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Abstract
Neutrons have been used to probe the structure of matter for applications as wide-
ranging as fundamental magnetism and archaeological investigation, and the particle
accelerators which drive short-pulsed neutron scattering facilities are pushing the limits
of beam intensity. For future machines to operate safely and effectively, they must rise
to the challenge of reducing beam-loss whilst simultaneously increasing intensity.

Whilst beam-loss can be driven by a variety of processes, losses due to coherent
transverse beam instabilities are typically expected to worsen as beam intensity increases.
One such instability currently limits the operational performance of the ISIS Neutron
and Muon Source, and similar instabilities have been observed on at least three other
facilities. In order to limit the impact of these instabilities on future machines, it is
necessary to understand and mitigate them on those that are currently operating. This
thesis will focus on the head-tail instability at ISIS, whichwas first observed some decades
ago but is still not well understood.

Fundamental concepts of beam instabilities will first be reviewed, and then used
to identify key requirements for the study. A transverse driving impedance model
will be developed, guided by earlier studies to seek-out sources of a low frequency
narrowband impedance. Computational tools will be developed to produce this model;
taking the form of a new resistive-wall impedance calculation code, and a technique to
apply commercial finite-element software to this application.

A new semi-analytical code, based on well established theory, will be developed to
compute the properties of beam instabilities. It will be benchmarked against particle
tracking simulations and applied to the case of ISIS operating in Rapid Cycling Syn-
chrotron mode and Bunched Storage Ring mode, with the newly developed impedance
model. Predictions will be compared with experimental observations, and comments
made as to the applicability of this theory to ISIS, despite neglecting space charge.

Conclusions will be drawn on whether the newly developed impedance model can
explain the head-tail instability, and observations made in earlier studies. Modifications
to key impedance sources will be discussed, with the aim of improving beam stability
on ISIS and guiding future equipment designs. Opportunities for future study will also
be briefly discussed.



Contents

List of Figures vii

List of Tables xi

1 Introduction 1
1.1 Pulsed Neutron Sources . . . . . . . . . . . . . . . . . . . . . . . . . . . 2

1.1.1 Short-Pulse Spallation Neutron Sources . . . . . . . . . . . . . . 4
1.1.2 Summary of Key Facilities . . . . . . . . . . . . . . . . . . . . . 5
1.1.3 Future Facilities . . . . . . . . . . . . . . . . . . . . . . . . . . . 8

1.2 Challenges for Future Short-Pulse Spallation Sources . . . . . . . . . . . 9
1.2.1 Coherent Transverse Instabilities at Existing Facilities . . . . . . 9
1.2.2 Transverse Instabilities at Future Facilities . . . . . . . . . . . . . 10

1.3 Thesis Objectives . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 11

2 The ISIS Neutron and Muon Source 12
2.1 Description of the ISIS Accelerator Complex . . . . . . . . . . . . . . . 15

2.1.1 The ISIS Injector . . . . . . . . . . . . . . . . . . . . . . . . . . 15
2.1.2 The ISIS Synchrotron . . . . . . . . . . . . . . . . . . . . . . . . 16

2.2 Operating Modes of ISIS . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.2.1 Operational RCS Mode . . . . . . . . . . . . . . . . . . . . . . . 18
2.2.2 Storage Ring Modes . . . . . . . . . . . . . . . . . . . . . . . . . 20

2.3 Intensity Limitations of the ISIS Synchrotron . . . . . . . . . . . . . . . 23
2.3.1 The 2 ms Head-Tail Instability . . . . . . . . . . . . . . . . . . . 23
2.3.2 Mitigation in RCS Operations . . . . . . . . . . . . . . . . . . . 24
2.3.3 Summary of Key Observations . . . . . . . . . . . . . . . . . . . 25

3 Wakes and Impedances 27
3.1 Fundamental Definitions . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

3.1.1 Wake Functions . . . . . . . . . . . . . . . . . . . . . . . . . . . 29
3.1.2 Transverse (Driving) Wake Force in a Synchrotron . . . . . . . . 32
3.1.3 Beam Coupling Impedance . . . . . . . . . . . . . . . . . . . . . 34

3.2 Transverse Impedance of Common Structures . . . . . . . . . . . . . . . 37
3.2.1 Perfectly Conducting Circular Vacuum Vessel . . . . . . . . . . . 37
3.2.2 Conductive Circular Vacuum Vessel . . . . . . . . . . . . . . . . 39
3.2.3 Transverse Resonator . . . . . . . . . . . . . . . . . . . . . . . . 41

3.3 Measurement and Numerical Computation . . . . . . . . . . . . . . . . 42
3.3.1 Wire Bench Measurements . . . . . . . . . . . . . . . . . . . . . 42

iv



Contents v

3.3.2 Finite-Element Tools - CST . . . . . . . . . . . . . . . . . . . . 49
3.4 Impedance of Multi-Layer Cylindrical Pipes . . . . . . . . . . . . . . . . 52

3.4.1 Pipes of Other Geometries . . . . . . . . . . . . . . . . . . . . . 60

4 Transverse Coherent Bunched Beam Instabilities 61
4.1 Theory of Coherent Transverse Instabilities . . . . . . . . . . . . . . . . 65

4.1.1 The Linearised Vlasov Equation . . . . . . . . . . . . . . . . . . 66
4.1.2 Interaction Matrix Form . . . . . . . . . . . . . . . . . . . . . . 73
4.1.3 Equally Spaced Identical Bunches . . . . . . . . . . . . . . . . . 74
4.1.4 Low Intensity Limit (Decoupled Azimuthal Modes) . . . . . . . 75
4.1.5 Approximate Solutions (PyTMCI) . . . . . . . . . . . . . . . . . 76

4.2 PyTMCI Benchmarks . . . . . . . . . . . . . . . . . . . . . . . . . . . . 76
4.2.1 Example 1 - A Dominant Head-Tail Mode . . . . . . . . . . . . 78
4.2.2 Example 2 - A Higher-Order Radial Mode . . . . . . . . . . . . 80
4.2.3 Example 3 - TMCI . . . . . . . . . . . . . . . . . . . . . . . . . 80
4.2.4 Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 84

5 Vertical Driving Impedance Model of the ISIS Synchrotron 85
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 85
5.2 Identification of Key Equipment . . . . . . . . . . . . . . . . . . . . . . 86
5.3 RF Screens and Laminated Magnets . . . . . . . . . . . . . . . . . . . . 87

5.3.1 Material Properties . . . . . . . . . . . . . . . . . . . . . . . . . . 92
5.3.2 Simplifications to RF Screen and Magnet Model . . . . . . . . . 96
5.3.3 CST Simulations of RF Screens . . . . . . . . . . . . . . . . . . . 109
5.3.4 Probe Coil Measurements of RF Screen Impedance . . . . . . . . 116
5.3.5 RF Screen Impedance Model for the ISIS Synchrotron . . . . . . 126

5.4 RF Cavities . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 131
5.5 Extraction Kickers . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 135

5.5.1 Description of Extraction Kicker System . . . . . . . . . . . . . . 135
5.5.2 Probe Coil Measurements of Extraction Kicker Impedance . . . 137

5.6 Indirect Space Charge . . . . . . . . . . . . . . . . . . . . . . . . . . . . 146
5.7 ISIS Vertical Driving Impedance Model . . . . . . . . . . . . . . . . . . 147

5.7.1 Lorentz Beta Dependence . . . . . . . . . . . . . . . . . . . . . . 147
5.7.2 Summary of Overall Smooth Focusing Impedance Model . . . . 147
5.7.3 Twiss-𝛽𝑦 Weighted Impedance Model . . . . . . . . . . . . . . . 149

5.8 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 153

6 Coherent Vertical Instabilities on the ISIS Synchrotron 155
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 155
6.2 Linearised Vlasov Theory for ISIS . . . . . . . . . . . . . . . . . . . . . 156

6.2.1 Validity of Assumptions . . . . . . . . . . . . . . . . . . . . . . . 156
6.2.2 Application of the Theory for ISIS . . . . . . . . . . . . . . . . . 157

6.3 Instabilities in BSRM as a Function of Vertical Tune . . . . . . . . . . . 159
6.3.1 Experimental Set-up . . . . . . . . . . . . . . . . . . . . . . . . . 160



Contents vi

6.3.2 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . 161
6.3.3 PyTMCI Input Parameters . . . . . . . . . . . . . . . . . . . . . 167
6.3.4 Comparison of PyTMCI and Experimental Results . . . . . . . . 171
6.3.5 Discussion of BSRM Results . . . . . . . . . . . . . . . . . . . . . 175

6.4 Instabilities in RCS Mode with Fundamental RF . . . . . . . . . . . . . 179
6.4.1 Experimental Set-Up . . . . . . . . . . . . . . . . . . . . . . . . 179
6.4.2 Experimental Results . . . . . . . . . . . . . . . . . . . . . . . . . 181
6.4.3 PyTMCI Input Parameters . . . . . . . . . . . . . . . . . . . . . 185
6.4.4 Comparison of PyTMCI and Experimental Results . . . . . . . . 190
6.4.5 PyTMCI Predictions for Higher Intensity . . . . . . . . . . . . . 195
6.4.6 Discussion of RCS Results . . . . . . . . . . . . . . . . . . . . . . 196

6.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 199

7 Instability Mitigation on ISIS 200
7.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 200
7.2 Impedance Optimisation on ISIS . . . . . . . . . . . . . . . . . . . . . . 201
7.3 Impedance Optimisation with Capacitors . . . . . . . . . . . . . . . . . 201

7.3.1 Experimental Verification . . . . . . . . . . . . . . . . . . . . . . 202
7.4 Instability Predictions with Optimised Impedance . . . . . . . . . . . . . 203
7.5 Summary and Conclusion . . . . . . . . . . . . . . . . . . . . . . . . . . 204

8 Conclusion 205
8.1 Summary and Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . 205
8.2 Future Work . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 209

Appendices

A ISIS Design Stage Impedance Reduction 211

B Fourier Conventions 213

C Fourier Conventions for Impedance 216

D Special Hankel Transform 218

E Laguerre Series Coefficients 219

F Eddy Current Conductivity Measurements 220

References 224



List of Figures

1.1 Photograph of the Lady GODIVA pulsed nuclear reactor. . . . . . . . . 3
1.2 Beam power of several short-pulse spallation neutron sources . . . . . . 4

2.1 Schematic layout of the ISIS Neutron and Muon Source . . . . . . . . . 14
2.2 Superperiod of original ISIS lattice . . . . . . . . . . . . . . . . . . . . . 17
2.3 Main magnetic field of the ISIS RCS with labels . . . . . . . . . . . . . . 20
2.4 Some ISIS parameters through the RCS acceleration cycle. . . . . . . . . 21
2.5 Typical RF voltage through an RCS acceleration cycle . . . . . . . . . . 21
2.6 Typical beam intensity and loss in ISIS synchrotron . . . . . . . . . . . . 24
2.7 BPM signals of the 2ms vertical instability on ISIS . . . . . . . . . . . . 24
2.8 BPM difference signal of a vertical instability, published in 1989 . . . . . 24
2.9 Measured betatron tunes throughout the RCS acceleration cycle. . . . . 25
2.10 Results from previous instability studies on ISIS . . . . . . . . . . . . . . 26

3.1 Layout of wake problem, with source and witness charges . . . . . . . . 30
3.2 Schematic of a circular cross-section conducting pipe . . . . . . . . . . . 38
3.3 Example approximations to the resistive wall impedance . . . . . . . . . 40
3.4 Example transverse resonator impedance . . . . . . . . . . . . . . . . . . 41
3.5 Schematic of a moving-wire transverse impedance measurement . . . . 45
3.6 Schematic of a two-wire transverse impedance measurement . . . . . . . 47
3.7 Schematic of a probe-coil transverse impedance measurement . . . . . . 50
3.8 Benchmark of resistive wall impedance computed with CST . . . . . . . 51
3.9 Multi-layer cylindrical beam pipe geometry; assumed for RWAL . . . . . 52
3.10 Benchmark of RWAL with CST and formulas for resistive-wall impedance 59
3.11 Benchmark of RWAL with CST for a multi-layer resistive-wall impedance 59

4.1 Interaction matrix layout for linearised Vlasov equation . . . . . . . . . . 74
4.2 PyTMCI benchmark 1, perturbed distribution . . . . . . . . . . . . . . 79
4.3 Perturbed phase-space distribution for PyTMCI benchmark 1 . . . . . . 79
4.4 PyTMCI benchmark 2, perturbed distribution . . . . . . . . . . . . . . 81
4.5 Perturbed phase-space distribution for PyTMCI benchmark 2 . . . . . . 82
4.6 PyTMCI benchmark 3, mode frequencies . . . . . . . . . . . . . . . . . 83
4.7 PyTMCI benchmark 3, perturbed distribution . . . . . . . . . . . . . . 83

5.1 ISIS synchrotron layout showing key elements . . . . . . . . . . . . . . 87

vii



List of Figures viii

5.2 Typical ISIS RF screen geometry . . . . . . . . . . . . . . . . . . . . . . 88
5.3 Schematic of an RF screen assembly, with capacitors indicated. . . . . . 89
5.4 Schematic showing the mechanical layout for the capacitor connections. 89
5.5 Photo of a singlet RF screen. . . . . . . . . . . . . . . . . . . . . . . . . 89
5.6 Photo of ceramic capacitor holder [186]. . . . . . . . . . . . . . . . . . . 89
5.7 Photograph of RF screen being inserted into its vacuum vessel at ISIS. . 90
5.8 ISIS lattice with alumina vacuum vessels highlighted . . . . . . . . . . . 91
5.9 Photograph of a probe coil wrapped around a conducting wire. . . . . . 93
5.10 Impedance versus frequency of a coil around a cylindrical conductor . . 93
5.11 Impedance versus conductivity of a coil around a cylindrical conductor . 93
5.12 Measured conductivity of the RF screen wires . . . . . . . . . . . . . . . 94
5.13 Dielectric loss tangent versus frequency for alumina ceramic . . . . . . . 95
5.14 Approximate anhysteretic BH curve for the ISIS steel laminations . . . . 95
5.15 Layers of an ISIS RF screen, vacuum vessel and magnet . . . . . . . . . . 97
5.16 Geometry of RWAL model to study ceramic impedance . . . . . . . . . 98
5.17 𝑍⊥

1 computed by RWAL with a lossy ceramic layer . . . . . . . . . . . . 99
5.18 𝑍⊥

1 computed by RWAL with a shielded lossy ceramic layer . . . . . . . 100
5.19 Geometry of annular magnet lamination model . . . . . . . . . . . . . . 101
5.20 An example laminated magnet CST model . . . . . . . . . . . . . . . . . 102
5.21 Benchmark of annular lamination model for various crack thicknesses . . 104
5.22 Benchmark of annular lamination model for various inner radii . . . . . 105
5.23 Benchmark of annular lamination model for various outer radii . . . . . 106
5.24 Benchmark of annular lamination model for various permeabilities . . . 107
5.25 Estimated transverse impedance of unshielded laminations on ISIS . . . . 109
5.26 Capacitor connections on an ISIS RF screen . . . . . . . . . . . . . . . . 110
5.27 Geometry of simulated RF screens . . . . . . . . . . . . . . . . . . . . . 111
5.28 𝑍⊥

1 from CST for RF screens with and without capacitors . . . . . . . . 114
5.29 𝑍⊥

1 from CST for RF screens with “lossy metal” and “normal” materials . 115
5.30 Experimental set-up for RF screen impedance measurements . . . . . . . 117
5.31 Photograph of singlet RF screen probe coil 𝑍⊥

1 measurements . . . . . . 118
5.32 Measured 𝑍⊥

1 for a singlet RF screen with LCR meter . . . . . . . . . . . 120
5.33 Imaginary part of measured 𝑍⊥

1 for a singlet RF screen . . . . . . . . . . 120
5.34 Verification of measured singlet with VNA set-up . . . . . . . . . . . . . 121
5.35 Photograph of dipole RF screen measurements . . . . . . . . . . . . . . 124
5.36 Real part of the probe coil impedance added by the RF screen . . . . . . 125
5.37 Real part of the probe coil impedance, background subtracted . . . . . . 125
5.38 Overlay of Re(𝑍⊥

1 ) of each RF screen family as computed by CST. . . . 126
5.39 Simulated 𝑍⊥

1 of a singlet RF screen with series resistors . . . . . . . . . 128
5.40 Resonator parameters of singlet RF screen with series resistors . . . . . . 128
5.41 Simulated 𝑍⊥

1 of a dipole RF screen with series resistors . . . . . . . . . . 129
5.42 Resonator parameters of dipole RF screen with series resistors . . . . . . 129
5.43 RF screen resonator quality factor vs. series resistance . . . . . . . . . . 129



List of Figures ix

5.44 Sum of 𝑍⊥
1 (𝜔) for simulated RF screens without series resistance . . . . . 131

5.45 Schematic of an ISIS fundamental RF cavity . . . . . . . . . . . . . . . . 132
5.46 Assumed relative permeability of nickel . . . . . . . . . . . . . . . . . . 133
5.47 Material layers of the RF cavity calculation for RWAL . . . . . . . . . . 133
5.48 Resistive wall impedance per unit length of an RF cavity . . . . . . . . . 134
5.49 Schematic layout of the ISIS vertical extraction kickers . . . . . . . . . . 135
5.50 Photograph of the ISIS extraction kicker vacuum vessel . . . . . . . . . . 136
5.51 Simplified ISIS extraction kicker geometry . . . . . . . . . . . . . . . . . 136
5.52 Schematic of extraction kicker circuit . . . . . . . . . . . . . . . . . . . 137
5.53 Photograph of an extraction kicker’s terminating resistor . . . . . . . . . 138
5.54 Photograph of an impedance measurement of extraction kicker . . . . . 139
5.55 Schematic of extraction kicker impedance measurement set-up . . . . . 139
5.56 𝑍⊥

1 (𝜔) measured in the spare EK1 kicker with open cables . . . . . . . . 140
5.57 Photograph of TDR measurement of extract kicker cables . . . . . . . . 141
5.58 TDR measurement of an extract kicker cable . . . . . . . . . . . . . . . 141
5.59 Simulated electric field distribution in the extraction kicker . . . . . . . . 142
5.60 Circuit diagram used to model the extract kicker and cables . . . . . . . 143
5.61 S-parameters predicted by circuit model of kicker and cables . . . . . . . 143
5.62 𝑍⊥

1 (𝜔) measured in the spare EK1 kicker with matched cables . . . . . . 143
5.63 Photograph of multi-turn probe coil kicker impedance measurement . . 144
5.64 𝑍⊥

1 (𝜔) of the extraction kicker, measured with three-turn probe . . . . . 145
5.65 Comparison of various extraction kicker impedance measurements . . . 146
5.66 Real part of the smooth focusing impedance model for 𝛽 = 1. . . . . . . . 149
5.67 Imaginary part of the smooth focusing impedance model for 𝛽 = 1. . . . 150
5.68 Twiss 𝛽𝑦 for a single superperiod of the ISIS synchrotron . . . . . . . . . 151
5.69 Real part of the impedance model with Twiss-𝛽𝑦 weighting . . . . . . . 152
5.70 Imaginary part of the impedance model with Twiss-𝛽𝑦 weighting . . . . 152

6.1 Total RF voltage during BSRM instability experiment . . . . . . . . . . 160
6.2 Intensity and BPM signals for various tune settings in BSRM . . . . . . 163
6.3 BPM signals for various tunes showing instability structure in BSRM . . 164
6.4 FFT of BSRM BPM signals, showing baseband frequency region . . . . 165
6.5 Coherent oscillation amplitude versus time for different tunes in BSRM . 166
6.6 Growth rates computed for BSRM experiment . . . . . . . . . . . . . . 167
6.7 Longitudinal distribution for PyTMCI BSRM calculations . . . . . . . . 168
6.8 Projection of longitudinal distribution for PyTMCI BSRM calculations . 168
6.9 BSRM PyTMCI convergence check, numbers of calculated modes . . . 170
6.10 BSRM PyTMCI convergence check, numbers of RF harmonics . . . . . 170
6.11 Comparison of growth rates from PyTMCI and experiment in BSRM . 172
6.12 Dipole moment computed by PyTMCI for BSRM experiment . . . . . . 174
6.13 Instability phase-space distribution predicted for BSRM experiment . . . 175
6.14 Measured baseband frequencies in BSRM experiment with impedance . 178
6.15 Fundamental RF cavity gap voltage in RCS experiment . . . . . . . . . 180



List of Figures x

6.16 Second harmonic RF cavity gap voltage in RCS experiment . . . . . . . 180
6.17 Horizontal and vertical set tunes through the RCS cycle. . . . . . . . . . 180
6.18 BPM signals during RCS experiment . . . . . . . . . . . . . . . . . . . . 181
6.19 Filtered BPM difference signal during RCS experiment . . . . . . . . . 182
6.20 BPM signal in RCS experiment, showing instability evolution . . . . . . 184
6.21 Line charge density from BPM sum signals, with processed and recon-

structed versions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 186
6.22 Longitudinal distribution used by PyTMCI for RCS calculations . . . . 186
6.23 Kinetic energy and synchrotron tune calculated for RCS experiment . . 187
6.24 Spectrogram of a BPM difference signal during RCS experiment. . . . 188
6.25 Measured vertical tunes versus cycle time for RCS experiment. . . . . . . 188
6.26 RCS PyTMCI convergence check, numbers of calculated modes . . . . 190
6.27 RCS PyTMCI convergence check, numbers of RF harmonics . . . . . . 190
6.28 Growth rate predicted by PyTMCI for RCS experiment . . . . . . . . . 191
6.29 Instability phase-space distribution predicted for RCS experiment . . . . 192
6.30 Projected instability distribution for RCS experiment . . . . . . . . . . . 192
6.31 Mean dipole moment per turn, predicted for RCS experiment . . . . . . 192
6.32 Predicted evolution of instability distribution in RCS experiment . . . . 194
6.33 Predicted modes for RCS experiment at 2ms with higher intensity . . . 195
6.34 Measured baseband frequency at different times overlaid with impedance 197

7.1 Measured baseband frequencies during an RCS cycle . . . . . . . . . . . 201
7.2 Singlet RF screen resonant frequency for different capacitor values . . . 202
7.3 Measured singlet RF screen impedance for different capacitor values . . . 202
7.4 Predicted growth rate for RCS experiment with different capacitor values 203

A.1 Impedance calculation for initial design of ISIS RF screens . . . . . . . . 212

F.1 Schematic of the wire conductivity measurement geometry. . . . . . . . 221
F.2 Real part of the integrand from Equation (F.10). . . . . . . . . . . . . . . 223
F.3 Benchmark of coil impedance for wire conductivity measurements . . . 223



List of Tables

2.1 Important parameters of the ISIS synchrotron in RCS mode. . . . . . . . 15
2.2 Typical values for some parameters throughout the 10ms acceleration

cycle at ISIS. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 22

4.1 Parameters used for PyTMCI benchmark example 1. . . . . . . . . . . . 78
4.2 Parameters used for PyTMCI benchmark example 2. . . . . . . . . . . . 81
4.3 Parameters used for PyTMCI benchmark example 3. . . . . . . . . . . . 83

5.1 Properties of first coil. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.2 Properties of second coil. . . . . . . . . . . . . . . . . . . . . . . . . . . 93
5.3 Parameters used to calculate the impedance of the ISIS magnet laminations.109
5.4 Dimensions of the simulated RF screens, with parameters as indicated in

Figure 5.27. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 111
5.5 Simulated RF screen fitted resonator 𝑍⊥

1 parameters. * - It has been
assumed that all ten doublet RF screens are identical; mechanical differ-
ences of the doublet in the extraction straight are considered negligible. . 113

5.6 Resonator least-squares fit parameters from measurements for a singlet
RF screen. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 119

5.7 Least-squares fit parameters from measurements for a dipole RF screen. . 125
5.8 Resonator parameters used for ISIS impedance model. * - Assumed . . . 130
5.9 Extraction kicker dimensions, for variables shown in Figure 5.51. . . . . 135
5.10 Model extraction kicker resonator impedance parameters. . . . . . . . . 148
5.11 Weights for 𝑍⊥

1 due to variations in 𝛽𝑦 , as defined by Equation (5.13). . . 151

F.1 Parameters used for finite-element benchmark of AC probe coil conduc-
tivity measurement technique. . . . . . . . . . . . . . . . . . . . . . . . 223

xi



Seaward ho! Hang the treasure! It’s the glory of the sea that
has turned my head.

— R.L. Stevenson, “Treasure Island”

1
Introduction

This thesis is concerned with increasing the scientific output of short-pulse spallation

neutron sources. These artificial sources of pulsed neutrons have been used for decades to

probe the structure of matter in applications as wide-ranging as fundamental magnetism

and archaeological investigation. Today, these facilities are addressing some of society’s

most pressing issues, such as climate change and antibiotic resistance [1, 2]. They

are being used to understand the properties of high-temperature superconductors and

advanced steels [3, 4], and to engineer advanced microchips [5].

The neutrons at short-pulse spallation neutron sources are released when intense,

short (⪅ 1 µs) pulses of ∼ 1GeV protons collide with a fixed target. These bunches

of protons are accumulated and accelerated by high power particle accelerators. A key

focus of this thesis will be to overcome an intensity limitation in these machines by

partially mitigating a class of beam instability.

At present, there are five major facilities: ISIS (UK), LANSCE (USA), SNS (USA),

JSNS (Japan) and CSNS (China). Although these facilities are all unique in some respect,

they share the same general layout: a proton synchrotron with a fixed target, neutron

moderators and suites of neutron instruments. This similaritymakes it possible to address

1
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a general problem, like beam instabilities, by addressing one instance. This thesis will

focus on an instability which limits the performance of ISIS. Since beam instabilities can

also limit the performance of accelerators for particle and nuclear physics, the solutions

developed in this thesis could be applied to those machines too.

This introduction will describe the landscape of short pulse neutron facilities, and

their trends. A section on pulsed neutron sources will summarise the historical develop-

ments and briefly describe some predecessors to today’s short-pulse facilities. The focus

will then move to short-pulse sources, and describe their historical developments up to

the present, and conclude by looking at proposals for future facilities.

The challenges for these future machines will be discussed in a general way before

the primary topic of this thesis is introduced: coherent transverse beam instabilities.

Observations of these will be briefly described and it will be concluded that the field

can’t yet guarantee the beam of a new facility will be stable. This thesis will attempt to

address that challenge by focusing on an instability which limits the performance of ISIS.

Three objectives will be defined to guide the study and define the structure of the thesis.

1.1 Pulsed Neutron Sources

Now a mainstay of advanced materials science, artificial sources of pulsed, slow neutrons

were first produced at the Berkeley radiation lab in 1938, only 6 years after the neutron’s

discovery. Here, a deuteron beamwas accelerated by the 37-inch cyclotron and directed

onto a beryllium target, producing fast neutrons which were moderated with paraffin

wax. Thermal neutrons were selected by their time-of-flight at a detector [6, 7].

There was great interest in self-sustaining nuclear reactions at this time, and some

of the earliest pulsed neutron sources were constructed at Los Alamos National Lab

(LANL). In the GODIVA pulsed nuclear reactor shown in Figure 1.1, a fissile sphere

was constructed in three sections with a central cavity. A fissile piston could be inserted

to temporarily form a critical mass and produce a neutron burst [8, 9].
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Figure 1.1: Photograph of the Lady GODIVA pulsed nuclear reactor [10].

These reactors were developed to study the neutron pulses themselves, but demand

to use them for irradiation experiments increased [11]. When considering alternative

sources of neutrons, Cockcroft noted that electrons from a linear accelerator could also

be used to produce neutrons through the (𝛾 , 𝑛) reaction [12]. A few years earlier, he

had become the first director of the Atomic Energy Research Establishment (AERE) at

Harwell, where a 3MeV electron linac was procured for neutron experiments [13].

Harwell went on to host a number of electron linacs [13], but by the 1970’s, an alter-

native source of neutrons was being considered. Neutron sources based on accelerator-

driven nuclear spallation could produce less heat-per-neutron compared to both a reactor

and an electron beam, had potentially lower background neutron fluxes compared to a

reactor source and could form short intense pulses [14]. A demonstrator machine called

ZING-P based in the USA had achieved peak thermal neutron fluxes one order-of-

magnitude below a reactor source, but a dedicated facility was expected to exceed those

of a reactor. Approval to build several such facilities came in the late 1970’s.
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1.1.1 Short-Pulse Spallation Neutron Sources

Neutron sources driven by hadron accelerators were first constructed in the mid 1970’s,

and were based on nuclear spallation from a fixed target. Today, there are several large

facilities operating on this principle, and more are planned for the future. These can

be divided into continuous and pulsed sources, but this thesis will focus exclusively

on machines with short (⪅ 1 µs) proton pulses, which use synchrotrons to produce

their intense beams.

Unlike the high-energy accelerators used in particle physics, the key performance

indicator of these machines is beam-power on target; or equivalently beam intensity.

Historically, they ran with as little as 1 kW of average beam power, but sources oper-

ating today can exceed 1MW, making them some of the highest power accelerators in

operation. This incredible rise in average beam power can be seen in Figure 1.2. Some

of these machines and their predecessors will now be summarised.
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Figure 1.2: Reported beam power of several short-pulse spallation neutron sources, compiled
from different sources [15, 16, 17, 18, 19, 20, 21, 22, 23, 24]. Crosses indicate machines that
have ceased operations, circles are currently operating and stars are planned facilities.
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1.1.2 Summary of Key Facilities
1.1.2.1 ZING-P (1974)

Based at Argonne Laboratory in the USA, ZING-P was the world’s first spallation

neutron source. It was intended as a prototype for a larger scale facility that was intended

to be named “ZING.” ZING-P was based on a beamline from the 200MeV injection

booster, “Booster-I”, of the Zero Gradient Synchrotron (ZGS). This machine was a

30Hz, Rapid Cycling Synchrotron (RCS). It began operations in January 1974, having

taken three months and $30,000 to complete. It had a water-cooled lead brick target,

which was surrounded by two polyethylene moderators and a beryllium reflector. It

operated at 10Hz with an average beam power of 8W [25].

When Booster-I was replaced by a 500MeV RCS called “Booster-II”, the prototype

neutron source was upgraded to ZING-P’. It had a tungsten target with a liquid hydro-

gen moderator and operated at 30Hz with an average beam power of 2.4 kW. A user

programme was even established, based on the running schedule of the ZGS [25].

Despite the success of this prototype, the original proposal to build ZING was re-

jected, apparently because its design was toomodest [26]. After several changes, a design

was eventually approved and the Intense Pulsed Neutron Source (IPNS) project was

given the go-ahead in 1978 1.

1.1.2.2 KENS/ KENS-II (1980)

The KEK Neutron Source and Neutron Scattering Research Facility (KENS), was orig-

inally proposed in 1975 as a way to utilise surplus protons from the existing 500MeV

proton booster synchrotron [27]. Approval for the project came in 1977, construc-

tion was completed in 1980 [28] and the first practical beams were delivered that same

year [29]. After an upgrade to its target systems in 2000, KENS became known as

KENS-II which ran until 2006 [15].
1ZING was renamed to IPNS because its designers felt an “unpronounceable acronym” would be

looked upon more favourably [26].
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The facility was commissioned with an average beam power of 1 kW, but by 1998

this had increased to 3 kW [30]. This increase in beam power was achieved, in part, by

taking advantage of the charge-exchange injection technique [31], which is still used

today at the world’s most advanced neutron sources.

KENS ran for more than 25 years and its closure coincided with the construction

of a new MW-class neutron source, JSNS, at the Japan Proton Accelerator Research

Complex (J-PARC). This facility produced its first neutrons four years after KENS

ceased operations, and remains one of the world’s most powerful spallation sources [32].

1.1.2.3 IPNS (1981)

The Intense Pulsed Neutron Source (IPNS), was commissioned in 1981. It was based on

a 500MeV proton RCS, with an injection energy of 50MeV but typically operated with

an extraction energy of 450MeV, giving 7 kW of average beam power. A follow-up ma-

chine, IPNS-II would have had a higher average power, but was never constructed [33].

IPNS operated for more than 25 years, but was shut down in 2008 [34], around

the same time that the MW-class Spallation Neutron Source (SNS) was coming online.

Despite a challenging financial environment, it produced excellent scientific output and

continued to operate at the forefront of the field, for example by experimenting with

stripping foil materials and investigating alternative accelerator schemes [35, 36].

1.1.2.4 ISIS (1984)

ISIS is the longest serving short-pulsed spallation neutron source in the world, and

Europe’s first spallation neutron source. Its construction was approved in 1977 and it

produced its first neutrons in December 1984 [37, 38]. Its design beam power of 160 kW

was a significant increase compared to earlier facilities. The facility was based on an

800MeV proton RCS, but this energy was not achieved until 1990. Commissioning

was initially carried out at 550MeV then pushed to 750MeV in 1987, giving an average

power of 38 kW [39]. ISIS achieved its design beam power in 1997.
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Towards the end of the 1990’s, demand for different kinds of neutron experiments

motivated the construction of a second target station, TS2. Upon completion in 2008,

the facility’s nominal beam power for both targets increased to 187 kW [40], but equip-

ment improvements allowed it to operate at 192 kW in the late 2010’s. The machine

continues to operate today, and has recently celebrated its 40th birthday.

1.1.2.5 LANSCE/ PSR (1985)

The Los AlamosMeson Physics Facility (LAMPF) began operations in 1972. It was based

at LANL and was driven by an 800MeV H+ and H− linear accelerator [41]. It was used

as a spallation neutron source from around 1977, and delivered neutrons to theWeapons

Neutron Research facility, parts of which were later renamed the Los Alamos Neutron

Scattering Centre (LANSCE) [42]. LAMPF was renamed to LANSCE in 1995 [43].

Originally, the LAMPF linac had an average design current of 1mA, but this could

only be achieved with a ∼ 750 µs long pulse, which is too long for an optimised short-

pulsed source. An accumulator ring, the Proton Storage Ring (PSR), was added in 1985

to compress these long pulses to ∼ 0.27 µs, making LANSCE a short-pulsed spallation

neutron facility with an average beam power of ∼ 80 kW. This facility continues to

operate today, and the LANSCE Modernisation Project (LAMP) has been initiated to

extend operations until at least 2050 [44].

1.1.2.6 SNS (2006)

The decision to construct a new neutron scattering facility in the USA was taken in

1996 as a collaboration between five national laboratories; this included Argonne and

LANL which hosted the USA’s two existing sources. The Spallation Neutron Source

(SNS) came online in 2006 and was producing 1MW of beam power by the end of 2011,

which made it the world’s most powerful short-pulsed spallation neutron source. More

recently, the facility has operated a user cycle with 1.7MW [21]. The facility is based

on a 1GeV superconducting linac and an accumulator ring.
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1.1.2.7 JSNS (2008)

As the KENS facility came towards the end of its operational life, the Japanese Spallation

Neutron Source (JSNS) [45] was being designed. It was based at the J-PARC RCS, with

beams extracted to the Materials and Life Science experimental Facility, although the

RCS also inject into the 30GeVmain ring for particle physics research. Construction of

the facility started in 2001, was completed in 2008 and the facility’s first neutrons were

produced that same year. JSNS is based on a 400MeV-3GeV proton RCS with a design

beam-power of 1MW. The facility currently operates close to its design beam power

of 1MW, although close to 1.5MW has been demonstrated [17].

1.1.2.8 CSNS (2017)

The Chinese Spallation Neutron Source (CSNS) is currently the world’s newest short-

pulse spallation neutron source. By choosing to operate with a beam power of 100 kW,

CSNS has focused on becoming a reliable user facility with upgrade potential [46].

CSNS is based on an RCS accelerator with an injection energy of 80MeV and an

extraction energy of 1.6GeV. It came online towards the end of 2017, reached its design

power in 2020, operated at 140 kW in 2022 and has demonstrated 170 kW [47].

1.1.3 Future Facilities

Almost every major short-pulsed spallation neutron facility operating today is consider-

ing opportunities for upgrades or new facilities: the ISIS-II project is investigating beam

powers in the range 1.25 to 2.5MW [48]; the SNS Proton Power Upgrade (PPU) will

eventually increase the operational power of SNS to 2.8MW [49] with 2.0MW expected

in 2027 [21]; JSNS is exploring opportunities to operate with a 1.5-2.0MW beam [17];

CSNS-II is expected to increase the operational power of CSNS to 500 kW [50].

Whilst each project may differ, they all share the objective to increase average beam

power compared to their respective predecessors. The trend towards higher beam pow-

ers, clear in Figure 1.2, is likely to continue as demand for neutron science grows [51].
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1.2 Challenges for Future Short-Pulse Spallation Sources

The successful, long-term operation of an accelerator-based facility requires hands-on

maintenance of its many complex systems. Radioactive dose rates must allow this to be

performed within legal dose limits; and ideally far below them. Increases in intensity

must be coupled with relative reductions in beam-losses, so that residual activity is

maintained at current levels. Reducing beam-loss is therefore a fundamental challenge

to achieve higher intensity beams at future short-pulse spallation neutron sources.

Beam losses are driven by several different processes, and different accelerator con-

figurations can be more or less susceptible to certain effects. Space-charge can drive

emittance growth and beam losses, and is particularly important for RCS’s due to their

lower injection energies. The higher injection energy of an accumulator ring will re-

duce the effects of space-charge, but can cause beam losses due to uncontrolled stripping

of H− ions [52]. Scattering from stripping foils used in the charge exchange injection

process are another significant source of beam loss.

Coherent transverse instabilities are said to occur when a beam oscillates with a

growing amplitude in a transverse direction. They can cause beam loss if this amplitude

becomes too large. They are caused either by electron clouds or beam-induced electro-

magnetic wake fields. Instabilities caused by wake fields are the primary focus of this the-

sis, and their impact on pulsed spallation neutron sources will now be briefly reviewed.

1.2.1 Coherent Transverse Instabilities at Existing Facilities

Whilst designers of the earliest machines made significant effort to avoid instabilities,

they were nevertheless observed on all early machines. The instability observed on the

PSR was ultimately found to be caused by electron clouds [53], but those on ISIS and

IPNS were both thought to be caused by wake fields. The intensity of both IPNS and

ISIS have been limited by these instabilities, and this is still the case at ISIS.
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More recent facilities drew on past experiences and made extensive use of modern

tools to avoid instabilities. For example, SNS, the J-Parc RCS, and CSNS all have TiN

coated vacuum vessels [54, 55, 56]. Despite these efforts, coherent instabilities have

been observed at both JSNS and CSNS [57, 58], and are thought to be driven by wake

fields [59, 60, 58]. SNS has been reported to operate at > 1MW without observing

coherent beam instabilities [61], although this would be more challenging to achieve on

an RCS, where beams are typically stored for an order of magnitude more time.

To reach their current operational beam powers, ISIS, JSNS and CSNS have adopted

sophisticated beam dynamics methods to reduce instability growth rates. At ISIS, it was

found that a fast vertical tune ramp and an asymmetric line charge density both reduced

the growth rate [62, 63]. JSNS and CSNS both mitigate their instabilities by optimising

chromaticity throughout their acceleration cycles [57, 58].

1.2.2 Transverse Instabilities at Future Facilities

Among the five facilities operating today, coherent transverse instabilities on operational

beams have been documented in at least four. Wake-driven instabilities are the most

prevalent, limiting intensity at ISIS and necessitating active mitigation at JSNS and

CSNS, despite design-stage efforts to avoid them. Newer facilities are not immune,

with both the oldest and the newest facilities reporting instabilities [64, 57, 58].

If the models of these machines are otherwise complete and accurate, then this would

imply that either the theory of these instabilities is not making accurate predictions, or

there are major sources of wake fields yet to be mitigated or discovered.

A solution to this will be multi-faceted, but one approach is to understand and

mitigate instabilities on existing machines. The lessons learned might be applicable to

future facilities, and could provide short-term benefits to existing particle accelerators.

Since there is no clear distinction between instabilities observed at older and newer

neutron sources, this approach can be applied to any facility operating today. This

approach will be adopted here with a focus on ISIS.
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1.3 Thesis Objectives

Having adopted the strategy of addressing the coherent instability on ISIS, three objec-

tives are now defined to guide this study.

Since ISIS does not yet have a detailed transverse driving impedance model, the

first objective will be to determine the driving impedance contributions of key machine

elements. Extensive resources would be required to produce a very general model, so

the focus will be on potential drivers of the instability which limits operational perfor-

mance. This impedance model will be developed in Chapter 5, which will draw on the

foundations developed in Chapter 3, where the theory of impedances and wake fields

will be reviewed and new tools for computing them introduced.

The second objective is to understand whether the widely accepted theory of co-

herent transverse instabilities without space charge, can make even partially accurate

predictions for the ISIS RCS. The developed impedance model will therefore be used

as an input to analytical calculations in Chapter 6, where predictions about transverse

coherent instabilities on ISIS will be compared with experimental observations. This

will draw on the tools developed in Chapter 4, where the theory of coherent transverse

instabilities will be reviewed and new tools for computing them introduced. To ensure

that the most accurate predictions are made within the limitations of this analytical

approach, a more general theory than previous studies on ISIS will be adopted.

The third objective is to identify methods of improving beam stability on ISIS.

If the driver of an instability which limits operational performance is identified, then

changes to the relevant equipment should be explored with an aim to reduce the insta-

bility growth rate. This will be done in Chapter 7, which will use the conclusions

of Chapters 5 and 6.



Perhaps I should not have been a fisherman, he thought. But
that was the thing that I was born for.

— E. Hemingway, “The Old Man and the Sea”

2
The ISIS Neutron and Muon Source

In the year that ISIS produced its first neutrons, its design beam power was ∼ 23 times

higher than the world’s next most powerful short-pulse neutron source, IPNS. “They’re

going to blow us out of the water... It’s a heck of a machine,” was the way an unnamed

American source put it at the time [65]. The proposal to build SNS, which was later

renamed ISIS, came in 1976, and followed a detailed consideration of many alternative

sources of pulsed neutrons [37]. The decision to build ISIS as a pulsed spallation neutron

source followed the decision to discontinue all British high energy physics facilities

in favour of its commitment to CERN and other overseas labs, which meant that the

NIMROD proton synchrotron was to be decommissioned [66]. As well as producing

the highest peak neutron fluxes, cost estimates for a spallation neutron source were lower

than those for a dedicated electron linac because infrastructure from NIMROD could

be reused [37]. The decision to build ISIS was approved in 1977 and it produced its

first neutrons in December 1984.

A schematic of the ISIS facility as it stands today is shown in Figure 2.1. The

accelerator complex occupies the top-right of the figure, and is split into a 70MeV linear

accelerator and an 800MeV RCS. There are two extraction lines from the synchrotron

12
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(EPB1 and EPB2), one directed to the Target Station 1 (TS1) and the other to Target Sta-

tion 2 (TS2). In its operational configuration, neutrons are producedwhen proton beams

collide with solid tungsten targets situated at the end of these extraction lines. The

kinetic energy of these neutrons is initially too high for neutron science applications,

so moderators reduce it to thermal levels before the neutrons are transported to suites

of instruments which surround the target. During routine operations, this process is

repeated at 50Hz, with four out of five pulses directed to TS1 and one in five to TS2.

Muons are produced at an intermediate graphite target in EPB1, around 20m upstream

of the tungsten target. They are used for different kinds of experiments.

As a user facility, ISIS is primarily designed to fulfil the requirements of its users,

but it is a versatile machine and can be operated in more than one configuration. The

operational configuration where neutrons are produced for users will be referred to

as RCS mode, and key parameters for this mode are listed in Table 2.1. As well as

RCS mode, the ISIS synchrotron can also be configured to operate as a storage ring,

which is referred to as Storage Ring Mode (SRM) or Bunched SRM (BSRM). These

configurations are used for accelerator studies, and many parameters from Table 2.1

remain unchanged. The beam remains at its injection energy, the intensity is generally

reduced and the beam can either be bunched or coasting depending on the RF settings.

Key elements from the ISIS accelerator complex will now be described, as well as the

operational characteristics of key equipment. An overview of how this equipment is used

in RCS mode and SRM will then be given. The transverse coherent instability which

limits the synchrotron’s operational performance will be introduced, and the techniques

developed to mitigate it will be described. Finally, efforts to understand the nature of

this instability will be discussed with a focus on studies carried out in SRM.
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Table 2.1: Important parameters of the ISIS synchrotron in RCS mode.

