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The observation of less chaoticity and enhanced interannual periodicity of transient

waves in the Martian atmosphere in comparison with that of the Earth suggests the

hypothesis of a low-dimensional underlying atmospheric attractor. Grounded on this

hypothesis, two questions can be asked: is there a small set of atmospheric modes,

measured and classified by a suitable norm, capable of describing the atmosphere of

Mars? If this set exists, are those atmospheric modes able to reproduce the dynamical

behaviour of the atmosphere of Mars? The answer to these questions, constituting the

central focus of this thesis, has led to the first application of POD-Galerkin methods

to a state-of-the-art Mars general circulation model.

The proper orthogonal decomposition (POD) as a method for extracting coherent

structures, called empirical orthogonal functions (EOFs), provided a means to answer

the first question in the positive. An important amount of atmospheric total energy

(TE) was found to be concentrated in a few EOFs (e.g., 90% TE in 20 EOFs). The

most energetic EOFs were identified with atmospheric motions such as thermal tides

and transient waves.

The Galerkin projection of the hydrostatic primitive equations onto the span of

the EOFs provided a systematic method to establish physically plausible interac-

tions between the most energetic EOFs. These interactions were complemented with

closure schemes representing interactions with unresolved modes. This requirement

proved to be essential in order to obtain bounded behaviour.

In the diagnostic analysis, represented by the POD alone, increasing the number of

EOFs directly leads to a better approximation of the atmospheric state. In contrast,

the dynamic reconstruction of the atmospheric evolution does not depend only on

the number of included EOFs. Other important factors to obtain realistic evolution

are the inclusion of every mode involved in the description of a particular kind of

motion (diurnal tide, semidiurnal tide or transients) and the retention of higher order

modes that may interact strongly with the modes of interest. Once these conditions

are satisfied the behaviour of the reduced models is greatly improved. Implications

of these findings for future work are discussed.



Por el enorme soporte

que desde el comienzo

me han brindado,

A MIS PADRES



Acknowledgements

The list of people that have helped me to bring this work to an end is certainly long.

In the first place I must thank my supervisors Dr Irene Moroz at OCIAM and Prof

Peter Read at AOPP for so many discussions and useful comments that gave this

thesis its final form.

All my gratitude to Dr. Andy White in the MetOffice, Dr. Frank Kwasniok

in the University of Exeter, Dr. Ulrich Achatz of the Leibniz-Institute für Atmo-
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Chapter 1

Introduction

“So the Colleges of Cartographers evolved a Map of the Empire that

was of the same Scale as the Empire and that coincided with it point for

point.”

Jorge Luis Borges (On exactitude in science [19])

1.1 Mars

Mars is the fourth planet in the Solar System and the last of the inner or terrestrial

planets. It is probably the planet that shares most similarities with the Earth as

can be seen in Table 1.1 where a comparison between Venus, the Earth and Mars

is shown. Mars is a rocky planet surrounded by a layer of gas that constitutes its

atmosphere. A Martian day, or sol, is about 40 minutes longer than a day on the

Earth while a Martian year is slightly less than two terrestrial years. The present

obliquity of Mars1 of 25.2 ◦ allows the existence of seasons just like on our planet.

Topographically the Earth and Mars are less similar. Despite being around half

the size of the Earth, with a planetary radius of 3396.0 km, the surface of Mars

is covered by topographic features of an amazing height such as Olympus Mons, the

largest volcano in the Solar System, reaching heights of more than 20 km with respect

to surrounding plains. There are also very deep depressions of which Hellas Planitia,

with a depth of around −7 km, is the best example. Furthermore, there is a difference

of about 5 km on average in elevation between the northern and southern hemispheres

[113].

1The obliquity of Mars is in a chaotic state and can vary from 0 ◦ to 60 ◦ [60].

1



CHAPTER 1. INTRODUCTION 2

Table 1.1: Comparison between Venus, the Earth and Mars.

Venus [51, 129] Earth [91] Mars [91]
Orbital radius (1011 m) 1.08 1.50 2.28

Orbital eccentricity 0.0068 0.017 0.093
Planetary obliquity 177.3 ◦ 23.5 ◦ 25.2 ◦

Rotation rate (10−5s−1) -0.02992 7.294 7.088
Solar day (Earth days) 116.7 1.003 1.027

Year length (Earth days) 224.70 365.24 686.93
Equatorial radius (106 m) 6.052 6.378 3.396

Surface gravity (m s−2) 8.87 9.81 3.72
Surface pressure 9 MPa 101300 Pa 600 Pa

Equilibrium temperature, Te (K) 227 256 210
Gas constant, R (m2 s−2 K−1) 192 287 192
Scale height, H = RTe/g (km) 4.9 7.5 10.8

Atmospheric constituents CO2 (0.96) N2 (0.77) CO2 (0.95)
(molar ratio) N2 (0.03) O2 (0.21) N2 (0.027)

Others (0.01) H2O (0.01) Ar (0.016)
Ar (0.009) O2 (0.0013)

1.1.1 The Martian atmosphere

The Martian atmosphere is thinner than the atmosphere of the Earth. The mean

surface pressure is 600 Pa compared to 101.3 kPa on the Earth (Table 1.1). Its

main constituent is carbon dioxide (CO2) in amounts up to 95% in molar ratio.

Other atmospheric components on Mars are molecular nitrogen (N2, 2.7%), argon

(Ar, 1.6%) and molecular oxygen (O2, 0.13%) [91].

The scale height H is the height at which the atmospheric pressure has dropped

by a factor of e with respect to the surface pressure in an isothermal atmosphere.

It also gives the height below which 63% of the atmosphereic mass is concentrated,

considering again isothermal conditions. The terrestrial scale height is 7.5 km at

T = 227 K which is comparable to the highest peak on the Earth, Mount Everest

(higher than 8 km above sea level). The scale height on Mars is 10.8 km at T = 210

K. This figure gives a clear indication of the significant influence of topography over

the Martian atmospheric motion. Comparing it with the height of Olympus Mons,

the depth of Hellas Planitia or the average difference between southern and northern

hemisphere, we expect all these features to have a remarkable influence over the

Martian atmospheric circulation. For example, it has been found that the north-south

topographic asymmetry has an important impact over the Hadley cell structure so

that the southern summer cell becomes predominant [94]
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Oceans on the Earth act as energy reservoirs that tend to damp the atmospheric

response to radiative forcing [38]. The lack of oceans on Mars makes this planet

more susceptible to stronger temperature variations and to a more rapid response to

solar radiative forcing [91]. On the other hand, dust is an atmospheric component

that plays a more important role on Mars than on the Earth. The dust content

in the atmosphere has a considerable influence over its optical properties since the

absorption of solar heating is enhanced when the atmospheric dust load is heavier.

One of the most striking features of the Martian atmosphere is its capacity to develop

and sustain dust storms that virtually cover the whole planet. This process has been

subject to extensive studies involving both observations (see, for example, [114, 22])

and data assimilation (see, for example, [63, 77, 79]). Modelling of the processes that

start, sustain and make a dust storm to decay have also been studied using Mars

general circulation models (GCMs) [81, 82, 119].

Another feature that has no parallel on the Earth is the fact that part of the

atmosphere sublimates and condenses during the warmest and coldest season on the

respective hemisphere. As a result, the surface pressure experiences a significant

variation (of up to 30% peak-to-peak) during a Martian year [48]. In addition, there

are two other effects that lead to a strong variation in surface pressure not only with

time but also with latitude. The first one is due to the latitudinal variation in altitude.

The second one arises because of the strong zonal winds found on Mars [48].

Since the atmosphere, either on Mars or the Earth, is less dense than the ocean,

the gravitational influence of the Sun or the moon on the atmosphere is less impor-

tant. This gives ocean tides their importance on the Earth. In contrast, an important

component of Martian atmospheric dynamics are thermal tides. Thermal tides are

planetary waves that are harmonics of the solar day directly forced by solar heating

[91]. The most important thermal tides on Mars are the migrating, sun-synchronous,

diurnal and semidiurnal tides [35]. The semidiurnal tide, especially, exhibits a strong

sensitivity to vertical solar heating. Since dust in the atmosphere enhances its ra-

diative absorption properties, the semidiurnal tide magnitude also shows a strong

correlation with atmospheric dust content [63]. The interaction of the diurnal tides

with the large Martian topography gives rise to non-migrating (longitude-dependent)

tides [131]. We shall revisit and elaborate on this topic in Section 6.1.1.

Like the terrestrial atmosphere, the atmosphere on Mars largely contributes to the

transfer of energy between the equator and the poles. Therefore, its role is central at

reducing the temperature difference between these two regions. Like on the Earth,

this energy transport is carried out by waves generated via barotropic and baroclinic
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instabilities. Barotropic instability is associated with the reduction of horizontal

shear. This instability has also been related to the circumpolar jet in the middle

Martian atmosphere [31]. Baroclinic instability develops in the presence of latitudinal

temperature gradients and is responsible for transporting energy polewards.

The first two successful theoretical descriptions of this instability are due to Char-

ney [24] and Eady [32]. The model proposed by Eady considers what is probably the

simplest configuration of a continuous atmosphere capable of developing this kind of

instability. It consists of a quasi-geostrophic channel with rigid lids at the domain’s

top and bottom rotating at a constant rate. Furthermore, this model assumes in-

compressibility and a particularly simple basic zonal flow given by U = Λz. Under

these assumptions the conditions for unstable wave-like solutions can be determined.

If appropriate values are provided, this model predicts values that are in good agree-

ment with those observed, for example, on the Earth [91]. Charney’s model is a more

sophisticated model, where the rigid-lid assumption is eliminated, the β-effect (varia-

tion of Coriolis parameter with latitude) is restored and the working fluid is assumed

to be compressible. Although it leads to essentially similar conclusions, the variety

of unstable structures predicted by Charney’s model is richer and more detailed (see,

for example, [87]).

Evidence for baroclinic activity on Mars has been found in surface pressure time

series from the Viking Lander 2 mission [14, 15] and in Mars GCM simulations [16,

27]. Observations and GCM simulations have given indications of the regularity of

baroclinic waves in the Martian atmosphere [14, 15, 16, 27]. Through the analysis

of the meteorological information sent back to the Earth by the Viking Lander 2

during two consecutive Martian years, Barnes [14, 15] found that what appeared to

be baroclinic activity in the northern hemisphere was characterised by rather similar

parameters during spring and autumn in both years. This striking regularity of

transient waves was also found in simulations carried out using the NASA Ames

GCM [16].

By carrying out numerical experiments with the aid of the Oxford Mars GCM,

Collins et al. [27] showed that, without the influence of the diurnal cycle, the Martian

atmosphere probably would display a behaviour characterised by the presence of

coherent baroclinic waves during late autumn, winter and early spring with periods

of either 2.2 or 5.5 sols, approximately. Waves with these characteristic periods were

observed during the simulation of eight consecutive years. This result was interpreted

as multiple coexisting equilibria. When the diurnal cycle was included the baroclinic

waves did not display a regular behaviour any more. Instead, they behaved in a
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more irregular way which was, nevertheless, highly influenced by oscillations with

periods of 5.6 and 2.6 sols. This result suggests that the action of the thermal tides,

induced by the diurnal cycle, is to perturb the system and make it switch between

two equilibrium states.

A related example within the field of terrestrial dynamic meteorology is the

Charney-DeVore model [25]. This model is a severely truncated barotropic spec-

tral model aimed at explaining the existence of highly recurrent anomalies of the

Earth’s atmospheric circulation [25]. Using this model, Charney and DeVore [25]

have shown the possibility of not only two but multiple coexisting equilibria with the

system exhibiting random transitions between them.

Additionally, the global predictability of the Martian atmosphere throughout the

Martian year has been assessed by Newman et al. [83]. By the use of breeding

vectors [120], they found a clear indication that indeed the atmosphere of Mars is

more predictable than the atmosphere of the Earth, specially during the interval

from mid-spring to mid-autumn in the northern hemisphere.

1.2 Reduced-order modelling

The findings described at the end of Section 1.1.1 constitute rather intriguing features

of the Martian atmosphere considering the high complexity that is expected in such

a system. The enhanced regularity observed in the atmosphere of Mars with respect

to its terrestrial counterpart suggests the hypothesis of a low-dimensional underlying

attractor of the Martian climate. This hypothesis constitutes the motivation for the

present thesis.

The hypothesis of low-dimensional attractors is not exclusive of this case. A

related problem is, for example, the search for inertial manifolds (IMs), which are

smooth finite-dimensional invariant manifolds that exponentially attract every tra-

jectory in dissipative systems governed by certain partial differential equations [73].

The actual problem of finding IMs, either analytically or numerically, does not

represent an easy task even for systems, such as the Kuramoto-Sivashinsky equation

[111], which are known to possess an IM [117]. A more suitable and practical method

of attacking this question is to seek the representation of the governing equations of

the system of interest (in our case, the Martian atmosphere) by lower-order dynamical

models so that these retain the essential dynamics. This is precisely the aim of

reduced-order modelling techniques. These techniques will be reviewed in this section

before stating the objectives of this work in Section 1.3.



CHAPTER 1. INTRODUCTION 6

1.2.1 Techniques for order reduction

There are various methods available for reducing the dimension of a system. The most

immediate approach is probably heuristic. It consists of proposing a priori solutions

to the equations of motion on the grounds of symmetry and boundary conditions.

These solutions usually takes the form of a truncated series in terms of general sets

of orthogonal functions, such as Fourier modes or spherical harmonics. In certain

applications, this approach has been quite successful, especially in theoretical analyses

of a variety of systems. Perhaps the best-known example is the Lorenz system [68],

which arises from the severe truncation of the equations of free convection after the

solution has been expanded in terms of Fourier modes. Other examples can be found

in [25] and [69], for example.

An approach with a different underlying philosophy is represented by what here

we call rational reduction methods. The main characteristic of these methods is that

the proposed solutions are somehow related to a particular system. Antoulas [8]

proposes a classification of rational methods into two main groups, namely, Krylov

and singular value decomposition (SVD) methods. Krylov methods make use of

iterations for finding approximations to large-scale dynamical systems. The SVD

methods are based on the decomposition of the state vector into a set of vectors that

can be ordered in a certain sense. These methods include balanced truncation and

Hankel approximations for linear systems, and the proper orthogonal decomposition

(POD) methods and empirical grammians for nonlinear systems. In this thesis we are

concerned with the POD and its combination with Galerkin projection to produce

reduced dynamical versions of the original large-scale system. The interested reader

is referred to [8] for a more complete account of the available reduction methods.

The POD [52, 65] is a statistical technique to extract features from a given dataset

by searching for patterns that optimally represent the dataset with respect to quan-

tities such as variance or energy. The output of the POD is a set of time-independent

orthogonal functions called empirical orthogonal functions (EOFs). Each EOF is as-

sociated with a certain amount of variance or energy. The first suggestion to use the

POD in the analysis of dynamical systems was due to Lumley [71]. One of the first

phenomena to be studied by means of reduced models arising from the use of the

POD was turbulence [12, 18].

Perhaps for nonlinear systems the most studied method is the POD in conjunc-

tion with Galerkin projections [8]. However, this is not the only available method

and some other ideas have been proposed, such as a decomposition into principal

interaction patterns (PIPs), which explicitly incorporate information about the sys-
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tem’s dynamics within the determination of the patterns [42, 56, 57]. Recently, a new

algorithm has been proposed in which the PIPs are computed in a sequential fashion,

giving them a natural order just as for the EOFs in the POD [59]. With such an

algorithm it should be possible, at least in principle, to tackle the reduction of very

high dimensional problems such as the one here under study.

There are other techniques that might be suitable for developing low-order models

such as the independent component analysis (ICA) [28]. The ICA aims at answering

questions such as, what signal comes from what source? This problem is known as

the cocktail-party problem [96]. The solution relies on the assumption of statistical

independence of the sources and, therefore, of the signals. The outcome is a set of

modes and a mixing matrix that sets the relationship between the modes in order

to reconstruct the original mixed signal. As mentioned before, the ICA modes are

statistically independent but not necessarily orthogonal and there is no specific order.

Furthermore, they are not clearly related to any physical quantity that can help to

decide what modes to retain and what to rule out.

These features may constitute a disadvantage when trying to construct low-order

models since a truncation using these modes would lack an appropriate parameter to

measure the expected accuracy of the resulting model. Original algorithms assume

linearity although some efforts have been made to extend the formalism to nonlinear

systems. For a more complete description of the method and the algorithms involved

the reader is referred to the book of Roberts and Everson [96]. So far these ideas have

not yet been further investigated in the context of dynamical systems.

1.2.2 Reduced-order models in atmospheric physics

The POD were introduced in atmospheric sciences from the late 1940s as a means

of atmospheric diagnosis [84, 85], while dynamical models based on the EOFs have

been sought since the late 1950s [102]. However, these early studies faced problems

apparently associated to grid-point evaluation of higher order derivatives and an

insufficient number of EOFs [102]. The work by Schubert [102, 103] and Selten

[104, 105, 106] gave a new impulse to the development of EOF-based low-order models

using barotropic and quasi-geostrophic models as the underlying equations of motion.

In the meantime, PIP-based models [5, 58] were being investigated. These mod-

els were shown to be an improvement with respect to EOF-based models regarding

the number of necessary modes and prediction power [29, 59]. However, EOF-based

models still enjoy the advantage of simplicity both in interpretation and implementa-
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tion. Achatz and Opsteegh [3, 4] have brought these models a step forward towards

more realistic models by developing primitive-equation-based reduced models for the

terrestrial atmosphere. The work of these authors constitutes the most direct basis

for the present study regarding order reduction.

1.2.3 Reduced-order models and the atmosphere of Mars

Work on low-order models in the context of planetary atmospheres other than the

terrestrial atmosphere is still sparse despite the potential significance this research

would have for the study of extraterrestrial atmospheres and comparative planetology

[74]. Whitehouse et al. [124] analysed the possibility of representing an atmospheric

dataset, produced by a simplified Mars GCM, by a small number of modes. Their aims

were achieved by means of a vertical decomposition, based on the quasi-geostrophic

vertical structure equation, followed by the POD of the reduced dataset. By this

diagnostic procedure, they achieved a reduction from O(104) degrees of freedom in

the original model to O(50) degrees of freedom in the reduced dataset. In a second

article, Whitehouse et al. [125] presented the construction of dynamical reduced-

dimension models. They managed to construct successful models with 80 degrees

of freedom in a combination of vertical and horizontal modes derived during the

diagnostic analysis previously described.

In this thesis we closely followed the programme established by Whitehouse et

al. [124, 125] in order to investigate the low-order properties of a more realistic

representation of the atmosphere of Mars. There are three important differences

between that work and the present study, especially regarding the Oxford Mars GCM

[36] dataset. These are the inclusion of topography, the diurnal cycle and the complex

parameterisation of physical processes. In this respect, the present work is closer

to that by Mart́ınez-Alvarado et al. [74], who carried out the decomposition of a

dataset from the Oxford MGCM in vertical eigenmodes and horizontal EOFs under

the quasi-geostrophic theory, also following the programme by Whitehouse et al.

[124]. Regarding the construction of low-order models, the main difference between

this thesis and previous works lies in the use of the primitive equations rather than the

filtered quasi-geostrophic equations as relevant equations of motion (see Section 2.2).

This approach has led to the use of a multi-variate three-dimensional version of the

POD, which produces EOFs to represent simultaneously velocity components and a

thermal field (to be specified later). This approach has been used in the terrestrial

contexts by Achatz and Opsteegh [3, 4] and in acoustic studies by Rowley et al. [98].
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1.2.4 Reduced-order models in other fields

Nowadays the conjunction of the rapid development of computational systems and the

detailed knowledge of a great deal of the important physical and chemical processes

that have an influence over atmospheric dynamics has enabled scientists to simulate

atmospheric motion in great detail.

This situation is not only prevalent in atmospheric sciences. Physics, biology,

chemistry and many engineering sciences have also benefited from the combination of

computational power and enhanced physical knowledge (see, for example, [8]). With

such powerful models we certainly gain many advantages: an accurate representation

of physical reality. Paradoxically the high complexity of a model still has disadvan-

tages: the model becomes almost as complex as the system under study just as the

map of the Empire in Borges’ short story “On Exactitude in Science” [19]. The

complicated relationships between variables and parameters make the analysis of the

model as difficult as that of the original system, and the time to obtain predictions

becomes of the same order as the time to observe the system or require the aid of pow-

erful supercomputers. When time and space are primary constraints in applications,

such as in forecasting and control, this can be a serious disadvantage.

1.3 Objectives

In view of the earlier indications of regularity in the Martian atmosphere discussed

previously (cf. Section 1.1.1) and the results obtained by Whitehouse et al. [124, 125]

discussed in Section 1.2.2, two important questions arise. The first question is related

to the diagnostic understanding of the atmosphere of Mars and can be stated as

whether the state of the Martian atmosphere, during a given time interval, can be

represented by a small number of significant atmospheric modes.

Notice that, given a set of modes of this sort we could not only describe the atmo-

spheric state at a given instant; we would also be capable of describing its evolution

by means of a time series built from the reduced-order instantaneous description of

the atmosphere at subsequent times. However, this is different to having a dynamical

model capable of predicting the future of the atmosphere by knowing its state at a

certain initial time. Addressing this issue, the second question is directly related to

the dynamical behaviour of the atmospheric modes referred to previously. Hence, this

question can be stated as whether these atmospheric modes are sufficient to describe

the dynamical behaviour of the atmosphere of Mars. This question can be viewed as
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the prognostic counterpart of the first one.

Pursuing the answers to these two questions directly leads to the objectives of the

present thesis:

(i) To find a small number of atmospheric modes to represent a dataset for the

Martian atmosphere.

(ii) To determine the sufficiency of the atmospheric modes found in (i) to explain

the dynamical behaviour of the Martian atmosphere.

The first objective can be linked to the POD since, as we have seen in Section 1.2.1,

this technique per se seeks static modes (independent of time) that can be used

to reproduce a given dataset optimally (in the sense that the number of necessary

modes to represent a given amount of variance or energy is less than in any other

linear decomposition). The second objective requires a means of establishing physical

interactions among the retained atmospheric modes. This means is provided by the

projection of the equations of motion onto the span, in phase space, of the chosen

modes.

Throughout this thesis we shall see that, within certain limits, the answers to

both questions are indeed positive. The total energy in the Martian atmosphere is

mostly contained in a few atmospheric modes of the order O(100). Furthermore,

making these modes interact in a physically sensible way can in fact reproduce, albeit

coarsely, the actual behaviour of these modes in the atmosphere. However, this

is not a simple matter and involves a great deal of consideration directly related

to the modelling process itself, such as the numerical treatment of high frequency

waves, which are irrelevant to the general circulation. Although a separate study

would be needed to construct long-term reduced models to climate change studies,

for example, the positive answers to the questions posed at the beginning of this

section are encouraging for the development of short term models.

1.4 Structure of the thesis

To reach our objectives we shall analyse two datasets. The first one comprises the

output of the simplified GCM. Whitehouse et al. [124, 125] analysed an SGCM

dataset as well. However, the regimes analysed in those and the present works are

different. While Whitehouse et al. [124, 125] studied a wave-3 regime, arising from a

simulation of perennial southern winter, in this thesis we study a weak wave regime

superimposed over an axisymmetric background flow. The second dataset is obtained
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from the output of the Oxford Mars GCM, a state-of-the art general circulation model

used in Oxford since the mid-90s for the study of the Martian atmosphere. Prior to

the analysis of these datasets, we shall introduce two central topics that constitute

the background of this work.

Atmospheric dynamics is the first of these central topics. It will be reviewed

in Chapter 2. In this chapter we shall also review different Mars GCMs focusing

our attention on those details that will be important later on in the present thesis.

In particular, we will explain the reasons for working within the framework of the

primitive equations rather than other simpler theories.

The second important topic that must be reviewed before fully entering into pur-

suing our objectives is the theory behind the POD to be discussed in Chapter 3.

This chapter will not only deal with theoretical aspects but also with the numerical

implementation of the method. Moreover, we shall introduce and explain crucial as-

sumptions that will give shape to our reduced-dimension approach to the Martian

atmospheric dynamics.

After these introductory chapters, we shall proceed to the analysis of our two

available datasets. The output of the simplified GCM was the first dataset to be

investigated. Despite the dissimilarities in regimes and methods of analysis (see Sec-

tion 1.2.3), the work in [124, 125] and the present study are still comparable. This

comparison, presented in Chapter 4, is used both as a validation for the methods used

here and as a point of reference for the interpretation of the results regarding our ul-

timate objective, the MGCM dataset. In Chapter 5, the POD-Galerkin projection

is employed for the construction of EOF-based reduced models of the SGCM. The

corresponding results for the MGCM are presented in Chapters 6 and 7.

Chapter 8 is concerned with certain theoretical details that should be considered

in the development of future reduced-order models based on the POD. Rather than

the last word on these issues, Chapter 8 aims at pointing out these issues and showing

preliminary results that suggest that pursuing further investigation in these directions

is likely to be worthwhile.

Finally, in Chapter 9, a general summary of this work is presented together with

the most important conclusions that can be drawn from the research involved. There

is a considerable variety of potential paths that can be followed to continue the

research in this area. This potential future work will also be discussed in Chapter 9

bringing this work to a provisional end.



Chapter 2

Atmospheric dynamical equations

This chapter is devoted to the introduction of the dynamic equations governing the

evolution of a planetary atmosphere. The so-called primitive equations of dynamic

meteorology provide us with a good approximation to the equations that govern

atmospheric motion, despite incorporating several simplifications. These equations

are the object of Section 2.1 where we shall also discuss the choice of appropriate

vertical coordinates depending on the intended application. Further simplifications

to the equations of motion lead to different approximations. One such approximation

is the quasi-geostrophic approximation which will be reviewed in Section 2.2 where we

shall also discuss the convenience of using this approximation in the Martian context.

General circulation models (GCMs) constitute the most advanced class of atmo-

spheric models available today. For the Earth, there is a whole variety of different

GCMs. For Mars, the number is smaller although it is growing. In Section 2.3, we

shall give an overview of GCMs and the numerical methods currently employed for

solving the relevant dynamic equations.

2.1 Primitive equations

2.1.1 Momentum

A planetary atmosphere is a fluid system whose behaviour is completely described

by the Navier-Stokes equations in conjunction with the continuity and thermody-

namic energy equation, which express mass and energy conservation laws. These are

usually complemented by other relations, which describe the conservation of partial

atmospheric constituents such as water vapour, ozone, carbon dioxide or dust. The

Navier-Stokes equations applied to a rotating planet using a rigidly rotating coordi-

12
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nate system (fixed to the planet) can be written as (see [130], for example)

∂v

∂t
+ v · ∇v +

1

ρ
∇p+ g + 2Ω × v − F = 0, (2.1)

where v = (u, v, w)T is velocity, ρ is density, p is pressure, Ω is the planetary rotation

rate and F represents frictional forces. The rotational effects appear in these equations

in the fourth and fifth terms. The apparent gravity g results from the combination of

true gravity g′ (directed towards the planetary centre) and the centrifugal force Ω2R,

where R is a position vector with respect to the planetary axis of rotation. The term

2Ω × v is the negative of the Coriolis force.

These equations, written in scalar form in planetographic coordinates (longitude

λ, latitude φ and altitude z) have a rather complicated form (see [130], for example)

du

dt
+
uw

r
− uv

r
tanφ+ lw − fv +

1

ρ

∂p

∂x
− Fλ = 0, (2.2)

dv

dt
+
vw

r
+
u2

r
tanφ+ fu+

1

ρ

∂p

∂y
− Fφ = 0, (2.3)

dw

dt
− 1

r
(u2 + v2) − lu+

1

ρ

∂p

∂z
+ g − Fz = 0, (2.4)

with
d

dt
=

∂

∂t
+ u

∂

∂x
+ v

∂

∂y
+ w

∂

∂z
,

where
∂

∂x
=

1

r cosφ

∂

∂λ
,

∂

∂y
=

1

r

∂

∂φ
,

∂

∂z
=

∂

∂r
,

and

l = 2Ω cosφ, f = 2Ω sinφ.

A method for simplifying (2.2)-(2.4) is to neglect small terms determined by scale

analysis. This technique consists of a systematic comparison between the different

terms occurring in the equations of motion after considering typical values of the

variables involved in each term [130]. This leads to the simplified system

du

dt
− uv

a
tanφ− fv +

1

ρ

∂p

∂x
− Fλ = 0, (2.5)

dv

dt
+
u2

a
tanφ+ fu+

1

ρ

∂p

∂y
− Fφ = 0, (2.6)
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1

ρ

∂p

∂z
= −g, (2.7)

where the variable r has been substituted by the constant planetary radius a. This

substitution implies the assumption that the atmosphere is shallow (∼ 80 km) in

comparison with the radius of the planet (∼ 3000 km, for Mars) and should be made

extensive to the definitions

∂

∂x
=

1

a cosφ

∂

∂λ
,

∂

∂y
=

1

a

∂

∂φ
.

Equation (2.7) is called the hydrostatic equation. Although there are models that

do not make use of the hydrostatic approximation, it provides a sufficient accuracy

for synoptic-scale motion on Mars [91], and will, therefore, be used in this work.

Equations (2.5)-(2.6) are the horizontal component of the equations of motion and

can be written in vector form as

Dv

Dt
+ fk × v +

1

ρ
∇p− F = 0, (2.8)

where the total time derivative is

D

Dt
=

∂

∂t
+ v · ∇ + w

∂

∂z

and all the vector quantities (with the exception of k) must be re-interpreted as

horizontal vectors so that v = (u, v)T , F = (Fλ, Fφ)
T and

∇ =
eλ

a cosφ

∂

∂λ
+

eφ

a

∂

∂φ
.

The horizontal momentum equations are part of the hydrostatic primitive equa-

tions. In addition, there are three other equations that need to be considered when

modelling a planetary atmosphere. These are (i) the continuity equation, (ii) the

thermodynamic energy equation, and (iii) an equation of state.

2.1.2 Continuity

The continuity equation represents mass conservation and is given in a rigidly rotating

coordinate system (fixed to the planet) by (see e.g. [45])

∂ρ

∂t
+ ∇ · (ρv) +

∂(ρw)

∂z
= 0, (2.9)



CHAPTER 2. ATMOSPHERIC DYNAMICAL EQUATIONS 15

where

∇ · A =
1

a cosφ

(

∂Aλ
∂λ

+
∂

∂φ
(Aφ cosφ)

)

.

2.1.3 Thermodynamic energy

The usual form of the thermodynamic energy equation, representing the first law of

thermodynamics, is given by (see e.g. [45])

cv
DT

Dt
+ p

Dα

Dt
= J, (2.10)

where T is temperature, α = ρ−1 is specific volume, J is the rate of diabatic heating

per unit mass.

An appropriate equation of state, relating density, temperature and pressure, is

the ideal gas equation

pα =
p

ρ
= RT, (2.11)

where R is the gas constant per unit mass (see Table 1.1). With the aid of (2.11),

the first law of thermodynamics (2.10) can be written in terms of the entropy s as

Ds

Dt
=
J

T
. (2.12)

where the definition of the entropy of an ideal gas

s = s0 + cp lnT −R ln p (2.13)

has been used.

Atmospheric studies often make use of a quantity called potential temperature

defined as

θ = T

(

p0

p

)κ

, (2.14)

where p0 is a (constant) reference pressure and κ is the ratio of the gas constant to the

specific heat at constant pressure cp. The interpretation of the potential temperature

can be done by taking its logarithm and multiplying by cp to obtain

cp ln θ = cp lnT −R ln p−R ln p0. (2.15)

Comparing (2.15) with (2.13) we find that s = cp ln θ. This is equivalent to saying

that a surface of constant θ is an isentropic surface, i.e. a parcel of fluid subject only
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to reversible processes must remain on a surface of constant θ. Thus, the first law of

thermodynamics (2.12) can also be written in terms of θ as

cp
D

Dt
(ln θ) =

J

T
. (2.16)

Equations (2.8), (2.7), (2.9) and (2.16) complemented by (2.11) are the hydrostatic

primitive equations of dynamic meteorology and constitute a system of six equations

for six variables ( three velocity components, temperature, pressure and density)

determining the state of a planetary atmosphere.

2.1.4 Vertical coordinates

So far, we have written the dynamical equations that determine the state of the at-

mosphere in a rigidly rotating coordinate system which implies the use of height as

a vertical coordinate. However, height is not always the most suitable vertical coor-

dinate to be used in atmospheric modelling since the atmospheric equations can take

more convenient forms in different coordinates. The transformation of the gradient

from a general vertical coordinate to any single-valued monotonic function η of height

or pressure as vertical coordinate is given by the alternative relation

∇η = ∇z + ∇ηz
∂

∂z
, (2.17)

where ∇x indicate that the differentiation must be carried out holding the variable x

constant.

Isobaric coordinates

In particular, if in (2.17) z is height and η is pressure, we obtain the transforma-

tion from rigidly rotating coordinates to isobaric, or pressure, coordinates. In these

coordinates, the pressure gradient term in (2.8) takes the form

−ρ−1∇zp = −∇pΦ, (2.18)

where Φ is the geopotential gz (recall that g is the apparent gravity including the

actual gravity and the centrifugal force due to rotation). After substituting (2.18)

into (2.8), the horizontal component of the equations of motion become

Dv

Dt
+ fk × v + ∇pΦ − F = 0. (2.19)
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The total time derivative must be re-defined as

D

Dt
=

∂

∂t
+ v · ∇p + ω

∂

∂p
,

where ω = Dp/Dt and ∇p is the gradient operator at constant pressure. In the

isobaric coordinates the continuity equation takes the form

∇p · v +
∂ω

∂p
= 0. (2.20)

Notice that there is no time derivative in (2.20) and that there is no reference to

the density field in (2.19) or (2.20). These are properties of the isobaric coordinate

system that give certain advantages to it. For completeness, we also include isobaric

versions of the hydrostatic equation

∂Φ

∂p
= −1

ρ
= −RT

p
, (2.21)

where the equation of state for an ideal gas has been used, and the thermodynamic

energy equation
(

∂

∂t
+ v · ∇p

)

T − S0ω =
J

cp
, (2.22)

where

S0 = −1

ρ

∂ ln θ

∂p

is the static stability for the isobaric system. Equations (2.19), (2.20), (2.21) and

(2.22) constitute the dynamical equations in isobaric coordinates. We shall use these

equations in Section 2.2 when we deal with the so-called quasi-geostrophic theory.

