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that the Gibbons-Hawking calculation gives the correct state counting.
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1 Introduction

Recent progress in the AdS/CFT correspondence has centered on the application of the
quantum extremal surface (QES) formula [2-4]. This is a prescription for computing the
large N expansion of the entanglement entropy of a boundary subregion A in term of the
generalized entropy of a semi-classical bulk spacetime:

(Area(ya))

SA = Sgen = 4G

+Sbulk+"' , (11)

where 74 is the codimension 2 surface that is homologous to the region A, defined by
extremizing Sgen. The leading O(N 2) area term is a generalization of the Bekenstein Hawking
entropy for black holes. Meanwhile, the subleading O(1) term Sy, computes the entanglement
entropy of quantum fields across v4 in a fixed gravitational background. The QES formula
is the primary tool that has been used to understand how the bulk spacetime geometry is
encoded in the entanglement structure of the boundary theory. However its bulk interpretation
remains mysterious because the leading area term has no straightforward state counting
interpretation. The main purpose of this article is to provide a bulk canonical interpretation
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Figure 1. A path integral on geometries with the topology of a cigar can be given a trace interpretation
by replacing the tip with a shrinkable boundary condition e. This effectively replaces the cigar with
an annulus, which defines a trace in the “open string” channel.

of the QES formula in the setting of AdS3 gravity. In particular, we will find that the area
term can be viewed as counting bulk gravity edge modes.

Bulk modular invariance and the shrinkable boundary condition. To understand
the issue at hand, recall that the generalized entropy is defined via the Euclidean gravity
path integral Z() which sums over spacetimes with a circle S of length 3 at infinity. It
is defined via the semi classical evaluation of

S = (1-p0g)log Z(B)
Z(ﬁ) ~ e_IdaSSical Zuctuations (1.2)

If SL could be interpreted as a temperature circle, then this is just the standard formula for
the thermal entropy of the partition function Z (). However, to obtain the area term in (1.1)
one must evaluate (1.2) on a saddle geometry in which S. contracts in the bulk, giving the
topology of a cigar.! Ironically, the same feature of the geometry which gives the correct value
of the entropy also prevents us from giving a straightforward statistical interpretation of (1.2).

The Euclidean formula [5] is quite versatile: it is independent of (and predates) the
AdS/CFT correspondence, works for a variety of spinning and charged black holes in various
dimensions, and reproduces the Page curve for the Hawking radiation of an evaporating
black hole [6, 7]. Given that the Euclidean path integral is defined in the low energy effective
theory, its success seems somewhat miraculous. Why does the Euclidean path integral give
the correct microstate counting?

In [1, 8], it was argued that the Euclidean calculation gives the right answer because it
uses a bulk gravitational version of modular invariance (see also [9] for earlier renditions of
this argument). Consider the gravity path integral on geometries with the cigar topology of
the Hawking saddle. To obtain a bulk trace interpretation, we must remove an infinitesmal
disk from the tip of the cigar, and replace it with a “shrinkable” boundary condition at the
resulting boundary. This boundary condition is defined so that the path integral on the
annulus after the excision equals the path integral on the cigar: see figure 1.

Read in the “open string” channel, the path integral on the annulus seems to define
the trace

Z(8) = Trpy/*" (1.3)

!For example, in the case of the black hole where there is a U(1) symmetry along SL , a saddle where the
S2, remains non contractible in the bulk would have a linear dependence on 3, since the action is independent
of the coordinate along the circle. This would give a linear dependence of log Z () on 8, which gives a zero
contribution to S.



of a reduced density matrix py: this is shown in figure 2. Given such a reduced density
matrix, inserting (1.3) back into (1.2) shows that the generalized entropy (1.2) is the bulk
entanglement entropy

Sgen = — Try py log py (1.4)

between the subregion V and its complement. Our main result is an explicit realization
of this formula in AdS3 gravity.

Due to the shrinking cycle, evaluating the bulk path integral in the open string channel
requires the introduction of bulk edge modes near the tip of the cigar: they arise from a
local version of holography in which the degrees of freedom of the small disk is replaced
by the gravitational edge modes at its boundary, where the metric is free to fluctuate in
contrast with the asymptotic boundary. These edge modes are a manifestation of UV-IR
mixing in the bulk: they represent UV degrees of freedom that are normally confined in the
IR, but are exposed when we cut open the path integral along a co-dimension 2 entangling
surface. As we will see, their entanglement gives the leading contribution to (1.4), which
is precisely the area term in the QES formula.

Summary of previous results and outline. In this paper we will carry out the argument
described above within the effective theory of AdS3 gravity defined in [1]. In fact, for the
special case of the generalized entropy of the two sided BTZ black hole (with A being
the entire spatial slice of a single sided CFT), equation (1.4) was derived in [1]. In this
derivation, a fundamental role was played by a bulk edge mode symmetry that is intimately
related to the modular invariance of the gravity path integral. Since this same edge mode
symmetry governs the QES formula for the single interval EE of a boundary subregion, we
summarize those results here.

To begin with, note that in AdS3, the bulk modular invariance described above is exactly
the holographic dual of modular invariance in the boundary CFT. Here the bulk semiclassical
limit corresponds to the high temperature limit when g is small. In this regime we can use
the modular invariance of the CF'T to evaluate the partition function in the dual channel:

26)= 2 (‘*g) (15)

At small § the r.h.s. is captured by low energy part of the spectrum, and one usually just
keep the vacuum contribution Z (%) ~ exp g—g - this is an expression of UV-IR mixing in
the boundary theory. The dual bulk calculation corresponds to evaluating the gravity action
on the BTZ saddle, where the Euclidean time circle shrinks in the interior as described
above. However, to understand what states are being counted, one should go back to
the original channel and expand in the Boltzmann factor e #F. In the standard CFT
calculation, this is achieved by doing a Laplace transform, which gives the Cardy density
of states p(F) = exp \/% . When combined with Brown-Henneaux relation [10] ¢ = 3tads

2G N
this famously reproduces the BH entropy as

Area N
e log p(B") (1.6)




where E* is the saddle point value of the energy. In this calculation, BH entropy is naturally
interpreted as counting edge modes at asymptotic infinity that transform under the asymptotic
Virasoro symmetry.

As explained above, to access the original channel in the bulk, we must introduce
gravitational edge modes. One of the main results of [1] is that these bulk edge modes
do not transform under a Virasoro symmetry. Instead, the shrinkable boundary condition
implies that they transform under the quantum group SL:;(Q, R) ® SL;(Q, R), with ¢ related
to the cosmological constant. Moreover its co-product naturally defines a factorization of
the bulk Hilbert space that leads to the reduced density matrix py in (1.4). In the classical
limit, equation (1.6) is then replaced by

Area
4G

where p, p labels representations of SL;F(2, R) ®SL; (2,R), and dim, p, dim, p are the associated

= log dimg p* dim, p* (1.7)

quantum dimensions which count bulk gravity edge modes. These results can be viewed as
the dimensional uplift of those found in JT gravity in [11].

It was originally suggested in [12] and further advocated in [1] that we should interpret
this quantum group symmetry via the paradigm of topological phases, which are long range
entangled phases described by topological quantum field theories. In this context, quantum
groups arise as the symmetry of anyons that describe the collective degrees of freedom of
topological phase. These anyons are objects in a modular tensor category which defines the
TQFT path integral: for Chern Simons theory with compact gauge group G, this modular
tensor category is the representation category of a the loop group LG or its associated
quantum group. The results of [1] for AdS3 gravity suggests that we should interpret the
bulk edge modes as gravitational anyons that belong to the representation category of
SL;(Q, R) ® SL;(2, R), which behaves like a “gauge group” for gravity. We will say more
about this viewpoint in the conclusion.

Here is a detailed outline of the paper. In section 2 we review some salient details of [1]
that will be needed for this work. In 2.1 we define the boundary partition function Z(/3)
and compute its thermal entropy. In 2.2, we give the bulk definition of Z(/3) in terms of a
modified Chern Simons path integral with PSL(2, R) ® PSL(2,R) gauge group [13]. In 2.3
we define the bulk 2 sided Hilbert space for the BTZ black hole geometries and in 2.4 we
define SL;(2, R) and explain how its co-product determines the factorization of the bulk
Hilbert space. In section 3, we repeat these steps for the effective BCFT partition function
whose thermal entropy gives the entanglement entropy of a single interval. We denote this
partition function by Z.. (), where [ is a dimensionless length of an interval in the boundary
theory, and plays the role of 3 for the black holes. We derive this partition function carefully
in 3.1 by factorizing the boundary theory, and comment on the relation of our entanglement
boundary conditions to FZZT branes. In 3.2 we give a bulk description of Z..(l) using
AdS/BCFT and cut this path integral along a Cauchy slice to define a bulk Hartle Hawing
state. In 3.3, we give the factorization of this quantum state and show that its entanglement
entropy reproduces the generalized entropy. In particular, (1.7) is now replaced by

Area

. % c
e = log dim, p* =  logl, (1.8)

3




Figure 2. The lower half of the annulus with a shrinkable boundary condition e inserted can be
viewed as the path integral preparation of a factorized state in the bulk extended Hilbert space
Hy @ Hyr. The subsequent Lorentzian evolution describes an entangled sum of one sided geometries.

which gives the entanglement entropy of an interval of length [.? Here the reduction to a
single chiral sector relative to the two sided black hole case can be attributed to introduction
of a conformal boundary condition at the entangling surface in the boundary CFT. Finally,
in section 4, we provide an extended discussion that places our work within the paradigm
of extended TQFT.