Parameter Symbol Value
Injection Kinetic Energy 70MeV

Extraction Kinetic Energy 800MeV

Circumference 𝐶 163.36m [68]
Number of Superperiods 10

Dipole Bend Radius 7m

Nominal Protons Per Bunch 𝑁 1.5 × 1013

Number of Bunches 𝑀 2

Repetition Rate 50Hz

Transition Gamma 𝛾Tr 5.034

Nominal Tunes 𝑄H, 𝑄V 4.31, 3.83
Chromaticity 𝜉𝑥 , 𝜉𝑦 −1.1, −1.1 [69]
Number of Fundamental Cavities 6

Number of Second Harmonic Cavities 4

2.1 Description of the ISIS Accelerator Complex

2.1.1 The ISIS Injector

The ISIS injector consists of: a Penning type H− ion source; a Low Energy Beam

Transport (LEBT) line; a radio frequency quadrupole (RFQ); a four-tank Alvarez style

drift-tube linac and a High Energy Drift Space (HEDS) which transports the accelerated

beam to the synchrotron. These elements occupy the uppermost part of Figure 2.1, and

span up to the point where the injector meets the synchrotron.

The Penning type ion source, produces a 50mA beam of 35 keVH− ions [70]. These

are extracted in unbunched pulses of between 200 and 240 µs, and then guided with

solenoid magnets through the LEBT to the RFQ. This accelerates the beam to 0.67MeV

and focuses it transversely, whilst its 202.5MHz operating frequency forms the beam into

bunches with a ∼ 5 ns spacing [71]. These bunches then pass directly into the linear ac-

celerator.
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The linear accelerator is approximately 40m long. It is divided into four Alvarez

style drift-tube tanks which also operate at 202.5MHz to match the bunch structure

coming from the RFQ. These tanks produce a ∼ 70MeV, ∼ 25mA H− beam at the

output [72], which passes into theHEDS. This consists of focusing and bendingmagnets,

a debuncher cavity, a pulsed vertical sweeper magnet and several diagnostic devices. As

shown in Figure 2.1, the HEDS passes over the top of the synchrotron and connects

to it from the inside radius.

2.1.2 The ISIS Synchrotron

The synchrotron is composed of ten superperiods, as shown in Figure 2.1, conventionally

labelled SP0 to SP9. SP0 is dedicated to injection, and contains the apparatus for the

stripping foil and injection bump magnets. SP1, which is immediately adjacent to SP0,

is dedicated to extraction, and contains the extraction kickers and septum magnet; it

also houses the machine’s graphite collimators. The other superperiods house radio-

frequency (RF) cavities and a range of diagnostic systems.

Each superperiod ismade up of a combined function dipole (BD), a doublet quadrupole

(QF, QD) and a singlet quadrupole (QC) as shown in Figure 2.2. These elements are

referred to as the “main magnets” because in RCS mode they operate as part of a single

50Hz resonant circuit with a DC offset, which fixes the facility’s repetition rate [68,

73]. Even when operating as a storage ring, it is customary to talk about timing in

terms of a reference phase of this sinusoidal magnetic field; this will be explained in

more detail in Section 2.2.1.

In addition to these main magnetic fields, ISIS uses around forty correction magnets

to optimise the closed orbit and betatron tune throughout the acceleration cycles. Each

correction magnet has its own programmable power supply, and can be independently

configured. The correction (“trim”) quadrupoles are labelled as QTD and QTF in

Figure 2.2, and can be used to control the betatron tune. The other correction magnets

are primarily for horizontal and vertical steering, and are distributed around the ring.
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Space was reserved for higher-order magnets (OC), as well as in some less regular

locations that aren’t shown. Two sets of four octupoles were installed to suppress trans-

verse instabilities [68, 74]. These were not used operationally and many of them have

been removed from the synchrotron; the remaining magnets are not routinely powered.

Two sets of three sextupoles were also installed to correct sextupole field errors [75],

but weren’t used operationally either. Many of these were removed, and the remaining

magnets are not routinely powered so the machine operates at its natural chromaticity.

The opportunity to use these magnets is now being investigated again [76].

The vacuum vessels inside these fast cycling magnets are constructed from alumina

ceramic with an internal conducting RF screen. These ceramic chambers occupy more

than 50% of the ISIS circumference, and were adopted to prevent the Eddy currents

which would flow in a conducting chamber. These currents would otherwise cause

excessive heating and a reduced field quality [77].

16.336 m 

BD QD

QTD QTF

QF

OC OC

QC

Figure 2.2: Magnets within a superperiod of the originally proposed ISIS lattice [68]. BD is
a combined function dipole, QD and QF form the doublet quadrupoles and QC is the singlet
quadrupole. QT are trim quadrupoles and OC are for higher order magnets.

The H− beam from the HEDS is injected into the synchrotron on a bumped orbit,

where a carbon stripper foil removes electronswith∼ 98% efficiency to produce a proton

beam [78, 79, 80]. It takes ≈ 135 revolutions of the synchrotron to accumulate the

≈ 200 µs injected pulse, so the injected and recirculating beams are combined in this

process. After the beam has been accumulated, the injection bump is removed to shift

the trajectory away from the foil.
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Acceleration and bunching in the synchrotron are achieved with six fundamental

RF cavities which operate with harmonic number ℎ = 2 (𝑓RF = ℎ𝑓rev). They are a

ferrite-loaded shorted coax construction [81], and each one has two accelerating gaps.

Four second harmonic cavities (ℎ = 4) were added to increase the bunching factor and

improve the trapping efficiency [82]. A programmable delay between the fundamental

and second harmonic cavities is used to optimise the beam’s longitudinal distribution. To

accommodate the large revolution frequency swing required for operational RCS mode

(0.67MHz to 1.54MHz), the resonant frequencies can be controlled with a bias current,

which adjusts the permeability of the cavities’ ferrite through its hysteresis curve.

In addition to magnets and RF cavities, the ISIS synchrotron contains a large num-

ber of diagnostic systems [83]. These measure beam properties and allow the various

magnets and cavities to be optimised; they also provide key inputs to machine pro-

tection systems and feedback loops. Key diagnostics that will be used in this thesis

include: beam intensity monitors, which measure the average current; beam position

monitors (BPMs), which measure the average transverse offset and beam loss monitors

(BLMs), which detect secondary particles produced when the primary beam collides

with the vacuum system.

2.2 Operating Modes of ISIS

2.2.1 Operational RCS Mode

This mode is used for routine operation of the ISIS facility, where neutrons and muons

are produced from its targets. Whilst in this mode, users are often able to perform

experiments at the instruments which surround the targets. Beam power on target is

a key performance indicator in this mode, so ISIS is made to operate with the highest

intensity possible without causing excessive beam loss.
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In this mode, the main magnets operate as part of a single resonant circuit with a

DC offset. The magnetic field of the main dipoles is shown in Figure 2.3, and given by

𝐵(𝑡) = 𝐵DC − 𝐵AC cos
(
2𝜋 𝑓rep𝑡

)
, (2.1)

where 𝑓rep = 50Hz is the repetition rate, 𝐵DC = 0.4365T and 𝐵AC = 0.2605T. The

minimum of this sinusoidal field is said to occur at the RCS cycle time of 0ms, and it is

customary to refer to times relative to this; even in SRM when there is no AC field. For

example, the HEDS H− beam is usually injected into the synchrotron around −0.4ms,

and injection is normally completed by around −0.2ms.

Space-charge forces are considerable at injection, with peak incoherent tune spreads

of ∼ 0.5 [69]. Transverse phase space painting is used reduce the impact of space charge

by controlling the transverse emittance of the accumulated beam. In the vertical plane,

this is achieved by the vertical sweeper magnet at the end of the HEDS, which adjusts

the beam’s vertical position at the foil. Horizontally, painting is achieved by the shifting

dispersive orbit in the synchrotron due to the falling magnetic field; see Figure 2.3.

During injection, the amplitude of the RF cavity gap voltages are maintained below

≈ 1 kV-per-gap, or < 8% of values used later the RCS cycle. This has the effect that

the accumulated beam is almost coasting, but it is captured by rapidly increasing the RF

cavity gap voltages. This process is referred to as “trapping”, and whilst non-adiabatic,

it is ∼ 97% efficient and typically completed by ∼ 1ms as indicated in Figure 2.3.

Acceleration in the synchrotron takes place on the rising part of main magnet’s

sinusoidal field, and therefore takes 10ms to complete. Tomaintain a closed orbit, the RF

cavity resonant frequencies and gap voltages are synchronised with the main magnetic

field, and can be derived as shown in Figure 2.4; some numeric quantities are also listed

in Table 2.2. A typical plot of one-turn-voltage throughout the 10ms acceleration cycle

is also shown in Figure 2.5, which is a sum of all the gap voltages for each harmonic.
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Once the beam has reached its final energy, an extraction trigger is generated by the

neutron instruments which begins the extraction process. Three vertical kicker magnets

in SP1 are synchronised for their fields to rise inside the ∼ 200 ns gap between proton

bunches, and remain energised until both bunches have been kicked. The deflected

bunches enter the extraction aperture of a septum magnet and are then transported to

their designated target station.
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Figure 2.3: Dipole magnetic field throughout the RCS cycle, adapted from [80]. Injection is
labelled between −0.4 and −0.2ms, trapping from 0 to 2ms, acceleration between 0 and 10ms
and extraction at the end of the RCS cycle.

2.2.2 Storage Ring Modes

To facilitate studies of the ISIS machine, the synchrotron can be configured to operate as

a storage ring with the beam at the injection energy. This removes the complication of

sweeping revolution frequencies, and can simplify the analysis of beam behaviour. For

example, previous studies have used SRM and BSRM mode to investigate the transverse

impedance of ISIS and bunched beam instabilities [84, 80].

To operate the synchrotron as a storage ring, the main magnet is driven with a DC

current and ramping currents on the correction magnets are usually replaced by DC
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Figure 2.4: Beam and synchrotron parameters throughout the RCS acceleration cycle.
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Figure 2.5: A typical one turn voltage of the fundamental and second harmonic cavities through
the RCS acceleration cycle. This is from the sum from all RF cavities.

values after injection. Closed orbits can be adjusted with the steering magnets, whilst

the trim quadrupoles can be used to control the betatron tune. When operating in this

configuration, the beam is not extracted, and 100% beam loss occurs in the synchrotron
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Table 2.2: Typical values for some parameters throughout the 10ms acceleration cycle at ISIS.

RCS Cycle Time (ms) Rev. Frequency (MHz) Kinetic Energy (MeV) 𝛽

0 0.674 70.4 0.367
1 0.715 80.6 0.390
2 0.828 113.2 0.451
3 0.983 173.1 0.536
4 1.144 261.6 0.623
5 1.283 373.6 0.699
6 1.388 496.7 0.757
7 1.463 615.1 0.797
8 1.510 713.1 0.823
9 1.536 777.5 0.837
10 1.545 800.0 0.842

hall. To limit equipment activation, beam intensity is typically reduced to between ∼ 10

and 20% of operational intensity, and the machine’s repetition rate is reduced to ∼ 1Hz.

In SRM, a coasting beam is accumulated and stored. All RF cavities have a demand

gap voltage of 0V and have their resonant frequencies set off-tune to limit self-bunching

of the coasting beam. SRM beams cannot be stored for significantly longer than 10ms,

not least because they are driven onto the foil by the injection bump magnets at 50Hz. It

is therefore assumed that an injected pulse is completely lost before the next pulse arrives.

In the case of BSRM, all but one of the fundamental RF cavities and all the second-

harmonic RF cavities are configured to be off-tune and set to have a demand gap voltage

of 0V. The remaining fundamental RF cavity is configured with ℎ = 2, so that two

bunches are formed, and the demand gap voltage can be variedwhilst the beam is stored.



2. The ISIS Neutron and Muon Source 23

2.3 Intensity Limitations of the ISIS Synchrotron

A typical measurement of average beam loss around the synchrotron (“BLM Sum Loss”)

in an operational RCS cycle is shown in Figure 2.6. The causes of this beam loss can be

attributed to processes known to take place at particular times. Before 0ms, beam losses

are primarily caused by foil scattering; between 0 and 2ms they are mainly attributed

to longitudinal trapping and space-charge effects; beam losses between 2 and ∼ 3ms are

mostly attributed to a head-tail instability [80].

Observations of this instability will now be described, as well as themeasures taken to

suppress it during routine operations. Key results from a recent measurement campaign

will also be summarised [80].

2.3.1 The 2 ms Head-Tail Instability

The basic nature of this coherent, vertical instability can be understood from Figure 2.7,

which shows the difference signal of a beam position monitor overlaid for several turns.

The fact that this distribution has been measured by a vertical beam position monitor

verifies that this is a vertical coherent instability. Its distribution along the bunch has

one low-amplitude node towards the centre, which is characteristic of an 𝑙 = 1 head-tail

mode. The scope trace in Figure 2.8, published in 1988, shows a similar distribution.

The positionmonitor signal shown in Figure 2.7was recorded after second harmonic

cavities had been added to the RCS mid-2000’s [82], so only fundamental cavities were

installed when the earlier figure was acquired. Although there is no generally accepted

theory for coherent instabilities in the presence of second harmonic cavities, the similar-

ity of the observed distribution, its rapid growth rate and its appearance at the same time

through the RCS cycle, have led to the assumption that the instability observed today

shares a common cause with the one observed during the commissioning of ISIS.
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Figure 2.6: Typical plots of beam intensity
and sum beam-loss at ISIS, through a 10ms
RCS cycle [85, 80]. Highlighted region is
associated with coherent instability.

Figure 2.7: Sum (red) and difference (blue)
signals from a vertical BPM with each line
taken during a single turn, starting from
around 2.6ms into the RCS cycle [80].
The oscillation is superimposed on a closed-
orbit offset.

Figure 2.8: Scope capture of vertical dipole moment along a bunch, with each line being from
a single revolution [39].

2.3.2 Mitigation in RCS Operations

The instability at 2ms was observed before ISIS reached its design beam power [39], so

techniques to limit the beam loss it caused were developed. The vertical tune had been

set high at injection to limit the impact of direct space-charge, but it was found that

head-tail losses could be significantly reduced by rapidly ramping the vertical tune from

∼ 3.83 to 3.72 at 2ms [86]. Figure 2.9 shows recent measurements of coherent tune.
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Ramping the vertical tune with the trim quadrupoles is still the primary mitiga-

tion technique used today, but as the beam’s intensity increased, additional mitigation

strategies became necessary. It was found that the growth rate could be further re-

duced by generating an asymmetric line-charge density with the second-harmonic RF

cavities [63, 69], which is now done routinely. Beam loss reduction has been demon-

strated with an experimental damping system [87], but an operational version has not

yet been commissioned.
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Figure 2.9: Typical values of (a) vertical and (b) horizontal measured tune throughout the RCS
acceleration cycle [85].

2.3.3 Summary of Key Observations

Instabilities of the kind observed at 2ms are ordinarily driven by beam-generated wake

fields, and are therefore caused by some equipment installed in the ISIS RCS. The ob-

servation that the instability grew more quickly as the tune approached an integer, and

the fact that key equipment had been designed to prevent instabilities (see Appendix A),

led early investigations to conclude that it was caused by the resistive vacuum vessels and

RF screens. This conclusion was reiterated by more recent investigations [88].

On the basis of this conclusion, and accepting some simplifying assumptions to head-

tail theory, it was predicted that head-tail modes with |𝑙 | = 2 and 3 should have the

fastest growth rates, but the single node observed in Figure 2.7 is consistent with an
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|𝑙 | = 1 instability. Furthermore, characteristic growth times were predicted to be on

the order of ms, but measured values of 200 to 600 µs are typical [88, 64, 80]. These

discrepancies remain unexplained and have motivated an alternative formulation of co-

herent transverse instability theory [86], and more recently, an extensive measurement

campaign to rigorously characterise the instability [80].

In the course of this campaign, it was found that in BSRM the growth rate rose as the

tune approached an integer, but fell again before reaching it, as shown in Figure 2.10

[84]. Experiments performed in SRM with a coasting beam reproduced this, indicating

a resonator impedance at ∼ 85 kHz, with a magnitude on the order of 1MΩm−1, which

is also shown in Figure 2.10 [80]. To put this into perspective, coherent instabilities

on the JParc RCS are driven by impedances on the order of 10 kΩm−1 [60]. Whilst

the resonant frequency of the identified narrowband impedance means it is unlikely

to cause the 2ms instability, its large magnitude and low frequency stand out and will

guide this study. The equipment responsible for this large resonator impedance has

not yet been identified.

Figure 2.10: Growth rate of bunched beam instabilities observed in BSRM as a function of
baseband betatron sideband frequency, overlaid with the measured effective impedance [80].



Yet high over the city our line of yellow windows must
have contributed their share of human secrecy to the casual
watcher in the darkening streets, and I was him too, looking
up and wondering. I was within and without, simultaneously
enchanted and repelled by the inexhaustible variety of life.

— F. Scott Fitzgerald, “The Great Gatsby”

3
Wakes and Impedances

Coherent instabilities of the kind seen on ISIS are commonly caused by a beam’s electro-

magnetic interaction with its surroundings. As the beam traverses a structure, it induces

charges and currents, whose fields act back on the beam and can cause a transverse

oscillation with growing amplitude. The distribution of those fields determine their

impact on beam stability, which will be discussed in Chapter 4.

Rather than specifying the electromagnetic field as a function of space and time,

which can be challenging, it is more common to specify derived quantities such as the

“wake function” or the “impedance”. The wake function characterises the impulse on

a point particle in the time domain, while the impedance is derived from the Fourier

transform of the wake function [89].

Before these derived quantities were widely adopted, studies of beam instabilities

often included detailed derivations of electromagnetic fields [90]. At the same time, insta-

bilities were often categorised by the fields which caused them, for example the “resistive-

wall” and “beam-cavity” instabilities. In the field of high-energy, high-intensity particle

accelerators, the wake and impedance concepts largely decoupled the topics of beam

instabilities and the fields that caused them.

27
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The coupling impedance concept was adopted by the field of coherent instabilities

in high-energy, high-intensity particle accelerators by V.G. Vaccaro [91]. It was first

used in the context of longitudinal effects, where the impedance has a direct connection

to circuit theory. With the observation of coherent transverse instabilities in both elec-

tron and proton accelerators [92, 93, 94, 95], a transverse counterpart was introduced.

Early references credit the definition of the transverse beam coupling impedance to

H.G. Hereward [96, 97].

From around the same time, some authors focused primarily on the study of beam in-

stabilities, with comparatively little reference to the fields that drove them [98]. For these

authors, it became more common to categorise instabilities based on a beam’s behaviour,

such as the “head-tail”, “coupled-bunch” and “mode-coupling” instabilities. The prop-

erties of these instabilities could be computed with wake functions or impedances, and

a qualitative description could be made from the general properties of these quantities,

such as whether the impedance could be described as a narrow peak (narrowband) or

a wide distribution (broadband) [89].

At the same time, some authors focused primarily on deriving wake functions and

impedances for evermore complex systems. For examplemulti-layer cylindrical vacuum

vessels [99], perfectly conducting vacuum vessels of arbitrary cross-sections [100, 101],

kicker magnets [102, 103, 104, 105], laminated magnet structures [106, 107], to name

but a few studies. Numerical tools were developed whose main outputs were impedances

or wakes and not field maps [108, 109, 110, 111, 112]. Experimental methods of evalu-

ating impedances in the lab was another distinct area of research [113, 114, 102, 115],

as well as beam-based measurements [116].

Today, the concept of a beam coupling impedance remains fundamental to the study

of coherent instabilities. Tools for studying beam stability often require an impedance

or a wake function as an input [117, 118, 119, 120, 121, 122]. The definition of these

concepts has not fundamentally changed since their early inception, although their

application to hadronmachines has demanded that the 𝛽 = 1 assumption be reconsidered.
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Without this assumption, it was found that incoherent impedances can be significant

even for cylindrical structures [101, 123], and it has become common to distinguish

between a driving and a detuning transverse impedance [124, 125]. In some machine

elements it has been found that the latter of these is required to explain bench impedance

measurements [126, 127]. New results for analytical wakes and impedances are still

published [128, 129], new codes for computing them are being written [64, 130], and

new experimental techniques for characterising them are still under development [131].

As future machines continue to push the limits of beam intensity, the field of beam

coupling impedances can only become more critical.

3.1 Fundamental Definitions

3.1.1 Wake Functions

Wake functions characterise the average force a source charge exerts on a witness charge.

To describe this scenario, an absolute Cartesian coordinate system, (𝑥,𝑦, 𝑠), is defined as

shown in Figure 3.1, where the two charges are also indicated. The source charge, 𝑞1,

has coordinates (𝑥1, 𝑦1, 𝑠1) where 𝑠1 = 𝑣𝑡 , and witness, 𝑞2, has coordinates (𝑥2, 𝑦2, 𝑠2).

Both source and witness charges are assumed to have a velocity vector ®𝑣 = 𝛽𝑐®s where a

bold vector is a unit vector, and 𝑞2 is separated from 𝑞1 along the 𝑠-axis by the distance

constant 𝑧 = 𝑠2 − 𝑠1. The witness charge passes any given longitudinal position at a

time − 𝑧
𝛽𝑐 after 𝑞1 has passed it.

In the ultra-relativistic limit, as 𝑣 → 𝑐, causality dictates that the electromagnetic field

of the source charge cannot extend in front of it, so the resulting fields are termed “wake

fields” and can only exist for 𝑠 < 𝑠1. A force is then only exerted on a trailing witness

charge with 𝑧 < 0, that arrives at any given longitudinal coordinate after 𝑞1 has passed it.

Outside the ultra-relativistic limit, wake fields will also exist ahead of the source particle.
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Figure 3.1: Layout of (a) source and witness charges and (b) source bunch and witness charge.

The force on 𝑞2 due to a wake field at 𝑠 is given by the field at the position 𝑠 some

time after 𝑞1 has passed that location

®𝐹 (𝑠) = 𝑞2
[
®𝐸
(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
+ ®𝑣 × ®𝐵

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)]
𝑥=𝑥2
𝑦=𝑦2

. (3.1)

Notice that if 𝑧 < 0, the field is evaluated at 𝑠, some time after the source particle has

passed that position. The wake function is defined to characterise the average force on

the witness particle as it traverses the region between 𝑠 = ±𝐿/2,

®𝑊 (𝑧) = −1
𝑞1𝑞2

[∫ 𝐿/2

𝑠=−𝐿/2
®𝐹
(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2
𝑦=𝑦2

(3.2)

=
−1
𝑞1

[∫ 𝐿/2

𝑠=−𝐿/2
®𝐸
(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
+ ®𝑣 × ®𝐵

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2
𝑦=𝑦2

, (3.3)

where the EM fields are understood to be generated by the source particle at (𝑥1, 𝑦1, 𝑠1).

The minus sign is included by convention so that in the longitudinal direction, a positive

wake implies energy loss. This can be expressed in terms of the average force on 𝑞2

1

𝐿
®𝑊 (𝑧) = −1

𝑞1𝑞2

[
1

𝐿

∫ 𝐿/2

𝑠=−𝐿/2
®𝐹
(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2
𝑦=𝑦2

(3.4)

=
−1
𝑞1𝑞2

〈
®𝐹
〉
. (3.5)

Wake functions can be used to compute the average force on a witness particle due

to a source bunch of particles with a finite extent, see Figure 3.1. 𝑠1 will now become the

coordinate of a synchronous particle and 𝑒𝜆(𝑧) is the charge distribution defined with

respect to the position of this synchronous particle. Considering that each infinitesimal
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slice of the bunch produces a wake, we can substitute 𝑞1 → 𝑒𝜆(𝑧′)d𝑧′. The wake must

now be evaluated not at 𝑧, which separates the witness charge from the synchronous

particle, but 𝑧−𝑧′, the distance which separates the witness charge from the infinitesimal

slice being considered. The average force on 𝑞2 is the integral over source slices〈
®𝐹
〉
= −𝑞2𝑒

𝐿

∫ ∞

𝑧′=−∞
𝜆(𝑧′) ®𝑊 (𝑧 − 𝑧′) d𝑧′, (3.6)

which is a convolution; wake functions thus resemble a Green’s function. Here 𝜆(𝑧′)

is defined such that
∫ ∞
𝑧′=−∞ 𝜆(𝑧

′) d𝑧′ = 𝑁 , the net number of charges per-bunch, or

protons-per-bunch for a proton beam.

Since longitudinal and transverse beam dynamics are often considered to be decou-

pled, it is common to define wakes in terms of their impulses in these separate planes.

In general, the longitudinal wake function depends on 𝑥1, 𝑦1, 𝑥2 and 𝑦2, but the source

and witness particles are often assumed to have coordinates 𝑥1 = 𝑥2 = 𝑦1 = 𝑦2 = 0. The

“longitudinal wake function” is then defined as

𝑊 ‖ (𝑧) = − 1

𝑞1

[∫ 𝐿/2

𝑠=−𝐿/2
𝐸𝑠

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=0
𝑦1=0

. (3.7)

In the transverse direction, it is common to consider vertical and horizontal wakes

separately, and only terms linear in the offset of source or witness particles. These are

known respectively as the driving and detuning wake functions. The vertical driving

wake is defined as

𝑊
𝑦,driving
1 (𝑧) = 1

𝑑1
[𝑊 (𝑧)]𝑥=𝑥2=0

𝑦=𝑦2=0
𝑥1=0
𝑦1=𝑑1

, (3.8)

≈ − 1

𝑑1𝑞1

[∫ 𝐿/2

𝑠=−𝐿/2
𝐸𝑦

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
+ 𝑣𝐵𝑥

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=0
𝑦1=𝑑1

, (3.9)

where 𝑣 � 𝑣𝑥 has been assumed. The driving wake is described as “coherent”, because

for small offsets it does not depend on the witness particle’s transverse position.
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Detuningwakes impart an impulsewhosemagnitude is linearwith respect to 𝑥2 or𝑦2,

and are sometimes referred to as quadrupolar in analogy to quadrupole magnets which

share this characteristic [101, 124, 125, 132]. The vertical detuning wake is defined as

𝑊
𝑦,detuning
1 (𝑧) = −1

𝑞1𝑑2

[∫ 𝐿/2

𝑠=−𝐿/2
𝐸𝑦

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
+ 𝑣𝐵𝑥

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=𝑑2
𝑥1=0
𝑦1=0

. (3.10)

To understand the impact of wake fields on ISIS to first-order, the longitudinal,

transverse driving, transverse detuning and skew wakes must be fully characterised.

Such a detailed description is beyond the scope of this thesis, whose primary objective

is to identify the cause of the 2ms vertical instability on ISIS. As a low-𝛽 machine, with

approximately rectangular cross-section vacuum vessels 1, the detuning impedance on

ISIS is not expected to be negligible. This will affect the beam’s coherent oscillation

frequencies and would only drive instabilities with particular betatron tune settings, so

a driving impedance is ultimately expected to be the source of the instability.

Driving wakes and impedances will therefore be the primary focus of this work,

and for notational convenience,𝑊 𝑦,driving
1 (𝑧) will be denoted as𝑊 ⊥

1 (𝑧). Dependence on

other coordinates will not usually be specified because they are either implied, or are

not consequential to the arguments being made. References to a “transverse” wake or

impedance are to be interpreted as meaning the driving components.

3.1.2 Transverse (Driving) Wake Force in a Synchrotron

Convolution integrals similar to Equation (3.6) can be used to compute the average

driving wake force due a bunch rather than a point particle. In that case, the longitudinal

distribution of a beam and its transverse offset must be considered. 𝑠1 will now become

the coordinate of a synchronous particle and 𝑒𝜆(𝑧) is the charge distribution definedwith

respect to this synchronous particle’s position. Considering that each infinitesimal slice

of the bunch produces a transverse wake, we can substitute 𝑑1d𝑞1 → 𝑒𝐷 (𝑧′, 𝑠)𝜆(𝑧′)d𝑧′,
1The vacuum vessels will be described in more detail in Chapter 5.
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where 𝐷 (𝑧′, 𝑠) is the average offset of the longitudinal slice at 𝑧′ and 𝑠 = 𝛽𝑐𝑡 . The explicit

dependence on 𝑠 is to allow the offset to vary with time. The convolution integral for

the vertical driving force becomes〈
𝐹𝑦

〉
= −𝑞2𝑒

𝐿

∫ ∞

𝑧′=−∞
𝜆(𝑧′)𝐷 (𝑧′, 𝑠)𝑊 ⊥

1 (𝑧 − 𝑧′) d𝑧′, (3.11)

which expresses the average force on a witness particle as it traverses a wake field.

In principle, a beam’s trajectory should be computed by tracking particles through

the wake field of every component sequentially, but for circular machines, it has been

found that it is usually sufficient to sum the wakes of all sources in the ring and apply an

impulse once per revolution [89]. The average force during the first revolution of a

circular accelerator is〈
𝐹𝑦

〉
= − 𝑞2𝑒

𝛽𝑐𝑇0

∫ ∞

𝑧′=−∞
𝜆(𝑧′)𝐷 (𝑧′, 𝑠)𝑊 ⊥

1 (𝑧 − 𝑧′) d𝑧′, (3.12)

where 𝑊 ⊥
1 (𝑧) is from here considered to be the sum of wake functions over a single

revolution and 𝑇0 is the revolution period.

A wake field’s amplitude will attenuate with time as its energy is converted to heat.

The time scales required for significant attenuation can be longer than the revolution

time of a circular accelerator; for example resonant modes in a cavity can be particularly

long-lived. In this case, the wake seen by a witness particle on the 𝑛th turn includes a

contribution from previous turns. To compute the force on a witness particle due to

earlier passes of a machine, we consider the witness particle to have an 𝑠2 that is one full

revolution behind the source so its value of |𝑧 | is larger by one circumference. The aver-

age force on turn𝑛 is then the sum of contributions from the current turn and all previous

turns. Performing this summation and exchanging the sum and integral order gives

〈
𝐹𝑦

〉
= − 𝑞2𝑒

𝛽𝑐𝑇0

∫ ∞

𝑧′=−∞

∞∑
𝑝=𝑛

𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0)𝜆(𝑧′)𝑊 ⊥
1 (𝑧 − 𝑧′ − 𝑝𝛽𝑐𝑇0) d𝑧′. (3.13)
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In the ultra-relativistic limit𝑊 ⊥
1 (𝑧 > 0) = 0 because a particle’s EM field does not

extend ahead of it, so the range of this summation can be extended to 𝑛 → −∞; the wake

force from future revolutions can be neglected. The EM fields of a non-ultra-relativistic

particle will extend ahead of it, but it is still expected to be a reasonable approximation for

a machine whose circumference is much larger than its beam pipe aperture, because the

EM fields will fall off rapidly after a distance comparable to the beam pipe aperture [133].

It is therefore assumed that future revolutions can be included, giving

〈
𝐹𝑦

〉
= − 𝑞2𝑒

𝛽𝑐𝑇0

∫ ∞

𝑧′=−∞

∞∑
𝑝=−∞

𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0)𝜆(𝑧′)𝑊 ⊥
1 (𝑧 − 𝑧′ − 𝑝𝛽𝑐𝑇0) d𝑧′. (3.14)

Equivalent versions of this well-known formula can be found in textbooks on the subject

of beam stability, for example Equation (6.172) of [89].

3.1.3 Beam Coupling Impedance

The fact that the average force can be expressed as a convolution raises the possibility

that one might take advantage of Fourier techniques. Whilst it would be possible to

formulate the theory of beam stability in terms of the Fourier transform of the transverse

wake, it is more common to introduce the “transverse beam coupling impedance,” [89]

𝑍⊥
1 (𝜔) =

𝑖

𝛽𝑐

∫ +∞

𝑧=−∞
𝑊 ⊥

1 (𝑧)𝑒−𝑖𝜔
𝑧
𝛽𝑐 d𝑧 (3.15)

=
𝑖

𝛽𝑐
𝑊̂ ⊥

1 (𝜔). (3.16)

This “hat” definition of the Fourier transform differs slightly from the common time-

frequency convention, so Appendix B provides some additional information.
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By taking the Fourier transform of Equation (3.14) with the hat definition, the

average force can be written in terms of the impedance rather than the wake function

〈
𝐹𝑦

〉
(𝜔, 𝑠) = − 𝑞2𝑒

𝛽𝑐𝑇0

∞∑
𝑝=−∞

∫ ∞

𝑧=−∞

[∫ ∞

𝑧′=−∞
𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0)𝜆(𝑧′)𝑊1(𝑧 − 𝑧′ − 𝑝𝛽𝑐𝑇0) d𝑧′

]
𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧,

= − 𝑞2𝑒

𝛽𝑐𝑇0

∞∑
𝑝=−∞

∫ ∞

𝑧′=−∞
𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0)𝜆(𝑧′) d𝑧′

∫ ∞

𝑧=−∞
𝑊1(𝑧 − 𝑧′ − 𝑝𝛽𝑐𝑇0)𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧,

= − 𝑞2𝑒

𝛽𝑐𝑇0

∞∑
𝑝=−∞

𝑒−𝑖𝜔𝑝𝑇0𝑊̂1(𝜔)
∫ ∞

𝑧′=−∞
𝜆(𝑧′)𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0)𝑒−𝑖𝜔

𝑧′
𝛽𝑐 d𝑧′,

where the shift theorem has been used. Assuming now that 𝐷 (𝑧′, 𝑠) has harmonic time-

dependence with the conventions used in [89], so that it describes a coherent oscillation

at the frequency Ω,

𝐷 (𝑧′, 𝑠) = 𝐷0𝐷1(𝑧′)𝑒−𝑖Ω
𝑠
𝛽𝑐 , (3.17)

where 𝐷0 is a constant and 𝐷1(𝑧′) describes the longitudinal distribution of the aver-

age transverse offset. The average force can then be written more conveniently by

making the substitution

𝜆(𝑧′)𝐷 (𝑧′, 𝑠 − 𝑝𝛽𝑐𝑇0) = 𝜆(𝑧′)𝐷0𝐷1(𝑧′)𝑒−𝑖Ω
𝑠−𝑝𝛽𝑐𝑇0

𝛽𝑐 (3.18)

= 𝐷0𝜆1(𝑧′)𝑒−𝑖Ω
𝑠
𝛽𝑐 𝑒𝑖Ω𝑝𝑇0, (3.19)

where 𝜆1(𝑧′) = 𝜆(𝑧′)𝐷1(𝑧′) can be interpreted as describing the longitudinal distribution

of the beam’s dipole moment. The expression for the frequency-domain force becomes

〈
𝐹𝑦

〉
(𝜔, 𝑠) = −𝐷0𝑞2𝑒

𝛽𝑐𝑇0
𝑒−𝑖Ω

𝑠
𝛽𝑐

∞∑
𝑝=−∞

𝑒𝑖Ω𝑝𝑇0𝑒−𝑖𝜔𝑝𝑇0𝑊̂1(𝜔)𝜆1(𝜔).

Substituting the definition of the transverse impedance gives

〈
𝐹𝑦

〉
(𝜔, 𝑠) = 𝑖 𝐷0𝑞2𝑒

𝑇0
𝑒−𝑖Ω

𝑠
𝛽𝑐

∞∑
𝑝=−∞

𝑒−𝑖𝑝𝑇0 (𝜔−Ω)𝜆1(𝜔)𝑍⊥
1 (𝜔), (3.20)
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and substituting the Poisson summation formula from Appendix B, gives〈
𝐹𝑦

〉
(𝜔, 𝑠) = 𝑖 𝐷0𝑞2𝑒

𝑇0
𝑒−𝑖Ω

𝑠
𝛽𝑐
2𝜋𝛽𝑐

𝐶

∞∑
𝑝=−∞

𝛿

(
𝜔 − Ω − 2𝜋𝛽𝑐

𝐶
𝑝

)
𝜆1(𝜔)𝑍⊥

1 (𝜔), (3.21)

where 𝐶 = 𝛽𝑐𝑇0 is the machine’s circumference. Now performing an inverse transform

to obtain the time-domain force〈
𝐹𝑦

〉
(𝑧, 𝑠) = 𝑖 𝐷0𝑞2𝑒

𝑇0
𝑒−𝑖Ω

𝑠
𝛽𝑐
2𝜋

𝑇0

∞∑
𝑝=−∞

1

2𝜋𝛽𝑐

∫ ∞

𝜔=−∞
𝛿

(
𝜔 − Ω − 2𝜋

𝑇0
𝑝

)
𝜆1(𝜔)𝑍⊥

1 (𝜔)𝑒
𝑖𝜔 𝑧

𝛽𝑐 d𝜔,

(3.22)

= 𝑖
𝐷0𝑞2𝑒

𝛽𝑐𝑇 2
0

𝑒−𝑖Ω
𝑠
𝛽𝑐

∑
𝑝

𝜆1(𝑝𝜔0 + Ω)𝑍⊥
1 (𝑝𝜔0 + Ω)𝑒𝑖 (𝑝𝜔0+Ω) 𝑧

𝛽𝑐 , (3.23)

where 𝜔0 = 2𝜋
𝛽𝑐
𝐶 . Then by defining

𝜔′ = Ω + 𝑝𝜔0, (3.24)

and setting 𝑞2 = +𝑒, the force formula can be written as〈
𝐹𝑦

〉
(𝑧, 𝑠) = 𝑖 𝐷0𝑒

2

𝛽𝑐𝑇 2
0

𝑒−𝑖Ω
𝑠
𝛽𝑐

∞∑
𝑝=−∞

𝜆1(𝜔′)𝑍⊥
1 (𝜔′)𝑒𝑖𝜔

′ 𝑧
𝛽𝑐 , (3.25)

which is the equivalent of Equation (6.173) in [89]. The average transverse force on a

witness particle due to a bunch can therefore be computed from the wake function or the

transverse impedance, which is derived from the Fourier transform of the wake function.

There are several reasons to express the force in terms of the impedance. Firstly

because it can be easier to derive expressions for the impedance than for the wake

function. Perhaps most importantly, it introduces the intuitive notion that the force due

to a particular dipole distribution is related to the overlap between 𝜆1(𝜔′) and 𝑍⊥
1 (𝜔′). If

these two quantities do not overlap, for example because impedances are only significant

at very high frequencies, then the beam will not “see” them. If we can make some

reasonable estimates for 𝜆1(𝜔′) and Ω, then we can both make qualitative predictions

and understand beam stability from the general properties of an impedance. These

matters will be reviewed in Chapter 4.
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3.2 Transverse Impedance of Common Structures

The transverse beam coupling impedance has been a focus of high-intensity research

since at least the 1970’s, so formulas for the impedance of common structures have been

available for several decades [102]. Such formulas will be used extensively in this thesis,

so some common impedances will now be stated without derivation.

Since a wake function is by definition real, the real part of its Fourier transform is

an even function and the imaginary part is an odd function [134]. These relationships

are reversed for the transverse impedance, because it is defined in Equation (3.16) as a

Fourier transform with a coefficient of 𝑖, giving

Re
(
𝑍⊥
1 (−𝜔)

)
= −Re

(
𝑍⊥
1 (𝜔)

)
(3.26)

Im
(
𝑍⊥
1 (−𝜔)

)
= + Im

(
𝑍⊥
1 (𝜔)

)
. (3.27)

Impedances are therefore often quoted for only positive 𝜔 .

3.2.1 Perfectly Conducting Circular Vacuum Vessel

Circular cross-section conducting pipes such as the one shown in Figure 3.2, often

make up the vacuum systems of particle accelerators. If the beam were contained inside

a circular cross-section vacuum-vessel made from a perfect electrical conductor, then

surface charges and currents would ensure that the beam’s EM fields did not penetrate

the vessel’s surface.

In this scenario, the beam experiences its own repulsive space-charge self-field, which

is considered beyond the scope of this thesis, and an image-charge field from the sur-

face charges and currents. These images are responsible for the “indirect space-charge

impedance” per unit length, defined as

1

𝐿
𝑍⊥
1 (𝜔) = −𝑖

𝜇0𝑐𝐼
2
1 (

𝜔𝑎
𝛽𝛾𝑐 )

𝛽𝛾2𝜋𝑎2

𝐾1

(
𝜔𝑏
𝛽𝛾𝑐

)
𝐼1

(
𝜔𝑏
𝛽𝛾𝑐

) , (3.28)
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Figure 3.2: Geometry of a circular cross-section conducting pipe, with inner radius 𝑏 and
thickness 𝑑. The source distribution is taken as a ring of charge of radius 𝑎, which will be
justified in Section 3.4. Cartesian and polar coordinates are also indicated.

where 𝑏 is the pipe’s inner radius and 𝐼1 and 𝐾1 are first order modified Bessel functions

of the first and second kinds. 𝑎 is the offset of a point charge, or equivalently a ring of

charge with a radius of 𝑎 and a cos(𝜃 ) charge distribution, which will be introduced

in Section 3.4 [135, 89]. This formula is also known as the indirect space-charge

impedance for a pipe of circular cross-section.

It is usually a good approximation that 𝜔𝑎
𝛽𝛾𝑐 � 1, so that 𝐼1

(
𝜔𝑎
𝛽𝛾𝑐

)
≈ 𝜔𝑎

2𝛽𝛾𝑐 [136], giving

1

𝐿
𝑍⊥
1 (𝜔) ≈ −𝑖 𝜇0𝜔

2

4𝜋𝑐𝛽3𝛾4

𝐾1

(
𝜔𝑏
𝛽𝛾𝑐

)
𝐼1

(
𝜔𝑏
𝛽𝛾𝑐

) , (3.29)

which is the form that will be used in the following chapters.

The indirect space-charge impedance is somewhat unlike other impedances because

of its dependence on 𝑎, and because it tends to zero in the limit 𝛽 → 1. It is a purely

imaginary impedance, and for low-𝛽 machines, it can dominate other sources.
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3.2.2 Conductive Circular Vacuum Vessel

If the pipe shown in Figure 3.2 were made from a good conductor with conductiv-

ity 𝜎 , then the indirect space-charge impedance appears in addition to a resistive-wall

impedance [135]. If the skin-depth in the pipe,

𝛿 (𝜔) =
√

2

𝜔𝜇𝜎
, (3.30)

is small compared to its thickness 𝑑, then beam-induced fields won’t penetrate the pipe

and 𝑑 → ∞ can be assumed. In this frequency range, and assuming 𝛿 � 𝑏, the “thick-

wall” approximation is valid, and the transverse impedance per unit length is [135]

1

𝐿
𝑍⊥
1 (𝜔) =

𝜇0𝛽𝑐𝛿

2𝜋𝑏3
(1 − 𝑖) . (3.31)

This is not valid as 𝜔 → 0, because the skin depth will become large compared to 𝑑 and

𝑏. In that limit the real and imaginary parts of Equation (3.31) tend to infinity. It also

becomes invalid at very high frequencies which will be discussed in Section 3.4.

Simple formulas for a pipe whose thickness is small compared to the skin depth can be

derived from first principles, but an approach using an equivalent circuit and assuming

𝛽 = 1 gives an intuitive interpretation of the low-frequency impedance [137]. In this

frequency range, the resistive-wall impedance is given by

1

𝐿
𝑍⊥
1 (𝜔) = − 2𝑐

𝜔𝑏2
𝑖𝜔

𝐿𝑝
2𝜋𝑅𝑝

𝑅𝑝 − 𝑖𝜔
𝐿𝑝
2𝜋

. (3.32)

where

𝐿𝑝 =
𝜇0
2
, (3.33)

is referred to as the “bypass inductance” per-unit-length, and at low frequencies

𝑅𝑝 =
𝜌

2𝜋𝑏𝑑
(3.34)
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is the chamber’s resistance per-unit-length, where 𝜌 = 1/𝜎 is the material’s resistivity.

This “thin-wall” formula is expected to be valid in the limit 𝜔 → 0, where it tends

to an imaginary constant.

Intuitively this description can be understood in terms of currents in the vacuum

vessel taking the path of least resistance through a parallel combination of a resistor and

an inductor. Properties of the resistive path are controlled by the geometry and material

properties of the vacuum vessel, whilst the inductance is the same for all circular cross-

section vessels. At very low frequencies, the inductor will become the lowest impedance

path, and at high frequencies the resistive path will be preferred, so the real part of

the impedance becomes non-zero.

Examples of the thin and thick resistive wall impedances are shown in Figure 3.3 for

a pipe of finite thickness. Below the frequency where 𝛿 = 𝑑, the impedance is described

by the thin-wall approximation. In this region, the real part of the impedance increases

with frequency from 0 at 𝜔 = 0 to a maximum when 𝛿 =
√
𝑏𝑑 , then falls with 1/𝜔 in

the “Sacherer” region. At intermediate frequencies above the frequency where 𝛿 = 𝑑,

the impedance is described by the thick-wall approximation and the real and imaginary

parts both follow 1/√𝜔 [138]. The high frequency region where the thick-wall approx-

imation becomes invalid is not shown here, but will be described in Section 3.4.
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Figure 3.3: Real (a) and absolute imaginary (b) parts of the thin and thick resistive-wall
impedances for a 𝛽 = 1 beam in a 1mm thick stainless-steel pipe, with an inner radius of 5 cm.
The frequency at which the skin-depth is equal to the pipe thickness is indicated.
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3.2.3 Transverse Resonator

The resistive-wall impedance is broadband, and therefore differs significantly in its be-

haviour from a resonant structure such as a kicker magnet or an RF cavity. In these

structures the impedance is expected to be significant close to the resonant frequency and

negligible at other frequencies. Such impedances are termed narrowband impedances,

where the real part of the impedance resembles a peak at the resonant frequency.