Sigma-coordinates

As described in Chapter 1, Mars is a planet with very large topographic variations. In

such a case, a terrain-following coordinate system is generally more appropriate. In a

terrain-following system, the ground always coincides with a coordinate surface and

the specification of the boundary conditions at ground level becomes simpler than

using height or pressure as vertical coordinates. Probably the first terrain-following

coordinate system was the sigma-coordinate system [88], where the vertical coordinate

is defined as

σ =
p(x, z, t)

ps(x, t)
, (2.23)
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where ps is surface pressure and x represents a suitable set of horizontal coordinates.

The advantages of sigma-coordinates near the ground can represent a problem at

higher altitudes. For example, since these coordinates have the print of topography

throughout, constant fields over isobaric surfaces might exhibit steep gradients over

sigma surfaces [91]. Hybrid-coordinates [101], a combination of sigma and isobaric

coordinates, have been used in atmospheric models to circumvent these problems

[9, 108]. However, preliminary tests carried out using the Mars general circulation

model at the Laboratoire de Méteorologie Dynamique (LMD) have shown that a

representation over sigma-coordinates is sufficiently accurate on Mars, at least for

altitudes below 100 km [91].

In order to transform from rigidly rotating coordinates to sigma-coordinates, we

substitute σ for η in (2.17) to obtain

∇σ = ∇z − ρ∇σΦ
∂

∂p
, (2.24)

where the hydrostatic equation (2.7) and the chain rule have been used. Application

of (2.24) on p yields the pressure gradient term

−1

ρ
∇zp = −∇σΦ − σ

ρ
∇ps. (2.25)

By substituting (2.25) in (2.8) we obtain the horizontal component of the equations

of motion in sigma-coordinates

Dv

Dt
+ fk × v + ∇Φ − σ

ρ
∇ps = F, (2.26)

where the gradient operator must be computed holding σ constant and

D

Dt
=

∂

∂t
+ v · ∇ + σ̇

∂

∂σ
, with σ̇ =

Dσ

Dt
.

The continuity equation in sigma coordinates is more easily derived taking (2.20)

as a starting point. In this case we need the transformation of the gradient operator

from isobaric to sigma coordinates which can be computed by substituting p for z

and σ for η in (2.17)

∇p = ∇σ − σ∇(ln ps)
∂

∂σ
. (2.27)
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Using (2.27) and the relation [88]

ω = psσ̇ + σ
Dps

Dt

we obtain the continuity equation in the desired form (see also [45])

∂ps

∂t
+ ∇ · (psv) +

∂psσ̇

∂σ
= 0. (2.28)

The thermodynamic energy equation in flux form in sigma-coordinates can be ob-

tained by multiplying (2.16) by ps and using (2.28)

∂

∂t
(pscp ln θ) + ∇ · (psvcp ln θ) +

∂

∂σ
(psσ̇cp ln θ) = ps

J

T
, (2.29)

Finally, the hydrostatic equation in sigma coordinates can be obtained by the chain

rule so that
∂Φ

∂σ
= −p

s

ρ
, (2.30)

or, using (2.11),
∂Φ

∂σ
= −RT

σ
. (2.31)

2.1.5 Dimensionless primitive equations in sigma-coordinates

In order to obtain a non-dimensional version of equations (2.26), (2.28), (2.29) and

(2.31), the planetary radius a and the reciprocal rotation rate Ω−1 were used as length

and time scales, respectively. A complete list of non-dimensionalising factors is given

in Table 2.1. Thus, the primitive equations in their non-dimensional version become

∂v

∂t
+ v · ∇v + σ̇

∂v

∂σ
+ fk × v + ∇Φ − σ

∂Φ

∂σ
∇ ln ps = F, (2.32)

∂

∂t
(ps ln θ) + ∇ · (psv ln θ) +

∂

∂σ
(psσ̇ ln θ) = ps

J

T
, (2.33)

∂ps

∂t
+ ∇ · (psv) +

∂psσ̇

∂σ
= 0, (2.34)

∂Φ

∂σ
= −T

σ
. (2.35)

This is the system of equations to be used as a starting point for the derivation of the

equations to be used in this work. Further assumptions, regarding surface pressure,

will be introduced in Section 3.3. These assumptions will lead to the equations
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Table 2.1: Non-dimensionalising factors
Dimension Factor Value
Length a 3.3960 × 106 m
Time Ω−1 1.4108 × 104 s
Velocity aΩ 240.7 m/s
Temperature (aΩ)2/R 303.1 K
Geopotential (aΩ)2 5.794 × 104 m2/s2

Pressure p0 500 Pa
Frictional force aΩ2 1.7062 × 10−2 m/s2

Diabatic heat a2Ω3/κ 17.614 J(kg · s)−1

presented in Section 5.1, which will constitute the actual system to be used in this

thesis.

2.2 Quasi-geostrophic theory

Further scale analysis of (2.5) and (2.6) shows that at mid-latitudes (25◦ ≤ φ ≤ 80◦)

on the Earth, the Coriolis and pressure gradient terms are dominant (see [45] or [130],

for example). This leads to the geostrophic equations

−fv ≃ −1

ρ

∂p

∂x
, fu ≃ −1

ρ

∂p

∂y
. (2.36)

Since there is no time derivative in (2.36), these equations are diagnostic rather than

prognostic relations. In order to obtain a prognostic system, an appropriate approx-

imation to the tendencies must be adopted so that the resulting system incorporates

the simplification given by (2.36). The appropriate approximation is achieved by writ-

ing horizontal velocity as composed of two parts: the geostrophic and ageostrophic

winds. Equation (2.36), written in isobaric coordinates in vector form, leads to the

definition of the geostrophic wind

vg = k ×∇
(

Φ

f0

)

= k ×∇ψ. (2.37)

Notice that the constant f0 has been substituted for f so that the geostrophic wind

is non-divergent. The ageostrophic part is simply defined as

va = v − vg, (2.38)



CHAPTER 2. ATMOSPHERIC DYNAMICAL EQUATIONS 21

where a requirement for the theory to be valid is to assume that [45]

|va| ≫ |vg|. (2.39)

The resulting system is called quasi-geostrophic (QG) theory.

There are available versions of QG theory on the sphere (e.g. [38, 116]). However,

at this point we are interested only in a qualitative discussion of the theory. Therefore,

for the sake of simplicity, the following analysis will be described in a mid-latitude

β-plane, where the Coriolis parameter is substituted by the approximation

f = f0 + βy, (2.40)

where y = aφ. This approximation results from the expansion of f = f(φ) in a Taylor

series around the mean latitude φ0 of the latitudinal belt under consideration (e.g.

25◦ ≤ φ ≤ 80◦) so that f0 is the value of the Coriolis parameter at φ0 and

β =

(

df

dy

)

φ0

=
2Ω cosφ0

a
. (2.41)

The fundamental equations of QG theory, in isobaric coordinates, are the QG

vorticity equation
∂ζg
∂t

+ vg · ∇ηg = f0
∂ω

∂p
, (2.42)

and the QG thermodynamic energy equation

(

∂

∂t
+ vg · ∇

)(

−∂Φ

∂p

)

− S0ω =
κJ

p
, (2.43)

where ζg = k · ∇ × vg = ∇2ψ, ηg = ζg + f is the absolute QG vorticity and

S0 = −RT0

p

d ln θ0

dp

is the horizontal average of S0 with T0 = T0(p) representing a static standard profile

and θ0 being the potential temperature corresponding to T0. This step is necessary to

conserve integral properties in the model [130] and implies an underlying assumption

in QG theory: the decomposition of the thermodynamic fields in standard static

profiles, which depend only on pressure, and deviations from these profiles [54, 122].
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Thus, for a thermodynamic variable A we have

A(x, p, t) = A0(p) + A′(x, p, t). (2.44)

After some manipulation (2.42) and (2.43) can be brought to the conservation

equation form
∂q

∂t
+ vg · ∇q = 0, (2.45)

where q is the QG potential vorticity defined as

q =
1

f0

∇2Φ + f +
∂

∂p

(

f0

S0

∂Φ

∂p

)

. (2.46)

Assuming that ω = 0, at a reference pressure p = p0 and adiabatic motion (J = 0),

we obtain the lower boundary condition [45]

(

∂

∂t
+ vg · ∇

)(

−∂Φ

∂p

)

= 0 at p = p0. (2.47)

Equation (2.46), supplemented with suitable boundary conditions, can be used

to find Φ corresponding to a given q. This procedure is called static PV inversion

[41, 54]. A complete description of the geopotential evolution requires the inversion

of (2.45), given (2.47) and Φ (obtained by static PV inversion), to compute ∂q/∂t

(equivalent to computing ∂Φ/∂t). This procedure is called prognostic PV inversion

[41, 54] and is necessary in the integration of any quasi-geostrophic model [54].

Condition (2.39) can be stated more precisely as [45]

|va|
|vg|

∼ O(Ro), (2.48)

where Ro is the Rossby number defined as

Ro =
U

f0L
, (2.49)

where U and L are appropriate horizontal velocity and length scales. It is a dimen-

sionless parameter which gives the ratio of inertial to rotational forces. Thus, the

validity of this approximation depends on the smallness of the Rossby number. On

the Earth, typical values are U⊕ = 10 m/s and L⊕ = 106 m (the subindex ⊕ refers

to the Earth), respectively, while f0 ∼ 10−4. Thus, on the Earth the Rossby number
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takes the value

Ro⊕ ≃ 0.1.

On Mars, the winds are twice stronger while the planet is about half the size of the

Earth. Therefore,

RoM ≃ 4Ro⊕ ≃ 0.4,

where the subindex M refers to Mars. Note that these values are based on observa-

tions of synoptic-scale motions on both planets and not necessarily coincide with the

scales in Section 2.1 where the choice was made to match the scaling in the MGCM.

Although RoM is still a small number, this simple analysis provides a first indication

that the geostrophic wind is not such a good approximation to mid-latitude horizontal

winds on Mars as it is on the Earth.

A second, and more fundamental, argument against the use of QG theory on

Mars is given by Keeley and White [54, 123] summarised here as follows. By means

of (2.17), the term ∇pΦ in (2.37) can be transformed to different vertical coordinates.

For example, in potential temperature and height coordinate system, it appears as

∇pΦ = ∇θΦ =
1

ρ
∇zp.

The transformation of ∇pΦ to sigma-coordinates leads to the additional term

∇pΦ = ∇σΦ + α∇σp,

where the hydrostatic equation has been used. As before, let us write the thermody-

namic variables as [54]

A(x, η, t) = A0(η) + A′(x, η, t) (2.50)

where A′ represents a deviation from the static standard profile A0. Then, the

geostrophic wind can be defined in sigma-coordinates as [54]

vg,σ =
1

f0

k ×∇σψ, (2.51)

where ψ = Φ′ + α0p
′. Assuming a condition of no flow (Φp = 0) in the presence of

mountains would lead to [54]

∇pΦ
′
p = ∇σ(Φ

′
σ + α0p

′) + α′∇σp
′ = 0. (2.52)

Since a null deviation from the static standard profile in isobaric coordinates would
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correspond to a non-zero deviation in sigma-coordinates, (2.52) can be interpreted as

the impossibility of decomposing the thermodynamic variables in the form prescribed

by (2.50) [54], Hence, a null geostrophic wind in isobaric coordinates would correspond

to a non-zero geostrophic velocity in sigma-coordinates

vg,σ = −α
′

f0

k ×∇σp
′. (2.53)

This result implies an ageostrophic wind equal in magnitude but in opposite sign to

(2.53), which is contrary to the assumption (2.48) [54]. These disadvantages can still

be overcome if topographic variations are reasonably small. Unfortunately, this is not

the case in Mars.

Given the higher numerical value of the Rossby number on Mars than on the Earth

and the presence of large Martian topographic features, the two arguments above tend

to indicate that QG theory is not a good approximation to be applied on Mars. These

arguments do not invalidate previous work on reduced atmospheric models for Mars

based on QG theory [124, 125] as they were carried out using simplified models on a

Mars-like planet without topography. However, a more realistic model cannot neglect

these important Martian characteristic. Therefore, the subsequent development of

this thesis will be based on the primitive equations (2.32)-(2.35).

2.3 General circulation models

General circulation models (GCMs) are the most comprehensive models of the global

circulation of a planetary atmosphere. In general, they are based on the primitive

equations (2.32)-(2.35). Although the hydrostatic equation (2.35) is not essential,

it is often included so that vertical sound waves, which are irrelevant for large-scale

motion, are filtered out [130]. Still, the fastest waves allowed in a primitive equation

model travel at the speed of sound given by cs = (γRT )1/2, where γ is the ratio

of specific heat capacities cv/cp. These waves are the so-called Lamb waves, which

are characterised by a purely horizontal motion (w = 0) [130]. The maximum phase

velocity allowed in a partial differential model has important consequences for any

attempt at numerically integrating it as we shall see in the next section.



CHAPTER 2. ATMOSPHERIC DYNAMICAL EQUATIONS 25

2.3.1 Numerical methods and GCMs

The integration of the primitive equations in a computer necessarily requires some

kind of discretisation. The first attempt to simulate the general circulation by means

of a numerical integration of the primitive equations is due to Richardson [92], who

essentially used the equations in the form they are used today with height as vertical

coordinate [92]. According to Lynch [72], his integration, carried out in 1922, failed

because of the lack of balancing of the initial conditions to filter out high frequency

gravity waves and the lack of consideration of the Courant-Friedrich-Lewy (CFL)

condition for numerical convergence given by the inequality

U∆t

∆x
≤ 1, (2.54)

where ∆x is the separation between grid points, ∆t is the time step and U is the

speed of the fastest wave allowed by the model. The CFL condition was discovered

in 1928 [80, 130].

Most currently operational GCMs are based either on finite-differences [9] or spec-

tral methods [47] to perform the discretisation in the horizontal direction. However

these are not the only available discretisation methods. Two examples of alternative

discretisation methods are the box [55] and finite-volume [6] methods. In the vertical

direction, most models use finite-differences although there have been attempts at

using spectral vertical approximations (see [47]).

Finite-difference models

The approach of finite-difference models to the solution of (2.32)-(2.35) consists of the

division of physical space in a set of grid points covering the whole planetary surface.

The atmospheric fields are approximated at these grid points and the derivatives

involved in the equations are approximated by finite-differences [80].

A particularly relevant scheme for this thesis is the distribution of the discrete

atmospheric fields over the physical grid points over a staggered Arakawa C-grid [9]

(see also [100]). Figure 2.1 shows the distribution of variables over a C-grid. This

distribution has shown to be advantageous at simulating geostrophic adjustment [9].

If vorticity and streamfunction are placed over potential-vorticity points, the scheme

also caters for an accurate representation of quasi-geostrophic flow, conserving both

kinetic energy and total enstrophy (defined as one half of the square vorticity) in

the shallow-water approximation [9]. This distribution of variables is widely used by
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Figure 2.1: Arakawa C-grid. u and v denote zonal and meridional velocity, respec-
tively and q is potential vorticity.

many finite-differences models [36, 109] and, following [3], this is the distribution used

to derive the models in the present thesis.

Spectral models

Spherical harmonics constitute a set of orthonormal function over the sphere. They

are defined as

Y m
n (λ, φ) =

√

2n+ 1

4π

(n−m)!

(n+m)!
Pm
n (sinφ) eimλ, (2.55)

where n represents total wavenumber, m is zonal wavenumber and Pm
n are the asso-

ciated Legendre functions. In spectral models, atmospheric fields are decomposed in

truncated series of spherical harmonics

X(λ, φ, t) =
M
∑

m=−M

Nm
∑

n=|m|

Xm
n (t)Y m

n (λ, φ), (2.56)

where the actual limits depend on the truncation scheme to be used. There are two

different truncation schemes: triangular (Nm = M) and rhomboidal (Nm = |m|+M).

These are usually referred to by the letters T (for triangular) and R (for rhomboidal)

followed by the maximum zonal wavenumber M allowed in the model. For example, a

model at triangular truncation allowing a maximum zonal wavenumber 21 is referred

to as T21. There is one alternative version in the case of triangular truncation: the

jagged triangular truncation, where there are as many even-n as odd-n components
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for each zonal wavenumber. The spectral coefficients are computed as

Xm
n (t) =

∫

Ω

X(λ, φ, t)Y m∗
n (λ, φ)dΩ, (2.57)

where dΩ = cosφdλ dφ. Generally, the prognostic variables in this kind of model

are vorticity, divergence, absolute temperature and the logarithm of surface pressure

because the resulting equations are more convenient for the application of the spectral

scheme than the equivalent formulation in terms of the horizontal components of

velocity [20].

Spectral models have various advantages over finite-difference models. Numerical

dispersion and aliasing, which represent serious problems in finite-difference models,

are not present in spectral models. Therefore, the evaluation of horizontal advection

terms can be computed highly accurately [21]. Furthermore, spherical harmonics

are defined over the sphere. Hence, unlike finite-difference models [9, 10], spectral

models do not require special treatment at the poles [21]. However, these models

were not popular until the development of the transform method [20, 86], which

constituted a key element for their success. The transform method consists of the

computation of nonlinear terms in physical space by transforming atmospheric fields

from spectral space into grid points (at a convenient resolution so that aliasing is

avoided) [20, 21, 47]. Once the nonlinear terms are calculated, the resulting tendencies

are transformed back into spectral space.

Vertical coordinates

Although there were early models that used height as vertical coordinate [53], in

general this coordinate is chosen to be a terrain-following coordinate such as sigma [88]

or hybrid coordinates [101]. Independently of whether the horizontal discretisation

scheme is finite-difference or spectral, the vertical coordinate is generally discretised

using a finite-difference approach.

As in the case of horizontal finite-difference schemes, a staggered grid is also

useful in the vertical direction for achieving energy and angular-momentum conserving

schemes [9, 108]. Figure 2.2 shows the energy-conserving distribution in a K-layer

discretisation in sigma coordinates suggested by Arakawa and Lamb [9]. The layer

boundary levels are labelled with half numbers. Sigma-velocity is computed on these

levels. The rest of the variables are placed over full levels. This is the vertical

distribution of variables used in this thesis.
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Figure 2.2: Vertical distribution of variables and boundary conditions.

2.3.2 Mars GCMs

Terrestrial GCMs are numerous among which, mentioning just a few, we can find the

National Center for Atmospheric Research (NCAR) global GCM [53], the Geophysical

Fluid Dynamics Laboratory (GFDL) global spectral model [39], the UK Meteorolog-

ical Office atmospheric GCM [112] and the various medium-range forecast models at

the European Centre for Medium-Range Weather Forecast (ECMWF) [109]. For a

more detailed review on terrestrial GCMs and their history the interested reader is

referred to [33].

In the case of Mars, there are at least four operational Mars GCMs (MGCMs).

Most of them have been adapted from terrestrial GCMs with the possible exception

of the Oxford MGCM (see Section 2.4). In the following lines, we give a summary

of the development of these MGCMs. A much more complete history of atmospheric

modelling for Mars is given in [91].

The NASA Ames MGCM [61] is a modified version of the Mintz-Arakawa model

for the Earth. As such, it started as a two-level finite-difference model in sigma-

coordinates [49]. Despite the limited available information at that time, regarding,

for example, atmospheric composition and topography on Mars, the NASA Ames

MGCM proved to be invaluable in the study of Mars (e.g. [61, 89]).

The GFDL MGCM [127] was adapted from the GFDL SKYHI terrestrial MGCM

[34] using the box method [55] on a non-staggered horizontal grid. In the vertical,

the model uses hybrid coordinates with up to 40 layers covering around 88 km height

from the planet’s surface. This model has been used in the study of thermal tides on

Mars (e.g. [127, 128]) as well as the Martian polar warming [126].
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The LMD MGCM has been adapted from the LMD terrestrial GCM [48]. It is a

finite-difference model in sigma-coordinates with 15 layers in its initial version [48].

This model is currently in parallel development together with the Oxford MGCM

(to be reviewed in Section 2.4). These models have been used for many different

applications including atmospheric waves analysis [27], atmospheric dust [83] and the

development of a climate database for Mars [64].

More recently, the Mars Weather Research and Forecasting (WRF) model [93, 118]

has been under development. This is part of a broader project seeking the construc-

tion of a general planetary atmosphere model with views to be equally applicable

to Venus, Mars and Titan (the last one being a satellite rather than a planet). In-

tended applications of this model regarding Mars include dust and water and CO2

cycle studies and climate change [118],

2.4 Oxford Mars GCM

The Oxford MGCM is a spectral model based on the model of Hoskins and Simmons

[47]. Its immediate precursor was the simplified GCM (SGCM) [26]. This was a spec-

tral model at T21 resolution with 10 uniformly spaced levels in sigma-coordinates

[26]. It did not include topography and the physical parameterisation package con-

sisted of Rayleigh friction and Newtonian cooling for heating. The model parameters

and equilibrium temperature profile were tuned to resemble Mars [26].

The SGCM was used in the study of baroclinic waves on Mars so that it was

possible to produce a regime diagram with friction and radiation timescales as inde-

pendent parameters [26]. In this thesis, the SGCM was used as a test model. In fact,

this model has already been analysed from the point of view of the proper orthog-

onal decomposition and Galerkin-projected reduced-order models by Whitehouse et

al. [124, 125]. As pointed out in Section 2.2, the difference between those studies

and this work is that in this thesis we follow a primitive-equation approach whereas

Whitehouse et al. [124, 125] constructed low-order models taking a QG approach

in combination with a vertical structure decomposition. Chapter 4 in this thesis is

entirely devoted to the analysis of the SGCM. A more complete description of the

model will be given there.

The next step towards the current release of the Oxford MGCM was supplement-

ing the initial SGCM with a physical parameterisation package. This was based on

the physical package in the LMD MGCM [48]. As mentioned in Section 2.3.2, since

1995 the Oxford MGCM has been in constant development together with the LMD
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MGCM giving rise to an European MGCM with two different, complementary ver-

sions. In its current release, the Oxford MGCM is written so that the resolution in

the horizontal as well as in the vertical is variable. A typical resolution is jagged T31

with 25 unevenly-spaced sigma-levels. The uneven spacing in the vertical allows for

an enhanced resolution near the surface [36]. The uppermost full level is located at

σ = 0.000056 approximately corresponding to 97.8 km considering a constant scale

height H = 10 km. This vertical extension allows the model to capture the fully

developed Martian Hadley cell, which can reach heights of around 80 km [126].

2.4.1 Topography

The huge topography on Mars plays an essential role on the evolution of the general

circulation. For example, coupled with the diurnal tide, it excites non-migrating

tides [131]. In particular, a westward travelling diurnal Kelvin wave and an eastward

travelling wavenumber-3 diurnal wave arise from this interaction. The diurnal Kelvin

wave seems to have an influence on processes such as the development of dust storms

[79]. Therefore, it is important to have an accurate representation of the Martian

orography. The Oxford MGCM uses the highly accurate Mars topography dataset

as measured by the Mars Orbiter Laser Altimeter (MOLA) aboard the Mars Global

Surveyor (MGS) [113].

2.4.2 Parameterisation of physical processes

The physical processes included in the model can be divided into four classes: ra-

diative heat transfer, surface processes, sub-grid dynamics and carbon dioxide mass

exchange. The radiative response of the atmosphere of Mars is primarily determined

by carbon dioxide, dust, water vapour and CO2 and water ice. Radiative effects from

water vapour and ice are neglected in the Oxford MGCM although efforts to include

these effects are currently ongoing work [36]. The parameterisation of CO2 ice clouds

is made by adjusting the surface emissivity under condensation conditions.

The radiative effects explicitly parameterised in the Oxford MGCM are those due

to gaseous CO2 and dust. The effect of gaseous CO2 is parameterised considering

separately the thermal infrared, dominated by the strong 15 µm band, and the near-

infrared (4.3 µm band). In the upper atmosphere (above 70 km), departures from

local thermodynamic equilibrium become important. These have recently been incor-

porated into the Oxford MGCM through a simple model though work is being done

towards improvement [36, 91].
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The effect of dust on the radiative properties of the atmosphere is treated differ-

ently depending on whether the MGCM is run as a free-standing model or as part

of a data assimilation process (see Section 2.4.3 below). In the first case, the dust

optical depth is prescribed as a smooth version of the observations from the Thermal

Emission Spectrometer (TES) aboard the MGS. In the second case, the dust optical

depth is periodically updated in accordance with these observations. In both cases,

the shape of the dust distribution is prescribed.

Surface temperature is determined by direct solar insolation, thermal radiation

from the atmosphere and the surface itself and turbulent fluxes as well as thermal

conduction in the soil below the surface. This is simulated in the Oxford MGCM

by an 11-layer model governed by a conduction equation for each vertical column.

These processes depend on the surface distribution of albedo and thermal inertia as

measured by spacecrafts.

Subgrid dynamics include turbulent processes in the planetary boundary layer

(PBL), convection and parameterisation of gravity wave and small-scale topography

drag. Turbulent mixing of horizontal velocity components and potential temperature

in the PBL is governed by a turbulent closure scheme whose mixing coefficients are

computed with the aid of an additional dynamic equation for turbulent kinetic energy.

Convection is modelled by means of a standard energy-conserving rapid mixing in

the presence of unstable temperature profiles. Gravity wave drag, mainly in the

middle and upper atmosphere, and subgrid-scale topography drag, near the surface,

are modelled by a joint scheme.

As explained in Section 2.4.3, the surface pressure on Mars displays large interan-

nual variations mainly due to the exchange of carbon dioxide between the atmosphere

and the polar ice caps during winter and summer. The CO2 mass exchange scheme in

the MGCM considers sublimation and condensation during local summer and winter,

respectively. The interested reader is referred to [36, 91] where a detailed account of

physical processes parameterisations and further references are given.

2.4.3 Applications

The Oxford MGCM has been used in a variety of applications. As mentioned before,

together with the LMD MGCM, it was used to compile a climate database for Mars

[64]. It has also been used in dust cycle studies [81, 82] as well as on predictability

studies by means of breeding vectors [83]. More recently, this model has been used to

perform data assimilation of temperature and dust measurements from the MGS-TES
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instrument [77, 78]. In turn, the data assimilation into the Oxford MGCM has been

applied to the analysis of thermal tides on Mars [63] and to investigate the interannual

variability of dust storms on Mars [77, 79].



Chapter 3

Proper Orthogonal Decomposition

The proper orthogonal decomposition (POD) is a method used to extract those struc-

tures that contain most of the energy (in a general sense) in a given system. The

appropriate definition of a generalised energy, such as variance, kinetic energy or to-

tal energy, will depend on the system under study. Variance can be useful when an

arbitrary signal is being analysed whereas kinetic energy or total energy may be more

relevant for physical systems. The use of POD in the context of turbulence was first

proposed in 1967 by Lumley [70] and, although the acceptance of this technique as

a useful tool was not immediate [13], it is now widely used in a variety of applica-

tions from which fluid dynamics (e.g. [37, 97, 98, 99]) and atmospheric physics (e.g.

[3, 4, 74, 104, 105, 106, 107, 124, 125]) are only two examples.

3.1 Theoretical framework

The discussion in this section follows the work of Berkooz et al. [18] and Holmes et

al. [44]. Let us suppose that we are interested in describing a system S whose state

is defined by ψ ∈ H. The set H is a Hilbert space, whose dimension may be either

finite or infinite, with an inner product (χ, ψ), where χ is also a member of H, and

a norm given by ||ψ|| = (ψ, ψ)1/2. To keep our argument as general as possible we

assume that H is defined over C and the inner product is of the form

(χ, ψ) =

∫

V

χ∗
i (x)Eijψj(x)dV, (3.1)

where χ∗
i is the complex conjugate of χi. The integral in (3.1) is defined over the

domain V where χ and ψ are also defined. V is not restricted to be a three-dimensional

physical space, but may be any system of generalised coordinates. Accordingly x ∈ V

33
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denotes those generalised coordinates collectively. The sub-indices i and j run from

1 to d, and Einstein’s summation convention is assumed. Therefore, this definition is

suitable for a space H = Hd⊗H∞, given as a tensor product of a vector space Hd with

finite dimension d and an infinite-dimensional function space H∞ [75]. The energy

tensor Eij defines the geometry of the space and, therefore, the relations between the

components of ψ and χ. It is a metric tensor which depends on the system and the

quantity to be maximised. Examples of this quantity can be variance, kinetic energy

or potential energy and the choice depends on the intended application. Note that

this inner product has the property

(χ, ψ) = (ψ, χ)∗, (3.2)

the proof arising immediately from the direct application of (3.1).

There are two important special cases that may be recovered from (3.1):

(i) If d = 1 and E11 = 1, then we obtain the L2 inner product for scalar functions.

(ii) If d > 1 and Eij = δij, where δij is the Kronecker delta, then the L2 inner

product for vector functions arises.

The first case is important for incompressible fluids studies since it is proportional to

kinetic energy.

Let us denote by K = {ψ(k)}Mk=1 ⊂ H a set of realisations of S, an ensemble,

containing a sufficiently large number M of elements. The actual number depends

on the application and the minimum number of dimensions to be retained. There

is no upper limit and, in fact, to include as many ensemble members as possible

is advisable as this would tend to provide a better phase space sample. K might

have been obtained from either experiments or numerical simulations. Assuming S

is ergodic and M contains a sufficiently large number of elements, we can consider K
as a representative subset of the phase space region Q ⊂ H where the evolution of S

takes place. We seek [44]

φ ∈ H : max
φ

〈|(φ, ψ)|2〉
||φ||2 , (3.3)

where | · | represents modulus, 〈·〉 indicates an ensemble average over K and ||φ|| is the

norm of φ. The statement (3.3) expresses the requirement that the average projection

of K onto φ is maximal. An alternative interpretation of (3.3) is that it requires the

average angle between K and φ to be minimal.

Rewriting (3.3) as a variational problem it is possible to find a solution [44].
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Defining a functional J [φ] as

J [φ] = 〈|(φ, ψ)|2〉 + λ(||φ||2 − 1), (3.4)

and looking for an extremal of (3.4) using variations of the form φ+δξ, where δξ ∈ R,

the following condition arises [44]:

2ℜ{〈(ξ, ψ)(ψ, φ)〉 − λ(ξ, φ)} = 0, (3.5)

where the symbol ℜ{·} indicates the real part of the argument, and the property (3.2)

was used. Using (3.1) and since δξ is an arbitrary variation, (3.5) yields

∫

V

〈ψi(x)ψ∗
k(x

′)〉Ekjφj(x′)dV ′ = λφi(x). (3.6)

This is an homogeneous Fredholm equation of the second kind for φ whose kernel

Kij(x, x
′) = 〈ψi(x)ψ∗

k(x
′)〉Ekj (3.7)

is not Hermitian since Kij(x, x
′) 6= K∗

ji(x
′, x). However, it can be brought to a

Hermitian form by means of the linear transformation U : HD → HH , defined by

ζi = Uijψj, where Uij is given by the relation Eij = UikUkj and ζ ∈ HH [11].

Using this transformation, (3.6) becomes

∫

V

KH
ij (x, x

′)ϑj(x
′)dV ′ = λϑi(x), (3.8)

where ϑi = Uijφj and the Hermitianised kernel is given by

KH
ij (x, x

′) = 〈ζi(x)ζ∗j (x′)〉. (3.9)

According to Hilbert-Schmidt theory if the kernel is continuous, there is an infinite

number of eigenfunctions ϑ(j) and associated eigenvalues λ(j) ∈ R, where λ(1) ≥ λ(2) ≥
. . . ≥ 0 and j = 1, . . . ,∞ [11]. Furthermore, the eigenfunctions ϑ(j) are orthogonal

under the L2-norm, so that

(ϑ(i), ϑ(j))L2 =

∫

V

ϑ
(i)∗
k (x)ϑ

(j)
k (x)dV = ||ϑ(i)||2δij. (3.10)

From here it is easy to show, by substituting the definition of ϑ back in (3.10), that

the eigenfunctions of the original kernel are orthonormal under the inner product
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(3.1):

(φ(i), φ(j)) = δij, (3.11)

where the eigenfunctions have been normalised. To derive (3.11) we used the fact

that Eij is a symmetric metric tensor.

We define Λ as the set of strictly positive eigenvalues of (3.6) and Φ as the set of

associated eigenvectors. We neglect those eigenvalues whose value is zero because they

contain no energy in average and are, therefore, not important for the evolution of the

system. Λ and Φ are generally called the sets of empirical eigenvalues and empirical

orthogonal functions (EOFs), respectively. Additionally we define the Hermitianised

EOFs as ΦH = U(Φ) which may be used to prove any other property of Φ using the

well-established theory for Hermitian kernels [44]. In particular, it is possible to show

that span(Φ) = span(K). Therefore, Φ may be considered as a basis for Q rather

than for H. The expansion of the elements of K in terms of the EOFs,

ψ =
∞
∑

j=1

ajφ
(j), (3.12)

is indeed what is called the POD of ψ(k). We will use this name in general to refer to

the decomposition of the elements of Q so that we can approximate the state vector

by means of the finite sum

ψN =
N
∑

j=1

ajφ
(j). (3.13)

This operation can be viewed as the projection of the infinite-dimensional H onto an

space of finite dimension N . The energy contained by the approximate state vector

ψN is, on average, [44]

〈EN〉 =
N
∑

j=1

λ(j). (3.14)

The upper index N in the last two expressions indicates the order of the approxima-

tion. It is possible to show that a decomposition in terms of EOFs converges more

rapidly than any other linear expansion [18, 44]. This energy content is, therefore,

the largest possible. The only part that remains to be determined are the coefficients

aj. By taking the inner product of φ(k) and either (3.12) or (3.13) we obtain

ak = (φ(k), ψ). (3.15)

These time-dependent coefficients are called the principal components (PCs) of ψ and
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contain all the information about the evolution of the system S.

