from chromosome-specific

segregating sites to the rest of the genome. For instance, very different TMRCAs have

been estimated using mitochondrial DNA and DNA from the Y chromosome. However,

these sections of the genome make a good starting point for developing the technique

used to estimate TMRCAs between chromosomes, because they are passed on from par-

ent to offspring without recombination. This simplifies estimates made using coalescent

techniques, as recombination often necessitates computational intensity. Additionally,

at least in the mitochondrial DNA, (henceforth mtDNA), there is a higher rate of mu-

tation than the autosomal chromosomes (4). This allowed early researchers without

access to modern sequencing capabilities to capture more polymorphism in smaller

samples.

Many TMRCA estimates center around building a tree from the sample, estimat-
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1.3 Derived Variation as a Predictor of Time to Most Recent Common
Ancestor

ing a rate of divergence between sequences and then using this estimate to predict a

timescale. This is particularly feasible on the Y chromosome and in the mtDNA, be-

cause there is no recombination to break up haplotypes and complicate tree building.

One early study to do this was that by Cann et al (8), which sampled 133 human

mtDNA sites. They found the most parsimonious tree across the 133 variable sites,

and estimated a rate of divergence by looking at archaeologically based patterns of

human demography. Given divergence between Australians and New Guineans from

other populations, as these settlement times are approximately known, they estimated

a mutation rate. They then estimated a TMRCA for all living human mtDNA between

140-290 kya.

Thomson et al (52) used the program GENETREE (http://www.stats.ox.ac.uk/∼griff/software.html)

to infer coalescent trees along with their TMRCA and probability of occurring based on

the input data. Thomson et al computed the expected mean TMCRA by multiplying

the probability of a tree based on the data by its estimated TMRCA and summing over

the most likely trees. In doing this, they found that the TMRCA for the Y chromo-

some was 84 kya, with a 95% confidence interval from between 55 and 149 kya. They

performed this analysis separately in each of the three genes in their sample and found

similar estimates.

Thomson et al (52) also proposed a separate unbiased estimator for the divergence

times. They proposed that for each of n sequences, to determine xi, the sequence

divergence of the ith sequence from the MRCA. Since µ∗TMRCA should be an estimate

for any sequence xi, nµTMRCA should equal the sum of all xis. Therefore, they propose

the following estimator:

TMRCA =
n∑
i=1

xi
nµ

Applying this estimator, they predicted that the TMRCA is 70 kya (SE 30ky) (52).

Tang et al (48) used a frequentist approach to estimate the TMRCA based on

the molecular clock hypothesis. In particular, they attempted to create an estimator

divorced from inputed knowledge about population parameters. Their study highlight

the importance of finding the TMRCA not just between any pair of individuals, but

among the entire population. Their proposed estimator builds on previous work done

by Templeton (50). The method works by partitioning the sequences based on the

sample coalescence that occurs the furthest back in time. The l sequences on one side

11



1. THE IMPORTANCE OF DERIVED ALLELES

of the tree are grouped together into a set L and the remaining r sequences are grouped

into R. Note, l + r = n. They do not explicitly outline a suggestion on how to perform

the group partition, but in their analysis, they determine the best fit tree and then use

the final coalescence subdivision to create their groups.

They then compute D, the average divergence between sequences in L and R. In

doing this, they ensure the maximal divergence since the MRCA between pairs. If

they were not to partition between the two groups, they would be averaging pairwise

divergence between sequences that coalesce much more recently.

D =
1
rl

∑
i∈L

∑
j∈R

dij

Since the average divergence is the number of mutations that would occur on inde-

pendently mutating sequence of length l,

D = 2lµTMRCA

So,

TMRCA =
D

2lµ
While this method has the disadvantage of requiring the initial partition to be

created, it creates a test that circumvents problems associated with underlying de-

mography. Applying this estimator to the Y chromosome with mutation rate 3 ∗ 10−8

per site per generation and generation lengths 25 and 30 years, they estimated TM-

RCAs of 91kya (60-130kya) and 109 kya (72-156 kya), respectively. When using this

estimator on mtDNA with mutation rate of 2.43 ∗ 10−7 per site per generation and

generation lengths 25 and 30, they estimated TMRCAs of 238kya (200-281kya) and

190kya (160-225 kya) respectively (48).

Other groups have used more straightforward approaches. Ingman et al (23) fit

a tree using a neighbor-joining approach and made their estimate of the TMRCA of

mtDNA by looking at two the most diverged sequences. They estimated approximately

171.5 kya ± 50ky.

Other more computational approaches have become available as data access and

computer resources have increased. Tavare et al (49) present methods that rely on

informed priors on demographic parameters and mutations rate, with a simulation
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1.4 Thesis Outline

and rejection scheme for generating the densities of population size, mutation rate

and TMRCA. Pritchard et al (42) apply these methods to show the importance of

accounting for demography. They used 8 human Y chromosome genes in 445 males,

specifically looking at previously identified highly variable loci and found estimates for

TMRCA on the order of 46kya (16-126 ky).

As seen from the variation in the estimates for mtDNA and Y-chromosomal DNA,

there are considerable differences between the TMRCAs of different parts of the genome

(Table 1.1). That the TMRCA for mtDNA is twice as long as the Y chromosomal

TMRCA was noted in a paper by Favrea & Sornettea (14). The authors used agent

based modeling to explore scenarios that could generate this enrichment. Conditions

that required males to compete for mates and women to breed without competition

generated a strong sex-biased TMRCA, although not as strong as the 2:1 ratio observed

in real data.

As more genomes have been sequenced, the TMRCA for Y-chromosomal DNA

has been pushed continually backward. A study sequencing 2,204 200 kb samples in

the male specific Y region (MSY) estimated a TMRCA 141.5 kya (± 15.6 ky) (12).

Recently, a very low frequency African American lineage originating in sub-Saharan

Africa has been sequenced with a drastically diverged Y-chromosome. This brings

the estimate for the TMRCA to 338 kya (237-581 ky) (35). This estimate predates

predictions for the mtDNA TMRCA, which have been otherwise uniformly higher than

for Y chromosomal DNA (Table 1.1). This case serves as a reminder of the importance

of deep and varied sampling when attempting to estimate the TMRCA of all living

humans.

Although most estimates for the mtDNA and Y chromosomal TMRCA are be-

tween 50 and 300kya, autosomal TMRCA estimates are much larger. Table 1.2 briefly

summarizes the extent of these estimates.

1.4 Thesis Outline

Despite the importance of derived variation, and in particular, shared derived rare

variation, much work has yet to be done to integrate this information into existing

population genetic methods. In the following two chapters, I set out to address the

background that will make such integration possible. Namely, important questions
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1. THE IMPORTANCE OF DERIVED ALLELES

MSY mtDNA

Paper TMRCA Error Paper TMRCA Error
(KYA) (KYA) (KYA) (KYA)

Pritchard (1999)(42) 46 (16-126) Cann (1987)(8) 215* (140-290)
Thomson (2000)(52)1 84 (55 -149) Ingman (2000)(23) 171.5 (121 - 221)
Thomson (2000)(52)2 70 (11 - 129) Tang (2002)(48) 238 (200-281)
Tang (2002) (48) 91 (60-130)
Cruciani (2011),(12) 141.5 (126- 157)
Hammer (2013)(35), 338 (237-581)

Table 1.1: Summary table of a number of TMRCA findings for the Y chromo-
some and mtDNA Table is organized chronologically and separated for mtDNA and Y
chromosomal analysis. In Thomson et al (52), two methods are explored, with 1 represent-
ing results using GENETREE and 2 using the divergence estimator. (*no value was given,
so this is the center of the confidence interval)

about derived variation must be answered before the use of rare derived alleles can be

used to extend such methods as the sequentially Markov coalescent.