For such impedances, the ideal transverse resonator model is useful, and is defined as

𝑍⊥
1 (𝜔) =

𝜔𝑟
𝜔

𝑅⊥

1 + 𝑖𝑄𝑟
(
𝜔𝑟
𝜔 − 𝜔

𝜔𝑟

) , (3.35)

where 𝜔𝑟 is the resonant angular frequency, 𝑅⊥ is the transverse shunt impedance in

units of Ωm−1 and 𝑄𝑟 is the quality factor [139]. Some example resonator impedances

are shown in Figure 3.4.

The resonator impedance will be used extensively in the following chapters. The

definition of Equation (3.35) has no explicit dependence on 𝛽, which is absorbed into

𝑅⊥. Unless stated explicitly, 𝛽 = 1 should be assumed when resonator parameters are

quoted, and for the resonators discussed in this thesis the dependence can be added

by multiplying 𝑍⊥
1 by 𝛽.
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Figure 3.4: Transverse resonator impedance defined in Equation (3.35), with 𝑅⊥ = 100 kΩm−1,
𝜔𝑟
2𝜋 = 100 kΩ and several different values of 𝑄𝑟 .
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3.3 Measurement and Numerical Computation

This section will introduce techniques of finding 𝑍⊥
1 experimentally and numerically. It

will make use of the time-frequency Fourier transform, which is defined here as

F (𝑓 (𝑡)) = 𝑓 (𝜔) =
∫ ∞

−∞
𝑓 (𝑡)𝑒−𝑖𝜔𝑡 d𝑡, (3.36)

and its inverse as

F −1
(
𝑓 (𝜔)

)
= 𝑓 (𝑡) = 1

2𝜋

∫ ∞

−∞
𝑓 (𝜔)𝑒𝑖𝜔𝑡 d𝜔. (3.37)

With this convention and the definition of the impedance in terms of a wake function

given by Equation (3.16), the horizontal driving impedance can be found in terms of

the Fourier transformed EM fields with

𝑍⊥
1 (𝜔) =

−𝑖
𝑞1𝑑1

[∫ 𝐿/2

𝑠=−𝐿/2

(
𝐸∗𝑥 (𝑥,𝑦, 𝑠;𝜔) − 𝑣𝐵∗𝑦 (𝑥,𝑦, 𝑠;𝜔)

)
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

, (3.38)

where a complex conjugate is indicated by an asterisk. This equation is derived in

Appendix C, and uses Fourier conventions [89] that differ from some sources [135].

3.3.1 Wire Bench Measurements

Maxwell’s equations in Cartesian coordinates include

𝜕𝐸𝑥
𝜕𝑠

− 𝜕𝐸𝑠
𝜕𝑥

= −
𝜕𝐵𝑦

𝜕𝑡
, (3.39)

and taking the Fourier transform of this gives

𝜕𝐸𝑥
𝜕𝑠

− 𝜕𝐸𝑠
𝜕𝑥

= −𝑖𝜔𝐵𝑦 . (3.40)
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Substituting the definition for 𝐵𝑦 into Equation (3.38) gives

𝑍⊥
1 (𝜔) =

−𝑖
𝑞1𝑑1

[∫ 𝐿/2

𝑠=−𝐿/2

(
𝐸∗𝑥 (𝑥,𝑦, 𝑠;𝜔) − 𝑣𝐵∗𝑦 (𝑥,𝑦, 𝑠;𝜔)

)
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦2=0

, (3.41)

=
−𝑖
𝑞1𝑑1

[∫ 𝐿/2

𝑠=−𝐿/2

(
𝐸∗𝑥 + 𝑖

𝑣

𝜔

[
𝜕𝐸∗𝑥
𝜕𝑠

− 𝜕𝐸∗𝑠
𝜕𝑥

] )
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

, (3.42)

=
−𝑖
𝑞1𝑑1

∫ 𝐿/2

𝑠=−𝐿/2

(
𝐸∗𝑥 + 𝑖

𝑣

𝜔

𝜕𝐸∗𝑥
𝜕𝑠

)
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠 − 𝑣

𝜔𝑞1𝑑1

∫ 𝐿/2

𝑠=−𝐿/2

𝜕𝐸∗𝑠
𝜕𝑥
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠 . (3.43)

Only fields which are ∝ 𝑒−𝑖𝜔
𝑠
𝑣 propagate with the beam and contribute to the average

force [108, 124], so the first integral is zero, leaving

𝑍⊥
1 (𝜔) = − 𝑣

𝜔𝑞1𝑑1

∫ 𝐿/2

𝑠=−𝐿/2

𝜕𝐸∗𝑠
𝜕𝑥
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠 (3.44)

=
𝑣

𝜔𝑑1

[
− 1

𝑞1

𝜕

𝜕𝑥

∫ 𝐿/2

𝑠=−𝐿/2
𝐸∗𝑠 (𝑥,𝑦, 𝑠;𝜔)𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

(3.45)

=
𝑣

𝜔𝑑1

[
𝜕𝑍 ‖

𝜕𝑥

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

. (3.46)

This is the basis of lab-based measurements of 𝑍⊥
1 and is related to the Panofsky-

Wenzel theorem [140]. It connects the transverse impedance with the longitudinal

impedance for a beam with a transverse offset. The longitudinal impedance can be

measured by stretching a wire through a structure [113], so it follows that the transverse

impedance can be found by estimates of this partial derivative. Perhaps the most intuitive

application of this formula is the moving-wire method.

3.3.1.1 Moving-Wire Method

In a moving-wire measurement, a single wire is stretched through the Device-Under-

Test (DUT) and its longitudinal impedance measured with different transverse offsets.

For structures whose detuning impedance is zero, the transverse impedance can be
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obtained from the gradient of the longitudinal impedance with transverse offsets, as

per Equation (3.46); for small transverse offsets it can be estimated from the fitting

coefficient of a parabola. Unfortunately, since the wire’s transverse offset effectively

sets the transverse offset of both the source and witness particles, this method returns a

sum or difference of the driving and detuning impedances [126, 141, 142, 143]. One

method of distinguishing these two components is to use the two-wire method, which

will be described in the next section.

In the moving-wire method, the longitudinal impedance is obtained from the input

impedance of the coaxial transmission line formed in the experiment, which are typically

measured with a Vector Network Analyser (VNA). A typical experimental set-up is

indicated in Figure 3.5, which shows the coaxial wire passing through the structure

being measured with a transverse offset. Matching circuits convert the characteristic

impedance of the connecting cables to that of the coaxial line formed in the experiment

to prevent reflections at the transitions. Measurements in the REF configuration allow

effects of the matching circuits and other equipment to be subtracted [142].

Several different formulas exist to calculate the impedance contributed by the DUT

from scattering parameters measured by the VNA. If the length of theDUT is small com-

pared to the wavelength of the excitation, then a “lumped” approximation can be made,

which assumes the impedance is infinitely short. In this case the Hahn-Pedersen formula

𝑍 ‖ = 2𝑍0
𝑠REF21 − 𝑠DUT

21

𝑠DUT
21

(3.47)

can be used [114], where 𝑠𝑖 𝑗 is a scattering parameter made in either the REF or DUT

configurations shown in Figure 3.5 [144]. When the DUT is not short compared to the

wavelength, the impedance is more appropriately described by the improved impedance

formula for distributed impedances [145]

𝑍 ‖ = −𝑍0 ln
(
𝑠DUT
21

𝑠REF21

) ©­­«1 +
ln

(
𝑠DUT
21

)
ln

(
𝑠REF21

) ª®®¬ . (3.48)
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The Walling log-formula is another commonly used expression [146, 114]

𝑍 ‖ = −2𝑍0 ln
(
𝑠DUT
21

𝑠REF21

)
, (3.49)

which is primarily for distributed impedances, but provided 𝑍 ‖ � 𝑍0, and no strong

resonances are present, then it is also approximately true for lumped impedances.

Regardless of the formula being used, it is challenging to measure the impedance

accurately with these transmission-line techniques. The difference between 𝑠DUT
21 and

𝑠REF21 is often small, particularly at low frequencies, and since the impedance is determined

by the difference between these quantities, seemingly small systematic errors can be

significant. Suggestions formaking accuratemeasurements includeminimal movements

of any connecting cables [146].

Match Match

DUT

VNA

Zc Zc

Zc,2

(a)

Match Match

VNA

Zc Zc

Zc,2

(b)

Figure 3.5: Schematic of a moving-wire transverse impedance measurement in the DUT (a)
and REF (b) configurations. The same measurement chamber is used in both configurations, and
the DUT is either included in the set-up or not. Matching on either side of the measurement
chamber is to suppress reflections at the interface between the𝑍𝑐 = 50Ω characteristic impedance
in the cables and 𝑍𝑐,2 of the measurement chamber.
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3.3.1.2 Two-Wire Method

The detuning impedance is defined for a source distribution on-axis, it is generated by

the monopole part of the source beam [132]. If a source distribution could be identified

with the same dipole term as a single offset charge, but without a monopole term, then

the fields associated with the detuning impedances would not be generated, but a witness

particle would experience the same driving impedance.

One such source distribution consists of two charges with opposite polarity moving

at the same velocity, spaced equidistantly from the origin along one transverse axis. In

the static 𝛽 = 0 case, this source distribution consists of two charges ±𝑞 offset from the

origin by ±Δ/2. Since these lie along the same transverse axis, the charge density can

be written as 𝜌𝑞 (𝑥,𝑦, 𝑠) = 𝛿 (𝑦)𝛿 (𝑠)𝜎𝑄 (𝑥), giving multipole moments [147]

𝑀𝑚 =
∫ ∞

−∞
𝜎𝑄 (𝑥)𝑥𝑚 d𝑥, (3.50)

which gives 2𝑞
(Δ
2

)𝑚 for 𝑚 = 1, 3, 5... and 0 otherwise. This source distribution there-

fore has no monopole moment, but a dipole moment 𝑞Δ which is equal to that of a

single charge with offset 𝑥 = Δ. A wire arrangement that approximates this source

would produce no detuning wake, and any measured transverse impedance would be

dominated by the driving component.

To produce such a source term in a bench setup, two wires can be stretched through

a structure separated from the central axis by ±Δ/2 along one transverse direction. The

twowires must be driven with an odd differential TEMmode [144], so that currents and

voltages on the twowires propagate in anti-phase. 𝑍⊥
1 can be obtained by approximating

the partial derivative in Equation (3.46) with

𝜕𝑍 ‖

𝜕𝑥
≈ 𝑍 ‖ (𝑥 = Δ/2) − 𝑍 ‖ (𝑥 = −Δ/2)

Δ
=
2𝑍 ‖ (𝑥 = Δ/2)

Δ
=
𝑍 ‖
odd
Δ

,

which gives

𝑍⊥
1 (𝜔) =

𝑣

𝜔Δ2
𝑍 ‖
odd. (3.51)
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As in the moving-wire method, 𝑍 ‖
odd is typically measured with a VNA, and the

impedance of a reference measurement must be subtracted to find the impedance added

by the DUT. A typical experimental set-up is indicated in Figure 3.6, which shows

the odd TEM-mode being driven by a 180◦ hybrid splitter; in principle a 4-port VNA

could also be used. As with the moving-wire method, the matching circuits convert the

characteristic impedance of the transmission line cables, which are typically 50Ω, to the

characteristic impedance of the odd mode of the two-wire transmission line.

As with the moving-wire experiment, the input impedance of the transmission line

must be estimated with either the lumped, distributed or log formulas. Just as with

the moving-wire method, this will include contributions from the connecting cables,

the matching sections and the properties of the transmission line itself. 𝑍 ‖
odd added by

the DUT is often measured by subtracting the impedance of the two-wire line with

the DUT from a reference configuration (REF), which will include contributions from

all equipment except the DUT.

∆

Σ

0◦

180◦

∆

Σ

0◦

180◦

Match MatchDUT

VNA

Zc Zc

Zc,d

Hybrid Hybrid

(a)

∆

Σ

0◦

180◦

∆

Σ

0◦

180◦

Match Match

VNA

Zc Zc

Zc,d

Hybrid Hybrid

(b)

Figure 3.6: Schematic of DUT (a) and REF (b) configurations of a two-wire bench impedance
measurement. The output of a VNA is passed into a 180 deg-hybrid splitter, which outputs two
components that are out-of-phase. These are passed into matching circuits, which match the
𝑍𝑐 = 50Ω output to half of the differential-mode characteristic impedance of the two-wire line
inside the test chamber. The same process on the output of the chamber reverses this process, so
that a single-ended signal is returned to the VNA.
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3.3.1.3 Probe-Coil Method

Equation (3.51) was also introduced to measure the transverse impedance by rectangular

loop of wire [102], referred to here as a probe-coil. In this measurement, the device

under test is excited by the dipole current formed by the probe-coil but without an

in-phase charge distribution. 𝑍 ‖
odd is then interpreted as the impedance added to the

probe coil by the DUT with a suitable reference subtracted. Despite the source not

being a perfect representation of a beam [109], the probe-coil method is particularly

advantageous at low frequencies, where obtaining accurate results with transmission-

line techniques can be practically challenging [148].

An experimental set-up for a probe-coil measurement is shown schematically in

Figure 3.7. VNA’s are often substituted with LCR meters to measure the probe coil’s

impedance at low frequencies. This set-up is simplified compared to the transmission-

line methods because at low frequencies, most common structures can be considered as

lumped impedances. If a VNA is used, then the lumped impedance can be obtained

from the 𝑠11 parameter with

𝑍lumped = 𝑍0
1 + 𝑠11
1 − 𝑠11

, (3.52)

which is measured for the REF and DUT configurations. The transverse impedance

can then be found with

𝑍⊥
1 (𝜔) =

𝑣

𝜔Δ2

(
𝑍DUT
lumped − 𝑍

REF
lumped

)
, (3.53)

where 𝑍DUT
lumped and 𝑍REF

lumped are the lumped impedances of the probe-coil in the DUT

and REF configurations.

The probe-coil method is typically only used to measure Re
(
𝑍⊥
1

)
because a large

magnetic image term is added to the measured imaginary impedance. This image term

is not present with a reference configuration in free space, and so is not subtracted from

the DUT impedance. Reference measurements can be specifically designed to include

the image term, but this requires additional equipment, for example a vacuum vessel
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constructed from a very good conductor [115]. This term has been identified on several

occasions [149, 115, 103], and appears because the EM fields of a probe coil do not

match exactly those of a 𝛽 = 1 beam.

In the kHz frequency range, the difference between the probe-coil’s resistance in the

REF and DUT configurations is typically small, so systematic errors can dominate a mea-

surement. If the transverse impedance from Figure 3.3 was measured with a probe coil,

the difference in the resistance at 10 kHz for a 1 cm-wide coil in a 1m long pipe would

be ≈ 0.2mΩ. Such small changes can be caused by temperature variations or changes to

electrical contacts when moving between REF and DUT configurations [146].

These fractional errors can be reduced with additional turns of the probe coil [115],

which increases the measured impedance by a factor of 𝑁 2
t for a probe-coil of 𝑁t turns.

Equation (3.53) must then be modified, so that

𝑍⊥
1 (𝜔) =

𝑣

𝜔𝑁 2
t Δ

2

(
𝑍DUT
lumped − 𝑍

REF
lumped

)
. (3.54)

The upper frequency range of the probe-coil method is limited by the coil’s resonant

frequency, which will reduce as more turns are added.

Despite some of its shortcomings, the probe-coil method is still widely used because

of its effectiveness at low frequencies. It remains an important benchmark for numerical

simulations and for identifying impedances on structures that are challenging to simulate.

The general technique also forms the basis of a numerical method that will be described

in Section 3.3.2 [64, 60, 148].

3.3.2 Finite-Element Tools - CST

The CST wakefield solver is a widely used tool to evaluate impedances and wakes. It

does this by tracking a beam through a structure in the time domain, calculating the

EM fields and then integrating these fields along a designated path to approximate the

wake function. The impedance is then found from a numerical Fourier transform of

the computed wake. Its frequency resolution is determined by the maximum simulated
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LCR meter

DUT

Coil and support

(a)

LCR meter

Coil and support

(b)

Figure 3.7: Schematic of DUT (a) and REF (b) configurations of a probe-coil bench impedance
measurement. In both cases the coil’s impedance is measured with an LCR-meter, and no
matching is required. The probe coil is shown as being mounted on an electrically insulating
support, which will not disturb the magnetic fields associated with the dipole-current.

distance behind a bunch. Improving resolution requires longer simulation times [149],

which can become prohibitive on standard hardware, and numerical errors can occur.

Some of these issues can be addressed with numerical tools that operate in the fre-

quency domain [150, 109], however these do not yet have some of the advanced features

required for a practical simulation of all types of equipment. Analytical tools which

calculate 𝑍⊥
1 in the frequency domain have been developed for structures with particular

geometries, but they are more limited in the complexity of the equipment they can

model; one such tool will be described in more detail in Section 3.4.

To address some of these issues, a method of computing 𝑍⊥
1 (𝜔) has been developed

that uses the low-frequency solver in CST, which operates in the frequency domain. In

this technique a rectangular current loop is generated inside a finite-element model of

the DUT, which mimics the probe-coil experimental set-up described in Section 3.3.1.3.

The impedance seen by the current loop can be extracted from the simulation and

substituted into Equation (3.53).

Since the simulated current loop has no resistive losses, a reference simulation is not

required to compute Re
(
𝑍⊥
1 (𝜔)

)
; the real part of impedance from a REF simulation

would be zero. As with the experimental set-up, the imaginary part of the impedance

includes a contribution from the magnetic image impedance, which can be removed

with a dedicated reference simulation [115]. Since the magnetic image can dominate
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the imaginary part of the impedance and depends on the surface current distribution,

changes to the model’s mesh between REF and DUT simulations can cause large sys-

tematic errors. The mesh should ideally be kept identical in the two simulations.

An example simulation has been carried out to demonstrate computing the resistive-

wall impedance with this technique. Figure 3.8 shows 1
𝐿𝑍

⊥
1 for a 2mm thick, stainless-

steel pipe with an inner radius of 50mm. It is overlaid with the thin and thick-wall

formulas introduced in Section 3.2. Good agreement betweenCST and the approximate

formulas is seen at low frequencies, whilst errors at higher frequencies are likely due to

imperfect meshing of the current-carrying region of the pipe’s inner surface.

High-frequency accuracy could be improved by adopting a surface-impedance ap-

proximation, but this must be valid for both the REF and DUT simulations to avoid

changes to the model’s mesh. A broadband characterisation therefore requires several

simulations.
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Figure 3.8: Real (a) and absolute value of the imaginary (b) parts of the 𝛽 = 1 transverse
impedance per unit length, of a 2mm thick, circular cross-section, stainless-steel pipe with an
inner radius of 50mm, computed by CST. Thick and thin-wall approximations as defined by
Equations (3.32) and (3.31) are overlaid.
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3.4 Impedance of Multi-Layer Cylindrical Pipes

Resistive Wall for Arbitrary Layers (RWAL) is a new code to compute the transverse

impedance of multi-layer cylindrical structures, such as that shown in Figure 3.9. It

solves a set of linear field-matching equations in the frequency domain using a python-

based computer algebra system [151] and Cramer’s rule to obtain a formula for the

impedance. Computation time limits the number of material layers that can be solved to

five (seven regions in total), but general solutions for a given number of layers are com-

puted once saved to disk. Numerical evaluation uses arbitrary precision floating-point

numbers [152]. The result is a code that is fast and works on many operating systems.

When the analytical method that underpins RWAL was originally introduced [99],

the resulting codes LAWAT and LAWAL, were used for decades before an updated ver-

sion was released [153]. Just a few years later, the limitation on number-of-layers was

overcome by expressing the final matrix as a product of several 4x4 matrices [123].

The original analytical technique has been extended to include anisotropic material

properties [128], and non-cylindrical pipes [112, 154].
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Figure 3.9: Multi-layer cylindrical beam-pipe, with ring-beam of radius 𝑏0.
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The source particle has a charge 𝑞1 and travels parallel to the axis of a multi-layer

cylindrical cross-section vessel with a velocity ®𝑣 = 𝑣®s, and an offset from the central axis

by 𝑑1®x. The charge density of this particle can be expressed in polar coordinates as

𝜌𝑞 (𝑡) =
𝑞1
𝑑1
𝛿 (𝑟 − 𝑑1)𝛿𝑝 (𝜙)𝛿 (𝑠 − 𝑣𝑡), (3.55)

where 𝛿𝑝 (𝜙) =
∑∞
𝑛=−∞ 𝛿 (𝜙 − 2𝜋𝑛) is a 2𝜋-periodic Dirac delta function.

From the time-frequency Fourier definitions in Equations (3.36) and (3.37), the

frequency domain representation of this source is

𝜌𝑞 (𝜔) =
𝑞1
𝑑1𝑣

𝛿 (𝑟 − 𝑑1)𝛿𝑝 (𝜙)𝑒−𝑖𝜔
𝑠
𝑣 . (3.56)

By expanding 𝛿𝑝 (𝜙) as a Fourier series this can be expressed as

𝜌𝑞 (𝜔) =
∞∑
𝑚=0

𝑄𝑚

(1 + 𝛿𝑚0)𝜋𝑑𝑚+1
1 𝑣

𝛿 (𝑟 − 𝑑1) cos(𝑚𝜙)𝑒−𝑖𝜔
𝑠
𝑣 , (3.57)

where 𝑄𝑚 = 𝑞1𝑑𝑚1 is the𝑚th multipole moment, 𝛿𝑚0 is 1 if𝑚 = 0 and 0 otherwise. The

Fourier transform of the current density is equal to 𝜌𝑞 (𝜔)𝑣®s, and can be expressed as

a surface current in the ®s direction,

𝜅𝑠 =
∞∑
𝑚=0

𝑄𝑚

(1 + 𝛿𝑚0)𝜋𝑑𝑚+1
1

cos(𝑚𝜙)𝑒−𝑖𝜔 𝑠
𝑣 . (3.58)

Each term in the summation is an infinitesimal ring of current with radius 𝑑1, and

different azimuthal dependence. Rather than considering the source particle as being

point-like, it can instead be considered to be a sum of charge rings. These act as the

source of the wake fields, which must now be computed.

If these charge-rings move inside a pipe with cylindrical cross-section, then the ge-

ometry of the source and interfaces can be understood to be a set of concentric cylinders,

as shown in Figure 3.9. Each annular region is given an index 1 to 𝑃 and the innermost

circular region has the index 0. The region with an index 𝑛 has an outer radius 𝑏𝑛, and

the outermost region has 𝑏𝑃 → ∞; the particle’s offset, 𝑑1 = 𝑏0 has been renamed to

match this convention.
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Regions 𝑛 = 0, 1 are assumed to be free space, and the material layers with 𝑛 ≥ 2 are

filled with linear, isotropic materials with a complex permeability

𝜇𝑛 = 𝜇0(𝜇′𝑛 − 𝑖𝜇′′𝑛 ), (3.59)

a complex permittivity with conductor losses

𝜀𝑐,𝑛 = 𝜀𝑛 − 𝑖
𝜎𝑛
𝜔
, (3.60)

and complex permittivity with dielectric loss

𝜀𝑛 = 𝜀0
(
𝜀′𝑛 − 𝑖𝜀′′𝑛

)
, (3.61)

where 𝜀0 and 𝜇0 are respectively the permittivity and permeability of free space [144].

The imaginary parts of these quantities are responsible for losses, and their sign is a

convention defined based on the time-frequency Fourier definitions. It is assumed that

the current density is given by

®𝐽 = 𝜎 ®𝐸 + 𝜌𝑞®𝑣, (3.62)

and that ®𝑣 = 𝑣®s.
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Maxwell’s equations in the region 𝑛 can be written out in cylindrical polar coordi-

nates component-by-component as

1

𝑟

𝜕𝐸𝑟,𝑛
𝜕𝑟

+ 1

𝑟

𝜕𝐸𝜙,𝑛

𝜕𝜙
− 𝑖𝑘𝐸𝑠,𝑛 =

1

𝜀
𝜌𝑞, (3.63)

1

𝑟

𝜕𝐸𝑠,𝑛
𝜕𝜙

+ 𝑖𝑘𝐸𝜙,𝑛 = −𝑖𝜔𝐵𝑟,𝑛, (3.64)

−𝑖𝑘𝐸𝑟,𝑛 −
𝜕𝐸𝑠,𝑛
𝜕𝑟

= −𝑖𝜔𝐵𝜙,𝑛, (3.65)

1

𝑟

𝜕

𝜕𝑟

(
𝑟𝐸𝜙,𝑛

)
− 1

𝑟

𝜕𝐸𝑟,𝑛
𝜕𝜙

= −𝑖𝜔𝐵𝑠,𝑛, (3.66)

1

𝑟

𝜕𝐵𝑟,𝑛
𝜕𝑟

+ 1

𝑟

𝜕𝐵𝜙,𝑛

𝜕𝜙
− 𝑖𝑘𝐵𝑠,𝑛 = 0, (3.67)

1

𝑟

𝜕𝐻𝑠,𝑛
𝜕𝜙

+ 𝑖𝑘𝐻𝜙,𝑛 = 𝑖𝜔𝜀𝑐,𝑛𝐸𝑟,𝑛, (3.68)

−𝑖𝑘𝐻𝑟,𝑛 −
𝜕𝐻𝑠,𝑛
𝜕𝑟

= 𝑖𝜔𝜀𝑐,𝑛𝐸𝜙,𝑛, (3.69)

1

𝑟

𝜕

𝜕𝑟

(
𝑟𝐻𝜙,𝑛

)
− 1

𝑟

𝜕𝐻𝑟,𝑛
𝜕𝜙

= 𝜌𝑞𝑣 + 𝑖𝜔𝜀𝑐,𝑛𝐸𝑠,𝑛 . (3.70)

Time derivatives have been substituted with 𝜕
𝜕𝑡 → 𝑖𝜔 from the derivative theorem of

Fourier transforms [134]. Derivatives with respect to 𝑠 have been substituted with 𝜕
𝜕𝑠 →

−𝑖 𝜔𝑣 = −𝑖𝑘 because it can be seen from Equation (3.38), that any field components which

do not have an 𝑒−𝑖𝜔𝑠/𝑣 dependence will not contribute to the impedance; the witness

particle is only affected by synchronous field components [124].

These can be manipulated to produce the electric wave equation

1

𝑟

𝜕

𝜕𝑟

(
𝑟
𝜕𝐸𝑠,𝑛
𝜕𝑟

)
+ 1

𝑟2
𝜕𝐸𝑠,𝑛
𝜕𝜙

− (𝑘2 − 𝜔2𝜇𝑛𝜀𝑐,𝑛)𝐸𝑠,𝑛 = 0, (3.71)

and an equivalent magnetic equation. General solutions in a region 𝑛 can be found by

separating variables then imposing azimuthal periodicity to obtain

𝐸𝑠,𝑛 (𝑟, 𝜙, 𝑠, 𝜔) =
∞∑
𝑚=0

[
𝐴′
𝑛𝐼𝑚 (𝜒𝑛𝑟 ) + 𝐵′𝑛𝐾𝑚 (𝜒𝑛𝑟 )

] [
𝐴′′
𝑛 cos(𝑚𝜙) + 𝐵′′𝑛 sin(𝑚𝜙)

]
𝑒−𝑖𝜔

𝑠
𝑣 , (3.72)

𝐻𝑠,𝑛 (𝑟, 𝜙, 𝑠, 𝜔) =
∞∑
𝑚=0

[
𝐷′
𝑛𝐼𝑚 (𝜒𝑛𝑟 ) + 𝐹 ′𝑛𝐾𝑚 (𝜒𝑛𝑟 )

] [
𝐷′′
𝑛 cos(𝑚𝜙) + 𝐹 ′′𝑛 sin(𝑚𝜙)

]
𝑒−𝑖𝜔

𝑠
𝑣 , (3.73)
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where

𝜒2𝑛 = 𝑘2 − 𝜔2𝜀𝑐,𝑛𝜇𝑛, (3.74)

is the radial propagation factor and 𝐼𝑚, 𝐾𝑚 are modified Bessel functions of the first

and second kinds, and order 𝑚. With (𝑃 + 1) regions, there are 4(𝑃 + 1) unknowns

and 𝑃 boundaries. If 𝐸𝑠 , 𝐸𝜙 , 𝐻𝑠 and 𝐻𝜙 are matched at all these boundaries, then there

will be a total of 4𝑃 equations, so four additional equations must be found for a unique

solution. The innermost region (𝑛 = 0) contains the origin where 𝐾𝑚 (𝜒0𝑟 ) → ∞ unless

𝐵0 = 𝐹0 = 0. In the outermost region, 𝐼𝑚 (𝜒𝑃𝑟 ) → ∞ unless 𝐴𝑃 = 𝐷𝑃 = 0, leaving

a total of 4𝑃 unknowns.

As surface normal vectors at every interface are 𝑟 , the matching conditions are

𝐸𝑠,𝑛+1(𝑟 = 𝑏𝑛) − 𝐸𝑠,𝑛 (𝑟 = 𝑏𝑛) = 0, (3.75)

𝐻𝑠,𝑛+1(𝑟 = 𝑏𝑛) − 𝐻𝑠,𝑛 (𝑟 = 𝑏𝑛) = 0, (3.76)

𝐸𝜙,𝑛+1(𝑟 = 𝑏𝑛) − 𝐸𝜙,𝑛 (𝑟 = 𝑏𝑛) = 0. (3.77)

Multiplying both sides of these conditions by cos(𝑚′𝜙), integrating over 𝜙 from 0 to 2𝜋

and utilising the orthogonality of sine and cosine functions reveals that fields associated

with different values of𝑚 can be matched separately. A similar matching condition usu-

ally applies for 𝐻𝜙 , but not at the innermost boundary where there is a surface current 𝜅𝑠

𝐻𝜙,1(𝑟 = 𝑏𝑛) − 𝐻𝜙,0(𝑟 = 𝑏𝑛) =
{
𝜅𝑠, if n = 0
0, otherwise

. (3.78)

Applying the same orthogonality argument reveals that the 𝑚th term in the summa-

tions of 𝐻𝜙 are determined by the 𝑚th term in the surface current summation. It fol-

lows that all fields can be decomposed into components associated with the 𝑚th term

in Equation (3.58). Provided the interfaces between regions have azimuthal symme-

try, fields with different values of 𝑚 do not couple [89]; this would not be the case

for other geometries.
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Inspection then reveals that of these components, 𝐸 (𝑚)
𝑠 , 𝐸 (𝑚)

𝑟 , 𝐻 (𝑚)
𝜙

are ∝ cos(𝑚𝜙)

and 𝐻 (𝑚)
𝑠 , 𝐻 (𝑚)

𝑟 and 𝐸 (𝑚)
𝜙

are ∝ sin(𝑚𝜙). The longitudinal field components associated

with the 𝑚th multipole can be written as

𝐸 (𝑚)
𝑠,𝑛 (𝑟, 𝜙, 𝑠, 𝜔) = [𝐴𝑛𝐼𝑚 (𝜒𝑛𝑟 ) + 𝐵𝑛𝐾𝑚 (𝜒𝑛𝑟 )] cos(𝑚𝜙)𝑒−𝑖𝜔

𝑠
𝑣 , (3.79)

𝐻 (𝑚)
𝑠,𝑛 (𝑟, 𝜙, 𝑠, 𝜔) = [𝐷𝑛𝐼𝑚 (𝜒𝑛𝑟 ) + 𝐹𝑛𝐾𝑚 (𝜒𝑛𝑟 )] sin(𝑚𝜙)𝑒−𝑖𝜔

𝑠
𝑣 . (3.80)

If the outermost region is considered to be filled with a perfect electrical conductor

(PEC) or a perfect magnetic conductor (PMC), then fields inside those regions are not

considered, which reduces the number of regions to solve for by one, the total number

of unknowns by two, and the number of matching equations by four; two additional

equations are required. These can be obtained by noting that electric fields parallel to a

PEC surface are required to vanish at the surface giving, 𝐸𝑠,𝑃−1(𝑟 = 𝑏𝑃−1) = 𝐸𝜙,𝑃−1(𝑟 =

𝑏𝑃−1) = 0, and 𝐻 fields parallel to the surface of a PMC are required to vanish giving,

𝐻𝑠,𝑃−1(𝑟 = 𝑏𝑃−1) = 𝐻𝜙,𝑃−1(𝑟 = 𝑏𝑃−1) = 0.

The impedance was given in terms of these fields by Equation (3.38), which is for a

point source. Since the dipole moment of the source particle is provided by the𝑚 = 1,

cos(𝜙) charge ring from Equation (3.58), only this term needs to be considered for the

transverse driving impedance. Rewriting this equation in terms of a cos(𝜙) charge-ring

gives the transverse impedance over a length 𝐿 as

𝑍⊥
1 (𝜔) = − 𝐿

𝑘𝜋𝑑21𝑞1

[∫ 2𝜋

0
𝐸∗,(𝑚=1)
𝑠,0 (𝑟, 𝜙, 𝑠;𝜔) cos(𝜙)𝑒−𝑖𝜔 𝑠

𝑣 d𝜙

]
𝑟=𝑑1

, (3.81)

which can be found from the electric field in the 𝑛 = 0 region [135].

For a given number of regions, RWAL uses a computer algebra system to build up

a matrix of matching coefficients [151]. In principle the fields could be computed in all

of the annular regions, but the impedance depends only on fields in the beam region,

and it is computationally easier to solve for only one region. RWAL therefore uses

Cramer’s rule to solve for the unknown coefficient in the beam-region and then finds

a general expression for the transverse impedance. Finding this general expression for 2
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or 3 material layers (4 or 5 regions) typically takes a few minutes on standard hardware,

but 4 or 5 material layers can take several hours; a larger number of material layers has

not been attempted. These expressions are saved to disk as plain text files, and can be

reloaded without having to repeat the solution process. Direct and indirect space-charge

impedances are included in the saved solutions of 𝑍⊥
1 , [135], but are then optionally

subtracted. Frequency-dependent material properties can be defined by specifying them

as functions of the frequency variable, and lossy materials can be included by specifying

their complex material properties [144].

The outputs of RWAL can be compared with the thick and thin-wall impedances

given in Section 3.2. This requires two material layers composed of the metal vacuum

chamber surrounded by free-space. Figure 3.10 shows an example of an impedance

computed by RWAL for a 2mm-thick stainless steel pipe. Results using the CST low-

frequency method described in Section 3.3.2 are overlaid.

Below ∼ 45 kHz the skin-depth in the pipe is greater than its thickness, and the thin-

wall approximation is valid. Above this frequency the skin-depth is smaller than the

pipe’s thickness and the thick-wall approximation is valid until ∼ 100GHz. Above this

frequency, the real part of the impedance drops rapidly, and the imaginary part changes

sign (Figure 3.10 shows the absolute value), which is associated with resonant behaviour

between a beam and a propagating waveguide mode [155, 156]. In this frequency range,

the material’s conductivity should be modified to account for high-frequency effects,

but as this thesis is primarily concerned with frequencies in the 100 kHz - 10MHz range,

such effects will not be considered.

Both RWAL and CST are not limited to single-layer conducting pipes. Figure 3.11

shows a pipe in free space, with a 0.5mm thick, copper coating surrounding the outside

of a 0.2mm thick stainless-steel pipe with an inner radius of 20mm (3 material layers, 5

regions). Above ∼ 10MHz the innermost stainless layer shields the outer layers, so that

the impedance is well approximated by a thick-wall impedance for stainless steel. Below

∼ 10 kHz, the skin depth in the innermost layer is twenty-times its thickness, so that
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Figure 3.10: Real (a) and absolute imaginary (b) parts of the resistive-wall impedance per unit
length, for a 𝛽 ≈ 1 beam inside a a 50mm radius, stainless steel (𝜎 = 1.4 × 106 Sm−1) pipe with
a thickness of 2mm. Thin and thick-wall impedance approximations are overlaid, as well as
CST results computed by the low-frequency method. The vertical dashed line close to 45 kHz
indicates where pipe’s skin-depth equals its thickness. The high-frequency vertical dashed line
indicates 100GHz, where the thick-wall approximation breaks down.

it does not effectively shield the outer copper layer. The impedance in this frequency

range resembles a thin-wall type impedance, with properties dominated by the copper

layer. Both of these approximations are overlaid.
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Figure 3.11: Real (a) and absolute imaginary (b) parts of the driving resistive-wall impedance
for a 20mm diameter, 0.2mm thick, stainless-steel pipe with conductivity of 1.4 × 106 Sm−1,
a 0.5mm thick outside copper coating with conductivity of 5.8 × 107 Sm−1, surrounded by
free-space. Results are shown from RWAL and a low-frequency CST simulation. Thin-wall
approximations are shown using properties of the copper layer, and the thick-wall approximation
uses stainless-steel properties. A screenshot of the CST model is shown in the inset to (a).
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3.4.1 Pipes of Other Geometries

RWAL only solves for circular cross-section, cylindrical pipes, and the analytical ap-

proach has been extended to other geometries such as multi-layer flat [112], and ellipti-

cal [154] pipes. Before these developments, it was shown that for ultra-relativistic beams

travelling in conducting pipes, the driving impedance for a rectangular or elliptical beam

pipe is equal to that of a circular pipe multiplied by a constant that depends on the

geometry [100]. This was extended to include more general geometries [101], and the

constants became known as “Yokoya form-factors”.

Despite being derived for good conductors, Yokoya form-factors [101] have been

applied to materials outside this category, such as ferrite. It has been found that this

can lead to significant errors [104], suggesting that care must be taken when applying

Yokoya factors outside the regime in which they were derived. It has been found that

even for good conductors, Yokoya factors become frequency dependent for non-ultra-

relativistic beams [157]. This same study has verified that for elliptical chambers, Yokoya

factors remain a good approximation even for non-relativistic beams provided

𝜔

𝛽2𝛾𝑐
� 1, (3.82)

limiting the applicable frequency range; significant errors were observed from 𝜔
𝛽2𝛾𝑐

≈ 10.

Based on this observation, the Yokoya form-factors will be assumed to be a good

approximation for ISIS at injection below ≈ 70MHz. Since this is more than 100×

the revolution frequency at injection, it is concluded that Yokoya form-factors can be

assumed to be valid for all conducting vacuum vessels at ISIS.



And as I sat there listening to that sound of the night which
bop has come to represent for all of us, I thought of my
friends from one end of the country to the other and how they
were really all in the same vast backyard doing something so
frantic and rushing about.

— J. Kerouac, “On the Road”

4
Transverse Coherent Bunched Beam

Instabilities

The wake fields introduced in Chapter 3 can cause a beam to oscillate in the transverse

plane. If the amplitude of this oscillation grows with time, then the beam is said to

be unstable. Equation (3.11) shows that for a given wake function, the average force

on a witness particle is linearly proportional to the charge of the source particle, so the

growth-rate of an instability will depend on the beam’s intensity. More intense beams

tend to be less stable, although this is not always the case.

Instabilities were only observed when technology enabled sufficiently intense beams

to be produced [92, 93, 158]. The foundations of a theoretical framework followed

shortly after the first observation[159], andwas based on a coasting beamwith a coherent

transverse offset and a wake force generated by a resistive vacuum vessel. In this theory,

the average wake force associated with a rectangular vacuum vessel was computed and

linearised with respect to the beam’s transverse offset, then substituted as a perturbing

term into the Vlasov equation. This analysis demonstrated that under certain conditions,

the amplitude of an oscillation could grow exponentially.

61
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Despite the successes of this approach, the majority of high-intensity particle ac-

celerators use bunched rather than coasting beams, so a new treatment was developed

to address the problem of bunches performing rigid transverse oscillations [160]. This

method expressed the average force due to wake fields as a driving term in the harmonic

oscillator equation, with the undriven oscillator describing betatron oscillations within

the main focusing fields. Coherent oscillations were considered as perturbations on this

motion, and the rate of amplitude growth was computed from the eigenvalues of a set

of coupled equations.

It was later realised that treating bunches as rigid oscillators neglected the impact of

synchrotron oscillations, which provided a “feedback” mechanism whereby the force

on a particle could depend on its own transverse offset some time earlier, even for

single-turn wakes [161, 162, 163]. It also neglected the crucial role of chromaticity

in producing a betatron phase advance between the head and tail of a bunch. This

“head-tail” effect was first developed using the harmonic oscillator approach, with several

macro particles per bunch to allow for internal degrees of freedom. It was qualitatively

understood by considering a wake generated by the head of a bunch disturbing the tail,

and then synchrotron motion exchanging the head and tail particles.

An approach to studying the head-tail effect based on the Vlasov equation was

ultimately developed [98], which considered internal degrees of freedomwithin a bunch,

synchrotron motion and chromaticity. It decomposed the perturbed distribution into

an infinite series of modes in longitudinal phase space, and although the theory was

general enough to accommodate the effects of mode coupling and quite general beam

distributions, initial work focused on a simplified version.
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Neglecting coupling between some classes of modes leads to matrix equations which

can be used to compute the complex mode frequencies, Ω [89]

0 = det
[(
Ω − 𝜔𝛽
𝜔𝑠

− 𝑙
)
−𝑀

]
,

𝑀𝑘𝑘 ′ = 𝐴
∞∑

𝑝=−∞
𝑍⊥
1 (𝜔′)𝑔𝑙𝑘 (𝜔′ − 𝜔𝜉 )𝑔𝑙𝑘 ′ (𝜔′ − 𝜔𝜉 ),

where 𝐴 is a constant, 𝑀 is an interaction matrix and the functions 𝑔𝑙𝑘 (𝜔) are related

to the spectrum of the perturbed distribution and must be found for a particular unper-

turbed distribution. In this form, the eigen-quantities must be found numerically, but a

further approximation can be made by considering only elements on the main diagonal

of the interaction matrix. The resulting equations are often put into the form [138]

Ω(𝑙,𝑛) − 𝜔𝛽 − 𝑙𝜔𝑠 = 𝐵
∑∞
𝑝=−∞ 𝑍

⊥
1 (𝜔′)ℎ𝑙,𝑛 (𝜔′ − 𝜔𝜉 )∑∞

𝑝=−∞ ℎ𝑙,𝑛 (𝜔′ − 𝜔𝜉 )
= 𝐵𝑍⊥,eff

1 ,

where 𝐵 is a constant, ℎ𝑙,𝑛 (𝜔) =
���𝜆(𝑙,𝑛)1 (𝜔)

���2 is the energy spectrum of the perturbed

longitudinal distribution, 𝜆(𝑙,𝑛)1 (𝑧), for the azimuthal mode 𝑙 and radial mode 𝑛 and

𝑍⊥,eff
1 is the “effective impedance.” The mode numbers characterise the dipole moment

distribution in longitudinal phase space using polar coordinates.

This form requires ℎ𝑙,𝑛 to be known for a particular unperturbed distribution, and

whilst it has been found for some, the equations can be further simplified by considering

the “sinusoidal modes” [98], where only 𝑛 = 0 is considered and it is assumed that

𝜆(𝑙,0)1 (𝑧) ≈

cos

(
(𝑙 + 1)𝜋 𝑧

2𝑧

)
𝑙 = 0, 2, ...and |𝑧 | < 𝑧,

sin
(
(𝑙 + 1)𝜋 𝑧

2𝑧

)
𝑙 = 1, 3, ...and |𝑧 | < 𝑧,

0 |𝑧 | > 𝑧,

where 𝑧 is half the total bunch length of a water-bag distribution. This gave a simple

form of ℎ𝑙,0(𝜔), which could then be used to write down closed-form formulas [164].

This form has shown good general agreement with experiments [165] and the closed

form formulas it produces have given an intuitive understanding of how instabilities,

impedances and chromaticity are related. In short, instabilities can develop if there are
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frequencies where the impedance and a mode’s energy spectra, shifted by chromaticity,

are both non-zero. The nature of any overlap between these quantities determines the

resulting dynamics. The real part of the impedance primarily determines an instability’s

growth rate, whilst the imaginary part determines mode frequency shifts [89].

Sacherer’s work was a significant milestone in the development of instability theory.