Although the POD is a linear procedure, the method does not make any assump-

tions on the linear properties of the system to be represented [18]. In this sense,

decomposing a function in terms of EOFs is as general as decomposing in terms of

Fourier modes or Chebyshev polynomials. The advantage over these two possible

bases (among others) is the information about the specific system that is contained

by Φ. Moreover, in the case when more than one scalar variable is necessary to de-

scribe the system, Φ contains information on the interactions between them. This is a

fundamental difference with respect to ordinary expansions in terms of more general

functions and gives the POD an additional advantage: it contains information about

the correlated behaviour between the different state variables. Due to this correlation,

if the system under study is nonlinear, the EOFs will contain information about the

nonlinear character of the system.

3.2 Numerical implementation

So far we have been concerned with the general case of vector continuous functions. In

practice, however, one always deals with functions evaluated only at a finite number

of spatial points or expanded as a finite series in terms of a general basis such as

Fourier modes, Legendre associated functions or Chebyshev polynomials. Therefore,

it is important to study the changes that this introduces into the picture above.

The generality of the formalism allows us to apply it to the new case although not

before taking into account certain considerations. In order to see this, suppose that

the components ψi are discretised on a set of N physical points,

ψji = ψi(xj), j = 1, . . . , N. (3.16)

Alternatively, they might be given as a finite series in terms of a certain orthonormal

basis {η(j)}Nj=1,

ψi =
N
∑

j=1

ψji η
(j). (3.17)

In both cases the effective result is the change of the infinite dimensional space H∞

to the N -dimensional one HN . Thus, the resulting space has D ×N dimensions.
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The integral in (3.1) may be approximated by a finite sum of the form

∫

V

∑

i,j

χ∗
i (x)Eijψj(x)dV ≃

∑

k,l

∑

i,j

χk∗i E
kl
ijψ

l
j, (3.18)

where the definition of Ekl
ij depends on the discretisation scheme. If (3.16) is used,

then Ekl
ij = Eij∆V

kl, where ∆V kl is a diagonal matrix of discrete volumes; on the

other hand, if ψi is approximated by (3.17), then Ekl
ij = Eijδ

kl. The upper indices

indicate operations in the space HN in both definitions. Exchanging each pair of

indices { ki } with a single index {ν} we recover the whole formalism applied to purely

discrete systems. However, it is sometimes useful to keep the treatment in terms of

tensor products of vector spaces since it is easier to keep clear the meaning of each

entry in the state vector.

3.2.1 Sirovich’s snapshots method

Let us move now onto the numerical implementation of the POD. To keep everything

as simple as possible we work first in the Hermitianised space HH and then extend

those results to the original space H. Since K is a set of realisations of S at M

different instants where M is a sufficiently large number, it is possible to approximate

the kernel KH
ij as

KH
ij (x, x

′) =
1

M

M
∑

k=1

ζ
(k)
i (x)ζ

(k)∗
j (x′), (3.19)

and, since span(Φ) = span(K), it is possible to write the EOFs as

ϑ(j)(x) =
M
∑

k=1

b
(j)
k ζ(k)(x), (3.20)

assuming that the realisations {ζ(k)}Mk=1, and therefore {ψ(k)}Mk=1, are linearly inde-

pendent. Substituting (3.19) and (3.20) into (3.8) gives

Clkb
(m)
k = λ(m)b

(m)
l , (3.21)

where

Clk =
1

M
(ζ(l), ζ(k))L2. (3.22)

This is the method of snapshots introduced by Sirovich in 1987 [110]. It enables

us to transform an eigenvalue problem which in principle would involve a matrix of



CHAPTER 3. PROPER ORTHOGONAL DECOMPOSITION 39

order D × N = O(105) (after discretising or expanding the continuous fields) into

a new eigenvalue problem which involves a matrix of order M = O(103). This is

advantageous since (as can be seen from the numbers given) typically M ≪ D ×N .

If this last relation did not hold, the direct method [110], consisting of the direct

numerical evaluation of (3.6) or (3.8), should be chosen.

Pre-multiplying (3.20) by U−1, the inverse of U , and using the definition of ζ we

obtain

φ(j)(x) =
M
∑

k=1

b
(j)
k ψ(k)(x). (3.23)

Using the definition of ζ in (3.22), we also obtain

Clk =
1

M
(ψ(l), ψ(k)). (3.24)

Relations (3.23) and (3.24) show that the coefficients b
(j)
k are the same in both the

original and the Hermitianised spaces. Therefore, it is equivalent to work either in

the original space under the norm induced by (3.1) or in the Hermitianised space

under the L2-norm .

We have now a general theoretical framework that can be applied to the case of

an arbitrary energy tensor. In the following section we will address the important

question of the appropriate form of this tensor when the formalism is employed to

analyse a system such as the case of interest here, a planetary atmosphere.

3.3 Energy and metrics

The choice of an appropriate inner product and a norm is of central importance to

the POD because it determines the quantity to be maximised. For some problems the

choice is almost obvious. In the case of isothermal incompressible flow, for example,

the inner product is defined as

(v1,v2) =

∫

Ω

v1 · v2 dV (3.25)

The norm induced by (3.25) is the variance which is directly proportional to kinetic

energy. Its physical interpretation is, therefore, straightforward.

In contrast, the appropriate choice of an inner product when the variables de-

scribing the system have different dynamical character is still not clear and remains

an open question. In this case the inner product definition depends on the relevant
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variables and the phenomena to be studied. This is the situation, for example, in

studies of compressible flow, where the velocity is insufficient to completely describe

the system, and additional thermal variables, such as temperature or entropy, are

required.

In the case of compressible flow, for instance, one can use a state space formed

by velocity v and sound velocity cs, the latter being related to the temperature in an

ideal gas by cs = (γRT )1/2, where γ is the specific heats ratio cp/cv . Rowley et al.

[98] have suggested as a suitable alternative inner product

(q1, q2)α =

∫

Ω

v1 · v2 +
2α

γ(γ − 1)
cs1cs2 dV, (3.26)

where the state vectors are defined to be q = (v, cs). The constant α can be either 1,

in which case the induced norm is proportional to the total enthalpy, or γ, in which

case the norm is proportional to the total energy. In proposing this inner product,

an underlying assumption of constant density has been made. This approximation

is valid when the fluid’s velocity is small in comparison with the sound velocity and

temperature gradients are small [98].

In the case of atmospheric dynamics, the total energy (TE) norm has been shown

to be an appropriate choice [3, 124]. The total atmospheric energy in sigma-coordinates

(assuming hydrostatic stability) is given by

E =
1

g

∫

V

ps
(v · v

2
+ cpT

)

dV, (3.27)

where dV = a2 cosφdφ dλ dσ is a volume element in spherical coordinates with σ act-

ing as vertical coordinate. Since we want to identify TE with the norm it is necessary

to express it as a quadratic form of the state variables. This aim can be achieved

following the suggestion of Achatz and Opsteegh [3] with a slight modification to

make the vector state dimensionally consistent. We therefore introduce the variable

τ =
√
Rθ and, using the appropriate non-dimensionalising factors from table 2.1,

write the non-dimensional energy as

E =

∫

V

ps
(

v · v
2

+
Pτ 2

κ

)

dV, (3.28)

where P = (p/p0)
κ and dV = cosφdφ dλ dσ. The energy scale is E0 = (a2Ω)2p0/g =

89.82 EJ (1 EJ = 1018 J.). Defining the state vector as ψ = (v, τ)T , equation (3.28)
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can be identified with a squared norm

E = ||ψ||2 = (ψ, ψ). (3.29)

This leads directly to the definition of the inner product as

(ψ1, ψ2) =

∫

V

ps
(

v1 · v2

2
+
Pτ1τ2
κ

)

dV, (3.30)

where the surface pressure ps is assumed to be time-independent. This is the addi-

tional assumption mentioned at the end of Section 2.1. It leads to the equations of

motion presented in Section 5.1. With this definition of the inner product, the energy

tensor E becomes

E(λ, φ, σ) =
1

2κ

(

κps(λ, φ) 0

0 2ps(λ, φ)P (λ, φ, σ)

)

. (3.31)

3.3.1 Further remarks

There are two points that deserve further comment. The first one concerns the

definition of TE in atmospheric dynamics. It can be argued that this definition

should be based on available potential energy (APE) rather that total potential energy

(TPE) since this is the only fraction of potential energy available to be transformed

into kinetic energy [66, 67]. However, APE is only well-defined over isentropic or

barotropic surfaces [66] while neither of these constitute a terrain-following coordinate

system. On the other hand, the choice of TPE allows the use of terrain-following sigma

coordinates without major modifications. Still, we will see in the following chapters

that the thermal field splits into two easily distinguishable fields. The first, explained

by the first (and most energetic) EOF, corresponds to the background potential energy

unavailable to be transformed into kinetic energy. The second, comparable with APE,

corresponds to higher order EOFs. We will see that indeed this part clearly interacts

with velocity fields originating an energy exchange between them.

The second point that deserves further comment is the assumption of time inde-

pendence of surface pressure. This assumption is required to give a proper definition

to (3.30) since a time-dependent inner product would avoid the EOFs being global

atemporal system representatives. However, this assumption can be a very strong

constraint in the case of the Martian atmosphere where the surface pressure can

present variations up to 30% peak-to-peak throughout a Martian year [91]. There

are three main reasons for this variation: the condensation-sublimation of CO2 in the
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ψ

Figure 3.1: Subspace approximation error and angles between ψ and χ and their
projections in an orthogonal space.

polar caps, the large latitudinal variations of topography and the dynamical effect

of geostrophic balance [48]. The condensation-sublimation process might be taken

into account by including the contribution of the ice caps to internal energy to the

TE expression. However, this is left as a next step for developing long-term atmo-

spheric models. Instead, in order to avoid a possible inconsistency coming from the

assumption of time-independent surface pressure, this study is restricted to a sea-

sonal analysis. The considered period is the transition from autumn to winter in the

northern hemisphere since it is during this interval when the baroclinic activity is

enhanced.

3.4 Accuracy

The projection error is given by [46]

eP (ψ) = Pψ − ψ, (3.32)

where P is the projection operator onto the span of the leading EOFs. From its

definition it can be interpreted as the distance from a vector to its projection. It

has been used to evaluate the accuracy of a projection (see, for example, [46, 90]).

However, when the phase space is spanned by an orthogonal basis, that measurement

may be misleading since two vectors can have the same projection error. For example,

figure 3.1 shows two (two-dimensional) vectors ψ and χ in the (x, z) space and their

(one-dimensional) projections onto the x subspace.

In this case, a better way to evaluate the accuracy of the projection is to look at

a relative distance, namely the quotient of the projection to the norm of the original
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vector. In fact, the mathematical formulation of the POD problem (3.3) is given in

these terms. A more elegant way of expressing this is by a proximity angle defined

to be the angle between the original vector and its projection

αP (ψ) = ang(ψ, Pψ) = cos−1

(

(ψ, Pψ)

||ψ|| ||Pψ||

)

. (3.33)

Since the basis is orthogonal, Pψ and eP (ψ) are orthogonal, which can be verified by

expanding in term of EOFs

Pψ =

N
∑

k=1

akφ
(k), eP (ψ) =

∞
∑

k=N+1

akφ
(k),

so that the inner product becomes

(Pψ, eP (ψ)) =
N
∑

k=1

∞
∑

l=N+1

a∗kalδ
(kl) ≡ 0, (3.34)

which provides the desired result. This implies a Pythagorean relation between the

original vector, its projection and the error between them. Indeed, using (3.32) and

(3.34), we have

||ψ||2 = (Pψ + eP (ψ), Pψ + eP (ψ)) = ||Pψ||2 + ||eP (ψ)||2. (3.35)

In turn, in order to establish a relation between the norm of the projection error

and the proximity angle we can write

||eP (ψ)||2 = (ψ − Pψ, eP (ψ)) = ||ψ||2 − ||ψ|| ||Pψ|| cosαP (ψ),

where (3.32) and (3.34) have been used. Solving for cosαP (ψ) and using (3.35) we

finally obtain

cosαP (ψ) =

(

1 − ||eP (ψ)||2
||ψ||2

)1/2

, (3.36)

which shows that cosαP (ψ) solely depends on the relative error. Furthermore, if the

relative error is small so that the angle is also close to zero we have

cosαP (ψ) = 1 − 1

2
α2
P (ψ) + . . . = 1 − 1

2

||eP (ψ)||2
||ψ||2 − . . .
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Figure 3.2: A vector ψ in a three-dimensional orthogonal phase space, its projection
Pψ on the x-y subspace and a predicted vector ψmod from the integration of a hy-
pothetical reduced model acting on the x-y subspace. The isometric is the locus of
vectors of equal norm in the reduced space.

which immediately leads to the conclusion that

αP (ψ) ∼ ||eP (ψ)||
||ψ|| .

We can now define the projection angle as the angle between the original phase

space Q and the projection hyperplane P given by the ensemble average of (3.33)

αP(Q) = ang(Q,P) = 〈αP (ψ)〉.

This quantity provides a global measure useful at assessing the level of approximation

reached by a given dimension reduction: the smaller the projection angle, the better

the approximation. In fact, this is just another way of mathematically stating the

POD problem. This approach has also been used in other contexts such as document

comparison and information filtering (see [17], for example).

When comparing two vectors that lie within the same reduced space, a single

parameter is not enough to describe the error between them because of the lack of

a Pythagorean relation between the involved vectors. This situation, depicted in

figure 3.2, can be encountered when comparing the integration of a reduced model
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ψmod with the projection of the corresponding true trajectory1 ψ. In this case, in

addition to the angle between vectors, the ratio between norms

r(ψmod, Pψ) =
||ψmod||
||Pψ|| (3.37)

can be used in order to compare the sizes of both vector. These two measures provide

a full comparative picture with information on direction and amplitude errors.

The present chapter has been completely devoted to the theoretical and numerical

ideas behind the proper orthogonal decomposition. In the next two chapters we shall

apply these ideas to the particular case of atmospheric dynamics on Mars in the two

different models presented in Chapter 2. First, we shall discuss the SGCM to develop

a framework from which to analyse the more complex MGCM.

1The true trajectory would be the trajectory produced by a full model (a GCM) in the full phase
space starting from initial condition whose projection on the reduced space would produce the initial
conditions for the low-order model.



Chapter 4

POD of the simplified GCM

As described in Section 2.4, the Oxford Mars GCM [36] is a state-of-the-art atmo-

spheric model which includes the parameterisation of a number of relevant physical

processes. All these parameterisations contribute to the forcing of the system in a way

that is not always easy to discern. Explicitly including all those physical processes

into a reduced-order model would be contrary to the spirit of such a model.

In this work, the aim of a reduced-order model is to retain the most important fea-

tures of the system with the smallest number of modes. The simplified GCM (SGCM)

was investigated as a means for validating a reduced model. Newtonian cooling and

Rayleigh friction are sufficiently simple schemes to be implemented straightforwardly

in a dynamical reduced-order model. These are precisely the friction and radiative

schemes incorporated into the SGCM. Hence, this model naturally arises as a good

benchmark to evaluate the performance of a dynamical reduced model. Further-

more, the SGCM was previously studied by Whitehouse et al. [124, 125] using the

POD-Galerkin method and QG theory. This gives a possibility of comparison and

validation for our results. This chapter will be focused on the application of the POD

on an SGCM time series and the analysis of the so-obtained EOFs.

4.1 SGCM

The original dataset from the SGCM [26, 27] consists of a simulation in perennial

winter in the northern hemisphere carried out for 200 sols at a rate of s = 12 sam-

ples/sol constituting an ensemble of 2400 elements. Both the SGCM and the MGCM

produce time series of the spectral coefficients of absolute vorticity, divergence, tem-

perature and (logarithm of) surface pressure. The resolution of the original model

is T21 (jagged triangular truncation with maximum total wavenumber nmax = 21)

46
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Table 4.1: Sigma-levels and equivalent altitudes in the SGCM dataset. The equivalent
altitudes shown are computed as z = −H ln σ, where H = 10 km (see text).

Level σ z (km) Level σ z (km)
1 0.05 29.957 6 0.55 5.978
2 0.15 18.971 7 0.65 4.308
3 0.25 13.863 8 0.75 2.877
4 0.35 10.498 9 0.85 1.625
5 0.45 7.985 10 0.95 0.513

over ten equally-spaced sigma-levels, shown in Table 4.1. The equivalent altitudes

are computed as z = −H ln σ, where H = 10 km is a constant scale height. Recalling

that σ = p/ps, where p is pressure and ps is surface pressure, they must be inter-

preted as heights with respect to the planetary surface. This convention will be used

throughout the thesis unless specified otherwise.

The thermal forcing in the SGCM is given by Newtonian cooling while the fric-

tional forces are represented by Rayleigh friction. Under the Newtonian cooling as-

sumption, the volumetric diabatic heat rate is given in non-dimensional form by

Q = (T∗ − T )/τr, where the system is relaxed towards the axisymmetric state

T∗ = T∗(φ, σ) shown in figure 4.1 with a constant relaxation time of τr = 2.0

sols. Using τ as the relevant variable, the volumetric heat rate takes the form

Q = (σps)κ(τ 2
∗ − τ 2)/τr in dimensionless form. The Rayleigh friction model assumes

the friction to be given by F = −rv, where r = r(σ) is the Rayleigh friction factor.

In the model, it is considered to act only in the lowest layer (σ = 0.95), where it has

a value r(0.95) = 1/3 sol−1, which corresponds to a timescale of τD = 3.0 sols.

4.1.1 SGCM dataset climatology

Using friction and radiative relaxation times as parameters, Collins and James [26]

were able to identify different regimes in the perennial southern hemisphere winter of

the SGCM. In particular, they found what they called weak waves (small-amplitude

disturbances over a zonally symmetric flow) and waves with zonal wavenumber three

[26]. The wavenumber-3 wave was later the subject of a POD analysis carried out by

Whitehouse et al. [124]. We shall discuss this work later in this chapter.

In accordance with their regime diagram for the SGCM [26], the values of τr

and τD used in this work (2.0 and 3.0 sols, respectively) would place the model in

a wave 3 regime. Figure 4.2 shows that this is not the case. In it we can see four
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Figure 4.1: Latitude-height section showing the axisymmetric equilibrium tempera-
ture profile, measure in K, to which the SGCM was relaxed.

temperature snapshots at an approximate height z = 18.97 km above the planet’s

surface. The patterns correspond to a weak wave rather than a wave 3, specially

at mid-latitudes. In the tropical region, the patterns display a more complex wave

pattern. The difference in regime is not surprising if we bear in mind that this

chapter is concerned with a perennial northern hemisphere winter. Moreover, we

used a different equilibrium temperature profile to the one used in [26] and it has

been shown that different equilibrium temperature profiles are likely to yield different

regimes [26]. Considering that topography is not included, we can see this situation

as having similar planets rotating in opposite directions.

Figure 4.3 shows the temporal and zonal average profiles of temperature, poten-

tial temperature and zonal velocity in the original SGCM dataset. As expected, the

temperature profile (figure 4.3(a)) resembles the equilibrium temperature to which

the atmosphere is being relaxed (cf. figure 4.1) with characteristics typical of winter

solstice: warmer temperatures in the southern hemisphere with small temperature

gradients and strong temperature gradients towards the north pole. A key difference

between Mars and the Earth is the atmospheric temperature distribution in the sum-

mer hemisphere. As shown in figure 4.3(a), maximal temperature is reached near the

summer pole. As a result, a temperature gradient develops between high latitudes in

the southern hemisphere and the north pole. This characteristic temperature distri-

bution is mainly due to the lack of clouds allowing solar heating to reach the surface

[40]. Another important factor is the lack of oceans which induces a lower surface

thermal inertia [40, 91].
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Figure 4.2: Temperature, measured in K, in the original dataset at four different
times (indicated in each frame) during one sol at σ = 0.15 (approximate height
z ≃ 18.97 km). MTC stands for Coordinated Mars Time, the Martian equivalent to
the terrestrial Coordinated Universal Time (UTC) [7].
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(a) Temperature
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(b) Potential temperature

−90 −60 −30 0 30 60 90

5

10

15

20

25

Latitude

A
pp

ro
xi

m
at

e 
he

ig
ht

 (
km

)

 

 

−40

−20

0

20

40

60

80
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Figure 4.3: (a) Temporal and zonal average of temperature, (b) potential temperature
and (c) zonal velocity in the SGCM dataset, measured in K and m/s, respectively.
Positive horizontal velocity directed eastwards.
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Potential temperature (figure 4.3(b)) shows that the atmosphere’s static stratifi-

cation is stable everywhere, while zonal velocity (figure 4.3(c)) displays westerly jets

in the middle atmosphere above the northern hemisphere as a consequence of the

strong horizontal temperature gradients encountered in that region and it is at least

partially explained by the thermal wind relation (see [130], for example)

∂v

∂p
= − R

fp
k ×∇pT, (4.1)

where geostrophic balance has been assumed. Hence, the validity of (4.1) is given

by the smallness of the Rossby number (recall that the SGCM does not include

topography and, therefore, the restrictions to the validity of QG theory due to this

factor are not valid in this context). Equation (4.1) expresses that the zonal wind is

expected to increases with height in the presence of a horizontal thermal gradient.

4.1.2 From spectral space to longitude-latitude grid

The data from the SGCM were transformed into time series of zonal and latitudinal

velocity and square root of potential temperature on the 10 sigma-levels used in

the SGCM. Each layer was discretised in a 64 × 32 regular longitude-latitude grid,

corresponding to squares of angular length 5.625◦ in either direction and equivalent

to a maximum arc length of s = 333 km.

In [9] Arakawa and Lamb discussed five different distributions of the atmospheric

variables over a finite-difference grid. In that work they focused on the accuracy of

these schemes when simulating geostrophic adjustment. They found that the so-called

staggered Arakawa C-grid was the best choice under these criteria. This distribution

was chosen in this thesis, following the work by Achatz and Opsteegh [3]. Thus,

the variables were placed on the longitude-latitude grid according to the distribution

shown in figure 4.4.

The variation in the global average surface pressure in the MGCM dataset is

of only 0.03% (peak-to-peak) justifying the assumption of time-independent surface

pressure. This assumption imposes conditions on the velocity components. Under

these circumstances, sigma-velocity is

σ̇ = − 1

ps

∫ σ

0

∇ · (psv) dσ1.
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Figure 4.4: Horizontal distribution of variables.

With the boundary conditions σ̇ = 0 at σ = 0 and σ = 1, we conclude that

∇ · (psJvK) = 0, (4.2)

where J·K =
∫ 1

0
· dσ so that JvK gives the barotropic velocity.

Since surface pressure is time-dependent in both the SGCM and MGCM, (4.2) is

not satisfied in general. To make the data consistent with a time-independent surface

pressure, a pre-processing of both GCM time series was required. The procedure is

now described.

The streamfunction ψ and velocity potential χ are computed by solving the Pois-

son equations ∇2ψ = ζ − f , where f is the Coriolis parameter, and ∇2χ = D in

spectral space to take advantage of the properties of the spherical harmonics, in par-

ticular, of their being eigenfunctions of the Laplacian in spherical coordinates. In

terms of stream function and velocity potential, velocity is given by

v = ∇χ+ k ×∇ψ. (4.3)

Since we are interested in the product psJvK, we integrate (4.3) from top (σ = 0) to

bottom (σ = 1) and multiply it by ps to obtain, after some algebra,

psJvK = ps∇JχK − k × JψK∇ps + k ×∇(psJψK). (4.4)
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By choosing ∇JχK = k×JψK∇(ln ps), the velocity can be computed using the formula

v =
1

ps
k ×∇(psJψK) + ∇(χ− JχKo) + k ×∇(ψ − JψK), (4.5)

where JχKo indicates the barotropic velocity potential in the original time series. The

surface pressure in (4.5) is an ensemble average of the corresponding time series in

the original dataset. This average surface pressure is also used in the definition of

the energy matrix. The first term in the right hand side of (4.5) is the non-divergent

barotropic velocity. The last two terms together represent the baroclinic velocity.

These procedure is equivalent to filtering out external Kelvin waves [3].

The planetographic poles are points of special interest since they are singulari-

ties in spherical coordinates and velocity cannot be defined there. Following Achatz

and Opsteegh [3] the poles are represented by a set of ζ-points, where vorticity and

potential vorticity have a single value, to avoid defining velocity components there.

The inner product (3.30) and, therefore, the energy matrix (3.31) were discretised

in accordance with the discretisation of the state variables. For simplicity, the en-

ergy matrix can be written in three parts corresponding to the three different state

variables, namely zonal velocity, latitudinal velocity and square root of potential tem-

perature. These parts are

E1 = diag

{(

1

2
∆V ps

λ

)

α

}I(J−1)K

α=1

, (4.6)

E2 = diag

{

(

1

2
∆V ps

φ

)

β

}I(J−2)K

β=1

, (4.7)

E3 = diag

{

(

P

κ
∆V ps

)

γ

}I(J−1)K

γ=1

, (4.8)

where (·)λ and (·)φ indicate the arithmetic mean along λ and φ, respectively, and

∆Vj,k = (cosφ∆λ∆φ)j∆σk. The indices α, β and γ represent the triplets α = (i, j +
1
2
, k), β = (i + 1

2
, j, k), γ = (i + 1

2
, j + 1

2
, k), running across every possible value of i,

j and k in a definite order. The upper limit is defined by the number of grid points

for each variable.
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Figure 4.5: Eigenvalues obtained from the POD of the SGCM dataset.

4.2 Eigenvalues and energy contents

The empirical eigenvalues corresponding to the SGCM dataset are shown in figure 4.5.

By definition, the first mode explains most of the total atmospheric energy. This

energy is almost constant throughout the analysed time interval fluctuating around

the time average of the total energy in the ensemble. In comparison, higher order

modes are more dynamically active than the first mode. As we shall see, these facts

allow the fields to be decomposed into a background state, based on the first EOF,

and a perturbation or eddy state defined by the sum of higher order modes.

From EOF2 onwards the eigenvalues may be sorted in groups of two, three or

more modes separated by gaps of decreasing size as the EOF number increases. This

degeneracy indicates the presence of travelling waves whose Fourier-like components

are associated with the same eigenvalue. There are five leading groups. The first

one is constituted by EOF2 and EOF3. The first and most important gap is located

between EOF3 and EOF4 always bearing in mind that the difference between the

first mode and the rest is the most significant. The next group is the pair EOF4-5

and then a quartet composed of EOF6-9. However, looking at the eigenspectrum

alone might be misleading. It would seem, for instance, that the next group is a

trio composed of EOF10-12. Instead, we shall see in the subsequent analysis and

discussion that this is indeed a pair comprising EOF10-11, while EOF12 is part of a

quartet together with EOF13-15. From EOF16 onwards the spectrum appears to be

continuous, fading into a long tail.

Figure 4.6 shows the normalised cumulative total eddy energy (i.e. excluding
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Figure 4.6: Cumulative energy in the SGCM dataset normalised with respect to the
total energy in 500 EOFs (without considering energy in the first EOF).

the energy in the background state) throughout the POD modes with respect to the

average energy in 500 EOFs. It is useful in determining which modes to retain in a

reduced-order model. Thus, for instance, if we intend to explain 60% of atmospheric

total eddy energy, it is necessary to retain 19 modes, whereas we should retain 70

modes in order to explain 80% TE in the eddy fields. However, an appropriate

truncation cannot be based purely on an average energy content to be explained.

The classification of the EOFs as constituents of groups makes it important to include

every mode in an EOF group to enable a reduced-order model to represent the waves

described by that group.

Another important aspect to be considered when deciding the number of modes

to be retained is the influence of higher order modes on the dynamics of lower order

modes. For example, it has been shown that the performance of EOF-based reduced

models of the Charney-DeVore model [25] crucially depend on the number of retained

EOFs [29]. The original Charney-DeVore model exhibits regime transitions if the

parameters are carefully chosen [30]. However, reduced-models based on three and

five EOFs were unable to reproduce regime transitions, whereas a 4-EOF model was

able to display this behaviour. These results clearly show that the performance of a

reduced-model is not only determined by the number of included modes but also by

the interaction between them. Similar results, where the behaviour of reduced-models

drastically changed by the inclusion or exclusion of certain modes, were found in the

present work. These will be discussed in more detail in Section 5.3 after we deal with

reduced-order models for the SGCM.
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Figure 4.7: Temperature, in arbitrary units, in the first EOF for the SGCM at an
approximate height z ≃ 18.97 km in the northern hemisphere.

4.3 The first EOF

By definition, the first EOF is the most energetic mode. Its structure is highly axially

symmetric as shown in figure 4.7. This was expected as the longitude-dependent

influence provided by topography is not included in the SGCM. A latitude-height

section of the zonal average of temperature and zonal wind for this mode is shown in

figure 4.8.

The temperature profile has steep horizontal gradients in the northern hemisphere.

The vertical structure of the zonal wind displays a jet flowing eastwards around

45◦N and an easterly jet around 15◦S, both at an approximate altitude of 30 km.

Given these features, the section clearly resembles the zonal-mean structure of the

atmosphere during winter in the northern hemisphere [62]. Indeed, a comparison

between EOF1 and the temporal average state (figure 4.3) suggests that they are

closely related.

This result was expected since the temporal average fundamentally contains the

immense amount of total potential energy not available to be transformed into kinetic

energy through atmospheric processes [66, 67]. Furthermore, the principal component

associated with EOF1 (PC1) is nearly constant with a maximum absolute variation

of 0.001, which is small compared with the variation in PC2 or PC3 whose maximum

absolute variation is 0.140.

The relation between the ensemble average and EOF1 is made clear by assuming
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Figure 4.8: (a) Zonal average of temperature and (b) zonal velocity in the first SGCM
EOF (both in arbitrary units). Positive horizontal velocity directed eastwards.

EOF1 to be proportional to the ensemble average

φ(1) = K〈ψ〉, (4.9)

where K is a scalar constant. By (3.23), EOF1 can be written as

φ(1) =
M
∑

k=1

b
(1)
k ψ(k). (4.10)

On the other hand, the ensemble average can be computed by

〈ψ〉 =
1

M

M
∑

k=1

ψ(k). (4.11)

Substituting (4.10) and (4.11) into (4.9), it is easy to conclude that the coefficients

b
(1)
k , for k = 1, . . . ,M , are constant and equal to K/M .

According to the Sirovich snapshots method [110], the coefficients b
(1)
k for k =

1, . . . ,M , are the components of the first eigenvector of the matrix (3.24). This
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implies that
M
∑

l=1

Ckl = C0. (4.12)

In other words, the row sum of the elements of Ckl is equal to a single constant C0.

Writing the state vector as the sum of the mean state Ψ = 〈ψ(k)〉 and a perturbation

to the mean ψ′(k) = ψ(k) − Ψ, the elements of the matrix Ckl can be written as

Ckl =
1

M

{

(Ψ,Ψ) + (Ψ, ψ′(k) + ψ′(l)) + (ψ′(k), ψ′(l))
}

.

Since
M
∑

k=1

ψ′(k) = 0,

the sum (4.12) is
M
∑

l=1

Ckl = (Ψ,Ψ) + (Ψ, ψ′(k)). (4.13)

Therefore, the approximate constancy of the sum (4.13) depends on the relative size

of the perturbation field product (Ψ, ψ′(k)) with respect to the mean field product

(Ψ,Ψ). In the case of the SGCM, the ensemble average
〈

(Ψ,ψ′(k))
(Ψ,Ψ)

〉

= 0 with standard

deviation s = 3.0117×10−5. This shows that the time average is virtually proportional

to EOF1. We shall see in Section 6.3 that a similar picture arises in the analysis of

the Oxford MGCM so that EOF1 represents a time average state there as well.

4.4 Background state and eddy fields

We are interested in nonlinear atmospheric waves, their creation and evolution, de-

scribing them by reduced-order models. These models are intended to specifically

explain the dynamics of the Martian atmosphere. In theoretical atmospheric studies

it is customary to split the fields into a background flow and perturbations in the

form of eddy components. The eddy components are simply defined as the difference

between the instantaneous system state and the background state. The background

state, on the other hand, has been subject to different definitions. In theoretical

atmospheric wave studies, the background flow is traditionally defined as an axi-

ally symmetric zonal-mean flow (see [45], for example). In POD-Galerkin modelling,

on the other hand, it is usually defined as an ensemble or time average state (e.g.

[2, 3]). If the ensemble or time average state is kept for the computation of EOFs,

the POD provides an alternate definition that for our purposes is more suitable. The
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Figure 4.9: Temperature eddy component, measured in K, in the original dataset at
four different times (indicated in each frame) during one sol at σ = 0.15 (approximate
height z ≃ 18.97 km).
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background state can be defined as

ψ = a1φ
(1), (4.14)

where φ(1) is EOF1 and a1 is the first principal component given by a1 = (φ(1), ψ).

Given the attributes of the SGCM EOF1 described in the preceding paragraphs, the

structure of the background state is very close to the ensemble average, which in turn

is highly zonally symmetric due to the flatness of the modelled planet. This is in close

correspondence with both definitions of the background state as either a zonal-mean

flow or as an ensemble or time average. This situation is similar in the case of the

Oxford MGCM as we shall see in Section 6.3. Therefore, the background state defined

by (4.14) may be viewed as a generalisation of the concept of background state from

the highly idealised SGCM to the highly realistic MGCM. However, this would not be

true in the case where the temporal average was subtracted from the source dataset

from the beginning.

The eddy field ψ′ is defined as the remainder after subtracting the background

state from a complete field, i.e.

ψ′ = ψ − ψ̄, (4.15)

where ψ′ strongly depends on both space and time. The evolution of temperature

eddies during one sol is shown in figure 4.9. It is apparent that it is composed of

a combination of different waves. The POD provides a way to resolve the waves

embedded into atmospheric motion. In this respect, the definition of the background

state by (4.14) makes the interpretation of higher order EOFs transparent.

4.4.1 Higher order EOFs

In Section 4.2 we saw that the EOFs can be organised in groups of various sizes

according to their associated empirical eigenvalues. In this section, we shall discuss

the structure of the modes that compose each EOF group and analyse the time

evolution of their amplitudes by means of Fourier analysis. In this way we shall be

able to discern the frequencies that characterise their evolution.