In the second chapter, as I endeavor to verify that populations are evolving at the

same rate, I question whether there are equal numbers of derived variants in populations

across the globe. Although the literature has suggested variation in the number of

deleterious alleles in different populations, we would still expect to see the same number

of total derived alleles in all individuals since a MRCA. In addressing this question, I

study departures from expectation of the derived site frequency spectrum in order to

understand the types of mutation that might allow different population evolution rates.

To delve deeper into the causes of derived allele variability between populations, I

also examine the derived site frequency spectrum in the context of different genomic

backgrounds. Given Lohmueller et al’s finding of varying extents of non-synonymous

and deleterious mutations between populations (31), I ask these same questions specific

to coding regions in order to understand departures from genome-wide patterns. In this

chapter, I also explore the importance of variation at CpG sites and its potential role

in the maintenance of derived variation in the population.

Last, I use the total number of derived alleles to estimate the TMRCA of all living

humans, both as a verification that our analyses are sensible, and as a way to utilize
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1.4 Thesis Outline

Paper TMRCA
(KYA)

Blum (2011) (6) 1500
Barreiro (2005) (3) 2800
Stefansson (2005) (45) 3000
Hayakawa (2006) (20) 2900

Table 1.2: Summary table of a number of TMRCA findings for autosomal
DNA Table is organized chronologically and lists author, year of publication, reference
and estimate.

the number of derived alleles to estimate the length of human history.

In my final chapter, I begin to address how these findings can influence methods

for genetic analysis. In particular, I lay out the theoretical background behind the

sequentially Markov coalescent model, and its pairwise equivalent. I then suggest,

although do not implement, an important way in which derived alleles can be used to

improve previously existing tests for pairwise coalescence between individuals across

the genome.
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2

Derived Allele Differences

between Populations

2.1 Introduction

We hope to use derived variation to improve statistical methods to estimate genetic

parameters such as the TMRCA. Before this is possible, we must ensure that we under-

stand processes that might affect our use of this variation. For instance, if we intend

to assume that the molecular clock applies uniformly globally, we must determine that

populations have similar numbers of derived alleles. To aid us in understanding these

processes, we will also examine the derived site frequency spectrum in order to elucidate

patterns that may underlie differences in the total number of derived mutations.

2.2 Theoretical basis for expectations

Through coalescent theory, we can establish certain expectations for the derived allele

frequency spectrum under neutrality. This will allow us to determine if exogenous

factors are pulling the distribution away from this expectation.

An important first question asks, given a sample of sequences, what is the expected

number of derived alleles at frequency i? We will follow the analysis of this question

presented by Fu (16).

Consider a standard neutral coalescent with n variants at the branches numbered

1 .. n. Although the lineages are numbered separately, we note that nothing differs

between the sequences, so they will be exchangeable for the purpose of our analysis.

17



2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

Epoch 2

Epoch k

1 2 n

size 3

size 5

size 1

Epoch n
...

...
...

Figure 2.1: Visualization aid for terminology - Exchangeable branches 1 .. n are
numbered at the branches of tree. Epochs 2 .. n are noted on the side, indicating the
number of distinct lineages present at that time. Three sites are highlighted with sizes 1,
3 and 5, indicating the number of descendants of that branch in the most recent epoch n.

We can split this tree into n−1 epochs, such that in epoch k, there are exact k distinct

variants. Therefore, just before the root of the tree, we fall in epoch 2. We will say that

a variant in epoch k is of size i if it will be at frequency i in epoch n, which represents

the current state of the population.

For this coalescent, we consider an infinite sites model in which each mutation occurs

at a different locus, disallowing back-mutation. This assumption is later examined in

order to understand the possible effects of back-mutation on our results. We also assume

a constant mutation rate across the region.

We want to determine, under the conditions of the standard neutral coalescent, how

many mutations are at a certain frequency i of n. In order to do this, we consider,

for each epoch k ∈ 2..n, and for each lineage l ∈ 1..k within the epoch, the number of

mutations that fall on l within epoch k of size i.

ξi =
n∑
k=2

k∑
l=1

εk,l(i)χl (2.1)

where χl represents the number of mutations that will fall on the length of l and
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2.2 Theoretical basis for expectations

εk,l(i) =
{

1 if lineage l in epoch k is of size i
0 otherwise

.

We first consider the proportion of possible lineages in epoch k that have size i. To

do this, we will determine the total number of ways in which n lineages can coalesce

into k lineages. This is the same as the number of ways one could throw n balls into k

boxes, such that every box had at least one ball.

n - 1 possible places to make a partition

k - 1 partitions to choose to get k groups

n = 7
k = 4

Therefore, the total number of configurations Ctot for coalescence is

Ctot =
(
n− 1
k − 1

)
. (2.2)

To determine how many of these configurations allow for a given lineage to have

size i, we observe that the number of configurations that allow for a lineage to have a

group of i is:

k - 2 partitions to choose to get k - 1 groups
(since one group is already decided)

n = 7
k = 4

n - i - 1 possible places to make a partition 

First remove the group that is going to be fixed at 
exactly i alleles

i = 4

19



2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

Therefore, we calculate Ci|k, the number of configurations in which a derived allele

has size i in epoch k, as follows

Ci|k =
(
n− i− 1
k − 2

)
. (2.3)

In order to get the proportion, we examine the ratio of the configurations that allow

i given k (2.3) as compared to the total possible number of configurations (2.2):

p(i|n, k) =
(
n− i− 1
k − 2

)(
n− 1
k − 1

)−1

=
(n− i− 1)!(k − 1)!(n− 1− k + 1)!

(k − 2)!(n− i+ 1− k)!(n− 1)!

= (k − 1)
(n− k)!

(n− k − (i− 1))!
(n− 1− i)!

(n− 1)!

= (k − 1)(i− 1)!
(
n− k
i− 1

)
1
i!

(
n− 1
i

)−1

=
k − 1
i

(
n− k
i− 1

)(
n− 1
i

)−1

(2.4)

We now know the probability of observing a i-sized configuration in epoch k. Note

that this probability is the expectation of the indicator variable εk(i). We must now

determine the number of mutations χl that we expect to see on a lineage in this epoch.

However, this is the simply the expected length of a lineage in epoch k and is given by

E(χl) =
θ

k(k − 1)
(2.5)

Here, θ represents the population scaled mutation rate, and is calculated by the

product of the per base mutation rate µ, the effective population size Ne and a scaling

factor (θ = 4Neµ).

To determine E(ξi), we can take the expectation of Equation (2.1).

E(ξi) = E(
n∑
k=2

k∑
l=1

εk(i)χl) =
n∑
k=2

k∑
l=1

E(εk(i))E(χl) (2.6)

We can now apply the results of Equations (2.4) and (2.5) in Equation (2.6) to see that,

E(ξi) =
n∑
k=2

k∑
l=1

θ

k(k − 1)
k − 1
i

(
n− k
i− 1

)(
n− 1
i

)−1

(2.7)
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2.3 Data Background

Since the ls are exchangeable, we can replace the sum over the ls with a k multiplier,

and simplify:

E(ξi) =
n∑
k=2

θ

i

(
n− k
i− 1

)(
n− 1
i

)−1

Pulling out terms not in the sum,

E(ξi) =
θ

i

(
n− 1
i

)−1 n∑
k=2

(
n− k
i− 1

)
Through repeated application of the recursive definition of the binomial coefficient,

(
a

b

)
=
(
a− 1
b− 1

)
+
(
a− 1
b

)
We see that,

n∑
k=2

(
n− k
i− 1

)
=
(
n− 1
i

)
And therefore,

E(ξi) =
θ

i
(2.8)

From this, we can see that because the density of variants at different frequencies

is inversely proportional to the frequency, we expect, under neutrality, that if we chose

a derived allele at random in the population, it would be equiprobable that it comes

from any particular frequency class.

Importantly, these expectations only hold under a regime of constant population

size with no selection, neither of which are necessarily good assumptions for human

populations.

2.3 Data Background

Given our expectation for how the site frequency spectrum should look under neutrality,

we can now examine how our observed data compare. There are a number of biological

reasons that our data may not match expectations, but we must first discount possible

sequencing related problems that might affect our results.