The formulas he derived for decoupled instability growth rates are still in use [166]

and the general theory has formed the basis of many future developments. A more

general application of the theorywas developed [167] that included both azimuthal mode

coupling and more general distributions, and continues to be used in recent applications

[120, 118, 168, 119]. The general formalism has also been the foundation of studies

into Landau damping [169], dual-harmonic RF systems [170], the impact of externally

applied noise forces [171], efforts to incorporate amplitude-dependent tunes [172] and

direct space-charge [173, 174, 175, 176, 177, 178, 179].

On ISIS, the simplified theory was applied to make predictions for the head-tail

instability described in Chapter 2, but discrepancies with experiment were identified [86,

88, 80]. It was predicted that azimuthal modes ±2 or ±3 would grow faster than mode

±1, but the observed distribution is more consistent with mode ±1 [86]. Furthermore,

instability growth rates are observed to be on the order of 0.1ms, whilst predictions

assuming a resistive-wall impedance are on the order of some ms [88, 64].

To understand the source of this instability and verify that the theoretical model

makes at least partially accurate predictions for ISIS, the more general form of Sacherer’s

theory will be presented and applied [167]. This still contains a number of simplifying

assumptions, and neglects the impact of space-charge. Despite this, the widespread

acceptance of the theory suggests that it may retain some predictive power for ISIS. By

using the general theory, the number of simplifications can beminimised and predictions

will be the best that analytical techniques can offer. This theory is based on solutions

to the linearised Vlasov equation, which will now be derived, and a new code to find

numerical solutions, PyTMCI will be introduced.
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4.1 Theory of Coherent Transverse Instabilities

The Vlasov equation describes the evolution of a distribution function 𝜓 for a system

with the Hamiltonian 𝐻 . It can be expressed as

𝜕𝜓

𝜕𝑠
= [𝐻,𝜓 ], (4.1)

where the Poisson brackets imply a summation over the pairs of canonical coordinates

for a single particle. The most general application would include 3 pairs of coordinates:

horizontal, vertical and longitudinal. In this analysis the transverse planes are consid-

ered decoupled so the summation is performed for the vertical (𝑦, 𝑝𝑦) and longitudinal

(𝑧, 𝛿) coordinates, where 𝑦 and 𝑧 are vertical and longitudinal displacement from the

synchronous particle, 𝑝𝑦 is the transverse momentum divided by the longitudinal mo-

mentum and 𝛿 is the fractional momentum offset from the synchronous particle.

Wake effects will be considered to be a perturbation on amachine’s primarymagnetic

focusing fields, so the Hamiltonian will be defined as

𝐻 (𝑦, 𝑝𝑦, 𝑧, 𝛿) = 𝐻0(𝑦, 𝑝𝑦, 𝑧, 𝛿) + 𝜖𝐻1(𝑦, 𝑝𝑦, 𝑧, 𝛿), (4.2)

where 𝐻0 and 𝜖𝐻1 are the unperturbed and perturbed Hamiltoninans. Similarly, the

beam’s distribution will be assumed to evolve as a perturbation on a wake-free, un-

perturbed distribution

𝜓 (𝑦, 𝑝𝑦, 𝑧, 𝛿) = 𝜓0(𝑦, 𝑝𝑦, 𝑧, 𝛿) + 𝜖𝜓1(𝑦, 𝑝𝑦, 𝑧, 𝛿), (4.3)

where𝜓0 and 𝜖𝜓1 are the unperturbed and perturbed distributions. 𝜖 is a small parameter

in both of these definitions.

In what follows a linearised form of this problem will be formulated by neglecting

higher order terms of 𝜖. Solutions will then be sought by arranging the various quan-

tities into an “interaction matrix”, whose eigenvalues contain a growth rate associated

with the perturbed distribution. To evaluate the entries of this matrix, an oscillation
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frequency associated with the perturbed distribution will be assumed to be similar to the

low intensity limit. After briefly considering the impact of beams composed of many

identical bunches, a new code, PyTMCI, will be introduced to calculate numerical

solutions for growth rates and instability distributions.

4.1.1 The Linearised Vlasov Equation

The Vlasov equation can then be expressed as

𝜕𝜓

𝜕𝑠
= [𝐻,𝜓 ] = [𝐻0 + 𝜖𝐻1,𝜓0 + 𝜖𝜓1] ,

= [𝐻0,𝜓0 + 𝜖𝜓1] + [𝜖𝐻1,𝜓0 + 𝜖𝜓1] ,

= [𝐻0,𝜓0] + [𝐻0, 𝜖𝜓1] + [𝜖𝐻1,𝜓0] + [𝜖𝐻1, 𝜖𝜓1] .

The unperturbed distribution will follow

𝜕𝜓0
𝜕𝑠

= [𝐻0,𝜓0] , (4.4)

so cancelling these terms gives

𝜖
𝜕𝜓1
𝜕𝑠

= [𝐻0, 𝜖𝜓1] + [𝜖𝐻1,𝜓0] + [𝜖𝐻1, 𝜖𝜓1] . (4.5)

It can be seen that the final term is ∝ 𝜖2, so this term will be neglected, leaving

𝜖
𝜕𝜓1
𝜕𝑠

= [𝐻0, 𝜖𝜓1] + [𝜖𝐻1,𝜓0] (4.6)

=
𝜕𝐻0

𝜕𝑦

𝜕𝜖𝜓1
𝜕𝑝𝑦

− 𝜕𝐻0

𝜕𝑝𝑦

𝜕𝜖𝜓1
𝜕𝑦

+ 𝜕𝜖𝐻1

𝜕𝑦

𝜕𝜓0
𝜕𝑝𝑦

− 𝜕𝜖𝐻1

𝜕𝑝𝑦

𝜕𝜓0
𝜕𝑦

+ 𝜕𝐻0

𝜕𝑧

𝜕𝜖𝜓1
𝜕𝛿

− 𝜕𝐻0

𝜕𝛿

𝜕𝜖𝜓1
𝜕𝑧

+ 𝜕𝜖𝐻1

𝜕𝑧

𝜕𝜓0
𝜕𝛿

− 𝜕𝜖𝐻1

𝜕𝛿

𝜕𝜓0
𝜕𝑧

. (4.7)

Up to this point, no details of the specific system have been used, but a solution will

require knowledge of 𝐻0, 𝜖𝐻1 and 𝜓0.

The unperturbed Hamiltonian, 𝐻0, will be assumed to describe oscillations in the

longitudinal and transverse planes. In the longitudinal direction, a particle will perform

linear synchrotron oscillations, which are generally caused by the focusing effect of
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RF cavities. In the transverse direction, a particle will perform betatron oscillations

about a closed orbit, which are caused by the focusing magnetic fields of the acceler-

ator; in a synchrotron these are mainly provided by quadrupole magnets [180]. These

too will be considered to be linear, so the unperturbed Hamiltonian can therefore be

written directly as

𝐻0(𝑦, 𝑝𝑦, 𝑧, 𝛿) =
1

2

(
𝜔𝛽

𝛽𝑐

)2
𝑦2 + 1

2
𝑝2𝑦 −

1

2𝜂

(
𝜔𝑠
𝛽𝑐

)2
𝑧2 − 𝜂

2
𝛿2, (4.8)

where 𝜂 is the momentum slip factor defined as

𝜂 =
1

𝛾2Tr
− 1

𝛾2
, (4.9)

and 𝛾Tr is the transition gamma. Equation (4.8) is the Hamiltoninan for a harmonic

oscillator in two decoupled directions.

The wake force will change the beam’s transverse momentum, so if there were only

a wake force without an external guiding field the momentum would follow

d𝑝𝑦
d𝑠

=
1

𝛽𝑐

d𝑝𝑦
d𝑡

=
1

𝛽2𝐸t
𝐹𝑦, (4.10)

where 𝐸t = 𝛾𝑚𝑐2 is the total energy and 𝐹𝑦 is the force experienced by the particle;

it has been assumed that the longitudinal velocity is much larger than the transverse.

Since 𝐹𝑦 is independent of 𝑦, it can be seem from Hamilton’s canonical equations in the

absence of an external focusing field

d𝑝𝑦
d𝑠

= −𝜖 𝜕𝐻1

𝜕𝑦
, (4.11)

that the perturbed Hamiltonian must be

𝜖𝐻1 = − 𝑦

𝛽2𝐸t
𝐹𝑦 . (4.12)

This is independent of 𝛿 and 𝑝𝑦 , so 𝜕𝐻1
𝜕𝛿 = 𝜕𝐻1

𝜕𝑝𝑦
= 0 can be substituted leaving

𝜖
𝜕𝜓1
𝜕𝑠

=
𝜕𝐻0

𝜕𝑦

𝜕𝜖𝜓1
𝜕𝑝𝑦

− 𝜕𝐻0

𝜕𝑝𝑦

𝜕𝜖𝜓1
𝜕𝑦

+ 𝜕𝜖𝐻1

𝜕𝑦

𝜕𝜓0
𝜕𝑝𝑦

+ 𝜕𝐻0

𝜕𝑧

𝜕𝜖𝜓1
𝜕𝛿

− 𝜕𝐻0

𝜕𝛿

𝜕𝜖𝜓1
𝜕𝑧

+ 𝜕𝜖𝐻1

𝜕𝑧

𝜕𝜓0
𝜕𝛿

. (4.13)
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Substituting the perturbedHamiltonian and partial derivatives of the unperturbedHamil-

tonian

𝜖
𝜕𝜓1
𝜕𝑠

=

(
𝜔𝛽

𝛽𝑐

)2
𝑦
𝜕𝜖𝜓1
𝜕𝑝𝑦

− 𝑝𝑦
𝜕𝜖𝜓1
𝜕𝑦

− 1

𝛽2𝐸t
𝐹𝑦
𝜕𝜓0
𝜕𝑝𝑦

(4.14)

− 1

𝜂

(
𝜔𝑠
𝛽𝑐

)2
𝑧
𝜕𝜖𝜓1
𝜕𝛿

+ 𝜂𝛿 𝜕𝜖𝜓1
𝜕𝑧

− 𝑦

𝛽2𝐸t

𝜕𝐹𝑦

𝜕𝑧

𝜕𝜓0
𝜕𝛿

.

Following published methods [89], polar coordinates will be introduced for both

the longitudinal and transverse planes with the definitions

𝑦 = 𝑞 cos(𝜃 ), (4.15)

𝑝𝑦 = −
𝜔𝛽

𝛽𝑐
𝑞 sin(𝜃 ), (4.16)

𝑧 = 𝑟 cos(𝜙), (4.17)

𝛿 =
𝜔𝑠
𝜂𝛽𝑐

𝑟 sin(𝜙), (4.18)

which will be substituted into the Vlasov equation. Chromaticity, which describes

the betatron tune of off-momentum particles, plays an important role in the theory of

instabilities, and is included here by making the substitution 𝜔𝛽 → 𝜔𝛽 (1+ 𝜉𝛿) where 𝜉 is

the normalised chromaticity; the term this would contribute to 𝜕𝐻0
𝜕𝛿 is neglected so that

the longitudinal motion is unaffected by the transverse amplitude [89]. After making

this substitution and assuming 𝜕𝜓0
𝜕𝜃 = 𝜕𝜓0

𝜕𝜙 = 0, the equation becomes

𝜕𝜖𝜓1
𝜕𝑠

= −
𝜔𝛽 (1 + 𝜉𝛿)

𝛽𝑐

𝜕𝜖𝜓1
𝜕𝜃

− 𝜔𝑠
𝛽𝑐

𝜕𝜖𝜓1
𝜕𝜙

(4.19)

+
𝐹𝑦

𝛽2𝐸t

𝛽𝑐

𝜔𝛽
sin(𝜃 ) 𝜕𝜓0

𝜕𝑞
− 𝑞

𝛽2𝐸t

𝜕𝐹𝑦

𝜕𝑧

𝜂𝑣

𝜔𝑠
sin(𝜙) cos(𝜃 ) 𝜕𝜓0

𝜕𝑟
.

Attention is now turned to the distribution functions. The unperturbed distribution

has already been assumed to have no 𝜃 or 𝜙 dependence, but now it is further assumed

that chromaticity does not affect the transverse distribution, so the unperturbed distri-

bution can be expressed as a separated product

𝜓0 = 𝑓0(𝑞)𝑔0(𝑟 ), (4.20)
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where 𝑓0 and 𝑔0 are the unperturbed transverse and longitudinal distributions. A form

is assumed for the perturbed distribution

𝜖𝜓1 = 𝑓1(𝑞, 𝜃, 𝑠)𝑔1(𝑟, 𝜙), (4.21)

where 𝑓1 and 𝑔1 are the transverse and longitudinal distributions. Explicit 𝑠 dependence

has been assigned to 𝑓1, because the instabilities being investigated are coherent trans-

verse oscillations with an amplitude that changes with time.

Since the motion of interest is a coherent dipole oscillation, the transverse perturbed

distribution is assumed to be the unperturbed distribution, but offset by a distance from

the origin and rotating around it in the same direction as the unperturbed betatron

motion. Using the second term in the Taylor expansion of 𝑓0(𝑦 − Δ, 𝑝𝑦), then substi-

tuting Δ = 𝐷0𝑒
Im{Ω} 𝑠

𝛽𝑐 gives an expression for the transverse dependence of the per-

turbed distribution

𝑓1(𝑞, 𝜃, 𝑠) = −𝐷0
𝜕𝑓0
𝜕𝑞
𝑒
𝑖
(
𝜃−Ω 𝑠

𝛽𝑐

)
. (4.22)

The real part of Ω sets the frequency of the oscillation, or the time-period for a full

rotation in the transverse phase-space and the imaginary part describes a growing or

damping of the offset from the origin. Substituting this into Equation (4.20) and col-

lecting terms, then following the usual approach of deriving the Sacherer integral equa-

tion [89] and substituting sin(𝜃 ) → 1
2𝑖𝑒

𝑖𝜃 and cos(𝜃 ) → 1
2𝑒
𝑖𝜃 gives[

𝑖
Ω

𝛽𝑐
𝑔1 − 𝑖𝑔1

𝜔𝛽 (1 + 𝜉𝛿)
𝛽𝑐

− 𝜔𝑠
𝛽𝑐

𝜕𝑔1
𝜕𝜙

] (
𝐷0
𝜕𝑓0
𝜕𝑞

)
𝑒−𝑖Ω

𝑠
𝑣

= −𝑖
𝐹𝑦

2𝛽2𝐸t

𝛽𝑐

𝜔𝛽
𝑔0(𝑟 )

𝜕𝑓0
𝜕𝑞

− 𝑞

2𝛽2𝐸t

𝜕𝐹𝑦

𝜕𝑧

𝜂𝑣

𝜔𝑠
sin(𝜙) 𝑓0

𝜕𝑔0
𝜕𝑟
. (4.23)

The perturbed longitudinal distribution is now expanded as a Fourier series in 𝜙 ,

𝑔1(𝑟, 𝜙) = 𝑒𝑖
𝜉𝜔𝛽
𝜂𝛽𝑐 𝑧

∞∑
𝑙=−∞

𝑅𝑙 (𝑟 )𝑒𝑖𝑙𝜙 , (4.24)

𝜕𝑔1
𝜕𝜙

= −𝑖
𝜉𝜔𝛽

𝜂𝛽𝑐
𝑒𝑖

𝜉𝜔𝛽
𝜂𝛽𝑐 𝑧𝑟 sin(𝜙)

∑
𝑙

𝑅𝑙 (𝑟 )𝑒𝑖𝑙𝜙 + 𝑒𝑖
𝜉𝜔𝛽
𝜂𝛽𝑐 𝑧

∑
𝑙

𝑖𝑙𝑅𝑙 (𝑟 )𝑒𝑖𝑙𝜙 . (4.25)
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After substituting this into Equation (4.23) and some algebra, it is found that

∞∑
𝑙 ′′=−∞

𝑅𝑙 ′′ (𝑟 )
[
Ω

𝛽𝑐
−
𝜔𝛽

𝛽𝑐
− 𝑙′′𝜔𝑠

𝛽𝑐

] (
𝐷0
𝜕𝑓0
𝜕𝑞

)
𝑒−𝑖Ω

𝑠
𝛽𝑐 𝑒𝑖

𝜉𝜔𝛽
𝜂𝛽𝑐 𝑧𝑒𝑖𝑙

′′𝜙

= −
𝐹𝑦

2𝛽2𝐸t

𝛽𝑐

𝜔𝛽
𝑔0(𝑟 )

𝜕𝑓0
𝜕𝑞

+ 𝑖 𝑞

2𝛽2𝐸t

𝜕𝐹𝑦

𝜕𝑧

𝜂𝛽𝑐

𝜔𝑠
sin(𝜙) 𝑓0

𝜕𝑔0
𝜕𝑟
. (4.26)

The force and its derivative are then substituted from Equation (3.25), and 𝐷0𝑒
−𝑖Ω 𝑠

𝑣

cancelled. The summation on the left hand side is removed by multiplying both sides by

𝑒−𝑖𝑙𝜙 and integrating from 0 to 2𝜋 . The third Bessel function identity in Table (6.1)

of [89] is substituted, as well as

𝜆1(𝜔) =
∫ +∞

𝑧=−∞

∫ ∞

𝛿=−∞
𝑔1(𝑟, 𝜙) d𝛿𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧 (4.27)

= 2𝜋
𝜔𝑠
𝜂𝛽𝑐

∞∑
𝑙 ′=−∞

𝑖−𝑙
′
∫ ∞

𝑟=0
𝑅𝑙 ′ (𝑟 ) 𝐽𝑙 ′

(
𝜔

𝛽𝑐
𝑟 −

𝜉𝜔𝛽

𝜂𝛽𝑐
𝑟

)
𝑟 d𝑟, (4.28)

where the area element d𝛿 d𝑧 = 𝜔𝑠
𝜂𝛽𝑐 𝑟d𝑟d𝜙 has been used. Equation (4.26) becomes

[
Ω − 𝜔𝛽 − 𝑙𝜔𝑠

] (
𝜕𝑓0
𝜕𝑞

)
𝑅𝑙 (𝑟 ) = −𝑖 𝜋𝑒2

𝛽2𝛾𝑚0𝑐2𝑇 2
0

𝜔𝑠
𝜂𝛽𝑐

∞∑
𝑙 ′=−∞

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′)[∫ ∞

𝑟 ′=0
𝑅𝑙 ′ (𝑟 ′) 𝐽𝑙 ′

(
𝜔′ − 𝜔𝜉
𝛽𝑐

𝑟 ′
)
𝑟 ′ d𝑟 ′

]

𝛽𝑐

𝜔𝛽
𝑔0(𝑟 )

𝜕𝑓0
𝜕𝑞
𝐽𝑙

(
𝜔′ − 𝜔𝜉
𝛽𝑐

𝑟

)
− 𝜔′

𝛽𝑐

𝜂𝛽𝑐

𝜔𝑠
𝑞𝑓0

𝜕𝑔0
𝜕𝑟

𝑙

𝜔 ′
𝛽𝑐 𝑟 −

𝜉𝜔𝛽

𝜂𝛽𝑐 𝑟
𝐽𝑙

(
𝜔′ − 𝜔𝜉
𝛽𝑐

𝑟

) , (4.29)

with

𝜔′ = 𝑝𝜔0 + Ω 𝑝 ∈ Z. (4.30)
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4.1.1.1 Series Expansion of Longitudinal Distribution

The unperturbed longitudinal distribution and the radial part of the perturbed distribu-

tion are expanded with a basis of generalised Laguerre polynomials [167], which were

chosen because of their orthogonality on the interval [0,∞) and because certain integrals

involving them have been tabulated. The substitutions made are

𝑅𝑙 (𝑟 ) = 𝑎 |𝑙 |𝑟 |𝑙 |𝑒−𝑎𝑟
2

∞∑
𝑛′=0

𝛼𝑙𝑛′𝐿
(|𝑙 |)
𝑛′ (𝑎𝑟2), (4.31)

𝑔0(𝑟 ) =
𝑁𝜂𝛽𝑐

2𝜋𝜔𝑠
𝑒−𝑎𝑟

2
∞∑
𝑘=0

𝐺𝑘𝐿
(0)
𝑘

(𝑎𝑟2), (4.32)

where 𝑎 is a free constant parameter. Equation (4.31) is substituted into Equation (4.29),

both sides multiplied by 𝑟 |𝑙 |𝐿(𝑙)𝑛 (𝑎𝑟2) and integrated over 𝑎𝑟2 from 0 to∞. Equation (4.32)

is also substituted, as well as

𝜕𝑔0
𝜕𝑟

= −𝑁𝜂𝛽𝑐
2𝜋𝜔𝑠

2𝑎𝑟𝑒−𝑎𝑟
2

( ∞∑
𝑘=0

𝐺𝑘𝐿
(1)
𝑘−1(𝑎𝑟

2) +
∞∑
𝑘=0

𝐺𝑘𝐿
(0)
𝑘

(𝑎𝑟2)
)
, (4.33)

which has used the identity 𝐿(𝛼)
′

𝑘
(𝑥) = −𝐿(𝛼+1)

𝑘−1 (𝑥) and symmetry properties of Bessel

functions [181]. Equation (4.29) then takes the form[
Ω − 𝜔𝛽 − 𝑙𝜔𝑠

] (
𝜕𝑓0
𝜕𝑞

)
𝛼𝑙𝑛

Γ( |𝑙 | + 𝑛 + 1)
𝑛!

= −𝑖 𝑁𝑟0𝑐

2𝛽𝛾𝜔𝛽𝑇
2
0

∞∑
𝑙 ′=−∞

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′)[∫ ∞

𝑟 ′=0
𝑅𝑙 ′ (𝑟 ′) 𝐽𝑙 ′

(
𝜔′ − 𝜔𝜉
𝛽𝑐

𝑟 ′
)
𝑟 ′ d𝑟 ′

]
(4.34)

∞∑
𝑘=0

𝐺𝑘

[
𝜕𝑓0
𝜕𝑞
𝐼 (1)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 2𝑎𝑞𝑓0
𝜂𝜔′𝜔𝛽𝑙

𝜔𝑠 (𝜔′ − 𝜔𝜉 )
(
𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 𝐼 (1)𝑙𝑛𝑘
(𝜔′ − 𝜔𝜉 )

)]
,

with the definitions [182]

𝐼 (1)
𝑙𝑛𝑘

(
𝜔′ − 𝜔𝜉

)
= 2𝑎(sgn(𝜔′ − 𝜔𝜉 )sgn(𝑙)) |𝑙 |

∫ ∞

𝑟=0
𝑟 |𝑙 |+1𝑒−𝑎𝑟

2
𝐿(|𝑙 |)𝑛 (𝑎𝑟2)𝐿(0)

𝑘
(𝑎𝑟2) 𝐽|𝑙 |

( |𝜔′ − 𝜔𝜉 |
𝛽𝑐

𝑟

)
d𝑟

= (sgn(𝜔′ − 𝜔𝜉 )sgn(𝑙)) |𝑙 | (−1)𝑛+𝑘
( ��𝜔′ − 𝜔𝜉

��
2𝑎𝛽𝑐

) |𝑙 |
exp

(
−
��𝜔′ − 𝜔𝜉

��2
4𝑎𝛽2𝑐2

)
𝐿(−𝑛+𝑘)𝑛

( ��𝜔′ − 𝜔𝜉
��2

4𝑎𝛽2𝑐2

)
𝐿(|𝑙 |+𝑛−𝑘)
𝑘

( ��𝜔′ − 𝜔𝜉
��2

4𝑎𝛽2𝑐2

)
, (4.35)
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and (see Appendix D)

𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) = 2𝑎

∫ ∞

𝑟=0
𝑟 |𝑙 |+1𝑒−𝑎𝑟

2
𝐿(|𝑙 |)𝑛 (𝑎𝑟2)𝐿(1)

𝑘−1(𝑎𝑟
2) 𝐽𝑙

(
𝜔′ − 𝜔𝜉
𝛽𝑐

𝑟

)
d𝑟

= (sgn(𝜔′ − 𝜔𝜉 )sgn(𝑙)) |𝑙 |
( |𝜔′ − 𝜔𝜉 |

2𝑎𝛽𝑐

) |𝑙 |
exp

(
−
��𝜔′ − 𝜔𝜉

��2
4𝑎𝛽2𝑐2

)
𝑘−1∑
𝑟1=0

(−1)𝑛+𝑟1𝐿(−𝑛+𝑟1)𝑛

(
|𝜔′ − 𝜔𝜉 |2

4𝑎𝛽2𝑐2

)
𝐿(|𝑙 |+𝑛−𝑟1)𝑟1

(
|𝜔′ − 𝜔𝜉 |2

4𝑎𝛽2𝑐2

)
. (4.36)

After substituting for the remaining 𝑅𝑙 ′ (𝑟 ′) in Equation (4.34), defining 𝑥2 = 𝑎𝑟 ′2

and using the tabulated result [181, eqn.7.421-6]∫ ∞

0
𝑥𝜈+1𝑒−𝑥

2
𝐿𝜈𝑛 (𝑥2) 𝐽𝜈 (𝑥𝑦) d𝑥 =

1

2𝑛!

(𝑦
2

)2𝑛+𝜈
𝑒−𝑦

2/4, (4.37)

it is found that[
Ω − 𝜔𝛽 − 𝑙𝜔𝑠

] (
𝜕𝑓0
𝜕𝑞

)
𝛼𝑙𝑛

Γ( |𝑙 | + 𝑛 + 1)
𝑛!

=

− 𝑖 𝑁𝑟0𝑐

2𝛽𝛾𝜔𝛽𝑇
2
0

∞∑
𝑙 ′=−∞

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′)

∞∑
𝑛′=0

𝛼𝑙 ′𝑛′𝑄𝑙 ′𝑛′ (𝜔′ − 𝜔𝜉 ) (4.38)

∞∑
𝑘=0

𝐺𝑘

[
𝜕𝑓0
𝜕𝑞
𝐼 (1)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 2𝑎𝑞𝑓0
𝜂𝜔′𝜔𝛽𝑙

𝜔𝑠 (𝜔′ − 𝜔𝜉 )
(
𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 𝐼 (1)𝑙𝑛𝑘
(𝜔′ − 𝜔𝜉 )

)]
,

with

𝑄𝑙 ′𝑛′ (𝜔′ − 𝜔) = 𝑎 |𝑙 ′ |/2−1sgn(𝑙′) |𝑙 ′ | 1

2𝑛′!

(
𝜔′ − 𝜔𝜉
2
√
𝑎𝛽𝑐

)2𝑛′+|𝑙 ′ |
𝑒
− (𝜔

′−𝜔𝜉)2
4𝑎𝛽2𝑐2 . (4.39)

The coefficients,𝐺𝑘 , are found from the Laguerre series expansion of 𝑔0(𝑟 ), as described

in Appendix E.

4.1.1.2 Assuming a Transverse Gaussian Distribution

Substituting a transverse Gaussian distribution

𝑓0(𝑞) = 𝐴𝑒
− 𝑞2

2𝜎2𝑦 , (4.40)
d𝑓0
d𝑞

= − 𝑞

𝜎2𝑦
𝑓0(𝑞), (4.41)
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into Equation (4.38), cancelling 𝑞𝑓0 and then multiplying both sides by 𝜎2𝑦 gives[
Ω − 𝜔𝛽 − 𝑙𝜔𝑠

]
𝛼𝑙𝑛

Γ( |𝑙 | + 𝑛 + 1)
𝑛!

=

− 𝑖 𝑁𝑟0𝑐

2𝛽𝛾𝜔𝛽𝑇
2
0

∞∑
𝑙 ′=−∞

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′)

∞∑
𝑛′=0

𝛼𝑙 ′𝑛′𝑄𝑙 ′𝑛′ (𝜔′ − 𝜔𝜉 ) (4.42)

∞∑
𝑘=0

𝐺𝑘

[
𝐼 (1)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) − 2𝑎𝜎2𝑦
𝜂𝜔′𝜔𝛽𝑙

𝜔𝑠 (𝜔′ − 𝜔𝜉 )
(
𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 𝐼 (1)𝑙𝑛𝑘
(𝜔′ − 𝜔𝜉 )

)]
.

The term ∝ 𝜎2𝑦 is usually neglected on the basis that provided 𝜎𝑦 is not too large and

𝜔′ ≠ 𝜔𝜉 , it is small compared to the other term.

4.1.2 Interaction Matrix Form

Ω and 𝛼𝑙𝑛, should be found from the eigenvalues and vectors of an interaction matrix.

This is formed by rearranging Equation (4.42) into the form[
Ω − 𝜔𝛽
𝜔𝑠

]
𝛼𝑙𝑛 =𝑙𝛼𝑙𝑛 − 𝑖

𝑛!

Γ( |𝑙 | + 𝑛 + 1)
𝑁𝑟0𝑐

2𝛽𝛾𝜔𝛽𝜔𝑠𝑇
2
0

∞∑
𝑙 ′=−∞

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′) (4.43)

∞∑
𝑛′=0

𝛼𝑙 ′𝑛′𝑄𝑙 ′𝑛′ (𝜔′ − 𝜔𝜉 )

∞∑
𝑘=0

𝐺𝑘

[
𝐼 (1)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) − 2𝑎𝜎2𝑦
𝜂𝜔′𝜔𝛽𝑙

𝜔𝑠 (𝜔′ − 𝜔𝜉 )
(
𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 𝐼 (1)𝑙𝑛𝑘
(𝜔′ − 𝜔𝜉 )

)]
.

This can be expressed more succinctly as a matrix equation

[
Ω − 𝜔𝛽
𝜔𝑠

] ©­­­­­«
. . .
𝛼0,0
𝛼1,0
𝛼2,2
. . .

ª®®®®®¬
= 𝑀

©­­­­­«
. . .
𝛼0,0
𝛼1,0
𝛼2,2
. . .

ª®®®®®¬
(4.44)

where 𝑀 is the interaction matrix, with elements defined as

𝑀𝑙𝑛𝑙 ′𝑛′ = 𝑙𝛿𝑛𝑛′𝛿𝑙𝑙 ′ − 𝑖
𝑛!

Γ(|𝑙 | + 𝑛 + 1)
𝑁𝑟0𝑐

2𝛽𝛾𝜔𝛽𝜔𝑠𝑇
2
0

𝑖𝑙−𝑙
′

∞∑
𝑝=−∞

𝑍⊥
1 (𝜔′)𝑄𝑙 ′𝑛′ (𝜔′ − 𝜔𝜉 )

∞∑
𝑘=0

𝐺𝑘

[
𝐼 (1)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) − 2𝑎𝜎2𝑦
𝜂𝜔′𝜔𝛽𝑙

𝜔𝑠 (𝜔′ − 𝜔𝜉 )
(
𝐼 (2)
𝑙𝑛𝑘

(𝜔′ − 𝜔𝜉 ) + 𝐼 (1)𝑙𝑛𝑘
(𝜔′ − 𝜔𝜉 )

)]
, (4.45)

and the matrix structure shown in Figure 4.1.
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Figure 4.1: Shows dependence of the matrix 𝑀 on 𝑙 , 𝑙 ′, 𝑛 and 𝑛′ for one possible structure.

4.1.3 Equally Spaced Identical Bunches

Equation (4.45) was derived for a single bunch, but can be modified to account for

multiple bunches by introducing additional terms to the wake force in Equation (3.14).

These additional terms contain the same wake function, but evaluated at a distance 𝑧

which is only a fraction of the machine circumference.

It is found that the bunches oscillate with a collective multi-bunch mode 𝜇b, which

can take an integer value between 0 and𝑀 − 1, where𝑀 is the number of bunches [89].

The Vlasov equation takes the form of Equation (4.42), but with the substitution

∞∑
𝑝=−∞

()𝜔 ′=𝑝𝜔0+Ω → 𝑀
∞∑

𝑝=−∞
()𝜔 ′=𝑝𝑀𝜔0+𝜇b𝜔0+Ω . (4.46)
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4.1.4 Low Intensity Limit (Decoupled Azimuthal Modes)

The matrix elements of Equation (4.45) have several functions that need to be evaluated

at 𝜔′, as defined in Equation (4.30), which depends on the unknown quantity Ω. In the

low 𝑁 limit, or the case where 𝑍⊥
1 = 0, this dependence is removed and the interaction

matrix elements become

𝑀𝑙𝑛𝑙 ′𝑛′ = 𝑙𝛿𝑛𝑛′𝛿𝑙𝑙 ′, (4.47)

which produces a diagonal matrix with eigenvalues

Ω(𝑙,𝑛) = 𝜔𝛽 + 𝑙𝜔𝑠, (4.48)

and eigenvectors with only a single non-zero term for each value of 𝑛. It follows that in

the limit of small 𝑁 or a weak wake force, the different azimuthal modes of instability

have properties that are independent of each other, the azimuthal modes are therefore

described as decoupled [89].

In this regime, only a single term contributes to the Fourier series expansion of

𝑔1(𝑟, 𝜙). For a dominant azimuthal mode number 𝑙 , the perturbed distribution will

then have the form

−𝐷0
𝜕𝑓0
𝜕𝑞
𝑅𝑙 (𝑟 )𝑒

𝑖
(
𝜃+𝑙𝜙−Ω 𝑠

𝛽𝑐

)
𝑒𝑖

𝜉𝜔𝛽
𝜂𝛽𝑐 𝑧 . (4.49)

For the case that 𝜉 = 0, it can be seen that the projection of this onto the (𝑟, 𝜙) plane is

∝ 𝑒
𝑖
(
𝑙𝜙−Ω 𝑠

𝛽𝑐

)
, which, for 𝑙 ≠ 0, describes a rotation. If 𝜉 ≠ 0, then this rotation gains an

additional term describing a travelling wave in the 𝑧-direction, and for 𝑙 = 0 this will

be the only travelling wave. For a beam below transition (𝜂 < 0) with 𝜉 < 0, this will

appear to travel from the tail to the head of the bunch. If 𝑙 ≠ 0, then the combination

of these two travelling waves will distort the rotational dynamics.
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4.1.5 Approximate Solutions (PyTMCI)

PyTMCI [119] is a new code to evaluate the transverse stability of a bunched beam

by evaluating the eigenvalues and vectors of the interaction matrix in Equation (4.44).

A number of assumptions and approximations must first be made to find the eigen-

quantities of this infinite matrix.

To evaluate the matrix elements of Equation (4.45), PyTMCI uses the well-known

perturbation technique [89] on the low-intensity limit. In this approach, Equation (4.48)

is substituted for Ω on the RHS of Equation (4.45), and the eigenvectors and eigenvalues

of the resulting matrix found numerically. Since it is usually the case that 𝜔𝛽 � 𝜔𝑠 ,

PyTMCI also has the option to make the substitution Ω(𝑙) ≈ 𝜔𝛽 , which speeds up

computation by introducing certain symmetries to the interaction matrix.

In principle this matrix has infinite dimensions, so it must be truncated in both

the azimuthal and radial indices 𝑙 and 𝑛 for a numerical solution. Convergence of the

eigenvalues and vectors must be verified by manually increasing the maximum value of

𝑙 and 𝑛. The infinite summations over 𝑝 and 𝑘 must also be truncated and convergence

verified, or coefficients above a certain index verified as being sufficiently small.

The term ∝ 𝜎2𝑦 will be neglected, which is justified on ISIS because the experiments

described in Chapter 2 indicated the presence of a large amplitude, low-frequency nar-

rowband impedance. The dominant terms in the impedance summation are therefore

expected to occur at the lowest frequency betatron sidebands, where 𝜔′ ≠ 𝜔𝜉 and this

term is expected to be negligible.

4.2 PyTMCI Benchmarks

With these modifications, PyTMCI can obtain eigenvalues and vectors of the interac-

tion matrix. The eigenvalues can be rearranged to obtain a mode’s frequency Re (Ω)

and its growth rate

𝜏−1 = Im (Ω) . (4.50)
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A positive growth rate indicates an unstable mode with an exponentially growing co-

herent offset, whilst a negative growth rate indicates that a mode is stable. In this thesis,

the quantity of interest is usually the growth rate of the most unstable mode because

this can limit the time a beam can be stored. To verify that PyTMCI makes accurate

predictions for this quantity, its outputs will be benchmarked against results from the

particle tracking code PyHEADTAIL [122] for some example problems.

Perfect agreement between PyTMCI and PyHEADTAIL is not expected for several

reasons. Firstly, because the quantities of interest will depend on the initial coordinates

of the macroparticles in PyHEADTAIL, which are randomly generated to match the

given distribution. The finite number of these macroparticles will cause results to exhibit

Schottky noise [183], so that in principle an average of many initial distributions should

be used. PyHEADTAIL will also more accurately simulate the non-linear regions of the

longitudinal phase-space and the associated synchrotron tune spread, since PyTMCI

assumes linear synchrotron motion without tune spread.

Given these differences, differences on the order of 10% for the characteristic growth

time, 𝜏 , of the most unstable mode will be considered a successful benchmark. Con-

vergence of PyTMCI results will therefore not be verified in this section, and instead

a maximum of 20 azimuthal modes and 10 radial modes will be used, which are the

current limit of PyTMCI. Similarly, unless stated otherwise, PyHEADTAIL results will

be taken from a single simulation with 100,000 macroparticles.

The perturbed longitudinal distribution, 𝑔1(𝑟, 𝜙) onto the 𝑧-axis, is also of inter-

est and can be found from the eigenvectors of the most unstable mode with Equa-

tions (4.24) and (4.31). The projection of 𝑔1(𝑟, 𝜙)𝑒−𝑖Ω
𝑠
𝛽𝑐 is proportional to the beam’s

transverse dipole moment, and its distribution can be compared with the beam position

monitor signals such as the one shown in Figure 2.8. The distributions computed by

PyTMCI and PyHEADTAIL will also be compared.
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4.2.1 Example 1 - A Dominant Head-Tail Mode

The first example demonstrates an unstable head-tail mode with a single dominant az-

imuthal component and the lowest-order radial component. The accelerator parameters

used for this example are listed in Table 4.1, and the impedance was defined as a single

resonator defined by Equation (3.35) with 𝑓𝑟 = 5MHz, 𝑅⊥ = 1MΩm−1 and 𝑄𝑟 = 3.

For these parameters, PyTMCI predicts 𝜏 = 136 µs whilst PyHEADTAIL predicts

124 µs. The projection of the perturbed distributions are shown in Figure 4.2. The

growth rates differ by only ≈ 10%, which is considered a good level of agreement.

The longitudinal distribution of the dipole moment also appears qualitatively similar,

with a high-amplitude oscillation around 𝑧 ≈ 0 and two smaller oscillations around

𝑧 ≈ ±10. There is one clear node on the right hand side of the projected distribution,

but the asymmetry indicates that some mode coupling has occurred. The azimuthal

mode number can be identified from the eigenvalue, which is computed to be −2.01

by PyTMCI and −1.9 by PyHEADTAIL, and the projected distribution still visibly

resembles an azimuthal mode 𝑙 = ±2 instability.

The perturbed longitudinal distribution, 𝑔1(𝑟, 𝜙), computed by PyTMCI is shown

in Figure 4.3 for a number of phases. The motion of the transverse dipole moment is

seen to resemble a distorted rotation in the longitudinal phase space. This matches the

description of a single decoupled azimuthal mode dominating the distribution when 𝑙 ≠

0, as described in Section 4.1.4. As explained in that Section, the distortion arises because

𝜉 ≠ 0, so the distribution includes a travelling wave component in the 𝑧 and 𝜙 directions.

Table 4.1: Parameters used for PyTMCI benchmark example 1.

Parameter Value Parameter Value
Circumference 163.3m Transition 𝛾 5.034

Particle Type proton Betatron Tune 3.83
Relativistic 𝛽 0.65 Synchrotron Tune 0.008
Number of Bunches 1 Chromaticity -0.5
Particles per bunch 2 × 1013
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Figure 4.2: Perturbed distribution 𝑔1(𝑟, 𝜙) of PyTMCI benchmark example 1, projected onto
the 𝑧 axis for several consecutive turns. Each line is one revolution and colours help to distinguish
different turns. Distributions were computed by PyTMCI (a) and PyHEADTAIL (b).
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Figure 4.3: Longitudinal phase-space distribution, 𝑔1(𝑟, 𝜙), for the unperturbed distribution
computed by PyTMCI for benchmark example 1. From left-to-right, top-to-bottom plots show
an advancing phase as indicated by captions. Colours indicate a quantity proportional to the
vertical dipole moment in arbitrary units.
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4.2.2 Example 2 - A Higher-Order Radial Mode

In the last example, the distribution in Figure 4.2 resembled an azimuthal mode ±2

head-tail instability with the lowest order radial mode. It is not generally true that the

azimuthal mode number will correspond to the number of nodes, because higher-order

radial modes can cause additional high-amplitude regions that should appear on either

side of the projection. The number of nodes is therefore given by |𝑙 | + 2𝜅, where 𝜅 is

a positive integer [117]. In this example, an azimuthal mode zero instability will be

demonstrated with two nodes in its projected distribution, indicating that a higher-

order radial mode is dominant.

The accelerator parameters used for this example are listed in Table 4.2, and the

impedancewas defined as a single resonator defined by Equation (3.35)with 𝑓𝑟 = 115 kHz,

𝑅⊥ = 1MΩm−1 and 𝑄𝑟 = 3.

For these parameters, PyTMCI predicts a characteristic growth time of 99 µs whilst

PyHEADTAIL predicts 115 µs. The projection of the perturbed distributions are shown

in Figure 4.4. The growth rates differ by only ≈ 15%, which is considered a good

level of agreement. The longitudinal distributions are qualitatively similar, with a high-

amplitude oscillation around 𝑧 ≈ 0 and two smaller oscillations around 𝑧 ≈ ±10. Whilst

this instability resembles an azimuthal mode 𝑙 = 2 instability, PyTMCI gives (Ω −

𝜔𝛽)/𝜔𝑠 = 0.009 and PyHEADTAIL gives 0.011, indicating 𝑙 = 0 is dominant. This

can also be seen from Figure 4.5, which shows 𝑔1(𝑟, 𝜙) computed by PyTMCI. The

distribution does not evolve as a rotation, but as a wave travelling from the tail to the

head as would be expected for an 𝑙 = 0 instability.

4.2.3 Example 3 - TMCI

The last two examples demonstrated head-tail type instabilities with a single dominant

azimuthal mode. In this example, the input parameters listed in Table 4.3 and resonator

impedance parameters (𝑓𝑟 = 5MHz, 𝑅⊥ = 1MΩm−1 and 𝑄𝑟 = 3) have been identified so
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Table 4.2: Parameters used for PyTMCI benchmark example 2.

Parameter Value Parameter Value
Circumference 163.3m Transition 𝛾 5.034

Particle Type proton Betatron Tune 3.83
Relativistic 𝛽 0.37 Synchrotron Tune 0.0195
Number of Bunches 1 Chromaticity -1.4
Particles per bunch 2 × 1013
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Figure 4.4: Perturbed distribution 𝑔1(𝑟, 𝜙) of PyTMCI benchmark example 2, projected onto
the 𝑧 axis for several consecutive turns. Each line is one revolution and colours help to distinguish
different turns. Distributions were computed by PyTMCI (a) and PyHEADTAIL (b).

as to induce azimuthal mode coupling. Growth rates and projected distributions will be

compared, but to verify that mode coupling is taking place, the mode frequencies will

be found for many values of 𝑁 , the number of protons per bunch. For a TMCI, two

mode frequencies will be observed to become degenerate.

Mode frequencies can be found from the eigenvalues output by PyTMCI, but for

PyHEADTAIL they must be identified from the spectra of the beam’s dipole moment

over time. It can be difficult to identify mode frequencies in this way, because the

most unstable mode can dominate the spectrum and small peaks can be obscured by

noise. Spectra will therefore be obtained by averaging the periodograms of several

repeat PyHEADTAIL simulations, which is a common technique in the analysis of

Schottky signals [183].
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Figure 4.5: Longitudinal phase-space distribution, 𝑔1(𝑟, 𝜙), for the unperturbed distribution
computed by PyTMCI for benchmark example 2. From left-to-right, top-to-bottom plots show
an advancing phase as indicated by captions. Colours indicate a quantity proportional to the
vertical dipole moment in arbitrary units.

Figure 4.6 shows an amplitude spectrum of the dipole moment computed by Py-

HEADTAIL, with PyTMCI mode frequencies overlaid. It can be seen that the fre-

quency associated with an azimuthal mode 𝑙 = 0 falls towards the 𝑙 = −1 frequency as

𝑁 is increased. The two mode frequencies become degenerate between 𝑁 = 1.0 and

1.2×1013, indicating a TMCI will occur above this threshold. The growth rate increases

rapidly around this value, which can be seen from the thickening of the spectral line

and from the large imaginary part of Ω in the PyTMCI results. These observations

confirm that the instability is a TMCI.