The first EOF group is formed by EOF2 and EOF3. Figures 4.10 and 4.11 show

these two modes in the northern hemisphere at σ = 0.55 (z ≃ 5.98 km above the

surface) and σ = 0.15 (z ≃ 18.97 km above the surface), respectively. Although the

structure of the modes varies with height, the modes remain structurally similar to

each other throughout the vertical. At σ = 0.55 (figure 4.10) the modes consist of
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Figure 4.10: Square root of potential temperature, in arbitrary units, in the SGCM
eigenfunction (a) EOF2 and (b) EOF3 at σ = 0.55 (approximate height z ≃ 5.98 km)
in the northern hemisphere.

a primary longitudinal wavenumber two wave located around 40◦N and a secondary

longitudinal wavenumber two wave around 50◦N of minor intensity. The equator does

not display strong activity at this height. In contrast, the structure of the modes is

more complicated at σ = 0.15 (figure 4.11). On that sigma-level there are two waves

of longitudinal wavenumber two with similar intensity located around 10◦N and 45◦N

spanning the whole northern hemisphere. The longitude difference between EOF2

and EOF3 is approximately 45◦.

The corresponding PC2 and PC3 are shown in figure 4.12(a). They are two

quasi-sinusoidal signals of comparable amplitude and frequency but different phase.

The power vs period plots of these two principal components show that the dominant

period in both signals is P = 5.88 sols (figure 4.12). Additionally, the phase difference

is ∆φ = 1.567 rad, equivalent to ∆t = P∆φ/2π = 1.467 sols. Thus, these modes

describe a pair of waves travelling eastwards with an approximate period of 5.88 sols.

The Fourier spectra can be used as a means for classifying the POD modes into

groups. In general, these groups coincide with the EOF groups constructed by con-

sidering the associated eigenvalues relative sizes (figures 4.13 and 4.14). EOF12 con-

stitutes a notable exception. According to the eigenspectrum it must be grouped

together with the modes ten and eleven forming a trio. However, Fourier analysis

shows that EOF10 and EOF11 form a couple with two period bands around 5 and

15 sols, respectively (figure 4.13(g)-(h)). EOF12 is more appropriately grouped to-

gether with EOF13, EOF14 and EOF15 whose Fourier spectra, with period bands
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Figure 4.11: Square root of potential temperature, in arbitrary units, in the SGCM
eigenfunctions (a) EOF2 and (b) EOF3 at σ = 0.15 (approximate height z ≃ 18.97
km) in the northern hemisphere.

around 12.5 sols, look alike (figure 4.14(a)-(d)). The structure of these modes at an

approximate height z ∼= 5.98 km above the surface is shown in figure 4.19.

Each group displays distinctive characteristics. The pair EOF4-5 is constituted by

a zonal wavenumber-2 wave between 30 and 60◦N (figure 4.15(a)-(b)). The power vs

period plots of the corresponding principal components (PC4 and PC5) show peaks

at P1 = 5.5 sols and, close to each other, P2 = 6.0 and P3 = 6.5 sols. These two close

periods are responsible for the beating displayed by both time series (figure 4.15(c)).

Indeed, half the difference of the corresponding frequencies, i.e P−1
2 and P−1

2 corre-

sponds to a period of an envelope of Pe = 156 sols (cf. figure 4.15(c)). The beating

observed in PC4 and PC5 combined gives rise, after summing up the product of PCs

and corresponding EOFs, to a wave that displays amplitude vacillation.

The quartet EOF6-9 has a zonal wavenumber-1 wave at σ = 0.15 (figure 4.16).

Their behaviour in time (given by PC6-9) is governed by longer periods (P > 11)

(figure 4.13(c)-(f)). Unfortunately, the resolution of the power vs period plots becomes

poorer in that region. The first peaks in those plots are located at P = 12.5 and

P = 13.25 sols. The behaviour, as observed in the time domain, seems more complex

than the previous examples although it is still possible to observe signs of beating

and, therefore, amplitude vacillation (figure 4.17). The apparent correlation between

PC6-9 confirms that the corresponding EOFs constitute a single EOF group.

It has been shown that the axial symmetry of the thermal forcing term imposes

conditions onto the form of the expected EOFs so that every EOF belongs to the
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Figure 4.12: (a) PC2 and PC3 during a 40-sol time interval. Power vs period plots
corresponding to the original SGCM dataset corresponding to (b) EOF2 and (c)
EOF3.

subspace of one single zonal wavenumber [5]. This fact was used to assess the statis-

tical convergence of the obtained EOFs. What we found was that the first 9 EOFs

are indeed contained in a single zonal wavenumber subspace (apart from small devia-

tions). For higher order EOFs the statistical convergence decreases when the spread

of the modes between two or more zonal wave numbers is more noticeable. This is

mainly due to the small number of ensemble members. We still describe some of the

higher order modes since they are still characteristic to the SGCM dataset.

The structure of the pair EOF10-11, at an approximate height z ≃ 5.98 km,

consists of a zonal wavenumber-3 wave around 50 ◦N and weaker zonal wavenumber-1

waves around 35 ◦N and 70 ◦N (figure 4.18). In contrast, the components of the quartet

EOF12-15 exhibits zonal wavenumber-two waves around 50◦N, which supports the

conclusion, drawn from Fourier analysis, that these EOFs constitute a separate group.



CHAPTER 4. POD OF THE SIMPLIFIED GCM 64

0 5 10 15 20
0

50

100

150

200

Period (sols)

P
ow

er
 in

 P
C

4

(a) PC4

0 5 10 15 20
0

50

100

150

200

Period (sols)

P
ow

er
 in

 P
C

5

(b) PC5

0 5 10 15 20
0

50

100

150

200

Period (sols)

P
ow

er
 in

 P
C

6

(c) PC6

0 5 10 15 20
0

50

100

Period (sols)

P
ow

er
 in

 P
C

7

(d) PC7

0 5 10 15 20
0

50

100

150

Period (sols)

P
ow

er
 in

 P
C

8

(e) PC8

0 5 10 15 20
0

20

40

60

80

Period (sols)

P
ow

er
 in

 P
C

9

(f) PC9

0 5 10 15 20
0

10

20

30

Period (sols)

P
ow

er
 in

 P
C

10

(g) PC10

0 5 10 15 20
0

10

20

30

Period (sols)

P
ow

er
 in

 P
C

11

(h) PC11

Figure 4.13: Power vs period plots for the original SGCM dataset corresponding to
(a)–(h) EOF4–EOF11.



CHAPTER 4. POD OF THE SIMPLIFIED GCM 65

0 5 10 15 20
0

20

40

60

Period (sols)

P
ow

er
 in

 P
C

12

(a) PC12

0 5 10 15 20
0

50

100

Period (sols)

P
ow

er
 in

 P
C

13

(b) PC13

0 5 10 15 20
0

50

100

Period (sols)

P
ow

er
 in

 P
C

14

(c) PC14

0 5 10 15 20
0

20

40

60

Period (sols)

P
ow

er
 in

 P
C

15

(d) PC15

0 5 10 15 20
0

10

20

30

Period (sols)

P
ow

er
 in

 P
C

16

(e) PC16

0 5 10 15 20
0

10

20

30

Period (sols)

P
ow

er
 in

 P
C

17

(f) PC17

0 5 10 15 20
0

10

20

30

Period (sols)

P
ow

er
 in

 P
C

18

(g) PC18

0 5 10 15 20
0

10

20

30

40

Period (sols)

P
ow

er
 in

 P
C

19

(h) PC19

Figure 4.14: Power vs period plots for the original SGCM dataset corresponding to
(a)–(h) EOF12–EOF19.
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Figure 4.15: Square root of potential temperature, in arbitrary units, in the SGCM
eigenfunction (a) EOF4 and (b) EOF5 at σ = 0.55 in the northern hemisphere; (c)
time series corresponding to PC4 and PC5.
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Figure 4.16: Square root of potential temperature, in arbitrary units, in (a) EOF6,
(b) EOF7 (c) EOF8 and (d) EOF9 at σ = 0.15 in the northern hemisphere.



CHAPTER 4. POD OF THE SIMPLIFIED GCM 68

0 20 40 60 80 100 120 140 160 180 200
−0.06

−0.04

−0.02

0

0.02

0.04

0.06

Time (sols)

P
rin

ci
pa

l c
om

po
ne

nt
s

 

 
PC6
PC7
PC8
PC9

Figure 4.17: PC6 to PC9 during a 200-sol time interval.

Harmonic analysis also neatly separates the next four modes into two different

pairs. The frequency spectrum shows a period band around a dominant peak of 6 sols

for EOF16 and EOF17 (figure 4.14(e)-(f)) whereas it exhibits a narrow peak around

3 sols for EOF18 and EOF19 (figure 4.14(g)-(h)). As before, the mode structure

supports this classification. Figure 4.20 shows the four modes at an approximate

height z ≃ 18.97 km. EOF16 and 17 consist of a zonal wavenumber-3 wave with a

strong wavenumber-1 component around 45◦N (figure 4.20(a)-(b)) whereas the couple

EOF18-19 is composed of a zonal wavenumber-4 wave around 20◦N and a mixture

of wavenumber-1 and wavenumber-3 waves around 45◦N (figure 4.20(c)-(d)). The

classification of modes beyond EOF19 is not as clear as it is for the first 19 modes.

4.4.2 Comparison with previous work

The performance of the POD on the SGCM, despite its inherent simplicity, establishes

a benchmark to analyse the results of the POD of more general models. Before

moving on, we would like to discuss the present results in the view of previous work

on reduced-models of the SGCM, in particular, the work by Whitehouse et al. [124].

They analysed a wave 3 during perennial southern winter described previously by

Collins and James [26]. The analysis was carried out using a combination of vertical

decomposition (using the QG vertical structure equation (see, for example, [87]))

and POD with different norms (variance, kinetic energy and total energy) within the

framework of QG theory.

Despite not being directly comparable, the results by Whitehouse et al. [124]



CHAPTER 4. POD OF THE SIMPLIFIED GCM 69

  60

  30

  EQ

30

210

60

240

90

270

120

300

150

330

180 0

 

 

−0.1 −0.05 0 0.05 0.1

(a) EOF10

  60

  30

  EQ

30

210

60

240

90

270

120

300

150

330

180 0

 

 

−0.1 −0.05 0 0.05 0.1

(b) EOF11

Figure 4.18: Square root of potential temperature, in arbitrary units, in the SGCM
at σ = 0.55 for (a) EOF10 and (b) EOF11.

and those presented here bear important similarities. Though more slowly in the

present case, the distribution of energy among the modes decays in a similar way.

The slower decay is probably due to the fact that we have not employed QG theory

(compare figure 4.6 and figure 9(a) in [124]). Therefore, the dataset in this thesis

has not been drastically filtered, retaining motions on a wider scale range. Still,

the reduction of degrees of freedom from O(104) in the primitive-equation SGCM to

O(102) is comparable to that in [124].

The EOF structure and resulting principal components are comparable as well,

always considering the differences between the regimes under analysis. In both cases,

the EOFs can be classified in conjugate pairs or groups. Whitehouse et al. [124]

found that the most energetic group corresponds to a zonal wavenumber-3 travelling

wave clearly corresponding to the original flow. In the present work, the POD was

able to identify underlying wave motion not evident at first sight. Thus, the most

energetic mode (apart from the zonally symmetric background flow) corresponds to

a zonal wavenumber-2 wave.

The most important differences between both sets of EOFs is the location of wave

motion. In [124], the wave activity is located in the southern hemisphere, whereas

in the present work it is located in the northern hemisphere. Again, this is not

surprising since the original time series correspond to southern and northern winter,

respectively. However, these results point out the diversity of modes that might be

needed to generate reduced-models incorporating the seasonal cycle.
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Figure 4.19: Square root of potential temperature, in arbitrary units, in the SGCM
at σ = 0.55 for (a)–(d) EOF12–EOF15.
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Figure 4.20: Square root of potential temperature, in arbitrary units, in the SGCM
at σ = 0.15 (approximate height z ≃ 18.97 km) for (a)–(d) EOF16–EOF19.
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4.5 Summary

In this chapter we have performed a three-dimensional multivariate POD on a dataset

produced by the SGCM for perennial northern winter. The resulting EOFs were clas-

sified according to their spatial structure and the Fourier spectra of the corresponding

PCs. By doing so, we have been able to extract different modes with physical mean-

ing. First, the most energetic EOF1 was clearly identified with the background zonal

flow. Hence, the rest of the EOFs were identified as components of the eddy field.

These were also classified in groups representing different waves corresponding to

different combinations of zonal wave numbers and periods.

The EOF basis for the SGCM will used in Chapter 5 to construct Galerkin-

projected low-order models that capture the essential dynamics of the SGCM during

the period under consideration. In that chapter, the EOFs and EOF groups shall be

discussed in greater detail within a framework of prognostic character rather than the

diagnostic point of view adopted here.



Chapter 5

Reduced-order models of the

SGCM

The POD generates an optimal basis in the sense that fewer modes are required to

explain the same amount of energy in comparison with any other linear decomposition.

We have seen in the previous sections that atmospheric TE in the SGCM can be

explain up to a significant percentage by a small number of POD modes. The first

twenty modes, for example, are able to explain as much as 90% of TE in the eddy field

of the MGCM (cf. figure 6.5). We shall see that the outlined feasibility of previous

chapters indeed lead to actual models capable of representing the evolution of the

most energetic modes in Martian atmospheric dynamics.

We begin this section by describing the process of constructing low-order models.

This description will include the parameterisation of unresolved modes and an ap-

propriate way of forcing these models. Based on this theoretical framework, we shall

construct and analyse various models for the SGCM. Furthermore, we shall employ

the same ideas and methods to construct low order dynamical models of the MGCM

data in Chapter 7. Our analysis of reduced-order models includes a comparison

against the original datasets.

5.1 POD-Galerkin models

Let us consider the dimensionless hydrostatic primitive equations in sigma-coordinates

in the form given by Achatz and Opsteegh [3]. This system already incorporates

the time-independent surface pressure assumption introduced in Section 3.3. The

73
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momentum, thermodynamic energy and continuity equations can be written as

∂v

∂t
+ ζk × v + ∇(K + Φ) + Pτ 2∇ln ps + σ̇

∂v

∂σ
= F, (5.1)

∂

∂t
(psτ) + ∇ · (psvτ) +

∂

∂σ
(psσ̇τ) =

psJ

2Pτ
, (5.2)

∇ · (psv) +
∂

∂σ
(psσ̇) = 0. (5.3)

The dimensionless hydrostatic equation can be written in the following two forms

that are useful for discretisation [9]

δ(Φσ) = −(Pτ 2 − Φ)δσ, (5.4)

κδΦ = −τ 2δP. (5.5)

In these equations the prognostic variables are v, horizontal velocity, and τ the square

root of potential temperature; ζ = f + ξ is absolute vorticity, where f = 2 sinφ is the

Coriolis factor and ξ = k · ∇ × v is the vertical projection of relative vorticity; K is

kinetic energy, Φ is geopotential height, ps is surface pressure, σ̇ = dσ/dt is sigma-

velocity and P = (σps)κ where κ = cp/R is the ratio of specific heat at constant

pressure to the atmospheric gas constant.

The forcing is given by friction and diffusion, F, and diabatic heating per unit

mass, J . The explicit form of these terms depends ultimately on the modeller’s

choice. In general, their complexity will be in accordance with the complexity of

the discretisation scheme of the equations of motion, the dynamical core, and the

intended application. In a GCM, for instance, these terms will include parameterisa-

tion schemes for modelling radiative heating, surface interactions and sub-grid scale

effects as well as dissipation to remove unwanted energy accumulation.

The continuity equation (5.3) already incorporates the assumption of having time-

independent surface pressure. Written in this form, this equation constitutes an

auxiliary relation to compute sigma-velocity as

σ̇ = − 1

ps

∫ σ

0

∇ · (psv)dσ1 =
1

ps

∫ 1

σ

∇ · (psv)dσ1, (5.6)

since σ̇ is assumed to be zero at the ground and at infinity. In turn, the hydrostatic

equation (5.4) and (5.5) is an auxiliary relation to compute geopotential height.



CHAPTER 5. REDUCED-ORDER MODELS OF THE SGCM 75

5.1.1 Building EOF-based reduced models

A reduced-order model is obtained by projecting (5.1) and (5.2) onto the most en-

ergetic EOFs. Since each EOF comprises three scalar components, namely the two

horizontal velocity components and τ , a more suitable form of the equations of motion

is
∂ψ

∂t
= Ψt(ψ, t), (5.7)

where ψ = (v, τ)T and Ψt is a nonlinear operator given by

Ψt =

(

−ζk × v −∇(K + Φ) − Pτ 2∇ln ps + σ̇ ∂v
∂σ

+ F

− 1
ps∇ · (psvτ) − ∂

∂σ
(σ̇τ) + J

2Pτ

)

. (5.8)

In principle, the construction of a Galerkin reduced-order model comprises two

steps:

(i) writing the equations of motion in terms of basis functions, and

(ii) taking the inner product of these equations with the basis func-

tions.

These two steps reduce the original PDE system into a set of ODEs. In practice, it

is more convenient to use a modified version of the transform method [20], used in

spherical harmonics spectral models [20, 47] to compute nonlinear terms. Following

this idea, we can transform from EOF coefficients into spatial grid points. Tendencies

are then computed using a discrete version of (5.8). Finally, taking the inner product

of tendencies and EOFs projects tendencies back into the reduced EOF space.

The discrete version of (5.8) was written following the model developed by Achatz

and Opsteegh [3] with minor modifications. In particular, in that work the chosen

state variables are the barotropic streamfunction Ψ that arises as a consequence of

(4.2), namely psJvK = k×∇Ψ, the baroclinic velocity v̂ = v− JvK and τ . Barotropic

streamfunction tendencies are computed via the time derivative of relative barotropic

vorticity and the relation [3]

(∆AJζK)i,j = (VΨ)i,j,

where ∆A = cosφ∆λ∆φ is the discrete area differential, V is the discrete version of

∇ · ∇
ps and the sub-indices (i, j) label a particular grid point. Baroclinic velocity ten-

dencies are computed by subtracting barotropic velocity tendencies from full velocity

tendencies. With this choice, Achatz and Opsteegh [3] ensure that external Kelvin

waves are filtered out.
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In this study, external Kelvin waves are filtered out by subtracting the divergent

part from full velocity tendencies. The barotropic streamfunction Ψ can be related

to a certain barotropic vorticity

Z = k · ∇ × (psJvK) = ∇2Ψ. (5.9)

Equation (5.9) can be easily solved for Ψ by using of spherical harmonics Y m
n , which

are eigenfunctions of the Laplacian in spherical coordinates. In spectral form (5.9)

takes the form

∇2

(

N
∑

n=0

n
∑

m=−n

Ψm
n Y

m
n

)

=
N
∑

n=0

n
∑

m=−n

Zm
n Y

m
n , (5.10)

where Ψm
n and Zm

n are the spectral coefficients of Ψ andZ, respectively, and N ≤ I/2

is the maximum total wavenumber allowed by the chosen truncation (where I is the

number of longitudes in the physical grid). Since I = 64, the truncation used in this

work is a jagged T21 in order to avoid aliasing [47]. Equating coefficients on both

sides of (5.10) and recalling that ∇2Y m
n = −n(n+ 1)Y m

n we find that

Ψm
n =

−Zm
n

n(n+ 1)
, n 6= 0. (5.11)

The coefficient corresponding to n = 0 represents a global mean and can be chosen

to be Ψ0
0 = 0 without loss of generality.

Once the barotropic streamfunction has been computed, the filtered velocity can

be recovered by

v = vo − JvoK +
1

ps
k ×∇Ψ, (5.12)

where vo is the velocity before filtering. Since the operators ∂
∂t

and ∇ act on different

domains and ps is time-independent, (5.12) can be rewritten for tendencies simply

by substituting v, vo, JvoK and Ψ with their corresponding time derivatives. This

version of (5.12) produces the desired result, i.e. the momentum equations with a

non-divergent barotropic component.

Another difference between the model in [3] and the one here lies in the number of

sigma layers: [3] used 3, we used 10. These layers were equally spaced for the SGCM

and unevenly spaced for the MGCM, distributed in accordance with the description

in Chapter 6.

The construction of reduced models based on EOFs should consider the energy

partition structure over the POD modes not only for deciding the level of energy

to be kept but also for including all the modes that belong to a degenerate energy
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level. Therefore, the way in which the modes are included into progressively complex

reduced models depends not only on the desired energy level but on the atmospheric

structure the modeller wishes to reproduce. The first modes in the SGCM and MGCM

provide us with a good example. The SGCM eigenspectrum (figure 4.5) shows that

in order for a model to simulate travelling waves, it is necessary to include at least

three modes: the background state (EOF1) and the first degenerate pair (EOF2 and

EOF3). On the other hand, an MGCM-based reduced model (figure 6.4) requires

the inclusion of at least four modes: the background state (EOF1), the second single

mode (EOF2) and the first degenerate pair (EOF3 and EOF4).

5.1.2 Parameterisation of unresolved modes

Before constructing a reduced model, one further aspect must be considered: the

dynamical impact of unresolved modes. There are different proposals for modelling

this influence [2, 3, 59, 107]. The models developed in this thesis make use of an

empirical approach [2, 3] that determines a set of closure parameters by minimising

the relative error between the tendencies predicted by the reduced model ȧk and those

computed from the original time series ȧtsk , [2, 3]

er =

〈

∑N
k=1(ȧ

ts
k − ȧk)

2
〉

〈

∑N
k=1(ȧ

ts
k )2
〉 , (5.13)

where N is the number of modes included in the reduced model and 〈·〉 indicates time

(or ensemble) average.

The form of the parameters to be determined can be deduced through the following

argument. Let ark and ank denote the resolved and unresolved modes, respectively. A

full model, incorporating the action of resolved and unresolved modes on resolved

modes up to quadratic nonlinearities, would take the form

ȧrk = αk + βkla
r
l + γklma

r
l a
r
m + (δkla

n
l + ǫklma

n
l a

n
m) + ζklma

n
l a

r
m, (5.14)

where the tensors δkl and ǫklm represent the linear and quadratic contribution of the

unresolved modes and ζklm is the interaction between resolved and unresolved modes.

Since the latter are not known, (5.14) can be rewritten in a more compact form (after

dropping the upper index r) as

ȧk = αk + βklal + γklmalam + ∆k + Zklal, (5.15)
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where ∆k = δkla
n
l + ǫklma

n
l a

n
m and Zkl = ζklma

n
l . Thus, ∆k introduces N scalar

parameters whereas Zkl introduces N2 additional ones.

5.1.3 Forcing

Finally, the form of the forcing to be used must be specified. The SGCM was forced by

Newtonian cooling to a prescribed zonally symmetric temperature field (cf. figure 4.1)

and Rayleigh friction of the lower-most level to emulate the planetary boundary layer

[124, 125]. The reduced models described here are forced in the same manner although

a linear Newtonian relaxation forcing in a temperature equation leads to a quadratic

forcing in an equation for τ . Thus,

F(σ) =

{

−rv(σ), σ = σK

0, otherwise
, (5.16)

J =
P (τ 2

∗ − τ 2)

τR
, (5.17)

where σK is the lower-most sigma layer, τ∗ is the restoration state to which the model

is relaxed and, with the same values as in the SGCM, 1/r = 3 sol and τR = 2 sol are

friction and radiative time constants, respectively.

5.2 POD-Galerkin models of the SGCM

5.2.1 Unresolved modes

We begin the examination of SGCM reduced models by analysing the impact of

unresolved modes on an 11-EOF model. By including this number of EOFs, we

ensure that the model comprises the first five SGCM EOF groups and 52% of TE in

the eddy field. The original dataset constitute a set of realisations of the system. This

set may be considered as a representative subset of the region in phase space where the

evolution of the system takes place. A reduced model is expected to evolve in the same

region in phase space as the original system. This property was used for analysing

the influence of unresolved modes on the behaviour of a reduced-model. To evaluate

this property, we computed the evolution of the system around the background state

of (4.14), namely ψ = a1φ
(1), assuming it to be a good representative of the original

system’s presence in phase space.

Figure 5.1 shows the evolution of two quantities: the angle α between an 11-EOF

model and the background state, and the 11-EOF model’s solution norm r (nor-
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Figure 5.1: (a) Angles between the average state, defined by (4.14) and an 11-EOF
model solution, and (b) 11-EOF model solution norm (relative to the average state).
In both frames, the 11-EOF model was integrated with and without parameterisation
of unresolved modes.

malised with respect to the background state). We computed these two quantities

for the cases when the reduced model runs with and without parameterisation of

unresolved modes. The integration time interval was 20 sols and the initial condi-

tions were set as the projection of the first state in the original dataset. Figure 5.1

makes it clear that even for this short period the behaviour of the inclusion of a pa-

rameterisation scheme for unresolved modes is better and, therefore, the importance

of having an unresolved-mode parameterisation scheme. The state predicted by this

model oscillates at around 1 ◦ about the average state. In contrast, the model without

unresolved mode parameterisation drifts away from the average state. As a result, the

angle between the average state and the solution produced by this model increases

monotonically with time. Similarly, the norm of the solution from the parameterised

model remains close to 1 whereas the norm of the solution from the model without

parameterisation, drifts away from unity after a short period of approximately 5 sols

when it remains close to the background state.

Table 5.1: Comparison between three different EOF models. Angle between original
time series and model integration.

3-EOF 5-EOF 11-EOF
α 0.9881 ◦ 0.2602 ◦ 2.0144 ◦
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Figure 5.2: Temperature, measured in K, at σ = 0.45 (z ≃ 7.99 km with respect to
the surface). (a) State at t = 100 sol in the original dataset in comparison with a
100-sol integration of reduced models including (b) 3 EOFs, (c) 5 EOFs and (d) 11
EOFs.

5.2.2 Truncation order

In order to compare the behaviour of models at different truncation orders, three

different models were integrated retaining three, five and eleven modes starting from

the same initial conditions. As before, the initial conditions were set to be the pro-

jection onto the corresponding reduced space of the first state in the original dataset.

Figure 5.2 shows temperature in the final states predicted by these models at t = 100

sols in comparison with the corresponding state in the original dataset.

Although we would have expected the 11-EOF model to show the best perfor-

mance, it was, in fact, the 5-EOF model the one that produced better results. The

temperature waves in the northern hemisphere (around 30 ◦N) seem to be around 90 ◦

out of phase in the 3-EOF model (figure 5.2(b)). The 5-EOF model, on the other
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Figure 5.3: Mean angular deviation, defined by (5.18) for different SGCM reduced
models (a) with no background state and (b) including the background state.

hand, is able to reproduce these waves whereas the 11-EOF model exhibits stronger

waves than the original dataset at both the northern and southern hemispheres.

These results can be confirmed by a quantitative method by looking at the angles

between the original dataset and the reduced models. These angles are computed

after projecting the original dataset onto the reduced space where the model lives.

This is done to avoid spurious deviations as a result of superfluous modes that are not

represented by the model. As pointed out in Section 3.4, the complete comparison

of vectors lying on the reduced space requires the specification of a second measure

that can be their relative norm. However, by simply observing the angle we can draw

conclusions. The results shown in Table 5.1 confirm that the best results are produced

by the 5-EOF model.

This leads to the question about how many modes are to be included in order

to obtain the best approximation to the original dataset. In order to answer this

question we can compare the evolution of the predicted solution with that of the

original dataset by defining the mean angular deviation as

β(t) =
1

t

∫ t

0

cos−1

(

ats(t1) · a(t1)

||ats(t1)|| ||a(t1)||

)

d t1, (5.18)

where a and ats are N -dimensional vectors of coefficients arising from the integration

of a reduced model and the projection of the original time series, respectively.

Figure 5.3 shows the mean angular deviation as a function of time for different
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Figure 5.4: Temporal mean of the relative norm as a function of time for reduced
models at different truncation orders after 200-sol integrations. The background state
(EOF1) has been removed.

truncation orders from two different points. The first frame (figure 5.3(a)) shows

the projection of these results onto the EOF1-subspace in order to eliminate the

influence of this mode over the results. After a rapid growth of angular deviation,

the mean angle difference tend to settle after 60 sols. The settlement value depends

on the number of retained EOFs with a minimum of 60 ◦ for a 5-EOF model and a

maximum around 110 ◦ for a 6-EOF model. So far, every model seems to behave in

a similar way.

The second frame (figure 5.3(b)) shows the results as viewed from the origin of

the reduced phase space (i.e. including the background state). In this figure the

dissimilarities between models are more noticeable. The smallest angular deviation

is produced by the 5-EOF model. Models with more than 10 EOFs display a rapid

growth in angular deviation with time. This is an indication of energy accumulation

in higher order modes. This phenomenon has been observed in previous studies

[5] and has been removed by including additional damping to dissipate that energy

[2, 3, 58, 59]. This involves the optimisation of a number of parameters that depends

on the chosen diffusion scheme. Since we are interested in developing as simple a

model as possible, this step was not followed so that we are able to identify the

optimal reduced EOF set. However, energy accumulation is unavoidable without the

implementation of additional dissipation schemes [59]. Therefore, this step must be

considered essential in the development of future operational models, specially if these

are intended for long-term simulations and climate studies.

For the sake of completeness, we include information on the relative norm of
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Figure 5.5: Temporal standard deviation of the relative norm for different SGCM-
based reduced models after 200 sols. The background state (EOF1) has been removed.

reduced model with respect to the original time series in figures 5.4 and 5.5, which

show the temporal mean (as a function of time) and the standard deviation (for the

complete time interval) for the same reduced models as in figure 5.3. In this case,

PC1 must be removed since it is much larger than the rest and results produced while

keeping it would be strongly dominated by its influence. Figure 5.4 is in agreement

with figure 5.3(b) so that the relative norm of models with N < 10 remains close to

the expected value of 1, whereas the relative norm of models with N ≥ 10 rapidly

drifts away from such a value.

The standard deviation (figure 5.5) behaves in a similar manner. It remains small

for models with N < 9, suddenly increasing for models with ten or more modes.

From figures 5.3(b) and 5.4, we already know that models beyond N = 10 are drifting

apart from the original orbit. Thus, it is not surprising that for N ≥ 10 the standard

deviation becomes large. Again, these results support the hypothesis of energy being

accumulated at higher order modes. Moreover, these results may also be related to

the statistical convergence of the EOFs. As mentioned in Section 4.4.1, the first nine

modes belong to the subspace of a single zonal wavenumber, which indicates that

these modes have already converged. Higher order modes spread over different zonal

wave numbers, which shows that convergence has not been attained yet. Linking

these results to those presented in this section, we find a clear correlation between

statistical convergence and appropriate behaviour in reduced models.
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5.2.3 Evolution of EOF groups

In order to analyse the response of the reduced models to different truncations we

can observe the predicted evolution of EOF groups. Figure 5.6 shows a comparison

between the evolution of EOF2–3 in the SGCM dataset (figure 5.6(a)) and various

reduced models. In Section 4.4.1 we found that these groups represent waves with a

period of 5.88 sols. Additionally, figure 5.6(a) shows that EOF2–3 exhibits a weak am-

plitude vacillation. A 3-EOF model fails at predicting this behaviour. Instead, it only

shows a steady increase in amplitude with a period of P = 6.25 sols (figure 5.6(b)).

A 4-EOF model (not shown) reproduces the correct period but the amplitude decays

steadily. It is until 5 EOFs are included that amplitude vacillation is predicted by the

reduced model (figure 5.6(c)). However, the displayed behaviour appears to be more

regular than in the original time series. The 9-EOF model seems to produce the best

results although the predicted amplitude is smaller than the original (figure 5.6(f)).

Figure 5.7 shows the results corresponding to the pair EOF4–5. In this case, the

period predicted by the model coincides with that of the SGCM dataset (P = 5.5

sols). As in the case of EOF2–3, a 5-EOF model predicts enhanced regularity and a

very weak amplitude vacillation. The models that produced the best results are the

7-EOF (figure 5.7(d)) and 9-EOF (figure 5.7(f)) models, although in both cases the

amplitude is amplified with respect to the original.

The last group included in models with N < 10 is the quartet EOF6–9. The

evolution of this group (in the space PC6–PC7) is shown in figure 5.8. The only re-

duced model that completely contains this quartet is the 9-EOF model (figure 5.8(d)).

For the sake of comparison, we also include the evolution predicted by the 7-EOF

(figure 5.8(b))and 8-EOF (figure 5.8(c)) models. In this case, the best results are pro-

duced by the 9-EOF model specially at the beginning of the integration. As time goes

on, the predicted amplitude becomes larger than the amplitude of the corresponding

modes in the original dataset. At this point, we could conjecture that these result

are due to the lack of resolution of modes beyond EOF9. As a result, this last group

would not be allowed to interact directly with higher modes that might modulate its

behaviour.

5.3 Discussion

Let us conclude this section by revisiting the discussion started at the end of Sec-

tion 4.2, We pointed out in that section the importance of choosing the number of
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Figure 5.6: Evolution of the pair EOF2-3 as viewed from the (a) original SGCM
dataset, and (b) 3-EOF, (c) 5-EOF, (d) 7-EOF, (e) 8-EOF and (f) 9-EOF models.
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Figure 5.7: Evolution of the pair EOF4-5 as viewed from the (a) original SGCM
dataset, and (b) 5-EOF, (c) 6-EOF, (d) 7-EOF, (e) 8-EOF and (f) 9-EOF models.
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Figure 5.8: Evolution of the pair EOF6-7 as viewed from the (a) original SGCM
dataset, and (b) 7-EOF, (c) 8-EOF and (d) 9-EOF models.

modes to be retained not only by the level of energy that these represent but also by

considering both the completeness of EOF groups, so that the waves represented by

them are properly reproduced, and the interaction between higher order modes and

the most energetic EOFs.

In Section 5.2 we have found neat examples of the relevance of these requirements.

For instance, three EOFs represent 29.0% of TE in the eddy field (cf. figure 4.6) and

contains the two modes of the pair EOF2-3. Still, the behaviour of a 3-EOF model

is far from the expected orbit. Instead, the relative norm of the solution oscillates

around unity with a quadratic mean amplitude of 5.3 × 10−4. Including one mode

more, to explain 33.5% TE in the eddy field, brings the model integration closer to

the original dataset by predicting the correct period of PC2 and PC3. Therefore, we

can conclude that the interaction of EOFs 1 to 3 with at least one mode of higher
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order is essential to reproduce dynamics close to the original dataset.