We underwent an extensive process to ensure that our derived site frequency spectra

was based in biology and not sequencing artifacts.
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

2.3.1 Description

I used the 1000 Genomes variant call files from the Phase 1 release

(ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/release/20101123/interim phase1 release/). 1092

individuals are sequenced from across 14 populations with between 14 and 96 individu-

als per population. The color codes for these populations that will appear throughout

the rest of the document are in Figure 2.2. Although more information can be found

in the papers introducing the data, a short summary will be provided here.

The 1000 Genomes data used low coverage whole genome sequencing at 4-6x cover-

age in order to find variants outside the exome and to construct haplotypes. Within the

exome, the project used targeted deep re-sequencing in order to accurately call alleles.

African Asian EuropeanAmerican

Figure 2.2: Population Codes - These codes describe the colors used in the rest of the
analysis of the 1000 Genomes data for the remainder of the analysis and are divided by
population. Population descriptions for each code are available in Table 2.1.

2.3.2 Masking

I applied a strict mask to the 1000 Genomes VCF files separately for each chromosome.

The masking file used (ftp://ftp.1000genomes.ebi.ac.uk/vol1/ftp/phase1/analysis results

/supporting/accessible genome masks/20120824 combined mask.bed) was created by

the 1000 Genomes Project Consortium by rejecting all reads without a coverage be-

tween between 0.5x and 2x of the mean read across all populations (2,566 - 7,698)

inclusive, an average mapping quality below 56 and more than 0.1% of reads with a
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2.3 Data Background

Code Population

MXL Mexican Ancestry from Los Angeles USA
CLM Colombians from Medellin, Colombia
PUR Puerto Ricans from Puerto Rico

ASW Americans of African Ancestry in SW USA
LWK Luhya in Webuye, Kenya
YRI Yoruba in Ibadan, Nigeria

JPT Japanese in Tokyo, Japan
CHB Han Chinese in Beijing, China
CHS Southern Han Chinese

TSI Toscani in Italia
CEU Utah Residents with Northern and Western European Ancestry
IBS Iberian population in Spain
FIN Finnish in Finland

GBR British in England and Scotland

Table 2.1: 1000 Genomes Population Codes - Presented here are the 1000 Genomes
population codes and their population descriptions. They are grouped by continent of
origin and can be used with the color codes in Figure 2.2 to determine populations in
graphs throughout.

mapping quality of 0. After applying the mask, I was left with 28,254,834 sites, or

73.9% of the starting number. More information about the mask and its preparation

can be found in section 10.4 of the supplementary information of 1000 Genomes Project

paper (1). See Table 2.2.

2.3.3 SNP selection

Ancestral misidentification could cause a derived allele called at frequency x to actually

be at frequency 1 − x. If this is widespread, it could have potentially large effects

on the derived allele frequency spectrum. Therefore, it is important to properly call

ancestral alleles to ensure that the shape of the distribution is based on biology, and

not misidentification.

To do this, I went through a rigorous validation scheme. The 1000 Genomes data

lists a prediction for ancestral allele as extracted from an external database. Alignments
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

Chrom. Unmasked Strict Mask Included

1 3007224 2216046 2066683
2 3307620 2537641 2390733
3 2763482 2108183 1989364
4 2736793 2057276 1932976
5 2530245 1920281 1805476
6 2424453 1805926 1680281
7 2215259 1584017 1472470
8 2183867 1679017 1570661
9 1652416 1229420 1156786

10 1882691 1401474 1309024
11 1894936 1385900 1281846
12 1828034 1325389 1229293
13 1373028 1062301 1000583
14 1258282 930035 862874
15 1130582 825732 766239
16 1210647 860052 799715
17 1046761 691900 632826
18 1088848 849800 803022
19 816143 425815 338833
20 855194 644399 604145
21 518993 386243 360807
22 494356 327987 294792

Total 38219854 28254834 26349429

Table 2.2: Masking of 1000 Genomes SNPs - Here, we report the total number of
SNPs by chromosome in the 1000 Genomes Project autosomal data, and the number after
applying a strict mask to the data. The third column represents the final number of SNPs
that were included in our analysis.

are estimated for the ancestral state of the human-chimp ancestor and human-chimp-

macaque. More details about this can be found on the 1000 Genomes website (54). If

the human-chimp-macaque all agree, the ancestral allele is reported with high confi-

dence. If human agrees with chimp or macaque but not both, the ancestral allele is

reported, but with low confidence. If the human sequence does not agree with chimp
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2.3 Data Background

Chr. All SNPs Included Excluded Because of ...
1000G dbSNP Both Disagree

1 2123316 2084479 38837 19980 11588 6540 729
2 2444093 2411815 32278 13569 10680 7321 708
3 2027547 2006970 20577 7735 7090 5285 467
4 1979772 1949993 29779 11670 11576 5834 699
5 1849414 1821282 28132 11070 8414 7950 698
6 1733578 1694654 38924 19624 8538 9832 930
7 1523574 1485319 38255 21192 8194 8092 777
8 1623184 1585629 37555 15668 7238 13819 830
9 1183983 1167084 16899 6583 5951 3774 591

10 1349334 1320319 29015 9494 12590 6442 489
11 1329085 1292975 36110 15909 9220 10462 519
12 1270169 1240043 30126 12865 6932 9673 656
13 1022619 1009179 13440 5573 5207 2377 283
14 892618 870473 22145 13402 4221 4212 310
15 792612 772983 19629 8276 3555 7496 302
16 826893 807434 19459 9245 5811 3939 464
17 655822 638241 17581 8598 5143 3014 826
18 819158 810186 8972 2775 3579 2243 375
19 395703 341856 53847 31107 10185 11680 875
20 618757 609298 9459 3905 3247 2032 275
21 370505 364085 6420 3175 1793 1234 218
22 316164 297343 18821 7668 4966 5997 190

Total 27147900 26581640 566260 259083 155718 139248 12211
(%) (98%) (.02%)

Table 2.3: High quality ancestral allele filtering - Here we report the total number
of SNPs included per chromosome after our ancestral allele (AA) filtering. The final four
columns summarize the reasons for excluding a SNP because of insufficient ancestral allele
information. They give the number of SNPs excluded because of a poor 1000G AA call,
a poor dbSNP call, a poor call by both methods, or by disagreement between the two
methods.

or macaque, the call is not made at all. In our first pass of analysis, I included all SNPs

with either a low or high confidence ancestral allele call and an RSID for the purpose
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

of matching the SNPs to an external dataset.

I then looked at an independent dataset of SNP calls from dbSNP build 137 examin-

ing all RSIDs listed as having either low or high confidence ancestral alleles in the 1000

Genomes data. Those present in dbSNP were extracted. The ancestral alleles were

extracted, and then polarized using a BED file from dbSNP which contained strand

information (55). The polarized information at each RSID was then saved.

The two lists were then compared. Only SNPs at which we had a call from dbSNP

and at least a low quality call from the 1000 Genomes data were included. Only SNPs

where they agreed (even with a low confidence 1000 Genomes call) were included. All

other SNPs were left out of the list of high quality SNPs.

This was the final list of high quality SNPs with complete ancestral allele informa-

tion, although not all of these SNPs were used in our final analysis. A summary is

provided in Table 2.3. The 1000 Genomes VCF lists a reference and an alternative al-

lele. Sites at which the ancestral allele, listed as a consensus between the 1000 Genomes

call and the dbSNP call, did not match either the reference or the ancestral allele were

excluded. This represented a relatively small number of cases. Also excluded were

SNPs where multiple nucleotides were called as either the ancestral or reference allele.

Using only this set of high confidence SNPs allows the best possible information

with which to analyze the derived allele frequency spectrum. However, areas of the

genome that are harder to sequence or that do not align well are more likely to be left

out. This could potentially influence further analysis, which I note throughout.