To compare growth rates and distributions, a value of 𝑁 above the TMCI threshold

was chosen and is listed with other parameters in Table 4.3. For these, PyTMCI predicts

a growth time of 64.1 µs whilst PyHEADTAIL predicts 62.2 µs. These differ by ≈ 3%,

which is considered to be excellent agreement. The distributions shown in Figure 4.7

also appear qualitatively similar, having a single large-amplitude region close to 𝑧 = 0.
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Figure 4.6: Normalised instability mode frequencies computed by PyTMCI (a) and PyHEAD-
TAIL (b). In (b) the red dots are overlaid mode frequencies computed by PyTMCI and the other
colours indicate spectral amplitude. Both PyTMCI and PyHEADTAIl predict that mode 𝑙 = 0
and −1 become degenerate around 𝑁 = 1 × 1013 protons. In (a) it can be seen that the growth
rate increases rapidly for higher values.
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Figure 4.7: Perturbed distribution 𝑔1(𝑟, 𝜙) of PyTMCI benchmark example 3, projected onto
the 𝑧 axis for several consecutive turns. Each line is one revolution and colours help to distinguish
different turns. Distributions were computed by PyTMCI (a) and PyHEADTAIL (b).

Table 4.3: Parameters used for PyTMCI benchmark example 3.

Parameter Value Parameter Value
Circumference 163.3m Transition 𝛾 5.034

Particle Type proton Betatron Tune 3.83
Relativistic 𝛽 0.65 Synchrotron Tune 0.0081
Number of Bunches 1 Chromaticity 0.0
Particles per bunch 1.3 × 1013
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4.2.4 Discussion

PyTMCI has been benchmarked against the PyHEADTAIL particle tracking code for

three sets of example inputs, demonstrating both head-tail instabilities and a TMCI. In

all cases, growth rates were consistent within 15%, which is well within the order-of-

magnitude agreement that was sought. In all cases, the projected distributions were also

qualitatively similar. In the last example, mode frequencies were compared for many

values of 𝑁 , and the same shifting of mode frequencies was observed from both codes.

It is therefore concluded, for the purpose of this thesis, that PyTMCI produces

accurate numerical outputs that can be trusted to within an order of magnitude. It

is understood that its predictions are made within the limits of a simplified analytical

framework that neglects potentially important factors, such as direct space-charge; the

justification for these simplifications were given in the introduction of this chapter.

PyTMCI will now be used extensively in Chapter 6, where instabilities observed at

the ISIS proton synchrotron will be investigated.



There, in the middle of the broad, bright high-road - there, as
if it had that moment sprung out of the earth or dropped from
the heaven - stood the figure of a solitary woman, dressed
from head to foot in white…

— W. Collins, “The Woman in White”

5
Vertical Driving Impedance Model of the

ISIS Synchrotron

5.1 Introduction

Chapter 3 introduced the concept of beam coupling impedances. The transverse wake

associated with a source particle having an offset defined the driving impedance, and the

wake associated with an offset witness particle defined the detuning impedance. The

longitudinal impedance was defined from the longitudinal wake associated with on-axis

source and witness particles. A full dynamical description of a beam’s behaviour, made

within the constraints of the model’s assumptions, would at least require all of these

impedances to be known. However, the starting point for this thesis is that there have

been no detailed, systematic studies of ISIS beam impedances. It is beyond the scope

of this work to produce a full description of all impedances, so priorities will first be

identified. After estimating the impedance contributions of key equipment, the model

will be finalised by considering the effects of Lorentz 𝛽 and Twiss 𝛽𝑦 .

85
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5.2 Identification of Key Equipment

The observation of a coherent vertical instability with a fast growth rate implies the pres-

ence of a large, unknown vertical driving impedance. Whilst the detuning impedance

cannot be neglected in general, it acts incoherently and so in most operational scenarios

it won’t cause a coherent instability on its own. Since the observed vertical instability

causes significant beam-loss and limits operational intensity, an impedance model which

includes the driving impedance associated with this instability, and identifies its source,

is one of the primary goals of this thesis. Therefore, only vertical driving impedances

which could plausibly be responsible for this instability will be investigated. The obser-

vation that instability growth rates peak close to an integer tune for both bunched and

coasting beams further restricts the impedances of interest to those of the low-frequency

narrowband type [80].

The overall vertical driving impedance model will therefore consist of a broadband

wall impedance and several resonators. These will be contributed by key pieces of

equipment, as indicated in Figure 5.1. Key contributors to the wall impedance will

include the magnet RF screens, which occupy around 55% of the circumference, and

the RF cavities, which occupy around 15%. Other elements occupy much smaller

fractions of the circumference, and so their wall impedance contributions will not be

considered directly. This includes the graphite collectors, because they occupy ⪅ 2%

of the machine circumference and aren’t expected to resonate at low frequencies. ISIS

contains two types of vertical kicker magnet: the extraction kickers and the Q-kicker.

The Q-kickers are used for tune measurements, and have matched terminations on both

ends of the kicker circuit and so will not be considered here. The three extraction

kickers are longer than the Q-kickers and are shorted on one side, so these will be

investigated. Resonances on the RF screens, which are capacitively coupled at one

end, will also be considered.
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Figure 5.1: ISIS Synchrotron layout [67] with key elements labelled. RF-screen locations are
indicated for one superperiod, and superperiod numbers are shown.

5.3 RF Screens and Laminated Magnets

The vacuum vessels inside all AC magnets at ISIS are constructed from alumina ceramic

with specially designed conducting RF screens. These assemblies were designed to

mitigate the eddy current effects that would occur if a standard stainless-steel vessel

were used. In total, they account for more than 50% of the ISIS circumference, which

can be seen in Figure 5.1. The RF screens are constructed from a series of 2.3mm

diameter, stainless-steel wires and side-plates in the case of dipole magnets. Whilst their

exact construction varies between magnets, some typical cross-sectional geometries are

shown in Figure 5.2. Along the magnet’s length, the wires sit inside macor ceramic

spacers which are typically spaced by some 10’s of cm.

The wires and side-plates which make up the RF screens prevent the beam’s electro-

magnetic field from extending to the magnet pole faces, or ideally the alumina ceramic;

equivalently they help to shield the beam from the undesirable RF properties of the
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Figure 5.2: Schematic cross-section of a typical RF screen for (a) quadrupoles, steering and
higher order magnets (b) dipoles. For illustration purposes only.

vacuum vessel and surrounding equipment [184]. Currents and charges induced by the

beams electromagnetic field should ideally be contained in the screens, so that the total

current enclosed by a loop surrounding the conductor’s cross-section is ideally zero.

Significant power would also be deposited in these wire assemblies if Eddy currents

were able to flow unimpeded. This is prevented by capacitors which isolate each wire or

side plate. The overall layout of these capacitor connections are indicated in Figure 5.3.

With typical capacitances of 0.1 µF, an Eddy current loop would see impedance magni-

tudes of ∼ 64 kΩ, whilst a 100 kHz beam-induced current sees only ∼ 16Ω per wire. For

many years, the capacitors have been considered to be short circuits and neglected from

investigations of the coupling impedance of wire cages [135, 185].

The physical mechanism used to achieve these capacitive connections is shown in

Figure 5.4, and Figure 5.5 shows a photograph of the aperture of a singlet quadrupole’s

vacuum vessel and its RF screen. The wires which compose the screens are bent by 90◦

at one end and held in position by a series of macor ceramic spacers. Connections to

the wires are made via a pair of RF finger strips, which are secured to opposite sides of
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Figure 5.3: Schematic of an RF screen assem-
bly, with capacitors indicated.
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Figure 5.4: Schematic showing the mechani-
cal layout for the capacitor connections.

a ceramic holder. On one side of the ceramic holder, the finger strips are isolated from

one another, and each one is compressed against a single upturned wire. On the other

side of the ceramic holder, all finger strips are shorted together and compressed against

the conducting vacuum vessel. Coupling capacitors sit in slots within the ceramic holder

and connect the two compressed finger strips. A photograph of a ceramic holder and

several capacitors is shown in Figure 5.6.

Figure 5.5: Photo of a singlet RF screen. Figure 5.6: Photo of ceramic capacitor
holder [186].

The RF screens sit within alumina ceramic vacuum vessels, which form part of the

ISIS vacuum system [187, 188]. These are manufactured in lengths of ∼ 0.3m, and

connected by glass joints which are fused in an oven [77]. Each ceramic vacuum vessel
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is inserted into the aperture of its magnet, and the RF screen then inserted into the

ceramic chamber. Figure 5.7 shows an RF screen being inserted into the vacuum vessel

of a doublet quadrupole. These vessels sit inside the laminated steel magnet yokes, which

are considered sufficiently thick to form the final electromagnetic boundaries.

Figure 5.7: Photograph of an RF screen being inserted into the alumina ceramic vacuum vessel
of a quadrupole doublet [186] with added labels. The wires are held inside the ceramic spacers
which appear white. The screen is suspended from a specially designed lifting frame.

An engineering schematic of all ten ISIS superperiods is shown in Figure 5.8, where

space occupied by RF screens has been highlighted with green lines; the red lines indi-

cate the capacitive connections and the pink lines indicate capacitive connections that

have been assumed from drawings where equipment changes have been made. The

numbers in this figure refer to “Module numbers”, with the dipoles being Module 1

at the beginning and end of each SP, the doublets being Modules 11 and 61 and the

singlets being Module 30. Modules 9/ 10 and 13 are up or downstream of the doublet

in most SPs and contain corrector or higher order magnets. Several other pieces of

equipment are described in Chapter 2.
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Figure 5.8: Engineering drawing of the ISIS superperiods [189] with added highlighting.
Green lines show areas with space for magnets and have alumina vacuum vessels. Red lines show
areas with capacitive RF connections and pink lines show where capacitive RF connections are
expected.
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5.3.1 Material Properties
5.3.1.1 RF Screen Wire Conductivity

Equation (3.31) gives the transverse impedance of a thick cylindrical conducting pipe. It

indicates that in addition to the RF screen geometry, at least the electrical conductivity

and magnetic permeability of the RF screen wires are required to estimate 𝑍⊥
1 . Wires

which make up the RF screens are constructed from 310-stainless-steel, which is gener-

ally recommended for applications demanding low permeabilities. For this reason, the

magnetic permeability will be assumed to be 1.

The conductivity of an RF screen wire has been measured because of the wide

variation of published values. With a wire diameter of 2.3mm, the DC resistance of

a 30 cm sample was less than 0.1Ω as measured by a standard lab multimeter. Since

samples with different cross-sectional dimensions were not available, it was decided that

standard DC methods of measuring conductivity would not be adequate. Instead, the

Eddy current method outlined in Appendix F was adopted. This involved measuring

the impedance of a probe coil wrapped around an RF screen wire.

Two probe coils were constructed with properties listed in Tables 5.1 and 5.2; two

coils were used to highlight systematic errors associatedwith the coil geometry. A photo-

graph of an example probe coil is shown in Figure 5.9. The frequency range of between

50 and 250 kHzwas chosen, because with typical conductivities [190] and the parameters

listed in Table 5.2, the resistance in this range is predicted to increase monotonically with

conductivity so that unique solutions are expected for a given resistance. This is clear in

Figures 5.10 and 5.11, which shows a 400 kHz drive frequency having two solutions in

the conductivity range between 1 × 105 and 3 × 106 Sm−1.

The measurement is performed in two stages: the first stage measures the coil’s

resistance in free space without a sample wire; the second measures the probe coil’s

resistance with the sample wire along its axis. Both measurements were performed

using an LCR meter. The coil’s resistance is unchanged in the second experiment, but
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Figure 5.9: Photograph of a probe coil wrapped around a conducting wire.

Table 5.1: Properties of first coil.

Parameter Value
𝑏 (1.666 ± 0.001)mm

𝑟1 (1.210 ± 0.010)mm

𝑟2 (1.710 ± 0.010)mm

𝑙 (5.450 ± 0.270)mm

No. Turns 9

Table 5.2: Properties of second coil.

Parameter Value
𝑏 (1.167 ± 0.001)mm

𝑟1 (1.190 ± 0.010)mm

𝑟2 (1.500 ± 0.010)mm

𝑙 (2.810 ± 0.180)mm

No. Turns 7
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sus frequency as predicted by Equation (F.10),
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quencies and the coil parameters in Table 5.2.
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additional resistive losses from Eddy currents in the sample wire appear in series with it.

Conductivity can be measured by finding the value for which Equation (F.10) predicts

the observed difference in probe coil impedance. Whilst the equation is for a complex

impedance, its real part provides a unique solution provided the conductivity can be

assumed to be within a range. Since this simplifies the numerical integration and a

suitable range can be specified, only the real part has been used.

To measure the sample conductivity and its uncertainty, a random normal distribu-

tion was generated for the values listed in Tables 5.1 and 5.2 and the measured resistance.

To compute the conductivity, samples were drawn from these distributions and used as

inputs to the calculation in Equation (F.10), and the Ridder root-finding algorithm used

to find the conductivity [191]. To compute the uncertainty, the procedure was repeated

twenty times per sample frequency and a standard deviation computed.

Figure 5.12 shows the conductivity measured as a function of frequency for both

probe coils. Since no frequency dependence is apparent in these results, a weightedmean

was computed for coils 1 and 2 giving (1.31±0.02)×106 Sm−1 and (1.34±0.01)×106 Sm−1

respectively. The weighted mean of these two conductivities is (1.33±0.01) ×106 Sm−1,

which is taken as the RF screen wire’s conductivity.
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Figure 5.12: Conductivity output from Ridder root finding algorithm for first probe coil (a) and
second probe coil (b). Uncertainties are the standard deviation of 20 calculations.



5. Vertical Driving Impedance Model of the ISIS Synchrotron 95

5.3.1.2 Alumina Vacuum Vessels

The ceramic vacuum vessels at ISIS are composed of 97.6% purity alumina [77]. Their

dielectric properties are not well known, however no suitable samples are available to

perform a characterisation, so typical dielectric properties have been taken from litera-

ture. Figure 5.13 shows a reconstructed plot of dielectric loss tangent versus frequency

for aMorgan Matroc MM975 97.5% purity Alumina [192]. Since the frequency range of

interest for ISIS is between around 100 kHz and some tens ofMHz, the loss tangent will

be taken to be the largest value in this range; a constant of 3 × 10−3. The permittivity

of MM975 is reported as 9.22 at 15GHz [192], so a typical value of 10 will be taken

over the full frequency range.
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Figure 5.13: Reconstructed plot of dielectric
loss tangent versus frequency, for MM975
alumina ceramic [192].
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Figure 5.14: Approximate anhysteretic BH
curve for the ISIS steel laminations [193].

5.3.1.3 Magnet Laminations

Main magnet yokes are all constructed from laminations of British Steel TRANSIL 315-

35, which is a silicon transformer steel that is no longer manufactured. The lamina-

tions are glued together and straps are welded down the sides [73]. Each lamination

is 0.35mm thick, and the magnets have packing factors exceeding 92%. Whilst the

anhysteretic BH curve of this steel is available, see Figure 5.14, and the DC permeability
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at ∼ 0.8T is known to be around 7000, these results will not be valid in the frequency

range of ≥ 50 kHz.

With no suitable sample available for characterisation, typical values of high-frequency

permeability have been taken from literature [194]. The steel tested in this report,

DI MAX M-22, are expected to be somewhat similar to those of TRANSIL 315. In the

frequency range between 10MHz and 1GHz, the real part of the magnetic permeability

varies between around 35 and 1, whilst the imaginary part varies between around -10

and 0. Given this very large percentage variation, where necessary a range of values will

be investigated and otherwise 𝜇 = 35 + 0 𝑗 will be used.

5.3.2 Simplifications to RF Screen and Magnet Model

Impedance calculations will be performed using the low-frequency finite-element tech-

nique described in Chapter 3. Generating an accurate mesh of a realistic RF screen

and magnet assembly would be computationally challenging; for example, the dipole

RF screens are more than 4m long, whilst the laminations are 0.35mm thick, 0.84m tall

and 1.075m wide. To obtain a prediction of the structure’s impedance, it is necessary

to simplify the geometry by removing features which do not contribute significantly in

the frequency range of interest. The primary impedance sources will be identified with

RWAL, CST simulations and dedicated analytical models.

Whilst each magnet family has its own RF screen geometry, the general structure

consists of five layers, as indicated by Figure 5.15:

1. Beam aperture
2. RF Screen wires
3. Small vacuum gap
4. Alumina ceramic chamber
5. Small air gap
6. Laminated magnet yoke
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As found in Chapter 3, the impedance of a multi-layered conducting vacuum vessel can

be understood in terms of the impedance of each individual layer in certain frequency

ranges. Since the resistivity of Alumina is close to 1×1014 Ω cm, the ceramic layer is not

expected to provide effective electromagnetic shielding of outer layers, and so does not

conform to this intuitive picture for conductors. The new code RWAL, introduced in

Chapter 3, was first used to investigate the Alumina vessel’s contribution to 𝑍⊥
1 .

Small air gap

Alumina chamber

Small vacuum gap

Screen Wires

Beam region

Laminations

Figure 5.15: Layers of an ISIS RF screen, vacuum vessel and magnet laminations. Circular cross-
section is not of a physical magnet, but will resemble the model computed by RWAL.

5.3.2.1 Alumina Vacuum Vessels

The dimensions shown in Figure 5.16 have been used as inputs to RWAL. Initially no

inner stainless-steel (SS) layer was included, leaving the alumina layer directly exposed

to the beam to assess its impact on 𝑍⊥
1 . The outermost layer was assumed to be a solid

steel conductor with properties set to those of the yoke laminations; although the exact

properties of this outermost layer are not considered very significant in this section. All

air gaps have been neglected from the layer stack because they are not considered to be

significant for this analysis. Impedances will be calculated for 𝛽 = 0.999 and 𝛽 = 0.45,

to better understand the impact of 𝛽 at ISIS.

RWAL calculations of 𝑍⊥
1 are shown in Figure 5.17, both with and without the

alumina layer. For 𝛽 = 0.999, 𝑍⊥
1 shows the same four peaks in its real part around 1GHz,
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52 mm 15 mm

Steel

Alumina chamber

Figure 5.16: Geometry of the RWAL model used to understand the impact of the ceramic
properties on 𝑍⊥

1 . Relevant dimensions are indicated.

which are also seen in Figure A.1, which was computed for 𝛽 = 1. These peaks are not

present in the 𝛽 = 0.45 case, where a waveguide cut-off effect appears to significantly

reduce the impedance above around 500MHz. The imaginary part is larger than the

steel-only case for both high and low beta. For 𝛽 = 0.45 the case with Alumina is

around twice that of the steel-only case, and nearly seven times larger for 𝛽 = 0.999 at

100 kHz. This increased imaginary impedance was one of the primary motivations for

installing conducting wires inside the ceramic chamber during its design [184].

Figure 5.18 compares 𝑍⊥
1 for the case that a conducting layer is inserted between

the beam and the ceramic layer. This is assumed to have a similar impact on 𝑍⊥
1 as

the conducting RF screen wires, and so has been made 2mm thick. Over the tested

frequency range, the electromagnetic properties of the ceramic have no visible impact

on 𝑍⊥
1 for both 𝛽 = 0.45 and 𝛽 = 0.999. This indicates that the alumina layer will not

have a significant impact on 𝑍⊥
1 of the RF screen structure. Models of the RF screens

will therefore be simplified by replacing the alumina layers with free space.
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Figure 5.17: 𝑍⊥
1 per unit length computed by RWAL for a 1.5 cm thick Alumina layer

surrounded by steel extending to infinity, with (a, b) 𝛽 ≈ 1 and (c, d) 𝛽 = 0.45.

5.3.2.2 Laminated Magnet Yokes

In calculating 𝑍⊥
1 with and without the alumina vessels, the outermost layer was gen-

erally taken to be steel, although the exact properties of the steel were not considered

significant. Since the Alumina layer will now be neglected, the overall structure consists

of a conducting layer to represent the innermost RF screen, a vacuum gap and then the

laminations extending to infinity. The lamination properties could be significant at low

frequencies, where a large skin depth would allow electromagnetic fields to penetrate

through the RF screen wires. The impact of these laminated structures on 𝑍⊥
1 will

now be investigated.
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Figure 5.18: 𝑍⊥
1 per unit length for the Alumina and steel layers of Figure 5.17, but now with a

2mm inner layer of stainless-steel, with (a, b) 𝛽 ≈ 1 and (c, d) 𝛽 = 0.45.

Since RWAL assumes constant material properties in the longitudinal direction, it is

not possible to include the lamination geometry. Instead, the impedance contribution

of the laminations will be understood using a dedicated theoretical model which does

not include a conducting RF screen. Nevertheless, insights gained from this model will

be used to identify simplifications to the overall RF screen model.

The transverse impedance of laminated structures has been derived in the ultra-

relativistic approximation
(
𝑘 = 𝜔

𝑐

)
, for both flat-pole and annular laminations [107, 106].

Annular laminations are considered, because it was found that the transverse impedance

of a flat-pole is reasonably well approximated by annular laminations with a suitable

Yokoya factor. A cross-section of the model’s geometry is shown in Figure 5.19. In this
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case, 𝑍⊥
1 is expressed in terms of average surface impedances

R̄𝑧1 =
ℎR lam

𝑧1 + 𝜏Rcrack
𝑧1

ℎ + 𝜏 , (5.1)

R̄𝜃1 ≈
1 + 𝑗

𝛿 lam𝜎 lam
, (5.2)

where R lam
𝑧1 and Rcrack

𝑧1 are the 𝑧-directed surface impedances of the lamination and

insulating crack respectively. These are given by

R lam
𝑧1 =

1 + 𝑗
𝛿 lam𝜎 lam

, (5.3)

Rcrack
𝑧1 = − 𝑗𝑍0

𝑞𝑐𝜀0

𝜔𝜀crack
𝐽1 (𝑞𝑏) 𝑌1 (𝑞𝑑) − 𝑌1 (𝑞𝑏) 𝐽1 (𝑞𝑑)
𝐽 ′1 (𝑞𝑏) 𝑌1 (𝑞𝑑) − 𝑌 ′1 (𝑞𝑏) 𝐽1 (𝑞𝑑)

, (5.4)

𝑞2 = 𝜔2𝜀crack𝜇0

(
1 + (1 − 𝑗) 𝜇

lam

𝜇0

𝛿 lam

ℎ

)
(5.5)

and the complex conjugate of the transverse impedance is

(
𝑍⊥
1 (𝜔)

)∗ = 𝑐R̄𝑧1

𝜔𝜋𝑏3

1 + 𝑗 R̄𝑧1
𝑍0

(
𝑘𝑏
2 − 1

𝑏𝑘

)
+ R̄𝑧1R̄𝜃1

𝑍2
0

, (5.6)

where 𝑍0 = 𝜇0𝑐 is the impedance of free space.

b d
τ h

Lamination Crack

Perfect conductor

Figure 5.19: Cross-sectional geometry for the annular lamination model. Conducting lamina-
tions, dielectric cracks and an outer perfect conductor are indicated.
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Whilst this has been rigorously derived, it is an approximation to represent the

magnet laminations with a single surface impedance. Extensive numerical or experi-

mental benchmarking is required if it is to be used in a practical scenario. Experimental

benchmarking is often challenging due to uncertain material properties, whilst meshing

a numerical model can be challenging because typically 𝜏 and ℎ are much smaller than

the transverse dimensions and overall length. Numerical benchmarks will therefore be

performed for dimensions that are readily solvable. Since the only restriction on 𝜏 and

ℎ in Equations (5.1) and (5.2) is that their sum is small compared to the propagating

field’s wavelength, successful benchmarks in this solvable regime implies the approach

is also valid for practical lamination dimensions.

Numerical benchmarking has been performed by computing the real part of 𝑍⊥
1

with the low-frequency CST technique described in Chapter 3, and comparing with

the predictions of Equation (5.6). Key parameters, including: 𝑏, 𝑑, 𝜏 , ℎ, 𝜇lam, have been

varied. An example of the model geometry is shown in Figure 5.20.

Figure 5.20: An example laminated magnet CSTmodel. Blue laminations are highly permeable
and have a conductivity of 1 × 106 Sm−1; purple laminations or cracks, are free space. The grey
material surrounding the laminations is a perfect conductor.

Figure 5.21 shows the variation of Re
(
𝑍⊥
1

)
for a number of crack lengths ℎ. Both

numerical and analytical results predict that the inductive bypass frequency should re-

duce with increasing crack thickness. Changes in the maximum 𝑍⊥
1 are predicted to be

relatively small within the tested range, which is demonstrated in the numerical results.
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Figure 5.22 shows the variation of Re
(
𝑍⊥
1

)
for a number of inner radii values 𝑏.

Both numerical and analytical results show that the maximum value of Re
(
𝑍⊥
1

)
should

reduce with increasing 𝑏, and that the inductive bypass frequency should reduce. Both

behaviours are observed in the numerical results.

Figure 5.23 shows the variation ofRe
(
𝑍⊥
1

)
for a number of outer radii values 𝑑. Both

numerical and analytical results show that the inductive bypass frequency should increase

by an order of magnitude with 𝑑 in the range of 14 to 28mm.

Figure 5.24 shows the variation of Re
(
𝑍⊥
1

)
for a number of lamination permeabil-

ities 𝜇lam. Both numerical and analytical results show that the inductive bypass fre-

quency should increase with increasing 𝜇lam, whilst the maximum value of Re
(
𝑍⊥
1

)
is almost constant.

It can be seen from these figures that Equation (5.6) has predicted Re
(
𝑍⊥
1

)
to within

a few 10’s of percent, and that the inductive bypass frequency where it peaks has been

predicted to better than an order of magnitude. High-frequency discrepancies in the

magnitude of Re
(
𝑍⊥
1

)
are likely attributable to mesh quality, but since the goal here

is only to verify the formula is approximately correct, this has not been investigated

systematically. It is therefore concluded that Equation (5.6) is sufficiently accurate to

estimate the impedance of laminated magnets at ISIS, which is further justified by the

fact that these laminations are anyway shielded by the RF screens.
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Figure 5.21: Real part of 𝑍⊥
1 per unit length, for the laminated model shown in Figure 5.20 and

different values of crack thickness, ℎ.
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Figure 5.22: Real part of 𝑍⊥
1 per unit length, for the laminated model shown in Figure 5.20 and

different values of inner radius.
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Figure 5.23: Real part of 𝑍⊥
1 per unit length, for the laminated model shown in Figure 5.20 and

different values of outer radius.
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Figure 5.24: Real part of 𝑍⊥
1 per unit length, for the laminated model shown in Figure 5.20 and

different values of lamination permeability.
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Having verified its accuracy, Equation (5.6) will now be be used to predict the

impedance of an ISIS dipole’s laminated, unshielded yoke. Figure 5.25 shows Re
(
𝑍⊥
1

)
computed with the properties from Section 5.3.1.3 and a Yokoya factor of 𝜋2/12 to

approximate the case of a flat yoke. In computing Figure 5.25, 10000 calculations were

performed with inputs derived from the normally distributed input parameters listed in

Table 5.3. The results are consistent with an inductive bypass turning point close to

100MHz, and with observations on other laminated magnets [107, 106].

The RF screens will shield the magnet laminations above ∼ 40 kHz, where the skin

depth is comparable to the wire diameter. The lowest frequency vertical sideband at ISIS

is at ∼ 100 kHz, which is comparable to this frequency, so some field may penetrate the

RF screen. In the worst case of a totally unshielded lamination, Figure 5.25 shows that

𝑍⊥
1 is less than that of a typical conducting pipe around at this frequency; see for example

Figure 5.18. Since the laminations will be at least partially shielded, it is concluded that

the low frequency impedance will be dominated by the RF screen itself.

Gaps between the wires mean that perfect shielding cannot be achieved even at high

frequencies where the skin depth is small, however it has been found that shielding will

remain effective provided the spacing between wires is less than the distance between

the wires and the laminations [135]. On an ISIS dipole, the vertical RF screen aperture

is ∼ 100mm, whilst the yoke aperture is ∼ 160mm, leaving a ∼ 30mm gap, which is

significantly larger than the typical wire spacing of ∼ 5mm. It is therefore concluded

that even above ∼ 10MHzwhere the yoke impedance is larger, the RF screen will shield

the laminations and the screen’s conductors will dominate the impedance.

It is concluded that at both high and low frequencies the conductive RF screen domi-

nates the impedance and not the laminated yokes. The yokes will therefore be neglected

from the overall RF screen model. By neglecting the yokes and the alumina chambers,

the RF screen model becomes a set of conducting wires in free space. This important

result simplifies the model to such an extent that it can can be solved using finite element

tools, such as the low-frequency EM solver technique introduced in Chapter 3.
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Figure 5.25: Real part of the transverse impedance per unit length computed with Equation (5.6)
using the normally distributed parameters listed in Table 5.3 and a Yokoya factor of 𝜋2

12 . This
result is representative of the ISIS main dipole magnet impedance. Error bars are the standard
deviation of 10000 calculations.

Parameter Mean Uncertainty
𝑏 8 cm n/a
𝑑 42 cm n/a
𝜎 lam 2 × 106 Sm−1 5 × 105 Sm−1

𝜇lam 35𝜇0 10𝜇0
𝜏 350 µm 30 µm
ℎ 30 µm 5 µm
𝜀crack 3𝜀0 1𝜀0

Table 5.3: Parameters used to calculate the impedance of the ISIS magnet laminations.

5.3.3 CST Simulations of RF Screens
5.3.3.1 Description of Simulation Models

Having determined that the Alumina ceramic and laminated magnet yokes can reason-

ably be neglected from the RF screen models, 𝑍⊥
1 of five different RF screens will now

be computed with the low-frequency CST simulation introduced in Chapter 3. The

simulated RF screens will include additional simplifications to the ones already intro-
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duced. These were applied to remove complexity from the simulation models, whilst

retaining the key features for an impedance calculation. These additional simplifications

will now be described.

The real RF screen wires are connected to the coupling capacitors via RF finger-

strips1, which are challenging to simulate since their contact properties are not generally

known. Instead, a 5mm gap will be made in each wire and capacitors inserted to bridge

this gap[64]; see Figure 5.26.

Stainless steel wires

Capacitor in gap

Perfect conductor

(a) (b)

Figure 5.26: Schematic (a) and screenshot (b) of simplified geometry for capacitor connections
in CST simulations.

A second simplification is that the transverse cross-sectional dimensions are held

constant over the screen’s length, whilst the apertures of real dipole and doublet RF

screens vary to follow the design envelope [195]. The simulated screen’s horizontal and

vertical apertures will be taken from the point on the screen geometry with the smallest

vertical opening; widths and height dimensions are defined in Figure 5.27. Since the

apertures vary slowly compared to the wavelengths of interest, this is assumed to provide

a “worst-case scenario” in its prediction of 𝑍⊥
1 . A consequence of this simplification is

that the curvature of the dipole’s RF screen is neglected.

1RF finger-strips are a type of conducting spring for making contact electrical connections.
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Dimensions used for all the simulations of simplified RF screens are listed in Table 5.4.

Whilst the dipole length is often quoted as 4.4m, the length listed is larger because the

nominal wire length is 5.05m. The listed value was chosen because RF finger strips

typically make contact a few cm before the end of a wire.

In all but the dipole RF screens, all wires are connected with 0.1 µF capacitors. The

side-plates of the dipoles are each connected with 25 × 0.01 µF capacitors in parallel,

whilst the wires at the top and bottom of the aperture are each connected with 0.1 µF

capacitors; see Figure 5.27.

5.3.3.2 Results

The real part of the impedance for the 5 RF shield modules with capacitors included are

shown in Figure 5.28, and all plots are overlaid with the impedance for the case with

capacitors replaced by resistors. Each lumped resistance is set equal to the resistance

of the missing 5mm of wire, which was 1mΩ; this same resistance was also used for

the dipole side-plates.

Results with capacitors show resonant peaks in the frequency range between ∼ 80

and 200 kHz. At their peaks, the real parts of these resonance magnitudes are three

orders-of-magnitude larger than the resistive-wall impedance at 1MHz. Given their

large amplitudes, a transverse resonator impedance can reasonably be fitted to the largest

peaks without subtracting the background resistive wall impedance. Performing least

squares fits to the maxima and two surrounding points give the resonator parameters

listed in Table 5.5. In all cases, a second peak can be seen at higher frequencies, but

it will be neglected because its amplitude is invariably an order-of-magnitude lower

than the largest peak.

At 2MHz, the results with and without capacitors differ by less than 2.3% across

all RF screens, which is considered to be good agreement. Above this frequency, 𝑍⊥
1

resembles a thick resistive-wall impedance with a roughly (𝜔)−1/2 dependence. This

implies that neglecting the capacitors is a good approximation at this frequency and
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above. In that higher frequency range, quality of the finite-element mesh is a possible

source of error, because the wires were modelled as a CST “normal” material which

requires an accurate volume mesh. Equation (3.30) suggests that the skin depth at

10MHz is 0.14mm, or 6% of the wire diameter. To verify that meshing issues have

not caused significant inaccuracies at frequencies where the skin depth is much smaller

than the wire diameter, simulations with CST’s “lossy metal” approximation have been

carried out. In this case, the wire volumes are treated as perfect conductors during

simulation and a surface impedance approximation used to estimate resistive losses. A

volume mesh is then not required in the region where current flows, and a surface mesh

is generated instead. This approximation is valid where the skin depth is much smaller

than the thickness of a material, and can improve accuracy for these frequencies. A

comparison of Re
(
𝑍⊥
1

)
for the two different material types without capacitors is shown

in Figure 5.29. At 2MHz, differences between the two material types are less than

100Ωm−1, which is not considered significant compared to peaks of up to 1MΩm−1.

The accuracy of the “normal” material simulations is thus considered sufficient over the

whole simulated frequency range.

Table 5.5: Simulated RF screen fitted resonator 𝑍⊥
1 parameters. * - It has been assumed that

all ten doublet RF screens are identical; mechanical differences of the doublet in the extraction
straight are considered negligible.

RF Screen 𝜔𝑟
2𝜋 (kHz) 𝑅⊥ (MΩm−1) 𝑄𝑟 Quantity

Dipole (Module 1) 86 1.37 17 10
Doublet (Module 11) 94 1.03 27 10*
Singlet (Model 30) 186 0.31 53 10
Octupole (Module 13) 184 0.27 60 6
Octupole (Module 9/10) 162 0.20 68 6
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Figure 5.28: Real part of 𝑍⊥
1 computed by low-frequency CST simulations of the singlet

(a), doublet (b), module-13 (c), module-9/10 (d) and dipole (e) RF screens, with and without
capacitors.
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Figure 5.29: Real part of 𝑍⊥
1 computed by low-frequency CST simulations of the singlet (a),

doublet (b), module-13 (c), module-9/10 (d) and dipole (e) RF screens, without capacitors but
for “normal” and “lossy metals.”
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5.3.4 Probe Coil Measurements of RF Screen Impedance

Resonator impedances predicted by the low-frequency CST simulations have very large

amplitudes and occur at the frequencies of interest for instabilities on ISIS. To verify these

predictions, a series of probe-coil experiments have been carried out on spare RF screen

assemblies inside their respective magnets. Access to these assemblies is generally limited

because they are operational spares for the ISIS facility, but full access was granted for

a singlet RF screen and partial access for a dipole RF screen.

These experiments have been described in Chapter 3. They involve inserting a

rectangular probe coil into the RF screen, and driving a current to simulate a beam’s

dipole moment. 𝑍⊥
1 is obtained from the coils impedance, which can be measured using

standard circuit techniques. In these measurements, an LCR meter was the primary ap-

paratus used tomeasure the probe coil impedance, with the set-up shown in Figure 5.30a.

Device-under-test (DUT) measurements were performed with the probe coil inserted

into the RF screen, and reference (REF) measurements were performed with the probe

coil in free space. The difference between these two impedance measurements can be

used with Equation (3.54), to compute Re
(
𝑍⊥
1 (𝜔)

)
; an alternative type of reference

measurement is required for Im
(
𝑍⊥
1 (𝜔)

)
. Since only partial access to the dipole was

granted, it was not possible to insert a probe coil through the full length of the dipole,

so only a partial characterisation was possible.

To verify the LCR results, and identify some types of systematic errors, a Vector

Network Analyser (VNA) was also used to measure the probe-coil’s impedance. As

with the LCR measurements, the probe coil was treated as a lumped impedance, and

signal transmission was measured between two VNA ports; see Figure 5.30b. In this

configuration, each end of the probe coil was connected to the central conductor of

a port, whilst the outer conductors were shorted together. The electrical connections

in this configuration are the same as for the LCR experiment, so both devices can be
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used without disturbing the experimental set-up. The impedance in this case can be

measured from the transmission parameters, 𝑠21, with

𝑍pr(𝜔) = 2𝑍0
1 − 𝑠21(𝜔)
𝑠21(𝜔)

. (5.7)

After measuring 𝑍 (𝜔) for the DUT and REF configurations computation of the trans-

verse impedance 𝑍⊥
1 (𝜔) is the same as for the LCR meter.

LCR

1 2

Magnet and RF Screen

Probe coil

(a)

VNA

1 2

Probe Coil

(b)

Figure 5.30: Schematic of the LCR (a) and VNA (b) experimental set-ups for the RF screen
measurements.

5.3.4.1 Singlet Quadrupole Measurement

The transverse impedance of an unpowered, singlet RF screen and yoke was measured

using the probe coil technique. Photographs of the magnet with dedicated impedance-

measurement flanges are shown in Figure 5.31 for the DUT and REF configurations.

Probe coils with 𝑁t = 2 and 3 turns of wire were used to identify systematic errors with

the probe, such as those caused by resonances on the coil itself.

To prevent systematic errors associated with objects moving near to the measure-

ment set-up, the probes were fully enclosed in the RF screen and flanges. Probe coils

were wound on Tufnol supports to improve repeatability and prevent wire sagging;

these were non-conducting and non-magnetic. Alignment of the flanges was achieved

using precise dowel locations, which were necessary to ensure proper contact of the RF
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(a) (b)

Figure 5.31: Experimental set-up of the singlet RF screen measurements, in the DUT (a) and
REF (b) configurations.

screen wires with the finger strips. A 90mm by 90mm cutout at the centre of both

flanges allowed space for the probe coils to pass through. Connection to the flange

was made by a small adaptor plate, to allow different experimental set-ups to be tested

without modifying the flanges. To prevent electrical feedthroughs from impinging into

the RF screen aperture and partially shield the ends of the coils, diecast boxes with

dedicated mounting holes provided the fixing point for the probe support. Since all

fittings were tight, sag of the probe support was considered negligible. The probe coil

axis was centered by mechanical tolerances to within ±0.65mm of the vertical aperture

(∼ ±0.4%), but the affect of any residual offsets was randomised by performing REF and

DUT measurements alternatively, so that the probe was reconnected for each repeat

DUT measurement.
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Table 5.6: Resonator least-squares fit parameters from measurements for a singlet RF screen.

Probe 𝜔𝑟
2𝜋 (kHz) 𝑅⊥ (kΩm−1) 𝑄𝑟

Two-turn (188.6 ± 0.3) (31.1 ± 0.5) (4.0 ± 0.1)
Three-turn (188.9 ± 0.3) (32.4 ± 0.5) (4.1 ± 0.1)

The results for both coils are shown in Figure 5.32, which also shows the predicted

resonant frequency from Table 5.5. In the frequency range of 141 and 550 kHz, results

from the two probes are consistent. A least-square fit to a resonator impedance was

performed for both probes, with results listed in Table 5.6. The measured resonant

frequencies and quality factors are consistent within one standard uncertainty, whilst

𝑅⊥ are consistent within two. In both cases, the uncertainty in 𝑅⊥ is less than 2%,

which could be explained by temperature variations in the storage building on the days

that the experiments were performed.

A weighted mean of these results gives 𝜔𝑟/(2𝜋) = (188.8 ± 0.2) kHz, 𝑅⊥ = (31.8 ±

0.4) kΩm−1 and 𝑄𝑟 = (4.1 ± 0.1). These parameters are to be compared with the

CST predictions listed in Table 5.5. The measured resonant frequency differs from the

prediction by less than 2%. The simulated value of 𝑅⊥ is a factor of ∼ 10 larger than

the measured, which is a significant discrepancy; although the measured value is still

two orders-of-magnitude larger than the singlet’s resistive-wall impedance at 1MHz.

The simulated quality factor is a factor of ∼ 13.7 larger than the measured, which is

again a significant discrepancy.

As discussed in Chapter 3, probe coil measurements do not accurately measure the

imaginary part of the transverse impedance. Nevertheless, the imaginary part of a

resonator impedance has a characteristic distribution, which would be expected to be

observed in the experimental data even if its absolute value were offset. The measured

Im
(
𝑍⊥
1 (𝜔)

)
is shown in Figure 5.33 for the two different probes; to aid in comparing

these results, offsets have been manually adjusted. The distribution of these results is

reminiscent of the imaginary part of a resonator impedance.
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Figure 5.32: Real part of a singlet RF screen’s 𝑍⊥
1 , measured using an LCRmeter and probe coils

with two and three turns. The resonant frequency predicted by CST is indicated.
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1 , measured using an LCR

meter and probe coils with two and three turns. Offsets have been manually adjusted so that the
distributions may be more easily compared.
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To verify the LCR-meter results, impedance measurements were also made using a

vector network analyser in the configuration shown in Figure 5.30b. The same probe

coils and experimental configurationswere used, and the results are shown in Figure 5.34.

A peak appears in Re(𝑍⊥
1 ) for all probe coils and measurement devices, whilst Im(𝑍⊥

1 )

shows the same characteristic distribution in all results. The results are consistent within

one or two standard uncertainties for most of the observed bandwidth. An exception is

clear at low frequencies, where the difference in probe resistance was typically on the

order of 0.001Ω at 100 kHz and below. At that point, variations can be explained by

changes in electrical contacts between repeat measurements or variations in the atmo-

spheric conditions. Apart from this region, the results are considered to be sufficiently

consistent to conclude that a resonator impedance is present.
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Figure 5.34: Comparison of real (a) and imaginary (b), values of 𝑍⊥
1 as measured with the LCR

meter and VNA for the singlet RF screen. The imaginary part is not accurate for probe coil
measurements.

Uncertainties in Re
(
𝑍⊥
1 (𝜔)

)
from Equation (3.54) have been estimated by consid-

ering the real and imaginary parts of the impedance separately. Re
(
𝑍⊥
1 (𝜔)

)
can be

written explicitly as

Re
(
𝑍⊥
1 (𝜔)

)
=
𝑐

𝜔

1

Δ2𝑁 2
t
Re

(
𝑍DUT
pr − 𝑍REF

pr

)
. (5.8)
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The uncertainty in this quantity is

𝜎2𝑧⊥ =

(
𝜕Re(𝑍⊥

1 )
𝜕Re(𝑍DUT

pr )
Re(𝜎𝑍DUT

pr
)
)2

+
(
𝜕Re(𝑍⊥

1 )
𝜕Re(𝑍REF

pr )
Re(𝜎𝑍REF

pr
)
)2

+
(
𝜕Re(𝑍⊥

1 )
𝜕Δ

𝜎Δ

)2
(5.9)

where Re(𝜎𝑍REF
pr

) must be computed from the measured magnitudes and phases. From

the means and standard errors on these quantities, the uncertainty on the real parts are

Re
(
𝜎𝑍pr

)2
=

(
𝜕

𝜕
��𝑍pr�� (��𝑍pr�� cos(𝜃pr)) 𝜎 |𝑍pr |)2 + (

𝜕

𝜕𝜃pr

(��𝑍pr�� cos(𝜃pr)) 𝜎𝜃pr)2 . (5.10)

Variations in 𝑍pr were primarily observed when moving between the REF and DUT

configurations, and are thought to be associated with changes in the electrical connec-

tion properties. This change in configuration was made for each repeat measurement

to prevent systematic errors associated with alignment, so variations in the electrical

connections were also expected to be random. Limited time meant that a systematic

offset in the imaginary part of the impedance can be seen in Figure 5.34, but since

all resonator parameters were obtained from the real part, confirming the functional

shape of the imaginary part was considered sufficient for the present purpose. All LCR

meter measurements were performed with eight REF and eight DUT repeats, whilst

VNA measurements were made with five. These numbers were primarily chosen due

to time constraints.