Including four EOFs is, nevertheless, not enough to include the pair EOF4-5.

Five EOFs explain 37.5% TE in the eddy field. Moreover, the behaviour of the

resulting reduced model is closer to the expected dynamics. Thus, the 5-EOF model

corresponds to the first minimum in figures 5.5 and with the lowest angular deviation

for the time interval considered (figure 5.3). Furthermore, this model predicts not

only the correct period but also shows amplitude vacillation although this is weak

when compared with the original time series. Truncation order N = 8 corresponds to

the next minimum in the relative norm standard deviation plot (see figure 5.5). This

truncation order also corresponds to low angular deviation in figure 5.3. However, the

model that seems to produced better results, specially when looking at the evolution

of the time series, is the 9-EOF model. This might be explained by the fact that by

including EOF9 another EOF group is fully represented by the resulting model.

Although separated by totally different approaches, these results are consistent

with those by Whitehouse et al. [125] since the need to include a sufficient number

of modes was also found in this work. However, as we have explained in this section

this criterion seems to be insufficient to have a more accurate model. Indeed we can

say that our results are more closely related to those of Crommelin and Majda [29]

with respect to the somewhat inconsistent behaviour of the models as the number of

modes is increased. In the next chapter we will find a further, more detailed example

in the context of the MGCM.

5.4 Summary

The EOFs derived in Chapter 4 were used here as a basis on which to project (in the

sense of Galerkin) the hydrostatic primitive equations in order to construct low-order

models of the SGCM. The lowest order models (N < 15) were integrated, using as

initial conditions, the projection of the original dataset on the corresponding reduced

space. The results were compared with the original dataset to find that despite the

importance of including sufficient modes to explain a certain amount of energy, there

are other factors that are significant as well. These factors are EOF convergence,

EOF groups completeness so that the waves represented by each group is properly

represented and, perhaps more importantly, the influence of higher order EOFs over

the dynamics of the low order modes of interest.



Chapter 6

POD of the Oxford MGCM

The Oxford MGCM was comprehensively described in Section 2.4. In Chapter 6, we

shall analyse a dataset produced by this model from the point of view of the POD.

After describing this dataset and its climatology, we shall present the eigenvalues and

distribution of energy throughout the modes. Then, we shall relate the EOFs to the

atmospheric motions present in the MGCM dataset. This will include atmospheric

tides and transient waves as the most important components of the general circulation.

6.1 Oxford MGCM

As for the SGCM, the output of the MGCM consists of a set of time series for

absolute vorticity, divergence, temperature and (logarithm of) surface pressure in

terms of spherical harmonics coefficients at a jagged triangular resolution T31. The

model uses a finite difference scheme in the vertical direction with 25 unevenly spaced

sigma-levels. Table 6.1 shows the location of these levels and their equivalent altitude

z in km above the planetary surface.

In order to reduce the amount of information to be handled by the POD, only 10

levels were retained. These were the levels labelled with an odd number from 3 to 21

in the GCM (see highlighted levels in Table 6.1). Thus, the highest level is situated

at approximately 73.0 km above the planet’s surface whereas the lowest level is about

174 m above surface level. The horizontal resolution was the same as for the SGCM,

i.e. I = 64 longitudes and J = 32 latitudes for vorticity, potential vorticity and

streamfunction. This corresponds to a direct transformation from spherical harmonics

to physical grid without oversampling.

The MGCM output over the chosen sigma-levels was pre-processed in the same

way as that coming from the SGCM in order to apply the algorithms developed for

89
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Table 6.1: Sigma-levels and equivalent altitudes in the original dataset. The sigma-
levels actually used to perform the POD are highlighted.

Level σ z (km) Level σ z (km)
1 0.000056 97.902 14 0.455263 7.869

2 0.000250 82.940 15 0.600911 5.093

3 0.000678 72.964 16 0.731006 3.133

4 0.001542 64.747 17 0.831173 1.849

5 0.003199 57.449 18 0.899629 1.058

6 0.006290 50.688 19 0.942591 0.591

7 0.011955 44.266 20 0.968097 0.324

8 0.022181 38.085 21 0.982737 0.174

9 0.040323 32.108 22 0.990977 0.091
10 0.071666 26.357 23 0.995562 0.045

11 0.123568 20.910 24 0.998098 0.019
12 0.203945 15.899 25 0.999500 0.005

13 0.316690 11.498

the SGCM. As before, the external Kelvin waves were filtered out using the proce-

dure outlined in Section 4.1.2. The pre-processing produced time series of horizontal

velocities, square root of potential temperature and an ensemble-average profile of

surface pressure to be used as time-independent surface pressure during the analysed

period.

6.1.1 Oxford MGCM dataset climatology

The MGCM dataset covers a 90-sol interval from Ls = 267.7 ◦ (sol 511) to Ls = 323.2 ◦

(sol 601). Here Ls is called areocentric longitude and gives the position of the planet

in its orbit around the sun. Ls = 0, 90, 180, 270 ◦ correspond to the northern spring

equinox, summer solstice, autumn equinox and winter solstice, respectively. Thus,

the MGCM dataset corresponds to the autumn-winter transition in the northern

hemisphere. The simulation was carried out with background MGS dust loading, i.e.

an imposed dust loading that produces temperature profiles close to those observed

by the MGS spacecraft [91]. The time series was sampled every two hours to make an

ensemble of 1080 elements. The rather limited size of the MGCM dataset restricts the

EOF convergence. Since forcing in the MGCM is not axially symmetric, in this case

the well-converged EOFs are not restricted to belong to a single zonal wavenumber

subspace. Based on the results in Chapter 4, we expect to achieve convergence for

N ∼ O(10) EOFs.
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Figure 6.1: (a) Temporal and zonal average of temperature and potential temperature
(white contours), and (b) zonal wind and meridional mass transport streamfunction
(white contours): solid, dashed and dotted lines represent positive, negative and null
contours, respectively. The separation between contours is ∆χ = 129.2 kg/s3.

Zonal mean

Figure 6.1 shows the temporal and zonal average of temperature, potential tempera-

ture and zonal wind in the MGCM dataset. Figure 6.1(b) also shows the meridional

mass transport streamfunction χ defined, in sigma-coordinates, as (see e.g. [38])

psv = − 1

cosφ

∂χ

∂σ
, psσ̇ =

∂χ

∂y
, (6.1)

where (·) and dy = cosφdφ indicates zonal average, so that positive streamfunction

indicates counter-clockwise circulation.

Figure 6.1 presents an atmospheric structure similar to that presented in figure 4.3

for the SGCM dataset. As in that case, the atmosphere is stably stratified everywhere.

Moreover, the steep horizontal temperature gradient between the equator and the

north pole gives rise to a very strong winter westerly jet in the middle atmosphere

above the northern hemisphere, reaching speeds of 140 m/s in average. This jet is

accompanied by a weaker easterly jet above the equator. An important difference

with respect to the SGCM dataset appears in the temperature profile (figure 6.1(a)):

the so-called winter polar warming that takes place in the middle atmosphere between
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Figure 6.2: Thermal tides in the MGCM dataset as seen in (a) surface pressure (cf.
figure 5.9 in [91]), and (b) temperature at σ = 0.943 (approximate height z = 591m
above the planetary surface). Both figures correspond to an equatorial longitude
circle. Negative frequency indicates westward travelling waves.

50 and 80 km [91]. This phenomenon is related to the Hadley cell, which in Mars

extends up to 80 km above the surface and spans almost the whole planet [126, 36].

Notice again the strong asymmetry of the Martian solstice general circulation, which

contrasts with the nearly symmetric circulation found on the Earth. As explained in

Section 4.1.1, this is mainly due to the shorter radiative time scale as a result of the

absence of oceans [40].

Atmospheric tides

There are two important differences between the SGCM and the MGCM datasets:

the presence of diurnal and seasonal cycles and the inclusion of topography. For this

study, only the diurnal cycle and topography are relevant since the seasonal cycle is

not being considered due to the assumption of time-independent surface pressure.

The presence of the diurnal cycle gives rise to atmospheric tides. These are at-

mospheric motions whose characteristic periods are harmonics of the diurnal cycle.

They can be classified as sun-synchronous (migrating) and longitude-dependent (non-

migrating) tides. The most significant migrating tides are the diurnal and semidiurnal

tides (see, e.g. [127]).

The diurnal tide is a wave travelling westwards, characterised by a wavenumber

one and a period of 1 sol. The semidiurnal tide is also a westward travelling wave,

though it is characterised by a wavenumber two and a period of half a sol. While
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Figure 6.3: Thermal tides in the MGCM dataset as seen in temperature at the equator
and at σ = 0.943 (approximate height z = 591m above the planetary surface) after
the external Kelvin waves have been removed. Negative frequency indicates westward
travelling waves.

the diurnal tide is mainly the response of the atmosphere to surface heating, the

semidiurnal tide reflects the vertical radiative response of the atmosphere. Hence, the

activity of the semidiurnal tide has a central influence in the atmospheric response to

phenomena such as dust storms, when the vertical radiative properties are changed

due to the enhance presence of dust loadings [63].

Among the non-migrating tides, the diurnal Kelvin wave is one of the most im-

portant. This wave is characterised by a wavenumber one and a period of 1 sol but

travelling eastwards (see, e.g. [131, 35, 63]). It arises from the interaction between

the diurnal tide and topography dominated by a strong wavenumber-2 pattern [131].

Hence, it can only be simulated in a model which includes appropriate topographic

information (see [35, 91]). The interaction between the diurnal tide and topography

also gives rise to a westward propagating wavenumber-3 wave with a period of 1 sol.

Figure 6.2 is a graphical representation of atmospheric tides present in the MGCM

dataset as seen by two different fields. Figure 6.2(a) corresponds to surface pressure

(cf. figure 5.9 in [91]); figure 6.2(b) presents the same information as seen by the

temperature at an approximate height of 591 m above the planetary surface. These

figures show the tidal amplitude obtained by the double Fourier transform (in time

and longitude) of a surface pressure (or temperature) time series at the equator [91,

63].

The strongest signal in both fields corresponds to the diurnal cycle. The semidiur-

nal tide and the diurnal Kelvin wave are present in both fields as well as the westward

propagating diurnal wavenumber-3 wave arising from the interaction between diurnal
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Figure 6.4: Eigenvalues obtained from the POD of the Oxford Mars GCM.

tide and topography. However, these waves have different weight on each field. In the

surface pressure signal, the diurnal Kelvin wave is the second strongest followed by

the semidiurnal tide. In contrast, in the temperature field at the level of observation,

the semidiurnal mode is the second most significant followed by the westward prop-

agating diurnal wavenumber-3 wave. This is simply an indication of vertical tidal

structure.

Figure 6.3 is equivalent to figure 6.2(b) after external Kelvin waves have been

filtered. Apart from slight differences in the amplitudes these two figures are virtually

the same. These figures show that the action of filtering external Kelvin waves as a

consequence of the time-independent surface pressure assumption, does not affect the

atmospheric structure as far as the thermal tides are concerned.

6.2 Eigenspectrum

To begin with the POD analysis of the Oxford MGCM, we look at the empirical

eigenspectrum. Figure 6.4 shows the Oxford MGCM empirical eigenvalues for the

autumn-winter transition in the northern hemisphere. As expected, the first mode

contains by far most of the atmospheric TE on average, the energy content decreasing

as the EOF index increases. It is interesting to compare this figure with its equivalent

for the SGCM (figure 4.5). The first noticeable feature is that, unlike the SGCM

dynamics, the MGCM eigenspectrum splits into more well-defined groups of modes

of comparable energy content. Using the diagram in figure 6.4 and Fourier analysis, it
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Table 6.2: MGCM leading EOFs groups and characteristic periods. When doublets
and triplets in a pair or trio have different second periods, these appear in parentheses.

Group Type EOFs Leading Second
period (sol) period (sol)

1 single 1 seasonal (very weak) diurnal
2 single 2 seasonal (weak) diurnal
3 pair 3, 4 diurnal
4 pair 5, 6 3.6 3.2
5 pair 7, 8 4.5 4.1
6 pair 9, 10 semidiurnal
7 pair 11, 12 1.73 (10.0,1.83)
8 trio 13 to 15 1.63 (1.47,1.73,1,66)
9 pair 16, 17 10.0 (1.63,1.01)
10 pair 18, 19 1.01 0.99
11 single 20 12.8 8.2
12 pair 21, 22 1.80 1.70
13 pair 23, 24 4.7 (5.6,2.9)
14 single 25 7.5 10.0
15 pair 26, 27 1.12 1.38
16 continuous ≥ 28 various various

is possible to characterise and classify these groups according to energy and dominant

periods present in their corresponding principal components (PCs) time series. There

are at least sixteen groups as shown in Table 6.2. These can be formed by either one,

two or three modes. We can refer to the components of these groups as singlets,

doublets and triplets, respectively. The continuous tail starts with EOF28.

Singlets can be interpreted as standing waves. The first and second singlets carry

information about the seasonal trend. Since the models that will be constructed do

not consider the seasonal cycle, these features are not expected to be resolved by the

low-order models. When the seasonal trend is removed, the first and second singlets

reveal the influence of the diurnal cycle. The ratios PC1rms/λ
1/2
1 = 1.35 × 10−4 and

PC2rms/λ
1/2
2 = 1.23 × 10−1, where Xrms is the quadratic mean of X and λk is the

k-th empirical eigenvalue, show the relative significance of the diurnal cycle to each

of these modes. This influence is more noticeable in PC2 than in PC1.

As in the SGCM case, doublets represent travelling waves. There are two special

cases which are characterised by a single period. These are pairs 3 and 6, characterised

by a diurnal and semidiurnal period, respectively, which seems to indicate a relation

between these groups and the diurnal and semidiurnal tides. Other pairs can be
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Figure 6.5: Cumulative energy in the Oxford Mars GCM normalised without consid-
ering background energy (in blue), and without considering background and diurnal
heating energy (in red) with respect to TE in 1079 and 1076 EOFs, respectively.

classified by their secondary period. The second period can be either the same for

the pair or different for each member.

6.2.1 Energy accumulation over the EOFs

An interesting point of comparison between the SGCM and the MGCM is given by

the cumulative energy diagrams. Figure 6.5 shows the normalised cumulative eddy

TE for the MGCM for two cases: (i) after deletion of background energy and (ii)

after deletion of background and diurnal heating energy (associated with EOF3–4,

see Table 6.2 and Section 6.4). These cases were normalised with respect to average

eddy TE in 1079 and 1076 EOFs, respectively.

The first apparent characteristic is the rapid growth in the first modes reaching

80% with only 7 EOFs and 90% in 20 EOFs when no background energy is consid-

ered. This represents a marked contrast with the SGCM case where it was necessary

to retain at least 151 modes to explain 90% of the eddy TE in that dataset (see

figure 4.6). Even in the absence of diurnal modes (i.e. EOF3–4), it is only necessary

to retain 75 modes to explain 90% eddy TE. This fact might indicate that the region

of phase space where the MGCM evolves can be represented by fewer modes than

the phase space of the SGCM. This statement, might be true also for Mars itself.

This feature is due to the presence of the diurnal cycle which tends to accumulate

the energy in the first modes corresponding to diurnal motions.
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Figure 6.6: (a) Zonal average of temperature and (b) zonal velocity in the MGCM
EOF1 (both in arbitrary units). Positive horizontal velocity directed eastwards.

6.3 EOF1 and EOF2

As in the SGCM, EOF1 (figure 6.6) represents a background state, closely related to

the time average of the dataset. This can be seen by comparing figures 6.6 and 6.1.

The horizontal structure of EOF1 shows a clear topographic influence throughout the

vertical (figure 6.7).

EOF2 is a correction to the mean term. It also shows influence from topography,

specially in the southern hemisphere where two anti-cyclonic structures are located in

the regions of the Argyre Planitia (∼ 45 ◦W, 50 ◦S) and Hellas Planitia (∼ 60 ◦E, 40 ◦S)

(figure 6.8(a)). However, this influence is limited to the lower atmosphere (z < 20

km). Above this level a zonally symmetric component becomes more significant

(figure 6.8(b)).

6.4 Higher order EOFs and atmospheric motion

In this section, we shall identify some of the most important atmospheric motions to

the MGCM EOFs. The motions to be considered are atmospheric tides and transient

waves.

6.4.1 Diurnal tide

Group 3 is formed by EOF3 and EOF4, which share a similar structure. The cor-

responding coefficients also share a similar behaviour clearly showing the influence
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Figure 6.7: Longitude-latitude map at σ = 0.0403 (z =≃ 32.11 km) showing square
root of potential temperature in the MGCM EOF1. The arrows represent horizontal
velocity and solid and dashed white lines represent positive and negative topography,
respectively.

of the diurnal cycle. For example, we focus our attention on EOF3 (figure 6.9). It

is a zonal wavenumber-one wave, stronger in the southern hemisphere as expected,

since the original dataset corresponds to the transition from spring to summer in that

hemisphere [127]. The vertical structure of EOF3 has the expected behaviour as well

(cf. [127, 91]). The maximum amplitude is located near the surface with a vertically

propagating wavenumber-one wave above the equator. Away from the tropics the

wavenumber-one wave is vertically trapped in the lower atmosphere.

Despite the striking structural resemblance between EOF3–4 and the diurnal tide,

we must recall at this point that the POD is not explicitly designed to extract atmo-

spheric tides. Instead, the tidal modes are expected to appear distributed over more

than one EOF. This distribution was computed as the normalised time-average TE

in every POD mode after projecting the diurnal tide over the first 30 EOFs. Thus,

Ed
k =

1

Z

M
∑

j=1

[

adk(tj)
]2
, (6.2)

where adk(tj) = (φ(k), ψd(tj)) is the projection of the diurnal tide component ψd(tj)

over the k-th EOF at the discrete time tj = j∆t with ∆t = 1/12 sol, M is the number

of snapshots and Z =
∑N

k=1

∑M
j=1

[

adk(tj)
]2
, is a normalising factor with N = 30 as

the number of retained EOFs.

The tides were computed using an extended version of the method outlined by

Lewis and Barker in [63], which consists of a double Fourier transform in longitude
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Figure 6.8: Longitude-latitude map at (a) σ = 0.8312 (z ≃ 1.85 km) and (b) σ =
0.0403 (z =≃ 32.11 km) showing the square root of potential temperature in the
MGCM EOF2. The arrows represent horizontal velocity and solid and dashed white
lines represent positive and negative topography, respectively.
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Figure 6.9: Square root of potential temperature in MGCM EOF3: (a) Longitude-
latitude map at σ = 0.6 (z ≃ 5.09 km above the planetary surface) (the arrows repre-
sent horizontal velocity); (b) latitude-altitude section at λ = 36.6◦W, and longitude-
altitude sections (c) at the equator and (d) φ = 34.9◦S.

and time along every latitudinal circle and height. Keeping only the frequency n and

wavenumber s of interest, an inverse Fourier transform was applied to recover the tides

over physical grid points. This procedure was applied to two velocity components and

temperature. The tidal component in τ was computed as

τ ′ = −T + T

(

1 − T ′

PT2

)1/2

≃ T ′

2PT
, (6.3)

where T ′ is the temperature tidal component under analysis and T is the τ component

in the background state given by (4.14).

The decomposition of the diurnal tide (n = −1 sol−1 and s = 1) over the EOFs is

shown in figure 6.10. As expected, the pair EOF3–4 contains 96.6% of TE whereas
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Figure 6.10: Diurnal tide decomposition over 30 EOFs.

the next most energetic group, EOF18–EOF19, contains 1.2%. In conclusion, the

pair EOF3–4 is a good approximation to the diurnal tide in the reduced space. Al-

ternatively, we can say that the diurnal tide is the most energetic atmospheric mode

after the background state, in the dataset under analysis.

6.4.2 Semidiurnal tide

EOF9–EOF10 are zonal wavenumber-two waves (figure 6.11(a)). Like the semidiurnal

tide, which has a vertical wavelength > 100 km [132, 91], the pair EOF9–10 have a

long vertical wavelength (figure 6.11(b)). However, the semidiurnal tide (n = −2

sol−1 and s = 2) is not well represented by only one EOF pair. Performing the

same analysis as for the diurnal tide case, we find that Group 6 indeed explains 82%

of TE in the semidiurnal tide (figure 6.12). The second most energetic pair is the

pair EOF5–EOF6, which contains 14.9% of TE, which is still significant especially

since EOF5–6 are more energetic than EOF9–10 when the full atmospheric motion is

considered.

Indeed, the MGCM EOF5 power spectrum shows the signature of semidiurnal

motion (figure 6.13). However, this signature is weak compared with the already

reported maxima in these time series, namely 3.6 and 3.2 sols (cf. table 6.2). A similar

case is found when computing the distribution of the diurnal Kelvin wave, shown in

figure 6.14(a). These two cases reveal the nature of the EOFs as combinations of

waves that can be further separated by means of appropriate techniques. This topic

will be revisited in Section 6.4.4 where transient baroclinic waves are to be projected

onto the EOF basis.

As an additional comment to the decomposition of the diurnal and semidiurnal

tide, we must mention, for example, the case of pair EOF9-10 whose components
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Figure 6.11: Square root of potential temperature, in arbitrary units, in the MGCM
EOF9: (a) longitude-latitude map at the lower-most sigma-level and (b) longitude-
altitude section at 17.8◦N.

appear to contain different amounts of TE in the diurnal tide decomposition (fig-

ure 6.10). This feature indicates that a travelling wave of zonal wavenumber two,

with the characteristics given by EOF9-10, is not a component of the diurnal tide.

Therefore, these EOFs behave independently like two standing waves which, never-

theless, modulate the amplitude of the tide. Similarly, a zonal wavenumber-1 wave

with the characteristics given by the pair EOF4-3 is not a component of the semidiur-

nal tide. As a result, EOF3 and EOF4 exhibit different TE content in the semidiurnal

tide decomposition (figure 6.12).

6.4.3 Diurnal Kelvin and wavenumber-3 waves

As discussed in Section 6.1.1, the interaction between the diurnal tide and the topog-

raphy, dominated by a wavenumber-2 pattern, gives rise to two waves. The diurnal

Kelvin wave is a wavenumber-1 wave which propagates eastwards with period of 1

sol. The second wave that arises from the interaction diurnal tide-topography is a

wavenumber-3 wave which propagates westwards with period of 1 sol.

The decomposition of the diurnal Kelvin wave (n = 1 sol−1 and s = 1) is shown

in figure 6.14(a). The best representation of this wave is given by group 5 (EOF7-

EOF8). However, this group only explains 60% of TE in this wave. The rest is

distributed over various modes without clear localised energy peaks.

The diurnal wavenumber-3 wave (n = −1 sol−1 and s = 3), on the other hand,

is distributed among a larger number of EOFs that include the pairs EOF3–4 and
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Figure 6.12: Semidiurnal tide decomposition over 30 EOFs.

EOF18–19, already identified with a period of 1 sol. There are other individual EOFs

such as EOF12, 13 and 15, that contribute to the representation of this wave. The

additional comments given at the end of Section 6.4.2 are equally valid for these

individual EOFs. The incomplete appearance of pair EOF11-12 and trio EOF13-

15 is due to the fact that the travelling waves represented by these groups are not

integral part of the diurnal wavenumber-3 wave: only individual components appear

in its decomposition modulating its intensity.

6.4.4 Transient waves

Generally, transient waves arise as a consequence of a combination of barotropic

and baroclinic instabilities and, as for the Earth, they are responsible for the energy

transport polewards from the equator. These waves are not characterised by a definite

wavenumber or period. Hence, the separation of these waves by means of double

Fourier transform in space and time is not as clear as in the case of tidal components.
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Figure 6.13: MGCM EOF5 power spectrum and the contribution of the semidiurnal
tide (red square at 0.5 sol).
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Figure 6.14: Distribution over 30 EOFs of (a) the diurnal Kelvin wave and (b) west-
ward propagating diurnal wavenumber-3 wave.

Figure 6.15 shows an attempt to extract transient waves from the MGCM dataset by

subtracting the tides from the complete fields. From this figure we can see that the

most important contribution comes from EOF5-6. EOF7–8, 11–12, 13–15 for a set of

secondary contributory EOFs to the transient-wave representation.

EOF5–6, with a leading period of 3.6 sol and a second common period of 3.2 sol is

an example of an EOF group with a single secondary period. This group is constituted

by disturbances that resemble baroclinic waves. These waves were expected since the

season under analysis correspond to an active period of baroclinic activity (typically

from late autumn to early spring in each hemisphere [91]) Figure 6.16 shows contours

of sigma-velocity and superimposed vectors of horizontal velocity. Recalling that

w ∝ −σ̇, it can be seen that air masses moving northwards go upwards whereas air

masses moving towards the equator go downwards. This structure is maintained from

the surface to an altitude of about 40 km. However, the thermal wave extends to

higher altitudes (figure 6.17). As we have seen in Section 6.4.2, the structure that
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Figure 6.15: Distribution of transient waves over 30 EOFs.
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Figure 6.16: MGCM EOF5 sigma-velocity contours on a longitude-latitude map at
z ≃ 32.1 km. The arrows represent horizontal velocity.

rises into higher altitudes is in fact part of the semidiurnal wave that appears as a

secondary component of EOF5-6.

Figure 6.18 shows a longitude-latitude map and a longitude-vertical section of

EOF7 as a representative of the pair EOF7–8. This pair consists of a wavenumber-1

travelling wave with characteristics of a baroclinic wave located around 70◦N . In fact,

the structure of this wave is similar to that of the pair EOF3–4. The sloping convective

structure is maintained up to an altitude of 30 km whereas the thermal wave reaches

heights up to 60 km although it reaches higher altitudes at higher latitudes (almost

70 km at around 80◦N ).

The pair EOF11-12 is an example of a pair in which each component has its

own secondary frequency. Both of them exhibit sloping convection near the surface

(figure 6.19). However, these two modes have very different structures. The surface

wave in EOF11 seems to have a dominant zonal wavenumber two whereas the wave

in EOF12 has a dominant zonal wavenumber three extending up to around 40 km.
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Figure 6.17: Longitude-altitude sections at φ = 64.3 ◦N showing (a) sigma-velocity
and (b) square root of potential temperature in MGCM EOF5.

Figure 6.20 shows these two modes at two different heights. From this point of

view, the wave in EOF11 appears as a wave with dominant zonal wavenumber one

restricted to higher latitudes in the northern hemisphere. In turn, EOF12 appears to

have the structure of a zonal wavenumber-3 wave near the surface, although this is

lost at around z ≃ 30 km, constraining baroclinic wave-like structures to the lower

atmosphere, where horizontal temperature gradients are stronger.

Each component in EOF13-15 has its own secondary period. Figure 6.21 shows

longitude-latitude maps of τ in these three modes at two different altitudes. Near the

surface, all of them exhibit a zonal wavenumber-3 wave structure. These waves can

be associated with sloping convection and, therefore, these modes can be identified

with baroclinic waves. However, around z ≃ 30 km this structure is lost in EOF14

and 15 to give place to zonal wavenumber-one waves in both modes. EOF13 reaches

around 40 km keeping the wavenumber-3 structure.

As we can see from these examples, EOF groups with more than one secondary

period have a very complex structure and rather than interpreting them as individual

travelling waves they must be thought of mixtures of waves that modulate the general

circulation. In fact, this same statement is strictly valid for any other EOF group

but, as we have seen before, when all the components in a group are defined by the

same periods (leading and secondary), its characterisation becomes simpler.
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Figure 6.18: (a) Longitude-latitude map at z ≃ 32.1 km, and (b) longitude-altitude
section at φ = 70.2 ◦N of the square root of potential temperature in MGCM EOF7.

6.5 Further remarks

The various atmospheric motions present in the MGCM dataset are much richer than

their counterparts for the SGCM. This variety is fundamentally due to the inclusion

of topography and the diurnal cycle. Accordingly, the EOFs extracted from the POD

of the MGCM dataset exhibit an enhanced richness in structure when compared with

the SGCM (cf. Section 4.4).

Through the identification of the first EOFs with the atmospheric modes repre-

sented by them, we have reached a clearer physical interpretation of the EOFs not

only as the most energetic atmospheric modes but also as actual representatives of

those atmospheric motions that have been identified as primary driving components

of the general circulation on that planet, namely thermal tides and transient waves

(see e.g. [91]).

This work is comparable, though not directly, to the work by Mart́ınez-Alvarado et

al. [74]. Following the analysis by Whitehouse et al. [124] on the SGCM, Mart́ınez-

Alvarado et al. [74] carried out a decomposition of the same MGCM dataset in

vertical and horizontal modes, using the QG vertical structure equation, respectively.

The norm employed in the POD was a TE-norm, though it was defined as the sum

of KE and APE, rather than total PE, as it is in the present study. Despite these

differences in the method, the results are similar, especially when considering the

structure of the first modes. In [74], EOF1 and EOF2 are characterised by a diurnal

period corresponding to EOF3 and EOF4 in the present thesis. Furthermore, EOF3

and EOF4 mainly correspond to transient waves as EOF5 and EOF6 do in this work.
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Figure 6.19: Sigma-velocity longitude-altitude sections at φ = 70.2 ◦N in MGCM (a)
EOF11 and (b) EOF12.

The apparent shift in order is simply due to the fact that in [74] the fields were

separated in zonal (axisymmetric) and eddy parts.

It is appropriate here to point out that these modes are not expected to be in-

variant with respect to the dataset used in their derivation. Instead, a different set of

EOFs is likely to be extracted from a different dataset corresponding not only to dif-

ferent seasons but also to the same period over different conditions, for example, under

different dust loadings or at different sampling rate. In fact, changing the sampling

rate would change the Nyquist frequency, i.e. the maximum resolvable frequency to

avoid aliasing. As a result, the range of frequencies captured by the EOFs. Depend-

ing on the length of the time series and the actual value of the Nyquist frequency,

the resolution of the PCs evolution might also be affected.

This constraint can possibly be relaxed by including as many and as varied snap-

shots in the original dataset from where the EOFs are to be obtained. However,

a dynamical model derived from a given set of EOFs and, therefore from a given

dataset, can be expected to reproduce not only that particular dataset but interme-

diate states as there is no restriction on the coefficients (PCs). This effectively means

that, for example, the intermediate states between two given ensemble elements can

be interpolated as to obtain an accurate approximation.

Another operation that could lead to the production of a different set of EOFs

can be, for example, data assimilation. Nevertheless, this might be advantageous if

the analyses rather than the background states1 are considered the elements of the

1In the data assimilation jargon, the background state is the initial conditions first guess whereas
the analysis is the best initial obtained after data assimilation.
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Figure 6.20: Longitude-latitude maps of square root of potential temperature, in
arbitrary units, at σ = 0.3167 (z ≃ 11.5 km) (left column) and σ = 0.0403 (z ≃ 32.1
km) (right column) for MGCM (a) EOF11 and (b) EOF12.

source ensemble on which to perform the POD. The reason for this would be that the

analyses are expected to lie or, at least, be close to the slow manifold.

6.6 Summary

In this chapter we have extracted the most energetic atmospheric modes in the MGCM

dataset by means of the POD. As for the SGCM dataset, we have also found the

eigenvalues (related to TE content) of the MGCM. The cumulative energy in this

model appears to grow more rapidly than its counterpart for the SGCM. This can be

explained by the strong energy content posed on the first EOFs, directly forced by

the diurnal cycle. This result seems further to support the hypothesis that motivated

this work: that the atmospheric dynamics of Mars lies essentially on a phase space
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Figure 6.21: Contours of square root of potential temperature in MGCM (a) EOF13,
(b) EOF14 and (c) EOF15 at σ = 0.8312 (z ≃ 1.9 km) (left column) and σ = 0.0403
(z ≃ 32.1 km) (right column).
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of low-dimension, especially when compared to the Earth.

The EOFs produced by the POD over the MGCM dataset were classified by their

energy contents, three-dimensional structure and Fourier spectra. This procedure

allowed their identification with important atmospheric motions such as tides and

transient baroclinic waves. The EOFs and their classification will be used in Chapter 7

in order to produce low-order models of the MGCM in the same manner as we did in

Chapter 5 regarding the SGCM.



Chapter 7

Reduced-order models of the

MGCM

In Chapter 7, we shall project the primitive equation onto the span of the leading

EOFs, derived in Chapter 6, in order to construct low-order models of the MGCM.

The development of low-order models of the MGCM presents different challenges

from those found in the SGCM case. First, the forcing in the source model is a rather

complicated mixture of parameterisations to emulate relevant physical processes. Sec-

ondly, the large scale Martian topographic structures gives rise to important charac-

teristics of the general circulation (cf. Section 6.1.1).

After introducing an appropriate forcing for the MGCM reduced models, we shall

assess their behaviour by direct comparison with the original MGCM dataset. By

analysing a variety of reduced models we shall find indications of essential interactions

between modes. This will be further confirmed by carrying out numerical experiments

where the influence of the diurnal cycle is investigated. These experiments will lead

to significant conclusions regarding the nature of certain interactions between tidal

and baroclinic modes.

7.1 MGCM vs SGCM: a more realistic Mars

7.1.1 Forcing and physical parameterisations

Considering that the physical parameterisation represents 90% of the computing time

used in the integration of a GCM, including such a complex set of implicit parameters

would go against the spirit of a low-order model, at least, at this stage. For this reason,

Newtonian cooling and Rayleigh friction were used as a first approach.
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Figure 7.1: Restoration temperature T∗ (left column) and corresponding restoration
state τ∗ (right column) for different times of the day at an approximate height of 174
m. Solid and dashed lines represent positive and negative topography, respectively.
(MTC = Mars Time Coordinate)
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The diurnal cycle was emulated by relaxing the atmosphere towards a periodic

state with period 1 sol. This was constructed by averaging temperature in the original

time series for each available sol fraction (recall that the original time series is sampled

every 2 Martian hours, i.e. there are 12 samples/sol). Mathematically it can be

written as

T∗(x, tj) =
n

M

M/n
∑

d=1

T (x, d + tj), (7.1)

where M is the number of snapshots in the time series, n is the number of snapshots

in 1 sol, x represents spatial coordinates and tj = j/n for j = 0, 1, 2, . . . , n− 1 is sol

fraction. In this case n = 12, so that the restoration temperature was sampled every

two Martian hours. The actual relaxation state used in the model was

τ∗(x, t) = (σps(x))−κ/2
√

T∗(x, t (mod1)), (7.2)

so that (5.16) and (5.17) were used to compute forcing using the same relaxation

times as for the SGCM case. These relaxation times lie in the interval thought to be

appropriate for Mars [26, 50], though a more extensive analysis would be required to

determined the sensitivity of reduced models to these parameters.