2.3.4 Power Correction

A potential cause for concern is differential ability to detect alleles at different frequen-

cies between populations. It may, for example, be possible that we do much better

in detecting low frequency alleles in African populations than in others. In order to

control for this, curves are fit using a separate dataset as an independent test of our

ability to detect different alleles in different populations.

The OMNI (53) SNP genotypes was used as an external validation data set. The

OMNI data has been used in many places throughout the 1000 Genomes project as

a highly validated set of SNPs, acting as a verification for imputation analysis and

testing exome calls (1). Following other 1000 Genomes analysis, the OMNI calls are

taken to be the gold standard in terms of allele frequencies. Although we must be wary
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2.3 Data Background

of considering any data as the truth, it is important to try to adjust for the biases in

the data, and the OMNI data allows an opportunity to do this.

Looking just at the same 1092 individuals sequenced as part of the 1000 Genomes

project, our ability to rediscover OMNI derived alleles in the 1000 Genomes data Rx(i)

was computed. At the exact s sites at which there are i copies of derived alleles in

population x of the OMNI data, I find v copies of derived alleles in the 1000 Genomes

data:

Rx(i) =
v

s ∗ i

Plotting Rx(i) reveals variable abilities to detect alleles especially at very low fre-

quencies (Figure 2.3). In particular, the 1000 Genomes Project discovered an excess of

rare alleles in Asian populations (JPT, CHS, CHB) as compared to the OMNI dataset,

and a deficit of rare alleles in African populations (ASW, LWK, YRI). This is per-

haps due to differences in how 1000 Genomes samples were processed. Also possible is

variable coverage in the OMNI dataset by population.

At higher frequencies, the power to detect alleles was very high and uniform across

populations. There was a slight increase in our ability to detect derived alleles in African

populations at very high frequencies. This difference did not appear to majorly affect

further analysis and results look very similar whether or not we apply the correction.

The use of Rx(i) as a power correction to control for differential abilities to detect

alleles at different frequencies in further analyses becomes most important at low alleles

frequencies.

It is worth noting that while the OMNI dataset was created independently, it did

integrate SNP calls from the 1000 Genomes pilot study. Populations present in the

pilot (CEU, YRI, CHB, JPT) may have more calls in the OMNI data. It is therefore

unsurprising that there is an increase in the Rx(i) value in these populations relative

to their continental cohorts.

In a first attempt at creating this correction, I considered using the Axiom data as

an external set, but I was unable to continue with the analysis because the Axiom data

did not note RSIDs, which were necessary to determine the ancestral consensus alleles.

The OMNI data had the desirable properties of containing sequencing information for

all 1092 individuals and having RSID information with which to match up SNPs.
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Figure 2.3: Power Analysis Curves - Shown is Rx(i) describing our ability to detect
alleles at different within-population frequencies across the populations of our sample as
compared to the OMNI data.
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2.4 Differences Between Populations in the Derived Allele Frequencies

2.4 Differences Between Populations in the Derived Allele

Frequencies

2.4.0.1 Distortion in the Derived Allele Frequency Spectrum

The derived frequency spectrum was examined in relation to the findings in Section

2.2. The number of derived alleles at different frequencies should be a flat distribution

(i.e., within a population, there should be n copies of an allele at frequency 1, n/2

copies at frequency 2, ... n/i copies at frequency i). The number of copies of alleles at

frequency i was multiplied by i to get the total number of alleles of that frequency by

population. In order to properly correct for power, all allele frequencies i in population

x were divided by Rx(i).

All populations show a clear departure from neutrality (Figure 2.4), with an excess

of very rare and very common alleles. In addition, all the non-African populations show

a deficit of low frequency alleles (1% < DAF < 40%) The three African populations

(LWK, YRI, ASW) have an excess of low frequency alleles.

There are many possible reasons for these patterns to appear. The excess of high

frequency alleles could be a result of positive selection pushing beneficial traits towards

fixation in the population. The excess of very rare alleles is a good indicator of explosive

population growth, as documented in Section 1.1.2. The deficiency of low frequency

alleles could be a mark of a population bottleneck in non-African populations.

Ancestral bottlenecks could explain some of the divergent patterns between African,

European and Asian populations. Evidence supports an out-of-Africa bottleneck in

non-African populations (18), with a second smaller bottleneck occurring in Asian

populations. These bottlenecks reduce the variation in the population and shrink the

effective population size. In the coalescent framework, two branches coalesce with a rate

inversely proportional to their effective population size. A historically larger African

population will therefore have longer branch lengths with more mutations accruing

than smaller Asian or European populations.

Differing mutation rates between populations could also explain the differences in

the allele frequency spectrum. If African populations are accruing mutations more

quickly than other populations, this could cause an inflation in derived alleles. These

derived alleles may stay at low frequencies if they do not confer a selective advantage.

There is some evidence that mutation rate could be related to temperature (30).
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Figure 2.4: Derived Allele Density Curves by Population - Separated by popu-
lation, the average number of derived alleles at each population proportion was plotted.
This is computed by multiplying the number of sites present in i copies in population x

θx(i) by the frequency i and dividing by Rx(i), out ability to detect alleles of frequency i
in population x.
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2.4 Differences Between Populations in the Derived Allele Frequencies

The derived site frequency spectrum differs from neutrality, with an excess of high

frequency alleles, and an enrichment of low frequency derived allele in African popula-

tions relative to others examined.

2.4.0.2 High frequency derived alleles

There are several reasons that we might see an abundance of high frequency alleles.

Positive selection acting on the genome can bring beneficial new mutations to near

fixation. Standing variation in a bottlenecked population can allow neutral or near

neutral alleles to rise quickly in frequency via drift, despite conferring a selective dis-

advantage.

Ancestral misidentification could play an important and non-biological role in caus-

ing the excess of very high frequency derived alleles. Despite our best efforts in using

only alleles for which we have high confidence of the ancestral state, we observe an

enrichment in low frequency rare alleles. Ancestral misidentification of low frequency

alleles would increase the count of high frequency alleles. Given that these alleles are

at such a high frequency in the population, their relative contribution to the density

plots is larger than a misidentification resulting in a low frequency allele.

We must also consider the potential for back mutations. There are multiple ways

that we might observe a derived allele at high frequency. First, the allele may have

entered the population as a mutation and risen to high frequency because of selection

or drift. This is illustrated in A of Figure 2.5. Alternatively, a high frequency derived

allele might be a back mutation. If a mutation arises on the lineage after divergence

from the outgroup, but before the most recent common ancestor, the allele will be fixed

in the population. If the allele then mutates back to the ancestral allele on a branch

ultimately ending up at frequency k in the current n sequences, our analysis will classify

that as a derived allele at frequency n− k (see B of Figure 2.5).

What is the probability that this will occur at an allele with apparent derived allele

frequency k? The expected number of k-frequency variants Ak arising out of a mutation

since the TMRCA is given by

E(Ak) =
θ

k
(2.9)

The expectation for the number of k-frequency variants arising out of back mutation

is given by the probability of a mutation times the probability of a back mutation to
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Figure 2.5: Scenarios leading to a high frequency derived mutation call - A)
shows how a derived mutation can reach high frequency by entering into a population and
then spreading widely. B) shows how a back mutation to an ancestral state can lead to a
high frequency derived allele call. A derived allele fixes in a population before the MRCA
of a set of sequences. A back mutation to the reference allele later enters the population.
The number of non-ancestral alleles is high, leading to a high frequency derived allele call,
even though the derived allele had previously fixed in the population.
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2.4 Differences Between Populations in the Derived Allele Frequencies

the ancestral state. First, the probability of having a mutation on the tree section

connecting the MRCA of the population and the root of the tree is µt, with mutation

rate µ and t representing the time since divergence from the outgroup. The probability

that we observe a back mutation to put the allele frequency at k is θ/(n−k). However,

only in one third of these cases will the back mutation return the allele to its ancestral

state. Therefore, the expected count Bk that we would see a back mutation at frequency

k is

E(Bk) =
µt

3
θ

n− k
(2.10)