The physical width of the coil, Δ, was defined in Equation (3.51), and in this ex-

periment was taken as the distance between the central axis of the wire on either side

of the probe. This was justified because the stripped wire diameter of 0.5mm was only

∼ 2.5% of Δ. The uncertainty in Δwas minimised at the design stage by using the tufnol

support. Grooves were cut into the support which allowed the probe wires to extrude

slightly from its surface. Δ was initially obtained by measuring the outside width of

the probe wires with a set of calibrated vernier calipers, and subtracting from this the

diameter of the insulated wire, which was itself measured with a digital micrometer.
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The probe was wound by hand, with friction at the ends maintaining tension; the

tape seen in Figure 5.31b provided additional support. This imperfect winding was the

primary source of uncertainty in Δ and introduced a systematic uncertainty, as it allowed

the wire to extrude beyond the support. To estimate these uncertainties, a set of vernier

calipers were held tight on one side, and gradually closed until there was visible contact

between the caliper edge and the wire. This was repeated at five positions along the

length of a probe and a mean width computed. To correct for the systematic error, the

difference between this and the previous outside width measurements were added to the

value of Δ for both probes, and also taken as their uncertainty. For two and three turn

probes, Δ was (20.5 ± 0.3)mm and (20.6 ± 0.3)mm respectively.

5.3.4.2 Dipole Measurement

The CST model of the dipole RF screen was the most simplified because it neglected

the screen’s curvature and aperture changes along its length. For this reason, some

experimental verification of the simulated results was necessary. A spare dipole magnet

is stored for operational purposes in the synchrotron hall, but since access to the magnet

is required for operations, it was not possible to install a full length probe coil as was

done with the singlet measurements. Instead, access was granted for a less invasive

measurement where a short probe coil was inserted into one side of the dipole. This

novel experimental method would not provide a full characterisation of Re
(
𝑍⊥
1

)
, but a

narrowband increase in the probe coil’s resistance was expected at the shield’s resonant

frequency, and the coil could be removed quickly in the event that the magnet was

required for operations.

The probe coil for this experiment was 17.5 cm long, 4.8 cm wide and had 12 turns.

The number of turns was increased compared to the singlet measurement to improve the

inductive coupling between the RF screen and the relatively small probe. Figure 5.35

shows the experimental set-up for DUT and REF configurations.
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(a) (b)

Figure 5.35: Experimental set-up of the dipole RF screen measurements, in the DUT (a) and
REF (b) configurations.

Figure 5.36 shows the difference between the probe coil resistance in the DUT and

REF configurations. A peak was observed in the DUT configuration, within 5% of

the resonant frequency predicted by CST and with both an LCR meter and a VNA.

Since the measured peak amplitude is the same order-of-magnitude as the background,

fits to a resonator impedance would require this background to be subtracted. A least-

squares fit to 𝑓 (𝑥) =
√
𝑥 + 𝑎 was made for all frequencies above 130 kHz, which gave

a reduced chi-squared of 17 for the LCR results and 0.96 for the VNA results. The

apparently large value of reduced chi-squared for the LCR results is attributable to the

smaller peak at close to 170 kHz. These fits were then extrapolated to lower frequencies

and subtracted from the coil resistance; the extrapolated fit for the VNA is overlaid in

the figure. Figure 5.37 shows the difference in probe coil resistance with the offset

subtracted, and uncertainties in the fit have been applied to each point.

In order to estimate transverse resonator parameters, Equation (3.54) was applied to

the probe coil resistance with background subtraction. Since the probe coil was short,

𝑅⊥ was not expected to be accurately measured, however 𝜔𝑟/(2𝜋) and𝑄𝑟 were expected
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Figure 5.36: LCR meter and VNA measure-
ments of the real part of the probe coil resis-
tance for the dipole RF screen with the refer-
ence resistance subtracted.
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Figure 5.37: Real part of the difference in
probe coil resistance for the dipole RF screen
with background subtraction.

Table 5.7: Least-squares fit parameters from measurements for a dipole RF screen.

Equipment 𝜔𝑟
2𝜋 (kHz) 𝑄𝑟

LCR (82.2 ± 1.3) (6.7 ± 2.8)
VNA (82.3 ± 0.4) (6.1 ± 0.8)

to be accurate. A least-squared fit to a resonator impedance was performed for both LCR

and VNA results. The resulting resonant frequency and𝑄𝑟 are listed in Table 5.7, which

are both consistent within a single uncertainty. A weighted mean of these quantities

were computed giving 𝜔𝑟/(2𝜋) = (82.3 ± 0.3) kHz and 𝑄𝑟 = (6.1 ± 0.7). This resonant

frequency is within 5% of the CST prediction in Table 5.5, which is considered an

excellent level of agreement considering the simplified geometry. The quality factor is

significantly lower than predicted, which was also the case for the singlet, and will need

to be taken into account in the impedance model.
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5.3.5 RF Screen Impedance Model for the ISIS Synchrotron

Simulations of the five most common RF screens have been carried out. Table 5.5

contains a summary of fits to the simulated RF screens, and Figure 5.38 shows Re(𝑍⊥
1 )

for all the simulated RF screens multiplied by their quantity, giving the simulated RF

screen impedance of the ISIS synchrotron. Probe coil impedance measurements have

confirmed large resonator impedances close to the predicted frequencies, but differences

between measured and simulated 𝑅⊥ and 𝑄𝑟 mean that these values cannot be taken

directly from the simulated values in Table 5.5. Since experimental data from other

RF screens is not expected to become available, any unmeasured quantities must be

extrapolated from the available data to produce an impedance model. This section

will describe how this extrapolation will be carried out for the RF screens in the ISIS

Synchrotron, with a single model being adopted for each family of RF screen. The

resulting resonator parameters are listed in Table 5.8.
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Figure 5.38: Overlay of Re(𝑍⊥
1 ) of each RF screen family in the ring, as computed by CST.
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5.3.5.1 Resonant Frequencies

Two distinct probe coil experiments were carried out on a singlet and a dipole RF screen.

Both demonstrated resonances within 5% of the frequencies listed in Table 5.5, which is

considered a good level of agreement. The resonant frequencies will therefore be taken

as the measured values on the singlet and the dipole RF screens, and the simulated values

will be used for the rest. The singlet and dipole measurements were both made on a

single device, but since the capacitors in the synchrotron have been in-use for up to

forty years, their X7R dielectric will have aged causing a lowering of their capacitance.

This will be accounted for by considering the expected drift in resonant frequency

as an uncertainty.

With typical ageing characteristics of 1% per-decade-hour 2, their capacitance could

have reduced by as much as 6%. Assuming the resonant frequency follows 1√
𝐶
, its value

could have changed by as much as 3%. If initial capacitances were within ∼ 10% of

their nominal values then the resonant frequencies could vary by up to 5%. Combining

these gives 6%, which will be taken as the uncertainty on the resonant frequency of all

RF screen families, which are listed in Table 5.8.

5.3.5.2 Resonator Amplitudes and Quality Factors

The singlet measurement revealed reductions in both 𝑅⊥ and 𝑄𝑟 compared to the CST

simulations. Whilst the physical source of this discrepancy has not been conclusively

identified, the simultaneous reduction of both quantities indicates that a resistive element

is missing from the models.

This resistive element can be approximated in the CST models by adding a re-

sistor in series with each capacitor. To validate this method, the singlet RF screen

was simulated with a range of series resistors and 𝑍⊥
1 computed for each value; see

2The rate of capacitor ageing is commonly specified as a percent per-decade-hour because the drop
in capacitance follows a logarithmic curve. 𝜏ℎ hours after a capacitor’s last heat-cycle, its capacitance will
have dropped to a percentage of 100 − 𝑥 log10 (𝜏ℎ) of its original value, where 𝑥 is the ageing rate in
percent-per-decade-hour.
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Figure 5.39. The peak of Re(𝑍⊥
1 ) and several surrounding points were then fitted to

a transverse resonator impedance. No background was subtracted prior to these fits

because the peak impedance was consistently an order-of-magnitude above background

values. Figure 5.40 shows the fit values of 𝑅⊥ and𝑄𝑟 with an overlaid linear fit computed

by Orthogonal Distance Regression; the reduced 𝜒2 of this fit was 0.41.
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Figure 5.39: Simulated impedances for the
singlet RF screen, with a range of series resis-
tors. Points fit to the resonator impedance are
overlaid.
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Figure 5.40: Fit values of 𝑅⊥ and 𝑄𝑟 for the
singlet RF screen with different resistances
added in series with the capacitors. Fits are
shown in Figure 5.39.

The linear fit in Figure 5.40 allows 𝑅⊥ to be estimated from a measured value of

𝑄𝑟 . To verify the accuracy of this technique, 𝑅⊥ was computed from the fit with the

measured𝑄𝑟 listed in Table 5.8, giving 𝑅⊥ = (24±1) kΩm−1. The measured value listed

in Table 5.8 is 32% larger than this prediction, which is a significant improvement on the

simulated predictions without resistors listed in Table 5.5. The same technique of using

simulated resistors can be applied to the dipole measurements, where it was not possible

to measure 𝑅⊥ directly. Figure 5.41 shows Re(𝑍⊥
1 ) from a series of CST simulations of

the dipole RF screenwith different series resistors, and Figure 5.42 shows 𝑅⊥ and𝑄𝑟 from

fits to resonator impedances. A linear fit to these quantities has a reduced 𝜒2 of 1× 10−3.

𝑅⊥ can be estimated from this fit, giving (500 ± 180) kΩm−1. As well as the standard

errors from 𝑄𝑟 and the fit parameters, a 32% uncertainty has been included to account

for the systematic error observed when this technique was applied to the singlet.
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Figure 5.41: Simulated impedances for the
dipole RF screen, with a range of series resis-
tors. Points fit to the resonator impedance are
overlaid.
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Figure 5.42: Fit values of 𝑅⊥ and 𝑄𝑟 for
the dipole RF screen with different resistances
added in series with the capacitors. Fits are
shown in Figure 5.41.

Since 𝑄𝑟 was measured for both the singlet and the dipole RF screens, it is possible

to find the effective series resistance that reproduces these two measured results. From

the fit between simulated values of 𝑄𝑟 and series resistance, 𝑟eff, shown in Figure 5.43

it is possible to estimate an effective series resistance of (1.9 ± 0.1) Ω for the singlet and

(2.0±0.4) Ω for the dipole. These twomeasurements are consistent, and give a weighted

mean of 𝑟eff = (1.9 ± 0.1) Ω.
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Figure 5.43: Quality factor from fits to a resonator impedance for (a) singlet and (b) dipole RF
screens, with a range of series resistors. Fits have reduced 𝜒2 of (a) 0.42 and (b) 0.12.

Since further experimental data is not expected to become available, unmeasured

properties must be estimated from CST simulations. The apparent consistency of 𝑟eff
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on the singlet and dipole RF screens justifies the approach of estimating 𝑅⊥ and 𝑄𝑟 by

including the same effective series resistance in their CST models, and producing plots

similar to that of Figures 5.43a and 5.40. Fits to these plots were used to estimate 𝑄𝑟 for

the effective series resistance, and 𝑅⊥ was then estimated for this 𝑄𝑟 . The uncertainty in

𝑄𝑟 was obtained from the uncertainty in 𝑟eff and the fit. The uncertainty in 𝑅⊥ includes

a fitting uncertainty, and 32% has been added to account for the discrepancy between

the measurement and simulation on the singlet. The resulting resonator parameters will

be used for the ISIS impedance model, and are summarised in Table 5.8. Refinements

such as including the impact of Lorentz-𝛽 will be considered in Section 5.7, but this

table marks a substantial advance in understanding of transverse instabilities on ISIS.

Table 5.8: Resonator parameters used for ISIS impedance model. * - Assumed

RF Screen 𝜔𝑟
2𝜋 (kHz) 𝑅⊥ (kΩm−1) 𝑄𝑟 Quantity

Dipole (Module 1) (82 ± 5) (500 ± 170) (6.1 ± 0.7) 10
Doublet (Module 11) (94 ± 6) (255 ± 82) (6.7 ± 0.2) 10∗

Singlet (Model 30) (189 ± 12) (31.8 ± 0.4) (4.1 ± 0.1) 10
Octupole (Module 13) (184 ± 12) (18 ± 6) (4.30 ± 0.02) 6
Octupole (Module 9/10) (162 ± 10) (14 ± 5) (4.66 ± 0.02) 6

5.3.5.3 Resistive Wall Impedance

The resistive-wall and indirect space-charge impedances of the RF screens must be in-

cluded in the model in addition to the resonator impedance. The resistive-wall part will

be described here, whilst the indirect space-charge contributions of several structures

will be described in Section 5.6.

Since all the RF screens show a thick-resistive-wall type impedance at higher fre-

quencies, a single resistive-wall element will be included to account for all the screens.

Figure 5.44 shows the sum of all simulated RF screens with no series resistance, inter-

polated onto a single frequency axis. Above 1MHz this sum follows a 1√
𝜔
relationship,

so a single resistive-wall impedance will be applied for all RF screens collectively. A
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stainless-steel vacuum vessel, with conductivity of 1.33 × 106 Sm−1and an inner radius

of 50mm was assumed and a least-squares fit performed that gave a Yokoya factor of

0.93. This resistive-wall impedance, which will be taken to apply for all the RF screens,

is overlaid in Figure 5.44
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Figure 5.44: Sum of 𝑍⊥
1 (𝜔) for simulated RF screens, interpolated onto a single frequency axis.

A thick-resistive wall impedance has also been overlaid above 300 kHz.

5.4 RF Cavities

An ℎ = 2 ISIS RF cavity is shown schematically in Figure 5.45. Like the second

harmonic (ℎ = 4) cavities, they are ferrite-loaded, shorted coaxial resonators and their

combined length is approximately 15% of the machine’s circumference. As the second

most-common repeating structure after the RF-screens, it is necessary to include their

contribution to the resistive-wall impedance. Whilst they can sustain higher-order

modes, simulations on cavities of a similar construction and resonant frequency to those

at ISIS, have shown that they primarily occur above 10MHz and are thus outside the

frequency range of interest [196]. Only the resistive-wall contribution of the RF cavities

will be considered.
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Figure 5.45: Schematic of an ISIS fundamental RF cavity [81] with labelled ferrite and steel.

The vacuum vessel is made from a 2mm thick, BS. 4360 GRADE 43A mild steel

cylindrical pipe, with an inner diameter of 224mm. Mild steel was chosen to shield the

beam from stray magnetic-fields produced by the cavity bias-current. Whilst properties

of the mild steel are not well known, it is assumed that they do not depart significantly

from published values of a more general mild steel [190, pp. 12–119]. Its conductivity

will be taken to be that of plain carbon steel, at 5.5×106 Sm−1 [190, pp. 12–204]. Whilst

the initial permeability of mild steel is around 800 at low frequencies, it is expected to

be significantly reduced above 100 kHz, as was the case for the laminated magnet yokes

described in Section 5.3.1.3. A range of values were investigated to understand the

significance of the initial permeability.

The steel vacuum vessel is plated with nickel to prevent rusting. The thickness of

this plating is between 10 and 20 µm, so a range of parameters were investigated. Since

the Nickel was electroplated, it is expected to have a low phosphorous content and have

properties similar to that of pure nickel [197]. The conductivity of this layer will be

taken to be that of commercial grade nickel at 1×107 Sm−1 [190, pp. 12–204]. Although

nickel is a non-linear magnetic material, its magnetic permeability has been derived as a

function of frequency by compiling several different published results [198]; the assumed

permeability is shown in Figure 5.46 as well as the polynomial fit used in calculations.
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Figure 5.46: Assumed relative permeability of
nickel [198] and a polynomial fit.
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Figure 5.47: Material layers of the RF cavity
calculation for RWAL.

A resistive-wall contribution from RF cavities has been estimated with RWAL. A

cross-sectional schematic is shown in Figure 5.47. Comparing this with Figure 5.45,

it is clear that the bias-current conductors and ferrite have not been included in this

model. This is because the skin-depth in mild-steel at 100 kHz is ≈ 0.7mm assuming

𝜇𝑟 = 1, whilst the thickness of this layer is 2mm. As such, structures outside the mild-

steel layer can reasonably be neglected in the frequency range of interest. The outermost

layer is taken to be the air-gap separating the nickel-plated vacuum vessel from the

bias-current conductors.

The real and imaginary parts of 𝑍⊥
1 computed by RWAL with 𝛽 ≈ 1 are shown

in Figure 5.48. As the frequency increases and the skin-depth in the innermost nickel

layer reduces, the four results appear to converge. Around 100 kHz the predictions differ

significantly, although they remain the same order-of-magnitude. Without a detailed

characterisation of the mild-steel vacuum vessels, a worst-case scenario will be assumed.

This will take the result with the largest real impedance at the baseband frequency. This

is the case with a 10 µm thick nickel layer and a steel layer with 𝜇𝑟 = 100.
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Figure 5.48: Real (a) and imaginary (b) part of the resistive-wall impedance for an RF cavity per
unit length for a range of possible nickel and steel parameters.
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5.5 Extraction Kickers

5.5.1 Description of Extraction Kicker System

Extraction from the ISIS synchrotron is realised by three window-frame, ferrite-loaded

pulsed kicker magnets and an extraction septum. The three magnets differ in both their

length and transverse dimensions, and have identifiers EK1, EK2 and EK3; these are

contained within a single vacuum vessel, as indicated Figure 5.49. This figure shows the

kickers in their original configuration, but the feeding cables are now connected at the

sides; these are the red cables in Figure 5.50. Figure 5.51 indicates kickers dimensions,

which are listed in Table 5.9.

Figure 5.49: Schematic layout of the ISIS vertical extraction kickers viewed from the side, inside
a single vacuum vessel [199]. Kicker identifiers from left to right are EK1, EK2 and EK3.

Table 5.9: Extraction kicker dimensions, for variables shown in Figure 5.51.

Kicker 𝑤k (mm) ℎk (mm) 𝐿k (mm)
EK1 181 142 714.5
EK2 173 160 614.5
EK3 168 175 539.5

The low-frequency vertical driving impedance of a vertical kicker magnet can be

dominated by effects associated with the external kicker circuit, and not just the ferrite

and copper assembly [102]. This crucially includes the long coaxial cables shown in



5. Vertical Driving Impedance Model of the ISIS Synchrotron 136

Figure 5.50: Photograph of the ISIS extraction kicker vacuum vessel, with cables connected
from the sides [186].
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Figure 5.51: Transverse cross-section of an extraction kicker (a). Side-view of a single conduct-
ing plate for an extraction kicker. This conductor is typically between 1.2 and 1.6mm thick (b).

Figure 5.52, and everything to the right of the thyratron at the centre of the figure,

which isolates the kickers from the pulse-forming-network until the beam is extracted.

For ISIS, the circuit therefore includes 8 parallel, 50Ω coaxial cables per-kicker-plate,

with a 1
8 ×50Ω = 6.25Ω terminating resistor at one end and a short on the other. Similar

kicker configurations are used at other RCS-based facilities, although usually without

the terminating resistors [60, 148].
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Figure 5.52: Schematic of the extraction kicker circuit, including the pulse-forming network
to the left, thyratron and terminating resistor near the centre and cables and kicker to the
right [200].

As mentioned in Appendix A, resistors were included in the kicker circuit to ter-

minate beam-induced voltages on the kicker supply cables. They should damp the

resonances responsible for large transverse impedances on kickers [102, 201], and also

dissipate half of the power in the kicker’s pulse forming networkwithout it ever reaching

the kicker magnet. The resistors must therefore be suitable for high-power operation,

and so are constructed from a ∼ 1m long assembly of ceramic resistors, embedded in

oil and stored in a grounded tank; see Figure 5.53.

5.5.2 Probe Coil Measurements of Extraction Kicker Impedance

Since the extract kicker can support low-frequency resonances in principle, and similar

effects are thought to drive instabilities at other facilities [102, 202, 201], they were

considered to be of particular interest for this study. To optimise usage of the available

time, it was decided that detailed simulations of the kicker would only be performed

if measurements revealed impedances considered capable of driving the 2ms head-tail

instability. Probe loop measurements were performed on a spare EK1 kicker-magnet,

with the associated cables and terminating resistors. Measurements were performed

with the single-turn probe loop shown in Figure 5.54 as well as a three-turn probe loop
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Figure 5.53: Photograph of a grounded tank which houses a terminating resistor for the ISIS
extraction kicker system.

of a similar construction. Both an IET 7600+ Precision LCR meter and a Keysight

E5071C VNA were used to measure the probe loop resistance, with the experimental

set-ups in Figure 5.55.

A full characterisation of Re
(
𝑍⊥
1 (𝜔)

)
requires a DUT measurement with the probe

loop inserted in the kicker and a reference measurement taken in free space. The

mechanical changes required to make these measurements with the same probe loop

can be a significant source of systematic error [203]. To avoid making these mechanical

changes, reference measurements were performed with the probe loop inserted, and

the kicker bus-bars disconnected from the external circuit and shorted to the vacuum

vessel by short conducting leads. The kicker’s resistive-wall impedance contribution
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Figure 5.54: Photograph of the spare EK1 kicker magnet, with probe loop wires extending
between apertures.
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Figure 5.55: Schematic of the LCR (a) and VNA (b) experimental set-ups for the kicker
measurements.

was present in both the DUT and REF measurements, so that their difference leaves

only impedances associated with the external kicker circuit. These are the primary

impedances of interest, because they include the low frequency resonances associated

with the kicker cables. Since the overall kicker length represents only around 2% of

the ISIS circumference, their resistive wall impedance will be approximated without

a detailed characterisation.
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5.5.2.1 Measurement without Terminating Resistors

𝑍⊥
1 was first measured without terminating resistors, both to verify the measurement

set-up and to ascertain the impact of including the resistors. Figure 5.56 shows 𝑍⊥
1 (𝜔)

with the cables disconnected from the thyratrons and terminating resistors. The results

are weighted means of three distinct measurements, each of which consisted of 10 repeat

DUT and REF measurements. The first four resonant frequencies were identified from

maxima in the FFT magnitude as (439 ± 2) kHz, (1.36 ± 0.01)MHz, (2.32 ± 0.02)MHz

and (3.32 ± 0.02)MHz.
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Figure 5.56: 𝑍⊥
1 (𝜔) measured by a one-turn loop in the spare EK1 kicker, with grounded bus-

bars as a reference and the cables disconnected from the terminating resistors. Several resonances
are observed in the bandwidth of (a) and errorbars are not shown for clarity. Only the first
resonance is shown in (b), where errorbars are the standard error on the mean of three distinct
measurements.

Without simulated results to compare to, the measurement set-up was verified by

comparing the observed resonant frequencies with theoretical predictions for the case

with an open-circuit termination. Since phase advance is expected to be much larger in

the cables than in the kicker itself, the first resonance was expected at

𝑓k,1 =
𝑣

4𝐿cable
, (5.11)

where 𝑣 is the phase velocity in the cable and 𝐿cable is the length of the kicker cables [148].
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The cables for the spare kicker are the same length as those used in the operational sys-

tem. They are 50Ω, RG220 coaxial cables with a nominal velocity factor of 0.66. They

are constructed from a 6.6mm diameter, copper inner conductor, a 23.1mm diameter

LDPE+graphite insulator and a braided copper outer conductor. The length of two

cables was measured with an AEA E20/20 time-domain reflectometer (TDR). An RG58

test lead was used to connect the RG220 cable and crocodile clips were used with an

adaptor to avoid scratching the surface of the high-voltage connectors; see Figure 5.57.

TDR results for the test-lead on its own and with the RG220 cables connected are

shown in Figure 5.58. By taking the end of the cable as the point where the measured

impedance is 10% above the nominal cable impedance, and assuming a 5% uncertainty

of the velocity factor gives the length of the RG220 cable was estimated at (91 ± 5)m.

The expected resonant frequency for this length, (542 ± 40) kHz, is 24% larger than

observed, and not consistent with the measured frequencies.

Figure 5.57: Photograph of the connections
for TDR measurements. An adaptor and
crocodile clips were used to avoid scratching
the HV connector.
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Figure 5.58: TDR results for two kicker ca-
bles and one only the test lead.

Equation (5.11) neglects mismatches in the characteristic impedance of the kicker

and the cables, as well as phase advance on the kicker bus bars. In order to include

these, transmission line parameters for the kicker were obtained from a CST microwave

simulation; see Figure 5.59. This applied a differential excitation on a simplified kicker
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geometry, which predicted a quasi-TEM mode with a characteristic impedance of 83Ω

and a phase velocity of 0.28𝑐. The kicker circuit up to the thyratron was simulated with

the Quite Universal Circuit Simulator (QUCS) [204], as shown in Figure 5.60. This

included a section of coax to represent the kicker, which had a characteristic impedance

of 41.6Ω and a phase velocity of 0.28𝑐. Resonant frequencies can be seen in Figure 5.61,

at 482 kHz, 1.46MHz, 2.46MHz and 3.47MHz, which are all within 10% of the mea-

sured resonant frequencies. The remaining discrepancy could reasonably be attributed

to imperfect knowledge of the kicker material properties or neglecting phase advance

between the kicker connectors and the bus bars. Since resonances are observed at the

expected frequencies and peaks in Re(𝑍⊥
1 ) are of the same order-of-magnitude as mea-

surements of similar kickers [60, 148], the measurement set-up was considered verified.

The impedance of the operational kicker configuration with terminating resistors will

now be investigated.

Figure 5.59: Quasi-TEM mode on an idealised CST simulation of the extraction kicker. Mode
properties are listed, and arrows indicate the 𝐻 field.

5.5.2.2 Measurement with Terminating Resistors

The impedance of the extraction kickers without terminating resistors has verified the

measurement set-up, but in practice the matched resistors will damp the resonances

shown in Figure 5.56a. To find the impedance contribution of the kickers in ISIS, the

cables feeding the kicker were connected to the terminating resistors such as the one in
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Figure 5.60: Schematic kicker circuit simu-
lation. Eight 50Ω cables in parallel are the
feeder cables, and the one coax represents one
side of the kicker magnet.
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Figure 5.61: Scattering parameter from the
QUCS circuit in Figure 5.60. Resonances are
indicated by a narrowband minima in 𝑆11.

Figure 5.53. The resulting 𝑍⊥
1 is shown in Figure 5.62, which should be compared with

Figure 5.56 to see the impact of the resistors. There is order-of-magnitude reduction

in the peaks of Re
(
𝑍⊥
1

)
, and the resonant frequencies have increased, with the lowest

frequency resonance now at ∼ 800 kHz.

105 106

Frequency (Hz)

−20

0

20

40

60

Z
⊥ 1

(k
Ω

m
−

1
)

Imag

Real

(a)

400 500 600 700 800 900 1000

Frequency (kHz)

−2

0

2

4

Z
⊥ 1

(k
Ω

m
−

1
)

Real

Imag

(b)

Figure 5.62: 𝑍⊥
1 (𝜔) measured by a one-turn loop in the spare EK1 kicker, with grounded bus-

bars as a reference and the cables connected to the terminating resistors. Several resonances are
observed in the bandwidth of (a) and error bars are not shown for clarity. The vertical scale is
the same as in Figure 5.56a. Only the first resonance is shown in (b), where errorbars are the
standard error on the mean of three distinct measurements.



5. Vertical Driving Impedance Model of the ISIS Synchrotron 144

To verify that systematic errors due to resonances on the probe coil were negligible,

impedance measurements were also made with a three-turn probe coil. It was con-

structed by adding four additional aluminium rods and connecting them at the ends

using short connecting wires and nuts; see Figure 5.63. Figure 5.64 shows the first

two resonant impedances for both probe coils with the termination resistors connected.

Three-turn measurements are the weighted means of two distinct measurements, each

consisting of ten REF and ten DUT measurements. In both cases, the real part of these

impedances are consistent at their maxima, and also are largely consistent throughout the

plotted range. The imaginary part shows a discrepancy above around 800 kHz, which

was found to be due to an offset present in one of the measurements. This was likely

due to a lack of repeatability in the electrical connections or atmospheric conditions and

does not affect the conclusion that a resonator impedance exists at around 800 kHz. To

avoid the impact of such offsets, resonator properties were obtained from the real part.

(a) (b)

Figure 5.63: Photographs showing both ends of the three-turn probe coil. The aluminium
rods which make up the probe are held in position by insulating vented screws, and connections
between them made by short conducting leads.

Repeat measurements were also made with an LCR meter to identify any significant

systematic errors with the VNA set-up. Figure 5.65 shows a comparison of results
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Figure 5.64: 𝑍⊥
1 as measured by a VNA with one and three-turn probe coils. The first and

second resonance’s real (a), (c) and imaginary (b), (d) parts are shown.

obtained with both devices and both probe coils. The real parts are mostly consistent

in the plotted range, and are consistent close to the peak. Although the distribution

of the imaginary parts are all similar, the three results show systematic offsets. These

are also thought to be associated with a lack of repeatability in how the bus bars were

shorted to the body or changes in atmospheric conditions. Nevertheless, from the con-

sistency in the real part of 𝑍⊥
1 , the VNA results are considered validated, and conclusions

can now be drawn.

Resonator parameters were estimated from the data shown in Figure 5.62 by fitting

∼ 50 kHz either side of the peaks in Re(𝑍⊥
1 ) to a resonator impedance. The first reso-

nant frequency has been increased to (799 ± 2) kHz from ∼ 400 kHz without resistors,

which is presumably due to the parasitic capacitance and inductance of the terminating
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Figure 5.65: Comparison of VNA and LCR measurements of real (a) and imaginary (b) parts of
𝑍⊥
1 for the first resonance with the terminating resistors connected.

resistors. The first resonance is therefore above the lowest (∼ 100 kHz) betatron sideband

frequency for the full 10ms acceleration cycle. It also has 𝑅⊥ = (1.8±0.1) kΩm−1, which

can be seen by eye to be more than an order-of-magnitude improvement compared to

the case without terminating resistors and lower than the resistive-wall impedance of

the RF screens in Figure 5.44 at this frequency; this resonance also has 𝑄𝑟 = (6.7 ± 0.7).

The second peak has a resonant frequency of (1731 ± 4) kHz, 𝑅⊥ = (2.3 ± 0.2) kΩm−1

and 𝑄 = (15 ± 3). Higher frequency resonances have lower amplitudes and will not be

considered further as they are not expected to significantly affect beam stability.

5.6 Indirect Space Charge

Studies of coherent beam instabilities on ISIS have not directly included an indirect

space-charge impedance, although direct space-charge contributions have been inves-

tigated with tracking simulations [80]. This was justified because simplified theories

conclude that instability growth rates depend only on the real part of the transverse

impedance [89], and including indirect space-charge can lead to computational difficul-

ties. Instead, these studies have used the measured coherent tune in-place of the single-

particle betatron tune. In other studies [205], the indirect space-charge is included ex-

plicitly.
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In this study an indirect space-charge impedance will be specified, and included in

the impedance model unless stated explicitly. The specification of this impedance will

use Equation (3.29), and follow the definition of the resistive-wall impedance: the RF

screens will contribute 91.06m of 50mm radius pipe with a Yokoya factor of 0.93, the

RF cavities will contribute 25.12m of 100mm radius circular pipe, and the remaining

∼ 47.12m considered to be a 50mm radius pipe with a Yokoya factor of 1.

5.7 ISIS Vertical Driving Impedance Model

5.7.1 Lorentz Beta Dependence

CST simulations of the RF screens and the probe loop impedance measurements, return

Re
(
𝑍⊥
1

)
for 𝛽 = 1. Since ISIS accelerates from 𝛽 = 0.37 to 0.84, the dependence of the

RF screen resonator impedances which dominate the low-frequency model cannot be

neglected. Since the dependence cannot be investigated using the tools introduced so far,

a relationship will be assumed based on the behaviour of similar transverse impedances.

Some common transverse impedances, such the classical resistive-wall impedance

are linearly proportional to 𝛽 [135]. This has led to conventions where the transverse

impedance is divided by 𝛽, so that impedances can be presented without a 𝛽 depen-

dence [102]. Resonator-type impedances, such as those on kicker magnets, have been

found to have a roughly linear dependence on 𝛽 [206]. It will therefore be assumed that

all resonator impedances presented so far are linearly proportional to 𝛽.

5.7.2 Summary of Overall Smooth Focusing Impedance Model

The dominant low frequency transverse driving impedances are contributed by the

RF screens inside the AC magnets. Due to the significance of this contribution and

the complicated steps required to obtain an accurate model from CST, this part of the

overall impedance model has been described separately in Section 5.3.5. In summary,

each of the most common RF-screens will be modelled as resonator impedances with
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parameters listed in Table 5.8, and a single resistive-wall impedance will be defined for

the combination of all RF screens, using their combined length of 91.06m.

The RF cavities are considered only to contribute a resistive-wall type impedance.

They will be included by increasing the length of the existing resistive-wall impedance

to 116.18m and updating the Yokoya factor to 0.81. This updated factor was obtained

by fitting a thick resistive wall impedance to the sum of the RF-screen’s resistive-wall

impedance and the RF cavity impedance between 100 kHz and 10MHz. Residuals for

the real part on the order of 100Ωm−1, or less than 10% over the whole frequency

range. The remaining 47.12m will be modelled as circular cross-section, stainless steel

pipe with an inside radius of 5 cm.

Measurements on the EK1 extraction kicker demonstrated that the termination re-

sistors effectively damp resonances on the kicker cables. Smaller resonances were still

observed, although at higher frequencies. The impedance of this kicker will therefore

be represented by two resonator impedances; higher frequency impedances are not

considered in this analysis. Spare EK2 and EK3 kickers are not available for measure-

ments, but given the similarity in their dimensions and construction, these will both be

considered identical to EK1. The resulting resonator properties are listed in Table 5.10.

The resonant frequencies will vary by as much as ∼ 3% from differences in bus-bar

length, whilst minor variations in the cross-sectional geometry will affect transmission

line parameters. An uncertainty in the resonant frequency of 10% is therefore assumed,

and considered conservative. To include all three kickers in a single resonator model,

𝑅⊥ from the EK1 measurement and its uncertainty will be scaled by three. 𝑄𝑟 and its

uncertainty will be taken directly from the EK1 measurements.

Table 5.10: Model extraction kicker resonator impedance parameters.

𝜔𝑟
2𝜋 (kHz) 𝑅⊥ (kΩm−1) 𝑄𝑟

(0.8 ± 0.1) (5.4 ± 0.3) (6.7 ± 0.7)
(1.7 ± 0.2) (6.9 ± 0.6) (15.0 ± 3.0)
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In the smooth focusing impedance model, all of the impedances discussed will sim-

ply be added together. The resulting vertical driving impedance model is shown in

Figures 5.66 and 5.67. Given the simple assumed dependence on 𝛽, this has been plotted

for 𝛽 = 1, but the imaginary part has also been plotted for a lower value to demonstrate

the impact of indirect space charge.
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Figure 5.66: Real part of the smooth focusing vertical driving impedance model for 𝛽 = 1.

5.7.3 Twiss-𝛽𝑦 Weighted Impedance Model

For machines where smooth focusing is not a good approximation, it is generally ac-

cepted that variations in 𝛽𝑦 can be partially included in coherent instability calculations

by suitably weighting elements of the impedance model [207, 132]. The weighting,

which accounts for local variations in 𝛽𝑦 at the impedance location, is given by the substi-

tution

𝑍⊥
1 (𝜔) →

𝛽𝑦 (𝑠0)
𝛽 smooth
𝑦

𝑍⊥
1 (𝜔), (5.12)

where 𝑠0 is the location of the impedance source within the ring. Where the physical

length of an impedance source is small compared to changes in 𝛽𝑦 , 𝑠0 can be uniquely
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Figure 5.67: Imaginary part of the smooth focusing vertical driving impedance model for 𝛽 = 1.
Indirect space-charge impedance is zero in that limit, so a total is also shown for a lower 𝛽.

defined. This is not the case for ISIS, where 𝛽𝑦 varies by as much as a factor of 3 over

the length of the RF-screens. Instead, an average value of 𝛽𝑦 will be substituted as

𝑍⊥
1 (𝜔) →

𝛽𝑦 (𝑠0)
𝛽 smooth
𝑦

𝑍⊥
1 (𝜔), (5.13)

where the average is computed over the length of each impedance source.

𝛽𝑦 (𝑠) has been computed from a MADX lattice of the ISIS synchrotron. Its value

for a single superperiod is shown in Figure 5.68, and regions used to compute 𝛽𝑦 (𝑠) are

highlighted. Weights are listed in Table 5.11. Resistive-wall and indirect space-charge

impedance terms are inherently distributed, and won’t be weighted. The resulting

impedance model is shown in Figures 5.69 and 5.70.

Uncertainties in these scale factors were investigated by assuming an uncertainty in

the start and end positions of the RF-screen, each equal to 10% of the nominal equipment

length. In all cases, the resulting uncertainty in the scale factors was computed to be less

than 1%. The uncertainty in the weighting factors is therefore considered negligible.
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Figure 5.68: 𝛽𝑦 for a single superperiod of the ISIS synchrotron, computed by MADX. Regions
used to compute and average 𝛽𝑦 for different sources of impedance have been highlighted.

Table 5.11: Weights for 𝑍⊥
1 due to variations in 𝛽𝑦 , as defined by Equation (5.13).

Impedance Source 𝛽𝑦 (𝑠) (m) 𝑍⊥
1 Weight

Dipole RF Screen Resonator 5.3 0.8
Doublet RF Screen resonator 10.4 1.5
Singlet RF Screen Resonator 10.1 1.5
Mod 13 RF Screen Resonator 5.8 0.9
Mod 9/10 RF Screen Resonator 13.9 2.0
Extract Kicker Resonators 10.6 1.6
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Figure 5.69: Real part of the 𝛽 = 1 vertical driving impedance model weighted as per Equa-
tion (5.13).
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Figure 5.70: Imaginary part of the 𝛽 = 1 vertical driving impedance model weighted as per
Equation (5.13). Since the indirect space-charge impedance is zero in that limit, a total is also
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5.8 Summary and Conclusion

The impedance model introduced in this chapter is considered to have satisfied the

first objective of Section 1.3, to determine the driving impedance contributions of key

machine elements. Resonances identified on the RF-screens at ISIS produce transverse

impedances that are up to two orders-of-magnitude larger than impedances reported

on equipment such as an unterminated kicker magnet [60]. To understand the scale of

these impedances for ISIS, consider that the low-frequency impedance of more modern

machines is dominated by the resistive-wall contribution [205]. At ISIS, the dipole RF

screens alone are nearly two orders-of-magnitude larger than the resistive-wall con-

tribution of the whole synchrotron. Such large impedances may not be a concern if

their frequency is far from unstable betatron sidebands, but on ISIS an unstable sideband

passes through the relevant frequencies during the first few ms of the acceleration cycle.

Since ISIS operates at its natural chromaticity, head-tail mode spectra are not expected

to be small in this frequency range. As such, the resonator impedances identified on the

RF-screens are a likely driver of the 2ms instability introduced in Chapter 2. This

is a key result of this thesis.

Not all devices in the ISIS synchrotron have been characterised. This is primarily

because devices which could support low-frequency resonances were prioritised. Future

studies should look to add these missing elements into the impedance model. Most

notably, there are as many as six RF-screens which appear only once in Figure 5.8 that

have not been characterised. If their behaviour is similar to that of the shorter modules

9, 10 or 13, then they could contribute peaks on the order of 100 kΩm−1 in total, which

is larger than contributions from the extract kickers. Being a horizontal kicker, the

injection dipole is thought to make only a small contribution to the vertical driving

impedance at low frequencies. However the thick ferrite within this magnet could make

a considerable contribution above 10MHz. Such higher frequency contributions could

come to dominate the impedance model if the RF-screen resonances were remedied.
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Capacitively coupled RF-screens are not only present on ISIS, but are a common

feature of high-intensity RCS accelerators [208, 55]. Although intensity limitations have

in some cases been overcome by sophisticated beam based mitigation schemes, coherent

instabilities can be observed on many of these machines [57]. Given the discovery of

resonances on these structures at ISIS, it seems reasonable that similar structures should

be investigated for all existing and future RCS-based facilities. This work has shown

that these structures can be a major source of low frequency impedance and the resulting

instabilities can seriously compromise operational performance.



Soon the fury of the waves and the sight of the sharp rocks
announced the approach of death, and death then terrified me,
and I used all my skill and intelligence as a man and a sailor
to struggle against the wrath of God. But I did so because
I was happy, because I had not courted death, because to be
cast upon a bed of rocks and seaweed seemed terrible, because
I was unwilling that I, a creature made for the service of God,
should serve for food to the gulls and ravens.

— A. Dumas, “The Count of Monte Cristo” 6
Coherent Vertical Instabilities on the ISIS

Synchrotron

6.1 Introduction

With the impedance model developed in Chapter 5, the theory outlined in Chapter 4

can now be used to predict how instabilities will develop on ISIS. The primary goal of

this thesis is to understand the 2ms vertical instability described in Chapter 2, however

for reasons that will be described in the next section, it isn’t clear whether the theory

outlined in Chapter 4 can be directly applied to ISIS in its operational RCS mode. For

that reason, this first experiment described in this chapter will be for a Bunched Storage

Ring Mode (BSRM) beam without the ℎ = 4 RF cavities and with the intensity reduced

by a factor of ∼ 10 compared to an operational beam. A comparison of experimental

results with predictions will partially satisfy the second thesis objective, which is to

determine whether the theory of Chapter 4 without space charge can make partially

accurate predictions for ISIS.

The second experiment described in this chapter will allow the second thesis ob-

jective to be fully satisfied by comparing predictions and observations of instabilities

155
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in RCS mode. To improve the applicability of the theory, a low gap voltage will be

demanded for the ℎ = 4 RF cavities. The intensity in this case will be sufficiently high

that similar levels of direct space-charge at other machines have reduced the effect of

Landau damping [209], so that completely accurate predictions would require direct

space-charge to be considered. Since it will not be considered in this thesis, emphasis

will be placed on comparing the growth rate’s order-of-magnitude, and other general

features of the 2ms instability. If the newly developed impedance model makes pre-

dictions that are correct to within an order-of-magnitude in this experiment, then it

is reasonable to conclude that the identified impedances are also responsible for the

instability in operational RCS mode.

In earlier studies of beam stability on ISIS, analytical predictions have beenmadewith

assumptions beyond those introduced in Chapter 4, such as neglecting the coupling of

azimuthal modes [98]. As described in Chapter 2, these earlier calculations predicted

instabilities that grew an order of magnitude or more slower than the observed insta-

bility. A key aim of this chapter is to apply the more general form of the theory, with

the new impedance model developed in Chapter 5.

6.2 Linearised Vlasov Theory for ISIS

6.2.1 Validity of Assumptions

Even in BSRM, particle trajectories in the longitudinal phase space can deviate signifi-

cantly from the circular trajectories assumed by the theory. This is primarily because of

its dual harmonic RF system in its operational RCS mode [210], but it is even true for

large amplitude particles in BSRM. Although efforts to incorporate second harmonic

cavities into the theory have been made [170, 211], they have not yet been widely

adopted and so will not be applied in this thesis. It is argued that the similarity of the

instabilities observed on ISIS with and without second harmonic cavities, justifies an

analysis based on a single-harmonic theory.
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Another important simplification is the neglect of direct space-charge, which is

known to impact on the behaviour of coherent instabilities [80, 177, 88]. In its op-

erational RCS mode, ISIS has a space-charge tune spread exceeding Δ𝑄SC ∼ 0.5 at

injection [212] and space-charge parameters, defined as Δ𝑄SC/𝜈𝑠 of ∼ 30 − 50 at 2ms.

Some studies have demonstrated that space charge at this level can impact the behaviour

of coherent instabilities [139, 177, 209], but some key features such as unstable tunes

and typical growth rates can sometimes still be reasonably well predicted without con-

sidering space charge [80, 201, 213]. At the time of writing, work to incorporate direct

space-charge into the theoretical framework of coherent instabilities is ongoing, and so

the analytical solutions presented will neglect direct space-charge. If the theory is found

to be accurate at low intensities, but discrepancies are observed for higher intensities,

then this could be evidence of the role that space-charge is playing.

6.2.2 Application of the Theory for ISIS

Chapter 4 outlined several methods for finding approximate solutions to the interac-

tion matrix. Which method is most appropriate depends on the impedance model

of a machine. As a high-intensity machine with comparatively large vertical driving

impedances, azimuthal-mode coupling cannot reasonably be neglected. A more gen-

eral solution is required for ISIS, than the simplified theories which assume decoupled

azimuthal modes. The properties of coherent modes will therefore be found from eigen-

values and vectors of a truncated interaction matrix with off-diagonal elements included.