The modulo operator (mod) in (7.2) is necessary to make τ∗ periodic with the

required period of 1. Note that in this case, the restoration temperature is not zonally

symmetric but fully dependent on the three spatial variables. This is necessary to

get realistic models of Mars not only because of the diurnal cycle signal but also

because of the huge Martian topography that generates a considerable longitudinal

temperature difference that remains at any time between high volcanoes and deep

basins as shown in figure 7.1.

7.1.2 Topography

Topography enters the equations of motion through the surface geopotential Φs in the

pressure gradient term in (5.1). However, as was pointed out by Achatz and Opsteegh

[3], filtering external Kelvin waves out, through the process described in 5.1, would

leave Φs out from the equations (since Φs only appears under the gradient operation

and the filtering process involves taking the curl of the horizontal component of

the equations of motion). Therefore, the topography must be included indirectly

by means of the time-independent surface pressure, as it is done in [3]. The time-

independent surface pressure is taken as the average of surface pressure throughout

the MGCM dataset, containing the topographic signal.
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7.2 POD-Galerkin models of the MGCM

7.2.1 Angles and relative norms

We begin the study of POD-Galerkin models of the MGCM by looking at the mean

angular deviation and the relative norm. The mean angular deviation is presented

without projecting it onto the EOF1 subspace since, like in the MGCM case, this

would only show that a nearly constant phase difference between the full model and

its reduced counterpart is present for every reduced model. Figure 7.2(a) shows the

comparison of eleven reduced models corresponding to different truncation orders. It

is equivalent to figure 5.3 for the SGCM, where a similar behaviour can be observed.

There are some models that remain close to the original time series for longer time

intervals. As before, there is no clear tendency as the number of retained EOFs

increases. Instead, after a maximum in angular deviation, a minimum may follow

and after a large angular deviation we may find a sudden fall. Perhaps the best

example of this phenomenon is found between N = 13 and N = 14 where, after

reaching more than 3 ◦, the deviation decreases to β(t = 90 sol) ≃ 1.5 ◦. This is

shown in figure 7.2(b) where β is plotted as a function of truncation order at t = 90

sol. According to this figure, the best models appear to be those based on 4, 6, 7, 11

and 14 EOFs. Notice that the 2-EOF model yields the smallest angular deviation.

Nevertheless, this is a trivial model unable to reproduce any travelling wave motion,

a characteristic that can be made extensive to the 3-EOF model.

Figure 7.3 shows results regarding the relative norm after projecting onto the

EOF1 subspace. The time mean relative norm deviation after 90 sols is shown in

figure 7.3(a) (recall that a relative norm of unity is what we are aiming at). The

corresponding standard deviation is shown in figure 7.3(b). The agreement between

these two figures is fairly satisfactory. The large deviations in the relative norm time

mean and the standard deviation at N = 3 is not surprising since this model is

unable to capture any wave motion potentially present in the atmosphere. Apart

from this case, in both figures the models based on 10 and 13 EOFs exhibit the worse

behaviour. This fact is clearer in the plot of the time mean relative norm deviation. In

the MGCM case, we can draw no conclusion regarding the statistical convergence of

the modes since there is no clear separation between low-order converged and higher

order non-converged modes as we found in the MGCM. Although some disagreement

may arise as what model shows the best behaviour, we notice that figure 7.3(a) closely

resembles figure 7.2(b) (for N > 3). In particular, we notice that there is no clear

tendency in the accuracy of the reduced models as more EOFs are retained. Similar
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Figure 7.2: Mean angular deviation, defined by (5.18), in MGCM reduced models for
different truncation orders (a) as a function of time and (b) at t = 90 sol.

information can be extracted from figure 7.3(b).

7.2.2 A physical point of view

Let us look at these results from a more physical point of view. The frames in figure 7.4

show zonal mean temperature, zonal wind and mean meridional streamfunction aver-

aged over the whole time interval under analysis for five different low-order models in

comparison with the original dataset. The results depicted in figure 7.4 correspond to

those models that exhibited the best behaviour in terms of mean angular deviation,

namely 4-, 6-, 7-, 11- and 14-EOF models (cf. figure 7.2(b)).

Despite subtle discrepancies, all of them look structurally similar. This structure

corresponds to what is expected for early northern winter: a steep horizontal tem-

perature gradient near the surface in the winter hemisphere, a middle-atmosphere

winter westerly jet, a weaker easterly jet above the tropics and winter polar warming

(cf. 6.1.1).

The differences between original and reduced model depend on the truncation

order. For instance, 4-EOF model predicts stronger winds and hot temperatures

going up to higher altitudes than the source model. In contrast, higher truncation

models show weaker easterly jets. The predicted meridional circulation is weaker as

well. As a result, the predicted Hadley cells appear to extend to lower altitudes while
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Figure 7.3: Relative norm for different MGCM-based reduced models: (a) deviation
of temporal mean from unity, and (b) standard deviation. The background state
(EOF1) has been removed.

the westerly winter jet shows about the same strength as in the MGCM dataset.

7.3 Evolution of EOF groups

Despite the slight discrepancies between models, the five models described in the pre-

vious section seem to behave very well in terms of zonal and time averages. However,

when looking at the individual evolution of EOF coefficients, more fundamental dif-

ferences are to be found. Figures 7.5–7.8 show the evolution of various EOF groups

as they appear in the MGCM dataset and as predicted by different reduced models

for integrations of 90 sols (the length of the MGCM dataset).

The first group to be analysed in this manner is the pair EOF3–4, dominated by

a period of P = 1 sol. This pair represents the diurnal tide and a certain proportion

of the diurnal Kelvin and wavenumber-3 waves (see Section 6.4). In the original

dataset, EOF3–4 displays an almost constant amplitude which slowly decays as a

result of the seasonal cycle (figure 7.5(a)). Despite including the two components of

this group, namely EOF3 and EOF4, a 4-EOF model is definitely bad at reproducing

its behaviour (figure 7.5(b)). The amplitude predicted by this model rapidly decays

to a nearly constant value which represents around 7.5% of the observed value.

The 10-, 12- and 13-EOF models (not shown) start oscillating around zero but

later on drift away. This is the reason of the large angular deviations of these models,

shown in figure 7.2. The 15-EOF model shows a distinctive behaviour as it grows

steadily so that its amplitude becomes twice as large as the amplitude of the original
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Figure 7.4: Time-averaged zonal mean temperature (colour), zonal wind (white) and
mean meridional transport streamfunction (black). Solid lines represent positive val-
ues whereas dashed lines represent negative values. Dotted lines represent null con-
tours. The gaps between contours are ∆u = 27 m/s and ∆χ = 129 kg/s3.
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time series in 70 sols. Afterwards, the amplitude decays so that at the end of the

test interval (90 sols), it is 50% larger than the original (figure 7.5(f)). The rest of

the models display a rapid decay for about 15 sols that leads to a nearly constant

amplitude 25% smaller than the original (see, for example, figure 7.5(c)-(e)), which

still can be considered as a good approximation.

The pair EOF5–6 is the most energetic representative of transient waves and

explains 14.9% of TE in the semidiurnal tide (cf. Section 6.4). This pair has a

dominant period of P1 = 3.6 and a secondary period of P2 = 3.2 which results in

a beat-like behaviour, as can be seen in figure 7.6(a). This behaviour is not fully

reproduced by any of the studied models. However, the power spectrum closely

resemble the original for models with N > 5 (see, Section 7.3.1 below). Thus, the

dissimilarities lie on the predicted amplitudes, which in most reduced models tend

to be larger than expected (see, for example, figure 7.6(c)-(e)). The 7- and 15-EOF

models are exceptions in this respect since both show amplitudes in the same order

of magnitude as the original. In contrast, the 12- and 13-EOF models (not shown)

predict amplitudes 300 and 1000% larger than the MGCM dataset.

A similar case is found in the pair EOF7–8. It also represents transient waves and,

together with EOF3–4, part of the diurnal Kelvin wave (cf. Section 6.4). This pair,

with principal and secondary periods of P1 = 4.5 and P2 = 4.1, respectively, also

shows a beat-like behaviour (figure 7.7(a)). As in the EOF5–6 case, most reduced

models overestimate the amplitude of EOF7–8. In fact, only the 11- and 15-EOF

models predict the correct amplitude and principal period in average (figure 7.7).

However, even these two models fail at predicting beating.

Finally, simulations of the pair EOF9–10, representative of the semidiurnal tide

are shown in figure 7.8. In this case, every analysed model exhibits a rapid amplitude

shrinking so that in less than 5 sols the amplitude is 30% the size of the amplitude in

the MGCM. The only exception is the 15-EOF model which, after a rapid decay in

the first five sols, grows as to reach a size in the order of the original (figure 7.8(d)).

A possible way to improve the behaviour of the MGCM reduced models is the use

of a time-dependent parameterisation of unresolved modes [3]. This idea was tried

out by using periodic parameterisation schemes with period of 1 sol. However, the

smallness of the MGCM dataset did not allow a smooth scheme. As a result, the

irregularity introduced in the system was so large that it prevented the attainment

of better results with respect to those just presented. Most of the models produced

unbounded solutions. Those that were successfully integrated showed enhanced irreg-

ularity which, in comparison to the version with time-independent parameterisation,
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Figure 7.5: Evolution of the pair EOF3–4 as viewed from the (a) original MGCM
dataset, and (b) 4-EOF, (c) 8-EOF, (d) 11-EOF, (e) 14-EOF and (f) 15-EOF models.
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Figure 7.6: Evolution of the pair EOF5–6 as viewed from the (a) original MGCM
dataset, and (b) 7-EOF, (c) 8-EOF, (d) 11-EOF, (e) 14-EOF and (f) 15-EOF models.



CHAPTER 7. REDUCED-ORDER MODELS OF THE MGCM 122

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(a) Original dataset

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(b) 8-EOF

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(c) 9-EOF

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(d) 11-EOF

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(e) 14-EOF

0
20

40
60

80

−0.1
−0.05
0

0.05
0.1

−0.1

−0.05

0

0.05

0.1

0.15

Time (sols)PC7

P
C

8

(f) 15-EOF

Figure 7.7: Evolution of the pair EOF7–8 as viewed from the (a) original MGCM
dataset, and (b) 8-EOF, (c) 9-EOF, (d) 11-EOF, (e) 14-EOF and (f) 15-EOF models.
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Figure 7.8: Evolution of the pair EOF9–10 as viewed from the (a) original MGCM
dataset, and (b) 11-EOF, (c) 14-EOF and (d) 15-EOF models.

could not be considered as an improvement.

7.3.1 Fourier analysis

Figure 7.9(a) shows the Fourier transform amplitude of the principal component cor-

responding to EOF3 as it appears in the original dataset and after simulations using

3-, 4- and 5-EOF reduced models. As we have seen in Section 6.4, EOF3 and 4

constitute the most representative pair for the diurnal tide. A 3-EOF model, which

considers EOF4 as an unresolved mode, produces a bad approximation to the Fourier

spectrum of the original time series, overestimating amplitudes at every frequency.

More importantly, this model fails to predict a peak at 1 cycle/sol, characteristic

frequency of the diurnal tide.
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A 4-EOF model displays a peak at that frequency (1 cycle/sol). However, it

also fails at predicting the first peak at 0.28 cycles/sol (corresponding to a period

of 3.57 sol). Instead, the coefficient predicted by the reduced model exhibits a peak

at a slightly higher frequency of 0.44 cycles/sol (corresponding to a period of 2.27

sol). The same behaviour is found in PC4 when four EOFs are included as shown in

figure 7.9(b).

A 5-EOF model produces a better approximation to the Fourier spectrum of these

to coefficients (PC3 and PC4). However, it fails at producing the correct spectrum

for PC5 (figure 7.9(c)). Finally, the inclusion of six EOFs predicts the correct spec-

trum for the three PCs under examination (PC3, PC4 and PC5), producing a good

approximation to PC6 Fourier spectrum as well (figure 7.9(d)).

A similar explanation can be given for the case depicted in figure 7.2(b) where,

after a very high angular deviation between the original time series and that predicted

by a 13-EOF model, there is a minimum corresponding to a truncation order of 14.

The frames in figure 7.10 show a comparison between the original Fourier spectra of

PC11-14 and those obtained using reduced-order models at different truncation or-

ders. These frames make clear that, although the inclusion of 11 and 12 EOF yields

a good approximation to the original spectrum, a 13-EOF model fails at predicting

a realistic spectrum overestimating amplitudes at every frequency. Including four-

teen EOFs produces a good approximation again inducing the minimum in angular

deviation observed in figure 7.2(b).

In summary, both the evolution of the modes in phase space and Fourier analysis

show that the modelling of a given mode (an EOF group) using a reduced-order model

depends on the inclusion not only of all the components in that particular group (for

example, EOF3 and 4, in the case of the diurnal tide) but also of all the modes that

have a significant influence on the group of interest. Moreover, it was shown that

the increase in truncation order does not necessarily imply a better approximation to

the original system’s behaviour and care must be taken when choosing the number

of modes in the construction of a reduced-model.

7.4 Tidal perturbations and chaos

The title of this section was taken from [91], where we find the description of two

related numerical experiments carried by means of the Oxford MGCM. These experi-

ments were briefly described in Section 1.1.1. They were related to the meteorological

information retrieved by the two Viking Landers (VL) sent on mission to Mars in 1975,
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Figure 7.9: Fourier transform amplitude of the principal components (a) PC3, (b)
PC4, (c) PC5 and (d) PC6 in the original MGCM dataset in comparison with simu-
lations using different reduced-models.
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Figure 7.10: Fourier spectrum of the principal components (a) PC11, (b) PC12, (c)
PC13 (d) PC14 in the original MGCM dataset in comparison with simulations using
different reduced-models.
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landing on Mars in 1976. The measurements of surface pressure showed for the first

time the annual oscillation of this variable mainly due to the mass exchange between

the polar caps and the atmosphere during the sublimation and condensation seasons.

These measurements also led to the first real evidence of baroclinic activity on Mars

[91]. The landing sites of these two spacecrafts were located at 22.5◦N for VL1 and

48◦N for VL2. This information was useful to infer that the detected wave activity

took place at mid-latitudes during winter in the northern hemisphere [14].

The numerical experiments using the MGCM consisted of two 9-Martian year

simulations [27]. Both simulations were carried out under identical conditions, the

only difference being the presence of the diurnal cycle. Thus, in the first experiment

no diurnal cycle was included whereas, in the second, this cycle was put back into

the model [27].

Both simulations were able to reproduce broadly the main features of the surface

pressure cycle (see figures 5 and 8 in [27]). Thus, the differences between these

simulations laid in the sort of waves predicted by each model. In particular, the

model with diurnal cycle showed the predominance of the diurnal and semidiurnal

thermal tides during summer and early autumn in the northern hemisphere. The

model with no diurnal cycle did not show oscillations during those seasons. This

result was expected since the diurnal cycle was not present to force the activity of

thermal tides.

The most striking findings appeared from late autumn to early spring. During

this interval both models produced baroclinic waves in accordance with what had

been observed in Mars [14, 15] and in previous MGCM simulations [16]. However,

the waves displayed very distinctive features in each simulation. The simulations

with no diurnal cycle produced two kinds of wave, a high-frequency wave with an

approximate period of 2.2 sols and a low-frequency wave with an approximate period

of 5.5 sols. High-frequency waves were associated with zonal wavenumber 2 whereas

low-frequency waves were related to zonal wavenumber 1. There were two out of eight

Martian years in the simulation that exhibited high-frequency waves during the whole

winter season. The rest displayed high-frequency waves at the beginning, switching

later into low-frequency motion.

A different picture was obtained from the simulation with diurnal cycle. In this

case, the output from the simulation exhibited a more irregular signal with similar

characteristics to the measurements from VL2. This signal was apparently still dom-

inated by two periodic states with wave numbers 1 and 2 characterised by low and

high frequencies, respectively. However, in this case the system did not remain in
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either of these states. Instead, it seemed to switch randomly between them. Since

the only difference between these two simulations was the presence of the diurnal

cycle, these results suggest that this cycle acts like a perturbation making the system

continually switch between two coexisting oscillatory equilibria.

The second objective of this thesis was to investigate the possibility of dynam-

ical interactions between the EOFs so that the large-scale atmospheric motion is

reproduced up to, at least, certain level of approximation. One consequence of this

statement is the possibility of analysing the interaction between atmospheric modes

by means of reduced-order models. The MGCM numerical experiments just described

provide an interesting framework to test this possibility.

7.4.1 14-EOF model

We have chosen the 14-EOF model because it includes the atmospheric motions of

interest. In particular, it includes the diurnal (EOF3–4) and semidiurnal (EOF9–10

and EOF5–6) tides, the diurnal Kelvin wave (EOF3–4 and EOF 7–8), the diurnal

wavenumber-3 wave (EOF3–4). Moreover, baroclinic modes with the appropriate

zonal wavenumber are also present in this model. This waves are represented by the

pair EOF5–6, which produces a zonal wavenumber-2 northern wave, and EOF7–8,

which yields a zonal wavenumber-1 wave.

Another important characteristic of this model is the fact that it shows good ap-

proximation with respect to the original MGCM dataset regarding angular deviation

and relative norms (cf. Section 7.2.1). When looking at the detailed behaviour of indi-

vidual PCs, the evolution produced by this model is not worse than other models. The

evolution of PC2–3, strongly dominated by the diurnal tide, is fairly well reproduced.

Although the rest of the PCs display inaccurate amplitudes (see figures 7.6-7.8), the

power spectra for most PCs are approximately correct. This is shown in figure 7.11,

where we can see that the spectra of PC3 to PC10 are well reproduced apart from

discrepancies at frequencies higher than 2 cycles/sol. The power in these frequencies

is always underestimated although there are two notable exceptions: in PC6 it is

overestimated while in PC5 the power spectrum is very accurately reproduced. The

power at high frequencies in higher order modes is overestimated by this model as

shown in figure 7.10.

The spectra of PC9 and P10 show higher power at frequencies between f = 1.5

and f = 2 cycles per sol. This is similar to what was observed in PC3 and PC4

in models based in less than five EOFs (see Section 7.3.1). Hence, it can be caused
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Figure 7.11: Fourier spectrum of the principal components (a) PC3, (b) PC4, (c) PC5
(d) PC6, (e) PC7, (f) PC8, (g) PC9 and (d) PC10 in the original MGCM dataset (in
blue) in comparison with simulations using the 14-EOF models (in red).
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Figure 7.12: Conjugate evolution of the pairs (a) EOF3–4 (blue) and EOF5–6 (red),
and (b) EOF7–8 (blue) and EOF9–10 (red) in the 14-EOF model with diurnal cycle.

by the lack of interaction with higher order modes that would need to be explicitly

resolved.

7.4.2 Simulation with diurnal cycle

To perform the simulation with diurnal cycle, the 14-EOF model was integrated

during 160 sols. the initial conditions were taken to be the projection of the twentieth

element in the MGCM dataset onto the 14-EOF space. The first ten sols have been

discarded to eliminate a short transient period. The radiative forcing in this model

consisted of Newtonian cooling relaxed to a periodic relaxation state with period

P = 1 sol and friction in the PBL was modelled by means of Rayleigh friction as

described in Section 7.1. The relaxation times were the same as those in that section

as well.

The results of this simulation are shown in figure 7.12. Figure 7.12(a) shows the

evolution of the diurnal mode and the pair EOF5–6. It is evident in this figure the

predominance of the diurnal cycle although the baroclinic pair becomes stronger dur-

ing certain periods. Figure 7.12(b) shows the semidiurnal mode and the pair EOF7–8

in the second. In this case, the semidiurnal mode is weaker than the baroclinic mode

EOF7–8 throughout the interval under analysis. At this point we must recall that the

amplitude of the semidiurnal mode is underestimated by the 14-EOF model. How-

ever, its magnitude was still expected to be lower than that of the baroclinic mode

EOF7–8 since the latter is associated with more energetic EOFs.
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Figure 7.13: Conjugate evolution of (a) EOF3–4 (blue) and EOF5–6 (red), and (b)
EOF7–8 (blue) and EOF9–10 (red) in the 14-EOF model with no diurnal cycle.

7.4.3 Simulation with no diurnal cycle

The relaxation state used in the simulation with no diurnal cycle was derived from

the diurnal average of (7.1). Therefore, this state was time-independent. However,

the longitude dependence remained in order to include the signal imposed by the

topography. The Newtonian cooling scheme was parameterised by the same value

for the relaxation time as for the case including diurnal cycle. As in that case,

Rayleigh friction was used in order to model frictional forces in the PBL with the

same relaxation times. The model was initialised to identical initial conditions as

for the case with diurnal cycle. However, it was necessary to discard a much longer

interval of 450 sols in order to eliminate transients. This is not surprising if we

consider that the projection of any element of the MGCM dataset is not expected

to lie on the climate attractor under the new conditions imposed by the lack of the

diurnal cycle.

Figure 7.13 shows the results of this simulation. It shows the same information

as in figure 7.12 but for the case with no diurnal cycle. The difference between these

two figures is evident. As expected, the diurnal mode (EOF3–4) decays becoming

a weak signal in comparison with the baroclinic mode EOF5–6, while this pair dis-

plays a much more regular behaviour (figure 7.13(a)). A similar situation is found

in figure 7.13(b), where the baroclinic mode EOF7–8 has become more regular. The

semidiurnal mode displays an amplitude of comparable size to the case with diurnal

cycle. However, the ratio of between the amplitudes of EOF7–8 and the semidiurnal

mode has increased in average.
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7.4.4 Influence of the diurnal cycle

Figure 7.14 is a comparison between the Fourier spectrum produced by both simula-

tions. The first difference is the absence of strong diurnal signals in the simulation

with no diurnal cycle. Again, this result is not surprising since there the diurnal cycle

is not exciting these modes. A more interesting result is the quasi-invariance that

the spectra show at low frequencies. Indeed, every mode contains the same power

at low frequencies in both simulations although the frequency where the spectra di-

verge varies from mode to mode. For example, the spectra corresponding to PC3

(and PC4) remains close up to a frequency of f = 0.5 cycle/sol whereas the spectra

corresponding to PC5 (and PC6) remain similar up to f = 1 cycle/sol.

At high frequencies, the spectra displayed by the simulation lacking diurnal forcing

seem to contain less energy than their counterparts with diurnal cycle. This suggests

that this cycle is not only responsible for the excitation of tidal modes but also of

every mode with a period shorter than 1 sol. There are two exceptions given by PC7

and PC8, which show higher power at high frequencies.

The effect of the lack of tides is the isolated excitation of low frequencies in the

diurnal pair EOF3–4 (figures 7.14(a) and (b)). This excitation is due to the presence

of baroclinic waves. This is in agreement with the results in Section 7.3.1, where we

found that including EOF5–6 in a reduced model was necessary to obtain the correct

behaviour of PC3 and PC4 at low frequencies. Here, it is made apparent by the fact

that both coefficients oscillate in phase after the transient period has decayed as can

be seen in figure 7.15(a). We can also see in figure 7.15(a) the remarkable degree of

periodicity that these two modes have reached. We stress that this does not mean

that the diurnal tide is being excited by the presence of baroclinic waves. Instead,

we must recall that each EOF is a mixture of waves even though some of them are

identifiable to a large extent with classical atmospheric motions such as thermal tides

or transient waves.

The semidiurnal pair is probably being excited by the baroclinic modes as well.

However, in this case it is not the primary but the secondary frequency in EOF3-4

(or EOF7-8) which is displayed by this mode (figures 7.14(g) and (h)). This gives rise

to a high frequency oscillation with a period of P = 1.7 sols approximately. As in the

previous case, both the baroclinic pair EOF7–8 and the semidiurnal mode display a

highly periodic behaviour as can be seen in figure 7.15(b). An apparent difference be-

tween EOF5–6 and EOF7–8 is that the former exhibits amplitude vacillation whereas

the latter shows a nearly constant amplitude though still modulated by a signal of

longer period.
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Figure 7.14: Fourier spectrum of the principal components, indicated in each frame,
in the simulations including (in blue) and not including (in red) diurnal cycle in the
14-EOF model.
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Figure 7.15: Time series corresponding to (a) PC3 (blue) and PC5 (red), and (b)
PC7 (blue) and PC9 (red), as simulated by the 14-EOF model with no diurnal cycle.

At this point, it is appropriate to define quantitatively the amplitude of a pair of

EOFs by the formula Akl(t) = (a2
k(t)+ a2

l (t))
1/2, where ak is the k-th PC. Figure 7.16

shows the amplitudes of EOF5–6 and EOF7–8 as predicted by both simulations. The

time series from the simulation with diurnal cycle appears to be more irregular while

the amplitudes of both pairs are of similar magnitude throughout the period under

analysis (figure 7.16(a)). In contrast, the simulation with no diurnal cycle yields

highly regular, nearly periodic amplitudes for both EOF pairs in concordance with

the results in figure 7.15. Furthermore, the predominance is shared by both pairs so

that the system flips between zonal wavenumber-1 and -2 baroclinic waves. The times

of predominance are different for each baroclinic pair so that EOF5–6 is predominant

during 25% of the analysed interval whereas the rest is dominated by EOF7–8.

This result seems to be in agreement with the findings by Collins et al. [27], where

six out of eight years exhibited transitions from wavenumber 2 into wavenumber 1.

Moreover, the experiments with the 14-EOF model seem to support the hypothesis
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Figure 7.16: Amplitudes of EOF5-6 and EOF7–8 as simulated by the 14-EOF model
(a) with diurnal cycle, and (b) with no diurnal cycle.

that the influence of the diurnal cycle over the Martian atmospheric general circulation

is to act as a destabilizing agent over transient waves so that they are unable to settle

into one single mode, switching instead between two different regimes.

These are certainly preliminary results that leave open a number of questions.

For example, the reasons for having certain years with a predominant wavenumber-2

wave cannot be explained in the light of these results as described in [27]. Another

unanswered questions would be why the system tends to start oscillating with a

high frequency wavenumber-2 wave to then switch into the low frequency mode.

These questions would require further investigation. In this respect, the advantage

of having an available reduced model is the separation of tidal modes from baroclinic

waves. Despite this separation not being perfect, it allows a clearer study of the

interaction between these two kinds of motion. On the other hand, this sort of

separation cannot be achieved with a full MGCM since tides and transient waves are

intimately intermingled in this case. In other words, it is not possible to suppress
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the presence of these waves at will. An EOF-based reduced model can help in this

purpose.

7.5 Concluding remarks

We finish this section with some concluding remarks not only to the section itself but

also to the discussion started at the end of Section 4.2 and continued at Section 5.3.

Regarding the models’ performance as the number of included EOFs increases, we

have found the same non-monotonic behaviour in the MGCM reduced-models as

we found in the SGCM models. Moreover, these results are in general agreement

with the findings of Crommelin and Majda when constructing low-order models for

the Charney-DeVore model [29]. The conclusion here is certainly the same: the

performance of a reduced-dimension model depends not only on the number of modes

included; it also depends on the completeness of the groups that represent the waves

of interest. Furthermore, it is important to retain certain higher order modes whose

interaction with the modes of interest might be significant.

As an example, let us consider the diurnal tide represented by EOF3–4 (figure 7.9).

The correct representation of this tide requires, as expected, having EOF3 and EOF4

among the resolved modes. However, it is necessary to include EOF5–6 as well

in order to obtain a better approximation to the Fourier spectra observed in the

MGCM dataset. Recalling that EOF5–6 primarily represents a transient baroclinic

wave and part of the semidiurnal tide, we can interpret this result as a strong coupling

between the diurnal tide, a transient baroclinic wave of period around 3.2 and 3.6,

and, possibly, the semidiurnal tide. This conclusion is even more evident from the

experiments described in Section 7.4 where the diurnal cycle was switched on and off.

As a final comment we would like to point out that there are always discrepancies

at high frequencies, which are difficult to model at any truncation (figures 7.9 and

7.10). An improved model would require the implementation of numerical dissipation

to remove or add energy from these frequencies as required. The suggestion would

be first to include the appropriate number of modes so that the approximation to

the original Fourier spectrum is sufficiently accurate (based on a criterion set by the

modeller) and secondly to parameterise numerical dissipation over high frequencies

in order to achieve better resemblance between full and reduced models.
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7.6 Summary

In this chapter we have applied the POD and Galerkin projection to construct low-

order models of the Oxford MGCM. The EOF classification carried out in Chapter 6

allowed a neat interpretation of the results after projecting the equation of motion

onto the the most energetic EOFs’ subspace and constructing low-order models. In

particular, by analysing the evolution of various EOF groups (representing tides and

transient waves) and the Fourier spectra of the amplitudes predicted by reduced order

models, we have been able to identify, for example, significant interactions between

the diurnal tide and transient baroclinic waves and possibly the semidiurnal tide.

This was achieved by means of a direct comparison between the output of reduced

models and the MGCM dataset, and by carrying out numerical experiments aimed

at investigating the influence of the diurnal cycle over the dynamics of the Martian

atmosphere. From these experiments it was possible to draw some conclusion that

are in agreement with results from the MGCM. In particular, we showed evidence

that supports the conjecture that the diurnal cycle tends to destabilize the baroclinic

activity during northern winter, which would otherwise be highly regular, therefore

introducing larger variability into the system’s dynamics.

Chapters 6 and 7 have covered the central topic of this thesis. In Chapter 8, we

shall discuss some theoretical issues that could ultimately lead to further development

of low-order models based on the POD. This would consist of the search for separate

bases for different fields by means of suitable transformations of the EOFs.



Chapter 8

Investigating new reduced spaces

In the previous four chapters, we have shown realisations of low-order models using

three-component three-dimensional EOFs. However, there are certain theoretical dif-

ficulties that arise from the finite nature of the original dataset. A potential problem

is that of the independent representability of different components. For example,

the correct representation of the advective term in the horizontal components of the

equations of motion requires the expansion of the horizontal velocity v alone. In other

words, we need to represent a vector of the form ψ = (v, 0)T . Since τ = 0, the spectral

coefficients ak are simply given by (φ(k), ψ) = 1
2

∫

V
psφ

v
·v dV 6= 0. Substituting back

into the reconstruction equation, we obtain

ψr =
N
∑

k=1

ak

(

φ
(k)
v

φ
(k)
τ

)

=

(

vr

τr

)

, (8.1)

where vr, τr 6= 0, i.e. the vector reconstruction gave origin to a spurious τ component.

This effect is due to the incompleteness of Φ and the finite truncation in (8.1). A

similar problem was pointed out in reference to the turbulent flow analysed in [12] by

Moffat [76] and Holmes [43].

One way of solving this problem arises by looking for alternative separate bases

to represent each component. The first alternative basis, here called transformed

empirical functions (TEFs) will arise from the unitary transformation from the origi-

nal EOFs into new sets of orthogonal functions. The most important property of the

transformations is to decouple the state vector components. As a result, the new func-

tions have the ability to approximate the prognostic equations independently from

each other. In order to gain better insight into the action of the proposed transfor-

mations and the new orthogonal functions, they will be applied to a low dimensional
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system and, with these results as a guideline, the same transformation will be applied

to the dynamical system of interest, namely the Oxford MGCM.

A different alternative basis arises from considering the time series for each compo-

nent and carrying out a POD analysis for each one, independently. By this procedure,

however, the vector character of the system’s state and, consequently, the correlation

between its different components are lost. A different solution can be obtained by

looking for a transformation of Φ that conserves its properties giving independence

to its components at the same time.

8.1 Transformed empirical functions

Assuming that the norm induced by (3.1) is interpreted as the system’s TE and that

the matrix Eij is at least block-wise diagonal, it is possible to split it into two parts

and define two partial inner products. The K-product,

(χ, ψ)K =

∫

V

χ∗
p(x)Epq ψq(x) dV, (8.2)

with p, q = 1, . . . , d1, related to kinetic energy (KE), induces the KE norm ||ψ||K =

(ψ, ψ)
1/2
K . The P-product,

(χ, ψ)P =

∫

V

χ∗
r(x)Ers ψs(x) dV, (8.3)

with r, s = d1 +1, . . . , d1 +d2, related to potential energy (PE), induces the PE norm

||ψ||P = (ψ, ψ)
1/2
P .

This procedure also separates the components of a vector into two subsets so

that the first d1 components of ψ, denoted by v, are associated with KE while the

rest, denoted by τ , is associated with PE. Thus, a vector will have the general form

ψ = (v, τ)T .

Let us define the matrices E(ij) ≡ (φ(i), φ(j)), K(ij) ≡ (φ(i), φ(j))K and P (ij) ≡
(φ(i), φ(j))P so that E(ij) = K(ij) + P (ij). Since {φ(k)}∞k=1 is orthonormal under (3.1),

we have that E(ij) = δ(ij), the Kronecker delta. Therefore, although in general K(ij)

and P (ij) are not diagonal, we have that

K(ij) = δ(ij) − P (ij). (8.4)

Let U (kl) be a unitary matrix so that K (ij) = U (ki)∗K(kl)U (lj) is diagonal. Then, it can
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be proved by direct application of (8.4) that P(ij) = U (ki)∗P (kl)U (lj) is also diagonal.

8.1.1 Definition and properties

Let us define the set of transformed empirical functions (TEF) as Θ = {θ(l) : θ(l) =

φ(k)U (kl)}. This definition enables us to write

(θ(i), θ(j))K = K
(ij), (8.5)

which shows that the subset {θ(l)
1 } associated with KE is orthogonal under the KE

norm. Similarly,

(θ(i), θ(j))P = P
(ij), (8.6)

so that the subset {θ(l)
2 } associated with PE is orthogonal under the PE-norm. Fur-

thermore, Θ is orthogonal under the TE norm, inheriting this property from the

original set. These properties enable the elements of Θ to represent independently

the components of a vector so that its components are no longer proportional to each

other. This is important, for example, when the dynamical equations contain terms

that act exclusively on one subspace but not on the other. It must be mentioned that

this transformation was independently suggested by Waleffe [121] and used by Smith

et al. [115] in turbulence studies.