Therefore, the probability that an allele called as derived at frequency k is actually

derived is given by

p(k derived|k called derived) =
θ
k

θ
k + µt

3
θ

n−k
(2.11)

p(k derived|k called derived) =
3

3 + µt k
n−k

(2.12)

µt is approximately the divergence between the two sequences divided by 2 (since only

mutations on one branch length affect the human sequences). Let us consider this

result in the context of the 1000 Genomes data. The outgroup to humans has about

1% divergence, and n = 2184. Therefore, the probability that an allele called as derived

is actually derived is given by

p(k derived|k called derived) =
3

3 + 0.005 k
n−k

(2.13)

Plotting Equation (2.13) for k in (1,2184), we see

We see that at very high derived allele frequencies, there is a substantial probability

that the derived allele of frequency k is actually a back mutation of frequency n − k
(Figure 2.6). The considerable probability of a back mutation at high frequencies

is driven by the length of the divergence between the outgroups and the MRCA of

humans, relative to the human TMRCA. Resultantly, many more mutations will fix

since human-chimp divergence and back mutate than will arise and spread to high

frequency on the much shorter human lineage. While this explains the pattern we see

in Figure 2.4, it does not help us distinguish high frequency derived alleles from back

mutations.
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0 500 1000 1500 2000

2.0
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)devired dellac k| devired k(p

Figure 2.6: Probability of a k frequency allele being derived given that it was
called as a k frequency derived allele - Equation (2.13) is plotted for k in 1..2183, as
in the 1000 Genomes data.
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2.5 Differing numbers of derived alleles in different populations

2.5 Differing numbers of derived alleles in different pop-

ulations

If we consider the most recent common ancestor of all human individuals, under strict

neutrality, every modern human will have the same branch length back to this ancestor.

Resultantly, regardless of demography or other changes discussed above that can explain

the site frequency spectrum, each modern human should have approximately the same

number of derived alleles.

However, given the observed distortion in the site frequency spectrum, it is not

apparent that this expectation will hold. The total number of derived alleles present in

the genome was computed for each individual. Again, the value was corrected by divid-

ing by Rx(i), although the correction did not significantly change results. Appreciable

differences between African and non-African populations were observed.

There are significantly more derived alleles in the African individuals, caused by

the differences at low frequency alleles seen in Figure 2.4. As compared to all other

populations, the African genomes have many more low frequency variants, which are

responsible for driving the pattern. If all variants below frequency 0.4 are excluded,

the population averages look far more similar, and Africans drop below Europeans in

the number of derived variants. This demonstrates the amount of diversity harbored

in a population by low frequency derived alleles.

Corresponding to the dip in low frequency derived alleles in the density curve for

Asian populations, there are fewer derived alleles in Asian individuals. These differences

are significant, with Asian populations possessing 0.2% fewer SNPs per genome as

compared to European and American populations.

The patterns observed here, as explained above, cannot be generated from neutral

evolution, as this would not change the branch length from a most recent common

ancestor. Several non-demographic factors can affect how mutations fall on a coalescent

tree and can potentially explain our observed patterns.

Population-specific selection can extend or shrink branch lengths in some parts of

a tree but not others. This would allow relatively more or fewer mutations falling

uniformly on a tree to affect a specific population or group of populations. Different

generation times between populations can have a similar effect.
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Figure 2.7: Total number of derived alleles per genome - Separated by population,
the total number of derived alleles is plotted by individual. This number is power adjusted
by Rx(i) as described in 2.3.4.
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Figure 2.8: Total number of derived alleles per genome of frequency > 0.4 - The
average number of derived mutations is plotted by population as computed from summing
the allele frequencies greater than 0.4 in 2.4.

Alternatively, an increased mutation rate in some populations might mean that

more mutations and hence more derived alleles can occur on branch lengths of the

same size. There is some evidence that mutation rates vary based on temperature (30).

Differences in the number of derived alleles are observed between populations, with

an excess of derived alleles in African populations and a deficit in Asian populations.

2.5.0.3 Time to Most Recent Common Ancestor

Having an estimate of the number of derived variants allows us to predict a time to

most recent common ancestor for the autosomal DNA of human populations. Given

a mutation rate of 1.5 ∗ 10−8 per bp per generation and a genome of 1,949,370,478

autosomal bases in our strict mask, a genome is expected to accrue 29.24 mutations a

generation. By this calculation, it would take 142,624 generations to accrue 4,170,450

derived variants, the mean number across all populations. At an estimated 25 years

per generation, this suggests a common human autosomal ancestor around 3,565,622

years ago, which is in line with other predictions for the human autosomal TMRCA

(Table 1.2).
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

Pop All Derived (SE) CpG Derived (SE) Non-CpG Derived (SE)

GBR 4167563 433.6 786356 111.4 3381207 342.3
FIN 4171119 327.8 787344 98.9 3383775 249.4
IBS 4169574 726.0 786995 198.9 3382578 619.8
CEU 4164547 408.5 785775 100.8 3378772 333.3
TSI 4163534 248.1 785656 70.0 3377878 209.8
CHS 4161616 666.4 785691 168.0 3375925 508.1
CHB 4157559 480.9 784887 118.7 3372672 375.5
JPT 4163845 438.0 786165 109.3 3377680 347.0
YRI 4182738 515.6 795293 139.1 3387444 399.3
LWK 4195285 705.5 797790 185.5 3397495 542.6
ASW 4179681 767.1 793659 239.3 3386022 560.8
PUR 4171386 453.4 788137 142.1 3383250 347.5
CLM 4171422 486.0 788050 139.8 3383372 382.0
MXL 4169619 594.8 787912 158.3 3381707 464.2

Table 2.4: Number of Derived Alleles by Population - Average number of derived
alleles per individual by population among all sites and separated for CpG and non-CpG
sites.

2.5.1 Derived Mutations Differences Driven by CpG Site Imbalance

One factor that could affect derived mutation accrual is whether or not a site is a

member of a CpG dinucleotide.

CpG sites are those occurring as part of a C-G or a G-C dinucleotide combina-

tion. CpG sites are important for genomic regulation, as methylation at the cytosine

nucleotide can act to downregulate nearby genes. Because of their functional impor-

tance, CpG sites are not randomly distributed throughout chromosomes, and tend to

cluster in CpG islands with above average CG content (5). Despite their clustering,

CpG sites are seen at only a fourth of their predicted presence in the genome indicating

hypermutability in these regions (43).

Importantly, CpG sites have increased levels of mutability when compared to other

sites. Specifically, there is evidence that the cytosine component of the dinucleotide

mutates to a thymine more than any other nucleotide transition (24). Because of this

hypermutability, alignment in CpG sites can be more difficult than in other parts of
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2.5 Differing numbers of derived alleles in different populations

the genome.

Ancestral CpG SNPs were called as those at which the ancestral allele call was

either a C or a G, and the human reference genome for the 1000 Genomes data at

flanking sites either created a CG or GC with the reference allele (as shown in Figure

2.9). About 6,752,818 (23.9%) of the SNPs were identified as ancestrally CpG.

ATCGCGATCTTGCATC
G G T

AG
GC

TG
GT

GT
TA

Reference
Ancestral Allele

Left-tuple
Right-tuple

Called CpG?

SNP1
SNP2

SNP3

Figure 2.9: Process for calling Ancestral CG Sites - Ancestral allele information
is recorded at polymorphic sites. Right and left flanking alleles are determined using the
reference genome to form ancestral allele-neighbor tuples. If either the right or left tuple
forms a C-G or G-C, the SNP is called as an ancestral CpG.

When dividing the genome this way, a significant enrichment of derived alleles was

found within African populations at sites that were historically CpG.