The impedance on the RHS of Equation (4.45) would ideally be evaluated at the

coherent mode frequency, but this is not usually a known quantity. The perturba-

tion method overcomes this by substituting the zero-intensity mode frequencies Ω(𝑙) ≈

𝜔𝛽 + 𝑙𝜔𝑠 . Since ISIS operates with 𝛽 � 1, the indirect space-charge impedance can

cause coherent mode frequency shifts on the order of 10 kHz from the zero-intensity

case. For a sufficiently smooth impedance, such frequency shifts could reasonably be

neglected, however the very narrow resonances in the ISIS impedance model mean that
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neglecting this shift by substituting zero-intensity mode frequencies could significantly

affect the sampled impedance. To partially mitigate this inaccuracy, 𝜔𝛽 on the RHS

of Equation (4.48) will be interpreted as the angular frequency of the most unstable

coherent mode. This can be measured from the spectrum of a BPM difference signal

using the same techniques as a tune measurement, where an integer number of trans-

verse oscillations per-revolution must be assumed. Typically this can be taken as the

integer part of the zero-intensity tune because coherent mode frequency shifts are not

large enough to change the integer part; even a 100 kHz shift would not change the

integer part at ISIS.

Furthermore, it is often justified to make the substitution 𝜔𝛽 + 𝑙𝜔𝑠 → 𝜔𝛽 on the

basis that 𝜔𝛽 � 𝜔𝑠 , and so 𝑍⊥
1 (𝜔𝛽 + 𝑙𝜔𝑠) ≈ 𝑍⊥

1 (𝜔𝛽). This is not necessarily a good

approximation for ISIS, because the synchrotron frequency, which can reach almost

4 kHz, is comparable to the resonator widths, 𝜔𝑟
2𝜋𝑄𝑟

, which are on the order of 10 kHz.

Variations in azimuthal-mode frequencies will therefore be included by retaining the

𝑙𝜔𝑠 terms when the impedance is sampled. This substitution is not perfectly accurate,

because mode frequencies are not guaranteed to be equally shifted, and it is not clear

which mode the measured frequency corresponds to. Despite these shortcomings, this

variation on the usual perturbation method is expected to be more accurate because it

includes mode-frequency shifts and doesn’t assume all modes have the same frequency.

The theory of Chapter 4 assumes that parameters such as the betatron tune, syn-

chrotron tune and revolution frequency are constant, but on ISIS these quantities can

vary with time. To apply the theory to ISIS, it will be necessary to adopt a quasi-

stationarymodel, where PyTMCI calculations are performedwith input parameters that

are measured at a given time. This approach will be adopted throughout this chapter.
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6.3 Instabilities inBSRMas a Function ofVertical Tune

Even with these assumptions, it would be challenging to apply the theory outlined in

Chapter 4 to the operational RCS mode of ISIS due to the rapid sweeping of beam

parameters and its dual harmonic RF system. The BSRM described in Section 2.2.2,

has conditions that are closer to those assumed by the theory. In brief, in BSRM, a

beam is accumulated in the synchrotron at 70MeV and formed into two bunches by the

fundamental RF cavities. The second harmonic RF cavities are set off-tune and have a

demand gap voltage of 0V, whilst the main magnets are powered with DC. A vertical

sweeper magnet provides control over vertical beam size in the synchrotron, whilst there

is no horizontal painting because of the lack of an ACmainmagnetic field. The resulting

bunched beam is stored until it is eventually completely lost due to equipment resetting,

and repeated interactions with the stripping foil. Horizontal and vertical tunes can be

controlled using programmable trim-quadrupoles. This steady-state beam is ideal for

applying the theory of coherent beam instabilities.

In this section, data from a previous BSRM experiment [80] will be re-examined.

In the previous study, experimental results were compared with outputs from tracking

simulations and predictions from analytical methods which assumed azimuthal decou-

pling and used an impedance model derived from beam-based impedance measurements.

Here the experimental data will be analysed using different methods and then compared

with the results of the theory outlined in Chapter 4 with the impedance model derived

and presented in Chapter 5 from equipment properties.
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6.3.1 Experimental Set-up

Figure 6.1 shows the total RF-cavity gap potential versus the RCS cycle time 1. This

is maintained below 10% of its flat-top value before −0.3ms, but then reaches it’s final

value by 1ms. The RF frequency is held at 1.35MHz, which is harmonic ℎ = 2 of the

injection revolution frequency.
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Figure 6.1: Total RF voltage versus time during the BSRM experiment, with injection typically
completed by −0.2ms.

The ISIS control system defines a lattice “set tune”, which is distinct and different

from the machine’s coherent tune at a given intensity. In this experiment, the horizontal

set tune was held constant at 4.330, whilst sweeps of the vertical set tune were performed.

The baseband coherent oscillation frequency was measured from the experimental data

and used to calculate a coherent tune. In each measurement, vertical tune was held

constant over the full acquisition time, including the injection period.

In its operational RCS mode, ISIS operates with a large space charge parameter,

which is known to affect the behaviour of coherent instabilities [209] and would make
1The term “RCS cycle time” is still used in BSRM because much of the injection process is similar to

in RCS mode.
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it difficult to apply the theory of Chapter 4. In this experiment, the vertical sweeper

current was reduced to reduce the vertical beam size, and allow more free aperture for

a coherent instability to develop [80]. A reduction in vertical beam size would increase

the peak space charge tune spread [89] and therefore the space charge parameter, which

could limit the applicability of the theory. To offset this increase, the injected intensity

was reduced to 1.68 × 1012 protons-per-bunch (PPB), which reduced the space charge

parameter to ∼ 3 − 5.

6.3.2 Experimental Results

Figure 6.2 shows BPM difference and intensity monitor signals for each vertical tune

setting. Instability growth rates will be measured from the envelope of the BPM differ-

ence signal. Since these are intensity dependent, and therefore change with time during

periods of beam-loss, growth rates will be analysed in time windows with approximately

constant intensity monitor signals. These windows are indicated by the highlighted

regions in the figure. To simplify comparisons between theory and experiment, these

windows will usually coincide with the flat-top RF voltage; in three cases rapid beam-

losses necessitated a window before 1ms.

Figure 6.3 shows twenty turns of a BPM difference signal towards the end of the

time-window, for several set tunes. A coherent oscillation within the bunch can be seen

with a set tune of 3.69 and in the range of 3.79-3.825, whilst the other results show a

closed-orbit offset without an oscillation. The two nodes observed with the set tunes of

3.79 and 3.80 could be indicative of an azimuthal 𝑙 = ±2 instability. The distribution

of the dipole moment at other set tunes, such as 3.81, cannot be identified as a single

azimuthal head-tail mode, but could be explained by mode coupling, or there being

more than one unstable, decoupled head-tail mode.

Figure 6.4 shows the FFT of the analysed time windows for several set tunes; in most

spectra, a baseband sideband can be seen by eye. The amplitude of this baseband peak is

linearly correlatedwith the amplitude of the coherent oscillation, but the FFT amplitudes
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will not be used to measure instability growth rates directly. These plots were instead

used to establish suitable filters to isolate the baseband sidebands, which are indicated by

the shaded regions. For tune settings between 3.67 and 3.79, two peaks can be seen, but

the frequency of one was found to be independent of vertical tune, and is thought to be

driven by the 4𝑄V = 15 transverse resonance. Since in most cases these two peaks can

be distinguished, only the peak associated with a coherent instability will be analysed.

This was identified by its dependence on set tune, although the proximity of the two

peaks made automatic identification challenging for at least set tunes between 3.67 and

3.71. To assist with the identification, the resonance peak was positioned outside the

passband of a 5th-order Butterworth bandpass filter, and the peak associated with the

instability positioned at the edge of the pass-band. This was not possible for a set tune

of 3.69 because the two peaks overlapped, but this combined peak was processed with

the same procedure as the other set tunes and results drawn from it will be shown.

Each time-window in Figure 6.2 was divided into segments of between 0.1 and

1ms. The number of segments was increased by allowing adjacent windows to overlap

by 50%. The BPM difference signal in each segment was bandpass filtered to ensure

the baseband sideband was dominant, and the Numerical Analysis of Fundamental Fre-

quencies (NAFF) algorithm used to obtain amplitudes and frequencies [214].

Figure 6.5 shows the harmonic amplitude obtained with NAFF for each time seg-

ment. At the set tune of 3.69 and between 3.79 and 3.825, the oscillation amplitude grew

with time. At the other set tunes there is no visible growth on the plotted scale. Least-

squares fits of this data were performed to the function 𝑓 (𝑡) = 𝛼1𝑒
𝛼2𝑡 , where 𝛼1 and

𝛼2 were the fitting parameters. Growth rates from the fit parameter 𝛼2, and the mean

frequency for each time segment are plotted in Figure 6.6. Vertical error bars were

taken from the least-squares fits, and the horizontal error bars are the standard error in

the mean of the frequencies obtained in each segment. Results for two identical sweeps

of set tune are overlaid and are largely consistent. The peak around 85 kHz is indicative

of a narrowband impedance at this frequency, as has been reported previously [84].
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Figure 6.2: Intensity monitor signals in orange and vertical BPM difference signals in blue, both
with an arbitrary scale. Time windows where data was analysed are indicated by the orange
shaded regions on each plot. Captions show the set tune and measured tune in brackets.
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Figure 6.3: Vertical BPM sum (orange) and difference (blue) signals of a single bunch, acquired
over 20 turns and overlaid. The sum signals indicate the line charge density, whilst the difference
signals show the distribution of the bunch’s dipole moment. Captions show the set tune and
measured tune in brackets. Horizontal axes have zero offsets, but the bunch head is on right.
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Figure 6.4: FFTs of the vertical BPM difference signals inside the time windows indicated in
Figure 6.2. Highlighted regions indicate passband of the filters applied to isolate the baseband
peak. Captions show the set tune and measured tune in brackets.
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Figure 6.5: Harmonic amplitudes of the baseband peaks obtained with NAFF at time intervals
within the windows indicated in Figure 6.2. Exponential fits to the points are overlaid. Captions
show the set tune and measured tune in brackets.
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Figure 6.6: Growth rates from the exponential fits in Figure 6.5 versus frequency of the observed
oscillation for a number of different set tunes. Results from two sweeps of set tune are overlaid.

6.3.3 PyTMCI Input Parameters

Experimentally obtained growth rates will now be comparedwith predictions of PyTMCI

using the impedance model outlined in Chapter 5. In addition to the impedance model

and tune settings, PyTMCI requires the number of bunches and the number of protons

per bunch, as well as a synchrotron tune and an initial longitudinal distribution, 𝑔0(𝑟 ),

for a beam that is unperturbed by wake fields. It also requires the maximum number of

azimuthal and radial modes to solve for, which will truncate the size of the interaction

matrix. For this experiment, the number of bunches was 2, with each having an intensity

of 𝑁 = 1.68 × 1012 for all calculations. Variations in intensity between different tune

settings, which can be seen in Figure 6.2, will not be considered because the systematic

variations are small compared to the uncertainties introduced by the impedance model.

Other input parameters will now be discussed in-turn.
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6.3.3.1 Longitudinal Distribution

The unperturbed longitudinal distribution was derived from BPM sum signals. As can

be seen from the sum signals in Figure 6.3, the longitudinal distribution differed between

tune settings. To simplify the calculation procedure, the initial distribution input into

PyTMCI will be the same for all tune settings and derived from the first three turns into

the analysis time window of the most unstable tune setting (3.81).

A mean of three turns of data is computed to reduce noise, and the distribution

mirrored about an assumed centre to satisfy the assumption of azimuthal symmetry.

A moving average further smoothed the distribution before filtered back-projection

tomography was used to compute a distribution as a function of radial distance. The

distribution is shown in Figure 6.7, and is also overlaid by the Laguerre series expansion

used by PyTMCI in Figure 6.8 . This series included ten terms, which is the maximum

number currently accepted by PyTMCI.
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Figure 6.7: Longitudinal distribution com-
puted by filtered back-projection tomography
using processed BPM sum signals.
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Figure 6.8: Unperturbed longitudinal distri-
bution as a function of radial distance in lon-
gitudinal phase space. Input is from the to-
mographically reconstructed distribution, and
the series expansion used to approximate the
distribution in PyTMCI is overlaid.
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6.3.3.2 Synchrotron Tune

The synchrotron tune is given by

𝜈𝑠 =

√
𝑉rf𝑁gap𝜂ℎ

2𝜋𝛽2𝐸t
cos(𝜙𝑠), (6.1)

where 𝑉rf is the peak gap voltage (per-gap), 𝑁gap is the number of gaps per-revolution

and 𝐸t is the total particle energy [215]. Before 1ms, Figure 6.1 shows that 𝑉rf was

ramped, so 𝜈𝑠 was not constant at this time.

The theory on which PyTMCI is based assumes a constant synchrotron tune, so

to apply the code to this scenario requires that a tune be assumed. In making this

assumption, it is implicitly assumed that the behaviour of coherent instabilities will not

depart significantly from that of the quasi-stationary model. One scenario where it

could be argued this was the case would be where instability growth rates were fast

compared to the synchrotron period. The peak growth rate in Figure 6.6 of∼ 0.01turn−1

corresponds to a growth time of ∼ 0.15ms, whilst the synchrotron period calculated by

Equation (6.1) with the RF voltage at 0.1ms, is closer to 0.6ms. It is therefore assumed

that the analytical model can reasonably be applied to this experimental scenario.

A further complication of the ramping synchrotron tune is in application of the

perturbation technique described inChapter 4. With that approximation, the impedance

is sampled at frequencies 𝑝𝑀𝜔0 + 𝜔𝛽 + 𝑙𝜔𝑠 . Inaccurate values of 𝜔𝑠 may not affect

results considerably for a broadband impedance model, but the ISIS impedance model

contains peaks with widths comparable to ≈ 14 kHz, whilst Equation (6.1) predicts

synchrotron-tune variations of around 1.5 kHz between 0 and 1ms. Integer multiples of

such variations could introduce large systematic errors in predicting which modes will

be unstable and their growth rates. To ensure that some variation in synchrotron tune

is included, a value was computed from the RF voltage at the beginning of the windows

indicated in Figure 6.2, and linear interpolation used for intermediate tune values.
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6.3.3.3 Number of Radial and Azimuthal Modes

The set number of radial and azimuthal modes truncates the interaction matrix, and

therefore must be sufficiently large to obtain accurate results. For this calculation, insta-

bility growth rates were calculated for a sweep of betatron tunes, and increasing numbers

of radial and azimuthal modes; see Figure 6.9. To ensure sufficient accuracy of the

PyTMCI solution, the number of radial and azimuthal modes was increased to 10 radial

modes and 20 azimuthal modes (the maximum currently available in PyTMCI), which

produced changes in peak growth rate of less than 10% between subsequent runs. These

numbers will be used in subsequent calculations.

The maximum number of frequencies at which to sample the impedance model was

also increased until the peak growth rate converged. Growth rate versus baseband

frequency is shown in Figure 6.10 for several numbers of sample frequencies. The

number of sample frequencies did not significantly affect computation time, so 1001

was used for all computations, which produced less than 1% difference in peak growth

rate between results with 1001 and 21 frequencies.
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Figure 6.9: Growth rate of the most unstable
mode versus baseband frequency of the insta-
bility. The number of azimuthal and radial
modes used in each calculation is shown.
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Figure 6.10: Growth rate of themost unstable
mode versus baseband frequency of the insta-
bility. The number of harmonics used in each
calculation is shown.
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6.3.4 Comparison of PyTMCI and Experimental Results
6.3.4.1 Instability Growth Rates

PyTMCI was run with several inputs for 𝜔𝛽 , which are here interpreted as the angular

frequency of the most unstable coherent mode. To account for the uncertainties on

the RF screen resonators listed in Table 5.8, 100 PyTMCI calculations were run for

each 𝜔𝛽 , with a sample from a randomly generated normal distribution of each each

parameter substituted into Equation (3.35). Uncertainties on other impedance sources

were considered negligible compared to the RF screen resonators, so no other sources of

uncertainty were considered. The fastest growth rate was computed for each calculation,

and a mean and standard deviation found. These are overlaid with the experimental

results in Figure 6.11.

Predictions are not consistent with observations for all frequencies, but the functional

dependence is well described and the growth rate is consistent to within an order-of-

magnitude in the frequency range of 75 − 170 kHz. The peak predicted growth rate is

0.005 ± 0.002 turn−1, corresponding to a characteristic growth time of 0.3ms. This is

∼ 50% of the experimentally observed value, or a ≈ 2.5-sigma difference. The frequency

at which this peak occurs is within 3.4 kHz (4.1%) of the experimental value. This

level of agreement between theory and experiment, both for growth rate and baseband

frequency is considered excellent, considering the simplified analytical model.

Predicted growth rates in the 50 to 70 kHz region are consistently larger than ob-

servation. Since this frequency range is not significant for ISIS operations, no attempt

will be made to identify the source of the inconsistency in this region, although it could

indicate an error in the impedance model for this region.

Whilst previous studies have also shown agreement of predicted growth rates [80],

these were based on an impedance model derived from beam-based impedance mea-

surements. The results presented here are the first time this level of agreement has

been achieved with an impedance model derived from the properties of equipment, as
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described in Chapter 5. That model suggests the 85 kHz peak in growth-rate is primarily

caused by RF screens in the dipole and doublet magnets. It also predicts that RF screens

in the the singlet and high-ordermagnets will cause a smaller peak in growth rate around

∼ 180 kHz, and some preliminary evidence of this can be seen in this data. Figure 6.11

shows that PyTMCI predicts a small increase in growth rate on the right hand side of

the plot, which is consistent with at least one point at 170 kHz. That point corresponds

to the set tune of 3.69, where Figure 6.3b shows that coherent motion was observed.

Despite this agreement, the growth rate at 180 kHz is not consistent with predictions,

which might indicate a dip in the impedance that isn’t seen in Figure 5.69.
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Figure 6.11: Overlay of the experimentally obtained growth rates from Figure 6.6 with growth
rates computed by PyTMCI. The shaded region represents the uncertainty, taken as the standard
deviation of the 100 computed growth rates.

6.3.4.2 Instability Distribution

Earlier studies of instabilities on ISIS have placed much emphasis on the observed distri-

bution of the beam’s dipole along the bunch. This is because in those studies, the number

of nodes in the BPM difference was interpreted as giving the dominant azimuthal head-

tail mode [86, 216, 212, 84, 80]. No explicit prediction of dipole distribution was
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necessary, because it was sufficient to state the azimuthal mode number from which

a dipole distribution automatically followed. This interpretation assumed that no mode

coupling occurred, which is a common assumption for low-intensity beams or when the

impedance is small. Neither of these conditions were satisfied during this experiment,

and nor are they satisfied during RCS operations. Features of the distributions observed

on ISIS are not consistent with this interpretation, for example that only part of the

bunch oscillates [88] and that the distribution is asymmetric [212], which is known as

a consequence of mode coupling [117]. In this analysis, mode decoupling will not be

assumed, so the distribution of the dipole moment along the bunch will be computed

by PyTMCI and shown explicitly.

Even when no mode-coupling occurs, it is possible for several head-tail modes to

become unstable simultaneously. A BPM difference signal shows a superposition of

all these modes, however the most unstable mode will dominate after its amplitude far

exceeds that of the other modes. The time required for this depends on the difference

in growth rates between modes. Before this time, accurately predicting the distribution

is expected to be challenging as interference between the modes will depend on their

relative amplitudes. Dipole moment distributions were therefore computed as the sum of

the five most unstable modes. Initial amplitudes were defined by the unit-length normal-

isation of the computed eigenvectors, but distributions were computed after a number

of turns corresponding to the end of the analysed time window. In this way, modes with

a faster growth rate tended to dominate the signal, as would happen experimentally.

Figure 6.12 shows computed distributions of the beam’s dipole moment along the

bunch. These are to be compared with the experimental results in Figure 6.3. Some

features are reproduced, for example with a set tune of 3.79, the distribution contains

three large-amplitude regions and at a set tune of 3.815, the tail of the bunch is predicted

to have a large-amplitude oscillation. Despite these similarities, in general, the predicted

distributions bear limited resemblance to observation, containing different numbers of

nodes and relative amplitudes between the head and tail. An important feature of the
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experimental results that agree with predictions, is that tune changes on the order of

0.005 are predicted to produce very different distributions of the dipole moment. It was

also observed that the distributions evolve with time, indicating that a single mode has

not yet dominated the distribution.
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Figure 6.12: Dipole moment along the bunch computed by PyTMCI, using the measured
tune indicated inside brackets in the caption. Set tune is shown in the caption to assist with
comparisons with experimental data.

As well as projections, 𝑔1(𝑟, 𝜙) as it was defined in Equation (4.21), can be computed

from eigenvectors associatedwith an unstable eigenvalue. Themost unstable eigenmode

is plotted in Figure 6.13. These show a coherent offset propagating from the tail to

the head of the bunch, and not a rotation as would be expected for an azimuthally

decoupled head-tail mode.
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Figure 6.13: Longitudinal phase-space distribution of the beam’s dipole moment, 𝑔1(𝑟, 𝜙), for
the most unstable baseband frequency observed (set tune of 3.81). From left-to-right top-to-
bottom, plots show an advancing phase as indicated by captions. Colours indicate a quantity
proportional to the vertical dipole moment in arbitrary units.

6.3.5 Discussion of BSRM Results

In this experiment, measurements of instability growth rates and the dipole moment

distribution along a BSRM bunch have been compared with analytical predictions from

PyTMCI. The theory, which was introduced in Chapter 4, assumes bunches with con-

stant beam parameters which was not always the case in this experiment due to the

ramping RF cavity gap volts seen in Figure 6.1. Furthermore, evaluating the interaction

matrix in Equation 4.45 requires knowledge of a large number of mode frequencies

that are likely to be large compared to the synchrotron frequency, but these shifted

frequencies are not known. To overcome this, Section 6.2.2 explained the assumption

made here that 𝜔𝛽 on the RHS of Equation (4.48) could be obtained from the sideband

frequency of the BPM difference signal, and that all other modes are shifted by integer

multiples of 𝜔𝑠 from this.
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Because these are understood to be imperfect assumptions, exact agreement with

theory is not expected, and indeed some growth-rate predictions were inconsistent

with experiment. Nevertheless, the observed peak growth rate in Figure 6.11 has been

predicted to within an order of magnitude and key features of its frequency dependence,

namely a narrowband peak around 80 kHz, have also been predicted very effectively.

Inconsistencies in the 60-70 kHz frequency range could indicate that the impedance is

overestimated here, but this is below the operational frequency range and won’t investi-

gated further. Whilst agreement between analytical predictions of growth rate in BSRM

have been reported previously [80], this is the first time such predictions have been made

with an impedance model derived from equipment properties.

The difficulty in evaluating the interaction matrix also offers a possible explanation

for the imperfect predictions of the beam’s dipole moment distribution, which can be

seen by comparing Figures 6.3 and 6.12. Despite this, both experimental and predicted

results agree that this distribution has a strong dependence on 𝜔𝛽 . PyTMCI predicted

that multiple modes would have growth times on the order of 100 µs, and in that case the

observed distribution would be an interference between modes. If the fastest growing

mode has time to dominate the distribution then it is sufficient to consider only one

mode, but if not then the relative phases and amplitudes of several modes must be known

and predicting the distribution would be very challenging.

For a single mode to dominate, its exponential growth factor should be an order-of-

magnitude larger than the next most unstable mode. To understand the conditions for

this, consider

𝑒𝑡/𝜏1

𝑒𝑡/𝜏2
= 𝑒𝑡/𝜏1−𝑡/𝜏2

where 𝜏1 is the characteristic growth time of the most unstable mode and 𝜏2 = 𝜏1 + Δ

is that of the next most unstable mode. After some algebra and assuming 𝜏1 ≈ 𝜏2, we

find that this is approximately equal to ≈ 𝑒
Δ

𝜏2
1

𝑡
. Growth rates predicted by PyTMCI

suggest that Δ
𝜏1

is on the order of ∼ 0.1, so that the most unstable mode will dominate
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after 𝑡 ≈ 23𝜏1. Experimentally, the peak growth rate in Figure 6.6 is ∼ 0.01 turn−1

(𝜏1 ∼ 150 µs), suggesting that ∼ 3.4ms would be required for a single dominant mode.

Beam-losses were observed from ∼ 0.55ms, so the most unstable mode is not likely to

have been dominant. That being the case, it is impossible to determine the azimuthal

mode number from Figure 6.3.

Since the dominant evolution of 𝑔1(𝑟, 𝜙) shown in Figure 6.13 is not a rotation, it is

expected that the observed instability was not a decoupled head-tail mode. Asymmetry

in the measured distributions is evidence that mode coupling plays a role [117], but

whether this is in the form of a TMCI, a convective instability [176], or some other

mechanism is beyond the scope of this thesis. Whilst previous studies have raised the

possibility of mode coupling being significant on ISIS, these are the first analytical

predictions of its significance.

Because the impedance model developed in Chapter 5 was derived from equipment

properties, instabilities caused by features of the model can now be associated with

particular pieces of equipment. Figure 6.14 shows the measured baseband frequency

for each set tune overlaid with that impedance model. It can be seen that the 85 kHz

peak in growth rate occurs for a set tune where the baseband frequency coincides with

the 85 kHz peak associated with the dipole and doublet RF screens. It is therefore asserted

that this peak in growth-rate is caused by the resonator impedances in those screens.

With the impedance model developed in Chapter 5, the PyTMCI code from Chap-

ter 4 has made partially accurate predictions for ISIS in BSRM. This partially satisfies

the second objective of Section 1.3, to understand whether the theory of coherent

instabilities can make partially accurate predictions for ISIS. By identifying a probable

cause of the BSRM instability, it has laid the foundation for achieving the third objective,

to find ways of improving beam stability. Despite these successes, the 85 kHz impedance

peak is not thought to be responsible for the 2ms instability because its frequency is

too low. Since this thesis is primarily interested in the instability affecting operational

beams, an experiment in RCS mode is required to fully satisfy the second objective.
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Figure 6.14: Measured baseband frequencies for different set tunes, indicated by a vertical line
and overlaid with the impedance model of Chapter 5. Caption shows the set tune and measured
tune in brackets.
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6.4 Instabilities in RCS Mode with Fundamental RF

Section 6.3 demonstrated that when combined with the impedance model of Chap-

ter 5, PyTMCI can predict key features of instabilities on ISIS in BSRM. It was not

able, however, to probe the 2ms instability introduced in Section 2.3.1, which limits

operational performance. In this section, PyTMCI will be applied to beam parameters

close to those during the instability. Its predictions will be compared with the results

of a dedicated experiment performed in RCS mode. PyTMCI’s predictions were not

completely accurate in BSRM, and its accuracy is not expected to improve for an RCS

experiment. Nevertheless, key features of the BSRM instability were predicted, so it

is of significant interest to see whether PyTMCI can predict any features of the 2ms

instability. If so, this could indicate that the source of the instability has been included

in the impedance model developed in Chapter 5, and satisfy the second thesis objective.

PyTMCI is based on a theory whose assumptions are incompatible with a dual-

harmonic RF system, so for the duration of this experiment the second-harmonic RF

cavities were disabled for the relevant part of the RCS cycle. Such an experiment would

be of little practical interest were it not for the fact that vertical coherent instabilities have

been observed from around 2ms into the RCS cycle both with and without the second

harmonic cavities. The similarity between these instabilities, which was discussed in

Chapter 2, justifies the assumption that they share a common cause.

6.4.1 Experimental Set-Up

Figure 6.15 shows the demanded gap voltage on the fundamental RF cavities throughout

the RCS cycle. Each of the six fundamental RF cavities contains two gaps, so that the

effective overall voltage is twelve times the value shown. For this experiment, the second-

harmonic cavities had a demand gap voltage of 0 kV between 0 and 4ms, as shown in

Figure 6.16. Only data from this window will be analysed, which includes the time

that an instability typically develops.
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Figure 6.15: Peak voltage-per-gap on the
fundamental harmonic (ℎ = 2) cavities.
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Figure 6.16: Peak voltage-per-gap on the sec-
ond harmonic (ℎ = 4) cavities.
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Figure 6.17: Horizontal and vertical set tunes through the RCS cycle.

Figure 6.17 shows the demanded set tune throughout the RCS cycle. These deviate

from the nominal values of (𝑄H, 𝑄V) = (4.33, 3.83) because they have been optimised

to minimise beam-loss throughout the RCS cycle. Horizontally, there is a gradual

reduction over the first 2.5ms of the cycle, after which it varies by less than 0.025.

Vertically the set tune remains within 0.035 of 3.80 before 2ms, after which it ramps

from 3.835 to 3.670 over 0.5ms. This rapid change of the vertical tune has been used to

mitigate the 2ms instability since the early stages of ISIS commissioning [62].
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Figure 6.18: BPM sum (a) and difference (b) signals during the RCS experiment with only
fundamental cavities active between 0 and 4ms. Intensity monitor signals are overlaid to show
the number of circulating protons.

6.4.2 Experimental Results

Figure 6.18 shows a BPM sum and difference signal through the relevant part of the RCS

cycle. An intensity monitor signal also shows the total number of protons circulating,

which were shared between two bunches. The falling intensity monitor signal from

∼ 0.5ms is indicative of beam-losses, which are typically characterised as “trapping losses”

at this time, and are caused by non-adiabatic capture of the injected beam [217]. In this

experiment, losses in the first half of the RCS cycle were ∼ 30% compared to operational

values of < 5%, because re-optimisation of the machine was not possible during the

experiment. Even with this reduced intensity, an instability was observed around 2ms,

so the measurement was still a good representation of an operational cycle.

Rapid growth of the BPM difference signal can be seen from around 2ms. To

verify that this was associated with a coherent instability, a third-order Butterworth

band-pass filter was applied to the BPM difference signal in post processing. An 80-

300 kHz passband was chosen to select the baseband frequency associated with coherent

oscillations. Figure 6.19 shows the filtered difference signal close to 2ms. The initially

growing envelope confirms that the observed growth in the BPM difference signal at

∼ 2ms was associated with a coherent oscillation.
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Figure 6.19: Difference signal from a vertical BPM, bandpass filtered around the expected
baseband frequency.

As well as showing an initially growing oscillation amplitude, Figure 6.19 also shows

a beating structure with a period of ∼ 0.25ms. One explanation for this structure is that

several modes were simultaneously unstable. In that case, the BPM difference signal

would be a superposition of all the unstable mode distributions. Nodes in the baseband

envelope would occur when this superposition resulted in a small average coherent

offset. To investigate this possibility, and see more details of the dynamics, the unfiltered

difference signal was observed during the growing and damping phases. In each plot of

Figure 6.20, the BPM difference signal of a single bunch has been overlaid over twenty

sequential turns. The centre of the 20-turn window progresses throughout the plot, so

that time-evolution of the instability can be understood.

The first peak in the filtered difference signal occurs around 2.13ms, which is seen to

coincide with a coherent oscillation of the bunch with no visible nodes; it is qualitatively

similar to the distribution of an azimuthal mode-0 instability. Coherent oscillations can

still be seen around the minima of the envelope around 2.23ms, but there is a rapid

oscillation along the bunch. At 2.29ms, the dominant coherent oscillation occurs at
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the head of the bunch, but by 2.36ms the central portion of the bunch has the largest

amplitude. This behaviour is consistent with multiple modes being simultaneously un-

stable, one with a maxima close to the centre of the bunch, and the other with a maxima

towards the head.

It is concluded that the observed growth in the BPM difference signal is associated

with at least one coherent instability, but multiple coherent modes are thought to be

simultaneously unstable. This would explain the observed beating envelope, but makes

measurements of individual mode growth rates impossible. Conclusions are therefore

limited to the qualitative observation that instability developed from around 2ms into the

RCS cycle, and that the oscillation amplitude grew on time scales on the order of 100 µs.
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Figure 6.20: Unfiltered BPM difference signal from a single bunch, overlaid over twenty turns.
This shows the distribution of the coherent dipole moment along the bunch. Inset plot shows the
filtered BPM difference signal in blue with the central time of the twenty-turn window marked
approximately with a red line. This time is also printed on the bottom-left of the plot.
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6.4.3 PyTMCI Input Parameters

PyTMCI will now be used to investigate the RCS experiment. Even with the second-

harmonic cavities disabled, an experiment carried out in RCS-mode still violates some

assumptions made the analytical treatment behind PyTMCI. Revolution frequency, be-

tatron tune, synchrotron tune and phase-space distributions are examples of parameters

that are assumed to be constant by the theory, but will in reality change with time.

In the quasi-stationary approximation made here, inputs to PyTMCI will be based on

beam parameters as measured at a point in time. The input parameters will now be

discussed and the results presented.

6.4.3.1 Longitudinal Distribution

As for the BSRM experiment, an unperturbed longitudinal distribution will be derived

from BPM sum signals close to 2ms into the RCS cycle. A centre of the distribution

was defined as containing 50% of the integrated sum signal and the distribution was

divided into two halves about this point. To satisfy the assumption of azimuthal sym-

metry and remove noise, an average of the two sides was calculated, and the line charge

for a full bunch formed by mirroring the result. This was repeated for sum signals

acquired over three turns, a mean of these three distributions was found, and smoothing

was applied to further reduce noise. Figure 6.21 shows an example measured BPM

sum signal and the result of these processing steps. To obtain the unperturbed beam

distribution as a function of radial distance in longitudinal phase space, 𝑔0(𝑟 ), filtered

back-projection tomography was used to compute a distribution, which is shown in

Figure 6.22 with the Laguerre series representation used by PyTMCI. To demonstrate

its validity, the line charge density was reconstructed from the tomography results and

is overlaid in Figure 6.21.
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Figure 6.21: Line charge density from a BPM
sum signal for one turn. The processed distri-
bution for the tomography is overlaid with a
reconstruction from the tomographic result.
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tribution, 𝑔0(𝑟 ), computed with tomography
from the processed result in Figure 6.21. Se-
ries expansion used by PyTMCI is overlaid.

6.4.3.2 Synchrotron Tune

The synchrotron tune is given by Equation (6.1). Many of the required parameters are

the same as those required for the BSRM experiment, although the RCS experiment

also requires a synchronous phase. To obtain this quantity, it was assumed that the

energy gained per turn was

𝐸1-turn = 𝑞𝑉rf𝑁gap sin (𝜙𝑠) . (6.2)

𝐸1-turn was estimated at time steps through the RCS cycle using the beam’s measured

revolution frequency to compute changes in kinetic energy. For each time step, 𝜙𝑠 was

found from the average change in kinetic energy per turn and average 𝑉rf. Figure 6.23

shows the computed kinetic energy versus time and the inferred synchrotron tune versus

time through the RCS cycle. To predict a synchrotron tune as a function of time for

calculations, linear interpolation was used between the plotted points.

6.4.3.3 Betatron Frequency

As explained in Section 6.2.2, the betatron frequency was interpreted as the frequency

associated with the most unstable coherent mode, which will have the largest sideband

amplitude. Sidebands were first identified from the spectrogram of a BPM difference
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Figure 6.23: Kinetic energy computed from the measured revolution frequency (a), and the
synchrotron tune (b) computed from Equation (6.1) by inferring a synchronous phase from the
average energy gain per turn.

signal shown in Figure 6.24. As well as a baseband peak, sidebands can be seen around

both revolution and RF harmonics. These are easily identified as their frequencies

change with the revolution frequency and ramp rapidly from around 2ms into the RCS

cycle. The betatron tune will be computed from the frequency of one sideband.

Whilst any sideband can be used in principle, the straight horizontal lines below

∼ 4MHz are associated with non-beam induced noise and could be a source of systematic

error. For this reason, the lower sideband around the third RF harmonic, which has a

frequency of nearly 4MHz at 0ms will be used.

To compute the sideband frequency, BPM difference data was split into 100 µs seg-

ments. Changes in beam parameters were anticipated to be small over this period. A

bandpass filter was applied to each of the time segments to suppress other narrowband

signals, such as the nearby RF harmonic. Filtered data was then processed with the

NAFF algorithm, and the dominant harmonic taken as the sideband frequency. Final

values were taken from the dataset with the best signal-to-noise ratio on the sideband

amplitude; pulse-to-pulse variations of tune were expected to be small. The sideband

frequencies are plotted as points on the spectrogram and are seen to follow the sideband

until the beam stabilises from ∼ 3ms.
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Figure 6.24: Spectrogram of a BPM difference signal during RCS experiment.
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Figure 6.25: Measured vertical tunes versus cycle time for RCS experiment.

A fractional vertical tune was computed from the separation of the sideband from

its revolution harmonic [218], and the total tune shown in Figure 6.25 computed by

assuming the integer part to be its nominal value. Linear interpolation of the measured

tune was used as an input to PyTMCI.



6. Coherent Vertical Instabilities on the ISIS Synchrotron 189

6.4.3.4 Bunch Intensity

The intensity-monitor signal in Figure 6.18 shows a falling intensity for the first ≈

2.5ms of the RCS cycle. The associated beam-losses began before the large-amplitude

coherent motion between 2.0 and 2.25ms. This suggests that beam-losses which began

before 2.0ms were not associated with coherent instabilities. Since the rate of intensity

change is comparatively slow at 2ms, a constant intensity will be taken from that time.

This gives the number of protons-per-bunch as 8.5 × 1012.

6.4.3.5 Number of Radial and Azimuthal Modes

To ensure sufficient accuracy of PyTMCI solutions, the number of radial and azimuthal

modes was chosen by observing convergence using the impedance model of Chapter 5

with no uncertainties specified. Calculations were performed using quasi-stationary

parameters taken throughout the unstable time period between 1.8 and 2.4ms. Growth

rate versus RCS cycle time is shown in Figure 6.26 for a number of settings. The

maximum number of modes was increased until the peak growth rate varied by less

than 10% between subsequent runs. This was achieved with 10 radial modes and 20

azimuthal modes, which are the maximum values currently available in PyTMCI. These

values will be used in all subsequent calculations.

The maximum number of harmonics at which to sample the impedance model was

also increased until the peak growth rate converged. Growth rate versus baseband

frequency is shown in Figure 6.27 for several numbers of harmonics. In this case, there

was less than 1% difference between results with 1001 and 21 harmonics. Since the

number of harmonics did not significantly affect computation time, 1001 harmonics

were used for all computations.
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Figure 6.26: Growth rate of themost unstable
mode versus RCS cycle time. Legend shows
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spectively used in each calculation.
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Figure 6.27: Growth rate of themost unstable
mode versus RCS cycle time. Legend shows
the number of harmonics used in each calcula-
tion.

6.4.4 Comparison of PyTMCI and Experimental Results
6.4.4.1 Instability Growth Rates

Figure 6.28 shows the predicted growth rate versus time through the RCS cycle. The

mean growth rate is computed from a repeat of 100 PyTMCI calculations per time

setting, and error bars represent the standard deviation. As was also done for the BSRM

experiment, uncertainties on the RF screen resonators were included by evaluating the

resonator impedance with parameters that were sampled from a randomly generated

normal distribution derived from Table 5.8. Other sources of uncertainty were consid-

ered negligible compared to those on the RF screen resonators. A peak in growth rate

is predicted to occur at around 2ms, having a growth rate of (1.9 ± 0.3) × 10−3turn−1,

corresponding to a characteristic growth time of (0.6± 0.1)ms. This peak is narrow, so

that by 2.2ms, the growth rate has fallen to 5% of its maximum value.

6.4.4.2 Instability Distribution

Using parameters from the most unstable time point, 1.98ms, (𝛽 = 0.45, 𝑄V = 3.79,

𝜈𝑠 = 0.01) the longitudinal distribution of the dipole moment, 𝑔1(𝑟, 𝜙), of the most

unstable mode was computed to within a constant scaling parameter. This distribution
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Figure 6.28: Growth rate computed by PyTMCI versus RCS cycle time. Points indicate the
mean of 100 repeat calculations and error bars are the standard deviation.

and its evolution through a single period is shown in Figure 6.29, whilst its projec-

tion accumulated over 20-turns is shown in Figure 6.30. Although the projection may

resemble a head-tail mode, it can be seen from the phase-space distribution that the

coherent offset is not described by a rotation as would be expected for a decoupled

head-tail mode, suggesting that some form of mode coupling is taking place. Instead,

the coherent offset travels along the bunch, from tail-to-head, with a peak amplitude

near the centre of the bunch.

The first node in Figure 6.30 occurs at |𝑧 | < 5.5m, despite the projected line density

of the unperturbed distribution having RMS of 7.5m. Since the amplitude of this central

lobe is almost an order-of-magnitude larger than the surrounding lobes, it could be

claimed that less than 1𝜎 of the bunch is predicted to oscillate with significant amplitude.

This behaviour was also observed experimentally in Figure 6.20, where it can clearly be

seen that an oscillation is superimposed on top of only part of a non-oscillating offset.

The distribution of this mode, with a single large-amplitude peak near the centre of the

bunch, was also qualitatively similar to that seen during the RCS experiment.
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Figure 6.29: Longitudinal dipole distribution in longitudinal phase space, 𝑔1(𝑟, 𝜙), for the most
unstable mode of the most unstable time point. Plots show an advancing phase as indicated by
captions. Colours indicate a quantity proportional to vertical dipole moment in arbitrary units.
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As with the BSRM experiment, several modes are predicted to be simultaneously

unstable. Two modes are predicted to have a characteristic growth times of < 1.1ms,

and since coherent oscillations were observed for < 1ms, a single mode may not have

dominated the observed longitudinal distributions in Figure 6.20. To draw comparisons

between the observed and predicted longitudinal structures, it is necessary to include

more than a single mode in the calculated distributions. This could potentially explain

the observed beating structure. Figure 6.31 shows the mean dipole moment of each

turn, computed by PyTMCI from the three most unstable modes. Whilst the observed

beat period does not matched that observed on ISIS, a beating envelope is clear.

Figure 6.32 shows the time evolution of the predicted vertical dipole moment along

the bunch, computed from the sum of the same three most unstable modes. Thirty sub-

sequent turns are overlaid on each plot, with mode amplitudes initially allowed to grow

over 300 turns. Time evolution of the distribution can be understood by comparing

subsequent plots. From turn 360, the largest amplitude lobe occurs in the tail of the

bunch, whilst no large-amplitude lobes can be seen from turn 480. From turn 570, the

largest amplitude lobe can be seen near the centre of the bunch. It is therefore observed

that when the amplitudes of several modes grow simultaneously, nodes and lobes in

the coherent offset can be seen to oscillate along the bunch. This general behaviour

was observed experimentally in Figure 6.20, although its exact features will depend

on the relative frequencies of the unstable modes, their growth rates and associated

dipole distributions.
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Figure 6.32: Sum of the vertical dipole moment along a bunch for the threemost unstable modes,
computed by PyTMCI at the RCS cycle time predicted to have the largest growth rate. Each
line represents the distribution on a single turn, 30 consecutive turns are overlaid and colours are
to distinguish each turn. Evolution of the distribution in time can be understood by looking at
subsequent plots; the inset text indicates the turn number of the first plotted line.



6. Coherent Vertical Instabilities on the ISIS Synchrotron 195

6.4.5 PyTMCI Predictions for Higher Intensity

ISIS typically accelerates ∼ 1.2 × 1013 protons-per-bunch, whilst the bunch intensity

in this RCS experiment was reduced to 8.5 × 1012. To understand how predictions for

this experiment might relate to an operational scenario, mode frequencies have been

computed as a function of bunch intensity with other input parameters taken as those

from the RCS experiment at 2ms (𝛽 = 0.45, 𝑄V = 3.78, 𝜈𝑠 = 0.01). Figure 6.33 shows

the derived quantity of the head-tail mode frequency, Ω. The imaginary part of this

quantity is proportional to the instability growth rate, so that a positive imaginary part

indicates a mode with a growing amplitude. It can be seen that above ∼ 1 × 1013 ppb,

the growth rate of two unstable modes rises rapidly. With operational intensities the

characteristic growth time of these modes is predicted to be ∼ 0.36ms. This is within

the 0.2-0.6ms growth time range that is typical [80].
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Figure 6.33: Normalised coherent mode frequencies versus protons-per-bunch. Normalised
oscillation frequency is in blue, and normalised growth rates in orange.
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6.4.6 Discussion of RCS Results

Since changes to many beam parameters cannot be neglected in an RCS, quantitative

predictions aren’t possible with the theory outlined in Chapter 4. Nevertheless, to

investigate whether the impedance model outlined in Chapter 5 could partially explain

the observed coherent instabilities, a quasi-stationary approach was taken by performing

PyTMCI calculations with fixed beam parameters taken from different times through

the RCS cycle. Order-of-magnitude agreement is likely to be the limit of what can

be achieved with this approach, and a dedicated RCS theory or sophisticated track-

ing simulations would be required for more accurate predictions. Despite treating this

dynamic scenario with a quasi-stationary model, some features of the experimental

observations were reproduced, which has allowed a qualitative physical interpretation

of the experimental results.

Figure 6.28 shows that the predicted growth rate will peak ∼ 2ms into the RCS cycle,

which was reproduced in the RCS experiment, and is routinely seen during operations.