Given these three different orthogonality properties, there are two ways of decom-

posing a vector. The first makes use of orthogonality under the TE norm,

ψN(x, t) =
N
∑

k=1

bk(t)θ
(k)(x) (8.7)

where, as customary,

bk(t) = (θ(k)(x), ψ(x, t)). (8.8)

The second decomposition relies on the simultaneous orthogonality of the components

θ1 and θ2 under the KE and PE norms, respectively. In this case we can write

ψN(x, t) =
N
∑

k=1

(µk(t) νk(t)) · θ(k)(x)

=

N
∑

k=1

(

µk(t)θ
(k)
1 (x)

νk(t)θ
(k)
2 (x)

)

, (8.9)
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where

µk(t) = (θ(k)(x), ψ(x, t))K/Kk, and νk(t) = (θ(k)(x), ψ(x, t))P/Pk, (8.10)

and Kk ≡ ||θ(k)||2K while Pk ≡ ||θ(k)||2P . Under the first decomposition, span(Θ) is

equal to the span of the original set of eigenmodes. The second decomposition enables

us to represent vectors in the form ψ = (v, 0)T and ψ = (0, τ)T as well as vectors

where the vector components are not proportional in the way prescribed by the EOFs.

The first description is, thus, a special case of the second where µk = νk.

Since the elements of Θ are linear combinations of the EOFs, they are no longer

eigenfunctions of (3.6). Moreover, the whole structure of the TEFs is more complex

than that of the EOFs (see Section 8.1.4). Therefore, it is not possible to characterise

them by a definite amount of average TE. However, given a certain number of EOFs,

the modified set will be characterised by the same amount of average TE explained by

the EOFs. This can be shown by expanding ψ in terms of the empirical eigenvectors,

ψ =
∑

k=1

bkθ
(k) =

∑

kl

bkφ
(l)U (lk) =

∑

l

alφ
(l). (8.11)

Therefore, the coefficients in both expansions are related by

al = U (lk)bk. (8.12)

Energy in the TEFs

The average energy in an order-N approximation to ψ is given by

〈EEOF
N 〉 =

N
∑

k=1

〈ak(t)a∗k(t)〉 =
N
∑

k=1

〈bk(t)b∗k(t)〉, (8.13)

where the last equality was derived using (8.12) and U (kl)U (km)∗ = δlm (since Ukl is

unitary). As a result, the average TE in Θ is the same as in Φ and is given by (cf.

(3.14))

〈Ec
N〉 =

N
∑

k=1

〈bk(t)b∗k(t)〉 =
N
∑

k=1

λk, (8.14)

where λk is the eigenvalue associated to the k-th EOF so that λk ≥ λk+1. The

superscript c indicates that EN was computed with θ as a basis for ψ (with coupled
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components). In the general case, when µk 6= νk, the average energy is given by

〈Ed
N〉 =

N
∑

k=1

(Kk〈µk(t)µ∗
k(t)〉 + Pk〈νk(t)ν∗k(t)〉) . (8.15)

The superscript d indicates that EN was computed accordingly to (8.9) (i.e. consid-

ering v and τ as decoupled components).

A question arises at this point: which basis, EOFs or TEFs, explains more TE on

average? In order to answer this question we use (8.8) and (8.10) to obtain

bk = Kkµk + Pkνk. (8.16)

We see from (8.16) that bk is indeed an average of µk and νk weighted by Kk and Pk,

respectively. Subtracting the energy contribution from every component at any given

time using (8.4) yields,

bkb
∗
k − (Kkµkµ

∗
k + Pkνkν

∗
k) = −PkKk|µk − νk|2 ≤ 0. (8.17)

From here it follows immediately that

〈Ed
N 〉 ≥ 〈Ec

N〉, (8.18)

which demonstrate that, on average, a decomposition in terms of {θ(k)
2 , θ

(l)
2 }, where

k, l = 1, . . . , N , explains more TE in the original ensemble than an EOF decomposi-

tion with the same number of modes. Furthermore, the difference between 〈Ed
N 〉 and

〈EEOF
N 〉 = 〈Ec

N〉 is given by

〈Ed
N〉 − 〈EEOF

N 〉 =
N
∑

k=1

PkKk

〈

|µk − νk|2
〉

. (8.19)

In other words the advantage in using TEFs over EOFs, in terms of average TE,

is directly related to the magnitude of the component coefficient difference |µk −
νk|. Notice that the EOFs are still optimal representatives of the original dataset

explaining more TE than any other linear decomposition in the full phase space.

The TEFs are able to explain more TE because they split the phase space into two

independent subspaces defining a different kind of decomposition.
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vector in K-space

vector in P-space

vector in M-spaceθ
(1)
2 τ2

τ3

v3

v2

τ1

θ
(2)
1

K-space M-space

θ(2)v1

θ(1)

θ
(1)
1

θ
(2)
2

P-space

Figure 8.1: The whole phase space and different subspaces. (v1,v2,v3) represents
the K-space. (τ1, τ2, τ3) represent the P-space. {θ(1), θ(2)} spans the M-space. The
projections of these vectors onto the K- and P-spaces are shown as dashed arrows.

Interpretation of the matrix U (kl)

In order to understand the effect of U (kl) let us represent the phase space, that in

principle could be infinite dimensional, by a six-dimensional space (figure 8.1). The K-

space is defined by the KE-related components (v1,v2,v3). and is therefore measured

by the KE norm. The P-space, on the other hand, is defined by the PE-related

components (τ1, τ2, τ3) and is measured by the PE norm.

Let us assume, that as a result of the POD, it has been possible to identify the

maximum energy subspace, given by the hyperplane spanned by the TEFs {θ(1), θ(2)}
and labelled as M-space in figure 8.1. The projection of these functions onto the

K-space produces the components θ
(1)
1 and θ

(2)
1 . They are mutually orthogonal in

the K-space and span a hyperplane there. An important difference between the

EOFs and TEFs is the non-orthogonality of the components of the EOFs within

their respective spaces, K and P. Another difference, perhaps more fundamental, is

that in general every EOF has a projection onto both the K- and P-space regardless

of the possibility of having subspaces with different dimensions. This fact may cause

ambiguity at defining a basis for each subspace. Each TEF, on the contrary, only has

a projection onto the K- and P-spaces if it is non-orthogonal to them. Therefore, the

dimension of the reduced hyperplane spanned by the components θ
(1)
1 and θ

(2)
1 is given

by the number of TEFs that are non-orthogonal to the K-space. Similarly, projecting

θ(1) and θ(2) onto the P-space produces an orthogonal basis spanning a hyperplane in

the P-space, whose dimension is the number of TEFs that are non-orthogonal to the

P-space.



CHAPTER 8. INVESTIGATING NEW REDUCED SPACES 144

8.1.2 Further decoupling

In general, this procedure can be carried on iteratively in order to decouple as many

components as necessary. This can be easily achieved by normalising the elements

in the new bases. For instance, let us suppose that we are required to decouple

the components of v. Then, we just need to normalise the set {θ(l)
1 } so that the

assumptions in Section 8.1 are satisfied. Therefore we can look for a new orthogonal

transformation to make the component bases independent.

In principle, this procedure would lead to additional phase space coverage by a

reduced basis. Nevertheless, the further decoupling procedure just outlined is not

available for the reduction of a primitive-based-equation model under the present

assumptions. The reason for this is the time-independence of surface pressure. In

order to see this let us assume the existence of independent bases for the velocity

components u and v so that they can be written as

u =
∑

j

ũjθ
j
1, v =

∑

j

ṽjθ
j
2, (8.20)

where ũj and ṽj are the expansion coefficients and {θj1}j and {θj2}j are the assumed

bases for u and v, respectively. The index j runs over a suitably defined set of integers.

The sigma-velocity equation (5.6) in spherical coordinates is

σ̇ = − 1

ps

∫ σ

0

dσ1

cosφ

{

∂

∂λ
(psu) +

∂

∂φ
(psv cosφ)

}

. (8.21)

Substituting (8.20) into (8.21) and evaluating at the surface where σ̇ = 0 yields

∑

j

{

ũj
∂

∂λ

(

psJθj1K
)

+ ṽj
∂

∂φ

(

psJθj2K cosφ
)

}

= 0. (8.22)

Each term in this equation must vanish for the boundary conditions to be satisfied

independently of the truncation order. Thus,

ṽj = −ũj
∂
∂λ

(

psJθj1K
)

∂
∂φ

(

psJθj2K cosφ
) , (8.23)

which leads to a contradiction since we assumed ũ and ṽ to be mutually independent.
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Moreover, since the EOFs automatically satisfy the boundary conditions we can write

∇ ·
(

psJθjK
)

cosφ =
∂

∂λ

(

psJθj1K
)

+
∂

∂φ

(

psJθj2K cosφ
)

= 0, (8.24)

which, with (8.23), implies that ṽj = ũj, and the velocity components must be simul-

taneously represented by a coupled basis.

By using a different set of state variable, this problem can be circumvented. One

such alternative is constituted by the barotropic streamfunction, the two baroclinic

components of horizontal velocity and the square root of potential temperature [3, 4].

With this choice of variables, the coupled part of horizontal velocity automatically

remains coupled while the baroclinic components can be decoupled. The price to be

paid for this capacity is the addition of the barotropic streamfunction as part of the

state variables.

8.1.3 Finite-dimensional systems

The ultimate objective of the present thesis is the application of dimension-reduction

techniques to atmospheric dynamics on Mars governed by infinite dimensional partial

differential equations. However, we start the study of practical applications of TEFs

by the analysis of finite-dimensional systems, which are not less important considering

that any high resolution numerical model is necessarily of finite dimension. In this

section, we present the projection of a general finite-dimensional nonlinear system

with at most quadratic nonlinearities onto a TEF space and show the relation between

EOF- and TEF-based reduced models.

Consider a dynamical system in Rn with quadratic nonlinearities, where n < ∞.

The general form of such a system is

v̇i = A1
i +B1

ijvj + C1
ijτj +D1

ijkvjvk +

+ F 1
ijkvjτk +G1

ijkτjτk, (8.25)

τ̇i = A2
i +B2

ijvj + C2
ijτj +D2

ijkvjvk

+ F 2
ijkvjτk +G2

ijkτjτk. (8.26)

Here v ∈ R
d1 and τ ∈ R

d2 represent vectors in the K- and P-space, respectively, and

superscript ‘1’ and ‘2’ refer to the K- and P- spaces, respectively. As before, the total

state vector can then be written as ψ = (v, τ)T . In terms of the total state vector,
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(8.25) and (8.26) can be combined into a single equation of the form

ψ̇i = αi + βijψj + γijkψjψk, (8.27)

where

α =

(

A1

A2

)

,

β =

(

B1 C1

B2 C2

)

and

γi =

(

D1
i F 1

i

0 G1
i

)

, i = 1, . . . , d1,

γd1+i =

(

D2
i F 2

i

0 G2
i

)

, i = 1, . . . , d2.

In this case, the empirical eigenvectors are the solutions of

CEφ(k) = λkφ
(k)

where C = 〈ψψ T 〉 is the correlation matrix. As discussed above, there are two

alternative ways of expanding a vector in term of the TEFs, either

ψ =
N
∑

k=1

akφ
(k) (8.28)

or

v =
N
∑

k=1

µkθ
(k)
1 , τ =

N
∑

k=1

νkθ
(k)
2 . (8.29)

In both cases, we deal with an order N approximation. However, (8.29) implies twice

the number of degrees of freedom as (8.28).

Following the classical projection algorithm, consisting of taking the appropriate

inner product, after substituting (8.28) into (8.27), we obtain the classical result [44]

ȧi = α̂i + β̂ijaj + γ̂ijkajak, (8.30)
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where

α̂i = φ
(i)
l Elmαm,

β̂ij = φ
(i)
l Elmβmnφ

(j)
n ,

γ̂ijk = φ
(i)
l Elmγmnpφ

(j)
n φ(k)

p .

The transformed equations in the extended empirical subspace are obtained by

substituting (8.29) into (8.25) and (8.26) and taking the corresponding inner product:

µ̇i = Â1
i + B̂1

ijµj + Ĉ1
ijνj + D̂1

ijkµjµk +

+ F̂ 1
ijkµjνk + Ĝ1

ijkνjνk, (8.31)

ν̇i = Â2
i + B̂2

ijµj + Ĉ2
ijνj + D̂2

ijkµjµk +

+ F̂ 2
ijkµjνk + Ĝ2

ijkνjνk. (8.32)

Fixed points

Fixed points are important entities in phase space because of their influence on the

dynamics of systems. We end this section with a discussion on fixed points in reduced-

order models. We shall show that in general the projection of a system onto a reduced

space gives rise to artificial fixed points that do not correspond to fixed points in the

original system.

As pointed out by Moffat [76], fixed points in a reduced model are expected to

correspond to fixed points in the original system. We start the analysis of this issue

with the EOF reduction (8.30). The fixed points of this system are given by

ȧi = φ
(i)
l Elmψ̇m = 0, (8.33)

where ψ̇m is given by (8.27). According to the projection theorem for Hilbert spaces

(e.g. [75]), although the projections of different full system’s fixed points may coincide,

every fixed point of the full system has a corresponding fixed point in the reduced

model. However, the converse depends on the kernel or null space of the matrix

φ
(i)
l Elm.

One way of finding fixed points is to solve the nonlinear equation

αi + βijψ̄j + γijkψ̄jψ̄k = ξi, (8.34)

where ξi ∈ Ker[φ
(k)
l Elm] ⊂ Rd. The solution defines a potential fixed point curve
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Table 8.1: Five-dimensional model constants.

j = 1 j = 2
∆j 0.0835 0.0301
βj 0.0095 0.0032
νj 0.5236 -0.1752
γj 0.2793 -1.7707

in phase space. The intersection of this curve with span{φ(k)}Nk=1 determines the

location of the fixed points.

In a completely analogous way, an equilibrium point in a TEF reduction (8.32)

may be identified by finding the intersection of span{θ(k)
a }Nk=1 and a potential fixed

point curve given by the solution to

Aai +Ba
ijv̄j + Ca

ij τ̄j +Da
ijkv̄jv̄k

+ F a
ijkv̄j τ̄k +Ga

ijkτ̄j τ̄k = fai, (8.35)

where fai ∈ Ker[(X −1)(ij)θ
(j)
apEapq] ∈ R

da with X = K and a = 1 for the K-space,

and X = P and a = 2 for the P-space.

A simpler way of locating the fixed point is to directly solve the nonlinear system

of algebraic equations given by (8.30) (for an EOF model) and (8.31)-(8.32) (for a

TEF model) equated to zero. Nevertheless, the former technique has the potential

advantage of containing information about the reduced space. Both methods might

be used in conjunction to investigate the structure of the reduced space.

Once the equilibrium points have been found the only way so far to decide whether

they actually occur in the original system or they are artificially created during the

dimension reduction is by analysing the full-dimensional system. This is not a major

disadvantage if we consider that the original ensemble was obtained by numerical

integration of the full-dimensional system and therefore it is known and available.

Furthermore, the dimension reduction still represents an advantage as it is in general

easier to find fixed points in a reduced model than in a full dimensional one if the

reduction is significant.

To have a one-to-one correspondence between the fixed points of the complete

system and those in the reduced system the only solution to (8.33) should be the

trivial solution. However, since φ
(k)
l Elm is an N by d matrix (N < d), the latter

condition does not hold in general and artificial fixed points may be created in any

reduced model. This fact may have important consequences over the faithfulness of
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the reduced model to resemble the dynamics of the original one. Moreover, since

artificial fixed points arise as a consequence of having unresolved modes, the param-

eterisation of unresolved modes (closure schemes) can be interpreted as a controlled

way of making the reduced system to avoid approaching artificial fixed points.

A five-dimensional example

As an example of the new method we used a system of five dimensions originally

obtained as a severely truncated two-layer quasi-geostrophic model of baroclinic in-

stability [69];

v̇1 = −∆1v1 + β1v2 − (ν1 + γ1τ3)τ2,

v̇2 = −β1v1 − ∆1v2 + (ν1 + γ1τ3)τ3,

τ̇1 = −∆2τ1 + β2τ2 − (ν2 + γ2τ3)v2,

τ̇2 = −β2τ1 − ∆2τ2 + (ν2 + γ2τ3)v1,

τ̇3 = −∆̄τ3 + γ̄(v1τ2 − v2τ1), (8.36)

where ∆j, βj, νj , γj with j = 1, 2 and ∆̄ = 0.0279, γ̄ = 3.8554 are all real-valued

parameters chosen so that the system was in a chaotic regime. The values of the

remaining parameters are given in Table 8.1. For details on the derivation of the

original model the interested reader is referred to [69].

We are not interested here in the physical meaning of these equations. Therefore,

the system will be considered only from an abstract point of view. We just point out

that v is associated with baroclinic components whereas τ is related to barotropic

ones [69]. Thus, in this case it would be perhaps more sensible to talk of baro-

clinic/barotropic energy rather than kinetic/potential energy. The energy matrices

are E1 = I2 and E2 = I3 so that the full-dimensional phase space is indeed measured

by the variance norm.

Table 8.2: Empirical eigenvalues. (TE = Total energy; CTE = Cumulative total
energy)

k λk % TE % CTE
1 0.00800 67.00 67.00
2 0.00240 19.65 86.65
3 0.00150 12.26 98.91
4 0.00008 0.66 99.57
5 0.00005 0.43 100.0
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Table 8.3: Transformed basis energy contents.

θ(1) θ(2)

v1 0.0339 -0.7117
v2 0.0354 0.6812
τ1 0.0071 0.1102
τ2 -0.0052 0.1315
τ3 -0.9988 0.0001

K (%) 0.24 97.06
P (%) 99.76 2.94

The original dataset consisted of a single integration of (8.36) for a time interval

t = 5000 with a time step ∆t = 1/3 or M = 15000 snapshots. v(0) = (0.00, 0.01)T

and τ(0) = (0.02, 0.01,−0.08)T were used as initial conditions. Since the time interval

is finite, the exact numerical values of the EOF will, in general, depend on the original

dataset. However, the qualitative behaviour is general and does not depend on the

original time series.

Since each TEF implies two degrees of freedom, retaining one EOF would lead to

two degrees of freedom in the extended space. On the other hand, since the original

system is five-dimensional, retaining more than two EOFs would lead to extended

spaces of more degrees of freedom than the original. As a result, the only sensible

number of EOFs to be retained in order to calculate TEFs is two. Consequently we

analysed a model projected onto two EOFs and the corresponding 2-TEF reduced

model. Of course it can be argued that both reductions are not comparable because

the TEF model implies four degrees of freedom while the corresponding 2-EOF model

implies only two. under these circumstances, we also performed the analysis of a

model projected onto four EOFs with four degrees of freedom.

Table 8.2 shows the empirical eigenvalues for the full-space POD. It can be seen

that an EOF-based reduced space retaining two modes explains 86.65% of the orig-

inal system average TE whereas a four-dimensional reduced space contains 99.57%.

Despite the large average TE content in the latter, we shall see that the performance

of the 4-EOF model is less faithful than that of the 2-TEF model.

Table 8.3 shows the TEF components in the original space. Since the K-space is

two-dimensional, it is totally spanned by θ
(1)
1 and θ

(2)
1 . In contrast, θ

(1)
2 and θ

(2)
2 reduce

the three-dimensional P-space into a two-dimensional space almost perpendicular to

the τ1-τ2 plane. The percentage of KE and PE in each TEFs is also displayed in

Table 8.3. Note that the first TEF is characterised by a large amount of PE whereas

the second contains almost all the KE. This is an observation that can also be made
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Figure 8.2: The subspace (v1, τ2, τ3) showing: (a) the original five-dimensional system
(dotted); (b) the projection onto two EOFs (bold dotted), and (c) the projection onto
two TEFs (solid).

in large dimensional systems. This fact could be considered as a means of classifying

the TEFs. However, it is not possible to reduce the space further (by selecting the

most energetic modes, for example) since the TEFs are derived from a set of EOFs

chosen previously and this set determines the amount of average TE explained by the

truncation.

In order to verify the theoretical remarks presented in Section 8.1.1, the original

ensemble was projected onto span{θ(1), θ(1)} according to both (8.7) and (8.9). As

expected, the ensemble average of TE using (8.7) gave 〈Ec
2〉 = λ1 + λ2 = 0.0104,

whereas (8.9) yielded 〈Ed
2〉 = 0.0119 ≥ 〈Ec

2〉. It is interesting to note that in this case

〈Ed
2 〉 =

∑4
k=1 λk = 〈Ec

4〉. In fact, every numerical experiment starting from different

initial conditions and carried out during different integration intervals produced sim-

ilar results with 〈Ed
2〉 close to the sum of the first four empirical eigenvalues. This

observation might be an indication of the relation between a N -TEF subspace and a

2N -EOF subspace.

The 2-EOF model produced a generic orbit as shown in figure 8.2 (bold dotted

line). As a reference, the orbit of the full-dimensional system used as original dataset

is also shown (dotted line). Since the reduced space is two-dimensional it was not

expected to retain the chaotic character of the full-dimensional system. Instead,

two stable fixed points were created. Each stable fixed point has its own basin of

attraction. which, given a set of initial conditions, determines the final state of the

reduced system.
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Figure 8.3: Potential fixed point curves in (a) a 4-EOF model and (b) a 2-TEF model
for the five-dimensional system (8.36) in the P-space. The circles represent actual
(white) and artificial (black) fixed points.
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The 4-EOF model exhibited artificial fixed points as well. As discussed in Sec-

tion 8.1.3, the fixed points in a reduced model are given by intersections between the

reduced space and the potential fixed point curves given for an EOF model by (8.34).

The curves and fixed points in the 4-EOF model are shown in figure 8.3(a). The

white dot symbolises the only actual fixed point occurring in the original model at

the origin. The black dots mark four artificial fixed points produced by the dimension

reduction. As can be seen, Figure 8.3 reveals a fundamental difference between re-

duced spaces of different nature in this particular example. The 4-EOF reduced space

structure consists of the intersection between the original five-dimensional space and

the four-dimensional 4-EOF span. Its structure is complex as is evident from the

position of the four additional intersections corresponding to artificial fixed points.

In comparison, the 2-TEF reduction implies a reduction of both the K- and P-space

into a two-dimensional space each. Hence, the 2-TEF reduced P-space is just a plane

to which C4 is transversal. As a result, the 2-TEF model only exhibit one fixed point

corresponding to the actual one at the origin (figure 8.3(b)).

The existence of artificial fixed points in the 4-EOF has significant influence on

the behaviour of the reduced model. A generic orbit is shown in figure 8.4 as a

solid line. At the beginning, it resembles the original five-dimensional system (dotted

line). However, it eventually fell into the neighbourhood of an artificial fixed point.

In contrast, the 2-TEF reduction with its four degrees of freedom exhibited a more

faithful behaviour. It displayed chaos as can be seen from the generic orbit shown

in solid line in the same figure. Furthermore, the phase space regions visited by the

complete and the reduced systems seem to coincide (bearing in mind that the reduced

space in the P-space is two dimensional).

The analysis of the average TE (with respect to the integration time) in the

reduced models produced interesting results. Using (8.13) to compute the average

TE in the 2-EOF model (substituting ensemble average by time average) yielded

〈EEOF
2 〉 = 0.0152, a value that is much bigger than the value computed from the

projection of the original dataset (〈Ec
2〉 = 0.0104). The time-averaged TE in the

2-TEF model, on the other hand, remained equal to its initial value 〈Ed
2 〉 = 0.0119.

This fact reinforces the claim that the 2-TEF model is more faithful than the 2-EOF

model. In the case of the 4-EOF model, the application of (8.13) to compute the

time average total energy yielded 〈EEOF
2 〉 = 0.0145, a value that is greater than the

expected 〈Ec
4〉 =

∑4
k=1 λk = 0.0119.
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8.1.4 Infinite-dimensional space

On the grounds of the theoretical and numerical evidence just provided, we return

to the study of the Mars GCM and analyse the infinite dimensional case within this

context. We consider the maximum TE subspace given by the span of the first 14

EOFs, which represent 86.5% of average TE (cf. Section 6) and which has proved to

produce well-behaved models for various truncation orders (cf. Chapter 7).

Figure 8.5 shows the distribution of energy throughout the EOFs and correspond-

ing TEFs. As expected, these two distributions are different. Perhaps, the most

important difference between these distributions is the lack of order, regarding PE

(or KE) content, in the EOFs. However, there is a striking similarity between EOF1

and TEF141. In fact, the difference in PE content can be found in the second decimal

digit (99.77% for EOF1 versus 99.79% for TEF14) while the angle between them is

only 0.8330 ◦. Therefore, we can identify TEF14 with the TEF representation of the

background state composed by a large PE which is not transformed into KE. This

result is not peculiar to the truncation order presented here and can be found, in

general, at any truncation order. Thus, the claim in Section 3.3.1 regarding the use

of TPE rather than APE in the definition of an appropriate inner product is further

supported by these findings. This is an added advantage that has arisen from using

the TE-norm and the full system’s state without neglecting interaction between mean

1Recall that the TEF order is arbitrary. It can be done according to ascending or descending PE
content.



CHAPTER 8. INVESTIGATING NEW REDUCED SPACES 155

1
2

3
4

5
6

7
8

9
10

11
12

13
14

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

 

EOF number
 

E
ne

rg
y 

co
nt

en
t

Potential energy
Kinetic energy

(a) EOFs

1
2

3
4

5
6

7
8

9
10

11
12

13
14

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

TEF number

E
ne

rg
y 

co
nt

en
t

(b) TEFs

Figure 8.5: Energy distribution over (a) 14 EOFs and (b) the corresponding TEFs.

state and anomalies.

Figure 8.6 shows the decomposition of the diurnal and semidiurnal tides and

the diurnal Kelvin wave over 30 EOF. This number was chosen to have a direct

comparison with the results in Section 6. After comparing the figures in that section

with those presented here, one immediately notices the lack of a pattern in the TEFs

tidal decompositions. For example, there is no group of modes clearly representing

either tide. Instead, the tides are distributed over the whole set with a slight shift

towards those modes with higher PE content. Moreover, while in the EOF case two

pairs (EOF3-4 and EOF18-19) were sufficient for explaining 98% of diurnal TE, the

same amount of energy is distributed among 16 TEFs in the present case. Thus, the

decomposition of tides reveals every TEF as a mixture of atmospheric wave without

any clear physical interpretation. This constitutes one major drawback with using

TEFs. However, the physical interpretation of the results can be recovered in a simple

way by means of the transformation equations (8.16) and (8.12).

8.2 Ab-initio decoupled EOFs

Achatz [1] has suggested the potential convenience of computing ab-initio decoupled

EOFs (D-EOFs) as a means of avoiding the huge computation involved in extracting

full-space EOFs. This comment has motivated the following investigation.
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Figure 8.6: Tidal decomposition over 30 TEFs: (a) diurnal tide, (b) semidiurnal tide
and (c) diurnal Kelvin wave.
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8.2.1 Definition

The theory in Chapter 3 is perfectly valid in this case although the original dataset is

divided into K-space and P-space from the beginning. The relevant inner products are

those defined by (8.2) and (8.3), respectively, and the D-EOFs satisfy the eigenvalue

equations
∫

V

〈ψl(x)ψ∗
p(x

′)〉Epq ϕq(x′) dV ′ = λKϕl, (8.37)

with l, p, q = 1, . . . , d1 and

∫

V

〈ψm(x)ψ∗
r(x

′)〉Ers ϕs(x′) dV ′ = λPϕm, (8.38)

with m, r, s = d1 + 1, . . . , d1 + d2, where k = 1, . . . ,∞ and d, d1 and d2 are the

dimensions of the full-, K- and P-spaces, respectively. For the sake of simplicity let

us denote a KE-related vector by a subindex 1 and a PE-related vector by a subindex

2 as we did in Section 8.1.1. Thus, we can denote the new bases as Φ1 = {ϕ(k)
1 }∞k=1

and Φ2 = {ϕ(k)
2 }∞k=1, whose elements are orthonormal with respect to the appropriate

norm.

The components of a state vector can be decomposed in these new bases as

ψN1 (x, t) =

N1
∑

k=1

ck(t)ϕ
(k)
1 (x) (8.39)

ψN2 (x, t) =
N2
∑

k=1

dk(t)ϕ
(k)
2 (x), (8.40)

where

ck(t) = (ϕ
(k)
1 (x), ψ(x, t))K , and dk(t) = (ϕ

(k)
2 (x), ψ(x, t))P . (8.41)

Notice that in this case the vector components are completely independent of each

other and, therefore, the truncation orders N1 and N2 are not necessarily the same.

8.2.2 Ab-initio decoupled eigenvalues for the MGCM

Figure 8.7 shows the eigenvalues corresponding to each subspace (K- and P-spaces).

It also shows the eigenvalues obtained from the full-space POD (cf. figure 6.4). As

can be seen from this figure, at N = 1 the energy is mostly PE in accordance with

the large PE content in EOF1 or the last TEF. PE decays more rapidly than KE as
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Figure 8.7: Eigenvalues from PODs carried over full space (M-space) (cf. figure 6.4)
and separate subspaces (K- and P-spaces).

N increases so that, at N = 3, KE content in a given K-EOF is larger than PE in

the corresponding P-EOF. After N = 5, the energy distribution in the K-space very

closely resembles that in the full-space while the energy in the P-space is already very

low. This can be interpreted as an indication that the horizontal velocity components

are more dynamically important for the atmospheric evolution on Mars. The EOFs

groups are still apparent in both eigenspectra and remain the same as in the full-space

POD case.

8.2.3 Comparison with TEFs and full-state EOFs

In order to understand the relation between the D-EOFs and the TEFs, let us de-

composed the latter in terms of the former to obtain

θ
(k)
1 ≃

∑

j

c
(k)
j ϕ

(j)
1 (8.42)

θ
(k)
2 ≃

∑

j

d
(k)
j ϕ

(j)
2 , (8.43)

where

c
(k)
j = (ϕ

(j)
1 , θ

(k)
1 )K , and d

(k)
j = (ϕ

(j)
2 , θ

(k)
2 )P . (8.44)
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Taking the K-product of θ
(l)
1 and (8.42) we have

(θ
(l)
1 , θ

(k)
1 )K = K

(kl) ≃
∑

j

c
(k)
j c

(l)∗
j . (8.45)

Similarly, taking the P-product of θ
(l)
2 and (8.43) yields

(θ
(l)
2 , θ

(k)
2 )P = P

(kl) ≃
∑

j

d
(k)
j d

(l)∗
j . (8.46)

Using (8.9) and the expansions (8.39) and (8.40), we find, after assuming N1 =

N2 = N , the relation between the TEF coefficients and the D-EOFs:

cj ≃ c
(k)
j µk and dj ≃ d

(k)
j νk. (8.47)

Now, the average TE in an order N approximation to ψ using D-EOFs is given by

〈EdEOF
N 〉 =

N
∑

k=1

(〈ck(t)c∗k(t)〉 + 〈dk(t)d∗k(t)〉) . (8.48)

Subtracting the K-component in (8.15) from the corresponding component in (8.48)

we obtain

∑

k

(〈ck c∗k〉 −Kk〈µk µ∗
k〉) ≃

∑

j,l

K
(jl)〈µj µ∗

l 〉 −
∑

k

Kk〈µk µ∗
k〉 = 0, (8.49)

where (8.45) and (8.47) have been used. If the equality were satisfied, (8.49) would

show that D-EOFs and TEFs are expected to explain almost the same amount of

KE. However, the equality is only valid when N → ∞ but, in this case, this analysis

would not make any sense as any given decomposition would be equivalent to any

other. A similar conclusion can be drawn regarding PE by means of an analogous

procedure. As an immediate consequence, D-EOFs would explain more TE than

full-space EOFs at the same truncation order. From the point of view of average

energy content, given the result expressed by (8.49), TEFs and D-EOFs would yield

equivalent decompositions. However, we shall see that, in general, there are structural

differences between TEFs and D-EOFs.

A more accurate and practical way of comparing different decompositions is to
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use (3.14) which is also valid in the case of D-EOFs in the form

〈EdEOF
N1,N2

〉 =
N1
∑

k=1

λ
(k)
K +

N2
∑

k=1

λ
(k)
P . (8.50)

If N1 = N2 = N

〈EdEOF
N 〉 =

N
∑

k=1

(

λ
(k)
K + λ

(k)
P

)

. (8.51)

This expression is available for comparison with the average energy in an full-state

EOF-based decomposition, namely

〈EdEOF
N 〉 − 〈EEOF

N 〉 =
N
∑

k=1

(

λ
(k)
K + λ

(k)
P − λ(k)

)

. (8.52)

Subtracting (8.19) from (8.52) gives the difference between a TEF and a decoupled

EOF decomposition

〈EdEOF
N 〉 − 〈Ed

N 〉 =
N
∑

k=1

[

λ
(k)
K + λ

(k)
P −

(

λ(k) + PkKk

〈

|µk − νk|2
〉)

]

. (8.53)
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Figure 8.8 shows the results from these comparisons. The difference between the

energy explained by D-EOFs and full-state EOFs is positive only for

N ∈ {11, 12, 13, 14, 15, 16, 17},

having a maximum at N = 14. TEF models for N < 4 are not being considered since

they do not include any travelling wave EOF group and, therefore, are unable to

represent such waves. In contrast, TEFs always capture energy more efficiently than

EOFs, reaching a plateau at N = 8 which extends until N = 15. The comparison

between D-EOFs and TEFs is, not surprisingly, always negative for the decoupled

EOFs.

The quantities shown in figure 8.8 have been normalised with respect to the eddy

average energy that would be expected using full-space EOFs. This is given by (3.14)

with j running from 2, rather than 1, to N . Thus, we can see that in general the

improvement of using different bases is relatively weak. The actual improvement of

using one or another basis will be evaluated in the next chapter where we will be

concerned with the construction and evaluation of reduced models.