2 Review: gravitational edge modes in 3d gravity

In this section we review the construction of the effective 3d gravity theory proposed in [1]
and its associated gravitational edge modes. We will see how representations of SLq+(27 R)
naturally arise as the subregion states needed to define the factorization of the bulk Hilbert
space of the two-sided BTZ black hole.

2.1 The boundary partition function

Consider an irrational (¢ > 1), holographic 1+1 d CFT with only Virasoro symmetry: the
modular invariant partition function is a sum of Virasoro characters:

_ _ i3
Z(T, 7-)micro = Z AhﬁXh(T)XFL(T% T = /
hjz AdS

(1+1), (2.1)

where 3, u is the inverse temperature and chemical potential resp. The Virasoro characters
are given by:

(1-9q) -2 . :L h—t ) = g1/ o 1 — g™ 99
) . xa(T) K , o) =q WHI( "),  (22)

Xo(T) =

It is well known [15-17] that for theories with gap and a sparse spectrum, the high
temperature limit of Z(7,7) is dominated by the vacuum character in the dual channel

Z(7, hmiero = Y Ap pxn(=1/T)X3(=1/7) ~ Ixo(=1/7)|* (2.3)
h,h

2Equation (1.8) was also obtained in [14] via a boundary calculation of entanglement entropy in which the
Cardy density of states was replaced by dim, p in an ad hoc fashion. See section 3.1 for further details.



Specifically, the vacuum block dominates when the inverse temperature is much smaller
than the gap to the first excited state:

YN (2.4)
laas

This motivates us to define an effective theory with partition function:

Z(7,7) = |xo(=1/7)? (2.5)

This partition function can be viewed as an effective theory which describes the universal
dynamics of an irrational, Virasoro CFT in the high temperature limit.

To see the statistical interpretation of Z(7,7), we go back to the original channel-where
the temperature circle is small- by applying a modular transformation to express the vacuum
character xo(—1/7) as a sum over non-degenerate Virasoro characters x,(7). It will be
convenient to use the Liouville parameterization® of the conformal dimensions,

h=p*+Q%*4, h=p>+Q*/4, Q=b+b", c=1+6Q° (2.6)

Then we can use the Virasoro S-matrix [18] to write

“+o00 “+o0 B
25 = o(=Unf = [ [apdp Ssi(mxa(7), (2.7
where
SoP = V/2sinh(27bp) sinh(27b ™! p) (2.8)

As noted in [12] and further explained below, these Virasoro S-matrix elements form
a measure on the space of Virasoro representations, which is identical to the Plancherel
measure for SL{(2,R)

So? = dimy p, q= it (2.9)

The equality of these measures is the first hint that Rep (SL;(Q, R)) might play a role
in 3d gravity.
In terms of the inverse temperature § and chemical potential y defined in (2.1), we can
write Z(7,T) explicitly as the partition function
Z(8, ) = T [e- P+ (2.10)
o~ 7 (0P 4P?) ik (0?—p?)

()| ’

The integral runs over primary states labelled by (p,p), with primary energy and angular

+w +m —_ . . —
:/0 ; dp dp dimg(p) dimg(p)

momentum given by

_ PP
E )

3Tt should be emphasized that our boundary theory is NOT Liouville theory, whose partition function is a

H J=p* —p* (2.11)

diagonal sum of all non degenerate Virasoro characters.



As we explain below, these can be identified with black hole states in the bulk, whereas the
descendants states captured by the Dedekind eta are the boundary gravitons.

The thermal entropy of the boundary partition function (2.10) reproduces the BH entropy
for Euclidean BTZ black holes in the high temperature 5/laqs < 1, and semi-classical limit
c¢>1—b> 1limit. For 5/lpqs < 1, large p, p dominates the integral so we can approximate:

cL
dimg p ~ exp 2mbp = exp ?0 (2.12)
This gives the expected Cardy density of states. For ¢ > 1, we can evaluate the entropy

at the saddle point (p*,p*), which gives

S = (1 - 305)log Z(8, 1)
A(M*, J*)

~ log dim, p* dim, p* = e

(2.13)

Here (M*,J*) = (M,p*2 — p*?) are the saddle point values of the mass and spin, which

depends on g.

2.2 The bulk gravity theory

The boundary partition function (2.10) has a dual interpretation in terms of 3d pure gravity
with a negative cosmological constant. The gravity action is:

—— [ Bay/=g(R®) — —), (2.14)
167G Ras

Ign =

where the bulk and boundary parameters are related via the Brown Hennaux relation ¢ = 3213‘]1\? .
This duality can be derived explicitly in the first order formulation of AdS3 gravity as
a Chern Simons theory with gauge group PSL(2,R) ® PSL(2,R), in which the gauge fields

are related to the Vielbein e and spin connection w according to

e - e

Specifically, [13] showed that the Euclidean Chern Simons path integral with gravitational
boundary condition on a solid torus with a contractible Euclidean time cycle reproduces the
vacuum character |xo|?(—1/7). Using coordinates ¢, g on the boundary and p as the bulk

radial coordinate, the gravitational boundary conditions are:*

1. Asymptotic AdS3 boundary conditions that set the boundary value of the gauge field to

0 L(pt
A@:AtE:<1 (‘PO E)>

Aty — Ap =0, (2.16)

where L(¢ + itg) is a classical boundary stress tensor which generates the boundary
Virasoro algebra with L, = [ g—ﬁei”("o)ﬁ(go).

“To describe the boundary theory in terms of group elements g, one also has to impose a PSL(2, R) quotient
g ~ h(p)g since these define the same gauge field A = g~ 'dg.



Z dim, pdim, p
’ pVﬁ

tg  Euclidean time

Figure 3. On the left, we have the solid torus partition function of the bulk TQFT, with no Wilson
lines inserted. This can be given a perturbative interpretation as the quantization of fluctuations
around a BTZ saddle obtained by filling the Euclidean time cycle. On the right, we interpret Z(r,T)
in terms of the solid torus in the dual channel, where we fill in the spatial cycle with a disk punctured
by a superposition of Wilson lines. The punctured disk is the spatial slice of a black hole geometry
describing individual microstates of the thermal ensemble (2.10).

2. A winding constraint defined as follows. Writing the flat connection on the (p, Tg) disk
as A = g~ 'dg, one requires that at the asymptotic boundary, the map
: 81 = PSL(2,R) (2.17)

9l oo

winds once around the non contractible SO(2) subgroup of PSL(2, R).

In the standard description [13, 19], the bulk gravity path integral is given a perturbative
interpretation as arising from the quantization of fluctuations about a Euclidean BTZ saddle,
where the Euclidean time circle contracts smoothly in the bulk: this is shown in the left
of figure 3, which is a solid torus with no Wilson loops inserted. This perspective is made
explicit by writing

. , 2.18
_ eXp(@) ( )

26:7) = o1 = e (<255 11

where exp(@i) is the dominant contribution from the on shell Euclidean classical action,
and [[02, ﬁ(*’%")w is the partition function for fluctuations associated with boundary
gravitons. In this description, the BH entropy is captured geometrically by the horizon area
of the saddle point geometry, but it does not have a state counting interpretation. This is
because the bulk time slice is an annulus A, and the solid torus does not take the form A x S*.

The bulk generalized entropy is computed by including the contributions of the one loop
determinant about the BTZ saddle to the BH entropy; in this case the generalized entropy
gives the exact thermal entropy of Z (7, 7), because the partition function is one loop exact [19]:

Seen = (1 — 393) log Z(B. 1) (2.19)

While the perturbative description (2.18)of Z(7,7) is correct, it has the undesirable feature
that only a small part of the total entropy - the part due to fluctuations around the BTZ
saddle- has a state counting interpretation. The heavy primaries in (2.10) which gives
the dominant contribution to the entropy is hidden in this bulk description. One way to
incorporate these heavy primaries into a bulk statistical mechanical partition function is to



go to the dual channel via a modular transform, as we did in (2.7). In this channel, the
bulk is obtained by filling in the spatial ¢ cycle with a disk, which evolves in the Euclidean
time direction to give a bulk trace (see right of figure 3). The modular transform introduces
Wilson lines labelled by the primaries (p,p), which punctures the spatial disk and creates
a nontrivial holonomy around ¢, leading to the nondegenerate characters x,(7). The bulk
is thus a sum over solid torus path integral with Wilson loops inserted, and leads to a
non-perturbative® description of Z(7,7) as a statistical sum (2.10). For the real values of
p, p which appear in (2.10), the classical phase space on the punctured disk® consists of flat
connections with holonomies in the hyperbolic conjugacy class. In the metric description,
these hyperbolic holonomies correspond to Lorentzian BTZ black holes with mass an spin
given by (2.11). Quantizing these solutions’ gives rise to the black hole states which is
counted by the partition function (2.10). These black holes states should not be confused with
the Euclidean saddle: the former are “microstates” with zero entropy and no temperature,
while the latter is geometric representation of the saddle point of (2.10) with mass and spin
determined by the temperature .