This key result is the first time that a peak in growth rate has been predicted to occur

at 2ms through the ISIS RCS cycle. The impedance model developed in Chapter 5

now offers a physical interpretation of this behaviour. By overlaying the real part of the

impedance with the lowest frequency betatron sideband through the RCS cycle as in

Figure 6.34, it can be seen that the sideband remains on the side of the ∼ 200 kHz peak

until around 2ms, after which it crosses over themaximum. Because this new impedance

model was derived from equipment properties, we can now attribute the instability to

the source of this peak, which are primarily the singlet and module-13 RF screens.

The rapid change of the sideband frequency at this time in the RCS cycle is due to the

tune-ramp, which was introduced to reduce beam-losses associated with the instability.

The impedance model now offers a physical explanation for why this approach was

effective. Ramping the tune down reduces the time where the sideband remains on the

∼ 200 kHz peak, and moves it over to higher frequencies where the impedance falls off
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Figure 6.34: Sum of the separate impedance contributions from Chapter 5, overlaid with a
vertical line indicating the measured baseband frequency at different time points throughout the
RCS experiment.

rapidly. Figure 6.28 shows that by ∼ 2.2ms, growth rates are predicted to fall by an

order of magnitude compared to the peak value.

Although an instability was observed at 2ms, it did not grow for a sufficient time to

measure a growth rate, so no quantitative comparisons can be drawn with Figure 6.28.

Nevertheless, comparisons can be drawn with growth times that are typically observed

in operations, which are in the range of 0.2-0.6ms [80]. The fastest growing mode

predicted by PyTMCI for this experiment was consistent with this range, but at the top

end. To investigate the possibility that this lower growth rate was due to the reduced
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intensity, growth rates were computed at 2ms as a function of beam intensity in Fig-

ure 6.33. This predicted instability growth rates that are consistent with the observed

range at operational intensities, despite neglecting direct space-charge. This is the first

time that analytical predictions based on a rigorously derived impedance model have

achieved this level of accuracy for the 2ms instability on ISIS.

Beating of the filtered BPM difference signal in Figure 6.19, could be explained if

more than one mode was simultaneously unstable during the RCS experiment. Beating

of a beam’s coherent offset has previously been reported in machines with multiple

unstable modes [219], and was also predicted by PyTMCI in Figure 6.31. Interfer-

ence between these unstable modes could explain why the location of the peak in the

dipole-moment distribution was seen to oscillate between the centre and the head of

the bunch in Figure 6.20, and similar behaviour was also observed in the PyTMCI

results of Figure 6.32.

Previous studies have noted that only part of the ISIS bunch is seen to oscillate

during an instability [80], and Figure 6.20 shows that this was also the case during

this experiment. Simplified versions of the theory outlined in Chapter 4 predict that

whole bunches will oscillate, but this is not required by the more general version of the

theory applied here. For the dipole moment distribution of the most unstable mode,

PyTMCI has predicted that the large-amplitude central lobe will be fully contained

within ± ∼ 5.5m, whilst the standard deviation of the unperturbed line charge density

input was ∼ 7.5m. PyTMCI has therefore predicted that only part of the bunch will

oscillate with a large amplitude. Furthermore, Figure 6.29 shows a dipole moment

distribution which is not a decoupled head-tail mode, and whilst a classification of the

instability is beyond the scope of this thesis, PyTMCI is predicting mode coupling.

Whilst earlier studies have posited that ISIS may suffer from a transverse-mode coupling

instability (TMCI), this is the first analytical prediction that coupling between azimuthal

modes are significant on ISIS.
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6.5 Summary and Conclusion

This chapter compared the predictions of PyTMCI with experimental results from ISIS

in BSRM and in RCSmodewith single harmonic RF. Section 6.2.1 introduced a number

of assumptions to make this comparison, which included: assuming instability mode

frequencies, adopting a quasi-stationary model and neglecting direct space-charge.

In the BSRM experiment, the validity of this last assumption was improved by re-

ducing the intensity to produce a space-charge parameter of ∼ 3−5. A key result of this

experiment was Figure 6.11, where PyTMCI predicted the instability growth rate to

within an order of magnitude, and its functional dependence with betatron tune. The

impedance model from Chapter 5, allowed Figure 6.14 to offer a new understanding of

this behaviour, and has identified RF screens in the ISIS dipoles and doublets as being

primarily responsible for the 85 kHz peak in growth rate.

A second experiment was performed in RCS mode to apply PyTMCI and the new

impedance model to the instability which limits ISIS performance. Whilst neglecting di-

rect space-charge is understood to be a systematic limitation in this case, important new

results were obtained. A key result was Figure 6.28, where PyTMCI predicted a peak

in instability growth rate at 2ms through the RCS cycle, which agrees with operational

experience. Section 6.4.5 showed that for a full intensity beam, PyTMCI predictions of

growth rate match observations to within an order of magnitude. Figure 6.34 offers a

physical interpretation of why the growth rate peaks, as the baseband betatron sideband

crosses the 200 kHz impedance peak at that time. The impedance model of Chapter 5

identifies the source of that peak as RF screens in module-13 and the singlet quadrupoles.

The second thesis objective is considered to have been achieved. Although tracking

with direct space-charge is likely to makemore accurate predictions, the theory outlined

in Chapter 4 can make partially accurate predictions for ISIS provided the assumptions

of Section 6.2 are made. The new knowledge obtained from these studies will now go

on to inform mitigation approaches in Chapter 7.



It sounds plausible enough tonight, but wait until tomorrow.
Wait for the common sense of the morning.

— H.G. Wells, “The Time Machine”

7
Instability Mitigation on ISIS

7.1 Introduction

It has been demonstrated that the impedance model introduced in Chapter 5 can be used

to reproduce many features of the coherent vertical instabilities observed on ISIS. Al-

though this model is largely based on finite element simulations, some bench impedance

measurements have proven largely consistent with the simulations when some small

resistive elements were included. The evidence presented in this thesis strongly indicates

that the RF-screens are the main drivers of the 2ms instability and the source of the

∼ 85 kHz resonator impedance.

It is unclear whether a fundamental redesign of the screens is possible, given that

all high-intensity RCSs since ISIS have adopted similar structures [208, 55], but such a

redesign will not be discussed here because it would probably be prohibitively expensive

and operationally intrusive. The aim of this chapter is therefore to review less intrusive,

less expensive modifications that might reduce the growth rate of the 2ms instability.

One such possible modification is to move their resonant frequencies.

200
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7.2 Impedance Optimisation on ISIS

The theory of Chapter 4 used the transverse impedance, sampled at (𝑝𝜔0 + 𝜔𝛽 + 𝑙𝜔𝑠),

where 𝑝 and 𝑙 are integers, to compute elements of the interaction matrix. If the res-

onant frequencies were moved far from these samples, then their contribution to the

sums in Equation (4.45) could be reduced, improving beam stability. On ISIS, the

lowest frequency sample is close to the vertical baseband betatron sideband, which is

∼ 90 kHz at injection but then increases as the beam accelerates, as shown in Figure 7.1.

If the resonant frequencies of the RF screens were moved to below 90 kHz then their

impedances would not contribute to the sums at any time through the RCS cycle.
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Figure 7.1: Measured baseband frequencies during an RCS cycle. These were used to compute
the tunes in Figure 2.9 [85].

7.3 Impedance Optimisation with Capacitors

If the RF screens act like a resonating RLC circuit, then their resonant frequency would

be given by 1/
√
2𝜋𝐿𝐶 [144]. Whilst the inductance, 𝐿, in this equation is likely associated

with the geometry of the screen, the capacitance,𝐶, is expected to be primarily associated

with the lumped capacitors. It follows that the resonant frequency could be changed

by changing the capacitor values.
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To verify this, a series of low-frequency CST simulations of the singlet quadrupole

RF screen have been performed with different capacitors. In each case, the resonant

frequency was found by fitting the resonator impedance to the computed transverse

impedance. Figure 7.2 shows the resonant frequency for each simulated capacitor value,

which approximately follows a 1/
√
𝐶 relationship; the discrepancy for larger capacitances

could be because resistive-wall contributions were not subtracted. This figure confirm

that the frequency can be moved by changing the capacitors and that they roughly

follow ∝ 1/
√
𝐶, which will be tested experimentally in the next section.

7.3.1 Experimental Verification

This result was verified experimentally on the singlet RF screen by exchanging the 0.1 µF

capacitors with 1 µF, and performing a three-turn probe coil measurement as described

in Section 5.3.4.1. The resonant frequency would be expected to reduce from ∼ 190 kHz

to ∼ 60 kHz if it followed 1/
√
𝐶. Both frequencies are indicated on the measured real

part of the impedance in Figure 7.3. The measured peak is closer to 75 kHz, indicating

that there are other sources of capacitance which define the resonant frequency, but

that the general approach works. The real part of the impedance at this peak reduced

to around 10 kΩm−1, around 1/3 of the original peak.
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Figure 7.2: Resonant frequencies of the sin-
glet quadrupole RF screen with different ca-
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7.4 Instability Predictions with Optimised Impedance

Following from the assumption that the 1/
√
𝐶 relationship observed in the previous

section applies for all RF screens, PyTMCI has been used to estimate the impact of

reducing all RF screen resonant frequencies by a factor of
√
10 ≈ 3. Growth rates were

computed between 1.8 and 2.4ms through the RCS cycle, with parameters were taken

from the RCS experiment of Section 6.4.

In this case, the convergence criteria of < 10% change in peak growth rate between

calculations with different numbers of azimuthal and radial modes was not achieved.

In-part this was because all calculated growth rates were between 2 and 5 orders of

magnitude lower than the peak in Figure 6.28, making convergence more numerically

challenging. Using the maximum numbers of azimuthal and radial modes currently

available (20 and 10 respectively), produces the growth rates throughout the RCS cycle

shown in Figure 7.4. The numerical quantities shown would predict a characteristic

growth time that is longer than an RCS cycle, which would be effectively a full mitiga-

tion for ISIS operations. Whilst full convergence has not been achieved, the prediction

of order-of-magnitude reductions in growth rate is expected to remain valid.
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Figure 7.4: Growth rates calculated with PyTMCI for the RCS experiment described in
Section 6.4, but with the resonant frequencies of the RF screens reduced by a factor of

√
10.

Computed using the maximum number of azimuthal and radial modes currently available.
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7.5 Summary and Conclusion

It is suggested that the 2ms head-tail instability on ISIS might be completely mitigated

if capacitors in all the RF screens were changed to reduce their resonant frequencies by a

factor of ∼ 3. While the resonant frequency does not exactly follow 1/
√
𝐶, it is suggested

that increasing all capacitances by a factor of ten would achieve this; especially given the

reduction in peak amplitude observed in Figure 7.3. Verification of these predictions is

beyond the scope of this thesis, but initial changes to capacitors have now been made

on ISIS, with promising early results [220]. Their effect on beam stability will continue

to be investigated in future studies.

Although the third thesis objective has been achieved, only one mitigation method

has been discussed here. The results presented in this thesis have allowed the onset

of the instability to be understood in terms of the impedance model of Chapter 5,

which opens up new possibilities for improving beam stability. For example, it is now

possible that the vertical tune programme could be optimised through the RCS cycle to

minimise the sampled impedance. Although the tune is constrained by other factors,

an optimised program could offer a simple and cheap approach to improving beam

instability. Developing such a program will also be a focus of future studies.



Well, here at last, dear friends, on the shores of the Sea comes
the end of our fellowship in Middle-earth. Go in peace! I
will not say: do not weep; for not all tears are an evil.

— J.R.R Tolkien, “The Return of the King”

8
Conclusion

8.1 Summary and Conclusions

Introduction and Thesis Objectives

Every short-pulse spallation neutron source operating today is either based on a high

intensity RCS or accumulator ring. The average beam power of these facilities is up to

three orders of magnitude greater than those built in the 1970’s and 80’s, and even higher

powers are expected in the future. Without efforts to mitigate coherent beam instabili-

ties, growth rates are likely to increase with intensity, which could limit performance.

At least four high-intensity facilities currently operating have reported coherent

instabilities. Chapter 1 suggested that if the models of these machines are otherwise

complete and accurate, then this would imply there were either impedance sources yet

to be identified, or that the theory of coherent instabilities was not making sufficiently

accurate predictions. Understanding instabilities at existing facilities was proposed as a

potential solution, and attention was turned to the 2ms vertical instability at ISIS. The

objectives of the thesis were then set out as: generating an impedance model for ISIS,

understanding whether the accepted theory of coherent transverse instabilities makes

accurate predictions for ISIS and identifying ways of improving beam stability on ISIS.
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New Tools and Methodologies for Determining Impedances

To build the foundations required to achieve these objectives, Chapters 3 reviewed the

analytical treatments of wake fields and impedances. Earlier studies had identified a low-

frequency resonator impedance on ISIS [80], so evaluating low-frequency impedances

became a focus. To address the issue of low-frequency EM fields penetrating conductors,

RWAL was developed in Section 3.4 to compute the transverse impedance of multi-

layer cylindrical structures. For more complex structures, a technique was developed

in Section 3.3.2 to find the transverse impedance from low-frequency CST simulations.

These tools were used extensively in later chapters.

New Tools for Understanding Coherent Instabilities

Chapter 4 used the impedance concept to describe coherent beam stability. Earlier

applications of instability theory on ISIS had made a number of assumptions that are

not present in the general theory. To address this, a new Vlasov solver, PyTMCI [119]

was developed to apply the most general version of the theory to ISIS. Benchmarks of

PyTMCI demonstrated excellent agreement with tracking simulations in Section 4.2.

The ISIS LF Driving Impedance Model

To apply PyTMCI to ISIS, it was necessary to develop a new vertical driving impedance

model with a focus on low frequencies, which was built up in Chapter 5. A series of

resonator impedances were identified on the RF screens that are used inside all AC

magnets at ISIS. Bench measurements were described in Section 5.3.4 which confirmed

the existence of these resonances on two types of RF screens. Measured quality factors

and amplitudes differed from simulation, but could be partially reproduced by including

small resistive elements in the CSTmodel. Resonator impedances from these simulations

were summarised in Table 5.8.
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Impedance contributions of other equipment were also described in Chapter 5, in-

cluding resistive-wall and indirect space-charge. Bench measurements of the ISIS ex-

traction kickers were presented in Section 5.5, but it was found that their terminating

resistors suppress resonant impedances on their feeder cables. The RF screens were

found to dominate the real part of the overall impedance model in Figure 5.69, which

is the most detailed model ever developed for ISIS. Crucially, the RF screens contribute

large peaks at ∼ 85 and ∼ 200 kHz.

Predictions and Experimental Comparisons on ISIS

In Chapter 6, the newly developed impedance model was used as an input to PyTMCI,

and its predictions compared with experiments. In BSRM, instability growth rates were

measured as a function of vertical tune [80]. The peak predicted growth rate in Fig-

ure 6.11 occurred around the same frequency as observed, and its amplitudewas the same

order of magnitude as the experimentally observed value. This discrepancy was thought

to be associated with the simplified analytical model, but the general agreement between

theory and experiment was considered to be excellent. Although the distribution of

the dipole moment along the bunch was not well predicted, PyTMCI did predict that

relatively small changes in tune would produce very different distributions, which was

observed experimentally.

A second experiment, carried out in RCS mode but with the second harmonic cav-

ities disabled, was more challenging to compare with PyTMCI because the baseband

betatron sideband displayed a beating amplitude. Nevertheless, in Figure 6.28 PyTMCI

predicted a peak in growth rate at ∼ 2ms, with a characteristic time at the top end

of observations during routine operations [80]. When differences in intensity were

accounted for, the predicted growth time was within the typically observed range. The

predicted dipole moment distribution along the bunch showed some similarity with

observation, most notably that only part of the bunch is predicted to oscillate.
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In both BSRM and RCS experiments, order-of-magnitude levels of agreement in

the instability growth rates were observed with PyTMCI, suggesting that the widely

accepted theory of coherent transverse instabilities is at least partially applicable to ISIS.

The impedance model of Chapter 5 has allowed the RF screens to be identified as the

cause of the 2ms instability, and it has identified the dipole and doublet RF screens as

being responsible for the 85 kHz narrowband impedance found in earlier studies [80].

New Methods for Impedance Optimisation

The RF screens have been identified as major impedance sources on ISIS. Chapter 7

proposed and verified a method of optimising the impedance of the RF screens by chang-

ing a set of lumped capacitors. PyTMCI calculations suggested that the 2ms instability

growth rate could be reduced by orders of magnitude if all capacitors were exchanged.

Wider Impact of this Study

Since publishing the initial results for ISIS [64], resonances on similar structures at other

facilities are now thought to drive instabilities [221]. With RCSs being considered for

future facilities [48, 222], identifying these resonator impedances, which have been

omitted from impedance models for 40 years, was an important achievement.

The targeted methodology adopted by this study allowed the RF screen impedances

to be identifiedwithout characterising the impedance of all structures in ISIS. Instead, the

nature of the driving impedance was understood from coasting beam impedance mea-

surements [80], and equipment that could produce such impedances were investigated

directly. The general problem was also greatly simplified by the decision not to consider

direct space-charge. This meant that fast analytical calculations could be performed

in-place of time-consuming tracking simulations. Whilst this no-doubt limited the

accuracy of some predictions, it allowed the study to focus on the important point:

finding and mitigating the source of a performance limit. This methodology can now

serve as a roadmap for many future studies.
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Key achievements and Contributions

• Developed technique to calculate𝑍⊥
1 (𝜔) for low-frequencies withCST, Section 3.3.2.

• New semi-analytical impedance calculation code, RWAL, Section 3.4.

• New Vlasov solver for coherent instabilities, PyTMCI, Section 4.1.5.

• Identified large, low-frequency resonator impedances on RF screens, Section 5.3.

• New vertical driving impedance model for ISIS RCS, Section 5.7.

• First prediction of 85 kHz peak in growth rate for ISIS in BSRMwith an impedance

model derived from equipment properties, Figure 6.11.

• First prediction of growth rate peak 2ms through ISIS RCS cyclewith an impedance

model derived from equipment properties, Figure 6.28.

• Identified equipment responsible for these instabilities, Sections 6.3.5 and 6.4.6,

now identified as instability driver at other facilities [221].

• First predictions of growth rates accurate to within an order of magnitude on ISIS,

with a rigorously derived impedance model, Sections 6.3.4.1 and 6.4.4.1.

• First analytical predictions of mode coupling on ISIS, Sections 6.3.4.2 and 6.4.4.2.

• New RF screen impedance optimisation approach with capacitors, Chapter 7.

8.2 Future Work

The impedance mitigation approach described in Chapter 7 is now being trialled on

some RF screens at ISIS. Beam based impedance measurements are being employed to

monitor the impact of capacitor changes, and further changes could be made if beam

stability is improved. Even without these changes, the impedance model of Chapter 5

will allow an optimised vertical tune programme to be developed, which could improve

beam stability without any mechanical interventions.

More generally, the ISIS RCS now has a high intensity proton beam and a well

defined resonator impedance, making it an excellent testing ground for studies into the

exciting topic of coherent instabilities with strong direct space charge.
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A
ISIS Design Stage Impedance Reduction

The ISIS synchrotron was designed approximately a decade after the concept of beam

coupling impedance was developed [91]. The widely accepted theory of coherent trans-

verse instability had been developed more recently [98]. At that time, the impedance

of key accelerator components would not have been accurately determined, and tools

were more limited than today. The designers of ISIS nevertheless anticipated beam

instabilities, explicitly stating:

In the SNS 1 synchrotron, the maximum intensity achievable will probably
be determined by the collective phenomena of coherent instabilities. [68]

Efforts to prevent instabilities extended to the design of individual systems such as the

extraction kicker magnets. It was recognised that their transverse coupling impedance

could be significant because they resembled similar devices at the Proton Synchrotron

Booster (PSB), where large narrowband impedances had been measured [98]. The

feeder cables of the ISIS kickers were therefore terminated with matched resistors [199],

despite the associated increase in required power.

Some numerical tools for computing impedances were available, and the designers

of ISIS made full use of these. For example, it was recognised that without a conducting

vacuum vessel inside the main magnets, the beam’s EM fields would be exposed to the

pole faces of the laminated magnets. To prevent this, a series of conducting RF screens

were envisaged to shield the magnets, whilst limiting the induced 50Hz Eddy cur-

rents [184]. To understand whether these screens should be placed inside or outside the
1ISIS was originally known as the Spallation Neutron Source, SNS.
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ceramic vessels, a set of two-layer, cylindrical resistive-wall impedance calculations were

made with the LUWAT code [223]; the output is shown in Figure A.1. Case A, which

consisted of a ceramic layer surrounded by a semi-infinite conductor had a larger imagi-

nary impedance than Case B which only consisted of a conductor. Resonant impedances

at frequencies exceeding 1GHz were also predicted in Case A. On this basis, and with

some other practical considerations, it was decided that conducting RF screens would

be installed inside the ceramic vacuum vessels, despite the mechanical complexity.

FigureA.1: Plots of quantities proportional to𝑍⊥
1 computed by the LUWAT code, used to justify

aspects of the RF-screen geometry at ISIS [184].

The designers of ISIS demonstrated great foresight in their efforts to minimise the

beam coupling impedance, but lacked the tools to properly characterise it, which have

since become widely available. Despite their efforts, beam instabilities were measured

during commissioning [39], including a vertical head-tail instability that appeared around

2ms through the RCS cycle. Operators at the time found solutions to mitigate the effects

of these instabilities, and with these ISIS was able to achieve its design intensity [62].



B
Fourier Conventions

The forward and inverse Fourier transforms between 𝑧 and 𝜔 are defined here as

𝑓 (𝜔) = F̂ (𝑓 (𝑧)) =
∫ ∞

−∞
𝑓 (𝑧)𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧, (B.1)

𝑓 (𝑧) = F̂ −1
(
𝑓 (𝜔)

)
=

1

2𝜋𝛽𝑐

∫ ∞

−∞
𝑓 (𝜔)𝑒𝑖𝜔

𝑧
𝛽𝑐 d𝜔, (B.2)

where a hat distinguishes it from the transforms defined in Equations (3.36) and (3.37).

Whilst those follow a common convention [134], the 𝑧-𝜔 convention is less common,

so some theorems will now be derived.

Shift Theorem

The function 𝜌 (𝑧) has a transform 𝜌 (𝜔).

F̂ (𝜌 (𝑧 − 𝑎)) =
∫ ∞

−∞
𝜌 (𝑧 − 𝑎)𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧,

=
∫ ∞

−∞
𝜌 (𝑧 − 𝑎)𝑒−𝑖𝜔

𝑧−𝑎
𝛽𝑐 𝑒−𝑖𝜔

𝑎
𝛽𝑐 d𝑧,

= 𝑒−𝑖𝜔
𝑎
𝛽𝑐

∫ ∞

−∞
𝜌 (𝑧 − 𝑎)𝑒−𝑖𝜔

𝑧−𝑎
𝛽𝑐 d(𝑧 − 𝑎),

= 𝑒−𝑖𝜔
𝑎
𝛽𝑐 𝜌 (𝜔)

Convolution Theorem

The convolution of functions 𝑓 (𝑧) and 𝑔(𝑧) is defined as

𝑓 (𝑧) ∗ 𝑔(𝑧) =
∫ ∞

−∞
𝑓 (𝑢)𝑔(𝑧 − 𝑢) d𝑢,
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and its transform is

F̂ (𝑓 ∗ 𝑔) =
∫ ∞

−∞
𝑒−𝑖𝜔

𝑧
𝛽𝑐

[∫ ∞

−∞
𝑓 (𝑢)𝑔(𝑧 − 𝑢) d𝑢

]
d𝑧.

Swapping the order of integration gives

F̂ (𝑓 ∗ 𝑔) =
∫ ∞

−∞
𝑓 (𝑢)

[∫ ∞

−∞
𝑔(𝑧 − 𝑢)𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧

]
d𝑢.

Using the shift theorem, the integral inside the square brackets is written down and

brought out of the integral

F̂ (𝑓 ∗ 𝑔) = 𝑔(𝜔)
∫ ∞

−∞
𝑓 (𝑢)𝑒−𝑖𝜔

𝑢
𝛽𝑐 d𝑢.

The remaining integral is seen to be the Fourier transform of 𝑓 , so the conclusion is

F̂ (𝑓 ∗ 𝑔) = 𝑔(𝜔) 𝑓 (𝜔). (B.3)

Poisson Summation

Define the time domain function

𝑓 (𝑧) =
∞∑

𝑛=−∞
𝛿 (𝑧 − 𝑛𝐶),

where 𝛿 is the Dirac delta function and 𝐶 is interpreted as the machine circumference.

This is clearly a periodic function and can be expressed as a Fourier series

𝑓 (𝑧) =
∞∑

𝑘=−∞
𝑠𝑘𝑒

2𝜋𝑖𝑘𝑧/𝐶

with the definition

𝑠𝑘 =
1

𝐶

∫ 𝐶/2

−𝐶/2

∞∑
𝑘=−∞

𝛿 (𝑧 − 𝑘𝐶)𝑒−2𝜋𝑖𝑘𝑧/𝐶 d𝑧 = 1

𝐶
,

giving

𝑓 (𝑧) = 1

𝐶

∞∑
𝑘=−∞

𝑒2𝜋𝑖𝑘𝑧/𝐶 . (B.4)
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Taking the Fourier transform of this gives

𝑓 (𝜔) = 1

𝐶

∫ ∞

𝑧=−∞

∞∑
𝑛=−∞

𝑒2𝜋𝑖𝑛𝑧/𝐶𝑒−𝑖𝜔
𝑧
𝛽𝑐 d𝑧,

=
1

𝐶

∞∑
𝑛=−∞

∫ ∞

𝑧=−∞
𝑒2𝜋𝑖𝑛𝑧/𝐶𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧,

=
1

𝐶

∞∑
𝑛=−∞

∫ ∞

−∞
𝑒−𝑖 (𝜔−

2𝜋𝛽𝑐
𝐶 )𝑧/𝑐 d𝑧,

and substituting the Fourier representation of a Dirac delta function,

𝑓 (𝜔) = 2𝜋𝛽𝑐

𝐶

∞∑
𝑛=−∞

𝛿

(
𝜔 − 2𝜋𝛽𝑐

𝐶
𝑛

)
. (B.5)

The Fourier transform can also be taken directly from the original definition of 𝑓 (𝑧)

𝑓 (𝜔) =
∑
𝑛

∫ ∞

𝑧=−∞
𝛿 (𝑧 − 𝑛𝐶)𝑒−𝑖𝜔

𝑧
𝛽𝑐 d𝑧 =

∑
𝑛

𝑒−𝑖𝜔
𝑛𝐶
𝛽𝑐 , (B.6)

which can be equated with the solution from the Fourier series to give

∞∑
𝑛=−∞

𝑒−𝑖𝜔
𝑛𝐶
𝛽𝑐 =

2𝜋𝛽𝑐

𝐶

∞∑
𝑛=−∞

𝛿

(
𝜔 − 2𝜋𝛽𝑐

𝐶
𝑛

)
. (B.7)



C
Fourier Conventions for Impedance

There are several definitions for impedance and so different formulas for the same impedance.

For example, one reference defines the space-charge impedance as [135]

1

𝐿
𝑍⊥
1 = −𝑖 𝑍0

2𝜋𝛽𝛾2

(
1

𝑎2
− 1

𝑏2

)
, (C.1)

whilst the equivalent impedance in a different reference is (with 𝛽 ≈ 1) [89]

1

𝐿
𝑍⊥
1 = 𝑖

𝑍0
2𝜋𝛾2

(
1

𝑎2
− 1

𝑏2

)
. (C.2)

The source of this apparent inconsistency is the Fourier transform convention in

defining the impedance from the wake function. The first formula uses the definition

𝑍⊥
1 = − 𝑖

𝛽𝑐

∫ ∞

𝑧=−∞
𝑊 ⊥

1 (𝑧)𝑒𝑖
𝜔
𝛽𝑐 𝑧 d𝑧, (C.3)

and the second, which is the definition used in this thesis, uses

𝑍⊥
1 =

𝑖

𝛽𝑐

∫ ∞

𝑧=−∞
𝑊 ⊥

1 (𝑧)𝑒−𝑖
𝜔
𝛽𝑐 𝑧 d𝑧. (C.4)

These definitions lead to different formulas to express the impedance in terms of the

Fourier transform of the Lorentz force. The first author specifies this as

𝑍⊥
1 (𝜔) =

𝑖

𝑞1𝑑1

∫ ∞

𝑠=−∞

(
𝐸𝑥 (𝜔) − 𝑣𝐵𝑦 (𝜔)

)
𝑒𝑖𝜔

𝑠
𝛽𝑐 d𝑠, (C.5)

and an equivalent for the second definition will now be derived. The witness particle

is assumed to experience the wake force due to a source particle when it reaches the
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location that the wake was generated; at a time − 𝑧
𝛽𝑐 after the source particle passes it.

For the horizontal impedance

𝑍⊥
1 (𝜔) = 𝑖

∫ ∞

𝑧=−∞
𝑊 ⊥

1 (𝑧)𝑒−𝑖
𝜔
𝛽𝑐 𝑧

d𝑧
𝛽𝑐
, (C.6)

=
−𝑖

𝑒𝑞1𝑑1

∫ ∞

𝑧=−∞

[∫ 𝐿/2

𝑠=−𝐿/2
𝐹⊥

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

𝑒−𝑖
𝜔
𝛽𝑐 𝑧

d𝑧
𝛽𝑐
, (C.7)

𝑧 is defined to be positive in the direction of the source particle’s velocity, so that in the

𝛽 → 1 limit, a witness particle that experiences a wake force always has 𝑧 < 0. Assuming

the Fourier transform exists, the order of the integrals can be exchanged

𝑍⊥
1 (𝜔) =

−𝑖
𝑞1𝑑1

∫ 𝐿/2

𝑠=−𝐿/2
d𝑠

∫ ∞

𝑧=−∞

(
𝐸𝑥

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

)
− 𝛽𝑐𝐵𝑦

(
𝑥,𝑦, 𝑠; 𝑡 − 𝑧

𝑣

))
𝑒−𝑖

𝜔
𝛽𝑐 𝑧

d𝑧
𝛽𝑐
,

(C.8)

=
−𝑖
𝑞1𝑑1

∫ 𝐿/2

𝑠1=−𝐿/2
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

∫ ∞

𝑢=−∞

(
𝐸𝑥 (𝑥,𝑦, 𝑠;𝑢) − 𝛽𝑐𝐵𝑦 (𝑥,𝑦, 𝑠;𝑢)

)
𝑒𝑖𝜔𝑢 d𝑢, (C.9)

where the substitution 𝑢 = 𝑡 − 𝑧
𝛽𝑐 = 𝑠

𝛽𝑐 −
𝑧
𝛽𝑐 was made.

The second integral is a Fourier transform, but it does not follow the time-frequency

definition in Equation (3.36) [134]. Since the time-domain electric and magnetic fields

are real quantities, the two Fourier transforms are related by a complex conjugate, giving

𝑍⊥
1 (𝜔) =

−𝑖
𝑞1𝑑1

[∫ 𝐿/2

𝑠=−𝐿/2

(
𝐸∗𝑥 (𝑥,𝑦, 𝑠;𝜔) − 𝑣𝐵∗𝑦 (𝑥,𝑦, 𝑠;𝜔)

)
𝑒−𝑖𝜔

𝑠
𝑣 d𝑠

]
𝑥=𝑥2=0
𝑦=𝑦2=0
𝑥1=𝑑1
𝑦1=0

. (C.10)

This is the same form as Equation (3.38), and it can be seen by eye that this is the complex

conjugate of the first authors definition.

It is common to categorise impedances as “inductive” or “capacitive”. These cate-

gories are defined by the sign of Im
(
𝑍⊥
1

)
, which will differ for these two definitions.

Whilst both authors agree that the thick resistive-wall impedance is inductive, the first

author defines this to imply that Im
(
𝑍⊥
1

)
> 0 for 𝜔 > 0, and the second that Im

(
𝑍⊥
1

)
< 0

in that region, which is the definition used in this thesis.



D
Special Hankel Transform

The integral to be solved is∫ ∞

0
𝑥𝜈+1𝑒−𝛼𝑥

2
𝐿(𝜈−𝜎)𝑚 (𝛼𝑥2)𝐿(𝜎+𝛽)𝑛 (𝛼𝑥2) 𝐽𝜈 (𝑥𝑦) d𝑥, (D.1)

where 𝛽 is a positive integer and all other quantities are as defined in the related tabulated

integral [182]. To evaluate this integral, apply the relationship [181]

𝐿
(𝜎+𝛽)
𝑛 (𝛼𝑥2) =

𝑛∑
𝑟1=0

𝐿
𝜎+𝛽−1
𝑟1 (𝛼𝑥2), (D.2)

repeatedly to give

𝐿
(𝜎+𝛽)
𝑛 (𝛼𝑥2) =

𝑛∑
𝑟1=0

𝐿
𝜎+𝛽−1
𝑟1 (𝛼𝑥2) =

𝑛∑
𝑟1=0

𝑟1∑
𝑟2=0

𝐿
(𝜎+𝛽−2)
𝑟2 (𝛼𝑥2), (D.3)

=
𝑛∑

𝑟1=0

𝑟1∑
𝑟2=0

𝑟2∑
𝑟3=0

...

𝑟𝛽−1∑
𝑟𝛽=0

𝐿(𝜎)𝑟𝛽 (𝛼𝑥2). (D.4)

Substituting this into the integral gives
𝑛∑

𝑟1=0

𝑟1∑
𝑟2=0

𝑟2∑
𝑟3=0

...

𝑟𝛽−1∑
𝑟𝛽=0

∫ ∞

0
𝑥𝜈+1𝑒−𝛼𝑥

2
𝐿(𝜈−𝜎)𝑚 (𝛼𝑥2)𝐿(𝜎)𝑟𝛽 (𝛼𝑥2) 𝐽𝜈 (𝑥𝑦) d𝑥, (D.5)

which is a sum of tabulated integrals [182]. It is thus shown that∫ ∞

0
𝑥𝜈+1𝑒−𝛼𝑥

2
𝐿(𝜈−𝜎)𝑚 (𝛼𝑥2)𝐿(𝜎+𝛽)𝑛 (𝛼𝑥2) 𝐽𝜈 (𝑥𝑦) d𝑥,= (D.6)

𝑛∑
𝑟1=0

𝑟1∑
𝑟2=0

𝑟2∑
𝑟3=0

...

𝑟𝛽−1∑
𝑟𝛽=0

(−1)𝑚+𝑟𝛽

2𝛼

( 𝑦
2𝛼

)𝜈
𝐿
(𝜎−𝑚+𝑟𝛽 )
𝑚

(
𝑦2

4𝛼

)
𝐿
(𝜈−𝜎+𝑚−𝑟𝛽 )
𝑟𝛽

(
𝑦2

4𝛼

)
. (D.7)

For the case of 𝛽 = 1 the RHS becomes
𝑛∑

𝑟1=0

(−1)𝑚+𝑟1

2𝛼

( 𝑦
2𝛼

)𝜈
exp

(
−𝑦

2

4𝑎

)
𝐿(𝜎−𝑚+𝑟1)
𝑚

(
𝑦2

4𝛼

)
𝐿(𝜈−𝜎+𝑚−𝑟1)
𝑟1

(
𝑦2

4𝛼

)
. (D.8)
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E
Laguerre Series Coefficients

The normalisation of 𝑓0(𝑞) and 𝑔0(𝑟 ), are chosen such that∫ ∞

𝑧=−∞

∫ ∞

𝛿=−∞
𝑔0(𝑟 ) d𝑧d𝛿 = 𝑁 . (E.1)

If 𝑔0(𝑟 ) is introduced such that 𝑔0(𝑟 ) = 𝑁𝜂𝑐
2𝜋𝜔𝑠

𝑔0(𝑟 ) then the Laguerre series for the unper-

turbed longitudinal distribution and its normalisation integral becomes

𝑔0(𝑟 ) = 𝑒−𝑎𝑟
2

∞∑
𝑘 ′=0

𝐺𝑘 ′𝐿
(0)
𝑘 ′ (𝑎𝑟2), (E.2)∫ ∞

0
𝑟𝑔0(𝑟 ) d𝑟 = 1, (E.3)

multiplying both sides by 𝐿(0)
𝑘

(𝑎𝑟2), integrating over (𝑎𝑟2) from 0 to∞ and exchanging

the summation and integral gives [181]

𝐺𝑘 =
∫ ∞

0
𝑔0(𝑟 )𝐿(0)𝑘

(𝑎𝑟2) d(𝑎𝑟2). (E.4)

For certain distributions explicit expressions can be derived, for the example of a Gaus-

sian 𝑔0(𝑟 ) = 1
𝜎2
𝑒
− 𝑟2

2𝜎2 .

The variable 𝑎 can be chosen arbitrarily, although optimum values can improve

convergence. For Gaussian distributions, values on the order of 1
𝜎2𝑧

have been used

throughout these studies.
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F
Eddy Current Conductivity

Measurements

To measure the conductivity of a good conductor with an Eddy current probe, a sample

is placed adjacent to a probe wire which is fed with a time-varying current. Eddy

currents induced in the sample produce a quantifiable effect on the impedance of probe.

Analytical solutions for the impedance can be found for simple arrangements of probe

coils and samples [224]. In this appendix, the impedance of a probe coil wrapped around a

two-layer, infinitely long cylindrical conducting sample will be derived from a published

Green’s function [224], and it will make use of the notation from this reference.

The infinitely long cylindrical sample is assumed to be composed of two concentric,

conducting layers, with radii 𝑎 and 𝑏, as indicated by regions I and II in Figure F.1.

A probe coil with a rectangular cross-section is also concentric to the sample and has

inner and outer radii of 𝑟1 and 𝑟2, which are both larger than 𝑏, and forms region

III-IV. The conductivity in regions I and II are 𝜎1 and 𝜎2, and the relative magnetic

permeabilities in these regions are here assumed to be 1. Regions III and IV are assumed

to be empty space.

A magnetoquasistatic approach is taken, and it is assumed that current flows uni-

formly inside the coil’s cross-section. From the superposition principal, the vector po-

tential can be written as in Equation 96 of [224] with

𝐴(𝑟, 𝑧) = 1

(𝑟2 − 𝑟1) (𝑧2 − 𝑧1)

∫ 𝑟2

𝑟1

∫ 𝑧2

𝑧1

𝐴′(𝑟, 𝑧, 𝑟0, 𝑧0) d𝑟0d𝑧0 (F.1)

220



F. Eddy Current Conductivity Measurements 221

Inner material Outer material

Probe coil

r2

r1

b

a

Region I II III
III

IV
- IV

Figure F.1: Schematic of the wire conductivity measurement geometry.

where 𝐴(𝑟, 𝑧) is the vector potential of the probe coil and 𝐴′(𝑟, 𝑧, 𝑟0, 𝑧0) is the vector

potential produced by a current density

𝑖0(𝑟0, 𝑧0) = 𝐼𝛿 (𝑟 − 𝑟0)𝛿 (𝑧 − 𝑧0), (F.2)

where 𝐼 is the current in a single probe loop winding. 𝐴′(𝑟, 𝑧, 𝑟0, 𝑧0) is obtained from

separation of variables and field-matching, and solutions are available in Equations 90-93

of [224]. Substituting these give the vector potentials in regions III and IV as

𝐴(3) (𝑟, 𝑧) = 𝜇0𝐼

𝜋 (𝑟2 − 𝑟1)(𝑧2 − 𝑧1)

∫ ∞

𝛼=0

[
1

𝛼3
𝐵𝑘 (𝑟1, 𝑟2) [𝐼1(𝛼𝑟 ) + Γ𝐾1(𝛼𝑟 )] × (F.3)

(sin(𝛼 (𝑧 − 𝑙1)) − sin(𝛼 (𝑧 − 𝑙2)))] d𝛼,

𝐴(4) (𝑟, 𝑧) = 𝜇0𝐼

𝜋 (𝑟2 − 𝑟1)(𝑧2 − 𝑧1)

∫ ∞

𝛼=0

[
1

𝛼3
𝐾1(𝛼𝑟 ) [𝐵𝑖 (𝑟1, 𝑟2) + Γ𝐵𝑘 (𝑟1, 𝑟2)] × (F.4)

(sin(𝛼 (𝑧 − 𝑙1)) − sin(𝛼 (𝑧 − 𝑙2)))] d𝛼,

where 𝐼1 and 𝐾1 are modified Bessel functions of the first and second kinds and 𝛼 is a

separation variable with the dimensions of length,

𝛼1 =
√
𝛼2 + 𝑗𝜔𝜇0𝜎1, (F.5)

𝛼2 =
√
𝛼2 + 𝑗𝜔𝜇0𝜎2. (F.6)
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The following functions were also defined to simplify the expressions

𝐵𝑘 (𝑟1, 𝑟2) =
∫ 𝛼𝑟2

𝛼𝑟1

𝑥𝐾1(𝑥) d𝑥, (F.7)

𝐵𝑖 (𝑟1, 𝑟2) =
∫ 𝛼𝑟2

𝛼𝑟1

𝑥𝐼1(𝑥) d𝑥, (F.8)

Γ(𝛼) = − 𝐾1(𝛼2𝑏)
𝑏𝐷𝐾1(𝛼𝑏)

[𝛼1𝐼1(𝛼2𝑎)𝐼0(𝛼1𝑎) − 𝛼2𝐼1(𝛼1𝑎)𝐼0(𝛼2𝑎)]

+ 𝐼1(𝛼2𝑏)
𝑏𝐷𝐾1(𝛼𝑏)

[𝛼1𝐾1(𝛼2𝑎)𝐼0(𝛼1𝑎) + 𝛼2𝐼1(𝛼1𝑎)𝐾0(𝛼2𝑎)] +
𝐼1(𝛼𝑏)
𝐾1(𝛼𝑏)

. (F.9)

To compute the vector potential in the region III-IV, special treatment is required.

𝐴(3) (𝑟, 𝑧) must be used between 𝑟1 and 𝑟 and 𝐴(4) (𝑟, 𝑧) from 𝑟 to 𝑟2. Substituting 𝑟2

for 𝑟 in Equation (F.4) and 𝑟1 for 𝑟 in Equation (F.5), then summing the resulting

equations gives the vector potential𝐴(3,4) (𝑟, 𝑧) which is the quantity required to calculate

the coil resistance.

With this newly derived expression for𝐴(3,4) (𝑟, 𝑧), Equation 112 of [224] can be used

to find the impedance of a probe coil of 𝑛 turns and length 𝑙 = 𝑧2 − 𝑧1

𝑍 (𝜔) = 𝑗2𝜋𝜔𝑛2

𝐼 (𝑧2 − 𝑧1)2(𝑟2 − 𝑟1)2
∫ 𝑙2

𝑧=𝑙1

∫ 𝑟2

𝑟=𝑟1
𝑟𝐴(3,4) (𝑟, 𝑧) d𝑟d𝑧,

=
− 𝑗4𝜔𝑛2𝜇0
𝑙2(𝑟2 − 𝑟1)2

∫ ∞

𝛼=0

cos(𝛼𝑙) − 1

𝛼4

∫ 𝑟2

𝑟=𝑟1
𝑟 (𝐵𝑘 (𝑟1, 𝑟 ) [𝐼1(𝛼𝑟 ) + Γ𝐾1(𝛼𝑟 )]

+𝐾1(𝛼𝑟 ) [𝐵𝑖 (𝑟, 𝑟2) + Γ𝐵𝑘 (𝑟, 𝑟2)]) d𝑟 d𝛼. (F.10)

The real part of this expression has been evaluated numerically with Romberg in-

tegration [225, 226]. To evaluate the improper integral numerically, the limits on 𝛼

were truncated on both sides. This approach was adopted because Figure F.2 shows

that for typical conductors, the integrand approaches a constant as 𝛼 → 0 and drops off

rapidly for larger values. The integration limits were therefore adjusted until adequate

convergence was achieved.

Benchmarking of this method was performed against a finite element solution in

CST. A sample wire with 𝜎1 = 𝜎2 = 1.4×106 Sm−1 was simulated, along with probe coil
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Figure F.2: Real part of the integrand from
Equation (F.10).
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Figure F.3: Overlay of resistances calculated
from a numerical evaluation of Equation (F.10)
and a CST Low Frequency simulation.

and sample properties listed in listed in Table F.1; 𝑎 has no meaning for a single-material

sample. The coil resistance is plotted in Figure F.3 for several different frequencies.

Good agreement between the numerical integral and the finite element solution were

found over the full frequency range.

Table F.1: Parameters used for finite-element benchmark of AC probe coil conductivity mea-
surement technique.

Parameter Value
𝑏 1.710mm

𝑟1 1.225mm

𝑟2 1.710mm

𝑙 5.500mm

No. Turns 9
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