8.3 Reduced-order dynamical models

8.3.1 Reduced-order models over TEFs

Building low-order models over TEFs follows, in essence, the same method as for

building models over EOFs. For the sake of simplicity, it is convenient to normalise

TEFs so that the KE and PE fractions (given by Kk and Pk, respectively) are not

carried over during projections. The normalised versions of the TEFs are given by

ϑ
(k)
1 =

θ
(k)
1

K
1/2
k

and ϑ
(k)
2 =

θ
(k)
2

P
1/2
k

. (8.54)

With these definitions, the decomposition of the state fields is (cf. (8.9))

v(x, t) =

N
∑

k=1

vk(t)ϑ
(k)
1 (x) (8.55)

τ(x, t) =
N
∑

k=1

τk(t)ϑ
(k)
2 (x), (8.56)
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Table 8.4: Relative norm temporal mean for TEF-based reduced models at different
truncation orders after 90 sols.

Rel. Norm Rel. Norm Angular Angular
N Mean Std. Dev. Mean Std. Dev.
4 1.0372 0.0262 7.6490 3.3633
6 1.0560 0.0713 5.8155 4.8300
8 1.0016 0.0013 0.9855 0.1604

where (cf. (8.10))

vk(t) = (ϑ
(k)
1 (x), ψ(x, t))K , and τk(t) = (ϑ

(k)
2 (x), ψ(x, t))P , (8.57)

The equations to be projected are (5.1) and (5.2). The unresolved modes can be

parameterised using the same approach as described in Section 5.1.1 although the

theoretical form of the operators to be determined would be more complex. This,

however, does not imply any further computing complications apart from the in-

creased size of these operators for a given number of fundamental EOFs. Thus, a

TEF model incorporating parameterisation of unresolved modes is given by (5.15)

(rewritten here for clarity)

ȧk = αk + βklal + γklmalam + ∆k + Zklal, (8.58)

with the vector ak being a concatenation of vk and τk, namely ak = (vk, τk)
T , and the

sub-indices k, l,m running from 1 to N for the the K-modes and from N + 1 to 2N

for the P-modes. In this case, ∆k and Zkl introduce 2N and (2N)2 scalar parameters,

respectively. The rapid increase in the number of parameters to be determined due

to unresolved modes is a considerable disadvantage to the use of TEFs in comparison

with EOFs.

8.3.2 Reduced-order models over D-EOFs

The method for constructing low-order models over D-EOFs is in all respects the

same as that described in Section 8.3.1, employed for building models over normalised

TEFs. This implies the use of (8.55) and (8.57), with ϑ being substituted by ϕ, to

represent the prognostic fields. Similarly, the form of the resulting D-EOFs models

would be given by (8.58).
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Figure 8.9: Mean angular deviation, defined by (5.18), in MGCM reduced models for
different truncation orders as a function of time using (a) TEFs and (b) D-EOFs as
basis functions.
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Table 8.5: Relative norm temporal mean for D-EOF-based reduced models at different
truncation orders after 90 sols.

Rel. Norm Rel. Norm Angular Angular
N Mean Std. Dev. Mean Std. Dev.
4 0.9973 0.0018 0.7907 0.1146
5 1.0025 0.0017 0.9282 0.1833
6 1.0017 0.0012 0.9798 0.1662
7 1.0007 0.0005 1.0485 0.1891
8 0.9985 0.0013 1.1287 0.2578

8.3.3 Model inter-comparison

Figure 8.9 shows the angular deviations in TEF- (figure 8.9(a)) and D-EOF-based

models (figure 8.9(b)). These figures only show the models for N ≥ 4 (which include

travelling waves) that have produced bounded solutions below β = 8 ◦ during the test

time interval (90 sols). No model for N > 8 has complied with these requirements.

These results have two surprising characteristics. Firstly, the TEF-based models,

despite explaining more TE in average than D-EOF (cf. Section 8.2.3), have displayed

worse performance. In fact, as can be seen from figure 8.9(a), just a few TEF-

model integrations remained below β = 8 ◦. Still, the 8-TEF model seems to produce

better results than its EOF-based counterpart (see figure 7.2). A model including the

strongest part of the semidiurnal tide (EOF9–10) was unsuccessful, although it is still

explained by EOF5–6 to a certain extent (14.9 % of TE in that tide, cf. Section 6.4.2).

A second notable feature of the alternatively based models is that every D-EOF-

based model exhibited better behaviour than the corresponding EOF-based models

despite explaining less or an equal amount of TE in average than the EOFs (cf.

Section 8.2.3). This can be seen by comparing figures 8.9(b) and 7.2, where every

EOF-based model is shown to have a mean angular deviation above 1 ◦. In fact,

looking at tables 8.4 and 8.5, we can see that every evaluation variable (mean and

standard deviation of relative norm and angle), concerning the 8-TEF model and

every D-EOF-model, describes a remarkably good behaviour of the corresponding

models.

8.4 Summary and conclusions

After discussing a potential theoretical problem that arises with the construction of

low-order models based on multi-dimensional, multi-variate EOFs, we have shown
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two possible ways to overcome it. Both options are grounded on the idea of having

an independent basis for each variable.

As a first alternative, we investigated a unitary transformation of the multi-variate

three-dimensional EOFs obtained in Chapter 6. Based on this idea, a five-dimensional

test model was reduced with remarkably good results: a 2-TEF model showed to be a

better approximation to the original (chaotic) dynamics than 2- and 4-EOF models.

A second alternative resulted from a simpler procedure consisting of performing the

POD over each state variable separately.

The results obtained from the construction of reduced-order models over these two

alternative bases are contradictory. On the one hand, one 8-TEF and every D-EOF-

based reduced model exhibited better behaviour in the sense that their output seems

to be closer in phase space to the MGCM dataset than the solutions provided by

EOF-based models. On the other hand, the integration of these models seems to be

subject to larger instabilities that did not allow us to go beyond N = 8. Every model

after this limit produced unbounded solutions after finite time. These contradictory

conclusions, in the light of the preliminary results presented, show the potential value

of exploring these alternatives but also give evidence of the need of further research

in this direction.

In particular, there is one important ingredient which has not been added to any

of the reduced models presented in this thesis and which seems to be particularly

important in the case of D-EOF- and TEF-based models. This ingredient is addi-

tional dissipation and is necessary even in full GCMs as a means of removing energy

at small scales (or high wavenumber, in the case of spectral models) [59, 91]. As ex-

plained at the end of Section 5.2.2, it is also essential for achieving long-term realistic

models. Two proposed methods that have proved successful adding extra dissipation

are Newtonian damping [2, 3] and additional horizontal diffusion [59]. The latter is

perhaps the preferred method in the case of full GCMs [36].



Chapter 9

Conclusions

9.1 Summary

Motivated by the observation of enhanced regularity of certain transient components

of the Martian atmosphere in comparison with the terrestrial atmosphere, and en-

couraged by previous work on simplified Martian atmospheric low-order models, this

thesis has focused on two different aims:

(i) to evaluate the possibility of realistically representing the dynamical behaviour

of the Martian atmosphere by a reduced number of atmospheric modes, and

(ii) to construct low-order dynamical models of this system based on the modes

determined in (i).

The dataset which constituted the main target of this study was a sample output of

the Oxford Mars general circulation model (MGCM) [36].

In the pursuit of these aims, two complementary techniques were used. The POD,

based on a total energy norm, was employed to find an optimal set of basis functions

to represent the original dataset as a decomposition of a small number of atmospheric

modes. Additionally, a combination of the POD and Galerkin projection was adopted

in order to construct low-order models of the Martian atmosphere. Thus, the primitive

equations were projected onto the span of the empirical orthogonal functions (EOFs)

obtained from the POD. The hydrostatic primitive equations were favored over the

simpler quasi-geostrophic theory due to two reasons: first, the order of the planetary

Rossby number (being around 0.4) is not as small as is necessary to ensure a good

approximation of the actual dynamics by QG theory and secondly, the large-scale

Martian topographic features required the use of terrain-following coordinates.

166
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Before pursuing results for the principal problem of interest (the MGCM dataset),

these two methods were applied onto a simpler, precursory version of the MGCM, the

so-called simplified GCM (SGCM) [26]. The principal differences between the SGCM

and the MGCM is that the former does not include topography and the parameteri-

sation of forcing consists solely of Newtonian cooling and Rayleigh friction, whereas

the latter includes topographic information and a state-of-the-art parameterisation

of physical processes, which represents forcing and dissipation in the model.

The POD applied to the SGCM dataset showed that the total energy (TE) was

concentrated in a relatively low number of EOFs. As a consequence of the lack of

topography, the first and most energetic mode corresponded to a highly axisymmet-

ric zonal flow. The next most energetic group of modes corresponded to baroclinic

waves. This result was expected given the lack of diurnal cycle forcing other kind of

atmospheric motions such as thermal tides. These findings were in concordance with

previous studies based on the same simplified model [124]. The SGCM EOFs were

classified in groups according to their spatial structure and temporal properties of the

corresponding principal components (PCs). By projecting the hydrostatic primitive

equations onto the span of the most energetic EOFs, we were able to produce a variety

of reduced-order dynamical models. The projection of the equations of motion onto

the span of the most energetic EOFs provided a means of finding physically plausible

interactions between the resolved modes.

The results for the SGCM were highly satisfactory, providing confidence in the

analysis of the more realistic MGCM dataset. As before, the POD showed the feasibil-

ity of reducing the order of the MGCM dataset by means of an EOF approximation.

In this case, the most energetic mode, EOF1, was again related to a nearly zonal

background flow, in this case, modulated by topography. Moreover, PC1 exhibited

a slow decay corresponding to the seasonal cycle. In contrast with the SGCM case,

the next most energetic modes represented the diurnal tide as a result of the strong

diurnal forcing imposed on this model. As in the SGCM case, the MGCM EOFs

were classified taking into consideration their spatial structure and the frequencies

embedded in the evolution of the corresponding PCs. This classification was com-

plemented with an analysis of the projection of thermal tides (diurnal, semidiurnal,

diurnal Kelvin and westward propagating wavenumber-3 diurnal wave) and transient

baroclinic waves. Thanks to this classification, it was possible to provide a physical

interpretation of the MGCM EOFs beyond their energy content.

Reduced-order dynamical models for the MGCM were also constructed by pro-

jecting the hydrostatic primitive equations onto the subspace spanned by the most
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energetic EOFs. In addition to the analysis established for the study of the SGCM

low-order models, the MGCM models were analysed by observing the change in the

models’ frequency response after retaining different EOFs. This analysis led to the

identification of interactions between transient waves and the semidiurnal tide with

other waves such as the diurnal tide, the diurnal Kelvin wave and the wavenumber-3

diurnal wave characterised by a period of 1 sol.

Numerical experiments using a 14-EOF model were carried out in order to inves-

tigate the relevance of the diurnal cycle in the evolution of baroclinic waves. These

experiments shed further light into the question of the interaction between different

kinds of atmospheric motion.

Finally, in an attempt to achieve a better approximation to the tendency space,

which is not necessarily the same as the state space, alternative reduced spaces were

investigated. These alternative spaces were obtained by either decoupling the com-

ponents of multivariate three-dimensional EOFs or directly applying the POD over

independent components. Although, in theory, the use of these bases should involve

advantages, such as a more accurate representation of state variables, in practice, the

results seem to indicate that these models are at most as good as the simpler EOF

models.

9.2 Conclusions

Given the results just summarised, we can now give answers to the questions posed

in the introduction. To the question as whether there is a small number of significant

atmospheric modes being excited in a realistic simulation of the Martian atmosphere,

the answer is yes, there is at least one set of functions that can be used to describe

the state of the atmosphere by retaining just a small number of members in the set.

This set is constituted by the EOFs. There may be alternative sets equally useful

as an answer to our question. Moreover, there may be different EOF sets depending

on the definition of the norm employed to measure the phase space. In this thesis,

each EOF is associated with a certain amount of average TE and each can also be

associated with certain atmospheric motions known to be important for the general

circulation of the Martian atmosphere.

To the question as whether the atmospheric modes, determined by the answer

to the previous query, are sufficient to describe the dynamical behaviour of the at-

mosphere of Mars, the answer is not as rigorous as in the previous case. We have

certainly found that the EOFs can interact dynamically to approximately resemble
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the actual evolution of the corresponding PCs within the MGCM. This resemblance

was assessed by the reduced models’ ability to evolve near the region in phase space

where the original system evolves and their capability for reproducing the most impor-

tant frequencies in the corresponding PCs’ Fourier spectra. These are global methods

appropriate for nonlinear systems and, from this point of view, the results were sat-

isfactory. However, the detailed reproduction of the original orbit was not achieved.

This is not entirely surprising as we are dealing with a nonlinear system likely to be

sensitive to initial conditions. Moreover, the projection of the initial state onto the

EOF reduced-space necessarily implies a perturbation to the initial conditions and,

as a result, a different orbit in phase space.

The accuracy of the reduced models depends not only on the number of EOFs

being resolved in the reduced models but also on the completeness of EOF groups

representing a certain type of atmospheric wave. For example, the pair EOF3–4 is a

good representative of the diurnal tide and is also part of the decomposition of other

atmospheric motions such as transient waves. To achieve travelling wave behaviour

it is necessary to include both EOFs. Otherwise, the most that can be attained is

a standing wave. This is analogous to having real and imaginary parts in a Fourier

series.

Another important ingredient for the success of a reduced model was found to be

the interaction of resolved modes with certain higher order modes. As a result, it is

necessary to include these as explicitly resolved modes in order to obtain the correct

modulation of the evolution of the modes of interest. Suppose, for example, that we

are interested in reproducing the evolution of the pair EOF3–4 and that we include

only the first four EOFs. As we have just discussed, including both modes enables the

model to represent travelling waves. If the forcing is periodic with a period of 1 sol the

model’s response will exhibit this period. However, when compared with the Fourier

spectrum of the original time series of, say, PC3, we will notice that the response at

low frequencies is not well reproduced. It is necessary to include at least EOF5 in

order to obtain a better approximation to the Fourier spectrum of the corresponding

original time series. We have used the lowest pair capable of representing travelling

waves as an example. However, the same sort of response is obtained when higher

order pairs are considered. These results are consistent with the work of Crommelin

and Majda [29], who found that increasing the number of modes in a reduced model

does not necessarily imply a more accurate approximation.

The numerical experiments using the 14-EOF model described in Section 7.4

brought in further information about the way in which different modes interact with
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each other. In particular, these experiments gave further indications about the role

that the diurnal cycle plays in the development and evolution of baroclinic waves

during winter in the northern hemisphere on Mars. Previous work using the MGCM

[27, 91] pointed towards the hypothesis that the baroclinic activity on Mars was or-

ganised by two coexisting equilibrium states related to two different kinds of baroclinic

waves. These two equilibrium states would be destabilised by. the presence of the

diurnal cycle. In this thesis, the POD of the MGCM dataset showed that there were

two important kinds of baroclinic waves embedded within the original dataset. More-

over, the experiments with the 14-EOF model showed that the interaction between

these baroclinic waves and the diurnal (and possibly the semidiurnal) tide leads to

an irregular behaviour which would not be present otherwise.

These results put the present work in the context of certain terrestrial models

where the existence of multiple equilibrium states has also been hypothesised. In

fact, Charney and DeVore [25] where the first to put forwards such a hypothesis. It

led to the Charney-DeVore model [25] which was used precisely with the purpose

of searching for multiple steady or oscillatory equilibrium states. As mention in

Section 1.2.1, this is a heuristically derived low-order model consisting of a severe

truncation of a spectral barotropic channel model. Their results were convincing;

however, the lack of realism was still a drawback.

EOF models have also been used in research related to this hypothesis [4]. By

using a 30-EOF model based on primitive equations, Achatz and Opsteegh [4] were

able to reproduce the climate statistics of the terrestrial GCM used as a reference and

source of data. However, they were unable to identify the hypothetical steady states

responsible for organising the climate dynamics in such a way. Extrapolating the

results in Section 8.1.3 to the infinite dimensional case of the terrestrial atmosphere,

we would have expected more rather than less fixed points in the reduced models.

The conclusion would be in agreement with that in [3] in the questioning to the

quasi-stationarity hypothesis.

In the case of Mars, on the other hand, the hypothesis of two coexisting oscillatory

equilibrium states seems to have more observational and numerical evidence support-

ing it. In that sense, we had the advantage of an apparently simpler system since it

is mainly organised by only two kinds of motion, and clear suggestions coming from

observations and previous studies with the MGCM [27] pointing towards the diurnal

cycle as the source of instability.

Despite the good results obtained, the dynamical models thus derived must be

considered in their right dimension as models at the starting point of development.
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Their predictive power is in agreement with the highly idealised conditions under

which they operate. For example, the dissipative and radiative forcing used here

consisted only of the rather simple Rayleigh friction and Newtonian cooling parame-

terisation schemes. Furthermore, they do not include, so far, any means of removing

spurious energy accumulation at high frequencies, which cause the models to fail

at long-term simulations. We should also consider that, despite being solved at a

fairly high resolution (T31 with 25 vertical levels in this case), it still consists of a

truncated spherical harmonic series. Hence, the MGCM is already an approximate,

albeit accurate, representation of the dynamical behaviour of the atmosphere of Mars.

Therefore, the models constructed here are reductions of an already reduced system.

A different question, more theoretical than practical, was raised in Chapter 8,

where the problem of the independent representability of different components was

introduced. It is true that, as Holmes et al. [44] have pointed out, a dynamical

system does not necessarily wander around the whole phase space. However, it would

be useful to make sure the dynamical system we are concerned with does not tend to

visit the particular regions not covered by the span of the EOFs. The reduced models

presented here for both low- and high-dimensional models seem to indicate that this

might be the case making research in that direction worthwhile pursuing.

As a last remark, let us just comment that a significant difference between typical

spectral models and those reliant on three-dimensional EOFs is that usually the

spectral discretisation is done only horizontally. Trials with a discretisation of the

vertical coordinates have not been as successful as the latter and there has been no

further research in that direction. On the other hand, with the POD of the three-

dimensional fields, we effectively obtain a set of functions that represents in three

dimensions the structure of the fields. Hence, the resulting Galerkin models are, in

effect, spectral in the three dimensions. Moreover, representing the horizontal velocity

components and a thermal variable by a single set of EOFs would mean, effectively,

that we are in the presence of a multi-variate-spectral model in three-dimensions.

9.3 Future work

9.3.1 Further basic investigation

Given the limitations pointed out in Section 9.2, the next step in future work to

be suggested is easily identified. In the search for a long-standing reduced model of

Martian atmospheric dynamics, the removal of spurious energy at high frequencies
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becomes important. Possible alternatives to the solution of this problem have already

been investigated [3, 59]. These alternatives could be Newtonian damping [3] or

enhanced horizontal diffusion over anomalies [59]. The latter is analogous to the

scheme generally employed in both finite-difference and spectral GCMs [36].

Another strong assumption made in the development of the models presented in

this thesis was that of the time-independence of surface pressure. This is an open

question which requires further attention within the interest of developing long-term

models. A time-independent surface pressure is an assumption that can be regarded

as valid only during a certain season or limited period of time as the pressure on Mars

varies greatly from one time of the year to another. As suggested in Section 3.3.1, one

possible way out of this problem is to consider the contribution of the carbon dioxide

mass to the total energy since the sublimation and condensation of this atmospheric

component is the main cause for the variation in surface pressure.

Forcing reduced models by means of realistic physical parameterisations is an

important topic for both short- and long-term simulations as it has a direct impact on

the predictive power of the model. It is, nevertheless, not an easy question. Physical

parameterisation schemes constitute a significant sink of computational resources in

state-of-the-art MGCMs [91] and, as pointed out in Section 7.1, this would be against

the spirit of a reduced-order model. However, keeping just the highly simplified

parameterisations used during this study would keep rather limited the predictive

capacity and, thus, the usefulness of these models. Therefore, a compromise between

complexity and simplicity must be sought.

As explained in Section 9.2, the theoretical question of the independent repre-

sentability of components might be a worthwhile branch to be investigated. This

research might also shed light onto questions related to the interaction between at-

mospheric fields. An example of this was already found when proving the impossibility

of decoupling the bases for the horizontal components of velocity in the presence of

a time-independent pressure (cf. Section 8.1.2). The problem of the independent

representability of components might also be possible to connect it to other theoret-

ical problems such as the topological, and geometrical, structure of the atmospheric

attractor and the existence of the slow manifold.

Despite the vast physical knowledge already available, modelling is still a trial

and error process, evidence that it is not only physics what matters for achieving

a successful model. An example are the most advanced general circulation models

available to date. In spite of the great amount of physics included in these models,

there is still intense research towards the best way of parameterising these physical
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processes in order to improve the predictive power of these models.

As we have just seen, reduced-order modelling is not excluded from this trial and

error road to development. Reduced-order modelling is still young compared to other

techniques such as finite differences or spectral methods. However, it is a promising

path that should be further investigated.

9.3.2 Potential applications

Apart from the theoretical aspects that can be studied to reach a better understanding

of the models themselves, a different sort of future work that can be scheduled is

related to actual use of reduced models for scientific applications.

Analysis of modal interactions and meteorological phenomena

We have seen, that the POD alone can be a powerful tool to analyse the distribution

of total energy over the atmosphere. This property can be exploited in the analysis of

different datasets at different times during the year, in order to study inter-seasonal

variability, or at the same time for different years, in order to study inter-annual

variability. We have started, for example, the analysis of a planet-encircling dust

storm on Mars by means of the POD with promising, though preliminary results.

We have also shown that the construction of low-order models can become a

significant source of information regarding interactions between modes. The studies

started with the results presented in Chapter refsec:mgcmmodels can be carried out

forward to investigate, for example, the open questions regarding the nature of the

transitions between baroclinic waves with no diurnal cycle. Considering that the

seasonal variability in Mars is larger than on the Earth, these analyses can be extended

to include during different seasons as well.

Data assimilation

Data assimilation is a field of great potential applications. It is concerned with

the determination of the best initial conditions possible in order to achieve the best

forecast and with the search for the best fit of a model’s output to a given set of

observations. Generally, data assimilation schemes usually require the integration

of the model and its adjoint forwards and backwards in time, respectively. These

operations usually involve the manipulation of enormous datasets with sizes of the

order of magnitude of the original state vector (i.e. O(106)) even employing simplified

models. The compression that a reduced dynamical model could provide is likely to
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be very useful in this context. Research in this direction has been started within

idealised cases in oceanic studies [23, 95].

Other areas of potential application

As pointed out in the introduction, not only atmospheric sciences face the problem

of high complexity in terms of the number of degrees of freedom to be manipulated.

From this point of view, engineering sciences are also potential costumers benefiting

from the use of low-order models. Hence, the development of reduced atmospheric

models should, in principle, lead to the improvement of reduced models in other

fields. Evidently, the reverse statement should also be true. One area that has shown

a considerable interest in the potentialities of reduced-order models is that of control

engineering, which deals with increasingly complex systems, arising from increasingly

complex devices, that required to be solved in as short the time as possible.



Bibliography

[1] U. Achatz. Private communication. 2006.

[2] U. Achatz and G. Branstator. A two-layer model with empirical linear

corrections and reduced order for studies of internal climate variability. J.

Atmos. Sci., 56:3140–3160, 1999.

[3] U. Achatz and J.D. Opsteegh. Primitive-equation-based low-order models

with seasonal cycle. Part I: Model construction. J. Atmos. Sci., 60(3):465–477,

2003.

[4] U. Achatz and J.D. Opsteegh. Primitive-equation-based low-order models

with seasonal cycle. Part II: Application to complexity and nonlinearity of large-

scale atmospheric dynamics. J. Atmos. Sci., 60(3):478–490, 2003.

[5] U. Achatz and G. Schmitz. On the closure problem in the reduction of

complex atmospheric models by PIPs and EOFs: A comparison for the case

of a two-layer model with zonally symmetric forcing. J. Atmos. Sci., 54:2452–

2474, 1997.

[6] A. Adcroft, J.M. Campin, C. Hill, and J. Marshall. Implementation

of an atmosphere-ocean general circulation model on the expanded spherical

cube. Mon. Weather Rev., 132(12):2845–2863, 2004.

[7] M. Allison and R. Schmunk. Technical notes on Mars solar time as adopted

by the Mars24 Sunclock. Technical report, Goddard Institute for Space Studies,

2005.

[8] A. C. Antoulas. Approximation of large-scale dynamical systems. Number 6

in Advances in design and control. SIAM, 2005.

175



BIBLIOGRAPHY 176

[9] A. Arakawa and V.R. Lamb. Computational design of the basic dynamical

processes of the UCLA General Circulation Model. Methods Comput. Phys.,

17:173–265, 1977.

[10] A. Arakawa and V.R. Lamb. A potential enstrophy and energy conserving

scheme for the shallow water equations. 109:18–36, 1981.

[11] G.B. Arfken and H.J. Weber. Mathematical methods for physicists. Aca-

demic Press, 4th edition, 1995.

[12] N. Aubry. The dynamics of coherent structures in the wall region of a turbulent

boundary layer. J. Fluid Mech., 192:115–173, 1988.

[13] N. Aubry. On the hidden beauty of the proper orthogonal decomposition.

Theoret. Comput. Fluid Dynamics, 2:339–352, 1991.

[14] J.R Barnes. Time spectral analysis of midlatitudes disturbances in the mar-

tian atmosphere. J. Atmos Sci., 37(9):2002–2015, 1980.

[15] J.R Barnes. Midlatitude disturbances in the martian atmosphere: A second

mars year. J. Atmos Sci., 38(2):225–234, 1981.

[16] J.R. Barnes, J.B. Pollack, R.M. Haberle, and C.B. Leovy. Mars

atmospheric dynamics as simulated by the NASA Ames general circulation

model. J. Geophys. Res., 98(E2):3125–3148, 1993.

[17] J. Becker and D. Kuropka. Topic-based vector space model. In

W. Abramowicz and G. Klein, editors, Business information systems, Pro-

ceedings of BIS 2003, pages 7–12, Colorado Springs, USA, 2003.

[18] G. Berkooz, P. Holmes, and J.L. Lumley. The proper orthogonal decom-

position in the analysis of turbulent flows. Annu. Rev. Fluid Mech., 25:539–575,

1993.

[19] J.L. Borges. On rigor in science. In A universal history of infamy. Penguin

Books, 1975. A translation of Historia universal de la infamia, Buenos Aires,

1954.

[20] W. Bourke. An efficient, one-level, primitive equation spectral model. Mon.

Weather Rev., 100(9):683–689, 1972.



BIBLIOGRAPHY 177

[21] W. Bourke. A multi-level spectral model. I. Formulation and hemispheric

integrations. Mon. Weather Rev., 102:687–701, 1974.

[22] B.A. Cantor. MOC observations of the 2001 Mars planet-enrcircling dust

storm. Icarus, 186:60–96, 2007.

[23] Y. Cao, J. Zhu, I.M. Navon, and Z. Luo. A reduced-order approach to

four-dimensional variational data assimilation using proper orthogonal decom-

position. Int. J. Numer. Meth. Fluids, 53:1571–1583, 2006.

[24] J.G. Charney. The dynamics of long waves in a baroclinic westerly current.

J. Meteorol., 4:135–163, 1947.

[25] J.G. Charney and J.G. DeVore. Multiple flow equilibria in the atmosphere

and blocking. J. Atmos. Sci., 36:1205–1216, 1979.

[26] M. Collins and I.N. James. Regular baroclinic transient waves in a sim-

plified global circulation model of the Martian atmosphere. J. Geophys. Res.

Planet, 100(7):14421–14432, 1995.

[27] M. Collins, S.R. Lewis, P.L. Read, and F. Hourdin. Baroclinic wave

transitions in the martian atmosphere. Icarus, 120:344–357, 1996.

[28] P. Comon. Independent component analysis: a new concept? Signal process-

ing, 36:287–314, 1994.

[29] D.T. Crommelin and A.J. Majda. Strategies for model reduction: com-

paring different optimal bases. J. Atmos. Sci., 61:2206–2217, 2004.

[30] D.T. Crommelin, J.D. Opsteegh, and F. Verhulst. A mechanism for

atmospheric regime behavior. J. Atmos. Sci., 61:1406–1419, 2004.

[31] Michelangeli D.V, R.W. Zurek, and L.S. Elson. Barotropic insta-

bility of midlatitude zonal jets on Mars, Earth and Venus. J. Atmos. Sci.,

44(15):2031–2041, 1987.

[32] E.T. Eady. Long waves and cyclone waves. Tellus, 1(3):33–52, 1949.

[33] P.N. Edwards. A brief history of atmospheric general circulation modelling.

In D.A. Randall, editor, General circulation development, past presente and

future: the proceedings of a symposium in honor of Akio Arakawa, pages 67–90,

New York, 2000. Academic Press.



BIBLIOGRAPHY 178

[34] S.B. Fels, J.D. Mahlam, M.D. Schwarzkopf, and R.W. Sinclair.

Stratospheric sensitivity to perturbations in ozone and carbon dioxide: radiative

and dynamical response. J. Atmos. Sci., 37:2265–2297, 1980.

[35] J.M. Forbes. Tides in the middle and upper atmospheres of Mars and Venus.

Advances in Space Research, 33:125–131, 2004.

[36] F. Forget, F. Hourdin, R. Fournier, C. Hourdin, O. Talagrand,

M. Collins, S.R. Lewis, and P.L. Read. Improved general circulation

models of the martian atmosphere from the surface to above 80 km. J. Geophys.

Res. Planet, 104(10):24155–24176, 1999.

[37] J.B. Freund and T. Colonius. POD analysis of sound generation by a

turbulent jet. AIAA paper 2002-0072, 2002.

[38] A.E. Gill. Atmosphere-ocean dynamics. Number 30 in International Geophys-

ical Series. Academic Press, 1982.

[39] C.T. Gordon and W.F. Stern. A description of the GFDL global spectral

model. Mon. Weather Rev., 110(7):625–644, 1982.

[40] J.M. Haberle, J.B. Pollack, J.R. Barnes, R.W. Zurek, C.B. Leovy,

J.R. Murphy, H. Lee, and J. Schaeffer. Mars atmospheric dynamics as

simulated by the NASA Ames General Circulation Model 1. The zonal-mean

circulation. J. Geophys. Res, 98(E2):3093–3123, 1993.

[41] G.J. Hakim, D. Keyser, and L.F. Bosart. The Ohio Valley wave-

merger cyclogenesis event of 25-26 January 1978. Part II: Diagnosis using quasi-

geostrophic potential vorticity inversion. Mon. Weather Rev., 124:2176–2205,

1996.

[42] K. Hasselmann. PIPs and POPs: The reduction of complex dynamical sys-

tems using principal interaction and oscillation patterns. J. Geophys. Res.,

93(D9):11015–11021, 1988.

[43] P. Holmes. On Moffat’s paradox or can empirical projections approach tur-

bulence? In J.L. Lumley, editor, Whither turbulence? Turbulence at the

crossroads, pages 306–309, New York, 1990. Springer-Verlag.

[44] P. Holmes, J.L. Lumley, and G. Berkooz. Turbulence, coherent struc-

tures, dynamical systems, and symmetry. Cambridge monographs on mechanics.

Cambridge University Press, 1996.



BIBLIOGRAPHY 179

[45] J.R. Holton. An introduction to dynamic meteorology, 88 of International

Geophysics Series. Elsevier Academic Press, 4th edition, 2004.

[46] C. Homescu, L.R. Petzold, and R. Serban. Error estimation for reduced-

order models of dynamical systems. SIAM J. Numer Anal., 43(4):1693–1714,

2005.

[47] B.J. Hoskins and A.J. Simmons. A multilayer spectral model and the semi-

implicit method. Quart. J. R. Met. Soc., 101:637–655, 1975.

[48] F. Hourdin, P. Le Van, F. Forget, and O. Talagrand. Meteorological

variability and the annual surface pressure cycle on Mars. J. Atmos. Sci.,

50(21):3625–3640, 1993.

[49] D.R. Johnson and A. Arakawa. On the scientific contributions and insight

of Professor Yale Mintz. J. Climate, 9:3211–3224, 1996.

[50] M. Joshi, S.R. Lewis, P.L. Read, and D.C. Catling. Western boundary

currents in the atmosphere of mars. Nature, 367, 1994.

[51] L.W. Kamp, F.W. Taylor, and S.B. Calcutt. Structure of Venus’s

atmosphere from modelling of night-side infrared spectra. Nature, 336:360–

362, 1988.

[52] K. Karhunen. Zur spektral Theorie stochastischer Prozesse. Ann. Acad. Sci.

Fenicae, A1:34, 1946.

[53] A. Kasahara and W. Washington. NCAR global general circulation model

of the atmosphere. Mon. Weather Rev., 95(7):389–402, 1967.

[54] N. Keely and A. White. Remarks on the theory and practice of potential

vorticity inversion. Technical Report 439, Meteorological Office, 2004.

[55] Y. Kurihara and Jr. J.L. Holloway. Numerical integration of a nine-level

global primitive equations model formulated by the box method. Mon. Weather

Rev., 95(8):509–530, 1967.

[56] F. Kwasniok. The reduction of complex dynamical systems using principal

interaction patterns. Physica D, 92:28–60, 1996.

[57] F. Kwasniok. Optimal galerkin approximations of partial differential equa-

tions using principal interaction patterns. Phys. Rev. E, 55(5):5365–5375, 1997.



BIBLIOGRAPHY 180

[58] F. Kwasniok. Empirical low-order models of barotropic flow. J. Atmos. Sci.,

61:235–245, 2004.

[59] F. Kwasniok. Reduced atmospheric models using dynamically motivated basis

functions. J. Atmos. Sci., 2007.

[60] J. Laskar and P. Robutel. The chaotic obliquity of the planets. Nature,

361:608–612, 1993.

[61] C. Leovy and Y. Mintz. Numerical simulations of the atmospheric circula-

tion and climate of mars. J. Atmos. Sci., 26(6):1167–1190, 1969.

[62] S.R. Lewis. Modelling the Martian atmosphere. Astronomy and Geophysics,

44(4):4.06–4.14, 2003.

[63] S.R Lewis and P.R. Barker. Atmospheric tides in a Mars general circula-

tion model with data assimilation. Advances in Space Research, 36:2162–2168,

2005.

[64] S.R. Lewis, M. Collins, P.L. Read, F. Forget, F. Hourdin,

R. Fournier, C. Hourdin, O. Talagrand, and J.P. Hout. A climate

database for Mars. J. Geophys. Res., 104(E10):24177–24194, 1999.
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