Thus, the dual channel gives a perfectly consistent definition of a bulk statistical partition
function. However to obtain an entanglement entropy interpretation of Sgen, we need to
give a trace interpretation in the channel on the left of figure 3, where we filled in the time
cycle with no Wilson loops inserted. To do this, we need to remove a thin tube from the
center of the of the solid torus, with a shrinkable boundary condition e (figure 4). The
tube arises from the modular evolution of a stretched entangling surface: in Lorentzian
signature, this would correspond to a stretched horizon as depicted in the right of figure 2.
The shrinkable boundary condition ensures that the resulting path integral can be given
a state counting interpretation as

Z(1,7T) = trypv, (2.20)

where py is a bulk reduced density matrix on a subregion V. Note that since the dynamical
spacetime geometry is encoded into the field space via (2.15), we can define the subregion V'
in a topological sense, without fixing the metric at the entangling surface. This is crucial for
obtaining the correct gravity edge modes, which differ from the conventional gauge theory edge
modes that do fix a background metric at the entangling surface. Finally, we observe that the
shrinkable boundary condition (2.20) guarantees that the bulk generalized entropy, identified
with the full thermal entropy of Z(7,T) via (2.19), is given by the entanglement entropy of py:

Sgen = — Tl"V 14% log PV (2.21)

In the next section, we review the bulk Hilbert space and factorization map which gives
rise to the reduced density matrix py .

5By non-perturbative, we mean not expanding around a Euclidean saddle. We do not mean that we are
including terms non perturbative in the gravitational coupling.

5Tn description of the bulk Hilbert space in terms of Liouville conformal blocks, these punctures correspond
to the insertion of a Liouville vertex operator with conformal dimension h = QQ/ 4+ p?.

"The exact Hilbert space has black holes with quantized angular momenta, which links p and p so the
two sectors do not decouple. However our effective description at high temperature can not resolve this
discreteness, so we get two independent chiral and anti chiral sectors.
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Figure 4. The shrinkable boundary condition.

Before moving on to the discussion of bulk factorization, we should emphasize that the
gravity boundary conditions- in particular the winding constraint- alter Chern Simons gauge
theory in an essential way. One is no longer using the path integral measure associated to
the gauge group PSL(2,R) ® PSL(2,R), which would naturally sum over integer winding
numbers. In fact, the main proposal of [1] is that the bulk theory should be viewed as an
extended TQFT associated with the quantum semi group SL, (2, R)" ® SL,(2, R)"- we will
comment on this perspective in the section 4. To avoid confusion, we will henceforth refer to
the bulk theory as the gravitational TQFT, or just the bulk TQFT for short.

2.3 The bulk Hilbert space
We start by defining the bulk Hilbert space on the time-reflection symmetric Cauchy slice of

the solid torus geometry (with no Wilson loops inserted). This is an annulus (depicted in
figure 5) which corresponds to the Einsten Rosen bridge in the Lorentzian continuation of
the geometry. The Hilbert space is obtained by quantizing the classical phase space solutions
with the same topology as the two sided BTZ black holes. These correspond to the Kruskal
extension of the single-sided Banados geometries:
2 Al _
ds® = lids% - (de+ - lidSM) <7"d95 - lidsﬁ(x?dfr) ,
st =t+o (2.22)

which are parameterized by the functions £(x¥),£(z~). These are the expectation values
of the boundary stress tensors which determine the boundary values of the gauge fields
Ay, A, according to equation (2.16).

The Kruskal extension introduces a left (L) and right (R) asymptotic boundary, with
coordinates xf, a:i% respectively. This gives 4 stress tensor components:

L(zp), Llzp), Llzg), L(zg) (2.23)

The L and R copies are not quite independent, because they share the same zero mode
which determines the mass and spin of the black hole. This correlation between the L. and R
boundaries is most easily seen in the Chern Simons representation, where the zero modes
label the holonomy around the non-contractible spatial cycle according to:

2 cosh <p> = TrPexp]{ Apdy
2 c

2 cosh <229) = TrPexp% Apdyp (2.24)
C

,10,
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Figure 5. On the left we show the Einsten Rosen bridge as the time refection symmetric slice of the

Euclidean BTZ geometry. On the right, we show the two sided Lorentzian geometry of obtained by
evolving the Hartle Hawking state produced by the path integral on the left.

Heuristically, we can think of this holonomy as measuring the effect of Wilson lines that thread
the wormbhole in the dual channel (as in left of figure 7). The shared zero mode implies that
the phase space does not factorize into independent copies associated to the two boundaries®

Due to the AdS3 boundary conditions (2.16), the holonomy labels (p, p) can be identified
with the primary labels for the Virasoro algebra. Upon quantization of the stress tensor
degrees of freedom in (2.23), we obtain a bulk Hilbert space Hpyx constructed out of Virasoro

primaries:
Hbulk = Span{|p>m£7mk}%> & |]57 ﬁ£7ﬁ§>}v (225)

where p, p labels the black hole mass and spin according to (2.11), while m¥, m# and nk, nlt
are the occupation numbers of the descendant states corresponding to boundary gravitons.

Explicit we can write:
LRy TT 77 o g
|p7mkamk> = H Lfk ’p>L ® H Lfk |p>R (226)
k=1 k=1

While the L and R edge modes corresponding to the boundary gravitons factorize, the
bulk degrees of freedom (p,p) prevent a complete factorization into independent, one-sided
Hilbert spaces.

The Hartle Hawking state, prepared by the half solid torus path integral, can be expressed
explicitly as

(U (8, 1)) = |HH) ® |HH)

|HH) = /0 dp \/dim, p e (CIHI) (P74 Nm,) lpmE mit) (2.27)
L_, R

and satisfies Z(8, 1) = (W (3, )| ¥ (5, p))-

2.4 Factorization and half-wormhole states

In this section we define the factorization map from the Hilbert space on the ER bridge
into a bulk extended Hilbert space

ibulk : Houlk = Hy @ Hy, (2.28)

8In fact, in addition to the four stress tensors in (2.23), this is an additional degree of freedom in the
gravity phase space parametrized by a radial Wilson line connecting the two boundaries [20]. This is needed
to obtain a non-degenerate symplectic form in the bulk.

— 11 —
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Figure 6. A path integral process that factorizes the ER bridge.

where Hy ,Hi;, are the subregion Hilbert spaces on each half of the ER bridge as shown in
figure 7. ihyk can be viewed as a bulk path integral evolution that splits the ER bridge
into two half wormholes: this process is depicted in figure 6. It was explained in [1] that
compatibility with the shrinkable boundary condition requires that each of subregions V'
supports Virasoro edge modes at asymptotic infinity, and quantum group edge modes at the
entangling surface transforming under SL (2, R) ® SL} (2, R).

The most direct, though formal way of defining SL{ (2, R) is via its fundamental (co)
representation as a two by two “quantum” matrix:

g= (Z Z) (2.29)

in which each matrix element a, b, c,d is an operator on L?(R ® R) with positive spectrum.
These operators have commutation relations given by

ab = q"/?ba, ac = q'?ca, bd = ¢"2db,  cd = ¢"de,
bc = cb, ad — da = (ql/2 - q_l/z)bc. (2.30)

When ¢ — 1, these matrix elements can be taken to be real numbers, and the positive
spectrum condition corresponds to requiring that they are positive real numbers. This limit
gives the semi group SL*(2,R): due to positivity, not all elements have inverses.” Likewise,
when ¢ # 1, the positive spectrum condition implies that the quantum matrix g does not
always have an antipode, which is the analogue of an inverse for a quantum group. In this
sense SL;F(Q, R) is a quantum semi-group.

This definition may seem a bit bizarre at first sight: in what sense do the elements ¢
define a symmetry? The simplest answer to this question is that a symmetry G should be
defined by its representation category Rep(G), and to say that SL(‘;(27 R) is a symmetry means
there exists a well defined category of SL;“(2, R) representations, related to the continuous
series representations of SL,(2,R). In fact the (highly nontrivial) representation matrices
Rap(g) a,b € R for SLS (2, R) have been worked out explicitly by [21]. The indices a,b are

9The ¢ — 1 limit of our 3d gravity theory gives JT gravity, which was formulated as a “SL*(2,R) gauge
theory” in [11]. There it was explained that the SL*(2,R) measure removes gauge field configurations that
would correspond to singular metrics that are not included in the gravity path integral. The g-deformed
SL[;(Q, R) measure plays a similar role in removing unwanted metric configurations from the measure: see
section 5.3 of [1] for more details.
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continuous but the matrix elements satisfy the usual representation property, which says
that if ¢ = g192, then

Rap(9) = Rap(g1 - 92) = /dC Rac(g1) Ren(g2) (2.31)

One of the main results of [1] is that the factorization map iy can be characterized
algebraically as the co-product of the quantum group SLJ(Q, R) ®SL4(2,R)™. This co product
is equivalent to the representation property (2.31), viewed as a map from functions of one
quantum group element g to functions on two quantum group elements g1, go. The matrix
element R,;(g) is wavefunction of the “Wilson line” variable g that crosses the ER bridge,
g1, go are the subregion Wilson lines obtained by the factorization map. The quantum group
edge modes correspond to the contracted indices c. Below we give a condensed explanation
of how these representation matrices and their co-product arise in the factorization of Hpy.
We refer the reader to [1] for further details.

Factorization. To set up the discussion, it is useful to organize our bulk Hilbert space in
terms of Virasoro representations V), as follows. First, the Hilbert space decouples into a
tensor product chiral and anti chiral parts, corresponding to the two PSL(2,R) components
of the bulk gauge field:

Houxk = HOH (2.32)
We will focus just on a single sector H, which takes the form
H=o,Vp @V, (2.33)

with basis given in (2.26). It turns out ipyk acts only on the bulk zero mode subspace
H® C H, i.e. the primary states |p) in (2.26). The boundary gravitons labelled by mé’R
are spectators. Moreover, no descendants are introduced at the bulk entangling surface: in
this sense the shrinkable boundary condition is a gapped or topological boundary condition.
This is in contrast with the usual factorization map for Chern Simons theory, which would
introduce descendants at the bulk entangling surface. In the shrinking limit, these states
lead to an infinite entanglement entropy associated with the UV divergence of QFT on a
fixed background. Gravity regularizes this divergence.