Because the differences between the CpG and non-CpG sites are not entirely appar-

ent in this graph because of the log scale, side by side comparisons of curve densities are

displayed for six populations 2.11. The rest of the populations can be found in Figure

2.12. The difference between African and non-African populations is particularly clear

when the graphs are plotted separately for each population. The important thing to

note is that at the upper end of the population frequencies, non-African populations

have similar densities at both CpG and non-CpG sites. However, in African popula-

tions, there is a much greater density of non-CpG sites, indicating an enrichment of
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Figure 2.10: Comparison of derived site frequency spectra at CpG and non-
CpG sites - In parts A and B, the number of derived variants present at different pro-
portions in the population is plotted at CpG sites and non-CpG sites respectively. This
number is power adjusted as described in 2.3.4, to account for differential ability to pick
up low and high frequency mutations in different populations and plotted on a log scale.
A legend for the different populations can be found in Figure 2.2.
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CpG sites, at lower frequencies.
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Figure 2.11: Derived site frequency spectra at CpG and non-CpG sites in six
populations - Plotted are the density curves of derived variants at varying frequencies in
the population at CpG sites (solid lines) and non-CpG sites (dashed) respectively in six
populations. The top row represents two European populations and one Asian population.
The bottom row shows the density curves for the three African populations. This number
is power adjusted as described in section 2.3.4, to account for our differential ability to pick
up low and high frequency mutations in different populations and plotted on a log scale.

When tabulating the number of derived allele differences within populations, this

difference becomes even more apparent (Figure 2.13).

The average number of derived mutations in African populations is 1.2% higher

than in non-African populations in CpG regions, as compared to just 0.35% higher in

non-CpG regions, and 0.51% higher genome-wide. The number of derived alleles in

Africans relative to non-Africans is significantly higher (p < 2.2*10-16).

Unlike some of the observations about diversity, there is no obvious explanation for

this pattern based in demography. It is possible that this pattern is due to the role of
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Figure 2.12: Derived site frequency spectra at CpG and non-CpG sites - Plotted
are the density curves of derived variants at varying frequencies in the population at CpG
sites (solid lines) and non-CpG sites (dashed) respectively separately by population. This
number is power adjusted as described in section 2.3.4, to account for our differential ability
to pick up low and high frequency mutations in different populations and plotted on a log
scale. These populations show approximately the same patterns as the other non-African
populations.
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Figure 2.13: Comparison of derived alleles per individual at CpG and non-
CpG sites - Separated by population, the total number of derived alleles per individual
is plotted. This number is power adjusted as described in section 2.3.4.

methylation in the genome. It has been recently shown that methylation patterns vary

widely across the world (36) and that methylation affects mutation rate (38). This

suggests that there could be population-specific CpG site mutation rates that vary

globally. If this is true, it suggests a possible explanation for the differences in the

number of derived alleles between different populations.

If a mutation happens at a CpG site, in most cases it will render the site not

a CpG site. Under assumptions of equal transition rates and nucleotide frequencies

and the specifications for CpG sites (an ancestral C or G nucleotide adjacent to the

corresponding C or G flanking nucleotide), the probability that a CpG site will remain

CpG after a mutation is the probability that it mutates to the opposite CpG nucleotide

(1/3) and that it is adjacent to a nucleotide of the ancestral state (1/4). Therefore,

in 11/12 cases, the derived allele at a CpG site will make the site non-CpG. Since all

samples share a common ancestor with a certain fixed number of CpG sites, if Africans

really do show a greater level of derived mutations at CpG sites, we might expect that

there are fewer CpG sites in total in African individuals.

This hypothesis was tested in pairs of individuals coming from African and European

populations. Diploid genomes from 10 African individuals and 10 European individuals
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

were examined. For each pair of genomes, all sites at which either individual had a

C or a G allele were located. The union of those two sets was taken to find a set

of sites at which either individual potentially could have a CpG site. Among those

sites, the human reference FASTA was used to determine whether the site was CpG or

not for each genome tested. A site was called as CpG (as in Figure 2.9) if either the

right or left flanking allele and allele at the locus in question resulted in a CG or GC

tuple. At these sites, I computed the probability that if we sampled one allele from each

individual, the alleles would be both CpG sites, both non-CpG sites, or CpG/non-CpG.

This information was used to fill out the associated Table 2.5. The scoring matrix for

any pair of individuals appears in Table 2.6. Indels and sites at which we did not have

both genotypes in both individuals were excluded.

Indiv 1
CpG Non-CpG

CpG A B
Indiv 2 Non-CpG C D

Table 2.5: Pairwise CpG Site Analysis Matrix Given a site that is C or G in either
individual 1 or 2, the numbers A, B, C, and D respectively represent the number of times
at which this SNP represents a CpG site in neither, one or both of the individuals.

Indiv 1
CpG/CpG CpG/Non-CpG Non-CpG/Non-CpG

CpG/CpG A = 1 A, B = .5 B = 1
Indiv 2 CpG/Non-CpG A,C = .5 A, B, C, D = .25 B,D = .5

Non-CpG/Non-CpG C = 1 C, D = .5 D = 1

Table 2.6: Pairwise Genome CpG scoring matrix - Scoring matrix that determines
the contribution to Table 2.5 for all examined SNPs. CpG/CpG and Non-CpG/Non-CpG
refer to sites at which both chromosomes were called CpG or Non-CpG sites respectively
in a given individual. CpG/Non-CpG classification refers to the case in which one allele is
called CpG and the other is called non-CpG.

In this table, B − C represents the difference between the CpG sites found just in

individual 1 and those found just in individual 2, given sampling of one allele from
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2.5 Differing numbers of derived alleles in different populations

each individual. A positive value indicates that there are more individual specific CpG

sites in 1 than 2. A negative score indicates an enrichment in CpG sites in individual 2

relative to individual 1. Within European populations or within African populations,

this difference should be 0. However, if individual 1 is always chosen to be African,

B-C is expected to be positive, since there should be more sites at which the African

has mutated away from a CpG site than the European has, given a common ancestor.

The distributions of African-European, African-African and European-European

CpG differences are plotted in Figure 2.14. Although all African-African and European-

European pairs were tested among our 10 individuals, the choice of individual 1 was not

randomized, so it is randomly selected whether I plot B-C (enrichment of individual 1

relative to individual 2) or C-B (enrichment of individual 2 relative to individual 1).

Contrary to our expectations, there is an enrichment of European specific non-CpG

sites as compared to African specific non-CG sites. Indeed, it is the only distribution

with mean significantly different from 0 (one sample t-test, p = 0.01957). Although

this test is inconsistent with the hypothesis that there are more mutations in African

populations at ancestral-CpG sites, it is worth noting that the variation in the values

here is quite large, and the CpG enrichment pattern is slight.

The values of pair comparisons were examined in order to better elucidate this result

(Figure 2.15). All values of B-C were normalized and their intensities were plotted for

all pairs. There are a few notable individuals. The Luhya (LWK) samples have more

CpG sites than any other population in this sample, including the other two African

populations. The African-American (ASW) individuals do not appear to be less CpG

enriched than the European populations. It can be seen from this figure that there is

variation in the relative number of CpG sites within populations.

Importantly, this test examines our previous result without the use of ancestral

alleles. Relative divergence from a common ancestor is determined without knowing

the state of that common ancestor. Because our results do not agree, this may indicate

problems with the selection of our ancestral allele.

I tried repeating the analysis in a separate dataset (Complete Genomics) and ob-

served contradictory results. The patterns seemed to point to data processing problems,

and we did not follow up on this line of investigation.

Summarizing, a greater enrichment of derived alleles in African genomes at ances-

trally CpG sites was observed as compared to the rest of the genome. An additional test
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Figure 2.14: Comparison of AFR-EUR, AFR-AFR and EUR-EUR CpG dif-
ferences - CpG comparisons (B-C) are plotted among African-European pairs (Number
of CpG sites in Africans minus the number of CpG sites in Europeans), African-African
pairs and European-European pairs.
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Figure 2.15: Comparison of CpG site load in pairwise comparisons between
African and European individuals - Scores of CpG comparisons (B-C) are normalized
and plotted, with darker colors indicating an enrichment of CpG sites in individual 1 and
lighter colors indicating an enrichment of CpG sites in individual 2. The top right cor-
ner represents comparisons among Europeans and the bottom left represents comparisons
among Africans.
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

showed no enrichment of CpG sites in non-African populations as might be expected,

suggesting that the original finding is not robust.