The crucial observation that underlies our factorization map is the existence of a one
to one correspondence between the Virasoro representations V), and representations f/p of
the quantum group SL;‘(Z, R). This is a non compact generalization of the well known
relation'® between representations of the loop group LG and corresponding quantum group,
usually denoted Z/{q(G).11 The correspondence between V), and V}, is a deep fact linked to
the modular bootstrap for irrational CFT’s with ¢ > 1. The modular bootstrap is a set
of constraints that determines the data for the representation category Rep(Vir) of the
Virasoro algebra: these include the spectrum of primaries, the fusion rules, and the OPE

'9In mathematics this is called the Kazhdan-Lusztig equivalence [22].
Y174,(G) refers to the q-deformation of the universal enveloping algebra of G, which is just the algebra
generated by the Lie algebra elements subjected to the commutation relations.
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coefficients. Ponsot and Teschner [23] showed that there is a one to one map F ( a “functor”)
between representation categories

F : Rep (Vir) = Rep(SL; (2,R)) (2.34)

such that the fusion algebra of Rep (Vir) maps to representation ring of SLS(2,R). In
particular, this fusion rules of Rep(Vir) corresponds to the decomposition of tensor products
in Rep(SL{ (2, R)), and the Virasoro Fusion matrix maps to the Racah Coefficents (6j symbols)
of Rep(SL{ (2,R)). Thus, Rep(SL; (2,R)) provides a solution to the modular bootstrap.
Starting from this observation, we can define the factorization map ipu acting on the

zero mode subspace H as follows

1. First we use the correspondence (2.34) to relate primaries in H" to representation
matrix elements of SL;F(2, R). Concretely, we introduce frozen quantum group indices
ir,igr to the primary states:

Ip) = |p,iL,ir) € H° (2.35)

such that the corresponding zero mode wavefunctions on the ER bridge are given by
representation matrix element of SL; (2, R)

(glp,ir,ir) = \/dimgp R | (9), g€ SL;(2,R) (2.36)

The normalization is important: it corresponds to the Plancherel measure on SLf (2, R),
which we explain below. The frozen indices originate from the PSL(2, R) Kacs-Moody
zero modes of the WZW model which arises from the usual bulk-boundary correspon-
dence for Chern Simons theory. However, the AdS3 boundary conditions (2.16) projects
onto a particular linear combination of Kacs-Moody zero modes, labelled by iz, g, thus
reducing the symmetry algebra to Virasoro. The projection restricts to a subspace of
wavefunctions invariant (up to a phase) under the action of right (left) multiplication
by elements hp,;, € Hp/, of certain subgroups of SL;(2, R):

RE (9) — Rb (ghr) = " "RDRE (g)  hp € Hp
RP (g) = RY \(hpg) = e ")RP (g)  hy € H (2.37)

The projected matrix elements are called Whittaker functions, and the associated
quantum state only depends on the configuration space variable g € H L\SL;(Q, R)/Hgr
in the double coset

2. We can give a more precise characterization of #°. This follows from the fact that the

matrix elements
Ry(9),  a,beR, peR" (2.38)

form a complete basis on the space LQ(SL,‘;(Z, R)) of integrable functions on SL; (2, R).
This completeness is due to a nontrivial generalization of the Peter Weyl theorem [23]
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that states that LQ(SL;(Z R)) decomposes into representations V, ® f/p* of SL(2,R)
(the * denotes the dual vector space):

LSLiR) = [ dun) Ty ey
Bp>o0
du(p) = dimg p q= emib® (2.39)

The bulk zero mode Hilbert space is obtained from (2.39) by projecting the representa-
tion matrix elements onto invariant subspaces labelled by iz, g. This is expressed by a
modified Peter Weyl theorem:

MO = LHHSL QR HR) = | dur) Uy, @ Vi (2.40)
p>0

where V}“L,V denote the respective invariant subspaces. Note the similarity with
the structure of (2.33): the correlation in the representation label p gives rise to the
L? space, allowing us to interpret the zero mode subspace H° as wavefunctions on the
quantum group: in this sense g € SL;‘(Q, R) is a “Wilson line” variable that captures
the connectedness of the ER bridge.

Now some technical remarks about the measure in (2.39) and (2.40). The Plancherel
measure dyu(p) = dimg(p) is defined by the norm of the matrix elements with respect to
the Haar measure, and appears in the orthogonality relation:

1
d Rp Rp* =
/SL;L(Q,[R) g ab(g) cd (g)

dimg p

ShdOac (2.41)

This explains the normalization in (2.36). The appearance of the Plancherel measure
in (2.39) means that the completeness relation is given by

- / du(p) / da / db R?,(g)RP5(d). (2.42)

Moreover, it is identified with the character in Vp evaluated on the identity element:
Trf/p(l) = dimy p (2.43)

Note that the Plancherel measure is a highly constrained part of the Rep(SL; (2, R))data.
In particular, an arbitrary rescaling of the representation matrices would spoil the
representation property

Rey(91 - 92) / de R (g1) R, (92) (2.44)
. In addition to a (non-commutative) pointwise product LQ(SL;(Q, R)) also has a co-
product obtained by pulling back the multiplication rule on SL;;(2, R):

A L*(SL(2,R)) — L*(SL}(2,R)) ® L*(SL{ (2, R))
f(g) = flg1-g2) (2.45)

When applied to the representation basis, this defines a factorization map that “cuts
open” the Wilson line via the representation property (2.44).
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4. Finally, we use the co product A to define the factorization map on our bulk Hilbert
space. The action on the zero modes is:

Thulk : 7‘[0 — 7‘[0 ® HQ
R, yl0) = I, wlovae) = — [ 4R, ()R, (99)

ds |pirs) @ |psig) (2.46)

piin) \/r /

Here we have defined the subregion zero mode subspaces spanned by the respective

matrix elements as

MY = L2(H\SL} (2,R)) = / du(p) Vi, @ Vp
OpeRt

!

<z

MY = LA(SL}(2,R)/Hp) = /@ . du(p)V, ® Vi, (2.47)
The group elements g, gv, gy in (2.46)belong to the respective cosets above. We can
lift the factorization map onto the full Hilbert space H by tensoring %’;L with the
descendant states, which just gives back the Virasoro representation V,,. Thus we can
express the spectral decomposition of the subregion Hilbert spaces in a simple way:

Hvz/ dp(p)Vy @ V, = span{lpir s : my)}
BpeRT

Hy = / du(p)f/}g ® V, = span{|pir s : mkR>} (2.48)
PpeRT

The factorization map is then given by
ibulk TH — 7‘[\/ X Hf/

o 1 o0 . .
lpipig : mEmit) — \/m/ ds |pip s :mb) @ |psig : mp) (2.49)
q —0o0

Summary. In this section, we explained aspects of the representation theory of SL;F(Q, R)
and defined a bulk factorization map via the co product on SL;(Z, R). While the discussion
above may have seemed formal, it has a very simple and intuitive pay off. Heuristically,
we can view the configuration space variable g as a SL;F(Q, R) Wilson line ¢ = Pexp [ A
that crosses the ER bridge. The factorization map ipyx is then defined from splitting this
Wilson line g — gy gy into subregion Wilson lines in a manner analogous to the splitting
of an ordinary Wilson line according to (2.44) (see figure 7).

Finally, let us comment on the semi classical description of our Hartle Hawking state,
which is a particular superposition of these quantum group Wilson lines. In (2.27), we gave
an abstract description of this state in terms of entangled sums of Virasoro primaries and
descendants. However, there is a more geometric description that was recently analyzed
in [24, 25]. To apply their analysis to our Hartle Hawking states (2.27), we first use (2.11)
to relabel the basis states

|p,ir,ir) |D,iL,ir) — |E,J), (2.50)
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Figure 7. A heuristic depiction of the bulk factorization map via a bulk version of ER=EPR.

where E the energy and J the angular momentum of a micro-canonical black hole state.
Generalizing the JT story, the authors [24, 25] showed that the overlap

(E, J|¥(B, 1)) (2.51)

can be computing semiclassically via a mixed boundary value problem in which certain
components of the spatial metric and conjugate variables to the remaining components are
fixed. With these boundary conditions, they evaluated the on shell action I[FE, J] for these
configurations and found

(B, J[W(B, ) ~ ! = eSENEIER, (2.52)

with S the black hole entropy. This is exactly the semi classical limit of our Hartle Hawking
wavefunction when projected on associated primary state (The entropy S(E, J) coming from
the Plancherel measures /dim,p).

3 The single interval QES formula from bulk edge modes

In this section we use the gravitational TQFT to give a bulk derivation of the QES formula
for the vacuum state of a boundary theory on S' x R. At first sight, it may seem strange to
apply our bulk TQFT, designed to capture the high temperature behavior of the boundary
theory, to a zero temperature state. However, the computation of entanglement entropy for
a subregion accesses the high temperature regime because of the Unruh effect. Observers
confined to a spacetime subregion of the boundary theory must accelerate. As a result they
see a thermal state, and the associated thermal entropy is dominated by the high temperature
region close to the entangling surface. The entanglement entropy of the sub-region is equal
to the associated thermal entropy.

To show the parallel structure between the bulk derivation of the RT formula and the
BH entropy, we will follow the same sequence of steps as in section 2. We start with the
properly factorized boundary calculation, and write down the effective partition function
whose thermal entropy gives the entanglement entropy of an interval. We then give the bulk
interpretation and define the bulk factorization map. Finally, we show how the semi-classical
limit of the bulk entanglement entropy reproduces the RT formula.

3.1 The boundary calculation of entanglement entropy for one interval

We begin by reviewing the canonical calculation of entanglement entropy for an interval A
in the vacuum state |0) € Hg: of a CFT on a spatial circle [26] of length L. The vacuum is
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Figure 8. The factorization of the CFT vacuum introduces regulator surfaces near the endpoints of
the interval. After a conformal map, this gives a half annulus.

prepared by the disk which ends on this circle, and its norm is the sphere partition function.
To properly factorize the vacuum state, we introduce a regulator surface around the entangling
surface, on which we choose a shrinkable boundary condition [26, 27]. The factorize state
is then prepared by a path integral on a hemisphere with two semi-disks removed. This
can be read as an “open string” amplitude between the intervals A and its complement
A, with respective lengths = and L — z. This is shown in figure 8, where we have made
a conformal map to a long strip of length

L 2
l=log =€ sin <7mc> (3.1)
m L

To understand the nature of the shrinkable boundary condition, it is useful to consider the
trace of the reduced density matrix p4 on A. As shown in figure 9, Tr4 p4 is identified with
an annulus, which we can view as a “closed string” amplitude between two entanglement
boundary states |e). In the limit e — 0, this boundary state must be defined so that annulus
reproduces the sphere partition function.

Strictly speaking, any boundary state with non trivial overlap with the vacuum will satisfy
the shrinkability condition in the strict ¢ — 0 limit. This is because this limit correspond
to the long time propagation that projects to the vacuum, which is the path integral on a
small disk that closes the hole. However, the vacuum is not a conformal invariant boundary
state. In general, a conformally invariant boundary condition is given by a superposition
of Ishibashi states |h)) satisfying

(Ln— L) 1) = 0, (3.2)

with h ranging over the spectrum of the CFT on the circle. The requirements of conformal
symmetry and shrinkability then implies we should choose a boundary state |e) € Hg1 with
nonzero overlap ((0le). In a holographic CFT, the assumption of a gap and a sparse spectrum
implies that projecting to |0)) gives a good approximation. This is because for an arbitrary
conformally invariant boundary state |a),

(alg"o+ro3x]a) = 37| (alh) [P((hlg"o P51 b))
h
= [{alh) Pxa(9), (3.3)
h

so as ¢ — 0, the vacuum character in the dominates. Following the approach in [26], we
choose |e) = |0)) as the entanglement boundary state.
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Figure 9. From the point of view of the effective partition function for the subregion observer,
the factorization map introduces two holes in the sphere partition function, where the entanglement
boundary state |e) is inserted.

Inserting this boundary state at the regulated entangling surface defines an effective
partition function Z..(l) given by

Zee(l) = ((0]gH P05 |0)) = xo(@), G = exp(—21). (3.4)

We have thus arrived once again at the vacuum character, this time with only one chirality.
Note that we have applied the BCFT analogue of the logic used in section 2, which used
modular invariance and the presence of a gap to argue for the dominance of the vacuum
block in the dual channel. In the BCFT setting, the dual channel is the closed string channel.

In the shrinking limit [ — oo, the long time propagation projects onto the vacuum,
so we can write (setting ¢ = ¢)

Zal) = exp (33) (3.5)

This is exactly the form of the sphere partition function as dictated by the conformal anomaly,
showing explicitly that shrinkability is satisified. In this limit, the entanglement entropy

C

l
SA = (1 - nan) ].Og Zee (n) — = gl

c Le . 2mx
=3 log — sin (L) (3.6)

gives the standard universal answer. Notice that in the closed string channel, replicating
the cylinder actually maps the parameter [ — %, because the definition of closed string
Hamiltonian Ly + Lo requires us to rescale the geometry so that the circumference of the
cylinder has length 2.

State counting in the open string channel. To understand what states are being
counted by the entanglement entropy S4 we need to go back to the open string channel
and define the reduced density matrix. We do so by applying a modular transformation

using the Virasoro S matrix
_ » o a2 1
Zeell) = 0@ = [ dpShxo(@) = [ dp dimg(ple” T
0 n(q)
—27r2

g=e 1 (3.7)

This equation defines the statistical partition function Z(I) on an interval of length [,with [
playing the role of a dimensionless temperature. The sum is over Virasoro representations
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labelled by p with a measure given by S5 = dim, p. While non strictly necessary, it is useful
to apply the language of Liouville theory to give a concrete interpretation of the subregion
Hilbert space H4 on which the partition sum (3.7) is defined. This is because Liouville
theory with brane insertions gives a local field theory description for Virasoro representations.
In particular, for each p, we can view x,(q) as the Liouville partition function on a spatial
interval with a ZZ brane inserted at one, and FZZT branes at the other. This corresponds
to a quantization of Liouville theory on the interval with local boundary conditions [18, 28].
The different characters x; in (3.7) are obtained by quantizing with different FZZT branes,
also labeled by p. We can thus view the integral over p in (3.7) as an integral over boundary
conditions with measure dimg p.

The end result is that Hilbert space H4 on an interval with entanglement boundary
conditions can be view as a direct sum of Virasoro representations

Ha=@p>0 Vp  Vp=span{lpmp)},  (pmulp'mi) =00 —1)omm; (3.8

where as before p labels primaries and mj the occupation number of the descendants.
Equivalently, we can apply the unfolding trick'? to the annulus and view each Xp(q) as a
chiral conformal block on a torus (see figure 10)- this will be particularly useful when we
consider the holographic dual. In the unfolded theory, we interpret (3.7) as a sum over states
on a circle, whose Z quotient reproduces the original interval. Either way we find that
the factorization of the global vacuum state |0) € Hg: that is compatibility with shrinkable
boundary condition is

iboundary : Her —+HA® /HA

. 1 o I =2
tboundary * |0> — |HH> = \/Zi/o dp dlmque l (p2+Nmk) ]p,mk>A X |p, mk>A
ee o
(3.10)

Np,, = > kmy, is the total level for the occupation numbers mj;. We have denoted the
factorized state as |HH), because we will see below that it corresponds to a bulk Hartle
Hawking state. The reduced density matrix on A is

1
Zee

PA = /OO dp dimqu e#wg(pu]vmk) |p, mi) @ (p, my| (3.11)
(1) Jo -

and satisfies Z(l) = Trq pa by design. Notice that [ now plays the role that 3/faqs did in
the black hole thermal density matrix. Since we are taking the limit [ — co as € — 0, we
can apply an analogous high temperature saddle point approximation as was done in the
black hole case. In particular, in the | — oo limit, the p- integral for Z(I) is dominated by

12This is a standard procedure in BCFT. On the half plane, the conformally invariant boundary condition
given by the Ishibashi states can be expressed as

(T(z) = T(2)) |0)) = 0. (3.9)

This condition on the stress tensor is exactly what is needed to analytically continue T'(z) into the lower half
plane such that T'(z*) = T(Z). In the description of the full plane there is only a single chiral stress tensor
T'(z) and no boundary.
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Figure 10. Using the doubling trick replaces the long cylinder with a thin torus. The partition

function Z..(1) is the chiral vacuum conformal block on the torus.

M Doubling
o (R - - =

Figure 11. The figure shows the gravitational description of the effective partition function Z.(l).
On the right we use the doubled representation where we fill in the modular time circle. On the left,
we show the bulk dual in the cylinder representation of the boundary, denoted by M in the figure.
The bulk dual is a manifold N whose boundary is 9N = Q U M. Q represent end of the world branes
in a bulk dual that is locally AdS3.

large p. Further taking a ¢ > 1 classical limit, corrsponding to b > 1, we can approximate
dimg p ~ exp2mbp and find the saddle point

. bl

T om

P (3.12)
This gives Zec(l) ~ exp%l which agrees with the closed string channel calculation (3.5). The
fact that a saddle point approximation of the effective partition function Z. () reproduces the
RT formula was observed in [14]. However, in that work, the dim, p measure was introduced
in an ad hoc fashion, based on its agreement with the Cardy density of states at high energies.
Our work provides a justification for the calculation in [14].

3.2 Bulk partition function and Hilbert space

Let us now consider the bulk description of the partition function Ze(l). If we use the
unfolded representation of Z(l) as the chiral vacuum block on a boundary torus, we can
essentially repeat our analysis of the bulk path integral for the black hole spacetimes in
section 3. In particular, the relevant bulk dual is obtained by filling in the modular time
circle of the torus with a smooth disk. Indeed, the same path integral derivation used in [13]
shows that the solid torus path integral with a single copy of the gauge field reproduces
the vacuum character xo(—1/7) on the boundary.

However, in the original boundary cylinder description of Z..(l), the bulk dual has a
more complicated description. Denoting the cylinder manifold by M, a bulk manifold that
ends on M must include end-of-the-world-branes [29]. An example of such a manifold is
shown in the left of figure 11. Here the bulk manifold is N UQ, where N is the bulk spacetime
and @ the end of the world branes that are caps which extend from the regulator surface
OM into the bulk. The bulk spacetime satisfies 9N = M U Q. The end of the world branes
Q are responsible for reducing the asymptotic symmetry of the bulk space time to a single
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copy of Virasoro, consistent with the fact that the conformal boundary conditions on M
breaks the Virasoro symmetry to a single chiral copy.