2.5.2 Non-synonymous Load Similar in Different Populations

SNPs found in the exome have the potential to display very different types of patterns

than those found in non-coding regions. While non-coding SNPs can play important

regulatory roles, exome SNPs and, in particular, non-synonymous coding SNPs are

under strong selective constraint. Although we might expect that there are the same

number of derived alleles in the exome across all populations given the functional con-

straints, the literature points to an excess of non-synonymous and deleterious SNPs in

European populations (see 1.2).

Our analysis was repeated restricted only to sites in the exome (for more details,

see section 2.3.2). This was approximately 28,254,834 SNPs or 1.34% of all available

SNPs.

0.0 0.2 0.4 0.6 0.8 1.0
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Figure 2.16: Comparison of derived site frequency spectra at exome and non
coding sites - In parts A and B, the number of derived variants present at different
proportions in the population is plotted in the exome and at non-coding sites. This number
is power adjusted as described in 2.3.4, to account for differential ability to pick up low
and high frequency mutations in different populations and plotted on a log scale. A legend
for the different populations can be found in Figure 2.2.
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2.5 Differing numbers of derived alleles in different populations

Once again, a difference is observed in the number of low frequency derived vari-

ants between populations in both exome and non-exome sites (Figure 2.16). However,

working with a relatively small number of sites in our exome analysis, the difference

was obscured by stochasticity of the data. Also notable is the diminished dip for low

frequency exome alleles in non-African populations, suggesting that the total number

of derived alleles is more similar between the populations than in non-exome sites.

As before, the number of derived alleles in each individual was summed separately

in the exome and the non-coding region. In a departure from our previous observations,

the numbers of derived alleles among different populations at exome sites were much

more similar compared with those falling outside the exome and across the genome as a

whole. Although there was still a significant difference in the mean numbers of derived

alleles between African and non-African populations for the exome, the difference was

slight, with the 95% confidence interval of between 6 and 51 derived alleles per genome

(p = 0.0135). This represented an enrichment in derived alleles among the African

genomes of 0.1% in the exome, as compared to the enrichment of 0.5% outside of the

exome.

Importantly, this suggests that individuals in all populations have approximately

the same numbers of non-synonymous derived alleles. Not only are differences between

populations small, but African individuals possess more derived alleles than European

individuals, contrary to what might be suggested by the reported presence of more

deleterious alleles in European populations, as the literature has described (Section

1.2).

If African populations accumulate mutations at a faster rate than the rest of the

world, either because of a higher mutation rate or shorter generation times, it is possible

that this increased rate of mutations would manifest itself genome-wide, except at sites

where it was limited by selection. If functional constraint were responsible for the

similarity in the number of exome derived alleles between populations, we might expect

this difference to be even more pronounced at non-synonymous sites and less strong at

synonymous sites under presumably weaker selection.

The differences between the total numbers of derived non-synonymous and syn-

onymous alleles are not significant between African and non-African populations. At

synonymous sites, the number of African derived alleles represents only a 0.075% en-

richment over the number of non-African derived alleles. At non-synonymous sites, this
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Figure 2.17: Comparison of derived alleles per individual at exome and non-
coding sites - Separated by population, the total number of derived alleles per individual
is plotted at exome SNPs and non-coding SNPs. The number of SNPs in the noncoding
region is power adjusted as described in section 2.3.4.
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Figure 2.18: Comparison of derived alleles per individual at synonymous and
non-synonymous sites - Separated by population, the total number of derived alleles
per individual is plotted at synonymous SNPs and non-synonymous SNPs.
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2.5 Differing numbers of derived alleles in different populations

enrichment is 0.12%. Although I look only at the number of non-synonymous muta-

tions and do not specifically categorize them as deleterious, these small differences do

not support the hypothesis that there is a difference in the number of deleterious alleles

between populations.

Pop Exome (SE) Non-Exome (SE) Syn (SE) Non-Syn (SE)

GBR 22257 14.7 4145306 428.0 13082 10.1 9312 7.5
FIN 22312 13.5 4148808 322.3 13116 8.2 9331 8.1
IBS 22233 23.7 4147341 728.1 13066 14.8 9303 20.3
CEU 22273 13.2 4142274 407.4 13093 7.2 9318 8.3
TSI 22262 12.1 4141272 244.1 13081 7.3 9320 8.3
CHS 22246 11.0 4139370 662.5 13133 7.4 9250 6.5
CHB 22266 13.9 4135292 474.4 13143 7.6 9257 8.6
JPT 22314 12.7 4141531 433.7 13166 8.2 9283 7.6
YRI 22267 15.4 4160471 508.0 13109 9.9 9287 9.2
LWK 22386 16.8 4172899 697.9 13153 8.5 9360 10.5
ASW 22225 17.6 4157456 761.1 13099 12.2 9257 10.1
PUR 22214 14.8 4149172 449.4 13066 9.9 9283 9.4
CLM 22324 18.1 4149098 474.7 13130 9.5 9328 11.3
MXL 22290 15.6 4147329 589.2 13127 9.0 9299 9.3

Table 2.7: Number of Exome Derived Alleles by Population - Average number of
derived alleles per individual by population among at exome sites, non-exome sites, and
synonymous and non-synonymous sites in the exome.

It is a good check to note that the number of non-synonymous derived alleles per

diploid genome is 9,200-9,300. This is only slightly less than the theoretical predictions

of 10,000 non-synonymous alleles by Sunyaev et al (47).

It would be useful in the future to attempt to categorize the functional result of

each of the derived alleles and create our own estimates for the number of deleterious

mutations. Since we don’t have information on which of these non-synonymous alle-

les are deleterious, it is difficult to directly contradict the European deleterious load

hypothesis. As noted, low frequency alleles tend to be private to populations. The

non-synonymous SNPs in the European populations are not necessarily the same as

the ones in the African populations, and the proportion of deleterious alleles could be
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2. DERIVED ALLELE DIFFERENCES BETWEEN POPULATIONS

different. However, the similar numbers of non-synonymous mutations do suggest that

functional constraint is keeping the number of derived alleles relatively similar between

populations, regardless of demographic history.

2.6 Summary

This chapter suggests that the derived site frequency spectra in human populations

differ both from neutrality and each other, particularly at low frequency alleles. While

all populations show a strong excess of high frequency derived alleles, many of these

calls are likely the result of ancestral misidentification.

African populations show an excess of derived alleles when compared to non-African

populations. Some evidence suggests that this difference is more pronounced at sites

that were ancestrally CpG. The between-population difference essentially disappears

when looking only at sites that code for non-synonymous codon substitutions. This

suggests that populations accrue mutations at different rates, but functional restraint

keeps the number of derived alleles approximately equal across populations.
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3

Incorporation of Derived Allele

Information into Models of

Coalescence Prediction

3.1 Introduction

As we have seen, understanding patterns of observed derived allele frequencies can

allow us to make observations about demography, selection and relationships between

populations. We would now like to leverage our observations about allele frequencies

in order to make more informed statements about coalescent times between sequences.

While many of the methods introduced in section 1.3 seek to estimate the TMRCA

of any set of sequences, most focus on mtDNA or DNA on the Y-chromosome which

are special cases that do not require an understanding of recombination. When trying

to construct ancestral lineages with recombination, the problem becomes much more

difficult, as the space in which multiple sequences can recombine during coalescence is

considerable.