A concrete description of the action for these branes has been given in the literature on
AdS/BCFT [30]. In the metric formulation they modify the Einstein Hilbert action'® Ipy to

Igy — Ipg + Igu + Iyrane

IGH:/ VhEK

Q

Ibrane = T/ \/E (313)
Q

where hgp is the induced metric on the brane Q, T is the brane tension,'* and K = h® K,
is the trace of the extrinsic curvarture on ). This is defined in terms of the unit normal
ng on Q as K, = Vgng. The Gibbons Hawking term allows for a variational principle that
is consistent with either Neumann or Dirichlet boundary conditions on the metric: since
the ETW brane Q lives in the bulk, its metric should be free to fluctuate. Thus, Neumann
BC is chosen there, corresponding to

Ko+ Khgy = Thy (3.14)

When the boundary manifold is a cylinder, the corresponding bulk gravity solution has
been determined (see e.g. [30, 31]). The solution depends on the length [ of the cylinder, and
experiences an analogue of the Hawking-page phase transition as [ increases past a critical
value. Our entanglement entropy problem corresponds to the long cylinder limit, where the
results of [30] imply that the bulk solution has the topology shown in the left of figure 11.
Cutting this geometry at the time-symmetric slice prepares the Hartle Hawking state |H H)
on a bulk cauchy slice with the topology of a strip bounded by the Euclidean ETW branes (see
right figure 12). The Lorentzian evolution of this state produces a part of the planar two sided
BT7Z blackhole bounded by the Lorentzian evolution of the ETW branes [32]. Heuristically,
one can view the two sides of the black hole geometry as emerging from the two AdS Rindler
Wedges of the original AdS3 vacuum. The introduction of the ETW branes @ is the bulk dual
of the factorization map ihoundary, Which acts on the AdS3 vacuum as shown in the left of 12.

The gravitational Chern Simons formulation of AdS3/BCFT2 was introduced in [33],
where the analogue of the boundary actions Iy and Iprane was determined. For RCFT’s,
the analogous bulk Chern Simons description of a the BCFT has also been worked out [34].
We appeal to these results as evidence that one can go beyond the classical solution described
above to obtain a bulk TQFT path integral on the manifold N U @ which reproduces the
boundary character xo(—1/7).

3There is also a standard Gibbons Hawking action at the asymptotic boundary M, which we omit below.

"When the boundary CFT satisifes a local boundary condition given by a Cardy state |a), the brane tension
T is tuned so that it gives a contribution to the entanglement entropy that matches with boundary entropy of
the boundary CFT. The boundary entropy of a BCFT is defined to be g, = log (a|0).
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iboundary

Figure 12. On the left, we show the bulk dual to the factorization map ipoundary that acts on the
AdS3 vacuum by introducing two ETW branes ). The disk like Cauchy slice D is mapped to a strip
D with boundaries given by the two intervals and the ETW branes. On the right we applied the bulk
diffeomorphism that corresponds to the conformal map to the boundary cylinder. This shows how a
two sided-BTZ black hole geometry arises the factorization of the AdS 3 vacuum.

3.3 Subregion states, bulk factorization map and the generalized entropy

The description of the bulk subregion Hilbert space and factorization map is most straight-
forward in the unfolded picture, where Z,(l) is interpreted as a solid torus path integral. As
in our discussion of BH entropy, a bulk state counting interpretation of Z(l) is obtained
by removing an infinitesmal solid tube and introduce a shrinkable boundary condition e on
the resulting boundary, which we identify as a bulk entangling surface. This gives a chiral
theory on A x S! that is depicted in the left of figure 4.

This suggests we should define the bulk subregion Hilbert space just as in equation (2.48),
using the representation matrix elements of SL;‘(2, R) as the wavefunctions:

M= [ dimgp V@ T,
©p=>0
V, ® Vi, = span{|pir, s;mp)}, (glpir s) = \/dimgp R (9), g €SLI(2,R) (3.15)

then the lower half of A x S! (right of figure 4) defines the action of a factorization map
ibulk that takes the Hartle Hawking state |H H) into a bulk extended Hilbert space Hy ® Hy;.
We can view the total bulk factorization map as a composition of ipuk and ipoundary acting
on the AdS vacuum

Thulk |HH> = ibulkiboundary ’Ads Vacuum>

_ 2

* oo 24N, , L . R
:/ dp/ ds Z et (" HNmy) lpirs;my) @ [psir;my) . (3.16)
0 —00 IL_ R
M =My
By design, this factorization map gives the bulk reduced density matrix
2n2 9

e’} “+00
v :/ dp/ ds Z Ipirs;mi) @ (psip;myle” € P, (3.17)
0 —00 mr

which satisfies Z..(I) = Try py.

In the unfolded representation, we can once again appeal to the one loop exact nature of
the bulk theory to conclude that the generalized entropy is given by the bulk entanglement
entropy of py:

Sgen = — Tr py log py (3.18)
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Figure 13. To obtain a bulk trace interpretation in the folded representation (left figure), we must
excise a tube which ends on the ETQ branes denoted by @. The lower half of this geometry would
then describe the factorization of the bulk Hartle Hawking state, as shown on the right.

What about the folded theory? Here the bulk topology is more complicated. As shown
in 13, in order to separate the bulk Cauchy into V, and V, the bulk entangling surface
carrying the quantum group edge modes would have to intersect the EOW branes Q. It
would be useful to work out the boundary terms in the action that would accommodate
such an intersection. We leave this for future work.

3.4 Comparison with the c=1 Boson CFT

In [26], the factorization problem was considered for the ¢ = 1 compact boson CFT. To
give some perspective to our calculation, It is useful to contrast the free boson factorization
map with our holographic factorization defined above for ¢ > 1 CFT’s. We will contrast
the nature of the edge modes in the two case.

First, note that in order to leverage the extended chiral algebra of the compact boson,
reference [26] chose the vacuum Ishibashi state with respect to the U(1) Kacs-Moody algebra
as the entanglement boundary state |e). This satisfies the equation

(Ju = J-n) |0)) = 0. (3.19)

Propagation of this state in the closed string channel then produces the non degenerate
vacuum character of the U(1) chiral algebra:

G(e=1)/24

0 ~Lo+Lo—75 0 —
{((Ouylg 10u())) o)

(3.20)
The reason we get the non degenerate character is that even though the null state L_; |0) is
still present, we also have the state J_1 |0). The partition function in the open string channel
is now obtained by applying the modular transform using the S-matrix of U(1) Kacs moody
characters. Equivalently, we can expand |OU(1)>> in terms of Cardy states which define local
boundary conditions: these are given by Neumann or Dirichlet boundary conditions. Either
way we obtain an open string partition function similar to (3.7), but one which integrates
over Dirichlet or Neumann boundary conditions with a constant measure inherited from the
modular S transform. For example, if we expand in terms of Dirichlet cardy states, one
obtains an open string partition function

€

B R T
e /O doq /_ diye T @021 (q) (3.21)
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where ¢, ¢p are the boundary values of the boson at the entangling surface and R the boson
radius. These were refered to as CFT edge modes in [26], since they parametrize different
superselection sectors. While these edge modes contribute a subleading term log 27 R to the
entanglement entropy, which is the analogue of the holographic edge mode term log SéD , the
dominate part of the entanglement entropy comes from the descendants captured by n(q).
This is due to the well known fact that for ¢ ~ 1, the Cardy density of states is dominated by
the descendants, while for ¢ > 1, the Cardy density of states is dominated by primary states.

What if we choose the Virasoro Ishibashi state as the entanglement boundary state for
the free boson? Then we can repeat the same steps we followed for the holographic CFT,
and obtain the same open string partition function as in (3.7). However, since the compact
boson satisfies c=1, the entropy will be once again dominated by descendants and the density
of states dim, p would play a subleading role. This makes sense, because the descendants
are related to the Rindler oscillator modes which is responsible for the thermal entropy in
the context of the Unruh effect for free bosons.

4 Extended TQFT and 3d gravity

In this work, we defined subregion “half wormhole” Hilbert space in terms of representations
of a quantum group. However, we have not given an explicit boundary condition that would
lead to this Hilbert space via canonical quantization. The reason is that, as explained in [8],
the shrinkable boundary condition in gravity must be non local in the modular time variable.
This is because in contrast to QFT, in gravity the shrinkable boundary condition must
implement the condition that the conical angle around the excised region is 2. This can be
stated as a condition on the holonomy of the spin connection around the excised region:

fw =27 (4.1)

which is manifestly a non local condition in modular time. Since it is not clear how to
quantize with such a non local boundary condition, we have formulated the subregion theory
in a more abstract way: rather than specifying a condition on local fields, we specified edge
modes transforming under a quantum group symmetry. In our abstract approach, the validity
of the shrinkable boundary condition is determined by the consistency of cutting and gluing
the gravitational path integral with these quantum group edge modes.

The mathematical framework that determines these sewing rules is given by extended
topological quantum field theory. In this formalism, a boundary condition is specified by the
choice of a boundary category. This is analogous to how boundaries are specified in boundary
conformal field theories, which can be defined abstractly without a Lagrangian. In this
section we give an overview of this framework for the case of compact Chern Simons theory,
and give a conjecture for its generalization to 3d gravity. We interpret our computations of
black hole entropy in section 2 and the QES formula in section 3 as one piece of evidence
for this conjecture.

4.1 Extended TQFT

An extended TQFT in d spacetime dimensions is defined by a mapping Z(-) that assigns a
mathematical object to surfaces of each codimension. In particular, for surfaces of codimension
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Figure 14. Some of the path integral assignments for Chern Simons theory with compact gauge
group.

zero, one and two, the assignments are:

1. Z(My) = a partition function
2. Z(Mgy_1) = a complex vector space

3. Z(My_2) = a boundary (C linear) category

Cobordisms- manifolds with initial and final boundaries- correspond to maps between the
structures assigned to these boundaries. For cobordisms between d — 1 manifolds X and Y,
these are linear maps Z(X) — Z(Y') describing a quantum evolution between initial and
final vector spaces. Similarly a cobordism between d-2 manifoilds W and V' is assigned to a
functor, i.e. a map between categories Z (W) and Z (V). This rule also applies to cobordism
into the empty manifold: a cobordism from the empty d — 1 manifold to My_; is a linear
map C — Z(Mg—1), which is a choice of a vector Z(My_1):in the usual language this is the
preparation of a state by the path integral.

Notice that as we move up in co-dimension, the mathematical structure becomes more
refined and contains more information about the theory. In fact, given the assignments at
codimension k, one can reconstruct the assignments at co dimension n < k and therefore
reproduce the whole theory. For the purposes of computing entanglement measures, it suffice
to extend down to tier 2. In this formalism, the boundary category Z(M;_2) determines
the edge modes that live on a spatial boundary, and replaces the conventional notion of
a boundary condition.

4.2 Compact Chern Simons

Let us illustrate this reconstruction process in d=3 by considering Chern Simons theory
with compact gauge group G. In particular, we will explain how the abstract boundary
condition reproduces the Hilbert spaces obtained by quantizing with the WZW model
boundary condition

Ao =0, (4.2)
with 0 labeling the time coordinate. In extended TQFT, this boundary condition is given by
Z(My_s) = Z(S) = Rep(LG), (4.3)

where Rep(LG) is the representation category of the loop group LG. Figure 14 shows the
some of the assignments that result from this choice. Recall the connection between the
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Figure 15. A Spacetime wormhole (left) is mapped to a WZW partition function, where as a spatial
wormhole (right) is mapped to a Hilbert space.

different tiers. Once we have chosen Z(S?) = Hg2 to be the sphere Hilbert space, a ball
B3 bounded by S? must be assigned to an element |Z(B3?)) € Z(52%). A similar relationship
appears at one level higher in codimension: since Z(S') = Rep(LG), a spatial manifold with
punctures bounded by S is assigned to an element of Rep(LG) (the puncture determines
which element). The latter is just the Hilbert space of a disk, which consists of WZW model
edge modes on the circular boundary.

Next consider the wormhole geometries in figure 15. The TQFT rules dictate that a
T2 x I cobordism is assigned to the evolution operator e *# on Z(T?): since H = 0 in
a TQFT this is the identity operator. Since Z(T?) is the space of WZW character |x,,),
the resolution of identity

1= Z ’Xpi> <Xpi| (4'4)

corresponds to the partition function of the WZW model on the torus. Similarly, the extended
TQFT assigns to an S x I cobordism the identity functor on Rep(LG), generalizing (4.4).
Just as the identity linear map has a resolution of identity 1 = " |R) (R| over a basis |R),
the identity functor has the “resolution of identity” given by the tensor product Hilbert space

IRep(Lc) = ®rRVR® Vi (4.5)

where Vg are integrable representations of LG.'® Once again, this Hilbert space agrees with the
conventional one obtained via canonical quantization with the WZW boundary condition [35].

Cutting and gluing Hilbert spaces. In ordinary TQFT, a partition function Z(M) on
a closed d manifold M = My U Mg can be computed by cutting along the S' boundaries
separating My and Mg, and then computing the inner product'®

Z(M) = (£(ML), Z(Mg)) (4.6)

on the Hilbert space of the S' boundaries. To describe the factorization of Hilbert spaces, we
apply the same principle in one co-dimension higher. e.g. for Chern Simons theory we can
compute the Hilbert space Z(S2) by using an “inner product” (,) on Rep(LG).!” This is defined

5We thank Ahsan Khan for explaining this point to us.

'The most basic axioms of a TQFT doesn’t include an inner product, in which case (,) is just the natural
pairing of a vector and its dual. In physics we usually assume an inner product structure which we can use for
the gluing.

17See [36] for a definition of this inner product on Rep(G), with G a finite group. The categorical definition of
this inner product on a pair of representations X € Rep(LG) and Y € Rep(LG)°Pis the set of homomorphisms

(X, Y) = HomRep(Lg) (X, Y) (47)
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as a fusion of a representation and its conjugate by projecting onto the invariant subspace [37].:

Z(S*) = (Z(D?), Z(D?)) (4.8)

= (
~ Z(D?) Qg Z(D?).

In the second line, we have expressed this fusion as a relative tensor product, with the ®q
denoting a quotient that projects onto the singlets under LG acting simultaneously on the
boundaries of the two disks (this is the Gauss law constraint that crosses the entangling
surfaces). This reproduces the standard one dimensional Hilbert space Z(S?). One can repeat
the same computation for the torus Hilbert space by making two cuts:

2(1?) = (2(8") x I) @raere (2(SY) x 1) . (4.10)

Here the gluing of the wormhole Hilbert spaces (4.5) gives one singlet state per represen-
tation R.

Shrinkability of the WZW boundary condition. The discussion above shows that the
Rep(LG) defines a good entanglement boundary condition because it leads to WZW edge
modes that consistently fuse together Hilbert spaces along circles. This naturally leads us
to define Hilbert space factorization as an inverse of the fusion product: starting with the
physical Hilbert space, identified with a relative tensor product as in (4.8), we factorize it
by lifting the projection onto the singlet states. However, this does not lead to well defined
reduced density matrices. To see the problem, consider the factorization of Z(S?). Explicitly
lifting the singlet projection in (4.8) leads to an Ishibashi state:

i: Z(S%) < Z(D?* x Z(D?)
1Z(B%)) = Y |m) @ |m), (4.11)

where m labels the Kacs Moody descendants of the identity. However the non-normalizability
of the Ishibashi state prevents us from obtaining a normalizable density matrix when we
trace over one side.

To deal with this issue, we introduce a new ingredient into the extended TQFT formalism
that we referred to as the shrinkable boundary condition. To regularize the UV divergences,
we introduce a stretched entangling surface that separates the two disks that glue into S? and
define a regulated mapping i.. The geometry that realizes the state i. |Z(B?%)) is now given
by a solid ball with a neighborhood of the entangling surface removed. This is a cobordism
between the empty manifold and two disks, which is a choice of a state

ic |Z(B%) € Z(D?) x Z(D?) (4.12)

By the state channel duality (identifying one copy of Z(D?) with its dualZ(D?)*), this
geometry can also be viewed as cobordism from a disk to an oppositely oriented one, so it
is assigned to the WZW evolution operator on a circle of size [:

—n2e
l

ic|Z(B)) ~ e~ 1 (Lotho—13) ¢ 7(D?) x Z(D?)* (4.13)
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The corresponding factorized state is given by
1

Vv Z(€)

where we have included a normalization factor that leads to a normalized density matrix.

_ 2 -
i |Z2(B%) = e (LotL0) |y, @ |y (4.14)

In this context, the shrinkability is a consistency check that our regularization procedure
has not alterred the correlations of the original, unfactorized state. This requires that

2(8%) = (2(B%), 2(B%))
~ lim (Z(B®)|ili. |Z(B®)), (4.15)
e—0

Here the adjoint map zi is a regulated version of the projection into singlets, and the symbol

~ to denote equality up to a counterterm subtraction that does not change the entropy.
We interpret this equation as a consistency constraint that ensures the same Z(S%) can
be computed either two different ways. The first way computes Z(S3) as the norm of a state
by gluing the 3 ball to itself to make a 3 sphere. The second way computes Z(S3) as a trace

77725 »
2(8%) = lim (Z(B%)| ilic |Z(B%)) = litm Ta ey =1 botbo=e/12), (4.16)

since the regulated geometry is S minus a solid torus, which has a non contractible Euclidean
time circle.

Other boundary conditions. Finally, we note we can incorpporate different types of
boundary condition into extended TQFT, and not all of them have to be shrinkable. For
example, Chern Simons theory has gapped, topological boundary conditions that do not lead
to gapless edge modes, and therefore cannot be glued to other gapped boundaries. To fully
describe the theory, we introduce different types of co-dimension 2 surfaces with a boundary
label to distinguish the different boundary conditions. Once we allow different boundary
conditions, there can also be interfaces between different boundaries. These additions to the
extended TQFT structure will be relevant to our 3d gravity applications.

4.3 3d gravity (on a fixed topology) as an extended TQFT

Our approach to entanglement entropy in 3d gravity is based on the proposal that the bulk
theory can be formally defined as an extended TQFT, following the framework outlined
above. In fact, recent work has given strong evidence that 3d gravity amplitudes can be
computed via Virasoro TQFT [38].!1% This was formulated as an un-extended TQFT which
assigns a Hilbert space of Liouville conformal blocks to co-dimension 1 surfaces. Our work
pushes this further by proposing an extension of the Virasoro TQFT to co-dimension2 that
is consistent with gravitational entropies.