The sequentially Markov coalescent (SMC) introduced in Cardin & McVean (34)

seeks to address this problem by simplifying the search space. First, it disallows coales-

cence between any two sequences that do not share any common intervals, decreasing

the time the algorithm must use in considering recombination events that have low

probability. Second, it draws information about tree structure from neighboring sites,

but only sites that are directly adjacent. This allows estimations to be informed by
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3. INCORPORATION OF DERIVED ALLELE INFORMATION INTO
MODELS OF COALESCENCE PREDICTION

other sites, but not be overwhelmed by having to review every possible combination of

recombinations genome-wide. It represents a way to estimate the TMCRA between a

group of sequences by simplifying the creation of ancestral recombination graphs.

The SMC was applied by Li and Durbin (28) to calculate pairwise coalescence times

between two sequences, calling it the pairwise SMC (PSMC). In the current state of

the PSMC, we know only if two sequences match or do not match. A long stretch of

matching sequences might suggest recent coalescent time in that region. However, if

we use the allele frequency spectrum, we can perhaps learn more. For instance, if we

know that two sequences share a high frequency allele, it may be less informative than

if they share a very rare one. Further, knowing that the allele that two sequences share

is derived with respect to the human MRCA is probably indicative of an even more

recent coalescent time.

3.1.1 Standard PSMC

In practice, the PSMC is a hidden Markov model (HMM) with hidden states represent-

ing the time of coalescence between the two sequences, and observed states of whether

or not the two sequences match. As with other HMMs, the forward-backward algorithm

can be applied to determine the most probable course through the hidden states given

the emission states.

The first step in doing this is to determine the probability of transitioning between

two adjacent states. Given that our coalescence time for a site k − 1 is at time tk−1,

what is the probability density function for the coalescence time in an adjacent site

k? We must consider all possible coalescence times x between the present and the

earlier coalescence time of the previous state and the current state. At each of these

times, we consider the probability that the first recombination event is at time x. This

probability is given by the exponential distribution with parameter ρ, quantifying the

degree of recombination.

In order to transition from coalescent time tk−1 to tk, we must have a coalescence

event at the minimum of the two possible coalescent events, and then also a recom-

bination at some point more recently (i.e., sometime between the present and min(tk,

tk−1). We must integrate over all possible times for the recombination event on [0,

min(tk−1, tk)]. Recombination events are distributed as a Poisson process with param-

eter ρ. Once the recombination event time x is set, we must still include the probability
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3.1 Introduction

of a coalescent event at min(tk, tk−1)

d(tk|tk−1) =
∫ min(tk,tk−1)

0
ρe−ρxe−(min(tk−1,tk)−x)dx

If no recombination occurs, then tk = tk−1. We will consider this case last. Let us

consider the case with recombination first. Let y = min(tk, tk−1). Integrating we see

that

d(tk|tk−1) =
ρe−y

ρ− 1
(1− e−y(ρ−1))

Since tk is a continuous and infinite variable, we must perform a discretization in

order to be able to define a transition density function at which any point contains non-

zero probabilities. We want to map [0,∞) onto [0,1] and split it into n time subgroups

within that domain. We define the intervals

qi = − log(1− i

n
) i = 0, 1, ..n

These intervals partition [0,1] and all times tk map into one of the intervals. We can

then allow τk to be the epoch at time tk and τk−1 to be tk−1’s associated epoch. So now,

we are interested in computing the transition probability between epochs d(τk|τk−1)

instead of between time points. We delimit the interval τk with upper timepoint quk
and lower timepoint qlk. For now, we will assume that τk ≤ τk−1, which is to say that

we are moving from an older time epoch to a younger one. In order to compute this, we

need double integrate over every possible point of coalescence in epoch k − 1 to every

possible coalescence time in the current epoch tk.

So, from d(tk|tk−1), we get

δ(τk|τk−1) =
∫ qu

k−1

ql
k−1

p(x)
∫ qu

k

ql
k

d(y|x)dydx

We need to set a prior on x, the time in the previous epoch of τk−1. We will use an

exponential distribution, so p(x) = ne−x. Thus,

δ(τk|τk−1) =
∫ qu

k−1

ql
k−1

ne−x
∫ qu

k

ql
k

ρe−y

ρ− 1
(1− e−y(ρ−1))dydx
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3. INCORPORATION OF DERIVED ALLELE INFORMATION INTO
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Since y is the minimum of the coalescence times in the (k − 1)th and kth epochs,

and because we have assumed that tk < tk−1, y is independent of x. Therefore, we can

perform the integrations separately:

δ(τk|τk−1) =
ρ

ρ− 1

∫ qu
k

ql
k

e−y(1− e−y(ρ−1))dy
∫ qu

k−1

ql
k−1

ne−xdx

Because e−q
u
k−1 − eq

l
k−1 = 1

n , ∫ qu
k−1

ql
k−1

ne−xdx = −1

Then,

δ(τk|τk−1) =
−ρ
ρ− 1

(−(eq
u
k − eql

k) +
1
ρ

(e−ρq
u
k − e−ρql

k))

And finally,

δ(τk|τk−1) =
1

ρ− 1
(
ρ

n
+ e−ρq

l
k − e−ρqu

k )

Given that we now have a density function from state τk−1 to τk, where τk < τk−1,

we can determine the probability density when τk > τk−1 by calculating δ(τk−1|τk). The

probability that τk = τk−1 (no recombination occurred, or recombination did not affect

the epoch) can be determined by finding the remaining probability once the probability

of both epoch transition probabilities have been determined.

We must now determine the emission probabilities by hidden state. Given that we

are in state τk, what is the probability that our states match? The probability that

the states match is given by the probability that no mutations have occurred since the

coalescence time t. In the continuous case, this is just a Poisson distributed parameter,

and

Pmatch|t = e−θt

Pno match|t = 1− e−θt

From here, we can run the forward backward algorithm to derive an estimate to

TMRCA at each site.
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3.2 Future Directions

3.2 Future Directions

Moving forward, I hope to take advantage of the understanding gained in the second

chapter in order to build upon the PSMC. Although we have established that not all

populations have the same number of derived alleles, the between-population differences

are on the order of ¡1%. To integrate differential mutation rate information into a future

model, we could only apply a correction after lineage differentiation. This represents a

small proportion of the tree, and is unlikely to affect the TMRCA estimate. With this

in mind, we can add the additional information provided by the polarization of these

alleles to better inform the PSMC without needing to adjust for differential mutation

rates.

The most natural first step would be an expansion of the emission states. If, for

example, at each site, we knew not only if two sequences A and B agreed, but also if

they agreed in the derived state or the ancestral state, this would already be additional

information we could add to a model. As before, the probability that they do not match

is the probability that there has been exactly one mutation since coalescence. However,

if we attempt to categorize the mutational conditions that would result in A and B

matching in the derived state, we see that considering only two sequences at a time is

no longer possible. Any derived mutation present in both A and B will have arisen

before the A and B’s MRCA. Therefore, we must consider A and B in the context of a

larger population, with a longer TMRCA. Given the TMRCA for the sample, and the

pairwise coalescence time t, we can define the emission probabilities as follows:

Pno match|t,TMRCA
= 1− e−θt

Pmatch, derived state|t,TMRCA
= e−θt[1− e−θ(TMRCA−t)]

Pmatch, ancestral state|t,TMRCA
= e−θt[e−θ(TMRCA−t)]

In the PSMC, the relevant information with respect to the hidden state at site i

was the emission at i and the hidden state probability distributions of i+ 1 and i− 1.

If we augment this model with derived allele information, we must also simultaneously

predict the TMRCA for the entire population at this site. Although we can define the

emission probabilities given a population and pairwise TMRCA as above, producing

good estimates for the population and pairwise TMRCA represents more of a challenge.
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While a Gibbs sampler style algorithm could be used to determine maximally-likely

values for the pairwise and population TMRCA simultaneously, this is computationally

more intensive than the standard PSMC upon which the forward-backward algorithm

can be easily applied.

While no implementation of this model has yet been developed, ensuring that there

are a roughly equal number of derived alleles in different populations lays the ground-

work upon which this SMC extension can be built.
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