In our application of extended TQFT to 3d gravity, we introduced two types of boundary
circles, one at infinity assigned to the category Rep(Vir) of Virasoro representations, and one
in the bulk assigned to the category Rep SL;(2, R) of quantum group representations. The
led to two different types of spatial wormholes and associated Hilbert spaces. First, the two

18This is just a new name for Teichmuller TQFT.
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Figure 16. Path integral assignments for the gravitational extended TQFT.

sided Hilbert space (2.33) on the ER bridge is given by identity functor on Rep(Vir):
]lRep(Vir) = @pv}? & ‘/p* (417)

This is the direct analogue of (4.5). Similarly, the “half wormhole” Hilbert space is the
functor F from Rep(Vir) into Rep(SL; (2, R)) discovered by Teschner as a solution of the
Liouville modular bootstrap:

F : Rep(Vir) = Rep(SL; (2,R))

F = dim,pV, ® V,, (4.18)
©p=>0
Generalizing the extended TQFT framework for compact Chern Simons theory, we
define the fusion of two half wormhole Hilbert spaces via a relative tensor product over the
quantum group SL;(2, R)) Thus, the bulk factorization map (2.49), should be interpreted
in relation to the Hilbert space fusion

H=Hv gL+ 2r) " (4.19)

in direct analogy with (4.8) and our discussion below (4.11).

For our proposed extended TQFT to be consistent, the same boundary condition must
be used to factorize along different types of entangling surfaces, and in different states. We
view our computation of BH entropy and the QES formula as evidence for this consistency.
However, we should note that the computation of the QES formula made use of an interface
between a shrinkable boundary and an EOW brane. While boundary interfaces are a feature
of TQFT’s, a proper Virasoro TQFT formulation of the EOW brane is still lacking.

5 Conclusions

We have shown that the QES formula in pure AdS3 gravity can be interpreted as bulk
entanglement entropy. The leading area term describes the entanglement entropy of grav-
itational edge modes that transform under SL;(2, R). These edge modes are associated
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to bulk subregion wavefunctions given by representation matrices of SL;(2, R), and the
bulk factorization map is identified with the co-product on SL,‘;(2, R). This supports the
perspective that AdS3 gravity can be viewed as a topological phase in which the BH entropy
is identified with the entanglement entropy of gravitatonal anyons.

The fact that the same SL;F(Q, R) symmetry also governs the edge modes and BH entropy
of the two sided BTZ black hole suggests the existence of a bulk path integral equipped with
a consistent notion of cutting and gluing along co-dimension 2 surfaces. As advocated in [1]
(see also [27]), extended TQFT provides the appropriate categorical framework to describe
such a path integral. This formulation of the bulk theory provides a sharp answer to the
question posed in the introduction: why does the Euclidean path integral give the correct
state counting? In this formulation, the bulk SL;(2, R) edge modes are part of the data
which defines the path integral. The shrinkable boundary condition is a sewing relation that
ensures that the Gibbons-Hawking calculation, defined in the “closed sector” of the TQFT
(with no bulk boundaries), must be consistent with a trace calculation in the open sector
of the TQFT. The area term of the QES formula is then simply the Plancherel measure
which forms part of the data of Rep(SL{ (2,R)).

Future directions. Much work remains to be done in establishing the validity of our
proposal for the bulk extended TQFT. First we should compute entanglement entropy in
more general states created with operator insertions and with more general subregions. In
these cases, the entanglement entropy is no longer determined by conformal symmetry alone.
However, the emergence of bulk gravity can still be attributed to the dominance of the
vacuum block [39, 40]. This suggests that our bulk TQFT remains valid, although we may
have to introduce Wilson lines to account for the operator insertions.

One drawback of our abstract description is that it does not give an explicit quantization
scheme that produces the quantum group representations. In the classical setting, there is a
hint of how this might be achieved. Using the first order (BF) formulation of gravity, [41]
succeeded in obtaining classical quantum group edge modes by deforming the gravity action by
a boundary term. Unfortunately, their quantum group was U, (SL(2)) rather than SL (2, R)."
Nevertheless, understanding the relation of our quantum group edge modes to those of [41]
might shed light on the proposal that gravity edge modes arise from large diffeomorphisms
of a subregion.

More recently, in compact Chern Simons theory, [43] have applied an explicit (spatially)
non local boundary condition to obtain a subregion density matrix. The resulting entanglement
entropy consist of the log of the quantum dimension of Wilson lines passing through the
entangling surface. This suggests an interpretation as counting quantum group edge modes,
providing a compact gauge theory analogue of our 3d gravity construction.

Going beyond our proposal for AdS3 gravity, it is natural to ask whether a similar
approach can provide a canonical interpretation of de Sitter entropy. Another natural
generalization is to consider charged black holes, which corresponds to having an extended
chiral algebra in the boundary theory. Given that both the structure of extended TQFT
and our argument for “bulk modular invariance” carries over in arbitrary dimensions, we

YSLF(2,R) is related to U, (SL(2)) by the modular double construction [42].
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should also consider how these structures can be leveraged to give a better understanding
of the Gibbons Hawking calculation in higher dimensions.

Finally, the ultimate question we would like to answer is how to define entanglement
entropy directly in the bulk string theory. Some progress was made along these lines in the
context of the A model topological string [44, 45]. Here, bulk modular invariance and the
extended TQFT framework can be applied directly to the closed string partition function on
the resolved conifold, which is a fiber bundle over a sphere. In this case, the “local holography”
which replaces a small disk on the sphere with the bulk edge modes takes the form of an
open-closed string duality (related but not exactly the same as the Gopakumar -Vafa duality).
Perhaps not surprisingly, the bulk edge modes correspond to the D branes of the topological
string, with a special value of the worldvolume holonomy needed to satisfy the shrinkable
boundary condition. It would be interesting to apply these ideas to a physical string theory,
and find an explicit realization of these “entanglement branes”.
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A A review of the Peter Weyl theorem

Al SL;I"(2, R) and its representations

The quantum semi-group SL; (2, R) plays a key role in the bulk derivation of BH entropy
and the RT formula in 3d gravity. It is best defined via its representation category. Below
we explain this point of view using the Peter Weyl theorem.

The Peter Weyl theorem. In the usual formulation of a symmetry, we begin with a group
G satisfying the group axioms, and then define representations of G. The representations of GG
form a category Rep(G), defined by a set of data which includes the irreducible representations,
their fusion rules, and their dimensions. It turns out one can reconstruct the symmetry G
from the data which defines its representation category. This abstract point of view provides
a useful way to define the quantum semi-group SL](2,R).

To see how this works, lets start with the case of an ordinary compact Lie group G.
Properties of G' can be characterized by the space L?(G) of square integrable functions on
G. L*(G) is a Hopf algebra under pointwise multiplication, and properties of this algebra
encode the group axioms satisfied by GG. The Peter Weyl theorem gives a characeterization
of this algebra in terms of Rep G data:

L*(G) = &rVR © Vi (A1)

where Vg are the irreps of G and V; are the conjugate representations. This equation arises
from the decomposition of the regular representation of the group G' on L?(G), which acts by
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left and right multiplication on the argument of a function f € L?(G)

flg) = f(hpghy'), hi,hr€G (A.2)

Concretely, equation (A.1) means that a basis for L?(G) is given by the representation
matrix elements

Ruw(9), 9g€G, ab=1,---dmR,

since a and b transform under Vi and V}; respectively. The r.h.s. of (A.1) determines the
Hopf algebra structure of L?(G) via data associated to Rep (G): for example, pointwise
multiplication of the Hopf algebra L?(G) is captured by the Clesbch Gordon coefficient of
Rep G which determine the decomposition of Rg(g) - R.,;(¢’) into irreps. Note that the
representations Vx can also be viewed as representations of U(G), the universal enveloping
algebra generated by the Lie algebra elements of G, with a multiplication rule that is
consistent with the Lie algebra commutator.

For ordinary groups, the Peter Weyl theorem admits two generalizations. First when
G is non compact, the r.h.s. in general includes a continuous set of representations with an
appropriate Plancherel measure du(R) = dim R. This measure appears in the orthogonality
relation for the matrix elements, defined with respect to the haar measure:

* o dacObd
[ daBulo R cdlg) = S (A3)
Then L%(G) is given by
13(G) = / AR(R)Vi ® Vi (A.4)
@D

Second, give a subgroup H, the Peter Weyl theorem can be applied to the coset G/H. In
this case the we have

LAG/H) = [ du(R)Vi® Vi, (A5)
®R

where Vﬁ,o denotes a projection on to a subspace invariant under the right multiplication
action of H. In 3d gravity, the bulk subregion states the form of the r.h.s. of (A.5).

The representation category for SL;(Z, R). The Peter Weyl theorem and its general-
izations (A.5), suggests we can define more generalized forms of symmetries?’ by starting with
the representation data on the r.h.s., and then finding the L? space for which these represen-
tation forms a complete set. This is in essence how Teschner arrived at his definition of the
quantum semi group S L;r(2, R). Specifically, he considered the representations of the modular
double of the g-deformed universal enveloping algebra U, (SL(2)), with ¢ = ™ b eR. They
form a continuous set of representations which we denote by Vj,, with p € R. These are
representations which appeared in the solution to the modular bootstrap for Liouville theory.

20E.g. these symmetries need not be invertible.
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They satisfy special properties because they are simultaneously representations of U, (SL(2))

with § = e/ b The Plancherel measure associated to these representations is

du(p) = dim, p = v/2sinh(27bp) sinh(27b~1p) (A.6)

We can then define SL (2, R) as the space on which the Hopf Algebra L*(SL}(2,R)) of
square integrable functions has the spectral decomposition:

LASLIRR) = [ du@)Vy® Vi (A7)
PpeRT

Ip has proved this generalized Peter Weyl theorem, and in particular provided explicit formulas
for the representation basis elements implied by the right hand side. These matrix elements
have continuous indices s € R and satisfy the usual representation property

Ry (9192) = /_ O:o ds Rb (g1)RY,(g2) (A.8)
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